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Abstract

This paper presents a method for analyzing hu-
man-robot interaction by body movements. Fu-
ture intelligent robots will communicate with
humans and perform physical and communicative
tasks to participate in daily life. A human-like
body will provide an abundance of non-verbal
information and enable us to smoothly commu-
nicate with the robot. To achieve this, we have
developed a humanoid robot that autonomously
interacts with humans by speaking and making
gestures. It is used as a testbed for studying em-
bodied communication. Our strategy is to analyze
human-robot interaction in terms of body move-
ments using a motion capturing system, which
allows us to measure the body movements in de-
tail. We have performed experiments to compare
the body movements with subjective impressions
of the robot. The results reveal the importance of
well-coordinated behaviors and suggest a new
analytical approach to human-robot interaction.

1 Introduction

Over the past several years, many humanoid robots such as
Honda’s [Hirai et al., 1998] have been developed. We
believe that in the not-too-distant future humanoid robots
will interact with humans in our daily life. Their hu-
man-like bodies enable humans to intuitively understand
their gestures and cause people to unconsciously behave as
if they were communicating with humans [Kanda et al.,
2002a]. That is, if a humanoid robot effectively uses its
body, people will naturally communicate with it. This
could allow robots to perform communicative tasks in
human society such as route guides.

Several researchers have investigated about social re-
lationships between humans and robots. For example,
Kismet was developed for studying early caregiver-infant
interaction [Breazeal, 2001]. Also, a robot that stands in a
line [Nakauchi et al., 2002] and a robot that talks with
multiple persons [Nakadai ef a/., 2001] have been devel-
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oped. Furthermore, various communicative behaviors
using a robot’s body have been discovered, such as a
joint-attention mechanism [Scassellati et al., 2000].

On the other hand, methods of analyzing social robots,
especially with respect to human-robot interaction, are
still lacking. To effectively develop any systems in general,
it is essential to measure the systems’ performance. For
example, algorithms are compared with respect to time
and memory, and mechanical systems are evaluated by
speed and accuracy. Without analyzing current perform-
ance, we cannot argue advantages and problems. For so-
cial robots, no analysis method has yet been established,
thus, it is vital to determine what types of measurements
we can apply. Although questionnaire-based methods have
been often used, they are rather subjective, static and
obtrusive (that is, we would interrupt the interaction when
we apply a questionnaire). Less commonly, human be-
haviors are employed for this purpose, such as distance
[Hall, 1966], attitude [Reeves and Nass, 1996], eye gaze
(often used in psychology), and synchronized behaviors
[Ono et al., 2001]. Although those methods are more dif-
ficult to apply, the results are more objective and dynamic.
Sometimes, interactive systems observe human behaviors
for synthesizing behaviors [Jebara and Pentland, 1999].
However, they are still fragments rather than a systematic
analysis method applicable for human-robot interaction.

In this paper, we present our exploratory analysis of
human-robot interaction. Our approach is to measure the
body movement interaction between a humanoid robot and
humans, and compare the results with traditional subjective
evaluation. We have developed an interactive humanoid
robot that has a human-like body as the testbed of this
embodied communication. Furthermore, many interactive
behaviors have been implemented. It encourages people to
treat the robot as a human child. We employ a motion cap-
turing system for measuring time and space accurately.

2 An Interactive Humanoid Robot

2.1 Hardware

Figures 1 and 2 display an interactive humanoid robot
“Robovie,” which is characterized by its human-like body
expression and various sensors. The human-like body
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consists of eyes, a head and arms, which generate the
complex body movements required for communication.
The various sensors, such as auditory, tactile, ultrasonic,
and visual, enable it to behave autonomously and to in-
teract with humans. Furthermore, the robot satisfies me-
chanical requirements of autonomy. It includes all com-
putational resources needed for processing the sensory
data and for generating behaviors. It can continually op-
erate for four hours with its battery power supply.

2.2 Software

Using its body and sensors, the robot performs diverse
interactive behaviors with humans. Each behavior is gen-
erated by a situated module, each of which consists of
communicative units. This implementation is based on a
constructive approach [Kanda et al., 2002b]: “combining
as many simple behavior modules (situated modules) as
possible.” We believe that the complexity of the relations
among appropriate behaviors enriches the interaction and
creates perceived intelligence of the robot.

Communicative Unit

Previous works in cognitive science and psychology have
highlighted the importance of eye contact and arm
movement in communication. Communicative units are
designed based on such knowledge to effectively use the
robot’s body, and each unit is a sensory-motor unit that
realizes certain communicative behavior. For example, we
have implemented “eye contact,” “nod,” “positional rela-
tionship,” “joint attention (gaze and point at object).”
When developers create a situated module, they combine
the communicative units at first. Then, they supplement it
with other sensory-motor units such as utterances and
positional movements for particular interactive behaviors.

Situated Modules

In linguistics, an adjacency pair is a well-known term for a
unit of conversation where the first expression of a pair
requires the second expression to be of a certain type. For
example, “greeting and response” and “question and an-
swer” are considered pairs. We assume that embodied
communication is materialized with a similar principle:
the action-reaction pair. This involves certain pairs of
actions and reactions that also include non-verbal expres-
sions. The continuation of the pairs forms the communi-
cation between humans and a robot.

Although the action and reaction happen equally, the
recognition ability provided by current computer science is
not as powerful as that of humans. Thus, the robot takes the
initiative and acts rather than reacting to humans actions.
This allows the flow of communication to be maintained.
Each situated module is designed to realize a certain ac-
tion-reaction pair in a particular situation (Fig. 3), where a
robot mainly takes an action and recognizes the humans'
reaction. Since it produces a particular situation by itself, it
can recognize humans’ complex reactions under limited
conditions; that is, it expects the human's reaction. This pol-
icy enables developers to easily implement many situated
modules. On the other hand, when a human takes an action
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Figure 1: : k

“Robovie” Figure 2: Interactive behaviors

toward the robot, it recognizes the human’s action and reacts
by using reactive transition and reactive modules; that is,
some of the situated modules can catch the human’s initiating
behaviors and interrupt its operations to react to them (as
shown in Fig. 4: the second module TURN).

A situated module consists of precondition, indication,
and recognition parts (Fig. 3). By executing the precon-
dition, the robot checks whether the situated module is in
an executable situation. For example, the situated module
that performs a handshake is executable when a human is
in front of the robot. By executing the indication part, the
robot interacts with humans. With the handshake module, the
robot says “Let’s shake hands,” and offers its hand. This be-
havior is implemented by combining communicative units of
eye contact and positional relationships (it orients its body to-
ward the human), and by supplementing a particular utterance
(“Let’s shake hands”) and a particular body movement (offering
its hand). The recognition part is designed to recognize
several expected human reactions toward the robot's action.
As for the handshake module, it can detect human hand-
shake behavior if a human touches its offered hand.

The robot system sequentially executes situated mod-
ules (Fig. 4). At the end of the current situated module
execution, it records the recognition result obtained by the
recognition part, and progresses to the next executable
situated module. The next module is determined by the
results and the execution history of previous situated
modules, which is similar to a state transition model.

— Situated Module

Precondition
Verification of the situation

——Indication —— — Recognition—
(Robot's Action) Human's Reaction)

Utterance
| (el R IR
Communicative Unit
B conae  Nod :

Positional relationshi

Figure 3: Situated module
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LET'S_PLAY- TURN GREET

[ There is a human near the robot | | A human touches the shoulder | | There is 2 human near the robot |

Ask the human | [ (Timeoud Caterrupt> Turn to the Faile Greet No reactiom| [(Greeted

to play together | | (Touched human ucces; the human Greeted >

SHAKE HANDS BYE YAWN —

| There is a human near the robot | [ | [ |
Shake hands No reaction Say good-bye | | Success> @ Pose "yawn" | | <Noreaction
with the human| Somne reacfion

Figure 4: Example of situated module transition

2.3 Realized Interactive Behaviors

We installed this mechanism on “Robovie.” The robot’s
task is to perform daily communication as children do. The
number of developed situated modules has reached a
hundred: 70 of which are interactive behaviors such as
handshake (Fig. 2, upper-left), hugging (Fig. 2, up-
per-right), playing paper-scissors-rock (Fig. 2, lower-left),
exercising (Fig. 2, lower-right), greeting, kissing, singing
a song, short conversation, and pointing to an object in the
surroundings; 20 are idling behaviors such as scratching
its head, and folding its arms; and 10 are moving-around
behaviors, such as pretending to patrol an area and going
to watch an object in the surroundings.

Basically, the transition among the situated modules is
implemented as follows: it sometimes asks humans for
interaction by saying “Let’s play, touch me,” and exhibits
idling and moving-around behaviors until a human acts in
response; once a human reacts to the robot (touches or
speaks), it starts and continues the friendly behaviors
while the human reacts to these; when the human stops
reacting, it stops the friendly behaviors, says “good bye”
and re-starts its idling or moving-around behaviors.

3 Body Movement Analysis

3.1 Experiment Settings

We performed an experiment to investigate the interaction
of body movements between the developed robot and a
human. We used 26 university students (19 men and 7
women) as our subjects. Their average age was 19.9. First,
they were shown examples how to use the robot, then they
freely observed the robot for ten minutes in a rectangular
room 7.5 m by 10 m. As described in section 2.3, the robot
autonomously tries to interact with subjects. At the be-
ginning of the free observation, the robot asks subjects to
talk and play together, and then subjects usually start
touching and talking.

After the experiment, subjects answered a questionnaire
about their subjective evaluations of the robot with five
adjective pairs shown in Table 1, which was compared
with the body movements. We chose these adjective pairs
because they had high loadings as evaluation factors for an
interactive robot in a previous study [Kanda et al., 2002a].

3.2 Measurement of Body Movements

We employed an optical motion capturing system to
measure the body movements. The motion capturing sys-
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tem consisted of 12 pairs of infrared cameras and infrared
lights and markers that reflect infrared signals. These
cameras were set around the room. The system calculates
each marker’s 3-D position from all camera images. The
system has high resolution in both time (120 Hz) and space
(accuracy is 1 mm in the room)

As shown in Fig. 5, we attached ten markers to the heads
(subjects wore a cap attached with markers), shoulders,
necks, elbows, and wrists of both the robot and the sub-
jects. By attaching markers to corresponding places on the
robot and subjects, we could analyze the interaction of
body movements. The three markers on the subjects’ head
detect the individual height, facing direction, and potential
eye contact with the robot. The markers on the shoulders
and neck are used to calculate the distance between the
robot and subjects, and distance moved by them. The
markers on the arms provide hand movement information
(the relative positions of hands from the body) and the
duration of synchronized movements (the period where
the movements of hands of the subject and robot highly
correlate). We also analyzed touching behaviors via an
internal log of the robot’s touch sensors.

3.3 Results

Comparison between the body movements and the sub-
jective evaluations indicates meaningful correlation. From
the experimental results, well-coordinated behaviors such
as eye contact and synchronized arm movements proved to
be important. This suggests that humans make evaluations
based on their body movements.

Subjective Evaluation: “Evaluation Score”

The semantic differential method is applied to obtain
subjective evaluations with a 1-to-7 scale, where 7 denotes
the most positive point on the scale. Since we chose the
adjective pairs that had high loadings as evaluation factors
for an interactive robot, the results of all adjective pairs
represent subjective evaluation of the robot. Thus, we
calculated the evaluation score as the average of all ad-
jective-pairs’ scores. Table 1 indicates the adjective pairs
used, the averages, and standard deviations.

Correlation between Body Movements and Sub-
jective Impressions

Table 2 displays the measured body movements. Re-
garding eye contact, the average time was 328 seconds,
which is more than half of the experiment time. Since the
robot's eye height was 1.13 m and the average of subject
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Figure 5: Attache-markers (left) and obtained 3-D nu-

merical position data of body movement (right)
In the left figure, white circles indicate the attached markers, and the circles
in the right figure indicate the observed position of the markers

eye height was 1.55 m, which was less than their average
standing eye height of 1.64 m, several subjects sat down or
stooped to bring their eyes to the same height as the robot's.
The distance moved was farther than what we expected,
and it seemed that subjects were always moving lit-
tle-by-little. For example, when the robot turned, the
subjects would then correspondingly turn around the robot.
Some subjects performed arm movements synchronized
with the robot’s behaviors, such as exercising.

Next, we calculated the correlation between the
evaluation score and the body movements (Table 3). Since
the number of subjects is 26, each correlation value whose
absolute value is larger than 0.3297 is significant. We
highlight these significant values with bold face in the
table. From the calculated results, we found that eye
contact and synchronized movements indicated higher
significant correlations with the evaluation score.

According to the correlations among body movements,
the following items showed significant correlations: eye
contact — distance, eye contact — distance moved, syn-
chronized behaviors — distance moved by hands, and
synchronized behaviors — touch. However, these items
(distance, distance moved, distance moved by hands, and
touch) do not significantly correlate with the evaluation
score. That is, only the well-coordinated behaviors cor-
relate with the subjective evaluation. Isolated active body
movements of subjects, such as standing near the robot,
moving their hands energetically, and touching the robot
repetitively, do not correlate to the subjective evaluation.

Estimation of Momentary Evaluation: “En-

trainment Score”

The results indicate that there are correlations between
subjective evaluation and body movements. We performed
multiple linear regression analysis to estimate the evalua-
tion score from the body movements, which confirms the
above analysis and reveals how much each body move-
ment affects the evaluation. We then applied the relations
among body movements to estimate a momentary evalua-
tion score called the entrainment score.

As a result of the multiple linear regression analysis,
standardized partial regression coefficients were obtained,
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Adjective-pairs Mean Std. Dev.
Good Bad 4.88 0.95
Kind Cruel 4.85 1.29
Pretty Ugly 5.08 0.93
Exciting Dull 4.46 1.61
Likable Unlikable 4.77 1.03
Evaluation score 4.81 0.92

Table 1: The adjective-pairs used for subjective evaluation,
and the mean and resulting mean and standard deviation

Mean  |Std. Dev.
Distance (m) 0.547 0.103
Eye contact (s) 328 61.8
Eye height (m) 1.55 0.124
Distance moved (m) 35.2 17.0
Distance moved by hands (m) 108 29.5
Synchronized movements (s) 7.95 6.58
Touch (num. of times) 54.9 20.8

Table 2: Results for body movement

as shown in Table 4. The obtained multiple linear regres-
sion is as follows:

E:adisl.DIST+(xe¢'.EC+aeh.EH+(xdm.DM (1)
+o,,, * DMH +o.,, « SM +a, e TOUCH +o

touch const

where DIST, EC, EH, DM, DMH, SM, and TOUCH are the
standardized values of the experimental results for the
body movements. Since the evaluation was scored on a
1-to-7 scale, evaluation score E is between 1 and 7. The
multiple correlation coefficient is 0.77, thus 59% of the
evaluation score is explained by the regression. The va-
lidity of the regression is proved by analysis of variance
(F(7,18) = 3.71, P < 0.05).

The coefficients (Table 4) also indicate the importance
of well-coordinated behaviors. Eye contact and synchro-
nized movements positively affected the evaluation score;
on the contrary, distance, distance moved and touch seem
to have negatively affected the evaluation score. In other
words, the subjects who just actively did something
(standing near the robot, moved around, and touched re-
peatedly), especially without cooperative behaviors, did
not evaluate the robot highly.

Because we can momentarily observe all terms involved
in the body movements of the regression (1), we can es-
timate a momentary evaluation score by using the same
relations among body movements as follows:

Et)=a,, *DIST(t)+c, » EC(t)+a, ® EH(t)+0,, ® DM(?) )
+o,, * DMH()+a,, e SM(H)+c,,, * TOUCH(t)+ o

touch const

where designations such as DIST(¢) are the momentary
values of the body movements at time 7. We named this
momentary evaluation score the “entrainment score,” with
the idea that the robot entrains humans into interaction
through its body movements and humans move their body
according to their current evaluation of the robot. The
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Evaluation|Dist. [E.C. |E.H. |[DM. [D.M.H.[S.M. |[Touch Coefficient| Value
Dist. -0.04 | 1.00 Distance X gist 0.173
EC. 0.57 |-047 | 1.00 Eye contact e 0.476
E.H. 0.08 [-0.39 | 029 | 1.00 Eye height X 0.019
DM. | 032 | 020 |-043 | 0.02 | 1.00 Distance moved X -0.228
DMH| 001 ]-004 |-021 |-009 | 049 | 1.00 Distance moved by hands | Q. -0.029
S.M. 0.54 |-0.05 | 028 |-0.05 | 0.15 | 0.61 | 1.00 Synchronized movements | O, 0.535
Touch | 021 |-0.45 | 0.49 |-0.07 |-0.15 | 035 | 0.41 | 1.00 Touch et 20.186

Table 3: Correlation between subjective evaluation and body
movements. (E.C.: eye contact, E.H.: eye height, D. M.: distance moved,

D.M.H.: distance moved by hands, S.M.: synchronized movements)

evaluation score and entrainment score satisfy the fol-
lowing equation, which represents our hypothesis that the
evaluation forms during the interaction occurring through
the exchange of body movements:

E= jot E() /t 3)

Let us show the validity of the estimation by examining
the obtained entrainment score. Figure 6 shows the en-
trainment scores of two subjects. The horizontal axis in-
dicates the time from start to end (600 seconds) of the
experiments. The solid line indicates the entrainment score
E(t), while the colored region indicates the average of the
entrainment score E(#) from the start to time ¢ (this inte-
gration value grows the estimation of £ at the end time).

The upper graph shows the score of the subject who
interacted with the robot very well. She reported after the
experiment that, “It seems that the robot really looked at
me because of its eye motion. I nearly regard the robot as a
human child that has an innocent personality.” This en-
trainment-score graph hovers around 5 and sometimes
goes higher. This is because she talked to the robot while
maintaining eye contact. She performed synchronized
movements corresponding to the robot’s exercising be-
haviors, which caused the high value around 200 sec.

At the other extreme, the lower graph is for the subject
who became embarrassed and had difficulty in interacting
with the robot. The graph sometimes falls below 0. In
particular, at the end of the experiment, it became unstable
and even lower. He covered the robot’s eye camera,
touched it like he was irritated, and went away from the
robot. We consider that those two examples suggest the
validity of the entrainment score estimation.

Evaluation of the implemented behaviors

In the sections above, we explained the analysis of body
movement interaction. Here, we evaluate the implemented
behaviors. Although the application of this result is limited
to our approach, our findings also prove the validity and
applicability of the entrainment score.

We calculated the evaluation score of each situated
module based on the average of the entrainment score
while each module was being executed. Tables 5 and 6
indicate the worst and best five modules, respectively, and
their scores. The worst modules were not so interactive.
SLEEP_POSE and FULLY_FED do not respond to human
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Table 4: Standardized partial regression coefficients
obtained by multiple linear regression analysis
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Figure 6: Illustration of entrainment score
(upper: subject who treated the robot as if it were a humans child, lower:
subject who was embarrassed by interacting with it)

action and exhibit behavior similar to the sleeping pose.
NOT_TURN is the behavior for brushing off a human’s
hand while saying “I’'m busy” when someone touches on
its shoulder. The best modules were rather interactive
modules that entrain humans into the interaction.
EXERCISE and CONDUCTOR produce the exercising
and imitating of musical conductor behaviors, which in-
duced human synchronized body movements. Other
highly rated modules also produce attractive behaviors,
such asking and calling, which induce human reactions.
We believe that the entrainment scores provide plenty of
information for developing interactive behaviors of robots
that communicate with humans.

4 Discussions

The experiment reveals the correlation between humans’
subjective evaluations and body movements. If a human
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ID Contents Evaluation 1D Contents Evaluation

TICKLE Tickle -2.09 EXERCISE Exercise 5.75

APOLOGIZE Apologize -1.96 ASK SING Ask humans, “May I sing a song?” 5.59

NOT TURN Say, “I’m busy,” and 0,51 CONDUCTOR Pose imitating a musical con- 485
- refuse to play together ductor

SLEEP POSE | A pose of sleeping -0.42 'WHERE FROM| Ask humans, “Where are you from?]  4.55

FULLY FED | A pose of being fully fed 0.32 LET’S PLAY |[Say, “Let’s play, touch me” 4.24

Table 5: Worst 5 situated modules based on
average entrainment score

evaluates the robot highly, then the human behaves co-
operatively with it, which will further improve its evalua-
tion. That is, once they establish cooperative relationships
with the robot, they interact well with the robot and
evaluate the robot highly. Regarding evaluation of the
implemented behaviors, the modules that entrain humans
into interaction were highly evaluated, such as asking
something that induces human’s answer and producing
cheerful body movements like exercising to let humans
join and mimic the movements. We believe that the en-
trainment can help us to establish cooperative relation-
ships between humans and robots.

Meanwhile, the multiple linear regression explains 59%
of the subjective evaluation. This is remarkable because it
is performed without regard to the contents or context of
language communication. With speech recognition, the
robot can talk with humans, although its ability is similar
to that of a little child. Some of the subjects spoke to the
robot. Often, there were requests for the robot to present
particular behaviors (especially behaviors it had per-
formed just previously), to which it sometimes responded
correctly and sometimes incorrectly. To analyze this, we
could use several analytical methods such as conversation
analysis, however, these methods are rather subjective. On
the other hand, our evaluation employed objective meas-
ures only: numerically obtained body movements without
context, which means there could be a lot of potential
usages. For example, an interactive robot could learn and
adjust its behavior by using this method. It would be ap-
plicable to different subjects (age, culture, etc.), different
agents (physical-virtual, body shape, behaviors, etc.), and
inter-human communication.

5 Conclusions

This paper reported a new approach to analyzing embod-
ied communication between humans and a robot. Our
interactive humanoid robot is able to autonomously in-
teract with humans. This complexity and autonomy is
achieved by many simple behaviors. We measured hu-
mans’ body movements while they observed and inter-
acted with the robot, and the result of the analysis indicates
positive correlations between cooperative body move-
ments and subjective evaluations. Furthermore, the mul-
tiple linear regression explains 59% of the subjective
evaluation without regard to language communication. We
consider our approach of body movement analysis to be
widely applicable in embodied communication.
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Table 6: Best 5 situated modules based on
average entrainment score
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Abstract A challenging problem in this paradigm is to construct au-
_ _ _ tonomously such qualitative maps fraqoalitative observa-
This paper proposes a unique map learning method  tion information robots obtain. A representative approach to

for mobile robots based on tted-visibility infor- this qualitative map learning problem[iSogoet al, 2001,
mation of objects i.e., the information on whether in which qualitative information of “how object positions are
two objects are visible at the same time or not  classified to two sets with respect to arbitrary straight lines”
from the current pOSitiOﬂ. This method first esti- is used to construct a map by propagating “three point" con-
matesempirical distances among the objects using straints.

a simple heuristics — “a pair of objects observed at In this paper, we also propose a map learning method for
the same time more frequently is likely to be lo- mobile robots based on qualitative observation information.
cated more closely together”. Then it computes all It uses the information of “co-visibility” or whether two ob-
the coordinates of the objects by multidimensional  jects are visible or not at the same time from robot’s positions,
scaling (MDS) technique. In the latter part of this which is much more primitive than the information used in
paper, it is shown that the proposed method is able [Sogoet al, 2001 and the ordering informati¢8chlieder,

to learnqualitativelyvery accurate maps though it 1993.

uses only such primitive information, and that it is
robust against some kinds of object recognition er-
rors.

In this method, co-visibility of two objects is translated into
an empirical distance based on a simple heuristics “closely lo-
cated objects are likely to be seen simultaneously more often
than distant objects and vice versa” or “temporal and spatial
. proximities are approximately equivalent”. Then, positions
1 Introduction of all objects are calculated by well-knowmultidimensional
Map learning problem of autonomous mobile robots hasscaling(MDS) technique.
been a central issue in the field of artificial intelligence as A noteworthy feature of this method from a practical view-
well as robotics, because it contains several important agpoint is that it does not require robots localize their own po-
pects of intelligence such as recognition of environment angitions while mapping. Moreover, it is shown that it can learn
acquisition of internal representations. In fact, a varietyqualitatively accurate maps without higher level information
of map building methods have been developed for a widesuch as ordering, and is robust against observation errors. We
range of robots, tasks and environments so far. These methiso discuss the validity of the heuristics above from several
ods are traditionally classifietKortenkampet al, 1998; viewpoints.

Murphy, 2000 in terms of the way of mapepresentation
into metricmap building method#loravec and Elfes, 1985; e
Uhimannet al,, 1997, topological method§Mataric, 1992; 2 Problem Definition

Zimmer, 1996; Shatkay and Kaelbling, 199@nd hybrids of 2.1 Assumptions on Environment and Robot

then{ Thrunet al,, 1999.

On the other hand, when we turn our attention to a newve consider a map building task by a mobile robot, in which
trend of robot navigation callegualitative navigatiofLevitt ~ the robot estimates the positions of objects in the environ-
and Lawton, 1990; Schlieder, 1993ve can see there is an- ment by repeated explorations and observations (Figure 1).
other way of qualitative map representation that is differentMore specifically, we make the following assumptions about
from both the metric and topological representations. A mosthe environment and robot.
important point of the maps used in this qualitative navigation_
is that they are not required to be accurate inadricsense as  Environment
long as they correctly preserve the qualitative spatial relationThe environment is a closed area containing a finite number
ships (such as circular ordering) of the objects or landmarksf objects. Each object is assigned a unique ID. In addition,
in the actual environment. it is assumed that all objects are about the same size.
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Observation and Map Building pared with theeal configuration of the objects, i.e.,
; -

Edtimation g‘ﬁvﬁ—‘* Err . = (Number of triangles with wrong orientatipn
YN O | D=y - NCs
(Fiaw Par}oramic Sored oo Dt R We use thisE'rr,,; as an evaluation criterion of constructed
ameramege e o ® maps in the later simulation studly.
B O 2.3 Co-visibility and Distance Between Objects
4> As previously mentioned, we use a heuristics “a pair of ob-
jects observed simultaneously more frequently is likely to be
i located more closely together” to estimate the distance be-
A tween them. Though it is hard to prove the validity of this

heuristics strictly in general cases, we consider it is approxi-
Environment mately appropriate for the following reason.
First, we assume that an object becomes difficult to identify
Figure 1. Assumed map building task of a mobile robot (ex-as the distance from the robot increases, because the image
ploration, observation and map estimation) size of the object becomes smaller and the chance of occlu-
sion increases.
Given this assumption, the total area size of the region

P ! PR where the robot can observe two objects simultaneously de-
} creases monotonically according to the distance between the
} objects. For example, consider the case the probability that
P, m Py Ps ﬂ P, an object can be observed from the robot at a distancésof
© g ® | ® dockise © Py (r) = e~ (Figure 3). If two object A and B are located
[PL.Po.Ps] = + ‘ [PL,Po.ps] = — at (—£,0) and (%, 0) respectively, the probability that both

objects are visible from an arbitrary robot position(X y)

becomes

Figure 2: Definition of triangle orientation L

. I w12
Py(l,z,y) = PI(AX) - P/(BX) = ¢ . ¢~ 20(a"+v")

Then, the expected size of area where both objects are visible

Observation . .
. . . simultaneously is
The robot obtains a panoramic camera image at each observa-
tion point, and extracts a list aécognizedr visible objects RO al?
P g J Scovis(l) - / / P2(l,l‘,y)
— o0 — o0

dxdy = e

by some image processing and recognition technique. These 2a
lists of visible objects are accumulated over time and used to ] ] )
build a map later. In the simplest case that the robot is located at any place in
the environment with equal probability, the probability that
Exploration the two objects are co-visible is expected be proportional to
The robot explores the environment with some randomnesscovis (1), Which is a monotonic decreasing functionlof
avoiding collisions with objects. In section 4, we will discuss this “co-visibility and dis-
tance” heuristics in a more general form: “temporal and spa-
2.2 Evaluation Criterion for Qualitative Maps tial proximities are approximately equivalent”.

Though a constructed map is represented in the form of nus

mericgcoordinates of the gbjectgJ on 2-D plane as ordinaru)?’ Proposed Method

metric maps, its goodness is measured by the correctness 8f1  Outline of CoviMap

the qualitative spatial relationships rather than by tmetric  g5sed on the assumptions above, we profoseMap— a

accuracy. o map learning method based on the co-visibility of objects.
To evaluate the qualitative correctness of the o0b-p this method, the mobile robot obtains approximate posi-

tained maps, we employ the notion ofriangle  tions of objects based on the co-visibility frequencies of them,

orientatior{Schlieder, 1993; Soget al, 2001 or counter-  \hich are updated repeatedly by expiorations and observa-

clockwise order of three points. In short, triangle orientationtjons. The outline o€oviMapis described as below:

of three pointgp;paps] in 2-D plane is defined as when

the orderp;,p,p; vields a counter-clockwise turn, and 1. The robot repeats the following behavior steps and up-
otherwise (Figure 2). dates the number of observations of each objegt and

When there areV objects in the environment, the number the number of simultaneous observations of every pair of

of all possible triangles formed by them becomgg’;. So objects ;).
we define theorientation error E'rr,,.; of a constructed map (@) The robot moves to the next observation position,
as the percentage of triangles with wrong orientations, com- avoiding collisions with the objects.
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Assumption
Probability that an object

isvisible from distancer:

y A

Observation Point X (X,y)

Probability that two objects A,B
arevisible from X at the same time:
B (xy) = R(AX) -R([BX)
- eﬂSL - 2a(x2+y3

Squared Distance between Two Objects

RM=e"’ %
Expected area of region where two ° 099 o
objects are visible at the same time ° 6 o
SW.S(U_/_/PZ(Ixy)dxdy S oo oo
Z\
= L.{e 2/) °° @0 o o o
o~ i
| | Monotonic decreasing in terms of | - . . . .
-5 ey 9 0 02 0.4 0.6

X> Co-visibility Frequency of Two Objects

Object A Object B

. ] . . N ) Figure 4: Relationship between squared dlstaffgeand co-
Flgure.3. R(_alanonshlp_betwegn co-visibility and distance of,, visibility frequency f; ; of objects in the simulation environ-
two objects in a simplified environment ment

(b) It obtains a list ofvisible objects £, from the We also define aempirical distance matriXD whose(s, j)

panoramic image captured at the current position€lement equals td?;. D is a symmetric matrix (i.ed;?; =
and updates; andn; ; as bellow: d?;), and its d|agonal componeni&Y) equal to zero.
n; < n; +1 for each object in £, A possible solution to the problem of deciding a suitable
n;; < n;; +1 foreach pairof,jin £, combination of function and parameter valuesdas to se-
2. After a specified number of stepm-visibility frequen- lect the one which minimizes trressvalue of the MDS re-
cies f; ; is computed for each pair of objects based Onsylts descnbeq later. Furthgrmore, if no appropriate empl_rlcal
_ -mand  Thenempirical distanced’?. of each distance functions are provided, non-metric MDS (or ordinal
s Mg, "Z;EJ o f p irj MDS) can be used instead.
pair is computed fronf;,;. Another problem is that’?. cannot be computed properly
3. The robot obtains the estimated positions of all objectgor the pairs whose co- V|S|b|I|ty frequencies are zero, because

(&1,---,&n) by applying Multi-Dimensional Scaling ¢ becomes some constant value. In this c&myiMap uti-
_(MDS) to the distance matriD whose (i, j) element lizes thetriangular inequality constrain{TIC) to correct the
is d7?;. value ofd’?; as follows:

In the remaining of this section, we explain the second and

/ . ! /
third parts in the above procedure. di j  min(dy . + dj ;)

3.2 Computation of Co-visibility Frequency and 3.3 Map Construction Based on
Empirical Distance Multi-Dimensional Scaling (MDS)

Co-visibility frequencyf; ; between two objects is defined as Multi-dimensional scaling (MD$)oung and Householder,

follows: " 1939 is a multivariate data analysis technique used to visu-
fij = . alize a potentially high-dimensional data structure by map-
ni +nj =1 ping it into a relatively low dimensional spd€ox and Cox,

fi; stands for the conditional probability that two objects are2001]. The purpose of MDS is to find an optimal configura-
visible at the same time, given that at least one of them igion of objects in a low-dimensional space, when dissimilari-
visible. It takes a value between 0 and 1. This definition ofties or distances among them are given.

fi,; is also known as Jaccard’s coefficient. While there are several kinds of MDS methp@ex and

With the definition of co-visibility frequencyf; ;, the  Cox, 2001, CoviMapemploysclassical scalinfyoung and
heuristics introduced in 2.3 can be rewritten as “distance beHouseholder, 1938method that is a kind ofnetric MDSto
tween two objects; ; monotonically decreasess f; ; in-  reproduce a map of objects in 2-D plane from the set of empir-
creases”. Figure 4 (scattered points) illustrates the actual reléeal distances. In brief, it obtains a set of 2-D coordinates of
tionship between theeal (squared) distance and co-visibility N objectsz; (: = 1,---, N) by applyingYoung-Householder
frequencyf; ; in the simulation environment in section 4. The transformationand spectral decompositioto the empirical
result indicates that the heuristics is approximately valid.  distance matrixD.

Therefore, we introduce a notion efnpirical (squared) A non-trivial problem of using MDS in CoviMap is that
dlstanced@j between an arbitrary pair of objects, which is there is a fifty percent chance of obtaining theror image
defined by some monotonic decreasing non-negative functioof the expected map. However, if any corratingle orien-

o, i.e., tation of three objects is giveliGoviMapcan detect the mirror
d,’fj = o(fi;) map and get the right map by turning it over.
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. . Figure 6: (Experiment 1) Change of average map errors :
4 A Simulation Study comparison among various numbers of objects

We conducted a simulation study to examine the effective-

ness of our method with Cyberbotics’ WEBOTS simulator

(ver.2.0). _

Steps| 50bj. 10 15 20 25 30
4.1 Settings 20 | 260 273 357 320 347 340
Environment and Objects 100 | 200 483 9.28 7.77 837 6.84
The environment is a square field of 1.5[m]1.5[m] con- 500 | 0.00 250 334 272 3.24 3.00
taining 5 — 30 objects. Each object is cylinder-shaped (height: 1000 | 0.00 2.50 2.64 246 264 2.97

160[mm], diameter: 48[mm]), and is given a unique ID num- _ _
ber likeob0, oby, - - - .. Table 1: Change of average map errors [%] with 6 different

. . . numbers of objects
Observation and Object Recognition

The robot has a camera with a resolution of 26@20 pix-
els, and obtains a panoramic image by rotating and capturing

several images at each observation position. We make a Si”fFom 5 to 30
plified assumption that the robot can recognize an object if it '
image is wider than 10 pixels.

In each case, the robot repeated the observa-
Yion and exploration steps for 1000 times, and built a map
eachtime the number of steps reached one of specified num-
Exploration Strategy bers (20,50,100,...,1000). For each case, we prepared 5 lay-
At each observation position, the robot chooses its next moweuts of objects which are randomly generated and averaged
ing direction randomly within the range afd, = 45[deg],  the orientation errors.

and proceeds$, = 100[mm] in the direction. In addition,

the robot has 8 proximity sensors to detect nearby obstacl%
(objects and walls) around it, and avoids collisions with them

Figure 6 and Table 1 show how the average orientation er-
r Err,.; changes according to the number of steps for each
number of objects. As can be seen from this;r,,.; con-

Empirical Distance Function verges to a narrow range (approximately between 2.5[%] and
We chose a logarithmic function as the empirical distance3.0[%]) after several hundreds of steps, when the number of
function¢ as below: objects varies from 10 to 30. This means tBaviMapis not
—a-log, fi; if exp{_%} < fij < exp{_%} affected drastically by the increase in the number of objects.
¢=9q Oy if0< fij <exp{—2} Figure 7 illustrates an example of real configuration which
o if exp{—%} < fij <1 contains 30 objects, while Figure 8 illustrates a map con-

where,q, d;, 6, are parameters which take positive values. Instructed byCoviMapafter 500 steps. In this case, out of total
this simulation, we set them as:= 0.3,6; = 0.1, J,, = 2.0, 4060 triangles, the number of triangles whose orientations are
because the stress values of MDS were relatively small witlinconsistent between the real map and the constructed map is
this combination compared with others. Figure 5 show38 (Err,,; = 2.4[%]). Interestingly, if we consider only the
the shape of this empirical distance function. In addition,triangles whose largest angles are smaller than 170[deg] in
triangular inequality constrain{TIC) mentioned in 3.2 was the real map (the number of such triangles is 3835), the num-
used to correct the empirical distances for the object pairber of inconsistent triangles falls to 2E{r,,; = 0.70[%]).

whose co-visibility frequencies were zero. This means our method is able to acquire very accurate qual-
. _ i i itative layouts of the objects, unless the objects are almost on
4.2 Experiment 1 : Varying Number of Objects aline. Dotted lines in the figures repres®wlaunay graphs

First, we examined the basic map building capabilities ofof the configurations. A comparison of them also tells that
CoviMapwith varying number of objects in the environment the constructed map gualitativelyvery accurate.
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4.3 Experiment 2 : Robustness Against Object Numbers of Steps

Recognition Errors
In the previous experiment, it was assumed that there are fogure 10: (Exper_lmen_t 2) Change of average map errors :
comparison of varioumis-recognitiorrates

errors in the object recognition process. In the real environ*
ment, however, it is almost inevitable to fail in recognizing
objects occasionally, due to various uncertainties. Therefore, o )
we examined how the recognition errors affect the quality osmaller and almost negligible as the number of steps in-
maps constructed b@oviMap creases.

More specifically, we considered two kinds of recognition

errors —non-recognitionand mis-recognition These errors Result V_V'th Mis-recognition Error ) -
were artificially generated as follows: Next, Figure 10 shows the results when mis-recognition er-

ror is set to 0.0, 0.5, 2, 10[%] respectively. Not surprisingly,
the influence of this kind of error on the map eriorr,,.; is
relatively larger than the non-recognition error.
In both cases, however, we can concl@®wiMapis robust
Mis-recognition : Randomly chosen elements ), are re-  against those recognition errors, in that the map error steadily
placed with other object IDs. decreases according to the increase of the number of steps.

In this experiment, we fixed the number of objects to 15
and conducted 5 trials for each of 5 different object configu5 Related Works
rations.

Non-recognition : Randomly chosen elements ih are re-
moved

As mentioned before, the central idea of our map building
Result with Non-recognition Error method is a simple heuristics — “a pair of objects observed
Figure 9 shows the averageientation errorsof the con-  simultaneously more frequently is likely to be located more
structed maps when the percentage of non-recognition eclosely”, which is used to estimate the distances and quali-
ror is set to 0.0 (no errors), 3.0, 10, 20[%] respectively. Intative configuration of objects from the co-visibility informa-
an early stage of learning, i.e, with fewer steps, the mapgion of them. In this section, we discuss the meaning of this
error Err,.; becomes larger according to the magnitude ofheuristics from other viewpoints, especially, considering sev-
the non-recognition error. However, the difference becomesral related works in other fields.
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First, asco-visibility of objects can be regarded as- [Faloutsos and Lin, 1995C. Faloutsos and K. Lin. FastMap:
occurrenceof events that objects are visible, a lot of stud- A fast algorithm for indexing, data-mining and visualiza-

ies on learning of behavior and models based onahe tion of traditional and multimedia datasets.Rroceedings
occurrenceinformation have been made. The most basic of the 1995 ACM SIGMOD International Conference on
principle related to this issue idebb’s rule which postu- Management of Datgpages 163-174, 1995.

lates that if two events co-occur often, the connection Of[Kortenkam
: petal, 1999 D. Kortenkamp, R. Bonasso, and
them should be strengthened. Many recently develogied R. Murphy, editors. Artificial Intelligence and Mobile

forcement learningnethods such as Q-learn{wgatkins and Robots : Case Studies of Successful Robot Svstetiis
Dayan, 1992 are also considered to be based on tioe Press. 1998. y

occurrenceor temporal proximitybetween behavior and re- ) ) )

ward events. Interestingly, there is another similarity betweehLevitt and Lawton, 199D T. Levitt and D. Lawton. Quali-

reinforcement learning and o@oviMap That is to say, the tative navigation for mobile robot#rtificial Intelligence
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sented in this paper are helpful to understand some aspedtSchlieder, 199B C. Schlieder. Representing visible loca-
of human spatial memory and cognitive mapping process, al- tions for qualitative navigation. In N. P. Carret'e and M. G.
though we doubt that an MDS-like algorithm exists in human  Singh, editorsQualitative Reasoning and Decision Tech-

brain. nologies pages 523-532. 1993.
[Shatkay and Kaelbling, 1997. Shatkay and L. Kaelbling.
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Abstract

We present an algorithm Pref-AC that limits arc
consistency (AC) to the preferred choices of a tree
search procedure and that makes constraint solv-
ing more efficient without changing the pruning
and shape of the search tree. Arc consistency thus
becomes more scalable and usable for many real-
world constraint satisfaction problems such as con-
figuration and scheduling. Moreover, Pref-AC di-
rectly computes a preferred solution for tree-like
constraint satisfaction problems.

1 Introduction

In the last two decades, considerable research effort in Al
has been spent on studying the complexity of reasoning and
problem solving, and the identification of tractable cases has
become an important goal of this research. However, even
if a problem can be solved by a polynomial algorithm, or if
search effort can be reduced by polynomial algorithms, this
might not be sufficient for real-world Al systems that face
challenges such as interactivity and real-time. We give some
examples from constraint satisfaction, where achieving arc
consistency might be too costly, although it is tractable:

1. Web-based configuration systems must provide a re-
sponse in a few seconds while serving multiple users.
Although arc consistency (AC) is an appropriate tech-
nique to handle compatibility constraints, it will be too
expensive in presence of large product catalogs.

2. Constraint-based approaches to problems such as
scheduling, vehicle routing, and personnel planning of-
ten only maintain bound consistency in constraints in-
volving time or other variables with large domains. As
a consequence, complex rules on breaks, rest-times, and
days-off provide only a poor propagation, which could
be improved by arc consistency.

These examples illustrate that domain reduction does not de-
velop its full power in many real-world applications of con-
straint programming. Pruning power and, indirectly, solution
quality are traded against short response times. In certain cir-
cumstances, such a trade-off can be avoided if the system fo-
cuses on the right deductions and computations. In this paper,

*A. Fabre’s work has been carried out during a stay at ILOG.
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Ulrich Junker
ILOG S.A.
1681, route des Dolines
F-06560 Valbonne

ujunker@ilog. fr

we argue that preferences are one possible way for achiev-
ing this. As stated by Jon Doyle [Doyle, 20021, preferences
can play different roles and need not only represent desider-
ata or user preferences. Preferences can also control reason-
ing meaning that only preferred inferences and domain reduc-
tions are made. Non-interesting deductions are left apart, but
may become preferred if additional information is added.

We can easily apply this idea to typical backtrack tree
search algorithms that maintain arc consistency when solv-
ing a constraint satisfaction problem. The crucial question is
whether such an algorithm needs to achieve full arc consis-
tency and to remove all values that are not in the maximal
arc-consistent domains. In [Schiex et al., 1996], it has been
shown that the fails of the algorithm can be preserved if it
simply constructs some arc-consistent domains, thus reduc-
ing the computation effort in average. In this paper, we show
that the search algorithm can preserve its search strategy and
the overall pruning if 1. the search algorithm uses a vari-
able and value ordering heuristics that can be described by
(static) preference ordering between variables and values and
2. we construct some arc-consistent domains that contain the
preferred values. The first condition is, for example, met by
configuration problems [Junker and Mailharro, 2003]. The
second condition needs some careful adaption of the defini-
tion of arc consistency, which will be elaborated in this paper.

We can thus cut down the propagation effort in each search
node without changing the search tree, which leads to an over-
all gain if the search tree will not be explored completely.
This happens if we are interested in one solution, the best so-
lution in a given time frame, or preferred solutions as defined
in [Junker, 2002]. Arc consistency thus becomes more scal-
able and less dependent on the size of domains, which opens
exciting perspectives for large-scale constraint programming.

We first introduce preferences (Section 2), use them to de-
fine a directed constraint graph (Section 3), and discuss arc
consistency for preferred values (Sections 4 and 5). After
introducing preferred supports (Section 6), we present the al-
gorithm Pref-AC (Section 7).

2 Preferred Solutions

In this paper, we consider constraint satisfaction problems of
the following form. Let X be a set of variables and D be a set
of values. A constraint c of arity k. has a sequence of vari-
ables X (c¢) = {x1(c),...,zk, (c)} from X and a relation R,
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that is a set of tuples from D*<. Let C be a set of constraints.
The triple (X, D, C) is then called a constraint network.

A solution of a constraint network is a mapping v of the
variables & to the values in D such that each constraint is sat-
isfied, i.e., (v(z1(c)),...,v(zk, (c))) € R, for all constraints
c. The constraint satisfaction problem (CSP) involves finding
a solution of a constraint network.

Alternatively, we can represent the tuples by sets of assign-
ments of the form x = v between a variable = and a value v:
if ¢ is a tuple of the form (vy,..., vy, ) in R, then let  be the
set of assignments {x1 = vy,..., T, = vg,}. Furthermore,

let RC be the set of all £ such that ¢ is in R.. This represen-
tation will facilitate definitions and permits a straightforward
logical characterization of a constraint c:

V A @=v (1)

teR, (w:v)ef

We further suppose that the following kinds of preferences
are given. For each variable x, we introduce a strict partial or-
der <, C D x D among the possible values for z. This order
can represent user preferences as occurring in configuration
problems (cf. [Junker and Mailharro, 2003]). For example,
the user might prefer a red car to a white car. Projecting pref-
erences on criteria to decision variables [Junker, 2002] also
produces such an order (e.g. if price is minimized then try
cheaper choices first). Furthermore, we consider a strict par-
tial order <y C X x X between variables. For example, we
may state that choosing a color is more important than choos-
ing a seat material and should therefore be done first. In the
sequel, we suppose that the search procedure follows these
preferences as described in [Junker and Mailharro, 2003] and
always chooses a < y-best variable and a <,-best value for
x. These preferences are given statically and thus correspond
to a static variable and value ordering heuristics, which are
usually sufficient for configuration problems.

We now use the preferences to define a preferred solu-
tion. First of all we choose a linearization of the orders <,
and <y in form of total orders <, and <y that are super-
sets of the strict partial orders. Then we consider a ranking
X(1),...x(n) of the variables in X that corresponds to the
order <y, i.e., x(1) <x x(j) iff i < j. We then consider two
solutions v, and v5 and compare them lexicographically

(A a)) < (2 (D))
i
3k s vi(x(k)) <y) v2(x(k)) and
v1(x(?)) = vo(x(@)) foralli =1,... k-1

(2)
Definition 1 A solution v of a constraint network P :=
(X, D,C) is a preferred solution of P iff there exist lineariza-
tions <y of <x and <, of <, for each x € X s.t. v is the
best solution of P w.r.t. the lexicographical order defined by
<x and <.

These preferred solutions correspond to the extreme solu-
tions in [Junker, 2002] that are obtained if all variables are
criteria. If the search procedure follows the preferences then
its first solution is a preferred solution. Hence, the notion of
a preferred solution helps us to forecast the first solution in
certain cases.
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Figure 1: Directed constraint graphs.

3 Preference-based Constraint Graph

In order to find a preferred solution, the search procedure
chooses values for more important variables first. We will
see later that, in some cases, we can anticipate a preferred so-
lution and construct it by a constraint propagation procedure
if this procedure does not only follow the constraints, but also
the order among the variables used by the search procedure.

In order to illustrate this, consider the bipartite constraint
graph that connects the constraints with their variables. Sup-
pose that a variable x is connected via a constraint c to a less
important variable y. Search will then assign a value to z
and cause a domain reduction of y. We can thus say that the
preferences <y among variables impose an order on the con-
straint graph. For example, we will say that the arc between
x and c leads from x to ¢ and the arc between y and c leads
from c to y.

We generalize this idea for arbitrary constraints and par-
tial orders. For each constraint ¢, we consider the < y-best
variables in X (¢) and call them input variables. The other
variables are called output variables. Arcs lead from input
variables to a constraint and from there to the output vari-
ables.

Definition 2 Ler (X, D,C) be a constraint network and < x
be a strict partial order between the variables X. A variable
x of a constraint c is called input variable of c iff there is
no other variable y of ¢ s.t. y <x x. A variable x of c is
called output variable of c iff it is not an input variable of c.
The directed constraint graph of the CSP is a bipartite graph
having the nodes X U C and the set of arcs (xz,¢) s.t. x is an
input variable of c and (¢, y) s.t. y is an output variable of c.

Each constraint can have several input and several output
variables (cf. figure 1). If its variables are not comparable at
all, then the constraint has no output variable, and it is a sink
of the directed graph. However, each constraint has at least
one input variable. As a consequence, no constraint can be a
source of the directed graph. In general, the graph is not guar-
anteed to be acyclic, but it satisfies the following properties
which are needed for our proofs: 1. All <y -best variables of
the set X’ are sources of the constraint graph since they cannot
be an output variable of any constraint. However there can be
sources that are not < y-best variables. 2. If  is a ranking of
the variables X that is a linearization of < then each output
variable of each constraint is preceded by at least one input
variable of the same constraint in the ranking.
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4 Arc Consistency

A typical systematic search procedure for solving CSPs pro-
ceeds as follows. In each search node, it picks an assignment
x = v for such a variable and creates two successor nodes,
one for z = v and one for x # v. Throughout the paper,
we assume that a variable x is eliminated from the CSP of a
successor node by a preprocessing step iff it has only a single
possible value. Usually, the search procedure will not select
an arbitrary assignment from the set A of all assignments,
but tries to anticipate certain cases where the sub-tree of an
assignment does not contain a solution. If such an assign-
ment is detected it is eliminated from A. Hence, the search
procedure maintains a set A C A of possible assignments and
considers only elements of A. Each solution can be charac-
terized by a subset of A that assigns exactly one value to each
variable and that satisfies all constraints. As a consequence,
if a variable x has no assignment in A then no solution exists
and the search will backtrack. In the sequel, we write A, for
the set {v € D | (x = v) € A} of possible values for z in A.

Assignments can be eliminated from A if they lack a sup-
port on a constraint:

Definition 3 A set of assignments S is a support for z = v in
ciff1. SU{x = v} isan element of R, and 2. (x =v) ¢ S.

Let S_,, be the set of supports for x = v in c. In this pa-
per, we are interested in search procedures that maintain arc
consistency, i.e. that work with a set A where all assignments
have supports S that are subsets of A and this on all relevant
constraints:

Definition 4 Let A be a set of assignments. A subset A of A
is an arc-consistent set of A iff 1. A, is non empty for any
x € X and 2. forall (x = v) € A and all constraints ¢ of
x, there exists a support S for (x = v) in c such that S is a
subset of A.

If an arc-consistent set A contains a single assignment for
each variable then A corresponds to a single solution. If no
arc-consistent set exists then the CSP has no solution. Other-
wise, there is a unique maximal arc-consistent set, which is a
superset of all arc-consistent sets, including the solutions.
Alternatively, we can consider a set A of some assignments
for which we know that they do not belong to any solution:

if all supports S in ¢ for (z = v) have an element 3)
(y = w) in A then (z = v) is in A.

This can easily be translated to a reflexive and monotonic op-
erator that eliminates additional assignments:

pa(A):=AU{(z=v)eA|VSeS_,:SZLA-A}

“)
Fixed-point theory then tells us that the transitive closure of
this operator is the unique minimal set A* satisfying equation
3. As a consequence, the set A* of all assignments that are
not eliminated (i.e., A* := A— A*) is the unique maximal set
satisfying item 2 of def. 4. If each variable has an assignment
in A* then A* is the maximal arc-consistent assignment. If
some variable has no assignment in A* no arc-consistent as-
signment exists. In this case, no solution exists.

=v
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Figure 2: Activating best values and their supports.

5 Arc Consistency for Preferred Values
Maintaining arc consistency prunes the search tree as follows:
P1 if the current CSP is not arc-consistent then a fail occurs.

P2 if a value v is not arc-consistent for a variable x then the
search procedure will not assign v to x inside the current
subtree.

In general, it is desirable to eliminate as many values as pos-
sible and to determine A* by applying an algorithm of the
AC-family. The worst-case complexity is O(|C| - |D|?) for
binary constraints. If domains contain thousands or more el-
ements as is the case for typical scheduling problems and for
configuration problems with large catalogs, then maintaining
arc consistency is no longer feasible in practice.

Interestingly, it is not necessary to eliminate all assign-
ments of A — A*. [Schiex et al., 1996] try to construct a
small arc-consistent set A. If this succeeds then pruning rule
P1 cannot be triggered. This can lead to saving time in search
nodes that are arc-consistent. We now want to extend this
policy to pruning rule P2 in the case that the original search
procedure uses the given preferences between variables and
values in order to select an assignment. In each search state,
the search procedure will pick a < y-best variable and try out
its possible values starting with the best value v*. If x = v*
is not in the maximal arc-consistent set A* then we must en-
sure that it will be eliminated when constructing the subset A.
However, if x = v* is in A* then we must ensure that it will
be in the subset A.

Instead of doing a pure elimination process, we interleave
construction and elimination steps and determine a set I’ of
activated assignments, called focus, and a set A of eliminated
assignments. Both sets will grow during the process and our
purpose is to obtain F' — A as arc-consistent set. This set
is sufficient for our search procedure if some properties are
satisfied: 1. If x is a <y -best variable and v is a < -best
among the non-eliminated values of z then the search proce-
dure might pick © = v as next assignment. Hence, we have to
activate it. 2. If an activated assignment does not have a sup-
port on a constraint c then it has to be eliminated. 3. The sup-
ports for the activated, but non-eliminated assignments must
only contain activated and non-eliminated elements. 4. We
need to guarantee that /' — A contains at least one value per
variable if an arc-consistent set exists. Since all variables can
be reached from the sources via constraints, we activate best
values for all sources of the directed constraint graph.

193



@wd 0 O

O worst

OinA-F
®inF—-A
best | in A

Figure 3: Example for a stable activation.

Definition 5 Ler A be a set of initial assignments and F, A
be subsets of A s.t. A C F. We say that (F,A) is an <-
activation of A iff the following properties hold:

1. If x is a source and (x = w) € A for all w € A with
w <, vthenx =visinF.

2. If (x =v) € F, x € X(c), and ¢ has no support S for
xr=vst SCA— Athen(x=1v) €A

An <-activation (F, A) is stable iff all (x = v) € F'— A have
a support S C F — A on all constraints ¢ containing x.

Proposition 1 Let A be a set of initial assignments and
A* = p* (D). Then (A, A*) is a stable activation.

Hence stable activations always exist and coincide with the
maximal arc-consistent set in the worst case. Maintaining
stable activations is sufficient to achieve pruning rules P1 and
P2 for search procedures that always pick the best elements
of A — A (cf. figure 2):

Proposition 2 Let (F, A) be a stable <-activation of A. If
there is no arc-consistent subset of A then there exists a vari-
able x s.t. F'— A does not contain an assignment for x. If
there is an arc-consistent subset of A and A* is the maximal
arc-consistent subset of A then the following properties hold:

1. F — A is an arc-consistent subset of A.

2. If x is a <x-best variable and x = v is a <, -best as-
signment for v in A* thenx = visin F — A.

3. If x is a < x-best variable, x = v is a <;-best assign-
ment for x in A*, and w <, v then x = w is in A.

If the search procedure chooses a <-best assignment for a
best variable in each step, then it will explore the same search
tree independently of whether it maintains full arc consis-
tency or whether it maintains stable activations. Since the
first solution found by the standard search procedure is a pre-
ferred solution, we will still obtain a preferred solution first if
we maintain stable activations.

We now discuss how to actually construct stable <-
activations. Initially, we activate the best assignments in 4
for all relevant variables by a monotonic operator ¢:

d4(A) == {(z =v) € A| xis a source,

VwEAS.t.w<Iv:(x:w)€A} (5)

If an activated assignment is not supported by a constraint it
will be eliminated and replaced by the next best assignments
until we reach a set of assignments that have a support in
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each constraint. Unsupported assignments are eliminated by
an operator 9§, which restricts p to the focus F:

OA(F,A):={(zx=v)€F|Jc:VSeS_,: 6
SZA-A) ©6)

We can iterate both operators if we combine them into an op-
erator o that maps a pair of assignment sets to a pair of assign-
ment sets s.t. o4 ((F,A)) := (FU¢a(A),AU4(F,A)).
We easily obtain a lattice on these pairs if we define union and
intersection of two pairs by applying these operations to both
elements. The operator o 4 is monotonic and reflexive in this
lattice and its transitive closure 0% ((F,A)) is the smallest
<-activation (F™*, A*) that extends (F, A).

Next we discuss how an activation containing unsupported
assignments can be extended to a stable one. We say that as-
signment x = v is unsupported on c in (F, A) if ¢ does not
have a support S for x = vs.t. S C F — A. If no such
assignment exists, we have found a stable activation. Other-
wise, we pick an unsupported assignment, choose a support
S for it, and activate the elements of this support. After this,
we apply operator o 4 to produce a new activation:

Proposition 3 Ler (F, A) be an <-activation for A. Suppose
x = v is unsupported on c in (F, A). Then ¢ has a support S
fore =vst. SCA-Aand S Z F—Aand o ((FUS,A))
is an activation that supports x = v on c.

We can thus construct a stable activation as follows:

Definition 6 Let A be a set of initial assignments. Let
S1,...,Sm be subsets of A. We then define (Fy, o) =
UZ((@,@)) and (F,“A,L) = O'Z((FZ‘,1 U Si,Aifl))fOT’i =
1,...,m. The sequence Si,...,Sn is called an activation
sequence iff 1. S; € F;_1, 2. each S; is a support on a con-
straint c for an assignment (x = v) in F;_1 — A;_1, and 3.
(Fn, Ayy) is stable.

Since F; has more elements than F;_; and (A, p%(0)) is a
stable activation, we can show the following result, which
permits the construction of stable activations:

Proposition 4 Let A be a set of initial assignments. There
exists an activation sequence S1, . .., Sy, for A.

Figure 3 gives an idea of the possible gains. Once the
dashed assignments have been eliminated, we activate only
two assignments per variable, i.e. six in total, whereas an
AC-algorithm would activate each of the 3 - |D| assignments
in A. Hence, we obtain significant gains if domains are large
and no elimination is required. The elimination of an assign-
ment still costs O(|D|) checks.

6 Preferred Supports

Preferences between values and variables allow us to define
preferred supports. A support S C .4 — A for an assignment
x = v in constraint ¢ can be considered a solution of the CSP
(X(c),D{c,z = v U{y # w | (y = w) € A}). We
say that S is a preferred support for x = v on c iff S is a
preferred solution of this CSP. An assignment can have sev-
eral preferred supports. In case of binary constraint networks,
preferred supports are unique if all domain orders <, are to-
tal. In general, preferred supports are unique if additionally
the order <y is total as well.
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Figure 4: A preferred solution as stable activation.

Given a preferred solution, we cannot guarantee that each
assignment has a preferred support in all constraints. How-
ever, if certain assignments in a solution S have preferred
supports then S is preferred solution:

Proposition 5 Let S be a solution of P. Suppose that <y
and all <, are strict total orders. If each assignment x = v
to a source x of the direct constraint graph is a best assign-
ment for x in the unique maximal arc-consistent set A* and
all activated assignments to input variables of a constraint
¢ have a preferred support on c in S then S is a preferred
solution of P.

When constructing a stable activation, we choose preferred
supports since this may result in a preferred solution:

Proposition 6 Suppose that <x and all <, are strict total
orders. Let Si,...,Sy, be an activation sequence and let
(F3, A;) be defined as in def. 6. If 1. each S; is a preferred
support for some x = v on some constraint c s.t. T is an input
variable of ¢ or x = v is unsupported on c in (F;_1,;_1)
and 2. F,, — A, is a solution of P then F,, — A, is a
preferred solution of P.

The first condition in proposition 6 can be satisfied by al-
ways activating preferred supports. The second condition can
be met by CSPs of a special structure. For example, consider
a binary constraint network such that its directed constraint
graph forms a tree (cf. figure 4). In this case, we only acti-
vate supports for assignments to input variables, but not for
assignments to output variables, since each variable can only
be an output variable of a single constraint. This result is,
for example, interesting for certain car configuration prob-
lems and permits us to efficiently take into account certain
user preferences.

Preferred solutions are also obtained in trivial cases:

Proposition 7 Suppose that <x and all <, are strict total
orders. If there is a preferred solution containing all best
values of all variables in A then it is equal to all activations
produced by preferred supports.

7 Algorithm Pref-AC

In this Section, we present Pref-AC, an algorithm for comput-
ing an arc-consistent set A from a binary constraint network
(X,D,C). This algorithm activates supports for unsupported
elements and meets the requirements of definitions 5 and 6,
and proposition 6. An algorithm for non-binary constraints
can be derived from this one. Pref-AC follows the princi-
ples of lazy arc consistency [Schiex et al., 1996] in order to
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build an arc-consistent set of assignments that is not neces-
sarily maximal. We base Pref-AC on AC-6 [Bessiére, 1994]
for keeping the discussion simple, although we could exploit
the bi-directionality of supports [Bessiere er al., 1999].

AC-6 assigns an ordering of the values in the domain of
every variable x;, checks one support (the first one or small-
est one with respect to the ordering) for each assignment
(z; = a) on each constraint c(x;, ;) to prove that (z; = a)
is currently viable. When (z; = b) is found as the small-
est support of (x; = a) on c(z;,z;), (x; = a) is added to
CS(zj,b), the list of assignments currently having (z; = b)
as smallest support. If b is removed from the domain of x;
then AC-6 looks for the next support in the domain of z; for
each assignment z; = a in C'S(x;,b).

Pref-AC uses the domain order <, a chosen linearization
of <,, when looking for supports in the domain of a variable
x;. Furthermore, Pref-AC seeks supports only for elements
of A, the current set of activated and non-eliminated values
(i.e., F' — A). Pref-AC uses following data structure:

e Each variable z; has a fixed initial domain D,,, ordered
by <, containing all values from D except those
that violate unary constraints on ;. The set A(z;) :=
D, — A(x;) contains the values of D, that have not yet
been removed by arc consistency.

e Aisthe arc-consistent set built by the algorithm.

e For each (z; = a) € A, a set CS(x;,a) contains the
assignments that are currently supported by (z; = a).

e The set Pending contains all the 4-tuples (z;,a, ;,b)
such that a support for (z; = a) has to be sought on
c(x;,x;). If b # nil, this means that all values of x;
better than b have already been removed.

Pref-AC uses two subprocedures (Algorithm 1). Procedure
Activate(x;,a) adds an assignment (z; = a) to A, the
set of current activated values. It initializes its data structure
C'S, and puts in Pending all the information needed to look
for supports for (z; = a) on the constraints involving ;.
Function BestSup(z;, a, z;, b, B) looks for the best support
for (x; = a) in B which is less preferred than b (we know
there is no support in B better than or equal to b). B is A(z;)
or AIJ, depending on the status of x; (input variable or not).

Pref-AC works as follows. We start by initializing A(z;) to
D, for each z; (line 1 of Algorithm 2). We activate the best
value of the best variable (line 2). Then, 4-tuples (z;,a, x;,b)
are taken from the Pending set (line 4), and if (z; = a) is still
active (line 5), we must seek a (new) support ¢ for it. If z; is
an input variable of ¢;;, we seek the support in A(x;) because
we have to ensure that it will be a preferred support (lines 6 to
7). Otherwise, we first seek a support ¢ among the activated,
but non-eliminated elements (line 8). If none exists, we seek
a new best support c (line 10) following def. 6. If c exists, we
activate it if not yet done, and store the fact that it supports
(x; = a) (lines 11 to 13). If no support exists for (z; = a),
we remove it from A and A (line 14). If A(z;) is empty, a
wipe out stops the procedure (line 15). If x; is a source of the
directed constraint graph and the best value of A(x;) is not in
A, ((z; = a) was the best of A,, and A(x;)), the best value
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Algorithm 1: Subprocedures

procedure Activate (in x;: variable; a: value)
Ay, — Az, U{a}s
CS(zi,a) «— 0
Pending «— {(zs, a,z;,nil) | c¢(z;, z;) € C};

function BestSup (in z;; a; x;; b; B): value
/* returns the best value in B supporting (z; = a), or nil if
not found */ ;
it b = nil then b — best <, (B);
else
if b > max(B) then return nil ;
b— next<,, (b, B);
while (b # nil) do
if (a,b) € c(zi, ;) then return b;
else b — next<, (b, B);
return nil;

of A(x;) has to be activated (lines 16 to 18). Finally, we
have to put in Pending the information needed to propagate
the deletion of (x; = a) (line 19).

Algorithm 2: Pref-AC

procedure Pref-AC()

1 A(z;) « Dy, Vx; € X;Pending « 0;

2 for each source x do Activate(x,best<, (A(z)));
3 while Pending # () do

4 pick (s, a, x;, b) from Pending ;
5 if (z; = a) € A then
6 if z; is an input variable of c;; then
7 c «+ BestSup(z:,a,;,b, Az;));
else
8 c « BestSup(zs,a,z;,b, As));
9 if ¢ = nil then .
10 ¢ « BestSup(xi, a,z;,b, A(z;) — Az );
1 if ¢ # nil then
12 ifc ¢ A, then Activate(z;,c);
13 put (z; = a) in CS(z;,c);
else .
14 Az;) — Azy)) —{a, A— A—{(zi=a)};
15 if A(x;) = 0 then return false ;
16 if x; is a source then
17 if best<,. (A(zi)) € Az, then
18 Activate(best<,, (A(z:)));
19 for each (z;,b) € CS(xs,a) do

put (z;,b,x;,a) in Pending ;
return true ;

If Pref-AC terminates with an empty set of pending prop-
agations (line 3), A only contains assignments for which a
support has been activated on each constraint (because of line
12), and not deleted (because of line 19). In addition, this sup-
port is the preferred support for this assignment on this con-
straint if the variable was an input variable for the constraint
(because of line 7 and the way Best Sup works). We know
A contains at least an assignment per variable because of the
activation of supports. Therefore, A is an arc-consistent set.
And because of lines 16-18, we know that for each x; which
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is a source of X, the <,,-best of A} isin Ag,.

The space complexity of Pref-AC is the same as AC-6,
namely O(|C| - |D|), since in the worst case, all the values
are activated and have a support stored on each constraint.
The time complexity is also bounded above by that of AC-6,
namely O(|C| - |D|?), since for each value in each domain, we
perform at most | D| constraint checks on each constraint.

8 Conclusion

We have shown that it is sufficient to maintain an arc-
consistent set for the preferred choices of a search procedure.
This can significantly speed up constraint solving if the vari-
able and value ordering heuristics of the search procedure can
be described by preferences as is the case for typical configu-
ration problems. We developed an algorithm called Pref-AC
for achieving this reduction and are currently testing it for
configuration problems with large domains.

Many real-world applications of constraint programming
suffer from insufficient propagation, since most approaches
support only bound consistency for crucial constraints such
as precedences of activities, resources, and rest-time rules.
Adapting algorithm Pref-AC to those constraints provides an
interesting future perspective for improving constraint solv-
ing in areas such as scheduling, personnel planning, and other
logistics applications. Future work will be devoted to im-
prove Pref-AC such that it directly finds a preferred solution
if the problem structure permits this (e.g. by activating pre-
ferred supports that are common to several variables).
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Abstract

Many of standard practical techniques of solving
constraint satisfaction problems use various de-
composition methods to represent a problem as a
combination of smaller ones. We study a gen-
eral method of decomposing constraint satisfaction
problems in which every constraint is represented
as a disjunction of two or more simpler constraints
defined, possibly, on smaller sets of values. We call
a problem an amalgam if it can be decomposed in
this way. Some particular cases of this construc-
tion have been considered in [Cohen et al., 1997,
2000b; 2000a] including amalgams of problems
with disjoint sets of values, and amalgams of inde-
pendent problems. In this paper, we concentrate on
constraint classes determined by relational clones,
and study amalgams of such classes in the general
case of arbitrary finite sets of values. We com-
pletely characterise amalgams of this form solv-
able in polynomial time and provide efficient algo-
rithms.

1 Introduction

In the Constraint Satisfaction Problem (CSP) the aim is to
find an assignment to a set of variables subject specified con-
straints. CSP provides a generic approach to various com-
binatorial problems frequently appearing in artificial intelli-
gence and computer science, including the propositional sat-
isfiability problem, in which the variables must be assigned
Boolean values, graph-theoretical problems, scheduling prob-
lems, temporal and spatial reasoning, database theory, and
many others.

The general CSP is NP-complete [Montanari, 1974]. How-
ever, the time complexity of many practical problems can be
considerably decreased by representing a problem as a com-
bination of smaller problems. Such decomposition methods
have been intensively studied and implemented in most of ex-
isting constraint solvers. Most of them deals with the hyper-
graph associated with a problem instance (see, e.g. [Gottlob
et al., 2000; Dechter and Pearl, 1989; Freuder, 1990]), and
to date are highly developed. Another possibility, decompo-
sition of constraints themselves [Cohen et al., 1997; 2000b;
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2000al, remains almost uninvestigated. The present paper fo-
cuses on this class of decomposition methods.

In many cases of interest we may restrict the form of al-
lowed constraints by specifying a constraint language, that is
a set of allowed constraints. Every constraint is specified by a
relation, so, a constraint language is just a set of relations over
the set of values. One of the most natural ways to decompose
such a restricted CSP is to represent every its constraint as a
disjunction of two or more simpler constraints on, possibly,
smaller sets of values. We say that a constraint language, I,
is the amalgam of I';, I's if every constraint in I is the dis-
junction of a constraint from I'; and a constraint from I's. In
this case we call I'y, I'y the components of T'.

The main research direction in the study of amalgams is,
of course, developing efficient algorithms solving the corre-
sponding constraint satisfaction problem. However, as we
shall see the complexity of the CSP arising from an amalgam
is not determined automatically by the complexity of its com-
ponents. Therefore, the first research problem we deal with is
the tractability problem: under which conditions the problem
arising from an amalgam is tractable. (A problem is called
tractable if it can be solved in polynomial time.) Then we
tackle the algorithmic problem: design efficient algorithms
for tractable amalgams.

As is naturally expected, algorithms for amalgams tend to
use algorithms for their components, especially if ones are
already known. Unfortunately, in general, the connection be-
tween constraint languages and their amalgam cannot be ex-
pressed by usual constraint techniques, and strongly depends
on properties of particular constraint languages. Thus, solu-
tions to both research problems are expected to be nontrivial.

Amalgams have been introduced in [Cohen er al., 19971,
though another name was used. In [Cohen et al., 2000al,
amalgams were considered in the simplest case when the
sets of values for languages I';, I's are disjoint. In this case,
for any amalgam, the corresponding problem is trivially re-
ducible to the problems over the components, that solves
both the algorithmic problem and the tractability problem:
an amalgam gives rise to a tractable problem if and only
its components do. Certain properties of interaction of con-
straint languages may yield a reduction of an amalgam to its
components. In [Cohen et al., 1997] and later in [Cohen et
al., 2000b], several such properties, so-called independence
of constraint languages, have been identified. A number of
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previously unknown tractable constraint languages have been
represented as amalgams of very simple and well studied in-
dependent constraint languages.

It has been shown in [Jeavons, 1998b] that the tractabil-
ity of the constraint satisfaction problem arising from a con-
straint language implies the tractability of the problem for the
relational clone generated by the language. Therefore, a rea-
sonable strategy is to concentrate on relational clones rather
than arbitrary constraint languages. In this paper we solve
the tractability and algorithmic problems for amalgams of re-
lational clones. We completely characterise tractable amal-
gams and provide efficient algorithms in this case. The char-
acterisation criteria is stated in terms of, first, properties of
components of an amalgam, and second, the tractability of
a certain constraint language on a 2-element set of values.
The latter language reflects the interaction of the components.
Thus, both the characterisation and the reducing algorithms
use Schaefer’s Dichotomy Theorem for Boolean constraints
[Schaefer, 1978].

Throughout the paper we heavily use the algebraic tech-
nique for CSP developed in [Jeavons, 1998b; Jeavons et al.,
1998].

2 Preliminaries

2.1 Basic Definitions

Let A be a finite set. The set of all n-tuples of elements of A
is denoted A™. A subset of A™ is called an n-ary relation on
A, and any set of finitary relations on A is called a constraint
language on A.

Definition 1 Let ' be a constraint language on a set A.
CSP(I') is the combinatorial decision problem whose in-
stance is a triple P = (V; A;C) in which V is a set of vari-
ables, and C is a set of constraints, that is pairs of the form
C = (s, 0) where s is a list of variables of length m¢, called
the constraint scope, and ¢ € I is an m¢-ary relation, called
the constraint relation. The question is whether there exists a
solution to P, that is a mapping p:V — A suchthat p(s) € p
forall (s, ) €C.

Example 1 An instance of GRAPH ¢g-COLORABILITY con-
sists of a graph G. The question is whether the vertices of
G can be labelled with ¢ colours so that adjacent vertices are
assigned different colours.

This problem corresponds to CSP({#4}) where A is a -
element set (of colours) and #4 = {(a,b) € A% | a # b} is
the disequality relation on A.

A constraint language I' is said to be tractable [NP-complete]
if the problem CSP(I") is tractable [NP-complete].
Now we introduce the central notion of the paper.

Definition 2 Let I'4,I'g be constraint languages on sets A,
B respectively. The amalgam of I' s, 'p is defined to be the

constraint language on AU B
TaNTp = {eaUop|oa€la, o €T, 0a,0p are

of the same arity}.

Example2 Let A = {a,c,d},B = {b,c,d}, and Ty =
{04}, T's = {oB} where p4, op are partial orders:
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_(acdcaa _(becdcdd
gA_(acdddc)’ QB_(bcdbb c>'
Columns of the matrices represent tuples of the relations.
ThenT4y X T = {04 U pp} where p4 U gp is a quasiorder.
Example 3 ([Cohen et al., 2000b]) Let Z be the set of all
integers, and I' the set of congruences of the form z = a
(mod m) treated as unary relations. The Chinese Remainder
Theorem implies that I is tractable. The amalgam I X T" con-
sists of expressions of the formz =a (mod m) V z =0
(mod n), and by results of [Cohen et al., 2000b] is tractable.
For example, this means that we are able to recognised in
polynomial time the consistency of the system

z1=1 (mod4) V21 =0 (mod 3)
22 =2 (mod 3) V 2 =2 (mod 5)
x3 =5 (mod 7).

We are concerned with the following two problems.

Problem 1 (tractability problem) When is CSP(I'; X I's)
tractable?

Problem 2 (algorithmic problem) Find a polynomial time
algorithm for tractable CSP(I'; X T'y).

In fact, properties of the amalgam do not strongly depend nei-
ther on properties of the original constraint languages nor on
the way they interact. For example, if I';, I's contains no re-
lations of the same arity then their amalgam is empty. We,
therefore, should restrict the class of constraint languages to
be studied.

2.2 Relational Clones

For any problem in CSP(T'), there may be some sets of
variables whose possible values subject to certain constraints
which are not elements of I'. These constraints are said to be
implicit and arise from interaction of constraints specified in
the problem [Jeavons, 1998a].

To describe implicit constraint relations we make use of
the natural correspondence between relations and predicates:
for an n-ary relation g on a set A, the n-ary predicate P, is
true on a tuple a if and only if a € p. Usually, we will not
distinguish a relation and the corresponding predicate, and
freely use both terminology. An existential first order formula
1, Ym®(X1, - - T, Y1, - - - Ym) 18 said to be primitive
positive (pp-) if its quantifier-free part ® is a conjunction of
atomic formulas.

Definition 3 A relation is an implicit relation of a constraint
language T on a set A if it can be expressed by a pp-formula
involving relations from I' and the equality relation = 4.

A constraint language T is said to be a relational clone if it
contains all its implicit constraint relations.

The relational clone (T') of all implicit constraint relations
of T is called the relational clone generated by T'.

Example 4 The intersection of relations of the same arity,
and Cartesian product are expressible via pp-formulas:

e Let g, 0 be n-ary relations. Then
Py (1, 2n) = Po(z1, ..., 20) A Pr(21,...,20).

e Let p be n-ary, and o m-ary relations. Then P,x, =
Py(x1,..-,%n) N Po(@ps1, - - - s Tntm)-
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The notion of a relational clone considerably simplifies the
analysis of constraint satisfaction problems in view of the
following result that links the complexity of a constraint lan-
guage and the relational clone it generates.

Theorem 1 ([Jeavons, 1998bl) Let ' be a constraint lan-
guage on a finite set, and I C (T') finite. Then CSP(I")
is polynomial time reducible to CSP(T').

This result motivates restricting Problems 1,2 to the class of
relational clones.

Example 3 (continuation) Reconsider the constraint lan-
guage I' from Example 3. Results of [Cohen er al., 2000b]

implies that (I') X (I') is also tractable. This larger amal-
gam includes, e.g., constraints of the form z = a (mod m)V

y = b (mod n), which are not members of ' X T.

2.3 Invariance Properties of Constraints

Another advantage of considering relational clones is that
they often admit a concise description in terms of algebraic
invariance properties [Poschel and KaluZnin, 1979; Jeavons,
1998b]. An (m-ary) operation f on a set A preserves an n-ary
relation g on A (or g is invariant under f, or f is a polymor-
phism of g) if for any (a11,...,6n1),- -, (@1my -« Anm) €
othe tuple (f(ai1,.-.,q1m), -, f(@ni,-..,Gnm)) belongs
to p. For a given set of operations, C, the set of all relations
invariant under every operation from C' is denoted by Inv C.
Conversely, for a set of relations, I, the set of all operations
preserving every relation from I" is denoted by Pol I'. Ev-
ery relational clone can be represented in the form Inv C for
a certain set of operations C' [Pdschel and KaluZznin, 1979].
Therefore, in view of Theorem 1 the complexity of a finite
constraint language depends only on its polymorphisms.

We need operations of some particular types that give rise
to tractable problem classes.

Definition 4 Let A be a finite set. An operation f on A is
called

e a constant operation if there is ¢ € A such that
flzy,...,z,) =c¢ foranyzy,...,z, € A;

o a semilattice operation', if it is binary and satisfies
the following three conditions: (a) f(x,x) = x, (b)
[, [y, 2)) = f(f(2,9),2). (c) f(z,y) = f(y, ),
forany x,y,z € A;

e a majority operation if it is ternary, and f(z,x,y) =

o affine if f(x,y,2) = x —y + 2, forany x,y,z € A,
where +, — are the operations of an Abelian group.

Proposition 1 ([Jeavons et al., 1998; 1997]) If T is a con-
straint language on a finite set, and Pol T' contains an op-
eration of one of the following types: constant, semilattice,
affine, majority; then I is tractable.

The complexity of constraint languages on a 2-element set is
completely characterised in [Schaefer, 1978]. This outstand-
ing result is known as Schaefer’s Dichotomy Theorem. By
making use of Proposition 1 the algebraic version of Schae-
fer’s theorem can be derived [Jeavons et al., 1997].

"'Note that in some earlier papers [Jeavons, 1998b; Jeavons et al.,
1998] the term ACI operation is used.
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Theorem 2 (Schaefer, [Schaefer, 1978]) A constraint lan-
guage I on a 2-element set is tractable if and only if Pol T
contains one of the operations listed in Proposition 1. Other-
wise I' is NP-complete.

3 Tractable amalgams

In this section we give a complete solution of Problems 1,2
for amalgams of relational clones. Throughout the section
A,B are finite sets, D = AN B, and R4, Rg are relational
clones on A, B respectively. First, we reduce Problems 1,2 to
the case when |D| = 1 and prove NP-completeness results in
this case. Then we concentrate on tractable cases and present
a solving algorithm for these cases.

3.1 The result

We assume that R 4, Rp contain empty relations of any arity,

because otherwise Pol (R4 X Rp) contains a constant oper-

ation, and therefore R 4 X R B is tractable by Proposition 1.
The case when D is empty was completely investigated in

[Cohen et al., 2000al.

Proposition 2 ((Cohen et al.,2000al) If D = & then

CSP(R4 M Rp) is polynomial time reducible to CSP(R 4),

CSP(Rp). Hence, Ry X Rpg is tractable if and only if both

R4, Rp are tractable.

So, we assume D to be non-empty.

Proposition 3 ([Jeavons et al., 1997; Jeavons, 1998b]) If f
is a unary polymorphism of a constraint language I then the
problem class CSP(f(I")) where f(T') = {f(0) | 0 € T},
f(o) ={(f(ar),..., flan)) | (a1,...,an) € o}, is polyno-
mial time equivalent to CSP(T).

By f‘c we denote the restriction of a (unary) operation f onto
a set C. The following statement is straightforward.
Proposition 4 (1) If f is a unary polymorphism of R4 X Rp
then f R f‘B are polymorphisms of R4, Rp, respectively.

(2) CSP(RA X Rp) is polynomial time equivalent to
CSP(f], (Ra) 1 f] (Rw))
(3) If the amalgam R 4 X Rp is tractable then there is a poly-
morphism f of Ry X Rp such that | f(D)| = 1. Otherwise,
R4 X Rpg is NP-complete.

Therefore, we may restrict ourselves to the case |D| = 1;

let D = {c}. In this case we need more notation and termi-
nology.

Definition 5 The relational clone R4 [Rp] is said to be
monolithicif R4 = (R4 U{D}) [Rp = (Rp U {D})] con-
tains no unary relation E with ¢ € E.

Let Rjg denote the relational clone generated by the set R4 U
{ou{e} | 0 € Ra} where ¢ = (c,...,c)?. Obviously,
R4 C R} The clone R}, is defined analogously.

*We do not specify the length of the tuple ¢ = (c,...
cause it is always clear from the context.

,c), be-
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In the following definition we introduce an auxiliary re-
lational clone on the 2-element set Z = {A, B} that de-
scribes interaction of the components of the amalgam. For
an (n-ary) relation ¢ € Ry, let 0 = {(a1,...,a,, A) |
(a1,...,apn) € 0a}YU{(c,...,c, B)}. We also define the cor-
responding predicate P,(z1,. .., %y,y) Which is true if and
only if (z1,...,%n,y) € 0. The variable y will be called
distinguished.
Definition 6 The meta-clone Ry is defined to be the set of all
relations on Z expressible through a pp-formula of the form
Ek1317 vy TRy .. '7Zk(b(wl7 s 7$n7y17:\/' S Ym, 21, - '7Zk)
where ® is a conjunction of predicates P, for o € Rz, and
Yly- -y Yms 21, - - - » 2k are the distinguished variables.

The meta-clone Rp is defined in a similar way.

Lemma 1 Meta-clones Rs, Rp are relational clones on Z.
We now in a position to state the main result of this paper.
Theorem 3 Let |D| = 1. Then

1. if R4 is monolithic then R4 X Rp is tractable if and
only if Rzg is tractable;

2. if both R4, Rp are not monolithic then R4 X Rp is
tractable if and only if Rz, RE, and R4 U Rp are tractable.

It is not hard to see that R}, Rj; C (Ra M Rp). There-
fore, by Theorem 1, RE is tractable whenever R4 X Rp
is tractable. The converse inclusion follows from Lemma 2.
Then, it can be proved by straightforward calculation that
CSP(R4 U Rp) is polynomial time reducible to CSP(R 4 X
Rp). Finally, in Sections 3.2,3.3, we show how to reduce
CSP(R4 X Rp) to CSP(R4 URp), CSP(RY), and CSP(R}).

Lemma 2 If R is monolithic then CSP(R 4 X Rp) is poly-
nomial time reducible to CSP(R},).

Proof: Let R 4 be monolithic. We set out the proof in several
claims.
CLAIM 1. For any a € A — {c}, there is a unary polymor-
phism f, of R4 such that f,(a) = c.
__Let g1,...,gx be the list of all unary polymorphisms of
Ra, and E = {a1 = gi(a),...,ax = gx(a)}. Sup-
pose that ¢ ¢ E. Since R4 is monolithic, £ ¢ Ra.
Therefore, there is a polymorphism h(z1, .. .,z,) such that
h(bi,...,b,) ¢ E for some b; € E, say, b; = a;,. The
operation h'(x) = h(gj, (x),...,g;,(x)) is also a polymor-
phism of R4 [Poschel and Kaluznin, 19791, and A’ (a) € E,
a contradiction.
CLAIM 2. Ry is invariant under the constant operation c.
Since D = {(¢)} € Ra, for any a € A — {c}, we have
fa(c) = c. This implies |f,, (4)] < |A| — 1 for any a; €
A — {c}. Then choosing an element az € f,,(A) — {c}
we get |fa,(fa (A))] < |A| — 2. Continuing the process
we eventually obtain an operation f(z) = fo, (... fa,(z)...)
such that | f(A)| = 1. As f(c) = ¢, f is the required constant
operation.
Claim 2 implies that if ¢ € R 4 is non-empty then ¢ € g.
CLAIM 3. The operation g on AUB where g(z) = cifz € A
and g(z) = x if z € B is a polymorphism of R4 X Rp.
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Take o € R4 X Rgpandd € p = ¢
oB € Rp. Ifd € pp theng(d) =d €
04 #J,¢ € pa C o, and therefore g(d)
X

aUoB, 04 € Ra,
0. If d € p4 then
=cEop.

Finally, for any ¢ = 04 U op € Ra X Rp, g(0) = 0B or
g(0) = op U {¢}. This means that g(R4 X Rp) = R},
and by Proposition 3, CSP(R4 X Rp) is polynomial time
equivalent to CSP(R}). a

3.2 The Split Problem

We transform a problem over an amalgam so that the interac-
tion of its components becomes more transparent.

Lemma 3 If R4 [Rp] is not monolithic then there is a rela-
tionos € Ra [op € Rp] of arity L4 [Ig] such thatT & o4
[c¢ ol
Proof: Let E € R4 be such that ¢ € E. Since E belongs to
the clone generated by R4 U {D}, it can be expressed by a
pp-formula
Pg(x) =3y, Yn, 21, -- > Zm
Q('/I:?ZJl?' N '7yn7z17 e 7zm) /\PD(zl) /\ e /\PD(Zm)
where ® uses predicates from R4. As is easily seen, the
relation Py(x,21,...,2m) = 1, -, yn®(@,y1,. -, Yn,
21, ---,2m) satisfies the required conditions. a
Let P = (V;A U B;C) be a problem instance from
CSP(R4 W Rpg). Fix a representation o = g4 U og,
04 € Ra, op € Rp for every constraint relation g. The
split problem P is defined to be the triple (V; AU B;C) (see
Fig.1) in which
e V=V,4UVgU V4 UV} where for every v € V there are
vA € V4 and vB € Vg, and for every constraint C' € C
there are ul, ..., uidt € Vi and wg, ..., wi € Vj;letus
denote ¢, W the sequences ul,, . .., ukt, wg, ..., wk
respectively;
e C =C4UCp UC where forevery C = (s, 9) € C,
s = (v1,...,vy), we include 3 constraints
— (v}, .., v7 W), 04) € Ca, 0y = (0 x 0a) U {c};
—((w,..., v, Wc), o) € Cp, g = (0 x o) U {c};
—{(uc,we),o) € C' where o is the [ 4 + [ p-ary relation
(ca x {e}) U ({c} x op).

The following lemma is straightforward.
Lemma 4 P is equivalent to P.

On the one hand, the restrictions of P on V4 UV}, Ve UV}
are problems from CSP(R}), CSP(R};) respectively. On
the other hand, the implicit constraint relation arising on the
set V} in this problem can be treated as a relation on the 2-
element set {04, D'a }, and correspond, in fact, to the rela-
tions from R4 . Therefore, the meta-clones describe the inter-
action of two parts of the split problem.

3.3 Solving the Split Problem

Let us assume that R}, Rj;,R4 U Rp are tractable, and
R4, Rp are not monolithic. By Theorem 2, there is either (1)
constant, or (2) semilattice, or (3) majority, or (4) affine oper-
ation f such that every relation from R4 URp is invariant un-
der f. We show that under this assumption the split problem
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constraints

Figure 1:

P can be reduced to problems from CSP(RY), CSP(R}) in
polynomial time.

We divide P into two subproblems Pa= (VaUV};A4;Ca)
and Pg = (Vg U V}; B;Cpg) from CSP(R}), CSP(R) re-
spectively. Recall also that C = {C4, ..., C,}. Then set

Sa = {(‘P(ulcl)a s 7()0(71'[(?1)7 ‘P(Ulcz): s 7(p(ul(§‘q)) |
¢ is a solution to 75,4},
{(p(we,), - pwe), p(we,), - p(wek)) |

¢ is a solution to Pp }.

Sp =

Let also mappings ¢ 4: 04 U {¢} — Z, ¢p:op U{c} = Z
be defined as follows

| A, ifdeoa, | A, ifd=g¢,
Ya(d) = { B, ifd=z  ¥B(d)= { B, ifd € op.
Then Sy = Ya(Sa) = {(1/),4(0%71,...,alc‘?l),...,Z/)A(a%jq,
...,alCAq)) | (alol,...,alé‘q) € Sa} is a g-ary relation
from Ry, and Sg = ¢p(Ss) = {(Ws(bE,,...,bE),
o PB(bE,, - 0E) | (b, ) € Sp}is a gary
relation from Rp. A solution to P exists if and only if there
are solutions w4 € Sa, g € Sp such that Y14 = YByYp

or, equivalently, if S4 N Sk # . The ith component of a
tuple d will be denoted by d[i]. Fix tuplesa € o4, b € 0p.

CASE 1. R4 U Rp is invariant under a constant operation.

Without loss of generality we may assume that the constant
operation maps Z to A. Then either S4 [Sp] is empty, or
(A,...,A) €S4[(A,...,A) € Spl. IfSs = T orSp =
J then S4 or Sp is empty, consequently, P has no solution.
IfS4,Sp # O then P4 has a solution ¢4 € Sy such that
@a(ul) = afi] forall C € C, 1 < i < Iy, and Pg has a
solution pp € Sp with @B(wé) =cforallC e(C,1<j<
Ip. As is easily seen, Y44 = YpyB.
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We need some additional notation. Let g be an n-ary re-
lation, and I = {i1,...,ix} C {1,...,n}; then 7r(p) de-
notes the k-ary relation {m7(d) | d € p} where m;(d) =
(d[i1],-..,d[ig]). For a problem instance P = (W;D;C)
and a constraint (s, o), we denote the problem instance
(W;D;C U {(s,0)}) by P U {(s,0)}.

CASE 2. R4 U Rp is invariant under a semilattice opera-
tion f.

Without loss of generality we may assume that f(A, A) =
f(A,B) = f(B,A) = A, f(B,B) = B. Then [Jeavons et
al., 1997] any relation & # ¢ € R4 U Rp contains the tuple
max, where max,[i] = A if A € 7;3(0), and max,[i] = B
otherwise. We employ the following algorithm.

Until no new constraint added, for each C' € C do

e Solve the problems P4 U {(tic,o4)}. Pi U {(wc, {e})}.
o If one of them has no solution then replace 75A with

PaU{(ac,{c})} and P with Py U {(@c,08)}.

e Solve the problems P4 U {(uc, {e})}. Ps U {(Wc,0B)}.
o If one of them has no solution then replace P4 with

PaU{(Tc,04)} and Pp with Py U {(@c, {e})}-

Notice that this algorithm is quite analogous to establishing
1-consistency [Jeavons et al., 1998; Dechter and van Beek,
1997; Cooper, 1989]. Let 751’4, 75}3 be the obtained problems,
S, Sl defined for P!y, P}, in the same way as Sa, Sp, and
Sy = ¥a(Sy), Sp = ¥p(Sp). Clearly, SANSp # @
if and only if $, NS # @. Moreover, since w{i}E’A =

— i = =/
m(iySp, for any i, we have maxg = maxg € S,NSp
whenever S 4, S, # . Thus, P has a solution if and only if
P',, P}, have solutions.

CASE 3. R4 URp is invariant under a majority operation f.

In this case any (n-ary) relation o € Ryq U Rp is 2-
decomposable [Jeavons et al., 1998], that is every n-tuple d
such that, for any 1 < 4,5 < n, (d[i],d[j]) € 7y 10, be-
longs to o. Therefore, S 4 N Sp # O if and only if there is a
tuple d such that (d[4], d[j]) € 7y; 1 (Sa) Nmg 53 (Sk), for
any1<i,j <q.

The latter condition is encoded by the constraint satis-
faction problem (W;Z;C") in which W = {z1,..., 2},
and for any 1 < 4,5 < ¢, there is the constraint
((2i,25), 713,53 (Sa) N7y 51 (Sp)). Since all the constraint
relations are in R4 U Rp, this problem can be solved in poly-
nomial time (see [Jeavons et al., 1998]). We just have to find
relations of the form 7; j, (S4a), 73,53 (Sp). To this end we
consider the problems

P (A, A) = PaU{((Tc,,04), (Tcy, 0a)},
73114’3 (4,B) = 7214 U{(uc;,04), (ﬂoj {eh b
Py/(B,A) =PaU{(tc;, {e}), (W, 04)},
P (B, B) = Pa U{(uc,, {e}), (uc,, {e})}.
and include a tuple (X,Y) in 7y; ;3 (Sa) if and only if the

problem 751’;{3' (X,Y) has a solution. The relation 7y; ; (SB)
can be found in the same way.

CASE 4. R4 URgp is invariant under an affine operation f.
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This case is, in fact, impossible. To show this, notice that
the relation 0 = (04 x A'4) U {¢} belongs to R}. Then the

relation (A A B
T™\A BB
is expressible by the pp-formula P.(x1,x2) = Jy1,y2,2

ﬁg (y1,y2,2)\ ﬁm (y1,21) APy, (y2,x2), and, therefore, be-
longs to R4 . However, f does not preserve 7.

Example 5 Let X = {0,1,2,3},Y ={0,1,2,3}, D
Consider the relationson A = X UD,B =Y UD:

cccccecceccecceccecececc
QA:<00 330123),
02

{c}.

= N

0B = c

We are going to show that the amalgam {g4} X {op} is
tractable. To this end we notice that 90 4 [op] is invariant with
respectto fa,ha [fB, 9B, hp] such that

d fA(xay) =uzifz = ¢ fA(way) =Y ifz € X;

fBlxy)=xifz €Y, f(x,y) =yifz =c;

* gp(z,y) =zifz =c gp(z,y) =yifz €Y}

L4 hA(iL“,y,z) = w_Xy+XZif$7y7Z € X, hA(ar,y,z) =

x otherwise;
L4 hB(xayaz) =T—-yyY+vz if&?,y,Z ey, hA(ar,y,z) =
x otherwise
where +x, +y denote addition modulo 4 in X,Y re-
spectively. We define the relational clones R4, Rp to be
Inv ({fa,ha}), Inv({fB,98,hp}). Clearly, o4 € Ra,
oB € Rp. We show that R4 X Rp is tractable.

As is easily seen, the operations f4,h4 preserve the rela-
tion X, and fg, gp, hp preserve Y. Therefore, X € R4 C
RA,Y € Rp C Rp, hence, R4, Rp are not monolithic. It
is straightforward to show that every relation from Ry U Rp
is invariant with respect to the semilattice operation f where
f(A,B) = f(B,A) = f(B,B) = B, f(A,A) = A.

By Schaefer’s Theorem, R4 U Rp is tractable, therefore,
to show the tractability of R4 X Rp we have to show the
tractability of RX,RE. For any o € R4, the operations
fa, ha preserve the relation ¢ U {¢}, and, for any ¢ € Rp,
fB,98, hi preserve o U {¢}. Hence, R}{ = R4, R} = Rp.

We sketch a solving algorithm for CSP(R4) and leave to
the reader verifying its soundness. Let P = (V;A4;C) €
CSP(RaA).

e Set W = {v e V |forany (s, 0) € Csuchthatv € s,

cc W{v}(g)}, andU =V - W.

e Every constraint relation of PU =(U;X;C U) where,

for any (s, ¢) € C, thereis (s N U, wsnu(0)) € C‘U is

invariant with respect to ¢ —x y +x 2. Find a solution
P:U — X to P‘U by making use of standard algorithms

from number theory.
e Set p(v) = ¢(v) if v € U and ¢(v) = ¢ otherwise. The
mapping ¢: V — A s a solution to P.

The algorithm for CSP(Rp) is analogous.
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Abstract

In [Jegou, 1998 a decomposition method has been
introduced for improving search efficiency in the
area of Constraint Satisfaction Problems. This
method is based on properties of micro-structure of
CSPs related to properties of triangulated graphs.
This decomposition allows to transform an instance
of CSP in a collection of sub-problems easier to
solve, and then gives a natural and efficient way for
a parallel implementatiofHabbaset al., 2004.

In this paper, we present a generalization of this ap-
proach, which is based on a generalization of trian-
gulated graphs. This generalization allows to de-
fine the level of decomposition which can be fixed
by a graph parameter. The larger this parameter is,
the more level of decomposition that is the num-
ber of sub-problems is. As a consequence, we can
then define the level of decomposition, with respect
to the nature of the parallel configuration used (the
number of processors).

First experiments reported here show that this ex-
tension increases significantly the advantage of the
basic decomposition, already shown|itabbaset

al., 2004.
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by the compatible relations between variable-value pairs: ver-
tices are these pairs, and edges are defined by pairs of com-
patible vertices. Given the micro-structure of a CSP and us-
ing graph properties, the method realizes a pre-processing to
simplify the problem with a decomposition of the domains of
variables. For a CSP, the decomposition generates a col-
lection of subproblem®;,, P,, ... P, which is equivalent to

the initial problemP. Each subprobler®; has the size of

its domains less or equal to the size of domain®p&o the

time complexity of eaclP; is necessarily less than for the
initial CSP. Moreover, given this collection of subproblems,
we can separately solve them, or recursively apply again the
decomposition.

This decomposition allows to transform an instance of CSP
in a collection of subproblems the domains size of which is
less than domains size of the CSP. So, these sub-problems are
theoretically easier to solve. Moreover, this decomposition
defines and then gives a natural and efficient way for a paral-
lel implementation to solve CSP. [Mabbaset al., 2004, an
experimental analysis of this approach is presented, realized
on a parallel configuration. These experiments show clearly
the efficiency of the approach: the decomposition generally
offers better results than the results obtained to solving the
problems without decomposition. This advantage is related
to the natural parallelization of the approach since each sub-
problem is solved independently. This fact is clear for consis-
tent CSPs. Moreover, if we consider inconsistent CSPs, the
results are more insteresting: without parallelization, solving

Constraint-satisfaction problems (CSPs) involve the assigrthe problem after its decomposition is clearly better as solv-
ment of values to variables which are subject to a set of coning it without decomposition.
straints. Examples of CSPs are map coloring, conjunctive |, this paper, we present a generalization of this approach.
queries in a relational databases, line drawings understang;g approach is based on a generalization of triangulated
ing, pattern matching in production rules systems, combinagraphs. This generalization allows to define the level of de-
torial puzzles. . CSP is known to be a NP-complete problem. composition which can be fixed by a graph parameter. The
So, during last twenty years, many works have been proposggger this parameter is, the more level of decomposition (that
to optimize the classical Backtrack procedure, as constraing the number of sub-problems) is. As a consequence, we can
propagation, intelligent backtracking or network decomposithen define the level of decomposition, with respect to the
tions. H h has b cPower of the parallel configuration used.

In [Jegou, 1998 another approach has been proposed ; yefine this generalization, we exploit a generalization of

which is based on the decomposition of timei¢ro-structuré : : : L
of the CSP. The micro-structure of a CSP is the graph defineH?;L?Cuelztﬁ?ggﬁ%rgscgg(ﬁi %rgg? S-\l-/\;]?écg;sisot;iﬁggﬂs

*This work has been supported in part by the IUT de Lens, the?0ssesses the same kind of properties as triangulated graphs
CNRS and the Region Nord/Pas-de-Calais under the TACT Prodo. The most important here is the fact that the CLIQUE
gramme problem has a polynomial time complexity on these graphs.
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First experiments reported here show that this extensio2.2 TR-Decomposition

increases significantly the advantage of the basic decomp@s;yen a binary CSPP = (X, D, C, R) such tha{ X, C) is a

sition, already shown iliHabbaset al, 200d. Indeed, we <, olete ara — (X is calledmicro-structure
present experiments with two levels of decomposition. The Ppand i?irs F;W#Qrtite( grgbﬁl\j\;r:(seﬁé,g — {(Igcr 03 r:ux'u;

basic decomposition, and the second level (E$@phs). ‘ _ ‘ ‘ . .

The results show that for the second level of decompositior{( Sggg ti;t) Zi%(??lg)lzis_ n{(){t(zzl:%)rh(;ijeytg)éfa%ﬁ?%‘oer ggr}s of

we obtain better results. variablesz; and x; such that the constrain®;; does not
The section 2 recalls the decomposition method while sechelong to set”, we consider the universal relation between

tion 3 presents the generalization of the decomposition. Exthese variables, that 8;; = D; x D; (all pairs of values are

perimental results and a discussion about these result are preempatible). The decomposition is based on a basic property

sented in the section 4. of the micro-structure:

Theorem 1Given a CSPP and its micro-structure(P),
then (a1,...a,) € Solutions(P), that is(ay,...a,) Is a

2 Preliminaries solution of P, iff {(x1,a1),...(xn,a,)} is a n-clique of
1(P).
2.1 Constraint Satisfaction Problems In other words, transforming a CSP as its micro-structure

is clearly a polynomial reduction from CSP tOLIQUE,

A finite CSP (Constraint Satisfaction Problem) is defined agvhich is the problem of finding a clique of a given size
four tuple? = (X,D,C,R). X is a set ofn variables belongs to a graph. As a consequence o_f this fact, as CSP,
T1,79,...7,. D is a set of finite domain®,, Ds, ... Dy, the_CI__IQUE pr_obler_n is NP-Complete. Since _t_he proble_zm
andC is a set ofn constraints. Here we only consider binary ©f finding a n-clique is NP-hard, TR-Decomposition exploits
CSPs, that is the constraints are defined on pairs of variabld§€ fact thattriangulated graphsconstitute a polynomial
{z;,z;} and will be denoted”;;. To each constrairt;, we class of instances for this pr(_)blem. We recall briefly basic
associate a subset of the cartesian prodiktx D;) which ~ Properties of these graphs. Given a grépk- (V. ) and an

is denotedR;; and specifies which values of the variables are@rderingo = [v1, ..., v,] of V, thesuccessorsf a vertex;
compatible with each otheR is the set of allz;;. A solution ~ are the elements of the st (v;) = {v; € N(vi) : i < j}

is an assignment of values to variables which satisfies all th@here N(v) = {u € +V : {u,v} € E}; a vertexu;
constraints. For a CSP, the pair(X, C) is a graph called 1S simplicial in o if N*(v;) is a clique. The ordering
the constraint graph Given a CSP, the problem is either to ¢ = [v1, ...,vn] Of V' is aperfect elimination orderindf,
know if there exists any solution, to find solution, or to find for ¢ = 1,2,...n, the vertexy; is simplicial in the ordering

all solutions. The first problem is known be to NP-complete.?- A graphG' = (V; E) is triangulated if and only ifl’
admits a perfect elimination ordering. Triangulated graphs

CSPs are normally solved by different versions of back-gatisfies desirable properties. A triangulated graphnon
track search. In this case, dfis the size of domains (maxi- yertices has at most maximal cliques (a clique is maximal
mum number of values in domaits;), the theoretical time jff it js not included in an other clique]Fulkerson and
complexity of search is then bounded by the size of the searci;oss, 1965 Moreover, the problem of finding all maximal
space, that ig". Consequently, many works tried to improve cliques in a triangulated graph is iB(n 4+ m) if n is the

the search efficiency. At present time, it seems that the mosfymber of vertices and, the number of egddSavril, 1973.
efficient algorithm is the procedure MAC which has been in-

troduced infSabin and Freuder, 19p40ther approaches use  Gijven the micro-structure of any CSP, it is not possible to
decomposition techniques based on structural properties ghmediately use these properties because any micro-structure
the CSP. These methods exploit the fact that the tractabilityg ot necessary a triangulated graph. So, in adding edges
of CSPs is intimately connected to the topological structurgn £ e can build a new graph(G) = (V, E') which is

of their underlying constraint graph. Moreover, these methtriangulated. This addition of edges is calle@ngulation,

ods give an upper bound to the complexity of the problemgng can be realized in a linear time in the size of the graph.
As example of such decompositions, we have tree—c_lustermgo' after the triangulation, all maximal cliques Gfcan be
scheme[Dechter and Pearl, 1989The time complexity of  tound in linear time. Applied to a CSP = (X, D,C, R),

this method is bounded hif wheref is induced by the topo-  the triangulation of its micro-structurg(P) = (Xp,Cr)
logical features of the constraint graph. Intuitively, more theproquces the graph(u(P)), the set of maximal cliques of
constraint graph is dense, more the valuis large. For ex-  \yhich is Yi,...Y, (k < d.n). EveryY; is a set of values,
ample, if the constraint network is a complete graph, themyng then defines a subproblem7f More formaly, given a

k = n. So, the complexity of these decomposition methodsbinary CSPP = (X, D,C,R), its micro-structurg(P) =

is the same as for classical backtracking, that'is So, in (x, ‘0., andY a subset of{ ,. The CSP induced by on
[Jegou, 1998 Jegou proposed an alternative way to decom- ’

pose CSPs which is not based on the constraint graph but on INote that in[Hamadi, 199 TR-Decomposition has been gen-

themicro-structureof a CSP. In the sequel, we called this de- eralized to General CSPs, that is CSPs were constraints can be de-
composition schem&R-Decomposition fined on more than two variables.
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P, denotedP(Y') is defined by: triangulated. Note that a triangulation can be minimal and
e« Dy = {Dyi,...Dyn}: Dyi = {a € D; : (w1,0) € not optimal. SedBerry, 1999 who presents an algorithm

Y) ' in O(n(n + m)). The last one consist in using a triangu-
lation consuming a linear time which does not gurantee the
* Ryij ={(a,b) € Ry; : (w3, a),(x;,b) €Y} minimality. Nevertheless, the purpose of this paper is not to
e P(Y)=(X,Dy,C,Ry) propose a good triangulation, but to exploit a generalization

of triangulated graphs to generalize this decomposition. One
' of the aims of this generalization is to avoid the problem of
finding optimal triangulations.

Finally, to ensure the validity of the decomposition
presents the theorem below:

Theorem 2 [Jegou, 199B Given a binary CSPP, its

micro-structureu(P) and{Y7,...Y%}, the set of the maxi- 3 Generalizing TR-Decomposition

mal cliques of’(u(P)), then 3.1 Afirst basic property
Solutions(P) = Uk_, Solutions(P(Y3)). To generalize TR-Decomposition, we can extend the-
: T orem 2. Consider a CSPP = (X,D,C,R) and its
To -summarlze the apprc?gch, we recall the algorithm: micro-structure(P) — (Xp,Cr). Consider a graph
Algorithm: TR-Decomposition A(u(P)) = (Xp,d8(Cr)) whereCr C §(Cr). Consider
Begin . now the set{Z;,... Z;} of maximal cliques ofA(p(P)).
1 BL_nId the mlcro-structur@(P) EveryZ; is a set of values, and then, as in section 2.2, defines
2 Triangulation((P),I'(1(P)),0) a subproblem o which is the CSP induced hy; on P (it
3  MaximalCliques((u(P)),0.{Y1,...Yr}) is denotedP(Z;)).
4  for allY; do
5 if Y; is a covering of all the domains i Theorem 3 Given a binary CSPP, its micro-structure
6 then Solve(P(Y;)) . u(P) and {Z,...Z;}, the set of the maximal cliques of
7 enggfp(yt) has no solution A(u(P)), thenSolutions(P) = Ul_, Solutions(P(Z;)).

End; { TR-Triangulation} Proof. Given a binary CSPP, its micro-structureu(P)

and by theorem 1, we know that each solution7dfis a

The steps 1, 2 and 3 can be realized in a linear time w.r.iclique of sizen. If we considerA(u(P)) = (Xp,d(Cr))
the size of the probler®. The procedurdriangulationre-  whereCr C 6(Cr), each clique ofu(P) is included in a
turns a perfect elimination ordering which allows to the maximal cliqueZ; of A(u(P)). Therefore, each solution of
procedureMaximalCliquesto find setsY;. The step 4, that P appears in the associated subprobfe(;).
is the iterationfor, can be replaced by a parallel execution
on independent subprobler®Y;). In this case, if the CSP While TR-Decomposition is limited to triangulated graphs,
P is consistent, the cost is related to the cost of solving théheorem 3 allows to define a larger class of decomposition
easiest subproblem, while it is the cost of the hardest sulbef domains. Nevertheless, because the number of maximal
problem for inconsistent CSPs. A such implementation hagliques can be exponential in an arbitrary graph, and then, the
been realized ifHabbaset al., 2004. In step 5, a seY; is number of induced subproblems, we must consider graphs
not a covering of all the domains i if there is a subdomain  A(x(P)) which possess a limited number of maximal cliques
Dy, j induced byY; which is the empty set. This subproblem as triangulated graphs do. So, we exploit here a class of
is then trivially inconsistent. In step 6, to solf&Y;), we can  graphs which is a generalization of triangulated graphs.
use any classical search method such that standard backtrack- L )
ing, Forward-Checking or MAGSabin and Freuder, 10p4 3.2 A generalization of triangulated graphs
Finally, note that the quality of decomposition depends on thén [Chmeiss and&hou, 1997, a new class of graphs, called
guality of the triangulation step. CS@ graphs has been introduced. These graphs which

The last point is the most important. Nevertheless, it's wellgeneralize triangulated graphs, possess the same kind of
known that the problem of finding an optimal (w.r.t. the size properties as triangulated graphs, e.g. hereditary property of
of the largest induced clique) triangulation is NP-Hard (seesubgraphs, existence of an elimination scheme, polynomial
[Arnborg et al, 1987). Several algorithms have been pro- time recognizing algorithm, and polynomial class of graph
posed for triangulation. In all cases, the aim is to minimizefor CLIQUE problem. Informally, a CS® graph is a
either the number of added edges or the size of cliqgues isomplete graph, a CSGyraph is a triangulated graph, and a
G’. Three classes of approaches are usable. The first of@SG graph is a graph allowing an elimination vertex scheme
consists in finding an optimal triangulation which produces avhere the successors of every vertex induce triangulated
graph the maximum size clique of which has minimum sizegraphs. More generally, CS@raphs are defined inductively.
over all triangulations[Shoikhet and Geiger, 199propose
a such algorithm the time complexity of which is exponen- Definition [Chmeiss and&hou, 1997 The class of CS&
tial. The second is to find a minimal triangulation, that is Graphs is the class of complete graphs. Giter- 0, the
a triangulation computing a séf; such as if for any other class of CS@ graphs is the class of graptis= (V, E) such
triangulationE; C F; the graphG’ = (V,E U E,) is not  that there exists an ordering = [vy, ..., v,] of V such that
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fori = 1,2,...n, the graphG(N*(v;)) is a CSG~! Graph. Because of the time complexity of managing CSfgaphs,
The orderings is then called a CSGscheme. that isO(n2*=Y (n + m)), it seems reasonable to focus our
attention on small values @f. So, in the sequel we limit our
It's easy to see that CSGGraphs is the class of trian- study to CSG graphs. Therefore, the number of maximal
gulated graphs. As for triangulated graphs, there exists aliques will be bounded now by < d.n + d2>.n%. Nev-
polynomial time algorithm R-CSGfor recognizing CS&  ertheless, two problems must be adressed here. Finding an
graphs;vk > 2, its time complexity is Q(n?)*~1(n +m)).  efficient algorithm for 2-triangulation, and an operational al-
In the context of decompaosition of micro-structure, the num-gorithm to find maximal cliques of a CSG@raph.
ber of maximal cliques is an important criteria. CS@aphs For 2-triangulation, we can imagine an algorithm the time
inherit of a generalization of the property of Fulkerson andcomplexity of which is theoreticaly bounded B}(nm(n +
Gross[Fulkerson and Gross, 19b%elated to this number m)). This algorithm consider an ordering on vertices which
since, a CSG Graphs withn vertices have less than® is obtained by the Maximum Cardinality Search of Tarjan and
maximal cliques. Moreover, a CS@raph withn vertices  Yannakakis. Given this ordering, we consider verticesnd
andm edges has at most+ m maximal cliques. Finding then, we run a triangulation ofi(N*(v;)). This first step is
these cliques is easy, since, given a constant valdke in O(n(n 4+ m)) but this approach does not guarantee to get
CLIQUE problem is polynomial on this class of graphs sincea 2-triangulation. Indeed, given two verticesandv,, with
the time complexity of finding the clique of maximum size in i < j, the triangulation of5 (N " (v;)) which is realized af-
an undirected CSE&graph is bounded b (n2*~1) (n+m)).  ter the triangulation of?(N *(v;)) can add edges that restore
the new subgrapti(N*(v;)) not triangulated. So, a second
step of verification and repairing the subgraghsV"(v;))
3.3 TR*-Decomposition in adding new edges must be realized. This additionnal work
induces a theoretical complexity 6f(nm(n + m)). Never-
theless, expermients show that this additionnal work will be
rarely reached in practical cases (see section 4).

CS@ graphs can be exploited as a way to generalizing of TR
Decomposition, defining TRDecomposition as decomposi-
tions corresponding to the class of associated graphs: For

1, TRk-Decomposition is exactly TR-Decomposition, while ;
for k = 2, TR*-Decomposition, that is TRDecomposition, 4 E_Xp_em_nents_ )

it's the decomposition induced by C&@raphs. More gen- Our aim in this section is to show the usefulness of the gener-

erally, TR®-Decomposition is summarized as: alized decomposition method comparing to the MAC (Main-
taining Arc Consistency) algorithm and the decomposition
Algorithm: TR *-Decomposition method by triangulation of the micro-structure and to give
Begin an idea about the efficiency of the proposed method. For the
1 Build the micro-structure(P) generalized decomposition method we will consider thd-TR
2 k-Triangulation((P),A* (u(P)),0) Decomposition, i.ek = 2.
3 k-MaximalCliquesQ* (u(P)),0{Z1, ... Z;}) As mentionned in section 3, we will not focus on the
4  for all Z; do triangulation and 2-triangulation algorithms because it is
5 if Z; is a covering of all the domains i not the principal objective of this paper. In experiments, we
6 then Solve(P(Z;)) will use the Tarjan and Yannakakis's triangulation algorithm
7 elseP(Z;) has no solution [Tarjanet al, 1984. This algorithm requires a precomputed
endfor elimination ordering on the vertices. Then, it adds edges,
End; with respect to the ordering, which maintain the chordality

property (i.e. when a vertex is treated, its successors must

form a clique). Also, for the 2-triangulation, we will use an
Note that : algorithm based on the Tarjan and Yannakakis's triangulation
e The procedurek-Triangulation produces a graph ©On€as described in section 3.3. In practice, we have observed

AF(u(P)) which is a CS® graph and returns an order- that the additionnal step is rarely realized and then the

ing o which allows to the procedureMaximalCliques observed time of the 2-triagnluation isirin + m). So, for
to find all the maximal cliqueg; of A*(u(P)). CSPs of great size, the CPU time used to decompose the

- _ _ ~ problem is generally not significant with respect to the time
e As for TR-Decomposition the step 4, that is the iterationof solving the CSP.

for, can be replaced by a parallel execution on indepen-

dent subproblem®(Z;). In this case, if the CSP is We have expermiented these methods on random CSPs
consistent, the cost is related to the cost of solving theyenerated at the phase transition. These CSPs are generated
easiest subproblem, while it is the cost of the hardeshccording to the model B generafdtrosser, 1996 Such a
subproblem for inconsistent CSPs. generator admits four parameters:

e For steps 5 and 6, remarks given for TR-Decomposition e the numberV of variables
hold. o the common size of the initial domaitis

e Finally, the quality of decomposition depends on the e the proportionpl of constraints in the network (or the
quality of the k-triangulation step. numberC = pl « N - (N — 1)/2 of constraints)

206 CONSTRAINTS



[ <N,D,T,C> [ #SubProbIe;ﬂs[ I #checks — I #nodes , ]
TR TR MA T MA TR TR

’l < 20,5,6,106 > } 4 } 14 } LSJat (29/251(;) H 173113(’:} 1i260 } 2695 H 3C} 23 } 20 H
R AR

’ ‘ ‘ ‘ Unsat (19/50) H 2892 ‘ 2189 ‘ 1500 H 2 ‘ 1 ‘ 1 H
< 20,10,30,130 > 5 40 Sat (10/50) 101141 72138 21279 57 46 26

’ ‘ ‘ ‘ Unsat (40/50) H 322397 ‘ 262212 ‘ 63768 H 133 ‘ 111 ‘ 27 H

[0 ] ko || e |  3re0 | eoes| | s o

[ a0 0 | O Gorkn) || 1on7a6%0 | 16araoss | 1e7ease | éé‘z‘é\ 4222\ |
< 20, 20,201,85 > 11 131 Sat (17/50) 768460 236799 48223 193 27

’ ‘ ‘ ‘ Unsat (33/50) H 1611125 ‘ 1187395 ‘ 252259 H 339 ‘ 253 ‘ 50 H

’ < 30 ;190 > ‘ 3 ‘ 15 ‘ Sat (39/50) H 21672 ‘ 14142 ‘ 6954 H ‘ ‘ 32 H
Unsat (11/50) 67897 60267 19846 72 86 23

[ Someso> ] 3] B ek | eer | o] amel a] sl 7|

[ 0> [ T | a0 || _17vaass | sarsovo | 47oeos | ‘7‘12 \ Zié 3

[ [ | o) || 1o | aissa | saeoe | so | 4| s

’ < 30,15, 90, 155 > ‘ 6 ‘ 78 ‘ Sat (18/50) H 2549883‘ 1177789‘ 497667 H 769 ‘ 364 ‘ 158 H
Unsat (32/50) 6717878 5442121 | 1778683 1846 1513 465
< 30,15,115,110 > 7 87 Sat (16/50) 1130136 285589 66599 323 101 42

’ ‘ ‘ ‘ Unsat (34/50) H 1517131 ‘ 1314240 ‘ 408847 H 371 ‘ 329 ‘ 95 H
< 40,5,6,210 > 3 14 Sat (19/50) 37505 23780 11327 47

’ ‘ ‘ ‘ Unsat (31/50) H 62690 ‘ 51937 ‘ 26762 H ‘ ‘ 24 H
< 40, 5,4, 341 > 3 14 Sat (21/50) 116682 85003 42475 138 111 70

’ ‘ ‘ ‘ Unsat (29/50) H 291075 ‘ 272612 ‘ 119047 H 244 ‘ 230 ‘ 101 H

[ SIS [ A | O ko | sios | izeats | Tares | 4o | an | 3 |
< 40,10, 35,205 > 5 43 Sat (16/50) 1566087 965645 233136 758 491 137

’ ‘ ‘ ‘ Unsat (34/50) H 3467369‘ 2810709‘ 1194567 H 1468 ‘ 1202 ‘ 477 H

Table 1:experimental results
e the proportionp2 of forbidden pairs of values in a con-  In the tables, results are organized as following : the first
straint (or the numbei” = p2 « D x D of forbidden  column contains the calsses of problems represented by the
pairs) four parametersc N, D, T,C >. For each class, we give

results of the differents methods for satisfiable (Sat) and un-
satisfiable (Unsat) problems seperately. So, we have two
lines per class. The second and the third columns give the
gumber of subproblems induced by the TR-Decomposition
and the TR-Decomposition respectively. The fourth column
jndicates the number of satisfiable and unsatisfiable prob-
ems over the 50 randomly generated CSPs. The next three

In the following, we will useC' andT instead ofpl and
p2. C'is called thedensityof the constraint graph arifl the
tlghtnessof the constraints. We have analysed decomposi-
tion using the procedure MAC as basic search algorithm (th
used heuristic is dom/dd@essere and Rgin, 1998). That
is MAC has been used before decomposition on the initleﬂ

problem and after decomposition on each induced subpro columns give the number of consistency checks for MAC,

lem. " 7 .
R-Decomposition and the PRDecomposition respectively.

In order to have a credible idea on the performance of thes o
methods, we consider several classes of problems. We va e last three columns present the number of visited nodes by
e different methods.

two parameters (the number of variabl€sand the domains
sizeD). In order to deal with classes near the phase transition, As the subproblems induced by the decomposition are in-

we search the appropnate values of ﬂgﬁ]tnesi’]”) and the dependent we can enwsage a paraIIeI |mplementat|0n In
density(C). other words, we can imagine one process by subproblem.

For each value ofV, we vary D from small domains size S0, for saisfiable problems we consider the faster subproblem
to larger ones. So, we can observe the behavior of the déthe firstly solved subproblem since we have the response the
composition wherD grows. Also, we have remarked that the it is satisfiable) while we consider the hardest subproblem for
performance of the decomposition method was not the samgnsatisfiable ones.
for satisfiable and unsatisfiable problems. So, we have chosen Tables show, that decomposition improve the MAC algo-
to present the results seperately. rithm on all classes. The improvement is more significant

Results are reported in three tables. Each table represerfty larger domains. Also, the performance of MAC is im-
results for a given number of variableé. As measures proved more significately for denser constraint graphs. If
of comparison, we used the number of consistency checkse look at table 1 wherév = 20, we remark that the
(#checks) performed by each of the methods and the numbdiR2-Decomposition is five times faster than MAC for the
of visited nodes (#nodes). We mention that, the executior< 20,10, 30,130 >. For classes wittD = 20 the improve-
time is proportional to the number of checks. ment is more significant. This remark is confirmed when
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the constraint graphe is denser. For example, for the class (and CBJ?) on hard problems. Rroceedings of CP’96,

< 20,20, 130, 150 > and for satisfiable problems, the perfor- LNCS 1118pages 61-75, Cambridge, MA, USA, 1996.

mance ratio between PRDecomposition and MAC is about [Berry, 1999 A. Berry. A Wide-range Efficient Algorithm

1to 22. In other words, for each consistency check performed ¢, Minimal Triangulation. InProceedings of SODA'99

by TR2-Decomposition I'algorithm MAC performs 22 checks SIAM ConferenceJSA, 1999

for satisfiable problems. For unsatisfiable problems, the per- , . ’ o .

formance ratio is about 1 to 12. [Chmeiss and&hou, 1997 A. Chmeiss and P.&gou. A
This overall view on experiments shows that the general- Generalization of Chordal Graphs and the Maximum

ized decomposition method is promising and results are en- Clique Problem.  Information Processing Letters

couraging. Finally, we would like to mention the importance 62(2):61-66, 1997.

of the triangulationZ-triangulation) phase. We think that the [Dechter and Pearl, 19BR. Dechter and J. Pearl. Tree

efficieny of the decomposition method is related to the quality ~ Clustering for Constraint Networkawrtificial Intelligence

of the triangulation Z-triangulation). We believe that other ~ 38:353-366, 1989.

triangulation algorithms might offer a better decomposition. [Fulkerson and Gross, 196®.R. Fulkerson and O. Gross.

Incidence matrices and interval grapHgacific J. Math,

5 Conclusion 15:835-855, 1965.
In this paper, we have presented a generalization of the d¢Gavril, 1973 F. Gavril. Algorithms for minimum coloring,
composition of micro-structure, introduced[ifegou, 1998 maximum clique, minimum covering by cliques, and max-

This decomposition allows to transform an instance of CSP in  imum independent set of a chordal grafiAM J. Com-
a collection of sub-problems easier to solve, and then gives a put, 1(2):180-187, 1972.

natural and efficient way for a parallel implementatiétab- [H . Al
. L ; . abbaset al, 200d Z. Habbas, D. Singer and R. Krajecki.
baset al, 2004. While the original method is based on tri- Domain Decomposition for ParaIIeIgResqution of] Con-

a_mguI?tejd gralphs,dour ginerallligg?kis bashed ?:n a generaliza- straints Satisfaction Problems with OpenMP.Proceed-
tion of triangulated graphs ca raphs. For a given ; )

\;aluek Iweg;et a sgecFiJaISsub—class o?grgp?]s. Ecgsggo INgs of the Second European Workshop on Openfif?
graphs are complete graphs af$G*' graphs are triangu- '”b“rgh* Scotland, UK, 2_000' ) N
lated graphs. The valueallows to define a particular level of [Hamadi, 1996 R. Hamadi. = A domain decomposition

decomposition. So, we have introducEg*-Decomposition method to solve n-ary CSPs. Proceedings of the In-
as the generalized decomposition based&it;* graphs. ternational Workshop on Constraint-Based Reasonning,
There are two motivations for this generalization of the de- FLAIRS-Constraints-96pages 84-88, Key West Florida,
composition: USA, 1996.
e to extend the level of decomposition, [Jegou, 1998 P. Bgou. Decomposition of domains based on

. . . I the structure of finite constraints satisfaction problems. In
* to be able to fix this level to give an optimal exploitation  pysceedings of the National Conference on Artificial Intel-

for the parallel configuration used. ligence - AAAI'93 pages 731—736, Washington DC, USA,
Indeed, it has been experimentally observefHabbaset July 1993.

al., 2004 that the first level of decomposition, that is TR {Prosser, 1996 P. Prosser. An empirical study of phase tran-
Decomposition, outperforms classical algorithms, and that jtion in binary constraint satisfaction problendstificial
the more the number of sub-problems is, the more the effi- Intelligence 81:81-109, 1996.

ciency of TR -Decomposition is. ) )
Our experimental results confirm these facts. We havéSabin and Freuder, 19pD. Sabin and E. Freuder. Con-

studied two levels of decomposition, for= 1 andk = 2 and tradicting conventional \{Vlsdom in constraint satisfaction.

the experiments show that TRDecomposition outperforms N Proceedings of ECAI'94pages 125-129, Amsterdam,

TR!-Decomposition. Moreover, the number of sub-problems ~ Holland, 1994.

is greater fork = 2 than fork = 1. [Shoikhet and Geiger, 199K. Shoikhet and D. Geiger. A
We have limited our experiments ko= 2 because the time practical algorithm for finding optimal triangulation. In

complexity of managing’'SG* graphs is related to the value ~ Proceedings of AAAI'97 pages 185-190, Providence,

k. More preciselyD(n?* =1 (n+m)) is the time complexity USA, 1997.

to recognize these graphs. So in future works, we will try O[Tarjanet al, 1984 R. Tarjan and M. Yannakakis. Simple

propose efficient algorithms to realize decomposition. Linear-Time Algorithms to test Chordality of graphs, test
acyclicity of hypergraph and selectively reduce acycli hy-

References pergraph. SIAM Journal on Computingl3(3):566-579,
1984,

[Arnborget al, 19871 S. Arnborg, D.G. Corneil and
A. Proskurowski. Complexity of finding embeddings in a
k-tree.SIAM J. Disc. Meth.8:277-284, 1987.

[Bessere and Rgin, 1996 C. Besstre and J-C. Bgin.
MAC and combined heuristics: Two reasons to forsake FC
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Abstract e Each variablev; should be assigned a value that is as

Lo close as possible /2.
Many optimization problems can be expressed us- . . . i

measures of desirability are associated with differ- of values that are as similar as possible.

ent combinations of domain values for specified To model this situation we might impose the following soft
subsets of variables. In this paper we identify a constraints:

class of soft binary constraints for which the prob- o Aunary constraint on eaah specified by a functiog;,
lem of finding the optimal solution is tractable. In wherey; (z) = |z — i/2|" for somer > 1.

other words, we show that for any given set of } . ) i
such constraints, there exists a polynomial time al- e A binary constraint on each pait;, vy; specified by a
functiond,., whered,.(z,y) = |z — y|” for somer > 1.

gorithm to determine the assignment having the
best overall combined measure of desirability. This We would then seek an assignment to all of the variables
tractable class includes many commonly-occurring which minimizes the sum of these constraint functions,

soft constraints, such as “as near as possible” or “as om n

soon as possible after”, as well as crisp constraints () + 5 (Vs Vo

such as “greater than”. ;wl( i) ; (v v2q).

O

1 Introduction _ N o o
The constraint satisfaction framework is widely acknowI-The cost of allowing additional flexibility in the specification
: - f constraints, in order to model requirements of this kind, is
edged as a convenient and efficient way to model and solve 3 > . : e '
wide variety of problems arising in Artificial Intelligence, in- gene_rally an increase in computational dlfﬁculty. In the case
cluding planning and scheduling, image processing and natt?—f crisp constraints there has been considerable progress in
ral language understanding ' identifying classes of constraints which dractable in the
In the standard framework@onstraintis usually taken to ~ ScHS€ t}:]aththere exists a pﬁlyn_om|afl time algorlt?m to deit1er-
. - s . __mine whether or not any collection of constraints from such a
be a predicate, or relation, specifying the allowed combina- ; ; X .
tions of values for some fixed collection of variables: we will gf:\/soﬁ;gtb; S'{?ggl%an?r?ﬁg i:gzﬁgfggfrtir:)?w;/t?;(ij#ti%ﬁg,re
refer to such constraints here agsp constraints. A num- nTIE - e
ber of authors have suggested tha’? the usefulness of the colj@S Peen a detailed investigation of the tractable cases for
straint satisfaction framework could be greatly enhanced b ololeaFCpr(_)blems (\I'theorg]]e%(:h vana}_blle has just 2 posfsmle
extending the definition of a constraint to include atsiit r?ues) rgallgnoueta 2 | ' uta/erya!tte |nvehst|gar§|ot? 0
constraints, which allow different measures of desirability to;rg3 t:r?;:rt_]a ; %?Efsn?vrirsuelltrgei:] tﬁ? Iilmreilguzrg %ung C(Emebriia-
be associated with different combinations of vallRistarelli . y sign : ;
. . torial optimization which are clearly relevant to this ques-
et al, 1999. In this extended framework a constraint can tion [Nemhauser and Wolsey, 1988
be seen as function mapping each possible combination of In this paper we make usey(’)f the idea siimodular func-
values to a measure of desirability or undesirability. Findin ion [Nerghguser and Wolsey, 1988; Topkis, 1PT8 iden-
a solution to a set of constraints then means finding an as-, ' .y ' .
signment of values to all of the variables which has fqhe bes)Y 6} gene_ra}l class olf soft anstrslntsgokr) Wh('jChl th;are exists
- P a polynomial time solution algorithm. Submodular functions
overall combined desirability measure. are usually defined as real-valued functions on Boolean tu-

Example 1.1 For example, consider an optimization prob- ples Esets)Nemhauser and Wolsey, 1988ut we consider

lem where we haven variables, vy, vs, ..., v2n, and we The only previous work we have been able to find on non-
wish to assign each variable an integer value in the ranggoolean tractable soft constraints [i€hatib et al, 2001, which
1,2,...,n, subject to the following restrictions: describes a family of tractable soft temporal constraints.

CONSTRAINTS 209



the more general case of functions on tuples over an arbitrarlfor our purposes in this paper we require the same proper-
finite domain. We also allow our functions to take infinite ties as the valued CSP approach, with the additional require-
values. By establishing a new decomposition result for thignent that the aggregation operator has a partial inverse (so
general class of binary submodular functions (Theorem 4.4Yhat any evaluation can be “subtracted” from any larger eval-
we obtain a cubic time algorithm to find the optimal assign-uation). For concreteness, we shall simply assume through-
ment for any set of soft constraints defined by such functions.out this paper that the set of evaluatidfiss either the set of

We give a number of examples to illustrate the many dif-non-negative integers together with infinity, or else the set of
ferent forms of soft constraint that can be defined using binon-negative real numbers together with infinity. Hence, for
nary submodular functions, and we also show that this class iany two evaluationg;, p» € FE, the aggregation gf; andp,
maximal in the sense that no other form of binary constraintis given byp; + p2 € E, and whenp; > py we also have

can be added without sacrificing tractability. p1 — p2 € E. (Note that we seto — 0o = 0).
The elements of the sdt will be used to represent dif-
2 Definitions ferent measure of undesirability, penalties associated with

. . . i different combinations of values. This allows us to complete
Toidentify a tractable class of soft constraints we will need tohq gefinition of a soft constraint satisfaction problem with

restrict the set of functions that are used to specify constraintgye fo|lowing simple definition of a solution to an instance.
Such arestricted set of possible functions will be called a soft

constrainfanguage Definition 2.3 For any soft constraint satisfaction problem
o ] ) instanceP = (V, D, C), anassignmenfor P is a mapping
language overD with evaluations inE is defined to be a set ®p(t), is given by the sum (i.e., aggregation) of the evalua-

of functions,T', such that each € I is a function fromD"  ions for the restrictions of onto each constraint scope, that
to E, for somek € N, wherek is called the arity of. is,

For any given choice of soft constraint languabewe define Op(t) = Z B(t(v1), t(va), ..., t(vp)).
an associated soft constraint satisfaction problem, which we , o
will call sCSP(T"), as follows. (on0zvn) 0)€
A solutionto P is an assignment with the smallest possible
Definition 2.2 Let I" be a soft constraint language ovBr ~ €valuation, and the question is to find a solution.
with evaluations inE. An instanceP of sCSP(T") is a triple
(V,D,C), where: Example 2.4 For any standard constraint satisfaction prob-
e V is a finite set ofvariables which must be assigned lem instgnceP with C“SP cons.traint.s, We can d,e‘cmeAa. cor-
values from the sep. responding soft constraint satisfaction problem instghde
which the range of the evaluation functions of all the con-
straints is the seft0, co}. For each crisp constrainof P, we

define a corresponding soft constrainf P with the same
scope; the evaluation function 8fmaps each tuple allowed
by ¢ to 0, and each tuple disallowed byo oc.

Note that, for any constraint= (o, ¢}, the arity of the con- In this case the evaluation of an assignmieiuir P equals
straint is given bylo|, the length of the constraint scope. The the minimal possible evaluation, 0, if and only gatisfies all
evaluation functionp will be used to specify some measure of the crisp constraints i. 0

of desirability or undesirability associated with each possible .. .
tuple of values oves. Note that the problem of finding a solution to a soft con-

To complete the definition of a soft constraint satisfac-Straint satisfaction problem is an NP optimization problem,
tion problem we need to define how the evaluations obtainetl@t is. it lies in the complexity class NPO (sk@reignou
from each evaluation function are combined and comparectt &l 2007 for a formal definition of this class). If there
in order to define what constitutes an optimal overall solu-€XiSts & polynomial-time algorithm which finds a solution to

tion. Several alternative mathematical approaches to this i€l instances ofCSP(I'), then we shall say thaCSP(T) is
sue have been suggested in the literature: tractable On the other hand, if there is a polynomial-time re-

. . . duction from some NP-complete problemsdSP(T"), then
o In the semiring based approaliistarelliet al, 1999,  \ve shall say thatCSP(T") is NP-hard
the set of possible evaluations, is assumed to be an

algebraic structure equipped with two binary OperaﬂonSExample 2.5Let T be a soft constraint language ov;

satisfying the axioms of a semiring. where|D| = 2. In this casesCSP(T) is a class of Boolean

e Inthe valued CSP approatBistarelliet al, 1999, the  soft constraint satisfaction problems.
set of possible evaluations is assumed to be a totally  If we restrictI" even further, by only allowing functions
ordered algebraic structure with a top and bottom elewith range{0, oo}, as in Example 2.4, thesCSP(I") corre-
ment and a single monotonic binary operation known asponds precisely to a standard Boolean crisp constraint sat-
aggregation isfaction problem. Such problems are sometimes known as

e ('is a set ofoft constraintsEache € C is a pair(o, ¢)
where:o is a list of variables, called thecopeof ¢; and
¢ is an element of of arity |o|, called theevaluation
functionof c.
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GENERALIZED SATISFIABILITY problemdSchaefer, 1978  for somea,b € D and some € E. Such a function will be

The complexity ofsCSP(T") for such restricted setE has denoted7[’; 0

been completely characterised, and the six tractable cases ’

have been identifieSchaefer, 1978; Creignaai al.,, 2001. We can explain the choice of name for these functions by con-
Alternatively, if we restrictl" by only allowing functions  sidering the unary functiong, , (z, ). This function returns

with range{0, 1}, thensCSP(I") corresponds precisely to a the valuep if and only if its argument lies in the intervél, b];

standard Boolean maximum satisfiability problem, in whichoutside of this interval it returns the value 0.

the aim is to satisfy the maximum number of crisp constraints. \We shall writeI';; to denote the set of all generalized in-

Such problems are sometimes known Max-SAT prob-  terval functions onD, whereD = {1,2,..., M} with the

lems[Creignouet al, 2001. The complexity ofsCSP(T") usual ordering.

for such restricted sefs has been completely characterised, The main result of this section is Corollary 3.6, which

and the three tractable cases have been identified (see Thefates thatCSP(I';) is tractable. To establish this result we

rem 7.6 ofCreignouet al., 2001). first define a weighted directed gréphssociated with each
We note, in particular, that whencontains just the single instance o6CSP(T'g;).

binary functiong x o g defined by

0 ifz#y Definition 3.2 Let P = (V,{1,..., M}, C) be an instance
¢x0r(T:Y) = 1 otherwise of sCSP(I'¢r). We define the weighted directed gragh
as follows.

thensCSP(T") corresponds to thMAX-SAT problem for the .
exclusive-or predicate, which is known to be NP-hard (see ¢ The vertices ofzp are as follows:

Lemma 7.4 of[Creignouet al., 2001). O (STYU{va|v eV, de{0,1,...,M}).
Example 2.6 Let I' be a soft constraint language over, « The edges ofi» are defined as follows:
where|D| > 3, and assume thdt contains just the set of P , )
all unary functions, together with the single binary function - \'/:V%ri;r‘]itCh{ € V, there is an edge frorsi to v, with
¢rq defined by ©0,
0 ifr—y — For eachv € V, there is an edge fromy to T with
¢pQ(x,y) = { 1 otherwise. weightoo;
o . _ — For eachw € V and eachl € {1,2,..., M — 2},
Even in this very simple case it can be shown #@$P(T") there is an edge fromy, t0 va.1 with weightoo;

is NP-hard[Cohenet al, 2003, by reduction from the _ For each constrain{v, w),n’ , ) € C, there is an

MINIMUM MULTITERMINAL CUT problem[Dahlhauset al,, 7 asb]
1994. O edge fromw; to v,_1 with weightp. These edges

are called “constraint edges”.

The examples above indicate that generalizing the constraint
satisfaction framework to include soft constraints does indeeéxample 3.3 Let P = ({z,y, 2}, {1,2,3,4},C) be an in-
increase the computational complexity, in general. For examstance oCSP(I'¢;) with the following four constraints:
ple, the standar@-SATISFIABILITY problem is tractable, but
the soft constraint satisfaction problem involving only the sin- c1 = ((y, ), i 4) c3 = ((2,9), 1], 3
gle binary Boolean function) x o r, defined at the end of Ex- co = ({y, 2), 77[4,3]> cs = ({2, 2), 77[02074]>
ample 2.5, is NP-hard. Similarly, the standard constraint sat- i ) i ) )
isfaction problem involving only crisp unary constraints and I Ne corresponding weighted directed grapp, is shown in
equality constraints is clearly trivial, but the soft constraintFigure 1. o
satisfaction problem involving only soft unary constraints and
a soft version of the equality constraint, specified by the func-
tion ¢ g defined at the end of Example 2.6, is NP-hard.

However, in the next two sections we will show that it
is possible to identify a large class of functions for which
the corresponding soft constraint satisfaction problem is s
tractable.

3 Generalized interval functions

We begin with a rather restricted class of binary functions,
with a very special structure.

Figure 1: The grapli:p associated with the instan¢e de-

Definition 3.1 Let D be a totally ordered set. A binary func- fined in Example 3.3,

tion, ¢ : D? — E will be called ageneralized interval func-
tion on D if it has the following form:

(y) = 0 fe<aVvy>b; 2This construction was inspired by a similar construction for cer-
olwy) = p otherwise tain Boolean constraints described ithannaet al,, 2004.
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Any set of edge<” in the graphGp whose removal leaves

the verticesS and T disconnected will be called eut If
every edge irC is a constraint edge, ther will be called a

proper cut Theweightof a cutC' is defined to be the sum of

the weights of all the edges .

Example 3.4 Consider the graplt:p

The set{(ys, 20)} is a proper cut inGp with weight

7, which is minimal with respect to inclusion.

{{z4,92), (z3,93)} is a proper cut inGp with weight 5,
which is again minimal with respect to inclusion. O

Proposition 3.5 Let P be any instance ofCSP(I'¢;), and
let Gp be the corresponding weighted directed graph.

1.

2.

For each minimal proper cut it/ with weight®, there
is an assignment fgP with evaluation®.

For each assignmertfor P with evaluation®, there is
a proper cut inGp with weight®.

Proof:

1.

212

Let C' be any minimal proper cut of the graghp, and
let Cs be the component aofip \ C connected taS.
Define the assignment as follows:

te(v) = min{d | vq € Cs}
(Note thattc is well-defined becaus€'s always con-

tainsv,, and never containg,, by construction.)
By the construction of+p, it follows that:

te(v) >d e vy & Cs

Now consider any constraimt = <<v,w>,n[pa b]> of P,

and its associated edgein Gp. By the definition
of generalized interval constraint and the choice ©f
M (te(v),te(w)) = pifand only if v, ¢ Cs and
wp € Cg, and hence if and only # joins a vertex inC'g

to a vertex not inC's. SinceC' is minimal, this happens
if and only ife € C. Hence, the total weight of the cut 7, (u, v) + 7 (2, y)

C'is equal to the evaluation o§.

. Conversely, let be an assignment 8, and letK be the

set of constraints if® with a non-zero evaluation an
Now consider any path fromd to 7" in Gp. If we ex-

amine, in order, the constraint edges of this path, anql,[
assume that each of the corresponding constraints evqjﬁ
uates to 0, then we obtain a sequence of assertions of tf]:

following form:

(Uio > M) vV (’Ui1 < al)

(vi, >b2) V (v, <ag) forsomebs > ay
(Vip_, >bk) V (v, <ay) forsomeb, > ap_1
(Vi > bry1) Vo (vi,, <1) forsomebyy > ax

shown in Figure 1.

The set

corresponding to a constraint froij, and so the edges
corresponding to the séf form a cut inG'p. Further-
more, by the choice ok, the weight of this cut is equal
to the evaluation of.

|
Hence, by using a standard efficient algorithm for kex-
IMUM WEIGHTED CuT problem [Goldberg and Tarjan,
1984, we can find an optimal assignment in cubic time.

Corollary 3.6 The time complexity ofsCSP(I'g;) Iis
O(n3|D|?), wheren is the number of variables.

4 Submodular functions
In this section we will consider a rather more general class of
functions, as described [Topkis, 1978.

Definition 4.1 Let D be a totally ordered set. A function,
¢ : D* — E is asubmodular functioron D if, for all

{ai,...,ax), {b1,...,by) € D*, we have
¢(min(ai, b1), ..., min(ag, by ))+¢(max(ai,b1),. .., max(ag, bx))
< ¢(a1,...,ar) + ¢(b, ..., br).

Itis easy to check that all unary functions and all generalized
interval functions are submodular. For binary functions, the
definition of submodularity can be simplified, as follows.

Remark 4.2 Let D be a totally ordered set. A binary func-
tion, ¢ : D?> — E is submodular if and only if, for all
u<uz,v<y € D,wehave:

P(u,v) + oz, y) < d(u,y) + o(x, v)

Example 4.3 Let D be the se{1,2,..., M} with the usual
ordering, and consider the binary functian,;, defined by
v (z,y) = M? — LY.

Note that, for any: < z,v < y € D, we have:
= 2M?—ww-— Ty
= 2M? —uy—av— (z —u)(y —v)
< mu(w,y) + w2, v).
Hence, by Remark 4.2, the functiaty; is submodular. O

follows from Definition 4.1 that the sum of any two sub-
odular functions is submodular. This suggests that in some
fses it may be possible to express a submodular function as
a sum of simpler submodular functions. For example, for any
unary functiony : D — E we have

Y(w) =Y i (@, 2).
deD

The main result of this section is Theorem 4.4, which states
that anybinary submodular function can also be expressed as

Since the second disjunct of each assertion contradicts sum of generalized interval functions.
the first disjunct of the next, these assertions cannot all
hold simultaneously, so one of the corresponding conTheorem 4.4 Let D be a totally ordered finite set. A binary

straints must in fact give a non-zero evaluation ton

function,s : D? — E is submodular if and only if it can be

Hence, every path frorfi to 7" includes at least one edge expressed as a sum of generalized interval function®on
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Proof: By the observations already made, any function Proof: The proof is by reduction fromCSP({¢xor})

which is equal to a sum of generalized interval functions isto sCSP(I" U {¢}), where ¢xor is the binary function

clearly submodular. defined in Example 2.5. It was pointed out in Example 2.5

To establish the converse, we use induction ontifjiet-  thatsCSP({¢xor}) corresponds to th® Ax-SAT problem

nessof ¢, thatis, the number of tuples for which the value of for the exclusive-or predicate, which is known to be NP-

¢ is non-zero. Details are given [Cohenetal, 2003. O  hard[Creignouet al,, 200]. HencesCSP(I"' U {«}) is also
NP-hard. Details of the reduction are given@ohenet al.,
2004. 0

Example 4.5 Consider the binary functiom;; on D =

{1,2,..., M}, defined in Example 4.3. Whel = 3, the

values ofr are given by the following table: 5 Applications

In this section we give a number of examples to illustrate
the wide range of soft constraints which can be shown to be
tractable using the results obtained in the previous sections.

Definition 5.1 For anyk-ary relationR on a setD, we define

Notethat: 1 o 1 anassociated functionp, : D* — E, as follows:
8 7 6 6 6 6 0 0 0 0 if (z,x ) €R
@7 5 3sA=@0 0 0AL@3 3 3AL ¢R(x1,x2,...,mk):{ 1, T2, .., Tk
6 3 0 0 0 0 0 0 0 o0 OtherW|Se.
o 2.0 0 1 0 01 0 1 0 0 0 0 1 By Corollary 4.6, any collection of crisp constraints, where
@2 0 0A+@0 1 0AL@1 1 0A+ each constraint is specified by a relatiGhfor which ¢
2 00 0 1 0 1 10 is unary or binary submodular, can be solved in polynomial
O 0 0 o i 0 00 o 1 0 00 o 1 time, even when combined with other soft constraints that are
@1 0 0AL@0 0 0AL@0 0 0A. also unary or binary submodular.
L oo Lro L oo Example 5.2 The constraint programming language CHIP
Hence, incorporates a number of constraint solving techniques for
m(z,y) = nfay () + nihg(z,2) + arithme_tic and other const_raints. In parti<_:u|ar, it pro_vides a
5 1 1 constraint solver for a restricted class of crisp constraints over
M1 (YY) + 22y (U Y) + iz (2,9) + natural numbers, referred tolaasic constraint§van Henten-
n[lm (z,y) + +m13,2](x,y) + 7][13,1] (z,y). ryck et al, 1994. These basic constraints are of two kinds,

which are referred to as “domain constraints” and “arithmetic
constraints”. The domain constraints describefivan Hen-
M-1 M(M—d) M M-1 . tenrycket al,, 1992 are unary constraints which restrict the
Z Mg, (z,z) + Nid,d] (y,y) + Z Mid+1,e] (z,9) value of a variable to some specified finite subset of the nat-
d=1 e=1 ural numbers. The arithmetic constraints describefizam

We remark that this decomposition is not unique - other deHentenrycletal, 1993 have one of the following forms:

In general, for arbitrary values éff, we havery,(x,y) =

compositions exist, including the symmetric decomposition aX #b aX <bY +¢
(2, y) = Ty (2, y) + 7y (y, 2), wherer), (2, y) = aX =bY +c aX >bY +c
M=1 /2 g2 1 d-1 where variables are represented by upper-case letters, and
Z (”[d,df (z,z) + 77[2d+1,d] (z,y) + Z n[ldJrLe] (z, y)> constants by lower case letters, all constants are non-negative
d=1 e=1 real numbers and is non-zero.
0 For each of these crisp constraints the associated func-

tion given by Definition 5.1 is unary or binary submodular,

Combining Theorem 4.4 with Corollary 3.6, gives: hence, by Corollary 3.6, any problem involving constraints of

this form can be solved in cubic time. Moreover, any other
Corollary 4.6 For any finite soft constraint languagéon a  soft constraints with unary or binary submodular evaluation
finite totally ordered seD, if I" contains only unary or binary  functions can be added to such problems without sacrificing
submc;duI%r functions, then the time complexity@$P(I')  tractability (including the examples below). O
s O(n”|DF"). Now assume, for simplicity, thad = {1,2,..., M }.
The next result shows that the tractable class identified in
Corollary 4.6 is maximal. Example 5.3 Consider the binary linear functiok defined

by A(z,y) = az + by + ¢, wherea, b € RT.
Theorem 4.7 LetI be the set of all binary submodular func-  This function is submodular and hence, by Corollary 3.6,
tions on a totally ordered finite sé, with |D| > 2. any collection of such binary linear soft constraints over the

For any binary function) ¢ T, sCSP(I'U{«}) is NP-hard.  discrete seD can be solved in polynomial time. O
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Example 5.4 The Euclidean length functio/x2 + y? is One of the several possible cuts with this weight is indi-
submodular, and can be used to express the constraint theaited by the gray line across the graph, which corresponds to
a 2-dimensional poinfz, y) is “as close to the origin as pos- the solutionv; = 1, vy =1, v3 = 2, v4 = 2, v5 = 3, v5 = 3.
sible”. 0 O

Example 5.5 The following functions are all submodular:  References
o 6.(z,y) = |z —y|", wherer e R, > 1. [Bistarelliet al, 1999 S. Bistarelli, U. Montanari, F. Rossi,

The functions, can be used to express the constraint - C?Ch:exa%s\éerfalzi”ie‘ and 'k" Fargier. Semging'based CSPs
. w ; . and value s: Frameworks, properties, an compaﬂlsnn.
that: “The values assigned to the variablesand y straints 4:199—240, 1999.

should be as similar as possible”.
[Cohenet al, 2003 D. Cohen, M. Cooper, P. Jeavons, and

e 0f(x,y) = (max(z —y,0))", wherer € R,r > 1. A. Krokhin. A tractable class of soft constraints. Technical
The functiond,t can be used to express the constraint Report CSD-TR-02-14, Computer Science Department, Royal
that: “The value ofz is either less than or as near as  Holloway, University of London, Egham, Surrey, UK, Decem-
possible tay”. ber 2002.

[Creignouet al, 2001 N. Creignou, S. Khanna, and M. Sudan.

T i
o 07 (z,y) = { o —yl” if ﬁ - Y Complexity Classifications of Boolean Constraint Satisfaction
0 otherwise Problems volume 7 of SIAM Monographs on Discrete Mathe-
wherer € R,r > 1. matics and Applications2001.
The fur!ctlonérz can be used to express the temporal{panihauset al, 1994 E. Dahlhaus, D.S. Johnson, C.H. Papadim-
constraint that: i occurs as soon as possible afjer itriou, P.D. Seymour, and M. Yannakakis. The complexity of
0 multiterminal cuts SIAM Journal on Computin@®3(4):864—894,
1994.

Example 5.6 Reconsider the optimization problem defined [Feder and Vardi, 1998T. Feder and M.Y. Vardi. The computa-
in Example 1.1. Since); is unary, and, is binary submod- tional structure of monotone monadic SNP and constraint satis-
ular (Example 5.5), this problem can be solved in cubic time, Lﬁtgnéfms;ﬂﬂ%gtgg;gil%itai%%g nd group theoBIAM Jour-
using the methods developed in this paper. ' ' '
Let P be the instance with = 3 andr = 2. The values of

09 are given by the following table:

[Goldberg and Tarjan, 1988A. Goldberg and R.E. Tarjan. A new
approach to the maximum flow problendournal of the ACM
35:921-940, 1988.

[Jeavon®t al, 1997 P.G. Jeavons, D.A. Cohen, and M. Gyssens.
Closure properties of constraintdournal of the ACM44:527—
548, 1997.

[Khannaet al, 2000 S. Khanna, M. Sudan, L. Trevisan, and
D. Williamson. The approximability of constraint satisfaction

Hence, problems.SIAM Journal on Computing0(6):1863—-1920, 2000.
62(,y) = () + 0 (Y, ) + i (2, y) + [Khatibet al, 2001 L. Khatib, P. Morris, R. Morris, and F. Rossi.
1 (y,7) + 2 (z,9) + 2 (y, ) Temporal constraint reasoning with preferencesPioceedings
3,21\ M3, g\ Y) 7+ sty of the 17th International Joint Conference on Artificial Intelli-
Using this decomposition faf,, we can construct the graph ~ 9ence (IJCAI-01)pages 322-327, Seattle, USA, 2001.
Gp corresponding to the instangg as follows. [Nemhauser and Wolsey, 198&.L. Nemhauser and L.A. Wolsey.
Integer and Combinatorial OptimizationJohn Wiley & Sons,

1988.

[Schaefer, 19718 T.J. Schaefer. The complexity of satisfiability
problems. InProceedings 10th ACM Symposium on Theory of
Computing, STOC'78ages 216-226, 1978.

[Topkis, 1978 D.M. Topkis. Minimizing a submodular function on
a lattice.Operations Resear¢l26:305-321, 1978.

[van Hentenryclet al, 1994 P. van Hentenryck, Y. Deville, and C-
M. Teng. A generic arc-consistency algorithm and its specializa-
tions. Artificial Intelligence 57:291-321, 1992.

The minimum weight of any cut in this graph i§ and
hence the optimal evaluation of any assignmentfas %.
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Reasoning about soft constraints and conditional preferences. complexity results
and approximation techniques

C. Domshlak
Dept. of Computer Science
Cornell University
Ithaca, NY, USA
dcarmel @cs.cornell.edu

Abstract

Many real life optimization problems contain both
hard and soft constraints, as well as qualitative con-
ditional preferences. However, there is no single
formalism to specify all three kinds of informa-
tion. We therefore propose a framework, based
on both CP-nets and soft constraints, that handles
both hard and soft constraints as well as conditional
preferences efficiently and uniformly. We study
the complexity of testing the consistency of pref-
erence statements, and show how soft constraints
can faithfully approximate the semantics of condi-
tional preference statements whilst improving the
computational complexity.

1 Introduction and Motivation

Representing and reasoning about preferences is an area of
increasing interest in theoretical and applied Al. In many
real life problems, we have both hard and soft constraints,
as well as qualitative conditional preferences. For example,
in a product configuration problem, the producer may have
hard and soft constraints, while the user has a set of con-
ditional preferences. Until now, there has been no single
formalism which allows all these different kinds of informa-
tion to be specified efficiently and reasoned with effectively.
For example, soft constraint solvers [Bistarelli et al., 1997;
Schiex et al., 1995] are most suited for reasoning about the
hard and soft constraints, while CP-nets [Boutilier et al.,
1999] are most suited for representing qualitative conditional
preference statements. In this paper, we exploit a connec-
tion between these two approaches, and define a framework
based on both CP-nets and soft constraints which can effi-
ciently handle both constraints and preferences.

*This research was partially funded by AFOSR, grant F49620-
01-1-0076 (Intelligent Information Systems Institute, Cornell Uni-
versity) and F49620-01-1-0361 (MURI grant on Cooperative Con-
trol of Distributed Autonomous Vehicles in Adversarial Environ-
ments), DARPA, F30602-00-2-0530 (Controlling Computational
Cost: Structure, Phase Transitions and Randomization) and F30602-
00-2-0558 (Configuring Wireless Transmission and Decentralized
Data Processing for Generic Sensor Networks), the Italian MIUR
projects NAPOLI and COVER, the ASI (Italian Space Agency)
project ARISCOM and Science Foundation Ireland.
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Soft constraints [Bistarelli et al., 1997; Schiex et al., 1995]
are one of the main methods for dealing with preferences in
constraint optimization. Each assignment to the variables of a
constraint is annotated with a level of its desirability, and the
desirability of a complete assignment is computed by a com-
bination operator applied to the “local” preference values.
Whilst soft constraints are very expressive, and have a power-
ful computational machinery, they are not good at modeling
and solving the sort of conditional preference statements that
occur in the real world. Moreover, soft constraints are based
on guantitative measures of preference, which tends to make
preference elicitation more difficult.

Qualitative user preferences have been widely studied in
decision-theoretic Al [Doyle and Thomason, 1999]. Of par-
ticular interest are CP-nets [Boutilier et al., 1999]. These
model statements of qualitative and conditional preference
such as “I prefer a red dress to a yellow dress”, or “If the
car is convertible, | prefer a soft top to a hard top”. These
are interpreted under the ceteris paribus (that is, “all else
being equal”) assumption. Preference elicitation in such
a framework is intuitive, independent of the problem con-
straints, and suitable for naive users. However, the Achilles
heel of CP-nets and other sophisticated qualitative prefer-
ence models [Lang, 2002] is the complexity of reasoning with
them [Domshlak and Brafman, 2002; Boutilier et al., 2002].

Motivated by a product configuration application [Sabin
and Weigel, 1998], we have developed a framework to reason
simultaneously about qualitative conditional preference state-
ments and hard and soft constraints. In product configuration,
the producer has hard (e.g., component compatibility) and
soft (e.g., supply time) constraints, while the customer has
preferences over the product features. We first investigate the
complexity of reasoning about qualitative preference state-
ments, addressing in particular preferential consistency. To
tackle the complexity of preference reasoning, we then intro-
duce two approximation schemes based on soft constraints.

To the best of our knowledge, this work provides the first
connection between the CP-nets and soft constraints machin-
ery. In addition, for product configuration problems or any
problem with both hard and soft quantitative constraints as
well as qualitative conditional preferences, this framework
lets us treat the three kinds of information in a unifying en-
vironment. Finally, we compare the two approximations in
terms of both expressivity and complexity.
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2 Formalisms for Describing Preferences

2.1 Soft constraints

There are many formalisms for describing soft constraints.
We use the c-semi-ring formalism [Bistarelli et al., 1997],
which is equivalent to the valued-CSP formalism when total
orders are used [Bistarelli et al., 1996], as this generalizes
many of the others. In brief, a soft constraint associates each
instantiation of its variables with a value from a partially or-
dered set. We also supply operations for combining (x) and
comparing (+) values. A semi-ring is a tuple (4, +, x,0,1)
such that: A isasetand 0,1 € A; + is commutative, asso-
ciative and 0 is its unit element; x is associative, distributes
over +, 1 is its unit element and 0 is its absorbing element.
A c-semi-ring is a semi-ring (A, +, x,0,1) in which + is
idempotent, 1 is its absorbing element and x is commutative.

Let us consider the relation < over A4 such that a < b iff
a+b = b. Then < is a partial order, + and x are mono-
tone on <, 0 is its minimum and 1 its maximum, (4, <) is
a complete lattice and, for all a,b € A, a + b = lub(a,b).
Moreover, if x is idempotent: + distributes over x; (4, <)
is a complete distributive lattice and x its glb. Informally, the
relation < compares semi-ring values and constraints. When
a < b, we say that b is better than a. Given a semi-ring
S = (A, +, x,0,1), afinite set D (variable domains) and an
ordered set of variables V, a constraint is a pair {(def, con)
where con C V and def : DIc"l — A. A constraint spec-
ifies a set of variables, and assigns to each tuple of values of
these variables an element of the semi-ring.

A soft constraint satisfaction problem (SCSP)
is given by a set of soft constraints. For exam-
ple, a classical CSP is an SCSP with the c-semi-
ring Scsp = ({false,true},V,A, false,true), a
fuzzy CSP [Schiex, 1992] is an SCSP with the c-
semi-ring Srcsp = ([0,1],maz,min,0,1), and
probabilistic and weighted CSPs are SCSPs with
the c-semi-rings Spros = {[0,1],max, x,0,1) and
Sweight = (R,min,+,0,+0c0), respectively. A solu-
tion to an SCSP is a complete assignment to its variables.
The preference value associated with a solution is obtained
by multiplying the preference values of the projections of
the solution to each constraint. One solution is better than
another if its preference value is higher in the partial order.
Finding an optimal solution for an SCSP is an NP-complete
problem. On the other hand, given two solutions, checking
whether one is preferable is easy: we compute the semi-ring
values of the two solutions and compare the resulting values.

2.2 CP-nets

Soft constraints are the main tool for representing and rea-
soning about preferences in constraint satisfaction problems.
However, they require the choice of a semi-ring value for each
variable assignment in each constraint. They are therefore a
quantitative method for expressing preferences. In many ap-
plications, it is more natural for users to express preferences
via generic qualitative (usually partial) preference relations
over variable assignments. For example, it is often more in-
tuitive for the user to say “I prefer red wine to white wine”,
rather than “Red wine has preference 0.7 and white wine has
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Figure 1: The CP-net graph for the example.

preference 0.4”. Of course, the former statement provides
less information, but it does not require careful selection of
preference values to maintain consistency. Moreover, soft
constraints do not naturally represent conditional preferences,
as in “If they serve meat, then | prefer red wine to white
wine”. It is easy to see that both qualitative statements and
conditions are essential ingredients in many applications.

CP-nets [Boutilier et al., 1999] are a graphical model for
compactly representing conditional and qualitative prefer-
ence relations. They exploit conditional preferential indepen-
dence by structuring a user’s preferences under the ceteris
paribus assumption. Informally, CP-nets are sets of condi-
tional ceteris paribus (CP) preference statements. For in-
stance, the statement "I prefer red wine to white wine if meat
is served.” asserts that, given two meals that differ only in
the kind of wine served and both containing meat, the meal
with a red wine is preferable to the meal with a white wine.
Many philosophers (see [Hansson, 2001] for an overview)
and Al researchers [Doyle and Wellman, 1994], have argued
that most of our preferences are of this type.

CP-nets bear some similarity to Bayesian networks,
as both utilize directed acyclic graphs where each node
stands for a domain variable, and assume a set of fea-
tures F = {Xi,...,X,} with finite, discrete domains
D(X1),...,D(X,) (these play the same role as variables in
soft constraints). During preference elicitation, for each fea-
ture X;, the user is asked to specify a set of parent features
Pa(X;) that can affect her preferences over the values of X;.
This information is used to create the graph of the CP-net
in which each node X; has Pa(X;) as its immediate prede-
cessors. Given this structural information, the user is asked
to explicitly specify her preference over the values of X; for
each complete assignment on Pa(X;), and this preference
is assumed to take the form of total [Boutilier et al., 1999]
or partial [Boutilier et al., 2002] order over D(X). These
conditional preferences over the values of X; are annotated
with the node X; in the CP-net. For example, consider a CP-
net with the graph given in Figure 1, and with the preference
statements as follows: @ = @, b = b, (a Ab) V (@AD) : ¢ > ¢,
(aAb)V(@AD) :€>=c,c:d > d,c:d > d. Here, statement
a > a represents the unconditional preference of the user for
A = a over A = @, while statement c : d > d represents that
the user prefers D = d to D = d, given that C' = c.

Several types of queries can be asked about CP-nets. First,
given a CP-net NV, one might be interested in finding an op-
timal assignment to the features of V. For acyclic CP-nets,
such a query is answerable in linear time [Boutilier et al.,
1999]. Second, given a CP-net N and a pair of complete
assignments « and 3, one might be interested in determin-
ing whether o > (3, i.e. « is preferred to 8. Unfortunately,
this query is NP-hard even for acyclic CP-nets [Domshlak and
Brafman, 2002] though some tractable special cases do exist.
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3 Consistency and Satisfiability

Given a set of preference statements 2 extracted from a user,
we might be interested in testing consistency of the induced
preference relation. In general, there is no single notion of
preferential consistency [Hansson, 2001]. In [Boutilier et al.,
1999], a CP-net N was considered consistent iff the partial or-
dering = induced by N is asymmetric, i.e. there exist at least
one total ordering of the outcomes consistent with =. How-
ever, in many situations, we can ignore cycles in the prefer-
ence relation, as long as these do not prevent a rational choice,
i.e. there exist an outcome that is not dominated by any other
outcome. In what follows, we refer to this as satisfiability®. It
is easy to see that satisfiability is strictly weaker than asym-
metry, and that asymmetry implies satisfiability. We will con-
sider two cases: When the set €2 of preference statements in-
duces a CP-net and, more generally, when preferences can
take any form (and may not induce a CP-net).

When Q defines an acyclic CP-net, the partial order in-
duced by Q is asymmetric [Boutilier et al., 1999]. How-
ever, for cyclic CP-nets, asymmetry is not guaranteed. In
the more general case, we are given a set 2 of conditional
preference statements without any guarantee that they define
a CP-net. Let the dependence graph of 2 be defined sim-
ilarly to the graphs of CP-nets: the nodes stand for prob-
lem features, and a directed arc goes from X; to X iff
contains a statement expressing preference on the values of
X conditioned on the value of X;. For example, the set
Q={a:b>baAc:b = b} does notinduce a CP-
net (the two conditionals are not mutually exclusive), and the
preference relation induced by Q is not asymmetric, despite
the fact that the dependence graph of Q2 is acyclic.

Note that while asymmetry implies satisfiability, the re-
verse does not hold in general. For example, the set Q2 above
is not asymmetric, but it is satisfiable (the assignment acb is
undominated). Given such a satisfiable set of statements, we
can prompt the user with one of the undominated assignments
without further refinement of its preference relation. Theo-
rem 1 shows that, in general, determining satisfiability of a
set of statements is NP-complete. On the other hand, even
for CP-nets, determining asymmetry is not known to be in
NP [Domshlak and Brafman, 2002].

Theorem 1 SATISFIABILITY of a set of conditional prefer-
ence statements 2 is NP-complete.

Proof: Membership in NP is straightforward, as an assign-
ment is a polynomial-size witness that can be checked for
non-dominance in time linear in the size of Q2. To show hard-
ness, we reduce 3-SAT to our problem: Given a 3-cnf formula
F, for each clause (z V y V z) € F we construct the condi-
tional preference statement: Z Ay : z »= Z.  This set of
conditional preferences is satisfiable iff the original original
formula F is satisfiable. O

In preference logic [Hansson, 2001], these notions of “consis-
tency as satisfiability” and “consistency as asymmetry” correspond
to the notions of eligibility and restrictable digibility, respectively.
However, we will use the former terms as they seem more intuitive.
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While testing satisfiability is hard in general, Theorem 2
presents a wide class of statement sets that can be tested for
satisfiability in polynomial time.

Theorem 2 A set of conditional preference statements €2,
whose dependency graph is acyclic and has bounded node
in-degree can be tested for satisfiability in polynomial time.

Proof: The proof is constructive, and the algorithm is as
follows: First, for each feature X € V, we construct a ta-
ble T'x with an entry for each assignment = € D(Pa(X)),
where each entry T'x[n] contains all the values of X that are
not dominated given 2 and 7. Subsequently, we remove all
the empty entries. For example, let A, B and C be a set
of boolean problem features, and let Q@ = {¢ > ¢,a : b >~

b,a Ac:b> b}. The corresponding table will be as follows:

[ Feature | '« [ Values |

[Ta [ 0 [{nat]

[ Tc [ 0 [ fey |
T aAcC {b}
anc | {b,b}

anc | {bb}

Observe that the entry Tg[a A ¢] has been removed, since,
givena Ac, b and b are dominated according to the statements
aAc:b>banda:b> b, respectively. Since the in-degree
of each node X in the dependence graph of Q is bounded by
a constant k (i.e. |[Pa(X)| < k), these tables take space and
can be constructed in time O(n2*). Given such tables for all
the features in 'V, we traverse the dependence graph of 2 in
a topological order of its nodes, and for each node X being
processed we remove all the entries in T'x that are not “sup-
ported” by (already processed) Pa(X): An entry Tx[n] is
not supported by Pa(X) if there exists a feature Y € Pa(X)
such that the value provided by « to Y appears in no entry of
Ty . For instance, in our example, the rows corresponding to
a A ¢and a A ¢ will be removed, since ¢ does not appear in
the (already processed) table of C'. Now, if the processing of
a feature X results in Tx = ), then € is not satisfiable. Oth-
erwise, any assignment to V' consistent with the processed
tables will be non-dominated with respect to Q. O

Note that, for sets of preference statements with cyclic de-
pendence graphs, SATISFIABILITY remains hard even if the
in-degree of each node is bounded by k£ > 6, since 3-SAT re-
mains hard even if each variable participates in at most three
clauses of the formula the proof of Theorem 1). However,
when at most one condition is allowed in each preference
statement, and the features are boolean, then SATISFIABIL-
ITY can be reduced to 2-sAT, and thus tested in polynomial
time. Further study of additional tractable cases is clearly of
both theoretical and practical interest.

4 Approximating CP-nets with Soft
Constraints

In addition to testing consistency and determining preferen-
tially optimal outcomes, we can be interested in the preferen-
tial comparison of two outcomes. Unfortunately, determining
dominance between a pair of outcomes with respect to a set
of qualitative preferential statements under the ceteris paribus
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assumption is PSPACE-complete in general [Lang, 2002], and
is NP-hard even for acyclic CP-nets [Domshlak and Brafman,
2002]. However, given a set Q of preference statements, in-
stead of using a preference relation > induced by 2, one can
use an approximation > of >, achieving tractability while
sacrificing precision to some degree. Clearly, different ap-
proximations > of > are not equally good, as they can be
characterized by the precision with respect to >, time com-
plexity of generating >, and time complexity of comparing
outcomes with respect to >>. In addition, it is vital that >
faithfully extends > (i.e. & > 3 should entail o > ). We
call this information preserving. Another desirable property
of approximations is that of preserving the ceteris paribus
property (we call this the cp-condition for short).

For acyclic CP-nets, two approximations that are informa-
tion preserving have been introduced, both comparing out-
comes in time linear in the number of features. The first
is based on the relative position of the features in the CP-
net graph [Boutilier et al., 2002]. This approximation does
not require any preprocessing of the CP-net. However, it
is problematic when there are hard constraints. The sec-
ond, based on UCP-nets [Boutilier et al., 2001], can be used
as a quantitative approximation of acyclic CP-nets. UCP-
nets resemble weighted CSPs, and thus they can be used
in constraint optimization using the soft constraints machin-
ery. However, generating UCP-nets is exponential in the size
of CP-net node’s Markov family?, and thus in the CP-net
node out-degree. An additional related work is described in
[McGeachie and Doyle, 2002], where a numerical value func-
tion is constructed using graph-theoretic techniques by exam-
ining the graph of the preference relation induced by a set of
preference statements. Note that this framework is also com-
putationally hard, except for some special cases.

Here we study approximating CP-nets via soft constraints
(SCSPs). This allows us to use the rich machinery under-
lying SCSPs to answer comparison queries in linear time.
Moreover, this provides us a uniform framework to combine
user preferences with both hard and soft constraints. Given
an acyclic CP-net, we construct a corresponding SCSP in
two steps. First, we build a constraint graph, which we call
SC-net. Second, we compute the preferences and weights
for the constraints in the SC-net, and this computation de-
pends on the actual semi-ring framework being used. Here
we present and discuss two alternative semi-ring frameworks,
based on min+ and SLO (Soft constraint Lexicographic Or-
dering) semi-rings, respectively. In both cases, our compu-
tation of preferences and weights ensures information pre-
serving and satisfies the cp-condition. We illustrate the con-
struction of the SCSP using the example in Figure 2, which
continues our running example from Figure 1.

Given a CP-net N, the corresponding SC-net N, has two
types of nodes: First, each feature X € N is represented
in N, by a node Vx that stands for a SCSP variable with
D(Vx) = D(X). Second, for each feature X € N, such
that |Pa(X)| > 2, we have a node Vp,x) € N, with
D(Vpa(x)) = Myepax)yDP(Y). Edges in N, correspond to

2Markov family of a node X contains X, its parents and children,
and the parents of its children.
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Figure 2: An SC-net.

hard and soft constraints, where the latter are annotated with
weights. Each node Vx corresponding to an “independent
feature” X € N has an incoming (source-less) soft constraint
edge (e.g., see V4 and Vg). For each node Vx corresponding
to a "single-parent” feature X € N with Pa(X) = {Y'}, we
have a soft constraint edge between X and Y (e.g., see Vp).
Finally, for each node Vx such that |Pa(X)| > 2, we have (i)
hard constraint edges between Vp,(x) andeach Y € Pa(X)
to ensure consistency (e.g., the edges between V4 g and both
Va and Vg), and (ii) a soft constraint edge between Vp,(x)
and Vx (e.g., the edge between V4 g and V¢).

To assign preferences to variable assignments in each soft
constraint, each soft constraint ¢ (between Vp,(x) and Vx)
is associated with two items: w.., a real number which can be
interpreted as a weight (will be defined in the next section),
and P. = {p1,.--,pp(vx)|}, @ Set of reals which can be in-
terepreted as “quantitative levels of preference”. We will see
in the next section how to generate the preference for each
assignment to the variables of ¢, depending on the chosen
semiring. In any case, each preference will be obtained by
combining (via multiplication over naturals) the weight of the
constraint w, and one of the elements of P..

4.1 Weighted soft constraints

The weighted SCSP is based on the min+ semi-ring
Swesp = (R4, min,+,+00,0). We assign preferences
using real positive numbers (or penalties) and prefer assign-
ments with smaller total penalty (i.e. the sum of all local
penalties). In a soft constraint ¢ on Vp,(x) and Vx, there
are |D(Vx)| penalties. Without loss of generality, we as-
sume they range between 0 and |D(Vx)| — 1, that is, p1 =
0,...,pp(vy) = |P(Vx)| — 1. In our example, since all vari-
ables are binary, there are only two penalties i.e., p1 = 0 and
p2 = 1, in all the constraints.

To ensure the cp-condition, similar to [Boutilier et al.,
2001], we need to ensure that each variable dominates its chil-
dren. We therefore set the minimum penalty on a variable to
be greater than the sum of the maximum penalties of the chil-
dren. In Figure 3 we show the pseudocode for the algorithm
to compute the weights. In this code, w(Vx) represents the
weight of the soft constraint ¢ between Vp,(x) and Vx.

Considering our example, let {D, C, B, A} be the reverse
topological ordering obtained in line 2. Therefore, the first
soft constraint to be processed is the one between V¢ and Vp.
Since D has no children in N, in line 5 we assign w(Vp) to
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1. Next, we process the soft constraint between V4 g and
Ve: Vp is the only child of Vi, hence w(Ve) = w(Vp) x
D(Vp) = 1 x 2 = 2. Subsequently, since V¢ is the only
child of both V4 and Vg, we assign w(V4) = w(Vg) =
w(Ve) x |D(Ve)|=2x2=4. -

Now, consider two outcomes o, = abed and o, = abed.
The total penalty of o; is (w(V4) x p1) + (w(Vg) x p1) +
(w(Ve) x p1) + (w(Vp) x p1) = 0, since p; = 0, while
the total penalty of 02 is (w(Va) X p1) + (w(Ve) X p2) +
(w(Ve) xp2) + (w(Vp) xp1) = (4x 1)+ (2x 1) = 6 since
po = 1. Therefore, we can conclude that o, is better than o
since min(0,6) = 0.

We now prove that our algorithm for weight computation
ensures the cp-condition on the resulting set of soft con-
straints, and this also implies preserving the ordering infor-
mation with respect to the original CP-net.

Theorem 3 The SC-net based weighted SCSP ., generated
from an acyclic CP-net IV, is an information preserving ap-
proximation of IV, i.e. for each pair of outcomes «, 3 we have
as=pf = a>nint B

Pr oof: Due to the CP-net semantics, it is enough to
show that, for each variable X € N, each assignment
u on Pa(X), and each pair of values z1,z2 € D(X),
if CP-net specifies that v : z; > =2, then we have
21Uy >pmint Touy, for all assignmentsy onY = V —
{{X}UPa(X)}. By definition, z1uy >nminty zouy iff
S.es P ((@1uy)),) < X,cqp ((e2uy),), Where S is the set
of soft constraints of N. and notation (z,uy),stands for
the projection on the outcome on constraint s. The con-
straints on which ziuy differs from xzouy are: constraint
c on Vpg(x) and Vx, and all the constraints ¢; € T on
Vpa(;) and Vp, such that X € Pa(B;) (in what follows,
we denote the children of X by B = {Vg,,---,Vg, }).
Thus, we can rewrite the above inequality as »'((z1wy),.) +
Tier P (@1uy)),,) < P ((2wy) ) + 4, ex ' ((22uy)),,) By con-
struction of N, we have p'(r.(ziuy).) = we x p(z1w) <
P ((z2uy)).) = we x p(z2w) aNd thus z1uy >mint zouy iff
wep(zau) — wep(z1u) > 3y cr P ((T1uy)),,) — Xy, er P ((z2uy)),,)
In particular, this will hold if w.(min, ./ cpx)Ip(zu) —ple'v)]) >
Sser we; (maz, 40 . o |p(z'zb) — p(zzb)]) Where z is the assign-
ment to all parents of B other than X. Observe , that the maxi-
mum in the right term is obtained when p(z'2b) = |D(B)|—1
and p(zzb) = 0. On the other hand, min, . ep(x)|p(z'u) —
p(zu)| = 1. In other words: w. > 3, - wi, (|D(B;)| — 1)

Input : Acyclic CP-net N

1. Construct the SC-net N, without weights.
2. Order variables of IV in a reverse topological ordering.
3. foreach X € N do
4. if X has no successors in NV then

5. w(Vx) =1

6. €se

7 w(Vx) =2y 4. xepay) W(V¥) - ID(Vy)]
8. return N,

Figure 3: Algorithm for weight computation.

CONSTRAINTS

must hold. But this is ensured by the algorithm, setting (in
line 7) we = 3, cpwi, (ID(B;)]. O

Theorem 4 (Complexity) Given an acyclic CP-net N with
the node in-degree bounded by a constant, the construction of
the corresponding SC-net based weighted SCSP NV, is poly-
nomial in the size of N.

Proof: If the CP-net has n nodes then the number of vertices
V' of the derived SC-net is at most 2n. In fact, in the SC-net
a node representing a feature appears at most once and there
is at most one node representing its parents. If the number of
edges of the CP-net is e, then the number of edges E in the
SC-net (including hard and soft edges) is at most e + n, since
each edge in the CP-net corresponds to at most one constraint,
and each feature in the CP-net generates at most one new soft
constraints. Topological sort can be performed in O(V + E),
that is, O(2n 4+ e + n) = O(e + n). Then, for each node,
that is, O(V') times, at most V' children must be checked to
compute the new weight value, leading to a number of checks
which is O(V?) = O(n?). Each check involves checking a
number of assignments which is exponential in the number
of parents of a node. Since we assume that the number of
parents of a node is limited by a constant, this exponential is
still a constant. Thus the total time complexity is O(V'2) (or
O(n?) if we consider the size of the CP-net). O

Let us compare in more details the original preference re-
lation induced by the CP-net and this induced by its min+
semi-ring based SC-net. The comparison is summarized in
the following table, where ~ denotes incomparability. Notice
that Theorem 3 shows that ordering information is preserved
by the approximation.

[ CP-nets= min+ [[ min+ => CP-nets |

= < < <, ~
- > > =, ~
~ <,>’: = =,~

Since the min+ approximation is a total ordering, it is a lin-
earization of the original partial ordering. In compensation,
however, preferential comparison is now linear time.

4.2 SLO soft constraints

We also consider a different semi-ring to approximate CP-
nets via soft constraints. The SLO c-semi-ring is defined as
follows: Ssro = (A, maz,, mins,MAX,0), where A is the
set of sequences of n integers from 0 to MAX, MAX is the se-
quence of n elements all equal to MAX, and O is the sequence
of n elements all equal to 0. The additive operator, maz
and the multiplicative operator, min ; are defined as follows:
givens = sy---spandt =ty ---tp, 8 = 5,1 =1 < k
and sg41 # try1, then mazs(s,t) = s if spp1 > tpta
else mazs(s,t) = t; on the contrary, mins(s,t) = s if
Sk+1 = trr1 else ming(s,t) = t.

It is easy to show that Ssro is a c-semi-ring and that the
ordering induced by max, on A is lexicographic ordering
[Fargier et al., 1993]. To model a CP-net as a soft constraint
problem based on Ssr.0, we set MAX equal to the cardinality
of the largest domain - 1, and n equal to the number of soft
constraints of the SC net. All the weights of the edges are
set to 1. Considering the binary soft constraint on Pa(X) =
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{Uy...Up} and X, a tuple of assignments (u1,...,up,x)
will be assigned, as preference, the sequence of n integers:
(MAX,MAX,...,MAX —i+1,...,MAX). In this se-
quence, each element corresponds to a soft constraint. The
element corresponding to the constraint on Pa(X) and X is
MAX — i+ 1, where ¢ is the distance from the top of the
total order of the value z (i.e. we have a preference state-
ment of the form w : xy > 22 > ...2; = = > T px)))-
In the example shown in Figure 2, all the preferences will be
lists of four integers (0 and 1), where position ¢ corresponds
to constraint with weight w;. For example, in constraint
weighted ws, p1 = (1,1,1,1) and p» = (1,1,0,1). Given
the pair of outcomes o; = abed and oo = abed, the global
preference associated with o, is (1,1, 1,1), since it does not
violate any constraint, while the preference associated with
02 is mins{(1,1,1,1),(1,0,1,1),(1,1,0,1),(1,1,1,1)} =
(1,0,1,1). We can conclude that o, is better than os.

Similar to the comparison performed for min+ semi-ring,
the following table compares the preference relation induced
by the SLO semiring and that induced by the CP-net.

CP-nets= SLO [[ SLO = CP-nefs |

=<~
=~

2| YA
VA
VA

<,>

Note that the SLO model both preserves information and
ensures the cp-condition. The proof of this is straightforward
and is omitted due to lack of space. The SLO model, like the
weighted model, is very useful to answer dominance queries
as it inherits the linear complexity from its semi-ring struc-
ture. In addition, the sequences of integers show directly the
“goodness” of an assignment, i.e. where it actually satisfies
the preference and where it violates it.

4.3 Comparing thetwo approximations

Given an acyclic CP-net N, let N7+ and NSO stand
for the corresponding min+ and SLO based SC-nets respec-
tively. From the results in the previous section, we can see
that pairs of outcomes ordered by N remain ordered the same
way by both N™in+ and NSO, On the other hand, pairs
of outcomes incomparable in N are distributed among the
three possibilities (equal or ordered in one the two ways) in
Nm™int while being strictly ordered by NSL©. Therefore,
the (total) preference relation induced by N+ is a less bru-
tal linearization of the partial preference relation induced by
N, compared to that induced by N5, Mapping incompa-
rability onto equality might seem more reasonable than map-
ping it onto an arbitrary strict ordering, since the choice is
still left to the user. We might conclude that the min+ model
is to be preferred to the SLO model, as far as approximation
is concerned. However, maximizing the minimum reward, as
in any fuzzy framework [Schiex, 1992], has proved its useful-
ness in problem representation. The user may therefore need
to balance the linearization of the order and the suitability of
the representation provided.

5 Future Work

We plan to use our approach in a preference elicitation sys-
tem in which we guarantee the consistency of the user prefer-
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ences, and guide the user to a consistent scenario. Morover,
we also plan to exploit the use of partially ordered prefer-
ences, as allowed in soft constraints, to better approximate
CP nets. Finally, we intend to use machine learning tech-
niques to learn conditional preferences from comparisons of
complete assignments.
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Abstract a variable in the constraint is assigned a valueompatible

values exist for all the other variables in the constraint. Such
compatible values are referred as the supportiforGAC

reduces to node-consistency (NC) for unary constraints. Fi-
nally, a constraint is bounds consistent (BC) iff, when a vari-
. D ) . able in the constraint is assigned its maximum or minimum
ful for a number of different applications including value, there exist compatible values for all the other variables

breaking symmetry and fuzzy constraint satisfac- i, the'constraint. If a constraintis NC, BC, or GAC then we
tion. We propose and implement a linear time al- write NC(c), BC(¢), or GAC() respectively.

gorithm for enforcing generalised arc-consistency A multiset is an unordered list in which repetition is al-

on such a multiset orQenng constraint. Experimen- lowed. A multisetM is ordered smaller than anothaf,
tal results show considerable promise. written M <, N iff either M is empty andN is not, or
the largest value i/ is smaller than the largest value v,

1 Introduction or the largest values are the same and, if we eliminate one
occurrence of the largest value from bath and V, the re-
sulting two multisets are ordered. Note thet <, N iff

We identify a new and important global (or non-
binary) constraint which ensures that the values
taken by two vectors of variables, when viewed
as multisets, are ordered. This constraint is use-

Global (or non-binary) constraints are one of the factors cen

tral to the success of constraint programmiRggin, 1994; M = NorM <. N. We will often view the valles taken

1996; Beldiceanu, 2000Global constraints specify patterns b tor of variabl liset. Gi W ; f
that occur in many problems, and call efficient and effective®? & l;/lec oro dviama es.tas a mlIJt. 'S‘ta o Iven two vtec_ otrs 0
constraint propagation algorithms. In this paper, we identi variables,r andy, we write a muliset orgering constraint as

a new and important global constraint. This constraint en:’ <m ¢. This constraint is satisfied iff the values for the

sures that the values taken by two vectors of variables, whe}r1ables in the vectors, when treated as multisets, satisfy the
viewed as multisets. are ordered. Such a constraint ’is usgjultlset ordering. Similarly, we write a strict multiset order-

ful in a number of domains. For example, in the progressiv%ng constraint as' <, 4. Throughout the paper, we assume

party problem (prob013 in csplib.org), we wish to assign ahat vectors of variables have finite integer domains, and the

host for each guest and period. We can model this with a vec\f"’""”‘bIes are dISj.OInt and not repeated. -
Vectors of variables are indexed from 0. The minimum

tor of variables for each period. Each variable is assigned theI 1 the d o OF i ; dth X
host for a particular guest. This model has unnecessary synfl€Ment in the domain of; is min(z;), and the maximum
(x;). The functionfloor(Z) assigns all variables i

metry as the periods can be freely permuted. We can bredtﬁ ’3}“5‘:’ ) I hilebail( 2 : I 1o thei
this symmetry by considering the multiset of values associl® their minimum values, whilsteil(z) assigns all to their
aximums. The vectar,—_, is identical tox exceptv now

ated with each vector and ordering these multisets. The aim : .
g as the domaif{d}. An occurrence vectovcc(Z) associ-

this paper is to study such multiset ordering constraints and t PR d ; .
pap y g ated withZ is indexed in decreasing order from the maximum

develop efficient and effective techniques for enforcing thems . - e o
maz(Z) to the minimummin () value from the domains in

Z. Theith element obee () is the number of occurrences of
2 Formal Background maz(Z) —iin Z. When(comparing two occurrence vectors,

A constraint satisfaction problem (CSP) consists of a set ofve assume they start and end with the occurrence of the same
variables, each with a finite domain of values, and a set ofalue, adding leading/ trailing zeroes as necessary. Finally,
constraints that specify allowed values for subsets of variz <, 77iff Zis lexicographically less than or equaljo

ables. A solution is an assignment of values to the variables
satisfying the constraints. To find such solutions, we explor% Motivating applications
partial assignments enforcing a local consistency like gener-

alized arc-consistency (GAC). A constraint is GAC iff, when 3.1 Matrix symmetry

*Support received by EPSRC under GR/R30792 and by the SciMany constraints programs contain matrices of decision vari-
ence Foundation Ireland. We thank Chris Beck and Chris Jeffersorables (so called “matrix models”), and the rows and/or
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columns of these matrices are symmetric and can be permutedl symmetry (but it is unlikely that any polynomial set of
[Fleneret al, 2004. Such symmetries are very difficult to constraints does). Consider the symmetric matrices:

deal with as there are a super-exponential number of permu- 0 1 1 0 1 1
tations of the rows or columns to consider. There are several Ly < S

ways to break symmetry in a CSP, such as SBB8nt and  Both have rows that aré multiset ordéred, and rows and
Smith, 2000 or SBDD[Fahleet al,, 2001. One of the most  columns that are lex ordered. Multiset ordering the rows and
effective, and the one which we will concentrate on as a majofex ordering the columns is again incomparable to lex order-
application for a multiset ordering constraint, is adding extraing rows and columns. Consider the symmetric matrices:

symmetry-breaking constraints to an initial model. Existing 0 0 1 0 0 1
techniques for dealing with such symmetries typically elimi- 0 1 0 0 1 0
nate only some of the symmetry. Additional techniques, like i g g (1’ 3 3
those proposed here, are therefore of considerable value. 0 2 2 1 0 2

The progressive party problem mentioned earlier has a 2dhe first matrix has rows that are multiset ordered and
matrix of decision variables with matrix symmetry. The rows columns that are lex ordered. However, its rows are not lex
of the matrix are the guests, the columns are the periods. Eacitdered. The second matrix has rows and columns that are
variable gives the host assigned to a given guest in a given péex ordered but does not have rows that are multiset ordered.
riod. As periods are indistinguishable, the columns of the maWhilst the two orderings are theoretically incomparable, our
trix are symmetric. One way to break such column symmetnexperimental results (see later) show that multiset ordering
is to lex order the columnfFrischet al, 2004. Similarly, the rows and lex ordering the columns is often the most ef-
as guests can be indistinguishable, (some of) the rows magctive symmetry breaking constraint currently known.
be symmetric and can be lex ordered. Alternatively, we ca .
treat each row and/or column as a multiset and break suéﬁ‘z Fuzzy constraints
symmetry by multiset ordering the rows and/or columns. ~ Another appli(_:ation for_multiset ordering is to fuzz_y CSPs. A

Unlike lex ordering, multiset ordering the rows of a matrix fuzzy constraint associates a degree of satisfaction to an as-
may not eliminate all row symmetry. For example, considersignment tuple for the variables it constrains. To combine de-

the symmetric matrices: grees of satisfaction, we can use a combination operator like
_— 0 0 the minimum function. Unfortunately, the minimum function
( 0 1 ) ( 1 0 ) may cause arowning effecivhen one poorly satisfied con-

Both satisfy the constraint that the first row is multiset Iesszgﬁ'inst tgrcog;/lr;itr:323&2'rggf%:a:g'segfc:aqisé;g'crtﬁh igft?r?(laus-e
than the second. It is therefore a little surprising to dis- 9 '

cover that multiset ordering (which does not break all rowValues in ascending order and compare them lexicographi-

; : . : cally. This leximin combination operator identifies the as-
symmetry) is not dominated by lex ordering (which does)_. : :
but is incomparable. For examplé), 2) <w. (1,1) but signment that violates the fewest constraiiftargier, 1994

(1,1) <, (0,2). This induces an ordering identical to the multiset ordering ex-

cept that the lower elements of the satisfaction scale are the

multiset order ot 2ows and solume, Like lox ordaring bot MOTE Significant. It is Simple to modify a multset ordering
: 9 constraint to consider the values in a reverse order. To solve

rows and column_s, this may not eI_|m|nat§ all .row and COIUmnsuch leximin fuzzy CSPs, we can then use branch and bound,
symmetry. Consider the symmetric matrices:

adding an ordering constraint when we find a solution to en-
0o 1 1 1 0 1 . . L .
( 10 1 ) ( 0o 1 1 ) sure that future solutions are greater in the leximin ordering.

Both have multiset ordered rows and columns. Unsurprisq4  GAC algorithm for multiset ordering
ingly, multiset ordering rows and columns is mcomparable_l_h last tion motivated why we want multiset orderin
to lex ordering rows and columns. Consider the symmetric. ¢ _2St Section motivated why we want multiset ordering
e constraints. We need, however, to be able to propagate such
matrices: . = >
constraints efficiently. We therefore developed an efficient
0 0 1 0O 1 0 . .
( 0 1 0 ) < 0 0 1 > GAC algorithm for such constraints.
1 1 0 1 0 1
The first has lex ordered rows and columns, but the columné-1 Bac.kground . _ .
are not multiset ordered. The second has rows and columnghe algorithm exploits two theoretical results. The first re-
that are multiset ordered but the columns are not lex orderediuces the problem to testing support for upper boundg of
An alternative way to deal with row and column symmetry and lower bounds of on suitable ground vectors. The sec-
is to multiset order in one dimension and apply the symmeond reduces these tests to lex ordering suitable occurrence
try breaking method of our choice in the other dimension.vectors. Identical results hold for the strict multiset ordering
This is one of the best features of using multiset ordering tesonstraint but for reasons of space we omit them here.
break symmetry. It is compatible with any other method inkeémma 1 Given two disjoint and non-repeating vectors of
the other dimension. For instance, we can multiset order th aréabIeSﬁcsndy, with non-empty domain& AC(z <, ¢)
rows and lex order the columns. Preliminary resultiizil- "™ V% € %, VY5 € ¥
tan and Smith, 20Q2suggest that such a combined method floor(Zs, —ma(a,))
is very promising. This combined method does not eliminate floor(x)

m  ceil(y)
m Cel(Fy, —minty;))

ININ
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Proof: (=) As the constraint is GAC, all values have sup- domain ofz,. Now consider:;. Changingocc(floor(Z)) to
port. In particular,x; = max(x;) has support. The best occ({(min(xg),...,max(xs),...,min(x,—1))) decreases
support comes if all the other variablesifrtake their mini-  the number of occurrences ofin(zs) = 2 by 1, and
mums, and all the variables jftake their maximums. Hence, increases the number of occurrencesrafz(zs) = 4 by 1.
floor(7,, —maz(z,)) <m ceil(y). Similarly, for y;. The occurrence vectors beneathvould now be lex ordered

(<) The first constraint ensures that.z(z; ) is supported.  the wrong way. We therefore also prune the value- 4,
The values which supportax(z;) also support all smaller leaving a single supported value 2 in the domaincef As
values. Hence, all the values in the domairzpfare sup- x4 andz; have singleton domains, their values have support.
ported. By an analogous argument, all the values in the do- Similarly, we check the minimums of thg; for support.
main ofy; are supported. Hence the constraint is GAC. QED.However, rather than prune values above (and in some cases

The next lemma reduces these tests for support to lex o€dual to)x, there is now a dual pointgrand we prune values
i ; in the domains ofy; up to (and in some cases equalfo)The

dering suitable occurrence vectors. interdis the | J tind h that th ¢
Lemma 2 Given two multisets of valued/ and N, M <,, Bo'” erﬁ . el argeg 'nde)r(] b OCC“”?”C? vecr(])rs
N iff oce(M) <pop 0cc(N) eneath it are lex ordered the wrong way. Any value less than
Proof: S [K.—I.Tf” d Walsh 2000 {8 cannot hope to change the lex ordering as the valyg at

roof: SeelKiziltan and Walsh, will still order the vectors the wrong way. Such values can
therefore be pruned. Once we have considered each gf the

4.2 Aworked example . o we have the following generalized arc-consistent vectors:
Based on these lemmas, we have designed an efficient algo- T o= ({5}, {4}, {34}, {2}, (1}, (1])
rithm for enforcing GAC on a multiset ordering constraint. i) (4 (341 (280 (11 (0
The algorithm goes through the andy; checking for sup- v o= i }’_{ 3343 2,35, {1), {0))
port in the appropriate occurrence vectors. Incremental conf-3  Algorithm details

putation of the lex ordering test avoids repetition of work. The algorithm uses two pointers and 3, and two flagsy

Consider the multiset ordering constraiht<,,, ¥ where: andsé to avoid traversing the occurrence vectors each time we
& = ({5),{4,5},{3,4,5},{2,4}, {1}, {1}) look for support. The pointet is set to to the most significant
7 = ({4,5),{4},{1,2,3,4},{2,3}, {1}, {O}) index above which all occurrences are pair-wise equal and at

« they are strictly ordered. If the vectors are equal thda

set to—oo. The pointers is set to the most significant index
below « such that the occurrence vectors are lex ordered the
occ(floor(#)) = (1,1,1,1,2,0) wrong way. If no such index exists, we setto —co. The
oce(ceil(§)) (1,2,1,0,1,1) flag v is set to true if all the indices betweenand 3 are

Recall that index in oce(ceil(7)) denotes the number of pair-wise equal and the flagis set to true if the sub-vectors

occurrences of the valuen ceil(7). For example, index 4 is ?helowﬂ are lex ord:ared. the V\{ron%\/zyay. It:?rzxatmgle, géven
2 as the value 4 0eeurs twice. e occurrence vectors in section s setto 4,3 to 2, an

We first check ifoce(floor(Z)) e oce(ceil()). If so,we  he flagsy ando are set to true. . _
can fail immediately because no value for any variable can & Summarise the major steps the algorithm performs:
have support. Herecc(floor(Z)) <ie. occ(ceil()). Infact,  A. Build occ(floor(z)) andoce(ceil(y))
we record (in a pointery) that the two occurrence vectors B, Setaq, 3, v, § according to their definitions

zﬁallel:é(r%rgirienddgz |4ngfex igfzi(ﬂo%rr@l)’ﬁ;v;f:glfllzmg\%" C. For eachz;: If its maximum disturbs the lex ordering
ce(ceil(y)). on the occurrence vectors, tighten its upper-bound to

fail to find support in they; if any of thex; is assigned a new
value greater than 4. We now go through thechecking for \c’)vt?]i?v\}gi ?Ozcgrrlence vectors are lex ordered below

support for their maximum values, and then thechecking

We construct occurrence vectors flwor(Z) andceil(y), in-
dexed from 5 to 0:

occ(floor(Z))  <jew occ(ceil(iy)), its only value must  when the occurrence vectors are lex ordered below
have support so we skip it. Now consider. Do otherwise to3 + 1.

its values have support? Changing:c(floor(Z)) to When we prune a value, we do not need to check re-
occ({min(xg), max(x1),...,min(x,—1))) decreases the cursively for previous support. Pruning changes neither the
number of occurrences ofin(xz;) = 4 by 1, and increases lower bounds oft nor the upper bounds @f These values
the number of occurrences ohaxz(zy) = 5 by 1. As  continue to provide support. The exception is when a domain

min(z1) > « = 4, this upsets the lex ordering of the two oc- is a singleton, and pruning causes a domain wipe-out.
currence vectors. We therefore prune all values in the domain We now give pseudo-code for an algorithm that maintains
of z; larger thanx. This leaves a single supported value, 4. GAC on a multiset ordering constraint between vectbasnd

Now consider x. Changing occ(floor(Z)) to ¢ which are of lengtln andm respectively. As the algorithm
oce({min(xo), ..., max(zs2),...,min(x,—1))) decreases reasons about occurrences vectors, the original vectors need
the number of occurrences ofin(z2) = 3 by 1, and notbe identical in length (though they often are).
increases the number of occurrencesmofiz(zs) = 5 The algorithm is called whenever lower boundsagfor

by 1. As with 2y, any value ofzy larger thana = 4 upper bounds ofj; change. LinesAl to A3 build the oc-
upsets the lex ordering. We therefore prundrom the  currence vectorsx andoy. Line B1 calls the procedure to
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set the pointersx and 3, and the flagsy andd. LinesC1l-  difference between the number of occurrences iatexactly
13 check support for the maximums of the's while lines  one, andy is true. Thus, the value also lacks support and is

D1-14check support for the minimums of thg's. pruned; (6) at lineC13 all values greater tham lack support.
Procedure GACMSO() For eachy;, we only check for support if; is not singleton

AL 1 := min({min(z;)|i € [0,n)} U {min(y;)|j € [0,m)}) (line D2). There are four cases where we prune the domain

A2, u:= maz({maz(z;)|i € [0,n)} U {maz(y;)|j € [0,m)}) of y;: (1) atlineD4, asmax(y,) > «, any value smaller than

A3. o1 = occ(floor(F)), oy = occ(ceil(F)) max(y;) disturbs the lex ordering and lacks support; (2) at

B1. SetPointers-and-Flags(, u) lines D5 to D8, the situation is dual to the third case for the

Cl. FOR{=0TOn —1DO % check support for x's x;, and any value less than or equaltacks support; (3) at

C2. IF (min(z;) # maz(x;)) THEN

C3.  a:=min(z;); b := maz(z;);

C4. IF (a> ) THEN NC(z; = a);

C5. IF(a>a>pAb>a)THEN NC(z; < a);
C6. IF(a=pBAb>a)THEN

line D9, any value less thafi lacks support; (4) at lin®10,
again, any value less than or equapttacks support.

4.4 Theoretical properties

C7.  IF (oma + 1 = oya) THEN In a longer technical report, we prove the following results
cs. IF (y Aozg — 1 = oys AS) THEN NC(z; < a); about the algorithm’s complexity and correctness.

C9.  ELSENC(w; < a); o

C10. IF(a < BAb> a)THEN Theorem 1 GACMSO runs in timeO(n + m + d) whered

Cl1l.  IF oz + 1 = oya)THEN isu—1.

C12. IF THEN NC(x; ; . .

c13. ELS(EV)NC(M < a(;f < If d < n,m (and for multisets, we expect this as the num-
D1. FORj = 0TOm — 1DO % check support for y's ber of values is typically less than the cardinalities to permit
D2. IF (min(y;) # maz(y;)) THEN repetition), then the algorithm 9(n + m).

D3.  a:=min(y;);b:= maz(y;)

D4, IF (b > a) THEN NC(y; = b); Theorem 2 For disjoint and non-repeating vectors,

D5, IF (b= a Aoz +1 = oys) THEN GACMSO either establishes failurti it <m ¥ is not
D6.  IF(a < B A ~) THEN satisfiable, or prunes values from¥ and ¢ to ensure
D7.  IF (oxp = oys + 1) THEN GAC(Z <, 7).

D8. IF () THEN NC(y; > B);

_ _ The algorithm can easily be modified to support strict mul-
gi'o_ EELI;,SEENJ\[CC;;Q’>Z£;) ' tiset ordering. The only differences are that we failif= o
’ and thatg is set tol — 1 not —co. The algorithm then en-

P d SetPointers-and-Flags .. .
focedure SetPointers-and-Flags( ) forces a strict inequality on the occurrence sub-vectors above

Bl. ~:=falsg § :=false a := u;

B2, WHILE (a > [ A oe = oya)DOa 1= a — 1: f. Another variant of the algorithm is wheh>> n,m. In

B3. IF (@ > | A oza > oye) THEN FAIL ; such a situation, it could be costly to construct the occurrence
B4, IF (a = — 1) THEN o := —o00; 8 := —o0; vectors. We can instead sort the minimums of iheand

B5. ELSE the maximums of they;, and computey, 3, v andé as if

B6. B:=a—1;v :=true we had the occurrences by scanning these sorted lists. This
B7. WHILE (8 > 1A oxzp < oyg) DO information is all we need to compute support for eagh

B8. IF (oxp < oyp) THEN v :=false andy; in turn. The complexity of this modified algorithm is

BY.  B:=p-1 O(nlogn + mlogm) as the cost of sorting dominates.

B10. IF (8 =1— 1)THEN g := —o0; v := false

BLL IF (3 % —c0 A > ) THEN If we have multiple rows of a m_atrix tha? are multi_set or-
B12 i A1 dere_d, we can (_jecompose this into mulpset ordering con-
B13. WHILE (i > I A ox; = oy:) DO = i — 1: straint on all pairs of rows, or (further still) onto ordering
B14. IF (i > I A oxs > oys) THEN 6 := true; constraints just on neighbouring pairs of rows. The following
. , result shows that such decompositions hinder constraint prop-
_For eache;, we only check for support if; is not singleton  54aion. Nevertheless, it will usually be most cost effective to
(line C2). There are six cases where we prune the domain ofsst just theD(n) ordering constraints between neighbouring

a;: (1) atlineC4, asmin(z;) > «, any value in the domain  hairs rather than the (n?) constraints between all pairs.
of x; greater thannin(z;) lacks support because it will dis-

turb the lex ordering; (2) at in€5, asa > min(z;) > 3,  1heorem 3 GAC(Vi < j . & <, ;) Is strictly stronger
andmaz(z;) > «, all the values in the domain of, greater  thanGAC(Z; <,, 7;) forall i < j, and this itself is strictly
thana disturb the lex ordering, and lack support; (3) at line Stronger thanGAC(Z; <., ;1) for all i.

C6, C7, andC8, all values greater than or equal dolack

support. If we assigm to z;, then the vectors will be equal 5 Alternative approaches

at indexa and 3, the values betweea and 3 are also all . . .
pair-wise equal (since is true), and the vectors belovare ~ ©-1 Arithmetic constraint

ordered the wrong way (sinceis true). Thus, the value Barbara Smith (personal communication) has proposed en-
also lacks support and is pruned; (4) at 1i@®, all values forcing ¥ <,, ¥ on vectors of lengt via the arithmetic
greater thary lack support; (5) at lin€€10, C11, andC12, constraini®™ +...n*»~1 < n¥ 4 .. n¥—1 Thisis similar

all values greater than or equalddack support. If we assign to the transformation of a leximin fuzzy CSP into an equiva-
« to z;, the vectors will be lex ordered the wrong way as thelent MAX CSP[Schiexet al,, 1999. BC on such a constraint
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is equivalent to GAC on the original multiset ordering con- , Fails | Choice points| Time (secs.)
straint. However, such an arithmetic constraint is only feasi- ~ |-\o-Symmetry Bé‘f?“'gg QAL Rk =3
ble for smalln. Further, most existing solvers will not enforce 2R 2.720 2.842 27
BC on such an arithmetic constraint, but will delay it until all <1c2RC 2,720 2,842 2.7

. : - <.C || 137,185 137,306 71.2
but one of the variables are instantiated. 210853 0577 T

. <nRC B . -
5.2 Decomposition <1exC<mR || 10,853 10,977 36
Multiset ordering is equivalent to the lex ordering the asso- SmC <ieaR 2,016 2137 26

ciated occurrence vectors. As we have efficient algorithms
for constructing occurrence vectors (via the global cardinalTable 1: 5-13-29 progressive party problem using row-by-
ity constraint[Régin, 1998) and for lex orderindFrischet  row labelling.
al., 2004, this might be an alternative approach. However,
as the following theorem shows, such a decomposition hin-
ders constraint propagation. Also, the two global cardinalityfor each guest and period, such that a guest crew never visits
constraints in such a decomposition are more expensive to ete same host twice, no two guest crews meet more than once,
force than the algorithm presented here. We wyite(Z, o%) and the spare capacity of each host boat, after accommodating
for the global cardinality constraint that channels from a vecits own crew, is not exceeded (prob013 in csplib.org).
tor of variablest to the associated occurrence veaibr A matrix model of this probleniSmithet al, 1999 is a
2-d matrix of guests x periods where each variable is as-
: S S signed a host representing that a host is accommodating a
gi)gs(%ezforcwg;AC(gcc(x,om)), GAC(gee(y, o), and particular guest in a given time period. The rows are the
lex Oy) A .
o _ guests, the columns are the periods. This model has col-
Proof:  Clearly it is as strong. ~ To show strict- ymn and partial row symmetry: any two periods, and any
ness, consider = ({1,2},{1,2},{2} {2}) and ¥ =  two guests with the same crew size are indistinguishable. We
({1,2},{1,2},{0,1,2},{0,1}). The multiset ordering con- consider the 13-hosts and 29 guests problem with 5 and 6
straint is not GAC since 0 ip, has no support but the decom- time periods, referred as 5-13-29 and 6-13-29. These prob-
position is unable to determine this. QED. ~lems havep!14!2!4!5!7! row and column symmetries where
Another approach is to use the sorted constraint in th, js the number of time periods. The actual data can be
Eclipse solver. This ensures that the values taken by one vefound in Csp“b_org_ Due to the prob|em constraints, no pair
tor of variables are identical but in sorted order to the Value%f rows/columns can be equaL hence we can Safe|y pose strict
taken by a second vector of variables. To post a multiset oftex ordering. However, any two distinct rows/columns might
dering constraint on two vectors, we can channel each into e equal when viewed as multisets.
sorted vector and lex order the.s_e. The aboye example dem_on-AS in [Smith et al, 1999, the guest boats are ordered in
strates that such a decomposition again hinders propagatiofescending order of their size. We order the host boats in
The sorting constraint is also more expensive to enforce.  gescending order of spare capacity to choose a value in a
) succeed-first manner. Results obtained by row-by-row, and
6 Experimental results column-by-column labelling strategies are given in Tables 1
We designed some experiments to test three goals. First, &d 2. With row-by-row labelling, we cannot solve 6-13-29
multiset ordering an effective method for dealing with row With or without symmetry breaking. For the 5-13-29 problem,
and/or column symmetry? Second, how does multiset order<ic.R breaks a lot more row symmetry than,R. However,
ing compare to lex ordering? Which one breaks more symthe reverse is true for the columns. Here,,C does not
metry? Is a combined method, which multiset orders one dibreak any symmetry but,,,C does. Multiset ordering one
mension and lex orders the other one of the matrix, superiordimension of a matrix therefore does not necessarily break
Third, does our GAC algorithm do more inference in prac-less symmetry than lex ordering the same dimension. Such
tice than the decomposition? Similarly, is the algorithm morephenomena occur through interactions with the search strat-

Theorem 4 GAC(Z <,, ¥) is strictly stronger than simulta-

efficient in practice than its decomposition? egy: a search strategy might already lex order, so multiset
The symmetry breaking constraints we used are strict leRrdering constraints break additional symmetry. The smallest
ordering on the columns<(...C), on the rows €;.,R): mul-  search tree and also the least solving time is obtained, hg

tiset ordering on the rows<(,,R), (strict) multiset ordering <iczR. This supports our conjecture that lex ordering one di-
on the columns<,,C and<,,,C); and combinations of these mension combined with multiset ordering the other can break
constraints. Such constraints are posted between adjacefore symmetry than lex/multiset ordering both dimensions.
rows/columns. The results of the experiments are shown in With column-by-column labelling, we are able to solve the
tables where a “-” means no result is obtained in 1 hour (360®-13-29 problem. Neither of;..R, <. C, <;.RC break
secs). The experiments are done using ILOG Solver 5.2 on any symmetry. The smallest search tree is obtained hi.
1000MHz pentium Il with 256 Mb RAM using Windows XP. This supports our conjecture that multiset ordering one di-
. mension can break more symmetry than lex ordering the same
6.1 Progressive Party Problem or both dimensions. If the search strategy already orders both
There are a set of host boats, each with a capacity, and a setdifnensions lexicographically, imposing a constraint like mul-
guest boats, each with a crew size. We wish to assign a hosiset ordering in one dimension breaks additional symmetry.

CONSTRAINTS 225



Fails | Choice points| Time (secs.) n Model Failures | Choice points | Time (sec.)

No Symmetry Breaking|| 20,722 20,871 12.3 5 | No symmetry breaking 3 12 11
<12C || 20,722 20,871 12.4 geet <ieaC 2 11 1.4
<iezR || 20,722 20,871 125 <mC 1 10 1.4
<1coRC || 20,722 20,871 124 <1eaC 3 12 15
<..C 7,053 7.202 6 7 No symmetry breaking 6,871 6,890 1.9

< R B N . geet <iexC 74 92 1.3

<. RC - - - <mC 69 87 1.1
<Lezc_ng - s _ 9 | No symmetr bf‘é;{(lcr:l i L 18
SmC <reaR 7,053 7,202 4.6 Y gccl <1wcgl 2,616,149 2,616,177 857.2
<mC 760,973 761,003 130.5

<1exC - - -

Table 2: 6-13-29 progressive party problem using column-
by-column labelling. )
Table 3: Sports scheduling problem.

6.2 Sports Scheduling with Odd Teams References

This is a modified version of prob026 in csplib.org. We haVe[BeIdiceanu, 2000N. Beldiceanu. Global constraints as

n teams { is odd), playing ovem weeks. Each week is ~ granh properties on a structured network of elementary
divided into (n — 1)/2 periods, and each period is divided  constraints of the same type. Rioc. of CP-2000LNCS
into 2 slots, home and away. We wish to find a schedule 1894, pp 52-66, 2000.

so that every team plays at most once a week, every teamkahleet al, 2001 T. Fahle, S. Schamberger and M. Sell-
plays twice in the same period over the tournament and every man. Symmetry Breaking. IRroc. of CP-2001LNCS
team plays every other team. We slightly modify the model 22355 pp 93-107, 2001. ' '
|r:c[Var) I;entenry(lzflet aI.,lltﬁ)ggéwr;]erelteamstsd?e&d r_na;tr:lx [Fargier, 1994 H. Fargier.Problemes de satisfaction de con-
OF periods X weeks x siots. Each element okeamsis €~ gyaintes flexibles: applicatioal’ordonnancement de pro-
team playlzng mha g'Vﬁn period, W‘;‘f‘ek an'd jlm' sze tlreat this duction PhD thesis, Uni. of Paul Sabatier, Toulouse, 1994
matrix as 2-d where the rows are the periods and columns ar ' ’ ; o S
the weeks, and each entry is a list of variables giving the sloté.'e: I;e;nerle tl\?lil N uzglog Ppéz(sagﬁr’aﬁd?ﬁ/(\:/k;is% g?g;hk’i nz ﬁ\fyén d
As the periods and the weeks are indistinguishable, this ..’ s%/mrﬁe.try in matrix models. Proc ofCP-92002
problem has:!(n — 1/2)! row and column symmetries. We '\ =5 2470 pp 462-476, 2002 ’ '

pose strict ordering constraints on the rows and columns ; . . .

: rischet al, 2004 A. Frisch, B. Hnich, Z. Kiziltan,
teams as the pe;’]IOdS a_nc(jj weeks cannolt be eqléal._Due to L I. Miguel andzT Walsh. Global constraints for lexico-
constraints on the periods, posing multiset ordering on the ST e . X
rows is not effective. g;a_plrgg ozrgggngs. IProc. of CP-2002LNCS 2470, pp

Results obtained by column-by-column labelling of the[Gent and,Smith. 20Q0I. Gent and B. Smith. Symmetry

teams are given in Table 3. For one column, we first label 7 . .
. i X Breaking in Constraint Programming. Rroc. of ECAI
the first slots; for the other, we first label the second slots. 2000, pp 599603, 2000.

With this strategy.<;..R does not break any symmetry, so .- . . .
we omit it in the table. Posing multiset ordering by our algo-[KIZIItan and Smith, 200P Z. Kiziltan and B. Smith. Sym-
metry breaking constraints for matrix models.Rroc. of

rithm is much more effective and efficient than dy: and lex ; : ; .
- . . _ 2nd Int. Workshop on Symmetry in Constraint Satisfaction
ordering constraints. This holds for many other search strate Problems (SymCon-02held alongside CP-2002, 2002

gies. In Table 3, we note that,,C gives a smaller search tree . . o
than<,.,C. However, for other search strategies the reverséKiziltan and Walsh, 200R Z. Kiziltan and T. Walsh. Con-

is true. This supports the theoretical result that lex ordering Straint Programming with Multisets. IRroc. of 2nd Int.
and multiset ordering are incomparable. Workshop on Symmetry in Constraint Satisfaction Prob-

lems (SymCon-02held alongside CP-2002, 2002.
. [Régin, 1994 J.C. Regin. A filtering algorithm for con-
7 Conclusions straints of difference in CSPs. Rroc. AAAI'94 pp 362—

We have identified a new and important global (non-binary) ,36_7- 1994. _ ) _
constraint. This constraint ensures that the values taken byjrégin, 1996 J.C. Regin. Generalized arc consistency for
two vectors of variables, when viewed as multisets, are or- global cardinality constraints. IRroc. of AAAI'96 pp
dered. We have developed an efficient linear time algorithm 209-215. 1996.

for enforcing generalised arc-consistency on such a multisdSchiexet al, 1999 T. Schiex, H. Fargier, and G. Verfaille.
ordering constraint. We have proposed a number of appli- Valued constraint satisfaction problems: hard and easy
cations for this new constraint including breaking symmetry  problems. IrProc. of IJCAI'95 pp 631-637. 1995.

in matrix models, and fuzzy constraint satisfaction. We havdSmithet al, 1995 B.M. Smith, S.C. Brailsford, P.M. Hub-
shown that alternative methods for posting a multiset ordering bard, and H.P. Williams. The progressive party problem.
constraint like an arithmetic constraint or decomposition are Research Report 95.8, Uni. of Leeds. 1995.

inferior. Finally, we have implemented this generalized arc{Van Hentenryclet al, 1999 P. van Hentenryck, L. Michel,
consistency algorithm in ILOG Solver. Experimental results L. Perron, and J.C. &jin. Constraint programming in
on a number of problem domains show considerable promise. OPL. InProc. of PPDP’99 pp 98-116. Springer, 1999.
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Abstract

We study the relationships among structural meth-
ods for identifying and solving tractable classes of
Constraint Satisfaction Problems (CSPs). In partic-
ular, we first answer a long-standing question about
the notion of biconnected components applied to
an “optimal” reduct of the dual constraint-graph,
by showing that this notion is in fact equivalent to
the hinge decomposition method. Then, we give a
precise characterization of the relationship between
the treewidth notion applied to the hidden-variable
encoding of a CSP and the same notion applied to
some optimal reduct of the dual constraint-graph.
Finally, we face the open problem of computing
such an optimal reduct. We provide an algorithm
that outputs an approximation of an optimal tree
decomposition, and give a qualitative explanation
of the difference between this graph-based method
and more general hypergraph-based methods.

1 Introduction and summary of results

Constraint satisfaction is a central issue of Al research
and has an impressive spectrum of applications (see, e.g.,
[Pearson and Jeavons, 1997]). A constraint (S;, R;) con-
sists of a constraint scope S;, i.e., a list of variables and
of an associated constraint relation r; containing the le-
gal combinations of values. A CSP consists of a set
{(S1,71),(S2,72),...,(Sq,7q)} of constraints whose vari-
ables may overlap. A solution to a CSP is an assignment
of values to all variables such that all constraints are simul-
taneously satisfied. By solving a CSP we mean determining
whether the problem has a solution at all (i.e., checking for
constraint satisfiability), and, if so, compute one solution.
Constraint satisfiability in its general form is well-known
to be NP-hard. Much effort has been spent to identify
tractable classes of CSPs, and deep and useful results have
been achieved. The various successful approaches to ob-
tain tractable CSP classes can be divided into two main
groups [Pearson and Jeavons, 1997]: the techniques that iden-
tify tractable classes of CSPs only on the base of the struc-
ture of the constraint scopes {S1,...S;} independently of
the actual constraint relations 71, ...,r, and the techniques
that identify tractable classes by exploiting particular proper-
ties of the constraint relations 7q,...,r,. In this paper, we
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will deal with this latter group of techniques, usually called
structural decomposition methods. There are several papers
proposing polynomially tractable classes of constraints based
on different structural properties of constraint-scopes inter-
actions (see, e.g., [Dechter, 1992; Dechter and Pearl, 1989;
Gyssens et al., 1994; Gottlob et al., 2000]). Such a structure
is best represented by the hypergraph H () = (V, H) associ-
ated to any CSP instance I = (Var,U,C), where V = Var
and H = {var(S) | C = (S,r) € C}, and var(S) denotes
the set of variables in the scope S of the constraint C. We
often denote the set of vertices by AN/ (#) and the set of hy-
peredges by E(H).

However, many interesting techniques for solving CSPs
or for identifying tractable classes of CSPs have been de-
signed for binary CSPs, i.e., CSP instances where each scope
contains two variables at most. Therefore, historically, the
first attempts to deal with general (i.e., non-binary) constraint
problems try to exploit the existent methods, by represent-
ing any CSP instance I by some graph, rather than by the
hypergraph H(I). A first idea is to use the primal graph of
‘H(I), whose edges connect each pair of variables occurring
together in some constraint of /. Clearly, there is an evident
loss of information in using the primal graph instead of the
hypergraph. For instance, each constraint-scope of I induces
a clique in the primal graph, but if one looks at the graph
only, there is no way to understand whether such a clique
comes from a hyperedge of the hypergraph, or by some in-
tricate interactions among scopes. In fact, in [Gottlob et al.,
20001, a deep comparison among various structural decompo-
sition methods showed that some technique designed for hy-
pergraphs is more powerful than all the (known) techniques
working on the primal graphs. In this paper, we focus on
the other two important graph-based representations of non-
binary constraints, described in the literature, only marginally
considered in that work:

Dual-graph Representation [Dechter, 1992]. Given a hy-
pergraph H, its dual graph, denoted by dual(H) = (N, E),
is the graph whose set of vertices N is the set of hyper-
edges £(H), and whose edges connect each pair of vertices
(i.e., hyperedges) having some variable in common, that is
E = {{hl,hz} | hl,h2 S 5(7'[) and Ay N hy 7é 0}

Hidden-variable Representation [Seidel, 1981; Chekuri
and Rajaraman, 2000]. Given a hypergraph #, we define
its incidence graph as the bipartite graph inc(H) = (N, E),

227



where N = E(H) UN(H), and E = { {h,a} | h €
E(H) and a € h)}, i.e. it contains an edge from h to a if and
only if @ is a node of h. (E.g., Figure 2 shows a constraint
hypergraph (a) and its incidence graph (b)).

There is a great interest in comparing CSP solving tech-
niques based on these encodings of the structure [Bacchus et
al., 2002] and long standing questions about their relation-
ships with hypergraph-based techniques, described below.

One of the major difficulties in doing precise and formal
analysis of dual-graph based methods is due to an impor-
tant feature of this encoding: some edges of the dual graph
can be safely removed from this graph, making the evalua-
tion of CSPs easier. Indeed, even if dual(#) appears very
intricate, sometimes is possible to find suitable simplifica-
tions that make it much more useful. Such simplified graphs
are called reducts of dual(). For instance, if H is acyclic,
there is a polynomial time algorithm for making its dual graph
acyclic, and in fact a join tree of . An example is shown in
Figure 2.c, where the acyclic graph obtained by removing the
dashed edges is a join tree of the given hypergraph. However,
different removal choices may lead to different performances
of evaluation algorithms. Thus, the efficiency of any tech-
nique based on the dual graph depends crucially on the avail-
ability of a good algorithm for simplifying the dual graph.
Note that finding the “best reduct” is a difficult task and is
currently not known whether it is feasible in polynomial time,
in general.

On the other hand, the fact that effective dual graph rep-
resentations are not unique made comparisons among dif-
ferent methods quite difficult. For instance, Gyssens et al.
[1994] compared the notion of Hinge decompositions (short:
HINGE) and the notion of Biconnected components of the
dual graph (short: BICOMP?). It turned out that HINGE is a
generalization of BICOMP?, and thus the hinge decomposition
technique is not worse than the biconnected components tech-
nique. However, the precise relationship between these meth-
ods remained an open question, because biconnected compo-
nents can perform very bad unless “clever simplifications” of
the dual graph are chosen.

The first contribution of this paper is solving this question.
First we formally define, for each method D, the method
Deortd | that is, the method D applied to the best possible
simplification of the dual graph with respect to D. Indeed,
in general, the notion of best simplification depends on the
method D used for decomposing the graph. This way, meth-
ods applied to dual graph encodings are well-defined and can
be compared with other methods.

We formally prove that BICOMP°P*? is equivalent to HINGE.
In fact, we show that any hinge decomposition corresponds to
the biconnected-components tree of some reduct of the dual
graph. It is worthwhile noting that, as a corollary of this
result, we obtain that, for the BICOMP°?%¢ method, an opti-
mal reduction of the dual graph can be computed in polyno-
mial time, since any hinge decomposition can be computed
in polynomial time.

Then, we consider the powerful decomposition method for
dealing with graphs: the tree decomposition method [Robert-
son and Seymour, 1986], which is equivalent to the tree-
clustering method [Dechter and Pearl, 1989]. It is known that
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any class of CSP instances such that the treewidth of their
incidence graph (respectively, of some reduct of their dual
graphs) is bounded by some constant k is tractable. That is,
all such instances may be evaluated in time O(n°), where n
is the size of a CSP instance and c is a constant that depends
crucially on the bound k& on the decomposition width.

We perform a detailed comparison of the tree decom-
position method applied to the incidence graph of the hy-
pergraph (i.e., on the hidden-variable encoding), denoted
by TREEWIDTH”, and the tree decomposition method ap-
plied to some optimal reduct of the dual graph, denoted by
TREEWIDTH?P*®. It turns out that every CSP class that is
tractable according to TREEWIDTH!" is tractable according to
TREEWIDTH?*® as well. Moreover, there are CSP classes
that are tractable according to TREEWIDTH®P*¢ but are not
tractable according to TREEWIDTH!™, i.e., their largest width
is not bounded by any fixed number. However, we show that
TREEWIDTH?P*¢ does not strongly generalize TREEWIDTH!".
Indeed, there are classes of CSPs whose incidence-graph
treewidth is bounded by a constant k, but the largest width
of some optimal reduct of the dual graph is much greater.
Thus, even if such classes are tractable, their evaluation can
be much more efficient by using the TREEWIDTH™ method. It
follows that either of these methods may be useful for some
kind of CSP instances, and hence there is no definitely better
choice between them.

Finally, we focus on further interesting open ques-
tions about TREEWIDTHP!¢. Define the optimal treewidth
tw°P*(H) of the dual graph of some hypergraph # as the
minimum treewidth over all reducts of dual(7). Kolaitis
and Vardi [2000] observed that is not trivial to find a “good”
reduct of the dual graph and defined the following prob-
lem k-OPT, for any fixed constant & > 0: Given a hyper-
graph H, decide whether the optimal treewidth of dual(H)
is at most k. The question is whether k-OPT is decidable
in polynomial time or not, that is whether there is an effi-
cient way for computing a reduct of the dual graph that have
the minimum treewidth. Moreover, even if it is known that
TREEWIDTHP!? is strongly generalized by the hypertree de-
composition method [Gottlob er al., 20001, it is not clear why
there is such a big difference between these methods. Indeed,
at a first glance the kind of tree labelling in these methods
seems rather similar.

We face both the above questions. Let & > 0 be
a fixed constant and H be a constraint hypergraph. We
present a polynomial time algorithm k-TREE-APPROX that,
if the optimal treewidth of dual(7{) is at most k, out-
puts a tree decomposition of width at most 2k of some
reduct of dual(#H). Thus, k-TREE-APPROX provides a
2-approximation of TREEWIDTH’?!¢. Note that the ques-
tion whether k-OPT is decidable in polynomial time remains
open, because k-TREE-APPROX can compute a tree decom-
position of width at most 2k even if the optimal treewidth &’
of dual(#H) is greater than k, i.e., if k < k' < 2k.

Moreover, our algorithm is also able to compute a new kind
of structural decomposition that allows us to shed some light
on the striking difference between TREEWIDTH??*? and the
more general hypergraph-based notions of query decomposi-
tion and hypertree decomposition.
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2 Preliminaries

It is well known that CSPs with acyclic constraint hyper-
graphs are polynomially solvable [Dechter, 1992]. The
known structural properties that lead to tractable CSP classes
are all (explicitly or implicitly) based on some generaliza-
tion of acyclicity. In particular, each method D defines some
concept of width which can be interpreted as a measure of
cyclicity of the underlying constraint (hyper)graph such that,
for each fixed width k, all CSPs of width bounded by k are
solvable in polynomial time. This (possibly infinite) set of
CSPs is called the tractability class of D w.r.t. k, and is de-
noted by C(D, k). Any pair of decomposition methods D
and D, can be compared according to their ability to iden-
tify tractable classes of CSPs. Formally, Gottlob et al. [2000]
defined the following criteria:

Generalization. D- generalizes D1 (D < D-) if there ex-
ists a constant § such that, for each k > 0, C(Dy,k) C
C(D3,k + ¢). In practical terms, this means that when-
ever a class C of constraints is tractable according to
method D1, it is also tractable according to Ds.

Beating. D> beats D1, denoted by D5 > D1, if there exists
an integer k£ > 0 such that C'(Da, k) is not contained in
class C'(Dy, m) for any m > 0. Intuitively, this means
that some classes of problems are tractable according to
D5 but not according to D;. For such classes, using D,
is thus better than using D;.

Strong generalization. D> strongly generalizes D, de-
noted by D, << D, if D, generalizes D, and D, beats
D;. This means that D5 is really the more powerful
method, given that, whenever D; guarantees polynomial
runtime for constraint solving, then also D, guarantees
tractable constraint solving, but there are classes of con-
straints that can be solved in polynomial time by using
D, but are not tractable according to D .

Equivalence. D, and D, are equivalent, denoted by D1 =
D,, if D, generalizes D, and D generalizes D;. Intu-
itively, this means that these two methods do not differ
significantly from each other.

We assume the reader is familiar with the main structural
decomposition methods proposed in the literature (see, e.g.,
[Pearson and Jeavons, 1997]). Anyway, for the sake of pre-
sentation, we recall the definition of graph treewidth.

A tree decomposition [Robertson and Seymour, 1986] of
a graph G = (V, E) is a pair (T, x), where T = (N, F)
is a tree, and ) is a labelling function associating to each
vertex p € N a set of vertices x(p) C V, such that the
following conditions are satisfied: (1) for each vertex b of
G, there exists p € N such that b € x(p); (2) for each edge
{b,d} € E, there exists p € N such that {b,d} C x(p); (3)
for each vertex b of G, the set {p € N | b € x(p)} induces a
(connected) subtree of T'. (Connectedness condition.)

The width of the tree decomposition (T,y) is
maxpen |X(p) — 1|. The treewidth of G, tw(G), is the
minimum width over all its tree decompositions.

We next formally define how the dual graph dual(H) of a
hypergraph H can be simplified, by removing edges in a suit-
able way. For any edge {h, h'} of a dual graph, let £({h,h'})
denote the set of variables h N &' that the hyperedges h and
h' have in common.
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Definition 2.1 Ler G = (V, E) be the dual graph of some
hypergraph H. A reduct G' of G is a graph (V', E') such
that V! =V, E' C E, and the following condition holds: for
each edge ¢ = {h,h'} belonging to (E — E'), there exists in
G' a path P from h to b/, such that the variables in {(q) are
included in ((q') for each edge ¢' occurring in the path P.
That is, if all the variables shared by h and h' occur in some
other path between these vertices, the edge connecting them
can be deleted from the dual graph.

Let h be a hyperedge of 7, and G be a reduct of dual(H).
Then, we denote with vg(h) the vertex of G’ correspond-
ing to the hyperedge h. Moreover, given a set of hyperedges
H, we denote by vg(H) the set of vertices of G’ associated
with the elements in H. Whenever no confusion arises, vg (h)
(resp. vg (H)) will be denoted simply by v(h) (resp. v(H)).
Finally, we denote by dual(H) the subgraph of G induced
by the nodes in v (H).

A non-binary CSP can be solved by applying any binary
decomposition method, say D, to any reduct of the dual
graph. However, the performance of this method depends in
general on the particular reduct selected for solving the prob-
lem. We are interested in the reduct that guarantees the best
possible performances, when the method D is applied to it.
Formally, given a hypergraph 7, define D°P*? as the method
D applied to the reduct of dual(#) having the minimum D-
width over all the possible reducts of dual(H).

It can be seen that the strongly generalization results be-
tween graph-based decomposition methods proved by Gott-
lob et al. [2000] can be extended to their optd versions.

Theorem 2.2 The following relationships hold:
e BICOMPP!¢ << TREEWIDTHP*?.
e CUTSET?P!¢ << TREEWIDTHP*?.

Thus, TREEWIDTH?!? seems a good candidate for solving
non-binary CSP, as it strongly generalizes all the other graph-
based methods. However, we recall that all the known al-
gorithms for computing a k-bounded tree decomposition of
a graph are exponential in k (even if they are polynomial
for any fixed constant k), while computing the biconnected
components of a graph is a linear task, independently of their
width. This latter technique can be therefore very useful if the
size of the structure and the bound k are large and the pow-
erful methods like TREEWIDTH are too expensive. In the next
section, we face the problem of computing optimal reducts of
the dual graph w.r.t. the BICOMP method.

3 Hinges VS Biconnected Components

In [Gyssens et al., 1994], it has been shown that the HINGE
method generalizes BICOMP applied to any reduct of the dual
graph. Anyhow, in the same paper, Gyssens et al. observed
that a fine comparison between the two methods is quite dif-
ficult, as there is no obvious way to find a suitable reduct of
the dual graph to keep the biconnected width small. Here we
complete the picture by showing that, in fact, hinge decom-
positions correspond to such clever simplifications of the dual
graph.

Lemma 3.1 HINGE < BICOMP°P!?,
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Figure 1: (a) a hypergraph 7', (b) a hinge decomposition of
H', and (c) a reduct of dual(H')

Proof. (Sketch.) Let H be a hypergraph and 7" a hinge de-
composition. Let G be a graph constructed by removing from
dual(H) each edge {v(h),v(h')} such that there exists two
distinct nodes of T', say H and H', such that h € H and
h' e H'

We claim that i) G is a reduct of dual(#), and ii) for each
hinge H in T', there exists a biconnected component C' of
G, such that C is the subgraph of GG induced by the nodes
vg(H), i.e. C = dualg(H). Moreover, every biconnected
component of GG corresponds to some hinge, because each
node of GG is an edge of the original hypergraph, and thus must
be contained in some hinge of 7', by definition of hinge de-
composition. Finally, note that the size (number of edges) of
any hinge H, is the same as the size (number of nodes) of the
corresponding biconnected component C' = duals(H). O

Combining the above lemma and the results in [Gyssens
et al., 1994], it follows that these two methods identifies the
same classes of tractable CSPs.

Theorem 3.2 BICOMP°Pt¢ = HINGE.

It is worthwhile noting that, given any hinge decomposition
of ahypergraph H, the proof of Lemma 3.1 provides in fact an
algorithm for computing an optimal reduct of dual(H) with
respect to the BICOMP method. For instance, Figure 1 shows
a hypergraph H', a hinge decomposition of H’, and the opti-
mal reduct of the dual graph obtained by applying the above
construction, where dotted edges represent the edges of the
dual graph removed in this simplification. Note that the bi-
connected components of this graph correspond to the hinges
of the given decomposition. Since biconnected components
can be computed in linear time, it follows that a BICOMP°P¢?
decomposition of a hypergraph # can be computed in time
O(IN'(H)|IE(H)|?), which is the best known upper bound
for computing a hinge decomposition.

Observe that the above result, together with Theorem 2.2,
gives us a new insight of the power of TREEWIDTH??¢. In-
deed, while the tree decomposition method applied to the pri-
mal graph is incomparable with HINGE [Gottlob et al., 2000],
its application to an optimal reduct of the dual graph strongly
generalizes HINGE.

Corollary 3.3 HINGE << TREEWIDTHP!?,
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Figure 2: (a) The hypergraph Rose(4), (b) its incidence graph,
and (c) a reduct of dual(Rose(4))

4 Hidden-Variables VS Dual Graph

It is well known that both the dual graph and the hidden-
variable (incidence-graph) representations may be used for
identifying tractable classes of non-binary CSPs according
to the tree decomposition method (see, e.g., [Kolaitis and
Vardi, 2000]). However, it was not clear whether either of
these methods generalizes the other one or beats the other
one on some classes of CSPs. In this section, we precisely
characterize the relationship between TREEWIDTH?*¢ and
TREEWIDTH!. First, we observe that there is a CSP class
where TREEWIDTH®P!? is definitely better than TREEWIDTH™.

Theorem 4.1 TREEWIDTHCP!? > TREEWIDTH™.

Proof. (Sketch.) We show that there is a class of hy-
pergraphs that is tractable w.rt. TREEWIDTHP!?, but not
w.r.t. TREEWIDTH™. For any n > 0, let Rose(n) be
the hypergraph having n edges {h1, ..., hy} over the nodes
{Xy,.., X, 1,...,Y,}, such that h; = {X;,...,X,,,Y:},
for each 0 < i < n. Figure 2 shows the graph Rose(4),
its incidence graph and a reduct of its dual graph. It can
be seen that any optimal reduct of dual(Rose(n)) is a tree
and hence its width according to TREEWIDTH®P*¢ is 1. On the
other hand, the bipartite graph inc(Rose(n)) contains a clique
of size n and hence its treewidth is n — 1. It follows that the
class {Rose(n) | n > 0} has unbounded treewidth. O

Note that any hypergraph Rose(n) in the above proof is an
acyclic hypergraph. It follows that the class of all acyclic CSP
instances is not tractable according to TREEWIDTH®™ .

Even though TREEWIDTH’P!® beats TREEWIDTH™, we
next shows that TREEWIDTH°P!® does not generalize
TREEWIDTH™.

Theorem 4.2 TREEWIDTH™ /< TREEWIDTHO?!?,

Proof. (Sketch.) We show that there is a class of hypergraphs
Subset(k) such that the treewidth of the incidence graph is k,
but the treewidth of any optimal reduct of dual(Subset(k))
is (k/3)2. For any k, the hypergraph Subset(k) is such that
N (Subset(k)) = X UY U Z, where X = {X,.... X, },
Y={M,..Yp},and Z = {Zy,..., Z, }, withm = k/3.
There are m? distinct edges, each containing m — 1 nodes
from X, m — 1 nodes from Y, and m — 1 nodes from Z. In
particular, each edge e contains one of the m subsets of m — 1
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Figure 3: A tree decomposition of inc(Subser(9)).

elements from X and one the m subsets of m — 1 elements
from Y. These subsets may be identified by means of two
integers, say a and b, ranging from 0 to /. — 1. Similarly, the
edge contains a subset of variables from Z identified by an
integer ¢ and functionally determined by a and b as follows:
¢ = (a + b)mod m. Thus, each edge e is simply denoted as a
triple {(a, b, c).

Note that the incidence treewidth of Subset(k) is k. For
instance, Figure 3 shows a tree decomposition of the inci-
dence graph of Subser(9), where m = 3. Moreover, it can
be proved that the dual graph dual(Subset(k)) cannot be re-
duced and contains a clique of size m* = (k/3)?. It follows
that its treewidth is (k/3)%. O

To give a complete picture of the relationship between
TREEWIDTH??! and TREEWIDTH™, we next show that any
decomposition of the incidence graph with width £ can be
modified to be a decomposition of a reduct of the dual graph
having width at most 2¥. Thus, TREEWIDTH* does not beat
TREEWIDTHOP!,

The algorithm is shown in Figure 4. It takes a tree decom-
position D = (T', x) of inc(H), and outputs a tree decom-
position TD' = (T, x') of a suitable reduct of dual(H).

It performs a breadth-first visit of 7". For each visited node
p, we compute the labelling x’(p) of this node in the new
tree decomposition 7D’ from its label x(p) in the given tree
decomposition TD: Let x(p) = V,UC,, where V}, C N (H)
and C,, C E(H). Then, x'(p) contains all edges in C}, plus
one arbitrarily chosen edge hy- that covers V' (i.e., such that
V' C hy), for each subset V' of V,,. This way, p is now
labelled only by edges of H (i.e., nodes of the dual graph).
Moreover, the algorithm forces all such edges hy- to belong
to the x’ labellings of any vertex ¢ in the subtree rooted at p
such that V' C x(q).

Note that, if (T, x) has width k, then (7', x') has width at
most 2%, Then, from this algorithm (whose proof of correct-
edness is omitted), we get the following relationship.

Theorem 4.3 TREEWIDTH"* /TREEWIDTH P!,

5 A 2-approximation of TREEWIDTH®P!¢

In this section, we face the problem of computing an optimal
reduct of a dual graph in order to get the minimum possi-
ble treewidth. We recall that it is not known whether this
problem is feasible in polynomial time or not [Kolaitis and
Vardi, 2000]. Moreover, we provide a qualitative explana-
tion of the remarkable difference between TREEWIDTH P!

CONSTRAINTS
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Input: A tree decomposition (7T°, x) of inc(H);
Output: A tree decomposition (7', x") of a reduct of dual(H);

forall pin T and all V' C x(p) do
cover(V') :=0;
queue:= root(T);
while gueue# 0 do
extract p from queue;
Ve = x(p) NN (H):
Cp = x(p) NE(H):
X' (p) i= Cp;
forall V! C V, s.t. thereis h € E(H) s.t. V! C hdo
if cover(V') = 0 then
choose any h € E(H) s.t. V' Ch;
x'(p) == x"(p) U {h}:
cover(V') := {h};
else
X' (p) == x'(p) U cover(V');
end if
insert(queue,children(p));
end while
return (7', ')

Figure 4: Algorithm incidenceToDualTreeDecomposition

and hypergraph-based notions such as query width and hy-
pertree width.

Let k£ > 0 be a fixed constant and # be a constraint hyper-
graph. Figure 5 shows the Algorithm k-TREE-APPROX that,
if the optimal treewidth of dual(#) is at most k, outputs in
polynomial time a tree decomposition of width at most 2k of
some reduct of dual(H).

Let S be a subset of nodes of dual(H). A non-empty set C'
of nodes of dual(H) is [S]-connected if, for each pair h, h' €
C, there exists a path h = hy, ..., hy, = h' in dual(H) such
that h; N hiy1 € z, for every z € S. The [S]-components
of dual(#) are the maximal [S]-connected sets of nodes of
dual(H).

Roughly, k-TREE-APPROX is based on a recursive proce-
dure kDecomp that, given a vertex p and a [x(p)] - component
C to be “decomposed,” computes the labelling x(q) of a child
q of p chosen to deal with C'. Then, it recursively call itself
for computing the subtree rooted at g that should cover all the
X (g)-components included in C'.

Finally, if the output (7', x) of kDecomp is not a tree de-
composition of some reduct of dual(?), then the MAIN
module of the algorithm computes a new labelling x’ that is
guaranteed to be a legal tree decomposition.

The proof of the following theorem is quite involved and
will be omitted for space limitation.

Theorem 5.1 Let k be a fixed integer. Given any hyper-
graph M, if there exists a reduct of dual(H) having treewidth
bounded by k, then k-TREE-APPROX computes in LVOGCFL
a tree decomposition of some reduct of dual (H) having width
at most 2k.

It is worthwhile noting that the output (T, x) of kDecomp,
even if it is not a tree decomposition, is in fact a new kind
of structural decomposition, defined below, that we call weak
query decomposition.

Definition 5.2 A weak query decomposition of a hypergraph
H is a pair (T, \), where T = (N, E) is a tree, and \ is a
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Input: A hypergraph H;
Output: A tree decomposition of a reduct of dual(H ), having size < 2 x k;

var T tree, x: vertices of T — 2N (dual(3))

Procedure kDecomp(C C N (dual(H)),p € T') : boolean;
begin
guess S C x(p) UC, with |[S| < k;
check that the following conditions hold
Cl: SNC # 0, and
C2: V{h,h'} € dual(H),st. h € Cand b’ € x(p).
there exists b’ € S with £({h,h'}) C h";
if the check fails then return false;
for each [S]-component C’ C C do
T.insertChild(p, q), with x(¢) = S;
if not kDecomp(C', q) return false;
return true;
end;
begin (MAIN)
kDecomposable := kDecomp(N (dual(H)), L);
if not kDecomposable then return false;
if (T, x) is a tree decomposition of some reduct of dual(H) then
return (7', x)
else for each vertex p € T', do
for each child ¢ of p, let x'(¢) := x(¢) U x(p);
dreturn (T, x"):

en

Figure 5: Algorithm k-TREE-APPROX

labelling function which associates to each vertexp € N a
set AN(p) C E(H), such that the following conditions hold:

1. for each edges h of H, there exists p € N such that
h € Xp);

2. for each edge h of H, the set {p € N | h € \(p)}
induces a (connected) subtree of T';

3. foreach pair of vertices v, v' of T and each pair of edges
h € M), h' € (V") there is a path P connecting v and
o' in T such that, for each v in P, there exists h" € \(v)
such that L({h,h'}) C h'".

The width of the weak query decomposition (T',\) is
mazpen |A(p)|. The weak query-width wqw(H) of H is the
minimum width over all its weak query decompositions.

Note that Condition 3 above entails the usual connected-
ness condition 3': for each variable Y € N(H), the set
{p € N | Y occursinsomeedge h € A(p)} induces a
(connected) subtree of 1. Thus, any weak query decom-
position of a hypergraph is also a query decomposition of
the hypergraph, and thus any class of CSPs having bounded
weak query-width is tractable, i.e., can be solved in polyno-
mial time. However, unlike query decompositions [Gottlob
et al., 2002], weak query decompositions are efficiently com-
putable. Indeed, LOGCFL is not only included in polynomial
time, but also in NC2, and thus it contains highly paralleliz-
able problems. Moreover, this new notion has essentially the
same “decomposition power” as TREEWIDTH P!,

Theorem 5.3 For any hypergraph H,
wqw(H) < twP (M) < 2wqw(H).

Thus, TREEWIDTH?!? and the notion of weak query de-
composition are almost equivalent, up to a bounded differ-
ence in favor of the latter method.
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Remark. The results in this section shed some light
on the difference between the “decomposition power” of
TREEWIDTH’?!® and the strictly more general methods of
query and hypertree decompositions. Note that the crucial
condition to be maintained in all these tree-structured decom-
positions is the connectedness condition for the constraint
variables, and looking at Condition 3 and Condition 3" above
we can make the following observation: while in the weak
query decompositions (and similarly in TREEWIDTH®P*?) each
hyperedge in the labelling of a tree node plays an indepen-
dent role, in query decompositions (and hypertree decompo-
sitions) all such edges contribute together to maintain the con-
nectedness condition. That is, these hypergraph based notions
exploit the union of the hyperedges labelling any tree-node,
while the TREEWIDTH®P!? and the weak query width methods
exploit the power of each hyperedge separately.
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Abstract

The structural rigidity property, a generalization
of Laman’s theorem which characterizes rigid bar
frameworks in 2D, is generally considered a good
approximation of rigidity in geometric constraint
satisfaction problems (GCSPs). However, it may
fail even on simple GCSPs because it does not take
geometric properties into account.

In this paper, we question the flow-based algorithm
used by Hoffmann et al. to identify rigid subGC-
SPs. We show that this algorithm may fail because
of the structural rigidity, but also by design. We in-
troduce a new flow-based algorithm which uses Jer-
mann et al.’s characterization of rigidity. We show
that this algorithm is correct in 2D and 3D, and can
be used to tackle the major issues related to rigid-
ity: deciding whether a GCSP is rigid or not and
identifying rigid (or over-rigid) subGCSPs.
Keywords: Geometric Constraints, Rigidity char-
acterization, Flow algorithms

1 Introduction

Geometric constraint satisfaction problems (GCSPs) arise
naturally in several areas, such as CAD, robotics and molec-
ular biology. The rigidity concept is in the heart of many of
these problems: deciding whether a GCSP is rigid or not, de-
tecting rigid or over-rigid sub-parts, and so on.

Several methods [Kramer, 1992; Bouma et al., 1995;
Dufourd et al., 1998; Lamure and Michelucci, 1998; Hoff-
mann et al., 2000; Jermann et al., 2000; Jermann, 2002] for
solving GCSPs have to deal with rigidity; e.g., geometric
decompositions produce sequences of rigid subGCSPs to be
solved separately and then assembled.

The techniques used for rigidity detection can be classi-
fied in two categories: pattern-based approaches [Bouma et
al., 1995; Kramer, 1992] depend on a repertoire of rigid
bodies of known shape which cannot cover all practical
instances; flow-based approaches [Hoffmann et al., 1997;
Lamure and Michelucci, 1998] use flow (or maximum match-
ing) machinery to identify subGCSPs verifying the structural
rigidity, a property based on a degree of freedom count.

The latter approaches are more general eventhough struc-
tural rigidity is only an approximation of rigidity. Heuristics,
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like ad-hoc geometric rules, have been proposed to enhance
structural rigidity capabilities, none of which succeeded to
cover the gap between structural rigidity and rigidity. In [Jer-
mann et al., 2002], we have defined the extended structural
rigidity, a new approximation of rigidity which supersedes
even the heuristically enhanced characterizations.

In this paper, we focus on the algorithmic aspects of the
structural characterization of rigidity. [Hoffmannet al., 1997]
have proposed a flow-based algorithm called Dense for this
purpose. After providing the necessary background (Sec-
tion 2), we exemplify the limits of this algorithm and the ca-
pabilities of our new algorithm (Section 3). Section 4 presents
the specificities of our new algorithm and explains its advan-
tages: it uses the extended structural rigidity instead of the
structural rigidity and it is designed in a geometrically cor-
rect way. To conclude, we explain how this algorithm can be
used to tackle the major issues related to rigidity.

2 Background

This section provides the necessary background for the pa-
per. It formally defines GCSPs, the rigidity concept and the
structural characterizations of rigidity.

2.1 Geometric Constraint Satisfaction Problems

Definition 1 GCSP

A geometric constraint satisfaction problem (GCSP) S =
(O, C) is defined by a set O of geometric objects and a set C
of geometric constraints binding its objects.

S = (0’,C") isasubGCSP of S = (O, C) (noted S’ C S)
iff O’ C O and C’ = {c¢ € C|cbinds only objects in O’} (i.e.,
S’ is induced by O’).

A B C

Figure 1: Two examples of GCSPs

Fig. 1-a presents a GCSP in 2D composed of 3 lines con-
strained by 2 parallelisms and 2 line-line distances; Fig. 1-b
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depicts a GCSP in 3D composed of 1 line and 5 points bound
by 4 point-line incidences and 5 point-point distances.

We assume that geometric objects are indeformable (e.g.,
no circle with variable radius). Also geometric constraints
must involve only positions and orientations of the objects
and they must be independent from the global reference sys-
tem (i.e., constraints only fix objects relatively one to an-
other). These limitations make the structural characteriza-
tions of rigidity easier and are mandatory for geometric solv-
ing methods based on rigidity.

According to these restrictions, a solution to a GCSP S =
(O, C) is composed of one position and orientation for each
object in O and satisfies all the constraints in C'. For the solv-
ing purpose, a GCSP is translated into a system of equations:
each object is represented by a set of unknowns (over the re-
als) which determine its position and orientation; each con-
straint becomes a system of equations on the unknowns of
the objects it constrains.

22 Rigidity

Rigidity is defined w.r.t. movements. A movement in a
GCSP is either a deformation (if it does not preserve the
relative positions of the objects) or a displacement (rota-
tion+translation). Intuitively, a GCSP is rigid if it admits
no deformation, and all the displacements of the geometric
space. It is under-rigid if it admits some deformations, and
over-rigid if it does not admit some displacements or has no
solution. More formal definitions of rigidity can be found
in [Whiteley, 1987].

In Fig. 1-b, the subGCSP C'DF is rigid since a triangle is
indeformable and admits all translations and rotations in 3D.
The subGCSP AF is under-rigid: point £’ can move indepen-
dently of line A since there is no constraint between them.
The subGCSP AC D E'F' is over-rigid since it has no solution:
generically, it is impossible to place a point at the intersection
of the 3 spheres (= 3 distance constraints) which centers are
aligned.

2.3 Structural Rigidity

The structural rigidity corresponds to an analysis of degrees
of freedom (DOF) in a GCSP. Intuitively, one DOF represents
one independent movement in a GCSP. More formally:

Definition 2 Degree of freedom (DOF)

- Object o: DOF(o) is the number of independent parameters
used to determine the position and the orientation of o.

- Constraint ¢: DOF(c) is the number of independent equa-
tions in the subsystem of equations representing c.

-GCSP S = (O, C): DOF(S)=>_,DOF(0) - >~ DOF(c).

In 3D, points have 3 DOFs, lines have 4 DOFs; point-line
incidences remove 2 DOFs, and point-point distances remove
1 DOF. Thus, subGCSPs ACD, CDF and AF from the
GCSP in Fig. 1-b have respectively 5, 6 and 7 DOFs.

Structural rigidity is a generalization of Laman’s theo-
rem [Laman, 1970], which characterizes generic rigidity of
2D bar frameworks. It is based on the following intuition: if
a GCSP admits less (resp. more) movements than the num-
ber of independent displacements in the considered geometric
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space (which is @ in dimension d), then it is over-(resp.
under-)rigid.

Definition 3 Structural rigidity (s_rigidity)

AGCSP S = (0, C) indimension d is s_rigid iff DOF(S) =
d(d+1 d(d+1

UdtD) and vS' ¢ S, DOF(S’) > ULt

S'is under-s_rigid iff DOF(S) > @ and contains no over-
s_rigid subGCSP.

S is over-s_rigid iff 35" C ., DOF(S") < ULt

In practice, structural rigidity is considered a good ap-
proximation of rigidity [Lamure and Michelucci, 1998; Hoff-
mann et al., 1997]. However, the gap between rigidity and
s_rigidity is in fact significant (see [Jermann et al., 2002]).
We illustrate the difference on two subGCSPs from Fig. 1-
b: ABCD is s_rigid in 3D since DOF(ABC D)=6; it is in
fact under-rigid since point B can move independently of
segment C'D along line A. ACDE is over-s_rigid since
DOF(ACDE)=5, but it is in fact well-rigid.

24 Extended Structural Rigidity

The extended structural rigidity (es_rigidity in short) is based
on the degree of rigidity (DOR) concept. The DOR of a sub-
GCSP is the number of independent displacements it admits;
it depends on the geometric properties it verifies. For exam-
ple, the DOR of two lines in 2D is 3 if they are not parallel, 2
if they are parallel; the parallelism property can be an explicit
constraint, but it can also be induced by the constraints of the
GCSP embedding these lines. In this second case, computing
the DOR may be equivalent to geometric theorem proving.

The principle behind the extended structural rigidity is the
following: a GCSP is rigid if all its movements are displace-
ments. Hence, comparing its DOF to its DOR allows us to
determine if it admits movements (DOF) which are not dis-
placements (DOR), i.e., deformations.

Definition 4 Extended Structural Rigidity (es_rigidity)

A GCSP S = (0,C) in dimension d is es_rigid iff
DOF(S)=DOR(S) and VS’ C S, DOF(S")>DOR(S").
S is under-es_rigid iff DOF(S) > DOR(S) and contains no
over-es_rigid subGCSP.
S is over-es_rigid iff 35" C S, DOF(S")<DOR(S’).

The es_rigidity is superior to the s_rigidity (e.g.,
es_rigidity exactly corresponds to rigidity on every subGC-
SPs in Fig. 1). See [Jermann et al., 2002] for a comparison
between s_rigidity and es_rigidity and details about the DOR
concept.

2.5 Object-Constraint Network

A GCSP S = (0,C) can be transformed into an object-
constraint network G = (s, V,t, E,w). Fig. 2-a depicts the
object-constraint network of the GCSP presented in Fig. 1-a.
A flow in this network (introduced in [Hoffmann et al., 1997])
represents a distribution of the DOFs of the constraints onto
the DOFs of the objects. This is why flow computation is used
to perform the DOF analysis which is at the basis of structural
characterization of rigidity: in Section 4, we will explain how
this network is used for s_rigidity ([Hoffmann et al., 1997]’s
Dense algorithm) and es_rigidity (our new algorithm).
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Figure 2: Object-constraint networks and flow distributions

Definition 5 Object-Constraint Network (s, V,t, E, w)

- s is the source and ¢ is the sink.

- Each object o € O becomes an object-node v, € V.

- Each constraint ¢ € C becomes a constraint-node v. € V.
- For each object o € O there is an arc v, — T of capacity
w(v, — T) =DOF(0) in E.

- For each constraint ¢ € C, there is an arc S — v, of
capacity w(S — v.) =DOF(c) in E.

- For each object o € O constrained by ¢ € C' there is an arc
v. — v, Of capacity w(v. — v,) = o0 in E.

3 Oveview

In this section, we exemplify the contribution presented in
this paper on the GCSPs in Fig. 1. We illustrate the two main
differences between algorithm Dense and our algorithm:

1. Inour algorithm, the overflow depends on the geometric
properties of the objects it is applied to, while it depends
only on the dimension of the geometric space in Dense.

2. In our algorithm, the overflow is applied via a dedicated
node R which can be attached to any subset of objects,
while it is applied directly via one constraint-node in
Dense.

Example 1
The first example (Fig. 1-a; in 2D) highlights the first differ-
ence. Fig. 2-a presents the object-constraint network associ-
ated to this GCSP. In this picture, one can see the overload
K = 3 applied on the first constraint by algorithm Dense.
This constraint is linked to two lines, A and B, which are
parallel and lie at prescribed distance in the plane; AB is a
rigid subGCSP. However, one can easily see that the overload
cannot be distributed completely since a capacity 5 (two con-
straints plus the overload) is applied to two lines having only
4 DOFs. Hence, the GCSP is identified as over-rigid since it
contains a sub-GCSP with less than 3 DOFs.

Fig. 2-b displays our algorithm behavior when the virtual
constraint R is linked to the same subGCSP, AB. The value
of the overflow K is computed according to the geometric
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properties of these lines: since they are parallel, K = 2 (in-
stead of 3 in algorithm Dense). Thus, the flow can be satu-
rated: a capacity 4 (two constraints plus the overflow) exactly
matches the 4 DOFs of AB; the GCSP is not identified over-
rigid by our algorithm. Further overflow applications would
allow to identify the GCSP as well-rigid.

Example 2

The second example (Fig. 1-b; in 3D) illustrates the second
difference. Its object-constraint network is depicted in Fig. 2-
d. This figure shows the application of an overflow 6 via the
virtual constraint R onto the 3 points C, E and F' by our algo-
rithm; the overflow cannot be distributed completely, which
signals an over-rigid subGCSP: ACDEF, found by adding
reachable objects from R in the residual graph.

Algorithm Dense applies the overflow directly through a
constraint-node. Since all constraints are binary in this exam-
ple, Dense cannot apply an overflow to the same set of ob-
jects as our algorithm. More generally, Dense cannot apply
the overflow to all subGCSPs and can miss rigid or over-rigid
ones. Moreover, applying the overflow 6 to a pair of objects
in this GCSP leads to an incorrect answer, as it was the case
in the previous example; e.g., segments which are rigid would
be identified over-rigid.

These examples show that some simple and very common
subGCSPs in 2D and 3D, like parallel lines, triangles or seg-
ments, cannot be treated correctly by algorithm Dense?.

In the following section, we detail the differences between
algorithm Dense and our new algorithm and we present their
consequences.

4 Algorithms

In this section, we present Hoffmann et al.’s Dense algo-
rithm in comparison to our new algorithm. Both use flow
machinery on the object-constraint network representing the
GCSP. Our algorithm has two main differences with algo-
rithm Dense:

e It useses rigidity instead of s_rigidity.

e |t distributes flow in a geometrically correct way in the
network.

These new features are achieved thanks to two major mod-
ifications in the Di st ri but e function used by Dense (see
beginning of Section 3).

We introduce first the principle of flow-based character-
ization of rigidity; then we present and discuss function
Di stri but e which is the key to our contribution. Finally
we explain how this function is used to design algorithms for
the main problems related to rigidity.

4.1 Flow-based Rigidity Detection

From the geometric point of view, the principle of structural
characterization of rigidity is to check if a GCSP admits only
displacements. Hence, flow-based rigidity identification can
be understood as follows:

n practice [Sitharam, 2000], Dense embeds heuristic rules to
prevent this kind of simple failures, but more complicated examples
can still mistake the algorithm since no rule-based approach can han-
dle all the singular cases.

235



1. remove K displacements from the GCSP by introducing
K DOFs on the constraint side;

2. check if an over-constrained subGCSP S’ exists by
computing a maximum flow in the overloaded object-
constraint network;

3. if so S’ verifies DOF(S")<K.

Indeed, a maximum flow in the object-constraint network
represents an optimal distribution of the DOFs of the con-
straints among the DOFs of the objects. If it does not satu-
rate all the arcs outgoing from the source, some constraints’
DOFs cannot be absorbed by the objects, i.e., the GCSP is
over-constrained. In this case, there exists a sSubGCSP S’
such that DOF(S”)<0. When an overflow K is applied in
the network on the constraint side, the identified subGCSP S’
verifies DOF(S’)<K. [Hoffmann et al., 1997] have proven
that S’ is then induced by the objects traversed during the last
search for an augmenting path, i.e., by the objects reachable
from the overloaded constraint-node in the residual graph.

Depending on the value of K, this principle can be applied

to identify s_rigid (K = %4t 1 1), over-s_rigid (K =

24Dy es rigid (K = DOR + 1) or over-es_rigid (K =
DOR) subGCSPs.

4.2 FunctionDi stri bute

Function Di st ri but e [Hoffmann et al., 1997] implements
the principle presented above. We present our version of this
function and explain why and how it differs from Hoffmann
et al.’s one.

As already said, applying an overflow K corresponds, from
the geometric point of view, to removing K displacements
from the objects linked to this constraint. But nothing ensures
that the subGCSP linked to a single constraint allows K inde-
pendent displacements: removing K DOFs from a subGCSP
S’ with DOR(S")<K is geometrically incorrect?.

For instance, consider a subGCSP composed of 2 points
linked by a point-point distance in 3D. This GCSP allows
only 5 of the 6 independent displacements (3 rotations +
3 translations) of the 3D space since they lack the rotation
around the line going through them. Therefore, removing 6
displacements from a couple of points is geometrically in-
correct. However, Hoffmann et al.’s function Di st ri but e
does so when the distance constraint binding the two points
in 3D is overloaded with K = 6.

In order to distribute the flow in a geometrically correct
way, we propose to introduce a fictive constraint R, having
DOF(R)=K. This constraint can be linked only to subset of
objects O’ allowing K independent displacements, i.e. induc-
ing a subGCSP S” having DOR(S")> K. K and S’ are two
parameters of our function Di stri but e.

Function Over | oaded- Net wor k returns the object-
constraint network corresponding to .S where the fictive con-
straint R, set with capacity K, is linked to the objects of S".
The maximum flow computation is achieved by a standard

2Remember that the DOR represents the number of independent
displacements admitted by a sSubGCSP.
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flow algorithm? like For dFul ker son [Ford and Fulkerson,
1962]. This function returns the set V' of objects reachable
from the virtual constraint R in the residual graph if the max-
imum flow cannot distribute the whole overload, an empty
set V' otherwise. Function Obj ect - | nduced- subGCSP
returns the subGCSP S” induced by V. S” verifies
DOF(S")<K or S is empty.

Distribute (S: GCSP; K: integer; S’: GCSP) returns S”:
GCSP)
Require: K > 0,5’ C S verifies DOR(S")> K
Ensure: S” C S verifies DOF(S")< K, or S” is empty
G « Over | oaded- Net wor k(S, K, S")
V «— For dFul ker son(G)
S"” « Qbj ect - | nduced- subGCSP(V, S)
Return S”

The two differences between our version of the
Di st ri but e function and Hoffmann et al.’s version have
already been mentioned: the use of a dedicated constraint for
overflow distribution, which allows to distribute the overflow
to any subset of objects; and the adaptation of the overflow to
the set of objects on which it is applied, which renders over-
flow application geometrically correct.

Example: The call to Di stri bute(S,3,dAB) (Hoff-
mann et al.’s version) for the GCSP in Fig. 1-a is presented
in Fig. 2-a. Since the overflow cannot be fully distributed, the
SubGCSP AB is returned. This is correct from the flow point
of view since DOF(AB)=2 is less than K = 3. However,
from the geometric point of view, it is incorrect to interpret
this result as an over-rigidity in the GCSP.

For the same subGCSP, our Di stri bute function
is called differently: since DOR(AB)=2, the overflow
can be at most 2. Fig. 2-b presents the call to
Di stribute(S,2,AB). The overflow can be distributed
fully: no subGCSP is returned. Further similar calls would
allow to conclude that this GCSP is not over-rigid.

Time Complexity: The complexity of our func-
tion Distribute is dominated by that of function
For dFul ker son; it is O(n%(n + m)) where n is the
number of nodes and m the number of arcs. It is strictly
equivalent to the complexity of Hoffmann et al.’s version.

Note that if several calls to this function are performed,
it could be modified to compute maximum flow in an
incremental way, yielding a better complexity.

4.3 AlgorithmsFor Rigidity Detection

Based on the Di st ri but e function, several algorithms can
be designed to tackle the major problems related to the rigid-
ity concept. [Hoffmann et al., 1997] have proposed the
Dense and M ni mal _Dense algorithms to identify a well

3In [Hoffmann et al., 1997], function Di st ri but e is specifi-

cally designed for binary constraints and flow distribution is merged
with network construction and subGCSP identification.
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or over-rigid subGCSP and minimize it (using a classical lin-
ear minimization process). These algorithms can be repro-
duced using our function Di st ri but e. This allows us to
tackle the same problems in a geometrically correct manner
and with a better characterization of rigidity: the extended
structural rigidity. We will show on algorithm Dense how to
introduce our Di st ri but e function in existing algorithms.

Algorithm Dense VersusAlgorithm Over - Ri gi d

Schematically, algorithm Dense operates by calling the
Di st ri but e function for each constraint in the GCSP until
a non-empty subGCSP is returned. The overload is induced
by the dimension of the considered geometric space: it rep-
resents the maximum number of independent displacements
in this space (3 in 2D, 6 in 3D). Dense is supposed to re-
turn only over-rigid subGCSPs since returned GCSPs do not
admit all the displacements allowed by the considered geo-
metric space.

In fact, Dense is incorrect since it may remove more
DOFs than the number of displacements admitted by a sub-
GCSP. For instance, two parallel lines admit only 2 displace-
ments in 2D; hence, removing 3 displacements from two par-
allel lines is geometrically incorrect in 2D.

To obtain a geometrically correct version of algorithm
Dense, we propose to use the es_rigidity instead of the
s_rigidity, i.e. the DOR is the overload; also, we use our
Di st ri but e function instead of Hoffmann et al.’s one.

This  results in a new algorithm, called
Over-Rigid which performs one call to function
Di stribute(S, DOR(S’), S’)) foreach S’ C S toiden-
tify over-es_rigid subGCSPs. Indeed, if the call for a given S’
returns a non-empty subGCSP S”, then it verifies DOF(S")
< DOR(S"), a sufficient condition for being over-es_rigid
(see Def. 4). Unfortunately, the number of subGCSPs is
exponential, which would lead to an exponential number of
calls to function Di st ri but e. However, we will show that
it is sufficient and correct to apply this function only to the
DOR-minimal subGCSPs (see Def. 6 below), which gives the
following algorithm:

Over-Rigid (S: GCSP) returns S”: GCSP
Ensure: S” C S is over-es_rigid or empty
S" «— EmptyGCSP
M «— DOR-M ni mal s(.S) {builds the set M of all
DOR-minimal subGCSPs in S}
while 8" = EmptyGCSP and M # 0 do
S" «— Pop( M)
S"” «— Distribute(S, DOR(S), S
end while
Return S”

Definition 6 DOR-minimal subGCSP

A subGCSP S’ in a GCSP S is DOR-minimal if it contains
no proper subGCSP with the same DOR, i.e. VS” c &,
DOR(S")<DOR(S").

Exampleof Over - Ri gi d application

Consider again the GCSP S presented in figure 1-b. Let
M = {BC,BDF,CEF,...} be the set of DOR-minimal
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SubGCSPs generated by DOR- M ni mal s(.S). Algorithm
Over - Ri gi d then proceeds as follows:

1. First turn, S’ = BC and K =DOR(BC)=5. Fig. 2(c)
representsthe callto Di stri but e( S,5, BC) . All the
arcs outgoing from the source being saturated, no over-
es_rigid subGCSP is identified.

2. Atthisturn, S’ = CEF and K =DOR(CEF)=6. The
calltoDi stri bute( 5,6, CEF) isrepresentedin fig-
ure 2(d). This turn, the arc S — R is unsaturated. Since
the set of object-nodes traversed during the last search
for an augmenting path is {A, C, D, E, F'}, the identi-
fied subGCSP is ACDEF which is over-es_rigid.

On the same example, algorithm Dense would identify
each segment (2 points + 1 distance) and each point on the
line A as an over-rigid subGCSP, which is false.

Properties of algorithm Over - Ri gi d

To prove the correctness and completeness of algorithm
Over - Ri gi d, we need the following lemmas which estab-
lish properties on the DOR concept and on flow distribution:

Lemmal Let SbeaGCSPand S’ c §” c S two subGC-
SPs. Then DOR(S’) < DOR(S").

Proof: Each unit of DOR in a GCSP represents an indepen-
dent displacement (translation or rotation). Adding a new
object o with some constraints to a subGCSP S’ cannot re-
move the independent displacements already granted to S’
since constraints are independent from the global reference
system. Thus, DOR(S”) < DOR(S’ U {o0}).O

Lemma2 Let S” < S’ C S be two nested subGCSPs
in a GCSP S. |If the call to Distribute(S,K,S’)
returns a non-empty subGCSP S,, then a call to
Di stribute(S,K,S”) returns a non-empty subGCSP
Si.

Proof: Let Gg: be the object-constraint network overloaded
for S’ and G~ the network overloaded for S”. The only
difference between these two networks resides in the fact that
there are more arcs of the type R — o in Gg/. Thus, it is
more difficult to distribute an overflow in G~ thanin Gg.: if
a maximum flow in G g, cannot saturate all the arcs outgoing
from the source, a maximum flow in G5 cannot either.0

We will now prove the completeness, correctness and dis-
cuss the time complexity of our algorithm.

Correctness of Over - Ri gi d:

Let S” be a non-empty subGCSP resulting from
Over - Ri gi d(S). Assuming it has been returned by the
call to Di stribute(S,DOR(S"),S5"), S” must verify
DOF(S") < DOR(S’) since S” is not empty. More-
over, by design of function Di stri bute, S’ ¢ S”. Since
Lemma 1 implies that DOR(S”)<DOR(S"), we can ensure
that if S” is not empty, then DOF(S”)<DOR(S"), i.e., S” is
over-es_rigid.O

237



Completeness of Over - Ri gi d:

Algorithm Over - Ri gi d applies an overload only for
each element in the set M of all DOR-minimal subGCSPs
(computed by DOR- M ni mal s( S) ). Lemma 2 ensures that
it is sufficient to distribute an overload for each DOR-minimal
SsubGCSP, since any non DOR-minimal subGCSP contains,
by definition, DOR-minimal subGCSPs.O

Time Complexity of Over - Ri gi d:

The complexity of algorithm Over - Ri gi d depends on
the number of DOR-minimal subGCSPs. We have proven by
enumeration that the number of objects in a DOR-minimal
SUbGCSP is 2 in 2D and 3 in 3D for GCSPs including points,
lines and planes constrained by distances, angles, incidences
and parallelisms. Thus, for GCSPs in this class, the number
of DOR-minimal subGCSPs is O(n“) where n is the number
of objects and d the dimension of the geometric space (2 or
3).

Let us call C; the -complexity of function
DOR- M ni mal s, and C5 that of function Di stri but e,
discussed in the previous section. Then, the worst-case
complexity of algorithm Over - Ri gi d is O(Cy + n * Cy).

C1 is generally the complexity of geometric theorem prov-
ing, i.e., it is exponential. However, in some practical classes
of GCSPs, like mechanisms or bar frameworks, it is polyno-
mial or even constant. Moreover, heuristic DOR computation
can be used when geometric theorem proving is required but
not affordable. In these cases, C7 can be neglected in com-
parison to C. We end up with O(n%+2 % (n +m)). In com-
parison, the complexity of algorithm Dense is O(m * n? x
(n +m)). Thus, the overhead to obtain a geometrically cor-
rect algorithm is approximately linear in 2D, and quadratic in
3D.

4.4 Other algorithms

Function Di stri bute can be used in a similar way to
tackle the major problems related to rigidity: identifying rigid
subGCSPs (just by changing the value of the overflow in al-
gorithm Over - Ri gi d), deciding if a GCSP is rigid (by one
call to Over-Rigid and a DOF count), finding a minimal well-
or over-rigid subGCSP (by classical minimization step, as in
M ni mal _Dense). For all these problems, using our new
algorithms and the es_rigidity instead of the s_rigidity leads
to geometrically correct and more reliable algorithms.

45 Conclusion

The new design of function Di stri but e allows a more
general use of this function: the flow distribution is now
performed in a geometrically sound manner and allows for
checking a better characterization of rigidity. The DOR-
minimal concept and its properties have appeared to be the
key to obtain a new family of polynomial algorithms for the
major problems related to rigidity.

These new algorithms can handle GCSPs in 2D and 3D
correctly with respect to the es_rigidity. They can handle GC-
SPs with constraints like parallelism or incidence, which was
not possible with Hoffmann et al.’s algorithms. Indeed, these
constraints introduce geometric properties in GCSPs, leading
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to subGCSPs with a DOR different from the number of in-
dependent displacements in d-space. This kind of constraints
are ubiquitous in practical applications (architecture, CAD,
mechanisms) and our new algorithms open a way for reliable
industrial use in these domains.
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Abstract

The weighted CSP (WCSP) framework is a soft
constraint framework with a wide range of appli-
cations. In this paper, we consider the problem
of maintaininglocal consistency during search for
solving WCSP. We first refine the notionsdifec-
tional arc consistencyDAC) and full directional

arc consistency(FDAC) introduced in[Cooper,
2009 for binary WCSP, define algorithms that en-
force these properties and study their complexities.
We then consider algorithms that maintain either
arc consistency (AC), DAC or FDAC during search.
The efficiency of these algorithms is empirically
studied. It appears that despite its high theoreti-
cal cost, the strongest FDAC property is the best
choice.

Introduction

It is well known thatarc consistencfAC) plays a preemi-
nent role in efficient constraint solving. In the last few years,can be assigned to iti, a) denotes the assignment of value
the CSP framework has been augmented with so-calbéid 3 ) A
constraintswith which it is possible to express preferencesVvariables. Actuallyt is an ordered set of values assigned to
among solutiongSchiexet al,, 1995; Bistarelliet al., 1997.
Soft constraint frameworks associate costs to tuples and tH@ent oft is the value assigned to titeth element oft;). For
goal is to find a complete assignment with minimum com-a subseB of &;, the projection of over B is notedt | 5. Cis
bined cost. Costs from different constraints are combined set of unary and binary constraints. A unary consti@jris

with a domain dependent operator Extending the notion

Toulouse,France
Thomas.Schiex@toulouse.inra.fr

al., 1999, combinatorial auctiongSandholm, 1999 bioin-
formaticsandprobabilistic reasoningPearl, 1988 [Larrosa,
2009 introduced AC*, a refinement of the AC definition for
WCSP. This definition provides a stronger yet simple and el-
egant property to be maintained during search.

In this paper, we take the definitions of DAC and FDAC,
strengthen and extend them to binary WCSP, defining the
DAC* and FDAC* properties. We then define correspond-
ing enforcing algorithms. As in the classical CSP case, we
then consider the problem of maintaining AC*, DAC* and
FDAC* during search and empirically compare these algo-
rithms. These algorithms have a wide range of applications
and allow a nice integration of hard and soft constraints in a
common algorithmic framework.

2 Preliminaries

21 CSP

A binary constraint satisfaction problerfCSP) is a triple
P=(x,D,C). X ={1,...,n} is a set of variables. Each
variablei € X has a finite domairD; € D of values that
a € D; to variablei. A tuplet is an assignment to a set of

the ordered set of variablel, C X (namely, thek-th ele-

a subset ofD; containing the permitted assignments to vari-

of AC to soft constraint frameworks has been a challenge irdble:i. A binary constrainC;; is a set of pairs fronD; x D;
the last few years. ¢From previous works we can concludgéontaining the permitted simultaneous assignmentsatiod
that the extension is direct as long as the operat idem-
potent. Then[Schiex, 200 proposed an extension of AC Scope A tuple ¢ is consistentf it satisfies all constraints
which can deal with non-idempoteat. This definition has } 0 1A ton !
three nice properties(i) it can be enforced in polynomial complete assignment. Finding a solution in a CSP is an NP-
time, (ii) the process of enforcing AC reveals infeasible val-complete problem. The task of searching for a solution can

ues that can be pruned atwi) it reduces to existing defini-

tions in the idempotent operator cag€ooper, 200Bfurther
introduceddirectional arc consistenc¢DAC) andfull direc-
tional arc consistencyor strictly monotonic®.

Weighted constraint satisfaction probleri8/CSP) is a

j. The set of variables affected by a constraint is called its
whose scope is included ;. A solutionis a consistent
be simplified by enforcing arc consistency, which may prune

values that cannot participate to a solution.

2.2 Weighted CSPs
Valued CSP (as well asemi-ring CSP) extend the CSP

well known soft-constraint framework with a non-idempotent framework by associatingoststo tuples[Schiexet al., 1995;
operator®. It provides a very general model with several ap-Bistarelli et al, 1997. In general, costs are specified by
plications in domains such assource allocatiorf Cabonet
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means of a so-calledaluation structuredefined as a triple
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S = (E,®, =), whereFE is the set of costs totally ordered by «(z)
>. The maximum and a minimum costs are nofednd L, "
respectivelys is an operation o’ used to combine costs.
A valuation structure iglempotentf Va € E, (a®a) = a.
It is strictly monotonicif Va,b,c € E,s.t.(a = ¢) A (b # 4
T),we have(a @ b) = (c D b). v O,
Following [Larrosa, 200R we define Weighted CSP
(WCSP) as a specific subclass of valued CSP that relies op@ G=1
a specific valuation structurg(k). z

Definition 1 S(k) is a triple ([0, 1, ..., k], ®,>) where, bO
e kell,..., o0 (@ (O}
e @ isdefined as © b = min{k,a + b} y d) bOy e)
e > isthe standard order among naturals.

Observe that i (k), we have) = L andk = T

A binary WCSP is a tuple® = (k, X, D,C). The valua-
tion structure isS(k). X andD are variables and domains, strictly monotonic valuation structure where finite costs can-
as in standard CSF. is a set of cost functions. A binary not lead to deletion. In practice, mostanch and bound
constraintC;; assigns costs to assignments to variab@sd  based solvers maintain an upper boudthe maximum ac-
j (namely,C;; : D, x D; — [0,...,k]). A unary con- ceptable cost so-far, and a lower bouhan the optimal ex-
straintC; assigns costs to assignments to variak{igamely, tension of the current assignment. Value pruning occurs as
C; : D; — [0,...,k]). We assume the existence of a unarysoon agb > ub. The WCSP framework makes these two ele-
constraintC; for every variable, and aercarity constraint, ments explicit: a solver uses the valuation structgifeb) at
noted Cy (if no such constraint is defined, we can alwaysevery subproblem an@y provides the lower bound.
definedummyonesC;(a) = 1,Va € D; or Cy = 1).

When a constrain€' assigns cost to a tuplet, it means 3 Some local consistencies in WCSP
that C forbidst¢, otherwiset is permitted byC' with the cor- . . ) . .

In this Section we define node, arc, directed arc and full di-

responding cost. Theostof a tuplet, notedV(¢), is the sum . . : X
over all applicable costs rected arc consistencies. For node and arc consistencies, our
' definitions are equivalent to the NC* and AC* definitions
- N _ _ in [Larrosa, 200R For DAC, and FDAC, the starred (*) def-
> Cult s >, Giltl@)eCs initions refine the definitions ifiCooper, 200Bto the WCSP

case, using node consistency arid. In the sequel, we as-

Tuplet is consistenif V(¢) < T. The usual task of inter- SUMe that the set of variablésis totally ordered by-.
est is tofind a complete consistent assignment with minimunDefinition 2 Let P = (k, X, D,C) be a binary WCSP.

cost which is NP-hard. Observe that WCSP with= 1 . CoN : o

reduces to classical CSP. In additigi(k) is idempotent iff * godeggn5|steprcy£/z ) k|)s| star nNocc:if ]E:onS|T|t(atnt (N|C )if

k = 1 and strictly monotonic iff = co. Two WCSP defined 0 Cila) < ariable: is if: ) all its values
are NC* andii) there exists a value € D; such that

over the same variables are said tebeivalenif they define Ci(a) — L. Valuea is a support for the variablé. P is
the same cost distribution on complete assignments. NZC* if eve}y variable is NC* '

For simplicity in our exposition, we assume that every con- . T ' ) ]
straint has a different scope. For the moment, we also assume® ArC consistency (i, a) is arc consistent (AC) with re-
that constraints are implemented as tables and that it is pos- SPect to constrainC; if there is a valueb € D; such
sible to consult and modify entries. This is done without loss ~ that Ci;(a,b) = L. Valueb is called a support of the

Figure 1: Six equivalent WCSPs (fér= 4).

Cij€C, {i,j}Cx CiE€C, i€X,

of genera"ty (See the proof of Theorem 3) VaIUE(i, a). Variablei is AC if all its values are AC wirt.
) ) ) every binary constraint affecting P is AC* if every
Example 1 Figure 1a shows a WCSP with valuation struc- variable is AC and NC*.

ture S(4) (the set of costs if0,...,4], with L = 0 and

T = 4). It has three variable&’ = {z, y, z} with valuesa, b.
There are 2 binary constraints; ., C,. and two non trivial
unary constraint’,, and C,. Unary costs are depicted in-
side their domain value. Binary costs are depicted as labelled
edges connecting the corresponding pair of values (default
cost of 1). Zero costs are not shown. One optimal solution is

o Directional arc consistencyi, a) is directional arc con-
sistent (DAC) wrt. constrain€;;,j > 1, if there is a
valueb € D; such thatC;;(a,b) & C;(b) = L. Valueb
is called afull supportof a. Variablei is DAC if all its
values are DAC with respect to evety;,j > i. P is
DAC* if every variable is DAC and NC*.

eg.x =y = z = b, with cost2. e Full directional arc consistencyP is fully star direc-
Our definition of WCSP is the same asllrarrosa, 200p tional arc consistent (FDAC*) if it is DAC* and AC*.
It differs from usual definitiongSchiexet al., 1995; Bistarelli In the CSP case.é, k = 1), being a support fofi, a) is

et al, 1997 which restrict WCSP to thé& = oo case, a obviously equivalent to being full supportfor it and both
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notions reduce to the classical notion of support. Thereforef-or the subtraction to be defined, the maximum flow that can
AC* and DAC* reduce to their classical definitions in CSP be projected isninye p, {C;;(a, b) }. The conversextension
while FDAC* reduces to arc consistency. In WCSP, howeverpf 3 cost units from valuéi, a) to C;; € Cis areverse flow of

a support is not necessarily a full support. For this reasong cost units fron{:, ) to the binary constraint. Itis embodied
DAC* (which requires a full support on one side of each con-in the Proceduré&xtend(i, a, j, 3). The maximum flow that
straint) and AC* (which requires a support on both sides) arean be extended i§;(a). Unless stated otherwise, we always
incomparable. FDAC* (which requires a support on one sideassume that maximum flows are projected or extended in the
and a full support on the other) cannot be weaker than AC*est of the paper. Similar operations can be defined between
or DAC*L. In WCSP, FDAC* can actually be stronger, in the unary constraints andy,.

sense that it may provide a better lower bound as the follow-

ing example shows. Procedure Project(i, a, j, )
Example 2 The problem in Figure %.is not NC* since: h Cila) := Ci(a) ® g
xample e problem in Figure L.is no sincezhas ;| foreachb € D, do Cy;(a,b) = Cij(a,b) © a:

no support. Problem &.is an equivalent NC* problem. Itis
not DAC* for orderxyz since(y, a) has no full support on
z. Itis not AC* either since eg.z,a) and (y,a) have no
support onz andz respectively. Problem dis an equivalent
DAC* problem. It is not AC* sincdz,a) has no support
onz. Problem 1d is an equivalent AC* problem. It is not Theorem 1 [Schiex, 200DLet P = (k, X', D, C) be a binary
DAC* since(y,b) has no full support orx. Problem leis  WCSP. Letx < minye p,{Ci;(a,b)}, B < Ci(a). Thepro-
an equivalent FDAC* problem. The 2 optimal solutions arejection of o cost unit ofC;; € C over (i,a) or the converse
made obvious here. extensionof 3 cost unit from(i, a) to C;; transform P into
There is a strong relation between directional arc consisan equivalent problen#”.
tency and mini-bucket§Dechter, 199J. It can easily be Example 3 Consider the problem in Figure 1.a. To enforce
shown that given a WCSP defined over the valuation strucNC* we must force a support faor by projectingC, onto
ture S(oo) and a variable ordering, the lower bound inducedc,,. The resulting problem &.is NC* but not AC*. To en-
by mini-buckets involving at most 2 variables is the same asorce AC*, it suffices to force a support fog,a) and (z, a):
the lower bound induced bg after the problem is made e projectC,,. over (y,a) by addingl to C,(a) and sub-
directional arc consistent. However, the mini-bucket com-racting 1 from Cy:(a,a) andCy(a,b) and similarly project
putation provides only a lower bound while DAC enforcing ¢, over (z,a). We get probiem &.which is AC* but not
provides both a lower bound and a directional arc consistertDAC* using the ordetryz since(y, b) has no full support
equivalent problem. All the work done to compute the loweron . To force a full support fofy, b), we extend cost unit
bound is captured in this problem which offers the opportufrom . (a) to Cy. by addingl to Cy(a,a) and Cy. (b, a)

ProcedureExtend(z, a, j, 3)
2 | foreachb € D; do C;j(a,b) := C;;(a,b) & B;
Ci(a) == Ci(a) © 5;

nity to perform incremental updates of the lower bound. and subtractingl from C.(a). We then projec€,. to (y, b)
_ ) ) which increase&”, (b) to 1. y is now node-inconsistent, we
4 Enforcing Arc Consistencies projecty onCy and getCy, = 2. x is now node-inconsistent,

The previous node and arc consistency properties can be elf€ Pruné(z, ) and get problem .which is FDAC* accord-
forced by applying basic operations until the correspond!Nd to orderzyz.

ing property is satisfied: pruning node-inconsistent values, For simplicity, the following descriptions assume that no
forcing supports to variables (NC*), forcing (full) support to empty domain is produced and that the initial problem is
node-consistent values (AC). As pointed outSthiex, 2000; NC*. It also assumes that the problems have no constraints
Larrosa, 200P, value (resp. variable) supports can be forcedof arity larger than two[Larrosa, 200Rdefined W-AC*2001,

by sendingcosts from binary (resp. unary) constraints toan algorithm based on AC20QBessere and Rgin, 200] to
unary constraints (resg’s). Full support can be forced by enforce AC*. It is embodied in thaC*() function of Algo-

first sending costs from a unary constraifjtto C;; and then  rithm 1. It requires two data structurei, a, j) and S(i)
sending the cost frorfy;; to C; [Cooper, 2008 Letus review  which respectively store the current value support(for)

these concepts before introducing basic algorithms. with respect to constrairdt;; and the current variable support
Leta,b € [0,..., k|, be two costs such that> b. a© bis  fori. The algorithm uses three auxiliary functions : Function
the subtractionof b from a, defined as, ProjectUnary(:) projectsC; onto Cy, FunctionPruneVar(:)
prunes node inconsistent values/i and returngrue if the
aob= { a=b : a#Fk domain is changed. FunctidfindSupportAC*(i, 7) forces a
ko:a=k support onC;; for each value inD; by projectingC;; on

C;. The main proceduraC*() uses a queué) containing
those variables whose domain has been pruned: adjacent vari-
ables may have unsupported values in their domains and new
supports must be sought)) should be initialized with all
1The Stronger local property that would require a full Supportvariables because eVery Variable must f|nd an |n|t|a| Support

on both sides suffers from the fact that most WCSP don’t have a®n every constraint. Ignore for the moment the boolean re-
equivalent WCSP that satisfies this property. turned byFindSupportAC* and the use oR. [Larrosa, 200P

The projectionof « cost units fromC;; € C over value(i, a)
is a flow of« cost units from the binary constraint to the unary
costC;(a). Itis embodied in the Procedureoject(i, a, j, o).
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showed thatCx() is time O(n?d?) and spac®(ed) on gen-
eral WCSP.

Procedure ProjectUnary(s)
S(1) :== argmingep,{Ci(a)};
a = Ci(S®));
Cy :=Cy @ aq;
| foreacha € D; do Cs(a) := Ci(a) © o

Function FindSupportAC*(z, j) : boolean
flag := false
foreacha € D; s.t.5(¢,a,j) ¢ D; do
S(i,a,7) := argminpep;{Cij(a,b)};
a = Ci;(a,S(i,a,7));
if (Ci(a) = 1) A (a> 1)thenflag:= true;
Project(i, a, j, a);
ProjectUnary(i);
|_return flag;

Function PruneVar(z) : boolean
change:= false
foreacha € D; s.t. (Ci(a) ® Cx
D;:=D; — {a};
change:= true;
|_return change

Procedure AC*()
while (Q # @) do
j = pop(Q);
for Cij e Cdo
| if FindSupportAC*(s, j) then R := R U {i};

foreachi € X do
| if PruneVar(¢) then @ := Q U {i};

T) do

Algorithm 1: Enforcing AC*, initially @ = X

[Cooper, 200Bintroduced non incremental algorithms for
enforcing DAC and FDAC orstrictly monotonicvaluation

structures. These algorithms are inadequate for maintaining

DAC* or FDAC* in a WCSP branch and bound algorithm

that relies on a non strictly monotonic valuation structure

S(k), k # +o0 as soon as a feasible solution is found.

The new basic operation needed to enfoiggDAC* con-
sists in forcingfull supportsfor the values of a variableon
one side of a constrairt;;. As shown in the example, this
can be done by extending unary costs frémto C;; and
then projecting”;; onto variableC;. However, extending all
unary costs may destroy supports joon C;;. Consider the
AC* Problem 1.d. If we exten@ cost units from(z, a) to
Cy. instead ofl as in the example and then project Y,
we get Problem 1.f wheréz, a) has lost all supports op.

In order to smoothly integrate DAC* and AC* enforcing to
obtain FDAC* enforcing, we must obtain full supports for
variablei on C;; while preservingsupportsfor all values of
jonC;;. This is obtained by extending the minimum cost o
C; required for the subsequent projection oftp The cor-

an equivalent WCSP s.t. every node consistent value of
is DAC wrt. C;; and s.t. every valuéj, b) is supported by
argmazq.ep,{Pla] — Ci;j(a,b)} if itis node consistent.

Proof: We denoteC?;(a, b) the original value ofC;(a, b).

We first show thatZ[b] and P[a] are possible flows. We first
prove thatd < E[b] < C;(b): we havePla ] — Cij(a,b) =

miny ¢ p, (Cyj(a,b") ® C; (b’) ”(a b) < (Cyj(a,b) ®
C5(b)) -~ Cijlab) < (€ (a b) + C;(b)) = Cij(a,b) =
C;(b) and thereforeE [b] g (D). Slncej is AC, it has
a support(z a) s.t. CU (a,b) = L < Pla]. Therefore

P[a] — Cij((l,b) >0 andE[b] > 1.

After the extension ofE[b] cost units, C;;(a,b) will
be equal toC?;(a,b) ® max,ep,{Pla’] — CP;(a’,b)} >
Ci(a,b) ® (Pla] — C(a,b)). Either this is equal tor
and obviouslyC;;(a,b) > P[a] or elseC?;(a,b) & (Pla] —
CP;(a,b)) = P[a] and agairCy;(a,b) > Pla].

SincePla] = minye p, {CY;(a,b) © C;(b)} the valueb for
which this minimum is reached will elther be a full support
for (i,a) if Pla] # T or (i,a) will be deleted.

On the other side, consider valug,b) and a
argmaz(Pla] — Cf;(a,b)). After extension and projection,
eitherC;;(a,b) = Cf;(a,b) @ (Pla] — CP;(a,b)) © Pla] <
Pla] © Pla] and eitherP[a] < T anda is a support of j, b)
or Pla] = T anda is node inconsistent. O

Based on this theorem, FunctiGindFullSupportAC*(i, 5)
forces full supports for all the values 6bn C;; while taking
care of supports for values iR;. It returnstrue whenever
the cost of a valuéi, a) has been increased froh. The
ProcedurebAC*() has been designed to be used alone to en-
force DAC* or in conjunction withAC*() to enforce FDAC*.
Therefore, whenever a value is prunedC*() inserts its vari-
able in@ to inform AC*() of the deletion.DAC* further uses
priority queueR that contains those variables such that a
nary cost has been increased frdm in this case, some
values in lower variables may have lost full support and new
supports need to be found. The main loop iterates whiis
not empty. At each iteration, the highest variapis fetched
from R. Node inconsistent values (due to unary cost and
lower bound increments) are removed usirgneVar() and
pruned variables are insertedd Then new full supports
are sought for every lower variable connected td=inally,
all variables are processed to enforce NC* which can be lost
during the process, due to lower bound increments. Pruned
variables are inserted i@). FDAC*() simply enforces AC*
and DAC* simultaneously: the enforcement of AC* empties
Q but may add variables tB, and the enforcement of DAC*
emptiesR but may add variables Q. FDAC* is achieved
when bothR and(@ are simultaneously empty. Correction of

¢ both algorithms follows from theorem 2.

Theorem 3 The complexity 0DAC*() is time O(ed?) and

rectness of our algorithms is based on the following theoremspaceO(ed). n, e andd are the number of variables, con-

Theorem 2 Let j, a variable whose values are AC wi;;.
Va € DL,b S Dj, let P[a} = minbepj{C’ij(a,b) S5 Oj(b)}
and E[b] = maxqep,{Pla] — Ci;(a,b)}. ExtendingE|[b]
cost units from(j,b) to C;; for all b € D; and project-
ing P[a] cost units fromC;; to (i,a) for all a € D, yields
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straints and largest domain size respectively.

Proof: FindFullSupportAC*(i, j) and PruneVar(i) have com-
plexitiesO(d?) andO(d) respectively. The only way a vari-
ablej may enter the queuR is because some null unary cost
C;(b) has been increased HindFullSupportAC*. R being a
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Function FindFullSupportAC*(z, 5) : boolean
flag := false
foreacha € D; s.tCij(a, S(i,a,j)) ® C;(S(¢,a,5)) > L do
S(i,a,5) := argminpep;{Cij(a,b) ® Cj(b)};
Pla] := Cyj(a, S(i,a,4)) © C;(S(i,a, j));
if (Pla] > L) A (Ci(a) = 1) thenflag := true;
foreachb € D; do
LS(]a bv 7’) ‘= argmaZaeeD, {P[a’] - Cij (CL, b)}’
E[p] := P[S(4,b,9)] — Ci;(a,b);
foreachb € D; do Extend(y, b, ¢, E[b]);
foreacha € D; do Project(i, a, j, Plal);
ProjectUnary(i);
|_return flag;

Procedure DAC*()
while (R # @) do
j :=pop (R);
if PruneVar(j) then @ := QU {j};
foreachCy; € Cs.t.i < jdo
| if FindFullSupportAC*(i, j) then R := R U {i};

foreachi € X do
| if PruneVar(i) then Q := Q U {i};

Procedure FDAC*()
while (Q # @) V (R # @) do
AC*();

Algorithm 2: DAC* and FDAC*. Initially, @ = R = X.

fore, line 3 of Proceduracx() is executed at moge(d + 1)
times and line 4 at mostd times. Globally, line 7 of Al-
gorithm 2 will therefore us€(n2d? + ed?) elementary op-
erations. For the same reason, line 8 is executed at most
O(nd) times. SinceDAC* is in O(ed?), this can generate
O(end®) elementary operations. Globally, the algorithm is
time O(n2d? + ed® + end®) = O(end?). O

A consequence of these complexity results is that all algo-
rithms terminate (even in th&(co) structure).

5 Experimental results

In this Section we perform an empirical evaluation of the ef-
fect of maintaining various forms of arc consistency during
search. We consider a depth-first search maintaining either
NC*, AC*, DAC* or FDAC* which yields the algorithms
MNC*, MAC*, MDAC* and MFDAC*. For comparison,
we include results obtained with PFC-RDACarrosaet al.,
1999, which is normally considered as a reference algorithm.
For variable selection we use thiem /deg heuristic which
for each variable computes the ratio of the domain-size di-
vided by the future degree.€., degree considering future
variables only) and selects the variable with the smallest
value. For value selection we consider values in increasing
order of unary cost’;. The variable ordering used for direc-
tional arc consistencies is lexicographic.
We consider the Max-CSP problem, where the goal is

to find a complete assignment with a maximum number
orit h ble tracted fromiz. all th of satisfied constraints in an overconstrained CSP. It can
priarity queue, when a variableis extracted from, all the easily be formulated as a WCSP. We experiment with bi-

variables beforg in R have already been processed. Slncenary random problems using the well-known four-parameters

FindFullSupportAC*() can only increase non zero unary costs,, o [Smith. 1993. A random CSP class is defined by
of variables strictly lower thap, j will never be reintroduced (n,d, e, 1) Whéren is the number of variables] is the do-
in I and therefore each variabjés added to the queug at main size,e is the number of binary constraints (i.e, graph

modstoncg.tTh(;,\ qtjheuE_lsr:mé)nIJemclented ?S aAndz_rray of boﬂlea%nnectivity, andt the number of forbidden tuples in each
an at p(t)cl)?%er 0 the :jg t'e tehe em_e? : i Ing nevt\{ € constraint (i.etightnes$. Pairs of constrained variables and
ements means updating the pointer, tpep operation their forbidden tuples are randomly selected using a uniform

consists on returning the value of the pointer and Seamhingistribution Samples havi) instances and we report aver-

for the new highestrue element. CIearIyD_AC*() only tra- age values. The experiments were performed on a 800 MHz
verses the array once. Thus, the complexity ofvtthée loop Pentium 1l computer

isin O(ed?). Since the complexity of the secofateachloop For fixed values of., d ande and increasing tightness

is in O(nd), the global complexity is i) (ed?). ; ;
N o A ; o . most problems are solved almost instantly until the cross-over
Ast't 'IS'E DAACS{(L) IS spac;ooo(ﬁd ) sm?etLt] TOdh'f'eS btl)nary point is reached. Then, problems become overconstrained
constraints. arrosa, Wwe note that wheén a binary 5,4 mych harder to solve. We dendétehe lowest tightness

for;Stri'mCéj 1S drg_(t).dlfled (Imt?t 1 ?.nd 2f|rProjtecttr?ntdcliEx- dWhere every instance in our sample is overconstrained. Based
end), it is by addition or subtraction of costs that depen on this, we define different categories of problems:

either on: or j. It is therefore possible to record only row ) )
and column changes, the current valuggf(a, b) being ob- e For graph density, we define two problem typsparse
(S) withe = 2.5n and ,dense(D) with ¢ = (=1

tained asCy)(a,b) & F(i,j,a) © F(j,i,b) whereC;(a,b)
denotes the original constraint. There is dn@, j,a) entry e For tightness, we define two problem typdsose(L)
with ¢ = t°, andtight (T) with ¢t = d? — 0.25t°.

per constraint-value pair which is spa@éed). O

Combining the different types, we obtairdifferent classes,
each being denoted by a pair of characters (SL,ST,DL and
spaceO(ed). DT). In each class, the domain size is set@cand the num-
Proof: Regarding space, there is no difference withC*()  ber of variables: is used as a varying parameter. Figure 2
and the same proof applies. Regarding time, a varigble shows the average cpu time used with SL, ST, DL and DT
enters@ only if a value has been deleted. Therefore, eacHrom left to right. In each plot, the five algorithms are listed
variablej is added ta at mostd + 1 times (once at initial-  in increasing order of efficiency, from top to bottom. In all
ization and then upon value deletion at lines 5, 6 or 4). Thereeases, the search effort seems to grow exponentiallyswith

Theorem 4 The complexity ofDAC*() is timeO(end?) and
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Figure 2: Cpu-time in seconds for an increasing number of variable on our 4 classes of problems. In each case, the 4 algorithms
are listed in increasing order of efficiency from top to bottom.

For all classes except the DL class, MFDAC* is the mostlems and take into account heuristics for the variable and
efficient algorithm, with only minor differences with MDAC* value ordering used in AC, DAC and FDAC enforcing.
(sometimes they are so closed that the two lines can hardly
be distinguished). The best performance of MFDAC* is ob-References
tained in the ST problems, where it is up to 5 times faster tha R . . .
PFC-RDAC, 20 times faster than MAC* and 50 times fasterTB‘]f.Ssere ﬁm% Rgin, 200} C. Bessére and Jl-C..Rhgln. Re-
than MNC*. For the DL class, however, MNC* is the most ning t fh asic constraint propagation algorithmpPhoc.
efficient algorithm, followed by PFC-RDAC, MAC*, MF- of the 14" IJCAI, pages 309-315, 2001.
DAC* and MDAC*. The differences between the algorithms [Bistarelliet al, 1997 S. Bistarelli, U. Montanari, and
are however more limited than in previous classes (MNC*is F. Rossi. Semiring based constraint solving and optimiza-
twice faster than MFDAC?). tion. Journal of the ACM44(2):201-236, 1997.

The ability of directional arc consistency to collect costs[Cabonet al, 1999 B. Cabon, S. de Givry, L. Lobjois,

along the constraints in order to bring them tOgether in the T. Schiex, and J.P. Warners. Radio link frequency a_ssign_
same variable allows to build stronger lower bounds. This is ment. Constraints Journal4:79-89, 1999.

confirmed by the analysis of the number of nodes expandeﬁ: . . . :

by each algorithm (not reported here for lack of space) wheré~9°Peh 200B Martin C. Cooper. Reduction operations in
MDAC* and MFDAC* always expand less nodes that PFC- fuzzy or valued constraint satisfactidfuzzy Sets and Sys-
RDAC, MNC* or MAC*, with a ratio that can reacB00 be- tems 134(3), 2003.

tween the extreme algorithms on eg. ST problems. On théDechter, 199F R. Dechter. ~ Mini-buckets: A general
DL problems however, this ratio is much more limited, typi- scheme for generating approximations in automated rea-
cally bounded byt. With loose constraints, the upper bound  soning. InProc. of IJCAI'97, Nagoya, Japan, 1997.

reaches low values early in the search which allows pruni”QLarrosaet al, 1999 J. Larrosa, P. Meseguer, and T. Schiex.
at high levels of the search tree and makes sophisticated lower Maintaining reversible DAC for Max-CSPAxrtificial In-

bounds less significant. ~ telligence 107(1):149-163, 1999.
Itis worth to mention at this point that PFC-RDAC heuris- : :

tically assigns a direction to every constraint in each sublLamosa, 200 Javier Larrosa. On arc and node consistency

problem and this has a strong influence on the efficiency on N Weighted CSP. lProc. AAAI'0Z 2002.

random Max-CSP. Similarly, the behavior of AC, DAC and [Pearl, 1988 Judea PearlProbabilistic Reasoning in Intel-

FDAC based algorithms depends on the order in which vari- ligent Systems, Networks of Plausible Inferenborgan

ables are fetched fro®® and R (i.e., on the variable order- Kaufmann, Palo Alto, 1988.

ing used to define DAC) and on the order in which valuesigangholm, 1999 T. Sandholm. An algorithm for optimal
are considered for projection. In our current implementation, \vinner determination in combinatorial auctions. Rroc.
Q is implemented as a stack, values are considered in lexi- ¢ |3cAI'99 pages 542-547, 1999.

cographic ordering and the DAC variable ordering is lexico- , ) ) )
graphic. This leaves room for further improvement. [Schiexet al, 1999 T. Schiex, H. Fargier, and G. Verfail-

lie. Valued constraint satisfaction problems: hard and easy
problems. InProc. of IJCAI'95 pages 631-637, 1995.

[Schiex, 2000 T. Schiex. Arc consistency for soft con-

In this paper we have refined two local consistency properties straints. InCP’200Q volume 1894 of.NCS pages 411—
and adapted them to WCSP. We have developed enforcing 424, 2000.
algorithms and have studied their complexity. _ {Smith, 1994 B. Smith. Phase transition and the mushy re-

As in classical CSP, we observe that the choice of the righ gion in constraint satisfaction. IRroc. of the 11 ECAI
level of local consistency to maintain during search is impor- pages 100-104, 1994 '
tant. Despite its theoretical cost, the strongest local consis- ' '
tency we considered (FDAC*) appears to be the best level for
solving WCSP. In the future, we want to extend these algo-
rithms to non binary constraints, apply them to other prob-

6 Conclusion and Future Work
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Abstract

In constraint programming one models a problem
by stating constraints on acceptable solutions. The
constraint model is then usually solved by inter-
leaving backtracking search and constraint propa-
gation. Previous studies have demonstrated that de-
signing special purpose constraint propagators for
commonly occurring constraints can significantly
improve the efficiency of a constraint programming
approach. In this paper we present a fast, simple
algorithm for bounds consistency propagation of
the alldifferent constraint. The algorithm has the
same worst case behavior as the previous best algo-
rithm but is much faster in practice. Using a variety
of benchmark and random problems, we show that
our algorithm outperforms existing bounds consis-
tency algorithms and also outperforms—on prob-
lems with an easily identifiable property—state-of-
the-art commercial implementations of propagators
for stronger forms of local consistency.

1 Introduction

Many interesting problems can be modeled and solved us-
ing constraint programming. In this approach one models a
problem by stating constraints on acceptable solutions, where
a constraint is simply a relation among several unknowns or
variables, each taking a value in a given domain. The con-
straint model is then usually solved by interleaving backtrack-
ing search and constraint propagation. In constraint propaga-
tion the constraints are used to reduce the domains of the vari-
ables by ensuring that the values in their domains are locally
consistent with the constraints.

Previous studies have demonstrated that designing special
purpose constraint propagators for commonly occurring con-
straints can significantly improve the efficiency of a con-
straint programming approach (e.g., [Régin, 1994; Stergiou
and Walsh, 1999]). In this paper we study constraint propaga-
tors for the alldifferent constraint. An alldifferent constraint
over a set of variables states that the variables must be pair-
wise different. The alldifferent constraint is widely used in
practice and because of its importance is offered as a builtin
constraint in most, if not all, major commercial and research-
based constraint systems.
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Several constraint propagation algorithms for the alldiffer-
ent constraint have been developed, ranging from weaker to
stronger forms of local consistency (see [van Hoeve, 2001]
for an excellent survey). Régin [1994] gives an O(n?*®) algo-
rithm for domain consistency of the alldifferent constraint,
where n is the number of variables, that is based on re-
lating alldifferent constraints to matchings. Leconte [1996]
gives an O(n?) algorithm for range consistency, a weaker
form of consistency than domain consistency, that is based
on identifying Hall intervals. Puget [1998], building upon
the work of Leconte [1996], gives an O(nlogn) algorithm
for bounds consistency, which is in turn a weaker form of lo-
cal consistency than range consistency. Mehlhorn and Thiel
[2000], building upon the work of Régin, give an algorithm
for bounds consistency that is O(n) plus the time needed to
sort the bounds of the domains, and thus has the same worst-
case behavior as Puget’s algorithm in the general case.

In this paper we present a fast and simple algorithm for
bounds consistency propagation of the alldifferent constraint.
The algorithm has the same worst case behavior as the previ-
ous best algorithm but is much faster in practice. Using a vari-
ety of benchmark and random problems, we show that our al-
gorithm outperforms existing bounds consistency algorithms
and also outperforms—on problems with an easily identifi-
able property—state-of-the-art commercial implementations
of propagators for stronger forms of local consistency.

A longer version of the paper containing proofs and addi-
tional experimentation is available [Lopez-Ortiz et al., 2003].

2 Background

A constraint satisfaction problem (CSP) consists of a set of n
variables, {z1, ..., z,}; afinite domain dom(z;) of possible
values for each variable z; and a collection of m constraints,
{C4,...,Cn}. Each constraint C' is a constraint over some
set of variables, denoted by wvars(C'), that specifies the al-
lowed combinations of values for the variables in vars(C').
Given a constraint C', we use the notation ¢ € C to denote a
tuple ¢—an assignment of a value to each of the variables in
vars(C')—that satisfies the constraint C'. We use the notation
t[z] to denote the value assigned to variable = by the tuple
t. A solution to a CSP is an assignment of a value to each
variable that satisfies all of the constraints.

We assume in this paper that the domains are totally or-
dered. The minimum and maximum values in the domain
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dom(z) of a variable z are denoted by min(dom(z)) and
max(dom (z)), and the interval notation [a, b] is used as a
shorthand for the set of values {a,a + 1, ..., b}.

CSPs are usually solved by interleaving backtracking
search and constraint propagation. During the backtracking
search when a variable is assigned a value, constraint prop-
agation ensures that the values in the domains of the unas-
signed variables are “locally consistent” with the constraints.

Definition 1 (Support) Given a constraint C', a value a €
dom (z) foravariable € vars(C) has: (i) a domain support
in C' if there exists a ¢t € C such that a = ¢[z] and t[y] €
dom (y), for every y € vars(C'); and (ii) an interval support
in C' if there exists a ¢t € C such that a = ¢[z] and t[y] €
[min(dom(y)), max(dom (y)], forevery y € vars(C).

Definition 2 (Local Consistency) A constraint C' is: (i)
bounds consistent if for each z € vars(C), each of the values
min(dom (z)) and max(dom(z)) has an interval support in
C'; (i) range consistent if for each « € vars(C'), each value
a € dom(z) has an interval support in C'; and (iii) domain
consistent if for each « € vars(C), each value a € dom(z)
has a domain supportin C.

A CSP can be made locally consistent by repeatedly re-
moving unsupported values from the domains of its variables.

Example 1 (Puget [1998]) Consider the CSP with six vari-
ables z4, ..., zs; with the following domains, 1 € [3,4],
Ty € [2,4], r3 € [3,4], ry € [2,5], Ty € [3,6], and
ze € [1,6]; and a single constraint alldifferent(z, . . ., z¢).
Enforcing bounds consistency on the constraint reduces the
domains of the variables as follows: z1 € [3,4], z2 € [2],
r3 € [3,4], rq € [5], Trs € [6],and xe € [1]

Given an alldifferent constraint over n variables, where
each of the variables z;,1 < i < n, has an interval domain
dom (z;) = [min;, max;], our task is to make the constraint
bounds consistent. More precisely, we must update the do-
main of each variable z; to dom'(z;) = [min}, max}], the
minimum and maximum value with interval support, or re-
port that no solution exists.

3 Our result

In this section we present our algorithm for bounds consis-
tency propagation of the alldifferent constraint and analyze
its worst-case complexity.

3.1 Finding Hall intervals

Following Leconte [1996] and Puget [1998], we analyze the
task in terms of Hall intervals. An interval I is a Hall interval
if its size equals the number of variables whose domain is
contained in I. Clearly, any solution must use all the values in
1 for those variables, making these values unavailable for any
other variable. Puget shows that an algorithm for updating
lower bounds can also be used to update upper bounds. The
lower bound for variable z; gets updated where min} > b+1,
whenever a Hall interval [a, b] with ¢ < min; < b < max;
is found. This condition implies that any Hall interval [a’, b]
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witha' < a causes the same update. Thus, for the purpose of
updating lower bounds, it suffices to restrict attention to left-
maximal Hall intervals: those [a, b] for which a is minimal.

Puget’s algorithm first sorts the variables in increasing or-
der of max;. We assume for convenience that max; < max;,
fori < j. The algorithm then processes each of the variables
in turn, maintaining a set of counters which count how many
of the variables processed so far have a minimum bound of
at least k. More precisely, after processing z;, the counter
ci. denotes the cardinality of the set {j < i : min; > k}.
The algorithm stores the counters in a balanced binary tree,
allowing updates in O(log n) time per variable.

Conceptually, our algorithm is similar to Puget’s. The dif-
ference is in the maintenance of the counters. The key obser-
vation is that not all counters are relevant.

Define vi = max; + 1 — k — ¢i as the capacity of k after
processing z;. Intuitively this corresponds to as of yet unused
values in the current interval.

If vi = 0 and k& < max; then we have ¢} equal to the
cardinality of interval [k, max;], which is thus recognized as
a Hall interval. Capacities increase when max;;1 > max;
and decrease when min; 1 > k. More precisely, from the
definition of capacity we have, vfjl —vé = max;41—max; —
(cit! — ¢t ). Note that ¢! is the cardinality of the set {j <
i+1:min; >k} ={j <i:min; > k}U{j=i+1:
min; > k}) = ¢k + 4, where § = 1if & < min;;; and 0

otherwise. Hence,

Z+1 = vk + max; 41 — max; — 6. Q)

Lemma 1 (Domination) Let k < k'. If v} < i, then vl <
vi, forany i/ > i.

Capacity vi, is dominated by v, in the sense that the former
cannot reach 0 before the latter, and if both reach 0O, then the
Hall interval starting at £’ is not left-maximal. If & is not
equal to any min;, then it is always dominated by the next
greater min;, hence we need only remember capacities for
which k equals some min;. The critical set C' is the set of
such indices of undominated capacities. This set starts out as

= |J{min; } and becomes smaller over time as variables
are processed and capacities become dominated. We denote
by C? the critical set after processing z;. The next lemma
shows that we can effectively test when each particular ca-
pacity vi becomes zero or negative.

Lemma 2 (ZeroTest) Let k,! € C* be successive critical in-
dices, such that k¥ < min; < l and let d = v}, — v; be their
difference in capamty Suppose that for all min; < m <
mayx;, capacity vy, > 0. Then when v is positive we have
max; +1 -1+ d > 2 and when vk is zero or negative we
havevi =max; +1—[+d.

Our algorithm maintains the critical set C' as a linked list
in which each index points back to the preceding one. The

update rule (Equation 1) increases all capacities vﬁfl, k>
ming, by a certain amount, namely, max; 1 — max; — d, and

all capacities v~ ~!.k < min;, by 1 less than that amount.
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This means that differences between adjacent critical capaci-
ties remain constant, except in one place: between capacities
v, and v; of the ZeroTest Lemma, where the difference is re-
duced by 1. Therefore, testing for a zero or negative capacity
need only be done at this v;. Our linked list data structure is
designed to perform this operation efficiently. All dominated
indices form forests pointing toward the next critical index. A
dummy index at the end, which never becomes dominated (3
larger than the largest max suffices), ensures that every dom-
inated index has a critical one to point to. When a difference
in capacity, say between indices k1 < k3, is reduced from 1
to 0, ko becomes dominated. It must then point to the next
critical index, say ks, which instead of pointing to k; must
now point to k.

Example 2 Consider the CSP introduced in Example 1. The
variables are ordered by non-decreasing max. After placing
a final dummy index at 9, we get initial capacities (relative
to max = 4) of v = 4,09 = 3,05 = 2,0 = —4. We
represent this with the data structure 1 PRI PRI i 9,
which tracks the differences between adjacent critical capac-
ities. Initially, these are the differences between the indices
themselves. Processing z; € [3,4] reduces the difference

between vz and vg from 6 to 5: 1 PRI BV SV )
Processing z2 € [2,4] reduces the difference between v,
and v3 from 1 to 0, causing »3 to become dominated by v,:

1 +& 2 <& 9. Processing z5 € [3, 4] reduces the dif-

ference between vy and vg from 5 to 4: 1 Lot
The zero capacity v = max+ 1 — 9 + 4 = 0 signals
a Hall interval [2, max] = [2,4]. Processing z4 € [2,5]
increases max to 5 while reducing the difference between
vy and vg from 4 to 3: 1 &9 2 9. The zero capac-
ity v2 = max+ 1 — 9+ 3 = 0 signals a Hall interval
[2, max] = [2,5]. Processing x5 € [3, 6] increases max to 6
while reducing the difference between v, and vg from 3 to 2:
122 9. The zero capacity v2 = max+1—-9+2=10
signals a Hall interval [2, max] = [2, 6]. Finally, processing
ze € [1, 6] reduces the difference between v and v, from 1

to 0, causing v, to become dominated by v;: 1 2 9. The
zero capacity vy = max+1—9+2 = 0 signals a Hall interval
[1, max] = [1, 6].

3.2 Updating bounds

Finding Hall intervals is only part of the solution. We also
need to efficiently update the bounds. For this we use another
linked list structure, in which indices inside a Hall interval
point to the location representing its upper end, while those
outside of any Hall interval point left toward the next such
index. We store the list of bounds in a sorted array named
bounds. Intervals are hereafter numbered by their order of
occurrence in this array. The linked list is implemented as
an array t using indices to the bounds as pointers. The
differences between critical capacities appearing above the
arrows in Example 2 are stored in an array d. The algorithm
shown in Figure 1 solves one half of the problem: updating
all lower bounds. Variable n holds the number of intervals,
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fori < 1tonb+ 1do
ti] « hli] «i—1
| d[i] + bounds[i] — bounds[i — 1]

for i «+ 0 toniv — 1 do

x «+ maxsorted[i].minrank

y + maxsorted[].maxrank

z < pathmax(t, z + 1)

J il

dlz] «d[z]—1

if d[z] = 0 then
tz] 241
z + pathmax(t, ¢[z])
te] = j

pathset(t,z+1,z,2)

if d[z] < bounds[z] — bounds[y] then

L return Failure

if h[z] > = then

w < pathmax(h, h[z])
\; maxsorted[:].min + bounds[w]

pathset(h, z,w, w)

if d[z] = bounds|z] — bounds][y] then
pathset(h7 h[y]a .7 - 17 y)
hly] +j—1

return Success

Algorithm 1: Algorithm for updating lower bounds.

while nb holds the number of unique bounds. The algorithm
uses the following arrays:

e maxsorted[0. . n-1]: holds intervals sorted by max.
e bounds[ 0. .nb+1] : sorted array of min’s and max’s.

e t[0..nb+1]: holds the critical capacity pointers; that
is, t[i] pointsto the predecessor of i in the bounds list.

e d[ 0..nb+1] holds the differences between critical ca-
pacities; i.e., the difference of capacities between inter-
val i and its predecessor intviz. t[i].

e h[0..nb+1] holds the Hall interval pointers; i.e., if
h[i] < 1 then the half-open interval [bounds[h[i]],
bounds[i]) forms a Hall interval, and otherwise holds
a pointer to the Hall interval it belongs to. This Hall in-
terval is represented by a tree, with the root containing
the value of its right end.

The algorithm uses two functions for retrieving/updating
pointer information, namely: pat hnmax(a, x) which fol-
lows the chain x, a[ x], a[ a[ x] ], ..., until it stops increas-
ing, returning the maximum found and pat hset (a, x, v,
z) which sets each of the entries a[ x], a[a[ x]], ..., a[ W]
toz, where wissuch thata[ w] equalsy. The values mi nr ank
and maxr ank give the index in array bounds of the min and
(max+1) of an interval.

The algorithm examines each interval in turn, sorted by
their upper bounds. It then updates capacities accordingly,
followed by path compression operations on the underlying
data structures. At each step we test for failure (a negative
capacity) or a newly discovered Hall interval (a zero capacity,
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which indicates that the width of the interval is equal to the
number of variables whose domain falls within that interval).

Example 3 Table 1 shows a trace of the algorithm for updat-
ing lower bounds (Figure 1) when applied to the CSP from
Examples 1 & 2. Each row represents an iteration where a
variable is processed. In the first graph the nodes are the el-
ements of the vector bounds. The arrows illustrate the con-
tent of the vector t and the numbers over them are given by
the vector d. The nodes of the second graph are also the val-
ues found in vector bounds but the arrows are given by the
vector h that keeps track of the Hall intervals.

Initial situation
12123856742

le—1+—2+—3+—5+—6+—7+—9

T € [3, 4]

_1é1é2¢3é5é6é7é9

le—1+—2+—3+—5+—6+—7+—9

Zy € [274]
R R - PR PNy DL

3

le—1+—2+—3+—5+—6+—7+—9

x3 € [3,4] new Hall interval [2, 4]
B R Ry Py Y
f
5
t d—1 2 3—5+— 6«79
3
z4 € [2,5], 2} < [5, 5] Hall: [2, 5]
EPLECIPELY PERy S
1N le—1 2 3—5—6+«—7<+—09
3 5 6
z5 € [3,6], zL « [6, 6] Hall: [2, 6]
a1 2439
/N
5 7
/N le—1 2 3 5—6—7<+—9
3 6
ze € [1, 6] Hall: [1, 6]
151209
J1NN —
235 11 2 3 5—>6—>7<+—9

Table 1: Trace of the example.

3.3 Time complexity

The running time of the algorithm is dominated by the various
calls to pathmax and pathset. Since each chain followed
in a pathmax call is also followed in a subsequent path-
set call, we can restrict our analysis to the time spent in the
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latter. Consider the right-running chains in array t. Lemma 3
shows that all but a logarithmic number of indices see a rise
in value as a result of a path compression operation.

Lemma 3 For any increasing sequence 0 < i < iy < «-- <
ix < nthere are at mostlog n elements ¢; such that | log (i —

ij)| = [log(ij1 — ij)].

This implies that a linear number of path compressions take at
most O(n log n) steps. The situation with array h is similar.
It follows then that the algorithm runs in time O(n log n).

The theoretical performance of the algorithm can be im-
proved further by observing that the union operations are al-
ways performed over sets whose bounds appear consecutively
in a left to right ordering. This is known as the interval union-
find problem. Gabow and Tarjan [1985] gave a linear time
solution in a RAM computer provided that the keys fit in
a single word of memory. This is a reasonable assumption
in current architectures with 32 or 64 bit words. Using this
technique we obtain a linear time algorithm which matches
the theoretical performance of Mehlhorn and Thiel’s solution.
We implemented this algorithm on the Intel x386 architec-
ture using direct assembly code calls from a C++ program.
However, in practice, the O(nlogn) solution outperformed
both Mehlhorn and Thiel’s algorithm and the algorithm using
the interval union find data structure (see [Lopez-Ortiz et al.,
2003] for additional discussion).

4 Experimental results

We implemented our new bounds consistency algorithm (de-
noted hereafter as BC) and Mehlhorn and Thiel’s bounds con-
sistency algorithm (denoted MT) using the ILOG Solver C++
library, Version 4.2 [ILOG S. A., 1998]*. The ILOG Solver
already provides implementations of Leconte’s range consis-
tency algorithm (denoted RC), Régin’s domain consistency
algorithm (denoted DC), and an algorithm that simply re-
moves the value of an instantiated variable from the domains
of the remaining variables (denoted as VC, for value consis-
tency). To compare against Puget’s bounds consistency algo-
rithm, we use the runtime results reported by Puget [1998] for
RC and our own runtime results for RC as calibration points.
We believe this is valid as Puget also uses a similar vintage of
ILOG Solver and when we compared, we were careful to use
the same constraint models and variable orderings.

We compared the algorithms experimentally on various
benchmark and random problems. All the experiments were
run on a 300 MHz Pentium Il with 228 MB of main memory.
Each reported runtime is the average of 10 runs except for
random problems where 100 runs were performed.

We first consider a problem introduced by Puget ([1998];
denoted here as Pathological problems) that were “designed
to show the worst case behavior of each algorithm”. A Patho-
logical problem consists of a single alldifferent constraint
over 2n + 1 variables with dom (z;) = [i — n,0],0 < i < n,
and dom(z;) = [0,i—n], n+1 < i < 2n. The problems were
solved using the lexicographic variable ordering. Here, our

1The code discussed in this section is available on request from
vanbeek @uwaterloo.ca
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Figure 1: Time (sec.) to first solution for Pathological prob-
lems.

BC propagator offers a clear performance improvement over
propagators for stronger forms of local consistency (see Fig-
ure 1). Comparing against the best previous bounds consis-
tency algorithms, our BC propagator is approx. 2 times faster
than MT and, using RC as our calibration point to compare
against the experimental results reported by Puget [1998], ap-
prox. 5 times faster than Puget’s algorithm.

We next consider the Golomb ruler problem (see [Gent and
Walsh, 1999], Problem 6). Following Smith et al. [2000] we
modeled the problem using auxiliary variables (their “ternary
and all-different model”) and we used the lexicographic vari-
able ordering. This appears to be the same model as Puget
[1998] uses in his experiments as the number of fails for each
problem and each propagator are the same. Here, our BC
propagator is approximately 1.6 times faster than the next
fastest propagator used in our experiments (see Table 2) and,
again using RC as our calibration point, approximately 1.5
times faster than Puget’s bounds consistency algorithm.

m VC RC DC MT BC
8 0.9 05 0.6 0.6 0.3
9 9.0 3.8 4.6 4.4 2.3

10 873 317 395 365 189

11 1773.6 688.1 8712 8414 4376

Table 2: Time (sec.) to optimal solution for Golomb rulers.

We next consider instruction scheduling problems for
single-issue processors with arbitrary latencies. Instruction
scheduling is one of the most important steps for improv-
ing the performance of object code produced by a compiler.
Briefly, in the model for these problems there are n variables,
one for each instruction to be scheduled, latency constraints
of the form z; < z; + d where d is some small integer value,
a single alldifferent constraint over all n variables, and re-
dundant constraints called “distance constraints” In our ex-
periments, we used fifteen representative hard problems that
were taken from the SPEC95 floating point, SPEC2000 float-
ing point and MediaBench benchmarks. The minimum do-
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n VC RC DC MT BC

69 002 004 0.04 0.02
70 002 005 0.04 0.02
111 008 007 012 011 0.07
211
214 4064 067 120 094 046
216 031 108 072 038
220 029 093 0.66 0.32
377 084 394 241 0.79
381 028 050 318 115 0.39
394 266 715 266 1.65
556
690 191 2688 395 161
691 1447 4050 6.30 3.14
856 772 17.09 1086 5.48
1006 10.35 87.23 1590 5.95

Table 3: Time (sec.) to optimal solution for instruction
scheduling problems. A blank entry means the problem was
not solved within a 10 minute time bound.

main size variable ordering heuristic was used in the search
(see Table 3). On these problem too, our BC propagator offers
a clear performance improvement over the other propagators.

To systematically study the scaling behavior of the algo-
rithms, we next consider random problems. The problems
consisted of a single alldifferent constraint over n variables
and each variable z; had its initial domain set to [a, b], where
a and b, a < b, were chosen uniformly at random from [1, n].
The problems were solved using the lexicographic variable
ordering. In these “pure” problems nearly all of the run-time
is due to the alldifferent propagators, and one can clearly see
the quadratic behavior of the RC and DC propagators and
the nearly linear incremental behavior of the BC propagator
(see Figure 2). On these problems, VVC (hot shown) could not
solve even the smallest problems (n = 100) withina 10 minute
time bound and MT (also not shown) was 2.5 — 3 times slower
than our BC propagator.

Having demonstrated the practicality of our algorithm,
we next study the limits of its applicability. Schulte and
Stuckey [2001] investigate cases where it can be proven a
priori that maintaining bounds consistency during the search,
rather than a stronger form of local consistency such as do-
main consistency, does not increase the size of the search
space. The Golomb ruler problem is one such example. In
general, of course, this is not the case and using bounds con-
sistency can exponentially increase the search space.

To systematically study the range of applicability of the al-
gorithms, we next consider random problems with holes in
the domains of the variables. The problems consisted of a
single alldifferent constraint over n variables. The domain of
each variable was set in two steps. First, the initial domain
of the variable was set to [, b], where @ and b, a < b, were
chosen uniformly at random from [1, n]. Second, each of the
valuesa—+1, ..., b—1 is removed from the domain with some
given probability p. The resulting problems were then solved
using both the lexicographic and the minimum domain size
variable ordering heuristics. These problems are trivial for
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Figure 2: Time (sec.) to first solution or to detect inconsis-
tency for random problems.

domain consistency, but not so for bounds and range consis-
tency. We recorded the percentage that were not solved by BC
and RC within a fixed time bound (see Figure 3). If there are
no holes in the domains of the variables, then bounds con-
sistency is equivalent to range and domain consistency. As
the number of holes increases, the performance of bounds
and range consistency decreases and they become less ap-
propriate choices. The range of applicability of BC can be
extended somewhat following a suggestion by Puget [1998]
of combining bounds consistency with value consistency (de-
noted as BC+ and MT+). On these problems, BC, BC+, and
RC are theoretically equivalent when using the lexicographic
variable ordering and BC+ and RC are experimentally equiv-
alent when using minimum domain (see Figure 3).

We also performed experiments on n-queens, quasigroup
existence, and sport league scheduling problems. Interest-
ingly, in these experiments, RC was never the propagator of
choice. On problems where holes arise in the domains, DC
was the best choice (except for on n-queens problems, where
VVC was considerably faster), and on problems where holes
do not arise in the domains, BC was the clear best choice.
Clearly, whether the domains have holes in them is a prop-
erty that is easily identified and tracked during the search.
Thus, the best choice of propagator could be automatically
selected, rather than left to the constraint modeler to specify
as is currently the case.

5 Conclusions

We presented an improved bounds consistency constraint
propagation algorithm for the important alldifferent con-
straint. Using a variety of benchmark and random problems,
we showed that our algorithm significantly outperforms the
previous best bounds consistency algorithms for this con-
straint and can also significantly outperform propagators for
stronger forms of local consistency.

Acknowledgements
We thank Kent Wilken for providing the instruction schedul-
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Abstract

This paper presents a new hybrid method for solv-
ing constraint optimization problems in anytime
contexts. Discrete optimization problems are mod-
elled as Valued csp. Our method (VNS/LDS+CP)
combines a Variable Neighborhood Search and
Limited Discrepancy Search with Constraint Prop-
agation to efficiently guide the search. Experiments
on the CELAR benchmarks demonstrate signifi-
cant improvements over other competing methods.
VNS/LDS+CP has been successfully applied to
solve a real-life anytime resource allocation prob-
lem in computer networks.

1 Introduction

It is today indisputable that Constraint Programming (CP)
fulfills industrial needs of optimization off-line. Many sys-
tems which use this technology are already operational in
different fields of activity, such as planning, scheduling and
resource allocation. In on-line optimization context, prob-
lems dynamically change according to the evolution of the
external environment, and their resolution must respect strong
temporal constraints (anytime contexts). However, CP is not
yet adapted for solving such on-line problems : no guaran-
tee is supplied on the execution times, and current CP solvers
do not lend themselves to the combination with other search
methods which seem better adapted to respect temporal con-
straints, such as stochastic search methods.

Our objective is to conceive anytime algorithms based on
CP and to guarantee the following main properties : to pro-
duce in a very short time solutions of good quality, and more
importantly to improve them gradually as computation time
increases. To our knowledge, our proposal is one of the first
attempt to efficiently address the problem of building anytime
algorithms with Constraint Programming.

This paper presents a new hybrid method, called
VNS/LDS+CP, dedicated to the efficient computation of high
quality solutions (possibly suboptimal) in an anytime con-
text. Our method combines a Variable Neighborhood Search
[Hansen and Mladenovic, 1997] (it performs moves like local
search), and a Limited Discrepancy Search [Harvey and Gins-
berg, 1995] with Constraint Propagation to efficiently guide
the search.
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Section 2 describes the general context in which we take
place. Section 3 reviews the hybridization of search algo-
rithms and justifies our first choices. Section 4 details our
proposal (VNS/LDS+CP). Section 5, gives computational ex-
periments on CELAR benchmarks ; both mechanisms of
VNS/LDS+CP are then finely studied. Section 6 shows how
VNS/LDS+CP has been successfully applied to solve a diffi-
cult network problem. Finally, we conclude and draw a few
perspectives.

2 Anytime constraint optimization context

2.1 Anytimealgorithms

The term anytime algorithm was coined by Dean and Boddy
in the mid-1980s in the context of their work on time-
dependent planning [Boddy and Dean, 1994]. Contrary to a
standard algorithm, where no result is available until its end-
ing, an anytime algorithm can be stopped, at any time, to pro-
vide a solution of increasing quality over time.

Performance profiles describe the evolution of the solution
quality (produced by the algorithm) as a function of the com-
putation time. They provide a more precise description of the
performances and of the behavior of an algorithm than the
best known solution reported by usual algorithms. In the se-
quel of this paper, we consider mean performance profiles :
such curves are built empirically by collecting statistics on
the performance of the algorithm over many input instances.

There are two kinds of anytime algorithms, namely, in-
terruptible and contract algorithms [Zilberstein, 1996]. A
contract algorithm requires that the computing time must be
known prior to its activation. It must produce a solution
within a contract of time, and if it is interrupted before the
end of the contract, there is no guarantee about the quality
of the solution. However, for an interruptible algorithm, no
information is (a priory) available about the allowed compu-
tation time, and a solution may be asked for at any time. The
algorithm must always provide a good solution, and more im-
portantly, continue to refine it.

In this paper we are interested by the design of interruptible
algorithms, since every interruptible algorithm is trivially a
contract algorithm, but the converse is not so immediate.

2.2 Valued Constraint Satisfaction Problems

The Valued csp (vcsp) [Bistarelli et al., 1999; Schiex et al.,
1995] framework is an extension of the csp (Constraint Satis-
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faction Problem) framework, which allows over-constrained
problems or preferences between solutions to be dealt with.

More formally, whereas a csp is defined as a triplet
(V, D, C), where V is a set of variables, D a set of finite
domains associated to the variables and C a set of constraints
between the variables, a vcsp can be defined as a csp pro-
vided with a valuation structure S and a valuation function
@. The valuation structure S is a triplet (¥, =, ®), where
E is a valuation set, - a total order on E, T and L the maxi-
mum and the minimum element in E and ® a binary operation
closed on E. The valuation function ¢, defined from C to E,
associates a valuation to each constraint; the valuation of a
constraint denotes its importance.

Let .4 be an assignment of all the variables and .54 (A)
be the set of the constraints unsatisfied by .A. The valuation
of A is the aggregation of the valuation of all the constraints
iN Cunsat(A) 1 @(A) = ® ¢(c) for ¢ € Cunsat(A).

The objective is to find a complete assignment with mini-
mum valuation. Specific frameworks depend on the retained
operator @: Classical csp (A); Possibilistic csP (max); Lexi-
cographic csp (U on multi-sets); Weighted csp (). As many
real-life problems use an additive criterion, we only consider
weighted csp (wcsp) in the sequel of this paper. From an
algorithmic point of view, wcsps are generally the most dif-
ficult to solve [Schiex et al., 1995].

3 Hybridizations of algorithms

3.1 Complete search vslocal search

Exact (or complete) tree search methods, such as Branch and
Bound, are able to produce both an optimal solution, and a
proof of optimality. But, because of their exponential worst-
case behavior, they may be extremely time consuming. More-
over, it has been experimentally observed that, due to their
systematic way of exploring the search space, the quality of
their intermediate solutions is usually very poor.

Due to their opportunistic way of exploring the search
space, approximate (or incomplete) methods, based on
stochastic local search (as Simulated Annealing, Tabu
Search), can provide good solutions within a reasonable com-
puting time. But, such methods do not guide fast enough the
search towards the best neighbor solutions. Indeed, they may
waste a lot of time trying to improve the current solution with
no success ; this is the case when they remain blocked in local
minima during a prohibitive time. Such situation is not suit-
able in an anytime context, since the quality of solutions has
to be improved gradually as fast as possible, as the comput-
ing time increases. Moreover, pure local search algorithms
generally require a lot of time to adjust their noise parame-
ters ; their efficiency strongly depends on the value of these
parameters, which are generally application-dependent.

3.2 Hybrid algorithms

Hybrid algorithms [Focacci et al., ] provide appropriate com-
promises between both kinds of search. More precisely, they
are very efficient by combining the advantages of both con-
straint propagation (complete search) and opportunistic ex-
ploration of the search space (local search).
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Algorithm 1: The general VNS/LDS+CP algorithm

VNS (pi : Problem, Size, discrep : Integer, Str : Strategy )
begin

size + Size

s* < Initial Assi gnment (pi)

s+ s*

ub + Cost (s*)

for i + 1to MAXMOVES do

1 rel + Rel ax (s,size,Str) /I relax solution
2 s + Rebui I d (s,rel,discrep) [l rebuild solution
if Cost (s) < Cost (s*) then
L s*«s
3 size + Control Nei ghbor hoodSi ze (size)
return s*
end

Intertwined hybridizations are the most attractive and rel-
evant hybridizations of algorithms where both complete and
local search are closely mingled during computation. The
first kind of such hybrid algorithms belongs to the family of
local search methods and uses ideas from CP in order to make
large neighborhoods (LNS [Shaw, 1998]) more tractable. A
second kind belongs to the family of exact search and uses
some local search principles to improve the partial solutions
at each node of the search tree [Prestwich, 2000] or to ex-
plore a set of solutions close to the greedy path in a search
tree [Caseau et al., 1999].

3.3 Hybrid algorithmsfor anytime contexts

VNS/LDS+CP is an Intertwined hybridization algorithm.
From local search, we have retained a Variable Neighborhood
Search (VNS) which extends the principle of large neigh-
borhoods (LNS) by dynamically adjusting the neighborhood
size, when the current solution is a local optimum. This
choice will partially remedy to the weaknesses of pure lo-
cal search methods. Indeed, the more the neighborhood is
potentially large the more there are chances that it contains
good solutions and thus improves quickly the current solu-
tion. However, as neighborhoods grow larger, finding the
best neighbor may require a too expensive computational ef-
fort. So, we have selected the LDS partial search combined
with constraint propagation (lower bounds computation) to
efficiently explore these neighborhoods.

4 TheVNSLDS+CP Method

VNS/LDS+CP is basically a local search method, as depicted
in algorithm 1. It differs from classic local search methods by
the size of the neighborhoods, which is adjusted dynamically
during the search. It starts with an initial complete assignment
s*; then, at each move, it relaxes (or unassigns variables) a
large part of the current solution s and then rebuilds it (re-
assigns variables) by selecting the best neighbor that strictly
improves the cost of the current solution. The algorithm ends
when the maximum number of local moves (MAXMOVES) is
reached.

LDS explores the neighborhood defined by the relaxed part
of the solution. It benefits from constraint propagation based
on lower bounds computation, and on dynamic heuristics for
variable and value ordering. Moreover, only judicious neigh-
borhoods, related to conflict variables (i.e. variables occur-
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Algorithm 2: Relaxing and rebuilding a solution

Rel ax (s : Solution, size : Integer, Str : Strategy )
begin
1 v + Gener at eNei ghbor hood (s,Str)
rel « ¢
while| rel | # sizeandv # @ do
2 z « RandonEl enent (v)
rel «rel U {z}
v+v\{z}
return rel
end
Rebui | d (s : Solution, rel : VarSet, discrep : Integer)
begin
if| rel | = Othen
if Cost (s) < ubthen
ub + Cost (s)
BestSolution + s

else
z; + ChooseVari abl es (rel)
D, + Sort Donai n (z;)
k+ 0
for j « 1 a DomainSize(x;) and k < discrep do
s[i] D, [4]
Ib « LB(s,z;)
if b < ubthen
| Rebuild(s,rel \ {z;}, discrep — k)

ke k + 1

return BestSolution

end

ing in violated constraints), are considered. Such a choice
prevents LDS from modifying the value of conflict variables.

4.1 Relaxing a solution

Algorithm 2 describes how to select the variables to be re-
laxed. The function of line (1) computes the set v of current
variables candidate to relaxation, according to a strategy Str.
A basic strategy is to select all the variables that are in con-
flict. size elements of v are randomly chosen to constitute
rel the set of variables to be relaxed. This choice enables a
balance between choosing variables according to a specific
strategy and completely at random. Experiments have shown
that the introduction of some randomness enables the search
to escape quickly from local minima.

4.2 Control of the Neighborhood Size

Initially, the neighborhood size (size) takes a minimum value.
To control the neighborhood size, different strategies have
been implemented. The best strategy we have found, in-
creases systematically size by one, each time the method
does not improve the cost of the current solution.

4.3 Rebuilding a solution

Algorithm 2 defines the function Rebui | d. The global vari-
ables ub and [b record the upper and lower bounds of the prob-
lem optimum. LB(s,z;) computes a lower bound of the sub-
problem, limited to the variables after i (i included). discrep
sets the maximum number of choices that we can diverge
from the heuristic (discrepancies).

Limited Discrepancy Search

The idea of LDS [Harvey and Ginsberg, 1995] is to explore
heuristically good solutions that might be at a limited dis-
tance from greedy solution. LDS ensures a more balanced ex-
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ploration of the search tree, and speeds up the reconstruction
step, thus improving the performance profile of our method.
LDS starts from the solution computed by the value heuristic,
and successively explores solutions by increasing the number
of discrepancies, until the fixed maximal number of discrep-
ancies is reached.

We have used a generalized version of LDS for n-ary trees.
The discrepancy is measured according to the rank of the
value chosen for every variable in the order given by the
heuristic on values. We count a single discrepancy for the
second cheapest value of one variable, two discrepancies for
either the third cheapest value of one variable, or the second
cheapest value of two variables, and so on. We only perform
one iteration of LDS, for a fixed discrepancy. This prevents
re-visiting leaf nodes.

Constraint Propagation

One of the main strengths of our approach lies in the use of
constraint propagation to prune useless sub-trees and to guide
the choice of values during the reconstruction, while keeping
this step fast enough. At each node of the search tree, lower
bounds are computed in order to locally exclude all partial
solutions which cannot lead to complete assignments of better
valuation than the current best solution. To our knowledge,
no method based on large neighborhoods (in particular VNS)
uses such a mechanism.

To compute lower bounds, we have adapted the following
algorithms [Larrosa et al., 1999] for wcsps : (i) Partial For-
ward Checking and Directed Arc Consistency (PFC-DAC), all
the constraints are directed, and DAC are computed from a di-
rected constraint graph (we have used specific data-structures
to relax the condition of static variable ordering on DAC) ;
(ii) Reversible DAC (PFC-RDAC), constraints directions can
change dynamically during search, looking for a good di-
rected graph causing a high lower bound ; (iii) Maintaining
Reversible DAC (PFC-MRDAC), DAC are maintained during
search, propagating the effect of value pruning.

Variables and Values heuristics

Our heuristic for variable ordering first selects the variable
having the lowest ratio domain cardinality divided by future
degree. Constraint propagation, based on Forward Checking
+ Directed Arc Consistency, allows us to use a dynamic min-
imum inconsistency count value ordering. During search, for
each value, so-called Inconsistency Counts (ic) and Directed
Arc Consistency counts (dac) which record the look-ahead ef-
fects on future (unassigned) variables, are computed. Values
are selected by their increasing ic + dac.

5 Experimentationson CELAR Benchmarks

5.1 Instancesof CELAR

The CELAR (French Centre d’EIectronique de I’Armement)
has made available a set of 11 instances of the Radio Link Fre-
quency Assignment Problem (RLFAP) [Cabon et al., 1999].
Most of them can be naturally cast as binary wcsps. For our
experiments, we have selected instance 6 (which involves 200
variables, having an average of 40 values in their domain, and
1322 constraints), instance 7 (which involves 400 variables,

253



& influence of discrepancy

12000
— -VNS/ILDS+CP (PFC-DAC) d=3
110004 —=— VNSILDSHCP (PFC-DAC) d=4
—+-- VNSILDS+CP (PFC-DAC) d=5
10000+
9000+
]
8
< 8000+
g
g
< 7000
6000
5000
4000+
0 100 200 300 400 500 600
CPU time in seconds
b- influence of propagation scheme
12000 T Propg
| —=-VNS/LDS+CP (PFC-DAC) d=4
11000 | —4 -VNS/LDS+CP (PFC-RDAC) d=4
--+--VNS/LDS+CP (PFC-MRDAC) d=4
10000 !
9000
g 8000
2
T 7000
S
<<
6000
5000
4000

0 100 200 300 400 500 600
CPU timein seconds

Figure 1: Performance profiles for VNS/LDS+CP, for
different setting parameters, on instance 6.

having an average of 40 values in their domain, and 2866 con-
straints), and instance 6-Swub1 (which involves 28 variables,
having an average of 40 values in their domain, and 314 con-
straints) extracted from instance 6. These instances (6 and 7)
are the most difficult ones. Whereas the optimum of instances
6 and 6-Subl are known (respectively 3389 and 2669), the
optimum of instance 7 is still unknown; the best known upper
bound is equal to 343592.

5.2 Experimental Methodology

Our method has 4 parameters : the maximum number of local
moves (MAXMOVES), the initial neighborhood size (size),
the number of discrepancies (discrep), and the propagation
scheme. For all experiments, MAXMOVES has been set to
150 and size to 4 ; it is the best value we have found
among the following set of values : {2,3,4,5,6}. We car-
ried out experiments with different values of discrepancies
(discrep € {2,3,4,5}) and with three different propagation
mechanisms : PFC-DAC, PFC-RDAC and PFC-MRDAC.
For each combination of parameter settings, we ran
VNS/LDS+CP 50 times on the considered instances. Dur-
ing each run, the best cost of the current solution has been
recorded at regular time intervals (10 seconds). All plotted
figures are mean performance profiles over the 50 runs. The
methods have been implemented in choco [Laburthe, 2000].

254

Instance 6

12000
—=— VNS/LDS+CP (PFC-DAC)

11000 —a - Quick SA
Medium SA
-—--4--- LNS/CP/GR 40%

10000

Average cost

0 100 200 300 400 500 600
CPU time in seconds

Instance 7
—=— VNS/LDS+CP(PFC-DAC)
—a - Quick SA
—i— Medium SA
—--a--- LNS/CP/GR 40%

1.6E+07

156407 4

1.4E+07 3

136407

1.2€407

116407 4]l
0 14
9406 Li
BE+06*MA By s
TE406 | Y

Average cost

6E+06

0 100 200 300 400 500 600 700
CPU timein seconds

Figure 2: Comparing performance profiles.

5.3 Setting parametersfor VNS/LDS+CP

Number of discrepancies

Figure 1 (top) shows the performance profiles obtained with
PFC-DAC, for different settings of discrep on instance 6.
Performance profiles for discrep = 2 and 3 are almost the
same. We give only the curve associated to discrep = 3. Re-
sults indicate, as expected, that the number of discrepancies
has a great impact on the quality of the computed solutions.
LDS with (discrep = 4) gives the best results. The poor re-
sults for (diserep > 4) are probably due to the fact that our
value ordering does not make so many mistakes. Indeed, we
exploit the propagation scheme to guide the value choices.
Thus, few discrepancies are necessary to repair heuristic er-
rors. In contrast, for low discrepancies (discrep < 3), the
value heuristic too closely limits the solutions we can find,
and so, it provides poor guidance to good solutions. For the
instance 7, discrep = 4 is also the best value.

Propagation mechanism

We turn now to choose the propagation scheme which pro-
duces significant lower bounds and, as global effect, leads to
a better behavior of our method. Figure 1 (bottom) reports
the performance profiles obtained for the three propagation
algorithms, with diserep = 4 on instance 6. LDS with PFC-
DAC leads to very substantial profits. Because of the over-
head of propagation over small neighborhoods these bene-
fits decrease clearly when using stronger propagation (PFC-
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Figure 3: Comparing performance profiles on 6-Sub1.

RDAC and PFC-MRDAC). Indeed, compared to PFC-DAC,
the two other propagation schemes perform more work per
node to finally obtain results very close to PFC-DAC. So, the
more complex and time-consuming propagation schemes do
not pay-off for this context.

5.4 Comparisonsand discussion

We have compared VNS/LDS+CP (discrep = 4 with PFC-
DAC) with LNS/CP/GR [Lobjois et al., 20001, another hybrid
method which also relies on solving vCsPs in an interruptible
context, and also with two standard versions of Simulated-
Annealing (SA) : Quick and Medium.

LNS/CP/GR is based on the principle of LNS with neigh-
borhood size being constant during all the search. To rebuild
the relaxed variables, it uses a greedy algorithm combined
with constraint propagation. But this propagation (performed
variable per variable) is only used for selecting the best val-
ues for each variable, which is fundamentally different from
our CP based on usual propagation for wcsp. For instances 6
and 7, the percentage of unassigned variables represents 40%
of the total number of variables [Lobjois et al., 2000].

Figure 2 compares the performances of the four methods.
The performance profile of VNS/LDS+CP is always better
than those of the two versions of SA. At the beginning, the
profile of VNS/LDS+CP is very close to that of LNS/CP/GR.
But after few seconds of computation (< 20 seconds on in-
stance 6 and < 35 seconds on instance 7), VNS/LDS+CP
becomes very effective and always provides solutions of bet-
ter quality, thus clearly outperforming LNS/CP/GR on both
instances. This behavior can be explained by the fact that,
at the beginning, the size of the neighborhood is relatively
small and consequently the benefits of constraint propaga-
tion are poor. But as soon as this size becomes sufficiently
large, our propagation mechanism (lower bounds computa-
tion) produces more pruning, and becomes very effective.
This leads to a better compromise between quality and time
for VNS/LDS+CP. This confirms our choice for computing
significant lower bounds. Note however, the good anytime
behavior of LNS/CP/GR compared with those of SA.
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Figure 4: Comparing VNS and LNS on instance 6-Sub1.

55 Study of mechanisms VNSand LDS+CP

In order to evaluate the contribution of each component of
VNS/LDS+CP we have carried out experiments on instance
6-Subl, with MAXMOVES = 150, and size = 4 ; the two other
instances being out of reach from complete searches. Five
methods have been compared : the Depth First Branch and
Bound (DFBB), LDS with only one iteration, two variants of
LNS (LNS/CP/GR and LNS/LDS+CP) which mainly differ
by their reconstruction mechanism, and VNS/LDS+CP. For
the two variants of LNS, the best percentage of unassigned
variables represents 60% of the total number of variables.

Once again, discrep = 4 constitutes the best parameter
setting for VNS/LDS+CP. The behavior of VNS/LDS+CP is
quite similar to those observed on instances 6 and 7, which
clearly offers better performance profiles than the other com-
peting methods. On this instance, VNS/LDS+CP almost finds
the optimum in a very short time at each run. We can draw
some remarks :

e pure LDS (or only one iteration of LDS) is completely
inefficient in an anytime context, even if LDS leads to
better performance profiles than DFBB.

o the efficiency of VNS/LDS+CP is certainly partly due
to the reconstruction mechanism. Indeed, the compar-
ison between performance profiles of LNS/CP/GR and
LNS/LDS+CP show that, with an effective propagation
(lower bounds computation) combined with LDS, LNS
obtains a gain in quality of 7% after 20 seconds.

o the use of variable size neighborhoods is a key point
in the efficiency of VNS/LDS+CP. Indeed, it produces
better performance profiles than LNS/LDS+CP. After 2
seconds, VNS obtains a gain in quality of 9% ; this gain
reaches a value of 5% after 15 seconds. This amelio-
ration comes from the speed of the exploration of rela-
tively small neighborhoods (in particular during the first
moves of VNS). This greatly improves the quality of the
computed upper bound which will enable a better prun-
ing at the next reconstruction step. This is not the case
for LNS, which needs much more time to obtain good
upper bounds, due to the important size of the neighbor-
hoods.

To evaluate the improvement speed of the quality of
solutions provided by VNS and LNS, figure 4 compares
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VNS/LDS+CP and LNS/LDS+CP, in term of the average per-
centage of improvement, @),(t), with respect to the initial
cost, Cy, and in term of the number of attempted moves (in
percentage). Q,(t) = 100 . (Cy — C(t))/Co, where C(t) is
the valuation of the best solution found at each instant ¢.

As depicted in figure 4, VNS/LDS+CP provides the better
improvement of the initial cost Cyy. This difference in quality
(in favor of VNS) is very significant during the first instants.
After only 4 seconds of computation, VNS improves Cy by
35%, with a percentage of attempted moves equal to 4% of
MAXMOVES. For comparison, LNS needs 15 seconds and
practically three times more of local moves (~ 14%) to reach
the same improvement of quality. Moreover, the number of
moves attempted by LNS grows larger with time, while for
VNS this number remains low and quasi constant.

6 Resourceallocationin ATM networks

VNS/LDS+CP has been successfully applied to a real-life
anytime resource allocation problem. This application, de-
veloped for France Telecom R&D, takes place in an ATM
(Asynchronous Transfer Mode) network administration con-
text. The problem consists in planning demands of connec-
tion over a period of one year. Reservations must be com-
puted within at most one minute per demand.

A new demand is accepted if both bandwidth requirements
and quality of service are satisfied. If not, we try to reroute
some already accepted connections in order to find a route
for the new demand. If rerouting fails, the demand is re-
jected. First, a routing heuristic computes shortest paths
which minimize capacity violations on the links. From these
violations, a sub-area of the network that can be modified
by rerouting some already accepted connections is deter-
mined and modelled as a vcsP. Then, rerouting is performed
with VNS/LDS+CP. Experimental results show that rerout-
ing with VNS/LDS+CP enables to admit an average of 67%
of demands that are rejected with a greedy algorithm without
rerouting [Loudni et al., 2003].

7 Conclusionsand further work

VNS/LDS+CP is a new hybrid method for solving constraint
optimization problems (modelled as vcsps) in an anytime
context. It has been successfully applied to a real-life any-
time resource allocation problem in ATM networks (67% of
rejected demands are now accepted).

Experiments on the CELAR benchmarks have shown that
VNS/LDS+CP provides better performance profiles than the
other competing methods. Moreover, our method is robust :
for all considered instances, the best parameters setting is al-
ways the same. Finally, VNS-LDS+CP is stable : the distri-
bution of the medians 1/4, 1/2 and 3/4 shows that the vari-
ation of the evolution of solution quality is negligible within
the fifty runs. However, the difference between the best run
and those of the medians is relatively distant for instance 7.

From an anytime point of view, in addition to the proper-
ties of monotonicity, interruptibility and measurable quality,
our performance profiles also verify the important property of
diminishing returns, which guarantees that the improvement
in solution quality is larger at the early stages of computation.
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Performance profiles show a decelerating phase leading to
a quasi stable plateau. To escape from this plateau, we intend
to study two possibilities : to cooperate with other efficient
pure local search method [Voudouris and Tsang, 1998] or to
re-start our method.

In this paper we have mainly focused on the design of any-
time algorithms. Works remain to be done concerning tech-
niques for monitoring and control (see [Hansen and Zilber-
stein, 2001]). We are currently investigating such techniques
for meta-level control. The use of nogoods would help to ob-
tain more relevant neighborhoods.
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Abstract

To model combinatorial decision problems involv-
ing uncertainty and probability, we extend the
stochastic constraint programming framework pro-
posed in [Walsh, 2002] along a number of impor-
tant dimensions (e.g. to multiple chance constraints
and to a range of new objectives). We also provide a
new (but equivalent) semantics based on scenarios.
Using this semantics, we can compile stochastic
constraint programs down into conventional (non-
stochastic) constraint programs. This allows us to
exploit the full power of existing constraint solvers.
We have implemented this framework for decision
making under uncertainty in stochastic OPL, a lan-
guage which is based on the OPL constraint mod-
elling language [Hentenryck et al., 1999]. To il-
lustrate the potential of this framework, we model
a wide range of problems in areas as diverse as fi-
nance, agriculture and production.

1 Introduction

Many decision problems contain uncertainty. Data about
events in the past may not be known exactly due to errors in
measuring or difficulties in sampling, whilst data about events
in the future may simply not be known with certainty. For ex-
ample, when scheduling power stations, we need to cope with
uncertainty in future energy demands. As a second example,
nurse rostering in an accident and emergency department re-
quires us to anticipate variability in workload. As a final ex-
ample, when constructing a balanced bond portfolio, we must
deal with uncertainty in the future price of bonds. To deal
with such situations, [Walsh, 2002] has proposed an exten-
sion of constraint programming, called stochastic constraint
programming, in which we distinguish between decision vari-
ables, which we are free to set, and stochastic (or observed)
variables, which follow some probability distribution. This
framework combines together some of the best features of
traditional constraint satisfaction, stochastic integer program-
ming, and stochastic satisfiability.

In this paper, we extend the expressivity of this framework
considerably by adding multiple chance constraints, as well
as a range of objective functions like maximizing the down-
side. We show how such stochastic constraint programs can
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be compiled down into conventional (non-stochastic) con-
straint programs using a scenario-based interpretation. This
compilation allows us to use existing constraint solvers with-
out any modification, as well as call upon the power of hybrid
solvers which combine constraint solving and integer pro-
gramming techniques. We also propose a number of tech-
niques to reduce the number of scenarios and to generate ro-
bust solutions. We have implemented this framework for de-
cision making under uncertainty in a language called stochas-
tic OPL. This is an extension of the OPL constraint modelling
language [Hentenryck et al., 1999]. Finally, we describe a
wide range of problems that we have modelled in stochastic
OPL that illustrate some of its potential.

2 Stochastic constraint programs

In a one stage stochastic constraint satisfaction problem
(stochastic CSP), the decision variables are set before the
stochastic variables. The stochastic variables, independent
of the decision variables, take values with probabilities given
by a probability distribution. This models situations where
we act now and observe later. For example, we have to de-
cide now which nurses to have on duty and will only later
discover the actual workload. We can easily invert the instan-
tiation order if the application demands, with the stochastic
variables set before the decision variables. Constraints are
defined (as in traditional constraint satisfaction) by relations
of allowed tuples of values. Constraints can, however, be im-
plemented with specialized and efficient algorithms for con-
sistency checking.

We allow for both hard constraints which are always sat-
isfied and “chance constraints” which may only be satisfied
in some of the possible worlds. Each chance constraint has a
threshold, 6 and the constraint must be satisfied in at least a
fraction 6 of the worlds. A one stage stochastic CSP is satis-
fiable iff there exists values for the decision variables so that,
given random values for the stochastic variables, the hard
constraints are always satisfied and the chance constraints are
satisfied in at least the given fraction of worlds. Note that
[Walsh, 2002] only allowed for one (global) chance constraint
so the definition here of stochastic constraint programming is
strictly more general.

In a two stage stochastic CSP, there are two sets of decision
variables, V;; and Vo, and two sets of stochastic variables,
V1 and V5. The aim is to find values for the variables in V,
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so that given random values for V;, we can find values for
Va2, so that given random values for Vo, the hard constraints
are always satisfied and the chance constraints are again sat-
isfied in at least the given fraction of worlds. Note that the
values chosen for the second set of decision variables V5 are
conditioned on both the values chosen for the first set of de-
cision variables Vy; and on the random values given to the
first set of stochastic variables V1. This can model situations
in which items are produced and can be consumed or put in
stock for later consumption. Future production then depends
both on previous production (earlier decision variables) and
on previous demand (earlier stochastic variables).

An m stage stochastic CSP is defined in an analogous way
to one and two stage stochastic CSPs. Note that [Walsh,
2002] insisted that the stochastic variables take values inde-
pendently of each other. This prevents us representing a num-
ber of common situations. For example, if the market goes
down in the first quarter, it is probably more likely to go down
in the second quarter. A second stage stochastic variable
representing the market index is therefore dependent on the
first stage stochastic variable representing the market index.
There is, however, nothing in the semantics given for stochas-
tic constraint programs nor in the solution methods proposed
in [Walsh, 2002] that used this assumption. We therefore al-
low later stage stochastic variables to take values which are
conditioned by the earlier stage stochastic variables.

A stochastic constraint optimization problem (stochastic
COP) is a stochastic CSP plus a cost function defined over
the decision and stochastic variables. In [Walsh, 2002], the
only goal considered was to find a solution that satisfies the
stochastic CSP which minimizes or maximizes the expected
value of the objective function. We now extend this to a much
wider range of goals. For example, we might wish to limit the
downside (i.e. maximize the least value of the cost function),
or to minimize the spread (i.e. minimize the difference be-
tween the least and the largest value of the cost function).

3 Scenario-based semantics

In [Walsh, 2002], a semantics for stochastic constraint pro-
grams is given based on policies. A policy is a tree of de-
cisions. Each path in a policy represents a different possi-
ble scenario (set of values for the stochastic variables), and
the values assigned to decision variables in this scenario. To
find satisfying policies, [Walsh, 2002] presents backtracking
and forward checking algorithms which explores the implicit
AND/OR graph. Stochastic variables give AND nodes as we
must find a policy that satisfies all their values, whilst deci-
sion variables give OR nodes as we only need find one satis-
fying value.

An alternative semantics, which suggests an alternative so-
lution method, comes from a scenario-based view [Birge and
Louveaux, 1997]. A scenario is any possible set of values for
the stochastic variables. Thus, a scenario is associated with
each path in the policy. Within each scenario, we have a con-
ventional (non-stochastic) constraint program to solve. We
simply replace the stochastic variables by the values taken
in the scenario, and ensure that the values found for the de-
cision variables are consistent across scenarios. Note that
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certain decision variables are shared across scenarios. The
first stage decisions are, for example, shared by all scenar-
ios. The great advantage of this approach is that we can use
conventional constraint solvers to solve stochastic constraint
programs. We do not need to implement specialized solvers.
Of course, there is a price to pay as the number of scenar-
ios grows exponentially with the number of stages. However,
our results show that a scenario-based approach is feasible
for many problems. Indeed, we observe much better perfor-
mance using this approach on the production planning exam-
ple introduced in [Walsh, 2002]. In addition, as we discuss
later, we have developed a number of techniques like Latin
hypercube sampling to reduce the number of scenarios con-
sidered.

4 Stochastic OPL

We have implemented this framework on top of the OPL con-
straint modelling language [Hentenryck et al., 1999]. An
OPL model consists of two parts: a set of declarations,
followed by an instruction. Declarations define the data
types, (input) data and the (decision) variables. An OPL in-
struction is either to satisfy a set of constraints or to maxi-
mize/minimize an objective function subject to a set of con-
straints. We have extended the declarations to include the
declaration of stochastic variables, and the instructions to in-
clude chance constraints, and a range of new goals like max-
imizing the expectation of an objective function.

4.1 Variable declaration

We now declare both decision and stochastic variables.
Stochastic variables are set according to a probability distri-
bution using a command of the form:

stoch <Type> <Id> <Dists>;

Where <Type> is (as with decision variables) a data type
(e.g. a range of values, or an enumerated list of values),
<Id> is (as with decision variables) the variable name, and
<Dist> defines the probability distribution of the stochas-
tic variable(s). Probability distributions include uniform,
poisson (lambda), and user defined via a list of (not nec-
essarily normalized) values. Other types of distribution can
be supported as needed. We insist that stochastic variables
are arrays, with the last index describing the stage. Here are
some examples:

stoch 0..1 market [Years] uniform;
stoch 100..102 demand[Quarter] {1,2,3};

In the first, we have a 0/1 variable in each year which takes
either value with equal probability. In the last, we have a de-
mand variable for each quarter, which takes the value 100 in 1
out of 6 cases, 101 in 2 out 6 cases, and 102 in the remaining
3 cases.

4.2 Constraint posting

We can post both hard constraints (as in OPL) and chance
constraints. Chance constraints hold in some but not neces-
sarily all scenarios. They are posted using a command of the
form:

prob (<Constraint>) <ArithOp> <Expr>;
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Where <Constraint> is any OPL constraint,
<ArithOp> is any of the arithmetically comparison
operations (=,<>,<,>, <=, or >=) and <Expr> is any arith-
metic expression (it may contain decision variables or may
just be a rational or a float in the range O to 1). For example,
the following command specifies the chance constraint that
in each quarter the demand (a stochastic variable) does not
exceed the production (a decision variable) plus the stock
carried forward in each quarter (this auxiliary is modelled,
as in conventional constraint programming, by a decision
variable) with 80% probability:

forall(i in 1..n)

prob (demand [1]
production[i] +stock[i])
0.80;

Constraints which are not chance constraints are hard and
have to hold in all possible scenarios. For example, the stock
carried forwards is computed via the hard constraint:

<=

>=

forall(i in 1..n)
stock[i+1] = stock[i] + production[i]

- demand[i] ;

4.3 Optimization

Stochastic OPL supports both stochastic constraint satisfac-
tion and optimization problems. We can maximize or mini-
mize the expectation of an objective function. For example,
in the book production example of [Walsh, 2002], we can
minimize the expected cost of storing surplus books. Each
book costs $1 per quarter to store. This can be specified by
the following (partial) model:

minimize expected(cost)
subject to
cost =
sum(i in 1..n)
forall(i in 1..n)
stock[i+1] = stock[i]

max (stock [1+1]1,0) ;

+ production[i]
- demand[i] ;

Stochastic OPL also supports a number of other optimization
goals. For example:

minimize spread(profit)
maximize downside (profit)
minimize upside (cost)

The spread is the difference between the value of the objective
function in the best and worst scenarios, whilst the downside
(upside) is the minimum (maximum) objective function value
a possible scenario may take.

5 Compilation of stochastic OPL

These stochastic extensions are compiled down into conven-
tional (non-stochastic) OPL models automatically by exploit-
ing the scenario-based semantics. The compiler is written
in Lex and Yacc, with a graphical interface in Visual C++.
Compilation involves replacing stochastic variables by their
possible values, and decision variables by a ragged array of
decision variables, one for each possible scenario. Consider
again the chance constraint:
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prob (
demand[i] <= production[i] +stock[i])
>= 0.80;
This is compiled into a sum constraint of the form:

sum(j in Scenarios)
(demand[i,j] <=
production[i,jl+stock([i,j])
0.80;

Where Scenarios is the set of scenarios, p [j] is the prob-
ability of scenario j, demand[i, j] is the demand in sce-
nario j and quarter i, etc. Note that the bracketing of the
inequality reifies the constraint so that it takes the value 1 if
satisfied and O otherwise.

Hard constraints are also transformed. Consider, for exam-
ple, the hard constraint:

wealth[t] = bonds[t] + stocks[t];
This is compiled into a forall constraint of the form:

pljl~

>=

forall(j in Scenarios)
wealth[t,j] = bonds[t,jl

Where wealth[t, j] is the wealth at time t in scenario
j, etc. Maximization and minimization instructions are also
transformed. Consider, for example, the optimization instruc-
tion:

+ stocks[t, ]l

maximize expected(wealth[n])
subject to

This is compiled into an instruction of the form:

maximize sum(j in Scenarios)
pljl*wealth(n,t]
subject to

The rest of the stochastic OPL model is transformed in a sim-
ilar manner.

6 Value of information and stochastic
solutions

For stochastic optimization problems, we compute two statis-
tics which quantify the importance of randomness. The value
of a stochastic solution (VSS) is the difference in the objec-
tive function for the stochastic problem (call it the stochas-
tic solution, SS) and the objective value for the determinis-
tic problem computed by replacing stochastic variables by
their expectations (call it the expected value solution, EVS):
VSS = 8§ — EVS. This computes the benefit of know-
ing the distributions of the stochastic variables. Clearly, VSS
is non-negative. We also compute the expected value of the
wait-and-see solution (WSS). To calculate this, we give the
stochastic variables values according to their probability dis-
tributions, and then find the best values for the decision vari-
ables. The difference between WSS and SS is the expected
value of perfect information (EVPI): EVPI = WSS — SS.
This measures how much more you can expect to win if you
have perfect information about the stochastic components of
the problem. In other words, EVPI measures the value of
knowing the future with certainty. This is therefore the most
that should be spent in gathering information about the uncer-
tain world.
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7 Scenario reduction

One problem with a scenario-based approach is the large
number of scenarios, each of which introduces new decision
variables. We have therefore implemented several techniques
to reduce the number of scenarios. The simplest is to consider
just a single scenario in which stochastic variables take their
expected values. This is supported with the command:

scenario expected;

The user may also be content to consider just the most proba-
ble scenarios and ignore rare events. We support this with the
command:

scenario top <Nums>;

Another option is to use Monte Carlo sampling. The user can
specify the number of scenarios to sample using a command
of the form:

scenario sample <Nums>;

The probability distributions of the stochastic variables is
used to bias the construction of these scenarios.

We also implemented one of the best sampling methods
from experimental design, and one of the best scenario re-
duction methods from operations research. Latin hypercube
sampling [McKay et al., 1979], ensures that a range of val-
ues for a variable are sampled. Suppose we want n sample
scenarios. We divide the unit interval into n intervals, and
sample a value for each stochastic variable whose cumulative
probability occurs in each of these interval. We then con-
struct n sample scenarios from these values, enforcing the
condition that the samples use each value for each stochastic
variable exactly once. More precisely, let f;(a) be the cumu-
lative probability that X; takes the value a or less, m;(j) be
the jth element of a random permutation 7; of the integers
{0,...,n — 1}, and r be a random number uniformly drawn
from [0, 1]. Then, the jth Latin hypercube sample value for
the stochastic variable X; is:

mi(j) +r
n

Fi N )

Finally, we implemented a scenario reduction method used in
stochastic programming due to Dupacova, Growe-Kuska and
Romisch [Dupacova er al., 2003]. They report power pro-
duction planning problems on which this method offers 90%
accuracy sampling 50% of the scenarios and 50% accuracy
sampling just 2% of the scenarios. The method heuristically
deletes scenarios to approximate as closely as possible the
original scenarios according to a Fortet-Mourier metric on the
stochastic parameter space.

8 Some examples

To illustrate the potential of this framework for decision mak-
ing under uncertainty, we now describe a wide range of prob-
lems that we have modelled. In the first problem, we compare
a scenario-based approach to the previous tree search meth-
ods for solving stochastic constraint satisfaction problems. In
the next three problems, we illustrate the effectiveness of the
different scenario reduction techniques.
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8.1 Production planning

This problem comes from [Walsh, 2002]. The results in Table
1 show that a scenario-based approach offers much better per-
formance on this problem than the forward checking or back-
tracking tree search algorithms also introduced in this paper.
The problem involves planning production over m quarters.
In each quarter, we expect to sell between 100 and 105 copies
of a book. To keep customers happy, we want to satisfy de-
mand over all m quarters with 80% probability. This prob-
lem is modelled by an m stage stochastic CSP. There are m
decision variables, x; representing production in each quar-
ter. There are also m stochastic variables, y; representing
demand in each quarter. To limit stock carried forward, we
use a simple heuristic which picks the smallest possible val-
ues for the decision variables. An alternative is to convert
the problem into an optimization problem with a cost to keep
books in store. We do not explore this option here, though
it is very easy to implement in stochastic OPL, as we cannot
then compare our results with those of the forward checking
or backtracking algorithms from [Walsh, 2002].

8.2 Portfolio management

This portfolio management problem of [Birge and Louveaux,
1997] can be modelled as a stochastic COP. Suppose we have
$P to invest in any of I investments and we wish to exceed a
wealth of $G after ¢ investment periods. To calculate the util-
ity, we suppose that exceeding $G is equivalent to an income
of ¢% of the excess while not meeting the goal is equivalent
to borrowing at a cost 7% of the amount short. This defines
a concave utility function for » > ¢. The uncertainty in this
problem is the rate of return, which is a random variable, on
each investment in each period. The objective is to deter-
mine the optimal investment strategy, which maximizes the
investor’s expected utility.

The problem has 8 stages and 5760 scenarios. To com-
pare the effectiveness of the different scenario reduction al-
gorithms, we adopt a two step procedure. In the first step, the
scenario reduced problem is solved and the first period’s de-
cision is observed. We then solve the full-size (non scenario
reduced) problem to optimality with this first decision fixed.
The difference between the objective values of these two so-
lutions is normalized by the range [optimal solution, observed
worst solution] to give a normalized error for committing to
the scenario reduced first decision. In Fig. 1, we see that
Dupacova et al’s algorithm is very effective, that Latin hy-
percube sampling is a small distance behind, and both are
far ahead of the most likely scenario method (which requires
approximately half the scenarios before the first decision is
made correctly).

8.3 Yield management

Farmers must deal with uncertainty since weather and many
other factors affect crop yields. In this example (also taken
from [Birge and Louveaux, 1997]), we must decide on how
many acres of his fields to devote to various crops before the
planting season. A certain amount of each crop is required for
cattle feed, which can be purchased from a wholesaler if not
raised on the farm. Any crop in excess of cattle feed can be
sold up to the EU quota; any amount in excess of this quota
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Backtracking (BT) Forward Checking (FC) Scenario-Based (SB)
No. Stages Nodes CPU/sec Nodes CPU/sec | Failure Choice Points CPU/sec

1 28 0.01 10 0.01 4 5 0.00

2 650 0.09 148 0.03 4 8 0.02

3 17,190 2.72 3,604 0.76 8 24 0.16

4 510,356 83.81 95,570 19.07 42 125 1.53

5 15,994,856  3,245.99 | 2,616,858 509.95 218 690 18.52

6 - - - - 1260 4035 474.47

Table 1: A Comparison of BT, FC and SB Approaches on the Book Production Problem (Sec.8.1)
Error (%) Error (%)
100 — 100
90 — Dupacova Alg. . 90 — Dupacova Alg. .
80 — X Latin Hypercube o 80 — Latin Hypercube o
70 — % Mostlikely Scen.  x 70 — Mostlikely Scen.  x
60 X 60 —
50 % 50
40 X 40
30 30
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Error (%) Figure 1: Portfolio Management
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Figure 2: Agricultural Yield Management

will be sold at a low price. Crop yields are uncertain, de-
pending upon weather conditions during the growing season.
This problem has 4 stages and 10,000 scenarios. In Fig. 2,
we again see that Dupacova et al’s algorithm and Latin hyper-
cube sampling are very effective, and both are far ahead of the
most likely scenario method (which requires approximately
one third the scenarios before the first decision is made cor-
rectly).

8.4 Production/Inventory control

Uncertainty plays a major role in production and inventory
planning. In this simplified production/inventory planning
example, there is a single product, a single stocking point,
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Figure 3: Production/Inventory Control

production capacity constraints and stochastic demand. The
objective is to find the minimum expected cost policy. The
cost components take into account holding costs, backlogging
costs, fixed replenishment (or setup) costs and unit produc-
tion costs. The optimal policy gives the timing of the replen-
ishments as well as the order-up-to-levels. Hence, the exact
order quantity can be known only after the realization of the
demand, using the scenario dependent order-up-to-level deci-
sions. This problem has 5 stages and 1,024 scenarios. In Fig.
3, we again see that Dupacova et al’s algorithm and Latin hy-
percube sampling are very effective, but both are now only a
small distance ahead of the most likely scenario method.

9 Robust solutions

Inspired by robust optimization methods in operations re-
search [Kouvelis and Yu, 1996], stochastic OPL also allows
us to find robust solutions to stochastic constraint programs.
That is, solutions in which similar decisions are made in the
different scenarios. It will often be impossible or undesirable
for all decision variables to be robust. We therefore identify
those decision variables whose values we wish to be identical
across scenarios using commands of the form:

robust <Vars>;

For example, in production/inventory problem of Sec.8.4
the decision variables “order-up-to-levels” and “replenish-
ment periods” can be declared as robust variables. The values
of these two sets of decision variables are then fixed at the
beginning of the planning horizon. A robust solution damp-
ens the nervousness of the solution, an area of very active re-
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search in production/inventory management. As the expected
cost of the robust solution is always higher, the tradeoff be-
tween nervousness and cost may have to be taken into ac-
count.

10 Related and future work

Stochastic constraint programs are closely related to Markov
decision problems (MDPs) [Puterman, 1994]. Stochastic
constraint programs can, however, model problems which
lack the Markov property that the next state and reward de-
pend only on the previous state and action taken. The current
decision in a stochastic constraint program will often depend
on all earlier decisions. To model this as an MDP, we would
need an exponential number of states. Another significant
difference is that stochastic constraint programs by using a
scenario-based interpretation can immediately call upon com-
plex and powerful constraint propagation techniques.

Stochastic constraint programming was inspired by both
stochastic integer programming and stochastic satisfiability
[Littman et al., 2000]. Tt is designed to take advantage of
some of the best features of each framework. For example,
we are able to write expressive models using non-linear and
global constraints, and to exploit efficient constraint propaga-
tion algorithms. In operations research, scenarios are used in
stochastic programming. Indeed, the scenario reduction tech-
niques of Dupacova, Growe-Kuska and Romisch [Dupacova
et al., 2003] implemented here are borrowed directly from
stochastic programming.

There are a number of extensions of conventional con-
straint satisfaction problem to model constraints that are un-
certain, probabilistic or not necessarily satisfied. For exam-
ple, in probabilistic constraint satisfaction each constraint has
a certain probability independent of all other probabilities of
being part of the problem [Fargier and Lang, 1993] whilst in
semi-ring constraint satisfaction each tuple in a constraint has
a value associated with it [Bistarelli et al., 1996]. However,
none of these extensions deal with variables that may have
uncertain or probabilistic values. Stochastic constraint pro-
gramming could, however, easily be combined with most of
these techniques.

11 Conclusions

To model combinatorial decision problems involving uncer-
tainty and probability, we have extended the stochastic con-
straint programming framework proposed in [Walsh, 2002]
along a number of important dimensions. In particular, we
have relaxed the assumption that stochastic variables are in-
dependent, and added multiple chance constraints as well as
a range of objective functions like maximizing the down-
side. We have also provided a new (but equivalent) seman-
tics for stochastic constraint programs based on scenarios.
Based on this semantics, we can compile stochastic constraint
programs down into conventional (non-stochastic) constraint
programs. The advantage of this compilation is that we can
use the full power of existing constraint solvers without any
modification. We have also proposed a number of techniques
to reduce the number of scenarios, and to generate robust so-
lutions.
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We have implemented this framework for decision making
under uncertainty in a language called stochastic OPL. This
is an extension of the OPL constraint modelling language
[Hentenryck et al., 1999]. To illustrate the potential of this
framework, we have modelled a wide range of problems in
areas as diverse as finance, agriculture and production. There
are many directions for future work. For example, we want
to allow the user to define a limited set of scenarios that are
representative of the whole. As a second example, we want
to explore more sophisticated notions of solution robustness
(e.g. limiting the range of values used by a decision variable).
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