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Abstract—Previously, we presented a method for comparing soft 
partitions (i.e. crisp, probabilistic, fuzzy and possibilistic) to a 
known crisp reference partition.  Many of the classical indices 
that have been used with outputs of crisp clustering algorithms 
were generalized so that they are applicable for candidate 
partitions of any type.  In particular, focus was placed on 
generalizations of the Rand index.  In this article, we extend our 
prior work by (1) investigating the behavior of the soft Rand for 
comparing non-crisp, specifically possibilistic, partitions and (2) 
we demonstrate how the possibilistic Rand and visual assessment 
of (cluster) tendency (VAT) algorithm can be used to discover the 
number of actual clusters and coincident clusters for outputs 
from the possibilistic c-means (PCM) algorithm.   

Keywords; cluster validity; possibilistic Rand index; comparing 
soft partitions; cluster correspondence. 

I. INTRODUCTION 
Let O = {o1,…,on} denote n objects.  When each object in 

O is represented by a (column) vector x, the set 
X � {x1,�,xn}��

p  is an object data representation of O.  
When each object in oi � O has a physical label, O is a set of 
labeled data; otherwise, O is unlabeled.  Let integer c denote 
the number of classes, 1 < c < n.  Clustering in unlabeled data 
is the assignment of one of four types of labels to each object in 
O.  The label vectors of the objects are the columns of c-
partitions of O, which are sets of (cn) values {uik} that can be 
conveniently arrayed as (c �n) matrices, say U = [uik].  The 
three sets are: 

 

Mpcn � U��cn : uik � [0,1]	 i,k; 0 
 uik 	 i
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n
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,      (1a) 

Mfcn � U�Mpcn : uik �1
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c
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,                                  (1b) 

� �k,i}1,0{u:MUM ikfcnhcn 	��� ,                             (1c) 
 

where Mpcn (1a) are possibilistic c-partitions, Mfcn (1b) are 
fuzzy or probabilistic c-partitions, and Mhcn (1c) are crisp or 
hard c-partitions.  It is convenient to have a single name for the 
set Mpcn-Mhcn, which contains the fuzzy, probabilistic, and 
possibilistic c-partitions of O.  We call Mpcn-Mhcn the soft c-
partitions of O.   

Clustering algorithms map pX �� Mpcn.  Let CP = {Ui: 
1 ≤ i ≤ N} denote N different candidate partitions of a fixed 
object set O that may arise as a result of clustering X with one 
algorithm at various values of its parameters; or more 
generally, with different algorithms, each with its own 
parameters.  Which U�� CP best explains and represents the 
(unknown) structure in O?  In [1,2], we introduced one way to 
answer this question through the use of a comparison index, 
s(U,V).  Applications of our prior approach include: 

 

A1. s(U,V): V (r �  n) is a reference partition that purports to 
represent the "true cluster structure" in O. s(U,V) 
measures the extent to which U's in CP recover or retrieve 
the true clusters in O, and hence, the sizes of U and V are 
equal. Retrieval rates are called resubstitution error rates 
when U and V are crisp, r = c, and s is a measure that 
counts matches between the columns in U and V. 

A2. s(U,U'): U is a partition of O found with clustering 
algorithm A. Perturb each xk or rij with zero mean, unit 
variance noise, and obtain U', a clustering of the perturbed 
data. s(U, U') measures the sensitivity of A to 
perturbations of the data. 

A3. s(U,U'): U, U' are partitions of O found with clustering 
algorithms A and A'. s(U, U') measures the agreement 
between the two algorithms about clusters in O. 

A4. s(U,U'): U, U' are partitions of O found by successive 
iterations of clustering algorithms. s(U, U') measures the 
change in similarity due to the next iteration, and hence, 
can be used as a stopping criterion for iterative methods. 

A5. s(U,V): Prediction of V given U, or U given V 
(regression). 

 

In [1,2], our experiments focused on A1.  We never have an 
external reference partition in a real clustering situation which, 
by definition, involves unlabeled data.  So, why do this at all?  
Well, the only way you can evaluate any clustering algorithm 
before using it in a real situation is to see how well it recovers 
“true but unknown” reference partitions.  If nothing else, good 
recovery rates on data with “known” cluster structure at least 
provide some psychological reassurance that the clustering 
algorithm can sometimes recover “good clusters”. 
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In this article, we extend our prior work by exploring the 
behavior of the soft Rand for comparing non-crisp, specifically 
possibilistic, partitions.  We also demonstrate how the 
possibilistic Rand index and visual assessment of (cluster) 
tendency (VAT) algorithm can be coupled in order to estimate 
the number of clusters and identify coincident clusters found by 
the possibilistic c-means (PCM) algorithm [3,4].  This work 
supports the claim [4] that coincident clusters found by PCM 
can be advantageous.  We demonstrate that by over specifying 
the number of clusters, one can address important different 
clustering tasks.      

II. BACKGROUND 

A. Prior Work 
Let U�Mhrn and V�Mhcn  be crisp partitions of O.  U 

and V need not possess the same number of clusters.  The four 
classical combinations for pairs of objects from O�O  in 
clusters of U and V are: (i) paired in U and V; (ii) not paired in 
U nor in V; (iii) paired in V but not in U; and (iv) paired in U 
but not in V [5].  The comparison of U to V with a similarity 
measure s begins with the r � c contingency matrix N = UVT 
shown in Table 1 that contains counts of the number of 
occurrences of each of the four types over the n(n-1)/2 
distinct, unordered pairs in O�O.  Entry nij is the number of 
objects common to classes iU  and jV .    

 

Table 1. The contingency matrix N. 

 
 

The building blocks of many similarity measures for 
s(U,V) are the four equations (2a)-(2d). These four equations 
simply count the number of occurrences among the n(n-1)/2 
pairs of each of the four types of unordered pairs.    
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Formula (2a) is the number paired in U and V, formula (2d) is 
the number paired in neither U nor V, formula (2b) is the 

number paired in V, not U, and formula (2c) is the number 
paired in U, not V.  

The sums (a+d) and (b+c) are usually interpreted, 
respectively, as (the total number of) agreements and 
disagreements between U and V.  In [1], we tabulate a [non-
exhaustive] list of 14 coefficients that have been proposed for 
s(U,V) based on functions of a, b, c and d; Sokal and Sneath 
[6] list many others.  In this note, the only index we consider 
is Rand's index [7], the classical form of which is 

d)cb(ad)(aV)(U,sr ����� .                                          (3) 

B. Generalizing sr(U,V) when U and/or V are soft partitions 
Rand's index first appeared in Sokal and Michener in 1958, 

where it was called a simple matching coefficient [8].  Rand 
reintroduced this function in 1971 [7], and the literature has 
consistently referred to it as "Rand's Index" since then.  The 
resurgence of Rand's index in bioinformatics [9-12] has 
renewed interest in generalizing it, along with some of the 
other comparison indices based on the elements in Table 1, to 
various non-crisp cases.  Specifically, we mention the papers 
(in chronological order) of Campello [13], Frigui et al. [14], 
Brower [15], Hullermeier and Rifqi [16], and Anderson et al. 
[1,2].  All of these papers generalize the Rand index to the case 
of U and/or V being fuzzy partitions of the n objects.   

In [1,2], we provide generalizations for 14 comparison 
indices.  It begins with the construction of the contingency 
matrix as N = UVT.  We showed that a modification is needed 
to accommodate the case when U and/or V are possibilistic.  In 
the possibilistic case, we can have  

                                   �
�

� �
r
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i nn , or nn
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jn  can make d in (2d) 

relatively large and negative.  Depending on b in (2b) and c in 
(2c), the (soft) Rand index can result in sr(U,V) < 0 or > 1.  To 
remedy this, we scale N with  

                                            � � n/ ni�
i�1

r
�                                   (5) 

or  

                                            � � n/ n�j
j�1

c
� .                                (6) 

Since  

                                          ��
�

�
�

� �
c

1j
j

r

1i
i nn ,                               (7) 

� � �.  Our normalized generalization [1] is  

                  sr*(U,V) = N* � �UVT � [n/ ni�
i�1

r
� ]UVT .             (8) 

An advantage of this scaling is that when U and V are crisp, 
fuzzy or probabilistic partitions, �=1, thus N* = N = UVT.  This 

925



 

                                       
 

-10 0 10 20 30 40 50
-10

0

10

20

30

40

50

60

 

 
FCM partition Uf,1 for c = 3 

 
FCM partition Uf,2 for c = 3 

 
PCM partition Up,1 for c = 3 

 
PCM partition Up,2 for c = 3 

Fig. 1. Data set 1 (D1) and corresponding FCM and PCM partitions.  D1 is 
made up of three Gaussian clouds, each with 2000 samples, means of [2 
2]T, [40 10]T, [3 45]T and standard deviations of 2, 2 and 3 respectively.  

The four candidate partitions are shown in order to visually compare and 
contrast D1 to data set 2 (D2), figure 2.   
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FCM partition Uf,3 for c = 3 

 
FCM partition Uf,4 for c = 3 

 
PCM partition Up,3 for c = 3 

 
PCM partition Up,4 for c = 3 

Fig. 2. Data set 2 (D2) and corresponding FCM and PCM partitions.  D2 is 
made up of three Gaussian clouds, each with 2000 samples, means of [10 
10]T, [18 20]T, [1 30]T and standard deviations of 3, 2 and 4 respectively.    

shows that ANY index based on only the elements of Table 1 
will reduce to the original index when U and V are both crisp 
partitions of the n objects; and otherwise, they will be valid soft 
generalizations of those indices.  Moreover, for possibilistic 
partitions, the normalization produces index values in [0,1].  

III. COMPARING NON-CRISP PARTITIONS 
In [1,2], we explored A1, which measures the extent to 

which U's in CP recover or retrieve the true clusters in O.  Our 
initial experiments did not contain any analysis of non-crisp to 
non-crisp partition comparison.  In this section, we demonstrate 
non-crisp experiments, specifically for case A3, using the fuzzy 
c-means (FCM) algorithm [17] and the PCM [3,4].  We discuss 
the behavior of the measure. 

Candidate fuzzy partitions are generated by the FCM using 
the fcm function from the MATLAB Fuzzy Logic Toolbox 
with the fuzzifier q = 2, maximum number of iterations 
MAXIT = 100, objective function error EPS = 1e-5 and 
random partition initialization.  The PCM partitions are 
generated using our MATLAB implementation of the 
algorithm with the fuzzifier q = 2, MAXIT = 100, EPS = 0.001 
and a FCM-based initialization.  As discussed by 
Krishnapuram and Keller in [3,4], we re-estimated the 
parameters ηi (i.e. the value that determines the distance at 
which the membership value of a point in a cluster becomes 
0.5) for each cluster at every iteration.  The data sets are made 
up of different numbers of Gaussian clouds.  The number of 
clouds and their parameters are provided with the discussion 
for each data set.  

Example 1. Our analysis begins with data set 1 (D1), the 
scatterplot of which is shown in the uppermost view in figure 1.  
The images of the partition matrices shown in figure 1 are color 
coded, using a jet colormap, to assist visual interpretation.  The 
value displayed, [0,1], ranges from blue to red, and passes 
through the colors cyan, yellow, and orange. 

FCM is applied twice to D1 using different random 
initializations at c = 3, resulting in the terminal partitions Uf,1 
and Uf,2.  The images of these two fuzzy partitions in the 
middle views of figure 1 suggest that Uf,1 = Uf,2, up to a 
relabeling (the data points are sorted by cluster to aid visual 
analysis, which is possible because we synthetically generated 
X).  And this is the case.  Putting U = V equation (8) we have 

                U = V => sr*(U,U) = sr*(V,V) = sr*(U,V)                (9) 

In view of this, it is not surprising to find that sr*(Uf,1,Uf,1) = 
sr*(Uf,2,Uf,2) = sr*(Uf,1,Uf,2) = 0.97.  The converse, which would 
be a useful result, does not follow.  That is, we cannot conclude 
from sr*(Uf,1,Uf,1) = sr*(Uf,2,Uf,2) = sr*(Uf,1,Uf,2) that U = V. 

Next, the PCM is applied twice with different random 
initializations and c = 3 (Up,1 and Up,2).  The two partition 
matrices are shown in the bottom view of figure 1.  We find 
sr*(Up,1,Up,1) = sr*(Up,2,Up,2) = sr*(Up,1,Up,2) = 0.59.  We will 
explain why sr* is considerably less than 1 after the next 
example.   

Example 2. Data set 2 (D2) is shown in figure 2.  The main 
difference between D2 and D1 is that clusters in D1 are 
visually more compact and well separated.  FCM and PCM are 
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Algorithm 1: Visual Assessment of (Cluster) Tendency (VAT) 

0. Input: An nxn matrix of dissimilarities [Rpq]  

1. Set K = {1,2,…,n} ; I = J = Ø; P[0] = (0, …, 0). 

2. Select (i,j) �  � �.Rmaxarg pq
Kq,Kp ��

 

    Set P(1) = i; I = {i}; and J = K – {i}. 

3. For r=2,…,n: 

 Select (i,j) �  � �.Rminarg pq
Jq,Ip ��

 

 Set P(r) = j;  

Replace }j{II  ! and }j{JJ �! . 

Next r. 

4. Obtain the ordered dissimilarity matrix R~  using the ordering 
array P as: )j(P)i(PRR~ � , for 1 ≤ i,j ≤ n. 

5. Display the reordered matrix R~ .  

each applied twice with random initialization for FCM (and 
hence, equal initializations for PCM) with c = 3.  The images 
of the four terminal partitions discovered by these two 
algorithms again suggest that the fuzzy partitions are equal, and 
the PCM partitions are equal, and they are.  Thus, in 
accordance with (9), sr*(Uf,3,Uf,4) = sr*(Uf,3,Uf,3) = sr*(Uf,4,Uf,4) = 
0.80; and sr*(Up,3,Up,4) = sr*(Up,3,Up,3) = sr*(Up,4, Up,4) = 0.57. 

Examples 1 and 2 suggest that the softer the partition, the 
lower the sr*(U,V) value.  For crisp partitions, Rand proved [7] 
that sr(U,U) = 1, thus s(V,V) = 1 and 0 ≤ s(U,V) ≤ 1.  Entry nij 
in the contingency matrix is the number of objects common to 
clusters iU  and jV .  We calculated it as follows: 

                                  " #�
�

�
n

1k
kj,ki,ij V*Un .                            (10) 

If the partitions are crisp, then kj,ki, V*U  is in {0,1}, i.e. a 
value of 1 when the kth data point belongs to the ith cluster in U 
and the jth cluster in V.  When the values Ui,k and Vj,k are fuzzy 
and in particular less than 1, the membership values result in 
even smaller products.  Our formulation of the contingency 
matrix leads to interesting behavior for the four counting 
formulae, (2a)-(2d), as well as the Rand ratio (a+d)/(a+b+c+d).  
The most interesting component is the effect on equations (2b) 
and (2c), i.e. the disagreements. 

In order for the Rand to obtain a value of 1, the 
disagreement cases (2b) and (2c) must be zero.  However, from 
equation (10), we see that as the partitions become softer, the 
support in agreements decreases and evidence in disagreements 
rises.  This means that the Rand ratio will decrease because the 
value (2b)+(2c) is increasing.  This is what we observe for 
FCM in D1 for U1 and U2 and in D2 for U5 and U6.  In D1, 
the (2a)-(2d) values are: a=5747176, b=249975, c=249975 and 
d=11749871.  In D2, we find that a=4039502, b=1997238, 
c=1997242 and d=9963017.  What we observe is that the (2a) 
and (2d) values are less for D2 versus D1 (where D2 produces 
softer partitions than those for D1).  We also notice that the 
(2b) and (2c) values are higher for D2 versus D1, making the 
ratio (a+d)/(b+c), i.e. (agreements)/(disagreements), for D1 
(a+d)/(b+c) = 35 and (a+d)/(b+c) = 3.51 for D2. 

The following normalization is proposed in order to address 
this behavior, 

             s'r*(U,V) = sr*(U,V) / max(sr*(U,U) , sr*(V,V) )        (11) 

This normalization is proposed because 0 ≤ sr*(U,V) ≤ 
max(sr*(U,U), sr*(V,V)).  In the case of a crisp U or V, the 
normalization is 1 and the scaling reduces to Rand’s result. 

IV. VISUAL ASSESMENT OF (CLUSTER) TENDENCY 
The problem of determining whether clusters are present as 

a step prior to actual clustering is called assessment of cluster 
tendency (algorithm 1). 

The visual assessment of (cluster) tendency (VAT) 
algorithm [18] can be used to help discover if there are clusters 
in a given data set.  The basic concept behind VAT (algorithm 
1) is that objects are reordered and the reordered matrix of pair-
wise object dissimilarities is displayed as an intensity image.  

Clusters may be indicated by dark blocks of pixels along the 
matrix diagonal.  While VAT is used herein for analysis, 
clustering in ordered dissimilarity data (CLODD [19] and p-
specVAT [20]) can be used to address the partitioning and 
validity questions by automatically creating partitions from the 
VAT image and providing a validity measure of each partition.  
In algorithm 1, Rpq is the dissimilarity of objects p and q and 
the vector P is the permuted indices of the n objects.   

V. COMPARING POSSIBILISTIC PARTITIONS 
In [21], Barni et al. remarked that the PCM has the 

undesirable tendency to produce coincidental clusters.  In [4], 
Keller and Krishnapuram responded by providing additional 
insight into the inner workings of the PCM.  In particular, they 
explained both the importance and behavior of the scaling 
parameters, ηi, and the fuzzifier, q.  They also discussed how 
PCM can find c good clusters from a data set that may have 
more than c clusters.  On the other hand, if the data set has less 
than c clusters, PCM can still potentially find c good clusters, 
some of which may be identical.  However, how does one 
algorithmically discover the number of clusters in O as well as 
say that two clusters are equal?   

Discovering the number of actual clusters. It is sometimes 
helpful to categorize clustering into three different tasks.  In the 
previous section, the problem of assessing cluster tendency was 
briefly discussed.  The FCM and PCM algorithms are examples 
of the second class of clustering problems, actual clustering.  
The third class is cluster validity.  First, we may use a validity 
index, v(U), e.g. Dunn’s index [22] or the Davies-Bouldin’s 
index [23].  One generally varies an algorithm parameter, e.g. 
the number of clusters (c), the fuzzifier (q), etc., and v(U) is 
used to identify a trend such as the maximum or minimum or 
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Algorithm 2: Simultaneous Discovery of the Number of 
Actual Clusters and Coincident Clusters Found by the PCM  

0. Overspecify the number of clusters (c) and obtain a 
terminal partition U from the PCM 

1. Generate the similarity matrix S (c�c) from U 

 Spq = s'r*(Vp,Vq) for c}{1,...,qp, �	   

" # " #$$
%

&

'
'

(

)
�

** pk
n,k

pk
1,k

n,p1,p

p UmaxUmax
UU

V �

�

  (2�n) 

" # " #$$
%

&

'
'

(

)
�

** qk
n,k

qk
1,k

n,q1,q

q UmaxUmax
UU

V �

�

  (2�n) 

2. Generate the dissimilarity matrix D from S via 1 - Spq 

3. Run VAT on D 

Visually identify the actual number of clusters  

4. Clusters in D are coincident clusters in the PCM algorithm 
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(d) 

Fig. 3. Data set 3 (D3) and results from algorithm 2.  D3 is four Gaussian 
clouds, each with 1000 samples, means of [22 22]T, [60 30]T, [23 65]T, [50 
95]T and standard deviations of 2, 2, 3 and (6,3) respectively.  A set of 200 
random points are included.  (a) is the object data, (b) is the unordered 
dissimilarity matrix D for c = 15, (c) is the VAT reordering of D showing 4 
clusters, and (d) is the possibilistic partition matrix (15�n) that clearly shows 
which of the original clusters are coincident.  We see that between 3,000 and 
3,200 there are 200 objects (noise) that do not belong strongly to any 
particular cluster.  
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 (b) 

 
(c) 

 
(d) 

                    
                             (e)                                                              (f) 

Fig. 4. Data set 4 (D4) and results from algorithm 2.  D4 is five Gaussian 
clouds and noise; ([2 2]T, 900, 2), ([40 10]T, 500, 2), ([3 45]T, 1000, 3), ([30 
75]T, 1200, (6,3)), and ([70 50]T, 250, 6) for (mean, number of samples, 
standard deviation).  There are 200 random noise points.  In (b) c = 3, (c) c = 
4, (d) c = 5, (e) c = 6, and in (e) c = 25.   

“the big jump”.  The second group of methods use comparison 
indices, s(U,V), that compare pairs of partitions.  Examples of 
this group include the crisp Rand [7] and our generalized Rand 
index [1-2].  If U and V are both in CP (and hence, both 
obtained by algorithmic means), s(U,V) is an internal criterion, 
and otherwise, we call it an external criterion.  

Since c is unknown in real clustering situations, it is not 
generally possible to know that it has been overspecified. 
However, the problem domain often suggests a maximum 
plausible value for c, and this knowledge can be used to make a 
realistic overspecification.  For example, if you are segmenting 
MRI images of the brain with c-means clustering, there will 
certainly not be more than 8 or 10 meaningful regions, so 
taking c at, say, 15, is a reasonable guess at overspecification. 

However, each approach makes certain assumptions and 
therefore operates ideally for data sets with particular profiles, 
e.g. VAT and its relationship to single linkage [24].  Even more 
critical to PCM, these approaches do not solve the cluster 
correspondence problem.  If one of the above methods is used 
to discover the number of actual clusters, there is no guarantee 
that PCM will find the c unique clusters (due to coincident 
clusters). 

Since the inception of the PCM algorithm, a few extensions 
have been presented that attempt to avoid coincident clusters.  
In [25], Timm et al. add a penalizing term to the PCM objective 
function in order to help repel cluster prototypes.  Additionally, 
de Caceres et al. present an improved way to estimate the 
cluster bandwidths, which in return appears to help keep 
prototypes from converging to similar spots [26]. 

Cluster correspondence (or registration) problem. A naive 
approach to cluster correspondence is to directly compare 
clusters, i.e. according to some distance of clustering algorithm 
parameters (i.e. prototypes, covariance matrices, etc.).  It is 
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Fig. 5. Data set 5 (D5), which is generated using the same parameters used to 
generate D4 in figure 4, and the results from algorithm 2.  However, in this 
experiment the FCM algorithm is used in place of the PCM.  In (a) c = 4, (b) c 
= 5, (c) c = 6 and in (d) c = 25.  In (e), the locations of the prototypes found in 
(c) are shown as blue circles.  In (f), the FCM (c=6) membership matrix is 
hardened and each cluster is color coded. 

possible that this approach might work for a limited number of 
scenarios.  One example from the area of computer vision is the 
color space CIELAB.  This space is designed around 
approximating human perception.  Namely, this space makes it 
possible to interpret distance to a degree and therefore make 
reasonable working assumptions regarding merging criteria.  
An example of this is the mean shift clustering algorithm [27].  
In [27], CIELAB space is exploited to merge mean shift 
prototypes for image region segmentation and filtering.  
However, this overly simplistic approach is not theoretically 
well founded and should not be relied upon in general. 

Simultaneous discovery of the number of actual clusters 
and coincident clusters found by the PCM. Algorithm 2 
begins with the overspecification of c.  After PCM has 
terminated, the measure s'r* is used to compare clusters and 
VAT is used in order to visually discover the number of actual 
clusters and coincident clusters simultaneously.  This algorithm 
supports the claim [4] that coincident clusters are not a 
shortcoming of PCM.  However, s'r* is defined for partitions 
not clusters.  How is it that cluster p can be compared to cluster 
q in the same partition?  

In algorithm 2, a set of possibilistic partitions, {V1, …, Vc}, 
are built (where c is the number of clusters in U).  The idea is 
to generate a possibilistic partition (2�n) for each cluster that 
contains the membership of every data point in cluster p (1�n) 
and the maximum membership value of each data point in the 
remaining set of clusters (1�n), i.e. for all q ≠ p.  The value Spq 
is the similarity, [0,1], between clusters p and q based on the 
possibilistic partitions Vp and Vq.  Next, VAT is used on the 
dissimilarity matrix D, Dpq = 1 - Spq, to visually discover the 
actual number of clusters in O and subsequently coincident 
clusters.  Figures 3 and 4 demonstrate this approach. 

In figure 3(a), O contains four actual clusters and random 
noise.  Figure 3(b) is the dissimilarity matrix D for c = 15.  
Figure 3(c) is the VAT reordering of D, Dpq = 1 - Spq.  Figure 
3(c) indicates that there are four actual clusters in O and that 
each actual cluster is associated with multiple clusters found by 
the PCM.  Figure 3(d) is the PCM partition matrix.  In figure 
3(d), rows are clusters and columns are data points (15�4200).  
The first 1,000 data points belong to clusters {1, 6, 13} and the 
second 1,000 data points belong to {3, 9}.  The next 1,000 data 
points belong to clusters {2, 4, 5, 7, 8, 10}.  The next 200 data 
points are the random noise and they do not have a strong 
membership in any cluster.  Finally, the last 1,000 data points 
belong to clusters {11, 12, 14, 15}. 

In figure 4, O contains five actual clusters.  When the 
number of clusters is underspecified, i.e. c = 3 in figure 4(b) 
and c = 4 in figure 4(c), PCM finds a subset of the actual 
clusters.  However, the VAT image shows that there are three 
and four clusters respectively and that there are no coincident 
clusters.  The same story is true for figure 4(d), i.e. c = 5 and no 
coincident clusters.  However, when the number of clusters is 
over specified to PCM (c > 5), e.g. figures 4(e) and 4(f), 
algorithm 2 identifies the correct answer, five actual clusters.  
We also discover that each actual cluster is accounted for by 
one or more clusters returned by PCM (coincident clusters).  
Even one step further, we know which clusters from the PCM 
map to an actual cluster in O.   
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These experiments demonstrate that when the number of 
clusters is underspecified to the PCM, algorithm 2 does not 
identify the correct actual number of clusters (instead some 
value smaller than it).  The difficulty is that in a true clustering 
scenario, we do not know the answer.  For example, in figure 
4(b), c = 3, we would not know if the PCM found the correct 
number of clusters using algorithm 2.  When we attempt c = 4, 
i.e. figure 4(c), we still are unaware if we have found the 
correct number of clusters.  It is not until the specified c is 
greater than the actual number of clusters that we begin to get 
an indication of the correct number of actual clusters.  This is 
the moment in which coincident clusters becomes an 
advantage.  As c is steadily increased, i.e. algorithm 2 is run for 
c = 2, c = 3, etc., we eventually notice a leveling off in terms of 
the number of clusters discovered by algorithm 2.  Therefore, 
we recommend testing a range of values for c in algorithm 2 in 
order to identify the actual number of clusters in O.  In 
addition, different initializations can (and often do) lead to 
different clusterings.  Therefore, we recommend running the 
PCM multiple times, e.g. 10, per c value.  For each c, the user 
should select the largest value for the number of clusters found 
by algorithm 2. 

On a final note, we demonstrate the result of algorithm 2 
for FCM instead of PCM (figure 5).  We see that when c is less 
than the number of actual clusters, i.e. figures 5(a) and 5(b), 
the VAT images show that the number of actual clusters is c.  
However, when c is overspecified, i.e. figures 5(c) and 5(d), the 
VAT image continues to indicate that the number of actual 
clusters is c.  We are therefore unable to identify the actual 
number of clusters and the cluster correspondences via 
algorithm 2.  Figure 5(e) is the scatterplot of D5 along with the 
locations of the prototypes.  What we see is that when c is 
overspecified, the FCM tends to splits clusters.  This is not the 
same behavior as the PCM, which produces coincident clusters.  
That is, coincident clusters in the PCM will have very similar 
rows in the membership matrix.             

VI. CONCLUSIONS 
In this article, we extended our prior work by exploring the 

behavior of the soft Rand for comparing non-crisp partitions.  
We also demonstrated how the possibilistic Rand and visual 
assessment of (cluster) tendency (VAT) algorithms can be used 
to simultaneously discover the number of actual clusters and 
coincident clusters found by the PCM.  Our approach supports 
the claim [4] that coincident clusters are not a shortcoming of 
the PCM.   

In future work, we will investigate how to extend the soft 
Rand to comparing partitions acquired across different data 
sets, e.g. samples drawn from the same underlying process.   At 
the moment, our generalization of the Rand requires that U and 
V share the same object data set, O; however they need not 
possess the same number of clusters, r ≠ c.  We will explore 
next how to extend our approach to cases such as (1) temporal 
data sets, (2) clustering in unloadable data sets, and (3) the 
comparison of clustering discoveries found across potentially 
disjoint (sample) data sets.  Namely, case (3) will investigate 
the question, “how similar are the clustering discoveries in data 
set A to data set B using clustering algorithms C and D”?      
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