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Abstract—The purpose of this paper is to deal with the
problem of least-squares multiple regression with fuzzy data.
The constant regression coefficient is assumed to be symmetric
triangular, and other coefficients are real (crisp). By applying
symmetric triangular approximations of fuzzy numbers, a new
method for computing the regression coefficients is proposed. The
new method is efficient and easy to determine the coefficients.

Index Terms—fuzzy linear regression, symmetric triangular
approximation, least-squares estimates.

I. INTRODUCTION

An arbitrary fuzzy number A can be represented by an
ordered pair of left continuous functions [A!(a), A%(a)], 0 <
a < 1, which both satisfy the following conditions:

1) Alis increasing on [0,1],

2) A" is decreasing on [0,1],

3) Al(1) < A(1).

Let R and F'(R) denote the sets of all real numbers and fuzzy
numbers, respectively. In this paper, we always place a ~ over
a letter to denote a fuzzy number, for example X;, A € F(R)
and a, 7, 0 € R. Let A and B € F(R). The Euclidean distance
between A and B is defined as

[N

AAB) = [ [ (141(@)=B'(0)F+]4"(0)~B"(@))da]

Given fuzzy vectors Yy = (Yi,.. .,Yn) and X, =
(X1, Xin) € F(R)™, 1 < i < m, the problem of fuzzy

linear regression analysis is to find the regression coefficients
A; € F(R), 0 <4 < m, which minimize the observation error

dQ(Ya AOT_F Ale + + Ame) =
e - M
Zd (}/j7A0+A1X1j+"'+Amej)a

where 1:= (1,...,1).

In 1982, Tanaka et al. [21] first examined fuzzy regression
analysis with real independent (or explanatory) and fuzzy de-
pendent (or response) variables, in which the regression coeffi-
cients are assumed to be symmetric triangular fuzzy numbers.
Afterwards, many scholars studied this type fuzzy regression
analysis by generalizing the coefficients to more general fuzzy
numbers [2], [6], [8], [9], [10], [14], [16], [18], [19], [22]. In
1992, Sakawa and Yano [20] considered fuzzy linear regression
models with fuzzy data, that means the independent variables
and dependent variable are all fuzzy numbers. Subject to the
regression coefficients are all real, the least-squares estimation
was further studied by Diamond [4], and the existence was

proved by Kratschmer [17]. In 1992, Bardosy et al. [11]
presented normal equations systems depended on signs of
regression coefficients to estimate the regression coefficients.
And, in 2002 Kao and Chyu [12] proposed a two-stage method.
Most of the recent approaches have to consider optimization
cones, then determine the regression coefficients by comparing
observation errors of these possible estimators. It will take a lot
of time to find the best one. An iterative algorithm (numerical
method) was proposed by Bargiela et al. [1]. In 2009, Yeh [27]
showed that the multiple regression problem can be replaced
with a 0-1 programming problem. Furthermore, he proposed
a formula for computing the regression coefficients in one-
variable models (see the following Theorem 5). For more
general case that the constant coefficient is fuzzy, Diamond
and Korner [5] generalized their previous results via Hukuhara
difference. Wunsche and Nather [23] turned to study on the
restriction that the data are of normal distributions. Chen
and Hsueh [3] used the least-squares method to determine
regression coefficients in multiple-variable models. There are
also many other contributions to this type [2], [8], [9], [13],
[15], [18].

This paper is organized as follows. In Section 2, we
introduce the mean of fuzzy numbers. In Section 3, we present
an formula for solving the regression model whose regression
coefficients are all real. The present formula is simple and
clear. In Section 4, we completely solve the regression prob-
lem whose constant coefficient is assumed to be symmetric
triangular. In Section 5, we work on the example designed by
Sakawa and Yano. It is shown that our estimator is better than
the previous.

II. THE MEAN OF FUZZY NUMBERS

I:et ZZ-, 1 < ¢ < n be fuzzy numbers. We define the mean
of Z; as follows

- 1 < -
EZ)==-% 7. 2
(2) =~ ; 2)
Theorem 1. Let Z-, 1 <1¢ < n be fuzzy numbers. Then,
> &(Z,A) = d*(Z;, BE(Z)) +nd*(E(2), A),
i=1 i=1

for each A € F(R).

Let A = [Al(a), A%(a)] and~B = [BY(«), B*(a)] € F(R).
The vector difference between A and B is described as follows

Ao B :=[AYa) — BY(a), A%(a) — B*(a)].
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The vector difference between A and B may not belong to
F(R). For example,
[, 2 —a] © 20, 2] = [—a, —a] ¢ F(R).

Notice that, we can still compute the distance d(fl,B),~ de-
fined in Section 1, even if A = [A!(a), A%(a)] and B =
[B'(a), B"(a)] ¢ F(R).

Theorem 2. Let V — (Y1,...,Y,) and X = (X1,...
F(R)™ be fuzzy vectors. Then,

,Xn) €

d2(V, AT + bX) =

Zn: d%(Y; © E(Y),bX; © bE(X)) + nd?(E(Y) © bE(X), A),

i=1
for each A € F(R) and each b € R.

III. A FORMULA FOR COMPUTING REAL REGRESSION
COEFFICIENTS

In this section, we are going to study fuzzy regression anal-
ysis with real regression coefficients, that is to find a,b € R
minimizing the observation error

a2(Y, ol + bX),

where Y = (Y1,...,Y,) and X = (X,...
data.

Let A € F(R) and Q be a closed convex subset of F(R).
Then, an element Pg(fl) € Q is called the best approximation
of Ain Q if

d(A, Po(A)) < d(A,X), VX eQ.

If we set 2 = R (i.e. each A €  is real), then

, Xp,) are given

1
Pr(A) ::/0 A¢(a) da.

Proposition 3. Let A, B € F(R) and a,b € R. Then,
Pr(aA +bB) = aPg(A) + bPg(B),
Pr(aA S bB) = aPr(A) — bPg(B),
and
d2(A,a) = d2(A, Pa(A)) + | Pe(4) - af2,
From Theorem 2 we find
d2(Y,al + 0X) =
zn: d%(Y; © E(Y),bX; © bE(X)) + nd*(E(Y) 8 bE(X), a).
i=1
Consequently, by Proposition 3 we have
P (E(Y) S bE(X),a)
> d*(E(Y) ©bE(X), Pa(E(Y)) - bPe(E(X))).

Hence, to minimize d?(Y,al + bX) we must choose that

a=Pr(E(Y)) - bPe(E(X)),

and then we have
d2(Y, ol + bX)
=d*(Y, [Pr(E(Y)) — bPr(E(X))]T + bX)

S (¥ 6 Po(E(). bR, © bP(E()).

Recall that every closed interval can be represented by its
center and radius (half width). For instance, the center of

(Al (e), A*(@)] is
Al(a) + A%(a)

A(a) == 5 , 3)
and the radius of [A!(a), A%(a)] is
u 7l
o) = A=A o

That means we can use the symbol
[A%(a), A™(a)]or

to rewrite the fuzzy number A = [Al(@), A*(e)], which is
called the CR-representation of A, see [24].

Proposition 4 (Proposition 1, [27]). Let
A =[A%a),A"(a)]cr and B = [B%(«a),B"(a)lcr

be fuzzy numbers with CR-representations, and a € R. Then
the addition and scalar multiplication of fuzzy numbers can be
described as follows:

A+ B =[A%0a) + B(a), A"(a) + B"(a)cr

and

aA = [aA%(), |a|A" ()R,
respectively. Moreover,

O aiXi)(a) =D aiX{(a)
and

(Z a; X;)" (o) = Z |ai| X7 (a),

for all X; € F(R) and a; € R.

For each fuzzy vector Z = (Z1,...,Z,), where

Zj = Zj(a), Zj ()| cr,

are represented with CR-representations, define two real func-
tional vectors as follows:

I<j<n,

Z¢ = (Z¢(a), ..., Z5(a)
and

7" = (Z](), ..., Z" ().
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Recall that, for any two real vector functions f =(f1,.--s fn)

and § = (g1,...,9n) the inner product of f and g is
n o1
.9 =Y. [ £i(@)la) do )
i=170
Now, let X = (X1,..., %) and ¥ = (¥1,...,Y,) € F(R)
Define
S5, = (X° = Pe(E(X))T, X° — Pa(E(X))T),
S;’lj <)?(‘_PR(E(X))Ta?(_PR(E(Y))T>a
Spe = (X7, X7),
Spy = (X7, YT).

>0, 57,

Trr —

It is easy to verify S¢ >0, and S7, >0

Theorem 5 (Theorem 6, [27]). Let Y and X € F(R)", and
let (—=1)* denote the sign of Sg,. If Sg, + Sy, # O, then
the regression coefficients can be computed by the following
formula

a= PR(E(Y)) - bPR(E(X))' )
IV. A THEOREM FOR MORE GENERAL REGRESSION MODEL

Let A denote the set of all symmetric triangular fuzzy
numbers. In this section, we are going to study fuzzy regression
model whose constant regression coefficient is symmetric
triangular, that is to find A € A and b € R minimizing the
observation error

d2(Y, AT + 0X).
For each A € F(R), an element PA(fD € A is called the
symmetric triangular approximation of A if

d(A, Pa(A)) <d(A, X), VX e€A.
In [28], the author proved that:

Proposition 6. Let A € F (R). Then, its the symmetric
triangular approximation Pa(A) = [T, 0]cr can be computed
by the following formula

1
—r(d) = /0 A%(a) da, (®)

1
o=0(A):= 3/ A" (a)(1 — a) da. 9
0
It is easy to verify that
7(aA) = ar(A)
o(aA) = |alo(A)

forall A € F(R) and @ € R. For more general approximations
of fuzzy numbers, we refer to [7], [25], [26], [29], [30].

Proposition 7. Ler A, B € F(R) and a,b € R. Then,
Pa(aA +bB) = aPa(A) + bPA(B),

Pa(aA S bB) = aPa(A) & bPA(B). (10)
Furthermore,
d?(A, X) = d*(A, Pa(A))+d?*(Pa(A4), X),VX € A. (11)

Let A € A. From Theorem 2 we find
A2(Y, AT + bX) =
> & (Y; 0 E(Y),bX; ©bE(X)) + nd*(E(Y) © bE(X), A).
i=1
Consequently, by Proposition 7 we have
(E(Y) ©bE(X),4)  (by Eq.(10)
> (B(Y) ©bE(X), PA(E(Y) ©bE(X)))  (by Eq(11))
= d*(E(Y) © bE(X), Pa(E(Y)) © bPA(E(X))).
Hence, if Pa(E(Y)) © bPa(E(X)) € A, we only choose

/\/\

A= Pa(E(Y)) ©bPA(E(X))
and then we have
d%(Y, AT + bX)
" o . (12)
=Y d*(Y; © Pa(E(Y)),bX; © bPa(E(X))).
i=1
Thus, the rest is to find b € R which minimizes the above
value (i.e. Eq.(12)). But in general case, it may happen

PA(E(Y)) ©bPA(E(X)) ¢ A.

Note that, Proposition 7 implies
Pa(E(Y)) ©bPa(E(X)) = [T(E(?)) —br(B(X)),
(o(BE(Y)) = [blo(E(X)))(1 - a)}

X)) ¢ A if and only

13)
CR
Hence, we obtain Pa(FE(Y)) © bPa(E(

if

o(B(Y)) < |blo(E(X))

Let )? = ()~(1, ,)N(n) and f; = (}71, , ~n) Define

Ty, o= (X = 7(B(X))T, X° - 7(B(X))T),

Ty, = (X = 7(B(X))T,Y* - 7(E(Y)D),

77, = (X" = o(BE(X))(1 - a)l, X" = o(E(X))(1 - a)T),

17, = (X"~ o(BE(X))1 - a)I,Y" - o(BE(Y))(1 - a)I)
Note that, by Eq.(5), (8), and (9) it is easy to verify that

(X, r(B(X))T) = nr(B(X))%,

(Xe, r(EV)T) = (Y, 7(BE(X))T) = nr(E(X))r(E(Y)),

(X7, 0(B(X)(1 - o)) = 2o (B(X)),

(X7, 0(E(Y)(1 - a)T) = (Y7, 0(E(X))(1 - a)I)

= Zo(E(X)o(E(Y))
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Hence, we have By applying Eqgs.(3) and (4), represent all fuzzy numbers

TS, = <)fc, X — nr(E( )2, (14)  with CR-representations, as follows:
Tp, = (X°.Y%) = nr(E(X)r(E(Y)), (15) 7 X,
T7 = (X", X") — 2o (BE(X))?, (16) L [4.0,05(1 —a)jor  [2.0,0.5(1 — a)|cr
B i i 2. [55,05(1—a)ler  [3.5,0.5(1 — a)lor
Tay = (X7, Y") = 2o(B(X))o(E(Y)) amn 3. [75,1.01—a)er  [5.5,1.0(1 —a)lcr
o = 4 [6.57 0.5(1 — a)]CR [7.0, 0.5(1 — Oé)]CR
Theorem 8. Input Y and X € F(R)™. Suppose that 5. [85,05(1 —a)lcr  [85,0.5(1 —a)lcr
. 6. [8.0,1.0(1—a)cr  [10.5,1.0(1 —a)cr
Tow + Tog # 0. 7. [105,0.5(1 —a)ler  [11.0,0.5(1 — a)]cr
Let (=1)* denote the sign of Tf, and 8. [9.5,05(1-a)ler  [12.5,0.5(1 — a)]cr
5+ T5, | + 17, (18) By Eq.(2) we obtain the mean of Y; is
T+ T E(Y) = [6.875 + 0.6250, 8.125 — 0.6250/].
and . . Consequently, by applying Egs.(3) and (4) the CR-
5§ = —1T5 |+ T2y (19) representation of E(Y") is
T 4T

E(Y) =[7.5,0.625(1 — a)]cr.
In the same way, we obtain
E(f() = [6.9375 + 0.625¢, 8.1875 — 0.625a/]

= [7.5625,0.625(1 — a)]cg.

Then the regression coefficients can be computed in the fol-
lowing cases:

1) If 6t >0 and o(E(Y)) > 6to(E(X)), then

b=(-1)'6", (20)
A= PA(E(Y)) o bPA(E(f()). Q1) Now, by E(}s.(S) and (9) we obtain
2) If 6+ >0 and T(E({()) = 7.5625,

N - . 3 - o(E(X)) = 0.625,

5 0(E(X)) > o(E(Y) > 6 0(B(X)), BT — 75
then set o(E(Y)) = 0.625.

1) _ ts—

lj( = (-1)'s K ] (22) " Hence, by Eq.(5) and (14)-(17) we obtain

AW = PA(B(Y)) © bV PA(E(X)), (23) e — 9771875,
and applying Theorem 5, by Egqs.(6) and (7) compute T;y = 50.75,
real regression coefficients, say a'® and b). Finally, Tr = 0.125,
compare the two observation errors ' 0.125

- 'ry =

dz(f/’;l(l)f+ b(l))?) and d2(§,a(2)f+b(2)X)

Ty, is positive, so (—1)" = 1. Consequently, by Eqs.(18) and

and output the best estimators. (19) we obtain

3) If 6T < 0 or o(E(Y)) < 6 0(E(X)), then compute 5+ = 0.520
real regression coefficients by Theorem 5.
and
V. AN ILLUSTRATIVE EXAMPLE
0~ = —0.517.

Example 1 ([1], [2], [8], [13], [18], [20]). In order to
cross-reference to the previous contributions let’s consider the
following example designed by Sakawa and Yano [20]:

Since 6 > 0 and o(E(Y)) > dTo(E(X)), by Eqs.(20) and
(21) (Theorem 8, Case 1) we obtain

— —

Y;

X

[3.5 + 0.5, 4.5 — 0.5a/]
5+ 0.50,6 — 0.50]
6.5+, 8.5 —
[6 +0.5a, 7 — 0.5¢
[8 +0.50,9 — 0.5¢]
7+ a,9 — af

[10 + 0.5, 11 — 0.5a]
9+ 0.50,10 — 0.50]

NN B LD =

L5+ 0.50,2.5 — 0.5a]
3+ 0.50,4 — 0.50]
[4.5+ a,6.5 — o
6.5+ 0.50, 7.5 — 0.50]
[8 +0.5¢,9 — 0.5¢/]
9.5+ a,11.5 — a
[10.5 + 0.50, 11.5 — 0.50]
12+ 0.5a, 13 — 0.50]

b= (—1)"" = 0.520

and

A=Pa(E(Y)) &
[r(E(Y)) - br(E ( )
(0(B(Y)) -
3.5675,0.3(1 — a)]cr
3.2675 + 0.3a, 3.8675 — 0.30]

PA(E(X))  (by Eq.(14))

blo(B(X) (1~ a)lcr
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Table 1. Comparison of the observation errors for previous estimators

A2V, A+ b0o X;)

X; Y, D. C-H. Thm.8

1. (1.5,2,2.5) (3.5,4,4.5) 0.7344  0.7466  0.7417
2. (3,3.5,4) (5,5.5,6) 0.0282  0.0273 0.0275
3. (4.5,5.5,6.5) (6.5,7.5,8.5) 2.3177 2.3265 2.3200
4, (6.5,7,7.5) (6,6.5,7) 1.0106  0.9965 1.0049
5. (8,8.5,9) (8,8.5,9) 0.5195 0.5359  0.5267
6. (9.5,10.5,11.5) (7,8,9) 2.1578 2.1086 2.1352
7. (10.5,11,11.5)  (10,10.5,11) 29113 2.9743 2.9403
8. (12,12.5,13) (9,9.5,10) 0.6648  0.6285 0.6476
Observation errors 10.3443 10.3442 10.3439

Using the data set in Example 1, Diamond [4] obtained the REFERENCES

following regression coefficients

A =[3.263 + 0.3, 3.863 — 0.3a],
b=0.521.

And, Chen and Hsueh [3] obtained

A =[3.272 +0.30,3.872 — 0.3,
b=0.521.

Table 1 shows that the observation errors corresponding to
the above three estimators, where the observation errors are
computed by Eq.(1). It is easy to see that our estimators are
the best, as follows

A = [3.2675 4 0.3cx, 3.8675 — 0.30,
b = 0.520.

VI. CONCLUSION

In the paper, we apply the CR-representations of fuzzy
numbers and symmetric triangular approximations to solve the
regression model whose constant coefficient is assumed to be
symmetric triangular and other coefficients to be real. The
proposed formulae are simple and clear. In the future, one
may consider applying more general approximations (such as
triangular approximations [30], trapezoidal approximations [7],
[26], and symmetric trapezoidal approximations [28]) to solve
the following regression model

d2(Y, AT + bX),

where b € R and A is triangular (trapezoidal or symmetric
trapezoidal).
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