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Abstract

Filtering denotes any method whereby an agent up-
dates its belief state—its knowledge of the state of
the world—from a sequence of actions and obser-
vations. In logical filtering, the belief state is a log-
ical formula describing possible world states and
the agent has a (possibly nondeterministic) logi-
cal model of its environment and sensors. This
paper presents efficient logical filtering algorithms
that maintain a compact belief state representa-
tion indefinitely, for a broad range of environment
classes including nondeterministic, partially ob-
servable STRIPS environments and environments
in which actions permute the state space. Efficient
filtering is also possible when the belief state is rep-
resented using prime implicates, or when it is ap-
proximated by a logically weaker formula.

1 Introduction
Any agent operating in a partially observable environment
must perform computations that distinguish among the a pri-
ori possible current states of the world on the basis of past ob-
servations and actions. These computations may operate di-
rectly on a representation of the action–observation sequence
(e.g., [Winslett, 1990; Kautz et al., 1996]); they may reduce
queries about the current state to queries about the initial state
(e.g., [Reiter, 2001]); or, they may update the belief state (the
agent’s knowledge about the state of the world) after each ac-
tion and observation. This latter approach, called filtering or
recursive state estimation in the control theory literature, is
particularly useful with unbounded sequences of actions and
observations.

The main computational difficulties are 1) the time needed
to update the belief state, and 2) the space required to repre-
sent it. These depend on the nature of the transition model,
which describes how the environment evolves over time, the
observation model, which describes the way in which the en-
vironment generates observations, and the family of repre-
sentations used to denote belief states. Early work, begin-
ning with Gauss, assumed stochastic models. For example,
the Kalman filter [Kalman, 1960] is a ubiquitous device that
maintains a multivariate Gaussian belief state over n vari-
ables, assuming linear–Gaussian transition and observation

model. Crucially, the O(n3) update cost and the O(n2) space
requirement do not depend on the length of the observation
sequence; hence, a Kalman filter can run indefinitely. In this
paper, we are interested in developing analogous results in the
context of logical representations.

We adopt a simple logical language (Section 2) for describ-
ing the transition and observation models; the observations
and the belief state itself are also logical formulae. The ini-
tial state may be only partially known; the transition model,
which allows for actions by the agent itself, may be nondeter-
ministic; and the observation model may be nondeterministic
and partial, in the sense that the agent may not be able to
observe the actual state.

Even when we restrict ourselves to propositional logic, it
is clear that the general filtering problem is nontrivial (we
prove it is computationally hard), because there are exponen-
tially many possible states. We identify several classes of
models that allow efficient filtering with respect to the belief-
state representation size. Our primary method is based on
decomposition theorems showing that 1) filtering distributes
over disjunction in the belief state formula, and 2) filtering
distributes over conjunction and negation if the actions are
permutations of the state space. Such actions serve as one-to-
one mappings between states, for those states in which they
can be applied. We obtain efficient, exact algorithms for DNF
belief states and for NNF (Negation Normal Form - all nega-
tions are in front of atoms) and CNF belief states with per-
muting actions. In other cases, we obtain efficient algorithms
for approximate filtering.

In another class of dynamic systems, we can filter effi-
ciently if the belief state is represented in CNF that includes
all its prime implicates. Finally, we show that STRIPS mod-
els (possibly with nondeterministic effects of actions) also ad-
mit efficient filtering. The STRIPS assumption, that every
action has no conditional effects and that an effect’s precon-
ditions are the preconditions for the action’s execution, is key
to this efficiency.

With respect to maintaining a compact representation, we
show that properties similar to those mentioned above allow
us to filter k-CNF formulae (CNF with clauses of at most k
literals, when k is fixed) such that the result is represented in
k-CNF (for the same fixed k). Thus, the belief state is main-
tained in O(nk) space indefinitely. In particular, we show
mild conditions under which a compact belief state can be
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maintained in nondeterministic STRIPS domains and in per-
mutation domains. Finally, we show that DNF belief states
remain compact if the effects of actions are deterministic and
guaranteed to hold. These results are the first analogues, in
the logical arena, of the desirable properties possessed by
Kalman filters for continuous variables.

Ours is by no means the first work on filtering in a logical
context. Early on, it was pointed out that filtering is easy
for deterministic systems with a known initial state [Fikes et
al., 1972; Lin and Reiter, 1997]. Filtering in nondeterministic
domains is more difficult. In particular, the related problem of
temporal projection is coNP-hard when the initial state is not
fully known, or when actions have nondeterministic effects
[Liberatore, 1997] (see also Section 3.3).

Traditionally, computational approaches for filtering take
one of three approaches: 1) enumerate the world states possi-
ble in every belief state and update each of those states sep-
arately, together generating the updated belief state [Ferraris
and Giunchiglia, 2000; Cimatti and Roveri, 2000], 2) list the
sequence of actions and observations and prove queries on
the updated belief state [Reiter, 2001; Sandewall, 1994], or
3) approximate the belief state representation [Son and Baral,
2001; Williams and Nayak, 1996].

The first two approaches cannot be used when there are too
many possible worlds (e.g., when the domain includes more
than a few dozens of fluents and there are more than 240 pos-
sible states) or when the sequence of actions is long (e.g.,
more than 100 actions). Examples include robot localization,
tracking of objects and their relationships, and data mining.
The third approach gives rise to many mistakes that are some-
times dangerous, and requires an approximation that fits the
given problem (if one exists). Many domains of 100 fluents
or less are still computationally infeasible for it.

2 Logical Filtering
In this section we define logical filtering using a transition
model and action semantics that are compatible with the stan-
dard semantics belief update operator of [Winslett, 1990].
(To avoid confusion, this is different from another operator
presented in the same publication, PMA, that applies a non-
monotonic approach to formalize minimal change.) This op-
erator is simple and allows us to examine computational prop-
erties easily. It can represent any logical transition system,
and specifications in other action languages can be compiled
into it [Winslett, 1990; Doherty et al., 1998].

In what follows, for a set of propositional formulae, Ψ,
L(Ψ) is the signature of Ψ, i.e., the set of propositional sym-
bols that appear in Ψ. L(Ψ) is the language of Ψ, i.e., the set
of formulae built with L(Ψ). Similarly, L(L) is the language
of L, for a set of symbols L.

A transition system is a tuple 〈P,S,A,R〉, where
• P is a finite set of propositional fluents;
• S ⊆ Pow(P) is the set of world states;
• A is a finite set of actions;
• R ⊆ S ×A× S is the transition relation.

The intuition for this transition system description is that P is
the set of features that are available for us in the world, every
element in S is a world state (i.e., a subset of P , containing

propositions that are true in this world state), A is the set of
actions in the system and R(s, a, s′) means that state s′ is a
possible result of action a in state s.

A belief state is a set of world states σ ⊆ S. Performing an
action a in a belief state σ results in a belief state that includes
all the world states that may result from a in a world state in
σ. We do not introduce observations in this transition model.
Instead, we assume that observations are given to us (if at all)
as logical sentences after performing an action.

A logical nondeterministic domain description D is a fi-
nite set of statements of the following kinds: value proposi-
tions of the form “initially F ” describe the initial state and
effect rules of the form “a causes F if G” describe the effects
of actions, for F and G being state formulae (propositional
combinations of fluent names). We say that F is the head and
G is the tail of those rules.

For a domain descriptionD we define PD, AD to be the set
of propositional fluents and actions mentioned in D, respec-
tively. For a domain description D we define a transition
relation RD(s, a, s′) as follows.
• A fluent f ∈ PD is possibly affected by action a in state
s, if there is a rule “a causes F if G” in D such that G
is true in s and f ∈ L(F ).

• Let I(a, s) denote the set of fluents in PD that are not
possibly affected by action a in state s.

• Let F (a, s) be a set of all the heads of activated effect
rules in s (i.e., if “a causes F if G” is activated in s,
then F ∈ F (a, s)). We consider the case of F (a, s) = ∅
(no activated effect rules) as F (a, s) ≡ TRUE.

• Define (recalling that world states are sets of fluents)

RD =

{
〈s, a, s′〉

∣∣∣∣
(s′ ∩ I(a, s)) = (s ∩ I(a, s))
and F (a, s) is true in s′

}

When there is no confusion, we write R for RD.
If action a has an effect of FALSE in s, then it cannot execute.

In partially observable domains, we update our knowledge
as a result of executing an action and collecting observations
in the resulting state. The following definition of filtering as-
sumes that σ is a set of world states. We use our transition
operator R to define the resulting belief state from each ac-
tion. An observation o is a formula in our language.

Definition 2.1 (Logical Filtering Semantics). Let σ ⊆ S
be a belief state. The filtering of a sequence of actions and
observations 〈a1, o1, . . . , at, ot〉 is defined as follows:

1. Filter[ε](σ) = σ;
2. Filter[a](σ) = {s′ | 〈s, a, s′〉 ∈ R, s ∈ σ};
3. Filter[o](σ) = {s ∈ σ | o is true in s};
4. Filter[〈ai, oi, . . . , at, ot〉](σ) =

Filter[〈ai+1, oi+1, . . . , at, ot〉]
(Filter[oi](Filter[ai](σ))).

We call Step 2 progression with a and Step 3 filtering with o.

For example, consider a robot that is in charge of cleaning
a room. It can execute an action a = fetch(broom, closet)
which has the single effect rule “a causes has(broom) ∧
¬in(broom, closet) if in(broom, closet)”. Assume that the
robot’s belief state is σ = Pow(P) (i.e., it consid-
ers all states possible). Then, Filter[a](σ) = {s ∈
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Pow(P) | ¬in(broom, closet) is true in s}, i.e., after per-
forming the action a we consider all worlds that satisfy
¬in(broom, closet) possible. This is because if we are ini-
tially in a state in which in(broom, closet), then the resulting
state is one in which ¬in(broom, closet), and if we are ini-
tially in a state in which ¬in(broom, closet), then we stay
in the same state (thus, still satisfying ¬in(broom, closet)).
Call this resulting belief state σ′. Now, if an observation
o = has(broom) is received, then Filter[o](σ′) is exactly the
set of worlds that satisfy ¬in(broom, closet) and has(broom).

3 Filtering Logical Formulae
Approaches to filtering actions and observations that at any
stage enumerate the states in a belief state do not scale to
large domains. An alternative approach is to perform logical
progression in a form similar to the one described by [Lin and
Reiter, 1997; McIlraith, 1998]. The difference is that now we
wish to do so (efficiently) in the context of nondeterministic
actions and observations.

In this section we present a straightforward algorithm that
filters belief state formulae directly, but does so in worst-case
exponential time. This algorithm serves as a starting point
for Section 4, where we propose efficient algorithms. We
also present distribution properties of filtering over the log-
ical connectives ∧,∨,¬, and examine the theoretical limita-
tions of formula filtering. These will guide us in Section 4,
and allow us to present classes of systems that are not subject
to those limitations and can be tracked in polynomial time
and a compact fashion indefinitely.

3.1 Zeroth-Order Filtering Algorithm
In the rest of the paper we assume that a fixed set of fluents
persists for action a in all states in which it has an effect.
Eff(a) is the set of fluents possibly affected by a, and Eff(a)
is P \ Eff(a). Some of the following notation assumes an
implicit action, when this causes no confusion.

We represent a belief state σ as a logical formula ϕ such
that a state is in σ iff it satisfies ϕ. The filtering of a belief
state formula with an action and an observation is a formula
representing the consequences of our effect rules and obser-
vation on states that satisfy our initial formula. We specify
this filtering process formally using the following notation.

For a set of effect rules r1, . . . , rl for action a, each of
the form “a causes Fi if Gi”, write F ′

i = Fi[P/P′], for
P ′ = {f ′1, . . . , f

′
n} a set of new symbols for fluents, [P/P ′]

a shorthand for [f1/f
′
1, ..., fn/f

′
n], and [f/f ′] means that we

replace all instances of symbol f in the formula by instances
of symbol f ′. Here, we view P as the set of fluents in some
time t, and P ′ as the same fluents in time t + 1. We add the
following set of rules for action a:

C = {“a causes p if p”, “a causes ¬p if ¬p” | p /∈ Eff(a)}
∪{“a causes p if p ∧ Ḡ” | p ∈ Eff(a)}
∪{“a causes ¬p if ¬p ∧ Ḡ” | p ∈ Eff(a)}

where
Ḡ = ¬G1 ∧ ... ∧ ¬Gl, (1)

the assertion that no precondition of a holds. This has a sim-
ilar effect to adding frame axioms to a set of effect axioms in

an action language. We let r1, ..., rm be the complete set of
rules for a and call the new rules, C = {rl+1, ..., rm}, com-
pletion rules for a.

We filter a belief-state formula as follows. (We reuse
Filter[·](·) for filtering a belief-state formula.) Let Cn(Ψ)
be the set of logical consequences of Ψ (i.e., formulae ψ such
that Ψ |= ψ), and CnL(Ψ) be Cn(Ψ) ∩ L, the set of logical
consequences of Ψ in the language L. We write CnL(Ψ),
when L is a set of symbols, to mean CnL(L)(Ψ).

1. Filter[a](ϕ) =

(CnP′

(ϕ ∧
∧

i≤m((ϕ⇒ Gi) ⇒ F ′
i )))[P′/P];

2. Filter[o](ϕ) = ϕ ∧ o.

For example, consider action a = fetch(broom, closet)
which has the single effect rule “a causes has(broom) ∧
¬in(broom, closet) if in(broom, closet)”, and consider a be-
lief state formula ϕ = TRUE (i.e., we consider all states
possible). Then, Filter[a](ϕ) ≡ ¬in(broom, closet), i.e.,
after performing the action a we consider all worlds that
satisfy ¬in(broom, closet) possible (similar to our example
in Section 2). Call this resulting belief state formula ϕ′.
Now, if an observation o = has(broom) is received, then
Filter[o](ϕ′) ≡ ¬in(broom, closet) ∧ has(broom).

The following generalizes a theorem presented in [Doherty
et al., 1998] by allowing conditional and inconsistent effects.

Theorem 3.1. If ϕ is a belief state formula, and a an action,
then

Filter[a]({s ∈ S | s satisfies ϕ}) =
{s ∈ S | s satisfies Filter[a](ϕ)}

Our zeroth-order algorithm computes
Filter[〈a1, o1, ..., at, ot〉](ϕ) by iterating the appli-
cation of filtering of a belief-state formula with an
action and an observation. It sets ϕ0 = ϕ and
ϕi = Filter[oi](Filter[ai](ϕi−1)) recursively for i > 0
using the two equalities defined above. This algorithm is
correct, as shown by Theorem 3.1. It can be implemented
using a consequence finder in a restricted language (e.g.,
[Simon and del Val, 2001]).

From here on, when we say filtering we refer to filtering of
a belief-state formula, unless otherwise mentioned.

3.2 Distribution Properties and Permutation
We can decompose the filtering of a formula ϕ along logical
connectives once we establish several distribution properties.

Theorem 3.2 (Distribution over Connectives). Let a be an
action, and let ϕ,ψ be formulae. Then,

1. Filter[a](ϕ ∨ ψ) ≡ Filter[a](ϕ) ∨ Filter[a](ψ)
2. |= Filter[a](ϕ ∧ ψ) ⇒ Filter[a](ϕ) ∧ Filter[a](ψ)
3. |= Filter[a](¬ϕ) ⇐ ¬Filter[a](ϕ)∧Filter[a](TRUE)

We can say something stronger for actions that act as per-
mutations on the states in S in which they can be executed.

Definition 3.3 (Permuting Actions). Action a is permuting,
if for every state s′ there is at most one s such that R(s, a, s′).

Domains that include only permuting actions are called
permutation domain.
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For example, consider a = fetch(broom, closet) from
above, and assume that we add a second effect rule “a
causes FALSE if ¬in(broom, closet)”. Thus, a is not exe-
cutable unless its first rule’s precondition holds. Then, the ac-
tion is a one-to-one mapping between states, when this map-
ping is defined (it is not defined when a state maps to no re-
sulting state). If this second rule is not added, then the action
is not one-to-one because it maps two different states (in the
first we already have the broom and in the second the broom
is in the closet) to the same state.

In the same spirit, an action pickUp(A,B) that picks up
block A from the top of block B is one-to-one when it is pos-
sible because we can find a single previous state for every
resulting state. The same holds for putDown(A,C). Other
natural examples include turning a row in a Rubik’s cube,
flipping a light switch, and buying a gallon of gas. In con-
trast, turning on the light, setting a Rubik’s cube to a partic-
ular configuration, and filling up the gas tank are not permu-
tation actions. Notice that we allow different actions to map
different states to the same state (e.g., accelerating by 5MPH
when driving 40MPH results in the same state as when decel-
erating by 5MPH when driving 50MPH).

Theorem 3.4 (Distribution for Permutation Domains). Let
a be a permuting action, and let ϕ,ψ be formulae. Then,

1. Filter[a](ϕ ∨ ψ) ≡ Filter[a](ϕ) ∨ Filter[a](ψ)
2. Filter[a](ϕ ∧ ψ) ≡ Filter[a](ϕ) ∧ Filter[a](ψ)
3. Filter[a](¬ϕ) ≡ ¬Filter[a](ϕ) ∧ Filter[a](TRUE)

Proof Sketch. Space permits inclusion only of the most inter-
esting part, i.e., that of “⇐” of 2.

Let s′ be a world state that satisfies Filter[a](ϕ) ∧
Filter[a](ψ). Then, it satisfies both of Filter[a](ϕ),
Filter[a](ψ). For Filter[a](ϕ) there is a state s such that
RD(s, a, s′) and s satisfies ϕ. Similarly, for Filter[a](ψ)
there is a state s1 such that RD(s1, a, s

′) and s1 satisfies
ψ. However, since a acts as a one-to-one mapping from S
to S, there is only one state in S that a maps to s′. Thus,
s = s1, and s satisfies ψ. Thus, s satisfies ϕ ∧ ψ and s′ sat-
isfies Filter[a](ϕ ∧ ψ). From Theorem 3.1 it follows that
|= Filter[a](ϕ ∧ ψ) ⇐ Filter[a](ϕ) ∧ Filter[a](ψ).

3.3 Limitations for Compact Representation
It may be argued that filtering may require only polynomial
space, if we limit ourselves to initial belief states that are rep-
resented compactly and to actions whose effects and precon-
ditions are represented compactly. In Theorem 3.5 we show
the contrary. That is, for every general-purpose representa-
tion of belief states there is a dynamic system, an initial be-
lief state, and a sequence of actions after which our belief
state representation is exponential in the representation of the
initial belief state.

P/poly is a nonstandard computational complexity class
that includes problems that can be answered in polynomial
time, if we are given a polynomial-length hint that depends
only on the length of the input problem. It is considered
likely that NP ∩ co-NP 6⊆ P/poly. Assume so, and let f(σ)
(σ ⊆ 2S ) encode belief states using n propositional symbols.

Theorem 3.5. There is dynamic system D with n fluents, be-
lief state σ0, and action sequence a1, ..., an such that, for all

i ≤ n, σi = Filter[ai](σi−1), and |f(σn)| > poly(|f(σ0)| ·
|D| · n). (|D| is the representation size of D.)

The proof of this theorem reduces the problem of repre-
senting the belief state after performing an action to that of
representing a Craig Interpolant. It uses the following.

Theorem 3.6 ([Boppana and Sipser, 1990]). Assume that
for every propositional implication A |= B there is a Craig
interpolant C such that A |= C and C |= B and |C| ≤
poly(|A| + |B|). Then NP ∩ co-NP ⊆ P/poly.

4 Efficient and Indefinitely Compact Filtering
In this section we present the main contribution of this paper,
namely, a polynomial-time algorithm that computes logical
filtering exactly for a significant class of transition systems.
For some special cases we present simpler algorithms that
are even more efficient. For systems that do not fall within
this class our algorithm gives an approximation to the filter-
ing. Also, we show that we can keep the representation of
the filtered belief state compact indefinitely for a class of dy-
namic systems. This class includes nondeterministic STRIPS
systems and some systems whose actions are permuting.

The theorems that we consider most important are the fol-
lowing three. Let |ϕ| be the number of literals inϕ’s represen-
tation, let #rules(a) be the number of effect rules defining
a, and let Ḡa = Ḡ be the precondition of a as defined in
(1). Assume that the effect rules that define a given action
have identical sets of affected propositional symbols (how-
ever, different actions may have different such sets).

Theorem 4.1 (Efficiency). Given NNF formula ϕ, action
a, and observation o, the filtering algorithm in Figure 1
returns the filtering of ϕ with a and o, if a is permuting.
If a is not permuting, then the algorithm returns an logi-
cally weaker formula than the filtering. It does so in time
O(|ϕ| · 2#rules(a)+|L(Ḡa)|).

Theorem 4.2 (Compact Filtering). Given k-CNF formula ϕ
(fixed k), deterministic action a, and observation o in k-CNF,
the filtering of ϕ with a and o is in k-CNF, if a is permut-
ing, Filter[a](TRUE) is in k-CNF, and for every literal `
in ϕ, Filter[a](`) ≡ Filter[a](TRUE) ∧ T , where T is a
conjunction of literals.

If a is not permuting, then the algorithm in Figure 1 still
returns a formula in k-CNF.

The conditions on action a in the last theorem hold, e.g., for
actions whose every defining rule has a precondition that is a
single clause (e.g., a literal). It also holds for actions which
are defined by at most two rules, and actions that affect all the
literals that appear in their preconditions.

Finally, for nondeterministic STRIPS actions (actions that
have no conditional effects) we get efficiency and compact
representation. Let k-PI-CNF denote the class of k-CNF for-
mulae that include all their prime implicates (i.e., ϕ in k-PI-
CNF iff ϕ in k-CNF and for every clause C, if ϕ |= C, then
there is a clause C ′ in ϕ such that C ′ subsumes C). Every
formula can be represented in k-PI-CNF for some k.

Theorem 4.3 (STRIPS Actions). Given k-PI-CNF formula
ϕ (fixed k), STRIPS action a with effect in k-PI-CNF, and
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observation o in 2-CNF, the filtering of ϕ with a and o is
computed in time O(|ϕ| · k+ 2|L(Ḡa)|). The result is in k-PI-
CNF, if after observing o we know if a succeeded or failed.

4.1 Closed-Form Solution and Factored Filtering
Our zeroth-order filtering algorithm uses consequence finding
tools which do not scale to large domains. The following
always holds and suggests a different reasoning procedure.

Filter[a](ϕ) ≡
∧

i1,...,iu≤m, ϕ|=Gi1
∨...∨Giu

(Fi1 ∨ . . . ∨ Fiu
). (2)

We can compute Filter[a](ϕ) by testing queries of the
form ϕ |= Gi1 ∨ . . . ∨Giu

(instead of applying consequence
finding). On the other hand, it requires an exponential num-
ber in m of such tests (recall, m is the number of rules, in-
cluding the completion rules). Since m > 2n (there are two
completion rules for each of the n domain features), this is
worse computationally than the method of enumerating all
the states.

In what follows we use the intuition that we need only few
rules if ϕ includes only a small subset of P , the fluent sym-
bols of our domain. In general, ϕ may include many fluent
symbols because we may know many things about many dif-
ferent parts of our domain. Nevertheless, if we can decom-
pose ϕ into small parts that can be filtered separately, then
each of the parts includes only a small subset of P , and filter-
ing each of the parts separately becomes easy.

Assume that we order the rules of a such that r1, ..., rt (t ≤
l) satisfy L(Fi) ∩ L(Gi) = ∅ (ri = “a causes Fi if Gi”, i ≤
t), and rt+1, ..., rl satisfy L(Fi) ∩ L(Gi) 6= ∅. Furthermore,
let rm+1 be the additional rule “a causes Ḡ if Ḡ” (recall, m
is the number of rules of a, including completion rules). We
define B to be

B =
∧

i≤t

(¬Gi∨Fi) ∧
∧

i1,...,iu∈{t+1,...,l,m+1}

(G̃i1,...,iu
∨

∨

f≤u

Fif
) (3)

where G̃i1,...,iu
≡ CnEff(a)(

∧
f≤u ¬Gif

).
B is a term that is always implied by Filter[a](TRUE),

i.e., the progression of zero knowledge with the action a. The
first set of conjuncts of B is the result of applying a rule “a
causes Fi if Gi” whose preconditions are not affected by ex-
ecuting a. Even when we know nothing before performing
a, we will know that either the effect occurred or the precon-
dition did not hold and still does not hold. The second set of
conjuncts applies a similar intuition for the case of effect rules
that may affect the truth value of their original preconditions.

Define C(L) to be the set of completion rules of a for flu-
ents in L, i.e., C(L) = {i > l | the effect of ri ∈ C is in L}.

We can now state the fundamental theorem of this Section.
It holds for all domains expressed using our action language.

Theorem 4.4 (Closed-Form Representation). If ϕ is a be-
lief state formula and {r1, . . . , rl} is the set of effect rules for
action a, each of the form “a causes Fi if Gi”, then

Filter[a](ϕ) ≡
∧

i1, ..., iu ∈ {1, ...l, m + 1} ∪ C(L(ϕ)),
ϕ |= Gi1

∨ ... ∨ Giu

(Fi1 ∨ ... ∨ Fiu
)

∧
B (4)

The intuition for equation (4) is that progressing ϕ with an
action a can be computed by looking at all the possible com-
bination of preconditions of effect rules and completion rules
for L(ϕ). If we can prove that G1 ∨ G2 holds from ϕ, then
we can conclude that F1 ∨F2 holds in the result of executing
a. The conclusions that are not accounted for with this intu-
ition are the effects that we infer from the completion rules in
C(L(G1, ..., Gl)) together with the effect rules for a. Those
conclusions are summarized in B, which is independent of ϕ.

PROCEDURE NNF-Filter(〈ai, oi〉0<i≤t,ϕ)
∀i, ai an action, oi an NNF observation, ϕ a belief-state formula.

1. If t = 0, return ϕ.
2. Set B as in equation (3) for at but in NNF form.
3. Return ot ∧ B∧ NNF-ProgressStep(at,

NNF-Filter(〈ai, oi〉0<i≤(t−1),ϕ)).

PROCEDURE NNF-ProgressStep(a,ϕ)
a an action. ϕ a belief-state formula, r1, ..., rl, rm+1 rules for a.

1. If ϕ is a literal, then return the NNF form of∧
{
∨

i∈I Fi | I ⊆ {1, ..., l, m+1}∪C(L(ϕ)), ϕ |=
∨

i∈I Gi}.

2. If ϕ = ϕ1 ∨ ϕ2, then return
NNF-ProgressStep(a, ϕ1) ∨ NNF-ProgressStep(a, ϕ2).

3. It must be that ϕ = ϕ1 ∧ ϕ2. Return
NNF-ProgressStep(a, ϕ1) ∧ NNF-ProgressStep(a, ϕ2).

Figure 1: Filtering an NNF formula.

Our NNF filtering algorithm is presented in Figure 1. It
is much faster than our zeroth-order algorithm, and it relies
on Theorems 4.4, 3.2, and 3.4. In the following, if ψ is a
logically weaker formula than our filtering, we say that it is a
safe approximation for filtering. We denote effects by Fi and
preconditions by Gi. For an action a, set t = |

⋃
i≤l L(Gi)|.

Corollary 4.5 (NNF Filtering). Let ϕ be a formula in NNF
with h literals, and let a be an action with l effect rules. Then,
NNF-Filter safely approximates Filter[a](ϕ) in time O(h ·
2l+t). If a is permuting, then this computation is exact.

Extended Example
As an example, consider our room-cleaning robot from
above, and the action a = fetch(broom, closet), with the
slightly more elaborate effect rule “a causes has(broom) ∧
¬in(broom, closet) if in(broom, closet) ∧ ¬locked(closet)”.
Assume that our robot has its belief state represented by
¬locked(closet) ∧ (in(broom, closet) ∨ in(broom, shed)).

NNF-Filter filters each of the literals separately with a and
combines the results. For a given literal, filtering is mostly
done is step 1 of NNF-ProgressStep. We describe how this is
done for each of the literals in our robot’s belief state.

NNF-ProgressStep(a,¬locked(closet)) tests in step 1 all
possible entailments of the form ¬locked(closet) |=

∨
i∈I Gi,

where I includes elements from the effect rule of a, the
frame rule for Ḡ (rule rm+1), and the completion rule for
¬locked(closet). For brevity, denote the effect of a by F1,
and the precondition for that rule by G1. There is only one
effect rule defining a, so in this case Ḡ = ¬G1.

In that step, one of our tests finds that
¬locked(closet) |= G1 ∨ Ḡ
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(because G1 ∨ Ḡ = G1 ∨ ¬G1 ≡ TRUE). This makes
us include F1 ∨ Ḡ in the filtering. In the same step, another
test finds that ¬locked(closet) |= ¬locked(closet) (trivially
true). This makes us include ¬locked(closet) in the filter-
ing. The conjunction of the two is logically equivalent to
¬in(broom, closet) ∧ ¬locked(closet). This is the result of
filtering ¬locked(closet) with a.

Similarly, for in(broom, closet), one of our tests in step 1
of NNF-ProgressStep finds that

in(broom, closet) |= G1 ∨ (Ḡ ∧ in(broom, closet))

(because G1 ∨ (Ḡ ∧ in(broom, closet)) ≡ G1 ∨
in(broom, closet), and the latter follows trivially from
in(broom, closet)). As before, we also find that
in(broom, closet) |= G1 ∨ Ḡ. We find that the filter-
ing of in(broom, closet) with a is (in(broom, closet) ∨
has(broom))∧ (¬in(broom, closet)∨ locked(closet)). Notice
that this belief state implies has(broom) ∨ locked(closet).

For the filtering of the last literal, in(broom, shed), we
find its filtering to be equivalent to in(broom, shed) ∧
(¬in(broom, closet) ∨ locked(closet)). (Notice, that we do
not know that the broom is not in the closet because initially
we did not know that the broom cannot be in more than one
place; we made this choice to simplify this example.)

Now, we recurse back in the algorithm and com-
bine the filtered formulae. We find that the filter-
ing of in(broom, closet) ∨ in(broom, shed) is equivalent
to (in(broom, shed) ∨ in(broom, closet) ∨ has(broom)) ∧
(¬in(broom, closet)∨ locked(closet)). Notice that this belief
state implies in(broom, shed)∨has(broom)∨ locked(closet).

Finally, for the original belief state, ¬locked(closet) ∧
(in(broom, closet) ∨ in(broom, shed)), we conjoin the last
result with the filtering of ¬locked(closet) and get

(in(broom, shed) ∨ has(broom))∧
¬in(broom, closet) ∧ ¬locked(closet)

4.2 DNF and CNF Belief States
If ϕ is in DNF (a disjunction of conjunctions), then we can
limit the size of the resulting formula. We writeD∧a |= ψ to
say that action a has effect rules inD that logically imply ψ in
a state in which a is executed (e.g., ¬Ḡ may be a tautology).

Corollary 4.6 (Iterating DNF Filtering). Let ϕ be in DNF
with h literals and s disjuncts, and a an action with l effect
rules with {Fi}i≤l in DNF with d disjuncts total, and {Gi}i≤l

in CNF, each with c conjuncts. Then, Filter[a](ϕ) in DNF is
computed exactly in timeO(h·2l+t) with at most max(2s, 1)·(

d
d/2

)
· cl disjuncts. If D ∧ a |= ¬Ḡ, then it has at most

max(s, 1) ·
(

d
d/2

)
· cl disjuncts.

Thus, when a is a deterministic action (every rule’s effect
is a conjunction of literals) with a single effect rule that is
always guaranteed to succeed, then the number of disjuncts
in the formula does not grow as the filtering progresses.

For CNF formulae we can find a more significant class of
actions that allow us to maintain compact representation. We
show that under some conditions every k-CNF formula is fil-
tered into a k-CNF formula (fixed k). This implies that the

belief state representation is no larger than (2n)k, which is
manageable for small fixed k’s.

The main observation that we use is that a clause of k liter-
als may give rise to a larger clause after filtering, only if one
of the following holds: (a) the filtering of TRUE includes a
clause of more than k literals; or (b) the filtering of a literal
includes a clause of 2 or more literals that is not subsumed by
Filter[a](TRUE). The first case can occur when we do not
know whether the action succeeded or not, and which rules
applied if it did. In that case, we know that after the action
one of the effects holds or no precondition holds (this yields a
formula which may include many disjunctions). The second
case can occur when the precondition of a rule includes a con-
junction of literals. When we filter a single literal we may get
a disjunction in the result (of the form the effect holds, or the
rest of the precondition does not). When we filter a clause,
this may cause the filtering to include a larger clause.

The following theorem describes sufficient conditions for
filtering a k-CNF formula into k-CNF, thus keeping the rep-
resentation compact (k is fixed).

Theorem 4.7 (Filtering a k-CNF Clause). Let C be a k-
CNF clause, and action a have l effect rules, all deterministic.
Assume that B is in k-CNF, and that whenever f |=

∨
i∈I Gi

for literal f and I ⊂ {1, ..., l,m+ 1}, |I| ≥ 2, then D ∧ a |=∨
i∈I Gi or f |= Gi for some i ∈ I . Then, Filter[a](C) is in

k-CNF and can be computed in time O(2l+t).

Note that B is in k-CNF for an action a when
|
⋃

i≤l L(Gi)∪ Eff(a)| ≤ k or |
⋃

i≤l L(Gi) \ Eff(a)|+ l ≤ k

or l = 1 and |L(G1)| −min(1, |L(F1) \ L(G1)|) ≤ k.
Consequently, filtering with actions that are permuting

maintains a k-CNF if |=
∨

i∈I Gi whenever f |=
∨

i∈I Gi

for some |I| ≥ 2. An example of such an action is flipping a
switch (if the light is on, it will get turned off, and vice versa).
One of the preconditions always holds. Another example is
moving a block (whichever it is) from the top of a stack. For
literal f , if f |= top(A) ∨ top(B), then the disjunction is
implied by D ∧ a or a single precondition follows from f .

Corollary 4.8 (Iterating CNF Filtering). If ϕ is in k-CNF,
then the assumptions of Theorem 4.7 imply that Filter[a](ϕ)
is approximated safely in time O(|ϕ| · 2l+t), with a result in
k-CNF. If a is permuting, then this computation is exact.

4.3 Prime-Implicate Belief States
It turns out that a form of distribution over conjunction holds
for all actions if the belief state is represented as the conjunc-
tion of all of its prime implicates (formulae we call prime im-
plicate belief states (PI-CNF)). In this form we can distribute
the computation to the conjuncts and conjoin the result of fil-
tering small subgroups of them separately. More precisely,

Filter[a](ϕ) ≡
∧

j1,...,jz≤s

Filter[a](
∧

g≤z

Cjg
) (5)

for z a number that depends on the representation of the pre-
conditions of a and on the number of rules defining a.

Theorem 4.9 (Filtering Prime Implicates). Let ϕ be in k-
PI-CNF (PI-CNF and k-CNF), and let action a have l effect
rules with effects in k-CNF and preconditions in d-CNF, with
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PROCEDURE PI-Filter(〈ai, oi〉0<i≤t,ϕ)
∀i, ai an action, oi an observation, ϕ a belief-state formula.

1. If t = 0, return ϕ.
2. Return the PI-CNF form of

ot∧ PI-ProgressStep(at, PI-Filter(〈ai, oi〉0<i≤(t−1),ϕ)).

PROCEDURE PI-ProgressStep(a,ϕ)
a an action, ϕ a belief-state formula. r1, ..., rl, rm+1 rules for a.

1. Let res← TRUE.
2. For every i1, ..., ij ∈ {1, ..., l, m+1}, and f1, ..., fu literals

in Pre(a) \ Eff(a), do
(a) Let

∧
g≤z Ĉg be the CNF representation of

∨
h≤j Gih

.
(b) For every g ≤ z, nondeterministically choose a clause

Cg in ϕ whose restriction to Pre(a) subsumes Ĉg .
(c) If there is a clause for every g ≤ z, then set res ←

res ∧ F , where F is
∨

h≤j(Fih
∨ (Cih

∩ Eff(a))).
3. Return res.

Figure 2: Filtering a Prime-Implicate CNF formula.

eachGi of at most c clauses. Then, equation (5) holds for z =
cl · (dc + 1), and PI-Filter (Figure 2) computes Filter[a](ϕ)
exactly in timeO(2l·|Pre(a)∪Eff(a)| ·(sz +z)). IfD∧a |= ¬Ḡ,
then z = cl, with O(2l · (sz + z)) time.
Corollary 4.10 (Maintaining k-PI-CNF). Let ϕ be a k-PI-
CNF formula, and let action a have l effect rules, all deter-
ministic. Assume that Gi is a disjunction of literals, for all
i ≤ l. Also, assume that D∧a |= ¬Ḡ. Then, Filter[a](ϕ) ≡
PI-ProgressStep(a,ϕ), and the latter is in k-CNF. If k = 2,
then PI-Filter(a,ϕ) is in k-PI-CNF.

The conclusion for k = 2 uses the fact that every prime
implicate of a formula in 2-CNF is a clause with at most two
literals. Simple counter examples (omitted) show that k-PI-
CNF cannot be maintained without these conditions.

4.4 Nondeterministic STRIPS Domains
STRIPS domains present a special case of the results that we
discussed above. In such domains every action has a single
rule (no conditional effects) and actions can be executed only
when their preconditions hold1. Unlike the original STRIPS,
we allow nondeterministic effects, and allow belief states to
be any CNF formulae in the fluents of the domain.

More precisely, every action a has exactly two effect rules,
r1, r2. Their preconditions are such that G1 ≡ ¬G2. Also,
F2 ≡ FALSE. Thus, a can be executed only when G1

holds. Consequently, when we filter with a we assert im-
plicitly that its preconditions held in the last world state.

The assumption that there is only one rule that determines
a’s effects and otherwise the action is not executed has a dra-
matic effect. For l1, ..., lk literals we get that

Filter[a](l1 ∨ ... ∨ lk) ≡{
Ta ∃i ≤ k li ∈ L(Eff(a))
Ta ∧

∨
i≤k li l1, ..., lk /∈ L(Eff(a))

(6)

1With the alternate assumption that actions have no effect un-
less their preconditions hold, but observations (or their absence) are
guaranteed to distinguish actions’ success from failure, the same re-
sults hold, except that now the compactness of representation re-
mains only after filtering with observations.

Theorem 4.11 (Iterating STRIPS Filtering: CNF). Let ϕ
be in k-CNF with s clauses and a a STRIPS action. If F1 is
in k-CNF and |L(G1) \ L(F1)| ≤ t, for some t ≤ k, then
Filter[a](ϕ) can be approximated safely in time O(s · k +
2t), yielding a k-CNF formula. If a is permuting, then this
computation is exact.

If our representation is PI-CNF, then we get an even
stronger result, leading to the algorithm in Figure 3.
Theorem 4.12 (Factoring STRIPS filtering: PI-CNF). Let∧

i≤s Ci be in PI-CNF, and let a be a STRIPS action. Then,

Filter[a](
∧

i≤s

Ci) ≡
∧

i≤s

Filter[a](Ci).

For example, for a = fetch(broom, closet) that has ef-
fect F1 = has(broom) ∧ ¬in(broom, closet), if we know
(in(broom, closet)∨¬locked(closet))∧(in(broom, shed)∨
locked(closet)) before applying a, then after it we know
F1 ∧ (in(broom, shed) ∨ locked(closet)).
Corollary 4.13 (Iterating STRIPS filtering: k-PI-CNF).
Let ϕ be in k-PI-CNF, and let a be a STRIPS action with
F1 in k-PI-CNF, t = |L(G1) \ L(F1)|, and t ≤ k. Then,
STRIPS-Filter(a,ϕ) computes Filter[a](ϕ) exactly in time
O(|ϕ| · k + 2t), yielding a k-PI-CNF formula.

This means that we can filter in practice any prime im-
plicate belief state in any nondeterministic STRIPS domain.
This filtering stays compact, with the size depending only on
the PI-CNF representation of F1 and the number of proposi-
tional symbols in G1 but not F1.

Finally, every STRIPS action can be filtered efficiently,
even if we drop the assumption that either the action succeeds
or we observe an error. This can be done by assuming that the
action succeeds, finding the filtering of that action, and then
disjoining the result with the initial belief state. Nonetheless,
this scheme may cause representation space explosion as fil-
tering proceeds over multiple steps, unless some care is taken.

PROCEDURE STRIPS-Filter(〈ai, oi〉0<i≤t,ϕ)
∀i, ai an action, oi an observation, ϕ a belief-state formula.

1. For i from 1 to t do,
(a) Set ϕ′ ←

∧
C∈ϕ Filter[ai](C), where Filter[ai](C)

is computed using (6), and eliminate subsumed clauses.
(b) Let ϕ be the prime implicates of ϕ′ ∧ oi.

2. Return ϕ.

Figure 3: Filtering a PI-CNF formula with STRIPS actions.

We tested our STRIPS-filter algorithm in partially observ-
able blocks-world domains. The implementation in LISP in-
cludes a random action-sequence and observation-sequence
generator, and both the generator and filtering algorithm re-
ceive a description of the domain, actions and observations
specified in PDDL (a plan-problem specification language).

We ran the algorithm with blocks-world domains of in-
creasing sizes (3 to 20 blocks), yielding domains that range
from tens to over a thousand of propositional features. We
collected the time taken per filtering step for each of the exe-
cutions and the space taken overall at every iteration, starting
with zero knowledge. The results are shown in Figure 4.
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Figure 4: STRIPS-Filter in the blocks world.

4.5 Observation Model
An observation model is a theory O that includes observation
constraints, axioms that describe the relationship between ob-
served facts and other fluents. We allow O to include any ax-
ioms. Our model assumes that observations o are collected
after an action is executed. o is a sentence made up with flu-
ents, similar to the observation constraints. The conjunction,
O∧o is then used to filter the resulting belief state. Formally,

Filter[o](ϕ) = ϕ ∧ o ∧ O. (7)

This allows all the results that we enumerated above to ap-
ply with this model as well. The following connects the
results of Sections 3,4 to filtering with observations.

Corollary 4.14. If o ∧O is in k-CNF and Filter[a](ϕ) is in
k-CNF, then Filter[a, o](ϕ) is in k-CNF.

In particular, this means that our results for STRIPS do-
mains and for NNF, CNF and DNF formulae still hold here.
Thus, the representation remains compact in the cases that we
indicated already, and computation remains easy in the same
cases as well. Finally, for k-PI-CNF, we get the following.

Corollary 4.15 (Obs. and k-PI-CNF). If o∧O is in 2-CNF,
and ϕ is in k-PI-CNF, then Filter[o](ϕ) is in k-PI-CNF.

5 Conclusions
In this paper we presented the task of logical filtering and
gave it a computational treatment. The results we obtained
here have implications for monitoring and controlling dy-
namic systems. In many cases we present a closed-form com-
putation of the filtering and in others show how to approxi-
mate this computation. In some cases we can guarantee that
the size of the representation of the filtered formula can be
bounded and kept small. In those cases, logical filtering can
be used to control processes that run over very long periods
of time. Examples of such systems are abundant and include
robot motion control, natural language processing, and agents
that explore partially observed worlds.

We made use of several assumptions in this paper in differ-
ent contexts and with different consequences. We presented
permutation domains and the certainty of existence of an ef-
fect (D∧a |= ¬Ḡ) as characteristics of the domain that make
filtering easier. We showed that the commonly used assump-
tion that every action has a relatively small number of rules
(at most polynomial in n), and that effects, preconditions and
terms in the belief state typically use a small vocabulary, all

have a drastic effect on the computational effort needed for
filtering and on the size of the resulting belief state.

The need to track the state of the world is a basic one, and
many works have appealed to it implicitly in the past. How-
ever, the computational treatment of such tracking has been
avoided so far, partially due to the absence of a developed
theory of nondeterministic domains, and partially due to neg-
ative results about the general cases of this task. Nonethe-
less, this problem and methods for its solution have received
much attention in control theory. The results we obtained here
promise to find their application in this domain and may be
combined with stochastic filtering techniques.
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Abstract

In previous work, Levesque proposed an extension
to classical databases that would allow for a certain
form of incomplete first-order knowledge. Since
this extension was sufficient to make full logical de-
duction undecidable, he also proposed an alterna-
tive reasoning scheme with desirable logical prop-
erties. He also claimed (without proof) that this
reasoning could be implemented efficiently using
database techniques such as projections and joins.
In this paper, we substantiate this claim and show
how to adapt a bottom-up database query evalu-
ation algorithm for this purpose, thus obtaining a
tractability result comparable to those that exist for
databases.

1 Introduction
As argued in [Levesque, 1998], there is only one deductive
technique efficient enough to be feasible on knowledge bases
(KBs) of the size seemingly required for common-sense rea-
soning: the deduction underlying classical database query
evaluation. And yet, databases by themselves are too re-
stricted to serve as the representational scheme for common-
sense reasoning, since they require, among other things, com-
plete knowledge of the domain. Levesque proposed a gener-
alization of databases called proper knowledge bases, which
allow for a limited form of incomplete knowledge. Despite
the limitations, however, the deduction problem for proper
KBs is no longer even decidable. Levesque proposed an al-
ternative reasoning procedureV for proper KBs that was logi-
cally sound and, when the query was in a certain normal form,
logically complete. Moreover, he argued that it should be
possible to implement V for very large KBs using database
techniques. However, no proof was given.

In this paper, we examine proper KBs and the V procedure
more closely, and we prove a tractability result for this type
of logical reasoning that are comparable to those that exist for
classical database query evaluation. In particular, we adapt a
bottom-up database retrieval algorithm to the case of proper
KBs. Thus, what we show here is that in some cases it is
indeed possible to reason efficiently with incomplete knowl-
edge in a logically sound and complete way, or at least as
efficiently as we can with a database.

The rest of the paper is organized as follows. In the next
section, we review proper KBs and V , prove a new property
of V , i.e. locality, and define answers to open queries. In
Section 3, we review the complexity of database query evalu-
ation, and present a polynomial time algorithm for evaluating
k-guarded formulas. In Section 4, we show how to use this al-
gorithm to evaluate queries wrt proper KBs and hence obtain
a tractability result. In Section 5, we illustrate this query eval-
uation method for proper KBs with some example queries.
Finally in Section 6, we describe some future work.

2 Proper KBs and V

2.1 Basic definitions
We use a standard first-order logical languageL with a count-
ably infinite set of constants C = {c1, c2, . . .}, no other func-
tion symbols, and a distinguished equality predicate. We have
in mind that in any interpretation, = should be understood as
identity, that the constants will be unique names. This can
be captured by a set of axioms E , consisting of the axioms of
equality and the set of formulas {ci �= cj | i �= j}.

In what follows, ρ ranges over atoms (excluding equality)
whose arguments are distinct variables; e ranges over ewffs,
i.e. quantifier-free formulas whose only predicate is equal-
ity. ∀α denotes the universal closure of formula α; αx

d de-
notes α with all free occurrences of x replaced by constant d.
The width of α is the maximal number of free variables in its
subformulas. The quantifier rank qr(α) of α is the depth of
nesting of quantifiers in α.
Definition 2.1 A KB Σ is proper if E ∪Σ is consistent and Σ
is a finite set of formulas of the form ∀(e ⊃ ρ) or ∀(e ⊃ ¬ρ).

To illustrate the idea of a proper KB, imagine a scenario in-
volving a robot security guard keeping track of the occupants
of the rooms of a building. The robot can find out that some-
one has entered or left a room, and by going into a room, find
out who the occupants are. We can express what the robot
might know using a proper KB:1

• Alice is alone in Room 1.
∀xy. x = alice ∧ y = room1 ⊃ In(x, y)
∀xy. x = alice ∧ y �= room1 ⊃ ¬In(x, y)
∀xy. x �= alice ∧ y = room1 ⊃ ¬In(x, y)

1We think of these as beliefs about some initial state of the world.
It should be possible to generalize the notion of proper KB to deal
with state change. See Section 6 for discussion.
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• Bob and possibly others are in Room 2.
∀xy. x = bob ∧ y = room2 ⊃ In(x, y)
∀xy. x = bob ∧ y �= room2 ⊃ ¬In(x, y)

• Carol is not in the building.
∀xy. x = carol ⊃ ¬In(x, y)

• Only Bob and Carol go into Room 3.
∀xy. x �= bob ∧ x �= carol ∧ y = room3 ⊃ ¬In(x, y)

Note that this information cannot be expressed in a traditional
database where, e.g. we cannot leave open the occupants of
Room 2. On the other hand, facts requiring disjunction or ex-
istential quantification cannot be expressed as part of a proper
KB, e.g. every room having at most three occupants.

It is not hard to see that the problem of determining
whether a sentence is logically entailed by a proper KB is
undecidable, since when the KB is empty, this reduces to
classical validity.2 Levesque [1998] proposed the reasoning
procedure V instead. Given a proper KB and a query, V re-
turns one of three values 0 (known false), 1 (known true), or
1
2 (unknown) as follows:

1. V [Σ, ρθ] =




1 if there is a ∀(e ⊃ ρ) ∈ Σ
such that V [Σ, eθ] = 1

0 if there is a ∀(e ⊃ ¬ρ) ∈ Σ
such that V [Σ, eθ] = 1

1
2 otherwise

2. V [Σ, t = t′] = 1 if t is identical to t′, and 0 otherwise;

3. V [Σ,¬α] = 1 − V [Σ, α];
4. V [Σ, α ∨ β] = max{V [Σ, α], V [Σ, β]};

5. V [Σ, ∃xα] = max{V [Σ, αx
d ] | d ∈ H+(Σ ∪ {α})},

where H+(S) is the union of the constants in S, and a
constant not in S, say the lexicographically smallest one.

This V procedure always terminates, and is logically sound
(i.e. if it returns 1 (resp. 0), then the query (resp. its negation)
is logically entailed by E ∪Σ). Moreover, Levesque defined a
certain normal form called NF , and proved that for queries in
NF , the V procedure is also logically complete (so that, for
instance, V returns 1 iff the query is logically entailed). Fi-
nally, Levesque showed that in the propositional case, every
query could be equivalently expressed in NF , and conjec-
tured that this was also true in the first-order case.

2.2 Invariance under renaming
The first difficulty that arises when attempting to reason with
proper KBs is the fact that unlike with databases, we cannot
fix the domain in advance, or even put an upper bound on its
size. For example, if Σ consists of just ∀x(x �= a ⊃ P (x)),
and αn is the sentence of L that says that there are at least n
distinct instances ofP , thenV [Σ, αn] = 1 for all n. However,
we can take advantage of the fact that for this Σ, all constants
other than a behave the same. This will allow us to define
finite versions of answers to open queries, as shown below.
Notation Let α be a formula and S a set of formulas. Let ∗
be a bijection from C to C. We use α∗ to denote α with each
c replaced by c∗, and use S∗ to denote {α∗ | α ∈ S}.

2The classical validity problem is undecidable even when there
are no function symbols.

Lemma 2.2 Let e be an ewff, and let ∗ be a bijection from C
to C. Then E |= e iff E |= e∗.

Theorem 2.3 Let Σ be a proper KB and α a sentence. Let ∗
be a bijection from C to C. Then V [Σ, α] = V [Σ∗, α∗].
Proof: The proof is by induction on the structure of α. The
case for atoms uses Lemma 2.2. The cases for equalities,
negations and disjunctions are trivial. Now consider ∃xα.
Let d ∈ H+(Σ ∪ {α}). If d appears in Σ or α, by induction,
V [Σ, αx

d ] = V [Σ∗, (αx
d)∗] = V [Σ∗, (α∗)x

d∗ ]. Otherwise, d∗
does not appear in Σ∗ or α∗. Now let c ∈ H+(Σ∗ ∪ {α∗})
such that c does not appear in Σ∗ or α∗. Let � be the compo-
sition of ∗ and the bijection that swaps c and d∗ and leaves
the rest constants unchanged. Then d� = c; Σ� = Σ∗,
α� = α∗, since neither d∗ nor c appears in Σ∗ or α∗.
By induction, V [Σ, αx

d ] = V [Σ�, (α�)x
d� ] = V [Σ∗, (α∗)x

c ].
Thus V [Σ, ∃xα] = max{V [Σ, αx

d ] | d ∈ H+(Σ ∪ {α})}=
max{V [Σ∗, (α∗)x

d ] |d∈H+(Σ∗∪{α∗})}=V [Σ∗, (∃xα)∗].

Corollary 2.4 Let Σ be a proper KB and α a formula with a
single free variable x. Let c and d be two constants that do
not appear in Σ or α. Then V [Σ, αx

c ] = V [Σ, αx
d ].

Proof: Follows from the theorem by taking ∗ as the bijection
that swaps c and d and leaves the rest constants unchanged.

2.3 Locality
A nice property of V is its locality, i.e., for any proper KB
Σ and query α, the value of V [Σ, α] only depends on those
sentences of Σ that mention some predicate in α.

Definition 2.5 Let Σ be a proper KB and α a query. The
restriction of Σ wrt α, denoted Σ|α, is the set {∀(e ⊃ l) ∈ Σ |
the predicate of l appears in α}.

Theorem 2.6 V [Σ, α] = V [Σ|α, α].
Proof: The proof is by induction on the structure of α. Here
we only prove the case for quantifications. V [Σ, ∃xα] =
max{V [Σ, αx

d ] | d ∈ H+(Σ ∪ {α})} = (by induction)
max{V [Σ|α, αx

d ] | d ∈ H+(Σ ∪ {α})} = (by Corollary 2.4)
max{V [Σ|α, αx

d ] | d ∈ H+(Σ|α ∪ {α})} = V [Σ|α, ∃xα].
In fact, we can go further than this: roughly speaking, we

need only consider those sentences ∀(e ⊃ l) ∈ Σ such that
after substitutions dictated by e, the l would unify with some
literal in the query α. For example, ∀xy(y = b ⊃ P (x, y))
is not needed to answer the query ∃xP (x, a). For KBs that
are large because they have facts about a large number of in-
dividuals, this optimization can reduce significantly the size
of the KB fragment needed to answer the query correctly.

2.4 Answers to open queries
Definition 2.7 Let Σ be a proper KB and α(x̄) a formula
with free variables. The answer to α wrt Σ is the set α(Σ) =
{c̄ | V [Σ, α(c̄)] = 1}.

However, α(Σ) may well be infinite. Fortunately, we can
find a finite representation for it.

Definition 2.8 Let Σ be a proper KB and α a formula. Then
H(Σ, α) is the finite set of constants consisting of those men-
tioned in Σ or α and the r next ones, lexicographically, where
r is the quantifier rank of ∀α.
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Definition 2.9 Let Σ be a proper KB and α(x̄) a formula
with free variables. The finite answer to α wrt Σ is the set
αf (Σ) = {c̄ ∈ H(Σ|α, α) | V [Σ, α(c̄)] = 1}.

The following theorem justifies αf (Σ) as a finite represen-
tation for α(Σ).

Theorem 2.10 Let Σ be a proper KB and α(x̄) a formula.
Then for any constants c̄, c̄ ∈ α(Σ) iff c̄ � ∈ αf (Σ), where c̄ �

is like c̄ except that constants not in Σ|α ∪ {α} are replaced
by unique representatives not in Σ|α ∪ {α} from H(Σ|α, α).

Proof: We can expand � to a bijection ∗ from C to C such
that c∗ = c for any c that appears in Σ|α or α. Then
V [Σ, α(c̄)]= (by locality) V [Σ|α, α(c̄)] = (by Theorem 2.3)
V [(Σ|α)∗, (α(c̄))∗], i.e.V [Σ|α, α(c̄ �)] =V [Σ, α(c̄ �)].

3 The complexity of database queries
3.1 An overview
The complexity of query evaluation has been one of the main
pursuits of database theory. Traditionally, there are two com-
plexity measures: combined complexity and data complexity
[Vardi, 1982]. Combined complexity is measured in terms
of the combined size of the database and the query. Chan-
dra and Merlin [1977] proved that the combined complexity
of conjunctive queries (queries expressed by first-order for-
mulas that are of the form ∃x̄(α1 ∧ . . . ∧ αn) where αi are
atoms) is NP-complete; Vardi [1982] proved that the com-
bined complexity of first-order queries is PSPACE-complete.
However, the main factor responsible for this high complexity
is the size of the query and not the size of the database. This is
contrary to the situation in practice where we normally eval-
uate small queries against large databases. Data complexity
measures the complexity of query evaluation solely in terms
of the size of the database and treats the size of the query as a
constant. A folk result is that first-order queries can be evalu-
ated in time nO(l), where n is the size of the database and l is
the size of the query. Thus the data complexity of first-order
queries is in PTIME. However, such a complexity can hardly
qualify as tractable even if the exponent is small, say 5.

Yannakakis [1995] was the first to suggest that parameter-
ized complexity [Downey and Fellows, 1995] might be an
appropriate complexity measure for database query evalua-
tion. Query evaluation is fixed-parameter tractable if there is
a computable function f : N → N and a constant c such that
the problem can be solved in time f(l) ·nc, where l and n are
the size of the query and the database, respectively. However,
Papadimitriou and Yannakakis [1999] proved that the param-
eterized complexity of conjunctive queries is W[1]-complete
and thus most likely not fixed-parameter tractable. We re-
fer the reader to [Grohe, 2002] for a survey on parameterized
complexity in database theory.

Therefore database query evaluation in general is hard with
respect to both combined and parameterized complexity. And
yet, database queries do work quite well in practice, even
for very large databases. A careful examination of the hard-
ness results show that they often depend on queries that are
somewhat atypical in applications, e.g. databases represent-
ing graphs and queries asking for the existence of cliques.

Naturally, many research efforts have gone into finding
classes of queries that can be proven tractable, even in the
worst cases. The earliest result of this form, due to Yan-
nakakis [1981], showed that acyclic conjunctive queries can
be evaluated in polynomial time. This result has been ex-
tended in several ways. The first extension, due to Chekuri
and Rajaraman [1997], showed that conjunctive queries
with bounded treewidth are tractable. Later, Gottlob et al.
[1999] introduced the notion of hypertree width and showed
that conjunctive queries with bounded hypertree width are
tractable; bounded hypertree width generalizes the notions
of acyclicity and bounded treewidth. Recently, Flum et al.
[2001] generalized the notions of acyclicity and bounded
treewidth from conjunctive queries to nonrecursive stratified
Datalog (NRSD), which is known to have the same expres-
sive power as all of first-order logic, and showed that acyclic
and bounded treewidth NRSD are tractable. Inspired by their
work, Gottlob et al. [2001] extended the notion of hypertree
width to NRSD, and obtained a nice logical characterization
of hypertree width: they showed that the k-guarded fragment
of first-order logic has the same expressive power as NRSD
of hypertree width at most k. Thus k-guarded first-order logic
turns out to be the largest tractable class of queries so far.

3.2 An evaluation algorithm
The guarded fragment GF was introduced by Andréka et al.
[1996], and has recently received a lot of attention. The idea
is that any existentially quantified subformula φ must be con-
joined with a guard, i.e. an atom containing all free variables
of φ. Gottlob et al. [2001] extended GF to the k-guarded frag-
ment GFk where up to k atoms may jointly act as a guard, and
proved that GFk-formulas can be evaluated in time O(l2nk)
where l and n are as before. The proof is by transforming
GFk-formulas into k-guarded NRSD programs.

In this section, we introduce the k-guarded fragment of L,
and explicitly present a polynomial algorithm for evaluating
k-guarded formulas against databases and analyze its com-
plexity. We will use this algorithm to evaluate k-guarded for-
mulas with respect to proper KBs.

Definition 3.1 The k-guarded fragment GFk of L is the
smallest set of formulas such that

1. GFk contains atoms and equalities;

2. GFk is closed under Boolean operations;

3. GFk contains ∃x̄(G1 ∧ . . .∧Gm ∧φ), provided that the
Gi are atoms or equalities, m ≤ k, φ ∈ GFk, and the
free variables of φ appear among the Gi.

Definition 3.2 The strictly k-guarded fragment SGFk are the
formulas in GFk of the form ∃x̄(G1∧. . .∧Gm∧φ). We allow
the degenerate cases where x̄ is empty orm = 0 or φ is TRUE.

Note that any k-guarded sentence is strictly k-guarded.
The evaluation algorithm below will take a strictly k-

guarded formula as the query. It turns out that any formula
φ can be transformed in linear time into an equivalent SGFk-
formula for some k, using guards of the form x = x, if neces-
sary. For example, note thatR(x, y, z)∧S(z, u, v) can be for-
mulated in SGF2, but ¬R(x, y, z)∧¬S(z, u, v) only in SGF5.
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The evaluation algorithm will have worst-case time com-
plexity that is exponential only in the k. For fixed k, the algo-
rithm is polynomial, but perhaps impractical when k is large.
An upper bound on k is the width of φ. Obviously, if φ has at
most k distinct variables, the width of φ is no more than k.

Before presenting the evaluation algorithm, we first recall
some basic notions of relational database theory. A database
instance is simply a logical structure (or interpretation) with
a finite domain. Let A be such a structure with domain A.
LetX and Y be sets of variables. AnX-relationR overA, is
a finite set of mappings γ from X into A, which we write as
{γ : [X → A]}. If Y ⊆ X , the Y -projection of anX-relation
R, which we write πY (R), is the set {γ|Y | γ ∈ R}, where
γ|Y is the mapping restricted to Y . Let R be an X-relation
and S a Y -relation. The join ofR and S is theX∪Y -relation
R ✶ S = {γ : [X ∪ Y → A] | γ|X ∈ R, γ|Y ∈ S}.

The join ofR with the complement of S is theX∪Y -relation
R ✶c S = {γ : [X ∪ Y → A] | γ|X ∈ R, γ|Y �∈ S}.

Let φ be a formula with free variables X = {x1, . . . , xn}.
The answer to φ wrt A is theX-relation
φ(A) = {γ : [X → A] | A |= φ(γ(x1), . . . , γ(xn))}.

Here is the algorithm for computing answers:

Procedure Eval(A, φ)
Input: A structure A such that the domain and all relations
are sorted, and a formula φ ∈ SGFk

Output: φ(A)
suppose φ(x̄) = ∃ȳ(G1 ∧ . . . ∧Gm ∧ ψ)
return πx̄{Eval(A, G1(A) ✶ . . . ✶ Gm(A), ψ′)}
where ψ′ is the result of pushing ¬s in ψ so that
they are in front of atoms, equalities, or existentials.

Procedure Eval(A, R, φ) is defined recursively by:
1. If φ is an atom or an equality,

then Eval(A, R, φ) = R ✶ φ(A);
2. If φ is negation of an atom or an equality,

then Eval(A, R, φ) = R ✶c φ(A);
3. Eval(A, R, (φ ∧ ψ)) = Eval(A, R, φ) ∩ Eval(A, R, ψ);
4. Eval(A, R, (φ ∨ ψ)) = Eval(A, R, φ) ∪ Eval(A, R, ψ);
5. Eval(A, R, ∃ȳφ) = R ✶ Eval(A, ∃ȳφ);
6. Eval(A, R,¬∃ȳφ) = R ✶c Eval(A, ∃ȳφ).

Theorem 3.3 Given a sorted structure A and a formula φ ∈
SGFk, φ(A) can be computed in time O(lnk), where l is the
size of φ, and n is the size of the database.
Proof: For each of the l literals and logical operators in the
query, we perform either a join, a join with complement, an
intersection, or a union. Note that when we perform a join or
a join with complement within Eval(A, R, φ), the attributes
of the second argument is always a subset of those of the first,
since for guarded formulas, the free variables in φ are a subset
of those in R. By induction, Eval(A, R, φ) always returns a
relation that is a subset of R. Moreover, the R is obtained
from joins of at most k guards, and so has size at most nk.
Assuming all relations start in sorted form, the results of all
operations can be kept in sorted form, and computed in time
O(nk). Thus, the time overall is O(lnk).

4 The complexity of V
In this section, we consider how hard it is to compute V . Not
surprisingly, V is no easier than database query evaluation.
What is more significant is that under reasonable assump-
tions, it is not much harder either.

4.1 Intractability results
Theorem 4.1 The combined complexity of V is NP-hard
for conjunctive queries, and PSPACE-hard for first-order
queries. The parameterized complexity of V is W[1]-hard for
conjunctive queries.

Proof: The proof is essentially the same as that for database
query evaluation. For conjunctive queries, the reduction is
from the clique problem. For first-order queries, the reduction
is from QBF (Quantified Boolean Formula).

4.2 A tractability result
We now present a tractability result for V . The basic idea is to
reduce V to database query evaluation and use the algorithm
Eval from Section 3. To do this efficiently, we would like to
use database operations as much as possible, and only reason
with the formulas e in ∀(e ⊃ l) when necessary. For each
predicate P appearing in a query α, we will consider storing
two relations P+ and P− depending on the form of Σ.
Definition 4.2 The ewff defining a predicate P denoted eP ,
is the disjunction of all e such that ∀x̄(e(x̄) ⊃ P (x̄)) ∈ Σ.
The ewff defining ¬P denoted e¬P is analogous.

Definition 4.3 We distinguish among three cases for an ewff:

1. e is relational if it is of the form
x̄ = c̄1 ∨ . . . ∨ x̄ = c̄n where n ≥ 0.

2. e is co-relational if it is of the form
x̄ �= c̄1 ∧ . . . ∧ x̄ �= c̄n where n > 0.

3. e is unrestricted otherwise.

Definition 4.4 The e-size of Σ is the maximum size of an un-
restricted eP or e¬P in Σ.

For each predicate P , we store P+ as a sorted relation when
eP is relational or co-relational, and analogously for P− us-
ing e¬P . We let DB(Σ, C) (where C is a set of constants that
includes all those in Σ) denote the database whose domain is
C and whose relations are P+ and P− as above.

Note that in the case of a predicate P in Σ corresponding
to a normal database-style relation, eP will be relational and
e¬P will be co-relational and the two relations P+ and P−
will be identical. A simple optimization would merge them.

Next, given a formula α we construct a database query by
replacing every occurrence of a predicateP as follows: a pos-
itive3 occurrence of P is replaced by P+ when eP is rela-
tional, ¬P+ when co-relational, and by eP itself otherwise;
a negative occurrence of P is replaced by ¬P− when e¬P

is relational, P− when co-relational, and by ¬e¬P itself oth-
erwise. We let Q(Σ, α) denote the resulting database query
with double negation removed.

We present examples of this transformation in the next sec-
tion. Here we note the following correctness result:

3A positive (resp. negative) occurrence of P in α is one within
the scope of an even (resp. odd) number of negations.
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Theorem 4.5 Let Σ be a proper KB and α a formula of L.
Let C = H(Σ|α, α), A = DB(Σ|α,C), and φ = Q(Σ, α).
Then αf (Σ) = φ(A).

This theorem says that the (finite version of) answers to
open queries in L correspond exactly to the answers we get
for the database constructed as above. This is a consequence
of locality and the following lemma:

Lemma 4.6 Let Σ be a proper KB and α a sentence of L. Let
C be any finite set of constants consisting of those in Σ∪{α}
and k extra ones for some k ≥ qr(α). Let A = DB(Σ|α,C).
Then V [Σ, α] = 1 iff A |= Q(Σ, α), and V [Σ, α] = 0 iff
A |= Q(Σ,¬α).

Proof: The proof is by induction on the structure of α. Here
we choose to prove the case for V [Σ, α] = 0 which is trickier
than the case for V [Σ, α] = 1.

V [Σ, P (c̄)] = 0 iff E |= e¬P (c̄) iff A |= Q(Σ,¬P (c̄)) since

E |= e¬P (c̄) iff




A |= P−(c̄) if e¬P is relational
A |= ¬P−(c̄) if e¬P is co-relational
A |= e¬P (c̄) otherwise

The case for t = t′ is trivial. V [Σ,¬α] = 0 iff V [Σ, α] = 1
iff (by induction) A |= Q(Σ, α), i.e. Q(Σ,¬¬α).

Consider α ∨ β. Let Q(Σ,¬α) = ¬φ and Q(Σ,¬β) = ¬ψ.
Then Q(Σ,¬(α ∨ β)) = ¬(φ ∨ ψ). V [Σ, α ∨ β] = 0
iff V [Σ, α] = 0 and V [Σ, β] = 0 iff (by induction)
A |= Q(Σ,¬α) and A |= Q(Σ,¬β) iff A |= ¬φ ∧ ¬ψ
iff A |=¬(φ ∨ ψ), i.e. Q(Σ,¬(α ∨ β)).

Consider ∃xα. Let Q(Σ,¬α) = ¬φ. Then Q(Σ,¬∃xα) =
¬∃xφ. V [Σ, ∃xα] = 0 iff V [Σ, αx

d ] = 0 for any d ∈
H+(Σ ∪ {α}) iff (by Corollary 2.4 since C contains at least
one constant not in Σ ∪ {α}) V [Σ, αx

d ] = 0 for any d ∈ C iff
(by induction since C consists of those constants in Σ∪{αx

d}
and j extra ones for some j ≥ qr(α)) A |= Q(Σ,¬αx

d),
i.e. ¬φx

d for any d ∈ C iff A |= ∀x¬φ iff A |= ¬∃xφ, i.e.
Q(Σ,¬∃xα).

To obtain a tractability result for open queries over proper
KBs, we need only ensure that the database queries we con-
struct are k-guarded then use the Eval procedure.

Definition 4.7 Let Σ be a proper KB. The strictly k-guarded
fragment SGk(Σ) of L for Σ is the same as SGFk except that
when ∃x̄(G1 ∧ . . . ∧ Gm ∧ φ) is within the scope of an even
(resp. odd) number of ¬s, the Gi must be equalities or atoms
P (t̄) s.t. eP is relational (resp. e¬P is co-relational) or liter-
als ¬P (t̄) s.t. e¬P is relational (resp. eP is co-relational).

Clearly, for any α, if α ∈ SGk(Σ), then Q(Σ, α) ∈ SGFk.
Note that every formula α with width m can be transformed
into an equivalent SGk(Σ)-formula for some k ≤ m, using
equalities as guards if necessary.

Now we get our main complexity result:

Theorem 4.8 Let Σ be a proper KB and α ∈ SGk(Σ). Then
αf (Σ) can be computed in time O(lwnk), where l is the size
of α, n is the size of Σ|α, and w is the e-size of Σ|α.

Proof: Let C = H(Σ|α, α), A = DB(Σ|α,C), and φ =
Q(Σ, α). We sort C. By Theorem 4.5, αf (Σ) = Eval(A, φ).

The size of A is O(n), and the length of φ is O(lw). By
Theorem 3.3, αf (Σ) can be computed in time O(lwnk).

As a special case of the theorem, we have:

Corollary 4.9 Let Σ be a proper KB and α a sentence in
SGk(Σ). Then whether V [Σ, α] = 1 can be decided in time
O(lwnk), where l, w and n are as above.

Corollary 4.10 Let Σ be a proper KB and α ∈ NF ∩
SGk(Σ). Then whether E ∪ Σ |= α can be decided in time
O(lwnk), where l, w and n are as above.

Proof: Follows from previous corollary and the fact that V is
logically sound and complete for queries in NF .

Note that these bounds are identical to their database coun-
terparts modulo the w factor. In most cases of interest, the
w will be small since even in a large KB, we only expect to
see a large eP or e¬P in database-like cases, where the e is
relational or co-relational. In the case where none of the e are
relational or co-relational, we get the following:

Corollary 4.11 Let Σ be a proper KB and α a formula of
width k with all literals defined by an unrestricted ewff. Then
αf (Σ) can be evaluated in time O((lw)k+1), where l is the
size of α, and w is the e-size of Σ|α.

Proof: We transform α into an equivalent SGk(Σ)-formula,
using equalities as guards. The size of Σ|α is O(lw).

5 An example
To illustrate how query evaluation would work with proper
KBs, we return to the example robotic scenario mentioned
in the first section, involving the predicate In(person, room).
We can see from the example that eIn is given in relational
form, while e¬In is given in unrestricted form. To make
things interesting, we assume two more predicates: One is
Mgr(person1, person2) saying that the first person is a man-
ager and that the second is one of his or her employees; we
assume that Mgr is given as a closed database predicate. The
other is Cmp(person1, person2) saying that the two persons
are compatible. We assume that the robot knows that any two
people are compatible except m(> 2) pairs; among these m
pairs, the robot only knows that two pairs are not compatible.
Hence eCmp is given in co-relational form, and e¬Cmp is given
in relational form. Thus the corresponding database has the
following relations: In+, Mgr+, Mgr−, Cmp+, and Cmp−,
where Mgr+ = Mgr−, and Cmp− ⊆ Cmp+.

Here are some example queries,with the guards underlined.

1. What rooms are unoccupied?
r = r ∧ ¬∃x(x = x ∧ r = r ∧ In(x, r))

2. Are there rooms with more than one manager in them?
∃r∃m∃m′(In(m, r) ∧ In(m′, r) ∧m �= m′ ∧

∃xMgr(m,x) ∧ ∃x′Mgr(m′, x′))
3. Are there any managers whose employees are all in the

same room?
∃m∃r(m = m ∧ r = r ∧

¬∃x(Mgr(m,x) ∧ r = r ∧ ¬In(x, r)))
4. Is it true that any two people who are not compatible are

in different rooms?
¬∃x∃x′(¬Cmp(x, x′) ∧

¬∃r∃r′(In(x, r) ∧ In(x, r′) ∧ r �= r′))
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Observe that in all cases, the queries are strictly 2-guarded
wrt the proper KB. Also, because no query contains a lit-
eral and a unifiable literal of opposite polarity, from results
in [Levesque, 1998], all the queries are in NF .

The corresponding database queries are as follows:

1. r = r ∧ ¬∃x(x = x ∧ r = r ∧ ¬e¬In(x, r))

2.
∃r∃m∃m′(In+(m, r) ∧ In+(m′, r) ∧m �= m′ ∧

∃xMgr+(m,x) ∧ ∃x′Mgr+(m′, x′))

3.
∃m∃r(m = m ∧ r = r ∧

¬∃x(Mgr−(m,x) ∧ r = r ∧ ¬In+(x, r)))

4.
¬∃x∃x′(Cmp+(x, x′) ∧

¬∃r∃r′(In+(x, r) ∧ In+(x, r′) ∧ r �= r′))

6 Conclusions
In this paper, we have shown how a bottom-up query evalua-
tion procedure for databases can be used to answer queries for
KBs with a certain form of incomplete knowledge. Although
this procedure can be impractical for k-guarded queries
where k is large, they would be impractical for databases too.

A number of questions remain to be addressed. First of all,
Lakemeyer and Levesque [2002] have proposed an extension
to proper KBs that allow disjunctions in the KB. It would be
interesting to see how much of the database retrieval mech-
anism could be preserved in this case. We can also imagine
other extensions to proper KBs, such as relaxing the unique
name assumption over constants, or allowing a limited use
of function symbols. Also, as suggested in the first section,
we can imagine a dynamic scenario where at any given point
what a robot or agent knows about the current situation is ex-
pressible as a proper KB. It would then be useful to amalga-
mate regression-based techniques for reasoning about change
from [Reiter, 2001] with the database techniques considered
here. Among other things, this would require determining
those cases where the successor state axioms guarantee that
a proper KB remains proper after an action has been per-
formed, perhaps along the lines of [Petrick and Levesque,
2002]. It would also be interesting to investigate the relation-
ship between proper KBs and other subsets of logic to see if
the complexity results presented here can be further gener-
alized. Two immediate candidates are datalog programs and
stratified logic programs that include some form of classical
negation. Finally, we note that additional optimizations can
be made to our query evaluation procedure that do not change
the worst-case performance, but would improve its behaviour
in practice.
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Németi. Modal languages and bounded fragments of pred-
icate logic. ILLC Research Report ML-96-03, University
of Amsterdam, 1996.

[Chandra and Merlin, 1977] A.K. Chandra and P.M. Merlin.
Optimal implementation of conjunctive queries in rela-
tional data bases. In Conference record of the 9th annual
ACM Symp. on Theory of Computing, pages 77–90, 1977.

[Chekuri and Rajaraman, 1997] C. Chekuri and A. Rajara-
man. Conjunctive query containment revisited. In Proc.
6th Int. Conf. on Database Theory, pages 56–70, 1997.

[Downey and Fellows, 1995] R.G. Downey and M.R. Fel-
lows. Fixed-parameter tractability and completeness I: Ba-
sic results. SIAM Journal on Computing, 24(4):873–921,
1995.

[Flum et al., 2001] J. Flum, M. Frick, and M. Grohe. Query
evaluation via tree-decompositions. In Proc. of the 8th Int.
Conf. on Database Theory , pages 22–38, 2001.

[Gottlob et al., 1999] G. Gottlob, N. Leone, and F. Scarcello.
Hypertree decompositions and tractable queries. In Proc.
18th ACM Symp. on Principles of Database Systems, 1999.

[Gottlob et al., 2001] G. Gottlob, N. Leone, and F. Scarcello.
Robbers, marshals, and guards: Game theoretic and logi-
cal characterizations of hypertree width. In Proc. of the
20th ACM Symp. on Principles of Database Systems, 2001.

[Grohe, 2002] M. Grohe. Parameterized complexity for the
database theorist. SIGMOD Record, 31(4), 2002.

[Lakemeyer and Levesque, 2002] G. Lakemeyer and H.J.
Levesque. Evaluation-based reasoning with disjunctive in-
formation in first-order knowledge bases. In Proc. of KR-
02, pages 73–81, 2002.

[Levesque, 1998] H.J. Levesque. A completeness result for
reasoning with incomplete first-order knowledge bases. In
Proc. of KR-98, pages 14–23, 1998.

[Papadimitriou and Yannakakis, 1999] C.H. Papadimitriou
and M. Yannakakis. On the complexity of database
queries. Journal of Computer and System Sciences,
58(3):407–427, 1999.

[Petrick and Levesque, 2002] R. Petrick and H.J. Levesque.
Knowledge equivalence in combined action theories. In
Proc. of KR-02, pages 303–314, 2002.

[Reiter, 2001] R. Reiter. Knowledge in Action: Logical
Foundations for Specifying and Implementing Dynamical
Systems. MIT Press, 2001.

[Vardi, 1982] M.Y. Vardi. The complexity of relational query
languages. In Proc. of the 14th Annual ACM Symp. on
Theory of Computing, pages 137–146, 1982.

[Yannakakis, 1981] M. Yannakakis. Algorithms for acyclic
database schemes. In Proc. of the 7th Int. Conf. on Very
Large Data Bases, pages 82–94, 1981.

[Yannakakis, 1995] M. Yannakakis. Perspectives on
database theory. In Proc. of the 36th Annual Symp. on
Foundations of Computer Science, pages 224–246, 1995.

88 AUTOMATED REASONING



Practical Partition-Based Theorem Proving for Large Knowledge Bases

Bill MacCartney
Knowledge Systems Lab
Computer Science Dept.

Stanford University
bmac@ksl.stanford.edu

Sheila McIlraith
Knowledge Systems Lab
Computer Science Dept.

Stanford University
sam@ksl.stanford.edu

Eyal Amir
Computer Science Div.
University of California

Berkeley, CA
eyal@cs.berkeley.edu

Tomás E. Uribe
AI Center

SRI International
Menlo Park, CA
uribe@ai.sri.com

Abstract

Query answering over commonsense knowledge
bases typically employs a first-order logic theorem
prover. While first-order inference is intractable
in general, provers can often be hand-tuned to an-
swer queries with reasonable performance in prac-
tice. Appealing to previous theoretical work on
partition-based reasoning, we propose resolution-
based theorem proving strategies that exploit the
structure of a KB to improve the efficiency of
reasoning. We analyze and experimentally eval-
uate these strategies with a testbed based on the
SNARK theorem prover. Exploiting graph-based
partitioning algorithms, we show how to compute
apartition-derived orderingfor ordered resolution,
with good experimental results, offering an auto-
matic alternative to hand-crafted orderings. We
further propose a new resolution strategy,MFS
resolution, that combines partition-based message
passing with focused sublanguage resolution. Our
experiments show a significant reduction in the
number of resolution steps when this strategy is
used. Finally, we augment partition-based mes-
sage passing, partition-derived ordering, and MFS
by combining them with the set-of-support restric-
tion. While these combinations are incomplete,
they often produce dramatic improvements in prac-
tice. This work presents promising practical tech-
niques for query answering with large and poten-
tially distributed commonsense KBs.

1 Introduction
Theorem proving in first-order logic (FOL) is intractable in
general. Nevertheless, first-order provers are commonly used
for query answering over large knowledge bases (KBs) con-
taining thousands of axioms, such as Cycorp’s Cyc and the
High Performance Knowledge Base (HPKB)[4]. To make
headway in large KBs, theorem provers usually require KB-
specific tuning and customization.

Partition-based reasoning (PBR)[2; 12] promises to speed
up reasoning, without manual tuning, by exploiting the struc-
ture implicit in such large commonsense KBs, which typi-
cally contain loosely coupled clusters of domain knowledge.

PBR uses graph-based techniques to automatically partition a
logical theory into a network of subtheories minimally con-
nected by links of shared vocabulary. Theorem proving is
performed locally in each subtheory, and relevant results are
propagated between partitions to achieve globally sound and
complete collaborative reasoning.

Previous work on PBR has presented a theoretical frame-
work and made claims about the potential for improving the
efficiency of reasoning in practice. In this paper we validate
these claims empirically, and introduce novel FOL resolution
strategies that exploit PBR techniques to improve the effi-
ciency of reasoning.

Outline: In Section 2, we review the theoretical framework
of PBR. In Section 3 we explain how a generic theorem
prover may be easily augmented with PBR, and describe the
experimental testbed we developed using the SNARK theo-
rem prover[18]. Using this testbed, in Section 4 we com-
pare the performance of the PBR message-passing algorithm
(MP) to that of popular resolution strategies[3]. MP far out-
performs unrestricted resolution, fares comparably to ordered
resolution with a default ordering, and sometimes beats set-
of-support (SOS) resolution.

In Section 5 we show how automatic partitioning[1] can
induce apartition-derived ordering(PDO) for use with or-
dered resolution. Ordering can be a highly efficient resolution
strategy, but its success has previously depended on hand-
crafted orderings tailored to a specific KB, often through trial
and error. Our PDO is competitive with hand-crafted order-
ings and far outperforms SNARK’s default ordering. This
important result will let future theorem provers incorporate
efficient automatic ordering.

In Section 6, we present a novel resolution strategy, MFS
resolution, and show it to be sound and complete. MFS
combines MP with afocused supportrestriction employed
within partitions. Focused support is a novel resolution re-
striction that is complete for consequence-finding in a speci-
fied sublanguage. In experiments, MFS significantly reduces
the number of resolution steps required to answer queries.

Finally, in Section 7 we examine combinations of each of
these strategies (MP, PDO, and MFS) with SOS. While these
combinations are, in general, incomplete, they perform well
in experimental testing. PDO+SOS was found to outperform
every other strategy and combination examined, and its theo-
retical incompleteness was never encountered in practice.
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This paper introduces novel, easily implemented tech-
niques for improving the efficiency of FOL theorem proving
with large structured KBs such as commonsense KBs. It is
the first to report experimental results for PBR, and the first
to examine combinations of MP with other strategies in a the-
oretical or experimental setting.

2 Background: partition-based reasoning
The PBR framework has two components: graph-based algo-
rithms for automatic partitioning of a theory, and message-
passing algorithms for reasoning with the partitioned theory.
For further details see[2; 12; 1].

2.1 Automatically partitioning a theory
We say that{Ai}i≤n is a partitioning of a logical theoryA
if A =

⋃
iAi. EachAi is a set of axioms called apartition,

L(Ai) is its signature (the set of non-logical symbols), and
L(Ai) is its language (the set of formulae built withL(Ai)).
Partitions may share symbols and axioms.

To partition a theory, we first construct asymbols graph
from the axioms, where each vertex represents a symbol in
the theory, and two vertices are joined by an edge iff the two
symbols appear together in an axiom. We then use one of sev-
eral tree decompositionalgorithms[16; 1] to generate a tree
where each node corresponds to a tightly connected cluster of
symbols, defining a partitionAi consisting of the axioms in
the original theory that contain only those symbols.

The result is apartition graphG : (V,E, l), where vertices
correspond to partitions, and edges correspond to communi-
cation links between partitions, labeled with theircommuni-
cation vocabulary: the labell(i, j) on the edge betweenAi

andAj is the set of symbols shared by the two partitions, that
is, l(i, j) = L(Ai)∩L(Aj). Efficient partition-based reason-
ing depends on finding a tree decomposition that keeps the
communication languages small.

Partitioning Algorithms
A tree decompositionis a tree of nodes, where each node is
a set of symbols and the tree satisfies the following property:
if a symbol appears in two different nodes, then it appears in
all the nodes and edges on the path between the two nodes.
Thewidthof a tree decomposition is the size (number of sym-
bols) of its largest node (the largest set of symbols in a single
node). Anoptimal tree decomposition is one which has the
lowest width among all tree decompositions for the graph.
This tree’s width is thetreewidthof the original graph. Tree
decomposition algorithms are commonly used in a variety
of AI applications, including constraint satisfaction problems
and Bayes Nets.

We have performed experiments with two graph partition-
ing algorithms. The first algorithm is due to[16] and is based
on an ordering heuristic namedmin fill. In this heuristic we
iterate over the symbols in the symbols graph. At each step,
we select a symbol in the graph, add all missing edges be-
tween the symbol’s neighbors in the graph, and remove that
symbol from the graph. The symbol is selected such that the
number of added edges is minimal. The tree decomposition is
extracted from this order. The experimental results reported
here are based on this partitioning algorithm.

The second algorithm is due to[1] and uses a divide-and-
conquer approach that is guaranteed to approximate the op-
timum decomposition by a factor of at mostO(log t), where
t is the treewidth of the symbols graph. Iteratively, the algo-
rithm finds a vertex cut in the graph (a set of vertices whose
removal separates the graph into two or more parts). This ver-
tex cut,W , is sent recursively to each of the separated parts,
and subsequent iterations are required to find a vertex cut that
separatesW in a balancedfashion (here, we may use algo-
rithms such as[11; 9]). The tree decomposition is built from
the final parts and the vertex-cuts’ vertex sets recursively. In
experiments, this algorithm generated partitions somewhat
fewer in number and larger in size than the first algorithm,
but yielded similar performance in answering queries.

2.2 Reasoning with message passing (MP)
Figure 1 displays Forward-Message-Passing (MP), a PBR al-
gorithm proposed in[2]. It takes as input a partitioned theory
A, an associated partition graphG = (V,E, l), and a query
formula Q in L(Ak), and returns YES if the query was en-
tailed byA. MP first directs all edges in the partition graph
G toward the goal partitionAk. SinceG is a tree, this means
each partition (except the goal) will have exactly one “out-
bound link” (leading to the next partition on the path to the
goal) and an “outbound link vocabulary”Lout. MP then per-
forms consequence finding independently in each partition,
and propagates each derived formula over the outbound link
toward the goal iff the formula’s signature matchesLout.

PROCEDURE FORWARD-M-P (MP)({Ai}i≤n, G, Q)

{Ai}i≤n a partitioning of the theoryA,
G : (V, E, l) a graph with the connections between partitions,
Q a query inL(Ak) (for somek ≤ n).

1. Definei ≺ j iff i is on the path betweenj andk in G.
2. Concurrently,

(a) Perform consequence finding for each of the partitions
Ai, i ≤ n.

(b) For every(i, j) ∈ E such thati ≺ j, for every conse-
quenceϕ of Aj found (orϕ in Aj), if ϕ ∈ L(l(i, j)),
then addϕ to the set of clauses ofAi.

(c) If Q is provena in Ak, return YES.

aWe initially add¬Q toAk and derive inconsistency.

Figure 1: A forward message-passing algorithm.

This algorithm was shown sound and complete when the
partition graph corresponds to a tree decomposition, and the
reasoning procedure employed in each partition is sound and
complete forL-consequence generation, whereL is the lan-
guage defined by the outbound link vocabularyLout:

Definition 2.1. Given a target languageL, a reasoning pro-
cedureR is complete forL-consequence generationif every
formula inL logically entailed by a set of axiomsS is also
entailed by the set of consequencesin L that is generated by
R fromS.

Ordered resolution is an example of a reasoning procedure
that satisfies this condition[7].
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3 Experimental setup

To evaluate the performance of various PBR strategies, we
built an experimental platform around SNARK, a resolution-
based FOL theorem prover developed by Mark Stickel at the
SRI AI Center ([18]). Adding PBR capabilities to SNARK
was straightforward. Three extensions were required:
• Associate a set of partitions with each clause.
• Restrict resolution to occur only within partitions.
• Ensure appropriate propagation of new clauses to neigh-

boring partitions.
These modifications should be easy to implement in any
resolution-based prover.

3.1 Implementing PBR in SNARK

In SNARK, arow is a data structure that stores a clause along
with metadata such as the inference method used to derive
it. We extend this data structure to include a (non-empty) set
of partition IDs indicating the partitions in which the clause
resides. A separate data structure holds a description of the
partition graph: the partitions, the links that connect them,
and the vocabulary for each partition and link.

Resolution is restricted to occur only within partitions: two
rows may be resolved only if the intersection of their partition
sets is non-empty. The resolvent inherits this intersection as
its own partition set, so that it appears in the same partitions
as its parents. (This restriction may be superimposed on top
of other resolution restrictions, such as set-of-support.)

Finally, to implement message passing between partitions,
we examine the vocabulary of every new resolvent. If it
matches the outbound link languageLout of any partition in
its partition set, the partition set is expanded to include the
adjacent partition reached by that link.

To generate the initial partitioning, we first load the KB
axioms into SNARK and convert them to clausal form. The
clauses are passed to an external partitioning tool, which
generates the partition graph and defines the vocabulary for
each partition and link, according to the particular partition-
ing strategy selected (see Section 2.1). The partition graph
is essentially static, and can be generated just once for each
KB, so that the cost of partitioning is amortized over many
queries. However, the links between partitions are reoriented
by MP on a per-query basis, to ensure that all communication
links lead toward the goal partition.

3.2 Sample KBs, evaluation metrics

The greatest problem we encountered was obtaining large
KBs of FOL suitable for use as test data. Test suites for the-
orem provers such as TPTP[19] are biased toward proposi-
tional logic (PL) or small problems in FOL, while the minor-
ity of test problems containing significant numbers of FOL
axioms usually describe an abstract domain and employ only
a small number of symbols, making them unsuitable for par-
titioning. The best application of partitioning will be to com-
monsense KBs that contain large numbers of both axioms and
symbols. Unlike most mathematical theorem proving prob-
lems, these KBs exhibit structure that can be exploited by
partitioning to improve the efficiency of reasoning. However,

the few such KBs publically available tend to employ propri-
etary extensions to FOL, making their direct comparison in a
common testbed problematic.

In the end, we used a subset of the Cyc KB containing 730
axioms (and 150 symbols) concerning spatial relationships,
along with a set of queries supplied by an outside source.
We are continuing our efforts to remedy the paucity of ex-
perimental data by adding other large KBs. We are currently
testing queries against the Suggested Upper Merged Ontol-
ogy (SUMO) [13]; experimental results will be reported at
the project website1.

We collected a variety of statistics on each KB partition-
ing task and each query trial, including runtimes and elapsed
times. But we are most interested in metrics that allow us to
compare one trial with another by the size of the search space
explored. Processor runtime is an imperfect proxy, since it
depends greatly on implementation details that are not our
primary concern. Thus, in the remainder of this paper, we fo-
cus onnumber of resolution stepsas the best measure of the
quantity of work required for each trial.

4 Baseline evaluation of MP
As a starting point for evaluating the effectiveness of MP, we
compare it with two common resolution restriction strategies:
set-of-support(SOS) andordered resolution. SOS places the
negated query into a designated “set of support” and allows
only resolutions involving at least one clause from the set of
support, to which newly derived clauses are added. In ordered
resolution, a global ordering among predicates is given (by
the user), and clauses are resolved upon only on their highest
literals (in the predicate ordering).

To assess the effectiveness of a resolution strategy, we ex-
amine how much work is required to answer a query using
the strategy, relative to usingnostrategy (that is, allowing any
possible resolution). As described in Section 3.2, we use the
number of resolution steps as a measure of the work done in
answering a query. The absolute number of resolution steps
is typically in the thousands, but since this number may vary
widely from one query to the next, we must normalize in or-
der to make meaningful comparisons across queries. Thus,
for each query and strategy, we report the number of reso-
lution steps required to answer the query as a percent of the
number of resolution steps required using no strategy.

Results for a representative selection of queries are shown
in the first three histograms of Figure 2. Relative to using no
strategy, MP reduces the numbers of steps required to answer
most queries by one-third to two-thirds.

However, MP is significantly outperformed by SOS on
many queries (though not all). Why? This “vanilla” version
of MP operates only at the global level: it restricts resolution
betweenpartitions, but allows unrestricted resolutionwithin
partitions, equivalent to using no strategy at the local level.
In the following sections, we show how to complement MP
with smart local strategies for enhanced performance.

The trials for ordered resolution used a default (arbitrary)
ordering, so the unimpressive results are no surprise. In Sec-

1http://www.ksl.stanford.edu/projects/
Partitioning
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tion 5, we introduce a mechanism for automatically inducing
efficient orderings from a partition structure.

5 Partition-derived ordering
A major obstacle to the effective use of ordered resolution is
finding a good predicate ordering, which will minimize in-
ference. SNARK provides a default ordering, but as we saw
in Section 4, it is undistinguished compared to MP and SOS,
though better than using no strategy. Efficient ordered reso-
lution is usually achieved by arduous hand-crafting of a pred-
icate ordering by a theorem-proving expert.

In this section, we propose to use automatic partitioning,
and in particular PBR tree-decomposition algorithms, to au-
tomatically produce a predicate ordering. This is an impor-
tant contribution as it paves the way to improving theorem-
proving software for ordered resolution, providing more ef-
fective ordered resolution for the non-expert, and relieving
the expert from arduous hand-coding of predicate ordering.

Figure 4 describes the P2O algorithm for inducing a sym-
bol ordering from a computed partitioning. It takes as input a
partition graphG : (V,E, l) for partitioned theoryA :

⋃
iAi,

and a queryQ in L(Ak), and outputsOrd(A), a symbol or-
dering onA. We call this ordering apartition-derived or-
dering. When combined with ordered resolution, we call the
strategy PDO. Recall that ordered resolution uses an ordering
on predicate symbols, so PDO in fact usesOrd(A) restricted
to predicate symbols and ignores the ordering imposed on
constant and function symbols.

The underlying intuition is as follows: in MP, we perform
resolution and message passing starting with the partitions
farthest away from the goal partition. All predicates are re-
solvedexceptthose in the outbound link language, which are
resolved in the next partition downstream, unless they con-
tinue to appear in subsequent outbound link languages. In
this way, the ordering of partitions along paths toward the
goal determines an ordering among predicates resolved.

PROCEDURE P2O(G, Q)

G : (V, E, l) is a partition graph for the partitioned theoryA :
{Ai}i≤n andQ is a query inL(Ak) (k ≤ n).

1. Definej ≺ i iff j is on the path betweeni andk in G.
2. LetLouti = L(l(i, j)) for j such that(i, j) ∈ E andj ≺ i

(there is at most one suchj; if there is none, then letLouti =
∅). Louti is the output language of partitionAi.

3. LetLini =
S

h L(l(h, i)) for h such that(h, i) ∈ E and
i ≺ h (there may be none or multiple suchh’s). Lini is the
input language of partitionAi.

4. InitializeOrd(A) = empty list.
5. Traverse the tree from furthest leaves to root following≺, in

a decreasing order, for everyi ≤ n.
Ord(A) =

append(Ord(A),Lini \ Louti ,L(Ai) \ Louti).
6. Ord(A) = append(Ord(A),L(Ak),).

Figure 4: An algorithm to compute a predicate ordering.

Theorem 5.1. Let A =
⋃
{Ai}i≤n be a partitioning ofA

based on predicates only (so all function and constant sym-
bols appear in all partitions), letG be a tree decomposition

corresponding toA, and letQ be a query. Then, ordered
resolution with orderOrd(A) is equivalent to MP, where in-
ference within each partition uses ordered resolution with an
order compatible withOrd(A).

Proof. For everyp ∈ L(A), letP (p) be the≺-smallest parti-
tion, i, such thatp ∈ L̃(i). There is exactly one such partition;
otherwise there would be two that are not connected, contra-
dicting the fact thatG is a tree decomposition (it guarantees
that if a symbol appears in two partitions then it appears on
the edges on the path between them).

Define <0, an order between symbols, byp <0 q iff p
precedesq in Ord(A) (equivalently,P (p) ≺ P (q)). Define
<A to be a total order that agrees with<0. Let {pi}i≤m be
an enumeration of the predicate symbols ofA according to
<A. Notice that if ordered resolution with<A resolved two
clauses uponpi, thenpi is the highest symbol in both clauses.

We show that ordered resolution is equivalent to MP by
showing that ordered resolution step can be done by MP, and
vice versa. LetC1, C2 be two clauses resolved onp by or-
dered resolution using the order<A. Let i1, i2 be such that
C1 is in partitioni1 andC2 is in partitioni2. Assume that MP
cannot resolve the two clauses. That means that they are in
different partitions and that at least one of the clauses, sayC2,
should be sent to another partition,Aj , with j ≺ i2, in order
for the two clauses to be resolved (j is the≺-largest partition
such thatj ≺ i1 andj ≺ i2).

SinceC2 was not sent to partitionj, its vocabulary is not
in the label of one of the edges on the path betweeni2 and
p in G. Let q be a symbol that appears inC2 but is not on
one of the edges in the path between partitionsi2 andj. p
is the<A-largest symbol for bothC1 andC2, meaning that
p appears on the path betweeni1, i2 (thus it also appears on
the path betweeni2, j, which is a subset of the path between
i1, i2) and thatq <A p (becauseq does not appear on that
path (thus, it is notp) andp is the<A-largest inC2).

Sinceq is not in L̃(j) (otherwise it would be on the path
betweeni2, j) and the path betweenj, i2 includesp, it must
be thatP (p) � j, andP (p) � j ≺ P (q) implies thatp <A q.
This contradicts the previous observation thatq <A p. Thus,
q appears on the path betweeni2, j andC2 must be sent to
partition j. The same holds forC1. Thus, MP will resolve
the two clauses.

The other direction (every resolution in MP is a resolu-
tion in ordered resolution) is simpler, and follows from The-
orem 5.2 below.

It is interesting to observe that we can, conversely, generate
a theory partitioning from a symbol ordering, should one be
given by an expert. The algorithm is as follows: LetS be
a stack containing the predicate symbols in logical theoryA
in the designated orderOrd(S). Let Z be an empty stack.
Pop a symbols from S. Create a set of symbols that includes
s, and all the symbols still inS that appear withs in some
axiom inA. If this set of symbols is contained by another set
on Z, discard it. Otherwise, push it ontoZ. Continue until
S is empty. Then, setG : (V,E) to be an empty graph, and
iteratively pop sets of symbols fromZ. For a set of symbols
Zi, add it toV as a neighbor (inG) to a set of symbols in
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Figure 2: Performance comparison of reasoning strategies: set-of-support (SOS), ordered resolution, vanilla MP, partition-
derived ordering (PDO), MP with focused support (MFS), and several combinations of strategies. For a representative selection
of queries, we show the number of resolution steps required to answer the query using each strategy, expressed as a percent of
the number of steps required using no strategy. Columns exceeding 100% represent timeouts.

V with which it shares the largest number of symbols. When
Z is empty, create a partitionAi for every set of symbols
Zi ∈ V such thatAi includes all the axioms fromA that are
in L(Zi). Call the resulting set of partitionsP(Ord(S)), and
the graphG(Ord(S)).

Theorem 5.2. Assume thatOrd is an order on the nonlogical
symbols of theoryA, and thatQ is a query such thatL(Q) are
the final symbols in orderOrd. Then, ordered resolution with
order Ord is equivalent to MP with partitionsP(Ord) and
graph G(Ord), where inference within each partition uses
ordered resolution with an order compatible withOrd(A).

Proof Sketch.To see that MP does not perform more resolu-
tions than ordered resolution with order≤A, we only need
to notice that every partition corresponds to abucketin the
ordered resolution algorithm. If MP resolvesC1, C2 on pred-
icateP , thenC1, C2 were together in some partitionj, and
were resolved on their highest predicate. Thus,C1, C2 will
also be resolved by ordered resolution with order≤A.

Proposition 5.3. PDO is sound and complete.

In our experimental evaluation, illustrated in Figure 2,
PDO made a strong showing. Its performance was compa-
rable with that of SOS for most queries; for a few queries,
PDO was up to two orders of magnitude more efficient than
SOS. Unsurprisingly, PDO invariably outperformed ordered
resolution with SNARK’s default ordering. PDO also outper-
formed vanilla MP, which by itself does not focus reasoning
at the local level. When MP is augmented with focused sup-
port (the MFS combination), PDO’s comparative advantage
largely disappears. In Section 7, we will see that the perfor-

mance of PDO can be enhanced even further by combining it
with other strategies.

6 A new restriction strategy: MFS resolution
MP operates at the global level to focus reasoning by restrict-
ing between-partition resolution and passing relevant results
toward the goal partition. However, MP has no impact on
local reasoning, that is, reasoning within partitions. In fact,
this is one of the strengths of MP: individual partitions may
employ heterogeneous reasoning methods, including special-
purpose reasoners optimized for particular domains. (As de-
scribed in Section 2.2, the global soundness and completeness
of MP follow from the soundness and completeness of the
reasoners used in each partition.) MP can thus be used to or-
chestrate collaborative reasoning between disparate systems,
provided that they share a common vocabulary. Neverthe-
less, the absence of a local strategy limits gains in efficiency.
In this section we exploit PBR to propose a new restriction
strategy,MFS resolution, that combines global MP with a lo-
cal strategy for focused sublanguage resolution.

With vanilla MP, all possible resolutions are performed
within a partition, but resolvents can be propagated to other
partitions only if they are in the outbound link language. We
propose a local resolution strategy,focused support, that takes
inspiration from strategies described by Slagle[17], SOL re-
striction[8], and SFK-resolution[7].

Definition 6.1 (Focused Support Restriction).Let T be a
clausal theory and letL be a designated subset ofL(T ). Ini-
tialize S to be the set of clauses inT that non-exhaustively
include symbols fromL. Two clauses may be resolved only if
one of them is inS and the resolved predicate is not inL. The
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Query no strategy ordering SOS MP PDO MFS MP+SOS PDO+SOS MFS+SOS
Number of resolution steps

q1 29 19 28 20 11 16 16 11 16
v5 4,343 2,157 467 2,504 2,318 1,869 441 294 –
p5 3,575 1,948 598 1,999 826 673 585 348 350
p7 3,958 2,273 556 2,250 972 664 507 332 334
vn2 3,681 2,007 696 2,115 839 1,922 690 364 –
p1 4,182 2,410 729 2,413 1,029 1,131 653 391 –
v10 3,862 2,182 489 2,187 963 656 458 326 328
p4 – – 13,191 15,004 1,715 1,088 2,938 382 381
p3 – – 38,943 25,956 1,942 1,285 8,243 594 566

Runtime in seconds
q1 0.1 0.1 0.1 0.1 0.0 0.1 0.1 0.1 0.1
v5 31.9 10.2 1.7 27.0 12.1 9.8 4.6 1.2 –
p5 24.8 9.8 2.4 18.5 3.3 3.3 5.8 1.7 2.6
p7 26.5 11.6 2.2 21.4 3.9 3.2 5.4 1.6 1.7
vn2 25.1 9.5 2.7 12.4 3.5 13.3 2.7 1.7 –
p1 27.3 14.0 2.8 20.1 4.0 8.2 6.5 1.8 –
v10 26.4 10.8 2.9 13.7 3.7 3.4 2.0 1.5 1.6
p4 – – 217.5 454.3 9.6 7.1 32.0 1.7 1.8
p3 – – 1,191.0 1,067.4 8.8 7.9 100.8 2.1 2.1

Figure 3: Absolute performance metrics for several reasoning strategies: no strategy, ordered resolution using a default ordering,
set-of-support (SOS), vanilla MP, partition-derived ordering (PDO), MP with focused support (MFS), and combinations. For a
representative selection of queries, we show the number of resolution steps and the runtime required to answer the query using
each strategy. Blanks indicate timeouts.

resolvent is added toS.

When focused support is used as a local strategy in PBR,
clausal theoryT is an individual partitionAi from a parti-
tioned theory, andL is the output communication language
of that partitionAi.

Focused support is sound and complete for generating con-
sequences in the restricted vocabulary ofL. The proof relies
on the following lemma:

Lemma 6.2 ([17]). If P is an ordering of the predicate sym-
bols in a finite, unsatisfiable setU of clauses and ifM is
a model, then there is a semanticP -deduction of the empty
clause fromU .

Roughly, P-deduction resolves clausesC1, C2 on predicate
R only if C1 satisfiesM , C2 does not satisfyM , andR is the
largest among the predicates inC2, in some preset order.

Theorem 6.3. Focused support is sound and complete forL-
consequence generation (c.f. Definition 2.1).

Proof. Let A be a clausal theory andD ∈ L(L) a clause
such thatA |= D. We show that focused support eventually
generatesD as a result ofA. Assume thatA is consistent.
Thus, there is a modelM that satisfiesA. Let S be as in the
definition of the focused support strategy forL.

Lemma 6.2 says that there is aP -resolution of{} fromA
for the modelM and for every orderingP of the predicate
symbols. Since everythingD resolves with is already inS,
we can remove¬D from the resolution graph of this proof
and yieldD from the P -deduction ofA. This shows that
there is aP -deduction ofD fromA.

To show that there is a focused support deduction ofD
from A we still need to show that restricting resolution to
occur only on non-L literals does not prevent provingD.
ChooseP to be an order such that the symbols not inL come
before those inL. Sentences that are not inS have no sym-
bols fromL. When we resolve sentences fromS with those
not in S, then clearly the focused support condition holds.
We move all the clauses ofS that are completely inL(L)
(i.e., have no symbols outsideL) into a distinguished set,̄S.
Now, when we resolve two sentences fromS, both of them
have symbols that are not inL. Those symbols take prece-
dence over the ones fromL, so the focused support condition
is held. If the resolvent has only literals fromL, then we put
it in S̄. Otherwise, we put it inS.

Finally, assume that̄S 6|= D. Then,S̄∪{¬D} is consistent.
However,S̄∪S |= D (as shown above with theP -deduction),
soS̄ ∪S ∪{¬D} is not consistent. However, for sentences in
S, S̄ resolution with our semantic support condition is equiv-
alent to using ordered resolution with the order only specify-
ing that literals inL are resolved after literals not inL. Since
this is known to be complete forL-consequence finding[20;
7], we know thatS̄ |= D, and the proof is done.

MFS resolution is the combination of MP with the focused
support restriction within partitions. As discussed in Section
2.2, MP is sound and complete provided that each partition
uses a reasoning procedure that is sound and complete for
L-consequence finding. Since focused support is such a pro-
cedure, MFS resolution is also sound and complete:
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Corollary 6.4 (Soundness and Completeness of MFS).
MP with the focused support restriction(MFS resolution)is
sound and complete.

The relative performance of MFS, as depicted in Figure 2,
is encouraging. For most queries, the performance of MFS
is comparable to that of SOS; and for a minority of queries
MFS is one or even two orders of magnitude more efficient.

We also examined the performance of MFS combined with
PDO (MFS+PDO), which was slightly superior to that of
MFS alone. However, unlike MFS, MFS+PDO is incom-
plete. Section 7 discusses the incomplete strategy MFS+SOS,
which exhibited even better performance.

Theorem 6.5 (Incompleteness of MFS+PDO).PDO with
the focused support restriction(MFS+PDO)is incomplete.

The incompleteness of MFS+PDO can be seen by noticing
that focused support is stricter than each of SOS and semantic
resolution. When we add PDO to this restriction, we elim-
inate resolutions with any clause that does not share pred-
icates with the clauses in the negated query. Interestingly,
MFS+PDO is very close to being complete, in the following
sense. A close examination of the proof of Theorem 6.3 re-
veals that we can apply a predicate order restriction to clauses
that do not contain predicates fromL and still maintain com-
pleteness forL-consequence finding. Thus, a simple modifi-
cation of MFS+PDO, allowing clauses in the focused support
of a partition to resolve on any non-L literal (without consid-
erations of ordering) is complete.

7 Combinations of strategies
Preceding sections examined three reasoning strategies that
are shown to be complete: MP, PDO, and MFS. In this
section we examine combinations of these strategies with
SOS. Though none of these combinations is complete, they
have some interesting theoretical properties, and in practice
showed the best performance of all strategies evaluated. Re-
sults of experimental evaluation are summarized in Figure 5.

To combine MP with SOS, we maintain a global set of sup-
port, which initially contains only the negated query, and we
allow resolution between two clauses only if they are in the
same partition and at least one of them is in the support. Be-
cause messages are sent only toward the goal partition in MP,
never away, resolution will occur only in the goal partition
unless we place the negated query in every partition whose
language includes it. In either case, SOS resolution will oc-
cur in partitions in which the negated query appears.

Clearly, the MP+SOS combination is not complete. Infor-
mation crucial to proving the query may reside in partitions
that do not participate in the computation. However, the algo-
rithm determines the clauses that are most relevant to proving
the query, in a simple and dynamic way. This sort of infer-
ence is used extensively with large KBs, where the selection
of the KB fragments needed to answer the query is done by
hand. Our automatic selection mechanism may suffice for
many applications, and our experiments bear this out.

The argument given for the incompleteness of MP+SOS
also shows that PDO+SOS is incomplete. This follows from
the relationship between MP and ordered resolution presented
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Figure 5: Performance comparison of three combinations of
reasoning strategies. In contrast to Figure 2, the vertical axis
is normalized relative to SOS.

in Theorem 5.2. When the PDO predicate ordering is de-
termined by the same partitioning being used in MP, then
PDO+SOS restricts resolution to only those clauses that in-
clude predicates that appear in the support. Despite its in-
completeness, PDO+SOS performed extremely well in exper-
imental evaluation. Incompleteness was never encountered
in practice, and the PDO+SOS combination answered every
query in fewer steps than any other strategy or combination
of strategies.

The combination of MFS with SOS (MFS+SOS) is incom-
plete as well, since MFS is a restricted form of MP, and
MP+SOS is incomplete. This incompleteness was revealed
in experimental testing, when the MFS+SOS combination
failed to answer a few queries. However, when it did not fail,
MFS+SOS was highly efficient, answering most queries in as
few steps as PDO+SOS.

8 Summary and related work
We propose, analyze, and experimentally evaluate a variety of
strategies that improve the efficiency of resolution-based FOL
theorem provers. We also propose an algorithm to automat-
ically induce predicate orderings for ordered resolution. Ex-
perimental results confirm significant performance improve-
ments using our techniques. This work makes promising
practical contributions to the theorem proving community,
presented in a manner designed to facilitate replication. (For
software and data, seehttp://www.ksl.stanford.
edu/projects/Partitioning .) Our results are par-
ticularly significant for query answering with commonsense
KBs, whose size, structure, and sometimes distributed nature
make them well-suited to our structure-based efficiency im-
provements.

There is a diversity of related work. Our algorithm to in-
duce a predicate ordering is the first to use graphical structure,
and in particular treewidth approximation algorithms, with
FOL resolution. Current automated approaches to ordering
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predicates use properties of those predicates, such as their ar-
ity (e.g., the Knuth-Bendix method[10] when applied to a
uniform weight function, as in[21]), or generate an arbitrary
default ordering (e.g., lexical, as in[18]). Our work is most
significantly distinguished from work on CSPs (e.g.,[6]) and
propositional reasoning (e.g.,[5; 15]) in that we partition (and
subsequently order) a graph that includes all the nonlogical
symbols in the theory, whereas propositional methods order
nodes in a graph that correspond to propositional symbols and
ordering is often dynamic.

Our focused supportrestriction (on which MFS is based)
resembles SFK resolution[7] and SOL resolution[8] in its
computation of resolvents in a target language. However, in
contrast to SFK resolution, our target language is not closed
under subsumption. Further, in[7] there is no clear way to
determine a predicate ordering. MFS resolution combines fo-
cused support with predicate ordering imposed by MP, gen-
erating a significant improvement in performance.

Finally, there has been little experimental work studying
the behavior of theorem proving strategies on large KBs, and
none on commonsense KBs. The success rate of leading theo-
rem provers, such as SPASS, Otter, Setheo, Protein and 3TAP,
in formal verification problems with hundreds of axioms, is
shown in[14] to depend strongly on how good they are at
finding the few relevant axioms needed in the proofs. Our
work presents a principled method to successfully elicit such
a set of relevant axioms, the PDO+SOS strategy being most
notably successful.

In the future, we plan to continue our experimental eval-
uation with additional KBs. We also hope to demonstrate
the use of MP for collaborative theorem proving among dis-
tributed KBs and diverse (perhaps special-purpose) reasoners.
Finally, we note that PBR naturally enables parallelization
of the FOL theorem proving task. The benefits of partition-
driven parallelism can be evaluated with little further imple-
mentation effort.
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Abstract

We revisit the problem of revising probabilistic be-
liefs using uncertain evidence, and report results on
four major issues relating to this problem: How
to specify uncertain evidence? How to revise a
distribution? Should, and do, iterated belief revi-
sions commute? And how to provide guarantees on
the amount of belief change induced by a revision?
Our discussion is focused on two main methods for
probabilistic revision: Jeffrey’s rule of probability
kinematics and Pearl’s method of virtual evidence,
where we analyze and unify these methods from the
perspective of the questions posed above.

1 Introduction
We consider in this paper the problem of revising beliefs
given uncertain evidence, where beliefs are represented using
a probability distribution. There are two main methods for
revising probabilistic beliefs in this case. The first method is
known asJeffrey’s ruleand is based on the principle ofproba-
bility kinematics,which can be viewed as a principle for min-
imizing belief change[Jeffrey, 1965]. The second method is
calledvirtual evidenceand is proposed by Pearl in the context
of belief networks—even though it can be easily generalized
to arbitrary probability distributions—and is based on reduc-
ing uncertain evidence into certain evidence on some virtual
event[Pearl, 1988]. We analyze both of these methods in this
paper with respect to the following four questions:

1. How should one specify uncertain evidence?

2. How should one revise a probability distribution?

3. Should, and do, iterated belief revisions commute?

4. What guarantees can be offered on the amount of belief
change induced by a particular revision?

Our main findings can be summarized as follows. First, we
show that Jeffrey’s rule and Pearl’s method both revise be-
liefs using the principle of probability kinematics. Jeffrey’s
rule explicitly commits to this principle, while Pearl’s method
is based on a different principle. Yet, we show that Pearl’s
method implies the principle of probability kinematics, lead-
ing to the same revision method as that of Jeffrey’s. The dif-
ference between Jeffrey’s rule and Pearl’s method is in the

way uncertain evidence is specified. Jeffrey requires uncer-
tain evidence to be specified in terms of theeffectit has on
beliefs once accepted, which is a function of both evidence
strength and beliefs held before the evidence is obtained.
Pearl, on the other hand, requires uncertain evidence to be
specified in terms of itsstrengthonly. Despite this differ-
ence, we show that one can easily translate between the two
methods of specifying evidence and provide the method for
carrying out this translation.

The multiplicity of methods for specifying evidence also
raises an important question: how should informal statements
about evidence be captured formally using available meth-
ods? For example, what should the following statement trans-
late to: “Seeing these clouds, I believe there is an 80% chance
that it will rain?” We will discuss this problem of interpreting
informal evidential statements later, where we emphasize its
subtlety.

As to the question of iterated belief revision: It is well
known that Jeffrey’s rule does not commute; hence, the or-
der in which evidence is incorporated matters[Diaconis &
Zabell, 1982]. This has long been perceived as a problem,
until clarified recently by the work of Wagner who observed
that Jeffrey’s method of specifying evidence is dependent on
what is believed before the evidence is obtained and, hence,
should not be commutative to start with[Wagner, 2002].
Wagner proposed a method for specifying evidence, based
on the notion ofBayes factor, and argued that this method
specifies only the strength of evidence, and is independent of
the beliefs held when attaining evidence. Wagner argued that
when evidence is specified in that particular way, iterated re-
visions should commute. He even showed that combining this
method for specifying evidence with the principle of proba-
bility kinematics leads to a revision rule that commutes. We
actually show that Pearl’s method of virtual evidence is speci-
fying evidence according to Bayes factor, exactly as proposed
by Wagner and, hence, corresponds exactly to the proposal he
calls for. Therefore, the results we discuss in this paper unify
the two main methods for probabilistic belief revision pro-
posed by Jeffrey and Pearl, and show that differences between
them amount to a difference in the protocol for specifying un-
certain evidence.

Our last set of results relate to the problem of providing
guarantees on the amount of belief change induced by a re-
vision. We have recently proposed a distance measure for
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bounding belief changes, and showed how one can use it
to provide such guarantees[Chan & Darwiche, 2002]. We
show in this paper how this distance measure can be com-
puted when one distribution is obtained from another using
the principle of probability kinematics. We then show how
the guarantees provided by this measure can be realized when
applying either Jeffrey’s rule or Pearl’s method, since they
both are performing revision based on the principle of proba-
bility kinematics.

2 Probability Kinematics and Jeffrey’s Rule
Suppose that we have two probability distributionsPr and
Pr ′ which disagree on the probabilities they assign to a set of
mutually exclusive and exhaustive eventsγ1, . . . , γn, yet:

Pr(α | γi) = Pr ′(α | γi), (1)

for i = 1, . . . , n, and for every eventα in the probability
space. We say here thatPr ′ is obtained fromPr by probabil-
ity kinematicson γ1, . . . , γn. This concept was proposed by
Jeffrey[1965] to capture the notion that even thoughPr and
Pr ′ disagree on the probabilities of eventsγi, they agree on
their relevance to every eventα.

Consider now the problem of revising a probability distri-
butionPr given uncertain evidence relating to a set of mutu-
ally exclusive and exhaustive eventsγ1, . . . , γn. One method
of specifying uncertain evidence is through theeffectthat it
would have on beliefs once accepted. That is, we can say that
the evidence is such that the probability ofγi becomesqi once
the evidence is accepted. If we adopt this method of evidence
specification, we conclude that there isonly onedistribution
Pr ′ such that:

• Pr ′(γi) = qi for i = 1, . . . , n.

• Pr ′ is obtained fromPr by probability kinematics on
γ1, . . . , γn.

Moreover, this specific distribution is given by:

Pr ′(ω)
def
= Pr(ω)

qi

Pr(γi)
, if ω |= γi, (2)

whereω is an atomic event, also known as a world, and|= is
the logical entailment relationship. This is exactly the distri-
bution that Jeffrey suggests and, hence, this method of re-
vision is known asJeffrey’s rule. We stress here that we
are drawing a distinction between the principle of probabil-
ity kinematics and Jeffrey’s rule, which are often considered
synonymous. Specifically, Jeffrey’s rule arises from a com-
bination of two proposals: (1) the principle of probability
kinematics, and (2) the specification of uncertain evidence us-
ing a posterior distribution. It is possible for one to combine
the principle of probability kinematics with other methods for
specifying evidence as we discuss later.

It is not hard to show that the above distributionPr ′
is indeed obtained fromPr by probability kinematics on
γ1, . . . , γn, as it satisfies Equation 1:

Pr ′(α | γi) =
Pr ′(α, γi)
Pr ′(γi)

=

∑
ω|=α,γi

Pr ′(ω)

qi

=

∑
ω|=α,γi

Pr(ω) qi

Pr(γi)

qi

=

∑
ω|=α,γi

Pr(ω)

Pr(γi)

=
Pr(α, γi)
Pr(γi)

= Pr(α | γi).

Therefore, for any eventα, its probability under the new dis-
tributionPr ′ is:

Pr ′(α) =
∑

i

Pr ′(α | γi)Pr ′(γi)

=
∑

i

Pr(α | γi)qi

=
∑

i

qi
Pr(α, γi)
Pr(γi)

,

which is the closed form for Jeffrey’s rule. We now show an
example of using Jeffrey’s rule.

Example 1 (Due to Jeffrey) Assume that we are given a
piece of cloth, where its color can be one of: green (cg), blue
(cb), or violet (cv). We want to know whether, in the next day,
the cloth will be sold (s), or not sold (s). Our original state
of belief is given by the distributionPr :

Pr(s, cg) = .12, Pr(s, cb) = .12, Pr(s, cv) = .32,
Pr(s, cg) = .18, Pr(s, cb) = .18, Pr(s, cv) = .08.

Therefore, our original state of belief on the color of the cloth
(cg, cb, cv) is given by the distribution(.3, .3, .4). Assume
that we now inspect the cloth by candlelight, and we want
to revise our state of belief on the color of the cloth to the
new distribution(.7, .25, .05) using Jeffrey’s rule. If we apply
Jeffrey’s rule (Equation 2), we get the new distributionPr ′:

Pr ′(s, cg) = .28, Pr ′(s, cb) = .10, Pr ′(s, cv) = .04,
Pr ′(s, cg) = .42, Pr ′(s, cb) = .15, Pr ′(s, cv) = .01.

3 Virtual Evidence and Pearl’s Method
The problem of revising a probability distribution under un-
certain evidence can be approached from a different perspec-
tive than that of probability kinematics. Specifically, when we
have uncertain evidence about some mutually exclusive and
exhaustive eventsγ1, . . . , γn, we can interpret that evidence
ashard evidenceon somevirtual eventη, where the relevance
of γ1, . . . , γn to η is uncertain. It is assumed that the virtual
eventη depends only on the eventsγ1, . . . , γn and, therefore,
is independent of any other eventα givenγi:

Pr(η | γi, α) = Pr(η | γi). (3)

According to this approach, the uncertainty regarding evi-
dence onγ1, . . . , γn is recast as uncertainty in the relevance
of γ1, . . . , γn to the virtual eventη. Specifically, the uncer-
tainty is recast as the likelihood ofγi given virtual evidence
η: Pr(η | γi), for i = 1, . . . , n.
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We next show that the new distribution obtained after ac-
cepting the uncertain evidence onγ1, . . . , γn, Pr(· | η), is:

Pr(ω | η) = Pr(ω)
λi∑

j Pr(γj)λj
, if ω |= γi, (4)

whereλ1, . . . , λn are ratios chosen such that:

λ1 : . . . : λn = Pr(η | γ1) : . . . : Pr(η | γn).

Hence, the specific likelihoodsPr(η | γi) are not important
here, but their ratios are. This is why this method usually
specifies uncertain evidence using a set of likelihood ratios
λ1, . . . , λn [Pearl, 1988]. The derivation of Equation 4 is
based on the assumptions underlying the method of virtual
evidence given by Equation 3:

Pr(ω | η) =
Pr(ω, η)
Pr(η)

=
Pr(η | ω)Pr(ω)∑
j Pr(η | γj)Pr(γj)

=
Pr(η | γi, ω)Pr(ω)∑

j Pr(η | γj)Pr(γj)

=
Pr(η | γi)Pr(ω)∑
j Pr(η | γj)Pr(γj)

= Pr(ω)
λi∑

j Pr(γj)λj
, if ω |= γi.

The last step is based onPr(η | γi) = kλi, wherek is a
constant. For any eventα, the new probability after accom-
modating the virtual evidence is:

Pr(α | η) =
∑

i

Pr(α, γi | η)

=
∑

i

Pr(α, γi)
λi∑

j λjPr(γj)

=
∑

i λiPr(α, γi)∑
j λjPr(γj)

,

which is the closed form for Pearl’s method.
The above revision method is a generalization of the

method of virtual evidence proposed by Pearl[1988] in the
context of belief networks. A belief network is a graphi-
cal probabilistic model, composed of two parts: a directed
acyclic graph where nodes represent variables, and a set of
conditional probability tables (CPTs), one for each variable
[Pearl, 1988; Jensen, 2001]. The CPT for variableX with
parentsU defines a set of conditional probabilities of the
form Pr(x | u), wherex is a value of variableX, andu
is an instantiation of parentsU. Suppose now that we have
some virtual evidence bearing on variableY , which has val-
uesy1, . . . , yn. This virtual evidence is represented in the be-
lief network by adding a dummy nodeZ and a directed edge
Y → Z, where one value ofZ, sayz, corresponds to the vir-
tual eventη. This ensures the assumption of Equation 3, that
virtual eventz is independent of every other eventα given ev-
ery yi, i.e.,Pr(z | yi, α) = Pr(z | yi), which follows from
the independence semantics of belief networks[Pearl, 1988].

The uncertainty of evidence is quantified by the likelihood ra-
tios: Pr(z | y1) : . . . : Pr(z | yn) = λ1 : . . . : λn, which are
specified in the CPT of variableZ. Finally, we incorporate
the presence of the virtual eventz by adding the observation
Z = z to the rest of evidence in the belief network. We now
show a simple example.

Example 2 (Due to Pearl) We are given a belief network
with two variables:A represents whether the alarm of Mr.
Holmes’ house goes off, andB represents whether there is
a burglary. To represent the influence between the two vari-
ables, there is a directed edgeB → A. The CPTs ofA and
B are given by:Pr(a | b) = .95, meaning the alarm goes off
if there is a burglary with probability.95; Pr(a | b) = .01,
meaning the alarm goes off if there is no burglary with prob-
ability .01; and Pr(b) = 10−4, meaning on any given day,
there is a burglary on any given house with probability10−4.

One day, Mr. Holmes’ receives a call from his neighbor,
Mrs. Gibbons, saying she may have heard the alarm of his
house going off. Since Mrs. Gibbons suffers from a hearing
problem, Mr. Holmes concludes that there is an 80% chance
that Mrs. Gibbons did hear the alarm going off. According
to the method of virtual evidence, this uncertain evidence can
be specified by the virtual eventη and the likelihood ratio:
Pr(η | a) : Pr(η | a) = 4 : 1. To incorporate the virtual
evidence into the belief network, we add the variableZ, and
the directed edgeA → Z, and specify the CPT ofZ such that
Pr(z | a) : Pr(z | a) = 4 : 1. For example, we can assign
Pr(z | a) = .4 and Pr(z | a) = .1. After incorporating
the virtual evidence by adding the observationZ = z to the
evidence, we can easily compute the answers to queries in
the belief network. For example, the probability that there
is a burglary at Mr. Holmes’ house is nowPr(b | z) ≈
3.85× 10−4.

4 Comparing the Revision Methods
From the illustrations of the two belief revision methods, Jef-
frey’s rule and Pearl’s method of virtual evidence, we can see
that a belief revision method can be broken into two parts: a
formal method of specifying uncertain evidence, and a prin-
ciple of belief revision that commits to a unique distribution
among many which satisfy the uncertain evidence.

4.1 Pearl’s method and Probability Kinematics
We now show that Pearl’s method, like Jeffrey’s rule, also
obeys the principle of probability kinematics; what they differ
in is how uncertain evidence is specified.

Suppose that a probability distributionPr was revised us-
ing the method of virtual evidence, with likelihood ratios
λ1, . . . , λn bearing on eventsγ1, . . . , γn, obtaining the new
distributionPr(· | η). We can easily see that the revision sat-
isfies the principle of probability kinematics, i.e. Equation 1:

Pr(α | γi, η) =
Pr(α, γi | η)
Pr(γi | η)

=
Pr(α, γi) λi∑

j
Pr(γj)λj

Pr(γi) λi∑
j
Pr(γj)λj
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=
Pr(α, γi)
Pr(γi)

= Pr(α | γi).

Therefore, both Jeffrey’s rule and Pearl’s method obey the
principle of probability kinematics for belief revision.

4.2 From Pearl’s Method to Jeffrey’s Rule
With the previous result, we now show how we can easily
translate between the two methods of specifying uncertain
evidence. For example, to translate from Pearl’s method to
Jeffrey’s rule, we note that the new probabilities of events
γ1, . . . , γn after applying virtual evidence, with likelihood ra-
tiosλ1, . . . , λn, are given by:

Pr(γi | η) =
∑

ω|=γi

Pr(ω | η)

=
∑

ω|=γi

Pr(ω)
λi∑

j Pr(γj)λj

= Pr(γi)
λi∑

j Pr(γj)λj
.

Suppose instead that we want to revise the distributionPr
using Jeffrey’s rule, assuming that after accepting uncertain
evidence, the probability ofγi becomes:

qi = Pr(γi)
λi∑

j Pr(γj)λj
.

Substituting the above probabilityqi in Jeffrey’s rule (Equa-
tion 2), we get:

Pr ′(ω) = Pr(ω)
Pr(γi) λi∑

j
Pr(γj)λj

Pr(γi)

= Pr(ω)
λi∑

j Pr(γj)λj
, if ω |= γi,

which is exactly the distribution obtained by the method of
virtual evidence (Equation 4). We now illustrate this transla-
tion by revisiting Example 2.

Example 3 In Example 2, we applied the method of virtual
evidence onPr , by specifying the virtual evidence:Pr(η |
a) : Pr(η | a) = λa : λa = 4 : 1. The original prob-
abilities of a and a are given by: Pr(a) = .010094, and
Pr(a) = .989906. After applying the virtual evidence, the
new probabilities ofa anda are given by:

Pr(a | η) = Pr(a)
λa

Pr(a)λa + Pr(a)λa
≈ .039189;

Pr(a | η) = Pr(a)
λa

Pr(a)λa + Pr(a)λa
≈ .960811.

Alternatively, we can apply Jeffrey’s rule to obtain the new
distribution Pr ′ such thatPr ′(a) = Pr(a | η) ≈ .039189
and Pr ′(a) = Pr(a | η) ≈ .960811, and Pr ′ will be the
same to the distributionPr(· | η) obtained by virtual evi-
dence.

4.3 From Jeffrey’s Rule to Pearl’s Method
We can also easily translate from Jeffrey’s rule to Pearl’s
method. Specifically, the new probabilities of events
γ1, . . . , γn after applying Jeffrey’s rule are given by:

Pr ′(γi) = qi.

Suppose instead that we want to revise the distributionPr
using Pearl’s method. We can do this by applying the method
of virtual evidence, with likelihood ratiosλ1, . . . , λn, such
that:

λ1 : . . . : λn =
q1

Pr(γ1)
: . . . :

qn

Pr(γn)
.

Therefore,λi = kqi/Pr(γi), wherek is a constant. Substi-
tutingλi in Pearl’s method (Equation 4), we get:

Pr(ω | η) = Pr(ω)
kqi

Pr(γi)∑
j Pr(γj)

kqj

Pr(γj)

= Pr(ω)
qi

Pr(γi)
, if ω |= γi,

because
∑

j qj = 1. This is exactly the distribution obtained
by Jeffrey’s rule (Equation 2). We now illustrate this transla-
tion by revisiting Example 1.

Example 4 In Example 1, we applied Jeffrey’s rule on the
original distributionPr to obtain new distributionPr ′. We
can also do this by applying the method of virtual evidence.
We can interpret the inspection of the cloth by candlelight as
virtual evidenceη, wherePr(η | cg) : Pr(η | cb) : Pr(η |
cv) = λg : λb : λv = 7 : 2.5 : .375.1 The probability
distribution of the color of the cloth after applying virtual
evidence is therefore given by:

Pr(cg | η) =
Pr(cg)λg

Pr(cg)λg + Pr(cb)λb + Pr(cv)λv
= .7;

Pr(cb | η) =
Pr(cb)λb

Pr(cg)λg + Pr(cb)λb + Pr(cv)λv
= .25;

Pr(cv | η) =
Pr(cv)λv

Pr(cg)λg + Pr(cb)λb + Pr(cv)λv
= .05.

We can easily verify that this probability distributionPr(· |
η) obtained by virtual evidence is the same as the distribution
Pr ′ obtained by Jeffrey’s rule.

5 Interpreting Evidential Statements
The evidence specification protocols adopted by Jeffrey’s rule
and Pearl’s method have been discussed by Pearl[2001], in
relation to the problem of formally interpreting evidential
statements. Consider the following statement as an example:

Looking at this evidence, I am willing to bet 2:1
that David is not the killer.

This statement can be formally interpreted using either pro-
tocol. For example, ifα denotes the event “David is not the
killer,” this statement can be interpreted in two ways:

1Theλ’s are chosen such thatλi = kPr ′(ci)/Pr(ci), wherek
is a constant.
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1. After accepting the evidence, the probability that David
is not the killer becomes twice the probability that David
is the killer:Pr ′(α) = 2/3 andPr ′(α) = 1/3.

2. The probability that I will see this evidenceη given that
David is not the killer is twice the probability that I will
see it given that David is the killer:Pr(η | α) : Pr(η |
α) = 2 : 1.

The first interpretation translates directly into a formal piece
of evidence, Jeffrey’s style, and can be characterized as an
“All things considered” interpretation since it is a statement
about the agent’s final beliefs, which are a function of both
his prior beliefs and the evidence[Pearl, 2001]. On the other
hand, the second interpretation translates directly into a for-
mal piece of evidence, Pearl’s style, and can be character-
ized as a “Nothing else considered” interpretation since it is
a statement about the evidence only[Pearl, 2001].

The two interpretations can lead to contradictory conclu-
sions about the evidence. For example, if we use the “Nothing
else considered” approach to interpret our statement, we will
conclude that the evidence is against David being the killer.
However, if we use the “All things considered” interpretation,
it is not clear whether the evidence is for or against, unless
we know the original probability that David is the killer. If,
for example, David is one of four suspects who are equally
likely to be the killer, we will originally have:Pr(α) = 3/4.
Therefore, this evidence has actually increased the probabil-
ity that David is the killer! Because of this, Pearl argues for
the “Nothing else considered” interpretation, as it provides
a summary of the evidence and the evidence alone, and dis-
cusses how people tend to use betting odds to quantify their
beliefs even when they are based on the evidence only[Pearl,
2001].

Example 2 provides another opportunity to illustrate the
subtlety involved in interpreting evidential statements. The
evidential statement in this case is “Mr. Holmes concludes
that there is an 80% chance that Mrs. Gibbons did hear
the alarm going off.” Interpreting this statement using the
“All things considered” approach gives us the conclusion that
Pr ′(a) : Pr ′(a) = 4 : 1, wherea denotes the event that
the alarm has gone off. This interpretation assumes that the
4 : 1 ratio applies to the posterior beliefs ina anda, after Mr.
Holmes has accommodated the evidence provided by Mrs.
Gibson. However, in Example 2, this statement was given a
“Nothing else considered” interpretation, as by Pearl[1988,
Page 44-47], where the4 : 1 ratio is taken as a quantification
of the evidence strength. That is, the statement is interpreted
asPr(η | a) : Pr(η | a) = 4 : 1, whereη stands for the
evidence. In fact, the two interpretations will lead to two dif-
ferent probability distributions and, hence, give us different
answers to further probabilistic queries. For example, if we
use the “All things considered” approach in interpreting this
evidential statement, the probability of having a burglary will
bePr ′(b) = 7.53×10−3, which is much larger than the prob-
ability we get using the “Nothing else considered” approach
in Example 2, which is3.85× 10−4.

From the discussions above, the formal interpretation of
evidential statements appears to be a non–trivial task, which
can be sensitive to context and communication protocols. Re-

gardless of how this is accomplished though, we need to
stress that the process of mapping an informal evidential
statement into a revised probability distribution involves three
distinct elements:

1. One must adopt a formal method for specifying evi-
dence.

2. One must interpret the informal evidential statement, by
translating it into a formal piece of evidence.

3. One must apply a revision, by mapping the original
probability distribution and formal piece of evidence
into a new distribution.

Our main point here is that Jeffrey’s rule and Pearl’s method
employs the same belief revision principle, i.e. probability
kinematics. Moreover, although they adopt different, formal
methods for specifying evidence, one can translate between
the two methods of specification. Finally, one may take the
view that Jeffrey’s rule and Pearl’s method constitute com-
mitments to how informal evidential statements should be in-
terpreted, making the first and second elements the same, but
we do not take this view here. Instead, we regard the issue of
interpretation as a third, orthogonal dimension which is best
addressed independently.

6 Commutativity of Iterated Revisions
We now discuss the problem of commutativity of iterated re-
visions, that is, whether the order in which we incorporate
uncertain evidence matters.2

It is well known that iterated revisions by Jeffrey’s rule are
not commutative[Diaconis & Zabell, 1982]. As a simple ex-
ample, assume that we are given a piece of uncertain evidence
which suggests that the probability of eventα is .7, followed
by another piece of uncertain evidence which suggests that
the probability ofα is .8. After incorporating both pieces
in that order, we will believe that the probability ofα is .8.
However, if the reversed order of revision is employed, we
will believe that the probability ofα is .7. In general, even if
we are given pieces of uncertain evidence on different events,
iterated revisions by Jeffrey’s rule are not commutative.

This was viewed as a problematic aspect of Jeffrey’s rule
for a long time, until clarified recently by Wagner[2002].
First, Wagner observed and stressed that the evidence spec-
ification method adopted by Jeffrey is suitable for the “All
things considered” interpretation of evidential statements.
Moreover, he argued convincingly that when evidential state-
ments carry this interpretation, they must not be commutative
to start with. So the lack of commutativity is not a problem
of the revision method, but a property of the method used to
specify evidence. In fact, Wagner suggested a third method
for specifying evidence based on Bayes factors[Good, 1950;
1983; Jeffrey, 1992], which leads to commutativity. Specif-
ically, if Pr andPr ′ are two probability distributions, and

2There is a key distinction between iterated revisions using cer-
tain evidence versus uncertain evidence. In the former case, pieces
of evidence may be logically inconsistent, which adds another di-
mension of complexity to the problem[Darwiche & Pearl, 1997],
leading to different properties and treatments.
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γi andγj are two events, theBayes factor(or odds factor),
FPr ′,Pr (γi : γj), is defined as the ratio of new-to-old odds:

FPr ′,Pr (γi : γj)
def
=

Pr ′(γi)/Pr ′(γj)
Pr(γi)/Pr(γj)

.

Given this notion, one can specify uncertain evidence on a
set of mutually exclusive and exhaustive eventsγ1, . . . , γn

by specifying the Bayes factor for every pair of eventsγi and
γj . One interesting property of this method of specification
is that Bayes factors do not constrain the probability distribu-
tion Pr , i.e., any evidence specified in this way is compatible
with every distributionPr .3 Hence, they are suitable for a
“Nothing else considered” interpretation of evidential state-
ments.

Interestingly enough, Wagner[2002] showed that when
evidence is specified using Bayes factors and revisions are
accomplished by probability kinematics, belief revision be-
comes commutative.4 This was an illustration that Jeffrey’s
rule is indeed composed of two independent elements: an ev-
idence specification method, and a revision method.

In fact, we now show that the evidence specification
method adopted by Pearl’s method corresponds to the method
of specifying evidence by Bayes factors. This has a number
of implications. First, it shows that revisions by the virtual
evidence method are commutative. Second, it provides an
alternate, more classical, semantics for the virtual evidence
method. Finally, it shows again that Jeffrey’s rule and Pearl’s
method both revise distributions using probability kinemat-
ics.

Specifically, suppose that we revise a probability distribu-
tion Pr using the method of virtual evidence, with likelihood
ratiosλ1, . . . , λn bearing on eventsγ1, . . . , γn, and suppose
that we get distributionPr ′ as a result. We then have:

FPr ′,Pr (γi : γj) =
Pr ′(γi)/Pr ′(γj)
Pr(γi)/Pr(γj)

=

Pr(γi)λi/(
∑

k
Pr(γk)λk)

Pr(γj)λj/(
∑

k
Pr(γk)λk)

Pr(γi)
Pr(γj)

=
λi

λj
.

That is, if we specify evidence by Bayes factorλi/λj for ev-
ery pair of eventsγi andγj , and then revise distributionPr
using probability kinematics, we obtain the same distribution
that arises from applying the virtual evidence method.

7 Bounding Belief Change Induced by
Probability Kinematics

One important question relating to belief revision is that of
measuring the extent to which a revision disturbs existing

3This is not true if we use ratios of probabilities instead of ratios
of odds. For example, ifPr ′(α) = 2Pr(α), we must havePr(α) ≤
.5 becausePr ′(α) ≤ 1 [Wagner, 2002].

4Wagner shows not only that the representation of uncertain ev-
idence using Bayes factors is sufficient for commutativity, but in a
large number of cases, necessary.

beliefs. We have recently proposed a distance measure de-
fined between two probability distributions which can be used
to bound the amount of belief change induced by a revision
[Chan & Darwiche, 2002]. We review this measure next and
then use it to provide some guarantees on any revision which
is based on probability kinematics.5

Definition 1 [Chan & Darwiche, 2002] Let Pr andPr ′ be
two probability distributions over the same set of worldsω.
We define a measureD(Pr ,Pr ′) as follows:

D(Pr ,Pr ′)
def
= ln max

ω

Pr ′(ω)
Pr(ω)

− lnmin
ω

Pr ′(ω)
Pr(ω)

,

where0/0 is defined as 1.

This distance measure can also be expressed using the Bayes
factor:

D(Pr ,Pr ′) = ln max
ωi,ωj

FPr ′,Pr (ωi : ωj).

This measure satisfies the three properties of distance: posi-
tiveness, symmetry, and the triangle inequality. It is useful to
compute this distance measure between two probability dis-
tributions as it allows us to bound the difference in beliefs
captured by them.

Theorem 1 [Chan & Darwiche, 2002] Let Pr and Pr ′ be
two probability distributions over the same set of worlds. Let
α andβ be two events. We then have:

e−D(Pr ,Pr ′) ≤ O′(α | β)
O(α | β)

≤ eD(Pr ,Pr ′),

whereO(α | β) = Pr(α | β)/Pr(α | β) is the odds of
eventα givenβ with respect toPr , andO′(α | β) = Pr ′(α |
β)/Pr ′(α | β) is the odds of eventα givenβ with respect to
Pr ′.6 The bound is tight in the sense that for every pair of
distributionsPr andPr ′, there are eventsα andβ such that:

O′(α | β)
O(α | β)

= eD(Pr ,Pr ′);
O′(α | β)
O(α | β)

= e−D(Pr ,Pr ′).

According to Theorem 1, if we are able to compute the dis-
tance measure between the original and revised distributions,
we can get a tight bound on the new belief in any conditional
event given our original belief in that event. The following
theorem computes this distance measure for belief revision
methods based on probability kinematics.

Theorem 2 If Pr ′ comes fromPr by probability kinematics
on γ1, . . . , γn, the distance measure betweenPr andPr ′ is
given by:

D(Pr ,Pr ′) = ln max
i

Pr ′(γi)
Pr(γi)

− lnmin
i

Pr ′(γi)
Pr(γi)

.

5The results in this section are reformulations of previous results
[Chan & Darwiche, 2002], and are inspired by a new understand-
ing of Jeffrey’s rule and Pearl’s method as two specific instances of
revision based on probability kinematics, and the understanding of
Pearl’s method in terms of Bayes factors.

6Of course, we must havePr(β) 6= 0 andPr ′(β) 6= 0 for the
odds to be defined.
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Theorem 2 allows us to compute the distance measure for
revisions based on Jeffrey’s rule and virtual evidence.

Corollary 1 If Pr ′ comes fromPr by applying Jeffrey’s rule
to eventsγ1, . . . , γn, with posterior probabilitiesq1, . . . , qn,
the distance measure betweenPr andPr ′ is given by:

D(Pr ,Pr ′) = lnmax
i

qi

Pr(γi)
− lnmin

i

qi

Pr(γi)
.

Corollary 2 If Pr ′ comes fromPr by applying the method
of virtual evidence, with likelihood ratiosλ1, . . . , λn bearing
on γ1, . . . , γn, the distance measure betweenPr andPr ′ is
given by:

D(Pr ,Pr ′) = lnmax
i

λi − lnmin
i

λi.

The significance of Corollaries 1 and 2 is that we can com-
pute the distance measure easily in both cases. For Jeffrey’s
rule, we can compute the distance measure by knowing only
the prior and posterior probabilities of eventsγ1, . . . , γn. For
Pearl’s method, we can compute the distance measure by
knowing only the likelihood ratiosλ1, . . . , λn. For both revi-
sion methods, the distance measure can be computed in con-
stant time from the uncertain evidence, and we can guarantee
a bound on the belief change due to the revision principle
of probability kinematics, without explicitly knowing the re-
vised probability distribution.

We close this section by showing that the principle of prob-
ability kinematics is optimal in a very precise sense: it com-
mits to a probability distribution that minimizes our distance
measure.

Theorem 3 If Pr ′ comes fromPr by probability kinematics
onγ1, . . . , γn, it is optimal in the following sense. Among all
possible distributions that agree withPr ′ on the probabilities
of eventsγ1, . . . , γn, Pr ′ is the closest toPr according to the
distance measure given by Definition 1.

8 Conclusion
In this paper, we analyzed two main methods for revising
probability distributions given uncertain evidence: Jeffrey’s
rule and Pearl’s method of virtual evidence. We showed that
the two methods use the same belief revision principle, i.e.
probability kinematics, with their difference being only in the
manner in which they specify uncertain evidence, and showed
how to translate between the two methods for specifying evi-
dence. We also discussed the much debated problem of inter-
preting evidential statements. Moreover, we showed that the
method of virtual evidence can be reformulated in terms of
Bayes factors, which implies a number of results, including
the commutativity of revisions based on this method. Finally,
we showed that revisions based on probability kinematics are
optimal in a very specific way, and pointed to a distance mea-
sure for bounding belief change triggered by any revision
based on probability kinematics. Our bounds included Jef-
frey’s rule and Pearl’s method as special cases.
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Abstract

Degrees of information and of contradiction are in-
vestigated within a uniform propositional frame-
work, based on test actions. We consider that the
degree of information of a propositional formula
is based on the cost of actions needed to identify
the truth values of each atomic proposition, while
the degree of contradiction of a formula is based
on the cost of actions needed to make the formula
classically consistent. Our definitions are to a large
extent independent of the underlying propositional
logic; this flexibility is of prime importance since
there is no unique, fully accepted logic for reason-
ing under inconsistency.

1 Introduction
Information and contradiction are two fundamental aspects
of knowledge processing. Quantifying them is an important
issue when reasoning about beliefs (or preferences) stemming
from one or different sources. Here are some contexts where
quantifying information and contradiction is relevant:
• diagnosis and testing. In model-based diagnosis, some
initial assumptions that each component works correctly are
made; these assumptions may conflict with actual observa-
tions. Measuring the conflict of the resulting base may be a
good hint about how hard it will be to identify the faulty com-
ponents.
• preference elicitation. In the interactive process of elicitat-
ing the preference profile of an individual (user) about a set
of possible alternatives, it is not unfrequent that contradictory
preferences arise. In this situation, it is useful to quantify and
localize the contradictions as well as the information about
the user’s preferences, so as to be in position to choose the
next questions to ask.
• belief merging. In this framework, degrees of information
and contradiction can be the basis on which one can decide
whether to take or not into account the data conveyed by an
agent. If the degree of contradiction of the data given by an
agent is high, it may be relevant to reject the information,
since there is a significant evidence that the source is not reli-
able; however, this must be balanced by the quantity of infor-
mation furnished by the agent, especially when she also gives
some important and uncontroversial pieces of information.
• group decision making. Contradictions arise frequently

when trying to reach a compromise among several agents who
have possibly conflictual preferences about a common deci-
sion (like voting, resource sharing, public goods buying). In
this context, not only it is relevant to compute a global degree
of conflict (among the set of agents) but also degrees of con-
flicts associated with small groups of agents (coalitions) so as
to localize as precisely as possible where the conflicts are.

Now, what do “degree of information” and “degree of con-
tradiction” mean? There is no consensus about it. The main
features shared by existing definitions (and there are not nu-
merous, cf. Section 7) is that (1) such degrees are numerical
values, and (2) they vary depending on the representation lan-
guage. Thus, one may consider a as fully informative in the
case where a is the single atomic proposition of the language
but surely not fully informative when the vocabulary also con-
tains b (provided that a and b are independent propositions).

In this paper, our point of view is that it is inadequate
to quantify the information/contradiction conveyed by some
data without considering at the same time a set of available
actions and a goal to be reached. Accordingly, our degrees
of information and contradiction are defined in an “active”
way. Acting so as to reduce inconsistency or to gain infor-
mation often relies on performing knowledge-gathering ac-
tions (also called tests). We consider that the degree of in-
formation of an information base is based on the number (or
the cost) of actions needed to identify the truth value of each
atomic proposition (the lower the cost the more informative
the base); and that the degree of contradiction of an infor-
mation base is based on the number (or the cost) of actions
needed to render the base classically consistent. Thus, both
degrees are dependent on the language but also on the given
set of tests and the way plans costs are computed.

The rest of this paper is organized as follows. After some
formal preliminaries in Section 2, we present our framework
in Section 3. In order to show the generality of our frame-
work, we instantiate it to three different propositional log-
ics: classical logic (Section 4), the paraconsistent logic LPm

(Section 5) and a syntax-based approach to inconsistency
handling (Section 6). Related work is given in Section 7, and
some conclusions in Section 8.

2 Formal preliminaries and notations
We consider a propositional language LPS based on a finite
set of propositional symbols PS and a set of connectives that
may vary depending on the logic used. Well-formed formulas
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are denoted by ϕ, ψ, etc. The available information is repre-
sented by a formula Σ of LPS (called information base).

Since we wish to keep a reasonable level of generality, we
do not want to commit right now to a particular propositional
logic. Indeed, flexibility is a major feature of our framework,
and it is essential at least for two reasons. On the one hand,
classical logic is inadequate to handle contradiction: ex falso
quodlibet sequitur (a single, local contradiction is sufficient
to pollute the whole information base). On the other hand,
there is no unique, fully accepted, logic for reasoning under
inconsistency. This is reflected by the various approaches that
can be found in the literature under different names like belief
revision, merging, paraconsistent logics, etc.
LPS is required to possess the following ingredients:

1. A consequence relation |=L on LPS × LPS .
2. An acceptance function AL ⊆ LPS × LPS : AL(Σ, ϕ)

means that given the information base Σ, ϕ is accepted
as a true information (we say that Σ accepts ϕ). By de-
fault, acceptance is defined by: AL(Σ, ϕ) iff (Σ |=L ϕ
and Σ �|=L ¬ϕ). We say that Σ is informative aboutϕ iff
exactly one of AL(Σ, ϕ) or AL(Σ,¬ϕ) holds, and that
Σ is fully informative iff for any ϕ ∈ LPS , Σ is infor-
mative about ϕ.

3. A contradiction indicator CL ⊆ LPS × LPS : if
CL(Σ, ϕ) holds, then we say that Σ is contradictory
about ϕ. By default, we define CL(Σ, ϕ) iff (Σ |=L ϕ
and Σ |=L ¬ϕ). Σ is said to be contradiction-free iff for
every ϕ ∈ LPS , we do not have CL(Σ, ϕ).

4. A weak revision operator � : LPS × LPS → LPS :
Σ�ϕ represents the new information base obtained once
taking account of the observation ϕ into the informa-
tion base Σ. For the sake of generality, we are not
very demanding about �. The only requirement is that
Σ � ϕ |=L ϕ, which expresses that our tests are assumed
reliable (each test outcome must be true in the actual
world)1. In the following we will simply refer to those
operators as revision operators (omitting the weak). It
would be interesting to explore in more details what hap-
pens when one puts more requirements on � (this is left
for further research).

3 Degree of ignorance and degree of
contradiction

In this section, we give general definitions of degrees of con-
tradiction and ignorance, i.e., of lack of information, which
are to a large extent independent of the logic chosen to repre-
sent information. These definitions will be specified further
in Sections 4 to 6 where the logic will be fixed.

Definition 3.1 (test contexts) A test context CLPS (w.r.t.
LPS) is a pair 〈T, c〉 where T is a finite set of tests and c
is a cost function from T to IN∗. The outcome to any test
tϕ ∈ T is one of ϕ, ¬ϕ, where ϕ ∈ LPS . We say that tϕ
is the test about ϕ, and we assume w.l.o.g. that at most one
test tϕ of T is about ϕ for each ϕ ∈ LPS . A context is stan-
dard iff ∀tϕ ∈ T , we have c(tϕ) = 1 (every test has a unit

1While this condition corresponds to the “success” postulate in
the AGM framework [Alchourrón et al., 1985], we do not ask our
operators to be AGM ones, especially because the AGM framework
is not suited to characterize the revision of an inconsistent formula.

cost). A context is universal iff for every ϕ ∈ LPS , there is a
test tϕ ∈ T . A context is atomic iff the testable formulas are
exactly the atomic propositions (tx ∈ T iff x ∈ PS).

Definition 3.2 (test plans, trajectories) Given a test context
CLPS , a test plan π is a finite binary tree; each of its non-
terminal nodes is labelled with a test action tϕ; the left and
right arcs leaving every non-terminal node labelled with tϕ
are respectively labelled with the outcomes ϕ and ¬ϕ. An
(outcome) trajectory 〈o1, . . . , on〉 with respect to π is the se-
quence of test outcomes on a branch of π. The cost of a trajec-
tory 〈o1, . . . , on〉 with respect to π is defined as Σn

i=1c(tϕi),
where each tϕi is the test labelling the node of π reached by
following the path 〈o1, . . . , oi−1〉 from the root of π.

Definition 3.3 (disambiguation, purification) Let π be a
test plan and Σ the initial information base.

• The application of π on Σ is the tree apply(π,Σ), iso-
morphic to π, whose nodes are labelled with informa-
tion bases defined inductively as follows:

– the root ε of apply(π,Σ) is labelled with Σ(ε) = Σ;
– let n be a node of apply(π,Σ), labelled with the in-

formation base Σ(n), whose corresponding node in
π is non-terminal and labelled with tϕ; then n has
two children in apply(π,Σ), labelled respectively
with Σ(n) � ϕ and Σ(n) � ¬ϕ.

• π disambiguates ϕ given Σ iff for every terminal node n
of apply(π,Σ), Σ(n) is informative about ϕ (i.e., either
AL(Σ, ϕ) or AL(Σ,¬ϕ)). π (fully) disambiguates Σ iff
it disambiguates all formulas of LPS , i.e., iff for any ter-
minal node n of apply(π,Σ), Σ(n) is fully informative.

• π purifies ϕ given Σ iff for every terminal node n of
apply(π,Σ), Σ(n) is not contradictory aboutϕ (i.e., not
CL(Σ(n), ϕ)). π (fully) purifies Σ iff it eliminates all
contradictions in Σ, i.e., iff for any terminal node n of
apply(π,Σ), Σ(n) is contradiction-free.

Clearly enough, it can be the case that there is no plan to
purify or disambiguate a formula; especially, there is no plan
for purifying the constant ⊥ (false) in any of the three logics
considered in the following.

In our framework, degrees of ignorance and contradiction
are defined in a uniform way: the degree of ignorance (resp.
of contradiction) of Σ measures the minimal effort necessary
to disambiguate (resp. to purify) Σ.

Definition 3.4 (degree of contradiction, of ignorance)
Let us define the cost c(π) of a test plan π as the maximum of
the costs of its trajectories. Then

• The degree of contradiction of Σ is defined by
dC(Σ) = min({c(π) | π purifies Σ}).
When no plan purifies Σ, we let dC(Σ) = +∞.

• The degree of ignorance of Σ is defined by
dI(Σ) = min({c(π) | π disambiguates Σ}).
When no plan disambiguates Σ, we let dI(Σ) = +∞.

Clearly, both degrees depend on the test context; by default,
we consider the standard atomic context.

In the previous definition, we actually define pessimistic
degrees of contradiction and ignorance (because the cost of
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a plan is defined as the maximum cost among its trajecto-
ries); this principle, consisting in assuming the worst out-
come, is known in decision theory as Wald criterion. Other
criteria could be used instead, such as the optimistic crite-
rion obtained by replacing max by min. More interesting,
the criterion obtained by first using max and then min for
tie-breaking, or the leximax criterion, allow for a better dis-
crimination than the pure pessimistic criterion. The choice
of a criterion is fairly independent from the other issues dis-
cussed in this paper, which gives our framework a good level
of flexibility and generality. Due to space limitations, how-
ever, we consider only the pessimistic criterion in the rest of
the paper.

The definitions below concern the cost of being informa-
tive about a formula ϕ (resp. of getting rid of contradictions
about ϕ) given an initial information base Σ.

Definition 3.5 (disambiguation cost, purification cost)
• The disambiguation cost of ϕ given Σ, denoted by
CD(Σ, ϕ), is the minimum cost of a test plan applied
to Σ and disambiguating ϕ.

• The purification cost ofϕ given Σ, denoted byCP (Σ, ϕ),
is the minimum cost of a test plan applied to Σ and pu-
rifying ϕ.

The disambiguation cost of ϕ given Σ can be seen as the
price one is ready to pay for being informed about ϕ. The pu-
rification cost of ϕ given Σ is a bit less intuitive: in a database
context, for instance, it represents the cost that the database
holder is ready to pay to ensure that the database does not
contain any contradictory information about a given formula.

Proposition 3.1 The degrees defined above are related as
follows:
• dI(Σ) ≥ dC(Σ);
• CD(Σ, ϕ) = CD(Σ,¬ϕ);
• CP (Σ, ϕ) = CP (Σ,¬ϕ);

• CD(Σ, ϕ) ≥ CP (Σ, ϕ);
• dI(Σ) ≥ CD(Σ, ϕ);
• dC(Σ) ≥ CP (Σ, ϕ).

4 Case study 1: classical logic
In this section, we fix LPS to classical propositional logic
CL, which means that we fix the following:
• The language of CL is built up from the connectives ∧, ∨,
¬, → and the constants �, ⊥;

• Interpretations are mappings from PS to {T,F} and the
consequence relation is defined as usual by Σ |=CL ϕ iff
ModCL(Σ) ⊆ ModCL(ψ), where ModCL(Σ) denotes
the set of classical models of Σ.
Clearly enough, ACL(Σ, ϕ) holds iff Σ |=CL ϕ and Σ is

consistent; and CCL(Σ, ϕ) holds iff Σ is inconsistent. Fi-
nally, let Σ � ϕ = Σ ∧ ϕ (i.e., the revision operator is simple
expansion).

Example 4.1 Figure 1 reports a test plan of minimal cost that
fully disambiguates Σ = (a∨b)∧(a → c) (w.r.t. the standard
atomic test context).

Accordingly, the degree of ignorance of Σ is 2 given the
standard atomic context; as Figure 1 also shows, such a de-
gree can be strictly lower than the number of literals built up
from PS that are not accepted by Σ (here, the information
given by the test outcomes within the test plan are crucial).

(a ∨ b) ∧ (a → c)

a ∧ c ¬a ∧ b

a ∧ b ∧ c a ∧ ¬b ∧ c ¬a ∧ b ∧ c ¬a ∧ b ∧ ¬c

a ¬a

b ¬b c ¬c

Figure 1: Degree of ignorance of (a ∨ b) ∧ (a → c)

Proposition 4.1 Given any test context:
• CD(Σ, ϕ) = 0 iff Σ is consistent and (Σ |= ϕ or Σ |= ¬ϕ);
• if Σ is inconsistent, then CD(Σ, ϕ) = +∞;
• CD(Σ, ϕ ∨ ψ) ≤ CD(Σ, ϕ) + CD(Σ, ψ);
• CD(Σ, ϕ ∧ ψ) ≤ CD(Σ, ϕ) + CD(Σ, ψ);
• dI(Σ) ≤ ∑

x∈PS CD(Σ, x).

Degrees of conflict and purification are not relevant when
LPS is classical logic, just because inconsistency is an ex-
tremely rough notion in classical logic. Indeed, we have:

dC(Σ) =
{

0 if Σ is consistent
+∞ if Σ is inconsistent

and CP (Σ, ϕ) = dC(Σ) for all ϕ.

Example 4.2 Let a, b be two (independent) atomic proposi-
tions we focus on. Starting from an information base rep-
resented by � (no contradiction, no information), stepwise
expansions progressively lead to a base Σ having a single
model over {a, b} like (a = T, b = T). In this situation, the
degrees of ignorance and of contradiction (given the standard
atomic context) are minimal (no contradiction, full informa-
tion). But each additional expansion that does not lead to
an equivalent information base leads to an inconsistent one;
for instance, the resulting base Σ � ¬a has a maximal degree
of contradiction. This is counterintuitive since it seems that
a ∧ b ∧ ¬a is both more informative and less contradictory
than a ∧ b ∧ ¬a ∧ ¬b. This is not reflected by our degrees
when classical logic is considered.
• dI({�}) = 2, dC({�}) = 0
• dI({a}) = 1, dC({a}) = 0
• dI({a ∧ b}) = 0, dC({a ∧ b}) = 0
• dI({a ∧ b ∧ ¬a}) = +∞, dC({a ∧ b ∧ ¬a}) = +∞
• dI({a∧b∧¬a∧¬b}) = +∞, dC({a∧b∧¬a∧¬b}) = +∞

This example also shows that mere expansion is not a very
satisfying revision operator. Indeed, since it does not enable
to purify any inconsistent base (whatever the test context),
expansion does not enable as well to disambiguate any incon-
sistent base. Furthermore, it may lead to degrees of contra-
diction (or purification costs) that are not intuitively correct.
Thus, on the example, we have dI({a ∧ b ∧ ¬a}) = +∞ ,
while given the standard atomic context, two tests are suffi-
cient to determine the actual world (over {a, b}). The rea-
son of this discrepancy between what is expected and what is
achieved is that expanding an inconsistent information base
always leads to an inconsistent base, while it would be neces-
sary to restore consistency2 for achieving purification and dis-
ambiguation in classical logic. Note that using AGM revision
instead of expansion would not help a lot since AGM opera-
tors do not behave well when applied to inconsistent bases.

2A way to do it consists in forgetting information [Lang and Mar-
quis, 2002] (possibly everything) in {a ∧ b ∧ ¬a}.
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5 Case study 2: the paraconsistent logic LPm

Paraconsistent logics have been introduced to avoid ex falso
quodlibet sequitur of classical logic, hence handling incon-
sistent bases in a much more satisfying way. While many
paraconsistent logics have been defined so far and could be
used in our framework, we focus here on the LPm logic as
defined in [Priest, 1991]. This choice is mainly motivated by
the fact that this logic is simple enough and has an inference
relation that coincides with classical entailment whenever the
information base is classically consistent (this feature is not
shared by many paraconsistent logics).
• The language of LPm is built up from the connectives ∧,
∨, ¬, → and the constants �, ⊥.

• An interpretation ω for LPm maps each propositional
atom to one of the three “truth values” F,B,T, the third
truth value B meaning intuitively “both true and false”.
3PS is the set of all interpretations for LPm. “Truth val-
ues” are ordered as follows: F <t B <t T.

− ω(�) = T, ω(⊥) = F
− ω(¬α) = B iff ω(α) = B

ω(¬α) = T iff ω(α) = F
− ω(α ∧ β) = min≤t(ω(α), ω(β))
− ω(α ∨ β) = max≤t(ω(α), ω(β))

− ω(α → β) =
{

T if ω(α) = F
ω(β) otherwise

• The set of models of a formula ϕ is ModLP (ϕ) = {ω ∈
3PS | ω(ϕ) ∈ {T,B}}. Define ω! = {x ∈ PS | ω(x) =
B}. Then min(ModLP (ϕ)) = {ω ∈ ModLP (ϕ) | �ω′ ∈
ModLP (ϕ) s.t. ω′! ⊂ ω!}. The consequence relation
is defined by Σ |=LPm ϕ iff min(ModLP (Σ)) ⊆
ModLP (ϕ).

• The definitions of ALPm(Σ, ϕ) and CLPm(Σ, ϕ) are those
by default; CLPm(Σ, ϕ) holds only if Σ has no classical
model.
Now, what about the revision operator? Actually, the issue

of revision in paraconsistent logic has never been considered
so far. Expansion is not satisfactory as a revision operator for
LPm because it enables neither the purification task nor the
disambiguation one when Σ has no classical model ω (i.e.,
such that ω(x) �= B for each x ∈ PS), whatever the test con-
text. Among the many possible choices, we have considered
the following revision operator, defined model-theoretically
(for the sake of brevity, we characterize only its restriction to
the case the revision formula ϕ is a literal l).

Let force(ω, l) be the interpretation of 3PS defined by (for
every literal l = x or ¬x):{

force(ω, x)(x) = T
∀y ∈ PS, y �= x, force(ω, x)(y) = ω(y){
force(ω,¬x)(x) = F
∀y ∈ PS, y �= x, force(ω, x)(y) = ω(y)

Then the revision operator is defined by:

ModLP (Σ�l) =

{ {ω |= Σ | ω(l) = T} if this set is non-
empty, otherwise
{force(ω, l) | ω |= Σ and ω(l) = B}.

Example 5.1 Stepping back to Example 4.2, we can check
that LPm leads to more intuitive values for the degrees of ig-
norance and contradiction of the bases we considered. Given
the standard atomic test context, we now have:
• dI({�}) = 2, dC({�}) = 0

a ∧ ¬a ∧ ((b ∧ c) ∨ d)

a ∧ ((b ∧ c) ∨ d) ¬a ∧ ((b ∧ c) ∨ d)

.

.

.

a ∧ d a ∧ b ∧ c ∧ ¬d

a ∧ b ∧ d a ∧ ¬b ∧ d

a ∧ b ∧ c ∧ d a ∧ b ∧ ¬c ∧ d a ∧ ¬b ∧ c ∧ d a ∧ ¬b ∧ c ∧ d

a ¬a

d ¬d

b

¬b

c
¬c

c

¬c

Figure 2: Degrees of ignorance and contradiction in LPm

• dI({a}) = 1, dC({a}) = 0
• dI({a ∧ b}) = 0, dC({a ∧ b}) = 0
• dI({a ∧ b ∧ ¬a}) = 1, dC({a ∧ b ∧ ¬a}) = 1
• dI({a∧ b∧¬a∧ ¬b}) = 2, dC({a∧ b∧ ¬a∧¬b}) = 2
Thus, starting from �, expansion (i.e. the logical strength-

ening of an information base) leads to more information up
to a point where full information is reached, then progres-
sively to more contradiction and less information, up to an
information base with full contradiction and no information.

Example 5.2 Let us now consider the base Σ = {a ∧ ¬a ∧
((b∧ c)∨ d)}. Figure 2 reports a plan of minimal cost (given
the standard atomic context) which disambiguates Σ (the sub-
tree rooted below the ¬a outcome is similar to the one of a
and is not represented). Here, the degree of ignorance of Σ
is 4 and the degree of contradiction of Σ is 1 (after testing a
there is no contradiction any more).

Contrariwise to expansion, this revision operator is ade-
quate to our objective:

Proposition 5.1 Every information base that has a model ∈
3PS has a finite degree of ignorance and a finite degree of
contradiction given any atomic or universal test context.

6 Case study 3: “syntax-based” information
bases

Many approaches to reasoning under inconsistency make use
of the selection of maximal consistent subsets of a belief base.
This principle comes down to [Rescher and Manor, 1970] and
is known under different names such as the possible-world
approach [Ginsberg and Smith, 1988], assumption-based the-
ories [Poole, 1988], supernormal default theories [Brewka,
1989], syntax-based approaches [Nebel, 1991] etc. We retain
the last name and call the logic SBL3.

The language of SBL is defined as the set of all pairs
Σ = 〈α,∆〉, where ∆ = {δ1, . . . , δn}; α, δ1, ..., δn are
propositional formulas from the language of CL. α represent
the set of hard facts and δ1, . . . , δn the defaults. Formulas of
the form 〈α, ∅〉 are called simple formulas and, slightly abus-
ing notations, are abbreviated into α – thus the language of
SBL can be seen as an extension of that of classical logic. A

3Saying that the approach is “syntax-based” actually means that
{ϕ1, . . . , ϕn} should not be identified with ϕ1 ∧ . . . ∧ ϕn, or, in
other words, that the comma is viewed as a (non truth-functional)
connective.
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maximal scenario of Σ is a subset ∆′ of ∆ such that α ∧ ∆′
is consistent and there is no ∆′′ ⊃ ∆′ such that α ∧ ∆′′ is
consistent. We denote by MS(Σ) the set of all maximal sce-
narios of Σ.

The semantics of SBL is defined by a preference rela-
tion over classical interpretations. Let Σ = 〈α,∆〉. If
ω ∈ 2PS , we define Sat(ω,Σ) = {i | ω |=CL δi}.
For ω, ω′ ∈ ModCL(α), we say that ω ≥Σ ω′ iff
Sat(ω,Σ) ⊇ Sat(ω′,Σ). Now,ModSBL(Σ) = {ω | ω |=CL

α and there is no ω′ |=CL α such that ω′ >Σ ω}. Conse-
quence in SBL is defined by Σ |=SBL Σ′ iff ModSBL(Σ) ⊆
ModSBL(Σ′) – especially, if ϕ is a simple formula, then
Σ |=SBL ϕ iff ϕ is a skeptical consequence of Σ in the sense
of default logic.

Let ϕ be a simple formula. Acceptance is defined by the
default formulation. Equivalently,ASBL(〈α,∆〉, ϕ) holds iff
〈α,∆〉 |=SBL ϕ and α is consistent. Contradiction refers
to maximal scenarios: CSBL(Σ, ϕ) iff MS(Σ) = ∅ or there
exists ∆′,∆′′ ∈ MS(Σ) such that α ∧ ∆′ |=CL ϕ and α ∧
∆′′ |=CL ¬ϕ. Lastly, 〈α,∆〉�ϕ is defined as 〈α∧ϕ,∆〉, i.e.,
the hard facts are expanded with the revision formula.

Example 6.1 Σ = 〈∅, {a,¬a ∧ b, a → c,¬c, c → a}〉. Here
is a purification plan of minimal cost for Σ with respect to
the standard atomic context. We start by testing a; Σ � ¬a =
〈¬a,∆〉 is contradiction-free because it has a single maximal
scenario {¬a ∧ b, a → c,¬c, c → a}; Σ � a = 〈a,∆〉 is
not contradiction-free because it has two maximal scenarios
{a, a → c, c → a} and {a,¬c, c → a}; then testing c leads
to Σ � (a ∧ c) and Σ � (a ∧ ¬c), both being contradiction-
free. Hence, given the standard atomic context, dC(Σ) =
2 and dI(Σ) = 3 (since disambiguating b will require one
additional test).

Proposition 6.1
• Σ is contradiction-free iff MS(Σ) is a singleton.
• Σ = 〈α,∆〉 is fully informative iff MS(Σ) is a singleton
{∆′} and ModCL(α ∧ ∆′) is a singleton.

Despite it mainly amounts to expansion of the hard facts,
if the hard constraint α of Σ is true for sure in the actual
world (i.e., it is consistent and consistency cannot be ques-
tioned by expansion with test outcomes), then Σ has a finite
degree of contradiction and a finite degree of ignorance given
any atomic or universal context.

7 Related work
To the best of our knowledge, only few proposals for a notion
of degree of information can be found in the literature, and
things are even worse to what concerns the notion of degree
of contradiction. All existing approaches are stuck to specific
propositional logics with the corresponding consequence re-
lations, which address only some aspects of the paraconsis-
tency issue, if any (as evoked previously, there is no undebat-
able paraconsistent inference relation).

Shannon’s information theory [Shannon, 1948] provides
the most famous approach on which notions of quantity of
information can be defined, but it relies on the assumption
that the available information is given under the form of a
probability distribution; furthermore, it cannot directly ad-
dress inconsistent data. Interestingly, our definition of degree

of information is general enough to recover classical entropy,
applied to classical logic4.

Lozinskii [1994a] gives a set of properties that a measure
of quantity of information should satisfy. Our degree of ig-
norance is fully compatible with Lozinskii’s requirements in
several cases. The degree of information defined by Lozin-
skii corresponds to the notion in Shannon’s theory, assuming
a uniform distribution over the set of propositional interpre-
tations5. It is thus required that the input information base
Σ has a classical model. [Lozinskii, 1994b] extends [Lozin-
skii, 1994a] by considering as well some inconsistent logi-
cal systems, through a more general notion of model. It is
specifically focused on so-called quasi-models of the infor-
mation set Σ, which are the models of the maximal (w.r.t.
⊆) consistent subsets of Σ. This is sufficient to avoid the
notion of degree of information to trivialize when applied to
an inconsistent Σ (unless it is a singleton). However, no no-
tion of degree of contradiction is specifically introduced in
Lozinskii’s approach. He claims that “an inconsistent infor-
mation base always contains less semantic information than
any of its maximal consistent subsets”. In our point of view,
this may lead to counterintuitive results. For instance, given
PS = {a, b, c}, according to Lozinskii, {a} contains more
information than {a∧¬a∧b∧c}. That is not always the case
in our framework: it depends on the context under consider-
ation. Thus, while the degree of contradiction of the former
is lower than the degree of contradiction of the latter, the de-
gree of information of the latter is greater than the one of the
former (w.r.t. the standard atomic test context).

Wong and Besnard [2001] criticize the syntax-sensitivity of
Lozinskii’s approach. In particular, the presence of tautolo-
gies in Σ may unexpectedly change the quantity of informa-
tion. As they note this can be easily repaired by considering
the models of Σ over the set of variables on which Σ depends
[Lang and Marquis, 1998], instead of the set of variables oc-
curring in Σ. Wong and Besnard also adhere to Lozinskii’s
definition of degree of information; what changes is the un-
derlying notion of quasi-model, since the paraconsistent logic
they considered is quasi-classical logic [Besnard and Hunter,
1995; Hunter, 2000].

[Knight, 2003] reports some other postulates for a mea-
sure of quantity of information. Our measure dI does not
satisfy all of them, even in simple cases (for space reasons,
we cannot detail it here). This contrasts with the two mea-
sures introduced by Knight, which generalize in an elegant
way Shannon’s entropy-based measure to the case the infor-
mation base is an inconsistent set of formulas. However, both
measures trivialize when the information set is an inconsis-
tent singleton.

The only two approaches we are aware of, which con-
sider (non-trivial) degrees of inconsistency defined for clas-

4Let prΣ be the probability distribution stating that all models of
Σ over PS are equiprobable (and the other ones impossible), i.e., for
any ω |= Σ, prΣ(ω) = 1

|ModCL(Σ)| . The entropy of prΣ is defined
as H(prΣ) =

P
ω|=Σ −prΣ(ω).log2prΣ(ω) = log2|ModCL(Σ)|.

Therefore, the integer upper part of H(prΣ) is nothing but the min-
imal number of tests that have to be performed to identify the actual
world given the standard universal test context.

5Such a degree was already known by Kemeny [1953] and Hin-
tikka [1970].
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sical formulas (i.e., without additional information, like a
preference preorder), are [Knight, 2002] and [Hunter, 2002].
Knight finds a set Σ of classical formulas maximally α-
consistent whenever α is the greatest number for which a
probability measure P exists, satisfying P (ϕ) ≥ α for ev-
ery ϕ ∈ Σ. Accordingly, his measure makes sense when
the logic SBL is considered, but trivializes whenever Σ is a
singleton. Hunter appeals to quasi-classical logic as a frame-
work for dealing with inconsistent information. Considering
the minimal quasi-classical models of the information base Σ
(roughly, the “most classical” ones), Hunter defines the de-
gree of coherence of Σ as the ratio between the amount of
contradiction (conflict) and the amount of information (opin-
ion) of the formula. Such a degree of coherence does not
always give what is expected. Consider for instance the
two information sets Σ = {e ∧ ¬e, a ∨ (b ∧ c ∧ d)} and
Σ′ = {e ∧ ¬e, (a ∧ b) ∨ (c ∧ d)}. [Hunter, 2002] shows
that Coherence(Σ) > Coherence(Σ′). We feel it counterintu-
itive since the two bases shares the same contradiction e∧¬e,
which is not related to the other formulas of both bases6.

Finally, Hunter [2003] defines a degree of significance of
the contradictions, which makes sense when some informa-
tion about the importance of potential conflicts is available.

8 Conclusion
The main contribution of the paper is a uniform action-based
framework for quantifying both degrees of information and of
contradiction. The framework is parameterized by a proposi-
tional logic (together with the corresponding notions of con-
sequence, acceptance, contradiction and a revision operator),
a test context and an aggregation criterion for computing plan
costs. These parameters enable a great flexibility.

There are many interesting notions that can be easily de-
fined in our framework but that we cannot mention here for
space reasons. Let us note that through the notion of purifi-
cation plan, our approach for quantifying contradiction also
allows to localize conflicts. Note also that notions of joint de-
grees and conditional degrees of information / contradiction
can be easily defined. Another simple extension would con-
sist in taking advantage of additional knowledge about the
sources of information and the origin of conflicts (e.g., in a
diagnosis setting, it can be the case that the failure of a com-
ponent physically causes the failure of other components).

Many other extensions of our approach can be envisioned.
For instance, coping with preferences over the goal variables
(determining whether a holds is more important than deter-
mining whether b holds). Another possible extension con-
cerns the case where ontic actions are available and the objec-
tive is to let the actual world as unchanged as possible (i.e.,
we can execute invasive actions but we prefer not to do it).
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6If we instantiate our framework with LPm logic (under standard
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Abstract
We consider the problem of updating nonmono-
tonic knowledge bases represented by epistemic
logic programs where disjunctive information and
notions of knowledge and beliefs can be explic-
itly expressed. We propose a formulation for epis-
temic logic program updates based on a princi-
ple called minimal change and maximal coherence.
The central feature of our approach is that during
an update procedure, contradictory information is
removed on a basis of minimal change under the
semantics of epistemic logic programs and then co-
herent information is maximally retained in the up-
date result. By using our approach, we can char-
acterize an update result in both semantic and syn-
tactic forms. We show that our approach handles
update sequences and satisfies the consistency re-
quirement. We also investigate important semantic
properties of our update approach such as reduc-
tion, persistence and preservation.

1 Introduction
Logic programming has been proved to be one of the most
promising logic based formulations for problem solving,
knowledge representation and reasoning, and reasoning about
actions and plans. Recent research on logic program updates
further shows that logic programming also provides a feasi-
ble framework for modeling agents’ activities in dynamic en-
vironments [Alferes and et al, 2000; Eiter and et al, 2002;
Sakama and Inoue, 1999; Zhang and Foo, 1998].

While all current approaches for logic program updates fo-
cus on the problem of updating extended logic programs or
their variations, updating epistemic logic programs, however,
has yet to be explored in the research. By combining knowl-
edge and belief operators into logic rules, epistemic logic
programming [Gelfond, 1994] is a powerful representation
formalism in logic programming paradigm. It can deal with
more difficult problems in reasoning with disjunctive infor-
mation while traditional disjunctive extended logic programs
fail to handle. Furthermore, epistemic logic programs seem
more feasible for knowledge reasoning than many other au-
toepistemic logics [Gelfond, 1994] and has been used as a
formal basis for modeling knowledge in action theories, e.g.

[Lobo et al., 2001]. When we use an epistemic logic pro-
gram to represent an agent’s knowledge base, it is a nontrivial
question how the agent’s knowledge base (an epistemic logic
program) can be updated when new information is received.

In this paper, we propose an approach for epistemic logic
program updates. Contrary to other logic programs, notions
of knowledge and beliefs in epistemic logic programs have
strong semantic connections to the standard Kripke structures
of modal logics. On the other hand, epistemic logic programs
are also sensitive with various syntactic forms. Hence, we be-
lieve that a pure model-based or syntax-based approach will
not be appropriate to handle epistemic logic program updates.
Instead, we require our update formulation to meet three ma-
jor criteria: (1) an update should be performed on a basis
of minimal change semantics to remove contradictory infor-
mation; (2) based on the minimal change semantics, the up-
date result should have a clear syntactic representation and
contain maximal consistent information from previous pro-
gram(s); and (3) the underlying update procedure should be
consistent, that is, updating a consistent program by another
consistent program (or a sequence of consistent programs)
should generate a consistent result. Our main idea to accom-
plish these criteria is so called minimal change and maximal
coherence which presents both semantic and syntactic fea-
tures in an update procedure.

The paper is organized as follows. Section 2 presents a
brief overview on epistemic logic programs. Section 3 de-
velops a formulation for epistemic logic program updates,
while section 4 extends this formulation to handle update se-
quences. Section 5 investigates important semantic properties
for our update approach. Finally, section 6 concludes the pa-
per with discussions on related work and future research.

2 Epistemic Logic Programs: An Overview
In this section, we present a general overview on epistemic
logic programs. Gelfond extended the syntax and semantics
of disjunctive logic programs to allow the correct representa-
tion of incomplete information (knowledge) in the presence
of multiple extensions. Consider the following disjunctive
program about the policy of offering scholarships in some
university [Gelfond, 1994]:�

:���
: �����
	��
�����������������
	���������� �!� ,�#"
: �����
	��
�������������%$&�
')( � �
* +!� �!��,�-�./� � �����0����� ,
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�21
: 34�5�6�
	/�7�5�6�8� �!�9��3:-5./� � �;���0����� ,3����
	<�:����������� ,�2=
: �7')*�� �5> �
��?@� �!�9�%'�(/*&�5�6�
	/�7�5�6�8� �!� ,')(�*@3A�����B	/�
������� �!� ,�DC
: -�./� � �����0�D$&�
E/�F�9( � �)�
	��������0�D$&�
E/�F��� .

Rule
�2=

can be viewed as a formalization of the statement:
“the sutdents whose eligibility is not decided by rules

�<�
,�D"

and
�21

should be interviewed by the committee”. It is
easy to see that

�
has two answer sets GH�)�B	<�:�;���0�D$&�
E��H� ,�����
	��
�������D$&�
E��H��I and GJ-5./� � �;���0�D$&�
E��H� , �
')* � �5> �
��?K�D$&�
E/�F��I .

Therefore the answer to query �
')* � �5> �
��?K�D$&�
E/�F� is unknown,
which seems too weak from our intuition. Epistemic logic
programs will overcome this kind of difficulties in reasoning
with incomplete information.

In epistemic logic programs, the language of (disjunctive)
extended logic programs is expanded with two modal opera-
tors L and M . LKN is read as “ N is known to be true” and MON
is read as “ N may be believed to be true”. For our purpose,
in this paper we will only consider propositional epistemic
logic programs where rules containing variables are viewed
as the set of all ground rules by replacing these variables with
all constants occurring in the language. The semantics for
epistemic logic programs is defined by pairs �6PQ,!RS� , whereP is a collection of sets of ground literals called the sets of
possible beliefs of certain agent, while R is a set in P called
the agent’s working set of beliefs. The truth of a formula N
in �6PQ,!RS� is denoted by �TPO,!RS�VU WXN and the falsity by�6PQ,!RS�YW@U N , and are defined as follows:�6PQ,!RS�AU WZN iff N\[]R where N is a ground atom.�6PQ,!RS�AU WZLKN iff �6PQ,!R_^`�aU WbN for all R_^Y[cP .�6PQ,!RS�AU WZMQN iff �TPO,�Rd^��aU WbN for some R_^Y[QP .�6PQ,!RS�AU WZNSef� iff �6PQ,!RS�gU WbN and �6PO,�RV�gU Wh� .�6PQ,!RS�AU WZN]( � � iff �TPO,!RS�gU Wb34��3�NfeO3i�@� .�6PQ,!RS�AU WZ3�N iff �TPO,�Rj��WKU N .�6PQ,!RS�YW@U N iff 3�Nk[lR where N is a ground atom.�6PQ,!RS�YW@U LKN iff �6PO,�RS�KmU WbLKN .�6PQ,!RS�YW@U MQN iff �TPO,!Rf�KmU WZMQN .�6PQ,!RS�YW@U NSef� iff �6PO,�RS��W@U N or �6PO,�RS��W@U7� .�6PQ,!RS�YW@U N]( � � iff �6PQ,!RS��WKU N and �6PQ,!RS��WKU
� .

It is clear that if a formula � is of the form LKN , 3�LKN , MQN
or 3�MQN , then its truth value in �TPO,!RS� will not depend on R
and we call � a subjective formula. On the other hand, if �
does not contain L or M , then its truth value in �6PO,�Rj� will
only depend on R and we call � an objective formula. In
the case that � is subjective, we simply write PnU Wo� instead
of �6PQ,!RV�pU Wq� , and RrUWq� instead of �TPO,�Rj�dU Wq� in
the case that � is objective.

An epistemic logic program is a finite set of rules of the
form:

Nk�s� � ,�t�t<tJ,��vu�,�')(/*#��uxw � ,�t�t<tJ,�')(/*#��y!t (1)

In (1) N is of the form N � ( � t<t�tY( � NYz and N � ,<t�t<tJ,JNYz are
objective literals, � � ,�t<t�tJ,/��u are objective or subjective lit-
erals, and � uAw � ,�t�t<tJ,�� y are objective literals. For an epis-
temic logic program

�
, its semantics is given by its world

view which is defined in the following steps:
Step 1. Let

�
be an epistemic logic program not containing

modal operators L and M and negation as failure ')(�* . A
set R of ground literals is called a belief set of

�
iff R

is a minimal set of satisfying conditions: (i) for each ruleNk�s� � ,�t<t�tJ,/��u from
�

such that RsUW{� � ept�t<t e|��u we
have RsUW}N ; and (ii) if R contains a pair of complementary
literals then R~W}���
* , i.e. R is an inconsistent belief set.
Step 2. Let

�
be an epistemic logic program not containing

modal operators L and M and R be a set of ground literals
in the language of

�
. By

�_�
we denote the result of (i)

removing from
�

all the rules containing formulas of the form')(�*D� such that R�UW�� and (ii) removing from the rules in�
all other occurrences of formulas of the form '�(/*#� .

Step 3. Finally, let
�

be an arbitrary epistemic logic program
and P a collection of sets of ground literals in its language.
By

�A�
we denote the epistemic logic program obtained from�

by (i) removing from
�

all rules containing formulas of
the form � such that � is subjective and P�mU WX� , and (ii)
removing from rules in

�
all other occurrences of subjective

formulas.
Now we define that a collection P of sets of ground literals

is a world view of
�

if P is the collection of all belief sets of�A�
. Consider program

�
about the eligibility of scholarship

discussed earlier, if we replace rule
� =

with the following
rule:���=

: �
')* � �5> �7�<?K��������39L������B	/�
������� �!� ,3�L�3A�5�6�
	��
�5�6������� ,
then the epistemic logic program that consists of rules� �

,
� "

,
� 1

,
���=

, and
� C

will have a unique world viewG�GH�)�B	<�:�;���0�D$&�
E��H��,<�����B	/�
�������#$��
E��F�5,��
')* � ��> �
��?K�D$&�
E��H��I ,GJ-5./� � �;���0�D$&�
E��H��,<�7')*�� �5> �
��?@�#$��BE/�F�JI�I , which will result in a
yes answer to the query �
')* � �5> �
��?K�D$&�
E/�F� .
3 Formalizing Epistemic Logic Program

Updates
From this section, we start to develop a formulation for epis-
temic logic program updates. Consider the update of an epis-
temic logic program

� �
by another epistemic logic program� "

. Our approach consists of two stages: firstly, we update
each world view of

� �
by

� "
- this will remove contradictory

information between
� �

and
� "

and ensure a minimal change
for the underlying update semantics; and secondly, from the
first stage result, we will derive a resulting program which re-
tains the maximal consistent information represented by

� �
.

3.1 Preliminaries
To begin with, we first introduce some useful notions. Let P
be a collection of belief sets (i.e. sets of ground literals) and�

an epistemic logic program. We call a pair �TPO,�Rj� whereRX[QP an epistemic model induced from P . If P is a world
view of

�
, then � W��TPO,!RS� is also called an epistemic

model of
�

. We use �
'����6P�� to denote the set of all epistemic
models induced from P . Note ���
')���TP��5�gW\�JPQ� .

Consider a rule
�

of the form (1). We use ��� � � and� � � � to denote the head and body parts of rule
�

respec-
tively. For instance, for rule

�
: .d( � 3A�Q���/,JL&��,<')(�*g3A� ,

we have ��� � ��W\G8.�,�34�/I , and
� � � ��W]G��/,JL���,�')(�*D3A��I . We

say ��� � � is satisfied in an epistemic model � , denoted as� U W]��� � � , iff for some N\[���� � ��� U W}N . We say
� � � �

is satisfied in � , denoted as � U W � � � � , iff (1) for each ob-
jective or subjective literal ��[ � � � ��� U Wq� , and (2) for
each ')(�*d�o[ � � � �9� mU W�� .

�
is satisfied in � , denoted
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as � U W �
, if � U W � � � � implies � U W���� � � . An epis-

temic logic program
�

is satisfied in � if each rule of
�

is
satisfied in � .

�
is satisfied in a collection of belief sets P

if
�

is satisfied in all epistemic models induced from P . A
ground literal � is derivable from

�
, denoted as

� U W]� , if �
is true in all world views of

�
, i.e. � is true in all epistemic

models induced from each world view of
�

.
A collection of belief sets is consistent if each of its belief

sets is consistent. An epistemic logic program is consistent if
it has a world view and all of its world views are consistent.
To simplify our presentation, in the rest of this paper, we will
simply call an epistemic logic program program. By ��� � �
we denote the set of all collections of belief sets in which

�
is satisfied. We also denote the set of all world views of

�
as� � � � . Clearly

� � � �4�S��� � � .
3.2 Minimal Change on World View Updates
Let R and R �

be two belief sets. We define �0� ���/R},!R � �
to be the set U
��R���R � �����/R � � Rj��U 1. Our method of up-
dating world views shares a similar spirit of traditional model
based update [Winslett, 1988] by defining a closeness relation
between collections of belief sets, and after the update, the re-
sulting collection of belief sets should be as close as possible
to the original one.
Definition 1 (Closeness) Let P , P �

and P "
be three collec-

tions of belief sets. We say P �
is as close to P as P "

, denoted
as P �A¡ � P "

, iff for any R¢[cP and R " [pP "
, there exists

a R � [SP �
such that �0� � �/R],�R � �&�n�0� �£��RZ,�R " � . We

denote P �A¤ � P "
if P � ¡ � P "

and P " m¡ � P �
.

Proposition 1
¡ �

is a partial ordering.

Definition 2 (Updating world views) Let P be a world view
of some program and

�
a program. A collection of belief setsP �

is a possible result of updating P by
�

, if
1. P � U W �

(i.e. P � [O��� � � ); and
2. there does not exist another collection of belief sets P �¥�

satisfying condition 1 and P �¥� ¤ � P �
.

We use ¦A��§/�6PO, � � to denote the set of all possible collections
of belief sets after updating P by

�
.

Example 1 Consider two epistemic logic programs
� �

and� "
where� �

:._� ,3A�i�%')(/*&� ,�K�X')(/*K3A� , and� "
:�K( � �K��L&. ,

Clearly,
� �

has one world view P � W¨G�G8.�,�3A��I�,5G�.!,��FI�I .
Updating P �

by
� "

, according to Definition 2, we obtain
a unique result P � W©G�G8.�,<��I8,�G8.�,��FI/I . Note that neitherP �¥� WXG�G8.�,<�ªI/I nor Pd«�WXG�G8.�,�3A��,��FI�,5G�.!,��FI�I is a result
of updating P by

� "
. Although P �¥� U W � "

and P�«�U W � "
, we

have P � ¤ ��¬ P �¥�
and P � ¤ ��¬ P�« according to Definition 1.

1For a set of ground literals ­ , ®¯­V®/°V±�®¥²2®�®/²�³S­£´ and here®¥²2® is ² ’s corresponding propositional atom, i.e. ®¥²2®8°\µ if ² is µ or¶ µ .

Proposition 2 Given a collection of belief sets P and a
program

�
. Then ¦A��§/�6PO, � ��W�M �
'·�7��� � �5, ¡ � � , whereM �
'��
��� � �5, ¡ � � is the subset of ��� � � containing all mini-

mal elements with respect to ordering
¡ �

.

3.3 Maximal Coherence and Resulting Programs
As discussed earlier, during the second stage of an update
procedure, we need to derive a resulting program which
should contain the maximal consistent information repre-
sented by the initial program in syntactic forms. This is
achieved by introducing the concept of coherence. Let� W �6PO,�RV� be an epistemic model and

�
a rule of

the form (1) and � U W �
. We define ¸g�
�~,J��� � �#�]WG��¹Up�f[º��� � �g»�R and � U W � � � �JI . Intuitively, if� U W � � � � , then ¸g�
�~,J��� � �#� presents all literals occur-

ring in ��� � � that are true in R . For example, let � W�¯G/G8.�,��/I�,5G�.!,��FI�,5G�.!,��/,��FI�I8,JG�.!,���,5�FIF� and
��¼ �K( � �K�~L&. ,

then ¸g�7�~,���� � �D�pWXG8��,��FI . In the case � mU W � � � � , we
have ¸g�
�~,J��� � �#�YWZ½ .

Definition 3 (Subsumption) Given two collections of belief
sets P �

and P "
and a program

�
where P � [ ��� � � . P "

is
subsumed by P �

with respect to
�

, denoted as P " �A¾bP �
,

iff P " [S��� � � and for each � " []�
')���6P " � there exists a� � [b�
')���TP � � such that for each
� [ �

, ¸a�
� " ,���� � �D�a�¸g�7� � ,J��� �D" �D� .
Given P � U W �

, if P "
is subsumed by P �

with respect
to

�
, then each rule

�
in

�
is also satisfied in P "

without
increasing the satisfied literals of ��� � � in epistemic models
induced from P "

. For instance, let
� WkG �&¼ .d( � �0�ºL&�ªI ,P � W¿G/G�.!,���,<��,5I�,5G���,5�/,���I/I and P " W¿G/G�.!,��FI�,5G���,<��,<��I/I ,

then P " � ¾ P �
. Note that belief set G8.�,<�ªI in P "

only con-
tains one literal of ��� � � where belief set G8.�,��8,��FI in P �

con-
tains both literals of ��� � � .
Definition 4 (Coherence) Let

�
and

� �
be two programs

and Ps[À��� � � . � �
is coherent with

�
with respect to P

if for each P � [Á¦A��§/�6PQ, � � � , P �
is consistent and P � � ¾ P .

The intuitive meaning of coherence is explained as follows.
Given a collection of belief sets P and programs

�
and

� �
where PÂUW �

. Updating P by
� �

will change P to other
collections of belief sets that satisfy

� �
. Coherence ensures

that such changes do not violate the satisfaction of
�

, i.e.
for each P � [Ã¦4�5§/�TPO, � � �xP � U W �

. Furthermore, it also
ensures that the result P �

is not larger than P in terms of�
’s satisfaction. Note that coherence only associates with

consistent programs.

Proposition 3 Let
�

and
� �

be two programs and P [��� � � . If
� �

is coherent with
�

with respect to P , then
� � � �

is a consistent program.
Proof: Since

� �
is coherent with

�
with respect to P , it

means that for each P � [s¦A�5§/�TPO, � � �&P �
is consistent,P � U W � �

and P � U W �
. It also follows P � []��� � � � � � .

From Lemma 1 in section 5, we know that
� � � �

is a
consistent program.

Now the resulting program can be specified by the follow-
ing definition.

114 BELIEF REVISION AND UPDATE



Definition 5 (Resulting programs) Let
� �

and
� "

be two
programs and P � [ � � � � � . A program

� �
is a possible

resulting program after updating
� �

by
� "

, iff
� � W � «� � � "

,
where

� «� is a maximal subset of
� �

such that for each P � [¦A��§/�6P � , � " � � «� is coherent with
� "

with respect to P �
.

Example 2 Example 1 continued. Note that P � WG/G�.!,J3A��I8,�G8.�,��FI/I is the unique world view of
� �

. After up-
dating P �

by
� "

, we have ¦A�5§/�TP � , � " �9WfG/G/G�.!,���I8,�G8.�,<�ªI/I�I
as shown in Example 1. Then it can be verified that G�.d�SI is
the only maximal subset of

� �
that is coherent with

� "
with

respect to G/G�.!,���I8,�G8.�,<�ªI/I . Therefore, from Definition 5, we
have � �

:._� ,�K( � �K��L&. ,
from which, we conclude that

� �
has a unique world viewG/G�.!,���I8,�G8.�,<�ªI/I .

4 Handling Update Sequences
In this section, we extend our previous formulation to han-
dle update sequences where more than two programs are
involved. Let

� � ,<t�t�t�, � z be consistent programs. ÄÅW� � � ,<t�t<t#, � z � is called an update sequence. Informally per-
forming this update sequence means that program

� �
is se-

quentially updated by
� "

, t<t�t , by
� z . From our intuition,

during this process we would like to assign
��Æ

a higher prior-
ity of persistence than

� ^ where Ç&Èl� since
� Æ

represents the
agent’s newly received knowledge comparing to

� ^ . There-
fore, after the performance of this update sequence, it is de-
sirable to achieve a result which maximally contains infor-
mation represented by

� z ,
� zFÉ �

, t�t<t , � �
with progressively

decreasing priorities. Similarly to our previous update for-
mulation, we will formalize this principle from both seman-
tic and syntactic considerations. We first illustrate our idea by
the following example.

Example 3 Consider an update sequence Ä]W]� � � , � " , � 1 � ,
where� �

:�J�
: �i��L&. ,�D"
: 34�K��L&. ,� "

:� 1
: ._� ,� 1

:� =
: 34.�( � 3A�K� .

To perform update sequence Ä , we first update
� �

by
� "

,
which, according to the approach developed earlier, will gen-
erate two resulting programs:

� � W�G � � , � 1 I and
� �¥� WG �#" , �¯1 I . Now we consider to update

� �
and

� �¥�
by

� 1
re-

spectively. However, this time, we cannot simply apply our
previous update approach because both

� �
and

� �¥�
contain

rules from
� �

and
� "

where rules from
� "

should have a
higher priority to be maintained during the change. For in-
stance, consider the update of

� �
by

� 1
.

� �
has one world

view P � WkG/G8.�,��/I�I . Then updating P �
by

� 1
will generate a

result P �¥� WkG/GF3A.�,<��I8,�G8.�,J3A��I/I . Clearly, both G ��� I and G �¯1 I
are the maximal subsets of

� �
that are coherent with

� 1
with

respect to P �¥�
. However, as we discussed above, we should

only have a final resulting program G �D1 I;� � 1
because

�21
has

a higher priority than
�5�

to be persistent during the update.
Updating

� �¥�
by

� 1
, on the other hand, will result in a result-

ing program
� �¥� � � 1

as there is no any contradiction between� �¥�
and

� 1
.

Let Ä~WÊ� � � ,�t<t�tJ, � zF� be an update sequence and
� �

a
subset of

� � �St<t�t/� � z . We denote
� �2Ë Äd,��7Ì4WºG � U � [� ^ » � � I ( Í ¡ � ¡ E ). Note that

� � Ë Ä_,<�7ÌA� � ^ . Now the
following two definitions formalize our idea of performing
update sequences as discussed above.

Definition 6 (Preferred subsets) Let ÄoW�� � � ,�t<t�tJ, � z � be
an update sequence and

� �
and

� �¥�
two subsets of

� � �Qt<t�t2�� z . We say that
� �

is more preferred than
� �¥�

with respect
to Ä , denoted as

� �xÎSÏ � �¥�
, iff (i)

� �¥�AÐ � �
; or (ii) there

exist some � and Ç where Í ¡ � ¤ Ç ¡ E such that for all �
(Ç ¡ � ¡ E�� , � �¥��Ë Äd,��6Ì�� � �2Ë Äd,��6Ì , for some � � (Ç ¡ � ��¡ E )� �¥��Ë Äd,�� � Ì Ð � �`Ë Äd,�� � Ì , and

� �2Ë Ä_,<�7Ì Ð � �¥�2Ë Ä_,<�7Ì .
Definition 7 (Update selection functions) Let Ñ be the col-
lection of all epistemic logic programs. For each �KÒ�Í , we
define Ó0^ to be a � -ary update selection function if Ó&^ is a
mapping:

Ó0^ ¼ Ñ£Ô�t�t<t�ÔQÑÕ Ö<× Ø^
Ù!Ú~ÛFÜ

where the following conditions hold:

1. if ��W�Í , then for any update sequence Ä¨W�� � � � ,Ó � ��Ä0��W]G � � I ;

2. if �aW Û , then for any update sequence Ä�WÝ� � � , � " � ,Ó " ��Ä0�AWhG � � U where
� �

is a resulting program as de-
scribed in Definition 5 I ;

3. if �vWÀE and E È Û , then for any update sequence ÄhW� � � ,<t�t<tJ, � zF� , � [£ÓKz)� Ä�� iff
� W � «A� � z , where

� «
is obtained as follows:

(a) let Ä � W\� � � ,�t�t<t#, � zFÉ � � and
� � [QÓ@zªÉ � ��Ä � � ;

(b) let P be a world view of
� �

, and
� « is a maximal

subset of
� �

such that for all P � [£¦A��§/�6PO, � z � � «
is coherent with

� z with respect to P �
;

(c) there does not exist another maximal subset
�dÞ

of� �
that satisfies condition (b) and

��Þ Î Ï ¬·� « 2.

Example 4 Consider an irrigation system which has the fol-
lowing general rules to decide whether the plants should be
watered:

If there is no evidence showing that it will not be
raining next day, then we do not need to water the
plants; and
If there is no evidence showing that the soil is dry,
then we do not need to water the plants.

It is also assumed that the soil is dry or it will not be raining
next day. This scenario can be represented by the following
program

� �
:

2Note that here we refer to the same world view ß of àgá as in
(b) when we say à@â is coherent with àYã with respect to all ß á inäYåJæ<ç ß&è`àYã5é .
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� �
:�J�

: 34?�./* � � �
'/	&�%'�(/*g3A* ( ��� � ./�
')�7'/	 ,� "
: 34?�./* � � �
'/	&�%'�(/*�� � + ,� 1
: � � +&( � 3A* ( �J� � .��
')�
'/	_� .� �

has one world view:
G�G8� � +!,J3A?�.�*�� � �
'/	êI8,JGF3A*�( �J� � ./�
'��
'/	�,J3A?�.�*�� � �
'/	êI/I ,

from which it is concluded that we do not need to water the
plants. However, from a conservative viewpoint for plants’
growth, this result is rather optimistic because

�#1
does not

represent an exclusive disjunctive information. Therefore, we
consider to update

� �
by

� "
:� "

:�2=
: ?�./* � � �
'/	S��3�L|3A� � +�,�M}3A* ( �J� � .��
')�
'�	 ,�DC
: 34?�./* � � �
'/	&��34� � + ,�Dë
: 34?�./* � � �
'/	&�%* ( ��� � ./�
')�7'/	 ,

which says that if it is not known that the soil is dry and it
may be believed that it will not be raining next day, then we
water the plants; and we do not need to water the plants if the
soil is not dry or it will be raining next day. After a period
of time, suppose new information is further received that is
represented by

� 1
as follows:� 1

:�Dì
: 34� � +&( � * ( �J� � .��
')�
'/	_� .

Now we consider the update sequence ÄhW�� � � , � " , � 1 � .
Let Ä � W � � � , � " � . Then according to Defini-
tion 7, We have Ó " � Ä � � W G � � I , where

� � WG � 1 , �¯= , � C , � ë I (note that rules
� �

and
� "

are removed
from the initial program

� �
).

� �
has one world

view G/G�� � +�,<?9./* � � �7'/	�I8,�GH3�* ( �J� � .��
')�
'/	:,<?�.�*�� � �
'�	�I/I , from
which it is concluded that we need to water the plants. Finally,
we have a unique resulting program Ó 1 ��Ä��0W�G � �¥� I where� �¥� WhG � = , �DC , �Dë , �Dì I , from which it is concluded that we no
longer need to water the plants, i.e.

� �¥� U Wb3A?9./* � � �7'/	 .

5 Semantic Characterizations
In this section, we study important semantic properties of
our approach for epistemic logic program updates. Let ÄhW� � � ,<t�t<t#, � z � be an update sequence and

�
a program, by��Ä_, � � we denote the update sequence � � � ,�t�t<tJ, � z�, � � . By� (<��+!� � � and ���J.���� � � we denote the sets of all objective

literals occurring in the bodies and heads of rules in
�

re-
spectively3. To simplify our presentation, we also use no-
tion í�z)� Ä�� to denote an arbitrary resulting program in Ó�z�� Ä��
whenever there is no confusion in the context. For instance,
by í z � Ä���U W\� , we mean that for any

� [�Ó z ��Ä�� , � U Wh� ;
and by í�z���Ä��QW~í�z�w � � Äd, � � , we mean that any resulting
program in ÓKz)� Ä�� is also a resulting program in Óiz�w � � Äd, � � ,
and vice versa, etc..

Lemma 1 A program
�

is consistent iff ��� � �KmWb½ and there
is a consistent collection of belief sets in ��� � � .
Theorem 1 Let Ä be an update sequence with a length of E
and

�
a program. Then the following properties hold:

3Note that î�ï5ðFñ ç àAé is different from î çDò é while ó å µFð ç àAé�°ôYõ2ö�÷ ó çDò é . See section 3.1 for definitions on î çDò é and ó çDò é .

1. í�z���Ä0� is a consistent program (consistency property);
2. ����í z�w � ��Ä_, � �D�9�S��� � � ;
3. if ����í�z���Ä��#�9�j��� � � , then í�z�w � ��Äd, � ��W}í�z���Ä���� �

.

The following theorem provides a sufficient condition un-
der which the computation of a � E|øoÍ�� -length update se-
quence can be reduced to the computation on a E -length up-
date sequence.

Theorem 2 (Reduction property) Let Ä be an update se-
quence with a length of E , and

�
and

� �
two programs.

If ��� í!z�� Ä��D�0�q��� � � �q��� � � � , then í�z�w " � Äd, � , � � �|Wí�z<w � ��Äd, � � � � � .
Now we investigate two specific properties called persis-

tence and preservation for epistemic logic program updates.
Informally, the persistence property ensures that if a literal is
derivable from a program, then after updating this program,
this literal is still derivable from the resulting program. The
preservation property, on the other hand, says that if a literal
is derivable from a program, then updating other program by
this program will still preserve this literal’s derivability from
the resulting program. While the persistence property is usu-
ally not valid for classical belief revision and update due to
their nonmonotonicity, the preservation property, neverthe-
less, indeed holds for classical belief revision and update. It is
not difficult to observe that generally none of these two prop-
erties holds for extended logic program updates or epistemic
logic program updates. However, it is always worthwhile
to explore their restricted forms because under certain con-
ditions, these properties may significantly simplify the com-
putation of a query to the update result. We first present the
following lemma.

Lemma 2 Let
�

be a program and � a ground literal. Sup-
pose

� �
is a subset of

�
such that

� � U WÀ� and
� (��/+�� � � ��»�0��.���� � � � � ��W}½ . Then

� U W}� .

Proof: (Proof Sketch) The proof for this lemma is rather
technical and involves the proof of a result so called splitting
theorem for epistemic logic programs which inherits a
similar feature of the splitting theorem for extended logic
programs [Lifschitz and Turner, 1994]. Basically, the
splitting theorem for epistemic logic programs states that
if

� (<��+!� � � ��»V�0�J./��� � � � � �OWù½ (here
�

is a consistent
program), then for any world view P of

�
and every belief

set R in P , there exists a belief set R �
that is in some world

view of
� �

such that R � �úR . Due to a space limit, here
we have to omit the formal proof of the splitting theorem
of epistemic logic programs [Zhang, 2003]4. Based on the
splitting theorem, this lemma is proved as follows. Consider
program

� �
. Since

� � U Wo� , for each world view P �
of

� �
,P � U Wq� . That is, for each R � []P �

, �h[~R �
. Suppose� mU W�� . Then there exists a world view P of

�
such thatPsmU W�� . Then there must be some belief set Rû[SP such

that �Sm[]R . However, since
� (��/+�� � � �8»&���J.���� � � � � ��W}½ ,

4One referee pointed that as a general extension of Lifschitz and
Turner’s result, Watson also proposed a splitting set theorem for
epistemic logic programs [Watson, 2000]. It appears that our split-
ting theorem has a different feature from Watson’s though the later
may be also used for this proof.
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from the splitting theorem, there exists a world view P « of� �
such that for some Rü«&[ P�« we have RS«&�~R . SinceP�« U Wn� , it follows �l[ýR¹« and then �}[�R . Obviously

this contradicts the fact �Sm[]R . So we have
� U W}� .

From Lemma 2, we can prove the following two properties.

Theorem 3 (Persistence property) Let Ä be an update se-
quence with a length of E ,

�
a program, and � a ground

literal. Suppose í z � Ä��bU W�� . Then í z<w � ��Äd, � �jU WÊ� if����í�z)� Ä��D�9�S��� � � and
� (��/+���í�z�� Ä��D��»Q���J.���� � ��W}½ .

Proof: Since ��� í z ��Ä��#�b�Ê��� � � , from Theorem 1, we
have í z�w � � Äd, � �dWqí z ��Ä���� �

. On the other hand, from
condition

� (<��+!� í�z)� Ä��D�9»V���J.���� � �cWq½ and Lemma 2, it
follows í z�w � � Äd, � �AU Wb� .

Theorem 4 (Preservation property) Let Ä}WÀ� � � ,<t�t<tJ, � z �
be an update sequence with a length of E ,

�
a program, and� a ground literal. Suppose

� U WÀ� . Then í�z<w � ��Äd, � �@U W]�
if ���J.�����þ z ^Tÿ � � ^��·» � (<��+!� � �9WZ½ .

Proof: Clearly
� �ºí z�w � ��Äd, � � . On the other hand, we

have í�z�w � ��Ä_, � ��W � «�� �
, where

� «}� þ z ^Tÿ � � ^ and
satisfies conditions (b) and (c) in Definition 7. So we have���J.���� � «F��» � (��/+�� � �&W�½ . Then directly from Lemma 2,
we have í z�w � � Äd, � �AU Wb� .

6 Concluding Remarks
In this paper, we proposed a formulation for epistemic logic
program updates. Our update approach was developed based
on the principle of minimal change and maximal coherence.
By using our approach, not only a minimal change semantics
is embedded into the underlying update procedure, but also a
maximal syntactic coherence is achieved after the update. We
also investigated important semantic properties of our update
approach. This work can be viewed as a further development
on knowledge update [Baral and Zhang, 2001]. Although all
current approaches of logic program updates have their own
features, it is not clear yet whether they are suitable to handle
epistemic logic program updates. For instance, in [Zhang,
2003] we demonstrated that a straightforward extension of
Alferes et al’s approach [Alferes and et al, 2000] or Eiter et
al.’s approach [Eiter and et al, 2002] to epistemic logic pro-
gram updates may generate incorrect solutions, while the pro-
posed generic framework in [Eiter and et al, 2001] seems not
applicable to our case either. On the other hand, a syntax-
based approach, e.g. [Sakama and Inoue, 1999], cannot char-
acterize the semantics of epistemic logic program updates,
and some approaches, e.g. [Eiter and et al, 2002], do not obey
the consistency requirement that is believed to be one of the
essential requirements for any revision and update systems
[Katsuno and Mendelzon, 1991].

Several issues remain open for our future research. First, in
our update approach, we did not consider the issue of prefer-
ence over different resulting programs. In practice, it is possi-
ble that one resulting program is more preferred than the other
in terms of the domain semantics. This problem involves con-
flict resolution which is a difficult issue in logic program up-
dates [Zhang and Foo, 1998]. Second, as world view se-

mantics can be viewed as a generalization of answer set se-
mantics, our update approach is also applicable for extended
logic program updates. Therefore, it is important to charac-
terize similarities and differences between our approach and
other logic program update approaches from a semantic view-
point. Finally, since epistemic logic programs have been used
as a main component in knowledge based action theories, e.g.
[Lobo et al., 2001], we expect that these theories may be sig-
nificantly enhanced for representing interactions between ac-
tions and knowledge by applying our update approach.
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Abstract   
Increasing dialogue efficiency in case-based 
reasoning (CBR) must be balanced against the risk 
of commitment to a sub-optimal solution. Focusing 
on incremental query elicitation in recommender 
systems, we examine the limitations of naive 
strategies such as terminating the dialogue when 
the similarity of any case reaches a predefined 
threshold. We also identify necessary and sufficient 
conditions for recommendation dialogues to be 
terminated without loss of solution quality. Finally, 
we evaluate a number of attribute-selection 
strategies in terms of dialogue efficiency given the 
requirement that there must be no loss of solution 
quality. 

1   Introduction 
In conversational case-based reasoning (CCBR), a query is 
incrementally elicited in an interactive dialogue with the 
user [Aha et al., 2001]. Attribute-selection strategies that 
aim to minimize the length of such dialogues have recently 
attracted much research interest [Doyle and Cunningham, 
2000; Kohlmaier et al., 2001; McSherry, 2001; Schmitt et 
al., 2002]. Potential benefits include avoiding frustration for 
the user, reducing network traffic in e-commerce domains, 
and simplifying explanations of how conclusions were 
reached [Breslow and Aha, 1997; Doyle and Cunningham, 
2000]. While our focus in this paper is on incremental query 
elicitation in recommender systems, it is worth noting that 
the ability to solve problems by asking a small number of 
questions has been a major factor in the success of help-
desk applications of CBR [Aha et al., 2001; Watson, 1997]. 
  An advantage of information gain [Quinlan, 1986] as a 
basis for attribute selection is that it tends to produce small 
decision trees, thus helping to reduce the length of problem-
solving dialogues [Doyle and Cunningham, 2000; 
McSherry, 2001]. However, concerns about its suitability in 
e-commerce domains include the fact that no use is made of 
the system’s similarity knowledge [Kohlmaier et al., 2001; 

Schmitt et al., 2002]. Any importance weights associated 
with the case attributes are also ignored. As a result, it is 
possible for a case to be recommended simply because no 
other case has the preferred value for an attribute of low 
importance, even if its values for other attributes are 
unacceptable to the user.  
 Kohlmaier et al. [2001] propose a similarity-based 
approach to attribute selection in which the best attribute is 
the one that maximizes the expected variance of the 
similarities of candidate cases. In domains in which cases 
are indexed by different features, another alternative to 
information gain is to rank questions in decreasing order of 
their frequency in the most similar cases [Aha et al., 2001]. 
 To address the trade-off between dialogue efficiency and 
solution quality, a CBR system must also be capable of 
recognizing when the dialogue can be terminated while 
minimizing the risk of commitment to a sub-optimal 
solution. Existing approaches include terminating the 
dialogue when the similarity of any case reaches a 
predefined threshold, or the achievable information gain is 
less than a predefined level, or the set of candidate cases has 
been reduced to a manageable size [Aha et al., 2001; Doyle 
and Cunningham, 2000; Kohlmaier et al., 2001].  
 However, a limitation of these approaches is that there is 
no guarantee that a better solution would not be found if the 
dialogue were allowed to continue. Whether it is possible to 
identify more reliable criteria for termination of problem-
solving dialogues is an issue that has received little 
attention, if any, in CBR research. 
 In Section 2, we examine the trade-off between dialogue 
efficiency and solution quality in recommender systems. In 
Section 3, we present empirical techniques for identifying 
cases that can never emerge as the “best” case and can thus 
be eliminated. In Section 4, we identify necessary and 
sufficient conditions for the dialogue to be terminated 
without loss of solution quality. In Section 5, we evaluate a 
number of attribute-selection strategies in terms of dialogue 
efficiency given the requirement that there must be no loss 
of solution quality. Our conclusions are presented in  
Section 6. 
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2   CCBR in Product Recommendation  In practice, the full-length query Q* that represents the 
preferences of the user with respect to all the case attributes 
may never be known, and is only one of the many possible 
completions of Q in the sense of the following definition. 

A generic algorithm for CCBR in product recommendation 
is shown in Figure 1. In this context, the elicited query, or 
partial query, represents the preferences of the user with 
respect to the attributes of the available products. At each 
stage of the recommendation dialogue, the system selects 
the next most useful attribute, asks the user for the preferred 
value of this attribute, and retrieves the case (or product) 
that is most similar to the query thus far elicited. The 
dialogue continues until the termination criteria are 
satisfied, or until no further attributes remain. At this point, 
the case that is most similar to the current query is presented 
to the user as the recommended case.   

Definition 1 Given an incomplete query Q, we say that a 
full-length query Q+ is a completion of Q if πa(Q+) = πa(Q) 
for all a ∈ AQ.   

Proposition 1 If Q is an incomplete query, then for any case 
C and completion Q+ of Q, 

∑
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++ +=
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2.2   Measures of Retrieval Performance ________________________________________________ 
 Often in recommender systems, cases other than those that 

are maximally similar to a target query are presented as 
alternatives that the user may wish to consider [e.g. 
McGinty and Smyth, 2002]. However, in measuring 
retrieval performance, we assume that the retrieval set for a 
given query Q is the set of cases C for which Sim(C, Q) is 
maximal; that is, no case is more similar to Q.  

algorithm CCBR 
begin 
 Q  ← ∅ 
 repeat 
  select the next most useful attribute a  
  ask the user for the preferred value v of a 
  Q ← Q ∪ {a = v} 
  retrieve the case C that is most similar to Q Definition 2 Given a query Q, we define the retrieval set for 

Q  to be:  until termination criteria are satisfied 
 recommend C 
end rs(Q) = {C: Sim(C, Q) ≥ Sim(C°, Q) for all C°} 

________________________________________________  
  Often in practice, rs(Q) contains a single case; if not, we 

assume that the user is shown all cases that are maximally 
similar to her final query. A simple measure of dialogue 
efficiency is the number of questions, on average, that the 
user is asked before a recommendation is made. We 
measure precision and recall for an incomplete query Q 
relative to the full-length query Q* that represents the 
preferences of the user with respect to all the case attributes.   

Figure 1.  CCBR in product recommendation. 

2.1   Similarity Measures 
The similarity of a given case C to a query Q over a set of 
case attributes A is typically defined as:  

Sim(C, Q) = ∑
∈Aa

aa QCsimw ),(  

Definition 3 Given an incomplete query Q, we define: 
where for each a ∈ A, wa is a numeric weight representing 
the importance of a, and sima(C, Q) is a measure of the 
similarity of πa(C), the value of a in C, to πa(Q), the 
preferred value of a. As usual in practice, we assume that 
for all a ∈ A, 0 ≤ sima(x, y) ≤ 1 and sima(x, y) = 1 if and only 
if x = y. Often in practice, Sim(C, Q) is divided by to 

give an overall similarity score between 0 and 1, though this 
has  no affect on the ranking of the retrieved cases. We will 
say that Sim is a regular similarity measure if for each a ∈ 
A, the distance measure d

∑
∈Aa

aw

a(x, y) = 1 - sima(x, y) satisfies the 
triangle inequality: da(x, z) ≤  da(x, y) + da(y, z) for all x, y, z.   
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2.3   Similarity Thresholds  

 At each stage of the CCBR process, retrieval is based on 
an incomplete query Q in which preferred values are 
specified for a subset AQ of the case attributes A. The 
similarity of a given case C to an incomplete query Q is: 

∑
∈

=
QAa

aa QCsimwQCSim ),(),(  

We now use an example recommender system in the PC 
domain to illustrate the trade-off between dialogue 
efficiency and solution quality in CCBR with termination 
based on similarity thresholds. The case library contains the 
descriptions of 120 personal computers [McGinty and 
Smyth, 2002]. The attributes in the case library and weights 
assigned to them in our experiments are type (8), price (7), 
manufacturer (6), processor (5), speed (4), monitor size (3), 
memory (2), and hard disk capacity (1). In this initial 
experiment, attributes are selected in decreasing order of 
their importance weights and the dialogue is terminated 
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when the similarity of any case reaches a predefined 
threshold.    
 We use a leave-one-out approach in which each case is 
temporarily removed from the case library and used to 
represent the preferences of the user in a simulated 
recommendation dialogue. We measure dialogue length as 
the percentage of the 8 possible questions the user is asked 
before the dialogue is terminated. Average dialogue length, 
precision and recall over all simulated dialogues are shown 
in Figure 2 for similarity thresholds in the range from 0.4 to 
1. In this case library, there is never more than a single case 
in the retrieval set for the full-length query that provides the 
baseline for our evaluation of retrieval performance. It 
follows that for each threshold, recall is the percentage of 
dialogues in which this “best” case is recommended.  
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Similarity Threshold
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Figure 2. Trade-off between dialogue efficiency and solution 

quality with termination based on a predefined threshold. 
 
 The similarity threshold of 0.7 can be seen to have 
reduced average dialogue length by almost 50%. This 
equates to about 4 out of 8 questions, on average, being 
asked before a recommendation is made. However, the 
trade-off is a reduction of more than 20% in both precision 
and recall. This means that the best case is recommended in  
less than 80% of dialogues. As precision is less than recall 
for the 0.7 threshold, there are also occasions when the 
system recommends the best case along with one or more 
other cases that are equally similar to the final query. It is 
also worth noting that even a threshold of 0.9, though 
providing a reduction in dialogue length of 17%, does not 
ensure that the best case is always recommended. 

2.4  When Can the Dialogue be Safely Terminated?  
The potentially damaging effects of similarity thresholds on 
solution quality highlight the need for more reliable criteria 
for terminating CCBR dialogues. An incomplete query Q 
gives perfect precision and recall if and only if rs(Q) = 
rs(Q*), but the problem is that Q* is unknown. One can 
imagine an approach to CCBR that relies on exhaustive 
search to determine when the dialogue can be safely 
terminated; that is, in the certain knowledge that there can 

be no loss of precision or recall. The dialogue would be 
terminated only if all possible completions Q+ of the current 
query Q yielded the same retrieval set as Q. However, this 
approach is unfeasible in practice as the number of possible 
completions of a given query is often very large.  
 In Section 4, we identify criteria for safely terminating 
the dialogue that require minimal computational effort in 
comparison with exhaustive search. The approach is based 
on the concept of case dominance that we now introduce. 

Definition 4 We say that a given case C2 is dominated by 
another case C1 with respect to an incomplete query Q if 
Sim(C2, Q) < Sim(C1, Q) and Sim(C2, Q+) < Sim(C1, Q+) for 
all possible completions Q+ of Q. 

 The importance of case dominance can easily be seen. 
Any case that is dominated with respect to the current query 
can be eliminated as it can never emerge as the best case 
regardless of the preferences of the user with respect to the 
remaining attributes. In the following section, we present 
empirical techniques for identifying dominated cases that 
can easily be applied in practice.  

3   Identifying Dominated Cases 
 We now present 3 alternative criteria for identifying cases 
that are dominated with respect to an incomplete query. We 
will refer to the dominance criteria identified in Theorems 1, 
2 and 3 as DC1, DC2 and DC3 respectively. DC1 and DC2 
are sufficient but not necessary conditions for a given case 
to be dominated by another case, while DC3 is both a 
necessary and a sufficient condition. DC1 and DC2 have the 
advantage of not relying on the triangle inequality, but only 
DC3 is guaranteed to detect all dominance relationships.   

Theorem 1 A given case C2 is dominated by another case 
C1 with respect to an incomplete query Q if: 

),(),( 12 QCSimwQCSim
QAAa

a <+ ∑
−∈

 

Proof  Immediate from Theorem 2. � 

 A limitation of DC1 is that it fails to recognize that the 
similarity of the more similar case C1 is a moving target for 
the less similar case C2, and that the latter may be 
dominated even if it can equal or exceed the current 
similarity of C1. For example, if C1 and C2 have the same 
values for one of the remaining attributes, then any increase 
in similarity gained by C2 with respect to this attribute is 
also gained by C1. Our second dominance criterion, DC2, 
ignores attributes for which C1 and C2 have the same values, 
thus making it less susceptible to this problem. 

Theorem 2 A given case C2 is dominated by another case 
C1 with respect to an incomplete query Q if: 

),(),( 12
1

QCSimwQCSim
Aa

a <+ ∑
∈

 

where A1 = {a ∈ A - AQ : πa(C1) ≠ πa(C2)}. 
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Proof If A2 = {a ∈ A - AQ : πa(C1) = πa(C2)}, then for any 
completion Q+ of Q: 
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 However, the moving target problem is only partially 
addressed by disregarding attributes for which C1 and C2 
have the same values. Any increase in similarity gained by 
C2 with respect to an attribute for which they have different 
values may also be gained in equal or greater measure by 
C1. Our third dominance criterion addresses this issue by 
taking account of the similarity between C1 and C2 with 
respect to each of the remaining attributes. 

It follows as required that C2 is not dominated by C1.  � 

 Figure 3 shows the numbers of dominated cases, on 
average, according to DC1, DC2 and DC3 after each 
question in simulated dialogues based on the PC case library 
[McGinty and Smyth, 2002]. The experimental setup is the 
same here as in Section 2.3, except that the dialogue is 
allowed to continue until no further attributes remain.   
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Lemma 1 If Sim is a regular similarity measure, then for 
any cases C1, C2, query Q, and a ∈ A: 
 

sima(C2, Q) ≤ sima(C1, Q) + 1 - sima(C1, C2) 
 
Proof By the triangle inequality, 1 - sima(C1, Q) ≤ 1 - 
sima(C1, C2) + 1 - sima(C2, Q). The required inequality 
easily follows.             � 

Theorem 3 If Sim is a regular similarity measure, then a 
given case C2 is dominated by another case C1 with respect 
to an incomplete query Q if and only if: 

Figure 3. Numbers of dominated cases in the PC case library 
according to DC1, DC2, and DC3. 

  
 The results clearly show the inferiority of DC1 as a basis 
for detecting dominance relationships. It fails to detect any 
dominance relationships until three questions have been 
asked, while it can be seen from the results for DC3 that 
more than 70% of cases, on average, are in fact dominated 
after the second question. The results also show DC2 to be 
much more effective in detecting dominance relationships 
than DC1, though unable to compete with DC3.  
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Proof If the latter condition holds then it follows from 
Lemma 1 that for any completion Q+ of Q:  
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 4   Safely Terminating the Dialogue  
We now identify conditions in which a recommender 
system dialogue can be terminated without loss of precision 
or recall. We also show that these conditions must be 
satisfied in order for the dialogue to be safely terminated. 
That is, termination on the basis of any other criterion runs 
the risk of some loss of solution quality. 

 So C2 is dominated by C1 as required. It remains to show 
that if: 

)),(1(),(),( 2121 ∑
−∈

−+≤
QAAa

aa CCsimwQCSimQCSim  
Lemma 2 If Q is an incomplete query such that two cases 
C1, C2 ∈ rs(Q) have the same values for all a ∈ A - AQ, then 
Sim(C1, Q+) = Sim(C2, Q+) for any completion Q+ of Q. 
Moreover, any case C3 that is dominated by C1 is also 
dominated by C2. 

then C2 is not dominated by C1. Let Q+ be the completion of 
Q such that πa(Q+) = πa(C2) for all a ∈ A - AQ. It can be seen 
that  sima(C2, Q+) = 1 and sima(C1, Q+) = sima(C1, C2) for all 
a ∈ A - AQ, and so: 

Proof It easily follows from Proposition 1 that Sim(C1, Q+) 
= Sim(C2, Q+) for any completion Q+ of Q. If C3 is 
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dominated by C1, then Sim(C3, Q) < Sim(C1, Q) = Sim(C2, 
Q) and for any completion Q+ of Q, Sim(C3, Q+) < Sim(C1, 
Q+) = Sim(C2, Q+).  So C3 is dominated by C2 as required.  

Theorem 4 The dialogue can be safely terminated if and 
only if the current query Q is such that: (a) all cases in 
rs(Q) have the same values for all a ∈ A - AQ  and (b)  for 
all C1 ∈ rs(Q) and C2 ∉ rs(Q), C1 dominates C2.  

Proof If (a) and (b) are true, then for any completion Q+ of 
Q, all cases in rs(Q) are equally similar to Q+ by Lemma 2. 
On the other hand, if C3 ∉ rs(Q), then (b) ensures that C3 is 
less similar to Q+ than any case in rs(Q). It follows that 
rs(Q+) = rs(Q) for all completions Q+ of Q, and so the 
dialogue can be safely terminated.  
 If (a) is not true, then there exist C1, C2 ∈ rs(Q) and a° ∈ 
A - AQ such that πa°(C1) ≠ πa°(C2). It follows that if Q+ is the 
completion of Q such that πa(Q+) = πa(C1) for all a ∈ A - AQ, 
then  simaº(C2, Q+) < simaº(C1, Q+) = 1, and so Sim(C2, Q+) < 
Sim(C1, Q+). Thus C2 ∉ rs(Q+). It follows that (a) is a 
necessary condition for the dialogue to be safely terminated.  
 If (b) is not true, then there exist C1 ∈ rs(Q) and C2 ∉  
rs(Q) such that C2 is not dominated by C1. As Sim(C1, Q) > 
Sim(C2, Q), there must be a possible completion Q+ of Q 
such that Sim(C2, Q+) ≥ Sim(C1, Q+). It follows that rs(Q+) ≠ 
rs(Q), so the dialogue cannot be safely terminated. Thus (b) 
is also a necessary condition for the dialogue to be safely 
terminated.  � 

 The cost of testing condition (a) of Theorem 4 increases 
only linearly with the size of the retrieval set. At first sight, 
condition (b) may seem expensive to test, particularly in the 
early stages of query elicitation when |rs(Q)| may be large. 
However, it can be seen from Lemma 2 that if (a) is true and 
C1 is any case selected from rs(Q), then (b) is true if and 
only if C1 dominates C2 for all C2 ∉ rs(Q). Since (b) need 
only be tested if (a) is true, this reduces the cost of testing 
whether or not the dialogue can be safely terminated to one 
that increases only linearly with the size of the case library. 
 It is worth noting that failure of the underlying similarity 
measure to respect the triangle inequality does not affect the 
ability of a CCBR algorithm that uses the termination 
criteria presented in Theorem 4 to provide perfect precision 
and recall. However, the use of DC2 (which does not rely on 
the triangle inequality) as the dominance criterion is likely 
to affect retrieval performance in terms of dialogue 
efficiency. In the rest of this paper, we assume that the 
underlying similarity measure is regular, thus permitting the 
use of DC3 in the identification of dominance relationships. 

5   Attribute-Selection Strategies 
We now examine the effects on dialogue efficiency of four 
approaches to attribute selection in CCBR algorithms that 
use the termination criteria we have shown to be essential to 
ensure perfect precision and recall. Two of our algorithms 
are goal driven in that attribute selection is based on the 

hypothesis that the preferred values of the remaining 
attributes are the values in a target case Ct initially selected 
at random and revised if necessary as the user’s preferences 
are elicited. No change is needed as long as Ct ∈ rs(Q), 
which means that no case is more similar to the current 
query Q than the target case. If Ct ∉ rs(Q), then the target 
case is replaced by another case selected at random from 
rs(Q).  
 The algorithms compared in our evaluation  are: 

CCBR1:  Select attributes in random  order 
CCBR2:  Select attributes in order of decreasing importance 
CCBR3: Select the attribute that maximizes the similarity variance 

of cases not currently dominated by the target case 
CCBR4: Select the attribute that maximizes the number of cases 

dominated by the target case 

 Attribute selection in CCBR3 is adapted from the 
approach proposed by Kohlmaier et al. [2001]. However, an 
expected similarity variance over all values of each attribute 
is not computed in our approach. Instead, the impact on 
similarity variance of each attribute is evaluated only for its 
value in the target case; this greatly reduces the 
computational effort involved in attribute selection. 
 Our experimental method is designed to compare 
average dialogue length for each attribute-selection strategy 
with the optimal dialogue length that can be achieved by 
any CCBR algorithm that always gives perfect precision and 
recall. Any such algorithm, like the algorithms in our 
evaluation, must use the termination criteria identified in 
Theorem 4. As in our previous experiments, each case is 
temporarily removed from the case library and used to 
represent the preferences of the user. To determine the 
optimal dialogue length for a left-out case, we simulate all 
possible dialogues based on that case; that is, with the 
available attributes selected in every possible order. The 
optimal dialogue length is the minimum number of 
questions asked over all such dialogues. For each left-out 
case, we also record the dialogue length for each of our 
attribute-selection strategies.   
 For each strategy, Figure 4 shows the maximum, 
minimum, and average number of questions asked over all 
simulated dialogues. Similar statistics are shown for the 
optimal dialogues determined as described above. CCBR4 
gave the best performance, reducing the number of 
questions asked by up to 63% and by 35% on average  
relative to a full-length query. Its average dialogue length of 
5.2 is only 4% higher than the lowest possible average that 
can be achieved by any CCBR algorithm that guarantees 
perfect precision and recall.  
 Attribute selection based on similarity variance (CCBR3) 
also performed well on this case library, with an average 
dialogue length of 5.4 compared with 7.4 for the random 
strategy (CCBR1). With an average dialogue length of 5.8, 
selecting attributes in order of decreasing importance 
(CCBR2) was also more effective in reducing average 
dialogue length than the random strategy.  
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Figure 4. Comparison of attribute-selection strategies   
 on the PC case library. 

 
 The case library used in our final experiment (www.ai-
cbr.org) contains over 1,000 holidays and their descriptions 
in terms of 8 attributes such as price, region, duration, and 
season. The experimental setup is the same as in our 
previous experiment except that we do not attempt to 
determine the optimal length of each dialogue. The results 
are shown in Figure 5. Once again, CCBR4 gave the best 
performance, reducing dialog length by up to 63% and by 
25% on average. On this occasion CCBR3, though reducing 
average dialogue length more effectively than CCBR1, was 
outperformed by CCBR2.  
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Figure 5. Comparison of attribute-selection strategies  
on the Travel case library. 

6   Conclusions 
Recognizing when problem-solving dialogues can be 
terminated while minimizing the impact on solution quality 
is an important issue that has received little attention in 
CBR research. Focusing on incremental query elicitation in 
recommender systems, we have identified necessary and 
sufficient conditions for the dialogue to be terminated 
without loss of solution quality. We have also evaluated 
several attribute-selection strategies in terms of dialogue 
efficiency given the requirement that there must be no loss 
of solution quality. The best results were obtained with a 
goal-driven strategy in which the selected attribute is the 
one that maximizes the number of cases dominated by the 

target case.  In spite of its low computational cost (linear in 
the size of the case library) this strategy gave close to 
optimal performance on the PC case library. It was also 
more effective in reducing average dialogue length than the 
other strategies evaluated on the Travel case library, a 
standard benchmark containing over 1,000 cases.  
 A feature of CBR recommender systems on which the 
techniques presented in this paper depend is that each 
outcome class (a unique product or service) is represented 
by a single case [McSherry, 2001]. Investigation of criteria 
for safe termination of problem-solving dialogues in other 
areas of CBR is an important objective for further research. 
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Abstract

User feedback is vital in many recommender sys-
tems to help guide the search for good recommen-
dations. Preference-based feedback (e.g. “Show
me more like item A”) is an inherently ambiguous
form of feedback with a limited ability to guide the
recommendation process, and for this reason it is
usually avoided. Nevertheless we believe that cer-
tain domains demand the use of preference-based
feedback. As such, we describe and evaluate a flex-
ible recommendation strategy that has the potential
to improve the performance of case-based recom-
menders that rely on preference-based feedback.

1 Introduction
At last year’s European Case-Based Reasoning conference
(ECCBR 2002) in Scotland, delegates were treated to a
whiskey tasting. A range of different whiskeys were sam-
pled, each accompanied by a feature-based description (e.g.
distillery, age, alcohol content, cask, peatiness, sweetness,
palette, etc.). However, the value of these descriptions was
limited as most of us had little or no understanding of the
features, nor could we reliably reconcile individual features
with the taste of a particular whiskey. Nevertheless virtually
everyone could chose a favourite whiskey by the end of the
session (after a lot of sampling it has to be said!). This exam-
ple corresponds to a challenging problem for developers of
recommender systems, for reasons that will become clear.

Normally the success of case-based recommenders de-
pends on two important domain properties: (1) the items
need to be described using well-defined features; and (2)
users must have some understanding of these features and
how they relate to their requirements. For example, restau-
rants are readily described using features such as cuisine, lo-
cation and price, and most people have a reasonable under-
standing of their needs in relation to these features. When the
above characteristics are present content-based recommenda-
tion strategies can be combined with different forms of user
feedback, such as value elicitation (e.g. “I want an expensive,
Asian restaurant”) [Bridge, 2001], or critiquing (e.g. “Show

∗The support of the Informatics Research Initiative of Enterprise
Ireland is gratefully acknowledged

me more like Rolly’s Bistro but less formal”), to good effect
[Burke, 2000]. However, if these properties are not present
then other strategies are needed. For example, if item de-
scriptions are not available, collaborative filtering can be used
to recommend items that have been rated positively by sim-
ilar users [Burke, 2000; Shardanand and Maes, 1995]. The
whiskey recommendation scenario above is different. The
availability of item descriptions suggests case-based recom-
mendation, but the lack of user expertise limits the use of
feedback strategies such as value elicitation or critiquing.

Indeed the whiskey domain is not unique in this respect. In
many domains users are able to express a preference without
necessarily understanding individual item properties. This is
especially true in domains where a specialised vocabulary al-
ready exists to describe items (e.g. fashion, jewellery, art, mu-
sic, etc.). Consider a recommender system designed to help
a bride-to-be to choose her ideal dress. Individual dresses are
described using specific features (e.g. coul-back, scoop-cut,
georgian-style, etc.) but most of these terms are meaningless
to the average bride, and yet the typical bride-to-be is capable
of recognising what she likes when she sees it. This problem
is more than the user being unaware of the correct vocabulary
to use during recommendation. The point is that even if they
were presented with the appropriate vocabulary terms, they
would not be in a position to use or appreciate these terms.

One form of feedback that could be used is preference-
based feedback; the user simply expresses a preference for
an item (e.g. “Show me more like dress 2”). This has
been largely avoided by researchers - it is assumed to be
too limited to efficiently guide the recommendation process.
Nevertheless in our research we are interested in looking at
how to make this a practical form of feedback in these chal-
lenging domains. Incidentally, unlike other feedback types,
preference-based feedback also benefits from minimal inter-
face needs, and so is particularly relevant for recommenders
designed for use with the current generation of mobile de-
vices, such as WAP phones and PDAs.

In this work we describe a way to improve the perfor-
mance of recommenders that use preference-based feedback.
Our novel adaptive selection method mirrors how real-life
sales assistants adapt their recommendation strategies in re-
sponse to user feedback by balancing the importance of sim-
ilarity and diversity during each recommendation cycle. Dra-
matic improvements in recommendation performance have
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been observed (e.g. reductions in dialog length of up to 80%).

2 Comparison-Based Recommendation
Comparison-based recommendation is a content-based
(or case-based) recommendation strategy [Burke, 2000;
McGinty and Smyth, 2002], as opposed to a collaborative
recommendation strategy [Burke, 2000; Konstan et al., 1997;
Shardanand and Maes, 1995]. The notion of comparison-
based recommendation was introduced by [McGinty and
Smyth, 2002] to emphasise the role of feedback in content-
based recommenders, and to allow for an analysis of
preference-based feedback in particular. The focus was
on how query modification methods might be used with
preference-based feedback to produce efficient recommenda-
tion dialogs without richer forms of feedback like value elic-
itation or critiquing. We briefly review this earlier work, de-
scribing the basic comparison-based recommendation frame-
work and some successful query modification strategies.

2.1 The Basic Algorithm
Comparison-based recommendation (Figure 1) is an iterative
recommendation algorithm that presents the user with a se-
lection of k items as recommendations during each of a se-
quence of n recommendation cycles. During each cycle the
user expresses a preference for one of the suggestions and this
feedback is used to revise the query for the next cycle; in the
vocabulary of Shimazu, it is a type of navigation by propos-
ing [Shimazu, 2001]. The recommendation dialog terminates
when the user is presented with an acceptable suggestion.

2.2 Simple Selection: More Like This
The simplest approach to comparison-based recommendation
is to recommend the k most similar items to the current query,
and use the newly preferred item as the query for the rec-
ommendation next cycle. This more like this (MLT) method
is a facility often provided by Web search engines; although
it should be noted that search engines rarely rely upon this
method, primarily focusing instead on query elicitation and
term-based search. The MLT method is flawed by a ten-
dancy to follow so-called false-leads as it overfits to the cur-
rent preference, and this results in protracted recommenda-
tion dialogs. Using each preferred item as the next query is
problematic if some of its features are not relevant to the user.
For example, a user may indicate a preference for a whiskey
that is oak-aged, sweet, and peaty. But if the preference was
largely a result of the peatiness and independent of, or even at
odds with, the sweetness or the aging, then blindly focusing
the next selection on sweet and oak-aged whiskeys, as well
as peaty ones, may result in poor recommendations.

Figure 1 shows the scope of this problem by graphing the
similarity of the preference to the target in a sample recom-
mendation dialog. Instead of an increasing similarity pro-
file, we find sustained decreases in similarity as MLT follows
false-leads. Between cycle 3 and 11, target similarity falls
from 0.46 to as low as 0.26 as the user is forced to accept
poor recommendations, and again between cycle 11 and 40
there is a noticeable similarity trough. Indeed it is only after
cycle 38 that MLT finally begins to focus on the target region
and similarity rises.
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Figure 1: Profiling the similarity of the preference case to the
target case in a typical recommendation session

2.3 Query Modification Strategies

Query modification techniques can relieve the false-lead
problem, and have been shown to improve recommenda-
tion efficiency, reducing MLT dialogs by 30% on average
[McGinty and Smyth, 2002]. The central idea is to identify
features in the preference case that are likely to be the rea-
son for the user’s choice, and those features that are likely
to be irrelevant. Only relevant features are transferred to the
new query. Returning to the whiskey example above, if the
rejected cases are also very sweet then sweetness may irrel-
evant to the user. Hence, one query modification strategy,
partial MLT (pMLT) only includes preference features in the
query that are not found in any of the rejected cases.

[McGinty and Smyth, 2002] also propose more sophis-
ticated query modification strategies that weight preference
features in the query according to how likely they are to be
reliable. One strategy computes a weight for a preference
feature based on the proportion of rejected items that also
contain that feature. If 3 cases are recommended to the user,
and if the preference and just one of the rejected items are
oak-aged and then this feature is transferred to the new query
with a weight of 0.5 (50% of the rejected items are oak-aged).

3 Adaptive Case Selection

So far we have assumed the use of similarity-based selection
during each cycle. However, in the real-world two selection
strategies can be observed in the dialogs that take place be-
tween customers and sales assistants. If a customer is unsure
of their exact needs the sales assistant will tend to present a
diverse range of alternatives, based on a preliminary set of
requirements, to focus in on a promising region of a product
space. A good sales assistant can recognise when the cus-
tomer sees something that they genuinely like and uses this
as a cue to switch their strategy to one that tries to refine sub-
sequent recommendations in the region of the preference by
selecting similar items.

In this paper, instead of using query modification methods
to improve recommendation efficiency, we propose an alter-
native called adaptive selection. It adapts the way that new
items are selected for recommendation and is motivated by
the above observation that different selection strategies are
appropriate at different times in the recommendation process.
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3.1 Similarity vs Diversity

Our observation about real-life recommendation scenarios is
partly echoed by recent research that has questioned the ap-
parent over-emphasis on similarity in content-based recom-
menders, with diversity forwarded as an important additional
selection constraint. A number of strategies for improving
recommendation diversity have been suggested. [Shimazu,
2001] proposes the recommendation of three items or cases,
i1, i2 and i3, per recommendation cycle: i1 is the most simi-
lar case to the query; i2 is maximally dissimilar from i1; and
ii3 is maximally dissimilar from i1 and i2. By design these
items are maximally diverse, but similarity to the query may
be compromised as there are no guarantees that i2 and i3 will
be very similar to the query.

Other researchers have proposed alternative diversity en-
hancing mechanisms with a more manageable balance be-
tween item diversity and query similarity [Bridge, 2001;
McSherry, 2002; Smyth and McClave, 2001]. Although all
of these techniques introduce diversity into selection in a uni-
form way, they do not fully reflect the strategy switching seen
in real-world scenarios. Moreover, while increasing diversity
may improve the efficiency of of a recommender by allowing
it to cover more of the item-space per recommendation cy-
cle, it may also lead to new types of inefficiencies. Diversity
enhancing methods pass over items that might otherwise be
selected and the target item may be one of these.

A more flexible mechanism for introducing diversity must
be adopted based on whether or not the recommender has fo-
cussed on the correct region of the item space. If there is evi-
dence that it is correctly focused then a pure similarity-based
selection method can be used to refine the recommendations
and safe-guard against passing over the target item. If the
recommender is not correctly focused, then diversity is intro-
duced in order to maximise the coverage of the item space
in the next cycle, and so help to refocus the recommender by
offering the user contrasting recommendations.

3.2 Preference Carrying

Unfortunately it is not immediately obvious how to judge
whether the recommender is correctly focused; the target item
is unknown and user requirements are typically vague. Adap-
tive selection solves this by evaluating whether the recom-
mendations made in the ith cycle are an improvement on
those in the i − 1th cycle before choosing a selection strat-
egy for the i + 1th cycle.

This is achieved by carrying the preference item from the
previous cycle to the current cycle. If the user selects the car-
ried preference in the current cycle it must mean that they are
unhappy with the k − 1 new alternatives in that cycle. These
new items must have failed to improve upon the recommen-
dations made during the previous cycle, and so the recom-
mender must not be correctly focussed. If the user ignores the
carried preference and selects one of the newly recommended
items then the recommender must be correctly focused. Thus,
by carrying the preference item, and monitoring whether or
not the user reselects it, we can implement a switching mech-
anism between two alternative selection strategies: a refine
strategy that emphasises similarity; and a refocus strategy that

balances similarity and diversity for improved recommenda-
tion coverage.

In theory carrying the preference may lead to new ineffi-
ciencies because the carried preference takes up a valuable
slot in each cycle, thus limiting recommendation coverage.
However, this is easily compensated for because carrying the
preference helps protect against against false-leads. If none
of the k − 1 new cases are relevant then by reselecting the
carried preference the user is at least maintaining the previ-
ous best recommendation rather than being forced to accept a
lower quality false-lead. In practice, this on its own can offer
a substantial improvement to recommendation efficiency.

3.3 Refine & Refocus
As mentioned above, the refine strategy makes use of a stan-
dard similarity-based selection method, picking k − 1 new
items that are maximally similar to the current query. The
refocus strategy uses the bounded-greedy diversity technique
proposed by [Smyth and McClave, 2001]; see Figure 2.

Very briefly, the bounded-greedy technique involves two
basic phases. First, the bk most similar items to the query
are selected (where b is typically an integer between 2 and 5).
During the second phase, the set (R) of selected items is built
incrementally. During each step of this build the remainder
of the bk items are ordered according to their quality and the
highest quality item added to R. The quality of a item i is pro-
portional to the similarity between i and the current query q,
and to the diversity of i relative to those items so far selected,
R = {r1, ..., rm}; see Equations 1 & 2.

Quality(q, i, R) = α∗Sim(q, i)+(1−α)∗Div(i, R) (1)

Div(i, R) = 1 if R = {};

=

∑
j=1..m(1 − Sim(i, rj))

m
otherwise(2)

The first case to be selected is always the most similar to the
query and in subsequent iterations, the chosen case has the
highest quality relative to the query and diversity and cases
selected so far. Note, we set b = 3 and α = 0.5 to balance
similarity and diversity during refocusing.

4 Evaluation
In this section we evaluate the performance of adaptive se-
lection focusing on the average number of cycles and unique
items that must be presented to a user in a typical recommen-
dation dialog. The shorter the dialog, the more successful the
recommender is likely to be, and we demonstrate that adap-
tive selection delivers dramatic reductions in dialog length.

4.1 Setup
A case-base of 585 unique Scotish whiskey cases (Figure 3)
is used to compare two comparison-based recommenders us-
ing preference-based feedback: MLT uses the standard MLT
strategy; MLT+AS implements adaptive selection. We use
a leave-one-out methodology for testing using 200 randomly
selected cases as test cases. Each test case (base) is removed
from the case-base and used in two ways.
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Figure 2: The Comparison-Based Recommendation algorithm with adaptive selection.
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Figure 3: The features of a sample whiskey case include nominal and continuous features.

Figure 4: Key experimental results
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First it serves as the basis for a set of queries made by tak-
ing random subsets of features. Second, it is used to identify
a maximally similar (target) case. Thus, the base is the ideal
query for a user, the generated query is the initial test query
given to the recommender, and the target is the best case for
the user given their ideal. During each recommendation cy-
cle 3 cases are recommended to the user, and the most sim-
ilar to the target is chosen as a preference, thus simulating a
user that is capable of correctly selecting the best preference
item in each cycle; we relax this assumption in Section 4.3.
A query is satisfied when the target is returned in a cycle,
thereby simulating the situation where the user is seeking a
specific case; once again, we relax this condition in Section
4.4. In total 1250 queries are generated and divided into three
groups based on their difficulty; where difficulty is based on
the number of recommendation cycles required by MLT.

4.2 Recommendation Efficiency
Basic recommendation efficiency can be measured in terms of
the average number of cycles (or unique cases or items) that
a user must work through before being presented with their
ideal target. The leave-one-out method outlined above is used
by the two recommenders for each of the 1250 queries and
and the mean number of cycles and unique items presented
to the user are measured. The results are shown in Figure
4(a-b) as graphs of mean cycles and items for each algorithm
and query group. The benefits of MLT+AS should be clear
for both measures. For example, we see that MLT requires
17.5 cycles (and 52.5 items) for simple queries, but MLT-AS
needs only 9.5 cycles (and 20 items), a relative reduction of
45% in terms of cycles, and 62% in terms of items.

We see similar results for the other query sets. In fact, the
relative reductions enjoyed by MLT-AS increase with query
difficulty. The recommendation dialogs associated with more
difficult queries include more false-leads than the dialogs
for simpler queries, and so offer adaptive selection an even
greater opportunity for dialog reduction. This trend is clearly
seen in Figure 4(c), which graphs the percentage reduction in
cycles and items due to MLT-AS, relative to MLT. For cycles,
the relative reduction grows from 45% (simple) to 68% (diffi-
cult) and for unique items it grows from 62% to 78%. These
results clearly show a dramatic benefit for adaptive selection.
Indeed this benefit is so great that MLT-AS is capable of satis-
fying the most difficult queries far more efficiently than MLT
takes to satisfy even the simplest queries.

4.3 Preference Noise
In this experiment we re-evaluate our recommenders by re-
laxing the assumption that the user always prefers the most
similar item to the target to test whether benefits are found
with sub-optimal preferences. The above experiment is re-
peated except that noise is introduced into the preference se-
lection by perturbing the similarities between each recom-
mended item and the target by some random amount within a
set noise limit. A 10% noise means that each similarity value
can change by up to +/-10% of its actual value. This will po-
tentially change the internal ordering of recommended items
during each cycle resulting in the selection of a preference
that may not be the most similar to the target. This approach

mimics the situation where users are likely to make prefer-
ence mistakes more frequently if there is little difference be-
tween the target similarities of the recommended items.

Figure 4(d&e) graph the mean number of cycles and items
presented to the user versus the noise limit for moderate
queries. As expected, introducing preference noise has a neg-
ative impact on the ability of each recommender to locate the
target item. MLT dialogs increase from 24 cycles at 0% noise
to 39 cycles at 40% noise, and MLT-AS dialogs increase from
11 cycles to 37 cycles. The number of items required is also
seen to increase in a similar manner. However, the benefits of
MLT-AS remain across all levels of noise (see Figure 4(f)) al-
though the magnitude of these benefits is seen to fall as noise
increases. For example, the MLT-AS benefit, in terms of
unique items, falls from 68% at the 0% noise level to 36% at
the 40% level. Nevertheless, adaptive selection once again of-
fers significant improvements in recommendation efficiency
even when users make imperfect preference selections. While
the results presented here focus only on moderate queries, for
reasons of brevity, it is worth noting that qualitatively simi-
lar results are found for simple and difficult queries. Once
again the MLT-AS benefits increase with query difficulty; for
example, in terms of unique items, at the 40% noise level, a
27% MLT-AS benefit is observed for simple queries, and a
43% MLT-AS benefits for difficult queries.

4.4 Target Noise
Our second key assumption is that users are interested in a
single target item during recommendation, and that the dia-
log only terminates when this item is returned. It is perhaps
more realistic to assume that the user will be satisfied by any
one of a group of items that are similar to the optimal target.
We re-evaluate our recommenders under this more relaxed
termination condition by repeating the basic efficiency exper-
iment except that we terminate each dialog once an item has
been recommended that is within some pre-defined similarity
of the target. A similarity threshold of 70% means that the
dialog terminates when an item that is at least 70% similar to
the targer has been recommended.

Figure 4(g-i) presents the results in a number of ways. First
Figures 4(g&h) graph the mean number of cycles and items
presented to the user versus the similarity threshold for mod-
erate queries. As expected, relaxing the termination condi-
tion results in shorter recommendation dialogs for MLT and
MLT-AS. For example, MLT dialogs reduce from just under
26 cycles at the 100% similarity threshold (where the optimal
item must be recommended) to just over 17 cycles at 60%
similarity. MLT-AS dialogs reduce from 11 cycles to just un-
der 9 cycles across the same similarity range. The number
of items required is also seen to reduce in a similar manner.
However, positive MLT-AS benefits are maintained across all
similarity thresholds (see Figure 4(i)). In fact, as the threshold
increases, and the termination condition becomes more rigid,
we find increasing benefits for MLT-AS in terms of cycles and
items. For example, the MLT-AS benefit, in terms of unique
items, grows from 54% at the 60% similarity threshold to just
under 70% at the 100% threshold. Once again, adaptive se-
lection delivers significant improvements in recommendation
efficiency across a variety of termination conditions.
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Figure 5: Preference-Based Feedback vs Critiquing.

4.5 Preference-Based vs Critiquing
Finally, it is worth briefly considering the impressive dialog
reductions observed for adaptive selection with preference-
based feedback in the context of a much richer form of
feedback, namely critiquing [Burke, 2000; McGinty and
Smyth, 2003]. Figure 5 presents an efficiency comparison
(in terms of average recommendation cycles) between our
two preference-based recommenders and an equivalent rec-
ommender that implements critiquing; briefly, during each
cycle feedback corresponds to a preference case plus a cri-
tique that constrains a selected feature value.

On the face of it we expect critiquing to produce more effi-
cient dialogs than preference-based feedback. And so it does
for all query types when compared to standard preference-
based feedback. However, the surprise is that combining
preference-based feedback and adaptive selection produces
recommendation dialogs that are consistently and signifi-
cantly shorter than even those produced by critiquing. For
example, relative to MLT-AS, critiquing requires 37% more
cycles for simple queries and 52% more cycles for the diffi-
cult queries.

5 Conclusions
To date preference-based feedback has been largely ignored
by recommender systems. It is an inherently ambiguous form
of feedback with a limited ability to efficiently guide the
recommendation process. Nevertheless, we believe that this
form of feedback is useful, and perhaps even vital, in cer-
tain recommendation domains where other forms of feedback
cannot be used, perhaps because of limited user expertise or
even basic device restrictions.

We have described how preference-based feedback can be
made more efficient using the adaptive selection technique,
which modifies its recommendation strategy depending on
whether or not the recommender is correctly focused on the
right region of the recommendation space. Using this method
we have demonstrated dramatic performance improvements
over standard preference-based feedback, across a variety of
experimental conditions, with reductions in dialog length of
up to nearly 80%. Indeed, adaptive selection is so effective
that it is capable of using simple and cheap preference-based
feedback to produce recommendation dialogs that are even
more efficient than those available with richer forms of feed-
back such as critiquing.

In this paper we have presented evaluation results from one
recommendation domain, Whiskey. This domain is especially

interesting because of its dependency on preference-based
feedback (as discussed in Section 1). We have also tested our
technique on more traditional domain datasets (i.e. Travel,
PC) and have found similar results [McGinty and Smyth,
2003]. We believe that these results have the potential to
change the perception of simple preference-based feedback,
facilitating its practical use in a variety of recommendation
scenarios. Indeed adaptive selection is in no way limited to
preference-based feedback. In our future research we intend
to investigate if similar performance benefits can be achieved
by integrating this technique in recommenders that use other
forms of feedback (e.g. critiquing and rating-based).
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Abstract
We introduce a new kernel for Support Vector Ma-
chine learning in a natural language setting. As a
case study to incorporate domain knowledge into
a kernel, we consider the problem of resolving
Prepositional Phrase attachment ambiguities. The
new kernel is derived from a distance function
that proved to be succesful in memory-based learn-
ing. We start with the Simple Overlap Metric from
which we derive a Simple Overlap Kernel and ex-
tend it with Information Gain Weighting. Finally,
we combine it with a polynomial kernel to increase
the dimensionality of the feature space. The clo-
sure properties of kernels guarantee that the result
is again a kernel. This kernel achieves high clas-
sification accuracy and is efficient in both time and
space usage. We compare our results with those ob-
tained by memory-based and other learning meth-
ods. They make clear that the proposed kernel
achieves a higher classification accuracy.

1 Introduction
An important issue in natural language analysis is the resolu-
tion of structural ambiguity. A sentence is said to be struc-
turally ambiguous when it can be assigned to more than one
syntactic structure [Zavrel et al., 1997]. In Prepositional
Phrase (PP) attachment one wants to disambiguate between
cases where it is uncertain whether the PP attaches to the verb
or to the noun.

Example 1 Consider the following two sentences:

1. I bought the shirt with pockets.

2. I washed the shirt with soap.

In sentence 1, with modifies the noun shirt because with
pockets (PP) describes the shirt. In sentence 2 however, with
modifies the verb washed because with soap (PP) describes
how the shirt is washed [Ratnaparkhi, 1998].

This type of attachment ambiguity is easy for people to
resolve because they can use their world knowledge [Stetina�

Author funded by a doctoral grant of the institute for advance-
ment of scientific technological research in Flanders (IWT).

and Nagao, 1997]. A computer program usually cannot rely
on that kind of knowledge.

This problem has already been tackled using memory-
based learning like for example � -nearest neighbours. Here,
the training examples are first stored in memory and classi-
fication of a new example is done based on the closest ex-
ample stored in memory. Therefore, one needs a function
that expresses the distance or similarity between examples.
There already exist several dedicated distance functions to
solve all kind of natural language problems using memory-
based learning [Veenstra et al., 2000; Zavrel et al., 1997;
Daelemans et al., 2002].

We will use a Support Vector Machine (SVM) to tackle the
problem of PP attachment disambiguation. Central to SVM
learning is the kernel function ���	��
���
�� where �
contains the examples and the kernel � calculates an inner
product in a second space, the feature space � . This product
expresses how similar examples are.

Our goal is to combine the power of SVMs with the dis-
tance functions that are well-suited for the probem for which
they were designed. Deriving a distance from a kernel is
straightforward, see Section 2.1. However, deriving a kernel
from a distance is not trivial since kernels must satisfy some
extra conditions, i.e. being a kernel is a much stronger con-
dition than being a distance. In this paper we will describe
a method that shows how such dedicated distance functions
can be used as a basis for designing kernels that sequentially
can be used in SVM learning.

We use the PP attachment problem as a case study to illus-
trate our approach. As a starting point we take the Overlap
Metric that has been succesfully used in memory-based learn-
ing for the same problem [Zavrel et al., 1997].

Section 2 will give a short overview of the theory of SVMs
together with some theorems and definitions that are needed
in Section 4. Based on [Zavrel et al., 1997], section 3 gives
an overview of metrics developed for memory-based learning
applied to the PP attachment problem. In Section 4 the new
kernels will be introduced. Finally Sections 5 and 6 give some
experimental results and a conclusion of this work.

2 Support Vector Machines
For simplicity, in our explanation we will consider the case
of binary classification only, i.e. we consider an input space� with input vectors � and a target space ������������� � . The
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goal of the SVM is to assign every � to one of two classes�!�"�#�#�$����� . The decision boundary that separates the in-
put vectors belonging to different classes is usually an arbi-
trary %&�'� -dimensional manifold if the input space � is % -
dimensional.

One of the basic ideas behind SVMs is to have a mapping(
from the original input space � into a high-dimensional

feature space � that is a Hilbert space, i.e. a complete vector
space provided with an inner product. Separation of the trans-
formed feature vectors

(*) �,+ in � is done linearly, i.e. by a
hyperplane. Cover’s theorem states that any consistent train-
ing set can be made linear separable provided the dimension
of � is high enough.

However, transforming the training set -/. ����	01�2�43#�$565756�2�489�$565657�9�4:;�=<>� into such a higher-dimensional
space incurs both computational and learning-theoretic
problems. The high dimensionality of � makes it very
expensive both in terms of memory and time to represent the
feature vectors

(*) �,8?+ corresponding to the training vectors� 8 . Moreover, separating the data in this way exposes the
learning system to the risk of overfitting the data if the
separating hyperplane is not chosen properly.

SVMs sidestep both difficulties [Vapnik, 1998]. First,
overfitting is avoided by choosing the unique maximum mar-
gin hyperplane among all possible hyperplanes that can sep-
arate the data in � . This hyperplane maximizes the distance
to the closest data points.

Second, the maximum margin hyperplane in � can be rep-
resented entirely in terms of training vectors �	8A@B-/. and a
kernel � .

Definition: A kernel is a function �C� �D
E�F
G� so that
for all � and H in � , � ) �I�9H	+J�EK (*) �,+L� (*) H	+NM where

(
is a

(non-linear) mapping from the input space � into the Hilbert
space � provided with the inner product KO57��5PM [Cristianini
and Shawe-Taylor, 2000].

To be more precise, once we have chosen a kernel � we
can represent the maximal margin hyperplane (or decision
boundary) by a linear equation in �QR SUT�VXWZY 8?[#8?� ) �482�9�,+,\^]_�a` (1)

where the training vectors � 8 and their class labels [ 8 are
given. The decision boundary is determined completely once
we know the Y 8 and ] . They are obtained by optimizing a
convex quadratic objective function with linear constraints.
Moreover, most of the Y 8 prove to be zero. By definition the
vectors �48 corresponding with non-zero Y 8 are called the sup-
port vectors .Zb and this set consists of those data points that
lie closest to the hyperplane and thus are the most difficult to
classify.

In order to classify a new point �,c�dfe , one determines the
sign of QR SUT#Whg;Y 8?[#8i� ) �482�9�4c�dfeZ+,\j]
If this sign is positive � c�dke belongs to class 1, if negative to
class -1, if zero � c�dke lies on the decision boundary. Note
that we have now restricted the summation to the set .Zb of
support vectors because the other Y 8 are zero anyway.

To conclude, SVM can sidestep the above two difficulties
because neither the feature space � nor the map

(
from the

input space � into � are explicitly defined, they are replaced
by the kernel � that operates on vectors of the input space� .

2.1 Some Properties of Kernels
The selection of an appropriate kernel � is the most impor-
tant design decision in SVMs since it implicitly defines the
feature space � and the map

(
. A SVM will work correctly

even if we don’t know the exact form of the features that are
used in � . Moreover, the kernel expresses prior knowledge
about the patterns being modelled, encoded as a similarity
measure between two vectors [Brown et al., 1999].

But not all maps over �D
�� are kernels. Since a kernel �
is related to an inner product, cfr. the definition above, it has
to satisfy some conditions that arise naturally from the defini-
tion of an inner product and are given by Mercer’s theorem:
the map must be continuous and positive definite [Vapnik,
1998].

In this paper we will use following methods to construct
kernels [Cristianini and Shawe-Taylor, 2000]:

M1 Making kernels from kernels: Based on the fact that ker-
nels satisfy a number of closure properties. In this case,
the Mercer conditions follow naturally from the closure
properties of kernels.

M2 Making kernels from features: Start from the features
of the input vectors and obtain a kernel by working out
their inner product. A feature is a component of the in-
put vector. In this case, the Mercer conditions follow
naturally from the definition of an inner product.

The set of kernels is closed under certain operations, this
allows us to make new kernels from existing ones (see M1).
We mention only the closure property used in the paper:

Closure properties of kernels: Let
( � �l
!� c be a map

and � 0 be a kernel over � c 
m� c then the following function
is a kernel � ) �I�2H	+ = �n0 )U(*) �,+o� (*) Hp+2+ .

Another interesting property is that we can derive a dis-
tance [ from a kernel � as follows:

Distance derived from a kernel: Let � be a
kernel over � 
q� , then [ defined as [ ) �I�2H	+ =r � ) �I�9�,+s�Bt � ) �I�2H	+	\u� ) HZ�9H	+ is a distance on � and
consequentially

) �&�v[�+ is a metric space.

3 Metrics for Memory-based Learning
In this section, we will focus on the distance functions [Zavrel
et al., 1997; Cost and Salzberg, 1993] used for memory-based
learning with symbolic values. First, we will have a look at
the Simple Overlap Metric (SOM) and next we will discuss
Information Gain Weighting (IGW). Memory-based learning
is a class of machine learning techniques where training in-
stances are stored in memory first and classification of new
instances later on is based on the distance (or similarity) be-
tween the new instance and the closest training instances that
have already been stored in memory. A well-known example
of memory-based learning is k-nearest neighbours classifica-
tion. We will not go into further detail, the literature offers
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many books and articles that provide a comprehensive intro-
duction to memory-based learning, e.g. [Mitchell, 1997]. For
our purpose, the important thing to remember is that we will
be working with symbolic values like strings over an alphabet
of characters. Instances are % -dimensional vectors w and x in
some universe y c . The components of the vectors in y c are
strings, i.e. z 8 �v] 8 @O{}| , with {}| the set of all strings over
some alphabet { . Notice that for %~��� , y c becomes y and
the elements of y are strings in { | . In order for the inner
products defined below to be meaningful, the set of strings y
has to be finite. As a result the set of vectors y c is also finite
as required.

3.1 Simple Overlap Metric
The most basic metric for vectors with symbolic values is the
Simple Overlap Metric(SOM) [Zavrel et al., 1997]:

[ W��	� �#y c 
�y c 
!�_�j��[ W#�p� ) w��9xs+�� cQ 86�	0	� ) z�89�v]L8?+ (2)

with � ) z�82��]L8i+Z���}� ��� S ) ]o8?+ (3)
and

� �#y>
�y�
��#���v`h��� � � S ) ] 8 +Z���_�k�nz 8 �>] 8 �Z���?���A` (4)
Here [ W��	� ) w��2xI+ is the distance between the vectors w andx , represented by % features and � is the distance per feature.
The � -nearest neighbour algorithm equipped with this metric
is called IB1 [Aha et al., 1991]. The IB1 algorithm simply
counts the number of (mis)matching feature values in both
vectors. This is a reasonable choice if we have no information
about the importance of the different features. But if we do
have information about feature importance then we can add
linguistic bias to weight the different features.

3.2 Information Gain Weighting
Information Gain Weighting (IGW) measures for every fea-
ture � separately how much information it contributes to our
knowledge of the correct class label. The Information Gain
(IG) of a feature � is measured by calculating the entropy be-
tween the cases with and without knowledge of the value of
that feature:

� 8	��� )i� +s���'� T�g Sh� )�� +_
�� )?��� � +��� ) �k+ (5)

��� ) �k+s��� Q
� T�g�S �

) � +k��¡�¢ 3 � ) � +
Where

�
is the set of class labels, b£8 is the set of values

for feature � , � )?� +_�¤� �'¥ T�¦ � )�§ +k��¡�¢ 3 � )�§ + is the entropy
of the class labels and ��� ) �k+ is the split info. The resulting
weights � 8 can be used to extend Equation 2 with weights
(see Equation 6). The � -nearest neigbour algorithm equipped
with this metric is called IB1-IG [Zavrel et al., 1997] and the
corresponding distance called [�¨�© :

[ ¨v© �#y c 
�y c 
G�_�^��[ ¨�© ) w4�2xI+J� cQ 87�	0 � 8 � ) z�82��]L8i+ (6)

with � like in Eqs. 3 and 4.

4 A Kernel for Natural Language settings
In this section, we will describe the kernel that we have con-
structed from the IGW metric [�¨v© from the previous sec-
tion. A kernel will be a function � �ªy c 
ay c 
 �
and the mapping to the feature space � will be of the form( �ªy c 
 �_«­¬ . We will begin with the simple, one-
dimensional, unweighted case (Section 4.1). Next, we will
extend it to % dimensions (Section 4.2) and add IGW (Sec-
tion 4.3) and finally in Section 4.4 the Polynomial Informa-
tion Gain (PIG) kernel will be introduced.

4.1 A Simple Overlap Kernel (SOK) in one
dimension

If we only want to consider vectors in a one-dimensional
space then we have to take a closer look at Equations 3 and 4.
To derive a kernel from this distance function we will use M2
from Section 2.1. Consider the inner product space �N« of
functions �'�	y®
¯� , the inner product of two functions �
and ¢ is defined as:K��£�k¢nM/� Q°�T « �

) ± +o5 ¢ ) ± + (7)

Next, let ² W��,³ �#y�
G� « with

² W#�	³ ) zh+Z� �´ t � � (8)

be a feature mapping to the feature space � . The function� � is defined as � � )�± +��µ� when
± �¶z and ` otherwise

(see Equation 4). Starting from the features and the above de-
fined feature mapping we will now work out the inner prod-
uct to come to the corresponding kernel � W��	³ �#y^
·y�
!� :� W#�	³ ) z£�v]o+ = K�² W#�	³ ) zh+L��² W#�	³ ) ]o+¸M

�EK 0¹ 3 ��� � 0¹ 3 ��º M� 03 � °�T « � � )�± +L5 � º )�± +� 03 � � ) ]o+We don’t have to proof that the kernel � W��	³ satisfies the Mer-
cer conditions because this follows naturally from the defini-
tion of the inner product. We started from the features, de-
fined a mapping ² W#�	³ on the features and we worked out the
inner product between them, see M2 from Section 2.1. How-
ever, to show that the kernel really corresponds to the distance
function given in Equations 3 and 4 we have to verify the dis-
tance formula for kernels given in Section 2.1:

� ) z£��]o+ =
r � W��,³ ) z£�vz�+p�Bt�� W��,³ ) z£��]o+,\j� W��,³ ) ]»�v]o+

= ¼ 03 ) � � ) zh+s�Bt � � ) ]o+,\ � º ) ]o+9+
= ¼ 03 ) t*�Bt ��� ) ]o+9+
= �}� � � ) ]o+The last step is justified by the fact that �/� �»� ) ]o+ is either 0

or 1 [Ramon, 2002].
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4.2 Extending the SOK to ½ Dimensions
In this section we consider vectors w��2x®@>y c , the distance
between these vectors is measured by the distance [ W��	�
from Equation 2. Now consider the inner product space �N«P¬
(the space of functions �^�Xy c 
¾� ) comparable to the one
in Equation 7, with the following inner product:K¿�£�2¢=M/� QR�T « ¬ �

) �,+L5 ¢ ) �,+ (9)

We begin by defining a mapping
( W��,³ ��y c 
G�_«P¬ :( W��,³ ) w­+J� �´ t � a

We will again use M2 from Section 2.1 to derive a ker-
nel for [ W��p� . We work out the inner product between
the feature vectors

( W��,³ ) wP+ and
( W��,³ ) xI+ to come to

the corresponding kernel � W��,³ �"y c 
�y c 
 � :� W��,³ ) w��2xI+ = K ( W��,³ ) wP+L� ( W��,³ ) xI+¸M
= 03 � R�T « ¬ �oÀ ) �,+L5 �oÁ ) �,+
= 03 �$À ) xI+
= 03 � c87�	0 ��� S ) ]L8U+Here the function �$À is defined as �$À ) �,+B� � c86�	0 ��� S ) ± 8f+with ��� S )�± 8U+ like in Equations 4 and 8. Notice

that this corresponds to the inner product between the
vectors Âw � ) ² W��,³ ) zÃ0$+o�$565756�v² W��,³ ) z�cÃ+9+ and Âx �) ² W��,³ ) ] 0 +o�$565756�v² W��,³ ) ] c +2+ . So, alternatively we can write� W��,³ �#y c 
�y c 
!� :

� W��,³ ) w4�2xI+J� cQ 87�	0 � W��,³ ) z�89�v]L8?+ (10)

We don’t have to proof that the kernel � W#�	³ is a valid
kernel as this follows naturally from the definition of
the inner product. However, we again have to show that
it is a kernel that corresponds to the distance function[ W#�p� from Equation 2. In the following we will show
that the kernel � W#�	³ in fact corresponds to the square
root of [ W��	� , we will call this distance function [�Ä :Å Æ�ÇÉÈPÊfË4Ì

=
r ÍÏÎ$Ð�Ñ ÇÉÈ­ÊUÈhÌXÒ�Ó ÍÏÎ�Ð�Ñ ÇÉÈPÊfË4ÌPÔ ÍÏÎ$Ð�Ñ ÇÉËpÊUË4Ì

=
r ÇUÕIÒnÖ�×$Ø�ÇÉÙ�ÚkÌfÌ­ÔÜÛÝÛÞÛoÔuÇUÕIÒnÖ�× ¬ ÇÉÙvß�ÌfÌ

=
r � ßà6á Ú Ö#ÇÉâ à ÊfÙ à Ì

=
r Å�ã äXåæÇÉÈPÊfË4Ì

However, this does not impose any problems for the kernel
we are aiming to develop.

4.3 Adding Information Gain to the SOK
Next, we will introduce IGW into the kernel. We will con-
struct a kernel based on the distance function [ ¨�© from Equa-
tion 6. We have to define new mappings ² and

(
to cope with

the weights:( ¨�© �#y c 
q� «P¬ � ( ¨�© ) w­+J�¯ç´ t �$À (11)

²­¨�©¿�#y¿
!� « ��²£¨�© ) z 8 +Z� � 8´ t � � S (12)

We will start again by working out the inner prod-
uct for the 1-dimensional case � ¨�© �èyG
�y 
 � :�#¨v© ) z 8 ��] 8 + = K�²£¨v© ) z 8 +o�v²£¨�© ) ] 8 +¸M

= K e S¹ 3 ��� S � e S¹ 3 ��º S M
=
e�éS3 � °�T « � � S )�± + � º S ) ± +

=
e�éS3 ��� S ) ]L8i+The function � ¨v© is guaranteed to be a valid kernel, this

follows naturally from the definition of the inner product
(see M2 from Section 2.1). In the same way as for � W��,³
we can show that � ¨�© corresponds to the inner product
between the vectors Âw � ) ² ¨�© ) zh0�+L��575656�v² ¨�© ) z�cP+9+ andÂx~� ) ² ¨�© ) ]�0o+L��575656�v² ¨�© ) ]ocÃ+2+ , yielding the following result for
the kernel � ¨�© �#y c 
�y c 
!� :

�=¨�© ) w4�2xI+J� cQ 87�	0 �#¨�© ) z 8 �v] 8 +
Also, in the same way as we did before we can show for � ¨�©
that it corresponds to a distance function � ¨�©O�XyO
êy�
¾�
with � ¨v© ) z�82��]L8i+Ü� � 8 � ) z�82��]L8i+ with � as defined in Equa-
tion 3. Furthermore, in the same way as we did for � W��,³ in
Section 4.2 we can show that the kernel � ¨�© corresponds to
the square root of the distance function [�¨�© from Equation 6.

4.4 A Polynomial Information Gain Kernel
In this section, we will increase the dimensionality of the fea-
ture space � by making use of a polynomial kernel �·ë�ì2íÞî .
We will start this section by giving an example [Cristianini
and Shawe-Taylor, 2000]:
Example 2 (Polynomial kernel): Consider a two di-
mensional input space � , with vectors �I�9H @ � :K^�I�9HuM 3 = ï � 386�	0 ± 8�ð�8iñ 3

= ��ò 3$ó 39ôò 8�ó õ9ô � ò 0Ló 02ô
) ± 8 ± õ�+ ) ð 8 ð õ�+

= � ë�ìkíÞî ) �I�2H	+
which is equivalent to an inner product between feature vec-
tors of the form ( ë�ì2íÞî ) �,+J� ) ± 3 0 � ± 33 �vt ± 0 ± 3�+
We call the kernel �më�ì2íÞî a polynomial kernel because it maps
the vectors from the input space � to the feature space � of
all monomials of degree 2.

Next, we will derive the Polynomial Information Gain
(PIG) kernel �÷ö ¨�© , making use of M1 from Section 2.1.
We will do this based on the closure property mentioned in
Section 2.1. Consider the feature mapping

( ¨�© from Equa-
tion 11, the kernel �÷ö ¨�© will be defined by a combination of
this feature mapping and the polynomial kernel �=ë�ìkíÞî from
the above example.�÷ö ¨�© ) w��9xs+J�a�æë�ì2íÞî )?( ¨�© ) wP+L� ( ¨v© ) xI+2+ (13)
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with ( ¨�©��#y c 
G� «P¬
as defined in Equation 11 and� ë�ì2íÞî �#� «P¬ 
�� «P¬ 
!�
From the closure properties of kernels, it follows naturally
that � ö ¨�© indeed is a valid kernel which calculates the in-
ner product of two vectors transformed by a feature mapping( ö ¨�© �#y c 
!� «Pø .

The mapping
( ö ¨�© maps vectors w�@�y c to the space�_«Pø with ù M�% . The features of the vectors in �A«Pø

are combinations (inner products) of the following form:Kú²£¨�© ) z 8 +L��²£¨v© ) z 8 +~M and taK!²£¨�© ) z 8 +L��²­¨�© ) z õ +~M . In
this way we aim to capture more relevant information that
might be present in such combinations. Notice that the inner
product here above is the one defined in Equation 7.

5 Experimental Results
In the following section, we will give some experimental re-
sults we obtained with the kernels � ¨v© and �=ö ¨�© . First
we will describe the PP attachment disambiguation problem
in more detail, followed by the experimental set up (Sec-
tion 5.2). Finally, we will present the results and compare
them to other methods that have been applied on the same
data set (Section 5.3).

5.1 PP attachment disambiguation problem
If it is uncertain in a sentence whether the preposition attaches
to the verb or to the noun then we have a prepositional phrase
(PP) attachment problem. For example, in sentence 1 of Ex-
ample 1, with modifies the noun shirt because with pockets
(PP) describes the shirt. In contrast, in sentence 2, with mod-
ifies the verb washed because with soap (PP) describes how
the shirt is washed [Ratnaparkhi, 1998].

Example 3 For the purpose of PP attachment disambigua-
tion, sentences 1 and 2 from Example 1 will be reduced to
vectors w and xu@&y¸û as follows:

1. a = (bought, shirt, with, pockets)

2. b = (washed, shirt, with, soap)

In fact, we only keep those words that are of
any importance to the PP attachment problem, i.e.
(V(erb),N(oun),P(reposition),N(oun)).

In the case where sentences are reduced to quadruples as
illustrated in Example 3, the human performance is approx-
imately 88.2% [Ratnaparkhi et al., 1994]. This performance
rate gives us an acceptable upper limit for the maximum
performance of a computer because it seems unreasonable
to expect an algorithm to perform much better than a hu-
man. As we will show in our experimental results the kernel� ¨�© achieves a classification accuracy up to 82,9%, see Sec-
tion 5.3. However, in [Zavrel et al., 1997] the IB1-IG attains
a maximum classification accuracy of 84.1%, this is a good
indication of the classification accuracy that should be possi-
ble to obtain with a kernel based on the distance defined in
Equation 6.

5.2 Experimental Setup
The experiments have been done with LIBSVM, a C/C++ and
Java library for SVMs [Chih-Chung and Chi-Jen, 2002]. The
machine we have used is a Pentium III with 256MB RAM
memory, running Windows XP. We choose to implement the
kernels �=¨�© and � ö ¨v© in Java.
The type of SVM learning we have used is C-SVM [Chih-
Chung and Chi-Jen, 2002]. The parameter

�
controls the

model complexity versus the model accuracy and has to be
chosen based on the complexity of the problem.

The experiments in this section are conducted on a simpli-
fied version of the full PP attachment problem (see Example
3). The data consists of four-tuples of words, extracted from
the Wall Street Journal Treebank [Marcus et al., 1993] by a
group at IBM [Ratnaparkhi et al., 1994]1.

The data set contains 20801 training patterns, 3097 test
patterns and an independant validation set of 4093 patterns
for parameter optimization. All of the models described be-
low were trained on all training examples and the results are
given for the 3097 test patterns. For the benchmark compari-
son with other models from the literature, we use only results
for which all parameters have been optimized on the valida-
tion set. For more details concerning the data set we refer
to [Zavrel et al., 1997].

5.3 Results
The table below gives the results obtained with the kernels�=¨�© and � ö ¨�© and compares them to other methods taken
from the literature:

Method Percent correct�=¨�© 82.9%� ö ¨�© 84.8%
IB1 83.7%
IB1-IG 84.1%
C4.5 79.7%
Maximum Entropy 77.7%
Transformations 81.9%
Back-off model 84.1%
Late Closure 59.0%
Most Likely for each P 72.0%

The results for � ¨�© and �=ö ¨v© were obtained after opti-
mization of the parameter C on the validation set. For � ¨�©
this optimal value was

� �ü`Ã5 ý and for � ö ¨�© this optimal
value was

� �è`Ã5ÿþ�þ . The scores of IB1, IB1-IG, C4.5, Late
Closure and Most Likely for each P are taken from [Zavrel
et al., 1997], the scores from Maximum Entropy are taken
from [Ratnaparkhi et al., 1994] and the scores of Transfor-
mations are taken from [Collins and Brooks, 1995].

The fact that the kernel �n¨v© performs worse than IB1-IG,
although it is equipped with the very same distance metric,
may seem somehow surprising. We believe this is because
SVMs perform linear separation in the feature space � . The
decision boundary of IB1-IG on the other hand is non-linear.
Due to the linearity of the decision boundary of the SVM,
some points get misclassified. The number of misclassifica-
tions is controlled by the parameter

�
. Choosing a larger

1This data set is freely available by ftp from
ftp://ftp.cis.upenn.edu/pub/adwait/PPattachData/.
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value for
�

forces the SVM to avoid classification errors.
However, choosing a value for

�
that is too high will result

in overfitting. Increasing the dimensionality of � makes lin-
ear separation easier (Cover’s theorem). This can be seen by
comparing the classification accuracies between the kernels� ¨�© and �=ö ¨�© . The results also show that our kernel �nö ¨�©
outperforms all other methods in the comparison.

6 Conclusion
In this paper, we have proposed a method for designing ker-
nels for SVM learning in natural language settings. As a start-
ing point we took distance functions that have been used in
memory-based learning. The resulting kernel �ªö ¨�© achieves
high classification accuracy compared to other methods that
have been applied on the same data set. In our approach we
started from the vectors of the input space, defined a map-
ping on those vectors and worked out their inner product in
the feature space. All necesary kernel conditions follow nat-
urally from the definition of the inner product. We used the
distance formula for kernels to show that the kernels are ac-
tually based on the distance functions from Section 3. The
experimental results of the kernel � ö ¨�© show that increasing
the dimensionality in the feature space yields better results.
We increased the dimensionality of the feature space by mak-
ing combinations of the features

( ¨�© through a polynomial
kernel. In this way, we do not only take into account the sim-
ilarity between corresponding features of vectors, but we also
take into account the similarity between non-corresponding
features of the vectors. In fact this comes down to taking into
account, to a greater extend, the context in wich a word oc-
curs.

We used the resolvement of PP attachment ambiguities as a
case-study to validate our findings, but it is our belief that the
kernel � ö ¨�© can be used for a wide range of natural language
problems. In the future we will apply our kernels in more
complex natural language settings and compare the results to
other methods that have been applied on the same problems.
At the moment we are already running experiments on lan-
guage independent named-entity recognition [Sang, 2002].
The first results look promising, but it is too early to draw
any significant conclusions. We will also try to further ex-
tend the kernels proposed in this paper to achieve even higher
accuracies. Moreover, there are still many distance functions
reported in the literature that have not yet been investigated to
see whether they are applicable in SVM learning, we intend
to investigate such distance functions and if possible derive a
kernel from them.
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Abstract

We introduce a logical formalism of irreflexive
causal production relations that possesses both a
standard monotonic semantics, and a natural non-
monotonic semantics. The formalism is shown to
provide a complete characterization for the causal
reasoning behind causal theories from[McCain and
Turner, 1997]. It is shown also that any causal re-
lation is reducible to its Horn sub-relation with re-
spect to the nonmonotonic semantics. We describe
also a general correspondence between causal re-
lations and abductive systems, which shows, in ef-
fect, that causal relations allow to express abductive
reasoning. The results of the study seem to sug-
gest causal production relations as a viable general
framework for nonmonotonic reasoning.

1 Introduction
Causal theories have been introduced in[McCain and Turner,
1997] as a nonmonotonic formalism that provides a natural
solution for both the frame and ramification problem in rea-
soning about actions (see[Giunchigliaet al., 2001] for a de-
tailed exposition). A causal theory is a set of causal rules
A⇒B that express a kind of a causal relation among proposi-
tions. The nonmonotonic semantics of such theories is deter-
mined by causally explained interpretations, namely the in-
terpretations that are both closed with respect to the causal
rules and such that every fact holding in them is caused.

The above formalism has been defined semantically, and
the main aim of our study consists in laying down its log-
ical foundations. As we will show, such foundations can
be built in the framework of an inference system for causal
rules that we will callcausal production relations. The log-
ical origins of the latter are in input/output logics[Makinson
and der Torre, 2000], but we will supply them with a nat-
ural nonmonotonic semantics allowing to represent signifi-
cant parts of nonmonotonic reasoning. Thus, the main result
of the present study is that causal production relations com-
pletely characterize the inference rules for causal condition-
als that preserve the nonmonotonic semantics of causal theo-
ries. It will be shown also that any causal theory is reducible
with respect to this semantics to adeterminatecausal the-
ory that contain only Horn causal rules with literals in heads.

The importance of determinate theories lies in the fact that
(modulo some mild finiteness restrictions) the explained in-
terpretations of such a theory are precisely the interpretations
of its classicalcompletion(see[McCain and Turner, 1997]).
Consequently, the nonmonotonic consequences of such the-
ories are obtainable by the use of classical inference tools
(such as the Causal Calculator, described in[Giunchigliaet
al., 2001]).

Finally, we will describe a relationship between causal re-
lations and abductive reasoning. As we will see, the latter
will be representable via a special kind of causal relations
calledabductive causal relations. This will serve as yet an-
other justification for our general claim that causal produc-
tion relations could be used as a general-purpose formalism
for nonmonotonic reasoning, a viable alternative to other non-
monotonic formalisms (such as default logic).

2 Causal production relations
We will assume that our language is an ordinary proposi-
tional language with the classical connectives and constants
{∧,∨,¬,→, t, f}. In addition,² andTh will denote, respec-
tively, the classical entailment and the associated logical clo-
sure operator.

A causal ruleis a rule of the formA⇒B, whereA and
B are classical propositions. Informally, such a rule says
that, wheneverA holds,B is caused. The following defini-
tion describes an inference system for causal rules that will be
shown to be adequate (and complete) for causal theories. Ac-
tually, many of the postulates below (e.g., And and Or) have
already been suggested in the literature (see,[Lifschitz, 1997;
Schwind, 1999]).

Definition 2.1. A causal production relation(or simply a
causal relation) is a relation⇒ on the set of propositions sat-
isfying the following conditions:

(Strengthening) If A ² B andB⇒C, thenA⇒C;

(Weakening) If A⇒B andB ² C, thenA⇒C;

(And) If A⇒B andA⇒C, thenA⇒B ∧ C;

(Or) If A⇒C andB⇒C, thenA ∨B⇒C;

(Cut) If A⇒B andA ∧B⇒C, thenA⇒C;

(Truth) t⇒ t;

(Falsity) f ⇒ f .
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Though causal relations satisfy most of the rules for clas-
sical entailment, their distinctive feature is that they are ir-
reflexive, that is, they do not satisfy the postulateA⇒A. Ac-
tually, such relations correspond to a strongest kind ofinput-
output logicsfrom [Makinson and der Torre, 2000], basic
input-output logics with reusable output, with the only dis-
tinction that causal relations satisfy also Falsity. The latter
restricts the universe of discourse to consistent theories1.

As a consequence of Cut, any causal relation will already
be transitive, that is, it will satisfy

(Transitivity) If A⇒B andB⇒C, thenA⇒C.

However, transitivity is a weaker property than Cut, since
it does not imply the latter (see[Makinson and der Torre,
2000]). In addition, the material implications corresponding
to the causal rules can be used as auxiliary assumptions in
making derivations. This is a consequence of the following
property that holds for causal relations:

(AS) If A⇒B andC∧(A→B)⇒D, thenC⇒D.

Remark. The notion of a causal production sanctioned by
the above postulates isatemporal. For example, the rule
p∧q⇒¬q cannot be understood as saying thatp andq jointly
cause¬q (afterwards) in a temporal sense; instead, by Cut
and Falsity it impliesp ∧ q⇒ f , which means, in effect, that
p ∧ q cannot hold. Speaking generally, ‘causally consistent’
propositions cannot cause an effect incompatible with them.
A representation of temporal and action domains in this for-
malism can be achieved, however, by adding explicit tempo-
ral arguments to propositions, just as in the classical logic
(see[Giunchigliaet al., 2001]).

A constraint is a causal rule of the formA⇒ f . Such
constraints correspond to state constraints in action theories.
Now, any causal rule implies the corresponding constraint:

(Reduction) If A⇒B, thenA ∧ ¬B⇒ f .

Note, however, that the reverse entailment does not hold.
Actually, given the rest of the postulates, Reduction can re-
place the Cut postulate:

Lemma 2.1. Cut is equivalent to Reduction.

Another important fact about causal relations is the follow-
ing ‘decomposition’ of causal rules:

Lemma 2.2. Any causal ruleA⇒B is equivalent to a pair
of rulesA ∧ ¬B⇒ f andA ∧B⇒B.

Causal rules of the formA∧B⇒B are ‘classically trivial’,
but they play an important explanatory role in non-reflexive
causal reasoning. Namely, they say that, in any causally ex-
plained interpretation in whichA holds, we can freely accept
B, since it is self-explanatory in this context. Accordingly,
such rules could be calledconditional abducibles. We will
discuss the role of abducibles later as part of the general cor-
respondence between causal and abductive reasoning2.

1In fact, it has been shown in[Bochman, 2002] that other, weaker
input-output logics can also be given a semantics of the kind de-
scribed in what follows.

2Note also that, under the general correspondence between
causal inference and default logic (see[Turner, 1999]), such rules
correspond to normal defaults in default logic.

Now the above lemma says that any causal rule can be de-
composed into a (non-causal) constraint and a conditional ab-
ducible. This decomposition neatly delineates two kinds of
information conveyed by causal rules. One is a logical infor-
mation that constraints the set of admissible models, while the
other is an explanatory information describing what proposi-
tions are caused (explainable) in such models3.

For a finite setu of propositions,
∧

u will denote their con-
junction. We will extend causal rules to rules having arbitrary
sets of propositions as premises using the following ‘com-
pactness’ recipe: for any setu,

u⇒A ≡
∧

a⇒A, for some finitea ⊆ u.

For a given causal relation⇒, we will denote byC(u) the
set of propositions caused byu, that is

C(u) = {A | u⇒A}.
The operatorC will play much the same role as the usual

derivability operator for consequence relations. It satisfies the
following familiar properties:

If u ⊆ v, then C(u) ⊆ C(v)
C(C(u)) ⊆ C(u)

Still, C is not inclusive, that is,u ⊆ C(u) does not always
hold. Also, it is not idempotent, that is,C(C(u)) can be dis-
tinct fromC(u).

3 Monotonic semantics of causal inference
We will describe now a monotonic semantics for causal re-
lations. Actually, it will be just a slight modification of the
semantics given in[Turner, 1999].

A fully formal semantic interpretation of causal relations
could be given in terms of possible worlds frames of the form
(i,W ), wherei is a propositional interpretation, whileW
is a set of propositional interpretations that containsi (see
[Turner, 1999]). In order to make our descriptions more trans-
parent, however, we will identify such frames with pairs of
theories of the form(α, u), whereα is a world (maximal de-
ductively closed set), whileu is a deductively closed set in-
cluded inα. Such pairs will be calledbitheories. Clearly,
any possible worlds frame(i,W ) determines a certain bithe-
ory, and vice versa, so all our definitions will admit a purely
semantic reformulation.

By a causal semanticswe will mean a set of bitheories.
The corresponding notion of validity for causal rules is given
in the next definition.

Definition 3.1. • A causal ruleA⇒B holdsin a bitheory
(α, u) if eitherA /∈ α, or B ∈ u.

• A⇒B is valid with respect to a causal semanticsB if it
holds in all bitheories fromB.

We will denote by⇒B the set of all causal rules that are
valid in a causal semanticsB. It can be easily verified that this
set is closed with respect to the postulates for causal relations,
and hence we have

3Cf. a similar decomposition of causal rules in[Thielscher,
1997].
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Lemma 3.1. ⇒B is a causal production relation.
To prove completeness, for any causal relation⇒ we con-

sider itscanonical causal semanticsdefined as the setB⇒ of
all bitheories of the form(α, C(α)) such thatC(α) ⊆ α. Then
the following theorem shows that this semantics determines
precisely the source causal relation, including the causal rules
with arbitrary sets of premises. In other words, the source
causal relation isstrongly completefor this semantics.
Theorem 3.2. For any set of propositionsv,

v⇒A iff A ∈ u, for any(α, u) ∈ B⇒ such thatv ⊆ α.

Thus, any causal semantics determines a causal relation
and vice versa, any causal relation is generated by some
causal semantics. Hence we conclude with the following gen-
eral completeness result:
Corollary 3.3. A relation on propositions is a causal relation
iff it is generated by a causal semantics.

3.1 Possible worlds semantics
Causal relations can also be given a semantic interpretation in
terms of standard possible worlds models.

As usual, apossible worlds modelis a triple W =
(W,R, V ), whereW is a set of worlds,R is a binary acces-
sibility relation onW , while V is a function assigning each
world a propositional interpretation. Intuitively,αRβ means
that α andβ are, respectively, an initial state (input) and a
possible output state of a causal production based on a given
set of causal rules. A possible worlds model isquasi-reflexive
if its accessibility relation satisfies the condition:

If αRβ, thenαRα.
The following definition provides the notion of validity for

causal rules in such models:
Definition 3.2. A⇒B will be said to bevalid in a possible
worlds model(W,R) if, for any worldsα, β such thatαRβ,
if A holds inα, thenB holds inβ.

Then we have
Theorem 3.4. A relation is causal if and only if it is deter-
mined by a quasi-reflexive possible worlds model.

The above semantics immediately suggests a modal trans-
lation of causal rules (see[Turner, 1999]). Namely, the valid-
ity of A⇒B in a possible worlds model is equivalent to valid-
ity of the formulaA→¤B, where¤ is a standard modal op-
erator. Consequently, causal rules are representable by such
modal formulas.

4 The nonmonotonic semantics
In addition to the monotonic semantics, a causal relation de-
termines also a natural nonmonotonic semantics.

Recall that the canonical semantics of a causal relation⇒
is determined by all worldsα for which C(α)⊆α. These are
the worlds that are closed with respect to the causal rules of
⇒. Still, due to non-reflexivity of⇒, only some of them
are worlds in which any proposition is also caused by some
causal rule. These are the worldsα that are fixed points ofC,
that is, the worlds for whichα = C(α). In such worlds any
fact is causally explained. It is these worlds that determine
the nonmonotonic semantics, defined below.

Definition 4.1. A causally explained worldfor a causal rela-
tion⇒ is a worldα such thatα = C(α). Thenonmonotonic
semanticsof ⇒ is the set of all causally explained worlds.

Propositions that hold in all causally explained worlds are
considered as the nonmonotonic consequences determined by
the causal relation. This semantics is indeed nonmonotonic,
since the set of such consequences changes nonmonotonically
with changes in the underlying set of causal rules.

Now we will establish a correspondence between the above
semantics and the nonmonotonic semantics of causal theories
from [McCain and Turner, 1997].

A causal theoryis an arbitrary set of causal rules. Given
a causal theory∆ and a setu of propositions, we define the
following set:

∆(u) = {A | B⇒A ∈ ∆, for someB ∈ u}
According to [McCain and Turner, 1997], a world α is

causally explainedwith respect to∆ if it is the only world
containing∆(α). Or, equivalently, whenα = Th(∆(α)).

Now, causal relations can also be considered as (rather big)
causal theories. Moreover, it can be easily verified that for
the latter the above definition is equivalent to the definition
of causally explained worlds, given earlier. Note also that for
any causal theory∆ there exists a least causal relation that
includes∆. We will denote it by⇒∆. Actually,⇒∆ is the
set of all causal rules that can be derived from∆ using the
postulates for causal relations.

Let us introduce now the following definition:

Definition 4.2. Two causal theories will be called (non-
monotonically)equivalentif they determine the same set of
causally explained worlds.

As a first part of our general result, the next theorem shows
that the postulates of causal inference preserve the above non-
monotonic semantics.

Theorem 4.1.⇒∆ is equivalent to∆.

The above theorem shows, in effect, that the logic of
causal relations is adequate for the nonmonotonic reasoning
in causal theories.

Let us say that a causal rule isHorn one if it has the form
A⇒ l, wherel is a literal or the falsity constantf4. Our next
result will show that any causal theory is equivalent to a Horn
theory. But first one more distinction.

Definition 4.3. • A causal theory isdeterminateif it con-
tains only Horn rules. A causal relation will be called
determinateif it is generated by a determinate causal
theory.

• A causal theory∆ will be said to belocally finite if, for
any propositional atomp, there is only a finite number
of causal rules in∆ that containp in their heads.

• A causal theory will be calleddefiniteif it is determinate
and locally finite.

Clearly, any finite causal theory will be locally finite,
though not vice versa. Similarly, any finite determinate the-
ory will be definite. As can be easily verified, a determinate

4Thus, any constraintA⇒ f will be a Horn rule in this sense.
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causal theory is definite if and only if, for any literall, there
is no more than a finite number of rules with the headl. Con-
sequently, our definition of definite theories turns out to be
equivalent to that given in[McCain and Turner, 1997].

By a determinate subrelationof a causal relation⇒ we
will mean the least causal relation generated by the set of all
Horn rules from⇒. Then we have

Theorem 4.2. Any causal relation is nonmonotonically
equivalent to its determinate subrelation.

By Theorem 4.1 we can conclude now that any causal the-
ory is equivalent to some determinate theory.
Example.The causal theory

{p⇒ p,¬p⇒¬p,¬q⇒¬q, t⇒ p ∨ q}
has a single causally explained interpretation{p,¬q}. The
last rulet⇒ p ∨ q is not Horn, but it implies a constraint
¬(p ∨ q)⇒ f (by Reduction), and it can be verified that the
determinate causal theory obtained by replacing the rule with
this constraint will be equivalent to the original theory.

Actually, there is a simple algorithm of transforming any
causal theory∆ into an equivalent determinate theory∆d. It
consists in two steps:

1. For any causal ruleA⇒B from ∆, a constraintA ∧
¬B⇒ f is added to∆d;

2. If {Ai⇒Bi} is a (minimal) set of rules from∆ such
that

∧
Bi ² l, for some literall, then a rule

∧
Ai⇒ l is

added to∆d.

Then the following result can be proved:

Lemma 4.3. ∆ is equivalent to∆d.

Unfortunately, the above algorithm is not modular. More-
over, it does not preserve local finiteness: there are locally
finite causal theories such that their determinate counterparts
are not locally finite. Still, in many simple cases it gives a
convenient recipe for transforming an arbitrary causal theory
into an equivalent determinate theory.

Now we are going to show the second part of our main
result, namely that causal relations constitute a maximal logic
suitable for reasoning in causal theories. To begin with, we
introduce

Definition 4.4. Causal theories∆ andΓ arecausally equiv-
alent if ⇒∆ coincides with⇒Γ.

Two theories are causally equivalent if each can be ob-
tained from the other using the postulates of causal relations.
In other words, they are equivalent in the ‘causal logic’ asso-
ciated with the latter. For example, a theory{A ∨ B⇒C}
is causally equivalent to the theory{A⇒C, B⇒C} (by
Strengthening and Or). Speaking generally, any causal the-
ory is causally equivalent to a theory with rules of the form∧

li⇒
∨

lj , whereli, lj are literals.
Now, by Theorem 4.1, we immediately obtain

Corollary 4.4. Causally equivalent theories are nonmono-
tonically equivalent.

The reverse implication in the above corollary does not
hold, and a deep reason for this is that the causal equivalence

is a monotonic (logical) notion, and hence, unlike the non-
monotonic equivalence, it is preserved under addition of new
causal rules. For example, though any causal theory is equiv-
alent to a determinate one, they may give different results if
we add some causal rules to them.
Example. (continued) Let us add a rulet⇒¬p ∨ q both to
the causal theory in the preceding example, and to its deter-
minate counterpart. In the first case we obtain a theory which
impliest⇒ q (by And), and hence it will have two explained
interpretations{p, q} and{¬p, q}. For the reduced determi-
nate theory, however, the addition of this rule will give{p, q}
as the only explained interpretation.

What we need is a stronger, monotonic counterpart of the
notion of equivalence that would be preserved under addition
of new causal rules. This immediately suggests the following
definition.

Definition 4.5. Two causal theories∆ andΓ will be said to
bestrongly equivalentif, for any setΦ of causal rules,∆∪Φ
is nonmonotonically equivalent toΓ ∪ Φ.

Strongly equivalent theories are ‘equivalent forever’, that
is, they are interchangeable in any larger causal theory with-
out changing the nonmonotonic semantics. Consequently,
strong equivalence can be seen as an equivalence with respect
to the monotonic logic of causal theories. And the next result
shows that this logic is precisely the logic of causal relations.

Theorem 4.5. Two causal theories are strongly equivalent if
and only if they are causally equivalent.

The above result (and its proof) has the same pattern as
the corresponding results about strong equivalence of logic
programs and default theories (see[Lifschitz et al., 2001;
Turner, 2001]).

The above result implies, in effect, that causal relations are
maximal inference relations that are adequate for reasoning
with causal theories: any postulate that is not valid for causal
relations can be ‘falsified’ by finding a suitable extension of
two causal theories that would determine different causally
explained interpretations, and hence would produce different
nonmonotonic conclusions.

5 Causation versus abduction
Causal inference has numerous connections with other non-
monotonic formalisms. Thus,[Turner, 1999] describes the re-
lations with circumscription, autoepistemic and default logic.
In this section we will describe a correspondence between
causal inference and abductive reasoning. In addition to spe-
cific results, this will give us a broader perspective on the
representation capabilities of causal relations.

A generalabductive frameworkcan be defined as a pair
A = (Cn,A), whereCn is a supraclassical consequence
relation, whileA is a distinguished set ofabducibles. A
propositionA is explainablein an abductive frameworkA
if there exists a consistent set of abduciblesa ⊆ A such that
A ∈ Cn(a).

A general correspondence between abductive frameworks
and input-output logics has been established in[Bochman,
2002], based on the identification between the above notion
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of explainability and input-output derivability. By this corre-
spondence, abducibles are representable by ‘reflexive’ propo-
sitions satisfying input-output rulesA⇒A, while abductive
frameworks themselves correspond exactly to input-output
logics satisfying an additional postulate of Abduction (see
below). By these results, input-output logics allow to give
a syntax-independent representation of abductive reasoning.

5.1 The abductive subrelation
We will begin with the following definitions:

Definition 5.1. • A proposition A is an abducible in a
causal relation⇒ if A⇒A;

• A causal relation isabductiveif it satisfies

(Abduction) If A⇒B, thenA⇒C⇒B, for some ab-
ducibleC.

Causal inference in abductive causal relations is always
mediated by abducibles. Consequently, propositions caused
by worlds are caused, in effect, by the abducibles that hold in
these worlds:

C(α) = C(α ∩ A),
whereA is the set of abducibles. As we mentioned, abduc-
tive causal relations correspond to a certain class of abductive
systems. Moreover, it has been shown in[Bochman, 2002]
that the nonmonotonic semantics of such causal relations de-
scribes, in effect, theexplanatory closure, or completion, in
associated abductive frameworks (see[Consoleet al., 1991]).

It turns out that any causal relation⇒ includes a greatest
abductive subrelation. The latter can be defined as follows:

A⇒a B ≡ (∃C)(A⇒C⇒C⇒B)

Theorem 5.1. If ⇒ is a causal relation, then⇒a is the great-
est abductive causal relation included in⇒.

The abductive subrelation of a causal relation preserves
many properties of the latter. For example, both have the
same constraints and abducibles.

Recall that in causally explained interpretations any propo-
sition is caused by other propositions, the latter are also
caused by accepted propositions, and so on. Clearly, if our
‘causal resources’ are limited, such a causal chain should stop
somewhere. More exactly, it should reach abducible (self-
explanatory) propositions. This indicates that in many cases
the nonmonotonic semantics associated with a causal theory
should be determined by the corresponding abductive subre-
lation. Below we will make this claim precise.

Definition 5.2. A causal relation will be calledweakly ab-
ductiveif it is nonmonotonically equivalent to its abductive
subrelation.

The next definition will give us an important sufficient con-
dition for weak abductivity.

Definition 5.3. A causal relation⇒ is well-foundedif any
infinite sequence{A0, A1, A2, . . . } of propositions such that
An+1⇒An, for everyn ≥ 0, contains an abducible.

The above definition describes a variant of a standard
notion of well-foundedness with respect to the (transitive)
causal order. It should be clear that any causal relation in

a finite language should be well-founded. Moreover, let us
say that a causal relation isfinitary if it is generated by some
finite set of causal rules. Then we have

Lemma 5.2. Any finitary causal relation is well-founded.

Finally, the next result shows that all such causal relations
will be weakly abductive.

Theorem 5.3. Any well-founded causal relation is weakly
abductive.

It turns out that well-foundedness is not the only condi-
tion that is sufficient for weak abductivity. Thus, adequately
acyclic causal theories (see[McCain and Turner, 1998] for
a definition) are not in general well-founded, but they also
satisfy this property.

Theorem 5.4. Any adequately acyclic causal relation is
weakly abductive.

The above results show that in many cases of interest, the
nonmonotonic semantics of causal theories can also be com-
puted using abduction. Still, as a general conclusion, we can
say that causal inference constitutes a proper generalization
of abductive reasoning beyond the situations where facts are
explainable by reference to a fixed set of self-explanatory ab-
ducibles.

6 Conclusions and perspectives
Summing up the main results, we can argue that causal rela-
tions constitute a powerful formalism for nonmonotonic rea-
soning, especially suitable for representing action domains. It
has been shown, in particular, that it gives an exact descrip-
tion of the logic underlying causal theories. We have seen
also that it allows to give a syntax-independent representa-
tion of abductive reasoning. If we add to this also the natural
correspondences with other nonmonotonic formalisms, such
as default logic and circumscription (see[Turner, 1999]), we
can safely conclude that causal inference covers a significant
part of nonmonotonic reasoning.

Viewed from this perspective, there is still much to be done
in order to realize the opportunities created by the formalism.
There are two kinds of problems that need to resolved in this
respect.

The nonmonotonic semantics for causal theories is based
on the principle of universal causation which is obviously
very strong. The principle implies, for example, that if we
have no causal rules for a certain proposition, it should be
false in all explainable interpretations. As a result, adding
a new propositional atom to the language makes any causal
theory inconsistent, since we have no causal rules for it. This
makes causal theories extremely sensitive to the underlying
language in which they are formulated. One way out has
been suggested in[Lifschitz, 1997]; it amounts to restricting
the principle of universal causation to a particular subset of
explainablepropositions. This approach, however, is purely
syntactical and hence retains language dependence.

More subtle, yet perceptible difficulties arise also in rep-
resenting indeterminate situations in causal theories. Thus,
since any causal theory is reducible to a determinate theory,
causal rules with disjunctive heads are ignored in the non-
monotonic semantics; more exactly, they are informative only
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to the extent that they imply corresponding non-causal con-
straints or Horn rules. This does not mean, however, that
we cannot represent indeterminate information in causal the-
ories. Actually, one of the main contributions of[McCain
and Turner, 1997] consisted in showing how we can do this
quite naturally in common cases (see also[Lin, 1996]). Still,
there is yet no systematic understanding whether and how an
indeterminate information can be represented by Horn causal
rules.

A more general problem concerns the role and place of
causal inference in general nonmonotonic reasoning. Though
the former covers many areas of nonmonotonic reasoning,
it does not cover them all. Thus, it does not seem suitable
for solving the qualification problem in representing actions.
Speaking generally, causal reasoning appears to be indepen-
dent of the kind of nonmonotonicity described by preferential
inference from[Krauset al., 1990]. This naturally suggests
that the two kinds of nonmonotonic reasoning with condition-
als could be combined into a single formalism, a grand uni-
form theory of nonmonotonic reasoning. Actually, this idea
is not new; it has been explored more than ten years ago in
[Geffner, 1992]. It remains to be seen whether current stud-
ies of causal reasoning can contribute to viability of such a
general theory.
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Abstract

Causality is typically treated an all-or-nothing con-
cept; either

�
is a cause of � or it is not. We extend

the definition of causality introduced by Halpern
and Pearl 2001a to take into account the degreeof
responsibilityof

�
for � . For example, if someone

wins an election 11–0, then each person who votes
for him is less responsible for the victory than if he
had won 6–5. We then define a notion of degree
of blame, which takes into account an agent’s epis-
temic state. Roughly speaking, the degree of blame
of
�

for � is the expected degree of responsibil-
ity of
�

for � , taken over the epistemic state of an
agent.

1 Introduction
There have been many attempts to define causalitygoing back
to Hume 1739, and continuing to the present (see, for exam-
ple, [Collins etal., 2003; Pearl, 2000] for some recent work).
While many definitions of causality have been proposed, all
of them treat causality is treated as an all-or-nothing concept.
That is,

�
is either a cause of � or it is not. As a consequence,

thinking only in terms of causality does not at times allow us
to make distinctions that we may want to make. For example,
suppose that Mr. B wins an election against Mr. G by a vote
of 11–0. Each of the people who voted for Mr. B is a cause of
him winning. However, it seems that their degree of respon-
sibility should not be as great as in the case when Mr. B wins
6–5.

In this paper, we present a definition of responsibility that
takes this distinction into account. The definition is an ex-
tension of a definition of causality introduced by Halpern and
Pearl 2001a. Like many other definitions of causality going
back to Hume 1739, this definition is based on counterfactual
dependence. Roughly speaking,

�
is a cause of � if, had�

not happened (this is the counterfactual condition, since
�

did in fact happen) then � would not have happened. As is
well known, this naive definition does not capture all the sub-
tleties involved with causality. In the case of the 6–5 vote, it
�
Supported in part by NSF under grant CTC-0208535 and by

the DoD Multidisciplinary University Research Initiative (MURI)
program administered by ONR under grant N00014-01-1-0795.

is clear that, according to this definition, each of the voters
for Mr. B is a cause of him winning, since if they had voted
against Mr. B, he would have lost. On the other hand, in the
case of the 11-0 vote, there are no causes according to the
naive counterfactual definition. A change of one vote does
not makes no difference. Indeed, in this case, we do say in
natural language that the cause is somewhat “diffuse”.

While in this case the standard counterfactual definition
may not seem quite so problematic, the following example
(taken from [Hall, 2003]) shows that things can be even more
subtle. Suppose that Suzy and Billy both pick up rocks and
throw them at a bottle. Suzy’s rock gets there first, shattering
the bottle. Since both throws are perfectly accurate, Billy’s
would have shattered the bottle had Suzy not thrown. Thus,
according to the naive counterfactual definition, Suzy’s throw
is not a cause of the bottle shattering. This certainly seems
counter to intuition.

Both problems are dealt with the same way in [Halpern and
Pearl, 2001a]. Roughly speaking, the idea is that

�
is a cause

of � if � counterfactually depends on � under somecon-
tingency. For example, voter 1 is a cause of Mr. B winning
even if the vote is 11–0 because, under the contingency that
5 of the other voters had voted for Mr. G instead, voter 1’s
vote would have become critical; if he had then changed his
vote, Mr. B would not have won. Similarly, Suzy’s throw is
the cause of the bottle shattering because the bottle shattering
counterfactually depends on Suzy’s throw, under the contin-
gency that Billy doesn’t throw. (There are further subtleties
in the definition that guarantee that, if things are modeled ap-
propriately, Billy’s throw is not a cause. These are discussed
in Section 2.)

It is precisely this consideration of contingencies that lets
us define degree of responsibility. We take the degree of re-
sponsibility of

�
for � to be ���	��

����� , where 
 is the

minimal number of changes that have to be made to obtain a
contingency where � counterfactually depends on

�
. (If
�

is not a cause of � , then the degree of responsibility is 0.) In
particular, this means that in the case of the 11–0 vote, the de-
gree of responsibility of any voter for the victory is ����� , since
5 changes have to be made before a vote is critical. If the vote
were 1001–0, the degree of responsibility of any voter would
be ��������� . On the other hand, if the vote is 5–4, then the
degree of responsibility of each voter for Mr. B for Mr. B’s
victory is 1; each voter is critical. As we would expect, those
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voters who voted for Mr. G have degree of responsibility 0
for Mr
�

. B’s victory, since they are not causes of the victory.
Finally, in the case of Suzy and Billy, even though Suzy is
the only cause of the bottle shattering, Suzy’s degree of re-
sponsibility is ����� , while Billy’s is 0. Thus, the degree of
responsibility measures to some extent whether or not there
are other potential causes.

When determining responsibility, it is assumed that every-
thing relevant about the facts of the world and how the world
works (which we characterize in terms of what are called
structural equations) is known. For example, when saying
that voter 1 has degree of responsibility ����� for Mr. B’s win
when the vote is 11–0, we assume that the vote and the pro-
cedure for determining a winner (majority wins) is known.
There is no uncertainty about this. Just as with causality, there
is no difficulty in talking about the probability that someone
has a certain degree of responsibility by putting a probability
distribution on the way the world could be and how it works.
But this misses out on important component of determining
what we call here blame: the epistemic state. Consider a doc-
tor who treats a patient with a particular drug resulting in the
patient’s death. The doctor’s treatment is a cause of the pa-
tient’s death; indeed, the doctor may well bear degree of re-
sponsibility 1 for the death. However, if the doctor had no
idea that the treatment had adverse side effects for people
with high blood pressure, he should perhaps not be held to
blame for the death. Actually, in legal arguments, it may not
be so relevant what the doctor actually did or did not know,
but what he shouldhaveknown. Thus, rather than considering
the doctor’s actual epistemic state, it may be more important
to consider what his epistemic state should have been. But,
in any case, if we are trying to determine whether the doctor
is to blame for the patient’s death, we must take into account
the doctor’s epistemic state.

We present a definition of blame that considers whether
agent � performing action � is to blame for an outcome � .
The definition is relative to an epistemic state for � , which is
taken, roughly speaking, to be a set of situations before ac-
tion � is performed, together with a probability on them. The
degree of blame is then essentially the expected degree of re-
sponsibility of action � for � (except that we ignore situations
where � was already true or � was already performed). To
understand the difference between responsibility and blame,
suppose that there is a firing squad consisting of ten excel-
lent marksmen. Only one of them has live bullets in his rifle;
the rest have blanks. The marksmen do not know which of
them has the live bullets. The marksmen shoot at the prisoner
and he dies. The only marksman that is the cause of the pris-
oner’s death is the one with the live bullets. That marksman
has degree of responsibility 1 for the death; all the rest have
degree of responsibility 0. However, each of the marksmen
has degree of blame ���	��� .1

While we believe that our definitions of responsibility and
blame are reasonable, they certainly do not capture all the
connotations of these words as used in the literature. In the
philosophy literature, papers on responsibility typically are
concerned with moral responsibility(see, for example, [Zim-

1We thank Tim Williamson for this example.

merman, 1988]). Our definitions, by design, do not take
into account intentions or possible alternative actions, both
of which seem necessary in dealing with moral issues. For
example, there is no question that Truman was in part respon-
sible and to blame for the deaths resulting from dropping the
atom bombs on Hiroshima and Nagasaki. However, to decide
whether this is a morally reprehensible act, it is also necessary
to consider the alternative actions he could have performed,
and their possible outcomes. While our definitions do not di-
rectly address these moral issues, we believe that they may be
helpful in elucidating them.

The rest of this paper is organized as follows. In Sec-
tion 2 we review the basic definitions of causal models based
on structural equations, which are the basis for our defi-
nitions of responsibility and blame. In Section 3, we re-
view the definition of causality from [Halpern and Pearl,
2001a], and show how it can be modified to give a defi-
nition of responsibility. In Section 3.3, we give our def-
inition of blame. In Section 4, we discuss the com-
plexity of computing responsibility and blame. Proofs of
the theorems can be found in the full paper, available at
http://www.cs.cornell.edu/home/halpern/papers/blame.ps.

2 Causal Models: A Review
In this section, we review the details of the definitions of
causal models from [Halpern and Pearl, 2001a].

A signature is a tuple � � !#"%$'&($')+* , where " is a fi-
nite set of exogenousvariables, & is a set of endogenous
variables, and the function ) ,-"/.0&21 3 associates
with every variable 4657"7.+& a nonempty set )8��4-� of
possible values for 4 from the range 3 . Intuitively, the
exogenous variables are ones whose values are determined
by factors outside the model, while the endogenous vari-
ables are ones whose values are ultimately determined by
the exogenous variables. A causal model over signature
� is a tuple 9 �:!#�;$�<=* , where < associates with ev-
ery endogenous variable > 5?& a function @BA such that
@BA
,C�EDGFIHEJK)8��LM�NDO��DGP HEQSR�TUA(V )8�W4X�'�Y�M1Z)8�[>\� . That
is, @ A describes how the value of the endogenous variable >
is determined by the values of all other variables in "].^& .
If the range 3 contains only two values, we say that 9 is a
binary causalmodel.

We can describe (some salient features of) a causal model
9 using a causalnetwork. This is a graph with nodes cor-
responding to the random variables in & and an edge from a
node labeled > to one labeled 4 if @ P depends on the value
of > . Intuitively, variables can have a causal effect only on
their descendants in the causal network; if 4 is not a descen-
dant of > , then a change in the value of > has no affect on
the value of 4 . For ease of exposition, we restrict attention
to what are called recursivemodels. These are ones whose
associated causal network is a directed acyclic graph (that is,
a graph that has no cycle of edges). Actually, it suffices for
our purposes that, for each setting _` for the variables in L ,
there is no cycle among the edges of causal network. We call
a setting _` for the variables in L a context. It should be clear
that if 9 is a recursive causal model, then there is always a
unique solution to the equations in 9 , given a context.
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The equations determined by a�@ A ,M> 5b&dc can be
thoughte of as representing processes (or mechanisms) by
which values are assigned to variables. For example, if
@BA-��4f$�gh$�LM�i� 4?�jL (which we usually write as > �
4j�\L ), then if 4k�ml and L/�m� , then >6�n� , regardless
of how g is set. This equation also gives counterfactual in-
formation. It says that, in the context Lo�7p , if 4 were p ,
then > would be ` �0p , regardless of what value > , 4 , and
g actually take in the real world.

While the equations for a given problem are typically ob-
vious, the choice of variables may not be. For example, con-
sider the rock-throwing example from the introduction. In
this case, a naive model might have an exogenous variable
L that encapsulates whatever background factors cause Suzy
and Billy to decide to throw the rock (the details of L do not
matter, since we are interested only in the context where L ’s
value is such that both Suzy and Billy throw), a variable q�r
for Suzy throws ( q�r7�j� if Suzy throws, and q�rs�t� if she
doesn’t), a variable �ur for Billy throws, and a variable �Mq
for bottle shatters. In the naive model, whose graph is given
in Figure 1, �vq is 1 if one of q�r and �ur is 1. (Note that the
graph omits the exogenous variable L , since it plays no role.
In the graph, there is an arrow from variable > to variable 4
if the value of 4 depends on the value of > .)

ST

BT

BS

Figure 1: A naive model for the rock-throwing example.

This causal model does not distinguish between Suzy and
Billy’s rocks hitting the bottle simultaneously and Suzy’s
rock hitting first. A more sophisticated model might also in-
clude variables qIw and �Mw , for Suzy’s rock hits the bottle
and Billy’s rock hits the bottle. Clearly �vq is 1 iff one of
�vw and �ur is 1. However, now, qxw is 1 if qBr is 1, and
�vwy�z� if �Mwy��� and qIw{�|� . Thus, Billy’s throw hits
if Billy throws andSuzy’s rock doesn’t hit. This model is de-
scribed by the following graph, where we implicitly assume a
context where Suzy throws first, so there is an edge from qIw
to �vw , but not one in the other direction.

ST

BT

BS

SH

BH

Figure 2: A better model for the rock-throwing example.

Given a causal model 9 � �[�N$'<=� , a (possibly empty)
vector _> of variables in & , and vectors _} and _` of values
for the variables in _> and " , respectively, we can define a
new causal model denoted 9k~Ax� ~� over the signature ��~A �
�["%$'&�� _>�$�)+� Q�� ~A � . Formally, 9 ~A � ~� ���[� ~A $�< ~Ah� ~� � ,
where @ ~A � ~�P is obtained from @ P by setting the values of

the variables in _> to _} . Intuitively, this is the causal model
that results when the variables in _> are set to _} by some ex-
ternal action that affects only the variables in _> ; we do not
model the action or its causes explicitly. For example, if 9 is
the more sophisticated model for the rock-throwing example,
then 9O�E���%� is the model where Suzy doesn’t throw.

Given a signature ���b�["%$�&d$�)8� , a formula of the form
>�� } , for >�5z� and } 5m)8��>\� , is called a primitive
event. A basic causal formula is one of the form ��4��\�� ��$�������$�4��-� � �E��� , where
� � is a Boolean combination of primitive events;
� 4B��$�������$�4�� are distinct variables in & ; and
�=��� 5�)8��4 � � .

Such a formula is abbreviated as � _4Z� _� ��� . The special
case where �m��� is abbreviated as � . Intuitively, � 4B�+�� ��$�������$�4��¡� � �E��� says that � holds in the counterfactual
world that would arise if 4 � is set to � � , ¢u�m��$�������$�� . A causal
formula is a Boolean combination of basic causal formulas.

A causal formula � is true or false in a causal model, given
a context. We write �W9¡$£_` �¤� �j� if � is true in causal model
9 given context _` . �W9¡$	_` �C� �¥� _4?�¦_� �U�[>§� } � if the vari-
able > has value } in the unique (since we are dealing with
recursive models) solution to the equations in 9 ~P � ~¨ in con-
text _` (that is, the unique vector of values for the exogenous

variables that simultaneously satisfies all equations @ ~P � ~¨© ,
gª5«&\� _4 , with the variables in " set to _` ). We extend the
definition to arbitrary causal formulas in the obvious way.

3 Causality and Responsibility
3.1 Causality
We start with the definition of cause from [Halpern and Pearl,
2001a].

Definition 3.1 We saythat _>¬�?_} is a cause of � in ��9¡$£_` �
if thefollowing threeconditionshold:

AC1. �W9¡$£_` �G� �m� _>­�]_} ��®¯� .
AC2. There exist a partition � _g;$ _° � of & with _>6± _g and

somesetting ��_}³² $G_´;² � of the variables in � _>�$ _° � such
that if �W9¡$£_` �G� �µgn�n¶�· for gn5 _g , then

(a) ��9¡$£_` �x� �j� _> �Z_}³² $ _° �¸_´;² �U¹G� . That is, chang-
ing � _>�$ _° � from ��_} $G_´ � to ��_} ² $G_´ ² � changes � from
true to false.

(b) ��9¡$£_` �d� �º� _>¦�»_} $ _° � _´;² $ _g ² � _¶ · ��� for all
subsets _g ² of _g . That is, setting _° to _´;² should
haveno effecton � as long as _> hasthe value _} ,
evenif all thevariablesin an arbitrary subsetof _g
aresetto their original valuesin thecontext _` .

AC3. � _>2�b_} � is minimal, that is, no subsetof _> satisfies
AC2.

AC1 just says that
�

cannot be a cause of � unless both
�

and � are true, while AC3 is a minimality condition to pre-
vent, for example, Suzy throwing the rock and sneezing from
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being a cause of the bottle shattering. Eiter and Lukasiewicz
2002b¼ showed that one consequence of AC3 is that causes can
always be taken to be single conjuncts. Thus, from here on in,
we talk about >y� } being the cause of � , rather than _>y�]_}
being the cause. The core of this definition lies in AC2. Infor-
mally, the variables in _g should be thought of as describing
the “active causal process” from > to � . These are the vari-
ables that mediate between > and � . AC2(a) is reminiscent
of the traditional counterfactual criterion, according to which
>½� } is a cause of � if change the value of > results in
� being false. However, AC2(a) is more permissive than the
traditional criterion; it allows the dependence of � on > to
be tested under special structural contingencies, in which the
variables _° are held constant at some setting _´;² . AC2(b) is
an attempt to counteract the “permissiveness” of AC2(a) with
regard to structural contingencies. Essentially, it ensures that
> alone suffices to bring about the change from � to ¹G� ; set-
ting _° to _´ ² merely eliminates spurious side effects that tend
to mask the action of > .

To understand the role of AC2(b), consider the rock-
throwing example again. In the model in Figure 1, it is
easy to see that both Suzy and Billy are causes of the bot-
tle shattering. Taking _gª�ªa ST$��Mqxc , consider the structural
contingency where Billy doesn’t throw (BT �¾� ). Clearly
� ST � �S$ BT � �����vqn�m� and � ST �¿��$ BT � �£�À�Mq|�z�
both hold, so Suzy is a cause of the bottle shattering. A sym-
metric argument shows that Billy is also the cause.

But now consider the model described in Figure 2. It is
still the case that Suzy is a cause in this model. We can
take _gz�7a ST$ SH$��vqxc and again consider the contingency
where Billy doesn’t throw. However, Billy is not a cause of
the bottle shattering. For suppose that we now take _g§�
a BT$ BH$��vqxc and consider the contingency where Suzy
doesn’t throw. Clearly AC2(a) holds, since if Billy doesn’t
throw (under this contingency), then the bottle doesn’t shat-
ter. However, AC2(b) does not hold. Since BH 5 _g , if we
set BH to 0 (it’s original value), then AC2(b) requires that
� BT � ��$ ST �Á�S$ BH �Â�£�U���vq��­�£� hold, but it does
not. Similar arguments show that no other choice of � _g;$ _° �
makes Billy’s throw a cause.

3.2 Responsibility
The definition of responsibility in causal models extends the
definition of causality.

Definition 3.2 Thedegree of responsibility of >¿� } for �
in ��9¡$£_` � , denoteddr �Y�W9¡$£_` ��$E��>»� } ��$��I� , is � if >Á� }
is not a causeof � in �W9¡$	_` � ; it is �����W�X�µ��� if >¿� } is a
causeof � in ��9¡$£_` � andthere existsa partition � _g($ _° � and
setting � } ² $G_´ ² � for which AC2holdssuch that (a) � variables
in _° havedifferent valuesin _´(² than they do in the context
_` and(b) there is no partition � _g ² $ _° ² � andsetting � }�² ² $G_´;² ² �
satisfyingAC2 such thatonly � ²ÄÃ � variableshavedifferent
valuesin _´;² ² thanthey do thecontext _` .

Intuitively, dr �'�W9¡$	_` ��$E�[>¬� } �W$��Å� measures the minimal
number of changes that have to be made in _` in order to
make � counterfactually depend on > . If no partition of & to

� _g($ _° � makes � counterfactually depend on �[>6� } � , then
the minimal number of changes in _` in Definition 3.2 is taken
to have cardinality Æ , and thus the degree of responsibility
of > � } is � . If � counterfactually depends on >y� } , that
is, changing the value of > alone falsifies � in ��9¡$£_` � , then
the degree of responsibility of >­� } in � is � . In other cases
the degree of responsibility is strictly between � and � . Note
that >¬� } is a causeof � iff the degree of responsibility of
>y� } for � is greater than 0.

Example 3.3 Consider the voting example from the intro-
duction. Suppose there are 11 voters. Voter ¢ is represented
by a variable > � , ¢-�k��$�������$Ç��� ; the outcome is represented
by the variable È , which is � if Mr. B wins and � if Mr. B
wins. In the context where Mr. B wins 11–0, it is easy to
check that each voter is a cause of the victory (that is > � �|�
is a cause of È¥�m� , for ¢N�j��$�������$Ç��� ). However, the degree
of responsibility of > � �¥� for is È7�¥� is just ����� , since at
least five other voters must change their votes before chang-
ing > � to 0 results in È��ª� . But now consider the context
where Mr. B wins 6–5. Again, each voter who votes for Mr. B
is a cause of him winning. However, now each of these voters
have degree of responsibility 1. That is, if > � �]� , changing
> � to 0 is already enough to make È¥�t� ; no other variables
need to change.

Example 3.4 It is easy to see that Suzy’s throw has degree of
responsibility ����� for the bottle shattering both in the naive
model described in Figure 1 and the “better” model of Fig-
ure 2 in the context where both Suzy and Billy throw. In both
cases, we must consider the contingency where Billy does
not throw. Although Suzy is the only cause of the bottle shat-
tering in the latter model, her degree of responsibility is still
only ����� , since the bottle would have shattered even if she
hadn’t thrown. This is a subtlety not captured by the notion
of causality.

Interestingly, in a companion paper [Chockler etal., 2003]
we apply our notion of responsibility to program verification.
The idea is to determine the degree of responsibility of the
setting of each state for the satisfaction of a specification in a
given system. For example, given a specification of the formÉCÊ

(eventually
Ê

is true), if
Ê

is true in only one state of the
verified system, then that state has degree of responsibility 1
for the specification. On the other hand, if

Ê
is true in three

states, each state only has degree of responsibility ����l . Expe-
rience has shown that if there are many states with low degree
of responsibility for a specification, then either the specifica-
tion is incomplete (perhaps

Ê
really did have to happen three

times, in which case the specification should have said so), or
there is a problem with the system generated by the program,
since it has redundant states.

The degree of responsibility can also be used to provide
a measure of the degree of fault-tolerance in a system. If a
component is critical to an outcome, it will have degree of
responsibility 1. To ensure fault tolerance, we need to make
sure that no component has a high degree of responsibility
for an outcome. Going back to the example of

ÉuÊ
, the degree

of responsibility of ����l for a state means that the system is
robust to the simultaneous failures of at most two states.
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3.3 Blame
The definitions of both causality and responsibility assume
that the context and the structural equations are given; there
is no uncertainty. We are often interested in assigning a de-
gree of blameto an action. This assignment depends on the
epistemic state of the agent before the action was performed.
Intuitively, if the agent had no reason to believe that his action
would result in a certain outcome, then he is not to blame for
the outcome (even if in fact his action caused the outcome).

To deal with the fact that we are considering two points
in time—before the action was performed and after—we add
superscripts to variables. We use a superscript 0 to denote the
value of the random variable before the action was performed
and the superscript 1 to denote the value of the random vari-
able after. Thus, 4 � �o� denotes that the random variable
4 has value 1 before the action is performed, while 4 � �n�
denotes that it had value 1 afterwards. If � is a Boolean com-
bination of (unsuperscripted) random variables, we use � �
and � � to denote the value of � before and after the action is
performed, respectively.

There are two significant sources of uncertainty for an
agent who is contemplating performing an action:
� what the true situation is; for example, a doctor may be

uncertain about whether a patient has high blood pres-
sure.
� how the world works; for example, a doctor may be un-

certain about the side effects of a given medication.

In our framework, the “true situation” is determined by
the context and “how the world works” is determined by the
structural equations. Thus, we model an agent’s uncertainty
by a pair �[ËÌ$'ÍhÎÇ� , where Ë is a set of pairs of the form �W9¡$	_` � ,
where 9 is a causal model and _` is a context, and ÍhÎ is
a probability distribution over Ë . Following [Halpern and
Pearl, 2001b], who used such epistemic states in the defini-
tion of explanation, we call a pair ��9¡$£_` � a situation.

Roughly speaking, the degree of blame that setting > to} has for � is the expected degree of responsibility of >¦�} for � , taken over the situations �W9 A � ��Ï ~P � ~¨ $£_` � , where

�W9¡$	_` $ _4¾�»_� �d5�Ë . Our actual definition of blame is just
this definition, except that, when computing the expectation,
we do not count situations in Ë where � was already true or
> was already } . To understand why, suppose that we are
trying to compute the degree of blame of Suzy’s throwing the
rock for the bottle shattering. Assume that we are interested
in a period in a bottle in the period between time 0 and time 1,
and the bottle was actually shattered at time 1. We certainly
don’t want to say that Suzy’s throw was to blame if Suzy
didn’t throw between time 0 and time 1 or if the bottle was
already shattered at time 0. So suppose that Suzy does in fact
throw between time 0 and time 1, and at time 0, she considers
the following four situations to be equally likely:
� ��9O��$£_` ��� , where the bottle was already shattered before

Suzy’s throw;
� ��9iÐ�$£_` Ð�� , where the bottle was whole before Suzy’s

throw, and Suzy and Billy both hit the bottle simulta-
neously (as described in the model in Figure 1);

� ��9iÑ�$£_` Ñ�� , where the bottle was whole before Suzy’s
throw, and Suzy’s throw hit before Billy’s throw (as de-
scribed in the model in Figure 2); and
� ��9iÒ�$£_` Ò�� , where the bottle was whole before Suzy’s

throw, and Billy did not throw.

To compute the degree of blame assigned to Suzy’s throwing
the rock for the bottle shattering, we ignore �W9¡$	_` � � , because
the bottle is already shattered in ��9¡$£_` ��� before Suzy’s ac-
tion. The degree of responsibility of Suzy’s throw for the
bottle shattering is ����� in �W9iÐ£$£_` Ð	� and ��9 Ñ $	_` Ñ � , and is �
in �W9 Ò $£_` Ò � . It is easy to see that the degree of blame is�ÒvÓ �Ð � �Ò-Ó �Ð � �ÒvÓ �(� �Ð .
Definition 3.5 Thedegree of blame of setting > to } for �
relative to epistemic state �#ËÌ$'ÍxÎ�� , denoteddb �#ËX$YÍxÎE$W>:�} $��I� , is TÕÔ�Ö Ï ~×�Ø HEÙhÚWÔ Ö Ï ~×�ØYÛ Ü A¤Ý�ÞÜ«��ß�àSá Ý�V dr �'�W9¡$	_` ��$W> � �} $�� � �ÇÍhÎE�Y�W9¡$£_` �'� .
Example 3.6 Consider again the example of the firing squad
with ten excellent marksmen. Suppose that marksman 1
knows that exactly one marksman has a live bullet in his rifle.
Thus, he considers 10 situations possible, depending on who
has the bullet. Let

Ê � be his prior probability that marksman
¢ has the live bullet. Then the degree of blame of his shot for
the death is

Ê � . The degree of responsibility is either 1 or 0,
depending on whether or not he actually had the live bullet.
Thus, it is possible for the degree of responsibility to be 1 and
the degree of blame to be 0 (if he ascribes probability 0 to his
having the live bullet, when in fact he does), and it is possi-
ble for the degree of responsibility to be 0 and the degree of
blame to be 1 (if he mistakenly ascribes probability 1 to his
having the bullet when he in fact does not).

Example 3.7 The previous example suggests that both de-
gree of blame and degree of responsibility may be relevant in
a legal setting. Another issue that is relevant in legal settings
is whether to consider actual epistemic state or to consider
what the epistemic state should have been. The former is rel-
evant when considering intent. To see the relevance of the
latter, consider a patient who dies as a result of being treated
by a doctor with a particular drug. Assume that the patient
died due to the drug’s adverse side effects on people with
high blood pressure and, for simplicity, that this was the only
cause of death. Suppose that the doctor was not aware of the
drug’s adverse side effects. (Formally, this means that he does
not consider possible a situation with a causal model where
taking the drug causes death.) Then, relative to the doctor’s
actual epistemic state, the doctor’s degree of blame will be
0. However, a lawyer might argue in court that the doctor
should have known that treatment had adverse side effects
for patients with high blood pressure (because this is well
documented in the literature) and thus should have checked
the patient’s blood pressure. If the doctor had performed this
test, he would of course have known that the patient had high
blood pressure. With respect to the resulting epistemic state,
the doctor’s degree of blame for the death is quite high. Of
course, the lawyer’s job is to convince the court that the lat-
ter epistemic state is the appropriate one to consider when
assigning degree of blame.
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4 The Complexity of Computing
Responsibility and Blame

In this section we present complexity results for computing
the degree of responsibility and blame for general recursive
models.

4.1 Complexity of responsibility
Complexity results for computing causality were presented
by Eiter and Lukasiewicz 2002a; 2002b. They showed that
the problem of detecting whether >2� } is an actual cause
of � is âÅãÐ -complete for general recursive models and NP-
complete for binary models [Eiter and Lukasiewicz, 2002b].
(Recall that â ãÐ is the second level of the polynomial hierar-
chy and that binary models are ones where all random vari-
ables can take on exactly two values.) There is a similar gap
between the complexity of computing the degree of responsi-
bility and blame in general models and in binary models.

For a complexity class
�

, FPäIå æ çÕèSéÇê consists of all func-
tions that can be computed by a polynomial-time Turing ma-
chine with an oracle for a problem in

�
, which on input } asks

a total of Èv�ìëîí£ï;� } �#� queries (cf. [Papadimitriou, 1984]). We
show that computing the degree of responsibility of >ð� }
for � in arbitrary models is FPñ�òó å æ çYèSéÇê -complete. In [Chock-
ler et al., 2003], we show that computing the degree of re-
sponsibility in binary models is FPô�õKå æ çÕèSéÇê -complete.

Since there are no known natural FPñ òó å æ çÕèSéÇê -complete
problems, the first step in showing that computing the de-
gree of responsibility is FPñ�òó å æ çÕèSéÇê -complete is to define an
FPñGòó å æ çÕèSéÇê -complete problem. We start by defining one that
we call MAXQSATÐ .

Recall that a quantified Boolean formula [Stockmeyer,
1977] (QBF) has the form ö�>8��÷Ç> Ð ������ø , where >8��$W> Ð $������
are propositional variables and ø is a propositional formula.
A QBF is closed if it has no free propositional variables.
TQBF consists of the closed QBF formulas that are true. For
example, ö�>t÷�4M�[>ðù¦4-�d5túvû¤üCý . As shown by Stock-
meyer 1977, the following problem QSATÐ is â ãÐ -complete:

û¤þSÿÅú Ð �µa£÷E>+öÄ4Cø%��>8$�4-�G5 r � �M@m,¤ø|5¯l³�����NýCc��
That is, QSATÐ is the language of all true QBFs of the form
÷E>+öf4Cø , ÷ _>iö _4uø , where ø is a Boolean formula in 3-CNF.

A witness � for a true closed QBF ÷ _>iö _4uø is an as-
signment � to _> under which ö _4 ø is true. We define
MAXQSATÐ as the problem of computing the maximal num-
ber of variables in _> that can be assigned � in a witness
for ÷ _>iö _4 ø . Formally, given a QBF �7��÷ _>iö _4uø , define
MAXQSATÐ ���u� to be � if there exists a witness for � that
assigns exactly � of the variables in _> the value � , and every
other witness for � assigns at most � ²
	 � variables in _> the
value � . If �j�5 QSATÐ , then MAXQSATÐ£���u�x�µ�%� .
Theorem 4.1 MAXQSATÐ is FPñ�òó å æ çÕèSéÇê -complete.

The proof of Theorem 4.1 shows explicitly how to reduce
the computation of any FPñ�òó å æ çÕèSéÇê problem to MAXQSATÐ .
Given a polynomial-time Turing machine 9 with oracle in

â ãÐ that on an input of size � makes Èv�ìëîí£ï��¤� oracles queries,
we construct a formula �n�]÷ _>iö _4v� , where ø is a Boolean
formula in 3-CNF such that given MAXQSATÐ ���u� we can
compute the output of 9 in polynomial time. Essentially,
the formula � describes the output of 9 for all possible se-
quences of answers for oracle queries and MAXQSATÐ ���u�
gives the correct sequence of answers. Since the total number
of oracle queries is Èv�ìëîí£ï��¤� , the number of all possible se-
quences of answers is polynomial in the size of the input, and
thus the size of � is also polynomial in the size of the input.
The construction is somewhat complicated; see the full paper
for details.

Similarly to MAXQSATÐ , we define
MINQSATÐ �'÷ _>+ö _4 ø � to be the minimum number of
variables in _> that can be assigned 1 in a witness for
÷ _>iö _4 ø if there is such a witness, and � _>t�£�t� otherwise. It
is easy to see that MINQSATÐ has the same complexity as
MAXQSATÐ , since


 ÿ��vû¤þ ÿÅú Ð ��÷ _>+ö _4uø �Å�|� _>O��� 
�� �-û¤þ ÿÅú Ð ��÷ _>8ö _4 ø%�W$
where �#ø � is obtained from ø by replacing each propositional
variable >{5 _> with its negation.

Using a reduction from MINQSATÐ , we can prove the de-
sired complexity result.

Theorem 4.2 The degree of responsibility is FPñGòó å æ çÕèSéÇê -
completefor general recursivecausalmodels.

Proof: Due to lack of space, we present the proof here in a
somewhat abridged form. Membership in FPñ�òó å æ çYèSéÇê can be
proved using an argument similar to the one used in [Chockler
et al., 2003] to prove membership of the degree of responsi-
bility for binary causal models in FPô³õÄå æ çÕèSéÇê .

The proof that computing the degree of responsibility
is FPñ�òó å æ çÕèSéÇê -hard essentially follows from an argument in
[Eiter and Lukasiewicz, 2002a] showing that QSATÐ can be
reduced to the problem of detecting causality. In fact, their ar-
gument actually provides a reduction from MINQSATÐ to the
degree of responsibility. Given a QBF of the form ÷ _>iö _4uø ,
Eiter and Lukasiewicz construct a causal model 9 whose en-
dogenous variables include _> , _4 , and a fresh variable > · .
They consider a context ` in which all variables in _> get
the value � . They show that ö _>O÷ _4uø is true iff > · �o�
is a cause of ø in �W9¡$ ` � . If > · �
� is indeed a cause,
then the set _° in AC2 must be a subset of _> . That is, if
there is a partition � _° $ _g � and a setting � }�² $�_´;² � satisfying
AC2 showing that > · ��� is a cause of ø , then _° must
be a subset of _> . Moreover, the variables in _° that change
value from 0 to 1 in _´;² are precisely those such that an as-
signment � that assigns 1 to just those variables makes ö _gxø
true. It then easily follows that MINQSATÐ �'÷ _>iö _4uø%� �
¢ Ã � _>O�I�?� iff dr �Y�W9¡$ ` ��$W> · �6�S$�ø �m�Á������¢M�?��� ,
and MINQSATÐ �'÷ _>+ö _4uø � �?� _>t� �|� iff dr �Y�W9¡$ ` �W$�> · �
�S$�ø �Å� � .
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4.2 Complexity of blame
Given an epistemic state �#ËX$YÍxÎ�� , where Ë consists of 
 pos-
sible situations, each with at most � random variables, the
straightforward way to compute db�[ËÌ$'ÍhÎ�$�>¿� } $��I� is by
computing ��� �'�W9¡$	_` �W$W> � � } $�� � � for each ��9¡$£_` �«5]Ë
such that ��9¡$£_` �I� �O> ���� } ®«¹G� � , and then computing the
expected degree of responsibility with respect to these situa-
tions, as in Definition 3.5. Recall that the degree of respon-
sibility in each model is determined by using a binary search
thus uses Èv�#ë�í�ï��¤� queries in each model in Ë . Since the
number of models is 
 , we get a polynomial time algorithm
with 
¡ëîí£ï�� oracle queries. The type of oracle depends on
whether the models are binary or general. For binary models
it is enough to have an NP oracle, whereas for general mod-
els we need a â ãÐ -oracle. We do not have a matching lower
bound but, as we show in the full paper, any binary-search
style algorithm for computing the degree of blame requires� �W
¡ë�í�ï��¤� oracle queries, for 
¾�������¤� .
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Abstract

This paper reconsiders the notions of actual cause
and explanation in functional causal models. We
demonstrate that isomorphic causal models can
generate intuitively different causal pronounce-
ments. This occurs because psychological factors
not represented in the model determine what cri-
teria we use to determine causation. This par-
tially explains the difficulty encountered in previ-
ous attempts to define actual cause. Freed from
trying fit all examples to match intuition directly
(which is not possible using only the information
in causal models), we provide definitions for cau-
sation matching the different causal criteria we in-
tuitively apply. This formulation avoids difficulties
associated with previous definitions, and allows a
more refined discussion of what constitutes a cause
in a given situation. The definitions of actual cause
also allow for more refined formulations of expla-
nation.

1 Introduction
Identifying an actual cause in a specific situation is a normal
part of every day human reasoning. From the specifics of the
situation, we sift through the events, identifying those that
actually caused the event in question. This is different than
general claims about causal tendencies. In fact, the causal
nature of events can actually run counter to the general causal
tendency of the variables. For example, buying a lottery ticket
has the general tendency to decrease wealth. However, in
certain circumstances (the numbers on the ticket correspond
to the winning numbers), it can cause a significant increase
wealth. People are able to make these situation dependent
pronouncements fairly easily.

Automating causal determinations has a number of ap-
plications, including natural language processing, diagnosis,
and planning. Unfortunately, formulating a successful no-
tion of actual cause has proved elusive. Previous attempts
were often hindered by trying to embed them in formalisms
that are not appropriate for modeling causality (See[Pearl,
2000, Chapter 10] for a discussion of these). Recently, func-
tional causal models[Pearl, 2000] have proven to be an ef-
fective formalism for modeling causal relationships. There

have been previous attempts to use functional causal models
as a basis for defining actual cause, but they have been shown
to suffer from serious defects of their own[Hopkins & Pearl,
2003]. In this paper, we identify (at least partially) why pre-
vious methods have failed, and provide new definitions that
avoid many of their problems. These definitions allow for a
more refined determination of actual causation. Additionally,
they provide a useful basis for producing explanations.

2 Review of causal models
In this section we review the basic definitions from[Pearl,
2000] that we will use. First we need some notation. Upper
case letters (e.g.X, Y, Z) represent variables. Lower case
letters (e.g.x, y, z) represent a particular value of the corre-
sponding variable. Bold face upper case letters (e.g.X,Y,Z)
represent sets of variables, and bold face lower case letters
(e.g.x,y, z) an instantiation of the corresponding variables.

A causal modelis a triple (U,V,F) whereU is the set
of background (or exogenous) variables (i.e. their values are
determined outside the model), andV is the set of endoge-
nous variables (i.e. those whose value is determined by model
variables).F = {fX | X ∈ V} is a set of functions where
fX maps fromU ∪ (V \ X) to X. Together, for any set-
ting of the background variables,F determines the values of
all variables inV. Theparentsof a variableX are the vari-
ables that directly influence the value ofX (i.e. the set of
variables that is non-trivial infX ). The causal diagram of a
model is a directed graph with verticesU ∪ V where there
is an edge from vertexX to vertexY iff X is a parent ofY
in the model. We will restrict our attention to models with
acyclic causal diagrams. A submodel of causal modelM un-
der interventionX = x is a causal modelMx = (U,V,Fx)
whereFx = {fY | Y ∈ V \ X} ∪ {X = x}. This allows
us to talk about what would have happened ifX had beenx.
We will write Yx(u) to mean the value thatY takes on in
the submodelMx in contextU = u. For a propositional for-
mulaϕ, defined over primitives of the formX = x, ϕx(u)
represents the value of the formula when the primitives are
evaluated in modelMx in contextu.

3 Previous work
Formulating the notion of cause has been a topic of philo-
sophic debate for many years. Unfortunately, all of the philo-
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sophical works of which we are aware either suffer from seri-
ous problems, or are not precise enough to be falsifiable (See
[Halpern & Pearl, 2001a] for a review of some of these prob-
lems).

There have been at least two previous attempts to formulate
actual cause in functional causal models. The first was the
causal beam approach[Pearl, 2000]. This notion of actual
cause seemed to be too restrictive, classifying certain events
as noncauses that intuitively clearly should have been causes
(See for example the critique in[Halpern & Pearl, 2001a]).
The other[Halpern & Pearl, 2001a] ( which we will call ASC
for Alternate situation Strong Cause) tried to remedy those
problems, but introduced several others.[Hopkins & Pearl,
2003] provides a thorough analysis of its problems.

4 Why so hard?
The many formulations encountered, and the problems they
exhibit beg the question: why is ascribing cause so difficult to
formalize? Consider the following example from[Halpern &
Pearl, 2001a]: Two arsonists light matches at opposite ends
of the forrest. Both start fires, and the forrest burns down.
Either arsonist alone was sufficient to burn down the forrest.
Now, we ask whether arsonist 1 lighting his match caused the
forrest to burn down. Clearly it did. The reason being that it
was sufficient to burn it down, and participated in the actual
causal process that brought it about.

Consider another example: A prisoner is scheduled for ex-
ecution. The execution proceeds as follows: The executioner
selects a gun from among several, which may or may not have
a bullet in the chamber. The prisoner is given the option of
death by lethal injection (which is always fatal), or face ex-
ecution by gunshot. If the prisoner selects gunshot, the ex-
ecutioner fires the weapon. If the weapon he selected had a
bullet, it kills the prisoner. If not, the execution fails and the
prisoner goes free. In the situation we consider, the prisoner
chooses execution by lethal injection. As it turns out, the se-
lected gun was loaded so the prisoner would have died even
if he had he chosen gunshot.

Now, we ask if the prisoner’s choice of execution method
caused his death. Obviously it did not. The reason being that
in this circumstance, regardless of his choice, he would still
die. That is, his choice had no impact on the outcome.

Surprisingly, the obvious causal models in these two exam-
ples are in fact isomorphic as are the specific situations con-
sidered. The effect (forrest burns down↔ death) occurs in
all but one possible instantiation of its direct causes (neither
arsonist lights their match↔ execution by gunshot is selected
and the gun is not loaded) and both sufficient conditions oc-
curred in the situation under consideration. In other words,
the information that rendered one a cause and the other a non-
cause is not contained in the causal model, or the specific sit-
uation. We achieved intuitively different results because we
tested different notions of cause. In the forest fire example,
we tested the ability to produce the fire, i.e. whether it was
capable of bringing about the result. In the second exam-
ple, we tested the consequentiality of the choice of execution
methods, i.e. whether an alternate decision would produce a
different result. The choice of what test to apply seems to be

based on psychological factors outside of the causal model.
We believe that the difficulties associated with previous

definitions are at least in part due to the fact that they failed
to distinguish between different notions of cause.1 In fact,
we would argue that like many problems in philosophy, one
reason cause eludes satisfactory definition is because the intu-
itive concept is fundamentally imprecise. What criteria to ap-
ply is often a subjective decision, witnessed by the ease with
which one can often convince others that an alternate crite-
ria is the appropriate one. For example, one may argue that
it is inappropriate to say that arsonist 1 caused the fire since
regardless of his action, the fire would still have occurred.

While the choice of criteria for determining cause is im-
precise and subject to factors not representable in a func-
tional causal model, the same is not true once a criteria has
been chosen. Each criteria is precise and completely decid-
able based on the causal model and the state of its variables.
Formulating and illustrating appropriate definitions of these
criteria is the focus of the next section.

5 A new proposal
In this section, we introduce basic definitions which we then
compose to form criteria for evaluating causal relationships.
As there are several ways in which an event may be consid-
ered a cause, we provide definitions for the different aspects.
We believe that all causal tests are based on two basic ideas,
which are related to , though distinct from, necessity and suf-
ficiency. By combining these two criteria we can produce the
different criteria used for making causal judgments.

First, we need some background and auxiliary definitions.
Foremost among them is what we allow to be causes and ef-
fects.

Definition 1 An instantiationx, of endogenous variablesX
is aneventin contextu if X(u) = x. A propositional formula
ϕ defined over the endogenous variables of the model is an
effect in contextu if ϕ(u).
Any potential cause of an effect must be an event. Note that
we force events and effects to be true in the situation being
considered. This is merely a convenience meant to simplify
subsequent definitions.

Since we are concerned with determining cause in a partic-
ular context, the causal diagram of a model is not very infor-
mative. A variableX that in general is necessary to determine
the value of another variableY (and hence has an edge from
X to Y in the diagram), may become irrelevant in a particular
context. That is, a particular value of the background vari-
ablesu may make the value ofY unresponsive to the value
of X. This observation motivates the following definition:

Definition 2 Thecontext diagramof causal worldM(u) is
the directed graph whose vertices are the endogenous vari-
ables ofM , and includes each edge(X, Y ) where the func-
tion fY is nontrivial inX when the background variables are
fixed tou.

The context diagram simplifies reasoning about causal rela-
tionships in a specific context.

1[Hall, 2002] makes a similar argument, although the details dif-
fer from ours.
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Another preliminary notion we will need is sufficiency.2

Definition 3 An eventx is sufficientto cause effectϕ in con-
textu if for all instantiationsw of the nondescendantsW of
X in the context diagram ofM(u), ϕxw(u).

Note that it must hold only when the nondescendants are ma-
nipulated. Descendants are excluded from manipulation since
we believe that the values they take on, including interplay
between them, are an integral component of determining cau-
sation. Allowing them to be manipulated would upset and
skew that process.

Sufficiency is not really strong enough for our purposes.
For example, consider this example from[Hall, 2002]:

Suzy and Billy both pick up rocks and throw them
at a bottle. Suzy’s rock gets there first, shattering
the bottle. Since both throws are perfectly accurate,
Billy’s would have shattered the bottle had it not
been preempted by Suzy’s throw

ST BT

SH BH

BS

Figure 1: Rock throwing example

Figure 1 shows the causal diagram of a model of the story
(the background variables, as well as the functional relation-
ship between variables should be obvious in this story, as well
as the others, so will not be explicated). BT (ST) represents
Billy (Suzy) throwing BH (SH) represents Billy’s (Suzy’s)
rock hitting the bottle, and BS stands for the bottle shattering.
Billy throwing is sufficient to cause the bottle to shatter, but
it doesn’t actually participate in the causal process that made
the bottle shatter. Suzy’s action preempted Billy’s. We ex-
pect not only sufficiency of the cause, but that in some sense,
the event actually participates in the causal process. Defining
this notion has been one of the primary difficulties in talking
about actual cause. The following two definitions formalize
these notions in a way that avoids the problems associated
with previous approaches.

Definition 4 Let Z be the children ofX in the context dia-
gram ofu, and letY be some non-empty subset ofZ. LetW
be the intersection of the descendants ofX (includingX) and
the ancestors ofY (excludingY). Then eventxy is a child
of eventx in contextu if W ⊆ X.

A child event can be thought of as a next step in an unfolding
causal process. The criteria thatW ⊆ X is merely to enforce
the intuition that before a variable takes on a value, its direct

2Note that this definition differs from the definition for suffi-
ciency presented in[Pearl, 2000]. That definition was used for a
different purpose, and is not appropriate in this context. It is more
closely related to, although distinct from the notion of sustenance
[Pearl, 2000].

causes must be fixed. That is, a new value can not be added,
if the relevant parents have not already been included.

Definition 5 An eventx is astrongly sufficient causeof effect
ϕ in contextu if either of the following conditions hold:

• For all instantiationsz of Z = V \X, ϕxz(u)

• x is a sufficient cause ofϕ and there exists some child
eventy of x which is a strongly sufficient cause ofϕ in
contextu

Effectively, what we require is that the event be sufficient
for the effect, and that as the causal process progresses from
the event, the sufficiency is maintained. This prevents events
that are preempted from being strongly sufficient. For exam-
ple, while{BT=T} is sufficient for{BS=T}, the only child
event,{BT=T,BH=F} is not, so the event is not strongly suf-
ficient. Suzy throwing, on the other hand, is strongly suf-
ficient, witnessed by the sequence{ST=T}, {ST=T,SH=T},
{ST=T,SH=T,BH=F}, {ST=T,SH=T,BH=F,BS=T} .

Strong sufficiency is the first of the two primary notions
used to evaluate causality in specific situations. In fact, strong
sufficiency by itself corresponds to one of the primary notions
of causation. Strong sufficiency corresponds to our intuitions
about physical causality. The cause sets in motion a chain of
events capable of bringing about the effect. Intuitively, we
expect causation to be transitive. Ifx causesy andy causes
z, we expectx to causez.3 It is not hard to see that strong
sufficiency meets that expectation. In fact, strong sufficiency
turns out to be the only transitive relation among our defini-
tions of cause.

The other primary consideration when testing actual
causality is the notion of consequentiality. In addition to par-
ticipating in the causal process, we often require that an event
be in some sense consequential in order to be considered a
cause. That consideration motivates the following definition.

Definition 6 LetZ be the nondescendants ofX in the context
diagram ofu. Then, an eventx is potentially consequential
with respect to effectϕ in contextu if for some instantia-
tions x′ of X, andz of Z, ϕxz(u) and¬ϕx′z(u). Eventx
is actually consequentialwith respect to effectϕ if for some
instantiationx′ of X, ¬ϕx′(u).

Like strong sufficiency, actual consequentiality alone is a
common criteria for causation. For example, in the execution
example from Section 4 the choice of lethal injection was not
considered a cause of his death precisely because it was not
consequential. If instead the gun had not been loaded, which
would make the decision consequential, we would consider
it a cause. Note that a consequential event necessarily par-
ticipates in the actual causal process. That is, for every actu-
ally consequential event, there is a minimal strongly sufficient
event that contains some member of the consequential event.

Potential consequentiality on the other hand is not of it-
self enough for an event to be considered a cause. However,
combining it with strong sufficiency produces a very common
causal criteria.

3In fact, this intuition is so strong that some theories of causation
start with the transitivity of cause as a starting point[Lewis, 1986].
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Test Strong Test Consequentiality
Sufficiency Actual Potential No

Yes Strong Sustaining Strongly
Sufficient

No Consequential – –

Table 1: Different types of actual cause can be tested by com-
bining tests for strong sufficiency and consequentiality.

Definition 7 An eventx sustainseffectϕ in contextu if x is
strongly sufficient and potentially consequential forϕ.

The notion of sustenance defined here is a modified version of
the one that appeared in[Pearl, 2000]. It differs in two ways.
First, it requires strong sufficiency as opposed to merely suf-
ficiency. Second, it fixes the variablesW, against whichx
must be tested, while the previous definition hasW as one of
the parameters.

Sustenance is a very commonly applied criteria for cau-
sation. Most of the examples in[Halpern & Pearl, 2001a]
which were deemed causes correspond to our notion of sus-
taining cause. In the forrest fire example in Section 4, arsonist
1 was considered a cause of the fire because it sustained the
forrest fire.

A more restrictive causal criteria is also sometimes useful.

Definition 8 An eventx is astrong causeof ϕ in contextu if
x is a strongly sufficient and actually consequential cause of
ϕ.

A strong cause can be thought of as a complete explication of
why the effect occurred.

Often we talk about an event helping to cause an event even
though it is neither consequential nor sufficient. It is instead
part of some cause. That consideration motivates the follow-
ing definition.

Definition 9 An eventxy (y may be empty) is acontributory
causeof effectϕ in contextu if x is potentially consequential,
and for some eventz, xz is a minimal sustaining cause ofϕ.

Contributory causation is the closest in spirit to the ASC defi-
nition. If we insist on minimality, it reduces to singletons just
as that definition does. Additionally, in all but one example
included in[Halpern & Pearl, 2001a], contributory causation
matches the pronouncements of the ASC definition. We con-
sider that example among others in the next section.

6 Examples
The single example presented in[Halpern & Pearl, 2001a]
where the ASC definition differs from our definition of con-
tributory causation comes from the following story (along
with some commentary), quoted from[Hall, 2002]:

You are standing at a switch in the railroad tracks.
Here comes the train: If you flip the switch, you’ll
send the train down the left-hand track; if you
leave where it is, the train will follow the right-
hand track. Either way, the train will arrive at the
same point, since the tracks reconverge up ahead.
Your action is not among the causes of this ar-
rival; it merely helps to determine how the arrival

is brought about (namely, via the left-hand track, or
via the right-hand track).

Two models which produced different causal pronounce-
ments were given, demonstrating the impact that model
choice has on the determination of causation. The model that
classified it as a cause is the one we are interested in. Figure 2
shows the model. F represents the state of the switch, LT (RT)
whether the train goes down the left (right) track, and A rep-
resents whether the train arrives. The justification given was

A

F

LT RT

Figure 2: A possible model for the train story

that under normal circumstances, we may not call it a cause,
but if something abnormal were to happen (for example, one
of the tracks malfunctions, or is destroyed) then the action
would be a cause. Our new definitions say that flipping the
switch is a strongly sufficient cause ( In the words of Hall it
“helps to determine how the arrival is brought about”), but it
is not even potentially consequential, so is not a contributory
cause. This seems a more satisfactory result.

Unlike the ASC definition, these definitions do not always
reduce to singleton causes even if minimality is enforced.
Additionally, the different criteria produce causes that cor-
respond to different ways that people think about cause.

For example, consider a situation where 5 people vote re-
garding a ballot measure. The votes are tallied, and the mea-
sure passes if 3 or more vote for it. The associated diagram
appears in Figure 3. Suppose that 4 vote for the measure, and
1 votes against. According to the ASC definition, each in-

V1 V2 V3 V4 V5

T

P

Figure 3: A voting example. TheVi correspond to the votes
cast,T the vote tally, andP whether the measure passed.

dividual who votes for the measure is an actual cause of the
measure passing. In the causal beam approach, nothing qual-
ifies as a cause of the measure passing. In this approach, it
depends what type of cause we are considering.

Three votes for the measure constitute a strong cause of the
measure passing, while two do not. This corresponds to our
notion that a majority of the votes is required to cause it to
pass.

Two votes for the measure constitute a consequential cause.
Changing those votes to vote against the measure would make
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the measure fail. This corresponds to the way we often talk
about causes in elections. Often election outcomes are at-
tributed to the voting behavior of some minority of the elec-
torate (in U.S. politics these include “Reagan Democrats”,
“soccer moms”, “angry white men” , “African Americans”,
etc). While they are far from sufficient to win an election,
we say that they caused the election result because if they
had voted significantly differently the outcome of the election
would have been different. On the other hand, most people
understand that in the vast majority of elections their single
vote did not cause the outcome. This is reflected in our defi-
nitions by the fact that none of the criteria yield a single voter
as a cause in this situation. A single vote for the measure is a
contributory cause however, as one would expect.

[Halpern & Pearl, 2001a] provides a number of examples
that have proved problematic for other methods. As most of
the examples correspond either to issues of sustenance or con-
sequentiality4 (and with the exception of the train example
considered above, all of the positive examples are contribu-
tory causes, and the negative examples are not), we will not
review them all here. We would like to revisit one exam-
ple that was considered troublesome. The first version of the
story is as follows: A machine severed Fred’s finger while he
was at work. He was rushed to the hospital and it was reat-
tached. A month later his finger worked just as before. We
would of course not consider getting his finger cut off a cause
of it being fully function later (because it is not consequen-
tial). Now, suppose we add another component to the story: It
is possible that Larry the loanshark may be waiting outside for
Fred, so that he can cut off his finger to make an example of
him for not paying his loan promptly. If Larry cuts off the fin-
ger, he will destroy it so that it can not be reattached. If Fred
severs his finger at the factory, he will be rushed to the hos-
pital, so Larry will not have an opportunity to do it himself.
The causal diagram appears in Figure 4. Now, consider the

FS

FF

LC

LL

Figure 4: Finger severing example. FS represents severing his
finger. LL represents whether Larry is lurking. LC represents
whether Larry cuts off his finger and FF represents whether
his finger is fully functional

situation in which Larry turns out not to be waiting outside,
and Fred does sever his finger. Was Fred cutting his finger off
a cause of his finger being fully functional the next month?
According to the ASC definition it is. This was considered
disturbing because adding a provision for a contingency that
did not occur changed the the event from noncause to cause.

4In fact, most of the difficult examples play off of the conflict-
ing interpretation of cause between sustenance and consequentiality.
That is, the event in question is typically either consequential or sus-
taining, but not both.

In light of our new definitions, we do not see that particular
consideration as a problem. According to our definition, it
again depends on what you are looking for. It is sustaining,
but it is not consequential. Typically, when we are testing if
an event caused something to remain unchanged, we are look-
ing for a consequential cause. That is clearly the case in this
example. However, it is still reasonable to say that cutting off
his finger at the factory was a sustaining cause, because that
event makes certain the effect, regardless of what Larry does
or does not do.

Our definitions also handle correctly the examples in[Hop-
kins & Pearl, 2003] avoiding the problems of ASC, but be-
cause of space limitations we will not review them all here.
We will consider a single example of the problem to demon-
strate how these definitions avoid it. Consider the following
story: Before an execution, the captain loads one of the guns
of the two members of his firing squad, putting a blank in
the other gun. Both gunmen then fire simultaneously and
the prisoner dies. In the current situation, the captain put
the bullet in the gun of gunman 1, and both men shoot. The
model consists of the loader, and the two gunmen as direct
causes of the the variable representing whether the prisoner
is alive. Now, we ask if gunman 2 shooting caused the pris-
oner’s death. According to the ASC definition, it did. Gun-
man 2 did not cause the prisoner’s death according to any of
our definitions of cause. It is clearly not consequential, nor
sufficient, so it can not be a cause. It is not a contributory
cause either because it is not a member of any minimal suffi-
cient cause. According to these definitions, gunman 1 shoot-
ing is a consequential cause, gunman 1 shooting and the cap-
tain loading his gun is a strong cause, and gunman 1 shooting
and the captain loading his gun are both contributory causes.

7 Explanations
If we have a probability distribution quantifying our uncer-
tainty about what context will actually occur, we can use that
distribution, combined with our model to produce explana-
tions for an observed effect.

Causation forms an integral part of evaluating explanations
(see[Chajewska & Halpern, 1997; Pearl, 2000; Halpern &
Pearl, 2001b] for critiques of methods that ignore causal con-
siderations when producing causes). In spirit, we agree with
the intuitive notion of explanation put forth in[Halpern &
Pearl, 2001b]. That is, an explanation is fundamentally just a
hypothesized event which if true would be a possible cause of
the observed phenomenon. Our new view of actual causation,
however, makes the particulars somewhat different. Our def-
initions of actual cause form the basis for evaluating possible
explanations. We allow any instantiation of endogenous vari-
ables to be an explanation and compare them based on how
well they explain the effect. According to our view, there are
different types of explanation, just as there are different types
of causes. Which type of explanation to choose depends on
its intended purpose. This is in contrast to the approach using
ASC as the basis for causal explanation. We believe that this
approach provides more flexibility and is more general than
ASC based explanations.

By way of example, consider the following situation: We
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Explanation Posterior Explanatory Power
Variable =0 =1 =0 =1

X1 .52 .48 .35 .65
X2 .67 .33 .40 .60
X3 .74 .26 .42 .58

Table 2: Posteriors and explanatory power for possible expla-
nations in the circuit example according to ASC definition.

have a circuit consisting of a single 3 input parity gate, with
inputsX1, X2 andX3, and outputY (i.e. Y = 1 when an
odd number of the inputs are 1). Each input has an associ-
ated background variable, independent of the others, where
Xj = Uj and Pr(Uj = 1) = 1/(j + 2). So, typically
Y = 0 and Xj = 0. Now, suppose that we observe that
Y = 1, and we want an explanation in terms of theX vari-
ables. The first question is what constitutes an explanation
(or even a partial explanation in the ASC definition). Ac-
cording to the ASC based definition, the only possible expla-
nations (or partial explanations) are singletons.5 Now, how
can we compare between them? The ASC approach provides
three measures of the quality of an instantiationx as an ex-
planation of effectϕ in light of evidencee (which must entail
ϕ). The first, named goodness isPr(x causesϕ|xe).6 The
second, the posterior probability isPr(x|e). The third, ex-
planatory power isPr(x causesϕ|x). The goodness of all
explanations in this example are 1. Also, the explanatory
power, Pr(x causesy|x) = Pr(xy|x) since every instanti-
ation is a weak cause according to the ASC definition. Ta-
ble 2 shows the explanatory power and posterior probability
of the different possible explanations. It is not clear how to
choose between them in this case. One thing to notice about
this example is that every variable is consequential in every
context, so notions of consequential causation (or by exten-
sion, contributory causation) become less interesting. We
would argue that in this case, what we are really interested
in is sustenance. Our definitions allow that to be consid-
ered easily. For a particular instantiation we can calculate the
probabilitiesPr(x sustainsϕ|e), Pr(x strongly causesϕ|e),
Pr(x is a consequential cause ofϕ|e) from the model and the
probability distribution over the background variables. For a
particular causal criteriac(x, ϕ,u), the probability thatx is a
cause ofϕ givene using criteriac is just

Pr(x “c caused”ϕ|e) =

∑
u∈{u|c(x,ϕ,u)∧E(u)=e} Pr(u)∑

u∈{u|E(u)=e} Pr(u)
.

The probability of causation can then be used as the mea-
sure of explanation quality. In our circuit example, for exam-
ple,Pr(X1 = 1, X2 = 0, X3 = 0 sustainsY = 1|Y = 1) =
.444, which is the maximal probability for sustenance. This
explanation (which is not allowed in the ASC version) seems
more satisfying than any of the single variable explanations.

5Note that this is not always the case. This example was specifi-
cally crafted to exhibit such behavior.

6In the ASC definition of explanation, it ”causes” would mean is
a weak cause. We write it in a general form, because these measures
are applicable to the new method as well

This is not to say that the measures used in[Halpern &
Pearl, 2001b] are not useful. In fact they can be very useful.
We simply note that our definitions allow a further analysis
that is useful in other situations. They prove especially useful
when we are looking for a sufficient or sustaining explana-
tions. Because our definitions can handle different notions of
cause, the explanations they produce can be more informa-
tive than the explanations formed when using the methods in
[Halpern & Pearl, 2001b], where they are restricted to one
weak form of cause.

8 Conclusion
We demonstrated that the intuitive choice of causal criteria is
subjective, and is influenced psychological factors not repre-
sentable in a causal model. The criteria, once chosen however
can be evaluated from the information contained in the causal
model. We presented new criteria covering the different no-
tions of causation. Fundamental among these is the defini-
tion of strong sufficiency, which provides a simple and in-
tuitively satisfying definition for actually participating in the
active causal process that generated the effect. These defini-
tions avoid the problems of previous attempts, and allow for
a more refined discussion of actual causality. Additionally,
they provide a foundation for evaluating explanations, which
proves to be more satisfactory than previous attempts to use
functional causal models for explanation.
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Abstract

An approach for designing countermeasures to cure
conflict in aircraft pilots’ activities is presented,
both based on Artificial Intelligence and Human
Factors concepts.
The first step is to track the pilot’s activity, i.e. to
reconstruct what he has actually done thanks to the
flight parameters and reference models describing
the mission and procedures. The second step is
to detect conflict in the pilot’s activity, and this is
linked to what really matters to the achievement
of the mission. The third step is to design accu-
rate countermeasures which are likely to do bet-
ter than the existing onboard devices. The three
steps are presented and supported by experimental
results obtained from private and professional pi-
lots.

1 Introduction

The review of civilian and military reports reveals that a con-
flictual situation is a precursor to the loss of aircrews’ situa-
tion awareness and is a major cause of air accidents. Conflict
may occur through different forms: open conflict between the
different operators (Air Philippines crash, April 1999), repre-
sentation conflict about the aircraft position (Korean air, Au-
gust 1997), resource conflict (Streamline, May 2000), knowl-
edge conflict (Crossair, January 2000), or more recently, a
conflict between automated systems (TCAS) and human op-
erators (air collision between a Tupolev 154 and a Boeing 757
over Switzerland, July 2002). Therefore, the idea is to detect
conflict so as to propose accurate on-line countermeasures to
pilots.
The first step is to track the pilot’s activity, i.e. to reconstruct
what he has actually done thanks to the flight parameters and
reference models describing the mission and procedures. The
second step is to detect conflict in the pilot’s activity, and this
is linked to what really matters to the achievement of the mis-
sion. The third step is to design accurate countermeasures
which are likely to do better than the existing onboard de-
vices. The three steps are presented and supported by experi-
mental results obtained both from private and military pilots.

2 Track the pilot’s activity

2.1 Reference model

The approach to capture the pilot’s activity is based on situa-
tion tracking classically used for system diagnosis, monitor-
ing and intelligence [Ghallab, 1996; Chaudron et al., 1997;
Rota and Thonnat, 2000]. Whatever the formalism used to
represent knowledge, situation tracking rests on a matching
between observed facts and known situations (reference mod-
els), and its object is to carry out postdictions, predictions or
to diagnose the current state of the system.
To represent knowledge, we use the concept of propositional
attitude, “which covers the notions of belief, desire, inten-
tion, [...] which have in common the fact of being identified
by their propositional contents” [Tessier et al., 2000].
Definition: a propositional attitude (PA) is a pair (K, T )
where K is a logical cube, i.e. a conjunction of first order
literals [Chaudron et al., 2003], and T is the time interval
within which the properties captured by K are true.
The pilot’s knowledge is divided into three categories of PAs,
which constitute the reference model:
• Propositional attitude goal describes a goal of the mission.
Ex: pa goal(goal(5),<Landing(francazal)>,T)
means that the fifth goal of the mission is to land at Francazal
during time interval T.
• Propositional attitude plan describes the properties the pilot
is committed to satisfy to reach a PA-goal as long as he car-
ries out this goal.
Ex: pa plan(goal(5),<VOR frequency(116),
VOR heading deflection(true),gear down(true),
flaps down(2),visibility(true)>,T)
means that to satisfy goal 5, the pilot has to select the accu-
rate radio frequency, fly a correct route, lower gears and flap
deflection 2 and have a good visibility during time interval T.
• A crucial propositional attitude describes the hard con-
straints associated to one or several goals.
Ex: pa crucial(goal(5),<visibility(true)>,T)
means that to succeed in landing at Francazal, the pilot must
have a correct visibility during T.
Remark: the model does not implement deontic logic [Traum
and Allen, 1994] to capture the pilot’s obligations; at each
time step, the system will check whether the pilot meets the
different constraints on the PA-goals.
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2.2 Observed activity

The pilot’s activity is observed and analyzed through his ac-
tions on the airplane interface: during the experiments, the
flight parameters are recorded every second. The parameters
are then translated into symbolic knowledge and aggregated
to build observation propositional attitudes.
The numerical thresholds that are used for numerical to sym-
bolic translation are adjusted during interviews with the pilots
to built an accurate model for each pilot. For example, if the
pilot has to fly 2500 ft, he defines his own flight envelope
where he feels secure [Amalberti and Wioland, 1997]. After
numerical to symbolic translation, parameter altitude is char-
acterized as altitude(false) (i.e. out of flight envelope)
or altitude(true) (i.e. within flight envelope).
The same kind of analysis is performed with parameters such
as the route, the fuel level, etc.
Therefore, propositional attitude observation describes per-
ceived and deduced facts from the pilot’s activity:
Ex: pa obs(<VOR frequency(116),
VOR heading deflection(true),gear down(true),
flaps down(3),visibility(false)>,<1500,1500>)
means that at time 1500, the pilot has selected the accurate
radio frequency, is flying a correct route, has lowered gears
and flap deflection 3 and has a bad visibility.

3 Detect conflict

3.1 Conflict

Considering research in the field of A.I. and partic-
ularly on multi-agent systems, the focus has been
brought much on how to avoid, solve or get rid of
conflicts, especially via negotiation [Sycara, 1989;
Rosenschein and Zlotkin, 1994], argumentation [Jung and
Tambe, 2000] or constraint satisfaction [Conry et al., 1991;
Khedro and Genesereth, 1994; Hannebauer, 2000]. Such
approaches, where (i) conflict is likened to formal inconsis-
tency and (ii) the internal knowledge of the agents is clearly
identified, are not suited to our purpose. Indeed in aeronau-
tics, uncertainty on data is high and the human behavior is
extremely variable and unpredictable. Moreover, while in
air, aircrews frequently face incoherent situations due to the
uncertain environment (e.g. weather, failures) or because
of their own errors. Nevertheless, these situations are not
necessarily conflictual, and pilots are used to going on with
their missions with such inconsistencies. An inconsistency
becomes conflictual only if it leads to a critical flight phase
and matters to the mission or to the aircrew’s safety.
Therefore we are very close to Easterbrook’s definition of
conflict [Easterbrook, 1991]: “[...] viewpoints are free to
differ, and only conflict when that difference matters for
some reason, leading to interference. [...] A conflict, then,
is simply a difference that matters.” This point of view
has been emphasized in social sciences [Festinger, 1957;
Lewin et al., 1939] and in A.I. applied to social modeling
[Castelfranchi, 2000], where human conflict is seen as the
result of an impossibility to succeed in a goal that matters.
Definition: a conflict is a set of propositional attitudes that is

not coherent1 and the fact that it is not coherent matters.
The inconsistency of a set of PAs matters either because
there is a need:
• to satisfy the rationality2 of the agent(s) involved (pilot,
copilot ...);
• or to build a coherent set of knowledge;
• or to decide on further goals.
All these different reasons are implemented in the reference
model as crucial propositional attitudes (see section 2.1).
Therefore a conflict is an incoherent set of knowledge that
matters through one or several crucial propositional attitudes.

3.2 Conflict detection

Conflict detection is a tracking process that monitors the
pilot’s PAs at each time step t. It is a two-step process: (1)
detect the sets of PAs that are not coherent at time t and (2)
detect the conflicts given the crucial PAs that concern time
t. One could have designed a single-step process, however
it is of great interest to track PAs that are not coherent and
do not conflict: indeed, contrary to the minimal inconsistent
sets approach [De Kleer, 1986], we aim at capturing all
the inconsistencies and analyzing how they are managed
by the pilots for “lessons learned” and further man-artefact
interaction model tuning.
(1) Detect the sets of PAs that are not coherent
Predicate not hold together detects incoherent sets of
PAs Inct at time t.
Ex: given the set of PAs
• pa goal(goal(5),<Landing(francazal)>,<1000,t1>)
• pa plan(goal(5),<VOR frequency(116),
VOR heading deflection(true),gear down(true),
flaps down(2),visibility(true)>,<1000,t1>)
• pa obs(<VOR frequency(116),
VOR heading deflection(true),gear down(true),
flaps down(3),visibility(false)>,<1500,1500>),
two incoherent sets of PAs are detected:
→ not hold together(pa plan(5,flaps down(2)),
pa obs(flaps down(3),<1500,1500>);
→ not hold together(pa plan(5,visibility(true),
pa obs(visibility(false)),<1500,1500>).
(2) Detect the conflicts
The crucial PAs that concern time t are then considered.
Definition: let Inct an incoherent set of PAs at time t. If
Inct includes PAs or properties that matter through one or
several crucial PAs, then Inct is a conflict.
Predicate matters screens sets Inct thanks to the crucial
PAs, so as to determine whether they are conflicts or not.
Ex: for the previous example, the crucial PA that holds at
time 1500 is:
• pa crucial(goal(5),<visibility(true)>,
<1000,t1>)
Predicate matters detects that one of the two incoherent

1in relation to the formalism used to represent the properties in
the PAs.

2According to Festinger [Festinger, 1957] who postulates that an
individual always aims at being coherent when interacting with his
environment.
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sets of PAs is conflictual:
matters(pa plan(goal(5),visibility(true)),
pa obs(visibility(false),<1500,1500>)
The other set of PAs relative to flaps deflection is not a
conflict because a landing with flap deflection 3 is possible
even though less recommended.

3.3 Preliminary experiment and results
A preliminary experiment designed to test conflict tracking
[Dehais, 2002] was conducted with ten pilots on a research
flight simulator. The pilots were proposed a flight scenario
whose aim was to follow a flight plan at a constant altitude
and then land with instruments. The difficult point in this
scenario was to manage the fuel consumption correctly con-
sidering refuelling areas.
This experiment has validated conflict detection and interest-
ingly enough has shown that a psychological perseveration
phenomenon appeared with conflict : the pilots who faced
conflictual situations did not come to the right decision to
solve their conflict, on the contrary they got themselves tan-
gled up in it, and all the more so since the temporal pressure
was increasing. The most surprising thing was that all the
necessary data to come to the accurate decision were avail-
able and displayed on the onboard equipments.
Ex: one of the pilots flew toward waypoint 5 instead of fly-
ing first over waypoint 6 for refuelling, and started circling
around, until he ran out of fuel (see figure 1).

7

3

4

East
1

2

6

5

9

8

refuel

refuel

10 nm

10 nm

North

Perseveration

Pilot drops altitude

CONFLICT

Figure 1: Conflict and perseveration

During the debriefing, the pilot explained that he was con-

vinced that waypoint 5 was the refuelling area (in spite of
the map displayed in the cockpit); he reached it and noticed
that the fuel level did not increase. Thinking he had missed
waypoint 5, he decided to fly back to waypoint 5. He did
this manoeuvre again and again till he ran out of fuel, getting
more and more stressed.

4 Send accurate countermeasures

4.1 Guidelines

The findings of the preliminary experiments are akin
to a recently published report of the BEA3 (the French
national institute for air accident analysis) that re-
veals that pilots’ erroneous attitudes of persevera-
tion have been responsible for more than 40 percent
of casualties in air crash (in civilian aeronautics).
This behavior, called the “perseveration syndrome”,
is studied in neuropsychology [Vand Der Kolk, 1994;
Pastor, 2000] and psychology [Beauvois and Joule, 1999]:
it is known to summon up all the pilot’s mental efforts
toward a unique objective (excessive focus on a single
display or focus of the pilot’s reasoning on a single task).
Once entangled in perseveration, the pilot does anything to
succeed in his objective even if it is dangerous in terms of
security, and worse, he neglects any kind of information that
could question his reasoning (like alarms or data on displays).

Therefore the idea is to design countermeasures in order to
break this mechanism and get the pilot out of the conflict. The
design of the countermeasures is grounded on the following
theoretical and empirical results:
• conflictual situations lead pilots to persevere;
• additional information (alarms, data on displays) designed
to warn pilots are often unnoticed when pilots persevere.
Our conjectures are then:
→ with an accurate on-line conflict detection, it is possible to
analyze and predict the subject of the pilot’s perseveration;
→ instead of adding information (classical alarms), it is more
efficient to remove the information on which the pilot is fo-
cused and which makes him persevere, and to display a mes-
sage to explain his error instead.
Ex: in the experiment described afterwards, pilots persevere
in trying a dangerous landing at Francazal despite the bad
visibility, with a particular focus on an instrument called the
H.S.I.4 to locate Francazal airport. The countermeasures will
consist in removing the H.S.I. during a few seconds, to dis-
play two short messages instead, one after the other (“Land-
ing is dangerous”... ”look at central display”) and next to
send an explanation of the conflict on the central display
(“Low visibility on Francazal, fly back to Blagnac”).
The idea here is to shock the pilot’s attentional mechanisms
with the short disappearance of the H.S.I., to introduce a cog-
nitive conflict (“if I land, I crash”) to affect the pilot’s reason-
ing, and to propose a solution on the central display.

3http://www.bea-fr.org
4The H.S.I is a display that gives the route to follow and indicates

any discrepancy from the selected route.
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4.2 GHOST
Ghost is an experimental environment designed to test coun-
termeasures to cure the pilot’s perseveration. It is composed
of:
• Flightgear5, an open source flight simulator, which means
that many modifications can be made, e.g. implementing new
displays. To fly the airplane, pilots have a stick, rudder and
a keyboard. Almost all the airports and beacons (NDB and
VOR6) of the world are modeled, and the air traffic control is
simulated. During the experiment, the flight simulator inter-
face is displayed on a giant screen;
• Atlas7, a freeware designed to follow the pilot’s route. The
airplane trajectory, cities, airports and beacons are displayed
with an adjustable focus;
• a wizard of Oz interface (see figure2) we have designed
and implemented, which allows a human operator to trigger
events (failures, weather alteration and the countermeasures)
from an external computer via a local connection (TCP/IP
protocol, sockets communication).
As far as the countermeasures are concerned, several actions
are available to the wizard of Oz:
• replace a display on which the pilot is focused by a black
one (time of reappearance is adjustable);
• blink a display (frequency and time of blinking is ad-
justable);
• fade a display and brighten it again;
• send a message to a blinked, removed or faded display;
• send a message to the central display for explicit conflict
solving.

Figure 2: The wizard of Oz interface - countermeasures

4.3 Experimental scenarios
As conflict appears when a desired goal cannot be reached,
we have designed three experimental scenarios where a cru-

5http://www.flightgear.org/
6NDB and VOR are two kind of radionavigation beacons used to

guide pilots.
7http://atlas.sf.net

cial goal of the mission cannot be achieved:
• scenario 1 is a navigation task from Toulouse-Blagnac air-
port to Francazal airport including three waypoints (VOR
117.70, NDB 331 and NDB 423). An atmospheric depres-
sion is positioned in such a way that the pilot cannot see the
landing ground but at the last moment when it is too late to
land on it.
• scenario 2 is a navigation task from Toulouse-Blagnac air-
port to Francazal airport including three waypoints (VOR
117.70, NDB 415 and NDB 423). The visibility is decreased
from the runway threshold: from far away, the landing ground
is visible but as the pilot gets closer to it, it disappears totally
in a thick fog.
• scenario 3 is a navigation from Toulouse-Blagnac back to
Toulouse-Blagnac including three waypoints (VOR 117.70,
NDB 331 and NDB 423). An atmospheric depression is posi-
tioned over waypoint 2 (NDB 331), and as the pilot flies over
this waypoint, the left engine fails.
In scenarios 1 and 2 the pilot’s conflict can be summarized as
“should I try a dangerous landing at Francazal or should I
fly back to Blagnac for a safer landing?”. If our conjectures
hold, pilots will persevere and try to land at Francazal.
In scenario 3, the pilot’s conflict can be summarized as
“should I go on with the mission despite the failure or should
I land at Francazal and therefore abort the mission?”

4.4 Experimental Results
21 experiments were conducted with Ghost in December
2002 (see figure 3). The pilots’ experiences ranged from
novice (5 hours, small aircraft) to very experienced (3500
hours, military aircraft). Conflicts where detected with the
conflict tracker (described above) and were inputs for the wiz-
ard of Oz to elaborate the countermeasures.

Results for scenarios 1 and 2: “impossible landing”
In these scenarios, the pilots faced the decision of mission
abortion, i.e. not to land at Francazal and fly back to Blagnac.
Both scenarios were tested within two different contexts:
without countermeasures and with countermeasures.
• Context 1: no countermeasures
7 pilots tested scenario 1 or 2 without any countermeasures
(see next table). “Circuits” corresponds to the number of cir-
cuits performed by the pilot round Francazal before crashing
or landing.

Pilot Scenario Circuits Results
Pilot1 1 3 crash
Pilot2 1 3 crash
Pilot3 1 1 chance landing

Pilot4 1 1 chance landing
Pilot5 2 1 crash
Pilot6 2 1 chance landing

Pilot7 2 1 crash

The results suggest that without any countermeasures,
none of the pilots came to the right decision (fly back to
Blagnac): they all persevered at trying to land at Francazal.
Four of them hit the ground, and the other three had a “chance
landing”, which means that while they were flying round
Francazal, the runway appeared between two fog banks and
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they succeeded in achieving a quick landing. During the de-
briefing, all of them admitted they had come to an erroneous
and dangerous decision.
• Context 2: with countermeasures
12 pilots tested scenario 1 or 2 with countermeasures (see
next table). “Circuits” corresponds to the number of circuits
performed by the pilot round Francazal before a countermea-
sures is triggered by the wizard of Oz.

Pilot Scenario Circuits Results
Pilot8 1 3 crash on Francazal
Pilot9 1 2 back to Blagnac

Pilot10 1 2 back to Blagnac
Pilot11 1 2 back to Blagnac
Pilot12 2 3 back to Blagnac
Pilot13 2 2 back to Blagnac
Pilot14 2 2 back to Blagnac
Pilot15 2 2 back to Blagnac
Pilot16 1 2 chance landing Francazal
Pilot17 1 2 back to Blagnac
Pilot18 1 2 back to Blagnac
Pilot19 1 5 crash on Francazal

The results show the efficiency of the countermeasures
to cure perseveration: 9 pilots out of 12 changed their
minds thanks to the countermeasures, and flew back safely
to Blagnac. During the debriefing, all the pilots confirmed
that the countermeasures were immediately responsible for
their change of mind. Moreover, the short disappearance of
the data due to the countermeasures did not cause any stress
to them. 4 military pilots found that the solutions proposed
by the countermeasures were close to what a human co-pilot
would have proposed.
The results with Pilot19 suggest that the more a pilot perse-
veres, the more difficult it is to get him out of perseveration.
During the debriefing, Pilot19 told us that he was obsessed
by the idea of landing, and that he became more and more
stressed as long as he was flying round Francazal. He then
declared that he did not notice any countermeasures. Pilot16
and Pilot8 also persevered despite the countermeasures: they
declared they knew they were not flying properly and that
they had done that on purpose because they wanted to test the
flight simulator.

Results for scenario 3: “failure”
Only 2 pilots tested scenario 3. One pilot experimented this
scenario without any countermeasures: he did not notice the
failure and hit the ground. The second pilot was warned
through the countermeasures that he had a failure and that
there was a landing ground at vector 80: the pilot immediately
performed an emergency landing on this landing ground.
Other experiments are currently being conducted with this
scenario.

Other results
During the experiments, 9 pilots made errors, e.g. selection
of a wrong radio frequency, erroneous altitude, omission to
retract flaps and landing gear. To warn them, the wizard of
Oz blinked the display on which they were focusing and
displayed the error (e.g.: “gear still down”). In each case,

the countermeasure was successful: the pilots performed
the correct action at once. During the debriefing, the pilots
declared that this kind of alarm was very interesting, and
much more efficient and stressless than a classical audio or
visual alarm because they could identify at once what the
problem was.

These experiments have shown also the significance of the
message contents on the blinked display. For example, as far
as the erroneous landing at Francazal is concerned, the ini-
tial message was “Don’t land”, but the pilots did not take it
into account, thinking it was a bug of the simulator. When
the message was changed to “Fly back to Blagnac” or “Im-
mediate overshoot” it was understood and taken into account
at once.

Figure 3: GHOST

5 Conclusion and perspectives
We have presented an approach to detect and cure conflicts in
aircraft pilots’ activities. A first experiment has validated the
conflict detection tool and has shown that pilots facing con-
flicts have a trend to persevere in erroneous behaviors. This
agrees with the observations made by experts of the pilots’
behaviors in real air accidents. These first results have led us
to design GHOST, an experimental environment dedicated to
test countermeasures designed to get pilots out of persever-
ation. A second experiment was conducted with twenty-one
pilots in this new experimental environment: it has proved
the efficiency of the countermeasures to cure perseveration
and has also confirmed the relevance of conflict detection.
Further experiments are to be conducted to go on tuning the
countermeasures according to the pilots’ feedback.

The next step is to design and implement the whole coun-
termeasures closed-loop, i.e to remove the wizard of Oz and
perform an automated conflict and perseveration manage-
ment. This is currently done thanks to (see figure 4):
• the conflict detection tool (see section 3).
• Kalmansymbo(aéro), a situation tracker and predictor
[Tessier, 2003] which is based on predicate/transition timed
Petri nets for procedure and pilot’s activity modeling.
Kalmansymbo assesses the current situation thanks to the pa-
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rameters received in real-time from Flightgear and predicts
what is likely to happen. Both the current situation and the
predictions are inputs for the conflict detection tool, which
allows possible conflicts to be better anticipated.
• a tool for building and sending accurate countermeasures
back to the pilot via the Flightgear cockpit.

COUNTERMEASURES

t1

t2

Conflict detection

clearance_ok

landing

holding pattern

phase_1 fuel_level

Kalmansymbo−aéro
Flightgear

t3

<cl>

<cl>

<ld>

<ld>

<p>
<nf>

{clear=OK & Flev=OK}

{F_lev=OK}

{clear=!OK
    &Flev=!OK}

LOW VISIBILITY

ON FRANCAZAL

GO TO NDB 415

Figure 4: The countermeasures closed-loop
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Abstract 
Conventional methods used for the interpretation 
of activation data provided by functional neuro-
imaging techniques provide useful insights on 
what the networks of cerebral structures are, and 
when and how much they activate. However, 
they do not explain how the activation of these 
large-scale networks derives from the cerebral 
information processing mechanisms involved in 
cognitive functions. At this global level of repre-
sentation, the human brain can be considered as 
a dynamic biological system. Dynamic Bayesian 
networks seem currently the most promising 
modeling paradigm. Our modeling approach is 
based on the anatomical connectivity of cerebral 
regions, the information processing within cere-
bral areas and the causal influences that con-
nected regions exert on each other. The capabili-
ties of the formalism’s current version are illus-
trated by the modeling of a phonemic categoriza-
tion process, explaining the different cerebral ac-
tivations in normal and dyslexic subjects. The 
simulation data are compared to experimental re-
sults [Ruff et al., 2001]. 

1 Introduction 
In Neurology and Neuropsychology, the diagnosis of the 
neurological causes of cognitive disorders, as well as the 
understanding and the prediction of the clinical outcomes 
of focal or degenerative cerebral lesions, necessitate 
knowing the link between brain and mind, that is what 
the cerebral substratum of a cognitive or a sensorimotor 
function is and how the substratum’s activity can be in-
terpreted in cognitive terms, i.e. in terms of information 
processing.  

Studies in humans and animals [Bressler, 1995; Dé-
monet et al., 1994] have shown that sensorimotor or cog-
nitive functions are the offspring of the activity of ori-
ented large-scale networks of anatomically connected 
cerebral regions (Figure 1). In humans, functional neuro-
imaging techniques provide activation data, which are 
indirect measures of the brain’s electrical or metabolic 

activity during a task performance. Statistical analyses of 
the activation data allow determining where [Fox and 
Raichle, 1985], i.e. in which areas, and/or when [Giard et 
al., 1995] during the task performance, the activation 
reaches local extrema. Through the study of covariation 
between local activations, they give a sketch of what the 
network of cerebral areas involved in the cognitive func-
tion is [Herbster et al., 1996]. A known oriented ana-
tomical link between 2 areas allows determining why the 
activation of one area can affect the other one [Büchel 
and Friston, 1997]. Above methods allow identifying the 
substratum of a cognitive function and the activation 
level and dynamics of the substratum during the function 
performance. They do not give any clue of how the cog-
nitive processes participating in the function are imple-
mented by the substratum and how the activation derives 
from the processing. That is, they do not allow interpret-
ing neuroimaging data as the result of information proc-
essing at the integrated level of large-scale networks. 

 
Phoneme 

Primary Sequence S Auditive 
Wernicke’s Cortex

PAC Area 
BA Inferior WA 

Temporal ITG Gyrus Broca's
Area

Fusiform 
Gyrus Anterior

Cingular
FG Cortex T

AC
PCC 

Posterior 
Cingular  INSERM U455 
Cortex Thalamus

 
Figure 1: Large-scale network involved in phoneme monitor-
ing, according to results from [Démonet, et al., 1994] 
 

Interpretative models, linking a networked structure 
activity to the realization of a function, are at the core of 
Computational Neurosciences. Most existing works in the 
domain are based on formal neural networks, with vary-
ing levels of biological plausibility, from physiology 
[Wang and Buzsaki, 1996], hardly interpretable in terms 
of information processing, to more or less biologically 
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plausible models of how basic cognitive functions 
emerge from neuronal activation [Grossberg et al., 2002], 
and to purely functional models [Cohen et al., 1990], not 
concerned with cerebral plausibility. Although these 
models answer the how, they do not meet two major re-
quirements for an interpretative approach of functional 
neuroimaging data. The models are not explicit enough to 
be directly used for clinical purpose, and they cannot 
evolve quickly and easily with new findings in neurosci-
ence, such as the integration of more detailed knowledge 
on the substratum, which often necessitates a complete 
rebuilding of the formal network. 

The causal connectivity approach [Pastor et al., 2000] 
aims at answering the how and satisfying the constraints. 
However, the underlying formalism, causal qualitative 
networks based on interval calculus, limits severely the 
biological plausibility of the models, since it cannot rep-
resent major cerebral features, such as learning or the 
non-linearity and the uncertainty of cerebral processes. 
Dynamic Bayesian networks only meet the three major 
constraints: temporal evolution, uncertainty and nonlin-
earity [Labatut and Pastor, 2001]. The utility of graphical 
probabilistic formalisms for cognitive modeling has also 
been demonstrated in the representation of visuomotor 
mechanisms with Bayesian networks [Ghahramani and 
Wolpert, 1997]. 

Hereafter, we describe how the interpretation of func-
tional images for a clinical purpose can be tackled. Sec-
tion 2 presents our viewpoint on large-scale cerebral 
networks. After a short introduction to dynamic Bayesian 
networks, section 3 describes the characteristics of our 
formalism. Section 4 illustrates the formalism’s capabili-
ties by an example. We conclude with some perspectives. 

2 Representation of Large-Scale Cere-
bral Networks 

2.1 Structural and Functional Nodes 
The function implemented by a large-scale network de-
pends on three properties: the network’s structure 
[Goldman-Rakic, 1988], the functional role of each node 
(E.g. Wernicke’s area (Figure 1), which is supposed to 
realize the early stages of phoneme processing), and the 
properties of the links (length, role: inhibitory or excita-
tory, …). In each network, regions, which are the struc-
tural nodes, are information processors and connecting 
oriented fibers are information transmitters [Leiner and 
Leiner, 1997]. 

All neurons in a region do not have the same structure 
or the same role. Similar neurons constitute generally 
local populations that realize a specific function. For ex-
ample, the inhibitory role of GABAergic neurons on 
other neuronal populations may explain the fact that 
every visual stimulus is not perceived in high frequency 
stimulation [Pastor, et al., 2000]. Therefore, each region 
is itself a network of smaller neuronal populations (func-
tional nodes), connected through neuronal fibers. These 

nodes are information processors that implement func-
tional primitives, which may all be different.  

A large-scale network has therefore neurophysiologi-
cally constrained, oriented edges and possibly differenti-
ated nodes. The explicit representation of the nodes’ 
function allows the direct expression of hypotheses on 
cerebral processing, and their easy modification in order 
to follow the evolution of knowledge in neurosciences. 
This cannot be dealt with by formal neural networks’ 
implicit modeling that requires modifying the whole net-
work architecture to implement functional changes. 
Hereafter, a structural or a functional structure will be 
indifferently named a cerebral zone. 

2.2 Information Representation and 
Processing 

The cerebral information processed by a neuronal popula-
tion can be seen as the abstraction of the number and the 
pattern of the neurons firing for this information. It can be 
represented both by an energy level and by a category. En-
ergy is indirectly represented by the imprecise activation 
data provided by neuroimaging techniques. The category 
representation is in agreement with the “topical” organiza-
tion of the brain, which reflects category maps of the input 
stimuli, and can persist from primary cortices to nonprimary 
cortices and subcortical structures [Alexander et al., 1992], 
through transmission fibers [Leiner and Leiner, 1997]. The 
energy and the category of a stimulus can also be easily 
extracted from its psychophysical properties. 

Modeling cerebral processes necessitates an explicit and 
discrete representation of time, both for taking into account 
the dynamics of cerebral mechanisms (transmission delays, 
response times…), and for complying with sampled func-
tional neuroimaging data. 

According to a definition of causality inspired by Hume 
[Hume, 1740] and consistent with Pearl’s probabilistic cau-
sality [Pearl, 2001], information processing in a large-scale 
network can be considered as mediated through causal 
mechanisms. Causality is defined by three properties: spatial 
and temporal contiguity, temporal consistency, and statisti-
cal regularity [Labatut and Pastor, 2001]. In other words, 
two entities A and B are causally linked if they are contigu-
ous relatively to the system they belong to, if the beginning 
of A precedes temporally the beginning of B, and if most of 
the times, A provokes B. In the brain, oriented anatomical 
links provide spatial and temporal contiguity between cere-
bral nodes, cerebral events are temporally consistent (a fir-
ing zone provokes the activation of downstream zones), and 
there is a statistical regularity in the response of a specific 
neuronal population to a given stimulus. 

3 Description of the Formalism 

3.1 Dynamic Bayesian Networks 
In summary, the brain can be viewed as a network whose 
nodes are differentiated dynamic and adaptive informa-
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tion processors and oriented edges convey causality. 
Moreover, cerebral mechanisms, which are the abstrac-
tion, at the level of a neuronal population, of the chemi-
cal and electrical mechanisms at the cell levels, are often 
nonlinear. Causal dynamic Bayesian networks are the 
paradigm that meets best the constraints derived from 
these properties [Labatut and Pastor, 2001]. 

3.2 Formal definition 

Static and Dynamic Networks 
A static network is the graphical representation of a 
large-scale network, whose nodes are cerebral zones and 
edges are the oriented axon bundles connecting zones. 
Due to anatomical loops, it is often cyclic. The DBN is 
the acyclic temporal expansion of the static network. 
Each node of the DBN is the processing entity related to 
a cerebral zone, i.e. the mathematical expression, at a 
given time slice, of information processing in the zone. 
Each edge is the propagation entity, whose orientation is 
its corresponding axon bundle’s orientation. When deriv-
ing the DBN from the static network, values are given to 
the temporal parameters, according to known physiology 
results (e.g. the transmission speed in some neural fi-
bers). That is, the length of the time slices is fixed, and a 
delay representing the average propagation time in the 
bundle’s fibers is associated to the propagation entity. 

A causal Bayesian network consists of a directed 
acyclic graph where nodes represent random variables 
and edges represent causal relationships between the 
variables [Pearl, 1988]. A conditional probability is asso-
ciated with each relationship between a node and its par-
ents. If the node is a root, the probability distribution is a 
prior. When some nodes’ values are observed, posterior 
probabilities for the hidden nodes can be computed 
thanks to inference algorithms such as the junction tree 
algorithm [Jensen, 1996].  

In a dynamic Bayesian network (DBN), the evolution 
of random variables through time is considered. Time is 
seen as a series of intervals called time slices [Dean and 
Kanazawa, 1988]. For each slice, a submodel represents 
the state of the modeled system. DBNs are used to model 
Markovian processes, i.e. processes where a temporally 
limited knowledge of the past is sufficient to predict the 
future. The choice of the inference algorithm, generally 
an extension of the junction tree algorithm [Murphy, 
1999], depends on the DBN’s structure, the nature of its 
variables (discrete or continuous), and relationships (lin-
ear or nonlinear). 

Information Representation 
Cerebral information is the flowing entity that is com-
puted at each spatial (cerebral zone) and temporal (time 
slice) step, by a processing entity. It is a two-
dimensioned data. The first part, the magnitude, stands 
for the cerebral energy needed to process the information 
in the zone. It is represented by a real random variable in 
the DBN. For the second part, the type, which represents 
the cerebral category the zone attributes to the informa-
tion, the representation is based on the symbol and cate-
gorical field concepts.  

Activation data and/or the subject’s responses to the 
stimuli are the only observable variables we have. There-
fore, they must be integrated in our models. One may 
reasonably consider that the hidden variables, describing 
the successive states of the cerebral network, constitute a 
Markov chain, and that observable variables depend only 
on them. Moreover, the variables are continuous and their 
relationships may be nonlinear. This is typically the de-
scription of a type of DBNs called fully nonlinear state 
space models. Specific and recent algorithms allowing 
dealing with nonlinearity exist for this type of structures. 
Their general principle is to linearize the model in order 
to apply the classic Kalman filter. These algorithms differ 
on the used linearization method: first-order Taylor ap-
proximations for the extended Kalman filter [Julier and 
Uhlmann, 1997; Norgaard et al., 2000] or polynomial 
approximations for the unscented Kalman filter [Julier 
and Uhlmann, 1997], the divided difference filter (DDF) 
[Norgaard, et al., 2000], and others [Van Der Merwe and 
Wan, 2001]. The algorithms based on polynomial ap-
proximations seem to give more reliable results 
[Norgaard, et al., 2000]. Their computational complexity 
is O(L3), where L is the state dimension [Van Der Merwe 
and Wan, 2001]. They offer equivalent qualities, but 
those of the DDF are more accurate according to its au-
thor [Norgaard, et al., 2000].  

A symbol represents a “pure” (i.e. not blurred with 
noise or another symbol) category of information. For 
example, when the information represents a linguistic 
stimulus, a symbol may refer to a non ambiguous pho-
neme. For cerebral information, the symbol represents, in 
each zone, the neuronal subpopulation being sensitive to 
(i.e. that fires for) the corresponding category. It may be, 
in the primary auditory cortex, the subpopulation sensi-
tive to a specific frequency interval. A categorical field 
is a set of symbols describing stimuli of the same seman-
tic class. The “color” categorical field contains all the 
color symbols, but it cannot contain phonemes.  

A type concerns several symbols, due to the presence 
of noise or because of some compound information. Let 

 be the set of all existing symbols. We assume that a 
type  is defined for only one categorical field. Let S  
be the subset of S , corresponding to this categorical 
field. The type T  is an application from  to 

S
T T

TS [ ]0,1 , with 
the property ( ) = 1∑

∈Ss T

T s , i.e. it describes a symbol reparti-

tion for a specific categorical field. In a stimulus, this 
repartition corresponds to the relative importance of each 
symbol compounding the information carried by the 
stimulus. Inside the model, T(s) stands for the proportion 
of s-sensitive neurons in the population that fired for the 
information whose type is T. Unlike the magnitude, the 
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type is not represented by a random variable. Indeed, it is 
not necessary to represent its uncertainty (and hence to 
make the computational complexity harder) since we 
cannot compare it to neuroimaging data.  

Stim 

IGNpa 
INpa 

OGNpa 

AN 

LINpA 

FTNpa 

LINta 

IGNta 
INta 

FTNta 

OGNta 

Stimulus

ta

pa

Right Temporal Superior Gyrus 

At time t and node X, the information is represented by 
the type T  and the magnitude  at the output of X. t

X
t
XM

Propagation and Processing 
For a zone X, both the cerebral propagation mecha-

nisms (i.e. the relationships towards the zone) and the 
processing (spatial and temporal integration of the inputs, 
and processing as such) are described by a pair of func-
tions, the type  and the magnitude functions . In 
the general case where n zones Y  are inputs to X , 
let  be the corresponding delays of these rela-
tionships. In the DBN, the general form of the magnitude 
functions is: 

XTf XMf

1, , nY…

n∂∂ ,,1 …

( )1

1

1, , , ,n

X

ttt t
X M Y Yn X XM f M M M u−∂−∂ −= …  (1) 

where fM can be a nonlinear function. The random vari-
able ( )2,0~ σNuX  models uncertainty in the cerebral 
processing.  

The type function is any combination of the incoming 
types and of the previous type that respects our type defi-
nition. If all types are defined on the same categorical 
field S, the type function can be the linear combination: 

( ) ( ) ( ) ( )1

1 1

1n

n n

ttt t
X Y Y Y Y X XT s c T s c T s c T s−∂−∂ −= + + +… , Ss ∈∀  (2) 

where S is the categorical field of t
XT , 1

1 1
, , ntt

Y YT T −∂−∂ … , and 
1t

XT − ; and with ∑  in order to keep the property 1c• =

( ) 1t
XT s =

s S∈
∑ . 

The functions’ definition, as well as the setting of the 
parameters’ values (e.g. the value of a firing threshold), 
utilize mostly results in neuropsychology or in neuro-
physiology. The existence of generic models, that is, non 
instantiated, reusable, models of functional networks, is 
assumed. For example, primary cortices may implement 
the same mechanisms, although they are parameterized so 
that they can process different types of stimuli [Pastor, et 
al., 2000]. 

4 Example 
The model, presented hereafter, is based on an experi-
mental study [Ruff, et al., 2001] that focused on the dif-
ferences between normal and dyslexic subjects during a 
passive phonemic categorization process. 

Six patients and six controls were submitted to a pas-
sive hearing of stimuli that are mixes of the two phoneti-
cally close syllables /pa/ and /ta/. The pivot is noted dev0 
and the deviants are 4 different mixes of /pa/ and /ta/, 
noted dev2M, dev1M, dev1P, dev2P (Table 1). The meas-
urements were made with fMRI. An experiment is consti-
tuted of 5 blocks, corresponding to the pivot and the de-

viants. Each block contains 6 sequences of 4 sounds, 3 
pivots and the block’s deviant, in a random order. 

We focus on a single region, a part of the right tempo-
ral superior gyrus involved in the early processing of 
auditory stimuli and activated differently in controls and 
dyslexic subjects. Phylogeny is in favor of the existence 
of specialized phonemic processors in this area (Figure 
2). Since their location is unknown, they cannot consti-
tute separate structural nodes. They are supposed to have 
the same building functional nodes. According to our 
genericity hypothesis, the processors’ structure and pa-
rameters are based on a previously released visual cortex 
model [Pastor, et al., 2000]. The Input Gating Nodes 
(IGN●) express the phoneme processors’ sensitivity to the 
stimulus. The Output Gating Nodes (OGN●) send infor-
mation to the downstream areas. Intra and inter (lateral) 
inhibitions (IN● and LIN●) are assumed between the /pa/ 
and /ta/ processors. LIN● make the activation of an IGN● 
cause an inhibition in the opposite IGN●. Each Firing 
Threshold Node (FTN●) is modulated by an OGN● that 
can lower it. Since only one activation measure is pro-
vided by fMRI for the area, it is represented by the sole 
AN node in the static model. Stim stands for the stimulus.  

 
 
 

 
 
 
 
 
 
 
 
 
 
 
 

Figure 2: Static network used to model the cerebral phonemic 
categorization process.  

Except for the parameterization of the IGN● nodes, 
which reflects the specialization of each phonemic proc-
essor to the phoneme category (/pa/ or /ta/), the functions 
for both the /pa/ and /ta/ parts share exactly the same 
structure and parameters. Thus, only the pa part will be 
presented. In the following equations, the ith parameter of 
the function of a node X is noted . ( )i

Xa
The refractory period of the processor’s neurons is 

modeled in IGNpa by a sigmoid function IGNϕ  that makes 
the node sensitive to the incoming stimulus only if the 
magnitude of the output is already close to zero: 

( ) ( ) ( )( ) 2121 -1 −−−= t
Stim

t
OGNIGN

t
StimIGNIGN

t
IGN papapapa

MMTgaM ϕ  

 ( ) ( ) ( ) t
LINIGN

t
INIGN

t
IGNIGN tapapa

MaMaMa +−−+ −−− 141312 t
IGN pa

u  (3)  

The categorical field contains two symbols (pa and ta). 
The type of a stimulus represents the proportions of the 
two symbols (Table 1). 
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name dev2M dev1M dev0 dev1P dev2P senspa sensta 

pa 
value 0.7 0.55 0.4 0.25 0.1 0.8 0.2 

ta 
value 0.3 0.45 0.6 0.75 0.9 0.2 0.8 

 
Table 1: Constants for both phonemic categorization models 

 
The sensitivity of each IGN● to the received type is de-

fined by a constant type sens●. IGNpa is more sensitive to 
the symbol pa, and IGNta to ta. The function  in 

equation (3) is used with the constant sens
paIGNg

pa and the in-
coming stimulus’ type T  in order to modulate the mag-
nitude of IGN

2−t
Stim

pa: 
( ) ( ) ( ) ( ) ( )tasenstaTpasenspaTTg pa

t
Stimpa

t
Stim

t
StimIGN pa

222 −−− +=  

The types are used only for the input gating; they do 
not intervene in the rest of the model. The sigmoid OGNϕ  
in OGNpa’s magnitude function allows it to fire only if 
the magnitude coming from the IGNpa is greater than the 
firing threshold’s (FTNpa) one: 

( ) ( ) 1111   −−− −= t
IGN

t
FTN

t
IGNOGNOGN

t
OGN papapapa

MMMaM ϕ    
  (4)  ( ) t

OGN
t
OGNOGN papa

uMa ++ −12

( ) ( ) t
IN

t
ININ

t
OGNIN

t
IN papapapa

uMaMaM ++= −− 1211  (5)  
( ) ( ) t

LIN
t
LINLIN

t
IGNLIN

t
LIN papapapa

uMaMaM ++= −− 1211  (6)  
( ) ( ) ( )( ) ( )( ) t

FGN
t
OGNFTN

t
FTNFTNFTNFTN

t
FTN papapapa

uMaMaaaM ++−= −− 231121 -  (7)  
AN consists in the sum of the successive IGNs’ activa-

tions during one experimental block: 
111 −−− ++= t

AN
t
IGN

t
IGN

t
AN MMMM

tapa
 (8)  

This is a gross approximation of the fMRI data, which 
models only the part of the information processing mecha-
nisms in the activation building and neglects metabolic 
processes at the level of the cerebral blood flow. Since, ex-
cept the Stim and the AN nodes, all nodes represent neu-
ronal activities, the time unit is set to 1 ms. We used the 
DD2 algorithm [Norgaard, et al., 2000] to perform the simu-
lations.  

The hypothesis is that the difference of processing be-
tween normal and dyslexic subjects is caused by a disorder 
in the inhibitory mechanisms. Thus, the two models, one for 
the average patient and the other for the average control, use 
the same functions and share the same parameters, except 
for the inhibition nodes (IN● and LIN●). There are no lateral 
inhibitions in the dyslexic model. It can be interpreted in 
cognitive terms as the fact that all the processors compete 
for each stimulus and that no clear category can be built. 
Also, the dyslexic model’s internal inhibitions are slightly 
stronger than in the normal one, leading to a slowing in the 
stimulus perception. These two tentative interpretations are 
good starting points for new experiments. 

The differences in the inhibition parameters are suffi-
cient to obtain very different activation data. For con-

trols, the more distant (from the pivotal stimulus, cate-
gorically speaking) the deviant is, the stronger the activa-
tion is (Figure 3). This is supposed to be caused by a ha-
bituation mechanism that lowers the activation, followed 
by an activation the force of which depends on the “sur-
prise” caused by the deviant. Dyslexic subjects do not 
correctly categorize the different phonemes, both the pa 
and the ta parts of the gyrus activate for each block. This 
illustrates how activation data can be explained thanks to 
the understanding of the cerebral information processing 
mechanisms expressed in the models.  
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Figure 3: Compared results between simulated data (± 2 stan-
dard deviations) and experimental measures.  

5 Conclusion 
Instead of building a specialized model, designed for a 
specific function or cerebral network, we have presented 
a general framework, allowing the interpretation of func-
tional neuroimaging data. This framework has been de-
signed to be open to evolutions of the knowledge in neu-
ropsychology and neurophysiology. Using DBNs allows 
modeling the brain as a dynamic causal probabilistic 
network with nonlinear relationships. We have illustrated 
this with an example concerning a language-related proc-
ess. Currently, our framework is adapted to automatic 
processing, which is dominant in cerebral functioning. In 
function of the stimulus type, nodes can react differently 
and different networks may be activated, thus implement-
ing different functions. Our future work will focus on the 
integration of more biological plausibility in the frame-
work. The representation of complex relationships be-
tween and inside the zones will allow the representation 
of controlled processes and contextual modulation of the 
cerebral activity. The combination of types from different 
categorical domains and the search for regularities in the 
combinations will allow the implementation of learning 
mechanisms. Another essential topic is to make our mod-
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els independent of the used data acquisition technique, 
thanks to interface models, able to translate cerebral in-
formation processing variables into neuroimaging results. 
Our long-term goal is to progressively include in our 
framework various validated models and to build a con-
sistent and general brain theory based on large-scale net-
works.  
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