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Abstract—Given a T-indistinguishability operator,
the corresponding set Hp of extensional sets and the
operators ¢rp and Yp that provide upper and lower
approximations of a fuzzy subset by extensional ones
can be defined. Reciprocally, given any of these, the
initial indistinguishability operator can be retrieved. In
order to understand in depth how this relation works, it
will be shown that there is an isomorphism between the
corresponding lattices and how this isomorphism acts
over the operations and orderings of the lattices will be
studied.
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I. INTRODUCTION

The set Hp of extensional fuzzy subsets of an indis-
tinguishability operator F has been widely studied in the
literature. In [1] it has been studied from an algebraic
point of view and in [2] its topological behaviour has
been analyzed. It has also been characterized as the set
of generators of E [3], the set of logical states and the set
of fixed points of two operators known as ¢ and g [2].
These two operators give upper and lower approximations
respectively of a fuzzy subset by extensional ones with
respect to E. Although the results obtained in relation to
Hpg, ¢ and ¥g show a very similar family of properties
these concepts fulfill separately, up to this point a real
study of the depth of this relation has not been done yet.

In [4] the operators that can be upper and lower approx-
imations of an indistinguishability operators have been
characterized and [1] did the same for a set of fuzzy subsets
of a universe to be the extensional set of an indistin-
guishability operator providing as a consequence bijections
between the set £ of indistinguishability operators on a
given universe X, the set H of sets of extensional sets
with respect to indistinguishability operators on X and
the sets U and L of upper and lower approximations
of fuzzy subsets by extensional ones with respect to an
indistinguishability operator on X. Taking this into ac-
count and also the fact that these concepts verify a very
similar collection of properties, it seems natural to ask if
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the connection between these sets is more than a simple
bijection or if some kind of structure is kept.

This work has focused on this point and the results
obtained have been that these bijections are actually iso-
morphisms, as the ordering and the structure given by the
operations is kept. Furthermore, these sets can be regarded
as lattices and, therefore, what we obtain is that all these
lattices are isomorphic.

This fact has both a theoretical and practical relevance.
It is theoretically interesting because this work provides
some order and relation between the studies on indistin-
guishability operators, extensional sets, and upper and
lower approximations that have been done up to this point.
Furthermore, as all these concepts are isomorphic, the
result shows that the only difference between them is the
way in which are approached and the notation; this fact
allowing us to translate all the results obtained on one
lattice to the others through the isomorphisms presented
on this paper.

From a practical point of view these isomorphisms are
interesting too because several times multiple attributes
are considered in a given problem and some kind of ag-
gregation has to be done between them. This problem has
been studied in [8] restricted to the aggregation of different
indistinguishability operators. What if some attributes are
more easily modelled by an indistinguishability operator,
as they come from matching objects with a prototype, for
instance, while other attributes are better seen as exten-
sional sets because they come from direct observation?
The isomorphisms we present in this paper allow us to
codify different attributes into the concept that shows
less difficulty to do so, and translate them into the same
concept through these isomorphisms.

This work is structured in the following way:

In the next section of preliminaries the concepts related
with the work are defined and the main properties and
results related to them are given.

In Section IIT the main results of this work are proved.
It is separated into three subsections that will show sepa-
rately the isomorphisms between the sets £, H, U and L.
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The isomorphisms will be explicitly given and how they
work on the operations will be showed.

Finally, the main results of this work are summarized
at the Conclusion.

II. PRELIMINARIES

In this section the basic definitions and results that
underly the present work will be provided. Firstly the
concepts related to indistinguishability operators will be
given: the definition of an indistinguishability operator and
the transitive closure of a reflexive and symmetric fuzzy
relation. Furthermore, the definition and basic properties
of the set Hp of extensional fuzzy subsets sets of an
indistinguishability operator E and the upper and lower
approximations (¢g and ¢ g respectively) related to E will
be given.

Definition I1.1. Let T be a t-norm.
—
o The residuation T of T is defined for all z,y € [0, 1]
by .
T (z|y) = sup{a € [0,1]|T(a, z) < y}.

o The birresiduation T of T is defined for all x,y €
[0,1] by

— —

Definition I1.2. Let T be a t-norm. A fuzzy relation E
on a set X is a T-indistinguishability operator if and only
if for all x,y,z € X

a) E(z,z) =1 (Reflexivity)

b) E(z,y) = E(y,x) (Symmetry)

c) T(E(x,y),E(y,2)) < E(x,2) (T-transitivity).

It is well known that given two indistinguishability
operators F, F', the intersection F N F' is also an indistin-
guishability operator. On the contrary, the union F U F' is
not generally an indistinguishability operator. The concept
of transitive closure will prove to be useful further to be
able to use the union operator as well.

Definition I1.3. Let T be a t-norm and R a fuzzy prozim-
ity (a reflexive and symmetric fuzzy relation) on a set X.
The transitive closure R of R is the T-indistinguishability

operator defined by
R=(\E

EcA

where A is the set of T-indistinguishability operators on X
greater than or equal to R.

Now we can give a lattice structure to the set £ of T-
indistinguishability operators on a set X, with the natural
ordering <, and two operations: the intersection £FNF and
the closed union E U F.

Indistinguishability operators can be generated in sev-
eral ways. The simplest way is by obtaining the indistin-
guishability related to a fuzzy subset.

T (2,y) = min{T (ly), T (ylx)} = T(T (xly), T (ylx)).

Definition I1.4. Let X be a set, T a t-norm and p a fuzzy
subset of X. The fuzzy relation E on X defined by

<~
for all x,y € X is a T-indistinguishability operator.

One of the main results of the theory of indistin-
guishability operators is the Representation Theorem. This
theorem proves that any family of fuzzy subsets on a set
X generates a T-indistinguishability operator E on X and,
reciprocally, that every T-indistinguishability operator on
X can be generated by a family of fuzzy subsets.

Theorem I1.5. [12] Representation Theorem. Let R be a
fuzzy relation on a set X and T a continuous t-norm. Then
R is an T-indistinguishability operator if and only if there
exists a family (p;)ier of fuzzy subsets of X such that for
all x,y € X

R(m,y) = 12; E)U'i (xvy)

An indistinguishability operator E determines a set
of observable sets or granules. These are given by the
generators of F in the sense of the Representation Theorem
and it is well known that they coincide with the set of
extensional sets we define now.

Definition I1.6. Let X be a set and E a T-
indistinguishability operator on X. A fuzzy subset p of X
is called extensional if and only if:

Vo,y € X T(E(z,y), 1(y) < plz).

We will denote Hg the set of all extensional fuzzy subsets
of X with respect to E.

Proposition II.7. Let X be a set, E a T-
indistinguishability operator on X and p a fuzzy subset of
X. Then:

m e Hp < EN > F

As it has been proved in [1], extensional fuzzy subsets
verify the properties of the next proposition. Furthermore,
these properties completely determine the set of exten-
sional fuzzy subsets.

Proposition I1.8. Let E be a T-indistinguishability oper-
ator and Hpg its set of extensional fuzzy sets. Then, Yu €
Hg, (1i)ier a family of extensional sets and Vo € [0,1] the
following properties hold:

1) \/iGI i € Hg

2) Nierwi € Hg
) 7_-‘)(&,”) € HE
) T (ula) € Hp
5) T(a|p) € Hg

=~ W

Given a fuzzy subset p € [0,1]%, it is an interesting
topic to find the closest extensional set that contains pu.
This is done using the operator ¢g, defined below. This
operator can be also seen as a topological closure operator
on the set [0,1]% [2].
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Definition I1.9. Let X be a set and E a T-
indistinguishability operator on X. The map ¢g: [0,1]*
[0,1]% is defined Vo € X by:

or(p)(z) = sgp T(E(z,y), u(y)).

—

The operator ¢ verifies the following properties.

Proposition I1.10. For all i, ¢/ € [0,1]% the following
properties are satisfied:

D) p<p = op(p) < op(p)
2) p<or(p)

3) ¢p(pV ') =¢p(n)V és(u')
4) ¢p(oe(n) = or(n)

5) ¢E({$})( ) = oe({y})(x)
6) ¢r(T(a,p) =T(a,dr(p))

Analogously, given a T-indistinguishability operator E,
the operator ¢ g can be defined that provides extensional
lower approximations of fuzzy subsets of X with respect
to E. The operator ©g is dual to ¢ and can be seen
topologically as an opening or interior operator.

Definition I1.11. Let E be a T-indistinguishability oper-
ator on a set X. The map ¥g: [0,1]X — [0,1]% is defined
Ve e X by:

V() (@) = inf T (B(z,y)|u(y)).

yeX

g satisfies the properties below (dual to Properties
I1.10) and is determined by them.

Proposition I1.12. For all u, ¢/ € [0,1]% the following
properties are satisfied:

) p<p =ve(p) <vpy)

2) Yr(p) <p

3) Ye(pAp) =ve(p) NYe(p)
4) Ye(Wp(p) = ve(p) _

5) Yu(T (x|a)(y ):_ng(T(yla)(x)
6) Ye(T(alp) =T (v, YE(w))

An interesting issue concerning the operators ¢ and
Y is that Im(¢g) = Im(¢g) = Hg, and hence the set
of extensional fuzzy subsets Hg can also be characterized
as the set of fixed points of ¢p and ¢p. This fact is
actually a direct consequence of the definitions and is very
natural when ¢g and g is regarded from the topological
approach.

Finally, we remind the concept of Galois connection
between two ordered sets, as it will be used further to
understand the relations between the concepts introduced
previously:

Definition I1.13. Let (A, <), (B, <) two partially ordered

sets. A Galois connection between these sets is a pair (F, G)

of functions F': A — B and G : B — A satisfying:
F(a)<b & a<G(b) (monotone Galois connection)
b< F(a) & a<G(b) (antitone Galois connection)
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III. ISOMORPHISMS AND DUALITIES BETWEEN
INDISTINGUISHABILITY OPERATORS, EXTENSIONAL
SETS, UPPER AND LOWER APPROXIMATIONS

It is noticeable that the three concepts introduced (ex-
tensional sets, upper approximations and lower approxima-
tions) related to an indistinguishability operator E satisfy
very similar families of properties. It is natural to ask then
what is exactly the relation between these concepts.

In this section it will be shown that there actually exist
bijections between the four stated concepts (£, H, U, L)
and furthermore the structure of these is preserved through
these bijections. This will lead us to the final fact that there
are isomorphisms of lattices between the stated concepts,
and these isomorphisms will be explicitly given.

This section is divided intro three subsections. The first
one will study the isomorphism between indistinguishabil-
ity operators and extensional sets. The second one will face
indistinguishability operators and upper approximations
and the third one will deal with lower approximations.

A. Indistinguishability Operators and Fxtensional Sets

This section will focus on studying the isomorphism
between the lattice £ of indistinguishability operators on a
set X and the lattice H of sets of extensional fuzzy subsets.

Analogously as in the case of indistinguishability op-
erators, given Hp and Hp two collections of extensional
sets, the intersection of them Hg N Hp is also the set of
extensional sets of a certain indistinguishability operator,
but the union of them Hg U Hp is not. In order to close
the set of extensional sets under the union operator, and
therefore give to it the structure of a lattice, we have to
introduce, as done with indistinguishability operators, the
concept of extensional closure of a subset of [0, 1]%

Definition IIL.1. Let J C [0,1]%. Its extensional closure
J is defined by:
J = n H
X

He[0,1]X,JCH

where H is a set of fuzzy subsets of X satisfying the
properties of Proposition I1.8:

1) Vierwi € H

) Nierti € H
3) 7_“>(a,u) €EH
9 T(olw e H

) T(pla) € H

The lattice £ of indistinguishability operators on a set
X has a natural ordering given by <, while the lattice H of
sets extensional fuzzy subsets is ordered by the inclusion
C. The following proposition states how these orders are
inverted when we pass from one lattice to the other one.

Proposition III.2. Let E, F be two indistinguishability
operators on X with extensional sets Hg and Hp respec-
tively. Then:



Proof: E < F & Vz,y € X E(z,y) < F(z,y),
which is equivalent to Vz,y Vu € Hp T(E(x,y), u(y)) <
T(F(xay>7ﬂ(y)) < /J(l‘) < Hp C Hg u

The following theorem proves that there is a bijection
between both lattices. This theorem was proved in [1].

Theorem II1.3. Let H be a subset of [0, 1]~ satisfying the
properties of Proposition I1.8. Then there exists a unique
T-indistinguishability operator E such that H = Hg.

Proof: Let E be the indistinguishability operator gen-
erated by H using the Representation Theorem (Theorem
IL5).

Let us proof first that H = Hg.

Since H is a generating family, its fuzzy subsets are
extensional with respect to F and H C Hg.

Let us see the other inequality.

Given ¢ € Hg and y € X, we define the fuzzy
subset py(x) = T(E(z,y), u(y)). We will show that p =

supyEX /J,y
y), 1(y))

py(z) = T(inf By (z,

= inf Tin{ T () (), T ((0)w(@) 1 1(v)).

Since p(y) and v(y) are constants, applying properties
2, 3, 4 and 5 of Proposition I1.8 we have u, € H.

Since p is extensional, p,(x) = T(E(z,y), u(y)) < p(x).
As py(y) = p(y) we obtain p = sup,¢, i, which belongs
to H due to property 1 of Proposition I1.8. So, Hg C H).

The uniqueness is a direct consequence of Proposition
I11.2. [

Corollary I11.4. (I' : E — Hg,Y : Hg — E) define an
antitone Galois connection between £ and H.

We have shown that there is a bijection between &
and ‘H and how the orderings of the lattices are affected
by it. Let us finally show how the structure is preserved
(inverting the order) and therefore we will have proved that
the bijection is an isomorphism of lattices. In fact we will
have proved that given an indistinguishability operator E
on X, Hg is actually its dual space.

Theorem IIL.5. Let E, F be two indistinguishability
operators on a set X with sets of extensional fuzzy subsets
sets Hg and Hp respectively. Then:

1) HfEuF = HgNHp

Proof:

1) w € HeNHp & u € Hg and p € Hp. This is
equivalent to £, > F and £, > For £, > FUF
and by the definition of the extensional closure, this
is equivalent to £, > EUF & i € Hggr

2) 2)

ENF<FE=HgCHgnr.
ENF<F=HprCHgnp.
Then He UHr C Hgnrp = He U Hp C Hgap.

<)
Let u € Hpnp. Let us suppose p ¢ Hg U Hp. Then
there exists an extensional set Hg with indistin-
guishability operator G such that Hs O Hp U Hp
and ¢ ¢ Hg = 3(x,y) such that E,(r,y) <
G(z,y). Without loss of generality we can assume
E(z,y) < F(z,y). As Hg O Hp UHp, Hg C Hg
and Hr C Hg = G < FE and G < F. So
E,(z,y) < G(z,y) < E(z,y) < F(z,y). Hence
Eu(z,y) < (ENF)(z,y).
Therefore, u ¢ Hpnpr which contradicts our hypoth-
esis!
Sou€e Hg UHp.

|

B. Indistinguishability Operators and Upper Approxima-
tions

This subsection will be faced on proving that the lattice
U is isomorphic to the lattice £ of indistinguishability
operators on a set X. The path that will take us to this
result will be analogous to the one followed in the previous
subsection.

As we did with £ and H, to give the set U of upper
approximations ¢g (E € &) a lattice structure, we have to
define a ¢-closure.

Definition IIL.6. Let f be a map defined on [0, ¥ —
[0,1]%. The ¢-closure f of f is defined as:

f= N ¢

f<o,0cU

where U is the set of maps ¢ : [0,1]X — [0,1]% satisfying

the properties of Proposition I1.10:
D) p<i = é(p) < o(1)

2) 1< o(p)

3) d(pv ') =d(p) Vo)
4) ¢(d(n)) = d(n)

5) o({z})(y) = o({y}) ()
) O(T(a, 1)) =T (v, d(1))

On the contrary with respect to what happened with
extensional sets, in the case of upper approximations the
ordering relation is directly preserved, instead of dually.

Proposition IT1.7. Let E, F' be two T-indistinguishability
operators on X with upper approzimations ¢p and ¢p
respectively. Then:

E<F <& ¢p < or

Given a ¢ operator, one can define an indistinguishabil-
ity operator in the following way.

Proposition III.8. Let ¢ : [0,1]% — [0,1]%X be a map
satisfying the properties of Proposition II1.10. Then the
fuzzy relation Ey defined by

Ey(x,y) = o({z})(y)
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18 a T-indistinguishability operator on X.
Proof: Straightforward [ |

The following theorem proves that there is a bijection
between indistinguishability operators and upper approx-
imations.

Theorem III.9. There is a bijection between the set £
of T-indistinguishability operators on X and the maps ¢ :
[0,1]% — [0,1)% satisfying the properties of Proposition
11.10.

Proof: We have to prove that ¢p, = ¢ and Ey, = F

o Let ¢ be a map satisfying the properties of Proposition
I1.10. For all z,y € X and for any fuzzy subset u €

[0,1]% we have:
or, (W) (r) = slelgT(Eq)(ﬂf,y),u(y))
= sup T(¢({y})(z), u(y))
yeX
= o(p)(z).

e Let E be a T-indistinguishability operator. Then for
all z,y € X we have:

Eyp(2,y) o({z})(y)

= sup T(E(y,2),{z}(2))
zeX

= E(z,y).
||

Corollary II1.10. (I' : £ — ¢g, X : ¢p — E) define a
monotone Galois connection between £ and U.

Proof: Trivial due to the monotonicity of a t-norm H

We have construct a bijection between £ and U and

analyzed how the order was affected by it. Again, let us

finish by studying how the structure of the operations

is directly preserved and therefore by proving that the
bijection is an isomorphism.

Theorem II1.11. Let E, F be two indistinguishability op-

erators with upper approrimations ¢ and ¢ respectively.
Then:

1) ¢goF = %eV ér
2) ¢pnr = ¢E N dF

Proof:
1) >)

Let p € [0,1)%.

¢pur()(x) = supyex T(E U F(z,y), u(y))

As EUF > E,F = ¢gop(p)(x) > ¢p(p)(z) and
¢pur()(x) = ¢p(p)(z). Hence:

@(M)(SE) > (¢ V or)(u(z)) = dpoF = ¢V or.
<

By Definition I11.6 and Proposition I1.10, there exists
a T-indistinguishability operator G on X such that
¢r V ¢r = ¢pc. We have to prove that FU F < G.
Indeed, ¢g < ¢pV édr = ¢¢ and by Lemma III.7
E < G. Analogously we get F' < G, and then FUF <
G = EUF < G, which proves the inequality.

2) ¢EﬁF(M)(x) = SUPyex T(min{E(x, y)7 F(QJ, y)}7 M(y))

= sup, e x min{T(E(x,y), u(y)), T(F(z,y), 1(y))}-
And, as the min and the sup operators are

interchangeable in the previous expression, this is
equal to (¢ A ¢r)(p)(2)

C. Indistinguishability Operators and Lower Approxima-
tions

This subsection will deal with indistinguishability op-
erators and lower approximations. The final result of the
subsection will be, analogously as the previous subsections,
the construction of the isomorphism between both lattices.

Firstly, to give the set £ of lower approximations a
lattice structure we have to introduce the w-closure of a
map.

Definition II1.12. Let f be a map defined on [0,1]%
[0,1]%. The t-closure f of f is defined as:
f= N v
YeL,f<y

where L is the set of maps v : [0,1]%X — [0,1]%

the properties of Proposition I1.12:

D) p<p = Ye(p) <ve()
VYe(p) < p
Ye(pA ) =ve(p) ANe(p)
L (400
wE(z(wla)( )=_}b (T (ylo)(2)
(alp)) = T(a, ¢YE(p)

This way, the lattice structure is obtained with the
ordering <, and the operations A and V.

Let us prove now that the ordering of the lattices is
directly preserved when we pass from one to the other.

satisfying

Proposition 111.13. Let E, F be two indistinguishability
operators on X with upper approrimations Vg and Vg
respectively. Then:

E<F&yYyp <yr.

Analogously to the case of upper approximations, an
indistinguishability operator can be defined given a lower
approximation .

Proposition II1.14. Let v : [0,1]% — [0,1]* be a map

satisfying the properties of Proposition II1.12. Then the
fuzzy relation Ey defined by

By(w,y) = inf T (T ({}a)y)l)
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18 a T-indistinguishability operator on X.

From this proposition, it can be proved that there is a
bijection between the lattices £ and L.

Theorem II1.15. [4] There is a bijection between the set of
T-indistinguishability operators and the maps ¥ satisfying
the properties of Proposition I1.12.

Corollary II1.16. (T : E — ¢, X : g — E) define a
monotone Galois connection between £ and L.

Proof: Trivial by applying the properties of the resid-
uation. [ |
We finally have to see that the stated bijection between
the lattice of indistinguishability operators on X and
the lattice of lower approximations on X preserves the
structure given by A and V. This is proved in the following
Theorem. With this result, we have the stated isomorphism
between both lattices.

Theorem III.17. Let E, F be two T-indistinguishability
operators on X with lower approximations Vg and Vg
respectively. Then:

1) Ygor =YE VYr
2) YeEnr =08 ANYF

Proof:

1) >)
F<EUF = ’(ﬁp < W
Therefore, Vg V Yr < Ygor = Ve V Yr < YgoF
<)
Let us assume that there exist z € X and a fuzzy
subset p of X such that:
Ypor(r)(x) > Ye Vp(p)(z). Then there exists a
T-indistinguishability operator G on X such that
VeV r < g and vg(p)(z) < Yggp(p)(@).
But vp < vpViYpr < ¥g. By Lemma II1.13 we
have F < G. Analogously FF < G. So EUF <
G = EU G, which contradicts g (p)(r) <

<
d)m(,u)(x) So we have wm < 1/)E Uyp.
2) (4 A ) (1)) =
min{infye x T ((E(z,y)|n(z)),
infyex 7 (F(z, ()
= infyex T (min{E(z,y), F(z,y)}|pu(z)) =
Yene(p)(z).

IV. CONCLUSION

In this work, the relation between the set & of T-
indistinguishability operators on a set X, the set H of
sets of extensional fuzzy subsets with respect to a T-
indistinguishability operator £ on X and the sets U and
L of upper and lower approximations of fuzzy subsets by
extensional ones with respect to a T-indistinguishability
operator respectively has been studied and stated. It has
been proved that these sets are in fact isomorphic lattices

and the isomorphisms have been given explicitly. These
results are summarized bellow.

L =~ U ~ £ ~ H
YpAYp < ¢pAorp < ENF < HpUHp
YEVYp < ¢pVor < FEUF < HgNHp
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