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Abstract—This paper proposes an FCM-type clustering
method for capturing cross-shape fuzzy clusters in multi-
dimensional data spaces. The proposed objective function is a
combination of Fuzzy c-Varieties (FCV) and cross-shape cluster
extraction in 2-D space, which is an extended linear fuzzy clus-
tering model with local coordinate rotation. FCV is responsible
for finding 2-D planes, on which cross-shape prototypes exist.
Each prototypical cross is estimated on the FCV prototypes.
Fuzzy memberships are updated using a combined clustering
criterion of distances between data samples and FCV prototypes
and measures for linear clustering on the FCV prototypes with
local coordinate rotation.

Keywords—co-clustering, collaborative filtering, principal com-
ponent analysis.

I. INTRODUCTION

Many variants of FCM-type clustering models [1], [2], [3]
have been proposed by extending the original Fuzzy c-Means
(FCM) algorithm [4], which is a fuzzy counterpart of k-Means
clustering [5]. If we have some structural information on
cluster prototypes, we can modify the point-type prototypes of
FCM by replacing with other shapes. Fuzzy c-Lines (FCL) [6]
is a linear fuzzy clustering model, in which cluster prototypes
are defined by lines having infinite length. Fuzzy c-Varieties
(FCV) [7] extended FCL, in which cluster prototypes are
defined by linear varieties such as planes and hyper-plane.
These linear clustering models have close connection with
local principal component analysis (local PCA) [8], [9], in
which fuzzy PCA [10] is performed in each cluster based on
the FCM-type alternate optimization scheme [11], [12].

Using other non-linear-shape prototypes, many FCM vari-
ants such as Fuzzy c-Spherical Shells (FCSS) [13] with
circular-shape prototypes, Fuzzy c-Quadric Shells (FCQS) [14]
with quadric surfaces and Fuzzy c-Rectangular Shells
(FCRS) [15] with rectangular-shape prototypes have been pro-
posed. Yoshida et al. [16] proposed a technique for extracting
cross-shape clusters in 2-D data space by introducing local
coordinate rotation in linear fuzzy clustering. Each cross-shape
cluster is composed of two linear sub-clusters and is captured
in a single local minor component extraction context [17]
by considering coordinate rotation of one sub-cluster around
intersection of two linear sub-prototypes.
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In this paper, the cross-shape extraction model is extended
to multi-dimensional cases. In the Gaussian mixture models
(GMMs) field, a combined likelihood function was proposed
for capturing 2-D non-linear manifolds [18]. In the same
manner, this paper proposes a combined objective function of
FCV and cross-shape cluster extraction. The objective function
for FCV composed of distances between data samples and 2-D
plane-like prototypes is responsible for capturing 2-D planes,
on which each cross-shape exists. Each cross-shape prototype
is estimated in the prototypical 2-D planes. The clustering
criteria for updating fuzzy memberships are given by the two
criteria.

The remaining parts of this paper are organized as follows.
Section II briefly reviews the FCM-type linear fuzzy clustering
models and the cross-shape prototype model. Section III pro-
poses a combined objective function. Numerical experimental
result is presented in Section IV. Finally, Section V gives
conclusion.

II. FCM-TYPE LINEAR FuzzY CLUSTERING AND
CROSS-SHAPE CLUSTER EXTRACTION

A. Fuzzy c-Lines and Fuzzy c-Varieties

Assume that we have n samples with m dimensional
observation x; = (%i1,...,Tim), ¢ = 1,...,n and the
goal is to partition the samples into C clusters. The FCM
algorithm uses point-type prototypes given by mean vectors
be = (bety- - ybem), ¢ =1,...,C and the clustering criterion
for cluster ¢ is the squared Euclidean distance d.; between
sample x; and prototype b.. The objective function to be
minimized is the weighted within-sum-of-distances.
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Ui € [0, 1] is the fuzzy membership degree of sample i in clus-
ter ¢ and follows the probabilistic constraint of ch:l Ue; = 1.
0 is the fuzzification parameter called ‘fuzzifier’. Membership
assignment becomes fuzzy as 6 becomes large, while § = 1
reduces a crisp partition of k-Means.

The optimal cluster center for each cluster with fixed
memberships u,; is derived as the membership-weighted mean



vector.
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With fixed cluster prototypes b., the optimal memberships
satisfying the probabilistic constraint are given as
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In the singular situation where some data samples are on
prototypes (zero-distances), the data samples are crisply as-
signed to the prototypes and have zero-memberships to other
clusters. These two phases of cluster prototype estimation and
membership estimation are repeated until converge based on
the alternate optimization scheme.

FCL replaces the point-type prototype with 1-dimensional
lines defined as follows:
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Line.(b., a.) = {z|x = b. + a.t;t C R}. 4)

Each line is defined by two vectors of cluster center b. and
basis vector a.. The prototypical line of cluster ¢ is to pass
through its cluster center and to be spanned by basis vector a.
The clustering criteria are squared Euclidean distances between
sample points and linear prototypes, and the objective function
is defined as follows:
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The optimal memberships u.; with fixed cluster prototypes
are calculated by Eq.(3) replacing the clustering criteria with
D = ||z; — b.||? — |a] (x; — b.)|?. With fixed memberships,
optimal prototype estimation is achieved in a 2 step procedure.
b. is often updated in a same formula with Eq.(2). Next, basis
vector estimation is reduced to fuzzy PCA [10], in which
the conventional PCA procedure is performed in a fuzzy set
where the fuzzy membership degree of each sample is given
by uY;. The optimal basis vector of cluster ¢ is the eigen
vector corresponding to the largest eigenvalue of the following
generalized fuzzy scatter matrix St.:

n
Sre = > _ub(@i—be)(@i—b.)". (6)
i=1
FCV extended FCL into multi-dimensional case. Using p
independent basis vectors a.;x,k = 1,...,p, p-dimensional

linear varieties to be used as the prototype of cluster ¢ is given
as

p . —
‘/C (bca Qc1, Ac2, - - - a’Cp) -

p
{QZ|$ = bc + Ztkack;tk S R}7 (7)
k=1

and the clustering criteria are replaced with the distances
between data samples and the linear varieties. The membership
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Fig. 1.

Definition of prototypical cross-shape and rotation matrix

updating rule is Eq.(3) with the modified criteria. If cluster
center b, is also updated by Eq.(2), the basis vectors are given
by the eigenvectors corresponding to the p largest eigenvalues
of S fe-

B. Cross-shape Cluster Extraction in 2-D Data Space

Yoshida et al. [16] proposed a technique for capturing the
cross-shape substructure by using a single linear prototype.
Assume that samples were drawn from a 2-D data space (m =
2). The cross-shape prototype of a cluster can be defined by
two elements of center point and first normal vector as shown
in Fig. 1 where the two lines cross at the center point.

In the model, each cross-shape cluster is further divided into
two linear sub-clusters corresponding to the two component
lines. The first sub-cluster memberships u.j; represent the
degree of belongingness to the first prototypical line whose
normal vector is a.. The second ones wu.o; correspond to
the second line whose basis vector is a.. The conventional
membership value for cluster ¢ is recovered by uc= .1, +
Uco;. In order to jointly estimate the two memberships of u.1;
and u.9; in a single linear clustering-like procedure, vertical
rotation of the second sub-cluster around the center point is
considered. The local coordinate rotation matrix for the second
sub-cluster is given as A, in Fig. 1. The distances between
sample 4 and sub-cluster j in cluster c is given as follows:

Deji = |la; Aj(@; — be)l|? ®)
The objective function is defined based on the minor com-
ponent analysis concept [17], in which linear manifolds are
formulated by normal vectors.
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where the probabilistic constraint for memberships is modified
as:
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Fuzzy memberships for sub-clusters are given by
llal Aj(xi —be)|”

(||aZAj(ﬂ% - bz)|2>“]

From the necessary condition for the optimality, center
points of prototypical cross-shape are updated as

2 T
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Normal vectors a. is derived in a similar way to minor
component analysis so that a. corresponds to the smallest
eigenvalue of the following modified scatter matrix:
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where a:f;i and v, are sample vector and cluster center after
local coordinate rotation such that

xl, = Aj(x; - be), (14)

2
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Because of coordinate rotation, samples are virtually dupli-
cated and the scatter matrix is calculated using 2n objects.

(15)
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III. HYBRID OF FCV AND CROSS-SHAPE Fuzzy CLUSTER
EXTRACTION

A. Active Curve Axis Gaussian Mixture Models

Zhang et al. [18] proposed a non-linear extension of Gaus-
sian mixture models (GMMs) in order to deal with curve
manifolds using a non-linear probability model called active
curve axis Gaussian model. The non-linear Gaussian model
is generated by bending the normal Gaussian model at the
first principal axis in 2-D data space. Then, they modified
the mixture models into multi-dimensional data space by
assuming that the principal axis curves are located in 2-D
planes determined by the first two eigenvectors. The modified
likelihood function was defined by combining the two mea-
sures: deviations from 2-D planes and distances from principal
axis on the 2-D planes. The model parameters are estimated
by a generalized Expectation-Maximization (EM) algorithm.

In this paper, a similar idea of combining two criteria is
performed in order to capture cross-shape clusters in multiple-
dimensional data space.

B. Combination of Two Criteria and Generalized Algorithm

In this paper, FCV is combined with cross-shape cluster
extraction in 2-D plane. Assume that we have n samples with
m dimensional observation &; = (Z;1,...,Zim), 1 =1,...,n
and the cluster prototypes are given by cross-shape composed
of two lines on 2-D plane. In the FCV part, the prototypical
2-D plane in cluster c is defined by cluster center g, and
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basis vectors p.; and p,;. Then, the FCV criterion of distance
between samples x; and the 2-D plane is calculated as:

2
d = |l = a.ll” =Y (@i — a.) "pal. (16)
k=1
Next, in order to consider the cross-shape cluster extraction
in the 2-D plane, samples are projected on the 2-D plane as
— (or )T
Y = (Yi1, ¥i2) ' ):

j=1,2. (17)

The cross-shape prototype on the 2-D plane is defined by
cluster center (intersection of two lines) b. and first normal
vector a.. Then, the criterion of distance between the projected
sample vector y, and the prototypical cross is calculated as:

dir = lla; A;(y, — be)|*. (18)

using the two criteria, the combined objective function is
defined as:

Yij = P:j(wi -4q.),
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The iterative algorithm is composed of three steps. In the
first step, prototypical 2-D planes are estimated. Cluster centers
q. are calculated by Eq.(2) where v, = %, + u%,,. Basis
vectors p.;, are given by the k-th principal eigenvector of
Eq.(6) replacing b. with gq..

In the second step, cross-shape prototypes are estimated on
2-D planes. Intersection vectors b, are calculated by Eq.(12)
replacing x; with y,. Normal vectors a. are given by the
eigenvectors corresponding to the smallest eigenvalues of
Eq.(13) replacing x; with y,.

Then, in the third step, fuzzy memberships for sub-clusters

>

Ucj; are calculated as:
_1 7~
( > 91]
(=1

IV. NUMERICAL EXAMPLE
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A numerical experiment was performed with an artificially
generated data set composed of 80 samples. Figure 2 shows
the 3-D plots of the data set including two separate cross-
shape clusters. The two cross-shape clusters exist on two 2-D
planes, which are mutually orthogonal as shown in Fig. 3, and
the intersection areas of the two crosses have small distances
for both two planes. The goal of the experiment is to capture
the two cross-shape sub-structures by partitioning samples into
two clusters (C' = 2). The fuzzification parameter was set as
0 = 2. Figure 4 shows the clustering result derived by FCV
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Fig. 3.  Other views of Fig. 2

where circles and triangles indicate the maximum membership
classification and times indicate the samples having very fuzzy
memberships of u.; € [0.4,0.6]. FCV is useful for capturing
2-D planes, on which cross-shape clusters exist, while it cannot
reveal cross-shape substructure. Figure 5 shows the result by
the proposed method where two cross-shape clusters were
properly extracted. The intersection areas were also properly
assigned to clusters by considering both two criteria.

Table I compares the membership degrees of the eight data
points, which are described by X in the intersection of two
cross-shapes in Fig. 4. The table indicates that the proposed
hybrid approach made it possible to clarify the cross-shape
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Clustering result of proposed method

cluster partitions by assgining more crisp memberships. In
this way, the proposed hybrid objective function contributes
to extraction of cross-shape substructures in multi-dimensional
data space.

V. CONCLUSION

This paper proposed a hybrid objective function of FCV
and cross-shape cluster extraction for extracting cross-shape
substructures in multi-dimensional data space. The FCV part
is responsible for capturing 2-D planes, on which cross-
shape substructures exist, while cross-shape cluster extraction
part performs linear sub-space learning with local coordinate
rotation. Fuzzy memberships are estimated considering both
criteria.

A possible future work is hybridization with FCM in such
a way with Fuzzy c-Elliptotypes (FCE) [7] for avoiding the
size problem of FCL-type linear clustering models. Another
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