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Abstract—We continue to develop a construction of an L-fuzzy
valued measure extending a crisp measure defined on a c-algebra
of crisp sets to an L-fuzzy valued measure defined on a 7y-
tribe. We describe two equivalent approaches to define an L-fuzzy
valued integral of non-negative measurable functions.

Index Terms—L-set, L-fuzzy real number, L-fuzzy valued
measure, L-fuzzy valued integral.

I. INTRODUCTION

One can find a lot of works regarding fuzzy approach to
measure and integral. The biggest scope on this subject can be
found in [1], [2], [3]. Our interest is in developing a theory
where not only sets are fuzzy, but also measure and integral
take fuzzy real values. In the serious of our previous papers
[4], [5], [6] the concepts of an L-fuzzy valued measure and
integral were studied throughly. We continue to develop results
obtained in the previous papers and show that L-fuzzy valued
measure and integral preserve most of the properties of it’s
crisp analogues (see e.g. [7]).

Inspired by the fact from the classical measure theory
stating that an integral of a given non-negative function can be
considered as a measure we obtain two different approaches
to define an L-fuzzy valued integral.

The idea of the first approach is to extend a crisp measure
v to the L-fuzzy valued measure y by using the construction
described in [5] and then defining the L-fuzzy valued integral

uf(E) :/f du,

E

where f is an integrable real-valued function and E is a
measurable L-set [6].

The second approach shows that an L-fuzzy valued integral
can be obtained by considering the measure v using a crisp
measure v as following:

V(M) :/f dv,

M

where f is an integrable non-negative function and M is a
measurable set. And then extending it to the L-fuzzy valued
measure fiy according to the construction described in [5].
Finally we show that both approaches give us equivalent
ways to define the L-fuzzy valued integral, i.e. us = fiy. This
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result can be described by the following diagram:

v — u
1 I
Vg = My

The second approach to the definition gives us an opportunity
to simplify calculations of the L-fuzzy valued integral.

Our investigations of the L-fuzzy valued integral are
motivated by our intention to develop results on approximation
from [8], [9]. For the problems that can be solved only
approximately the notion of the error of a method of
approximation plays the fundamental role. In order to
estimate the quality of approximation on an L-fuzzy set, we
need an appropriate L-fuzzy analogue of a norm. Our intention
is to use the L-fuzzy valued integral to define an L-fuzzy
valued norm for investigation of the error of approximation
on an L-set.

II. PRELIMINARIES
A. L-sets

Given a (crisp) universe X and a complete, completely
distributive lattice L(A,V,0p,17), an L-subset A of X (or,
briefly, an L-set A) is a function A : X — L. The class
of all L-subsets of X is denoted LX. The operations for
L-sets A, B are defined by using the minimum triangular norm
Ty, its corresponding conorm Sy, and decreasing involution N:

(AAB)(x) = Ty (A(x),B(x)),
(AVB)(x) = Su(A(x), B(x)),
A% (x) = N(A(x)).
A finite family of L-sets A1,A»,...,A, is said to be Tys-disjoint
(see e.g.[1]) iff for each k € {1,...,n} we have
n
( \/ Aj) NA = 0.
J=1,j#k
A countable family of L-sets is said to be Tjys-disjoint iff
every finite subfamily of this family is 7j,-disjoint.

We consider a class of L-sets called Ty,-tribe (see e.g. [1]).
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Definition IL1. A subclass ¥ C LX is called a Ty-tribe on X
if the following properties are satisfied:

e DX
e for all A€ X we have A€ € ¥;
o for all sequences (A,)nen CX we have N\ A, € L.

n=1
B. L-fuzzy real numbers

For our purposes we use the L-fuzzy real numbers as they
were first defined by B. Hutton [10].

Definition IL.2. An L-fuzzy real number is a function z: R — L
such that

e Z IS non-increasing;
o Nz(t) =0z, Vz(t) =1L,
. zt is left semti—continuous, i.e. for all tp € R we have
A (1) = z(10)-
1<ty
In the original papers of this subject (see [10], [11], [12])
the L-fuzzy real numbers were defined not as order reversing
functions, but as equivalence classes of such functions.
However each class of equivalence has a unique left semi-
continuous representative and therefore an L-fuzzy real
number can be identified with this representative.

The set of all L-fuzzy real numbers is called the L-fuzzy real
line and it is denoted by R(L). An L-fuzzy number z is called
non-negative if z(0) = 1. We denote by R (L) the set of all
non-negative L-fuzzy real numbers.

Operations with L-fuzzy real numbers such as addition &
and multiplication by a real positive number are defined as
following:

\/{11 DAnl -1}, @)0) =5

r

(z1®22)(

The supremum and the infimum of a set of non-negative
L-fuzzy numbers F C Ry (L) are defined by the formulas (see
e.g. [8], [9D:

(Inf F)(

= A\=0)

Sup F=Inf{z|z€R(L),z>7 for all 7/ € F}.

|zeF}, teR,

Taking into account that F' is bounded from below it is easy to
see that Inf F is an L-fuzzy real number. In case F is bounded
from above (i.e. there exists zgp € R(L) such that z < zo for
all z€ F), Sup F is an L-fuzzy real number, otherwise the
condition

ASupF(t) =0,

does not necessarily hold.

Going forward we will need also the countable addition of
non-negative fuzzy real numbers. Given a sequence of non-
negative fuzzy real numbers (z,),en C R4 (L) we consider the

countable sum

@zn =Sup{z1®2n®...®z | n € N}
n=1
For a ¢ R} and o € L by z(a,0) we denote a special type of
non-negative L-fuzzy real numbers
1, t <0,
o, 0<r<a,
0, t>a,

(z(a,0))(r) =

that will play an important role in our work.
III. L-FUZZY VALUED MEASURE
A. Definition of an L-fuzzy valued measure

We consider a measure that is defined on a Tj,-tribe and
takes values in Ry (L).

Definition ITL.1. Let X be a Ty -tribe. A function u:X — R (L)
is called an L-fuzzy valued measure if it satisfies the following
conditions:

o 1(0) = 2(0,17);
o p is Ty-valuation, i.e. for all A,B € X it holds

H(ANB)Bu(AV B) = u(A) © u(B);
o u is left Ty-continuous, i.e.

Sup{u(An)|n € N} = u(A),
where (Ay)nen C X, VNAn =Ael
ne

B. Construction of an L-fuzzy valued measure

For a given c-algebra of crisp sets ® C 2X and a finite
measure vV : ® — R, an L-fuzzy valued measure can be
obtained by the following schema (see e.g. [4], [S]):

e For M € @, o € L we define an L-fuzzy set

a,xeEM,
o)) ={ g
All these L-sets form a class of L-sets that we denote by
o.
« Next we define an L-fuzzy valued function m: o — R (L)
by
m(A(M,a)) = z(vV(M), &),
and we extend it to the L-fuzzy valued function
m*: [X — R (L) as following:

En)neN Cp: E < \/ En}~

n=1

E)=Inf {ém(En)

e We denote by X the Ty-tribe of all so called m*-
measurable L-sets E € LX such that for all B € LX it
holds

m*(E)®m*(B) =
m"(E) ©m’(B) =
« Finally, we define u as the restriction of m* to £ we can

state that y is an L-fuzzy valued measure and

u(E)=m*(E), for all E € X.

m (EAB)®m*(EVB),
m*(E° AB)®m*(E°VB).

1599



IV. AN L-FUZZY VALUED INTEGRAL
A. Definition of an L-fuzzy valued integral

In this section we define an L-fuzzy valued integral

[ £ au
E

where £ € ¥ and f:X — R is a non-negative measurable
function with respect to c-algebra &.

By analogy with the classical case ([7]) we define an L-fuzzy
valued integral stepwise, first considering the case of simple
non-negative measurable functions (for short SNMF):

/Zc,xc du= @c,,uC/\E))

E i=1 i=1
whenever
e cieR,Ciedforalli=1,...,n,
e Xc; is the characteristic function of C; , i=1,...,n,
e Cy,...,C, are pairwise disjoint sets.

Then considering the case for non-negative measurable func-
tion f (for short NMF):

/fd,u:Sup{/g du| g < f and g is SNMF}.
E E

For Iy = [ f du due to properties of the supremum of a set of

E
L-fuzzy numbers, we have
o I is non-increasing,
. \/]I f(l‘ ) =1z,

t
o Iy is left semi-continuous, i.e. A Ir(r) =1s(t).
1<ty

Definition IV.1. We say that a non-negative measurable func-
tion f is L-fuzzy integrable over L-set E iff

NI (1) =

Let us note that if f is non-negative integrable over X then
it is also L-fuzzy integrable over every E € X. Going forward
we consider only such functions.

B. Properties of L-fuzzy valued integral

For  L-fuzzy integrable  non-negative  functions
f,f1, /2,5 fu, ... and measurable L-sets E,E,E>,....E,,... €X
the following properties of L-fuzzy valued integral are true
(see e.g. [6]).
M) [ dyt= u(E)
(12) r€R+:>frfd,u—rffd,u
M) A<= ffld,u < ffzd,u

(14) E1<Ez;sffdp<Effdy

(I5) f(fl + f2)du = ffld,UEBffzd,u

16) EyAEy =0 f fd#:ffd#@ffdu
E\VE, E, E;

(A7) (En)nen : En < Epy1 and \/ E,=E=
ffd.u S“P{ffd,u|n€N}

I8) (fn)neN Jn <fn+] and hm fn =f=
[ f du=Sup{J fu du|nc N}
E E
V. TWO APPROACHES TO DEFINE L-FUZZY VALUED
MEASURE BASED ON A FUNCTION
A. The first approach

From the classical measure theory (see e.g [7]) it is known
that having a measure v and non-negative measurable function
f we can get a new measure Vy defined as following

M)Alfdv.

By using the same logic in the fuzzy case we want to make
sure that this statement will be preserved.

We define
ur(E) = /f du,

E
where us: X — Ry (L) and f is a real valued non-negative
L-fuzzy integrable function.

Theorem V.1. uy is an L-fuzzy valued measure.

Proof: Due to integral property uy is left Tjs-continuous.
We need to prove that uy is Ty-valuation, i.e.

yf(El\/Ez) @,Uf(El/\Ez) :,Llf(El)@,Uf(E1) for all E;,E, € X.

Considering M; = {x € X | Ei(x) > Ex(x)} and
M) ={x€ X |E|(x) < Ey(x)} we can split L-sets Ej,E, into
two Tys-disjoint L-sets as following:

E = (E1 /\Ml) vV (El /\Mz) and Ep = (E2 /\Ml) V (E2 /\Mz).
Obviously,

E\VE, = (E1 /\Ml) V (Ez /\M2)
and

EiNE, = (El /\Mz) V (Ez /\Ml).
Hence,
[rawe [rau= [ jawe [ fdu=
E Ey (ExAM)V(E1AM3) (ExAM1)V (E2AM3)

= [ rawe [ fawe [ raue [ fau-
E\AMy E\AMy EyANMy EryANMy
— [ rauo [ raw
E\VE, E\NE,
| |

As we can see L-fuzzy valued measure yy was obtained by
the following scheme:
« first extending crisp measure v with construction de-
scribed in section III-B;
o second defining a measure by using an integral with
respect to L-fuzzy valued Tj;-measure u .
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B. The second approach

Now if we change the order in scheme described above
we get L-fuzzy valued measure fiy.

For a given c-algebra ® C 2X and a finite measure v: ® — R
we define measure vy as following:

M):A[fdv.

An L-fuzzy valued measure fiy can be obtained by using the
same scheme as in section III-B :
o We define an L-fuzzy valued function my : g — R, (L)
by
my(AM,a)) = z(vy (M), ),
and we extend it to the L-fuzzy valued function
my i X — Ry (L) as following:

)nGNCSO:ES \/En}

n=1

(E) =Inf {émf(En) | (En
n=1

 We denote by X the class of all so called m}-measurable
L-sets E € LX such that for all B € L¥ it holds

my(B)&my(E) =my(BANE)®my(BVE),
my(E) ©my(B) = my(E° \B) ©my(E°V B).
o Finally, considering fiy as restriction of mj} to Xy we
obtain the L-fuzzy valued measure: jiy = m}(E).
VI. THE EQUIVALENCE OF TWO DEFINITIONS OF AN
L-FUZZY VALUED INTEGRAL

In this section we show that two approaches to define an
L-fuzzy valued integral described in the previous section give
us the equivalent result.

Theorem VI1.1. For all integrable non-negative functions f it
holds:

(T1) TCXy,

(T2) for all E € ¥ we have uy = fiy.

To prove the Theorem VI.1 we use the following Lemma.

Lemma VI.2. For all E € LX it holds:
(L1) if f is SNMF (ie. f= ): ciXc;), then

i=1

“(ENG);

-
(L2) if (fn)nen is a sequence of SNMF such that
fn < fue1 and lim f, = f, then
n—soo
my(E) = Sup{mj (E)|n € N}.

Proof: (L1) First we show that equality holds for L-set
E =A(M,q) € . Taking into account the properties of L-fuzzy
real numbers we get:

mp(AM,0)) =z(ve(M),a) = z(/f dv,0) =

M

1601

(MAG),a) =

M:

ci xc dv,0) =z Zc,
1 i=

@cm

I

s

7@c Z(V(MAG), (M,0) \C).

Now for the sequence of L-sets (Ex)reny C 90 E < V Ep we

obtain: =
@mf(Ek):EB@c, Ek/\C @Cl @m Ek/\C
k=1 k=1 i=1 i=1 k=1

Finally, recalling the definition of m f:

my=Inf {Pme(Ex) | (Exhren C 9:E < \/ Ex} =
k=1 k=1

—@cl Inf {QBEBm ENG) | (Edken C 91 E < \/ Ei} =

k=1 k=1 k=1
_@C,

(L2) We start with an L-set E = A(M,a) € . Using the
properties of L-fuzzy real numbers we get:

Sup{mp, (A(M,a))|n € N} = Sup{z(vy, (M),a)|n € N} =

= 2(sup(vy, (M), &) = 2(v (M), &) = m(A(M, @)).

(ENG).

Now taking any E € LX and the fact that L if completely
distributive lattice we obtain:

Sup {m} (E)ln € N} =

| (Ex)ken C 9:E <\ Ex}lneN} =
k=1

= SM[){ Inf {émﬁl (Ek)
k=1

=1I’lf{ Sup {EBmfn(Ek)\n S N}|(Ek)keN Cp:ELZ \/Ek} =
k=1 k=1

= I”f{ém,f(Ek)KEk)keN CpE< {Q/ E} = my(E).
k=1 k=1

|
Coming back to theorem VI.1.
Proof: (T1) We consider E € ¥ and start with the case

when f - SNMF or f = Z ciXc;. For every i € {1,...,n} if
EcXthen ENCeX and followmg for all B € LX we have
m* (ENC;)®m* (BAG;) =
=m*(EABAC)@m* ((ENC;)V (BAG)).

Now multiplying equality by ¢; and summing up by i we
obtain.
ch “(ENG) @):c, Am*(BAC;) =
i=1



¢ m (EABAG)® Y ¢; m*((EAG)V (BAG)).
1 i=1

™

L

And finally applying Lemma VI.2:
my(E) @my(B) =my(EAB)©m(EVB).
By analogy we can prove the second equality

mi(E€) @ m's(B) = m(ES A B) @ miy(EV B).

In the case when f is NMF there exists a sequence of SNMF
(fn)nen such that f,, < f,4+1 and lim f,, = f. For all f, it holds
n—soo

my (E) @ my, (B) = my, (EAB)©my, (EV B).
Now taking Sup we obtain
Sup{m}; (E)|n € N} @ Sup{mj (B)|n € N} =
= Sup{m; (E AB)|n € N} @ Sup{m} (EV B)|n € N}.
And due to Lemma VI.2
m*(E) ®m*(B) =m"(E AB)®m*(EV B).

The same logic can be used to prove the second equality.

(T2) We start again with SNMF f. Using Lemma VI.2 we

see that

ur(E) = /f du=EPei p(ENG) =
7 i=1

= @ci m*(ENG;) Zm;(E) =iy (E).
i=1

In the case when f is NMF we use a sequence (f;)nen such

that f,, < f,+1 and lim f, = f. By using Lemma VI.2 and
n—soo
fact that for the simple functions uy, = fiz, we get:

ur(E)= [ f du=Sup{ [ fu du |n € N} =Sup{yy, (E) In€
E E

= Sup{fiy, (E) |n € N} =m}(E) = fiy(E).

the

N} =

This result gives us an opportunity to define an L-fuzzy

valued integral by applying the following formula:

[ £ du=iis(E).
E

Summarizing, we want to mention that both ways of defin-
ing the L-fuzzy valued integral have their own motivation. The
first approach (see V-A) has a theoretical foundation, while the
second approach (see V-B) gives us an opportunity to simplify

calculations of the L-fuzzy valued integral.
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