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Abstract

Qualitative probabilistic networks represent prob-
abilistic influences between variables. Due to the
level of representation detail provided, knowledge
about influences that hold only in specific contexts
cannot be expressed. The results computed from
a qualitative network, as a consequence, can be
quite weak and uninformative. We extend the ba-
sic formalism of qualitative probabilistic networks
by providing for the inclusion of context-specific
information about influences and show that exploit-
ing this information upon inference has the ability
to forestall unnecessarily weak results.

Introduction

should capture as much qualitative information from the ap-
plication domain as possible. In this paper, we propose an
extension to the basic formalism of qualitative networks to
enhance its expressive power for this purpose.

Probabilistic networks provide, by means of their digraph,
for a qualitative representation of the conditional indepen-
dences that are embedded in a joint probability distribu-
tion. The digraph in essence captures independences between
nodes, that is, it models independences that hold for all val-
ues of the associated variables. The independences that hold
only for specific values are not represented in the digraph but
are captured instead by the conditional probabilities associ-
ated with the nodes in the network. Knowledge of these latter
independences allows further decomposition of conditional
probabilities and can be exploited to speed up inference. For
this purpose, a notion afontext-specific independenaas
introduced for probabilistic networks to explicitly capture in-

Qualitative probabilistic networkare qualitative abstractions dependences that hold only for specific values of variables
of probabilistic networkdWellman, 1990, introduced for  [Boutilier et al., 1996: Zhang & Poole, 1999

probabilistic reasoning in a qualitative way. A qualitative 5 qualitative probabilistic network equally captures inde-

probabilistic network encodes statistical variables and theandqences between variables by means of its digraph. Since
probabilistic relationships between them in a directed acych%s qualitative influences pertain to variables as well, inde-

graph. Each nodd in this digraph represents a variable. An hongences that hold only for specific values of the variables
arc A — B expresses a probabilistic influence of the vari-jnyslved cannot be represented. In fact, qualitative influences
able A on the probability distribution of the variablg; the jmpjicitly hide such context-specific independences: if the
influence is summarised by a qualitative sign indicating thefiuence of a variablel on a variableB is positive in one
direction of shift in B’s distribution. For probabilistic infer- context, that is, for one combination of values for some other
ence with a qualitative network, an efficient algorithm, based,5riaples, and zero in all other contexts — indicating indepen-
upon the idea of propagating and combining signs, is availyence — then the influence is captured by a positive sign. Also,
able[Dr_uzqzeI & Henrion, 1998 i positive and negative influences may be hidden: if a variable
Qualitative probabilistic networks can play an important 4 pas g positive influence on a varialitén some contextand

role in the construction of probabilistic networks for real-life 5 negative influence in another context, then the influence of
application domains. While constructing the digraph of a4 on B is modelled as being ambiguous.

probabilistic network is doable, the assessment of all prob-
abilities required is a much harder task and is only performe%

when the network's digraph is considered robust. By elicitingmy in a qualitative probabilistic network. For this purpose,

signs from domain experts, the obtained qualitative proba\—Ne introduce a notion otontext-specific signWe extend

.b'I'S“C net_vvork can be used to _study and vaI_|Qate the reasor.{he basic formalism of qualitative networks by providing for
ing behaviour of the network prior to probability assessmen

the signs can further be used as constraints on the probabt—e inclusion of contt_a>_<t—spe_ci_fic information ab(_)ut influences
ities to be assessd@ruzdzel & Van der Gaag, 1995 To nd show that exploiting this information upon inference can

. o o9 .. prevent unnecessarily weak results. The paper is organised
be able to thus exploit a qualitative probabilistic network, t5s follows. In Section 2, we provide some preliminaries con-

*This work was partly funded by the EPSRC under grantcerning qualitative probabilistic networks. We present two
GR/L84117 examples of the type of information that can be hidden in

As context-specific independences basically are qualitative
y hature, we feel that they can and should be captured explic-
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gualitative influences, in Section 3. We present our extendesign is determined, indicating the direction of change in the
formalism and associated algorithm for exploiting context-node’s probability distribution occasioned by the new obser-
specific information in Section 4. In Section 5, we discussvation given all previously observed node values. Initially, all
the context-specific information that is hidden in the quali-node signs equal ‘0’. For the newly observed node, an ap-
tative abstractions of two real-life probabilistic networks. In propriate sign is entered, that is, eitherd for the observed
Section 6, we briefly show that context-specific informationvaluetrue or a ‘—’ for the valuefalse Each node receiving a
can also be incorporated in qualitative probabilistic networksmessage updates its node sign and subsequently sends a mes-
that include a qualitative notion of strength of influences. Thesage to each neighbour whose sign needs updating. The sign
paper ends with some concluding observations in Section 7 of this message is the-product of the node’s (new) sign and
the sign of the influence it traverses. This process is repeated
2 Qualitative probabilistic networks throughout the network, building on the properties of sym-
A qualitative probabilistic networkmodels statistical vari- metry, transitivity, and composition of influences. Since each

ables as nodes in its digraph; from now on, we use the term osje,can g?ﬁnge 'tf s;ggya:hmost twice, Qn_tce frmﬁd 4(‘] t
variable and node interchangeably. We assume, without losy _tt an Zn. Ot?]y Of' , the proc;esg }[/ls;]slteac node a
of generality, that all variables are binary, usingnda to in- mostiwice and s theretore guaranteed to haft.
dicate the valuesue andfalsefor variableA, respectively. A

qualitative network further associates with its digraph asetoB ~ Context-independent signs

qualitative influencesdescribing probabilistic relationships context-specific information cannot be represented explicitly
between the variablg§Vellman, 1990. A qualitative influ- i 3 qualitative probabilistic network, but is hidden in the net-
ence associated with an adc— B expresses how the values \ork's qualitative influences. If, for example, the influence of
of nodeA influence the probabilities of the values of ndBe 5 noded on a nodeB is positive for one combination of val-
A positive qualitative influencéor example, ofA on B, de- g5 for the se of B’s parents other thad, and zero for all
notedS™ (4, B), expresses that observing higher values forgther combinations of values fo, then the influence oft
nodeA makes higher values for nodemore likely, regard-  on B is positive by definition. The zero influences are hidden
less of any other influences a3 that is, due to the fact that the inequality in the definition of qualita-
Pr(b | az) > Pr(b | az), tive influence is not strict. We present an example illustrating

o such hidden zeroes.
for any combination of values for the setX of parents ofB

other thanA. The ‘+'in S (A, B) is termed the influence’s
sign A negative qualitative influenc&€—, and a zero quali-
tative influenceS®, are defined analogously. If the influence
of node A on nodeB is hon-monotonic or unknown, we say
that it isambiguousdenoteds? (A, B).

The set of influences of a qualitative probabilistic network
exhibits various propertieBVellman, 1990. The symme-
try property states that, if°(A, B), then alsoS°(B, A),

§ € {+,—,0,?}. Thetransitivity property asserts that a se-
guence of qualitative influences along a chain that specifie
at most one incoming arc per node, combine into a single in
fluence with thex-operator from Table 1. Theomposition
property asserts that multiple influences between two nod
along parallel chains combine into a single influence with th

Figure 1: The qualitativeurgerynetwork.

Example 1 The qualitative network from Figure 1 represents
a highly simplified fragment of knowledge in oncology; it
egertains to the effects and complications to be expected from
dreatment of oesophageal cancer. Nadmodels the life ex-
pectancy of a patient after therapy; the valuedicates that

-operator. the patient will survive for at least one year. Nddenodels
|+ — 0 7 @]+ — 0 7 the therapy instilled; we consider surgery, modelled,iynd
T+ = 0 7 F I ¥ 7 ¥ 7 no treatment, modelled by as the only alternatives. The ef-
— - + 0 7 2?2 - - 2 fect to be attained from surgery is a radical resection of the
0/]0 0 0 O o|+ - 0 7 oesophageal tumour, modelled by nale After surgery a
7?7 7 0 7 o O S S life-threatening pulmonary complication, modelled by node

P, may result; the occurrence of this complication is heavily
influenced by whether or not the patientis a smoker, modelled
A qualitative network further capturesialitative synergies by nodes.
between three or more nodes; for details we ref€Dtizdzel We consider the conditional probabilities from a quantified
& Henrion, 1993; Wellman, 1990 network representing the same knowledge. We would like to
For inference with a qualitative network, an efficient al- note that these probabilities serve illustrative purposes only;
gorithm is availablgdDruzdzel & Henrion, 1998 The ba- although not entirely unrealistic, they have not been specified
sic idea of the algorithm is to trace the effect of observing aby domain experts. The probability of attaining a radical re-
node’s value on the other nodes in the network by messaggection upon surgery Br(r | t) = 0.45; as without surgery
passing between neighbouring nodes. For each node, a notere can be no radical resection, we h&ér | ) = 0.

Table 1: Thep- and®-operators.
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From these probabilities we have that nddéndeed exerts represents the presence or absence of metastases in the cervi-
a positive qualitative influence on node The probabilities  cal lymph nodes.
of a pulmonary complication occurring and of a patient’s life  We consider the conditional probabilities from a quantified

expectancy after therapy are, respectively, network representing the same knowledge; once again, these
Pr(p) | s 5 Pr(l) _ probabilities serve illustrative purposes only. The probabili-
tp 075 0.00 = 0p15 Op o5 ties of the presence of cervical metastases in a patient are
t |0.00 0.00 F | 0.03 050 Pr(c) | 1 !

From the left table, we verify that both and S exert a pos- g 888 (1)88

itive qualitative influence on nodB. The fact that the influ- ' '

ence ofl" on P is actually zero in the context of the valgiéor From these probabilities we have that nddéndeed has a
nodesS, is not apparent from the influence’s sign. Note thatnegative influence on nodg. The influence of nodé/ on
this zero influence does not arise from the probabilities being’, however, is non-monotonic:

zero, but rather from their having the same value. From the _ - _ =
right table we verify that nodé& exerts a positive influence Pr(c | ml) > Pr(c | ml), yet Pr(c|mil) < Pr(c|ml)
on nodeL; the qualitative influence o on L is negativel]  The non-monotonic influence hides &'*for the valuel of

The previous example shows that the level of representatiofcdel and a =" for the context. [J

detail of a qualitative network can result in information hid-  From the two examples above, we observe that context-
ing. As a consequence, unnecessarily weak answers may répecific information about influences that is present in the
sult upon inference. For example, from the probabilities in-conditional probabilities of a quantified network cannot be
volved we know that performing surgery on a non-smoker hagepresented explicitly in a qualitative probabilistic network:
a positive influence on life expectancy. Due to the conflictingupon abstracting the quantified network to the qualitative net-
reasoning chains froffi to L in the qualitative network, how-  work, the information is effectively hidden.

ever, entering the observatiofior nodeT” will resultin a ‘7’

for nodeL, indicating that the influence is unknown. 4 Context-specificity and its exploitation
We recall from the definition of qualitative influence that

the sign of an influence of a nodeon a nodeB is indepen- The level of represer]tation detail of a qualitative probabili_s'—
dent of the values for the seéf of parents ofB other than tic network enf_orces !nfluences to be mdependent of specm_c
A. A “? for the influence ofA on B may therefore hide the contexts. In this section we present an extension to th_e k_)aS|c
information that noded has a positive influence on nod formalism of _q'uah.tatlve network_s that allows for associating
for some combination of values of and a negative influ- context-specific signs with qualitative influences. In Section
ence for another combination. If so, the ambiguous influencé:1, the extended formalism is introduced; in Section 4.2, we
is non-monotonidn nature and can in fact be looked upon asShoW, by means of the example networks from the previous

specifying different signs for different contexts. We presen1section, that exp!oiting context—specific_: information can pre-
an example to illustrate this observation. vent unnecessarily weak results upon inference.

4.1 Context-specific signs

Before introducing context-specific signs, we define a notion
_ 2 of context for qualitative networks. Let be a set of nodes,
' called thecontext nodesA contextcx for X is a combination
of values for a subseét” C X of the set of context nodes.
Figure 2: The qualitativeervical metastasasetwork. WhenY = @, we say that the context smpty denotec;
whenY = X, we say that the context imaximal The set of
Example 2 The qualitative network from Figure 2 representsall possible contexts fokX is called thecontext sefor X and
another fragment of knowledge in oncology; it pertains to thes denotedCx. To compare different contexts for the same
metastasis of oesophageal cancer. Nbdepresents the lo- set of context nodeX’, we use an ordering on contexts: for
cation of the primary tumour that is known to be present in aany two combinations of values, andc’y forY C X and
patient’s oesophagus; the vallueodels that the tumour re- Y’ C X, respectively, we say thaty > ¢ iff Y D Y’ and
sides in the lower two-third of the oesophagus and the valuex andc’y specify the same combination of values ot
[ expresses that the tumour is in the oesophagus’ upper one-A context-specific sigmow basically is a sign that may
third. An oesophageal tumour upon growth typically givesvary from context to context. It is defined as a function
rise to lymphatic metastases, the extent of which are captured : Cx — {+,—,0,7} from a context seCx to the set
by nodeM. The valuerm of M indicates that just the local of basic signs, such that for any two contexts and ¢y
and regional lymph nodes are affecteddenotes that distant with cx > ¢’y we have that, ifo(c’y) = d; for §; €
lymph nodes are affected. Which lymph nodes are local of+, —, 0}, then §(cx) € {d;,0}. For abbreviation, we will
regional and which are distant depends on the location of therite 5(X) to denote the context-specific sigthat is defined
tumour in the oesophagus. The lymph nodes in the neck, arn the context sefx. Note that the basic signs from regular
cervix, for example, are regional for a tumour in the upperqualitative networks can be looked upon as context-specific
one-third of the oesophagus and distant otherwise. Node signs that are defined by a constant function.

UNCERTAINTY AND PROBABILISTIC REASONING 669



In our extended formalism of qualitative networks, we as-Example 3 We reconsider the qualitativeurgery network
sign context-specific signs to influences. We say that a nodigom Figure 1. Suppose that a non-smoker is undergoing
A exerts qualitative influence of sigh( X ) on a nodeB, de-  surgery. In the context of the observatiofor nodesS, prop-
notedS?(X) (A, B), whereX is the set of parents d8 other ~ agating the observation for node 7" with the basic sign-
than A, iff for each context x for X we have that propagation algorithm results in the sighfor node L: there
is not enough information present in the network to com-
pute a non-ambiguous sign from the two conflicting reason-
ing chains fronil"to L.

o i(cx) = +iff Pr(b| acxy) > Pr(b | acxy) for any
combination of valuesxy for X;

e §(cx) = —iff Pr(b]| acxy) < Pr(b | acxy) for any We now extend the qualitativeirgerynetwork by assign-
such combination of values,y; ing the context-specific sigh(.S), defined by
e 6(cx) = 0iff Pr(b| acxy) = Pr(b | acxy) for any 0(s)=+,6(5)=0, d(e) =+

such combination of valuescy; to the influence of nodd on nodeP, that is, we explic-

e §(cx) =7 otherwise. itly include the information that non-smoking patients are not
Note that we take the set of parents of ndglether thanA at risk for pulmona_ry comphpatpns after surgery. The thus
for the set of context nodes; the definition is readily extendetgi)ggrn%i? r?gﬁ\v-vsor:]ko:(sinsmgtri]elr?t E'gg{j i(i"r:\l). sVLYre ;ow rlfr%m;_
to apply to arbitrary sets of context nodes, however. Comethating the observationgf(?r nodeT withgthegexter?de)é. sign-p
specific qualitative synergies can be defined analogously. . ; : ~ : ;
pA con?ext-specificysigrg(X) in essence has to sgpecifgl/ a propagation algorithm in t?e context sfref':}ultsr:n the sign
basic sign from(+ 0.} for each possible combination e\ \creasa ife expectancy for the patiet.
of values in the context sé€ty. From the definition o6 (X), '
however, we have that it is not necessary to explicitly indicate
a basic sign for every such context. For example, consider an
influence of a noded on a nodeB with the set of context

nodesX = {D, E}. Suppose that the sigif X) of the influ- - (L)
ence is defined as
d(e) =7,
6(d)=+, dd)=—, de)=7 )=+,
d(de) =+, d(de) =+, d(de)=—, d&(de)=0

(b)
Eisgure 3: Ahidden zero revealed, (a), and a non-monotonicity
ptured, (b), by a context-specific sign.

The functions(X) is uniquely described by the signs of the
smaller contexts whenever the larger contexts are assigned t

same sign. The function is therefore fully specified by
In Section 3 we not only discussed hidden zero influ-

0(e) =7, 8(d) =+, 6(d) = —, d(e) = +, d(de) =0 ences, but also argued that positive and negative influences

The sign-propagation algorithm for probabilistic inference@n be hidden in non-monotonic influences. As the ini-
with a qualitative network, as discussed in Section 2, is easilj@! ‘7' of these influences tend to spread to major parts of
extended to handle context-specific signs. The extended a Network upon inference, it is worthwhile to resolve the
gorithm propagates and combiriassic signsonly. Before a non-monotonicities mvolyed_ whenever poss@le. Our ex-
sign is propagated over an influence, it is investigated whethdfnded formalism of qualitative networks provides for effec-
or not the influence’s sign is context-specific. If so, the cur-tively capturing |nformat|on_ about non-monotonicities, as is
rently valid context is determined from the available obser-de€monstrated by the following example.
vations and the basic sign specified for this context is propaExample 4 We reconsider the qualitativeervical metas-
gated; if none of the context nodes have been observed, theasesnetwork from Figure 2. We recall that the influence
the sign specified for the empty context is propagated. of nodeM on nodeC' is non-monotonic since

Pr(c | ml) > Pr(c | ml) and Pr(c | ml) < Pr(c|ml)

In the context, therefore, the influence is positive, while it is
negative in the context In the extended network, shown in

4.2 Exploiting context-specific signs

In Section 3 we presented two examples showing that th
influences of a qualitative probabilistic network can hide _ - S - .
context-specific information. Revealing this hidden infor- F19ure 3(b), this information is captured explicitly by assign-
mation and exploiting it upon inference can be worthwhile.N9 the sigm(L), defined by

The information that an influence is zero for a certain con- S()=+,6()=—, 6(e) =7

text can be used, for example, to improve the runtime of th .

sign-propagation algorithm because propagation of a sign ca the influence of nodé/ on nodeC’. [
be stopped as soon as a zero influence is encountered. More e e .
importantly, however, exploiting the information can prevent Context-specificity in real-life networks
conflicting influences arising during inference. We illustrateTo get an impression of the context-specific information that
this observation by means of an example. is hidden in real-life qualitative probabilistic networks, we
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#influences with siga: are positive, 31% are negative, 20% are zero, and 17% re-
+ 0 ? total main ambiguous. For the qualitative oesophagus network, we
ALARM 17 9 0 20 | 46 find that 54% of the influences are positive, 21% are nega-
oesophagug 32 12 0 15 | 59 tive, and 25% are ambiguous; the network does not include
) ) any explicit zero influences. For the extended network, us-
Table 2: The numbers of influences with’; * —’, * 0" and ‘7’

ing context-specific signs, we find that 46% of the qualitative
influences are positive, 22% are negative, 10% are zero, and
22% remain ambiguous.
computed qualitative abstractions of the well-knovwaRrM - We observe that for both the ARM and the oesophagus
network and of the network for oesophageal cancer. Tha&etwork, the use of context-specific signs serves to reveal a
ALARM -network consists of 37, mostly non-binary, nodesconsiderable number of zero influences and to substantially
and 46 arcs; the number of direct qualitative influences irdecrease the number of ambiguous influences. Similar obser-
the abstracted network — using the basic definition of qualitavations were made for qualitative abstractions of two other
tive influence — therefore equals 46. The oesophagus networkal-life probabilistic networks, pertaining to Wilson’s dis-
consists of 42, also mostly non-binary, nodes and 59 arcgase and to ventricular septal defect, respectively. We con-
Table 2 summarises for the two abstracted networks the nunclude that by providing for the inclusion of context-specific
bers of direct influences with the four different basic signs.information about influences, we have effectively extended
The numbers reported in Table 2 pertain to the basic signéhe expressive power of qualitative probabilistic networks.
of the qualitative influences associated with the arcs in the

signs for the qualitativeLARM and oesophagus networks.

networks’ digraphs. Each such influence, and hence each a§- Extension to enhanced networks

sociated basic sign, covers a number of maximal context
For a qualitative influence associated with the dre~ B,

the number of maximal contexts equals 1 (the empty contex%v

if node B has no other parents thady otherwise, the num-
ber of maximal contexts equals the number of possible co
binations of values for the set of parents®fother thanA.

For every maximal context, we computed the proper (contex

specific) sign from the original quantified network. Table 3 b
summarises the number of context-specific signs covered b

the different basic signs in the two abstracted networks. Fro
the table we have, for example, that the 17 qualitative influ
ences with sign+’' from the ALARM network together cover
59 different maximal contexts. For 38 of these contexts, th
influences are indeed positive, but for 21 of them the influ
ences are actually zero.

# cx with signd”
ALARM + 0 ? total
+ 38 - 21 - 59
6 = - 40 11 - 51
0 — - - - 0
? 34 24 12 28 108
total 72 64 44 28 218
# cx with signd”:
oesophagug  + — 0 ? total
+ 74 - 8 - 82
6 = - 36 8 - 44
0 - - - - 0
? 6 3 2 38 49
total 80 39 18 38 | 175

Table 3: The numbers of contextg covered by the+’, * —’,
‘0’ and ‘7" signs and their associated context-specific signs
for the qualitativeaLARM and oesophagus networks.

For the qualitativeaLARM -network, we find that 35% of

m

Srhe formalism ofenhanced qualitative probabilistic net-

orks[Renooij & Van der Gaag, 1999introduces a qualita-

ve notion of strength of influences into qualitative networks.
We briefly argue that the notions from the previous sections
can also be used to provide for the inclusion and exploitation
of context-specific information about such strengths.

In an enhanced qualitative network, a distinction is made
etween strong and weak influences by partitioning the set of
Il influences into two disjoint subsets in such a way that any
fluence from the one subset is stronger than any influence
from the other subset; to this endat-off valuen is used. For
example, astrongly positive qualitative influenad a nodeA

%n anodeB, denotedS** (A, B), expresses that

Pr(b | azx) —Pr(b|az) > «

for any combination of values for the setX of parents ofB
other thanA; aweakly positive qualitative influencd A on
B, denotedS* (4, B), expresses that

0<Pr(b|azx)—Pr(b|azr) <«

for any such combination of valuas The sign 4+’ is used

to indicate a positive influence whose relative strength is am-
biguous. Strongly negative qualitative influences—, and
weakly negative qualitative influencés , are defined anal-
ogously; a negative influence whose relative strength is am-
biguous is denoted 7. Zero qualitative influences and am-
biguous qualitative influences are defined as in regular quali-
tative probabilistic networks. Renooij & Van der Gaag (1999)
also provide extended definitions for the and®-operators

to apply to the double signs. These definitions cannot be re-
viewed without detailing the enhanced formalism, which is
beyond the scope of the present paper; it suffices to say that
the result of combining signs is basically as one would intu-
itively expect.

the influences are positive, 17% are negative, and 48% are Our notion of context-specific sign can be easily incor-
ambiguous; the network does not include any explicitly speciporated into enhanced qualitative probabilistic networks. A
fied zero influences. For the extended network, using contextontext-specific sign now is defined as a functlonCx —
specific signs, we find that 32% of the qualitative influences{++, 4+, +, —, —2,——, 0,7} from a context se€x to the
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extended set of basic signs, such that for any two contextsxtended network is shown in Figure 4. We recall from Ex-
cx and ¢, with cx > c’x we have that, if the sign is strongly ample 3 that for non-smokers the effect of surgery on life ex-
positive forc’y, then it must be strongly positive fok, if the  pectancy is positive. For smokers, however, the effect could
sign is weakly positive fot'y, then it must be either weakly not be unambiguously determined. From the extended net-
positive or zero for &, and if it is ambiguously positive for work in Figure 4, we now find the effect of surgery on life
c’y, then it may be (strongly, weakly or ambiguously) pos-expectancy for smokers to be negative: upon propagating the
itive, or zero for ¢;. Similar restrictions hold for negative observationt for nodeT in the context of the information
signs. Context-specific signs are once again assigned to ifier nodeS, the sign{+ ® +) ® (+ + ® — —)' =‘—"results
fluences, as before. for nodelL. O

For distinguishing between strong and weak qualitative in- )
fluences in an enhanced network, a cut-off valudas to 7 Conclusions

be chosen in such a way that, basically, &I strong in- e extended the formalism of qualitative probabilistic net-
fluences of a nodel on a nodeB we have thaf Pr(b |  works with a notion of context-specificity. By doing so,
ax) — Pr(b | az)| > o for all contextsz, and forall weak  we enhanced the expressive power of qualitative networks.
influences we have thaPr(b | ax) — Pr(b | az)| < afor  while in a regular qualitative network, zero influences as well
all such contexts. If, for a specific cut-off value there ex- a5 positive and negative influences can be hidden, in a net-
ists an influence of nodé on nodeB for which there are  work extended with context-specific signs this information is
contextse andz” with |Pr(b | az) — Pr(b | az)| > cand  made explicit. Qualitative abstractions of some real-life prob-
|Pr(b | az’) — Pr(b | az’)] < «, then signs of ambigu- apilistic networks have shown that networks indeed can incor-
ous strength would be introduced into the enhanced networlgorate considerable context-specific information. We further
which would seriously hamper the usefulness of exploiting &howed that incorporating the context-specific signs into en-
notion of strength. A different cut-off value had better be cho-hanced qualitative probabilistic networks that include a quali-
sen, by shiftingx towards 0 or 1. Unfortunatelyy may then  tative notion of strength renders even more expressive power.
very well end up being 0 or 1. The use of context-specificThe fact that zeroes and double signs can be specified context-
information about qualitative strengths can now forestall thespecifically allows them to be specified more often, in gen-
necessity of shifting the cut-off value, as is illustrated in theeral. We showed that exploiting context-specific information
following example. about influences and about qualitative strengths can prevent
unnecessary ambiguous node signs arising during inference,
thereby effectively forestalling unnecessarily weak results.
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Abstract common choice is the use of linear value functions as an ap-

Markov Decision Processes (MDPs) provide a coherent
mathematical framework for planning under uncertainty.
However, exact MDP solution algorithms require the manip-
ulation of a value function, which specifies a value for each
state in the system. Most real-world MDPs are too large
for such a representation to be feasible, preventing the use
of exact MDP algorithms. Various approximate solution al-
gorithms have been proposed, many of which use a linear
combination of basis functions as a compact approximation
to the value function. Almost all of these algorithms use an
approximation based on the (weighted) £2-norm (Euclidean
distance); this approach prevents the application of standard
convergence results for MDP algorithms, all of which are
based on max-norm. This paper makes two contributions.
First, it presents the first approximate MDP solution algo-
rithms — both value and policy iteration — that use max-
norm projection, thereby directly optimizing the quantity re-
quired to obtain the best error bounds. Second, it shows how
these algorithms can be applied efficiently in the context of
factored MDPs, where the transition model is specified using
a dynamic Bayesian network.

1 Introduction

Over the last few years, Markov Decision Processes (MDPs)
have been used as the basic semantics for optimal planning
for decision theoretic agents in stochastic environments. In
the MDP framework, the system is modeled via a set of states
which evolve stochastically. The key problem with this rep-
resentation is that, in virtually any real-life domain, the state
space is quite large. However, many large MDPs have signif-
icant internal structure, and can be modeled compactly if the
structure is exploited in the representation.

Factored MDPs [Boutilier et al., 1999] are one approach
to representing large, structured MDPs compactly. In this
framework, a state is implicitly described by an assignment
to some set of state variables. A dynamic Bayesian network
(DBN) [Dean and Kanazawa, 1989] can then allow a compact
representation of the transition model, by exploiting the fact
that the transition of a variable often depends only on a small
number of other variables. Furthermore, the momentary re-
wards can often also be decomposed as a sum of rewards re-
lated to individual variables or small clusters of variables.

Even when a large MDP can be represented compactly,
e.g., in a factored way, solving it exactly is still intractable:
Exact MDP solution algorithms require the manipulation of a
value function, whose representation is linear in the number
of states, which is exponential in the number of state vari-
ables. One approach is to approximate the solution using an
approximate value function with a compact representation. A
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proximation — value functions that are a linear combination
of basis functions.

This paper makes a twofold contribution. First, we provide
a new approach for approximately solving MDPs using a lin-
ear value function. Previous approaches to linear function ap-
proximation typically have utilized a least squares (£2-norm)
approximation to the value function. Least squares approxi-
mations are incompatible with most convergence analyses for
MDPs, which are based on max-norm. We provide the first
MDP solution algorithms — both value iteration and policy
iteration — that use a linear max-norm projection to approxi-
mate the value function, thereby directly optimizing the quan-
tity required to obtain the best error bounds.

Second, we show how to exploit the structure of the prob-
lem in order to apply this technique to factored MDPs.
Our work builds on the ideas of Koller and Parr [1999;
20001, by using factored (linear) value functions, where each
basis function is restricted to some small subset of the do-
main variables. We show that, for a factored MDP and fac-
tored value functions, various key operations can be imple-
mented in closed form without enumerating the entire state
space. Thus, our max-norm algorithms can be implemented
efficiently, even though the size of the state space grows ex-
ponentially in the number of variables.

2 Markov decision processes

A Markov Decision Process (MDP) is defined as a 4-tuple
(S, A, R, P) where: S is a finite set of |S] states; A is a set
of actions; R is a reward function R : S x A — IR, such that
R(s, a) represents the reward obtained by the agent in state s
after taking action «; and P is a Markovian transition model
where P(s' | s, a) represents the probability of going from
state s to state s’ with action a.

We will be assuming that the MDP has an infinite horizon
and that future rewards are discounted exponentially with a
discount factor y € [0, 1). A stationary policy = for an MDP
is a mapping 7 : S — A, where 7(s) is the action the agent
takes at state s. The policy is associated with a value function
V. € RI®! where Vx(s) is the discounted cumulative value
that the agent gets if it starts at state s. The value function
for a fixed policy is the fixed point of a set of equations that
define the value of a state in terms of the value of its possible
successor states. More formally, we define:

Definition 2.1 The DP operator, 7, for a fixed stationary
policy 7 is:

T:V(s) = R(s,m(s)) + vXs P(s'|s, 7(s))V(s').
V, is the fixed point of T: Vo = To Ve, 1
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The optimal value function V* is also defined by a set of
equations. In this case, the value of a state must be the max-
imal value achievable by any action at that state. More pre-
cisely, we define:

Definition 2.2 The Bellman operator, 7 *, is:
TV(s) = maaX[R(s, a)+ X5 P(s" | 5,a)V(s")].

V* is the fixed point of T*: V* = T*V*. 1

For any value function V, we can define the policy obtained
by acting greedily relative to V. In other words, at each state,
we take the action that maximizes the one-step utility, assum-
ing that } represents our long-term utility achieved at the next
state. More precisely, we define
Greedy(V)(s) = arg maaX[R(s, a)+vy Z P(s' | s,a)V(s")].
The greedy policy relative to the optimal value function V*
is the optimal policy #* = Greedy(V*). There are several
algorithms to compute the optimal policy, we will focus on
the two most used: value iteration and policy iteration.

Value iteration relies on the fact that the Bellman operator
is a contraction — it is guaranteed to reduce the max-norm
(L) distance between any pair of value functions by a fac-
tor of at least v.  This property guarantees that the Bell-
man operator has a unique fixed point V* [Puterman, 1994].
Value iteration exploits this property, approaching the fixed
point through successive applications of the Bellman opera-
tor: V(t+1) = 7 V(1) After a finite number of iterations, the
greedy policy Greedy(V(t)) will be the optimal policy.

Policy iteration iterates over policies. Each iteration con-
sists of two phases. Value determination computes, for a pol-
icy 7(¥), the value function V, ), by finding the fixed point
of: T_«yVry = V.. Policy improvement defines the next
policy as 7(**+1)(s) = Greedy(V,)). It can be shown that
this process converges to the optimal policy.

3 Solving MDPs with max-norm projections

In many domains, the state space is very large, and we need to
perform our computations using approximate value functions.
A very popular choice is to approximate a value function us-
ing linear regression. Here, we define our space of allowable
value functions V € ‘H C R! via a set of basis functions

H ={hy,..., h}. Alinear value function over H is a func-

tion V' that can be written as V(s) = Zle w; h;(s) for some

coefficients w = (w1, ..., wg). We define H to be the lin-
ear subspace of R spanned by the basis functions H. It is
useful to define an |S| x & matrix A whose columns are the
k basis functions, viewed as vectors. Our approximate value
function is then represented by Aw.

Linear value functions: The idea of using linear value
functions for dynamic programming was proposed, initially,
by Bellman et al. [1963] and has been further explored re-
cently [Tsitsiklis and Van Roy, 1996; Koller and Parr, 1999;
2000]. The basic idea is as follows: in the solution algo-
rithms, whether value or policy iteration, we use only value
functions within 7. Whenever the algorithm takes a step that
results in a value function V' that is outside this space, we
project the result back into the space by finding the value
function within the space which is close to V. More precisely:
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Definition 3.1 A projection operator Il is a mapping 11 :
RSl — H. 1I is said to be a projection w.rt. a norm ||-||
if: IV = Aw™* such that w* € argminy ||[Aw —V|. 1

Unfortunately, these existing algorithms all suffer from a
problem that we might call “norm incompatibility.” When
computing the projection, they all utilize the standard projec-
tion operator with respect to £, norm or a weighted L2 norm.
On the other hand, most of the convergence and error analyses
for MDP algorithms utilize max-norm. This incompatibility
has made it difficult to provide error guarantees.

In this section, we propose a new approach that addresses
the issue of norm compatibility. Our key idea is the use of
a projection operator in L., norm. This problem has been
studied in the optimization literature as the problem of finding
the Chebyshev solution to an overdetermined linear system of
equations [Cheney, 1982]. The problem is defined as finding
W such that: w* € argmin||Cw —b||_, . (1)
We will use an algorithm due to Stiefel [1960], that solves
this problem by linear programming:

Variables:  wq,...,wg, ¢ ;

Minimize: ¢ ;
Subjectto: ¢ > Zle c;jw; — by and )
k .
d) Z bl — Zj:l CijWs, 1= 1... |S| .

For the solution (w*, ¢*) of this linear program, w* is the
solution of Eq. (1) and ¢ is the £, projection error. Note
that this LP only has £ + 1 variables. However, there are
2 - |S| constraints, which makes it impractical for large state
spaces. In the remainder of this section, we will discuss how
this projection addresses the norm incompatibility problem.
In Section 4, we will show that, in factored MDPs, all the
2 - |S| constraints can be represented efficiently, leading to a
tractable algorithm.

Approximate Value iteration: The basic idea of approxi-
mate value iteration is quite simple. We define an £, projec-
tion operator II., that takes a value function ¥ and finds w
that minimizes ||Aw — V|| . This is an instance of Eq. (1)
and can be solved by Eq. (2). The algorithm alternates appli-
cations of the Bellman operator 7 * and projection steps Il ..:

V(t+1) _ /]—*Aw(t); and Aw(+D) — HOOV(t+1)~

In standard value iteration, we only need to perform the
first step. However, V(H—l) may not be in H, so we need
to add the second step, the projection step, to the process.
We can analyze this process, bounding the overall error be-
tween our approximate value function Aw(*) and the opti-
mal value function V*. This analysis shows that the overall
error depends on the single-step max-norm projection errors
S+ = ‘

Aw(t+D) _ V(H'l) H . Thus, using the max-norm

projection, we can minimize these projection errors directly,
we omit the analysis for lack of space. Note that, in approx-
imate value iteration, the error introduced by successive ap-
proximations may grow unboundedly. As we will show, this
cannot happen in approximate policy iteration.

Approximate Policy iteration: As we discussed, policy it-
eration is composed of two steps: value determination and
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policy improvement. Our algorithm performs the policy im-
provement step exactly. In the value determination step, the
value function is approximated through a linear combination
of basis functions. Consider the value determination for a
policy 7(*). Define R, )(s) = R(s, 7!)(s)), and Pyt (s |
5) = P(s' | s,a = 7¥)(s)). We can now rewrite the value
determination step in terms of matrices and vectors. If we
view V) and R () as |S|-vectors, and P, as an |S| x |S|
matrix, we have the equations: V. ) = R, + vPro) Ve .
This is a system of linear equations with one equation for
each state, which can only be solved exactly for small |S]|.
Our goal is to provide an approximate solution, within .
More precisely, we want to find:
w = argmin||Aw — (Reo +7Pro AW)||, ;

= argmin H (A—vyP.»A) w®) — R

o0
This minimization is another instance of an L., projection

(Eq. (1)), where C' = (A — vP,A) and b = R_(, and
can be solved using the linear program of Eq. (2). Thus, our
approximate policy iteration alternates between two steps:
wi) = arg min [[AW — (Rroo + 7P AWl 5
7D = Greedy(Aw'").

For the analysis, we define the projection error for
the policy iteration case, i.e., the error resulting from
the approximate value determination step: (Y =
||Aw(t) — (Rpwy + 7Py Awt) ||Oo Unlike in approxi-
mate value iteration, the error is bounded in this case:
Lemma 3.2 There exists a constant fp < oo such that Bp >
B8W for all iterations t of the algorithm. 1

Finally, we define discounted accumulated projection error

as B(t) =pM +’y§<t_1); 7= 0. Lemma 3.2 implies that
7t < ﬁP(l_’Yt)'

the accumulated error remains bounded: 3 —

We can now bound the error in the value function resulting
from approximate policy iteration:
Theorem 3.3 In the approximate policy iteration algorithm,
the distance between our approximate value function at iter-

ation t and the optimal value function is bounded by:
=(t)
2

n 78

o (L=9)* '

In words, the difference between our approximation at it-
eration ¢ and the optimal value function is bounded by the
sum of two terms. The first term is present in standard
policy iteration and goes to zero exponentially fast. The
second is the discounted accumulated projection error and,
as the theorem shows, is bounded. This second term can
be minimized by choosing w(*) as the one that minimizes
||Aw(t) — (Rym + 'yPﬂ(t)Aw(t)) ||Oo Therefore, by per-
forming max-norm projections, we can make the bound on
the theorem as tight as possible.

S Pyt AW(O) _ V*

oQ

HAw(t) -y

4 Solving factored MDPs

4.1 Factored MDPs

Our presentation of factored MDPs follows that of [Koller
and Parr, 2000]. In a factored MDP, the set of states is de-
scribed via a set of random variables X = {X,..., X,},
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where each X; takes on values in some finite domain
Dom(X;). A state x defines a value #; € Dom(X;) for
each variable X;. We define a state transition model 7 using
a dynamic Bayesian network (DBN) [Dean and Kanazawa,
1989]. Let X; denote the variable X; at the current time
and X! the variable at the next step. The transition graph
of a DBN is a two-layer directed acyclic graph GG, whose
nodes are {X1,...,X,, X7,..., X/ }. We denote the par-
ents of X/ in the graph by Parents,(X/). For simplicity
of exposition, we assume that Parents,(X!) C X; i.e., all
arcs in the DBN are between variables in consecutive time
slices. (This assumption can be relaxed, but our algorithm be-
comes somewhat more complex.) Each node X is associated
with a conditional probability distribution (CPD) P-(X! |
Parents;(X!)). The transition probability P;(x’ | x) is then
defined to be [, Pr (%] | u;), where u; is the value in x of
the variables in Parents,(X/).

Consider, for example, the problem of optimizing the be-
havior of a system administrator maintaining a network of
n computers. Each machine is connected to some subset of
other machines. In one simple network, we might connect the
machines in a ring, with machine ¢ connected to machines
t+ 1 and z — 1. (In this example, we assume addition and
subtraction are performed modulo n). Each machine is asso-
ciated with a binary random variable I}, representing whether
it has failed. The parents of FZ»’ are I;, I;_1, Fy41. The CPD
of F/ is such that if F; = true, then F} = true with high
probability; i.e., failures tend to persist. If F; = false, then
F! is anoisy or of its two other parents; i.e., a failure in either
of its neighbors can independently cause machine ¢ to fail.

We can define the transition dynamics of an MDP by defin-
ing a separate DBN model 7, = (G4, P,) for each action
a. However, in many cases, different actions have very simi-
lar transition dynamics, only differing in their effect on some
small set of variables. In particular, in many cases a vari-
able has a default evolution model, which only changes if an
action affects it directly [Boutilier et al., 1999]. Therefore,
as in [Koller and Parr, 2000], we use the notion of a default
transition model T4 = (G4, Py). For each action a, we de-
fine Effects[a] € X’ to be the variables in the next state
whose local probability model is different from 74, i.e., those
variables X! such that P,(X! | Parents,(X])) # Ps(X! |
Parentsq(X])).

In our system administrator example, we have an action «;
for rebooting each one of the machines, and a default action
d for doing nothing. The transition model described above
corresponds to the “do nothing” action, which is also the de-
fault transition model. The transition model for «a; is different
from d only in the transition model for the variable F, which
is now F! = true with some small fixed probability, regard-
less of the status of the neighboring machines.

Finally, we need to provide a compact representation of
the reward function. We assume that the reward function is
factored additively into a set of localized reward functions,
each of which only depends on a small set of variables.
Definition 4.1 A function f is restricted to a domain C C X
if f : Dom(C) — IR. If f is restricted to Y andY C Z, we
will use f(z) as shorthand for f(y) where y is the part of the
instantiation 7 that corresponds to variables in 'Y .
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Let Ry,..., R, be a set of functions, where each R; is re-
stricted to variable cluster W; C {X1, ..., X,,}. The reward
function for state x is defined tobe >_;_, R;(x) € R. In our
example, we might have a reward function associated with
each machine 7, which depends on F;.

Factorization may allow us to represent large MDPs very
compactly. However, we must still address the problem of
solving these MDPs. Solution algorithms rely on the ability
to represent value functions and policies, the representations
which requires the same number of parameters as the size of
the space. One might be tempted to believe that factored tran-
sition dynamics and rewards would result in a factored value
function, which can thereby be represented compactly. Un-
fortunately, even in factored MDPs, the value function rarely
has any internal structure [Koller and Parr, 1999].

Koller and Parr [1999] suggest that there are many domains
where our value function might be “close” to structured, i.e.,
well-approximated using a linear combination of functions
each of which refers only to a small number of variables.
More precisely, they define a value function to be a factored
(linear) value function if it is a linear function over the ba-
sis hy, ..., hj, where each h; is restricted to some subset of
variables C;. In our example, we might have basis functions
whose domains are pairs of neighboring machines, e.g., one
basis function which is an indicator function for each of the
four combinations of values for the pair of failure variables.

As shown by Koller and Parr [1999; 20001, factored value
functions provide the key to performing efficient computa-
tions over the exponential-sized state sets that we have in fac-
tored MDPs. The key insight is that restricted domain func-
tions (including our basis functions) allow certain basic oper-
ations to be implemented very efficiently. In the remainder of
this section, we will show that this key insight also applies in
the context of our algorithm.

4.2 Factored Max-norm Projection

The key computational step in both of our algorithms is the
solution of Eq. (1) using the linear program in Eq. (2). In our
setting, the vectors b and C'w are vectors in R!®! , where S is
our state space. In the case of factored MDPs, our state space
is a set of vectors x which are assignments to the state vari-
ables X = {X1,..., X, }. We can view both Cw and b as
functions of these state variables, and hence also their differ-
ence. Thus, we can define a function FW (X, ..., X,,) such
that W (x;) = ((Cw); — b;). Note that we have executed a
representation shift; we are viewing F'% as a function of X,
which is parameterized by w.

The size of the state space is exponential in the number
of variables. Hence, our goal in this section is to optimize
Eq. (1) without explicitly considering each of the exponen-
tially many states. The key is to use the fact that /"% has
a factored representation. More precisely, C'w has the form

>_; w; fi(Z;), where Z; is a subset of X. For example, we
might have f{(X;,X>) which takes value 1 in states where
X1 = true and Xy = false and 0 otherwise. Similarly, the
vector b in our case is also a sum of restricted domain func-
tions. Thus, we can express /'™ asasum ) _; f(Z;), where

f;}¥ may or may not depend on w. In the future, we some-
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times drop the superscript w when it is clear from context.

We tackle the problem of a factored solution to the LP in
Eq. (2) in two steps.
Maximizing over the state space: First, assume that b
and C'w are given, and that our goal is simply to compute
max; ((Cw); — b;) = maxy F'(x), i.e, to find the state x
over which F' is maximized. Recall that /' = Z;n:l Fi(Zy).
We can maximize such a function F' using non-serial dy-
namic programming [Bertele and Brioschi, 1972] or cost net-
works [Dechter, 1999]. The idea is virtually identical to vari-
able elimination in a Bayesian network. We review this con-
struction here, as it is a key component in our solution LP.

Our goal is to compute

Jmax > f(Z[x),

where Z;[x] is the instantiation of the variables in Z; in the
assignment x. The key idea is, rather than summing all func-
tions and then doing the maximization, we maximize over
variables one at a time. When maximizing over x;, only sum-
mands involving z; participate in the maximization. For ex-
ample, assume

F = fi(x1,22) + fa(x1, 23) + f3(x2, 2a) + fa(ws, 24).
We therefore wish to compute:

max  fi(x1,x2)+ fa(x1, ¥3) + f3(@2, 2a) + falzs, v4).

T1,72,23,%4
We can first compute the maximum over z4; the functions f;
and f5 are irrelevant, so we can push them out. We get

max f1(l‘1,l‘z)-i-fz(l‘l,$3)+H2X[f3($2,$4)+f4($3,904)].

T1,7%2,T3

The result of the internal maximization depends on the values

of x5, x3; i.e., we can introduce a new function e; (X3, X3)

whose value at the point x5, x3 is the value of the internal

max expression. Our problem now reduces to computing
max  fi(x1,x2) + fo(x1, 23) + e1(x2, 23),

T1,%2,T3
having one fewer variable. Next, we eliminate another vari-
able, say X5, with the resulting expression reducing to:

max fi(z1, 22) + ea(x1, 22),
r1,To

1,
where es(21, #2) = max[fa(1, 23) + €1(22, 23)].
T3
Finally, we define
ez = glli);ﬁ(l‘l, 22) + ea(mq, 22)
The result at this point is a number, which is the desired max-
imum over xi, ..., Z4.

In general, the variable elimination algorithm maintains a
set F of functions, which initially { fi, ..., fm }. The algo-
rithm then repeats the following steps:

1. Select an uneliminated variable X7;
2. Take all eq, ..., ey € F whose domain contains X;.
3. Define a new function e = max,, > ; € and introduce it

into . The domain of e is Uf_; Dom[e;] — {X;}.

The computational cost of this algorithm is linear in the
number of new “function values” introduced in the elimina-
tion process. More precisely, consider the computation of a
new function e whose domain is Z. To compute this function,
we need to compute |Dom([Z]| different values. The cost of
the algorithm is linear in the overall number of these values,
introduced throughout the algorithm. As shown in [Dechter,
1999], this cost is exponential in the induced width of the
undirected graph defined over the variables X, ..., X,,, with
an edge between X; and X, if they appear together in one of
the original functions f;.
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Factored LP: Now, consider our original problem of mini-
mizing |[[C'w — b||_, = maxy |F'¥(x)|over w. AsinEgq. (2),
we want to construct a linear program which performs this op-
timization. However, we want a compact LP, that avoids an
explicit enumeration of the constraints for the exponentially
many states. The first key insight is that we can replace the
entire set of constraints — ¢ > (C'w); — b; for all states i —
by the equivalent constraint ¢ > max; ((C'w); —b;), or equiv-
alently, ¢ > maxx F'™(x). The second key insight is that this
new constraint can be implemented using a construction that
follows the structure of variable elimination in cost networks.
(An identical construction applies to the complementary con-
straints: ¢ > b; — (C'w);.)

Consider any function e used within F (including the orig-
inal f;’s), and let Z be its domain. For any assignment z
to Z, we introduce a variable into the linear program whose
value represents u;. For the initial functions f¥, we include
the constraint that ufi = f(z). As fY is linear in w, this
constraint is linear in the LP variables. Now, consider a new
function e introduced into F by eliminating a variable X;. Let
€1, ..., er, be the functions extracted from F, and let Z be the
domain of the resulting e. We introduce a set of constraints:

L
22D ez Y
j:l

where Z; is the domain of e; and (z, 2;)[Z;] denotes the
value of the instantiation (z, ;) restricted to Z;. Let e, be
the last function generated in the elimination, and recall that
its domain is empty. Hence, we have only a single variable
u®". We introduce the additional constraint ¢ > u®~

To understand this construction, consider our simple ex-
ample above, and assume we want to express the fact that
¢ > maxx FW(x). We first introduce a set of variables
u£11 ., TOr every instantiation of values z1, x5 to the variables
X1, Xs. Thus, if X; and X5 are both binary, we would have
four such variables. We would then introduce a constraint
defining the value of u/* . appropriately. For example, for

r1,T2
our f; above, we would have ut = 0 and u f = wy. We
would have similar variables and constraints for each f; and
each value z in Z;. Note that each of the constraints is a
simple equality constraint involving numerical constants and
perhaps the weight variables w.

Next, we introduce variables for each of the intermediate
expressions For example, we would have a set of variables
us for each of them, we would have a set of constraints

x2x’

€1
L2, T3 —

one for each value z4 of X4. We would have a similar set of
constraint for uiﬁ ., i terms of ux2 o5 and uzl . Note that
each constraint is a slmple linear 1nequa11ty

It is easy to show that minimizing ¢ “drives down” the

value of each variable u}, so that

‘
U = max E ul?
z vi (z,2:)[Z;]
=1

We can then prove, by induction, that «** must be equal
to maxy Zj f¥(x). Our constraints on ¢ ensure that it is

Ja
u 1‘2 Tq tu @‘371‘4
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greater than this value, which is the maximum of }_; f;*(x)
over the entire state space. The LP, subject to those con-
straints, will minimize ¢, guaranteeing that we find the vector
w that achieves the lowest value for this expression.

Returning to our original formulation, we have that j I
is C'w — b in one set of constraints and b — C'w in the other.
Hence our new set of constraints is equivalent to the original
set: ¢ > Cw —band ¢ > b — C'w. Minimizing ¢ finds the
w that minimizes the £, norm, as required.

4.3 Factored solution algorithms

The factored max-norm projection algorithm described pre-
viously is the key to applying our max-norm solution algo-
rithms in the context of factored MDPs.

Approximate value iteration: Let us begin by considering
the value iteration algorithm. As described above, the algo-
rithm repeatedly applies two steps. It first applies the Bell-

man operator to obtain VI = 70 Aw(®) Let 70 be the
stationary policy 7(*) = Greedy(Aw(")). Note that 7(*) cor-
responds to the maximizing policy used in the Bellman op-
erator at iteration ¢, i.e., 7.y = 7 * for iteration {. Thus,

we can compute P 7 Aw(®) by first computing 7(*)
and then performing a backprojection operation for this fixed

policy, i.e., V(H—l) =R, + '}/Pﬂ.(t)AW(t). Assume, for the
moment, that P, is a factored transition model; we discuss
the computation of the greedy policy and the resulting tran-
sition model below. As discussed by Koller and Parr [1999],
the backprojection operation can be performed efficiently if
the transition model and the value function are both factored
. . . —(t+
appropriately. Furthermore, the resulting function V
also factored, although the factors involve larger domains.
To recap their construction briefly, let f be a restricted
domain function with domain Y; our goal is to compute
P, f. We define the back-projection of Y through T as the
set of parents of Y’ in the transition graph G,; T';(Y') =
Uy ey Parents, (Y'). Tt is easy to show that: (P, f)(x) =
>y Pr(y" | 2)f(y'), where z is the value of I'-(Y) in x.
Thus, we see that (PT f) is a function whose domain is re-
stricted to T'; (Y'). Note that the cost of the computation de-
pends linearly on [Dom(T'-(Y))|, which depends on Y (the
domain of f) and on the complexity of the process dynamics.

Therefore, V(H—l) is composed of the sum of two factored
functions: the reward function R ;) which is assumed to be
factored, and the backprojected basis functions P, ) A which
are also factored, as we have just shown. Finally, the second
step in approximate value iteration is to compute the projec-

tion Aw('+t1) = 10, V(H_l) i.e., find w1 that minimizes
HAW(H—D B VOH)H As both V' and Aw(t+1) are
factored, we can perform this computation using the factored
LP discussed in the previous section.

Approximate policy iteration: Policy iteration also iter-
ates through two steps. The policy improvement step simply
computes the greedy policy relative to 7(*). We discuss this

step below. The approximate value determination step com-

utes:
P arg min H (A—yPry A)w' — R ‘
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Again, assuming that P_ ) is factored, we can conclude that
C = (A—~P,»A) is also a matrix whose columns corre-
spond to restricted-domain functions. The target b = R_ )
corresponds to the reward function, which is assumed to be
factored. Thus, we can again apply our factored LP.

In our discussion so far, we assumed that we have some
mechanism for computing the greedy policy Greedy(Aw(?)),
and that this policy has a compact representation and a fac-
tored transition model. As shown in [Koller and Parr, 20001,
the greedy policy relative to a factored value function has the
form of a decision list. More precisely, the policy can be writ-
ten in the form (t1, a1}, (t2, a2}, ..., {tr, ar), where each t;
is an assignment of values to some small subset T; of vari-
ables, and each a; is an action. The optimal action to take in
state x is the action a; corresponding to the first event t; in
the list with which x is consistent.

Koller and Parr show the greedy policy can be represented
compactly using such a decision list, and provide an efficient
algorithm for computing it. Unfortunately, as they discuss,
the resulting transition model is usually not factored. Thus,
we cannot simply apply our factored LP construction, as sug-
gested above. However, we can adapt it to deal with this issue.

The basic idea is to introduce cost networks corresponding
to each branch in the decision list. Let .S; be the set of states
x for which t; is the first event in the decision list for which
x is consistent. Recall that our LP construction defines a set
of constraints that imply that ¢ > ((Cw); — b;) for each
state ¢. Instead, we will have a separate set of constraints for
the states in each subset S;. For each state in S;, we know
that action «; is taken. Hence, we can apply our construction
above using P,, — a transition model which is factored by
assumption — in place of the non-factored P, ).

The only issue is to guarantee that the cost network con-
straints derived from this transition model are applied only to
states in .5;. Specifically, we must guarantee that they are ap-
plied only to states consistent with t;, but not to states that are
consistent with some t; for j < i. To guarantee the first con-
dition, we simply instantiate the variables in T; to take the
values specified in t;. That is, our cost network now consid-
ers only the variables in { X, ..., X} — T;, and computes
the maximum only over the states consistent with T; = t;.
To guarantee the second condition, we ensure that we do not
impose any constraints on states associated with previous de-
cisions. This is achieved by adding indicators Z; for each
previous decision t;, with weight —occ. These will cause
the constraints associated with t; to be trivially satisfied by
states in S; for j < 1. Note that each of these indicators is
a restricted domain function of T; and can be handled in the
same fashion as all other terms in the factored LP. Thus, for
a decision list of size L, our factored LP contains constraints
from 2 cost networks.

It is instructive to compare our max-norm policy iteration
algorithm with La-projection policy iteration algorithm of
Koller and Parr [2000] in terms of computational costs per
iteration and implementation complexity. Computing the £
projection requires (among other things) a series of dot prod-
uct operations between basis functions and backprojected ba-
sis functions (h; e Prh;). These expressions are easy to
compute if P, refers to the transition model of a particular
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Ring of Rings

Figure 1: Network topologies tested.

action a. However, if the policy 7 is represented as a de-
cision list, as is the result of the policy improvement step,
then this step becomes much more complicated. In particu-
lar, for every point in the decision list, for every pair of basis
functions ¢ and 7, and for each assignment to the variables in
Dom(h;)UDom(P,h;), it requires the solution of a counting
problem which is § P-complete in general. Although, Koller
and Parr show that this computation can be performed using
a Bayesian Network (BN) inference, the algorithm still re-
quires a BN inference for each one of those assignments at
each point of the decision list. This makes the algorithm very
difficult to implement efficiently in practice.

The max-norm projection, on the other hand, relies on
solving a linear program at every iteration. The size of the
linear program depends on the cost networks generated. As
we discuss, two cost networks are needed for each point in
the decision list. The complexity of each of these cost net-
works is approximately the same as one of the BN inferences
in the counting problem for the £, projection. Overall, for
each point in the decision list, we have a total of two of
these “inferences”, as opposed to one for each assignment
of Dom(h;) U Dom(P,h;) for every pair of basis functions
¢ and j. Thus, the max-norm policy iteration algorithm is
substantially less complex computationally than the approach
based on Ls-projection. Furthermore, the use of linear pro-
gramming allows us to rely on existing LP packages (such as
CPLEX), which are very highly optimized.

S Experimental Results

The factored representation of a value function is most appro-
priate in certain types of systems: Systems that involve many
variables, but where the strong interactions between the vari-
ables are fairly sparse, so that the decoupling of the influence
between variables does not induce an unacceptable loss in
accuracy. As argued by Herbert Simon [1981] in “Architec-
ture of Complexity”, many complex systems have a “nearly
decomposable, hierarchic structure”, with the subsystems of
such systems interacting only weakly between them. We se-
lected to try our algorithm on a problem that we believe char-
acterizes this type of structure.

The problem relates to a system administrator who has to
maintain a network of computers; we experimented with var-
ious network architectures, shown in Fig. 1. Machines fail
randomly, and a faulty machine increases the probability that
its neighboring machines will fail. At every time step, the
SysAdmin can go to one machine and reboot it, causing it to
be working in the next time step with high probability. Each
machine receives a reward of 1 when working (except in the
ring, where one machine receives a reward of 2, to introduce
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Figure 2: Running times for policy iteration on variants of the SysAdmin problem.
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Figure 3: (a) Fitting a polynomial to the running time of the unidirectional ring; (b) Relative error to optimal value function V* and
comparison to L2 projection; (c) For large models, measuring Bellman error after convergence.

some asymmetry), a zero reward is given to faulty machines,
and the discount factor is v = 0.95. Note that the additive
structure of the reward function makes it unsuitable for the
tree-structured representation used by Boutilier ef al. [1999].

The basis functions included independent indicators for
each machine, with value 1 if it is working and zero other-
wise (each, a restricted domain function of a single variable),
and the constant basis, whose value is 1 for all states.

We implemented the factored policy and value iteration al-
gorithms in Matlab, using CPLEX as the LP solver. In our
experiments, most of the time was spent in Matlab generating
the LP constraints; CPLEX is a remarkably efficient and reli-
able solver, allowing even large LPs to be solved very quickly.
We present only results for policy iteration. The time per iter-
ation was about equal for policy and value iteration, but pol-
icy iteration converged in many fewer iterations, only about 4
or 5 iterations in the models we tested.

To evaluate the complexity of the algorithm, tests were per-
formed with increasing number of states, that is, increasing
number of machines on the network. Fig. 2 shows the running
time for increasing problem sizes, for various architectures.
The simplest one is the “Star”, where the backprojection of
each basis function has domain restricted to two variables and
the largest factor in the cost network has domain restricted to
two variables. The most difficult one was the “Bidirectional
Ring”, where factors contain five variables.

Note, the number of states is growing exponentially (indi-
cated by the log scale in Fig. 2), but running times increase
only logarithmically in the number of states, i.e., polynomi-
ally in the number of variables. This is illustrated by Fig. 3(a),
where we fit a 3rd order polynomial to the running times
for the “unidirectional ring”. Note, the problem size grows
quadratically with the number of variables: adding a machine
to the network also adds the possible action of fixing that ma-
chine. For this problem, the computation cost of our algo-
rithm empirically grows approximately as O ((|X| - |4[)'°).

For further evaluation, we measured the error in our ap-
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proximate value function relative to the true optimal value
function V*. Note that it is only possible to compute V* for
small problems; in our case, we were only able to go up to 10
machines. For comparison, we also evaluated the error in the
approximate value function produced by the L2-projection
algorithm of Koller and Parr. As we discussed above, the
L projections in factored MDPs by Koller and Parr [2000]
are difficult and time consuming; hence, we were only able
to compare the two algorithms for smaller problems, where
an equivalent £»-projection can be implemented using an ex-
plicit state space formulation. Results for both algorithms are
presented in Fig. 3(b), showing the relative error of the ap-
proximate solutions to the true value function for increasing
problem sizes. The results indicate that, for larger problems,
the max-norm formulation generates a better approximation
of the true optimal value function V* than the £,-projection.
Here, we used two types of basis functions: the same single
variable basis, and pairwise basis, which also includes indica-
tors for neighboring pairs of machines. As expected, pairwise
basis generated better approximations.

For these small problems, we can also compare the actual
value of the policy generated by our algorithm to the value of
the optimal policy. Here, the value of the policy generated by
our algorithm is much closer to the value of the optimal pol-
icy than the error implied by the difference between our ap-
proximate value function and V*. For example, for the “Star”
architecture with one server and up to 6 clients, our approxi-
mation with single variable basis functions had relative error
of 12%, but the policy we generated had the same value as the
optimal policy. In this case, the same was true for the policy
generated by the £, projection. In an “Unidirectional Ring”
with 8 machines and pairwise basis, the relative error between
our approximation and V* was about 10%, but the resulting
policy only had a 6% loss over the optimal policy. For the
same problem, the £ approximation has a value function er-
ror of 12%, and a true policy loss was 9%. In other words,
both methods induce policies that have lower errors than the
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errors in the approximate value function (at least for small
problems). However, our algorithm continues to outperform
the £+ algorithm, even relative to actual policy loss.

For the large models, we can no longer compute the correct
value function, so we cannot evaluate our results by comput-
ing [|[V* — Aw||_,. However, the Bellman error, defined as
BellmanErr(V) = [|7*V — V||, can be used to provide

a bound: ||V* — Aw||, < BGH%EWH(A“’) [Williams and
Baird, 1993]. Thus, we use the Bellman error to evaluate our
answers for larger models. Fig. 3(c) shows that the Bellman
error increases very slowly with the number of states.!

Finally, we can look at the actual policies generated in our
experiments. First, we noted that these tended to be short, the
length of the final decision list policy grew approximately lin-
early with the number of machines. Furthermore, the policy
itself is often fairly intuitive. In the “Ring and Star” architec-
ture, for example, the decision list says: If the server is faulty,
fix the server; else, if another machine is faulty, fix it.

6 Conclusions

In this paper, we presented new algorithms for approximate
value and policy iteration. Unlike previous approaches, our
algorithms directly minimize the L., error, and therefore
have better theoretical performance guarantees than algo-
rithms that optimize the £2-norm.

We have shown that the £, error can be minimized us-
ing linear programming, and provided an approach for repre-
senting this LP compactly for factored MDPs, allowing these
algorithms to be applied efficiently even for MDPs with ex-
ponentially large state spaces. Our algorithms are more effi-
cient and substantially easier to implement than previous al-
gorithms based on the £,-projection.

We have presented results on a structured problem, repre-
senting a simplified version of a maintenance task. Our re-
sults show that our methods scale effectively to very large
factored MDPs, and that our approach can exploit problem-
specific structure to efficiently generate approximate solu-
tions to complex problems.

The success of our algorithm depends on our ability to cap-
ture the most important structure in the value function using
a linear factored approximation. This ability, in turn, depends
on the choice of the basis functions and on the properties of
the domain. The algorithm currently requires the designer
to specify the factored basis functions. This is a limitation
compared to other algorithms (e.g., [Dearden and Boutilier,
19971), which are fully automated. However, our experiments
indicate that a few simple rules are often quite successful in
designing a basis. First, we ensure that the reward function is
representable by our basis. A simple basis that, in addition,
contains a separate set of indicators for each variable is often
successful. We can also add indicators over pairs of variables;
most simply, we can choose these according to the DBN tran-
sition model, where an indicator is added between variables

'Note that computing the Bellman error involves a maximiza-
tion over the state space. Thus, the complexity of this computation
grows exponentially with the number of variables. However, this
maximization can be performed by a cost network using the same
construction as in our max-norm projection.
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X; and each one of the variables in Parents(X;), thus repre-
senting one-step influences. This procedure can be extended,
adding more basis to represent more influences as required.
Thus, the structure of the DBN gives us indications of how to
choose the basis functions. Other sources of prior knowledge
can also be included for further specifying the basis.

The quality of our approximation also depends strongly on
the structure of the domain. As we discussed above, our ap-
proximation is most successful in systems where variables are
tightly coupled to only a small number of other variables. We
believe that, for systems of this type, an approximation as a
factored linear value function can be very accurate.

There are many possible extensions to this work. In partic-
ular, we hope to extend our algorithms to utilize other types
of structure in the representation. One interesting direction
involves factored action models, where multiple actions are
taken simultaneously. Another involves the use of asymme-
tries (context-specificity) in the value function, as in the work
of Dearden and Boutilier [1997], providing a complementary
source of structure to the factorization used in our work.
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Abstract

This paper describes an algorithm for solving large
state-space MDPs (representedaadoredMDPSs)
using search by successive refinement in the space
of non-homogeneous partitions. Homogeneity is
defined in terms of bisimulation and reward equiv-
alence within blocks of a partition. Since homo-
geneous partitions that define equivalent reduced
state-space MDPs can have a large number of
blocks, we relax the requirement of homogeneity.
The algorithm constructs approximate aggregate
MDPs from non-homogeneous partitions, solves
the aggregate MDPs exactly, and then uses the re-
sulting value functions as part of a heuristic in re-
fining the current best non-homogeneous partition.
We outline the theory motivating the use of this
heuristic and present empirical results and compar-
isons.

1 Introduction

(optimal for the aggregate MDPs) also serve as policies for
the original MDP and the value function for the optimal pol-
icy in the aggregate MDP serves as an estimate for the value
of the policy in the original MDP. Given this estimate and
the current partition, we choose the refinement that yields the
greatest improvement and iterate. In the remainder of this pa-
per, we present some background, provide a theoretical mo-
tivation for our refinement heuristic, and describe the results
of a series of experiments.

2 Factored MDPs (FMDPs)

Definition 1 (FMDP) An FMDP is defined as a tuplé/ =
{X,A,T, R} where

o X = [X1,...,X,] is a vector of fluents which collec-
tively define the state. We u8g, to denote the set of
values forX;. Qx, is the sample space &f; whenX; is
considered as a random variable. Thus, the state space
for M is Q¢ = [],Qx,. We use lower case letters
Z = [z1,...,2,] to denote a particular instantiation
of the fluents, and; ; and z; ; denote, respectively, a

Markov Decision Processes (MDPs) employing representa- ~ fluentand its value at a particular time
tions that factor states, actions and their associated transi- ¢ A4 is the set of actions.

tion and reward functions in terms of component functions
of state variables (fluents) have surfaced as plausible models

for planning under uncertainfBoutilier et al, 1999. Since

the number of states in these factored MDPs (FMDPS) is ex-
ponential in the number of fluents, traditional iterative meth-

e T is the set of transition probabilities, represented as the
set of conditional probability distributions, one for each
action and fluent:

n

ods that require enumerating states are typically not effective. T(Xia,Xi41) = H P(X;+1|pa( X 141), a)
In this paper, we solve FMDPs by constructing and refining i=1

non-homogeneous partitions of the state space. In a homo-
geneous partition, any two states in a block have the same
reward and the same distribution with respect to transitions
to other blocks. Non-homogeneous partitions allow variation

wherepa(X; ;1) denotes the set of parents &f, ;1
in the graphical model (see below). Note that

Vi, pa(Xitr1) C{ X1ty ., Xt}

among the states in a block with regard to rewards and block ¢ R : X — R is the reward function. Without loss of gen-

transition distributions. From a non-homogeneous partition, erality, we define the reward to be determined by both
we construct an aggregate MDP by averaging the transition  state and action : X x A — ®).

probabilities and the rewards within blocks.

The algorithm described in this paper solves FMDPs by Figure 1 shows an example of a graphical model for the
successive refinement in the space of non-homogeneous paynamics governing an action in a toy robot domain with five
titions. We use factored representations to encode the partboolean variables. The robot has to deliver a cup of coffee
tions and the aggregate MDPs we construct from them. Wevhenever requested. Unfortunately, the coffee bar is outside
can solve the aggregate MDPs in time polynomial in the numthe building and the robot receives a small amount of punish-
ber of blocks in the partition. The resulting optimal policies ment if it gets wet. Each fluent denotes a particular aspect of
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RI(R)  PR.R)  PULUY  P(Wey[RuU W) a block B of P and an action if and only if every state if'

R, U, W, has the same transition probability of ending up in bldgk
Q Q ¥\ X\ AN by actiona. Mathematically,
1.0 0.0 1.0 0.0 1.0 Rt
(w)—=(w) /' \ Je € [0, 1] such that#; € C,T(%,a,B) = ¢
P(HCq|HC)  P(WG,1|WC) U 00

HC, we, /\1 where

0.1 .0

1.5/\0.9 1.5/\0.0 T (&, a,B) = Z T (%, a,Tpp1).

Ti41€EB
t t+1

We say thatC' is stableif C' is stable with respect to every
Figure 1: Graphical representation of an FMDP describing &lock of P and action inA. P is said to behomogeneous
toy robot domain. and only if every block is stable.

Given a homogeneous partition of an FMDP, we can define

the world: the weather outside being raim)(the robothav- an aggregate MDP that &quivalentto the original FMDP.
ing an umbrellaly), the robot being weti{’), the robot hold-  Every state within a block of a homogeneous partition has
ing coffee H#C), and someone wanting coffeB’(C'). Note  the same state dynamics with respect to any poliey, the
that the probabilistic effect of each fluent at tirdel is condi-  transition probability of moving into a block is the same for
tioned on a small number of fluents (the set of parent fluentsvery state in the same block. Thus, if every state within a
e.g, paWiy1) = {R:, U, W;}) at timet. The conditional  block of a homogeneous partition has the same reward, the
probabilities are stored as trees rather than tables for furthgrartition yields a reduced model of the original FMDP.
savings in the size of the representation. Thus, we complete Givanet al.[2000 introduces-homogeneitjor finding an
the description of the state dynamics by specifying condiapproximately homogeneous partition with few blocks. We
tional probability trees (CPT$Boutilieretal, 1995 foreach  say that a block” is e-stablewith respect taB anda if
fluent and action. Similar representations have been used to . .
model Markovian processes with factored state spazes, dec € [0,1] such that/i, € C,[T(Z,a,B) — [ < e.
the Two-stage Temporal Bayesian Network (2TB®ean ¢ every block of partitionP is e-stable with respect to ev-
and Kanazawa, 198&nd the Dynamic Bayesian Network gry other block ofP and every action, we saf is an e-
(DBN) [Forbeset al, 1999. The reward function? is also  omogeneous partition. Qualitatively speaking, by relaxing
designated in terms of rees. the equality to bapproximately equal with error withia, we

FMDPs exploit conditional independence among the flu-get 5 smalier partition than if we required strict homogeneity.
ents given their parents in the graphical model to achieVeg error in the optimal value function computed fromean
economy of representation. However, the underlying strucp,mogeneous partition is discussed in the work of Singh and

ture in the domain that makes compact representations possyge[1994 and White and Eldeib1994. Most of the previ-
ble does not lead necessarily to an efficient FMDP algorithmg ;s work on computing approximate solutions of FMDPs fol-

There are algorithms modeled after classical MDP algorithmsg, similar analyse§Boutilier and Dearden, 1996: St-Aubin
that use dynamic programming to iteratively update a valugy 5. 200d. ' '

function represented in a factored form; however, the size of
the value functions so represented can easily explode. Ther, s

are also algorithms that F():ompress the valugfunrt):tions in aég Non-Homogeneous Partitions for FMDPs

effort to prevent an explosiore.g, using a tree representa- There are two important questions remaining to be answered
tion for value functions with pruning techniquéBoutilier ~ concerning partition refinement techniques for FMDPs. First,
and Dearden, 19960r using Algebraic Decision Diagrams Wwhat class of functions should we allow to represent block
(ADDs) for further reductiofiHoeyet al., 1999. These algo- formulae? If we restrict the representational power of the for-
rithms are examples of Value Function Approximation (VFA) mulae too much, we may end up with large partitions but
algorithms applied to FMDPEGordon, 1995; Tsitsiklis and with easily manipulable block formulae. If we allow ar-

Van Roy, 1996; Koller and Parr, 19p9 bitrary functions, manipulating block formulae is NP-hard
(seelGoldsmith and Sloan, 2006or recent analysis.) though
3 Stochastic Bisimulation Equivalence we can compute the coarsest homogeneous partition which

) _ i _ may be small. Second, what if the coarsest homogeneous
Dean and Givar{1997 introduce the notion obtochastic  partition is still exponentially large compared to the descrip-
bisimulation homogeneitior FMDPs. It is an extension of tjon size of the FMDP? Calculatinghomogeneous partition
the state eqUivalence relation for mlnllelng Finite State Al.l'h(:{\]ps7 but note that we don’t have a fine control over the size
tomata (FSA) to that of probabilistic FSAs. Dean and Givan’sof the partition — all we know is that increasirgwill gen-
model minimization algorithm for FMDPs partitions the state erally reduce the size of the partition and decreasing it will
space intcstableblocks. generally do the opposite.

Based on the above observation, we describe a new state

Definition 2 (Stable Block and Homogeneous Partition) aggregation algorithm that does not search for the coarsest
A blockC of a partition P is said to bestable with respectto homogeneous partition. In fact, the technique is not driven
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Figure 2: Chopping the blocKy A X5 with respect taX;, -
X, or X3. Note that the blocks resulting from the CHOP . V(%)
operator are not stable in general.

Figure 3: Value functions for an MDP constructed from a
by the notion of stochastic bisimulation homogeneity. Givennon-homogeneous partition. The figure illustrates an example
an initial non-homogeneous partition of the state space, th@here the MDP has two states and the partition has one block.
algorithm iteratively decides which block to refine so that it The dashed line is the set of representable approximate value
produces at the end an approximately optimal policy with-functions.d; < 2(1 + 12-)e andd, < W
out generating a huge partition. Thus, given a partition, the
algorithm has to determine which block to refine with re- . . . .
spect to which fluent. Note that the partitions we consider » the optimal value function i/, which we define a¥p,
are note-homogeneous given that the transition probabilitieds Within a bounded distance from the true value funciion
can widely differ. To this end, we introduce a definition and a theorem from

We show that the optimal value functions calculated onG0rdon[1993 that are used in proving Theorem 2.
non-homogeneous partitions provide the basis for an effective . .. L .
heuristic for selecting the block-fluent pair to chop. First, weP€finition 4 (Averager) An approximation function is aa-

define how we construct the MDP from a non-homogeneou§'adetif, given the target vectol/, the approximation func-
partition. tion generated’ defined as

Definition 3 (MDP from Non-Homogeneous Partition) (i) = Bies + Z BiU ()
Given anFMDP M = (X, A, T, R) and a non-homogeneous ) ! _
partition P of the state spacélg, the aggregateMDP wherec; is a constant angb; and 3;; are non-negative con-
induced byP, denoted as\/p = (P, A, Tp, Rp), is defined ~ Stants suchthati, 5; + 3, 5i; = 1.

as
Theorem 1 (Gordon) Let V* be the optimal value function

Tp(C,a,B) = 1 Z T(Z, a,i) foran MDP M, L the update (Bellman backup) operator for
Ol selFen value iteration,
1 - - - =
Rp(C,a) = i 3" R(#,a) LV (%) = max[R(Z,a) +7 Y T(¥a, &)V ()]
geC ey

forall B,C € P anda € A. V} denotes the optimal value and A the mapping for an averager. L&t be any fixed
function ofMp, which is a mapping frorf2 ; to R. Note that  point of 4. Given||V* — V4o, = ¢, the iteration ofL o A
for any# and Z' in the same block oP, V(%) = V(i)  converges to a value functidn°4 so that||V* — VE°4|| <
and7*(Z) = n*(&'). 2ve/(1 — ). Approximate value iteration using returns

, » , AVEeA which satisfied V* — AVEe4|| < 2e42ve/(1 — 7).
Given a partitionP, the algorithm selects block’ and

fluent X for generating a refined partitio®’. P’ has
the same blocks a® except forC' which is replaced by Theorem 2 (Bounded Distance betweel™™ and V)
CHORP, C, X). Figure 2 illustrates how the CHOP operator Given anFMDP M = ()'(’7 A,T,I,R) and a partitionP of
generates refined blocks 6f. Recalling that: is the num-  the state spacg ¢, the optimal value function dff given as
ber of fluents in the domain, we note that there are at most’* and the optimal value function af » given asV/p satisfy
n|P| different refined partitions that can be obtained by thethe bound on the distance
CHOP operator. For each refined partitith generated by ~ 1LV — V|
the CHOP operator, the algorithm construkfs: and calcu- IV* = Villoo < 2(1 + )e +—F PI= (1)
lates the optimal value functioriy, . 1=v 1=v

We will present the algorithm shortly. But first, we would wheree = miny,, [|[V* — Vp||« (Vp being any value func-
like to know how good it is to us@/p to solve the original tion such that for any bloclB € P and anyZ andZ’ in B,
FMDP. We prove that given any non-homogeneous partitio/p (Z) = Vp(#')).
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Proof Recall from the definition thatz € C,

[R(Z,a) +v Z T(Z, a,%
#eX

V*(#) = max V(@)

and
VE(E) = mgx[ﬁ Z;R(f, a)
acE
Z Z T(%,a,7)V5(B)].
BeP

We define another value function

|C|Zmax ;va

el

To calculate the maximum distance betwéé&nhand 17*, we
define an averagetp as follows:

V(Z) = (ApV)(7) = ZICI ") forVC € P,V# € C.

Note that each fixed point ol p assigns the same value to

1. The number of iterationd’, initial partition P of the
state space (reward partition), and the optimal value
functionV; for Mp.

2. For each bloclC' € P and fluentX;,1 < i < n,
computeM pr whereP' is the same a® exceptC' is
replaced by CHORP, C, X;).

3. For eachP’, computeVy, and then selec* =
argmax||V3, — V]|
P!

4. If Step 2-3 has been rufV times, halt and output},..

5. SetP = P* and go to Step 2.

Figure 4: The algorithm for finding a non-homogeneous par-
tition for an approximately optimal policy

By combining Equation 2 and Equation 3, we have shown
that

V5= VBlloo < IVF = V{loo + IV = VBl
< 2(1+ 2l )€+ ILVE — VBl
- 1—x 1—7

O

There are two remarks on the bound in the above theorem.

states in the same block. For the example shown in Figure st « = = miny, ||V* - V||~ that appears in the first ad-

the straight dotted line satlsfy|rig4(x1) Va (#2) is the set

of fixed points forAp since#; and#» belong to the same

block. SinceP is a refinement of the reward partitioﬁ,* is

the fixed point of the mappinfo Ap, and applying the result

from Gordon[1999, we have that

{7 * Y
— <
17" = Vil €204+ 72 )e (2)

wheree is the distance betweén* and the closest fixed point
of Ap. The distance betweevi* and V} is calculated as

follows: For anyx € C,

V(@) = VE (@)
_‘|C|Zmax xa-{—’yzz (Z,a,7) (B)]
BeP#’
|C| Zmax (Z,a +VZ Z (Z,a,7")Vp(B)]
el BePz#'

|C| Zmax (Z,a +VZ Z (Z,a,7")Vp(B)]

BePz €B
max[|c|z +7 |ZZT (Z,a,7 B)]‘
BePz'
< vll‘j* = Vplloo +1I(Ap o L)Vp = Vplloo
=MV" = Vpllo + I(Ap o L)Vp = ApVP oo
<AV = Vel + IILVE = Vpllso
Since the above inequality holds fé€’ € P, we have
I7° = Vil < 12T ©)

686

ditive term in Equation 1 measures how fine is the partition
P. € is the minimum error that we can achieve by assigning
values to the components b}, with the restriction that the
values should be the same for the components that belong to
the same block irP. Thus, we naturally expect that a finer
partition will achieve a smallet, although it depends on how
the state space is partitioned. At least, given a partifton
and its refinemenP’ C P, and lettingep andep: be thee
of P and P’ respectively, we can say that > ep:. Note
also thate becomes 0 for a homogeneous partition. Second,
||LV3 — V|l in the second additive term also vanishes as
the partition becomes finer. Although there is no guarantee
that the error is monotonically smaller for a finer partition
and larger for a coarser partition, at least this error serves as
an upper bound on the distance.

The algorithm that we describe in the following selects the
bestrefined partitionP’ from the current partitio® given by
the formula

argmax||Vp5 — V5|l
P!

Theorem 2 indicates that by choosing a refinem@nof P
maximizing the distance betweeér);, andV} there is rea-
son to believe that we are making significant progress in ap-
proachingV’*. This is the same sort of argument used to jus-
tify the use of discretization strategies for continuous state-
space MDPs.

The algorithm runs iteratively by refining the partition for
a pre-determined number of iterations so that we end up with
a fixed-size policy. Figure 4 shows the algorithm. Note that
constructingM p: can be done efficiently. The new transi-
tion probability matrixT’p: typically has many components
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C =X, 0X : : z : :
Xy C = X, 0X,0X4 Actual Performance £
l/\O CPT fOle— ~ Heuristic Value - ool |
(Py) ® 1 8
07 X4 Xy \| E; g
1/\0 cCnp p X4 g 1 W
07 03 TGN N0 L { gor 1
4 0.7 03 N ]l g
1/)(\2‘0 CPT forX,. - * A 1/X\4‘0 5 ‘ ‘ g o ‘ :
- 0 20 40 60 0 20 40 60
06 1.0 (PXZ) Cn F)X1 n sz n an X X Iteration Iteration
3 3
4 1 0 1 0
X _ -~ 014 0.280.06 0.12 Figure 6: COFFEE domain (6 variables, 64 states). The non-
1 N CPTforXs — - - — ===~ 7 homogeneous partitioning algorithm found the optimal policy
o2 oa  (Px) Tp(C,a C) =015 after 6 chops, totaling 10 blocks in the partition. The optimal
value is 8.12.

Figure 5: Calculatingp/ (C, a, C") with decision trees.

le+18 @ 8000
(4]
& £
the same ag». By reusing the components already calcu- § lett7 | ! g 600
lated, we can construct the p:s without computing transi- g ., [T £ 4000
tion probabilities and rewards for all blocks. For example, if 3 2
the partitionP’ was obtained by chopping a blodk € P g letls p— Acta Performance — g 2000
with respect to the fluenX; so thatB = {B;,..., Bjo, |}, Lesia , Optmalyale ;-7 &
! 0 20 40 60 80 100 0 20 40 60 80 100
we have Iteration Iteration

no_ i i
Tp(€,0,C") = Tp(C,0,C"), Va € A,VC ¢ B,VC & B. Figure 7: EXPON domain (12 variables, 4096 states). After

The remaining components are computed without explicitlyl00 chops (113 blocks), the non-homogeneous partitioning
enumerating all of the states in the blocks. Figure 5 showsalgorithm yields an approximately optimal policy. The opti-
how we calculate the componefip: (C, a,C') using deci- mal value is2.4 x 10'.
sion trees whe' € B or C' € B. To compute the com-
ponent, we first graft CPTs and multiply the probabilitiesin
the terminal nodes. Since we are only interested in the transi- |
tion probability related to block§' andC’, we can eliminate .
the branches of the constructed tree that do not intersect wit@
block C. This greatly reduces the size of the tree. The final
step is to take the average of the items in the terminal nodes in
the tree, weighted by the sizes of the blocks that the terminal e
0 20 40 60 80 100 0 20 40 60 80 100
nOdeS represent' Iteration Iteration
The reward functioRp: for Mp: is obtained similarly.

60000 T T T T
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10000
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Figure 8: FACTORY domain (17 variables, 131,072 states).
5 Experiments After 100 chops (126 blocks), the non-homogeneous par-

i i titioning algorithm yields an approximately optimal policy.
The test problems used in our experiments are adopted frof,g optimal value i€8.4.

Hoeyet al.[1999 and involve domains with 6 to 17 binary
variables (fluents). The initial probabilities are given as a
uniform distribution. For each domain, we show the perfor-MDP) and the heuristic value (the optimal value of the ag-
mance of the policy derived from the non-homogeneous pamgregated MDP) after each iteratiofihe values are obtained
tition and the cumulative elapsed time at each iteration. Wessuming uniform starting probabilities on the statékhe
use CPLEX 6.5 for calculating optimal value functions of ag-graphs on the right sides show the plots of cumulative elapsed
gregate MDPs induced by non-homogeneous partitions, artime (in seconds) after each iteration. Note that in some do-
the CUDD packagESomenzi, 199Bto implement structured mains, there is a small gap between the actual performance
versions of iterative algorithms (similar to SPUQHoeyet  and the heuristic value even when the policy from the aggre-
al., 1999) for evaluating the policies and calculating the opti- gated MDP reached the optimal performance. This is due to
mal value functions. All experiments are run on a Sun UltralQhe fact that the evaluation is done through an iterative method
with 256Mb of memory. with the stopping conditiof}V;;+1 — V;|| < §, which we seb
Figure 6 through Figure 8 illustrate the performance of theto 0.01.
algorithm in Figure 4 on three benchmark domains. We ran The optimal value function of the EXPON domain (Fig-
the algorithm for 100 iterations, except for the COFFEE do-ure 7) has thousands of internal nodes even when represented
main since it consisted of only 64 states. For each figure, thas an ADD. The non-homogeneous partitioning algorithm is
graph on the left side shows the actual performance (actuaot able to find the optimal policy with partition size less than
value of the optimal policy calculated from the aggregatedr equal to 113, however, the policy at the end of 100th itera-
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60 [ Perf. | Blocks Time
] Non-homogeneous 16 % | 113 7333s
I 1 Perf. | Nodes | Leaves| Time
5 MM ] APRICODD (0.4) | 48% | 320 65 630s
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Figure 9: Distance plots between two value functions of suc!:'gure 10: Comparison of the non-homogeneous partition-

: x| in B ing algorithm and the APRICODD on EXPON domain. The
f(?fis?llf' ?:goglr:?:gEaée 'I\EA)I(Dlﬂg‘I\(IID*FA(‘:/?g)ISflgure 4). From left number inside the parenthesis is the pruning parameter for
gnt. ' ' ' the “sliding-tolerance” pruning. The Perf. is the ratio be-

tween the performance of the optimal policy and that of the
tion performs 10 times better than the initial policy from the @pproximate policy assuming uniform starting distribution on
aggregate MDP induced by the reward partition. The sizétates. We also present the number of nodes and leaves in the
of the ADD representation for the optimal value function is ADD representation of approximate value function from the
also quite large in the case of the FACTORY domain (Fig-APRICODD.
ure 8). After 100 chops, totaling 126 blocks, the policy from
the aggregated MDP has a value of 24.8 which is 87% of th
optimal value.

We also experimented on the LINEAR domain (14 vari-
ables, 16,384 states). The optimal policy of the aggregaﬂe
MDP from the reward partition yields the optimal value,,
the optimal policy was obtained without any split. It takes

R Perf. | Blocks Time
Non-homogeneous 87 % | 126 55402 s
Perf. | Nodes | Leaves| Time
APRICODD (0.2) | 67% | 342 73 920s
APRICODD (0.3) | 26 % | 252 65 893s

figure 11: Comparison of the non-homogeneous partitioning

that every refinemenP’ of the current partitionP yields algorithm and the APRICODD on FACTORY domain.

IV — V3l = 0, then it knows the current optimal policy

from the aggregated MDP is indeed optimal. Meanwhile, ouparameter so that we get smaller value functions from APRI-
implementation of the structured value iteration using CUDDCODD results in non-converging behavior. In fact, APRI-
package (which is not as fully optimized as SPUDD) takesCODD on the EXPON domain with pruning parameter 0.5
43.58 seconds (15 leaves). does not converge. In this case, we stopped the algorithm

Figure 9 shows the distances between two value functionghen the value functions between consecutive iterations were
of successive aggregate MDPs for each domain. We exsscillating (500 iterations). Note that we are still allowing the
cluded the LINEAR domain since the distances were zergA\PRICODD to search in the space of a much richer represen-
from the onset. Note that in the COFFEE domain, the distation for value functions — an ADD with 246 nodes can rep-
tance decreases sharply after the optimal policy from the agesent a much finer partition than a partition with 113 blocks.
gregate MDP is actually optimal. However, the distances afin terms of the number of blocks, the non-homogeneous par-
ter that are not zero, which implies the partition is still non-titioning algorithm performs comparable to the APRICODD
homogeneous. We do not observe such behavior in the EXalgorithm. Note also that our implementation of APRICODD
PON and FACTORY domain since the algorithm was not abléds not fully optimized, and that the running times may be sig-
to yield the optimal policy. Although the distances betweemnificantly greater than those reported by the original authors.
consecutive value functions are large, we note that the actual We are currently exploring heuristics for efficiently se-
performance does not change much in the two domains. lecting block-fluent pairs to chop. We note that solving
is natural that a big difference in value functions does notontinuous MDPs faces a similar problem, and we are ex-
necessarily imply a big difference in the actual performanceperimenting on discretization heuristics such as Munos and
Sometimes, a block containing states with highly varing tranMoore [Munos and Moore, 1999 A preliminary result
sition probabilities is not so important to reach for optimal shows that this heuristic is highly effective, yielding approx-
performance, hence chopping the block does not greatly imimately 50-fold speed up in some domains. A preliminary
prove the actual performance of the policy. report on this experiment appeardkim, 2001].

We also compare the performance of non-homogeneous The above experiments show two advantages of using the
partitioning algorithm to APRICODIDSt-Aubinet al.,, 200d. non-homogeneous partitioning algorithm. First, while in
Figure 10 and Figure 11 summarize the comparison of theome domains the coarsest homogeneous partition may be
two algorithms on the larger domains, EXPON and FAC-quite large, it may not be critical to compute a homogeneous
TORY. By trial and error, we tuned the pruning parameter ofpartition to obtain an optimal (or near optimal) policy. Struc-
the APRICODD algorithm so that the size of the approximatdured value iteration algorithms such as SPUDD or APRI-
value function from the APRICODD algorithm is comparable CODD may incur a large cost in representing an optimal or
to that of the non-homogeneous partition at the end of 10@ear optimal value function, whereas the non-homogeneous
chops. We used “sliding-tolerance” pruning technique withpartitioning algorithm does not necessarily face such a prob-
different parameters. We allow two to three times more nodelem. Second, the algorithm provides a new approach to find-
in the decision diagrams than the number of blocks in théng an approximately optimal policy, which allows us to spec-
non-homogeneous partition. Often, increasing the prunindy the desired size of the policy priori.
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6 Conclusion and Related Work sumptions and computational leveragurnal of Artifi-

To achieve economy of representation many algorithms ag- ¢! Intelligence Researciil, 1999.

gregate states that have the same (or roughly the same) valU®ean and Givan, 1997Thomas Dean and Robert Givan.
they do so using a variety representations ranging from sim- Model minimization in Markov decision processes. In
ple set representatiofBertsekas and Castari, 1989, de- Proceedings AAAI-971997.

cision trees[Boutilier et al, 1995; Boutilier and Dearden, [Dean and Kanazawa, 1989homas Dean and Keii

é?i%;ﬂgg?ezborgg ?oeﬁgseig? C‘g?ﬁgﬁﬁgﬁg?ﬁgp}g%ﬁgis Kanazawa. A Model for Reasoning about Persistence and
S " ’ Causation. Computational Intelligencepages 143-150,
functions[Koller and Parr, 1999and neural networkiBert- 1959_ ! putat 'gencepag

sekas and Tsitsiklis, 1996 )
While all that is necessary is that the states that are groupdforbesetal, 1993 Jeff Forbes, Tim Huang, Keiji
together have the same value, it is often the case that the ag- Kanazawa, and Stuart Russell. The BATmobile: To-
gregated states have other properties in common. Structured Wards a Bayesian automated taxi.  Froceedings
value iteration[Boutilier et al, 1995 and structured model ~ MCAI-95 1995.
reduction[Dean and Givan, 199 group states according to [Givanet al, 2004 Robert Givan, Sonia Leach, and Thomas
stochastic bisimulation equivalence. This is a sufficient but Dean. Bounded-parameter Markov decision procegses.
not necessary criterion and in some cases it can result in par- tificial Intelligence 122:71-109, 2000.

fons hat are lrger i Sty pecessay. i he 222 faoldsmith and Sioan, 20Dy Goldsithand Robert .
Sloan. The complexity of model aggregation.Rroceed-

tree constitute the blocks of a partition that is reward and

transition homogeneous. The structured model reduction al- Ings AIPS-20002000.
gorithm successively refines an initial partition by splitting [Gordon, 199 Geoffrey J. Gordon. Stable function ap-
non-homogeneous blocks and is guaranteed to terminate with Proximation in dynamic programming. Technical Report
the coarsest homogeneous partition; unfortunately, this parti- CMU-CS-103, School of Computer Science, Carnegie
tion could have a number of blocks exponential in the number Mellon University, 1995.

of fluents. This paper provides a method for splitting blocks[Hoeyet al, 1999 Jesse Hoey, Robert St-Aubin, Alan Hu,

that provides a global perspective (rather than considering and Craig Boutilier. SPUDD: Stochastic planning using
each block in isolation) and for which the objective is to find  decision diagrams. IRroceedings UAI-991999.

a non-homogeneous partition that yields an aggregate MD
and corresponding optimal value function that is “close” to*" ™ . . !
the originaIpMDP gnc[i) its optimal value function. The pre- rl_thms for Large St.OChaSt'C Planning Pr(_)blem?,hD the-
liminary experimental results in this paper indicate that our sis, Brown University, 2001. In preparation.

algorithm achieves good performance using a compact repréKoller and Parr, 1999 Daphne Koller and Ronald Parr.
sentation encoded in terms of a non-homogeneous partition Computing factored value functions for policies in struc-
that is a fraction of the size of the representations required by tured MDPs. IrProceedings IJCAI-991999.

other approaches. L _ _ [Munos and Moore, 1999Rémi Munos and Andrew Moore.
Finding a non-homogeneous partitioning algorithm with " yjariaple resolution discretization for high-accuracy solu-

a riche_r representation for b_Iocks (such as ADDs) seems tjons of optimal control problems. IRroceedings IJCAI-
promising, and this task remains as our future work. 99, 1999.

[Singh and Yee, 1994Satinder P. Singh and Richard C. Yee.
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Abstract

We present a dynamic programming approach for
the solution of first-order Markov decisions pro-
cesses. This technique uses an MDP whose dynam-
ics is represented in a variant of the situation cal-
culus allowing for stochastic actions. It produces
a logical description of the optimal value function
and policy by constructing a set of first-order for-
mulae that minimally partition state space accord-
ing to distinctions made by the value function and
policy. This is achieved through the use of an op-
eration known as decision-theoretic regression. In
effect, our algorithm performs value iteration with-
out explicit enumeration of either the state or action
spaces of the MDP. This allows problems involv-
ing relational fluents and quantification to be solved
without requiring explicit state space enumeration
or conversion to propositional form.

1 Introduction

Markov decision processes (MDPs) have become the de
facto standard model for decision-theoretic planning prob-
lems. However, classic dynamic programming algorithms for
MDPs [Puterman, 1994] require explicit state and action enu-
meration. For example, the classical representation of a value
function is as a table or vector associating a value with each
system state; these are produced by iterating over the state
space. Since state spaces grow exponentially with the num-
ber of domain features, the direct application of these models
to Al planning problems is limited. As a consequence, much
MDP research in Al has focussed on representations and algo-
rithms that allow complex planning problems to be specified
concisely and solved effectively. Techniques such as function
approximation [Bertsekas and Tsitsiklis, 1996] and state ag-
gregation [Boutilier ef al., 1999] have proven reasonably ef-
fective at solving MDPs with very large state spaces.

One such approach with a strong connection to classical
planning is the decision-theoretic regression (DTR) model
[Boutilier et al., 2000al. The state space of an MDP is char-
acterized by a number of random variables (e.g., proposi-
tions) and the domain is specified using logical representa-
tions of actions that capture the regularity in the effects of ac-
tions. For instance, Bayesian networks, decision trees, alge-
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braic decision diagrams (ADDs), and probabilistic extensions
of STRIPS can all be used to concisely represent stochastic ac-
tionsin MDPs. These representations are exploited in the con-
struction of a logical representation of the optimal value func-
tion and policy, thereby obviating the need for explicit state
space enumeration. This process can be viewed as automatic
state space abstraction and has been able to solve fairly sub-
stantial problems. For instance, the SPUDD algorithm [Hoey
et al., 1999] has been used to solve MDPs with hundreds of
millions of states optimally, producing logical descriptions of
value functions that involve only hundreds of distinct values.
This works suggests that very large MDPs, if described in a
logical fashion, can often be solved optimally by exploiting
the logical structure of the problem.

Unfortunately, existing DTR algorithms are all designed
to work with propositional representations of MDPs, while
many realistic planning domains are best represented in first-
order terms, exploiting the existence of domain objects, re-
lations over those objects, and the ability to express objec-
tives and action effects using quantification. Existing DTR
algorithms can only be applied to these problems by ground-
ing or “propositionalizing” the domain.! Unfortunately such
an approach is impractical: the number of propositions grows
very quickly with the number of domain objects and relations,
and even relatively simple domains can generate incredibly
large numbers of propositions when grounded. The number of
propositions has a dramatic impact on the complexity of these
algorithms. Specifying and reasoning with intuitively simple
domain properties involving quantification becomes problem-
atic in a propositional setting. For instance, a simple objective
such as Jz¢(z) (e.g., we want some widget at Factory 1) be-
comes the unwieldy ¢(c1) V...V ¢(c, ), where the ¢; are (rel-
evant) constants (e.g., widget-1 is at Factory 1, or ...). Thus
grounding our domain description deprives one of the natu-
ralness and expressive power of relational representations and
quantification in specifying dynamics and objective functions.
Finally, existing DTR algorithms require explicit action enu-
meration when performing dynamic programming, which is
also problematic in first-order domains, since the number of
ground actions also grows dramatically with domain size.

In this paper we address these difficulties by proposing

""This assumes a finite domain: if the domain is infinite, these al-
gorithms cannot generally be made to work.
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a decision-theoretic regression algorithm for solving first-
order MDPs (FOMDPs). We adopt the the representation for
FOMDPs presented in [Reiter, 2001; Boutilier et al., 2000b],
in which stochastic actions and objective functions are speci-
fied using the situation calculus. We derive a version of value
iteration [Bellman, 1957] that constructs first-order represen-
tations of value functions and policies by exploiting the logi-
cal structure of the MDP. The algorithm constructs a minimal
partitioning of state space, represented by a set of first-order
formulae, and associates values (or action choices) with each
element of the partition.

As a consequence, our dynamic programming algorithm
solves first-order MDPs without explicit state space or ac-
tion enumeration, and without propositionalizing the domain.
Furthermore, the technique we propose can be used to reason
purely symbolically about value and optimal action choice.
Our model can be viewed as providing a tight, seamless in-
tegration of classic knowledge representation techniques and
reasoning methods with solution algorithms for MDPs.

This paper should be viewed as providing the theoretical
foundations for first-order decision-theoretic regression. We
are encouraged by the success of DTR methods for propo-
sitional MDPs, where it has been demonstrated that many
MDPs have value functions and policies that can be repre-
sented very concisely using logical techniques. We have no
doubt that the use of relations and quantification will ulti-
mately enhance these methods tremendously.

We review MDPs in Section 2, and briefly describe our rep-
resentation of FOMDPs in Section 3. We derive our symbolic
dynamic programming technique in detail in Section 4 and
discuss various implementation issues in Section 5. We con-
clude with a discussion of future directions.

2 Markov Decision Processes

We begin with the standard state-based formulation of MDPs.
We assume that the domain of interest can be modeled as a
fully-observable MDP [Bellman, 1957; Puterman, 1994] with
afinite set of states S and actions .A. Actions induce stochastic
state transitions, with Pr(s, a, t) denoting the probability with
which state ¢ is reached when action « is executed at state s.
We also assume a real-valued reward function R, associating
with each state s its immediate utility R(s).2

A stationary policy 7 : & — A describes a particular
course of action to be adopted by an agent, with 7(s) denoting
the action to be taken in state s. The decision problem faced
by the agent in an MDP is that of forming an optimal policy
that maximizes expected total accumulated reward over an in-
finite horizon (i.e., the agent acts indefinitely). We compare
policies by adopting expected total discounted reward as our
optimality criterion, wherein future rewards are discounted at
arate 0 < v < 1, and the value of a policy w, denoted V;(s),
is given by the expected total discounted reward accrued, that
is, E(3 poo " R(s")|m, s). Policy 7 is optimal if V; > V.
for all s € S and policies 7'. The optimal value function V*
is the value of any optimal policy.

ZWe ignore actions costs for ease of exposition. These impose no
additional complications on our model.
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Value iteration [Bellman, 1957] is a simple iterative ap-
proximation algorithm for constructing optimal policies. It
proceeds by constructing a series of n-stage-to-go value func-
tions V™. Setting V° = R, we recursively define n-stage-to-
g0 Q-functions:

Q"(a,s) = R(s) + {'yZPr(s,a,t) : v”—l(t)} (1)

tes
and value functions:
V™(s) = max Q" (a, s) 2)

The Q-function @"(a, s) denotes the expected value of per-
forming action « at state s with n stages to go and acting op-
timally thereafter. The sequence of value functions V" pro-
duced by value iteration converges linearly to V*. For some
finite n, the actions that maximize Eq. (2) form an optimal
policy, and V" approximates its value. We refer to Puterman
[1994] for a discussion of stopping criteria.

The definition of a Q-function can be based on any value
function. We define Q" (a, s) exactly as in Eq. (1), but with
arbitrary value function V' replacing V"~ on the right-hand
side. QY (a, s) denotes the value of performing a at state s,
then acting in such a way as to obtain value V' subsequently.

3 First-Order Representation of MDPs

Most planning domains are specified in terms of a set of ran-
dom variables, which jointly determine the state of the system.
For example, the system state may be the assignment of truth
values to a set of propositional variables. In addition, these
variables may themselves be structured, built from various
relations, functions, and domain objects, that naturally lend
themselves to a first-order representation. Representing and
solving MDPs under such circumstances is generally imprac-
tical using classic state-based transition matrices and dynamic
programming algorithms. The difficulty lies in the need to ex-
plicitly enumerate state and action spaces. State spaces grow
exponentially with the number of propositional variables need
to characterize the domain. Furthermore, in a first-order do-
main, the number of induced propositional variables can grow
dramatically with the number of domain objects of interest.?
Moreover, we are often interested in solving planning prob-
lems with infinite domains.

Several representations for propositionally-factored MDPs
have been proposed, including probabilistic variants of
STRIPS and dynamic Bayes nets [Boutilier et al., 1999].
First-order representations have also been proposed for
MDPs, including those of Poole [1997], and Geffner and
Bonet [1998]. In this paper we adopt the first-order, situation
calculus MDP representation developed by Reiter [2001],
and by Boutilier et al.  [2000b] for use in the DTGolog
framework. This model has several unique features that
make dynamic programming techniques viable. We first
review this representational language and methodology, and
then show how stochastic actions can be represented in this
framework. We also introduce some notation to ease the
specification of MDPs.

3 An n-ary relation over a domain of size d induces d" atoms.
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3.1 The Situation Calculus

The situation calculus [McCarthy, 1963] is a first-order lan-
guage for axiomatizing dynamic worlds. In recent years, it has
been considerably extended beyond the “classical” language
to include processes, concurrency, time, etc., but in all cases,
its basic ingredients consist of actions, situations and fluents.

Actions

Actions are first-order terms consisting of an action function
symbol and its arguments. For example, the action of putting
block 4 on the table might be denoted by the action term
putThl(b).

Situations

A situation is a first-order term denoting a sequence of ac-
tions. These are represented using a binary function symbol
do: do(«, s) denotes the sequence resulting from adding the
action « to the sequence s. The special constant .Sy denotes
the initial situation, namely the empty action sequence. Thus,
do(e, s) is like LISP’s cons(c, s) and S, is like LISP’s ( ). In
a blocks world, the situation term

do(stack(A, B), do(putTbl( B), do(stack(C, D), Sp)))
denotes the sequence of actions
[stack(C, D), putTbl(B), stack(A, B)].

Foundational axioms for situations are given in [Pirri and Re-
iter, 1999].

Fluents

Relations whose truth values vary from state to state are called
fluents, and are denoted by predicate symbols whose last ar-
gument is a situation term. For example, Bin(b, Paris, s) is
a relational fluent meaning that in that state reached by per-
forming the action sequence s, box b is in Paris.

Axiomatizing a Domain Theory
A domain theory is axiomatized in the situation calculus with
four classes of axioms [Pirri and Reiter, 1999]:

1. Action precondition axioms: There is one axiom for
each action function A (&), with syntactic form

Poss(A(%),s) =T1a(Z, s)
Here, T1,4(#, s) is a formula with free variables among
#, 5. These characterize the preconditions of action A.
2. Successor state axioms: There is one such axiom for
each fluent F'(Z, s), with syntactic form

F(Z,do(a,s)) = Pp (¥, a,s),

where @ (Z, a, s) is aformula with free variables among
a, s, Z. These characterize the truth values of the fluent I
in the next situation do(«, s) in terms of the current situ-
ation s, and they embody a solution to the frame problem
for deterministic actions [Reiter, 1991].

3. Unique names axioms for actions: These state that the
actions of the domain are pairwise unequal.

4. Initial database: This is a set of first-order sentences
whose only situation term is Sy and it specifies the ini-
tial state of the domain. The initial database will play no
role in this paper.
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Regression in the Situation Calculus

The regression of a formula ¢/ through an action « is a for-
mula ¢ that holds prior to a being performed iff ¢ holds
after . Successor state axioms support regression in a nat-
ural way. Suppose that fluent F’s successor state axiom is
F(% do(a,s)) = ®r(Z,a,s). We inductively define the re-
gression of a formula whose situation arguments all have the
form do(a, s) as follows:

(
Regr(F(¥,do(a, 5))) =
Regr(—) = —Regr(1)
(1 A 2) = Regr(i1) A Regr(vz)
((3x)¢) = (Fz)Regr(v)

3.2 Stochastic Actions and the Situation calculus

Sr (i, a,s)

Regr
Regr

For the purposes of representing probabilistic uncertainty, the
above ontology and axiomatization for the situation calcu-
lus might appear to be inadequate, because all actions must
be deterministic. One can see this requirement most clearly
in the syntactic form of successor state axioms where a flu-
ent’s truth value in the next situation is uniquely determined
by the current situation; thus, the next state is uniquely de-
termined by the present state and the action performed. How
then can stochastic actions be represented in the situation cal-
culus? The trick is to decompose stochastic actions into de-
terministic primitives under nature’s control—she chooses the
deterministic action that actually gets executed, with some
specified probability, when an agent performs a stochastic ac-
tion. We then formulate situation calculus domain axioms us-
ing these deterministic choices [Bacchus et al., 1995; Reiter,
2001; Boutilier et al., 2000b].

We illustrate this approach with a simple example in a lo-
gistics domain consisting of cities, trucks, and boxes: boxes
can be loaded onto and unloaded from trucks, and trucks can
be driven between cities.

Nature’s Choices for Stochastic Actions: For each stochas-
tic action we must specify the deterministic choices available
to nature. For instance, the stochastic load action can succeed
(denoted by loads) or fail (loadF):

choice(load(b,t),a) = a = loadS(b, t) vV a = loadF(b, t)

Similarly, the stochastic unload and drive actions also decom-
pose into successful or unsuccessful alternatives chosen by
nature with known probabilities.

choice(unload(b, t),a) = a = unloadS(b, t)Va = unloadF(b, t)
choice(drive(t, c),a) = a = driveS(t,c) V a = driveF(t, c)

Probabilities for Nature’s Choices: For each of nature’s
choices n(#) associated with action A(¥), we specify the
probability prob(n(Z), A(Z), s) with which it is chosen, given
that A(Z) was performed in situation s:

prob(loadS(b,t), load(b,t), s) = 0.99
prob(loadF(b,t),load(b,t),s) = 0.01

prob(unloadS(b,t), unload(b,t),s) = p =
Rain(s) Ap = 0.7V —Rain(s) Ap= 0.9

prob(unloadF(b,t), unload(b,t), s) =
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1 — prob(unloadS(b,t), unload(b,t), s)
prob(driveS(t, c), drive(t,c),s) = 0.99
prob(driveF(t, c), drive(t,c), s) = 0.01

Here we see that unloading is less likely to succeed when it is
raining.

Action Preconditions for Deterministic Actions:
Poss(loadS(b,t), s) = (3¢).BIn(b, c,s) A Tin(t, c, s)

Poss(loadF(b,t), s) = (3¢).BIn(b,c,s) A TIn(t, c, s)
Poss(unloadS(b,t), s) = On(b, 1, s)
Poss(unloadF(b,t), s) = On(b,t,s)
Poss(driveS(t,c), s) = true

Poss(driveF(t,c), s) = true

Nature’s choices n; () for action A(¥) need not have com-
mon preconditions, but often they do, as above.

Successor State Axioms:

BIn(b,c,do(a, s)) =
(F)[TIn(t, c, s) A a = unloadS(b,t)] v
BIn(b, ¢, s) A =(Ft)a = loadS(b, 1)

TIn(t, ¢,do(a, s)) = a = driveS(t,c) V
TIn(t, c¢) A =(3c’)a = driveS(t, ¢')

On(b,t,do(a, s)) = a = loadS(b,t) Vv
On(b,t,s) A a # unloadS(b,t)

Rain(do(a, s)) = Rain(s)
There are two important points to note about this example:

1. By virtue of decomposing stochastic actions into deter-
ministic primitives under nature’s control, we get per-
fectly conventional situation calculus action precondi-
tion and successor state axioms that do not refer to
stochastic actions. Stochastic actions have a status dif-
ferent from deterministic actions, and cannot participate
in situation terms.*

2. Nowhere do these axioms restrict the domain of dis-
course to some prespecified set of trucks, boxes, or cities.
There are even models of these axioms with infinitely
many—even uncountably many—individuals. If one
were to solve an MDP for which this axiomatization is
valid, one would obtain, in fact, a solution that applies to
an entire class of MDPs with arbitrary domains of trucks,
boxes and cities.

3.3 Some Additional Notation

In what follows we use the notion of a state formula, (&, s),
whose only free variables are non-situation variables Z and a
situation variable s. Intuitively, a state formula refers only to
properties of the situation s. A set of state formulae {v; (£, s) }
partitions state space iff = (VZ, s).4;(Z, 5) D —);(Z, s), for
alli,j # i, and = (VZ,s). V, ¥i(Z, s).

“Note that when nature’s choices for a specific action do not have
identical preconditions, care must be taken in the axiomatization to
ensure the probabilities sum to one in every situation.
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The Case Notation
To simplify the presentation, we introduce the notation

';¢natn]

as an abbreviation for the formula

Vicaidi At =1}

where the ¢; are state formulae and the ¢; are terms. We some-
times write this case[¢;, t;]. Often the ¢; will be constants and
the ¢; will partition state space. We introduce the following
operators on case statements (whose use will be important in
the next section):

t = case[dy,11; -

case[¢;, t; 11 < n] Q@ case[;,v; 1 j < m]=
case[pi AN j,t; - v; i< n, j <m]

case[g;, t; 11 < n] & case[;,v; 1 j < m]=
case[pi A ¥j, i +vj i <n,j < m

case[g;, t; 11 < n] S case[;,v; 1 j<m]=
case[pi ANy, ti —vj i <n,j < m]

case[¢;, t; 11 < n]Ucase[;,v; 1 j < m]=
CGS€[¢1,t1;"'¢)n,tn;’l/)1,vl;""l/)m,vm]

Representing Probabilities with Case Notation

Let A(Z) be a stochastic action type with possible out-
comes n1(Z),---,nk(#). We assume the probabilities of
these outcomes are specified using case notation. Specif-
ically, the choice probabilities for n;(#) are given as:

prob(n; (%), A(Z), s) = case[¢?](Z, s),pl; - dh(Z, 5), phl,
where the ¢ partition state space, and p; is the probablhty of
choice n; (%) being realized under condition ¢! (&, s) when
the agent executes stochastic action A(Z).

Our unload stochastic action above is represented in case
notation as:

prob(unloadS(b, t), unload(b,t), s) =
case[Rain(s), 0.7; —Rain(s), 0.9]

prob(unloadF(b,t),load(b,t), s) =
case[Rain(s), 0.3; —Rain(s), 0.1].

Notice that when the probability of nature’s choice is
situation-independent, (e.g., as in loadS), then only a single
“case” is present (e.g., case[true, 0.99]).

Specifying Rewards and Values with Case Notation

An MDP optimization theory contains axioms specifying the
reward function. In their simplest form, reward axioms use
the function R(s) to assert costs and rewards as a function of
the action taken, properties of the current situation, or both
(note that the action taken can be recovered from the situation
term). In what follows, we assume a simple “state-based” re-
ward model in which only relational fluents determine reward,
and we assume that this reward function is specified using case
notation:

R(S) = Case[&(s), 7155 €m (5), rm]a

where the &; (s) partition state space. For example, rewarding
the presence of some box in Paris can be specified using

R(s) = case[(3b)BIn(b, Paris, s), 10;
—(36)BIn(b, Paris, s), 0]
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The restriction to state-based reward is simply to keep the ex-
position simple. Action costs are easily modeled and are used
in our prototype implementation.

We also use the case notation to represent value functions
in a similar fashion, concisely writing V' in the form

V(S) = Case[ﬁl(s)a vi; e B (S)a vn]'

This use of case statements can be viewed as embodying a
form of state space abstraction: rather than assigning val-
ues on a state-by-state basis, we distinguish states accord-
ing to the conditions 3;. Those states satisfying 5; can be
treated as an abstract state. In this way, we can often represent
value functions (and policies and Q-functions similarly) with-
out state enumeration, exploiting the logical structure of the
function. This is similar to the abstraction models discussed
in [Boutilier e al., 1999], but with the ability to partition state
space using first-order formulae.

4 Dynamic Programming with FOMDPs

Logical representations for MDPs provide natural and com-
pact specifications of planning domains, obviating the need
for explicit state space enumeration. Logical descriptions ex-
ploiting regularities in value functions and policies can also be
very compact. Solving an FOMDP can be made much more
efficient if the logical structure of value functions can be dis-
covered through inference using the the logical MDP specifi-
cation, with expected value computations performed once per
abstract state instead of once per state. Thus a dynamic pro-
gramming algorithm that works directly with symbolic rep-
resentations of value functions offers great potential com-
putational benefit. In this section, we generalize the notion
of decision-theoretic regression from propositional MDPs to
FOMDPs, and construct a first-order value iteration algo-
rithm.

4.1 First-Order Decision-Theoretic Regression

Suppose we are given a value function V. The first-order de-
cision theoretic regression (FODTR) of V' through action type
A(7) is a logical description of the Q-function Q" (A(%), s).
In other words, given a set of abstract states corresponding to
regions of state space where V' is constant, we wish to produce
a corresponding abstraction for QY (A(Z), s). This is anal-
ogous to classical goal regression, the key differences being
that action A(¥) is stochastic.

Let A(Z) be a stochastic action with corresponding nature’s
choices n; (%), j < k. Ignoring preconditions momentarily,
QY (A(%), s) is defined classically as

QY (A(®),5) = R(s) + 7 { Lres Pris, A(@),1) - V(1)}
Since different successor states arise only through different
nature’s choices, the situation calculus analog of this is:

QY (A(%),s) = R(s)+
v Y prob(n; (%), A(#), s) - V(do(ny(#),s) )
j
As described earlier, we assume that the functions R(s),

prob(n, A, s) and V(s) are all described with case state-
ments. Respectively denote these by rCase(s), pCase(n, s)
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and vCase(s). Then after substituting these case expressions
into Eq. (3) and appealing to the case addition and multiplica-
tion operators of Section 3.3, we obtain

QY (A(T),s) = rCase(s)
v - [®; {pCase(n;(Z), s) @ vCase(do(n; (%), s))}]
The only problem with this expression is that the formula
vCase(do(n; (&), s)) refers not to the current situation s, but

to the future situation do(n;(Z), s)), but this is easily reme-
died with regression:
QY (A(%),s) = rCase(s) &

v - [@®; pCase(n;(Z), s) ® Regr(vCase(do(n; (%), s)))]
We emphasize the critical nature of this step. The represen-
tational methodology we adopt—treating stochastic actions
using deterministic nature’s choices—allows us to apply re-
gression directly to derive properties of the pre-action state
that determine the value-relevant properties of the post-action
state. Specifically, classical regression can be applied directly

to the case statement vCase(do(n; (&), s)) because the n;(Z)
are deterministic.

Because sums and products of case statements are also
case statements, the above expression for QY (A(%), s) is a
case statement, say case[o;(Z, s), ¢;], that characterizes the
Q-function for action A(&) with respect to V. Thus from a
logical description of V' we can derive one for (). Conceptu-
ally, this can be viewed as transforming the abstraction of state
space suitable for V' into one suitable for ). It is not hard to
show that if the state formulae in V"’s case statement partition
the state space, then so do the «; defining ). This is key to
avoiding state and action enumeration in dynamic program-
ming.

The above derivation ignores action preconditions.
To handle preconditions, Q" (A(%),s) can no longer be
treated as a function, but must be represented by a relation
QY (A(F), q,s), meaning that A’s Q-value in s is ¢. This
relation holds only if Poss(n;(Z), s) holds for at least one of
A’s choices n;; otherwise the (J)-value is undefined:

Q¥ (A(@).4.5) =
[V, Poss(n; (%), s)] A q = casela;(Z, 5), q;]
Since \/, Poss(n;(Z),s) can be distributed into the case

statement (by conjoining it with the «;), the result is again a
case statement for the Q-relation.

As an example consider value function V' °:
V(s) = case[3b.BIn(b, Rome, s), 10 ; =3t.BIn(b, Rome, s), 0]

That is, if some box b is in Rome, value is 10; otherwise
value is 0. Suppose that reward R is identical to V° and our
discount rate is 0.9. We use the unload(b, t) action, described
above, to illustrate FODTR. The regression of V' through
unload(b,t) results in a case statement (after simplification),
denoting Q' (unload(b,t), q, s) with four elements:

a1(b,t,s) = 3'BIn(b’, Rome, s)

as(b,t,8) = Rain(s) A TIn(t, Rome, s) A
On(b,t, s) A =3b'BIn(b', Rome, s)

as(b,t,8) = —Rain(s) A TIn(t, Rome, s) A
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On(b,t,s) A =30’ BIn(b', Rome, s)

(—=TIn(t, Rome, s) V =0n(b,t,s)) A
3b'BIn(b’', Rome, s)

and the associated Q-values: ¢; = 19; ¢ = 6.3;¢3 = 8.1;
g4 = 0. Before simplification, the case statement consisted
of 8 formulae, two of which were inconsistent and two pairs
of which had identical Q-values.

An important property of FODTR is that it not
only produces an abstraction of state space to describe
QY (A(Z),q,s), it also abstracts the action space as well.
With a small number of logical formulae, it captures the
Q-values Q(a, g, s) for each situation s and each instan-
tiation ¢ of A(Z). While state space abstraction has been
explored in the context of decision-theoretic regression
for propositional representations of MDPs, little work has
focused on abstracting the action space in this way.

Finally, although our example works with specific numeri-
cal values in the case statements, purely symbolic descriptions
of value can also be reasoned with in this way. For example,
if the Q-value of action drive(t, ¢) depends on the weight of
truck ¢ in the current situation, the value term in a case state-
ment can be made to depend on this property of the situation
(i.e., weight(t, s)). This can prove especially useful for rea-
soning with continuous (or hybrid) state and action spaces.

ay(b,t,s) =

4.2 Symbolic Dynamic Programming

Value iteration consists of setting V? = R and repeatedly ap-
plying Eq. (1) and Eq. (2) until a suitable termination condi-
tion is met. Since R is described symbolically and FODTR
can be used to implement Eq. (1) logically, we need only de-
rive a “logical implementation” of Eq. (2) in order to have a
form of dynamic programming that can compute optimal poli-
cies for FOMDPs without explicit state or action enumeration
(together with a method for termination testing and policy ex-
traction).

In what follows, we assume that all values occurring in the
case statements for (A, v, s) are numerical constants, which
means that the case statements for prob(n, A,s), V(s) and
R(s) all have this property.

Suppose we have computed n-stage-to-go Q-relations
Q(A(Z), v, s), one for each action type A, of the form
case[a (%, s), ¢'], where the ¢ are numerical constants.
Letting V' (s) denote the n-stage-to-go value function, Eq. (2)
can be written

V(s) =v=(3a).Qa,v,s) A(VB)Q(b,w,s) Dw < v (4)

We assume that some stochastic action (e.g., a deterministic
no-op) is executable in every situation, so that V' (s) will be a
function. (If not, we can easily define it as a relation.) We now
derive a series of expressions for the r.h.s. of this equivalence.
Assuming domain closure for action types (i.e., all actions a
are instances of some A; (Z;), we have

V(is)=v = [VZ(HfZ)Q_(Alng), v, 5)]_/\
N (Y55, 0").Q(A; (), v
To minimize notational clutter, represent this generically by

Vi(s) = v = [V4(3D)QA(F), v, 5)] A
Np (79, V). Q(B(y), v'

,8) Dv' < w

,8) Dv' < w
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We are supposing that we have already determined the -
values for each action type A, in the form of a case statement:

Q(A(%), q,5) = q = case[a(, s), ¢] 5)
Substitute Eq. (5) into the previous expression to get
s), 4" ]} A

v's) D' <w

Vis)y=v= {\/A (3o = case[a (7,
Ap(¥9,0").Q(B(H),

Since the ¢#* are constants, we can distribute the existential
quantifiers into the case expression:

V(s)_v_{\/Av_case[El) A3, )q{q]}/\

(
Ag (7, 0").Q(B(),v',5) Dv' <w
),

Writing (37)a;* (Z, s) as v;* (s), and recalling the definition of
the case union operator U of Section 3.3, we have

V(o) =v=0= | U easely(s).0]] A
NV, QB ') D0 <

Suppose | , case[v{(s),
i < k]. Therefore,

V(:) =v=
['\:/1 Yi(s) Av=

This simplifies to
Vis)=v=

VoM (95 QB(E).

Recalling the definition of the case notation, we get

q#] has the form case[v;(s), V;

VIIAN A (VY v").Q(B(Y),v',s) Dv' <w

,8) D v < ViJaw =V

V(s) = U =v=
() A N (V5,0 QUB(@), o' 5) D v < Vi, Vit < ]

The only remaining task is to characterize the expressions
Q(B(F),v',s) D v < V; in terms of the case statement for
Q(B(Y), ', s). Suppose this case statement is:

Q(B(H),v,s) = = case[ﬁf (¥, s), qf]
Then it is easy to show that

Q(B(@),v',s) v < Vi = ;[P (9,
Substituting this last expression for Q(B(%), v
in the above expression for V' (s) gives us

Vis)y=v=v=
YA NV A B7(F.5) D@ < Vil Vizi <&
Next, because the qj and V; are numerical constants, we can

distribute the universal quantifier as an existential quantifier
in the antecedent of the implications, to get

V(s)—v_v—
) AN N\(B39)B5(F,s) Daf <Vil,Viii <K]

Next, recalling how the 7; were introduced by unioning the
case expressions for all the ()-values, we get

Vis)=v= .
v=caselyi(s) A N;[v(s) DV, S Vi Vini <]

Finally, we can again exploit the fact that the s are numer-
ical constants (as opposed to symbolic terms), and therefore

s) D ¢f < Vi
Ls)Dv <V,

case 7,

case 7,

695



can be compared. This allows us to write our final expression
for V:

71(5) A —vi(s) W1
{i|Vi>V1}

ils) Vi
{i|Vi>Vi}
If we modify the definition of the U operator so that it sorts
the rows according to their V' values, and merges rows with
identical V' values, we get the pleasing expression

71(5) Vi
v2(8) A =7a(s) V2 (6)

case

YR(S) A (8) A=y () Ao  Aye—a(s) Vi
This determines a simple case statement that completely de-
fines the value function V" (s) given the logical description
of the relations Q" (A(Z),v,s). Together with the FODTR
algorithm for producing Q-relations, this provides the means
to construct the sequence of value functions that characterize
value iteration in a purely symbolic fashion, eliminating the
need for state and action enumeration. It is not hard to show
that the case conditions defining /" partition state space.
Finally, notice that we obtained the case expression (6) by
a sequence of equivalence-preserving transformations from
the definition (3) of the Q-function (suitably modified to ac-
commodate action preconditions), and the definition (4) of the
value function. Therefore, we have:

Theorem 1 The case expression (6) is a correct representa-
tion for V (s) relative to the specifications (3) and (4) for the
Q-function and value function respectively.

With these pieces in place, we can summarize first-order
value iteration as follows: given as input a first-order repre-
sentation of R(s) (a case statement) and our action model, we
set VO(s) = R(s), n = 1 and perform the following steps
until termination:

1. For each action type A(Z) compute the case representa-
tion of Q" (A(Z), ¢, ) (using V"~ 1(s) as in Eq. (3)).

2. Compute the case representation of V" (s) (using the
Q" (A(Z), ¢, s) as in Eq. (6)).

3. Increment n.

Termination of first-order value iteration is straightforward.
Given the case statements C™ and C™~! for value functions
V™ and V"1, we form C™ & C™~*! and simplify the result-
ing case statement by removal of any inconsistent elements. If
each case has a value term less that specified threshold ¢, value
iteration terminates. Extraction of an optimal policy is also
straightforward: one simply needs to extract the maximizing
actions from the set of Q-functions derived from the optimal
value function. The optimal policy will thus be represented
symbolically with a case statement.
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4.3 An Ilustration

To give a flavor of the form of first-order value functions, con-
sider an example where the reward function is given by three
statements:

(3b).BIn(b, Paris, s) A TypeA(b);r = 10
(3b).BIn(b, Paris, s) A = TypeA(b);r =5
—(36)BIn(b, Paris, s);r =0

That is, we want a box of Type A in Paris, but will accept a
box of another type if a Type A box is unavailable. Actions
include the load, unload, and drive actions described above.
We include action costs: the action unload(b,t) has cost 4,
load(b,t) has cost 1, and drive(t, ¢) has cost 3. The optimal
one-stage policy chooses only unloading or no-op (since with
only one stage to go, driving and loading have no value). Our
algorithm derives the following conditions for unload(b, t) to
be executed:

On(b,t,s) A TIn(t, Paris, s) A
[=(30)BIn(b', Paris, s) V
TypeA(b) A —Rain(s) A
—(30').BIn(b’, Paris, s) A —TypeA (V)]

Thus a box b is unloaded if there is a box on some truck in
Paris, and there is no box currently in Paris, or b is a Type A
box and it’s not raining, and there’s no Type A box in Paris.
No-op is executed if the negation of the condition above holds
(since for a one-step backup there is no value yet discovered
for driving or loading). It is important to note that this parti-
tioning remains fixed (as does the partitioning for the resultant
value function) regardless of the number of domain objects
and extraneous relations in the problem description. Thus we
get stronger abstraction than would be possible using a propo-
sitionalized version of the problem. Also note that this de-
scribes the conditions under which one performs any instance
of the unload action. In this way our algorithm allows for ac-
tion abstraction, allowing one to produce value functions and
policies without explicit enumeration of action instances.

5 A (Very) Preliminary Implementation

We have implemented (in Prolog) the basic Bellman backup
operator (i.e., single iterations of one-step value iteration) de-
fined by Eq (6). The implementation is based entirely on a
rewrite interpreter that applies programmer specified rewrite
rules to situation calculus formulae until no further rewrites
are possible. The program first computes the case statements
for the Q-values for all the stochastic actions. Next, from
these it computes the (v;(s), Vi) pairs required by the case
statement (6), and finally, the case statement of (6) itself.
Throughout, logical simplification is applied (also specified
by rewrite rules) to all subformulas of the current formula.
From a practical point of view, the key component in effi-
ciently implementing first-order DTR is logical simplification
to ensure manageable formulae describing the partitions. Our
current implementation performs only the most rudimentary
logical simplification and does not always produce concise de-
scriptions of the cases within partitions. Neither can it elimi-
nate all inconsistent partitions. The main reason for these lim-
itations is that the current implementation lacks a first-order
theorem-prover. For the example MDPs we have looked at,
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sophisticated theorem-proving appears not to be necessary,
but simple-minded simplification rules that don’t know very
much about quantifiers are simply too weak.

We ran value iteration to termination under our implemen-
tation using the reward function that gives a reward of 10
for having any box in Paris, and zero reward otherwise (for
simplicity, it is treated as a terminal reward, and is received
only once). Because our simplifier did not include a theorem-
prover, some of the intermediate computations were hand-
edited to further simplify the resulting expressions. We ob-
tained the following optimal value function:

AbBIn(Paris, b, s) : 10
—Rain(s) A 3b, t(On(b, t, s) A TIn(t, Paris, s))
A =3bBIn(Paris, b, s) : 5.56
Rain(s) A 3b, t(On(b, t, s) A TIn(t, Paris, s))
A =3b.BIn(Paris, b, s) : 4.29
—Rain(s) A 3b, tOn(b, t, s) A ~3bBIn(Paris, b, s)
A =3b, £(On(b, t, s) A TIn(t, Paris, s)) : 2.53
—Rain(s) A 3b, t,c(BIn(c, s) A TIn(c, s))
A =3b, tOn(b, t, s) A ~3bBIn(Paris, b, s) : 1.52
Rain(s) A 3b, tOn(b, t, s) A —3b, t(On(b, t, s) ATIn(t, Paris, s))
A =3bBIn(Paris, b, s) : 1.26
—3bBIn(Paris, b, s) A =3b, tOn(b, t,s) A
[Rain(s) vV =3b, t,c(Bln(c, s) A Tin(c, s)) : 0.0

We emphasize again that this value function applies no matter
how many domain objects there are.

Our algorithmis not competitive with state of the art propo-
sitional MDP solvers, largely because solvers such as SPUDD
[Hoey et al., 1999] use very efficient implementations of log-
ical reasoning software. We are currently developing a ver-
sion of the FODTR algorithm that uses a first-order theorem-
prover to enhance its performance. Of course, at another
level, one can argue that propositional MDP solvers cannot
even get off the ground when (even trivial) planning problems
have a large number of domain objects.

An important issue we hope to address in the near future is
the use of hybrid representations of MDPs and value functions
that allow one to adopt efficient data structures like ADDs or
decision trees, but instantiate these structures with first-order
formulae. This would allow the expressive power of our first-
order model, but restrict the syntactic form of formulae some-
what so that simplification and consistency checking could
be implemented more effectively for “typical” problem in-
stances.

6 Concluding Remarks

We have described the first approach for solving MDPs spec-
ified in first-order logic by dynamic programming. By the
careful integration of sophisticated KR methods with classic
MDP algorithms, we have developed a framework in which
MDPs can be specified concisely and naturally and solved
without explicit state and action enumeration. Indeed, noth-
ing in our model prevents its direct application to infinite do-
mains. Furthermore, it permits the symbolic representation of
value functions and policies.

A number of interesting directions remain to be explored.
As mentioned, the practicality of this approach depends on the
use of sophisticated simplification methods. We are currently
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incorporating several of these into our implementation. Other
dynamic programming algorithms (e.g., modified policy itera-
tion) can be implemented directly within our framework. Ap-
proximation methods based on merging partitions with similar
values can also be applied with ease. Finally, the investigation
of symbolic dynamic programming to continuous and hybrid
domains offers exciting possibilities.
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Abstract

The progressive processing model allows a system
to trade off resource consumption against the qual-
ity of the outcome by mapping each activity to a
graph of potential solution methods. In the past,
only semi-linear graphs have been used. We ex-
amine the application of the model to control the
operation of an autonomous rover which operates
under tight resource constraints. The task structure
is generalized to directed acyclic graphs for which
the optimal schedule can be computed by solving a
corresponding Markov decision problem. We eval-
uate the complexity of the solution analytically and
experimentally and show that it provides a practical
approach to building an adaptive controller for this
application.

1 Introduction

Planetary rovers are unmanned vehicles equipped with cam-
eras and a variety of scientific sensors. They have proved
to be a cost-effective mechanism in space exploration and
will continue to play a major role in future NASA mis-
sions [Washington ez al., 1999]. Despite dramatic improve-
ments in capabilities and computational power, space systems
continue to operate with scarce resources such as power, com-
puter storage, and communication bandwidth. They also have
a limited life span. As a result, it is necessary to maximize
operation time during periods of no communication with the
control center. It is also necessary to manage resources care-
fully when deciding what activity should be performed and
how to best accomplish the rover’s tasks. The main objec-
tive of this work is to develop planning and monitoring algo-
rithms that can optimize scientific return when operating with
limited resources.

For this purpose, the progressive processing model pro-
vides a suitable framework [Mouaddib and Zilberstein, 1997;
1998]. Progressive processing allows a system to trade off
computational resources against the quality of the result sim-
ilar to other resource-bounded reasoning techniques such
as “flexible computation” [Horvitz, 19871, “anytime algo-
rithms” [Dean and Boddy, 1988; Zilberstein, 1996], “impre-
cise computation” [Hull et al., 1996; Liu et al., 1991] and
“design-to-time” [Garvey and Lesser, 1993]. The specific
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characteristic of progressive processing is the mapping of the
computational process (or a plan) into a hierarchical graph of
alternative methods. Each method has an associated proba-
bilistic description of the resource/quality tradeoff it offers.

In previous work, Mouaddib and Zilbertstein [Mouaddib
and Zilberstein, 1997; 1998] presented a solution to the con-
trol problem of progressive processing. This problem is to
decide at run-time which subset of methods should be exe-
cuted so as to maximize the overall utility of a system. The
reactive controller is adaptive and takes into account the re-
maining resources and possible changes in the environment.
This is achieved by reformulating the control problem as a
Markov decision process (MDP). An efficient implementa-
tion that can handle run-time modifications of the overall plan
has been implemented [Mouaddib and Zilberstein, 1998]. In
the past, only semi-linear task structures have been used. That
is, each step of a task could be implemented by one of several
alternatives, after which the next step is considered.

The rover application, however, requires several extensions
of the previously developed controller. Figure 1 shows a sam-
ple plan that illustrates the problem. In the plan, the rover
locates an object and aims the camera, possibly after moving
closer to the object. It can take a picture at one of three differ-
ent resolutions, and can compress it using either high or low
compression methods. In between, depending on the analysis
of the image, the rover may decide to investigate the chemi-
cal components of the object. This plan presents several new
requirements that have not been previously addressed:

Task inter-dependency: Task execution may depend on the
outcome of previous actions. For example, the ability
to investigate the chemical components depends on the
results of image analysis.

Non linearity: The overall task structure becomes a directed
acyclic graph. Execution follows a linear path through
the graph.

Multiple resources: The controller must optimize its opera-
tion with respect to multiple resources.

The contribution of this paper is three fold. First, we gen-
eralize progressive processing to non-linear task structures
with one resource and construct an optimal controller for such
plans. Second, we analyze the complexity of the solution both
analytically and empirically and show that it is an effective
approach. Third, we examine the implications of increasing
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Unit 1

Go to a site & Arm camera
arm camera
Step 1
Picture low Picture high
resolution Picture medium resolution
resolution Step 2
Picture analysis
Step 3
. Unit 2
Search chemical
composants
Unit 3
Low High
compression compression

Figure 1: Planetary rover’s plan

the number of resources and size of the plan on the complex-
ity. We address this problem by introducing the notion of
opportunity cost that can be estimated quickly for large, non-
linear plans.

2 Progressive processing control problem

The work presented in this paper builds on the concepts of
progressive processing units and plans. In this section, we
define these notions and define our problem.

2.1 Preliminary definitions

Progressive processing is a reasoning technique that creates
an incremental solution of a problem by using a hierarchy
of steps, where each step contributes to the solution. This
hierarchy can be viewed as the reasoning scheme which leads
us to the solution. We denote by PRU (progressive processing
unit) this hierarchy. Notice that we may associate a utility
to the execution of a PRU’s step. This utility is an abstract
measure of the step’s quality in the solution.

With this intuitive definition, a rover’s plan may be seen
as an ordered set of PRUs. More generally, the plan may be
non-linear, i.e., a directed acyclic graph of PRUs. One unit
has many successors. In this graph, a step will be considered
for execution when the succession of steps executed so far has
sufficient quality to enable this step.

For the example of planetary rovers, we have three PRUs.
The first corresponds to going to a site, taking a picture and
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analyzing this image in order to find rocks. The second de-
pends on the analysis results. If the site contains rocks, the
rover may activate its APXS (alpha proton X-ray spectrom-
eter) in order to determine the chemical components of the
rocks. The last PRU corresponds to compressing the scien-
tific data (images and chemical components).

We may transform this plan to a linear plan but, in that
case, we lose generality and the inter-unit dependency infor-
mation. In fact, the non-linearity of a plan and the notion of
dependence allow for more realistic applications.

The planetary rover’s problem (or progressive processing
problem control) is to choose the set of executing tasks that
maximize the global utility while respecting resource con-
straints.

2.2 Formal definitions

We formalize these definitions, focusing on one resource: op-
eration time.

Definition 1 A plan P is a directed acyclic graph of progres-
sive processing units, Py, P, ..., Py.

Example: One plan is figure 1, where P; is unit 1, P> is unit
2 and Ps is unit 3.

Definition 2 A progressive processing unit (PRU), P;, con-

sists of a set of steps, n; = {Ni1,Ni2,.o; Nign, }
a deadline d; and a set of  successors,
S = {succ(j1), ..., succ(jus;,)},  where
succ(f;)) = (I;?,le) and chf is the utility interval

[MinQj,, MaxQj,] corresponding to minimal and maximal
utilities required to move to the next unit Pj,.

Example: PRU P has three steps: Ny ; is step 1, N » is step
2 and NV 3 is step 3. It has two successors: P and Ps.

Definition 3 A step j of a unit i, N;;, consists of a set
of tasks, tij = A{Tij1,Tijz2,-Tij e} and a user-
specified attribute, skippable, which indicates if this step may
be skipped or not. We denote by s; ; the skippable attribute,
and s; j = 1 when Nj ; is skippable and 0 otherwise. We de-
fine N; o to be the special step (with no tasks) that is used to
show the beginning of executing a unit.

Example: Step 2 of unit 1 has three tasks. The first 17 o ;
is “Picture low resolution”, the second T 22 is “Picture
medium resolution” and the third 17 » 3 is “Picture high res-
olution”. This step can be skipped if we don’t want to take a
picture at a particular site.

Definition 4 A task k of a step j of a unit i, T; j 1, consists
of an executable module, a utility (or quality) and a discrete
probability distribution rc; j 1, of resources consumed when
the module is executed. The number of elements of rc; j . is
#Tci,j,k-

The probabilities can be determined from ground experimen-
tal rovers and simulations.

Example: Task 2 of step 2 of unit 1, T » » consists of taking
a medium resolution picture of the site. The distribution of re-
source consumption for this task, as used in our experiments,
isrei 20 = {(28,0.2),(29,0.6),(30,0.2)}.
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Definition 5 The progressive processing control problem is
to select at run-time the set of tasks that maximizes the global
utility.

2.3 Selecting tasks
When the rover has completed step /V; ; (meaning that a task
Tj jx of that step has been executed or that the step has been
skipped), it has three possible decisions:
e it can execute one task 715 ;1 x of the next step N; ;41
if this step exists,

e it can skip the next step V; ;4 1, if it exists and it is skip-

pable,

e it can move to a accessible successor unit Pyycc()-

The optimal decision is the one that maximizes the global
utility. The sequence of decisions will determine the set of
tasks executed. The global utility is the cumulative reward of
the executed tasks (reward is measured by the qualities asso-
ciated to the tasks).

In this context, the progressive processing control problem
is a state space where a transition from one state to an another
is the decision made by the rover. The state represents the last
executed step and the remaining resources. In fact, the choice
of the next action (when the rover is in a particular state) de-
pends only on the current state. This is the Markov property.
So, the progressive processing problem control may be seen
as a problem of controlling a Markov decision process.

2.4 Markov Decision Process Controller

We now define the corresponding Markov decision process.
States

A Markov decision process is a graph of states such that:

Definition 6 A state, [N; j; RR), consists of the last executed
step N; j and the remaining resources.

Definition 7 The accumulated quality is the sum of qualities
of all executed task.

Definition 8 Quality dependency of units: A state
[Nio; RR'] is the successor of [N;;; RR] when the
accumulated quality of [N; ;j; RR'| belongs to the utility
interval If;’) and (Iic;?, Py) € succ;. We say in this case that
[Ny 0; RR'] is an accessible state from [N; j; RR'].

With the quality dependency, we express the dependence
between the problems, including the precedence constraint
(quality not null or belonging to a certain interval).

Example: To go to site 2, the rover should have executed
T',3,1 (analysis of taken picture). So, we give a high reward
to T1’371 and MZHQZ =(q1,3,1» where (IZQ,Pz) € sucey .
Definition 9 A state is terminal when all the resources have
been fully elapsed, or when there is no accessible successor.
Transitions
We have three possible transition types: E, S, and D.
Definition 10 A transition E; ; i (type E) is probabilistic. It
consists of executing a task T; ; . of the next step N; ;. We
Ei ik
denote it [N; j_1; RR] ~2 [N, ;; RR — AR], where AR
represents the resources consumed for the execution of T ; .
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Definition 11 A transition S;ij (type S) is deterministic.
It consists of skipping the next step N; ;. We denote it

Si i
[Ni,j—l;RR] 4 [NL]'; RR]
Definition 12 A transition D; (type D) is deterministic.
It consists of passing to an another unit. We denote it
[Ny j; RR) L, [Nio; RR], where P; is an accessible suc-
cessor of Py .

Transition rules

Now, let us define transition rules.

Pr(state f | state e, transition ¢) is the probability of moving
from e to f when taking transition .

Lete = [N;j_1; RR] be the current state.

1. Transitions E; ;
Let AR be the resources consumed by task 75 ; .
(a) AR S RR, P’I“([N@ﬁRR — AR”@,Eiﬂ',k) =
Pr(re;jr = AR),
(b) AR > RR, PT‘([NZ'/70;dir — di]|e,Ei7]~,k) =
Pr(re; ;. > RR), where [Ny o;dy — d;] is ac-
cessible from e.

1, i.e., the step is skippable)
1.

2. Transitions S; ; (if s; ;
PT([NL]'; RR]|€, S,‘J

3. Transitions D;
P’I“([Nir70; d;r —di+RR]|e, Dz) = 1, where [Ni/70; diy —
d; + RR)] is accessible from e.

2.5 State’s value

The value associated to each state V' ([IV; ;j; RR]) is a measure
of utility of this state in the MDP. This value is calculated
recursively by using the value of successor states.

For this, we denote e = [N; j_1;RR|,E4 = {states ac-
cessible from e} and ea; € € 4 an accessible state for which
the associated task is in unit P .

e Transitions Ej; j

v = Z [Pr(rcijr = AR)
AR<RR
V([Nij; RR — AR])]
+i,k
) w,g;?}ésA[PT(rci’j’k > RR)

V([Niro; dir — d;i])]
e Transitions S; ;
vs = ;5 - V([Vij; RR])
e Transitions D;

max
Vi'ea; €€E4

VUp = V([Ni/70; dir - dl + RR])

So, the value of one state is:

Vie) =

max

(’UE +UF7’US)UD) (l)
Ei jk,5i,5,D;
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3 Performance of the MDP controller

We have implemented the execution model described above,
the policy-construction algorithm, and a simulator that allows
plans to be executed and visualized in the rover domain. The
performance of the resulting system is evaluated using the
simulator. This section illustrates the results obtained using
the system.

3.1 Analysis

Because of the one-to-one correspondence between the states
of MDP and the states of the control, the optimal solution of
the MDP is the optimal control.

Claim 1 (MDP size) The number of states in the MDP is
bounded by:
N -maxd; - max #n; )
VP, VP,

Proof: Note that two states with same remaining resources
and associated step generate the same successors. So, to avoid
an exponential complexity, we must notice already created
states.

Since consumable resources are bounded, as well as the
number of steps, we obtain a bounded number of states.
Moreover, two states are different if and only if the associ-
ated steps are different or the remaining resources are differ-
ent. So, we have the bound: A - maxyp, d; - maxyp, #n;.

O

Claim 2 (solution time) The time elapsed to calculate the
optimal policy for the MDP is bounded by:

. d:)? . X
A g™ g

max tii-
VP, VN i)

max

rCi ik + 2 3
VPi7VN,-,j7VTi,J-,k# ik @)

Proof: The time consumed to solve the MDP is bounded by
the number of transitions multiplied by the cost of searching
already created states (if we don’t want an exponential com-
plexity).

The number of transitions from a state [IN; j_1; RR] is
bounded by the number of transitions of each type: #rc; ;
of type E, and one each of type S and D. So, for that one
state, the number of transitions generated is bounded by:

#tij

Z #Tci,j,k + 2
k=1

< max ;-

< #reije + 2.
VPN ;

max
VP; VN; ; VT; j &

Therefore, the bound on the number of transitions in the
entire MDP is (using equation 2):

N - maxd; - max #n;

VP, VP;
max tii- max rc;iik + 2
VP, VN i VP YN; VT sk #ICij

Finally, the search of already created states involves d;
states in the worst case: since we store states by unit and by
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step, only those states associated with the specified unit and
step need to be checked.
So, we obtain the following bound:

. d:)? - ,
A lyged™ g

max #tiJ’ .

. rei g+ 2
VP, YN; ; gk

max
VPi,VNi'j,VTi‘j)k
a

In conclusion, our controller has a complexity of O(N -
maxyp, d;) in space and O(N - (maxyp, d;)°) in policy-
construction time. We also notice that if the deadline is not a
function of N, we obtain a linear complexity.

3.2 Experimental results

We take a non-linear plan composed of A units and of depth
log NV. Each unit is composed of four steps. The first step
consists of going to a site, the second of arming the camera,
the third of taking the photo (low, medium or high resolution)
and the last of compressing the obtained scientific data.

For our experiments, we set the average time to execute
this unit to be 32 seconds. So, the deadline of each unit in
plan is 32 seconds multiplied by the depth of this unit in the
plan. If we assume that the number of nodes at each level of
the plan increases by at least a constant factor b > 1, then the
depth of the plan is O(log \V'), and we obtain the complexity
O(N -log N) in space and O(N - (log \)?) in time.

However, we notice that we use exactly the resources
needed to execute a task. What happens if we consume re-
sources in fixed-size packets instead of exactly the needed
resources?

N Value (size=1) | Value (size=2) | Error
20 94.38 90.80 3.79%
40 133.76 129.88 2.90%
60 166.76 160.71 3.63%
80 197.37 187.95 4.77%
100 219.37 209.51 4.49%

Table 1: Value computed as a function of NV, using packets of
resources.

Table 1 shows state values computed for packet sizes of
1 and 2; little error is incurred by increasing the packet size.
Figure 2 shows policy-creation time for plans of realistic size.
Using a packet size of 2, the time used to solve the MDP is
divided by 4 and the number of states created is divided by 2.
In fact, we can generalize this result:

Claim 3 If EC is the number of states created and T'C'is the
time consumed to create these states (for packet size equal to
1), then E—f is the maximal number of created states and 7;—20
the maximal time elapsed (for packet size equal to u,).

EC and % are bounds since equations 2 and 3 are bounds

for EC and TC.

Proof: We suppose that EC' and T'C' are number of created
states and time consumed for packet size equal to 1. We now
take packets of u resources.

UNCERTAINTY AND PROBABILISTIC REASONING
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Figure 2: Solution time for packet size equal to 1 and 2

Notice that size of packet has no influence on the size of
the problem A". Moreover, it leaves the number of steps in
unit and number of tasks in step invariant.

So, the packet size proportionally reduces the deadline of
each unit (d; — %). Therefore, equation 2 implies that E—uc is
the maximal number of created states and equation 3 implies
that % is the maximal time consumed to create these states.

The last term of equation 3 can be changed by packets, but
it is just a constant. |

4 Dynamic operation and scalability

In the previous section, we presented an optimal solution to
the control problem of acyclic progressive processing task
structures. In this section, we extend the applicability of the
solution to situations in which the global policy cannot be
computed at run-time either by the control center or the rover
itself. There are two primary motivations to avoid run-time
construction of the policy.

1. Dynamic operation: We want to be able to modify the
plan at run-time (e.g., insert or delete a PRU) without
necessarily recomputing the control policy.

2. Scalability: We want to be able to track more resources,
and the complexity of global policy construction grows
exponentially with the number of resources.

While we focus in this paper on the dynamic operation,
scalability is also enhanced by the proposed solution. Our
approach is to exploit the fact that the units of the plan are
largely independent. We try to capture the dependency of the
execution of each unit on the remaining plan using a notion
similar to opportunity cost [Zilberstein and Mouaddib, 1999].

4.1 Dynamic control with one resource

Definition 13 Let vy, ([N; j; RR] represent the optimal local
value of the state after step N;j with remaining resources
RR.
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Note that vy, is the same as V' for a modified plan in which
unit ¢ has no successors. vy, is simply the value of the best pol-
icy for PRU ¢ ignoring the remaining plan, hence it is called
local value.

Claim 4 The global value function can be reformulated as
follows.

V([Nij; RR]) =
max{vy, ([Nij; RR — AR] +vp([Nij; AR} (4)

Proof: This is an immediate result of the definition of vy, V'
and vp, and the additivity of the utility. O

For each PRU, we can easily compute the local value func-
tion v, and construct a local policy off-line. The global value
function (and policy) can be constructed at run-time, if we
can obtain a fast estimate of vp.

4.2 Estimating vp

One way to think about vp is as the value of terminating the
work on a certain PRU with some level of resources, then us-
ing the resources for the remaining plan. This is exactly what
we need to know. Estimating vp is equivalent to estimating
the global value of the remaining plan. We have examined
several approximation schemes for vp. Due to space limita-
tions, we only sketch one simple approach.

e Construct an optimal local value function and local pol-
icy for each PRU (done once, off-line).

e For each level of RR, compute the expected value and
expected resource consumption by the optimal local pol-
icy (done once, off-line).

e Go over the plan graph “backwards” from the leaves and
compute an expected value for each node, for each level
of RR at that node. The backup is relatively simple:
maximizing for each level of RR at that node the com-
bined parent/child value. In this process, it is necessary
to take into account the difference between the deadlines
of each parent/child pair. The quality dependency con-
straints are enforced with respect to the expected quality
of the parent.

This algorithm is linear in the size of the graph. The com-
putational savings and sub-optimality of the outcome are the
result of using precalculated expected resource consumption
and value for each PRU.

5 Conclusion

We have presented a solution to the problem of adaptive con-
trol of acyclic progressive processing tasks. This approach,
which relies on solving a corresponding MDP, generalizes
earlier work on MDPC [Mouaddib and Zilberstein, 1998];
it permits for the first time the treatment of non-linear pro-
gressive processing task structures. Moreover, our approach
addresses effectively the high degree of uncertainty regard-
ing resource consumption. In that sense, it improves on ex-
isting models for resource-bounded reasoning such as “im-
precise computation” [Hull et al., 1996; Liu et al., 1991]
and “design-to-time” [Garvey and Lesser, 1993]. Finally,
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the model captures inter-task quality dependency similar to
the enable and disable relationships in the “design-to-time”
framework [Garvey et al., 1993].

We also address in the paper a potential deficiency of the
approach which may require a large amount of memory and
time to create and solve the MDP and to store the resulting
policy. Using packets of consumable resources, we managed
to reduce the size of the MDP with a small loss of quality
(4.5% for packet size equal to 2). Finally, we address the
issue of dynamic operation and scalability by approximating
the solution of the MDP.

The solution presented in this paper includes time as the
only resource. Future work will allow us to represent a vector
of resources [Mouaddib, 2000] such as storage capacity and
power. An additional challenge is to develop more precise
estimates of the value function vp and adapt the approach to
the case of multiple resources. A related project is using rein-
forcement learning to estimate vp [Bernstein and Zilberstein,
2001].

More accurate models of resource usage can be obtained by
using results from actual rover testing or high-fidelity simu-
lations. We plan to make use of ongoing development of a
high-fidelity rover simulation at NASA Ames Research Cen-
ter to refine our models to make them more accurate and ap-
plicable to realistic rover problems, with the goal of testing
our approach on actual rover hardware.

The PRU used in our experiments (Cf. 3.2) can be extended
to solve a satellite scheduling problem. With this approach,
more units can be scheduled than by traditional methods. In-
deed, at this moment, a satellite in orbit around the world
schedules the equivalent of only about 20 units. With our ap-
proach, it would be able to schedule 100, thus increasing its
productivity 5-fold.
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Abstract

Although a partially obsenable Markov decision
procesgPOMDP)providesanappealingnodelfor

problemsof planningunderuncertaintyexactalgo-

rithmsfor POMDPsareintractable.This motivates
work on approximatioralgorithms,andgrid-based
approximationis a widely-usedapproach.We de-

scribea novel approachto grid-basedapproxima-
tion thatusesavariable-resolutiomegulargrid, and
shav that it outperformsprevious grid-basedap-

proachego approximation.

1 Intr oduction

A partially obsenable Markov decisionprocess(POMDP)
modelsplanning problemsfor which actionshave stochas-
tic effectsandsensorprovideimperfectandincompletestate
information. Originally developedin the operationgesearch
community this modelhasbeenadoptedby the Al commu-
nity as a framework for researchin planning underuncer
tainty andrelatedproblemsof reinforcementearning.

A standardapproacho solvinga POMDPis to transform
it into an equivalent,fully obsenable Markov decisionpro-
cesswith a statespacethat consistsof all probability dis-
tributions over the core statesof the POMDR andto solve
the POMDPIn this form. For a POMDPwith n corestates,
the transformedstate spaceis the n-dimensionalsimplex,
or belief simplex. Although a continuousstatespacesuch
asthis presentsa computationakhallenge discreteapprox-
imationsof continuousstatespacesare a naturaland often-
used approximationtechnique. Grid-basedapproximation
wasthefirst approactadoptedor solvingPOMDPs andit is
still widely-used Drake, 1962;Kakalik, 1965;Eckles,1966;
Lovejoy, 1991; Brafman, 1997; Hauskrecht,1997; 2004.
A finite grid is placedover the belief simplex, valuesare
computedfor pointsin the grid, andinterpolationis usedto
evaluateall otherpointsin the simplex. This is closelyre-
latedto grid-approximatiortechniquedor othercontinuous
MDPs[Munos& Moore,1999.

Differentapproacheso constructinga grid have beenex-
plored. Lovejoy (1991)describesa fixed-resolutionregular
grid, in which the points of the grid are spacedin a regu-
lar patternanddivide the belief simplex into equal-sizecub-
simplices.This allows a very efficentinterpolationalgorithm
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basedon the conceptof triangulation. However, the size of

the grid grows exponentiallywith ary increasdn resolution.
Hauskrech{1997,2000)and Brafman(1997) proposenon-

regular grids that allow the points of the grid to be spaced
unevenly in the belief simplex, in orderto approximatethe

contoursof the value function as economicallyas possible.
However, interpolationalgorithmsfor non-regular grids are
much less efficient. In this paper we develop a variable-
resolutionregular grid that combinesthe strengthsof both

approachedt allows theresolutionof the grid to be adjusted
in differentregionsof the belief simplex, butin aregularpat-
tern that makesit possibleto generalizethe efficient inter-

polation algorithm for regular grids. The resultis a higher
quality approximatiorat lesscomputationatost.

The paperis organizedas follows. We begin with a re-
view of the POMDPmodel,thegrid approximatiorapproach,
and Lovejoy’s interpolationalgorithmfor regular grids. We
generalizeheinterpolationalgorithmfor usewith avariable-
resolutionregulargrid, anddiscusamethoddor adjustingthe
resolutionof the grid to achieve the bestquality-timetrade-
off for theapproximation We evaluatethis approactanalyti-
cally andexperimentally andshaw thatit outperformsprevi-
ousgrid-approximatiormethods.

2 Background

We consideradiscrete-timé®OMDPwith afinite setof states
S, afinite setof actionsA, andafinite setof obsenationsZ.

Eachtime period, the ervironmentis in somestates € S,

theagenttakesanactiona € A for whichit recevesanim-

mediaterewardwith expectedvaluer(s, a), theenvironment
makesatransitionto states’ € S with probability P(s'|s, a),

andtheagentbsenesz € Z with probability P(z|s', a). Let

b denotea vectorof stateprobabilities,calleda belief(or in-

formation) state whereb(s) denoteshe probability thatthe
ervironmentis in states. If actiona is taken and obsena-
tion z follows, the successobelief state,denotedr (b, a, z),

is determinedy revising eachstateprobability asfollows,

_ Y scs P(z,8']s,a)b(s)
P(z|b,a) ’

where P(z,s'|s,a) = P(z|s',a)P(s'|s,a) and the
denominator is a normalizing factor P(z|b,a) =
Yoes Pzls' a) Y cs P(s|s,a)b(s). A POMDP is

7(b,a,2)(s")
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solved by finding arule for selectingactions,calleda policy,
that optimizes a performanceobjectve. We assumethe
objective is to maximize expectedtotal discountedreward
over an infinite horizon (where 3 € [0,1) is the discount
factor). An optimal policy hasa valuefunctionthat satisfies
the Bellmanoptimality equation,

V*(b) = max |r(b,a) + > P(z|b,a)V

2€Z

wherer(b,a) = > .5b(s)r(s,a). Exactalgorithmsfor
solvingthis optimality equatiorareintractablefor all but triv-
ial problems. This motivateswork on approximationmeth-
ods.

(r(b,a,2))|

2.1 Grid-basedapproximation

Let G denotea grid thatcontainsa finite setof belief states,
bé .. b‘G| A beliefstateb is acornvexcombinatiorof thebelief

statedn grid G if

G|

Z)\ )b (s

where\ is a vectorof size |G|, A(é) > 0 for all A(4), and
Zﬁ‘l A(7) = 1. For eachbelief stateb{’ in thegrid, we store
avaluedenotedi(b{’). The corvex interpolationfunction

,foralls e S,

|G|

=D @),

definesa continuousandpiecevise-lineavaluefunctionover
all belief statesgivenvaluesfor the belief statesin the grid.
To computevaluesfor the belief statesin the grid, we use
valueiterationwith the updaterule,

o(b%) = meax{rb ,a) + B> P(z[by, a)V (r(b az))}

z2€EZ

which corvergesto a uniquefixed-pointsolutionthatis guar
anteedo beanupperboundon the optimalvaluefunction.

A belief statecanbe expressedas mary differentconvex
combinationsof grid points. The corvex combinationthat
providesthe bestupperboundcanbe found by solving the
following linearprogram.

Variables:A(i) for 1 < i < |G|

Minimize: 3190 A@)V (89)

ConstralntsZ‘G‘ (i )b?( ) =b(s), foralls € S
=9 Al =
A(r) 2 0for1l SlSIGI

Using linear programmingto find the bestinterpolationcan
be very expensve. However, arny corvex combinationpro-
vides an upperbound, and fast methodsfor finding a non-
optimalconvex combinationcanproducegoodupperbounds.
Designof a grid-approximatiorstrateyy requiresaddressing
two questions. What interpolationmethodprovidesa good
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tradeof betweertime andquality? Whatbelief statesshould
be includedin the grid? Every grid mustcontainthe corner
points of the belief simplex to ensurethat a corvex combi-
nation canalways be found. Differentstratgyiesfor adding
otherpointsto a grid have beenexplored. We begin with a
review of a fixed-resolutiorregular grid andthe efficient in-
terpolationalgorithmit supports.In therestof the paper we
developavariable-resolutiomeneralizatiorof this.

2.2 A fixed-resolutionregular grid

Lovejoy (1991)constructsa regular grid asfollows. Let M
beapositive integerthatrepresentsheresolutionof thegrid.
Thesetof belief statesn thegrid is definedas,

S|

=1

WhereIlLS " denoteghe setof |S|-vectorsof non-neative in-

tegers.Thegrid dividesthe belief simplex into a setof equal-
sizesub-simplicesNotethatwhenM = 1, thegrid contains
only the cornerpointsof the simple<. The numberof points
in thegrid is givenby theformula:

(M +1S| = 1)!
MY([S| - 1)!

The adwantageof a regular grid is that it allows an ele-
gantandefficient methodof interpolation. To evaluatea be-
lief stateb requiresfinding the verticesof the smallestsub-
simplex that containsb, andthenfinding the coeficients of
interpolation\ (7). Lovejoy definesa secondgrid of integer
vectors,

G| =

¢'={¢ellM=a>0>6>.>qu>0},
andcorvertsabeliefstateh € G into anintegervectorz € G’
in orderto performinterpolation. Becauseof a one-to-one
correspondencbetweengrid pointsin G and G’, the sub-
simplex that containsz € G’ canbe usedto determinethe
sub-simple that containsb € G. Here,we summarizethe
stepsof the interpolationalgorithm. We refer to Lovejoy
(1991)for adetailedexplanation.

1. Givenabelief stateb, createan|S|-vectorz suchthatz(s) =
MZLi‘S b(¢) for 1 < s < |S|. (This transformsprobability
densityfunctionbd into cumulatve distribution functionz.)

2. Let v bethelargestinteger|S|-vectorsuchthatv(s) < z(s)
foralls € S.

3. Let d bean|S|-vectorsuchthatd(s) =
s€eS.

4. Letp bean|S|-vectorthatcontainsa permutatiorof the inte-
gersl, 2,..., |S| thatordersthecomponentsf d in descending
fashionsothatd(p(1)) > d(p(2)) > ... > d(p(|S])).

5. Findthevertices{v’ : 1 < i < | S|} of thesub-simple in G
thatcontainse, asfollows:

v'(s) = w(s), for1 < s<|S|
VH(s) = { vi(s)+1 if s =p(4)

vi(s) otherwise
UNCERTAINTY AND PROBABILISTIC REASONING
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By theisomorphisnbetweenG andG’, this identifiesthe cor-
respondingrertices{b’ : 1 < i < |S|} of thesub-simple in
G thatcontains.

6. Findthebarycentriccoordinateg (i) : 1 < ¢ < |S|} for the
interpolation asfollows:

A7) d(p(i — 1)) —d((p(?)), for2 <7 <[5
1|

1= 2.

7. LetV(b) = 5L XG0V (66).

Thecompleity of eachof thesestepss O(|S|), with thepos-
sible exceptionof step4 which requiressortingthe elements
of an|S|-vector Althoughsortinghasworst-caseomplexity
O(|S]1g|S]), we canimprove this by noting that the differ-
encevectord is uniformly distributedover [0, 1). Bucketsort
isideally suitedfor inputdatathatis uniformly distributedbe-
tween0 and1, andhasonly linear average-caseomplexity.
Using bucket sort, the average-caseompleity of theinter
polationalgorithmis O(|.S|). We notetheimportantfactthat
the compleity of interpolationdoesnot dependon the size
of thegrid.

We store the grid using a hashtable. Our hashfunc-
tion useslexicographicalorderingof the integer vectorsin
G' to map eachvectorin G’ to a unique integer from 0
to (M + |S| — 1)!/M!(]S| — 1)!) — 1. The hashfunc-
tion is perfectif the size of the hashtable is equalto or
greaterthan (M + |S| — 1)!/M!(|S| — 1)!), which is the
total numberof possiblegrid points. (The hashfunction
assumes maximumresolution, M.) Becausethe number
(M +|S|-1)!/M(]S| —1)!) — 1 explodesquickly asM and
|S| increaseit is usuallyimpossibleto have a hashtablethis
large. We resolwe collisionsby associatinga linked list with
eachslot, andusethe hashcodeto uniquelyidentify the grid
pointin thelist.

A=

3 A variable-resolutionregular grid

Thedisadwantageof a fixed-resolutiorgrid is thatincreasing
theresolutionof the valuefunction approximationin onere-

gion of the belief simplex requiresincreasingits resolution
everywhere.This causesnexponentialexplosionin thesize
of the grid, and makes this approachinfeasiblefor all but

small problems. To addresshis problem, Lovejoy (1991)
suggestea variable-resolutiorgeneralizatiorof his method
thatwould “maintainthe simplicity of the Freudenthatrian-

gulation,but allow the meshM/ to vary on differentportions
of TI(S).” However, neitherLovejoy nor aryoneelsedevel-

opedthis extension.

In therestof this paperwe developthis variable-resolution
generalizatiorof Lovejoy’s regulargrid. We discusshow to
generalizahe Freudenthainterpolationandhow to selectthe
appropriateesolutionfor differentregionsof the simplex. In
allowing the resolutionof the grid to vary, we adopttherule
that the resolution M is always a positive integer power of
2. This ensureghatverticesof low-resolutionsub-simplices
arealsoverticesof higherresolutionsub-simplicesandstill
usefulwhenresolutionis increasedFromnow on, we let M
denotethe highestresolutionanywherein the grid.
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3.1 Interpolation

Smallestcomplete sub-simplex To performinterpolation
for belief stateb, we searchfor the smallest(i.e., highest-
resolution)sub-simple& containingb thatis complete(i.e., all

its verticesarein thegrid). The lowestpossibleresolutionof

thegrid is 1, andthehighestpossibleresolution, M, is given.
(We mustknow M in orderto createthe hashfunction for

the hashtableusedto storethe grid.) For ary resolution the
algorithmsummarizedn Section2.2identifiestheverticesof

the sub-simple containingb, andwe cancheckwhetherall

of thesearein thegrid. Thus,we canusebinarysearcho find

the resolutionbetweenl and M with the smallestcomplete
sub-simple containingbd. Becausehe grid alwaysincludes
the cornerpointsof the belief simplex, the searchis guaran-
teedto find a completesub-simple at someresolution. The
complexity of thisinterpolationalgorithmis O(|S| 1glg M),

where the factorlglg M reflectsthe compleity of binary
searchandthe fact that only resolutionsthat are powers of

two mustbe considered.

Virtual points Eachpointin aregular grid is a vertex in
mary differentsub-simplicesin avariable-resolutiomgrid in
which not every part of the grid is refinedto the samereso-
lution, this meansthattherewill be mary sub-simplicesor
which somebut not all of their verticesaregrid points. The
smallestompletealgorithmconsidersub-simplicegontain-
ing b at differentresolutions,until it findsthe smallestcom-
pleteone. In its searchjt alwaysconsiderghe sub-simple
at the next higherresolution. Even thoughthis sub-simple
is not complete,mary of its verticesmay be presentin the
grid. It canbe advantageougo usethesehigherresolution
grid pointsin interpolation andit is possibleto do soby “fill-
ingin” themissingverticeswith whatwe call virtual vertices
Any vertex thatis missingfrom a sub-simpl& is abelief state
for which we cancreateanupperboundvalueby performing
interpolation sincethemissingvertex is containedn alower-
resolutionsub-simple&. We call this computedvalueavirtual
vertex. By usingvirtual verticesto fill in the missingvertices
of the incompletesub-simple at the next higherresolution
after the smallestcompleteone, we canimprove the inter-
polatedvalue. The costfor this improvementis anincrease
in the worst-casecompleity of interpolationby a factor of
|S| comparedo thesmallesicompletealgorithm(sincein the
worstcaseevery vertex maybe missingfrom a sub-simple).
But this compleity factor can be improved by not creat-
ing virtual verticesfor anincompletesub-simple& with more
than MaxMrtual verticesmissing. This limits the increase
in worst-casecomplexity to a factor of MaxMrtual < |S].
In practice we foundthatanothertechniquesignificantlyre-
ducesthe average-caseompleity of virtual interpolation
withoutadwerselyaffectingtheresult. For anincompletesub-
simplex, let \ASumdenotethe sumof the barycentriccoordi-
natesfor verticesthatare present.(Note that Asum € [0,1)
for anincompletesub-simple&.) We don't performvirtual in-
terpolationfor a sub-simple for which ASum< AThreshold
Adjusting this thresholdlets us adjusta time-quality trade-
off for this methodof interpolation. We reportexperimental
resultsfor differentthresholdvaluesin Sectior4.
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3.2 Refining the grid
We now discusghequestionof how to refinethegrid, thatis,
how to selectiely adjusttheresolutionof thegrid in different
regionsof the belief simplex. A naturalstrateyy is to do so
in a way that reducesthe error of the approximation. This
requiresa methodfor estimatingthe error. Sinceour grid-
basedapproximationis anupperboundon the optimalvalue
function,the errorcanbeestimatedy measuringts distance
from alower-boundfunction.

Lovejoy (1991) discussesow to usea grid to compute
a lower-bound function, as well as an upperbound func-
tion. The lower-boundfunction is representedy a set of
|S|-vectors,I' = {ay,as,...,qg}, With the value of be-
lief stateb computedasfollows,

V(b) = arg max Z b(s)ai(s).
- s€eS

Onevectoris associatedvith eachgrid belief state,andis
computeddy valueiterationusingthefollowing updaterule.

1. For eachactiona andobsenation z, let

(b7, a, 2)(s)ai(s).

a»®* = max
o, el
seS

2. Foreachactiona, let

a"(s) =r(s,a) + B Z P(z,5'|s,a)a”®*(s'),Vs € S.

s,z

3. Leta! = argmax_; . for aCA Doses b¢ (s)a™e(s).
The compleity of performingthis updatefor every grid be-
lief stateis O(|G||A4]|Z||S|?). Althoughvalueiterationusing
this updateis guaranteedo producea value functionthatis
alower boundon the optimalvaluefunction, it maynotcon-
verge to a fixed point. Hauskrech{1997,2000)and Zhang
etal. (1999)proposeefinementf this updatethatguaran-
tee corvergence,but they fail to boundthe size of T" or the

compleity of theupdate.Sowe do notusetheirrefinements.

Giventheseupperandlower-boundgrid-basedraluefunc-
tions, Lovejoy describesan algorithm that computesa uni-
formerror bound(whichis themaximumdifferencebetween
theupperandlower-boundfunctionsfor ary beliefstate).Un-
fortunately it hascompledity O(|S|!|G|?), and our experi-
enceindicatesthat it is intractablefor problemswith more
thannineor tenstates However, Lovejoy notesthatit is easy
to computeanapproximatesrror bound(definedasthe max-
imum differencebetweenthe upperand lower-boundfunc-
tionsfor ary grid beliefstate).Thisis guaranteetb betighter
thantheuniform bound,andwe canuseit to refinethegrid.

Oncewe have identifiedthe grid point(s)with the largest
error, whatbelief statesshouldwe addto thegrid in orderto
reducethe error at thesepoints? The value of a grid belief
statedependson the interpolatedvalue of its successobe-
lief states,so refining the grid at the successobelief states
will reducethe erroratthegrid point. For a successobelief
stateb, we increasethe resolutionof the grid by addingthe
verticesof the2 M -resolutionsub-simple& containingp to the
grid, whereM is theresolutionof the smallesttompletesub-
simplex containing in thecurrentgrid. Thisaddsatmost|S|
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pointsto the grid, which is the maximumnumberof missing
verticesin the higherresolutionsub-simple.

This first approachto refining the grid tries to improve
the grid-basedapproximationeverywhere,without consid-
ering reachabilityfrom a start state. If the starting belief
state for a POMDP is given, a policy can be found us-
ing forward search[Satia& Lave, 1973;Washington,1997;
Hansen1998;Hauskrecht200d. This focusessomputation
on regionsof the belief simplex that arereachabldrom the
startingbelief state.Upperandlower-boundfunctionscanbe
usedto prunebrancheof the searchtree,aswell asto com-
puteanerrorboundfor thestartingbeliefstate(by backing-up
upperandlower-boundvaluesfrom the leavesof the search
treetotheroot). This suggestamorefocusedapproachio re-
fining grid-basedupperandlower-boundfunctions: attempt
to reducethe errorboundof the belief stateat the root of the
searchtree. This canbe doneby refining the grid for belief
stateson the fringe of the searchtreethat contribute mostto
thevalueof the startingbelief state.

Althoughwe chooseo focuson grid-refinemenstratgies
thatattemptto reducethe error boundof the approximation,
other stratgjies are possible. For example,given upperand
lower-boundvaluefunctions,it is sometimepossibleoiden-
tify the optimalactionfor a belief stateusingactionelimina-
tion. It maybedesirableo refinethegrid at pointswherethe
optimal actionis uncertain,and by the samereasoningun-
necessaryo refineit at pointswherethe optimal actioncan
be determinedregardlesof the error boundat thesepoints.
Hauskrech{{1997,2000) and Brafman(1997) suggesbther
heuristicsfor choosingpointsto addto a (non-regular)grid.
Theseheuristicsconsidersuchfactorsasreachability likely
improvementof cornerpoints of belief simplex, and likely
effect on the policy, andcanbe viewed ascomplementaryo
our strateyy of reducinganerrorbound.

3.3 Comparisonto non-regular grids

A variable-resolutiomegulargrid is notthe only wayto allow

theresolutionof agrid to varyin differentregionsof thebelief

simplex. Anotherapproachs a non-regulargrid thatallows

thepointsof thegrid to occuranywherein the belief simplex,

andnotnecessarilyn aregularpatternthatallowsfor triangu-
lation. Hauskrech{1997,2000)andBrafman(1997)propose
non-regulargrids,andwe now comparethis approacho our

variable-resolutiomegulargrid.

A drawback of non-rggular grids is that interpolationis
more difficult. Hauskrechtproposesan interpolationalgo-
rithm thatcreates convex combinatiorusingonepointin the
grid and|S| — 1 cornerpointsof thebelief simplex. Because
it testseachpoint in the grid in orderto selectthe onethat
givesthebestinterpolatedsalue,its complexity is O(|G||S|).
Brafman proposesan interpolationalgorithm that relies on
the grid belief statesbeing sortedin decreasingrderof en-
tropy. Givena belief stateb for which interpolationis to be
performed Brafmans algorithmsearcheshe list of grid be-
lief statesuntil a belief stateb{’ is foundthatassigngositive
probability only to statesto which b assignspositive proba-
bility. The maximumcoeficientc for which (b — ¢ - b$ > 0)
is calculated,andthe processis repeatedwith (b — ¢ - b§)
insteadof b until interpolationis complete.(Searchingn list
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sortedby entropy hasthe effect of preferinglow-information
belief statesthatarelikely to be closerto b.) The algorithm
hasworst-caseomplexity O(|G||S|?), andrequiresaninitial
sortwith compleity O(|G|1g |G||S]). Althoughbothinter-
polationalgorithmsare simple, their compleity dependn
thesizeof thegrid. Thisis a seriousdravbackthatlimits the
sizeof non-regulargridsin practice.

3.4 Valueiteration

Althoughthecomplexity of interpolationin regulargridsdoes
notdependonthesizeof thegrid, thecompleity of valueit-
erationin both regular and non-regular grids does. Values
for grid belief statesarecomputedusingvalueiteration,with
valuesinitialized to known upperbounds(suchastheir com-
pletely obsenable values). In a variable-resolutiorregular
grid, the compeity of the first iterationof valueiterationis
O(|G||A]|Z||S|? 1g1g M), where|G]| is the numberof grid
points,|A|| Z| is thenumberof successobelief statesof each
grid point, | S|? is the worst-casecomplexity of computinga
successobelief stateby Bayesianconditioning,andlg lg M
reflectsthe addedcompleity of interpolation.Becauséboth
successobelief statesand barycentriccoordinatesusedfor
interpolationcanbe cachedor re-usethecompleity of sub-
sequentterationsof valueiterationis only O(|G||4||Z||S]).
where |S| is the compleity of computingan interpolated
value usingthe cachedbarycentriccoordinates.In practice,
cachingsuccessobelief statesand barycentriccoordinates
dramaticallyimprovestherunningtime of valueiteration.

Becausethe samesuccessobelief statesand barycentric
coordinatesareusedin eachiterationof valueiteration,this
grid-basedapproximationis a finite-stateMDP and corver
genceto afixed-pointsolutionin polynomialtime is guaran-
teed[Hauskrecht200d. In non-regulargrids, the barycen-
tric coordinatesusedfor interpolationarere-computeceach
iteration. Becausethe compleity of interpolationin non-
regulargridsdepend®n |G|, thecompleity of eachiteration
of valueiterationin a non-regular grid is quadraticin |G]|.
Thisunderscorethe advantageof usingaregulargrid.

In additionto limiting the complexity of interpolation,it
is helpful to limit the factor |G||A||Z|, which is the num-
ber of timesinterpolation(andothercalculationgnvolvedin
computinga backup)areperformedn eachiterationof value
iteration. The obviousway to limit this factoris to limit the
sizeof thegrid. Thisadjustsatradeof betweemuality of ap-
proximationandgrid size,anda variable-resolutiomyrid lets
usspacethe pointsof thegrid to achieve the bestpossibleap-
proximationfor a givengrid size.Action eliminationscanbe
usedto limit |A|. As for |Z|, it may bereducedby ignoring
somepr all, obsenations,andevaluatingthesuccessobelief
statesof actions. If grid-basednterpolationis usedto eval-
uatethe successobelief statesof actions,however, the grid-
basedapproximatiormay no longerbe anupperbound. The
upperboundguaranteés lost becausenformation provided
by the obsenationis ignored. (The upperboundguarantee
canbe restoredby usingthe cornerpointsof the belief sim-
plex to performinterpolation,sincethis is equivalentto as-
sumingperfectinformation,but this impairsthequality of the
approximationlf alwaysdone thegrid-basedapproximation
becomeso betterthanthe completelyobsenedheuristic.)
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Finally, we notethatit is possibleto improve a grid-based
approximatiorwithout addingpointsto the grid. Insteadof
performinga corventionalbackupusingone-stegookahead,
thevalue of a grid point canbe improvedfurther by usinga
deepetookaheadsearchthatwe call amulti-stepbadkup. Us-
ing branch-and-boundr AO* searchthe upperboundfunc-
tion canbeusedto prunethe searchtreeandthe depthof the
lookaheadcan adjusta tradeof betweensearchcomplexity
andimprovementof of value. We reportsomeexperimental
resultsfor this techniquédn the next section.

4 PerformanceResults

We experimentallyevaluateour grid-basedpproximatioral-

gorithmusingseveraltestproblemsrom theliterature. These
include the machinemaintenanceroblemthatis Lovejoy’s

(1991) only test example; the four most-dificult-to-solve
problemsfrom atestsetusedby Cassandratal. (1997)(see
Tablel); the 20-state 6-action,8-obserationgridworld nav-

igationproblemusedasa testexampleby Hauskrech{1997,
2000); and the 89-state,5-action, 17-obseration gridworld

navigation problemintroducedby Littman etal. (1995)and
usedasatestexampleby Brafman(1997).

Inter polation We first comparethe time-quality tradeof
for differentmethod<of interpolationin avariable-resolution
regular grid. We use the five small test problemsin Ta-
ble 1 for this comparison so that we can also computean
optimal interpolationusing linear programming. Figure 1
shaws the performanceof interpolationusing virtual points
relative to performanceusing the smallestcomplete sub-
simplex methodalone. We measuramprovementasa per
centagef thedifferencebetweertheinterpolatedzalueusing
the smallestcompletemethodand the optimal interpolated
value. Virtual pointinterpolationis testedwith threediffer-
ent ASumthresholdvalues;0.2,0.5,and0.8. As expecteda
smallerA\Sumthresholdachievesbetterquality at the costof
speed. For theseproblems,virtual point interpolationtakes
only slightly longerthanthe smallestcompletesub-simple
method.(Interpolationusinglinear programmingunsan av-
erageof 16 times slower) For problemswith larger state
spacesyirtual point interpolationtakesrelatively longerbe-
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Figure 1: Time-quality tradeof for interpolation using virtual
pointswith different \ASumthresholds. Resultsare averagedover
thefive testproblemsn Tablel.
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Fixedresolution Variableresolution
Problem IS| [ 4] | |Z] | Error || M | |G] | UBtime | LBtime || M | |G| | UBtime | LB time
MachineMaintenance| 3 4 2 0.02 | 20 | 231 0.5 63.2 64| 45 3.04 7.98
Network Monitoring 7 4 2 3641 4 210 1.44 84.69( 8 71 7.07 7.57
ShuttleDocking 8 3 5 0.38 4 330 0.43 128.29|| 8 47 0.35 4.08
Navigation 12 4 6 0.03 4 | 1365 3.74 2133.3|| 32 | 299 5.34 149.86
Aircraft Identification | 12 6 5 0.29 4 | 1365 7.62| 4378.4[ 8 | 186 2.57 80.43

Tablel: A comparisorof fixedandvariable-resolutiomridsfor 5 smalltestproblems shaving thegrid size,aswell asmaximumresolution

andtime (in CPUsecondsysedto computeupperandlower-boundgrid approximationsin orderto achieve the sameerrorbound.

causdts worst-caseompleity is quadratian thesizeof the
statespacensteadof linear, but reasonablg@erformancecan
still be achieved by adjustingthe ASumthreshold. Optimal
interpolationusinglinearprogrammings infeasiblefor larger
problems.

Interpolatedvaluesare typically closeto optimal. There
appearto be two reasondor sub-optimality First, interpo-
lation usinga sub-simple is lessflexible thaninterpolation
using a convex combination. (Every sub-simpl& is a con-
vex combination put not every corvex combinationis a sub-
simplex.) As aresult, betterinterpolatedvaluescan some-
times be found using corvex combinationgthat do not cor-
respondto sub-simplices.The secondreasonis more prob-
lematic. Althoughtheinterpolationfunctionis pieceviselin-
ear and continuous thereis no guarantedhat it is corvex.
For mostproblemswe foundthatit is corvex (or nearlyso).
However, we sometimegound non-corvexities. Whenthey
exist, the“nearest’grid pointsdonotnecessarilgivethebest
interpolation. We found non-corvexities in two of our test
problems:thenetwork monitoringproblemfrom Cassandra’
testsetandHauskrechf0-stategrid navigationproblem.The
large error boundfor the network monitoringproblemin Ta-
ble 1 reflectsthis. Note that thesenon-comvexities occurin
bothfixed-resolutiorandvariable-resolutiomegulargrids.

Oneexplanationfor non-corvexity is that“localized” tran-
sitionsmay preventvaluesfrom propagatinghroughoutthe
grid. Thatis, non-corvexities mayoccurwhenimprovedval-
uesin oneareaof the grid do notimprove valuesin another
areaof the grid becausehereis not a chainof successobe-

lief statesbetweenthemthroughwhich they canpropagate.

— — — - Best upper bound for
Hauskrecht's non-

at l“»
regular grid
70 gular g

% —0O— Depth bound =5

—<o— Depth bound =6

& —— Depth bound =7

e

Upperbound score

—x— Depth bound = 8

*
—x— Depth bound =9

i} 500 1000 1500 2000 2500
Search time in CPU seconds

Figure 2: Performanceof multi-step backupsfor Hauskrechs
mazenavigation problem. Resultsarefor a fixed-resolutiorregu-
lar grid with M = 2, which has210grid points.
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For both testproblemswith non-comvexities, we found that
multi-stepbackupscorrectedhe problem. (Multi-step back-
upsaredescribedn thelastparagraplof Section3.4.) Instead
of refiningthe grid at pointswith the largesterrorbound,we
performedmulti-stepbackupsat thesepoints. For the net-
work monitoring problem, using multi-step backupswith a
depthboundof tenreducedhe errorboundfrom 36.41t0 0.7
after 150 CPU secondsFigure2 showsthe positive effect of

multi-stepbackupson Hauskrechs 20-statemazeproblem.
(For this problem,the upperboundscoreis definedasthe av-

eragevalueof afixed setof 1000randomlygeneratedelief
statesplusthe cornerpoints,a metric Hauskrechtuses.)For

the other test problems,multistep backupsdo not improve
thevaluefunctionasmuchasgrid refinementoes.As arule

of thumb,whenthe error boundfor a problemremainslarge
despitegrid refinementmulti-stepbackupsmay correctthe
problem.

Refining the grid  Table1 compareghe performanceof a
fixed-resolutiongrid and a variable-resolutiorgrid on five
small test problems. Eachproblemis solved using a fixed-
resolutionregular grid, and the error bound is measured.
Thenavariable-resolutiomgyrid is usedto find a solutionwith
thesameerrorbound.We usevirtual interpolationwith ASum
= 0.5, for the variable-resolutiomgrid. The resultsshow that
avariable-resolutiompproximatiorcanachieve the sameac-
curag/ with amuchsmallergrid.

Figure 3 shavs how the errorbounddecreaseasthe size
of grid increasedor the Aircraft Identificationproblem. Re-
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Figure3: Decreasén errorin avariable-resolutiomegulargrid, as
functionof grid size.Resultsarefor aircraftidentificationproblem.
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Figure 5: Averageinterpolationtime as a function of grid size.
Resultsarefor 89-statehallway navigation problem.

sults are similar for other problems. Using the error bound
to determinewhereto refinethe grid requiresa lower bound
function, but Lovejoy’s grid-basedower boundfunction can
betime-consumingo compute.For the 89-statehallway nav-
igation problem,computingan|S|-vectorfor eachandevery
grid point is prohibitive. But it is not necessaryln our ex-
perimentswith the hallway problem,we got goodresultsus-

ing alower-boundfunctionconsistingof only ten|.S|-vectors.

Eachiteration, we computedan |S|-vector for the ten grid
pointswith thelargesterrorbound.

Comparisonto non-regulargrids Figured shovshow the
quality of the upperboundfunctionimprovesasthe size of
the grid increasedor the 89-statehallway navigation prob-
lem. It alsoshows thata betterupperboundfunctioncanbe
computedusinga variable-resolutiomegular grid thanusing
anon-regulargrid. Thereasorfor this is thatfasterinterpo-
lation makesit possibleto usea muchlarger grid. Figure5
shavs averageinterpolationtime asafunctionof grid sizefor
our regular grid, comparedto Brafmans and Hauskrech®
non-regular grids, and dramaticallyunderscoreshe adwvan-
tage of regular grids. Figure 6 compareshe time it takes
value iterationto corverge for eachof thesemethods,asa
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Figure6: Time for valueiterationto corverge asa functionof grid
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Figure7: Increasdn valueiterationtime in a fixed-resolutiornreg-
ular grid with M = 2, asa function of statespacesize.

function of grid size. Althoughthe variable-resolutiomegu-
lar grid is muchlarger, it takeslesstime to compute. Braf-
man’s value iteration algorithmis fasterthan Hauskrechs
(eventhoughhis interpolationalgorithmis slower), because
it disregardsobsenationsand only considersthe successor
belief statesof actions. Evenwith this simplification, value
iterationin Brafmans non-regular grid is slower thanvalue
iterationin aregulargrid. Moreover, asnotedearlier, ignor-
ing obsenationsmeanshat his grid-basedapproximationis
not guaranteedo be an upperbound(althoughthe valuesit
computedor this problemare,in fact,upperbounds).

Scalability Although a variable-resolutiorregular grid al-
lows muchlargergrids (andthusbetterapproximations)the
size of the statespaceremainsa problemin scaling-upthis
approach.Figure 7 comparegshetime it takesto computea
regular grid for a successiorof POMDP problemswith in-
creasingstatespacesize. (All problemshave 5 actionsand
17 obsenations.) Besidesconfirming that the size of the
statespaceis the primary factorthat limits the scalability of
grid-basedapproximation this givessomeideaof the range
of problemsfor which grid-basedapproximations currently
feasible.We have foundthatalmostall of the runningtime of
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valueiterationis spentperforminginterpolationor comput-
ing successobelief statesusing Bayesianconditioning,and
the complexity of bothdepend®n the sizeof the statespace.
This pointsto wherefurtherwork on grid-basedapproxima-
tion is neededIn orderto improvetheefficiency of interpola-
tion andBayesiarconditioningfor problemswith largerstate
spacesye needto integrategrid-basedapproximationwith
varioustechniquedfor stateabstractionthat have beenex-
ploredfor MDPsandPOMDPS[Boutilier etal., 1999. (State
abstractiorwould alsomake it possibleto computelovejoy’s
grid-basedower-boundfunction moreefficiently.)

5 Discussion

POMDPsarenotoriouslydifficult to solve, andfinding even
abounded-optimasolutionis anintractableproblem[Lusena
et al.,, 1999. Grid-basedapproximationalgorithms have
polynomial-timecompleity in the size of the grid and the
number of states, actions, and obsenations [Hauskrecht,
200d. Althoughthereis no guaranteen the quality of the
approximationthat can be achiezed in polynomial time, a
well-designedgrid-basedapproximationcan be adjustedin
severalwaysto optimizeatime-qualitytradeof.

This paperintroducesa variable-resolutiorregular grid
thatallows the resolutionof the grid to be adjustedn differ-
entregionsof the belief simplex, in orderto approximatehe
contoursof the valuefunction asefficiently aspossible.Al-
thoughnon-regulargridsalsoallow this,interpolationin non-
regulargridsis moredifficult andits compleity is afunction
of the size of the grid. In a variable-resolutiomegular grid,
the compleity of interpolationis independenbf the size of
thegrid. Thus,it is feasibleto usemuchlargergridswith this
approacthin orderto achiese betterapproximations.

Our experimentsindicatethat it is easierto scaleup this
approacho largegridsthanto large statespacesandthe size
of the statespaceremainsthe most prohibitive factorin the
compleity of grid-basedapproximation.To usegrid-based
approximatiorto solve POMDPswith large statespacesye
needto integrateit with varioustechniquedor stateabstrac-
tion thathave beenexploredfor MDPsandPOMDPSs.Thisis
apromisingdirectionfor futureresearch.
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Abstract

Models for Qualitative Decision under Uncertainty
assuming that uncertainty is of possibilistic nature
have been proposed in 1990’s. In them, as in
the classical approach of Expected Utility Theory,
two alternatives emerge: a la Von Neumann and
Morgenstern (VNM) or a la Savage. In the first
one, uncertainty and preferences on consequences
are measured on finite scales. Decisions are ranked
in terms of the ranking induced, on their associated
possibility distributions on consequences, by
qualitative utility functions. = To define these
utilities, an hypothesis of commensurability, i.e.
the existence of an onto order-preserving mapping
h linking both scales of uncertainty and preference,
is assumed. This hypothesis forces us to restrict
to decision problems where the cardinality of the
uncertainty values set is greater than or equal
to the cardinality of the preference set. This
point has been attacked in the possibilistic a la
Savage approach, but as far as we know, it is an
open question in the qualitative VNM approach.
As a first step to weaken the commensurability
hypothesis in this model, the preference orderings
resulting of applying the qualitative criteria without
requiring h to be onto are characterized. These
orderings may be not continuous, but they satisfy
a relaxed continuity axiom.

1 Introduction

The basic references in classical Decision Theory

characterizing preference relations under uncertainty and the
rationality hypothesis are Von Neumann and Morgenstern’s
Expected Utility Theory(EUT)[1944], and the version of
Savage [1972]. Both approaches assume that uncertainty
is represented by probability distributions. Von Neumann
and Morgenstern assume a probability distribution encoding
uncertainty on situations. Then, as each decision induces
a probability distribution on the set of consequences X,
each decision is identified with its associated probability
distribution on X. For sorting decisions, associated
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distributions are ranked in terms of their expected value with
respect to Decision Maker’s (DM’s for short) preferences on
consequences. On the other hand, Savage [1972] proposes
a somewhat different framework for EUT, axiomatically
characterizing the preference relation on acts of Decision
Makers that behave as EUT agents.

The classical axiomatic frameworks of Utility Theory have
actually been questioned rather early (e.g. [Allais, 1953;
Ellsberg, 1961]). Another problem with EUT is that it
needs numerical probabilities for each state and numerical
utilities for all possible consequences, but this assumption
may be too strong if there is only incomplete or poor
available information. As Doyle and Thomason [1999]
comment in a recent paper, there are many experiences
showing that usually people explain and make their decisions
with partial, generic and “uncertain” information. Hence,
a qualitative approach may give tools for representing this
decision making behaviour. They summarize main proposals
on Qualitative Decision Theory. Among them, we find those
models that use Possibility Theory as uncertainty formalism
in which, analogously to classical EUT, two alternatives
emerge: a la Von Neumann and Morgenstern, initiated by
Dubois and Prade in [1995] and latter developed and extended
in [Dubois et al., 1999; Zapico, 1999], and & la Savage, this
proposal is summarized in [Dubois ef al., 1997; 1998].

Here, we are interested in the possibilistic qualitative
counterpart to VNM’s EUT. In this approach, both DM’s
preferences on consequences and uncertainty are graded
on finite ordinal sets (i.e. scales equipped with the
maximum, minimum and an order-reversing operations) that
are commensurate. As each decision is linked with its
associated possibility distribution on consequences, then for
ranking decisions the associated distributions are ranked by
qualitative utility functions -expressed in terms of maximum,
minimum and reversing operations. To define these utilities
an hypothesis of commensurability, i.e. the existence of
an onto order-preserving mapping linking both scales of
uncertainty and preference, is assumed. This forces us to
restrict to decision problems where the cardinality of the
uncertainty set is greater than or equal to the cardinality
of the preference set, unfortunately in several problems this
cardinality relation is not satisfied.
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The commensurability hypothesis has been a point of
interest for researchers in the possibilistic a la Savage
approach (e.g. [Fargier and Perny, 1999]) but as far as
we know, it has not been attacked in the qualitative Von
Neumann and Morgenstern style. Here, we propose to
weaken the commensurability hypothesis for this approach by
not requiring the linking mapping scales involved to be onto.
That is, we will characterize the preference ordering resulting
of applying these qualitative criteria only requiring h to be
an order-preserving mapping, in particular we show that not
requiring h to be onto results in a relaxation of the continuity
property of the preference relations on distributions. On
the other way, replacing in the axiomatic framework the
usual continuity axiom by the relaxed one is not enough for
guaranteeing the relation is representable by the qualitative
criteria, an axiom establishing how some special mixtures are
handled is required.

This weakening of the commensurability hypothesis will
allow us to deal with other types of problems, in particular,
those in which the cardinality of the preference values set may
be greater than the cardinality of the uncertainty set.

In the next Section we summarize the Possibilistic
Qualitative Decision Theory (PQDT). Our proposal on
weakening the commensurability hypothesis is introduced
in Section 3, including the representation theorem for
characterizing the preference relations representable by these
“more general” utility functions. The respective extension
of the model for involving non-normalized distributions are
considered in it as well. Finally, in last Section we include
some concluding remarks.

2 Background on PQDT

Let us define the PQDT framework. V' denotes a finite linear
plausibility scale, where inf(V) = 0 and sup(V) =1, X is
a finite set of consequences, and II(X, V') denotes the set of
consistent possibility distributions on X over V, i.e.
II(X,V) = {mX — V|max,ex n(z)=1}.
For the sake of simplicity, we shall use A for denoting both
a subset A C X and the normalized possibility distribution
on X such that 7(z) = lif z € A and w(z) = 0 otherwise.
Hence, we can consider X as included in IT(X, V).

The so-called Possibilistic mixture (possibilistic lottery),
the qualitative counterpart of the probabilistic lottery, is an
operation defined on II(X, V') that combines two possibility
distributions 7y and 7 into a new one, denoted (A/7y, pu/m2),
with A, u € V and maz(\, u) = 1, defined as:

(M1, /) (2) = maz(min(A, m (), min(, 72(x))-

With this definition, and taking into account the properties of
maximum and minimum, the “reduction of lotteries” holds,
ie. (Mmy,puf(a/my, B/m2)) ~ (maz (X, min(u, a))/m,
min(p, 8)/72).

U is afinite linearly ordered scale of preference (or utility),
with sup(U) = 1 and inf(U) = 0, ny is the reversing
involution in U. As usual, we assume as working hypothesis
the existence of a preference function representing DM’s
preference on consequences, i.e. there exists a function
u:X — U that assigns a preference level of U to each
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consequence of X such that u(z) < u(y) if and only if y is at
least as preferred as x. Let h:V — U be an order preserving
function relating V and U such that h(0) = 0, k(1) = 1.

In such a framework, assuming also that h is onto, Dubois
et al. [1999] have characterized the preference relations
induced by the utility functions

QU™ (mfu) = min max(n(r(z)), u(z)),

where n = ng o h. This criterion requires 7 to make, at least
to some extent, all plausible consequences to be preferred
ones'. Since in some problems this criterion may be too
conservative, it may be interesting to consider an optimistic
behaviour, like requiring 7 to make at least one of the good
consequences highly plausible- at least to some extent. With
this goal, Dubois et al. [1999] considered the utility function:

QU™ (mju) = mazexmin(h(r(z)), u(z)).

which is dual to QU . Notice that QU (.|u), restricted to X,
coincides with u.

Dubois et al. have shown that> QU ~ has an interesting
property: QU™ preserves the possibilistic mixture, in the
sense that it holds that:

S\, /) = min{maz(n()), QU (m),
maz(n(p), QU (r2)}.

They also provide the following set of axioms AX
for preference relations on II(X,V), with the max-min
possibilistic mixture as the internal operation on II(X, V),
to characterize the ordering induced by QU ~ (Xgu-)-

e Al : L isatotal pre-order(reflexive, transitive and total).

This axiom guarantees the existence of maximal and of
minimal elements on (X,C). We denote by T and z a
maximal and a minimal ones respectively. For each A € V,
let 7y = (1/7,\/z) and 7y = (A\/Z,1/z).

o A2 (uncertainty aversion) :if 7 < 7' = ' C .

e A3(independence) :

T~y = (A7, p/m) ~ (N 72, p/m).
o Ad(continuity) : Vo € I(X,V),IN e Vst m ~ 7, .

A4 establishes that distributions are preferentially equivalent
to having a A-level of uncertainty with respect to .

Theorem 2.1 A preference relation (II(X,V),C) satisfies
axioms AX if, and only if, there exist

e a finite linearly ordered utility scale U, with inf(U) = 0
andsup(U) =1,

e a preference functionu : X — U s.t. u (1) # 0 #
u”H(0),

e an onto order-preserving function h : V. — U,

"The utility of 7 is measured in terms of a degree of inclusion of
the fuzzy set 7 of possible consequences into the fuzzy set of good
results u.

?For the sake of a simpler notation, we write QU™ () instead of
QU™ (w|u) when the mapping w is not relevant for the context. In
fact, these utility functions also depend on h. To simplify, we omit
h and will use the notation of QU to refer a utility involving an onto
h and QU for the case of not requiring A this onto condition.
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in such a way that @' Cn iff " qu- 7,

For characterizing the optimistic behaviour representable by
QUT, it is necessary to change the uncertainty aversion
axiom A2 by an uncertainty-prone postulate:

o A2F:if r < 7' thenw C «/,
and to adequate the continuity axiom A4 replacing it with:

o A4t VreI(X,V), N e Vst~

In the next Section, the proposal for weakening the
commensurability hypothesis is introduced.

3 A First Approach with a Weaker
Commensurability Hypothesis

Let us remark that the difference with the works developed
previously in [Dubois et al., 1999; 19971 is that now h is not
required to be onto. That is, given h : V. — U, an order-
preserving mapping such that A(0) = 0,kh(1) = 1, for any
7 € II(X, V), consider the qualitative utility functions

QU (mlu) = migmax(n(r(z)),u(z)),
QUy (rlu) = maxmin(h(r(x)), u(x)),

where n = ny o h. Observe that QUy; (-|u) and QUy;, (+|u),
restricted to X, coincide with the preference function .
It is interesting to notice the following properties.

Lemma 3.1 These functions still preserve the mixture:

Uy (M, p/me) = min{max(n(X), QUy (m1)),

max(n(p), QUW( 2)}
Uy (N, n/ms) = max{min(h(/\)) w (7)),

min (h( QU+ (m2))}-
In particular, we have:
QUyy (max(my, m2)) = min{QUyy (m1), QUy (72)},
QUyy (max(my, m2)) = max{QUy, (1), QUy, (m2) }-

Corollary 3.2 It remains true that QUw (\/m1, p/m2) is the
median of three terms including QUw (71 ), QUw (m2),i.e.

1. if QUi (m) < QUip(ms), then
QUy (M1, i/ m2) = med{QUyy (m

2. if QU (m1) < QUi (2), then
QUyy (N1, p/m2)

3.1 The Roles of the Onto Condition and of the
Continuity Axiom

), QUyy (m2),

Let us observe that the onto condition of h is a basic
requirement involved in the characterization of the relations,
since the fact of allowing h to be a non-onto mapping results
in that the continuity axiom A4 may not be true.
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n(A)}-

= med{QUyj (1), QUi (m2), h(V)}.

Example:  For instances, consider consequences are either
totally possible or impossible, i.e. {0,1}, while
preferences are measured on U = {0 < w < 1}, being
the set of consequences X = {z, z;, T}, with DM’s
preference on consequences u(z) = 0, u(z1) = w, u(T) =
1. Since h(0) = 0 and h(1) = 1, it is obvious that
QU (m) = mingex|r(z)=1 u(x). That is, the ordering
induced by QQUy;; coincides with the maximin criterion while
the ordering induced by QU;{/ coincides with the maximax
one. Observe that for 7 = {z; }, there is no A € V such that
 is preferentially equivalent to ) .

Hence, it is clear that the continuity property A4 for
relations on II(X,V) may be lost if h is non-onto. For
facing this point, a relaxed continuity axiom is proposed.
The underlying idea is to relax the continuity of the
preference in the sense that there exists a subset on X such
that either the distributions are preferentially equivalent to
individual consequences on this subset, or, the distributions
are preferentially equivalent to having a A-level of uncertainty
with respect to T as usual.

On the other way, having a relation (II(X,V),C)
satisfying axioms A1, A2, A3 and the relaxed continuity one
(see A4RC in Section 3.2) is not enough for guaranteeing C
is representable by QU,, as it is shown following.

Example: Consider the following framework:

X={zCoCT}, Xnu={z}, V={0<p <1},
and consider the (reflexive and transitive) relation C s.t. z C
r C w5 C T, also satisfying

r~ (1/z,B/z) ~ (pn/Z,1/z) VpeV.
All other distributions are taken equivalent to z. This relation

satisfies axioms Al, A2, A3 and A4RC. But it is not
representable by QUy;, since although (1/7, 8/z) C 75,

we have QU‘E,(T(’E) < QU (1/z,B/x).

3.2 Axiomatic Setting Proposed

The above discussion has led us to propose this new set of
axioms AX M for preference relations on I1(X, V'), with the
max-min mixture as the internal operation:

o Al(structure) :

o A2(uncertainty aversion): if r < 7' = 7' C 7.

L is a total pre-order .

e A3(independence) :
w1 ~my = (AT, p)m) ~ (N 72, pu/).

e A4RC(relaxed continuity): There exists a subset®
Xnym C X s.t. all maximal and all minimal elements
of (X,C) are in the complement of Xy s, and (V7 €
II(X,V)) either
(AXNeV st m~my) or

o AxMix:

1. ifx,y € Xyum, B €V then

(Fz € Xyp st T~ x).

z, if(zCy)or(zCmy)
T3 ifyl:wgljm
Y, if’lTEl:yEl',

(1/z,B/y) ~

30bserve that Xy as = 0 is possible, being A4 recovered.
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2. if x € X then

m,, if(m, Cx) or
(mCm)

T3 1f9:|:7r§ Comy

x, ifvr/; CzCmy.

(L/7y, B/x) ~

This axiom establishes how the relation handles
(reduces) lotteries involving consequences that are not
preferentially equivalent to binary lotteries of Z and z.

Now, we introduce some results that will be useful latter.

Lemma 3.3 Axioms Al, A2, A3, A4RC and AxMix imply
Ax2: If AC X thenthereisx € As.t. © ~ A.

Dubois et al. [1999, Lemma 1] have shown:

Lemma 1 If C verifies axioms Al, Azx2 and A2, then:
ez~ (1/z,1/z) ~ X.

e x and T are also the minimal and maximal elements of

(I(X, V), E).

3.3 Representation of Pessimistic Qualitative
Utilities
Next, we show that the preference ordering on II(X,V)

induced by the qualitative/ordinal pessimistic utility QUy;,
satisfies the above set of axioms.

Lemma 3.4
Let Sy be the preference ordering on 1I(X, V') induced

by QUy, ie, m S, 7 iff QUi () < QU ("), Then
Squ,, satisfies axioms set AXM.

Proof: Al is easily verified, A2 is a consequence of
maximum and minimum being non-decreasing functions. A3
results from the fact that QU preserves max-min
possibilistic mixtures, while Az M iz is not difficult to verify
taking into account Lemma 3.1. Now, we check axiom
A4RC. If his onto, Xy = 0 and A4RC reduces to
A4, hence, we are in the case detailed in Section 2. If h is
non-onto, let Xy = ({o] u(x) € n(V)})°. Asu=1(1) #
0 # u1(0), and h(0) = 0 and h(1) = 1, if z is a maximal
or a minimal element of (X, <QUV—V), then z ¢ Xpyp. We
have to prove that Vzr € II(X, V) either (X s.t. QUy,, (1) =
QU (my)) or (Fz € Xyum st. QUy, (m) = QUy ().
By definition of QUy,, Vm,3z0 € X, st. QUy (m) =
max(n(m(xo)), u(zo)). Hence,

. if.QU‘;,(ﬂ') = n(m (o)), then QUy, (1) = QUy, (1)
with A = m(xo) .

~—

e Otherwise, QUy; (1) = u(zo). Now, either u(zg) €
n(V') or not. In the first option, I\ € V s.t. QU () =
n(A) = QUy, (7, ). While in the second one, u(zo) €
Xnum, and QUy, (7) = QUy, (o). a

Now, it is shown in the following Representation Theorem

that the preference orderings satisfying AX M can always be
represented by a pessimistic qualitative utility QU .
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Theorem 3.5 A preference relation T on II(X, V') satisfies
axiom set AX M if, and only if, there exist

(i) a finite linearly ordered utility scale U with inf(U) = 0
and sup(U) =1,

(ii) a preference function u:X — U s.t. u='(1) # 0 #
u=(0),

(iii) an order-preserving* function h:V — U s.t. h(0) = 0
and h(1) =1,

in such a way that ' C 7 iff «' ﬁQU‘;} .

Proof: The “if” part corresponds to the preceding Lemma.
As for the “only if” part, we go on structuring the proof, in
the following three steps:

1. The utility scale U and an order-preserving function h
from V to U are defined.

2. Afunction QUy,;:II(X, V) — U representing C, i.e. s.t.
QU (m) < QU (n") iff  « C 7' isintroduced.

3. The preference function u: X — U is the restriction of
QUyy to X and n = ny o h, ny being the reversing
involution on U. It is proved that

QU (m) = ming, e x max(n(n(x)), u(z)).
Now, we develop these steps.

1. As usual, C stratifies II(X, V) in a linearly ordered set
of classes of equivalently preferred distributions (7' €
[r] iff 7 ~ 7'). We define U = II(X,V)/ ~ with
the natural (linear) order [x] < [#'] iff 7 C #’. Denote
by 1 and O the maximum and minimum elements of U,
[Z] =1and [z] = 0.

Define the order reversing function n:V — U asn(\) =
[7 ]. A2 guarantees that n reverses the order. Let ny; be

the reversing involution in U, the linking-scales mapping
h is defined as h = ny o n.

2. Now, we define QUy; in three steps.
(a) Forall A € V, QUy, (7y) = n(A).
(b) Secondly, Vz € Xy, let QU (z) = [z].
It is easy to check that w, T m,, iff QU (7,) <
QUy (my,), and analogously, that restricted to
distributions of type z, QU represents C .

(c) Finally, since A4RC guarantees that V7, either (3\
st. T~y )or (Jx € Xy st m~ x), we define

iy _ ) nN), ifINsta~Ty
QU () = { [], ifdze Xypystm~uz.
Notice that, because of A4RC, QU is well

defined.

3. Now, u:X — U is defined as u(z) = QUy;, (). Notice
that u(Z) = 1 and u(z) = 0. It remains to prove that
QU (m) = mingex max(n(m(z)), u(x)). With this
goal, we will prove the following equalities:

*Note that h is not required to be onto.
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Uy (1/m1, B/m2) = min(QUy(m), We have analogous results to Lemmas 3.3 and 3.4, but

y max(n(f), QUy, (m2)). for spaces reasons they are omitted here. The respective

By A4RC, there are several alternatives for 1, 7o : Representation Theorem of Optimistic Utility is:
(@) Jpu,As.t.m ~ (1/7,M/z) and mp ~ ),
(b) 3z, y € Xypmst. m ~zand o ~ y, Theorem 3.6 A preference relation T on II(X, V') satisfies
() INeV,z € Xyustm ~zandm ~ 7y, axioms set AX M7 if, and only if. there exist
(d IrneV,e e Xyyst.m ~7, andmy ~ 2. (i) a finite linearly ordered utility scale U with inf(U) = 0
It is not difficult to verify that applying A3, Az Mix and sup(U) = 1,
and re_ducing lotteries, in e‘ach case we obtain that (ii) a preference function u:X — U s.t. w= (1) # 0 # u~1(0),
QU (1/m, B/m2) = min(QUy, (m), _ (iii) an order preserving function h:V — U such that
max(n(f), QUy, (72)))- h(0) = 0 and h(1) = 1

In particular, we have that

QU (max(my, m2)) = min(QUyy, (m1), QU (m2)).

insuchawaythatw Cw iff = <quy T

This may be easy generalized to 3.5 A Particular Case: Maximin and Maximax
QU ( max m) = min QUi (m). Decision Criteria
P i=L,..p Let us consider again the simplest scale of uncertainty, V =
e Now, we verlfy {0, 1}, that is, consequences can be either fully possible or
_ . fully impossible. This is a very particular case since for any
QUy () = P max(n(m(z:)), u(z:)). preference scale U, the only requirement to be fulfilled by a
. . mapping h:V — U is that A(0) = 0 and A(1) = 1. In this
As 7 is normalized, 3z; € X st w(z;) = L frar%%w%rk (X, V) is just the( p)ower set 2% 2(an1 the resulting
Wlthout loss of generality we assume utility functionals are
j = 1. Then, let m; = (1/z1,7w(z;)/x;).
Since # = max;—i,.p, m;, we have: QU (Alu) = minu(z) and QU (Alu) = maxu(z),
_ _ rEA T€EA
QUW(T‘-) = QUW(maXl 1,...,p 7Tz)
=  ming—,., QU (73) leading to the well-known maximin and maximax decision
=  min;—, _, {min(u(z), models. Now, it is very easy to check that, in order to fully
max( (m(x4)), u(z;)) characterize a preference relation on 2% induced by these
=35 min;—y ., max(n(m(x;)),u(z;)). QUyy and QU;{/, the above axioms simplify to these ones:

e Al: LCis atotal pre-order,
e A2:if AC Bthen BLC A,
o A3:if A~ BthenAUC ~BUC,

This ends the proof of the theorem. O

3.4 Representation of Optimistic Qualitative

Utilities
For modeling an optimistic DM’s behaviour, we consider the o MRC:VAC X,z € Xst. A~z
axioms set AXM™ = {Al, A2%,A3, A4RC, AzMiz™}, o AxMix: if x C y then {z,y} ~ x.
as usual being 73 = (A/, 1/z), with Actually, in this setting, axiom A2 is redundant since it is a
e A2T:if 7 < 7' thenw C 7, logical consequence of the remaining axioms. Moreover, as

o A4RC*: There exists a subset® Xnar C X, st. all we are working with a finite set X, A4RC' is a consequence
maximal and all minimal elements of ( X,_IZ) are in its of AxMizx. The axiomatic frameworks a la Savage of these
complement, and ¥V € II(X,V) either (_3 A e Vst maximax and maximin criteria are provided in [Brafman and

Tennenholtz, 1996; 1997].

~ Ty 3 X ~ ).
i ﬂ-,)‘ )+or (32 € Xnu st m~z) Dubois et al. [1999] shown the necessity of extending the
o AzMix™: model to non-normalized possibility distributions, because of
1. ifz,y € Xy, B €V then case-based decision-making problems or to be able of facing

problems where different, partially inconsistent, information
I i sources about the situation are available,etc. To include these
(1/z,B/y) ~q 75, ifyImg Ja problems, they extended the model summarized in Section
y, if W; Jdy . 2. Analogously, we extend our above proposal and provide
corresponding characterizations of the orderings induced by
suitably modified utility functions.

%, if(e y)or (¢ 3f)

2. if x € X then

m, if (7 Jz)or(xf 3 7r;3r)

1/, B/x) ~{ «f, ifz 3xd awf 3.6 Utilities for Non-Normalized Distributions

z, if ﬁg Tz wj. Now, we consider the set of non-necessarily normalized

distributions on X, II°*(X,V), with values on the finite

Note that (z1) = 1, so u(z1) = max(u(z1), n(m(z1)). uncertainty scale V (keeping the usual definition of
If X ar = 0, then axiom A4 is recovered. possibilistic mixture) as the working set of possibilistic
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lotteries. The utility functionals are extended to evaluate non-
normalized distributions as well. Indeed, given a mapping
FV -5 Vst F(1) =0,Vr € (X, V):

QU (rlu) = min{QUy, (N (m)[u),n o F(H())},
QU (nlu) = max{QUy (N (m)|u), h o F(H())},
where H(7) is the height of the distribution w, H(w) =
maxzex w(z), and N(7) is a normalized version of m
defined as 1, if 7(z) = H (), and as 7 (z), otherwise. Notice

that when 7 (7) = 1, the original expression is retrieved.

To characterize the preference orderings induced by QU W
in TI°*(X,V) we extend AXM and AXM™ respectively,
with the usual [Dubois ef al., 1999; Godo and Zapico, 2001]
additional axiom:

o ATF:Vr e 1°*(X,V), 7 ~ (1/N(x), F(H(r))/X).

Obtaining the following representation theorems.

Theorem 3.7 A preference relation C on 11°% (X, V) satisfies
AXM® = AXM + ATF (resp. AXMTe® = AXMT +
ATF) if, and only if, there exist

(i) a linearly ordered and finite preference scale
U with inf(U) = 0 and sup(U) = 1,

(ii) a preference function u: X — U s.t. u= (1) £ 0 # u=1(0),

(iii) an order-preserving mapping h:V — U, h(0) = 0 and
(1) = 1,

insuchawaythat ' T iff QU (7'|u) C QU (7|u),
(' Cr iff QU (7'lu) C @";(ﬂu) respectively).

4 Conclusions and Future Works

As it has been mentioned, to weaken the onto condition of
the linking-scales mapping allows us to work with decision-
making problems where the cardinality of the uncertainty
values set may be not greater than or equal to the cardinality
of the preference set.

It has been shown that this onto condition in the
commensurability hypothesis is directly related with the
continuity property of the preference relation on II(X, V).
For characterizing those preference relations representable by
the qualitative utility functions where h is not required to be
onto, we have proposed to include a relaxed continuity axiom
and an axiom for handling some special mixtures.

It is true, that given U and h non-onto, we may extend V'
to some V' and define A’ : V' — U, with k' onto, in a such
a way that Vrr € TI(X, V), QUw (w|h) = QU (w|h'). But the
point, for us, is that while the ordering induced by QU (-|h')
in II(X, V') satisfies continuity, the ordering induced by
QUw (-|h) in the original distributions set II(X, V') may not
satisfy continuity.

This is a first approach to the goal of weakening
commensurability. A next step is to extend the analysis
to the general utility functions proposed by Dubois et al.
[1999]. However, this extension seems non-trivial since the
onto conditions is required to guarantee the well-definedness
of these generalized utility functions. Another point is to
consider the utilities when the sets values of uncertainty and
preferences are non-linear lattices [Zapico, 1999].
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Abstract

In this paperwe introducea new logical approach
to reasonexplicitly aboutDempsteiShaferbelief

functions. We adoptthe following view: onejust

startswith Booleanformulas¢ anda belief func-

tion onthem;thebeliefof ¢ is takento bethetruth

degreeof the (fuzzy) propositionBy standingfor

“¢ is believed”. For our completeaxiomatization
(Hylbert-style)we useone of the possibledefini-

tionsof belief,namelyasprobabilityof (modal)ne-
cessity This enablesusto definealogical system
combiningthe modallogic S5with analreadypro-

posedfuzzy logic approachto reasonaboutprob-
abilities. In particular our fuzzy logic is the logic

LIT1 which puts Lukasievicz and Productlogics
together

1 Intr oduction

Reasoninginderuncertaintyis a key issuein mary areasof
Artificial Intelligence.Fromalogical view point, uncertainty
basicallyconcerndormulas,describinga situation,that can
be eithertrue or false, but their truth valueis unknovn due
to incompletenessf the available information. When this
uncertaintycanbe measuredthenonemay assignto propo-
sitionsthedegreeof beliefof beingtrue. Amongthedifferent
modelsof numericaluncertainty in the senseof belief, that
have beenproposed probability theory is undoubtedlythe
most relevant, however other interestingmodelshave been
alsoproposedrying to remedydifferentshortcoming®f the
pure Bayesianapproaches.In particulay DemsptetShafer
belieffunctions[Shafey 1979 provide amoregeneraframe-
work to assessincertaintyto eventsor propositionsgeneral-
izing not only the probabilisticmodel but alsofor instance
the possibilisticmodel. In this framewvork propositionscan
beattachedwo uncertaintydegrees alowerandanupperes-
timate,andthe lack of evidenceon thetruth of a proposition
doesnot necessarilyinduce evidencefor the falsity of that
proposition.

Onemayfind in theliteraturea numberof uncertaintylog-
ics. As for probability, let us mention[Keisler 1985 for
a deepinvestigationof probabilisticquantifiers(probability
of ¢ is > a, a afixed parameterjand[Fagin et al., 1990;
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Halpern, 1989 for logics to reasonexplicitly aboutproba-
bilities; seealso [Nilsson, 1982; Bacchus,1990 for other
probabilisticlogical formalisms.As for othertypesof belief,
seee.g. [Duboiset al., 1994 for a full overvien on possi-
bilistic logic, and[FaginandHalpern,1991; Safiotti, 1992;
Sossaktal., 1999 for differentproposalf belief function
logics. Anothertype of approacheghatmay be calledcom-
parative, deal with a binary modality &, the formula ¢ > v

meaning‘belief of ¢ is < beliefof ¥”; thiswasadoptece.g.
in [Boutilier, 1992; Bendosa and Hajek, 1993 (possilibity
theory)and[Harmanecand Hajek, 1994 (DempsterShafer
belief). Let usremarkthat, asit is obvious, the above list of

reference®f relevantworksis far from beingexhaustve, it

is only for exemplifying purposes.

It is of worth noticingthatall the abore uncertaintylogics
(andin mary others)arebuilt on the basisthatthe represen-
tationof situationds doneby meanof two-valued(Boolean)
propositions:they canonly be eithertrue or false. However,
whenwe needto dealwith propositiongepresentingradual
notions( e.g. high temperaturelow income)it is naturalto
move from two-valuedclassicalogic to a mary-valuedlog-
ical framewvork wherepropositionamaybe attachednterme-
diatetruth degrees. This is the realmof fuzzy logict, which
is completelydifferentfrom the oneof uncertaintylogics, al-
thoughin both propositionsare usually attachedwith num-
bersbetween0 and 1. It hasbeenrepeatedlystressedhat
truthdegreesin fuzzy logic mustbe carefullyandclearly dis-
tinguishedfrom belief degrees(probabilities,or moregener
ally belief degreesof DempsterShafertheory).Fuzzylogics
arelogics of compaative truth and are mainly understood
astruth-functionat the truth degreeof a compoundformula
(conjunction,disjunction,implication,...) is determinecdby
the truth degreesof its componentwia truth functions. On
the other hand, uncertaintyis basicallyconcernedwith de-
greesof belief that two-valuedpropositionsaretrue. Belief
degreesareobviously nottruth-functional. This doesnot pre-
ventto find proposaldo extendthe variousnotionsof uncer
tainty to fuzzy propositionsandhenceto find in theliterature
alsofuzzybelief logics of variouskinds, for instancelet us
mentionthe paper[Hajek et al., 1994 fuzzifying the com-
parative modality « for possibilisticmeasuresver a finitely

IFuzzylogic hasbeendevelopedasa strictly formal systemin
bothpropositionalandpredicatecalculi, seee.g.[Hajek,1994.
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valuedt.ukasievicz logic).

In this paperwe introducea new logical approachto rea-
sonexplicitly aboutDempsterShaferbelief functionswhich
combinesclassicaluncertaintymeasuregprobabilityandbe-
lief functions)with elementsof fuzzy logic: the basicob-
senation is that “uncertainty” or belief is itself a gradual
notion, e.g. a propositionmay be totally, quite, more or
less, or slightly certain (in the senseof probable, possi-
ble, believable, plausible,etc.). Then, one just startswith
Booleanformulas ¢ and a probability on them; the prob-
ability of ¢ is takento be the truth degree of the fuzzy
proposition P = “p is probable”. This was already
usedin [Hajek et al., 1995 andcontinuedin [Hajek, 1998;
Godoet al., 2004 to definea fuzzy logic theoryfor proba-
bilistic reasoning.Here we generalizethis approachto deal
with belieffunctions,i.e. we takethefollowing identity

belief degreeof ¢ = truth degreeof By,

as our working assumptionwhere By standsfor the fuzzy
proposition“ ¢ is believed”. For gettinga completeaxiom-
atizationof “being (highly) believed” we use one of possi-
ble definitionsof DempstetShaferbelief, namelyasproba-
bility of necessity This enablesusto combinethe approach
of [Godoetal., 2004 with the modallogic S5. In particulay
our fuzzy logic is the logic LH% “putting Lukasievicz and
Productlogic together”, which provides a nice and power
ful logical settingwherearithmeticaloperationsareimplicitly
available.

We areforcedto have extensie preliminaries: Section2
containspreliminarieson belief functions and modal logic
S5, Section3 preliminarieson the logic L1131 and a variant
of it suitableto handleinfinite theories.Section4 is devoted
to thedefinitionof ourfuzzy belieflogic FB(LTT1 ) for regular
belief functionsandmain (completenessesults,while Sec-
tion 5 containsanapproacho handleDempsteicombination
rulein our fuzzy logic setting. Finally, Section6 discusses
generalizatioio dealwith generabelieffunctions,i.e. belief
functionsbel with possiblybel(#)) positive. Dueto spacdim-
itation proofsarenotincludedherebut canbefoundin [Godo
etal., 2001].

2 Preliminaries |

We suney heresomebasicfactsonbelieffunctions.(Theba-
sic monograplis [Shafey 1975.) We areinterestedn belief
functionson propositionalformulasin finitely or countably
infinitely mary propositionalvariables. Starting from the
classicaldefinition of Dempster(usingwhat we call Demp-
sterspaces)ve explain a presentatiorusing Kripke models
of modallogic aswell asa definition usinga superadditiity

condition. All resultsof this sectionexceptthelastoneto the
bestof our knowledge,arealreadyknown modulopossiblya
differentnotation.

Definition 1 A Dempsterspace(or d-space)is a structue
D = (E,W,T,u)whee E # 0 # W, T is a mappingof
F into the powersetP (W) of W and y is a finitely addi-
tive probability on an algebma of subsetof £. For X C W,
putbelp(X) = p{w | T(w) C X} (if this setis measur
able). belp is the belieffunctiongivenby D. D is regular if
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T'(w) # 0 for ead w; thenbelp is a regular belieffunction
(belp (0) = 0).

Needlesgo say a function bel mapping(some)subset®of
W into [0, 1] is a belief function iff it is a belief function
given by somed-space. Note thatit may be given by var
ious d-spacespnly propertiesindependenbdf the choiceof
theunderlyingd-spaceareof interest.

Let Var be a setof propositionalvariablespy, p1, . .. and
lete : (W x Var) — {0,1} (valueof a propositionalvari-
ablein aworld). Thepair (D, e) (orjust (F, W, T, u,e)isan
evaluatedd-space For eachformula built from our propo-
sitionalvariables(w, ¢) is thetruth valueof ¢ in w defined
in theobviousway. Thebelief of ¢ is definedas

belp () = belp{w | e(w, p) = 1}.

A function bel is a belief function on formulasif for some
evaluatedd-space(D, ¢), bel = bel(p ). Actually we shall
deal only with total belief functionson formulas,i.e. with
thosebelieffunctionsfor which the setsof worlds {w € W |
I'(w) C {w' | e(w’,¢) = 1}} areu-measurabléor ary for-
mula . Evidently, if ¢ andi arelogically equivalentthen
bel(p,ey(¢) = bel(p (1), i.e. bel respectdogical equiva-
lence.

Now let us introduce some basic conceptsof modal
logic. Formulasof modal propositionallogic are built form
propositionalvariablesusing connectves and the modality
O (necessarily)jf ¢ is a formulathenO¢ is aformula. A
Kripke model for the logic S5 (briefly a O-Kripke model)
is a structureK = (W, R, e) where R is an equivalence
relationon W (reflexive, symmetricand transitive) and e
is an evaluation of propositionalvariablesas abore. The
truth value of O¢ is definedasfollows: e(w,O¢) = 1 if
for eachw’, wRw' implies e(w’,¢) = 1. A formula ¢ is
an Sh-tautologyif e(w,¢) = 1 for eachO-Kripke model
K = (W, R,e¢) andeachw € W (¢ is truein eachworld
of eachO-Kripke model). Thefollowing areaxiomsof S5 :
Axioms of classicalpropositionalogic plus

(K) O(p =) —
) Op — ¢

(4 Op—00p
(B) e — 00

where ¢y is read “possibly ¢” and standsfor —O-p.
Deductionrules are modusponensand necessitatior(from
¢ deduceOyp). S5 is completewith respectto the given
semanticsaformulais provablein S5 iff it is a S5-tautology

A formulais withoutnestedmodalitiesif no box occursin
thescopeof otherbox (boxis appliedonly to box-freeformu-
las). In S5, eachformulais logically equivalentto a formula
withoutnestednodalities.This, togethewith theknown nor-
mal form theoremof propositionalogic, givesthe following
importantfact.

(Op — OY)

Fact. If the setVar of propositionalvariablesis finite then
thereis a finite set® of formulassuchthateachformulais,
over S5, logically equivalentto aformulafrom ©.

A O-probabilistic Kripke modelis a pair (K, p), or just
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(W, R, e, p), whereK is aO-Kripke modelandy is a prob-
abilistic (finitely additive) measureon an algebraof subsets
of W. (K, p) canbe seenasan evaluatedd-space(D, ¢) =
(W, W, T, u,e) whereT'(w) = {v € W | wRuw'} (the
R-classof w). Obsere thatthen bel(p )(¢) = p({w |
e(w,Op) = 1}), or briefly bel(p) = u(de), which tells
usthatthebelief of ¢ is the probability of the necessityof .

Note that the belief function given by a O-probabilistic
Kripke modelis regular, thanksto reflexivity of R. General
(regular and non-regular) belief functions may be obtained
e.g. from probabilistic Kripke modelsof provability logic
GL, see[Hajek, 1995. We shallcomebackto generalbe-
lief functionslaterin Section6.

Now assumé# be finite non-empty A basic belief as-
signmenton W is a mappingm : P(W) — [0, 1] suchthat
EYxcwm(X) = 1; mis regular if m(#) = 0. The belief
functiongivenby m is definedby

belm (X) = Y m(Y).

YCX

This is indeeda belief function; morewer, given an evalua-
tione : WxVar — {0, 1}, thecorrespondinpelieffunction
on formulas, bel,, . (p) = bely,({w | e(w,¢) = 1}), is
regular iff it is given by a O-probabilistic Kripke model;
namelyby amodelK = (W’, ¢/, R, ) where

(1) W ={(T,w)|TCWweW},

() ' ((T,w),pi) = e(w,pi),

() (T, w)R(S,w)iff T = S and

(4) pisary probabilityon W’ suchthat

n({(T,w) | w € T}) = m(T).

This constructionis from [Harmanecet al., ]. Con-
versely eachbelieffunctionbel onafinite setl is givenby
abasicbelief assignmentlefinedasfollows [Shafey 1979:

m(A) = Srca (—1)Abel(1).

Note thatif Var (the setof propositionalvariables)is finite
andbel is a belief function on the formulasbuilt from Var,
thenwe mayassumehatbel is givenby ad-spacewith W =
2" (thesetof all n-tuplesof zerosandones).Thenif regular,
bel is givenby afinite O-probabilisticKripke model.

Let (D, e) be anevaluatedd-space.For eachn andeach
tupleof formulasey, . . ., ¢,, thebelieffunctionbel givenby
(D, ¢) satisfiesheinequality(seé¢Shafer 1975):

bel(pr V... Ven) > > (=) el (A @),
PAIC{1,...,n} iel
We shall call it the genealized superadditivity condition,
GSA for short,sinceit reducego the usualsuperadditivity
condition for n = 2 and when ¢, and ¢ are mutually
exclusive. Moreover, if Var is finite andbel is a function
assigningnumbersrom [0, 1] to formulassuchthat

(1) bel(true) =1,

(2) bel(false) =0,

(3) bel respectdogical equivalenceand
(4) bel satisfiegthe GSA condition,

then bel is a regular belief function and the formula
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above definesa regular basicbelief assignmendefiningbel.
Consequentlybel is givenby a finite O-probabilisticKripke
model.

Our lastaim in this sectionis to prove that this resultcan
be extendedto the caseof Var beingcountable.

Theorem1 If Var is countableandbel is a functionsatisfy-
ing bel(true) = 1, bel(false) = 0, the supemdditivity con-
dition (SA)andbel respectdogical equivalenceghenthereis
a O-probabilistic Kripke modelK definingbel.

An sketch of the proof goes as follows. Let Var =

{p1,p2,---,pPn,-- -}, andfor eachn, let F,, bethesetof for-

mulasin the variablesps, ..., p,. Let bel,, the restrictionof

bel to F,, andlet K,, = (W, en, Ry, un) bethecorrespond-
ing O-probabilisticKripke model. Assumethe setsiV,, to be

pairwisedisjoint and definethe structureK = (W, e, R, i)

asfollows:

1L wW=, W

2. e(w,p;) = en(w, p;), If w e W, andi < n;
e(w, p;) = 0, otherwise.

3. R=J, Ra.

4. for eachX C W, putu(X) = cif thereexists ny such
thatu, (X N W,) = c¢for all n > ng, otherwisewe let
p(X) undefined. Obsere that trivially x(#) = 0 and

Then one can prove that K = (W,e, R, pu) is a O-
probabilisticKripke modelsuchthat u({w | w Ex Op}) =
bel () for eachmodality-freeformula.

This resultis in the samespirit asthe one by Fagin and
Halpern[FaginandHalpern,1991, Theorem3.3 connecting
belief functionsandinner measuresnducedby probability
measuresvhenthe setVar of propositionalvariabless finite.

3 Preliminaries Il

Herewe suney theunderlyingsystemof fuzzylogic we shall
usefor our belief functionlogic.

LTT1 is a logic “putting tukasievicz and Productlog-
ics together”,introducedin [Esteva et al., 2000. Formu-
las are built from propositionalvariablesandthe truth con-
stants and% using connectves —y , —, ® (Lukasievicz
and Goguenimplication and productconjunction)with the
following truth functiong:

=0 , e(})=1
elp - ¥) = min(l—e(9) + (), 1)
ou = delew
1, if e(p) < e(y
e(¢ —m ) { e()/e(p), othfefwise

Evaluationsof propositionalariablese into [0, 1] whichare
extendedo arbitraryformulasusingtheseruleswill becalled
L 111-evaluations.Otherdefinableconnectvesare:

2Note that herewe work only with the standardsemanticsj.e.
our setof truth degreess theunit realintenal [0, 1].
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A iS 2] —)'I-_ 0,

@Y IS oy oy 1,

&y s~ (tLe @ ),
e=p v s (o V)& =y @),
eANYis k(e =y ¥,

VY s oy (tpe A ),
e is ¢—mn0,

Ap IS g,

with the following truth functionsassociatedas the reader
easilyverifies):

e(me ) = 1—elp),

e(p@y) = min(l e(g) +e(y))

elpley) = max(0,e(p) +e(v) — 1)

efe=pv) = 1—le(p) —e(¥)

e(p Ag) = minfe(p),e(y))

efpvy) = maX(e(ﬁlf), «(¢))

“Crne) = {0 ot

ae = {p s
Definition 2

(i) LIT is the logical systemwhoseaxiomsand rules are as
follows™: _

(£) Axiomsof tukasieviczlogic (for —y , &, 0);

(I)  Axiomsfor productlogic (for =, ®, 0);

() me =y pe

(A)  Alp = ¥) =t Alp = ¢)

(M5) 2O W OX) = (pO¥)O(pOX)

The deduction rules are modus ponens and necessita-
tion for A: frome infer Aep.
(i) £113 is the logic obtainedfrom LIT by addinga truth

constantg togethemwith theaxiom:g = 1.
In this setting,atheory T is just a setof formulas. A LH%-
evaluatione isamodelof T' if e(¢) = 1 for eachy € T'. The

notionof proofin £ 14 is asusual.

Theorem 2 LH% is strongly completéfor finite theorieswith
respectto the given semantics. Thatis, if T is finite then
T + ¢ iff e(¢) = 1 for anyevaluatione modelof T..

It is interestingto remarkthat, as shawvn in [Esteva et al.,
2004, rationaltruth constants: (for eachrationalr € [0, 1])
aredefinablein LH% andthelogic provestheir basicproper
ties. Thusthefollowing definitionis sound.

Definition 3 RationaltIT logic, RLIT for short, is the logic
obtainedfrom+IT4 by addingthefollowinginfinitary rule:

fromy — 7, for ea » > 0, derive —11 0. (IR)

Thenotionof proofin RLIT is asfollows. If T"is atheoryover
RLII, thenthesetCrr(T') of all provableformulasfrom 7'
is the smallestheoryT” containing?” asa subsetgcontaining
all axiomsof RLIT andclosedunderall deductionrules. For
simplicity we shalldenotey € Crru(T) by T F*° ¢. We
shall keepthe notationT" ¢ to denotefinitary deduction,
i.e. deductiorundert. 1.

3Theseaxiomsareactuallya simplifiedformulationof [Esteva et
al., 2004 proposedy P. Cintulain forthcomingpaper
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Theorem 3 (Strong completeness)For any theory T' over
RLIT andany formulay, T' F*° ¢ iff ¢ is 1-truein all [0,
1]-valuedmodelsof T'.

To closethis sectionlet us mentionthatin [Godoet al.,
2000 thelogicstIT1 andRLIT have beenusedto build the
correspondinduzzy probability logics FP(LIT3), FP(RHT).
In thenext sectionwe shallelaboratehecorrespondindpelief
logicsFB(LIT), FB(RLIT).

4 A logic for belief functions

After all thesepreliminarieswe are preparedto define our
logic. We distinguishtwo kinds of formulas

(1) Booleanformulas(or S5-formulas)rebuilt from propo-
sitional variables pg, p1, ... using connectves —, Vv, A, =
(say)andthe modality O asdescribedabore. Modality-free
formulas do not contain O; a formula is closedif each
propositionalvariableis in the scopeof a modality Closed
formulaswithout nestedmodalitiesare called normal; they
arejust built form formulasof theform Oy, ¢ modalityfree
usingthe connectvesabore.

(2) P-formulas (or mary-valued formulas). Atomic P-
formulashave the form P(a), read“probably a”, wherea
is a normal S5-formula. P-formulasare built from atomic
P-formulasusingthe connectvesof LTTL, i.e. =}, —1, ®,

andtruth constants) and 3. We shalluse B¢ for P(O¢)
where ¢ is a modality-freeformula; By reads“y is be-
lieved”. Formulasbuilt from theseusing LH%-connecN/es
andtruth-constantare calledbeliefformulasor B-formulas;
they areof courseparticularP-formulas.

Examples:(p A q) — r is a Booleanmodality freeformula,
O(p A q) — Or isanormalS5-formula,P(3(p A ¢) — Or)
is aP-formula,and P(O(p A q)) —¢ P(Or) is aB-formula,
equialentlyexpresseds B(p A ¢) —4 B(r).

From a knowledgerepresentatiopoint of view, we wantto
pointouttherich expressiity B-formulasprovide with. As a
matterof fact, we canexpressfor instancesimple numerical
assignmentbke bel () > 0.4 andbel(v) = 0.6 by formulas
0.4 —1, By and0.4 =;, By; apositive beliefbel(¢) > 0 by
- By; comparison®f beliefslike bel(¢) < bel(y) by
theformula By —; B; or even morecomple conditions
like bel(n) > 0.4 - bel(y) + bel(x) - bel(y) by the formula
((0.40 By) @ (Bx @ BY)) —1 B.

SemanticsOur languagés interpretedn the obviousway in
O-probabilistc Kripke modelsK = (W, R, e, p1). For each
Booleany andeachw € W, e(w, ¢) is defined(andis O or
1). Moreover, for eachnormal S5-formulaa, the probability
u(a) = p({wle(w, a) = 1}) is well-defined;thenthe truth
valueof P(a) in K is definedas

1P (a)llx = pfwle(w, o) = 1}.

This extendsto other P-formulasusing truth connectves of
LIT1; thus||®||x is well definedfor eachP-formula®. In
particular || By||x is definedfor eachmodality free formula

P.
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An obvious alternativesemanticdor B-formulasis given
by an arbitrary regular belief function bel on modality-free
formulas; take || Be|lser = bel(¢) and extend using truth
functionsof connectves. Sinceeachbelief function on for-
mulasis givenby aO-probabilisticKripke modelthisreduces
to theformercase.

A P-formula ® is a 1-tautolagy (or just tautology) of
FB(LIIL) if ||®||x = 1 for eachO-probabilistic Kripke
modelK. It follows using [Hajek, 1999 that the following
formulasaretautologiesfor ary normalS5-formulasy, 3 :

(FPL) (P(a)&P(a — ) —¢ P(B)
(FPZ) P(—|a) EL —|LP((1)
(FP3) P(aVp) = (P(a) =y PlaAp)) =y P(B).

Thesethreeaxioms axiomatizethe (fuzzy) notion of being
probable Axiom (FP1)saysthatif botha anda — g are
probablethen 3 is probableaswell. Axiom (FP2)saysthat
a is probableiff -« is not probable. Finally, it is easyto
check, by meansof the truth function of —, that Axiom
(FP3)expresseshe conditionthatthe probabilityof « v 3 is
thesumof the probabilitiesof o and# minusthe probability
of a A S.

Definition 4
Axioms of FB(LH%) and FB(RHIT) are thefollowing:

() «,for eath S5-formulan provablein S5

(i) P(«),for ead normalS5-formulax provablein S5(call
thisaxiom(FBO0))

(i) TheschemeqFP1)—(FP3)abovefor P-formulas
(iv) Axiomsof LH% for P-formulas.

Deductionrules of FB(LIT1) are thoseof tI11 (moduspo-
nensand A-necessitationand deductionrules of FB(RHT)
are thoseof RHI (theaboveplustheinfinitary rule (IR)).

This is a recursve axiom systemsince provability in S5is
decidable Alternatively onemaytakeaxiomsandrulesof S5
(including classicalpropositionalogic) for S5-formulasand
addthe rule “from « infer P(«)” for a normal S5-formula,
in thisway onecanobtaina systemwith finitely-mary axiom
schemesindrules.
Interestingly one can easily checkthat FB(LH%) proves

thefollowing formulas(y; beingmodality free Boolean):

(l) P(_Dgpl\/...VDgon)—>LB(gpl\/...\/gon)

(2 B(1)

3) -B(0) _
Moreover, if ¢, ¢ areBooleanmodalityfree,then
_eov
By —y By

is a derived rule in FB(LH%). The reader may notice
that thesetheoremsand rule correspondto the four prop-
ertiescharacterizingbelief functionson formulas(see Sec-
tion 2), in particular(i) above correspondso the GSA con-
dition. Indeed,in semanticterms(i) expressegshe inequal-
ity bel(p1 V ...V n) > pu(Opr V...V Op,), but by the
inclusion-exclusionrule for probabilitiesthe last term is >

Z@#Ig{l...n}(_1)|I|+1N(/\i61 D;), andsince/\; . ; Dyp; is
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logically equivalentto O(A;¢; i), onehasu(A;c; Op:) =
bd(/\iei ®i).

After this preparationwe canimmediatelystateand prove
two completenestheoremdor belieftheoriesi.e. setsof B-
formulas. RecallthatO-probabilisticKripke modelsthatare
modelsof abelieftheoryT arein theohviouscorrespondence
with regular belief functionsbel that are modelsof 7 i.e.
suchthat||®||,e; = 1 for eachaxiom® & 7.

Theorem 4 (Completeness)

(1) Stongcompletenessf FB(RLIT). Let 7" beabeliefthe-
ory and ® a belief formula. 7' F*° & (i.e. T proves
® over RLII) iff ||®||,es = 1 for eachbelief function
bel which is a modelof T (iff ||®||lx = 1 for eachO-
probabilisticKripke modelof 77).

(2) StrongfinitecompletenessfFB(LH%). Let 7" beafinite
belieftheoryand® abeliefformula. T+ ® (T proves
® overtT11) iff ||®||,.; = 1 for eachbelieffunctionbel
whichis amodelof T

5 About Dempstersrule

In this sectionwe shall give somehints abouthow our logi-
calframework is powerful enoughto enablethe modellingof
regular belief functions combinationby meansof the well-
known Dempsters rule, althoughin a bit cumbersomevay
andprovided we work with a finite set Var = {p1,...,pn}
of propositionalariables.

Let usbriefly recallthatif m; andm- aretwo regularba-
sic beliefassignmentsn a finite 1/, thenthe (regular) basic
belief assignmenin; @ ms correspondingo the Dempster
rule combinationof m; andms is definedfor ) # X C W

as

Y,Z:YEO:Z:X
where k= ZY,Z:YnZ:(Z) m (Y)
ms)(0) = 0.

Thekey pointis that,in a sucha finite framewvork, givena
belief functionon formulas,we canaccesgo its correspond-
ing masddistribution. Similarly to thefactthatthebelief of a
Boolearmodality-freeformulay canbeobtainedasthe prob-
ability of themodalformulaO¢, thecorrespondingnassas-
signmentfor ¢ canbe gbtainedasthe probability of another
relatedmodalformulaOe. Indeedlet K = (W, e, R, u) be
a O-probabilisticKripke modelandlet el be its induced
belieffunction,i.e. belk (¢) = ||PO¢||x. Call mk its corre-
spondingnasdistribution. Assumep to bedecomposeih a
disjunctionof maximallyelementaryconjunctiongdmecs for
short) thatis, ¢ = V,¢,1n, Wwhereeachy is of theform

ApdAC A

iel JE{L,n NI

(m1 @ma)(X) =k~ my (V) -ma(Z),

- my(Z), and (my ®

—p;)

forsomel C {1,...,n}. Noticethatsincewe have n propo-
sitional variables,we have 2” mecs, call them, ..., 7on.
Thenonecanprove thefollowing lemma.
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Lemmal For eath modalityfreeBooleanformulay, |etE|go
standfor

@) A A D A-m)).

ne[e]
Then||POg||x = mx ().

Now, since we are able to identify massdistributions,
andsinceDempsters rule definesa new massmg from two
massesn; andms with productsandsums(availablein the
LTT andRLIT logics), therestis easy althougha bit cumber
someasalreadymentioned.Onehasto introducethreepairs
of modalitiesP;, 0;, for 7 = 1,2, 3, andconstructformulas
in the obviousway. Belief formulasnow will be built from
atomic belief formulasof the form P;0;¢, called B; ¢, us-
ing connectvesandtruth-constantérom LH%. Analogously
to the simplecase we canrestrictoursehesto belief Kripke
modelsof the form K = (W, e, bely, bels, bels), wherethe
bel;'s are belief functions/gn 21‘:. For eachnon-modalfor-
mulay, let usdenoteby (B; ® Bs)¢, thefollowing (cumber
some)formula:

@Pl O \/ ) © P82 \/ m5),
iel JjEJT
where I,J C {1,...,2"} are such that (\/,.;m) A
(V;esm) = . Noticethat,dueto Lemmal, thetruth value
of (J/B\1®]§;)go in themodelK = (W, e, bely, bels, bels) is
I(B1@B2)e¢|lk = >

XY CW:XNY =[¢]x

Thenlet FB(L113) belike FB(LITL) butrepeating=B(LI11)
axiomsfor eachpair of modalitiesandhaving
Pa0s(Vigr 1) =t ~4(©1,2(0) =11 @12(Viern:) (DR)
for eachnon-empty’/ C {1,...,2"} and

Ps03(0) =, 0 (DR2)
as additional axioms; analogouslywith FBsz(RLIT) and
FB(RLIT).

Corollary 1 LetT beabelieftheoryoverFB;(RLIT) andlet
@ bebeliefformula. Then, T F°° @ iff ||®|| per, et bets) = 1
for each triple of belieffunctions(bel; , bels, bels) modelof T
andwith bels = bel; ® bels. In particular,

T F° 7 =y Bapiff (bely @ bels)(p) > r,
for ead triple (bely, bely, bel; @ bels) modelof T

6 Final Remarks

In thisfinal sectionwe like to briefly commentaboutthe ex-
tensionof the approactdevelopedin the previius sectiongo
dealwith “general” belief functions. By generalwe mean
regular as well as singular i.e. belief functions bel such
thatbel(f) canbe positive. A d-spaceasdefinedin Defini-
tion 1 yields generabelief functions;if bel is singular(non-
regular),its regularizationis definedas

bel'(X) = (bel(X) — bel(D))/(1 — bel(B)).
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Thereis noroomfor full detailssowe shallonly sketchhow
anextensionof our approactcoveringthis canbedone.

The main point is that whendealingwith modallogic we
have to allow possibleworlds satisfyingd0 (where0 is the
truth constanfor falsity), i.e. to allow for worldsw suchthat
wRw’ for now’. Thereareseverallogics admittingthis but
to be ableto generalizedirectly our proofswe have to keep
thelogic asnearto S5aspossible.Our proposals motivated
semantically:call K = (W, R, e, u) a0’-probability Kripke
modelwherelV, e, u areasabove and R is a symmetrictran-
sitive relation, not necessarilyreflexive. The modal logic
whosemodelsare structuresof the form (W, R, ¢), whereR
is symmetricandtransitive,is known askB4, aweakerogic
thanS5 (whereaxiomT is dropped).

So swichting our basemodal logic from S5 to KB4, the
readermay go through Sections2 and 4 generalizingfrom
S5to KB4 andfrom regularbelief functionsto generabelief
functions. Thendefinethe logics FB' (L TT 1) and FB’(RLH)
modifying the definitions of FB-logics as follows: axioms
sub(i) areall KB4-tautologiesandsub(ii) all formulasP(«)
where « is ary normal KB4-tautology Finally, the com-
pletenessTheorem4 generalizesn the obvious way by re-
placingFB by FB’ anddeletingall occurrencesf the word
“regular”). It is importantto obsere that our generalized
fuzzy logic of belief functions can expressthe regulariza-
tion of a singularbelief function,namelyone cancheckthat
B'o = P(O1) = (P(C1)&P(Oyp)) expressesheregular
izedbeliefof .

Finally letuscommentow thisgenerabpproachalsocov-
ersgeneralbelief functionscombinationby meansof Dem-
sptersrule, actuallyin a simplified way. In sucha setting,
the (non-normalizedpempsters combinationof two masses
my andms is definedfor ary X C W as

(m @' ma)(X) = )

Y, Z2:YnZ=X

ml(Y) . mg(Z),

whereobviously now (m; @’ m»)(#) maybepositive, evenif

m, andmsy wereregular. Thenonecanjust follow the same
approactasin Sections anddefinethelogics FB;(LTT1) and
FB4(RLIT) asFBs(LI11) andFBs(RLIT) respectiely but re-
placingaxioms(DR1) and(DR2) justby this one

P363(Viel ni) =t (é\l ®§;)(Vi61 ), (DRYY)

for eachl C {1,...,2"}, with the conventionthatif 7 = @,

thenV/,; 7; is takenasthetruth constan®. Finally onecan
show that Corollary 2 still remainsvalid if we replacethere
normalizedDemsptercombination® by the non-normalized
versiong®’.
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Abstract

In a rational programminglanguage,a program
specifiesa situation facedby an agent; evaluat-
ing the programamountsto computingwhat a ra-
tional agentwould believe or do in the situation.
This paperpresentdBAL, arationalprogramming
languagefor probabilistic and decision-theoretic
agents.IBAL providesarich declaratve language
for describingprobabilistic models. The expres-
sion languageallows the descriptionof arbitrarily
complex generatie models. In addition, IBAL's
obsenation languagemalesit possibleto express
andcomposeejectve modelsthatresultfrom con-
ditioning on the obsenations. IBAL also inte-
gratesBayesiarparameteestimatioranddecision-
theoreticutility maximizationthoroughlyinto the
framawork. All theseare packagedogetherinto a
programminganguagehat hasa rich type system
andbuilt-in extensibility. This paperpresenta de-
tailedaccounbf thesyntaxandsemanticef IBAL,
aswell asanoverview of theimplementation.

1 Intr oduction

In a rational programminglanguage,a programspecifesa
situation encounteredy an agent; evaluatingthe program
amountgo computingwhatarationalagentwould believe or
do in the situation. Rationalprogrammingcombineshe ad-
vantagesf declaratve representationwith featuresof pro-
gramminglanguagessuch as modularity compositionality
andtypesystemsA systemdesigneneednotreinventtheal-
gorithmsfor decidingwhatthe systemshoulddoin eachpos-
sible situationit encounters.lt is sufiicient to declaratvely
describethe situation,and leave the sophisticatednference
algorithmsto theimplementorof thelanguage.

One canthink of Prolog as a rational programminglan-
guage,focusedon computingthe beliefs of an agentthat
useslogical deduction.In the pastfew yearstherehasbeen
a shift in Al towards specificationsof rational behaior in
termsof probabilityanddecisiontheory This papermpresents
IBAL, aprobabilisticrationalprogramminganguagel!BAL,
pronouncedeyeball”, standsfor IntegratedBayesianAgent
LanguageAs its namesuggestsit integratesvariousexpects
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of probability-basedational behasior, including probabilis-
tic reasoningBayesianparameterestimationand decision-
theoreticutility maximization.

IBAL makesfour main contribtutions. Thefirst is a highly
expressve languagdor representingrobabilitymodels that
is significantly more expressive than previous languages.
Second,IBAL integratesa languagefor probabilistic mod-
eling, Bayesianlearningand decisiontheory undera single
coherentsemanticframework. Third, it providesa unified
inferenceenginefor solving reasoninglearningand utility
maximizationproblemsthatgeneralizealgorithmsfor mary
standarckindsof models.Finally, IBAL is packagedogether
into a usableprogramminganguagewith featuressuchasa
strongtype systemandbuilt-in extensibility.

IBAL is designedwith threekinds of usersin mind. The
firstis thesystenmodelerwho maynotbeanexpertin prob-
abilistic reasoningFor this type of userthe basicsof thelan-
guageshouldbe reasonablyeasyto learn,andit shouldbe
fairly easyto comeup with decentmodelsfor mary domains.
This kind of userwill benefitgreatlyfrom a good selection
of librariesimplementingstandardinds of models. Also, a
good default inferencealgorithmis neededthat can be ex-
pectedo do reasonablyvell onalarge numberof models.

The secondkind of useris a modeling expert, who un-
derstandsvell theinferencealgorithmsfor probabilisticrea-
soning. For the expertuser the languageshouldprovide the
powerto carefullytweakthemodelbeingusedandto control
whatinferencealgorithmis usedto evaluatedifferentpartsof
themodel.

Thethird kind of useris the Al researchemwho maywant
to introducenew kinds of probabilisticmodelsand new in-
ferencealgorithms. IBAL makesit easyto introducenew
modelsvia libraries,andtheimplementatiorframewnork pro-
videssupportfor building new algorithmsandextendingthe
inferencecapabilitiesof the system.

Spacdimitationspreventafull descriptionof boththelan-
guageandtheimplementationn this paper Thenext section
providesa fairly detailedaccountof thelanguageandits se-
mantics. Section4 presentsan extendedexample,shaving
how the variouscomponent®f IBAL canbe usedtogether
to provide a declaratve implementatiorof a fairly complex
decision-theoreti@agent. Section5 presentsan overview of
themainfeaturesof theIBAL implementation.

733



2 Genealogyand RelatedWork

Themostdirectpresucrsoto IBAL is thelanguageof [Koller
etal., 1997, hereinaftereferredto asKMP97. KMP97 is
a Lisp-like languagesxtendedwith af | i p constructto de-
scriberandomevents.IBAL extendsKMP97 in a numberof
powerful ways. IBAL’s basicdefinition and expressionlan-
guagefor describinggeneratie probabilisticmodelsis simi-
lar to KMP97, but significantlyricher, particularlyin its use
of higherorderfunctions. In addition, IBAL usesobsera-
tionsto conditiondistributions,which allows it to easilyde-
scribea muchricher classof models. IBAL alsointegrates
decisionsaandlearninginto theframework, whicharenotpro-
videdby KMP97.

IBAL is alsoindebtedto recentwork integrating proba-
bilistic andfirst-orderrepresentatiotanguages.Two recent
strandsin thatdirectionarerelationalprobabilitymodels[ Pf-
effer etal., 1999, andstochastidogic programgMuggleton,
200d.

Otherprojectshave tried to integratean expressve mod-
eling languagewith at leastsomeaspectof learningor de-
cision theory Another project similar in spirit to IBAL is
DTGolog [Boutilier et al., 200d, which integratesdecision
theoryinto the Golog actioncacululus. It is basedon logic-
programmingatherthanthefunctionalprogrammingrame-
work IBAL uses.Also, its rootscanbetracedbackto Markov
decisionprocessesyhile IBAL's rootsarein Bayesiannet-
works. As a result, the two systemshave quite a different
approacho inferencefor example thereis no notionof vari-
ableeliminationin DTGolog. Also, DTGolog doesnot inte-
gratelearninginto the framework.

[McAllester, 2000 presentsa languagebasedon KMP97
for describingdecisionproblemsand the policies usedby
agentsandfor calculatingtheexpectedutilities of theagents.
Unlike IBAL, thereis no attemptto solve the decisionprob-
lem and computethe optimal policies. [Cumby and Roth,
2004 integrateslearning and reasoningin an expressie,
compositionalanguagebut onethatis not probabilistic.

3 ThelBAL Language

IBAL providesa declaratve languagefor describingproba-
bility distributions,parameteestimatiorproblemsandutility
maximizationproblems. The top level languagecomponent
in IBAL is ablock. A block consistsof a sequencef decla-
rations Therearea numberof kinds of declarationsinclud-
ing definitionsstatinghow valuesof thingsarestochastically
generatedpbservationsstatingthat somepropertyholds of
generatedialues;priors describingthe prior probability dis-
tributionsoverlearnablgparametersjecisiongdescribinghe
decisionghatan agentmakesandtheinformationit has;re-
wards describingthe rewardsan agentreceves; and prag-
matics containingcontrolknowledgeon how to performin-
ferencein a block. | will describesachof thesein turn. For
the sale of presentatiorl will presentthe semanticsof the
languagencrementallyas| discussachkind of declaration.
However, the discussion®f semanticsare somavhattechni-
cal,andcanbe skippedon first reading.
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3.1 Definitions

A definition stateshow the value associatedvith a nameis
generated.A nameis a symbolsuchasz; a chain is a se-
quenceof namessuchas z.y.z. A definition hasthe form
x = e, Wwheree is anexpressiornwith oneof theforms:

(Constant) " s wheres is asymbol
(Chain) o
(Function) AMz1,...,x,) > €
(Conditional) if e; E7 then e; el se e

wherer standsor a pattern,discussedbelow
(Dist) di st [piie1,-..,Pnl€n)

wherethe p; areprobabilitiessummingto 1
(Block) {b} whereb is ablock

(Application) eg(e1,...,en)
A patterndefinesaconditionthatmaybesatisfiedoy avalue.
Thenotatione = m standdor the predicatethatis trueiff the
value of expressiore satisfiesthe patternw. A patternmay
specifyequalityto a constanta chain,it maybethenegation
of apattern,or theconjunctionor disjunctionof two patterns.
In additionto the above expressionsyntax,the language
provides plenty of syntacticsugar suchas casestatements
andeasiersyntaxfor definingfunctions. Thereis alsoatype
systemdiscussiorof whichwill beomittedfor lack of space.
Theintuitivemeaningof adefinitionz = e is thatit defines
astochasti@xperimentgeneratinghevalueof z. Considera
simpleexample:
fair) =dist[0.5:h, 0.5: 1]
biased()=dist[0.9:’h, 0.1: ']

pick() =dist[0.5: fair, 0.5: biased]
coin = pick()
X ={y=coin(); z=coin() }

Intuitively, f ai r andbi ased are functionsthat return
either’ h or’ t with appropriateprobabilities. The function
pi ck is a higherorderfunction that returnseither the fair
or biasedfunction. The value of coi n is generatedy ap-
plying pick; it is eitherf ai r or bi ased. The expression
definingx is a block expression;x is a datastructurewith
componenty andz, both generatedy applyingthe value
of coi n. Chainsx. y andx. z aremutually dependentn
whethercoi nisf ai r or bi ased, but they are condition-
ally independengiivencoi n.

IBAL inheritsfrom KMP97 the ideaof usinglazinessto
allow infinitely long experimentgo be defined,only someof
whoseresultsmaybeneededFor example:
real()= { first=dist[0.5: 'zero,0.5:’one]

rest=real() }
lessthanhalf = real first)= "zero

Here,r eal definesa uniform distribution over realnum-
bers between0 and 1, representedby their binary ex-
pansion. Executingr eal involves an infinite recursion,
but only the first bit is neededto determinethe value of
| ess_t han_hal f , which is the value of a Booleanpredi-
catethatlooksonly atr eal . first. We canthink of exe-
cutingr eal lazily, to getthe singlebit needed.

I will now make theseintuitions precise. Thereare four
kinds of valuesin IBAL: (1) Symbolssuchas heads and
true; (2) A specialundefinedvalue,denotedby L ; (3) Com-
plex valuesthatconsistof anenvironmentwhichmapsnames
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to values;(4) Closues denotedz1, .. .,,) = e consisting
of formal paramaters, .. ., x,, bodye andervironmente.

A chaincanbeviewedasrepresentingfunctiononvalues.
Formally, if o is achainandv avalue,we defines(v) asfol-
lows: If o isempty o(v) = v. Otherwisejf v is notcomple,
o(v) = L. Otherwiseleto bez.o', andv' bethevalueasso-
ciatedwith z in v; theno (v) = o'(v'). To determinevhether
avaluesatisfiesa pattern,we needan environmentassigning
valuesto thevariablesappearingn the pattern.Formally, we
definev =¢ 7, meaningthatv satisfiesr in €, by v |=¢ 's
if v isthesymbols; v € o, if o(¢) = vandv # L; and
v E¢ - if v j£° 7w andv # L. v ¢ « for conjunctive
or disjunctive 7 is definedin the obviousway. Note that L
cannotsatisfyary pattern.

In orderto generatahe valueof anexpressiore, we need
anervironmente bindingthefreevariablesof e, andasource
of randomnesayhichis providedby aninfinite sequence of
i.i.d. realnumberse [0, 1). Formally, we will defineafunc-
tion {(e)”, meaninghevaluegeneratedor e in ervironment
€, givenrandomchoicesasin p. Thenotationp} is the sub-
sequencef p of elementswith index congruento ¢ modulo
n. This device allows usto split p into multiple independent
subsequencesHd[p] and Tl[p] indicatethe headandtail of
p. For constantchain,function, conditionalanddist expres-
sions,{e)“* is definedby:

(/8>€7P = 3

A(z1,.--,2n) = €)°* = (x1,...,T,) S e

(0)* = o(e)

< i f 61|:7r>€’p (e2)" ifvl=cn
t hen €9 = €05 if v =€ =
el se ej3 <f3) ifz';LW

wherev = (el)e’”f
(di st [prier, ..., ppien]) (eg)¢ 7!

WhereZ;;l1 pi < Hd[p] < 22:1 Pi

The valueof a block expressionis complex, anda defini-
tion z; = e; within the block resultsin the z; component
mappingto thevalueof e;. Eachdefinitionis evaluatedn an
ervironmentincluding bindingsfor namesappearingprevi-
ouslyin theblock. Furthermoreif e; is alambdaexpression,
thebindingfor z; is alsoaddedto the environmentin which
e; is evaluated,sothat z; is boundin the resultingclosure.
This allows recursve functionsto be defined.Formally:

{z1=e1;...52n = ein})e’p ={z1v1;...;%, 1 UL}
where v; = (e;)“"
and e = 1 €@ mifon .ol if ¢; is alambda
g €[z1...xi—1/v1...v;—1] otherwise

The final caseto defineis function application. To deter
minethevalueof eg(eq,. .., e,), we first computethe value
of eq. If it is nota closure theresultof the applicationis un-
defined.Otherwisewe evaluatethe bodyin the ervironment
formedby extendingtheclosureervironmentby bindingeach
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formal parameter; to thevalueof e;. Formally:

<e,>e'[w1...wn/v1...vn],p:¢§

X n+42
if (eg) " n+t = (z1,...,2n) LI
1 otherwise

n+2
wherev; = (e;)“"

aen))e’p

(eole1, - --

Note that the precedingdefinitionselegantly take careof
theissueof infinite experimentswith finite obsenations,such
asthel ess_t han_hal f exampleabove,withoutneedingo
make explicit useof lazinessin the semantics.The rule for
generatinghevalueof anexpressioronly useghechainghat
appeatin it. Furthermorea block expressionalwaysreturns
acomplex value.

The above semanticss an opemtional semantics show-
ing how a programconsistingof definitionsdefinesarandom
experimentfor generatingzalues.We alsoprovide a denota-
tional semanticdn termsof a probability measureover val-
ues. The underlyingprobability spaceconsistsof countable
sequence®f i.i.d. real numbersgenerateduniformly from
[0,1). A programZ definesa functionfrom sequenceto val-
ues,by Z(p) = ({b})**, wheree, is theemptyervironment.
If R isameasurablsetof sequencesandS is theimageof
R underZ, thenS is measurablandPr(S) = Pr(R).

Natural propertiesof valuesthat we would like to talk
aboutarein fact measurable For example,ary propertyof
theform o(v) = s is measurableWe canseethis by defin-
ing adepth-boundeévaluationfunction(e):’. Its definition
is the sameas above, exceptthat (), is always L, and),,
uses(),, , for evaluatingthe body of function applications.
In other words, valuesthat require a recursionto a depth
greaterthann will be undefined. Now, a programdefines
asequencef functionsZ;(p) = ({b});>*. It is clearthatthe
setR; = {p: o(Zi(p)) = s} is measurablasinceit only re-
quireslooking at a finite subsequencef p to determineif it
isin R;. ThereforehesetR = {p: o(Z(p)) = s} = U;R; is
measurableFurthermorethe abose argumentalsosuggests
an arnytime approximationalgorithm for computing Pr(S).
Sincethe R; are non-decreasingandtheir unionis R, the
probabilitiesof the R; area non-decreasingequencavhose
limit is Pr(R) = Pr(S).

3.2 Obsewations

Thelanguagealescribedsofaris similarto thatof KMP97, al-
beitwith arichersyntaxandtype systemanda morerefined
semantics. It can expressmary commonmodels,suchas
Bayesiametworks, relationalprobability models,stochastic
logic programs,hiddenMarkov models,dynamic Bayesian
networks and stochasticcontext free grammars. All these
modelsaregenertivein nature,definingan experimentthat
stochasticallygeneratesaluesfor variables.Therichnessof
themodelis encodedn theway thevaluesaregenerated.
Anotherflavor of probability modelis a rejectivemodel.
In a rejectve model, the datais generatecdy a very simple
processg.g. uniformly, but datathat fails to satisfycertain
constraintamayberejected.Therichnessf themodelis en-
codedin therejectionprocessA goodexampleof arejective
modelis a product of experts (POE) [Hinton, 200d. In a
POE, a datumz is generatediniformly, andthen passedo
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a setof probabilisticexperts. Eachexperti acceptsr with
someprobability p;(x) thatdependon a propertyof z. The
datais acceptednly if all expertsacceptit. The probability
of ary datumz is proportionatto [ |, pi(x).

IBAL is ableto expressrejectve modelsby makingobser
vationsanintegral partof the language.An observationis a
declarationof the form e = 7. Recallthatthis is the syn-
tax usedfor Booleanpredicates An obsenationis simply a
statementhata certainpredicates true.

Thus, for example,the generalschematidorm of a POE

model is expressed as follows.
generate() = ... (* produceauniformdatum®)
X = generate()

(* for eachexperti, thefollowing code*)
expery(x) = ... (* return’acceptor reject*)
experi(z) = ’'accept

Anotherkind of modelthat canbe expressedisingobser
vationdeclarationss aMarkov randontield (MRF). An MRF
is an undirectedanalogueof a Bayesiannetwork, but it can
alsobe viewed asa type of POE.An interestingeffect is at
work here.IBAL’s expressiodanguagealefinedirected gen-
eratve models,but the obsenationlanguagadmplementgshe
undirectednotion of a constraint. As a result,IBAL is able
to expressboth directedand undirectedmodels,and combi-
nationsof thetwo. It isimportantto stresghatobsenations
areanintegral partof thelanguageandnot somethingpasted
ontoamodelafterthefactin orderto conditionit. They can
occurwithin blocksandfunctions,andthereforethey canbe
composedogether just like generatire definitions. All the
power of a modular functionallanguages therebyextended
to rejectve models. Of course,IBAL also allows rejective
modelsto becombinedwith generatie models.For example,
onenaturalwayto build alanguagemodelis to usea stochas-
tic context free grammarastheinitial generatoof sentences,
andthenuseprobabilisticconstraintdo expressglobal prop-
ertieslike agreemenandsentencdength.

In definingthesemantic®f obsenationsin IBAL, onesub-
tle pointmustbestressedAn obsenationin ablock canonly
condition variablesdefinedwithin the block, not free vari-
ables. As far asa containingblock is concernedthe defini-
tion of a containedblock is consideredo be a black box. It
simplydefinesadistribution overthevalueof theblock, given
valuesfor the free variables. The containingblock neednot
concernitself with whetherthis distribution is definedgener
atively or rejectively. Failureto enforcethis rule would be a
seriousviolation of modularity

We gettheright effect simply by modifying the definition
of ({b})“” for thecaseof blockexpressionsNow, in addition
to definingvaluesfor eachof the component®f theblock, it
will alsomake surethatall the obsenationsin the block are
satisfied. If they arenot, the generatedraluesfor the block
arerejected,andthe processs repeated.The resultingdis-
tribution definedby the block is conditionedon the obsena-
tions beingsatisfied.lt is, of course possibleto definea set
of obsenationsthatfail with probability 1, in which casethe
attemptto generatea valuefor the block will go on for ever.
In that case the valueof the block is L. Note thatbecause
therejection/repetitiorprocessds containedwithin the block
itself, only the value of the block itself is conditionedby the
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obsenations,notthefreevariables.

3.3 Learning

Obsenations provide the basisfor integrating learning, in
the form of Bayesianparameterestimation,into the IBAL
framewvork. Unknown probability parametersare specified
usingprior declarationswhich have theform| earn z =

dirichlet [og:e1,...,an: €]
A prior declaratiorof this form achievestwo things. First,
it definesa probabilistic paramete®® = 67,...,6%, and

specifiesa Dirichlet prior overtheparameterThea; arepos-
itive realnumbersspecifyingthe the hyperparametersf the
Dirichlet. Seconda prior declaratioralsocreatesa definition
for z, equivalenttoz = di st [67 : eq,...,0% : e,].

We canview anIBAL programwith prior declarationss
specifyingajoint model thatdefinesajoint probabilitydistri-
bution over the model parameterandthe valuereturnedby
the program. Obsenationsconditionthe joint modelin the
standardBBayesianway. Let usrefinethe coinsexamplefrom
earlierby addingpriorsandobsenations.

fair() = {result=dist[0.5:’h, 0.5:'1] }

biased() =  {learnresult=dirichlet[90:h, 10: 1] }
pick() = {learnresult=dirichlet[1 : fair, 1 : biased]}
coin = pick().result

X =

{'y = coin().result, z = coin().result}
'h

X.y
A fair coinis known to produce h with probability0.5. The
probability of * h for a biasedcoin is unknawn, but its prior
is pealed around0.9, while the prior over which coin gets
pickedis uniform. As before,coi n istheresultof pickinga
coin,andx. y andx. z aretwo tosse®f coi n. Wealsohave
anobsenationthatx. y cameout’ h. This obsenationhas
multiple effects.First,because h is morelikely for abiased
coin, the probabilitythatcoi n is biasedis increasedwhich
in turn increaseghe probability thatx. z is’ h. The obser
vation also conditionsthe probability parameters.Because
coi n, aresultof applying pi ck, is likely to have turned
out biasedwe will geta posterioroverthepi ck parameter
thatis moreweightedtowardsa biasedresult. Furthermore,
becauseoi n may have beenbiased,andbecause tossof
coi n cameout’ h, the posteriorfor thebi ased parameter
is alsoweighedslightly morestronglytowardsheads.

With its learningcomponent|BAL is ableto do param-
eterestimationfor mary commonmodels,including hidden
Markov models,stochasticcontet free grammarsandprob-
abilistic relational models. Furthermore learningin IBAL
is not just “addedon” to the probabilisticrepresentatiotan-
guage,but is thoroughlyintegratedinto the language. As
a result, the benefitsof compositionalityand modularity are
obtainedfor representindearningtasks.In particular IBAL
is goodat representinga cumulatve learningframework, in
which smallermodelsare learnedand then usedas compo-
nentsof larger learning problems.  Justas obsenations
only conditionvalueswithin their scope they areonly used
to learnaboutmodel parametersvithin their scope. Thusa
compositionallearning processcan be specifiedby provid-
ing anestedscopecontainingall the dataandparametersor
a learningsubproblemanda containingscopethat usesthe
resultsof the subproblem.
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In definingthe semanticof learningin IBAL, we needto
get a subtlepoint correct. If a prior declarationappearsn
the body of a function, the sameparameteraluesshouldbe
usedevery time thefunctionis applied. This is fundamental
to learning— differentobsenationsof the samefunctionare
all obsenationsaboutthe sameparameter!This meansthat
in termsof the generatre semanticsthe parametewalueis
not returnedby eachapplicationof the function, but ratherit
is generatedvhenthe functionis defined,and storedaspart
of theclosurerepresentinghevalueof the functionobject.

To achieve this effect, we make the following definition.
The parameterslirectly insidea block arethe parametersf
prior declarationsdefinedin the block, that are not nested
in the body of a lambdaexpression. In the generatie pro-
cessthevaluesof the parameterslirectly insidethe body of
alambdaaregeneratedt thetime the closureis createdand
thesevaluesareusedfor all futureapplicationof theclosure.

Theremaindeof thesemanticstaysbasicallythe sameas
before. Whena definition resultingfrom a prior declaration
is encounteredherelevantparametevaluesarelookedupin
theervironmentandusedto choosewhich branchis taken,in
thesameway asfor adi st expression.

3.4 Decisionsand Utilities

The representatiorf decisionproblemsin IBAL is geared
towardstwo popularmodels: influencediagrams(IDs) and
Markov decisionproblems(MDPs). IBAL can easily rep-

resenttheseand other models, including various kinds of

structuredMDPs. A decisiondeclarationin IBAL hasthe

form choose z from sy,...,s, given o1,...,0m,.

This specifiesthe name z of the decision variable, its

rangess, ..., s,, andthe information available to the de-

cision malker, the chainsoy,...,0,, (called the informa-

tional parentsof z). A block may contain multiple de-

cision declarations,in which case we enforce the no-

forgetting rule of IDs, that the informational parents of

later decisionsalways include thoseof earlier decisions,as
well as the decisionsthemseles. A reward declaration
is eitherrecei ve case e of [m: r1,...,mp: 5] OF

recei ve ao. Thefirst form stateghattherewarddepends
onthevalueof e, andit is therealnumberr; associateavith

thefirst patterns; thatthe valuesatisfies.The secondstates
thatthe rewardis a timesthereward of o, wherea is a pos-
itive realnumber A block may have multiple reward decla-
rations,in which casethe total rewardis the sumof theindi-

vidual rewards.For example,atypical MDP is schematically
representedsfollows:

MDP(s)={ (* takescurrentstateasargument*)
transition(s,a¥ ... (* returnsnext state*)
reward(s,a) { rewardcase(s,a)of [('slial): 3,...] }
chooseafrom al,a2givens
next_state= transition(s,a)
currentreward= reward(s,a)
future_reward = MDP(next_state)
reward 1 currentreward
reward0.9futurereward }

Threepointsmustbe madeaboutthe representationf de-
cisionproblemsin IBAL. Thefirst is thateachblock consti-
tutesa distinct decisionproblem. A block with decisionsis
viewed asidentifying animplicit agentwho makesthe deci-
sionsandrecevesthe rewardsmentionedn the block itself.
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Decisionsandrewardsin nestedlocksimplementthe notion
of delegation; decisionsin the nestedblock do not consider
theireffectsonthecontainingblock. Thereasorfor enforcing
this interpretationis similar to the reasonobsenationsdon't
conditionvaluesoutsidetheir scopethealternatve would re-
sult in a seriousloss of modularity If anagentin a nested
block hadto beconcernedboutrewardsin thecalling block,
the decisiongfor the nestedblock would no longerbe deter
minedsolely by its free variables.Thereforea programcall-
ing the nestecblock couldno longertreatit asa blackbox.

The secondpoint to clarify is that it is assumedhat the
valuesof free variablesare alwaysknown to an agentmak-
ing the decisionsin a block. Onceagain,failure to enforce
this restrictionwould resultin a modularity problem. If the
agentdoesnot know the valuesof the free variables jt must
know thedistribution overthosevaluesin orderto make ara-
tional decision.But then,the distribution definedby a block
dependsot only on the valuesof the free variables,but on
their distribution. This is an unfortunaterestriction,sinceit
preventsIBAL from beingcapableof representing?OMDPs.
Thesituationcanperhapsesalhaged by borroving theidea
of belief statefrom POMDPs,andaddingit asan extra im-
plicit inputto the block.

The third point is the relationshipbetweenobsenations
anddecisionsn ablock. We assumehatall obsenationsare
known to the decisionmaker, evenif they appearexically
subsequento the decision. The reasonis that the obsena-
tions areviewed simply aspartof the definition of the prob-
ability distribution over the block’s values,andwe make the
assumptiorthatthe decisionmaler knows the correctdistri-
bution. A resultof this assumptions thatwe disallov obser
vationsstatemento mentionvariablesthat depend(directly
orindirectly) onthedecisionsn ablock. Thisrestrictionpre-
ventsthesemantic®f learninganddecisiondrom interfering
with eachother

In defining the semanticswe begin with utilities. With
every valuev we associate utility U(v). For non-comple
valuesU (v) = 0. For comple valuesU (v) is determinedby
the reward declarationsn the block in which v wascreated.
Recallthata complex valueis createdby ({b})“”. We ex-
tendthe definition of ({b})“* sothatit alsoproducesU (v)
after producingv. We setU (v) to be the sumover reward
declarationsR in b of Ug(v), definedasfollows. If R is
reward case o of m:ry,..., T 7y,

[ ifo(w) EC mando(v) € i forj <
Ur(v) = { 0 ifo) S mfori=1,...,n

wheree’ is the ervironmentresultingfrom extendinge with
thebindingsinv. If Risreward ao, Ug(v) = a-U(c(v)).
Now for decisions.A strategy d for block b is a decision
dp . for eachdecisionstatemen andeachvaluew of the
informationalparentsof D. Givenanervironmente in which
to evaluateb, anda particularstratey d, we defineafunction
U(b)3”, whosemeaningis the utility for b, givenstratay d,
bindingsof freevariablesin ¢, andrandomchoicesspecified
by p. Holding ¢, b andd fixed, this function is a random
variableon the spaceof sequences.Taking the expectation
of thisfunctionover sequenceproduceghe expectedutility;
the optimal stratgy for b is thenthe onethatmaximizesthis
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expectedutility. The definitionof ({b})“” now proceedsy
first choosingd* = arg maxy E,[U(b);;”],andthenprocess-
ing theblock asbefore,usingd* to choosahevaluesof each
decisionvariablegivenits informationalparents.

3.5 Pragmatics

The IBAL languageallows a wide variety of differentkinds
of modelsto be expressedThereis no singlebestinference
algorithmto usefor all models. While IBAL implementsa
good default algorithmthat shouldwork well in mary situ-
ations, it alsoallows the possibility of using othermethods.
The programmercan specify control knowledgeon how to
solveaprogramin theform of pragmaticdeclamations These
could eitherspecifywhatalgorithmto use,or detailsof how
to usea particularalgorithm,suchasspecificeliminationor-
deringsfor variableelimination.

Becausepragmaticdeclarationsare part of a block, they
only specifyhow to do inferencein thatblock andits nested
blocks.Furthermorepragmatiadeclarationsn anestedlock
canoverridethosein a containingblock. Thesefeaturesal-
low fine, modular controlover how inferenceis done,allow-
ing complex modelsto be built in which differentinference
methodsareusedfor differentcomponents.

It is anticipatedthat pragmaticdeclarationswill often be
usedby library designers.The userof a library is shielded
from thinking abouthow the library modelswill be solved.
This modularity of inferencemethodsmay turn out to be as
importantas modularity of representatiorin building com-
plex probabilisticagents.

4 Example

In this section,| illustrate how a declaratve high-level rep-
resentatiodanguagehat unifies probabilisticreasoningde-
cision theory and parameteestimationcan simplify andin-
tegrate the implementationof sophisticatedational agents.
Considerthe taskof implementingan automatedeceptionist
agent.Thejob of theagentis to receive spolenrequestover
thephoneandto respondo themappropriatelyRequestin-
cludeaskingfor directionsandtalking to a particularperson;
responseinclude giving directions,connectingto an exten-
sion,andaskingthecallerto repeatherequest.

In a decision-theoretidesignfor this agent,the agentre-
ceivesautility basedbnhow well its responsenatchegheac-
tualrequesbf theuser Of coursetheagentdoesnotobsene
theactualuserrequestput only a sequencef signals.In the
decisionrmodel,therewill beaprior distributionoverrequests
anda conditionaldistribution of signalsgivenrequests.

With existing tools, it is difficult to implement this
decision-theoretiadesign using a single, coherentmodel.
Instead,a typical implementationmight consistof several
componentsgachof which is probabilistic, but which are
stitchedtogetherin an ad-hocmanner Therewill typically
beaspeech-recognitiocomponenthatdetermineshelikely
wordsthat generatedhe receved signal; a languagemodel
that can determinethe probability that a particularrequest
generateda particular sentence;and a high-level influence
diagramfor decidingwhatto do. Theresultsof the speech-
recognizerand requestgeneratorare fed into the language
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model. The resultsof the languagemodel are fed into the
influencediagram. The overall resultmay not be a coherent
probabilisticmodel. Furthermoreit maybe hardto tailor the
componentdor their usein this application. For example,
gettingthe speeclrecognizeito recognizeunusuahamesof
individualsin the compaty might requirean extra engineer
ing effort.

With IBAL, the whole applicationcanbe describedusing
a single declaratve model. At a high-level, the generatie
modelconsistof threesteps:a requesigeneratiorfunction,
a functionthat generatesentencevasedon requestsanda
function that generatephonemesequencefrom sentences.
For the decision-makingcomponentthe agentis given the
phonemesequenceandchoosesresponseTheagents util-
ity is determinedrom therequestindtheresponseThehigh-
level codelookslik e this:

request make_request()

sentence= make_sentence(request)

phonemes: make_phonemes(sentence)
chooseaesponse.typfrom GiveDirectionsConnectRepeat
chooseaesponse.whérom fred, wilma

receve match(requestesponse)

I will now describejn turn, thethreegeneratie stepsand
the utility computation.The functionmake_r equest pro-
ducesarequest.A requesthasat ype field, whosevalueis
eitherGet Di r ect i ons or Tal k. A Tal k requestlsohas
awho field, whosevalueis a person.A personis a complex
valuewith threefields: nane, tit | e andext ensi on. In
atypical programminganguagethetype of nane would be
string, becausevhat we typically want to do with namesis
comparethem, readthem and print them. In this applica-
tion, however, the mostimportantthing abouta nameis how
it tendsto be pronounced.Thereforethe type of nane is a
function that stochasticallygenerates phonemesequence.
Thesameistruefortit| e. Themake_r equest function
is asfollows:

malke_request(F {
learnwho=[1: fred,1: wilma]
learntype=[20: GetDirections80: Talk]

Generatinghe requestinvolveschoosingtwo things: the
type of the request,andthe person,if the requests to talk
to a person.Both choicesaremadelearnable.The agenthas
lots of pastexperienceaboutwhat kinds of requestdendto
be generatedTheseareexpressedy obsenationstatements
asfollows:

rl = make_request()
rl.type |= GetDirections
r2 = make_request()
r2.type |= Talk

r2.who = wilma

Themake_sent ence functionproducesa sentencérom
arequest.A sentencas a list of words, eachof which is a
functionthatstochasticallyproduceslist of phonemesvhen
activated. Here | illustrate with an extremely simple sen-
tencegenerationmodel; in a real application,a more com-
plex grammarmodel might be used. Even this simple ex-
ampleillustratesthe power of passingarounddatastructures
that containfunctionsin fields. The sentenceyeneratosim-
ply slotsthe given person$ nameor title in the appropriate
place. ([z1; .. .; z,] is thelist containingz, . .. ,z,, and@
is thelist concatenatiolmperator)
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male_sentence(request)
if requestype = GetDirections
then[can;you;gve;me;directions]
else[connect;me;toj@
[dist[0.5:request.who.nam®,5:request.who.title]]

The make_phonemnes function takes a sentenceand
producesa list of phonemes. Since each word in the
sentenceis a function that generategpphonemesequences,
nmake_phonenes justexecutesachof thewordsin thesen-
tenceandconcatenatetheresults.Theindividualword mod-
els would probablybe hiddenMarkov Models,and may be
partof aspeechrecognitionlibrary. Unusualnamesof people
may not bein the generichMM library, but the library may
provide afunctionthatcreatesanew, trainablehMM thatcan
belearnedfor aparticularname.

male_phonemes(sentence)
if sentencés_empty
then[]
elsehead(sentence)@ make_phonemes(tail(sentence))

Finally, the utility modeltakesthe requestand response,
andproducesutility of 1if therequesmatchesheresponse.
If theresponsés RepeatPleasdhe utility is 0. An incorrect
responséasutility -5.

match(request,response}
correct=
(requestype = GetDirectionsA
responsgype = GiveDirections)v
(requestype = Talk A
responsgype = ConnectA
requeswho |= responsavho)
receve
if correct
thenl
elseif responsgype = Repeat
thenO
else-5

}

5 Implementation Overview

Theinferencetasksin IBAL areto estimatethe learnablepa-
rametersto computethe utility maximizing decisions,and
to solwe for the conditionaldistribution over variouschains,
given valuesfor other chains. The tasksare accomplished
in thatorder Sincedecisionscannotinfluenceobsenations,
they areirrelevantto the learningtask. Oncethe parameters
have beenlearned,the expectedutility for any stratgyy can
be computedandthe decisiontask canbe solved. Oncethe
decisionshave beenfixed, the distribution over all valuesis
known andthe probabilisticreasoningaskcanbe solved.
IBAL is implementedin Objectve CAML, a variant of
ML. The designof the implementationis divided into four
parts.Thefirst components afrontendconsistingof aparsey
type checler, andtranslatoywhosejob is to producecodein
shallowform. In shallav form, nestedsubexpressionsrere-
placedby chains,andonly simplepatternsareallowed. The
seconccomponents a setof supportmodules Theseinclude
a ubiquitouspolymorphiccontainertype implementingeffi-
cient mapsfrom chainsto valuesof ary kind, aswell asa
generaimplementatiorof events which aremeasurablsets
of values,andfactors, which aremeasurabléunctionsfrom
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valuesto element®f aring. Eventsandfactorssupportavery
generalizedrersionof thevariableeliminationalgorithm.

The third componentimplementsthe main line of infer-
ence. The main line begins with codein shallav form, and
proceedghrougha sequencef steps. The first stepis do-
main geneamtion in which the supportD(c) of eachchain
usedin the programis computed. Domain generationuses
rulessuchasthefollowing: for adefinitionw = di st [p; :
O1y---,Pn : 0p], D(w) is the union of the D(o;). Domain
generatioralsousesobsenationsto restrictthedomains.Do-
main generationrmay be followed by an optional constaint
propagation step, which further restrictsthe domains, by
propagatingobsenationsbackthroughthe definitionsin the
program. Constraintpropagationmay be worthwhile since
it is cheapetthanthe full-scale variableelimination process
performedater.

The secondstepis to computethe neededchainsthat are
actually relevant to answeringa query Theseinclude all
chainsthat influencequery variablesor obsened variables,
directly or indirectly. This computationstepis particularly
importantin recursve modelssuchasstochastigrammarsit
deducesfor example,thatin orderto determinewhetherthe
first word of a sentencas “the”, only the first non-terminal
needbe expandedat ary stage(assuminghereareno e pro-
ductions).

The key stepin the mainline, factor production corverts
eachdefinitionin the programinto a setof factors.Thegoal
is to producefactorsthat are as simple aspossible;dummy
variablesmaybeintroducedo achieve this. For example for
a definitionz = y, supposer andy arecomple, with z.a
andz.b needed.Two separatdactorswill be producedone
enforcingthatz.a andy.a areequal,andtheotherfor z.b and
y.b. Foradefinitonz = dist [p; : 01,...,pn : 0], @
dummyvariabled is introducedjo representvhich branchis
actuallytaken. Thedummyvariablesenesto separat¢he o;
from eachother;withoutthe dummyvariable they would all
haveto appeain thesamefactor A setof factorsis produced
for eachbranchi, sayingthatif d takesthevaluei, thenthe
component®f z ando; musthave the samevalue, but if d
takesary othervaluethis branchis irrelevantandthereis no
constrainton x ando;. An additionalfactor sayingthat d
takesvalue 1 with probabilityp, ..., n with probability p,,
is alsoproduced.

The final solutionstepis variable elimination asis com-
monly usedfor BN inference. The setof factorscomputed
by factorproductionrepresenta sumof productsexpression.
All variablesexceptfor queryvariablesandfree variablesin
a block areeliminatedfrom the factors,andthe resultis the
conditionalprobability of the queryvariablesgiventhe free
variables All solutionstepsexceptfor thefinal variableelim-
inationarerecursve;arecursvecall is usedo processested
blocksandfunctionapplications.

Thefinal componenbf theimplementatioris the gluethat
holdseverythingtogether Eachof thesolutionstepss turned
into a dynamicprogrammingalgorithm,whereall recursve
calls are looked up in a cachebefore solving them explic-
itly. Also, aniterative deepeningstratay is usedto provide
anarytime approximatioralgorithmfor queriesthatmaynot
terminate. Theserecursionstratgies are implementedn a
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generic,modularway. For example,adynami c functionis
providedthattakesa recursie algorithmandproducesa dy-
namicprogrammingversionof the samealgorithm.Theglue
is alsoresponsibldor handlingpragmatics.

The glue is implementedusing a programmingtechnique
in which a recursve function f takesa specialargumentg.
When f recursesfatherthan calling itself directly, it calls
g. Thus f is a function with a “hole”, which needsto be
filled in. All the recursionstratgies can be implemented
asways of filling in the hole. The simplestway to fill in
the holeis to plug f into itself, which givesthe basicrecur
sion pattern. But anotherpossibility is to definea function
cached(f) which looks for aresultin a cachebeforecall-
ing f, calls f if theresultis not found, andstoresthe result
of calling f in the cache.If cached(f) is pluggedinto it-
self, theresultis adynamicprogrammingalgorithmbasecbn
f. Similarly, dept h- bounded(n, d, f) producesa version
of f thatstopsrecursingafterarecursiondepthof n, return-
ing d instead. Recursionstrategies can be composedising
the methodof functionswith holes. This providesa nice,
modularway to dealwith multiple inferencemethods.Each
inferencemethodis invoked by a pragmaticshandlerthat
recognizesa particulartype of pragmaticdeclaration. The
pragmatichandlerscanbe installedon top of eachother, so
that every recursve call resultsin the all the handlersbeing
checled. Theinferencemethodsthemselesdo not needto
know whathandlersareusedfor therecursve calls.

All three inferenceproblemsuse dynamic programming
with the main line of inferencedescribedabore. Decision
making is basedon ID algorithms,using backward induc-
tion to solve the decisionsin a block from the bottom up.
For MDPs, the algorithmreducedo valueiteration(because
of the dynamicprogrammingcomponent)with reachability
analysis(becausenf the domaingeneration). For the prob-
abilistic reasoningtask, all reasoningis directedtowardsa
particularquery; pruning of the problemto thosevariables
requiredfor the query is accomplishedby computingthe
neededchains. For probabilisticreasoningtasks,the algo-
rithm reducesto regular variable elimination for standard
BNs, while the dynamic programmingmalkesit equialent
to forward-backvardfor HMMs andtheinsidealgorithmfor
SCFGs.Finally, parameteestimationusesa generalversion
of the EM algorithmto computemaximuma-posterioripa-
rametervalues. This is only an approximationto the true
Bayesiarposteriorof course . The E stepconsistof usingthe
maininferenceine to computehow mary timeseachbranch
wastakenfor eachprior declaration.Thesearethe expected
sufficient statistics.The M stepcombinegthe expectedsuffi-
cientstatisticswith the Dirichlet hyperparameteit® produce
new parametevaluesthathave maximumposteriorprobabil-
ity giventhe expectedsuficient statistics. Again, the com-
bination of variableeliminationwith dynamicprogramming
resultsin the algorithmreducingto the typical EM usedfor
BNs, Baum-Welchfor HMMs, andthe outsidealgorithmfor
SCFGs.

| do not claim thatIBAL will be an efficient inferenceal-
gorithm for all applications. Someproblemsareinherently
hard,or requirespecialmethodsanda variety of algorithms
is needed. | do believe that IBAL integratesa numberof
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widely usedmethods,and therebyprovides a good default
algorithm. Furthermorethe supportmodulesandglue make
it easierto extendthe systemwith alternatve methods.

6 Conclusionand Future Work

IBAL is a rich declaratve programminglanguagefor de-
scribing probabilistic models, decisiontheoretic situations,
andBayesiarparameteestimationproblems.This paperhas
presentech syntaxand semanticdor the language,and an
overview of animplementatiorwith probabilisticreasoning,
utility maximizationandparametefearning.

Futurework on IBAL is divided into implementatioren-
hancementshat are practically useful but not too theoreti-
cally challenging,and moresignificantextensionsto the ex-
pressve power of thelanguagePlansin thefirst categoryin-
cludeimplementinga variety of approximatesolutionmeth-
ods;providing librariesto implementcommonkinds of mod-
els,andusefulstructuresuchassetsof objects;andextend-
ing thetype systemto includealgebraicdatatypesandpoly-
morphictypes,modeledon ML.

Oneof the main future tasksin the secondcategory;, is to
supportthe learning of model structureas well as parame-
ters. In keepingwith the philosophythat everythingthatcan
be donein IBAL shouldbe thoroughlyintegrated,this will
requirea muchricherlanguagewith which to expresspriors,
including priors over structure.Anotherimportantextension
is to provide away to describehow anIBAL agentinteracts
with its environment;in otherwords,to provide adeclaratve
descriptionof the /O capaboilitiesof theagent. A final task
is to allow multiple agentsinto the IBAL framework. Not
only would this allow IBAL to be usedfor modelinggame-
theoreticsituations,it would also provide a way to describe
agents’'modelsof otheragents.While thesetaskspresenta
rangeof interestingandchallengingissues)BAL providesa
goodfoundationwith whichto begin tacklingthem.
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Abstract

A new, general approach is described for ap-
proximate inference in first-order probabilistic lan-
guages, using Markov chain Monte Carlo (MCMC)
techniques in the space of concrete possible worlds
underlying any given knowledge base. The sim-
plicity of the approach and its lazy construction of
possible worlds make it possible to consider quite
expressive languages. In particular, we consider
two extensions to the basic relational probability
models (RPMs) defined by Koller and Pfeffer, both
of which have caused difficulties for exact algo-
rithms. The first extension deals with uncertainty
about relations among objects, where MCMC sam-
ples over relational structures. The second exten-
sion deals with uncertainty about the identity of
individuals, where MCMC samples over sets of
equivalence classes of objects. In both cases, we
identify types of probability distributions that al-
low local decomposition of inference while encod-
ing possible domains in a plausible way. We apply
our algorithms to simple examples and show that
the MCMC approach scales well.

1 Introduction

Recent work in AI has made clear the advantages to be de-
rived from combining probability theory with (at least some
of) the expressive power of first-order logic [Wellman ez al.,
1992]. We will call languages that exhibit such a combina-
tion first-order probabilistic languages (FOPLs). The abil-
ity to handle objects, relations, and quantification gives such
languages a huge advantage in representational efficiency in
certain situations. To take a purely logical example: the rules
of chess can be written in about one page of Prolog but re-
quire perhaps millions of pages in a propositional language.
A recent thesis on first-order probabilistic languages [Pfeffer,
2000] describes a battlespace management system involving
potentially thousands of objects whose relationships are un-
known and changing. [Pasula et al., 1999] describe a freeway
traffic surveillance involving probabilistic inference about the
identities and properties of thousands of vehicles. These ap-
plications would be infeasible without some ability to specify
and reason with FOPL knowledge bases.
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The semantics of FOPLs are based on the idea that each
model of a FOPL knowledge base should be viewed as a prob-
ability measure over the possible worlds (logical models) de-
fined by the constant, function, and predicate symbols of the
knowledge base [Halpern, 1990]. Although “wildly undecid-
able” in full generality, highly restricted FOPLs appear to be
practical, especially with finite models. Two threads have
arisen, based on semantic networks (e.g., [Koller and Pfef-
fer, 1998]) and logic programming (e.g., [Sato and Kameya,
1997]).

In this paper, we focus on the family of relational probabil-
ity models (RPMs) [Pfeffer, 2000], although our ideas apply
equally to other languages. RPMs, like semantic networks,
are based on classes containing instances, with each instance
possessing attributes. (See Section 2 for details.) RPMs al-
low one to specify probability distributions over the attribute
values of an instance, either directly or via inheritance from
classes. These distributions may depend on other attribute
values of the instance or of other instances. For example, a
PhD student’s success may depend on the fame of his or her
advisor.

[Pfeffer er al., 1999] describe an exact inference algorithm
for RPM knowledge bases called structured variable elimi-
nation (SVE). Roughly speaking, SVE applies the variable
elimination algorithm [Zhang and Poole, 1996] to a dynami-
cally constructed Bayesian network whose nodes are all those
ground propositional variables defined by the knowledge base
and relevant to the current query. SVE derives an efficient
variable ordering from the structure of the knowledge base
and reuses computation results where possible. It is often
able to answer queries involving hundreds of variables in a
few seconds.

Despite SVE’s excellent performance, its runtime is at least
exponential in the size of the largest clique in the optimal tri-
angulation of the network. The expressive power of RPMs
makes it very easy to construct knowledge bases whose cor-
responding Bayesian networks have very large cliques. For
example, [Pfeffer, 2000] describes a model for matches in
a sports league. The knowledge base consists of a single,
generic conditional distribution for the outcome of a match
given the quality of the two teams, a single prior distribution
for the quality of the teams, and the results of some matches.
If every team plays every other, then the team qualities form
a clique in the corresponding Bayesian network and the infer-
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ence cost is exponential in the number of teams. Similar prob-
lems will arise in any application in which there are complex
relationships among large numbers of objects—i.e., precisely
those domains for which FOPLs are really necessary.

The situation is exacerbated when the RPM language is
extended to allow for structural uncertainty—i.e., uncertainty
about which probabilistic dependencies actually exist. We
consider two forms of structural uncertainty:

reference uncertainty: the value of a relational attribute
may be uncertain—e.g., we may not know which of two
professors is the advisor of a certain student;

identity uncertainty: we may not know whether two objects
in the knowledge base are the same—e.g., when we see a
red bus at two different camera locations on the freeway.

Each of these extensions may lead to Bayesian networks
whose size alone causes difficulties and whose high connec-
tivity makes exact inference completely impractical. For ex-
ample, the inference problem in the freeway surveillance ap-
plication of [Pasula et al., 1999] is known to be #P-hard, i.e.,
almost certainly exponential in the number of vehicles.

The solution proposed by [Pasula et al., 1999] is to use
a Markov chain Monte Carlo (MCMC) algorithm (see Sec-
tion 3 for details). The algorithm samples from possible
matchings among vehicles, converging (in some cases poly-
nomially) to approximately correct probabilities. Often a few
hundred samples suffice for a state space of 21990 states. The
states being sampled are essentially the possible worlds de-
fined by the constant symbols (observed vehicles) and pred-
icates (equality) of the knowledge base. This approach—
sampling possible worlds with MCMC—can be turned into
a general inference algorithm for first-order probabilistic lan-
guages, as suggested by [Russell, 1999; Pfeffer, 20001].

In this paper, we investigate MCMC on possible worlds
as an inference method to handle reference uncertainty (Sec-
tion 4) and identity uncertainty (Section 5). We show how
the possible worlds may be constructed dynamically and how
the transition probabilities may be computed efficiently. For
the case of transitions involving a referentially uncertain rela-
tional attribute value, we identify a large family of conditional
distributions that render the calculation independent of all but
the particular values involved in the transition. We illustrate
the algorithms using simple examples and give experimental
results suggesting that the algorithms scale well.

2 Relational probability models

The following definitions are adapted from [Koller and Pfef-
fer, 2000]. A relational probability model, in its most basic
form, consists of

o A set C of classes denoting sets of objects, related by
subclass/superclass relations.

o A set 7 of named instances denoting objects, each an
instance of one class.

o A set A of complex attributes denoting functional re-
lations. Each complex attribute A has a domain type
Dom[A] € C and a range type Range[A] € C.
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Figure 1: The simple RPM defined in the text, with its associated
conditional probability models.
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Figure 2: Bayesian network structure generated from the RPM in
Figure 1. The advisor relationship, being certain, doesn’t appear.

e A set B of simple attributes denoting functions. Each
simple attribute B has a domain type Dom[B] € C and
arange that is a finite, enumerated set of values Val[B].

e A set of conditional probability models P(B|Pa[B])
for the simple attributes. Pa[B] is the set of B’s par-
ents, each of which is a nonempty chain of (appropri-
ately typed) attributes o0 = A;.---.A,.B’, where B’ is
a simple attribute. Probability models may be attached
to instances or inherited from classes.

For now, we will assume that the values of all the complex
attributes are known (no reference uncertainty), and that ev-
ery instance is distinct (unique names assumption, hence no
identity uncertainty). Thus, a possible world is defined by the
values of the instance variables—the simple attributes for all
named instances.

Consider the following very simple RPM. There are two
classes, Student and Professor, and two instances, Student,
and Prof;. There is one complex attribute, advisor (map-
ping Student to Professor) and the advisor of Student;
is Prof,. There are three simple attributes, all Boolean:
success of a Student and fame and $$ (funding level) of a
Professor. For any Student s, s.success has one parent,
s.advisor.fame, with an appropriate conditional distribution.
For any Professor p, p.fame has no parents and a simple prior
distribution, while p.$$ depends on p.fame. Figure 1 shows
the knowledge base with probability distributions and Fig-
ure 2 shows the Bayesian network structure for the attribute
variables definable from the knowledge base.
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3 Markov chain Monte Carlo algorithms

MCMC [Gilks ef al., 1996] generates samples from a pos-
terior distribution 7(z) over possible worlds x by defining
a Markov chain whose states are the worlds = and whose
stationary distribution is 7w(x). In the Metropolis—Hastings
method (henceforth M-H), transitions in the Markov chain
are constructed in two steps:

e Given the current state x, a candidate next state is gener-
ated from the proposal distribution q(z'|x), which may
be (more or less) arbitrary.

e The transition to =’ is not automatic, but occurs with an
acceptance probability defined by

m(z")q(x]a’)
m(z)q(z'|z) >

It is not necessary that all the variables of state = be up-
dated simultaneously, in a single transition function. Single-
component M-H alters each variable in turn. It is also possible
to factor ¢ into separate transition functions for various sub-
sets of variables. Provided that ¢ is defined in such a way
that the chain is ergodic, this transition mechanism defines a
Markov chain whose stationary distribution is 7(x).

The Gibbs sampling algorithm for Bayesian net-
works [Pearl, 1988] is a special case of Metropolis—Hastings
in which the proposal distribution samples a single variable
X; using the distribution P(X;/mb(X;)), where mb(X;)
denotes the current values of the variables in the Markov
blanket of X; (its parents Pa[X;], children Y}, and children’s
other parents). In this case, the acceptance probability is
always 1. One can show easily that

a(z'|z) = min <1,

P(Xijmb(X;)) = aP(X;|Pa[X;])) HP(YJ'IPG[YJ']) (D

Gibbs sampling is very simple and also local: transitions are
generated referring only to parts of the model directly con-
nected to the variable in question. Hence, the cost per transi-
tion is typically independent of model size. M-H sampling is
also typically local because all the parts of the model that are
not changed by the transition cancel in the ratio 7 (z') /m(x).
In particular, if the proposal concerns a single variable X,
this ratio reduces to P(z}|mb(X;))/P(z; mb(X;)), where
x is the proposed value of X; and z; is its current value. The
M-H algorithm, unlike Gibbs, has the added advantage that
the transition may often be computed without referring to the
other values of X; at all, as we will see.

4 Reference uncertainty

Reference uncertainty arises whenever relations among ob-
jects, as described by complex attribute values, are not known
with certainty. For example, we may be unsure as to which of
three professors is Student;’s advisor. We need to be able to
describe this uncertainty and to specify the dependencies that
influence it. The following definitions are adapted from [Pf-
effer, 2000]:

e With each complex attribute A, we associate a sim-
ple reference arttribute ref[A], such that Val[ref[A]]
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Figure 3: Bayesian network structure with reference uncertainty
about Student, .advisor. The reference attribute is shown in a double
oval.

is a finite, enumerated set of named instances. (Where
no confusion arises, we may drop the ref[-] and
use the attribute name itself.) Dependencies are
expressed as before by a conditional distribution
P(ref[A]|Palref[A]]). The parents of re f[ A] are those
attributes or attribute chains that influence the choice of
an instance as the value of attribute A.

e Reference uncertainty modifies the definition of attribute
chains. Suppose that an attribute B depends on the par-
ent chain o = A;.---.A,.B’. Any of the complex at-
tributes in the chain may be uncertain. Then the parent
variables for B are all the instance variables reached by
the chain for all possible combinations of values of all
the uncertain complex attributes, as well as all the refer-
ence variables for those attributes.

The simple example of Figure 1 can be extended to include
reference uncertainty, if Student;.advisor is unknown. We
define a reference attribute re f[Student, .advisor] with range
(say) {Profy, Prof,, Profy}. The choice of advisor depends
(generically) on the funding (Prof.$$) of each candidate,
which depends (generically) on Prof.fame. This gives the
instance-variable network structure shown in Figure 3. Ob-
viously, when reference attributes have many possible values,
very large implicit network structures can result.

4.1 Exact inference with reference uncertainty

As mentioned above, the runtime of any variable elimination
algorithm is exponential in the size of the largest clique in the
optimally triangulated graph. Looking at Figure 3, it is ap-
parent that a straightforward application leads to two “large”
cliques: one containing Student; .success and its parents, and
one containing re f[Student, .advisor] and its parents. In gen-
eral, these will have n + 2 and n + 1 members respectively,
where n is the number of possible values for the reference
attribute. Thus, inference cost grows exponentially with this
number.

[Pfeffer, 2000] observes that at least one of these cliques—
the one associated with Student;.success—can be decom-
posed. Given a known value for ref[Student, .advisor],
Student, .success does not depend on the fame of other pro-
fessors (Figure 4). This is an extreme form of context-specific
independence, and allows the n + 2-variable factor to be re-
placed by a product of n 3-variable factors in the variable
elimination process. This decomposition applies in general
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to variables that have referentially uncertain parents.

Unfortunately, the clique associated with the reference at-
tribute itself—re f[Student, .advisor] in this case—cannot be
decomposed. We are left with a network structure that seems
(in general) to be intractable for exact inference. The situa-
tion becomes worse still as more complex interactions occur
among several reference attributes.

4.2 MCMC inference with reference uncertainty

In our approach, we extend the MCMC algorithm commonly
used on Bayesian networks by augmenting the Markov chain
state space to include reference variables denoting relational
uncertainty, and defining appropriate transition functions.
Simple attributes, such as Student, .success, use Gibbs sam-
pling as usual—and context-specific independence can some-
times be used to simplify those steps further. Reference at-
tributes, such as re f[Student, .advisor|, depend on a slightly
more involved M-H step.

The Gibbs steps

In what follows, we abbreviate Student, to Sy, advisor to
a, and so on. Let us consider an extended version of Fig-
ure 3 with n potential advisors. Let the current value of Si.a
be P;. Suppose we want to apply Gibbs sampling to P;.f
(Prof; fame), where j # i. By Equation (1), the sampling
distribution is

OéP(Pj.f)P(Pj-$$|Pj.f)P(Sl.S|P1.f, ..
= OéP(PJf)P(PJ$$|PJf)P(Sls|PZf, Sl.a:Pi)
= Oé’P(PJf)P(PJ$$|P]f)

The first step of this derivation uses the fact that S;.s de-
pends only on the fame of S;’s advisor, P;.f, and not
on other professors; the second step simply observes that
P(S1.s|P;.f, S1.a=F;) is constant w.r.t. P;.f. Thus, when
the reference attribute is instantiated, sampling operates ex-
actly as if the links from non-selected parents were nonex-
istent. The same holds when sampling a child of the refer-
ence variable (e.g., S1.s). Thus, while reference variables re-
main constant, the network has a simplified form, such as that
shown in Figure 4. MCMC sampling on this simpler network
should converge quickly. When the value of the reference
variables changes, however, so does the effective structure of
the network. We now address this issue.
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.,Pn.f,Sl.a:Pi)

The Metropolis—Hastings steps

Gibbs sampling for a reference variable with n values in-
volves considering n possible network structures, so we ap-
ply M-H sampling instead. M-H proposes a single new value
for the reference variable, and then decides whether to ac-
cept it. (We can ignore the proposal distribution, which we
will assume for now is uniform and hence cancels.) For the
transition from S;.a = P; to S;.a = P;, then, we need (from
Equation (1), and simplifying based on known values of the
reference variable) the ratio

P(Sl.a:Pj|P1.$$, .. ,Pn$$)P(518|P]f, Sl.a:Pj)
P(Sla:Pl|P1$$,,Pn$$)P(Sls|PZf,Sla:Pl)

At first sight, it seems that calculating this ratio requires ac-
cessing the current values of P;.$3%,. .., P,.$$, i.e., the fund-
ing levels of all possible candidate professors, even though
the transition involves just two of them. (This is because the
probability of picking any one advisor does depend on the
funding levels of all candidates.) In turn, this requires that all
those nodes be constructed and instantiated, which we prefer
to avoid if possible.

It so happens, fortunately, that conditional distributions for
“selecting” a value for a relational attribute, given properties
of a set of candidates, may have some structural properties
that simplify the task. Suppose, for example, that for all i,

f(P;.$9)
P(S1.a=P;|P,.%%,...,P,.39%) S F(Fr.59)

for some arbitrary function f. Then, in the transition prob-

ability ratio given above, the summations ), f(Pj.$$) can-
cel, leaving

f(PJ$$)P(518|PJf, Sl.a = P])
which does not mention any values for the reference variable
besides P; and P;. The property of conditional distributions

that we require is satisfied by some well-known conditional
distributions, including the softmax distribution:

eYi

- Ek eYr

Softmax is indeed a reasonable model for selecting an advisor
based on funding.

P(X=ilYi=y1,....Yn=yn)

The complete algorithm

Once we put the two types of steps together, the complete
algorithm alternates between ordinary Gibbs steps on a sim-
plified network and M-H steps altering the network structure.
It should be noted that different network structures may result
in different sets of variables being, at any given time, relevant
or irrelevant to the query. Our approach restricts computation
to variables that are strictly relevant [Zhang and Poole, 1996]
according to the current structure.

A further possible enhancement is lazy construction of the
Bayesian network. The network can, e.g, be grown “from
the query outwards”, with nodes added as they are needed to
sample a node currently in the network. (Structural variables
are, like others, instantiated on creation, yielding a network
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Figure 5: MCMC convergence on a simple example with three pro-
fessors and one student. The exact probability is 0.361 (horizontal
line). Each point represents the estimate from one of 10 Markov
chains after a given number of samples (log scale). The dotted line
shows the average of the 10 individual estimates.

in the usual simplified format.) If necessary, nodes may then
be discarded when they become irrelevant to the query un-
der the current network structure. By using an “intelligent”
M-H proposal, as discussed in Section 6, we can also focus
computation on variables that are “important” to the query—
perhaps visiting only an infinitesimal fraction of the poten-
tially relevant variables—without sacrificing the guarantee of
convergence to correct probabilities in the limit. This should
permit us to apply our approach to very large, or even infinite,
knowledge bases.

4.3 Experimental results

To check our algorithm, we applied it first to the knowledge
base with reference uncertainty, no identity uncertainty, and
three professors. In this case, the algorithm generates and
evaluates the network shown in Figure 3. We set values for
fame or funding for each professor, and queried the posterior
probability of Student, .success. In this tiny model, we can
compute the exact value for comparison. The MCMC esti-
mates in Figure 5 clearly converge to the correct value.

We also tested the scalability of the algorithm by trying it
out on various types of networks of increasing size. As an ex-
ample, let us consider networks with n professors and 4n + 1
students, each of whom could have any one of the professors
as advisor. We specified the success (or otherwise) of 4n stu-
dents and queried the success of the last. Figure 6 shows the
inference cost as a function of the total network size. Because
we cannot compute the exact values for all n, we use a stan-
dard convergence diagnostic due to [Gelman, 1996], check-
ing against the exact values for small n. The resulting graph
appears to be linear in the size of the network. It would ap-
pear that, for this type of network, the sampling algorithm
scales well. Note also that cost is measured in terms of single-
variable state transitions performed by the algorithm, hence
the number of transitions per variable to reach convergence
is approximately constant, regardless of network size. This
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Figure 6: MCMC convergence as a function of network size. The
y-axis measures the number of state transitions required to reach a
preset convergence threshold for a standard diagnostic. The straight
line is a regression fit to the data, which is averaged over 20 trials.

held in all our experiments, including experiments (not re-
ported here) on genetic inheritance with uncertain parentage,
where the number of cascaded reference variables increases
with n.

5 Identity uncertainty

Standard relational probability models [Pfeffer, 2000] incor-
porate the unique names assumption, i.e., the assumption that
each instance present in the knowledge base corresponds to
a different object in any given possible world. When this as-
sumption is removed, we must consider the possibility that
several instances may denote the same object. Identity un-
certainty is especially prevalent in settings where an agent
perceives multiple objects over time [Pasula et al., 1999],
but also occurs in almost all real databases where “duplicate”
records abound.

With identity uncertainty, a “possible world” must specify
not only the attribute values for all objects, but also the map-
ping from instances in the knowledge base to objects in the
possible world. (Without identity uncertainty, this mapping
is one-to-one and hence no distinction between instances and
objects is needed.) We represent this mapping using an equiv-
alence relation—a set of equivalence classes, each of which
contains all the instances that co-refer in that particular pos-
sible world.!

Consider the following example, a simplified version
of the data association problem studied by [Pasula e al.,
1999]. There are two classes, Vehicle and Observation.
There is one complex attribute, generated_by, which maps
an Observation to the Vehicle that generated it. Each
Observation of a vehicle reports a colour, which depends
(through a probabilistic model of the sensing process) on the
colour of the corresponding V ehicle. Instances are added to
the KB as follows: whenever a vehicle is detected at some

'Note that it doesn’t matter which object the instances denote—
objects are essentially placeholders in a relational structure.
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Figure 7: Bayesian network structure for the two-vehicle case,
where the vehicles are currently assumed to be one and the same
object.

sensor, an Observation is instantiated with its colour set to
the measured value, and with a new Vehicle instance at-
tached. In this domain, inference involves reasoning about
which Vehicles are, in fact, identical 2

Figure 7 shows the Bayesian network structure generated
when the knowledge base contains observations Obs; and
Obs, of vehicles Veh; and Vehs, and when the equivalence
relation on instances is set to {{Vehy,Vehsa}} (ie., Vehy
and Vehy are the same object).

5.1 Defining a probability distribution

Each possible world now contains an equivalence relation
w € € as well as the attribute values, and the knowledge
base must now specify a unique probability distribution over
this enlarged space of worlds. We can write

P(w, (attribute values)) = P ((attribute values)|w)P(w) (2)

Given each fixed w, identity uncertainty is eliminated, and
the probability distribution over the attributes can be defined
as before. All that remains is to specify the prior P(w). When
doing so, we can use the fact that instances in disjoint classes
cannot co-refer—for example, vehicles cannot be observa-
tions. P(w) can thus be factored into terms dealing with each
of the classes. Even then, however, the state space of each
factor is exponential in the number of objects in its class.
Fortunately, there are more compact ways of expressing the
w-distribution for each class. The simplest is to give an ex-
plicit distribution over the number of objects in each class,
which can be done by adding a number attribute to classes in
the knowledge base. In more complex situations, such as full
data association, the w-distributions are specified implicitly
in conjunction with object arrival and detection models [Pa-
sula et al., 1999]. The general topic of modular specification
of w-distributions is likely to require a good deal of further
research.

5.2 Inference with identity uncertainty

In the presence of identity uncertainty, exact inference calls
for a summation over all possible values of w. This is clearly
infeasible when |Q?| is large—and |Q?| is exponential in the
number of instances in identity-uncertain classes. MCMC

%An alternative interpretation for this knowledge base, more fa-
miliar to statisticians, is that there are an unknown number of balls
in a bag; balls are pulled out one at a time, their colour is measured,
and they are replaced.
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permits us to replace the summation with a sample. The al-
gorithm now works as follows. In addition to “normal tran-
sitions,” which run as before given a fixed w, the algorithm
performs “identity transitions” in which w changes. Because
of the large state space of w, the latter type of transition uses
M-H steps. Moreover, these steps propose changes not only
to w, but also to some of the conventional attributes.

The reason for this is that an identity transition can propose
(among other things) that two currently separate instances be
grouped together in the same equivalence class. Clearly, if
these two instances currently have different values for the
same attribute, the probability of the destination state will be
zero. Hence, identity transitions will have a chance of occur-
ring only when the instances “line up”—that is, a sequence of
normal transitions causes all of their attribute values to match
exactly. When instances have many attributes, line-up may be
very rare, resulting in a low acceptance ratio and a slow algo-
rithm. Moreover, there are cases in which waiting for line-up
makes the Markov chain non-ergodic—the algorithm can be
trapped in a subset of possible ws with no escape.

Identity transition proposals

Consider a current assignment w, and a proposed assignment
w'. Let u be the set of unobserved attributes of all the objects
in w affected by the transition, and let u’ be the unobserved
attributes of the corresponding objects in w'. Let o be the
set of all other attributes within the Markov blankets of the
attributes in u or u’: this may include observed attributes, as
well as the unobserved attributes of other objects not affected
by the transition. Note that all attributes in o remain fixed
throughout the transition.

Each identity transition proceeds as follows:

e w' is chosen using a proposal ¢;(w'|w). This proposal
can take many forms: one simple possibility is to suggest
that a randomly selected instance move from one equiv-
alence class to another. Another method might suggest
merging two equivalence classes, or splitting an equiva-
lence class in two.

e Values for all of u’' are chosen using a proposal
qu(u'|w’,w,u, 0). Some possible choices for gir will be
explained below.

e The proposed change is accepted with probability

in (1 (W) gr(wlw") (o, v |w")gu (u|w,w',u', 0)
m

" m(w)gr(W'|w)m (o, ulw)qu (v W', w, u, 0)
which is derived from Equation (3) using Equation (2)
and the two-step nature of our proposal.

As an example, let us consider the world state portrayed in
Figure 7. In this situation,

e w={{Vehy,Vehy}}
o u={{Vehy,Vehs}.colour,{Vehy,Vehy}.size}
A split can now be proposed as follows:

o W' ={{Vehi},{Vehsy}}

e u' = {Veh;.colour,Vehy.colour,Veh,.size,Vehs.size}

To ensure that the chain is ergodic, new values must then be
proposed by g7 for at least the newly created attributes.
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Choosing the attribute values

One possible gy proposal picks a value uniformly at random
from the values available at each attribute. This approach is
simple to implement and yields an acceptance ratio that is
easy to calculate. The g7 (ul . ..) termsreduceto 1/ > - |u].
This is the algorithm that we test experimentally below.

Unfortunately, this gy proposal may suggest very un-
likely value combinations for the attributes, resulting in
low acceptance ratios. We might be better off with a
more intelligent proposal mechanism, such as likelihood
weighting which generates samples from gqp(ujo,w) =
[1.,cu P(wi|Pa(z;),w) together with weights w(ulo,w) =
Hzieo P(z;|Pa(x;),w). Since

m(ulw, 0) = w(uo, w)qu (u|o, w)
’ Yy w(u="Ulo,w)qu(u=Ulo,w)

the fraction in the acceptance ratio can now cancel to give

m(w'lo)qr (wlw', o)w(u'|o,w") 35y w(Ulo, w)qu (o, w)
m(w[0)gr (W'lw, o)w(ulo, w) 3 ¢ w(U'|o, w')qu (U']o,w)

This ratio is no longer so simple, as performing the sum-
mations may be quite time-consuming. Fortunately, when-
ever the set of uncertain attributes can be split into several
d-separated sets, the summations can be rewritten as products
of summations over these sets. If the sets are all small, this
algorithm may be feasible.

Yet another approach is to run a “local” MCMC algorithm
inside gy to generate attribute values that reflect the current
values of o and hence are likely to be accepted. (When this
method is used, care must be taken to ensure that the chain is
run until convergence: stopping it prematurely may result in
biased answers.)

5.3 Experimental results

To check our identity uncertainty algorithm, we first per-
formed experiments analogous to those in Section 4.3. We
began with a problem that was small enough for exact calcu-
lation: it consisted of five observations with known attribute
values, and queried the posterior probability of the vehicle
generating the first observation. Figure 8 shows that our al-
gorithm’s estimates converge to the correct value over time.

We then tested the scalability of the algorithm by, once
more, applying it to randomly generated networks of increas-
ing size, and measuring time to convergence using a stan-
dard diagnostic. The results shown in Figure 9 were obtained
by constructing larger and larger sets of vehicle—observation
pairs, and requesting a posterior distribution over the number
of vehicles. As before, the algorithm appears to scale well.

Finally, we performed an additional experiment to demon-
strate that our algorithm works as expected. It should be true
that, if observations are generated from a specific set of vehi-
cles, increasing the number of observations in the knowledge
base will enable us to model characteristics of that set of ve-
hicles with increasing accuracy. Figure 10 shows that adding
more and more observations does enable us to infer the num-
ber of vehicles responsible for their generation.

UNCERTAINTY AND PROBABILISTIC REASONING

0.45

04 r

ot
+

035 o 1

+ .+

j=l
W
fees
e
.
P

FURE
+ 4
+ s

+ +

+r ey Tiy]

+ g5

: i habi

I S g
e LR

#
Lertat
oyt T
N
02 Tt g

+
ooy

0.25 "

Probability

0.15 ]

0.1 . . . .
64 128 256 512 1024 2048

No of samples

Figure 8: MCMC convergence on a simple example with five ob-
served vehicles. The exact probability is 0.271 (horizontal line).
Each point represents the estimate from one of 6 Markov chains af-
ter a given number of samples (log scale). The dotted line shows the
average of the 6 individual estimates.

9000
8000 |
7000
6000
5000
4000 r

No of flips

3000
2000 r
1000

0L I I I I I I
0 5 10 15 20 25 30 35

No of instances in network

Figure 9: MCMC convergence as a function of network size. The
y-axis measures the number of state transitions required to reach a
preset convergence threshold for a standard diagnostic. The straight
line is a regression fit to the data, which is averaged over 30 trials.

0.8 _
Prior
0.7 r 2 observations - ]
10 observations ----------

0.6 1 24 observations ]
= 05F |
% 04 |
o
e
& 03 ] |

0.2 - |

0.1 , |

0 Lde=? e ——
0 5 10 15 20

No of objects in network

Figure 10: Distributions over the number of objects in the network.
The prior distribution is shown; note that it insists that there are at
least two vehicles. Observations are then generated from exactly two
vehicles. When given just two observations, the algorithm converges
to a distribution close to the prior, as expected. As more observations
are added, the result moves closer to the true value of two vehicles.

747



6 Conclusions and further work

We have proposed an algorithmic approach for inference in
first-order probabilistic languages, based on Markov chain
Monte Carlo. Our preliminary investigations suggest that the
approach is very promising. We believe that it can signifi-
cantly increase the expressive power of languages that can be
considered “practical” for knowledge representation and rea-
soning under uncertainty. For example, the lazy exploration
approach should make it possible to handle infinite recursive
models, including temporal models, with somewhat greater
generality than so far envisaged [Koller and Pfeffer, 2000].

The Metropolis—Hastings algorithm allows for a wide va-
riety of proposal distributions. In particular, intelligent pro-
posals can be used to focus computation. One can easily con-
struct data-driven and query-driven proposals, analogous to
forward and backward chaining in logical systems, that es-
sentially result in “activation” spreading outwards from query
and evidence variables. These concepts can be subsumed by
a general mechanism for proposing transitions based on the
expected value of computation [Russell and Wefald, 1991].
We can also insert arbitrary domain-specific knowledge into
the proposal mechanism—for example, proposing candidate
advisors based on the student’s research interest. Such
knowledge-based proposals, which result in faster conver-
gence, can also be learned via so-called adaptive proposals—
that is, allowing the proposal distribution g to change over
time based on the algorithm’s experience in generating sam-
ples and computing acceptances.

Clearly, we have just scratched the surface of this topic.
A large effort is needed to apply first-order probabilistic lan-
guages to real problems, in order to identify useful language
features, common representation structures, and their effect
on inference. Having a flexible and general—albeit some-
times slow—MCMC inference engine should help with this
task. Finally, we also need to develop complexity results for
approximate inference, using tools such as those provided
by [Jerrum and Sinclair, 1997].
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Abstract

XSPIRIT is a professional expert system-shell for
knowledge acquisition, inference and response
using conditional logic and probability. Composed
conditionals on propositional variables with finite
domain are the communication tool between the
user and the knowledge base, making the process of
acquisition, inference and query comfortable and
intelligible. XSPIRIT alows partial rather than
complete information about the knowledge domain
and supplements missing parts by the principle of
information fidelity. By virtue of evident temporary
information, knowledge undergoes a well-defined
adaptation process, respecting this principle again.
The construction and transformation of probability
distributions as developed here, allow acquired
knowledge, remaining uncertainty and strength of
inference to be measured in the information units
[bit]. XSPIRIT alows large-scale applications with
hundreds of composed conditionals and umpteen
variables.

1 Introduction

Humans memorise and deduce facts »in a conditional
environment«. »f A then B« is a constituent of human
knowledge. Such knowledge pieces together with
concatenation mechanisms build a highly netted memory,
the knowledge base. Once situativ things become evident,
our knowledge undergoes a complex adaptation process
resulting in conclusions. Conclusions cause reactions or
response.

Probability distributions on event fields are a suitable
means to model such deduction processes in a knowledge
base. Bayes nets are the graphical structure which might
help to organise knowledge and the corresponding
distributions, and make them manageable, cf. [Lauritzen and
Spiegelhalter, 1988] or [Pearl, 1988]. Bayes nets allow to
break down the global distributions to local marginals, at the
cost of conditional independence assumptions which rarely
meet reality. Inference in Bayes nets then is the technically
complex but unpretentious calculation of conditioned
probabilities. We do not follow this idea, but want to enable
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the user to formulate any local knowledge pieces without
forcing him to construct a directed acyclic graph. After an
automatic aggregation of these pieces to a knowledge base
he can adapt this knowledge to any situativ modification.

Thus, different from the established form of a probability
model, we shall discuss an inference process which

e alows partial rather than complete information about
the probability distribution. The missing parts are
completed by the principle of information fidelity
which turns out to coincide with the principle of
minimum relative entropy.

e permits inference from virtua evidence. Vague
assumptions about the actual situation can be processed
aswell as sure things.

e alows the user to »communicate« with the distribution
in the comfortable language of composed conditionals.

Thereis alot of related work to our paper in literature. To
minimize relative entropy when adapting the dependency
structure in a distribution to new information was discussed
dready in early works [Jaynes, 1978], [Cheeseman, 1983],
and justified axiomatically [Shore and Johnson, 1980],
[Paris and Vencovskd, 1990], [Csiszar, 1991], [Kern-
Isberner, 1998]. Even the idea to use such adaptation for
inference is not new, see [Cheeseman, 1983], [Haek et al.,
1992], [Goldszmidt et al., 1993], [Rodder and Meyer, 1996].

All probahilistic inference presented here, however, is of
purely information theoretic nature. The quantity of acquired
knowledge can be measured in [bit], as well as the strength
of evidence. Knowledge is reduced uncertainty, inference
means uncertainty adaptation to new information. And even
query and response are information demand and supply.

In section 2 we develop the language of composed
conditionals as a communication tool between user and
knowledge base, in section 3 we analyse the relations
between probability and information, in section 4 we go
through the entire process of knowledge acquisition,
inference and response, as realized in the expert system shell
XSPIRIT. A smal example emphasises the conceptual
difference between Bayes nets and the inference method
developed here. Section 5 gives a short technical
introduction to the shell and invites the reader to test it.
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2. Conditionals and Praobability

2.1 Conditionalsin a Three-valued L ogic
Concerning the semantics we consider a population of
individuals or objects with their respective properties. Our
intention is the description of relations between these
properties. As far as the syntax concerns we model the
knowledge domain as a finite set of finite-valued variables V
= {V1,...,V} and the respective event algebra F on the
elementary events v = vy...v|, here v| are values of V|. As
usual Q istheall- and @ the empty event.

Each event from F can be identified in a natural way with
a propositional sentence, built from literals V| = v| by the
connectives negation, conjunction and digunction, cf.
[ROdder and Kern-lsberner, 1997]. Simple conjuncts of such
literals we often write as unordered tuples of the respective
values, vi...v;, for instance. Hence each event may be
expressed in an intelligible way, which we shall demonstrate
by example 1 below. We do not distinguish between events
and propositional sentences, further on.

Generic events from F or the corresponding propositions
we denote as capital letters, indexed if necessary: A, B, ...,
A, B, ..., Ej, Fi. If vc A, we call the proposition A true in
the world v and false, otherwise: A(v) =tor A(v) =f. If Ais
true (false) on the entire Q, we write A =t (A =f). The set of
al propositional sentences forms the language L.

Calabrese [Calabrese, 1991] and earlier de Finetti
[deFinetti, 1972] go a step further and define conditionals
B|A for B and A from L. Calabrese in [Calabrese, 1991] and
[Calabrese, 1994] derives a rich language of composed
conditionals. We go through that in more detail now.

The exact definition of a conditional reads
t if vcAB (=AAB)

BA(v)={f if vcAB (AAB) )
u if vcA

Barring means negation and t(rue), f(alse), u(ndefined) are
values in a three-valued logic, cf. [Rescher, 1969]. In this
logic the connectives —,A,v apply for t, f as usual and for u
asfollows:
tau=tvu=t, f au=fvu=f, uau=uvu=u, t=u. (2

The truth-value undefined does not change neither t, f nor
u under conjunction or disunction.

The set of al conditionals B|A is the language L|L.
Identification of B|Q with B embeds L in L|L. Similar to
above we write B|A = t|A (= f | A) if the conditional is true
(false) on the whole A.

Following Calabrese further, we compose conditionals by
—A,v and | to get a very rich linguistic structure for the
communication between the user and the knowledge base, as
shall be developed in the remainder of this section.

With the conventions in Reschers three-valued logic (2),
the author in [Calabrese, 1991] defines pointwise:

«  [EA)A D))= [BAKW)A DKy,
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« [BA)NV(lchv)=(BAkv)v (Dlc)v). )

By these pointwise attributions any conjunct, disjunct or
negation of conditionalsis well-defined also globally.

Let the conditional operator | apply as in the following
scheme:

| |t f wu
t |t t
! (readeg. f|u="). (4
flf uf
uju u u

With this convention a pointwise definition of a conditioned
conditional reads:

« [B1A)DIC)]V)=(BAN)| (DlC)W). ®)
Pointwise attribution of truth-values again permits the

global definition of conditioned conditionals on Q. More on

the hierarchy of composed conditionals the reader might

find in Calabrese’ s original paper, as well as the proof of the

following theorem 1. Theorem 1 permits the reduction of

composed conditionals to simple ones.

Theorem 1 (Composed conditionals)

With the conventions in (2), (4) and the definitions in (3),

(5) the following equations hold:

. (BA)DC)=[BvA) (DVD)] AvC,

« (BA)v(D[c)=(ABvCD)|AVC,

« (8A)|(Djc)=BADVC).

Composed conditionals are reducible to simple ones, but in
their composed form alow an immense linguistic richness,
as demonstrates the following example.

Example 1 (Linguistics and composed conditionals)

With the use of mnemonic letters the following propositions
should be self explicatory:

o [Mcirc)r(Crac)M)W),

in the world v machine M is o.k. iff the component C,
isok.and C,iso.k.

+  llevanBe)) sl

in the world v Herr Schmid is German or Austrian, if
he is German he comes from Berlin.

e levv|oniLlw),

in the world v Mr. Lee is Chinese, if not, he is
Vietnamese.

The reader might notice that we can make global
considerations rather than »in the world v«, too. In a certain
population or knowledge context, the machine M is o.k. iff
C, and C, are o.k. with a probability of 90%, say.
Probabilities of conditionals are constituents of our Al-
concept. More on that in the next sections, cf. also [Rodder,
2000]. Because of theorem 1 it suffices to consider simple
conditionals of the form B|A further on. Bear in mind,
however, that they represent the total hierarchy of arbitrarily
composed conditionals and their respective linguistic
pendants.
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In what follows we define sets of conditionals with certain
properties. These properties make them »a conditioning
partition« on Q.

Definition 1 (c-independent and disjoint conditionals)
i.) BJAis conditionaly or c-independent of D |C iff

(B|A)|(D |C) =B|A, and c-dependent otherwise.
ii.) B|AandD |Caredigointiff ABCD =f.

Definition 2 (Conditional basic set CBS)

i) A sat S of conditionals is sufficient for Q, if any
vc Q can be expressed as a conjunct of elements
from S.

ii.) A conditiona basic set CBS is a set of conditionals
sufficient for Q such that, for any B|A, D|C ¢ CBS
one of three statements holds:

B|Aand D |C aredigoint,
B|Aisc-independent of D |C,
D |Cisc-independent of B | A.
The following example gives an idea of conditional basic
sets.

Example 2 (Conditional basic sets)

i) {v=wv..v_ } isaCBS.

i) {viu{vavt u..U{v v _1..m}is a CBS. Note that
conditionals “more to the right” are c-independent of
those “more to the left”, if they include no distinct

values vi # V' If they do include distinct values, they
are digoint. Any v can be resolved into “factors’

V=V A (Vo) A A(VLVL1..Vp). To show this, use
(1) and (2).

i) {v.vgu{v .V lvi..\} is a CBS, as shows a
similar reasoning like that in ii).

iv.) ii) oriii) for an arbitrary permutation 1,..1, of 1....L is
aCBS.

Conditional basic sets will serve as a means for measuring
the intrinsic uncertainty in a probability distribution on

Q and this measure will turn out to be independent of the
special choice of the CBS.

2.2 The Probability of Conditionals

A probability measure P on Qcan be generalized to
conditionals by the natura requirement, that for the conjunct
of c-independent conditionals the probabilities should
multiply. As B|A is c-independent of A and because (B |A)
A A = BA, it follows immediately P(BA) = P((B|A)AA) =
P(B|A) - P(A) and hence P(B|A) = P(BA) / P(A), if only
P(A) > 0. The probability of a conditional is its conditioned
probability.

From the logical factorisation

V=V A (Vo) A A (VL |V 1..Vp) (cf. example 2)

we get the well-known probabilistic factorisation

P(V) = P(V]_) : P(V2|V1) et P(VL |V|__1...V1) .
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Probabilistic independence reflects the logical-based c-
independence, asit should be.

3. Probability, Uncertainty and Infor mation

3.1 Basic Considerations

Entropy first was established by the physicists Carnot and
Clausius in thermodynamics. It measures the portion of
thermal energy which cannot be transformed back into
mechanical energy. When the engineer Shannon [Shannon,
1948] founded information theory, he looked for an

adequate denotation of H(P)=-)' P(v)-Id P(v), where Id

is the dual logarithm and O- Id O = 0. In this theory signals v
vary in afinite alphabet v e V and H measures the average
information rate which can be transmitted from a source via
a channel to areceiver. John v. Neumann suggested to name
it entropy, following an anecdote in the Scientific American
[Horgan, 1990] because ” Shannon would have an advantage
in debates about this theory.”

In the remainder of this section we shall study entropy
further.

If we learn that a proposition A with probability P(A)

becomes true, we receive the information —-d P(A) [hit].
Information is reduction of uncertainty, any textbook of
information theory goes through a proof of this fact. We
learn that a conditioned proposition B | A becomes true if BA
becomes true, cf. (1). Though the reduced uncertainty is not
—Id P(BA) but rather —d P(BA) — (Hd P(A)). This result
comes from the additivity of uncertainty reduction for c-
independent conditionals. We put it as a lemma and leave
the obvious proof to the reader.
Lemma 1 (Information of c-independent conditionals)
If for any c-independent B|A of D|C or D |C of BJ|A, the
uncertainty reduction inf (B|A A D|C) equalsinf (B|A) +
inf (D |C), it followsinf (B |A) =-d P(BA) — (-d P(A)).

Let us now consider a similar situation as before, but — for
whatever reason — our situativ conviction of B |A to become
true, has changed from P(B|A) to Q(B|A). This change is
change of uncertainty and the difference equals
Ainf =—Id P(B|A)—(-Id Q(B| A)) =1d (Q(B| A)/ P(B| A),
cf. figure 1.

P(BIA)
Ainf
-ld P(B|A) Q(BIA)
1d Q(BIA)
BJAistrue

Figure 1: Sequentia information gain

Note that the expectation of this uncertainty change is
Q(BA)-1d (Q(B|A)/P(B|A)), as Q(BA) is the probability
of B | A to become true in the light of our new conviction.
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3.2 Information Adaptation

In this section we study the adaptation of a distribution P to
new information, supplied in the form of conditionals from
L|L and their respective desired probabilities. To distinguish
between such conditionals and the elements of a CBS, we
use lowercase letters f | e for the latter. There should be no
problems with this notation.

The following theorem shows that the overall expected

uncertainty change does not depend on a specific CBS.
Theorem 2 (Unique uncertainty change)
Let CBS and CBS' be two arbitrary conditional basic sets
with generic conditionalsf|eand f’ |€ , respectively. Let Q
and P be two distributions on Q, such that Q is totaly
continuous with respect to P. Then the following equality
holds (0 - Id (0/0) =0):

2.Q(fe)-1d (Q(f |e)/ P(f |e)) =

fle=CBS
2.Q(f'e)-1d(Q(f'|e)/P(f'|€)).
f'lecCBS
Proof:
> Q(fe)-1d (Q(f |e)/P(f |&)) =
fle=sCBS
> [ZQ(V)]-Id(Q(f le)/ P(f €)=
f|le=sCBS| vc fe

ZQ(V){ > ld(Q(er)/P(er))]
v fle withvc fe
For each v the inner summation runs through condi-
tionals, which are not digoint and hence pairwise c-
independent (one independent of the other). Because a
CBS s sufficient we even have
v= A fle.

vc fe
As furthermore logical independence implies proba-
bilistic independence we get

> Q) 1d 11

flewith A f |e=v

(Q(f 19)/P(f |€))

andfinally Y Q(v)-1d (Q(v)/P(v)).

The CBS was chosen arbitrarily, which completes the
proof.

The basic idea of the proof was to show that either side of
the equation equals )’ _ Q(v)-1d (Q(v)/ P()).
This expression is known as relative entropy R(Q,P)
between P and Q or directed divergence from P to Q.

Expected uncertainty change from P to Q in any CBS equals
the relative entropy between P and Q.

If P = P° is the uniform distribution, H(Q) = Id || -
R(Q,PO) is the (absolute) entropy of Q. Thus the uncertainty
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change from P to Qisaso Id | - H(Q). Both R and H
measure in [bit].

As mentioned at the beginning of the present section we
now study the problem of adapting the distribution P to new
information supplied as a set of conditionals with desired
probabilitiesxj € [0,1]: R={B; | A[x1}.

We demand this adaptation to be such that the former
uncertainty structure in P is preserved as far as possible, i.e.
we solve

P=argminR(Q,P) st. Q(B; |A)=x,i=1.l, (6)

and cal P the 9K -adaptation of P. As (6) preserves the
expected uncertainty reduction for any CBS as far as
possible, it obeys the principle of information fidelity. There
are axiomatic accesses to conditional knowledge adaptation,
cf. [Csisér, 1991], [Shore and Johnson, 1980], [Paris and
Vencovskd, 1990], [Kern-Isberner, 1998]. The objective of
our approach is to focus upon a cautious information work
up. With the presentation of al logical, probabilistic and
information-theoretic prerequisites we are now ready to
develop knowledge processing as realized in XSPIRIT.

4 Knowledge Acquisition,

Inference and Response
Probabilistic knowledge processing in XSPIRIT is
performed in the four steps: Initialisation, knowledge

acquisition, inference and response. We shall go through
these steps in detail now.

Initialisation

Here we commit ourselves to a knowledge domain by
defining the variables V| and their respective values v, . This
determines Q = {v} and the event algebra F. The uniform P°

on F means absolute ignorance on F, as the variables V| are
mutually independent from each other.

K nowledge Acquisition

The knowledge engineer supplies (composed) conditionals
and their respective desired probabilities R = {Bj| A [,
i =1...1}. Bj|Ai [x], i = 1...1 isthe imperative to adapt P° to
R . Asdeveloped in the last section we solve

P*=argmnR(Q,P% st. QB [A)=x,i=1.1. (7)
P* is the adapted knowledge following the principle of
information fidelity. R(P*, PO) measures the knowledge
increment in [bit]. Remind that minimizing relative entropy
is equivalent to maximizing entropy, and verify the equation
H(PY) — R(P*, P%) = H(P*). Actual uncertainty is maximum
uncertainty minus acquired knowledge.

Inference
The user supplies (composed) conditionals and their

respective temporarily evident probabilities & = {Fj| Ej [yj],
j = 1.3 FlE [y, j = 1...J is the imperative to find a
probability distribution which meets evidence. Evidence is
not additional knowledge to be acquired, but describes a
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temporary reflection about things that might happen. "If
very likely with y = 90 % a person’s nationality were
German, which conclusions could we infer from that?’
Evident conditionals and their probabilities in almost all
cases are contradictory to the knowledge supplied by R ! Of
course in our knowledge domain there is no 90 %
probability to be German, in genera. Because of the
observationsin the previous section we calculate

P™ =argminR(Q,P") st. Q(Fj |Ej)=y;,j=1.J. (8

P** has minimal directed divergence from P*, subject to
evidence. Among all Q, P** is the distribution with the
minor change of expected uncertainty relative to P*.
R(P**,P*) is the strength which evidence puts upon P* to
infer P**, and measuresin [bit].

Response
The user wants, in the evident situation, the knowledge base
to answer a question, which also might be of the conditional
form (H|G). The response is P**(H|G). Response is
inferred from the knowledge base ;R and from evidence %.
While (7) and (8) is inference, as (former) knowledge is
adapted to new information in a sophisticated transformation
process, response is not. Response is the calculation of a
conditional probability and hence the mere evauation of a
distribution.

W. Rodder and G. Kern-Isberner in [Rédder and Kern-
Isberner, 1997] discuss the example Lea Sombé of peoplein
a fictitious society, which originaly was presented in
[Sombé, 1992].

Example 3 (Lea Sombé)
In a fictitious society we consider the properties: to be a
student or not S=s/5; to be young or not Y=y/y; to

have the marital status single, married or corporate life M =

s, m c; to be parent or not P=p/p. The following

information is given:

e  about 90 % of al students are young,

e  about 80 % of al young people are single,

e  709% of singlesare young,

e 30 % of young people study,

e members of the society which live in corporate lives,
are young with 80 %,

e  students with children, in 90 % of al cases are married
or livein corporate lives.

In the notation of the present paper we have the
conditionals:

Y=yS=s[9], M=dY=y[8], Y=yM=47],

S=gy=y[3], Y=yM=c[8], M=gS=sAP=p[9].

After solving (7) to determine P*, we want to make
conclusions about Lea Sombé who evidently is a student and
has a child. Is she young? Caculating P** in (8) under
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certain evidence and evaluating P**(Y=y) yields 81 %. Lea
Sombeé very likely isyoung.

The information in P* only counts 1.05 [bit], the
remaining uncertainty about the fictitious society is high,
namely 3.53 [bit]. Imposing evidence on P* results in an
information flow of 1.62 [bit]. All results were calculated
with the shell XSPIRIT.

Besides of its simplicity example 3 is not accessible for
Bayes nets, for two reasons:

e information about the society is incomplete inasmuch
asit does not fully determine a probability distribution,

e supplied conditioned probabilities do not build a
directed acyclic graph.

You can handle virtual evidence and augment the number
of variables and conditionals amost arbitrarily. XSPIRIT is
able to treat hundreds of composed conditionals on umpteen
variables, aswe shall relate in the next section.

5 The Shell XSPIRIT

The shell XSPIRIT 3.0, a JAVA-version, is a professiona
tool for knowledge processing under information fidelity.
To acquire knowledge the user defines variables and
supplies conditionals in a comfortable syntax. The syntax
permits conjunctions, disunctions and negations of literals
and their respective composed conditionals, in an arbitrary
hierarchy. Variables might be boolean, nominal and ordinal.
The attributes might be associated with rea numbers
(utilities) alowing the calculation of expected utility for
respective decision models. The shell supports an interactive
process to untie inconsistent information if provided by the
user. For an application to on-line banking and credit
worthiness confer [Kulmann and Reucher, 2000], for a
business-to-business-approach see [Kulmann and Rédder,
2001].

Once al conditionals and their respective probabilities are
supplied to the system, XSPIRIT automatically generates a
suitable graphical structure, a hypergraph, and builds the
knowledge base P* by virtue of corresponding marginal
distributions on the hyperedges —sometimes called LEGs
(local events groups). In the presence of evidence XSPIRIT
supplies P** and evaluates any query, asked by the user. All
communication is performed in the rich syntax of composed
conditionals. P* and P** are calculated by a generalised
Iterative Proportional Scaling (IPS) procedure, whose
convergence was proved by Csiszar [Csiszar, 1975]. The
system at any time informs about the amount of information
already acquired and the remaining uncertainty in [bit]. For
more mathematical details see [Rodder and Meyer, 1996].

Bayes nets are importable and XSPIRIT aso provides a
frequentistic learning process. If knowledge about the
domain under consideration is available as a sample of

elementary events rather than estimated probabilities x; , the
shell adopts thisinformation in a separate module.

The reader interested in the shell XSPIRIT might visit the

homepage
http://ww.xspirit.de.
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Abstract

We present a new approach to inferring a probabil-
ity distribution which is incompletely specified by
a number of linear constraints. We argue that the
currently most popular approach of entropy maxi-
mization depends on a “constraints as knowledge”
interpretation of the constraints, and that a different
“constraints as data” perspective leads to a com-
pletely different type of inference procedures by
statistical methods. With statistical methods some
of the counterintuitive results of entropy maximiza-
tion can be avoided, and inconsistent sets of con-
straints can be handled just like consistent ones. A
particular statistical inference method is developed
and shown to have a nice robustness property.

1 Introduction

Probabilistic representations of uncertainty usually consist of
a single probability distribution over a large (but finite) do-
main of possible states D = {ds, ... ,d,}. Itis thus required
to assign a probability value p; to each state d;. Usually, a
direct, full assessment of all these values is very difficult or
impossible. All one usually is able to obtain are partial de-
scriptions of p = (p1, . .. , p,) by constraints of e.g. the form
p(A| B) < z,p(A) +p(B) < p(C), or “A and B are inde-
pendent”, where A, B, C' are subsets of D. Such constraints
can be derived by knowledge elicitation from an expert, by di-
rect observations of the domain, or by any other information
gathering process.

A set ci,...,cny of constraints defines the set
Aley, ... ,cn) of probability measures on D that are con-
sistent with the constraints. Very rarely will A(cy,... ,cn)
consist of a single probability distribution. Instead, it will
either contain more than one element, or be empty (i.e., the
constraints are inconsistent). A fundamental problem in
probabilistic reasoning then is to select from the admissible
set A(cy, ... ,cn) adistribution p =: sel(cy,... ,cn) as the
best guess for the true distribution the constraints describe.

This measure selection problem is well studied in the lit-
erature, particularly for the case where the constraints are
linear and consistent. It is almost unanimously suggested
that in this case one should select the distribution with maxi-
mal entropy from A(cy, ... ,cn) [Shore and Johnson, 1980;
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Lemmer and Barth, 1982; Jaynes, 1982; Cheeseman, 1983;
Paris and Vencovskd, 1990; Rodder and Meyer, 1996]. A
more general class of constraints is considered by Drudzel
and van der Gaag [1995] who then employ the center of mass
selection rule (according to this rule one selects the center of
mass of the admissible region).

In this paper we propose a new selection rule which is rad-
ically different from either maximum entropy or center of
mass. It is motivated by the observation that in spite of the
very compelling justifications it has been given [Shore and
Johnson, 1980; Jaynes, 1982; Paris and Vencovskd, 1990],
maximum entropy selection has some rather counterintuitive
properties. These are illustrated by the following examples.

Example 1.1 Overhearing two strangers talking at an airport,

we hear the first one saying “ ... Jones got at least 45% of
the votes ... 7, and the second replying *“ ... Smith didn’t
get any less than 5% either ... ”. Before the two disappear

in the crowd, we also hear them both agreeing on the fact
that if anyone else had bothered to run for mayor, then nei-
ther Smith nor Jones would have had a chance of winning the
election. Suppose, now, that we need to assess the probabil-
ity P(Smith) of an arbitrary voter in the unnamed home town
of the two strangers having voted for Smith. The informa-
tion we have establishes a lower bound of 0.05 and an upper
bound of 0.55 on P(Smith). Moreover, we have learned that
the relevant underlying state space only consists of Smith and
Jones. If we base our probability assessment on entropy max-
imization, then we will obtain P(Smith) = 0.5. Intuitively,
this assessment appears to be overly optimistic from Smith’s
point of view.

Example 1.2 For the construction of a medical diagnosis
system ten different experts are asked for bounds on the
two crucial conditional probabilities P, = P(stylosis |
polycarpia), and P» = P(xylopserosis | anameae). Assume
that 0.41 and 0.51 are the greatest lower bound and small-
est upper bound, respectively, mentioned by any expert for
P;. Having complete confidence in the experts, we will then
take it as given that the true value for P; lies in the interval
[0.41,0.51]. Let [0.49,0.61] be the correspondingly defined
interval for P». Applying maximum entropy to find the best
values for P; and P, for our expert system, we will determine
P, = P, = 0.5. This appears somewhat counterintuitive be-
cause we have chosen the same value for both probabilities,
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even though the information provided would seem to indicate
a smaller value for P; than for P>.

The reasons why the maximum entropy solution appears
counterintuitive in the two examples are very similar. In the
first example, an equal percentage of 50% of votes for both
Smith and Jones seems implausible, because the constraints
are highly asymmetric. Experience tells us that the disparity
of the given lower bounds probably reflects a similar dispar-
ity of the actual values, which will rather be assumed to be
approximately 90% for Jones and 10% for Smith. Such an
assessment could be based on a natural explanation for how
the constraints were generated in the first place: one might
suspect, for instance, that the constraints report the partial
count of 50% of the votes, among which 45% were found
to be for Jones, and 5% for Smith. In the second example it
appears unlikely that the experts would systematically state
larger upper and lower bounds for P than for P; if these two
probabilities were really the same.

In both examples we have thus argued that the maximum
entropy distribution is a counterintuitive solution of the se-
lection problem, because the given constraints are unlikely
to be observed when this is the true distribution. Underlying
this argument is a view of constraints that is fundamentally
different from the view which (implicitly) underlies the use
of the maximum entropy principle: entropy maximization is
predicated on the view that the given constraints are just a
description of a state of knowledge: the knowledge that the
true distribution is a member of the admissible region defined
by the constraints. We call this the constraints as knowledge
perspective. In our examples — and, we would claim, in most
cases where we encounter the measure selection problem —
the given constraints are not only a description of our knowl-
edge, they also are the source of our knowledge. They thereby
carry not only the face-value information consisting of a re-
striction of the admissible region; they also carry the meta-
information consisting of the fact that we observed exactly
these constraints. This meta-information is relevant for the
solution of the measure selection problem as it allows us to
reason about the likelihood of observing the given constraints
for different true distributions. We call the view of constraints
that tries to take into account this meta-information the con-
straints as data perspective: constraints are seen as randomly
sampled pieces of information. The distribution of this con-
straint data (the constraint distribution) is in part determined
by the true distribution on the domain (the domain distribu-
tion), which we want to determine. In other words, the do-
main distribution is a parameter of the constraint distribution.
Our problem thus becomes a statistical one: to infer a param-
eter of a distribution from random samples drawn from that
distribution.

All statistical methods rely in part on considerations of
likelihood. The most direct way to use likelihood is by max-
imum likelihood inference: select the parameter that gives
highest probability to the observed sample. The measure se-
lection rule we develop in this paper is likelihood maximiza-
tion for the observed constraints. The main problem we face
in a formal development of this intuitive principle is that sta-
tistical methods usually require a specific model on how the
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distribution of observed data depends on the parameter of in-
terest, i.e. the stipulation of some underlying parametric fam-
ily. Our goal, however, is to define a general rule for measure
selection that does not require any knowledge about the ran-
dom mechanism that produces the constraints. Our approach
towards solving this dilemma is that of robust statistics: we
do propose a specific model for the random generation of con-
straints, but this model is chosen such that in the long run it
will lead to correct inferences for a fairly wide class of con-
straint distributions.

The constraints as data perspective coupled with statistical
approaches to measure selection permits us to handle incon-
sistent sets of constraints just like consistent ones. Our sta-
tistical model for the constraint observation only must allow
for the observation of wrong constraints, i.e. constraints not
satisfied by the true distribution (as an erroneous assessment
given by an expert, the premature and incorrect report of an
election result, etc.). Such a model then assigns nonzero like-
lihoods to inconsistent sets of constraints, and a maximum
likelihood solution can be found just as for consistent con-
straint sets.

The idea of measure selection by likelihood maximization
for the observed constraints was already expressed in [Jaeger,
1998], but no concrete formalization of the idea was devel-
oped. The view of constraints as data has also been taken in
somewhat different form by Dickey [1980], who proposed a
model in which partial specifications of a probability distri-
bution P were treated as random variables with a distribution
depending on P. A major difference between Dickey’s and
our work is that Dickey does not consider partial specifica-
tions by arbitrary linear constraints, but only by values for
a fixed set of “aspects” of P. It is interesting to note that
Dickey takes it for granted that in most cases the specified
aspects will overdetermine the model, i.e. be inconsistent,
whereas authors in artificial intelligence assume underdeter-
mined models.

In this paper we can only give an overview of our maxi-
mum likelihood approach to measure selection. Goal of this
paper is to convey the main ideas, and to provide some in-
sight into the feasibility of their mathematical development.
More technical details, including proofs of the theorems here
stated, will be given in a full technical paper.

2 The Constraint Sample Space

To treat constraints as random samples we have to view them
as elements of some sample space on which probability dis-
tributions can be defined. Throughout we assume that the
constraints refer to a distribution on a domain of n elements.
The set of all these distributions can be identified with

n
A" :={(p1,--- ,pn) ER" | p; ZO,Zpizl}.
i=1

A linear constraint then has the general form

c: zipr+...+zpn <z (21,...,25,2€R). (1)
We could identify this constraint with its parameters
Z1,...,Zn, 2 and thus take R**! as our sample space. How-

ever, this would mean to view two equivalent constraints like
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p1 — 2p2 < 0.2 and 2p; — 4p, < 0.4 as different sample
points. As it does not seem sensible that our method should
depend on such representational variants of constraints, we
prefer to distinguish constraints only according to the subsets
of distributions they define. This can be done by writing con-
straints in a normal form

51p1+ ...+ 8,Pn <0, (2)

where s := (s1,...,$p) is an element of the n — 1-
dimensional unit sphere

Sn71 :{(517"' 7571) | ZS?:]'}

As every linear constraint (1) can be transformed into a
unique normal form (2), we henceforward identify linear con-
straints ¢ with points s € S™ !, and model randomly ob-
served constraints by probability distributions on $"™~1,

In the binomial case (n = 2), a constraint (2) is a (nontriv-
ial) lower bound on p; iff s; < 0 and sy > 0; it is a (non-
trivial) upper bound iff s; > 0 and s < 0. The following
definition generalizes this classification of constraints.

Definition 2.1 A sign vector is any vector with components
in {—1,0,1}. For r € R we define sign(r) as —1,0 or 1,
depending on whether r < 0, 7 = 0, or » > 0. The sign
vector sign(s) for s € S™~ is the vector (sign(s;))i=1,... n-
Each sign-vector ¢ of length n defines a sector S¢ in S™~1:

S¢ = {s € 8" | sign(s) = (}. 3)

The intuition behind this definition is that sectors contain
constraints of the same qualitative type. The classification
of constraints according to sectors gives rise to the following
coarser, three-way distinction: a constraint s is vacuous iff
sign(s;) #€ {—1,0} for all ¢ (a vacuous constraint is satis-
fied by all p € A™); s is a support constraint iff sign(s;) €
{0, 1} for all 5 (a support constraint is satisfied by all p € A"
whose set of support is a subset of {i | sign(s;) = 0}); s is
proper iff sign(s;) = 1 and sign(s;) = —1 for some ¢, j (a
proper constraint s divides the interior of A", i.e. there exist
p € int A" that satisfy s, and p’ € int A™ that do not satisfy
s).

Figure 1 illustrates constraints from different sectors.
Shown in the figure is the polytope A2 with its 3 vertices cor-
responding to domain distributions that assign unit mass to
one of the states in D. Six different constraints from three dif-
ferent sectors are represented by the halfplanes of points satis-
fying the constraint. Halfplanes are shown by their boundary
line, and a shading that indicates to which side of the bound-
ary the halfplane extends.

For the rest of the paper we make two simplifying assump-
tions. Assumption 1: All constraints in the observed sample
are proper. Assumption 2: The model p € A™ we want to
determine lies in the interior int A™ of A™. The two assump-
tions are somewhat connected. Non-proper constraints are
essentially constraints on the set of support of p. Thus, both
assumptions will be satisfied if in an initial inference step we
use all observed non-proper constraints to determine a set of
support for our model, and then use the method we shall de-
velop on the remaining proper constraints to determine p with
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Figure 1: Constraints from different sectors

that set of support. With these assumptions, the measure se-
lection problem consists of finding selection rules in the fol-
lowing sense.

Definition 2.2 A selection rule is any function that for every
n € N maps any tuple sq,...,sy € (S* 1)V (N € N) of
proper constraints to a set sel(s1,... ,sy) C int A",

This definition of a selection rule is not directly tied to
constraints as data, and is very similar to Paris and Ven-
covskd’s [1990] notion of an inference process. 1t is
very general in two respects: first, it is not required that
sel(s1,...,sn) consists of a unique point. While it is ob-
viously desirable that a selection rule yields unique solutions
as often as possible, one needs to take the possibility into
account that no principled statistical method can guarantee
unique solutions in all cases. Second, it is not demanded that
sel(s1,...,sn) be asubset of A(sy,...,sy) (the distribu-
tions on D that actually satisfy the constraints). Such a de-
mand, which is natural from the constraints as knowledge per-
spective, is not required from the constraints as data perspec-
tive. To see why, recall that in order to deal with inconsistent
constraint sets (and also for greater realism) we should work
with probabilistic models according to which it is possible to
observe false constraints. This means that even for consistent
constraint sets we must take the possibility into account that it
contains false constraints, and that therefore the true domain
distribution does not belong to A(s1, ..., sSn).

3 Invariance and Equivariance

A selection rule in the sense of Definition 2.2 is a maximum
likelihood selection rule, if it takes the following form: for
every N € N, and for every p € int A™ a probability distribu-
tion FII,V on (S"~1)N is defined, and for a sample s1, ... , sy
of N constraints we select the distributions in inr A™ that
maximize the likelihood of the sample:

selp(81,...,8N) i= argmaxf;,v(sl,... ,SN), (4
p

where le,v is the density function of Fzﬁv . Usually, constraints
will be assumed to be independent, so that with f,, := f3,

N
AN ES | FACH! )
i=1
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Whenever some information about the random process that
generates the constraints is available, then one will choose in
(4) a family (F;,V )p that is a plausible model for this ran-
dom process. The question we shall be concerned with, how-
ever, is what to do when no particular information about the
generation of the constraints is available. Thus, we address
the same inference problem as addressed by maximum en-
tropy inference: input of the selection problem is a set of
constraints, and nothing else.

The justification of the maximum entropy principle, in
broad outline, takes the following form: because there is no
information except the constraints, one should select the do-
main distribution p that encodes the least additional informa-
tion beyond the face-value information provided by the con-
straints. Minimal information content, in turn, is realized by
distributions p that, roughly speaking, maximize independen-
cies and uniformity. Our approach to dealing with the lack
of information is somewhat similar, only applied to the con-
straint distribution: because we have no information on the
family (F;)'),, we should assume the least specific structure
of this family. In particular, we will assume that the con-
straints are independent, and that the family (F},)p is homo-
geneous in p, in a sense that will be formalized by the notion
of G-invariance, which is developed in this section.

We derive the concept of G-invariance from the semantic
concept of a random constraint generating mechanism that
works uniformly for all p. Additional support for the G-
invariance assumption on (Fp), will be given by the obser-
vation that maximum likelihood selection with respect to G-
invariant families is G-equivariant, and that this can be un-
derstood as the formalization of the intuitive principle that a
uniform shift applied to all constraints should induce a similar
shift of the selected distributions (cf. Example 1.2).

To motivate the concept of a random constraint generat-
ing mechanism that works uniformly for all p, reconsider Ex-
ample 1.1, and the subsequently given explanation of how
the constraints might have been generated from a partial
count of 50% of the votes. If the true distribution is indeed
P = (b1,02) = (.1,.9) (= (P(Smith), P(Jones))), then the
observation of the constraints .05 < p; < .55 follow as a re-
sult of a sequence of chance events: the partial count of 50%
of the votes becomes known, this partial count happens to
be an accurate projection of the full count, and two strangers
happen to mention these partial counts in their conversation.
This sequence of chance events does not depend on the dis-
tribution p. If the true distribution was p* = (.4, .6), then
the same sequence of events would occur with the same like-
lihood, but now generate the constraints .2 < p; < .7.

Generalizing from this example, we obtain the (yet infor-
mal) notion of a random constraint generating process that
works uniformly for all p: the constraint generating mecha-
nism will produce a constraint § when the true domain distri-
bution is p with the same likelihood as it will produce a con-
straint s* corresponding to § when the true distribution is p*.
To make this idea precise, we have to find a transformation
g on constraints that maps every s € S™~! to a correspond-
ing g(s) € S™1, such that an observation of s under the
true distribution p corresponds to an observation of g(s) un-
der p*. The correspondence expressed by g should preserve
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elementary qualitative properties of constraints. Two natural
preservation conditions are:

Sector preservation: g maps every sector S¢ bijectively
onto itself.

Implication preservation: Forall k € N, sq,..., s:
k—1 k—1
() A(si) € A(si) & () Alg(si) € Alg(sk))  (6)
i=1 i=1

Sector preservation means that two corresponding con-
straints should be of the same qualitative type, as expressed
by their membership in a sector. Implication preservation
says that logical relationships between constraints should be
preserved. Implication preservation is equivalent to the con-
junction of two simpler conditions: g(—s) = —g(s) for all
s, and ﬂf;ll A(s) =0 & ﬂf;ll A(g(s;)) = 0 (consistency
preservation).

The following definition introduces a class of transforma-
tions that satisfy both properties.

Definition 3.1 Letr = (rq,...,7r,) € (R*)™. The transfor-
mation g, : S*~! — §"~1 is defined by

(r1S1y--+ yTnSn)
sn)) = .
»5n)) l(r181,-. -, rnsn)]

We write G,, for the set {g,. | € (RT)"}.

It is obvious that transformations g, satisfy sector preser-
vation. They also satisfy a slightly strengthened version of
implication preservation. For this, denote by H(s) C R™ the
set of all real solutions of (2), without the restriction to solu-
tions p € A”™ (so that A(s) = H(s) N A™). In analogy to
(6) we can then define global implication preservation of g
by the condition

gr ((s1,---

k—1 k—1
(N H(s:) C H(si) < () Hgls:)) € Hlglse)). (D)

With condition (7) we look at constraints as defining sets of
real numbers, not sets of probability distributions. In our con-
text condition (6) seems to be the more pertinent one. We
nevertheless here introduce the global version (7), because
with this version we can prove the following representation
theorem.

Theorem 3.2 Letn > 3, g : S ! — S" 1. g preserves
sectors and is globally implication preserving iff g € G,.

The theorem does not hold for n = 2. The proof is by
reduction to a classical representation result in projective ge-
ometry which characterizes mappings that preserve collinear-
ity. We may conjecture that the theorem also holds when the
condition of global implication preservation is replaced by
implication preservation in our preferred sense (6). A proof
of this modified theorem appears to be considerably harder,
however.

In light of Theorem 3.2 we see the transformations g, €
G, as the adequate realization of the concept of correspon-
dence of constraints. To relate this correspondence to differ-
ent domain distributions, we define dual transformations on
A",
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+ First transformation
___o Second transformation

» Third transformation

Figure 2: G-transformations and equivariant selection

Definition 3.3 Letr = (rq,...,7,) € (R")™. The transfor-
mation g, : A™ — A" is defined by

(pl/rlv s 7pn/rn)
Z?:l pi/ri
We write G, for the set {g, | » € (RT)"}.

The mapping g, is dual to g, in that it is the only transforma-
tion of A™ such that for all p,s:

gr(p) € Algr(s))- ®)

Our initial intuition of corresponding observations of con-
straints now can be phrased as follows: the observation of
constraint s under the true domain distribution p corresponds
to the observation of constraint g, (s) under the true domain
distribution g, (p). Figure 2 shows three different transforma-
tions of a set of three constraints, and the dual transformations
of one probability measure inside the admissible region of the
constraints. Each of the three sets of constraints can be trans-
formed into any of the other two sets by unique g, € G,,.
The dual transformations g, at the same time transform the
indicated points in A3 into each other.

With the transformations G,, and G,, we can now finally
formalize the idea of a constraint generating mechanism that
works uniformly for all p:

Jr ((pl,. .. ,pn)) =

PEA(s) &

Definition 3.4 Let (F},)pcina~ be a family of distributions
on S™~L. The family is called G-invariant if for all g, € G
and all p € int A™:

9r(Fp) = Fg, (p)- )

When the distributions F}, are represented by densities fj,
relative to a suitably chosen underlying measure on S™ 1,
then (9) can be expressed by the condition

fo(s) = fg,(p)(gr(s))- (10)

By using such appropriate density functions, it is immediate
that the maximum likelihood selection rule given by (4) and
(5) becomes G-equivariant in the sense of the following def-
inition.

Definition 3.5 A selection rule se! is called G-equivariant iff
for samples (s1,. .. , sy) of constraints, and every g, € G,

sel(gr(sl),... 797'(3N)) = gr(sel(sla-'- 73N))' (ll)
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Note that the concept of G-equivariance does not, in turn,
rely on maximum likelihood selection rules. Indeed, in-
dependently from the constraints as data interpretation, G-
equivariance captures the idea that when the given constraints
undergo a shift in one directions, then the selected distri-
butions should undergo a similar shift. In Figure 2, a G-
equivariant rule would have to select the distribution indi-
cated by a cross given the solid constraints iff it selects the
distribution indicated by a diamond given the dashed con-
straints iff it selects the distribution indicated by a box given
the dotted constraints.

A second homogeneity assumption one will make about
(Fp)p in the absence of any information to the contrary is
permutation invariance: if 7 is any permutationof 1,... ,n,
then for all p

m(Fp) = Frp. (12)

Maximum likelihood selection with respect to a permutation
invariant family (F},),, leads to a permutation equivariant se-
lection rule:

sel(rsy,... ,msy) = w(sel(s1,...,8N)). (13)

4 Robust Estimation

In the previous section we have argued that when no particu-
lar information about the constraint generating family (Fp)p
is given, then reasonable assumptions on this family are G-
and permutation invariance. These assumptions alone are
not nearly sufficient to identify a unique such family: if F’
is any distribution on S™~! that satisfies F(7rs) = F(s)
for all s € S™ ! and all permutations 7, then F' gives rise
to a G- and permutation invariant family (Fp), by letting
F, := F, where u = (1/n,...,1/n) is the uniform do-
main distribution, and F} := g,(Fy), where g, € G is the
transformation uniquely determined by p = g,(u). Con-
versely, every G- and permutation invariant family (Fjp)p is
uniquely determined by its member F,,, which has to satisfy
F,(7s8) = Fu(s).

In the following, we define a particular family (Lp)p, by
way of defining L,,. The motivation for this family comes
out of the robustness of maximum likelihood selection with
respect to this family (Theorem 4.2). L,, can be thought of as
a mixture of multivariate Laplace distributions that are sepa-
rately defined on each sector. The usual multivariate Laplace
distribution on R™ has a density f(x) that depends on the
Euclidean distance between x and the mean m of the distri-
bution. To define Laplace-like distributions on the sectors of
S7—1 we first introduce a suitable metric on sectors:

Definition 4.1 Let ¢ € {—1,0,1}", 5,8’ € S¢. Define

1/2
d(s,s') := Z Log?(

shs;
sjs{) . (8
4,51 (i#0,¢;#0 iv

A density [,,(s) now is defined as a function of the distance
between s and a reference constraint m(¢) € S¢, which can
be thought of as the mean constraint in sector S°.

In order for L,, to satisfy L., (78) = L,(s) for all permu-
tations 7, the m(¢) have to be chosen such that m(w{) =
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mm(() for all sign vectors ¢ and permutations 7. Apart from
this condition, no restriction has to be imposed on the choice
of the m({) in order to obtain our robustness result. We there-
fore only assume at this point that some m(¢) € S¢ have
been appropriately fixed, and define

lu(s) = exp(—d* (s, m(()))-

The function 1, (s) is the density of a probability distribu-
tion L,,, which induces a G- and permutation invariant family
(Lp)p- The maximum likelihood selection rule selz, based on
this family is distinguished by the following robustness prop-
erty.

(se 8% (15

Theorem4.2 Let n > 3. Let (Fp)p be a G- and
permutation-invariant family of probability distributions on
proper constraints such that £, (S¢) > 0 for all proper sectors
S¢. Let F° denote the distribution of an infinite sequence
81, 82, ... of independent constraints drawn according to FJp,.
Then

F;,’o(limN%ooselL(sl, ...,8y)=p) =1 (16)

The theorem says that in the long run we will select with
probability 1 the correct distribution p by using selr, even
when the constraints are actually generated according to dis-
tributions (Fp)p. The conditions n > 3 and Fy,(S¢) > 0
make sure that with probability 1 sels(s1,...,sy) will be a
unique point for all sufficiently large N. To obtain an anal-
ogous result for n = 2 a mild additional condition on (Fp)p
must be added. The proof of theorem 4.2 follows the proof
of a general robustness result given as theorem 1 in [Huber,
19671.

Theorem 4.2 provides a good justification for using sel, on
“large” samples. It does not provide any guarantee that sely,
will show a sensible behavior on small samples. In particu-
lar, the behavior on small samples can be strongly affected by
the special choice of the reference constraints m (). Thus,
the definition of sel;, and Theorem 4.2 do not yet provide a
full answer to the measure selection problem from the con-
straints as data perspective. To extend these first results to-
wards a fully satisfactory solution, one will have to develop
suitable criteria by which to judge the performance of a max-
imum likelihood selection rule on small samples, and to spe-
cialize or modify the definition of se/;, to obtain a selection
rule that performs well according to these criteria (but retains
the asymptotic behavior (16)).

5 Conclusion

We have seen that an interpretation of constraints as data, not
as knowledge, leads to a completely new perspective on the
measure selection problem. This perspective calls for statis-
tical methods of parameter estimation as the tool for mea-
sure selection. The key problem we then face is that statis-
tical methods call for a statistical model for the data genera-
tion, but that (according to the traditional problem statement
that we deal with) no information about the appropriate sta-
tistical model is given. We have argued that in the absence
of any such information G- and permutation invariance are
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natural homogeneity assumptions for the constraint distribu-
tions. (Lp)p is a relatively simple G- and permutation in-
variant family of constraint distributions that leads to a robust
maximum likelihood selection rule.

Future work will have two major directions: first, the def-
inition of sely, will be refined in order to obtain a sensible
small sample behavior of the selection rule. Second, it will
be explored to which degree the assumptions made in The-
orem 4.2 on the constraint generating family (Fp), can be
relaxed without loosing (16) for selr,.
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