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Abstract – Quadratic stability / stabilization / estimation for 
Takagi-Sugeno models have now reached maturity. Lots of 
results concerning performances ( 2H , H∞ , D-stability) for TS 
models with uncertainties, noise, time-delays … exist in the 
literature. Nevertheless, it is illusive thinking to solve every 
nonlinear problem of stability using a simple quadratic 
Lyapunov function. Moreover, most of the nonlinear systems 
only have properties of local stability. This work follows the idea 
of using non quadratic Lyapunov functions for continuous 
Takagi-Sugeno models restricting the global asymptotic stability 
to a local one. Therefore, it tries to estimate the best stabilization 
domain possible. A rather “simple” LMI constraints problem is 
derived to answer to this question. 
 

Index Terms — Takagi-Sugeno (TS) models, Linear Matrix 
Inequality (LMI), Fuzzy Lyapunov Function (FLF), Local 
Stabilization. 
 
 

I. INTRODUCTION 
 
The so-called Takagi-Sugeno models [1] have reached a very 
big attention in the control community. The results for 
stability, stabilization, estimation [2, 3, 4] are now converging 
towards quasi-LPV models results [5]. A global view of the 
last works can give the conclusion that more or less, lots of 
new results just represent outperforming previous ones, using 
the same techniques. Of course, some of these improvements 
are particularly important and allows dealing with problems 
that were unfeasible before. Among these nice improvements, 
we can cite the Polya’s approach that gives sufficient and 
necessary conditions for the copositivity problem [6], 
piecewise Lyapunov functions when restricted to specific TS 
models [7, 8], non quadratic Lyapunov functions for discrete 
TS models with important results [9, 10, 11, 12]. 
The paper focuses on non quadratic stabilization for 
continuous TS models where the results are not satisfactory, 
especially when compared with the discrete case. Two 
families of results have to be described. As the derivative of 
the Lyapunov function will involve the derivative of the 
membership function of the TS model, several results propose 
just to bound them a priori [13, 14, 15]. This way of doing is 
not satisfactory because the verification of these bounds can 
only be done a posteriori on a case by case approach. On 

another side, independent path Lyapunov functions were used 
in [16] that present a fine result but restricted to specific TS 
models. Notice also that for stabilization, the problem remains 
BMI. All these approaches consider the problem of global 
stability which is far to be the general rule for nonlinear 
systems. Therefore, some works proposed to reduce this goal 
to local stability and estimate a domain of convergence [17, 
18]. A tentative for stabilization has been presented in [19] 
which introduced bounds on the control law and complicated 
treatments of the problem. The work presented therein allows 
solving the stabilization problem in a local stabilization 
framework without this drawback. 
The work is organized as follows. Part 1 recalls some 
properties; part 2 presents the problem of NQ stabilization and 
part 3 introduces the main result of the paper. An example 
illustrates the interest of the results and a conclusion ends the 
paper. 
 

II. PRELIMINARIES 
 
First, we will present some notations and properties helpful to 
derive the main result of the work. 
As usual, a star ( )*  in a symmetric matrix denotes the 
transpose element. When suitable, the next notations are used. 
Consider nonlinear functions ( ) 0ih z ≥  sharing the convex 

sum property, i.e. ( )
1

1
r

i
i

h z
=

= , then: 

( )( )
1

r

z i i
i

h z t
=

ϒ = ϒ , ( )( )
1

1

1

r

z i i
i

h z t
−

−

=

ϒ = ϒ  and for 

multiple sums: ( )( ) ( )( )
1 1

r r

zz i j ij
i j

h z t h z t
= =

ϒ = ϒ . 

 
Property 1: for ny ∈  and 0β >  the following equivalence 
holds: 
 0 0T Ty y yy Iβ β− < ⇔ − <  (1) 
Proof: it follows directly using the Schur complement: 

0
T

T y
y y

y I
ββ< ⇔ >  1 0Tyy Iβ −⇔ − <  Tyy Iβ⇔ < . 
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Property 2: with 0TP P= >  and δ ∈ , 0δ >  the following 
property holds: 
 2

z z zP I P Pδ δ≥ ≥ .  (2) 
 
Proof: consider T T

zx P x x xδ≥  and the change of variable: 
1 2
zx P y= , it follows directly: 2T T

z zy P y y P yδ≥ . 
 
Property 3 [18]: with X , Y  two matrices of appropriate 
dimension ,δ λ ∈ , 0λ >  and δ λ≤  the following 
implication holds: 

 ( )2 110, 0 0
2

TS S Y S XS X Y Xλ δ−= > + + ≤ + ≤ . (3) 

 
Proof: use the completion of squares, i.e. with 0TS S= > , 

1T T T T TU V V U U SU V S V−+ ≤ + . Thus, with U Iδ=  and 
V X=  it is direct. 
 
Property 4 [20]: (relaxation lemma).  
Let ijϒ , { }, 1, ,i j r∈  be matrices of appropriate dimensions. 

( )( ) ( )( )
1 1

0
r r

zz i j ij
i j

h z t h z t
= =

ϒ = ϒ ≥  holds if  

 2 0
1 ii ij jir

ϒ + ϒ + ϒ >
−

, { }, 1, ,i j r∈ . (4) 

 
Remark: conditions (4) represent one of the numerous 
possible relaxations, see [6] for example. Notice that once the 
quantities ijϒ  defined and being LMI constraints, any 
relaxation can be used. 
 
Recall that the open loop TS model [1] writes: 
 ( ) ( ) ( )z zx t A x t B u t= + , (5) 

with ( ) nx t ∈  the state vector, ( ) mu t ∈  the input vector, 

( ) pz t ∈  the premise vector. This latter is linked to the state 

vector ( )x t  via a linear or a nonlinear mapping. 
 
Consider also the validity domain of the TS model [21] which 
is a compact set of the state space: 
 { }, , 1, ,n

i iC x x x x i n= ∈ ≤ ≤ = ; (6) 
and 0 C∈ , as the equilibrium point is 0 without lack of 
generality. It is supposed that the functions ( ) 0ih z ≥  are 
obtained via the sector nonlinearity approach [2]. Therefore, 
we can write [18]: 

 ( )1
1 21 2 2

1
p jp

p
j

i i ji i i
j

h h w z−+ + × + + ×
=

= = ∏ , (7) 

with { }1, ,2 pi ∈ , { }0,1ji ∈  and ( ) ( )1 01j jw w⋅ = − ⋅ . 
 
Remark: other possible compact sets are possible, such as for 
example: { },n

xC x x λ= ∈ ≤ , the form (6) is classically 
used because of the sector nonlinearity approach [2]. 
 

Hypothesis 1: In this work the functions ( )ih z and the 

mapping between the premise vector ( )z t  and the state vector 

( )x t  are of class 1C  on the defined compact set C ; i.e. the 
partial derivatives are well-defined. 
 

III. NON QUADRATIC STABILIZATION 
 
This section recalls some basics on NQ stabilization for 
continuous TS models. First of all, a non-PDC control law is 
used: 
 ( ) ( )1

z zu t F P x t−= . (8) 
Therefore, the closed loop writes: 
 ( ) ( ) ( )1

z z z zx t A B F P x t−= + , (9) 
 
whose stability properties will be investigated through the 
following non-quadratic fuzzy Lyapunov function candidate: 
 ( )( ) ( ) ( )1T

zV x t x t P x t−= , (10) 

where 0zP > . Its derivative along the trajectories of the 
closed-loop TS model (9) is: 

 ( ) ( )( ( ) )1 1 1 1 1TT
z z z z z z z z z z zV x x P A B F P A B F P P P x− − − − −= + + + +    

 
Since elementary matrix manipulations show that is verified if  
 ( ) 0T

z z z z z z z z zA P B F A P B F P+ + + − < . (11) 

Recall now that zP  writes: 

 ( )
1 1

Tr r
i

z i i i
i i

h z
P h P zP

z= =

∂
= =

∂
. (12) 

Using the definition of the functions ( )ih z  and 0
jw  equation 

(7) and after some manipulations see [17, 18], (12) can be 
written as: 

 
( ) ( )( )

( ) ( )( )
1 2

1 2

0
, ,

1 1

0
, ,

1

kpr

z i k g i k g i k
i k k

kp

k g z k g z k
k k

wP h z P P
z

w z P P
z

= =

=

∂= −
∂

∂= −
∂

 (13) 

with ( ) ( ) ( )1 1
1 , 1 / 2 2 1 1 mod 2p k p k p kg i k i i+ − + − −= − × + + −  

and ( ) ( )2 1, , 2 p kg i k g i k −= + , .  being  the floor function. 
 
Remark: it is very important to notice that the expression (13) 
shows that if a quadratic Lyapunov function exists than 0zP =  
is guaranteed via ( ) ( )1 2, ,g k g kP Pα α=  for each { }1, ,i r∈  and 

{ }1, ,k p∈ . This remark will hold also for the LMI 
constraints thereinafter. Therefore, every conditions derived in 
this work are always including the quadratic case. 
 
Theorem 1 (Local stabilizability): If there exist matrices of 
the proper size 0T

i iP P= > , iF , { }1, ,i r∈  such that 

0T T T
z z z z z z z zA P B F P A F B+ + + < , then there exists a domain 

D , 0 D∈ , such that TS model (5) is locally asymptotically 
stabilizable under control law (8).  
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Proof: The NQLF candidate (10) satisfies ( )0 0V =  and 

( ) 0V x ≥  in n . Its time-derivative (11) holds ( )0 0V = . 

Provided that 0T T T
z z z z z z z zA P B F P A F B+ + + <  it is implied that 

there exists a sufficiently small 0λ >  such that 
0T T T

z z z z z z z zA P B F P A F B Iλ+ + + + <  which can be used to 

define { }: , zD x x B P λ= ∈ < . The origin belongs to domain 

D  since 
 

 

( ) ( )

1 1

1

1

T Tr r
i

z i i i
i i

T Tr
i

z z z z i
i

h zP h P xP
z x

h z A B F P x t P
z x

= =

−

=

∂ ∂= =
∂ ∂

∂ ∂= +
∂ ∂

  (14) 

depends on the state vector ( )x t . Since ( ) 0V x >  and 

( ) 0V x <  in { }0D − , the equilibrium point 0x =  is locally 
asymptotically stable, thus concluding the proof. 
 
Remark: conditions for theorem 1 can be ensured for example 
with property 4, i.e. define T T T

ij i j i j j i j iA P B F P A F Bϒ = + + + , 

find 0T
i iP P= > , iF , { }1, ,i r∈  such that: 

 2 0
1 ii ij jir

ϒ + ϒ + ϒ >
−

, { }, 1, ,i j r∈ . (15) 

 
IV. MAIN RESULT 

 
A precedent work [19] used a bound on the control law to 
derive conditions of stabilization. Therein a more interesting 
way to cope with the stabilization problem is used in order to 
remove this drawback. Let us focus on the real kz ∈ . In a 
general framework, the premise vector ( )z t  depends linearly 

or not on the state vector ( )x t . Thus: 

 ( )1
T T

k k
k z z z z

z zz x A B F P x
x x

−∂ ∂= = +
∂ ∂

. (16) 

 
Therefore the goal is to find a “nice” bound 0kβ >  for: 

 0
k

k k
k

w z
z

β∂ ≤
∂

, (17) 

which is equivalent to: 

 ( ) 10
Tk

k
z z z z z k

k

w z A P B F P x
z x

β−∂ ∂ + ≤
∂ ∂

. (18) 

 
Remark: it is also important to note that this is not equivalent 
to other approaches found in the literature [13, 14, 15] where 
the required condition is in the form of: ( )( )i ih z t φ≤ . In this 

later case, iφ  is given a priori and can only be checked a 
posteriori. In the presented case, the bounds kβ  are included 
in the problem to solve. 
 

In order for (18) to hold, we will introduce (19): 

 ( )
2

1 20
Tk

k
z z z z z k

k

w z A P B F P x
z x

β−∂ ∂ + ≤
∂ ∂

. (19) 

 
Or equivalently: 

( ) ( )
2

1 1 20 0
Tk

TTk k
z z z z z z z z z z k

k

w z zA P B F P xx P A P B F
z x x

β− −∂ ∂ ∂+ + − ≤
∂ ∂ ∂

 

 (20) 
 
Knowing that 2 2

xx λ≤  2T
xxx Iλ⇔ ≤  (property 1 (1)), (20) 

holds if: 

( ) ( )
2

2 1 1 20 0
Tk

Tk k
x z z z z z z z z z z k

k

w z zA P B F P P A P B F
z x x

λ β− −∂ ∂ ∂+ + − ≤
∂ ∂ ∂

 

 (21) 
Applying again property 1 to (21) gives: 

( ) ( )
2

2 1 1 20 0
Tk

T k k
x z z z z z z z z z z k

k

w z zP A P B F A P B F P I
z x x

λ β− −∂ ∂ ∂+ + − ≤
∂ ∂ ∂

 (22) 
 
At last, as the functions 0

kw  are known explicitly, thus 

bounding 0
k

k

w
z

∂
∂

 is direct. On the other side, kz
x

∂
∂

 represents the 

linear or nonlinear mapping between ( )z t  and ( )x t , and it is 
also known. Therefore we can compute easily the bounds: 

2 2
20

k
k

k
k

w z
z x

λ∂ ∂ ≤
∂ ∂

 ⇔  
2

20
Tk

k k
k

k

w z z I
z x x

λ∂ ∂ ∂ ≤
∂ ∂ ∂

.   

 
These bounds define regions in the state space: 

 
2 2

20,
k

n k
k k

k

w zR x
z x

λ∂ ∂= ∈ ≤
∂ ∂

, (23) 

 
and it follows that: 
 ( ) ( )2 2 1 1 2 0T

x k z z z z z z z z z z kP A P B F A P B F P Iλ λ β− −+ + − ≤  (24) 
 
Then, multiplying left and right with zP  gives: 

 ( ) ( )2 2 2 2 0T
x k z z z z z z z z k zA P B F A P B F Pλ λ β+ + − ≤ . (25) 

 
Considering now that zP Iδ≥  and using property 2 (2), (17) is 
satisfied if: 
 ( ) ( )2 2 2 0T

x k z z z z z z z z k zA P B F A P B F Pλ λ β δ+ + − ≤ . 
 
Thus with the help of the Schur complement: 
 

 
( ) ( )

( )
( )

2 2 2 1

2

0

*
0

T
x k z z z z k z z z z z

z

x k z z z z k

A P B F A P B F P

P
A P B F I

λ λ β δ

λ λ β δ

− −+ + − ≤

⇔ >
+

 (26) 
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Now, coming back to (11) we can use  

( ) ( ) ( )( )
1 2

0
, ,

1
0

kp
T

z z z z z z z z k g z k g z k
k k

wA P B F A P B F z P P
z=

∂+ + + − − <
∂

 (27) 

And we have the bound: 0
k

k k
k

w z
z

β∂ ≤
∂

.  

 
Thus using property 3 second part (3) we can derive the 
theorem 2. Note that introducing matrices 0k

zzS >  we can 
write: 
 

 
( ) ( )( )

( ) ( )( ) ( ) ( ) ( )( )( )
1 2

1 2 1 2

0
, ,

12
, , , ,

1
2

k

k g z k g z k
k

k k
k zz zzg z k g z k g z k g z k

w z P P
z

S P P S P Pβ
−

∂ −
∂

≤ + − −
 (28) 

 
Therefore, let us consider the following quantities: 
 

( ) ( )

( ) ( )

( ) ( )

1 2

1 2

2

1
1

,1 ,1

, ,

1 * *
2

2 0 0

0
0

0 0 2

p
T T T k

i j i j j i j i k ij
k

ijg i g i

ij

p
ijg i p g i p

A P B F P A F B S

P P S

P P S

β
=

+ + + +

− −
Γ =

− −

 

 (29) 

 
( )

( ) 2

*i
ij

x k i j i j k

P

A P B F Iλ λ β δ
ϒ =

+
 (30) 

 
Theorem 2: consider the TS closed loop model (9) and 
expressions defined in (30) and (29). If there exist matrices 

iP , iF , 0k
ijS > , { }, 1, ,i j r∈ , { }1, ,k p∈  such that the 

following LMI are satisfied: 
 
 iP Iδ≥ , { }1, ,i r∈  (31) 

 2 0
1 ii ij jir

ϒ + ϒ + ϒ >
−

, { }, 1, ,i j r∈  (32) 

 2 0
1 ii ij jir

Γ + Γ + Γ <
−

, { }, 1, ,i j r∈  (33) 

 
Then, the control law (8) stabilizes the TS open loop model 
(5) in a local domain. An estimation of this domain is given by 

the outermost Lyapunov level contained in 
1

p

k
k

R C R
=

= ∩  

with C  defined in (6) and kR  in (23). 
 
Proof: from (27), repeating (28) for each term of the sum, 
gives and applying the Shur complement gives directly 

0zzΓ < . 
(26) represents 0zzϒ > . Thus, conditions (32) and (33) just 
expresses the sum relaxation (4) to 0zzϒ >  and 0zzΓ < . 
 

Remark: notice that (31)~(33) are LMI constraints only if the 
scalars 2

kβ  and δ  are known. 
A procedure to determine these values is possible, inspired 
from [22] for static output feedback. Recall that if the 
conditions of theorem 1 are satisfied it ensures the existence of 
a local stability domain for theorem 2. Therefore, the 
procedure is based on this remark. 
 
A first step consists in obtaining a solution to theorem 1 
conditions (15). The obtained gains give a control law that can 
be seen as stabilizing the “frozen” time-invariant continuous 
TS model. Thus bounds 2

kβ  and δ  can be directly obtained 
from this first step. 
 
The second step is the solution to the theorem 2 conditions 
(31)~(33). 
 
 

V. EXAMPLE 
 
Example 1: Consider the following TS model [23]: 

 ( ) ( ) ( )( )( )
2

1
( ) ( )z i i i

i
x t A x t h z t A x t B u t

=

= = +  (34) 

 

with 1

3.6 1.6
6.2 4.3

A
−

=
−

, 2

0.35 1.6
6.2 4.3

A
− −

=
−

, 1

0.45
3

B
−

=
−

, 

2

0.5
3

B
−

=
−

, ( ) ( )1 1z t x t= , 1 1
1 0

1 sin
2

xh w −
= =  and 

1 1
2 1

1 sin
2

xh w +
= =  defined in the compact set 

{ }: 2iC x x π= ≤ , 1, 2i = . 

 
Fig. 1 shows the stabilization region (region 

{ }1
0 : T

zR x x P x r−= ≤  enclosed by a solid line).  
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x
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Figure 1:  Stabilization region for TS model 

 

332



 The gains and the matrices involved in the control law are : 
 
 [ ]1 30.9367 64.6603F = − − , [ ]2 7.9679 0.8826F = −  

 1

14.1439 44.8202
44.8202 156.7774

P = , 2

14.0601 44.4733
44.4733 155.5855

P =  

 0.19kλ = , 1γ = , 370kβ =  and 2.2214xλ = . 

The control law evolution for initial states [ ]0 0.35 1x =  can 
be seen in Fig. 2.  

 

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
-0.05

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

time (s)

in
pu

t 
u(

t)

 
Fig. 2: Control law evolution. 
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