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Abstract — In this paper, necessary conditions are investigated
for a single input/single output (SISO) Mamdani fuzzy systems as
function approximators of continuous functions within a given
accuracy. Since general SISO Mamdani fuzzy systems are
monotonic on subintervals, the optimal configuration of fuzzy
systems is that the number of division points is at least the times
of its monotonicity changes. Thus with the extreme of the desired
continuous function, necessary conditions are obtained through
generating intervals that contain division points and pruning
redundant intervals. Furthermore, a dynamically constructive
method is proposed to show the conditions are optimal. It has
been shown that existing results concerning necessary conditions
are only special cases of our results. Finally, simulation examples
are given to illustrate the conclusions, the strength of the fuzzy
systems as function approximators are analyzed.
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I. INTRODUCTION

In the past decades, fuzzy systems were widely used and
extensively studied for a variety of applications, especially in
control applications because of their excellent performance in
representing nonlinear functions in an intuitive and informative
manner. In many applications of fuzzy theory, fuzzy systems
involved can be viewed as rule-based function approximators.
Many scholars have proved that fuzzy systems are universal
approximators in different aspects [1-5]. To our knowledge,
the smaller the approximation accuracy, the more fuzzy rules
are required in order to approximate a certain continuous
function, especially in high dimensions. Large numbers of rules
render difficulty in designing fuzzy systems, such as high
storage consumption, increased computational complexity, etc.

One always wants to construct a fuzzy system using less
fuzzy rules to approximate a continuous function within a
given accuracy. Therefore, many efforts have been made to
reduce fuzzy rules. Some methods of these include orthogonal
transformation, singular value decomposition[6-8] and heuristic
methods such as genetic algorithms[9-10], clustering methods
[11,12], and tree search[13], etc. Sufficient conditions for fuzzy
systems have also been defined and solved by many scholars in
term of the function approximation, which are mainly based on
the uniform approximate polynomial [14-16] and the derivative
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of the object function[17-18, 23]. However, from a practical
viewpoint, necessary conditions for fuzzy systems are more
important since they place restrictions on selection components
for fuzzy systems. Despite its importance, only a few papers
[19-22] have dealt with this problem. Generally, the number of
the fuzzy rules needed increases with the number of extreme of
the desired function. However, the existing conclusions are
only available for the fuzzy system with perfect approximation
to a continuous function. In most cases of fuzzy system
applications, the core part is to design a fuzzy system to
approximate a prospective continuous function within certain
accuracy. As a result, necessary conditions for fuzzy systems as
function approximators within a given accuracy deserve deep
study.

In this paper, we will establish new necessary conditions
for general SISO Mamdani fuzzy systems as function
approximator within a prescribed accuracy. By generating the
intervals that contain division points and pruning redundant
intervals, a novel constructive algorithm is proposed to obtain
the necessary conditions. Furthermore, it has been shown that
the conditions are optimal and the existing results given in [19]
are only a special case of ours. Finally, illustrative examples
are used to demonstrate the strength and limitation of the
general SISO Mamdani fuzzy systems.

II. PROBLEM FORMULATION

A.  Configuration of general SISO Mamdani fuzzy systems
The interval [a,b], on which the object function f(x) is
defined, is divided into N subintervals (S, is endpoint of sub-

intervals):

a=§,<8§ <§,<--<S§, =b

Then there are N +1 normal, consistent and continuous input
fuzzy sets defined on [a, b] to fuzzify the input variable (Fig.
1). Each input fuzzy set denoted by 4 (0<i< N ) has a
membership function g (x) defined as follows:
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Figure 1. Illustrative definitions of input fuzzy sets.

1,(x) vels..a.]

1 X€ [Ot,.,laﬂm]
AN xelps. ]

0 selatl/[s,.S,]

(M

where I (x) equals to zero atx =S, | and increases monotoni-
cally to one atx=¢, _, D (x) equals to one at x=/3  and

’ and

decreases monotonically to zero atx =S

wa =SU’SN+I =SN’ SH <0{H SS/,,S[ Sﬂ[-v—l <S/‘+]'

The N +1 fuzzy rules used in the fuzzy system are in the
form:

R:IFx isA,THEN y isB, i=0,1,--,N. )

where B is a singleton output fuzzy set, whose membership
function is one only at y = y, (an arbitrary constant) and is zero
elsewhere. Using product inference engine and center-average
defuzzifier, the output of the SISO Mamdani fuzzy system is

Fx)= D (), 1 D 44 () 3)

B.  The approximation problems for fuzzy systems

The objective function f(x) is defined on the compact
domain @ , which can be approximated by a fuzzy
system F(x) defined in sub-section II. A. The necessary
condition of the fuzzy system for universal approximation is to
find the minimal system configuration that the fuzzy system
F(x) can approximate the continuous function f(x) within a

given accuracy € = 0 using smallest fuzzy rules, i.e.

IF ()= F ()]0 < € 4)

III.  NECESSARY CONDITIONS FOR GENERAL SISO
MAMDANI Fuzzy SYSTEMS

A. Necessary Conditions for General SISO Mamdani Fuzzy
Systems

The following lemmas are given for the subsequent
development of necessary conditions for general SISO

Mamdani fuzzy systems.

Lemma 1[19]: The fuzzy system F(x) defined in (3) is
continuous, and monotonic on [SH , Si] foralli=1,2,---,N.
Lemma 2: Suppose F(x) defined in (3) can approximate
J/ (x) within a given accuracy €, for each subinterval [S ,S ]
there does notexist S, <& <¢, <& <S§ (&, ¢ and & are
extremes of f(x) onb[S/_,S 1), such thét

F(E)-1(&)>2e, f(&)-[(E)<-2e
or f(&)-f(5) <=2, f(S,)-f(5)>2¢ )

Proof: Without losing generality,
exists §, <& <& <& <8, such that

assume that there

+17

F(E)-1(&)>2e, f(&)-[(E)<-2e (6)

Firstly, using reduction to absurdity, it can be proved that there
exists [x,,x,]<[&,&, ], such that F(x) strictly decreases on

[x,,x,]. It is assumed that the interval[x ,x,6], on which

n2

F(x) strictly decreases, does not exist. Then F'(x) increases

monotonically on[¢ , £, ] so that we can get
F(x,)2F(x,) (7

for arbitrary & < x, < x, < ¢, . Since F'(x) can approximate

f(x) within a given accuracy € > 0, we have

€< f(x)-F(x)<¢ (8)
e < f(x)-F(x,)<¢ ©)

Subtracting (9) from (8) yields

J(x)=f(x) <26+ F(x)-F(x,) (10)
Similarly, subtracting (7) from (10) leads to
S(x)=f(x)<2e an

Eq. (11) is contradictory with Eq. (6). This contradiction means
that there exists [x ,x,]<[£,&,], on which F(x) strictly

decreases. Similarly, we can also prove that there

exists [x,,x,] <[&,,€,], such that F(x) strictly increases.

Therefore, there exists two subintervals [x ,x,] and [x,x,]

>

in[S .S, ], such that F(x) strictly decreases and increases
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respectively. By derivative’s property, there must exist division
points on [S,S ], which contradicted with Lemma 1. The
proof is completed.

Lemma 2 has established some necessary conditions for
Mamdani fuzzy systems as function approximators within a
given approximation accuracy. In order to construct the
necessary conditions in an intuitive manner, the construction
algorithm is presented as follows, which consists of generating
the intervals that contain division points and pruning redundant
intervals.

Construction algorithm:

Step 1: Calculate the object function’s extreme set & and
create an empty set P .

Step 2: Traverse the extreme set& ,

WHILE  there exist & ,&,& € & with & <& <& such
that

FENV-F(E)>2e, f(E)~f(£) <2
or f(E)~f(E)<=2e, f(E)=f(E)>2e

DO P=PU{&.¢1).
Step3: 9=P,
WHILE  there exists C,C,e Q , such that
C cc,.
DO remove C, from Q.
Step 4: The algorithm ends and the characteristic set O is
got.
The characteristic set @ determined by construction
algorithm above has the following properties:
(i) Given the extreme set& , O is unique.
(i) There does not exist C € O such that P < C, for
arbitrary P € P.
(i) There also does not
thatC, < C,.

To analyze the characteristics of the elements in setQ, the

exist C,,C,e O such

following definitions are given.

Definition 1: For an interval C, =[£,{ ], let C" =¢
™ =g

Definition 2 (interval correlation): For arbitrary C,,C, € O,
C, and C, are said to be correlative if there exist extremes ¢
and&, withé <& suchthat £, e C, E.8 e,
Definition 3 (interval consistency): For arbitraryC,,C, € O,
C and C, are said to be consistent if there exist extremes
£ € Cand £ € C, such that

F(C) = f(G)>2e, f(CT)-f(S)>2e
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FCM = (&) >2e, f(CT)~f(E,)>2¢
or f(§) = f(C) >2e, f(§)=-f(CT)>2¢
F(E)-f(C)>2e, f(5)-f(C]7)>2e;

or else inconsistent.
Definition 4: For arbitrary C,C, € O, it is said C <C, if
<o

According to the construction algorithm, the following four
corollaries could be obtained easily.
Corollary 1: For arbitrary C,,C, € O, C, and C, could only
be consistent or inconsistent exclusively.
Corollary 2: C™ = C,", C™ # C™" for arbitrary C,,C, € Q..
Corollary 3: For arbitrary C,C,eQ , C™ <C™ if
c™< e

Corollary 4: For the elements C,,C,,---,C, in Q, there exists
a new sorting Cl.1 , Cl.2 ,-++,C; ,such tha‘cCl.l < Cl.2 <. <C

C, <C, <<C (12)

In the following, relationship among elements in Q would
be analyzed using reduction to absurdity.
Lemma 3: For arbitrary C,,C, € Q withC, <C,, C, and C,
are not correlative if C, and C, are consistent.
Proof: Suppose C, and C, are correlative, we have
C™<C™<C™ <C™ by Corollary 3. Without losing
generality, there exist extremes & € C,, &, € C, such that

FEC™) = f(E)> 2, f(CT™)~f(£)>2e:
FC) = FE) > 2, f(CI)-f(E)>2e  (13)

Leté = arg, min{f(&), f(£)} . If & e[C™, szi"], we have
FC™Y=f(E)>2¢e, f(C) - f(£) > 2e.

Thus [C™,C™"]e P is obtained. This contradicted with
[C™,CM™]cC and C e(Q based on property (ii).
Assuming & € [C)",C™ ] or & € [C™,C™] yields a similar
contradiction. Therefore C, and C, are not correlative.
Lemma 4: For arbitrary C, <C,e Q , if C and C, are
correlative,

(1) C, and C, are inconsistent.

(2) Extremes & and &, defined in Definition 3 satisfy

1

min min max max
Ch<E<Cm<C™<é <.

min max

(3) There exist at least two division points in [C;,C," ] to
achieve the approximation accuracy requirement in Eq.

(4).



Proof: Conclusion (1) is obvious by Lemma 3. We now use a
contradiction argument to show the other conclusions are also
satisfied. Since C and C, are correlative and C, < C, , we can

easily get
Clmin < szm < Clmax < szax (14)

according to Corollary 3, Without losing generality, there is

extreme &, € C, such that

S~ fE)> 26, [(CT)=f(€)>2e  (15)

Because C, and C, are inconsistent, there exists £, € C,such
that

[E)=F(C")>2e, f(&)-f(C)")>2¢ (16)

Assuming C;" <& <C™ and & <&, we have

max{f(C[™), f(E)} - f(&) > 2¢,
max{f(C/™), f(£,)} = f(C)") > 2¢ (17)

Thus [£,C"]e P is obtained. This contradicted with
[£.C"]1cC, and C,eQ based on property (ii).
Assuming C;" < &, < C™ vyields a similar contradiction. As a
result, the conclusion (2) is satisfied.

Subsequently, let us analyze the conclusion (3). Without
losing generality, there exist extremes & € C,, &, € C, such

that

S = f(G)>2¢e, f(CT)-f(S)>2e
f(E)-F(C")>2¢e, f(§)-f(C77)>2e (1)
By conclusion (2), we have
SC) = min{£(£). £(CI")} > 2,
min{f (&), £(C")} ~max{f(C™), (&)} < -2¢ .
max (£ (C™), £(£)} - £(C™) > 2 .
As a result, there exists at least two division points
in[C™,C™] according to Lemma 2.

From Lemma 4, we can conclude that two correlative
intervals in Q could not have a common division point.
Furthermore, the following Lemma which will help founding
the relationship between the number of the elements in O and
the number of the division points for fuzzy systems could be
obtained.

Lemma 5: Each element in Q determined by the construction
algorithm has division point of its own if the fuzzy system
F(x) defined in (3) can approximate f(x) within a given

approximation accuracy € .

Proof: For arbitrary C. € O, if C,is not correlative with the
other element in O , there exists division point in C, according
to Lemma 2. If C. is correlative withC,_ € O, C and C, have

their own division points by Lemma 4. Hence each element in
QO determined by the proposed construction algorithm has
division point of its own.

Suppose that the objective function f(x) is defined on the
interval[a, b] in the framework of SISO Mamdani fuzzy system.
If there are n elements in Q which is determined by the
construction algorithm with respect to the function f(x) above,

n division points exist in the interval[a, ] based on Lemma 5.

Furthermore, the interval is divided into at least n+1
subintervals, and at least n+2 fuzzy rules are needed to
approximate the object function within a given approximation
accuracy £ . Thus the necessary conditions for general SISO
Mamdani fuzzy systems could be established intuitively.
Theorem 1: (Necessary conditions for fuzzy systems) Suppose
there are n elements in O determined by the construction
algorithm. In order to approximate the object function within a
given approximation accuracy, the input interval of the fuzzy
system should be divided into at least »+1 subintervals; at
least n+2 fuzzy rules are needed.

We will prove that the conditions established in Theorem 1
are also optimal.

Lemma 6: If f(x)-f(x,)=-2¢ or f(x)— f(x,)<2¢e for
arbitrary x, x, €[S,S  ]withx <x, , there exists a fuzzy
system F(x) in Eq.(4) which can approximate the object
function f(x) within a given approximation accuracy £ on
subinterval [S ,S 1.

Proof: A constructive method will be used here to prove this
lemma.

(@) If f(x)=f(x,)2-2¢ for arbitrary x ,x, € [S,S ]
with x <x,, the output F(x) of a fuzzy system that can
approximate f'(x) within a given accuracy € on [S,,S , ] can
be constructed as Fig. 2. And the output F(x) of a fuzzy
system can be constructed in details as follows.

Step 1 Calculate the extremes & ,& .-+, & of the object
function f(x) on[S ,S ] with § =S5 ,5 =S
Leti=0, e=¢,.

Step 2 WHILE i<n DO

F(x)=min(f(x)+&. /() +&) .xe[&.8,].
If f(&)~ £(£.)20
e=¢ .

J+1
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i=i+l.
Step 3If () f(5,,)20,0n[g,.¢ ]
F)=f(x)-e+——— o~ —(/(e)- f(E)+2¢),
else c
F(x)= fe)+ & +——2 e, (f(5,.)—fle)-28).

(d) If f(x)-f(x,)<2e for arbitrary x ,x,€ [S.S ]
withx, <x,. The corresponding fuzzy system output F'(x) on
[S,.S,, ] canbe constructed in a similar way:

Step 1. Calculate the extremes &, <& ,--+, & of the object
function f(x) on[S,S ] with § =S ,5 =8
Leti=0,e=¢&. '

Step 2. WHILE i<n DO

F(x) = max(f(x)— €, f(e) —€) on xe [E,& 1.
If f(e)- f(E,)<0
e=¢ .
i=i+l.
Step 3.1f £(&) - f(£,)<0,0n [£,£ 1,

J+l T

F(x)=f(x)+e+—— é

n+l n

= (/(e)- f(E)-2¢).

else

F(x) = f(e)—&+—— 4,
$a—6,

Furthermore, the input/output fuzzy sets can be constructed as:
#,(x) = (sup F = F(x)) / (sup F —inf F) , 41,(x) =1 p1,(x)
» =F(S)) and y, = F(S , ). The proof is completed.

Remark 1: The constructive methods in Lemma 6 just show

(f(S,.)— f(e)+2¢).

that there exists fuzzy system that can approximate the object
function within a given approximation accuracy in Eq. (4).
Since the output constructed above in the first case is
f(S)—¢€ at x=§
f(S,)+€at x=S§ , while the second output constructed

and decreases monotonically to

above is f(S)+€ at x=5, and increases monotonically to
f(§S,)-€atx=S§
on subintervals to form a continuous output on the whole

.1 » this two cases can be used alternately
domain.

Lemma 7: Arbitrary two adjacent C, ,C, € Q (1< j<n)in
Corollary 4 are inconsistent.
Proof: If C, and C,

inconsistent according to Lemma 5. Otherwise, we have

are correlative, C, and C, are

cc™ (19)

If C, and C, are consistent. Without losing generality,

assume there exist extremes & € C,, &, € C, such that

JC™)=1E)> 28, S - F(E) > 2
FC)=1(E) > 28, F(C) - fE)> 28 (20)

With (19) and (20),

max{/(C™), £(C™)} ~ £ (£) > 2.
max{f(C™). f(CT)} - f(£) > 2e.
Thus [£,£ ]€ P is obtained. It means there exists C € O
andC, c[¢,¢,] such thatC} <C, <C
Corollary 4. Therefore C and C,
With Lemma 6 and Lemma 7, the optimal necessary

. It contradicted with

are 1ncons1stent

condition for SISO Mamdani fuzzy systems is established as
follows.

Theorem 2 (Optimal necessary conditions for fuzzy
systems): To approximate a continuous function within a given
accuracy, a general SISO Mamdani fuzzy system established
on the number » of the characteristic set Q is optimal.

Proof: Let C e OQ( j=1,-,
the construction algorithm with respect to the function f(x)

n), where Q is determined by

defined on[a,b]. n division points exist in the interval[a,b]
by Lemma 5. Without losing generality, we select all the
division points § € C ( j=1,--,n) at extremes of the

function f(x) . And S satisfies

f(Cj‘“i")—f(Sj) >2e, f(CT™)=[f(S))>2¢,
or /(8,)=f(C[")>2e, f(S)=/(C]")>2e.

Suppose that the approximation accuracy & can’t be achieved
on subinterval[S ,S  ]. With Lemma 6, there exist extremes
of f(x) &,¢&,,5 on[S,S Jwith S <& <& <f<S
such that

SE)-f(E)> 2. f(E)- /(&) <-2e

or f(&)-f(E)<-2e. f(E)-f(E)>2e (D)

Thus [£,&,]€ P is obtained. It means there exists C € O,
C, c[¢,6,] such that C, < C, < C, .This contradicted with
Corollary 4. Therefore the

fuzzy system can achieve

approximation accuracy on each subinterval. In other words ,
the inequality f(x)— f(x,)=-2¢ or f(x)—f(x,)<2¢
holds for arbitrary x,x, € [S ,S ] with x, <x,.

According to Lemma 7, if there exist x,x, € [S,S ] with
that f(x)—/f(x,)>2¢ ,
x,,x, € [S,,8 ] with x <x, such that f(x,) - f(x,) <-2¢.

x <x, such there must exist
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Hence, for arbitrary two adjacent subintervals [S..S] and
[S,.8 .1, if f(x)— f(x,) 2 —2¢€ holds for arbitrary x,x, €
[S/_,SFM] with x, <x,; f(x,)— f(x,) < 2¢ holds for arbitrary
x,,x, €[S,S ] with x, <x,. A continuous output for fuzzy
system can be constructed using the constructive methods in
Lemma 6 alternately. It means that there exists a fuzzy system
which can achieve the given approximation accuracy in Eq. (4).
Therefore the necessary conditions are optimal under the same
condition.
Remark 2: If n division points in Theorem 1 are selected
appropriately, none other division points are necessary for the
fuzzy systems to achieve the given approximation accuracy in
Eq. (4).
Remark 3: In Theorems | and 2, the following assumptions
are assumed to be known for the necessary conditions of the
SISO Mamdani fuzzy system on a given approximation
accuracy € :
(a) Approximation accuracy € = 0;
(b) The values of f(x)e C[a,b] at extremes v =1(©¢),
1<i<m,;
(c) The values of f(x) atendpoints: v, = f(a),v, B = f(b).
These prerequisite conditions (a)-(c) will be the minimum
information required to describe a well-behaved continuous
function so that the fuzzy systems performs more efficiently
than other classical functional approximators. And these

conditions can be gained easily in practical process.

B.  Comparision study on necessary conditions

Ying [19, 20] pointed out that, a fuzzy system as approximator,
the number of division points is at least the number of extremes
of the continuous function for the necessary condition.
However, these results are not available for the fuzzy system as
universal approximator within a given accuracy. In most cases,
the necessary conditions for the fuzzy system as universal
approximator within a given accuracy are more practical and
useful. Here we will show that Ying’s conclusion is only a

special case of our results given above.

Figure 2. The fuzzy system using only two rules approximates f(x) .

Consider the function f(x)=sinx, xe [0,27] in Fig. 3
with error bound 0.55 (dashed lines). A fuzzy system F(x)
with 2 fuzzy rules could be constructed (the dotted line) to
achieve the given approximation accuracy by Lemma 7.
However, according to Ying’s conclusion, the fuzzy system
requires at least 4 rules to achieve the given approximation
accuracy. Consequently, necessary conditions proposed by
Ying hold no longer when the approximation accuracy is
prescribed.

In the construction algorithm, when the given approximation
accuracy £ — 0, we have

fE.)-f(E)>2e,f(5)-f(S,)<-2¢
or f(&.)-f(5)<-2¢6f(C)-f(E.)>2¢  (23)

for arbitrary ¢ £, & e
Q:{[é:o:gz]a[éa53]7”':[5,”,]76,”“]}'

According to Theorem 1, the input interval [a,b] must be

i=12,---,m , and

divided into at least m + 1 subintervals, and the number of the
fuzzy rules ism+ 2. This is just the necessary conditions for
fuzzy systems as universal approximates proposed in [19]. As a
result, the approach in [19] is a special case of our necessary

conditions when & approaches zero.
IV. ILLUSTRATIVE EXAMPLES

In this section, the developed approaches above will be

illustrated by examples.
Example: Design a Mamdani fuzzy system to uniformly
approximate the continuous function shown in Fig. 4. We can
find easily that the extreme set of f(x) is
{0,4,6,8,12,12.5,13,14.5,16,20,21,22,26} whose values are
{1,-1,-0.4,-1,1,0.9,1,0.7,1,-1,-0.8,~1,1} .

The necessary conditions for a fuzzy system on various
kinds of approximation accuracy are given as follows:
(1) 0£<0.05

Using the construction algorithm, the characteristic set Q is
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0 ={[0,61,[4,81,[6,12],[8,12.51,[12,131,[12.5,14.5],[13,16],
[14.5,201,[16,21],[20,22],[21,26]} .

By using the necessary conditions for fuzzy systems in

Theorem 1, 13 fuzzy rules are required to achieve
approximation accuracy.
(2) 0.05<¢<0.1
Using the construction algorithm, the characteristic set Q is
0 =1[0,6],[4,8],[6,12],[8,14.5],[13,16],[14.5, 20],

[16, 21],[20, 22],[21, 26]}.

We can conclude that 11 fuzzy rules can be used to achieve
the given approximation accuracy by Theorem 1. Take
£ =0.08 as an example, the upper and lower boundaries of
f(x) are obtained by moving it vertically by £ upwards and
downwards (the dashed lines in Fig. 5). A fuzzy system output
whose monotonicity changes 9 times, is constructed in the
tunnel encircled by the boundaries to approximate f(x)
(dotted line). Therefore 11 fuzzy rules are necessary for
achieving the given accuracy.

(3) 0.1<¢£<0.15

Using the construction algorithm, the characteristic set Q is
0 ={[0,61,[4,8],[6,12],[8,14.5],[13,161,[14.5,201,[16,26]}

And 9 fuzzy rules are required to achieve the given
approximation accuracy by Theorem 1.
(4) 0.15<¢<0.2

The construction algorithm is used to determine the
characteristic set as

0 ={[0,61,[4,8],[6,121,[8,201,[16,26]} .

And 7 fuzzy rules are required to achieve the given
approximation accuracy by Theorem 1. Take £ =0.18 as an
example, the upper and lower bounds of f(x) are obtained by
moving it vertically by € upwards and downwards (the dashed
lines in Fig. 6). A fuzzy system output whose monotonicity
changes 5 times, is constructed in the tunnel encircled by the
boundaries to approximate f(x) (dotted line). Therefore 7
fuzzy rules are necessary for achieving the given accuracy.

(5) 02<¢e<05

Using the construction algorithm, the characteristic set Q is

0 ={[0,12],[8,20],[16,26]} .

5 fuzzy rules are required to achieve the given approximation

accuracy by Theorem 1.

(6) €205
The construction algorithm is used to determine the
characteristic set Q asQ =® . 2 fuzzy rules are required to
achieve approximation accuracy by Theorem 1.
The strength as well as limitation of the general SISO
Mamdani fuzzy system as function approximator is showed in
the example. It is observed that the minimal number of fuzzy
rules M

continuous function’s extremes whose swings are larger than

increases with the number € of the desired

the approximation accuracy. That is to say, on one hand, a
small number of fuzzy rules suffice to achieve the approximat
ion if € is a small number, even the desired function has a
complicated formulation. On the other hand, large numbers of
fuzzy rules are required to approximate a simple function with
large Q . It means that fuzzy systems are not ideal function
approximators for applications involving highly oscillatory
continuous functions with large amplitudes. And the necessary
conditions are local constant with accuracy. These may be used
to explain practical fuzzy models only use a small number of

fuzzy rules to achieve successful applications.

— fx)

)
°
T

Figure 4. A fuzzy system F(x) is constructed to approximate f(x) in
example 2 with accuracy 0.08.
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Figure 5. A fuzzy system F(x) is constructed to approximate f(x) in
example 2 with accuracy 0.18. [13]

V. CONCLUSIONS [14]

This paper is concerned with the necessary conditions for [15]
general SISO Mamdani fuzzy systems as approximators within
a given accuracy. The necessary conditions proposed in this [16]
paper expand the existing ones so that new conclusions are

suitable for more practical cases. It has been proved that the

proposed conditions are optimal. Finally, some examples are  [17]

used to demonstrate the strength and limitation of the general

SISO Mamdani fuzzy systems. (18]
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