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Abstract

We propose a new framework to study properties
of consistency in a Constraint Network from the
perspective of properties of set intersection. Our
framework comes with a proof schema which gives
a generic way of lifting a set intersection property
to one on consistency. Various well known results
can be derived with this framework. More impor-
tantly, we use the framework to obtain a number
of new results. We identify a new class of tree
convex constraints where local consistency ensures
global consistency. Another result is that in a net-
work of arbitrary constraints, local consistency im-
plies global consistency whenever there are certain
m-tight constraints. The most interesting result is
that when the constraint on every pair of variables
is properly m-tight in an arbitrary network, global
consistency can be achieved by enforcing relational
m+1-consistency. These results significantly im-
prove our understanding of convex and tight con-
straints. This demonstrates that our framework is
a promising and powerful tool for studying consis-
tency.

1 Introduction
A fundamental problem in Constraint Networks is to study
properties of consistency in some networks with particu-
lar constraints or structure. There have been two main ap-
proaches to this problem.

The first is to utilise topological structure of the network.
For example, where the network forms a tree structure, arc
consistency is sufficient to make the network globally consis-
tent [Freuder, 1982].

Another approach is to make use of semantic properties
of the constraints. For monotone constraints, path consis-
tency implies global consistency [Montanari, 1974]. Dechter
[1992] shows that a certain level of consistency in a net-
work whose domains are of limited size ensures global con-
sistency. Van Beek and Dechter [1995] generalize monotone
constraints to a larger class of row convex constraints. Later,
they [1997] study the consistency inside a network with tight
and loose constraints.

In this paper, we present a new framework1 which unifies
well known results mainly along the second approach (includ-
ing [van Beek and Dechter, 1995; 1997]). The power of this
framework is that it allows the study of the relationship be-
tween local and global consistency from the perspective of
set intersection.

For example, one property of set intersection is that if ev-
ery pair (2) of tree convex sets intersect, the whole collection
of these sets also intersect. The main point is that local in-
formation on intersection of every pair of sets gives global
information on intersection of all sets. Intuitively, this can be
related to getting global consistency from local consistency.
Our framework enables us to lift the result on tree convex
sets to the following result on consistency. For a binary net-
work of tree convex constraints, (2+1)-consistency (path con-
sistency) implies global consistency.

Properties of the intersection of tree convex sets, small sets,
large sets are presented in section 3. Section 4 develops the
framework which consists of a lifting lemma together with
a proof schema which gives a generic way of using the lift-
ing lemma to get consistency results from properties of set
intersection. One benefit of the framework lies in that it pro-
vides a modular way to greatly simplify the understanding
and proof of results on consistency. This benefit is consid-
erable as often the proof of many existing results is complex
and “hard-wired”.

We demonstrate the power of the framework by showing
three new consistency results as well as a number of well
known results. The first is a generalization of global consis-
tency of row convex constraints to a network of tree convex
constraints which is presented in section 5. The second is a
new result on global consistency on weakly tight networks in
section 6. These networks only require certain constraints to
be m-tight rather than all constraints as shown in [van Beek
and Dechter, 1997]. The final result is presented in section
8. This is most interesting because we can make certain net-
works globally consistent by enforcing relational consistency,
but this may not be achievable in previous work (for example
[van Beek and Dechter, 1997]).

1Our work can be related to the first approach in those cases
where the network topology leads to some set intersection property.
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2 Preliminaries
A constraint network R is defined as a set of variables
N = {x1, x2, · · · , xn}; a set of finite domains D =
{D1, D2, · · · , Dn} where domain Di, for all i ∈ 1..n, is a
set of values that variable xi can take; and a set of constraints
C = {cS1

, cS2
, · · · , cSe

}where Si, for all i ∈ 1..n, is a subset
of {x1, x2, · · · , xn} and each constraint cSi

is a relation de-
fined on domains of all variables in Si. The arity of constraint
cSi

is the number of variables in Si.
An instantiation of variables Y = {x1, · · · , xj} is denoted

by ā = (a1, · · · , aj) where ai ∈ Di for i ∈ 1..j. An ex-
tension of ā to a variable x(/∈ Y ) is denoted by (ā, u) where
u ∈ Dx. An instantiation of a set of variables Y is consis-
tent if it satisfies all constraints in R which don’t involve any
variable outside Y .

A constraint networkR is k-consistent if and only if for any
consistent instantiation ā of any distinct k − 1 variables, and
for any new variable x, there exists u ∈ Dx such that (ā, u)
is a consistent instantiation of the k variables. R is strongly
k-consistent if and only if it is j-consistent for all j ≤ k. A
strongly n-consistent network is called globally consistent.

3 Properties on Set Intersection
The set intersection property which we are concerned with is:

Given a collection of l finite sets, under what con-
ditions is the intersection of all l sets not empty?

We use S to denote the collection of l sets: {E1, E2, · · · , El},
and U the union of all the sets in S , that is U =

⋃
i∈1..l

Ei.

This property may not make sense for collections of arbi-
trary sets. Here, we study sets with two restrictions.

3.1 Sets with Convexity Restrictions
Definition 1 Given a set U and a tree T with vertices U . A
set A ⊆ U is tree convex iff there exists a subtree, with only
vertices A, of T . The sets in S are tree convex if there is a
tree on U under which every set in S is tree convex.

b

a

dc

e

Figure 1: A tree with nodes a, b, c, d, e

Example. Consider a set U = {a, b, c, d, e} and a tree in
Fig 1. The subset {a, b, c, d} is tree convex. So is the set
{b, a, c, e} since the elements in the set consists of a subtree.
However, {b, c, e} is not tree convex for they does not form a
subtree of the given tree.

Consider X = {{1, 9}, {3, 9}, {5, 9}}. A tree can be con-
structed on {1, 3, 5, 9} with 9 being the root and 1, 3, 5 being
its children. Each set in X covers the nodes of exactly one
branch of the tree. Hence the sets in X are tree convex. 2

Tree convex sets have the following intersection property.

Lemma 1 (Tree convex Sets Intersection) Assume the sets
in S are tree convex.

⋂
i∈1..l

Ei 6= ∅ iff for every Ei, Ej ∈ S,

Ei

⋂
Ej 6= ∅.

Proof. Let T be a tree such that there exists a subtree Ti

for each Ei ∈ S. We can regard T as a rooted tree and thus
every Ti (i ∈ 1..l) can be regarded as a rooted tree whose root
is exactly the node nearest to the root of T . Let ri denote the
root of Ti for i ∈ 1..l.

To prove
⋂

i∈1..l

Ei 6= ∅, we want to show the intersection of

the trees {Ti | i ∈ 1..l} is not empty. The following proposi-
tion on subtrees, whose proof is omitted, is necessary in our
main proof.

Proposition 1 Let the root of T be r. Given two sub-
trees T1 and T2 of T with roots r1 and r2 respectively.
Let r1 be not closer to r than r2, and T the intersection
of T1 and T2. r1 is the root of T if T is not empty.

Let T =
⋂

i∈1..l

Ti. We are ready now to prove our main result

T 6= ∅. We select a tree Tmax from T1, T2, · · · , Tl such that
its root rmax is the farthest away from r of T among the roots
of the concerned trees. In terms of proposition 1, that Tmax

intersect with every other trees implies that rmax is a node of
every Ti (i ∈ 1..l). Therefore, rmax ∈ T . 2

Tree convexity on a collection of sets imposes a strong re-
striction on the relationship among these sets in the sense that
each set forms part of a tree. If the tree is a chain, it can be
thought of as a total order on the elements of all the sets. This
leads to the notion of convex sets upon which the well-known
row-convex constraints are defined.

Definition 2 Given a set U and a total ordering “�” on it,
a set A ⊂ U is convex if the elements in it are consecutive
under the ordering, that is

A = {v ∈ U | min A � v � max A}.

Given S and U , the sets in S are convex if there is a total
ordering on U such that every set in S is convex under the
ordering.

Example. The set of real numbers between 1 and 2 is con-
vex under the usual ordering of numbers. {1, 9} and {3, 9}
are convex with a total ordering 1 � 9 � 3. However,
{1, 9}, {3, 9} and {5, 9} are not convex under any total or-
dering on {1, 3, 5, 9}. 2

The following result on convex sets, a set-based version of
van Beek and Dechter’s [1995, lemma 3.1], is immediate.

Corollary 1 (Convex Sets Intersection) Assume the sets in
S are convex under a total ordering on U .

⋂
i∈1..l

Ei 6= ∅ iff for

any Ei, Ej ∈ S, Ei

⋂
Ej 6= ∅.

3.2 Sets with Cardinality Restrictions
The following results are on arbitrary sets where the only re-
striction is on the size of sets.

Lemma 2 (Small Set Intersection) Given a collection of
sets S. Assume there is a set E ∈ S such that |E| ≤ m.

⋂

i∈1..l

Ei 6= ∅

264 CONSTRAINTS



iff the intersection of any m + 1 sets from S is not empty.

Proof. The necessary condition is immediate.
The sufficient condition is proven by induction on l. It is

obviously true when l ≤ m + 1. Assuming that k (> m) sets
intersect, we show that any k + 1 sets intersect. Without loss
of generality, the subscripts of the k + 1 sets are numbered
from 1 to k + 1 and let |E1| ≤ m. Let Ai be the intersection
of all the k + 1 sets except Ei:

Ai = E1∩· · ·∩Ei−1∩Ei+1∩· · ·∩Ek+1, for 1 < i ≤ k+1.

If Ai ∩Aj 6= ∅ for some i, j ∈ 2..k + 1, i 6= j,
⋂

i∈1..k+1

Ei = Ai ∩Aj 6= ∅.

Assume the contrary that Ai ∩Aj = ∅ for all distinct i and j.
According to the construction of Ai’s,

E1 ⊇
⋃

i∈2..k+1

Ai,

and |Ai| ≥ 1 by the induction assumption. Henceforth,

|E1| ≥
∑

i∈2..k+1

|Ai| ≥ k > m

which contradicts |E1| ≤ m. 2

We have an immediate corollary of the lemma when all sets
of concern have at most m elements.

Corollary 2 (Small Sets Intersection) For any Ei ∈ S, as-
sume Ei is finite and |Ei| ≤ m (< l).

⋂
i∈1..l

Ei 6= ∅ iff the

intersection of any m + 1 sets from S is not empty.

Another special case is that some set has only one element.

Corollary 3 (Singleton Set Intersection) Given a collec-
tion of sets S. Assume there is a set E ∈ S such that |E| = 1.⋂
i∈1..l

Ei 6= ∅ iff all sets mutually intersect.

Motivated by [van Beek and Dechter, 1997, lemma 4.1 in
page 561], we consider the intersection of sets, each of which
has at least some number of elements.

Lemma 3 (Large Sets Intersection) For all Ei ∈ S, as-
sume Ei is finite and |Ei| ≥ m. Let |

⋃
i∈1..l

Ei| = d. if

l ≤ dd/(d−m)e − 1, then
⋂

i∈1..l

Ei 6= ∅.

Proof. Let U =
⋃

i∈1..l

Ei, and Ai = U −Ei for all i ≤ l. It

is immediate that ⋃

i∈1..l

Ai ⊆ U.

We know
|

⋃

i∈1..l

Ai| ≤
∑

i∈1..l

|Ai|.

For |Ai| ≤ d−m, we have
∑

i∈1..l

|Ai| ≤
∑

i∈1..l

(d−m) = l(d−m) < d.

Hence,
⋃

i∈1..l

Ai is a proper subset of U . There exists x ∈ U

such that x /∈ Ai for all i ≤ l, which implies that x ∈ Ei for
all i ≤ l. 2

4 Set Intersection and Consistency
In this section we relate set intersection with consistency in
constraint networks.

Underlying the concept of consistency is whether an in-
stantiation of some variables can be extended to a new vari-
able such that all relevant constraints to the new variable are
satisfied. A relevant constraint to a variable xi is a constraint
where only xi is uninstantiated and the others are instanti-
ated. Each relevant constraint allows a set (possibly empty)
of values for the new variable. This set is called extension set
below. The satisfiability of all relevant constraints depends on
whether the intersection of their extension sets is non-empty
(see lemma 4).

Definition 3 Given a constraint cSi
, a variable x ∈ Si and

any instantiation ā of Si − {x}, the extension set of ā to x
with respect to cSi

is defined as

Ei,x(ā) = {b ∈ Dx | (ā, b) satisfies cSi
}.

An extension set is trivial if it is empty; otherwise it is non-
trivial.

Throughout this paper, it is often the case that an instantia-
tion ā of S−{x} is already given where S−{x} is a superset
of Si − {x}. Let b̄ be the instantiation obtained by restricting
ā to the variables only in Si − {x}. For ease of presentation,
we continue to use Ei,x(ā), rather than Ei,x(b̄), to denote the
extension of b̄ to x under constraint cSi

. Where the context is
clear, we may omit some of the three parameters i, ā and x.

Example. Consider the network with variables
{x, x1, x2, x4, x5}:

cS1
= {(a, b, d), (a, b, a)}, S1 = {x1, x2, x};

cS2
= {(b, a, d), (b, a, b)}, S2 = {x2, x4, x};

cS3
= {(b, d), (b, c)}, S3 = {x2, x};

cS4
= {(b, a, d), (b, a, a)}, S4 = {x2, x5, x};

D1 = D4 = D5 = {a}, D2 = {b}, Dx = {a, b, c, d}.

Let ā = (a, b, a) be an instantiation of variables Y =
{x1, x2, x4}. The relevant constraints to x are cS1

, cS2
, and

cS3
. cS4

is not relevant since it has two uninstantiated vari-
ables. The extension sets of ā to x with respect to the relevant
constraints are:

E1(ā) = {d, a}, E2(ā) = {d, b}, E3(ā) = {d, c}.

The intersection of the above extension sets is not empty, im-
plying that ā can be extended to satisfy all relevant constraints
cS1

, cS2
and cS3

.
Let ā = (b, b) be an instantiation of {x2, x}. E1,x1

(ā) = ∅
and it is trivial. In other words, when an instantiation has
a trivial extension set, it can not be extended to satisfy the
constraint of concern. 2

The relationship between k-consistency and set intersection
is characterized by the following lemma which is a direct con-
sequence of the definition of k-consistency.

Lemma 4 (Set Intersection and Consistency; lifting) A
constraint network R is k-consistent if and only if for any
consistent instantiation ā of any (k − 1) distinct variables
Y = {x1, x2, · · · , xk−1}, and any new variable xk,

⋂

j∈1..l

Eij
6= ∅
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where Eij
is the extension set of ā to xk with respect to cSij

,
and cSi1

, · · · , cSil
are all relevant constraints.

The insight behind this lemma is to see consistency from
the perspective of set intersection.

Example. Consider again the previous example. We
would like to check whether the network is 4-consistent. Con-
sider the instantiation ā of Y again. This is a trivial consis-
tent instantiation since the network doesn’t have a constraint
among the variables in Y . To extend it to x, we need to check
the first three constraints. The extension is feasible because
the intersection of E1, E2, and E3 is not empty. We show
the network is 4-consistent, by exhausting all consistent in-
stantiations of any three variables. Conversely, if we know
the network is 4-consistent, we can immediately say that the
intersection of the three extension sets of ā to x is not empty.
2

The usefulness of this lemma is that it allows consistency
information to be obtained from the intersection of extension
sets, and vice versa. Using this view of consistency as set in-
tersection, some results on set intersection properties, includ-
ing all those in section 3, can be lifted to get various consis-
tency results for a constraint network through the following
proof schema.

Proof Schema
1. (Consistency to Set) From a certain level of consistency
in the constraint network, we derive information on the
intersection of the extension sets according to lemma 4.
2. (Set to Set) From the local intersection information of
sets, information may be obtained on intersection of more
sets.
3. (Set to Consistency) From the new information on in-
tersection of extension sets, higher level of consistency is
obtained according to lemma 4.
4. (Formulate conclusion on the consistency of the con-
straint network). 2

Given the proof schema, lemma 4 is also called the lifting
lemma.

In the following sections, we demonstrate how the set in-
tersection properties and the proof schema are used to obtain
new and also well known results on consistency of a network.

5 Application I: Global Consistency of Tree
Convex Constraints

The notion of extension set plays the role of a bridge between
the restrictions to set(s) and properties of special constraints.
The sets in lemma 1 are restricted to be tree convex. If all
extension sets of a constraint is tree convex, we call this con-
straint tree convex.

Definition 4 A constraint cS is tree convex with respect to x
if and only if the sets in

A = {ES,x | ES,x is a non-trivial extension of some
instantiation of S − {x}}

are tree convex. cS is tree convex if it is tree convex wrt every
x ∈ S under a common tree on the union of domains involved.

{(1, 1), (1, 9), (3, 3), (3, 9), (5, 5), (5, 9), (9, 1), (9, 9)} is an
example of a tree convex constraint but it is not row convex.

Definition 5 A constraint network is tree convex if and only
if all constraints are tree convex under a common tree on the
union of all domains.

Convex sets naturally give rise to convex constraints which
is a special case of tree convex constraints.

Definition 6 A constraint cS is row convex with respect to x
if and only if the sets in

A = {ES,x | ES,x is a non-trivial extension of some
instantiation of S − {x}}

are convex. It is row convex if under a total ordering on the
union of involved domains, it is row convex wrt every x ∈ S.
A constraint network is row convex iff all constraints are row
convex under a common total ordering on the union of all
domains.

The consistency results on these networks can be derived
from the property of set intersection using the proof schema.
We obtain the main result of this section.

Theorem 1 (tree convexity) Let R be a network of con-
straints with arity at most r and R be strongly 2(r − 1) + 1
consistent. If R is tree convex then it is globally consistent.

Proof. The network is strongly 2(r − 1) + 1 consistent
by assumption. We prove by induction that the network is k
consistent for any k ∈ {2r, · · · , n}.

Consider any instantiation ā of any k−1 variables and any
new variable x. Let the number of relevant constraints be l.
For each relevant constraint there is one extension set of ā to
x. So we have l extension sets. If the intersection of all l sets
is not empty, we have a value for x such that the extended
instantiation satisfies all relevant constraints.

(Consistency to Set) Consider any two of the l extension
sets: E1 and E2. The two corresponding constraints involve
at most 2(r−1)+1 variables since the arity of a constraint is
at most r and each of the two constraints has x as a variable.
According to the consistency lemma, that R is 2(r − 1) + 1-
consistent implies that the intersection of E1 and E2 is not
empty.

(Set to Set) Since all relevant constraints are tree convex
under the given tree, the extension sets of ā to x are tree con-
vex. Henceforth, the fact that every two of the extension sets
intersect shows that the intersection of all l extension sets is
not empty, in terms of the tree convex sets intersection lemma.

(Set to Consistency) From the consistency lemma, we have
that R is k-consistent. 2

Since a row convex constraint is tree convex, we have the
following result.

Corollary 4 (row convexity) [van Beek and Dechter, 1995]
Let R be a network of constraints with arity at most r and R
be strongly 2(r−1)+1 consistent. If there exists an ordering
of the domains D1, · · · , Dn of R such that R is row convex,
R is globally consistent.

This can also be proved directly by lifting corollary 1.
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6 Application II: Global Consistency on
Weakly Tight Networks

In this section, we study networks with some tight constraints.
The m-tight property of a constraint is related to the cardinal-
ity of the extension set in the following way.

Definition 7 A constraint cSi
is m-tight with respect to x ∈

Si iff for any instantiation ā of Si − {x},

|Ei,x| ≤ m or |Ei,x| = |Dx|.

A constraint cSi
is m-tight iff it is m-tight with respect to every

x ∈ Si.

Definition 8 A constraint network is weakly m-tight at level
k iff for every set of variables {x1, · · · , xl}(k ≤ l ≤ n) and
a new variable, there exists an m-tight constraint in the rele-
vant constraints after the instantiation of the l variables.

The small set intersection lemma gives the following theo-
rem.

Theorem 2 (Weak Tightness) If a constraint network R with
constraints of arity at most r is strongly ((m+1)(r−1)+1)-
consistent and weakly m-tight at level ((m + 1)(r− 1) + 1),
it is globally consistent.

The proof is similar to the theorem on tree convexity.
Immediately we have the following result which is a main

result in [van Beek and Dechter, 1997].

Corollary 5 (Tightness) [van Beek and Dechter, 1997] If a
constraint network R with constraints that are m-tight and of
arity at most r is strongly ((m + 1)(r − 1) + 1)-consistent,
then it is globally consistent.

This result can of course be directly lifted from corollary 2.
Corollary 5 requires every constraint to be m-tight. The weak
tightness theorem on the other hand does not require all con-
straints to be m-tight. The following example illustrates this
difference.

Example. For a weakly m-tight network, we are inter-
ested in its topological structure. Thus we have omitted the
domains of variables here. Consider a network with five vari-
ables labelled {1, 2, 3, 4, 5}. In this network, for any pair of
variables and for any three variables, there is a constraint. As-
sume the network is already strongly 4-consistent.

Since the network is already strongly 4-consistent, we can
simply ignore the instantiations with less than 4 variables.
This is why we introduce the level at which the network is
weakly m-tight. The interesting level here is 4. Table 1
shows the relevant constraints for each possible extension of
four instantiated variables to the other one. In the first row,
1234 → 5 stands for extending the instantiation of variables
{1, 2, 3, 4} to variable 5. Entries in its second column denote
a constraint. For example, 125 denotes c125. If the constraints
on {1, 2, 5} and {1, 3, 4} (suffixed by * in the table) are m-
tight, the network is weakly m-tight at level 4. Alternatively,
if the constraints {1, 5}, {2, 3} and {3, 4} (suffixed by +) are
m-tight, the network will also be weakly m-tight. However,
the tightness corollary requires all binary and ternary con-
straints to be m-tight. The weak m-tightness theorem needs
significantly less constraints to be m-tight. Further results are
in section 8. 2

extension relevant constraints
125*, 135 , 145 , 235, 245,1234 → 5
345, 15+, 25 , 35 , 45
231 , 241 , 251*, 341, 351,2345 → 1
451, 21 , 31 , 41 , 51+
132 , 142 , 152*, 342, 352,3451 → 2
452, 12 , 32+, 42 , 52
123 , 143*, 153 , 243, 253,4512 → 3
453, 13 , 23+, 43 , 53
124 , 134*, 154 , 234, 254,5123 → 4
354, 14 , 24 , 34+, 54

Table 1: Relevant constraints in extending the instantiation of
four variables to the other one

7 Application III: Constraint Looseness
To make the presentation complete, we list the result on
looseness of constraints by van Beek and Dechter [1997] (see
also [Zhang and Yap, 2003]) as an instance of our framework.

The m-loose property of a constraint is related to the cardi-
nality of extension set in the following way.

Definition 9 A constraint cSi
is m-loose with respect to x ∈

Si iff for any instantiation ā of Si − {x}, |Ei,x| ≥ m. A
constraint cSi

is m-loose iff it is m-loose with respect to every
x ∈ Si.

The large set intersection lemma is lifted to the following
result on constraint looseness.

Theorem 3 (Looseness) Given a constraint network with
domains that are of size at most d and constraints that are m-
loose and of arity at least r, r ≥ 2. It is strongly k-consistent,
where k is the maximum value such that binomial(k−1, r−
1) ≤ dd/(d−m)e − 1.

8 Application IV: Making Weakly Tight
Networks Globally Consistent

In this section, relational consistency will be used to make a
constraint network globally consistent.

Definition 10 [van Beek and Dechter, 1997] A constraint
network is relationally m-consistent iff given (1) any m dis-
tinct constraints cS1

, · · · , cSm
, and (2) any x ∈ ∩m

i=1Si,
and (3) any consistent instantiation ā of the variables in
(∪m

i=1Si − {x}), there exists an extension of ā to x such
that the extension is consistent with the m relations. A net-
work is strongly relationally m-consistent if it is relationally
j-consistent for every j ≤ m.

All the results on small set intersection and tree convex set
intersection in section 3 can be rephrased by using relational
consistency. For example, a new version of weak tightness is
shown below. Its proof can be easily obtained following the
proof schema.

Theorem 4 (Weak Tightness) If a constraint network R of
constraints with arity of at most r is strongly relationally
(m+1)-consistent and weakly m-tight at level of (m+1)(r−
1) + 1, it is globally consistent.
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Consider the weak m-tightness theorem 2 in section 6
based on local k-consistency. A weakly m-tight network in
general may not have the level of consistency required by the
theorem. To obtain global consistency, one may try to en-
force this level of consistency. However, this may result in
new constraints with higher arity in the network. The new
constraints may in turn require a higher level of consistency
to ensure global consistency. Therefore it is difficult to pre-
dict an exact level of consistency to enforce on the network
to make it globally consistent.

Using relational consistency, it is possible to obtain global
consistency by enforcing local consistency on the network. In
order to achieve our main result we need a stronger version
of m-tightness — proper m-tightness.

Definition 11 A constraint cSi
is properly m-tight with re-

spect to x ∈ Si iff for any instantiation ā of Si − {x},

|Ei,x| ≤ m.

A constraint cSi
is properly m-tight iff it is properly m-tight

with respect to every x ∈ Si.

A constraint is m-tight if it is properly m-tight. The con-
verse may not be true.

A weakly properly m-tight network is defined by replacing
“m-tight” with “properly m-tight” in definition 8 (section 6).

We have the following observation on the weak m-
tightness and weak proper m-tightness of a network.

Proposition 2 A constraint network is weakly m-tight and
weakly properly m-tight respectively if the constraint between
every two variables in the network is m-tight and properly
m-tight respectively.

It is easy to verify that the proper m-tightness of the binary
constraints is preserved during the procedure to enforce cer-
tain level of consistency in the network. So we have the main
result of this section.

Theorem 5 (Weak Proper-Tightness) Given a constraint net-
work whose constraint on every two variables is properly m-
tight. It is globally consistent after it is made relationally
m + 1-consistent.

This theorem follows immediately from the discussion
above and theorem 4. The implication of this theorem is that
as long as we have certain properly m-tight constraints on
certain combinations of variables, the network can be made
globally consistent by enforcing relational m+1-consistency.

9 Summary
We demonstrate how to infer properties of consistency on a
network purely by making use of set intersection properties.
In addition to the results shown here, some other results can
also be obtained by the lifting lemma. For example, the work
of David [1993] can be obtained by lifting the singleton set
corollary 3. The work of Faltings and Sam-Haroud [1996] is
on convex constraint networks in continuous domains and the
idea there is to lift Helly’s theorem on intersection of convex
sets in Euclidean spaces.

We show a number of new consistency results which we
believe are significant progress to convexity and tightness

of constraints since van Beek and Dechter’s work [1995;
1997]. We identify a class of tree convex constraints which is
a superset of row convex constraints [van Beek and Dechter,
1995]. In a network of tree convex constraints, global consis-
tency is ensured by a certain level of local consistency.

We show that in a network of arbitrary constraints, local
consistency implies global consistency whenever there are m-
tight constraints on certain variables (e.g. theorem 2). How-
ever, when the network does not have the required local con-
sistency, global consistency may not be simply obtained by
enforcing such level of local consistency. A surprising re-
sult is that as long as the constraint between every pair of
variables is properly m-tight in an arbitrary network, global
consistency can be achieved by enforcing a certain level of
relational consistency ( theorem 5). In previous work (e.g.
[van Beek and Dechter, 1997]), all constraints are required
to be m-tight which may be violated by newly introduced
constraints in the process of enforcing the intended relational
consistency.

A promising line of work is to find more properties under
which a network is weakly properly m-tight. Another obvi-
ous direction is to find other classes of sets with intersection
properties which will likely give useful consistency results.
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Abstract
Identifying and breaking the symmetries of CNF for-
mulae has been shown to lead to significant reductions
in search times. In this paper we describe a more sys-
tematic and efficient construction of symmetry-break-
ing predicates (SBPs). In particular, we use the cycle
structure of symmetry generators, which typically
involve very few variables, to drastically reduce the
size of SBPs. Furthermore, our new SBP construction
grows linearly with the number of relevant variables as
opposed to the previous quadratic constructions. Our
empirical data suggest that these improvements reduce
search run times by one to two orders of magnitude on
a wide variety of benchmarks with symmetries.

1 Introduction
Modern Boolean satisfiability (SAT) solvers, based on back-
track search, are now capable of attacking instances with
thousands of variables and millions of clauses [Velev and
Bryant, 2001] and are being routinely deployed in a wide
range of industrial applications [Biere et al., 1999], [Nam et
al., 2001], [Stephan et al., 1996]. Their success can be cred-
ited to a combinational of recent algorithmic advances and
carefully-tuned implementations [Silva and Sakallah, 1999],
[Moskewicz et al., 2001], [Goldberg and Novikov, 2002].
Still, there are problem instances that remain beyond the
reach of most SAT solvers.

One aspect of intractability is the presence of symmetry
in the conjunctive normal form (CNF) of a SAT instance.
Intuitively, a symmetry of a discrete object is a transforma-
tion, e.g., a permutation, of its components that leaves the
object intact. The symmetries of a CNF formula are permu-
tations of its literals (variables and their negations) that result
in a re-ordering of its clauses (and the literals within clauses)
without changing the formula itself. Such symmetries induce
an equivalence relation on the set of variable assignments
such that two assignments are equivalent if and only if the
formula assumes the same truth value (either 0 or 1) at each
of these assignments. A search algorithm that is oblivious to
the existence of these symmetries may end up, wastefully
exploring a set of equivalent unsatisfying assignments before
moving on to a more promising region of the search space.

On the other hand, knowledge of the symmetries can be used
to significantly prune the search space. Symmetries are stud-
ied in abstract algebra in terms of groups. We assume the
reader to be familiar with the basics of group theory; in par-
ticular, we assume familiarity with permutation groups and
their representation in terms of irredundant sets of genera-
tors. A good reference on the subject is [Fraleigh, 2000].

The rest of the paper is organized in five sections.
Section 2 provides a brief review of permutations and per-
mutation groups. Section 3 describes pervious work on sym-
metry breaking for SAT. Our main contribution on efficient
constructions of symmetry-breaking predicates is detailed in
Section 4. These constructions are evaluated empirically in
Section 5, and we end with conclusions in Section 6.

2 Notation and Preliminaries
We will be concerned with permutations on the literals of a
set of n Boolean variables  which we assume
to be totally ordered according to . We use

 to denote the set of integers between 1 and n inclusive,
and denote non-empty subsets of  by upper-case “index
variables” I and J as appropriate. Given an index set I and an
index , we define the “index selector” functions:

(1)

where min and max return, respectively, the least and great-
est element in the given index set. For completeness, we also
let , and .

A permutation  of the set of 2n literals
 (where  denotes the logical

negation of ) is a function  that is both one-to-
one and onto. We will denote that  is the image of  under

 by writing . To preserve Boolean consistency,
whenever  maps  to  it must simultaneously map 
to . Such implied mappings will be assumed whenever
not explicitly specified. A permutation  is a phase-shift
permutation if  for some , i.e.,  maps some
literal to its complement.

Permutations will be expressed either in tabular form or
in cyclic notation. For example,

x1 … xn, ,{ }
1 2 nx x x≺ ≺"≺

In
In

i I∈

pred( , ) { } prev( , ) max(pred( , ))

succ( , ) { } next( , ) min(succ( , ))

i I j I j i i I i I

i I j I j i i I i I

= ∈ < =

= ∈ > =

∅( )min n 1+= ∅( )max 0=
π

L x1 x′1 … xn x′n, , , ,{ }= x′i
xi π: L L→

xj xi
π xj xi

π=
π xi xj x′i

x′j
π

xi
π x′i= i In∈ π
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(2)

denotes a permutation that maps  to  etc. The same per-
mutation can be expressed as a set of disjoint cycles such as

(3)
Here a cycle  is a shortcut for “a maps to b, b
maps to c, . . . and z maps to a.” The length of a cycle is
equal to the number of literals in it; we will refer to a cycle
whose length is k as a k-cycle. We define the support of a
permutation , , to be the set of indices appearing
in its cyclic representation, i.e.,

(4)

The number of cycles in a permutation  will be denoted by
. We also define  to be the index of

the smallest variable (according to the assumed total order-
ing) that is mapped to its complement by :

(5)

We should note that a phase-shift permutation must have one
or more phase-shift cycles, i.e., length-2 cycles that have the
form . Finally, we define  as follows:

(6)

A permutation group G is a group whose elements are
permutations of some finite set and whose binary operation
is function composition, also referred to as permutation mul-
tiplication. The order of a group is the number of its ele-
ments. A subgroup H of a group G, denoted  is a
subset of G that is closed under the group’s binary operation.
The cyclic subgroup of , denoted by , is the sub-
group consisting of  and its integer powers:

(7)

and  is said to generate . A set of permutations
 generates G if the subgroup resulting

from taking all possible products of the integer powers of
these permutations is equal to G. The permutations

 are called generators of G. A set of genera-
tors is irredundant if it is not possible to express any of its
permutations as a product of powers of its other permuta-
tions. A set of irredundant generators serves as an implicit
representation of the group it generates and, in general, guar-
antees exponential compression in the size of the representa-
tion. Note that a set of irredundant generators is not a group
since it is not closed under multiplication and taking inverse.
In the sequel, a set of permutations G that is not necessarily
closed will be indicated by placing a “hat” on the variable
denoting the set, i.e., . Additionally, and with a slight
abuse of notation, we will indicate that G is the group gener-
ated by  by writing .

3 Previous Work
The basic framework for utilizing the symmetries in a CNF
instance to prune the search space explored by a SAT solver

was laid out in [Crawford et al., 1996]. This framework was
extended later, in [Aloul et al., 2002], to account for phase-
shift symmetries, take advantage of the cycle structure of
permutations, and consider only generators of the group of
symmetries. In outline, the procedure consists of the follow-
ing steps:
1. Convert a CNF formula  to a colored graph whose sym-

metries are isomorphic to the symmetries of the formula.
2. Find the symmetries of the graph in terms of a set of irre-

dundant generators  using a suitable graph
automorphism program [McKay, 1981], [Spitznagel,
1994].

3. Map the graph symmetries back to symmetries of the
formula.

4. Construct an appropriate symmetry-breaking predicate
(SBP)  and conjoint it to the formula.

5. Solve  using a suitable SAT solver [Moskewicz et
al., 2001].
Our concern in this paper is step 4. Noting that the group

of symmetries induces an equivalence relation on the set of
assignments in the n-dimensional Boolean space, the basic
idea is to construct a “filter” that picks out a single represen-
tative from each equivalence class. In particular, choosing
the lexicographically smallest representative—according to
the assumed total ordering on the variables—leads to the fol-
lowing Lex-Leader SBP [Crawford et al., 1996]:

(8)

(9)

(10)

where the index set I in (9) and (10) is equal to . In these
equations, the Lex-Leader SBP is expressed as a conjunction
of permutation predicates (PPs) each of which is a conjunc-
tion of bit predicates (BPs)1. Introducing n auxiliary “equal-
ity” variables  makes it possible to express the
ith BP as an (i + 1)-literal CNF clause. This leads to a CNF
representation of the PP in (9) that has n clauses with a total
literal count of . Additionally, each of the intro-
duced equality constraints yields 4 3-literal clauses bringing
the total CNF size of (9) to:

(11)

In its present form, the lex-leader SBP in (8)-(10) can lead
to an exponentially large CNF formula because the order of
the symmetry group can be exponential in the number of
variables. Thus, its value in pruning the search space is
negated by the need of the SAT solver to process a much
larger CNF formula. To remedy this problem [Crawford et
al., 1996] suggested the construction of a symmetry tree to
eliminate some redundant permutations. However, in the
worst case the number of symmetries in the tree remains
exponential. Empirical evidence in [Aloul et al., 2002]

1 2

1 2

n

n

x x x

x x xπ π ππ
  =    

"
"
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π

( , ,( ) , )( , ,( ) , )i i i j j jx x x x x xπ π π π π ππ= … ……
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π supp π( )

supp π( ) i In∈ |xi
π xi≠{ }=

π
cycles π( ) phase-shift π( )

π

phase-shift π( ) i In |∈ xi
π x′i={ }min=

xi x′i,( ) ends π( )

ends π( ) i In |i is largest index of a variable in a∈{=
non-phase-shift cycle of π}

H G≤

π G∈ <π>
π

<π> πi|i Z∈{ }=

π <π>
π1 G∈ … πk G∈, ,

π1 … πk, ,{ }

Ĝ

Ĝ ˆ=< >G G

1 Note that  in the bit predicate means “x implies y”.

ϕ

1
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ρ
ϕ ρ∧
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ˆ( ) PP( )
π

ρ π
∈< >

< > = ∧
G

G

PP( ) BP( , )π π
∈

=∧
i I

i

( ) ( )
pred( , )

BP( , ) π ππ
∈

 
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j i I
i x x x x
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ei xi xi
π=( )≡

0.5 n2 3n+( )
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literals PP π( )( ) 0.5 n2 27n+( )=
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showed that full symmetry breaking, i.e., insuring that the
SBP selects only the lex-leader from each equivalence class,
is not necessary to obtain significant pruning of the search
space. An SBP that breaks some, but not necessarily all, the
symmetries of the formula can, in fact, provide a much better
space/time trade-off during the search. This is accomplished
by replacing the group of symmetries in (8) by a suitable,
and much smaller, set of permutations :

(12)

In particular, [Aloul et al., 2002] advocated the use of the set
of generators  returned by the graph automorphism pro-
gram in step 2.

4 Efficient Formulation of Permutation 
Predicate

Even when only a small number of permutations is used in
constructing an SBP as in (12), the corresponding CNF for-
mula may still be too large because each PP requires a CNF
formula whose size is quadratic in the number of variables n.
In this section we introduce two refinements that lead to
much smaller PPs. The first refinement utilizes the cycle
structure of a permutation to eliminate redundant bit predi-
cates and can be viewed as replacing n in (11) by a much
smaller number m and represents a more comprehensive and
systematic treatment of cycles than that in [Aloul et al.,
2002]. The second refinement takes advantage of the recur-
sive bit-by-bit structure in (10) to yield a CNF formula

whose size is linear, rather than quadratic, in m. Figure 1
provides an example illustrating these refinements.

Elimination of redundant BPs. Careful analysis of (10)
reveals three cases in which a BP is tautologous, and hence
redundant. The first corresponds to bits that are mapped to
themselves by the permutation, i.e., . This makes the
consequent of the implication in (10), and hence the whole
bit predicate, unconditionally true. Removal of such BPs is
easily accomplished by setting the index set I in (9) and (10)
to  rather than . For sparse permutations, i.e., per-
mutations for which , this change alone can
account for most of the reduction in the CNF size of the PP.

The second case corresponds to the BP of the last bit in
each cycle of . “Last” here refers to the assumed total
ordering on the variables. Assume a cycle involving the vari-
ables  for some index set J and let .
Then

(13)

causing the corresponding bit predicate  to be tau-
tologous. Elimination of these BPs is accomplished by
restricting the index set I in (9) and (10) further to just

 and corresponds to a reduction in the
number of BPs from n to .

The third and last case corresponds to the BPs of those
bits that occur after the first “phase-shifted variable.” Let i
be the index of the first variable for which . Thus,

ˆˆ ⊆< >H G
LL

ˆ

ˆ( ) PP( )
π

ρ π
∈

= ∧
H

H

Ĝ

x1 x4,( ) x3 x8 x′6, ,( ) x5 x′5,( )=

BP π 2,( ) x1 x4=( ) x2 x2≤( )→=
BP π 1,( ) x1 x4≤=

BP π 3,( ) x1 x4=( ) x2 x2=( ) x3 x8≤( )→=
BP π 4,( ) x1 x4=( ) x2 x2=( ) x3 x8=( ) x4 x1≤( )→=
BP π 5,( ) x1 x4=( ) x2 x2=( ) x3 x8=( ) x4 x1=( ) x5 x′5≤( )→=
BP π 6,( ) x1 x4=( ) x2 x2=( ) x3 x8=( ) x4 x1=( ) x5 x′5=( ) x6 x′3≤( )→=
BP π 7,( ) x1 x4=( ) x2 x2=( ) x3 x8=( ) x4 x1=( ) x5 x′5=( ) x6 x′3=( ) x7 x7≤( )→=
BP π 8,( ) x1 x4=( ) x2 x2=( ) x3 x8=( ) x4 x1=( ) x5 x′5=( ) x6 x′3=( ) x7 x7=( ) x8 x′6≤( )→=
BP π 9,( ) x1 x4=( ) x2 x2=( ) x3 x8=( ) x4 x1=( ) x5 x′5=( ) x6 x′3=( ) x7 x7=( ) x8 x′6=( ) x9 x9≤( )→=
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PP π( ) p1( ) p1 l1p3→( ) p3 g1 l3p5→ →( ) p5 g3 l5→ →( )=
p1( ) p1 x1 x4≤( )p3→( ) p3 x1 x4≥( ) x3 x8≤( )p5→ →( ) p5 x3 x8≥( ) x′5→ →( )=

Figure 1: Illustration of different formulations of the permutation predicate.

supp π( ) 1 3 4 5 6 8, , , , ,{ }=
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phase-shift π( ) 5=
succ phase-shift π( ) I10,( ) 6 7 8 9 10, , , ,{ }=

supp π( ) ends π( ) succ phase-shift π( ) I10,( ) 1 3 5, ,{ }=
(a) Permutation in tabular and cyclic notation

(b) Various index sets associated with permutation

(c) Bit predicates according to (10). BPs enclosed in boxes with square corners are tautologous because  maps the corre-
sponding bits to themselves. BPs enclosed in boxes with rounded corners are tautologous because they correspond to cycle
“ends.” The BPs for bits 6 to 10 are tautologous because  maps bit 5 to its complement.

π

π

(d) Linear formulation of the permutation predicate according to (18), based only on irredundant bits

1 2 3 4 5 6 7 8 9 10

4 2 8 1 5 3 7 6 9 10

π
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 and all BPs for  have the form 
making them unconditionally true.

Taken together, the redundant BPs corresponding to these
three cases can be easily eliminated by setting the index set
in (9) and (10) to:

(14)

In the sequel we will refer to the bits in the above index set
as “irredundant bits.” Note that the presence of a phase-
shifted variable early in the total order can lead to a drastic
reduction in the number of irredundant bits. For example, if

 then  is simply  regardless of
how many other variables are moved by .

Linear construction of PPs through chaining. The PP in
(9) and (10) has a recursive structure that can be utilized to
produce a CNF formula whose size is linear, rather than qua-
dratic, in the cardinality of the index set I. Specifically, we
introduce the “ordering” predicates  and

 and, after algebraic manipulation, write the
following equivalent expressions for the permutation predi-
cate:

(15)

where ,  and . Noting
that, except for the index set used, the parenthesized expres-
sion on the second line of the above equation is identical to
the expression on the first line, we introduce a sequence of
chaining predicates  defined according to:

(16)

where . The recursive
structure of (15), now, makes it possible to express each
chaining predicate in terms of the one that follows it

(17)

and yields the following alternative representation of the per-
mutation predicate:

which can be simplified further by replacing the equalities
by one-way implications leading, finally, to:

(18)

The CNF representation of each conjunct in (18) is obtained
by substituting the definitions of the l and g variables and
using the distributive law. Thus, using this construction the
permutation predicate requires  additional variables (the
chaining predicates) and consists of  3-literal and  4-
literal clauses for a total of  literals.

5 Experimental Evaluation
We conducted a number of experiments to evaluate the effec-
tiveness of the symmetry breaking constructions described
above in reducing search times. We ran the experiments on
representative CNF instances from the following seven
benchmark families:
1. Hole-n: Unsatisfiable pigeon-hole instances [DIMACS]
2. Urq: Unsatisfiable randomized instances based on

expander graphs [Urquhart, 1987]
3. GRoute: Difficult satisfiable instances that model global

wire routing in integrated circuits [Aloul et al., 2002]
4. FPGARoute and ChnlRoute: Large satisfiable and unsat-

isfiable, instances that model the routing of wires in the
channels of field-programmable integrated circuits [Nam
et al., 2001]

5. XOR: Various exclusive-or chains [SAT 2002]
6. 2pipe: Difficult unsatisfiable instances that model the

functional correctness requirements of modern out-of-
order microprocessor CPUs [Velev and Bryant, 2001]

Each of the benchmarks was converted to a colored graph as
described in [Aloul et al., 2002] and processed by the graph
automorphism program Nauty (version 2) [McKay, 1981]
using the GAP package (version 4, release 3) [Spitznagel,
1994]. The symmetries returned by Nauty were then mapped
back to symmetries of the benchmark and appropriate SBPs
constructed and added. The mChaff SAT solver [Moskewicz
et al., 2001] was then run on the original and SBP-aug-
mented versions of each benchmark. All experiments were
run on a Linux workstation with a 1.2Ghz AMD Athlon pro-
cessor and 1GB of RAM. A time-out limit of 1000 seconds
was set for all runs, and run time results represent averages
over 10 to 200 independent runs.

Table 1 lists, for each benchmark family, the number of
instances tested (col. 2), their total CNF sizes (cols. 3 and 4),
the order of their symmetry groups (col. 5), the total number
of generators returned by Nauty (col. 6), and the number of
those that include phase shifts (col. 7). Columns 8 and 9 list
the cardinality of the generators’ support and the degree of
sparsity present in these generators. The remaining columns
in the table list the CNF sizes of three SBP constructions
based on generators:
• The quadratic construction (using extra equality variables)

based on all bits; this represents the previous state-of-the-
art

• The quadratic construction based only on irredundant bits
• The linear construction (using extra chanining variables)

based only on irredundant bits
Several observations can be made about the data in

Table 1. The number of symmetries in these benchmarks is
large, but all symmetries, including phase shifts in bench-
mark families Urq, XOR and 2pipe, can be represented by
fairly small sets of generators. The generators returned by
Nauty appear very sparse on average, i.e., a typical generator
affects only a small number of variables.2 This explains the
reduction, by 1-2 orders-of-magnitude, in the size of symme-
try-breaking predicates in column 13 (our first construction)
versus column 11 ([Crawford et al., 1996]). Both the number
of variables and the number of literals are reduced. While
our construction in column 13 only slightly extends the qua-
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dratic-size construction in [Aloul et al., 2002], our more
advanced linear-size construction (column 15) offers an
additional reduction by up to an order of magnitude. Note,
however, that the number of variables is unchanged—the
extra variables added by the two constructions have different
function, but can be mapped to each other one-to-one.

Table 2 empirically compares the effectiveness of the
symmetry-breaking predicates described in Table 1. First, in

most cases it takes much less time to find symmetries of a
CNF instance than to solve it. The 2pipe instances are an
exception, but we believe that further advances in symmetry-
finding can rectify this exception. Second, the all-bits qua-
dratic construction due to [Crawford et al., 1996] is dramati-
cally slower than our variants based on the cycle structure.
Our linear-sized construction provides a further speed-up.
Exceptions are the Hole-n benchmarks, where the difference
between our two constructions is small, and the 2pipe bench-
marks where the quadratic-sized SBPs led to shorter run
times despite being almost thirteen times larger. Further
investigation showed that this was a side-effect of mChaff’s
VSIDS decision heuristic which tended to choose the auxil-
iary variables first because they occur in many more clauses
than the original instance variables. Using BerkMin [Gold-

2 While our experiments clearly confirm that such generators exist,
finding them is a function of the graph automorphism program.
Since we used Nauty as a black box, we do not have a clear expla-
nation of what causes Nauty to find such sparse generators,
whether even sparser generators can be found and whether Nauty
will in some cases return less sparse generators.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Bench-
mark

Family
# 
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ce

s

Total Instance Sizes

Symmetries Total SBP Sizes

Total
Generators

All bits Irredundant bits

Quadratic Const. Linear Const.

Vars Lits Tot PS Avg 
|supp| S Extra Vars Lits Extra Vars Lits Extra Vars Lits

Hole-n 6 616 6818 3E+18 108 0 20.6 79% 11788 865018 1112 20903 1112 14380

Urq 4 162 7212 6E+08 94 94 1.0 98% 3876 133047 0 94 0 94

GRoute 5 4704 93262 2E+11 138 0 46.6 95% 130032 63307944 3216 87312 3216 43506

FPGARoute 9 1580 19612 1E+21 241 0 24.2 86% 43429 4657249 2922 66603 2922 38257

ChnlRoute 6 1710 24366 2E+52 270 0 29.5 89% 79782 13705131 3987 138079 3987 52848

XOR 4 316 2512 7E+10 108 107 1.0 99% 9240 544092 1 121 1 110

2pipe 3 2620 61566 168 15 10 12.3 82% 13154 5954599 1031 186708 1031 14329

Total 37 11708 215348 2E+52 974 211 24749 90% 291301 89167080 12269 499820 12269 47751

KEY: Vars: # variables; Lits: # literals; Extra Vars: # additional variables used in SBPs; Tot: total # generators;
PS: # phase-shift generators; Avg. |supp|: average support of generators; S: sparsity of generators (1-Avg |supp|/Vars)

Table 1: Symmetry statistics for various benchmark families and size comparisons of three SBP constructions based on group generators.
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Time to solve instances and SBPs (sec) Speedup

Generators only Generators &
their comp.

All bits Irredundant bits

Quadratic Construction Linear Construction

Hole-n 6 108 1157 0.38 1246.81 18.75 0.06 0.07 0.65 8832 171

Urq 4 94 94 0.76 895.65 3.72 1.17 1.17 1.17 2084 11

GRoute 5 138 2037 38.76 132.30 960.10 15.55 5.08 38.32 15 99

FPGARoute 9 241 3595 3.24 5070.30 4832.70 0.31 0.21 4.08 13391 12835

ChnlRoute 6 270 6578 25.86 2755.00 2675.85 0.37 0.17 5.87 588 569

XOR 4 108 108 11.43 1900.16 20.52 2.41 2.41 2.41 531 5

2pipe 3 15 18 23.50 7.84 16.88 3.19 8.01 8.31 0.8 2

Total 37 974 13587 103.93 12008.06 8528.52 23.06 17.12 60.81 3635 1956

Table 2: Comparison of search run times for various choices of SBP constructions and symmetries to break.
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berg and Novikov, 2002] or GRASP [Silva and Sakallah,
1999] in the same experiment yielded opposite results as
expected.

Table 2 offers additional data to evaluate symmetry-
breaking by generators, which may not be complete. We
added symmetry-breaking predicates built for pairwise prod-
ucts of generators, but the overall runtimes increased. While
additional SBPs may break more symmetries, their overhead
does not justify their use.

Table 3 describes experiments with generators that have
long cycles in which we evaluated extensions to symmetry-
breaking by generators. Namely, we tried adding powers of
all generators and, alternatively, adding pairwise products of
generators. Neither extension proved useful, which supports
our main symmetry-breaking approach.

6 Conclusions
The main contribution of our work is a better construction of
symmetry-breaking predicates for Boolean satisfiability. We
empirically demonstrate improvements both in the size of
predicates and the run time of SAT solvers after these predi-
cates are added to the original CNF instances. We also show
that (1) symmetry-breaking by generators is difficult to
improve upon, and that (2) the efficiency of symmetry-
breaking does not improve when larger cycles are found in
generators.

Our work articulates that better symmetry finding algo-
rithms would be useful, especially if tailored to CNF formu-
las and, perhaps, the kinds of symmetry groups commonly
found in structured CNF instances.
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an
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2-cycle
generators Generators with long cycles

Tot Time
(sec)

Max cycle
length

Generators only Generators and 
their powers

Generators and 
their comp.

Tot Time (sec) Tot Time (sec) Tot Time (sec)

Hole-7 13 0.01 21 12 0.01 94 0.08 52 0.07

Hole-8 15 0.01 12 14 0.03 127 0.05 24 0.17

Hole-9 17 0.01 63 16 0.55 161 2.95 77 0.97

Hole-10 19 0.01 42 18 8.2 207 30 116 8.3

Table 3: mChaff search run times of “randomized” Hole-n instances augmented with linear SBPs based on different sets of permutations.
Tot denotes the total number of permutations used in constructing each SBP.
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Abstract

Symmetry breaking in CSPs has attracted consid-
erable attention in recent years. Various general
schemes have been proposed to eliminate sym-
metries during search. In general, these schemes
may take exponential space or time to eliminate
all symmetries. This paper studies classes of
CSPs for which symmetry breaking is tractable.
It identifies several CSP classes which feature var-
ious forms of value interchangeability and shows
that symmetry breaking can be performed in con-
stant time and space during search using dedicated
search procedures. Experimental results also show
the benefits of symmetry breaking on these CSPs,
which encompass many practical applications.

1 Introduction
Symmetry breaking for constraint satisfaction problems has
attracted considerable attention in recent years (See the last
CP proceedings, the CP’01 and CP’02 workshops on sym-
metries, and [Crawford et al., 1996; Freuder, 1991; Backofen
and Will, 1999; Puget, 1993] for some less recent papers).
Indeed, many applications naturally exhibit symmetries and
symmetry breaking may drastically improve performance
(e.g., [Barnier and Brisset, 2002; Meseguer and Torras, 2001;
Puget, 2002]). An important contribution in this area has been
the development of various general schemes for symmetry
breaking in CSPs (e.g., SBDS [Gent and Smith, 2000] and
SBDD [Fahle et al., 2001; Focacci and Milano, 2001]). Un-
fortunately, these schemes, in general, may require exponen-
tial resources to break all symmetries. Indeed, some schemes
require exponential space to store all the nogoods generated
through symmetries, while others may take exponential time
to discover whether a partial assignment is symmetric to one
of the existing nogoods. As a consequence, practical applica-
tions often place limits on how many nogoods can be stored
and/or which symmetries to break.

This paper approaches symmetry breaking from a differ-
ent, orthogonal, standpoint. Its goal is to identify classes of
CSPs that are practically relevant and for which symmetry
breaking is tractable, i.e., symmetry breaking is polynomial
in time and space. It identifies several such classes, which

encompass many practical applications. These CSPs fea-
ture various forms of value interchangeability and the paper
shows that symmetry breaking can be performed in constant
time and space during search using dedicated search proce-
dures. The paper also reports preliminary experimental re-
sults indicating that symmetry breaking on these CSPs brings
significant computational benefits. Finally, the paper intro-
duces the new notions of existential and abstract nogoods,
which were used to derive the results for the various CSP
classes. We believe that these notions are helpful to derive
many other classes of tractable symmetries. In particular,
they also allowed us to derive classes of tractable variable
symmetries, which we cannot include here for space reasons.
As such, this paper should be viewed only as a first step in
this fascinating area.

It is also useful to contrast our approach with the research
avenue pioneered by [Freuder, 1991] on value interchange-
ability. Freuder also introduced various forms of value inter-
changeability. However, his goal was to discover symmetries
inside CSPs and to reformulate them by preprocessing to re-
move symmetries. Unfortunately, discovering symmetries in
CSPs is not tractable for many interesting classes of CSPs.
Our research, in contrast, assumes that modellers are aware
of the symmetries in their applications. It focuses on how to
exploit this knowledge during search to eliminate symmetries
efficiently. Consider, for instance, the scene-shooting prob-
lem featured in [Van Hentenryck, 2002]. This problem aims
at producing a movie (or a series) at minimal cost by decid-
ing when to shoot scenes. Each scene involves a number of
actors and at most 5 scenes a day can be filmed. All actors of
a scene must be present on the day the scene is shot. The ac-
tors have fees representing the amount to be paid per day they
spend in the studio. The goal of the application is to minimize
the production costs. An optimal solution to this problem can
be modelled as an assignment of scenes to days which min-
imizes the production costs. It should be apparent that the
exact days assigned to the scenes have no importance in this
application and are fully interchangeable. What is important
is how the scenes are clustered together. Our approach does
not aim at discovering this fact; rather it focuses on how to
exploit it to eliminate the symmetries it induces.

The rest of the paper is organized as follows. After some
preliminaries, Sections 3, 4, and 5 study three classes of CSPs
for which symmetry breaking is tractable. For space reasons,
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only the first class is presented in full detail with proofs. Sec-
tion 6 briefly reports some experimental results. Section 7
concludes the paper.

2 Preliminaries
This section defines the main concepts used in this paper.
The definitions, although they capture the informal meaning
of CSPs, are non-standard and simplify the definitions and
proofs considerably. The basic idea is that the set of con-
straints is abstracted by a Boolean function which holds if all
the constraints are satisfied (since we are not interested in the
constraint structure). Solutions are also represented as func-
tions (assignments) from variables to their sets of values.

Definition 2.1. A CSP is a triplet
���������	��


, where
�

denotes
the set of variables,

�
denotes the set of possible values for

these variables, and
�
���������������������

is a constraint
that specifies which assignments of values to the variables are
solutions. A solution to a CSP ��� ����� ��� ��


is a function! �"�#�$�
such that

�%� ! � �'&)(+*-, . The set of solutions to a
CSP � is denoted by . ���/� � �

.

Algorithms to solve CSPs manipulate partial assignments. It
is often important to reason about which variables are already
assigned (the domain of the partial assignment) and the set of
values they are assigned to (the image of the assignment).
Note that domains represent sets of variables in this paper
(not values as is traditional), since we use functions to model
(partial) assignments.

Definition 2.2. Let �0� ���������	��

be a CSP. A partial as-

signment for � is a function 1 �32 4��$�5�
. The do-

main of 1 , denoted by 6 �+78� 1 �
, is

2
. The image of 1 , de-

noted by 9 7;:=< , � 1 �
, is the set >?1 �A@B�DC�@FE 6 �+78� 1 �HGJI

For
each value 6 E 9 7K:J< , � 1 �

, we use 1�LNM � 6 � to denote the set> @OCP@QE 6 �+78� 1 �SR 1 �A@B� �T6 G .

In this paper, we often denote a partial assignment 1 by a
conjunction of equations@VUXW �Y1 �Z@VU[W\�QR^]_]\]3R`@VU[a �Y1 �A@VU[a=�
where 6 �+7b� 1 � �c> @ U W+�_I\I_Id��@ U aBG . For instance, the partial
assignment

@
M �fe Rc@Vg �ih Rc@Vj �lk represents the

function whose domain is > @ M
��@ g ��@ j G

and which assigns the
value 9 to

@VU
. We also denote the empty assignment by m .

The next four definitions define nogoods formally and when
a (partial) assignment violates a nogood.

Definition 2.3. Let � be a CSP and 1 be a partial assignment
for � . A partial assignment n is an extension of 1 for � if6 �+78� 1 �P4 6 �+78� n � and o @pE 6 �+7b� 1 �q� n �A@B� �Y1 �A@B�HI
Definition 2.4. Let �r� �������s� ��


be a CSP and 1 be a
partial assignment for � . A completion of 1 for � is an ex-
tension 1ut �J�v�i�

of 1 for � . The set of all completions of1 for � is denoted by
�w�+7yxS� 1 � � �

.

Definition 2.5. Let � be a CSP. A nogood 1 for � is a partial
assignment for � such that

�w�+7�xu� 1 � � �Sz . ����� � � �|{ .

Definition 2.6. Let � be a CSP, 1 be a nogood for � , and n
be a partial assignment for � . n violates nogood 1 for � if n
is an extension of 1 for � .

Proposition 2.7. Let � be a CSP. If n violates nogood 1 for� , then
�w�+7�xu� n � � �Nz . ���/� � � �|{ .

This last proposition shows that nogoods can be lifted from
the children to their parent.

Proposition 2.8. Let �}� ���������	��

be a CSP and

� �>?6 M
�\I_I\I_� 6"~ G

. Let 1 be a partial assignment for � with6 �+78� 1 � ��> @VU[W��_I_I\I_��@VU a G and let every 1 U �Y1 RQ@VU a/� W �T6 U� e���9�� 7;�
be a nogood for � . Then 1 is a nogood for � .

3 Value-Interchangeable CSPs
There are many applications in resource allocation and
scheduling where the exact values taken by the variables are
not important. What is significant is which variables take the
same values or, in other terms, how the variables are clus-
tered. This notion of symmetry is what [Freuder, 1991] calls
full interchangeability for all variables and all values. The
prototypical example is graph-coloring. Another, more com-
plex, example is the scene allocation application mentioned
in the introduction. This section shows that symmetry break-
ing for these problems is tractable and takes constant time and
space. We first define value-interchangeable CSPs.

Definition 3.1. Let �}� �������s� ��

be a CSP. � is value-

interchangeable if, for each solution ! E . ����� � �
and each

bijection � �=�D�i�
, the function ��� ! E . ���/� � �

.

In the following, we use ICSP as an abbreviation for value-
interchangeable CSP. The following theorem is a fundamental
characterization of nogoods for ICSPs.

Theorem 3.2. Let ��� ���������	��

be an ICSP, let 1 be a

nogood for � , and let � �B���f�
be a bijection. Then ���q1

is a nogood.

The closure of a nogood 1 for an ICSP captures all the “sym-
metric” nogoods that can be obtained from 1 .

Definition 3.3. Let � � ����� ��� ��

be an ICSP and 1

be a nogood for � . The closure of 1 for � , denoted by�w�Z�V� *�(�, � 1 � � �
, is the set >+�=��1 C � �=�D�i�

is a bijection
GJI

We now show that the closure of a nogood can be charac-
terized compactly and that membership to the closure of a
nogood can be tested in linear time for ICSPs. We first intro-
duce the concept of existential nogood, which simplifies the
proofs and intuitions.

Definition 3.4. Let �
� ����� ��� ��

be an ICSP and 1 be a

nogood for � . Let 9 7K:J< , � 1 � ��>?6 M
�\I_I_I\� 6�� G . The existen-

tial nogood of 1 for � , denoted by ��� �?<B��� 6 � 1 � � �
, is the set

of all functions � � 6 �+7b� 1 ���i�
satisfying� , M

�\I_I\I_� , � EK���
o�9 E e I�I���� o @?�wE 1 L�M � 6 U �q� � �Z@?�?� �Y, U Rs���X����� ��� , M

�_I\I_Id� ,+� �HI
The following lemma indicates that an existential nogood pre-
cisely captures the closure of a nogood.

Lemma 3.5. Let � be an ISCP and 1 be a nogood for � .
Then ��� �?<B��� 6 � 1 � � � � �w�Z�V� *�(�, � 1 � � �

.

Proof. Let 9 7;:J< , � 1 � �0>?6 M
�_I\I_Id� 6"� G . By definition of the

image, we have that

o�9 E e I�I���� o @?�wE 1 L�M � 6 U �q� 1 �Z@?�+� �T6 U Rs���X����� ��� 6 M
�_I\I_Id� 6"� �dI
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We first show that
�w���V� *�(�, � 1 � � ��4 ��� �?<B��� 6 � 1 � � �

. Let� E8�w���V� *�(�, � 1 � � �
. This means that there exists a bijection� such that �K�T� �31 . Thus, � satisfies

o�9 E e I�I���� o @?�wE 1 L�M � 6 U �q� � �Z@?�?� �T� � 6 U �uR
���X���V� � � � � 6 M

�H�\I_I_I\� � � 6 � �/�
by definition of a bijection, and hence � E � � �?<���� 6 � 1 � � �

.
We now show that � � �?<���� 6 � 1 � � �Q4D�w�Z�V� *�(�, � 1 � � �

. Let� E ��� �?<B��� 6 � 1 � � �
. There exist some values

:
M
�_I\I_I\��: � E�

such that

o�9 E e I�I���� o @?�wE 1 L�M � 6 U �q� � �A@?�?� � : U R ���X���V� � �Z:
M
�\I_I\Id��: � �dI

Since
:
M
�\I_I\Id��: � are all different, there exists a bijection �

satisfying o�9 E e I�I���� � � 6 U � � : U I
Hence

�
can be rewritten as� �31 and

� E��w�Z�V� *�(+, � 1 � � �
.

It is not obvious that membership to an existential nogood can
be tested efficiently, since it involves an existential quantifica-
tion. However, due to the nature of the underlying constraints,
it is easy to eliminate the existential variables by selecting a
representative for each set 1�LNM � 6 U � . This is precisely the mo-
tivation underlying the concept of abstract nogoods defined
below. Consider the existential formula� , M

� , gV� , jwE;��� n �A@ M
� �Y, M

R n �Z@Vg?� �T, g�R n �A@Vj+� �Y, j�R
n �Z@��V� �Y, M

R n �Z@��?� �Y, g R ���X���V� � � , M
� , g � , j �HI

The variables , M , ,
g
, and , j can be eliminated to produce

n �Z@ M
� �Yn �A@ � ��R n �A@Vg+� �'n �A@ � ��R ���X���V� � � n �Z@ M

�d� n �Z@Vg��H� n �A@Vj+�/�HI
Definition 3.6. Let �
� ����� ��� ��


be an ICSP and 1 be a
nogood for � . Let 9 7;:=< , � 1 � � >+6 M

�\I_I\I_� 6 � G and let@����3E 1 LNM � 6 U)� � e�� 9�� ���HI
The abstract nogood of 1 wrt � , denoted by 	 � �?<B��� 6 � 1 � � �

,
is the set of functions � � 6 �+7b� 1 ���i�

satisfying

o�9 E e I�I�� � o @?� E 1 L�M � 6 U �3� � �Z@?�?� � � �A@ � � �uR
�V�X����� � � � �Z@ � Wd�d�_I\I_I_� � �Z@ � a��/�dI

Lemma 3.7. Let � be an ICSP and 1 be a nogood for � .
Then ��� �?<B��� 6 � 1 � � � �
	 � �?<B��� 6 � 1 � � �

.

For simplicity, we will often denote the abstract nogood con-
dition in terms of global constraints

o-9 E e I�I��������X����
�� �����A@?��E 1 L�M � 6 U ��� � �A@?�?�uR
���X���V� ��� � �A@ � W_�H�\I_I_I\� � �A@ � a����

where
���X����
�� ���/� 9 E . � : U

holds if all the
: U

are the same
value. It can be seen that there exists a linear time algorithm
to test whether a partial assignment n violates a nogood in�w�Z�V� *�(�, � 1 � � �

. It suffices to test whether n satisfies the for-
mula above whenever 6 �+7b� 1 �q4 6 �+7b� n � .
Lemma 3.8. Let � be an ICSP, 1 be a nogood for � , and n
be a partial assignment. There exists a linear-time algorithm
that tests whether n violates any nogood in

�w�Z�V� *�(�, � 1 �
P
�
.

Proof. Direct consequence of lemmas 3.5 and 3.7 and the fact
that the abstract nogood is linear in

C � C
.

Lemma 3.9. Let � � �������s� ��

be an ICSP,

� �>?6 M
�\I_I\I_� 6 ~ G

, and 1 be a partial assignment for � with6 �+78� 1 � �O> @ U W��_I_I\I_��@ U a"G . Let every 1 U �#1 R�@ U a/� W �#6 U� e���9�� 7;�
be a nogood for � . Then,

1. 1 is a nogood for � ;

2. if n violates a nogood in � ~U��
M
�w���V� *�(�, � 1 U �

P
�
, then n

violates a nogood in
�w���V� *�(�, � 1 �

P
�
.

Lemmas 3.8 and 3.9 indicate that symmetry breaking is
tractable for ICSPs. Lemma 3.9 indicates that abstract no-
goods are needed only for frontier nodes of the search tree
(i.e., closed nodes whose parents are open). Once its children
are explored, the abstract nogood of the parent subsumes the
abstract nogoods of its children. Hence, maintaining the no-
good takes space � ��C � C�C �KC �

if
�

is the set of frontier nodes.
We formalize this result using variable decomposition trees.

Definition 3.10. A variable decomposition tree for a CSP�l� ���������	��

, where

� �0>?6 M
�_I_I\I_� 6J~ G

, is a search tree
where nodes represent partial assignments for � and nodes
are decomposed as follows: given a node representing a par-
tial assignment 1 , where 6 �+7b� 1 � � > @=U[W��_I\I_I_��@VU�a�G , its chil-
dren represent the partial assignments 1 U � 1 RO@VU a/� W �|6 U� e���9�� 7;�

for some variable
@ U a�� W E;�
� 6 �+78� 1 �

.

Note that variable decomposition trees capture both static and
dynamic variable orderings.

Theorem 3.11. Let � be an ICSP and let
�

be the set of
frontier nodes in a variable decomposition search tree for � .
Symmetry breaking for � requires � ��C � C�C �KC �

space for stor-
ing the nogoods. In addition, testing if a partial assignment n
violates a nogood takes � ��C � C�C �KC g �

time in the worst case.

The result above can be strengthened considerably in fact.
We will show that search procedures exploring a variable de-
composition tree can remove all symmetries in constant time
and space. Before presenting the theoretical results, we illus-
trate the intuition using depth-first search. The basic intuition
comes from the structure of the abstract nogoods. Consider
the partial assignment@

M �ve R @Vg �Yh R`@Vj �Yk R @ � � e R`@ � �|h
and assume that depth-first search tries to assign variable

@��
and that the set of possible values is e I�I�I e�� . The failure of@ � � e produces an abstract nogood n which holds if

allequal( n �Z@ M
�d� n �Z@��+�d� n �Z@��?� ) R

allequal( n �Z@Vg_�d� n �Z@ � � ) R
alldiff( n �Z@ M

�d� n �Z@Vg?�d� n �Z@Vj?���
Since

@
M
�\I_I_I\�/@��

remain instantiated when the next value is
tried for

@ �
, the abstract nogood for this part of this next

branch holds if n �Z@ � � ��e imposing that
@ �

be assigned a
value different from e . The assignments

@�� �`h and
@�� �#k

produce similar abstract nogoods. Now observe what hap-
pens for an assignment of a value 9 E���I�I e�� , say 6. The ab-
stract nogood n is now defined as

allequal( n �Z@ M
�d� n �Z@ � � ) R

allequal( n �Z@Vg_�d� n �Z@ � � ) R
alldiff( n �Z@ M

�d� n �Z@ g �d� n �Z@ j �d� n �Z@��?� )
which can be partially evaluated to alldiff( e � h � k � n �A@ � � ). The
disjunction of all these nogoods can be partially evaluated to
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bool ILABEL( � ) > return ILABELA( � , m ); G
bool ILABELA(

��������� ��
d� n ) >
if 6 �+78� n � � �

then return
�%� n � ;

select
@

in
�
� 6 �+7b� n � ;	 := 9 7;:=< , � n � ;

if 9 7K:J< , � n ���� �
then

select � in
� � 9 7K:J< , � n � ; 	 := 	���>�� G ;

forall( 6 E 	 )n t := n R @ �T6 ;
if � ��: 9 � *�(�, �/����� ��� ��
d� n=t � then

if ILABELA(
���������	��
H� nJt ) then

return true;
return false;G

Figure 1: A Labeling Procedure for ICSPs.

n �Z@��?� �ve�� n �A@��+� �Th	�`n �A@��+� �Tk�� alldiff( e � h � k � n �A@ �d� )
which cannot be satisfied by any assignment to

@��
. It fol-

lows that
@ �

must only be assigned to the previously assigned
values e � h � k or to exactly one new value in

� I�I e�� . In other
words, in a variable decomposition tree, only some of the
children need to be explored: those which assign variable@VU a/� W

to a value in 6 �+7b� 1 �
and exactly one other child. Note

that this result is independent from the set of constraints. It
is the essence of the labeling procedure for graph-coloring
in [Kubale and Jackowski, 1985] and in the scene allocation
problem in [Van Hentenryck, 2002]. This procedure, which
breaks all symmetries for ICSPs, is formalized in Figure 1.
It uses the function

��: 9 � *�(+, � � � n � ( � � ���������	��

) which

satisfies the property��: 9 � *�(�, � � � n ��

� o�� E;�w�+7yxS� n � � �q� � �%� � ����I
To our knowledge, this paper provides the first formal proof
that these algorithms break all the symmetries in their respec-
tive problems. To prove the correctness of ILABEL, and
other related search procedures, it is useful to introduce the
concept of compact variable decomposition tree.

Definition 3.12. A compact variable decomposition tree for
an ICSP � � ����� ��� ��


, where
� � >?6 M

�_I\I_Id� 6 ~ G
, is

a search tree where nodes represent partial assignments for� and nodes are decomposed as follows: given a node
representing a partial assignment 1 , where 6 �+78� 1 � �> @ U W+�\I_I\Id�/@ U a"G , for some variable

@ U a/� W E � � 6 �+78� 1 �
,

there are children representing the partial assignments 1 U �1 RT@ U a�� W �Y6�� for all 6�� E 9 7K:J< , � 1 �
and exactly one child

representing a partial assignment 1 U � 1 R�@ U a/� W �v6�� for
some 6�� E�� � 9 7K:J< , � 1 �

, if
� � 9 7;:=< , � 1 �

is not empty.

The following lemma, which states that compact variable de-
composition trees are complete, follows directly from the ex-
amination of the nogoods above.

Lemma 3.13. Let � � �������s� ��

be an ICSP and . be all

the complete assignments in a variable decomposition tree
for � . Then, the closure >+� ��1 C 1 E . R � �3� ��

is a bijection
G

is equal to . ����� � �
.

Our next lemma states that a compact variable decomposition
tree never matches any nogood generated during search.

Lemma 3.14. Let � be an ICSP and � be a compact vari-
able decomposition tree for � . The partial assignment 1 of
a node in � never matches any nogood generated during the
exploration of � (except the one it possibly generates).

Proof. By Lemma 3.9, it suffices to show that a partial assign-
ment n never matches a nogood generated by its siblings or
the siblings of one of its ancestors in the tree. The proof is by
induction on the depth of the tree. At the depth of n , the result
follows from the inspections of the nogood as discussed ear-
lier. Consider a depth 6 x t�� 6 x and a nogood 1 generated by
one of the left or right branches at that depth. We can restrict
attention to the projection of n to the variables instantiated at
that depth, i.e., we can restrict attention to n"t � 6 �+78� 1 �3�i�
satisfying o @pE 6 �+7b� 1 �q� nJt �A@B� �'n �Z@��dI

We show that n t��E��w���V� *�(�, � 1 � � �
. Let

@
be the variable

assigned at depth 6"t . Observe that there exists a partial assign-
ment 1ut such that 1b�|1ut RO@ �T, M and n=t��|1St RO@ �|, g ,
for some , M

� , g EK�
and , M

��T, g . By definition of a compact
variable decomposition tree, the values , M and , g must belong
to 9 7K:J< , � 1ut � �s>?6 G , where 6 �E 9 7K:J< , � 1ut � .

Consider the case where , M
� , g E 9 7;:=< , � 1 �

. That means
that there exist

@=U
and

@ �
in 6 �+7b� 1 �

such that 1 �A@B� �1 �A@ U ���� 1 �Z@?�+�
and n=t �A@B� � n=t �A@?�+�����n=t �A@ U � . If n=t E�w�Z�V� *�(�, � 1 � � �

, it can be rewritten as n t ��� � 1 for some
bijection � . Hence nJt �Z@�� �'n=t �A@VU � , which is impossible.

Assume now that , M
E 9 7;:=< , � 1ut � and , g �i6 . It fol-

lows that 1 �A@B� � 1 �Z@ U �
for some

@ U E 6 �+7b� 1ut � and thatn=t�L�M � 6 � � > @�G . If n=t E��w�Z�V� *�(�, � 1 � � �
, then n=t��#�3�q1 for

some bijection. Hence nJt �A@B� �Yn=t �A@VU � which is impossible.
Assume that , g E 9 7;:=< , � 1ut � and , M � 6 . Then,1�L�M � 6 � ��> @�G and n=t �A@B� �`n=t �A@ U � for some

@ U E 6 �+7b� 1ut � .
If nJt E �w���V� *�(�, � 1 � � �

, then n=t������31 for some bijection � .
Hence, n=t �A@B� �T� � 6 �dR n=t�L�M � � � 6 �/� � > @�G , which is impossible
since n=t �Z@�� �'n=t �A@ U � for some

@ U E 6 �+78� 1St � .
The correctness of Procedure ILABEL follows from the two
lemmas above. Other search strategies, e.g., LDS, also re-
move all symmetries in constant time and space.

Theorem 3.15. Procedure ILABEL breaks all the symme-
tries in constant time and constant space for an ICSP � , i.e.,
it never matches any member of the closure of any nogood
generated during search.

4 Piecewise-Interchangeable CSPs
In many applications, e.g., in resource allocation and schedul-
ing, the values are taken from disjoint sets but they are in-
terchangeable in each set. For instance, in the scene alloca-
tion problem, we can easily imagine a version of the problem
where days are divided in morning and afternoon sessions.
Actors probably have strong preferences (and thus different
fees for the morning and afternoon sessions) but the day of the
session may not matter. This paper captures this (more lim-
ited) form of interchangeability by piecewise interchangeable
CSPs. We first define this class of CSPs formally and then de-
rive similar results as for ICSPs. We state the main definitions
and theorems only, since the derivation is similar to the one
for ICSPs. As traditional, we use

�
M��

�%g
to denote the dis-

joint union of
�

M and
�%g

. Our definitions and results only
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consider two distinct sets of values, for simplicity. It is easy
to generalize them to an arbitrary number of sets.
Definition 4.1. Let

�
M and

�%g
be two disjoint sets. A piece-

wise bijection � �=�
M��

�%g �i�
M��

�%g
is a bijection defined

as � � 6 � ��� U � 6 � if 6 E �%U
where � U����%U��f�%U

is a bijection� e���9��'h � .
Definition 4.2. Let � � ����� �

M��
�yg=� ��


be a CSP. � is
piecewise value-interchangeable if, for each solution ! E
. ����� � �

and each piecewise bijection � ���
M �

� g �}�
M ��%g

, the function ��� ! E . ���/� � �
.

In the following, we use PICSP as an abbreviation for piece-
wise value-interchangeable CSP.
Definition 4.3. Let �l� �������

M �
� g �	��


be a PICSP and1 be a nogood for � . The closure of 1 for � , denoted by�w�Z�V� *�(�, � 1 � � �
, is the set >���� 1 C � �N�

M �
�%g � �

M �� g
is a piecewise bijection

G"I
We now specify the abstract nogoods for PICSPs. The key
intuition is to separate the values from

�
M and

�%g
.

Definition 4.4. Let � � �������
M �

�%gV�	��

be a

PICSP and 1 be a nogood for � . Let 9 7K:J< , � 1 � �>?6BMM
�\I_I\I_� 6BM� � 6

g
M
�_I_I\Id� 6

g� G , where 6BMU EK�
M
� 6

gU EK�%g
, and let@ � W� E 1 L�M � 6 MU � � e���9�� �����

@ ���� E 1 L�M � 6
gU � � ew� 9�� ���HI

The abstract nogood of 1 wrt � , denoted by 	 � �?<B��� 6 � 1 � � �
,

is the set of functions � � 6 �+7b� 1 ���i�
M �

� g
satisfying

o-9 E e I�I �Q�����X����
�� �����A@?� E 1�L�M � 6BMU �/� � �A@?�?�uR
o-9 E e I�I �Q� o @?��E 1�LNM � 6�MU �P�w@?�'E �

M
R�V�X����� ��� � �Z@ � WW �_I_I\I_� � �Z@ � Wa �/��R

o-9 E e I�I �u���V�X����
 � �V�/�A@?��E 1�LNM � 6
gU �/� � �A@?�?�uR

o-9 E e I�I �u� o @?� E 1�LNM � 6
gU �3�w@?�'ED�%g3R�V�X����� ��� � �Z@ ���W �_I_I\I_� � �Z@ ���� ���HI

Figure 2 depicts a labeling procedure PILABEL for PICSPs,
which breaks all value symmetries in constant time and space.
ProcedurePILABEL generalizesILABEL by considering the
already assigned values in both sets

�
M and

�%g
, as well as one

new value (if any) from both sets.
Theorem 4.5. Procedure PILABEL breaks all the symme-
tries in constant time and constant space for PICSPs.

5 Wreath-Value Interchangeable CSPs
We now consider another, more complex, class of CSPs,
which assigns a pair of values

� 6 M
� 6 g?� from a set

�
M � �%g

to each variable
@
. Values in

�
M are fully interchangeable

and, for a fixed value in
�

M , the values in
�pg

are fully inter-
changeable as well. These problems are called wreath value-
interchangeable in this paper, because the symmetry group
corresponds to a wreath product of symmetry groups [Camer-
son, 1999]. Such problems arise naturally in a variety of ap-
plications in resource allocation and scheduling. Consider,
for instance, the problem of scheduling a meeting where dif-
ferent groups must meet some day of the week in some room
subject to constraints. The days are fully interchangeable and,
on a given day, the rooms are fully interchangeable. Sym-
metry breaking for a wreath value-interchangeable CSP is
tractable.

bool PILABEL( � ) > return PILABELA( � , m ); G
bool PILABELA(

����� �
M �

�%g=� ��
H� n ) >
if 6 �+78� n � � �

then return
�%� n � ;

select
@

in
�
� 6 �+7b� n � ;	 M := 9 7;:J< , � n ��zK�

M ; 	 g
:= 9 7;:J< , � n ��z��%g

;
if 9 7K:J< , � n ��zK�

M
�� �

M then
select � in

�
M
� 9 7K:J< , � n � ; 	 M := 	 M � > � G ;

if 9 7K:J< , � n ��zK�%g �� �%g
then

select � in
�%g � 9 7K:J< , � n � ; 	 g

:= 	 g � > � G ;
forall( 6 E 	 M � 	 g

)n=t := n R @ �T6 ;
if � ��: 9 � *�(�, �/����� �

M��
�%gV�	��
H� n=t � then

if PILABELA(
�������

M �
�%g=� ��
H� n=t ) then

return true;
return false;G

Figure 2: A Labeling Procedure for PICSPs.

Definition 5.1. Let
�

M and
�%g

be two sets. A wreath bijec-
tion � �=�

M � �%g �i�
M � �%g

is a bijection defined as

� ��� 6 M
� 6 g?
/� � � � M

� 6 M
�d� � 	 Wg � 6 g+�/


where � M
� �

M
� �

M is a bijection and � 	 Wg ( 6 M
E �

M ) is a
bijection

�%g �i�%g
.

Definition 5.2. Let � � ����� �
M � � g � ��


be a CSP. �
is wreath value-interchangeable if, for each solution ! E
. ����� � �

and each wreath bijection � �=�
M � �%g �i�

M � �yg
,

the function � � ! E . ���/� � �
.

In the following, we use WICSP as an abbreviation for wreath
value-interchangeable CSP. We also use the following nota-
tions. If 6;� � 6 M

� 6 g � is a pair, 6 � e � �`6 M and 6 � h � �`6 g . If
� is a set of tuples, � � 9 � denotes the set >?6 � 9 ��C 6 E � G

and
��9 � & ,?( � � � 9 � 6 U � denotes the set >?6 C 6 E � R 6 � 9 � �|6 U GJI If1 ���

M � � g ���
M � � g

is an assignment, 1�L�M �/� 6 M
��� g �/�

denotes the set >+1�L�M �/� 6 M
� 6 g ����C 6 g E;� g G

.
Definition 5.3. Let �D� ����� �

M � � g �	��

be a WICSP and1 be a nogood for � . The closure of 1 for � , denoted by�w�Z�V� *�(�, � 1 � � �

, is the set >���� 1 C � �N�
M � �%g � �

M ��%g
is a wreath bijection

GJI
We now specify abstract nogoods for WICSPs.
Definition 5.4. Let �D� ����� �

M � � g �	��

be a WICSP and1 be a nogood for � . Let 9 7;:J< , � 1 � � e � ��>?6 M

�_I\I_Id� 6"� G , let
��9 � & ,?( � 9 7;:=< , � 1 �H� e � 6 U � � >?6

U
M
�\I_I_I\� 6

U� � G , and let@����3E 1 L�M � 6 U/� � g �$� ew��9�� ���d�
@ � �
 E 1 L�M ��� 6 U � 6 �?�/�$� e��F9�� �-� e����p� � U �dI

The abstract nogood of 1 wrt � , denoted by 	 � �?<B��� 6 � 1 � � �
,

is the set of functions � � 6 �+7b� 1 ���i�
M � �%g

satisfying
 o-9 E e I�I �����V�X����
 � �V�/�A@ � E 1�LNM �/� 6 U � � g �/��� � �A@ � � � e �BR�V�X����� � � � �Z@ � Wd� � e ���\I_I\I_� � �A@ � a�� � e �A� � R
 o-9 E e I�I � M
���V�X����
 � �V�/�A@?��E 1�LNM � 6 M

� 6BMU ���/� � �Z@?�?� � h � R�V�X����� � � � �Z@ � WW � � e � �_I\I_Id� � �Z@ � W� W � � e �A� � R
I\I_I
 o-9 E e I�I � � �����X����
�� ��� �A@?��E 1�L�M � 6 M

� 6 �U �/��� � �A@?�+� � h �BR�V�X����� � � � �Z@ � aW � � e � �_I_I\Id� � �A@ � a� a � � e �A� � I
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bool WILABEL( � ) > return WILABELA( � , m ); G
bool WILABELA(

����� �
M � �%g=� ��
H� n ) >

if 6 �+78� n � � �
then return

�%� n � ;
select

@
in

�
� 6 �+7b� n � ;	 M := 9 7;:J< , � n � � e � ;
if 	 M

�� �
M then

select � in
�

M
� 	 M ; 	 M := 	 M � > � G ;

forall( 6 M
E 	 M )	 g

:= ��9 � & ,?( � 9 7K:J< , � 1 �d� e � 6 M
� � h � ;

if 	 g �� � g
then

select � in
� g � 	 g

; 	 g
:= 	 g � > � G ;

forall( 6 g E 	 g
)n=t := n R @ � � 6 M

� 6 g?� ;
if � ��: 9 � *�(�, �/����� �

M � � g �	��
H� n=t � then
if WILABELA(

����� �
M � � g �	��
H� n=t ) then

return true;
return false;G

Figure 3: A Labeling Procedure for WICSPs.

Theorem 5.5. Procedure WILABEL breaks all the symme-
tries in constant time and constant space for a WICSP.

6 Experimental Results
This section gives some preliminary results showing the ben-
efits of symmetry breaking on these classes of problems. Ta-
ble 1 gives results on graph coloring, an ICSP, and on parti-
tioned graph coloring, a PICSP. In partitioned graph coloring,
the colors are divided in 4 groups and are fully interchange-
able in each group. The constraints express the usual graph-
coloring property: no two adjacent vertices are colored with
the same color. Table 1 gives the result of coloring graphs
with 50% edge density with at most � � � h�� �Z�?< h � � �/�

colors,
where � is the number of nodes. The first column gives the
number of nodes, the second column gives the time to color
the graphs using the default labeling procedure, and the third
and fourth columns report the time to color the graphs and
the partitioned graphs with symmetry breaking. Note that the
default labeling does not exploit symmetries and hence its
time is similar for both graph coloring and partitioned graph
coloring (second column). The last column gives the ratio
of PILABEL and the default labeling procedure (the gains
are too large for coloring to be reported as a ratio). All re-
sults are an average of 5 runs in milliseconds under SICStus-
Prolog. They clearly show that symmetry breaking on these
CSPs brings significant benefits.

7 Conclusion
This paper studied three classes of CSPs for which symme-
try breaking is tractable. These CSP classes feature vari-
ous forms of value interchangeability and allow symmetry
breaking to be performed in constant time and space during
search. Experimental results also show the benefits of sym-
metry breaking on these CSPs, which encompass many prac-
tical applications. There are many directions for future re-
search. Of particular interest is the study of tractable classes
of CSPs exhibiting variable symmetries where the set

�
has a

� ��� ���	��

�
� ��������
���� %PILABEL
70 492 4 154 0.31
72 16418 96 4244 0.26
74 30790 34 18576 0.60
76 10622 24 2616 0.25
78 17786 26 15616 0.87
80 45268 86 9736 0.22
82 22946 46 15502 0.67
83 33206 42 9970 0.30

Table 1: Experimental Results on ICSPs and PICSPs.

complex structure (e.g., a Cartesian product). There are sev-
eral classes of such CSPs for which symmetry breaking is
tractable, although more complex. Finding effective search
procedures for these CSPs is also a challenging problem.
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Abstract

Intelligent agents often need to assess user utility
functions in order to make decisions on their be-
half, or predict their behavior. When uncertainty
exists over the precise nature of this utility function,
one can model this uncertainty using a distribution
over utility functions. This view lies at the core of
games with incomplete information and, more re-
cently, several proposals for incremental preference
elicitation. In such cases, decisions (or predicted
behavior) are based on computing theexpectedex-
pected utility (EEU) of decisions with respect to the
distribution over utility functions. Unfortunately,
decisions made under EEU are sensitive to the pre-
cise representation of the utility function. We ex-
amine the conditions under which EEU provides
for sensible decisions by appeal to the foundational
axioms of decision theory. We also discuss the im-
pact these conditions have on the enterprise of pref-
erence elicitation more broadly.

1 Introduction
Most work on the foundations of decision theory—
specifically on the justification of expected utility—has fo-
cused onpersonal decision making, that is, settings where a
decision is being made by the “holder” of the utility func-
tion. Of course the decision maker may not be fully aware
of (or have fully articulated) her utility function. The pro-
cess of articulation is complex, and much work in decision
analysis deals with preference elicitation and decision fram-
ing to help the decision maker formulate her decision problem
[11]. However, this work is primarily concerned with elicit-
ing enough information about preference tradeoffs to allow
an (approximately) optimal decision to be made. While an
analyst can never be sure about the true nature of the deci-
sion maker’s utility function, this uncertainty is not generally
characterized explicitly, though its impact is often minimized
though sensitivity analysis and related techniques.

Recent emphasis has been placed on the development of
automated decision tools, where a decision is being made
on behalf of a user whose utility function is imprecisely
known. As in goal programming or other forms of inter-
active optimization, a space of possible utility functions is

usually maintained (often by imposing constraints on trade-
off weights). A decision can be made based on this set of
feasible utility functions. For example, Pareto optimal deci-
sions can be identified[21; 18], or models based on mini-
max regret can be used to choose a specific decision[11; 2;
20]. In each of these models, the uncertainty regarding the
utility function is characterized by the feasible utility set.

Somewhat less common is work in which the system’s un-
certainty about a user’s utility function is quantified proba-
bilistically. Some recent examples include[5; 6; 1]. In this
work, a distribution over utility functions is assumed. The
expected utility of a decision is determined not just by taking
expectation over the outcomes of that decision, but also ex-
pectation over the space of possible utility functions. We use
the termexpected expected utility (EEU)to denote the value
of a decision computed in this way. Elicitation strategies can
be informed using the current distribution over utility func-
tions. For example, value of information can be used to de-
termine whether the improvement in decision quality given
by a piece of information outweighs the cost of obtaining
that information. Thus, characterizing one’s uncertainty over
possible utility functions in a probabilistic fashion, and using
EEU to determine decision quality, has much to recommend
it from the point of view of elicitation.

Decision making using distributions over utility functions
has been considered in other contexts. For example, Cyert
and de Groot consider problems in sequential decision mak-
ing in which uncertainty in the underlying utility function is
represented probabilistically[8; 9]. Fishburn[10] also ad-
dresses this problem (as we discuss below). Harsanyi’s for-
mulation of games with incomplete information as Bayesian
games[12; 13] relies critically on distributions over payoff
functions, and virtually the entire literature on in this area
adopts this perspective[7; 15].1

In all of this work, the EEU concept is used to determine
the value of decisions in the context of an uncertain utility
function. Unfortunately, while EEU has an intuitive appeal,
this scheme is sensitive to positive affine transformations of

1In some sense, much work in collaborative filtering[3; 16] and
related models[4] can be viewed as incorporating distributions over
utility functions. However, these are used for purposes of classi-
fication (i.e., determining a unique utility function for a particular
user) and generally uncertainty in utility is not accounted for when
making decisions.
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the utility functions in question. Implicit in such a scheme
is a commensurability assumptionthat allows the quantities
present in the different utility functions to be meaningfully
compared and combined. This is not always the case. The
aim of this paper is to describe certain conditions under which
this commensurability assumption can be justified by appeal
to the foundational axioms for decision theory as proposed by
von Neumann and Morgenstern[19] and Savage[17].

The setting we consider is one in which an agent for a de-
cision maker or user is uncertain about the user’s preferences,
but wishes to recommend (or take) decisions on the user’s be-
half. Fishburn[10] has considered the problems of the foun-
dations of expected expected utility from a somewhat differ-
ent perspective. He considers the problem in which a decision
maker is uncertain about the set of consequences she might
face and considers combining utility functions over different
consequence sets. Unfortunately, his results cannot be ap-
plied (except in a trivial way) to the situation above.2

We begin by defining the problem of decision making
given uncertainty over utility functions and the EEU con-
cept. We then examine the sensitivity of EEU to the precise
representation of the underlying utility functions, and pro-
pose an interpretation of utility uncertainty that allows one to
prescribe “canonical” utility function representations under
specific circumstances. We conclude with a brief discussion
of the implications these considerations have for “practical”
elicitation.

2 ExpectedExpected Utility
We begin by establishing notation and basic background with
a quick overview of expected utility and then define the notion
of expected expected utility formally.

2.1 Expected Utility
Assume adecision scenarioconsisting of a finite set of pos-
sibledecisionsD, a finite set of possible outcomes (or states)
S, and a distribution functionPr d ∈ �(S), for eachd ∈ D.
The termPr d (s) denotes the probability of outcomes being
realized if the system takes decisiond. Pr d (s) can be viewed
as a vectorpd whoseith component isPr d (si) (given a suit-
able enumeration of outcomes inS).

A utility function u : S → R associates utilityu(s)
with each outcomes. We will generally viewu as a|S|-
dimensional vectoru whoseith componentui is u(si).3 The
expected utilityof decisiond w.r.t. u is:

EU(d, u) = pd u =
∑

i∈S

Pr d (si)ui.

The optimal decisiond� w.r.t. u is that with maximum ex-
pected utility (MEU).

2While our results are general, it is unclear how profitable it is to
model a decision maker’s uncertainty about herownutility function.
It can be argued that such uncertainty should be viewed as “tradi-
tional” uncertainty about future outcomes, context, etc. Rather than
take a stand on this issue, we simply emphasize that an agent can
be genuinely uncertain about a user’s utility function, and that our
model and results apply (in a practical way) to such a setting.

3If u is represented using some more concise model,u is simply
the vector of parameters required for that model.

It is well known that utility functions are invariant under
positive affine transformations. That is, the relative expected
utility of any pair of decisions (in any decision scenario) will
be unaltered by such a transformation of a utility function.
This implies that the optimal decision in any decision sce-
nario is unaffected by such a transformation.

More precisely, von Neumann and Morgenstern equate
[19] (classes of) utility functions with preferences overlotter-
ies. Let〈p 1, s1; p 2, s2; . . . p n, sn〉, where

P
i p i = 1, denote a

simple lotteryover outcomes, with each outcomesi obtained
with probabilityp i. As a shorthand, we sometimes omit out-
comes whose probability is zero. Note that an outcomesi is
itself a (trivial) simple lottery, and that each decisiond in-
duces a simple lotteryl(d) over outcomes. Acompound lot-
tery is a lottery whose elements may be further lotteries. Let
� a preference function over lotteries, withl1 � l2 meaning
that l2 is strictly preferred tol2. The relations�, ≺, �, and
∼ are defined in the usual way. Assuming certain (relatively
uncontroversial) axioms restricting the form of the preference
function�, von Neumann and Morgenstern show that there
exists a utility functionu� that exactly represents� in the
following sense:EU(d, u�) > EU(d0, u�) iff l(d) � l(d0).
Furthermore, the utility functionu� is unique up to positive
affine transformation. Because of this, we can partition the
space of utility functions into equivalence classes, each cor-
responding to a unique preference ordering�. We denote this
class by[�].

Several of the axioms used to equate utility functions with
preferences over lotteries are listed here. These are based on
the work of von Neumann and Morgenstern[19] and Savage
[17], though the particular form used here is drawn from[14].
We uses> to denote some most preferred outcome inS (i.e.,
s> � s, ∀s ∈ S), ands? to denote some least preferred
outcome (these are guaranteed to exist due to other axioms).
Monotonicity 〈p, s>; 1 − p, s⊥〉 � 〈q, s>; 1 − q, s⊥〉 iff p ≥ q.

Continuity For eachsi, there is somep such that
si ∼ 〈p, s>; 1 − p, s?〉.

Reduction of Compound Lotteries Let l be the lottery
〈p 1, l1; . . . ; p n, ln〉 where eachli is a lottery of the form
〈q i

1, l
i
1; . . . ; q

i
m(i), lim(i)〉. Let ~lk, k ≤ K denote theK

(unique) lotteries within the set{lij : i ≤ n, j ≤ m(i)}.
Let r be the (reduced) lottery over the (unique) compo-
nent lotteries~lk with probability ~p k =

P{p iq
i
j : lij =

~lk} associated with each~lk. Thenr ∼ l.

2.2 Uncertainty over Utility Functions
An agent will often not know the user’s utility functionu
with certainty. We model this uncertainty using a densityP
over the set of utility functionsU ⊆ R

jSj (or a distribution
over a finite support set contained inU ). If a system makes a
decisiond under such conditions of uncertainty, the expected
utility of d must reflect this. We consider the following defi-
nition for the expected utility ofd given densityP overU :

EU(d, P ) =

Z
pd uP (u)du.

We refer to this as theexpected expected utility (EEU)of de-
cisiond, since it is the expectation ofEU(d, u) w.r.t. P (U).
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This definition is precisely that used in[5; 6; 1] in the con-
text of utility elicitation, and also that used in much other
work involving uncertainty over utility[12; 8; 9]. In such
a state of uncertainty—orbelief state—the optimal decision
is that d� with maximum EEUEU(d�, P ). We denote by
EU(P ) the value of being in belief stateP , assuming one is
forced to make a decision:

EU(P ) = max
d ∈D

EU(d, P ).

We call this generic decision rulethe MEEU decision rule, by
analogy with the classical MEU decision rule.

EEU seems to be a fairly natural concept given proba-
bilistically quantified uncertainty over utilities. The fact that
it occurs in many different contexts certainly attests to this
fact. Unfortunately, the proposed definition can induce cer-
tain anomalies, as we examine below.

3 Justifying MEEU
3.1 Loss of Invariance
The results of von Neumann and Morgenstern suggest that
the decisions one makes with respect to belief stateP over
U should be invariant to legitimate transformations of the el-
ements ofU . Certainly, this would be a desirable feature of
the MEEU decision rule. One might even claim that the de-
cision rule can only be considered useful if it satisfies this
condition. In general, unfortunately, this is not the case.

As a simple illustration, suppose we have a domain with
two outcomess1 and s2, and a distributionP that assigns
probability 0 .5 to u1 = 〈1, 3〉 and probability0 .5 to u2 =
〈2, 1〉. Suppose we use the MEEU decision rule in this con-
text, by computing

EU(d, P ) =
∑

u i

∑

s j

p d (sj)ui(sj)P (ui).

and choosing the decisiond� with maximum expected utility
EU(d�, P ). Then a decision that accords higher probability
to s2 will be preferred to one that gives lower probability to
s2. However, if we transformu2 into u02 = 〈20 , 10 〉, the
relative utilities of these decisions will be reversed. Thus, the
MEEU decision rule is not insensitive to transformations of
individual utility functions with positive support. Note that
we are not suggesting that agent’s will arbitrarily transform
some utility functions and not others.4 Rather, the question
is: which representation of a specific utility function (e.g.,u2

in the example) should be adopted in the first place?
One possible way to deal with this problem is to recognize

that a utility function is simply a convenient (and nonunique)
way of expressing preferences over lotteries. Rather than
working with utility functions, we could work explicitly with
a density over preference functions (in fact, we will do this
implicitly below). Unfortunately, the set of lotteries over
which a preference ordering is defined is uncountable; there-
fore, some compact representation (of theindividual prefer-
ence functions) is needed. But this is precisely the role of

4If the same transformation is applied to all functions with posi-
tive support, the MEEU decision is unchanged.

a utility function—to serve as a concise representation of a
preference function over lotteries.

This gives rise to the question of how to choose a repre-
sentative utility function from each equivalence class[�] that
allows formal justification of the MEEU decision rule, and
under what circumstances such representatives exist.

3.2 A Lottery Interpretation of MEU
We give a formal justification for the MEEU rule under a spe-
cific condition:we assume the existence of a known best and
worst outcome. That is, each utility function with positive
support has the same best outcomes> and worst outcomes?.
We also insist that the user is not indifferent to these alterna-
tives, that is, thats> must be strictly preferred tos?.5 We call
such utility functionsextremum equivalent. In many settings,
such as those involving active preference elicitation, restrict-
ing attention to a set of extremum equivalent utility functions
is not problematic. One simply needs to ask the user to iden-
tify her most and least preferred outcomes (these need not be
unique, but only one such representative need be identified).

Once we know outcomess> ands?, we insist that our be-
lief stateP assign nonzero measure only to normalized utility
functionsu in whichu(s>) = c> andu(s?) = c? for some
constantsc> > c?. For convenience, we will assumec> = 1
andc? = 0 , but nothing crucial depends on these choices.
Under these conditions, every preference ordering� for lot-
teries has a unique utility function representation satisfying
the normalization constraints.

We note that each preference ordering corresponds to a
unique set of indifference conditions between outcomes and
standard lotteries. Astandard lotteryis one of the form
〈p, s>; 1 − p, s?〉. By the Continuity Axiom, we have, for
each outcomesi and each preference ordering�,

si ∼ 〈p�i , s>; 1 − p�i , s?〉,
for some uniquep�i . We denote byl(�, si) this standard lot-
tery. This implies thatu�(si) = p�i in the normalized utility
functionu� corresponding to�.6

Now given a belief stateP , how does one compare the
value of different decisionsd? This can be reduced to a ques-
tion of how one compares the value of guaranteed outcomes
si, since decisions are just lotteries over outcomes. Given
a particular preference ordering�, we havesi ∼ l(�, si).
However, the choice facing the agent for the decision maker
involves uncertainty over the true preference ordering. Thus,
we can view the outcomesi as a compound lottery, where first
a preference ordering is chosen according to distributionP ,
and then the standard gamble involvingsi is played. This will
induce a new preference ordering�P over outcomes (and de-
cisions). We illustrate this for the case of a discrete distribu-
tion over two preference orderings� and�0, with probabil-
ities q and1 − q respectively. In this case, the outcomesi is
equated with the compound lottery

si ∼ 〈q, l (�, si); 1 − q, l (�0, si)〉.
5If s> ∼ s⊥, then the decision problem is trivial since each

decision is equally preferred. Indeed, in some axiomatizations, non-
triviality is imposed on legitimate preferences[11].

6If the normalizing constants differ from 0/1, then utility is some
linear function ofp�

i . This has no impact on our argument.
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By reduction of compound lotteries, this means that

si ∼P 〈q·p�
i +(1−q)·p�′

i , s>; q·(1−p�
i )+(1−q)·(1−p�′

i ), s⊥〉.
Similarly, for any other outcomesj , we have

sj ∼P 〈q·p�
j +(1−q)·p�′

j , s>; q·(1−p�
j )+(1−q)·(1−p�′

j ), s⊥〉.
By the Monotonicity Axiom, we havesi �P sj iff

q · p�i + (1 − q ) · p�′
i > q · p�j + (1 − q ) · p�′

j .

Sincep�i = u�(si) (and similarly for the other terms), we
havesi �P sj iff EU(si, P ) > EU(sj , P ) (where we em-
phasize that here we are treating outcomes as deterministic
decisions that guarantee the corresponding outcomes).7 From
this one can easily show that for any two decisionsd, d0

(that induce distributions over outcomes),l(d) �P l(d0) iff
EU(d, P ) > EU(d0, P ).

This argument applies to arbitrary discrete distributions,
and can be generalized to continuous densities as follows:

si �P sj

iff

�Z

U

l(�u , si)

�
�P

�Z

U

l(�u , sj)

�

iff

�Z

U

p�u

i P (u), s>; 1 −
Z

U

p�u

i P (u), s?

�
�P

�Z

U

p�u

j P (u), s>; 1 −
Z

U

p�u

j P (u), s?

�

iff
Z

U

p�u

i P (u) >

Z

U

p�u

j P (u)

iff
Z

U

u(si)P (u) >

Z

U

u(sj)P (u)

iff EU(si, P ) > EU(sj , P )

Here the first step refers to a compound lottery over an con-
tinuous set of component (simple) lotteries, while we assume
in second step that a such a compound lottery can be reduced
to a simple lottery in an analogous way to the reduction of a
finite compounded lottery.

Thus under the assumption that one can identify a best and
worst outcome, the MEEU decision rule can be justified for
use with normalized (extremum equivalent) utility functions
by appeal to the foundational axioms of decision theory, and
an interpretation of uncertainty over utility as a lottery over
the lotteries defined by the component utility functions.

We now formalize the legitimacy of EEU and MEE.

Definition 1 Let {�i} be a set of extremum equivalent pref-
erence relations with respect to finite outcome setS, with best
and worst outcomess> ands?, respectively. LetP be a den-
sity over{�i}. For any�i, let p�i

s denote the tradeoff prob-
ability for states in its standard gamble w.r.t.�i; that is,

s ∼ 〈p�i

s , s>; 1 − p�i

s , s?〉.
7Note that if we chose other normalizing constants for our best

and worst outcomes, then we would have thatu�(si) is some linear
function ofp�

i ; but this linear function is identical for each term in
the equation, so the conclusion holds.

Theaggregate standard gamblefor s ∈ S induced by{�i}
andP is defined:

�Z

�i

p�i

s P (�i), s>; 1 −
Z

�i

p�u

s P (�i), s?

�
.

Let l be any lottery w.r.t.S. Theaggregate reduction ofl is
the standard gamble

R P (l) = 〈p l
P , s>; 1 − p l

P , s?〉
obtained by replacing every outcomes in l by its aggregate
standard gamble and reducing it to a standard gamble in the
usual fashion. Theaggregate preference relation� (w.r.t. S)
induced by{�i} andP is given by

l1 � l2 iff p l1
P > p l2

P .

Theorem 1 Let {�i} and P be defined as above. Let{ui}
be a set of utility functions (one for each�i, consistent with
�i) such thatui(s>) = c> andui(s?) = c?, for all ui and
two fixed constantsc> > c? ≥ 0 . Then the utility function
u(s) =

R
�i

ui(s)P (�i) is consistent with the aggregate pref-
erence relation� induced by{�i} andP .

Extremum equivalence is thus sufficient to ensure commen-
surability, as it puts all utility functions on a common scale. It
is important to realize that the scale dictated by the best and
worst outcomescannot vary, since these are truly best and
worst outcomes; we return to this point below. It appears to
be much more difficult to apply this type of argument to den-
sities over utility functions that are not extremum equivalent.

Fishburn[10] considers the problem of EEU when a deci-
sion maker is uncertain about the nature of the consequence
sets she will face. He proposes foundational axioms that jus-
tify the use EEU to compare decisions. However, the setting
is rather different: specifically, Fishburn requires that any
consequences that two utility functions have in common be
ranked identically. In our context, where each utility function
lies over the same consequence set, the Fishburn axioms im-
pose overly stringent requirements. It is interesting to note
that Fishburn requires something akin to extremum equiva-
lence, namely, that there exist two consequences common to
the domains of each utility function such that one of the con-
sequences is preferred to the other in each function.

4 Dealing with Small Worlds
It is important to realize that the best and worst outcomes
with which one calibrates must either be truly best and worst
outcomes from the decision maker’s standpoint, or they them-
selves must be calibrated. Using Savage’s[17] terminology,
we must be careful to distinguish “small worlds” reasoning
from “grand worlds.” Consider the case where the set of out-
comes is restricted to the subset of outcomes that are possible
given the set of actions in a specific decision scenario. But
assume there exist outcomes outside the domain of the re-
stricted scenario for which the user has concrete preferences.
Let’s refer to the set of restricted outcomes aslocal, while the
space of all outcomes isglobal.
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We might imagine determining the best and worstlocal
outcomes,sl

>
andsl

?
, respectively, and engaging in the elic-

itation process using standard gambles with respect to these
extreme local outcomes. Unfortunately, this is not sufficient
to justify the MEEU decision rule. The difficulty is that the
user’s degrees of preference forsl

>
andsl

?
may themselves

be characterized by uncertainty. Specifically,sl
>

can be
equated with a standard gamble〈p l

>
, s>; 1 − p l

>
, s?〉 (where

s>, s? denote the globally best and worst outcomes). Sim-
ilarly, sl

?
∼ 〈p l

?
, s>; 1 − p l

?
, s?〉. But the relevant gamble

probabilities—p l
>

andp l
?

—mayvarywith the utility function
and will not be known if attention is restricted to thesmall
worlds domain. As a consequence, our distribution overlo-
cal utility functions is insufficient to justify MEEU.

To illustrate, suppose that we believe the user’s utility func-
tion is eitheru1 (with probabilityq1) or u2 (with probability
q2 = 1− q1). Furthermore, suppose that we consider only the
projection of these onto the set of local outcomes, calibrat-
ing two outcomessi andsj with respect to “local” standard
gambles. Suppose that we have the following tradeoffs with
respect to the local extrema inu1:

si ∼1 〈p 1
i , s

l
>

; (1 − p 1
i ), s

l
?
〉

sj ∼1 〈p 1
j , s

l
>

; (1 − p 1
j), s

l
?
〉

and similarly inu2:

si ∼2 〈p 2
i , s

l
>

; (1 − p 2
i ), s

l
?
〉

sj ∼2 〈p 2
j , s

l
>

; (1 − p 2
j), s

l
?
〉.

Using EEU, we have

si ∼〈q1p
1
i + q2p

2
i , s

l
>

; q1(1 − p 1
i ) + q2(1 − p 2

i ), s
l
?
〉

sj ∼〈q1p
1
j + q2p

2
j , s

l
>

; q1(1 − p 1
j) + q2(1 − p 2

j), s
l
?
〉.

Now, were we to place thissmall worldin thegrand world
context, we might say that the local best and worst outcomes,
sl
>

andsl
?

, have specific lottery probabilities with respect to
the global utility functions. Let’s assume that we have

sl
>
∼1 〈p 1

>
, s>; (1 − p 1

>
), s?〉

sl
?
∼1 〈p 1

?
, s>; (1 − p 1

?
), s?〉

sl
>
∼2 〈p 2

>
, s>; (1 − p 2

>
), s?〉

sl
?
∼2 〈p 2

?
, s>; (1 − p 2

?
), s?〉.

In other words, in (the normalized, global counterpart of) util-
ity function u1, we haveu1(s

l
>

) = p 1
>

andu1(s
l
?

) = p 1
?

;
while in u2 we haveu2(s

l
>

) = p 2
>

andu2(s
l
?

) = p 2
?

. Apply-
ing EEU and reduction of compound lotteries, we see that

si ∼
〈p 1
>

q1p
1
i + p 2

>
q2p

2
i + p 1

?
q1(1 − p 1

i ) + p 2
?

q2(1 − p 2
i ), s>;

(1 − p 1
>

)q1p
1
i + (1 − p 2

>
)q2p

2
i

+ (1 − p 1
?

)q1(1 − p 1
i ) + (1 − p 2

?
)q2(1 − p 2

i ), s?〉
and

sj ∼
〈p 1
>

q1p
1
j + p 2

>
q2p

2
j + p 1

?
q1(1 − p 1

j) + p 2
?

q2(1 − p 2
j), s>;

(1 − p 1
>

)q1p
1
j + (1 − p 2

>
)q2p

2
j

+ (1 − p 1
?

)q1(1 − p 1
j) + (1 − p 2

?
)q2(1 − p 2

j), s?〉.

Hence,si � sj iff

p 1
>

q1p
1
i + p 2

>
q2p

2
i + p 1

?
q1(1 − p 1

i ) + p 2
?
q2(1 − p 2

i )

>p 1
>

q1p
1
j + p 2

>
q2p

2
j + p 1

?
q1(1 − p 1

j) + p 2
?
q2(1 − p 2

j).

Unfortunately, this condition is not equivalent to the MEEU
rule in the original small worlds domain. Specifically, this
condition cannot generally be assessed without having some
assessment of the global tradeoff probabilitiesp 1

>
, etc. In

other words, to accurately compare two small world out-
comes given uncertainty about thelocal utility functions, we
have to explicitly assess our uncertainty about therangeof
values the local extrema can take with respect to theglobal
utility function. Thus while one can generally use small world
reasoning in the classic decision-theoretic setting, its use is
problematic in the EEU framework.

Fortunately, the MEEU principle can be recovered if we
make one simple assumption: that the global tradeoffs asso-
ciated with the best and worst local outcomes do not vary
with the utility function (at least, with those utility functions
having positive support). For example, to continue with the
illustration above, suppose that the tradeoff probabilities as-
sociated with the two utilitiesu1 andu2 are identical; that
is, p 1

>
= p 2

>
andp 1

?
= p 2

?
. (Whether the probabilities are

known is irrelevant, all that matters is that they are known to
be identical.) If this is so we havesi � sj iff

p 1
>

(q1p
1
i + q2p

2
i ) + p 1

?
(q1(1 − p 1

i ) + q2(1 − p 2
i ))

>p 1
>

(q1p
1
j + q2p

2
j) + p 1

?
(q1(1 − p 1

j) + q2(1 − p 2
j))

Since the inner terms in each expression sum to one, and
p 1
>

> p 1
?

(sincesl
>
� sl

?
), we must havesi � sj iff

q1p
1
i + q2p

2
i > q1p

1
j + q2p

2
j

This, of course, is the expression for MEEU.
Indeed, we don’t have to assume that the global tradeoff

probabilities are fixed. It is sufficient to assume that the un-
known range of (global) utility spanned bysl

>
andsl

?
is prob-

abilistically independent of the unknown local utility function
u. This too is sufficient to allow MEEU to be used justifiably.
We omit the argument, which is straightforward.

5 Consequences for Preference Elicitation
The considerations above have implications for practical pref-
erence elicitation. From a foundational perspective, calibra-
tion of utilities relative to known best and worst outcomes is
required if decisions are to be based on EEU. In the case of
incremental elicitation, where EEU is used to determine value
of information, we must first obtain a prior over a set of ex-
tremum equivalent utility functions before engaging in such
deliberations. Fortunately, it often seems to make sense to
determine best and worst outcomes beforehand, and engage
in “serious” elicitation after this initial calibration.

Another important question: how does one determine pri-
ors over utility functions? Utility function databases[4] could
be used. This poses some problems regarding interpersonal
utility comparison for which there are no especially com-
pelling solutions. When using EEU, things are a bit worse:
we need to construct priors conditioned on the observed or
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elicited best and worst outcomes. Given a prior over arbitrary
utility functions, as long as decisions using EEU are not made
until the determination of best and worst outcomes is com-
pleted, this poses no difficulties. An alternative, in certain
scenarios, is to suppose that certain outcomes are universally
most and least preferred (e.g., in medical contexts, death can
be used as the latter). This may be hard to justify formally,
but from a practical point of view will be quite useful and
(one hopes) have little impact on actual decision quality.

The issue of small worlds also poses certain problems.
From the point of view of practical elicitation, the prospect
of calibrating some small set of relevant outcomes using a
user’s “global” utility function is unappealing. Fortunately,
as argued above, for a given individual, strength of prefer-
ence can be assumed fixed for the best and worst outcomes,
which allows things to carry through. Strength of preference
may prove to be important however when trading off the in-
crease in EEU with the effort associated with the elicitation
process. Furthermore, this can have an important impact on
the construction of priors from databases of utility functions.

6 Concluding Remarks
Decision making when the underlying utility function is un-
known is an important problem in game theory, interactive
optimization, and preference elicitation. Quantifying this un-
certainty using distributions over utility functions has a num-
ber of appealing qualities, and quite naturally leads to the no-
tion of expectedexpected utility, a concept that has been used
in several different lines of research.

The aim of this paper is to point out that expectations taken
with respect to utility function distributions require some
care. More precisely, the operation of expected expected util-
ity only makes sense (from a foundational standpoint) when
the distribution is over extremal equivalent utility functions.
While this has certain implications for practical utility elic-
itation, we have argued that this requirement is not overly
stringent from a practical perspective.
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Abstract

We proposea generalizationof expectedutility
thatwe call generalizedEU (GEU), wherea deci-
sion maker’s beliefs are representedby plausibil-
ity measuresand the decisionmaker’s tastesare
representedby general(i.e., not necessarilyreal-
valued)utility functions.Weshow thateveryagent,
“rational” or not, canbe modeledasa GEU max-
imizer. We then show that we can customize
GEU by selectively imposing just the constraints
we want. In particular, by show how of Savage’s
postulatescorrespondsto constraintsonGEU.

1 Introduction
Many decisionruleshavebeenproposedin theliterature.Per-
hapsthe best-known approachis basedon maximizing ex-
pectedutility (EU). This approachcomesin a numberof
variants;the two mostfamousaredueto von Neumannand
Morgenstern[1947] andSavage[1954]. They all follow the
samepattern: they formalize the set of alternativesamong
which the decisionmaker (DM) must choose(typically as
acts1 or lotteries2). They thengiveasetof assumptions(often
calledpostulatesor axioms) suchthat the DM’s preferences
on the alternatives satisfy theseassumptionsif f the prefer-
enceshaveanEU representation,whereanEU representation
of a preferencerelationis basicallya utility function (anda
probabilitymeasurewhenactsareinvolved)suchthatthere-
lationamongthealternativesbasedonexpectedutility agrees
with the preferencerelation. Moreover, they show that the
representationis essentiallyunique. In other words, if the
preferencesof a DM satisfytheassumptions,thensheis be-
having as if shehasquantifiedher tastesvia a real-valued
utility function (and her beliefs via a probability measure)�

Work supportedin part by NSF undergrantsIIS-0090145and
CTC-0208535and by the DoD Multidisciplinary University Re-
searchInitiative(MURI) programadministeredby ONRundergrant
N00014-01-1-0795.

1Formally, givenaset � of statesof theworld andanotherset �
of consequences, anact � is a functionfrom � to � that,intuitively,
associateswith eachstate� theconsequenceof performing� in � .

2Formally, a lottery is a probability distribution over conse-
quences;intuitively, the distribution quantifieshow likely it is that
eachconsequenceoccurs.

andsheis relatingthealternativesaccordingto theirexpected
utility. Theassumptionsaretypically regardedascriteria for
rationalbehavior, sotheseresultsalsosuggestthatif a DM’s
beliefsare actuallydescribedby a probability measureand
hertastesaredescribedby a utility function,thensheshould
relatethe alternativesaccordingto their expectedutility (if
shewishesto appearrational).

Despitethe appealof EU maximization,it is well known
thatpeopledonot follow its tenetsin general[Resnik,1987].
As a result,a hostof extensionsof EU have beenproposed
that accommodatesomeof the more systematicviolations
(see,for example,[Gul, 1991;GilboaandSchmeidler, 1989;
GiangandShenoy, 2001;Quiggin,1993;Schmeidler, 1989;
Yaari, 1987]). Again, the typical approachin the decision
theory literaturehasbeento prove representationtheorems,
showing that, given a suggesteddecisionrule � , thereex-
ists a collectionof assumptionssuchthat a preferencerela-
tion satisfiesthe assumptionsif f it hasan � representation,
wherean � representationof a preferencerelationis essen-
tially a choiceof tastes(and beliefs) suchthat, given these
as inputs, � relatesthe alternatives the way the preference
relationdoes.

Given this plethoraof rules, it would be useful to have a
generalframework in which to studydecisionmaking. The
framework shouldalsolet usunderstandtherelationshipbe-
tweenvariousdecisionrules. We provide sucha framework
in this paper.

Thebasicideaof our approachis to generalizethenotion
of expectedutility so that it appliesin asgenerala context
aspossible.To this end,we introduceexpectationdomains,
which arestructuresconsistingof	 three (component)domains: a plausibility domain, a

utility domain, andavaluationdomain,	 two binaryoperators
 and � , which aretheanalogues
of � and 
 over thereals,and	 a reflexivebinaryrelation � (whichgeneralizes� ).

Intuitively, � combinesplausibility valuesandutility values
muchthe sameway that 
 combinesprobability and(real)
utility, while 
 combinesthe productsto form the(general-
ized)expectedutility.

We have threedomainsbecausewe do not wantto require
thatDMs beableto addor multiply plausibilityvaluesor util-
ity values,sincethesecould be qualitative (e.g.,plausibility
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valuescouldbe � “unlikely”, “lik ely”, “very likely”, ������� and
utility� valuescould be � “bad”, “good”, “better”, ������� ). In
general,we do not assumethat � is anorder(or evena pre-
order),sincewe would like to be ableto representasmany
preferencerelationsanddecisionrulesaspossible.

Oncewe have an expectationdomain,DMs can express
their tastesandbeliefsusingcomponentsof the expectation
domain. More specifically, the DMs expresstheir beliefs
usinga plausibility measure [FriedmanandHalpern,1995],
whoserangeis theplausibilitydomainof theexpectationdo-
main (plausibility measuresgeneralizeprobability measures
andahostof otherrepresentationsof uncertainty, suchassets
of probabilitymeasures,Choquetcapacities,possibilitymea-
sures,ranking functions,etc.) and they expresstheir tastes
usinga utility function whoserangeis the utility domainof
theexpectationdomain. In anexpectationdomain,it is pos-
sible to definea generalizationof expectedutility, which we
call generalizedEU (GEU). TheGEU of an act is basically
the sum(in the senseof 
 ) of products(in the senseof � )
of plausibility valuesandutility valuesthat generalizesthe
standarddefinitionof (probabilistic)expectedutility over the
realsin theobviousway.

We start by proving an analogueof Savage’s result with
respectto the decisionrule (Maximizing) GEU.3 We show
that every preferencerelationson actshasa GEU represen-
tation (even thosethat do not satisfyany of Savage’s postu-
lates),wherea GEU representationof a preferencerelation
basicallyconsistsof an expectationdomain � , plausibility
measure��� , and utility function � , suchthat the way acts
arerelatedaccordingto theirGEUagreeswith thepreference
relation(Theorem3.1). In otherwords,no matterwhat the
DM’spreferencerelationon actsis, shebehavesasif shehas
quantifiedherbeliefsby aplausibilitymeasureandhertastes
via autility function,andis relatingtheactsaccordingto their
(generalized)expectedutility asdefinedby the 
 and � of
someexpectationdomain. That is, we can modelany DM
usingGEU, whetheror not the DM satisfiesany rationality
assumptions.An importantdifferencebetweenour resultand
thatof Savageis thathewasconstructingEU representations,
whichconsistsof a real-valuedutility function � andaprob-
ability measure��� (andthe expectationdomainis fixed, so
 , � , and � arejust � , 
 , and � , respectively).

Given that GEU canrepresentall preferencerelations,it
might bearguedthatGEU is too general—itoffersno guide-
linesasto how to make decisions.We view this asa feature,
notabug,sinceourgoalis to provideageneralframework in
which to expressandstudydecisionrules,insteadof propos-
ing yet anotherdecisionrule. Thus the absenceof “guide-
lines” is in factanabsenceof limitations: we do not want to
excludeany possibilitiesat the outset,even preferencerela-
tions thatarenot transitive or areincomplete.Startingfrom

3Many decisionrules involve optimizing (i.e., maximizing or
minimizing) somevaluefunction on the acts. Sometimesit is ex-
plicitly mentionedwhetherthefunction is to bemaximizedor min-
imized (e.g., “Minimax Regret” saysexplicitly to “minimize the
maximumregret”) while othertimesonly thefunctionnameis men-
tioned and it is implicitly understoodwhat is meant(e.g., “EU”
means“maximize EU”). In this paperwe will use “Maximizing
GEU” and“GEU” interchangeably.

a framework in which we canrepresentall preferencerela-
tions, we can then considerwhat preferencerelationshave
“special” representations,in the sensethat the expectation
domain,plausibility measure,andutility function in therep-
resentationsatisfysome(joint) properties.This allows us to
show how propertiesof expectationdomainscorrespondto
propertiesof preferencerelations.We canthen“customize”
GEU by placingjust the constraintswe want. We illustrate
thisby showing how eachof Savage’spostulatescorresponds
in a precisesenseto anaxiomon GEU.

Intuitively, adecisionrulemapstastes(andbeliefs)to pref-
erencerelationson acts. Given two decisionrules ��� and�! , an � � representationof �! is basicallya function " that
mapsinputsof �! to inputsof � � that representthe same
tastesandbeliefs,with thepropertythat ����#�"$#�%'&(&�)*�  #�%+& .
Thus," models,in a precisesense,a userof �  asa userof� � , since " preservestastes(andbeliefs). In a companion
paper[ChuandHalpern,2003] we show that (almost)every
decisionrule hasaGEU representation.

Although therehasbeena greatdealof work on decision
rules, therehasbeenrelatively little work on finding gen-
eral frameworks for representingdecisionrules. In partic-
ular, therehasbeenno attemptto find a decisionrule that
canrepresentall preferencerelations. Therehasbeenwork
in the fuzzy logic communityon finding generalnotionsof
integration(which essentiallyamountsto finding notionsof
expectation)usinggeneralizednotionsof 
 and � ; see,for
example,[BenvenutiandMesiar, 2000]. However, theexpec-
tationdomainusedin this work is (a subsetof) thereals;ar-
bitrary expectationdomainsarenot considered.Luce[1990;
2000] alsoconsidersgeneraladdition-likeoperationsapplied
to utilities, but his goal is to modeljoint receipts(which are
typically modeledascommoditybundlesin economics)asa
binaryoperation,ratherthanto representdecisionrules.

The restof this paperis organizedas follows. We cover
somebasic definitions in Section2: plausibility domains,
utility domains,expectationdomains,decisionproblems,and
GEU. We show that every preferencerelation on actshas
a GEU representationin Section3. In Section4, we show
thateachof Savage’s postulatescorrespondsto anaxiomon
GEU. We concludein Section5. Proofsof theoremsstated
areavailableat http://www.cs.cornell.edu/home/halpern.

2 Preliminaries
2.1 Plausibility, Utility, and Expectation Domains
Sinceoneof the goalsof this paperis to provide a general
framework for all of decisiontheory, we want to represent
the tastesandbeliefsof the DMs in asgenerala framework
aspossible.In particular, wedonotwantto forcetheDMs to
linearlypreorderall consequencesandall events(i.e.,subsets
of thesetof states).To thisend,weuseplausibilitymeasures
to representthe beliefsof the DMs and(generalized)utility
functionsto representtheir tastes.

A plausibility domain is a set , , partially orderedby-/.
(so
-/.

is a reflexive, antisymmetric,and transitive re-
lation), with two specialelements0 . and 1 . , such that
for all %32�, , 0 . - . % - . 1 . . Givena set 4 , a function���$57698;:<, is a plausibilitymeasure if f
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��� 1. �=�>#(?@&+)A0 ,��� 2. �=�>#B4=&+)C1 , and��� 3. if D<ECF then �=�G#�DH& - �=�G#IFJ& .
Clearly plausibility measuresaregeneralizationsof prob-

ability measures.As pointedout in [FriedmanandHalpern,
1995], plausibility measuresgeneralizea hostof otherrepre-
sentationsof uncertaintyaswell. Note thatwhile theproba-
bility of any two setsmustbecomparable(since K is totally
ordered),theplausibilityof two setsmaybeincomparable.

We alsowant to representthe tastesof DMs usingsome-
thing moregeneralthan K , so we allow the rangeof utility
functionsto beutility domains,whereautility domainis asetL

endowedwith a reflexive binary relation �NM . Intuitively,
elementsof

L
representthe strengthof likesanddislikesof

theDM while elementsof , representthestrengthof herbe-
liefs. Note thatwe do not requiretheDM’s preferenceto be
transitive (althoughwe cancertainly add this requirement).
Experimentalevidenceshows that DMs’ preferencesocca-
sionallydoseemto violatetransitivity.

Once we have plausibility and utility, we want to com-
bine them to form expectedutility. To do this, we intro-
duceexpectationdomains,which have utility domains,plau-
sibility domains,and operators
 (the analogueof � ) and� (the analogueof 
 ).4 More formally, an expectationdo-
main is a tuple �O)C# L�P , P�Q$P � P 
R& , where # L=P �NMS& is a util-
ity domain, #B, P - . & is a plausibility domain, # Q$P �NTU& is a
valuationdomain(where �NT is a reflexive binary relation),�V5W,V
 L : Q

, and 
X5 Q 
 Q : Q
. (As usual,we omit

subscriptswhenthey areclear.) We have four requirements
on expectationdomains:� 1. #�%Y
[Z\&]
_^`)3%Y
a#�Z!
_^b& ;� 2. %Y
[Z;)cZd
e% ;� 3. 1f�[%3)g% ;� 4. # L=P � M & is asubstructureof # Q$P �NTh& .� 1 and � 2 saythat 
 is associative andcommutative. � 3
saysthat 1 is the left-identity of � and � 4 ensuresthat the
expectationdomainrespectstherelationon utility values.

Note that we do not requirethat 
 be monotonic;that is,
we donot requirethatfor all % P Z P ^R2 Q ,

if %;�NTiZ then%Y
f^h�NT�ZJ
f^9� (2.1)

We saythat � is monotonicif f (2.1) holds. It turnsout that
monotonicitydoesnot really make a differenceby itself; see
thecommentsaftertheproof of Theorem3.1.

2.2 Decision Situations and Decision Problems
A decisionsituation describesthe objective part of the cir-
cumstancethattheDM faces(i.e.,thepartthatis independent
of thetastesandbeliefsof theDM). Formally, a decisionsit-
uationis a tuple jk)C#Bl P 4 P�m & , where	 4 is thesetof statesof theworld,	 m is thesetof consequences,and	 l is a setof acts(i.e.,a setof functionsfrom 4 to

m
).

4Sometimeswe use n to denoteCartesianproduct;the context
will alwaysmake it clearwhetherthis is thecase.

An act o is simpleif f its rangeis finite. That is, o is simple
if it hasonly finitely many consequences.Many works in
the literaturefocus on simple acts(e.g., [Fishburn, 1987]).
We assumein this paperthat l containsonly simple acts;
thismeansthatwecandefine(generalized)expectationusing
finite sums,sowe do not have to introduceinfinite seriesor
integration for arbitraryexpectationdomains. Note that all
actsare guaranteedto be simple if either 4 or

m
is finite,

althoughwe do not assumethathere.
A decisionproblemis essentiallya decisionsituationto-

getherwith information about the tastesand beliefs of the
DM; that is, a decisionproblemis a decisionsituation to-
getherwith thesubjective partof thecircumstancethat faces
the DM. Formally, a (plausibilistic) decisionproblem is a
tuple pk)q#�j P � P � P �=�>& , where	 jk)q#Il P 4 P�m & is a decisionsituation,	 �O)q# L�P , P�Q$P � P 
R& is anexpectationdomain,	 �c5 m : L is a utility function,and	 �=�\576 8 :r, is a plausibilitymeasure.
We saythat p is monotonicif f � is monotonic.

2.3 Expected Utility
Let ps)t#u#Il P 4 P�m & P � P � P ���I& be a plausibilistic decision
problem. Each ov2wl inducesa utility randomvariable�yxi5$4C: L

asfollows: �yxz#B{|&})X��#Ioz#B{|&u& . In the standard
setting(whereutilities arereal-valuedand ��� is a probability
measure��� ), wecanidentify theexpectedutility of act o with
theexpectedvalueof � x with respectto �=� , computedin the
standardway:~S�b� #>� x &+) �9� ���u�9���@�I� �=��#>�'� �x #�%'&(&�
`%�� (2.2)

We cangeneralize(2.2) to an arbitraryexpectationdomain�O)C# L�P , P�Q$P � P 
R& by replacing� , 
 , and��� by 
 , � , and��� , respectively. Thisgivesus~ �b��� � #G�yxz&+) �9� �����@���9�I� ���I#G��� �x #�%+&u&��[%$� (2.3)

We call (2.3) the generalizedEU (GEU) of act o . Clearly
(2.2) is a specialcaseof (2.3).

In theprobabilisticcase,if all singletonsetsaremeasurable
with respectto ��� (i.e., in thedomainof �=� ), then~��b� #G� x &+) � �

8
�=��#I{�&'
;� x #I{�&I� (2.4)

Theplausibilisticanalogueof (2.4) is not necessarilyequiv-
alent to (2.3). A decisionproblem #u#Il P 4 P�m & P � P � P ���I& is
additiveif f���>#�D��YF`&]�*�'#B��&')_���>#�Da&��*��#I��&�
����>#IFJ&��g��#I��&
for all ��2 m andnonemptyD P FOEA4 suchthat D���FV)C? .
Note that thenotionof additivity we definedis a joint prop-
erty of severalcomponentsof a decisionproblem(i.e., 
 , � ,� , and ��� ) insteadof beinga propertyof �=� alone. Additiv-
ity is exactly the requirementneededto make the analogue
of (2.4)equivalentto (2.3). While decisionproblemsinvolv-
ing probability areadditive, thoseinvolving representations
of uncertaintysuchasDempster-Shaferbelief functionsare
not, in general.
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3 Representing Arbitrary Preference
Relations

In thissection,weshow thateverypreferencerelationonacts
hasa GEU representation.GEU, like all decisionrules, is
formally a functionfrom decisionproblemsto preferencere-
lationson acts. Thusa GEU representationof a preference
relation �N� ontheactsin j�)A#Bl P ������& is adecisionproblemp�)w#�j P � P � P �=�>& , where ��)r# L�P , P�Q$P 
 P �R& , suchthatoz�+�N�go  if f

~ �b��� � #>� x@¡¢&��NT ~ �b��� � #>� x¢£@& .
Theorem 3.1: Every � � hasa GEUrepresentation.5

Proof: Fix some j )¤#Bl P 4 P�m & and � � . We want to
constructa decisionproblem p¥)�#�j P � P � P �=�>& suchthat¦�§�¨ #�pY&�)f�N� .

The ideais to let eachconsequencebe its own utility and
eachsetbeits own plausibility, anddefine � and 
 suchthat
eachact is its own expectedutility. For each �©2 m , let o�ª
denotethe constantactwith the propertythat o�ª�#I{�&N)«� for
all {U2�4 . Let �¬)q# L=P , P�Q\P 
 P �R& bedefinedasfollows:

1.
L )A# m�P �N­U& , where�'�N­_® if f �/)A® or o|ª P o|¯R2�l ando�ª°�N�Vo�¯ . (Note that Savageassumesthat l contains
all simpleacts;in particular, l containsall constantacts.
We do not assumethathere.)

2. ,¬)C#�698 P ER& .
3.
Q )q#�698]± ­ P �NTh& , where%[�NT3Z if f %g)*Z or % P Zi2cl
and %c�N�3Z . (Notethatset-theoreticallya function is a
setof orderedpairs,so l²Ef698]± ­ .)

4. %Y
[Ze)c%Y�°Z for % P Z;2 Q .

5. Dk�3�S)gD³
������ for Dr2�698�#()A,°& and ��2 m #u) L & .
We canidentify ��2 m with 4c
Y�´��� in

Q
; with this identi-

fication, # L=P �NM�& is a substructureof # Q$P � T & and 1µ�*�/)A�
for all �°2 L #() m & , asrequired.Furthermore,
 is clearly
associative and commutative, so � is indeedan expecta-
tion domain. Let p¶)·#�j P � P � P �=�>& , where ��#I��&d)¸� and���I#�DH&$)gD . Notethat~ �b��� � #>� xb&¹) �9� �����@��� � � ���G#>� � �x #�%+&u& �[%

) ª � �����@� x � ���G#Bo � � #I��&u&��_�) �@#B{ P ��&\º9ob#B{�&+)²���) o»�
That is, eachact is its own expectedutility; by thedefinition
of �NT , it is clearthat o¼�N�a½ if f

~ �b�¾� � #>� xz&+�NT ~ �b��� � #G�y¿�& .
Thus

¦�§=¨ #ÀpY&')_�N� , asdesired.

Notethattherepresentationconstructedin Theorem3.1 is
in factadditive,sinceif D��YFO)C? , then

#�D��YF¼&�
i�����N)q#�D�
i�����9&]�Y#BFÁ
[�´���@&B�
Therepresentationis notnecessarilymonotonic.However, as
we show in the full paper, a simplemodificationto the defi-
nition of �NT makestherepresentationmonotonic,somono-
tonicity by itself doesnot restrictthekind of preferencerela-
tionsthatcanberepresented.

5Note that, unlike most representationtheorems,there is no
uniquenesscondition. However, we canshow that our representa-
tion is canonicalin a certainsense.

Theorem3.1 holdsin large part becauseof the flexibility
we have. Given a decisionsituation #Bl P 4 P�m & anda prefer-
encerelation � � on l , we areableto constructanexpecta-
tion domainanda relation � T that is customizedto capture
therelation �N� on l . However, thisdepends(in part)ontwo
featuresof our setup.

Thefirst is that, following Savage[1954], we took actsto
be functionsfrom statesto consequences.Supposeinstead
that we have a consequencefunction Âf5SlÁ
_4Á: m

that
takesanact o anda state{ andgivestheconsequenceof o in{ . Of course,in thissetting,two distinctactso � and o7 could
inducethesamefunctionfrom statesto consequences;thatis,
we might have Âb#Ioz� P {�&N)«Âb#Io  P {�& for all {�2q4 . It is easy
to seethat if oz� and o  inducethesamefunctionfrom states
to consequences,then no matterwhat expectationdomain,
utility function, andplausibility measurewe use, ob� and o  
will havethesameexpectedutility. Thus,if �N� doesnottreato � and o7 thesameway, then� � hasnoGEUrepresentation.

A secondreasonthat we do not needconsistency con-
straintson �N� is thatwe have placedno constraintson �NT ,
andrelatively few constraintson 
 , � , � , and ��� . If, for ex-
ample,we required� T to be transitive, thenwe would also
have to requirethat �N� betransitive. Thelack of constraints
on 
 , � , � , and ��� is importantbecauseit givesus enough
freedomto ensurethat distinct actshave differentexpected
utility. In thenext section,we investigatewhathappenswhen
we addmoreconstraints.

4 Representing Savage’s Postulates
Theorem3.1 shows that GEU canrepresentany preference
relation. We are typically interestedin representingprefer-
encerelationsthat satisfy certainconstraints,or postulates.
Thegoalof this sectionis to examinetheeffect of suchcon-
straintson thecomponentsthatmake up GEU. For definite-
ness,wefocusonSavage’spostulates.For easeof exposition,
werestrictto additivedecisionproblemsin thissection;recall
thatthis restrictiondoesnot affectTheorem3.1.

A set Ã�Ä of axiomsabout(i.e., constraintson) plausibilis-
tic decisionproblemsrepresentsa setof postulatesÃ�Å about
decisionsituationsandpreferencerelationsif f

pk)q#�j P ������& satisfiesÃ Ä if f #�j P ¦�§�¨ #�pY&u& satisfiesÃ/Å7�
Theorem3.1 canbe viewed assayingthat the emptysetof
axiomsrepresentstheemptysetof postulates.

Beforewe presentSavage’s postulates,we first introduce
somenotationthat will make the expositionmoresuccinct.
Supposethat ÆA5�D¥:¹F , Ç²5�DÈ:¹F , and ÉÊEXD . LetË Æ P É P Ç�Ì denotethe function Í suchthat Í�#�%'&e)<Æy#�%'& for
all %v2ÁÉ and Í�#�%'&�)ÎÇy#�%+& for all %v2 É . For example,
if DÏ)ÐF<)kK and É�)¸�Ñ%_º9%OÒÎÓÔ� , then

ËuÕ % P É P %+Ì is
the absolutevaluefunction. In the intendedapplication,the
functionsin questionwill beacts(i.e., functionsfrom theset
of states4 to consequences

m
). So o`) Ë o � P D P o7 @Ì is theact

suchthat oz#B{|&})voz��#I{�& for all {!2cD and oz#I{�&})Áo  #I{�& for
all {©2 D . For brevity, we identify the consequence�`2 m
with the constantact o ª suchthat o ª #B{�&¼)�� for all {[2¬4 .
Sofor ��� P �  2 m ,

Ë ��� P D P �  Ì is theactwith thepropertythatoz#I{�&�)q��� for all {N2YD and ob#B{�&=)C�  for all {N2 D . Recall
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that D�� P ����� P D�Ö is apartition of F if f the D�× ’sarenonempty
andpairwiseØ disjoint,and × D�×+)²F .

Fix somedecisionsituation #Il P 4 P�m & . Readersfamiliar
with [Savage, 1954] will recall that Savage implicitly as-
sumesthat l consistsof all possiblefunctions from 4 tom

, sincethe DM canbe questionedaboutany pair of func-
tions. Throughoutthis paper, we have assumedthat l could
be any nonemptysubsetof the set of all simple acts. It is
possibleto maintainthat assumptionhere, thoughsomeof
thepostulateswould fail, notbecause� � doesnot relatecer-
tain membersof l , but becausel doesnot containcertain
pairsof acts.We couldadaptthepostulatesby “relativizing”
them(soactsnot in l arenot requiredto berelated)aswedo
in the full paper;however, that involveschangingthe state-
mentsof Savage’spostulatessomewhat,andthepresentation
becomesmorecomplicated.To simplify theexpositionhere,
we assumein this sectiononly that l consistsof all simple
acts. HereareSavage’s first six postulates(statedunderthe
assumptionthat l consistsof all simpleactsfrom 4 to

m
,

so that, for example,if o and ½ arein l , and DÈEÐ4 , then#Io P D P ½�&�2�l ):

P1. For all oz� P o  P o7ÙR2�l ,

(a) oz�+�N�*o  or o  �N�goz� , and
(b) if oz�+�N�co  and o  �N�*o�Ù , then oz�+�N�go7Ù .

P2. For all oz� P o  P ½�� P ½  23l andDwEA4 ,	 Ë o � P D P ½ � Ì � � Ë o7 P D P ½ � Ì if fË o � P D P ½B @Ì � � Ë o7 P D P ½B @Ì .
P3. For all D EÚ4 , if thereexist some ob� P o  2Êl such

that for all ½U2_l ,
Ë oz� P D P ½�Ì=Û/� Ë o  P D P ½�Ì , thenfor all� � P �B R2 m , � � � � �B if f	 for all o¼23l ,
Ë ��� P D P o»Ì+Û/� Ë �  P D P obÌ , or	 for all o¼23l ,
Ë � � P D P o»Ì+Ü � Ë �B P D P obÌ .

P4. For all D�� P D  EA4 , ��� P ®b� P �  P ®  2 m ,
if ®»�SÛ/�*��� and ®  Û/�*�  , then	 Ë � � P D � P ® � Ì � � Ë � � P D! P ® � Ì if fË �B P D � P ®� »Ì � � Ë �( P D! P ®� 9Ì .

P5. Thereexist ��� P �  2 m suchthat ���SÛ/�*�  .
P6. For all o P ½_2¸l , �µ2 m , if oOÛ/�·½ , then thereex-

ists a partition É � P ����� P É Ö of 4 , such that for all É × ,Ë � P É�× P obÌ'Û/�g½ and o¼Û/� Ë � P É$× P ½�Ì .
P1 is the standardnecessarycondition for representation

by EU (andmany of its generalizations),sincethe realsare
linearly ordered;it basicallysaysthat �N� is a total preorder.
More specifically, P1(a)saysthat �N� is total (from which
reflexivity follows) and P1(b) saysthat it is transitive. P2
is thesure-thingprinciple, which saysthat theway two acts
arerelateddependsonly on their differences(that is, thepart
on which they agreecanbe ignored,sincethat is the “sure
thing”). Savagedefinesfor eachsubsetD�EÝ4 a conditional
preferencerelationasfollows: o � �NÞ� o7 if f	 for all o`23l ,

Ë oz� P D P obÌ+Û/� Ë o  P D P obÌ , or	 for all o`23l ,
Ë oz� P D P obÌ+Ü/� Ë o  P D P obÌ .

Intuitively, oz�'�NÞ� o  if f whenD occurs,theDM would findo  at leastasgoodas oz� . In thepresenceof P1,P2holdsif f�NÞ� is a total preorderfor all D . Using �NÞ� , Savagedefines
whatit meansfor D to benull: D is null if f o � �NÞ� o7 for alloz� P o  2Al . P3 saysthat if D is not null, then �NÞ� and �N�
agreeon theconsequences.Savagedefinesa relation � 8 on
eventsasfollows: D·� 8 F if f for all � P ®°2 m , if ®°Û/�*� thenË � P D P ®9Ì+� � Ë � P F P ®»Ì . Intuitively, we expecttheDM to pre-
fer a binaryact that is morelikely (accordingto herbeliefs)
to yield themoredesirableconsequence.P4,in thepresence
of P1–P3,basicallyensuresthat � 8 is a total preorder. P5
assertsthat 4 is not null. P1–P5by themselvesdo not allow
theconstructionof a uniqueEU representation.6 For this we
needP6,whichroughlysaysthatfor all pairsof actso P ½S23l
andconsequences�e2 m , if oµÛ � ½ thenwe canpartition4 into eventssuchthat theDM’s preferenceabout o and ½ is
unaffectedif � wereto happenin any elementof thepartition.
Savagealsohasaseventhpostulate,but it is relevantonly for
general(nonsimple)acts;sinceweconsideronly simpleacts,
we omit it here.

Sincewe focuson additive decisionproblemsin this sec-
tion, we can define a notion of conditional GEU, which
greatlysimplifiesthepresentationof theGEUaxioms.Given
a plausibilisticdecisionproblem pß)·#(#Bl P 4 P�m & P � P � P �=�B&
and ?3à)«ÉÁE«4 , definetheGEU of act o restrictedto É as
follows:~ �b��� � #>� x`á�É}&+) �9� �@�¢�ãâW� ���I#G��� �x #�%'& �YÉ}&]�[% P
Notethat

~ �b�¾� � #G�yx`á�4�&+) ~ �b��� � #G�yxb& .
Sincewe arerestrictingto additivedecisionproblems,it is

easyto checkthat,givena partition D�� P ����� P D�Ö of FÊEk4 ,
we havethat~S�b�¾� � #>� x á�F`&+) ~S�b�ä� � #>� x á(D � &�
µå�å�å@
 ~��b�ä� � #G� x áBD Ö &I�
Also, it is easyto checkthat for all nonemptypropersubsetsD of 4 ,~��b��� � #G��æ x´¡ � Þ � xç£Bè &�) ~��b�ä� � #>� x ¡�áuDa&]
 ~��b�ä� � #G� x £}á Dµ&I�

Let é»ê}#�Da&©)�� ~ �b��� � #G�yx¼á(DH&Sºyoµ2Xlë� . (We omit the
subscriptp if it is clear from context.) Intuitively, ébêë#�DH&
consistsof all the expectedutility valuesof acts in l re-
strictedto D . To simplify thestatementof oneof theaxioms,
let
Ë ËÀì P D PIí Ì Ì=)*�=�G#�DH&]� ì 
[�=�># Da&Ô� í if ?©à)3Dîà)²4 , and

let
Ë ËÀì P ? PBí Ì Ì') í and

Ë Ë�ì P 4 PIí Ì Ì�) ì .

A1. For all % P Z P ^R2©é�#I4=& ,
(a) %e�NTiZ or Z!�NTi% , and
(b) if %Y�NTiZ andZd�NTµ^ , then%Y�NTa^ .

A2. For all ?!à)cDïà)A4 , %+� P %  2�é�#�Da& , Z]� P Z  2�é�# Da& ,	 % � 
[Z � � T %Ô U
eZ � if f % � 
[Z@ h� T %Ô h
[Z@ .
A3. For all ?cà)AD¤à)Á4 , if thereexist %+� P %  2géS#�Da& such

that for all Za2fé�# Da& % � 
*ZaÛ T %] °
cZ , thenfor allì � P ì  2��uð@ñy#G��& , ì �+�NT ì  if f

6They do, however, ensurethat ò/ó is a qualitativeprobability
(which is a binary relationon ô ó with certainproperties)[Savage,
1954].
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	 for all Z;2�é�# Dµ& ,�=�>#�Da&]� ì ��
[Z;Û/T3�=�>#�Da&]� ì  
[Z , or	 for all Z;2�é�# Dµ& ,�=�>#�Da&]� ì ��
[Z;Ü/T3�=�>#�Da&]� ì  
[Z .

A4. For all D � P Dd REA4 ,
ì � PBí � P ì  PBí  °2��uð@ñy#G��& ,

if
í �SÛ/T ì � and

í  Û/T ì  , then	 Ë Ë�ì � P D�� PBí �¢Ì Ìy�NT Ë ËÀì � P D  PBí ��Ì Ì if fË Ë�ì  P D�� PBí  Ì Ìy�NT Ë ËÀì  P D  PBí  Ì Ì
A5. For some

ì � P ì  N2Y��ð´ñy#G��& , ì � Û T ì  .
A6. For all % P ZÊ2ké�#I4�& , ì 2k��ð´ñy#>�'& , if %·Û T Z , then

for all o P ½_2¸l , �_2 m , suchthat
~ �b��� � #G�yxz&�)�% ,~ �b��� � #G�y¿�&c)<Z , and �'#B��&g) ì , thereexists a parti-

tion É � P ����� P É Ö of 4 , suchthat % canbe expressedas%'�+
få�å�å�
[%�Ö andZ canbeexpressedasZ]��
µå�å�å�
[Z»Ö ,
where% ×') ~ �b�ä� � #G�yx¼á�É�×(& andZb×') ~ �b�¾� � #G�y¿/á�É$×�& forõ �göS�*÷ , andfor all

õ �CøJ�*÷ ,	 �=�>#BÉ$ùb&�� ì 
 ×Gúû ù % × Û T Z , and	 %cÛ/T3���G#BÉ ù & � ì 
 ×Gúû ù Z»× .
A1 saysthat the expectedutility valuesare linearly pre-

ordered;more specifically, A1(a) saysthat they are totally
preorderedand A1(b) says that the relation is transitive.
Note that A1 doesnot say that the whole valuationdomain
is linearly preordered:that would be a sufficient but not a
necessarycondition for

¦�§=¨ #�p;& to satisfy P1. Sincewe
want necessaryand sufficient conditionsfor our represen-
tation results,someaxioms apply only to expectedutility
valuesratherthanto arbitraryelementsof the valuationdo-
main. As the following theoremshows, every subsetof�¢ü õ #Bob& P ü õ #I½�& P ����� P ühýÔ� representsthecorrespondingsubset
of �¢� õ #Bob& P � õ #I½�& P ����� P ��ýW� .
Theorem 4.1: For all þ[EV� õ #Boz& P õ #I½�& P ����� P ýW� , �¢ü/ö�º�öU2Yþ �
represents�¢�'ö�º¢öS2!þ � .

Theorem4.1is astrongrepresentationresult.For example,
if weareinterestedin capturingall of Savage’spostulatesbut
the requirementthat � � is totally ordered,and insteadare
willing to allow it to bepartiallyordered(asituationexplored
by Lehmann[1996]), we simply needto drop axiom A1(b).
Althoughwe have focusedhereon Savage’s postulates,it is
straightforwardto representmany of theotherstandardpos-
tulatesconsideredin the decisiontheory literaturein much
thesameway.

5 Conclusion
We have introducedGEU, a notion of generalizedEU and
shown thatGEU can(a) representall preferencerelationson
actsand(b) becustomizedto captureany subsetof Savage’s
postulates.In [Chu andHalpern,2003], we show thatGEU
canbeviewedasauniversaldecisionrule in anevenstronger
sense:almostevery decisionrule hasa GEU representation.
Thus,the framework of expectationstructurestogetherwith
GEU providesa usefullevel of abstractionin which to study
thegeneralproblemof decisionmakingandrulesfor decision
making.
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Abstract
Many differentrulesfor decisionmakinghavebeen
introducedin the literature.We show thata notion
of generalizedexpectedutility proposedin a com-
panionpaper[ChuandHalpern,2003] is a univer-
sal decisionrule, in the sensethat it canrepresent
essentiallyall otherdecisionrules.

1 Introduction
A greatdealof effort hasbeendevotedto studyingdecision
making. A standardformalizationdecribesthechoicesa de-
cision maker (DM) facesasacts,wherean act is a function
from statesto consequences.Many decisionrules (that is,
rulesfor choosingamongacts,basedonthetastesandbeliefs
of the DM) have beenproposedin the literature. Someare
meantto describehow “rational” agentsshouldmake deci-
sions,while othersaim at modelinghow realagentsactually
make decisions.Perhapsthebest-known approachis thatof
maximizing expected utility (EU). Normative argumentsdue
to Savage[1954] suggestthat rationalagentsshouldbehave
asif their tastesarerepresentedby a real-valuedutility func-
tion on the consequences,their beliefsaboutthe likelihood
of events(i.e., setsof states)arerepresentedby a probability
measure,andthey aremaximizingtheexpectedutility of acts
with respectto thisutility andprobability.

Despitethesenormative arguments,it is well known that
EU oftendoesnotdescribehow peopleactuallybehavewhen
they make decisions[Resnik,1987]; thus EU is of limited
utility if we want to model (andperhapspredict)how peo-
ple will behave. As a result,many alternativesto EU have
beenproposedin theliterature(see,for example,[Gul, 1991;
Gilboa and Schmeidler, 1989; Giang and Shenoy, 2001;
Quiggin, 1993; Schmeidler, 1989; Yaari, 1987]). Someof
theserulesinvolve representationsof beliefsby meansother
than a (single) probability measure;in somecases,beliefs
andtastesarecombinedin waysotherthanthestandardway
which producesexpectedutility; yet other cases,such as
Maximin andMinimax Regret[Resnik,1987], donot require
a representationof beliefsatall.�

Work supportedin part by NSF undergrantsIIS-0090145and
CTC-0208535and by the DoD Multidisciplinary University Re-
searchInitiative(MURI) programadministeredby ONRundergrant
N00014-01-1-0795.

In a companionpaper[Chu andHalpern,2003], we pro-
poseageneralframework in which to studyandcomparede-
cision rules. The idea is to definea generalizednotion of
expectedutility (GEU),whereaDM’sbeliefsarerepresented
by plausibility measures[FriedmanandHalpern,1995] and
theDM’s tastesarerepresentedby general(i.e.,notnecessar-
ily real-valued)utility functions. We show therethat every
preferencerelationon actshasa GEU representation.Here
we show thatGEU is universalin a muchstrongersense:we
show thatessentiallyall decisionruleshaveGEUrepresenta-
tions. Thenotionof representingonedecisionrule usingan-
otherseemsto benovel. Intuitively, decisionrulesarefunc-
tions from tastes(and beliefs) to preferencerelations,so a
representationof adecisionrule is a representationof a func-
tion, not apreferencerelation.

Roughlyspeaking,giventwo decisionrules��� and��� , an��� representation of ��� is a function 	 thatmapsinputsof� � to inputsof � � that containthe samerepresentationof
tastes(andbeliefs)suchthat � ��
 	 

������� � ��
���� . Thus, 	
models,in aprecisesense,auserof ��� asauserof ��� , since	 preservestastes(andbeliefs).We show thata largecollec-
tion of decisionruleshave GEU representationsandcharac-
terizethe collection. Essentially, a decisionrule hasa GEU
representationif f it is uniform in a precisesense.It turnsout
thattherearewell-known decisionrules,suchasmaximizing
Choquetexpectedutility (CEU) [Schmeidler, 1989] (which
essentiallyassumesthattheDM is representingbeliefsusing
a Dempster-Shaferbelief function ����� , andthenmaximizing
CEU with respectto ����� ), thathaveno GEU representations.
This is because	 is not allowedto modify therepresentation
of thetastes(andbeliefs).We thendefinea notionof ordinal
representation, in which 	 is allowedto modify therepresen-
tation of the tastes(andbeliefs),andis requiredto preserve
only the ordinal aspectof the tastes(andbeliefs). We show
that almostall decisionrules, including CEU, have ordinal
GEUrepresentations.

Thereseemsto beno prior work in the literaturethatcon-
sidershow onedecisionrule canrepresentanother. Perhaps
the closestresultsto our own arethoseof Lehmann[2001].
He proposesa “unified generaltheoryof decision”thatcon-
tainsboth quantitative andqualitative decisiontheories.He
considersa particulardecisionrule hecallsExpected Quali-
tative Utility Maximization, which allows utilities to benon-
standardreal numbers;he definesa certainpreorderon the
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nonstandardrealsand makes decisionsbasedon maximiz-
ing e� xpectedutility (with respectto thatpreorder).That his
framework hasEU asa specialcaseis immediate,sincefor
thestandardreals,his preorderreducesto thestandardorder
on thereals.He arguesinformally thatMaximin is a special
caseof hisapproach,sothathisapproachcancaptureaspects
of morequalitativedecisionmakingaswell. It is easyto see
thatLehmann’sapproachis aspecialcaseof GEU;his rule is
clearlynot universalin oursense.

2 Preliminaries
To makethispaperself-contained,muchof thematerialin the
first threesubsectionsof this sectionis taken (almostverba-
tim) from [ChuandHalpern,2003].

2.1 Plausibility, Utility, and Expectation Domains
Sinceoneof the goalsof this paperis to provide a general
framework for all of decisiontheory, we want to represent
thetastesandbeliefsof theDMs in asgeneralaframework as
possible.To this end,we useplausibility measuresto repre-
sentthebeliefsof theDMs and(generalized)utility functions
to representtheir tastes.

A plausibility domain is a set � , partially orderedby� �
(so

� �
is a reflexive, antisymmetric,and transitive re-

lation), with two specialelements! � and " � , such that
for all �$# � , ! � � � � � � " � . A function %&�('*)�+-,.� is
a plausibility measure if f

%&� 1. %/� 
�01��� ! ,

%&� 2. %/� 
32/��� " , and

%&� 3. if 4.576 then %/� 
 4 � � %/� 
 6 � .
As pointedout in [FriedmanandHalpern,1995], plausibil-
ity measuresgeneralize,not only probability, but a host of
otherrepresentationsof uncertaintyaswell. A utility domain
is a set 8 endowedwith a reflexivebinaryrelation 9;: . Intu-
itively, elementsof 8 representthestrengthof likesanddis-
likesof theDM while elementsof � representthestrengthof
herbeliefs.

Once we have plausibility and utility, we want to com-
bine them to form expectedutility. To do this, we intro-
duceexpectationdomains,which have utility domains,plau-
sibility domains,and operators< (the analogueof = ) and>

(the analogueof ? ).1 More formally, an expectation do-
main is a tuple @ �7
 8&A���ACBDA > A�< � , where 
 8/AE9 :�� is a util-
ity domain, 
 ��A � � � is a plausibility domain, 
 BDAE9;F � is a
valuationdomain(where 9 F is a reflexive binary relation),> 'G�H?I8J,KB , and <J'LBM?NBM,KB . (As usual,we omit
subscriptswhenthey areclear.) We have four requirements
on expectationdomains:

@ 1. 
�� <NO � <QP �$� < 
 O�<QP � ;@ 2. � <NO � OR< � ;@ 3. " > �$�S� ;@ 4. 
 8/AE9;: � is asubstructureof 
 BDAE9 F � .
1Sometimeswe use T to denoteCartesianproduct;the context

will alwaysmake it clearwhetherthis is thecase.

@ 1 and @ 2 saythat < is associative andcommutative. @ 3
saysthat " is the left-identity of

>
and @ 4 ensuresthat the

expectationdomainrespectstherelationon utility values.
The standard expectation domain, which we denoteU , is
WV A*X YGA�Z\[]A V A�=^A�? � , wheretheorderingoneachdomainis the

standardorderon thereals.

2.2 Decision Situations and Decision Problems
A decision situation describesthe objective part of the cir-
cumstancethattheDM faces(i.e.,thepartthatis independent
of thetastesandbeliefsof theDM). Formally, a decisionsit-
uationis a tuple _ �7
3` A 2 ACa � , whereb 2 is thesetof statesof theworld,b a is thesetof consequences,andb ` is a setof acts(i.e.,a setof functionsfrom 2 to a ).

An act c is simple if f its rangeis finite. That is, c is simple
if it hasonly finitely many consequences.Many works in
the literaturefocus on simple acts(e.g., [Fishburn, 1987]).
We assumein this paperthat ` containsonly simple acts;
thismeansthatwecandefine(generalized)expectationusing
finite sums,sowe do not have to introduceinfinite seriesor
integration for arbitraryexpectationdomains. Note that all
actsare guaranteedto be simple if either 2 or a is finite,
althoughwe do not assumethathere.

A decisionproblemis essentiallya decisionsituationto-
getherwith informationaboutthe tastes(andbeliefs)of the
DM; that is, a decisionproblemis a decisionsituation to-
getherwith thesubjective partof thecircumstancethat faces
the DM. Formally, a nonplausibilistic decision problem is a
tuple 
 _dAC8/Afe � , whereb _ �g
h` A 2 ACa � is a decisionsituation,b 8 is autility domain,andb ei'jak,l8 is a utility function.

A plausibilistic decision problem is a tuple 
 _dA�@mAfe�A�%/� � ,
whereb _ �g
h` A 2 ACa � is a decisionsituation,b @ �g
 8&A���ACBDA > A�< � is anexpectationdomain,b ei'jak,l8 is a utility function,andb %/�n'*)o+p,q� is a plausibilitymeasure.

Wecouldhave let aplausibilisticdecisionproblembesimply
a nonplausibilisticdecisionproblemtogetherwith a plausi-
bility domainanda plausibility measure,without including
theothercomponentsof expectationdomains.However, this
turnsout to complicatethepresentation(seebelow).

We saythat r is standard if f its utility domainis V (and,
if r is plausibilistic,its plausibility measureis a probability
measureandits expectationdomainis U ).

2.3 Expected Utility
Let r bea decisionproblemwith 2 asthesetof states,8 as
theutility domain,and e astheutility function.Eachact c ofr inducesa utility random variable ets�' 2 ,K8 asfollows:e s 
huv��� e 
 c 
3uw�x� . If in addition r is plausibilisticwith �
astheplausibility domainand %&� astheplausibility measure,
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theneachc alsoinducesautility lottery yCzj{}| ~s 'w�x�1� 
 e s � ,.�
asfollo� ws: yCzj{}| ~s 

���^� %&� 
 e&� �s 

���x� . If r is in fact standard
(so @ � U and %&� is a probabilitymeasure%&� ), we caniden-
tify theexpectedutility of act c with theexpectedvalueof e(s
with respectto %&� , computedin thestandardway:� zj� 
 e s ��� �o� ���x�o�
~1�h�

%/� 
 e � �s 
������ ? ��� (2.1)

We cangeneralize(2.1) to an arbitraryexpectationdomain@ �7
 8&A���ACBDA > A�< � by replacing= , ? , and%&� by < ,
>

, and%&� , respectively. Thisgivesus� zj{�| � 
 e s ��� �o� ���E�1�
~ � �
%&� 
 e � �s 
����x� > �D� (2.2)

We call (2.2) the generalized EU (GEU) of act c . Clearly
(2.1) is a specialcaseof (2.2).

2.4 Decision Rules
Intuitively, a decisionrule tells the DM what to do when
facinga decisionproblemin order to get a preferencerela-
tion on acts—e.g.,comparetheexpectedutility of acts. Just
as we have nonplausibilisticdecisionproblemsand plausi-
bilistic decisionproblems,we have nonplausibilisticdeci-
sion rules and plausibilistic decision rules. As the name
suggests,(non)plausibilisticdecision rules are defined on
(non)plausibilisticdecisionproblems.

We do not requiredecisionrulesto bedefinedon all deci-
sion problems. For example,(standard)EU is definedonly
on standardplausibilisticdecisionproblems.More formally,
a (non)plausibilistic decision rule � is a functionwhosedo-
main,denoted���1� 
 � � , is asubcollectionof thecollectionof
(non)plausibilisticdecisionproblems,andwhoserange,de-
noted�E��� 
 � � , is a collectionof preferencerelationson acts.
If r # ����� 
 � � and c � and c � areactsin r , thenwe writec � 9^� � ��� c � if f 
 c � ACc ����# � 
 r �h�
Herearea few examplesof decisionrules:b GEU is a plausibilisticdecisionrule whosedomaincon-
sistsof all plausibilisticdecisionproblems.Givena decision
problem r ��
 _dA�@mA ���C��� , where @ ��
 8/AC��A�BnA�<�A > � , we
have c � 9^�t�j� � ��� c � if f

� zj{}| � 
 e(s�  � 9;F � zj{}| � 
 e(sf¡ � for all
acts c��fA�c�� of _ . NotethatGEUwouldnot beadecisionrule
accordingto thisdefinitionif plausibilisticdecisionproblems
containedonly a utility function anda plausibility measure,
anddid not includetheothercomponentsof expectationdo-
mains.b Of course,standardEU is adecisionrule(whosedomain
consistsof all standardplausibilisticdecisionproblems).b Maximin is a nonplausibilisticdecisionrule that orders
actsaccordingto their worst-caseconsequence.It is a con-
servativerule; the“best” actaccordingto Maximin is theone
with the bestworst-caseconsequence.Intuitively, Maximin
views Natureas an adversarythat always pick a statethat
realizesthe worst-caseconsequence,no matterwhat act the
DM chooses. The domainof (standard)Maximin consists
of nonplausibilisticdecisionproblemswith real-valuedutil-
ities. Given an act c and a real-valuedutility function e ,
let ¢ ~ 
 c �£� �¥¤¦�¨§

�
+ e s 
huv� . Thengivena decisionproblemr �7
 _dA V A\e � , c���9^© �Eªf« ¬�« ��� ��� c*� if f ¢ ~ 
 c�� ��­ ¢ ~ 
 c*� � .

b Minimax Regret (REG) is basedon a differentphiloso-
phy. It tries to hedgea DM’s bets,by doingreasonablywell
nomatterwhattheactualstateis. It is alsoanonplausibilistic
rule. As afirst stepto definingit, givenanonplausibilisticde-
cisionproblemr �J
x
h` A 2 ACa � A V A\e � , for eachstateu¥#®2 ,
let � § �H¯E°�± s �w² e s 
3uv� ; that is, � § is the leastupperbound
of the utilities in state u . The regret of c in state u , denoted³ 
 c�A uv� , is �t§(´ e(s 
huv� ; notethatnoactcandobetterthan c by
morethan ³ 
 c�A uw� in stateu . Let ³ 
 c �µ�¶¯x°L± § � + ³ 
 coA uv� . For
example,supposethat ³ 
 c �m� ) andthe DM picks c . Sup-
posethat the DM thenlearnsthat the true stateis u¸· andis
offereda chanceto changehermind. No matterwhatactshe
picks,theutility of thenew actcannotbemorethan2 higher
then e s 
3u · � . REG ordersactsby their regretandthustakes
the “best” act to be theonethatminimizes ³ 
 c � . Intuitively,
this rule tries to minimize theregret thata DM would feel if
shediscoveredwhat thesituationactuallywas: the“I wish I
haddone c � insteadof c � ” feeling. Thus, c � 9^¹G�j� �º�D� c �
if f ³ 
 c ���d» ³ 
 c �o� . Like Maximin, Natureis viewed as an
adversarythat would pick a statethat maximizesregret, no
matterwhat act the DM chooses.It is well known that, in
general,Maximin, REG,andEU givedifferentrecommenda-
tions[Resnik,1987].b TheMaxminExpectedUtility rule(MMEU) [Gilboaand
Schmeidler, 1989] assumesthat a DM’s beliefs are repre-
sentedby a set ¼ of probability measures.Act c � is pre-
ferred to c�� if the worst-caseexpectedutility of c�� (taken
over all theprobabilitymeasuresin ¼ ) is at leastaslargeas
the worst-caseexpectedutility of c � . ThusMMEU is, in a
sense,a hybrid of EU andMaximin. To view MMEU asa
function on decisionproblems,we must first show how to
representa setof probability measuresasa singleplausibil-
ity measure.We do this usingan approachdue to Halpern
[2001]. Let the plausibility domain � � X YGA�Zf[�½ , that is, all
functionsfrom ¼ to X YLA�Z\[ , orderedpointwise;in otherwords,¾ � �À¿

if f ¾ 
 %&� �d­ ¿ 
 %&� � for all %&� # ¼ . Thus, in this
domain, ! is the constantfunction 0 and " is the constant
function 1. For each4Á5 2 , let Â�Ã # � be the function
that evaluateseachprobability measurein ¼ at 4 ; that is,Â ÃÄ
 %/� �d� %/� 
 4 � for all %&� # ¼ . Let %&� ½ 
 4 ��� Â Ã ; it
is easyto verify that %/� ½ is a plausibility measure.We view%&� ½ asa representationof theset ¼ of probabilitymeasures;
clearly ¼ canberecoveredfrom %/� ½ . Thedomainof MMEU
consistsof all plausibilistic decisionproblemsof the formr �Å
x
h` A 2 A�a � A 
ÆV A�X YLA*Zf[�½ÇACBDA�<�A > � A\e�Ax%&� ½ � , where ¼ is
a setof probability measureson )o+ , and c��È9^©µ©µ�j� � ��� c*�
if f ¤���É zj�

�
½ � zj� 
 e s   ��­ ¤¦��É zj�

�
½ � zj� 
 e s ¡ � . Note that this

definitionignores< ,
>

, and B .b (Dempster-Shafer)belief functions [Dempster, 1967] are
a representationof uncertaintythat generalizeprobability.
That is, every probability measureis a belief function, but
the converseis not necessarilytrue.2 Given a belief func-
tion ����� , it is well-known that there exists a set ¼�Ê�Ë { of
probability measuressuchthat for all 4 5 2 , ����� 
 4 �-�¤���É zj�

�
½¨Ì*Í�Î %/� 
 4 � [Dempster, 1967]. A notion of expected

2Dueto lackof space,weassumethatthereaderis familiarwith
belief functions.
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utility for belief functionswasdefinedby Choquet[1953] as
follo� ws. Givenanact c anda real-valuedutility function e ,
if �E��� 
 ets ���7Ï¸�&� A �C�C� A �(ÐÒÑ and�&�/ÓgÔ�ÔCÔjÓQ�(Ð , then

� Ê�Ë { 
 e s �&�$� ��=
Ð
Õ×Ö � ���C� 
 4 Õ � ? 

� Õ ´N� Õ � � � A (2.3)

where 4 Õ � e�� �s 
�Ï¸� Õ A ���C� A � Ð Ñ1� . It is easyto check(2.3)
agreeswith (2.1) if ����� is a probabilitymeasure.Moreover,� Ê�Ë { 
 e s ��� ¤���É zj�

�
½GÌ*Í�Î � zj� 
 e s � (2.4)

in general.TheChoquetexpectedutility (CEU)rulehasasits
domaindecisionproblemsof the form r �Ø
 _dAWU^A\e�Ax����� � .
Define cj�-9^ÙG�j� �º�D� c*� if f

� Ê�Ë { 
 e s   �p­ � Ê�Ë { 
 e s ¡ � . It is
immediatefrom (2.4) that if r ½GÌ*Í�Î is the decisionproblem
thatresultsfrom r by replacing���C� by %&� ½GÌ*Í�Î , andreplacing
the plausibility domain X YLA�Z\[ in the expectationdomainbyX YLA�Z\[¦½¨Ì*Í�Î , then c���9^ÙG�j� �º�D� c*� if f c���9^©µ©µ�j� � ��Ú Ì*Í�Î � c*� .
3 Representing Decision Rules
Givena decisionrule � anda preferencerelation 9 ² on the
setof acts ` , an � representation of 9 ² is basicallya deci-
sionproblemr # ����� 
 � � suchthat � 
 r �Ç� 9 ² (andthe
setof actsin r is ` ). In otherwords,an � representationof9 ² makes� relateactsin ` theway 9 ² relatesthem,sowe
canmodela DM whosepreferencerelationis 9 ² asa user
of � . In [Chu andHalpern,2003] we show thatevery pref-
erencerelationon actshasa GEU representation.Herewe
wantto extendthenotionof representationto decisionrules;
intuitively, we want an � � representationof � � to allow us
to modela userof ��� asa userof ��� . To make this precise,
we needa few definitions.

Two (plausibilistic)decisionproblemsr�� andr;� arecon-
gruent, denotedr � Û� r � , if f they involve thesamedecision
situation,utility domain,andutility function(and,if bothare
plausibilistic, the sameplausibility domainand plausibility
measureaswell). Note that if r �ÈÛ� r � , thenthey agreeon
thetastes(andbeliefs)of theDM, soif they arebothnonplau-
sibilistic, then rd� � r;� , andif they areboth plausibilistic,
thenthey differ only in the B , 9 F , < , and

>
componentsof

their expectationdomains.
A decision rule transformation 	 is a function that maps

inputsof onedecisionrule ��� to the inputsof anotherrule��� . A decisionrule transformation	 is an ��� representation
of � � if f ���1� 
 	 ��� ����� 
 � �j� andfor all r # ����� 
 � �j� ,	 
 r �&Û� r and��� 
 	 
 r �x�&� ��� 
 r �h�
ThusaDM thatuses��� to relateactsbasedonhertastes(and
beliefs)behavesasif sheis using ��� , since	 
 r � Û � r and� ��
 	 
 r ���&� � ��
 r � .

Note that 	 
 r �;� r is a GEU representationof EU. We
now considersomelesstrivial examples.

Example 3.1: To seethat Maximin hasa GEU representa-
tion, let @ ¬��xª �Å
WV A Ï YGA�Z Ñ A V Ax�Ä¤��ÒA�? � A and let %&� ¬��Eª be
the plausibility measuresuchthat %/� ¬��Eª 
 8 � is 0 if 4 �Ø0
and1 otherwise. If r �Ü
 _dA V Afe � A where _ �Ý
3` A 2 ACa � ,
thenit is easyto checkthat

� zj{ºÞ�ßWàv| � ÞLß]à 
 e(s ��� ¢ ~ 
 c � . Take	 
 r �m�á
 _dAC@ ¬��Eª Afe�A�%/� ¬��Eª � . Clearly 	 
 r �mÛ� r : the util-
ity functionhasnot changed.Moreover, it is immediatethatâ�ã&ä 
 	 
 r ���/�æå �1ç�¤¦�¥¤�� 
 r � .

Example 3.2: To seethatMinimax Regret(REG)hasaGEU
representation,for easeof exposition,we take �L��� 
�è ã�â � to
consistof standarddecisionproblemsr �é
x
h` A 2 A�a � A V A\e �
suchthat ê � �ë¯x°�± s �w² | §

�
+ e(s 
huv�RÓ.ì . (If ê � ��ì ,

giventherestrictionto simpleacts,it is easyto show thatall
actshave infinite regret.) Let @ � Ëhí �Ý
WV A�X YLA*Zf[WA V Ax�Ä¤��îA > � ,
where� > O � O ´ ����ï 
���� if ��ð YGA and� > O � Y if �$� Y .
Notethat ! � Y and " � Z . Clearly, �¥¤�� is associative and
commutative, and " >æñ � ñ ´ �¦�1ï 
 Z �È� ñ

for all
ñ #7V .

Thus, @ � Ëhí is anexpectationdomain.
For 0$ò� 4ó5 2 A define ê Ãá�g¯E°�± s �w² | §

� Ã ets 
huv� . Note
that ê + � ê � Óôì ; alsoif 4K5k6 , then ê$Ã ­ ê�õ . Let%&� � 
�01�¥� Y and %&� � 
 4 �Ä�Àöf÷ùø � ÷Äú . It is easyto verify
that %&� � is a plausibilitymeasure.

It is easyto check that
� zj{×û&| �¨ü Í�ý 
 e(s �S� ê � ´ ³ ~ 
 c �

for all acts c #M` . Let 	 
 r �p�.
 _dA�@ � Ëhí�Afe�A�%/� � � . Since
the utility function hasnot changed,	 
 r � Û � r ; further-
more,higherexpectedutility correspondsto lower regret,soâ�ã&ä 
 	 
 r ���/�æè ã�â 
 r � .
Example 3.3: To seethatMMEU hasaGEUrepresentation,
let r �é
 _dA 
ÆV A�X YLA�Z\[¦½ÇA BmA <�A > � A\e�Ax%&� ½ ��# �L��� 
�åNå ã&ä � .
Let @ ½ �¶
ÆV A�X YLA�Z\[¦½µA V ½ A�<�A > � , where< is pointwisefunc-
tion addition,

>
is scalarmultiplication,and

ÂR9;þ Ú�ÿ if f ¤���É zj�
�
½ Â 
 %&� ��­ ¤���É zj�

�
½ ÿ 
 %/� �h�

Note that we can identify V with the constantfunctionsinV ½ , so V canbeviewedasa substructureof V ½ . With these
definitions,@ ½ is anexpectationdomain.

Let 	 
 r �I�K
 _dA�@ ½ Afe�A�%/� ½ � . It is immediatefrom the
definitionof 9 þ Ú thatc^9^�(�j� ���o� ����� � if f ¤���É zj�

�
½ � zj� 
 e(s ��­ ¤¦��É zj�

�
½ � zj� 
 e�� �h�

Thus
â�ã&ä 
 	 
 r ���i��åNå ã/ä 
 r � ; furthermore,it is clear

that 	 
 r � Û � r , since the utility function and plausibility
measurehavenot changed.

Althoughit canrepresentmany decisionrules,GEUcannot
representCEU. We can in fact characterizethe conditions
underwhicha decisionrule is representableby GEU.

Thereis a trivial conditionthatadecisionrulemustsatisfy
in orderfor it to haveaGEUrepresentation.Intuitively, ade-
cisionrule � respectsutility if � relatesactsof constantutil-
ity accordingto therelationbetweenutility values.Formally,
adecisionrule � respects utility if f for all r # �L��� 
 � � with` as the setof acts, 2 as the setof states,8 as the utility
domain,and e asthe utility function, for all cj�\ACc*� #k` , ife s�� 
huv���S� Õ for all statesu^#�2 , then

c���9^� � ��� c�� if f � ��9;: � � � (3.5)

We say that � weakly respects utility if f (3.5) holds for all
constantacts(but not necessarilyfor all actsof constantutil-
ity). It iseasytoseethatGEUrespectsutility, since" > �$�$�
for all �$# 8 and 
 8&A¸9 :µ� is asubstructureof 
 BnA¸9;F � . Thus
if � doesnot respectutility, it hasno GEU representation.
While respectingutility is a necessarycondition for a deci-
sionrule to have a GEU representation,it is not sufficient. It
is alsonecessaryfor thedecisionrule to treatactsthatbehave
in similar wayssimilarly.

Two acts c��fACc*� in a decisionproblemr areindistinguish-
able, denotedcj� Û � c�� if f either
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b r is nonplausibilisticand e s   � e s ¡ , orb r is plausibilistic,andyCzj{}| ~s�  � yCzj{}| ~sf¡ ,

where e is the utility function of r and %/� is the plausibil-
ity measureof r . In thenonplausibilisticcase,two actsare
indistinguishableif they inducethesameutility randomvari-
able; in the plausibilisticcase,they are indistinguishableif
they inducethesameutility lottery.

A decisionrule � is uniform if it respectsindistinguisha-
bility. More formally, � is uniform if f for all r # ����� 
 � �
and c��fA�c*��A � �fA � � actsof r suchthat c Õ Û � � Õ ,

c � 9^� �º�D� c � if f
� � 9^� � ��� � ���

Intuitively, wecanthink of utility randomvariablesandutility
lotteriesasdescriptionsof whatanact c doesin termsof the
tastes(andbeliefs)of theDM. If � is uniform,we canview� asrelatingtheactsindirectlyby relatingtheirdescriptions.

As thefollowing theoremshows,all uniformdecisionrules
haveGEUrepresentations.

Theorem 3.4: For all decision rules � , � has a GEU repre-
sentation iff � is uniform and � respects utility.

Proof: The“if ” directionis somewhatsimilar in spirit to the
proof of Theorem3.6,givenbelow; dueto thelack of space,
we omit thisdirection.

For the “only if ” direction,supposethat 	 is a GEU rep-
resentationof � and let r · # �L��� 
 � � be arbitrary. Sup-
posethat c��fA�c*��A � �fA � � areactsof r;· suchthat c Õ Û ��� � Õ .
It is easyto checkthat if r �K
 _dAC@ÈAfe�A�%&� � Û � r;· , then� zj{�| � 
 e s	� � � � zj{}| � 
 e �
� � . Thus for all plausibilistic r ,
if r Û � r · , then c � 9^�(�j� � ��� c � if f

� � 9^�t�j� � ��� � � .
Since 	 is a GEU representationof � , 	 
 r ·j�iÛ� r · and� 
 r;· �Ç� â�ã/ä 
 	 
 r;· �x� . It follows thenthat c��Ç9^� � � � � c*�
if f
� ��9^� � ���3� � � ; thus � is uniform.
Now supposethat c � and c � aretwo actsof constantutil-

ity, say �&� and �î� , respectively, of r · . Since	 
 r ·j�^Û� r · ,c Õ is still an act of constantutility � Õ in 	 
 r;· � . Note thatc���9^� �º���h� c*� if f c���9^�t�j� ���o� ���h�}� c*� if f � ��9;: � � , where 8
is the utility domainof r · , since	 is a GEU representation
of � . Thus � respectsutility.

Most of thedecisionruleswe have discussedareuniform.
However, CEU is not,asthefollowing exampleshows:

Example 3.5: Let r
� �7
x
h` A 2 A�a � AWU^A\e�Ax���C� � A whereb `¶�7Ï c��fA�c*� Ñ ; 2æ� Ï�u �\A u ��A u��1Ñ ; a �¶Ï ZwAx)LA�� Ñ ;b e 
��G����� A for �R� ZwAx)LA�� ;b c�� 
3u��w����� and c*� 
hu��w��� � ´�� A for ��� ZwAx)LA
� ; andb ���C� is the belief function such that ����� 
 4 �7� Z ifÏ�uw� A u¸�1Ñ 5æ4 and ���C� 
 4 ��� Y otherwise.

Since e&� �s � 
��G� is a singleton,���C� 
 e&� �s � 
��G���ù� Y for � � ZwAx)
and �ô� ZwA�)GA�� ; thus c�� Û ��� c*� . On the other hand,by
definition,� Ê�Ë { 
 e(s�  ��� Zµ=N����� 
 4 � � �x
 ) ´ Z � =I���C� 
 4 � �x
 � ´ ) ��� ZwA
while� Ê�Ë { 
 e s ¡ ��� Zµ=N����� 
 4I�}� �x
 ) ´ Z � =I���C� 
 4�� �x
 � ´ ) ��� )LA
where4 Õ ��� Ïvu Õ A u��*Ñ and 4
� �MÏvu � Ñ . It follows thatCEU
is not uniform,andsohasnoGEU representation.

The readermay have noticed an incongruity here. Ex-
ample 3.3 shows that MMEU has a GEU representation;
moreover, asshown earlier, MMEU producesessentiallythe
sameorder on actsas CEU. However, CEU hasno GEU
representation.There is no contradictionto Theorem3.4
here: There is no decisionproblem r suchthat r Û � r �
(from Example3.5) and

â�ã/ä 
 r �ù��� ã/ä 
 r
� � . However,â�ã&ä 
�
3` A 2 ACa � A�@ ½GÌ*Í�Î Afe�A�%&� ½GÌ*Í�Î ����� ã&ä 
 r
� � . Of course,
�
3` A 2 ACa � AC@ ½¨Ì�Í�Î Afe�A�%/� ½GÌ*Í�Î �-òÛ� r � ; %/� ½¨Ì�Í�Î and ����� arenot
the same,andthey in fact representrelatedbut differentbe-
liefs. (It is easyto show thatsetsarepartially preorderedby%&� ½GÌ*Í�Î but totally preorderedby ���C� .)

Thekey reasonthatGEUcannotrepresentnonuniformde-
cisionrulesis becausethey do not respecttheindistinguisha-
bility relationsimposedby theutility function(andtheplau-
sibility measure).Recallthatwe requirethat 	 
 r � Û � r be-
causewewantauserof onedecisionrulesto appearasif she
wereusinganother, without pretendingthatshehasdifferent
tastes(andbeliefs).Sowe want 	 to preserve thetastes(and
beliefs)of its input.

Thereis along-standingdebatein thedecision-theoryliter-
atureasto whetherpreferencesshouldberegardedasordinal
or cardinal. If they areordinal, thenall thatmattersis their
order. If they arecardinal,then it shouldbe meaningfulto
talk aboutthe differences betweenpreferences,that is, how
muchmorea DM prefersoneconsequenceto another. Simi-
larly, if representationsof likelihoodaretakento beordinal,
thenall thatmattersis whetheroneevent is morelikely than
another. As we show below, if we requireonly that 	 
 r � andr describethesameordinaltastes(andbeliefs),thenwe can
in fact expressalmostall decisionrules, including CEU, in
termsof GEU.

Two utility functions e � 'µa.,Á8 � and e � 'µa.,Á8 �
represent the same ordinal tastes if for all  � A! �.# a ,e&� 
  �� � 9;:t ùe&� 
  3� � if f eî� 
  �� � 9;:�¡peî� 
  3� � . Similarly, two
plausibility measures%&�h�p'�)o+ô, ��� and %/�¦�Q'D)�+é, �G�
represent the same ordinal beliefs if f for all 4�AC6 5 2 ,%&� �C
 4 � � �  £%/� ��
 6 � if f %&� �o
 4 � � � ¡¥%/� ��
 6 � . Finally, two
decisionproblemsrd� andr�� aresimilar, denotedrd�#"Qr�� ,
if f they involvethesamedecisionsituations,theirutility func-
tions representthe sameordinal tastes,and their plausibil-
ity measuresrepresentthe sameordinal beliefs. Note thatrd�QÛ� r�� implies rd�$"�r�� , but the converseis false in
general. A decisionrule transformation	 is an ordinal ���
representation of � � if f ����� 
 	 �Q� ����� 
 � �j� and for allr # ����� 
 ��� � , 	 
 r � "ær and��� 
 	 
 r �x�&� ��� 
 r � .

We want to show next that almostall decisionruleshave
anordinalGEU representation.Doing so involvesonemore
subtlety. Up to now, we have assumedthat plausibility do-
mainsarepartially ordered.This implies that two plausibil-
ity measuresthatrepresentthesameordinalbeliefsnecessar-
ily inducethe sameindistinguishabilityrelation(becauseof
antisymmetry). Thus, in order to distinguishsetsthat have
equivalentplausibilitieswhencomputingexpectedutility us-
ing

>
and

>
, we needto allow plausibility domainsto be

partiallypreordered. So,for thisresult,weassumethat 9 � is
a reflexive andtransitive relationthat is not necessarilyanti-
symmetric(i.e., we couldhave that ¾ �/9 � ¾ � and ¾ �m9 � ¾ �
but ¾ � ò� ¾ � ).
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Theorem 3.6: A decision rule � has an ordinal GEU repre-
sentation% iff � weakly respects utility.

Proof: Therearetwo cases,plausibilisticandnonplausibilis-
tic. They arealmostidentical; we just do the plausibilistic
casehere.(Also, the“only if ” directionis quitesimilar to the
onein theproof of Theorem3.4,sowe omit it here.)

Supposethat � is aplausibilisticdecisionrule thatweakly
respectsutility. Fix a plausibilistic decisionproblem r �
�
3` A 2 ACa � AC@ � Afe � Ax%&� ���Ä# �L��� 
 � � . Let 8 � and � � be the
utility domainand plausibility domainof @^� , respectively.
Let @�� � 
 8(��A��G�oACBDA�<�A > � be definedasfollows (notethat? denotesCartesianproductin thisproof):b 8n� �7
 8�� ?NaµAE9;:�¡ � , where
�� �fA! �� � 9;:�¡ 
�� ��A& 3� � if f � ��9;:t  � ��Ab �¨� �¶
 ���^?R)�+îA¸9 � ¡ � , where
 ¾ �fA34I� � 9 � ¡ 
 ¾ ��A34�� � if f ¾ ��9 �   ¾ � �

(Note that 9 � ¡ is a partialpreorder, althoughit is not a
partialorder.)b B �g
 )�+(' :�¡ AE9;F � , where� 9;FIO if f �$� O or

1. �.� 2 ? Ï1

� �\A! �� �3Ñ , O � 2 ? Ï1

� �vA& 3� ��Ñ , and

� �\A! �� � 9;:�¡ 
�� ��A& 3� � , or
2. �S� Ï1
3u A 
 e&� 
 c 
huv��� ACc 
huv���x�*)ou£#�2&Ñ ,O � Ïo
hu A 
 e ��
 � 
3uv��� A � 
huv�x����)ouÇ#$2&Ñ , andc�9^� � ��� � , for somec�A � #�` ,b 
 ¾ Ah4 � > 

� A& ��� 4 ? Ï1
�� A! �3Ñb � <NO �i�,+ O for all � A3O # B .

Note that 
 ! �  ¸A 0o� 9 � ¡ 
 ¾ Ah4 � 9 � ¡ 
 " �  ¸A 2/� , so we have! � ¡ �á
 ! �  fA 01� and " � ¡ �á
 " �  EA 2/� ; thus, � � is a plausi-
bility domain. Since � weakly respectsutility, 1 and2 are
consistentwith oneanother. We identify 
�� A! ��# 8(� with2 ? Ï1

� A& �3Ñ in B ; with this identification," > 

� A& �n�g
�� A! �
for all 
�� A! �S# 8 � and, given 1 in the definition of 9;F ,
 8n��A¸9;:�¡ � is a substructureof 
 BDAE9 F � . Furthermore,< is
clearly associative andcommutative, so @�� is indeedan ex-
pectationdomain.

Now we needto definea utility function anda plausibil-
ity measure.Let eÒ� 
  �d� 
 e�� 
  � A! � for all  # a and let%&��� 
 4 ���¶
 %&�h� 
 4 � A34 � for all 4.5 2 . Notethat%&��� 
 4 � 9 � ¡�%&�¦� 
 6 � if f %&�h� 
 4 � 9 �  n%/�W� 
 6 �3� (3.6)
Thus %&�¦� is a plausibility measure,since%&�Æ� is a plausibility
measure.Also,eî� 
  � 9;:�¡ÇeÒ� 
.-j� if f e&� 
  � 9;:t �e�� 
.-j�h� (3.7)
Let 	 
 r �Q�ó
�
3` A 2 ACa � A�@ � Afe � A�%/� ��� . Note that, by (3.6)
and(3.7), 	 
 r � " r ; furthermore,it is easyto checkthat� zj{ ¡ | � ¡ 
�
 eÒ� � s �^� Ï1
3u A 
 e&� 
 c 
huv��� ACc 
huv���x�/)Lu�#¶2&Ñ ; it easily
followsthat

â�ã/ä 
 	 
 r ���/� � 
 r � . Thus	 is anordinalGEU
representationof � .

Theorem3.6 shows that GEU canemulateessentiallyall
decisionrules. Thus,thereis a sensein which GEU canbe
viewedasauniversaldecisionrule. (Weremarkthatalthough
wehavefocusedhereonalternativesthatareacts,in thesense
of Savage,thatis, functionsfrom statesto consequences,it is
nothardto show—andwedoin thefull paper—thatthesame
resultshold if alternativesaretaken to be horselotteries,in
thesenseof AnscombeandAumann[1963].)
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Abstract

Different qualitative models have been proposed
for decision under uncertainty in Artificial Intelli-
gence, but they generally fail to satisfy the princi-
ple of strict Pareto dominance or principle of ”ef-
ficiency”, in contrast to the classical numerical cri-
terion — expected utility. In[Dubois and Prade,
1995] qualitative criteria based on possibility the-
ory have been proposed, that are appealing but inef-
ficient in the above sense. The question is whether
it is possible to reconcile possibilistic criteria and
efficiency. The present paper shows that the an-
swer is yes, and that it leads to special kinds of
expected utilities. It is also shown that although nu-
merical, these expected utilities remain qualitative:
they lead to two different decision procedures based
on min, max and reverse operators only, generaliz-
ing the leximin and leximax orderings of vectors.

1 Introduction and motivation
A decision-making problem under uncertainty is a 4-tuple
(S, X,A,º), whereS is a set of states of nature,X a set
of consequences,A = XS the set of possible acts (in deci-
sion under uncertainty, an act is a functionf : S 7→ X) andº
is apreference relationonA, usually complete and transitive
(i.e. is a complete preorder).

A numerical approach is classically advocated (see e.g.
[Savage, 1954]) for encoding both the information pertain-
ing to the states of nature and the preferences onX: uncer-
tainty is represented by a probability distributionp and pref-
erence is encoded by a utility functionu : X → [0, 1] 1.
The pair< p, u > will be called aprobabilistic utility model,
PU-model for short. Acts are then ranked according to their
expected utilityEUp,u (written here in the finite setting):

f ºEU,p,u g ⇔ EUp,u(f) ≥ EUp,u(g)

where,∀h ∈ A EUp,u(h) =
∑

s∈S p(s) · u(h(s)).
Information about preference and uncertainty in decision

problems cannot always be quantified in a simple way, but
only qualitative evaluations can sometimes be attained. As a

1Since expected utility is not sensitive to linear transformations
of u, the choice of[0, 1] as the range foru is made for convenience.

consequence, the topic of qualitative decision theory is a nat-
ural one to consider[Pearl, 1993; Dubois and Prade, 1995;
Brafman and Tennenholtz, 1997; Duboiset al., 1998b; Doyle
and Thomason, 1999; Giang and Shenoy, 2000; Duboiset
al., 2000]. Giving up the quantification of utility and uncer-
tainty has led to give up the expected utility (EU) criterion
as well: the principle of most theories of qualitative deci-
sion making is to model uncertainty by anordinal plausi-
bility relation on events and preference by acomplete pre-
ordering on consequences. In[Dubois and Prade, 1995;
Duboiset al., 1998b] two qualitative criteria based on pos-
sibility theory, an optimistic and a pessimistic one, are pro-
posed and axiomatized whose definitions only require a finite
ordinal scaleL = {0L ≤ · · · ≤ 1L} for evaluating both
utility and plausibility:

• f ºOPT,π,µ g ⇔ UOPT,π,µ(f) ≥ UOPT,π,µ(g) where
∀h,UOPT,π,µ(h) = maxs∈S min(π(s), µ(h(s)))

• f ºPES,π,µ g ⇔ UPES,π,µ(f) ≥ UPES,π,µ(g) where
∀h,UPES,π,µ(h) = mins∈S max(n(π(s)), µ(h(s))),

where n : L → L is the order reversing function of L,
π : S → L is a normalized possibility distribution and
µ : X → L is a utility function onX. In the following,
< S,X, L, π, µ > will be called a qualitative possibisitic util-
ity model (QPU-model) and we will assumeS, X andL to be
finite, as is generally the case in qualitative decision making.

The valueUPES,π,µ(f) is high only if f gives good conse-
quences in every “rather plausible” state. This criterion gen-
eralizes the Wald criterion, which estimates the utility of an
act by that of its worst possible consequence.UPES,π,µ is
thus “pessimistic” or “cautious”, the pessimism being moder-
ated by taking relative possibilities of states into account. On
the other hand,UOPT,π,µ is a mild version of themaximax
criterion which is “optimistic”, or “adventurous”.

Although appealing from a qualitative point of view, pos-
sibilistic utilities suffer from a lack of decisiveness called
the ”drowning effect”: when two acts give an identical and
extreme (either good or bad) consequence in some plausi-
ble state, they may be undistinguished by these criteria, al-
though they may give significantly different consequences
in the other states. As a consequence the principle of
Pareto dominance is not satisfied. That is it may be the
case that∀s, µ(f(s)) ≥ µ(g(s)) and that∃s∗, π(s∗) >
0 andµ(f(s∗)) > µ(g(s∗)) butg º f .
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Example 1 Let S = {s1, s2}, L = {0, 1, 2, 3, 4, 5}. Let
f and g be two acts whose utilities in statess1 and s2 are
listed below, as well as the possibility degrees of the states.
One can check thatUOPT,π,µ(f) = UOPT,π,µ(g) = 3 and
UPES,π,µ(f) = UPES,π,µ(g) = 3 althoughf strictly dom-
inatesg (µ(f(s1)) = µ(g(s1)) and f has a better conse-
quence ins2).

s1 s2

f 3 4
g 3 1
π 5 2

Most of the qualitative approaches[Pearl, 1993; Dubois
and Prade, 1995; Brafman and Tennenholtz, 1997; Giang and
Shenoy, 2000], fail to satisfy Pareto dominance. But this is
not the case within expected utility theory, since this model
obeys the followingSure-Thing Principle(STP) that insures
that identical consequences do not influence the relative pref-
erence between two acts:

STP :∀f, g, h, h′, fAh º gAh ⇔ fAh′ º gAh′,

wherefAh denotes the act identical tof onA ⊆ S and to
h onS \A. Whenº is complete and transitive, the principle
of Pareto dominance is a direct consequence of the STP. So, is
it possible to benefit from the STP in the possibilistic frame-
work in order to satisfy the Pareto principle ? Unfortunately,
it can been shown that this is generally not possible:

Proposition 1 Let< S, X, L, π, µ > be a QPU model.
ºOPT,π,µ (or ºPES,π,µ) satisfies the STP
⇔ ∃!s∗ : π(s∗) = 1L and∀s 6= s∗, π(s) = 0L.

This means that possibilistic decision criteria cannot obey
the STP, except in a very particular case: when the actual state
of the world is known, i.e. when there is no uncertainty at all!
So, we cannot stay in the pure QPU framework and escape the
drowning effect altogether. The idea is then to cope with the
difficulty by proposingrefinementsof the possibilistic criteria
that obey the Sure Thing Principle2.

This paper shows (Section 2) that any possibilistic model
can be refined by an expected utility. The kind of expected
utility that is at work, and the very special probability mea-
sure that underlies it, are studied in Section 3 under the light
of related work. It is also shown (Section 4) that although
numerical, these expected utility criteria remain qualitative,
since they lead to a decision procedure based solely on min,
max and reverse operators — these new procedures general-
ize well known leximin and leximax decision procedures .

2 Expected utility refinements of qualitative
possibilistic utilities

Recall that a refinementº′ of a relationº is a relation per-
fectly compatible withº (it agrees withº whenº provides
a strict preference), but can break ties by settingf Â′ g for
somef, g that are indifferent w.r.t.º. Formally:

2The idea of refining QPU first appeared in[Duboiset al., 2000]:
the principle was to break ties thougth an extra criterion (e.g. refin-
ing the pessimistic QPU by the optimitic QPU or by another max-
tnorm aggregation). The use of a max operator kept the approach in
an ordinal framework, but forbade the full satisfaction of the STP

Definition 1 (Refinement)
º′ refinesº⇔ ∀f, g ∈ A, f Â g ⇒ f Â′ g.

Since we are looking for complete and transitive relations
it is natural to think of refinements based on expected utility.
Savage[1954] has indeed shown that, as soon as a complete
preorder is desired that satisfies the STP and some very nat-
ural axioms, the EU criterion is almost unavoidable. So, the
question is:are there any expected utility criteria that refine
the possibilistic criteria ?

Let < S,X, L, π, µ > be a QPU model. When considering
the optimistic (resp. pessimistic) criterion, we are looking
for a probability distributionp and a utility functionu such
thatºEU,p,u refinesºOPT,π,µ (resp. ºPES,π,µ). The idea
is to build the EU criteria by means of a transformationχ:
L → [0, 1] that mapsπ to a probability distribution:

Definition 2 (Probabilistic transformation of a scale)
Let< S, X,L, π, µ > be a QPU model. A probabilistic trans-
formation ofL w.r.t. π is a mappingχ : L → [0, 1] such that
χ(0L) = 0 andp = χ ◦ π is a probability distribution.

Notice the presence of the conditionχ(0L) = 0 that ex-
presses the fact that the impossibility of an event (represented
by a degree of0L in possibility theory) is expressed by a null
probability. But the most plausible events (possibility degrees
of 1L), obviously do not receive a probability degree of1,
since they may be mutually exclusive. Notice also that we
are looking for a unique functionχ for transformingL —
both p andu will be built upon this transformation. This is
due to the fact that we assume that preference and uncertainty
levels are commensurate and belong to the same scale : it is
thus natural to transform the degrees regardless whether they
model uncertainty or preference.

Moreover,π andµ originally represent all the information
available to the user, both in terms of uncertainty of the actual
state of the world and preference over possible consequences.
So, no undesirable arbitrary information should be introduced
in the refined decision model andp andu must be as close
as possible to the original information: we are looking for
”unbiased” transformations ofL. Formally:

Definition 3 (Unbiased transformation of a scale)
Let < S, X,L, π, µ > be a QPU model andχ a
probabilistic transformation ofL. χ is unbiased iff
∀α, α′ ∈ L,α ≤ α′ ⇔ χ(α) ≤ χ(α′)

As a consequence, using an unbiasedχ ensures thatπ and
p = χ ◦ π (resp.µ andu = χ ◦ µ) are ordinally equivalent:
- ∀s, s′ ∈ S, p(s) ≥ p(s′) ⇔ π(s) ≥ π(s′),
- ∀x, y ∈ X, u(x) ≥ u(y) ⇔ µ(x) ≥ µ(y).

2.1 Expected utility refinements of optimistic QPU
Let us first provide a tractable sufficient condition for a prob-
abilistic transformation to generate an expected utility that
refinesºOPT,π,µ:

Proposition 2 Let< S,X, L, π, µ > be a QPU model andχ
be a probabilistic transformation ofL w.r.t. π. Also letH be
the condition :
H:∀α, α′, β ∈ L s.t.β ≥ α > α′,
χ(α) · χ(β) > χ(α′) · χ(β) + (|S| − 1) · χ(1L) · χ(α′).
ThenºEU,χ◦π,χ◦µ refinesºOPT,π,µ wheneverχ satisfiesH.
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H is a sufficient condition to generate an EU-refinement
of the optimistic QPU (it is also a necessary one when every
degree inL is attained by bothπ andµ). Importantly, there
always exists a probabilistic transformation ofL satisfyingH.
Let ni = |{s ∈ S, π(s) = αi}| andN =| S | +1.

Proposition 3
The functionχ : L = {α0 < . . . < αk} → [0, 1] such that
χ(α0) = 0 andχ(αi) = v

N2k−i , i = 1, k satisfiesH ∀v > 0.

χ ◦ π is a probability distribution iffv = (
∑

i=1,k
ni

N2k−i )−1.

In the sequel,χ∗ will denote the functionχ∗(αi) = v

N2k−i

obtained withv = (
∑

i=1,k
ni

N2k−i )−1.

Example 2 Let us take the QPU model of Example 1, where
N = 2, L = {0, 1, 2, 3, 4, 5}. χ∗(L) is the series
(0, v

N16 , v
N8 , v

N4 , v
N2 , v

N ) wherev = ( 1
N + 1

N8 )−1. So:

EU(f) = χ∗(5) · χ∗(3) + χ∗(4) · χ∗(2) = v2

N5 + v2

N10 ,

EU(g) = χ∗(5) · χ∗(3) + χ∗(2) · χ∗(1) = v2

N5 + v2

N24 ,
f is thus preferred tog.

χ∗ is in fact sufficient to generate every unbiased EU-
refinement ofºOPT,π,µ, since all such refinements are equiv-
alent.

Definition 4 Two relationsº andº′ are said to be equiva-
lent (º ≡ º′) iff ∀f, g ∈ A, f º g ⇔ f º′ g.

Proposition 4 Let < S,X, L, π, µ > be a QPU model,χ1,
χ2 two unbiased probabilistic transformations ofL w.r.t. π.
ºEU,χ1◦π,χ1◦µ and ºEU,χ2◦π,χ2◦µ both refineºOPT,π,µ

=⇒ ºEU,χ1◦π,χ1◦µ ≡ ºEU,χ2◦π,χ2◦µ

Notice that Proposition 4 does not mean that the numbers
attached to the states byp1 = χ1 ◦ π andp2 = χ2 ◦ π, nor
the ones attached to the consequences byu1 = χ1 ◦ µ and
u2 = χ2 ◦ µ are the same - it only means that the two models
are ordinally equivalent, that they make the same decisions
and order the events and the consequences in the same way.
It also implies that the refinements that does not belong to this
class (they may exist, e.g. those which introduce a total order
in S or in X) cannot be unbiased : they must either introduce
a strict preference between equivalent consequences or order
equi-plausible states.

So, we get the following result for optimistic QPU models:

Theorem 1 For any QPU model< S,X, L, π, µ >:

• There exists an unbiased probabilistic transformationχ∗
of L w.r.t. π such thatºEU,χ∗◦π,χ∗◦µ refinesºOPT,π,µ.

• If χ and χ′ are two unbiased transformations ofL s.t.
bothºEU,χ◦π,χ◦µ andºEU,χ′◦π,χ′◦µ refineºOPT,π,µ,
thenºEU,χ◦π,χ◦µ ≡ ºEU,χ′◦π,χ′◦µ.

We have hence obtained what we were looking for: for
any QPU model we are able to propose an EU model that re-
finesºOPT,π,µ. As a refinement, it is perfectly compatible
with but more decisive than the optimistic utility. Moreover,
it does not use other information than the original one - it is
unbiased. Since based on expected utility, it obviously satis-
fies the Sure Thing Principle as well as Pareto Dominance.

2.2 EU refinements of pessimistic QPU
When considering the pessimistic qualitative model, the same
kind of result can be obtained, noticing thatºPES,π,µ and
ºOPT,π,µ are dual relations:

Proposition 5 Let < S, X, L, π, µ > be a QPU model.
Then:∀f, g ∈ A, f ºPES,π,µ g ⇔ g ºOPT,π,n◦µ f .

Proposition 6 Let< S,X, L, π, µ > be a QPU model andχ
be a probabilistic transformation ofL w.r.t. π. Letp = χ ◦π,
u = χ ◦ µ, u′ = χ(1L)− χ ◦ n ◦ µ. It holds that:
ºEU,p,u refinesºOPT,π,µ iff ºEU,p,u′ refinesºPES,π,µ.

Consequently, it is always possible to build a probabilistic
transformationχ∗ using Theorem 1, a probabilityp = χ∗ ◦ π
and a utility functionu′ = χ∗(1L) − χ∗ ◦ n ◦ µ that define
an unbiased EU-refinement ofºPES,π,µ. This provides the
following pessimistic counterpart of Theorem 1:

Theorem 2 For any QPU model< S,X, L, π, µ >:

• There exist at least one unbiased transformationχ∗ of
L w.r.t. π, a probability distributionp = χ∗ ◦ π and
a utility functionu′ = χ∗(1L) − χ∗ ◦ n ◦ µ such that
ºEU,p,u′ refinesºPES,π,µ.

• Let χ and χ′ be two unbiased probabilistic trans-
formations ofL. If both ºEU,χ◦π,χ(1L)−χ◦n◦µ and
ºEU,χ′◦π,χ′(1L)−χ′◦n◦µ refineºPES,π,µ, then they are
equivalent.

At this point in the paper we have proved an important re-
sult for bridging qualitative possibilistic decision theory and
expected utility theory: we have shown than any optimistic
or pessimistic QPU model can be refined by a EU model.
Thus, we may conclude that (i) possibilistic decision criteria
are compatible with the classical expected utility criterion and
(ii) choosing a EU model is advantageous, since it leads to a
EU-refinement of the original rule (thus overcomes the lack
of decisiveness of the possibilisitic criteria), it satisfies the
STP and the principle of Pareto. But this does not mean that
qualitativeness and ordinality are given up. In Section 4, we
will show that, although probabilistic and based on additive
manipulations of numbers, these criteria remain ordinal. This
is very natural: since we start with an ordinal model and do
not accept any bias, we produce another (probabilistic but)
ordinal model, in which the numbers only encode orders of
magnitude — this is the topic of the next Section.

3 EU refinements and big-stepped
probabilities : related work

Both EU refinements of Section 2 are based on the same
transformation of the possibilityπ into a probability distri-
butionp = χ ◦ π 3. The corresponding measureP is actually
a ”big-stepped probability” that is, it satisfies:

3But the optimisitc utilityu = χ ◦ µ is not equal to the pes-
simisitic utility u′ = χ(1L)−χ ◦n ◦µ : u puts the emphasis on the
best consequences, while the pessimisticu′ provides a high utility
when low consequences are avoided. It is actually hopeless to look
for a common refinement ofºOPT,π,µ andºPES,π,µ since it may
happen thatf ÂOPT,π,µ g andg ÂPES,π,µ f altogether.
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Definition 5 A probability measureP is said to be big
stepped iff: ∀s ∈ S, P ({s}) > P ({s′ s.t.P ({s′}) <
P ({s})})

In other terms, for anys, p(s) >
∑

s′ s.t.p(s′)<p(s) p(s′).
Such measures are often encountered in the AI literature.
First, they have much in common with[Spohn, 1990]’s κ −
functions: these disbelief degrees can indeed be interpreted
as the order of magnitude of aε probability [Pearl, 1993;
Giang and Shenoy, 1999], which is obviously a big stepped
probability. Moreover, big stepped probabilities also form
a special class oflexicographic probabilitiesin the sense
of [Blume et al., 1991; Lehmann, 1998] — we add the re-
striction that here all the states within a single cluster are
equiprobable. Indeed each cluster corresponds to a class of
equipossible states and since we are looking for unbiased
transformations, equipossibility leads to equiprobability. Fi-
nally, Definition 5 generalizes the notion of big-stepped prob-
ability of [Snow, 1999; Benferhatet al., 1999] — which is
recovered when each cluster is a singleton. Big stepped prob-
abilities have also been proposed by[Duboiset al., 1998a] as
a way to refine any possibility/necessity measure4.

This reasoning on the order of magnitude also applies to
utility: in a discrete setting, big-stepped utilities can be de-
fined in the same way:

Definition 6 A utility measureu is said to be big stepped iff:
∀x, x′ ∈ X, u(x) > u(x′) =⇒ u(x) > (|S| − 1) · u(x′)

The utility functionsχ∗ ◦ µ and χ∗(1L) − χ∗ ◦ n ◦ µ
are big stepped utilities. It is also the case of theε utilities
that underlyκ-utility functions [Pearl, 1993; Wilson, 1995;
Bonet and Geffner, 1996; Giang and Shenoy, 2000]. These
works have advocated an approach to decision under uncer-
tainty based onκ-functions, but without taking the STP into
account (decision is made on the order of magnitude only,
with a criterion comparable to optimistic utility). The present
work makes a step further: in order to satisfy Pareto optimal-
ity, we go back to the underlyingε utilities and probabilities,
usingdoubleexponents for epsilons instead of simple ones
— we remain “big stepped” on the join scale. The other con-
tribution of our approach is that it can be followed to encode
pessimistic utilities as well.

[La Valle and Fishburn, 1992; Hammond, 1998; Lehmann,
1998] have studied decision models oflexicographic prob-
abilities or lexicographic utilities, but in these models, the
lexicographic characteristic is used only on one of the two
dimensions (either the likelihood level, or the utility level).
We operate on both dimensions simultaneously using a join
transformation.

4 QPU refinements are qualitative
Although probabilistic and based on additive manipulations
of utilities, our EU criteria remain ordinal, as paradoxical as
it may seem at first sight. To establish this claim, this Section
relates the previous EU criteria to the ordinal comparison of

4The “probabilistic likelihood relation”p = χ◦π is a refinement
of both the necessity (N ) and possibility (Π) relations based onπ.
Reciprocally, it is easy to show that, for any big stepped probability
P , there exists aπ such thatP refines bothΠ andN .

vectors. WhenS is finite, the comparison of acts can indeed
be seen as a comparison of vectors of pairs of elements ofL:

Definition 7 The representative vector of any actf ∈ A is
the vector~f = ((π1, µ1), . . . , (πi, µi), . . . (πN , µN )) where
πi stands forπ(si) andµi for µ(f(si)).

Comparing acts thus amounts to comparing elements of
(L2)N . For instance,ºOPT,π,µ is a restriction to the case
M = 2 of the generalºMaxmin relation on(LM )N .

Definition 8 (Maxmin relation) Let~u,~v ∈ (LM )N . Then
~u ºMaxmin ~v ⇔ max

i=1,N
min

j=1,M
ui,j ≥ max

i=1,N
min

j=1,M
vi,j

wherewi,j is thejth element of theith vector of~w ∈ (LM )N

If ~u and~v are representative of some acts,M = 2 and it is
obvious thatf ºOPT,π,µ g ⇔ ~f ºMaxmin ~g. In this Section
we will propose a refinement ofºMaxmin, based only on the
ordinal comparison of degrees and we will show the equiv-
alence between this purely syntactical decision rule and the
above EU models.

4.1 Case of total ignorance
Let us first consider the degenerate case of total ignorance,
where∀s ∈ S, π(s) = 1L. In this case, the comparison of
acts comes down to the comparison of utility degrees:~f =
((1L, µ1), . . . , (1L, µN )) becomes~f = (µ1, . . . , µN ). So,
f ºOPT,π,µ g iff ~f ºMax ~g andf ºPES,π,µ g iff ~f ºMin

~g. In decision making, the comparison of vectors by the max
and min operators is well known, as it is known that it suffers
from a lack of decisive power. That is why refinements of
ºmin andºmax have been proposed[Moulin, 1988]:

Definition 9 (Leximax, Leximin) Let~u,~v ∈ LN . Then
• ~u ºlmax ~v ⇔ (∀j, u(j) = v(j) or ∃i, ∀j < i, u(j) =

v(j) andu(i) > v(i))

• ~u ºlmin ~v ⇔ (∀j, u(j) = v(j) or ∃i, ∀j > i, u(j) = v(j)

andu(i) > v(i))

where, for any~w ∈ LN , w(k) is the k-thbiggestelement of~w
(i.e. w(1) ≥ . . . ≥ w(N)).

In practice, the leximin (resp. leximax) comparison con-
sists in ordering both vectors in increasing (resp. decreasing)
order and then lexicographically comparing them.

Example 3 Let ~u = (3, 2, 4) and~v = (2, 2, 4): ~u Âlmax ~v
sinceu(1) = v(1) = 4 andu(2) = 3 > v(2) = 2; ~u Âlmin ~v
sinceu(3) = v(3) = 2 andu(2) = 3 > v(2) = 2.

It is obvious thatºlmax refinesºmax andºlmin refines
ºmin. Moreover, both relations escape the drowning effect
and are very efficient: the only pairs of ties are vectors that
are identical up to a permutation of their elements.

4.2 General Case
Since the leximax and leximin comparisons are good candi-
dates in a particular case, we have imagined an extension of
these procedures to the case of 2 dimensions ((LM )N instead
of LN ). The only thing that we need is to use any complete
preorder¥ on vectors ofLM instead of the classical relation
≥ on L. It is then possible to order the sub-vectors of any~w
according to¥ and to apply any of the previous procedures:
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Definition 10 (Leximax(¥), Leximin(¥)) Let ¥ be a com-
plete preorder onLM ,∼= the associated equivalence relation
and¤ is the strict part of¥. Let~u,~v ∈ (LM )N . Then

• ~u ºlmax(¥) ~v ⇔ (∀j, u(¥,j)
∼= v(¥,j) or ∃i s.t. ∀j <

i, u(¥,j)
∼= v(¥,j) andu(¥,i) ¤ v(¥,i)).

• ~u ºlmin(¥) ~v ⇔ (∀j, u(¥,j)
∼= v(¥,j) or ∃i s.t. ∀j >

i, u(¥,j)
∼= v(¥,j) andu(¥,i) ¤ v(¥,i)).

where, for any~w ∈ (LM )N , w(¥,i) is the ith biggest sub-
vector of~w according to¥.

The leximax procedure can in particular be applied to the
preorder¥ =ºlmin. In practice, this comparison consists in
first ordering the elements of each sub-vector in increasing
order w.r.tº, then in ordering the sub-vectors in decreasing
order (w.r.t. ºlmin). It is then enough to lexicographically
compare the two new vectors of vectors.

Proposition 7 (ºlmax(ºlmin) order)
i) ºlmax(ºlmin) is a complete preorder;
ii) ºlmax(ºlmin) refinesºmaxmin;
iii) If N = 1, thenºlmax(ºlmin)≡ºlmin;
iv) If M = 1, thenºlmax(ºlmin)≡ºlmax.

So,ºlmax(ºlmin) is the refinement ofºmaxmin we desire.
Let us now compare representative vectors of acts using this
relation (lettingM = 2) – we get a refinement ofºOPT,π,µ:

Proposition 8 The relation ºlmax(ºlmin) defined by

f ºlmax(ºlmin) g ⇔ ~f ºlmax(ºlmin) ~g refinesºOPT,π,µ.

Example 4 The representative vectors off andg in Example
1 are: ~f = ((5, 3), (2, 4)), ~g = ((5, 3), (2, 1)). (5, 3) ∼=lmin

(5, 3), (4, 2) Âlmin (2, 1)), so ~f Âlmax(ºlmin) ~g.

The same kind of reasoning can be followed to re-
fine ºPES,π,µ. The pessimistic utility of actf is
mins∈S max(n(π(s)), µ(f(s))). We need to refine a mini-
max procedure, and this can be done usingºlmin(ºlmax).
Since operatormax does not apply to(π(s), µ(f(s))) but to
(n(π(s)), µ(f(s))), we use theπ-reverse vectors of acts:

Definition 11 The π-reverse vector of an actf ∈ A is
~n(f) = ((n(π(s1)), µ(f(s1)), . . . (n(π(sN )), µ(f(sN ))).

Proposition 9 The relation ºlmin(ºlmax,n) defined by

f ºlmin(ºlmax,n) g ⇔ ~n(f) ºlmin(ºlmax)
~n(g)

refinesºPES,π,µ.

So, the lexi-refinement ofºPES,π,µ applies the lex-
imin(leximax) comparison to theπ-reverse vectors, while the
refinement ofºOPT,π,µ applies the leximax(leximin) com-
parison directly to the representative vectors. Both proce-
duresare purely ordinal: the degrees inL are only compared
using min, max and reverse operators — only their relative
orders matter. Our final result is that these refinements are
equivalent to the EU-refinements identified in Section 2.

Theorem 3 Let < S, X,L, π, µ > be a QPU model andχ a
probabilistic transformation ofL w.r.t. π, p = χ ◦ π, u =
χ ◦ µ, u′ = χ(1L)− χ ◦ n ◦ µ:
i) ºEU,p,u refinesºOPT,π,µ⇔ºEU,p,u≡ºlmax(ºlmin).
ii) ºEU,p,u′ refinesºPES,π,µ⇔ºEU,p,u′≡ºlmin(ºlmax,n).

So, the probabilistic refinements of possibilistic utili-
ties are equivalent to purely comparative procedures: effi-
cient QPU refinements are probabilistic but remain qualita-
tive. Reciprocally, we can prove that theºlmax(ºlmin) and
ºlmin(ºlmax,n) preference relations over vectors of vectors
always admit a representation by a sum (on N) of products
(on M), provided thatL is discrete – but this is beyond the
scope of this paper, that focuses on decision under uncertainty
(where M=2).

5 Conclusion
The topic of Qualitative Decision Theory has received much
attention in the past few years and several approaches, includ-
ing QPU, have been proposed. This latter model forms a con-
venient framework for a qualitative expression of problems
of decision under uncertainty. However, it suffers from a lack
of decisiveness. We have proposed EU-based refinements
of QPU which proved to be perfectly compatible with the
original qualitative expression of knowledge and preferences:
the only difference is that lexicographic (leximax(leximin)
or leximin(leximax)) comparisons are used instead of
maxmin or minmax. The axiomatization of these decision
procedures is out of the scope of this paper. It actually con-
sists in the 5 basic Savagean axioms, together with “mild”
versions of the pessimism or optimism axioms of possibilis-
tic utilities (see[Fargier and Sabbadin, 2003]).

κ-utility functions have also received much attention in AI
but they too suffer from a lack of decisive power. Indeed, due
to themin operator inUκ(f) = mins∈S{κ(s) + µ(f(s))},
they cannot satisfy Savage’s STP. We claim thatºκ,µ can be
EU-refined, in the same way as we did for QPU, and that
the EU-refinement can be expressed syntactically by replac-
ing themin operator by aleximin one. The proof of this
conjecture, which would follow the same line as the one pre-
sented here, is left for future research.

The other extension of our work is to refinemonotonic
utilities [Dubois et al., 1998c] a family of decision crite-
ria that generalizes QPU and are based on the Sugeno in-
tegral. Monotonic Utilities admit amaxmin expression
maxs∈S(min(σ(Fs), µ(f(s)))), whereσ : 2S → L is a
monotonic measure andFs = {s′ ∈ S s.t.µ(f(s′)) ≥
µ(f(s))}. Again, we conjecture that replacingmin andmax
with their lexicographical versions allows an efficient refine-
ment and lead to Choquet-EU criteria[Gilboa, 1987].

Appendix
Most of the proofs are omitted for sake of brevity
and can be found in [Fargier and Sabbadin,
2003] or at the following address : http://www-
bia.inra.fr/T/sabbadin/WEB/FargierSabbadin03Rap.html.
We provide here the skecthes of the most interesting ones.
Proof of Proposition 1⇐ is trivial to show.
⇒ For anyx, y ∈ X, A ⊆ S, let us denotexAy the act such that
xAy(s) = x if s ∈ A, xAy(s) = y otherwise. Letx0 andx1 be
two consequences such thatµ(x0) = 0L andµ(x1) = 1L.

Suppose there exists1, s2, s1 6= s2, π(s1) ≥ π(s2) > 0L

Then, we have x1{s2}x0 ÂOPT,π,µ x0Sx1 and
x1{s1, s2}x0 ¹OPT,π,µ x1{s1}x0, which violates the STP. So, if
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ºOPT,π,µ satisfies the STP then there exists at most ones∗ such
thatπ(s∗) > 0L. Sinceπ is normalized,s∗ exists andπ(s∗) = 1L.
In the pessimistic case, just notice thatx1 ÂPES,π,µ x0{s2}x1
whereasx0{s1, s2}x1 ºPES,π,µ x0{s1}x1. 2

Skectch of the proof of Proposition 4. Let us denoteLµ = {αi ∈
L, ∃x ∈ X, µ(x) = αi} — let us rankLµ = (α0 < · · · < αi <
· · · < αk) andLπ = {βi ∈ L, ∃s ∈ S, π(s) = βi} —let us rank
Lπ = (β0 < · · · < βi < · · · < βk′). It can be assumed (without
loss of generality) thatLπ ⊆ Lµ = L.

Consider anyαi ∈ L andβj = min{βi ∈ Lπ, βi ≥ αi}. There
exists a pair(s, x) whereπ(s) = βj , µ(x) = αi. Let us also denote
x0 (resp.x1) a consequence of utility0L (resp.1L).

The proof of Proposition 4 is based on the observation that act
f : f(s) = x, f(s′) = x0 is always strictly preferred byºOPT,π,µ

to act g : g(s′) = x1 when π(s′) < αi and g(s′) = αi−1

whenπ(s′) ≥ αi.
From this, it can be shown that (i) the sub products, in the expres-

sion of the expected utility, are ranked in the same way by anyχ and
that (ii) the act with the biggestj-product is surely strictly preferred
to the other act (whatever the values of the remaining terms).

Lemma 1 Let χ1 and χ2 two unbiased transformation ofL re-
fining ºOPT,π,µ. It holds that: ∀α, α′ ∈ Lµ,∀β, β′ ∈ Lπ:
χ1(α) . χ1(β) > χ1(α

′) . χ1(β
′) ⇐⇒ χ2(α) . χ2(β) >

χ2(α
′) . χ2(β

′)

Lemma 2 f ÂEU,χ◦π,χ◦µ g ⇔
∃j/∀i < j, χ(πσf (i)) · χ(µσf (i)) = χ(πσg(i)) · χ(µσg(i)) and
χ(πσf (j)) · χ(µσf (j)) > χ(πσg(j)) · χ(µσg(j)).

Lemmas 1 and 2 together are enough to prove the equivalence of
ºEU,χ1◦π,χ1◦µ andºEU,χ2◦π,χ2◦µ, whateverχ1 andχ2: Indeed,
f ÂEU,χ1◦π,χ1◦µ g ⇔ (from Lemma 2)∃j/∀i < j, χ1(πσf (i)) ·
χ1(µσf (i)) = χ1(πσg(i)) · χ1(µσg(i)) and
χ1(πσf (j)) · χ1(µσf (j)) > χ1(πσg(j)) · χ1(µσg(j)). But, from
Lemma 1, the comparison of products are the same if we change
χ1 into χ2, so we get:∃j/∀i < j, χ2(πσf (i)) · χ2(µσf (i)) =

χ2(πσg(i))·χ2(µσg(i)) andχ2(πσf (j))·χ2(µσf (j)) > χ2(πσg(j))·
χ2(µσg(j)), which implies (Lemma 2) thatÂEU,χ2◦π,χ2◦µ.

The same reasoning, simply swappingχ1 and χ2 implies
ÂEU,χ2◦π,χ2◦µ⇒ ÂEU,χ1◦π,χ1◦µ, from which we get the equiva-
lence ofºEU,χ1◦π,χ1◦µ andºEU,χ2◦π,χ2◦µ. 2
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