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Abstract—On-line first-order backpropagation (BP) has been
widely employed for optimizing a multi-layer neural network and
a fuzzy neural network. When BP is applied to a TSK fuzzy
system, the interpretability of fuzzy rules may be lost. We describe
a simple and effective remedy for the loss by casting the posed
optimization problem into a general Bolza-type optimal-control
mold so as to include stage costs on top of the terminal cost; this
is what we called the (on-line) hidden-node teaching. Our on-line
learning scheme turns out to be useful not only in optimizing a
large model, a so-called CANFIS neuro-fuzzy modular network,
but also in enhancing its generalization capacity. The fundamental
concept is that each (local) expert network is supervised individ-
ually by hidden-node teaching for minimizing a stage cost while
all local-expert modules are encouraged to cooperate in reducing
the terminal cost simultaneously. Furthermore, we show how to
construct a CANFIS modular network in order to alleviate the
so-called curse of dimensionality that frequently hampers the
design of fuzzy systems. In simulation, our concepts have been
demonstrated in the letter recognition benchmark problem as
well as in small regression and XOR-classification tasks.

Keywords–CANFIS modular networks; hidden-node teaching.

I. INTRODUCTION

Consider a typical single-output fuzzy model with a given
set of M fuzzy “if-then” rules; its final output y may be
produced as

y =
M∑
p=1

wphp, (1)

where hp, each of then-part outputs, is weighted by wp, the
firing strength of rule p, which is determined by if -part of fuzzy
membership functions (MFs). When each hp is expressed as a
linear system, as shown next, the preceding fuzzy model is a
well-known TSK (Takagi-Sugeno-Kang) fuzzy system:

hp = θ0,p +
S∑
i=1

xiθi,p, (2)

where S is the dimension of the input vector x, and θi,p (with
bias θ0,p) are the linear parameters. Since TSK was developed
in 1980s [22], [21], it has enjoyed great popularity in diverse
contexts, probably due to its simple linear then-part structure.

Our motivating example is a simple data fitting (regression)
task described for Fig.1 on p.118 in [22], a task described for
the original Takagi-Sugeno fuzzy system. In our interpretation,
linear then-parts are given as hp in the form of Equation (2),
where p=1, 2, for the following two fuzzy rules: (Rule 1) if
input x is “small,” then use linear h1, and (Rule 2) if input x is
“large,” then use linear h2. Those two fuzzy rules cooperate in
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Fig. 1. An after-learning result obtained by “standard” on-line first-order BP
on a TSK fuzzy system with two rules in a regression task that involves 100
data (marked by “×”), adapted from p.118 in [22]. The then-part linear
rule’s output deviates significantly from the data distribution in an unexpected
manner.

producing final responses; this is what we call complementary
learning. When we attack the posed regression task in conjunc-
tion with the “standard” on-line first-order backpropagation
(BP), a problem often arises that hp, the then-part of Rule p,
may deviate from the data distribution beyond our expectation
(hence, the loss of interpretability); Figure 1 shows such a sit-
uation. In the original Takagi-Sugeno fuzzy system [22], given
if -part MF setups, RLSE (recursive least-squares estimation),
implemented by the well-known Sherman-Morrison inverse
formula, is applied in “batch” mode to optimizing then-part
linear parameters. (The same method is used in ANFIS hybrid-
learning.) Such a batch-mode RLSE-based approach may yield
more interpretable then-part results than on-line first-order BP,
but its batch-mode use of the Sherman-Morrison formula is not
recommendable (see [8], [7]). More important, direct RLSE
is not applicable to “nonlinear” then-part that can overcome
the so-called curse of dimensionality when S, the dimension
of inputs, is large. Later in Sec.III-B, we demonstrate our
approach to the letter recognition benchmark problem (S=16).

In what follows, we describe a Bolza-type optimal-control
formulation that can resolve the preceding problem indicated
in Figure 1. We then discuss how to mitigate the curse
of dimensionality, which becomes a serious obstacle in the
design of fuzzy systems when the number of inputs increases.
Throughout this paper, we highlight CANFIS (Co-Active
Neuro-Fuzzy Inference System) [5], for its systematic design
methodology offers a useful and consistent framework for
describing representative adaptive-network models; such as
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an aforementioned TSK, MLP (multilayer perceptron), RBFN
(radial basis function network), and modular networks. In all
numerical tests that follow, the bell-shaped Gaussian MF is
used for the if-part of each fuzzy rule, and its center and width
parameters are fine-tuned during the learning phase.

II. ON-LINE CANFIS HIDDEN-NODE LEARNING

The first-order backpropagation (BP) is a simplified form
of the Kelley-Bryson optimal-control gradient procedure (see
[6] and references therein); it is originally contrived to attack
a general Bolza-type optimal-control problem. We explain
how such a general problem formulation inspires an elaborate
neuro-fuzzy learning algorithm.

A. The Bolza-type optimal-control formulation

We describe an N -stage (discrete-time) optimal-control
problem of Bolza in the framework of N -layer MLP-learning,
where stage s (i.e., layer s) has Ps states (or nodes), and stage 1
corresponds to the first (nominal) input layer. The objective
function J below includes an intermediate stage cost Ls at
the hidden layer s as well as the terminal cost E at layer N
(last stage):

J(θ) =
N−1∑
s=2

Ls(ys,θs) + E(yN), (with y1 given) (3)

where E(.), the terminal cost at stage N , depends only on
terminal state vector yN of length PN (per datum), and Ls(., .),
the cost at stage s, depends on both the Ps-dimensional state
vector ys of “after-node” outputs and the ns-dimensional
control vector θs of weight parameters (including thresholds);
hence, the length ns ≡ (1 +Ps)Ps+1 in MLP-learning. Equa-
tion (3) may consist of squared residuals on each (training)
datum d (for d=1, ..., D) at each stage s, where each residual
vector rsd (of length Ps) is evaluated as the difference between
the node-output vector ysd and the target vector tsd. In fact,
it is often the case that the terminal cost is defined as the
squared-error measure below:

E(yN) =
1
2

D∑
d=1

PN∑
k=1

(yN

k,d − tN

k,d)
2

=
1
2

D∑
d=1

‖yN

d − tN

d ‖22 =
1
2

D∑
d=1

rN
T

d rN

d .

(4)

Likewise, the stage cost Ls(., .) (1<s<N ) can be defined as

Ls(ys,θs) =
1
2

D∑
d=1

Ps∑
k=1

(ysk,d − tsk,d)
2 +

1
2

ns∑
j=1

(
θsj

)2

=
1
2

D∑
d=1

rs
T

d rsd +
1
2
θs

T

θs,

(5)

where the last quantity is a so-called weight-decay term for
penalizing large weights in modulus, and rsd is the Ps-length
vector of hidden residuals on datum d evaluated at intermediate
layer s (1 < s < N ). The introduction of such a stage
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Fig. 2. A 1-2-1 MLP representation of CANFIS with two linear rules,
in which two terminal weights, w1 and w2, are the firing strengths of
corresponding two rules, Rule 1 and Rule 2, respectively, obtainable from
the fuzzy membership functions. The posed network is equivalent to a TSK
fuzzy system (see p.377 [5]). For hidden-node teaching, teacher signals are
presented to the hidden layer as well as to the terminal output layer. In this
model, each of two local-expert is a linear perceptron; expanding each of them
to an MLP leads to a CANFIS modular network (see Figure 4).

cost Ls(., .) at intermediate stages (i.e., at hidden layers;
1<s<N ) is what we call hidden-node teaching [6], [9], [13].
For MLP-type node dynamics at layer s, ys≡ f(xs,θs), we
define two types of node sensitivities: (1) after-node sensitivity:
ξs≡ ∂J

∂ys and (2) before-node sensitivity: δs≡ ∂J
∂xs ; the former

is used (as state sensitivity) in optimal control, whereas the
latter is well-known for a generalized delta rule in the neural-
network literature (e.g., see [6], [13]). Then, the Kelley-Bryson
optimal-control gradient formula (on datum d with subscript d
suppressed) is given by

ξs︸︷︷︸
Ps×1

= ΘsT

voidδ
s+1 + (ys − ts), (6)

whereΘs
void denotes a Ps+1×Ps matrix of parameters at stage s

excluding “threshold” parameters (if any at stage s). By the
above formula, the node sensitivities are propagated backwards
in a layer-by-layer (i.e., stagewise) fashion.

B. CANFIS with linear rules

As shown in Equation (2), the then-part of TSK fuzzy rules
is identical to a “linear” perceptron. Given M fuzzy rules,
TSK combines (at most) M perceptrons in a fuzzy fashion on
each datum. This can be organized into our familiar MLP-
type architecture. In this perspective, a single-output TSK
can be expressed as an S-M -1 MLP with M “linear” hidden
nodes (hence, P1 = S; P2 = M ; P3 = 1). Each hidden-
node output is given by hp, as defined in Equation (2), where
the parameters θi,p are the weights between the input layer
and hidden layer (with bias θ0,p). The weights (with no bias)
between the terminal and hidden layers correspond to firing
strengths wp, which are data-dependent values.

Example: A single-input single-output TSK with two rules.
A TSK with two fuzzy rules (M = 2) can be constructed as
a CANFIS neuro-fuzzy network with two perceptrons since
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(a) τ = 0.7 (b) τ = 0.8 (c) τ = 0.9

Fig. 3. Data fitting results obtained by on-line hidden-node teaching with three choices of τ (for designating the local-expert region) in Equation (8): (a) τ=0.7;
(b) τ =0.8; and (c) τ =0.9. The results indicate that τ ≈0.7 would be a good choice in the posed problem. Compared with Figure 1, where no hidden-node
teaching is applied, it is clear that hidden-node teaching is effective in maintaining rules’ then-part interpretability to meaningful limits. In each case, all the
parameters in both if -part and then-part are updated on-line until the same error level is achieved.

it can be put in a three-layer (N = 3) 1-2-1 MLP mold
having single-input and single-output nodes (P1 = P3 = 1)
with two linear hidden-node functions (P2 =2), as illustrated
in Figure 2: Here, two terminal weights, denoted by w1 and
w2, are the firing strengths calculated at the integrating unit of
fuzzy MFs in response to each input x, and two hidden-node
“linear” outputs hi correspond to then-part of fuzzy rules; that
is, Equation (2) reduces to

hi = θ0,i + xθ1,i for i=1, 2. (7)

The final output y is generated by y=w1h1 +w2h2, as shown
in Equation (1) with M =2. �

The above transformation of a fuzzy system to such an
MLP-type network as in Figure 2 is a key ingredient in design
for CANFIS (see p.371 [5] for more details).

C. TSK hidden-node teaching effects in a motivating example

On-line first-order BP-based algorithms may be attractive
in attacking a large-scale problem. However, when on-line BP
is applied to optimizing both if -part and then-part of fuzzy
rules, after-learning knowledge extraction may not always be
possible. Here, for the initial setup of fuzzy rules, the then-part
linear parameters are randomly initialized in a small range, as
usually done for MLP-learning. In order to attain a higher
input-output mapping precision, on-line BP may adapt the
parameters of initial fuzzy rules significantly, ending up with
meaningless fuzzy rules. This is a dilemma between mapping
precision and interpretability (see pp.382–387 [5]). Back to our
motivating example, Figure 1 illustrates such a dilemma; this
phenomenon is partly due to a fact that the standard supervised
learning uses a terminal cost alone, as in Equation (4), and thus
only encourages the final combined output to be close to the
desired output; this is the nature of complementary learning. In
the spirit of fuzzy systems, however, the then-part linear output
of each rule should match up to the desired output when its
firing strength is large enough; this is the original claim made
for a TSK (see p.118 in [22]).

Hidden-node teaching can handle this situation with a
CANFIS network depicted in Figure 2. The posed two-rule

CANFIS has two terminal weights: Θvoid ≡ [w1, w2]. Now,
suppose that a “terminal” teacher signal, denoted by t3, is
presented to the terminal node at layer 3 and another “hidden”
teacher signal, t2i , to hidden-node i at layer 2; then, the scalar
version of the on-line hidden-node teaching BP-formula (6) is
given by

ξ2
i = wi(y3

1 − t3) + (y2
i − t2i ) = wi(y − t3) + (hi − t2i ),

where ξ3 =δ3 =(y− t3); ysk is the kth node output at layer s;
and the last equality holds owing to Equations (1) and (2). In
our numerical experiments that follow, we introduce scalar τ as
a threshold for designating local-expert regions, and the same
desired outputs t are presented at both terminal and hidden
layers in our model, yielding the following BP-formula (with
superscripts omitted for simplicity):

ξi =

{
wi(y − t) + (hi − t), if wi ≥ τ

wi(y − t), otherwise.
(8)

Since the hidden-node functions are also linear, as shown in
Equation (7), we have δi = ξi at hidden node i. We thus
obtain the gradient vector below for then-part parameters θ
in response to input x:

∂J

∂θ
=

»
∂J

∂θ0,1
,
∂J

∂θ1,1
,
∂J

∂θ0,2
,
∂J

∂θ1,2

–T

= [δ1, xδ1, δ2, xδ2]
T ,

for which the weight-decay term is omitted from Equation (5).
Once a (scalar) gradient element g = ∂J

∂θ is evaluated for any
parameter θ, it is used to update θ on-line by⎧⎪⎨

⎪⎩
Δθ = −ηg + βΔθold,

θnew = θold + Δθ,

Δθold ← Δθ,

(9)

where η is a learning rate and β a momentum term.
Figure 3 shows our numerical demonstration with three

different choices of τ for the hidden-node teaching BP-
formula (8). The larger the value τ is, the smaller each local-
expert region is. When τ = 1 in Equation (8), essentially no
hidden-node teaching applies. This preliminary investigation
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Fig. 4. An architectural comparison between CANFIS modular networks (a) without and (b) with hidden-node teaching [see Eq.(11)]. Here, then-part local-expert
MLPs are encouraged to cooperate with each other within overlapped regions, where their corresponding if -part fuzzy MFs are overlapped in the input space.

suggests τ ≈ 0.7. Compared with Figure 1, the then-part
outputs are kept within the data-distribution limits. In this way,
hidden-node teaching can maintain fuzzy rules’ interpretability.

D. CANFIS modular networks

Next, we advance to “non-linear” then-part of fuzzy rules
that can circumvent many problems arising in “linear” then-
part fuzzy rules. In Equation (7), each then-part hi is a simple
“linear” perceptron (with only two weights in a single-input
case). If each hi is expanded to include any number of “hid-
den” layers (with nonlinear hidden-node functions), then each
amounts to an MLP (see p.377 [5] for such a transformation);
the resulting model is a CANFIS with “neural” rules; or, a
CANFIS modular network with local-expert MLPs. Figure 4
describes a typical CANFIS modular network, in which the
final combined output is given by

y =
M∑
i=1

wioi, (10)

where wi is the firing strength of Rule i, and oi the output
of then-part local-expert MLP i. To emphasize the usefulness
of the posed model, we later show how to approach the UCI
letter recognition benchmark (26-class pattern classification)
problem that involves with 16 input features.

As described earlier for Figure 1, in standard supervised
learning with terminal residuals in Equation (4) alone, the out-
put of each then-part expert-MLP may differ substantially from
the desired output even in its own local-expert region (e.g., see
Fig.13.15 on p.391 [5]) due to the nature of complementary
learning. That is, when a modular network (that consists of M
local-expert MLPs) is optimized simultaneously, only the final
outcome y is made close to the terminal desired output t; here,
each local-expert output oi may not reproduce the terminal
desired output t accurately even when the input x comes right
into its own territory. In the spirit of fuzzy systems, it may
be adequate to encourage each expert to generate the terminal

desired outputs when the input x falls into its own local-expert
area. For this reason, hidden-node teaching may apply to a
CANFIS modular network, as shown in Figure 4(b).

By hidden-node teaching, we may designate a “princi-
pal” local-expert MLP based on the magnitude of firing
strengths wi. From the concept behind Equation (8), we say
that on each datum, local-expert MLP i is a principal expert
if its firing strength wi is greater than or equal to a threshold
τ . By hidden-node teaching, the principal local-expert MLP is
encouraged to reproduce the same target t as presented at the
terminal layer. To this end, Equation (8) is modified as

ξi =

{
wi(y − t) + (oi − t), if wi ≥ τ

wi(y − t), otherwise
, (11)

where term (oi − t) is a “hidden” residual vector for each
expert-MLP i evaluated at its final output layer [see Fig.4(b)].

We summarize a general computing procedure below for
CANFIS modular-network learning with hidden-node teaching
using the same symbols used in Figure 4:

Algorithm for CANFIS with M local-expert MLPs in Fig.4:

(1) Do forward pass in the integrating unit of fuzzy (Gaus-
sian) MFs to calculate M rules’ firing strengths wi

(typically by the product rule).
(2) Do forward pass in each local-expert MLP i to evaluate

MLP’s output vector oi, the output of then-part of Rule i,
(when wi>0) for i=1, ...,M .

(3) Evaluate the final CANFIS output y =
∑M

i=1 wioi, and
then compute the terminal residual vector r=y − t.

(4) For each local-expert MLP i (i = 1, ...,M ), repeat the
following backward-pass procedure:

(a) Propagate back the terminal after-node sensitivity
vector, residual vector r, to local-expert MLP i.

(b) If Rule i is fired strongly enough [i.e., wi ≥ τ in
Eq.(11); see also Eq.(8)], then compute the hidden
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residual vector and add it to the back-propagated
after-node sensitivity signals.

(c) Continue the backward pass for the remaining stages
to update the weights.

(5) Do backward pass on the integrating unit of fuzzy MFs. �
General parameter-updating formulas for use in Steps (4) and
(5) can be found on p.379 [5]. In Step (5), MF-parameters may
be updated on-line (on each datum); alternatively, the gradient
information of MF-parameters may be accumulated over all the
training data for the “batch-mode” fine-tunings (see [4], [10]),
while the other parameters of local-expert MLPs are updated
on-line.

Furthermore, a so-called truncation filter function (see
p.380 [5]) may be introduced; for instance, in attacking classi-
fication problems with binary target values, the kth residual at
node k is set equal to zero for any final output yk beyond the
target value tk, ON (+1) or off (−1); this implies the following
residual evaluation:

rk =

⎧⎪⎨
⎪⎩

0 if tk = ON and yk ≥ ON

0 if tk = off and yk ≤ off

yk − tk otherwise.

(12)

Here, the kth element of final outputs y [see Equation (10)
and Figure 4(b)] is given by

yk=
M∑
i=1

wioi,k,

when M expert-MLPs are employed. The posed scheme
is related to a threshold least-mean-square procedure (e.g.,
see [20]). If “hidden” target signals at the output layer of
each expert-MLP are the same as the “terminal” target ones
for hidden-node teaching [see Fig.4(b)], then those associated
hidden residuals may also be subject to Equation (12), for
which yk is replaced with oi,k, the kth output of expert-MLP i.

III. NUMERICAL EXPERIMENTS

We explain more about the learning capacity of CANFIS
models, showing numerical evidence obtained in the well-
known XOR (two-class pattern classification) problem and the
UCI letter recognition benchmark problem.

A. The XOR problem by CANFIS with two linear rules

In the literature, the XOR problem is usually solved by a
2-2-1 MLP; yet, when the so-called weight-sharing is applied
to hidden weights, it can be solved by a 1-2-1 MLP with
x1 + x2 as input. The solution weights of the 1-2-1 MLP can
be always expanded as those of a corresponding 2-2-1 MLP
(see [14] for details). Similarly, for attacking the XOR prob-
lem, a conventional fuzzy system usually needs four rules:
two MFs on each input xi (i = 1, 2). In this section, we
demonstrate a 1-2-1 MLP-structured CANFIS in Figure 2 for
solving the XOR problem. By the weight-sharing concept, the
original four XOR-data reduce to three data, as shown in the
right-most column in Table I. In “standard” MLP-learning,
the hidden-node activation function should be nonlinear. For

TABLE I
FOUR DATA OF THE XOR, TWO-BIT PARITY, PROBLEM: (COLUMN 1)

TARGET VALUE, t; (COLUMNS 2 AND 3) TWO-BIT INPUTS, x1 AND x2 ; AND
(COLUMN 4) x1+x2 FOR THE WEIGHT-SHARING CASE.

Target Two inputs Sum of inputs
t x1 x2 x1 + x2

−1 +1 +1 +2
+1 −1 +1 0
+1 +1 −1 0
−1 −1 −1 −2

−2 −1 0 1 2

−2

−1

0

1

2

Init fit at Epoch=1 RMSE=0.982

−2 −1 0 1 2

−2

−1

0

1

2

Fit at Epoch=10 RMSE=0.601

−2 −1 0 1 2

−2

−1

0

1

2

Fit at Epoch=20 RMSE=0.494

−2 −1 0 1 2

−2

−1

0

1

2

Last fit at Epoch=100 RMSE=0.117

MF 1 MF 2 

Rule 1 

MF 1 MF 2 

Rule 2 

Rule 1 

Rule 2 

Fig. 5. A learning progress of a CANFIS with two linear rules, a 1-2-1 MLP-
structured CANFIS in Figure 2, for solving the XOR problem: Displayed are
the terminal CANFIS output (solid line) as well as two if -part MF outputs
& two then-part linear outputs at epochs 1 (upper left), 10 (upper right),
20 (lower left), and 100 (lower right). The three dots denote the three data
points, resulting from our weight-sharing; see the right-most column in Table I.
The CANFIS is trained by on-line hidden-node teaching with τ = 0.95 in
Equation (8).

instance, an MLP with any number of “linear” hidden nodes
is unable to solve the XOR problem because a linear trans-
formation of another linear transformation is just linear. One
may wonder why a CANFIS with two linear hidden nodes
has a “nonlinear” mapping capacity. This is simply because
the terminal weights wi are firing strengths, whose values are
data-dependent (see Figure 2).

Figure 5 shows four snapshots of the CANFIS output
during on-line learning. As the number of epochs increases,
the output approaches the three data points. In this way, it can
be readily confirmed that the CANFIS with only two linear
rules solves the XOR problem perfectly. The 1-2-1 MLP-
structured CANFIS (in Figure 2) even with (two) linear hidden
nodes has a great nonlinear mapping capacity, which is derived
from the data-dependent terminal weights, firing strengths of
two linear rules. By contrast, in the standard MLP-learning,
terminal weights are common to all data points (hence, an MLP
with “linear” hidden nodes would never solve XOR). This is
a fundamental distinction between a MLP-structured CANFIS
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and a standard MLP.
In the XOR or higher-dimensional parity problems, a

standard MLP (with sigmoidal-shaped hidden-node functions)
tends to fail due to hidden-node saturations. Originally, our
hidden-node teaching scheme has been designed to alleviate
such malicious hidden-node saturation problems for MLP-
learning [9], although saturations may be necessary to some
extent for parity solutions (see [14] for proofs). In seven-bit
parity, for instance, a 7-4-1 MLP (with only four tanh hidden
nodes) can develop insensitivity to initial weights owing to
hidden-node teaching; that is, it can always solve the 7-bit
parity problem (128 data) ∗ “perfectly.”

The above weight-sharing concept is applicable to any
number of (input) bits of parity; in 21-bit parity, for instance,
the weight-sharing concept leads to a 1-11-1-MLP-structured
CANFIS with 11 linear rules; this is because 21-bit parity can
be readily solved by a standard 1-11-1 MLP, which yields
a solution weight vector for a 21-11-1 MLP (see [14]). By
contraries, the standard TSK fuzzy system needs to use at
least 221 rules since at least two fuzzy MFs, the minimum
number of MFs, must be set up on each input feature. This
is the so-called “curse of dimensionality” problem, which
commonly arises in the design of many other fuzzy systems
also. Unfortunately, the weight-sharing concept may not apply
in general (see the letter recognition problem). In such a case,
CANFIS modular networks may be useful in bypassing the
curse of dimensionality through the subset selection of input
features (see other applications in [4], [10]).

B. The UCI letter recognition benchmark problem

Next, we attack a larger and more realistic letter recognition
(26-class pattern classification) benchmark problem available
at the UCI machine learning repository [1]. The problem
contains 16,000 patterns for training and 4,000 for test; each
pattern consists of 16 extracted attributes (inputs) and 26
capital letters, English alphabet: A to Z (of 20 different fonts);
hence, 26 classes in total. As a preprocessing, the training
data set is normalized to zero mean and unit variance for
each attribute. Accordingly, the test data set is preprocessed
using the average of the training data set; here, we did not use
any information of the average of test data. A straightforward
application of TSK-type fuzzy system may end up with 216

then-part linear functions (i.e., linear local-expert perceptrons
in Figure 2) when two MFs, the minimum number of MFs,
are designed on each input feature. This is the aforementioned
“curse of dimensionality” problem, which often occurs in many
fuzzy systems. To circumvent this dimensionality obstacle, we
apply fuzzy partitioning only to a subset of inputs (see [4],
[10]) and use local-expert MLPs as nonlinear then-part of
fuzzy rules.

In the UCI-letter recognition problem, the 12th input (x12)
alone may be partitioned in a fuzzy fashion; e.g., with two
“intuitively-obvious” linguistic labels on it: small and large.

∗The Matlab code for 7-bit parity attacked by a 7-4-1 MLP is available at
www.ieor.berkeley.edu/People/Faculty/dreyfus-pubs/hidteach.m for ref-
erence.

TABLE II
THE ERROR-RATE RESULTS IN THE UCI-LETTER RECOGNITION,

AVERAGED OVER TEN TRIALS, OBTAINED AT (PRE-SET LIMIT) EPOCH 500
BY CANFIS HAVING TWO 16-70-50-26 (LOCAL EXPERT) MLPS, (IN

COLUMNS 2 AND 3) WITH HIDDEN-NODE TEACHING (τ = 0.7) AND (IN
COLUMNS 4 AND 5) WITHOUT IT, IN CONJUNCTION WITH THE TRUNCATED

FILTER FUNCTION FOR BOTH HIDDEN AND TERMINAL RESIDUALS. THE
LAST ROW SHOWS THE ERROR RATE OBTAINED BY A SIMPLE COMMITTEE

METHOD THAT EMPLOYED TEN TRAINED CANFIS MODELS.

With hid-teach No hid-teach
Train Test Train Test

Average error (%) 0.19 3.43 0.35 3.42

Committee error (%) 0.13 2.35 0.25 2.43

This is because the distribution of x12 appeared to spread
relatively widely, but our “improvisatory” choice of a sin-
gle input feature x12 is purely for our testing purpose of
CANFIS modeling to the letter recognition problem. In our
experiment, we employ a CANFIS modular network with two
local experts (M = 2), each of which is a two-hidden-layer
16-70-50-26 MLP (with 6,066 weights), the same-size MLP
architecture used in [19], [12] with tanh hidden-activation
and linear-output nodes. The posed CANFIS is optimized by
on-line first-order BP (with or without hidden-node teaching)
using momentum term 0.8 [β = 0.8 in Eq.(9)] and learning
rates: ηh1 = 1 × 10−4 for the hidden weights at Stage 1,
ηh2 = 8 × 10−5 for those at Stage 2, ηo = 5 × 10−5 for
terminal weights. The integrating unit consists of two Gaussian
MFs having the initial center positions −1.5 and 1.5 with the
same width 1.0 initially. Those MFs are updated in batch-mode
with a very small learning rate 1× 10−8 merely for the fine-
tuning purpose, whereas the two local-expert MLPs are trained
in on-line mode with the above learning rates.

Table II shows the results obtained (at the pre-set limit
epoch 500) by a CANFIS modular network with two local-
expert 16-70-50-26 MLPs with or without hidden-node teach-
ing. The last row shows the results obtained by the simple com-
mittee method (for model-averaging; see Ch.8 in [2]) using ten
weight-value sets obtained at final (i.e., pre-set limit) epoch;
each of those resulted from the ensemble over ten optimized
CANFIS models. In general, hidden-node teaching may serve
as a constraint, slowing down the learning process and resulting
in a lower mapping precision. In this application, however,
the hidden-node teaching results allude to an improvement in
speed and accuracy with respect to training error rates; this
may be due to increased “hidden” residuals (in addition to
terminal residuals).

IV. CONCLUDING REMARKS AND FUTURE DIRECTIONS

The CANFIS design methodology may be regarded most
simply as a way of converting an original TSK model into
an MLP-type structure, but it can be readily extended to a
more sophisticated CANFIS modular network (see p.377 [5]).
This perspective makes CANFIS conceptually differ greatly
from other network-based fuzzy models including a fuzzy
neural network (e.g., see [3]). A key concept behind CANFIS
modular-network learning is that, by selecting an appropriate
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subset of input features, we can circumvent the so-called curse
of dimensionality that frequently arises in any fuzzy systems.
Since each local-expert MLP has a great learning capacity, any
choice of small input subsets to the integrating unit may not
deteriorate the overall learning performance. In the preceding
application examples, we have designed CANFIS models by
choosing only one feature for fuzzy partitioning, but our
numerical test shows encouraging results (see also [4], [10]
for other applications).

Yet another advantage of our CANFIS design is that all
the parameters of any-size CANFIS modular network can
be readily optimized by what we have developed, the (on-
line) hidden-node teaching backpropagation algorithm, which
exploits its multi-stage structure. Our hidden-node teaching
method, which was originally developed to avoid hidden-node
saturations in MLP-learning [9], may be significant for neuro-
fuzzy learning for several different reasons: (1) for attacking a
large-scale problem due to its easy on-line implementation;
(2) for maintaining rules’ interpretability in the spirit of a
fuzzy system; (3) for improving generalization capacity; (4) for
escaping from plateaus in learning. Merit (1) is obvious, and
(2) was explained for Figure 3. For (3), in our experiments;
the same target signals were presented at the hidden layer [i.e.,
the final output layer of each expert-MLP; see Figure 4(b)]
as well as at the terminal layer of a CANFIS network. In
consequence, the output variance of local experts could be
reduced. Furthermore, the variance of linear weights may be
decreased as well, compared with some other (neural) fuzzy
systems that employ RLSE to determine the linear weights, as
mentioned in Section I, because such a least squares estimator
tends to yield quite large linear weights in magnitude; this
is an important issue common to separable nonlinear least
squares learning algorithms (e.g., see [17]). In any event,
smaller variance in either output or weight or in both would
furnish a better performance in response to previously unseen
(test) data. Lastly, item (4) is new (our future work): The
problem is that if hidden-node outputs get very similar to
each other on all (training) data during learning, then a matrix
of hidden-node outputs becomes rank-deficient, giving rise
to plateaus in learning (e.g., see in [16] our Hessian-matrix
analysis for indefiniteness in MLP-learning and references
therein). Since the Hessian matrix of J in Equation (3) can be
evaluated efficiently by our recently-developed second-order
stagewise backpropagation [13], [15], [18], it would be of our
great interest to investigate plateaus in CANFIS neuro-fuzzy
modular-network learning.
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