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Abstract

Utility elicitation is a critical function of any au-
tomated decision aid, allowing decisions to be tai-
lored to the preferences of a specific user. How-
ever, the size and complexity of utility functions
often precludes full elicitation, requiring that de-
cisions be made without full utility information.
Adopting theminimax regretcriterion for decision
making with incomplete utility information, we de-
scribe and empirically compare several new pro-
cedures for incremental elicitation of utility func-
tions that attempt to reduce minimax regret with as
few questions as possible. Specifically, using the
(continuous) space of standard gamble queries, we
show that myopically optimal queries can be com-
puted effectively (in polynomial time) for several
different improvement criteria. One such criterion,
in particular, empirically outperforms the others we
examine considerably, and has provable improve-
ment guarantees.

1 Introduction
As software for decision making under uncertainty becomes
increasingly common, the process of utility elicitation takes
on added importance. Tailoring decisions to a specific user
requires knowledge of the user’s utility function, information
that generally cannot be built into software in advance. In
domains as varied as travel planning, product configuration,
and resource allocation, to name but a few, assessing a user’s
utility function is an integral part of interactive decision mak-
ing. Unfortunately, as is well-known among decision ana-
lysts, utility functions are unwieldy, complex, and difficult
for users to articulate[5]. To mitigate these difficulties, ana-
lysts have developed many techniques for easing the burden
of elicitation. For example, structuring of multiattribute util-
ity functions reduces the number of parameters that need to be
assessed[6]; and the use ofstandard gamble queriesand sen-
sitivity analysis allows users to calibrate utilities more easily
[5].

More recently, emphasis has been placed on decision mak-
ing with incomplete utility information. The principle of
maximum expected utility (MEU) cannot be used directly
in such cases, since the utility function is unknown; thus

new decision criteria are needed. In addition, methods
for the automatic generation of queries have been devel-
oped that reduce uncertainty or incompleteness in the util-
ity function with minimal effort. Within AI, probabilistic
models of utility function uncertainty have been used[4;
2]. By assuming a density over possible utility functions,
expectations over this density can be taken to determine the
value of a decision; and standard Bayesian updating tech-
niques can be used to account for the responses to queries.
A different perspective is taken in work on imprecisely spec-
ified multiattribute utility theory (ISMAUT)[8; 7] in which
linear constraints on multiattribute utility functions are re-
fined, allowing the set of Pareto optimal decisions to be iden-
tified; these constraints are often refined until one action can
be proven optimal. Boutilier, Bacchus and Brafman[3] and
Blythe[1] adopt a somewhat related perspective, also reason-
ing with linear constraints on utility functions.

In this work, we adopt a distribution-free model, work-
ing with linear constraints on utility functions, much like
ISMAUT. Unlike ISMAUT, we allow for decisions to be
made (or recommended) even when the incompleteness in
utility knowledge prevents us from proving a decision is op-
timal. In such circumstances, we adopt theminimax regret
decision criterion. We also propose and examine several
methods for generating queries that reduce regret quickly,
in contrast to work on ISMAUT (where querygeneration
strategies have not been studied in depth). In this sense,
our model more closely resembles probabilistic models[4;
2], which rely on the fact that decisions of goodexpected
quality can be made with uncertain utility information. Using
the minimax regret criterion, we generate decisions whose
quality (difference from optimal) can be bounded in the face
of incomplete utility information. These bounds can be traded
off against query cost or minimum error requirements to
guide the query process.

The paper is organized as follows. We outline relevant
background in Section 2 and define the minimax regret crite-
rion for decision making with incomplete utility information.
We show how decisions of minimax regret can be computed
using simple linear programs (LPs) if utility constraints are
linear. We also discuss incremental elicitation, focusing on
standard gamble queries (SGQs)[5], the responses to which
impose one-dimensional, linear utility constraints that can be
easily handled using LPs. Our key contribution is described

309DECISION THEORY



in Section 3, where we develop several myopic elicitation
strategies. Assuming linear constraints in each utility dimen-
sion (an assumption consistent with the use of SGQs), we
show that the minimax regret improvement offered by any
response to a SGQ, as a function of the (continuous) query
parameter, is piecewise linear (PWL) and weakly monotonic
(decreasing or increasing, depending on the response). This
fact allows optimal queries under each query strategy to be
computed efficiently, in time linear in the number of utility
attributes, despite the fact that query space is continuous. We
present empirical results comparing the different strategies in
Section 4, demonstrating the effectiveness, in particular, of
themaximum expected improvementstrategy.

2 Minimax Regret with Incomplete Utility
Information

We assume a system charged with making a decision on be-
half of a user in a specificdecision scenario. By a decision
scenario, we refer to a setting in which a fixed set of choices
(e.g., actions, policies, recommendations) are available to the
system, and the (possibly stochastic) effects of these choices
are known. For example, the decisions could be courses of
medical treatment with known probabilities for specific out-
comes[4]. The system’s task is to take the optimal decision
with respect to the user’s utility function over outcomes, or
some approximation thereof. The system may have little in-
formation about the user’s utility function, so to achieve this,
it must find out enough information about this utility function
to enable a good decision to be made. We assume that The
system has available to it a set of queries it can ask of the user
that provide such information. We make these concepts more
precise below.

2.1 The Minimax Criterion

Formally, adecision scenarioconsists of a finite set of possi-
bledecisionsD, a finite set ofn possible outcomes (or states)
S, and a distribution functionPrd ∈ ∆(S), for eachd ∈ D.1

The termPrd(s) denotes the probability of outcomes be-
ing realized if the system takes decisiond. A utility function
u : S → [0, 1] associates utilityu(s) with each outcome
s. We often viewu as an-dimensional vectoru whoseith
componentui is simply u(si). We assume that utilities are
normalized in the range[0, 1] for convenience. Theexpected
utility of decisiond with respect to utility functionu is:

EU (d, u) =
∑

i∈S

Prd(si)ui.

Note thatEU (d, u) is linear inu. The optimal decisiond∗
w.r.t. u is that withmaximum expected utility (MEU).

In general the utility functionu will not be known with cer-
tainty at the start of the elicitation process, nor at its end. As
in ISMAUT [8; 7], we model this uncertainty by assuming a
set of linear constraintsC over the set of possibly utility func-
tionsU = [0, 1]n. More precisely, we assume that constraints

1The extension of our elicitation methods to a set of possible
decision scenarios is straightforward.

over unknown utility valuesui are linear. We useC ⊆ U to
denote the subspace ofU satisfyingC.

If a system makes a decisiond under such conditions of
incomplete utility information, some new decision criterion
must be adopted to rank decisions. Following[3], we adopt
the minimax regret decision criterion.2 Define the optimal
decisiond∗u with respect to utility vectoru to be

d∗u = argmax
di

EU (di, u).

If the utility function were known,d∗u would be the correct
decision. Theregretof decisiondi with respect tou is

R(di, u) = EU (d∗u, u) − EU (di, u).

i.e., the loss associated with executingdi instead of acting
optimally. LetC ⊆ U be the feasible utility set. Define the
maximum regretof decisiondi with respect toC to be

MR(di, C) = max
u∈C

R(di, u)

and the decisiond∗C with minimax regretwith respect toC:

d∗C = argmin
di

MR(di, C).

The(minimax) regret levelof feasible utility setC is

MMR(C) = MR(d∗C , C).

If the only information we have about a user’s utility function
is that it lies in the setC, thend∗C is a reasonable decision.
Specifically, without distributional information over the set
of possible utility functions, choosing (or recommending)d∗C
minimizes the worst case loss with respect to possible real-
izations of the utility function (e.g., if the trueu were chosen
by an adversary).

If C is defined by a setC of linear constraints, thend∗C
as well asMMR(C) can be computed using a set of linear
programs[3]. We can compute thepairwise max regret, for
any pair of decisionsdi anddj ,

PMR(di, dj , C) = max
u∈C

EU (dj , u) − EU (di, u)

using an LP (i.e., maximizing a linear function of the un-
known outcome utilities subject toC). SolvingO(|D|2) such
LPs, one for each ordered pair of actions, allows us to iden-
tify the decisiond∗C that achieves minimax regret and to de-
termine the minimax regret levelMMR(C).

2.2 Incremental Elicitation
Given partial knowledge of a utility function in the form of
constraint setC, the optimal decisiond∗C may have an unac-
ceptable level in regret. In such a case, a user could be queried
in order to reduce this level of uncertainty, thus generally im-
proving decision quality.3

2Minimax regret is often used for decision making understrict
or unquantified uncertainty[5], but its application to imprecisely
known utility functions appears not to have been considered in the
decision analysis literature.

3Note that max regret cannot increase with additional utility in-
formation: ifC ⊆ C′, thenMMR(C) ≤ MMR(C′).
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A common type of query is a standard gamble w.r.t. out-
comesi, where the user is asked if she preferssi to a gam-
ble in which the best outcomes> occurs with probabilityl
and the worsts⊥ occurs with probability1 − l [6]. We will
designate this queryqi(l) and focus our attention on such
standard gamble queriesor SGQs.4 Given a responseyes
to queryqi(l), the constraintui > l can be imposed on the
user’s utility function, thus (in general) refining our knowl-
edge; similarly, ano response corresponds to the constraint
ui ≤ l. A response to any standard gamble query imposes
a one-dimensional (i.e., axis parallel) linear constraint on the
utility set. Thus if our initial constraint setC is linear, comput-
ing the minimax optimal decision after a sequence of SGQs
can be accomplished using the LP method above. Further-
more, ifC consists of a set of bounds on utility values in each
dimension—i.e.,C forms a hyper-rectangle within[0, 1]n—
then after any sequence of SGQs, the feasible utility set re-
tains this form.

The interactive decision making context we consider is one
in which queries are asked repeatedly until the minimax re-
gret level falls to some acceptable value. At that point the
“optimal” decision, that with minimax regret given the cur-
rent constraints, is recommended. Termination can be based
on simple thresholding, or can take into account the cost of
a query (which can be weighed against the predicted im-
provement in decision quality).5 Generally, queries will be
asked that offer the greatest predicted improvement in deci-
sion quality.

Both query selection and termination rely critically on the
way in which “predicted improvement in decision quality”
is defined for a query. For example, when asking a query
qi(l) with respect to current constraint setC, we obtain two
constraint setsCno andCyes , respectively, given responses,
no andyes . We might then define the improvement in de-
cision quality associated with the query as some function of
MMR(Cno) andMMR(Cyes). Such a method of evaluating
queries ismyopic: the query is evaluated in isolation, without
consideration of its impact on the value or choice of future
queries.

It is important to note that optimal query choice is inher-
ently nonmyopic—in general, a sequence of several queries
may offer much more value than the aggregate myopic values
of the component queries. Unfortunately, nonmyopic meth-
ods require some form of lookahead, and thus often impose
severe computational costs on the process of query selec-
tion. For this reason, we focus on the development of several
myopic query selection strategies in the next section. This
is analogous to the use of myopic methods for the approx-
imation of value of information in cases where uncertainty
is quantified probabilistically; while the computation of true
value of information requires some form of sequential rea-

4Other types of queries could be considered, though we rely on
the special nature of SGQs in some of our results. SGQs are used
widely in decision analysis[5], and have been the main query type
studied in recent Bayesian elicitation schemes[4; 2].

5Of course, elicitation can continue until a zero-regret (i.e., opti-
mal) decision is identified: this occurs wheneverC ⊂ Rd for some
decisiond, the region of utility space for whichd is optimal. The
regionsRd are convex polytopes withinU .

soning, myopic approximations tend to be used frequently in
practice[5; 4].

3 Myopic Elicitation Strategies
In this section we describe three myopic strategies for query
selection under the minimax regret criterion. Throughout this
section we make the following assumptions:

(a) The initial constraints have the form of upper and lower
bounds in each utility dimension (these may be trivial
bounds, 0, 1).

(b) SGQs are asked, assuming some known best and worst
outcome. These ensure that each constraint set (after any
query) has the same form as the initial set (i.e., a hyper-
rectangle). We denote byubi andlbi the current bounds
on the utilityui of outcomesi.

(c) For simplicity, we assume a thresholdτ is used to imple-
ment termination; that is, when the predicted improve-
ment of a query falls belowτ , we terminate the process.

We discuss the impact of relaxing these assumptions later.

3.1 Characterization of Regret Reduction
Query selection is complicated by the fact that, in general,
there aren typesof SGQs that can be asked—one per out-
comesi—and a continuous set of instances of each typei—
qi(l) for eachl ∈ [lbi, ubi]. Whatever criterion is used to
select queries, it must distinguish among queries in thisn-
dimensional continuous space.

Before describing the three strategies, we characterize the
reduction in minimax regret offered by a response to a SGQ.
Assume current constraint setC, with boundsubi andlbi in
dimensioni. Given queryqi(l), with lbi < l < ubi, a nega-
tive response will provide us with a refined set of constraints
Cno = C ∪ {ui ≤ l}—i.e., it reduces the upper boundubi on
ui—with (ideally) reduced regret. A positive response gives
us a similarly refined constraint setCyes .

Focusing on the negative response, note that we’ll end up
with differentCno sets depending on the query pointl. Nat-
urally, the closer the query pointl is to lbi, the more infor-
mative a negative response is (since it constrainsui to be in
the interval[lbi, l]). Intuitively, we’d expect minimax regret
to be smaller given a tighter query. In fact, we can say more.
DefineMMRno(C, i, l) to beMMR(Cno) where theno is in
response to queryqi(l). We have:

Theorem 1 For any i ≤ n, MMRno(C, i, l) is a PWL, non-
decreasing function ofl.

Proof: For space reasons, we provide only an intuitive proof
sketch. DefinePMR(d, d′, C, i, l) = PMR(d, d′, C ∪ {ui =
l}); that is,PMR(d, d′, C, i, l) is the pairwise max regret of
d w.r.t. d′ given the current constraintsplus knowledge that
ui = l. It is not hard to see thatPMR(d, d′, C, i, l) is a
linear function ofl: maximizing the regret ofd w.r.t. d′ is
effected by setting each componentuj of the utility func-
tion to either its upper bound (ifPrd(sj) ≤ Prd′(sj)) or
lower bound (ifPrd(sj) > Prd′(sj)). Since this max is
achieved independently in each dimension, the contribution
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d2-d1

(c)

MMRyes

(b)

d1

d2 d3

MMRno

query point
MMI-optimal
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Figure 1: Structure of various functions in dimensioni, as a function ofl: (a) ThePMR for d1 (w.r.t. d1, d2, d3) are shown; as is
MR(d, C, i, l), the max (thin solid line) of pairwise max regret functions.MRno (thick solid upper line) is obtained by replacing thePMR
line d2 −d1 (with negative slope) by the constant line, and again taking the max. (b)MMRno (dashed line) is the min of theMRno functions
for each decision; (c) Intersection ofMMRno andMMRyes gives maximin improvement in MMR.

to max regret in dimensions other thani is constant, while
the contribution to regret in dimensioni givenui = l is lin-
ear in l, with coefficientPrd′(si) − Prd(si). It follows that
MR(d, C, i, l) = maxd′ PMR(d, d′, C, i, l) is a PWL convex
function ofl, since it is the max of these pairwise regret func-
tions (see Figure 1(a)).

Now defineMRno(d, C, i, l) = MR(d, C ∪ {ui ≤ l}), the
max regret ofd after obtaining a negative response to query
qi(l). (Note that this differs fromMR(d, C, i, l), which is de-
fined by assumingui = l, not ui ≤ l.) MRno(d, C, i, l) is
also a PWL convex function, obtained from the set of lin-
earPMR-functions that make upMR(d, C, i, l) as follows:
we replace any linear components with negative slope by the
constant lineMR(d, C, i, lbi). Intuitively, if the regret ofd
w.r.t. d′ after learningui = l decreases withl, then simply
learning thatui ≤ l cannot reduce pairwise max regret, since
this weaker constraint does not rule out the maximum regret
at l = lbi (see Figure 1(a) for this intuitive flattening of the
regret line ford2 − d1). This ensures thatMRno(d, C, i, l) is
also nondecreasing inl, as illustrated in Figure 1(a).

Finally, note that, by definition of minimax regret,
MMRno(C, i, l) = mind MRno(d, C, i, l). The minimum of
a collection of PWL, convex, nondecreasing functions is also
PWL and nondecreasing (though not necessarily convex) (see
Figure 1(b)).J
Note that this proof sketch shows how to construct a finite
representation of the functionMMRno(C, i, l) as a finite col-
lection of linear functions and inflection points. By entirely
analogous reasoning, we also have:

Theorem 2 For anyi ≤ n, MMRyes(C, i, l) is a PWL, non-
increasing function ofl.

3.2 Maximin Improvement

One goal of any query strategy is to determine utility informa-
tion that reduces regret as quickly as possible. Unfortunately,
for any given SGQqi(l), the exact reduction in regret can-
not typically be predicted in advance, since it differs depend-
ing on whether ayes or no response is obtained. Themax-
imin improvement (MMI)query strategy myopically selects
queries with the bestworst-caseresponse. More precisely,
let C be our current constraint set. We define the minimum

improvement of queryqi(l):

MI (qi(l), C) =
MMR(C) − max{MMRyes(C, i, l),MMRno(C, i, l)}.

At each stage, the queryqi(l) is asked whose minimum im-
provement with respect to the current constraint set is max-
imum. The process stops when no query has minimum im-
provement greater than thresholdτ .

To compute the optimal MMI query point, we find the
optimal query point in each dimensioni, and ask the SGQ
corresponding to the dimension with greatest MMI. The
PWL representation of the functionsMMRyes(C, i, l) and
MMRno(C, i, l) described above allows the optimal point in
each dimension to be computed readily. The pointl that of-
fers MMI in dimensioni can be determined by computing the
intersection of the two functions: since one is nondecreas-
ing and the other nonincreasing, the maximum point of the
function max{MMRyes ,MMRno} must lie at the intersec-
tion. Note that the intersection must exist since each has the
same maximum valueMMR(C) (see Figure 1(c)).6 Finally,
the value of the improvement in regret is the difference be-
tween the original minimax regret level and this value.

Computation of the intersection of these functions is
straightforward, requiring only the computation of the inter-
section of the linear segments whose bounds overlap. As
such, this can be accomplished in linear time in the maximum
number of segments in either function. The number of seg-
ments in these functions is (very loosely) bounded by|D|2.7

Since we must compute the optimizing point for each util-
ity dimension, the complexity of this algorithm isO(n|D|2).
The algorithm thus scales linearly in the number of outcomes
and quadratically with the number of decisions.

3.3 Average and Expected Improvement
One difficulty with the MMI criterion for query selection is
that, due to its worst-case nature, we can often find situations
in which no query offers positive (minimum) improvement
(we will see evidence of this in the next section), despite the

6If the intersection occurs where both functions are “flat,” any
query point in the intersection can be used.

7In practice, the number of segments appears to grow sublinearly
in the number of decisions|D|.
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fact that the current regret level is positive. This occurs when
at least one of the responses for every query offers no im-
provement, thus stalling the query process. Intuitively, just
because one response to a queryqi(l) offers no improvement
is no reason not to ask the query: the opposite response may
still offer immediate improvement.8 This suggests an alterna-
tive criterion calledmaximum average improvement (MAI):
SGQs are ranked according to the average improvement of-
fered by both positive and negative responses.

Computing the optimal query point according to MAI can
also exploit the PWL nature of the functionsMMRyes(C, i, l)
andMMRno(C, i, l). As with MMI, we compute the optimal
query pointl in each dimensioni independently. It is not hard
to see that the point of maximum average improvement must
occur at an inflection point of one of the two functions. Thus,
each dimension can be optimized in time linear in the number
of segments in the two functions.

The MAI criterion is not subject to stalling in the sense that
MMI is: if MMR(C) is positive, then there exists some query
with positive MAI (this will follow from a result discussed
below). However, it is subject to a different form of stalling:
it may well be the case that the queryqi(l) with MAI occurs
at one of the boundary pointsubi or lbi. In such a case, only
one (consistent) response is possible, imposing no additional
constraints on the utility function. As such, the constraint
setC will remain unchanged, meaning that the same query
remains MAI-optimal at the next stage.

This second type of stalling can be prevented. Suppose
that a queryqi(l) is optimal, wherel = ubi. We know that
MMRyes(C, i, ubi) < MMRno(C, i, ubi) (i.e., ayes offers
greater improvement at the pointubi); but sinceui cannot
exceedubi, the probability of receiving ayes response is
zero, so theyes-improvement cannot be realized. We can thus
make the queryqi(l) appear to be less desirable by accounting
for the odds of receiving a specific response. Themaximum
expected improvement (MEI)criterion does just this. We de-
fine the expected improvement of a query:

EI (qi(l), C) = MMR(C) − [Pr(yes |qi(l), C)MMRyes(C, i, l)

+ Pr(no|qi(l), C)MMRno(C, i, l)].

At each stage, we ask the query with maximum EI.
Computation of expected improvement requires some dis-

tribution over responses. For simplicity, we assume a uni-
form distribution over utility functions and noise-free re-
sponses: thus,Pr(yes |qi(l), C) = (ubi − l)/(ubi − lbi) (with
the negative probability defined similarly). This assumption
also allows for the ready computation of the MEI-optimal
query. Again, we optimize each dimension separately. The
optimization in dimensioni can be effected by doing sep-
arate optimizations in the regions defined by the union of
the inflection points in the functionsMMRyes(C, i, l) and
MMRno(C, i, l). We defer the details, but note that the func-
tion being optimized within each region is a simple quadratic
function ofl that can be solved analytically. Thus the compu-
tational complexity of this criterion is similar to that of MMI
and MAI. Fortunately, MEI is not subject to stalling:

8Note that, since MMI is myopic, even a nonimproving response
may offer information that can be exploited in the future.
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Figure 2:Performance of MEI on three-good problems (40 runs).

Proposition 1 If MMR(C) > 0, then there exists some query
qi(l) with positive expected improvement; and at least one
response to the MEI-optimal query reduces minimax regret.

The MEI criterion could be adopted using other distri-
butional assumptions, though the optimization required by
query selection could become more complicated. It is worth
noting that the manner in which we use distributional in-
formation is consistent with the worst-case perspective im-
posed by the minimax criterion. With some distribution
over utility functions, we could adopt the perspective of[4;
2], and make decisions by taking expectations with respect
to this distribution. However, even in this case, minimax re-
gret allows one to offerguaranteeson decision quality that a
Bayesian approach does not address. The MEI criterion ex-
ploits distributional informationonly to guide the querying
process, hoping to reach a point more quickly where accept-
able guarantees can be provided; the distribution is not used
to evaluate decisionsper se.

While other prior distributions will generally require a dif-
ferent approach to the optimization problem for query selec-
tion, it is interesting to observe that queries associated with a
mixture of uniform distributionscan be determined in exactly
the same manner. The derivation of the optimal query given
such a mixture is straightforward, and these models have the
desirable property (like uniform priors) that they are closed
under update by query responses. Thus, if our prior beliefs
can be approximated well using a mixture of uniforms with
a small number of components, MEI-querying can be used
directly as described here, without distribution-specific opti-
mization. It is important to note, however, that, even if the
approximate priors are used, the decision quality of the MEI
strategy is unaffected—only the number of queries required
may be adversely impacted.
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4 Empirical Results
We evaluated the MMI, MAI, and MEI query criteria on
a number of elicitation problems in two different domains.
With the MEI criterion, we have also tested its robustness to
different assumptions about the prior over utility functions.

We first tested our methods in two bidding scenarios in-
volving simultaneous auctions and combinatorial preferences
[2]. In the first scenario, a bidding agent must offer bids for
four different goods auctioned simultaneously in four differ-
ent markets. To discretize the decision space, we assume that
the agent can offer three distinct bids—low, medium, and
high—for each good. Each of these bid levels corresponds
to a precise cost: should the bid win, the user pays the price
associated with each bid (with, of course, higher prices as-
sociated with higher bid levels). To suppress the need for
strategic reasoning, the agent has a fixed, known probability
of winning a good associated with each of the three bid lev-
els. The probabilities of winning each good are independent,
and increasing in the bid level. With four goods and three
bid levels, there are 81 possible decisions (mappings from
markets to bids) and 16 outcomes (subsets of goods the user
might obtain). The user’s utility function need not be addi-
tive with respect to the goods obtained. For instance, the user
might value goodsg1 andg2 in conjunction, but may value
neither individually. Thus utility is associated with each of
the 16 outcomes. We assume that the overall utility function
(accounting for price paid) is quasi-linear; so the price paid
is subtracted from the utility of the subset of goods obtained.
A smaller scenario with three goods was also run: this has 27
decisions and 8 outcomes.

We first discuss the smaller (3-good) scenario. For each
query criterion, we run elicitation using that criterion for 40
steps (or until no query has positive value). For each cri-
terion, 40 trials using random utility functions drawn from
[0, 1]n were run, with elicitation simulated using responses
based on that function. For each query in a run, we record:
(a)predicted MMR—the MMR level that is predicted to hold
after asking the optimal query;9 (b) actual MMR—the MMR
level realized once the actual query response is obtained; and
(c) thetrue regret—the difference in utility between the mini-
max decision and the true optimal decision for the underlying
utility function. While our algorithms don’t have access to
true regret, this measure gives an indication of true decision
quality, not just the quality guarantees the algorithms provide.

Figure 2 shows the performance of the MEI criterion (std.
error bars are shown on actual MMR and true regret, but are
excluded from predicted MMR for legibility). We see that
the algorithm quickly converges to a point where the mini-
max regret guarantees are quite tight: within 20 queries, the
average regret guarantee falls below 0.1 (less than 10%); and
within forty queries, decision quality is guaranteed to be with
4% of optimal. More interesting, we see thattrue regret
falls to under 10% with 5 queries, and to near zero within 20
queries. Thus the actual decision quality associated with act-
ing according the decision with MMR is generally far better
than the MMR guarantee. The MEI criterion seems to select

9For example, MMI predicts the maximum regret over all re-
sponses, while MEI predicts the expected regret.
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Figure 3:Performance of MAI on three-good problems (40 runs).

suitable queries, allowing optimal decisions and tight regret
guarantees to be identified with few interactions. For refer-
ence, we also include the performance of randomly selected
queries (where both dimensioni and query pointl are chosen
uniformly at random from the feasible region). Because the
problem is of relatively low dimension, random queries per-
form reasonably well, though they have difficulty reducing
regret to zero, and do not compete with MEI queries.

Figure 3 shows the same measurements for the MAI crite-
rion. We note that this query strategy does not reduce regret
bounds nearly as quickly as the MEI strategy, reaching only
an average regret guarantee of 0.18 after 40 queries. True re-
gret is generally much better, but still does not approach the
performance of MEI (or even random queries). We note that
the MAI criterion often stalls: in such a case, we complete the
data with the last minimax regret value. Finally, it is worth
noting that the MMI criterion performs extremely badly. We
don’t plot its performance, but note that in all runs, it stalls
after a maximum of five queries; its average minimax regret
bound is 0.8, and average true regret level is 0.3 when it stalls.

The MEI criterion appears to offer much better perfor-
mance than MAI, MMI, or random querying. Figure 4 shows
the performance of MEI, MAI and random querying strate-
gies on the larger four-good (16-outcome, 81-decision) sce-
nario. Again we see that MEI converges quickly and outper-
forms the other strategies. With the increase in dimensional-
ity, random queries fare worse than MAI-optimal queries. We
note that in all experiments, the optimal query (regardless of
criterion) can be computed very quickly.

We have also tested the MEI criterion on a travel plan-
ning domain (as in the previous tests, MEI seems to domi-
nate the other criteria, so we focus on it). In this domain,
an agent must choose a collection of flight segments from
a flight database to take a user from a source to a destina-
tion city [1]. To make the elicitation problem interesting, we
added the following information to the DB: the probability of
any flight arrival being delayed by specific amount of time;
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Figure 4:Performance on four-good problems (40 runs).

the probability of missing a connecting flight as a function of
connection time and airport; a distribution over ground travel
times to a hotel in the destination city as a function of arrival
time (reflecting, e.g., arrival in rush hour or off-peak); and the
probability of losing a hotel room as a function of arrival time
at the hotel. As a result, for any specific flight combination
(decision), a joint distribution over these variables (outcome)
is obtained. A user’s utility function is quasi-linear, given
by her utility for a specific outcome over these four attributes
less the flight price. The specific formulation discretizes these
attributes, so the outcome space is of size 64. In our exper-
iments, the flight DB was designed to allow 20 flights (both
direct and indirect) between pairs of cities.

We tested the MEI strategy using a uniform prior over util-
ity space to select queries, with user utility functions drawn
from the same uniform distribution. The results for a specific
source-destination pair (Toronto-San Francisco) are shown in
Figure 5. As before, we see that the MEI strategy easily out-
performs random querying, both in terms of the regret guar-
antees, and the true regret of the decisions it would recom-
mend at each stage. These results are representative of those
obtained in other decision scenarios.

We also explored the use of strong prior knowledge to
guide the querying process. We repeated the test above, draw-
ing user utility functions from a strongly peaked (truncated)
Gaussian distribution over utility space (with diagonal covari-
ance matrix, and variance0.03 in each dimension). We tested
the MEI-criterion using a (hand-chosen) mixture of three uni-
form distributions over subregions of utility space that very
roughly approximated the Gaussian.10 To test the robustness
of MEI to inaccurate priors, we also used MEI using a single
uniform prior over all of utility space (despite the fact that
the true utility function is drawn from the Gaussian). The re-
sults illustrated in Figure 6 demonstrate that MEI can benefit

10In principle, this mixture could have been fit to the actual prior
using, say, EM; but our goal is not accurate modeling of the prior.
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Figure 5:Performance on YYZ-SFO, with utility functions drawn
from uniform (40 runs).

considerably from strong prior information. Indeed, minimax
regret is reduced very quickly when a reasonable prior is used
to select queries; and true regret is reduced to zero in every
instance of this scenario within four queries. Random query-
ing does very poorly, indicating that this problem is not easy
to solve without sufficient utility information. The robustness
of MEI to inaccurate priors is also in evidence. We see that
minimax regret and true regret are also reduced very quickly
when an uniformative uniform prior is used to guide the MEI-
querying process.

5 Concluding Remarks

We have presented a new procedure for decision making with
incomplete utility information which recommends decisions
that minimize maximum regret. We defined several different
myopic query selection criteria, and showed that myopically
optimal queries under each criterion can be computed effec-
tively, in polynomial time. The empirical performance of one
such criterion, maximum expected improvement, proved to
be rather attractive: not only did it provide strong guarantees
after few queries, but true decision quality tended to exceed
these guarantees significantly.

Our work differs from existing approaches to preference
elicitation in several important ways. Like recent Bayesian
approaches[4; 2], our approach identifies a concrete decision
in the face of utility function uncertainty. Unlike these meth-
ods, for the purposes of decision making, we assume only
constraints on possible utility functions, not distributions. As
a result, the minimax regret criterion is used to identify de-
cisions with guaranteed error bounds on quality. Our use of
constraints on utility functions is more closely related to work
on ISMAUT [8; 7]. However, the focus in ISMAUT is the
identification of Pareto optimal decisions in the face of utility
function uncertainty, as opposed to the choice of a specific de-
cision that maximizes some decision criterion. Furthermore,
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Figure 6:Performance on YYZ-SFO, with utility functions drawn
from a strongly peaked Gaussian. MEI querying using both a uni-
form prior and a 3-component mixture are shown (40 runs).

little attention has been paid to query strategies in ISMAUT,
which, in contrast, is our main focus.

There are a number of directions in which this work can
be extended. Obviously, scaling issues are of paramount
importance. We are currently exploring pruning techniques
for removing decisions from consideration that can never be
minimax optimal, thus reducing the quadratic dependence
on the number of decisions. We are also exploring meth-
ods for dealing with more general linear constraints (apart
from one-dimensional bounds), as well as more expressive
query types. Also of interest are methods for dealing with
noisy/inconsistent query responses, and visualization tech-
niques. Finally, we are developing heuristics that simulate
some of the effects of nonmyopic elicitation without explicit
lookahead. One such technique involves enumerating the ver-
tices of the regionsRd of utility space in which each decision
d is optimal (the regions are convex polytopes). Queries at
those points can quickly help rule out suboptimal actions. We
hope to combine the computationally attractive methods de-
vised in this paper with more intensive techniques like this to
help reduce the number of required queries even further.
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Abstract

Computing least common subsumers (lcs) and most
specific concepts (msc) are inference tasks that can
support the bottom-up construction of knowledge
bases in description logics. In description logics
with existential restrictions, the most specific con-
cept need not exist if one restricts the attention to
concept descriptions or acyclic TBoxes. In this pa-
per, we extend the notions lcs and msc to cyclic
TBoxes. For the description logic

���
(which al-

lows for conjunctions, existential restrictions, and
the top-concept), we show that the lcs and msc al-
ways exist and can be computed in polynomial time
if we interpret cyclic definitions with greatest fix-
point semantics.

1 Introduction
Computing the most specific concept of an individual and
the least common subsumer of concepts can be used in the
bottom-up construction of description logic (DL) knowledge
bases. Instead of defining the relevant concepts of an ap-
plication domain from scratch, this methodology allows the
user to give typical examples of individuals belonging to the
concept to be defined. These individuals are then general-
ized to a concept by first computing the most specific concept
of each individual (i.e., the least concept description in the
available description language that has this individual as an
instance), and then computing the least common subsumer of
these concepts (i.e., the least concept description in the avail-
able description language that subsumes all these concepts).
The knowledge engineer can then use the computed concept
as a starting point for the concept definition.

The least common subsumer (lcs) in DLs with existential
restrictions was investigated in [Baader et al., 1999]. In par-
ticular, it was shown there that the lcs in the small DL

���
(which allows for conjunctions, existential restrictions, and
the top-concept) always exists, and that the binary lcs can be
computed in polynomial time. Unfortunately, the most spe-
cific concept (msc) of a given ABox individual need not exist
in languages allowing for existential restrictions or number
restrictions. As a possible solution to this problem, Küsters
�
Partially supported by the DFG under grant BA 1122/4-3.

and Molitor [2001] show how the most specific concept can
be approximated in

���
and some of its extensions. Here, we

follow an alternative approach: we extend the language by
cyclic terminologies with greatest fixpoint (gfp) semantics,
and show that the msc always exists in this setting. Of course,
then one must also be able to compute the lcs w.r.t. cyclic ter-
minologies with gfp-semantics. For the DL � ��� (which al-
lows for conjunctions, value restrictions, and number restric-
tions) it was shown in [Baader and Küsters, 1998] that the
most specific concept always exists if one adds cyclic con-
cept definitions with gfp-semantics. One reason for Küsters
and Molitor to choose an approximation approach rather than
an exact characterization of the most specific concept using
cyclic definitions was that the impact of cyclic definitions in
description logics with existential restrictions was largely un-
explored.

The paper [Baader, 2003a] is a first step toward overcom-
ing this deficit. It considers cyclic terminologies in

���
w.r.t.

the three types of semantics (greatest fixpoint, least fixpoint,
and descriptive semantics) introduced by Nebel [1991], and
shows that the subsumption problem can be decided in poly-
nomial time in all three cases. This is in stark contrast to the
case of DLs with value restrictions. Even for the small DL� �
	

(which allows conjunctions and value restrictions only),
adding cyclic terminologies increases the complexity of the
subsumption problem from polynomial (for concept descrip-
tions) to PSPACE. The main tool in the investigation of cyclic
definitions in

���
is a characterization of subsumption through

the existence of so-called simulation relations on the graph
associated with an

���
-terminology, which can be computed

in polynomial time [Henzinger et al., 1995].
This characterization of subsumption can be used to char-

acterize the lcs w.r.t. gfp-semantics via the product of this
graph with itself (Section 4). This shows that, w.r.t. gfp se-
mantics, the lcs always exists, and that the binary lcs can be
computed in polynomial time. (The � -ary lcs may grow ex-
ponentially even in

���
without cyclic terminologies [Baader

et al., 1999].)
The characterization of subsumption w.r.t. gfp-semantics

can be extended to the instance problem in
���

. This allows
us to show that the msc in

���
with cyclic terminologies inter-

preted with gfp semantics always exists, and can be computed
in polynomial time (Section 5).

In the next section, we introduce
���

with cyclic terminolo-
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Name Syntax Semantics

concept name � ���������
role name � �	�
�����
�
���
top-concept � ���
conjunction 
���� 
 ��� � �
exist. restriction ����� 
 �	���������! "�$#%�'&)(
� ��* �+(,
 �.-
concept definition �0/1� � �+2 � �
individual name a 3 � (�� �
concept assertion �� "3!& 34��(,�5�
role assertion �6 "37#98:&  "3 � #;8 � &<(
� �

Table 1: Syntax and semantics of
� �

.

gies as well as the lcs and the msc. Then we recall the impor-
tant definitions and results from [Baader, 2003a]. Section 4
formulates and proves the new results for the lcs, and Sec-
tion 5 does the same for the msc.

2 Cyclic terminologies, least common
subsumers, and most specific concepts

Concept descriptions are inductively defined with the help
of a set of constructors, starting with a set =�> of concept
names and a set =
? of role names. The constructors deter-
mine the expressive power of the DL. In this paper, we restrict
the attention to the DL

���
, whose concept descriptions are

formed using the constructors top-concept ( @ ), conjunction
( ACBED ), and existential restriction ( F7G4H A ). The semantics of���

-concept descriptions is defined in terms of an interpreta-
tion IKJMLONQP<R�S PUT . The domain N+P of I is a non-empty set
of individuals and the interpretation function S P maps each
concept name VXWY= > to a subset V P of N P and each role
GZW[= ? to a binary relation G�P on NQP . The extension of
S P to arbitrary concept descriptions is inductively defined, as
shown in the third column of Table 1.

A terminology (or TBox for short) is a finite set of con-
cept definitions of the form V]\^D , where V is a concept
name and D a concept description. In addition, we require
that TBoxes do not contain multiple definitions, i.e., there
cannot be two distinct concept descriptions D`_ and D
a such
that both Vb\[D _ and V[\[D a belongs to the TBox. Con-
cept names occurring on the left-hand side of a definition are
called defined concepts. All other concept names occurring
in the TBox are called primitive concepts. Note that we al-
low for cyclic dependencies between the defined concepts,
i.e., the definition of V may refer (directly or indirectly) to
V itself. An interpretation I is a model of the TBox c iff
it satisfies all its concept definitions, i.e., V P JdD P for all
definitions VK\eD in c .

An ABox is a finite set of assertions of the form V�Lgf.T and
G7LgfhRji�T , where V is a concept name, G is a role name, and
fhRji are individual names from a set =,k . Interpretations of
ABoxes must additionally map each individual name fEWl=�k
to an element f P of N P . An interpretation I is a model of the
ABox � iff it satisfies all its assertions, i.e., f P W�V P for all
concept assertions V�Lgf.T in � and LOf P Rji P T�WYG P for all role
assertions G7LgfhRminT in � . The interpretation I is a model of the
ABox � together with the TBox c iff it is a model of both c
and � .

The semantics of (possibly cyclic)
���

-TBoxes we have de-
fined above is called descriptive semantic by Nebel [1991].
For some applications, it is more appropriate to interpret
cyclic concept definitions with the help of a fixpoint seman-
tics.

Example 1 To illustrate this, let us recall an example from
[Baader, 2003a]: oqpsr't'uv\xwyr!t'u�B`F.unt6z6u4H{o|psr!t6u�H

Here the intended interpretations are graphs where we have
nodes (elements of the concept wyr!t6u ) and edges (represented
by the role unt6z6u ), and we want to define the concept o|psr!t6u
of all nodes lying on an infinite (possibly cyclic) path of the
graph. In order to capture this intuition, the above definition
must be interpreted with greatest fixpoint semantics.

Before we can define greatest fixpoint semantics (gfp-
semantics), we must introduce some notation. Let c be an���

-TBox containing the roles = r }�~|� , the primitive concepts
= p �j�q� , and the defined concepts = d �;� Jd��V _ R�HnHnH�R�V��'� . A
primitive interpretations � for c is given by a domain N�� ,
an interpretation of the roles GYW�= r }�~|� by binary relations
G�� on N
� , and an interpretation of the primitive concepts� W�= p �j�q� by subsets

� � of N
� . Obviously, a primitive
interpretation differs from an interpretation in that it does not
interpret the defined concepts in = d �;� . We say that the in-
terpretation I is based on the primitive interpretation � iff
it has the same domain as � and coincides with � on = r }�~|�
and = p �j�q� . For a fixed primitive interpretation � , the inter-
pretations I based on it are uniquely determined by the tuple
LgV P _ RnH�HnH�R�V P � T of the interpretations of the defined concepts in
= d �;� . We define

I ���:LO�`T���J��jIe�:I is an interpretation based on ���6H
Interpretations based on � can be compared by the following
ordering, which realizes a pairwise inclusion test between the
respective interpretations of the defined concepts: if Iy_4R�IUa�W
I ���jL��`T , then

I)_�� � IUa iff V P6��]� V P4�� for all �mRn�������C ¡H
It is easy to see that � � induces a complete lattice on I ���:L��`T ,
i.e., every subset of I ���:LO�`T has a least upper bound (lub) and
a greatest lower bound (glb). Using Tarski’s fixpoint theorem
[Tarski, 1955] for complete lattices, it is not hard to show
[Nebel, 1991] that, for a given primitive interpretation � ,
there always is a greatest (w.r.t. � � ) model of c based on � .
We call this models the greatest fixpoint model (gfp-model)
of c . Greatest fixpoint semantics considers only gfp-models
as admissible models.

Definition 2 Let c be an
� �

-TBox and � an
���

-ABox, let
VQRj¢ be defined concepts occurring in c , and f an individual
name occurring in � . Then,
£ V is subsumed by ¢ w.r.t. gfp-semantics ( Vx¤ g �n¥s¦ § ¢ )

iff V P � ¢ P holds for all gfp-models I of c .
£ f is an instance of V w.r.t. gfp-semantics ( �¨�J�© �n¥s¦ §
V�Lgf.T ) iff f P W1V P holds for all models I of � that are
gfp-models of c .

On the level of concept descriptions, the least common sub-
sumer of two concept descriptions A�RjD is the least concept
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description � that subsumes both A and D . An extensions
of this definition to the level of (possibly cyclic) TBoxes is
not completely trivial. In fact, assume that V _ R�V a are con-
cepts defined in the TBox c . It should be obvious that taking
as the lcs of V�_4R�V�a the least defined concept ¢ in c such
that V�_�¤ g �n¥�¦ § ¢ and V�a ¤ g �n¥s¦ § ¢ is too weak since the
lcs would then strongly depend on what other defined con-
cepts are already present in c . However, a second approach
(which might look like the obvious generalization of the def-
inition of the lcs in the case of concept descriptions) is also
not quite satisfactory. We could say that the lcs of V _ R�V a is
the least concept description A (possibly using defined con-
cepts of c ) such that V�_
¤ g �n¥s¦ § A and V�aE¤ g �	¥s¦ § A . The
problem is that this definition does not allow us to use the
expressive power of cyclic definitions (with gfp-semantics)
when constructing the lcs. For example, consider the TBox
c consisting of the following concept definitions:����� u6o|psr!t6u \ ����� u B wyr!t'u�B`F.unt6z6u4H ����� u6o|psr!t6u6R� unthoqp�r!t'u \ � unt B wyr!t6u�BlF7u�t�z'u4H � u�t$oqp�r!t'u4H
The intended interpretation is similar to the one in Example 1,
with the only difference that now nodes may have colors,
and we are interested in blue (red) nodes lying on an infi-
nite path consisting of blue (red) nodes. Intuitively, the lcs
of
����� u6o|psr!t6u and

� u�t$oqp�r!t'u describes nodes lying on an in-
finite path (without any restriction on their color), i.e., the
concept oqp�r!t'u from Example 1 should be a definition of this
lcs. However, this cannot be expressed by a simple concept
description. It requires a new cyclic definition.

Consequently, to obtain the lcs we must allow the origi-
nal TBox to be extended by new definitions. We say that
the TBox c a is a conservative extension of the TBox c _ iff
c _ � c a and c _ and c a have the same primitive concepts and
roles. Thus, c.a may contain new definitions VK\ D , but then
D does not introduce new primitive concepts and roles (i.e.,
all of them already occur in c _ ), and V is a new concept name
(i.e., V does not occur in c _ ). The name “conservative exten-
sion” is justified by the fact that the new definitions in c a do
not influence the subsumption relationships between defined
concepts in c _ (see [Baader, 2002] for a proof).

Lemma 3 Let c _�R�c7a be
���

-TBoxes such that c.a is a conser-
vative extension of c$_ , and let V+R�¢ be defined concepts in ch_
(and thus also in c a ). Then V�¤ g �n¥�¦ § � ¢ iff V�¤ g �n¥�¦ § � ¢ .

Definition 4 Let c$_ be an
���

-TBox containing the defined
concepts VQRj¢ , and let c.a be a conservative extension of ch_
containing the new defined concept � . Then � in c a is a least
common subsumer of V+R�¢ in c _ w.r.t. gfp-semantics (gfp-lcs)
iff the following two conditions are satisfied:

1. V�¤ g �n¥s¦ § � � and ¢[¤ g �n¥4¦ § � � .

2. If c�� is a conservative extension of c.a and 	 a defined
concept in c
� such that V ¤ g �n¥4¦ §�� 	 and ¢ ¤ g �n¥s¦ §
� 	 ,
then � ¤ g �	¥s¦ § � 	 .

In the case of concept descriptions, the lcs is unique up
to equivalence, i.e., if ��_ and �va are both least common
subsumers of the descriptions A�R�D , then � _ \�� a (i.e.,
� _ ¤�� a and � a ¤�� _ ). In the presence of (possibly cyclic)
TBoxes, this uniqueness property also holds (though its for-
mulation is more complicated).

Proposition 5 Let c _ be an
���

-TBox containing the defined
concepts VQR�¢ . Assume that c.a and c��a are conservative ex-
tensions of c _ such that
£ the defined concept � in c.a is a gfp-lcs of V+R�¢ in c _ ;
£ the defined concept ��� in c��a is a gfp-lcs of V+R�¢ in c _ ;
£ the sets of newly defined concepts in respectively c$a and
c��a are disjoint.

For c
��� J c7a�� c��a , we have ��\�© �n¥�¦ §
� ��� (i.e., � ¤ g �n¥s¦ §�� ���
and ���)¤ g �n¥s¦ §�� � ).

The notion “most specific concept” can be extended in a
similar way from concept descriptions to concepts defined in
a TBox.

Definition 6 Let c _ be an
���

-TBox and � an
���

-ABox con-
taining the individual name f , and let c a be a conservative ex-
tension of c _ containing the defined concept � . Then � in c a
is a most specific concept of f in � and c _ w.r.t. gfp-semantics
(gfp-msc) iff the following two conditions are satisfied:

1. �b�J © �	¥s¦ § � ��Lgf.T .
2. If c � is a conservative extension of c a and 	 a de-

fined concept in c
� such that � � J�© �n¥s¦ §
� 	,LOf7T , then
� ¤ g �n¥�¦ §
� 	 .

Uniqueness up to equivalence of the most specific concept
can be formulated and shown like uniqueness of the least
common subsumer.

3 Characterizing subsumption
In this section, we recall the characterizations of subsump-
tion w.r.t. gfp-semantics developed in [Baader, 2003a]. To
this purpose, we must represent TBoxes and primitive inter-
pretations by description graphs, and introduce the notion of
a simulation on description graphs.

Before we can translate
���

-TBoxes into description
graphs, we must normalize the TBoxes. In the following, let
c be an

���
-TBox, = d �;� the defined concepts of c , = p �j�q�

the primitive concepts of c , and = r }�~|� the roles of c .
We say that the

���
-TBox c is normalized iff VK\ DMW c

implies that D is of the form
� _5B HnH�H�B � � B`F7Gs_�H ¢�_ B HnHnHsB`F7G��sH ¢���R

for ��R������ , � _�RnH�HnH	R � � W1= p ��� � , Gs_�RnH�HnH	R�G��+W1= r }�~|� , and
¢�_sRnH�HnH�R�¢��vWl= d ��� . If �XJ��vJ � , then DbJK@ .

As shown in [Baader, 2003a], one can (without loss of gen-
erality) restrict the attention to normalized TBox. In the fol-
lowing, we thus assume that all TBoxes are normalized. Nor-
malized

���
-TBoxes can be viewed as graphs whose nodes

are the defined concepts, which are labeled by sets of prim-
itive concepts, and whose edges are given by the existential
restrictions. For the rest of this section, we fix a normalized���

-TBox c with primitive concepts = p ��� � , defined concepts
= d �;� , and roles = r }�~q� .
Definition 7 An

���
-description graph is a graph ! J

L#"�R$��R$% T where
£ " is a set of nodes;
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£ � � "��0= r }�~|� � " is a set of edges labeled by role
names;

£ %�� "���� � p �	��
 is a function that labels nodes with sets
of primitive concepts.

The normalized TBox c can be translated into the follow-
ing

���
-description graph ! § J Lg= d �;� R � § R$% § T :

£ the nodes of ! § are the defined concepts of c ;
£ if V is a defined concept and

VK\ � _ B HnH�H�B � � BlF!G _ H ¢ _ B HnH�H�BlF!G � H ¢ �
its definition in c , then

– % § LOV�T5J�� � _sRnH�HnH�R � � � , and
– V is the source of the edges
LOVQR�Gs_�R�¢�_nTmR�HnH�HnR�LOVQR�G��sR�¢��:T�W � § .

Any primitive interpretation � J LON,��RnS �vT can be
translated into the following

���
-description graph ! � J

LON
��R � � R % � T :£ the nodes of ! � are the elements of N � ;
£ � � ��J��!L
�<R�G4R�� T �7L��)R��.T W`G���� ;
£ % � L
�¡T�J�� � W = p ��� � ��� W � � � for all � W N
� .

Conversely, every
���

-description graph can be viewed as
representing either an

���
-TBox or a primitive interpretation.

Simulations are binary relations between nodes of two
���

-
description graphs that respect labels and edges in the sense
defined below.

Definition 8 Let ! � J L " � R$� � R % � T ( �`J �6R�� ) be two
� �

-
description graphs. The binary relation � � " _ � " a is a
simulation from ! _ to ! a iff

(S1) L
� _ R�� a T W�� implies % _ L�� _ T � % a L
� a T ; and

(S2) if L
�6_�R���asT�W�� and L��6_sR�G4R�� �_ T W � _ , then there exists a
node � �a W�" a such that L�� �_ R�� �a T�W�� and L�� a R�G4R�� �a T�W
� a .

We write �Q� ! _ � � ! a to express that � is a simulation from
!U_ to !$a .

It is easy to see that the set of all simulations from ! _ to ! a
is closed under arbitrary unions. Consequently, there always
exists a greatest simulation from !)_ to !$a . If !U_4R !$a are finite,
then this greatest simulation can be computed in polynomial
time [Henzinger et al., 1995]. As an easy consequence of this
fact, the following proposition is proved in [Baader, 2003a].

Proposition 9 Let !U_�R !ha be two finite
� �

-description
graphs, �'_ a node of !�_ and ��a a node of !ha . Then we
can decide in polynomial time whether there is a simulation
�Q� !U_ � � !ha such that L��6_�R���a4T�W�� .

Subsumption w.r.t. gfp-semantics corresponds to the exis-
tence of a simulation relation such that the subsumee simu-
lates the subsumer:

Theorem 10 Let c be an
���

-TBox and V+R�¢ defined con-
cepts in c . Then the following are equivalent:

1. V�¤ g �n¥s¦ § ¢ .

2. There is a simulation ����! §
� �
! § such that LO¢�R�V�T+W

� .

The theorem together with Proposition 9 shows that sub-
sumption w.r.t. gfp-semantics in

���
is tractable. The proof

of the theorem given in [Baader, 2003a] depends on a charac-
terization of when an individual of a gfp-model belongs to a
defined concept in this model.

Proposition 11 Let � be a primitive interpretation and I the
gfp-model of c based on � . Then the following are equiva-
lent for any V�W�= d �;� and � W N
� :

1. � W�V P .

2. There is a simulation ����! §
� �
! � such that LOVQR��¡T W�� .

This proposition is also important in the proof of correct-
ness of our characterization of the instance problem (Theo-
rem 17).

4 Computing the lcs
We will show how the characterization of subsumption w.r.t.
gfp-semantics given in Theorem 10 can be used to charac-
terize the gfp-lcs (see [Baader, 2002] for more details and
proofs). Let c _ be an

���
-TBox, let ! § � J[Lg= d �;� R$� § � R$% § � T

be the corresponding description graph, and let VQRj¢ be de-
fined concepts in c _ (i.e., elements of = d �;� ). In principle,
the lcs of VQRj¢ in c$_ is defined in a TBox whose description
graph is the product of ! § � with itself.

Definition 12 Let ! _ J L#" _ R � _ R % _ T and ! a J L#" a R � a R % a T
be two description graphs. Their product is the description
graph !U_�� !$aQ� JxL#"�R$�,R % T where
£ " ��J "¡_�� " a ;
£ � ��J �!L�L�� _ R�� a TmR�G4R�L�� �_ R�� �a T�T^�eL
� _ R�G4R�� �_ TMW � _��
L���a�R�G4R�� �a T W �va�� ;£ % L
� _ R�� a T���J % _ L�� _ T! % a L
� a T .

The description graph ! § � � ! § � yields a TBox c such
that ! § J ! § � � ! § � . Now, c.a
� Jxc _ � c is a conservative
extension of c _ . In fact, ! § � � ! § � is based on the same
primitive concepts and roles as ! § � , and the set of defined
concepts in c is = d �;� �l= d ��� , which is disjoint from = d �;� .

Lemma 13 LgV+R�¢
T in c.a is the gfp-lcs of V and ¢ in c$_ .
Computing the (binary) product of two

���
-description

graphs can obviously be done in polynomial time, and thus
the gfp-lcs can be computed in polynomial time.

Theorem 14 Let c$_ be an
���

-TBox, and let VQRj¢ be defined
concepts in c _ . Then the gfp-lcs of V+R�¢ in c$_ always exists,
and it can be computed in polynomial time.

5 Instance and most specific concepts
One motivation for considering cyclic terminologies in

���
is

the fact that the most specific concept of an ABox individ-
ual need not exist in

���
(without cyclic terminologies). An

example is the simple cyclic ABox � ��J ��G7L�isRjinTm� , where
i has no most specific concept, i.e., there is no least

���
-

concept description D such that i is an instance of D w.r.t.
� [Küsters and Molitor, 2001]. However, if one allows for
cyclic TBoxes with gfp-semantics, then the defined concept
¢ with ¢ \KF!G4H ¢ is such a most specific concept.
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5.1 The instance problem w.r.t. gfp-semantics
Let c be a normalized

���
-TBox and � an

���
-ABox. In

the following, we assume that c is fixed and that all instance
problems for � are considered w.r.t. this TBox.

In this setting, � can be translated into an
���

-description
graph !�� by viewing � as a graph and extending it appropri-
ately by the graph ! § associated with c . The idea is then that
the characterization of the instance problem should be simi-
lar to the statement of Proposition 11: the individual f is an
instance of V in � iff there is a simulation ��� ! §

� �
! � such

that LgV+R�f.T W�� .
Before giving an exact definition of !�� , we consider an ex-

ample that demonstrates that a too simple-minded realization
of this idea does not work. Let

� ��J ��V+LOf.TmR � LOf.Tj� and

c ��J ��V \ZF7G4H V+R ¢ \ � BlF!G4H ¢,�'H
The ABox � itself can be viewed as an

���
-description graph

consisting of a single node f with label � � � . Since VK\ZF!G4H V
is in c and V�Lgf.T is in � , we extend this graph by an G -loop
from f to f . Figure 1 shows the graph ! obtained this way as
well as the

���
-description graph ! § corresponding to c .

Obviously, there is a simulation ��� ! §
� �
! such that

Lg¢ER�f.T`W � . However, it is easy to see that f is not an in-
stance of ¢ . The reason for this problem is that node labels
and edges in ! § state facts that must hold for all individu-
als that are instances of the defined concept labeling a given
node whereas assertions of the ABox make statements about
properties of particular named individuals. The construction
of ! in the above example mixes these different things, and
thus leads to unfounded conclusions.

In order to separate edges and labels coming from ABox
assertions from the ones coming from TBox definitions, we
do not “identify” the node f with the node V if V�Lgf.T belongs
to � (as done in the construction of ! above). Instead, we do
a “one-step expansion” of the definition of V . The right-most
graph in Figure 1 shows the graph !�� obtained this way in
our example. Obviously, there is no simulation �Q� ! §

� �
! �

such that LO¢�R�f.T W�� .
Below, we give a formal definition of the

���
-description

graph ! � associated with the ABox � and the TBox c in the
general case.

Definition 15 Let c be an
���

-TBox, � an
���

-ABox, and
! § J L#"�R$��R$% T be the

���
-description graph associated with

c . The
� �

-description graph ! � J L#" � R � � R$% � T associ-
ated with � and c is defined as follows:
£ The nodes of ! � are the individual names occurring in
� together with the defined concepts of c , i.e.,
"��e��J "�� ��f`�4f is an individual name in �
�'H

£ The edges of !�� are the edges of ! , the role assertions
of � , and additional edges linking the ABox individuals
with defined concepts:

� � ��J ��� �'LOfhR�G4Rji�T �sG7LgfhRjinT W �
� �
�!LgfhR�G4Rj¢�T �4V�Lgf.T W � and LOVQR�G4Rj¢�T W �
�'H

£ if �YW " � is a defined concept, then it inherits its label
from ! § , i.e., % � L���T���J %�L���T if � W " . Otherwise,

� W " � � " is an ABox individual, and then its label is
derived from the concept assertions for � in � :

%�� L���T�� J�� � � � L���T�W �
� � 	
���
���� � % LgV�T:H
Here

�
denotes primitive and V denotes defined con-

cepts.
Before we can characterize the instance problem via the

existence of certain simulation relations from ! § to ! � , we
must characterize under what conditions a gfp-model of c
is a model of � . In the following we assume that primitive
interpretations � also interpret ABox individuals. We say
that the simulation �Q� !�� � �

! � respects ABox individuals
iff � �M��LgfhR��¡T W ���CJ ��f7� � for all individual names f
occurring in � .
Proposition 16 Let � be a primitive interpretation and I the
gfp-model of c based on � . Then the following are equiva-
lent:

1. I is a model of � .

2. There is a simulation ���
! � � �
! � that respects ABox

individuals.
The following characterization of the instance problem is

an easy consequence of this proposition and Proposition 11.
Theorem 17 Let c be an

� �
-TBox, � an

���
-ABox, V a

defined concept in c and ‘ f ’ an individual name occurring
in � . Then the following are equivalent:

1. �b�J © �	¥s¦ § V�Lgf.T .
2. There is a simulation ����! §

� �
!�� such that LOVQR�f.T�W�� .

The theorem together with Proposition 9 shows that the
instance problem w.r.t. gfp-semantics in

���
is tractable.

Corollary 18 The instance problem w.r.t. gfp-semantics in���
can be decided in polynomial time.

5.2 Computing the gfp-msc
Let c _ be an

� �
-TBox and � an

���
-ABox containing the

individual name f . Let !�� J L#"���R ���vR %�� T be the
� �

-
description graph corresponding to � and c _ , as introduced
in Definition 15. In order to obtain the gfp-msc of f , we view
! � as the

���
-description graph of an

� �
-TBox c a , i.e., let c.a

be the TBox such that !���J ! § � . By the definition of !�� , the
defined concepts of c.a are the defined concepts of ch_ together
with the individual names occurring in � . It is easy to show
that c7a is a conservative extension of ch_ . To avoid confusion
we will denote the defined concept in c a corresponding to the
individual name i in � by A�� .

Using the results of the previous subsection, we can show
[Baader, 2002] that A�� is the gfp-msc of f .
Lemma 19 The defined concept A � in c7a is the gfp-msc of
‘ f ’ in � and c$_ .

Given c$_ and � , the graph ! � can obviously be computed
in polynomial time, and thus the gfp-msc can be computed in
polynomial time.
Theorem 20 Let c$_ be an

���
-TBox and � an

���
-ABox con-

taining the individual name ‘ f ’. Then the gfp-msc of ‘ f ’ in c _
and � always exists, and it can be computed in polynomial
time.
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Figure 1: The
���

-description graphs ! , ! § , and ! � of our example.

6 Conclusion
In [Baader, 2003a] we have shown that subsumption in

���
re-

mains polynomial if one allows for cyclic terminologies with
greatest fixpoint (gfp) semantics. In Section 5.1 of this pa-
per we have complemented this result by showing that the
instance problem in

���
with cyclic terminologies interpreted

with gfp-semantics is also polynomial. Thus, all the standard
inferences in

� �
remain polynomial if one allows for cyclic

terminologies with gfp-semantics. Our main motivation for
considering cyclic terminologies with gfp-semantics in

���
was that the most specific concept of an ABox-individual then
always exists. In fact, we have shown in this paper that both
the least common subsumer (lcs) and the most specific con-
cept (msc) can be computed in polynomial time in

���
with

cyclic terminologies interpreted with gfp-semantics. Thus,
also two of the most important non-standard inferences in
DLs [Küsters, 2001] remain polynomial in this context.

It should be noted that there are indeed applications where
the expressive power of the small DL

� �
appears to be suf-

ficient. In fact, SNOMED, the Systematized Nomenclature
of Medicine [Cote et al., 1993] uses

� �
[Spackman, 2000;

2001].
Subsumption [Baader, 2003a] and the instance problem

[Baader, 2003b] are also polynomial w.r.t. descriptive se-
mantics. For the lcs, descriptive semantics is not that well-
behaved: in [Baader, 2003] we have shown that w.r.t. de-
scriptive semantics the lcs need not exist in

���
with cyclic

terminologies. In addition, we could only give a sufficient
condition for the existence of the lcs. If this condition ap-
plies, then the lcs can be computed in polynomial time. In
[Baader, 2003b] similar results are shown for the msc w.r.t.
descriptive semantics.

One problem left for future research is the question of how
to obtain a decidable characterization of the cases in which
the lcs (msc) exists w.r.t. descriptive semantics, and to deter-
mine whether in these cases it can always be computed in
polynomial time.
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Abstract

Cyclic definitions in description logics have un-
til now been investigated only for description log-
ics allowing for value restrictions. Even for the
most basic language

�����
, which allows for con-

junction and value restrictions only, deciding sub-
sumption in the presence of terminological cycles
is a PSPACE-complete problem. This paper inves-
tigates subsumption in the presence of terminolog-
ical cycles for the language � � , which allows for
conjunction, existential restrictions, and the top-
concept. In contrast to the results for

��� �
, sub-

sumption in � � remains polynomial, independent
of whether we use least fixpoint semantics, greatest
fixpoint semantics, or descriptive semantics.

1 Introduction
Early description logic (DL) systems allowed the use of value
restrictions ( �
	���
 ), but not of existential restrictions ( ��	�� 
 ).
Thus, one could express that all children are male using the
value restriction ��������� ��������� � , but not that someone has a son
using the existential restriction ��������� �
������� � . The main rea-
son was that, when clarifying the logical status of property
arcs in semantic networks and slots in frames, the decision
was taken that arcs/slots should be read as value restrictions
(see, e.g., [Nebel, 1990]). Once one considers more expres-
sive DLs allowing for full negation, existential restrictions
come in as the dual of value restrictions [Schmidt-Schauß
and Smolka, 1991]. Thus, for historical reasons, DLs that
allow for existential, but not for value restrictions, are largely
unexplored. In the present paper, we investigate termino-
logical cycles in the DL � � , which allows for conjunction,
existential restrictions, and the top-concept. In contrast to
(even very inexpressive) DLs with value restrictions, sub-
sumption in � � remains polynomial in the presence of ter-
minological cycles. It should be noted that there are in-
deed applications where the small DL � � appears to be suffi-
cient. In fact, SNOMED, the Systematized Nomenclature of
Medicine [Cote et al., 1993] employs � � [Spackman, 2001;
Spackman et al., 1997]. Even though SNOMED does not
appear to use cyclic definitions, this may be due to a lack

 
Partially supported by the DFG under grant BA 1122/4-3.

of technology rather than need. In fact, the Galen medical
knowledge base contains many cyclic dependencies [Rector
and Horrocks, 1997]. Also, even in the case of acyclic ter-
minologies, our polynomial subsumption algorithm improves
on the usual approach that first unfolds the TBox (a poten-
tially exponential step) and then applies the polynomial sub-
sumption algorithm for � � -concept descriptions [Baader et
al., 1999].

The first thorough investigation of cyclic terminologies in
description logics (DL) is due to Nebel [1991], who intro-
duced three different semantics for such terminologies: least
fixpoint (lfp) semantics, which considers only the models that
interpret the defined concepts as small as possible; greatest
fixpoint (gfp) semantics, which considers only the models
that interpret the defined concepts as large as possible; and
descriptive semantics, which considers all models.

In [Baader, 1990; 1996], subsumption w.r.t. cyclic termi-
nologies in the small DL

�����
, which allows for conjunction

and value restrictions only, was characterized with the help of
finite automata. This characterization provided PSPACE de-
cision procedures for subsumption in

��� �
with cyclic termi-

nologies for the three types of semantics introduced by Nebel.
In addition, it was shown that subsumption is PSPACE-hard.
The results for cyclic

��� �
-terminologies were extended by

Küsters [1998] to ! �#" , which extends
��� �

by atomic nega-
tion and number restrictions.

The fact that the DL ! �%$ (which extends
���&�

by full
negation) is a syntactic variant of the multi-modal logic K
opens a way for treating cyclic terminologies and more gen-
eral recursive definitions in more expressive languages like
! �'$ and extensions thereof by a reduction to the modal mu-
calculus [Schild, 1994; De Giacomo and Lenzerini, 1994]. In
this setting, one can use a mix of the three types of semantics
introduced by Nebel. However, the complexity of the sub-
sumption problem is EXPTIME-complete.

In spite of these very general results for cyclic definitions
in expressive languages, there are still good reasons to look
at cyclic terminologies in less expressive (in particular sub-
Boolean) description logics. One reason is, of course, that
one can hope for a lower complexity of the subsumption prob-
lem. For DLs with value restrictions, this hope is not fulfilled,
though. Even in the inexpressive DL

�����
, subsumption be-

comes PSPACE-complete if one allows for cyclic definitions.
This is still better than the EXPTIME-completeness that one
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Name Syntax Semantics

concept name � ���������
role name � �	�
�������
���
top-concept 
 ���
conjunction ����� � ��� � �
exist. restriction ����� � ��������� �"!#�%$&�('*)
� �,+ �-)�� �/.
concept definition �102� � � 3 � �

Table 1: Syntax and semantics of � � .

has in ! �%$ with cyclic definitions, but from the practical
point of view it still means that the subsumption algorithm
may need exponential time.

In contrast, the subsumption problem in � � can be decided
in polynomial time w.r.t. the three types of semantics intro-
duced by Nebel. The main tool used to show these results
is a characterization of subsumption through the existence of
so-called simulation relations.

In the next section we will introduce the DL � � as well
as cyclic terminologies and the three types of semantics for
these terminologies. Then we will show in Section 3 how
such terminologies can be translated into description graphs.
In this section, we will also define the notion of a simulation
between nodes of a description graph, and mention some use-
ful properties of simulations. The next three sections are then
devoted to the characterization of subsumption in � � w.r.t.
gfp, lfp, and descriptive semantics, respectively.

2 Cyclic terminologies in the DL 465
Concept descriptions are inductively defined with the help of
a set of constructors, starting with a set 7
8 of concept names
and a set 7�9 of role names. The constructors determine the
expressive power of the DL. We restrict the attention to the
DL � � , whose concept descriptions are formed using the con-
structors top-concept ( : ), conjunction ( 
<;�= ), and existen-
tial restriction ( � 	���
 ). The semantics of � � -concept descrip-
tions is defined in terms of an interpretation >@?BADC�E*F�G EIH .
The domain C E of > is a non-empty set of individuals and the
interpretation function G E maps each concept name JLK17
8
to a subset JME of C E and each role 	�K<7 9 to a binary re-
lation 	�E on C E . The extension of G E to arbitrary concept
descriptions is inductively defined, as shown in the third col-
umn of Table 1.

A terminology (or TBox for short) is a finite set of con-
cept definitions of the form JONP= , where J is a concept
name and = a concept description. In addition, we require
that TBoxes do not contain multiple definitions, i.e., there
cannot be two distinct concept descriptions =�Q and =�R such
that both JSNT=UQ and JTNT=�R belongs to the TBox. Con-
cept names occurring on the left-hand side of a definition are
called defined concepts. All other concept names occurring
in the TBox are called primitive concepts. Note that we al-
low for cyclic dependencies between the defined concepts,
i.e., the definition of J may refer (directly or indirectly) to
J itself. An interpretation > is a model of the TBox V iff
it satisfies all its concept definitions, i.e., J,EW?X=�E for all
definitions JWNY= in V .

The semantics of (possibly cyclic) � � -TBoxes we have
just defined is called descriptive semantic by Nebel [1991].

For some applications, it is more appropriate to interpret
cyclic concept definitions with the help of an appropriate fix-
point semantics. Before defining least and greatest fixpoint
semantics formally, let us illustrate their effect on an exam-
ple.

Example 1 Assume that our interpretations are graphs where
we have nodes (elements of the concept name Z\[ � � ) and
edges (represented by the role � �"]�� ), and we want to define
the concept ^`_a[ ��� of all nodes lying on an infinite (possibly
cyclic) path of the graph. The following is a possible defini-
tion of ^`_a[ ��� : ^`_a[ ���,NbZ\[ � ��; ��� �"]����c^d_e[ � � �

Now consider the following interpretation of the primitive
concepts and roles:

C�f gh? i�j � Fkj Q Flj R F � � �`monpieq � m(F
Zr[ � � f gh? C f F
� ��] � f gh? i(AsjutlFljvtdw*QeHyxazo{<|}m~n�i�A�q � Fkq � H�m��

Where � g�?�iej � FljpQaFkjuR�F � � �`m and 7 g�?�ieq � m , there
are four possible ways of extending this interpretation of the
primitive concepts and roles to a model of the TBox consist-
ing of the above concept definition: ^d_e[ � � can be interpreted
by ��n17 , � , 7 , or � . All these models are admissible
w.r.t. descriptive semantics, whereas the first is the gfp-model
and the last is the lfp-model of the TBox. Obviously, only
the gfp-model captures the intuition underlying the definition
(namely, nodes lying on an infinite path) correctly.

It should be noted, however, that in other cases descrip-
tive semantics appears to be more appropriate. For example,
consider the definitions� � ] ����N �M_ ��� ���	; �%� ������_�� � � � ]���� and� � [}_�N �M_ ��� ���	; �%� ������_�� � � � [}_ �
With respect to gfp-semantics, the defined concepts

� � ]���� and� � [}_ must always be interpreted as the same set whereas this
is not the case for descriptive semantics.1

Before we can define lfp- and gfp-semantics formally, we
must introduce some notation. Let V be an � � -TBox con-
taining the roles 7 r �l�`� , the primitive concepts 7 p � t�� , and the
defined concepts 7 d ��� g�?�ieJ�QaF � � �	F�J��(m . A primitive inter-
pretations   for V is given by a domain C f , an interpreta-
tion of the roles 	¡K¢7 r �l�`� by binary relations 	 f on C f ,
and an interpretation of the primitive concepts £¤K¥7 p � td�
by subsets £ f of C f . Obviously, a primitive interpretation
differs from an interpretation in that it does not interpret the
defined concepts in 7 d ��� . We say that the interpretation >
is based on the primitive interpretation   iff it has the same
domain as   and coincides with   on 7 r �k�`� and 7 p � td� . For
a fixed primitive interpretation   , the interpretations > based
on it are uniquely determined by the tuple AsJ�E Q F � � ��F�JyE � H of
the interpretations of the defined concepts in 7 d ��� . We define

I q§¦�AD �Hog�?¥i�>Yx�> is an interpretation based on  vm��
Interpretations based on   can be compared by the following
ordering, which realizes a pairwise inclusion test between the

1This example is similar to the “humans and horses” example
used by Nebel [1991] to illustrate the difference between descriptive
semantics and gfp-semantics in ¨,©Iª .
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respective interpretations of the defined concepts: if >rQ�F > R K
I q§¦�A  �H , then

> Q �
f > R iff J E��t�� J E��t for all z�F	��
 z�
�
��

It is easy to see that
�
f induces a complete lattice on I q§¦�A  �H ,

i.e., every subset of I q§¦�AD �H has a least upper bound (lub) and
a greatest lower bound (glb). Using Tarski’s fixpoint theorem
[Tarski, 1955] for complete lattices, it is not hard to show
[Nebel, 1991] that, for a given primitive interpretation   ,
there is always a greatest and a least (w.r.t.

�
f ) model of

V based on   . We call these models respectively the greatest
fixpoint model (gfp-model) and the least fixpoint model (lfp-
model) of V . Greatest (least) fixpoint semantics considers
only gfp-models (lfp-models) as admissible models.

Definition 2 Let V be an � � -TBox and J F�� be defined con-
cepts2 occurring in V . Then,

� J is subsumed by � w.r.t. descriptive semantics ( J����
� ) iff JyE � � E holds for all models > of V .

� J is subsumed by � w.r.t. gfp-semantics ( J�� g �	��� ��� )
iff JyE � � E holds for all gfp-models > of V .

� J is subsumed by � w.r.t. lfp-semantics ( J�� l �	��� ��� )
iff JyE � � E holds for all lfp-models > of V .

We will show in the following that all three subsumption
problems are decidable in polynomial time. To do this, we
represent � � -TBoxes as graphs.

3 Description graphs and simulations
� � -TBoxes as well as primitive interpretations can be rep-
resented as description graphs. Before we can translate � � -
TBoxes into description graphs, we must normalize them. In
the following, let V be an � � -TBox, 7 d ��� the defined con-
cepts of V , 7 p � td� the primitive concepts of V , and 7 r �l�`� the
roles of V .

We say that the � � -TBox V is normalized iff JWN = K V
implies that = is of the form

£ Q~; � � �e;�£*�¡; ��	aQ � � Q ; � � �a; ��	�� � ����F
for j�F ��{ | , £rQ�F � � �	F�£*��K27 p � t�� , 	aQ�F � � �	F 	��-K27 r �k�`� , and
� Q F � � ��F!� � Ku7 d �l� . If j ?��,? | , then =S?W: .

Since there is a polynomial translation of general TBoxes
into normalized ones [Baader, 2002], one can restrict the at-
tention to normalized TBoxes. Thus, we will assume that
all TBoxes are normalized. Normalized � � -TBoxes can
be viewed as graphs whose nodes are the defined concepts,
which are labeled by sets of primitive concepts, and whose
edges are given by the existential restrictions. For the rest of
this section, we fix a normalized � � -TBox V with primitive
concepts 7 p � t�� , defined concepts 7 d ��� , and roles 7 r �l�`� .
Definition 3 An � � -description graph is a graph " ?
A$#�F!%UF!& H where

� # is a set of nodes;

2Obviously, we can restrict the attention to subsumption between
defined concepts since subsumption between arbitrary concept de-
scriptions can be reduced to this problem by introducing definitions
for the descriptions.

� % � #('17 r �l�`� '�# is a set of edges labeled by role
names;

� &�g)#+*-,�. p /1032 is a function that labels nodes with sets
of primitive concepts.

The normalized TBox V can be translated into the follow-
ing � � -description graph " � ?bAs7 d ��� F�% � F!& � H :

� the nodes of " � are the defined concepts of V ;
� if J is a defined concept and

JWNY£ Q~; � � �e;�£*�¡; � 	aQ � � Q ; � � �e; � 	�� � ���
its definition in V , then

– &4�,ADJ6H~? ie£ Q F � � ��Fk£ � m , and
– J is the source of the edges
ADJ F 	aQ�F!� Q�H�F � � ��F�ADJ F 	��aF!����HoK5% � .

Any primitive interpretation   ? ADC f F�G f H can be trans-
lated into the following � � -description graph " f ?
ADC f F�% f F�& f H :� the nodes of " f are the elements of C f ;

� % f g�? i�A76*F 	�F98/Hyx A:6 F!8}HyK 	 f m ;� & f A76IHygh?¥ie£bKv7 p � t��@x�6 K £ f m for all 6�KvC f .

The translation between � � -TBoxes (primitive interpreta-
tions) and � � -description graphs works in both directions,
i.e., any � � -description graph can also be view as an � � -
TBox (primitive interpretation).

Simulations are binary relations between nodes of two � � -
description graphs that respect labels and edges in the sense
defined below.

Definition 4 Let "%t ?�A;#/tkF!%�tlF�&�t H ( z�?<�"F�, ) be two � � -
description graphs. The binary relation = � # Q '># R is a
simulation from " Q to " R iff

(S1) A7? Q F!? R H K@= implies & Q A:? Q H � & R A7? R H ; and

(S2) if A7?"Q�F9?�RaH6K�= and A:?"QaF 	�F9?BAQ H�KC%�Q , then there exists a
node ? AR KD#/R such that A:? AQ F9? AR H�KE= and A:?�R"F 	�F9? AR H
K
% R .

We write = gF" QHGI " R to express that = is a simulation from
" Q to " R .

It is easy to see that the set of all simulations from " Q to " R
is closed under arbitrary unions. Consequently, there always
exists a greatest simulation from " Q to " R . If " Q FJ" R are finite,
then this greatest simulation can be computed in polynomial
time [Henzinger et al., 1995]. The following proposition is
an easy consequence of this fact (see [Baader, 2002]).

Proposition 5 Let " Q F�" R be two finite � � -description
graphs, ?(Q a node of "§Q and ?�R a node of "%R . Then we
can decide in polynomial time whether there is a simulation
= g�" QKGI "%R such that A:?"Q�F9?�R�HoK5= .

4 Subsumption w.r.t. gfp-semantics
In the following, let V be a normalized � � -TBox with primi-
tive concepts 7 p � td� , defined concepts 7 d ��� , and roles 7 r �l�d� .
Before characterizing subsumption w.r.t. gfp-semantics, we
give a characterization of when an individual of a gfp-model
belongs to a defined concept in this model.
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Proposition 6 Let   be a primitive interpretation and > the
gfp-model of V based on   . Then the following are equiva-
lent for any J Kv7 d ��� and 6 K C f :

1. 6pKvJyE .

2. There is a simulation = g�" � G I " f such that ADJ F!6IH K = .

This proposition (whose proof can be found in [Baader,
2002]), can now be used to prove the following characteriza-
tion of subsumption w.r.t. gfp-semantics in � � .

Theorem 7 Let V be an � � -TBox and J F!� defined concepts
in V . Then the following are equivalent:

1. J � g �	��� � � .

2. There is a simulation = g " � G I " � with A$�UF�J6H K = .

Proof. (2 � 1) Assume that the simulation = g)" � G I " � sat-
isfies A$�UF�J6H�K = . Let   be a primitive interpretation and >
the gfp-model of V based on   . We must show that 6�KpJ�E
implies 6pK � E .

By Proposition 6, 6 KvJ E implies that there is a simulation� g " �>GI " f such that AsJ F!6IH K � . It is easy to show that the
composition �Bg�? =�� � is a simulation from " � to " f such
that A:� F96IHyK�� . By Proposition 6, this implies 6 K5� E .

(1 � 2) Assume that J � g �	��� � � . We consider the graph
" � , and view it as an � � -description graph of a primitive
interpretation. Thus, let   be the primitive interpretation with
" � ?�" f , and let > be the gfp-model of V based on   .

Since the identity is a simulation I � g�" ��GI " �¡?�" f that
satisfies AsJ-FkJ6HMK I � , Proposition 6 yields J¢K�J,E . But then
J � g �	� � � � implies JTK � E , and thus Proposition 6 yields
the existence of a simulation = g " � G I " f ? " � such that
A:� FkJ�H K5= .

The theorem together with Proposition 5 shows that sub-
sumption w.r.t. gfp-semantics in � � is tractable.

Corollary 8 Subsumption w.r.t. gfp-semantics in � � can be
decided in polynomial time.

Example 9 Consider the TBox V consisting of the following
concept definitions:

�bN � 	�� 
6F 
¥N � 	�� = F*=�N � 	���
6F\J N � 	�� J A F J A N ��	�� = �
The � � -description graph " � corresponding to this TBox can
be found in Figure 1. Let # � ?¥iaJ F�J A F!�UF 
6Fk=vm denote the
set of nodes of this graph. Then =Wgh? # � ' # � is a simulation
from " � to " � . Consequently, all the defined concepts in V
subsume each other w.r.t. gfp-semantics.

5 Subsumption w.r.t. lfp-semantics
For the sake of completeness, we also treat lfp-semantics.
It should be noted, however, that the results of this section
demonstrate that lfp-semantics is not interesting in � � .

Let V be an � � -TBox and " � the corresponding � � -
description graph. Where J F!� are nodes of " � , we write
J	�*>� � to denote that there is a path in " � from J to � ,

and J w* � � to denote that there is a non-empty path in " �
from J to � . We define the set C 8�
 � as

ieJ¥x there exists a node � such that J��* � � w* � ��m(F




��




�����









�

�

�

��

Figure 1: The � � -description graph " � of Example 9.

i.e., C 8�
 � consists of the nodes in " � that can reach a cyclic
path in " � . The following proposition is an easy consequence
of the definition of lfp-semantics and of C 8�
 � (see [Baader,
2002]).

Proposition 10 Let V be an � � -TBox and J a defined con-
cept in V . If J K C 8�
 � , then J is unsatisfiable w.r.t. lfp-
semantics, i.e., J,E ?W� holds for all lfp-models > of V .

In Example 9, all the defined concepts belong to C 8�
 � , and
thus they are all unsatisfiable w.r.t. lfp-semantics.

Since all the defined concepts in C 8�
 � are unsatisfiable,
their definitions can be removed from the TBox without
changing the meaning of the concepts not belonging to C 8�
 � .
(Their definition cannot refer to an element of C 8�
 � .) This
leaves us with an acyclic terminology, on which gfp- and lfp-
semantics coincide [Nebel, 1991]. Thus, subsumption w.r.t.
lfp-semantics in � � can be reduced to subsumption w.r.t. gfp-
semantics.

Corollary 11 Subsumption w.r.t. lfp-semantics in � � can be
decided in polynomial time.

6 Subsumption w.r.t. descriptive semantics
Let V be an � � -TBox and " � the corresponding � � -
description graph. Since every gfp-model of V is a model
of V , J � � � implies J � g �	��� � � . Consequently,
J�� � � implies that there is a simulation = g " � G I " � with
A:� FkJ�H K = . In the following we will show what additional
properties the simulation = must satisfy for the implication
in the other direction to hold.

To get an intuition on the difference between gfp- and de-
scriptive semantics, let us consider Example 9. With respect
to gfp-semantics, all the defined concepts of V are equivalent
(i.e., subsume each other). With respect to descriptive seman-
tics, J F��UFk= are still equivalent, 
 is equivalent to J A , but J�A
is not equivalent to � , and 
 and = are also not equivalent
(in both cases, the concepts are not even comparable w.r.t.
subsumption).

To see that 
 and J A are equivalent w.r.t. descriptive se-
mantics, it is enough to note that the following identities hold
in every model > of V : J A E ? A � 	�� =�HDE ? 
�E � A similar
argument shows that � and = are equivalent. In addition,
equivalence of 
 and J A also implies equivalence of J and
� . The following model of V is a counterexample to the
other subsumption relationships:

1. C Epgh? i�
�F��}m ;
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� ? � � � �* � Q � �* � R ���* ��� ���* G�G�G
= � = � = � = �

J ? J � � �* J Q � �* J R ���* J�� ���* G�G�G

Figure 2: A A:� FkJ�H -simulation chain.

2. 	�Epgh?¥i(A 
�F � H�FeA � F 
�H�m ;
3. J E g�?E� E gh? = E gh? i��/m , J A E g�? 
 E g�? i 
am .
We will see below that the reason for J A and � not being

equivalent is that in the infinite path in " � starting with J A ,
one reaches = with an odd number of edges, whereas 
 is
reached with an even number; for the path starting with � ,
it is just the opposite. In contrast, the infinite paths starting
respectively with J and � “synchronize” after a finite number
of steps. To formalize this intuition, we must introduce some
notation.

Definition 12 The path � Qag��S?E� � � �* � Q � �* ��R � �* � � � �*
G�G�G in " � is = -simulated by the path � R g(Jb?¢J � � �* J Q � �*
J�R � �*�J � � �*�G�G�G in " � iff A:�6tlF�J�t H
KE= for all z-{S| . In
this case we say that the pair A	� Q F
� R H is a A:� FkJ�H -simulation
chain w.r.t. = (see Figure 2).

Consider the TBox V and the simulation = introduced in
Example 9. Then

� �* 
 �* = �* 
 �* = �* G�G�G
= � = � = � = � = �
J �* J A �* = �* 
 �* = �* G�G�G

is a A:�UF�J6H -simulation chain w.r.t. = , and

� �* 
 �* = �* 
 �* = �* G�G�G
= � = � = � = � = �
J A �* = �* 
 �* = �* 
 �* G�G�G

is a A:� FkJ A H -simulation chain w.r.t. = . Note that the first chain
synchronizes after a finite number of steps in the sense that
there is a = -link between the same defined concept. In con-
trast, the second chain does not synchronize in this sense.

If A:� FkJ6H�KD= , then (S2) of Definition 4 implies that, for
every infinite path �§Q starting with � � g�? � , there is an infi-
nite path � R starting with J � g�?YJ such that �IQ is = -simulated
by � R . In the following we construct such a simulating path
step by step. The main point is, however, that the decision
which concept J�� to take in step q should depend only on
the partial A:�UF�J6H -simulation chain already constructed, and
not on the parts of the path � Q not yet considered.

Definition 13 A partial A$�UF�J6H -simulation chain is of the
form depicted in Figure 3. A selection function � for J-F!�
and = assigns to each partial A$�UFkJ�H -simulation chain of this
form a defined concept J
� such that AsJ����§Q�F 	��IF�J�� H is an
edge in " � and A:� � F�J � HoK@= .

Given a path � ? � � � �* ��Q � �* ��R � �* � � � �* G�G�G and a
defined concept J such that A:� FkJ�H K5= , one can use a selec-
tion function � for J F!� and = to construct a = -simulating
path. In this case we say that the resulting A$�UFkJ�H -simulation
chain is � -selected.

� ? � � � �* ��Q � �* G�G�G ����� �* �
���§Q � �* ���
= � = � = �

J ? J � � �* J6Q � �* G�G�G � ��� �* J���� Q

Figure 3: A partial A:� FkJ6H -simulation chain.

Definition 14 The simulation = g " � G I " � is called A:� FkJ6H -
synchronized iff there exists a selection function � for J-F!�
and = such that the following holds: for every infinite � -
selected A:� FkJ6H -simulation chain of the form depicted in Fig-
ure 2 there exists an z~{¡| such that J6t*?E��t .
We are now ready to state our characterization of subsump-
tion w.r.t. descriptive semantics (see [Baader, 2002] for the
proof).

Theorem 15 Let V be an � � -TBox, and J F�� defined con-
cepts in V . Then the following are equivalent:

1. J ��� � .

2. There is a A:� FkJ�H -synchronized simulation = g�" � G I " �
such that A$�UFkJ�H K@= .

It remains to be shown that property (2) of the theorem can
be decided in polynomial time. To this purpose, we construct
a simulation

�
such that (2) of Theorem 15 is equivalent to

A:� FkJ�H1K � (see [Baader, 2002] for the proof that this is
indeed the case):
We define

� gh?�� ��� � � � , where the relations
� � are defined

by induction on q :
�
�

is the identity on the nodes of " � . If� � is already defined, then
� ��w*Q6g�? � �/noi(A 
6F 
 A Hyx A 
6F 
 A H satisfies (1), (2), (3) below m �

1. & � A 
 H � & � A 
�A�H ,
2. A 
6F 	aQ�F 
yQ�H�F � � ��F�A 
6F 	��aF 
��	H are all the edges in " � with

source 
 ,

3. there are edges A 
 A F 	 Q F 
 AQ H�F � � ��F�A 
 A F 	 � F 
 A� H in " � such
that A 
MQ�F 
 AQ HoK � � F � � ��F�A 
��aF 
 A� HoK � � .

The relation
�

can obviously be computed in time polyno-
mial in the size of " � . By using the techniques employed
to decided Horn-SAT in linear time [Dowling and Gallier,
1984], it is not hard to show that

�
can actually be computed

in time quadratic in the size of " � .

Corollary 16 Subsumption w.r.t. descriptive semantics in � �
can be decided in polynomial time.

An alternative way for showing the polynomiality result
would be to reduce the existence of a A:� FkJ�H -synchronized
simulation = satisfying A$�UFkJ�H K�= to the strategy problem
for a certain two-player game with a positional winning con-
dition. The existence of a winning strategy is in this case a
polynomial time problem [Grädel, 2002].

7 Future and related work
We have seen that subsumption in � � with cyclic terminolo-
gies is polynomial for the three types of semantics introduced
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by Nebel [1991]. In some applications, it would be interest-
ing to have a mix of all three semantics, and it remains to
be seen whether the polynomiality results also hold in such a
setting (which would correspond to a restriction of the modal

� -calculus [Kozen, 1983]).
Sub-Boolean DLs (like � � ) have attracted renewed at-

tention in the context of so-called non-standard inferences
[Küsters, 2001] like computing the least common subsumer
and the most specific concept. In [Baader, 2003] we have
shown that the characterization of subsumption in � � w.r.t.
gfp-semantics also yields an approach for computing the least
common subsumer in � � w.r.t. gfp-semantics. In addition,
we have extended the characterization of subsumption in � �
w.r.t. gfp-semantics to the instance problem, and have shown
how this can be used to compute the most specific concept.

Simulations and bisimulations play an important rôle in
modal logics (and thus also in description logics). How-
ever, until now they have mostly been considered for modal
logics that are closed under all the Boolean operators, and
they have usually not been employed for reasoning in the
logic. A notable exception are [Kurtonina and de Rijke, 1997;
1999], where bisimulation characterizations are given for
sub-Boolean Modal Logics and DLs. However, these charac-
terizations are used to give a formal account of the expressive
power of these logics. They are not employed for reasoning
purposes.

In [Baader et al., 1999], subsumption between � � -concept
descriptions was characterized through the existence of ho-
momorphisms between the description trees (basically the
syntax trees) associated with the descriptions. If one looks
at the polynomial time algorithm for deciding the existence
of such a homomorphism, then it is easy to see that it actually
computes the greatest simulation between the trees. For trees,
the existence of a homomorphism mapping the root to the root
coincides with the existence of a simulation containing the
tuple of the roots. For graphs, a similar connection does not
hold. In fact, for graphs the existence of a homomorphism
is an NP-complete problem. For simple conceptual graphs
(or equivalently, conjunctive queries) the implication (con-
tainment) problem can be characterized via the existence of
certain homomorphisms between graphs [Chein et al., 1998],
and is thus NP-complete.
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Abstract

The evolution of Description Logics (DLs) and
Propositional Dynamic Logics produced a hierar-
chy of decidable logics with multiple maximal el-
ements. It would be desirable to combine different
maximal logics into one super-logic, but then in-
ference may turn out to be undecidable. Then it
is important to characterize the decidability thresh-
old for these logics. In this perspective, an interest-
ing open question pointed out by Sattler and Vardi
[Sattler and Vardi, 1999] is whether inference in a
hybrid �-calculus with restricted forms of graded
modalities is decidable, and which complexity class
it belongs to. In this paper we prove that this calcu-
lus and the corresponding DL �ALCIOf are un-
decidable. Second, we prove undecidability results
for logics that support both a transitive closure op-
erator over roles and number restrictions.
Keywords: Description logics, hybrid �-calculus,
regular roles, graded modalities, number restric-
tions.

1 Introduction
Description logics are popular knowledge representation lan-
guages, with important applications to the semantic web, soft-
ware engineering and heterogeneous databases. Description
logics (DLs) are strictly related to propositional dynamic log-
ics (PDLs), that play an important role in software and pro-
tocol verification based on automated reasoning techniques.
The analogies between the two frameworks are so tight that
DLs and PDLs can be regarded as syntactic variants of the
same family of logics.

The simplest DLs and PDLs can be easily embedded into
a fragment of L2, that is, first-order logic with two variables.
Application requirements led researchers to extend these ba-
sic logics with more expressive constructs, such as fixpoints,
nominals (that represent individuals in DLs), transitive clo-
sure operators similar to Kleene’s star, and equivalents of gen-
eralized quantification called number restrictions (or count-
ing) in DLs and graded modalities in PDLs. At the same time,
applications require these logics to be decidable and have ac-
ceptable computational complexity.

The evolution of DLs and PDLs produced—and keeps
on extending—a hierarchy of decidable logics with multi-
ple maximal elements. Currently, two of the maximal de-
cidable DLs are �ALCIO (featuring fixpoints and nomi-
nals [Sattler and Vardi, 1999; Bonatti, 2002]) and �ALCIQ
(featuring fixpoints and number restrictions). The corre-
sponding PDLs are the hybrid �-calculus and the �-calculus
with graded modalities, respectively [Sattler and Vardi, 1999;
Kupferman et al., 2002].

Of course, it would be desirable to combine the features of
different maximal logics into one super-logic. A combination
of �ALCIO and �ALCIQ would help—for example—in
describing the functional behavior of e-Services (cf. [Bon-
atti, 2002] and related comments on SDL(X ) in Section 5).
However, in the super-logic inference may turn out to be too
complex, and in particular undecidable.

A related, interesting open question pointed out by Sattler
and Vardi [Sattler and Vardi, 1999] is whether inference in
the union of the hybrid �-calculus and the �-calculus with
graded modalities is decidable, and which complexity class
it belongs to. More precisely, Sattler and Vardi mention a
slightly simpler logic: a hybrid �-calculus with determin-
istic programs. Deterministic programs are a special case
of graded modality, whose counterpart in DLs are features,
i.e., functional roles. The DL corresponding to the hybrid
�-calculus with deterministic programs is called �ALCIOf .

The main contribution of this paper is a negative answer
to the above open question. We prove that the hybrid �-
calculus with deterministic programs and the correponding
DL �ALCIOf are undecidable. For this purpose, we use a
novel approach based on nested fixpoints.

The second contribution is an undecidability result for log-
ics that support number restrictions together with regular role
expressions. These results show that transitive role closure
can be more expressive than fixpoints in some contexts.

In the next section we recall the basic notions about DLs
and the �-calculi. Section 3 is devoted to the undecidabil-
ity proof for �ALCIOf and the hybrid �-calculus with de-
terministic programs. Section 4 briefly illustrates the unde-
cidability result for the combination of transitive closure and
number restrictions. Finally, Section 5 concludes the paper
with a brief discussion of the results and some directions for
further research. Some proofs will be omitted because of
space limitations.
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2 Preliminaries
The vocabulary of the description logics we deal with in this
paper is specified by the following disjoint sets of symbols:
a set of atomic concepts At, a set of nominals Nom, a set of
concept variables Var, and a set of atomic roles AR.

The set of roles is the smallest superset of AR such that if
R;R

0 are roles then R�, R tR
0, and R� are roles.

Let R be a role, X 2 Var and n 2 N. The set of concepts is
the smallest superset ofAt [ Nom [ Var such that if C;C 0

; D

are concepts, then :C, C uD, 96nR:C, and �X:C
0 are con-

cepts, provided that all the free occurrences of X in C
0 lie

within the scope of an even number of operators : and 96n.
Semantics is based on interpretations of the form I =

h�I
; �Ii where �I is a set of individuals and �I is an inter-

pretation function mapping each A 2 At [ Nom onto some
A
I � �I , and each R 2 AR onto some RI � �I � �I .

Furthermore, nominals must be mapped onto singletons. A
valuation on I is a function � : Var ! }(�I). As usual,
�[X=S] denotes the valuation such that �[X=S](X) = S and
for all Y 6= X , �[X=S](Y ) = �(Y ). The meaning of inverse
roles is

(R�)I = fhy; xi j hx; yi 2 R
Ig ;

while (RtR0)I = R
I[R0I , and (R�)I denotes the reflexive

transitive closure of RI .
The meaning of compound concepts is determined by pairs

(I; �). By ] S we denote the cardinality of a set S.

(:C)I� = �I n CI
� A

I
� = A

I (A 2 At)

(C uD)I� = C
I
� \D

I
� X

I
� = �(X) (X 2 Var)

(96nR:C)I� =
�
x j ] fy j hx; yi 2 R

I ^ y 2 C
I
� g 6 n

	
(�X:C)I� =

Tn
S � �I j CI

�[X=S] � S

o
:

Subscript � will be sometimes omitted when it applies to a
closed concept (i.e., such that all variables are bound by �).

Other standard constructs can be derived from the above
concepts. We use the symbol, to define abbreviations.

C tD , :(:C u :D) > , A t :A (A 2 At)

8R:C , 960R::C 9R:C , :8R::C

9>nR:C , :96n�1
R:C �X:C , :�X::C[X=:X ]

Here C[X=:X ] is the concept obtained from C by replacing
all free occurrences of X with :X .

The syntactic restrictions on concept variables make ev-
ery concept C monotonic with respect to its free variables.
Then �X:C(X) and �X:C(X) denote exactly the least and
the greatest fixpoints of C(X), that can be characterized with
the standard iterative constructions.

An assertion has the form C v D where C and D are
closed concepts. It is satisfied by I (equivalently, I is a model
of the assertion) iff CI � D

I . A TBox is a finite set of
assertions. A TBox is satisfiable iff it has a model, that is, an
I that satisfies all the assertions in the TBox. Symmetric pairs
of assertions such as C v D and D v C will be abbreviated
by C � D. A TBox T entails C v D if every model of T
satisfies C v D.

The description logic ALC is a fragment of the logic de-
scribed so far, supporting only atomic roles, :, u and 9R:C

(plus all the constructs definable from these). In ALC,
Nom = ;.

By convention, the name of a description logic contains
ALC if the logic extends ALC. Moreover, the name contains
an I if inverse roles (R�) are supported, an O if Nom 6= ;,
a Q if number restrictions (96nR:C) are supported, and a
� if fixpoints are supported. For example, ALCIO denotes
the extension of ALC with inverse roles and nominals. A
subscript f indicates that roles may be declared to be func-
tions. Note that such assertions are a special case of number
restriction, as they can be expressed with axioms of the form
> v 961R:>. If the logic supports role operators besides
inversion, we list those operators as superscripts. For exam-
pleALCIt;� denotes the extension ofALCI with role union
and reflexive transitive closure.

Description logics can be regarded as variants of the propo-
sitional �-calculi. Individuals correspond to possible worlds
and roles correspond to accessibility relations. Atomic con-
cepts play the role of propositional symbols. In particular,
�ALCIOf can be embedded into the hybrid �-calculus with
deterministic programs and graded modalities (hn; P iF and
[n; P ]F ) via the following satisfiability-preserving transla-
tion. For all propositions p, and for all n > 0,

"(p) = p "(F uG) = "(F ) ^ "(G)

"(:F ) = :"(F ) "(9>nP:F ) = hn� 1; P i "(F )

"(�X:F ) = �X:"(F ) "(C v D) = [o] "(:C tD):

Moreover, functional roles are mapped onto deterministic
programs (whose accessibility relation is the graph of a
function), and nominals are mapped onto their equivalents
(called nominals, too), that in PDL terms are propositional
symbols that are true in exactly one world. Program o

denotes the universal program whose accessibility relation
consists of all pairs of possible worlds. The reader is re-
ferred to [Sattler and Vardi, 1999; Kupferman et al., 2002;
De Giacomo, 1995] for further details.

3 Undecidability of �ALCIOf

This section is devoted to the proof of the following theorem.

Theorem 3.1 In �ALCIOf , concept satisfiability, TBox sat-
isfiability and entailment are all undecidable.

We find it convenient to prove this theorem by first reduc-
ing domino problems to TBox satisfiability, and then extend-
ing this result to the other decision problems.

Recall that domino problems consist in placing tiles on
an infinite grid, satisfying a given set of constraints on ad-
jacent tiles. Formally, a domino problem is a structure D =

hT;H; V i, where T is a set of tile types and H;V � T
2 spec-

ify which tiles can be adjacent horizontally and vertically,
respectively. A solution to D is a tiling, that is, a function
� : N2 ! T , such that

1. if �(x; y) = t and �(x+1; y) = t
0 then (t; t0) 2 H , and

2. if �(x; y) = t and �(x; y + 1) = t
0 then (t; t0) 2 V .

The existence of a solution for a given domino problem is
known to be undecidable (cf. [Grädel et al., 1999]).
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Domino problems are reduced to reasoning problems by
characterizing (i) the grid and (ii) correct tilings. Formally,
the grid is a structure G = hN2

; h
G
; v

Gi, where hG(x; y) =

(x+ 1; y), and vG(x; y) = (x; y + 1), for all x; y 2 N.
In description logics, hG and v

G can be denoted by two
roles, h and v. If the two roles characterize the grid cor-
rectly (see Figure 1(a)), then characterizing the solutions of a
domino problem is easy, even within simple (and decidable)
description logics such as ALC, by means of the following
assertion:

> v

�
t
t2T

Ct

�
u

�
u
t2T

u
t02Tnftg

:(Ct u Ct0)

�
u

u
t2T

�
:Ct t

�
9h: t

(t;t0)2H
Ct0 u 9v: t

(t;t0)2V
Ct0

��
:

(1)

Here for each tile type t, a distinct concept name Ct is in-
troduced. Assertion (1) basically states that each individual
is a tile (first term), that distinct tile types contain different
tiles (rest of the first line), and that the tiling preserves the
constraints specified by H and V (second line).

The real problem is characterizing the grid, because there
is no direct way to force h and v to commute. Here we shall
provide a projective characterization of G, that is, we shall
capture exactly the class of interpretations isomorphic to the
expansion G� = hN2

; h
G
; v

G
; O

G
�

i of G, where O is a unary
relation and OG

�

= f(0; 0)g.
We proceed in three steps. First, h and v must be forced to

be injective functions. For this purpose, we declare all roles
and their converse to be functional, which is equivalent to
adopting the following assertion, for all roles R.

> v (961R:>) u (961R�
:>) : (2)

Second, all nodes are classified with respect to their incom-
ing and outcoming edges. Note that the domain and the range
of a role R can be defined as follows.

dom(R) , 9R:>

range(R) , 9R�
:>

Now we can define the vertical and the horizontal borders of
the grid (Bv and Bh, respectively), and the internal nodes
(C). O is a nominal that represents the origin of the grid.

Bv , O t (dom(h) u dom(v) u :range(h) u range(v))

Bh , O t (dom(h) u dom(v) u range(h) u :range(v))

C , dom(h) u dom(v) u range(h) u range(v)

The following assertions state the properties of O and force
the above concepts to cover all the domain.

O v dom(h) u dom(v) u :range(h) u :range(v) (3)

> v Bv t Bh t C (4)

Third, we characterize the global structure of the grid. The
next assertions ensure that the vertical borderBv and the hor-
izontal border Bh have the desired structure (i.e., they should
be isomorphic to N).

Bv � �X
�
O t 9v�:X

�
(5)

Bh � �X
�
O t 9h�:X

�
: (6)

Note that Bv and Bh contain no cycles, because of (2) and
(3), so the two fixpoints induce infinite linear sequences of
nodes.

Finally, we introduce an assertion that forces h and v to
commute everywhere.

> v �X:�(X); where (7)

�(X) , O t '0(X) t '1(X)

'0(X) , (9h:9v�:X) u (9v�:9h:X)

'1(X) , Bh u 9h
�
:�Y:'2(X;Y )

'2(X;Y ) , (Bv t 9v:9h
�
:Y ) uX

Informally speaking, the constructive characterization of the
fixpoint in (7) corresponds to a visit of the grid along diag-
onals directed north-west (Figure 1(b)). At each iteration, a
new node x0 is considered. Subformula '0(X) ensures that
x0 is connected to the last visited element x1 in such a way
that h and v commute. Actually, h and v are not explicitly re-
quired to commute. They actually do (equation (9)) because
each visited node �x but the last one (i.e., x1) must be con-
nected by v Æh� and h� Æ v to another visited node (Proposi-
tion 3.3.e), therefore, by (2), there exist no further links vÆh�

and h
� Æ v connecting �x to (the not yet visited node) x0. It

follows that only x1 can be connected to x0 as specified by
'0(X). This makes h and v commute and ensures that x0 is
unique. Every time the vertical border Bv is reached, subfor-
mula '1(X) adds the first element of the next diagonal. For
this purpose, subformula �Y:'2(X;Y ) looks for diagonals
entirely contained in X (the set of nodes visited so far) so that
a new diagonal is not entered before the previous one has been
completely visited. Figure 1(c) illustrates this phase. Let Xi

be the current set of visited nodes. The black circles are the
elements of '1(Xi). In this example, �Y:'2(Xi; Y ) equals
Xi, because the latter contains precisely the first 3 diagonals.
In the following we formalize all the above intuitions.

Let T consist of the assertions (2), the local constraints (3)
and (4), and the fixpoint assertions (5), (6) and (7). In the rest
of this section, let I be a model of T .

First we introduce some notation related to the domain el-
ements of I. Let o 2 O

I . For all d; j 2 N, let

ed;j = (h�I Æ vI)j Æ (hI)d(o) :

Note that ed;j is not necessarily defined, because h�I is par-
tial. Informally speaking, d counts diagonals and j is the dis-
placement within a diagonal (cf. Figure 1(b)). Indexes are
ordered lexicographically. Define

(d1; j1) � (d2; j2) iff d1 < d2 or (d1 = d2 and j1 6 j2) :

For all sets S � �I , let max(S) be the element ed;j 2 S

with �-maximal index (if any). The restriction of � to N2
> =

f(x; y) 2 N
2 j x > yg admits a successor relation, namely:

succ�(d; j) =

�
(d; j + 1) if j < d

(d+ 1; 0) if j = d .

With a slight abuse of notation, succ�(ed;j) will denote
esucc�(d;j).

Next we need a constructive characterization of the fixpoint
in assertion (7). To improve readability, in the following we
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Figure 1: Modeling and visiting the grid G

abbreviate �(X)I�[X=S] to �
I(S), where S � �I . Formulae

'i (i = 0; 1; 2) will be treated in a similar way. Then the
fixpoint can be characterized as follows.

�X:�(X) =
[
i<!

Xi; where (8)

X0 = �
I(;)

Xi = �
I(Xi�1) (i > 0)

To ensure that the fixpoint is actually reached within ! steps,
as implicitly claimed by the above construction, it suffices to
show that �Ii is continuous.

Proposition 3.2 �
I
i is continuous, that is, for all non-

decreasing sequences fXigi6�, where � is an ordinal,
�
I(
S
i<�Xi) =

S
i<� �

I(Xi) .

The following technical result formalizes the intuitive ex-
planation of the nested fixpoint construction.

Proposition 3.3 For all integers i > 0 such that Xi � Xi+1,
there exists ed;j 2 Xi+1 such that:

a. Xi+1 = Xi [ fed;jg .

b. ed;j = succ�(max(Xi)) = max(Xi+1).

c. If j > 0 then v�I(ed;j) = ed�1;j�1 .

d. If d > j then h�I(ed;j) = ed�1;j .

e. For all x 2 Xi+1 n fed;jg, if h�I(x) is defined then
v
I(h�I(x)) 2 Xi+1 and h�I(vI(x)) 2 Xi+1 :

f. For all ek;l 2 Xi+1, if ek;l 2 B
I
v then k = l.

Proof. We prove a–f simultaneously, by induction on i. For
i = 0, Xi = O

I = fog = fe0;0g and Xi+1 = '
I
1 (X0) =

Xi [ fe1;0g � B
I
h . Then a–f are trivially satisfied with

(d; j) = (1; 0).
Now assume i > 0. Let x0 2 Xi+1 n Xi. Then there

are two possibilities: either x0 2 '
I
0 (Xi) or x0 2 '

I
1 (Xi).

Note that these two cases are mutually exclusive, because the
elements of 'I0 (Xi) are in the range of vI , while the elements
of 'I1 (Xi) are not, because they belong to BI

h .
Case 1: x0 2 '

I
0 (Xi). By definition of '0, there

must be x1; x2 2 Xi such that hI(v�I(x0)) = x1 and
v
�I(hI(x0)) = x2. Since h

I and v
�I are injective func-

tions (by the assertions (2)), vI(h�I(x1)) = h
�I(vI(x2)) =

x0 62 Xi, and hence, by induction hypothesis e (I.H.e for
short), x1 = x2 = max(Xi). Now, by choosing d and j

such that max(Xi) = ed;j�1, we have x0 = h
�I(vI(x2)) =

h
�I(vI(ed;j�1)) = ed;j . The above equations can be rewrit-

ten as

v
I(h�I(max(Xi))) = h

�I(vI(max(Xi))) =

= x0 = ed;j : (9)

Since (9) holds for arbitrary x0 2 Xi+1nXi, we have that x0
is the unique member of Xi+1 nXi, and hence point a holds.

Now, since max(Xi) = ed;j�1 and succ�(d; j � 1) =

(d; j), we immediately get point b.
To prove c, note that

v
�I(ed;j)

(9)
= v

�I(vI(h�I(max(Xi)))) =

= h
�I(ed;j�1)

I:H:d
= ed�1;j�1 : (10)

To prove d, note that

h
�I(ed;j) = h

�I(vI(v�I(ed;j)))
(10)
=

= h
�I(vI(ed�1;j�1))

by def:
= ed�1;j :

Point e follows from the corresponding I.H.e and (9).
We are only left to show that f holds. The induction

hypothesis I.H.f covers all cases but (k; l) = (d; l). If
ed;l 2 B

I
v , then v�I(ed;j) 2 B

I
v , by assertion (5). Moreover,

v
�I(ed;j) = ed�1;j�1, by (10). Then ed�1;j�1 2 B

I
v , and

hence, by I.H.f , d� 1 = j� 1. Point f follows immediately.
This concludes the proof for Case 1.
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Case 2: x0 2 '
I
1 (Xi). By definition of '1, the following

facts hold: (i) x0 2 B
I
h , (ii) there exist fx1; : : : ; xng 2 Xi

(n > 0) such that

x1 2 B
I
v (11)

xn = h
�I(x0) (12)

xk = h
�I

(v
I
(xk+1)) (1 6 k 6 n� 1) : (13)

(cf. Figure 1(c)). By I.H.f and (11), x1 = ed�1;d�1 for
some d 2 N. Then, by (13), fx1; : : : ; xng must equal
fed�1;d�1; ed�1;d�2; : : : ; ed�1;0g.

Now, if ed�1;d�1 6= max(Xi), then the set
fed�1;d�1; ed�1;d�2; : : : ; ed�1;0g would be entirely
contained in Xi�1 and hence x0 2 '

I
1 (Xi�1) � Xi, a

contradiction. Consequently,

ed�1;d�1 = max(Xi) : (14)

Note also that

x0
(12)
= h

I(xn) = h
I(ed�1;0) = ed;0 : (15)

Now we are ready to prove a–f . Let j = 0.
Since x0 = ed;0 for an arbitrary x0 2 Xi+1 nXi, point a

holds.
Moreover, succ�(d�1; d�1) = (d; 0) so point b is entailed

by (14).
Point c holds vacuously as j = 0.
Point d holds, as h�I(ed;0) = ed�1;0 by definition of ed;0.
Point e is covered by I.H.e with the exception of

max(Xi) = ed�1;d�1, that satisfies e vacuously because it
is a member of BI

v and hence h�I(ed�1;d�1) is undefined.
Finally, to prove point f , note that ed;0 62 B

I
v (because

ed;0 2 B
I
h n O

I ), so f is satisfied vacuously when (k; l) =

(d; 0). All the other cases are implied by I.H.f . This com-
pletes the proof.

We are now ready to prove the two propositions that con-
firm that T characterizes the grid.
Proposition 3.4 Every model of T is isomorphic to G�.

Proof. Suppose I is a model of T . Then (5) and (6) cause
�I to be infinite. On the contrary, each Xi (i < !) is finite,
by Proposition 3.3.a. It follows by assertion (7) that no Xi

can be a fixpoint of �I for i < !, and hence the hypothesis
of Proposition 3.3—that is, Xi � Xi+1 —is satisfied for all
i < !.

As a first consequence of Propositions 3.3.a; b, we have
that for all (d; j) 2 N

2
> , ed;j is defined and �I = fed;j j

(d; j) 2 N
2
>g. Since Xi � Xi+1, Propositions 3.3.a,b imply

also that ed;j and ek;l are always distinct when (d; j) 6= (k; l).
Then the function f : �I ! N

2 specified by

f(ed;j) = (d� j; j)

is well defined and total. Moreover, the total function g :

N
2 ! �I defined by g(i; j) = ei+j;j satisfies gÆf = f Æg =

id , so f is a bijection.
We are left to show that f is a morphism. By Proposi-

tion 3.3.c,d, we have that for all (d; j) 2 N
2
> , hI(ed;j) =

ed+1;j and vI(ed;j) = ed+1;j+1. Then

h
G(f(ed;j)) = (d� j + 1; j) = f(hI(ed;j)); and

v
G(f(ed;j)) = (d� j; j + 1) = f(vI(ed;j)) :

Moreover, f(OI) = ff(e0;0)g = f(0; 0)g = O
G
�

. We con-
clude that f is an isomorphism.

Proposition 3.5 G� is a model of T .

Since the �ALCIOf TBox T is a projective characteriza-
tion of G (by Propositions 3.4 and 3.5) and the �ALCIOf

assertion (1) is satisfied only by correct tilings, we derive the
following lemma.

Lemma 3.6 Satisfiability of �ALCIOf TBoxes is undecid-
able.

We are left to extend this lemma to concept satisfiability
and entailment. This is done through the following reduc-
tions.

Lemma 3.7 In all extensions of �ALCI,

a. TBox satisfiability can be reduced to concept satisfiabil-
ity in polynomial time.

b. Concept unsatisfiability can be reduced to entailment in
polynomial time.

By Lemma 3.6 and Lemma 3.7, we conclude that the main
result of this section, Theorem 3.1, holds.

Finally, with Theorem 3.1 and the standard embedding of
description logics into propositional dynamic logics, we im-
mediately obtain the following result.

Corollary 3.8 Formula satisfiability in the hybrid �-calculus
with deterministic programs is undecidable.

4 Regular roles and counting
Description logics with regular role expressions introduce a
form of recursion (Kleene’s star, or reflexive transitive clo-
sure) different from fixpoints. It is interesting to investigate
the interplay of this form of recursion and counting.

Consider ALCIQt;� (the extension of ALCIQ with role
union and reflexive transitive closure). We prove its undecid-
ability by characterizing domino problems with unbounded
grids (i.e., grids without borders) in ALCIQt;�. The grid is
modelled by splitting the injective functional role h (resp. v)
into the disjoint union of two roles h0 and h1 (resp. v0 and
v1), alternated as shown in Figure 2(a). Nodes are then par-
tioned into four classes �i;j , 0 � i; j � 1, according to their
incoming and outcoming edges ((9R) abbreviates 9R:>):

�i;j , (9hi) u (9vj) u (9h�1�i) u (9v�1�j) u

:(9h1�i) u :(9v1�j) u :(9h
�
i ) u :(9v

�
j ) :

All nodes are forced to belong to one of these four classes by
an assertion > v �0;0 t �0;1 t �1;0 t �1;1.

Furthermore, the four assertions

�i;j v (8hi:�1�i;j) u (8vj :�i;1�j) (16)

(where 0 � i; j � 1) force the desired alternation of h0, h1,
v0 and v1 (cf. Figure 2(a)).

Now the compound role (hi t vj)
� applied to a node c0

can reach at most five different nodes c0-c4 (cf. Figure 2(b)),
because the alternation of edges with index 0 and 1 (more
precisely, assertions (16)) guarantees that c1, c3, c4 have no
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Figure 2: Modeling an even grid G

outcoming vj edges, and that c2, c3, c4 have no outcoming hi
edges.

Then the following assertions (where 0 � i; j � 1) imply
that for each node in �i;j , hi and vj commute.

�i;j v 964(hi t vj)
�
: (17)

In fact—with reference to Figure 2(b)—for all c0 in �i;j , as-
sertion (16) forces nodes c0-c4 to belong to different (mutu-
ally disjoint) concepts �x;y, with the exception of c3 and c4,
both of which belong to �1�i;1�j . Now if c3 6= c4 then (17)
would be violated (there would be 5 nodes reachable with
(hi t vj)

�), so hi and vj commute (i.e., h0, h1, v0, v1 char-
acterize the unbounded grid).

We are only left to model correct tilings. It suffices to adapt
assertion (1) by replacing h and v with h0 t h1 and v0 t
v1, respectively. From the above discussion we derive the
following theorem.

Theorem 4.1 ALCIQt;� is undecidable.

On the contrary, �ALCIQt is decidable. In fact, every
expression in �ALCIQt is equivalent to an expression in
the decidable logic �ALCIQ thanks to the equivalence

96n(R t R
0):C � t

0�k�n
(96kR:C u 96n�kR0

:C):

Then Theorem 4.1 suggests that transitive closure is more
powerful than fixpoints in this context (the extension of
ALCIQt with fixpoints is decidable, while the extension
with � is not).

5 Discussion and conclusions
Description logics evolved into a hierarchy of decidable log-
ics with multiple maximal elements. Some support fixpoints,
inverse roles, and either nominals or number restrictions (but
not both) [Sattler and Vardi, 1999; Kupferman et al., 2002].
Others support rich sets of role operators, including union and
transitive closure.

The results of this paper show that the above features can-
not be easily combined into one decidable logic. In particular,
no decidable extension of ALCI can simultaneously support
fixpoints, nominals and number restrictions, even in the very
special case where number restrictions are confined into the

functionality assertions (2).1 As a corollary, the hybrid �-
calculus with deterministic programs is proved to be unde-
cidable. Moreover, Theorem 4.1 shows that role union and
transitive closure cannot occur together within number re-
strictions (it provides also evidence that � is more expressive
than fixpoints).

These results have immediate implications on DLR [Cal-
vanese et al., 1999], a rich DL with n-ary relations. Recall
that �ALCIQ can be embedded into DLR� [Calvanese et
al., 1999]. Similarly, ALCIQ can be embedded into DLR
(the fragment of DLR� without fixpoints). Then Theo-
rem 3.1 and Theorem 4.1 imply that decidability is preserved
neither by extending DLR� with nominals,2 nor by extend-
ing DLR with role operators t and �.

An interesting question arising from these results concerns
the family of service description logics SDL(X ) [Bonatti,
2002]. These logics are analogous to DLR�, in the sense
that they model mappings (that can be regarded as n-ary re-
lations). SDL(X ) differs from DLR� because the former
features set abstraction and composition, while DLR� sup-
ports number restrictions. Service descriptions in SDL(X )
are supposed to extend an underlying ontology written in a
standard description logic X (modelling concepts and roles
only). The main reasoning tasks for SDL(X ) are proved
to be decidable by embedding SDL(X ) into decidable ex-
tensions of both �ALCIO and X . By the undecidability of
�ALCIOf , it follows that this technique cannot be applied
when X supports number restrictions, or simply functional
roles. Then the (un)decidability of SDL(X ), when X sup-
ports number restrictions of some sort, remains an interesting
open issue.
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Abstract

Motivated by the matchmaking problem in elec-
tronic marketplaces, we study abduction in De-
scription Logics. We devise suitable definitions of
the problem, and show how they can model com-
monsense reasoning usually employed in analyz-
ing classified announcements having a standardized
terminology. We then describe a system partially
implementing these ideas, and present a simple
experiment, which shows the correspondence be-
tween the system behavior with human users judge-
ment.

1 Motivation
We describe several scenarios in which matchmaking [Di
Noia et al., 2003; Sycara et al., 2002; Di Sciascio et al., 2001;
Trastour et al., 2002] is necessary, starting with a human sit-
uation and moving to more automated ones.

Human matchmaking. Imagine you are looking for an
apartment in London, UK. On a local newspaper, you pub-
lished a classified ad, which we call D (for Demand), asking
the following:

Apt. required: Soho, 2 rooms, smoker, dog,
garden, max 600/month. Phone xxx-yyyyy

Since no one phoned you, you open a copy of the same news-
paper, and start filtering a long list of classified ads offering
apartments to rent. You might encounter the following ad,
that we call S1 (for Supply):

Apt. centre (Piccadilly), car place, fireplace,
2 rooms. Phone zzz-wwwww

Then you wonder if this offer fits your needs. The match be-
tween Soho and Piccadilly depends on some domain knowl-
edge — actually, they are consistent, although Piccadilly does
not imply Soho. Then S1 does not mention that dogs and
smokers are allowed, but this does not necessarily mean that
they are not (open-world assumption). It does not mention
a garden too, but there is a car place, which could be turned
into a small garden if it is open air and private. Should you
phone to inquire S1 first, or phone first the following S2:

AAA Apt. in London. Phone sss-ttttt

Here it is not just a problem of hypothetical reasoning, it is
also a problem of giving some total order to offers that are
compatible with yours, presumably trying to maximize the
probability of finding a good offer in few phone calls — but
wait: if these offers would match, why they didn’t phone you?

Software agents matchmaking. A similar scenario, but for
the fact that agents may actively look for a matching coun-
teroffer, instead of simply posting their offer. So they may
actually call you. . .

Matchmaking in Electronic marketplaces. The same sce-
nario, but with some sort of standardized language to describe
supplies and demands, and maybe some centralized facilita-
tor for matchmaking, e.g., containing the necessary domain
knowledge.

Service Discovery. Either for software agents or in e-
marketplaces, the offers may describe a general service in
some standardized language, such as the simple 128-bit string
of Bluetooth, or the more structured DAML-S.

The third and fourth scenarios are more amenable to au-
tomated matchmaking, since they imply a standardized lan-
guage and ontology. However, observe that also in the first
and second scenarios, when supplies and demands are ex-
pressed in heterogeneous forms, matchmaking is not a mere
schema/data integration problem. In fact, integration tech-
niques [Madhavan et al., 2001] may be employed to make
heterogeneous supplies and demands comparable; but once
they are reformulated in a comparable way, one is still left
with true matchmaking problems: i) given a proposal, are
there compatible counteroffers? ii) if there are many com-
patible counteroffers, which are the most promising ones (and
why)?

2 Principles for matchmaking

We now discuss in detail various technical options for per-
forming matchmaking, first trying to highlight limitations
of non-logical approaches, and then discussing the general
Knowledge Representation principles that a logical approach
may yield.

First of all, we note that if supplies and demands are simple
names or strings, the only possible match would be identity,
resulting in an all-or-nothing approach to matchmaking. This
is the approach taken by Bluetooth, whose Service Discov-
ery Protocol tries to match Universally Unique Identifiers of
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services and requests. Although effective for fixed techni-
cal domains, such an approach misses the fact that proposals
usually have some sort of structure in them. Such a structure
could be exploited in order to evaluate “interesting” inexact
matches.

Vector-based techniques taken by classical Information Re-
trieval can be used, too, thus reverting matchmaking to sim-
ilarity between weighted vectors of stemmed terms, as pro-
posed in the COINS matchmaker [Kuokka and Harada, 1996]
or in LARKS [Sycara et al., 2002]. Obviously lack of doc-
ument structure in descriptions would make matching only
probabilistic and strange situations may ensue, e.g., the de-
mand “Apt. with two Rooms in Soho pets allowed no
smokers” would match the supply “Apt. with two Rooms
in Soho, no pets, smokers allowed”.

A further possibility is to use sets of words to describe the
structure of supplies and demands. We consider these de-
scription as a particular case of logical description, and move
on to Description Logics (DLs). Hence, from now on we
suppose that supplies and demands are expressed in a DL L,
equipped with a model-theoretic semantics. We suppose also
that a common ontology for supplies and demands is estab-
lished, as a TBox T in L. Now a match between a supply
S and a demand D could be evaluated according to T . This
framework ensures the first property that we would like to
hold for matchmaking, namely, an open-world assumption.

Property 1 (Open-world descriptions) The absence of a
characteristic in the description of a proposal should not be
interpreted as a constraint of absence. Instead, it should be
considered as a characteristic that could be either refined
later, or left open if it is irrelevant for the issuer of the pro-
posal.

Moreover, if all constraints of a demand D were fulfilled
by a supply S, but not vice versa, then S should be among
the top ranked supplies in the list of potential partners of the
demander, while D should not appear at the top in the list of
potential partners of the supplier.

Property 2 (Non-symmetric evaluation) A matchmaking
system may give different evaluations to the match between a
supply S and a demand D, depending on whether it is trying
to match S with D, or D with S — i.e., depending on who is
going to use this evaluation.

There are three relations between concepts expressing sup-
plies and demands, that we consider meaningful in match-
making: implication, consistency, and inconsistency.

In the first case, T |= (D � S), i.e., constraints imposed
by D imply those of S, and vice versa if T |= (S � D).
This relation extends the previous set-based inclusion to gen-
eral concepts. If both T |= (D � S) and T |= (S � D),
then D and S should be considered equivalent in T . This
relation extends exact matching, making syntax differences
irrelevant. In case of consistency, D � S is satisfiable in T .
Then, there is a potential match, in the sense that the con-
straints of neither proposal exclude the other. This relation
has been highlighted also by other researchers [Trastour et
al., 2002]. However, that proposal lacks a ranking between
different potential matches. In the third case, D � S is unsat-
isfiable in T . Although also in this case a matching could be

defined [Di Noia et al., 2003], we do not treat this case here
for lack of space. Hence, from now on we concentrate on po-
tential match only. We now highlight some principles that —
we believe — every ranking function should have in logical
matchmaking.

First of all, if a logic is used to give some meaning to de-
scriptions of supplies and demands, then proposals with the
same meaning should have the same ranking, independently
of their syntactic descriptions.

Definition 1 (Syntax independence in ranking) A ranking
of matches is syntax independent if for every pair of supplies
S1 and S2, demand D, and ontology T , when S1 is logically
equivalent to S2 then S1 and S2 have the same ranking for D,
and the same holds also for every pair of logically equivalent
demands D1, D2 with respect to every supply S.

For example, an apartment S1, described as available for
the summer quarter, should have the same rank — with re-
spect to a request — as another S2, identical but for the
fact that it is described to be available for june-july-august.
Clearly, when the logic admits a normal form of expressions
— as CNF or DNF for propositional logic, or the normal form
of concepts for the DL of CLASSIC [Borgida et al., 1989] —
using such a normal form ensures by itself syntax indepen-
dence.

We now consider the relation between ranking and impli-
cations. We go back to the descriptions with sets of words,
since they are easy to read through. Let D be a demand and
S1, S2 be two supplies defined as follows:

D = {apartment, soho, twoRooms, petsAllowed}
S1 = {apartment, soho, boiler, quiet}
S2 = {apartment, soho, boiler, quiet, lastF loor}

In this case, the characteristics that S2 adds to S1 are irrele-
vant for D. Hence, whatever the rank for S1, the one for S2

should be the same. If instead we let

S3 = {apartment, soho, boiler, quiet, petsAllowed}

then S3 should be ranked better than S1 since it adds a char-
acteristic required by D. We generalize this example to con-
cepts, and state the following definition.

Definition 2 (Monotonicity of ranking over subsumption)
A ranking of potential matches is monotonic over subsump-
tion whenever for every demand D, for every pair of supplies
S1 and S2, and ontology T , if S1 and S2 are both potential
matches for D, and T |= (S2 � S1), then S2 should be
ranked either the same, or better than S1, and the same
should hold for every pair of demands D1,D2 with respect
to a supply S.

Intuitively, the above definition could be read of as A rank-
ing is monotonic over subsumption if: the more specific, the
better. Observe that we use the word “better” instead of using
any symbol ≤,≥. This is because some rankings may assume
that “better” means “increasing” (towards either infinity, or 1)
while others may assume “decreasing” (towards 0). Observe
also that the above definition refers only to potential matches,
i.e., consistent matches — otherwise, ⊥ would be the best
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match (being the most specific concept), which is obviously
not the case.

We remark that the properties and definitions we stated in
this section are independent of the particular DL employed,
or even the particular logic chosen. For instance, the same
properties could be stated if propositional logic was used to
describe supplies, demands and the ontology. In this respect,
we believe that this section keeps its significance also if one
chooses more expressive DLs such as SHOQ(D) [Horrocks
and Sattler, 2001] or DAML [Paolucci et al., 2002].

3 Abduction in Description Logics
We tend to follow the notation of [Eiter and Gottlob, 1995]
for propositional abduction whenever possible, and adapt it
to our setting.

Definition 3 Let L be a DL, C, D, be two concepts in L, and
T be a set of axioms in L. A Concept Abduction Problem
(CAP), denoted as 〈L, C,D, T 〉, is finding a concept H ∈ L
such that T 	|= C � H ≡ ⊥, and T |= C � H � D.

We use P as a symbol for a CAP, and we denote with
SOL(P) the set of all solutions to a CAP P . Observe that
if C � D is unsatisfiable in T , then trivially SOL(P)= ∅,
i.e., there are no solution to P if C and D are not a poten-
tial match. Hence from now on we concentrate on the case
T 	|= C � D ≡ ⊥.

As propositional abduction extends implication, a CAP ex-
tends concept subsumption. But differently from proposi-
tional abduction, we do not make any distinction between
manifestations and hypotheses, which is usual when ab-
duction is used for diagnosis. However, diagnosis is not
our domain of application for abduction, and when mak-
ing hypotheses about properties of goods in e-marketplaces,
there is no point in making such a distinction. This unifor-
mity implies that if C � D is satisfiable in T , then D ∈
SOL(〈L, C,D, T 〉), i.e., there is always the trivial solution
D to a non-trivial CAP 〈L, C,D, T 〉. Interpreted in our e-
marketplace application domain, it means that if I hypoth-
esize for the counteroffer exactly all my specifications, the
counteroffer trivially meets my specifications. Since one
wants to model Occam’s razor, some minimality in the hy-
potheses must be defined. In the following definition, we
denote with �T the subsumption relation between concepts
w.r.t. a TBox T .

Definition 4 Let P=〈L, C,D, T 〉 be a CAP. The set
SOL�(P) is the subset of SOL(P) whose concepts are max-
imal under �T . The set SOL≤(P) is the subset of SOL(P)
whose concepts have minimum length.

We note that being maximal under �T is still a minimality
criterion, since it means that no unnecessary hypothesis is as-
sumed. It can be proved that the two measures are incompa-
rable.

Proposition 1 There exists a CAP P such that the two sets
SOL�(P) and SOL≤(P) are incomparable.

Proof. It is sufficient to consider D = A1 � A2 � A3,
C = A1, and T = {B � A2 � A3}. The logic is
even propositional. Then A2 � A3 ∈ SOL�(〈L, C,D, T 〉),

B ∈ SOL≤(〈L, C,D, T 〉), and neither solution is in the
other set. �

The proof highlights that, although ≤-minimality could be
preferable for conciseness, it is heavily dependent on T . For
every concept H ∈ SOL(P), it is sufficient to add the axiom
A = H to get a ≤-minimal solution A.

A third minimality criterion is possible for DLs that admit
a normal form as a conjunction of concepts, that is, every
concept C in L can be rewritten as an equivalent concept C1�
· · · � Cn. This is the case for L = ALN , and for the DL of
the CLASSIC KR system. We call such a normal form CNF,
in analogy with propositional logic.

Definition 5 Let P=〈L, C,D, T 〉 be a CAP in which L ad-
mits a CNF. The set SOL�(P) is the subset of SOL(P)
whose concepts are minimal conjunctions, i.e., if C ∈
SOL�(P) then no sub-conjunction of C is in SOL(P). We
call such concepts irreducible solutions of P .

It turns out that �-minimality subsumes both �T -minimality
and ≤-minimality. This is not a surprise, since �-minimality
is a form of �∅-minimality, i.e., maximality for subsumption
w.r.t. an empty TBox.

Proposition 2 For every CAP P in which L admits a CNF,
both SOL�(P) and SOL≤(P) are included in SOL�(P).

Proof. If a concept C is not �-minimal, then it is not
≤-minimal, and the same for �T . �

3.1 Computational Complexity
Since Concept Abduction extends Concept Subsumption
w.r.t. a TBox, complexity lower bounds of the latter problem
carry over to decision problems related to a CAP.

Proposition 3 Let P=〈L, C,D, T 〉 be a CAP. If Concept
Subsumption w.r.t. a TBox in L is a problem C-hard for a
complexity class C, then deciding whether a concept belongs
to SOL(P) is both C-hard and co-C-hard.

Proof. Hardness for C comes from the fact that C is subsumed
by D in T iff � ∈ SOL(P). �

Hence, if L contains the DL AL, then deciding whether
a concept belongs to SOL(P) is EXPTIME-hard [Donini,
2003] for a general TBox T , but it is PSPACE-hard if T con-
tains only acyclic concept axioms [Calvanese, 1996].

Regarding upper bounds, a simple result can be derived
from the fact that D is always a solution of the CAP
〈L, C,D, T 〉 — although not always a minimal one. First
of all, a total length-lexicographic order ≺ can be defined
over concepts as follows: given two concepts C,D ∈ L,
let C ≺ D if either |C| < |D|, or both |C| = |D| and C
is lexicographically before D. Based on this total order, an
algorithm for finding a ≤-minimal solution of a CAP, using
polynomial space relatively to an oracle for subsumption in
L, is the following:

input: a CAP P= 〈L, C,D, T 〉, with T 	|= C � D ≡ ⊥
output: a concept in SOL≤(P)
variables: concept x ∈ L
begin

x := �;
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while |x| < |D| do
if (T |= C � x � D and T 	|= C � x � ⊥)
then return x;
x := next concept following x in ≺

endwhile;
return D

end.

The above algorithm uses polynomial space (considering the
two calls to subsumption as an oracle) since it just tries all
concepts with less symbols than D, and returns D if it does
not find a shorter solution. Therefore, it provides an upper
bound on the complexity of CAP, depending on the complex-
ity class to which subsumption in L belongs to. Although this
result does not directly lead to a practical algorithm, it puts an
upper bound on the complexity of the problem, hence on the
complexity of every optimal algorithm.

Theorem 1 Let P=〈L, C,D, T 〉 be a CAP. If subsumption in
L belongs to a complexity class C that is included in PSPACE,
then finding a concept in SOL≤(P) is a problem in PSPACE.
Otherwise if PSPACE is included in C, then finding a concept
in SOL≤(P) is a problem in C.

Given that the problem of finding a solution cannot be simpler
than the corresponding decision problem, we can conclude
with some general results about ≤-minimal abduction.

Theorem 2 Let P=〈L, C,D, T 〉 be a CAP, with L a DL
whose expressiveness is between AL and the DL containing
concept constructors �,�,¬,∃R.C,∀R.C and role construc-
tors �, role chain, transitive-reflexive roles, role identity, role
inverse. Then finding a concept in SOL≤(P) is a problem
EXPTIME-complete when T is a general TBox.

Proof. Hardness results for AL are in [Donini, 2003]. Mem-
bership result for the most expressive logic comes from
converse-Propositional Dynamic Logic [Vardi and Wolper,
1986]. �

Hence, for a general TBox the best known algorithms re-
quire exponential time and also exponential space (unless one
proves PSPACE = EXPTIME).

When the TBox is acyclic, complexity results for subsump-
tion imply that finding a concept in SOL≤(P) is a problem
PSPACE-complete for DLs whose expressiveness is between
ALE [Calvanese, 1996] and ALC [Baader and Hollunder,
1991]. Even for the simplest logic AL, the problem is co-
NP-hard [Calvanese, 1996].

3.2 Irreducible solutions in ALN
In this section, we assume that T of a CAP P= 〈L, C,D, T 〉
is always acyclic. Finding an irreducible solution is easier
than finding a ≤-minimal or a �-minimal solution, since a
greedy approach can be used to minimize the set of conjuncts
in the solution: starting from C � D, delete one redundant
conjunct at a time from D. However, instead of starting
from C � D, we adapt a structural subsumption algorithm
[Borgida and Patel-Schneider, 1994] that collects all concepts
that should be conjoined to C to be subsumed by D. The al-
gorithm operates on concepts in normal form; roughly speak-
ing, this form is obtained by expanding concept names with

their definition in T , and then applying the following rewrit-
ing rules as much as possible:

∀R.C � ∀R.D → ∀R.C � D

C � ⊥ → ⊥
(≥ n R) � (≤ m R) → ⊥ if n > m

∀R.⊥ → ∀R.⊥ � (≤ 0 R)

In the following algorithm, we denote the fact that a con-
cept A appears as a conjunct of a concept C with A ∈ C.

Algorithm findIrred(P);
input: a CAP P= 〈L, C,D, T 〉, with L=ALN , acyclic T ,

and T 	|= C � D ≡ ⊥
output: concept H ∈ SOL�(P)
(where H = � means that C is already subsumed by D)
variables: concept H
begin

H := �;
for every concept name y in D

if y is not in C
then H := H � y;

for every concept (≥ n R) in D
such that there is no concept (≥ m R) in C with m ≥ n

H := H � (≥ n R);
for every concept (≤ n R) in D
such that there is no concept (≤ m R) in C with m ≤ n

H := H � (≤ n R);
for every concept ∀R.E in D

if there exists ∀R.F in C
then H := H � findIrred(〈L, F,E, T 〉);
else H := H � findIrred(〈L,�, E, T 〉);

/* now H ∈ SOL(P), but it might be reducible */
for every concept Hi in H

if H without Hi ∈ SOL(P)
then delete Hi from H; return H;

end.

It can be proved that the concept H returned by findIrred()
is indeed an irreducible solution of P . As for complexity,
the expansion of the TBox in the construction of the normal
form can lead to an exponential blow-up, as demonstrated by
Nebel in [1990]. And anyway, a polynomial algorithm cannot
be expected since subsumption in AL with an acyclic T is
co-NP-hard [Calvanese, 1996]. However, in the cited paper
Nebel argues that the expansion is exponential in the depth
of the hierarchy T ; if the depth of T is O(log |T |), then the
expansion is polynomial, and so is the above algorithm.

Theorem 3 Let P= 〈L, C,D, T 〉 be a CAP, with L=AL,
and T an acyclic TBox whose depth is always bounded by
O(log |T |). Then finding an irreducible solution to P is a
problem solvable in polynomial time.

In order to rank the proposals in a marketplace according
to how “near” they are to a given proposal D, we take the
number of concept names in the irreducible solution returned
by the above algorithm. Although this makes the rank depend
on the algorithm, it can be easily proved that this definition is
in accordance with the principles highlighted in Section 2.
Moreover, the fact that a concept H is actually computed
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makes it easy to devise an explanation facility, in case a user
wants to know why a given proposal has been ranked before
another. This transparency is crucial for our electronic busi-
ness scenario, where we must give the user reasons to trust the
system. In the next section, we show the results of an exper-
iment comparing the rank obtained by our deployed system
and the rank provided by some users in the same scenario.

4 Experiments
Using the highlighted properties as a formal specification we
designed and implemented a prototype facilitator. The system
embeds an adapted NeoClassic reasoner, the C++ implemen-
tation of the original Classic. The rationale of the choice of
the Classic system, apart from the obviously useful availabil-
ity of concrete datatypes and the possibility to extend its func-
tionalities through test functions, is its polynomial time infer-
ence. The system receives a description of demand/supply.
Then, the reasoner checks the description for consistency; if it
fails, based on the reasoner output, the system provides an er-
ror message stating the error occurred. Otherwise the proper
matchmaking process takes place, and the system returns a
ranked set of matches. When no exact match is available,
The user may investigate potential matches. In this process
he/she is helped by the system ranking. We believe that de-
gree of conformance of an automated matchmaking facilitator
to users’ perception is of extreme importance, especially in a
setting as our own, which ranks and categorizes matches. To
evaluate the ability of the system to meet users’ expectations
we set up a little experimental framework.

We selected all apartments-rental advertisements from the
dedicated section of a local newspaper on Oct. 6th of last
year. We subdivided them in two sets, demands (23 adver-
tisements) and supplies (39 advertisements). It is notewor-
thy that, at least for the single-day pick we made, we were
not able to detect any exact match. We submitted to twenty
volunteers of various sex and age, a questionnaire that in-
cluded 8 items. Each item was one demand and a set of
up to eight supplies, or one supply and a set of up to eight
demands. Volunteers were asked to rank, according to their
judgement, elements of each set with respect to the given ad-
vertisement, with the following question: Order the follow-
ing Demands(Supply) with respect to the given Supply (De-
mands) as you would contact them had you issued the given
Supply (Demand). Volunteers were given unlimited time and
in average it took approximately half hour to complete the
questionnaire. Then the same sets of items were submitted
to the reasoner. As a general consideration, the response of
the reasoner was quite close to the users’ ones, and consid-
ering average volunteers orderings the system ranking was in
agreement with the human judgement almost always. Aver-
age percentage of deviation from the mean values determined
by the users on the whole experiment was 8.3.

As an example, we show here in more detail results of
the evaluation for a single demand/supplies matching process,
extracted form the experimental setting. Let us consider the
example demand: student looking for a nice 1/2 bed flat, ch,
furnished, kitchen, washing machine. Price: 150

Also consider the following advertisements submitted as

demand (and Bedroom (all toLetFor Student) (at-least 1 hasBed)
(at-most 2 hasBed) (at-least 1 hasFacilities) (all hasFacilities
(and WashingMachine NoAutonomousHeating FullyFurnished)) (all
hasServices Kitchen) (all price (maximum 150)))

supply1 (and Bedroom (all price (minimum 120)) (all priceIncludes
(and Bill TVPrice)) (all hasFacilities (and FullyFurnished
Spatious)))

supply2 (and (all price (minimum 150))(at-least 2 hasRoom)(at-most
2 hasRoom)(all hasRoom Room)(at-least 2 toLetFor)(at-most 2
toLetFor)(all toLetFor (and Couple Student))(at-least 1
depositRequired)(all depositRequired Yes))

supply3 (and (at-least 1 depositRequired)(all depositRequired
Yes)(all price (minimum 80)) Bedroom (all toLetFor (and Student
NoSmoker Worker (all sex Female))))

supply4 (and SingleRoom (all toLetFor (and NoSmoker
Student))(at-least 2 occupants)(all price (minimum 120)))

supply5 (and DoubleRoom (all toLetFor Single)(all hasFacilities
(and Lounge Garden))(all hasServices Kitchen)(all price (minimum
85))(all priceIncludes CouncilTax))

supply6 (and Bedroom (at-least 1 occupants) (all price (minimum
81)) (all toLetFor Female)(all hasFacilities (and WashingMachine
TV VCR)))

supply7 (and Bedroom (all price (minimum 95)) (all occupants
Family) (at-least 2 occupants) (all toLetFor (and Student
Professional (all sex Female))))

supply8 (and Flat (at-least 2 hasBed) (at-most 2 hasBed) (all
toLetFor Student) (all hasFacilities ADSL) (all price (minimum
95))))

Figure 1: Neoclassic descriptions of demand and supplies

supplies:

• Supply1: large, fully furnished room, price includes cable TV
and bills. Price: 120

• Supply2: double room, suit a couple or two girls, required
deposit. Price: 150

• Supply3: room to rent, suit a non smoking female student with
worker, international preferred, deposit required. Price: 80

• Supply4: single room in clean flat for nosmoker quiet student,
sharing with 2 others. Price: 120

• Supply5: dbl room in shared house, suit single person, use of
lounge, kitchen , garden, rent includes council tax. Price: 85

• Supply6: female to share a room in a residential area flatshare,
washing machine, TV, VCR. Price: 81

• Supply7: large room in family houseshare with 2 adults, suit
prof / student female, viewing recommended. Price: 95

• Supply8: 2 bed flat, perfect for student, dble bed ADSL com-
puter beneath. Price: 600

The translation of these advertisements into Classic, in ac-
cordance with our ontology is pictured in Figure 1. Table 1
shows results provided from the matchmaking algorithm
comparing the system provided ranking and the average vol-
unteers orderings for demands w.r.t. to a supply. Figure 2
shows the same results in a graphical form. Notice that,
while volunteers gave strictly ranked orderings, the system
could also provide equal ranking for various matches. Poly-
gons represent a range for the system total order of supplies,
when there are equally ranked supplies. For example, Sup-
ply 3 and 7 are given the same rank by the system, so they
could be equally put in fourth or fifth position when supplies
are given a total order. Hence we consider correct system
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matched system averaged
pairs ranking users ranking

demand,supply1 2-3 2
demand,supply2 8 6
demand,supply3 4-5 4
demand,supply4 2-3 3
demand,supply5 1 1
demand,supply6 6 5
demand,supply7 4-5 8
demand,supply8 7 7

Table 1: System results and user preferences

Figure 2: System and averaged users ranking

ranks for Supply 3 and 4, because users’ rank fall inside the
polygons, while we consider incorrect system placement of
Supply 2 and 7 (dotted lines mark the difference).

5 Conclusion
Motivated by the matchmaking problem in electronic mar-
ketplaces, we have studied abduction in DLs. We have pre-
sented suitable definitions of the problem, and have shown
how they can model commonsense reasoning usually em-
ployed in analyzing typical commercial advertisements. Al-
though we used the simple DL ALN , our definitions and
logical framework can be used also when a more expressive
DL is used. Of course in this case more complex algorithms
should be devised. To substantiate these ideas we have im-
plemented a prototype based on the devised specifications
adapting a NeoClassic reasoner, and presented experiments
that show the correspondence between the system behavior
with human users judgement.
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Abstract

Motivated by medical terminology applications, we
investigate the decidability of the well known ex-
pressive DL, SHIQ, extended with role inclusion
axioms (RIAs) of the form R Æ S v P . We show
that this extension is undecidable even when RIAs
are restricted to the formsRÆS v R or S ÆR v R,
but that decidability can be regained by further re-
stricting RIAs to be acyclic. We present a tableau
algorithm for this DL and report on its implemen-
tation, which behaves well in practise and provides
important additional functionality in a medical ter-
minology application.

1 Motivation
The description logic (DL) SHIQ [Horrocks et al., 1999;
Horrocks and Sattler, 2002b] is an expressive knowledge rep-
resentation formalism that extends ALC [Schmidt-Schauß
and Smolka, 1991] (a notational variant of the multi modal
logic K [Schild, 1991]) with qualifying number restrictions,
inverse roles, role inclusion axioms (RIAs) R v S, and
transitive roles. The development of SHIQ was motivated
by several applications, one of which was the representation
of knowledge about complex physically structured domains
found, e.g., in chemical engineering [Sattler, 2000] and med-
ical terminology [Rector and Horrocks, 1997].

Although SHIQ allows many important properties of
such domains to be captured (e.g., transitive and inverse
roles), one extremely useful feature that it cannot express
is the “propagation” of one property along another prop-
erty [Padgham and Lambrix, 1994; Rector, 2002; Spackman,
2000]. E.g., it may be useful to express the fact that certain
locative properties are transfered across certain partonomic
properties so that a trauma or lesion located in a part of a body
structure is recognised as being located in the body structure
as a whole. This enables highly desirable inferences such as a
fracture of the neck of the femur being inferred to be a kind of
fracture of the femur, or an ulcer located in the gastric mucosa
being inferred to be a kind of stomach ulcer.

The importance of these kinds of inference, particularly
in medical terminology applications, is illustrated by the fact
that the Grail DL [Rector et al., 1997], which was specifically

designed for use with medical terminology, is able to repre-
sent these kinds of propagation (although it is quite weak in
other respects). Moreover, in another medical terminology
application using the comparatively inexpressive DL ALC, a
rather complex “work around” is performed in order to repre-
sent similar propagations [Schulz and Hahn, 2001].1 Similar
expressiveness was also provided in the CycL language by
the transfersThro statement [Lenat and Guha, 1989].

It is quite straightforward to extend SHIQ so that this
kind of propagation can be expressed: simply allow for role
inclusion axioms of the formRÆS v P , which then enforces
all models I to interpret the composition of RI with SI as a
sub-relation of P I . E.g., the above examples translate into

hasLocation Æ isDivisionOfv hasLocation;

which implies that
Fractureu9hasLocation:(Necku9isDivisionOf:Femur)

is subsumed by/a specialization of
Fractureu 9hasLocation:Femur

Unfortunately, this extension leads to the undecidability of
the interesting inference problems; see [Wessel, 2001] for an
undecidability proof and [Baldoni, 1998; Baldoni et al., 1998;
Demri, 2001] for the closely related family of Grammar Log-
ics. On closer inspection of the problem, we observe that only
RIAs of the formRÆS v S or SÆR v S are required in order
to express propagation. Surprisingly, it turns out that SHIQ
extended with this restricted form of RIAs is still undecidable.
Decidability can be regained, however, by further restricting
the set of RIAs to be acyclic (in a non-standard way). This
additional restriction does not seem too severe: the above ex-
amples are still covered, acyclic sets of RIAs should suffice
for many applications, and cycles in RIAs may even be an
indicator of modelling flaws [Rector, 2002]. We call this de-
cidable logic RIQ.

Here, we present the above undecidability result and prove
the decidability of SHIQ with acyclic RIAs via a tableau-
based decision procedure for concept satisfiability. The al-
gorithm works by transforming concepts of the form 8R:C,
whereR is a role, into concepts of the form 8A:C, whereA is
a non-deterministic finite automaton (NFA). These automata

1In this approach, so-called SEP-triplets are used both to com-
pensate for the absence of transitive roles in ALC, and to express
the propagation of properties across a distinguished “part-of” role.
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are derived from a set of RIAs R by first unfolding R into a
set of implications exp(R) between regular expressions and
roles, and then transforming the regular expressions into au-
tomata. The algorithm is of the same complexity as the one
for SHIQ—in the size of exp(R) and the length of the input
concept—but, unfortunately, exp(R) is exponential inR. We
present a syntactic restriction that avoids this blow-up; inves-
tigating whether this blow-up can be avoided in general will
be part of future work. Finally, in order to evaluate the prac-
ticability of this algorithm, we have extended the DL system
FaCT [Horrocks, 1998] to deal with acyclic RIAs. We discuss
how the properties of NFAs are exploited in the implementa-
tion, and we present some preliminary results showing that
the performance of the extended system is comparable with
that of the original, and that it is able to compute inferences of
the kind mentioned above w.r.t. the well known Galen medi-
cal terminology knowledge base [Rector and Horrocks, 1997;
Horrocks, 1998].

For full proofs, the interested reader is referred to [Hor-
rocks and Sattler, 2002a].

2 Preliminaries
In this section, we introduce the DL SH+IQ. This includes
the definition of syntax, semantics, and inference problems.

Definition 1 LetC andR be sets of concept and role names.
The set of roles is R [ fR� j R 2 Rg. For roles Ri (each
of which can be inverse), a role inclusion axiom (RIA) is an
expression of the formR1 v R2, R1ÆR2 v R1, orR1ÆR2 v
R2. A generalised role box (g-RBox) is a set of RIAs.

An interpretation I = (�I ; �I) associates, with each role
name R, a binary relation RI � �I ��I . Inverse roles are
interpreted as usual, i.e.,

(R�)I = fhy; xi j hx; yi 2 RIg for each role R 2 R.

An interpretation I is a model of a g-RBox R if it satisfies
each inclusion assertion in R, i.e., if

RI1 � RI2 for each R1 v R2 2 R and
RI1 ÆR

I
2 � RI3 for each R1 ÆR2 v R3 2 R,

where Æ stands for the composition of binary relations.

Transitive role names were not introduced sinceRÆR v R
is equivalent to saying that R is a transitive role.

To avoid considering roles such as R��, we define a func-
tion Inv on roles as follows: Inv(R) = R� ifR is a role name,
and Inv(R) = S if R = S�.

Obviously, if S Æ R v S 2 R (R Æ S v S 2 R
or R v S 2 R), then each model of R also satisfies
Inv(R) Æ Inv(S) v Inv(S) (Inv(S) Æ Inv(R) v Inv(S) and
Inv(R) v Inv(S)). Thus, in the following, we assume that a
g-RBox always contains both “directions” of a RIA.

For a g-RBox R, we define the relation v* to be the
transitive-reflexive closure of v over R.

Definition 2 A role S is simple if it does not have implied
sub-roles, i.e., if S1 Æ S2 v S3 implies S3 v* S does not hold.

The set of SH+IQ-concepts is the smallest set such that
(i) every concept name is a concept, and, (ii) if C, D are
concepts, R is a role (possibly inverse), S is a simple role
(possibly inverse) , and n is a nonnegative integer, thenCuD,

C tD, :C, 8R:C, 9R:C, (>nS:C), and (6nS:C) are also
concepts.

An interpretation I = (�I ; �I) consists of a set �I , called
the domain of I, and a valuation �I which maps every concept
to a subset of �I and every role to a subset of �I ��I such
that, for all concepts C, D, roles R, S, and non-negative
integers n, the following equations are satisfied, where ]M
denotes the cardinality of a set M :

(:C)I =�I n CI ,
(C uD)I =CI \DI , (C tD)I = CI [DI ,
(9R:C)I = fx j 9y:hx; yi 2 RI and y 2 CIg,
(8R:C)I = fx j 8y:hx; yi 2 RI implies y 2 CIg,

(>nR:C)I = fx j ]fy j hx; yi 2 RI and y 2 CIg > ng,
(6nR:C)I = fx j ]fy j hx; yi 2 RI and y 2 CIg 6 ng.
A concept C is called satisfiable w.r.t. a g-RBox R iff there

is a model I of R with CI 6= ;. A concept D subsumes a
concept C w.r.t. R (written C vR D) iff CI � DI holds
for each model I of R. For an interpretation I, an element
x 2 �I is called an instance of a concept C iff x 2 CI .

Remarks: number restrictions (>nR:C) and (6nR:C) are
restricted to simple roles (intuitively these are (possibly in-
verse) roles that are not implied by others) since SHIQ with-
out this restriction is undecidable [Horrocks et al., 1999].

For DLs that are closed under negation, subsumption and
(un)satisfiability can be mutually reduced: C v D iffCu:D
is unsatisfiable, and C is unsatisfiable iff C v A u :A for
some concept name A. It is straightforward to extend these
reductions to g-RBoxes and TBoxes. In contrast, the reduc-
tion of inference problems w.r.t. a TBox to pure concept in-
ference problems (possibly w.r.t. a g-RBox), deserves spe-
cial care: SHIQ is expressive enough to internalise TBoxes,
i.e., to reduce reasoning w.r.t. TBoxes to reasoning with-
out TBoxes [Schild, 1991; Horrocks et al., 1999]. Thus, in
the following, we restrict our attention to the satisfiability of
SH+IQ-concepts.

2.1 Relationship with other formalisms
Grammar logics are a class of propositional multi modal
logics where the accessibility relations are “axiomatised”
through a grammar [Farinãs del Cerro and Penttonen, 1988].
More precisely, for �i, �j modal parameters, the production
rule �1 : : : �m ! �1 : : : �n can be viewed as a notational vari-
ant for the RIA �1 Æ : : : Æ �n v �1 Æ : : : Æ �m: Analogously to
the DL case, the semantics of a grammar logic takes into ac-
count only those frames/relational structures that “satisfy the
grammar”.

Now grammars are traditionally organised in (refinements
of) the Chomsky hierarchy, which induces a hierarchy of
grammar logics, e.g., context free grammar logics are those
propositional multi modal logics where the accessibility rela-
tions can be axiomatised through a context free grammar. Un-
surprisingly, the expressiveness of the grammars influences
the expressiveness of the corresponding grammar logics. It
was shown that satisfiability of regular grammar logics is
ExpTime-complete [Demri, 2001], whereas this problem is
undecidable for context free grammar logics [Baldoni, 1998;
Baldoni et al., 1998]. The latter result is closely related to the
undecidability proof in [Wessel, 2001].
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Here, we are concerned with (a) multi modal logics
that provide for a converse operator on modal parameters
and graded modalities (to restrict the number of accessible
worlds; see, e.g., [Tobies, 2001]) and (b) a certain sub-class
of context-free grammars. In our undecidability proof in Sec-
tion 3, the main difficulty was to develop a grammar that
generates the language f(ab)n(cd)n j n � 0g using only
productions of the form R ! RS or R ! SR.2 We can
construct a “similar” grammar G with L(G) \ (ab)�(cd)� =
f(ab)n(cd)n j n � 0g. The production rules of G are

D ! AD; A ! AC;
C ! BC; B ! BD; A! a; : : : D ! d:

Role value maps (RVMs) [Brachman and Schmolze, 1985;
Schmidt-Schauss, 1989] are closely related to the RIAs
investigated here. RVMs are concepts of the form
R1 : : : Rm

_v S1 : : : Sn, for Ri, Si roles, whose interpreta-
tion (R1 : : : Rm

_v S1 : : : Sn)
I is defined as follows:

fx 2 �I j (R1 : : : Rm)
I(x) � (S1 : : : Sn)

I(x)g;

where (R1 : : : Rm)
I(x) denotes the set of those y 2 �I that

are reachable from x via RI1 Æ : : : Æ R
I
m. Thus the RIA R Æ

S v T is equivalent to saying that each individual must be an
instance of RS _v T . The undecidability proof of KL-ONE
[Schmidt-Schauss, 1989] also involves RVMs T _v RS, and
thus cannot be adapted easily to our logic.

3 SH+IQ is undecidable
Due to the syntactic restriction on RIAs, we were not able
to adapt the undecidability proof for ALC with context-free
or linear grammars in [Baldoni, 1998; Baldoni et al., 1998;
Demri, 2001], the one for ALC with role boxes [Wessel,
2001], or the one for KL-ONE [Schmidt-Schauss, 1989] to
prove undecidability of SH+IQ. In the following, we sketch
the reduction of the undecidable domino problem [Berger,
1966] to SH+IQ satisfiability.

Definition 3 A domino system D = (D;H; V ) consists of
a non-empty set of domino types D = fD1; : : : ; Dng, and of
sets of horizontally and vertically matching pairsH � D�D
and V � D � D. The problem is to determine if, for
a given D, there exists a tiling t : IN � IN ! D such
that for all m;n 2 IN, ht(m;n); t(m + 1; n)i 2 H and
ht(m;n); t(m;n+ 1)i 2 V .

For a domino system D, we define a SH+IQ-concept CD
and a g-RBoxRD such thatD has a tiling iffCD is satisfiable
w.r.t. RD. Due to space limitation, we only present RD:

fvi v yi; vi v v; hi v xi; hi v h j 0 � i � 3g [
f x�i�1yi v yi; x�i�1xi v x�i�1
y�i�1xi v xi; y�i�1yi v y�i�1 j 0 � i � 3g

where� and	 denotes addition and subtraction modulo four.
Existential and number restrictions on roles h and v (for

the horizontal and vertical neighbours) are used to ensure that
a point has at most one vertical and at most one horizontal

2Thanks to Christof Löding at RWTH Aachen!
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Figure 1: The staircase structure and the effects of RD.

successor, and that these successors satisfy the horizontal and
vertical matching conditions induced by H and V ; this, as
well as ensuring that each point is associated with exactly
one domino type, is standard in domino reductions.

The next step is rather special: we do not enforce a grid
structure, but a structure with “staircases”, which is illus-
trated in Figure 1. To this purpose, we introduce four sub-
roles v0; : : : ; v3 of v and four sub-roles h0; : : : ; h3 of h, and
ensure that we only have “staircases”. An i-staircase is an
alternating chain of vi and hi edges, without any other vj-
or hj-successors. At each point on the x-axis, two staircases
start that need not meet again, one i-staircase starting with
vi and one i 	 1-staircase starting with hi	1. A symmetric
behaviour is enforced for the nodes on the y-axis.

It only remains to ensure that, if two elements b, b0 repre-
sent the same point in the grid, then they are associated with
the same domino type: b and b0 “represent the same point” if
there is an n and an instance a on the x-or the y-axis such that
both b and b0 are reachable by following a staircase starting at
a for n steps, i.e., if there is a vihi-path (resp. hivi-path) of
length n from a to b, and a hi	1vi	1-path (resp. vi�1hi�1-
path) of length n from a to b0.

To this purpose, we add super roles xi of hi and yi of
vi (for which we use dashed arrows in Figure 1), and the
last group of RIAs in RD. These role inclusion axioms en-
force appropriate, additional role successorships between el-
ements, and we use the additional roles xi and yi since we
only want to have at most one vi or hi-successor. For each
2 staircases starting at the same element on one of the axes,
these RIAs ensure that each pair of elements representing the
same point is related by yi. To see this, consider the conse-
quences of the RIAs for elements representing the four points
(1; 0); : : : ; (2; 1), and “apply” the RIA y�

1
x0 v x0. Next,

“apply” x�
1
x0 v x�

1
, and finally x�

1
y0 v y0, which yields the

y0-link between the two elements representing (2; 1). Then,
starting with y�

1
y0 v y1, we can continue with the points

(2; 1); : : : ; (3; 2) and work up the role inclusion axioms and
up the staircase.

The above observations imply that the concept CD is satis-
fiable w.r.t. TD and RD iff D has a solution.
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Theorem 1 Satisfiability of SH+IQ-concepts w.r.t. gener-
alized RBoxes is undecidable.

4 RIQ is decidable
In this section, we show that SHIQ with acyclic generalised
RBoxes, RIQ, is decidable. We present a tableau-based
algorithm that decides satisfiability of RIQ-concepts, and
therefore also subsumption in RIQ and, using internalisa-
tion, both inferences w.r.t. TBoxes. The tableau algorithm
implemented in the FaCT system [Horrocks, 1998] was ex-
tended to the one presented here, and the empirical results
are reported in Section 5.

Definition 4 Let R be a g-RBox (containing always both di-
rections of a RIA; see above). A role R directly affects a role
S if R 6= S and either R v S 2 R, R Æ S v S 2 R, or
S Æ R v S 2 R. Let “affects” be the transitive closure of
“directly affects”. An acyclic generalised RBox (a-RBox) is
a g-RBox where “affects” has no cycles. RIQ is the restric-
tion of SH+IQ to a-RBoxes.

Please note that, in a-RBoxes, we can no longer say that a
role R is symmetric using R v R� and R� v R since this
would yield an “affects” cycle of length 2.
Syntactic transformations Before specifying this algorithm,
we transform the RBox to make the presentation of the algo-
rithm easier—basically, we unfold the role hierarchy to make
all implications explicit.

Firstly, for each (possibly inverse) role R we define two
regular expressions as follows:

�R := (
S

SÆRvR2R

S 6=R

S)�R(
S

RÆTvR2R

T 6=R

T )�

�R :=

�
�R if R ÆR v R 62 R
(�R)

+ if R ÆR v R 2 R

Secondly, we iteratively replace roles in �R with unions of
regular expressions of roles, working our way up the affect-
ing relation. We start with roles “almost” minimal w.r.t. the
affecting relation, i.e., we start with rolesR such that all roles
S which affect R are not affected. We proceed with roles di-
rectly affected by roles that are either already treated or not
affected by other roles, and do the following:

�R := (�R with R replaced with R [
S

P v* 1
R

P 6=R

�P ) and,

for each S 6= R occurring in �R do
�R := (�R with S replaced with

S
P v* 1S

�P ):

After this recursion, we define exp(R) := f�R v R j
R occurs in Rg.

Due to the acyclicity of R, the recursion in this transfor-
mation terminates after at most n steps for n the number of
role inclusion axioms in R. Please note that, by construction,
for each (possibly inverse) role R occurring in R, exp(R)
contains exactly one inclusion �R v R.

For example, for the RIAs R
R Æ S v S; S ÆW v S; T1 ÆR1 v R1;
R2 Æ T2 v R2; V Æ T1 v T1; R1 v R; R2 v R
the above transformation yield a set exp(R) containing

(R [R2T
�
2 [ (V �T1)

�R1)
�SW � v S;

R [ R2T
�
2 [ (V �T1)

�R1 v R;
R2T

�
2 v R2; (V �T1)

�R1 v R1; V �T1 v T1:

Unfortunately, the size of exp(R) can be exponential in the
size of R. A further syntactic restriction which avoids this
exponential blow-up is described in Section 4.1.

The regular role terms on the left hand side of exp(R) are
read with the standard semantics for regular role expressions,
(i.e., using union, composition, and transitive closure of bi-
nary relations, see, e.g., [Schild, 1991]). We use L(�) to de-
note the language described by a regular expression �.

Lemma 1 An interpretation I is a model of an acyclic gen-
eralised RBox R iff I is a model of exp(R).

The Tableau Algorithm tries to construct, for an input
RIQ-concept D and an a-RBox R, a tableau (an abstraction
of a model) for D w.r.t. R. We can prove that this algorithm
constructs a tableau for D and R iff D is satisfiable w.r.t.
R, and thus decides satisfiability of RIQ concepts w.r.t. an
a-RBox. But for the use of NFAs introduced below, this algo-
rithm is quite similar to the one for SHIQ [Horrocks et al.,
1999; Horrocks and Sattler, 2002b].

If R occurs in R, then �R v R 2 exp(R), and we can
build a non-deterministic finite automaton (NFA) AR with
L(AR) = L(�R). Due to the use of non-deterministic au-
tomata, AR can be of size linear in j�Rj. Otherwise, AR is a
(two-state) automaton with L(AR) = fRg.

For A an NFA and q a state in A, Aq denotes the NFA
obtained from A by making q the (only) initial state of A,
and we use q !S q0 2 A to denote that A has a transition
labelled with S from q to q0.

As usual, each concept can be easily transformed into an
equivalent one in negation normal form (NNF, i.e., negation
occurs in front of concept names only), and we use _:C for the
NNF of a conceptC. For a conceptC, clos(C) is the smallest
set that contains C and that is closed under sub-concepts and
_:. Then fclos(C;R) is the superset of clos(C;R) that con-
tains 8AS

q :D for each S occurring in R or C with q a state in
AS and 8S:D 2 clos(C).

A completion tree T for a RIQ concept D and an a-
RBox R is a tree where each node x is labelled with a set
L(x) � fclos(D;R) and each edge hx; yi from a node x to its
successor y is labelled with a non-empty set L(hx; yi) � R
of (possibly inverse) roles occurring in D and R. Finally,
completion trees come with an explicit inequality relation 6

:
=

on nodes which is implicitly assumed to be symmetric.
If R 2 L(hx; yi) for a node x and its successor y and

R v* S, then y is called an S-successor of x and x is called an
Inv(S)-predecessor of y. If y is an S-successor or an Inv(S)-
predecessor of x, then y is called an S-neighbour of x. Fi-
nally, ancestor is the transitive closure of predecessor.

For a role S, a concept C and a node x in T we define
ST(x;C) := fy j y is an S-neighbour of x and C 2 L(y)g.

A node is blocked iff it is either directly or indirectly
blocked. A node x is directly blocked iff none of its ances-
tors are blocked, and it has ancestors x0, y and y0 such that
(1) y is not the root node; (2) x is a successor of x0 and y
is a successor of y0; and (3) L(x) = L(y), L(x0) = L(y0),
L(hx0; xi) = L(hy0; yi). A node y is indirectly blocked if one
of its ancestors is blocked.
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Ru: ifC1 u C2 2 L(x), x is not indirectly blocked,
and fC1; C2g 6� L(x)

thenL(x) := L(x) [ fC1; C2g
Rt: ifC1 t C2 2 L(x), x is not indirectly blocked,

and fC1; C2g \ L(x) = ;
thenL(x) := L(x) [ fEg for some E 2 fC1; C2g

R9: if 9S:C 2 L(x), x is not blocked, and
x has no S-neighbour y with C 2 L(y)

then create a new node y with
L(hx; yi) := fSg and L(y) := fCg

R81: if 8S:C 2 L(x), x is not indirectly blocked, and
8AS:C 62 L(x)

thenL(x) := L(x) [ f8AS:Cg
R82: if 8Ap:C 2 L(x), x is not indirectly blocked,

p!S q in Ap, and y is an S-neighbour of x with
8Aq:C =2 L(y)

thenL(y) := L(y) [ f8Aq:Cg
R83: if 8A:C 2 L(x), x is not indirectly blocked,

" 2 L(A), and C 62 L(x)
thenL(x) := L(x) [ fCg

R?: if (6nS:C) 2 L(x), x is not indir. blocked, and y
is an S-neighbour of x with fC; _:Cg \ L(y) = ;

thenL(y) := L(y) [ fEg for some E 2 fC; _:Cg
R>: if (>nS:C) 2 L(x), x is not blocked, and there are

no y1;:::; yn 2 ST(x;C) with yi 6
:
= yj for each i 6= j

then create n new nodes yi with L(hx; yii) = fSg,
L(yi) = fCg, and yi 6

:
= yj for 1 � i < j � n.

R6: if (6nS:C) 2 L(x), x is not indirectly blocked,
#ST(x;C) > n, there are y; z 2 ST(x;C) with
not y 6

:
= z and y is not an ancestor of z,

then L(z) := L(z) [ L(y) and if z is an ancestor of x
then L(hz; xi) := L(hz; xi) [ Inv(L(hx; yi))
else L(hx; zi) := L(hx; zi) [ L(hx; yi)

and remove y and the sub-tree below y

Figure 2: The Expansion Rules for RIQ.

For a node x, L(x) is said to contain a clash if, for some
concept name A, fA;:Ag � L(x), or if there is some
concept (6nS:C) 2 L(x) and x has n + 1 S-neighbours
y0; : : : ; yn with C 2 L(yi) and yi 6

:
= yj for all 0 � i < j �

n. A completion tree is clash-free if none of its nodes con-
tains a clash, and it is complete if no rule from Figure 2 can
be applied to it.

For a RIQ-concept D, the algorithm starts with the com-
pletion tree consisting of a single root node x with L(x) =
fDg and 6

:
= empty. It applies the expansion rules in Figure 2,

stopping when a clash occurs, and answers “D is satisfiable
w.r.t. R” iff the completion rules can be applied in such a way
that they yield a complete and clash-free completion tree, and
“D is unsatisfiable w.r.t. R” otherwise.

Most of the rules have been used before for fragments of
RIQ—only the three 8i-rules are new: they are elegant gen-
eralisations of standard rules for value restrictions taking into
account automata.

As usual, we can prove termination, soundness, and com-
pleteness of the tableau algorithm to show that it indeed de-

cides satisfiability of RIQ-concepts w.r.t. a-RBoxes.

Theorem 2 The tableau algorithm decides satisfiability and
subsumption of RIQ-concepts w.r.t. a-RBoxes and TBoxes.

4.1 Avoiding the blow-up
So far, the satisfiability algorithm presented here involves
an exponential blow-up compared to similar algorithms that
are implemented in state-of-the-art description logic reason-
ers [Horrocks, 1998; Haarslev and Möller, 2001]: the closure
fclos(D;R) is exponential in R since we have “unfolded”
the a-RBox R into the possibly exponentially large exp(R).
While investigating whether and how this exponential blow-
up can be avoided, we observe that a further restriction of the
syntax of a-RBoxes avoids this blow-up:

An a-RBox R is called simple if, whenever R1 Æ S v S
and S Æ R2 v S are in R, then R1 and R2 do not have a
common subrole R0 that occurs on the right hand side of an
axiom R0 Æ S0 v R0 or S0 ÆR0 v R0.

For a simple a-RBox R, exp(R) is only polynomial in the
size of R since each term used in the substitution step of the
construction of exp(R) from R is at most used once in each
other axiom.

Thus, for simple role hierarchies, the tableau algorithm
presented here is of the same worst case complexity as for
SHIQ, namely 2NExpTime. A detailed investigation of the
exact complexity will be part of future work.

5 Empirical Evaluation
In order to evaluate the practicability of the above algorithm,
we have extended the DL system FaCT [Horrocks, 1998] to
deal with RIQ, and we have carried out a preliminary em-
pirical evaluation.

From a practical point of view, one potential problem with
the RIQ algorithm is that the number of different automata,
and hence the number of different 8A:C concepts, could
be very large. Moreover, many of these automata could be
equivalent (i.e., accept the same languages). This could ad-
versely effect blocking, and thus lead to a serious degradation
in performance [Horrocks and Sattler, 2002b].

The FaCT implementation addresses these possible prob-
lems by transforming all of the initial NFAs into minimal
deterministic finite automata (DFAs) using the AT&T FSM
LibraryTM [Mohri et al., 1998]. One DFA is constructed for
each role, the states in each automaton are uniquely num-
bered, and the implementation uses concepts of the form
8A:C, where A is the number of a state in one of the au-
tomata. Because the automata are deterministic, for each con-
cept of the form 8A:C in the label of a node x, the R82-rule
can add at most one concept to the label of a given neigh-
bouring node y per role in the label of the edge hx; yi. More-
over, because the automata are minimal, if 8A:C leads to the
presence of 8A0:C in some successor node as a result of re-
peated applications of the R82-rule, then 8A:C is equivalent
to 8A0:C iff A = A0. As A and A0 are numbers, such com-
parisons are very easy, and minimisation of automata avoids
unnecessary blocking delays.

The implementation is still at the “beta” stage, but it has
been possible to carry out some preliminary tests using the
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well known Galen medical terminology KB [Rector and Hor-
rocks, 1997; Horrocks, 1998]. This KB contains 2,740 named
concepts and 413 roles, 26 of which are transitive. The roles
are arranged in a relatively complex hierarchy with a maxi-
mum depth of 10. Classifying this KB using FaCT’s SHIQ
reasoner takes 116s on an 800 MHz Pentium III equipped
Linux PC. Classifying the same KB using the new RIQ rea-
soner took a total of 275s, but this includes 135s to compute
the minimal DFAs for the role box (it should be noted that this
is an unusually large and complex role box, and that comput-
ing the DFAs is a preprocessing step that will not need to be
repeated when the remainder of the KB is extended, modified,
or queried). This result is encouraging as it shows that, in the
case of the Galen KB at least, using automata in 8A:C con-
cepts does not, in itself, lead to an unacceptable degradation
in performance.

The KB was then extended with several RIAs that express
the propagation of location across various partonomic roles.
These included

hasLocation Æ isSolidDivisionOfv hasLocation;
hasLocation Æ isLayerOfv hasLocation:

Classifying the extended KB took 280s, an increase of only
2% (3.5% if we exclude the DFA computation time). Sub-
sumption queries w.r.t. this KB revealed that, e.g.,

Fractureu 9hasLocation:NeckOfFemur
was implicitly a kind of

Fractureu 9hasLocation:Femur

(NeckOfFemur is a solid division of Femur), and

Ulceru 9hasLocation:GastricMucosa
was implicitly a kind of

Ulceru 9hasLocation:Stomach

(GastricMucosa is a layer of Stomach). None of these sub-
sumption relationships held w.r.t. the original KB. The times
taken to compute these relationships w.r.t. the classified KB
could not be measured accurately as they were of the same
order as a system clock tick (10ms).
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[Farinãs del Cerro and Penttonen, 1988] L. Farinãs del Cerro and
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Abstract

Many description logics (DLs) combine knowledge
representation on an abstract, logical level with an
interface to “concrete” domains such as numbers
and strings. We propose to extend such DLs with
key constraints that allow the expression of state-
ments like “US citizens are uniquely identified by
their social security number”. Based on this idea,
we introduce a number of natural description logics
and present (un)decidability results and tight NEX-
PTIME complexity bounds.

1 Introduction
Description Logics (DLs) are a family of popular knowledge
representation formalisms. Many expressive DLs combine
powerful logical languages with an interface to concrete do-
mains (e.g., integers, reals, strings) and built-in predicates
(e.g., <, sub-string-of) [Lutz, 2002b]. These can be used to
form descriptions such as “employee working for the govern-
ment and earning more than her boss” that combine “abstract”
logical components (e.g., working for the government) with
components using concrete domains and predicates (e.g., a
numerical comparison of earnings).

DLs with concrete domains have turned out to be useful for
reasoning about conceptual (database) models [Lutz, 2002e],
and as the basis for expressive ontology languages [Horrocks
et al., 2002]. So far, however, they have not been able to ex-
press key constraints, i.e., constraints expressing the fact that
certain “concrete features” uniquely determine the identity of
the instances of a certain class. E.g., the concrete feature “so-
cial security number (SSN)” might serve as a key for citizens
of the US, and the combination of identification number and
manufacturer might serve as a key for vehicles. Such con-
straints are important both in databases and in realistic on-
tology applications. In a DL context, key constraints have
so far only been considered on logical, “non-concrete” do-
mains [Borgida and Weddell, 1997; Calvanese et al., 2000;
Khizder et al., 2001; Toman and Weddell, 2002].

It is easy to see that concrete keys can express nominals,
i.e., concepts to be interpreted as singleton sets (closely re-
lated to the “one-of” operator): e.g., if SSN is a key for Hu-
man (SSN keyfor Human), then the concept “Human with SSN
1234” (Humanu 9SSN:=1234) has at most one instance.

In this paper, we extend the well-known DLs with concrete
domains ALC(D) and SHOQ(D) [Baader and Hanschke,
1991; Horrocks and Sattler, 2001] with key constraints and
analyse the complexity of reasoning with the resulting log-
ics ALCOK(D) and SHOQK(D). We show that allowing
complex concepts to occur in key constraints dramatically
increases the complexity of ALC(D) (which is PSPACE-
complete): it becomes undecidable. Restricting key con-
straints to atomic concepts (such as “Human” in the above
example) still yields a NEXPTIME-hard formalism, even for
rather simple (PTIME) concrete domains. We show several
variants of this result that depend on other characteristics of
key constraints, such as the number of concrete features and
the “path length”. This effect is consistent with the observa-
tion that the PSPACE upper bound for ALC(D) is not robust
[Lutz, 2003].

Additionally, we prove the NEXPTIME bounds to be
tight by presenting tableau algorithms for ALCOK(D) and
SHOQK(D) with key admissible concrete domains that are
in NP, where key admissibility is a simple and natural prop-
erty. We have chosen to devise tableau algorithms since they
have the potential to be implemented in efficient reasoners
and have been shown to behave well in practise [Horrocks
et al., 2000]. Due to space restrictions, we can only sketch
proofs and refer to [Lutz et al., 2002] for more details.

2 Preliminaries
First, we formally introduce the description logic
ALCOK(D).

Definition 1. A concrete domain D is a pair (�D;�D),
where �D is a set and �D a set of predicate names. Each
predicate name P 2 �D is associated with an arity n and an
n-ary predicate PD � �n

D.
Let NC, NO, NR, NcF be pairwise disjoint and countably in-

finite sets of concept names, nominals, role names, and con-
crete features. We assume that NR has a countably infinite
subset NaF of abstract features. A path u is a composition
f1 � � � fng of n abstract features f1; : : : ; fn (n � 0) and a
concrete feature g. Let D be a concrete domain. The set of
ALCOK(D)-concepts is the smallest set such that (i) every
concept name and every nominal is a concept, and (ii) if C
and D are concepts, R is a role name, g is a concrete feature,
u1; : : : ; un are paths, and P 2 �D is a predicate of arity n,
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then the following expressions are also concepts:

:C; C uD; C tD; 9R:C; 8R:C; 9u1; : : : ; un:P; and g":

A key definiton is an expression (u1; : : : ; uk keyfor C) for
u1; : : : ; uk (k � 1) paths and C a concept. A finite set of key
definitions is called a key box. �

As usual, we use > to denote an arbitrary propositional tau-
tology. Throughout this paper, we will consider several frag-
ments of the logicALCOK(D): ALCO(D) is obtained from
ALCOK(D) by admitting only empty key boxes; by disal-
lowing the use of nominals, we obtain the fragmentALC(D)
of ALCO(D) and ALCK(D) of ALCOK(D).

The description logic ALCOK(D) is equipped with a
Tarski-style set-theoretic semantics. Along with the seman-
tics, we introduce the standard inference problems: concept
satisfiability and concept subsumption.

Definition 2. An interpretation I is a pair (�I ; �
I), where

�I is a non-empty set, called the domain, and �I is the in-
terpretation function. The interpretation function maps each
concept name C to a subset CI of �I , each nominal N to
a singleton subset NI of �I , each role name R to a subset
RI of �I ��I , each abstract feature f to a partial function
fI from �I to �I , and each concrete feature g to a partial
function gI from �I to �D.

If u = f1 � � � fng is a path and d 2 �I , then uI(d) is de-
fined as gI(fI

n
� � � (fI1 (d)) � � � ). The interpretation function

is extended to arbitrary concepts as follows:

(:C)I := �I nC
I

(C uD)I := CI \DI

(C tD)I := CI [DI

(9R:C)I := fd 2 �I j 9e 2 �I : (d; e) 2 RI ^ e 2 CIg

(8R:C)I := fd 2 �I j 8e 2 �I : (d; e) 2 RI ! e 2 CIg

(g")I := fd 2 �I j g
I(d) undefinedg

(9u1; : : : ; un:P )
I := fd 2 �I j 9x1; : : : ; xn 2 �D :

uI
i
(d) = xi and (x1; : : : ; xn) 2 PDg

An interpretation I is a model of a concept C iff CI 6= ;.
Moreover, I satisfies a key definition (u1; : : : ; un keyfor C)
if, for any a; b 2 CI , uI

i
(a) = uI

i
(b) for 1 � i � n implies

a = b. I is a model of a key box K iff I satisfies all key
definitions in K. A concept C is satisfiable w.r.t. a key box
K iff C and K have a common model. C is subsumed by a
concept D w.r.t. K (written C vK D) iff CI � DI for all
models I of K. �

It is well-known that, in DLs providing for negation, sub-
sumption can be reduced to (un)satisfiability and vice versa:
C vK D iff C u :D is unsatisfiable w.r.t. K and C is sat-
isfiable w.r.t. K iff C 6vK :>. Thus we can concentrate
on concept satisfiability when investigating the complexity
of reasoning: the above reduction implies the corresponding
bounds for subsumption and the complementary complexity
class (usually co-NEXPTIME in this paper).

When devising decision procedures for DLs which are not
tied to a particular concrete domain, admissibility of the con-
crete domain usually serves as a well-defined interface be-
tween the decision procedure and concrete domain reasoners
[Baader and Hanschke, 1991; Lutz, 2002b]:

Definition 3. Let D be a concrete domain. A D-conjunction
is a (finite) predicate conjunction of the form

c =
^

i<k

Pi(x
(i)
0 ; : : : ; x

(i)
ni
);

where Pi is an ni-ary predicate for i < k and the x
(i)
j

are
variables. A D-conjunction c is satisfiable iff there exists a
function Æ mapping the variables in c to elements of �D such
that (Æ(x(i)0 ); : : : ; Æ(x

(i)
ni )) 2 PD

i
for each i < k. We say

that the concrete domainD is admissible iff (i) �D contains a
name >D for �D; (ii) �D is closed under negation, and (iii)
satisfiability of D-conjunctions is decidable. We refer to the
satisfiability of D-conjunctions as D-satisfiability. �

As we shall see, it sometimes makes a considerable differ-
ence w.r.t. complexity and decidability to restrict key boxes
in various ways. Because of this, it is convenient to introduce
the following notions:

Definition 4. A key box K is called Boolean if all concepts
appearing in (key definitions in) K are Boolean combinations
of concept names; path-free if all key definitions in K are of
the form (g1; : : : ; gn keyfor C) with g1; : : : ; gn 2 NcF; sim-
ple if it is both path-free and Boolean; and a unary key box if
all key definitions in K are of the form (u keyfor C): A con-
cept C is called path-free if, in all its subconcepts of the form
9u1; : : : ; un:P , u1; : : : ; un are concrete features. �

To emphasize that a key box must not necessarily be Boolean
or path-free, we sometimes call such a key box general. Sim-
ilarly, to emphasize that a key box is not necessarily a unary
key box, we sometimes call such a key box n-ary key box.

3 Lower Complexity Bounds
In this section, we present lower complexity bounds for DLs
with concrete domains, key boxes and nominals. We start by
showing that satisfiability of ALCK(D)-concepts w.r.t. gen-
eral key boxes is undecidable for many interesting concrete
domains. This discouraging result is relativized by the fact
that, as shown in Section 4, the restriction to Boolean key
boxes recovers decidability. Next, we prove that satisfiabil-
ity of path-free ALCK(D)-concepts w.r.t. simple key boxes
is NEXPTIME-hard for many concrete domains and that this
holds even if we restrict ourselves to unary key boxes. Fi-
nally, we identify a concrete domain such that ALCO(D)-
concept satisfiability (without key boxes) is already NEXP-
TIME-hard.

Undecidability of ALCK(D)-concept satisfiability w.r.t.
general key boxes is proved by reduction of the undecidable
Post Correspondence Problem (PCP) [Post, 1946].

Definition 5. An instance P of the PCP is given by a finite,
non-empty list (`1; r1); : : : ; (`k; rk) of pairs of words over
some alphabet �. A sequence of integers i1; : : : ; im, with
m � 1, is called a solution for P iff `i1 � � � `im = ri1 � � � rim .
The problem is to decide whether a given instance P has a
solution. �

The reduction uses the admissible concrete domain W intro-
duced in [Lutz, 2003], whose domain is the set of words over
� and whose predicates express concatenation of words. For
each PCP instance P = (`1; r1); : : : ; (`k; rk), we define a
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concept CP and unary key box KP such that P has no solu-
tion iff CP is satisfiable w.r.t. KP . Intuitively, CP and KP

enforce an infinite, k-ary tree, where each node represents a
sequences of integers, i.e. a potential solution. The role of
the key box is to guarantee that the tree is of infinite depth;
concrete features are used to store the left and right concate-
nations corresponding to the potential solutions; and concate-
nation predicates from the concrete domain W are used to
compute them. Finally, an inequality predicate also provided
by W is used to guarantee that none of the potential solutions
is indeed a solution. Since it is known that W-satisfiability is
in PTIME [Lutz, 2003], we obtain the following theorem.
Theorem 6. There exists a concrete domain D such that
D-satisfiability is in PTIME and satisfiability of ALCK(D)-
concepts w.r.t. (general) unary key boxes is undecidable.
As shown in [Lutz, 2003; Lutz et al., 2002], the reduction can
easily be adapted to more natural concrete domains such as
numerical ones based on the integers and providing predicates
for equality to zero and one, binary equality, addition, and
multiplication.

We now establish lower bounds for ALCK(D) with
Boolean key boxes and for ALCO(D). These results are
obtained using a NEXPTIME-complete variant of the well-
known, undecidable domino problem [Knuth, 1968].
Definition 7. A domino systemD is a triple (T;H; V ), where
T � N is a finite set of tile types and H;V � T � T repre-
sent the horizontal and vertical matching conditions. ForD a
domino system and a = a0; : : : ; an�1 2 Tn an initial condi-
tion, a mapping � : f0; : : : ; 2n+1g � f0; : : : ; 2n+1g ! T is
a solution for D and a iff, for all x; y < 2n+1, the following
holds: (i) if �(x; y) = t and �(x+1 mod 2n+1; y) = t0, then
(t; t0) 2 H ; (ii) if �(x; y) = t and �(x; y + 1 mod 2n+1) =
t0, then (t; t0) 2 V ; and (iii) �(i; 0) = ai for i < n. �

This variant of the domino problem is NEXPTIME-
complete [Lutz, 2003]. The three NEXPTIME lower bounds
are obtained by using suitable and admissible concrete do-
mains D1, D2, and D3 to reduce the above domino prob-
lem. More precisely, the simplest concrete domain D1 is used
in the reduction to ALCK(D1)-concept satisfiability w.r.t.
Boolean (n-ary) key boxes, the slightly more complex D2

is used in the reduction to ALCK(D2)-concept satisfiabil-
ity w.r.t. Boolean unary key boxes, and the most powerful
concrete domain D3 is used in the reduction to ALCO(D3)-
concept satisfiability without key boxes.

The idea underlying all three reductions is to use concept
names X0; : : : Xn; Y0; : : : ; Yn to represent positions in the
2n+1 � 2n+1-torus: if a is a domain element representing
the position (i; j), then a 2 XI

`
expresses that the `-th bit in

the binary coding of i is 1, and a 2 Y I
`

expresses that the `-th
bit of j is 1. We use standard methods to enforce that there
exists a domain element for every position in the torus. The
main difference between the three reductions is how it is en-
sured that no position is represented by two different domain
elements—we call this uniqueness of positions.

The first reduction uses the very simple concrete do-
main D1, which is based on the set f0; 1g and only pro-
vides unary predicates =0, =1, and their negations. Unique-
ness of positions is ensured by translating the position (i; j)

of a domain element a into concrete domain values: for
xpos

`
2 NcF, we enforce that xposI

`
(a) = 1 if a 2 XI

`
and 0

otherwise (analogously for ypos
`

and Y`). Then the key def-
inition (xpos0; : : : ; xposn; ypos0; : : : ; yposn keyfor >) obvi-
ously ensures uniqueness of positions. Since the reduction
concept is path-free and D1-satisfiability is easily seen to be
in PTIME, we obtain the following:

Theorem 8. D1-satisfiability is in PTIME and satisfiability
of path-free ALCK(D1)-concepts w.r.t. simple key boxes is
NEXPTIME-hard.

The (somewhat artificial) concrete domainD1 can be replaced
by many natural concrete domains D proposed in the litera-
ture [Baader and Hanschke, 1992; Haarslev and Möller, 2002;
Lutz, 2002b; 2002d]: it suffices that D provides two unary
predicates denoting disjoint singleton sets.

The second reduction uses the more complex concrete do-
main D2, which “stores” whole bit vectors rather than only
single bits. In D2, we can translate the position (i; j) of an
element a from concepts X`; Yk into a single bit vector of
length 2(n + 1) that is then stored as a bv-successor of a,
where bv is a concrete feature. Since we replaced the 2(n+1)
concrete features used in the first reduction (one for each bit)
by the single feature bv, it now suffices to use the simple
unary key box (bv keyfor>) to ensure uniqueness of posi-
tions. As in D1, the reduction concept is path-free. In [Lutz
et al., 2002], it is shown that D2-satisfiability is in PTIME.

Theorem 9. D2-satisfiability is in PTIME and satisfiability of
path-free ALCK(D2)-concepts w.r.t. simple unary key boxes
is NEXPTIME-hard.

Again, the artificial concrete domain D2 can be replaced by
more natural ones: we can simulate bit vectors using inte-
gers and the necessary operations on bit vectors by unary
predicates =n for every interger n and a ternary addition
predicate—for more details see [Lutz et al., 2002].

The last lower bound is concerned with the DLALCO(D).
In the absence of key boxes, we need a different reduction
strategy and the more complex concrete domain D3, which
extendsD2 with so-called domino arrays that allow us to store
the tiling of the whole torus in a single concrete domain value.
We can then ensure uniqueness of positions using a single
nominal. Computationally, the concrete domain D3 is still
very simple, namely in PTIME. However, it no longer suffices
to use only path-free concepts.

Theorem 10. D3-satisfiability is in PTIME and satisfiability
of ALCO(D3)-concepts is NEXPTIME-hard.

4 Reasoning Procedures
We describe two tableau-based decision procedures for con-
cept satisfiability in DLs with concrete domains, nomi-
nals, and keys. The first is for ALCOK(D)-concepts w.r.t.
Boolean key boxes. This algorithm yields a NEXPTIME up-
per complexity bound matching the lower bounds established
in Section 3. The second procedure is for SHOQK(D) w.r.t.
path-free key boxes and also yields a tight NEXPTIME up-
per complexity bound. SHOQK(D) is an extension of the
DL SHOQ(D) introduced in [Horrocks and Sattler, 2001;
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Pan and Horrocks, 2002], which provides a wealth of ex-
pressive possibilities such as transitive roles, role hierar-
chies, nominals, qualifying number restrictions, and general
TBoxes with a path-free concrete domain constructor and
path-free key boxes. Path-freeness of SHOQK(D)’s con-
crete domain constructor is crucial for decidability. More-
over, it allows us to admit general rather than only Boolean
key boxes.

Tableau algorithms decide the satisfiability of the input
concept (in our case w.r.t. the input key box) by attempting to
construct a model for it: starting with an initial data structure
induced by the input concept, the algorithm repeatedly ap-
plies completion rules. Eventually, the algorithm either finds
an obvious contradiction or it encounters a contradiction-free
situation in which no more completion rules are applicable.
In the former case the input concept is unsatisfiable, while in
the latter case it is satisfiable.

Existing tableau algorithms for DLs with concrete do-
mains use admissibility as an “interface” between the tab-
leau algorithm and a concrete domain reasoner [Lutz, 2002b;
Baader and Hanschke, 1991]. In the presence of keys,
this is not enough: besides knowing whether a given D-
conjunction is satisfiable, the concrete domain reasoner has
to provide information on variables that must take the same
value in solutions. As an example, consider the concrete
domain N = (N; f<nj n 2 Ng) and the N-conjunction
c = <2(v1) ^ <2(v2) ^ <2(v3): Obviously, every solution
Æ for c identifies two of the variables v1; v2; v3. This informa-
tion has to be passed from the concrete domain reasoner to the
tableau algorithm since, in the presence of key boxes, it may
have an impact on the satisfiability of the input concept. E.g.,
this information transfer reveals the unsatisfiability of 9R:Au
9R:(:AuB)u9R:(:Au:B)u8R:9g:<2 w.r.t. g keyfor >.
To formalize this requirement, we strengthen the notion of ad-
missibility into key-admissibility.

Definition 11. A concrete domain D is key-admissible iff (i)
�D contains a name >D for �D; (ii) �D is closed under
negation, and (iii) there exists an algorithm that takes as input
a D-conjunction c, returns clash if c is unsatisfiable, and oth-
erwise non-deterministically outputs an equivalence relation
� on the set of variables V used in c such that there exists a
solution Æ for c with the following property: for all v; v0 2 V

Æ(v) = Æ(v0) iff v � v0: Such an equivalence relation is
henceforth called a concrete equivalence. We say that ex-
tended D-satisfiability is in NP if there exists an algorithm as
above running in polynomial time. �

It can easily be seen that any concrete domain that is ad-
missible and provides for an equality predicate is also key-
admissible [Lutz et al., 2002].

In the following, we assume that all concepts (the input
concept and those occuring in key boxes) are in negation nor-
mal form (NNF), i.e., negation occurs only in front of concept
names and nominals; if the concrete domain D is admissi-
ble, then every ALCOK(D)-concept can be converted into
an equivalent one in NNF [Lutz et al., 2002]. We use _:C
to denote the result of converting the concept :C into NNF,
sub(C) to denote the set of subconcepts of C, and sub(K) to
denote the set of subconcepts of all concepts occurring in key

box K. Moreover, we use cl(C;K) as abbreviation for the set

sub(C) [ sub(K) [ f _:D j D 2 sub(K)g:

Complexity of ALCOK(D)

We start the presentation of the ALCOK(D) tableau algo-
rithm by introducing the underlying data structure.

Definition 12. Let Oa and Oc be disjoint and countably in-
finite sets of abstract and concrete nodes. A completion tree
for an ALCOK(D)-concept C and a key box K is a finite,
labeled tree (Va; Vc; E;L) with a set of nodes Va [ Vc such
that Va � Oa, Vc � Oc, and all nodes from Vc are leaves.
Each node a 2 Va of the tree is labeled with a subset L(a)
of cl(C;K); each edge (a; b) 2 E with a; b 2 Va is labeled
with a role name L(a; b) occurring in C or K; and each edge
(a; x) 2 E with a 2 Va and x 2 Vc is labeled with a concrete
feature L(a; x) occurring in C or K.

For T = (Va; Vc; E;L) and a 2 Va, we use levT(a) to
denote the depth at which a occurs inT (starting with the root
node at depth 0). A completion system for an ALCOK(D)-
concept C and a key box K is a tuple (T;P ;�;�), where
T = (Va; Vc; E;L) is a completion tree for C and K, P is
a function mapping each P 2 �D with arity n appearing in
C to a subset of V n

c , � is a linear ordering of Va such that
levT(a) � levT(b) implies a � b, and � is an equivalence
relation on Vc.

Let T = (Va; Vc; E;L) be a completion tree. A node b 2
Va is an R-successor of a node a 2 Va if (a; b) 2 E and
L(a; b) = R. Similarly, a node x 2 Vc is a g-successor of
a if (a; x) 2 E and L(a; x) = g. For paths u, the notion
u-successor is defined in the obvious way. �

Intuitively, the relation� records equalities between concrete
nodes that have been found during the model construction
process. The relation � induces an equivalence relation �a

on abstract nodes which, in turn, yields the equivalence rela-
tion �c � � on concrete nodes.

Definition 13. Let S = (T;P ;�;�) be a completion system
for a concept C and a key box K with T = (Va; Vc; E;L),
and let � be an equivalence relation on Va. For each R 2

NR, a node b 2 Va is an R=�-neighbor of a node a 2 Va
if there exists a node c 2 Va such that a � c and b is an
R-successor of c. For paths u, the notion u=�-neighbor is
defined analogously.

We define a sequence of equivalence relations
�0
a � �1

a � � � � on Va as follows:

�0
a = f(a; a) j a 2 Vag

[f(a; b) 2 V 2
a j 9N 2 NO : N 2 L(a) \ L(b)g

�i+1
a =�i

a [

f(a; b) 2 V 2
a j 9c 2 Va; f 2 NaF :

a and b are f=�i

a-neighbors of cg [

f(a; b) 2 V 2
a j 9(u1; : : : ; un keyfor D) 2 K;

9x1; : : : ; xn : xj is uj=�i

a-neighbor of a,

9y1; : : : ; yn : yj is uj=�i

a-neighbor of b,
D 2 L(a) \ L(b) ^ (81 � j � n : xj � yj)g
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Finally, set �a =
S
i�0�

i

a
, and define x �c y if x � y or

there are a 2 Va and g 2 NcF such that x and y are g=�a-
neighbors of a. �

Intuitively, if we have a �a b, then a and b describe the same
domain element of the constructed model (and similarly for
the �c relation on concrete nodes).

Let D be a key-admissible concrete domain. To de-
cide the satisfiability of an ALCOK(D)-concept C0 w.r.t.
a Boolean key box K (both in NNF), the tableau algo-
rithm is started with the initial completion system SC0

=
(TC0

;P;; ;; ;); where TC0
= (fa0g; ;; ;; fa0 7! fC0gg)

and P; maps each P 2 �D occurring in C0 to ;. We now
introduce an operation that is used by the completion rules to
add new nodes to completion trees.

Definition 14. Let S = (T;P ;�;�) be a completion system
with T = (Va; Vc; E;L). An element of Oa or Oc is called
fresh in T if it does not appear in T. We use the following
notions:
S+ aRb: Let a 2 Va, b 2 Oa fresh in T, and R 2 NR. We
write S+aRb to denote the completion system S0 that can be
obtained from S by adding (a; b) to E and setting L(a; b) =
R and L(b) = ;. Moreover, b is inserted into � such that
b � c implies levT(b) � levT(c).
S+ agx: Let a 2 Va, x 2 Oc fresh in T and g 2 NcF.
We write S + agx to denote the completion system S0 that
can be obtained from S by adding (a; x) to E and setting
L(a; x) = g.

When nesting +, we omit brackets writing, e.g., S + aR1b+
bR2c for (S + aR1b) + bR2c. Let u = f1 � � � fng be a path.
With S + aux, where a 2 Va and x 2 Oc is fresh in T, we
denote the completion system S0 that can be obtained from S

by taking fresh nodes b1; : : : ; bn 2 Oa and setting

S
0 := S + af1b1 + � � �+ bn�1fnbn + bngx: �

The completion rules are given in Figure 1, where we assume
that newly introduced nodes are always fresh. The Rt and
Rch rules are non-deterministic and the upper five rules are
well-known from existing tableau algorithms for ALC(D)-
concept satisfiability (c.f. for example [Lutz, 2002d]). Only
R8 deserves a comment: it considers R=�a-neighbors rather
than R-successors since �a relates nodes denoting the same
domain element.

The last two rules are necessary for dealing with key boxes.
The “choose rule” Rch (c.f. [Hollunder and Baader, 1991;
Horrocks et al., 2000]) guesses whether an abstract node a

satisfies C in case of C occurring in a key definition and
a having neighbors for all paths ui in this key definition.
The Rp rule deals with equalities between abstract nodes as
recorded by the �a relation: if a �a b, then a and b describe
the same element, and thus their node labels should be identi-
cal. We choose one representative for each equivalence class
of �a (the node that is minimal w.r.t. �) and make sure that
the representative’s node label contains the labels of all the
nodes it represents.

Definition 15. Let S = (T;P ;�;�) be a completion system
for a conceptC and a key boxKwithT = (Va; Vc;�;�). We

Ru if C1 u C2 2 L(a) and fC1; C2g 6� L(a)
then L(a) := L(a) [ fC1; C2g

Rt if C1 t C2 2 L(a) and fC1; C2g \ L(a) = ;

then L(a) := L(a) [ fCg for some C 2 fC1; C2g

R9 if 9R:C 2 L(a) and there is no R= �a-neighbor b of a
such that C 2 L(b),

then S := S + aRb and L(b) := fCg

R8 if 8R:C 2 L(a), b is an R=�a-neighbor of a, and
C =2 L(b)

then L(b) := L(b) [ fCg

R9c if 9u1; : : : ; un:P 2 L(a) and there are no
ui-successors xi of a (for 1 � i � n)
with (x1; : : : ; xn) 2 P(P )

then S := (S + au1x1 + � � �+ aunxn)
and P(P ) := P(P ) [ f(x1; : : : ; xn)g

Rch if (u1; : : : ; un keyfor C) 2 K, fC; _:Cg \ L(a) = ;,
and there are ui=�a-neighbors xi of a (for 1 � i � n)

then L(a) := L(a) [ fDg for some D 2 fC; _:Cg

Rp if L(b) 6� L(a) and a 2 Va is minimal w.r.t.�
such that a �a b

then L(a) := L(a) [ L(b)

Figure 1: Completion rules for ALCOK(D).

say that the completion system S is concrete domain satisfi-
able iff the conjunction

�S =
^

P used in C
(x1;:::;xn)2P(P )

P (x1; : : : ; xn) ^
^

x�cy

=(x; y)

is satisfiable. S contains a clash iff (i) there is an a 2 Va and
an A 2 NC such that fA;:Ag � L(a); (ii) there are a 2 Va
and x 2 Vc such that g" 2 L(a) and x is g=�a-neighbor of
a; or (iii) S is not concrete domain satisfiable. If S does not
contain a clash, then S is called clash-free. S is complete if
no completion rule is applicable to S. �

We now give the tableau algorithm in pseudocode nota-
tion, where check denotes the algorithm computing concrete
equivalences as described in Definition 11:

define procedure sat(S)
do

if S contains a clash then return unsatis�able
� := check(�S)
compute �a and then �c

while � 6= �c

if S contains a clash then return unsatis�able
if S is complete then return satis�able
apply a completion rule to S yielding S0

return sat(S0)

The algorithm realizes a tight coupling between the con-
crete domain reasoner and the tableau algorithm: if the con-
crete domain reasoner finds that two concrete nodes are equal,
the tableau algorithm may use this to deduce (via the com-
putation of �a and �c) even more equalities between con-
crete nodes. The concrete domain reasoner may then return
in check(�S) further “equalities” � and so forth.

A similar interplay takes place in the course of several re-
cursion steps: equalities of concrete nodes provided by the
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concrete domain reasoner may make new rules applicable (for
exampleRp and then R9c) which changesP and thus also �S .
This may subsequently lead to the detection of more equali-
ties between concrete nodes by the concrete domain reasoner,
and so forth. Note that, in the absence of keys boxes, there is
much less interaction: it suffices to apply the concrete domain
satisfiability check only once after the completion rules have
been exhaustively applied [Baader and Hanschke, 1991].

In [Lutz et al., 2002], we prove that the algorithm runs
in non-deterministic exponential time: there are exponential
bounds on the number of abstract and concrete nodes in the
completion system, on the number of while loop iterations in
each recursion step, and on the size of �S . This yields the
following upper bound, which is tight by Theorem 9.
Theorem 16. For D a key-admissible concrete domain such
that extended D-satisfiability is in NP, ALCOK(D)-concept
satisfiability w.r.t. Boolean key boxes is in NEXPTIME.

Complexity of SHOQK(D)
We have designed a tableau algorithm for SHOQK(D) as a
combination of the one for SHOQ(D) in [Horrocks and Sat-
tler, 2001] and the one forALCOK(D) presented above. It is
restricted to path-free concepts and path-free key boxes, but
can handle complex concepts in key boxes. The most impor-
tant difference from theALCOK(D) algorithm is as follows:
in the presence of non-Boolean key boxes, the Rch rule may
add concepts of positive “role depth” to arbitrary nodes in the
completion tree. Thus the role depth does not automatically
decrease with the depth of nodes in the tree (as in the case
of ALCOK(D)) and a naive tableau algorithm would con-
struct infinite trees. However, even for SHOQ(D) without
key boxes, one has to enforce termination artificially by us-
ing a cycle detection mechanism called blocking—whereas
the ALCOK(D) algorithm terminates “naturally”. It can be
shown that blocking can be used in the presence of key boxes
without corrupting soundness or completeness. A detailed
description of this algorithm and a correctness proof is given
in [Lutz et al., 2002]. As a by-product of the SHOQK(D)
tableau algorithm, we obtain a small model property: every
satisfiable SHOQK(D)-concept has a model of size expo-
nential in the concept length. Thus we obtain the following
upper bound, which is tight by Theorem 9.
Theorem 17. For D a key-admissible concrete domain such
that D-satisfiability is in NP, SHOQK(D)-concept satisfia-
bility w.r.t. path-free key boxes is in NEXPTIME.

5 Summary
We have identified key boxes as an interesting extension of
description logics with concrete domains, introduced a num-
ber of natural description logics, and provided a comprehen-
sive analysis of the decidability and complexity of reasoning.
Moreover, we have proposed tableau algorithms for two such
(NEXPTIME-complete) logics.

The main result of our investigations is that key constraints
are rather powerful, since they dramatically increase the com-
plexity of reasoning: PSPACE ALC(D) becomes undecidable
with unrestricted key boxes, and NEXPTIME-complete with
Boolean key boxes—provided that the concrete domain D is
not too complex, i.e., extendedD-satisfiability is in NP.
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Abstract

Current Description Logic reasoning systems pro-
vide only limited support for debugging logically
erroneous knowledge bases. In this paper we pro-
pose new non-standard reasoning services which
we designed and implemented to pinpoint logical
contradictions when developing the medical ter-
minology DICE. We provide complete algorithms
for unfoldable

�����
-TBoxes based on minimisa-

tion of axioms using Boolean methods for min-
imal unsatisfiability-preserving sub-TBoxes, and
an incomplete bottom-up method for generalised
incoherence-preserving terminologies.

1 Introduction
Our work was motivated by the development of the DICE1

terminology. DICE implements frame-based definitions of
diagnostic information for the unambiguous and unified clas-
sification of patients in Intensive Care medicine. The repre-
sentation of DICE is currently being migrated to an expres-
sive Description Logic (henceforth DL) to facilitate logical
inferences. Figure 1 shows an extract of the DICE terminol-
ogy. In [Cornet and Abu-Hanna, 2002] the authors describe
the migration process in more detail. The resulting DL ter-
minology (usually called a “TBox”) contains axioms such as
the following, where classes (like BODYPART) are translated
as concepts, and slots (like REGION) as roles:

Brain �� CentralNervousSystem �	� systempart.NervousSystem �
BodyPart �
� region.HeadAndNeck ��� region.HeadAndNeck

CentralNervousSystem �� NervousSystem

Developing a coherent terminology is a time-consuming
and error-prone process. DICE defines more than 2400 con-
cepts and uses 45 relations. To illustrate some of the prob-
lems, take the definition of a “brain” which is incorrectly
specified, among others, as a “central nervous-system” and
“body-part” located in the head. This definition is contradic-
tory as nervous-systems and body-parts are declared disjoint
in DICE. Fortunately, current Description Logic reasoners,

1DICE stands for “Diagnoses for Intensive Care Evaluation”.
The development of the DICE terminology has been supported by
the NICE foundation.

such as RACER [Haarslev and Möller, 2001] or FaCT [Hor-
rocks, 1998], can detect this type of inconsistency and the
knowledge engineer can identify the cause of the problem.
Unfortunately, many other concepts are defined based on the
erroneous definition of “brain” forcing each of them to be
erroneous as well. In practice, DL reasoners provide lists of
hundreds of unsatisfiable concepts for the DICE TBox and the
debugging remains a jigsaw to be solved by human experts,
with little additional explanation to support this process.

By debugging we understand the identification and elimi-
nation of modelling errors when detecting logical contradic-
tions in a knowledge base. Debugging requires an explana-
tion for the logical incorrectness and, as a second step, its
correction. In this paper we will focus on the former as the
latter requires an understanding of the meaning of represented
concepts. We define a number of new non-standard reasoning
services to explain incoherences through pinpointing.

Our experience with debugging DICE provides some
hands-on examples for the problem at hand: take the con-
tradictory definition of brains in the DICE anatomy specifica-
tion. What information is useful for correcting the knowledge
base? First, we have to identify the precise position of errors
within a TBox; that is, we need a procedure to single out the
axioms causing the contradiction. The axioms for Brain and
CentralNervousSystem form such a minimal incoherent sub-
set of the DICE terminology. Formally, we introduce minimal
unsatisfiability-preserving sub-TBoxes (abbreviated MUPS)
and minimal incoherence-preserving sub-TBoxes (MIPS) as
the smallest subsets of axioms of an incoherent terminology
preserving unsatisfiability of a particular, respectively of at
least one unsatisfiable concept. Secondly, we highlight the el-
ements of these definitions containing the faulty specification.
An axiom, e.g., Brain 
� BodyPart � NervousSystem points to
the core of the erroneously modelled knowledge. For this
purpose we define generalised incoherence-preserving termi-
nologies (GIT) as sets of incoherent axioms, which are syn-
tacticly related to the original axioms, more general and have
minimal structural complexity.

The remainder of this paper is organised as follows: Sec-
tion 2 introduces the relevant DL concepts to make the paper
self-contained. In Section 3 we introduce the new reasoning
services and provide algorithms in Section 4. The paper fin-
ishes with a discussion of the results we obtained with our
new methods on the terminology DICE.
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CLASS SUPERCLASS SLOT SLOT-VALUE

BRAIN
BODYPART
CENTRAL NERVOUS SYSTEM

REGION

SYSTEM PART

HEAD AND NECK

NERVOUS SYSTEM

CENTRAL NERVOUS SYSTEM NERVOUS SYSTEM

Figure 1: An extract from the DICE terminology (frame-based).

2 Description Logics
We shall not give a formal introduction into Description Log-
ics here, but point to the new handbook [Baader et al., 2003].
Briefly, DLs are set description languages with concepts (usu-
ally denoted by capital letters), interpreted as subsets of a do-
main, and roles which are binary relations, which we denote
by small letters. In a terminological component � (called
TBox) the interpretations of concepts can be restricted to the
models of � by defining axioms of the form � 
��� .2 Based
on this formal model-theoretic semantics, a TBox can be
checked for incoherence, i.e., whether there are unsatisfiable
concepts: concepts which are necessarily interpreted as the
empty set in all models of the TBox. Other standard reason-
ing services include subsumption of two concepts � and

�
(a subset relation w.r.t. all models of � ). Subsumption with-
out reference to a TBox is called concept subsumption and
we write � ���

. Recently, a number of non-standard rea-
soning services have been defined, such as the least common
subsumer of concepts or the minimal rewriting of concepts
(see [Küsters, 2001] for an overview).�����

is a simple yet relatively expressive DL with conjunc-
tion ��� � ��� , disjunction �	��
 ��� , negation ���
� � and uni-
versal ������� � � and existential quantification ������� � � . A TBox
is called unfoldable if the left-hand sides of the axioms (the
defined concepts) are atomic, and if the right-hand sides (the
definitions) contain no direct or indirect reference to the de-
fined concept [Nebel, 1990].

3 Explaining Logical Incoherences
In this section we study ways of explaining incoherences in
DL terminologies. We propose to simplify a terminology �
in order to reduce the available information to the root of the
incoherence. More concretely we first exclude axioms which
are irrelevant to the incoherence and then provide simplified
definitions highlighting the exact position of a contradiction
within the axioms of this reduced TBox. We will call the
former axiom pinpointing, the latter concept pinpointing.

In this section we will formally introduce axiom and con-
cept pinpointing for a general TBox without restrictions on
the underlying representation language. In Section 4 we will
give algorithms for the case of unfoldable

��� �
-TBoxes.

3.1 Axiom Pinpointing

Axiom pinpointing means identifying debugging-relevant ax-
ioms, where an axiom is relevant if a contradictory TBox be-
comes coherent once the axiom is removed or if, at least, a
particular, previously unsatisfiable concept turns satisfiable.

2We will not consider assertional components in this paper.

Consider the following (incoherent) TBox ��� , where �����
and � are primitive and ���������������! defined concept names:"$#�%'&)(!% ���* ( � (,+ � (.- "$#/+0&1(,+ �� ( � (.2"$# - &)( - �� ( 2 � (,3 "$# 2 &1( 2 �� �5406 7 �98"$# 3 &)( 3 �� �:406 * 7 "$#<;=&1(>; �� (!%�? �$@�6BA (>- � * 8 � (>2DC"$#/EF&)(,E �� (>2 �
�:406 * 7
The set of unsatisfiable concept names as returned by a DL
reasoner is G0�H�����JIK�'�!L$�'�! KM . Although this is still of man-
ageable size, it hides crucial information, e.g., that unsatisfia-
bility of �H� depends on unsatisfiability of �JI , which is inco-
herent because of the contradictions between �JN and �JO . We
will use this example to explain our debugging methods.

Minimal unsatisfiability-preserving sub-TBoxes (MUPS)
Unsatisfiability-preserving sub-TBoxes of a TBox � and an
unsatisfiable concept � are subsets of � in which � is unsat-
isfiable. In general there are several of these sub-TBoxes and
we select the minimal ones, i.e., those containing only axioms
that are necessary to preserve unsatisfiability.
Definition 3.1 Let � be a concept which is unsatisfiable in
a TBox � . A set ��PRQS� is a minimal unsatisfiability-
preserving sub-TBox (MUPS) of � if � is unsatisfiable in
�TP , and � is satisfiable in every sub-TBox �9P PVUW��P .
We will abbreviate the set of MUPS of � and � byXZY\[�] �	�^��� � . MUPS for our example TBox � � and its un-
satisfiable concepts are:X_Y:[�] �	� � ��� � �'` G\G0a:b � ��a:bdc$M\�FG=a:b � �'a:b I �'a:b5N:��a:bdO$MKMX_Y:[�] �	� � ��� I �'` G\G0a:b I ��a:b5N\��a:bdOKMKMX_Y:[�] �	�5�=���JL �'` G\G0a:b�����a:b c ��a:b N ��a:bdL$M\�

G0a:b�����a:bdIK��a:b N ��a:b O ��a:bdLKMKMX_Y:[�] �	� � ���  �'` G\G0a:b5N\��a:b  MKM
MUPS are useful for relating unsatisfiability to sets of axioms
but we will also use them in Section 4 to calculate MIPS.

Minimal incoherence-preserving sub-TBoxes (MIPS)
MIPS are the smallest subsets of an original TBox preserving
unsatisfiability of at least one atomic concept.
Definition 3.2 Let � be an incoherent TBox. A TBox �9PeQ
� is a minimal incoherence-preserving sub-TBox (MIPS) of
� if �TP is incoherent, and every sub-TBox �9P PJUf�TP is co-
herent.
We will abbreviate the set of MIPS of � by XZg�[�] �h� � . For � �
we get three MIPS:XZg�[�] �h�5� �i` G\G0a:b�����a:b c M\�FG=a:bdI$�'a:b N �'a:b O M\�FG=a:b N �'a\b� $M\M
It can easily be checked that each of the three incoherent
TBoxes in XZg�[�] �h�d� � is indeed a MIPS as taking away a sin-
gle axiom renders each of the three coherent. The first one
signifies, for example, that the first two axioms are already
contradictory without reference to any other axiom, which
suggests a modelling error already in these two axioms.
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Cores
Minimal incoherence-preserving sub-TBoxes identify small-
est sets of TBox axioms causing the original TBox to be
incoherent. In terminologies such as DICE, which are cre-
ated through migration from other representation formalisms,
there are several such sub-TBoxes, each corresponding to a
particular contradictory terminology. Cores are now sets of
axioms occurring in several of these incoherent TBoxes. The
more MIPS such a core belongs to, the more likely its axioms
will be the cause of contradictions.

Definition 3.3 Let � be a TBox. A non-empty intersection
of � different MIPS in XZg�[�] �h� � (with � ���

) is called a
MIPS-core of arity � (or simply � -ary core) for � .

Every set containing precisely one MIPS is, at least, a 1-ary
core. The most interesting cores of a TBox, � , are those with
axioms that are present in as many MIPS of � as possible,
i.e., having maximal arity. On the other hand, the size of a
core is also significant, as a bigger size points to clusters of
axioms causing contradictions in combination only.

In our running example, axiom a\b�N occurs both in
G0a:b�I$��a:b N �'a\b O M and G=a:b N ��a:bd $M , which makes G0a:b N M a core
of arity 2 for �5� , which is the core of maximal arity in this
example.

3.2 Concept Pinpointing
The next step in the debugging process is to simplify the def-
initions in order to obtain more concise descriptions of errors
within an incoherent TBox.

Generalised Terminologies
Incoherence of a TBox can be regarded as an over-
specification of one or more concepts in the relevant defi-
nitions. Generalised terminologies are terminologies where
some of the definitions have been generalised.3 Furthermore,
we require generalised definitions to be syntactically related
to the original axioms. For different representation languages
and types of knowledge bases we will have to formally spec-
ify what we consider to be syntactically related concepts. For
the time being let us keep the definition abstract and assume
that there is such a relation �������	� �D��P � denoting that two con-
cepts � and ��P are related. Formally, a concept ��P is then
a syntactic generalisation of a concept � if ����� ��� �'�TP � and
� � �HP (independent of � ). Note that we have to take care
of the case when � is unsatisfiable w.r.t. � . Then � is equiv-
alent to 	 , and everything is more general. Therefore we
generalise � without referencing to the original terminology
� , i.e., we check for simple concept subsumption, only.

Now, generalised incoherence-preserving terminologies
(GITs) are TBoxes where the defining concepts of the axioms
are maximally generalised without losing incoherence.

Definition 3.4 Let � ` G=� � 
� � � ���������'��
	
��� 
�M be an in-
coherent TBox. An incoherent TBox �9P ` G�� � 
� � P� ���������
� 
	
� � P
 M is a generalised incoherence-preserving terminol-
ogy (GIT) of � if, and only if,
� each

� P
 is a syntactic generalisation of
� 
 (

��� g � � ),

3To simplify matters we generalise the right-hand side of axioms
only as we are currently working with unfoldable TBoxes anyway.

� every TBox �TP P ` G��,� 
� � P P� �������F�'� 
 
� � P P
 M with a syn-
tactic generalisation

� P P
 of
� 
 where

� P
 � � P P
 and� P P
��� � P
 (for some
��� g � � ) is coherent.

We abbreviate the set of generalised incoherence-preserving
terminologies of a TBox � by � g�� �h� � . Note that the set of
GITs of a TBox � is equivalent to the union of GITs for the
MIPS of � . Take a simple syntactic relation relating a con-
cept with the syntactic sub-concepts of its unfolded version
with the same polarity and quantifier depth.4 As this particu-
lar definition of a syntactic relation depends on unfolding the
related concepts, all but one axiom per GIT can be trivially
generalised to � 
 
��� . Of all possible GITs we conjecture
that the simplest ones, e.g., those with syntactically minimal
generalisations, are most likely to be useful for the identifica-
tion of errors. In our experiments we use two alternative for-
malisations, the first with respect to minimal size of axioms,
the second with respect to the number of concept names oc-
curring in the GIT. Three minimal sized GITs exist for our
example TBox � � , where we only show the non-trivial ax-
ioms:

� g�� �h�5� � ` G$G=� � 
� � � �_��M:�FG0�JI 
� � ] � � �Z� ] � � � M\�
G=�! 
� � ] � � ��� ] � � �^M\M\�

4 Debugging Unfoldable ����� -TBoxes
Practical experience has shown that applying our methods on
a simplified version of DICE can already provide valuable
debugging information. We will therefore only provide al-
gorithms for unfoldable

�����
-TBoxes [Nebel, 1990] as this

significantly improves both the computational properties and
the readability of the algorithm.

4.1 Algorithms for Axiom Pointing
The calculation of MIPS depends on the MUPS only, and
we will provide an algorithm to calculate these minimal
unsatisfiability-preserving sub-TBoxes based on Boolean
minimisation of terminological axioms needed to close a
standard tableau ([Baader et al., 2003] Chapter 2).

Usually, unsatisfiability of a concept is detected with a
fully saturated tableau (expanded with rules similar to those
in Figure 2) where all branches contain a contradiction (or
close, as we say). The information which axioms are rele-
vant for the closure is contained in a simple label which is
added to each formula in a branch. A labelled formula has
the form �ha��e� ��� where a is an individual name, � a con-
cept and b a set of axioms, which we will refer to as label. A
labelled branch is a set of labelled formulas and a tableau is a
set of labelled branches. A formula can occur with different
labels on the same branch. A branch is closed if it contains
a clash, i.e. if there is at least one pair of formulas with con-
tradictory atoms on the same individual. The notions of open
branch and closed and open tableau are defined as usual and
do not depend on the labels. We will always assume that any

4The polarity of a concept name ( specifies whether ( occurs
within odd or even numbers of negations, the quantifier depth is
the sequence of roles over which the concept is quantified. Such
a relation will formally be defined for unfoldable  "!$# -TBoxes in
Definition 4.3.

357DESCRIPTION LOGICS



A � C : if A "T& 8 % � 8 + C�� �������	� 7 , but not both A "�& 8 % C�� �������
� 7 and A "�& 8 + C�� �������
� 7
then 7 � & 
 7�����A "9& 8 % C�� ��������� A "T& 8 + C�� ��������� .

A ?VC : if A "T& 8 %�? 8 +'C � ������� � 7 , but neither A "�& 8 % C � ������� � 7 nor A "T& 8 +DC � ������� � 7
then 7 � & 
 7�����A "9& 8 %�C � ������� � and 7 � � & 
 7����$A "T& 8 +DC � ������� � .

(Ax) if A "�&=(,C�� �������
� 7 and A ( �� 8 C����
then 7 � & 
 7�����A "9& 8 C � ������������� �!#"%$ � .

A � C : if A "T& �'&)( 6 8 C�� �������*� 7 , &+( ��,.- and all other rules have been applied on all
formulas over " , and if ��A "�& �/&)( 6 8 % C � ��������0 � 6 6D6 � A "T& �#&)( 6 821 C � �������43 �65 7 is
the set of universal formulas for " w.r.t. & ( in 7 ,

then 7 � & 
 �$A�7 & 8 C�� ��������� A�7 & 8 % C�� ������� 0 �8� ��������� 6D6'6 � A�7 & 821 C�� ������� 3 �8� �������9�
where 7 is a new individual name not occurring in 7 .

Figure 2: Tableau Rules for
��� �

-Satisfiability w.r.t. a TBox � (with Labels)

formula is in negation normal form (nnf) and newly created
formulas are immediately transformed. We usually omit the
prefix “labelled”.

To calculate a minimal unsatisfiability-preserving TBox for
a concept name � w.r.t. an unfoldable TBox � we construct
a tableau from a branch � initially containing only �ha ��� ��:
(for a new individual name a ) by applying the rules in Figure
2 as long as possible. The rules are standard

�����
-tableau

rules with lazy unfolding, and have to be read as follows:
assume that there is a tableau ; ` G0�����T�=�������F��� 
 M with
�2< � branches. Application of one of the rules on � yields the
tableau ;!P � ` G0��P	��� � ����������� 
�M for the � � � ����� � and �h�!b � -
rule, ;!P P � ` G=��P	���9P P	�����=����������� 
 M in case of the ��
 � -rule.

Once no more rules can be applied, we know which atoms
are needed to close a saturated branch and can construct a
minimisation function for � and � according to the rules in
Figure 3. A propositional formula = is called a minimisa-
tion function for � and � if � is unsatisfiable in every subset
of � containing the axioms which are true in an assignment
making = true. In our case axioms are used as propositional
variables in = . As we can identify unsatisfiability of � w.r.t. a
set > of axioms with a closed tableau using only the axioms in
> for unfolding, branching on a disjunctive rule implies that
we need to join the functions of the appropriate sub-branches
conjunctively. If an existential rule has been applied, the new
branch �9P might not necessarily be closed on formulas for
both individuals. Assume that � P closes on the individual a
but not on ? . In this case min function �	a���� �'� ��` 	 , which
means that the related disjunct does not influence the calcula-
tion of the minimal incoherent TBox.

Based on the minimisation function min function �ha���G:�ha �
� � : M:��� � (let us call it = ) which we calculated using the rules
in Figure 3 we can now calculate the MUPS for � w.r.t. � .
The idea is to use prime implicants of = . A prime impli-
cant a\b �)@ ����� @ a:b 
 is the smallest conjunction of literals5

implying = [Quine, 1952]. As = is a minimisation function
every implicant of = must be a minimisation function as well
and therefore also the prime implicant. But this implies that
the concept � must be unsatisfiable w.r.t. the set of axioms
G0a:b �=����������a:b 
 M . As a:b�� @ ����� @ a:b 
 is the smallest implicant
we also know that G0a:b �=�������F��a:b 
 M must be minimal, i.e. a
MUPS. Theorem 4.1 captures this result formally.

5Note that in our case all literals are non-negated axioms.

Theorem 4.1 Let � be a concept name, which is unsatisfi-
able w.r.t. an unfoldable

�����
-TBox � . The set of prime im-

plicants of the minimisation function min function �	a��FG:�	a �
� � : M:��� � is the set X_Y:[�] �h� ��� � of minimal unsatisfiability-
preserving sub-TBoxes of � and � .

Proof: We first prove the claim that the propositional formula
= � ` min function �ha���G:�ha �V� � : M\�'� � is indeed a minimisa-
tion function for the MUPS problem w.r.t. an unsatisfiable
concept � and a TBox � . We show that a tableau starting on
a single branch � � ` G��ha �V� � : M closes on all branches by
unfolding axioms only, that are evaluated as true in an assign-
ment making = true. This saturated tableau ;JaA?CB is a particu-
lar sub-tableau of the original saturated tableau ;JaA? which we
used to calculate XZg � D Y �FE � g�G � �	ad��G:�	a �\� � : M:��� � , and it is
this connection that we make use of to prove our first claim.
Every branch in the new tableau is a subset of a branch oc-
curring in the original one and we define visible formulas as
those labelled formulas occurring in both tableaux. By induc-
tion over the rules applied to saturate ;!a#? we can then show
that each branch in the original tableau closes on at least one
pair of visible formulas. If � is unsatisfiable w.r.t. � , the
tableau starting with the branch G:�ha � � � : M closes w.r.t. � .
As we have shown that this tableau closes w.r.t. � on visi-
ble formulas, it follows that ;!a#?HB is closed on all branches,
which proves the first claim. By another induction over the
application of the rules in Figure 3 we can prove that = is a
maximal minimisation function, which means that IKJL= for
every minimisation function I . This proves the first part of
the proof; the first claim (and the argument from above) im-
plies that every implicant of a minimisation function identi-
fies an unsatisfiability-preserving TBox, and maximality im-
plies that prime implicants identify the minimal ones.
To show that the conjunction of every MUPS G=a:b � ����������a:b 
�M
is a prime implicant of min function �	ad��G:�	a �T� � : M\�'� � is
trivial as a:b � @ ����� @ a\b 
 is a minimisation function by defini-
tion. But as we know that min function �	ad��G:�	a �<� � : M\�'� � is
maximal we know that a:b �H@ ����� @ a:b 
%J min function �	a��FG:�	a �
� � : M:��� � which implies that a:b � @ ����� @ a\b 
 must be prime
as otherwise G0a:b �$�������F�'a\b 
 M would not be minimal.

Satisfiability in
�����

is PSPACE-complete, and calculating
MUPS does not increase the complexity as we can construct
the minimisation function in a depth-first way, allowing us to
keep only one single branch in memory at a time. However,
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if rule = A � C has been applied to A "�& 8 % �98 + C label and 7 � is the new branch return min function A "#� 7 � � �JC ;
if rule = A ?VC has been applied to A "�& 8 % ? 8 + C label and 7 � and 7 � � are the new branches

return min function A "#� 7 � � �!C �
min function A "/� 7 � � � �!C ;

if rule = A � C has been applied to A "T& � &J6 8 C label � 7 � is the new branch and 7 the new variable
return min function A "#� 7 � � �!C�� min function A�7 � 7 � � �!C ;

if rule = (Ax) has been applied and 7 � is the new branch return min function A "/� 7 � � �!C ;
if no further rule can be applied return: ��� ��� �
	���
���� � �����'�
	���
�� A�� ����
�� "$# � � ����
�� "$#/C ;

Figure 3: min function �ha��'� ��� � : Minimisation-function for the MUPS-problem

we calculate prime implicants of a minimisation function the
size of which can be exponential in the number of axioms
in the TBox. Therefore, approximation methods have to be
considered in practice avoiding the construction of fully satu-
rated tableaux in order to reduce the size of the minimisation
functions.

From MUPS we can easily calculate MIPS, but we need
an additional operation on sets of TBoxes, called subset-
reduction. Let � ` G0�d�=��������������M be a set of TBoxes. The
subset-reduction of � is the smallest subset ] �<� � � Q!�
such that for all �#"$� there is a set �9P%" ] �<�&� �

such that
� P Q � . A simple algorithm for the calculation of MIPS for
� now simply follows from Theorem 4.2, which is a direct
consequence of the definitions of MIPS and MUPS.

Theorem 4.2 Let � be an incoherent TBox with unsatisfiable
concepts ')( . Then, XZg [�] �h� � ` ] �<�+*-,/.10�2 XZY:[�] �h�^�'� ��� �

Checking elements of XZg�[�] �h� � for cores of maximal arity
requires exponentially many checks in the size of X_g�[�] �	� � .
In practice, we therefore apply a bottom-up method searching
for maximal cores of increasing size stopping once the arity
of the cores is smaller than 2.

4.2 Algorithms for Concept Pinpointing
Calculating GITs depends on the definition of �������	� �D�TP � . In
our case we will define this syntactic relation described in
Footnote 4 including quantifier depth and polarity.

Definition 4.3 Let � be an unfoldable
��� �

-TBox. A con-
cept �HP is syntactically related to a concept � (notation:
����� �	� �D�HP � ) if �HP.Q43 ] ( �	�

�
, where the set of qualified sub-

concepts, 3 ] ( �	�
�
, is defined inductively:5 4�6.Ah8 �87 C = ��8 � � 7 � � 8 � �97 �+: 8 � �;5 4�6 Ah8 C � 7 � �)5 4�6 A<7 C �5 4�6.Ah8 ? 7 C = ��8 � � 7 � � 8 � ? 7 �+: 8 � �;5 4�6 Ah8 C � 7 � �)5 4�6 A<7 C �5 4�6.A �$@�6 8 C = 5 4�6 A �<@�6 8 C = � �$@�6 8 � � �<@�6 8 �&: 8 � �-5 4�6.Ah8 C �5 4�6 A * 8 C = � * 8 ��: 8 � �-5 4�6.Ah8 C �

5 4 6 A (,C =
= � ( � � 5 4 6 A<7 C if ( �� 7 ���
� ( � otherwise

Moreover, 3 ] ( �	�
�

also contains 	 and
�

for all concepts � .

Note that we include terminological information from un-
folded TBox axioms in the definition of syntactic relatedness.
This choice allows us to create smaller and more concise
GITs but is non-essential. As the TBox is finite and cycle-
free, and as the concept size decreases in every recursion step,
3 ] ( ���

�
is finite. Therefore there is only a finite set of con-

cepts related to any axiom � 
� � . A simple algorithm to cal-
culate GITs for an incoherent unfoldable

�����
-TBox � is

therefore:

For all MIPS �>" X_g�[�] �	� � (with ? XZg [�] �h� � ? ` X )

1. Let �TP be the TBox where all axioms � 
� � �"@� in �
have been replaced by � 
��� .

2. Calculate different TBoxes � P P where an arbitrary num-
ber of axioms � 
 
� � 
 "A� have been replaced in � P by
generalised axioms � 
 
� �HP
 , i.e., where ��P
 "B3 ] ( �	� 


�
and � 
 � �HP
 for some g " G � �������F� X M .

3. Return those incoherent TBoxes � P P with minimal syn-
tactic generalisations according to the subsumption rela-
tion, and the size or number of concept names.

The algorithm described above is a naive algorithm which
might not terminate in reasonable time on large terminolo-
gies with complex definitions as the number of syntactically
related concepts for a given concept � is exponential in the
size of � . A more efficient algorithm to calculate GITs is
based on the fact that the syntactically related concepts can
be created ordered by size starting with atomic concepts. To
find GITs of minimal size we therefore apply a bottom-up
strategy checking more and more complex terminologies for
coherence in Step 2 stopping once we find an incoherent one.

5 Evaluation
The algorithms for axiom pinpointing have been imple-
mented in JAVA using RACER, which provides the set of un-
satisfiable concepts. We evaluated the methods on both the
anatomy fragment of DICE and the full DICE terminology.
The fragment defines 529 concept names, 76 of which were
unsatisfiable at first.6 There are 5 MIPS containing 2 axioms
each, but no axiom occurs in all MIPS. However, there is a
core of arity 3 and size 1: the axiom defining “central ner-
vous system” as a “nervous system”. Note that the defini-
tion of “nervous system” is not contradictory but that its use
is erroneous, e.g., the concept brain should be defined as a
“part of” and not as a subconcept of the concept nervous sys-
tem. For each of the 5 MIPS minimal size GITs have been
calculated, and they point to the exact position of the logi-
cal incorrectness. For the MIPS related to the error described

6The high number of unsatisfiable concepts is due to the fact that
the DL terminology for DICE has been created by migration from a
frame-based terminological system. In order to make the semantics
as explicit as possible a very restrictive translation has been chosen
to highlight as many ambiguities as possible. Moreover, many con-
cepts were defined as sub-concepts of unsatisfiable concepts. See
[Cornet and Abu-Hanna, 2002] for details.
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in the introduction the minimal size GIT is simply Brain 
�

NervousSystem � BodyPart which, with the information that
BodyPart and NervousSystem are disjoint concepts, identifies
the erroneous specification.

The full DICE terminology defines more than 2400 con-
cepts, of which more than 750 were unsatisfiable given
the chosen migration method. Our implemented algorithms
found the MUPS for all but 7 unsatisfiable concepts. In
these seven cases the algorithm failed on the calculation of
the prime implicants as we use a naive method in our current
implementation. Based on the correctly calculated MUPS we
approximated the set of MIPS which contained more than 350
TBoxes. We implemented an iterative approach, calculating
the core Max of size 1 with maximal arity for XZg [�] �h��� 
���� � ,
then the same for the remaining TBoxes in XZg�[�] �h� � 
���� ��� Max
and so on. This way we identified 10 cores of size 1 with an
arity of 25 to 10, covering almost half of the errors. For some
of these cores we calculated GITs (by hand) which lead to the
identification of a number of modelling errors. Even though
the developed reasoning services are not yet fully integrated
into the knowledge modelling environment, they are useful to
pinpoint to the core of the logical contradiction, which is then
investigated and eliminated by a domain expert.

Although the theoretical complexity of the MUPS problem
is exponential in the size of the TBox the calculation of most
MUPS for DICE was not problematic due to the relatively
simple structure of the tableaux for the unsatisfiability proofs.
Runtime analysis suggests that most CPU-time is spent by
RACER identifying the unsatisfiable concepts, whereas com-
puting MUPS usually takes less than 10 percent of the overall
runtime7.

6 Conclusion & Further Work
Explanation has been a research topic right from the first
days of research in Artificial Intelligence (e.g., introducing
TMS [Doyle, 1979] or Diagnosis [Reiter, 1987]) and The-
orem Proving (recently [Fiedler, 2001]). Despite a signifi-
cant interest in explanation of DL reasoning recently shown
in the DL community (as [DIG, 2002] suggests) relatively lit-
tle work has been published on the subject. One exception is
[McGuinness, 1996] where the author provides explanation
for subsumption and non-subsumption. Her approach, based
on explanation as proof fragments, uses structural subsump-
tion for CLASSIC and has been extended to

��� �
-tableau

reasoning in [Borgida et al., 1999]. In contrast to this ap-
proach, our non-standard reasoning services for axiom and
concept pinpointing focus on the reduction of information,
and are independent of particular calculi or implementations.

We have introduced non-standard reasoning services facil-
itating the debugging of logically incoherent DL terminolo-
gies and algorithms to calculate them. Whereas the ideas
for axiom pinpointing are more evolved and efficiently im-
plemented, only a relatively naive algorithm for concept pin-
pointing has been developed as yet. We are currently working
on more efficient methods and alternative debugging services,
and tests are under way on the DICE terminology.

7For the full DICE terminology the overall runtime to calculate
MIPS is currently about 40 minutes on a PC with a 1GHz Pentium.

As our methods are developed for the particular applica-
tion of the DICE terminology some restrictions apply, most
importantly to use

��� �
and to consider unfoldable TBoxes,

only. Neither is essential, and we conjecture that it is not too
hard to extend our algorithms to find MIPS and GITs both for
more expressive languages and for general TBoxes. Both is-
sues will be addressed in future investigations. Further work
must also extend the application domain to other terminolo-
gies as we believe that the success we have with debugging
DICE is not tied to the structure of this particular represen-
tation. Of particular interest should be applications related
to the Semantic Web effort as our methods are particularly
geared to support the debugging of existing terminologies and
logical contradictions caused by migration or merging of ter-
minologies.
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Abstract

This paper addresses the formal verification of di-
agnosis systems. We tackle the problem of diagnos-
ability: given a partially observable dynamic sys-
tem, and a diagnosis system observing its evolution
over time, we discuss how to verify (at design time)
if the diagnosis system will be able to infer (at run-
time) the required information on the hidden part of
the dynamic state. We tackle the problem by look-
ing for pairs of scenarios that are observationally
indistinguishable, but lead to situations that are re-
quired to be distinguished. We reduce the problem
to a model checking problem. The finite state ma-
chine modeling the dynamic system is replicated to
construct such pairs of scenarios; the diagnosabil-
ity conditions are formally expressed in temporal
logic; the check for diagnosability is carried out
by solving a model checking problem. We focus
on the practical applicability of the method. We
show how the formalism is adequate to represent
diagnosability problems arising from a significant,
real-world application. Symbolic model checking
techniques are used to formally verify and incre-
mentally refine the diagnosability conditions.

1 Introduction
Diagnosis is the process of inferring the (most plausible)
causes for the behavior of a given system, given a set of ob-
servations. In many control applications, ranging from in-
dustrial plants (e.g. production, power) to transportation (e.g.
railways, avionics, space), diagnosis needs to be carried out
on-line, in parallel with the control process. This is needed to
identify whether the controlled system is working correctly
or not, and to provide the controller with information on the
degraded conditions (e.g. what are the malfunctioning de-
vices), so that the appropriate counter-measures can be taken.
The ability to validate such diagnosis systems becomes very
important, in particular in the case of applications operating
in hazardous or inaccessible conditions and carrying out vital
functions.

In this paper, we focus on the key issue of diagnosability,
i.e. the possibility for an ideal diagnosis system to infer accu-
rate and sufficient run-time information on the behavior of the

observed system. We propose a new, practical approach to the
verification of diagnosability, making the following contribu-
tions. First, we provide a formal characterization of diagnos-
ability problem, using the idea of context, that explicitly takes
into account the run-time conditions under which it should be
possible to acquire certain information.

Second, we show that a diagnosability condition for a given
plant is violated if and only if a critical pair can be found. A
critical pair is a pair of executions that are indistinguishable
(i.e. share the same inputs and outputs), but hide conditions
that should be distinguished (for instance, to prevent simple
failures to stay undetected and degenerate into catastrophic
events). We define the coupled twin model of the plant, and
show that it can be used to search for critical pairs.

Third, we recast the problem in the framework of Model
Checking [Clarke et al., 1999], a verification technique that
is gaining increasing interest also in AI. With model check-
ing, it is possible to exhaustively analyze the (possibly infi-
nite) behaviors of (large sized) finite state machines, and to
check if requirements expressed in terms of Temporal Log-
ics [Emerson, 1990] are met. We show how to represent a
diagnosability problem in terms of temporal logic formulae,
and how to reduce it to a model checking problem over the
coupled twin model.

Finally, we demonstrate the practical applicability within
the Livingstone framework, a model-based diagnosis system
developed at NASA Ames Research Center [Williams and
Nayak, 1996]. We developed a platform able to generate for-
mal models for the twin plant, starting from Livingstone mod-
els. Several diagnosability problems corresponding to inter-
esting scenarios from real-world applications were tackled by
means of the NUSMV model checker [Cimatti et al., 2002].
An experimental analysis shows that the verification of diag-
nosability can be practical: large Livingstone models of space
transportation systems are automatically analyzed within sec-
onds by means of SAT-based symbolic model checking tech-
niques.

The paper is organized as follows. In Section 2, we state
our working hypotheses. In Section 3 we formalize the prob-
lem, while in Section 4 we characterize our approach. In Sec-
tion 5, we discuss the application of model checking tech-
niques. In Section 6, we describe the experimental frame-
work. Finally, Section 7 reviews similar work, and Section 8
draws some conclusions and outlines future lines of activity.
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Figure 1: Architecture of a diagnosis system

2 Working Hypotheses
We consider a diagnosis system connected to a feedback con-
trol loop between a plant and its controller (Figure 1). The
inputs of the plant are the commands issued by the controller;
its outputs are measurements returned back to the controller.
The role of the diagnosis system is to observe the inputs and
the outputs to the plant, and to report a state estimation, track-
ing the evolution of the unobservable state of the plant. This
task is substantially more complex than diagnosis for a com-
binatorial, memory-less system. An estimation consists of a
set of possible states of the plant, in the following referred to
as a belief state. Although diagnosis might rank these states
based on likelihood, as a first approach we ignore that aspect.
We also disregard issues such as the correspondence between
the model of the plant and the plant itself. We will focus on
plants modeled as finite-state discrete systems. We assume
that we have a model of the plant as a partially observable
transition system, according to the following definition.

Definition 1 A (partially observable) plant is a structure���������	�
�	���	
��
, where

���������
are finite sets, respectively

called the state space, input space and output space,
������������

is the transition relation, and

��������

is
the observation relation.

We assume that a plant ��� ����� �����!���"�	
��
is given. We use# � #%$ � #'& �)(*(*( to denote states of � , + � + $ � + & �*()(*( to denote

inputs of � , , � , $ � , & �*()(*( to denote outputs of � . We write# -.�/ #10 for 2 # � + � #305476 �
, and #38 , for 2 # � , 496 


. The
state is the “hidden” part of the plant: only the sequences
of inputs and outputs are observable. � covers all types of
behaviors that diagnosis is expected to handle — including
faulty behaviors, with

�
containing faulty states. In general,� need not be deterministic. Thus, the state after a transition

may not be uniquely determined the state before the transition
and by the input. Observability is modeled by associating to
each state a (non empty) set of possible outputs. It is therefore
possible to model different forms of observation, e.g. when
the information conveyed by the sensors is also uncertain. In
this paper, we present the (input, state and output) spaces of
a plant by means of assignment to (input, state and output)
variables ranging over finite sets of values; the transition and
observation relation can be compactly presented with boolean

Pneumatics

To the engineVenting

Closed

Open

Closed Open
valveCmdIn

closedMicroSwitch

openMicroSwitch

Feeding line

SV PV

Figure 2: A simple example

formulae. (Notice however that the content of the paper is
independent of the specific description used to present � .)

Definition 2 A feasible execution of :�;=< steps in � is
a sequence >?� #3$ � , $ � + & � #3& � , & � +3@ �*()(*()� +'A � # A � ,BA , such
that #3C�D & -FE.1/ #1C for GIHKJLHM: , and #'CN8 , C for <OHJPHQ: . We define R�S as the set of all feasible execu-
tions of � . The observable trace of a feasible execution >
is TU�V, $ � + & � , & �)(*()(*� +'A � ,WA . We write >�X #%$ZY.�/ # A , if
such a > exists.

The above definition defines the dynamics of a plant and its
observable counterpart. Notice that if an execution > has :
steps, then the corresponding trace T 6 �P� 2 �L�[� 4 A . The
set of traces is in general a subset of

��� 2 �\��� 4)] . In the
following we use > to denote a feasible execution, and T to
denote the corresponding (observable) trace. For explanatory
purposes, we consider the plant outlined in Figure 2, that is
a simplified segment of the real-world application described
in Section 6. A pneumatic valve (PV) controls the flow of a
feeding line to the engine, and it is closed in its resting posi-
tion (determined by the action of a spring). A solenoid valve
(SV), when open, can open PV by directing the pneumatic
flow against the spring. When SV is closed, the action of the
spring is no longer contrasted and PV can close. SV can re-
ceive an input (open/close), but has no observables. PV has
two sensors, each providing information on a position (e.g.
whether it is open or not). Both valves can become stuck
in their current position. The position of the valves influ-
ences the pneumatic and engine flows. Each of the valves
has two unobservable variables: state, with values open
and closed, and failure_mode, with values stuck and
ok. The input variable can take the values no-cmd, open,
and close. The effect of a command depends on the current
status. Failures can occur at any time, and are permanent.
Sensors of PV are also associated with a failure_mode
variable, that determines what information is conveyed.

3 Diagnosability
Run-time diagnosis starts from a (possibly partial) initial
knowledge, observes the sequence of inputs and outputs, and
tries to update a belief state that is an estimate of the possible
states of the plant. For instance, if SV is commanded open,
and the PV is not sensed open, then some problem should be
diagnosed. It could be that SV or PV are stuck, or even that
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both PV sensors are not working correctly. Ideally, a diagno-
sis function should return belief states that are as specific (i.e.
as small) as possible, but include the actual state of the plant.

Definition 3 A diagnosis function for � is a function � X��� �[��� 2 � �[� 4 ] / ��� . Let �#1$ � ���
. A diagnosis value

�# ��� 2��# $ � T 4 is correct w.r.t. �# $ and T , if and only if, for
any #�$ 6 �#1$ and # such that #'$ Y.3/ # , we have # 6 �# . � is
correct if and only if � 2��# $ � T 4 is correct for any �# $ and T .

The intuition behind correct diagnosis values is that they en-
compass all potential current states, so that they cannot miss
the actual state. In the following, we restrict ourselves to cor-
rect diagnosis functions.

Diagnosability aims at detecting if (parts of) the hidden
state can be accurately tracked by looking at the observable
traces. We use diagnosis conditions to specify which infor-
mation on the state we are interested in distinguishing.

Definition 4 A diagnosis condition for a plant � is a pair of
nonempty sets of states 	 & � 	 @ � �

, written 	 &�
 	 @ .
We can express fault detection, i.e. telling if any fault is
present (��
������ 
�� ��
������ ), or fault separation, i.e. distin-
guishing between different faults (or fault classes) (��
�������� 

��
�������� ). Intuitively, a diagnosis value is not satisfactory if it
intersects with both sides of the condition. In the example,
a fault separation condition is not satisfied if we have a be-
lief state containing both a state where PV is faulty, and one
where SV is faulty.
However, it would be unrealistic to require that diagnosis pro-
vide correct and exact state estimations, instantaneously and
under all circumstances. For instance, a stuck PV will stay
unnoticed at least as long as SV is not operated. Rather, we
require a diagnosis system to be able to decide between al-
ternative conditions on the state of the system in the context
where the distinction becomes critical.

Definition 5 A diagnosis context for � is a structure � ����%� R & @ � , where
�

is an equivalence relation on
�

, and R & @ �
R S � R S . �# $ satisfies

�
( �# $�� � � ), iff �# $ � �# $ � �

. 2��# $ � T 4 � �
� iff �# $!� � � , and there exist 2 > & � > @ 4 6 R & @ , # $ & � # $ @ 6 �# $ ,
such that > & X # $ & Y.�/ # & and > @ X # $ @ Y.1/ # @ .

Intuitively,
�

defines the initial conditions under which diag-
nosability is to be investigated, by inducing of a set of disjoint
belief states. Basically, the initial belief state �#'$ must fall
within one of the belief states induced by

�
(the condition on�

can be stated as 2 #�$ & � #%$ @ 4 6 � for all #�$ & � #%$ @ 6 �#%$ ). For
example,

�
can partition states according to the positions of

PV and SV, to capture the assumption that we initially (only)
know those positions. R & @ characterizes pairs of relevant exe-
cutions. For instance, we may want to express the fact that the
controller commands SV to be open and closed at least one
time. In the case of fault detection, we might want to state
that the elements of R & @ are pairs of traces, there the first are
without faults, while the second ones have exactly one fault.
Notice that expressing R & @ as R & � R @ would be inadequate:
for instance, in fault separation it would be impossible to con-
strain the two runs to have different failures. In the following
we assume that a context � � �"� � R & @ � is given. The notion
of diagnosability is precisely characterized as follows.

x̂

x2

x1

x01

x02

x̂

c2

c1
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w

0

Figure 3: Critical pair

Definition 6 A diagnosis value �# satisfies 	 &#
 	 @ , written
�# � �$	 &%
 	 @ , if and only if either �#!& 	 & �(' or �#!& 	 @ �
' . A diagnosis function � satisfies 	 & 
 	 @ over � , written
� � � � �)	 & 
 	 @ , if and only if, for all 2��# $ � T 4 � �*� , we have
� 2��#1$ � T 4 � �+	 &,
 	 @ . A condition 	 &-
 	 @ is diagnosable
in � over � if and only if there exists a correct diagnosis
function that satisfies it.

4 Diagnosability as Coupled Reachability
Our approach to reasoning about diagnosability is based on
refutation, i.e. we search for ways in which the diagnosability
property can be violated. Intuitively, we verify the diagnos-
ability of 	 &.
 	 @ by checking that � does not have a critical
pair, i.e. two executions with identical observable traces, one
leading to 	 & , one leading to 	 @ (see Figure 3).

Definition 7 A critical pair of a plant � , with trace T , for a
diagnosis condition 	 &�
 	*@ , is a pair of feasible executions
> & X #%$ & Y.�/ #3& and >�@ X #%$ @ Y.�/ # @ , written > & � >1@ X#%$ & � #1$ @ Y.�/ #'& � # @ , such that # &�6 	 & and # @ 6 	 @ . The
critical pair > & � >%@ is covered by a diagnosis context ������%� R & @ � , iff 2 # $ & � # $ @ 4 6 � , 2 > & � > @ 4 6 R & @ .
The absence of critical pairs for 	 & 
 	 @ in a given context is
a necessary and sufficient condition for 	 & 
 	 @ to be diag-
nosable in that context.

Theorem 8 	 & 
 	 @ is diagnosable over � in � , if and only
if � has no critical pair for 	 &�
 	 @ in � .

To prove the theorem, we introduce the notion of perfect di-
agnosis, written � , i.e. the most specific correct diagnosis
function that can be made assuming full knowledge of � .

Definition 9 The perfect diagnosis for a plant � is the diag-
nosis function �72��#3$ � T 4 �0/ #211�3 #1$ 6 �#%$ ( #1$ Y.�/ #54 .
Given an initial belief state �#'$ and trace T , � 2��#3$ � T 4 returns
exactly all states that can be reached from �# $ through T . It is
easy to see that � is correct, and that it is the most informative
diagnosis function, i.e. � 2��# $ � T 4 � � 2��#%$ � T 4 for any correct
� . We observe that a condition 	 &%
 	*@ is diagnosable in a
plant � over a context � if and only if � � � � �)	 & 
 	 @ : from
Definition 6, if �# � �# 0 and �#�0 � �6	 & 
 	 @ , then �# � �6	 & 

	 @ . Therefore, � satisfies any diagnosable condition, since
its diagnosis values are more specific than any other correct
diagnosis function.
Proof of Theorem 8 	 &�
 	*@ is not diagnosable in � over � ;
if and only if there exist �# $ and T such that � 2��#3$ � T 4 � �87� �
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	 & 
 	 @ ; if and only if there exist 2 > & � >1@ 4�6 R & @ and# $ & � # $ @ 6 �# $ such that > & X # $ & Y.1/ # & and > @ X # $ @ Y.�/# @ ; if and only if there exists a critical pair for > & � >%@ for
	 &�
 	 @ in � . Q.E.D.

In order to search for critical pairs in � , we build the cou-
pled twin plant for � , written � � � , i.e. a “Siamese twins”
plant, made out of two copies of � , whose inputs and outputs
are forced to be identical.

Definition 10 The coupled twin plant of � is the plant� � � � ��� � ��� �����!��� � ����
 � 
1� , where
� � �U� � @ , and, for all#3& � # @ 6 �

, 2 #'& � # @ 4�6 � � � iff there exists , 6 �
such that2 #'& � , 4 6 


and 2 # @ � , 4 6 

; 2 2 #'& � # @ 4 � + � 2 #10& � #�0@ 4 4�6 � � � iff2 # & � + � #10& 4 6 �

and 2 # @ � + � #10@ 4 6 �
; 2�2 # & � # @ 4 � , 4 6 
 � 
 iff2 # & � , 4 6 


and 2 # @ � , 4 6 

.

In the following, we assume that the coupled twin plant� � � of � is given. The importance of the coupled twin plant
construction is shown by the following theorem.

Theorem 11 > & X # $ & Y.�/ # & and > @ X # $ @ Y.�/ # @ are two
feasible executions in � if and only if > & @ X!2 # $ & � # $ @ 4 Y.�/
2 #'& � # @ 4 is a feasible execution in � � � .

This is easily demonstrated by induction on the length : of
executions. When :�� < , then T � , $ . From Defini-
tion 10, #3$ & 8 , $ and #�$ @ 8 , $ iff 2 #1$ & � #%$ @ 4�6 � � � and2 2 #%$ & � #%$ @ 4 � , $F4 6 
 � 
 . The step case is proved by extend-
ing with a transition the executions of length : , for which the
theorem holds. From Definition 10, the transitions in � � �
mimic the transitions in � . For the last observation, we rea-
son as for the base case.

5 Diagnosability via Model Checking
We work in the framework of Model Checking [Clarke et al.,
1999], a formal verification technique that is increasingly ap-
plied to the design of industrial digital systems (e.g. com-
munication protocols, hardware design). Model checking al-
lows to verify if the (possibly infinite) behaviors of a system
satisfy a given property. The system being analyzed is pre-
sented as a Kripke structure, while properties are expressed
in a temporal logic [Emerson, 1990]. Model checking algo-
rithms are based on the exhaustive exploration of the Kripke
structure. The technique is completely automatic and, if a
property is violated, it can produce a counterexample, i.e. a
simulation witnessing the violation. Symbolic model check-
ing [McMillan, 1993] is based on the manipulation of sets
of states described by boolean formulae; efficient engines,
such as Binary Decision Diagrams (BDDs) [Bryant, 1986]
and SAT solvers [Moskewicz et al., 2001], provide a basis for
efficient representation and exploration of the search space.

Our approach to diagnosability inherits several elements
from model checking. The first is that a plant � can be asso-
ciated with a Kripke structure

� S representing its behavior.
This makes it possible for us to directly analyze a plant with
model checking techniques. A Kripke structure is basically a
nondeterministic transition system, where transitions are not
labeled, while information is associated with states (i.e. each
state is associated with a valuation to the state variables of
the structure). The mapping from plant to Kripke structure

is rather simple, and is based on the idea that the state, input
and output spaces of the plant can be encoded into the state
space of the Kripke structure. The information on the inputs,
labeling the transitions in � , simply becomes part of the state
of
� S , and is to be interpreted as “the input that will be pro-

cessed in the next transition”. More formally, each state � in� S is associated with a valuation that characterizes a triple#38 , -.3/ , i.e. � is in state # , output , is observed and input+ is received. The dynamics of � directly induce the dynam-
ics of

� S . For each feasible execution > in � of the form# $ � , $ � + & � # & � , & � + @ �*()(*(*� + A � # A � , A there is a corresponding
path � in

� S , i.e. a sequence of states � $ � � & �)(*()( �FA where
each � C is associated with the triple #3C 8 , C -FE����.�/ . The same
mapping lifts to the coupled twin plant construction. (In the
above description, we omit a few technical details, having to
do in particular with the fact that a Kripke structure is as-
sumed to be total, i.e. every state has at least one successor.
In this way, it is possible to assume that the analyzed paths are
infinite. Since inputs become part of the state, it is possible
that the transition relation is no longer total. There are stan-
dard workarounds to this problem, routinely used in verifica-
tion and in AI planning. See for instance [Cimatti and Roveri,
2000].) In the following, we assume that Kripke structure� S
	 S corresponding to the coupled twin plant � � � is given.

The second element from model checking is the symbolic
representation. The state of

� S
	 S is defined with a vec-
tor of variables 2���
 � ��� ���!��� 4 , respectively ranging over

�
,�

,
�

and
�

. We can use formulae to characterize sets of
states. In

� S
	 S we express atomic propositions over such
variables. We can have equalities between variables and the
corresponding values: P1.PV.input = close denotes
the set of states where the first instance of PV receives the
close command. Variables of the same type can be equated:
P1.SV.failure_mode = P2.SV.failure_mode de-
scribes the set of states where the two instances of SV in
the twin plant have the same failure mode. Any subset
	 of

� � � � �U� �
can be described with a formula

	"2���
 � ��� ��� ��� 4 . For instance, the formula 	 & 2���
 4�� 	 @ 2���� 4
expresses a state of the twin plant where the first instance is in
	 & and the second is in 	F@ . Similarly,

� 2�� 
 � � � 4 is a (proposi-
tional) formula expressing, in symbolic form, the equivalence
relation

�
.

The third ingredient from model checking is the use of
temporal logics to characterize behaviors of the system over
time. We use LTL (Linear Temporal Logic [Emerson, 1990]),
where formulae are constructed starting by combining atomic
propositions with boolean operators and temporal modalities.
If � and � are LTL formulae, so are ��� (sometimes in the
future � ), ��� (always in the future � ), �! "� (sometimes in
the future � and, until then, � ), #$� (in the next time step � ).
An LTL formula � holds on a path � (written � � �%� ), iff � is
true in � at (step) < (written � $ � �%� ). If & is an atomic propo-
sition, then �

C � �'& iff & is true according to the assignment
associated with the J -th state of � . Boolean connectives have
the standard interpretation (e.g. �

C � �(� � � iff �
C � �(� and

�
C � �(� ). The interesting cases of temporal operators are as

follows. �
C � �)��� iff there exists *�;PJ such that �,+ � �-� .

�
C � �.��� iff for all *[; J/�0+ � �1� . �

C � �2�3 4� iff there exists

366 DIAGNOSIS



MODULE SV_type (cmd_in)
...

MODULE PV_type ( )
VAR pneumaticsLineIn : {abvThresh,blwThresh};
VAR valvePositionValue : {open,closed};
VAR mode : {stuckOpen,nominal,stuckClosed};
...

DEFINE _faultmodes := {stuckOpen,stuckClosed};
DEFINE _broken := mode in _faultmodes;
DEFINE _brokencount := _broken;
DEFINE _brokenprob :=
case
mode = stuckOpen : 3;
mode = stuckClosed : 3;
else : 0;

esac;

MODULE EX_type (sv_cmd_in, ...)
SV : SV_type(sv_cmd_in);
PV : PV_type( );

DEFINE _brokencount := SV._broken +
PV._broken +
...

Figure 4: The SMV model for the example

*�;\J such that � + � � � and, for all J H ��� * , ��� � �-� .
�
C � � #$� iff �

C�� & � � � . An (existential) model checking
problem

� � � � , read � (existentially) holds in
�

, amounts
to detecting if

�
admits a path where � holds.

A diagnosis condition with a context is represented with
temporal logic formula � such that

� S
	 S � �1� holds iff there
is a critical pair. We express reachability in � � � of a criti-
cal pair for a diagnosis condition 	 & 
 	 @ with the formula:
� 2 	 & 2�� 
 4 � 	 @B2�� � 4 4 . Model checking can be run on the
problem

� S
	 S � � � 2 	 & 2�� 
 4,� 	 @B2�� � 4 4 . If the answer is true,
then we have a witness for the a critical pair. Given the con-
text � � ���%� R & @ � , we enforce the initial condition

�
with

the formula
� 2�� 
 � � � 4
� � 2"	 & 2�� 
 4�� 	*@ 2�� � 4 4 . The conjunc-

tion has the effect of restricting the analysis to the paths in� S
	 S starting from the states that satisfy
�
. R & @ is taken

into account assuming that a characterization of the sets of
traces is described by an LTL formula R & @B2�� 
 � � � �
��� 4 . The
model checking problem corresponding to diagnosability is� S
	 S � � � 2���
 � ��� 4 � R & @ 2���
 � ��� � ��� 4 � � 2"	 & 2���
 40� 	 @ 2���� 4 4 .
In practice, several simplifications are possible. OftenR & @ 2�� 
 � � � ���!��� 4 can be expressed in terms of propositional
constraints � & @ 2���
 � ��� ���!��� 4 , that must hold on all the states
of the execution; in such cases diagnosability in context �
is basically represented by the LTL formula

� 2�� 
 � � � 44�2 � & @B2�� 
 � � � ���
��� 4  2"	 & 2�� 
 4 � 	 @B2�� � 4�4 4 . Notice that the
formula holds if the path condition � & @ holds until the con-
ditions 	 & and 	 @ are reached. When the context does not
constraint the executions, the above formula is equivalent to� 2�� 
 � � � 4,� � 2"	 & 2�� 
 4,� 	 @W2�� � 4�4 .

MODULE main
VAR

sv_cmd : { no_cmd, open, close };
P1 : EX_type(sv_cmd, ...);
P2 : EX_type(sv_cmd, ...);

INVAR
(P1.PV.sense_open = P2.PV.sense_open) & ...

Figure 5: The SMV schema for the twin plant

6 Experimental Evaluation

We analyzed the practical applicability of our approach
within the Livingstone framework. Livingstone is a model-
based health monitoring system developed at NASA Ames
[Williams and Nayak, 1996]. It uses a model of a physical
system, such as a spacecraft, to infer its state and diagnose
faults from observations. Livingstone is one of the three parts
of the Remote Agent (RA), an autonomous spacecraft con-
troller developed by NASA Ames Research Center jointly
with the Jet Propulsion Laboratory. RA was the first AI
software to control an operational spacecraft [Muscettola et
al., 1998]. Livingstone has also been used in other applica-
tions such as the control of the In-Situ Propellant Production
system (ISPP) for Mars missions [Clancy et al., 1999], the
monitoring of a mobile robot [Simmons et al., 2001], and In-
telligent Vehicle Health Management (IVHM) for experimen-
tal space transportation vehicles [Bajwa and Sweet, 2002].

Livingstone uses a qualitative relational model describing
the evolution of observable and hidden variables. Continuous
physical domains are abstracted into discrete intervals such
as / low, nominal, high 4 . Each component has a mode
variable identifying its nominal and fault modes. Livingstone
models are specified in a hierarchical, declarative formalism
called JMPL, or using a graphical development environment.
Livingstone observes the commands issued to the plant and
uses the model to predict the plant state. It then compares the
predicted state against observations received from the actual
sensors. If a discrepancy is found, Livingstone performs a
diagnosis by searching for the most likely configuration of
component modes that are consistent with the observations.

Livingstone models directly induce a synchronous transi-
tions systems, very similar to a plant model. Pecheur and
Simmons [Pecheur and Simmons, 2000] have developed a
translator able to convert a Livingstone model and a re-
lated set of specifications in the language of the SMV model
checker [McMillan, 1993], and to convert back the diagnostic
traces in terms of the Livingstone model. Figure 4 outlines
the structure of the example plant in SMV language. For each
component type, there is a corresponding module. The first
module statements define the model for the SV and the PV.
For each of the components, a set of variables is defined, the
dynamics of which is directly induced from the Livingstone
model. Notice the _brokenprob variable, whose numeri-
cal value is the (negated) logarithm of the probability of fail-
ure for the component (e.g. G)< D	� ). This enables for a (rough)
analysis of failure probabilities. These modules are instan-
tiated in the EX module, with a parameter representing the
commands to PV.
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In order to tackle diagnosability, we devised a systematic
way of constructing the SMV coupled twin plant of a Living-
stone model. The construction is outlined in Figure 5. The
EX plant is instantiated twice in the main, at top level, gen-
erating P1 and P2. The same input variable (sv_cmd) is
given in input to both instances. Then, the outputs of the
two instances of the plant are constrained to exhibit the same
behavior by means of an INVAR statement, i.e. a condition
that must hold in all states. The SMV language enables for
the specification of context. The basic building blocks of the
properties are propositional conditions over states, that can
be expressed by means of the DEFINE construct. For in-
stance, it is possible to express conditions on the number of
failures, using the _brokencount variable defined in Fig-
ure 4. For instance, P1._brokencount < 2 in the main
module states that at most one failure can occur in the first
instance of the circuit.

In the experimental analysis, we tackled several problems
for the Livingstone model of the Main Propulsion System
for the X-34, a next-generation vehicle for the Space Shut-
tle [Bajwa and Sweet, 2002]. We interacted with the NASA
experts of diagnosis, to check the representational adequacy
of our formalism, and to characterize diagnosability problems
of practical relevance. The problems were defined starting
from simulation runs, that tested a specific fault in a specific
context. We remark the impact of our approach is far be-
yond the one of testing, since it performs an exhaustive anal-
ysis (though at a higher abstraction level) within the cases
captured by the context. The experimental evaluation was
carried out by running different symbolic model checking
tools on models described in SMV language, such as the
CMU SMV [McMillan, 1993], Bwolen Yang’s version of
SMV [Yang et al., 1999], and NUSMV [Cimatti et al., 2002].
While the former ones are based on Binary Decision Dia-
grams (BDDs) [Bryant, 1986], NUSMV also enables the use
of SAT-based techniques [Moskewicz et al., 2001]. This ac-
tivity suggested several considerations. First, the experimen-
tal analysis was fundamental to tune the formalism. Several
improvements (e.g. the notion of context) were conceived
while trying to encompass representational issues arising in
practice. Second, contexts are incrementally characterized.
Although the requirements for the diagnosis system can usu-
ally suggest an initial version for the context, it is seldom the
case that the precise conditions for diagnosability are known
(or can be precisely stated) in advance. The ability of the
model checker to find critical pairs was very useful in the re-
finement, since it helped to explain why diagnosability fails,
i.e. to understand whether the context is not strict enough, or
because a problem was found.

In terms of performance, the critical factor was the size
of the models to be analyzed. The most significant plant
we analyzed has about 800 scalar variables. This number
almost doubles in the case of the twin plant, and (after the
elimination of equivalent variables) we are left with mod-
els having about 600 state variables. Different versions of
SMV were used to tackle the resulting diagnosability prob-
lems. All the BDD-based verification engines were defeated
by the size of models for coupled twin plants (i.e. no solution
found after running for 24hs). This failure occurred despite

the use of advanced techniques such as dynamic reordering,
invariant discovery, and conjunctive partitioning. We remark
that some of these BDD-based engines, most notably Bwolen
Yang’s SMV, were able to tackle verification problems on
single plants very efficiently. On the other hand, the use
of model checking techniques based on SAT solving, imple-
mented in the NUSMV system [Cimatti et al., 2002], proved
to be very effective on these problems. We used a combined
approach, integrating bounded model checking (oriented to
finding bugs) and inductive reasoning. The SAT-based engine
of NUSMV was able to solve all the verification problems
in less than two seconds. The analysis of the results shows
that Livingstone models tend to feature a huge state space but
little depth; therefore, the symbolic processing provided by
SAT turns out to be very appropriate. It is worth mention-
ing that, while trying to refine a diagnosability property, we
discovered an unexpected behavior in the model of the X-34.
Further analysis highlighted a missing statement in the de-
scription. This result is quite significant, since the model had
been repeatedly tested.

7 Related Work

The idea of diagnosability has received a lot of attention in
the framework of Discrete Event Systems. In [Sampath et
al., 1995; 1996], diagnosability is precisely defined and an
algorithm for checking diagnosability is presented. The ap-
proach is limited to failures represented as reachability prop-
erties. Jiang and Kumar [Jiang and Kumar, 2002] generalize
the approach to the case of failures described as formulae in
linear temporal logics. The approach is based on a polyno-
mial algorithm for testing the diagnosability, formulated with
techniques from automata theory [Jiang et al., 2001]. In par-
ticular, they define a self-product automaton similar to our
twin plant. Console, Picardi and Ribaudo [Console et al.,
2000] propose the use of a particular form of process alge-
bras, PEPA, for the formalization and the analysis of diagno-
sis and diagnosability problems.

Our work is rather different from the works mentioned
above, that are mostly oriented to the definition of the theoret-
ical framework, and do not address the problems related to the
practical application of the proposed techniques. Our objec-
tive is the definition of an effective platform for the analysis
of diagnosability, that can be practically applied in the de-
velopment process of diagnosis systems. The “twin-models”
approach allows us to directly reuse standard model check-
ing tools, without having to reimplement a complex tableau
construction described in [Jiang et al., 2001]. Furthermore,
our approach preserves the semantics of the problem, thus
making it possible to tune the decision procedure to the ap-
plication domain. In terms of expressivity, our work shares
several underlying assumptions with [Sampath et al., 1995;
1996], considering failures that can be represented as reach-
ability conditions. Compared to [Jiang et al., 2001], we only
tackle zero-delay diagnosability, although it seems that our
framework could be extended in this respect.

Our approach makes no hypothesis on the way the con-
troller exploits the information provided by the diagnosis sys-
tem. For this reason, we introduce the notion of context in
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order to qualify the conditions under which diagnosability
should hold. In active diagnosis [Sampath et al., 1998], the
controller is designed taking into account the issues of di-
agnosability. Similar problems are also tackled in planning
under partial observability, where the planner can decide the
most appropriate actions to diagnose the fault, e.g. by probing
the system with actions that will provide suitable information,
and recover from it (see for instance [Bertoli et al., 2002]).

8 Conclusions
In this paper, we have proposed a novel approach to the ver-
ification of diagnosability, with emphasis on its practical ap-
plicability. Our work is based on a new conceptualization of
the problem, with the twin plant construction and the use of
temporal logic formulae to describe the context of a diagnos-
ability problem. To the best of our knowledge, this is the first
approach to diagnosability that enables the direct exploitation
of symbolic model checking technology. We tackled signif-
icant diagnosability problems from a real-world application,
discussed a practical methodology for the incremental refine-
ment of diagnosis contexts, and were able to verify large-
sized problems. In the future, we will try to take into account
the fact that diagnosis can propose several candidates, with
different degrees of likelihood. A compositional approach to
verification, exploiting the modular structure of the design,
will be investigated. In the longer term, we plan to tightly in-
tegrate the approach within the Livingston toolset, in order to
allow Livingstone application developers to use model check-
ing to assist them in designing and correcting their models, as
part of their usual development environment.

References
[Bajwa and Sweet, 2002] A. Bajwa and A. Sweet. The Liv-

ingstone Model of a Main Propulsion System. In Proc.
IEEE Aerospace Conference. IEEE, 2002.

[Bertoli et al., 2002] P. Bertoli, A. Cimatti, J. Slaney, and
S. Thiebaux. Solving power supply restoration problems
with planning via symbolic model checking. In Proc.
ECAI’02, Lyon, France, 2002.

[Bryant, 1986] R. E. Bryant. Graph-Based Algorithms for
Boolean Function Manipulation. IEEE Transactions on
Computers, C-35(8):677–691, August 1986.

[Cimatti and Roveri, 2000] A. Cimatti and M. Roveri. Con-
formant Planning via Symbolic Model Checking. Jour-
nal of Artificial Intelligence Research (JAIR), 13:305–338,
2000.

[Cimatti et al., 2002] A. Cimatti, E. Giunchiglia, M. Pistore,
M. Roveri, R. Sebastiani, and A. Tacchella. Integrat-
ing BDD-based and SAT-based symbolic model checking.
In Proc. FROCOS, volume 2309 of LNAI, pages 49–56.
Springer-Verlag, April 2002.

[Clancy et al., 1999] D. Clancy, W. Larson, C. Pecheur,
P. Engrand, and C. Goodrich. Autonomous control of
an in-situ propellant production plant. In Proceedings of
Technology 2009 Conference, November 1999.

[Clarke et al., 1999] E. M. Clarke, O. Grumberg, and D. A.
Peled. Model Checking. The MIT Press, Cambridge, Mas-
sachusetts, 1999.

[Console et al., 2000] L. Console, C. Picardi, and M. Rib-
audo. Diagnosis and diagnosability using Pepa. In
Proc. ECAI’00, pages 131–136, Berlino, Germany, August
2000. IOS Press.

[Emerson, 1990] E. A. Emerson. Temporal and modal logic.
In J. van Leeuwen, editor, Handbook of Theoretical Com-
puter Science, Volume B: Formal Models and Semantics,
chapter 16, pages 995–1072. Elsevier, 1990.

[Jiang and Kumar, 2002] S. Jiang and R. Kumar. Failure di-
agnosis of discrete event systems with linear-time tempo-
ral logic fault specications, 2002. IEEE Trans. on Auto-
matic Control.

[Jiang et al., 2001] S. Jiang, Z. Huang, V. Chandra, and
R. Kumar. A polynomial algorithm for testing diagnos-
ability of discrete event systems. IEEE Transactions on
Automatic Control, 46(8):1318–1321, August 2001.

[McMillan, 1993] K.L. McMillan. Symbolic Model Check-
ing. Kluwer Academic Publ., 1993.

[Moskewicz et al., 2001] M. Moskewicz, C. Madigan,
Y. Zhao, L. Zhang, and S. Malik. Chaff: Engineering an
efficient SAT solver. In Proc. of DAC-38, pages 530–535.
ACM, 2001.

[Muscettola et al., 1998] N. Muscettola, P. P. Nayak, B. Pell,
and B. Williams. Remote Agent: To boldly go where no
AI system has gone before. Artificial Intelligence, 103(1-
2):5–48, August 1998.

[Pecheur and Simmons, 2000] Charles Pecheur and Reid
Simmons. From Livingstone to SMV: Formal verifica-
tion for autonomous spacecrafts. In Proc. First Goddard
Workshop on Formal Approaches to Agent-Based Systems,
2000.

[Sampath et al., 1995] M. Sampath, R. Sengupta, S. Lafor-
tune, K. Sinnamohideen, and D. Teneketzis. Diagnosabil-
ity of discrete-event systems. IEEE Transactions on Auto-
matic Control, 40(9):1555–1575, September 1995.

[Sampath et al., 1996] M. Sampath, R. Sengupta, S. Lafor-
tune, K. Sinnamohideen, and D. Teneketzis. Failure diag-
nosis using discrete event models. IEEE Transactions on
Control Systems, 4(2):105–124, March 1996.

[Sampath et al., 1998] M. Sampath, S. Lafortune, and
D. Teneketzis. Active diagnosis of discrete event systems.
IEEE Transactions on Automatic Control, 43(7):908–929,
July 1998.

[Simmons et al., 2001] R. Simmons, R. Goodwin, K. Zita
Haigh, S. Koenig, J. O’Sullivan, and M. Veloso. Xavier:
Experience with a layered robot architecture. Intelligence,
2001.

[Williams and Nayak, 1996] B. C. Williams and P. P. Nayak.
A model-based approach to reactive self-configuring sys-
tems. In Proceedings of AAAI-96, 1996.

[Yang et al., 1999] B. Yang, R. Simmons, R. E. Bryant, and
D.R. O’Hallaron. Optimizing symbolic model checking
for contraint-rich models. In Proc. CAV’99, number 1633
in LNCS, pages 328–340. Springer-Verlag, 1999.

369DIAGNOSIS



On the Design of Social Diagnosis Algorithms for Multi-Agent Teams

Meir Kalech and Gal A. Kaminka
The MAVERICK Group

Computer Science Department
Bar Ilan University
Ramat Gan, Israel

{kalechm, galk}@cs.biu.ac.il

Abstract

Teamwork demands agreement among team-
members to collaborate and coordinate effectively.
When a disagreement between teammates occurs
(due to failures), team-members should ideally di-
agnose its causes, to resolve the disagreement.
Such diagnosis of social failures can be expen-
sive in communication and computation overhead,
which previous work did not address. We present
a novel design space of diagnosis algorithms, dis-
tinguishing several phases in the diagnosis pro-
cess, and providing alternative algorithms for each
phase. We then combine these algorithms in dif-
ferent ways to empirically explore specific design
choices in a complex domain, on thousands of fail-
ure cases. The results show that centralizing the
diagnosis disambiguation process is a key factor
in reducing communications, while run-time is af-
fected mainly by the amount of reasoning about
other agents. These results contrast sharply with
previous work in disagreement detection, in which
distributed algorithms reduce communications.

1 Introduction
One of the key requirements in teamwork is that agents come
to agree on specific aspects of their joint task[Cohen and
Levesque, 1991; Grosz and Kraus, 1996; Tambe, 1997]. With
increasing deployment of robotic and agent teams in com-
plex, dynamic settings, there is an increasing need to also be
able respond to failures that occur in teamwork[Tambe, 1997;
Parker, 1998], in particular to be able to diagnose the causes
for disagreements that may occur, in order to facilitate recov-
ery and reestablish collaboration (e.g., by negotiations[Kraus
et al., 1998]). This type of diagnosis is called social diagno-
sis, since it focuses on finding causes for failures to maintain
designer-specified social relationships[Kaminka and Tambe,
2000].

For instance, suppose a team of four robotic porters carry
a table, when suddenly one of the robots puts the table down
on the floor, while its teammates are still holding the table up.
Team-members can easily identify a disagreement, but they
also need to determine its causes, e.g., that the robot believed
the table reached the goal location, while its teammates did

not. Given this diagnosis, the robots can negotiate to resolve
the disagreement.

Unfortunately, while the problem of detection has been ad-
dressed in the literature (e.g.,[Kaminka and Tambe, 2000]),
social diagnosis remains an open question. Naive implemen-
tations of social diagnosis processes can require significant
computation and communications overhead, which prohibits
them from being effective as the number of agents is scaled
up, or the number of failures to diagnose increases. Previ-
ous work did not rigorously address this concern:[Kaminka
and Tambe, 2000] guarantee disagreement detection with-
out communications, but their heuristic-based diagnosis of-
ten fails. [Dellarocas and Klein, 2000; Horlinget al., 1999]
do not explicitly address communication overhead concerns.
[Frohlichet al., 1997; Rooset al., 2001] assume fixed com-
munication links, an assumption which does not hold in dy-
namic teams in which agents may choose their communica-
tion partners dynamically (see Section 5 for details).

We seek to examine the communication and computation
overhead of social diagnosis in depth. We distinguish two
phases of social diagnosis: (i) selection of the diagnosing
agents; and (ii) diagnosis of the team state (by the selected
agents). We provide alternative algorithms for these phases,
and combine them in different ways, to present four diag-
nosis methods, corresponding to different design decisions.
We then empirically evaluate the communications and run-
time requirements of these methods in diagnosing thousands
of systematically-generated failure cases, occurring in a team
of behavior-based agents in a complex domain.

We draw general lessons about the design of social diag-
nosis algorithms from the empirical results. Specifically, the
results show that centralizing the disambiguation process is
a key factor in dramatically improving communications effi-
ciency, but is not a determining factor in run-time efficiency.
On the other hand, explicit reasoning about other agents is a
key factor in determining run-time: Agents that reason explic-
itly about others incur significant computational costs, though
they are sometimes able to reduce the amount of communica-
tions. These results contrast with previous work in disagree-
ment detection, in which distributed algorithms reduce com-
munications.

The paper is organized as follows: Section 2 motivates the
research. Section 3 presents the diagnosis phases and alter-
native building blocks for diagnosis. Section 4 specifies diag-
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nosis methods which combine the building blocks in different
ways, and evaluates them empirically. Section 5 presents re-
lated work, and Section 6 concludes.

2 Motivation and Examples
Agreement (e.g., on a joint plan or goal) is key to establish-
ment and maintenance of teamwork[Cohen and Levesque,
1991; Jennings, 1995; Grosz and Kraus, 1996; Tambe, 1997].
Unfortunately, complex, dynamic settings, sometimes lead
to disagreements among team-members (e.g., due to sensing
failures, or different interpretations of sensor readings)[Del-
larocas and Klein, 2000]. Given the critical role agreement
plays in coordinated, collaborative operation of teams, we fo-
cus on the diagnosis of disagreements in this paper.

The function of a diagnosis process is to go from fault de-
tection (where an alarm is raised when a fault occurs), to fault
identification, where the causes for the fault are discovered.
In diagnosing disagreements, the idea is to go beyond sim-
ple detection that a disagreement exists, to identification of
the differences in beliefs between the agents, that lead to the
disagreement. Such differences in beliefs may be a result of
differences in sensor readings or interpretation, in sensor mal-
functions, or communication difficulties. Once differences in
beliefs are known, then they can be negotiated and argued
about, to resolve the disagreements[Krauset al., 1998]. Un-
fortunately, diagnosis of such failures can be extremely ex-
pensive both in terms of computation as well as in communi-
cations (see Section 5 for quantitative evaluation), and thus a
key challenge is to minimize communications and computa-
tion.

To illustrate the problem we use an example, originally re-
ported in[Kaminka and Tambe, 2000], from the ModSAF
domain (a virtual battlefield environment with synthetic he-
licopter pilots). In the example a team of pilot agents is di-
vided into two: scouts and attackers. In the beginning all
teammates fly in formation looking for a specific way-point
(a given position), where the scouts move forward towards
the enemy, while the attackers land and wait for a signal.
Kaminka and Tambe[2000] report on the following failure
case (which there failure detection technique captures): There
are two attackers and one scout flying in formation, when the
attackers detect the way-point and land, while the scout fails
to detect way-point and continues to fly.

A diagnosis system, running on at least one of the agents,
must now isolate possible explanations for the disagreement,
of which the real cause (agents different in their belief that
the way-point was detected) is but one. Each such explana-
tion is a diagnosis hypothesis since it reports a possible rea-
son for the disagreement between the agents. Disambiguation
between these hypotheses seems very straightforward: Each
agent can generate its own hypotheses, and then exchange
these hypotheses with its teammates to verify their correct-
ness. Unfortunately, since each agent is potentially unsure of
what its team-members are doing, the number of hypotheses
can be quite large, which means communications will suf-
fer greatly. Furthermore, having each agent simply report its
internal beliefs to the others, while alleviating communica-
tions overhead somewhat, is also insufficient. Indeed, any

approach requiring high bandwidth is not likely to scale in
the number of agents[Jennings, 1995].

3 Building blocks for diagnosis
We distinguish two phases of social diagnosis: (i) select-
ing who will carry out the diagnosis; (ii) having the se-
lected agents generate and disambiguate diagnosis hypothe-
ses. To explore these phases concretely, we focus on teams of
behavior-based agents. The control process of such agents is
relatively simple to model, and we can therefore focus on the
core communications and computational requirements of the
diagnosis.

We model an agent as having a decomposition hierarchy of
behaviors, where each behavior (node in the hierarchy) has
preconditions (which allow its selection for execution when
satisfied), and termination conditions (which terminate its ex-
ecution if the behavior was selected, and the conditions are
satisfied). Each behavior may have actions associated with
it, which it executes once selected. It may have child be-
haviors, which it can select based on their matching precon-
ditions and preference rules. At any given time, the agent
is controlled by a top-to-bottom path through the hierarchy,
root-to-leaf. Only one behavior can be active in each level
of the hierarchy. Such a generic representation allows us to
model different behavior-based controllers (e.g.[Firby, 1987;
Newell, 1990]).

We assume that a team of such agents coordinates through
designer-provided definition of team behaviors, which are to
be selected and de-selected jointly through the use of commu-
nications or other means of synchronization. Team behaviors,
typically at higher-levels of the hierarchy, serve to synchro-
nize high-level tasks, while at lower-levels of the hierarchy
agents select individual (and often different) behaviors which
control their execution of their own individual role.

For instance, in the ModSAF example, the scout should fly
to look for the enemy, while the attackers should wait at the
way-point. All agents are executing in this case a team be-
havior calledwait-at-point, in service of which the attackers
are executing individualjust-wait(land) behaviors, while the
scout is executing a more complexfly-aheadbehavior.

Disagreement between team-members is manifested by se-
lection of different team behaviors, by different agents, at the
same time. Since team behaviors are to be jointly selected (by
designer specification), such a disagreement can be traced to
a difference in the satisfaction of the relevant pre-conditions
and termination conditions, e.g., agent A believes P, while
agent B believes¬P, causing them to select different behav-
iors. It is these contradictions which the diagnosis process
seeks to discover. A set of contradictions in beliefs that ac-
counts for the selection of different team behaviors by differ-
ent agents is called a diagnosis.

3.1 Disambiguating Diagnosis Hypotheses
The first phase in the diagnosis process involves selection of
the agent(s) that will carry out the diagnosis process. How-
ever, the algorithms used for selection may depend on the
diagnosis process selected in the second phase (disambigua-
tion), and so for clarity of presentation, we will begin by dis-
cussing the second phase. Assume for now that one or more
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agents have been selected to carry out the diagnosis process.
The agents must now identify the beliefs of their peers.

Perhaps the simplest algorithm for this is to have all team-
members send their relevant beliefs to the diagnosing agent
(the diagnosing agent can inform the team-members of the
detection of a disagreement to trigger this communication).
In order to prevent flooding the diagnosing agent with irrele-
vant information, each team-member sends only beliefs that
are relevant to the diagnosis, i.e., only the beliefs that are as-
sociated with its currently selected behavior.

Upon receiving the relevant beliefs from all agents, the
generation of the diagnosis proceeds simply by comparing all
beliefs of team-members to find contradictions (e.g., agent A
believes P, while agent B believes¬P). Since the beliefs of
the other agents are known with certainty (based on the com-
munications), the resulting diagnosis must be the correct one.
However, having all agents send their beliefs, may severely
impact network load.

We thus propose a novel selective monitoring algorithm,
in which the diagnosing agent controls the communications,
by initiating targeted queries which are intended to minimize
the amount of communications. To do this, the diagnosing
agent builds hypotheses as to the possible beliefs held by
each agent, and then queries the agents as necessary to dis-
ambiguate these hypotheses.

This process begins withRESL, a previously-published be-
havior recognition and belief inference algorithm[Kaminka
and Tambe, 2000], which is only presented here briefly as a
reminder. Under the assumption that each agent has knowl-
edge of all the possible behaviors available to each team-
member, i.e., their behavior library (an assumption com-
monly made in plan recognition), each observing agent cre-
ates a copy of the fully-expanded behavior hierarchy for each
of its teammates. It then matches observed actions with the
actions associated with each behavior. If a behavior matches,
it is tagged. All tagged behaviors propagate their tags up the
tree to their parents (and down to their children) such as to
tag entire matching paths: These signify behavior recogni-
tion (plan recognition) hypotheses that are consistent with the
observed actions of the team-member.

Once hypotheses for the selected behavior of an agent are
known to the observer, it may infer the possible beliefs of
the observed agent by examining the pre-conditions and the
termination conditions of the selected behavior. To do this,
the observer must keep track of the last known behavior(s)
hypothesized to have been selected by the observed agent.
As long as the hypotheses remain the same, the only general
conclusion the observer can make is that the termination con-
ditions for the selected behaviors have not been met. Thus it
can infer that the observed agent currently believes the nega-
tion of the termination conditions of selected behaviors.

When the observer recognizes a transition from one be-
havior to another, it may conclude (for the instant in which
the transition occurred) that the termination conditions of the
previous behavior, and the pre-conditions of the new behav-
ior are satisfied. In addition, again the termination conditions
of the new behavior must not be satisfied; otherwise this new
behavior would not have been selected. Therefore, the beliefs
of the observed agent (at the moment of the transition) are:

(termination conditions of last behavior)
∧

(pre-conditions
of current behavior)

∧¬ (termination conditions of current
behavior).

For instance, suppose an attacker is observed to have
landed. The observer may conclude that either thehalt or
wait-at-point behavior has been selected. Furthermore, the
observer can conclude that the termination conditions for
halt do not hold, or that the termination conditions forwait-
at-point do not hold. If the observed action indicates that
the agent has just transitioned into the behavior associated
with landing, then the preconditions ofhalt andwait-at-point
would also be inferred as true.

Once the hypotheses are known, the agent can send tar-
geted queries to specific agents in order to disambiguate the
hypotheses. The queries are selected in a manner that mini-
mizes the expected number of queries. Intuitively, the agent
prefers to ask first about propositions whose value, when
known with certainty, will approximately split the hypothe-
ses space.

3.2 Selecting a Diagnosing Agent
Let us now turn to the preceding phase, in which the agents
that will carry out the diagnosis are selected. Several tech-
niques are available. First, a design-time selection of one of
the agents is the most trivial approach. It requires a failure
state to be declared in the team, such that the selected agents
know to begin their task. Of course, one problem with this ap-
proach is that it requires all agents to be notified of the failure.
A second technique that circumvents this need is to leave the
diagnosis in the hands of those agents that have detected the
failure, and allow them to proceed with the diagnosis without
necessarily alerting the others unless absolutely necessary.

We present a novel third approach, in which selection of
the diagnosing agent is based on its team-members’ estimate
of the number of queries that it will send out in order to arrive
at a diagnosis, i.e., the number of queries that it will send out
in the disambiguation phase of the diagnosis (previous sec-
tion). The key to this approach is for each agent to essentially
simulate its own reasoning in the second phase, as well as
that of its teammates. Agents can then jointly select the agent
with the best simulated results (i.e., the minimal number of
queries).

Surprisingly, all agents can make the same selection with-
out communicating, using a recursive modelling technique in
which each agent models itself through its model of its team-
mates. This proceeds as follows. First, each agent uses the
belief recognition algorithm to generate the hypotheses space
for each team-member other than itself. To determine its own
hypotheses space (as it appears to its peers), each agent uses
recursive modelling, putting itself in the position of one of
its teammates and running the belief recognition process de-
scribed above with respect to itself. Under the assumptions
that all agents utilize the same algorithm, and have access to
the same observations, an agent’s recursive model will yield
the same results as the modelling process of its peers. At this
point, each team-member can determine the agent with the
minimal number of expected queries (the queries that split
the space of the queries). In order to guarantee an agreement
on the selected agent, each team-member has an ID number,
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which is determined and known in advance. In case there
are two agents with the same minimal number of expected
queries, the agent with the minimal ID is selected. This en-
tire process is carried out strictly based on team-members’
observations of one another, with no communications other
than an announcement of a disagreement.

For instance, suppose there are three agents A, B and C. To
determine the diagnosing agent, A puts itself in B’s position
and considers the hypotheses B has about A and C, given A’s
observable actions. A also uses the belief recognition pro-
cess described earlier to determine the number of hypotheses
available about B’s beliefs, C’s beliefs, etc. It now simulates
selecting queries by each agent, and selects the agent (say,
C) with the minimal number of expected queries. B, and C
also run the same process, and under the assumption that each
agent’s actions are equally observable to all, will arrive at the
same conclusion.

Summary. We presented a space of social diagnosis algo-
rithms: Each such algorithm operates in two phases, and we
presented alternative techniques for each phase. For the selec-
tion of the diagnosing agent, we have the following methods:
(i) rely on pre-selection by the designer; (ii) let the agents that
detected the fault do the diagnosis; or (iii) choose the agent
most likely to reduce communications (using the distributed
recursive modelling technique described). In terms of com-
puting the diagnosis, two choices are available: Either have
all agents communicate their beliefs to the selected agents, or
allow the diagnosing agents to actively query agents as to the
state of their beliefs, while minimizing the number of queries
as described above.

4 Evaluation and Discussion
The design alternatives define a space of diagnosis algo-
rithms. This section evaluates four intuitive design decisions
in this space, and draws lessons about the effects of specific
design choices on overall computation and communication
overhead.

Method 1. The first design choice corresponds to arguably
the most intuitive diagnosis algorithm, in which all agents
are pre-selected to carry out the diagnosis. When a failure is
detected (and is made known to all agents) each agent com-
municates all its relevant beliefs to the others so that each and
every team-member has a copy of all beliefs, and therefore
can do the disambiguation itself.

Method 2. Method 1 uses redundant communications to
achieve this distribution, while arguably only a single agent
really needs to have the final diagnosis in order to begin a
recovery process. Thus in method 2, the agents that de-
tected the disagreement automatically take it upon themselves
to carry out the diagnosis, unbeknownst to their teammates,
and to each other. Because their team-mates do not know of
the disagreement (or who has been selected to diagnose it),
they cannot rely on their team-mates to communicate their
beliefs without being queried (in phase 2). Instead, they
use the querying algorithm discussed in the previous section.
However, because the diagnosing agents also do not know
of each other, in cases where more than one agent detects
the disagreement, all such agents will query the other team-

members.
Method 3. The next design choice we examine corre-

sponds to a diagnosis algorithm, in which the designer pre-
selects a neutral agent. When a failure is discovered (and is
made known to all agents), all team-members communicate
all their relevant beliefs to the pre-selected agent.

Method 4. A final algorithm attempts to alleviate the
communications overhead. It uses the recursive modelling
technique to have all team-members agree on which agent
is to carry out the diagnosis (this requires the detection of
the disagreement to be made known). Once the agent is se-
lected (with no communications), it queries its teammates as
needed.

Table 1 summarizes the different methods. Each method
is presented in a different row. The columns correspond to
the different phases of the diagnosis process. The choice of
algorithm is presented in each entry, along with a marking
that signifies the number of agents that execute the selected
technique for the phase in question.

Method Selection Disambiguation
1 pre-selected (N) N (report)
2 detectors(K ≤ N) K (query)
3 pre-selected (1) 1 (report)
4 estimated optimal (1) 1 (query)

Table 1: Summary of evaluated diagnosis methods

For instance row 2 should be read as follows: In method 2,
the agents selected to perform the disambiguation are those
who detected the disagreement. K such agents exist (where
K is smaller or equal than the total number of agents in the
team, N), and they each execute a minimal-queries algorithm.
In contrast, row 3 indicates that a single pre-selected agent
executes the diagnosis, and it relies on reports from all agents
to carry out the diagnosis.

Focusing on diagnosing teams of behavior-based agents in
the ModSAF domain, we performed experiments in which
the different diagnosis methods were systematically tested on
thousandsof failure cases, varying the number of agents, the
behaviors selected by each agent, and the roles of the agents.
The experiments were executed with teams of two to ten
agents. For eachn agents there are three sets of tests: (1)
one attacker andn-1 scouts; (2)n-1 attackers and one scout;
(3) n/2 attackers andn/2 scouts. For each set of x attackers
and y scouts, we systematically checked all possible disagree-
ment cases for all team behaviors (a total 2372 tests for each
method). In each test we recorded the number of messages
sent, and runtime of the diagnosis process.

In Table 2 we present the results of a single test, where
one scout and two attackersfly in formation, when the scout
transitions to thewait-at-pointbehavior while the attackers
continue to fly. The diagnosis is that the scout detected the
way-point, while the attackers did not.

The first column in Table 2 reports the method used. The
second column presents the number of messages sent re-
porting on beliefs, or querying about their truth (one mes-
sage per belief). The third column reports the number of
messages sent informing agents of the existence of failures
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(we assume point-to-point communications). The next three
columns summarize the runtime of each agent.

Method Messages Run-time(msec)
Belief Failure A1 A2 Scout

1 16 2 12 12 12
2 8 0 0 0 192
3 8 2 3 3 9
4 3 2 87 80 99

Table 2: results of diagnosing a specific failure case

For instance, the number of messages reporting on beliefs
for method 3 is 8, and 2 failure messages were sent (i.e., one
of the agents detected the failure and informed the others).
The runtime of all the teammates for method 3 is 3 millisec-
onds, except for the scout, which disambiguated the beliefs in
this case, and therefore took an additional 6 milliseconds (for
a total of 9 milliseconds).

Figure 1: Average number of messages per failure case

Figures 1 and 2 summarize the results of the experiments.
In both figures, the x axis shows the number of agents in the
diagnosed team. Figure 1 presents the average number of be-
lief messages for the different failure and role variations, for
each team size (failure messages were ignored in the figure,
since their effect is negligible). Figure 2 presents the average
run-time (in milliseconds) of those same tests. The run-time
of each test was taken as the maximum of any of the agents
in the test.

Both figures show interesting grouping of the evaluated
techniques. In Figure 1 (number of messages), methods 3
and 4 show a slow, approximately-linear growth, while meth-
ods 1 and 2 show a much faster non-linear growth. In Figure
2 (runtime), the grouping is different: Methods 1 and 3 grow
significantly slower than methods 2 and 4.

The first conclusion we draw from these figures is that run-
time is affected by the choice of a disambiguation method
(Figure 2, ref. Table 1). Methods (here, methods 1 and 3)
that rely on the agents to report their relevant beliefs do not
reason about the hypothesized beliefs of others. Therefore,

Figure 2: Average run-time per failure case

their run-time is much smaller than methods (here, methods
2 and 4) which hypothesize about the beliefs of others. How-
ever, as Figure 1 shows, the goal of reducing communications
is actually achieved, as method 4 does indeed result in less
communications then method 3. The question of whether the
cost in run time is worth the reduction in communications is
dependent on the domain.

Indeed, we draw a second conclusion from Figure 1. De-
spite the additional savings provided by the minimal query
algorithm, the choice of a centralized diagnosing agent is the
main factor in qualitatively reducing the number of messages
sent, as well as in shaping the growth curve as the number of
agents is scaled up. These results contrast sharply with pre-
vious work in disagreement detection, in which distributed
algorithms reduce communications[Kaminka and Tambe,
2000].

5 Related Work
While diagnosis of a single-agent system is relatively well
understood, and known to be computationally difficult, social
diagnosis (diagnosis of social failures such as disagreements
and coordination failures) remains an open area of research.
In particular, to our best knowledge, an in-depth exploration
of design choices in terms of communication and computa-
tion has not been done before. The most closely-related work
to ours is reported in[Kaminka and Tambe, 2000]. This pre-
vious investigation provides guarantees on detection of dis-
agreements, but only presented a heuristic approach to di-
agnosis, which indeed does not always succeed. The algo-
rithms we present here succeed in the same examples where
the previous heuristic approach fails. Parker[1998] reports
on a behavior-based architecture which is very robust and is
able to recover from failures by having robots take over tasks
from failing teammates. This is done using continuous com-
munications, but with an out explicit diagnosis process such
as those described in this paper.

Dellarocas and Klein[2000] described failures handling
services that use a knowledge base of generic exceptions and
a decision tree of diagnoses; the diagnosis process is done by
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a centralized agent traversing down the tree by asking ques-
tions about the relevant problem. Similarly, Horling[1999]
uses a casual model of failures and diagnoses to detect and
respond to multi-agent failures. Both investigations do not
address communications overhead.

Frohlich [1997] suggested dividing a spatially distributed
system into regions, each under the responsibility of a diag-
nosis agent. If the fault depends on two regions the agents
that are responsible to those regions cooperate in making the
diagnosis. This method is inappropriate for dynamic team
settings, where agents cannot pre-select their communication
partners. Roos[2001] expanded Frohlich’s work to seman-
tically distributed systems, where each agent looks at differ-
ent aspects of the whole system. In this system each agent
makes diagnosis separately and the correct diagnosis is found
by exchanging the diagnoses between the agents. However,
the communication links are fixed, such that each failure is
diagnosed strictly by the agents that are associated with its
communication link. In contrast, in teams disagreements can
arise between any two agents, and thus fixed communication
commitments cannot be made in design time.

Brodie [2002] tries to minimize communication costs in
computer networks. He uses intelligence probes which are
sent through the network in order to query remote nodes. By
combining the results of different probes, failing nodes can be
identified and isolated. Thus Brodie’s work essentially deter-
mines the liveliness status of agents, while our work focuses
on fine-grain diagnosis of causes for disagreements, in terms
of contradictory beliefs held by different agents.

6 Summary and Future Work

In this paper we present a novel design space for algorithms
of social diagnosis, and evaluate specific design decisions in
terms of their communications and computation overheads.
We presented four methods of diagnosing a team of behavior-
based agents, using familiar and novel algorithms, among
these an algorithm that minimizes the number of diagnosis
queries by using a recursive modelling technique to select the
agent which will use the smallest number of queries. We then
empirically and systematically evaluated the different combi-
nations to draw general conclusions about the design of di-
agnosis algorithms. A first conclusion is that centralizing the
diagnosis disambiguation task is critical in reducing commu-
nications. Furthermore, techniques where agents reason ex-
plicitly about the beliefs of their peers are computationally
inferior (in run-time) to techniques where agents do not rea-
son about others. However, such computation does result in a
slight reduction in communications.

All methods find only the contradictions between agent be-
liefs, where the beliefs are derived directly from the hypothe-
sized behaviors. But in complex behavior-based control sys-
tems, chains of inference may lead from one belief to the next.
Our system is currently not able to back chain through such
inference pathways, and thus is unable to draw conclusions
beyond the beliefs that immediately tied to preconditions and
termination conditions. We plan to tackle this challenge in
the future.
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Abstract 
Recent years have seen a proliferation of em-
bedded systems that combine a digital (discrete) 
supervisory controller with an analog (continu-
ous) plant. Diagnosing faults in such hybrid sys-
tems, require techniques that are different from 
those used for discrete and continuous systems. 
In addition, these algorithms have to be deployed 
online to meet the real time requirements of em-
bedded systems. This paper presents a method-
ology for online tracking and diagnosis of hybrid 
systems. We demonstrate the effectiveness of the 
approach with experiments conducted on the fuel 
transfer system of fighter aircraft.  

1 Introduction 
This paper addresses the problem of designing and im-
plementing online monitoring and diagnosis systems for 
complex systems whose behavior is hybrid (discrete + 
continuous) in nature.  Hybrid modeling covers naturally 
occurring systems, such as cell-cycle control systems in 
biology. They also capture the behavior of embedded 
systems that are common in the avionics, automotive, and 
robotics domains.  This wide applicability of hybrid sys-
tems has inspired a great deal of research from both con-
trol theory and theoretical computer science. 
 We focus on a special class of embedded hybrid sys-
tems, characterized by continuous plant dynamics and a 
discrete supervisory controller. The plant dynamics are 
defined by continuous state variables associated with the 
components of the plant. The controller generates actua-
tor signals at discrete time points that can change the  
plant configuration by turning components ON and OFF, 
and changing component parameter values and the set 
points of regulators. Therefore, hybrid system models 
have to seamlessly integrate discrete and continuous be-
havior analyses using multiple system models. As a re-
sult, tasks like monitoring, fault diagnosis, and control 
require appropriate model selection and switching to be 
performed online as system behavior evolves. 

This paper discusses methodologies for the model-
based diagnosis (MBD) of hybrid systems. Current tech-
niques in MBD apply well to dynamic systems whose 
behavior is modeled with discrete event [9, 17], or con-

tinuous models [5, 14]. Discrete event approaches to hy-
brid system diagnosis are based on abstractions of nomi-
nal and faulty behavior system behavior into event trajec-
tories. This process may result in loss of information 
critical for fault isolation and control. Our work in con-
tinuous diagnosis has demonstrated that behavior tran-
sients are the key to quick diagnosis of abrupt faults[10]. 
It may also be computationally expensive to pre-
enumerate all possible nominal and faulty behavior tra-
jectories. Traditional algorithms for continuous diagnosis 
use a single model that does not accommodate discrete 
changes. Therefore, discrete effects of mode changes 
have to be modeled by complex continuous non-linear 
functions that are hard to analyze online in real time.  

Recent work on diagnosis of hybrid systems [3, 6, 8] 
has focused on discrete faults, and requires the pre-
enumeration of the model in all modes to perform diag-
nosis. We present an online model-based diagnosis meth-
odology for parametric faults in hybrid systems that is 
based on tracking hybrid behaviors (continuous behaviors 
interspersed with discrete changes), but unlike hybrid 
automata models [1] pre-enumeration of all system 
modes is avoided by generating models at runtime as 
mode switches occur.  

The fault isolation task has to take into account possi-
ble mode changes during diagnostic analysis. The occur-
rence of a fault necessarily implies that one no longer has 
a correct model of system behavior; therefore, mode 
changes cannot be correctly predicted. To address this, 
the fault isolation task incorporates a search process, 
where mode changes may have to be hypothesized and 
incorporated into the consistency-based diagnosis 
scheme. The fault isolation process becomes even more 
complicated if fault detection is delayed, and the diagno-
sis algorithm has to roll back modes to identify the mode 
in which the fault occurred. We have developed a generic 
tracking, fault detection, and fault isolation scheme, 
which address all of the issues we have outlined above. 
The rest of the paper presents our hybrid modeling, track-
ing, and diagnosis scheme for solving the hybrid diagno-
sis problem.  

2 Unified Modeling Framework 
We use a unified modeling framework called hybrid bond 
graphs that extends continuous bond graph modeling [7] 
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to provide compact representations for hybrid models. Its 
component based and hierarchical representation is ex-
pressed as topological structures that facilitate causal 
analysis of system dynamics. It also provides standard 
techniques for deriving state space and input output equa-
tion formulations that are suitable for tracking and esti-
mation tasks [15]. 

2.1 Bond Graphs  
A bond graph (BG) is a domain-independent topological 
representation that captures energy-based interactions 
among the different physical processes that make up the 
system. The vertices in the graph represent subsystems 
modeled as generic physical processes: capacities, iner-
tias, and dissipators that can have linear and non-linear 
behaviors. Bonds are energy pathways by which subsys-
tems/processes exchange energy in the system. Two addi-
tional types of vertices (0 and 1 junctions) represent do-
main independent generalizations of Kirchoff's laws and 
are used as connection points between the sub-systems. 
There exist systematic techniques to construct the bond 
graph from the system description [2]. 

2.2 Hybrid Bond Graphs 
Additional mechanisms are introduced into the continu-
ous BG language to include discrete transitions and 
model switching. We use switched junctions proposed by 
Mosterman and Biswas [13], where each junction in the 
bond graph may be switched on (activated) and off (de-
activated). An activated junction behaves like a conven-
tional BG junction. All the bonds incident on a junction 
turned off are made inactive, and hence do not play any 
part in the system dynamics. Note that activating or de-
activating junctions affect the behavior of adjoining junc-
tions. 

A Finite State Automaton (FSA) implements the junc-
tion switching function. The FSA may have several 
states, and each state maps to either the off mode (i.e., it 
causes the junction to turn off) or the on mode (i.e., the 
junction turns on) of the junction. Mode transitions de-
fined solely by external controller signals define con-
trolled switching, and those expressed by internal vari-
ables crossing boundary values define autonomous 
switching. For controlled switching the control signal is 
provided as input to the FSA. For autonomous switching, 
the function determining the transition condition is pro-

vided as input to the FSA. The overall mode of the sys-
tem is determined by a parallel composition of modes of 
modes of the individual switched junctions. 

Formally, hybrid bond graphs can be defined as a tri-
ple: HBG = {BG, M, σ}, where BG is the bond graph 
model, M = {M1, M2, …, Mk} is a set of finite state of 
automata, and σ is the mapping between each Mi and a 
junction in the bond graph. Each Mi is a finite state 
automaton of the type described above, with an output 
function that maps each state of Mi to either on or off. A 
system mode change is defined by one or more junction 
automata changing state, and this results in a new bond 
graph model. 
Figure 1 illustrates the fuel transfer system that we use 
for our experiments. The fuel system is designed to pro-
vide an uninterrupted supply of fuel at a constant rate to 
the aircraft engines, and at the same time to maintain the 
center of gravity of the aircraft. The system is symmetri-
cally divided into the left and right parts (top and bottom 
in the schematic). The four supply tanks (Left Wing 
(LWT), Right Wing (RWT), Left Transfer (LTT), and 
Right Transfer (RTT)) are full initially. During engine 
operation, fuel is transferred from the supply tanks to the 
receiving tanks (Left Feed (LFT) and Right Feed (RFT)) 
based on a pre-defined sequence. The fuel transfer se-
quence is controlled by valves on pipes at the outlet of 
the supply tanks and the inlet to the feed tanks. The hy-
brid bond graph segment for the connection between a 
wing tank and a feed tank, shown in Figure 2, illustrates 
the component-oriented modeling approach for the HBG. 
An element called switching implements the finite state 
automata discussed earlier. The HBG framework also 
associates one or more parameters with system compo-
nents. We exploit this in defining a component-based 
diagnosis methodology, where faults in components are 
represented as deviations in their parameter values. For 
example, there are six potential fault candidates in the 
fuel transfer subsystem in Figure 2. (Pump, Efficiency, 
Wing Tank, Pipe, Switched, and Feed). In earlier work, 
we have shown the equivalence between the HBG 
framework and the hybrid automata representation [16]. 

2.3 Alternate Model Representations 
The bond graph can be used to systematically derive al-
ternate model representations. Three representations are 
used to solve different sub-tasks in the diagnosis scheme: 
(i) state space equations, for tracking of continuous be-
havior, (ii) temporal causal graphs for qualitative fault 
isolation, and (iii) input output equations, for parameter 
estimation and refinement of the fault isolation results. A 
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detailed description of temporal causal graphs (TCG) can 
be found in[14, 15] and is not repeated here. Essentially 
the TCG captures causal and temporal relations between 
variables in the system. The vertices in the graph repre-
sent variables of the system and the edges (with labels) 
represent the types of relations between the variables.  

3 MBD Architecture 
Our diagnosis architecture implements a scheme to track 
the nominal system dynamics using an observer that is 
robust to model uncertainties and noise in the measure-
ments. It uses a fault detection scheme to trigger the fault 
isolation scheme when discrepancies are detected be-
tween the observed and predicted measurements, tracks 
and analyzes the fault transients using fault signatures to 
isolate the fault, and then employs a quantitative parame-
ter estimation scheme to determine the magnitude of the 
fault. Our work focuses on component parameter faults, 
which are multiplicative, i.e., faults directly affect the 
system dynamics models. As discussed earlier, the hybrid 
nature of the system complicates the tracking and diagno-
sis tasks, because mode transitions cause model switch-
ing, which has to be included in the online behavior 
tracking and fault isolation algorithms. For pragmatic 
reasons we simplify our algorithms by making the single 
fault assumption. 

We have developed a novel approach that combines 
qualitative and quantitative algorithms for fault isolation. 
This extends our earlier work [12] on fault isolation in 
continuous systems. The qualitative approach overcomes 
limitations of quantitative schemes, such as convergence 
and accuracy problems in dealing with complex non-
linearities and lack of precision of parameter values in 
system models. It plays a significant role in cutting down 
on computational complexity, enabling online algorithms 
for fault isolation in the hybrid framework. The qualita-
tive reasoning scheme is fast and effective, but it has lim-
ited discriminatory ability. To uniquely identify the true 
fault candidate, we employ a quantitative parameter esti-
mation scheme, which also returns the magnitude of the 
deviated parameter. 

3.1 Tracking and Fault  Detection  
Our hybrid observer is implemented as a combination of 
an extended Kalman filter (EKF) and a hybrid automaton  
to track continuous behavior in individual modes of op-
eration, and discrete mode changes (controlled and 
autonomous), respectively. At mode changes, the new 
state space model and the initial state of the system are 
recomputed. Model uncertainty and measurement noise 
are implemented as white, uncorrelated Gaussian distri-
butions with zero mean. The state space model in mode q 
is defined as:  

where w is distributed N(0,Q) and v is distributed N(0,R), 
and Q and R are process and measurement noise covari-

ance matrices. It is assumed that wk incorporates the 
∆Fq.xk term that captures modeling errors in the system. 
In our work, the Q and R matrices were determined em-
pirically. The extended Kalman filter algorithm follows 
the methodology presented in [4]. 

Mode change calculations are based on the system 
mode at time step k, qk, and the continuous state of the 
system, xk. The discrete controller signals to the plant are 
assumed known. For controlled transitions, we assume 
such a signal is input at time step k, and the appropriate 
mode transition is made at time step k+1 to qk+1. For 
autonomous transitions, the estimated state vector, xk is 
used to compute the Boolean functions that signal mode 
transitions. Note that several transition functions may be 
triggered simultaneously. They are combined to derive 
the new system mode. A mode transition results in a new 
state equation model, i.e., the matrices Fq, Gq, Cq, and Dq 
are recalculated online. We have developed an efficient 
symbolic solver that can construct state equation models 
from equation fragments. The equation fragments corre-
spond to constituent equations defining component be-
havior, and the junction relations. When switching oc-
curs, sets of equation fragments are de-activated, and 
others are activated. The new state equations are then 
derived incrementally.  To simplify analysis, we assume 
that mode changes and faults occur only after the Kalman 
filter state estimate has converged to its optimal behav-
ior. Further details of the observer implementation are 
presented in [15]. 
 Fault detection is performed by first computing esti-
mates of the output variables yk from the state estimates 
xk. We then compute a smoothed estimate ŷk using an FIR 
filter. Finally we compute the residual (ŷk-ok), where ok 
are the observations at time step k. If this residual rk is 
above a threshold ε for a pre-defined number of time 
steps, then a fault is signaled. 

3.2 Fault  Isolation and Identif ication 
Once a fault has been detected, fault isolation and identi-
fication is performed to uniquely isolate the fault and 
determine its magnitude. Our fault isolation and identifi-
cation architecture is presented in Figure 4 involves three 
steps: (i) qualitative roll-back, (ii) qualitative roll-
forward, and (iii) quantitative parameter estimation. 

 
Figure 3: Hybrid Kalman Filter 
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For hybrid systems, discontinuous changes in meas-
ured variables can only occur at the point of failure or at 
points at which discrete mode changes occur in the plant 
behavior. At all other time points the plant behavior is 
continuously differentiable. We take advantage of this 
fact for qualitative analyses of all measured variables, yk. 
The residual (rk) for any variable is defined as the differ-
ence between the measure plant output and the nominal 
expected plant output. Since both of these are continu-
ously differentiable after the fault occurrence, and after 
each mode change, the residual can be approximated by 
the Taylor series expansion: 

We can then represent the residual as the coefficients 
of the magnitude and higher order derivative terms of the 
residual. Instead of representing them in quantitative 
form, qualitative values (-, 0, and +) are used to indicate 
if the coefficient is below, at, or above zero.  

The qualitative analyses that comprise of the roll-back 
and roll-forward steps work on these qualitative coeffi-
cients. After detection of the fault, the signal to symbol 
generator is responsible for converting the measured ob-
servations to symbolic form at each time step. The dis-
cussion of the computation of the residual and the con-
verting it to symbolic form is presented in [11], and not 
repeated here.  

The roll-back algorithm can be summarized as follows. 
Given the observer estimated mode trajectory Q = {q1,q2, 
…, qk}, we first use the back propagation algorithm [14] 
to generate hypotheses in mode qk. The deviated symbols 
at the time of fault detection (α) are back propagated 
through the temporal causal graph in mode qk to identify 
causes for the deviations. Since the fault may have oc-
curred in previous modes, we then go back in the mode 
trajectory and create hypotheses in each of the previous 
modes qk-1, qk-2, …, qk-n+1, where n is a number deter-
mined externally by diagnosability studies. During the 
crossover from a mode to a previous mode, the symbols 
need to be propagated back across the mode change. This 
is done by using the inverse of the reset functions (γ-1) 
associated with the mode transition. For example, the 
symbols to be propagated in mode qk-1 is obtained as γ-

1(α,qk,qk-1). The hybrid hypotheses generation algorithm 
returns a hypotheses set, H = {h1, h2, …, hm}, where each 
hypothesis hi is a three-tuple {q,p,λ}, where q represents 
the mode in which the fault is hypothesized to have oc-
curred, p is the parameter whose deviation corresponds to 
the fault, λ is the direction of deviation of parameter p. 

The occurrence of the fault may change the parameters 
of the functions that determine autonomous transitions 
leading the observer to incorrectly predict (or not predict) 
an autonomous transition. Hence the current mode esti-
mated by the hybrid observer may not be the actual mode 
of system under hypothesized fault conditions. We need 
to estimate the current mode of the system for each hy-
pothesis.  However, we still do not have the quantitative 
value for the faulty parameter, implying that we cannot 
accurately determine the current mode of the system. To 

solve this problem we take advantage of the fact that the 
same sequence of mode transitions in any order would 
lead the system to the same end state. This follows from 
the fact that each mode transition essentially changes the 
status of a switched junction in the hybrid bond graph 
representation. Based on this observation, for each hy-
pothesis, we apply all controlled transitions (assuming 
that no autonomous transitions have occurred) that have 
occurred since the hypothesized fault mode to get an es-
timated current mode. This is known as the roll-forward 
process. 

We can now use the model (TCG) to predict the ex-
pected qualitative values for the residuals (signatures) in 
the current estimated mode for each hypothesis. This is 
done through a forward propagation algorithm [14]. The 
fault hypotheses in the estimated current mode are com-
pared with the symbols generated by the signal to symbol 
generator using a progressive monitoring scheme [14]. If 
there is a mismatch, the hypothesis cannot be dropped 
immediately, we assume that an autonomous mode transi-
tion may have caused this mismatch. We apply all possi-
ble autonomous transitions to the current estimated mode 
and derive m new estimated current modes for the hy-
pothesis, where m is the number of possible autonomous 
transitions. For each of these m new modes, we can gen-
erate the qualitative signature using forward propagation 
and compare this against observations. In case of mis-
match we hypothesize occurrence more autonomous tran-
sitions and repeat the process. Once the total number of 
transitions (controlled + hypothesized autonomous) ex-
ceeds the diagnosability limit, further mismatches in sig-
natures and symbols eliminate hypotheses. 
 In other work [12], we have shown the limited dis-
criminatory capabilities of the qualitative progressive 
monitoring scheme. This often leads to multiple fault 
hypotheses being reported as the diagnostic result. Even 
when we are left with only one hypothesis, determining 
the magnitude of the parameter associated with the hy-
pothesis is essential to continue tracking the plant behav-
ior in the faulty situation. We use a parameter estimation 
technique based on the least-squares estimation method 
for further fault isolation and identification. Applying a 
statistical hypothesis testing scheme to the error in the 
fault identification task leads to unique fault isolation, 

 

 
Fig. 4: Fault Isolation and Identification Architecture k
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and an estimate of the deviated parameter value. Con-
sider the input output equation form: 

Y = ((∑i∑jbij.qj)/(∑kak.qk)).U, 
where U are the inputs, Y are the outputs, a’s and b’s are 
constant coefficients and q is the forward delay operator. 
The typical parameter estimation task is to estimate the 
a’s and b’s using measurements, u and y. The optimal 
estimate is given by: θest = (ΦTΦ)-1ΦTZ, where θ is a vec-
tor of a’s and b’s, Φ is the regression vector, and Z is 
current output vector.  The single fault assumption im-
plies that only one parameter in unknown. So, for each 
remaining hypothesis, we rewrite θ in terms of the corre-
sponding hypothesized fault parameter p. If we assume a 
first order polynomial relation (it is possible to extend 
this to arbitrary polynomial relations): θ = K1p+K0, 
where K1 and K0 are matrix constants. Now we can re-
formulate the estimation problem and obtain the optimal 
estimate for p as:  

p = (K1
T ΦT Z-K1

T ΦT K0-K1
TΦTK1-ZTΦK1)/(2.K1

TΦTK1) 
 

Table 1: Trace of Fault Isolation and Estimation 
Left Wing Tank Pump Degradation 

Time Measured Deviation Fault Set 
433 Transfer Manifold 

Pressure (XMP) 
13 fault candidates 

434 XMP: discontinuous 10 candidates 
439 
465 

Mode Change: Left Feed Tank On 
Mode Change: Left Feed Tank Off 

469 LeftWing Tank Pres-
sure ++ 

LWT_Pipe.R +  LeftWingTank.TF -  
LeftWingTank.R +  Leg26.R -   

471 Mode Change: Left Wing Tank – Second Pump On 
489 Left Feed Tank  

Pressure -- 
LWT_Pipe.R +  LeftWingTank.TF -  

LeftWingTank.R + 
528 Mode Change: Left Feed Tank On 
528 Parameter estimation 

started 
LeftWingTank.TF  

fault coefficient:  0.658041 
 

For each remaining hypothesis, we compute the input 
output equations of the system in the estimated current 
mode from the bond graph. This can be achieved by 
computing the temporal causal graph from the bond 
graph. The TCG can then be used to compute the signal 
flow graph, which can be used to derive the input output 
equations. Please note that the signal flow graph still 
contains parameters in symbolic form as opposed to ac-
tual numeric values. This gives us a parameterized input 
output equation. We then calculate the K1 and K0 matri-
ces. Finally we accumulate u and y values, and estimate p 
using the above expression. This may also be used for 
fault isolation by plugging back the estimated parameter 
in the state space equations and computing the predicted 
values for the outputs. Hypotheses whose predicted out-
put values are statistically different from actual output 
values are eliminated. Table 1 illustrates an experimental 
run for a left wing tank pump degradation (33% loss) at 
time step 150. The initial change was observed in the 
transfer manifold pressure at time step = 433 (Fig. 5), but 
two mode changes occurred between the fault occurrence 
and its detection. The roll back process was employed, 
and this produced an initial list of 13 candidates. Detect-
ing that the transfer manifold pressure was discontinuous 

reduced the candidate set to 10 faults. As other measure-
ments deviated over time (first left wing tank pressure, 
then left feed tank pressure), the candidate set was fur-
ther refined. Mode changes required the re-derivation of 
the system models, and the computation of new signa-
tures to track system behavior. The qualitative scheme 
reduced the candidate set to 4, and then the parameter 
estimation scheme was invoked. This resulted in generat-
ing the correct fault hypothesis, and a correct estimation 
of the faulty parameter. 

4 Experimental Results 
We demonstrate the effectiveness of our diagnosis 
scheme on a real world example, the fuel system of 
fighter aircraft (Fig. 1). The pumps are modeled as a 
source of effort (pressure) with a transformation factor 
that defines its efficiency. The pipes are modeled as 
nonlinear resistances. 

The diagnosis experiments used a controller sequence 
provided by Boeing. The performance of the hybrid ob-
server in tracking the nominal data (with 3% noise) 
through mode transfers is illustrated in Figure 5 for the 
transfer manifold and left wing tank pressure measure-
ments. The dots represent the measured data and the 
black line shows the observer estimates. A number of 
diagnosis experiments were run for different noise values 
and fault magnitudes (see [15] for details). 

Table 2: Fuel System Diagnosability 

 WTP WTR TTP TTR SPR FTP FTR
WTP - x √ √ √ √ √ 
WTR x - √ √ √ √ √ 
TTP √ √ - x √ √ √ 
TTR √ √ x - √ √ √ 
SPR √ √ √ √ - √ √ 
FTP √ √ √ √ √ - x 
FTR √ √ √ √ √ x - 

 
Table 2 summarizes the different fault classes that can 

be distinguished by our diagnosis algorithms. The fault 
classes are as follows: (i) Wing Tank Pump (WTP), (ii) 
Wing Tank Resistance (WTR), (iii) Fuselage Tank Pump 
(TTP), (iv) Fuselage Tank Resistance (TTR), (v) 
Switched Pipe Resistance (SPR), (vi) Feed Tank Pump 
(FTP), and (vii) Feed Tank Resistance (FTR). The √ 
mark in row i and column j indicates that fault class i can 
be distinguished from fault class j. The x mark indicates 
that the current controller sequence and set of measure-
ments are not sufficient to distinguish between the pair in 
question. From the table, we see that we cannot distin-
guish between tank pump faults and tank outlet pipe re-
sistance faults. However, this is true only for a pump ef-
ficiency (TF-) decrease and pipe resistance increase (R+). 
Since the pump efficiency cannot increase (no TF+ fault), 
pipe resistance decreases, R-, (i.e., leaks) can be uniquely 
identified. All other classes of faults can be distinguished 
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from one another. In some cases, the isolation may be 
achieved only after mode changes occur.  

5 Summary 
In this paper we have presented an integrated approach 

to solving the tracking, fault detection, isolation, and 
identification tasks for hybrid systems. The novel contri-
bution of the presented work is the extension of continu-
ous system model-based diagnosis techniques to hybrid 
systems. These include the hybrid observer that combines 
an extended Kalman filter and hybrid automaton, hybrid 
fault isolation through roll back and roll forward using 
qualitative analysis, and the single parameter estimation 
for further fault isolation and identification. Our work is 
motivated by the requirements of the fault accommoda-
tion task, where diagnosis has to be performed online for 
embedded systems during their operation. Hybrid diagno-
sis techniques directly apply to embedded systems and 
else where [15]. We have also demonstrated through time 
and space complexity analysis that our algorithms can be 
applied to online analysis in resource constrained envi-
ronments. 
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Abstract
Automated problem-solving for engineered devices
is based on models that capture the essential as-
pects of their behavior. In this paper, we deal with
the problem of automatically abstracting behavior
models such that their level of granularity is as
coarse as possible, but still sufficiently detailed to
carry out a given behavioral prediction or diagnos-
tic task. A task is described by a behavior model,
as composed from a library, a specified granularity
of the possible observations, and a specified gran-
ularity of the desired results. The goal is to de-
termine partitions for the domains of the variables
(termed qualitative values) that are both necessary
and sufficient for the task at hand. We present a
formalization of the problem within a common re-
lational (constraint-based) framework, present re-
sults regarding solutions to task-dependent quali-
tative domain abstraction, and devise methods for
automatically determining qualitative values for a
device model.

1 Introduction
Model-based systems ([Hamscher et al., 1992; Weld and de
Kleer, 1990]) represent knowledge about the structure and be-
havior of a physical system in terms of a behavior model,
and use it to support engineering tasks such as behavior pre-
diction, diagnosis, planning and testing. When constructing
model-based systems, one of the most difficult parts is mod-
eling the device. A fundamental idea to support and facilitate
modeling is to compose models from model fragments, that
is, re-usable elements of knowledge about a device that can
be organized in a library ([Falkenhainer and Forbus, 1991]).
This requires that model fragments have to be formulated,
as far as possible, in a generic way and independent of their
specific application context. However, it also means that in-
formation about the task a model will be used for cannot be
anticipated in the model fragments.

But a model needs to be suited for the problem-solving
task at hand in order to provide an effective and efficient
solution to it. Using always the most accurate and most
detailed model available may make the respective problem-
solving task intractable, or at least unnecessarily complex and

resource-consuming. For instance, for the task of diagnosing
a device in an on-board environment, it is crucial to have a
model that focuses only on those aspects that are essential to
the goal of discriminating between its normal and faulty be-
havior. Any unnecessary details that are not relevant to this
task impair its ability to meet the stringent time and space re-
quirements of this application. In general, models straightfor-
wardly composed from a library tend to be either inefficient,
because they are overly detailed (that is, too fine-grained), or
ineffective, because they are not detailed enough (that is, too
coarse-grained) for the task they will be used for.

The approach pursued in this paper is therefore to auto-
matically re-formulate a behavior model, after it has been
composed, to a level of abstraction that is adequate for the
specified task. We focus on the abstraction of the domains of
variables, that is, the problem of deriving sets of meaningful
qualitative values. Although some work has been carried out
on finding qualitative values within a specific context, such as
simulation ([Kuipers, 1986]), the general problem of charac-
terizing and systematically deriving qualitative values for an
arbitrary relational (constraint-based) behavior model is a rel-
atively unexplored area. However, much of the work in quali-
tative reasoning about physical systems ([Weld and de Kleer,
1990]) relies on this type of abstraction. The resolution of a
behavior model' s domains has a strong effect on the size of
the model, the efficiency of reasoning with the model, and
the size of the solutions. Furthermore, within an on-board or
real-time setting, the number of qualitative values determines
how many of the observations will be qualitatively different,
and therefore it influences the frequency at which reasoning
has to be initiated at all.

1.1 Example
Consider, for example, the system depicted in figure 1. The
device is a simplified version of a pedal position sensor used
in a passenger car. Its purpose is to deliver information about
the position of the accelerator pedal to the electronic control
unit (ECU) of the engine management system. The ECU uses
this information to calculate the amount of fuel that will be
delivered to the car engine.

The pedal position is sensed in two ways, via the poten-
tiometer as an analogue signal, vpot, and via the idle switch as
a binary signal, vswitch. The idle switch changes its state at a
particular value posswitching of the mechanically transferred
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Figure 1: The Pedal Position Sensor

pedal position. The reason for the redundant sensing of the
pedal position is that the signals vpot and vswitch are cross-
checked against each other by the on-board control software
of the ECU. This plausibility check is a safety feature of the
system, in order to avoid cases where a wrong amount of fuel
injected evokes dangerous driving situations.

Assume we want to perform the plausibility check between
the electrical signals vpot and vswitch automatically by the
means of a behavior model of the system. For the potentiome-
ter model fragment, this requires a distinction in the domain
of vpot that corresponds to the switching point posswitching
of the switch. This is the only distinction in this domain that
is required for the purpose at hand.

The problem is that this particular distinction cannot be an-
ticipated in a generic model fragment of the potentiometer
component, because it would not make any sense in a dif-
ferent structure. It is only the specific combination of the
potentiometer and the switch together with the pursued task
that requires this distinction. In contrast, other tasks such as
control or design might require more detailed domains that
would allow to relate the position of the switch to particular
potentiometer voltages.

The problem is important, because it impairs the idea of
using a model of the pedal position sensor as a common basis
for different tasks. For engineered systems, it is typical that
several tasks along the product' s life cycle — such as fail-
ure modes and effects analysis (FMEA), on-board diagnos-
tics development, generation of repair manuals or workshop
diagnosis — share a significant amount of common knowl-
edge about the behavior of the system under consideration.
It would be inacceptable having to manually create models
from scratch that are tailored to each of these tasks.

2 Task-dependent Distinctions
The example above has confronted us with the problem that
simply picking model fragments from a library and compos-
ing the model is not enough. It is infeasible, in general, to an-
ticipate the required granularity in the domains of variables.
Therefore, the ability to transform the domains to the right
level of abstraction after composing the constraints of the
model is a highly practical requirement. It means grouping

together those domain values whose distinction is irrelevant
for the task at hand.

The core idea of distinctions between domain values be-
ing redundant is captured by the concept of interchangeabil-
ity, first proposed by Freuder ([Freuder, 1991]). For a con-
straint satisfaction problem that consists of a set of variables,
domains and constraints on these variables, two values val1,
val2 of a variable v are said to be fully interchangeable, if for
any solution where v = val1, substituting v = val2 produces
another solution, and vice versa. That is, solutions involving
val1 (val2) are identical to solutions involving val2 (val1)
except for the value val1 (val2) itself.

Interchangeable values define equivalence classes on the
domains of the variables, and grouping them together corre-
sponds to an abstraction of the constraint satisfaction problem
that exactly preserves the set of its solutions. Freuder and
Sabin ([Freuder, 1991], [Freuder and Sabin, 1995]) already
observe that interchangeability is related to abstraction and
the formation of “semantic groupings” within the domains
of variables. However, it is also known that in practice, in-
terchangeability of domain values does not occur very fre-
quently.

A model-based problem solving task, such as behavioral
prediction or diagnosis, can be cast as an instance of a con-
straint satisfaction problem. However, it is particular in two
respects:

(1) the input consists not only of the model, but also of the
observations that it is confronted with, such as measure-
ments, hypothetical situations, etc. Typically, observa-
tions are restricted because not all of the variables in the
device model are observable, or because domain values
cannot be observed beyond a certain granularity.

(2) the output involves not all feasible assignments of do-
main values to variables, but only certain aspects of the
solutions are required. Typically, we might be interested
in knowing whether values remain below or exceed a
certain threshold, or what the values of mode variables
of components are (for a diagnostic task), etc.

The idea pursued in this paper is to generalize the basic prin-
ciple of interchangeability, leveraging on this specific context
of a model-based problem solving task. The notion of a task
is captured as (1) observable distinctions that express what
inputs to the problem solving process (for example, observa-
tions) can occur, and (2) target distinctions that express what
aspects of the outcome we are after. They can be exploited to
obtain so-called induced abstractions — domain abstractions
that go beyond the low, generic level of interchangeability,
but are still adequate for the given task.

We pursue the approach in the context of general, rela-
tional models that are not limited to restricted cases such as
linear relationships or monotonic functions. A relational (or
constraint-based) behavior model is a subset

R � DOM (v) = DOM (v1)�DOM (v2)�: : :�DOM (vn)

that restricts the possible combinations of values for the vari-
ables v = (v1; v2; : : : ; vn), where DOM (vi) denotes the do-
main of a variable vi. We use join (./), projection (�), and
selection (�) as operators on relations.
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Consider again the device shown in figure 1. Assume that
the domain is

f[0V,2V), [2V,4V), [4V,6V), [6V,8V), [8V,10V)g

for variables involving voltage and

f0%, 20%, 40%, 60%, 80%, 100%g

for variables involving position, and that the only parameter
in the system, posswitching, equals 40%. Then the device can
be modeled by a relation R that consists of 10 tuples:

vpot position vswitch . . .

[0V,2V) 0%, 20% [0V,2V) . . .
[2V,4V) 20%, 40% [0V,2V) . . .
[4V,6V) 40% [0V,2V) . . .
[4V,6V) 60% [8V,10V) . . .
[6V,8V) 60%, 80% [8V,10V) . . .
[8V,10V) 80%, 100% [8V,10V) . . .

Observable distinctions reflect the measurement granular-
ity or incomplete observability of variables. An observable
distinction for a variable is expressed as a partition of its do-
main:

Definition 1 (Observable Distinction) An observable dis-
tinction for a variable vi, denoted �obs;i, is a partition of its
domain DOM (vi).

A variable vi is not observable at all if �obs;i is equal to
the trivial domain partition �triv;i := fDOM (vi)g. For in-
stance, the fact that for the pedal position sensor, the control
unit observes the signal vpot and the signal vswitch can be
expressed by the observable distinction

�obs;vpot = ff[0V,2V) g, . . . , f[8V,10V)gg,
�obs;vswitch

= ff[0V,2V) g, . . . , f[8V,10V)gg,

whereas all other variables receive the trivial domain parti-
tion.

Target distinctions reflect the granularity of solutions we
are after. Analogously to observable distinctions, target dis-
tinctions are expressed as domain partitions:

Definition 2 (Target Distinction) A target distinction for a
variable vi, denoted �targ;i, is a partition of its domain
DOM (vi).

A variable vi is said to have no target partition, if �targ;i
is equal to the trivial partition. For instance, the target dis-
tinctions for the pedal position sensor are determined by the
goal to distinguishbetween the domain values for the variable
vswitch (the plausibility check itself is not represented in the
model):

�targ;vswitch
= ff[0V,2V) g, . . . , f[8V,10V)gg.

2.1 Domain Abstractions
A domain partition �i can also be understood as a domain
abstraction

�i : DOM (vi)! DOM
0
(vi) � 2

DOM(vi)

that maps elements val from a base domain DOM (vi) to a
transformed domainDOM

0
(vi) that consists of sets of values

from the base domain such that val 2 �i(val). Abstractions

can be straightforwardly extended from single values to sets
of values, by taking the union of the resulting sets. For two
abstractions �i and �

0
i
, �i is a refinement of � 0

i
, if

8val 2 DOM (vi) : �i(val) � �
0
i
(val):

Two abstractions �i, �i' are comparable, if �i is a refinement
of �i' or �i' is a refinement of �i. We apply the notion of
refinement and comparability equally to abstractions and do-
mains. A vector of domain abstractions is denoted

� = (�1; �2; : : : ; �n):

A domain abstraction � is a refinement of � 0, if every �i is a
refinement of � 0

i
. Two abstractions � , � 0 are piecewise com-

parable, if every �i is comparable with �
0
i
. If a join opera-

tion combines two relations that are defined on different, but
piecewise comparable domains, we define, for convenience,
that the result is a relation over the finer domains.

3 Qualitative Abstraction Problems
Given this representational apparatus, we can now formally
define the problem of task-dependent qualitative abstraction.

Definition 3 (Qualitative Abstraction Problem) Let R be
a relational behavior model, OBS a set of external restric-
tions, � obs a domain abstraction defined by observable dis-
tinctions, and � targ a domain abstraction defined by target
distinctions. The qualitative abstraction problem consists of
finding an induced domain abstraction � ind such that:

(1) (Adequacy) For all external restrictions Robs 2 OBS,
Robs � DOM (v),

� targ(R ./ � obs(Robs)) =

� targ(� ind(R) ./ � ind(� obs(Robs))):

(2) (Simplicity) If � ind is a refinement of a domain abstrac-
tion � ind' and � ind' fulfills (1), then � ind = � ind' .

The first condition (adequacy) states that the abstracted
model � ind(R) derives a solution on the level of target dis-
tinctions, if and only if the original model R derives the same
solution on the level of target distinctions. We require this
to hold for all the possible external restrictions (actual obser-
vations, design specifications, etc.) on the level of observ-
able distinctions. This guarantees that for any external re-
striction that can occur, the abstracted model will yield the
same results as the original model. That is, if we apply � ind

before carrying out our problem-solving task, it won' t affect
the result because this abstraction incorporates all the distinc-
tions that are necessary for this task. As a consequence, we
can substitute the abstracted model � ind(R) for the original
model R in problem solving.

In general, there may be many domain abstractions that ful-
fill the adequacy criterion. In particular, the identical domain
abstraction � id that retains all the distinctions in the model
is an adequate abstraction according to the definition. How-
ever, among all adequate abstractions, we prefer those that
are the “simplest” ones. Simplicity of an adequate abstrac-
tion is defined in the second condition of definition 3. The
approach taken is to select the abstractions that are coarsest
in the sense that there exits no other adequate abstraction of
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which they would be a strict refinement (an abstraction that
would further merge at least two of the qualitative values). A
domain abstraction that is both adequate and simple incorpo-
rates only distinctions that are both necessary and sufficient
according to the target and observable distinctions. It rep-
resents a level of abstraction that neither makes any unnec-
essary distinctions, nor abstracts away any distinctions that
are crucial to solve the problem. Definition 3 thus formal-
izes the problem of finding qualitative values for the domains
of variables. Compared to interchangeability, which is con-
cerned with possibilities for abstraction within a single prob-
lem instance only, a qualitative abstraction problem (QAP)
describes a whole class of instances defined by a model re-
lation, a set of external restrictions, and the task-dependent
distinctions. Interchangeability enforces that the set of so-
lutions remains the same as for the original model. A QAP
generalizes (or relaxes) this basic principle and demands that
the set of solutions remains the same but only on the level of
target distinctions, and only for inputs on the level of observ-
able distinctions.

Definition 4 (Properties of QAP) A QAP with a set of ex-
ternal restrictions OBS is said to be obs-complete, if
f� obs(Robs) j Robs 2 OBSg = 2

� obs(DOM(v)). It is
said to be sol-complete, if for all vi: �targ;i(DOM (vi)) �
�i(f� targ(R ./ � obs(Robs)) j Robs 2 OBSg).

Obs-completeness means that all the possible observations
on the level of observable distinctions can actually occur or
have to be considered during problem-solving (consequently,
induced abstractions can be derived without knowing the ex-
act set OBS). Sol-completeness means that all the possible
solutions defined by the target distinctions can indeed be dis-
tinguished based on the model and the external restrictions. In
addition, we demand that � obs and � targ are piecewise com-
parable. Note that this is not actually a restriction, because it
can be established for any QAP by possibly introducing ad-
ditional variables that separate the target and observable dis-
tinctions.

Intuitively, under these conditions, we expect that we have
to keep all the target distinctions, because we need them to
distinguish the solutions, but we can eliminate the distinc-
tions between observations that would lead to the same set of
solutions. If QAP is obs-complete, the � obs(Robs) are given
by the possible subsets of � obs(DOM (v)). For each tuple
valobs;j 2 � obs(DOM (v)), define Rsol;obs;j to be the solu-
tion it derives on the level of target distinctions:

Rsol;obs;j := � targ(R ./ valobs;j):

Let Robs;k denote the sets of valobs;j that obtain the same
solution, i.e. those for which Rsol;obs;j is equal:

Robs;k :=

[

j:Rsol;obs;j=Rsol;obs;k

valobs;j:

Then the Robs;k form the elements of a partition of
� obs(DOM (v)):

�(R; �obs; � targ) :=

[

k

fRobs;kg:

Figure 2 shows the resulting partition �(R; �obs; � targ) for
the pedal position sensor example, given the observable and
target distinctions stated in Sec. 2 (all variables except vpot
and vswitch have no distinction and have been omitted from
the figure; values [2V,4V), [4V,6V) and [6V,8V) for vswitch
do not appear in R and have been omitted from its domain).

v
switch

v
pot

[0V,2V)

[2V,4V)

[4V,6V)

[0V,2V) [8V,10V)

1

[6V,8V)

[8V,10V)

1

2

3

4

τ
ind

Figure 2: Partition �(R; �obs; � targ) for the pedal position
sensor example. The partition consists of four elements num-
bered 1, 2, . . . , 4. Applying theorem 1 yields the distinctions
for vpot shown on the left-hand side of the figure.

Theorem 1 (Solution to QAP) Let QAP be a qualitative ab-
straction problem that is obs-complete and sol-complete. Let
�FI;�;i be the domain abstraction that aggregates the in-
terchangeable values of a relation �, that is, two values
val1; val2 2 DOM (vi) are combined if

�vnfvig(�vi=val1 (�)) = �vnfvig(�vi=val2 (�)):

Then the simplest domain abstraction that is a refinement of
�targ;i and every domain abstraction

�FI;�;i where � 2 �(R; � obs; � targ)

is an induced abstraction for QAP.

For the pedal position sensor example, Theorem 1 derives
three qualitative values for vpot (see Fig. 2):

ff[0V,2V),[2V,4V)g, f[4V,6V)g, f[6V,8V),[8V,10V)gg.

The first qualitative value f[0V,2V),[2V,4V)g corresponds
to situations where vswitch equals ground voltage, the third
qualitative value f[6V,8V),[8V,10V)g corresponds to situa-
tions where vswitch equals battery voltage, and the second
qualitative value f[4V,6V)g corresponds to situations where
the position of the switch and, hence, the voltage of vswitch,
is ambiguous.

Theorem 1 shows that the basic concept of interchangeabil-
ity plays a central role in the determination of solutions to a
qualitative abstraction problem. In particular, the problem of
finding interchangeable values in a relation can be recast as
a special case of a QAP, where one distinguishes only empty
from non-empty solutions:
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Corollary 1 (Interchangeability as QAP) Let QAP =
(R; � obs; � targ) be an obs-complete qualitative abstraction
problem such that � obs = � id, � targ = � triv. Then �FI;R;i is
an induced abstraction for QAP.

In general, however, the granularity of induced abstrac-
tions is different from the granularity of interchangeable val-
ues. � ind can be either more coarse or more fine-grained than
�FI;R. The latter case occurs if target distinctions are speci-
fied between domain values that are interchangeable with re-
spect to the model relation.

Theorem 1 constitutes also a starting point for finding use-
ful approximations of qualitative values. One approach is
to use only necessary conditions for interchangeability. In
order for two domain values to be aggregated by �FI;�,
it is necessary that they appear in the same elements of
�(R; � obs; � targ):

Proposition 1 (Approximate Solution to QAP) Let QAP
be a qualitative abstraction problem that is obs-complete and
sol-complete. Let �app;i be the simplest domain abstraction
that is a refinement of �targ;i and every domain abstraction

�FI;�0;i where �0
:= �vi

(�);� 2 �(R; � obs; � targ):

Then the induced abstractions are a refinement of �app;i.

The approximation � app considers only the projection of
each � on the individual variables. This yields a granularity
that is simpler than or equal to the induced abstractions. For
the pedal position sensor example, the distinctions derived by
�app;i are identical to those derived by Theorem 1. Obtaining
�app;i is easier than determining �ind;i, because it involves
only the projection and intersection of sets and does not re-
quire to determine the interchangeable values in �. However,
because it considers only restrictions for individual variables,
the approximation �app is not adequate. In general, a restric-
tion might lead to a different solution only if it is combined
with additional restrictions for the other variables.

4 AQUA: A Prototypic System for
Task-dependent Domain Abstraction

The computation of induced abstractions for a QAP in-
volves, based on the results above, the subproblems of
constructing the model relation R, computing the partition
�(R; � obs; � targ), and determining interchangeable values
within the elements of this partition.

Our prototypic system AQUA (Automated Qualitative Ab-
straction) ([Sachenbacher, 2001]) determines the relation R

through structural decomposition of the constraint network
that is defined by the set of model fragments it is com-
posed of. The basic principle of structural decomposition
([Gottlob et al., 2000]) is to transform a constraint network
into an equivalent acyclic (tree-structured) instance. AQUA
then iterates over the partition elements of the observable
and target distinctions and labels the tuples of the relation
R that are consistent with the respective partition elements.
Since directional arc consistency is sufficient for establish-
ing consistency in a tree-structured network ([Dechter and
Pearl, 1988]), this step can be performed efficiently by lo-
cal constraint propagation. This step yields the partition

�(R; � obs; � targ). Interchangeable values in the partition el-
ements of �(R; � obs; � targ) can then be found using the ba-
sic algorithm described in [Freuder, 1991]. Alternatively, the
partition elements can be projected on the individual variables
to obtain the approximate solution. AQUA also performs fur-
ther optimizations in that it can automatically remove redun-
dant values (domain values that do not appear in any con-
straint) and eliminate variables that have no distinction at all.
The decomposition step is independent of the particular task
in terms of observable and target distinctions; hence, the re-
sulting tree can be re-used for different combinations of ob-
servable or target distinctions.

AQUA builds on components of an existing model-based
reasoning framework that consists of a development system
for composing a device model from of a library of model
fragments, and a runtime system for performing behavioral
prediction and diagnosis based on actual measurements for
the device. Using AQUA, several tasks can be supported
in the context of building model-based systems that are of-
ten carried out manually or solved on an ad hoc-basis. The
common theoretical basis is to find suitable domains for the
variables in a model. However, in different contexts this ba-
sic task can have different interpretations, depending on what
the terms variable and domain refer to, including magnitudes,
modes of components, and deviations from reference behav-
iors ([Sachenbacher, 2001]).

In a larger, real-world application taken from the automo-
tive domain [Sachenbacher et al., 2000], AQUA was used
to obtain abstractions of behavior models of a turbo con-
trol subsystem that involved several hundred (initially, real-
valued) variables. The qualitative level of abstraction of the
derived model was instrumental to meet real-time require-
ments, and allowed for keeping up with the rate of the mea-
surements in an on-board diagnostic context. In this context,
task-dependent abstraction proved useful as a precompilation
method that guaranteed adequacy of the results.

5 Discussion
While several pieces of work have addressed the problem
of automatically deriving appropriate models ([Nayak, 1994;
Levy et al., 1997; Rickel and Porter, 1997]), the work pre-
sented here is distinctive in that it focuses specifically on the
granularity (resolution) of the domain values, and uses rela-
tions and partitions as a common and concise representational
framework. This has several important implications.

The narrowed focus allows us to represent the space of pos-
sible candidate models implicitly and compactly as the space
of possible domain partitions. In contrast, [Nayak, 1994;
Rickel and Porter, 1997] define this space as the possible
combinations of model fragments. Candidate models are
then defined by different choices (selections) of possible frag-
ments. Because in our framework, the difference between
different candidate models is well-defined (by means of op-
erators �i), we can in contrast take on the view of transform-
ing (re-formulating) models instead of selecting them. The
general relational representation subsumes both infinite and
finite constraints, and is not limited to specific types of con-
straints and special-purpose reasoning methods. It allows
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us to capture the conditions for a solution in a single, con-
cise formula (Definition 3) and, more importantly, allows
to determine the solutions analytically and in closed form
(Theorem 1). In contrast, [Nayak, 1994; Levy et al., 1997;
Rickel and Porter, 1997] all devise search procedures that
start from an initial model and backtrack until they find a so-
lution. In general, it can be said that our limited scope al-
lows us to assume a less knowledge-based, more mathemati-
cal view of automated modeling.

QSIM ([Kuipers, 1986]), a system for performing quali-
tative simulation of device behavior over time, incorporates
methods for refining the domains of variables by deriving
new distinctions (“landmarks”) during the simulation pro-
cess. However, except for signs, the mapping of qualitative
values to their base domain is only partially known, since
only information on the ordinal relationship and knowledge
about values that must be assumed simultaneously (“corre-
sponding values”) is provided. Therefore, the derived distinc-
tions can in general not be used to simplify the model. Ex-
tensions of QSIM that deal with semi-quantitative reasoning
[Berleant and Kuipers, 1997]) allow to further constrain the
landmark values to numeric intervals, but are specific to the
context of simulation, and the constraints are limited to alge-
braic relationships and monotonic functions. For the specific
task of diagnosis, Torasso and Torta [Torasso and Torta, 2002]
recently presented an approach for merging together behav-
ior modes that are indistinguishable, given the granularity of
the observations. However, the method does not incorporate
a notion of target distinctions.

While the theory of task-dependent domain abstraction is
applicable both to finite and infinite domains, an important
area for future work is to efficiently derive induced abstrac-
tions for real-valued base models. [Sachenbacher, 2001] out-
lines a method for iterative refinement of qualitative values
given a real-valued base model. [Struss, 2002] investigates
cases where distinctions can be obtained for monotonic re-
gions of real-valued functions.

6 Conclusion
The increasing complexity of engineered devices has lead to
an increased demand for computer-supported behavior pre-
diction, diagnosis, and testing. Given the maturity and scale
of model-based systems applications, the question of how to
re-use behavior models is of growing interest. It has been
shown that a model composed from a library cannot be ex-
pected to have a level of granularity suitable for different
tasks right away. Instead, the ability to re-formulate the
model after composing it is a crucial requirement. We iden-
tified, within a common relational framework, fundamental
properties of re-formulation that is based on abstraction of
domain values. Observable distinctions and target distinc-
tions allow to capture important aspects of a task. They are
the starting point for deriving qualitative values that are both
adequate for the task and as simple as possible. Our analy-
sis reveals that the degree of domain abstraction that can be
achieved is strongly dependent on the characteristics of the
task. Task-dependent qualitative domain abstraction is a con-
tribution to further bridging the gap between quantitative and

qualitative modeling, as it allows to express knowledge about
component behavior without being committed early to a spe-
cific abstraction level of the domains. It can help to make
model-based system more efficient and more cost-effective
due to automating steps that are currently done by hand.
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Abstract

Decomposition methods are used to convert general
constraint satisfaction problems into an equivalent
tree-structured problem that can be solved more ef-
fectively. Recently, diagnosis algorithms for tree-
structured systems have been introduced, but the
prerequisites of coupling these algorithms to the
outcome of decomposition methods have not been
analyzed in detail, thus limiting their diagnostic ap-
plicability. In this paper we generalize the TREE*
algorithm and show how to use hypertree decom-
position outcomes as input to the algorithm to com-
pute the diagnoses of a general diagnosis problem.

1 Introduction
The development of effective algorithms for diagnosing large
and complex systems remains one of the key issues in model-
based reasoning. Nonetheless, apart from various additional
optimizations and control strategies (e.g., [de Kleer, 1991])
the main architectures for consistency-based diagnosis sys-
tems, TMS [de Kleer and Williams, 1987] and hitting sets
computation [Reiter, 1987], have remained remarkably sta-
ble since the late 1980s. Over the last years though, a num-
ber of algorithms were published that exploited advantageous
structural properties of the systems to be diagnosed for sig-
nificant computational speedups [Fattah and Dechter, 1995;
Stumptner and Wotawa, 2001], enabling the very fast diagno-
sis of large tree-structured systems.

It was recognized early on that the combination of tree-
oriented algorithms could in principle be combined with a
second class of algorithms aiming at the decomposition of
cyclic problems to equivalent tree-structured problems so that
the faster solution algorithms could be brought to bear [Fat-
tah and Dechter, 1995; Darwiche, 1998]. Again, this direction
profits from recent new results relating the different decom-
position algorithms [Gottlob et al., 2000] and analyzing their
performance [Gottlob et al., 2002]. This paper joins the two
strands by tying the link between the recent work on prob-
lem decomposition and the TREE* algorithm [Stumptner and
Wotawa, 2001].

�This work was partially supported by the Austrian Science Fund
(FWF) under project grants P15163-INF and P15265-INF.

�Authors are listed in alphabetical order.

This combination is aided by the fact that both subar-
eas tend to use Constraint Satisfaction Problems (CSPs) as
their representation of choice. The diagnosis computation
work [Fattah and Dechter, 1995; Stumptner and Wotawa,
2001; Mauss and Tatar, 2002] focuses on the relational com-
bination of the different constraint relations, while the prob-
lem reformulation work views CSPs as (often cyclic) hyper-
graphs that are broken down into tree structures.

A CSP ������� comprises a set of variables � , their do-
mains �, and a set of constraints �. A constraint �� is tuple
���� ��� where �� � � is its scope and �� is a set of tuples of
values for the variables in ��. We assume two functions ��	
and 
���
 on constraints that return the set of tuples and the
scope respectively. Each constraint �� restricts the possible
values of the variables with respect to values of other vari-
ables in the same scope.For example, the digital circuit from
Figure 1 can be represented by the following constraints 1:

��

a f g
1 1 1
0 0 0

��

f b h
0 0 0
0 1 1
1 0 1
1 1 1

��

g c i
0 0 0
0 1 0
1 0 0
1 1 1

��

h i j
0 0 0
0 1 1
1 0 1
1 1 1

A solution of a CSP is an assignment of values to all vari-
ables that satisfy the given constraints. All values must be
elements of their variable’s domain. The variable assignment
� � �� � � �� � � �� � � �� � � �� � � �� � � �� � � � is a
solution for the above CSP whereas � � �� � � �� � � �� � �
�� � � �� � � �� � � �� � � � is not because constraint�� is
not satisfied.

A standard approach for computing solutions for CSPs are
backtracking algorithms, which are in the worst case expo-
nential in the number of variables. However, for a specific

1Note that not all constraints are components, �� is the tabular
representation of an equality constraint between connections).
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Figure 2: A hypergraph representing the constraints

class of CSPs a solution can be computed in polynomial time.
This class comprises all CSPs that have an acyclic corre-
sponding hypergraph2. A hypergraph of a CSP can be eas-
ily constructed by mapping all variables of the CSP to ver-
tices and the constraint scopes to hyperedges. A CSP with an
acyclic hypergraph can be solved effectively in a backtrack-
free manner by first traversing the graph from the leafs to
the root and computing possible value tuples and secondly,
traversing the graph from the root to the leafs and selecting
one tuple of a node as a solution. The hypergraph correspond-
ing to Fig. 1 is cyclic (see Figure 2).

In the rest of the paper, we recapitulate decomposition
methods, present a version of TREE* that fits these meth-
ods, show the interaction of decomposition and TREE*, and
present an extension to the algorithm that can be used with
extended domains as presented in [Mauss and Tatar, 2002].

2 Decomposition methods
Several different decomposition methods have been pub-
lished, most recently the hypertree decomposition method
[Gottlob et al., 1999a]. This and other structure-based de-
composition methods make compute a tree-structured sys-
tems from general CSPs by elimination of cycles from the
CSP. A cycle can be eliminated by applying the relational al-
gebra join operation to the constraints on the cycle. However,
blindly joining all constraints in the cycle can result in expo-
nential costs for computing the tuples of the joined constraint,
and a key property of the different decomposition methods is
the different techniques they use to select the constraints to
be joined. Gottlob et al. [2000] compared different decompo-
sition methods with respect to their width, i.e., the maximum
number of constraints to be joined, and found that hypertree
decomposition is superior with respect to the width. Since hy-
pertree decomposition can be seen as a generalization of the

2A hypergraph ����� consists of a set of vertices � and a set
of hyperedges � such that � � � for each � � �

other techniques, we restrict our examination here to hyper-
tree decomposition. Note that the result of a decomposition
method is always a hypertree.

In [Gottlob et al., 2000] hypertree decomposition is char-
acterized as follows. A hypertree of a hypergraph� is a triple
��� �� ��, where � � ����� is a rooted tree with vertices�
and edges �, � and � are labeling functions which associate
to each vertex � � � a set of variables ���� � ������ and a
set of constraints ���� � 
��

���. We further define � for
a subtree � � � �� �� ��� of � as ��� �� �

�
��� � ����, and

for any � � � , �� denotes the subtree of � rooted at �. We
denote the root of a hypertree by ������ � .

Based on the above definitions, the hypertree decompo-
sition of a hypergraph � is defined as a hypertree �� �
��� �� �� where � � ����� which satisfies the following
conditions:

1. For each edge � � 
��

���, there exists a � � � such
that ������ � ����.

2. For each variable � � ������, the set �� � � �� �
����� induces a connected subtree of � .

3. For each � � � , ���� � ���������.

4. For each � � � , ��������� � ����� � ����.

Moreover, we say that � � 
��

��� is strongly covered
in�� if there exists a vertex � � � such that ������ � ����
and � � ����. A hypertree decomposition �� of a hyper-
graph� is a complete decomposition of� if every edge of�
is strongly covered in ��. Note that it is always possible to
make an incomplete decomposition complete by adding new
vertices to the decomposition. Gottlob et al. [1999b] gave
an algorithm for computing (complete) hypertree decomposi-
tions.

Note that unlike other decomposition methods such as bi-
connected component decomposition and hinge decomposi-
tion, there is in general no unique hypertree decomposition
of a given CSP. Figure 3 shows four possible hypertree de-
compositions for the hypergraph depicted in Figure 2.

3 Diagnosis with TREE*

To be self contained we briefly recapitulate the TREE* algo-
rithm. Stumptner and Wotawa [2001] introduced the TREE*
algorithm as an extension of the TREE algorithm. Both al-
gorithms work on tree-structured constraint systems. As op-
posed to TREE which requires the constraints to be mathe-
matical functions, TREE* imposes no limitations on the con-
straints. TREE* uses the following auxiliary functions asso-
ciated to constraints: ���
�� denotes all tuples of the con-
straint. ��	 denotes the tuples remaining after the application
of TREE*. ����
 denotes the diagnoses that correspond to
a given tuple. Accordingly, a CSP that is to be used for di-
agnosis purpose has to represent not only the tuples for each
constraint but also the diagnoses that correspond to each tu-
ple. For example, the small circuit from Figure 1 can be rep-
resented by the following CSP:
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Figure 3: Alternate hypertree decompositions of Figure 2

��

a f g ����

1 1 1 ����
0 0 0 ����

��

f b h ����

0 0 0 ����
0 1 1 ����
1 0 1 ����
1 1 1 ����
x x x ������

��

g c i ����

0 0 0 ����
0 1 0 ����
1 0 0 ����
1 1 1 ����
x x x ������

��

h i j ����

0 0 0 ����
0 1 1 ����
1 0 1 ����
1 1 1 ����
x x x ������

The tuples of form �x x. . . x in the above tables are in-
tended to match all tuples that are not explicitly given in the
table. Note that the constraint�� represents a connection and
is therefore assumed to be always correct. Hence, it always
returns the empty set as a diagnosis.

The original description of the TREE* algorithm was
based on the underlying assumption that the leaf vertices of
the tree correspond only to one diagnosis component. This as-
sumption has an impact on the description of the algorithm,
but not on the empirical results. If the constraints given to
the algorithm do not satisfy this requirement, diagnoses of a
size (i.e., number of faulty components) larger than specified
might be returned because there is no way to remove these
diagnoses from the set of tuples. The requirement did not
constitute a hindrance since [Stumptner and Wotawa, 2001]
did not deal with CSPs resulting from decomposition. To
explicitly generalize TREE* to interact with decomposition
algorithms, we here present a modified version that removes
this requirement.

The following operations are used by TREE*: semi-join
(�) for constraints, Cartesian product (�) for combining
two sets of diagnoses, i.e., ��� � ��� � ��� 	 ����� �
��� 
 �� � ����, and cardinality restriction (�) for remov-
ing diagnoses from a set of diagnoses with a size greater than
the given value, i.e.,���
 � ���� � �� 
 ��� �� 
�.

Algorithm TREE* (��, �, diagSize)
Computes all diagnoses up to a pre-specified size for a given
tree-structured diagnosis system.
Input: A decomposition�� with edges�, the root vertex �,
and the pre-specified diagnosis size ������!
.
Output: The diagnoses for each value tuple.

(1) � � ���
������ ��

��
����
(2) for 
 � � do
(3) ����
�
� � ����
�
��������!

(4) if ����
�
� � � then
(5) � � � 
 �
�
(6) end if
(7) end for
(8) for ��� "� � � do
(9) TREE*(")
(10) � � � � ��	�"�
(11) for 
 � �� � � ��	�"� such that 
� � join do
(12) ����
�
� � �����
�
�� ����
�����������!

(13) if ����
�
� � � then
(14) � � � 
 �
�
(15) end if
(16) end for
(17) end for
(18) ��	��� � �

The TREE* algorithm is called using the root � of the hy-
pertree, i.e., the result of a decomposition, as argument. After
execution, the computed diagnoses can be found in the ����
column of the tuples associated with the root �.

The TREE* algorithm correctly computes all diagnoses up
to the given size if the following requirements are fulfilled:

1. Every constraint is at least used in one of tree vertices.
2. The induced subtree for every variable is connected.

Theorem 1 (Correctness) The TREE* algorithm correctly
computes diagnoses up to the pre-specified size.

Proof. The proof is by induction over the size of the tree.
Base step For each leaf of the tree only lines (1)-(7) and

(18) of TREE* are executed. In these lines, all tu-
ples that contradict the given observations and all diag-
noses larger than the specified size are removed. Tuples
with no corresponding diagnoses are removed. These
steps do not prevent TREE* from computing a diagno-
sis. Hence, all diagnoses (up to the pre-specified size)
are computed for leafs.
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Hypothesis We assume that TREE* correctly computes di-
agnoses for trees of size smaller than �.

Induction step We now prove that TREE* correctly com-
putes the diagnoses for trees of size �. The steps (1)-(7)
only reduce the number of diagnoses. Tuples that con-
tradict the observations are removed. Diagnoses that are
larger than the pre-specified values are removed and tu-
ples with a corresponding empty diagnosis set are also
removed because they have no influence on the result. In
step (9) the TREE* algorithm is called recursively. Be-
cause of our induction hypothesis, the algorithm returns
correct diagnoses for each tuple. It remains to prove that
the combination of these tuples with the tuple of the cur-
rent node is done correctly. Since every tuple that joins
(line (11)) is considered and since that every diagnosis is
combined with every diagnosis of the child vertices (line
(12)), this process must lead to a correct result. Hence,
TREE* correctly computes the diagnoses in step � as
well. �

Using the same arguments as above we can show that
TREE* allows for computing all diagnoses providing that all
the diagnoses for each vertex of the hypertree are computed.
We omit the actual proof here.

Theorem 2 (Completeness) The TREE* algorithm com-
putes all diagnoses up to the pre-specified size.

The remaining issue now is to determine the conditions that
a decomposition method must satisfy in order to be used with
TREE*. Moreover, we examine the computation of the join
relation for those tree vertices that comprise more than one
constraint.

4 Decomposition and Joining of Constraints
As an example we take the hypertree decomposition result
from Figure 3(b). In order to apply TREE*, we first have
to compute the tuples for the constraints that occur in one
vertex, e.g., ���� ���. The tuples can be computed by first
joining the constraints, and second computing the diagnoses
����
 for each tuple of the joined constraint by combining
the diagnoses associated with the corresponding tuples of the
original constraints. The following algorithm computes the
join relation for the constraint of a hypertree vertex �.

Algorithm JoinRelation (�)
Computes the join for a hypertree vertex
Input: A hypertree vertex �.
Output: The ���
�� and ����
 function of the vertex �.

(1) ���
����� � �� � # # # � �� where ���� # # # � ��� � ����.
(2) for � � ���
����� do
(3) ����
���� � ����
(4) for � � ���� do
(5) if 
���
��� � ���� then
(6) ����
���� � ����
����� ����
��$����	�����
(7) end if
(8) end for
(9) end for

In the above algorithm the ����
 function is indexed with
the corresponding vertex of the hypertree or the correspond-
ing constraint. The function � stands for relational join and
$ for relational projection. Diagnoses are only combined if a
constraint is fully captured by the given vertex of the hyper-
tree. Otherwise, it is not considered. Since every constraint
must be fully captured by at least one hypertree vertex, no
information is lost by this procedure.

For example, the join of constraints�� and�� would lead
to the following constraint ���� ��� with 25 tuples (when re-
taining the ’x’ constants, and of course 64 otherwise):

f b h g c i ����	

0 0 0 0 0 0 ����
0 0 0 0 1 0 ����
0 0 0 1 0 0 ����
0 0 0 1 1 1 ����
0 0 0 x x x ������
0 1 1 0 0 0 ����
0 1 1 0 1 0 ����
0 1 1 1 0 0 ����
0 1 1 1 1 1 ����
0 1 1 x x x ������
1 0 1 0 0 0 ����
1 0 1 0 1 0 ����
1 0 1 1 0 0 ����
1 0 1 1 1 1 ����
1 0 1 x x x ������
1 1 1 0 0 0 ����
1 1 1 0 1 0 ����
1 1 1 1 0 0 ����
1 1 1 1 1 1 ����
1 1 1 x x x ������
x x x 0 0 0 ������
x x x 0 1 0 ������
x x x 1 0 0 ������
x x x 1 1 1 ������
x x x x x x ����� ����

If, as in this example, the join operation is a Cartesian Prod-
uct, the resulting relation is of course very large. However,
during the computation of diagnoses using TREE*, many tu-
ples can generally be eliminated because of the given obser-
vations and the pre-specified maximum diagnosis size.

To illustrate this, assume now that we have a set of obser-
vations%&� � �� � �� � � �� � � �� � � �� and that we are
searching only for single diagnoses, i.e., ������!
 � �. Us-
ing the decomposition from Figure 3(b) TREE* is first called
with the vertex (constraint) ����. After executing lines (1)–
(7) (including the semijoin that results in the removal of tu-
ples that do not fit the operations) the constraint of ���� is
given by:

a f g ����

1 1 1 ����

TREE* is then recursively called on vertex ���� ���,
resulting in the following relation, which is substantially
smaller than the computed join relation for this vertex, even
after all ' entries of the original tables have been replaced
by either 0 or 1, while avoiding duplicated entries (first ta-
ble), then we again recursively call TREE* which leads to the
computation of the following relation for vertex �� �� (second
table):

391DIAGNOSIS



f b h g c i ����	

0 0 0 0 1 0 ����
0 0 0 1 1 1 ����
0 0 0 0 1 1 ������
0 0 0 1 1 0 ������
1 0 1 0 1 0 ����
1 0 1 1 1 1 ����
1 0 1 0 1 1 ������
1 0 1 1 1 0 ������
0 0 1 0 1 0 ������
1 0 0 0 1 0 ������
0 0 1 1 1 1 ������
1 0 0 1 1 1 ������

h i j ����	
0 0 0 ����
0 1 0 ������
1 0 0 ������
1 1 0 ������

In the next step TREE* continues the computation at line
(10) for vertex ���� ���. After combining the diagnoses and
removing the tuples with diagnoses larger than ������!
 we
get the following relation for ���� ���:

f b h g c i ����

0 0 0 0 1 0 ����
0 0 0 1 1 1 ������
0 0 0 1 1 0 ������
1 0 1 0 1 0 ������
1 0 1 1 1 1 ������
1 0 0 0 1 0 ������

And finally for the vertex ����:

a f g ����

1 1 1 ������

Hence, only the diagnosis ���� is a single diagnosis for
our example.

5 Putting it all together
In order to make use of TREE* for general CSPs, we first
apply a decomposition method and then apply the algorithm
to the resulting acyclic problem. In this section we summarize
the requirements placed on the decomposition method.

Theorem 3 TREE* computes all consistent diagnoses for a
given (possibly cyclic) CSP �������, if it is applied to the
decomposition�� of ������� that was produced by a de-
composition method � with the following properties:

1. The decomposition result, i.e., a hypertree��, must be
complete.

2. The vertices that use a given variable � � � must form
a connected subtree of the hypertree��.

Proof (sketch): We consider each condition in turn. As
discussed in the previous section, the decomposition method
must produce a complete decomposition, i.e., every constraint
must be strongly covered, as this is a prerequisite for the cor-
rect working of the join algorithm. Concerning condition 2,
assume that this condition were not satisfied, i.e., that for
some � , �� � � �� � ����� does not induce a connected
subtree. This implies either that (if we have no sub-tree of the

resulting hypertree) the decomposition is not cyclic, or that
there exists a variable that is used in both sub-trees but not
in the parent. In the latter case, the process that computes a
solution cannot view the sub-trees as independent problems
any more, and TREE* will fail to compute a correct out-
come. The other conditions of the hypertree decomposition
can be relaxed without affecting the result. If condition 3 is
not obeyed, that means some nodes contain variables that are
not constrained. This may affect the efficiency of the algo-
rithm (because the node relations include a cartesian product
with the values of those variables) but not the correctness. If
condition 4 is not obeyed, this means that some variable !
such that ! � ���� for a vertex � � � is not contained in the
constraint associated with �, i.e. in relational terms ! has been
projected away. This means that some subtree of � is going
to be less restrictive in execution, leading to excess tuples.
However, since the decomposition is required to be complete,
all constraints that contain ! must exist in unprojected form
somewhere in � . �

These two conditions are true for hypertree decomposition
[Gottlob et al., 1999a], biconnected components [Freuder,
1985], hinge decomposition [Gyssens et al., 1994], and tree
clustering [Dechter and Pearl, 1989].

The following algorithm summarizes the combined use of
TREE* and a decomposition method to compute the diag-
noses for any CSP � of the form described in Section 3. Given
a CSP �, using any decomposition method that fulfills the
properties of Theorem 3.
(1) apply decomposition to �, i.e., compute a

hypertree ����� for the corresponding hypergraph of �
(2) for � � � do JoinRelation(�) end for;
(3) TREE*(������ �);
(4) return diags(������ �);

The pre-compilation performance of the overall algorithm
is that of the decomposition algorithm (examined in [Gottlob
et al., 2002]) together with the required costs for joining con-
straints using the JoinRelation algorithm. The diagnosis time
is the running time of TREE*. Performance and scalability
TREE* have been studied in [Stumptner and Wotawa, 2001].
Note that the TREE* run time depends on the size of the rela-
tions that are stored in the vertices of the resulting hypertree.
This size depends on the number of constraints that must be
joined, and this in turn corresponds to the width of the de-
composed system. Hence, using a decomposition method that
provides a smaller width leads to hypertrees where TREE*
performs better.

6 Extension to Intensional Relations
In [Stumptner and Wotawa, 2001], we mentioned the pos-
sibility to use other than extensional relations for constraint
specifications for the TREE and TREE* algorithm, e.g., com-
puted functions or equations with infinite domains. Such do-
mains require a different interpretation of the operators that
are used for joining the relations associated with nodes in
the tree. Conceptually, however, nothing is changed since,
as we will show, the definition of the TREE* algorithm fits
the requirements. We show this by adopting the notation
used for the basic computational operations of the aggrega-
tion paradigm described in [Mauss and Tatar, 2002].
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The Rich Constraint Languages approach described
in [Mauss and Tatar, 2002] consists of three inference pro-
cedures, which are applied to a set of constraints (. The pro-
cedure isConsistent produces a proof tree (called ag-
gregation tree) that derives consistency or inconsistency. If
consistent, then, applied to the root of this tree, the proce-
dure solve computes (nondeterministically) a solution that
assigns a value to every variable in (. If not, the procedure
XC1 (and its extension XE1) computes the set of minimal
conflicts for ).

The aggregation operation that gives the tree its name con-
sists of joining two constraints A and B (expressed as rela-
tions or equations) and then projecting out all variables except
the set of variables X needed for joining to other constraints:
C� $(A
B,X). If X=���(A), this can be written using the
semijoin operator that we have used above: C�A�B. Thus,
the TREE* algorithm can be changed to approximate the ag-
gregation paradigm purely by letting 
 and � refer to tuples
(for extensional constraints) or equations, and changing line
(1) to � � $����
�����
 ��

��
����� �������
�������,
and line (10) to � � $(V
 ��	�"�� ������	�"���

The JoinRelation Algorithm is changed by replacing the
first line by ���
����� � �
 ��� �������.

In terms of algorithmic structure, the approach of [Mauss
and Tatar, 2002] bears many resemblances to the decompose-
and-diagnose paradigm used in [Fattah and Dechter, 1995;
Darwiche, 1998; Stumptner and Wotawa, 2001]. Computa-
tionally, there are however significant differences. The out-
come of isConsistent is a proof tree whose leaves are
the base constraints of the original CSP, not a hypertree whose
nodes are the constraints of a backtrack-free CSP equivalent
to the original CSP. The search for a diagnosis consists of
running isConsistent, computing minimal conflicts, and
the hitting sets. In our case, we compute the decomposition
hypertree, then apply the JoinRelation algorithm and finally
apply TREE* to compute the diagnoses directly.

While the nondeterministic selection of arbitrary con-
straints from the given CSP to produce a proof tree is quite ef-
fective in general, as indicated by the authors, there are cases
where the “width” of the generated problem leads to a drastic
growth in intermediate relations. It is this situation where an
approach based on hypertree decomposition (which is gener-
ally the method with lowest widths) fits best to the strengths
of the TREE* algorithm.

7 Conclusion

In this paper we introduced a framework that allows for com-
bining various structure decomposition methods and algo-
rithms for solving tree-structured diagnosis problems. The
framework comprises two parts. In the first part, we show
how to construct a tree-shaped constraint system that can be
used directly by TREE* for computing diagnoses. For this
purpose we introduced the join relation of constraints. In
the second part, we state the properties of a decomposition
method so that it can be combined with TREE*. Finally,
we show the suitability of the TREE* framework for the ex-
tension to infinite domains and intensional constraints (e.g.,
equations), by adopting a basic operation from another, not
hypertree based framework.
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IJK LMLKN MOONKPPKP QJK LNRSTKU RV MWQRU MQXY
MSPQNMYQXRZ RV YRULRZKZQ [MNXMSTKP XZ QJK YRZ\
QK]Q RV ^ROKT _MPKO ` XMaZRPXP b XZ RNOKN QR LNR\
OWYK UROKTP YMLMSTK RV OKNX[ XZa VKcKN MZO URNK
aKZKNMT OXMaZRPKP cJKZ QJK YWNNKZQ RSPKN[MSXT\
XQd RV QJK PdPQKU XP NKOWYKO e IJK ZRQXRZ RV XZ\
OXPYNXU XZMSXTXQd MURZa VMWTQP RV M PKQ RV YRULR\
ZKZQP XP XZQNROWYKO MZO YRZPQXQWQKP QJK SMPXP VRN
M VRNU MT OKfZXQXRZ RV MOU XPPXSTK MSPQNMYQXRZP
cJXYJ LNKPKN[K MTT QJK OXPQXZYQXRZP QJMQ MNK NKT\
K[MZQ VRN OXMaZRPXP aX[KZ QJK YWNNKZQ RSPKN[MSXT\
XQd RV QJK PdPQKU e IJK MWQRU MQXY PdZQJKPXP RV
MSPQNMYQ UROKTP VWNQJKN NKPQNXYQP MSPQNMYQXRZP
PWYJ QJMQ QJK SKJM[XRN RV MSPQNMYQ YRULRZKZQP
XP K]LNKPPKO XZ QKNU P RV M PXULTK MZO XZQWXQX[K
YRUSXZMQXRZ RV QJK S KJM[XRN RV QJKXN PWS YRU \
LRZKZQP e g P M [MTXOMQXRZ RV RWN LNRLRPMT b cK
LNKPKZQ K]LKNXU KZQMT NKPWTQP cJXYJ PJRc QJK NK\
OWYQXRZ XZ QJK ZWUSKN RV OXMaZRPKP NKQWNZKO Sd
M OXMaZRPQXY MaKZQ VRN M PLMYK NRSRQXY MNU e

h i�#"!j��#�!�
kdPQKU UROKT MSPQNMYQXRZ JMP SKKZ PWYYKPPVW TTd K]\
LTRXQKO XZ U MZd MLLNRMYJKP QR UROKT\SMPKO OXMaZRPXP
l^_` me IJK LXRZKKN cRNn RV o^RpKQX qY b rss rt MZO NK\
YKZQ XULNR[KUKZQP LNRLRPKO K ea e Sd ouNR[MZ b vww rt MZO
oxJXQQMNR MZO yMZRZ b vww rt U RPQTd WPK MSPQNMYQXRZ XZ RN\
OKN QR VRYWP QJK OXMaZRPQXY LNR YKPP MZO QJWP XULNR[K XQP
Kz YXKZYde {RcK[KN b l|K] XSTK m MSPQNMYQXRZ JMP MZRQJKN
U MXZ SKZKfQ b ZMU KTd QR LNR[XOK VKcKN MZO URNK YRZYXPK
MSPQNMYQ OXMaZRPKP cJKZ XQ XP ZRQ LRPPXSTK QR OXPYNXU XZMQK
MURZa OKQMXTKO OXMaZRPKP e IJK cRNnP Sd oxRZPRTK MZO
IJKPKXOKN `WLN }K b rss~t MZO o�NXKONXYJ b rss�t MYYRULTXPJ
QJ XP aRMT Sd XZYTWOXZa MSPQNMYQXRZ M] XRU P XZ QJK `RU MXZ
IJKRNd MZO WPXZa LNKVKNKZYK YNXQKNXM SMPKO RZ QJK MS\
PQNMYQXRZ TK[KT RV OXMaZRPKP e
yKYKZQTdb PRUK MWQJRNP JM[K MXU KO MQ QJK PMU K aRMT

XZ M OX�KNKZQ cMdb ZMUKTd MWQRUMQXY MSPQNMYQXRZ RV QJK
PdPQKU UROKT lokMYJKZSMYJKN MZO kQNWPP b vww rt b oIRNMPPR
MZO IRNQM b vwwvtm � e �V QJK M[MXTMSTK RSPKN[MSTKP MZO�RN
����������� �� ��������� ��� ����� ���� ����������� ��

QJKXN aNMZWTMNXQd MNK QRR YRMNPK QR OXPQXZaWXPJ MURZa QcR
RN URNK SKJM[XRNMT U ROKP RV M YRULRZKZQ b RN QJK OXPQXZY\
QXRZ XP ZRQ XULRNQMZQ VRN QJK YRZPXOKNKO PdPQKU b M PdPQKU
UROKT XP MWQRU MQXYMTTd aKZKNMQKO cJKNK PWYJ SKJM[XRNMT
U ROKP MNK U KNaKO XZQR MZ MSPQNMYQKO SKJM[XRNMT U ROK e
_d WPXZa QJK MSPQNMYQKO UROKT VRN OXMaZRPXP QJKNK �P ZR
TRPP RV lXULRNQMZQm XZVRNU MQXRZ b cJXTK QJK ZWUSKN RV NK\
QWNZKO OXMaZRPKP XP NKOWYKO b MZO PWYJ OXMaZRPKP b Sd SK\
XZa �MP MSPQNMYQ MP LRPPXSTK� b MNK URNK WZOKNPQMZOMSTK
VRN M JWU MZ e
IJK cRNn LNKPKZQKO XZ QJXP LMLKN MXU P MQ K]QKZOXZa

LNK[XRWP cRNnP Sd XZQNROWYXZa MWQRU MQXY MSPQNMYQXRZ RV
[MNXMSTKP lX eK e YRULRZKZQPm XZ QJK LNKPKZYK RV M NKOWYKO
M[MXTMSXTXQd RV QJK ZWUSKN MZO�RN aNMZWTMNXQd RV RSPKN[\
MS TKP e gSPQNMYQXRZP SMPKO RZ PdPQKU RSPKN[MSXTXQd MNK
LMNQXYWTMNTd NKTK[MZQ XZ QJK YRZQK]Q RV RZ\SRMNO OXMaZR\
PXP e �ZOKKO b XQ XP TXnKTd QJMQ cJKZ M PdPQKU XP RL KNMQKO RZ\
SRMNO QJK RZTd M[MXTMS TK U KMPWNKP MNK LNR[XOKO Sd PKZ\
PRNP lcJXYJ YMZ QJKU PKT[KP VMXTm MZO QMnXZa VWNQJKN U KM\
PWNKP U MZWMTTd XP RWQ RV �WKPQXRZ e ^RNKR[KN b RZ\SRMNO
OXMaZRPXP XP WPWMTTd YRZPQNMXZKO Sd PQNXYQ QXU K MZO NK\
PRWNYKP NK�W XNKU KZQP � WPXZa MZ MSPQNMYQKO PdPQKU UROKT
PJRWTO dXKTO PM[XZaP XZ SRQJ QJK QXU K MZO QJK PLMYK NK\
�WXNKUKZQP RV QJK OXMaZRPQXY LNR YKPP e
�WN LNRLRPMT NK�WXNKP QJMQ MSPQNMYQXRZP OR ZRQ YMWPK

MZd TRPP RV OXMaZRPQXY XZVRNU MQXRZ lK ea e MP XZ QJK XZ\
YRULTKQK MSPQNMYQXRZP OXPYWPPKO XZ ogWQXR MZO yKXQKN b
rss�tm RN TRPP RV Kz YXKZYd lK ea e OWK QR XZYNKMPKO VMZ\
XZ MP LRXZQKO RWQ XZ ouNR[MZ b vww rtm   U RNKR[KN b cK NK\
PQNXYQ QJK U MLLXZa VNRU MSPQNMYQ YRULRZKZQP QR QJKXN
PWS YRULRZKZQP QR SK KZRWaJ PXULTK MZO XZQWXQX[K e �Z
RNOKN QR K]YTWOK MTT QJK WZOKPXNKO MSPQNMYQXRZP cK XZQNR\
OWYK M LNKYXPK OKfZXQXRZ RV ¡¢£ ¤¥¥¤¦§¨ MSPQNMYQXRZ b MZO
VWNQJKN NKPQNXYQ QJK YRULWQMQXRZ RV MSPQNMYQXRZP QJNRWaJ
©ª«¬­ YNXQKNXM cJXYJ VRNSXO MOU XPPXSTK MSPQNMYQXRZP QJMQU Md TKMO QR YRULWQMQXRZMT XZKz YXKZYXKP e
g P M NWZZXZa K]MULTK QR XTTW PQNMQK RWN OKfZXQXRZP MZO

MTaRNXQJU P b cK c XTT W PK QJNRWaJRWQ QJK LMLKN QJK VNMa\
U KZQ RV JdONMWTXY YXNYW XQ MOMLQKO VNRU oxJXQQMNR MZO
yMZRZ b vww rt OKLXYQKO XZ faWNK r ®¯ °   QMSTK r NKLRNQP
XQP ORU MXZ QJKRNd l[MT[K UROKP ±² MZO ±³ MSSNK[XMQK
���´������ ��µ ���� ´��´���µ �� ¶·�� ¸¹ º»¼½ ¾¿¿ÀÁ ��� ��� Â
´��� � �µ��� µ��������� ���� ���� �� � ������� �� ��� ������
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LXLK � v JM[K SKKZ MSPQNMYQKO XZQR [MT[K  � vm e g P VRN
K]LKNXU KZQMT [MTXOMQXRZ RV RWN QKYJZX�WKP b JRcK[KN b cK
c XTT LNKPKZQ NKPW TQP YRTTKYQKO XZ M TMNaKN ORU MXZ b ZMU KTd
QJK UROKT RV QJK ku�`"y PLMYK NRSRQXY MNU WPKO XZ
ouRNQXZMTK MZO IRNMPPR b rssst e
IJK LMLKN XP PQNWYQWNKO MP VRTTRc P e �Z PKYQXRZ v cK

aX[K M VRNU MT OKfZXQXRZ RV cJMQ cK YRZPXOKN MZ MOU XPPXSTK
MSPQNMYQ YRULRZKZQ e �Z PKYQXRZ � cK OKPYNXSK JRc QJK
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� XZMTTdb XZ PKYQXRZ # cK YRULMNK RWN cRNn QR NKTMQKO
LMLKNP MZO U MnK PRU K YRZYTWOXZa NKU MNnP e
$ GH'#"��#�!�' % &&�&j
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�Q XP cRNQJ ZRQXZa QJMQ QJK VMYQ QJMQ > XP NKPQNXYQKO QR
S K M `gb ORKP ZRQ U KMZ QJMQ QJK PdPQKU UROKT XP M QNKK
XZ QJK PKZPK K ea e RV o`MNc XYJK b rss�t   PXZYK cK MTTRc QJK
K] XPQKZYK RV UWTQXLTK OXNKYQKO LMQJP S KQcKKZ QcR ZROKP
QJK MPPR YXMQKO cRXZQNKK U Md cKTT S K YdYTXY e IJK `gb NK\
PQNXYQXRZ cWPQ VRNSXOP VKKOSMYn TRRLP XZ QJK YMWPMT aNMLJ b
cJXYJ XP M YRUURZ MPPWULQXRZ XZ MLLNRMYJKP cJXYJ OKMT
c XQJ OdZMU XY PdPQKU P RZTd XV QJKd MNK MU KZMSTK QR PQMQK\
SMPKO OXMaZRPXP lokQNWPP b rssdtm e
ef¯ghi) / 01 jRQK QJMQ QJK kdPQKU `KPYNXLQXRZ VRN QJK
NWZZXZa PMULTK PdPQKU aX[KZ XZ QMSTK r XP K]LNKPPKO XZ
M PTXaJQTd OX�KNKZQ VRNUMTXPU QJMZ QJK RZK OKPYNXSKO XZ
RWN OKfZXQXRZ b OWK QR QJK WPK RV K�WMQXRZP MZO OXPK�WM\
QXRZP RZ QJK NXaJQ\JMZO PXOK RV VRNUWTMP e {RcK[KN b XQ YMZ
SK KMPXTd U MLLKO QR RWN VRNU MTXPU Sd UROKTXZa klm MZO
²nom MP OXPYNKQK L=  = M L [MNXMSTKP Sd WPXZa �WMTXQMQX[K
OK[XMQXRZP lokQNW PP ¨« ¡§pb rssq tm   QJWP b VRN K]MULTK b VRN\UWTM �
P rsP t lu m ] ³\vm l²w tl m ] u l²x m ` ²nom y klm
XP U MLLKO QR M PKQ RV QJNKK VRNUWTMP �
klm l9z ; w ?m ] ³\vm l²w tl m ] u l²x m ` ²nom l9z ; w?m
klm l9z ; {?m ] ³\vm l²w tl m ] u l²x m ` ²nom l9z ; {?m
klm l9w ; {?m ] ³\vm l²w tl m ] u l²x m ` ²nom l9w ; {?m
cJKNK P l9 oP rst ; o|Prst?m U KMZP QJMQ [MNXMSTK P JMP M [MTWK
c XQJ PXaZ oP rst MZO XQP OK[XMQXRZ VNRU QJK ZRU XZMT [MTWK
JMP PXaZ o|Prst e �Z QJK NKPQ RV QJK K]MULTKP cK YRZQXZWK
QR WPK QJK ZRQMQXRZ RV oxJXQQMNR MZO yMZRZ b vww rt PXULTd
S KYMWPK XQ XP U RNK YRULMYQ e }
()*+,-,.+ / 0/ 2 ¢¤¡F�¬¥«¤© � B¬¦§¨£ ¤¥ ¡ 78«ª� §¨ <� y
9L< ; ~�� ; ��� ? @A ¨B¨ L< ¤¥ «A ¨ 4T¥«¨£ 5 ¨¥©B¤� «¤¬�I~�� ¤¥ ¡� ¤�¥«¡� «¤¡«¤¬� ¬D JN L ¡�¢ ��� ¤¥ ¡� ¤�8
¥«¡� «¤¡«¤¬� ¬D G H =
()*+,-,.+ / 0� Y¤E¨� ¡ ¢¤¡F�¬¥«¤© � B¬¦§¨£<� y 9L< ; ~�� ; ���? ¡� ¤�¥«¡� «¤¡«¤¬�< y �G � l[\ � m ; ^ ^ ^ ; G� l[\ � m� ¬D G JK � L ¤¥ ¡ ¢¤8
¡F�¬¥¤¥ D ¬B < � ¤­ C
�K lPrsm R ~�� <= � ��� � < � K lPrsm �
gP ZRQKO XZ QJK XZQNROWYQXRZ b QJKNK MNK NKMT PYKZMN\

XRP cJKNK ZRQ MTT QJK RSPKN[MSTKP JN L MNK M[MXTMSTK
MZO�RN QJKXN aNMZWTMNXQd XP NKOWYKO e 'K XOKZQXVd QJK
M[MXTMSTK RSPKN[MSTKP c XQJ M PKQ JN L�� � JN L   cK
MTPR MPPWUK QJMQ M F B¡�ª§¡B¤«T £¡�� ¤�F � XP aX[KZ P eQ e
� lK lP rsmm U MLP MZ XZPQMZQXMQXRZ RV K R JN L�� QR M
LRPPXSTd URNK MSPQNMYQ XZPQMZQXMQXRZ K lrP rsm e �V �K R
JN L�� ; �P rs R < JK lK m � � lK lP rsmm y K lPrsm QJKZ
QJKNK XP ZR TRPP RV aNMZWTMNXQd MQ MTT   XZ QJXP LMNQXYW\
TMN YMPK cK OKZRQK � cXQJ � �� e �RN K]MULTK b XZ faWNK
r ®¯° b JN L�� y JN L y �²nor ; klv ; ²no�   XZ r ®� ° b
JN L�� y �klv ; ²no� MZO XZ r ®!° b JN L�� y �²no�  
MP VRN � cK UMd YRZPXOKN M PXQWMQXRZ cJKNK ²nom y klm
MZO ²nom � klm JM[K SKKZ UMLLKO QR M YRMNPKN [MTWK
²nom �y w e IJK XULRNQMZQ LRXZQ MSRWQ JN L�� MZO �
XP QJMQ QJKPK NKOWYQXRZP RV QJK RSPKN[MSXTXQd RV QJK PdP\
QKU YMZ YMWPK QJK UROKT QR S KYRU K TKPP OXPYNXU XZMZQ

����� µ�������� �� µ�������� �� ����� ��µ������ � ��� Â���� ���� ��� ´�������µ �� ���� ´�´�� �´´�� ������� ���� ��
�����������Â����µ µ��������
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MZO QJWP OX�KNKZQ VMWTQP RV QJK PMU K YRULRZKZQ MZO�RN
RV OX�KNKZQ YRULRZKZQP QR S KYRU K XZOXPYNXU XZMSTK e IJK
VRTTRc XZa OKfZXQXRZ XZQNROWYKP QJK ZRQXRZ RV XZOXPYNXU \
XZMSXTXQd MURZa XZPQMZQXMQXRZP RV PWSPKQP RV G JK � L e
()*+,-,.+ / 0� �¨« LG JK � L ¦¨ ¡ ¥ª¦¥¨« ¬D G JK � L I
JN L�� «A ¨ ¥¨« ¬D ¡E¡¤§¡¦§¨ ¬¦¥¨BE¡¦§¨¥ ¡�¢ � ¡
F B¡�ª§¡B¤«T £¡�� ¤�F p �¨ ¥¡T «A ¡« «@ ¬ ¤�¥«¡�8
«¤¡«¤¬�¥ ��~���1; ��~���/ ¬D L G JK � L ¡B¨
9JN L�� ; � ?\XZOXPYNXU XZMSTK ¤­ D ¬B ¡�T ¤�¥«¡� «¤¡«¤¬���� ¬D G H = ¡�¢ ¡�T ¤�¥«¡� «¤¡«¤¬� ~��e� � ¬DG JK � L �LG JK � L «A ¨ D ¬§ §¬@ ¤�F A ¬§¢¥ � C� lo³s²±n	t
� �
� l~��e� � � ��~���1mm y
� lo³s²±n	t
� �
� l~��e� � � ��~���/mm
jRQK QJMQ QJK 9JN L�� ; � ?\XZOXPYNXU XZMSXTXQd NKTMQXRZ

XZOWYKP M LMNQXQXRZ XZQR 9JN L�� ; � ?\XZOXPYNXU XZMSXTXQd
YTMPPKP RV QJK PKQ RV LRPPXSTK XZPQMZQXMQXRZP RV LG JK � L e
g TPR ZRQK QJMQ b cJKZ �LG JK � L � y rb XZOXPYNXU XZMSXT\
XQd YRXZYXOKP c XQJ QJK XZOXPQXZaWXPJMSXTXQd MURZa SKJM[\
XRNMT U ROKP XZQNROWYKO XZ oIRNMPPR MZO IRNQM b vwwvt e
ef¯ghi) / 0/ �Z QJK MSPQNMYQXRZ K]MULTK RV faWNK r
®� ° b WZOKN YRZQK]Q ³\v y ²w tl XZOXPYNXU XZMSTK XZ\
PQMZYKP RV � r ; � r MNK aNRWLKO XZ QJK VR TTRc XZa PKQP �
G r y �9²x ; ²x ? ; 9²x ; ±²?� lcJXYJ OKNX[K klv y kl m  
G v y �9²x ; strx ?� lcJXYJ OKNX[KP klv � kl m   G � y
�9²x ; ±³? ; 9[	 ; ²x ? ; 9[	 ; strx ? ; 9[	 ; ±²? ; 9[	 ; ±³?� lcJXYJ OK\
NX[K klv y wm e _d MTPR YRZPXOKNXZa YRZQK]Q ³\v y ³ s²±t b
PKQ G r XP VWNQJKN PLTXQ XZ QcR OXPQXZYQ PKQP � G rr y
�9²x ; ²x ?� lcJXYJ OKNX[KP klv y wm MZO G rv y �9²x ; ±²?�
lcJXYJ OKNX[KP klv y kl m e �V XZ M PL KYXfY OXMaZRPQXY LNRS\
TKU cK RSPKN[K b VRN XZ PQMZYK b klv y w aX[KZ ³\v y ²w tl b
QJK PKQ RV OXMaZRPKP XP a X[KZ Sd G � � e }
�RN ZRc b cWPQ ZRQK JRc QJXP ZRQXRZ RV XZOXPYNXU XZMSXT\

XQd XP QJK SMPXP VRN MZd LRQKZQXMT MSPQNMYQXRZ e �V b XZ\
OKKO b QcR XZPQMZQXMQXRZP ��~���1 MZO ��~���/ RV
LG JK � L � G JK � L MNK XZOXPYNXU XZMSTK b QJXP U KMZP
QJMQ cJKZK[KN ��~���1 � ~��e� � XP M OXMaZRPXP
VRN M aX[KZ <� b ��~���/ � ~��e� � XP MZRQJKN b
XZOXPYNXU XZMSTK b OXMaZRPXP VRN <� e
'K ZRc XZQNROWYK M cKMn ZRQXRZ RV MSPQNMYQXRZ cJKNK b

MP XQ XP YRUURZ XZ PQNWYQWNMT MSPQNMYQXRZP b MSPQNMYQ YRU \
LRZKZQP MNK NKYWNPX[KTd SWXTQ SRQQRU \WL PQMNQXZa c XQJ QJK
LNXU XQX[K YRULRZKZQP e
()*+,-,.+ / 0� Y¤E¨� ¡ ¥¨« G JK � L y �G � ; ^ ^ ^ ; G� �¬D ©¬£� ¬� ¨� « E¡B¤¡¦§¨¥I ¡ YRULRZKZQP MSPQNMYQXRZ U ML\LXZa �� ¬D G JK � L ¢¨Q � ¨¥ ¡ ¥¨« G JK � L� y
� G � ; ^ ^ ^ ;  G� � ¬D ¢¤¥©B¨«¨ E¡B¤¡¦§¨¥ 3MSPQNMYQ YRULR\ZKZQP6 ¡�¢ ¡¥¥¬©¤¡«¨¥ «¬ ¨¡©A  G� R G JK � L� ¬�¨ ¬B£¬B¨ G� R G JK � L 3PWS YRULRZKZQP ¬D  G�6 ¥ p«p ¨¡©A
©¬£� ¬�¨� « ¤� X���4 ¤¥ «A ¨ ¥ª¦©¬£� ¬�¨� « ¬D ¨W ¡©«§T
¬� ¨ ¡¦¥«B¡©« ©¬£� ¬� ¨� «p � ¬B¨¬E¨BI �� ¡¥¥¬©¤¡«¨¥I «¬

�� ���� �� ������������� ����� ��  !" # $ �� µ�����
� ��� ������� �%&'
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¤� «¨B£¥ ¬D «A ¨ ¦¨A ¡E¤¬B¡§ £ ¬¢¨¥ ¬D ¤«¥ ¥ª¦©¬£� ¬� ¨� «¥ p� ¬B¨ � B¨©¤¥¨§TI ¡� ¡¦¥«B¡©« ©¬£� ¬� ¨� « ¡�¢ ¤«¥ ¢¨Q � ¤«¤¬�¡B¨ ¦ª¤§« A ¤¨B¡B©A ¤©¡§ §T ¡¥ D ¬§ §¬@¥ C
8 ¤D G R G JK � L I  G ¤¥ ¡ PXULTK ¡¦¥«B¡©« ©¬£� ¬8�¨� « ¤D ¤«¥ ¢¨Q � ¤«¤¬� vt8�9 ¡¥¥¬©¤¡«¨¥ «¬ ¨¡©A r[\ R
<JK l G m ¡ D ¬B£ª§¡ vt8;<� y G l[\ � m = ^ ^ ^ =
G l[\ _ m ± ^o ^ [\ � ; ^ ^ ^ ; [\ _ R <JK lG m > O ¤� «A ¨ QNX[\XMT ©¡¥¨I  G A ¡¥ «A ¨ ¥¡£ ¨ ¢¬£ ¡¤� ¡¥ G ¡�¢ � [\ R
<JK lG m � vt8<� y G l[\ m
8 ¤D  G ? ;  G ?? ¡B¨ ¡¦¥«B¡©« ©¬£� ¬�¨� «¥ @ ¤«A ¢¤¥8
@ ¬¤� « ¥¨«¥ ¬D ¥ª¦©¬£� ¬�¨� «¥ LG JK � L ? ; L G JK � L ??
«A ¨�  G ¤¥ ¡� ¡¦¥«B¡©« ©¬£� ¬�¨� « @ ¤«A ¥ª¦©¬£� ¬8�¨� «¥ LG JK � L ? � LG JK � L ?? ¤D vt8�9 ¡¥¥¬©¤¡«¨¥
«¬ ¨¡©A r[\ R <JK l G m ¡ ¢¨Q � ¤«¤¬� vt8;<�
@A ¤©A ¤¥ ¡ §¬F ¤©¡§ D ¬B£ª§¡ ¦ª¤§« ¦T ©¬��¨©«¤�F ¢ D̈ 8
¤� ¤«¤¬�¥ vt8<� A ; [\ ? R <JK l G ? m @ ¤«A ¢¨Q � ¤«¤¬�¥vt8<� AA ; [\ ?? R <JK l G ?? m «AB¬ªFA = ; ] ¡�¢ B
IJK OKfZXQXRZ vt8�9 RV  G QJWP PLKYXfKP M NKTMQXRZ

SKQcKKZ XZPQMZQXMQXRZP RV QJK PWS YRULRZKZQP RV  G MZO
XZPQMZQXMQXRZP lX eK e S KJM[XRNMT U ROKPm RV  G XQPKTV e {Rc\
K[KN cK ZKKO QR LWQ PRU K NKPQNXYQXRZP RZ QJKPK NKTMQXRZP
XZ RNOKN QR U MQYJ RWN XZQWXQXRZP MSRWQ cJMQ XP MZ �MO\
U XPPXSTK� MSPQNMYQXRZ e
()*+,-,.+ / 0C Y¤E¨� ¡ ¥¤£� §¨ ¡¦¥«B¡©« ©¬£� ¬�¨� « «A ¨¢¨Q � ¤«¤¬�¥ ¡¥¥¬©¤¡«¨¢ «¬ ¤«¥ ¦¨A ¡E¤¬B¡§ £ ¬¢¨¥ ¡B¨ ¥¡¤¢
«¬ ¦¨ MOU XPPXSTK p D¬B ¡ �¬�8¥¤£� §¨ ¡¦¥«B¡©« ©¬£� ¬8�¨� «  G @A ¤©A ¤¥ «A ¨ ©¬£� ¬¥¤«¤¬� ¬D ¡¦¥«B¡©« ©¬£� ¬8�¨� «¥  G ? ;  G ?? I ¡� MOU XPPXS TK OKfZXQXRZ D ¬B r[\ R
<JK l G m ¤¥ ¢¨Q �¨¢ ¡¥ D ¬§ §¬@¥ C
E p YRZcWZYQXRZ C vt8;<� y vt8;<� A ] vt8;<� AA ; r[\ ? R

<JK l G ? m ; r[\ ?? R <JK l G ?? m ¤¥ ¡¢£ ¤¥¥¤¦§¨
F p aKZKNMTXpKO �y C ¤D vt8 ?� ; ^ ^ ^ ; vt8 ?a R <JK l G ? m
¡�¢ vt8 ??� ; ^ ^ ^ ; vt8 ??� R <JK l G ?? m «A ¨� Cvt8;<� y lvt8 ?�] B vt8 ??� ] ^ ^ ^ ] B vt8 ??� m= lvt8 ??� ] B
vt8 ?� ] ^ ^ ^ ] B vt8 ?a m
¤¥ ¡¢£ ¤¥¥¤¦§¨ p 2 ¥ ¡� ¤£� ¬B«¡� « ¥� ¨©¤¡§ ©¡¥¨I @A ¨�s y \ y r I vt8;<� ¤¥ ¡ YMZRZXYMT �y

gOU XPPXS TK OKfZXQXRZP YMLQWNK YRUURZ MSPQNMYQXRZP b
PWYJ MP QJK YMPK cJKNK QJK MSPQNMYQ YRULRZKZQ XP JG XV
MTT XQP PWS YRULRZKZQP MNK JG lYRZcWZYQXRZ m MZO VMW TQd
XV MQ TKMPQ RZK RV XQP PWS YRULRZKZQP XP VMWTQd lYMZRZX\
YMT �y m e ^RNKR[KN b PXZYK cK MOONKPP QJK YMPK RV YRULR\
ZKZQP c XQJ UWTQXLTK SKJM[XRNMT UROKP b cK K]QKZO YMZRZ\
XYMT �y cXQJ K]YKLQXRZP laKZKNMTXpKO �ym   YTKMNTdb QJK
U M]XUWU ZWUSKN RV K]YKLQXRZP MTTRcKO XZ M aKZKNMTXpKO
�y PJRWTO S K M YRZfaWNMSTK LMNMU KQKN RV QJK MSPQNMY\
QXRZ MTaRNXQJU e
�Q XP cRNQJ ZRQXZa QJMQ QJK LNRLRPKO RLKNMQRNP b MTQJRWaJ
YJRPKZ MYYRNOXZa QR QJK NMQXRZMTK cWPQ K]LRPKO b MNK U KMZQ
Sd ZR U KMZP QR S K QJK RZTd LRPPXSTK YJRXYK XZ RNOKN QR

H���� ���� ��� ��� ´��´��� �� �����µ��� ���������� � �µ��
����������� �� µ������ �µ �� ¶������� ��µ ����� ½ 4��4Á �� ������� ����I J �	 � 6 K K K 6 �	 L ��� ���������µ �� ��� ������ � ����Â����� � �µ� ��	
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UMnK RWN MLLNRMYJ QR MSPQNMYQXRZ MLLTXYMSTK   XV U RNK
RL KNMQRNP RN M OX�KNKZQ PKQ RV RL KNMQRNP cRWTO fQ S KQQKN
LMNQXYWTMN PdPQKU P RN VMU XTXKP RV PdPQKU P b ZKc RLKNMQRNP
YRWTO PXULTd SK L TWaaKO\XZ MZO NKLTMYK QJK RZKP cK JM[K
OKfZKO e
ef¯ghi) / 0� �Z QJK MSPQNMYQXRZ K]MULTK RV faWNK r
®� ° b QJK SKJM[XRNMT UROKP RV QJK MSPQNMYQ YRULRZKZQ
 � r YMZ SK K]LNKPPKO MP MOU XPPXS TK OKfZXQXRZP R[KN
LNXU XQX[K YRULRZKZQP � r ; � r�
vt8;<� � y � rl²x m ] � rl²x m lYRZcWZYQXRZ m
vt8;<� � y � rl²x m ] � rlstrx m lYRZcWZYQXRZ m
vt8;<�� y � rl²x m ] � rl±²m lYRZcWZYQXRZ m
vt8;<�� y � rl[	 m = � rl±³m lYMZRZXYMT �y m }
gNUKO c XQJ QJK ¡¢£ ¤¥¥¤¦§¨ ¢¨Q � ¤«¤¬�¥ VRN SKJM[XRNMTU ROKP cK YMZ ZRc VRNU MTTd XOKZQXVd QJK MSPQNMYQXRZ U ML\

LXZaP cK MNK XZQKNKPQKO XZ e
()*+,-,.+ / 0� Y¤E¨� ¡ ¥T¥«¨£ £ ¬¢¨§ L< I ¡ ©¬£� ¬8�¨� «¥ ¡¦¥«B¡©«¤¬� £¡�� ¤�F �� ¬D G JK � L I ¡ ¥¨«JN L�� � JN L ¡�¢ ¡ F B¡�ª§¡B¤«T £¡�� ¤�F � I @ ¨ ¥¡T
«A ¡« �� ¤¥ MOU XPPXSTK @ pBp«p L< ; JN L�� ; � ¤­ D ¬B ¨¡©A¡¦¥«B¡©« ©¬£� ¬� ¨� «  G @ ¤«A ¥ª¦©¬£� ¬�¨� «¥ LG JK � L C
E p MOU XPPXSTK S KJM[XRNMT UROKP C ¨¡©A vt8_ R vt8�9 ¤¥¡¢£ ¤¥¥¤¦§¨ ¤� «A ¨ ¥¨�¥¨ ¬D ¢¨Q � ¤«¤¬� F p�
F p UWQWMT K]YTW PXRZ C D ¬B ¡�T «@ ¬ ¢¤¥«¤� ©« vt8_ ; vt8a Rvt8�9 I ¡�¢ ¡�T ¤�¥«¡� «¤¡«¤¬� �~��� ¬DG JK � L C �~��� � �vt8_ ] vt8 a � � �
7p YRULTKQKZKPP C D ¬B ¡�T ¤�¥«¡� «¤¡«¤¬� �~��� ¬DG JK � L C �~��� � � _� � �������
	 
�9 � � vt8_
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ef¯ghi) / 0� IJK MSPQNMYQXRZ K]MULTK RV faWNK r ®� ° b
XP MOU XPPXSTK c eN eQ e JN L�� y �klv ; ²no� MZO � � � �� b
XV QJK S KJM[XRNMT U ROKP OKfZXQXRZP RV K]MULTK v e� MNK
WPKO e kWYJ OKfZXQXRZP MNK MOU XPPXSTK b U RNKR[KN QJKNK XP
M r � r UMLLXZa SKQcKKZ QJKU MZO QJK 9JN L�� ; � ?\
XZOXPYNXU XZMSXTXQd YTMPPKP PJRcZ XZ K]MULTK v ev   XZ LMN\
QXYW TMN vt8;<� � YRNNKPLRZOP QR G rrb vt8;<� � QR G v b
vt8;<�� QR G rv MZO vt8;<�� QR G � e �Q VR TTRc P QJMQ QJKUWQWMT K]YTWPXRZ b YRULTKQKZKPP MZO YRNNKYQZKPP YRZOX\
QXRZ P MNK MTPR PMQXPfKO }
jRQK QJMQ aX[KZ MZ MOU XPPXS TK YRULRZKZQP MSPQNMY\

QXRZ UMLLXZa �� b QR KMYJ XZPQMZQXMQXRZ �~���
RV G JK � L YRNNKPLRZOP K]MYQTd RZK XZPQMZQXMQXRZ
�~���� RV G JK � L� YRZPXPQKZQ c XQJ G JK � L
aX[KZ QJK OKfZXQXRZP RV KTKU KZQP XZ G JK � L� e 'K PMd
QJMQ �~���� XP QJK ¡¦¥«B¡©«¤¬� RV �~��� MYYRNO\
XZa QR �� e
� �!� ��#��� GH'#"��#�!�'
IJK JXKNMNYJXYMT cMd MSPQNMYQ YRULRZKZQP MNK OKfZKO
XZ PKYQXRZ v PWaaKPQP QJMQ b MVQKN MZ XZXQXMT PQKL RV S K\
JM[XRNMT U ROKP MSPQNMYQXRZ b QJK YRULWQMQXRZMT LNR YKPP

����� ���� ���� ���������� ���� ��� ���������� � �µ�� ����� �������� ���´����� ��� ��� µ�������������� �� ��� �����
�� ¶������� ��µ ����� ½ 4��4Á

YMZ LNROWYK ZKc MSPQNMYQ YRULRZKZQP XZYNKUKZQMTTdb Sd
U KNaXZa RZTd QcR YRULRZKZQP MQ KMYJ XQKNMQXRZ e g VQKN
PRU K fZXQK ZWUSKN RV XQKNMQXRZP b MNS XQNMNXTd YRULTK] MS\
PQNMYQ YRULRZKZQP YMZ SK LNROWYKO e
gP MTNKMOd U KZQXRZKO XZ PKYQXRZ rb JRcK[KN b QJK MOU XPPX\
SXTXQd RV M YRULRZKZQ MSPQNMYQXRZ XP ZRQ KZRWaJ XZ RNOKN
QR LNROWYK WPKVWT MZO U KMZXZaVW T MSPQNMYQXRZP e 'K QJWP
XZQNROWYK PRU K ©ª«¬­ YNXQKNXM RZ MSPQNMYQXRZP R[KN QcRYRULRZKZQP lX eK e PXZaTK XQKNMQXRZPm b QR SK KZVRNYKO Sd QJK
YRULWQMQXRZMT LNRYKPP e
� XNPQ b cK ORZ �Q cMZQ QR JM[K M OX�KNKZQ SKJM[XRNMT U ROK
RV QJK MSPQNMYQ YRULRZKZQ VRN KMYJ YRUSXZMQXRZ RV QJK
S KJM[XRNMT U ROKP RV XQP PWS YRULRZKZQP lTXU XQKO\ORU MXZ
YNXQKNXRZ m   M LNRTXVKNMQXRZ RV SKJM[XRNMT U ROKP XZ QJK MS\
PQNMYQ YRULRZKZQ JMP ZKaMQX[K K�KYQP RZ SRQJ QJK Kz \
YXKZYd RV OXMaZRPXP MZO QJK WZOKNPQMZOMSXTXQd RV MSPQNMYQ
OXMaZRPKP e 'K YJRPK QR XULRPK QJK ZRQ QRR\NKPQNXYQX[K
TXU XQ �<JK l G m � � �<JK l G ? m � z �<JK l G ?? m �e
kKYRZO b cK UWPQ S K MSTK QR YRZQNRT QJK VMZ\XZ RV QJK MS\
PQNMYQ YRULRZKZQP   XZOKKO b XV M PQNWYQWNK\SMPKO OXMaZRP\
QXY MTaRNXQJU XP WPKO lo`MNc XYJK b rss�tm b XZQNROWYXZa MZ
MSPQNMYQ YRULRZKZQ QJMQ JMP M VMZ\XZ lUWYJm TMNaKN QJMZ
QJMQ RV MTT XQP PWS YRULRZKZQP TKMOP QR YRULWQMQXRZMT XZ\
Kz YXKZYXKP MP LRXZQKO RWQ XZ ouNR[MZ b vww rt e IJK TXU XQ
XULRPKO RZ QJK VMZ\XZ RV QJK MSPQNMYQ YRULRZKZQ lVMZ\XZ
YNXQKNXRZ m YMZ [MNd VNRU QJK U M]XUWU MURZa QJK VMZ\
XZP RV XQP PWS YRULRZKZQP QR QJK PWU RV PWYJ VMZ\XZP   QJK
YJRXYK PJRW TO SK ONX[KZ Sd QJK QdL K RV OXMaZRPQXY MTaR\
NXQJU QR SK WPKO c XQJ QJK MSPQNMYQKO UROKT MP cKTT MP
Sd PL KYXf Y YJMNMYQKNXPQXYP RV QJK UROKT WZOKN YRZPXOKNM\
QXRZ e �Z QJK K]LKNXU KZQP NKLRNQKO XZ PKYQXRZ ~ cK JM[K
RSQMXZKO PXaZXfYMZQ NKPWTQP Sd NKPQNXYQXZa QJK VMZ\XZ RV
MSPQNMYQ YRULRZKZQP QR S K MQ URPQ QJK U M]XUWU VMZ\XZ
MURZa QJKXN PWS YRULRZKZQP e
IJK VRTTRc XZa XP MZ JXaJ\TK[KT OKPYNXLQXRZ RV QJK YRULW\
QMQXRZMT LNRYKPP �
�������� �������� ��� ½ !( $)* ½ � �

�� J� � � �������� ��� ½ !( $)* ½ � �� ���� �·����� ��� � � 5  6  ! 7�"������ � #���� ��� ½   ½  ! �$� �� ����#��´� �"������ ½ # � ½ #% � � 5 �# ½ µ��� # 7�
#��´� � #��´� & '# � ½ #% ( - '�# (
�� � ) �� ����� �5 �# ½ µ���# 7 ½ # � ½ #% �� � ) ����´������´� ����

) ����� ��*�µ��������
IJK XZ[R YMQXRZ RV VWZYQXRZ +�2 ¦¥«B¡©« 36 SWXTOP PXULTKMSPQNMYQ YRULRZKZQP Sd MSPQNMYQXZa S KJM[XRNMT U ROKP

QJMQ NKPWTQ XZOXPQXZaW XPJMS TK aX[KZ QJK YWNNKZQ RSPKN[\
MS XTXQd K]LNKPPKO Sd JN L�� ; �   QJKZ M cJXTK TRRL XP KZ\
QKNKO e
�WZYQXRZ �B¡©§¨ 36 PKTKYQP QJK ZK]Q QcR YMZOXOMQKP G� ; G�VRN MSPQNMYQXRZ MYYRNOXZa QR QJK PQNMQKaXKP RWQTXZKO XZ QJK
ZK]Q LMNMaNMLJ e IJKZ ,²³rs<= b X eK e QJK LRNQXRZ RV <=
NKTK[MZQ VRN YRULWQXZa QJK XZ|WKZYK RV G� ; G� R[KN QJK
[MTWKP RV RSPKN[MSTKP XZ JN L�� b XP XPRTMQKO Sd YMTTXZa
G no<= lm e IJK YMWPMT aNMLJ >a-. MPPR YXMQKO QR ,²³rs<=
KPPKZQXMTTd YRZQMXZP QJK LMQJP VNRU G� ; G� QR ZROKP XZ
JN L��   MTT QJK LMNKZQP RV QJK ZROKP RZ PWYJ LMQJP MNK
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MTPR MOOKO e �Q XP KMPd QR PKK QJMQ b a X[KZ QJK ZROKP XZ >a-. b
QJK NKU MXZXZa ZROKP XZ QJK RNXaXZMT > OR ZRQ LTMd MZd
NRTK XZ QJK cMd G� ; G� XZ|WKZYK QJK [MNXMSTKP XZ JN L�� e
�WZYQXRZ � ¨BF ¨X¬£� ¥ 36 lPKK LMNMaNMLJ � evm QJKZ QNXKP
QR YRULWQK QJK OKfZXQXRZ RV QJK ZKc MSPQNMYQ YRULRZKZQ
aX[KZ , ²³rs<= MZO XZ YMPK XQ PWYYKKOP b L< XP WLOMQKO
MYYRNOXZaTd Sd VWZYQXRZ � tP k±t<= lm e �ZQWXQX[KTdb QJK
VRNUWTMP XZ ,²³rs< = MNK NKLTMYKO c XQJ M PKQ RV VRNUWTMP
cJRPK MZQKYKOKZQP U KZQXRZ QJK ZKc MSPQNMYQ YRULRZKZQ
 G e b X[KZ QJK MZQKYKOKZQ RV M VRNUWTM U KZQXRZ XZa  G
QJK YRZPK�WKZQ XP YRULWQKO MYYRNOXZa QR QJK OKfZXQXRZ
vt8�9 e �RN K]MULTK b YRZPXOKNXZa MaMXZ faWNK r ®� ° b cK
XZQNROWYK QJK VRNUWTM l³\v y ²w tl m ]  � rlr[\ rm `
lklv y kl m PXZYK l³\v y ²w tl m ] vt8;<� � � lklv y kl m
lNKYMTT QJMQ vt8;<� � y � rl²x m]� rl²x mm   PXU XTMNTdb cK XZ\
QNROWYK VRNUWTMP l³\v y ²w tl m ]  � rlr[\ vm ` lklv �
kl m b l³\v y ²w tl m ]  � rlr[\ �m ` lklv y kl m b KQY e � e
IJK cJRTK LNR YKPP QKNU XZMQKP cJKZ VWZYQXRZ �B¡©§¨ 36JMP ZR ZKc PWaaKPQXRZP VRN VWNQJKN MSPQNMYQXRZP e
� �� ��� �	
���
�WZYQXRZ J 	r³st lm UWPQ YJRRPK b MQ KMYJ XQKNMQXRZ b M LMXN
RV YMZOXOMQK YRULRZKZQP VRN MSPQNMYQXRZ e kXZYK M PKMNYJ
R[KN QJK KZQXNK PLMYK RV LRQKZQXMT MSPQNMYQXRZP cRWTO SK
LNRJXSXQX[K b QJK VWZYQXRZ XP SMPKO RZ M aNKKOd JKWNXPQXY
QJMQ QNXKP QR MYJXK[K M aRRO R[KNMTT MSPQNMYQXRZ c XQJ\
RWQ ORXZa MZd SMYnQNMYnXZa e �Q XP cRNQJ ZRQXZa QJMQ
QJK aNKKOd MLLNRMYJ NKOWYKP QJK cRNPQ\YMPK PKMNYJ LKN\
VRNU KO Sd J 	r³st lm QR QJK K[MTWMQXRZ RV MTT QJK LRPPXSTK
LMXNP RV YRULRZKZQP S KVRNK NKQWNZ XZa QJK YJRPKZ LMXN  
QJ XP YMZ JMLLKZ MQ URPQ �G JK � L � QXU KP PXZYK K[KNd
QXU K MZ MSPQNMYQXRZ QMnKP LTMYK QJK ZWUSKN RV YRULR\
ZKZQP XP NKOWYKO Sd RZK MZO QJWP QJK PKMNYJ PLMYK PXpK XP
YTKMNTd LRTdZRU XMT XZ �G JK � L �e
�Z RWN K]LKNXKZYK XQ QWNZKO RWQ QJMQ QJK JKWNXPQXY 
�

SMPKO RZ QJK VRTTRc XZa QcR LNXZYXL TKP YRWTO MYJXK[K PXa\
ZXfYMZQ NKPWTQP e � XNPQ b 
� VR TTRc P M §¬©¡§¤«T � B¤� ©¤� §¨ VRNYJRRPXZa G� ; G� e ^ MZWMTTd cNXQQKZ PQNWYQWNMT MSPQNMY\
QXRZP b XZOKKO b QKZO QR YRZPXPQ XZ JXKNMNYJXKP PWYJ QJMQ MQ
KMYJ TK[KT RV QJK J XKNMNYJd QJK ZKc MSPQNMYQXRZP XZ[RT[K
YRULRZKZQP QJMQ MNK PQNWYQWNMTTd YTRPK QR RZK MZRQJKN e
IJXP WPWMTTd JMP QJK MO[MZQMaK RV SWXTOXZa MSPQNMYQ YRU \
LRZKZQP QJMQ JM[K M VMZ\XZ YRULMNMSTK QR QJMQ RV QJKXN
PWS YRULRZKZQP MZO JM[K M TXU XQKO MZO UKMZXZaVWT PKQ
RV SKJM[XRNMT U ROKP e IcR aRRO K]MULTKP RV PQNWYQWNMT
LMQQKNZ P QJMQ VRTTRc QJXP LNXZYXLTK MNK YRULRZKZQP YRZ\
ZKYQKO XZ PK�WKZYK MZO XZ LMNMTTKT � e
kKYRZO b QJK JKWNXPQXY LNKVKNP LMXNP RV YRULRZKZQP QJMQ
MNK YRZZKYQKO QR QJK PMUK RSPKN[MS TKP XZ JN L��   QJ XP
VRTTRc P VNRU QJK VMYQ QJMQ XV MQ TKMPQ RZK RV QJK QcR YRU \
LRZKZQP XP RSPKN[MSTK PKLMNMQKTd VNRU QJK RQJKN b XQ XP
U RNK WZTXnKTd QR fZO XZOXPYNXU XZMSTK XZPQMZQXMQXRZP RV
QJK QcR YRULRZKZQP e
� $� �� ���� �� ��� ���� ½ �� �����´������ ��	 ¾½ ��	 4 6��� 2 ½

��	 À �� �� ½ ���� ½ �� ½ �� ���´ ��������½ �� ¾ �������� �� ����������� �� � �����
����� ���� ��� ���������� ������� �� ����� ���½ ����������Â��� ��µ ´���������� ��� �� ��������� �����´���µ �� ���� � ��

���������� �´� �� ��� ������ ���´� �

' JXTK K[MTWMQXZa M LMXN RV YMZOXOMQKP b J 	r³st lm XU \
U KOXMQKTd KZVRNYKP QJK VMZ\XZ YNXQKNXRZ lQJXP YJKYn YMZ
SK KMPXTd L KNVRNUKO MQ QJXP PQMaKm e g P VRN QJK TXU XQKO\
ORUMXZ YWQR� YNXQKNXRZ MZO QJK MYQWMT VKMPXSXTXQd RV MZ
MOU XPPXSTK MSPQNMYQXRZ b J 	r³ st lm cWPQ �QNWPQP� QJK JKWNXP\
QXY 
� b MZO OKVKNP QR K t	� tG ²\w ± lm QJK MYQWMT KZVRNYK\
U KZQ e IJKNK �P QJWP ZR cMNNMZQd QJMQ QJK YRULRZKZQP
PKTKYQKO Sd J 	r³ st lm c XTT KZO WL SKXZa U KNaKO SWQ cWPQ
M aRRO YJMZYK RV XQ QR JMLLKZ e
�Z QJK YWNNKZQ XULTKUKZQMQXRZ b J 	r³st lm QKNU XZMQKP

cJKZ XQ YMZ �Q fZO MZd LMXN RV YRULRZKZQP cJXYJ U KKQ
QJK TXU XQKO VMZ\XZ YNXQKNXRZ b MNK YRZZKYQKO XZ PK�WKZYK RN
LMNMTTKT MZO XZ|WKZYK QJK PMU K PKQ RV RSPKN[MSTKP e
ef¯ghi) � 01 b X[KZ QJK PdPQKU XZ faWNK r ®¯ ° MZO
JN L�� y �klv ; ²no� b J 	r³st lm PKTKYQP � r ; � r MP YMZOX\
OMQKP MYYRNOXZa QR JKWNXPQXY 
� � � r ; � v b K ea eb MNK VWNQJKN
McMd MZO QJKNK �P MTPR MZ RSPKN[MSTK LRXZQ S KQcKKZ QJKU b
ZMUKTd klv e kXZYK QJK XZLWQP QR QJK LRQKZQXMT MSPQNMYQ
YRULRZKZQ  � r cRWTO SK kl ; ³\v MZO QJK XZLWQP QR � r
MNK ²nor ; ³\v QJKNK XP ZR XZYNKMPK XZ QJK VMZ\XZ RV QJK
MSPQNMYQ YRULRZKZQ e IJWP � r ; � r MNK NKQWNZKO }
� �� ����	
�� ��� �� ���  �!"������
�ZYK QcR YMZOXOMQK YRULRZKZQP G� ; G� JM[K SKKZ PK\
TKYQKO b VWZYQXRZ K t	� tG ²\w ± lm QNXKP QR U KNaK QJKU XZQR
M PXZaTK MSPQNMYQ YRULRZKZQ e IJK VRTTRc XZa XP M PnKQYJ
RV QJK VWZYQXRZ �
�������� � ����#��´� �"������ ½   ½  ! �# � � ��µ$�µ������ ������ �"������ ½   ½  ! �$� � 1# 1 $ 1+!" �  � 1 % 1+!" � ! � 1� ���� ) ����� & ' ((�# � � ��#��´� �� � �� � 
�))* � +���*��� ´ , #��� � � ��� � � �� � ��


�)-./ � � �I�� � � � �������� �´ �$� �
�)-./ � & ' (( � ���� ) ����� & ' ((* ��� 
�))* � 
�))* - ' ���	 6 
�)-./ �(
) ����� 5� 6 
�))* 7*�µ��������
�XNPQ b QJK PKQ <JK lG� m 0 <JK lG� m XP LMN\

QXRZKO XZQR XZOXPYNXU XZMSXTXQd YTMPPKP Sd VWZYQXRZ
1 klv2lvk±³	 k\ klr[st lm e kWYJ VWZYQXRZ YRZPXOKNP XZ QWNZ
KMYJ RSPKN[MSTK K NKMYJMSTK VNRU G� ; G� MZO YRULWQKP
QJK PKQ LZ lK m RV PRWNYK ZROKP lX eK e ZROKP c XQJRWQ LMN\
KZQPm XZ >a-. YRZZKYQKO QR K lK]YTWOXZa G� ; G� m   XZPQMZ\
QXMQXRZP RV QJK PRWNYK ZROKP NKLNKPKZQ QJK YRZQK]QP WZ\
OKN cJXYJ G� ; G� XZ|WKZYK QJK [MTWK RV K e �RN KMYJ
XZPQMZQXMQXRZ RV LZ lK m QJKZ 1 klv2lvk±³	 k\ klr[st lm
YRULWQKP QJK QNMZPXQX[K YTRPWNK RV KMYJ LMXN RV SKJM[\
XRNMT U ROKP XZ <JK lG� m 0<JK lG� m MZO aNMOWMTTd NK\
fZKP QJK LMNQXQXRZ Sd LWQQXZa XZQR PKLMNMQK YTMPPKP LMXNP
QJMQ YMWPK OX�KNKZQ [MTWKP VRN K e �Q XP KMPd QR PKK
QJMQ MVQKN 1 klv2lvk±³	 k\ klr[st lm JMP TRRL KO R[KN KMYJ
K R JN L�� MZO KMYJ XZPQMZQXMQXRZ RV LZ lK m b QJK NK\
PWTQXZa LMNQXQXRZ 3 RV <JK lG� m 0 <JK lG� m YRZPXPQP
K]MYQTd XZ QJK XZOXPYNXU XZMSXTXQd YTMPPKP RV OKfZXQXRZ v e~ e
�ZOXPYNXU XZMSXTXQd YTMPPKP RV 3 VRNU QJK SMPXP VRN SWXTO\
XZa MSPQNMYQ S KJM[XRNMT U ROKP OKfZXQXRZP � MPPRYXMQXZa
K]MYQTd RZK MSPQNMYQ SKJM[XRNMT UROK QR KMYJ RV QJKU b
aWMNMZQKKP QJMQ QJK UWQWMT K]YTWPXRZ b YRULTKQKZKPP MZO
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YRNNKYQZKPP YRZOXQXRZP aX[KZ XZ OKfZXQXRZ v ed MNK MWQR\
U MQXYMTTd PMQXPfKO e kXZYK QJK ZWUSKN RV YTMPPKP XZ QJK
LMNQXQXRZ 3 YRNNKPLRZOP QR QJK ZWUSKN RV MSPQNMYQ S K\
JM[XRNMT U ROKP QR S K K[KZQWMTTd aKZKNMQKO b QJK TXU XQKO\
ORUMXZ YWQR� YNXQKNXRZ XP MLLTXKO QR �3 �e
�V QJK YJKYn XP LMPPKO PWYYKPPVWTTdb QJK aKZKNMQXRZ RV QJK
OKfZXQXRZP VRN QJK MSPQNMYQ S KJM[XRNMT UROKP PQMNQP b Sd
YRZPXOKNXZa MZ XZOXPYNXU XZMSXTXQd YTMPP w MQ M QXU K MZO
YMTTXZa VWZYQXRZ K rxt NK < t8 klkok²l lm e kWYJ VWZY\
QXRZ QNXKP QR SWXTO MZ MOU XPPXS TK S KJM[XRNMT UROK OKf\
ZXQXRZ Sd YRZPXOKNXZa QJK MOU XPPXS TK VRNU P XZ QJK PMU K
RNOKN MP aX[KZ XZ OKfZXQXRZ v eq   XV XQ ORKP ZRQ PWYYKKO b XQ
NKQWNZP Z � ,, MZO QJK MSPQNMYQXRZ RV G� ; G� VMXTP e
ef¯ghi) � 0/ b X[KZ QJMQ J 	r³st lm JMP PKTKYQKO � r ; � r
MP YMZOXOMQKP VRN MSPQNMYQXRZ b QJK MOU XPPXSTK MS\
PQNMYQXRZ OKPYNXS KO XZ K]MULTK v e~ XP YRULWQKO
Sd K t	� tG ²\w ± lm XZ QJK VR TTRc XZa cMd � VWZYQXRZ
1 klv2lvk±³	 k\ klr[st lm YRULWQKP M LMNQXQXRZ 3 cJRPK
XZOXPYNXU XZMSXTXQd YTMPPKP MNK QJK RZKP U KZQXRZKO XZ K]\
MULTK v ev   PXZYK �3 � y ~ � q y �<JK l� rm � z
�<JK l� rm � QJK YWQR� YJKYn XP LMPPKO   QJKZ b VWZY\
QXRZ K rxt NK < t8 klkok²l lm SW XTOP b VRN KMYJ XZOXPYNXU \
XZMSXTXQd YTMPP b QJK YRNNKPLRZOXZa MOU XPPXSTK OKfZXQXRZ
PJRcZ XZ K]MULTK v e� }
� ��  �		�������
'K ZRc PQMQK QcR YRNNKYQZKPP NKPWTQP YRZYKNZ XZa MTaR\
NXQJU  [±o	r³o lm e IJKXN [MTXOXQd VRTTRc P XZQWXQX[KTd Sd
QJK OKPYNXLQXRZ RV QJK MTaRNXQJU aX[KZ XZ QJK LNK[XRWP
LMNMaNMLJP   S KYMWPK RV TMYn RV PLMYK cK RU XQ QJK VRNU MT
LNRRVP e IJK fNPQ LNRL KNQd cWPQ PQMQKP QJMQ QJK MTaRNXQJU
SWXTOP MSPQNMYQXRZP MYYRNOXZa QR OKfZXQXRZP XZ PKYQXRZ v e
� �.h )�-� � 01 Dª�©«¤¬�  [±o	r³o lm ¦ª¤§¢¥ ¡� ¡¢£ ¤¥¥¤¦§¨
©¬£� ¬�¨� «¥ ¡¦¥«B¡©«¤¬� £¡�� ¤�F
IJK PKYRZO LNRLKNQd U MnKP K]LTXYXQ QJK YRNNKPLRZ\

OKZYK S KQcKKZ OKQMXTKO MZO MSPQNMYQ OXMaZRPKP e
� �.h )�-� � 0/ �¨« L<� ¦¨ «A ¨ ¥T¥«¨£ ¢¨¥©B¤� «¤¬� ¬¦8
«¡¤�¨¢ D B¬£ L< ; JN L�� ; � ¦T ¡�� §T ¤�F  [±o	r³o lm ¡�¢�� «A ¨ ¡¥¥¬©¤¡«¨¢ ¡¢£ ¤¥¥¤¦§¨ ¡¦¥«B¡©«¤¬� £¡�� ¤�F pY¤E¨� ¡ ¢¤¡F�¬¥«¤© � B¬¦§¨£ <� y 9L< ; ~�� ; ��� ?
¡�¢ «A ¨ ©¬BB¨¥� ¬�¢¤�F ¡¦¥«B¡©« ¢¤¡F�¬¥«¤© � B¬¦§¨£<�� y 9L<� ; ~���� ; ��� ?I 5 ¤¥ ¡ ¢¤¡F�¬¥¤¥ D ¬B < �¤­ ¤«¥ ¡¦¥«B¡©«¤¬� <� ¡©©¬B¢¤�F «¬ �� ¤¥ ¡ ¢¤¡F�¬¥¤¥ D ¬B< ��

� ��� &"�� &�#�� � &'��#'
�RN QKPQXZa QJK MLLNRMYJ OKPYNXSKO MSR[K cK JM[K WPKO
QJK UROKT RV QJK PLMYK NRSRQXY MNU ku�`"y louRNQXZMTK
MZO IRNMPPR b rssstm b YRZPXPQXZa XZ �# YRULRZKZQP c XQJ MZ
M[KNMaK � e~� SKJM[XRNMT U ROKP KMYJ b ~# RSPKN[MSTKP MZO
rr~� VRNUWTMP e g TT QJK QKPQP JM[K S KKZ LKNVRNU KO WPXZa
M �M[M XULTKU KZQMQXRZ NWZZXZa RZ M kWZ kLMNY 	 TQNM #
K�WXLL KO c XQJ kWZ�k # e� e
u TKMPK ZRQK QJMQ QJK ku�`"y PdPQKU UROKT K]LNKPPKP
YMWPMT NKTMQXRZPJXL P MURZa QJK [MNXMSTKP � VRN K]MULTK b M
VMXTWNK XZ MZ KTKYQNXYMT YRULRZKZQ YMZ XZ|WKZYK QJK QKU\
LKNMQWNK U KMPWNKO MQ PRUK RQJKN LJdPXYMTTd ZKXaJSRNXZa
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IMSTK v � g[KNMaK ZWUSKN RV LNKVKNNKO OXMa e lYRZV e s#� m

YRULRZKZQP e
'K JM[K MLLTXKO QJK  [±o	r³o lm MTaRNXQJU Sd YRZPXOKN\
XZa MP M[MXTMSTK RSPKN[MSTKP QJK PKQ RV vs PKZPRNXpKO RS\
PKN[MSTKP MQ QJKXN U M]XUWU aNMZWTMNXQde IJK NKPWTQXZa
UROKT b YRULWQKO XZ MSRWQ rPKY b cMP NKOWYKO QR JM[K v r
YRULRZKZQP c XQJ MZ M[KNMaK v edq SKJM[XRNMT U ROKP MZO
#~� VRNUWTMP e IMSTK v NKLRNQP QJK M[KNMaK ZWUSKN RV
LNKVKNNKO lX eK e U XZ XUWU VMWTQ YMNOXZMTXQdm OXMaZRPKP LNR\
OWYKO Sd QJK OXMaZRPQXY MaKZQ cJKZ WPXZa NKPLKYQX[KTd
QJK RNXaXZMT U ROKT lvtorkstvm b QJK UROKT RSQMXZKO Sd LKN\
VRNU XZa RZTd SKJM[XRNMT U ROKP MSPQNMYQXRZ lr[±o	r³orm
MZO QJK UROKT YNKMQKO Sd  [±o	r³o lm lr[±o	r³ovm e IJK
QJNKK YRTWUZP NKLRNQ NKPWTQP VRN QJNKK QKPQPKQP RV v#w
YMPKP KMYJ e IJK OX�KNKZYK SKQcKKZ QJK QKPQPKQP TXKP XZ
QJK ZWUSKN RV VMW TQP lrb v MZO � NKPLKYQX[KTdm XZc KYQKO XZ
KMYJ QKPQ YMPK e
IJK M[KNMaK QXU KP KULTRdKO QR PRT[K M QKPQ YMPK WPXZa
QJK vtorkstv UROKT cKNK b c XQJ M s#� YRZfOKZYK b dv � ~
U PKY lot±o±torm b r�# � s U PKY lot±o±tovm MZO ��� � #~
U PKY lot±o±to�m   Sd WPXZa QJK r[±o	r³ov UROKT QJK M[KN\
MaK QXU KP ONRLLKO QR �# � � U PKY lot±o±torm b ~ r� � U PKY
lot±o±tovm MZO ~# � � U PKY lot±o±to�m e

� � &��#&j �!"� ��j �!����'�!�'
gP ZRQKO XZ QJK XZQNROWYQXRZ RZTd M VKc UKQJROP
JM[K SKKZ LNRLRPKO VRN MWQRUMQXY UROKT MSPQNMYQXRZ XZ
QJK YRZQK]Q RV ^_` e �Z LMNQXYWTMN b okMYJKZSMYJKN MZO
kQNWPP b vww rt MZO oIRNMPPR MZO IRNQM b vwwvt MXU MQ QJK
MSPQNMYQXRZ RV QJK [MTWKP RV [MNXMSTKP XZ QJK UROKT cJXTK
QJK LNKPKZQ cRNn MXU P MTPR MQ MWQRU MQXYMTTd MSPQNMYQXZa
YRULRZKZQ [MNXMSTKP e �Z o�WQ ¨« ¡§pb rss~t QJK MWQJRNPXZQNROWYK QJK ZRQXRZ RV �5 8A ¤¨B¡B©A ¤¨¥ RV MSPQNMYQ YRU \LRZKZQP cJXYJ b MP RWN MOU XPPXSTK MSPQNMYQXRZ U MLLXZaP b
LNKPKN[K M PQNXYQ YRNNKPLRZOKZYK SKQcKKZ MZ MSPQNMYQ OX\
MaZRPXP MZO QJK PKQ RV OKQMXTKO OXMaZRPKP YRZPXPQKZQ c XQJ
XQ e {RcK[KN b QJKXN cRNn OKMTP c XQJ UROKTP cJXYJ NKLNK\
PKZQ RZTd ZRNU MT S KJM[XRN RV QJK PdPQKU b cJXYJ NKPW TQP
XZ M PXaZXfYMZQ PXULTXf YMQXRZ RV QJK PdZQJKPXP RV SKJM[\
XRNMT U ROKP OKfZXQXRZP VRN QJK MSPQNMYQ YRULRZKZQP e �Z
LMNQXYWTMN b QJK LMNQXQXRZ RV QJK XZPQMZQXMQXRZP RV QJK PWS\
YRULRZKZQP XP MTcMdP NKOWYKO QR QcR XZOXPYNXU XZMSXTXQd
YTMPPKP � M PXZaTKQRZ �� 8©§¡¥¥ lYRZQMXZXZa QJK WZX�WK XZ\PQMZYK cJKNK MTT PWS YRULRZKZQP MNK JG m MZO MZ 2+ 8
©§¡¥¥ lYRZQMXZ XZa MTT QJK NKU MXZXZa XZPQMZYKP b cJKNK MQTKMPQ RZK PWS YRULRZKZQ XP  N m e kXZYK QJKNK �P ZR VMWTQ
U ROKT b QJK RZTd XZPQMZYK cJXYJ LNKOXYQP [MTWKP VRN QJK
RSPKN[MS TKP XP QJK RZK XZ QJK � \YTMPP   XZPQMZYKP XZ QJK
g_\YTMPP OR ZRQ LNKOXYQ MZdQJXZa MSRWQ RSPKN[MSTK [MT\
WKP b MZO QJWP YMZ SK PMVKTd LWQ XZ QJK PMU K XZOXPYNXU \
XZMSXTXQd YTMPP c XQJRWQ YRULWQXZa MZd QNMZPXQX[K YTRPWNK e
gURZa QJK U KQJROP SMPKO RZ U MZWMT MSPQNMYQXRZ b
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o�NXKONXYJ b rss�t LNRLRPKP M ZRQXRZ RV OXMaZRPXP lQJKRNd
OXMaZRPKPm cJXYJ K]LTRXQP ¡¦\YTMWPKP K]LTXYXQTd MOOKO QR
QJK ORU MXZ QJKRNd XZ RNOKN QR YRULWQK MSPQNMYQ OXMa\
ZRPKP e kXU XTMNTdb XZ oxRZPRTK MZO IJKPKXOKN `WLN }K b rss~t
QJK UROKT XP MWaU KZQKO c XQJ MSPQNMYQXRZ M] XRU P cJXYJ
UROKT ¤¥8¡ NKTMQXRZPJXL P   XZ PWYJ UROKT MTPR RSPKN[MSTKP
YMZ SK K]LNKPPKO MQ OX�KNKZQ TK[KTP RV MSPQNMYQXRZ e �Z
SRQJ cRNnP QJK TK[KT RV MSPQNMYQXRZ RV OXMaZRPKP XP |K] X\
STK lX eK e M OXMaZRPXP YMZ U X] KTKU KZQP MQ OX�KNKZQ TK[KTP RV
MSPQNMYQXRZ m MZO XP ONX[KZ Sd QJK PL KYXfY OXMaZRPQXY YMPK
MQ JMZO lX eK e [MTWKP RV QJK RSPKN[MSTKP MZO YRZQK]QPm e
�WN MSPQNMYQXRZ MTaRNXQJU MWQRU MQXYMTTd PdZQJKPXpKP M
PXZaTK MSPQNMYQ TK[KT aX[KZ QJK nZRc TKOaK RV cJXYJ [MNX\
MS TKP MNK RSPKN[MSTK MQ cJXYJ aNMZWTMNXQd   cK MPPWU K
QJMQ QJK YJMZaKP XZ QJK M[MXTMSXTXQd RV RSPKN[MSTKP MNK
NMNK b PR QJMQ QJK LNROWYKO UROKTP MNK NKWPKO VRN U MZd
OXMaZRPQXY YMPKP e ^RNKR[KN b QJK nXZOP RV NKTMQXRZPJXL P
QJMQ cK MTTRc MURZa MSPQNMYQ YRULRZKZQ SKJM[XRN MZO
XQP PWS YRULRZKZQP S KJM[XRN MNK TKPP NKPQNXYQX[K QJMZ ¡¦\
YTMWPKP MZO ¤¥8¡ NKTMQXRZPJXLP e
IJK OKfZXQXRZ RV MOU XPPXS TK YRULRZKZQP MSPQNMYQXRZP

aX[KZ XZ QJXP LMLKN MXU P MQ SWXTOXZa MSPQNMYQ UROKTP QJMQ
YMZ YRULTKQKTd NKLTMYK QJK OKQMXTKO UROKTP c XQJRWQ MZd
TRPP RV OXPYNXU XZMSXTXQde IJXP XP OX�KNKZQ VNRU QJK aRMT
RV o^RpKQX qY b rss rt MZO XQP XULNR[KU KZQP b cJKNK QJK MS\
PQNMYQ UROKT XP [XKcKO MP M VR YWPXZa U KYJMZXPU b MZO XP
WPKO XZ YRZcWZYQXRZ c XQJ QJK OKQMXTKO UROKT XZ RNOKN QR
XULNR[K Kz YXKZYde �WN ZRQXRZ RV XZOXPYNXU XZMSXTXQd KZ\
VRNYKP MSPQNMYQXRZP cJKNK M OXMaZRPXP < ; MQ QJK MSPQNMYQ
TK[KT YRNNKPLRZOP K]MYQTd QR QJK PKQ RV OKQMXTKO OXMaZRPKP
cJRPK MSPQNMYQXRZ XP < ; lLNRL KNQd � evm e g P PJRcZ Sd
ogWQXR MZO yKXQKN b rss�t QJXP XP ZRQ QJK YMPK VRN PRU K
YRUURZ MSPQNMYQXRZP � XZ QJK K]MULTK RV QJK MSPQNMYQ
Z J� aMQK YRZPXPQXZa RV MZ J� MZO M Z J= aMQKP b QJK
¡¦\YTMWPK  N lZ J� m �  N lJ� m =  N lZ J= m ORKP ZRQ
YRNNKPLRZO QR MZ XZOXPYNXU XZMSXTXQd YTMPP b PXZYK QJK YMPK
cJKNK SRQJ J� MZO Z J= MNK VMWTQd JMP M OX�KNKZQ S K\
JM[XRN QJMZ QJK YMPKP cJKNK RZTd RZK VMWTQ XP LNKPKZQ e
�WN MTaRNXQJU ORKP ZRQ PdZQJKPXpK PWYJ ¡¦\YTMWPK b QJWP
M[RXOXZa QJK YRZPK�WKZQ TRPP RV OXMaZRPQXY XZVRNU MQXRZ e
^RPQ RV QJK YRULWQMQXRZMT K�RNQ RV RWN MLLNRMYJ XP

OK[RQKO QR QJK YRULWQMQXRZ RV QJK XZOXPYNXU XZMSXTXQd
YTMPPKP   RZYK QJKd JM[K SKKZ XOKZQXfKO b QJK aKZKNMQXRZ RV
S KJM[XRNMT U ROKP OKfZXQXRZP VNRU KMYJ RV QJKU XP YJKML
MZO PQNMXaJQVRNcMNO e gZ MTQKNZMQX[K MLLNRMYJ QJMQ YRWTO
S K cRNQJ K]LTRNXZa XP YRZPQNWYQX[K XZOWYQX[K TKMNZXZa b
cJKNK QKYJZX�WKP JM[K S KKZ OK[KTRL KO VRN QJK MWQRUMQXY
PdZQJKPXP RV YRULTK] MQQNXSWQKP lPKK K ea e ouMaMTTR MZO
{MWPPTKN b rsswtm e
gZRQJKN XZQKNKPQXZa LRXZQ QR K]L TRNK cRWTO SK QR PQWOd
URNK PRLJXPQXYMQKO [KNPXRZP RV QJK J 	r³st lm VWZYQXRZ b
MS TK QR NKYRaZXpK M c XOKN [MNXKQd RV LMQQKNZ P XZ QJK YMWPMT
aNMLJ MZO LRPPXSTd QR TRRn MJKMO RZK RN URNK PQKLP XZ RN\
OKN QR PKTKYQ QJK YMZOXOMQK LMXN RV YRULRZKZQP   XZ RNOKN
QR nKKL QJK YRULTK] XQd RV QJK PKMNYJ U MZMaKMSTK cK SK\
TXK[K QJMQ PWYJ K]QKZOKO [KNPXRZP RV J 	r³st lm PJRWTO S K
PWLLRNQKO Sd MOOXQXRZMT ORU MXZ\PLKYXfY nZRc TKOaK lVRN
XZPQMZYK b cJKQJKN YKNQMXZ nXZOP RV YRULRZKZQP MNK TXnKTd
QR SK YRZZKYQKO XZ cMdP QJMQ VRNU MOU XPPXSTK MSPQNMYQ

YRULRZKZQPm e
�Z YRZYTWPXRZ b LKNVRNU XZa YRULRZKZQP MSPQNMYQXRZ TKO

QR ONMU MQXY NKOWYQXRZP XZ QJK ZWUSKN RV NKQWNZKO OX\
MaZRPKP XZ QJK K]LKNXU KZQMT ORU MXZ b RWQLKNVRNU XZa QJK
MLLTXYMQXRZ RV S KJM[XRNMT UROKP MSPQNMYQXRZ MTRZK lPKK
PKYQXRZ ~m e IJK NKOWYQXRZ XZ QJK UROKT PXpK MTPR NKPWTQKO
XZ PXaZXfYMZQ QXU K PM[XZaP VRN QJK OXMaZRPQXY LNR YKPP e
� &�&"&��&'
ogWQXR MZO yKXQKN b rss�t  e gWQXR MZO y e yKXQKN e kQNWY\
QWNMT MSPQNMYQXRZ XZ UROKT\SMPKO OXMaZRPXP e �Z � B¬© p
� X2 ��� b LMaKP vqs�vd� b rss� e

oxJXQQMNR MZO yMZRZ b vww rt � e xJXQQMNR MZO y e yMZRZ e
{ XKNMNYJXYMT OXMaZRPXP aW XOKO Sd RSPKN[MQXRZP e �Z
� B¬©p ��X2 ��E b LMaKP #d��#d� b vww re

oxRZPRTK MZO IJKPKXOKN `WLN }K b rss~t � e xRZPRTK MZO
` e IJKPKXOKN `WLN }K e gSOWYQX[K NKMPRZ XZa c XQJ MS\
PQNMYQXRZ M] XRU P e �� X4 b � rw �s�� rrv b rss~ e

o`MNc XYJK b rss�t g e `MNc XYJK e ^ROKT\SMPKO OXMaZRPXP
WPXZa PQNWYQWNKO PdPQKU OKPYNXLQXRZP e �¬ªB�¡§ ¬D 2 B8
«¤Q ©¤¡§ �� «¨§ §¤F ¨� ©¨ 	 ¨¥¨¡B©A b � �rq#�vvv b rss� e

o�NXKONXYJ b rss�t b e �NXKONXYJ e IJKRNd OXMaZRPKP � g YRZ\
YXPK YJMNMYQKNXpMQXRZ RV VMWTQd PdPQKU P e �Z � B¬©p ��8X2 ��7 b LMaKP r~qq� r~drb rss� e

o^RpKQX qY b rss rt � e ^RpKQX qY e { XKNMNYJXYMT U ROKT\SMPKO
OXMaZRPXP e �� « p �¬ªB�¡§ ¬D � ¡�8� ¡©A ¤�¨ 4 «ª¢¤¨¥b�# l�m ��vs��qv b rss re

o�WQ ¨« ¡§pb rss~t ` e� e �WQ b y e [MZ yXn]RRNQ b MZO
y e _MnnKN e �Z QJK YRZPQNWYQXRZ RV J XKNMNYJXY URO\
KTP e 2��¡§¥ ¬D � ¡«A ¨£ ¡«¤©¥ ¡�¢ 2 � b rr�v���vsq b rss~ e

ouMaMTTR MZO {MWPPTKN b rsswt b e uMaMTTR MZO ` e {MWP\
PTKN e _RRTKMZ VKMQWNK OXPYR[KNd XZ KULXNXYMT TKMNZXZa e
� ¡©A ¤�¨ �¨¡B� ¤�F b # �dr�ss b rssw e

ouRNQXZMTK MZO IRNMPPR b rssst � e uRNQXZMTK MZO
ue IRNMPPR e ` XMaZRPXP MP M [MNXMS TK MPPXaZU KZQ
LNRSTKU � M YMPK PQWOd XZ M PLMYK NRSRQ VMWTQ
OXMaZRPXP e �Z � B¬© p ��X2 ��� b LMaKP rw�d� rws� b rsss e

ouNR[MZ b vww rt b e uNR[MZ e { XKNMNYJXYMT U ROKT\SMPKO OX\
MaZRPXP e �Z � B¬© p 5
 �Eb LMaKP �vs��qv b vww re

okMYJKZSMYJKN MZO kQNWPP b vww rt ^ e kMYJKZSMYJKN MZO
ue kQNWPP e g�WM � g VNMU KcRNn VRN MWQRU MQKO �WMT\
XQMQX[K MSPQNMYQXRZ e �Z � B¬© p �	 �E b vww re

okQNWPP ¨« ¡§pb rssqt ue kQNWPP b g e ^ MTXn b MZO ^ e kMYJKZ\SMYJKN e �WMTXQMQX[K UROKTXZa XP QJK nKd QR MWQRU MQKO
OXMaZRPXP e �Z � B¬© p �D2 X��b rssq e

okQNWPP b rssdt ue kQNWPP e �WZOMUKZQMTP RV U ROKT\SMPKO
OXMaZRPXP RV OdZMU XY PdPQKU P e �Z � B¬©p ��X2 �� 
b rssd e

oIRNMPPR MZO IRNQM b vwwvt ue IRNMPPR MZO b e IRNQM e
^ KNaXZa XZOXPYNXU XZMSTK OXMaZRPKP � MZ MLLNRMYJ
SMPKO RZ MWQRU MQXY ORU MXZP MSPQNMYQXRZ e �Z � B¬© p5
 �F b LMaKP ~�� #w b vwwv e
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Abstract

Information extraction (IE) aims at extracting spe-
cific information from a collection of documents.
A lot of previous work on IE from semi-structured
documents (in XML or HTML) uses learning tech-
niques based on strings. Some recent work con-
verts the document to a ranked tree and uses tree
automaton induction. This paper introduces an al-
gorithm that uses unranked trees to induce an auto-
maton. Experiments show that this gives the best
results obtained so far for IE from semi-structured
documents based on learning.

1 Introduction
Information extraction aims at extracting specific information
from a collection of documents. One can distinguish between
IE from unstructured and from (semi-) structured texts [Mus-
lea, 1999]. Extracting information from web documents be-
longs to the latter category and gains importance [Levy et al.,
1998]. These documents are not written in natural language,
but rather involve explicit annotations such as HTML/XML
tags to convey the structure of the information, making the
methods tuned towards natural language unusable.

While special query languages exist [Bry and Schaffert,
2002; XQL, 2002], their use is time consuming and re-
quires nontrivial skill. As argued in [Muslea et al., 2001;
Kushmerick, 2000], there is a need for systems that learn to
extract information from a few annotated examples (wrap-
per induction). Several machine learning techniques for in-
ducing wrappers have been proposed. Examples are multi-
strategy approaches [Freitag, 2000] and various grammatical
inference techniques that induce a kind of delimiter-based
patterns [Muslea et al., 2001; Freitag and McCallum, 1999;
Freitag and Kushmerick, 2000; Soderland, 1999; Freitag,
1997; Hsu and Dung, 1998; Chidlovskii et al., 2000]. All
these methods treat the document as a string of characters.

Structured documents such as HTML and XML docu-
ments, however, have an explicit tree structure. In [Kosala
et al., 2002b; 2002a], it is argued that one can better exploit
this tree structure and use tree automata [Comon et al., 1999].
The document tree is converted in a ranked binary tree and � -
testable tree automata [Rico-Juan et al., 2000] are induced
and then used for the extraction task. Typically in a IE task

from structured documents, there is some structural context
close to the target. After linearisation in a string, this context
can be arbitrarily far away, making the learning task very dif-
ficult for string based methods. While binarisation may also
increase the distance between the context and the target, they
remain closer, and the learning task should be easier. This
is confirmed by the experiments in [Kosala et al., 2002b;
2002a]. If distance between the relevant context and the
target is indeed a main factor determining the ability to
learn an appropriate automaton, then an algorithm inducing
a wrapper directly from the unranked tree should perform
even better. This path is pursued in the current paper. As
in [Kosala et al., 2002b; 2002a] user intervention is lim-
ited to annotating the field to be extracted in a few rep-
resentative examples. String based methods require sub-
stantially more user intervention, such as splitting the doc-
ument into small fragments, and selecting some of them
for use as a training example, e.g. [Soderland, 1999]; the
manual specification of the length of a window for the pre-
fix, suffix and target fragments [Freitag and McCallum, 1999;
Freitag and Kushmerick, 2000], and of the special tokens or
landmarks such as “ � ” or “;” [Freitag and Kushmerick, 2000;
Muslea et al., 2001].

The rest of the paper is organized as follows. Section 2
provides some background on unranked tree automata and
their use for IE. Section 3 describes our methodology and
introduces our unranked tree inference algorithm. Results are
described in Section 4, related work in Section 5. Section 6
concludes.

2 Preliminaries
Grammatical inference and information extraction.
Grammatical inference (also called automata induction,
grammar induction, or automatic language acquisition) refers
to the process of learning rules from a set of labeled ex-
amples. The target domain is a formal language (a set of
strings over some alphabet � ) and the hypothesis space is
a family of grammars. The inference process aims at find-
ing a minimum automaton (the canonical automaton) that is
compatible with the examples. There is a large body of work
on grammar induction, for a survey see e.g. [Murphy, 1996;
Parekh and Honavar, 1998].

In grammar induction, we have a finite alphabet � and a
formal language �	�
��� . Given a set of examples in � ( 
�� )
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and a (possibly empty) set of examples not in � ( 
�� ), the
task is to infer a deterministic finite automaton (DFA) that ac-
cepts the examples in 
�� and rejects those in 
�� . In [Freitag,
1997], an IE task is mapped into a grammar induction task.
A document is converted into a sequence of tokens (from � ).
Examples are transformed by replacing the token to be ex-
tracted by the special token � . Then a DFA is inferred that
accepts all the transformed examples. In our case, a docu-
ment is converted into a tree and the token to be extracted (at
a leaf) is replaced by the special token � . Then a tree auto-
maton is inferred that accepts all the transformed examples.
When using the learned automaton, a similar transformation
is done. Each token that is a candidate for extraction is in
turn replaced by � . The token replaced by � is extracted iff
the transformed document is accepted by the automaton.

Unranked tree automata. Some existing algorithms for
string automaton induction have been upgraded to ranked tree
automaton induction (e.g. [Rico-Juan et al., 2000; Abe and
Mamitsuka, 1997])1. By converting documents (which are
unranked) into binary trees (which are ranked), tree auto-
maton induction can be used for IE as shown in [Kosala et
al., 2002b]. The present work avoids binarisation and uses
unranked trees. Unranked tree automata have been studied
since the late 60’s, see e.g. [Brüggemann-Klein et al., 2001]
for a survey. To our knowledge, algorithms for inducing them
do not yet exist. This paper is a first step in this direction.

An unranked label is a label with a variable rank (arity).
Thus the number of children is not fixed by the label. Given
a set � of labels in an unranked alphabet, we can define ��� ,
the set of all (unranked) trees, as follows:��� is a tree where ��� � .�������! #"%$&$%$&"'��(*) is a tree, where �+� � and each �-, is a

tree.
An unranked tree automaton (UTA) is a quadruple

( � "/.0"213"54 
 ), where � is a set of unranked labels, . is a
finite set of states, 4 
6� . is a set of final (accepting) states,
and 1 is a set of transitions where each transition is of the
form 7 �98:)<;>= , where 7 � � , =	�?. , and 8 is a regular
expression over . .

A bottom up UTA processes trees bottom up. When a leaf
node is labeled 7 and there is a transition 7 �98:)@;A= such that8 matches the empty string, then the node is assigned state= . When an internal node is labeled 7 , its children have been
assigned states =# :"&$%$&$&"2=&( , and there is a transition 7 �98:)�;B=
such that the string =  "&$%$&$&"2= ( matches the regular expression8 , then the node is assigned state = . A tree is accepted if the
state of its root is assigned an accepting state =C�D4 
 .

3 Approach and algorithm
Preprocessing. Fig. 1 shows a representative task. For
dealing with text nodes, we follow the approach described
in [Kosala et al., 2002b]: we replace most text nodes by
CDATA2, making an exception for so-called distinguishing
context, specific text that is useful for the identification of the

1Ranked: the label determines the number of children.
2See Fig. 2 for an example.

field of interest. E.g., the text ”Organization:” may be relev-
ant for the extraction, hence this text should not be changed
into CDATA. In each data set, at most one text field is identi-
fied as distinguishing context. It is found automatically using
the approach described in [Kosala et al., 2002b].

Figure 1: The fields to be extracted are the fields following
the Alt.Name and Organization fields. A document
consists of a variable number of records. The number of oc-
currences of the fields to be extracted is variable (from zero
to many). Also the position is not fixed.

html

head

title

List of books

body

h3

Data on the web

li

2000

html

head

title

CDATA

body

h3

CDATA

li

CDATA

Figure 2: The left figure is an HTML tree. The right one is
the same tree after abstracting the text nodes

Approach. Our approach for information extraction has the
following characteristics:� Strings stored at the text nodes are treated as single la-

bels. If extracted, the whole string is returned.� One automaton is learned for one type of field to be ex-
tracted, e.g., the field following “Organization”.� In examples used during learning, one target field (a text
node) is replaced by � . A document gives rise to several
examples when several targets occur.

The learning phase proceeds as follows:� Replace in the examples the target by “ � ”, the distin-
guishing context(s) (if present) by “ EGFH� ” and all other
text fields by CDATA.� Map examples to trees and learn a tree automaton.

The extraction phase repeats for all candidate targets:� Map the document to a tree and replace the candidate
target by “ � ”, the distinguishing context(s) (if present)

2
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by “ EGFH� ” and all other text fields by CDATA.� Run the tree automaton; if the tree is accepted, then out-
put the original text of the node labeled with � .

3.1 Local unranked tree automaton inference
algorithm

Preliminaries. A partition of a set 
 is a set of dis-
joint nonempty subsets of 
 such that the union of
the subsets is 
 . The height of a tree is defined
as: I 8KJML INF � 7 )PO Q and I 8KJRL INF � 7 � F  #"&$&$%$&" F (S)')TO QDU
max � I 8KJML ISF � F  )G"%$&$%$&" I 8KJML INF � F ( )') . If F OWV5� F  "&$%$&$&" F ( ) then
the F , are called subtrees of F , and subtrees of F , are also sub-
trees of F . When a tree F is ”cut off” at level � , this means all
subtrees at level � become leaves. Thus the height of the cut-
off tree can be at most � . Given a tree F , the set of roots XZY � F )
is the singleton containing F cut off at � ; the set of forks [\Y � F )
contains all subtrees of F of height at least � , cut off at � ; and
the set of subtrees ] Y � F ) contains all subtrees of F of height at
most � . Roughly, these sets respectively collect all subtrees
of height � at the top, in the middle, and at the bottom of F .
See [Rico-Juan et al., 2000] for a formal definition.

Example 1 Let F O^���M_:�9���R_:" � )5)G" E ) then X  Z� F )`O a#�cb ,[:d � F )�OeaK���R_#" E )G"/_:�9�*)f"5���R_#" � )Gb , and ]  � F )�Oga#_#" � " E b .

Algorithm 1 Local unranked tree inference algorithm
Input: Positive examples (set h ) and an integer i:j�kml .
Output: An unranked tree automaton n9oqpsrtpsuvpsw�x!y .
1: w�x3z|{
z|}~z�� ;
2: for each ���Ch do
3: ���*z��5�%�S�Z�G�&� �����2�f���#n��sy
4: {
z|{m���&�Kn�� � y % 2-forks
5: }�z|}��0�K�Gn�� � y % 1-subtrees
6: w�x3z�w�x��v� � n�����y % 1-root
7: end for
8: r+z�w�x����f� � n9�*y/� �0��{�� �¡}
9: u¢z6�G�*n�£'y¥¤`�S� �v�¡}��

10: ¦mzD§¨�Z�f��©���©��&�qn�{ty
11: for each n��¨p'xª�M�#y¥�0¦ do
12: if �tzm�%« and the length of the shortest string in xª�M�¬k­z6i:j

then
13: �@z�i �5�%�*�H�G®¯�M°¨���Mn�i#jfp'xª���Ky % a DFA
14: else if �±z��%« then
15: �@z�i �5�%�*�H�G®¯�M°¨���Mn9²Zpsx��M�#y % a DFA
16: else
17: �@zm³ % accepts any sequence
18: end if
19: u¢z�u��0�G�*n��&yq¤´�\�
20: end for

The algorithm. We have designed a procedure, which is
shown in Algorithm 1, to learn an unranked tree automaton
from a set µ of positive examples. The inferred automaton is
“local” in the sense that it identifies a tree with its ¶ -forks as
defined above. Note that DTDs for XML do the same [Murata
et al., 2001]. In addition to the input µ , it takes as additional
parameter a positive integer �¨·0� Q , which is the parameter
for the k contextual subroutine that it calls.

In a first for-loop, our algorithm collects all 2-forks, 1-
subtrees and 1-roots. The latter become final states. However,

before these steps, the node labels of each input tree F are re-
written using the function Ef¸#¹-7 8 X#F V9�*_G8#V ] � F ) . This function
(Algorithm 2) rewrites node labels. The label 7 of the root of
a subtree is changed into 7�º if that subtree contains a “ � ” and
into 7 ·M»�º if that subtree contains a “ EGFH� ”. The effect is that the
special labels are remembered up to the root3.

Algorithm 2 convert labels( F )
Input: A tree �qz��*n�� � pG¼/¼/¼/pM�H½\y .
Output: A tree � �
1: � � � z��2�&�N�Z�G�f� ���Z�/�f���#n��2�Hy5p/¼/¼/¼GpM� � ½ z��5�%�S�Z�G�&� �����2�f���#n�� ½ y
2: if ¾�©q¿%� �À has label � « or ® then
3: � � z��%«¯n�� � � p2¼/¼/¼/p�� � ½ y
4: else if ¾�©!¿K� �À has label � j�Á�« or �5��® then
5: � � z��&j�Á�«\n�� � � p/¼G¼2¼/p�� � ½ y
6: else
7: � � z|�
8: end if

Algorithm 3 k contextual( � " 
 FHX )
Input: An integer ivkml and set of strings xª��� over Â
Output: A i -contextual DFA n9Â­psrtp'u¡psw�x!y .
1: r+z�w�x�zmuÃz�� ;
2: Ämzm�%Å¬Æ&Ç � �fÅ�� �È�Éxª���&p'ÅËÊ��Â��
3: Ì@�%�ZÍÉ��zm�%�:� � is a substring of °ªps°0��Ä�pf� �:�Kz�i¯�
4: for each Î��ÉÌ@�%�ZÍ0� do
5: Let Î¬z�°¨� with � °-�#z+l and � �S�Kz�i±ÏÐl
6: r+z�rÐ�É�f�\�
7: if �±z��:��Å then
8: w�x<z�w�x����f�\�
9: end if

10: u¢z�u��0�G°¨�¬¤´�\�
11: end for

Next, the states are collected (the 1-root, the 1-subtrees,
and the 1-roots of the forks) in . , the transitions are initial-
ized with one transition for each 1-subtree and the 2-forks
are partitioned according to the label of the forks’ root. The
latter results in a set of pairs � 7 " 
 FHX ) with 
 FHX a set of se-
quences, each sequence being the children of a fork. E.g.,aK�ª"&a¯�R_:" E )f"%�R_:" E " E )/b\b represents two forks with root label � .

In the second for-loop, the k contextual algorithm (Al-
gorithm 3) [Muggleton, 1990; Ahonen, 1996] is used to learn
a deterministic finite automaton (DFA) that can be used as the
representation of the regular expressions 8 to be used in the
transitions 7 �98:)­;A= of the UTA. As an illustration, consider
an input string �¨_ for � OeÑ . The value of Ò is Ó0Ó �*_ Ó and
one obtains 4 
 OÔa#_ Ó b and 1ÕOÔa Ó0Ó ��; Ó �ª" Ó �*_�;�*_#"5�*_ Ó ;Ö_ Ó b , where Ó is a distinguished label that is not
in � . It is capable of identifying in the limit any � -contextual
string automaton, a subset of the finite automata, from posit-
ive examples only. In principle, we could use any string auto-
maton inference algorithm for this purpose (see e.g. [Murphy,
1996; Parekh and Honavar, 1998] for others). We choose
the k contextual algorithm because it is efficient, simple, and
works well in practice.

3As a result, the tree automaton is not purely local.
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An element � 7 " 
 FHX ) of the partition gives all positive ex-
amples for a particular label 7 . The regular expression 8 cap-
tures the regularity in these examples (the document content
model in XML terminology). To obtain sufficient generaliz-
ation, we decided, after some experimentation, to distinguish
three cases. If all children of a 7 º node are long enough,
we construct a DFA using the � -contextual algorithm with� -value �¯· , otherwise with value 2. For other labels (either
a 7 ·M»�º label or an original label), we ignore the content of
the children and accept any sequence (the regular expression
“ × ”).

Using a result of [Muggleton, 1990], it is quite straight-
forward to make an incremental version of Algorithm 1. We
omit it here due to lack of space. Using a basic result of
[Angluin, 1980], we can prove:

Theorem 1 Every unranked tree language that is definable
by a local unranked tree automaton with � -contextual regular
expressions is identifiable in the limit, from positive examples
only, by our algorithm.

Example 2 Applying the Algorithm 1 on the tree of Ex-
ample 1 for �¯· O ¶ , we obtain:Ø � � z��\«\n��/«\n���«¯n��&pH®SyHy5pM�GyØ � � n�� � y!zm�f� « �Ø {
z��&�Kn�� � y!z6�G��«¯n��/«\p��Gy5p��2«¯n���«#y5pª�\«\n��%pH®Sys�Ø }~z�� � n�� � y!zm�f�&p-®ªpc�f� .Ø w�x3z6�G� « �Ø r6zm�f��«\p��2«\p��&p�®ªpc�f�Ø ¦¬l­zm�f� « p'�Zn�� « pH�Gy5pfn��&p�®Sys�%�Ø ¦�²�zm�f�2«\p5�:n��\«#ys�K�Ø|Ù w�Ú�lË¿ÛuÜzÝ�%Å¡ps�2«W¤ �2«\Þ¡�/«\p��g¤ �%Þ¡�%p5Åß¤Å¡Þ¥Å¡pH�È¤Ô�&Þ-�%ps®0¤Ô®cÞ-®ªp'Åe¤àÅ�� , ráz	�f� « p��%p'Å¡p��%pH®N� ,w�x3zm�&Å�� .Ø|Ù w�Ú@²�¿¯u
z¢�%Å¡p�� « ¤T� « Þ-� « p'Åá¤âÅ�� , r¢z	�f� « p'Å�� ,w�x3zm�&Å�� .Ø transitions:Ø �@��}Ð¿#�Kn�£'y!¤´�Ø ®0�C}�¿K®�n�£'y-¤´®Ø �È�C}�¿%�Kn�£'yq¤´�Ø ¦¬l�¿K��«¯n Ù w�Ú�lfy!¤´��«Ø ¦�²±¿K�2«¯n Ù w�ÚÈ²%yq¤`�/«
4 Experimental results
We evaluated our method on two semi-structured data
sets commonly used in IE research (available online from
http://www.isi.edu/˜muslea/RISE/): a collection of web pages
containing people’s contact addresses (the Internet Address
Finder (IAF) database) and a collection of web pages about
stock quotes (the Quote Server (QS) database). For each
dataset, there are two tasks; they are the extraction of al-
ternative and organization fields in the IAF dataset and of
the date and volume fields in the QS dataset. Each data-
set consists of 10 documents. The number of fields to be
extracted is respectively 94 (IAF-organization), 12 (IAF-
alt.name), 24 (QS-date), and 25 (QS-vol). We choose these
datasets because they are benchmark datasets that are com-
monly used for research in IE; hence they allow us to com-
pare results. In order to provide a close comparison, we
use the same train and test splits as in [Freitag and Kush-
merick, 2000]. In addition, they require the extraction of a
whole leaf node (our algorithms are designed for that task).

Moreover, the results obtained so far [Muslea et al., 1999;
Hsu and Chang, 1999] indicate that they are difficult tasks. In
fact one of the authors in [Muslea et al., 1999] has tried to
build a hand-crafted extractor given all available documents
from the QS dataset and achieved only 88% accuracy (or re-
call in our criteria below). We also test our method on a signi-
ficantly reduced Shakespeare XML dataset (available online
from http://www.ibiblio.org/bosak/). We use the same train-
ing and test set as in [Kosala et al., 2002b]. The task on this
dataset is to extract the second scene from one act in a partic-
ular play.

We apply the commonly used criteria of IE research for
evaluating our method. Precision ã is the number of cor-
rectly extracted objects divided by the total number of extrac-
tions, while recall ä is the number of correct extractions di-
vided by the total number of objects present in the answer
template. The F1 score is defined as ¶�ã�ä�å � ã U ä ) , the
harmonic mean of ã and ä . Table 1 shows the results we
obtained as well as those obtained by some current state-of-
the-art string-based methods: an algorithm based on Hidden
Markov Models (HMMs) [Freitag and McCallum, 1999], the
Stalker wrapper induction algorithm [Muslea et al., 2001] and
BWI [Freitag and Kushmerick, 2000]. We also include the
results of the � -testable algorithm in [Kosala et al., 2002b]
which works on ranked trees. The results of HMM, Stalker
and BWI are taken from [Freitag and Kushmerick, 2000]. All
tests are performed with 10-fold cross validation following
the splits used in [Freitag and Kushmerick, 2000], except in
the small Shakespeare dataset which uses 2-fold cross valida-
tion. Each split has 5 documents for training and 5 for testing.
We refer to Section 5 for a description of these methods.

Table 1 shows the best results of the unranked method with
a certain �¯· (cross-validation on one fold of 50% random
training and test examples.) As can be seen, our method is
the only one giving optimal results.

Table 2 shows the value of � and � · used respectively
by the � -testable and the unranked algorithm. It is well-
known that when learning from positive examples only, there
is a problem of over-generalization. Our algorithm re-
quires a cross-validation on the value of � · to avoid over-
generalization.

Algorithm 1 runs in time O( EG¹ ), where ¹ is the total num-
ber of nodes in the training examples and E is a constant. It
takes an average time between 19 and 26 ms in a 1.7 Ghz
Pentium 4 PC for Algorithm 1 to learn an example in the IAF
and QS datasets.

5 Related work
The IE work for (semi-) structured texts can be divided into
systems built manually using a knowledge engineering ap-
proach, e.g. [Hammer et al., 1997] and systems built (semi-)
automatically using machine learning techniques or other al-
gorithms. The latter are called wrapper induction methods.
We briefly survey them.

The three systems referred to in Table 1 learn wrappers
based on regular expressions. BWI [Freitag and Kushmerick,
2000] uses a boosting approach in which the weak learner
learns a simple regular expression with high precision but low
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Table 1: Comparison of the results
IAF - alt.name IAF - organization QS - date QS - volume Small Shakespeare

Prec Rec F1 Prec Rec F1 Prec Rec F1 Prec Rec F1 Prec Rec F1
HMM 1.7 90 3.4 16.8 89.7 28.4 36.3 100 53.3 18.4 96.2 30.9 - - -
Stalker 100 - - 48.0 - - 0 - - 0 - - - - -
BWI 90.9 43.5 58.8 77.5 45.9 57.7 100 100 100 100 61.9 76.5 - - -i -testable 100 73.9 85 100 57.9 73.3 100 60.5 75.4 100 73.6 84.8 56.2 90 69.2

unranked 100 100 100 100 100 100 100 100 100 100 100 100 100 100 100

Table 2: Parameters used for the experiments
IAF - alt.name IAF - org. QS - date QS - volume Small Shakespearei -testable ( i ) 4 4 2 5 3

unranked ( i j ) 2 2 2 7 3

recall. The HMM approach [Freitag and McCallum, 1999]
learns a hidden Markov model; it solves the problem of es-
timating probabilities from sparse data by using a statistical
technique called shrinkage. This model has been shown to
achieve state-of-the-art performance on a range of IE tasks.
Stalker [Muslea et al., 2001] induces extraction rules that
are expressed as simple landmark grammars, a class of fi-
nite automata; it performs hierarchical extraction guided by a
manually built embedded catalog tree that describes the struc-
ture of the fields to be extracted.

Several techniques based on naive-Bayes, two regular lan-
guage inference algorithms, and their combinations for IE
from unstructured texts are described in [Freitag, 1997].
WHISK [Soderland, 1999] learns extraction rules based on
a form of regular expression patterns with a top-down rule in-
duction technique. [Chidlovskii et al., 2000] describe an in-
cremental grammar induction approach; they use a subclass
of deterministic finite automata that do not contain cyclic pat-
terns. The SoftMealy system [Hsu and Dung, 1998] learns
separators that identify the boundaries of the fields of interest.
[Hsu and Chang, 1999] propose two classes of SoftMealy ex-
tractors: single pass, which is biased for tabular documents
such as QS data (they reach up to 97% recall), and multi
pass, which is biased for tagged-list document such as IAF
data (they reach up to 57% recall). We cannot really compare
results because the experimental setting is different.

All above methods use algorithms for learning string lan-
guages and require some manual intervention. HMMs and
BWI require to specify a window length for the prefix, suffix
and the target fragments. Stalker and BWI require to spe-
cify special tokens or landmarks such as “ � ” or “;”. Soft-
Mealy extractors in [Hsu and Chang, 1999] requires to choose
between single and multi pass bias.

In [Kosala et al., 2002b], the document is converted in a
ranked (binary) tree and an algorithm is used that induces a� -testable tree automaton. However, as binarisation increases
the distance between target and distinguishing context, large� are needed and the resulting automaton is precise but does
not generalize enough (Table 1). In [Kosala et al., 2002a],
the same authors generalize the obtained automaton by se-
lectively introducing wild-card labels. This gives some mod-
est improvement in recall but does not solve the problem. Our
unranked tree automaton induction algorithm does.

The most apparent limitation of our method is that it can
only output a whole text node. To overcome this, it could be
extended with a second step where string based methods are
used to extract part of the text node. For example, to extract
the substring “the web” from the whole string “Data on the
web” (Fig. 2). Another limitation is that our method only
output a single field (slot) in one run.

Finally, a disadvantage that is not apparent from the res-
ults reported above, is that when the identification of target
fields does not require dependencies between nodes in the tree
but can rely on a local pattern (e.g., the field to be extracted
is always surrounded by specific delimiters), our tree based
method needs more examples to learn the same extraction
rule as methods that automatically focus on local patterns. In-
tuitively, more variations in further-away nodes need to be ob-
served before these variations are considered irrelevant. This
is simply an instance of the well-known trade-off between the
generality of a hypothesis space and the efficiency with which
the correct hypothesis can be extracted from it.

Some other approaches that exploit the structure of the doc-
uments are: WL d [Cohen et al., 2002], a logic-based wrapper
learner that uses multiple (string, tree, visual, and geometric)
representations of the HTML documents. In fact, WL d is able
to extract all four tasks in the IAF and QS datasets with 100%
recall; and wrappers [Sakamoto et al., 2002] that identify a
field with a path from root to leaf, imposing conditions on
each node in the path.

6 Conclusion

We have presented an algorithm for the inference of a local
unranked tree automaton with � -contextual regular expres-
sions and have shown that it can be used for IE from struc-
tured documents. Our results confirm the claim of [Kosala et
al., 2002b] that utilizing the tree structure of the documents is
worthwhile for structured IE tasks. Whereas the latter work
transforms the positive examples into binary ranked trees, we
use them directly as unranked trees. Our results are optimal
for the previously considered benchmarks, substantially im-
proving upon the published results of other string and tree
based methods and are a strong indication that unranked tree
automata are much better suited than ranked ones for struc-
tured IE tasks.
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Possible future work includes experiments with larger and
more difficult datasets, adapting tree automata for multi slot
extraction in one run, and a more formal analysis of the al-
gorithm.
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Abstract

This paper reports work on automated meta-data
creation for multimedia content. The approach re-
sults in the generation of a conceptual index of
the content which may then be searched via se-
mantic categories instead of keywords. The nov-
elty of the work is to exploit multiple sources of
information relating to video content (in this case
the rich range of sources covering important sports
events). News, commentaries and web reports cov-
ering international football games in multiple lan-
guages and multiple modalities is analysed and the
resultant data merged. This merging process leads
to increased accuracy relative to individual sources.

1 Introduction
Multimedia repositories of moving images, texts, and speech
are becoming increasingly available. This together with the
needs for ‘video-on-demand’ systems requires fine-grain in-
dexing and retrieval mechanisms allowing users access to
specific segments of the repositories containing specific types
of information. Annotation of video is usually carried out by
humans following strict guidelines. Video material is usually
annotated with ‘meta-data’ such as names of the people in-
volved in the production of the visual record, places, dates,
and keywords that capture the essential content of what is
depicted. Still, there are a few problems with human annota-
tion. Firstly, the cost and time involved in the production of
fine-grained semantic “surrogates” of the programme is ex-
tremely high; secondly, humans are rather subjective when
assigning descriptions to visual records; and thirdly, the level
of annotation required to satisfy a user’s needs can hardly be
achieved with the use of mere keywords. In order to tackle
these problems, indexing methods based on image process-
ing have been developed[Changet al., 1998]. Content-based
indexing and retrieval of visual records is based on features
such as colour, texture, and shape. Yet visual understanding
is not well advanced and is very difficult even in closed do-
mains. As a consequence, various ways to explore the use
of collateral linginstic material have been studied for tasks
∗Funded by EC’s 5th Framework HLT Programme under grant

number IST-1999-10651

such as automatic indexing[De Jonget al., 2000], classifi-
cation[Sable and Hatzivassiloglou, 1999], or understanding
[Srihari, 1995] of visual records.

In this paper, we present an integrated solution to the
problem of multimedia indexing and search: the MUMIS1

concept. Our solution consists of using information ex-
tracted from different sources (structured, semi-structured,
free, etc.), modalities (text, speech), and languages (English,
German, Dutch) all describing the same event to carry out
data-base population, indexing, and search. The novelty of
our approach is not only the use of these ‘heterogeneous’
sources of information but also the combination or cross-
source fusion of the information obtained from the separate
sources. Single-document, single-language information ex-
traction is carried out by independent systems that share a
semantic model and multi-lingual lexicon of the domain. The
results of all information extraction systems are merged by a
process of alignment and rule-based reasoning that also uses
the semantic model. In the rest of this paper we describe in
detail the context of the project, and each of the modules in-
volved in the automatic derivation of annotations. However,
the emphasis is on the merging component.

2 The MUMIS Project
In MUMIS various software components operate off-line to
generate formal annotations from multi-source linguistic data
in Dutch, English, and German to produce a composite time-
coded index of the events on the multimedia programme. The
domain chosen for tuning the software components and for
testing is football.

A corpus of collected textual data in the three languages
was used to build a multi-lingual lexicon and shared ontol-
ogy of the football domain. Based on this shared model,
three different off-line Information Extraction components,
one per language, were developed (see section 3). They are
used to extract the key events and actors from football re-
ports and to produce XML output. A merging component or
cross-document co-reference mechanism has been developed
to merge the information produced by the three IE systems
(see section 4). Audio material is being analysed by Phicos
[Steinbisset al., 1993], an HMM-based recognition system,

1Multimedia Indexing and Searching Environment, see
http://parlevink.cs.utwente.nl/projects/mumis/
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Formal text
England 1 - 0 Germany
Shearer (52)
Bookings Beckham (42)...

Ticker
41 mins: Beckham is shown a yellow card for retaliating on Ulf Kirsten sec-
onds after he is denied a free-kick.
40’ Hoekschop Engeland met David Beckham. Slecht getrapt. Meteen maakt
Beckham daarna een fout en krijgt een gele kaart.

Match
David Beckham - a muted force in attack - was shown a yellow card for a late
challenge on Kirsten...

Transcription
...it’s gonna be a card here for David Beckham it is yellow mmm well again
his was the name in the post match headlines...
David Beckham hielt die Sohle noch druber schauen Sie mit dem Hinterteil
auch harter Einsatz gegen Kirsten und Collina zeigt ihm Gelb eine der Unarten
leider von David Beckham
Beckham met*x Kirsten dat is nou weer dom wat die Beckham doet ja zal ie
dat dan nooit leren Kirsten overdrijft nu hoor maar Kirsten gaat ’t duel in geeft
een zet en dan reageert Beckham op deze manier in ieder geval krijgt ie dan
weer geel

Table 1: Different accounts of the same event in different lan-
guages

in order to obtain transcriptions of the football commentaries
(spontaneous speech). It uses acoustic models, word-based
language models (unigram and bigram) and a lexicon. For
Dutch, English, and German different recognition systems
have been developed (i.e., different phone sets, lexicons, and
language models are used).

JPEG keyframe extraction from MPEG movies around a
set of pre-defined time marks - result of the information ex-
traction component - is being carried out to populate the
database. The on-line part of MUMIS consists of a state of
the art user interface allowing the user to query the multime-
dia database. The interface makes use of the lexica in the
three target languages and domain ontology to assist the user
while entering his/her query. The hits of the query are indi-
cated to the user as thumbnails in the storyboard together with
extra information about each of the retrieved events. The user
can select a particular fragment and play it.

2.1 Domain and Ontology
An analysis of the domain and a user study led us to propose
31 types of event for a football match (kick-off, substitution,
goal, foul, red card, yellow card, etc.) that need to be identi-
fied in the sources in order to produce a semantic index. The
following elements associated with these events are extracted:
players, teams, times, scores, and locations on the pitch.

An ontology has been developed for these events and their
actors, it contains some 300 concept nodes related as an ‘is-a’
hierarchy. The link between the concepts and the three lan-
guages consists of a flexible XML format which maps con-
cepts into lexical entries.

Sources used for information extraction are: formal texts,
tickers, commentaries, and audio transcriptions (see Table 1).
Ticker reports are particularly important in the generation of
formal annotations. These texts are a verbal account of events
over time stamps. They also follow a specific text structure
consisting of a ‘ticker header’, in which information about
lists of players and the result of the game is usually stated,
and ‘ticker sections’ grouping together sentences describ-

ing events under single time stamps. Another very valuable
source for the generation of the annotations are the spoken
transcriptions that, even with the many errors they contain,
still provide exact temporal information.

3 Extracting Information from
Heterogeneous Sources

Information extraction is the process of mapping natural lan-
guage into template-like structures representing the key (se-
mantic) information from the text. These structures can be
used to populate a database, used for summarization pur-
poses, or as a semantic index as in our approach. Key to the
information extraction process is the notion of “domain”, sce-
nario or template that represents what information should be
extracted. IE has received a lot of attention in the last decade,
fuelled by the availability of on-line texts and linguistic re-
sources and the development of the Message Understanding
Conferences[Grishman and Sundheim, 1996]. Traditionally,
IE applications have tended to concentrate on a small number
of events (typically one), MUMIS addresses the challenge of
multi-event extraction.

Multi-lingual IE has been tried in the M-LaSIE system
[Gaizauskaset al., 1997], where the same underlying com-
ponents and a bi-lingual dictionary are used for two different
languages (English and French). MUMIS differs from that
system in that it operates with three different off-line infor-
mation extraction components, one per language, that pro-
duce the same “language-free” representation. In this paper
we give only a brief description of the English and German
IE systems.

3.1 Extraction from English Sources
IE from English sources is based on the combination of
GATE2 components for finite state transduction[Cunning-
ham et al., 2002] and Prolog components for parsing and
discourse interpretation. The components of the system are:
tokeniser, segmenter, gazetteer lookup (based on lists of
entities of the domain), semantic tagger, shallow pronom-
inal co-referencer, part-of-speech tagger, lemmatiser, chart
parser, discourse interpreter (ontology-based co-referencer),
and template extractor. These components are adapted and
combined to produce four different system configurations for
processing different text-types and modalities (transcriptions,
formal texts, semi-formal texts, and free texts). The analy-
sis of formal texts and transcriptions is being done with finite
state components because the very nature of these linguistic
descriptions make appropriate the use of shallow natural lan-
guage processing techniques. For example, in order to recog-
nise asubstitutionin a formal text it is enough to identify
players and their affiliations, time stamps, perform shallow
co-reference and identification of a number of regular expres-
sions to extract the relevant information. In our system, reg-
ular expressions operate on annotations (not on strings) and
produce semantic information. We make use of the Java An-
notation Pattern Engine (JAPE) formalism[Cunninghamet
al., 2002] to code our regular grammar. Below, we present

2GATE is a free architecture for natural language engineering.
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one example of the use of JAPE that accurately identifysub-
stitutionsin speech transcriptions:

Rule: Subs1
(({Player}) ({Token.string == ‘‘is’’}) ({Replace})
({Player})):annotate --> :annotate.SubsEvent =
{rule = "Subs1"}

Complex linguistic descriptions are fully analysed because
of the need to identify logical subjects and objects as well
as to solve pronouns and definite expressions (e.g., “the
Barcelona striker”) relying on domain knowledge encoded in
the ontology of the domain. Domain knowledge establishes,
for example, that the two players involved in asubstitution
belong to the same team. This semantic constraint is used
in cases such as “he is replaced by Ince” to infer that the
antecedent of the pronoun “he” belongs to the “English”
team (because “Ince” does).

Logic-based information extraction rules operate on log-
ical forms produced by the parser and enriched during dis-
course interpretation. They rely on the ontology to check con-
straints (e.g., type checking, ontological distance, etc.). The
following logic-based rule is used to extract the participants
of a substitution when syntactic and semantic information is
available:

replace_event(E) & lsubj(E,P1) & lobj(E,P2)
& player(P1) & player(P2) => substitution_event(E) &
player_1(E,P1) & player_2(E,P2)

‘lsubj’ and ‘lobj’ represent the logical subject and object
of an event. Note that, contrary to the regular case, the
‘lsubj’ and ‘lobj’ relations, being semantic in nature, are long
distance relations.

3.2 Extraction from German Sources
The German IE system is based on an integrated set of lin-
guistic tools called SCHUG: Shallow and Chunk based Uni-
fication Grammar[Declerck, 2002]. The chunking proce-
dure of SCHUG consists of a rule-based sequence of cas-
cades (based on the work by[Abney, 1996]), which pro-
duces a rich linguistic representation, including grammatical
functions and resolution of co-reference and ellipsis. In or-
der to detect these accurately, an analysis of the clauses of
a sentence is required. Clauses are subparts of a sentence
that correspond to a (possibly complex) semantic unit. Each
clause contains a main verb with its complements (grammat-
ical functions) and possibly other chunks (modifiers).

Applied to the football domain, SCHUG inspects the com-
mon MUMIS ontology and enriches the linguistic annotation
produced with domain-specific information encoded in the
ontology. Below (see Table 2) we show one example of the
semantic annotation generated by SCHUG when applied to
an on-line ticker text (game England-Germany). Here, vari-
ous relations (player, location, etc.) and events (free-kick, fail
to score a goal) that are relevant to the football domain are
recognised.

Some relations are not explicitly mentioned, but can still be
inferred by the MUMIS system. For example, the team for
which “Ziege” is playing can be inferred from the ontological
information that a player is part of a team and the instance of

7. Ein Freistoss von Christian
Ziege aus 25 Metern geht ueber das Tor.
‘‘A 25-meter free-kick by Christian
Ziege goes over the goal.’’

<events>
<event id="e1" clause="cls1" event-name=
"free-kick">
<relations>
<relation id="r1" reltype="player"
player-name="Christian Ziege" in-team="Germany"/>
...
</relations>
</event>
<event id="e2" clause="cls1" event-name=
"goal-scene-fail">
...
</event>
</events>

Table 2: Semantic annotation in SCHUG

this particular team can be extracted from additional texts or
meta-data. In this way, information not present in the text di-
rectly can be added by additional information extraction and
reasoning.

Since formal texts require only little linguistic analysis, but
rather an accurate domain-specific interpretation of the jargon
used, a module has been defined within SCHUG, which in a
first step maps the formal texts onto an XML annotation, giv-
ing the domain semantic of the expressions in the text (the
approach taken for formal texts is similar to the one followed
by the English IE system). In a second step SCHUGmerges
all the XML annotated formal texts about one game. Those
merged annotations are generated at a level that requires only
little linguistic analysis, and basically reflect domain specific
information about actors and events involved in the text. The
SCHUG module applied at this level also extracts meta-data
information: name of the game, date and time of the game, in-
termediate and final scores etc. This is quite important, since
the meta-data can guide the use of the annotations produced
so far for supporting linguistic analysis and information ex-
traction applied to more complex documents.

4 Merging
Merging, also known as cross-document co-reference[Bagga
and Baldwin, 1999], is the process of deciding whether two
linguistic descriptions from different sources refer to the
same entity or event. The merging component in MUMIS
combines the partial information as extracted from various
sources, such that more complete annotations can be ob-
tained. Radev and McKeown[1998] developed a knowledge-
based multi-document summarization system based on in-
formation extraction and merging of single ‘terrorist’ events.
The novelty of our approach consists in applying merging to
multiple events extracted from multiple sources.

As is to be expected, complete recognition of events in nat-
ural language sentences is extremely difficult. Often, events
will be only partially recognised. The merging component of
the MUMIS project aims to fill in missing aspects of events
with information gathered from other documents. For exam-
ple, the Dutch information extraction system recognised in
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documentA on the match Netherlands-Yugoslavia from the
European championships 2000 that asavewas performed in
the 31st minute. In addition, it recognised the names of two
players: Van der Sar (the Dutch goalkeeper) and Mihajlovic
(a Yugoslavian player), but it could not figure out which of
these two players performed the save. In documentB it
recognised afree-kickin the 30th minute, and the names of
the same two players. Again, it did not succeed in finding out
which player took thefree-kick.

The fact that the same two players are involved, plus the
small difference between the time-stamps, strongly suggests
that both descriptions are about the same event in reality. The
merging part of the MUMIS project matches these partial data
together, and concludes that it was Mihajlovic who took the
free-kick, followed by asaveby Van der Sar.

The merging component consists of several parts which
will be described in more detail below.

4.1 Scenes
Given the example above, it is clear that matching together in-
dividual events from two different documents is not the right
approach: asaveevent cannot be matched with afree-kick
event, they are two totally different events. Besides, it is clear
that players’ names will play an important role in the match-
ing of information from one document with information from
another document. In order to take players’ names into con-
sideration, anunknownevent was introduced, such that if it
was not clear what a player did, this could be represented by
letting that player perform this unknown event (the informa-
tion extraction systems provide this information).

Now the event is still the fundamental concept, but the
merging process aims at matching togethergroupsof events
instead of single events. Such a group of events is called a
scene. The author of a text is considered as a “semantic fil-
ter”, which determines which events should be taken together
in the same scene. If events are mentioned in the same text
fragment, they belong to the same scene. In the ticker doc-
uments this does not give rise to ambiguities, since their text
fragments are clearly distinguished from each other (see Ta-
ble 1).

4.2 Two Document Alignment
The merging algorithm compares all the scenes extracted
from documentA with all the scenes extracted from docu-
mentB, and examines whether or not a scene from docu-
mentA might be matched with a scene from documentB.
There are several aspects to be taken into account: players in-
volved in the scenes, distance between time stamps, whether
the scenes contain the same events or not, etc.

A scene from documentAmay match more than one scene
from documentB (see Figure 1).

The strength of a matching can be calculated in different
ways, and it will not be surprising that the number of players
involved in both scenes will be of great influence. This in-
fluence is that great, that taking only the number of common
players’ names as a measure of the strength of a binding, gave
the best results. We restricted matching of scenes to those
scenes which were not further than (arbitrarily) five minutes
apart.

Figure 1: Two document alignment. Vertical lines denote
documents, numbers are time stamps, thin lines indicate pos-
sible bindings, thick lines denote strongest bindings.

Figure 2: Finding complete subgraphs. The graph as a whole
is found by the alignment process. Inside 3 complete sub-
graphs are found (two triangles indicated by the thick lines,
and one single node).

In order to choose the best matchings, the algorithm starts
by selecting two sceness1 ands2 such that the binding be-
tweens1 ands2 is (one of) the strongest. In general, such
a choice will remove other bindings, in particular the bind-
ings betweens1 ands2 with other scenes. Since these two
describe the same fragment of the game, scenes befores1 can
now no longer match scenes afters2 (and vice versa). That
is to say, bindings which “cross” the matching ofs1 ands2

are removed. Thus the possible bindings are cut in two parts,
and the algorithm continues recursively with both halves, un-
til all choices have been made. This two document algorithm
is applied to every pair of documents.

4.3 Multi Document Alignment

The next step is to join connected scenes from various docu-
ments together. Start with a set consisting of one (arbitrary)
scene, and extend this set by those scenes which are con-
nected to the starting scene. Repeat this for all the scenes
added to the set until no further extension is found. This set of
scenes, together with the bindings between the scenes (chosen
by the two document algorithm) naturally form aconnected
graph.

Repeat this graph building procedure for the remaining
scenes, until all scenes are included in a graph. Notice, that
such a graph may consist of one scene only. Notice also, that
a graph may contain more scenes than there are documents,
since scenes may be connected through a sequence of two
document matches.
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4.4 Complete Sub-graphs
Ideally, a graph should becomplete, expressing that every two
scenes in the graph do match, and thus all scenes do contain
some common information. That is to say, the scenes in a
complete graph are all about the same fragment during the
football game which is described in the documents. However,
in practice not every graph which results from the procedure
above, is complete (see Figure 2).

Scenes may partially overlap, and thus give rise to se-
quences of connections where the first and the last are no
longer connected. We isolate thestrongest complete sub-
graphs from every non-complete graph, since such a sub-
graph describes one fragment in reality. A given (non-
complete) graph is divided into its strongest complete sub-
graphs by going through all the bindings in the graph, ordered
by their strength (starting with the strongest one), and adding
scenes and edges to a sub-graph whenever possible without
violating the completeness of this sub-graph. If that is not
possible, a new sub-graph is started, and some bindings may
be removed. The final result is a set of complete graphs of
matching scenes from many documents, such that the scenes
inside a graph describe the same fragment in reality.

4.5 Rules
Consider the example given before, about thesaveevent and
the free-kickevent, with the players Van der Sar and Miha-
jlovic. These scenes are now in the same graph, and thus may
be combined (see Figure 3). However, not every combina-
tion will be correct, for example, Mihajlovic and Van der Sar
will not both take the free-kick. Also, it will not be correct
to let Van der Sar (the Dutch keeper) take the free kick, and
Mihajlovic perform the save. In order to combine this partial
information into scenes containing complete events,rulesare
needed. In the MUMIS project several kinds of rules, all ex-
pressing somedomain knowledge, have been developed. A
first kind are the event internal rules, for example, rules say-
ing that the two players involved in a substitution event be-
long to the same team, or that a keeper typically will not take
a corner.

A second kind of rule takes into account the role of the
teams in the fragment, i.e., whether a team is attacking or
defending at that moment. To determine whether a team is
attacking or defending, all players involved in the scene are
checked for their normal position in the field. Then events
are characterised as offensive events (such ascorner, shot on
goal), defensive events (save, clearance), and neutral events
(throw-in, yellow card). The second kind of rule makes sure
that offensive events are performed by players from the at-
tacking team, and defensive events are combined with payers
from the defending team.

A third kind of rule makes sure that players will not per-
form impossible combinations of events, e.g., the player who
takes a corner will (unless he’s very fast) not deliver a shot-
on-goal as well.

To apply these rules, a background database of player in-
formation is created, containing names of players, their nor-
mal position in the field, the team they belong to, etc.

Yet another kind of rule is based on an ontolgy of events
and is used to unify certain events which according to the

Figure 3: Merging. Bottom left is the result of merging all
information in all nodes of the graph. Bottom right is the
remaining information that could not be decided upon (in this
case nothing).

chosen semantics in MUMIS are not the same. For example, a
clearance and a save are two different events according to the
MUMIS semantics, but an author may well use these terms
in a way different from the MUMIS semantics. Therefore
the relationships between such concepts are expressed in an
ontology, such that rules may use sub-typing or super-typing
relationships between concepts.

4.6 Scenarios

After merging the scenes extracted from the various docu-
ments into more complete scenes, the order of the events
within a scene may be incorrect with respect to the order as
it was in reality. The merging process itself does not take the
ordering of events into account, and besides, authors often
mention events in the opposite order. For example, a player
scores after a corner – but the scoring is mentioned first.

Based on the original texts in the source documents, a se-
ries of scenariosis extracted, describing typical orders in
which events occur[Schank and Abelson, 1977].

4.7 Evaluation

Given the limited availability of background information on
players (to which team they belong, on what position they
play, etc.), the merging component could only be tested in a
case study. The match Netherlands-Yugoslavia from the Eu-
ropean championships in 2000 to perform such a case study.
Based on this example, the results of the merging approach
are very promising.

The result of the alignment process applied to this match
produced 63 complete graphs, of which 28 consist of only
one node (a scene), containing information from one source
text only. Looking at the original texts, only five of these one-
scene graphs might have been combined with other graphs,
the main problem being that some texts mention some in-
formation in one scene, whereas other documents divide the
same information over several scenes. In such cases the align-
ment algorithm chooses the best match, leaving the other part
unmatched.
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Of the remaining 35 multi scene graphs, no graph con-
tained unjustified bindings. This seems to be a very promising
aspect, since the rules used in the graph forming part of the
algorithm are formulated in a very general way, without using
any specific information on the concrete football match.

The result of the merging process consisted partly of the
elimination of several errors caused by syntactical ambigui-
ties in the single document information extraction, and partly
of joining together partial events into more complete events.
Like the alignment process, this merging process is also based
on general semantical rules, which do not use any concrete
details about the specific football match taken as a case study.
There were no errors introduced by these merging rules, and
in many cases the quality of the extracted information im-
proved considerably.

5 Conclusions and Future Work

The development of huge multimedia databases and the need
for accurate navigation of its content require a new generation
of “intelligent” tools for producing fine-grained surrogates or
indices of the multimedia content. By taking advantage of on-
tology, domain lexica, and a “language-free” representation
of the contents, MUMIS facilitates conceptual search over-
coming the keyword barrier.

MUMIS takes advantage of reliable, but coarse-grained
content, obtained from formal texts and fine-grained, but
sometimes partial, content obtained from free texts and tran-
scriptions. It indirectly solves problems of incomplete infor-
mation found in any source by combining results from mul-
tiple sources. By relying on the analysis of textual instead
of visual sources, MUMIS makes possible the derivation of
fine-grained semantic indices.

Cross-document co-reference is still in its infancy, MUMIS
advances research in that direction by providing a methodol-
ogy that uses robust named entity alignment from multiple
sources together with domain specific, semantic rules.

There are still many points on which the merging algorithm
may be improved. For example, some documents are more re-
liable than other documents. Furthermore, not all texts are of
the same type, so-called formal texts differ from ticker texts,
and from more free texts. As yet, differences in quality of
the source documents has not been taken into account, and a
weighted integration of formal texts and other texts still has to
be performed. A related point of improvement is to check the
consistency of certain elements of information in comparison
to other elements of information, and in particular to the state
on the football field as may be derived from all previously
mentioned events. Finally we mention the improvements in
connection to overlapping scenes, where events mentioned in
one text fragment in one document may be spread over sev-
eral text fragments in another document. At this point im-
provements are also possible.
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Abstract

Multi-view learners reduce the need for labeled data
by exploiting disjoint sub-sets of features (views),
each of which is sufficient for learning. Such al-
gorithms assume that each view is a strong view
(i.e., perfect learning is possible in each view). We
extend the multi-view framework by introducing a
novel algorithm, Aggressive Co-Testing, that ex-
ploits both strong and weak views; in a weak view,
one can learn a concept that is strictly more gen-
eral or specific than the target concept. Aggressive
Co-Testing uses the weak views both for detecting
the most informative examples in the domain and
for improving the accuracy of the predictions. In a
case study on 33 wrapper induction tasks, our algo-
rithm requires significantly fewer labeled examples
than existing state-of-the-art approaches.

1 Introduction
Labeling training data for learning algorithms is a tedious, er-
ror prone, time consuming process. Active learning addresses
this issue by detecting and asking the user to label only the
most informative examples in a domain. In this paper, we
focus on Co-Testing [Muslea et al., 2000], an active learn-
ing technique for domains with multiple views; i.e., domains
with disjoint sub-sets of features, each of which is sufficient
for learning. Co-Testing is a 2-step iterative algorithm that
(1) uses the few available labeled examples to learn a hypoth-
esis in each view and (2) queries (i.e., asks the user to label)
examples on which the views predict a different label. Such
queries are highly informative because they correct mistakes
made by one of the views: whenever the views disagree, at
least one of them must be wrong.

Co-Testing was successfully applied to wrapper induction
[Muslea et al., 2000], an industrially important application.
In wrapper induction the goal is to learn rules that extract the
relevant data from collections of Web pages that share the
same underlying structure; e.g., extract the book titles and
prices from amazon.com. For wrapper induction, Co-Testing
uses two views: the sequences of tokens that precede and fol-
low the extraction point, respectively. The extraction rules
learned in these views are finite automata that consume an
item’s prefix or suffix within the page, respectively.

The main limitation of existing Co-Testing algorithms
[Muslea et al., 2000; 2002a] is that they are designed to use
only views that are adequate for learning, thus being unable
to also exploit imperfect views that would permit a faster con-
vergence to the target concept. To address this problem, we
extend the multi-view learning framework by introducing the
idea of learning from strong and weak views. By definition,
a strong view consists of features that are adequate for learn-
ing the target concept; in contrast, in a weak view one can
only learn a concept that is more general or specific than the
target concept. We introduce a novel algorithm, Aggressive
Co-Testing, that exploits both strong and weak views with-
out additional data engineering costs. We also describe a case
study on wrapper induction, which shows that Aggressive Co-
Testing clearly outperforms state-of-the-art algorithms.

To illustrate the idea of strong and weak views, consider
the task of extracting fax numbers from a directory of restau-
rant Web pages such as Zagat. The two wrapper induction
views described above are strong views because each of them
is (typically) sufficient to extract the item of interest [Muslea
et al., 2000]. In addition to these two strong views, we
can also exploit a view that consists of tokens within the
item to be extracted. In this view, we learn the grammar
“( Number ) Number - Number” that describes the content of
the fax numbers. This additional view is a weak view because
the grammar above represents a concept more general than
the target one; i.e., it cannot discriminate between fax and
phone numbers that appear within the same Web page.

Aggressive Co-Testing for wrapper induction works as fol-
lows: first, it uses a few labeled examples to learn a rule
in each view (i.e., one weak and two strong rules). Then it
queries an unlabeled example on which the two strong rules
extract different strings, both of which are inconsistent with
the content-based grammar. Each such query is likely to rep-
resent a mistake not only in one, but in both strong views, thus
leading to faster convergence. We use a collection of 33 dif-
ficult extraction tasks to show that using the weak view dra-
matically reduces the need for labeled data: compared with
existing state of the art active learners, our novel algorithm
requires between 45% and 81% fewer labeled examples.

2 Related work
The idea of exploiting complementary information sources
(i.e., types of features) appears in various multi-strategy
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learners. Of particular interest are two recent papers [Kush-
merick et al., 2001; Nahm and Mooney, 2000] in which the
authors use sets of features that clearly do not have the same
expressive power. This work can be seen as learning from
strong and weak views, even though it was not formalized as
such, and it was not used for active learning.

Kushmerick et al. [2001] focus on classifying the lines of
text on a business card as a person’s name, affiliation, address,
phone number, etc. In this domain, the strong view consists
of the words that appear on each line, based on which a Naive
Bayes text classifier is learned. In the weak view, one can ex-
ploit the relative order of the lines on the card by learning a
hidden Markov Model that predicts the probability of a par-
ticular ordering of the lines on the business card (e.g., name
followed by address, followed by phone number).

This weak view defines a class of concepts that is more
general than the target concept: all line orderings are possi-
ble, even though they are not equally probable. The order of
the text lines cannot be used by itself to accurately classify
the lines. However, when combined with the strong view, the
ordering information leads to a classifier that clearly outper-
forms the stand-alone strong view [Kushmerick et al., 2001].

Another algorithm that can be seen as learning from strong
and weak views is DISCOTEX [Nahm and Mooney, 2000],
which extracts job titles, salaries, locations, etc from com-
puter science job postings to the newsgroup austin.jobs.
DISCOTEX proceeds in four steps: first, it uses RAPIER
[Califf and Mooney, 1999] to learn extraction rules for each
item of interest. Second, it applies the learned rules to a large,
unlabeled corpus of job postings and creates a database that
is populated with the extracted data. Third, by text mining
this database, DISCOTEX learns to predict the value of each
item based on the values of the other fields. For example, it
may discover that “IF the job requirements include
C++ and CORBA THEN the development platforms
include Windows”. Finally, when the system is deployed
and the RAPIER rules fail to extract an item, the mined rules
are used to predict the item’s content.

In this scenario, the RAPIER rules represent the strong view
because they are sufficient for extracting the data of interest.
In contrast, the mined rules represent the weak view because
they cannot be learned or used by themselves. Furthermore,
as DISCOTEX discards all but the most accurate of the mined
rules, which are highly-specific, it follows that the weak view
can be used to learn only concepts that are more specific than
the target concept. Nahm and Mooney show that these mined
rules improve the extraction accuracy by capturing informa-
tion that complements the RAPIER extraction rules.

3 Preliminaries
In this section we first explain the main idea behind Co-
Testing algorithms [Muslea et al., 2000; Muslea, 2002], and
then we describe the strong and weak views that we use for
wrapper induction.

3.1 Background: the Co-Testing approach
Figure 1 provides a formal description of the Co-Testing fam-
ily of algorithms. Given a base learner �, a set � of labeled

Given: - a base learner �
- a learning problem with features V=���� ��� � � � � ���
- two views V1 and V2, where V=V1�V2 and V1�V2=�
- the sets � and � of labeled and unlabeled examples
- number � of queries to be made

LOOP for � iterations
- use �, V1(�), and V2(�) to create classifiers �� and ��
- let �	
��
�
	
�	

�� = � � � � � ����� �� ����� �
- IF �	
��
�
	
�	

�� is empty THEN quit
- let ����� = SelectQuery(�	
��
�
	
�	

��)
- remove ����� from � and ask for its label �
- add labeled ����� to �

- CreateOutputHypothesis( ��, �� )

Figure 1: Co-Testing algorithms repeatedly query examples
for which the two views make a different prediction.

examples, and a set � of unlabeled ones, Co-Testing works
as follows: first, it learns the classifiers �� and �� by apply-
ing the algorithm � to the projection of the examples in �

onto the two views, V1 and V2. Then it applies �� and �� to
all unlabeled examples in � and detects the set of contention
points, which are unlabeled examples for which �� and ��

predict a different label. Finally, it asks the user to label one
of the contention points and repeats the whole process.

The various members of the Co-Testing family differ from
each other with two respects: the strategy used to select the
next query, and the manner in which the output hypothesis1

is constructed. In other words, each Co-Testing algorithm
is uniquely defined by the choice of the heuristics Select-
Query() and CreateOutputHypothesis(). In turn, these two
heuristics depend on the properties of both the application do-
main and the base learner �.

We consider here two types of query selection strategies:

- random: randomly choose a contention point. This strategy
is appropriate for base learners that lack the capability of
estimating the confidence of their predictions.

- max-confidence: choose the contention point on which both
�� and �� make the most confident prediction. This
strategy is appropriate for high accuracy domains (e.g.,
wrapper induction), in which there is little or no noise.
On such tasks, discovering examples that are misclassi-
fied “with high confidence” translates into queries that
“fix big mistakes,” thus leading to fast convergence.

We also consider two “output hypothesis” heuristics:

- winner-takes-all: the output hypothesis is the one learned
in the view that makes the smallest number of mistakes
over the � queries.

- majority vote: examples are labeled according to the pre-
diction of most views (requires at least three views).

3.2 Wrapper induction: the strong views
In wrapper induction, each item of interest is described by
three strings of variable length: the item’s content, together

1Once training is completed, the output hypothesis is used to pre-
dict the label of all new, unseen examples.
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Name: <i> Gino’s </i><p> Phone: <i>  (800) 111-1717 </i><p> Fax: (616) 111-...

R2:R1: 

R3:  (Number) Number - Number

   BackTo "Fax"   BackTo "("SkipTo "Phone : <i>"

Figure 2: The forward and backward strong rules (i.e., R1 and R2) find the beginning of the phone number by consuming its
suffix or prefix, respectively. R3 is a content-based grammar that describes the structure of the item to be extracted.

with its prefix and suffix within the document. As this is not
a typical machine learning representation in which an exam-
ple’s description in each view consists of a fixed set of fea-
tures , we describe here in detail how Co-Testing can be ap-
plied to wrapper induction. As a first step, we introduce the
basic ideas in STALKER [Muslea et al., 2001], which is the
wrapper induction algorithm that we use as base learner.

Consider the illustrative task of extracting phone numbers
from Web pages similar to the one shown in Figure 2. In
STALKER, an extraction rule consists of a start rule and an
end rule that identify the beginning and the end of the item,
respectively. Given that start and end rules are extremely sim-
ilar, we describe here only the former. In order to find the
beginning of the phone number, one can use the start rule
�� � SkipTo ������ �<�>�

This rule is applied forward, from the beginning of the doc-
ument, and it ignores everything until it finds the string
Phone:<i>. For a slightly more complicated extraction task,
in which toll-free numbers appear in italics and the other ones
in bold, one can use a disjunctive start rule such as

��
� � ������ SkipTo ������ �<�>�

	� SkipTo ������ �<�>�

An alternative way to detect the beginning of the phone
number is to use the start rule

�� � BackTo ��	
� BackTo ���

which is applied backward, from the �
� of the document.
R2 ignores everything until it finds “Fax” and then, again,
skips back to the first open parenthesis.

As shown in [Muslea et al., 2001], the above extraction
rules can be learned based on user-provided examples of
items to be extracted. Note that R1 and R2 represent de-
scriptions of the same concept (i.e., start of phone number) in
two different views. That is, the views V1 (forward view) and
V2 (backward view) consist of the sequences of tokens that
precede and follow the beginning of the item, respectively.

Note that both V1 and V2 represent strong views: as the
Web pages to be wrapped share the same underlying struc-
ture, STALKER can be seen as uncovering and exploiting this
underlying structure for extraction purposes. Consequently,
both the forward and backward rules are expected to extract
the relevant data from any page.

3.3 Wrapper induction: the weak view
Besides the two strong views above, one can also use a third,
content-based view, which describes the actual item to be ex-
tracted. For example, when extracting phone numbers, one

may exploit the fact that they can be described by a simple
grammar: “( Number ) Number - Number”. Similarly, when
extracting URLs, one can take advantage of the fact that a
typical URL starts with the string “http://www.”, ends with
the string “.html”, and contains no HTML tags.

In this paper, we use the following features to describe the
content of each item to be extracted:

- the length range (in tokens) of the seen examples. For in-
stance, phone numbers in the format “( Number ) Number
- Number” consist of six tokens (i.e., the three numbers,
the dash, and the two parentheses).

- the token types that appear in the training examples. This
feature consists of the set of the most specific wildcards
(e.g., Number, AllCaps, etc) that match the tokens en-
countered in the item to be extracted. For example, in
the phone number case, this list consists of two wild-
cards: Number and Punctuation. The complete hierar-
chy of wildcards is described in Figure 3.

- a start-pattern such as “http://www.” or “( Number )”,
which describes the beginning of the item of interest.

- an end-pattern such as “AlphaNum.html” or “Number -
Number”, which describes the end of the item.

In order to learn the content-based description of an item,
we use as base learner a simplified version of the DataPro
algorithm [Lerman and Minton, 2000]. After tokenizing each
of the user-provided examples of strings to be extracted, the
weak-view learner proceeds as follows:

- the length range is determined by finding the examples that
contain the largest and the smallest number of tokens;

- the token types are obtained by going through the tokens
that appear in the labeled examples and adding to the set
of “seen types” the most specific wildcard that covers it.

- a start-pattern of length one consists of the most specific
wildcard that covers the first token in all labeled exam-
ples; if all examples start with the same token, such
as “(” in the phone number example, the actual to-
ken is preferred to the most specific wildcard. A start-
pattern of length � is generated by repeating the proce-
dure above for the first, second, . . . , up to �-th position.

- the end-pattern is learned in the same manner as the start
pattern, but using the � tokens at the end of the item.

Note that, unlike the forward and backward views, the
content-based view is a weak view because, for many extrac-
tion tasks, this view does not uniquely define the item of inter-
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non-Html Html

PunctuationAlphaNumeric

NumberAlphabetic

AllCaps

AnyToken

Capitalized

Figure 3: The hierarchy of wildcards used for wrapper induc-
tion. The parent-child relationship denotes the IsMoreGener-
alThen relationship. For example, the most general wildcard
is AnyToken, which matches all possible tokens. non-Html,
which is a child of AnyToken, denotes all tokens than are not
HTML tags (i.e., alphanumeric tokens and punctuation signs).

est. This is a consequence of the fact the view uses only fea-
tures that describe the content of each item. For Web pages
that contain several items with similar descriptions, such as
multiple email addresses, phone numbers, URLs, or names,
the content-based grammar cannot discriminate between the
various items with similar descriptions.

4 Aggressive Co-Testing
We introduce now Aggressive Co-Testing, which provides
a framework for naturally exploiting both strong and weak
views. For Aggressive Co-Testing, the contention points are
defined as unlabeled examples on which the strong views pre-
dict a different label. For the wrapper induction problem, Ag-
gressive Co-Testing uses the two strong and one weak views
described earlier (i.e., the forward, backward, and content-
based views). Consequently, the contention points are unla-
beled documents from which the forward and backward rules
extract different strings. Aggressive Co-Testing uses the la-
beled examples to learn one hypothesis in each view, detects
the contention points, and then uses the following heuristics:

- SelectQuery() returns the contention point on which both
strong rules violate the largest number of constraints
learned in the weak view; e.g., the extracted strings are
longer than the seen examples, the start- and end- pat-
terns do not match, etc. This is a max-confidence query-
ing strategy because the content-based view is maxi-
mally confident that the strong rules extract incorrect
strings.

- CreateOutputHypothesis() uses the three views for ma-
jority voting. That is, given a new, unseen document,
both strong rules are applied to it; if they extract the
same string, this string is returned as the answer. Oth-
erwise the “winner” is the strong rule that violates the
fewest constraints learned in the weak view. Note that
this flexible approach allows Co-Testing to use the most
appropriate strong rule for each document in the dataset.

To better understand how Aggressive Co-Testing works,
we contrast it now with Naive Co-Testing [Muslea et al.,
2000], which uses only the two strong views. Both algo-
rithms detect the contention points in the same manner, but

they use different query selection strategies and output hy-
potheses. More precisely, Naive Co-Testing randomly queries
one of the contention points and generates a winner-takes-all
output hypothesis (i.e., the rule that makes the fewest mis-
takes on the queries extracts the data from all documents).

5 Empirical Evaluation
The algorithms in the experimental comparison

In this empirical evaluation we compare the following algo-
rithms: Aggressive Co-Testing, Naive Co-Testing, Query-
by-Bagging, and Random Sampling. The first two algo-
rithms were described in the previous section; Random Sam-
pling, which is used as strawman, is identical with Naive Co-
Testing, except that it randomly queries one of the unlabeled
examples instead of one of the contention points.

Query-by-Bagging [Abe and Mamitsuka, 1998] is the only
single-view active learner that can be used in a straightfor-
ward manner with STALKER and, more generally, for wrap-
per induction.2 Even Query-by-Boosting [Abe and Mamit-
suka, 1998], which is similar to Query-by-Bagging, cannot
use STALKER as a base learner: as STALKER rarely - if ever -
makes mistakes on small training sets, it eliminates the ability
of the boosting algorithm to generate a diverse committee.

Query-by-Bagging is based on the idea of creating a com-
mittee of extraction rules and then querying the example on
which the committee is the most split (i.e., the rules in the
committee extract the largest number of distinct strings); the
algorithm’s actual predictions are made by majority voting
the committee of rules. Query-by-Bagging generates a com-
mittee of 10 extraction rules, each of which is learned by
training STALKER with examples obtained by re-sampling
with replacement the original training set. We are forced to
use such a small committee because of the scarcity of the
training data: as STALKER is expected to train on a handful of
examples, sampling-with-replacement from a few examples
leads to few distinct training sets for creating the committee.
Query-by-Bagging is run once in each view, and we report
only the best results, which are obtained in the forward view.

The datasets
In order to empirically compare the algorithms above, we
use the wrapper induction testbed introduced by Kushmerick
[2000]. It consists of 206 extraction tasks from 30 Web-based
information sources.3 As shown in [Muslea et al., 2001],
on most of these 206 tasks STALKER learns 100% accurate
rules from just one or two randomly-chosen labeled exam-
ples. We consider here the 33 most difficult tasks in the
testbed, which were also used in previous work on multi-view
learning [Muslea et al., 2000; 2002b]:

- the 28 tasks on which 20 random examples are insufficient
for learning 100%-accurate rules in both strong views;

2Typical wrapper induction algorithms do not have the properties
that active learners require of their base learners; e.g., the ability to
evaluate the confidence of each prediction [Lewis and Gale, 1994],
or to randomly sample hypotheses from the version space [Seung et
al., 1992], or to generate most specific and most general extraction
rules [Cohn et al., 1994].

3These datasets can be obtained from the RISE repository:
http://www.isi.edu/	muslea/RISE/index.html.
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- the five additional tasks on which, in order to learn 100%-
accurate rules in both strong views, STALKER requires a
large number of random examples [Muslea, 2002].

The empirical results

For each of these 33 tasks, we use 20-fold cross-validation
to compare the performance of the algorithms above. Within
each fold, the algorithms start with the same two randomly-
chosen examples and then make a succession of queries. In
the end, the error rate is averaged over the 20 folds.

Figure 4 summarizes the algorithms’ performance over the
33 tasks. In each graph, the X axis shows the number of
queries made by the algorithm, while the Y axis shows the
number of tasks for which a 100% accurate rule was learned
after exactly X queries. Each algorithm is allowed to make
18 queries, for a total of 20 labeled examples. By conven-
tion, the “19 queries” data point denotes tasks for which a
100% accurate rule is not learned even after 18 queries.

Aggressive Co-Testing clearly outperforms the other algo-
rithms: it makes an average of 2.43 queries over the 30 tasks
that are solved with 100% accuracy; furthermore, on 11 of
these 30 tasks, a single query is sufficient to learn the cor-
rect rule. In contrast, Naive Co-Testing, which comes sec-
ond, makes an average of 4.4 queries per task and converges
in a single query on just four of the 33 tasks. Also note that
Aggressive Co-Testing solves correctly two of the five tasks
that cannot be solved by Naive Co-Testing; the other two al-
gorithms fail to solve 23 and 26 of the 33 tasks, respectively.

Even though Aggressive Co-Testing makes 45% fewer
queries that Naive Co-Testing, at first glance the difference
between 2.43 and 4.4 queries per task may seem small. How-
ever, one must take into account that wrapper induction is
used in information agents [Knoblock et al., 2001], which
typically use hundreds of extraction rules; in this context, Ag-
gressive Co-Testing makes a tremendous difference.

To put our work into a larger context, we briefly compare
the results above with the ones obtained by WIEN [Kushm-
erick, 2000], which is the only wrapper induction system for
which there are published results for all the extraction tasks
used here. As the two experimental setups are not identical,4

this is just an informal comparison that contrasts Co-Testing
with a state-of-the-art approach to wrapper induction.

The results in [Kushmerick, 2000] can be summarized as
follows: WIEN, which uses random sampling, learns the cor-
rect extraction rule on 15 of the 33 task. On these 15 tasks,
WIEN requires between 25 and 90 labeled examples5 to learn
the correct rule. For the same 15 tasks, both Aggressive and
Naive Co-Testing learn 100% accurate rules from at most
eight labeled examples (two random plus at most six queries).

4Instead of using cross-validation, WIEN repeatedly splits the
dataset into randomly chosen training and test sets.

5For WIEN, an example consists of a document in which all items
of interest are labeled; e.g., a page with 15 labeled names repre-
sents a single example. In contrast, STALKER counts the 15 labeled
strings as 15 examples. We convert the WIEN results into equiva-
lent STALKER-like ones by multiplying the number of WIEN labeled
pages by the average number of item occurrences per page.

Discussion
The empirical results deserve several comments. First of all,
the experiments illustrate the benefits of a framework that
naturally integrates strong and weak views: Aggressive Co-
Testing exploits the strengths and mitigates the weaknesses of
each individual view. For example, we do not use the weak
view to identify the contention points because its mistakes
may be “unfixable” (remember that in a weak view one learns
a concept more general/specific than the one of interest). On
the other hand, we use the weak view both to detect the highly
informative contention points and to find the most appropriate
strong view for each prediction.

In contrast to Aggressive Co-Testing, existing multi-view
learners [Blum and Mitchell, 1998; Muslea et al., 2000] can
use only the strong views, thus losing an important source of
information. Similarly, single-view learners must either pool
all features together or simply ignore all but one view. Note
that, in practice, pooling the features together may not be a
straightforward task:
- in DISCOTEX [Nahm and Mooney, 2000], the text min-

ing features (the weak view) are the extracted items,
which become available only after the extraction rules
are learned and applied to the unlabeled corpus.

- the main contribution of [Kushmerick et al., 2001] consists
of a novel algorithm that exploits features from both the
strong and weak views (i.e., the words in each text line,
and the lines’s order within the business card).

Second, we ran an additional experiment to determine the
usefulness of the weak view with respect to each heuristic
(i.e., query selection and output hypothesis). We considered
two hybrid algorithms between Aggressive and Naive Co-
Testing: one uses the random and majority vote heuristics,
while the other uses max-confidence and winner-takes-all;
i.e., each hybrid exploits the weak view in only one of the two
heuristics. Because of space constraints, we just summarize
our findings: the two hybrids outperform Naive and under-
perform Aggressive Co-Testing; more precisely, they make
an average of 3.0 and 3.9 queries per task, respectively. In
other words, the weak view improves both the query selec-
tion and the output hypothesis.

Finally, note that on three of the 33 tasks, Aggressive Co-
Testing fails to learn 100%-accurate rules; in fact, on these
tasks Query-by-Bagging and Random Sampling obtain more
accurate rules than both Aggressive and Naive Co-Testing.
This happens because, on these three tasks, the backward
view is significantly less accurate than the forward one. Con-
sequently, the distribution of the queries is skewed towards
mistakes of the “bad view”, which are not informative for
either view: the “good view” extracts the correct string any-
way, while the “bad view” is inadequate to learn the target
concept. To cope with this problem, we plan to use view val-
idation [Muslea et al., 2002b], which predicts whether or not
the strong views are appropriate for a particular task.

6 Conclusion and Future Work
In this paper we introduce the concepts of strong and weak
views and present a novel active learner that naturally inte-
grates and exploits both types of views. In a case study on
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Figure 4: Convergence results on the 33 wrapper induction tasks.

wrapper induction, we show that weak views represent a pow-
erful source of information that can be used both to detect
highly informative examples and to improve the algorithm’s
predictions. On a set of 33 difficult extraction tasks, our novel
algorithm converges by making up to 81% fewer queries than
other state of the art active learners.

We intend to continue our work along several directions.
First, we plan to investigate the use of weak views for semi-
supervised multi-view learning [Blum and Mitchell, 1998].
Second, we intend to extend view validation [Muslea et al.,
2002b] so that it also accounts for weak views. Finally, we
are interested in a theoretical analysis of learning from strong
and weak views.
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Abstract

Dynamic Bayesian networks (DBNs) offer an ele-
gant way to integrate various aspects of language
in one model. Many existing algorithms developed
for learning and inference in DBNs are applicable
to probabilistic language modeling. To demonstrate
the potential of DBNs for natural language process-
ing, we employ a DBN in an information extraction
task. We show how to assemble wealth of emerg-
ing linguistic instruments for shallow parsing, syn-
tactic and semantic tagging, morphological decom-
position, named entity recognition etc. in order to
incrementally build a robust information extraction
system. Our method outperforms previously pub-
lished results on an established benchmark domain.

1 Information Extraction
Information extraction (IE) is the task of filling in template
information from previously unseen text which belongs to a
pre-defined domain. The resulting database is suited for for-
mal queries and filtering.IE systems generally work by de-
tecting patterns in the text that help identify significant in-
formation. Researchers have shown[Freitag and McCallum,
1999; Ray and Craven, 2001] that a probabilistic approach
allows the construction of robust and well-performing sys-
tems. However, the existing probabilistic systems are gen-
erally based on Hidden Markov Models (HMMs). Due to
this relatively impoverished representation, they are unable
to take advantage of the wide array of linguistic information
used by many non-probabilisticIE systems. In addition, ex-
isting HMM -based systems model each target category sepa-
rately, failing to capture relational information, such as typ-
ical target order, or the fact that each element only belongs
to a single category. This paper shows how to incorporate a
wide array of knowledge into a probabilisticIE system, based
on dynamic Bayesian networks (DBN)—a rich probabilistic
representation that generalizesHMMs.

Let us illustrateIE by describing seminar announcements
which got established as one of the most popular bench-
mark domains in the field[Califf and Mooney, 1999; Freitag
and McCallum, 1999; Soderland, 1999; Roth and Yih, 2001;
Ciravegna, 2001]. People receive dozens of seminar an-
nouncements weekly and need to manually extract informa-

tion and paste it into personal organizers. The goal of anIE
system is to automatically identify target fields such as lo-
cation and topic of a seminar, date and starting time, ending
time and speaker. Announcements come in many formats,
but usually follow some pattern. We often find a header with
a gist in the form “PostedBy: john@host.domain;
Who: Dr. Steals; When: 1 am; ” and so forth.
Also in the body of the message, the speaker usually precedes
both location and starting time, which in turn precedes end-
ing time as in: ‘‘Dr. Steals presents in Dean
Hall at one am.’’ The task is complicated since some
fields may be missing or may contain multiple values.

This kind of data falls into the so-called semi-structured
text category. Instances obey certain structure and usually
contain information for most of the expected fields in some
order. There are two other categories: free text and structured
text. Instructured text, the positions of the information fields
are fixed and values are limited to pre-defined set. Conse-
quently, theIE systems focus on specifying the delimiters and
order associated with each field. At the opposite end lies the
task of extracting information fromfree textwhich, although
unstructured, is assumed to be grammatical. HereIE systems
rely more on syntactic, semantic and discourse knowledge in
order to assemble relevant information potentially scattered
all over a large document.

IE algorithms face different challenges depending on the
extraction targets and the kind of the text they are embedded
in. In some cases, the target is uniquely identifiable (single-
slot), while in others, the targets are linked together in multi-
slot association frames. For example, a conference schedule
has several slots for related speaker, topic and time of the pre-
sentation, while a seminar announcement usually refers to a
unique event. Sometimes it is necessary to identify each word
in a target slot, while some benefit may be reaped from par-
tial identification of the target, such as labeling the beginning
or end of the slot separately. Many applications involve pro-
cessing of domain-specific jargon likeInternetese—a style of
writing prevalent in news groups, e-mail messages, bulletin
boards and online chat rooms. Such documents do not follow
a good grammar, spelling or literary style. Often these are
more like a stream-of-consciousness ranting in which ascii-
art and pseudo-graphic sketches are used and emphasis is pro-
vided by all-capitals, or using multiple exclamation signs. As
we exemplify below, syntactic analysers easily fail on such
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Position 1 2 3 4 5 6 7 8 9 10
Tag <speaker> <location> <s-time>

Phrase Doctor Steals Presents in Dean Hall at 1 am .
Lemma Dr. present in hall at am

PoS NNP NNP(VB) VB(NNS) IN NNP NN(NNP) IN CD NN(RB) .
Syn.segm. NP NP (VP) VP PP NP NP PP NP NP(VP)
Semantic Title LstName LstName Location Time
Length 3 6 8 2 4 4 2 1 2 1
Case Upper Upper Upper lower Upper Upper lower lower

Table 1: Sample phrase and its representation in multiple feature values for ten tokens.

corpora.
Other examples ofIE application domains include job

advertisements[Califf and Mooney, 1999] (RAPIER), ex-
ecutive succession[Soderland, 1999] (WHISK), restaurant
guides [Muslea et al., 2001] (STALKER), biological pub-
lications [Ray and Craven, 2001] etc. Initial interest in
the subject was stimulated by ARPA’s Message Under-
standing Conferences (MUC) which put forth challenges
e.g. parsing newswire articles related to terrorism (see e.g.
Mikheev[1998]). Below we briefly review variousIE systems
and approaches which mostly originated from MUC compe-
titions.

SuccessfulIE involves identifying abstract patterns in the
way information is presented in text. Consequently, all pre-
vious work necessarily relies on some set of textual fea-
tures. The overwhelming majority of existing algorithms
operate by building and pruning sets of induction rules de-
fined on these features (SRV, RAPIER, WHISK, LP2). There
are many features that are potentially helpful for extracting
specific fields, e.g. there are tokens and delimiters that sig-
nal the beginning and end of particular types of informa-
tion. Consider an example in table 1 which shows how the
phrase “Doctor Steals presents in Dean Hall
at one am. ” is represented through feature values. For
example, the lemma “am” designates the end of a time field,
while the semantic feature “Title” signals the speaker, and
the syntactic categoryNNP (proper noun) often corresponds
to speaker or location. Since many researchers use the semi-
nar announcements domain as a testbed, we have chosen this
domain in order to have a good basis of comparison.

One of the systems we compare to (specifically designed
for single-slot problems) is SRV[Freitag, 1998]. It is built
on three classifiers of text fragments. The first classifier is
a simple look-up table containing all correct slot-fillers en-
countered in the training set. The second one computes the
estimated probability of finding the fragment tokens in a cor-
rect slot-filler. The last one uses constraints obtained by rule
induction over predicates like token identity, word length and
capitalization, and simple semantic features.

RAPIER [Califf and Mooney, 1999] is fully based on
bottom-up rule induction on the target fragment and a few to-
kens from its neighborhood. The rules are templates specify-
ing a list of surrounding items to be matched and potentially,
a maximal number of tokens for each slot. Rule generation
begins with the most specific rules matching a slot. Then
rules for identical slots are generalized via pair-wise merging,

until no improvement can be made. Rules inRAPIER are for-
mulated as lexical and semantic constraints and may include
POS tags.WHISK [Soderland, 1999] uses constraints similar
to RAPIER, but its rules are formulated as regular expressions
with wild cards for intervening tokens. Thus,WHISK encodes
a relative, rather than absolute position of tokens with respect
to the target. This enables modeling long distance dependen-
cies in the text.WHISK performs well on both single-slot and
multi-slot extraction tasks.

Ciravegna [2001] presents yet another rule induction
method (LP)2. He considers several candidate features such
as lemma, lexical and semantic categories and capitalization
to form a set of rules for inserting tags into text. Unlike other
approaches, (LP)2 generates separate rules targeting the be-
ginning and ending of each slot. This allows for more flexi-
bility in subjecting partially correct extractions to several re-
finement stages, also relying on rule induction to introduce
corrections. Emphasizing the relational aspect of the domain,
Roth and Yoh[2001] developed a knowledge representation
language that enables efficient feature generation. They used
the features in a multi-class classifierSNOW-IE to obtain the
desired set of tags. The resulting method (SNOW-IE) works
in two stages: the first filters out the irrelevant parts of text,
while the second identifies the relevant slots.

Freitag & McCallum[1999] use hidden Markov models
(HMM ). A separateHMM is used for each target slot. No pre-
processing or features is used except for the token identity.
For each hidden state, there is a probability distribution over
tokens encountered as slot-fillers in the training data. Weakly
analogous to templates, hidden state transitions encode reg-
ularities in the slot context. In particular prefix and suffix
states are used in addition to target and background slots to
capture words frequently found in the neighborhood of tar-
gets. Ray&Craven[2001] make one step further by setting
HMM hidden states in a product space of syntactic chunks
and target tags to model the text structure. The success of the
HMM -based approaches demonstrate the viability of proba-
bilistic methods for this domain. However, they do not take
advantage of the linguistic information used by the other ap-
proaches. Furthermore, they are limited by using a separate
HMM for each target slot, rather than extracting data in an
integrated way.

The main contribution of this paper is in demonstrating
how to integrate various aspects of language in a single prob-
abilistic model, to incrementally build a robust information
extraction system based on a Bayesian network. This sys-
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tem overcomes the following dilemma. It is tempting to use
a lot of linguistic features in order to account for multiple as-
pects of text structure. However, deterministic rule induction
approaches seem vulnerable to the performance of feature
extractors in pre-processing steps. This presents a problem
since syntactic instruments that have been trained on highly-
polished grammatical corpora, are particularly unreliable on
weakly grammatical semi-structured text. Furthermore incor-
porating many features complicates the model which often
has to be learned from sparse data, which harms performance
of classifier-based systems.

2 Features
Our approach is statistical, which generally speaking means
that learning corresponds to inferring frequencies of events.
The statistics we collect originates in various sources. Some
statistics reflect regularities of the language itself, while oth-
ers correspond to the peculiarities of the domain. With this
in mind we design features which reflect both aspects. There
is no limitation on the possible set of features. Local fea-
tures like part-of-speech, number of characters in the token,
capitalization and membership in syntactic phrase are quite
customary in theIE. In addition one could obtain such char-
acteristics of the word as imagibility, frequency of use, famil-
iarity, or even predicates on numerical values. Since there is
no need for features to be local, one might find useful includ-
ing frequency of a word in the training corpus or number of
occurrences in the document. Notice that the same set of fea-
tures would work for many domains. This includes semantic
features along with orthographic and syntactic features.

Before we move on to presenting our system for proba-
bilistic reasoning, let us discuss in some detail notation and
methods we used in preliminary data processing and feature
extraction. To use the data efficiently, we need tofactor the
text into “orthogonal” features. Rather than working with
thousands of listems (generic words1) in the vocabulary, and
combining their features, we compress the vocabulary by an
order of magnitude by lemmatisation or stemming. Ortho-
graphic and syntactic information is kept in feature variables
with just a few values each.

Tokenization
Tokenization is the first step of textual data processing. A to-
ken is a minimal part of text which is treated as a unit in sub-
sequent steps. In our case tokenization mostly involves sepa-
rating punctuation characters from words. This is particularly
non-trivial for separating a period[Manning and Schutze,
2001] since it requires identifying sentence boundaries. Con-
sider a sentence:Speaker: Dr. Steals, Chief
Exec. of rich.com, worth $10.5 mil.

Lemmatisation
We have developed a simple lemmatiser which combines out-
come of some standard lematisers and stemmers into a look-
up table. Combined with lemmatisation is a step of spell

1A word is a sequence of alphabetical characters, which has some
meaning assigned to it. This would cover words found in general and
special vocabulary as well abbreviations, proper names and such.

checking to catch misspelled words. This is done by inter-
facing with theUNIX ispellutility.

Gazetteer
Our original corpus contains about 11,000 different listems.
This does not take into account tokens consisting of punc-
tuation characters, numbers and such. About 10% are
proper nouns. The question of building a vocabulary auto-
matically was previously addressed inIE literature(see e.g.
Riloff [1996]). We use the intersection of two sets. The first
set consists of words encountered as part of target fields and
in their neighborhood. The second set consists of words fre-
quently seen in the corpus. Aside from vocabulary there are
two reserved values for Out-of-Vocabulary (OoV) words and
Not-a-Word (NaW). For example see blank slots in thelemma
row of Table 1. The first category encodes rare and unfa-
miliar words, which are still identified as words according to
their part of speech. The second category is for mixed alpha-
numerical tokens, punctuation and symbolic tokens.

Syntactic Categories
We usedLTChunk software from U.of Edinburgh NLP
group[Mikheevet al., 1998]. It produces47 PoS tags from
UPenn TreeBank set[Marcuset al., 1994]. We have clus-
tered these into 7 categories: cardinal numbers (CD), nouns
(NN), proper nouns (NNP), verbs (VB), punctuation (.), prepo-
sition/conjunction (IN) and other (SYM). The choice of clus-
ters seriously influences the performance, while keeping all
47 tags will lead to large CPTs and sparse data.

Syntactic Chunking
Following Ray&Craven[2001], we obtain syntactic seg-
ments (aka syntactic chunks) by running theSundancesys-
tem [Riloff, 1996] and flattening the output into four cate-
gories corresponding to noun phrase (NP), verb phrase (VP),
prepositional phrase (PP) and other (N/A). Table 1 shows a
sample outcome. Note that both the part-of-speech tagger
and the syntactic chunker easily get confused by non-standard
capitalization of a word “Presents” as shown by incorrect la-
bels in parenthesis. “Steals” is incorrectly identified as a verb,
whose subject is “Doctor” and object is “Presents”. Remark-
ably, other state-of-the-art syntactic analysis tools[Charniak,
1999; Ratnaparkhi, 1999] also failed on this problem.

Capitalization and Length
Simple features like capitalization and length of word are
used by many researchers (e.g. SRV[Freitag and McCallum,
1999]) Case representation process is straightforward except
for the choice of number of categories. We found useful intro-
ducing an extra category for words which contain both lower
and upper case letters (not counting the initial capital letter)
which tend to be abbreviations.

Semantic Features
There are several semantic features which play important role
in a variety of application domains. In particular, it is useful
to be able to recognize what could be a person’s name, geo-
graphic location, various parts of address, etc. For example,
we are using a list of secondary location identifiers provided
by US postal service, which identifies as such words likehall,
wing, floorandauditorium. We also use a list of100000 most
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popular names from US census bureau; the list is augmented
by rank which helps to decide in favor of first or last name
for cases like “Alexander ”. In general this task could be
helped by using a hypernym feature of WordNet project[Fell-
baum, 1998]. The next section presents probabilistic model
which makes use of the aforementioned feature variables.

3 BIEN

We convert theIE problem into a classification problem by
assuming that each token in the document belongs to a target
classcorresponding to ether one of the target tags or the back-
ground (compare to Freitag[1999]). Furthermore, it seems
important not to ignore the information about interdependen-
cies of target fields and document segments. To combine ad-
vantages of stochastic models with feature-based reasoning,
we use a Bayesian network.

A dynamic Bayesian network (DBN) is ideal for represent-
ing probabilistic information about these features. Just like a
Bayesian network, it encodes interdependence among various
features. In addition, it incorporates the element of time, like
anHMM , so that time-dependent patterns such as common or-
ders of fields can be represented. All this is done in a compact
representation that can be learned from data. We refer to a re-
cent dissertation[Murphy, 2002] for a good overview of all
aspects of Dynamic Bayesian Networks.

Each document is considered to be a single stream of to-
kens. In ourDBN, called the Bayesian Information Extraction
Network (BIEN), the same structure is repeated for every in-
dex. Figure 1 presents the structure ofBIEN. This structure
contains state variables and feature variables. The most im-
portant state variable, for our purposes, is “Tag” which corre-
sponds to information we are trying to extract. This variable
classifies each token according to its target information field,
or has the value “background” if the token does not belong
to any field. “Last Target” is another hidden variable which
reflects the order in which target information is found in the
document. This variable is our way of implementing a mem-
ory in a “memory-less” Markov model. Its value is determin-
istically defined by the last non-background value of “Tag”
variable. Another hidden variable, “Document Segment”, is
introduced to account for differences in patterns between the
header and the main body of the document. The former is
close to the structured text format, while the latter to the free
text. “Document Segment” influences “Tag” and together
these two influence the set of observable variables which rep-
resent features of the text discussed in section 2. Standard
inference algorithms forDBNs are similar to those forHMMs.
In a DBN, some of the variables will typically be observed,
while others will be hidden. The typical inference task is to
determine the probability distribution over the states of a hid-
den variable over time, given time series data of the observed
variables. This is usually accomplished using the forward-
backward algorithm. Alternatively, we might want to know
the most likely sequence of hidden variables. This is accom-
plished using the Viterbi algorithm. Learning the parameters
of a DBN from data is accomplished using theEM algorithm
(see e.g. Murphy[2002]). Note that in principle, parts of
the system could be trained separately on independent corpus

Index N Index N+1

features

Document
segment

Observable

Last target

Tag

Figure 1: A schematic representation ofBIEN.

to improve performance. For example, one could learn in-
dependently the conditional vocabulary of email/newsgroup
headers, or learn a probability of part-of-speech conditioned
on a word, to avoid dependence on external PoS taggers. Also
prior knowledge about the domain and the language could be
set in the system this way. The fact thatetimealmost never
precedesstimeas well as the fact thatspeakeris never a verb
could be encoded in a conditional probability table (CPT). In
large DBNs, exact inference algorithms are intractable, and
so a variety of approximate methods have been developed.
However, the number of hidden state variables in our model
is small enough to allow exact algorithms to work. Indeed,
all hidden nodes in our model are discrete variables which
assume just a few values. “DocumentSegment” is binary in
{Header, Body} range; “LastTarget” has as many values as
“Tag”—four per number of target fields plus one for the back-
ground.

4 Results
Several researchers have reported results on the CMU sem-
inar announcements corpus, which we have chosen in order
to have a good basis of comparison. The CMU seminar an-
nouncements corpus consists of 485 documents. Each an-
nouncement contains some tags for target slots. On average
starting timeappears twice per document, whilelocationand
speaker1.5 times, with up to9 speakerslots and4 loca-
tion slots per document. Sometimes multiple instances of the
same slot differ, e.g. speakerDr. Steals also appears as
Joe Steals 2. Ending time, speakerandlocationare miss-
ing from 48%, 16% and5% of documents correspondingly.
In order to demonstrate our method, we have developed a web
site which works with arbitrary seminar announcement and
reveals some semantic tagging. We also make available a list
of errors in the original corpus, along with our new derivative
seminar announcement corpus3.

2Obtaining100% performance on the original corpus is impos-
sible since some tags are misplaced and in general the corpus is not
marked uniformly—sometimes secondary occurrences are ignored.

3The corpus and demo for this paper are available from
http://www.eecs.harvard.edu/˜pesha/papers.html
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System stime etime location speaker
SNOW-IE 99.6 96.3 75.2 73.8
RAPIER 95.9 94.6 73.4 53.1
SRV 98.5 77.9 72.7 56.3
HMM 98.5 62.1 78.6 76.6
WHISK 92.6 86.1 66.6 18.3
(LP)2 99.0 95.5 75.0 77.6
BIEN 96.0 98.8 87.1 76.9

Table 2: F1 performance measure for variousIE systems.

The performance is calculated in the usual way,
by precision P = correct answers

answers producedand recall

R = correct answers
total correct combined into F measure geo-

metrical averageF = 2P ·R
P+R . We report results using

the same ten-fold cross validation test as other publi-
cations concerning this data set[Roth and Yih, 2001;
Ciravegna, 2001]. The data is split randomly into training
and testing set. The reported results are averaged over five
runs. Table 2 presents a comparison with numerous previous
attempts at the CMU seminar corpus. The figures are taken
from Roth and Yih[2001]. BIEN performs comparably to the
best system in each category, while notably outperforming
other systems in findinglocation. This is partly due to the
“LastTarget” variable. ”LastTarget” variable turns out to be
generally useful. Here is the learned conditional probability
table (CPT) forP (Target|LastTarget), where the element
(I, J) corresponds to the probability to get target tagJ after
target tagI was seen. We learn that initial tag isstimeor
speakerwith 2:1 likelihood ratio;etimeis naturally the most
likely follower to stimeand in turn forecastslocation.

Last Target

Current Tag
stime etime location speaker

none .66 0 .01 .33
stime .07 .46 .32 .14
etime .19 .002 .63 .18
location .37 .004 .02 .61
speaker .64 .002 .13 .22

Other variables turn out to be useless, e.g. the number of
characters does not add anything to the performance, and nei-
ther does the initially introduced “SeenTag” variable which
kept track of all tags seen up to the current position. Ta-
ble 3 presents performance ofBIEN with various individual
features turned off. Note that figures for completeBIEN are

BIEN stime etime location speaker
no semantic 92.0 95.0 73.0 57.0
no memory 99.0 95.5 75.0 74.6
no lemma 54.5 53.4 29.0 18.4
no length 98.1 98.6 87.9 79.8
no case 98.1 98.5 78.3 71.8
complete 98.0 98.8 88.5 79.7

Table 3: F1 performance comparison across implementations
of BIEN with disabled features.

0 20% 40% 60% 80%
0.5

0.6

0.7

0.8

0.9

1

Training Corpus Size

recall
precision

Figure 2: A learning curve for precision and recall with grow-
ing training sample size.

slightly better than in Table 2 since we pushed the fraction of
the training data to the maximum. Capitalization helps iden-
tify location and speaker, while losing it does not damage
performance drastically. Although information is reflected in
syntactic and semantic features, most names in documents do
not identify a speaker. One would hope to capture all relevant
information by syntactic and semantic categories, however
BIEN does not fare well without observing “Lemma”. Losing
the semantic feature seriously undermines performance inlo-
cationandspeakercategories—ability to recognize names is
rather valuable for many domains.

Reported figures are based on 80%-20% split of the cor-
pus. Increasing the size of training corpus did not dramati-
cally improve the performance in terms ofF measure, as fur-
ther illustrated by Figure 2, which presents a learning curve—
precision and recall averaged over all fields, as a function of
training data fraction. Trained on a small sample,BIEN acts
very conservatively rarely picking fields, therefore scoring
high precision and poor recall. Having seen hundreds of tar-
get field instances and tens of thousands of negative samples,
BIEN learns to generalize, which leads to generous tagging
i.e. lower precision and higher recall.

So far we provide results obtained on the original CMU
seminar announcements data, which is not very challeng-
ing. Most documents contain the header section with all the
target fields easily identifiable right after the corresponding
key word. We have created a derivative dataset in which
documents are stripped of headers and two extra fields are
sought:dateand topic. Indeed this corpus turned out to be
more difficult, with our current set of features we obtain only
64% performance onspeakerand68% performance ontopic.
Datedoes not present a challenge except for cases of regular
weekly events or relative dates like “tomorrow”. Admittedly,
the bootstrapping test performance is not a guarantee of sys-
tems performance on novel data since preliminary processing,
i.e. tokenization and gazetteering, as well as choice for PoS
tag set, lead to a strong bias towards the training corpus.
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5 Discussion

We have described how to integrate various aspects of lan-
guage into a single probabilistic model, and to incremen-
tally build a robust IE system based on a Bayesian network.
Currently, we are working on learning the structure ofBIEN
automatically. It seems to subject itself nicely to structural
EM [Friedman, 1998; Murphy, 2002]. The first step is auto-
matic selection of relevant features. Another direction of cur-
rent work is using approximate inference. We have tried LBP
(Loopy-belief Propagation)[Murphy et al., 1999; Murphy,
2002], but for the current structure ofBIEN it seems to give
no gain. More challenging applications which require larger,
stronger connected networks, will benefit from approximate
inference algorithms. It will enable quick on-line inference
on the network learned off-line with exact methods, as well
as learning for cases where exact inference is infeasible. One
such network will result from integrating a PoS tagger and
other feature extractors intoBIEN. This is a natural exten-
sion ofBIEN since various text processing routines are mutu-
ally dependent. Consider for example PoS tagging, sentence
boundary detection and named entities recognition. Another
complexBIEN structure will result if we try to better reflect
complex relational information[Califf and Mooney, 1999;
Roth and Yih, 2001; 2002] e.g. to process cases like seminar
cancellations and rescheduling; and handle multi-slot extrac-
tion, e.g. multiple seminar announcements and conference
schedules.
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Abstract
Information extraction can be defined as the task
of automatically extracting instances of specified
classes or relations from text. We consider the case
of using machine learning methods to induce mod-
els for extracting relation instances from biomedi-
cal articles. We propose and evaluate an approach
that is based on using hierarchical hidden Markov
models to represent the grammatical structure of
the sentences being processed. Our approach first
uses a shallow parser to construct a multi-level rep-
resentation of each sentence being processed. Then
we train hierarchical HMMs to capture the regu-
larities of the parses for both positive and negative
sentences. We evaluate our method by inducing
models to extract binary relations in three biomedi-
cal domains. Our experiments indicate that our ap-
proach results in more accurate models than several
baseline HMM approaches.

1 Introduction
In many application domains, there is the potential to greatly
increase the utility of on-line text sources by using automated
methods for mapping selected parts of the unstructured text
into a structured representation. For example, the curators of
genome databases would like to have tools that could accu-
rately extract information from the scientific literature about
entities such as genes, proteins, cells, diseases, etc. For this
reason, there has been much recent interest in developing
methods for the task of information extraction (IE), which
can be defined as automatically recognizing and extracting in-
stances of specific classes of entities and relationships among
entities from text sources.

Machine learning methods often play a key role in IE sys-
tems because it is difficult and costly to manually encode
the necessary extraction models. Hidden Markov models
(HMMs) [Leek, 1997; Bikel et al., 1999; Freitag and McCal-
lum, 2000] , and related probabilistic sequence models [Mc-
Callum et al., 2000; Lafferty et al., 2001], have been among
the most accurate methods for learning information extrac-
tors. Most of the work in learning HMMs for information ex-
traction has focused on tasks with semi-structured and other
text sources in which English grammar does not play a key

“. . .
Here we report the identification of an integral membrane
ubiquitin-conjugating enzyme. This enzyme, UBC6, local-
izes to the endoplasmic reticulum, with the catalytic domain
facing the cytosol.
. . .” �

subcellular-localization(UBC6,endoplasmic reticulum)

Figure 1: An example of the information extraction task. The top of
the figure shows part of a document from which we wish to extract
instances of the subcellular-localization relation. The bottom of
the figure shows the extracted tuple.

role. In contrast, the task we consider here is extracting infor-
mation from abstracts of biological articles [Hirschman et al.,
2002]. In this domain, it is important that the learned models
are able to represent regularities in the grammatical structure
of sentences.

In this paper, we present an approach based on using hier-
archical hidden Markov models (HHMMs) [Fine et al., 1998]
to extract information from the scientific literature. Hierar-
chical hidden Markov models have multiple “levels” of states
which describe input sequences at different levels of granu-
larity. In our models, the top level of the HMMs represent
sentences at the level of phrases, and the lower level of the
HMMs represent sentences at the level of individual words.
Our approach involves computing a shallow parse of each
sentence to be processed. During training and testing, the
hierarchical HMMs manipulate a two-level description of the
sentence parse, instead of just processing the sentence words
directly. We evaluate our approach by extracting instances of
three binary relations from abstracts of scientific articles. Our
experiments show that our approach results in more accurate
models than several baseline approaches using HMMs.

An example of a binary relation that we consider in our
experiments is the subcellular-localization relation, which
represents the location of a particular protein within a cell.
We refer to the domains of this relation as PROTEIN and
LOCATION. We refer to an instance of a relation as a tuple.
Figure 1 provides an illustration of our extraction task. The
top of the figure shows two sentences in an abstract, and the
bottom of the figure shows the instance of the target relation
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subcellular-localization that we would like to extract from
the second sentence. This tuple asserts that the protein UBC6
is found in the subcellular compartment called the endoplas-
mic reticulum. In order to learn models to perform this task,
we use training examples consisting of passages of text, an-
notated with the tuples that should be extracted from them.

In earlier work [Ray and Craven, 2001], we presented
an approach that incorporates grammatical information into
single-level HMMs. The approach described in this paper ex-
tends the earlier work by using hierarchical HMMs to provide
a richer description of the information available from a sen-
tence parse.

Hierarchical HMMs originally were developed by Fine et
al. (1998), but the application of these models to information
extraction is novel, and our approach incorporates several ex-
tensions to these models to tailor them to our task. Bikel et
al. (1999) developed an approach to named entity recognition
that uses HMMs with a multi-level representation similar to
a hierarchical HMM. In their models, the top level represents
the classes of interest (e.g. person name), and the bottom
level represents the words in a sentence being processed. Our
approach differs from theirs in several key respects: (i) our in-
put representation for all sentences being processed is hierar-
chical, (ii) our models represent the shallow phrase structure
of sentences, (iii) we focus on learning to extract relations
rather than entities, (iv) we use null models to represent sen-
tences that do not describe relations of interest, and (v) we
use a discriminative training procedure. Miller et al. (2000)
developed an information-extraction approach that uses a lex-
icalized, probabilistic context-free grammar (LPCFG) to si-
multaneously do syntactic parsing and semantic information
extraction. The genre of text that we consider here, however,
is quite different from the news story corpus on which avail-
able LPCFGs have been trained. Thus it is not clear how well
this intriguing approach would transfer to our task.

2 Sentence Representation
In most previous work on HMMs for natural language tasks,
the passages of text being processed have been represented
as sequences of tokens. A hypothesis underlying our work is
that incorporating sentence structure into the learned models
will provide better extraction accuracy. Our approach is based
on using syntactic parses of all sentences to be processed.
In particular, we use the Sundance system [Riloff, 1998] to
obtain a shallow parse of each given sentence.

The representation we use in this paper does not incorpo-
rate all of the information provided by the Sundance parser.
Instead our representation provides a partially “flattened”,
two-level description of each Sundance parse tree. The top
level represents each sentence as a sequence of phrase seg-
ments. The lower level represents individual tokens, along
with their part-of-speech (POS) tags. In positive training ex-
amples, if a segment contains a word or words that belong to
a domain in a target tuple, the segment and the words of in-
terest are annotated with the corresponding domain. We refer
to these annotations as labels. Test instances do not contain
labels – the labels are to be predicted by the learned IE model.

Figure 2 shows a sentence containing an instance of the

“This enzyme, UBC6, localizes to the endoplasmic reticulum, with the catalytic domain
facing the cytosol.”

1 NP SEGMENT DET this
UNK enzyme

2 NP SEGMENT:PROTEIN UNK:PROTEIN ubc6
3 VP SEGMENT V localizes
4 PP SEGMENT PREP to
5 NP SEGMENT:LOCATION ART the

N:LOCATION endoplasmic
N:LOCATION reticulum

6 PP SEGMENT PREP with
7 NP SEGMENT ART the

N catalytic
UNK domain

8 VP SEGMENT V facing
9 NP SEGMENT ART the

N cytosol

(a) (b) (c)

Figure 2: Input representation for a sentence which contains a
subcellular-localization tuple: the sentence is segmented into
typed phrases and each phrase is segmented into words typed with
part-of-speech tags. Phrase types and labels are shown in column
(a). Word part-of-speech tags and labels are shown in column (b).
The words of the sentence are shown in column (c). Note the group-
ing of words in phrases. The labels (PROTEIN, LOCATION) are
present only in the training sentences.

subcellular-localization relation and its annotated segments.
The sentence is segmented into typed phrases and each phrase
is segmented into words typed with part-of-speech tags.
For example, the second phrase segment is a noun phrase
(NP SEGMENT) that contains the protein name UBC6 (hence
the PROTEIN label). Note that the types are constants that
are pre-defined by our representation of Sundance parses,
whereas the labels are defined by the domains of the particu-
lar relation we are trying to extract.

3 Hierarchical HMMs for Information
Extraction

A schematic of one of our hierarchical HMMs is shown in
Figure 3. The top of the figure shows the positive model,
which is trained to represent sentences that contain instances
of the target relation. The bottom of the figure shows the null
model, which is trained to represent sentences that do not
contain relation instances (e.g. off-topic sentences). At the
“coarse” level, our hierarchical HMMs represent sentences
as sequences of phrases. Thus, we can think of the top level
as an HMM whose states emit phrases. We refer to this HMM
as the phrase HMM, and its states phrase states. At the “fine”
level, each phrase is represented as a sequence of words. This
is achieved by embedding an HMM within each phrase state.
We refer to these embedded HMMs as word HMMs and their
states as word states. The phrase states in Figure 3 are de-
picted with rounded rectangles and word states are depicted
with ovals. To explain a sentence, the HMM would first fol-
low a transition from the START state to some phrase state ��� ,
use the word HMM of � � to emit the first phrase of the sen-
tence, then transition to another phrase state �	� , emit another
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null model

LOCATION

S E

NP_SEGMENT

S E

PP_SEGMENT

PROTEIN ....
START

P

L

START

positive model

NP_SEGMENT

PP_SEGMENT

....
NP_SEGMENT

NP_SEGMENT

S E

END

END

E

S E

S

S E

Figure 3: Schematic of the architecture of a hierarchical HMM for
the subcellular-localization relation. The top part of the figure
shows the positive model and the bottom part the null model. Phrase
states are depicted as rounded rectangles and word states as ovals.
The types and labels of the phrase states are shown within rectangles
at the bottom right of each state. Labels are shown in bold and states
associated with non-empty label sets are depicted with bold borders.
The labels of word states are abbreviated for compactness.

phrase using the word HMM of �
� and so on until it moves
to the END state of the phrase HMM. Note that only the word
states have direct emissions.

Like the phrases in our input representation, each phrase
state in the HMM has a type and may have one or more labels.
Each phrase state is constrained to emit only phrases whose
type agrees with the state’s type. We refer to states that have
labels associated with them as extraction states, since they
are used to predict which test sentences should have tuples
extracted from them.

The architectures of the word HMMs are shown in Fig-
ure 4. We use three different architectures depending on the
labels associated with the phrase state in which the word
HMM is embedded. The word HMMs for the phrase states
with empty label sets (Figure 4(a)) consist of a single emit-
ting state with a self-transition. For the extraction states of
the phrase HMM, the word HMMs have a specialized archi-
tecture with different states for the domain instances, and for
the words that come before, between and after the domain
instances (Figures 4(b) and 4(c)). All the states of the word
HMMs can emit words of any type (part-of-speech). That is,
they are untyped, in contrast to the typed phrase states. The
word states are annotated with label sets, and are trained to
emit words with identical label sets. For example, the word

ENDSTART

END

START

LOCATION

START

(between)

(after)

(any)

      with two domain labels
(c) embedded model for extraction state

      with one domain label
(b) embedded model for extraction state

      non − extraction state
(a) embedded model for

(after)

(before)

LOCATION
PROTEIN

LOCATION

PROTEIN

(between)

(before)

END

Figure 4: Architectures of the word HMMs for the subcellular-
localization relation. Bold text within states denotes domain labels.
For states with implicit empty labels, italicized text within paren-
theses denotes the position of the state’s emissions relative to the
domain words. The figure shows (a) the structure of the embedded
HMMs for phrase states without labels, (b), phrase states with one
label and (c) phrase states with two labels.

HMM shown in Figure 4(b) can explain the phrase “the endo-
plasmic reticulum” by following a transition from the START
state to the (before) state, emitting the word “the”, transition-
ing to the LOCATION state, emitting the words “endoplas-
mic” and “reticulum” with the LOCATION label and then
transitioning to the END state. In order for a phrase state to
emit a whole phrase, as given by the input representation,
and not sequences of words that are shorter or longer than
a phrase, we require that the embedded word HMM transi-
tion to the end state exactly when it has emitted all the words
of a given phrase. Thus word HMMs will always emit se-
quences of words that constitute whole phrases and transi-
tions between phrase states occur only at phrase boundaries.

The standard dynamic programming algorithms that are
used for learning and inference in HMMs – Forward, Back-
ward and Viterbi [Rabiner, 1989] – need to be slightly mod-
ified for our hierarchical HMMs. In particular, they need to
(i) handle the multiple-levels of the input representation, en-
forcing the constraint that word HMMs must emit sequences
of words that constitute phrases, and (ii) support the use of
typed phrase states by enforcing agreement between state and
phrase types.

The Forward algorithm for our hierarchical HMMs is de-
fined by the recurrence relationships shown in Table 1. The
first three equations of the recurrence relation provide a
phrase-level description of the algorithm, and the last three
equations provide a word-level description. Notice that the
third equation describes the linkage between the phrase level
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ending at state � �Q) =GV�8- .�) I , ����) = � probability that word state ����) = emits word - .!) I>@�!���L, � = � probability of transition from phrase state � = to
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to word state � ��) =

Table 1: The left side of the table shows the Forward-algorithm recurrence relation for our hierarchical HMMs. The right side of the table
defines the notation used in the recurrence relation.

and the word level. The Backward and Viterbi algorithms re-
quire similar modifications, but we do not show them due to
space limitations.

As illustrated in Figure 2, each training instance for our
HMMs consists of a sequence of words, segmented into
phrases, and an associated sequence of labels. For a test in-
stance, we would like our trained model to accurately pre-
dict a sequence of labels given only the observable part of the
sentence (i.e. the words and phrases). We use a discrimina-
tive training algorithm [Krogh, 1994] that tries to find model
parameters, WX , to maximize the conditional likelihood of the
labels given the observable part of the sentences:

WXZYM[�\0]_^`[9abdcFegf \Qh8i e0j kQe;l X�m
n (1)

Here
k e

is the sequence of words/phrases for the o th instance,
and

i e
is the sequence of labels for the instance. This training

algorithm will converge to a local maximum of the objective
function. We initialize the parameters of our models by first
doing standard generative training. We then apply Krogh’s
algorithm which involves iterative updates to the HMM pa-
rameters. To avoid overfitting, we stop training when the ac-
curacy on a held-aside tuning set is maximized.

In order for this algorithm to be able to adjust the param-
eters of the positive model in response to negative instances
and vice–versa, we join our positive and null models as shown
in Figure 5. This combined model includes the positive and

model

model

null

positive

ENDSTART

Figure 5: Architecture of the combined model. The positive and null
models refer to the models in Figure 3.

the null models (shown in Figure 3) as its two submodels,
with shared START and END states.

Once a model has been trained, we can use the Viterbi al-
gorithm to predict tuples in test sentences. We extract a tuple
from a given sentence if the Viterbi path goes through states
with labels for all the domains of the relation. For example,
for the subcellular-localization relation, the Viterbi path for
a sentence must pass through a state with the PROTEIN la-
bel and a state with the LOCATION label. This process is
illustrated in Figure 6.

4 Hierarchical HMMs with Context Features
In this section we describe an extension to the hierarchical
HMMs presented in the previous section that enables them to
represent additional information about the structure of sen-
tences within phrases. We refer to these extended HMMs
as Context hierarchical HMMs (CHHMMs). Whereas the
hierarchical HMMs presented earlier partition a sentence

k
into disjoint observations

k �8p � where each
k �8p � is a word, a

CHHMM represents
k

as a sequence of overlapping obser-
vations qF�8p � . Each observation q9�8p � consists of a window of
three words, centered around

k ��p � , together with the part-
of-speech tags of these words. Formally, q ��p � is a vectorr k �8pts �
u
v/w l�k �8p � lxk �8pts �0yzv/w l/{ �8pts �
u|v�w l0{ ��p � l0{ ��pts �0yzv�w0} where

{ �8p � is the
part-of-speech tag of word

k �8p � . Note that q9��p � and q �8pts �0yzv/w
share

k �8p � lxk ��pts �0yzv�w l/{ �8p � and
{ �8pts �0yzv/w , although these features

are located in different positions in the two vectors. Figure 7
shows the vectors emitted for the phrase “the endoplasmic
reticulum” by a word HMM in the CHHMM.

Using features that represent the previous and next words
allows the models to capture regularities about pairs or triplets
of words. For instance, a CHHMM is potentially able to
learn that the word “membrane” is part of a subcellular loca-
tion when found in “plasma membrane” while it is not when
found in “a membrane”. Furthermore, by using features that
represent the part-of-speech of words, the models are able to
learn regularities about groups of words with the same part
of speech in addition to regularities about individual words.
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NP_SEGMENT

S E

PROTEIN

P

VP_SEGMENT

S E

PP_SEGMENT

S E

NP_SEGMENT
LOCATION

S EL

...MAS20 and MAS22 are found in the mitochondria...

... ...

Phrase # Words Word label sets Phrase label sets
1 MAS20 and MAS22 ~ PROTEIN ����~ PROTEIN � ~ PROTEIN �
2 are found �_� �
3 in � �
4 the mitochondria ��~ LOCATION � ~ LOCATION �
Extracted tuples: subcellular-localization(MAS20, mitochondria)

subcellular-localization(MAS22, mitochondria)

Figure 6: Example of the procedure for extracting tuples of the subcellular-localization relation from the sentence fragment “...MAS20
and MAS22 are found in the mitochondria...”. The top of the figure shows how the most likely path explains the sentence fragment. Bold
transitions between states denote the most likely path. Dashed lines connect each state with the words that it emits. The table shows the label
sets that are assigned to the phrases and the words of the sentence. The extracted tuples are shown at the bottom of the figure.

START END(before) (after)

(between)

LOCATION

endoplasmic, ADJ, N,

ADJ,

nullnull,

null,null, the, ADJART,endoplasmic,

reticulum,

the, endoplasmic, reticulum, ART, N

Figure 7: Generation of the phrase “the endoplasmic reticulum” by
a word HMM in a CHHMM. The bold arcs represent the path that
generates the phrase. The vector observations � .!) I emitted by each
state are shown in the rectangles above the model and are connected
with dotted arcs with the emitting state. The word that would be
emitted by each state of the equivalent HHMM is shown in boldface.

The advantages of this representation are especially realized
when dealing with an out-of-vocabulary word; in this case
part-of-speech tags and neighboring words may be quite in-
formative about the meaning and use of the out-of-vocabulary
word. For example, an out-of-vocabulary adjective will rarely
be a protein, since proteins are usually nouns.

Because the number of possible observations for a given
word state in a CHHMM is very large (all possible vectors
representing sequences of three words and their POS tags), to
model the probability of an observation q��8p � , our CHHMMs
assume that the features are conditionally independent given
the state. Under this assumption, the probability of the obser-

vation q �8p � being emitted by state �3� p � is then defined as� h q �8p � j �Q� p � m�Y c�
� v��t� � � � h q ��p � p �
j �Q� p � m (2)

where
� � h q ��p � p � j �Q� p � m is the probability of word state �3� p �

emitting an observation whose � -th feature is q �8p � p � .
Note that the features employed by the representation of

Equation 2 are clearly not conditionally independent. Con-
secutive words are not independent of one another and cer-
tainly the part-of-speech tag of a word is not independent of
the word itself. However, we argue that the discriminative
training algorithm we use [Krogh, 1994] can compensate in
part for this violation of the independence assumption.

5 Empirical Evaluation
In this section we present experiments testing the hypothesis
that our hierarchical HMMs are able to provide more accurate
models than HMMs that incorporate less grammatical infor-
mation. In particular we empirically compare two types of
hierarchical HMMs with three baseline HMMs.� Context HHMMs: hierarchical HMMs with context

features, as described in the previous section.� HHMMs: hierarchical HMMs without context features.� Phrase HMMs: single-level HMMs in which states are
typed (as in the phrase level of an HHMM) and emit
whole phrases. These HMMs were introduced by Ray
and Craven (2001). Unlike hierarchical HMMs, the
states of Phrase HMMs do not have embedded HMMs
which emit words. Instead each state has a single multi-
nomial distribution to represent its emissions, and each
emitted phrase is treated as a bag of words.
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� POS HMMs: single-level HMMs in which states emit
words, but are typed with part-of-speech tags so that a
given state can emit words with only a single POS.� Token HMMs: single-level HMMs in which untyped
states emit words.

We evaluate our hypotheses on three data sets that we have
assembled from the biomedical literature.1 The data sets are
composed of abstracts gathered from the MEDLINE database
[National Library of Medicine, 2003]. The first set contains
instances of the subcellular-localization relation. It is com-
posed of 769 positive and 6,360 negative sentences. The pos-
itive sentences contain 949 total tuple instances. The number
of actual tuples is 404 since some tuples occur multiple times
either in the same sentence or in multiple sentences. The
second, which we refer to as the disorder-association data
set, characterizes a binary relation between genes and disor-
ders. It contains 829 positive and 11,771 negative sentences.
The positive sentences represent 878 instances of 145 tuples.
The third, which we refer to as the protein-interaction data
set, characterizes physical interactions between pairs of pro-
teins. It is composed of 5,457 positive and 42,015 negative
sentences. It contains 8,088 instances of 819 tuples.

We use five-fold cross-validation to measure the accuracy
of each approach. Before processing all sentences, we ob-
tain parses from Sundance, and then stem words with Porter’s
stemmer [Porter, 1980]. We map all numbers to a special
NUMBER token and all words that occur only once in a train-
ing set to an OUT-OF-VOCAB token. Also, we discard all
punctuation. The same preprocessing is done on test sen-
tences, with the exception that words that were not encoun-
tered in the training set are mapped to the OUT-OF-VOCAB
token. The vocabulary is the same for all emitting states in the
models, and all parameters are smoothed using m-estimates
[Cestnik, 1990]. We train all models using the discriminative
training procedure referred to in Section 3 [Krogh, 1994].

To evaluate our models we construct precision-recall
graphs. Precision is defined as the fraction of correct tu-
ple instances among those instances that are extracted by the
model. Recall is defined as the fraction of correct tuple in-
stances extracted by the model over the total number of tuple
instances that exist in the data set. For each tuple extracted
from sentence

k
, we calculate a confidence measure as:i9h k m�Y��Q� h j kJj m� � h j kJj m n

Here � � refers to the END state of the combined model,�	� h j kJj m is the probability of the most likely path, given by the
Viterbi algorithm, and � � h j kJj m is the total probability of the
sequence, calculated with the Forward algorithm. We con-
struct precision-recall curves by varying a threshold on these
confidences.

Figures 8, 9 and 10 show the precision-recall curves for the
three data sets. Each figure shows curves for the five types of

1Earlier versions of two of these data sets were used in our pre-
vious work [Ray and Craven, 2001]. Various aspects of the data sets
have been cleaned up, however, and thus the versions used here are
somewhat different. All three data sets are available from
http://www.biostat.wisc.edu/˜craven/ie/.
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Figure 8: Precision vs. recall for the five types of HMMs on the
subcellular-localization data set.
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Figure 9: Precision vs. recall for the five types of HMMs on the
disorder-association data set.

HMMs described at the beginning of this section. We show
error bars for the Context HHMM precision values for the
subcellular-localization and protein-interaction data sets.
For these two data sets, the hierarchical HMM models clearly
have superior precision-recall curves to the baseline models.
At nearly every level of recall, the hierarchical HMMs ex-
hibit higher precision than the baselines. Additionally, the
HHMMs achieve higher endpoint recall values. The results
are not as definitive for the disorder-association data set.
Here, the POS HMMs and the Token HMMs achieve preci-
sion levels that are comparable to, and in some cases slightly
better than, the Context HHMMs. There is not a clear winner
for this data set, but the Context HHMMs are competitive.

Comparing the Context HHMMs to the ordinary HHMMs,
we see that the former results in superior precision-recall
curves for all three data sets. This result demonstrates that
clearly there is value in including the context features in hi-
erarchical HMMs for this type of task. In summary, our em-
pirical results support the hypothesis that the ability our hier-
archical HMM approach to capture grammatical information
about sentences results in more accurate learned models.
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Figure 10: Precision vs. recall for the five types of HMMs on the
protein-interaction data set.

6 Conclusion
We have presented an approach to learning models for infor-
mation extraction that is based on using hierarchical HMMs
to represent the grammatical structure of the sentences being
processed. We employ a shallow parser to obtain parse trees
for sentences and then use these trees to construct the input
representation for the hierarchical HMMs

Our approach builds on previous work on hierarchi-
cal HMMs and incorporating grammatical knowledge into
information-extraction models. The application of HHMMs
to IE is novel and has required us to modify HHMM learn-
ing algorithms to operate on a hierarchical input representa-
tion. In particular our methods take into account that phrases
and states must have matching types, and that phrase states
must emit complete phrases. We have also introduced a novel
modification of HHMMs in which observations can be fea-
ture vectors. With respect to previous work on incorporating
grammatical knowledge into IE models, our main contribu-
tion is an approach that takes advantage of grammatical infor-
mation represented at multiple scales. An appealing property
of our approach is that it generalizes to additional levels of
description of the input text.

We have evaluated our approach in the context of learning
IE models to extract instances of three biomedical relations
from the abstracts of scientific articles. These experiments
demonstrate that incorporating a hierarchical representation
of grammatical structure improves extraction accuracy in hid-
den Markov models.
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Abstract 
Keyphrases are useful for a variety of purposes, 
including summarizing, indexing, labeling, 
categorizing, clustering, highlighting, browsing, and 
searching. The task of automatic keyphrase extraction 
is to select keyphrases from within the text of a given 
document. Automatic keyphrase extraction makes it 
feasible to generate keyphrases for the huge number of 
documents that do not have manually assigned 
keyphrases. A limitation of previous keyphrase 
extraction algorithms is that the selected keyphrases are 
occasionally incoherent. That is, the majority of the 
output keyphrases may fit together well, but there may 
be a minority that appear to be outliers, with no clear 
semantic relation to the majority or to each other. This 
paper presents enhancements to the Kea keyphrase 
extraction algorithm that are designed to increase the 
coherence of the extracted keyphrases. The approach is 
to use the degree of statistical association among 
candidate keyphrases as evidence that they may be 
semantically related. The statistical association is 
measured using web mining. Experiments demonstrate 
that the enhancements improve the quality of the 
extracted keyphrases. Furthermore, the enhancements 
are not domain-specific: the algorithm generalizes well 
when it is trained on one domain (computer science 
documents) and tested on another (physics documents). 

1 Introduction 
A journal article is often accompanied by a list of 
keyphrases, composed of about five to fifteen important 
words and phrases that express the primary topics and 
themes of the paper. For an individual document, keyphrases 
can serve as a highly condensed summary, they can 
supplement or replace the title as a label for the document, 
or they can be highlighted within the body of the text, to 
facilitate speed reading (skimming). For a collection of 
documents, keyphrases can be used for indexing, 
categorizing (classifying), clustering, browsing, or 
searching. Keyphrases are most familiar in the context of 
journal articles, but many other types of documents could 
benefit from the use of keyphrases, including web pages, 
email messages, news reports, magazine articles, and 
business papers. 

The vast majority of documents currently do not have 
keyphrases. Although the potential benefit is large, it would 
not be practical to manually assign keyphrases to them. This 

is the motivation for developing algorithms that can 
automatically supply keyphrases for a document. Section 2.1 
discusses past work on this task.  

This paper focuses on one approach to supplying 
keyphrases, called keyphrase extraction. In this approach, a 
document is decomposed into a set of phrases, each of which 
is considered as a possible candidate keyphrase. A 
supervised learning algorithm is taught to classify candidate 
phrases as keyphrases and non-keyphrases. The induced 
classification model is then used to extract keyphrases from 
any given document [Turney, 1999, 2000; Frank et al., 
1999; Witten et al., 1999, 2000]. 

A limitation of prior keyphrase extraction algorithms is 
that the output keyphrases are at times incoherent. For 
example, if ten keyphrases are selected for a given 
document, eight of them might fit well together, but the 
remaining two might be outliers, with no apparent semantic 
connection to the other eight or to each other. Informal 
analysis of many machine-extracted keyphrases suggests that 
these outliers almost never correspond to author-assigned 
keyphrases. Thus discarding the incoherent candidates might 
improve the quality of the machine-extracted keyphrases. 

Section 2.2 examines past work on measuring the 
coherence of text. The approach used here is to measure the 
degree of statistical association among the candidate phrases 
[Church and Hanks, 1989; Church et al., 1991]. The 
hypothesis is that semantically related phrases will tend to 
be statistically associated with each other, and that avoiding 
unrelated phrases will tend to improve the quality of the 
output keyphrases. 

Section 3 describes the Kea keyphrase extraction 
algorithm [Frank et al., 1999; Witten et al., 1999, 2000]. 
Each candidate phrase is represented in Kea as a feature 
vector for classification by a supervised learning algorithm. 
Four different sets of features are evaluated in this paper. 
Two of the sets have been used in the past [Frank et al., 
1999] and the other two are introduced here, to address the 
problem of incoherence. The new features are based on the 
use of web mining to measure the statistical association 
among the candidate phrases [Turney 2001]. 

In Section 4, experiments show that the new web mining 
features significantly improve the quality of the extracted 
keyphrases, using the author’s keyphrases as a benchmark. 
In the first experiment (Section 4.1), the algorithm is trained 
and tested on the same domain (computer science 
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documents). In the second experiment (Section 4.2), the 
algorithm is trained on one domain (computer science) and 
tested on another (physics). In both cases, the new features 
result in a significant improvement in performance. In 
contrast, one of the old feature sets works well in the first 
case (intradomain) but poorly in the second case 
(interdomain).  

Section 5 considers limitations and future work. Section 6 
presents the conclusions. 

2 Related Work 
Section 2.1 discusses related work on generating keyphrases 
and Section 2.2 considers related work on measuring 
coherence. 

2.1 Assignment versus Extraction 
There are two general approaches to automatically supplying 
keyphrases for a document: keyphrase assignment and 
keyphrase extraction. Both approaches use supervised 
machine learning from examples. In both cases, the training 
examples are documents with manually supplied keyphrases. 

In keyphrase assignment, there is a predefined list of 
keyphrases (in the terminology of library science, a 
controlled vocabulary or controlled index terms). These 
keyphrases are treated as classes, and techniques from text 
classification (text categorization) are used to learn models 
for assigning a class to a given document [Leung and Kan, 
1997; Dumais et al., 1998]. Usually the learned models will 
map an input document to several different controlled 
vocabulary keyphrases. 

In keyphrase extraction, keyphrases are selected from 
within the body of the input document, without a predefined 
list. When authors assign keyphrases without a controlled 
vocabulary (in library science, free text keywords or free 
index terms), typically from 70% to 90% of their keyphrases 
appear somewhere in the body of their documents [Turney, 
1999]. This suggests the possibility of using author-assigned 
free text keyphrases to train a keyphrase extraction system. 
In this approach, a document is treated as a set of candidate 
phrases and the task is to classify each candidate phrase as 
either a keyphrase or non-keyphrase [Turney, 1999, 2000; 
Frank et al., 1999; Witten et al., 1999, 2000]. 

Keyphrase extraction systems are trained using a corpus 
of documents with corresponding free text keyphrases. The 
GenEx keyphrase extraction system consists of a set of 
parameterized heuristic rules that are tuned to the training 
corpus by a genetic algorithm [Turney, 1999, 2000]. The 
Kea keyphrase extraction system uses a naïve Bayes 
learning method to induce a probabilistic model from the 
training corpus [Frank et al., 1999; Witten et al., 1999, 
2000]. After training, both systems allow the user to specify 
the desired number of keyphrases to be extracted from a 
given input document.  

In experimental evaluations, using independent testing 
corpora, GenEx and Kea achieve roughly the same level of 
performance, measured by the average number of matches 
between the author-assigned keyphrases and the machine-
extracted keyphrases [Frank et al., 1999; Witten et al., 1999, 

2000]. Depending on the corpus, if the user requests five 
keyphrases to be output, an average of 0.9 to 1.5 of the 
output phrases will match with the author-assigned 
keyphrases [Frank et al., 1999]. If the user requests fifteen 
keyphrases, an average of 1.8 to 2.8 will match with the 
author’s keyphrases. 

These performance numbers are misleadingly low, 
because the author-assigned keyphrases are usually only a 
small subset of the set of good quality keyphrases for a 
given document. A more accurate picture is obtained by 
asking human readers to rate the quality of the machine’s 
output. In a sample of 205 human readers rating keyphrases 
for 267 web pages, 62% of the 1,869 phrases output by 
GenEx were rated as “good”, 18% were rated as “bad”, and 
20% were left unrated [Turney, 2000]. This suggests that 
about 80% of the phrases are acceptable (not “bad”) to 
human readers, which is sufficient for many applications.  

Asking human readers to rate machine-extracted 
keyphrases is a costly process. It is much more economical 
to use author-assigned keyphrases as a benchmark for 
evaluating the machine-extracted keyphrases. Jones and 
Paynter [2001, 2002] argue that it is reasonable to use 
comparison with authors as a surrogate for rating by human 
readers. They show (1) the vast majority of Kea keyphrases 
are rated positively by human readers, (2) the performance 
of Kea is comparable to GenEx, according to human ratings, 
(3) readers generally rate author-assigned keyphrases as 
good, and (4) different human readers tend to agree on the 
rating of keyphrases.  

Furthermore, Gutwin et al. [1999] show that machine-
extracted keyphrases are useful in an application. The 
Keyphind system uses keyphrases extracted by Kea in a new 
kind of search engine. For certain kinds of browsing tasks, 
Keyphind was judged to be superior to a traditional search 
engine [Gutwin et al., 1999]. In summary, there is solid 
evidence that author-assigned keyphrases are a good 
benchmark for training and testing keyphrase extraction 
algorithms, but it should be noted that the performance 
numbers underestimate the actual quality of the output 
keyphrases, as judged by human readers. 

2.2 Coherence 
An early study of coherence in text was the work of Halliday 
and Hasan [1976]. They argued that coherence is created by 
several devices: the use of semantically related terms, 
coreference, ellipsis, and conjunctions. The first device, 
semantic relatedness, is particularly useful for isolated 
words and phrases, outside of the context of sentences and 
paragraphs. Halliday and Hasan [1976] called this device 
lexical cohesion. Morris and Hirst [1991] computed lexical 
cohesion by using a thesaurus to measure the relatedness of 
words. Recent work on text summarization has used lexical 
cohesion in an effort to improve the coherence of machine-
generated summaries. Barzilay and Elhadad [1997] used the 
WordNet thesaurus to measure lexical cohesion in their 
approach to summarization. 

Keyphrases are often specialized technical phrases of two 
or three words that do not appear in a thesaurus such as 
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WordNet. In this paper, instead of using a thesaurus, 
statistical word association is used to estimate lexical 
cohesion. The idea is that phrases that often occur together 
tend to be semantically related. 

There are many statistical measures of word association 
[Manning and Schütze, 1999]. The measure used here is 
Pointwise Mutual Information (PMI) [Church and Hanks, 
1989; Church et al., 1991]. PMI can be used in conjunction 
with a web search engine, which enables it to effectively 
exploit a corpus of about one hundred billion words 
[Turney, 2001]. Experiments with synonym questions, taken 
from the Test of English as a Foreign Language (TOEFL), 
show that word association, measured with PMI and a web 
search engine, corresponds well to human judgements of 
synonymy relations between words [Turney, 2001]. 

3 Kea: Four Feature Sets 
Kea generates candidate phrases by looking through the 
input document for any sequence of one, two, or three 
consecutive words. The consecutive words must not be 
separated by punctuation and must not begin or end with 
stop words (such as “the”, “of”, “to”, “and”, “he”, etc.). 
Candidate phrases are normalized by converting them to 
lower case and stemming them. Kea then uses the naïve 
Bayes algorithm [Domingos and Pazzani, 1997] to learn to 
classify the candidate phrases as either keyphrase or non-
keyphrase.1  

In the simplest version of Kea, candidate phrases are 
classified using only two features: TF×IDF  and distance 
[Frank et al., 1999; Witten et al., 1999, 2000]. In the 
following, this is called the baseline feature set (Section 
3.1). Another version of Kea adds a third feature, keyphrase 
frequency, yielding the keyphrase frequency feature set 
(Section 3.2) [Frank et al., 1999]. This paper introduces a 
new set of features for measuring coherence. When 
combined with the baseline features, the result is the 
coherence feature set (Section 3.3). When combined with 
the keyphrase frequency feature set, the result is the merged 
feature set (Section 3.4). 

After training, given a new input document and a desired 
number of output phrases, N, Kea converts the input 
document into a set of candidate phrases with associated 
feature vectors. It uses the naïve Bayes model to calculate 
the probability that the candidates belong to the class 
keyphrase, and then it outputs the N candidates with the 
highest probabilities. 

3.1 Baseline Feature Set 
TF×IDF  (Term Frequency times Inverse Document 
Frequency) is commonly used in information retrieval to 
assign weights to terms in a document [van Rijsbergen, 
1979]. This numerical feature assigns a high value to a 
phrase that is relatively frequent in the input document (the 
TF component), yet relatively rare in other documents (the 
                                                 
1 The following experiments use Kea version 1.1.4, which is 
available at http://www.nzdl.org/Kea/. 

IDF component). There are many ways to calculate 
TF×IDF; see Frank et al. [1999] for a description of their 
method. The distance feature is, for a given phrase in a 
given document, the number of words that precede the first 
occurrence of the phrase, divided by the number of words in 
the document. The baseline feature set consists of these two 
features. 

The TF×IDF  and distance features are real-valued. Kea 
uses Fayyad and Irani’s [1993] algorithm to discretize the 
features. This algorithm uses a Minimum Description 
Length (MDL) technique to partition the features into 
intervals, such that the entropy of the class is minimized 
with respect to the intervals and the information required to 
specify the intervals. 

The naïve Bayes algorithm applies Bayes’ formula to 
calculate the probability of membership in a class, using the 
(“naïve”) assumption that the features are statistically 
independent. Suppose that a candidate phrase has the feature 
vector <T, D>, where T is an interval of the discretized 
TF×IDF  feature and D is an interval of the discretized 
distance feature. Using Bayes’ formula and the 
independence assumption, we can calculate the probability 
that the candidate phrase is a keyphrase, p(key|T, D), as 
follows [Frank et al., 1999]: 

The probabilities in this formula are readily estimated by 
counting frequencies in the training corpus. 

3.2 Keyphrase Frequency Feature Set 
The keyphrase frequency feature set consists of TF×IDF  
and distance plus a third feature, keyphrase-frequency 
[Frank et al., 1999]. For a phrase P in a document D with a 
training corpus C, keyphrase-frequency is the number of 
times P occurs as an author-assigned keyphrase for all 
documents in C except D. Like the other features, 
keyphrase-frequency is discretized [Fayyad and Irani, 1993]. 
Equation (1) easily expands to include keyphrase-frequency 
[Frank et al., 1999]. 

The idea here is that a candidate phrase is more likely to 
be a keyphrase if other authors have used it as a keyphrase. 
Frank et al. [1999] describe keyphrase-frequency as 
“domain-specific”, because intuition suggests it will only 
work well when the testing corpus is in the same domain 
(e.g., computer science) as the training corpus. This intuition 
is confirmed in the following experiments (Section 4). 

3.3 Coherence Feature Set 
The coherence feature set is calculated using a two-pass 
method. The first pass processes the candidate phrases using 
the baseline feature set. The second pass uses the top K most 
probable phrases, according to the probability estimates 
from the first pass, as a standard for evaluating the top L 
most probable phrases (K < L). In the second pass, for each 
of the top L candidates (including the top K candidates), new 
features are calculated based on the statistical association 

(1) 
),(p

)(p)|(p)|(p
),|(p

DT

keykeyDkeyT
DTkey

⋅⋅=

436 INFORMATION EXTRACTION



between the given candidate phrase and the top K phrases. 
The hypothesis is that candidates that are semantically 
related to one or more of the top K phrases will tend to be 
more coherent, higher quality keyphrases. 

The coherence feature set consists of 4+2K features. The 
experiments use K = 4 and L = 100, thus there are twelve 
features. The first four features are based on the first pass 
with the baseline model. The first two features are TF×IDF 
and distance, copied exactly from the first pass. The third 
feature is baseline_rank, the rank of the given candidate 
phrase in the list of the top L phrases from the first pass, 
where the list is sorted in order of estimated probability. The 
fourth feature, baseline_probability, is the estimated 
probability, p(key|T, D), according to the baseline model.  

The remaining eight features are based on statistical 
association, calculated using Pointwise Mutual Information 
(PMI) and a web search engine [Turney, 2001]. The 
following experiments use the AltaVista search engine. Let 
hits(query) be the number of hits (matching web pages) 
returned by AltaVista when given a query, query. Features 
five to eight are rank_low1, rank_low2, rank_low3, and 
rank_low4. For i = 1 to 100 and j = 1 to 4, rank_lowj is the 
normalized rank of the candidate phrase, phrasei, when 
sorted by the following score: 

For the query to AltaVista, phrasei is converted to lower 
case, lowi, but it is not stemmed. The rank of 
score_lowj(phrasei) is normalized by converting it to a 
percentile. The ranking and normalization are performed for 
each document individually, rather than the corpus as a 
whole. The query “lowi NEAR lowj” causes AltaVista to 
restrict the search to web pages in which lowi appears within 
ten words of lowj, in either order. Equation (2) can be 
derived from the formula for PMI [Turney, 2001]. The 
intent is that, with rank_low1 for example, if a candidate 
phrase, phrasei, is strongly semantically connected with 
phrase1, then phrasei will likely receive a high score from 
Equation (2), and hence rank_low1 will tend to be relatively 
high. 

Features nine to twelve are rank_cap1, rank_cap2, 
rank_cap3, and rank_cap4. For i = 1 to 100 and j = 1 to 4, 
rank_capj is the normalized rank of the candidate phrase, 
phrasei, when sorted by the following score: 

For the query to AltaVista, phrasei is converted to capi, in 
which the first character of each word in phrasei is 
capitalized, but the other characters are in lower case, and 
the words are not stemmed. The query “capi AND lowj” is 
intended to find web pages in which phrasei appears in a 
title or heading (where it would likely be capitalized) and 
phrasej appears anywhere in the page (where it would likely 
be in lower case). The rank of score_capj(phrasei) is 
normalized by converting it to a percentile. The plan is that 
rank_cap1, for example, will be relatively high when the 
appearance of phrasei in a heading makes it likely that 
phrase1 will appear in the body. That is, phrasei would be a 
good phrase to put in the title of a document that discusses 
phrase1. 

3.4 Merged Feature Set 
The merged feature set consists of the coherence feature set 
plus keyphrase-frequency. As with the coherence feature set, 
there is a two-pass process, but the first pass now uses the 
three features of the keyphrase frequency feature set, instead 
of the baseline features. The second pass now yields thirteen 
features, the twelve features of the coherence feature set plus 
keyphrase-frequency. The third and fourth features of the 
coherence feature set, baseline_rank and 
baseline_probability, become key_freq_rank and 
key_freq_probability in the merged feature set. 

4 Experiments 
The first experiment examines the behaviour of the four 
feature sets when trained and tested on the same domain. 
The second experiment trains on one domain (computer 
science) and tests on another (physics). 

4.1 Intradomain Evaluation 
This experiment compares the four feature sets using the 
setup of Frank et al. [1999]. The corpus is composed of 
computer science papers from the Computer Science 
Technical Reports (CSTR) collection in New Zealand. The 
training set consists of 130 documents and the testing set 
consists of 500 documents. The keyphrase-frequency feature 
is trained on a separate training set of 1,300 documents. All 
other features (including the coherence features) are trained 
using only the 130 training documents. The naïve Bayes 
algorithm allows the features to be trained separately, since 
the features are assumed to be statistically independent. The 
experiments of Frank et al. [1999] show that the keyphrase-
frequency feature benefits from more training than the 
baseline features. Figure 1 plots the performance on the 
testing corpus. 
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The paired t-test was used to evaluate the statistical 
significance of the results [Feelders and Verkooijen, 1995]. 
There are six possible ways to pair the four curves in 
Figure 1. The differences between all six pairs are 
statistically significant with 95% confidence when five or 
more keyphrases are output. The merged feature set is 
superior to the keyphrase frequency feature set with 95% 
confidence when any number of keyphrases are output. 

4.2 Interdomain Evaluation 
This experiment evaluates how well the learned models 
generalize from one domain to another. The training domain 
is the CSTR corpus, using exactly the same training setup as 
in the first experiment. The testing domain consists of 580 
physics papers from the arXiv repository at the Los Alamos 
National Laboratory (LANL). Figure 2 plots the 
performance on the testing corpus. 

The paired t-test shows no significant differences between 
the keyphrase frequency feature set and the merged feature 
set. The coherence feature set is superior to the baseline 
feature set with 95% confidence when four or more 
keyphrases are output. The baseline feature set is superior to 
the keyphrase frequency and merged feature sets with 95% 
confidence when any number of keyphrases are output. 

4.3 Discussion 
Both experiments show that the coherence features are a 
significant improvement over the baseline features alone. 
More of the output keyphrases match with the authors’ 
keyphrases, which is evidence that their quality has 
improved [Jones and Paynter, 2001, 2002]. The second 
experiment confirms the (previously untested) hypothesis of 
Frank et al. [1999], that the keyphrase-frequency feature is 
domain-specific. This feature actually decreases 
performance below the baseline in the interdomain 
evaluation. However, the new coherence features are not 
domain-specific; they improve over the baseline even when 
the testing domain is different from the training domain. 
Furthermore, the coherence features can work synergistically 
with the keyphrase-frequency feature, when the training and 
testing domains correspond. When they do not correspond, 
at least the merged feature set is no worse than the 
keyphrase frequency feature set. 

5 Limitations and Future Work 
The main limitation of the new coherence feature set is the 
time required to calculate the features. It takes ten queries 
(2+2K, K = 4) to AltaVista to calculate one coherence 
feature vector. Each query takes about one second. At 10 
queries per feature vector times 1 second per query times 
100 feature vectors per document, we have 1,000 seconds 
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Figure 1. Performance on the CSTR corpus for the four different 
feature sets. An output keyphrase is considered “correct” when it 
equals an author-assigned keyphrase, after both are stemmed and 
converted to lower case. 
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Figure 2. Performance on the LANL corpus for the four 
different feature sets. Note that the curves for the keyphrase 
frequency and merged features sets are intermingled, making it 
appear that there are only three curves, instead of four. 
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((2+2K)L, K = 4, L = 100; roughly 15 minutes) per 
document. The time required by the other aspects of Kea is 
completely insignificant compared to this. Future work 
might investigate the use of other, less time-consuming, 
measures of coherence, such as Morris and Hirst’s [1991] 
measure. However, if we extrapolate current trends in 
hardware, then it seems that it will not be long before this is 
no longer an issue, since a local version of AltaVista will 
easily run on a desktop computer.  

6 Conclusion 
This paper provides evidence that statistical word 
association can be used to improve the coherence of 
keyphrase extraction, resulting in higher quality keyphrases, 
measured by the degree of overlap with the authors’ 
keyphrases. Furthermore, the new coherence features are not 
domain-specific. 
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