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Abstract—The large-scale deployment of the Smart Grid
paradigm will support the evolution of conventional electrical
power systems toward active, flexible and self-healing web en-
ergy networks composed of distributed and cooperative energy
resources. In a Smart Grid platform, the optimal coordination of
distributed voltage controllers is one of the main issues to address.
In this field, the application of traditional control paradigms has
some disadvantages that could hinder their application in Smart
Grids where the constant growth of grid complexity and the need
for massive pervasion of Distribution Generation Systems (DGSs)
require more scalable, more flexible control and regulation
paradigms. To try and overcome these challenges, this paper
proposes the concept of a decentralized non-hierarchical voltage
regulation architecture based on intelligent and cooperative smart
entities. The distributed voltage controllers employ traditional
sensors to acquire local bus variables and mutually coupled
oscillators to assess the main variables that characterize the
operation of the global Smart Grid. These variables are then
amalgamated by a novel fuzzy inference engine, named Timed
Automata based Fuzzy Controllers, in order to identify proper
control actions aimed at improving the grid voltage profile and
reducing power losses.

Index Terms—Distributed Generation Systems, Voltage regu-
lation, Timed Automata based Fuzzy Controllers.

I. INTRODUCTION

The Smart Grid[1] is the convergence of information and
operational technologies applied to the electric grid, providing
sustainable options to customers and improved security [2][3].
It could play a strategic role in supporting the evolution of
conventional electrical grids toward active, flexible and self-
healing web energy networks composed of distributed and
cooperative energy resources [4][5]. Advances in research on
Smart Grids could increase the efficiency of modern electrical
power systems by: (i) supporting large-scale penetration of
small-scale Distributed Generation Systems (DGSs); (ii) fa-
cilitating the integration of Renewable Energy Sources; (iii)
reducing system losses and Green House Gas emissions; (iv)
increasing the reliability of electricity supply to customers.
From this perspective, a crucial issue is how to increase the
penetration of DGS into Smart Grids by properly coordinating
their operation and by restricting their negative impact on
grid operations and control. In this context, effective network
voltage regulation is one of the main issues to address [6][7].
Voltage regulation in electrical grids is normally achieved by
the optimal coordination of a large set of regulating devices,
all used with the aim of supporting the load buses voltages and
improving the power quality at the distribution level [8][9]. The
presence of DGSs in electrical grids increases the complexity

of this regulation process since their power injections, intrinsi-
cally random for generators based on renewable sources, could
alter the voltage profiles on network buses. This requires the
design of a proper methodology aimed at assuring effective
grid operation by the optimal coordination of DGS operations
with traditional voltage regulating devices. This methodology
should require low computational effort in order to assure an
effective on-line solution to the voltage regulation problem. In
order to address these needs, the application of fuzzy logic
theory has been proposed in the literature [10][11]. Fuzzy
logic can handle problems with imprecise and incomplete data,
and it can model nonlinear functions of arbitrary complexity
[12][13][14].

However, the solution to the voltage regulation problem
should be prompt, reliable and accurate, but, above all, it
should be highly adaptive in order to effectively manage the
intrinsic time varying phenomena affecting the smart grid
operation. For this reason, in this work, a novel fuzzy infer-
ence engine, named Timed Automata based Fuzzy Controllers
(TAFCs)[15], is exploited to regulate the reactive power flows
injected by the DGSs into the electrical grid. Thanks to its
high dynamic features, a TAFC is capable of modelling a
system characterized by frequent changes over the time, and,
consequently, it results highly suitable for the application in
the electrical power systems context.

As shown in the experimental results section, where our
proposal has been compared with a conventional fuzzy con-
troller, the proposed strategy results in an effective and suitable
method to solve voltage regulation problem.

II. PROBLEM FORMULATION

The ultimate goal of the voltage regulation process is to
identify the optimal asset of voltage regulating devices required
to deliver higher service quality, in terms of voltage profile
flattening and power losses minimization. Roughly speaking,
the solution of the voltage regulation problem requires the
identification of the voltage regulation devices asset that min-
imizes, for each grid state, a set of objectives subject to a
number of inequality constraints.

The voltage regulation devices asset is described by the
following vector:

𝑦 = [𝑄𝑑𝑔,1, . . . , 𝑄𝑑𝑔,𝑁𝑔
, . . . , 𝑄𝑐𝑎𝑝,1, . . . , 𝑄𝑐𝑎𝑝,𝑁𝑐

, 𝑉𝐹𝑇𝑆,𝑁𝑓
,𝑚]
(1)

where 𝑄𝑑𝑔,𝑖 is the reactive power injected by the 𝑖𝑡ℎ (𝑖 =
1, . . . , 𝑁𝑔)DGS connected to the Smart Grid and available for
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regulation; 𝑄𝑐𝑎𝑝,𝑗 is the vector of the reactive power injected
by the 𝑗𝑡ℎ (𝑗 = 1, . . . , 𝑁𝑐) capacitor bank; 𝑉𝐹𝑇𝑆,𝑘 is the set
point of the 𝑘𝑘𝑡ℎ (𝑘 = 1, . . . , 𝑁𝑓 ) Flexible AC Transmission
System (FACTS) and 𝑚 is the tap position of the HV/MV line
tap changing transformer. Note that the vector y takes values
in the solution space Ω:

y ∈ Ω⇔

⎧⎨
⎩

𝑡𝑎𝑝𝑚𝑖𝑛 ≤ 𝑚 ≤ 𝑡𝑎𝑝𝑚𝑎𝑥

𝑄𝑑𝑔,𝑚𝑖𝑛,𝑖 ≤ 𝑄𝑑𝑔,𝑖 ≤ 𝑄𝑑𝑔,𝑚𝑎𝑥,𝑖 𝑖 = 1, . . . , 𝑁𝑔

𝑄𝑐𝑎𝑝,𝑚𝑖𝑛,𝑗 ≤ 𝑄𝑐𝑎𝑝,𝑗 ≤ 𝑄𝑐𝑎𝑝,𝑚𝑎𝑥,𝑗 𝑗 = 1, . . . , 𝑁𝑐

𝑄𝐹𝑇𝑆,𝑚𝑖𝑛,𝑘 ≤ 𝑄𝐹𝑇𝑆,𝑘 ≤ 𝑄𝐹𝑇𝑆,𝑚𝑎𝑥,𝑘 𝑘 = 1, . . . , 𝑁𝑓

(2)
When solving the voltage regulation problem, several con-

straints must be satisfied. They include the technical constraints
for correct system operation in terms of allowed voltage ranges
for the network buses (i.e. 𝑉𝑚𝑖𝑛,𝑖 ≤ 𝑉𝑖 ≤ 𝑉𝑚𝑎𝑥,𝑖 𝑖 = 1 : 𝑛)
and maximum allowable currents for the 𝑛𝑙 power lines (i.e.
𝐼𝑙 ≤ 𝐼𝑚𝑎𝑥,𝑙 𝑙 = 1 : 𝑛𝑙).

The objectives to be minimized in identifying the optimal
voltage regulating devices asset takes into account both tech-
nical and economic aspects (i.e. power losses, reactive power
costs, voltage magnitude). Since the design objectives are in
competition, the voltage regulation problem has no unique
solution and a suitable trade-off between objectives has to be
identified.

III. THE PROPOSED APPROACH

To address the voltage regulation problem in a Smart Grid,
an innovative solution approach is proposed here.

The reactive power flows injected by the DGSs into the
electrical grid are regulated according to the following control
strategy: The proposed algorithm first acquires the global
variables characterizing the actual operation of the Smart Grid.
These variables are then processed in order to estimate the
current grid state. This could be classified on the basis of the
mean grid voltage magnitude according to the following set of
minimal states:

1) Grid Voltage Low: This state is characterized by high
load demand. As a result, high power line loading and,
consequently, high power losses and a very low value
of the mean grid voltage magnitude are expected on the
grid.

2) Grid Voltage High: This state is characterized by low
load demand. As a result, low power line loading and,
consequently, low power losses and a very high value
of the mean grid voltage magnitude are expected on the
grid.

3) Normal Operation: This state represents the nominal
operating point of the electrical grid. Both the power
losses and the value of the mean grid voltage magnitude
lie within allowable intervals.

Once the actual Smart Grid state has been assessed, the
algorithm identifies proper voltage control strategies for each
node. This is implemented according to the following control
rules:

∙ If the Smart Grid state is classified as Grid Voltage
Low (respectively Grid Voltage High), then the control
objective is to raise (respectively reduce) the mean grid
voltage magnitude 𝑉𝑚 by properly increasing (respec-
tively decreasing) the reactive power injected by the
DGSs into the grid. In order to obtain a uniform rise in
voltage magnitude, the 𝑖𝑡ℎ controller compares the local
bus voltage magnitude (𝑉𝑖) with the mean grid voltage
magnitude (𝑉𝑀 ) and:

1) If 𝑉𝑖 < 𝑉𝑀 , it increases (respectively decreases) the
injected reactive power 𝑄𝑑𝑔,𝑖 by a quantity directly
(respectively inversely) proportional to ∣𝑉𝑀 − 𝑉𝑖∣,
namely:

Δ𝑄𝑑𝑔,𝑖 = 𝛼𝑖(𝑉𝑖) ⋅ (𝑉𝑀 − 𝑉𝑖)

respectively

Δ𝑄𝑑𝑔,𝑖 =
𝛼𝑖(𝑉𝑖)

𝑉𝑖 − 𝑉𝑀

2) Otherwise, it increases (respectively decreases) the
injected reactive power 𝑄𝑑𝑔,𝑖 by a quantity inversely
(respectively directly) proportional to ∣𝑉𝑀 − 𝑉𝑖∣,
namely:

Δ𝑄𝑑𝑔,𝑖 =
𝛼𝑖(𝑉𝑖)

(𝑉𝑖 − 𝑉𝑀 )

respectively

Δ𝑄𝑑𝑔,𝑖 = 𝛼𝑖(𝑉𝑖) ⋅ (𝑉𝑀 − 𝑉𝑖)

∙ If the Smart Grid state is classified as Normal operation,
then the control objective is to improve the voltage profile
(namely to reduce the voltage magnitude deviation). To
address this issue, the 𝑖𝑡ℎ controller compares the local
bus voltage magnitude (𝑉𝑖) with the mean grid voltage
magnitude (𝑉𝑀 ) and:

1) If 𝑉𝑖 < 𝑉𝑀 , it increases the injected reactive power
𝑄𝑑𝑔,𝑖 by a quantity directly proportional to ∣𝑉𝑀 −
𝑉𝑖∣, namely:

Δ𝑄𝑑𝑔,𝑖 = 𝛼𝑖(𝑉𝑖) ⋅ (𝑉𝑀 − 𝑉𝑖)

2) Otherwise, it decreases the injected reactive power
𝑄𝑑𝑔,𝑖 by a quantity directly proportional to ∣𝑉𝑀 −
𝑉𝑖∣, namely:

Δ𝑄𝑑𝑔,𝑖 = 𝛼𝑖(𝑉𝑖) ⋅ (𝑉𝑀 − 𝑉𝑖)

where 𝛼𝑖(𝑉𝑖) is a monotonically increasing function
of the actual value of the voltage magnitude of the
𝑖𝑡ℎ bus.

These user-supplied human language rules could be effec-
tively implemented by a Fuzzy Inference System [16]. This
system converts these linguistic rules into their mathematical
equivalents, thereby simplifying the job of the system designer
and resulting in much more accurate representations of the
way systems behave in the real world. However, the solution
to voltage regulation problem should be characterized by also
other characteristics such as reliably and accuracy, but above

224



all it should be highly adaptive in order to effectively manage
the intrinsic time varying phenomena affecting the smart grid
operation. In the light of these needs, our proposal is to use
a TAFC in order to face the dynamic changes which highly
characterize power systems. The exploited fuzzy inference
engine is described in detail in the next section.

IV. TIMED AUTOMATA-BASED FUZZY CONTROLLERS

This section is devoted to describe the Timed Automata-
based Fuzzy Control. This novel fuzzy inference engine im-
proves classic inference methods in terms of dynamism and
ability to model variable structure systems that are character-
ized from a discontinuous nonlinear behaviour. As mentioned,
this kind of behaviour strongly characterizes power systems.
Consequently, a standard control system could not be sufficient
to manage a so complex framework and an alternative scenario
is necessary. This scenario is provided by Timed Automata
based Fuzzy Controllers.

Before formally defining TAFCs, it is necessary to introduce
timed fuzzy controllers, i.e, a novel fuzzy inference engine
that extends fuzzy control idea with three additional concepts:
control configuration, control era and control time. In detail, a
timed fuzzy controller uses the control time as a clock moving
the controlled systems through several time intervals, known
as control eras. Each control era is characterized by a specific
control configuration which is formed by: 1) the number and
typology of fuzzy variables and 2) the number and structure
of relationships among variables.

Definition 1 (Fuzzy Logic Controller): A fuzzy logic con-
troller 𝑐, with 𝑛 inputs and 𝑚 outputs, can be considered as
a function mapping a vector x ∈ ℝ𝑛 with an output vector
y ∈ ℝ𝑚:

𝑐 : ℝ𝑛 → ℝ𝑚

where y = 𝑐(x) is computed by applying fuzzy inference
operators.

Definition 2 (Timed Fuzzy Logic Controller): Let 𝐶 =
∪𝑛∈ℕ ∪𝑚∈ℕ {𝑐 : ℝ𝑛 → ℝ𝑚} be the collection of all possible
fuzzy controllers and let

𝐸 = {𝑒𝑖 = [𝑡′𝑖, 𝑡
′′
𝑖 [ ∣ 𝑖 = 1 . . . 𝑘, 𝑘 ∈ ℕ,

𝑡′𝑖, 𝑡
′′
𝑖 ∈ ℝ+ with 𝑡′1 = 0, 𝑡′′𝑖 = 𝑡′𝑖+1 and 𝑡′𝑖 < 𝑡′𝑖+1}

be the set of 𝑘 disjoint control eras. The 𝑖𝑡ℎ control era,
known as 𝑒𝑖, starts at 𝑡′𝑖 and ends at 𝑡′′𝑖 . Once defined 𝐶
and 𝐸, let 𝑓 : 𝐸 → 𝐶 be the function that maps each
control era to the corresponding control configuration and let
𝑔 : ℝ+ → 𝐸 a function which associates a time instant 𝑡𝑗 with
the corresponding control era. Then, a timed fuzzy control is
a function composition 𝜑 = 𝑓 ∘ 𝑔 : ℝ+ → 𝐶 that maps a
time instant 𝑡𝑗 ∈ ℝ+ belonging to the 𝑖𝑡ℎ control era to a
fuzzy controller 𝑓𝑖 ∈ 𝐶 representing the associated control
configuration.

Observation 1: If two instants 𝑡𝑗 and 𝑡𝑗+1, with 𝑡𝑗 < 𝑡𝑗+1,
belong to the same 𝑖𝑡ℎ control era, the function 𝜑 returns the
same function 𝑓𝑖:

𝜑(𝑡𝑗) = 𝑓(𝑔(𝑡𝑗)) = 𝑓𝑖 = 𝑓(𝑔(𝑡𝑗+1)) = 𝜑(𝑡𝑗+1)

if 𝑡
′
𝑖 ≤ 𝑡𝑗 < 𝑡𝑗+1 < 𝑡

′′
𝑖

Observation 2: Each fuzzy controller 𝑐 is a timed fuzzy
controller 𝜑𝑐 on 1 control era with following parameters:

𝐸 = {[0, 𝑡′′1 ], 𝑡′′1 > 0}
𝐶 = {𝑐}
𝑓([0, 𝑡′′1 ]) = 𝑐

𝑔(𝑡) = [0, 𝑡′′1 ] ∀𝑡 ∈ ℝ+

𝜑𝑐 = 𝑓(𝑔(𝑡)) = 𝑐 ∀𝑡 ∈ ℝ+

A TAFC is a particular implementation of the function
𝜑 based on a theory deriving from formal language: Timed
Automata [17].

A. Timed Automata

A timed automaton is a standard finite-state automaton
extended with a finite collection of real-valued clocks pro-
viding a straightforward way to represent time related events,
whereas automata-based approaches cannot offer this feature.
The clocks can be reset to 0 (independently of each other)
with the transitions of the automaton, and keep track of the
time elapsed since the last reset. The transitions of a timed
automaton are labeled with a guard (a condition on clocks),
an action or symbol on alphabet Σ, and a clock reset (a subset
of clocks to be reset). Intuitively, a timed automaton starts
execution with all clocks set to zero. Clocks increase uniformly
with time while the automaton is within a node. A transition
may be taken only if the current values of the clocks satisfy
the associated constraints. The set of behaviours expressed by
a system modeled by means of a timed automaton is defined
by a timed language, i.e., a collection of timed words. Both
timed concepts are defined in the follows.

Definition 3: A time sequence 𝜏 = 𝜏1𝜏2 . . . is an infinite
sequence of time values 𝜏𝑖 ∈ ℝ with 𝜏𝑖 > 0, satisfying the
following constraints:

1) Monotonicity: 𝜏 increases strictly monotonically; that is,
𝜏𝑖 < 𝜏𝑖+1 for all 𝑖 ≥ 𝑖+ 1.

2) Progress: For every 𝑡 ∈ ℝ, there is some 𝑖 ≥ 1 such that
𝜏𝑖 > 𝑡.

A timed word over an alphabet Σ is a pair (𝜎, 𝜏) where 𝜎 =
𝜎1𝜎2 . . . is an infinite word over Σ and 𝜏 is a time sequence.
A timed language over Σ is a set of timed words on Σ.

Definition 4: For a set 𝑋 of clock variables, the set Φ(𝑋)
of clock constraints 𝛿 is defined inductively by

𝛿 := 𝑥 ≤ 𝑐∣𝑐 ≤ 𝑥∣¬𝛿∣𝛿1 ∧ 𝛿2
where 𝑥 is a clock in 𝑋 and 𝑐 is a constant in ℚ, the set of
nonnegative rationals.
A clock interpretation 𝜈 for a set 𝑋 of clocks assigns a real
value to each clock; that is, it is a mapping from 𝑋 to ℝ.
We say that a clock interpretation 𝜈 for 𝑋 satisfies a clock
constraint 𝛿 over 𝑋 iff 𝛿 evaluates to true using the values
given by 𝜈. For 𝑡 ∈ ℝ, 𝜈 + 𝑡 denotes the clock interpretation
which maps every clock 𝑥 to the value 𝜈(𝑥)+ 𝑡, and the clock
interpretation 𝑡 ⋅ 𝜈 assigns to each clock 𝑥 the value 𝑡 ⋅ 𝜈(𝑥).
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For 𝑌 ⊆ 𝑋, [𝑌 �→ 𝑡]𝜈 denotes the clock interpretation for 𝑋
which assigns 𝑡 to each 𝑥 ∈ 𝑌 , and agrees with 𝜈 over the
rest of the clocks.

Now, a precise definition of timed transition table, which
determines the timed automaton behaviour, is given:

Definition 5: A timed transition table 𝒜 is a tuple
⟨Σ, 𝑆, 𝑆0, 𝐶,𝐸⟩, where

∙ Σ is a finite alphabet,
∙ 𝑆 is a finite set of states,
∙ 𝑆0 ⊆ 𝑆 is a set of start states,
∙ 𝐶 is finite set of clocks, and
∙ 𝐸 ⊆ 𝑆×𝑆×Σ× 2𝐶 ×Φ(𝐶) gives the set of transitions.

An edge ⟨𝑠, 𝑠′, 𝑎, 𝜆, 𝛿⟩ represents a transition from state
𝑠 to state 𝑠′ on input symbol 𝑎. The set 𝜆 ⊆ 𝐶 gives the
clocks to be reset with this transition, and 𝛿 is a clock
constraint over C.

If (𝜎, 𝜏) is a timed word viewed as an input to an automaton,
it presents the symbol 𝜎𝑖 at time 𝜏𝑖. If each symbol 𝜎𝑖 is inter-
preted to denote an event occurrence then the corresponding
component 𝜏𝑖 is interpreted as the time of occurrence of 𝜎𝑖.
Given a timed word (𝜎, 𝜏), the timed transition table 𝒜 starts
in one of its start states at time 0 with all clocks initialized to
0. As time advances, the values of all clocks change, reflecting
the elapsed time. At time 𝜏𝑖, 𝒜 state from 𝑠 to 𝑠′ using some
transition of the form ⟨𝑠, 𝑠′, 𝜎𝑖, 𝜆, 𝛿⟩ reading the input 𝜎𝑖, if
the current values of clocks satisfy 𝛿. With this transition the
clocks in 𝜆 are reset to 0, and thus start continuing time with
respect to the time of occurrence of this transition. Formally,
this timed behaviour is captured by introducing runs of timed
transition tables.

Definition 6: A run 𝑟, denoted by (𝑠, 𝜈), of a timed tran-
sition table ⟨Σ, 𝑆, 𝑆0, 𝐶,𝐸⟩ over a timed word (𝜎, 𝜏) is an
infinite sequence of the form

𝑟 : ⟨𝑠0, 𝜈0⟩ 𝜎1−→
𝜏1
⟨𝑠1, 𝜈1⟩ 𝜎2−→

𝜏2
⟨𝑠2, 𝜈2⟩ 𝜎3−→

𝜏3
. . .

with 𝑠𝑖 ∈ 𝑆 and 𝜈𝑖 ∈ [𝐶 → ℝ], for all 𝑖 ≥ 0, satisfying the
following requirements:

∙ Initiation: 𝑠0 ∈ 𝑆0 and 𝜈0(𝑥) = 0 for all 𝑥 ∈ 𝐶.
∙ Consecution: for all 𝑖 ≥ 1, there is an edge in 𝐸 of

the form ⟨𝑠𝑖−1, 𝑠𝑖, 𝜎𝑖, 𝜆𝑖, 𝛿𝑖⟩ such that (𝜈𝑖−1 + 𝜏𝑖− 𝜏𝑖−1)
satisfies 𝛿𝑖 and 𝜈𝑖 equals [𝜆𝑖 �→ 0](𝜈𝑖−1 + 𝜏𝑖 − 𝜏𝑖−1).

The timed transition table together with the run concept are
the main notions used in our approach to embed dynamism in
the standard FLC definition.

B. Merging Timed Automata and Fuzzy Controllers

In an attempt to provide an instrument to model the function
𝜑 and consequently to obtain an implementation of a timed
fuzzy controller, Timed Automata based Fuzzy Controllers
(TAFCs) are proposed. TAFCs represent an integration be-
tween two theories: fuzzy control and timed automata.

A TAFC implements a timed fuzzy controller through a
timed automaton whose behaviours define all the potential se-
quences of control eras (and the related control configurations)

which the system may cross during its life-cycle. More in
detail, TAFCs are able to manage the control configurations by
associating each of them with a state in the timed automaton.
Timed Automata support control eras progression by using the
run concept (definition 6) where the 𝑖𝑡ℎ transition moves the
system from the 𝑖𝑡ℎ control era to the (𝑖+ 1)𝑡ℎ one.

However, in order to change system’s configuration among
different automaton states, it is necessary to extend timed
automata definition by exploiting a collection of so-called
transformation operators:

𝐶𝑜𝑝 = {⊕,⊖,⊞𝑘,⊟𝑘,⊡𝑘,∼,⋉,⋊, ⊳⊲,⊛,⊘,⊚,⋇,∝}
where ⊕ and ⊖, respectively, adds and deletes a fuzzy variable
from the current configuration; ⊞𝑘, ⊟𝑘 and ⊡𝑘, respectively,
adds, removes and modifies 𝑘 fuzzy rules related to the current
configuration; ∼ changes the fuzzy implication method of the
rule base related to the current configuration; ⊛, ⊘ and ⊚,
respectively, adds, deletes and modifies a term to a fuzzy
variable in the current configuration; ∝ modifies the defuzzify
method of configuration; ⊳⊲ modifies the fuzzy aggregation
method; ⋇ changes default value of an output variable in the
current configuration; ⋉ and ⋊ change, respectively, the lower
bound and upper bound of the universe of discourse of a fuzzy
variable in the current configuration.

Once that the automaton computation starts over a given
timed word, the state transitions will opportunely modify the
current control configuration in the successive one. In this
vision, a timed word determines how and when to execute the
switching among successive control eras. So, a timed word
coincides with the control time concept.

The collection 𝐶𝑜𝑝 will be used to extend timed automata
and formally define TAFC as a couple of two components:
an extended timed automaton that describes the dynamic
evolution of a system and a fuzzy logic controller modeling the
control behaviour of system during first phase of its existence.

C. Defining an extended timed automaton

Once defined the set of transformation operators 𝐶𝑜𝑝 it is
necessary to redefine the Timed Automaton concept in order to
introduce a novel kind of transition edges capable of changing
the control configuration of the modeled system. In particular,
the standard transitions set of timed automata 𝐸 is replaced
with the following:

𝐸𝐶 ⊆ 𝑆 × 𝑆 × Σ× 2𝐶 × Φ(𝐶)× 𝐶∗𝑜𝑝

where 𝐶∗𝑜𝑝 represents the set of all possible sequences of
transformation operators, i.e., 𝐶∗𝑜𝑝 = ∪𝑛≥1𝐶

𝑛
𝑜𝑝 where 𝐶𝑛

𝑜𝑝 is
the set of all possible sequences of 𝑛 operators with 𝑛 ≥ 1.
Now, it is possible to provide an extended definition of a timed
automaton:

Definition 7: A timed control transition table 𝒜𝒞 is a tuple
⟨Σ ∪ {𝜖}, 𝑆, 𝑆0, 𝐶,𝐸𝐶⟩, where
∙ Σ is a finite alphabet;
∙ 𝜖 represents the empty event, that is, when it is on a

transition, the crossing of this transition depends only by
temporal constraints;
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∙ 𝑆 is a finite set of states;
∙ 𝑆0 ⊆ 𝑆 is a set of start states;
∙ 𝐶 is finite set of clocks;
∙ 𝐸𝐶 ⊆ 𝑆 × 𝑆 × Σ × 2𝐶 × Φ(𝐶) × 𝐶∗𝑜𝑝 gives the

set of transitions. An edge ⟨𝑠, 𝑠′, 𝑎, 𝜆, 𝛿, 𝑜𝑛⟩ represents
a transition from state 𝑠 to state 𝑠′ on input symbol 𝑎
which can be also the empty event. The set 𝜆 ⊆ 𝐶
gives the clocks to be reset with this transition, 𝛿 is a
clock constraint over C and 𝑜𝑛 ∈ 𝐶∗𝑜𝑝 is a sequence of
𝑛 transformation operators, with 𝑛 ≥ 1, defined in order
to change the current control configuration of modeled
system.

In each sequence of transformation operators an operator
can be repeated in order to execute the same task on different
arguments. Besides, it is important to stablish that the operators
are executed in the same order of their definition in the
sequence (definition 9).

Definition 8: Let 𝐹 be a fuzzy controller and let 𝑜 ∈ 𝐶𝑜𝑝

be a transformation operator then 𝐺 = 𝑜(𝐹 ) is the fuzzy
controller obtained to apply the operator 𝑜 on fuzzy controller
𝐹 .

Definition 9: Let 𝐹 be a fuzzy con-
troller and let 𝑜𝑛 ∈ 𝐶∗𝑜𝑝 be a sequence
𝑜𝑛 = (𝑜1, 𝑜2, ..., 𝑜𝑛) where 𝑜𝑖 ∈ 𝐶𝑜𝑝 ∀𝑖 ∈ {1, 2, ..., 𝑛}
then 𝐺 = 𝑜𝑛(𝐹 ) = (𝑜𝑛(𝑜𝑛−1(...(𝑜2(𝑜1(𝐹 )))))) is the fuzzy
controller obtained to apply the operators 𝑜1, 𝑜2, ..., 𝑜𝑛−1, 𝑜𝑛
on fuzzy controller 𝐹 in the same order of listing in the
sequence 𝑜𝑛.

D. TAFC formal definition

At this point, it is possible to give a formal definition of a
TAFC and the properties characterizing its dynamic behaviour.

Definition 10: A TAFC 𝑇 is an ordered pair composed
by an initial control configuration, represented by a fuzzy
controller named 𝐹 0, together with a timed control transition
table 𝑇𝐶 . Formally:

𝑇 = (𝐹 0, 𝑇𝐶).

The TAFC properties which define the dynamic behaviour
of a system are: control evolution and control run.

The control evolution is a mapping among the states
𝑆 contained in 𝑇𝐶 and the collection of possible control
configurations obtained starting from 𝐹 0. More in detail,
the control evolution is a mathematical succession, gener-
ated in an inductive way, which maps each state in 𝑆
with a one or more control configurations obtained by se-
quentially applying over 𝐹 0 the transformation operators in
𝑆 × 𝑆 × Σ ∪ {𝜖} × 2𝐶 × Φ(𝐶)× 𝐶∗𝑜𝑝. Then:

Definition 11 (Control evolution): Let 𝑇 = (𝐹 0, 𝑇𝐶) be
a TAFC defined over a timed control transition table
⟨Σ ∪ {𝜖}, 𝑆, 𝑆0, 𝐶,𝐸𝐶⟩ with 𝑆 = {𝑠0, 𝑠1, ..., 𝑠∣𝑆∣−1} the fi-
nite set of automaton states; let 𝐹 ∗ be the collection of
all possible fuzzy controllers; let Ω = {𝑛1, 𝑛2, ..., 𝑛∣Ω∣}
be a subset of ordered sequences in 𝐶∗𝑜𝑝, that is,
𝑛𝑖 = (𝑜1, 𝑜2, ..., 𝑜∣𝑛𝑖∣) ∀𝑖 ∈ {1, 2, ..., ∣Ω∣}, employed to define

the edges in 𝐸𝐶 . Then, the control evolution Ψ over a state
𝑠0 ∈ 𝑆0 is:

Ψ : ℕ→ 𝑆 × 𝐹 ∗

defined inductively, as follows:
The base case (𝑖 = 0). Let 𝑠0 ∈ 𝑆0 be an initial state of
⟨Σ ∪ {𝜖}, 𝑆, 𝑆0, 𝐶,𝐸𝐶⟩, then:

Ψ(0) = (𝑠0, 𝐹 0)

The inductive step (𝑖 > 0). Let Ψ(𝑖−1), with 𝑖 > 1, be defined
as:

Ψ(𝑖− 1) = (𝑠𝑖−1, 𝐹 𝑖−1)

where 𝑠𝑖−1 ∈ 𝑆 and 𝐹 𝑖−1 ∈ 𝐹 ∗, then:

Ψ(𝑖) = (𝑠𝑖, 𝐹 𝑖)

with 𝑠𝑖 ∈ 𝑆, 𝐹 𝑖 = 𝑛𝑖(𝐹
𝑖−1), 𝑛𝑖 ∈ Ω and

⟨𝑠𝑖−1, 𝑠𝑖, 𝑎, 𝜆, 𝛿, 𝑛𝑖⟩ ∈ 𝐸𝐶 .
More intuitively, the expression (3) shows the sequence of

pairs composing a control evolution over 𝑠0 ∈ 𝑆0 together
with the fuzzy transformations obtained by exploiting the 𝑛𝑖

sequences of operators.

Ψ(0) : 𝑠0 ∈ 𝑆0 → 𝐹 0

↓ 𝑛0

Ψ(1) : 𝑠1 ∈ 𝑆 → 𝐹 1

↓ 𝑛1

Ψ(2) : 𝑠2 ∈ 𝑆 → 𝐹 2

↓ 𝑛2

...
...
↓ 𝑛𝑗−1

Ψ(𝑗) : 𝑠𝑗 ∈ 𝑆 → 𝐹 𝑗

↓ 𝑛𝑗

...
...

(3)

The image of function Ψ, 𝐼Ψ, can be finite or infinite. This
depends upon the topology of graph modeling the component
𝑇𝐶 of the TAFC. Indeed, if the topology of 𝑇𝐶 contains
cycles then various FLCs can be associated with a same state
𝑠ℎ ∈ 𝑆. In order to explain it, let ⟨𝑠𝑘, 𝑠𝑖−1, 𝑎, 𝜆, 𝛿, 𝑛𝑘⟩ ∈ 𝐸𝐶

be an edge entering in the state 𝑠𝑖−1 already crossed, that is,
an edge forming a cycle. If it is crossed the current fuzzy
controller stored in the state 𝑠𝑖−1 is replaced by a new one
obtained executing the sequence of operators 𝑛𝑘 on fuzzy
controller stored in the state 𝑠𝑘. Then, crossing again the edge
⟨𝑠𝑖−1, 𝑠𝑖, 𝑎, 𝜆, 𝛿, 𝑛𝑖⟩ ∈ 𝐸𝐶 also the controller fuzzy stored in
𝑠𝑖 is replaced. Indeed, even if the sequence of operators 𝑛𝑖

is unchanged from the previous crossing of the edge, a new
controller fuzzy is stored in 𝑠𝑖 because 𝑛𝑖 is executed on the
different fuzzy controller which has been stored in 𝑠𝑖−1 in the
previous step. So, states 𝑠𝑖−1 and 𝑠𝑖 are both associated with a
new fuzzy controller because of the cycle formed by the edge
⟨𝑠𝑘, 𝑠𝑖−1, 𝑎, 𝜆, 𝛿, 𝑛𝑘⟩.

Obviously, the control evolution only represents a mapping
between the states of timed automaton 𝑇𝐶 and the collection
of control configurations computable starting from 𝐹 0 by
applying different sequences of operators in Ω; no dynamic
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aspects are considered in the control evolution definition and,
therefore, it is necessary to introduce the idea of control run
extending the initial idea of the run of standard timed transition
table (definition 6).

Definition 12: Let Ψ be a control evolution, then a
control run 𝑟𝑐, denoted by (𝑠, 𝜈), of a timed transi-
tion table ⟨Σ ∪ {𝜖}, 𝑆, 𝑆0, 𝐶,𝐸𝐶⟩ over a timed word (𝜎, 𝜏)
and a collection of sequences of transformation operators
Ω = {𝑛1, 𝑛2, ..., 𝑛∣Ω∣} ⊆ 𝐶∗𝑜𝑝, is an infinite sequence of the
form

𝑟𝑐 : ⟨𝑠0, 𝜈0⟩ 𝜎1,𝑛1−−−→
𝜏1

⟨𝑠1, 𝜈1⟩ 𝜎2,𝑛2−−−→
𝜏2

⟨𝑠2, 𝜈2⟩ 𝜎3,𝑛3−−−→
𝜏3

. . .

with 𝑠𝑖 ∈ 𝑆 and 𝜈𝑖 ∈ [𝐶 → ℝ], for all 𝑖 ≥ 0, and 𝑛𝑖 ∈ 𝐶∗𝑜𝑝,
for all 𝑖 ≥ 1, satisfying the following requirements:
∙ Initiation: 𝑠0 ∈ 𝑆0 and 𝜈0(𝑥) = 0 for all 𝑥 ∈ 𝐶;
∙ Consecution: for all 𝑖 ≥ 1, there is an edge in 𝐸𝐶 of the

form ⟨𝑠𝑖−1, 𝑠𝑖, 𝜎𝑖, 𝜆𝑖, 𝛿𝑖, 𝑛𝑖⟩ such that (𝜈𝑖−1 + 𝜏𝑖 − 𝜏𝑖−1)
satisfies 𝛿𝑖 and 𝜈𝑖 equals [𝜆𝑖 �→ 0](𝜈𝑖−1 + 𝜏𝑖 − 𝜏𝑖−1);

∙ Atomicity: The operators of sequence 𝑛𝑖 ∈ 𝐶∗𝑜𝑝 are atomic
operations and their computation time is equals to 0, i.e,
they do not modify the duration of permanence in the
automaton state 𝑠𝑖, (𝜏𝑖 − 𝜏𝑖−1);

∙ Evolution: each state 𝑠𝑖 of a pair ⟨𝑠𝑖, 𝜈𝑖⟩ in 𝑟𝑐 is mapped
on a FLC 𝐹 𝑖 as described by the control evolution Ψ.

If 𝑇 = (𝐹 0, 𝑇𝐶) is a TAFC which models a given system
then the set of control run 𝑟𝑐 defined over the timed language
𝐿, generated by 𝑇𝐶 , completely describes the collection dy-
namic behaviours of the system, whereas, the control run 𝑟𝑐
defined over a single word 𝑤𝑖 ∈ 𝐿 defines a precise dynamic
behaviour of the system, so 𝑤𝑖 defines the control time.

Definition 13 (Control Time): If 𝑇 = (𝐹 0, 𝑇𝐶) is a TAFC
and 𝑇𝐶 is a timed automaton recognizing the timed language
𝐿 = 𝑤1, 𝑤2, 𝑤3, ..., 𝑤𝑖, ... and 𝑤𝑖 is a timed word and 𝑟𝑐 is a
control run defined over 𝑤𝑖 then 𝑤𝑖 is a Control Time of the
system.

Finally, it is possible to give a formal description of control
era and control configuration concepts.

Definition 14 (Control era and control configuration):
If 𝑟𝑐 is a control run defined over the Control Time
𝑤𝑖 = (𝜎, 𝜏) ∈ 𝐿:

𝑟𝑐 : ⟨𝑠0, 𝜈0⟩ 𝜎1,𝑛1−−−→
𝜏1

⟨𝑠1, 𝜈1⟩ 𝜎2,𝑛2−−−→
𝜏2

⟨𝑠2, 𝜈2⟩ 𝜎3,𝑛3−−−→
𝜏3

. . .

then time interval between the instant 𝜏𝑖 and 𝜏𝑖+1 is the 𝑖𝑡ℎ

control era of system and the FLC 𝐹 𝑖 which depicts the
system during the same interval is defined as the 𝑖𝑡ℎ control
configuration.

Therefore, it is important to notice how a TAFC is an
implementation of timed fuzzy controller thanks to the concept
of the control evolution and control run which perform the task
accomplished by previously defined function 𝜑.

Both the control evolution and the control run are poten-
tially based on the infinite concept. In fact, the control evolu-
tion can exploit an infinite application of control operators in
Ω to compute the mappings between the state 𝑠𝑖 and the FLC

𝐹 𝑖, whereas, the control run uses a timed word, defined as
an infinite sequence of ordered pairs, to describe the dynamic
behaviour of the system. Consequently, in order to simulate
the behaviour of a TAFC during the first 𝑛 control eras, the
𝑛𝑡ℎ-order control evolution and control run are introduced.

Definition 15 (𝑛𝑡ℎ-order Control Evolution): If Ψ is a con-
trol evolution then the set

Ψ𝑛 = {Ψ(𝑖) = (𝑠𝑖, 𝐹 𝑖)∣𝑖 = 1, 2, ..., 𝑛}
which contains the first 𝑛 ordered pairs computed by Ψ through
definition 11 is the 𝑛𝑡ℎ-order control evolution.

Definition 16 (𝑛𝑡ℎ-order Control Run): Let

𝑟𝑐 : ⟨𝑠0, 𝜈0⟩ 𝜎1,𝑛1−−−→
𝜏1

⟨𝑠1, 𝜈1⟩ 𝜎2,𝑛2−−−→
𝜏2

⟨𝑠2, 𝜈2⟩ 𝜎3,𝑛3−−−→
𝜏3

. . .

be a control run defined over a control evolution Ψ, then
𝑛𝑡ℎ-order control run 𝑟𝑛𝑐 is the sequence of the first 𝑛 elements
of 𝑟𝑐:

𝑟𝑛𝑐 : ⟨𝑠0, 𝜈0⟩ 𝜎1,𝑛1−−−→
𝜏1

⟨𝑠1, 𝜈1⟩ 𝜎2,𝑛2−−−→
𝜏2

. . .
𝜎𝑛−1,𝑛𝑛−1−−−−−−−→

𝜏𝑛−1

⟨𝑠𝑛, 𝜈𝑛⟩

where the mapping between the automaton states 𝑠𝑖 and the
FLC 𝐹 𝑖 is computed by the 𝑛𝑡ℎ-order control evolution related
to Ψ.

V. EXPERIMENTAL RESULTS

This section discusses the application of the proposed
methodology to the task of voltage regulation for the IEEE
30-bus test system depicted in fig. 1.

Fig. 1. The IEEE 30-bus test system

Six dispatchable DGSs have been considered in our experi-
ments. The regulating devices asset is, therefore, identified by
6 variables:

y = [𝑄𝑑𝑔,1, 𝑄𝑑𝑔,2, 𝑄𝑑𝑔,3, 𝑄𝑑𝑔,4, 𝑄𝑑𝑔,5, 𝑄𝑑𝑔,6] (4)

In our experiment, each variable is regulated by an identical
voltage TAFC. As far as the regulation performances are
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concerned, detailed simulation analyses that consider highly
variable load patterns have been developed.

In particular, the TAFC 𝑇 = (𝐶, 𝑇𝐴) is exploited for
regulating the reactive power flows injected by the DGSs
where 𝐶 is a fuzzy logic controller representing the initial
configuration of 𝑇 and modeling the control behaviour of
each variable during first phase of its existence, whereas, 𝑇𝐴

is the extended timed automaton that describes the dynamic
evolution. In particular, in the Fig. 2, the timed automata 𝑇𝐴

used to regulate the reactive power flows injected by the DGSs
during a simulation run over a time equal to 150 minutes is
shown.

Fig. 2. The timed automata 𝑇𝐴

In details, the timed automaton 𝑇𝐴 is composed by seven
states 𝑆1, 𝑆2, . . . , 𝑆7. Each state stores a control configuration
able to regulate the reactive power flows during the corre-
sponding control era. For sake of simplicity, in the Fig. 2, the
description of the transformation operators is replaced by a
function 𝜙𝑖,𝑗 capable of calculating the set of operators needed
to transform the control configuration related to the state 𝑆𝑖

in the control configuration related to the state 𝑆𝑗 . The events
described through the letters 𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓 on the automaton
transitions correspond to the following conditions related to
the voltage magnitude 𝑀 :

∙ 𝑎⇔𝑀 < 0.99
∙ 𝑏⇔𝑀 > 1.01
∙ 𝑐⇔𝑀 > 0.99
∙ 𝑑⇔𝑀 < 1.01
∙ 𝑒⇔𝑀 < 0.97
∙ 𝑓 ⇔𝑀 > 1.03

In order to show the better performances provided by our
strategy, the proposed TAFC 𝑇 has been compared with a
standard fuzzy controller 𝐹 .

The evaluation of the provided performances has been based
on technical and economic aspects, and in particular on the
power losses (see fig. 3), reactive power costs (see fig. 4), and
voltage magnitude (see fig. 5).

Fig. 3. The power losses values for the TAFC 𝑇 and the conventional fuzzy
controller 𝐹

Fig. 4. The reactive power costs values for the TAFC 𝑇 and the conventional
fuzzy controller 𝐹

Fig. 5. The voltage magnitude values for the TAFC 𝑇 and the conventional
fuzzy controller 𝐹

In order to effectively measure the superiority of the our
strategy, the Mean Absolute Errors (MAEs) regarding to the
considered performance aspects have been computed for the
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compared controllers, 𝑇 and 𝐹 . More in detail, the MAE for
each aspect has been calculate as:

𝑀𝐴𝐸 =
1

𝑁
⋅

𝑁∑
𝑖=1

∣𝐺(𝑖)− 𝑇 (𝑖)∣ (5)

where 𝑁 is the number of iterations of the simulation (equal
to the number of minutes of simulation) and 𝐺(𝑖) and 𝑇 (𝑖) are
the guessed and the desired value for the performance aspect
(power losses, reactive power costs and magnitude voltage) in
the 𝑖-th iteration, respectively. In particular, the value 0 has
been considered as the desired value for the power losses and
reactive power costs, whereas, 1 has been considered as the
desired value for the magnitude voltage.

The table I shows the computed MAEs concerning the
performance aspects for our proposal and the compared con-
ventional fuzzy controller. As highlighted by the perceptual
improvement shown in the last column of the table I, the
exploited TAFC 𝑇 provides better performances than a con-
ventional fuzzy controller.

TABLE I
MAES OF OUR CONTROLLER 𝑇 AND THE STANDARD 𝐹 FOR ALL

PERFORMANCE ASPECTS. IN THE LAST COLUMN ARE REPORTED THE

RELATIVE IMPROVEMENTS.

Performance Aspect MAE of 𝑇𝐴 MAE of 𝐹 Rel. impr.

Power losses 0,1142 0,1146 0,35%

Reactive power costs 3,7245E-4 4,0137E-4 7,2%

Magnitude Voltage 0,0119 0,0216 44,9%

VI. CONCLUSIONS

Modern trends in Smart Grids are oriented toward the em-
ployment of advanced regulation architectures that move away
from the older centralized paradigm to a system distributed
in the field with an increasing pervasion of smart sensors
where central controllers play a smaller role. In supporting
this complex task, this paper proposes the concept of a decen-
tralized non-hierarchal voltage regulation architecture based
on intelligent and cooperative smart entities. The distributed
voltage controllers employ traditional sensors to acquire local
bus variables and mutually coupled oscillators to assess the
main variables that characterize the operation of the global
Smart Grid. These variables are then amalgamated by a TAFC
in order to identify proper control actions aimed at improving
the grid voltage profile and reducing power losses. As far as the
regulation performances are concerned, the simulation studies
developed confirm the effectiveness of the proposed strategy
in solving the voltage regulation problem also in the presence
of highly variable load patterns.
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