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Abstract—This paper is concerned with fault estimation design
for continuous-time Takagi-Sugeno (T-S) fuzzy systems with
time delay by using adaptive fault diagnostic observer. Through
constructing an appropriate type of Lyapunov function, criteria
is established to reduce the conservatism of the design procedure.
Based on appropriate type of Lyapunov function, new sufficient
delay-dependent conditions are given to guarantee the stability
of error dynamics in terms of Linear Matrix Inequalities (LMI).
Finally, the effectiveness of the proposed approach is illustrated
through a simulation example.

Keyword: Linear Matrix Inequalities, Takagi-Sugeno fuzzy sys-
tems, fault tolerant control.

I. INTRODUCTION

In many applications the problem of fault detection and
isolation FDI is a crucial issue that has been theoretically and
experimentally investigated with different types of approaches.
Adaptive Fault Diagnostic Observer (AFDO) approach has
the advantage to estimate the state vector and actuator faults
simultaneously. As consequence, the use of this approach has
attracted an increasing interest in the last decade ([2], [3], [4]).
Recent years have witnessed rapidly growing in the study of
T-S fuzzy model since it is well known that this model is
a powerful tool in approximating a wide class of nonlinear
systems ([6], [7], [8], [9]). Still, time delay is one of the
instability sources of dynamical processes. For this reason,
T-S fuzzy model has been extended to deal with nonlinear
systems with time delay. Different delay-independent method-
ologies have been proposed for analysis and synthesis for
T-S fuzzy systems with time delay ([10], [11], [12]). It is
generally recognized that delay-dependent results are usually
less conservative than delay-independent ones. That’s why,
delay-dependent techniques have been reported in ([13], [14],
[15]).

Considering the AFDO design, the problem of fault estimation
for linear system are treated in [3]. This idea is extended
to deal with T-S fuzzy models with constant time delay in
[4]. The obtained result is delay-independent. By adopting
the free weighting matrix technique, delay-dependent results
are obtained for linear systems with bounded time delay [5].
However, the price under additional variables is the growth
of computational burden in the meantime. In this paper, we
investigate the delay-dependent AFDO design for T-S fuzzy
systems with interval time varying delay without using any free
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weighting matrices. The advantages of the developed criteria
are: (1) the reduction of conservatism; (2) the reduction of
computational complexity and (3) the removing of condition
7(t) < 1 which makes it applicable to both slow and fast time
varying delay.

Notations W + W7 is denoted as W + (x) for simplicity.

II. PROBLEM FORMULATION AND PRELIMINARIES

Consider a nonlinear system with time delay which could
be approximated by a time delay T-S fuzzy model.
The i*" rule of the system is expressed in the following IF-
THEN rules.
Plant Rule i(4 = 1,2,---,7): If 61 is p;; and --- and 6, is
tip THEN

z(t) = Ajz(t)+ Ana(t—7(t)) + Biu(t)
+E;if(t) ey
y@) = Cx(t)
z(t) = (@), tel-1, 0]
where 6;(z(t)) and p;;(i = 1,---,r,j = 1,---,p) are

respectively the premise variable and the fuzzy sets; ¥(t) is
the initial condition; x(t) € R"= is the state; u(t) € R™ is
the control input; f(t) € R" represents the actuator fault
vector. It is assumed that the derivative of f(¢) with respect
to time is norm bounded, i.e. | f(¢)|| < f1 and 0 < f; < oc.
7 is the number of IF-THEN rules.

The AFDO is constructed as
Observer Rule i(: = 1,2,---,7): If 6y is p;; and --- and
0, is ps THEN

z(t) = Aiz(t)+ Azt —7(t)) + Biu(t)
FEf () — Li(i(t) — y(8)) @)
gt) = Ci)
 Denote e, (t) = &(t) — x(t). e, (t) = §(t) — y(t), es(t) =
Fo) = f(t)

then the error dynamic is given by

éalt) = (A®t) = LOO)eu(t)
+ A, (e, (t - 7(1) + E(Hes(t)
e)(t) = Cea(t)



where
A(t) = XT: hlAZ,A.,—(f,) = 27: hiA-,—i; E(t) = 27: hiEi
i=1 i=1 i=1

The following result has been given in [4] which treats the
case of constant delay (7(¢) = 7).

Theorem 1: [4] If there exist symmetric positive definite
matrices P > 0, Q@ > 0, M > 0, Y; and F; such that the
following LMI hold:

\Ifij + \I/ji <0,

El'P=FC, i=1,2---,r

“

then the fuzzy Fast Adaptive Fault Estimation (FAFE) algo-
rithm

F(0) = T3 hiFi(e, (1) + e (1)) 5)
i=1

can realize e, (t) and es(t) uniformly ultimately bounded,
where

\Iflljl PA'rz —A;TPE] + CTY;TE]
Uij=1 = —Q ~ AL, PE;
* * fEZ-TPEj — E]-TPEi + M
in which

Ul =PA+ ATP-Y,C-CTY +Q
In this case, the gains L; are given by

L; y,p~!

(6)

the symmetric positive definite matrix I" is the learning rate.
In this paper, we will develop another design method which
improves that in theorem (1).

III. IMPROVED RESULT

In this section, we first present useful lemma and then
present the main result.

Lemma 1: Given matrices z and y.
For a symmetric positive definite matrix P, the following
inequality holds

20Ty < 2TPz 4yt P 1y

Lemma 2 Consider a negative definite matrix II < 0.
Given a symmetric matrix X of appropriate dimension such
that XTIIX < 0, then, I\ € R+ such that

XTIIX < —20X — N1 1

Lemma 3 Given matrices M, E, F(t) with compatible
dimensions and F(t) satisfying F\(t)T F(t) < I.
Then, the following inequalities hold for any € > 0
MFH)E+ ETF)TMT <eMMT + ¢ 'ETE

The following theorem gives the new LMlI-based condi-
tions in order to reduce the conservatism in theorem (1).
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Furthermore, we consider interval time-varying delay rather
than constant delay.
the interval time varying delay satisfies

0< Tm S T(t) S T]\/177.-(t) S ﬂ (7)
Denote
S Tm—|—7']\4.7_ _ ™ —Tm
1 2 5 12 2

Theorem 2: For given positif scalar J, if there exist matri-
ces P>0,Q;,>001=1,23,4,5), Ry, > 0(m =1,2,3,4)
such that (4) and the following LMI hold

By +Ej <0, 4,j=1,2- i< ®)
where
[ ¢} Ry PAy 0
x o Rs Qo+ Ry
* % 533 0
iy = * * * Eaa
k k *k k
* % *
L * k *
16 17 7
0 ij i
0 0 0
Ry —ATPE; ATP
—Q2 + Ry 0 0
&s5 0 0
* 66 ETP
1] 2
* * Zj7 |
in which
i = PA-YiC+ATP—-C"Y" + Qs+ Qs — Ry;
0 = —APE;+C"VE;;
17 _ T T~ T
& = A P-0C"Y
% = Q1-Qs—Ri—Rs— Ry
¥ = —(1-p8)Q4—2Rs;
¢ = Q3-Q1— R — Ry
€ = —-Q3— Ry — Ry;
o = —E!'PE; - E]PE;+ M;
T o= _2\P

ij
+A%((72)* Ry + (12)? Ry + (272)* R3 + (Tm)* Ra)

then the fuzzy Fast Adaptive Fault Estimation (FAFE)
algorithm (5) can realize e, (t) and e (t) uniformly ultimately
bounded,

In this case, the L, are given by (6).

Proof:
Consider the following Lyapunov function

€))



where

i) = ex(t)TPeac(t)Jr/7Tm{ex(s)TQlem(s)

t—T71

+2e,(8)T Qaex(s — 7o)
tep(s — 1) Qsen(s — ) }ds

e ()T Quey(s)ds
+[7w ()7 Qaca(s)
+/t_ ex(5)7 Qsea(s)ds

—Tm t

Va(t) = 7'2/ VI R1é,(s)dsdo
—T1 t+o’
—T1 t

Va(t) = T2/ ) Roép(s)dsdo
—TMm t+o’
—Tm t

Vilt) = 27’2/ Rg@a; )dsdo
—TM t+o
0 t

Vs(t) = Tm / / )T Ryé,(s)dsdo
—Tm t+a

Vs(t) = es(t)" r- er(t)

Taking the derivation of V' (¢), we have

Vi(t) = 2e.(t)TPe,(t) +A

where

A=e,(t— 1) Qres(t — 7)) + 2e4(t — T )Qoen(t — 1)
tep(t —11)Qzes(t — 1) — ex(t — 1) T Qren(t — 11)
—2e,(t — 1) Qaen(t — Tar) — ex(t — Tar) T Qs2(t — Tar)
(1= 7(t)ea(t — 7(1))Quex(t — 7(1))

te, ()T Quen(t) —
+e$(t)TQ5ex(t) —e,(t— Tm)TQ5€w(t — Tm)

Va(t) = mo{éa(t)TRiéL(t)
_/ " 6u(s)T Ryé(s)ds)

t—71
Similarly, we obtain
Va(t) = ma{més(t) Raéo(t)
-/ T (o) Rata(5)ds)
Vi(t) = 2725;;1@(26)%3@@)
[T e R o))
Vs(t) = Tm{t;;Zz(t)TR4éfc(t)
[ e R
t—Tm

By using the FAFE algorithm given in (5), we obtain

Vo(t) = —2er(t)" F(t)C(é

—2¢; ()T (1)

By considering equality (4), we obtain:

Vi (t)) + Vs(a(t))

— 26, (1) P[(A() — L()C)es

+E(t)es (1) |

+A = 2e7 ()T F(8)C(€x(t) + ex(t)) — 2e5(1) T f(2)

= 2¢4 (1) P[(A(t) — L()C)ex (t) + Ar(tea(t — 7(1)]

+A = 2e5 ()T F(1)Cé, () — 2, ()T f(2)
F(t)Cey(t)

(t) + ex(t))

() + Ar(t)ex(t — (1))

+2e, ()T PE(t)es(t) — 2e ()"
0

From lemma (1), we can obtain that

—2e;(t) T f(t) <
e Meg(t) + fF()TTIMIT (1) <
er(t) Meys(t) + 6 (11)

where
8= fihmax(T7EM T

Applying Jensen’s integral inequality [1] to deal with the
cross product items, we have

t—Tm
—7'2/ éx(s)TRléx(s)ds

fetm T Sl

t—71
—7'2/ éw(S)TRgéw(S)dS
t—Tn

< ew(t—ﬁ) —R2 R2 ez(t—ﬁ)

_{ex(t—TM)] { * —Rz][ex(t—TM)}

t—Tm
—27'2/ é.(5)T R3é,(s)ds

t—Tm

< (7 (t) - ) /t e (5)T Raéa(s)ds

7(t)
t—7(t)

=7 [ el Rao(9)ds

[ Gm(t - Tm) ] T —R3 Rs3 0
< | ex(t—7(t)) * —2R3 Rj

ex(t —Tar) * * —R3

ex(t —Tm)

ex(t —7(t))

em(t — TM)
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é0(5)T Ryé,(s)ds

)]

t
s /
t—Tm

= { N (iw—(t)fm

—R,

*

Ry
—R,

ex(t)
(t—Tm)

[

Let n(t) = [ex(1)T, ex(t — 7)) T, ex(t — T() T, ex(t — Ty + 7 <0,  4,j=12--,11<] (14
)T et — )T e ()T where
E; U Vi
. i = * —EAiI 0
V() < n()"QA(t)n(t) a2 " fox —eand
+é$(t)T((7-2)2R1 T (72)2R2 T <272)2R3 T (Tm)QR‘L)éI(t) +9 +diag(€AiE£iEA¢, 0, GAn‘Ez;TiEATia 01x6)
where in which
wn(t) R4 PA-,—(t) PMAz
* §2  Rs U — O4x1
Q(t) = * * €33 ! —EJTPMAZ
* * * PMa;
* *
* * PMaq;
0 0 wlg(t) V. = O4><1
Q2+ I 0 0 —ETPM ;i
0 R3 A ()T PE(t) PMaz;
3 —Q2 + R 0 then the fuzzy Fast Adaptive Fault Estimation (FAFE)
* 855 0 algorithm (5) can realize e, (¢) and e (¢) uniformly ultimately
* * wee () bounded,
in which In this case, the L; are given by (6).
Proof:
_ T
wi(t) = PA) = L()C) + (A@t) - L))" P In the case with uncertainty, we obtain theorem (2) in which
+Q4 + Qs — Ry; Zij is replaced by Zij such that
wie(t) —(A(t) — L(t)O)' PE(t); S _= A=z
wes(t) = —2E(MTPE(t)+ M =ij = =ij + 8=
By the Schur complement, we obtain The uncertain part is given by
r A=l ‘ Tpr Tp 7
Q(t) bra(t) Eij 8 PAOA.” 81X2 —AA(Z-) PE; AI% P
o) = | ., —P((n)Ri+ ()R Y _AATPE, AAT
—|—(27'2)2R3 + (Tm,)2R4)71P _ * 0 012 — i PE; =P
A‘:'ij = * * 01><2 0 0
where * * leg 0 0
p12(t)T = [ P(A(t) - L(t)C) 0 PA.(t) *ox 0 O 0 0
T * * O1x2 0 0
0 0 PE() ] (13) -
in which
Applying lemma 2, if =;;4+=;; < 0,4,5 = 1,2,---, 7,1 < j, =11 — PAA, + AATP
then there exist a scalar e > 0 such that V() < —e||n(t)||*+4. * ’
It follows that V(t) < 0 for €||n(t)||*> > J, which means
that n(t) converges to a small set S = {n(t)|[[n(t)|* < g} _
according to Lyapunov stability theory. Therefore, estimation ASi; = UiF(t)[ Bai Oixe ]+ ()

errors of both the state and the fault are uniformly ultimately
bounded.

We can extend the result in theorem 2 to the uncertain
case: A; and A,; are replaced by A; + AA; and A.; + AA,,,
respectively.

AA; = MaiFi(t)Epiy; AAri = MariFi(t)Ears
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We obtain the following theorem

Theorem 3 For given positif scalar A, if there exist matrices
P,Q;(1=1,2,3,4,5), Ry(m = 1,2,3,4) and scalars €4, and
€Ar; such that (4) and the following LMI hold

—i—VlF(t)[ Oi1x2 Eari O1xa ] + (%) (15)

By applying lemma 3 and schur complement, we obtain
theorem 3.

Remark 1 It is easy to solve inequality (3) and (14)
by using LMI Toolbox. For equations (4), we can make a
transform into the following optimization problem:




Minimize p > 0 subject to
pl EI'P—-FC
* pl

Remark 2 Compared with theorem (1), theorem 2 contains
some new improvements as follows:

>0,i=1,---,r (16)

(i) The result of theorem (2) is less conservative than that of
theorem (1). This is because the conditions (3) is recovered by
settinngngngzQQ:Rl:R2:R3:R4:O,
7(t) = 7, # = 0 in conditions (14).

(ii)) Theorem 1 consider an interval time varying delay
which is more general than constant time delay.

Furthermore, the uncertain case has been considered in
theorem (3).

Remark 3 Based on the on-line fault estimate, an observer-
based fast active fault tolerant controller can be designed to
compensate for the effects of faults. This design is presented
in ([4]) by using the basic concept of generalized inverse.

IV. SIMULATION RESULT
Consider the following T-S fuzzy model

E(t) = 27 hi[Asx(t) + Argz(t — 7(8) + Biu(t)] (17)

The membership functions for rules 1 and 2 are:

_ w2(t)?
hu(za() = 1= 55
ha(z2(t)) = 1= ha(wz(t)) (18)
where
Ay = —0.1125 —0.0200 Ay = —0.1125 —1.5270
1 0 1
A — —0.0125 —0.0050 A, — —0.0125 —0.2300
71 — O 0 ’ T2 — O O
Bi=By=|1 C=[0 1]
1 b
Assume that time varying fault f(¢) is created as
ft) = o, 0<t<3
0.7+ 0.15sin(t),3 < t < 10 (19)

By using theorem 2 for 7(¢) = 0.2 + 0.1sin(¢)(r, =
0.1;7p = 0.3,8 = 0.1) with the choice of A = 5, we can
obtain the following feasible solution:

1.5409 —1.5409

—1.5409  3.3868

P=10° x {
F =103 x 1.8459
I — { 1.7056}’L2:[

2.1581
The simulation result is shown in figure 1.

0.1081
2.1555

338

0.9
— ()
= = = Estimated of f(t)

0.8

0.7

06

05
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0.2r

0.1

4 6
time (sec.)

Fig. 1. Fault f(¢) and its estimated

V. CONCLUSION

The problem of delay dependent AFDO design to a class of
T-S fuzzy systems with interval time varying delay has been
investigated. Based on improved Lyapunov function, a delay
dependent conditions for the existence of the fault estimator
are given in terms of linear matrix inequalities. This result
overcomes the drawbacks of delay independent results. An
illustrative example has been presented to demonstrate the
potential of the method.
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