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Abstract— In this paper, we propose a novel second order
paradigm called optimal input normalization (OIN) to solve the
problems of slow convergence and high complexity of MLP. By
optimizing the non-orthogonal transformation matrix of input
units in an equivalent network, OIN absorbs separate optimal
learning factor for each synaptic weight as well as the threshold
of hidden unit, leading to an improvement in the performance
for MLP training. Moreover, by using a whitening
transformation of negative Jacobian matrix of hidden weights, a
modified version of OIN called optimal input normalization with
hidden weights optimization (OIN-HWO) is also proposed. The
Hessian matrices in both OIN and OIN-HWO are computed by
using Gauss- Newton method. All the linear equations are solved
via orthogonal least square (OLS). Regression simulations are
performed on several real-life datasets and the results show that
the proposed OIN has not only much better convergence rate
and generalization ability than output weights optimization-back
propagation (OWO-BP), optimal input gains (OIG) and even
Levenberg-Marquardt  (LM) method, but also takes less
computational time than OWO-BP. Although OIN-HWO takes
a little expensive computational burden than OIN, its
convergence rate is faster than OIN and often close to or rivals
LM. It is therefore suggested that OIN-based algorithms are
potentially very good choices for practical applications.

Keywords- multilayer perceptron (MLP), orthogonal least
square (OLS), Gauss-Newton, output weights optimization back
propagation (OWO-BP), optimal learning factor (OLF), hidden
weights optimization (HWO), Schmidt procedure

L INTRODUCTION

The multilayer perceptron (MLP) has several favorable
properties, such as universal approximation[ 1] and the ability
to mimic Bayes discriminant [2] which make it a popular
tool for many regression and classification applications
including finance and weather predication [3,4], automatic
controller [5], image and documents retrieval [6,7] and data
mining [8].

A. Notation and Primary of MLP

Given a dataset with N, training patterns {(x,, t,)}, where
p=1 to N, denotes the index of pattern, the typical topology
of a fully-connected feed-forward MLP which consists of

This paper is sponsored by National Natural Science Foundation of China
(No. 60970047) and Innovation foundation of Shandong University (No.
2010TS001).

978-1-4244-7316-8/11/$26.00 ©2011 |IEEE

2771

three layers, namely, input layer, hidden layer and output
layer is shown in Figure 1. The numbers of units in input
layer, hidden layer and output layer are denoted as N, N, and
M, respectively. All these three layers are connected to each
other by synaptic weights.
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Figure 1. The architecture of a fully connected feedforward MLP

In Figure 1, x,=[x,(1), x,(2),... x,(N+1)]" denotes the
input unit vector of p" pattern which consists of N+1 input
units, where x,(N+1) is an augmented input unit for
conveniently handling the threshold of each hidden unit by
setting x,(N+1)=1 and t,=[1,(1), 2,(2),... tp(M)]T denotes the
corresponding desired output vector of p™ pattern which
consists of M desired output units.

If i=1 to (N*+1), m=1 to M and k =1 to N,., then
W={wy(i,k)} denotes all the hidden weights linking from
input units to hidden units with N by N, dimension.
W,o={wp(k,m)} represents all the output weights linking
from hidden units to output units with N, by M dimension.
For full-connected feed-forward MLP, there are another kind
of weights directly link from input units to output units
which called bypass weights W;,. All the bypass
weights. {w;,(i,m)},are denoted as W, with N by M
dimension.Then, the net function of hidden units is denoted
as n,=[n,(1),n,(2), ---,n,,(N;,)]T . For k™ hidden unit, ny(k) ,is
denoted as



N+1

m0= Y wis(ik)x, ) = W), m
i1

Thus, if the corresponding output vector of hidden units
which called activation function 1is denoted as
0,=[0,(1),0,(2), --,0,(N;)]", then the output value of Kt
hidden unit, O, (k) is given by

0, (k) = f (ny (K)) )

where, f() denotes the nonlinear hidden

activation function, which generally is taken as sigmoid
function

layer

f (np()) = 3)

1+ e

Finally, the output vector

of MLP y,=[y,(1),
y,,(2),---yp(M)]T is summarized as,

Yp = (Wio)Txp + (Who)TOp (@)

For batch mode training of MLP, the typical error
function E is mean squared error (MSE) which is defined as

1 Ny M
E=5 ) D Lot =y,

p=1m=1

o)

where t,,(m) denotes the desired value and actual value
of m™ output unit, respectively. If W denotes all the synaptic
weight matrix, then the output vector, y, is the function of W
then the general main purpose of training MLP is to optimize
the weight matrix, W, by minimizing the MSE function , E ,
based on some optimal training rules. In such case, E can
also be represented as E(W).

B. Gradient Descent Algorithm

One of the earliest training algorithms for optimizing
weights is gradient descent back propagation algorithm [10].
In such case, the hidden weight matrix, W, is updated as

Wiy, « Wy, + 2 Gy (6)

where Gy={gn(n, k)} is a (N+1) by N, negative Jacobian
matrix of hidden weights which is given by

Ny
1

Gip = N_Z Xp (SP)T
vemt

where 8, = [6,(1),8,(2) .., 6,(N)] ", 8,(k) is the

delta function corresponding to for A" hidden unit and is
formulated as

(7

5,00 = £ (mp1)) - > 8,(m) - wio(esm) — (®)
m=1
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where [8,(1),8,(2), -+,6,(M)]" is denoted as 8, which
represent the delta function for output units and is normally
given by

8, = Z(tp - Yp) )]

Let W,=[W;,: W},,] denote the combined output weight
matrix with (N+1+M,;) by M dimension, then the equation
for updating W, is given by

W, « W, + z,G, (10)

where z; is the learning factor and G, is the gradient
matrix of error function with respect to W,,,

If X, = [x,:0,] with (N+N,+1) by | dimension, then
G, is formulated as

Ny
1 T
Gazﬁz Xp(ﬁa)
VoS

From (6) and (10), we can easily find that the learning
factors, z and z; have the directly effects on the convergence
rate of MLP.

(11)

To choose appropriate z and z;, many researchers have
suggested that learning factor should be optimized separately
for different synaptic weights [11]~[14]. However, for many
MLP training algorithms, the definitions of learning factor z
and z; were either assigned to be the fixed values or tuned
empirically. Although these methods can show fast
convergence rates for some specific applications, they are
suffered from lots of efforts to find out the proper learning
factors. Also, these methods have some error oscillations
during training.

C. Output Weights Optimization Back Propagation (OWO-
BP)

The OWO-BP algorithm is a fully optimal learning
method which convergences fast without any error
oscillation [15]. The OWO-BP algorithm includes two stages:
the output weights optimization (OWO) and back
propagation (BP).

In OWO stage, since the output units have linear
activation functions, the OWO procedure is equal to solve a
set of linear equations. In this case, the output weight vector
W, is given as follows

W, =R,C; (12)

Here, R, is the autocorrelation matrix of X, with
(N+N,+1) by (N+N,+1) dimension and C,is the correlation
matrix of between output vector y, and X,, with dimension of
M by (N+N,+1). The calculations of R, and C, are given
respectively as



1

—ZgﬁlprT
— ZNU X XT

C, =
(13)

In this case, (12) can be directly solved by using
orthogonal least square (OLS) which is achieved by Schmidt
procedure[15].

In BP phase, the learning factor z is optimized which
introduces the concept of optimal learning factor (OLF) z
and the optimization of z for all the hidden weight is given
by Newton’s method as

JE
0z
9°E
022

2= - (14)

2

0 E
where P and 3,2 e the first order and the second
VA

order derivative of error function, with respect to the learning
factor, z, which are computed , respectively as,

Ny M .
5 =7 2 2 (50 =3 0) -2

plLI

(15)
0°E Z Z [dy(l)
L 922 N,
p=1i=1
where 240 is derived by following equation
N+1
dy(l)

Z Won (G, Of (n(00)) Z g(k,m) %, (m)  (16)

As the tra1n1ng of output welghts is equivalent to solving
linear equations and the learning factor z is optimized by
using second order Newton’s method, OWO-BP performs
much better than gradient descent based BP with much less
computations than LM. However, as OWO-BP only
computes single OLF for all hidden weights, it cannot
guarantee it is the global optimal factor for the entire error
surface. Hence, OWO-BP doesn’t exhibit faster convergence
rate than LM.

D. The Plain Levenberg-Marquardt Algorithm

The plain Levenberg-Marquardt (LM) algorithm
[17]~[20] is a sub-optimal learning factor method which
updates all synaptic weights by following formulation

WeW-—(H+21-DVf(W) (17)

where H is Hessian matrix of error function with respect
to W with (N+N,+1) by (N+N,+1) dimension, A is a
controlling factor for tuning the direction of method towards
first order or second order method, Vf(W)is gradient matrix
of a quadratic function of W and 1 is identity matrix. As LM
algorithm optimizes all the synaptic weights by using the
second order Newton’s method, this algorithm converges
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significantly better than many other MLP training algorithms.
However, due to the huge computations for calculate Hessian
matrix H and its inversion matrix, which costs O(N°), as well
as lots of efforts to choose proper value of A, LM suffers
from huge computations leading to impractical application.

E. Optimal Input Gains algorithm

Compared with LM and OWO-BP, optimal input gains
(OIG) algorithm is a fully optimal learning algorithm which
embeds optimal learning factors into so-called optimal input
gains [21]. OIG introduces a novel way to update hidden
weights by optimizing an input unit transformation matrix in
an equivalent MLP network. This transformation matrix is
shown as

a(l) 0 0 0

0 a@) 00 (18)
A=| i ;

| 0 o a(N) 0|

l o0 0 aw+1l

where [a(l), a(2),--, a(N+1)] is called input gain vector
and is denoted as a. Hence, the input transformation equation
is given by

Xp = Ax, (19)
By optimizing input gain vector a, the hidden weight can
be updated as,
Wi, « Wi +a- Gy (20)
Compared (20) with (6), it can be easily seen that the

input gain vector , a, in fact takes the role of learning factor
for training hidden weight matrix Wy,.

Due to absorbing optimal learning factors into optimal
input gains instead of obtaining optimal learning factor z
directly, OIG converges much faster than OWO-BP with
much less computation burden than LM.

In this paper, we proposed a more generalized optimal
transformation matrix of input units. By optimizing this
transformation matrix, a new algorithm which called optimal
input normalization (OIN) improves the convergent rate and
generalization than OIG.

The rest of paper is organized as follows: in the section II,
we present the motivation for OIN and its mathematic
derivation as well as the improved version of OIN which
called OIN-HWO. In section III, the algorithm procedure of
OIN as well as OIN-HWO is represented. In section IV, the
simulation results on several benchmarks are analyzed. In
section V, the conclusions and some suggestions on future
enhancements are present. Acknowledgements and
references are given in section VI and section VII,
respectively.



II.  OPTIMAL INPUT NORMALIZATION (OIN)

A. Motivation for OIN

The motivation for OIN comes from the well-known fact
that if the input units are normalized to zero-mean, then the
training error will be improved by non-orthogonal
transformation of input units [22]. Thus, the non-orthogonal
transformation matrix A is expressed as

[1 0 0 —m(1)
0 1 0 —m(2)
A=]: : s (21)
[0 0 1 —m(N)J
0 0 0 1

where [m(1), (2) - m(N)] is the mean vector of the
input units. Hence, the n™ transformed input unit X, (n) is
given by

X, (n) = x,(n) + m(n) (22)

where n=1 ---N. This leads to the following lemma for the
transformation of input unit to an equivalent network which
is defined as [20].

Lemma: Consider a nonlinear network with input unit
vector X, € RN*Y, with the restrictionx,(N +1) =1 and
output vectory € R™ and a second network in which the
input unit vectorX,, = A - Xphas corresponding output vector
Y € RM then two networks are strongly equivalent
: N+l o —
if VX, ER"*y, =y,.

Based on the above theory, the negative Jacobian matrix
of equivalent transformed network, G;;, is given by derived
from the original network, G;;, , where

Ny

_ 1

Gip = _Z ’_‘p(sp)T
N, &

If we map the transformed input units back to the original
network, then the relation between the negative Jacobian
matrix of mapped MLP network, which is denoted as Gj,
and Gy is described as

(23)

Ny
1
- N—UZ(AXZ,)(SP)T = AGy,
p=1

G = (ATA)Gyy, = AGy, (24)
where A = ATA is a new transformed matrix with (N+1)
by (N+1) dimension,

From (24), we can infer that only if A is non-orthogonal
matrix, then A could be useful for transformation from G;,
to G;p,. In this case, the mapped back MLP will not be equal
to the original MLP. Hence, by optimizing the non-
orthogonal A, the training error of the mapped back MLP
could be decreased more rapidly than that of the original one.
This motivates us to propose the current OIN model.

Compared to OIG, the transformation matrix A of our
proposed paradigm OIN has a more generalized form as

A=
ra(l)a(1)
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(1)

(1)

[a(l) 0 0 b(1) 1
| 0 a2 0 b(Z) I
A=]| : : | (25)
l 0 0 aNy b J
0 0 0 a(N+1)
Here, [a(1), a(2), ..., a(N+1)] and [b(1), b(2), ..., b(N)] are

called input gain vector which denoted as a and input bias

vector which denoted as b, respectively. In these case, the A
is derived into the following symmetrical formation

ATA

0 0

a(1)b(1)
a(2)b(2)
a(N):b(N)

N

Z a(m)b(n)

n=1

0 a(2)a(2) 0
0 0
b(L)a(1) b(2)a(2)

a(N)a(N)
b(N)a(N)

0
a(2)
0
b(2)

0
0 @

at") oy J
b(N) a(N+1)

5() |
: |
: |

0

By substituting G;;, with (=;L-h in (6), the hidden weights of
the mapped back MLP , w;;, (n, k) and w;, (N + 1, k) ,where
n=1 to N ,k=1 to N,, are updated ,respectively, as

Win(n, k) « Wy (n, k) + z - [a(m) gin(n, k)
+b(n). gin(N + 1, k)]

! V|=/l'h(N + 1, k) «— VI=/l'h(NN+ 1, k) + (27)

2+ [@N + Vg + 1) + ) B(). guiC, ]

j=1

If z-a(n)and z- b(n) are denoted as a(n) and b(n)
respectively, then by comparing (27) with (6), it can be
casily inferred that a(n) and b (n) absorb the learning factor z
for each hidden weight of hidden unit as well as the
threshold of hidden units. This results into the optimal input
normalization (OIN) algorithm which gives more concern
for thresholds of hidden units more than OIG.

B. Derivation of OIN

If [a(1),a(2),-a(N +1) 1" is denoted as a and
[b(1),b(2),--b(N + 1)]" is denoted as b , then [a:b] is
denoted as ab which is a vector with (2N+1) by 1 dimension.
Here, we use Gauss-Newton’s method to optimize ab, which
is formulated as

ab = Habilcab (28)

(26)



h, h . . .
where H, =L"" "b} denotes the Hessian matrix with
ba bb

dimension of (2N+1) by 2N+1) and G, =[G, : G,]denotes

the negative Jacobian matrix with dimension of (2N+1) by 1,
where G, and G, are expressed , respectively, as

G E_2

_9E_2 %,
a aa ]\Iv

=Ty, ]

JE_ -2 dy
=3 a5

(29)

From m=1to (N + 1), u=1to N, then the each element
of hg, hy, h,, and hy, are denoted as h,,(m,u) , hy(u,m) ,
hoo(m,m) and Ay, (u,u) , respectively and are calculated as,

2 N, M g p) :
h,,z;(’”»”) = hba(u,m) = 787]4:: = ZLZZ z” (l) : J;p (l)
da(m)ob (u) N, == 0a(m) op (u)
2 N, Mg N\ o
RCRORSCL PR 5) JLIAUN: AU 30
aﬁ(m) N, 3T aa(m) aa(m)
0’E 1 by, (i) dy, (i
hy(ay=—2E_ 5. L§$ () 3, ()
b (u) N, 3T 0b (u) 0b(u)
.The net function , n, (k) in (1) is rewritten as
N
mp(6) = ) T, ) - x,() + TN+ 1K) (1)
n=1
By substituting (31) and (27) into (4) and differentiating
the first order of y, with respect of a and b, we obtain
aﬁ” (0 and a);” (1) by following equations
da(m) ob (u)
Np i ,
( 0y, (D) _ 3 e (e, ) - 0 (K)
0a(m) ~ L+ [gn(m k) - %, (m)]
" - (32)
a l i N + l,k *
{p()=tho(k,i)-0;3(k)'[gh( ) x"(u)]
ob(w) & +gin(w, k)

where O/ (k) =f"(n(k)).

As Wy, can be obtained by using OWO from (12) shows,
H, and G, in (28) can be calculated by (29)(30)and (32).

Finally, to obtain optimal ab in (28), here we use the
orthogonal least square (OLS) method which is performed
by using Schmidt procedure [15].

C. OIN-HWO

The concept behind HWO method [16] is that it uses
separate error function for training each hidden weight. In
such case, the error function of /” hidden unit, E(j) ,where j
is from 1 to N, .in HWO is expressed as
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Ny N+1 2
Es() =) [@ D= GwolG, (n)] (33)
p=1 n=1
G,,, 1s derived from Newton’s method as
GrwoR = Gy (34)

where R is the input auto-correlation matrix of input unit
vector Xp. By this whitening transformation of G;y, the input
dependence can be eliminated, which makes the H,, is non-
singular and the optimization ab is available. The set of
linear equations in (34) is solved by using OLS. Thus, by
substituting Gy, into Gy,,,, we can get a modified version of
OIN called OIN-HWO.

III.

The procedure of OIN in batch mode training is shown as
follows:

PROCEDURE

Stepl: Initialize input weight matrix Wy, by using normal
distribution function and net control.

Step2: Use OWO by (12) to get the optimal output
weight matrix, W,, initially at first iteration.

Step 3: If the iteration does not end, then use (7) and (8)
to get the negative Jacobian matrix G;, for OIN or use (7),
(8) and (34) to get Gy, for OIN-HWO; else go to Step 10.

Step 4: Solve (28) ~ (32) to obtain optimal input
normalization vector, ab, by using Schmidt procedure.

Step 5: Update the hidden weights of mapped back MLP
by (27), Wy, for OIN based on G;, or Ge.

Step 7: Use these new hidden weights to get new output
values of hidden units, O,, by (2).

Step 8: Calculate new optimal output weight matrix W,
in (12).

Step 9: Combine new VTIih and W, to get actual output
vector y, in (4) and use (5) to get new training MSE, E.

Step 10: Return to Step 3 and repeat the above steps until
get to the end of iterations.

IV. EXPERIMENTAL RESULTS

We perform our simulations for two versions of OIN on
several datasets and show the performance by comparing the
results with OWO-BP and LM. All the simulations run on
Intel Core2 Duo P8700. The number of training iterations for
each simulation is fixed to 100, namely, ;=100. For better
comparison, all the synaptic weights are initialized using the
same method which is given by section III Step (1)~(2). Thus,
the training iteration will start after OWO and the first
training error will start at the same point.

A. Description of Datasets

The datasets which we use are called “Twod”, “Single2”,
“Mattrn” and “Concrete”, respectively. All these datasets
used for simulation are publicly available and the input units



of all these datasets have been normalized to be zero-mean
and unit variance..

The first three are from the Image Processing and Neural
Networks Lab repository [23] and the last one is from UCI
Machine Learning Repository [24,25]. Among these datasets,
“Twod” is used to invert the surface scattering parameters
from an inhomogeneous layer above a homogeneous half
space, where both interfaces are randomly rough. “Mattrn” is
used for inversion of random two-by-two matrices; “Single2”
is used for inversion of surface permittivity, the normalized
surface rms roughness, and the surface correlation length
found in back scattering models from randomly rough
dielectric surfaces. “Concrete” dataset is used to approximate
the nonlinear function of age and ingredients of concrete
compressive strength.

All of the numbers of patterns, input units, output units
and hidden units of these datasets are denoted as N,, N, M,
and N, , respectively, as listed in TABLE 1. In order to learn
how each algorithm deals with the co-linearity of each
dataset, all the co-linearity of datasets are also listed in Table
L.

TABLE L THE STRUCTURE OF MLP AND CO-LINEARITY FOR EACH
DATASET
Datasets N, N M N, Co linearity
Twod 1768 8 7 10 high
Single2 10000 16 3 8 high
Mattrn 2000 4 4 12 high
Concrete 1030 8 1 15 low

Under the above training conditions, the training MSEs
of OIN, OIN-HWO, OIG, OWO-BP and LM are plotted
version the time spent after 100 iterations are shown in
Figure 2, respectively.

B. Training Error Versus Computational Time

From Figure 2(a)~(d), we can see that OIN shows faster
converging rates than OWO-BP and OIG , even rivals LM in
(c) as well as OIG does. The total training time spent by OIN
is a little longer than OIG but shorter than OWO-BP.

Also, it can be easily seen that OIN-HWO always shows
better converge rate than OIN even close to or rivals LM as
(a)~(c) shown. OIN-HWO takes a little longer training time
then OIN, OIG and OWO-BP. However, compared with LM,
the training time spent by OIN-HWO is much less.

C. K-fold Cross Validation

Furthermore, we use k-fold cross validation procedure to
evaluate the generalization abilities of OIN and OIN-HWO
with comparison with OIG, OWO-BP and, LM. Here, k=10.
The procedure of k-fold cross validation is described as
follows.

We split each dataset randomly into 10 non-overlapping
parts of equal size and combine 9 parts of 10 for training
leaving the remaining one part for testing. This procedure is
repeated until we have exhausted all 10 combinations. Then,
by training all these combinational datasets and then testing
on the remaining dataset, we obtain the training MSE and
validation MSE of each algorithm on each dataset. The
results are listed in Table II.

From Table II, we can see that both training error and
validation error of OIN are smaller than OIG and OWO-BP,
even smaller than LM on “Single 2” dataset. OIN-HWO
shows much better training and validation errors than OIN,
even rivals LM on these four datasets. That means our
proposed paradigm OIN and OIN-HWO can be seemed as a
potential robust approach for practical applications.

V. CONCLUSION

In this paper, we present a novel MLP training algorithm
called optimal input normalization (OIN) and its improved
version OIN-HWO. Several simulations on real-life datasets
and the k-fold cross validation show that the proposed OIN
and OIN-HWO greatly improve the converging rates and
generalization abilities of OIG, OWO-BP and even LM,
respectively. Moreover, as they spend much less
computational time than LM, OIN and OIN-HWO are
potentially good choice for real life applications.

Future work will give more detailed analysis the effects
of co-linearity of different dataset on OIN performance and
develop the novel OIN algorithm combined with other
network such as RBF, SVM etc..
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TABLE IL K-FOLD CROSS VALIDATION
OIN- OWO-

Datasets T&V OIG OIN HWO LM BP

T 0.240 | 0.224 0.165 0.200 0.248
Twod

\ 0.249 | 0.235 0.179 0.212 0.259

. T 0452 | 0.168 0.104 0.582 1.445

Single2

\Y 0.588 | 0.432 0.130 0.780 1.479
Mattm T 0.021 0.017 0.004 0.014 0.039

\ 0.021 0.016 0.009 0.013 0.037

T 41.93 38.268 13.813 19.600 50.228
Concrete

\ 49.39 | 48.564 20.444 30.239 59.399
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Figure 2. The training error versus time spent on various datasets
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