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Abstract

We propose a new framework to study properties
of consistency in a Constraint Network from the
perspective of properties of set intersection. Our
framework comes with a proof schema which gives
a generic way of lifting a set intersection property
to one on consistency. Various well known results
can be derived with this framework. More impor-
tantly, we use the framework to obtain a number
of new results. We identify a new class of tree
convex constraints where local consistency ensures
global consistency. Another result is that in a net-
work of arbitrary constraints, local consistency im-
plies global consistency whenever there are certain
m-tight constraints. The most interesting result is
that when the constraint on every pair of variables
is properly m-tight in an arbitrary network, global
consistency can be achieved by enforcing relational
m+1-consistency. These results significantly im-
prove our understanding of convex and tight con-
straints. This demonstrates that our framework is
a promising and powerful tool for studying consis-
tency.

1 Introduction

A fundamental problem in Constraint Networks is to study
properties of consistency in some networks with particu-
lar constraints or structure. There have been two main ap-
proaches to this problem.

The first is to utilise topological structure of the network.
For example, where the network forms a tree structure, arc
consistency is sufficient to make the network globally consis-
tent [Freuder, 1982].

Another approach is to make use of semantic properties
of the constraints. For monotone constraints, path consis-
tency implies global consistency [Montanari, 1974]. Dechter
[1992] shows that a certain level of consistency in a net-
work whose domains are of limited size ensures global con-
sistency. Van Beek and Dechter [1995] generalize monotone
constraints to a larger class of row convex constraints. Later,
they [1997] study the consistency inside a network with tight
and loose constraints.
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In this paper, we present a new framework® which unifies
well known results mainly along the second approach (includ-
ing [van Beek and Dechter, 1995; 1997]). The power of this
framework is that it allows the study of the relationship be-
tween local and global consistency from the perspective of
set intersection.

For example, one property of set intersection is that if ev-
ery pair (2) of tree convex sets intersect, the whole collection
of these sets also intersect. The main point is that local in-
formation on intersection of every pair of sets gives global
information on intersection of all sets. Intuitively, this can be
related to getting global consistency from local consistency.
Our framework enables us to lift the result on tree convex
sets to the following result on consistency. For a binary net-
work of tree convex constraints, (2+1)-consistency (path con-
sistency) implies global consistency.

Properties of the intersection of tree convex sets, small sets,
large sets are presented in section 3. Section 4 develops the
framework which consists of a lifting lemma together with
a proof schema which gives a generic way of using the lift-
ing lemma to get consistency results from properties of set
intersection. One benefit of the framework lies in that it pro-
vides a modular way to greatly simplify the understanding
and proof of results on consistency. This benefit is consid-
erable as often the proof of many existing results is complex
and “hard-wired”.

We demonstrate the power of the framework by showing
three new consistency results as well as a number of well
known results. The first is a generalization of global consis-
tency of row convex constraints to a network of tree convex
constraints which is presented in section 5. The second is a
new result on global consistency on weakly tight networks in
section 6. These networks only require certain constraints to
be m-tight rather than all constraints as shown in [van Beek
and Dechter, 1997]. The final result is presented in section
8. This is most interesting because we can make certain net-
works globally consistent by enforcing relational consistency,
but this may not be achievable in previous work (for example
[van Beek and Dechter, 1997]).

1our work can be related to the first approach in those cases
where the network topology leads to some set intersection property.
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2 Preiminaries

A constraint network R is defined as a set of variables
N = {z1,29, - ,z,}; a set of finite domains D =
{D1,Ds,---,D,} where domain D;, forall i € 1..n, is a
set of values that variable z; can take; and a set of constraints
C ={cs,,cs,,+,cs, } Where S;, forall i € 1..n, is a subset
of {x1,za, -, x,} and each constraint cg, is a relation de-
fined on domains of all variables in S;. The arity of constraint
cs, is the number of variables in .S;.

An instantiation of variables Y = {xz1,-- -, z;} is denoted
by a = (a1,---,a;) where a; € D; fori € 1..5. An ex-
tension of @ to a variable x(¢ Y') is denoted by (a, u) where
u € D,. An instantiation of a set of variables Y is consis-
tent if it satisfies all constraints in R which don’t involve any
variable outside Y.

A constraint network R is k-consistent if and only if for any
consistent instantiation & of any distinct £ — 1 variables, and
for any new variable z, there exists w € D, such that (a, u)
is a consistent instantiation of the & variables. R is strongly
k-consistent if and only if it is j-consistent for all j < k. A
strongly n-consistent network is called globally consistent.

3 Propertieson Set I ntersection
The set intersection property which we are concerned with is:

Given a collection of [ finite sets, under what con-
ditions is the intersection of all [ sets not empty?

We use S to denote the collection of i sets: {E1, Ea, -+, Ei},

and U the union of all the sets in S, thatisU = |J E;.
i€l..l
This property may not make sense for collections of arbi-

trary sets. Here, we study sets with two restrictions.

3.1 Setswith Convexity Restrictions

Definition 1 Given a set U and a tree 7 with vertices U. A
set A C U is tree convex iff there exists a subtree, with only
vertices A, of 7. The sets in S are tree convex if there is a
tree on U under which every set in S is tree convex.

Figure 1: A tree with nodes a, b, ¢, d, e

Example. Consider a set U = {a,b,c,d, e} and a tree in
Fig 1. The subset {a,b,c,d} is tree convex. So is the set
{b, a, ¢, e} since the elements in the set consists of a subtree.
However, {b, c, e} is not tree convex for they does not form a
subtree of the given tree.

Consider X = {{1,9},{3,9},{5,9}}. A tree can be con-
structed on {1, 3, 5,9} with 9 being the root and 1, 3, 5 being
its children. Each set in X covers the nodes of exactly one
branch of the tree. Hence the sets in X" are tree convex. O

Tree convex sets have the following intersection property.
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Lemma 1 (Tree convex Sets Intersection) Assume the sets
in S are tree convex. (| E; # 0 iff for every E;, E; € S,

i€l..l
EiNE; #0.

Proof. Let 7 be a tree such that there exists a subtree T;
for each F; € S. We can regard 7 as a rooted tree and thus
every T; (z € 1..1) can be regarded as a rooted tree whose root
is exactly the node nearest to the root of 7. Let r; denote the
root of T; fori € 1..1.

Toprove () FE; # (), we want to show the intersection of

i€l..l
the trees {T; | < € 1..1} is not empty. The following proposi-
tion on subtrees, whose proof is omitted, is necessary in our
main proof.
Proposition 1 Let the root of 7 be r. Given two sub-
trees 7y and T, of 7 with roots r; and r, respectively.
Let r; be not closer to » than 7, and T the intersection
of T1 and T5. r is the root of T' if T" is not empty.
LetT = () T;. We are ready now to prove our main result
i€l..l
T # (. We select a tree Ty,.y from T4, Ty, - - -, T; such that
its root r,. is the farthest away from r of 7 among the roots
of the concerned trees. In terms of proposition 1, that 7},,.«
intersect with every other trees implies that . is a node of
every T; (i € 1..1). Therefore, rp.x € T. O

Tree convexity on a collection of sets imposes a strong re-
striction on the relationship among these sets in the sense that
each set forms part of a tree. If the tree is a chain, it can be
thought of as a total order on the elements of all the sets. This
leads to the notion of convex sets upon which the well-known
row-convex constraints are defined.

Definition 2 Given a set U and a total ordering “<” on it,
aset A C U is convex if the elements in it are consecutive
under the ordering, that is

A={veU| mnA<v<maxA}.

Given S and U, the sets in S are convex if there is a total
ordering on U such that every set in S is convex under the
ordering.

Example. The set of real numbers between 1 and 2 is con-
vex under the usual ordering of numbers. {1,9} and {3,9}
are convex with a total ordering 1 < 9 =< 3. However,
{1,9},{3,9} and {5,9} are not convex under any total or-
deringon {1,3,5,9}. O

The following result on convex sets, a set-based version of
van Beek and Dechter’s [1995, lemma 3.1], is immediate.

Corollary 1 (Convex Sets Intersection) Assume the sets in

S are convex under a total orderingon U. (| E; # 0 iff for
i€l..l

any Ei,E]‘ €S, E; nE] # 0.

3.2 Setswith Cardinality Restrictions

The following results are on arbitrary sets where the only re-
striction is on the size of sets.

Lemma 2 (Small Set Intersection) Given a collection of
sets S. Assume there is a set £/ € S such that |E| < m.

[ E:#0

i€l..l
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iff the intersection of any m + 1 sets from S is not empty.

Proof. The necessary condition is immediate.

The sufficient condition is proven by induction on {. It is
obviously true when [ < m + 1. Assuming that k& (> m) sets
intersect, we show that any k + 1 sets intersect. Without loss
of generality, the subscripts of the & + 1 sets are numbered
from 1to k + 1 and let | E4| < m. Let A; be the intersection
of all the k£ + 1 sets except F;:

Ai = E1ﬂ~ . ﬂEi_lﬂEiHﬂ . 'ﬂEk+17 fO’f’ 1< S k+1
If A; N A; # 0 forsomei,j € 2.k +1,i # j,

(| Ei=AinA;#0.
i€l..k+1
Assume the contrary that A; N A; = () for all distinct ¢ and ;.
According to the construction of A;’s,

E, 2 U A;,
i€2..k+1
and |A;| > 1 by the induction assumption. Henceforth,

1€2..k+1

which contradicts |E1| < m. O
We have an immediate corollary of the lemma when all sets
of concern have at most m elements.

Corollary 2 (Small Sets Intersection) For any F; € S, as-
sume FE; is finite and |E;| < m (< ). [\ E; # 0 iff the
i€1..1
intersection of any m + 1 sets from S is not empty.
Another special case is that some set has only one element.

Corollary 3 (Singleton Set Intersection) Given a collec-
tion of sets S. Assume there isa set E € S such that |E| = 1.
N E; # 0 iff all sets mutually intersect.
i€1..1
Motivated by [van Beek and Dechter, 1997, lemma 4.1 in
page 561], we consider the intersection of sets, each of which
has at least some number of elements.

Lemma 3 (Large Sets Intersection) For all E;, € S, as-
sume F; is finite and |E;| > m. Let| | E;| = d. |if

i€1..1
I <[d/(d—m)] —1,then (| E; #0.
1€1..1
Proof. LetU = |J E,,and A, =U —E; foralli <. It
i€l..l
is immediate that
U 4icu
i€1..1
We know
| U Al < Z |4l
i€l..l i€l..l

For |4;| < d —m, we have

S TIA< Y (d—m) =1(d—m) <d.

i€l..l i€l..l
Hence, |J A, isa proper subset of U. There exists z € U
i€l..l

such that = ¢ A; forall ¢ <[, which implies that = € E; for
all - <. O
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4 Set Intersection and Consistency

In this section we relate set intersection with consistency in
constraint networks.

Underlying the concept of consistency is whether an in-
stantiation of some variables can be extended to a new vari-
able such that all relevant constraints to the new variable are
satisfied. A relevant constraint to a variable x; is a constraint
where only x; is uninstantiated and the others are instanti-
ated. Each relevant constraint allows a set (possibly empty)
of values for the new variable. This set is called extension set
below. The satisfiability of all relevant constraints depends on
whether the intersection of their extension sets is non-empty
(see lemma 4).

Definition 3 Given a constraint cg,, a variable x € .S; and
any instantiation a of S; — {z}, the extension set of a to «
with respect to cg, is defined as

E; . (a) ={be€ D, | (a,b) satisfies cg,}.

An extension set is trivial if it is empty; otherwise it is non-
trivial.

Throughout this paper, it is often the case that an instantia-
tion a of S — {x} is already given where S — {x} is a superset
of S; — {z}. Let b be the instantiation obtained by restricting
a to the variables only in .S; — {z}. For ease of presentation,
we continue to use E; ,(a), rather than E; . (b), to denote the
extension of b to  under constraint cg,. Where the context is
clear, we may omit some of the three parameters 7, a and x.

Example. Consider the network with variables
{@, 21,22, 24, 25}

cs; = {(avbv d)7 (avb’ a)}v 51 = {xlvx%f};
Csy, = {(b>a’d)v (baavb)}v Sy = {$Q,x4,3’;};
Csy = {(b7d 7( , C }a S3 = {IQ,ZC};

Csy = {(b,a, )7 (b,a,a)}7 Sy = {x27x57$}§

Dl = D4 = D5 = {a},DQ = {b},DI = {a,b, C, d}

Let a = (a,b,a) be an instantiation of variables ¥ =
{1, x2,24}. The relevant constraints to z are cg,, cs,, and
cs,. cg, IS not relevant since it has two uninstantiated vari-
ables. The extension sets of a to 2 with respect to the relevant
constraints are:
Eq(a) = {d,a}, Ex(a) = {d, b}, Es(a) = {d, c}.

The intersection of the above extension sets is not empty, im-
plying that a can be extended to satisfy all relevant constraints
CS,,CS, and CSs-

Leta = (b, b) be an instantiation of {z2,z}. Ey ., (a) =0
and it is trivial. In other words, when an instantiation has
a trivial extension set, it can not be extended to satisfy the
constraint of concern. O

The relationship between k-consistency and set intersection
is characterized by the following lemma which is a direct con-
sequence of the definition of k-consistency.

Lemma 4 (Set Intersection and Consistency; lifting) A
constraint network R is k-consistent if and only if for any
consistent instantiation @ of any (k — 1) distinct variables
Y ={x1, 29, -, xr_1}, and any new variable x,

ﬂ E;, #0

jel.l
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where E;; is the extension set of a to x;, with respect to CSi; o
and cg, ,---,cs, areall relevant constraints.

The insight behind this lemma is to see consistency from
the perspective of set intersection.

Example. Consider again the previous example. We
would like to check whether the network is 4-consistent. Con-
sider the instantiation @ of Y again. This is a trivial consis-
tent instantiation since the network doesn’t have a constraint
among the variables in Y. To extend it to «, we need to check
the first three constraints. The extension is feasible because
the intersection of E, >, and Ej3 is not empty. We show
the network is 4-consistent, by exhausting all consistent in-
stantiations of any three variables. Conversely, if we know
the network is 4-consistent, we can immediately say that the
intersection of the three extension sets of a to x is not empty.
O

The usefulness of this lemma is that it allows consistency
information to be obtained from the intersection of extension
sets, and vice versa. Using this view of consistency as set in-
tersection, some results on set intersection properties, includ-
ing all those in section 3, can be lifted to get various consis-
tency results for a constraint network through the following
proof schema.

Proof Schema
1. (Consistency to Set) From a certain level of consistency
in the constraint network, we derive information on the
intersection of the extension sets according to lemma 4.
2. (Set to Set) From the local intersection information of
sets, information may be obtained on intersection of more
sets.
3. (Set to Consistency) From the new information on in-
tersection of extension sets, higher level of consistency is
obtained according to lemma 4.
4. (Formulate conclusion on the consistency of the con-
straint network). O
Given the proof schema, lemma 4 is also called the lifting
lemma.
In the following sections, we demonstrate how the set in-
tersection properties and the proof schema are used to obtain
new and also well known results on consistency of a network.

5 Application I: Global Consistency of Tree
Convex Constraints

The notion of extension set plays the role of a bridge between

the restrictions to set(s) and properties of special constraints.

The sets in lemma 1 are restricted to be tree convex. If all

extension sets of a constraint is tree convex, we call this con-

straint tree convex.

Definition 4 A constraint cg is tree convex with respect to x
if and only if the sets in

A ={Es, | Es is anon-trivial extension of some
instantiation of S — {x}}

are tree convex. cg is tree convex if it is tree convex wrt every
x € S under a common tree on the union of domains involved.

{(1,1),(1,9),(3,3),(3,9), (5,5),(5,9),(9,1),(9,9)} is an
example of a tree convex constraint but it is not row convex.
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Definition 5 A constraint network is tree convex if and only
if all constraints are tree convex under a common tree on the
union of all domains.

Convex sets naturally give rise to convex constraints which
is a special case of tree convex constraints.

Definition 6 A constraint cg is row convex with respect to x
if and only if the sets in

A ={Es, | Es, is anon-trivial extension of some
instantiation of S — {z}}

are convex. It is row convex if under a total ordering on the
union of involved domains, it is row convex wrt every x € S.
A constraint network is row convex iff all constraints are row
convex under a common total ordering on the union of all
domains.

The consistency results on these networks can be derived
from the property of set intersection using the proof schema.
We obtain the main result of this section.

Theorem 1 (tree convexity) Let R be a network of con-
straints with arity at most » and R be strongly 2(r — 1) + 1
consistent. If R is tree convex then it is globally consistent.

Proof. The network is strongly 2(r — 1) + 1 consistent
by assumption. We prove by induction that the network is &
consistent for any k € {2r,---,n}.

Consider any instantiation a of any k& — 1 variables and any
new variable z. Let the number of relevant constraints be [.
For each relevant constraint there is one extension set of a to
x. S0 we have [ extension sets. If the intersection of all  sets
is not empty, we have a value for x such that the extended
instantiation satisfies all relevant constraints.

(Consistency to Set) Consider any two of the [ extension
sets: Fy and E5. The two corresponding constraints involve
at most 2(r — 1) 4 1 variables since the arity of a constraint is
at most r and each of the two constraints has = as a variable.
According to the consistency lemma, that R is 2(r — 1) + 1-
consistent implies that the intersection of £, and E5 is not
empty.

(Set to Set) Since all relevant constraints are tree convex
under the given tree, the extension sets of a to z are tree con-
vex. Henceforth, the fact that every two of the extension sets
intersect shows that the intersection of all / extension sets is
not empty, in terms of the tree convex sets intersection lemma.

(Set to Consistency) From the consistency lemma, we have
that R is k-consistent. O

Since a row convex constraint is tree convex, we have the
following result.

Corollary 4 (row convexity) [van Beek and Dechter, 1995]
Let R be a network of constraints with arity at most » and R
be strongly 2(r — 1) 4+ 1 consistent. If there exists an ordering
of the domains D+, - - -, D,, of R such that R is row convex,
‘R is globally consistent.

This can also be proved directly by lifting corollary 1.
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6 Application I1: Global Consistency on
Weakly Tight Networks

In this section, we study networks with some tight constraints.
The m-tight property of a constraint is related to the cardinal-
ity of the extension set in the following way.

Definition 7 A constraint cg, is m-tight with respect to « €
S, iff for any instantiation @ of S; — {z},

|Ei,w‘ <mor ‘Ez}m' = |Dy|.

A constraint cg, is m-tight iff it is m-tight with respect to every
T € S;.

Definition 8 A constraint network is weakly m-tight at level
k iff for every set of variables {1, -, z;}(k <1 < n) and
a new variable, there exists an m-tight constraint in the rele-
vant constraints after the instantiation of the [ variables.

The small set intersection lemma gives the following theo-
rem.

Theorem 2 (Weak Tightness) If a constraint network R with
constraints of arity at most r is strongly ((m+1)(r—1)+1)-
consistent and weakly m-tight at level ((m +1)(r — 1) + 1),
it is globally consistent.

The proof is similar to the theorem on tree convexity.
Immediately we have the following result which is a main
result in [van Beek and Dechter, 1997].

Corollary 5 (Tightness) [van Beek and Dechter, 1997] If a
constraint network R with constraints that are m-tight and of
arity at most r is strongly ((m + 1)(r — 1) + 1)-consistent,
then it is globally consistent.

This result can of course be directly lifted from corollary 2.
Corollary 5 requires every constraint to be m-tight. The weak
tightness theorem on the other hand does not require all con-
straints to be m-tight. The following example illustrates this
difference.

Example. For a weakly m-tight network, we are inter-
ested in its topological structure. Thus we have omitted the
domains of variables here. Consider a network with five vari-
ables labelled {1,2,3,4,5}. In this network, for any pair of
variables and for any three variables, there is a constraint. As-
sume the network is already strongly 4-consistent.

Since the network is already strongly 4-consistent, we can
simply ignore the instantiations with less than 4 variables.
This is why we introduce the level at which the network is
weakly m-tight. The interesting level here is 4. Table 1
shows the relevant constraints for each possible extension of
four instantiated variables to the other one. In the first row,
1234 — 5 stands for extending the instantiation of variables
{1,2, 3,4} to variable 5. Entries in its second column denote
a constraint. For example, 125 denotes cyo5. If the constraints
on {1,2,5} and {1, 3,4} (suffixed by * in the table) are m-
tight, the network is weakly m-tight at level 4. Alternatively,
if the constraints {1,5}, {2,3} and {3, 4} (suffixed by +) are
m-tight, the network will also be weakly m-tight. However,
the tightness corollary requires all binary and ternary con-
straints to be m-tight. The weak m-tightness theorem needs
significantly less constraints to be m-tight. Further results are
in section 8. O
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Table 1: Relevant constraints in extending the instantiation of
four variables to the other one

7 Application I11: Constraint L ooseness

To make the presentation complete, we list the result on
looseness of constraints by van Beek and Dechter [1997] (see
also [Zhang and Yap, 2003]) as an instance of our framework.

The m-loose property of a constraint is related to the cardi-
nality of extension set in the following way.

Definition 9 A constraint cg, is m-loose with respect to z €
S, iff for any instantiation a of S; — {z}, |E; .| > m. A
constraint cg, is m-loose iff it is m-loose with respect to every
S SL

The large set intersection lemma is lifted to the following
result on constraint looseness.

Theorem 3 (Looseness) Given a constraint network with
domains that are of size at most d and constraints that are m-
loose and of arity at least r, » > 2. Itis strongly k-consistent,
where £ is the maximum value such that binomial(k —1,r —
1) < [d/(d—m)] - 1.

8 Application IV: Making Weakly Tight
Networ ks Globally Consistent

In this section, relational consistency will be used to make a
constraint network globally consistent.

Definition 10 [van Beek and Dechter, 1997] A constraint
network is relationally m-consistent iff given (1) any m dis-
tinct constraints cg,,---,cg,,, and (2) any € NZ2,S5;,
and (3) any consistent instantiation @ of the variables in
(U, S; — {z}), there exists an extension of @ to x such
that the extension is consistent with the m relations. A net-
work is strongly relationally m-consistent if it is relationally
j-consistent for every j < m.

All the results on small set intersection and tree convex set
intersection in section 3 can be rephrased by using relational
consistency. For example, a new version of weak tightness is
shown below. Its proof can be easily obtained following the
proof schema.

Theorem 4 (Weak Tightness) If a constraint network R of
constraints with arity of at most r is strongly relationally
(m+1)-consistent and weakly m-tight at level of (m+1)(r—
1) + 1, itis globally consistent.
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Consider the weak m-tightness theorem 2 in section 6
based on local k-consistency. A weakly m-tight network in
general may not have the level of consistency required by the
theorem. To obtain global consistency, one may try to en-
force this level of consistency. However, this may result in
new constraints with higher arity in the network. The new
constraints may in turn require a higher level of consistency
to ensure global consistency. Therefore it is difficult to pre-
dict an exact level of consistency to enforce on the network
to make it globally consistent.

Using relational consistency, it is possible to obtain global
consistency by enforcing local consistency on the network. In
order to achieve our main result we need a stronger version
of m-tightness — proper m-tightness.

Definition 11 A constraint cg, is properly m-tight with re-
spect to « € S; iff for any instantiation a of S; — {«},

A constraint cg, is properly m-tight iff it is properly m-tight
with respect to every z € S;.

A constraint is m-tight if it is properly m-tight. The con-
verse may not be true.

A weakly properly m-tight network is defined by replacing
“m-tight” with “properly m-tight” in definition 8 (section 6).

We have the following observation on the weak m-
tightness and weak proper m-tightness of a network.

Proposition 2 A constraint network is weakly m-tight and
weakly properly m-tight respectively if the constraint between
every two variables in the network is m-tight and properly
m-tight respectively.

It is easy to verify that the proper m-tightness of the binary
constraints is preserved during the procedure to enforce cer-
tain level of consistency in the network. So we have the main
result of this section.

Theorem 5 (Weak Proper-Tightness) Given a constraint net-
work whose constraint on every two variables is properly m-
tight. It is globally consistent after it is made relationally
m + 1-consistent.

This theorem follows immediately from the discussion
above and theorem 4. The implication of this theorem is that
as long as we have certain properly m-tight constraints on
certain combinations of variables, the network can be made
globally consistent by enforcing relational m + 1-consistency.

9 Summary

We demonstrate how to infer properties of consistency on a
network purely by making use of set intersection properties.
In addition to the results shown here, some other results can
also be obtained by the lifting lemma. For example, the work
of David [1993] can be obtained by lifting the singleton set
corollary 3. The work of Faltings and Sam-Haroud [1996] is
on convex constraint networks in continuous domains and the
idea there is to lift Helly’s theorem on intersection of convex
sets in Euclidean spaces.

We show a number of new consistency results which we
believe are significant progress to convexity and tightness
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of constraints since van Beek and Dechter’s work [1995;
1997]. We identify a class of tree convex constraints which is
a superset of row convex constraints [van Beek and Dechter,
1995]. In a network of tree convex constraints, global consis-
tency is ensured by a certain level of local consistency.

We show that in a network of arbitrary constraints, local
consistency implies global consistency whenever there are m-
tight constraints on certain variables (e.g. theorem 2). How-
ever, when the network does not have the required local con-
sistency, global consistency may not be simply obtained by
enforcing such level of local consistency. A surprising re-
sult is that as long as the constraint between every pair of
variables is properly m-tight in an arbitrary network, global
consistency can be achieved by enforcing a certain level of
relational consistency ( theorem 5). In previous work (e.g.
[van Beek and Dechter, 1997]), all constraints are required
to be m-tight which may be violated by newly introduced
constraints in the process of enforcing the intended relational
consistency.

A promising line of work is to find more properties under
which a network is weakly properly m-tight. Another obvi-
ous direction is to find other classes of sets with intersection
properties which will likely give useful consistency results.
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Abstract

Identifying and breaking the symmetries of CNF for-
mulae has been shown to lead to significant reductions
in search times. In this paper we describe a more sys-
tematic and efficient construction of symmetry-break-
ing predicates (SBPs). In particular, we use the cycle
structure of symmetry generators, which typically
involve very few variables, to drastically reduce the
size of SBPs. Furthermore, our new SBP construction
grows linearly with the number of relevant variables as
opposed to the previous quadratic constructions. Our
empirical data suggest that these improvements reduce
search run times by one to two orders of magnitude on
a wide variety of benchmarks with symmetries.

1 Introduction

Modern Boolean satisfiability (SAT) solvers, based on back-
track search, are now capable of attacking instances with
thousands of variables and millions of clauses [Velev and
Bryant, 2001] and are being routinely deployed in a wide
range of industrial applications [Biere et al., 1999], [Nam et
al., 2001], [Stephan et al., 1996]. Their success can be cred-
ited to a combinational of recent algorithmic advances and
carefully-tuned implementations [Silva and Sakallah, 1999],
[Moskewicz et al., 2001], [Goldberg and Novikov, 2002].
Still, there are problem instances that remain beyond the
reach of most SAT solvers.

One aspect of intractability is the presence of symmetry
in the conjunctive normal form (CNF) of a SAT instance.
Intuitively, a symmetry of a discrete object is a transforma-
tion, e.g., a permutation, of its components that leaves the
object intact. The symmetries of a CNF formula are permu-
tations of its literals (variables and their negations) that result
in a re-ordering of its clauses (and the literals within clauses)
without changing the formula itself. Such symmetries induce
an equivalence relation on the set of variable assignments
such that two assignments are equivalent if and only if the
formula assumes the same truth value (either O or 1) at each
of these assignments. A search algorithm that is oblivious to
the existence of these symmetries may end up, wastefully
exploring a set of equivalent unsatisfying assignments before
moving on to a more promising region of the search space.
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On the other hand, knowledge of the symmetries can be used
to significantly prune the search space. Symmetries are stud-
ied in abstract algebra in terms of groups. We assume the
reader to be familiar with the basics of group theory; in par-
ticular, we assume familiarity with permutation groups and
their representation in terms of irredundant sets of genera-
tors. A good reference on the subject is [Fraleigh, 2000].

The rest of the paper is organized in five sections.
Section 2 provides a brief review of permutations and per-
mutation groups. Section 3 describes pervious work on sym-
metry breaking for SAT. Our main contribution on efficient
constructions of symmetry-breaking predicates is detailed in
Section 4. These constructions are evaluated empirically in
Section 5, and we end with conclusions in Section 6.

2  Notation and Preliminaries

We will be concerned with permutations on the literals of a
set of n Boolean variables {x,,...,x,} which we assume
to be totally ordered according to x, < x, <---<x, . We use
I, to denote the set of integers between 1 and » inclusive,
and denote non-empty subsets of /, by upper-case “index
variables” [ and J as appropriate. Given an index set / and an
index i € I, we define the “index selector” functions:

pred(i,)={j el|j<i} prev(i,/)=max(pred(i, 1)) |

succ(i,l)={j e I|j >i} next(i, /) = min(succ(i,])) M
where min and max return, respectively, the least and great-
est element in the given index set. For completeness, we also
let min(@) =n+1,and max(@)=0.

A permutation 7w of the set of 2n literals
L={x,x},...,x,, x,} (where x! denotes the logical
negation of x;) is a function 7: L — L that is both one-to-
one and onto. We will denote that x; is the image of x; under
m by writing xj:x;r. To preserve Boolean consistency,
whenever m maps x; to x; it must simultaneously map x!
to xj’». Such implied mappings will be assumed whenever
not explicitly specified. A permutation 7w is a phase-shift
permutation if x; = x/ for some i € I,, i.e., 7 maps some
literal to its complement.

Permutations will be expressed either in tabular form or

in cyclic notation. For example,
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n

denotes a permutation that maps x, to x| etc. The same per-
mutation can be expressed as a set of disjoint cycles such as

= (x, %, (%), )(x,, X7, (x])75.0). 3)
Here a cycle (a, b, ... ,z) is a shortcut for “a maps to b, b
maps to ¢, ... and z maps to a.” The length of a cycle is
equal to the number of literals in it; we will refer to a cycle
whose length is & as a k-cycle. We define the support of a
permutation 7, supp(7), to be the set of indices appearing
in its cyclic representation, i.c.,

supp(m) = {i € I|x] = x;} “

The number of cycles in a permutation 7 will be denoted by
cycles(7) . We also define phase-shift(7) to be the index of
the smallest variable (according to the assumed total order-
ing) that is mapped to its complement by 7 :

phase-shift(m) = min{i € [ |x] = x} 5)

We should note that a phase-shift permutation must have one
or more phase-shift cycles, i.e., length-2 cycles that have the
form (x; , x/). Finally, we define ends(7) as follows:

ends(m) = {i € /,|i is largest index of a variable ina (g)

non-phase-shift cycle of 7 }

A permutation group G is a group whose elements are
permutations of some finite set and whose binary operation
is function composition, also referred to as permutation mul-
tiplication. The order of a group is the number of its ele-
ments. A subgroup H of a group G, denoted H< G is a
subset of G that is closed under the group’s binary operation.
The cyclic subgroup of w € G, denoted by <7>, is the sub-
group consisting of 7 and its integer powers:

<m>={rli€Z} (7
and 7 is said to generate <7w>. A set of permutations
m €G,...,m, €G generates G if the subgroup resulting

from taking all possible products of the integer powers of
these permutations is equal to G. The permutations
{m,,...,m} are called generators of G. A set of genera-
tors is irredundant if it is not possible to express any of its
permutations as a product of powers of its other permuta-
tions. A set of irredundant generators serves as an implicit
representation of the group it generates and, in general, guar-
antees exponential compression in the size of the representa-
tion. Note that a set of irredundant generators is not a group
since it is not closed under multiplication and taking inverse.
In the sequel, a set of permutations G that is not necessarily
closed will be indicated by placing a “hat” on the variable
denoting the set, i.e., G. Additionally, and with a slight
abuse of notation, we will indicate that G is the group gener-
ated by G by writing G =< G >.

3  Previous Work

The basic framework for utilizing the symmetries in a CNF
instance to prune the search space explored by a SAT solver
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was laid out in [Crawford et al., 1996]. This framework was
extended later, in [Aloul et al., 2002], to account for phase-
shift symmetries, take advantage of the cycle structure of
permutations, and consider only generators of the group of
symmetries. In outline, the procedure consists of the follow-
ing steps:
1. Convert a CNF formula ¢ to a colored graph whose sym-
metries are isomorphic to the symmetries of the formula.
2. Find the symmetries of the graph in terms of a set of irre-
dundant generators ; — (r, ..., r,} usingasuitable graph
automorphism program [McKay, 1981], [Spitznagel,

1994].

3. Map the graph symmetries back to symmetries of the
formula.
4. Construct an appropriate symmetry-breaking predicate

(SBP) p and conjoint it to the formula.

5. Solve ¢ A p using a suitable SAT solver [Moskewicz et
al.,2001].

Our concern in this paper is step 4. Noting that the group
of symmetries induces an equivalence relation on the set of
assignments in the n-dimensional Boolean space, the basic
idea is to construct a “filter” that picks out a single represen-
tative from each equivalence class. In particular, choosing
the lexicographically smallest representative—according to
the assumed total ordering on the variables—Ileads to the fol-
lowing Lex-Leader SBP [Crawford et al., 1996]:

pr(<G>)= A PP(m) ®)

PP(m) = ABP(,i) ©)]

BP(m,i)=| A (xj =x]’7> —>(xl. Sxi”) 10)
J€pred(i,I)

where the index set / in (9) and (10) is equal to 7, . In these
equations, the Lex-Leader SBP is expressed as a conjunction
of permutation predicates (IPPs) each of which is a conjunc-
tion of bit predicates (BPs)". Introducing » auxiliary “equal-
ity” variables e, = (x; = x; ) makes it possible to express the
ith BP as an (i + 1)-literal CNF clause. This leads to a CNF
representation of the 2PP in (9) that has n clauses with a total
literal count of 0.5(n” + 3n) . Additionally, each of the intro-
duced equality constraints yields 4 3-literal clauses bringing
the total CNF size of (9) to:

clauses(PP(7)) = 5n
literals(PP()) = 0.5(n” + 27n)

In its present form, the lex-leader SBP in (8)-(10) can lead
to an exponentially large CNF formula because the order of
the symmetry group can be exponential in the number of
variables. Thus, its value in pruning the search space is
negated by the need of the SAT solver to process a much
larger CNF formula. To remedy this problem [Crawford et
al., 1996] suggested the construction of a symmetry tree to
eliminate some redundant permutations. However, in the
worst case the number of symmetries in the tree remains
exponential. Empirical evidence in [Aloul et al., 2002]

(11)

! Note that x < y in the bit predicate means “x implies y”.
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Xy Xy X3 Xy X5 Xg X7 Xg Xg Xy
™= . ’
Xy Xy Xg X X5 X3 Xy Xg Xg Xy
_ / !
= (x1 ,x4)(x3 , Xg , X6 ) (X5, X5)

(a) Permutation in tabular and cyclic notation

BP(m,1)=x,<x,4
BP(7,2) = (x; =x,) = (x, <x)) |
BP(m,3) = (x; =x,)(x; =x;) = (x3 < xg)

‘(BP(W A = (x; = x)(xy = x)(x3 = xg) — (x4 < Xl):}i

supp(w)={1,3,4,5,6,8}

phase-shift(7) =5

succ(phase-shift(7) , 7,)) = {6,7,8,9,10}

ends(m) = {4,8}

supp(w) \ ends(w)={1,3,5,6}

supp(7) \ ends () \ succ(phase-shift(r) ,/,,) = {1,3,5}

(b) Various index sets associated with permutation

BP(m,5) = (x; = x,)(xy = x,) (x5 = xg) (x4 = X;) — (x5 < x5)

BP(7,6) = (x; = x4)(xy = x,) (x5 = xg) (g = x ) (x5 = x§) — (x¢ < x5)

BP(m, 7) = (3 = x,) (0 = X,)(x3 = xg) (¥ = X, ) (x5 = x5) (x5 = x}) = (x; < x7)|

fBP(W »8) = (3 = xy) (xy = xp) (o3 = Xg) (g = x ) (x5 = x§)(xg = x5)(x7 =x7) — (x5 < X )\

| BP(m, 9) = (3, = x,)(or, = X,) (%3 = xg) (¥4 = x,) (x5 = X )(x6 = X}) (37 = x7) (g = x4) — (¥g < xo) |

‘ BP(m, 10) = (x; = x4)(x; = x,) (X3 = Xg) (g = x, ) (x5 = x5)(xg = x5)(x7 = X7)(xg = X)(xg = Xg) — (¥19 < ¥}) ‘

(c) Bit predicates according to (10). BPs enclosed in boxes with square corners are tautologous because m maps the corre-
sponding bits to themselves. BPs enclosed in boxes with rounded corners are tautologous because they correspond to cycle
“ends.” The BPs for bits 6 to 10 are tautologous because 7 maps bit 5 to its complement.

PP(7) = (p)(p1 — Lip3)(p3 — &1 = Lps)(ps — &3 — 1s)
=Py — (x; Sx)p3)(p3 — (¥ = x4) = (x3 < x5)ps)(ps — (x3 > xg) — x5)
(d) Linear formulation of the permutation predicate according to (18), based only on irredundant bits

Figure 1: Illustration of different formulations of the permutation predicate.

showed that full symmetry breaking, i.e., insuring that the
SBP selects only the lex-leader from each equivalence class,
is not necessary to obtain significant pruning of the search
space. An SBP that breaks some, but not necessarily all, the
symmetries of the formula can, in fact, provide a much better
space/time trade-off during the search. This is accomplished
by replacing the group of symmetries in (8) by a suitable,
and much smaller, set of permutations H C< G>:

p™(H)= A PP(m) (12)
TeH
In particular, [Aloul et al., 2002] advocated the use of the set
of generators G returned by the graph automorphism pro-
gram in step 2.

4 Efficient Formulation of Permutation
Predicate

Even when only a small number of permutations is used in
constructing an SBP as in (12), the corresponding CNF for-
mula may still be too large because each PP requires a CNF
formula whose size is quadratic in the number of variables 7.
In this section we introduce two refinements that lead to
much smaller PPs. The first refinement utilizes the cycle
structure of a permutation to eliminate redundant bit predi-
cates and can be viewed as replacing » in (11) by a much
smaller number m and represents a more comprehensive and
systematic treatment of cycles than that in [Aloul ef al.,
2002]. The second refinement takes advantage of the recur-
sive bit-by-bit structure in (10) to yield a CNF formula
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whose size is linear, rather than quadratic, in m. Figure 1
provides an example illustrating these refinements.

Elimination of redundant BPs. Careful analysis of (10)
reveals three cases in which a BP is tautologous, and hence
redundant. The first corresponds to bits that are mapped to
themselves by the permutation, i.e., x; = x,. This makes the
consequent of the implication in (10), and hence the whole
bit predicate, unconditionally true. Removal of such BPs is
easily accomplished by setting the index set / in (9) and (10)
to supp(7) rather than 7, . For sparse permutations, i.e., per-
mutations for which |supp(7)| < n, this change alone can
account for most of the reduction in the CNF size of the PP.

The second case corresponds to the BP of the last bit in
each cycle of 7. “Last” here refers to the assumed total
ordering on the variables. Assume a cycle involving the vari-
ables {x]-|j € J} for some index set J and let i = max(J).
Then

{ A w:ﬁﬁﬁms@=l (13)
JjeJINAi}

causing the corresponding bit predicate BP(7 , i) to be tau-
tologous. Elimination of these BPs is accomplished by
restricting the index set / in (9) and (10) further to just
supp(7) \_ends(7) and corresponds to a reduction in the
number of BPs from n to m = |supp(7)| — cycles(r) .

The third and last case corresponds to the BPs of those
bits that occur after the first “phase-shifted variable.” Let i
be the index of the first variable for which x; = x/. Thus,
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e; =0 and all BPs for j > have the form 0 — (x; < x}T)
making them unconditionally true.

Taken together, the redundant BPs corresponding to these
three cases can be easily eliminated by setting the index set
in (9) and (10) to:

I = supp(m) \ ends(m) \ succ(phase-shift(r) ,I,) (14)

In the sequel we will refer to the bits in the above index set
as “irredundant bits.” Note that the presence of a phase-
shifted variable early in the total order can lead to a drastic
reduction in the number of irredundant bits. For example, if
m=(x;, x})... then PP(7) is simply (x}) regardless of
how many other variables are moved by 7.

Linear construction of PPs through chaining. The PP in
(9) and (10) has a recursive structure that can be utilized to
produce a CNF formula whose size is linear, rather than qua-
dratic, in the cardinality of the index set /. Specifically, we
introduce the “ordering” predicates [/, = (x;<x;) and
g, = (x; > x}) and, after algebraic manipulation, write the
following equivalent expressions for the permutation predi-

cate:
H,,.}

gk—>/\{[ A g./]_’li]
ieK |\ jepred(i,K)

where gy =1, k=next(0,/) and K = succ(k, /). Noting
that, except for the index set used, the parenthesized expres-
sion on the second line of the above equation is identical to
the expression on the first line, we introduce a sequence of
chaining predicates {p,|i € I} defined according to:

PP(7) = g, —>/\{[ N &

il |\ jepred(i,1)

(15)
=g — LA

pi = gprcv(i,[) - /\ - lk (16)

kekK

where K = {i} Usucc(i,l)={ke€ Il k>i}.Therecursive
structure of (15), now, makes it possible to express each
chaining predicate in terms of the one that follows it

iel,p,,, =1 (17)

N\ &

jepred(k,K)

pi=8 —Lp

prev(i, ) next(i, /)

and yields the following alternative representation of the per-
mutation predicate:

- li pncxt(i 7I):|

PP(T) =P inry i/e\,[pf = Eoreviin
which can be simplified further by replacing the equalities
by one-way implications leading, finally, to:

PP(7) = P iy i/e\l[p,- & evin P IJ (13)

The CNF representation of each conjunct in (18) is obtained
by substituting the definitions of the / and g variables and
using the distributive law. Thus, using this construction the
permutation predicate requires |/| additional variables (the
chaining predicates) and consists of 2|/| 3-literal and 2|/| 4-
literal clauses for a total of 14|/] literals.
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5 Experimental Evaluation

We conducted a number of experiments to evaluate the effec-

tiveness of the symmetry breaking constructions described

above in reducing search times. We ran the experiments on
representative CNF instances from the following seven
benchmark families:

1. Hole-n: Unsatisfiable pigeon-hole instances [DIMACS]

2. Urq: Unsatisfiable randomized instances based on
expander graphs [Urquhart, 1987]

3. GRoute: Difficult satisfiable instances that model global
wire routing in integrated circuits [Aloul et al., 2002]

4. FPGARoute and ChnlRoute: Large satisfiable and unsat-

isfiable, instances that model the routing of wires in the

channels of field-programmable integrated circuits [Nam
etal.,2001]

XOR: Various exclusive-or chains [SAT 2002]

6. 2pipe: Difficult unsatisfiable instances that model the
functional correctness requirements of modern out-of-
order microprocessor CPUs [Velev and Bryant, 2001]

Each of the benchmarks was converted to a colored graph as
described in [Aloul ef al., 2002] and processed by the graph
automorphism program Nauty (version 2) [McKay, 1981]
using the GAP package (version 4, release 3) [Spitznagel,
1994]. The symmetries returned by Nauty were then mapped
back to symmetries of the benchmark and appropriate SBPs
constructed and added. The mChaff SAT solver [Moskewicz
et al., 2001] was then run on the original and SBP-aug-
mented versions of each benchmark. All experiments were
run on a Linux workstation with a 1.2Ghz AMD Athlon pro-
cessor and 1GB of RAM. A time-out limit of 1000 seconds
was set for all runs, and run time results represent averages
over 10 to 200 independent runs.

Table 1 lists, for each benchmark family, the number of
instances tested (col. 2), their total CNF sizes (cols. 3 and 4),
the order of their symmetry groups (col. 5), the total number
of generators returned by Nauty (col. 6), and the number of
those that include phase shifts (col. 7). Columns 8 and 9 list
the cardinality of the generators’ support and the degree of
sparsity present in these generators. The remaining columns
in the table list the CNF sizes of three SBP constructions
based on generators:

» The quadratic construction (using extra equality variables)
based on all bits; this represents the previous state-of-the-
art

» The quadratic construction based only on irredundant bits

* The linear construction (using extra chanining variables)
based only on irredundant bits
Several observations can be made about the data in

Table 1. The number of symmetries in these benchmarks is

large, but all symmetries, including phase shifts in bench-

mark families Urq, XOR and 2pipe, can be represented by
fairly small sets of generators. The generators returned by

Nauty appear very sparse on average, i.¢., a typical generator

affects only a small number of variables.? This explains the

reduction, by 1-2 orders-of-magnitude, in the size of symme-
try-breaking predicates in column 13 (our first construction)
versus column 11 ([Crawford et al., 1996]). Both the number
of variables and the number of literals are reduced. While
our construction in column 13 only slightly extends the qua-

9]
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1 2| 3 4 5‘6‘7‘8|9 10 ‘ 11 ‘ 12 ‘13‘ 14 15
Symmetries Total SBP Sizes
Bench- § Total Instance Sizes All bits ‘ Irredundant bits
mark E Generators Quadratic Const. Linear Const.
Family |2 Total
* 1 Vars Lits Tot| PS |Sﬁ‘[l)%| S |Extra Vars| Lits |Extra Vars| Lits |Extra Vars| Lits
Hole-n 6 616 6818|3E+18|108| 0| 20.6|79% 11788 865018 1112| 20903 1112/ 14380
Urq 4 162 7212| 6E+08| 94| 94| 1.0|98% 3876| 133047 0 94 0 94
GRoute 5 4704 93262| 2E+11{138| 0| 46.6|95% 130032{63307944 3216| 87312 3216|43506
FPGARoute | 9 1580 19612| 1E+21(241| 0| 24.2|86% 43429| 4657249 2922| 66603 2922|38257
ChnlRoute | 6 1710 24366| 2E+52(270 29.5| 89% 79782|13705131 3987138079 3987|52848
XOR 4 316 2512| 7E+10{108|107| 1.0/ 99% 9240| 544092 1 121 1l 110
2pipe 3 2620 61566 168| 15| 10| 12.3|82% 13154| 5954599 1031|186708 1031|14329
Total 37 11708 215348|2E+52(974|211(24749|90% 291301/89167080 12269|499820 12269|47751

KEY: Vars: # variables; Lits: # literals; Extra Vars: # additional variables used in SBPs; Tot: total # generators;
PS: # phase-shift generators; Avg. |[supp|: average support of generators; S: sparsity of generators (1-Avg |supp|/Vars)

Table 1: Symmetry statistics for various benchmark families and size comparisons of three SBP constructions based on group generators.

1 23| 4 5 6 7 | 8 9 10 11 12
e az é - »g o § Time to solve instances and SBPs (sec) Speedup

Bench- g ‘g f:; 'g &E E g g = Generators only thl’:;‘i’:itoolflsp.& % %

Flgz:‘ill(y E % E g ?é ‘::; s .T: g All bits | Irredundant bits ; : % -:

<9185 (EE &5 : . : : i A

1 % > £ Quadratic Construction Linear Construction S S
Hole-n 6 [108| 1157| 0.38| 1246.81 18.75 0.06 0.07 0.65 8832 171
Urq 41 94 94| 0.76| 895.65 3.72 1.17 1.17 1.17 2084 11
GRoute 5 |138| 2037| 38.76| 132.30 960.10 15.55 5.08 38.32 15 99
FPGARoute | 9 (241 3595| 3.24| 5070.30 4832.70 0.31 0.21 4.08 13391 12835
ChnlRoute | 6 (270| 6578| 25.86| 2755.00 2675.85 0.37 0.17 5.87 588 569
XOR 4 [108| 108| 11.43| 1900.16 20.52 2.41 241 241 531 5
2pipe 3115 18| 23.50 7.84 16.88 3.19 8.01 8.31 0.8 2
Total 37|974|13587|103.93|12008.06 8528.52 23.06 17.12 60.81 3635 1956

Table 2: Comparison of search run times for various choices of SBP constructions and symmetries to break.

dratic-size construction in [Aloul et al., 2002], our more
advanced linear-size construction (column 15) offers an
additional reduction by up to an order of magnitude. Note,
however, that the number of variables is unchanged—the
extra variables added by the two constructions have different
function, but can be mapped to each other one-to-one.
Table 2 empirically compares the effectiveness of the
symmetry-breaking predicates described in Table 1. First, in

2 While our experiments clearly confirm that such generators exist,
finding them is a function of the graph automorphism program.
Since we used Nauty as a black box, we do not have a clear expla-
nation of what causes Nauty to find such sparse generators,
whether even sparser generators can be found and whether Nauty
will in some cases return less sparse generators.
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most cases it takes much less time to find symmetries of a
CNF instance than to solve it. The 2pipe instances are an
exception, but we believe that further advances in symmetry-
finding can rectify this exception. Second, the all-bits qua-
dratic construction due to [Crawford et al., 1996] is dramati-
cally slower than our variants based on the cycle structure.
Our linear-sized construction provides a further speed-up.
Exceptions are the Hole-n benchmarks, where the difference
between our two constructions is small, and the 2pipe bench-
marks where the quadratic-sized SBPs led to shorter run
times despite being almost thirteen times larger. Further
investigation showed that this was a side-effect of mChaft’s
VSIDS decision heuristic which tended to choose the auxil-
iary variables first because they occur in many more clauses
than the original instance variables. Using BerkMin [Gold-
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2-cycle .

" generators Generators with long cycles

§ G ¢ ] Generators and | Generators and

2 Time | | Max cycle| “xeénerators only their powers their comp.

= Tot p p

- (sec) length

Tot |Time (sec)| Tot |Time (sec)| Tot |Time (sec)

Hole-7 13| 0.01 21 12 0.01 94 0.08 52 0.07
Hole-8 15| 0.01 12 14 0.03 127 0.05 24 0.17
Hole-9 17| 0.01 63 16 0.55 161 2.95 77 0.97
Hole-10 19| 0.01 42 18 8.2 207 30 116 8.3

Table 3: mChaff search run times of “randomized” Hole-n instances augmented with linear SBPs based on different sets of permutations.
Tot denotes the total number of permutations used in constructing each SBP.

berg and Novikov, 2002] or GRASP [Silva and Sakallah,
1999] in the same experiment yielded opposite results as
expected.

Table 2 offers additional data to evaluate symmetry-
breaking by generators, which may not be complete. We
added symmetry-breaking predicates built for pairwise prod-
ucts of generators, but the overall runtimes increased. While
additional SBPs may break more symmetries, their overhead
does not justify their use.

Table 3 describes experiments with generators that have
long cycles in which we evaluated extensions to symmetry-
breaking by generators. Namely, we tried adding powers of
all generators and, alternatively, adding pairwise products of
generators. Neither extension proved useful, which supports
our main symmetry-breaking approach.

6 Conclusions

The main contribution of our work is a better construction of
symmetry-breaking predicates for Boolean satisfiability. We
empirically demonstrate improvements both in the size of
predicates and the run time of SAT solvers after these predi-
cates are added to the original CNF instances. We also show
that (1) symmetry-breaking by generators is difficult to
improve upon, and that (2) the efficiency of symmetry-
breaking does not improve when larger cycles are found in
generators.

Our work articulates that better symmetry finding algo-
rithms would be useful, especially if tailored to CNF formu-
las and, perhaps, the kinds of symmetry groups commonly
found in structured CNF instances.
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Tractable Symmetry Breaking for CSPswith I nterchangeable Values

P. Van Hentenryck
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Abstract

Symmetry breaking in CSPs has attracted consid-
erable attention in recent years. Various general
schemes have been proposed to eliminate sym-
metries during search. In general, these schemes
may take exponential space or time to eliminate
all symmetries. This paper studies classes of
CSPs for which symmetry breaking is tractable.
It identifies several CSP classes which feature var-
ious forms of value interchangeability and shows
that symmetry breaking can be performed in con-
stant time and space during search using dedicated
search procedures. Experimental results also show
the benefits of symmetry breaking on these CSPs,
which encompass many practical applications.

1 Introduction

Symmetry breaking for constraint satisfaction problems has
attracted considerable attention in recent years (See the last
CP proceedings, the CP’01 and CP’02 workshops on sym-
metries, and [Crawford et al., 1996; Freuder, 1991; Backofen
and Will, 1999; Puget, 1993] for some less recent papers).
Indeed, many applications naturally exhibit symmetries and
symmetry breaking may drastically improve performance
(e.g., [Barnier and Brisset, 2002; Meseguer and Torras, 2001;
Puget, 2002]). An important contribution in this area has been
the development of various general schemes for symmetry
breaking in CSPs (e.g., SBDS [Gent and Smith, 2000] and
SBDD [Fahle et al., 2001; Focacci and Milano, 2001]). Un-
fortunately, these schemes, in general, may require exponen-
tial resources to break all symmetries. Indeed, some schemes
require exponential space to store all the nogoods generated
through symmetries, while others may take exponential time
to discover whether a partial assignment is symmetric to one
of the existing nogoods. As a consequence, practical applica-
tions often place limits on how many nogoods can be stored
and/or which symmetries to break.

This paper approaches symmetry breaking from a differ-
ent, orthogonal, standpoint. Its goal is to identify classes of
CSPs that are practically relevant and for which symmetry
breaking is tractable, i.e., symmetry breaking is polynomial
in time and space. It identifies several such classes, which
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encompass many practical applications. These CSPs fea-
ture various forms of value interchangeability and the paper
shows that symmetry breaking can be performed in constant
time and space during search using dedicated search proce-
dures. The paper also reports preliminary experimental re-
sults indicating that symmetry breaking on these CSPs brings
significant computational benefits. Finally, the paper intro-
duces the new notions of existential and abstract nogoods,
which were used to derive the results for the various CSP
classes. We believe that these notions are helpful to derive
many other classes of tractable symmetries. In particular,
they also allowed us to derive classes of tractable variable
symmetries, which we cannot include here for space reasons.
As such, this paper should be viewed only as a first step in
this fascinating area.

It is also useful to contrast our approach with the research
avenue pioneered by [Freuder, 1991] on value interchange-
ability. Freuder also introduced various forms of value inter-
changeability. However, his goal was to discover symmetries
inside CSPs and to reformulate them by preprocessing to re-
move symmetries. Unfortunately, discovering symmetries in
CSPs is not tractable for many interesting classes of CSPs.
Our research, in contrast, assumes that modellers are aware
of the symmetriesin their applications. It focuses on how to
exploit this knowledge during search to eliminate symmetries
efficiently. Consider, for instance, the scene-shooting prob-
lem featured in [\Van Hentenryck, 2002]. This problem aims
at producing a movie (or a series) at minimal cost by decid-
ing when to shoot scenes. Each scene involves a number of
actors and at most 5 scenes a day can be filmed. All actors of
a scene must be present on the day the scene is shot. The ac-
tors have fees representing the amount to be paid per day they
spend in the studio. The goal of the application is to minimize
the production costs. An optimal solution to this problem can
be modelled as an assignment of scenes to days which min-
imizes the production costs. It should be apparent that the
exact days assigned to the scenes have no importance in this
application and are fully interchangeable. What is important
is how the scenes are clustered together. Our approach does
not aim at discovering this fact; rather it focuses on how to
exploit it to eliminate the symmetries it induces.

The rest of the paper is organized as follows. After some
preliminaries, Sections 3, 4, and 5 study three classes of CSPs
for which symmetry breaking is tractable. For space reasons,
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only the first class is presented in full detail with proofs. Sec-
tion 6 briefly reports some experimental results. Section 7
concludes the paper.

2 Preliminaries

This section defines the main concepts used in this paper.
The definitions, although they capture the informal meaning
of CSPs, are non-standard and simplify the definitions and
proofs considerably. The basic idea is that the set of con-
straints is abstracted by a Boolean function which holds if all
the constraints are satisfied (since we are not interested in the
constraint structure). Solutions are also represented as func-
tions (assignments) from variables to their sets of values.

Definition 2.1. ACSPisatriplet(V, D, C), where V denotes
the set of variables, D denotes the set of possible values for
these variables, and C : (V. — D) — Bool is a constraint
that specifies which assignments of values to the variables are
solutions. A solutionto a CSP P = (V, D, C) is a function
o : V — D such that C(o) = true. The set of solutions to a
CSP P is denoted by Sol(P).

Algorithms to solve CSPs manipulate partial assignments. It
is often important to reason about which variables are already
assigned (the domain of the partial assignment) and the set of
values they are assigned to (the image of the assignment).
Note that domains represent sets of variables in this paper
(not values as is traditional), since we use functions to model
(partial) assignments.

Definition 2.2. Let P = (V,D,C) be a CSP. A partial as-
signment for P is a functiona : W C V. — D. The do-
main of a, denoted by dom(a), is W. The image of «, de-
noted by image(a), is the set {a(v) l v € dom(a)}. For
each value d € image(a), we use ' (d) to denote the set
{v | v €dom(a) A a(v) = d}.

In this paper, we often denote a partial assignment « by a
conjunction of equations

vy, = avy) A - A v, = a(viy)

where dom(a) = {v;,,...,v; }. For instance, the partial
assignmentv; = 1 A ve = 2 A w3 = 3 represents the
function whose domain is {v;, v, vs} and which assigns the
value ¢ to v;. We also denote the empty assignment by e.
The next four definitions define nogoods formally and when
a (partial) assignment violates a nogood.

Definition 2.3. Let P be a CSP and « be a partial assignment
for P. A partial assignment 6 is an extension of « for P if
dom(a) C dom(8) and Vv € dom(a) : 8(v) = a(v).
Definition 2.4. Let P = (V,D,C) be a CSP and « be a
partial assignment for P. A completion of o for P is an ex-
tension o' : V' — D of a for P. The set of all completions of
a for P is denoted by Comp(a, P).

Definition 2.5. Let P be a CSP. A nogood « for P is a partial
assignment for P such that Comp(ca, P) N Sol(P) = 0.

Definition 2.6. Let P be a CSP, a be a nogood for P, and 0
be a partial assignment for P. 8 violates nogood « for P if 6
is an extension of a for P.
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Proposition 2.7. Let P bea CSP. If 6 violates nogood o for
P, then Comp(8, P) N Sol(P) = 0.

This last proposition shows that nogoods can be lifted from
the children to their parent.

Proposition 2.8. Let P = (V,D,C) beaCSP and D =
{di,...,dn}. Let a be a partial assignment for P with
dom(a) = {vy,,...,v;, } and letevery o; = a A v, = d;
(1 <i < m) beanogood for P. Then « isa nogood for P.

3 Value-Interchangeable CSPs

There are many applications in resource allocation and
scheduling where the exact values taken by the variables are
not important. What is significant is which variables take the
same values or, in other terms, how the variables are clus-
tered. This notion of symmetry is what [Freuder, 1991] calls
full interchangeability for all variables and all values. The
prototypical example is graph-coloring. Another, more com-
plex, example is the scene allocation application mentioned
in the introduction. This section shows that symmetry break-
ing for these problems is tractable and takes constant time and
space. We first define value-interchangeable CSPs.

Definition 3.1. Let ? = (V,D,C) be a CSP. P is value-
interchangeable if, for each solution o € Sol(P) and each
bijection b : D — D, the function bo o € Sol(P).

In the following, we use ICSP as an abbreviation for value-
interchangeable CSP. The following theorem is a fundamental
characterization of nogoods for ICSPs.

Theorem 3.2. Let P = (V,D,C) be an ICSP, let a be a
nogood for P, and let b : D — D beabijection. Thenbo «
isa nogood.

The closure of a nogood « for an ICSP captures all the *“sym-
metric” nogoods that can be obtained from .

Definition 3.3. Let P = (V,D,C) be an ICSP and «
be a nogood for P. The closure of « for P, denoted by
Closure(a,P), istheset {boa | b: D — D is abijection}.
We now show that the closure of a nogood can be charac-
terized compactly and that membership to the closure of a
nogood can be tested in linear time for ICSPs. We first intro-
duce the concept of existential nogood, which simplifies the
proofs and intuitions.

Definition 3.4. Let P = (V, D, C) be an ICSP and « be a
nogood for P. Let image(a) = {di,...,dr}. The existen-
tial nogood of « for P, denoted by Enogood(a, P), is the set
of all functions v : dom(a)) — D satisfying

dey,...,ex € D:
Vi € 1.k :Vo; € o H(d;) 1 v(vj) = e; A alldiff (e1, - .., ex).

The following lemma indicates that an existential nogood pre-
cisely captures the closure of a nogood.

Lemma 3.5. Let P be an ISCP and o be a nogood for P.
Then Enogood(a, P) = Closure(a, P).

Proof. Let image(a) = {di,...,dy}. By definition of the
image, we have that

Vi€ 1.k :Yo; € o H(d;) : a(v;) = d; A alldiff (du, . .., dg).
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We first show that Closure(a, P) C Enogood(a,P). Let
~ € Closure(a,P). This means that there exists a bijection
b such that ¥ = b o a.. Thus, -y satisfies

Viel.k:Vvj € Oé_l(di) : ’)/(Uj) = b(d;) A

by definition of a bijection, and hence v € Enogood(a, P).
We now show that Enogood(ca, P) C Closure(a,P). Let
é € Enogood(a, P). There exist some values ay,...,a; €
D such that

Vi € 1.k : Yo; € o™ (d;) : 6(vj) = a; A alldiff (ay, - - -, a,).

Since a4, ..., ay are all different, there exists a bijection b
satisfying Vi € 1..k : b(d;) = a;. Hence § can be rewritten as
boaandé € Closure(a, P). O

It is not obvious that membership to an existential nogood can
be tested efficiently, since it involves an existential quantifica-
tion. However, due to the nature of the underlying constraints,
it is easy to eliminate the existential variables by selecting a
representative for each set o= (d;). This is precisely the mo-
tivation underlying the concept of abstract nogoods defined
below. Consider the existential formula

361,62,63 eD: 9(?}1) =e1 A 9(1}2) =e3 A 9(1}3) =e3 A

O(vs) =e1 A O(vs) = e2 A alldiff (e1,e2,€3).
The variables ey, ez, and ez can be eliminated to produce

0(v1) = 0(vg) AB(v2) = B(vs) A alldiff ((v1),0(v2),0(v3)).

Definition 3.6. Let P = (V,D,C) be an ICSP and a be a
nogood for P. Let image(a) = {dy,...,dr} and let

o, €@ (di) (1<i<k).

The abstract nogood of o wrt P, denoted by Anogood(a, P),
is the set of functions « : dom(«a) — D satisfying

Vi€ 1.k:Vo; € a ' (d;) : v(v) = y(vr;) A

alldiff (Y(vp,), - - -, 7(0n,)-
Lemma 3.7. Let P be an ICSP and a be a nogood for P.
Then Enogood(a, P) = Anogood(ca, P).

For simplicity, we will often denote the abstract nogood con-
dition in terms of global constraints

Vi € 1.k : allequal(v; € ' (d;)) y(vj) A

alldiff (Y(vr,), - - -, ¥(vr))

where allequal(i € S) a; holds if all the a; are the same
value. It can be seen that there exists a linear time algorithm
to test whether a partial assignment € violates a nogood in
Closure(a, P). It suffices to test whether @ satisfies the for-
mula above whenever dom(a) C dom(9).

Lemma 3.8. Let P bean ICSP, o be a nogood for P, and 8
be a partial assignment. There exists a linear-time algorithm
that tests whether 6 violates any nogood in Closure(a,P).

Proof. Direct consequence of lemmas 3.5 and 3.7 and the fact
that the abstract nogood is linear in |V|. O
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Lemma 3.9. Let P = (V,D,C) be an ICSP, D =
{di,...,dn,}, and a be a partial assignment for P with
dom(a) = {v,,...,v;,}. Leteverya; = a A vy, = d;
(1 < i < m) beanogood for P. Then,

1. aisanogood for P;

2. if 8 violates a nogood in |J;*; Closure(a;,P), then 6
violates a nogood in Closure(a,P).

Lemmas 3.8 and 3.9 indicate that symmetry breaking is
tractable for ICSPs. Lemma 3.9 indicates that abstract no-
goods are needed only for frontier nodes of the search tree
(i.e., closed nodes whose parents are open). Once its children
are explored, the abstract nogood of the parent subsumes the
abstract nogoods of its children. Hence, maintaining the no-
good takes space O(|F'||V|) if F is the set of frontier nodes.
We formalize this result using variable decomposition trees.

Definition 3.10. A variable decomposition tree for a CSP
P =(V,D,C), where D = {dy,...,dny}, is a search tree
where nodes represent partial assignments for 7 and nodes
are decomposed as follows: given a node representing a par-
tial assignment a, where dom(a) = {v;,,...,v;, }, its chil-
dren represent the partial assignments a;; = @ A w;,,, = d;
(1 <i < m) for some variable v;, ., € V' \ dom(a).

Note that variable decomposition trees capture both static and
dynamic variable orderings.

Theorem 3.11. Let P be an ICSP and let F' be the set of
frontier nodes in a variable decomposition search tree for P.
Symmetry breaking for P requires O(|F'||V'|) space for stor-
ing the nogoods. In addition, testing if a partial assignment
violates a nogood takes O (| F'||V|?) time in the worst case.

The result above can be strengthened considerably in fact.
We will show that search procedures exploring a variable de-
composition tree can remove all symmetries in constant time
and space. Before presenting the theoretical results, we illus-
trate the intuition using depth-first search. The basic intuition
comes from the structure of the abstract nogoods. Consider
the partial assignment

M=1Av=2Av3=3Avs=1ANwv5=2

and assume that depth-first search tries to assign variable vg
and that the set of possible values is 1...10. The failure of
vg = 1 produces an abstract nogood é which holds if
allequal (6(v1),0(v4),0(ve)) A

allequal (8(vs), 8(vs)) A

alIdiff(G(vl),G(vg),G(vg))

Since vy, ...,vs remain instantiated when the next value is
tried for vg, the abstract nogood for this part of this next
branch holds if #(vg) = 1 imposing that vg be assigned a
value different from 1. The assignments vg = 2 and vg = 3
produce similar abstract nogoods. Now observe what hap-
pens for an assignment of a value ¢ € 4..10, say 6. The ab-
stract nogood € is now defined as

allequal (6(v1),6(v4)) A

alquuaI(O(vz),G(v5)) A

alldiff(8(v1), 6(v2), 0(vs), 6(ve))

which can be partially evaluated to alldiff(1, 2, 3, 6(vg)). The
disjunction of all these nogoods can be partially evaluated to
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bool |LABEL(P) { return | LABELA(P,¢); }
bool | LABELA((V,D,C),6) {
if dom(9) =V then return C(6);
select v in V' \ dom(6);
A = image(8);
if image(6) # D then
select f in D\ image(6);
forall(d € A)
0 =6 N v=d;
if =Failure({V,D,C),0") then
if | LABELA((V,D,C),6") then
return true;
return fal se;

A= AU{f}

Figure 1: A Labeling Procedure for ICSPs.

(9(1}6) =1V 9(’1}6) =2V 9(’1}6) =3V a“dlff(l,2,3,9(1}6))

which cannot be satisfied by any assignment to vg. It fol-
lows that vg must only be assigned to the previously assigned
values 1,2, 3 or to exactly one new value in 4..10. In other
words, in a variable decomposition tree, only some of the
children need to be explored: those which assign variable
Vi, to avalue in dom(ca) and exactly one other child. Note
that this result is independent from the set of constraints. It
is the essence of the labeling procedure for graph-coloring
in [Kubale and Jackowski, 1985] and in the scene allocation
problem in [Van Hentenryck, 2002]. This procedure, which
breaks all symmetries for ICSPs, is formalized in Figure 1.
It uses the function Failure(P,0) (P = (V, D, C)) which
satisfies the property

Failure(P,0) = [V € Comp(8,P) : =C(B)].

To our knowledge, this paper provides the first formal proof
that these algorithms break all the symmetries in their respec-
tive problems. To prove the correctness of | LABEL, and
other related search procedures, it is useful to introduce the
concept of compact variable decomposition tree.

Definition 3.12. A compact variable decomposition tree for
an ICSP P = (V,D,C), where D = {di,...,dn}, is
a search tree where nodes represent partial assignments for
P and nodes are decomposed as follows: given a node
representing a partial assignment «, where dom(a) =
{vir,--.,v;,}, for some variable v;,,, € V \ dom(a),
there are children representing the partial assignments a; =
a A v, = d, forall d, € image(a) and exactly one child
representing a partial assignment a; = a A wv;,,, = dy for
some d,, € D \ image(a), if D \ image(a) is not empty.

The following lemma, which states that compact variable de-
composition trees are complete, follows directly from the ex-
amination of the nogoods above.

Lemma 3.13. Let P = (V,D,C) bean ICSP and S be all
the complete assignments in a variable decomposition tree
for P. Then, theclosure {boa | a € S A b: D —
D isahijection} isequal to Sol(P).

Our next lemma states that a compact variable decomposition
tree never matches any nogood generated during search.
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Lemma 3.14. Let P be an ICSP and T be a compact vari-
able decomposition tree for P. The partial assignment « of
anodein T never matches any nogood generated during the
exploration of T" (except the one it possibly generates).

Proof. By Lemma 3.9, it suffices to show that a partial assign-
ment 6 never matches a nogood generated by its siblings or
the siblings of one of its ancestors in the tree. The proof is by
induction on the depth of the tree. At the depth of 8, the result
follows from the inspections of the nogood as discussed ear-
lier. Consider a depth dp’ < dp and a nogood « generated by
one of the left or right branches at that depth. We can restrict
attention to the projection of @ to the variables instantiated at
that depth, i.e., we can restrict attention to 8’ : dom(a) — D
satisfying Vv € dom(a) : 8'(v) = 0(v).

We show that 6’ ¢ Closure(a,P). Let v be the variable
assigned at depth d’. Observe that there exists a partial assign-
menta’ suchthata =o' A v=e;and @' =a' A v = eq,
forsome ey, es € D and e; # es. By definition of a compact
variable decomposition tree, the values e, and e must belong
to image(a') U {d}, where d ¢ image(a').

Consider the case where ey, e2 € image(ca). That means
that there exist v; and v; in dom(a) such that a(v) =
a(v;) # a(v;) and 8'(v) = 60'(v;) # 0'(v;). If 6 €
Closure(a,P), it can be rewritten as §' = b o « for some
bijection b. Hence 6’ (v) = 6'(v;), which is impossible.

Assume now that e; € image(a’) and e; = d. It fol-
lows that a(v) = a(v;) for some v; € dom(a') and that
0'-1(d) = {v}. If 8’ € Closure(a,P), then§' = b o « for
some bijection. Hence ¢'(v) = é'(v;) which is impossible.

Assume that e € image(a’) and e = d. Then,
a~1(d) = {v} and #'(v) = 0'(v;) for some v; € dom(a').
If ¢’ € Closure(a,P), then 8’ = b o  for some bijection b.
Hence, 8’ (v) = b(d) A8'~1(b(d)) = {v}, which is impossible
since 8'(v) = 6'(v;) for some v; € dom(a'). O

The correctness of Procedure | LABEL follows from the two
lemmas above. Other search strategies, e.g., LDS, also re-
move all symmetries in constant time and space.

Theorem 3.15. Procedure | LABEL breaks all the symme-
triesin constant time and constant space for an ICSP P, i.e,,
it never matches any member of the closure of any nogood
generated during search.

4 Piecewise-Interchangeable CSPs

In many applications, e.g., in resource allocation and schedul-
ing, the values are taken from disjoint sets but they are in-
terchangeable in each set. For instance, in the scene alloca-
tion problem, we can easily imagine a version of the problem
where days are divided in morning and afternoon sessions.
Actors probably have strong preferences (and thus different
fees for the morning and afternoon sessions) but the day of the
session may not matter. This paper captures this (more lim-
ited) form of interchangeability by piecewise interchangeable
CSPs. We first define this class of CSPs formally and then de-
rive similar results as for ICSPs. We state the main definitions
and theorems only, since the derivation is similar to the one
for ICSPs. As traditional, we use Dy + D- to denote the dis-
joint union of D; and D». Our definitions and results only
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consider two distinct sets of values, for simplicity. It is easy
to generalize them to an arbitrary number of sets.

Definition 4.1. Let D, and D5 be two disjoint sets. A piece-
wisebijectiond : Dy + Dy — Dy + D5 is a bijection defined
as b(d) = b;(d) ifd € D; where b; : D; — D; is a bijection
(1<i<2).

Definition 4.2. Let P = (V,D; + D,,C) be a CSP. P is
piecewise value-interchangeable if, for each solution o €
Sol(P) and each piecewise bijection b : D1 + Dy — D; +
D, the function bo o € Sol(P).

In the following, we use PICSP as an abbreviation for piece-
wise value-interchangeable CSP.

Definition 4.3. Let P = (V,D; + D5, C) be a PICSP and
a be a nogood for P. The closure of a for P, denoted by
Closure(a,P), istheset {boa | b: Dy + Dy — D; +
D, is a piecewise bijection}.

We now specify the abstract nogoods for PICSPs. The key
intuition is to separate the values from D, and D-.
Definition 4.4. Let P = (V,D; + D,,C) be a
PICSP and « be a nogood for P. Let image(a) =
{di,...,d},d3,...,d7}, whered} € Dy,d? € D5, and let

v €aH(d)) (1<i<k);
U2 € a”td) (1<i<l).

The abstract nogood of o wrt P, denoted by Anogood(a, P),
is the set of functions «y : dom(a) — D; + D, satisfying

Vi € 1.k : allequal(vj; € o 1(d})) y(v;) A

Viel.k:Vv; €a (d}): v; € Dy A

alldiff (7(1]7'}7 R 7’7(7)7',1:)) A

Vi € 1.1 : allequal(vj € o 1(d?)) v(v;) A

Viel.l:Vvj€a (d?): v; € Dy A

alldiff (y(v,3, - ., Y (v,2)).
Figure 2 depicts a labeling procedure Pl LABEL for PICSPs,
which breaks all value symmetries in constant time and space.
Procedure PI LABEL generalizes | LABEL by considering the
already assigned values in both sets D, and D, as well as one
new value (if any) from both sets.

Theorem 4.5. Procedure Pl LABEL breaks all the symme-
triesin constant time and constant space for PICSPs.

5 Woreath-Value Interchangeable CSPs

We now consider another, more complex, class of CSPs,
which assigns a pair of values (di,d) from a set D; x D,
to each variable v. Values in D, are fully interchangeable
and, for a fixed value in D1, the values in D- are fully inter-
changeable as well. These problems are called wreath value-
interchangeable in this paper, because the symmetry group
corresponds to a wreath product of symmetry groups [Camer-
son, 1999]. Such problems arise naturally in a variety of ap-
plications in resource allocation and scheduling. Consider,
for instance, the problem of scheduling a meeting where dif-
ferent groups must meet some day of the week in some room
subject to constraints. The days are fully interchangeable and,
on a given day, the rooms are fully interchangeable. Sym-
metry breaking for a wreath value-interchangeable CSP is
tractable.
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bool PILABEL(P) { return PI LABELA(P,¢€); }
bool PI LABELA((V, Dy + D,,C),0) {
if dom(9) =V then return C(0);
select v in V'\ dom(6);
A1 = image(8) N Dy; A
if image(6) N Dy # D; then

: = image(0) N Do;

select f in Dp \image(8); A; := A U{f};
if image(6) N Dy # Dy then
select f in D\ image(6); A := AyU{f};

forall(d € A; U As)
0 =0 AN v=d,
if =Failure((V,D; + D5,C),8") then
if Pl LABELA((V,D; + D»,C),0") then
return true;
return f al se;

Figure 2: A Labeling Procedure for PICSPs.

Definition 5.1. Let Dy and D, be two sets. A wreath bijec-
tionb: D; x Dy — Dy x D5 is a bijection defined as

b({d1,d2)) = (b1 (d1),b3" (d2))

where by : D; — Dy is a bijection and bgl (di € Dy)isa
bijection Dy — Ds.

Definition 5.2. Let P = (V,D; x D,,C) be a CSP. P
is wreath value-interchangeable if, for each solution o €
Sol(P) and each wreath bijection b : Dy x Dy — Dy X Do,
the function b o o € Sol(P).

In the following, we use WICSP as an abbreviation for wreath
value-interchangeable CSP. We also use the following nota-
tions. If d = (d1,d) is a pair, d[1] = d; and d[2] = d». If
T is a set of tuples, T'[¢] denotes the set {d[i]] | d € T} and
filter(T,i,d;) denotesthe set {d | d € T A d[i] = d;}. If
a: Dy x Dy — Dy x D, is an assignment, a=1((dy, D2))
denotes the set {a~1((dy,dz)) | d2 € Dy}

Definition 5.3. Let P = (V, D; x D5, C) be a WICSP and
a be a nogood for P. The closure of « for P, denoted by
Closure(a,P), istheset {boa | b: Dy x Dy — Dy x
D, is a wreath bijection}.

We now specify abstract nogoods for WICSPs.

Definition 5.4. Let P = (V, D; x D5, C) be a WICSP and
a be anogood for P. Let image(a)[1] = {d1,...,di}, let
filter(image(a), 1,d;) = {di,...,d;,},and let

Ur; € ail(diaD2) (1 <i< k)a
Ui € a ' ((di,dj) (1<i<k,1<j<l).

The abstract nogood of « wrt P, denoted by Anogood(a, P),
is the set of functions «y : dom(a) — Dy x D5 satisfying

[ Vi € 1.k : allequal(v; € o= ((di, D2)))v(v;)[1] A ] A
| alldiff ((vr,)[1]; - - v (vr)[1])
[ Vi€ 1..1; : allequal(vj € a™(dy,d})))y(v;)[2] A A
| alldiff (y(v,1)[L]; - -, (o )[1])

[Vie L.l : allequal(v; € o= (dy,d¥)))y(v;)[2] A
| altdff (3w, )1 eI |
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bool WLABEL(P) { return WLABELA(P,¢); }
bool W LABELA( (V,D; x D,,C),8) {
if dom(9) =V then return C(6);
select v in V' \ dom(6);
Ay 1= image(0)[1];
if Al #Dl then
select f in Dy \ A, A = A U{f}
forall(d; € Ay)
Ay 1= filter(image(a),1,d;)[2];
if A2 ;é D, then
select f in Dy \ Ay; Ay 1= A U{f};
forall( d € As)
9 =6 A U:(dl,dz);
if = Failure({V, Dy x Dy,C),6") then
if W LABELA((V,D; x D,,C),8'") then
return true;
return f al se;

Figure 3: A Labeling Procedure for WICSPs.

Theorem 5.5. Procedure W LABEL breaks all the symme-
triesin constant time and constant space for a WICSP.

6 Experimental Results

This section gives some preliminary results showing the ben-
efits of symmetry breaking on these classes of problems. Ta-
ble 1 gives results on graph coloring, an ICSP, and on parti-
tioned graph coloring, a PICSP. In partitioned graph coloring,
the colors are divided in 4 groups and are fully interchange-
able in each group. The constraints express the usual graph-
coloring property: no two adjacent vertices are colored with
the same color. Table 1 gives the result of coloring graphs
with 50% edge density with at most n/(2 * log_2(n)) colors,
where n is the number of nodes. The first column gives the
number of nodes, the second column gives the time to color
the graphs using the default labeling procedure, and the third
and fourth columns report the time to color the graphs and
the partitioned graphs with symmetry breaking. Note that the
default labeling does not exploit symmetries and hence its
time is similar for both graph coloring and partitioned graph
coloring (second column). The last column gives the ratio
of PI LABEL and the default labeling procedure (the gains
are too large for coloring to be reported as a ratio). All re-
sults are an average of 5 runs in milliseconds under SICStus-
Prolog. They clearly show that symmetry breaking on these
CSPs brings significant benefits.

7 Conclusion

This paper studied three classes of CSPs for which symme-
try breaking is tractable. These CSP classes feature vari-
ous forms of value interchangeability and allow symmetry
breaking to be performed in constant time and space during
search. Experimental results also show the benefits of sym-
metry breaking on these CSPs, which encompass many prac-
tical applications. There are many directions for future re-
search. Of particular interest is the study of tractable classes
of CSPs exhibiting variable symmetries where the set V has a
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n DL | ILABEL | PILABEL | %PILABEL
70 492 4 154 0.31
72 | 16418 96 4244 0.26
74 | 30790 34 18576 0.60
76 | 10622 24 2616 0.25
78 | 17786 26 15616 0.87
80 | 45268 86 9736 0.22
82 | 22946 46 15502 0.67
83 | 33206 42 9970 0.30

Table 1: Experimental Results on ICSPs and PICSPs.

complex structure (e.g., a Cartesian product). There are sev-
eral classes of such CSPs for which symmetry breaking is
tractable, although more complex. Finding effective search
procedures for these CSPs is also a challenging problem.
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Abstract

Intelligent agents often need to assess user utility
functions in order to make decisions on their be-
half, or predict their behavior. When uncertainty
exists over the precise nature of this utility function,
one can model this uncertainty using a distribution
over utility functions. This view lies at the core of
games with incomplete information and, more re-
cently, several proposals for incremental preference
elicitation. In such cases, decisions (or predicted
behavior) are based on computing thepectedex-
pected utility (EEU) of decisions with respect to the
distribution over utility functions. Unfortunately,
decisions made under EEU are sensitive to the pre-
cise representation of the utility function. We ex-
amine the conditions under which EEU provides
for sensible decisions by appeal to the foundational
axioms of decision theory. We also discuss the im-
pact these conditions have on the enterprise of pref-
erence elicitation more broadly.

Introduction

usually maintained (often by imposing constraints on trade-
off weights). A decision can be made based on this set of
feasible utility functions. For example, Pareto optimal deci-
sions can be identifief21; 1§, or models based on mini-
max regret can be used to choose a specific decfdibn2;
20]. In each of these models, the uncertainty regarding the
utility function is characterized by the feasible utility set.
Somewhat less common is work in which the system’s un-
certainty about a user’s utility function is quantified proba-
bilistically. Some recent examples inclufg 6; 1. In this
work, a distribution over utility functions is assumed. The
expected utility of a decision is determined not just by taking
expectation over the outcomes of that decision, but also ex-
pectation over the space of possible utility functions. We use
the termexpected expected utility (EEtY denote the value
of a decision computed in this way. Elicitation strategies can
be informed using the current distribution over utility func-
tions. For example, value of information can be used to de-
termine whether the improvement in decision quality given
by a piece of information outweighs the cost of obtaining
that information. Thus, characterizing one’s uncertainty over
possible utility functions in a probabilistic fashion, and using
EEU to determine decision quality, has much to recommend
it from the point of view of elicitation.

Most work on the foundations of decision theory— o . ; L . .
specifically on the justification of expected utility—has fo- Decision making using distributions over utility functions

cused orpersonal decision makinghat is, settings where a has been consider_ed in other contexts. For examp_le, Cyert
decision is being made by the “holder” of the utility func- and de Groot consider problems in sequential decision mak-

tion. Of course the decision maker may not be fully awarel"d in which uncertainty in the underlying utility function is
of (or have fully articulated) her utility function. The pro- '€presented probabilisticall; 9. Fishburn[10] also ad-

cess of articulation is complex, and much work in decisiondr€Sses this problem (as we discuss below). Harsanyi's for-
analysis deals with preference elicitation and decision frammulation O_f games with incomplete information as Bayesian
ing to help the decision maker formulate her decision problengame_s[lz' 19 relies critically on distributions over payoff
[11]. However, this work is primarily concerned with elicit- functions, and virtually the entire literature on in this area
. f H H . 1

ing enough information about preference tradeoffs to allowAdOPts this perspective; 19. , _

an (approximately) optimal decision to be made. While an_ In all of this work, the EEU concept is used to determine
analyst can never be sure about the true nature of the dedf?€ value of decisions in the context of an uncertain utility
sion maker’s utility function, this uncertainty is not generally function. Unfortunately, while EEU has an intuitive appeal,
characterized explicitly, though its impact is often minimizedthis scheme is sensitive to positive affine transformations of

though sensitivity &.malyS'S and related techniques. In some sense, much work in collaborative filter[8g 16 and

Recent empha'S|s has been placed on Fhe (_jevelppment |%flated model$4] can be viewed as incorporating distributions over
automated decision tools, where a decision is being madgijity functions. However, these are used for purposes of classi-
on behalf of a user whose utility function is imprecisely fication (i.e., determining a unique utility function for a particular
known. As in goal programming or other forms of inter- user) and generally uncertainty in utility is not accounted for when
active optimization, a space of possible utility functions ismaking decisions.
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the utility functions in question. Implicit in such a scheme It is well known that utility functions are invariant under
is acommensurability assumptidhat allows the quantities positive affine transformations. That is, the relative expected
present in the different utility functions to be meaningfully utility of any pair of decisions (in any decision scenario) will
compared and combined. This is not always the case. Thiee unaltered by such a transformation of a utility function.
aim of this paper is to describe certain conditions under whiciT his implies that the optimal decision in any decision sce-
this commensurability assumption can be justified by appeatario is unaffected by such a transformation.
to the foundational axioms for decision theory as proposed by More precisely, von Neumann and Morgenstern equate
von Neumann and Morgenstdr@] and Savagél7). [19] (classes of) utility functions with preferences olater-

The setting we consider is one in which an agent for a deies Let( 1,s1; 2,52;... n,sn), Where , ; =1,denotea
cision maker or user is uncertain about the user’s preferencesimple lotteryover outcomes, with each outcomeobtained
but wishes to recommend (or take) decisions on the user’s beavith probability ;. As a shorthand, we sometimes omit out-
half. Fishburn10] has considered the problems of the foun-comes whose probability is zero. Note that an outcegmie
dations of expected expected utility from a somewhat differ-tself a (trivial) simple lottery, and that each decisiénn-
ent perspective. He considers the problem in which a decisioduces a simple lotter}(d) over outcomes. Aompound lot-
maker is uncertain about the set of consequences she migtary is a lottery whose elements may be further lotteries. Let
face and considers combining utility functions over different>- a preference function over lotteries, with- [, meaning
consequence sets. Unfortunately, his results cannot be afiratis is strictly preferred td,. The relations-, <, <, and
plied (except in a trivial way) to the situation abce. ~ are defined in the usual way. Assuming certain (relatively

We begin by defining the problem of decision making uncontroversial) axioms restricting the form of the preference
given uncertainty over utility functions and the EEU con- function >, von Neumann and Morgenstern show that there
cept. We then examine the sensitivity of EEU to the preciseexists a utility functionu that exactly represents in the
representation of the underlying utility functions, and pro-following sense:lEU(d, v ) > EU(d ,u ) iff I(d) >~ I(d).
pose an interpretation of utility uncertainty that allows one toFurthermore, the utility functiom is unique up to positive
prescribe “canonical” utility function representations underaffine transformation. Because of this, we can partition the
specific circumstances. We conclude with a brief discussiospace of utility functions into equivalence classes, each cor-
of the implications these considerations have for “practical’responding to a unique preference orderingMe denote this

elicitation. class by >~ .
Several of the axioms used to equate utility functions with
2 ExpectedExpected Utility preferences over lotteries are listed here. These are based on

We begin by establishing notation and basic background Wif_?g;e work of von Neumann and Morgenst¢9] and Savage

a quick overview of expected utility and then define the notiorf £ /)» though the particular form used here is drawn filda.
of expected expected utility formally. e uses to denote some most preferred outcom#iti.e.,

s = s,¥Vs € 5),ands to denote some least preferred
2.1 Expected Utility outcome (these are guaranteed to exist due to other axioms).

Assume alecision scenariconsisting of a finite set of pos- Monotonicity (p,st;1—p,s1) = (¢,s7;1 —¢,s1) iff p > ¢.
sibledecisionsD, a finite set of possible outcomes (or states)Continuity For eachs;, there is some such that
S, and a distribution function < (5), for eachd € D. si~ (s 11— s ).
The term  (s) denotes the probability of outcomsebeing Reduction of Compound Lotteries Let | be the lottery
realized if the system takes decisidn  (s) can be viewed (1, 0is.. . mly) where eachs is a lottery of the form
as avectop whoseith componentis (s;) (given a suit- 2.1’ Z.l’ el v y
able enumeration of outcomes$). (105 (0), 0, (1)) Let I, k< denote the

A utility functonu S — R associates utilityu(s) (unique) lotteries within the s¢t; i < n,j < m(i)}.
with each outcome. We will generally viewu as a|S|- Letr be the (reduced) lottery over the (unique) compo-

dimensional vecton, whoseith component; is u(s;).2 The nent lotteried, with probability , = { ; ; [ =
expected utilityf decisiond w.r.t. u is: I} associated with eadl. Thenr ~ 1.
EU(d,u)=p u=>_  (si)u. 2.2 Uncertainty over Utility Functions
€5 An agent will often not know the user’s utility function
The optimal decisionl w.r.t. v is that with maximum ex- with certainty. We model this uncertainty using a density
pected utility (MEU) over the set of utility function&/ C R * (or a distribution

2While our results are general, it is unclear how profitable it is toOvera finite support set con;alnedﬁﬁ). Ifa system makes a
model a decision maker's uncertainty aboutenutility function. ~ decisiond under such conditions of uncertainty, the expected
It can be argued that such uncertainty should be viewed as “tradutility of d must reflect this. We consider the following defi-
tional” uncertainty about future outcomes, context, etc. Rather thafition for the expected utility of given density overU:
take a stand on this issue, we simply emphasize that an agent can
be genuinely uncertain about a user’s utility function, and that our EUd, )= pu (u)du.
model and results apply (in a practical way) to such a setting.

3If u is represented using some more concise madi simply ~ We refer to this as thexpected expected utility (EE0) de-
the vector of parameters required for that model. cisiond, since it is the expectation &U(d, u) w.rt. (U).

286 DECISION THEORY



This definition is precisely that used[i§; 6; 1] in the con-  a utility function—to serve as a concise representation of a
text of utility elicitation, and also that used in much other preference function over lotteries.
work involving uncertainty over utilitf12; 8; 4. In such This gives rise to the question of how to choose a repre-
a state of uncertainty—drelief state—the optimal decision sentative utility function from each equivalence classthat
is thatd with maximum EEUEU(d , ). We denote by allows formal justification of the MEEU decision rule, and
EU( ) the value of being in belief state, assuming one is under what circumstances such representatives exist.

forced to make a decision: .
3.2 A Lottery Interpretation of MEU

EU( ) = maxEU(d, ). We give a formal justification for the MEEU rule under a spe-
cific condition:we assume the existence of a known best and
We call this generic decision rutee MEEU decisionruleby  worst outcome That is, each utility function with positive
analogy with the classical MEU decision rule. support has the same best outcomeand worst outcome .
EEU seems to be a fairly natural concept given probawe also insist that the user is not indifferent to these alterna-
bilistically quantified uncertainty over utilities. The fact that tives, that is, that must be strictly preferred to .> We call
it occurs in many different contexts certainly attests to thissuch utility functionsextremum equivalenin many settings,
fact. Unfortunately, the proposed definition can induce cersuch as those involving active preference elicitation, restrict-

tain anomalies, as we examine below. ing attention to a set of extremum equivalent utility functions
is not problematic. One simply needs to ask the user to iden-
3 Justifying MEEU tify her most and least preferred outcomes (these need not be
) unique, but only one such representative need be identified).
3.1 Loss of Invariance Once we know outcomes ands , we insist that our be-

The results of von Neumann and Morgenstern suggest thdief state assign nonzero measure only to normalized utility
the decisions one makes with respect to belief statwver  functionsu in whichu(s ) = ¢ andu(s ) =c¢ for some
U should be invariant to legitimate transformations of the el-constants > ¢ . For convenience, we will assume = 1
ements ofl/. Certainly, this would be a desirable feature ofandc = , but nothing crucial depends on these choices.
the MEEU decision rule. One might even claim that the de-Under these conditions, every preference ordesirfgr lot-
cision rule can only be considered useful if it satisfies thisteries has a unique utility function representation satisfying
condition. In general, unfortunately, this is not the case. the normalization constraints.

As a simple illustration, suppose we have a domain with We note that each preference ordering corresponds to a
two outcomess; ands,, and a distribution that assigns unique set of indifference conditions between outcomes and

probability .5 to u; = (1,3) and probability .5 to u; =  standard lotteries. Astandard lotteryis one of the form
(2,1). Suppose we use the MEEU decision rule in this con< ,s ;1 — ,s ). By the Continuity Axiom, we have, for
text, by computing each outcome; and each preference ordering
5i~<i78 71_ i S >a
Z Z (s)ua(s;) - (us). for some unique; . We denote by(-, s;) this standard lot-

tery. This implies that: (s;) = , inthe normalized utility

and choosing the decisieh with maximum expected utility functionu corresponding te-.%
EU(d , ). Then a decision that accords higher probability Now given a belief state , how does one compare the
to so will be preferred to one that gives lower probability to value of different decisiong? This can be reduced to a ques-
sg. However, if we transformu, into u, = (2 ,1 ), the  tion of how one compares the value of guaranteed outcomes
relative utilities of these decisions will be reversed. Thus, the;;, since decisions are just lotteries over outcomes. Given
MEEU decision rule is not insensitive to transformations ofa particular preference ordering, we haves; ~ I(>,s;).
individual utility functions with positive support. Note that However, the choice facing the agent for the decision maker
we are not suggesting that agent’s will arbitrarily transforminvolves uncertamty over the true preference ordering. Thus,
some utility functions and not othetsRather, the question we can view the outcome as a compound lottery, where first
is: which representation of a specific utility function (e, a preference ordering is chosen according to distributipn
in the example) should be adopted in the first place? and then the standard gamble involvings played. This will

One possible way to deal with this problem is to recognizeinduce a new preference orderirg over outcomes (and de-
that a utility function is simply a convenient (and nonunique)cisions). We illustrate this for the case of a discrete distribu-
way of expressing preferences over lotteries. Rather thation over two preference orderingsand - , with probabil-
working with utility functions, we could work explicitly with ities and1 — respectively. In this case, the outcomeds
a density over preference functions (in fact, we will do thisequated with the compound lottery

implicitly below). Unfortunately, the set of lotteries over i L= s)il— (=, s0)
which a preference ordering is defined is uncountable; there-— Y e
fore, some compact representation (of theéividual prefer- *If st ~ s1, then the decision problem is trivial since each

ence functions) is needed. But this is precisely the role ofieC|S|0n is equally preferred. Indeed, in some axiomatizations, non-
triviality is imposed on legitimate preferenci?sl]

“If the same transformation is applied to all functions with posi-  °If the normalizing constants differ from 0/1, then utility is some
tive support, the MEEU decision is unchanged. linear function ofp;”. This has no impact on our argument.
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By reduction of compound lotteries, this means that Theaggregate standard gambfer s € S induced by{>,}
. o N o and is defined:

si~p (qpi +(1=q)-p;i ,sTiq-(1=p; )+(1=q)-(1—pi ), s1).

Similarly, for any other outcome;, we have bo(=i)ys 51— (=),

- - . - -’
sj~p {qpy +(1=q)pj st (1=p5)+(1=0)-(1=pj ),51)- et} be any lottery w.r.tS. Theaggregate reduction ofis

By the Monotonicity Axiom, we have; > s iff the standard gamble
B R R H=("s;1-",5)
Since ; = u (s;) (and similarly for the other terms), we obtained by replacing every outcoraén [ by its aggregate

haves; - s; iff EU(s;, ) > EU(s;, ) (where we em- standard gamble and reducing it to a standard gamble in the

phasize that here we are treating outcomes as deterministtsual fashion. Thaggregate preference relation (w.r.t. 5)
decisions that guarantee the corresponding outcofrfesym  Induced by{-;} and is given by
this one can easily show that for any two decisiahsd . I I
(that induce distributions over outcome&))) = [(d ) iff b=l iff >
EU(d, )>EU(d, ).
This argument applies to arbitrary discrete distributions,Theorem 1 Let {>;} and be defined as above. Lét,;}
and can be generalized to continuous densities as follows: be a set of utility functions (one for eagh, consistent with
=;) such thatu;(s ) =c¢ andu;(s ) =c ,forall u; and
Si= 55 two fixed constants > ¢ > . Then the utility function
. u(s) = wui(s) (=;)Iis consistentwith the aggregate pref-
f - sa) - 1= s) erence relation- induced by{=;} and

iff o (u),s 31— ;. (u),s > Extremum equivalence is thus sufficient to ensure commen-
surability, as it puts all utility functions on a common scale. It
is important to realize that the scale dictated by the best and
J (u), s worst outcomegannot vary since these are truly best and
worst outcomes; we return to this point below. It appears to
(u) be much more difficult to apply this type of argument to den-
sities over utility functions that are not extremum equivalent.
iff w(s) (W)>  uls;) (u) _Fishburn[10] considers the problem of EEU when a deci-
¢ J sion maker is uncertain about the nature of the consequence
iff EU(s;, )>EU(s;, ) sets she will face. He proposes f_ogndational axioms that j.us—
tify the use EEU to compare decisions. However, the setting
Here the first step refers to a compound lottery over an conis rather different: specifically, Fishburn requires that any
tinuous set of component (simple) lotteries, while we assumeonsequences that two utility functions have in common be
in second step that a such a compound lottery can be reduceanked identically. In our context, where each utility function
to a simple lottery in an analogous way to the reduction of dies over the same consequence set, the Fishburn axioms im-
finite compounded lottery. pose overly stringent requirements. It is interesting to note
Thus under the assumption that one can identify a best anghat Fishburn requires something akin to extremum equiva-
worst outcome, the MEEU decision rule can be justified forlence, namely, that there exist two consequences common to
use with normalized (extremum equivalent) utility functionsthe domains of each utility function such that one of the con-
by appeal to the foundational axioms of decision theory, andequences is preferred to the other in each function.
an interpretation of uncertainty over utility as a lottery over
the lotteries defined by the component utility functions. ; ;
We now formalize the legitimacy of EEU and MEE. 4 Dealing with Small Worlds
It is important to realize that the best and worst outcomes
Definition 1 Let {~,} be a set of extremum equivalent pref- with which one calibrates must either be truly best and worst
erence relations with respect to finite outcome%atith best ~ outcomes from the decision maker’s standpoint, or they them-
and worst outcomes ands , respectively. Let be aden- Selves must be calibrated. Using Savad&d terminology,
sity over{>;}. For any~;, let ¢ denote the tradeoff prob- We must be careful to distinguish “small worlds” reasoning

ability for states in its standard gamble w.ri;; that is, from “grand worlds.” Consider the case where the set of out-
‘ ‘ comes is restricted to the subset of outcomes that are possible
s~ s l— s ) given the set of actions in a specific decision scenario. But

"Note that if we chose other normalizing constants for our bes@SSUme there exist outcomes outside the domain of the re-
and worst outcomes, then we would have thats;) is some linear ~ Stricted scenario for which the user has concrete preferences.
function of p]"; but this linear function is identical for each term in Let's refer to the set of restricted outcomesasl, while the
the equation, so the conclusion holds. space of all outcomes gdobal.
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We might imagine determining the best and wduostal Hence,s; > s; iff
outcomess' ands' , respectively, and engaging in the elic- L o ) 5 )
itation process using standard gambles with respect to these Lt T2it = )+ T (1)
extreme local outcomes. _Unfortunately, t_his is not sufficient > 1 }Jr 2, ?_’_ ba- jl,)+ 2 ,0- ?),
to justify the MEEU decision rule. The difficulty is that the ) o i
user's degrees of preference fér ands! may themselves Unfortunately, this condition is not equivalent to the MEEU

be characterized by uncertainty. Specificaliy, can be rule in the original small worlds domain. Specifically, this
' ' condition cannot generally be assessed without having some

equated with a standard gamiglé 11— ! where
Sq s denote the globallgi/ bekést a{rfd Worst o,ufcgnges) Sim_assessment of the global tradeoff probabilitiés etc. In
ilar7|y s ~ (! s:1— ! s ) Butthe relevant garﬁble other words, to accurately compare two small world out-

- ! ! . " _ comes given uncertainty about tleeal utility functions, we
probabilities—" and * —mayvarywith the utility function  5ye 15 explicitly assess our uncertainty aboutrtrege of
andlc\j/vllclj not be known if attention is resté[ctgcg to tbr—:gall values the local extrema can take with respect toglobal
worldsdomain. As a consequence, our distribution d@er jity function. Thus while one can generally use small world
cal utility functions is insufficient to justify MEEU. reasoning in the classic decision-theoretic setting, its use is
To illustrate, suppose that we believe the user’s utility f“”C'probIematic in the EEU framework.
tion is eitheru, (with probability 1) or us (with probability Fortunately, the MEEU principle can be recovered if we
2 = 1- ). Furthermore, suppose that we consider only thg5e one simple assumption: that the global tradeoffs asso-
projection of these onto the set of local outcomes, calibratzizied with the best and worst local outcomes do not vary

ing two outcomes; ands; with respect to “local” standard ith the utility function (at least, with those utility functions
gambles. Suppose that we have the following tradeoffs with,5ying positive support). For example, to continue with the

respect to the local extremaiin: illustration above, suppose that the tradeoff probabilities as-
si~ (Lsth (1= b,st) sociated with the two utilities; andus are identical; that
sy (Lst (1= 1), st is, ' = ?and ' = 2. (Whether the probabilities are
- AR AR v known is irrelevant, all that matters is that they are known to
and similarty inu,: be identical.) If this is so we havg > s; iff

2 0. 2 l
R Vb B TG D a0 D)
sj ~a2 ( 5,81 P (1 - ?)vsl )- 1 1 2 1 1 2
Using EEU, we have > (gt e+ "= g+ o(1=3)
siml 1 T o 2sh (1= D o(1— 2),8) Slince tlhe inner terms in each expression sum to one, and
. 5 . b > 1 (sinces’ = s'), we must have; - s; iff
SjN<1j+ 2 1S 5 11— j)+ 2(1— j)’S )- 1 2 1 2
Now, were we to place thismall worldin thegrand world 1it 20> 15+ 2]
context, we might say that the local best and worst outcomesghjs, of course, is the expression for MEEU.
s' ands' , have specific lottery probabilities with respect to  |ndeed, we don't have to assume that the global tradeoff

the global utility functions. Let's assume that we have probabilities are fixed. It is sufficient to assume that the un-
sty (Mys (1= Y)s ) known range of (global) utility spanned by ands’ is prob-
. 1 1 abilistically independent of the unknown local utility function
s~ (s (= T)s ) u. This too is sufficient to allow MEEU to be used justifiably.
st~y (% (1= 2),s ) We omit the argument, which is straightforward.

l 2 . 2
$ 2 { 78 (= )8 ). .5 Consequences for Preference Elicitation
In other words, in (the normalized, global counterpart of) util- ) ] R .
ity function u;, we haveu;(s' ) = ! anduy(s' ) = !;  Theconsiderations above have implications for practical pref-
erence elicitation. From a foundational perspective, calibra-
tion of utilities relative to known best and worst outcomes is
required if decisions are to be based on EEU. In the case of
Si incremental elicitation, where EEU is used to determine value
(Pl 25,240 - H+ %501 — ?),s ; ofinformation, we must first obtain a prior over a set of ex-
tremum equivalent utility functions before engaging in such
deliberations. Fortunately, it often seems to make sense to

while inuy we haveus(s' ) = 2 anduz(s' ) = 2. Apply-
ing EEU and reduction of compound lotteries, we see that

+(1—- (1= H+a- 2)(1— 3,5 ) determine best and worst outcomes beforehand, and engage
and in “serious” elicitation after this initial calibration.
Another important question: how does one determine pri-
53~ ors over utility functions? Utility function databadé$ could
("17+ %22+ V(1= )+ % 21— 3),s ; beused. This poses some problems regarding interpersonal
1- 1) 41— 2),2 utiIi;y comparison for which there are no especial_ly com-
J J pelling solutions. When using EEU, things are a bit worse:
+(1- 1) (1= ;) +(1— %) (11— ?),s ). we need to construct priors conditioned on the observed or
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elicited best and worst outcomes. Given a prior over arbitrary4] U. Chajewska, L. Getoor, J. Norman, and Y. Shahar. Util-

utility functions, as long as decisions using EEU are notmade ity elicitation as a classification problem. Rroc. Fourteenth

until the determination of best and worst outcomes is com-  Conference on Uncertainty in Artificial Intelligengeages 79—

pleted, this poses no difficulties. An alternative, in certain 88, Madison, Wi, 1998.

scenarios, is to suppose that certain outcomes are universal§l Urszula Chajewska and Daphne Koller. Utilities as random

most and least preferred (e.g., in medical contexts, death can ~ Variables: Density estimation and structure discovergrirc.

be used as the latter). This may be hard to justify formally, Sixteenth Conference on Uncertainty in Artificial Intelligence

but from a practical point of view will be quite useful and pages 63-71, Stanford, 2000.

(one hopes) have little impact on actual decision quality. ~ [6] Urszula Chajewska, Daphne Koller, and Ronald Parr. Mak-
The issue of small worlds also poses certain problems. ing rational decisions using adaptive utility elicitation. In

. . . o Proc. Seventeenth National Conference on Atrtificial Intelli-
From the point of view of practical elicitation, the prospect gence pages 363-369, Austin, TX, 2000.

of ce’llil?‘rating ”sor_n_e small .Set.Of relevant .OUtcomes using 71 Tommy Chin-Chiu Chan ande®gio Ribeiro da Costa Werlang.
user’s “global” utility function is unappealing. Fortunately, The Bayesian foundations of the solution concepts of games.
as argued above, for a given individual, strength of prefer-  journal of Economic Theoyyt5:370-391, 1988.

ence can be as_sumed fixed for the best and worst OUtcomqg] Richard M. Cyert and Morris H. de Groot. Adaptive utility. In
which allows things to carry through. Strength of preference = maurice Allais and Ole Hagen, editorExpected Utility Hy-
may prove to be important however when trading off the in- pothesis and the Allais Paradopages 223-241. D. Reidel,
crease in EEU with the effort associated with the elicitation Dordrecht, 1979.

process. Furthermore, this can have an important impact ojy] Morris H. de Groot. Decision making with an uncertain utility
the construction of priors from databases of utility functions. function. In Bernt P. Stigum and Fred Wenstap, editbosin-
dations of Utility and Risk Theory with Applicatignpages
371-384. D. Reidel, Dordrecht, 1983.

ncluding Remark
6 Conclud g Remarks [101 Peter C. Fishburn.The Foundations of Expected UtilityD.

Decision making when the underlying utility function is un- Reidel, Dordrecht, 1982.
known is an important problem in game theory, interactive[11] Simon French. Decision Theory Halsted Press, New York,
optimization, and preference elicitation. Quantifying this un- 1986.

certainty using distributions over utility functions has a num-[12] John C. Harsanyi. Games with incomplete information played
ber of appealing qualities, and quite naturally leads to the no- by Bayesian players. part I: The basic mod&llanagement
tion of expectedxpected utility, a concept that has been used  Science14:159-182, 1967.

in several different lines of research. [13] John C. Harsanyi. Games with incomplete information played
The aim of this paper is to point out that expectations taken by Bayesian players. part Il: Bayesian equilibrium points.
with respect to utility function distributions require some Management Sciencé4:320-334, 1968.

care. More precisely, the operation of expected expected util14 R.D. Luce and H. RaiffaGames and DecisiongViley, New
ity only makes sense (from a foundational standpoint) when  York, 1957. _ _
the distribution is over extremal equivalent utility functions. [15 Roger B. Myerson.Game Theory: Analysis of ConflicHar-

While this has certain implications for practical utility elic- vard University Press, Cambridge, 1991.

itation, we have argued that this requirement is not 0verl)£15] David M. P(_ennc_)ck an(_j Eric Ho_rvitz. Collaborative filtering

stringent from a practical perspective. by personality diagnosis: A hybrid memory- and model-based
approach. InProc. Sixteenth Conference on Uncertainty in
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Abstract

We proposea generalizationof expected utility
thatwe call genemrlizedEU (GEU), wherea deci-
sion maker’s beliefs are representedby plausibil-
ity measuresand the decisionmaker’s tastesare
representedy general(i.e., not necessarilyreal-
valued)utility functions.We shawv thateveryagent,
“rational” or not, canbe modeledasa GEU max-
imizer. We then shav that we can customize
GEU by selectvely imposingjust the constraints
we want. In particular by shov how of Savages
postulatesorrespond$o constrainton GEU.

1 Introduction

Many decisiorruleshave beenproposedn theliterature.Per
hapsthe best-knavn approachis basedon maximizing ex-
pectedutility (EU). This approachcomesin a numberof
variants;the two mostfamousare dueto von Neumannand
Morgensterr]1947 and Savage[1954. They all follow the
samepattern: they formalize the set of alternatvesamong
which the decisionmaker (DM) must choose(typically as
acts' or lotteries’). They thengive asetof assumptiongoften
calledpostulatesor axiomg suchthatthe DM’s preferences
on the alternatves satisfy theseassumptionsff the prefer
encehaveanEU representationwhereanEU representation
of a preferenceelationis basicallya utility function (anda
probability measurevhenactsareinvolved)suchthatthere-
lation amongthealternatvesbasedon expectedutility agrees
with the preferencerelation. Moreover, they shav that the
representations essentiallyunique. In otherwords, if the
preferencesf a DM satisfythe assumptionsthensheis be-
having asif shehasquantifiedher tastesvia a real-valued
utility function (and her beliefs via a probability measure)

*Work supportedn partby NSFundergrantslS-0090145and
CTC-0208535and by the DoD Multidisciplinary University Re-
searcHnitiative (MURI) programadministeredy ONR undergrant
N00014-01-1-0795.

IFormally, givenasetsS of statesof theworld andanothersetC
of consequenceanacta is afunctionfrom S to C' that,intuitively,
associatewith eachstates theconsequencef performinga in s.

2Formally, a lottery is a probability distribution over conse-
guencesijntuitively, the distribution quantifieshow likely it is that
eachconsequenceccurs.
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andsheis relatingthealternatvesaccordingo their expected
utility. Theassumptionsiretypically regardedascriteriafor
rationalbehaior, sotheseresultsalsosuggesthatif aDM’s
beliefs are actually describedby a probability measureand
hertastesaredescribedy a utility function,thensheshould
relatethe alternatves accordingto their expectedutility (if
shewishesto appearational).

Despitethe appealof EU maximization,it is well known
thatpeopledo notfollow its tenetsn generalResnik,1987.
As aresult,a hostof extensionsof EU have beenproposed
that accommodatesomeof the more systematicviolations
(see for example,[Gul, 1991;GilboaandSchmeidler1989;
Giangand Sheng, 2001;Quiggin, 1993; Schmeidler 1989;
Yaari, 1987). Again, the typical approachin the decision
theory literaturehasbeento prove representatiotheorems,
shaving that, given a suggestediecisionrule R, thereex-
ists a collection of assumptionsuchthat a preferenceela-
tion satisfiesthe assumptionsff it hasanR representation,
whereanR representatiorof a preferenceelationis essen-
tially a choiceof tastes(and beliefs) suchthat, given these
asinputs, R relatesthe alternatvesthe way the preference
relationdoes.

Given this plethoraof rules, it would be usefulto have a
generalframewnork in which to study decisionmaking. The
framework shouldalsolet us understandherelationshipbe-
tweenvariousdecisionrules. We provide sucha frameawork
in this paper

The basicideaof our approacthis to generalizethe notion
of expectedutility sothatit appliesin asgenerala contet
aspossible. To this end,we introduceexpectationdomains
which arestructuresonsistingof

¢ three (component)domains: a plausibility domain a
utility domain andavaluationdomain

¢ two binaryoperatorsp and®, which aretheanalogues
of + and x overthereals,and

¢ areflexive binaryrelation 3 (which generalizes<).

Intuitively, ® combinesplausibility valuesandutility values
muchthe sameway that x combinesprobability and (real)
utility, while & combinesthe productsto form the (general-
ized) expectedutility .

We have threedomainsbecauseave do not wantto require
thatDMs beableto addor multiply plausibility valuesor util-
ity values,sincethesecould be qualitative (e.g.,plausibility
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valuescouldbe {“unlikely”, “lik ely”, “verylikely”, ...} and
utility valuescould be {“bad”, “good”, “better”, ...}). In
generalwe do notassumehat X is anorder(or evenapre-
order), sincewe would like to be ableto represenis mary
preferenceelationsanddecisionrulesaspossible.

Oncewe have an expectationdomain, DMs can express
their tastesand beliefsusingcomponentof the expectation
domain. More specifically the DMs expresstheir beliefs
usinga plausibility measue [Friedmanand Halpern, 1995,
whoserangeis the plausibility domainof the expectationdo-
main (plausibility measuregeneralizeprobability measures
andahostof otherrepresentationsf uncertaintysuchassets
of probabilitymeasuresChoquetcapacitiespossibilitymea-
sures,ranking functions, etc.) and they expresstheir tastes
usinga utility function whoserangeis the utility domainof
the expectationdomain. In an expectationdomain,it is pos-
sibleto definea generalizatiorof expectedutility, which we
call genemlizedEU (GEU). The GEU of anactis basically
the sum (in the senseof @) of products(in the senseof ®)
of plausibility valuesand utility valuesthat generalizeghe
standardiefinition of (probabilistic)expectedutility overthe
realsin the obviousway.

We startby proving an analogueof Savages resultwith
respectto the decisionrule (Maximizing) GEU2 We shav
that every preferenceelationson actshasa GEU represen
tation (even thosethat do not satisfyarny of Savages postu-
lates),wherea GEU representatiorof a preferenceaelation
basically consistsof an expectationdomain £, plausibility
measurePl, and utility function u, suchthat the way acts
arerelatedaccordingo their GEU agreeswith thepreference
relation(Theorem3.1). In otherwords, no matterwhat the
DM’ s preferenceelationon actsis, shebehaesasif shehas
qguantifiedherbeliefsby aplausibility measurendhertastes
viaautility function,andis relatingtheactsaccordingo their
(generalizedexpectedutility asdefinedby the & and® of
someexpectationdomain. Thatis, we can modelany DM
using GEU, whetheror not the DM satisfiesary rationality
assumptionsAn importantdifferencebetweerour resultand
thatof Savageis thathewasconstructing=U representations,
which consistf areal-valuedutility functionu andaprob-
ability measurePr (andthe expectationdomainis fixed, so
@, ®, and 3 arejust+, x, and<, respectiely).

Given that GEU canrepresentll preferenceelations,it
might bearguedthat GEU is too general—itoffersno guide-
linesasto how to make decisions.We view this asafeature,
notabug, sinceourgoalis to provide ageneraframeworkin
whichto expressandstudydecisionrules,insteadof propos-
ing yet anotherdecisionrule. Thusthe absenceof “guide-
lines” is in factanabsencef limitations we do notwantto
excludeary possibilitiesat the outset,even preferenceela-
tionsthatarenot transitive or areincomplete. Startingfrom

3Mary decisionrules involve optimizing (i.e., maximizing or
minimizing) somevalue function on the acts. Sometimest is ex-
plicitly mentionedwvhetherthefunctionis to be maximizedor min-
imized (e.g., “Minimax Regret” saysexplicitly to “minimize the
maximumregret”) while othertimesonly thefunctionnameis men-
tioned and it is implicitly understoodwhat is meant(e.g., “EU”
means‘maximize EU”). In this paperwe will use“Maximizing
GEU” and“GEU” interchangeably
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a framework in which we canrepresengll preferenceela-
tions, we canthen considerwhat preferencerelationshave
“special” representationsan the sensethat the expectation
domain,plausibility measureandutility functionin therep-
resentatiorsatisfy some(joint) properties.This allows usto
shav how propertiesof expectationdomainscorrespondo
propertiesof preferenceelations. We canthen“customize”
GEU by placingjust the constraintsnve want. We illustrate
this by shaving how eachof Savages postulategorresponds
in aprecisesensdo anaxiomon GEU.

Intuitively, adecisionrule mapstastegandbeliefs)to pref-
erencerelationson acts. Giventwo decisionrules’®; and
R., anR, representatiorof R, is basicallya functionr that
mapsinputs of R, to inputsof R, that representhe same
tastesandbeliefs,with thepropertythatR: (7(z)) = Ra(z).
Thus,™ models,in a precisesensea userof R, asa userof
R4, sincer preserestastes(and beliefs). In a companion
paper[ChuandHalpern,2003 we shaw that (almost)every
decisionrule hasa GEU representation.

Although therehasbeena greatdeal of work on decision
rules, there has beenrelatively little work on finding gen-
eral framaworks for representingdecisionrules. In partic-
ular, therehasbeenno attemptto find a decisionrule that
canrepresentll preferencaelations. Therehasbeenwork
in the fuzzy logic communityon finding generalnotionsof
integration (which essentiallyamountsto finding notionsof
expectation)usinggeneralizechotionsof @ and®; see,for
example [BervenutiandMesiag 2000. However, theexpec-
tationdomainusedin this work is (a subsebf) thereals;ar
bitrary expectationdomainsarenot consideredLuce [1990;
2000 alsoconsidergeneralddition-like operationsapplied
to utilities, but his goalis to modeljoint receipts(which are
typically modeledascommaoditybundlesin economicsgasa
binaryoperationratherthanto representlecisionrules.

The restof this paperis organizedas follows. We cover
somebasic definitionsin Section2: plausibility domains,
utility domainsgxpectatiordomainsgdecisionproblemsand
GEU. We shaw that every preferencerelation on actshas
a GEU representationin Section3. In Section4, we showv
thateachof Savages postulatesorresponds$o anaxiomon
GEU. We concludein Section5. Proofsof theoremsstated
areavailableat http://www.cs.cornell.edu/homedétpen.

2 Prdiminaries

2.1 Plausibility, Utility, and Expectation Domains

Sinceone of the goalsof this paperis to provide a general
framework for all of decisiontheory we want to represent
the tastesandbeliefsof the DMs in asgenerala frameavork
aspossible.In particular we do notwantto forcethe DMs to
linearly preorderall consequencemndall events(i.e.,subsets
of thesetof states).To this end,we useplausibility measures
to representhe beliefs of the DMs and (generalizedutility
functionsto representheir tastes.

A plausibility domainis a set P, partially orderedby
<p (so <p is areflexive, antisymmetric,and transitive re-
lation), with two specialelements| p and T p, suchthat
forallz € P, Lp <p x <p Tp. GivenasetsS, afunction
P1: 2% — Pisaplausibility measue iff
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PI1. P1(0) = L
P12. PI(S) = T, and
P13. if X C Y thenPl(X) < PI(Y).

Clearly plausibility measuresre generalization®f prob-
ability measuresAs pointedoutin [FriedmanandHalpern,
1999, plausibility measuregeneralizea hostof otherrepre-
sentation®f uncertaintyaswell. Notethatwhile the proba-
bility of arny two setsmustbe comparablgsinceR is totally
ordered)theplausibility of two setsmaybeincomparable.

We alsowantto representhe tastesof DMs usingsome-
thing more generalthanR, so we allow the rangeof utility
functionsto beutility domainswherea utility domainis aset
U endaved with areflexive binary relation 3. Intuitively,
elementof U representhe strengthof likesanddislikes of
the DM while elementf P representhestrengthof herbe-
liefs. Notethatwe do not requirethe DM’s preferenceo be
transitive (althoughwe can certainly add this requirement).
Experimentalevidenceshaws that DMs’ preferencescca-
sionallydo seemto violatetransitivity.

Oncewe have plausibility and utility, we want to com-
bine them to form expectedutility. To do this, we intro-
duceexpectationdomainswhich have utility domainsplau-
sibility domains,and operators® (the analogueof +) and
® (the analogueof x).* More formally, an E(pectationdo-
mainisatuple £ = (U, P, V,®, ©), where(U, Zv) isautil-
ity domain, (P, <p) is a pIauS|b|I|ty domain, (V, 3y ) isa
valuationdomain(where <y is a reflexive binary relation),
Q:PxU—V,and® : V x V — V. (As usual,we omit
subscriptasvhenthey areclear) We have four requirements
on expectatiomlomains:

El. (zy)dz=0d (y D 2);

E2. xdy=ydu;

E3. T®x=ux;

E4. (U, 3v) isasubstructuref (V, Zyv ).
E1 and E2 saythat @ is associatie and commutatve. £3
saysthat T is theleft-identity of ® and E4 ensureghatthe
expectationdomainrespectsherelationon utility values.

Note that we do not requirethat & be monotonic;thatis,
we do notrequirethatfor all x,y,z € V,

ifc Sy ythenz @z Jy y @ z. (2.1)

We saythat F is monotoniciff (2.1) holds. It turnsout that
monotonicitydoesnot really make a differenceby itself; see
thecommentsafterthe proof of Theorem3.1.

2.2 Decision Situations and Decision Problems

A decisionsituation describeghe objectve part of the cir-
cumstancé¢hattheDM faceqi.e., thepartthatis independent
of thetastesandbeliefsof the DM). Formally, adecisionsit-
uationisatuple A = (4, S,C), where

e S isthesetof statesof theworld,
e (Cisthesetof consequencesnd
e Aisasetof acts(i.e., asetof functionsfrom S to C).

“Sometimeswe use x to denoteCartesiarproduct;the context
will alwaysmaleit clearwhetherthisis thecase.
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An acta is simpleiff its rangeis finite. Thatis, a is simple
if it hasonly finitely mary consequencesMany works in
the literature focus on simple acts (e.g., [Fishturn, 1987).
We assumein this paperthat A containsonly simple acts;
this meanghatwe candefine(generalized¥xpectatiorusing
finite sums,sowe do not have to introduceinfinite seriesor
integrationfor arbitrary expectationdomains. Note that all
actsare guaranteedo be simpleif either S or C is finite,
althoughwe do notassumehathere.

A decisionproblemis essentiallya decisionsituationto-
getherwith information aboutthe tastesand beliefs of the
DM; thatis, a decisionproblemis a decisionsituationto-
gethermwith the subjectve partof the circumstancehatfaces
the DM. Formally, a (plausibilistic) decisionproblemis a
tupleD = (A, E, u, P1), where

e A= (A,S,C)isadecisionsituation,

e £ =(U,PV,®,d)isanexpectationdomain,

e u: C — Uisautility function,and

e P1:2% — Pisaplausibilitymeasure.

We saythatD is monotonidff £ is monotonic.

2.3 Expected Utility

Let D = ((4,5,C), E,u,Pl) be a plausibilistic decision
problem. Eacha € A inducesa utility randomvariable
u, : S — U asfollows: u,(s) = u(a(s)). In the standard
setting(whereutilities arereal-valuedandP1 is a probability
measuré’r), we canidentify theexpectedutility of acta with

the expectedvalueof u, with respecto Pr, computedn the

standardvay:
Ep,(u,) = Z Pr(u,’
z€ran(ug)

We cangeneralize(2.2) to an arbitrary expectationdomain
E = (U, P,V,®,®) by replacing+, x, andPr by &, ®, and
P, respectiely. This givesus

EB Pl(u,*(z)) ® z.
zeran(ug)
We call (2.3) the genenlized EU (GEU) of acta. Clearly
(2.2)is aspecialcaseof (2.3).

In theprobabilisticcasejf all singletonsetsaremeasurable
with respecto Pr (i.e., in thedomainof Pr) then

Z Pr(s
seS
The plausibilisticanalogueof (2.4) is not necessarilyequiv-
alentto (2.3). A decisionproblem((A4, S,C), E,u,Pl) is
additiveiff

P(X UY)®u(c) =Pl(X) Q@ u(c) @ PI(Y) @ u(c)
for all c € C andnonemptyX,Y C S suchthatX NY = (.
Note thatthe notion of additivity we definedis a joint prop-
erty of severalcomponent®f adecisionproblem(i.e., ®, ®,
u, andPl) insteadof beinga propertyof P1 alone. Additiv-
ity is exactly the requiremenneededo make the analogue
of (2.4) equivalentto (2.3). While decisionproblemsinvolv-
ing probability are additive, thoseinvolving representations
of uncertaintysuchas DempstetrShaferbelief functionsare
not, in general.

(@) xz.  (2.2)

EPl’E(ua) = (23)

Ep,(u,) ) X ug(s (2.4)
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3 Representing Arbitrary Preference
Relations

In this sectionwe shav thatevery preferenceelationon acts
hasa GEU representation.GEU, like all decisionrules, is
formally a functionfrom decisionproblemsto preferencee-
lationson acts. Thusa GEU representatiomf a preference
relation3 4 ontheactsin A = (A4, ...) isadecisionproblem
D = (A E u,Pl), whereE = (U, P,V,®,®), suchthat
a1 24 a2 iff Epy g(Ua,) Zv Ep(Ua,).

Theorem 3.1: Every=, hasa GEU representatior?.

Proof: Fix some A = (4,S5,C) and 34. We wantto
constructa decisionproblemD = (A, E, u, Pl) suchthat
GEU(D) = Za.

Theideais to let eachconsequencbeits own utility and
eachsetbeits own plausibility, anddefine® and suchthat
eachactis its own expectedutility. For eachc € C, let a.
denotethe constantactwith the propertythata.(s) = ¢ for
allse S.LetE = (U, P,V,®, ®) bedefinedasfollows:

1. U =(C,3¢),wherec Z¢ diffe=dora.,aq € Aand
ac. 24 aq. (Notethat Savageassumeshat A contains
all simpleacts;in particular A containsall constantcts.
We do notassumehathere.)

2. P=(2%0).

3.V = (2% Zy),wherez Iy yiffr =yorz,yc A
andz 34 y. (Notethatset-theoreticallya functionis a
setof orderedpairs,so A C 25%€ )

4. cpy=axUyforz,ye V.

5. X®c= X x{c}for X € 2° (= P)andc € C (= U).

We canidentify ¢ € C with S x {c} in V; with thisidenti-

fication, (U, Zv) isasubstructuref (V, 3y) andT @ ¢ = ¢
forall ¢ € U (= C), asrequired.Furthermore® is clearly
associatie and commutatve, so £ is indeedan expecta-
tion domain. Let D = (A, E, u, Pl), whereu(c) = ¢ and
P1(X) = X. Notethat

Brip(u) = @D, 0, Pt (@) 9

@c&ran(a)Pl(ail(c)) we
{(s,0) [ a(s) = c}

= a.

Thatis, eachactis its own expectedutility; by the definition
of jv, it is clearthata ,jA b iff EPI,E(ua) jv Epl,E<ub).
ThusGEU(D) = 34, asdesiredll

Notethatthe representatioconstructedn Theorem3.1is
in factadditive, sinceif X N'Y = (), then

(XUY) x {c} = (X x {c)U(Y x {c}).

Therepresentatiois notnecessarilynonotonic.However, as
we shaw in the full paper a simple modificationto the defi-
nition of Xy makesthe representatiomonotonic,somono-
tonicity by itself doesnotrestrictthekind of preferenceela-
tionsthatcanberepresented.

SNote that, unlike most representatiortheorems,there is no
uniguenesgondition. However, we canshav that our representa-
tion is canonicalin acertainsense.
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Theorem3.1 holdsin large part becausef the flexibility
we have. Givena decisionsituation(A4, S, C) anda prefer
encerelation X 4 on A, we areableto constructan expecta-
tion domainandarelation 3y thatis customizedo capture
therelation= 4 on A. However, this dependgin part)ontwo
featuresof our setup.

Thefirst is that, following Savage[1954], we took actsto
be functionsfrom statesto consequencesSupposéanstead
that we have a consequencéunctionc : A x S — C that
takesanacta andastates andgivestheconsequencef a in
s. Of coursejn this setting,two distinctactsa; andas could
inducethesamefunctionfrom statego consequencethatis,
we might have c(a1, s) = c(aq,s) forall s € S. It is easy
to seethatif a; anday inducethe samefunctionfrom states
to consequenceghen no matterwhat expectationdomain,
utility function, and plausibility measurewve use,a; andas
will havethesameexpectedutility. Thus,if <4 doesnottreat
a1 anday thesameway, then= 4 hasno GEUrepresentation.

A secondreasonthat we do not needconsisteng con-
straintson = 4 is thatwe have placedno constrainton 3y,
andrelatively few constraint®on @, ®, u, andPl. If, for ex-
ample,we required3y to be transitive, thenwe would also
have to requirethat < 4 betransitive. Thelack of constraints
on @, ®, u, andPl is importantbecausét givesus enough
freedomto ensurethat distinct actshave differentexpected
utility. In thenext sectionwe investigatevhathappensvhen
we addmoreconstraints.

4 Representing Savage's Postulates

Theorem3.1 shawvs that GEU canrepresentry preference
relation. We aretypically interestedn representingprefer
encerelationsthat satisfy certain constraints,or postulates.
The goal of this sectionis to examinethe effect of suchcon-
straintson the componentshat make up GEU. For definite-
nesswe focuson Savages postulatesFor easeof exposition,
werestrictto additve decisionproblemsn thissection;recall
thatthis restrictiondoesnot affect Theorem3. 1.

A setP. of axiomsabout(i.e., constrainton) plausibilis-
tic decisionproblemsrepresentsa setof postulatesP, about
decisionsituationsandpreferenceelationsiff

D = (A,...) satisfiesP, iff (A, GEU(D)) satisfiesP,..

Theorem3.1 canbe viewed as sayingthat the empty set of
axiomsrepresentshe emptysetof postulates.

Before we presentSavages postulateswe first introduce
somenotationthat will make the exposition more succinct.
Supposehatf : X — Y,g: X - Y,andZ C X. Let
(f, Z, g) denotethe function h suchthat h(z) = f(z) for
allz € Z andh(z) = g(z) for all z € Z. For example,
if X =Y =RandZ = {z |z < 0}, then{—=z, Z,x) is
the absolutevaluefunction. In the intendedapplication,the
functionsin questionwill beacts(i.e., functionsfrom the set
of statesS to consequences). Soa = (a;, X, as) istheact
suchthata(s) = a1(s) for all s € X anda(s) = aa(s) for
all s € X. For brevity, we identify the consequence € C
with the constantacta. suchthata.(s) = cforall s € S.
Sofor ¢, 2 € C, {1, X, ¢2) is theactwith thepropertythat
a(s) = ¢; forall s € X anda(s) = ¢, for all s € X. Recall
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thatXy,..., X, isapartition of Y iff the X;’sarenonempty
andpairwisedisjoint,and| J, X; =Y.

Fix somedecisionsituation (A4, S,C). Readersfamiliar
with [Savage, 1954 will recall that Savage implicitly as-
sumesthat A consistsof all possiblefunctionsfrom S to
C, sincethe DM canbe questionedaboutary pair of func-
tions. Throughouthis paperwe have assumedhat A could
be any nonemptysubsetof the setof all simpleacts. It is
possibleto maintainthat assumptiorhere, though someof
the postulatesvouldfail, notbecauses 4 doesnotrelatecer
tain membersof A, but becaused doesnot containcertain
pairsof acts.We could adaptthe postulatesy “relativizing”
them(soactsnotin A arenotrequirecto berelated)aswe do
in the full paper;however, thatinvolveschangingthe state-
mentsof Savages postulatesomevhat,andthe presentation
becomesnorecomplicated.To simplify the expositionhere,
we assumadn this sectiononly that A consistsof all simple
acts. Hereare Savages first six postulategstatedunderthe
assumptiorthat A consistsof all simpleactsfrom S to C,
sothat, for example,if « andb arein A, and X C S, then
(a, X,b) € A):

P1. Forall a1, as,as € A,
(@) a1 Z4a az0raz 34 a1, and
(b) if a1 Za az andas 24 az, thena; 34 as.
Forall a;,as,b1,b0 € AandX C S,
o (a1, X,b1) Za {(az, X, by) iff
(a1, X, b2) Z4 {az, X, b3).

Forall X C S, if thereexist someay,as € A such
thatfor all b € A, (a1, X,b) <4 (a2, X,b), thenfor all
Cc1,Co € C, ey jA Co iff

P2.

P3.

o foralla € A, (c1,X,a) <a (c2, X,a),0r
e foralla € A, (¢c1, X,a) ~4 {c3, X, a).

For all Xl,XQ cS, Cl,dl,CQ,dg eC,
if dj <4 c1 anddy <4 co, then

o (c1,X1,d1) Za (c1, Xa,dy) iff
(c2, X1,d2) Za (c2, X2, da).

Thereexist c1, co € C suchthate; <4 co.

P4.

PS.

P6. Forall a,b € A, ¢ € C, if a <4 b, thenthereex-
ists a partition 74, ..., Z, of S, suchthat for all Z;,

(¢, Ziya) <4 banda <4 (¢, Z;, b).

P1is the standardnecessaryonditionfor representation
by EU (andmary of its generalizations)sincethe realsare
linearly ordered;it basicallysaysthat =< 4 is atotal preorder
More specifically P1(a)saysthat =< 4 is total (from which
reflexivity follows) and P1(b) saysthat it is transitve. P2
is the sure-thingprinciple, which saysthat the way two acts
arerelateddepend®nly ontheir differencegthatis, the part
on which they agreecanbe ignored,sincethat is the “sure
thing”). Savagedefinesfor eachsubsetX C S aconditional
preferenceelationasfollows: ay <§ ay iff

o foralla € A, (a1, X,a) <4 {as, X,a),0
e foralla € A, (a1, X,a) ~4 (az, X, a).
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Intuitively, a1 2% a2 iff whenX occursthe DM would find
as atleastasgoodasa;. In the presence)f P1,P2holdsiff
=% is atotal preorderfor all X. Using 3%, Savagedefines
what|t meandor X to benull: X isnull iff a; 3% as for all
ai,az € A. P3saysthatif X is not null, thenjﬁ and= 4
agreeon the consequencesSavagedefinesa relation <s on
eventsasfollows: X g Yiffforalle,d € C,if d <4 cthen
(¢, X,d) 24 {c,Y,d). Intuitively, we expectthe DM to pre-
fer a binary actthatis morelikely (accordingto her beliefs)
toyield the moredesirableconsequenceP4 in the presence
of P1-P3 basmallyensuresthat s is atotal preorder P5
assertghat .S is notnull. P1— P5by themselesdo not allow
the constructiorof a uniqueEU representatiofi. For this we
needP6,which roughlysaysthatfor all pairsof actsa,b € A
andconsequences € C, if a <4 b thenwe can partition
S into eventssuchthatthe DM’ s preferenceabouta andb is
unafectedif ¢ wereto happern ary elemenbf thepartition.
Savagealsohasa serenthpostulateput it is relevantonly for
generalnonsimple)acts;sincewe consideronly simpleacts,
we omit it here.

Sincewe focuson additive decisionproblemsin this sec-
tion, we can define a notion of conditional GEU, which
greatlysimplifiesthe presentatiomf the GEU axioms.Given
a plausibilistic decisionproblemD = ((4,S,C), E,u, Pl)
and() # Z C S, definethe GEU of acta restrictedto Z as

follows:
- @ P

r€UL(Z)

EplE u, [ ﬁZ)

NotethatEpLE(ua [S) = Epl,E(ua).
Sincewe arerestrictingto additive decisionproblemsit is

easyto checkthat, givena partition X1,..., X,, of Y C S,
we have that
Ep,e(u, [Y) =Ep,e(u, [ X1) ® -+ ® Epp(ug [ X,).

Also, it is easyto checkthatfor all nonemptypropersubsets
X of S,

Ep,£(U(a,, X,a0)) = EpLE(Ua, | X) @ Epp(ug, | X).

Let Ep(X) = {EprLe(u. [ X) | a € A}. (We omit the
subscriptD if it is clearfrom context.) Intuitively, Ep(X)
consistsof all the expectedutility valuesof actsin A re-
strictedto X . To simplify the statemenof oneof theaxioms,
let (u, X,v)) =PI(X)®ud PI(X)®0vif ) # X # S, and
let (u, 0, v) = vand{u, S,v) = u.

Al. Forallz,y,z € £(9),
(@) z Jvyory Jv x,and
(b) if x 2y yandy 2y z, thenx Zy 2.
Forall ) # X # S, z1. 20 € £(X), y1,y2 € E(X),
e 21 DY Jv 2 Dy iff 21 Dyo Zv 22 D Y.
Forall ) # X # S, if thereexist 71,72 € £(X) such

thatfor all y € £(X) 21 © y <y 72 @ v, thenfor all
Uy, U2 € ran(u), Ul jv U2 iff

A2.

A3.

®They do, hawever, ensurethat <s is a qualitative probability
(which is a binary relationon 2° with certainproperties)Savage,
1954.
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e forally € £(X),
PIX)®u1 @y <y PI(X) ®uz @y, Or

e forally € £(X),
PI(X)®u @y ~v PUX)Qus @ y.

A4d. Forall Xy, X> C S, uy,v1,us, vy € ran(u),
if v1 <y w; andvy <y us, then

° <<’(1,1,X1,U1>> :5‘/ <<’ll,1,X2,’U1>> iff
(u2, X1,v2)) Zv ((u2, X2, v2))

A5. Forsomeus, us € ran(u), u; <y us.

A6. Forall z,y € £(S), u € ran(u), if 2 <y y, then
for all a,b € A, ¢ € C, suchthatEpi g(u,) = z,
Epig(uy) = y, andu(c) = wu, thereexists a parti-
tion Zy,..., 7, of S, suchthatz canbe expressedas
1 @ -+ Pz, andy canbeexpressedsy; @ - - - D Yy,
wherez; = Ep; g(u, | Z;) andy; = Epy g(u, | Z;) for
1<i<mn,andforalll <k <n,

. Pl(Zk) XRu D @i;ﬁk x; <v Y, and
e z <y Pl(Zy) @ud Gai#k Yi -

Al saysthat the expectedutility valuesare linearly pre-
ordered; more specifically Al(a) saysthat they are totally
preorderedand Al(b) saysthat the relation is transitive.
Note that A1 doesnot saythat the whole valuationdomain
is linearly preorderedthat would be a sufficient but not a
necessarycondition for GEU(D) to satisfy P1. Sincewe
want necessarand sufficient conditionsfor our represen-
tation results, some axioms apply only to expectedutility
valuesratherthanto arbitrary elementsof the valuationdo-
main. As the following theoremshaws, every subsetof
{A1(a), A1(D),..., A6} representshecorrespondingubset
of {P1(a),P1(b),...,P6}.

Theorem4.1: Forall I C {1(a),1(b),...,6},{Ai|i € I}
represent§Pi | i € I}.

Theoremd.lis astrongrepresentationesult. For example,
if we areinterestedn capturingall of Savages postulatedut
the requirementhat < 4 is totally ordered,and insteadare
willing to allow it to bepartially ordered(asituationexplored
by Lehmann[1994), we simply needto drop axiom Al(b).
Although we have focusedhereon Savages postulatesit is
straightforvardto representary of the otherstandardoos-
tulatesconsideredn the decisiontheory literaturein much
the sameway.

5 Conclusion

We have introducedGEU, a notion of generalizedeU and
shavn that GEU can(a) representll preferenceaelationson
actsand(b) be customizedo captureary subsebf Saszages
postulates.In [ChuandHalpern,2003, we shov that GEU
canbeviewedasauniversaldecisionrule in anevenstronger

sense:almostevery decisionrule hasa GEU representation.

Thus, the framework of expectationstructuregogetherwith

GEU providesa usefullevel of abstractiorin which to study
thegeneraproblemof decisionrmakingandrulesfor decision
making.
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Abstract

Many differentrulesfor decisionmakinghave been
introducedin the literature. We shawv thata notion
of generalizedxpectedutility proposedn a com-
panionpaper[ChuandHalpern,2009 is a univer-
sal decisionrule, in the sensehatit canrepresent
essentiallyall otherdecisionrules.

1 Introduction

A greatdealof effort hasbeendevotedto studyingdecision
making. A standardormalizationdecribeghe choicesa de-
cision maker (DM) facesasacts,whereanact is a function
from statesto consequencesMany decisionrules (that is,
rulesfor choosingamongacts,basenthetastesandbeliefs
of the DM) have beenproposedn the literature. Someare
meantto describehow “rational” agentsshouldmalke deci-
sions,while othersaim at modelinghow realagentsactually
male decisions.Perhapghe best-knavn approachs that of
maximizing expected utility (EU). Normative agumentsdue
to Savage[1954 suggesthat rationalagentsshouldbehae
asif theirtastesarerepresentetly a real-valuedutility func-
tion on the consequencegheir beliefs aboutthe likelihood
of events(i.e., setsof states)yrerepresentethy a probability
measureandthey aremaximizingthe expectedutility of acts
with respecto this utility andprobability.

Despitethesenormative argumentsit is well known that
EU oftendoesnotdescribenhow peopleactuallybehae when
they make decisions[Resnik, 1987; thusEU is of limited
utility if we wantto model (and perhapspredict) how peo-
ple will behave. As a result, mary alternatvesto EU have
beenproposedn theliterature(see for example [Gul, 1991;
Gilboa and Schmeidler 1989; Giang and Sheng, 2001;
Quiggin, 1993; Schmeidler 1989; Yaari, 1987). Someof
theserulesinvolve representationsf beliefsby meansother
than a (single) probability measure;in somecases beliefs
andtastesarecombinedin waysotherthanthe standardvay
which producesexpectedutility; yet other cases,such as
Maximin andMinimax Regret[Resnik,1987, donotrequire
arepresentationf beliefsatall.

*Work supportedn partby NSFundergrantslIS-0090145and
CTC-0208535and by the DoD Multidisciplinary University Re-
searcHnitiative (MURI) programadministeredy ONR undergrant
N00014-01-1-0795.
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In a companionpaper[Chu and Halpern,2003, we pro-
posea generaframavork in which to studyandcomparede-
cision rules. The ideais to define a generalizechotion of
expectedutility (GEU),whereaDM'’sbeliefsarerepresented
by plausibility measure$FriedmanandHalpern,1999 and
theDM’stastesarerepresentetly general(i.e.,notnecessar
ily real-valued)utility functions. We shawv therethat every
preferenceaelationon actshasa GEU representationHere
we shawv that GEU is universalin amuchstrongersensewe
shawv thatessentiallyall decisionruleshave GEU representa-
tions. The notion of representinggnedecisionrule usingan-
otherseemgo be novel. Intuitively, decisionrulesarefunc-
tions from tastes(and beliefs) to preferencerelations,so a
representatioof a decisionrule is arepresentationf a func-
tion, notapreferenceelation.

Roughlyspeakinggiventwo decisionrulesR, andR 2, an
R4 representation of R4 is a function 7 that mapsinputs of
R» to inputsof R; that containthe samerepresentatiorof
tastes(and beliefs)suchthat R, (7(z)) = Ra(z). Thus,r
models,in aprecisesenseauserof R, asauserof Ry, since
T preserestasteqandbeliefs). We show thata large collec-
tion of decisionruleshave GEU representationandcharac-
terizethe collection. Essentially a decisionrule hasa GEU
representatioiff it is uniform in a precisesenselt turnsout
thattherearewell-known decisionrules,suchasmaximizing
Choquetexpectedutility (CEU) [Schmeidler 1989 (which
essentiallyassumeshatthe DM is representindpeliefsusing
a DempsterShaferbelief function Bel, andthenmaximizing
CEU with respecto Bel), thathave no GEU representations.
Thisis because is not allowedto modify therepresentation
of thetasteqgandbeliefs). We thendefinea notion of ordinal
representation, in which 7 is allowedto modify therepresen-
tation of the tastes(and beliefs),andis requiredto presere
only the ordinal aspectof the tastes(andbeliefs). We show
that almostall decisionrules, including CEU, have ordinal
GEU representations.

Thereseemdo be no prior work in the literaturethatcon-
sidershow onedecisionrule canrepresenanother Perhaps
the closestresultsto our own arethoseof Lehmann[2001].
He proposes “unified generaltheory of decision”thatcon-
tainsboth quantitatve and qualitative decisiontheories. He
considersa particulardecisionrule he calls Expected Quali-
tative Utility Maximization, which allows utilities to be non-
standardreal numbers;he definesa certainpreorderon the
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nonstandardeals and makes decisionsbasedon maximiz-
ing expectedutility (with respecto that preorder). That his
frameavork hasEU asa specialcaseis immediate,sincefor
the standardeals,his preordereducego the standarcorder
onthereals. He arguesinformally thatMaximin is a special
caseof hisapproachsothathis approactcancaptureaspects
of morequalitatve decisionmakingaswell. It is easyto see
thatLehmann$approachs a specialcaseof GEU; hisruleis
clearlynotuniversalin our sense.

2 Preiminaries

To makethis paperself-containedmuchof thematerialin the
first threesubsection®f this sectionis taken (almostverba-
tim) from [ChuandHalpern,2003.

2.1 Plausibility, Utility, and Expectation Domains

Sinceone of the goalsof this paperis to provide a general
frameawork for all of decisiontheory we wantto represent
thetastesandbeliefsof the DMs in asgenerakframewnork as
possible.To this end,we useplausibility measureso repre-
sentthebeliefsof the DMs and(generalizedtility functions
to representheir tastes.

A plausibility domain is a set P, partially orderedby
=p (so <p is areflexive, antisymmetric,and transitive re-
lation), with two specialelements| p and T p, suchthat
forallz € P, Lp <p z <p Tp.AfunctionPl: 25 — Pis
aplausibility measure iff

P11. P1(0) = L,
Pl12. PI(S) =T, and
P13. if X C Y thenPl(X) < PI(Y).

As pointedout in [Friedmanand Halpern,1999, plausibil-
ity measuregieneralize not only probability, but a host of
otherrepresentationsf uncertaintyaswell. A utility domain
is asetU endavedwith areflexive binaryrelation=y. Intu-
itively, elementof U representhe strengthof likesanddis-
likesof the DM while elementof P representhestrengthof
herbeliefs.

Oncewe have plausibility and utility, we want to com-
bine them to form expectedutility. To do this, we intro-
duceexpectationdomainswhich have utility domains plau-
sibility domains,and operators® (the analogueof +) and
® (the analogueof x).> More formally, an expectation do-
mainisatuple E = (U, P,V,®, &), where(U, 3p) is a util-
ity domain, (P, <p) is a plausibility domain, (V, Zv) is a
valuationdomain(where <y is a reflexive binary relation),
®:PxU—V,and® : V x V — V. (As usual,we omit
subscriptasvhenthey areclear) We have four requirements
on expectationrdomains:

El (z@y)@z=2® (y D 2);

E2. xdy=ydux,

E3. TQx=ux

EA4. (U, 3v) isasubstructuref (V, Zv).

1Sometimesve use x to denoteCartesiarproduct;the context
will alwaysmaleit clearwhetherthisis thecase.
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E1 and E2 saythat & is associatie and commutatve. E'3
saysthat T is the left-identity of ® and £4 ensureghatthe
expectationdomainrespectsherelationon utility values.

The standard expectation domain, which we denoteR, is
(R,[0,1],R, +, x), wheretheorderingon eachdomainis the
standardrderonthereals.

2.2 Decision Situations and Decision Problems

A decision situation describeghe objective part of the cir-
cumstancéhatthe DM faceqi.e., thepartthatis independent
of thetastesandbeliefsof the DM). Formally, adecisionsit-
uationis atuple A = (A, S, C), where

e S is thesetof stateof theworld,
e ( isthesetof consequencesnd
e Aisasetof acts(i.e.,asetof functionsfrom S to C).

An acta is simple iff its rangeis finite. Thatis, a is simple
if it hasonly finitely mary consequencesMany works in
the literature focus on simple acts (e.g., [Fishkurn, 1987).
We assumein this paperthat A containsonly simple acts;
this meanghatwe candefine(generalized¥xpectatiorusing
finite sums,sowe do not have to introduceinfinite seriesor
integrationfor arbitrary expectationdomains. Note that all
actsare guaranteedo be simpleif either S or C is finite,
althoughwe do notassumehathere.

A decisionproblemis essentiallya decisionsituationto-
getherwith informationaboutthe tastes(and beliefs) of the
DM; thatis, a decisionproblemis a decisionsituationto-
gethermwith the subjectve partof the circumstancehatfaces
the DM. Formally, a nonplausibilistic decision problem is a
tuple (A, U, u), where

e A= (A,S,C)isadecisionsituation,
e U isautility domain,and
e u: C — U isautility function.

A plausibilistic decision problem is a tuple (A, E, u,Pl),
where

e A= (A,S,C)isadecisionsituation,

e £ =(U,PV,®,®d)isanexpectationdomain,
e u: (C — Uisautility function,and

e P1:2°% — Pisaplausibilitymeasure.

We couldhave let a plausibilisticdecisionproblembe simply
a nonplausibilisticdecisionproblemtogetherwith a plausi-
bility domainanda plausibility measurewithout including
the othercomponent®f expectationdomains.However, this
turnsoutto complicatethe presentatiorfseebelow).

We saythat D is standard iff its utility domainis R (and,
if D is plausibilistic,its plausibility measurds a probability
measurandits expectatiordomainis E).

2.3 Expected Utility

Let D beadecisionproblemwith S asthesetof stateslV as
theutility domain,andu astheutility function. Eachacta of
D inducesa utility random variable u, : S — U asfollows:
u,(s) = u(a(s)). If in additionD is plausibilisticwith P
asthe plausibility domainandP1 asthe plausibility measure,
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theneacha alsoinducesautility lottery ¢4 : ran(u,) — P

asfollows: ¢F41(u) = Pl(u, !(u)). If D isin factstandard
(so E = E andPl is a probabilitymeasure’r), we caniden-
tify theexpectedutility of acta with theexpectedvalueof u,

with respecto Pr, computedn the standardvay:

Ep:(us) = Y Pr(u;'(z)) x .
x€ran(ug)
We cangeneralize(2.1) to an arbitrary expectationdomain
E = (U, P,V,®,®) byreplacing+, x, andPr by @, ®, and
P1, respectiely. This givesus

B Pl @)@

z€ran(ug)

We call (2.2) the generalized EU (GEU) of acta. Clearly
(2.1)is aspecialcaseof (2.2).

2.1)

Epl,E(ua) = (22)

2.4 Decision Rules

Intuitively, a decisionrule tells the DM what to do when
facinga decisionproblemin orderto geta preferenceela-
tion on acts—e.g.comparethe expectedutility of acts. Just
aswe have nonplausibilisticdecisionproblemsand plausi-
bilistic decision problems,we have nonplausibilisticdeci-
sion rules and plausibilistic decisionrules. As the name
suggests,(non)plausibilisticdecision rules are defined on
(non)plausibilisticddecisionproblems.

We do not requiredecisionrulesto be definedon all deci-
sion problems. For example, (standard)EU is definedonly
on standardplausibilisticdecisionproblems.More formally,
a (non)plausibilistic decision rule R is a functionwhosedo-
main,denotedlom(R), is asubcollectiorof thecollectionof
(non)plausibilisticdecisionproblems,and whoserange,de-
notedran(R), is a collectionof preferenceelationson acts.
If D € dom(R) anda; anda, areactsin D, thenwe write

ay jR(D) as iff (al, ag) S R(D)
Hereareafew examplesof decisionrules:

e GEUis aplausibilisticdecisionrule whosedomaincon-
sistsof all plausibilisticdecisionproblems.Givena decision
problemD = (A, E,...), whereE = (U,P,V,®,®), we
have aq ijEU(D) as iff EpLE(u,,,l) jv EpLE(u@) for all
actsaq, as of A. Notethat GEU would notbeadecisionrule
accordingo this definitionif plausibilisticdecisionproblems
containedonly a utility function anda plausibility measure,
anddid notincludethe othercomponent®f expectationdo-
mains.

e Of coursestandarcEU is adecisionrule (whosedomain
consistf all standardlausibilisticdecisionproblems).

e Maximin is a nonplausibilisticdecisionrule that orders
actsaccordingto their worst-caseconsequencelt is a con-
senativerule; the“best” actaccordingto Maximinis theone
with the bestworst-caseconsequencelntuitively, Maximin
views Nature as an adwersarythat always pick a statethat
realizesthe worst-caseconsequencajo matterwhatact the
DM chooses. The domainof (standard)Maximin consists
of nonplausibilisticdecisionproblemswith real-valuedutil-
ities. Given an act a and a real-valued utility function u,
let wy(a) = minges uq(s). Thengivena decisionproblem
D= (-’47 Ra u)r a ,jMaximin(D) az iff Wu (al) < wy (a2)-
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e Minimax Regret (REG)is basedon a differentphiloso-
phy. It triesto hedgea DM’s bets,by doing reasonablywell
no matterwhattheactualstateis. It is alsoanonplausibilistic
rule. As afirst stepto definingit, givenanonplausibilistiade-
cisionproblemD = ((4, S, C),R, u), for eachstates € S,
let @, = sup,c4 uq(s); thatis, u, is the leastupperbound
of the utilities in states. Theregret of a in states, denoted
r(a, s),isus — uy(s); notethatnoactcando betterthana by
morethanr(a, s) in states. LetT(a) = sup,cgr(a,s). For
example,supposehatr(a) = 2 andthe DM picksa. Sup-
posethatthe DM thenlearnsthat the true stateis s, andis
offereda chanceo changehermind. No matterwhatactshe
picks,the utility of the new actcannotbe morethan2 higher
thenu,(sg). REG ordersactsby their regretandthustakes
the “best” actto be the onethat minimizest(a). Intuitively,
this rule triesto minimize the regretthata DM would feel if
shediscoveredwhatthe situationactuallywas: the “l wish |
haddoneas insteadof a;” feeling. Thus,a; jREg(D) as
iff T(a1) > T(a2). Like Maximin, Natureis viewed asan
adwersarythat would pick a statethat maximizesregret, no
matterwhat act the DM chooses.lt is well known that, in
generalMaximin, REG,andEU give differentrecommenda-
tions[Resnik,1987.

e TheMaxminExpectedJtility rule (MMEU) [Gilboaand
Schmeidler 1989 assumeghat a DM’s beliefs are repre-
sentedby a setP of probability measures.Act a; is pre-
ferredto ay if the worst-caseexpectedutility of a; (taken
over all the probability measuresn P) is at leastaslarge as
the worst-caseexpectedutility of a;. ThusMMEU s, in a
sensea hybrid of EU and Maximin. To view MMEU asa
function on decisionproblems,we must first shav how to
represent setof probability measuressa single plausibil-
ity measure.We do this using an approachdueto Halpern
[2001]. Let the plausibility domainP = [0, 1]”, thatis, all
functionsfrom P to [0, 1], orderedpointwise;in otherwords,
p <p qiff p(Pr) < ¢(Pr) for all Pr € P. Thus,in this
domain, L is the constantfunction 0 and T is the constant
function1. ForeachX C S, let fx € P bethefunction
that evaluateseachprobability measurdn P at X; thatis,
fx(Pr) = Pr(X) for all Pr € P. LetPlp(X) = fx; it
is easyto verify that Plp is a plausibility measure We view
Plp asarepresentationf the setP of probabilitymeasures;
clearly’? canberecoveredfrom Plp. Thedomainof MMEU
consistsof all plausibilistic decisionproblemsof the form
D = ((A,5,C),(R.[0.1]”,V,&,®),u,Plp), whereP is
a setof probability measuresn 2°, anda,; ZMMEU(D) @2
iff infpyep Epr(ual) < infprep Epr(ua2). Note that this
definitionignores®, ®, andV'.

o (DempsterShafer)belief functions [Dempster1967 are
a representatiorof uncertaintythat generalizeprobability.
Thatis, every probability measurds a belief function, but
the converseis not necessarilytrue? Given a belief func-
tion Bel, it is well-known that there exists a set Pp. of
probability measuresuchthatfor all X C S, Bel(X) =
infp,ep,,, Pr(X) [Dempster 1967. A notion of expected

2Dueto lack of spacewe assumehatthereaderis familiar with
belieffunctions.
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utility for belieffunctionswasdefinedoy Choquef{1953 as
follows. Givenanacta anda real-valuedutility functionu,
if ran(u,) = {u1,...,up} andu; < - -+ < uy,, then

Epa(u,) = u1 + ZBel(Xi) X (u; —ui—1),
=2
where X; = u;'({u;,...,u,}). Itis easyto check(2.3)
agreeswith (2.1)if Bel is a probabilitymeasureMoreover,
EBel(ua) - ianrG'PBel EPr (ua) (24)
in general.The Choqueexpectedutility (CEU)rule hasasits
domaindecisionproblemsof the form D = (A, E, u, Bel).
Define a; jCEU(D) ay iff EBel(ual) < EBel(uaz). It is
immediatefrom (2.4) thatif Dp,_, is the decisionproblem
thatresultsfrom D by replacingBel by Plp,_ , andreplacing
the plausibility domain |0, 1] in the expectationdomain by
[0,1]7=<!, thenar Zceu(p) a2 iff a1 Sumpumy,,) a2-

(2.3)

3 Representing Decision Rules

Givenadecisionrule R anda preferenceelation < 4 onthe
setof acts A, anR representation of 3 4 is basicallya deci-
sionproblemD € dom(R) suchthatR(D) = <4 (andthe
setof actsin D is A). In otherwords,anR representationf

<4 malesR relateactsin A theway = 4 relateshem,sowe

canmodela DM whosepreferenceelationis X4 asauser
of R. In [ChuandHalpern,2003 we show thatevery pref-

erencerelationon actshasa GEU representationHerewe

wantto extendthe notion of representatioto decisionrules;
intuitively, we wantan R, representationf R, to allow us
to modela userof R, asauserof R,. To make this precise,
we needa few definitions.

Two (plausibilistic)decisionproblemsD; andD, arecon-
gruent, denotedD; = D, iff they involve the samedecision
situation,utility domain,andutility function (and,if bothare
plausibilistic, the sameplausibility domain and plausibility
measuraswell). Notethatif D; = D,, thenthey agreeon
thetasteqandbeliefs)of theDM, soif they arebothnonplau-
sibilistic, thenD; = D,, andif they areboth plausibilistic,
thenthey differ only in the V', 2y, @, and® component®f
their expectatiordomains.

A decision rule transformation 7 is a function that maps
inputs of onedecisionrule R, to the inputs of anotherrule
R1. A decisionrule transformationr isan7R; representation
of Ry iff dom(7) = dom(R3) andfor all D € dom(R>),

7(D) 2 D andR(7(D)) = Ra2(D).
ThusaDM thatusesR, to relateactsbasednhertastegand
beliefs)behaesasif sheis usingR4, sincer(D) = D and
R1(7(D)) = Ra(D).

Notethat7(D) = D is a GEU representationf EU. We
now considersomelesstrivial examples.

Example 3.1: To seethat Maximin hasa GEU representa-

tion, let Eax = (R,{0,1}, R, min, x), andlet Pl,,., be
the plausibility measuresuchthat Pl,,,.,(U) is 0 if X = 0
and1 otherwise.If D = (A4,R,u), whered = (A, S,C),
thenit is easyto checkthatEp,, . £,...(us) = wu(a). Take
7(D) = (A, Epax, 0, Plyay). Clearly (D) = D: theutil-
ity functionhasnot changed.Moreover, it is immediatethat
GEU(7(D)) = Maximin(D). 1
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Example 3.2: To seethatMinimax Regret(REG)hasa GEU
representatiorfpr easeof exposition,we take dom(REG) to
consistof standardiecisionproblemsD = ((4, S, C), R, u)
suchthat Mp = sup,e 4 scs5 Ua(s) < co. (If Mp = oo,
giventherestrictionto simpleacts,it is easyto shav thatall
actshave infinite regret.) Let Er.; = (R, [0, 1], R, min, ®),
wherez @ y = y — log(z) if x > 0,andz ® y = 0if z = 0.
Notethat L = 0 andT = 1. Clearly min is associatie and
commutatve,and T ® r = r — log(1l) = r for all r € R.
Thus, F:.g is anexpectationdomain.

For() # X C S, defineMx = sup,c 4 ¢c x Ua(s). Note
that Mg = Mp < oo; alsoif X C Y, thenMx < My. Let
Plp()) = 0 andPlp(X) = eMx—Ms_ |t is easyto verify
thatPlp is a plausibility measure.

It is easyto checkthat Epy,, .., (u,) = Mp — ry(a)
for all actsa € A. Let 7(D) = (A, Ereg, u,Plp). Since
the utility function hasnot changed,r(D) = D; further
more, higherexpectedutility correspondso lower regret,so
GEU(r(D)) = REG(D). 1
Example 3.3: To seethatMMEU hasa GEU representation,
letD = (A, (R,[0,1]7,V,3,®),u, Plp) € dom(MMEU).
Let Ep = (R, [0,1]7,R”, @, ®), whered is pointwisefunc-
tion addition,® is scalamultiplication,and

f Zwe g iff infprep f(Pr) < infprep g(Pr).

Note that we canidentify R with the constantfunctionsin
R”, soR canbeviewedasa substructuref R”. With these
definitions,Ep is anexpectationdomain.

Let 7(D) = (A, Ep,u,Plp). It isimmediatefrom the
definitionof Zg» that

a Jaru(r(p)) bIff infprep Epr(u,) < infprep Epr(up).

Thus GEU(7(D)) = MMEU(D); furthermore,it is clear
that 7(D) = D, sincethe utility function and plausibility
measuréave not changedll

Althoughit canrepreseninary decisionrules,GEU cannot
represeniCEU. We canin fact characterizéhe conditions
underwhich a decisionrule is representablby GEU.

Thereis atrivial conditionthata decisionrule mustsatisfy
in orderfor it to have a GEU representationintuitively, ade-
cisionrule R respectaitility if R relatesactsof constanutil-
ity accordingto therelationbetweenutility values.Formally,
adecisionrule R respects utility iff for all D € dom(R) with
A asthe setof acts, S asthe setof states,U asthe utility
domain,andu asthe utility function,for all a1,a2 € A, if
u,, (s) = u; for all statess € S, then

al jR(D) as iff U1 jU ug. (35)

We saythat R weakly respects utility iff (3.5) holdsfor all
constantacts(but not necessarilyor all actsof constanutil-
ity). It is easyto seethatGEUrespectsitility, sinceTQu = u
foralluw € U and(U, Zv) is asubstructuref (V, 3y). Thus
if R doesnot respectutility, it hasno GEU representation.
While respectingutility is a necessargonditionfor a deci-
sionrule to have a GEU representationt is not sufficient. It
is alsonecessarfor thedecisionrule to treatactsthatbehare
in similar wayssimilarly.

Two actsay, as in adecisionproblemD areindistinguish-
able, denotedu; ~p as iff either
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e Disnonplausibilisticandu,, = u,,, or

e Displausibilistic,and (g™ = ¢Ehw,
whereu is the utility function of D andP1 is the plausibil-
ity measureof D. In the nonplausibilisticcase two actsare
indistinguishabléf they inducethe sameutility randomvari-
able; in the plausibilistic case,they are indistinguishabldf
they inducethe sameultility lottery.

A decisionrule R is uniform if it respectsndistinguisha-
bility. More formally, R is uniform iff for all D € dom(R)
andas, as, by, by actsof D suchthata; ~p b;,

a; Zrp) a2 iff by Zr(p) ba-

Intuitively, we canthink of utility randomvariablesandutility
lotteriesasdescriptionof whatanacta doesin termsof the
tasteqandbeliefs)of theDM. If R is uniform, we canview
R asrelatingtheactsindirectly by relatingtheir descriptions.

As thefollowing theoremshaws, all uniformdecisionrules
have GEU representations.

Theorem 3.4: For all decision rules R, R has a GEU repre-
sentation iff R is uniform and R respects utility.

Proof: The"“if " directionis somavhatsimilarin spirit to the
proof of Theorem3.6, givenbelow; dueto thelack of space,
we omit this direction.

For the “only if” direction,supposeahat r is a GEU rep-
resentatiorof R andlet D, € dom(R) be arbitrary Sup-
posethat aq, az, b1, b2 areactsof Dy suchthata; ~p, b;.
It is easyto checkthatif D = (A, E,u,Pl) = D,, then
Epie(us;) = Epire(u,). Thusfor all plausibilistic D,
if D = Dy, then ay jGEU('D) as iff by éGEU('D) ba.
Sincer is a GEU representatiorof R, 7(Dy) = Dy and
R(Do) = GEU(7(Dy)). It followsthenthata; JIr(p,) a2
iff b1 Zr(py) b2; thusR is uniform.

Now supposéhata; andas, aretwo actsof constantutil-
ity, sayu, andus, respectrely, of Dy. Sincer (D) = Dy,
a; is still an act of constantutility «; in 7(Dy). Note that
a1 :jR('Do) as iff ay jGEU(T(’DO)) as iff uy :jU us, WherelU
is the utility domainof Dy, sincer is a GEU representation
of R. ThusR respectaitility. i

Most of the decisionruleswe have discussedireuniform.
However, CEU is not, asthefollowing exampleshaws:

Example3.5: LetD, = ((4, S, C),E, u, Bel), where
o A={aj,as2}; S ={s1,82,53}; C ={1,2,3};
e u(j)=yj,forj=1,23;
e ai(s;) =jandas(s;) =3 —j,forj=1,2,3;and

Bel is the belief function suchthat Bel(X) =
{51, 82} € X andBel(X) = 0 otherwise.
Sinceu, *(j) is asingleton,Bel(u,!(j)) = 0 fori = 1,2
andj = 1,2,3; thusa; ~p, az. On the otherhand, by
definition,

Epe(ta,) = 1+ Bel(X53)(2 — 1) + Bel(Xa)(3 - 2) = 1,
while
EBe](UQQ) =1+ Bel(Xlg)(2 — 1) + BOI(Xl)(?) — 2) = 2,

whereX;; = {s;,s;} and X, = {s;}. It followsthat CEU
is notuniform,andsohasno GEU representatiorll

1 if
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The readermay have noticed an incongruity here. Ex-
ample 3.3 showvs that MMEU has a GEU representation;
moreower, asshovn earlier MMEU producesessentiallythe
sameorder on actsas CEU. However, CEU hasno GEU
representation. Thereis no contradictionto Theorem3.4
here: Thereis no decisionproblemD suchthatD = D,
(from Example3.5) and GEU(D) = CEU(D.). However,
GEU((4,S,C), Epg,,,u,Plp, ) = CEU(D,). Of course,
(A, S,C), Epy,,u,Plp,. ) # D.; Plp,,, andBel arenot
the same,andthey in factrepresentelatedbut differentbe-
liefs. (It is easyto show that setsare partially preorderedy
Plp,,, buttotally preorderedy Bel.)

Thekey reasorthat GEU cannotrepresenhonuniformde-
cisionrulesis because¢hey do notrespectheindistinguisha-
bility relationsimposedby the utility function (andthe plau-
sibility measure) Recallthatwe requirethat (D) = D be-
causewne wantauserof onedecisionrulesto appeamsif she
wereusinganotherwithout pretendinghat shehasdifferent
tasteqandbeliefs). Sowe want r to presere thetasteqand
beliefs)of its input.

Thereis along-standinglebatéan thedecision-theoryiter-
atureasto whethermpreferenceshouldberegardedasordinal
or cardinal. If they areordinal, thenall that mattersis their
order If they arecardinal,thenit shouldbe meaningfulto
talk aboutthe differences betweenpreferencesthatis, how
muchmorea DM prefersoneconsequenct® another Simi-
larly, if representationsf likelihoodaretakento be ordinal,
thenall that mattersis whetheroneeventis morelikely than
another As we show below, if we requireonly thatr(D) and
D describethe sameordinaltasteqandbeliefs),thenwe can
in fact expressalmostall decisionrules,including CEU, in
termsof GEU.

Two utility functionsu; : C — U; anduy : C — U,
represent the same ordinal tastes if for all ¢;,co € C,
111(61) le 111(02) iff 112(01) ,-—\<,U2 112(02). Slmllarly, two
plausibility measure®l; : 2° — P, andPl, : 25 — P,
represent the same ordinal beliefs iff for all X, Y C S,
Pll(X) =p Pll(Y) iff PIQ(X) =p, PIQ(Y) Flna”y, two
decisionproblemsD; andD- aresimilar, denotedD; ~ D,
iff they involvethesamedecisiorsituationstheir utility func-
tions representhe sameordinal tastes,and their plausibil-
ity measuresepresenthe sameordinal beliefs. Note that
D1 = D, implies D; ~ Dy, but the corverseis falsein
general. A decisionrule transformationr is an ordinal R4
representation of Ry iff dom(7) = dom(R2) andfor all
D € dom(R3), 7(D) ~ D andRy(7(D)) = Ra(D).

We wantto shov next that almostall decisionrules have
anordinal GEU representationDoing soinvolvesonemore
subtlety Up to now, we have assumedhat plausibility do-
mainsare partially ordered. This implies thattwo plausibil-
ity measureshatrepresenthe sameordinal beliefsnecessar
ily inducethe sameindistinguishabilityrelation (becauseof
antisymmetry). Thus, in orderto distinguishsetsthat have
equivalentplausibilitieswhencomputingexpectedutility us-
ing ® and ®, we needto allow plausibility domainsto be
partially preordered. So,for thisresult,we assumehat<p is
areflexive andtransitive relationthatis not necessarilyanti-
symmetric(i.e., we couldhavethatp, =p p2 andps Zp p1

but p; # pa).
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Theorem 3.6: A decision rule R has an ordinal GEU repre-
sentation iff R weakly respects utility.

Proof: Therearetwo casesplausibilisticandnonplausibilis-
tic. They arealmostidentical; we just do the plausibilistic
casehere.(Also, the“only if” directionis quitesimilarto the
onein the proof of Theorem3.4,sowe omit it here.)

SupposehatR is aplausibilisticdecisionrule thatweakly
respectautility. Fix a plausibilistic decisionproblemD =
((A, S,C), Fy1,uy,Ply) € dom(R). LetU; and P; bethe
utility domainand plausibility domainof F;, respectiely.
Let By = (Us, P2, V,®, ®) be definedasfollows (notethat
x denote<Cartesiarproductin this proof):

o Uy = (Uy x C,Zp,), Where
(u1,¢1) Zw, (2, c2) iff ur Ju, o,
o P, = (P x2% Zp,), where

(p1,X1) Zp, (P2, X2) iff p1 Zp, po.
(Notethat =< p, is a partial preorder althoughit is nota
partialorder)

o« V= (25XU2,j ), wherez Zy yiff z =y or

Vv
x = S x{(u,a1)}, y = S x {(uz,¢2)}, and
(ulacl) v, (uz2,c2), or
2. 2 ={(s, (wi(a(s)),a(s))) | s € S},
y = {(s, (w1 (b(s)). b(s))) | s € S}, and

a Ir(p) b, for somea, b € A,

* (p.X)®(u,c) = X x{(u,c)}

e s y=axUyforalzyecV.

Notethat (Lp,,0) Sp, (p,X) Zp, (Tp,,S), sowe have
1lp, = (Lp,0) andTp, = (Tp,S); thus, P, is aplausi-
bility domain. SinceR weakly respectaitility, 1 and2 are
consistentwith one another We identify (u,c) € U, with
S x {(u, c)} in V; with thisidentification, T ® (u, ¢) = (u, ¢)
for all (u,c) € U, and, given 1 in the definition of 3y,
(Us, 3u,) is a substructureof (V, Zv). Furthermore® is
clearly associatie and commutatve, so Fs is indeedan ex-
pectationdomain.

Now we needto definea utility function anda plausibil-
ity measure.Let uz(c) = (ui(c),c) for all ¢ € C andlet
Pl2(X) = (P1;(X), X) forall X C S. Notethat

Pl2(X) Zp, PL(Y) iff PI1(X) Zp, PLi(Y). (3.6)
ThusP]l; is a plausibility measuresincePl; is a plausibility
measureAlso,

uz(c) Su, uz(d) iff ui(c) v, ui(d). (3.7)
Let 7(D) = ((A4,S,C), E3,u,Ply). Note that, by (3.6)
and(3.7), 7(D) ~ D; furthermore,it is easyto checkthat
Epi,.z, ((u2)a) = {(s, (wi(a(s)), a(s))) | s € S}; it easily
followsthatGEU(7(D)) = R(D). Thusr isanordinal GEU
representatioof . I

Theorem3.6 shavs that GEU can emulateessentiallyall
decisionrules. Thus,thereis a sensen which GEU canbe
viewedasauniversaldecisionrule. (Weremarkthatalthough
we havefocusecdhereonalternatvesthatareacts,in thesense
of Savage thatis, functionsfrom statedo consequences, is
nothardto shov—andwe doin thefull paper—thatthesame
resultshold if alternatvesaretaken to be horselotteries,in
the senseof AnscombeandAumann[1963.)

HP—‘

302

References

[AnscombeandAumann,1963 F. J. Anscombeand R. J.
Aumann. A definition of subjectve probability. Annals
of Mathematical Statistics, 34(1):199—-205March1963.

[Choquet1953 G. Choquet.Theoryof capacities Annales
de I’Institut Fourier (Grenoble), 5:131-2951953.

[ChuandHalpern,2003 F. C.ChuandJ.Y. Halpern.Great
ExpectationsPartl: Onthecustomizabilityof generalized
expectedutility. In Proc. Seventeenth International Joint
Conference on Artificial Intelligence (IJCAI ’01), pages
35-40,2003.

[Dempster1967 A. P. DempsterUpperandlower probabil-
ities inducedby a multivaluedmapping.Annals of Mathe-
matical Statistics, 38:325-3391967.

[Fishturn,1987 P. C. Fishturn. Reconsiderationsn the
foundationsof decisionunderuncertainty The Economic
Journal, 97(388):825-841Decembe 987.

[FriedmamandHalpern,1999 N. Friedman and J. Y.
Halpern. Plausibility measures:a users manual. In
Proc. Eleventh Conference on Uncertainty in Artificial
Intelligence (UAI ’95), pagesl75-1841995.

[GiangandSheng, 2001] P. H. GiangandP. P. Sheng. A
comparisonof axiomaticapproacheso qualitatve deci-
sionmakingusingpossibilitytheory In Proc. Seventeenth
Conference on Uncertainty in Artificial Intelligence (UAI
2001), pagesl62-1702001.

[GilboaandSchmeidler1989 I. GilboaandD. Schmeidler
Maxmin expectedutility with a non-uniqueprior. Journal
of Mathematical Economics, 18:141-1531989.

[Gul, 1991 F. Gul. A theory of disappointmengversion.
Econometrica, 59(3):667—-686May 1991.

[Halpern,2001] J.Y. Halpern.Conditionalplausibility mea-
suresand Bayesiannetworks. Journal of A.l. Research,
14:359-3892001.

[Lehmann2001 D. Lehmann. Expectedqualitative utility
maximization. Games and Economic Behavior, 35(1—
2):54-79 April 2001.

[Quiggin,1993 J. Quiggin. Generalized Expected Utility

Theory: The Rank-Dependent Expected Utility Model.
Kluwer AcademicPublishersBoston,Mass.,1993.

[Resnik,1987 M. D. Resnik. Choices: An Introduction to
Decision Theory. University of MinnesotaPress,Min-
neapolis1987.

[Savage,1954 L. J.Savage.Foundations of Statistics. John
Wiley & SonsNew York, 1954.

[Schmeidler1989 D. Schmeidler Subjectie probability
and expectedutility without additivity. Econometrica,
57:571-5871989.

[Yaari, 1987 M. E. Yaari. The dual theoryof choiceunder
risk. Econometrica, 55(1):95-115Januaryl987.

DECISION THEORY



1

A decision-making problem under uncertainty is a 4-tuple
(S,X,A, ), whereS is a set of states of natur&l a set
of consequencesd = X¥ the set of possible acts (in deci-
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Abstract

Different qualitative models have been proposed
for decision under uncertainty in Artificial Intelli-
gence, but they generally fail to satisfy the princi-
ple of strict Pareto dominance or principle of "ef-
ficiency”, in contrast to the classical numerical cri-
terion — expected utility. I{Dubois and Prade,
1994 qualitative criteria based on possibility the-

ory have been proposed, that are appealing but inef-

ficient in the above sense. The question is whether
it is possible to reconcile possibilistic criteria and
efficiency. The present paper shows that the an-
swer is yes, and that it leads to special kinds of
expected utilities. It is also shown that although nu-
merical, these expected utilities remain qualitative:
they lead to two different decision procedures based
on min, max and reverse operators only, generaliz-
ing the leximin and leximax orderings of vectors.

Introduction and motivation

sion under uncertainty, an act is a functipn S — X) and>=

sabbadin@toulouse.inra.fr

consequence, the topic of qualitative decision theory is a nat-
ural one to considefPearl, 1993; Dubois and Prade, 1995;
Brafman and Tennenholtz, 1997; Dubeisal.,, 1998b; Doyle
and Thomason, 1999; Giang and Shenoy, 2000; Duébis
al., 200d. Giving up the quantification of utility and uncer-
tainty has led to give up the expected utility (EU) criterion
as well: the principle of most theories of qualitative deci-
sion making is to model uncertainty by amdinal plausi-
bility relation on events and preference byamplete pre-
ordering on consequences. l[Dubois and Prade, 1995;
Duboiset al, 19980 two qualitative criteria based on pos-
sibility theory, an optimistic and a pessimistic one, are pro-
posed and axiomatized whose definitions only require a finite
ordinal scaleL = {0 < --- < 1} for evaluating both
utility and plausibility:

e f=orrau 9 Uorrru(f) = Uopr,r,u(g) Where
Vh,Uopr,x u(h) = maxseg min(m(s), u(h(s)))

o [ =pesxu 9= Upgsqxu(f) > Upgsxu(g) Wwhere
Vh, UPES,ﬂ',p,(h) = minsGS max(n(w(s)), /J“(h(s)))'

wheren : L — L is the order reversing function of L,
7 : S — L is a normalized possibility distribution and
u X — L is a utility function onX. In the following,

< S, X, L, 7, u > will be called a qualitative possibisitic util-
ity model (QPU-model) and we will assunSe X andL to be
finite, as is generally the case in qualitative decision making.

is apreference relatioon .4, usually complete and transitive
(i.e. is a complete preorder).

A numerical approach is classically advocated (see e.
[Savage, 1993 for encoding both the information pertain-
ing to the states of nature and the preferenceomuncer-
tainty is represented by a probability distributipand pref-
erence is encoded by a utility functian: X — [0,1] .
The pair< p, u > will be called aprobabilistic utility mode,
PU-model for short. Acts are then ranked according to thei
expected utilityE£U, ,, (written here in the finite setting):

The valueUpgs, -, .(f) is high only iff gives good conse-

uences in every “rather plausible” state. This criterion gen-
eralizes the Wald criterion, which estimates the utility of an
act by that of its worst possible consequené&gs . IS
thus “pessimistic” or “cautious”, the pessimism being moder-
ated by taking relative possibilities of states into account. On
the other handl/o p7 ., is @ mild version of thenaximax
griterion which is “optimistic”, or “adventurous”.

Although appealing from a qualitative point of view, pos-
sibilistic utilities suffer from a lack of decisiveness called

[ =EUpu 9 EUpu(f) > EUp () the "drowning effect”: when two acts give an identical and

whereVh € A EU, ,(h) = 3, p(s) - u(h(s)). extreme (either good or ba_d)_ consequence in some plausi-

Information about preference and uncertainty in decisiorP!€ State, they may be undistinguished by these criteria, al-
problems cannot always be quantified in a simple way, bu_{hough they may give significantly different consequences

only qualitative evaluations can sometimes be attained. As i the other states. As a consequence the principle of
Pareto dominance is not satisfied. That is it may be the

!Since expected utility is not sensitive to linear transformationscase thatvs, u(f(s)) > wu(g(s)) and that3s*, 7(s*) >
of u, the choice of0, 1] as the range fox is made for convenience. 0 andu(f(s*)) > u(g(s*)) butg = f.
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Example 1 Let S = {s1,s2}, L = {0,1,2,3,4,5}. Let Definition 1 (Refinement)

f and g be two acts whose utilities in stateg and s, are =’ refines=<Vf,ge A, f=g=f+'g.

listed below, as well as the possibility degrees of the states. gince we are looking for complete and transitive relations
One can check thalo pr.x,.(f) = Uoprxu(9) = 3and  tis natural to think of refinements based on expected utility.
Uppsxu(f) = Uppsxu(g) = 3 although f strictly dom-  5ayagd1954 has indeed shown that, as soon as a complete
inatesg (u(f(s1)) = p(g(s1)) and f has a better conse- nreorder is desired that satisfies the STP and some very nat-

quence insy). ural axioms, the EU criterion is almost unavoidable. So, the
s1 | 8o question is:are there any expected utility criteria that refine
fI 34 the possibilistic criteria ?
g | 31 Let< S, X, L, m, u > be aQPU model. When considering
T1 5 2 the optimistic (resp. pessimistic) criterion, we are looking

Most of the qualitative approach¢Bearl, 1993; Du_bois Io;ta >Fggz?lr“et%;n(2:t>n2it;oﬂr€ a(trnedss. gﬂgsfrzc):ltlﬁlﬁes’iléceg
and Prade, 1995, Brafman and Tennenholtz, 1997; Giang and .y, ,iiq the EU criteria by means of a transformatign

Shenoy, 200D fail to satisfy Pareto dominance. But this is T dictribn Fian-
not the case within expected utility theory, since this moderL _> [O’ 1] that mapS_r.to_a probability fdlstrlbuuon.
obeys the followingSure-Thing PrincipldSTP) that insures Definition 2 (Probabilistic transformation of a scale)

that identical consequences do not influence the relative pret-et< S, X, L, m, u > be a QPU model. A probabilistic trans-
erence between two acts: formation ofL w.r.t. 7 is a mappingy : L — [0, 1] such that

0r)=0andp = is a probability distribution.
STPYf, g, h, B, fAL = gAh & fAR = gAN, x(O) p=XomlSa probadllly
, , Notice the presence of the conditiqri0;) = 0 that ex-
wheref Ah denotes the act identical foon A C Sandto  presses the fact that the impossibility of an event (represented

hon S\ A. When:= is complete and transitive, the principle 1,y 5 degree of;, in possibility theory) is expressed by a null
of Pareto dominance is a direct consequence of the STP. So,#gopability. But the most plausible events (possibility degrees
it possible to benefit from the STP in the possibilistic frame-q¢ 17), obviously do not receive a probability degree 1of
work in order to satisfy the Pareto principle ? Unfortunately,gjnce they may be mutually exclusive. Notice also that we

it can been shown that this is generally not possible: are looking for a unique function for transformingZ —
Proposition 1 Let< S, X, L, 7, u > be a QPU model. bothp andu will be built upon this transformation. This is
=opPT,xu (OF =pEs,x,.) Satisfies the STP due to the fact that we assume that preference and uncertainty
< As* 1 w(s*) =1, andVs # s*, 7(s) = 0p. levels are commensurate and belong to the same scale : it is

This means that possibilistic decision criteria cannot obeyUs natural to transform the degrees regardless whether they
the STP, except in a very particular case: when the actual stafB0del uncertainty or preference. _ _
of the world is known, i.e. when there is no uncertainty atalll Moreover,r andy. originally represent all the information
So, we cannot stay in the pure QPU framework and escape irvailable to the user, both in terms of uncertainty of the actual
drowning effect altogether. The idea is then to cope with thedtate of the world and preference over possible consequences.
difficulty by proposingefinementsf the possibilistic criteria So, no un.deswablt-_:' e_lrbltrary information should be introduced
that obey the Sure Thing Principle in the re_ﬁned deCISIO!’l _mod_eI arpjaljdu must be as (;Iose
This paper shows (Section 2) that any possibilistic modefS p_ossublﬂe to the original information: we are looking for
can be refined by an expected utility. The kind of expectedUnbiased” transformations df. Formally:
utility that is at work, and the very special probability mea- Definition 3 (Unbiased transformation of a scale)
sure that underlies it, are studied in Section 3 under the lightet < S, X,L,m,u > be a QPU model andy a
of related work. It is also shown (Section 4) that althoughprobabilistic transformation of L.  y is unbiased iff
numerical, these expected utility criteria remain qualitative,ya, o/ € L,a < o’ < x(a) < x()
since they lead to a decision procedure based solely on min, As a consequence, using an unbiagezhsures that and

max and reverse operators — these new procedures genergl-: y o7 (resp.u andu = y o ) are ordinally equivalent:
ize well known leximin and leximax decision procedures . -Vs,s' € 8,p(s) > p(s') & n(s) > n(s)
) ) — - )

o . s - > > :
2 Expected utility refinements of qualitative v,y € Xoule) 2 uly) & ul) 2 uy)
possibilistic utilities 2.1 Expected utility refinements of optimistic QPU

Recall that a refinement’ of a relation: is a relation per- Let us first provide a tractable sufficient condition for a prob-

fectly compatible with~ (it agrees with- when provides abilistic transformation to generate an expected utility that
a strict preference), but can break ties by seting’ g for ~ refin€s=oprx .
somef, g that are indifferent w.r.t=. Formally: Proposition 2 Let< S, X, L, 7, u > be a QPU model ang

P - ! _ be a probabilistic transformation of w.r.t. 7. Also letH be
The idea of refining QPU first appeared Duboiset al., 200Q: the condition :

the principle was to break ties thougth an extra criterion (e.g. refin{;. ’ ’
ing the pessimistic QPU by the optimitic QPU or by another max-H'va’ o,BEL S't,'ﬁ 2 0> a:@ 1 1 ,
tnorm aggregation). The use of a max operator kept the approach (@) - x(8) > x(a') - x(8) + (IS] = 1) - x(1) - x(').

an ordinal framework, but forbade the full satisfaction of the STP  Then> gy yor,yop r€fines=opr » , Whenevery satisfiesH.
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H is a sufficient condition to generate an EU-refinement2.2 EU refinements of pessimistic QPU

of the optimistic QPU (it is also a necessary one when everyyhen considering the pessimistic qualitative model, the same

degree inL is attained by bothr and ). Importantly, there  ing of result can be obtained, noticing thakgs ., and

always exists a probabilistic transformation/o$atisfyingH. = opr.n, are dual relations: i

Letn;, = |{s € S,n(s) = a;}| andN =| S | +1. o '

Proposition 3 Proposition5 Let < S, X, L, 7, > be a QPU model.

: - = .

The functiony : L = {ag < ... < oz} — [0, 1] such that Then.v.f.,g €A S EPES TN g S g ZOPT mmon f

X(a0) = 0 andx(a;) = k=i = 1,k satisfiesH Vo > 0. Proposition 6 Let< S, X, L, m, u > be a QPU model ang
be a probabilistic transformation af w.r.t. 7. Letp = x o,

u=xopu,u =x(1g) — x onopu. Itholds that:

EEU,p,u reﬁnestOPT,Tr,u iff iEU,p,u’ reﬁnesiPE‘S,Tr,u-

X o is a probability distribution iffo = (3_,_, , == )L
In the sequely* will denote the functiony*(«;) = =T
obtained withv = (>, _, , —2 )% Consequently, it is always possible to build a probabilistic
i=1,k p2k—i . « . - %
transformationy* using Theorem 1, a probability= x* o

Example 2 Let us take the QPU model of Example 1, whereand a utility functionu’ = x*(11) — x* o n o u that define

N = 2, L = {0,1,2,3,4,5}. X*(Lf is the series an unbiased EU-refinement &fpgs - . This provides the
(0, %%, 7% 7> 7z 1) Wherev = (3 + w5) 1. So: following pessimistic counterpart of Theorem 1:

EU(f) = x*(5) - x*(3) + x*(4) - X"(2) = § + ww:  Theorem 2 For any QPU modek S, X, L, ju >

2 2

EU(g) = x"(5) - x"(3) + x"(2) - x*(1) = 7= + 7==, e There exist at least one unbiased transformatignof

[ is thus preferred tg. L w.rt. 7, a probability distributionp = x* o 7 and
x* is in fact sufficient to generate every unbiased EU- & utility functionu’ = x*(15) — x* o n o u such that

refinement of-o pr - ., Since all such refinements are equiv- Zpupu refineszppsx .

alent. e Let y and x’ be two unbiased probabilistic trans-

formations of L. If both =gy yor,y(1,)—xonou and
= BU x'om (1) —x'onop refine > prs,~ ., then they are
equivalent.

Definition 4 Two relations= and =’ are said to be equiva-
lent(- = =) iff Vfige A f=g& f="g

Proposmot?_ 4 Lgt < g’ t)f(I" L,mp >f be a QPU ”ﬁx)debﬁ' At this point in the paper we have proved an important re-
X2 two unbiase %ro abilistic transgrrﬂatmfnsb Tt sult for bridging qualitative possibilistic decision theory and
EEU’QO’T*X“’“ an >—__EU;<2°WX2°/" oth refine Zopr.x,u expected utility theory: we have shown than any optimistic
=7 ZBUxiomxion = ZEUxzomxzou or pessimistic QPU model can be refined by a EU model.
Notice that Proposition 4 does not mean that the numberghus, we may conclude that (i) possibilistic decision criteria
attached to the states by = y; o w andps = y2 o7, nor  are compatible with the classical expected utility criterion and
the ones attached to the consequencesby= x; o x and (i) choosing a EU model is advantageous, since it leads to a
us = 2 o p are the same - it only means that the two modelsEU-refinement of the original rule (thus overcomes the lack
are ordinally equivalent, that they make the same decisiongf decisiveness of the possibilisitic criteria), it satisfies the
and order the events and the consequences in the same w&J P and the principle of Pareto. But this does not mean that
It also implies that the refinements that does not belong to thigualitativeness and ordinality are given up. In Section 4, we
class (they may exist, e.g. those which introduce a total ordewill show that, although probabilistic and based on additive
in S or in X) cannot be unbiased : they must either introducemanipulations of numbers, these criteria remain ordinal. This
a strict preference between equivalent consequences or ordérvery natural: since we start with an ordinal model and do
equi-plausible states. not accept any bias, we produce another (probabilistic but)

So, we get the following result for optimistic QPU models: ordinal model, in which the numbers only encode orders of

magnitude — this is the topic of the next Section.
Theorem 1 For any QPU modek S, X, L, 7, u >:

e There exists an unbiased probabilistic transformatisn 3 EU refinements and big-stepped
of L w.rt. w such that= gy, or y+op T€fiN€S=Z0 P77 - probabilities : related work

e If x andx’ are two unbiased transformations &fs.t. ~ Both EU refinements of Section 2 are based on the same
both = pu,xor,xon @NA Z BU, /o ,x'op T€fiN€Z0PT,7 1y transformation of the possibility into a probability distri-
then =g yorxou = ZEUxomx ou- butionp = x o 7 3. The corresponding measufeis actually

We have hence obtained what we were looking for: for® Pig-stepped probability” that is, it satisfies:
any QPU model we are able to propose an EU model thatre=—5, .. 3But the optimisitc utilityu = x o 4 is not equal to the pes-
ﬁnes ZOPTm - AS a refinement, it_is_pe_rfec_t!y compatible simisitic utility «" = x(11) — x on o u : u puts the emphasis on the
with but more decisive than the optimistic utility. Moreover, poq; consequences, while the pessimistiprovides a high utility

it does not use other information than the original one - it iSyhen low consequences are avoided. It is actually hopeless to look
unbiased. Since based on expected utility, it obviously satisfor a common refinement 6f o pr ».,, and> pgs,» . Since it may

fies the Sure Thing Principle as well as Pareto Dominance. happen thaf >=opr,»,. g andg = pgs.~,. f altogether.
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Definition 5 A probability measureP is said to be big vectors. Whert is finite, the comparison of acts can indeed
stepped iff: Vs € S,P({s}) > P({s'st.P({s’}) <  beseenasacomparison of vectors of pairs of elemerits of

P({shH}) Definition 7 The representative vector of any atte A is

In other terms, for any, p(s) > > . st p(s)<p(s) P(s').  the vectorf = ((m1,411),--., (7, 1), . .. (mn, ) Where
Such measures are often encountered in the Al literaturer; stands forr(s;) andu; for u(f(s;)).
First, they have much in common wifSpohn, 1990s » — Comparing acts thus amounts to comparing elements of
functions: these disbelief degrees can indeed be interpretef;,2)N - For instance o pr - ,, is @ restriction to the case
e orerof gt of probaty (Pean, 1985 3ot n genera ... el n(. )"
probability. Moreover, big stepped probabilities also form Definition 8 (Maxmin relation) Letd, o € (L*)™. Then
a special class ofexicographic probabilitiesin the sense U = Magmin U & IAX I U5 2 MAX M0 V;,j
of [Blume et al, 1991; Lehmann, 1998— we add the re-
striction that here all the states within a single cluster ar
equiprobable. Indeed each cluster corresponds to a class of . = ~ ) ]
equipossible states and since we are looking for unbiase@PVious thalf =opr.ru g < f = rMazmin g. In this Section
transformations, equipossibility leads to equiprobability. Fi-We Will propose a refinement of /q.min, based only on the.
nally, Definition 5 generalizes the notion of big-stepped prob-2rdinal comparison of degrees and we will show the equiv-
ability of [Snow, 1999; Benferhagt al, 1999 — which is alence between this purely syntactical decision rule and the
recovered when each cluster is a singleton. Big stepped profPove EU models.
abilities have also been proposed[Buboiset al, 19983das 41 case of total ighorance

a way to refine any possibility/necessity measure ) . :
This reasoning on the order of magnitude also applies tgetus first consider the degen_erate case of total ignorance,
whereVs € S,7(s) = 1. In this case, the comparison of

utility: in a discrete setting, big-stepped utilities can be de-

oWwherew; ; is the;j*" element of the/" vector ofuj € (L)
If ¥ andv are representative of some adt$,= 2 and it is

fined in the same way: acts comes down to the comparison of utility degregs=
Definition 6 A utility measurex is said to be big stepped iff: ((1z,#1),--, (1L, un)) beqcomesf = (u1,..., pn). SO,
Vo, o' € X, u(z) > u(r') = u(z) > (|S] = 1) - u(z’) [ =oprmu g [ =nae GANdf =ppsr g1 f = nin

g. In decision making, the comparison of vectors by the max
and min operators is well known, as it is known that it suffers

that underlyx-utility functions [Pearl, 1993; Wilson, 1995; f;om a I%ilf of dﬁms“ée power. Tgﬁl |s|yvh)1€;gg|.1ements of
Bonet and Geffner, 1996; Giang and Shenoy, 200these _,m:n_a_m —maz _ave een_pr_opos oulin, ’

works have advocated an approach to decision under unceRefinition 9 (Leximax, Leximin) Letw,v € L". Then

tainty based om-functions, but without taking the STP into e @ >4, ¥ & (Vj,u) = vy Or 30, V5 < i,uy) =
account (decision is made on the order of magnitude only, () andugy > vy)

with a criterion comparable to optimistic utility). The present ., . ) e
work makes a step further: in order to satisfy Pareto optimal- ® ¥ Zimin U< (V3 ugg) = v OF 30, V5 > 4, ug) = v
ity, we go back to the underlyingutilities and probabilities, andu(;) > v(;)

using doubleexponents for epsilons instead of simple oneswhere, for anyw € LY, wy, is the k-thbiggestelement ofs
— we remain “big stepped” on the join scale. The other con-i.e. Wy > ... > W)
tribution of our approach is that it can be followed to encode
pessimistic utilities as well.

[La Valle and Fishburn, 1992; Hammond, 1998; Lehmann
1994 have studied decision models leiicographic prob- ~ N -
abilities or lexicographic utilities but in these models, the Example 3 Letd = (3,2,4) and ' = (2,2,4) @ =imaz
lexicographic characteristic is used only on one of the twosinCeu(1) = vy = 4andus) = 3 > v2) = 2; U@ =imin
dimensions (either the likelihood level, or the utility level). SiNCeu(3) = v(3) = 2 andu(z) = 3 > v() = 2.

We operate on both dimensions simultaneously using a join It is obvious that=;,,,.. refines>=,,q.. and>=;..., refines

The utility functionsx* o g and x*(1.) — x* on o pu
are big stepped utilities. It is also the case of thatilities

In practice, the leximin (resp. leximax) comparison con-
sists in ordering both vectors in increasing (resp. decreasing)
order and then lexicographically comparing them.

SIS

transformation. =min- Moreover, both relations escape the drowning effect
and are very efficient: the only pairs of ties are vectors that
4 QPU refinements are qualitative are identical up to a permutation of their elements.

Although probabilistic and based on additive manipulationsq 2 General Case
of utilities, our EU criteria remain ordinal, as paradoxical as
it may seem at first sight. To establish this claim, this Sectio
relates the previous EU criteria to the ordinal comparison o

Since the leximax and leximin comparisons are good candi-
ates in a particular case, we have imagined an extension of
hese procedures to the case of 2 dimensigag{)" instead

- < _ ;

“The “probabilistic likelihood relationp = y o is arefinement  Of L™). The only thing th]t’;}t_we need is to use any complete
of both the necessity) and possibility {I) relations based on. ~ Preorder> on vectors of.”™ instead of the classical relation

Reciprocally, it is easy to show that, for any big stepped probability> on L. It is then possible to order the sub-vectors of ahy
P, there exists & such thatP refines botHI and V. according ta> and to apply any of the previous procedures:
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Definition 10 (Leximax(>), Leximin(t>)) Let > be a com- So, the probabilistic refinements of possibilistic utili-
plete preorder or.™, = the associated equivalence relation ties are equivalent to purely comparative procedures: effi-
andr> is the strict part of>. Leti, v € (L*)N. Then cient QPU refinements are probabilistic but remain qualita-
¢ T Fimane) T (Vi ue,j) = ve or Jist vj < e Reciprocally, we can prove that th,,,,, (> min) and
i 5 2 v andus g B e o). = Imin(=lmaz,n) Preference relations over vectors of vectors
=2 (2.7) () (.9) always admit a representation by a sum (on N) of products
® U Zimine) U (Vi,ue ) 2 ve ) OrJist. Vi > (on M), provided thatL is discrete — but this is beyond the
iU, ) = V() andus i) B ves g ) scope of this paper, that focuses on decision under uncertainty

where, for any@ € (L)Y, w , is thei® biggest sub- ~(Where M=2).
vector ofw according to>.

The leximax procedure can in particular be applied to the5 Conclusion

preorder> =>;,..». In practice, this comparison consists in The topic of Qualitative Decision Theory has received much

first ordering the elements of each sub-vector in increasingttention in the past few years and several approaches, includ-

order w.r.t>, then in ordering the sub-vectors in decreasinging QPU, have been proposed. This latter model forms a con-

order (W.r.t. =;,:n)- It is then enough to lexicographically venient framework for a qualitative expression of problems

compare the two new vectors of vectors. of decision under uncertainty. However, it suffers from a lack
it _ of decisiveness. We have proposed EU-based refinements

PropOSItion 7 (Zumaz (=tmin) Orden of QPU which proved to be perfectly compatible with the

) Zimaa(zimin) 1S @ COmplete preorder; original qualitative expression of knowledge and preferences:

) = imaz(=tmin) TEiN€SZ mazmin; the only difference is that lexicographi¢imaz (lezimin)
i) If N =1, then=y,,az(=tmin) ="tmin; or leximin(leximaz)) comparisons are used instead of
iv) If M =1, then=;,,q0(-imin) ==imaz- maxmin Of minmaz. The axiomatization of these decision

SO, imaz(=imin) IS the refinement of ,,4..mi, We desire. procedures is out of the scope of this paper. It actually con-

Let us now compare representative vectors of acts using thiiSts in the 5 basic Savagean axioms, together with “mild”
relation (letting = 2) — we get a refinement 0f o pr » .: versions of the pessimism or optimism axioms of possibilis-
STk tic utilities (seelFargier and Sabbadin, 2003

Proposition 8 The  relation = iap(-imin) defined by x-utility functions have also received much attention in Al
I Zimaz(=tmin) 9 = [ Zimaz(=imin) g r€fin€s=opr x . but they too suffer from a lack of decisive power. Indeed, due
Example 4 The representative vectors paindg in Example Eﬁ themin (t)pe;_’dtglrénUn(.f), :S?I;n\j\?s{f(s) ;Méf(s))%,
P o ~ ey cannot satisfy Savage’s . We claim that, can be
Lare: f = ((5,3),(2,4). 9 *1(5’3)’ (2,1)). £5’3) ~lmin EU-refined, in the same way as we did for QPU, and that
(5,3), (4,2) =tmin (2,1)), SO =imaz(=imin) J- the EU-refinement can be expressed syntactically by replac-
The same kind of reasoning can be followed to re-ing themin operator by deximin one. The proof of this
fine >pps - The pessimistic utility of actf is conjecture, which would follow the same line as the one pre-
mingeg max(n(w(s)), u(f(s))). We need to refine a mini- sented here, is left for future research.

max procedure, and this can be done usig,,(-imaxz)- The other extension of our work is to refimeonotonic
Since operatornaz does not apply tgr(s), u(f(s))) butto utilities [Dubois et al, 1998¢ a family of decision crite-
(n(m(s)), u(f(s))), we use ther-reverse vectors of acts: ria that generalizes QPU and are based on the Sugeno in-

tegral. Monotonic Utilities admit anaxmin expression
- mazses(min(o(Fy), p(f(s)))), wheres : 29 — Lis a
n(f) = ((n(m(s1)), u(f(s1)), ... (n(7(sn)), u(f(sn)))- mono%onic measure anfl, = {s' € Ss.t.u(f(s)) >
Proposition 9 The relation >;,,in(=imaz,n) defined by  u(f(s))}. Again, we conjecture that replacingin andmax
~ with their lexicographical versions allows an efficient refine-
ment and lead to Choquet-EU criteffailboa, 1987.

Definition 11 The n-reverse vector of an acf € A is

—

f tlmin(ilmawm) g< Tl(f) tlmin(tlma:v) n(g)
refines>prs .-

So, the lexi-refinement ot-ppgs -, applies the lex- Appendix
imin(leximax) comparison to the-reverse vectors, while the ) .
refinement of=pr..,. applies the leximax(leximin) com- Most of the proofs are .omltted_ for sake of bre\_/lty
parison directly to the representative vectors. Both proce@Nd ~can be found in [Fargier and Sabbadin,
duresare purely ordinal the degrees i, are only compared 2003 or at the following address : http://www-
using min, max and reverse operators — only their relative®ia-inra.fr/T/sabbadin/WEB/FargierSabbadinO3Rap.html.
orders matter. Our final result is that these refinements aré/e provide here the skecthes of the most interesting ones.

; rafi ; e ; Proof of Proposition 1 < is trivial to show.
equivalent to the EU-refinements identified in Section 2. . Foranyz,y € X, A C S, let us denote: Ay the act such that

Theorem 3 Let< S, X, L, 7, > beaQPUmodelang a  zAy(s) = zif s € A, zAy(s) = y otherwise. Letz0 andz1 be

probabilistic transformation of. w.r.t. 7, p = yom, u =  two consequences such thgtr0) = 0r, andu(z1) = 1.

xopu =x(1p) —xonou: Suppose there exist;, s2, s1 # s2, m(s1) > m(s2) > 0

I) ZEUp,u refir?estopT7mM(:>§EU,p7uEtlmaz(ilmm). Then, we have z1{s2}z0 =OPT,m,u z0Sz1 and
II) tEU,p,u’ reflnesszsyﬂ,u@zEU,p,u/ Ei_lmin(tlmam,n)- x1{s1,s2}20 =OPT,m,u x1{s1 }z0, which violates the STP. So, if
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>opr.x,. Satisfies the STP then there exists at most gheuch  [Dubois and Prade, 1999. Dubois and H. Prade. Possi-

thatw(s*) > 0. Sincer is normalizeds* exists andr(s*) = 1. bility theory as a basis for qualitative decision theory. In
In the pessimistic case, just notice thalt >pgs ~,, 20{s2}zl Proc. of IJCAI'95 pages 1925-1930, 1995.
whereast0{s1, s2}xl Zpps,ru 0{s1}z1. O [Duboiset al, 19983 D. Dubois, H. Fargier, and H. Prade.

» Possibilistic likelihood relations. IfProc. of IPMU’98
Skectch of the proof of Proposition 4 Let us denotd.,, = {a; € pages 1196-1203. EDK, 1998.

L,3z € X,u(z) = ay} —letusrankl, = (ap < -+ < a; < ] ]

.. < ag)andL, = {f; € L,3s € S,7(s) = B} —letusrank [Duboiset al, 19984 D. Dubois, L. Godo, H. Prade, and

L= (B0 < - <Bi <-- < PBw). Itcan be assumed (without A. Zapico. Making decision in a qualitative setting: From

loss of generality) that. C L, = L. decision under uncertainty to case-based reasoning. In
Consider anyy; € L and@; = min{f; € L, 8; > a;}. There Proc. of KR'98 pages 594—-605, 1998.

exists a pai(s, v) wheren (s) = 3, ji(x) = ai. Letus also denote  1ry niset al, 1998¢ D. Dubois, H. Prade, and R. Sabbadin.

0 (resp.x1) a consequence of utility,, (resp.1r.). e e : ;
The proof of Proposition 4 is based on the observation that act Qualitative decision theory with sugeno integralsPhoc.

f:f(s) =z, f(s') = z0 is always strictly preferred by o pr,x,,. of UAI'98, pages 121-128, 1998.

to actg : g(s') = 1 whenn(s’) < a; andg(s’) = ai-1 [Duboiset al, 2004 D. Dubois, L. Godo, H. Prade, and

whenr(s') = Q. ) ) A. Zapico. Advances in qualitative decision theory: Re-
~From this, it can be s_,hown that (i) thv_e sub products, in the expres-  fined rankings. IrProc. IBERAMIA'0Q pages 427-436,

sion c_)_f the expec_ted utlllt_y, are ranked in the same way byxaagd 2000.

that (ii) the act with the biggegtproduct is surely strictly preferred ) ) ) )

to the other act (whatever the values of the remaining terms).  [Fargier and Sabbadin, 20081. Fargier and R. Sabbadin.

Lemmal Let x; and x2 two unbiased transformation aof re- Bridging the, gap betwegn qualitative decision theory and

fining =opr.mpu. It holds that Ya,a' € L,,V8,8 € Ln: expected utility. Technical Report IRIT/03-08-R, IRIT,

xi(@) - xa(B) > xa(@) . xa(f) = xa(@) . xa(8) > April 2003.

xz(e') . x2(8) [Giang and Shenoy, 199%. H. Giang and P. P. Shenoy. On

Lemma2 f >guxor,xou g & transformations between probability and spohnian disbe-

35 /Vi < §, X (Tt iy) - X(tor i) = X(Toa()) - X (o)) @and lief functions. InProc. of UAI'99 pages 236—-244, 1999.

X(Tos () X(Hot () > X(Toa(5)) - X(Hoa(s))- [Giang and Shenoy, 200(. H. Giang and P. P. Shenoy. A

Lemmas 1 and 2 together are enough to prove the equivalence of qualitative utility theory for spohn’s theory of epistemic
ZBU,x10m,x10n @NAZ BU,xz0m,x200, Whatevery; andy.: Indeed, beliefs. InProc. of UAI'’200Q pages 220—227, 2000.

I = EUx10mx10n g & (from Lemma 2)35/Vi < j, x1(Tyr ;) -
X1 (tos (1)) = X1(Toa (i) - X1 (Koo (i)) @and

X1 (o1 (jy) - X1 (Kot (5y) > X1(Toos)) - X1(tos(s)). But, from
Lemma 1, the comparison of products are the same if we change

[Gilboa, 1987 I. Gilboa. Expected utility with purely sub-
jective non-additive probabilitiesJournal of Mathemati-
cal Economics16:65-88, 1987.

X1 into x2, SO we get: 35/Vi < j,x2(7,r)) - X2(Mory) = [Hammond, 1998 P. J. Hammond.Consequentialism, non

X2(Toa(iy) - X2 (oo i) @NAX2(T, 5 (jy) X2 (ot () > X2(Toa(s)) archimedean probabilities and lexicographic expected

X2(Hoa(j)), Which implies (Lemma 2) that v, ysor,xzop- utility, In: The logic of strategy C. Bicchieri, R. Jeffrey
The same reasoning, simply swapping and x2 implies and B. Skyrms, 1998.

> BU.,x20m x20n=" > BU,x10m,x10p: 0M Which we get the equiva-  [La Valle and Fishburn, 19921. H. La Valle and P. C. Fish-

lence of= pu,x; om,x1 04 ANAZ BU xz0m X200 O burn. State-independent subjective expected lexicographic

utility. Journal of Risk and Uncertaint:217-240, 1992.
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