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Abstract—In this study, a fuzzy control policy is presented for 
dynamic walking of a biped robot that is modeled as a simulated 
five-link biped robot. Due to complex ground contact models, it 
is difficult to precisely model its dynamics. Besides, a 
spring/damper ground model and a simplified inverted 
pendulum model are presented to represent the ground contact 
relation and the approximated model of biped robots as well. 
Moreover, Finite State Machine (FSM) is utilized to decompose 
a cycle of walking gait. Under zero moment point (ZMP) 
constraint, each joint follows desired trajectories in each state 
that are generated by quintic spline curve through the model 
free controller (i.e., fuzzy control). In addition, its robustness is 
investigated by imposing pulse perturbation on torso for some 
directions. The results are demonstrated in simulations as well 
as animation and then the proposed controller is compared with 
a PID controller as well.  

Keywords-Biped robot; ZMP constraint; Fuzzy control; Finite 
state machine; PID; 

I. INTRODUCTION 

The biped robot possesses nonlinear dynamics and 
numerous degrees of freedom that are difficult to 
manipulate. For biped robots, it is also unavoidable to be 
subjected to all kinds of external disturbance (e.g. contact 
with ground, different ground situations). As a result, 
accurately modeling the dynamics of biped robot systems is 
quite difficult. Additionally, walking stably is also another 
challenge for biped robots. 

A fuzzy control policy with robustness is adopted for 
biped walking and simultaneously a FSM approach is 
utilized to decompose the cycle of the walking gait. Then 
the biped robot system is approximated by a simplified 
inverted pendulum model and keeps dynamic walking 
based on the ZMP constraint. In summary, the contribution 
of this study is the development of the fuzzy control policy 
with robustness for the walking of the simulated 3D biped 
robot. The simulation and animation are done to 
demonstrate the validity of the proposed methodology. 

A. Related Works 

In recent years, the research about walking of biped 
robots is a popular topic. Walking stably and keeping balance 
are essential functions. For the dynamic walking of biped 

robots, ZMP analysis is an important stability criterion for 
dynamic walking stably [1, 2]. Recently, [3]-[5] discuss stable 
biped walking through direct regulation of ZMP and generate 
stable walking trajectories. Besides, in order to enhance 
walking robustness, Morimoto and Atkeson [6] use 
differential dynamic programming (DDP) with a minimax 
criterion to make the humanoid robot generate low torque for 
walking and insure the policy is robust. Additionally, for 
keeping balance, Atkeson and Stephens [7,8] investigate 
ankle, hip and stepping strategies to help the humanoid robot 
recovery under the external push. From above studies, we can 
get the information that ZMP control and the walking with 
robustness are important for biped robots. Furthermore, due 
to the complex nonlinear dynamics and high dimensional 
state space, it’s quite difficult to model the biped robot 
precisely. In general, it has two solvable ways. One is for the 
use of a simplified inverted pendulum model and some 
studies discuss it and have verified its effectiveness. 
Stramigioli et al. [9] adopt a simplification of multi-body 
dynamics that is achieved by instantaneously reducing it to be 
an equivalent single inertial entity in legged robot. In [10], 
Goswami introduced the Reaction Mass Pendulum (RMP) 
and presented an extension of the inverted pendulum that 
modeled the rotational inertia and angular momentum of a 
robot through its centroidal composite rigid body. The other 
one is for the use of the fuzzy controller. So far, fuzzy control 
has already been applied into many controlled systems 
including bipeds [11]-[15] as well as different kinds of 
commercial products successfully. The reasons are that it can 
handle nonlinear system well and is ease of implementation.  

B. Control Policies For Walking 

In general, the walking process is composed of a single 
support phase (SS) and a double support phase (DS) for the 
walking phase of a biped robot. In this work, a FSM 
approach is presented for the walking gaits of biped robots 
that decompose walking gaits into different states based on 
SS and DS phase. In these states, a quintic spline curve is 
utilized to generate smooth desired trajectories of each joint. 
Furthermore, a simplified inverted pendulum model is used 
to approximate the biped robot system and the biped robot 
keeps balance during walking based on the ZMP constraint. 
Concerning a trajectory tracking of each joint, it is achieved 
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by fuzzy feedback control policy. An important 
contribution of fuzzy systems theory is to provide a 
systematic procedure for transforming a set of linguistic 
rules into a nonlinear mapping. A fuzzy control algorithm 
[16]-[18] consists of a set of heuristics decision rules and is 
regarded as an intelligent control algorithm, which is 
attractive in many cases where the controlled system can’t 
be well defined or modeled. The fuzzy theory uses 
“IF-THEN” rules to state the relationship between the input 
and output of the control plan. Also, it uses the linguistic 
variables instead to describe the characteristics of the 
system. 

This paper is organized as follows: in section II, the 
system dynamics is constructed and trajectory planning, 
control policies for the biped walking robot are described in 
section III, and the simulation and animation results 
demonstrate its effectiveness under the ideal situation (i.e., 
without any perturbations) and external disturbance in 
section IV. Finally, the conclusions and further works of 
this paper are given in section V. 

II.  SYSTEM DYNAMICS AND TRAJECTORY 
PLANNING 

The system (as in Fig. 1) is a simulated 3D biped 
composed of five-links: one torso, two thighs, and two 
calves. It is a symmetric 12 DOF system including roll and 
pitch for each hip, pitch for a knee and roll, pitch, and yaw 
for each ankle on each side. Therefore it is actuated by 12 
torque-controlled joints. These joints are respectively 
simplified as hip abduction/adduction (HAA) that is roll 
angle between the pelvis and the thigh, hip flex/extend 
(HFE) that is the pitch angle between the pelvis and the 
thigh, knee flex/extend (KFE) that is pitch angle between 
the thigh and the calf, ankle abduction/adduction (AAA) 
that is the roll angle between the calf and vertical, ankle 
flex/extend (AFE) that is pitch angle between the calf and 
vertical and ankle rotation (AR) that is the rotation about 
the calf. Furthermore, the system states position and 
velocity of each DOF, so it is a 24 dimensional state space. 
Also, the system parameters for the simulation are similar 
to our real humanoid robot made by Sarcos. Its weight is 
78 kg , with a 50 kg torso and 14 kg legs. The legs are 
0.81 m long and the center of mass is 1 m above the ground 
when it stands straight. The distance between the hips is 
0.213 m . In addition, the biped robot will interact with the 
ground during walking. Therefore, considering impact with 
interaction is necessary. In this paper, its ground contact 
relation is modeled as a spring/damper ground model as 
following Equations (1)-(4): 

      z z zF k z b z= +        (1)      

0( )x x xF k x x b x= − +                      (2)      

0( )y y yF k y y b y= − +                        (3) 

0( )z a aM k a a b a= − +                      (4) 
where 0x  and 0y  are initial contact positions and 0a  is 

initial contact yaw angle of the foot of Z − axis, 
,zk ,xk yk  and ak  are spring constants, zb , xb , yb  

and ab  are damping constants, ,zF ,xF yF and zM are 
friction force and moment respectively. According to above 
parameters, SDFAST software is used to generate the rigid 
body dynamics for the biped robot. For this study, the 
desired trajectories of the hip, knee and ankle joints are all 
generated by quintic spline curves during walking. At knot 
points the quintic spline curves can enforce second 
derivative continuity of combined curve so that smooth 
transition, acceleration and jerk could be ensured. Each 
joint is driven to its desired position through fuzzy 
feedback controller that is described by the following 
section. 
 

 
Fig. 1. Simulated 3D biped robot. 

III.  CONTROL POLICIES FOR BIPED ROBOT 

A. Approximation Using An Inverted Pendulum Model and 

The ZMP Constraint 

In order to simplify dynamic analysis, the biped model 
can be regarded as an inverted pendulum model that has been 
proved to be able to represent whole biped dynamics 
effectively. Consequently, in this study a simplified inverted 
pendulum model in the sagittal plane represented as Fig. 2 is 
described to approximate the biped robot model where 
forward direction is the positive X axis and above direction is 
positive Z axis. The height for the Center of Mass (CoM) in 
the walking process is assumed to be constant. From 
geometric relations, Equation (5) is derived where F is a net 
force applied on the CoM, g is the gravity acceleration andθ  
is the angle with vertical. Equation (6) expresses energy 
conservation and v  is the velocity of the CoM. From 
Equations (5) and (6), the minimum roll distance of 
x direction (i.e., minx ) is represented as Equation (7). During 
walking, CoM is kept within ZMP constraints via regulating 
the walking step and gait. 
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Fig.2. A simplified inverted pendulum model in the sagittal plane. 

 
tanF mg x zθ= = −                       (5) 

2 2Fdx m v− =                           (6)  

2 2
minx x z v g= −                        (7) 

Calculating minx value is to predict how far the biped 
system will move to. Liftoff action occurs when 

min mindx x<  where mindx is a desired minimum move 
distance. In this paper, the value of mindx is assigned as 
0.07. In addition, the touchdown action occur a fixed time 
interval after turnaround. 

B. Finite State Machine 

Our proposed controllers are based on a FSM, with each 
state having its own trajectory for internal joint angles. A 
walking cycle of the human walking gait is imitated and 
decomposed by a FSM that is employed to plan walking gaits 
including eleven states. (1) WAITING (2) DS1 (double 
support, left leg in front) (3) LIFTOFF1 (double support, 
lifting right leg) (4) SSL1 (first phase of single support, left 
leg in stance) (5) SSL2 (second phase of single support, left 
leg in stance) (6) DS2 (double support, right leg in front) (7) 
LIFTOFF2 (double support, lifting left leg) (8) SSR1 (first 
phase of single support, right leg in stance) (9) SSR2 (second 
phase of single support, right leg in stance) (10) LAUNCH1 
(squat) (11) LAUNCH2 (launch state, like DS1). These states 
form one cycle’s walking gaits of the biped robot and transfer 
into other state at prescribed time or conditions described in 
Fig. 3 where waiting time and launch1 time are prescribed 
time in advance. Also, foot states and CoM velocity of Y  
direction are transition conditions. Besides the desired 
smooth trajectories generated by the quintic spline curve in 
each state and in any given state, the joints apply torques 
computed by fuzzy control in order to drive each joint to its 
desired local angle. 

 

 
Fig. 3. FSM diagram for the biped walking.  

C. Fuzzy Control Policy 

The basic configuration of the fuzzy system consists of 
a fuzzifier, an inference engine and a defuzzifier. The 
fuzzifier part is to map a crisp set into a fuzzifier set. 
Moreover, two normalizing input scaling factors are 
determined. They make error and its derivative located in 
between -1 and 1 where error ( )ie t is individual difference 
between desired position and actual position of each joint. 
Therefore, two inputs of fuzzy rule table of 
the ith subsystem are ( ) ( )

ii e ie t g e t= and ( ) ( ),
ii e ie t g e t=  

1 ~ 12,i =  where
ieg and

ieg are two normalizing input 

scaling factors respectively. ( ) and ( )i ie t e t are called fuzzy 
variables. They are quantized into the following eleven 
qualitative fuzzy variables: (i) Positive Huge (PH) (ii) 
Positive Big (PB) (iii) Positive Medium (PM) (iv) Positive 
Small (PS) (v) Positive Infinite (PI) (vi) Zero (ZE) (vii) 
Negative Infinite (NI) (viii) Negative Small (NS) (ix) 
Negative Medium (NM) (x) Negative Big (NB) (xi) 
Negative Huge (NH). The membership functions of the 
fuzzy variables are with triangular type as in Fig. 4 in this 
paper. 
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Fig. 4. Membership functions with triangular type. 

 
In addition, the inference engine is usually composed of a 

series of fuzzy rules i.e., “IF-THEN” rules. The fuzzy logic 
subsystem i as in Fig. 5 performs a mapping from 
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Fig. 5. Configuration of the ith fuzzy logic system. 
 

There are l fuzzy control rules and the upper script k 
denotes the kth fuzzy rule: 

IF ie is 1i

kF and ie is 2 j

kF , THEN iu is k
iG  (8) 

where 2( ) ( ) ,
T

i iie t e t X∈ ⊂ ℜ with ( ) ( ),
ii e ie t g e t=

( ) ( ),
ii e ie t g e t= and ℜ⊂∈     )( ii Vtu are the inputs and output of 

the fuzzy logic subsystem i, respectively; 
)12,1( lk,jiF k

ji
≤≤≤≤  and k

iG are labels of sets in 

iX  and ,iV  respectively. The parameters 
ieg  and 

ieg are 

chosen such that ( ) and ( )i ie t e t ∈ ].1 ,1[− The fuzzy inference 
engine performs a mapping from fuzzy sets in 2ℜ⊂iX  to 
fuzzy sets in ℜ⊂iV , based upon the fuzzy IF-THEN rules in 
the fuzzy rule base and the compositional rule of inference. 
The defuzzifier part is to utilize the center-average method to 
get the crisp control input signal ( )iu t . In summary, overall 
fuzzy logic system can be employed to form a look-up Table 
2 that directly relates the inputs (t) and ( )i ie e t with the 
output ( ).iu t  Also, the output ( )iu t of the look-up table ranges 
between from -1 and 1 that is multiplied by output scaling 
factor 

iug to be real control output torque ( )iu t  as Eq. (9). 
Output scaling factor can be regarded as saturation limit of 
the actuators. Generally speaking, a larger output scaling 
factor is assigned, a smaller tracking error and a faster 
response are achieved; however, the risk of transient or 
oscillatory response increases after transience happen. 

( ) ( ) ( ) ( ) sgn( ) ,
i ii u i u i i iu t g u t g e t t e= = + Δ 1 ~ 12.i =  (9) 

where )(tui is fuzzy variable of ),(tu and ( ) 0 i t tΔ > ∀  

denotes the switching gain, which is related to Table 2. 
Furthermore, the roll torque of ankle in SS is constant. 
Moreover, hip roll torque needs to hold the torso up, so the 
desired position tracks ankle roll angles. In DS, it is occupied 
a very short time during the all of the walking period and then 
hip and ankle roll are pure torque sources (i.e., constant 
torques). 

IV.  SIMULATIONS AND DISCUSSIONS 

Through the investigations of ( ) and ( )i ie t e t range 
from each joint, the control parameters

ieg values are all 

selected as 0.01 and the
ieg values respectively are selected 

as {0.009, 0.01, 0.01, 0.01, 0.005, 0.01} at one side 
respectively such that their values are located between -1 
and 1. They have the same values at another side. In 
addition,

iug values are assigned as 

{3500,1300,1700,300, 45000, 200} at one side. Also, these 
values are identical to another side. In general, a larger 
output scaling factor is assigned, a smaller tracking error 
and a faster response are achieved; however, the risk of 
transient response happens. 

For ideal conditions (i.e., no any perturbations and 
uncertainties), the responses of each joint are illustrated in 
Fig. 6 that shows the responses of left hip, knee and ankle 
pitch angles. From these results shown, based on fuzzy 
controller and FSM method the responses of each joint 
have good trajectory tracking performance. In addition, 
PID controller is also applied to biped walking and it still 
obtains stable walking. For simplicity, these responses are 
omitted. However, to investigate further whether the fuzzy 
controller I propose has robustness, the external pulse force 
of 25 Newton is imposed on torso during 2.0~2.1 seconds 
from lateral push (i.e., positive Y direction) and those 
control parameters are the same with ones of ideal 
conditions. These simulation results are illustrated in Fig. 7. 
Moreover, Fig. 8 represents the responses under the same 
conditions by PID controller. It will crash at about 3 
seconds. From these illustrations of the simulation results, 
it reveals the proposed controller is with better robustness 
to resist some extent disturbance and possess good 
performance. Except the computer simulation, it is also 
displayed walking of the 3D simulated biped robot using 
animation that reveals the proposed strategy is effective for 
the biped walking. In summary, they both exhibit 
acceptable performance under with or without uncertainty 
and disturbance. Further, it is also verified that the 
approximation of a simplified inverted pendulum model 
with ground contact relation for the biped robot is feasible 
and effective. 
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(a) The response of the hip pitch angle 
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(b) The response of the knee pitch angle 
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(c) The response of the ankle pitch angle 

Fig. 6. The responses of internal joints in the absence of perturbation. 
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(a) The response of the hip pitch angle 
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(b) The response of the knee pitch angle 
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(c) The response of the ankle pitch angle 

Fig. 7. The responses of joints in the presence of 25N pulse perturbation 
force on torso during 2~2.1 sec. by the fuzzy controller. 
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(a) The response of the hip pitch angle 
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(b) The response of the knee pitch angle 
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(c) The response of the ankle pitch angle 

Fig. 8. The responses of Fig. 7 by the PID controller. 

V. CONCLUSIONS  

In this paper, the simulated 3D biped robot is 
considered as a simplified inverted pendulum model with 
ground contact relation. The fuzzy control policy and FSM 
approach are proposed for the periodic walking of the 
simulated 3D biped robot based on ZMP constraint. Under 
without perturbations, it has good response for the 
trajectory tracking on each joint. In addition, the lateral 
pulse perturbation force on torso is imposed to verify the 
robustness of the proposed controller. Finally, through the 
demonstration of the simulation, the responses are shown to 
possess good trajectory tracking as well as better robustness 
as compared with PID controller. Moreover, the animation 
also displayed that the biped robot can walk stably and 
periodically.  

In future works, a real biped robot by the proposed 
control will be implemented. Additionally, it will be 
compared with other control strategies with respect to the 
robustness and performance. 
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Table 1. Rule table of the ith fuzzy inference engine. 
  

i
e  

i
e  PH PB PM PS PI ZE NI NS NM NB NH

NH ZE NI NS NM NM NB NB NB NH NH NH
NB PI ZE NI NS NM NM NB NB NB NH NH
NM PS PI ZE NI NS NM NM NB NB NB NH
NS PM PS PI ZE NI NS NM NM NB NB NB
NI PM PM PS PI ZE NI NS NM NM NB NB
ZE PB PM PM PS PI ZE NI NS NM NM NB
PI PB PB PM PM PS PI ZE NI NS NM NM
PS PB PB PB PM PM PS PI ZE NI NS NM
PM PH PB PB PB PM PM PS PI ZE NI NS
PB PH PH PB PB PB PM PM PS PI ZE NI
PH PH PH PH PB PB PB PM PM PS PI ZE

 
Table 2. Look-up table of the ith fuzzy inference engine. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 

ie  

ie  
1.0 0.8 0.6 0.5 0.2 0 -0.2 -0.5 -0.6 -0.8 -1.0

-1.0 0.0 -0.05 -0.2 -0.5 -0.7 -0.8 -0.9 -0.95 -1.0 -1.0 -1.0
-0.80.05 0.0 -0.05 -0.2 -0.5 -0.7 -0.8 -0.9 -0.95 -1.0 -1.0
-0.6 0.2 0.05 0.0 -0.05 -0.2 -0.5 -0.7 -0.8 -0.9 -0.95 -1.0
-0.5 0.5 0.2 0.05 0.0 -0.05 -0.2 -0.5 -0.7 -0.8 -0.9 -0.95
-0.2 0.7 0.5 0.2 0.05 0.0 -0.05 -0.2 -0.5 -0.7 -0.8 -0.9

0 0.8 0.7 0.5 0.2 0.05 0.0 -0.05 -0.2 -0.5 -0.7 -0.8
0.2 0.9 0.8 0.7 0.5 0.2 0.05 0.0 -0.05 -0.2 -0.5 -0.7
0.5 0.95 0.9 0.8 0.7 0.5 0.2 0.05 0.0 -0.05 -0.2 -0.5
0.6 1.0 0.95 0.9 0.8 0.7 0.5 0.2 0.05 0.0 -0.05 -0.2
0.8 1.0 1.0 0.95 0.9 0.8 0.7 0.5 0.2 0.05 0.0 -0.05
1.0 1.0 1.0 1.0 0.95 0.9 0.8 0.7 0.5 0.2 0.05 0.0
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