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Abstract—The capacity of Fuzzy Neural Network (FNN) is 
explored in this paper. The FNN is first transformed into an 
equivalent fully connected three layer neural network, or FFNN, 
via a new approach proposed in this paper.  Then the lower and 
upper bounds of FNN can be found. To check the validity of the 
theoretical bounds, an example is illustrated with the trainings to 
yield excellent capacity matching with the theoretical bounds. 
This new finding has its emerging values in all engineering 
applications using FNN, such as intelligent adaptive control, 
pattern recognition, and signal processing, …, etc. 
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I.  INTRODUCTION 
During the past decade, fuzzy neural networks  (FNNs)  

have  been  proposed and  successfully  applied  to  solve  
problems in various fields, such as intelligent adaptive control, 
system identification, pattern classification and image 
processing,…, etc [1-4]. FNN can utilize human experience 
and knowledge by incorporating linguistic fuzzy information. 
FNN consists of a set of if-then fuzzy rules. The rules are built 
up by human experts as linguistic knowledge. To obtain better 
performance, some training algorithms such as back-
propagation(BP) algorithm is adopted to tune the parameters of 
fuzzy system and the weights of neural network. Training 
algorithm attempts to minimize the training error, which is the 
difference between the desired and actual outputs [5]. If FNN is 
properly constructed, it follows Universal Approximate 
Theorem (UAT), i.e., the properly constructed FNN can 
approximate any functions [6-7]. However, the UAT does not 
point out how to properly construct the fuzzy system and 

neural network. This is to say that the FNN designed for certain 
applications by human experts cannot be ideal, which will lead 
to the discussion of the constraints of FNN, i.e., the capacity of 
FNN, so that engineering applications via FNN can be 
achieved.   Similar to the discussions of the capacity of 
multilayer neural networks [8], the capacity of FNN is defined 
as the maximum number of desired input vectors that can be 
mapped to desired output vectors without error. This is also to 
say that the number of training samples has significant impact 
on training process. Excessive samples size may lead training 
process to be diverged. The capacity of associative memory 
and multilayer perceptron (MLP) has been conducted in the 
past decade, assuming a fully connected neural network [8-15]. 
However, the capacity of FNN has never been found in the 
literatures.  This is due to fact that the FNN is not a fully 
connected directed graph and the intermediate layer is defined 
as a product layer, instead of a summing layer in a NN. 

To apply the techniques in finding the capacity of three 
layers NN, a new approach is proposed to transform the four 
layers FNN into a fully connected directed graph with all 
summing nodes. This is achieved in this paper by also 
combining a systematic fuzzy rule generation for FNN [16] so 
as to obtain a fully indexed equivalent three layer NN for FNN, 
or FFNN.  By using this new FFNN, the lower and upper 
bounds of the capacity of FNN can be found in this paper. An 
example is illustrated this paper to validate the theoretical 
bounds by back propagation trainings. Excellent matching is 
achieved between the theoretical bounds and training 
simulation. 
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II. THE FNN WITH SYSTEMATIC RULE GENERATION  

Given the training input data vectors {xq
*, q = 1, 2, 3, , 

n}, and the desired output vectors {yp
∗, p = 1, 2, …, m}, the 

inference rules of simplified fuzzy reasoning can be established 
by the expert. The lth control rule has the following form: 

Rule l: IF 1x  is 1
1
rA  and ….. and nx  is nr

nA  THEN 1y  is 

1lW  and …. and my is lmW  

where l is a rule number, the ir
qA  are membership functions of 

antecedent part, and Wlp are real numbers of the consequent 
part. When the inputs are given, the truth value μl of the 
premise of the  lth rule is defined by 

{ }1
1 1 1( ) ( ); 0 1 2  ... ;  0 1 2rr n

l n n i iA x A x l , , , , L r , , , ...,Rμ −= × × = =   
(1) 

where L is total number of fuzzy rules and iR  is the number of 

MFs for fuzzy variable ix  , and ir  is the ordinal index of MFs 

for fuzzy variable ix . Among the commonly used 
defuzzification strategies, the simplified fuzzy reasoning yields 
a superior result.  The output yp of the fuzzy reasoning can be 
derived from the following equation:  

,( 1,2, , )
i ip

i
p

i

i

w

y p m

μ

μ
= =                         (2) 

Where μl is the truth value of the premise of the lth rule, 
equations (1) and (2) describe the simplified fuzzy reasoning 
methods, through which the membership functions of the 
antecedent part are chosen. Then the fuzzy neural network 
(FNN) can be constructed and is shown in Fig. 1. [1] 
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Figure. 1 The configuration of FNN 
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Figure. 2.  Simple Illustration of Layers 1, 2 and 3 in FNN 

 

TABLE I.   SYSTEMATIC GENERATION OF RULES FROM MFS 

1r  2r  
)2( 21 rrl +=  lμ

0 0 0 )()( 220110 xAxA
1 0 1 )()( 220111 xAxA
0 1 2 )()( 221110 xAxA
1 1 3 )()( 221111 xAxA

 
Figure. 1 shows that the system has a total of four layers. 

Nodes at Layer I are input nodes, which represent input 
linguistic variables. Nodes at Layer II are term nodes, which 
represent the terms of the respective linguistic variables. Each 
node at Layer III is a fuzzy rule. All the layer-three nodes form 
the fuzzy rule base. Layer IV is the output layer. The links 
between Layer III and IV are fully connected by the weighting 
factors wlp. Further a systematic generation of the fuzzy rule in 
Layer III has been derived in [16] which can reduce the 
programming effort with less execution time in real-time 
applications. In [16], a systematic generation of fuzzy rules in 
Layer III of the FNN in Figure 1 has been presented. In 
particular, the ordinal index l of the lth fuzzy rule is: 

1

1

2 1

( )
n i

j i

i j

l r R r
−

= =

= + ∏                                (3) 

where iR  is the total number of MFs for fuzzy variable ix , 

and ir ( 10 −≤≤ ii Rr ) is the ordinal index for the ir th MF for 

fuzzy variable ix . Equation (3) can produce all the sl '  in the 

range of ∏
=

−≤≤
n

i
iRl

1

1)(0 with a one-to-one mapping from 

MFs to fuzzy rules. This will provide us with a complete 
indexing of the equivalent fully connected fuzzy neural 
network for FNN in the following sections. For two fuzzy 
variables },{ 21 xx  with two MFs for },{ 21 xx , i.e., 

)}(),({ 111110 xAxA for 1x , )}(),({ 221220 xAxA for 2x , 

with }2{ 21 == RR , as shown in Fig. 2.  From (3), the ordinal 
index of four fuzzy rules can be generated 
using{ }3 ,2 ,1 ,0,2 21 =+= lrrl . Table I shows the result. 
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III. THE EQUIVALENT FULLY CONNECTED NEURAL 
NETWORK FOR FNN  

As can be seen from the above discussion of FNN, the FNN 
is not a fully connected graph between Layer II and Layer III. 
This will hinder the discussion of the capacity of FNN.  
Therefore, in order to find the capacity of FNN, we need to 
convert the FNN into a fully connected neural network. There 
are two obstacles to be resolved. The first obstacle is that the 
links between Layer II and Layer III of FNN are not fully 
connected. The second obstacle is that computation unit in 
Layer III of FNN is a product unit rather than a summing unit. 
From Fig. 1, we can see the transitions from Layer II to Layer 
III can be simplified by arranging the links between Layer I to 
Layer III using equivalent weights. This can be more easily 
observed from Fig. 2 that there are links from each input node 
(x1 or x2) to every fuzzy rule, all through one of the MFs of 
every input node. Figures 3-1 & 3-2 show these cases for x1 
and x2 with proper link weights. This is to say that we can 
suppress Layer II (MF layer) in the original FNN and replace 
new links between Layer I and Layer III, so that we can have a 
fully connected FNN (FFNN) as shown in Fig. 3-3. 

This can be generalized to a general case of fully connected 
FNN, or FFNN as shown in Figure 4. This can resolve the first 
obstacle of not-fully connected property of the original FNN 
shown in Figure 1. The { ( 1,2,..., ; 1,2,..., )}ijV i n j L= =  in Fig. 4 
is defined as the link weight between the ith node of Input 
Layer and the jth node of Hidden Layer, or the fuzzy rule layer. 
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Figure. 3-1. Suppressing the MF Layer for 1x  
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Figure. 3-2. Suppressing the MF Layer for 2x  
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Figure 3-3. Suppressing the MF Layer with proper link weights 
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Figure 4. The equivalent fully connected neural network for FNN 

 

However, the Vij links between Input Layer and Hidden 
Layer in Figure 4 are still not well specified to yield lμ in the 
Hidden Layer. We only know that each input node is only 
allowed to contribute one link weight form lμ . Therefore lμ is 
expressed in term of the product of n Vij weights. Fortunately, a 
systematic way to generate the fuzzy rules in Hidden Layer has 
been proposed in [16]. This is to say that, given the fuzzy rule 

lμ , we can determine its related links from all input nodes in a 

systematic way. From (3), we can reversely �nd all the sri '  
for a speci�c l (fuzzy rule number in Layer III) as follows: 

1 1
1

1

( ) % ;

( ) ( / )% , 2,...,
i

i k i
k

r l l R

r l l R R i n
−

=

=

= =∏
                (4) 

where A % B represents the remainder of the division of A 
over B, A/B represents the quotient of the division of A over B. 
From (4) we can get n  ordinal index ( )( 1 2  ... )ir l i , , , n=  of 
membership functions corresponding to rule l, then the 

( 1 2  ... ; 1, 2,..., )ijV i , , , n j L= =  can be set as:  
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Figure 5. The FFNN with two input variables, two output variables 

 

( ) ( ), 1 2  ..., ; 1,2,...,
iij ir j iV A x i , , n j L= = =          (5) 

For two fuzzy variables },{ 21 xx  with two MFs for each 

input variable i.e. )}(),({ 111110 xAxA for 1x , 

)}(),({ 121120 xAxA  for 2x , then there are four hidden nodes 
(i.e., four rules), eight weights from input nodes to hidden 
nodes ( 1  2;  1, 2, 3, 4)ijV i , j= = . Table II shows the result. 
Fig. 5 shows the FFNN. 

Therefore we have resolved the issue of not-fully connected 
MF layer in the original FNN, as shown in Figure 4. The next 
task will be to transform the product unit in Layer III (fuzzy 
rule layer) of FNN, or Layer II in Fig. 4 into an equivalent 
summing unit. To do so, we need to change the Vij defined in 
(5) into the following new weight: 

( )( ( ))ij ir j ii
V Ln A x=                                    (6)  

The output of hidden Layer is: 

( ) ( )

1 1

( ( ( ))) ( ( ( ))
n n

j ir j i ir j ii i
i i

Ln A x Ln A xμ σ σ
= =

= = ∏              (7) 

where σ  is any activation function, Ln  is natural logarithm. 
If we take exponential function as activation function, we have 

        
( ) ( )

1 1
( ( ( )) ( )

i i

n n

j ir j i ir j i
i i

Exp Ln A x A xμ
= =

= =∏ ∏   

     (8) 

Fig. 6 illustrates this transformation via (6) to (8). 

It is important to note that the exponential activation 
function in Fig. 6 has limit zero when the input argument is a 
negative number, or the exponential activation function has 
limit at one infinite direction. This does match the requirement 
for finding the capacity of the three layers NN [15]. Figure 7 
shows the complete fully connected FNN, or FFNN. It is 
obvious that the FFNN shown in Figure 7 is equivalent to the 
original FNN shown in Fig. 1. However, the FFNN is a fully 
connected three layer directed graph, which is the basis of 
finding the capacity of FFNN, or FNN. This will be discussed 
in the following sections. 
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Figure 6. Transforming the product unit into summing unit in FNN 

TABLE II     FFNN WEIGHTS GENERATED FROM MFS AND RULE NUMBER 

)1( −= jl  1( )r l  2 ( )r l  jV1  jV2  
0 0 0 )( 110 xA  )( 220 xA  
1 1 0 )( 111 xA  )( 220 xA  
2 0 1 )( 110 xA  

)( 221 xA  
3 1 1 )( 111 xA  )( 221 xA  
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Figure 7. The complete fully connected FNN, or FFNN 

 

IV. THE CAPACITY OF FNN OR FFNN  
As mentioned in section 3, the original FNN has the same 

capacity as that of the equivalent FNNN with three layers. In 
this section, we will discuss the capacity of the three layers 
FNNN with exponential activation functions in the hidden 
layer. The following Theorem 1 shows lower and upper bounds 
of the FNN, or the three layer FFNN. 

Theorem 1. For the FNN defined in Figure 1, where there are 
n inputs, m outputs, and L neurons in fuzzy layer (or hidden 
layer), each fuzzy variable ix  has iR  MFs, each MFs  has 

cpN  control parameters,  then the capacity P of the FNN can 
be bounded by the following inequality: 

1
( ) /

n

i cp
i

L P R N Lm m
=

≤ ≤ +                  (9) 

Proof: 

In [15], it has been shown that standard single-hidden layer 
feed-forward networks (SLFN) with at most L hidden neurons 
and with any bounded nonlinear activation function which has 
a limit at one infinity can learn L distinct samples with zero 
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error. This implies that the SLFN with L hidden units can 
memorize at least L distinct patterns. For the FFNN, the 
exponential activation function in the hidden layer satisfies the 
condition of activation function in [15], so the lower bound on 
the capacity P is the number of hidden nodes L, i.e., 

P L≥                                           (10) 

Further, it has been shown in [8] that the upper bound for 
the capacity of feed-forward networks with arbitrary hidden 
unit activation functions can be found. For a feed-forward 
network (without bias) with n inputs, m outputs, L hidden units 
and arbitrary hidden activation functions, the number of 
patterns P that can be memorized with no error is less than or 
equal to L(n+m), divided by the number of outputs m. Then the 
upper bound for the capacity P of SLFN is 

( ) /P L n m m≤ +                           (11) 

                     

In the right hand side of (11), nL represents the number of 
links between input layer and hidden layer and mL represents 
the number of links between hidden layer and output layer. The 
nL and mL links should have the weights which are 
independent of input variables.  However the link weights 
between layer I and layer II of FFNN depends on input 
variables, we should find another kind of control parameters 
between layer I and layer II to find the upper bound of the 
capacity of the FFNN. Assume that each MF in FNN has 
identical cpN  control parameters, such as the mean and 

variance in Gaussian MFs. In this popular case, 2cpN = . So 
the total number of independent control parameters between 

layer I and layer II is  
1

n

i cp
i

R N
=

 . Replacing nL in (11) 

with
1

n

i cp
i

R N
=

, we have the following upper bound for the 

capacity P of FFNN:  

1
( ) /

n

i cp
i

P R N Lm m
=

≤ +                 (12) 

From (10) and (12), we can conclude that: 

1
( ) /

n

i cp
i

L P R N Lm m
=

≤ ≤ +
           Q.E.D. 

 

For Gaussian or any triangular membership functions, the 
number of control parameters  cpN  is 2.  From (1) we 

have ∏
=

=
n

i
iRL

1

, so if 2≥n  and 2≥iR , then we have 

11

n n

i cp i
ii

nL n R N R
==

= >∏ . Therefore, from (11) and (12),  
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Figure. 8. FFNN with two input variables, each variable with five MFs 

 

we find that the upper bound for capacity of FNN is less than 
that of MLP with the same configuration for larger n. 

 

V. ILLUSTRATED EXAMPLE 
In this section, Theorem 1 will be adopted to decide the 

theoretical upper and lower bounds of a particular FNN. In 
order to check the validity of the theoretical results, detailed BP 
trainings of the FNN are also conducted. The FFNN shown in 
Fig. 8 has two input nodes ( 2=n ) and one output node 
( 1=m ), each linguistic variable has five items, so there are 25 
nodes in hidden layer ( 25L = ). According to Theorem 1, the 
capacity P of the FNN should be bounded by   

1

( ) /
n

i cp
i

L P R N Lm m
=

≤ ≤ + , which is 25 45P≤ ≤ . The 

membership functions are Gaussian functions 

(=
2

2
( )( )

2
xExp μ

σ
− − ), the output node is a linear unit. The 

training data is generated by )cos()sin( 21 ππ xxy = , 1x  and 

2x  are both in the range of [-1, 1] with 0.1 as the step-size.  
The FNN can be trained by the following BP algorithm as 
described in [5]: 

 

( 1) ( ) , 1,...,

( 1) ( ) , 1,...,

( 1) ( ) , 1,..., , 1,...,

p
i i m

i

p
i i

i

p
jp jp w

jp

e
m t m t k i K

m
e

t t k i K

e
w t w t k j L p m

w

σ

∂
∂
∂

σ σ
∂ σ

∂
∂

+ = − =

+ = − =

+ = − = =

  (13) 
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Figure 9.  Relationship between training error and patterns number of FNN 

Where * 21 ( )
2p p pe y y= − , 

1

n

i
i

K R
=

=  is the number of MFs. 

From Fig. 9, we can see that if the number of training patterns 
is near the lower bound (=25),the MSE can be made as close as 
possible to zero. When the number of training patterns reach 
upper bound (=45),the MSE values start to deviate from zero 
rapidly, which will be very difficult for the training process to 
converge. Therefore the theoretical bounds are in excellent 
agreement with the real BP training results  

VI. CONCLUSION 
This paper proposes a new approach to find the lower and 

upper bounds of the capacity of FNN. By transforming the 
conventional four layers FNN into an equivalent fully 
connected three layer feed-forward NN, or FFNN, we can 
obtain the lower and upper bounds of FNN. An illustrated 
example is proposed to demonstrate the validity of theoretical 
bound using real BP trainings. Excellent agreement has been 
obtained between the theoretical bounds and real BP trainings. 
The impact of this paper is that all engineering application via 
FNN should have the capacity of their imperfect FNN in mind 
to complete the successful implementations. This will be our 
future research directions.  
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