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Abstract—In this paper, the triangular interval type-2 fuzzy
set extension of the Analytic Hierarchy Process is introduced.
The priority vectors are elicited from the pairwise comparison
matrix with triangular interval type-2 fuzzy sets which represent
the linguistic relative importance judged by experts. First, the
triangular interval type-2 fuzzy set logarithmic regression func-
tion is defined with respect to the pairwise comparison matrix of
the criteria. Then, the sets of linear systems corresponding to the
end points of the upper and lower membership functions are for-
mulated by minimizing the logarithmic regression function. The
non-normalized weights are solved. It is shown in this paper that
the sets of linear systems are all dependent. Accordingly, the final
normalized weights can be obtained. A quadratic programming
model for finding the optimum normalized weights is constructed
in the sense of minimizing the fuzziness of the interval type-2
fuzzy weights. Analogously, if the pairwise comparisons are for
the alternatives, then the final normalized triangular interval
type-2 fuzzy rates are also obtained. The aggregation process of
the triangular interval type-2 fuzzy sets is proposed to obtain
the overall rate of each alternative. The interval type-2 fuzzy set
ranking method is proposed and used to find the final preference
of the alternatives. A numerical example about selecting the best
professor candidate is examined.

Keywords: Analytic Hierarchy Process, Interval Type-2 Fuzzy
Sets, Multiple Criteria Decision Making, Pairwise Comparison
Matrix

I. INTRODUCTION

Analytic hierarchy process (AHP) is developed by Saaty[1]
to find the priority of a set of alternatives under the given
relative importance opinions to the pairs of criteria. In real
life, some judgments might not be given as an exact relative
scale. The linguistic scales are used instead. The fuzzy version
of the extensions of Saaty’s priority theory was proposed by de
Graan[2] and Loostma[3]. Based on their fuzzy extension, van
Laarhoven and Pedrycz[4] formally presented a method to find
the fuzzy priority vector from a fuzzy pairwise comparison
matrix(FPCM) with the triangular fuzzy numbers(TFN) as the
matrix elements. By proposing a normalization modification
of the fuzzy priority vector from Loostma’s LSMR algorithm,
Boender, Graan and Lootsma[5] pointed out that the nor-
malized solution violates the first-order conditions, i.e. the
applied normalization destroys optimality. Another approach
to find the priority vector was based on the row and column
geometric means(RCGM) which was studied by Uppuluri[6],
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Aczel[7] and Koczkodaj[8]. Buckley[9] was the first one
to develop the fuzzy geometric mean method to find the
fuzzy priority vector(weights). Actually, Buckley developed
the interval geometric mean method for obtaining the interval
priority vector for interval comparison matrix. His algorithm
can be applied to any general fuzzy numbers and not just for
TFN. However, the numerical evaluation process is tedious.
The original Saaty’s AHP model is of crisp opinions, which
is too restrictive for experts to judge. Almost all the studies
dealing with the extension to fuzzy criteria are using type-1
fuzzy sets. The uncertainty of the relative importance among
criteria can be further given by words which are modelled by
interval type-2 fuzzy sets(IT2FSs)([10]).

In this paper, the triangular IT2FS extension of the classical
AHP is introduced and the IT2FS priority vector(weighting
vector) are elicited from the pairwise comparison matrix with
triangular IT2FS elements which represent the linguistic rela-
tive importance judged by experts. First, the triangular IT2FS
logarithmic regression function is defined with respect to the
triangular IT2FS pairwise comparison matrix of the criteria.
Secondly, five sets of linear systems corresponding to the
end points of the upper and lower membership functions are
formulated by minimizing the logarithmic regression function.
Finally, the non-normalized triangular IT2FS weight of the
criteria are solved. It is shown in this paper that the sets
of linear systems are all dependent. Accordingly, the final
normalized weights can be obtained. A linear programming
model for finding the optimum normalized weights is con-
structed in the sense of minimizing the fuzziness of the interval
type-2 fuzzy weights. The final normalized weights can be
obtained. Analogously, if the pairwise comparison are given
for the alternatives, then the final normalized triangular IT2FS
rates are also obtained by the same mathematical analysis. The
aggregation process of the triangular IT2FS is also proposed to
obtain the overall rate of each alternative. After obtaining the
triangular IT2FS overall rates of the alternatives, the IT2FS
ranking method is introduced and used to find the preference
of the alternatives.

The rest of this paper is organized as follows: Section
2 presents definitions of the triangular IT2FS and some
arithmetic and transcendental operations. Section 3 formulates
the mathematical model by proposing the triangular IT2FS
logarithmic regression function. The non-normalized solutions
are obtained. Section 4 proposes the normalized solutions by
applying the dependent conditions of the linear systems. It
is shown that the sets of linear systems are all dependent.
Accordingly, the final normalized weights can be obtained.
A quadratic programming model for finding the optimum



Figure 1.  Footprint of uncertainty(FOU) of the triangular interval type-2
fuzzy number.

normalized weights is constructed in the sense of minimizing
the fuzziness of the interval type-2 fuzzy weights. Section
5 proposes the aggregation process of the triangular IT2FS
weights of the criteria and the rates of the decision alternatives.
Section 6 proposes the IT2FS ranking method. Section 7 is a
numerical example about the decision of selecting the best
candidate of a college professor in Operations Research.

II. TRIANGULAR INTERVAL TYPE-2 FUZZY SETS
A. Some Definitions of Expressions

We need to define some terms and approximation operations
for the model.

The triangular interval type-2 fuzzy number is defined as in
the following.

Let @ = ([L,ﬂ ,m, [u, ﬂ]) be a triangular interval type-2
fuzzy number. The upper and lower membership functions of
ais

, 1<z <m
UMF; (z) = ¢ ™! ,
r—Uu _
—, m<z<u
m—u
x—1 -
7 [<z<m
LMF; (z) = Z?__u
—, m<r<u
m—u

The footprint of uncertainty(FOU) of the membership function
is depicted on Fig. 1.
Some approximation operations are defined as follows.

Definition 1. The inverse of a triangular interval type-2 fuzzy
number is defined as

- (B2l )

Definition 2. The logarithm of a triangular interval type-2
fuzzy number is defined as

Qu| =

Ina =

([lnl, 1nﬂ ,nm, [Inw, 1nﬂ]) .

Definition 3. The exponential of a triangular interval type-2
fuzzy number is defined as

expa = ([expl, expﬂ ,exp m, [exp u, expﬂ]) .
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Definition 4. The power to the positive integer n of a
triangular interval type-2 fuzzy number is defined as

o= ([P ).

Definition 5. The negative of a triangular interval type-2 fuzzy
number is defined as

-G =

([_17'7 _ﬂ] , — 1, I:_Za _l]) .
Based on the definitions above, we can define the binary
operations as follows.

Definition 6. Let a = ([d',@],a™,[a% @"]) and b=
( [l_)l, El} ,0™m, [Z_)“, Z_)u} ) be two triangular interval type-2 fuzzy
numbers. The sum of a and g is

i+b = ([@l +bv',@ +Bl} LA™+ b, [g“ + b, +E“D :
Definition 7. Let a = ([d',@'],a™,[a% @"]) and b —
([l_)l, El} oM, [l_)“, Eu} ) be two triangular interval type-2 fuzzy
numbers. The difference of a and E is defined thru the negation
asa—b=a-+ (—5)

Definition 8. Let a = ([d',@],a™,[a% @"]) and b —
( [l_)l, El} ,0™m, [Z_)“, Z_)u} ) be two triangular interval type-2 fuzzy

numbers. The product of @ and bis

a-b = ({min {gl b a -El,al bat -Bl},
max {gl b d -Bl,ﬁl b a -ElH ,
a™ - ™M, [min {Qu b e b at - pa ~l_)u} ,
max {g“ bt a ~Z_)u,6“ bt a” Z_)MH) )
Definition 9. Let a = ([d',@],a™,[a% @"]) and b —

([l_)l, El} oM, [l_)“, Eu} ) be two triangular interval type-2 fuzzy

numbers, where bl >0orb" < 0. The quotient a and a is
defined thru the inverse and multiplication as a/b = - (1 / 5).

All the definitions above are well-defined, because if the
type-2 fuzzy numbers are reduced to the type-1 fuzzy numbers
or even further to the crisp numbers, then the operations would
result in the ordinary traditional definitions of the operations
of real numbers.

III. MATHEMATICAL MODEL OF LOGARITHMIC
REGRESSION FUNCTION

The interval type-2 fuzzy pairwise comparison matrix
(IT2FPCM) is like

1 1 Ty
rop 1 rap
f'nl an e 1



where I:‘ij = [;ijl,;ijQ, s ,;ijaij}T and 57;]' is the number of
judgments given by experts for the preference of the criterion ¢
to the criterion j. The triangular interval type-2 fuzzy number
7§ijk is the relative comparison judgment of the criterion i to
the criterion j given by the k*" expert. Note that 6;; = §;; and
some d;; could be O butnotall §;; =0fore=1,2,--- ,n;i #
7. In other words, it is not reasonable that no any judgments
of criterion i to other criteria are given.

Let w; be the absolute weight for the criterion i. Based on
the assumptiog that 7, ~ w;/w;, and to obtain the optimal
solutions for w;, it is required that

n n G 2
MinJ Zzz(mwk_m_) o
=1 j=1k=1
J#i
Let 7:'”-;C = ({féjk,ﬁjk},r’”, [ﬁjk,ﬁjk}) and w; =

([wh, w!] ,wim, [w¥, wY]). Using the definitions, the logarith-
mic regression equation (2) can be expressed as

n n i ’J} 2
MinJ = 33 (m”k - _z)
i=1 j=1 k=1 Wy
J#i
n n G ~ ~ o
== ZZ hlfijk —h’l’LT}i—f—thI]j) . (2)
i=1 j=1 k=1
J#i

Extending the type-1 fuzzy models from [4], [5], [11] and
using the definitions 2, 5, 9, the approximation of (2) can be
expressed as

Min J =
n n i

>0 (g,

i=1 j=1 k=1
J#i

—Inw! +Inw)’ 3)

n  0ij

’*iéE:E:(MT%k—

i=1 j=1 k=1
JFi

I+ Inw!)’ (4)

3
Sd
<

— Inw" +1nw] )2

_|_
i

(lnrj

Ml

E
SO
& Il
N

(nrl, —nwt + @)’ (S)

Lijk —

_|_
i
NE

[
S5
bl

Il
—

ol
&

(lnr Inw + 1nw§)2 . (6)

ijk

_|_
iM-
NE

[
S5
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—
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To get the minimum of J, it is required that

5i;
9J 2 ¢~ l l —l
— = —lz (lnfijk —lnwi—l—lnwj) =0, (1)
Ow; Wi =i k=1
J#i
5i;
0] =2~ &
== (In7, —Inw; + Inw’) =0, ()
ow:  w! jz:kzl ik J
VED)
5
aJ 2 = —
S = MTZ 1an],€ Inw! +Inw’) =0, (9)
7 K] i=1k
it
54
D] —2 -
- = — Inrd, —Inw +Inwt) =0, (10)
aw; Q? ; pt ( J J)
J#i
54
0] —2
—= In7%, — Inw! +Inwh) =0, (11)
awi wi ]z:; k=1 ( o j)
J#i
for i = 1,2,---n. The equations (7)~(11) can be divided into

three uncoupled linear systems,

D E][1 b
eolls] - [Rlom
D+Em = b™", (13)
[
D E][1 b
|:E' D:||:u:| = [bu]-a (14)
n n n—1
where D = diag(Zélj,Zégj,--- ,Zén]’), and £ =
— ; —
! 42
: 0, =7
lei;] with e;; _ 7, and the unknowns are
—0ij, TF]
t = [lnw] t = [ or u, the knowns are b = [b}], b} =

Z];él Zk yInrl, ¢ = 1 oru orm. Both t and b can
be appended the underline or overline. Furthermore, let A =
D E ,A™ = D + E, the linear systems (12)~(14) can

E D
be expressed as

AW1 = b1, (15)
Amw™ = b™, (16)
AWQ = bg. (17)

The linear systems (15)~(17) which are uncoupled can be
solved independently. If each d;; # 0, then it can be easily
shown that A and A™ are not of full rank. Each of the linear
system (15)~(17) has infinite many solutions. The solutions
exist for systems (15)~(17).



A. Theorems

Since the judgment matrix is reciprocal, we have ;jik; =
1/73jk and In 7y, = —In 7. It follows that

I (([2in Tin] > 7ok [5ins Tae] )
= —In ([ o] ™ [0 Tin]) -
The rank of A and the rank of the augmented matrices
[ A by } and [ A by ] are the same and the dimension
of the null space of A is 1. Also, the rank of A™ and
the augmented matrix [ A™ b™ | are the same and the
dimension of the null space of A™ is equal to 1. Therefore, all
the three linear systems (15)~(17) have infinite many solutions.
It is suffice to assume that each of ;;, 1 = 1,2, ,n;i # j

is not equal to O on the following theorems and corollaries.
Let1=11,1,--- ,1]t in the sequel.

Theorem 1. The nullity of the coefficient matrix A of the
linear system (15) is 1 and the null space of A is span {1} .

Proof: The proof can be easily followed by the row
reduced echelon form of A. [ ]

Theorem 2. The rank of A is the same as the augmented
matrix [ A b } of the linear system (15).

Proof: The proof can be easily followed by the row
reduced echelon form of the augmented matrix [ A by |. ®

Theorem 3. The rank of A is the same as the augmented
matrix [ A by } of the linear system (17).

Proof: The proof is the same as in Theorem 2. [ ]

Corollary 1. The linear system (15) has infinite solutions with
two degrees of freedom.

Proof: The solution space has two degrees of freedom,
because the nullity of the coefficient matrix is 1. |

Corollary 2. The linear system (17) has infinite solutions with
two degrees of freedom.

Proof: The proof is the same as in 1. [ ]
Let AT be the Moore-Penrose pseudo-inverse of A[12,
p-432], then the particular solutions of (15) and (17) are

ATby, (18)
wh = Atb,. (19)

P _
W, =

The general solution can be expressed as

w1 = Atbyi+pil, p €R (20)
wy = Atby+pol, pr eR. (21)

Theorem 4. The nullity of the coefficient matrix A™ of the
linear system (16) is 1 and the null space of A™ is span{1}.

Proof: The proof can be easily followed by the row
reduced echelon form of A™. The nullity of A™ is 1, and
the null space is span {1} . [ |
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Theorem 5. The rank of A™ is the same as the augmented
matrix [ A™  b™m } of the linear system (16).

Proof: The proof can be easily followed by the row
reduced echelon form of the augmented matrix | A™ b™ } .
The rank of the augmented matrix [ A™ b™ | is (n—1)
which is equal to the rank of A™. |

Corollary 3. The linear system (16) has infinite solutions with
one degrees of freedom.

Proof: The solution space has one degrees of freedom,
because the nullity of the coefficient is 1. |

Let A™* be the Moore-Penrose pseudo-inverse of A™[12,
p.432], then the particular solution w”*? is A™Tb™. The
general solution can be expressed as

w” = A™b™ +p,1, pm €R. (22)

IV. NORMALIZATION

The weight w; = ([Li,m ,my;, [yz,m]) is a triangular
interval type-2 fuzzy weights for the criteria. It should be well-
defined and satisfied the inequalities

L <l <m; <u <7, (23)

From Corollaries 1 and 3, the final solution of the weight of
a certain criterion has three degrees of freedom. The suitable
or the optimal parameters can be selected such that the final
solution of the weight is a well-defined triangular interval type-
2 fuzzy number.

From (20) and (22), we have
In@; = ([l; +p1, L+ p2] M + pm, [w; + P2, W + p1))

where s, t, v are three arbitrary parameters. The param-

eter v can be independently determined by normalizing

modal vector in the sense of unit vector sum. Namely,
n

> iz €xp (m; + pim) = 1,then we have

Pm = —In (Z exp mi> . 24)
i=1

The other two parameters s, ¢ can be determined by minimiz-
ing the spans of the supports of the FOU. A quadratic pro-
gramming(QP) model can be constructed to find the optimal



solution for p; and ps.

<

lnn
Z( Ii+p2) — (L +p1))°
=1

((mi + pm) = (I +p2))
+((w; +p2) = (mi + pm))?
+ (@ +p1) = (1 +p2))°)
Li+pi <li+p2,i=12--,n
w; +p2<u+p,i=12---,n
litp2<mi+pmi=12--,n

=)

2

_l_

m; + Pm §21+P2al:172; ,n
p1, p2 unbounded.
Let

n
J=J= > (B +20 +2u] +ul
=1
+2m? + 2p2, — 2pml;
_21_1'11' - szﬂi - 2pmﬂi
—2Uu; + Apmm; — 2m;l;)

and introduce the following matrices and vectors,

| pm _ 4n  —4n
X{pg}’Q[—lm 871]’

o Sy (=20 + 2L + 2u; — 2u,)
DY (4l —211—211%—}—4@1—47711—41))

the objective function of the QP model can be expressed as

. 1

Min J' = §xth—|—xtc.

Since @ is a positive definite matrix, the minimizer exists and
is unique. Suppose the optimal solution exists at p; = pJ
and po = p3, the optimal normalized ith IT2 triangular fuzzy
weight can be expressed as

w; = ([exp (p}) - expl;,exp (p5) - expli] ,
exp m;
> expmy’
exp (p3) - expu;, exp (py) - exp;]) -
V. AGGREGATION
Let 7; = ([fé,?l} ST [, T ]2‘ be the rate for a certain

alternative correspondlng to the ¢! criterion whose weight is
w; = ([w!, @], w, [w,w"]). We propose two approaches
to find the IT2 fuzzy weighted average(FWA) for IT2 TFNs.
One is using the linear programming models to find the
uncertainty supports of the lower membership function (LMF)
and upper membership function(UMF). The other is a direct
extension from the interval weighted average to the IT2 FWA

of the IT2 TFNs.
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A. Aggregation by Linear Programming
Model-I(lower bound of UMF)

: 1
Min rgye = E T Wi,
i=1
l U
w; ;
— 7
n < w; < v = ]-a 27 e,

n
P _ —l
Min Taye = g T - W,
i=1
—1 u
w; w!
1 —1 .
7271 "o < wi < =——1=12,-n,
j=1%j ijl w;

i=1
Model-IlI(upper bound of LMF)

Max rgve = E ri - w;,

w! w;

Z?:lw? B B Z_] 1 -
n
2w
i=1

Model-1V (upper bound of UMF)

N
/\

|
—
)

I
=

=U _ =U X
Max Taye = E Ty Wy,

l U
w; w;

n —U
Zj:le

n

E w; = 1.

i=1

Let rhye, Thves T&e, Tave be the optimal solutions of the
above four linear programming models, re%pectively, and let
. rmom
=1
%, then

Zj:l wi

IA
g
A

the modal weighted average be riye =
interval type-2 fuzzy weighted average is

;ave = ([Téﬁzea?éwe} Taves [Tavejqeﬁk/e])

B. Aggregation from Extension of Type-1 FWA

By extending the type-1 fuzzy weighted average, [13]
introduced a set of formulas which can be used to find the
supports of the LMF and UMF of the IT2 FWA as follows,



kl —u l
. + 30 S w;
1 +1
l i= l 1= k ’L Z, (25)

Z'_ _u + Z’L kl-‘rl w

3 ! —l
1 - Ez 1 z wt+zz %41 z'wi 26
Tave = ) ( )

kl
Z'— g +Zi E+1

k"
i= 1—1 w +Zz kv +1—z CWw;

Tave = , @27
=1W; + Zz kY +1
K e
T w + Ty W
nge _ E’L 1 - Z’L k +1 , (28)

k
Z’L 1—7,+Zz k' +1w

where k', El, k", k" are the indexes satisfying the following
inequalities respectively,

l ! l

Ty S Tape SThiygqs
=l =l =l

TR S Tave STp s
u u u

T < Tape S Truyts

=u =U =Uu

The S Tape STpuy -

These indexes are commonly referred to as the thresholds for
the supports of the LMFs and UMFs of the IT2 fuzzy weights
and have been proved to be unique[14], [13]. Some algorithms
[15], [14], [16] were developed to determine these thresholds.
We adopt the algorithm from [16]. The algorithm for finding
rl. . is as follows:

Stagel: Sort rl, fori = 1,2,--- ,n in non-decreasing order
and rearrange [w!,w!| with respect to the reordered r!.

Stage2: Construct the function of index

S (- _é) TS (2 ) wd
E + E] i+1 wg

Stage3: The threshold k' exists at the index where 7 (E) >0

7 (i) =

and 7 (El + 1) < 0.( [16] proved that such index exists and
is unique.)
Stage4: Substitute the threshold k' into (25) to get 1, .

The algorithms for determining the thresholds for other
supports can be constructed similarly by defining the corre-
sponding specific index functions.

VI. RANKING OF IT2FSs

The final stage of the decision making process is to rank
the overall ratings of the alternatives. It is not trivial to rank a
set of IT2FSs. Most of the ranking algorithms are for type-1
FSs. So far there are two mature ranking algorithms proposed
in literature. [17] adopted a statistical viewpoint and interpret
each type-2 fuzzy number as an ensemble of ordinary fuzzy
numbers. By ranking the 32 IT2FSs which represents words
for computation, [18] pointed out that Mitchell’s method is
highly impractical and prohibitive. Wu and Mendel proposed
an extension of the type-1 FSs centroid method to obtain
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the centroids of a set of IT2FSs, which are used for ranking
these IT2FSs. The centroid of an IT2FS is approximated by
discretizing the primary domain. Let z; be the ith sample point
of the primary variable x in ascending order with index ¢,
then the IT2FS centroid can be obtained from the following
formulas

il (i) + Z?:jJrl Tift €]
(z) + Z?:jﬂﬁ(%‘)

PO —1 Zift (i) + > i1 i (i)
o () + 300 T ()

for a specific switching indexes is ¢ = [¢;, ¢,] where indexes
k; and k,, are the switching index such that

al(j) =

Y

Z’ﬁ
o]

?

VII. NUMERICAL EXAMPLE

The fuzzy logarithmic least squares for fuzzy pairwise
comparison matrix was proposed by [4] and modified by [5].
We investigate the same numerical example in both papers in
which the type-1 fuzzy judgments are all extending to the IT2
triangular fuzzy numbers.

One of the three candidates (A, B and C) seeking for a post
of professor in Operations Research is to be determined by a
committee of three members. The following four criteria are
identified by the committee for selecting the best candidates.

Cl: Mathematical creativity,

C2: Implementation creativity,

C3:  Administrative capability,

C4: Human maturity.

Fig. 2 shows the hierarchy structure of the decision making
problem.

The committee members need to give the pairwise compar-
ison judgments. All the linguistic judgments from committee
members are transformed to the corresponding IT2 triangular
fuzzy numbers. The set of IT2 triangular fuzzy scales that is
the type-2 fuzzy extension of Saaty’s scale ([19]) defined as

([1,1],1,3/2,2]),
([1,3/2],2,15/2,3]),
(2,5/2],3,[7/2,4]) .
Additionally, the reciprocals are defined by Definition 1.

Qo bon =
Il

Mathematical Implementation Administrative Human
creativity creativity capability maturity
(Cl) (C2) (C3) (C4)

Candidate A Candidate B Candidate C

Figure 2. Hierarchy structure for the best candidate decision problem



Table T
THE PAIRWISE COMPARISON JUDGMENTS OF THE FOUR CRITERIA

le le Cl* CQ* CQ* CS*

CQ Cg C4 CB 04 04

{i13} (i} {333} 33 (113} {5}
Table 11

PAIRWISE COMPARISONS OF THE THREE CANDIDATES WITH RESPECT TO
THE FOUR CRITERIA

cl {11}
@ {3} {5
{

c3 {332}

» B

Table I shows the pairwise comparison judgments of the
four criteria. Note that, not each of the committee members is
required to give judgment for pairs of criteria. For example,

—_—
=
SIS
—
D=

;
NG
] ®

only one member gives the judgment § for the pair (C3, Cy).

Table II contains the pairwise comparison judgments of the
three candidates with respect to the four criteria.

Using the IT2 FLLSM and the optimal normalization pro-
cess developed in this paper, the IT2 TFN weights for the four
criteria are obtained and is shown in Table III and Fig. 3.

Table IV shows the IT2 fuzzy rates for three candidates with
respective to the four criteria.

We apply two approaches from Section V-A and Section
V-B to finding the overall aggregated IT2 fuzzy rates of the
three candidates as in Tables V and VI.

Fig. 4 and Fig. 5 show the overall aggregated IT2 fuzzy
rates for the three candidates. It is clear that candidate A is
the best candidate.

Table 11T
THE IT2 FUZZY WEIGHTS FOR FOUR CRITERIA NORMALIZED BY
MINIMIZING THE QUADRATIC SUM OF FOUR SPANS.

Cl (10.1718,0.1836] ,0.1945, [0.2283, 0.2680
C2 (10.2609, 0.2904] , 0.3192, [0.3617, 0.3977
C3 (10.1149, 0.1246],0.1398, [0.1490, 0.1649
C4 (10.2531, 0.2982] , 0.3466, [0.3708, 0.3946

— | —|—|—

0.3 0.4

0 0.1 0.2

Figure 3. The IT2 fuzzy weights for four criteria normalized by minimizing
the quadratic sum of four spans.
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Table IV
THE IT2 FUZZY RATES FOR THREE CANDIDATES WITH RESPECTIVE TO
THE FOUR CRITERIA

candidate A

Cl1 ([0.2891, 0.2891] , 0.2891, [0.3448, 0.3694])
C2 ([0.3782, 0.4664] , 0.5455, [0.6186, 0.6872])
C3 ([0.4620, 0.5375] , 0.5789, [0.6326, 0.6991])
C4 ([0.2184, 0.2321] , 0.2500, [0.2752, 0.3150])
candidate B
Cl1 ([0.1801, 0.2171] , 0.2651, [0.2730, 0.2818])
C2 ([0.1718,0.1767] , 0.1818, [0.1865, 0.1891])
C3 ([0.1975, 0.2040] , 0.2167, [0.2572, 0.2988])
C4 ([0.3783, 0.4494] , 0.5000, [0.5328, 0.5456])
candidate C
C1 ([0.2679, 0.3652] , 0.4458, [0.4840, 0.5136])
C2 ([0.2291, 0.2474] , 0.2727, [0.3109, 0.3782])
C3 ([0.1616, 0.1760] , 0.2045, [0.2094, 0.2136])
C4 ([0.1819, 0.2131] , 0.2500, [0.2996, 0.3783])

Table V
THE IT2 FUZZY RATES FOR THE OVERALL GLOBAL FUZZY RATES USING
APPROACH IN SECTION V-A

| Linear programming model(V-A)

([0.2894,0.3398] , 0.3979, [0.4833, 0.5682
0.2185,0.2611],0.3132, [0.3560, 0.3947
([0.1998,0.2411] , 0.2890, [0.3406, 0.4081])

=

=

Q| @ >

Table VII provides the comparative results from [4] and [5],
in which the triangular fuzzy sets represented by (I, m,r) are
used. It shows that candidate A is also the best candidate.
Note that the middle points of the results, 0.40 for candidate
A, 0.31 for candidate B and 0.29 for candidate C, are exactly
the same (despite of the decimal digits) as our approach in
Tables V and VI, namely 0.3979 for candidate A, 0.3131 for
candidate B and 0.2890 for candidate C.

VIII. CONCLUSION

In this article, we have introduced an overall process for
implementing interval type-2 fuzzy sets on group decision

Table VI
THE IT2 FUZZY RATES FOR THE OVERALL GLOBAL FUZZY RATES USING
APPROACH IN SECTION V-B.

| Fuzzy Weighted Average(V-B)
A ([0.3037,0.3495] , 0.3979, [0.4668, 0.5385
B ([0.2260,0.2679] , 0.3132, [0.3445, 0.3687])
C ([0.2058, 0.2457] , 0.2890, [0.3359, 0.3976])

=

1.0
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Figure 4. The global fuzzy rates of three candidates using linear programming
model
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Figure 5. The global fuzzy rates of three candidates using IT2 fuzzy weighted
average

Table VII
RESULTS OBTAINED IN [4] AND [5]

Laarhoven and
Pedrycz[4]
(0.23,0.40,0.71)
(0.17,0.31,0.58)
(0.19,0.29,0.51)

Boender,Graan and
Lootsma[5]
(0.30, 0.40,0.54)
(0.22,0.31,0.42)
(0.23,0.29,0.36)

Q| =| >

making problems with uncertain judgments. Since most de-
cision making problems exist in real world. The judgments
are always made by human beings. Not all the experts are
familiar with the mathematical properties of the decision
making process. If the type of judgments given by experts
can be allowed to as flexible as possible, then the collected
decision data would be much more valuable. Type-2 fuzzy
sets are the better mathematical quantities than type-1 fuzzy
sets and even better than the crisp scales. Using type-2 fuzzy
sets on decision making problems can lead to more realistic
and accurate results. This paper proposes a very important
approach on decision making problem with type-2 fuzzy
sets specifically on the very popular decision tool, Analytic
Hierarchy Process.

We extend the logarithmic least squares method proposed by
[4] and formulate a quadratic model for the optimal solutions
of the interval type-2 fuzzy priority weights. We also give a
detail discussion about the simultaneous linear equations of the
logarithmic decision variables. After obtaining these interval
type-2 fuzzy weights, we construct a linear programming
model to get the overall rate of interval type-2 fuzzy rates.
Finally, the individual overall type-2 fuzzy rates are sorted
using the centroids of the type-2 fuzzy sets.

The proposed model is for triangular type interval type-
2 fuzzy sets. For different purposes, other kinds lower and
upper membership functions can be used. For example, one
can use triangular membership function for lower membership
function and trapezoidal membership function for upper mem-
bership function or both trapezoidal membership functions
for lower and upper membership function. In addition to
the logarithmic least square method, other algorithms (for
example, [9]) can be used to obtain the optimal type-2 fuzzy
priority weights and rates. We need further studies on these
topics.

2582

(1]
(2]
[3]

[4]
[5]

(6]

(71

(81

[91
[10]

[11]
[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

REFERENCES

T. L. Saaty, The Analytical Hierarchy Process. New York, 1980.

J. de Graan, “Extensions to the multiple criteria analysis method of t.1.
saaty,” National Institute for Water Supply, Tech. Rep., 1980.

F. Loostma, “Performance evaluation of non-linear optimization methods
via multi-criteria decision analysis and via linear model analysis,” in
Nonlinear Optimization, London.

P. Van Laarhoven and W. Pedrycz, “A fuzzy extension of saaty’s priority
theory,” Fuzzy sets and Systems, vol. 11, pp. 199-227, 1983.

C. G. E. Boender, J. G. de Graan, and F. A. Lootsma, “Multi-criteria
decision analysis with fuzzy pairwise comparisons,” Fuzzy Sets and
Systems, vol. 29, pp. 133-143, 1989.

V. Uppuluri, “Logarithmic least-squares approach to saaty’s decision
problems,” in Mathematics and Statistics Research Department Progress
Report, R. W. D. W. W.E. Lever, D.E. Shepherd, Ed. Oak Ridge, TN:
Oak Ridge National Laboratory, 1978, pp. 19-21.

J. Aczel and T. Saaty, “Procedures for synthesizing ratio judgments,” J.
Math. Psychology, vol. 27, pp. 93-102, 1983.

W. Koczkodaj and M. Orlowski, “Computing a consistent approximaiton
to a generalized pairwise comparison matrix,” Computers and Mathe-
matics with Applications, vol. 37, pp. 79-85, 1999.

J. Buckley, “Fuzzy hierarchical analysis,” Fuzzy Sets and Systems,
vol. 17, pp. 233-247, 1985.

J. Mendel, R. John, and F. Liu, “Interval type-2 fuzzy logic systems
made simple,” IEEE Transactions on Fuzzy Systems, vol. 14, no. 6, pp.
808-821, 2006.

M. Kwiesielewicz, “A note on the fuzzy extension of saaty’s priority
theory,” Fuzzy sets and systems, vol. 95, no. 2, pp. 161-172, 1998.

P. Lancaster and M. Tismenetsky, The theory of matrices: with applica-
tions. Academic Pr, 1985.

D. Wu and J. Mendel, “Aggregation using the linguistic weighted
average and interval type-2 fuzzy sets,” IEEE Transactions on Fuzzy
Systems, vol. 15, no. 6, pp. 1145-1161, 2007.

D. Lee and D. Park, “An efficient algorithm for fuzzy weighted average,”
Fuzzy Sets and Systems, vol. 87, pp. 39-45, 1997.

W. Dong and F. Wong, “Fuzzy weighted average and implementation of
the extension principle,” Fuzzy Sets and Systems, vol. 21, pp. 183-199,
1987.

K. Chiao, “Direct fuzzy weighted average algorithm for fuzzy multiple
attributes decision making,” Tamsui Oxford Journal of Mathematical
Sciences, vol. 16, no. 2, pp. 311-327, 2000.

H. Mitchell, “Ranking type-2 fuzzy numbers,” Fuzzy Systems, IEEE
Transactions on, vol. 14, no. 2, pp. 287-294, 2006.

D. Wu and J. M. Mendel, “A comparative study of ranking methods,
similarity measures and uncertainty measures for interval type-2 fuzzy
sets,” Information Sciences, vol. 179, no. 8, pp. 1169 — 1192, 2009.

T. L. Saaty, Multicriteria Decision Making: The Analytic Hierarchy
Process. Pittsburgh: RWS Publications, 1990.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.6
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks true
      /AddColorBars false
      /AddCropMarks true
      /AddPageInfo true
      /AddRegMarks true
      /BleedOffset [
        0
        0
        0
        0
      ]
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName (Japan Color 2001 Coated)
      /DestinationProfileSelector /WorkingCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /ClipComplexRegions true
        /ConvertStrokesToOutlines false
        /ConvertTextToOutlines false
        /GradientResolution 400
        /LineArtTextResolution 1200
        /PresetName <FEFF005B9AD889E367905EA6005D>
        /PresetSelector /HighResolution
        /RasterVectorBalance 1
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MarksOffset 0
      /MarksWeight 0.283460
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PageMarksFile /JapaneseWithCircle
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed true
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


