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Abstract

This paper concerns formal theories for reasoning
about the knowledge and belief of agents. It has
seemed attractive to researchers in artificial intelli-
gence to formalise these propositional attitudes as
predicates of first-order predicate logic. This al-
lows the agents to express stronger introspective
beliefs and engage in stronger meta-reasoning than
in the classical modal operator approach. Results
by Montague[1963] and Thomason[1980] show,
however, that the predicate approach is prone to in-
consistency. More recent results by des Rivières
& Levesque[1988] and Morreau & Kraus[1998]
show that we can maintain the predicate approach if
we make suitable restrictions to our set of epistemic
axioms. Their results are proved by careful transla-
tions from corresponding modal formalisms. In the
present paper we show that their results fit nicely
into the framework of logic programming seman-
tics, in that we show their results to be corollar-
ies of well-known results in this field. This does
not only allow us to demonstrate a close connec-
tion between consistency problems in the syntactic
treatment of propositional attitudes and problems in
semantics for logic programs, but it also allows us
to strengthen the results of des Rivières & Levesque
[1988] and Morreau & Kraus[1998].

1 Introduction
The approach most often used in constructing formal theo-
ries for reasoning about multiagent systems is to formalise
the agents’ beliefs and knowledge through modal opera-
tors. An alternative approach is to formalise these proposi-
tional attitudes as predicates of a first-order predicate logic.
This has several advantages, which have been widely dis-
cussed in the literature[Davies, 1990; Attardi and Simi, 1995;
Carlucci Aiello et al., 1995; McCarthy, 1997; Grantet al.,
2000]. Most importantly, it allows us to quantify over the
propositional objects of knowledge and belief as for instance
in “agent 1 believes thateverythingknown by agent 2 is also
known by agent 1”, formalised by

B1(p∀x(K2(x)→ K1(x))q).

This formula has no counterpart in the classical modal op-
erator approach, since ifK1 andK2 were modal operators,
we would not be able to apply them directly to the variablex
(modal operators only apply to well-formed formulas). Thus
the predicate approach gives us more expressive power and
the ability of agents to refer to the totality of their own and
others beliefs, which is important in meta-reasoning.

Unfortunately, the predicate approach easily becomes in-
consistent, since the added expressive power allows the
agents to express self-referential beliefs that in some cases
turn out to be paradoxical. This was proved by Montague
[1963] and Thomason[1980]. They prove that certain axiom
schemes describing natural properties of knowledge and be-
lief are inconsistent with formal arithmetic. Their results are
reviewed in Section 3. Des Rivières & Levesque[1988] and
Morreau & Kraus[1998] have shown there to be a way out of
these inconsistency results: to suitably restrict the set of sen-
tences that we instantiate our axiom schemes of knowledge
and belief with. These results are reviewed in Section 3 as
well.

In this paper we will show that the results of des Rivières,
Levesque, Morreau and Kraus can be reduced to well-known
results in logic programming semantics. This is carried out
in Section 4. In Section 5 we give a strengthening of their
results, using again the connection to logic programming se-
mantics.

2 Terminology and Notation
We will be using theories of first-order predicate logic to for-
malise propositional attitudes of agents. To prove the consis-
tency of these first-order theories, we use results from logic
programming semantics. Below we introduce the kinds of
logic programs and first-order languages we will be consider-
ing.

2.1 Logic Programs
All logic programs considered in this paper will be proposi-
tional. Thus, anatom is simply a propositional letter, and
a literal is either a propositional letterp or its negation¬p.
We take the symbolstrue andfalse to be among our propo-
sitional letters with the obvious intended interpretation. A
clauseis a formula of propositional logic on the form

H ← L1 ∧ L2 ∧ · · · ∧ Ln
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whereH is an atom,n ≥ 1 and allLi are literals. Aproposi-
tional program (or simply aprogram) is a (possibly infinite)
set of clauses.Herbrand models of programs are defined in
the usual way. We require that all models assign the truth-
value true to the propositional lettertrue and false tofalse.

Given a programP , comp(P ) denotes its Clark comple-
tion. Since we work only with propositional programs, the
Clark completion is particularly simple. TheClark comple-
tion of P is the following set of equivalences in infinitary
propositional logic: for each atomA in P ,

• if A does not appear as head of any clause inP , then
A↔ false ∈ comp(P ).

• otherwise we haveA ↔
∨
i∈I Bi ∈ comp(P ), where

{A← Bi | i ∈ I} is the set of clauses inP with head
A.

LetP be a propositional program. Thedependency graph
of P is the directed graph with signed edges defined as fol-
lows. The nodes of the graph are the atoms (propositional
letters) occurring inP excluding the special atomstrue and
false. There is a positive edge fromA to B, denoted by
〈A,B,+〉, if and only if there is a clauseA← L1 ∧ · · · ∧Ln
in P such thatLi = B for some1 ≤ i ≤ n. If Li = ¬B
then there is a negative edge fromA toB, denoted〈A,B,−〉.
We say thatA dependsonB, denoted byA < B, if there is a
proper path fromA toB in the graph. We say thatA depends
negativelyonB, denoted byA <1 B, if there is a path from
A toB containing at least one negative edge. A programP is
calledlocally stratified if the relation<1 in the dependency
graph ofP is well-founded.

2.2 First-Order Languages
We useL to range over languages of first-order predicate
logic. We take the connectives of first-order logic to be¬,∧
and∃. When using∨,→,↔ and∀ in formulas, these formu-
las are simply abbreviations of formulas containing only¬,∧
and∃. We require all languagesL to contain the one-place
predicate symbolsT andP. P will be used as a predicate
that picks out a set of (codes of) formulas inL. T will, de-
pending on the context, be used to express one of our syntac-
tic attitudesbelief or knowledge. By L− {T} we denote the
languageL with the predicate symbolT removed. We will
assume that all considered languages contain a parametrised
coding. By aparametrised coding in L we understand an
injective mapp·q from the formulas ofL into the terms ofL
satisfying:

(i) For any formulaϕ in L, the termpϕq has the same free
variables asϕ (butpϕq is not itself a variable).

(ii) For any formulaϕ(x) in L and any termτ which is free
for x in ϕ(x), pϕ(τ)q is the term obtained by substitut-
ing τ for all free occurrences ofx in pϕ(x)q.

(iii) The coding iswell-founded, that is, there is no infinite
sequence of formulasϕ0, ϕ1, ϕ2 . . . such thatpϕi+1q is
a term inϕi for all i ∈ N.

We refer to [Feferman, 1984] for the construction of a
parametrised coding. Feferman’s coding does not satisfy (ii),
but a simple variant of it will. pϕq is called thecode of

ϕ. The intended interpretation of a formulaT (pϕq) is that
“ϕ is known” or “ϕ is believed”. We assume all first-order
languagesL to contain the language of Peano arithmetic.
Throughout the paper, byformal arithmeticwe mean Robin-
son’s arithmetic, though any other standard formalisation of
arithmetic could have been used in its place. We identify first-
order languagesL with their sets of sentences. By asentence
in L we understand a closed formula, that is, a formula with-
out any occurrences of free variables. The set of ground terms
of L is denotedTerms(L).

To avoid confusion between formulas of propositional pro-
grams and formulas of first-order languages we will use Latin
letters for the former and Greek letters for the latter.

2.3 Regular Formulas and RPQ Formulas
We now define the sets of first-order sentences which we in-
tend to prove that our axiom schemes of knowledge and belief
can consistently be instantiated with.

Definition 1. LetL be a first-order language. The set ofreg-
ular formulas ofL is the least set satisfying:

(i) Any atomic formula ofL− {T} is a regular formula.

(ii) If ϕ andψ are regular formulas andx is a variable, then
ϕ ∧ ψ, ¬ϕ and∃xϕ are regular formulas.

(iii) If ϕ is a regular formula thenT (pϕq) is a regular for-
mula.

Our definition differs slightly from the one given by Mor-
reau and Kraus[1998]. Instead of using a parametrised cod-
ing, they have an(n + 1)-place predicate symbolTn for
eachn, such that instead of writingT (pϕ(x1, . . . , xn)q),
wherex1, . . . , xn are the free variables ofϕ, they would
be writing Tn(pϕq, x1, . . . , xn) where p·q is then a stan-
dard (non-parametrised) Gödel coding. To simplify matters,
we have chosen to take care of the free variables by using
a parametrised coding rather than by introducing infinitely
many predicate symbols of different arities.

As an example of a regular formula we have, for a suitable
choice ofL,

∃xT (ptelephone(Mike) = xq),

expressing that the agent knows Mike’s telephone number. If
we have more than one agent, we can of course introduce a
predicate symbolTi for each agenti. In that case the follow-
ing sentence also becomes regular:

T1(p∀x(T2(pdeparture-time(train, x)q)→
departure-time(train, x))q),

expressing that agent 1 believes agent 2 to have correct beliefs
about the departure time of the train. As an example of a non-
regular formula we have

Tuser(p∀x(utter(system, x)→ Tsystem(x))q),

expressing that the user believes that the system only utters
what it believes to be the case. It is non-regular because
Tsystemis applied directly to a variable and not to the code of
a formula. To allow expressing beliefs such as this one, Mor-
reau and Kraus[1998] extended the set of regular formulas to
a more inclusive class called the RPQ formulas.
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Definition 2. LetL be a first-order language. The set ofRPQ
formulasofL is the least set satisfying:

(i) Any atomic formula ofL− {T} is an RPQ formula.

(ii) If ϕ andψ are RPQ formulas andx is a variable, then
ϕ ∧ ψ, ¬ϕ and∃xϕ are RPQ formulas.

(iii) If ϕ is an RPQ formula thenT (pϕq) is an RPQ formula.

(iv) If ϕ is any formula in L, then∃x (P(x) ∧ ϕ) is an RPQ
formula.

This definition also differs from the one given by Morreau
and Kraus[1998]. It defines a slightly more inclusive set of
formulas, and at the same time it is simpler, since it avoids
Morreau and Kraus’ use of two distinct collections of vari-
ables.

By regular sentencewe understand a closed regular for-
mula, and byRPQ sentencea closed RPQ formula.

3 Review of Previous Results
Consider the following axiom schemes in a first-order lan-
guageL:

A1. T (pϕq)→ ϕ

A2. T (pT (pϕq)→ ϕq)

A3. T (pϕ→ ψq)→ (T (pϕq)→ T (pψq))

A4. T (pϕq), if ϕ is a theorem in formal arithmetic.

A5. T (pϕq)→ T (pT (pϕq)q)

A6. ¬T (pϕ ∧ ¬ϕq)
As already mentioned,T (pϕq) is intended to denote either
“ϕ is known” or “ϕ is believed”. Thus, for instance, the first
axiom scheme expresses that everything known (believed) is
true. It seems reasonable to characterise knowledge by the ax-
iom schemes A1–A4 and belief by A2–A6. But the following
theorem shows that this is not always possible.

Theorem 3 (Montague[1963], Thomason[1980]). Let L
be a first-order language. Formal arithmetic extended with
any of the following sets of axioms isinconsistent.

(a) The axiom schemes of knowledge, A1–A4, instantiated
over the sentences ofL.

(b) The axiom schemes of belief, A2–A6, instantiated over
the sentences ofL.

The inconsistency of (a) is Montague’s result, and the in-
consistency of (b) is Thomason’s result. A way out of these
inconsistency results is to restrict the set of sentences that we
instantiate A1–A6 with. This strategy gives us the following
positive results.

Theorem 4 (des Rivíeres and Levesque[1988]). LetL be a
first-order language. Formal arithmetic extended with any of
the following sets of axioms isconsistent.

(a) The axiom schemes of knowledge, A1–A4, instantiated
over the regular sentences ofL.

(b) The axiom schemes of belief, A2–A6, instantiated over
the regular sentences ofL.

Theorem 5 (Morreau and Kraus [1998]). Theorem 4 still
holds when we replace “regular sentences” with “RPQ sen-
tences”.

Theorem 4 is proved in[des Rivìeres and Levesque, 1988]
by a careful translation from a corresponding first-order
modal logic. Theorem 5 is proved in[Morreau and Kraus,
1998] by a similar translation from a corresponding second-
order modal logic. In the following section we give proofs
of their results taking a completely different route. We show
that the problems can be reduced to problems of consistency
of particular logic programs.

Instead of working directly with the axiom schemes A1–
A6, we will most of the time be working with thetruth
schemewhich is the following axiom scheme:

T (pϕq)↔ ϕ.

This is often sufficient since, as the following lemma shows,
instances of axiom schemes A1–A6 are logical consequences
of corresponding instances of the truth scheme. To prove that
the axiom schemes A1–A6 instantiated over a set of sentences
S are consistent, it thus suffices to prove the consistency of
the truth schema instantiated over that same set.

Lemma 6. LetL be a first-order language, and letS be a set
of sentences inL satisfying:

if ϕ andψ are inS thenT (pϕq),¬ϕ andϕ ∧ ψ are inS.

LetM be a model ofL in whichT (pϕq) ↔ ϕ holds for all
ϕ in S. Then all of A1–A6 hold inM for all ϕ,ψ in S.

Proof. That A1 holds inM whenϕ is in S is a trivial con-
sequence of the fact thatT (pϕq) ↔ ϕ holds inM. To
see that A2 holds inM, we first note that ifϕ is in S then
¬ (T (pϕq) ∧ ¬ϕ) is in S as well, by assumption onS. This
sentence is an abbreviation ofT (pϕq) → ϕ, so we get that
the following instance of the truth schema holds inM:

T (pT (pϕq)→ ϕq)↔ (T (pϕq)→ ϕ).

Using this together with the fact that A1 holds inM, we get
thatT (pT (pϕq)→ ϕq) holds inM. That is, A2 holds inM.
A3–A6 are proved to hold inM in a similar manner.

4 From LP Semantics to Consistent
Treatments of Knowledge and Belief

The results of this paper are based on the following lemma.

Lemma 7 (Przymusinski[1987], Sato[1990]). If a pro-
gramP is locally stratified thencomp(P ) has a Herbrand
model.

Our formulation is taken from[Sato, 1990]. It should be
noted that Sato is not considering infinite programs in his pa-
per, but his proof carries over without modification to this
more general framework. This is because Sato is consider-
ing the set of ground instances of non-propositional programs
rather than these programs themselves. The set of ground in-
stances of a finite non-propositional program is in general an
infinite propositional program, that is, the kind of logic pro-
gram we are considering in this paper.
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Definition 8. Let L be a first-order language, and letS be
a set of sentences inL. We define an infinite programPL,S
as follows. For every sentenceϕ in L, the programPL,S
contains a propositional atom denotedpϕ. The clauses of
PL,S are given by:

pϕ∧ψ ← pϕ ∧ pψ, for all ϕ,ψ ∈ L.
p¬ϕ ← ¬pϕ, for all ϕ ∈ L.
p∃xϕ(x) ← pϕ(τ), for all ∃xϕ(x) ∈ L andτ ∈ Terms(L).
pT (pϕq) ← pϕ, for all ϕ ∈ S.
The relation between models of the programPL,S and

models of the first-order languageL is given by the following
lemma.

Lemma 9. Let L andS be as above. Ifcomp(PL,S) has a
Herbrand modelM thenL has a Herbrand modelN satisfy-
ing:

(i) For every sentenceϕ in L,

M |= pϕ ⇔ N |= ϕ. (1)

(ii) N |= T (pϕq)↔ ϕ, for all ϕ ∈ S.

Proof. AssumeM is a model ofcomp(PL,S). comp(PL,S)
is the following set of equivalences:

pϕ∧ψ ↔ pϕ ∧ pψ, for all ϕ,ψ ∈ L. (2)

p¬ϕ ↔ ¬pϕ, for all ϕ ∈ L. (3)

p∃xϕ(x) ↔
∨
τ∈Terms(L) pϕ(τ), for all ∃xϕ(x) ∈ L. (4)

pT (pϕq) ↔ pϕ, for all ϕ ∈ S. (5)

LetN be the following Herbrand model ofL:

N = {ϕ ∈ L | ϕ is an atom andM |= pϕ} .
(i) is proved by induction on the syntactic complexity ofϕ. If
ϕ is an atom then (1) holds by definition ofN . To prove (1)
for sentences of the formϕ ∧ ψ, ¬ϕ and∃xϕ(x) we simply
use (2), (3) and (4), respectively. For the case of¬ϕ the proof
is:

M |= p¬ϕ ⇔M |= ¬pϕ ⇔M 6|= pϕ
i.h.⇔

N 6|= ϕ⇔ N |= ¬ϕ,
where the first equivalence is by (3) and the third is by induc-
tion hypothesis. The two remaining cases are proved simi-
larly. Thus (i) holds. Furthermore, using (i) and (5), we get
for all ϕ ∈ S:

N |= T (pϕq)⇔M |= pT (pϕq) ⇔M |= pϕ ⇔ N |= ϕ,

and thusN |= T (pϕq)↔ ϕ, proving (ii).

Lemma 10. LetL be a first-order language and letR be the
set of regular sentences in L. The propositional programPL,R
is locally stratified.

Proof. To simplify matters we will throughout this proof be
identifying every propositional letterpϕ with the correspond-
ing first-order sentenceϕ in L. It should always be clear from
the context whetherϕ is used to denote the first-order sen-
tence or the corresponding propositional letter. Thus, by the
identification, the nodes of the dependency graph ofPL,R are
all sentences inL. The edges are:

• 〈ϕ ∧ ψ,ϕ,+〉 and〈ϕ ∧ ψ,ψ,+〉, for all ϕ,ψ ∈ L.

• 〈¬ϕ,ϕ,−〉, for all ϕ ∈ L.

• 〈∃xα(x), α(τ),+〉, for∃xα(x) ∈ L andτ ∈ Terms(L).

• 〈T (pϕq), ϕ,+〉, for all ϕ ∈ R.

Edges of the first type are called∧-edges, edges of the second
type are called¬-edges, edges of the third type are called∃-
edgesand edges of the last typeT -edges.

We have to prove thatPL,R is locally stratified. Actually,
we will be proving something slightly stronger. We will prove
that the relation< in the dependency graph ofPL,R is well-
founded. That is, we will prove that there does not exist any
path of infinite length in the graph. Assume the opposite, that
is, assume the existence of an infinite pathσ.

Claim. σ contains infinitely manyT -edges.

Proof of claim. Assume the opposite. Then there will be
an infinite subpathσ′ of σ containing noT -edges. Thus all
edges onσ′ must be∧-, ¬- or ∃-edges. But note that for any
such edge, the start node will have higher syntactic complex-
ity than the end node. Thus, alongσ′ the syntactic complexity
will be strictly decreasing, which contradictsσ′ being infinite.
This proves the claim. ♦

With every formulaϕ in L we now associate a natural num-
berd(ϕ), called theT -degreeof ϕ. TheT -degree is defined
recursively by

• d(ϕ) = 1 + d(ψ), if ϕ = T (pψq) for someψ.

• d(ϕ) = 0, if ϕ is any other atomic formula.

• d(ϕ) = max{d(ψ) | ψ is a subformula ofϕ}, other-
wise.

The well-foundedness of the parametrised coding ensures that
d is well-defined. By the above claim,σ contains an infinite
number ofT -edges. Letϕ be the end node of such an edge.
Thenϕ is regular. Letσ′ be the infinite subpath ofσ having
ϕ as its start node. Then every node onσ′ must be a regular
formula (c.f. the definition of a regular formula). This implies
that every edge onσ′ is

(i) either a∧-, ¬- or T -edge,

(ii) or of type 〈∃xα(x), α(τ),+〉, whereα(x) does not con-
tainT (x) as a subformula.

Item (ii) follows from that fact that whenx is a variable then
T (x) is not a regular formula, and therefore no formula hav-
ing T (x) as a subformula can be regular either. Now note
that on any edge of type (i) or (ii), theT -degree of the end
node will be less than or equal to theT -degree of the start
node. Thus theT -degree will be monotonically decreasing
alongσ′ and must therefore be constant from some point. But
then from this point it can not contain anyT -edges, since the
T -degree of the end node of such an edge is always one less
than theT -degree of the start node. This contradicts the claim
above.

Lemma 11. Let L be a first-order language and letS be a
set of sentences inL. If PL,S is locally stratified then any
Herbrand model ofL−{T} can be expanded into a Herbrand
model ofL in whichT (pϕq)↔ ϕ holds for allϕ in S.
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Proof. LetM denote a Herbrand model ofL − {T}. Let P
be the programPL,S extended with the following clauses:

pϕ ← true, if ϕ is an atom inL− {T} andM |= ϕ.

pϕ ← false, if ϕ is an atom inL− {T} andM |= ¬ϕ.
PL,S is assumed to be locally stratified, and sinceP has
the same dependency graph asPL,S , thenP must be lo-
cally stratified as well. Thereforecomp(P ) has a Herbrand
modelM′, by Lemma 7. Finally, Lemma 9 gives us the exis-
tence of a Herbrand modelN of L in which the equivalences
T (pϕq) ↔ ϕ hold for allϕ in S. To see thatN expandsM
we just have to note that ifϕ is an atom inL− {T} then

M |= ϕ⇒ pϕ ← true ∈ P ⇒M′ |= pϕ ⇒ N |= ϕ

and

M |= ¬ϕ⇒ pϕ ← false ∈ P ⇒M′ |= ¬pϕ ⇒ N |= ¬ϕ,
where the last implications are by (i) in Lemma 9.

Theorem 12. LetL be a first-order language and letU be a
theory inL − {T} containing formal arithmetic. IfU has a
Herbrand model thenU extended with any of the following
sets of axioms has a Herbrand model.

(i) The axiom schemeT (pϕq) ↔ ϕ instantiated over the
regular sentences ofL.

(ii) The axiom schemes of knowledge, A1–A4, instantiated
over the regular sentences ofL.

(iii) The axiom schemes of belief, A2–A6, instantiated over
the regular sentences ofL.

Proof. AssumeU has a Herbrand modelM. Let R denote
the set of regular sentences inL. By Lemma 10,PL,R is
locally stratified. So by Lemma 11,M can be expanded into
a Herbrand modelN in which T (pϕq) ↔ ϕ holds for all
regularϕ. This proves (i). (ii) and (iii) then immediately
follow, using Lemma 6.

Theorem 4 is an immediate consequence of Theorem 12,
when takingU to be formal arithmetic. The machinery we
have introduced can also be applied to prove Theorem 5. It is
an immediate consequence of the following corollary to The-
orem 12.

Corollary 13. Theorem 12 still holds when we replace “reg-
ular sentences” with “RPQ sentences”. Furthermore, the ex-
tension ofP in the Herbrand model constructed will be the
set of codes of regular sentences.

Proof. Let S denote the set of RPQ sentences ofL. Modify
the programPL,S by removing every clause of the form

p∃x(P(x)∧ϕ(x)) ← pP(τ)∧ϕ(τ),

whereτ is not the code of any regular sentence. Call the new
programQL,S . It is easy to see thatQL,S is locally strat-
ified, using the argument given in the proof of Lemma 10.
Lemma 11 still holds when we useQL,S instead ofPL,S , so
any Herbrand model ofU can be expanded into a model of
L in which T (pϕq) ↔ ϕ holds for all RPQ sentences. This
proves (i) in Theorem 12 with “regular sentences” replaced
by “RPQ sentences”. (ii) and (iii) then follows from Lemma
6.

5 Strengthening the Results
We now strengthen the results obtained above. We want to
define a set of formulas more inclusive than the RPQ formulas
that the truth schemeT (pϕq)↔ ϕ can safely be instantiated
with. For this we need a couple of new definitions.

Definition 14. LetL be a first-order language and letϕ be a
formula inL. The set of formulasoccurring in ϕ is defined
as the least set containingϕ and satisfying:

• If β is a subformula of a formulaα occuring inϕ, then
β is occuring inϕ.

• If T (pαq) is occurring inϕ, thenα is occurring inϕ.

Assumeψ is a formula occurring inϕ. The occurrence is said
to benegativeif ψ occurs in a formulaα where¬α occurs in
ϕ. Otherwise the occurrence is calledpositive. An occurence
of ψ in ϕ is said to beprotectedif ψ occurs in a formulaα
where∃x (P(x) ∧ α) occurs inϕ.

Thus, for instance,ϕ occurs in formulas such asT (pϕq)∧
¬ψ andT (p¬T (pϕq) ∧ ψq) but not inA(pϕq) whenA 6=
T . ϕ has positive occurrence inT (pϕq) ∧ ¬ψ but negative
occurrence inT (p¬T (pϕq) ∧ ψq).
Definition 15. Let L be a first-order language. A formula
ϕ in L is said to beweakly RPQif, for any variablex, the
formulaT (x) only occurs positively or protected inϕ.

Note that in an RPQ formula, every occurrence ofT (x) for
some variablex is protected, so every RPQ formula is also
weakly RPQ. Thus the set of RPQ formulas is a subset of
the set of weakly RPQ formulas. It is furthermore a proper
subset, since among the weakly RPQ formulas we have e.g.
∃x(about love(x)∧T (x)), which is not RPQ. The previously
obtained results can be extended to the weakly RPQ formulas.

Theorem 16. Let L be a first-order language and letU be
a theory inL − {T}. If U has a Herbrand model, thenU
extended with the axiom scheme

T (pϕq)↔ ϕ

instantiated over the set of weakly RPQ sentences has a Her-
brand model.

Proof. Let S denote the set of weakly RPQ formulas. Us-
ing Lemma 11, it suffices to prove thatPL,S is locally strat-
ified. As in the proof of Corollary 13, we can consider the
modified programQL,S instead. To obtain a contradiction,
assumeQL,S is not locally stratified. Then<1 in the depen-
dency graph ofQL,S is not well-founded, that is, there must
exist an infinite pathσ containing infinitely many negative
edges. As in the proof of Lemma 10, we get thatσ must con-
tain infinitely manyT -edges. Letϕ be the end node of such
an edge. Thenϕ is weakly RPQ. Letσ′ be the infinite sub-
path ofσ having this node as its start node. Then every node
onσ′ must be weakly RPQ. As noted in the proof of Lemma
10, if every edge onσ′ is

(i) either a∧-, ¬- or T -edge,

(ii) or of type 〈∃xα(x), α(τ),+〉 whereα(x) does not con-
tainT (x) as a subformula,
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thenσ′ can not be infinite. Thus, every node onσ′ must have
an occurrence ofT (x) for some variablex. Since all nodes
are weakly RPQ, in each of theseT (x) is either positive or
protected. But ifT (x) occurs protected inϕ, there can be no
infinite path starting atϕ. Thus, in every formulaϕ on σ′,
T (x) must occur positively (for some variablex). But this
implies that all edges in the path are positive, which contra-
dicts our assumption.

The above theorem also relates to a result by Perlis[1985].
Perlis showed that a modified truth schemeT (pϕq) ↔ ϕ∗

is consistent with arithmetic. It is easily seen that the set of
instances of the (unmodified) truth scheme shown to be con-
sistent by Perlis’ result is contained in the set of instances
shown to be consistent by Theorem 16.

In view of the results by Montague and Thomason (Theo-
rem 3), there is a limit to how many instances of our axiom
schemes we can add while still retaining consistency. The
set of weakly RPQ sentences is quite close to this limit, as is
made clear by the following example.

Example. Let L be a first-order language containing three
one-place predicate symbolsA,P andT . One of the simplest
examples of a formula which is not weakly RPQ inL is the
formula∃x (A(x) ∧ ¬T (x)). Let us call this formulaψ. In
ψ, T (x) occurs negatively and unprotected (sinceA 6= P).
LetU be the theory consisting of the following axioms

A(pψq) (6)

¬A(τ), whenτ is a term6= pψq. (7)

U obviously has a Herbrand modelM, but we will show that
U extended with the single axiom

T (pψq)↔ ψ (8)

does not have a Herbrand model. This shows that Theorem
16 no longer holds if we to the weakly RPQ sentences add a
sentence such asψ. Assume, to obtain a contradiction, that
there exists a Herbrand modelN in which all of (6), (7) and
(8) holds. Then we obtain the following contradiction:

N |= ψ ⇔ N |= ∃x(A(x) ∧ ¬T (x))⇔

N |= A(τ) ∧ ¬T (τ) for someτ
(7)⇔

N |= A(pψq) ∧ ¬T (pψq)
(6)⇔ N |= ¬T (pψq)⇔

N 6|= T (pψq)
(8)⇔ N 6|= ψ.

6 Conclusion
We have been showing that results on the consistency of the
predicate approach to knowledge and belief can be proved
through the use of well-known results from logic program-
ming semantics. This connects the two research fields in a
new and interesting way, and have furthermore allowed us to
strengthen the previously known results on the consistency of
the predicate approach. It is expected that the connection be-
tween the two fields can be pursued further to get even better
consistency results. This might be done by using some of the
results from the literature on logic programming semantics
that strengthen Lemma 7.
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Abstract

Inverse (or identification) problems involve decid-
ing whether or not an explicitly given set of data
points have an implicit description, for instance,
in the form of a constraint network. Such prob-
lems provide insight into the relationships among
various representations of knowledge, which may
have differing computational properties. This pa-
per formalizes and studies the inverse circumscrip-
tion problem, which (roughly speaking) is to de-
cide, given a set of models, if there exists a formula
whose circumscription describes the input set.

1 Introduction
The relationship between implicit and explicit descriptions
of information is a central theme in knowledge representa-
tion and reasoning. For example, the core reasoning task of
propositional satisfiability is to decide, given a propositional
formula, whether or not the explicit set of models described
implicitly by the formula is non-empty.

Recently, Kavvadias and Sideri [1998] studied a comple-
mentary task, which they called inverse satisfiability: given
a set of models, is there a propositional formula with exactly
the given set as its satisfying assignments? Without any re-
strictions on the class of formulas considered, the question is
trivial, since for a given set of modelsM , it is always possible
to create a formula in disjunctive normal form (DNF) captur-
ing exactly M . Kavvadias and Sideri consider this question
with respect to the class of formulas expressible by a pre-
specified constraint language – a set of relations which can
be used to express constraints. Their intriguing main result
is that the complexity of the inverse satisfiability problem re-
flects exactly that of the classical satisfiability problem: for a
fixed constraint language, inverse satisfiability is intractable if
and only if satisfiability is intractable! For instance, INVERSE
3-SAT is intractable, as 3-SAT is intractable; but, INVERSE
2-SAT is tractable, as 2-SAT is tractable.

The inverse satisfiability problem is akin to the identifica-
tion problems studied by Dechter and Pearl [1992], which
involve deciding whether or not explicitly given relational
data in the form of tuples has an implicit description as a
constraint network with particular features. Studying such

inverse or identification problems is valuable for a vari-
ety of reasons, as articulated in [Dechter and Pearl, 1992;
Kavvadias and Sideri, 1998]. First, certain restricted forms
of propositional formulas, such as Horn formulas, facilitate
efficient reasoning. Hence, the ability to decide when an ex-
plicitly given set of models can be represented in such a re-
stricted form, is desirable. Second, model-based represen-
tations of information have been proposed as a viable alter-
native to formula-based representations [Kautz et al., 1995;
Khardon and Roth, 1996]; inverse problems address the rel-
ative expressibility of these two types of representations.
Third, discovering structure in empirical data is a crucial
component of scientific activity, and so understanding when
structure discovery is computationally feasible sheds light on
the nature of such activity.

In this paper, we further investigate the relationship be-
tween implicit and explicit descriptions of data by consid-
ering the complexity of inverse circumscription, an analog
of the inverse satisfiability problem for circumscription. Cir-
cumscription is a well-studied non-monotonic reasoning for-
malism intended to embody common sense, and provides an
alternative semantics for propositional formulas [McCarthy,
1980]. Intuitively, the models of the circumscription of a for-
mula are those models of the original formula which make as
few “assumptions” as necessary. The inverse circumscription
problem addresses the expressiveness of circumscription: this
problem involves deciding, roughly speaking, if a set of mod-
els can be described by a circumscribed formula (over some
constraint language). Studying the complexity of this prob-
lem is natural not only for the aforementioned reasons, but
also because circumscribed formulas are more space-efficient
than uncircumscribed formulas: knowledge can be repre-
sented more succinctly with the former than with the latter,
in a sense made precise in [Cadoli et al., 1997].

There are at least two generalizations of the inverse satis-
fiability problem to the context of circumscription. One gen-
eralization is the problem of deciding, given a set of models,
whether or not there exists a circumscribed formula (over a
specified constraint language) with exactly the input set as its
models. A second generalization is the problem of deciding,
given a set of models, whether or not there exists a formula
such that all models of the input set are models of the circum-
scribed formula – in other words, the problem is to decide the
existence of an approximating formula whose circumscribed
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models covers the input set of models. We note that the tight-
ness of the approximating formula is not what is at stake. In
our formulation of this problem, it is possible to efficiently
compute a candidate formula ψ such that if there is any for-
mula φ covering the input set of models, then ψ also covers
the input set and ψ has fewer models than φ (that is, the model
set of ψ is a subset of the model set of φ).

As we will show, the complexity of the first generaliza-
tion, for almost all constraint languages, can be characterized
fairly easily using previous results. Consequently, the focus
of this paper is on the complexity of the second generaliza-
tion, which we call the inverse circumscription problem. Our
main result is a dichotomy theorem in the complexity of in-
verse circumscription, which states that for all constraint lan-
guages, inverse circumscription is either in P, or is co-NP-
complete.

Complexity dichotomy theorems are important because
they demonstrate a full understanding of the complexity of
a problem, with respect to a particular form of problem re-
striction (in our case, a restriction on the constraint language).
The first dichotomy theorem was obtained by Schaefer, who
showed that the propositional satisfiability problem over a
fixed constraint language is either in P, or is NP-complete.
The non-trivial tractable cases of satisfiability given by this
result are 2-SAT, HORN SAT, and XOR-SAT (where each
constraint is a linear equation in the field with two elements).
Since Schaefer’s result, many other dichotomy theorems have
been established [Creignou et al., 2001].

Kirousis and Kolaitis [2001a] very recently established a
dichotomy theorem in the complexity of model checking for
circumscription. The model checking problem is to decide,
given an assignment and a formula, whether or not the assign-
ment is a model of the circumscribed formula. Their theorem
states that, for any constraint language, the model checking
problem is either in P or is co-NP-complete. Interestingly,
we show that (for any constraint language) the complexity
of inverse circumscription is exactly the complexity of this
model checking problem, giving a correspondence analogous
to that between the complexity of inverse satisfiability and
the complexity of satisfiability. In fact, to establish hardness
of inverse circumscription, we will reduce from the model
checking problem.

2 Preliminaries

In this section, we present the definitions and notation that
will be used throughout the paper. We first introduce the no-
tation of a constraint; constraints will be the building blocks
of the propositional formulas we consider.

Definition 2.1 A subset of {0, 1}k (for some k ≥ 1) is called
a logical relation, and is said to have arity k.

A constraint over variable set V is a logical relation R
paired with a list of variables x1, . . . , xk ∈ V where k is the
arity of R, and is written R(x1, . . . , xk).

A constraint with constants over variable set V is a logical
relation R and a list of variables or constants y1, . . . , yk ∈
V ∪ {0, 1} where k is the arity of R, and is written
R(y1, . . . , yk).

We next introduce the notion of a S-formula, which is a
propositional formula built using the relations of a constraint
language S as “templates.”

Definition 2.2 A constraint language S is a finite set of log-
ical relations (which may contain relations of different ar-
ities).1 The maximum arity of S is the maximum over the
arities of the relations in S.

An S-formula over variable set V is a set of constraints
(over V ) where the logical relation of each constraint is in S.

An S-formula with constants over variable set V is a set of
constraints with constants (over V ) where the logical relation
of each constraint is in S.

We move on to describe the set of models associated with
a formula. Intuitively, a model of a formula is an assignment
to the variable set which obeys all constraints.

Definition 2.3 Let φ be an S-formula (possibly with con-
stants) over variable set V .

An assignment to φ is a function f : V → {0, 1}. When W
is a subset of V , f|W denotes the restriction of f to W ; and,
f : V ∪ {0, 1} → {0, 1} denotes the extension of f where
f(0) = 0, f(1) = 1, and f(v) = f(v) for all v ∈ V .

The assignment f satisfies a constraintR(x1, . . . , xk) of φ
if the tuple (f(x1), . . . , f(xk)) is in R.

The assignment f satisfies φ if it satisfies all constraints
in φ; in this case, it is said to be a satisfying assignment or
model of φ.

Define Models(φ) to be the set containing all models of φ.

For a fixed S, the problem of deciding whether or not an in-
put S-formula has a satisfying assignment is in NP, since in
non-deterministic polynomial time, a satisfying assignment
can be guessed and verified. The following example demon-
strates that there is an S for which this satisfiability problem
is equivalent to that for 3-SAT, and hence NP-complete.

Example 2.4 Let S3 = {R0, R1, R2, R3}, where R0 =
{0, 1}3 \ {(0, 0, 0)}, R1 = {0, 1}3 \ {(1, 0, 0)}, R2 =
{0, 1}3 \ {(1, 1, 0)}, and R3 = {0, 1}3 \ {(1, 1, 1)}. Every
3-SAT formula can be efficiently converted into a S3-formula
with exactly the same set of satisfying assignments, and vice-
versa. For example, the 3-SAT formula

(x ∨ y ∨ ¬z) ∧ (¬w ∨ y ∨ ¬z) ∧ (z ∨ ¬y ∨ ¬w)

is equivalent to the S3-formula

{R1(z, x, y), R2(w, z, y), R2(y, w, z)}.
We generalize the definition of S3 in Example 2.4 as fol-

lows.

Definition 2.5 Let Sk (for k ≥ 1) be the set of relations
{Rk

i : i ∈ {0, . . . , k}} where Rk
i = {0, 1}k \ {tki }, and

tki ∈ {0, 1}k is the tuple with 1 in the first i coordinates, and
0 in the remaining k − i coordinates.

1Throughout this paper, we assume that all logical relations and
constraint languages are non-empty.
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Having defined the notion of a model of a formula, we now
define what it means for a model to be minimal. The circum-
scription of a formula is considered to have, as its models, the
minimal models of the original formula [McCarthy, 1980].
We consider minimality with respect to a subset P of the vari-
able set: a model is minimal if there is no model “below” it
in a comparison based on the variables in P .

Definition 2.6 Let φ be an S-formula (possibly with con-
stants) over variable set V , and let P be a subset of V . Let ≤
denote the standard total ordering on {0, 1} where 0 ≤ 1.

Suppose that α : V → {0, 1} and β : V → {0, 1} are both
assignments over the same variable set V . We write α =P β
if for all v ∈ P , α(v) = β(v). We write α ≤P β if for all
v ∈ P , α(v) ≤ β(v). We write α <P β if α ≤P β and it is
not the case that α =P β. We write α⊥Pβ if neither α ≤P β
nor β ≤P α holds. When the set P is equal to V (the entire
domain of α and β), we sometimes omit it when writing the
above relations.

We say that β is a minimal satisfying assignment (or min-
imal model) of φ with respect to P if β is a model of φ; and,
for all models α of φ, α ≤P β implies α =P β.

Define MinModels(φ, P ) to be the set containing all mini-
mal models of φ with respect to P .

We now introduce some terminology that can be used to
describe constraint languages; this terminology will prove
to be quite wieldy in describing many of the complexity di-
chotomy theorems presented in the next section. As usual, we
define a CNF-SAT formula over variable set V to be a con-
junction of clauses, where each clause is the disjunction of
literals from V . (A literal from variable set V is either a vari-
able v ∈ V itself, or the negation of a variable ¬v. Literals of
the former type are called positive, whereas those of the latter
type are called negative.) An assignment f : V → {0, 1}
satisfies a CNF-SAT formula φ if every clause of φ contains
a literal evaluating to true under f .

Definition 2.7 A bijunctive formula is a CNF-SAT formula
where each clause contains exactly two literals.

A (dual) Horn formula is a CNF-SAT formula where each
clause contains at most one positive (negative) literal.

An affine formula is a conjunction of equations of the form
x1⊕· · ·⊕xm = c, where the xi are variables and c ∈ {0, 1}
is a constant. (The symbol ⊕ denotes the logical “exclusive
or.”)

Definition 2.8 Let R be a logical relation of arity n, and S
be a constraint language.

The relation R is 0-valid if it contains the all-zeroes tuple
(0, . . . , 0) of arity n, and is 1-valid if it contains the all-ones
tuple (1, . . . , 1) of arity n.

The relation R is bijunctive (Horn, dual Horn, affine) if
there exists a bijunctive (respectively Horn, dual Horn, affine)
formula over {v1, . . . , vn} with the same set of satisfying as-
signments as the {R}-formula {R(v1, . . . , vn)}.

The constraint language S is 0-valid (1-valid, bijunctive,
Horn, dual Horn, affine) if every relation contained in S is
0-valid (respectively 1-valid, bijunctive, Horn, dual Horn,
affine).

The constraint language S is Schaefer if at least one of the
following four conditions hold: S is bijunctive, S is Horn, S

is dual Horn, S is affine. The constraint language S is non-
Schaefer if it is not Schaefer.

3 Related Work
This section reviews relevant work done previously; through-
out, S is used to denote a constraint language. We first men-
tion the seminal work of Schaefer, who proved a complex-
ity dichotomy theorem on the satisfiability problem for S-
formulas.

Definition 3.1 The SAT(S) decision problem.
Input: An S-formula φ.
Question: Is φ satisfiable?
The SATC(S) decision problem is identical, except the in-

put S-formula can have constants.

In other words, the SAT(S) problem is to decide, for a
given S-formula φ, if the set Models(φ) is non-empty. Re-
markably, Schaefer proved that for any constraint language
S, SAT(S) is either in P or is NP-complete; in addition, he
gave a precise description of which constraint languages yield
a tractable satisfiability problem, and which do not.

Theorem 3.2 [Schaefer, 1978] Let S be a constraint lan-
guage.

If S is 0-valid, 1-valid, or Schaefer, then SAT(S) is in P;
otherwise, SAT(S) is NP-complete.

If S is Schaefer, then SATC(S) is in P; otherwise, SATC(S)
is NP-complete.

Kavvadias and Sideri [1998] studied the “inverse satisfia-
bility problem” (denoted here by INVERSE SATC(S)). In the
“standard” satisfiability problem the goal is to decide, given a
formula, whether or not there exists a satisfying assignment.
In the “inverse” problem, the given input is a set of assign-
ments, and the goal is to determine whether or not there ex-
ists a formula with exactly the given assignments as its set of
satisfying assignments.

Definition 3.3 The INVERSE SATC(S) decision problem.
Input: Set A of assignments over the same variable set V .
Question: Is there an S-formula φ with constants such that

A = Models(φ)?

A dichotomy theorem was established by Kavvadias and
Sideri, which shows that the inverse satisfiability problem is
always in P, or is co-NP-complete. Intriguingly, the com-
plexity of the inverse problem reflects exactly the complexity
of the satisfiability problem: SATC(S) is intractable if and
only if INVERSE SATC(S) is intractable!

Theorem 3.4 [Kavvadias and Sideri, 1998] Let S be a con-
straint language.

If S is Schaefer, then INVERSE SATC(S) is in P; other-
wise, INVERSE SATC(S) is co-NP-complete.

We now formalize the model checking problem for cir-
cumscription, which was called “minimal satisfiability” in
[Kirousis and Kolaitis, 2001a].

Definition 3.5 The MIN SAT(S) decision problem.
Input: An S-formula φ over variable set V , an assignment

α : V → {0, 1} satisfying φ, and a subset P of V .
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Question: Is the assignment α a minimal model of φ with
respect to P?

The MIN SATC(S) decision problem is identical, except
the input S-formula can have constants.

The MIN SAT(S) problem is in co-NP, as deciding
whether or not α is a minimal model of a formula amounts
to verifying – for all assignments β – that if β is a model,
then β is not strictly below α in the ordering ≤P . Cadoli
[1992] showed that this problem is co-NP-complete in gen-
eral, and also identified some tractable cases. More recently,
the following full dichotomy theorem was proved concerning
the complexity of MIN SAT(S).

Theorem 3.6 [Kirousis and Kolaitis, 2001a, Theorem 4.2]2

Let S be a constraint language.
If S is Schaefer, then MIN SATC(S) is in P; otherwise,

MIN SATC(S) is co-NP-complete.
If S is 0-valid or Schaefer, then MIN SAT(S) is in P; oth-

erwise, MIN SAT(S) is co-NP-complete.

4 The Inverse Circumscription Problem
The inverse satisfiability problem (defined formally in the
previous section) is to decide, given a set of assignments,
whether or not there is a formula with precisely the given
input set as its models. The inverse circumscription problem,
denoted by INVERSE MIN SAT(S), is similar in that the input
is also a set of assignments and the task is to decide whether
or not there is a formula describing the input set. However, in
the inverse circumscription problem, the question is whether
there exists a formula φ such that all of the given assignments
are minimal models of φ.

Definition 4.1 The INVERSE MIN SAT(S) decision prob-
lem.

Input: Set A of assignments over the same variable set V ,
and a subset P of V .

Question: Is there an S-formula φ such that A ⊆
MinModels(φ, P )?

The INVERSE MIN SATC(S) decision problem is identi-
cal, except the question is to decide if there is an S-formula
with constants satisfying the stated condition.

As mentioned in the introduction, there is a natural variant
of the INVERSE MIN SATC(S) problem which has an iden-
tical description, except the ⊆ symbol is replaced with an
= symbol in the “question.” Let us denote this variant by
INVERSE EXACT MIN SATC(S). We have the following re-
sults concerning this question.

Theorem 4.2 Let S be a constraint language.
If S is bijunctive or Horn, then

INVERSE EXACT MIN SATC(S) is in P.

2We note that the notation of [Kirousis and Kolaitis, 2001a]
is different from ours. In particular, their decision problem
MIN SAT(S) involves checking, given an assignment and formula,
if the assignment is minimal with respect to all variables. It is eas-
ily verified that our definition of MIN SATC(S) is equivalent to their
(P ; Q;Z)−MIN SAT(S), and that our definition of MIN SAT(S) is
equivalent to their (P ; ∅; Z) − MIN SAT(S). The theorem is stated
here with respect to our notation.

If S is non-Schaefer, then INVERSE EXACT MIN SATC(S)
is co-NP-complete.

For non-Schaefer constraint languages S, hardness of
INVERSE EXACT MIN SATC(S) can be shown by first es-
tablishing the hardness of INVERSE EXACT MIN SATC(S3)
by reduction from INVERSE SATC(S3), and then re-
ducing from INVERSE EXACT MIN SATC(S3) to
INVERSE EXACT MIN SATC(S), using a technique in
[Kavvadias and Sideri, 1998]. For Schaefer constraint
languages S, the existence of an output polynomial time
algorithm for computing minimal models of a S-formula
implies the tractability of INVERSE EXACT MIN SATC(S);
see [Kavvadias et al., 2000] for such algorithms in the case
of constraint languages S that are bijunctive or Horn.

For the remainder of this paper, we focus on the
INVERSE MIN SAT(S) decision problem. Given an input set
A of this problem, it is possible to efficiently compute a “can-
didate formula” having the property that if there is any for-
mula containingA in its set of minimal models, then the can-
didate formula is such a formula. That is, the candidate for-
mula serves to witness that “yes” is the answer to the decision
question of Definition 4.1 – so long as some formula does.

Definition 4.3 Suppose that S is a constraint language and
that A is a set of assignments over the same variable set V .
Define the candidate S-formula for A to be the set containing
all constraints (over V and with relation in S) that are satis-
fied by every assignment in A. Similarly, define the candidate
S-formula for A with constants to be the set containing all
constraints with constants (over V and with relation in S)
that are satisfied by every assignment in A.

Lemma 4.4 Suppose that S is a constraint language and
that A is a set of assignments over a variable set V . Let
P be a subset of V , and let ψC be the candidate S-formula
(with constants) for A. There exists an S-formula (with con-
stants) φ such that A ⊆ MinModels(φ, P ) if and only if
A ⊆ MinModels(ψC , P ).

For a fixed constraint language S, the candidate S-
formula for a set of assignments A can be computed in
polynomial time (measured with respect to the size of the
representation of A). By the key property of the candidate
formula (Lemma 4.4), it follows that INVERSE MIN SAT(S)
is in co-NP: an assignment β which is not included in
A, satisfies the S-candidate formula of A, and is strictly
below an assignment in A (with respect to ≤P ), serves as
a succinct and efficiently checkable proof that A is a “no”
instance of INVERSE MIN SAT(S). (By similar reasoning,
INVERSE SATC(S) and INVERSE EXACT MIN SATC(S)
can be shown to be in co-NP, as discussed in [Kavvadias and
Sideri, 1998].)

Whenever the model checking problem MIN SAT(S) is
in P, the inverse problem INVERSE MIN SAT(S) will be in
P. This is because deciding whether or not an input set A
to the INVERSE MIN SAT(S) problem is a “yes” instance
amounts to verifying that every assignment in A is a min-
imal model of the candidate formula for A; clearly, this
can be done in polynomial time when MIN SAT(S) is in
P. To prove a full dichotomy theorem on the complexity of
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INVERSE MIN SAT(S), it remains to describe the complex-
ity of INVERSE MIN SAT(S) for the constraint languages S
such that MIN SAT(S) is not in P.

5 Dichotomy Theorem
In this section, we describe completely the complexity pro-
file of the “inverse circumscription problem.” In partic-
ular, we show that for those constraint languages S such
that MIN SAT(S) is co-NP-hard, INVERSE MIN SAT(S)
is also co-NP-hard (and similarly for MIN SATC(S) and
INVERSE MIN SATC(S)).

Our first step is to prove hardness of the
INVERSE MIN SAT(S) problem for 9-SAT formulas,
where the circumscription is performed with respect to all
of the variables. This initial hardness result is then used to
establish the hardness of INVERSE MIN SAT(S) for other
constraint languages S.

Theorem 5.1 The problem INVERSE MIN SAT(S9) is
co-NP-hard, even with the restriction that the subset P must
be equal to the entire variable set.

The proof of this theorem is sketched in Appendix A; the
hardness result claimed by the theorem is achieved by re-
duction from the MIN SAT(S) problem. The hardness of
INVERSE MIN SAT(S9) can then be leveraged to establish
the hardness of INVERSE MIN SATC(S), for the remaining
constraint languages S.

Theorem 5.2 Let S be a constraint language. If S is non-
Schaefer, then INVERSE MIN SATC(S) is co-NP-hard.

Then, constants can be “removed” in such a way that
allows the hardness of INVERSE MIN SAT(S) to be estab-
lished, based on the hardness of INVERSE MIN SATC(S).

Theorem 5.3 Let S be a constraint language. If S is neither
0-valid nor Schaefer, then INVERSE MIN SAT(S) is co-NP-
hard.

Collecting together the theorems of this section as well as
the discussion at the end of Section 4, we have the following
dichotomy theorem.

Theorem 5.4 Let S be a constraint language.
If S is Schaefer, then INVERSE MIN SATC(S) is in P; oth-

erwise, INVERSE MIN SATC(S) is co-NP-complete.
If S is 0-valid or Schaefer, then INVERSE MIN SAT(S) is

in P; otherwise, INVERSE MIN SAT(S) is co-NP-complete.

6 Conclusions and Future Work
In this paper, we formalized and studied inverse circumscrip-
tion. We established a full dichotomy theorem in the com-
plexity of this problem (Theorem 5.4). A fascinating phe-
nomenon is that the complexity of inverse circumscription
reflects exactly the complexity of model checking for circum-
scription (Theorem 3.6). This correspondence in complex-
ity parallels the intimate relationship between the complexity
of inverse satisfiability (Theorem 3.4) and that of satisfiabil-
ity (Theorem 3.2). The resemblance between the results on
circumscription and those on propositional logic seems quite

strong, as the hardness of inverse circumscription is estab-
lished by reduction from model checking for circumscription
– just as the hardness of inverse satisfiability is established by
reduction from satisfiability [Kavvadias and Sideri, 1998].

It would be of great interest to investigate further the re-
lationship between “inverse” problems (mapping an explicit
description to an implicit description) and more classical “for-
ward” problems (mapping an implicit description to an ex-
plicit description). A concrete goal for future work is to
study inverse problems for other non-monotonic reasoning
formalisms.

Acknowledgements. The author wishes to thank Bart Sel-
man for useful discussions and suggestions, and Joe Halpern
for his advice on the preparation of the final version of this
paper.

A Proof Sketch of Theorem 5.1
Definition A.1 Let A be a set of assignments over the vari-
able set V . For k ≥ 1, we say that an assignment b : V →
{0, 1} is k-compatible with A if for every size k subset W of
V , there exists an assignment a ∈ A such that a|W = b|W .

Lemma A.2 Let S be a constraint language with maximum
arity k, and let A be a set of assignments over the variable set
V . Suppose that ψC is the candidate S-formula for A (with
k ≥ 1). If b is r-compatible with A for all r = 1, . . . , k, then
b satisfies ψC . Moreover, the converse holds if S = Sk.

Definition A.3 Let S be a constraint language. For r ≥ 1,
an r-pattern of an S-formula φ over V is a pair (W,T ) such
that |W | = r, W ⊆ V , T : W → {0, 1} is an assignment
to the variables of W , and for all clauses R(x1, . . . , xk) ∈
φ, if T is defined on the variables of R(x1, . . . , xk) (that is,
{x1, . . . , xk} ⊆W ), then T satisfies R(x1, . . . , xk).

In other words, an r-pattern for a formula φ is a subset W
of the variable set of φ of size r along with an assignment to
W which does not falsify any clause of φ.

Before giving the proof, we introduce the following nota-
tion. A vector �x of length k is an ordered list of variables
(x1, . . . , xk). If θ is a bit vector (b1, . . . , bk) ∈ {0, 1}k and �x
is a vector of length k, we let θ(�x) denote the function map-
ping xi to bi for all i = 1, . . . , k. If µ : V1 → {0, 1} and
ν : V2 → {0, 1} are assignments with disjoint domains (that
is, V1 ∩ V2 = ∅), by µ ∪ ν we denote the function with do-
main V1 ∪ V2 equal to µ on V1, and equal to ν on V2. When
�z is a vector of variables and f is an assignment defined on
the variables of �z, we let f|�z denote the restriction of f to the
variables of �z. For a positive integer k, we let [k] denote the
set {1, . . . , k}.
Proof. By [Kirousis and Kolaitis, 2001a, Theorem 3.8], the
version of MIN SAT(S3) where the variable set P is promised
to be the entire variable set is co-NP-complete. To prove
hardness of INVERSE MIN SAT(S9), we give a reduction
from this version of MIN SAT(S3). In particular, given a S3-
formula φ and an assignment a satisfying φ, we create a set
of assignments A over a variable set X such that there is an
S9 formula ψ with A ⊆ MinModels(ψ,X) if and only if a is
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a minimal model of φ. (By a minimal model of φ, we mean a
minimal model with respect to the entire variable set of φ.)

We let V = {v1, . . . , vn} denote the variable set of φ, and
we assume without loss of generality that n > 9. For all

i ∈ [n], let �x1
i , �x2

i , and �x3
i be vectors of length 3. For all

i ∈ [n] and j ∈ [m], let �yj
i be a vector of length 2. Let Xi

denote the set containing all 9 + 2m variables in the vectors
�x1
i , �x2

i , �x3
i and �y1

i , . . . , �y
m
i . Let X = ∪i∈[n]Xi.

Let α = (0, 0, 1), β = (1, 0, 1), and γ = (0, 1, 0). Let
σ = (0, 1) and τ = (1, 0). The essential properties of these
vectors that we will use are that for any vector �z of length
3, α(�z) < β(�z), α(�z)⊥γ(�z), and β(�z)⊥γ(�z); and, for any
vector �z of length 2, σ(�z)⊥τ(�z).

For i ∈ [n], define αi : Xi → {0, 1} to be

{α( �x1
i ), α( �x2

i ), α( �x3
i )} ∪ ⋃

k∈[m] τ(
�yk
i ). Similarly, for i ∈

[n], define βi : Xi → {0, 1} to be {β( �x1
i ), β( �x2

i ), β( �x3
i )} ∪⋃

k∈[m] τ(
�yk
i ). For i ∈ [n] and j ∈ [m], define γj

i :

Xi → {0, 1} to be {γ( �x1
i ), γ( �x2

i ), γ( �x3
i )} ∪ {σ(�yj

i )} ∪⋃
k∈[m],k �=j τ(

�yk
i ).

Let (W1, T1), . . . , (Wm, Tm) be all of the 9-patterns of φ.
Our set of assignments A will be of size m + 1: it will have
one assignment ai : X → {0, 1} for each of the 9-patterns
(Wi, Ti), as well as one assignment ã : X → {0, 1} encoding
the assignment a : V → {0, 1}. The partial assignments
{γj

i }, {αi}, and {βi} will be used as building blocks to define
the assignments in A.

Define

aj
i =




γj
i if vi /∈Wj

αi if vi ∈Wj and Tj(vi) = 0
βi if vi ∈Wj and Tj(vi) = 1

Define aj = ∪i∈[n]a
j
i .

Also, for any assignment f : V → {0, 1}, define
f̃ : X → {0, 1} to be the assignment

⋃
i∈[n],f(vi)=0 αi ∪⋃

i∈[n],f(vi)=1 βi.
Define A, the output of the reduction, to be the set

{a1, . . . , am} ∪ {ã}.
Let us say that a pair of assignments (d : X → {0, 1}, c :

X → {0, 1}) is a violating pair if the following four con-
ditions are met: 1) d /∈ A, 2) c ∈ A, 3) d < c, and
4) d is 9-compatible with A. Intuitively, a violating pair
(d, c) is evidence that there is no S9-formula ψ such that
A ⊆ MinModels(ψ,X).

More formally, observe that a violating pair exists if and
only if there exists a d /∈ A and c ∈ A such that d <
c and d satisfies the candidate S9-formula ψC for A, by
Lemma A.2. This occurs if and only if it is not the case
that A ⊆ MinModels(ψC , X), since (as is easily verified)
the assignments in A are pairwise incomparable. By Lemma
4.4, it is not the case that A ⊆ MinModels(ψC , X) if and
only if for all S9-formulas ψ, it is not the case that A ⊆
MinModels(ψ,X). Hence, a violating pair exists if and only
if there is no S9-formulaψ such thatA ⊆ MinModels(ψ,X).

The remainder of the proof, omitted due to space con-
straints, establishes that a violating pair exists if and only if a

is not a minimal model of φ. This implies the correctness of
our reduction, as then we have that there exists no S9-formula
ψ such that A ⊆ MinModels(ψ,X) if and only if a is not a
minimal model of φ. �
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Abstract

Compilability is a fundamental property of knowl-
edge representation formalisms which captures
how succinctly information can be expressed. Al-
though many results concerning compilability have
been obtained, they are all “worst-case” results.
We develop a theory of average-case compilability
which allows for the formal comparison and clas-
sification of knowledge representation formalisms
“on average.”

1 Introduction
By now, a multitude of knowledge representation formalisms
have been proposed and studied in the literature, for exam-
ple, propositional logic, default logic, and circumscription
– to name a few. The comparison of these formalisms has
been a major research theme over the past decade. In par-
ticular, many results have been obtained on the computa-
tional complexity of inference and model checking – core
reasoning tasks associated with each formalism. The funda-
mental property of compilability, which measures how effi-
ciently or succinctly a formalism represents knowledge, has
also been studied.1 There is now a rich body of results
concerning compilability; however, all of these results ad-
dress the “worst-case”, and are thus susceptible to the com-
plaint that they do not address “average” or “typical” com-
pilability. The main contribution of this paper is a theoret-
ical framework providing a language and tools for compar-
ing and classifying the compilability of formalisms on aver-
age. Our framework is built on notions and insights from the
theory of compilability clases due to Cadoli et al. [2000a;
2000b] and the theory of average-case time complexity due
to Levin [1986].

1.1 Background
Compilability. Informally, a formalism A is compilable to
a formalism B if for every knowledge base x in formalism
A, there is a knowledge base in formalism B representing
the same information as x with size polynomial in the length

1In previous work, compilability has also been called space effi-
ciency and succinctness.

of x.2 Intuitively, this means that formalism B is at least as
space efficient as formalism A: whatever can be expressed in
formalism A can be expressed, with about the same level of
succinctness, in formalism B.

A number of papers compared the compilability of dif-
ferent formalisms [Kautz et al., 1995; Gogic et al., 1995;
Khardon and Roth, 1996; Cadoli et al., 1996; 1997; 1999;
2000a; 2000b]. In many cases, these papers rigorously prove
that one formalism B is strictly more succinct than another
formalism A – that is, A is compilable to B, but B is not
compilable to A. This means that there is no way to trans-
late knowledge bases in B to knowledge bases in A, unless
the translation is allowed to increase the size of knowledge
bases by a super-polynomial amount. In other words, any
translation of knowledge bases in B to knowledge bases in
A is inherently exponential in size.3 Observe that this state-
ment has the same flavor as the famous “P does not equal NP”
conjecture from classical complexity theory. This conjecture
holds that no algorithm can solve an NP-complete problem,
unless the algorithm is allowed to take super-polynomial time
on some inputs – or, put differently, any algorithm solving a
NP-complete problem is inherently exponential in time.

Notice that the above definition of “formalism A is com-
pilable to formalism B” does not take into account the dif-
ficulty or complexity of computing the translation between
knowledge bases in A and knowledge bases in B. This non-
uniformity is a key feature of the definition: the existence of
a succinct translation is sufficient; an efficiently computable
translation is not necessary. It turns out that many proofs of
non-compilability – that is, proofs of statements of the form
“formalism B is not compilable to formalism A” – rely on re-
sults from non-uniform complexity theory. Such proofs often
are not unconditional, but are contingent upon the widely be-
lieved complexity-theoretic assumption that the polynomial
hierarchy does not collapse.4

2In the technical portion of this paper, this definition will be cap-
tured formally by the ≤nu−comp reducibility.

3Here, by “exponential” we mean exceeding every polynomial
infinitely often.

4The polynomial hierarchy is a collection of complexity classes
which includes P, NP, co-NP, and other classes which are in essence
generalizations of these three classes. For the intents and purposes
of this paper, this assumption can be thought of as being similar to
the (perhaps better known) assumption that P does not equal NP. (In
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Compilability classes. The initial papers that demonstrated
non-compilability results [Kautz et al., 1995; Gogic et al.,
1995; Khardon and Roth, 1996; Cadoli et al., 1996; 1997;
1999] were based on ad hoc proofs, each of which iso-
lated two particular formalisms and then demonstrated non-
compilability of one to the other. In [Cadoli et al., 2000a;
2000b], new complexity classes measuring compilability,
called compilability classes, were introduced; for every clas-
sical complexity class C, it is possible to define a compil-
ability class analog of C. The theory of compilability classes
made it possible to systematize proofs of non-compilability
much in the way classical complexity theory makes it pos-
sible to systematize proofs of intractability. A proof that a
language is NP-complete is demonstration that there is no
polynomial-time algorithm for the language, and that the lan-
guage has the same time complexity (up to a polynomial) as
all other NP-complete languages. Likewise, a proof that a for-
malism is complete for the compilability class analog of NP
is demonstration that it is not compilable to any formalism in
the compilability class analog of P, and that the language is
compilable to and from all other formalisms complete for the
compilability class analog of NP.5 (More generally, when C
is a class from the polynomial hierarchy, a proof that a for-
malism is complete for the compilability class analog of C is
demonstration that it is not compilable to any formalism in
the compilability class analog of C′, if C′ is below C in the
polynomial hierarchy.)

In addition to providing a methodology for comparing
formalisms with respect to compilability, the compilability
classes capture formally the notion of off-line preprocessing.
Preprocessing a knowledge base off-line can be of great util-
ity if the resulting, processed knowledge base is in a form
that allows for quick, on-line response to queries (and if many
queries are expected). Membership of a formalism A in the
compilability class analog of P will mean that any knowledge
base x of A can be preprocessed into a form that does not un-
reasonably increase the size of x, but permits queries to x to
be processed efficiently (that is, in polynomial time).

The compilability classes are part of a formal framework
for discussing compilability, which includes robust notions
of reduction and completeness. Not only is this framework
extremely appealing from a theoretical point of view, but the
compilability classes are rife with natural complete problems
– the sine qua non of complexity classes purporting to be use-
ful in performing problem classification. Indeed, there do not
appear to be any knowledge representation formalisms which
defy classification as complete for a compilability class. On
the downside, many of the existing classification results are
quite negative, showing that a formalism is complete for (the
compilability class analog of) NP, coNP, or a higher level of
the polynomial hierarchy.

fact, if the polynomial hierarchy does not collapse, then P does not
equal NP.)

5Our discussion presumes that the polynomial hierarchy does not
collapse.

1.2 Motivations and Approach
Worst-case versus average-case. Although crisp theo-
retical results can be obtained concerning compilability
and non-compilability, these are worst-case notions: non-
compilability of formalism B to formalism A implies that
there is an infinite family of knowledge bases in B that can-
not be succinctly translated into knowledge bases in A. Non-
compilability does not say anything about the density or fre-
quency of instances from the family of untranslatable knowl-
edge bases. This observation calls into question the real-
world utility of studying compilability (as defined above);
if formalism B is compilable to formalism A for all but a
pathological family of knowledge bases arising infrequently
in practice, then formalism B is, for pragmatic purposes,
compilable to formalism A. Therefore, a theory which per-
mits formal results of compilability on average is necessary.
This paper lays the foundations for a theory of average-case
compilability.

Notice that our objection to the worst-case nature of non-
compilability is not truly novel. It has long been observed
that NP-completeness of a language L does not imply hard-
ness of L on typical or real-world instances. Our objection is
really this old observation, masquerading in the new context
of compilability.

One theory that was developed in response to this old
observation is the theory of average-case time complexity
(ACTC), initiated by Levin [1986]. Our theory of average-
case compilability will be built on a key notion of ACTC –
that of “polynomial on average.” Moreover, there are useful
analogies between our theory and the theory of ACTC. Con-
sequently, we provide a brief overview of ACTC.

Average-case time complexity. By definition, a language
L (consisting of strings) is in P if there is an algorithm decid-
ing membership for L in polynomial time. The idea behind
ACTC is to relax the requirement in this definition that a suit-
able algorithm is one that always runs in polynomial time;
this is done by placing a probability distribution on all strings
and allowing an algorithm to take super-polynomial times on
unlikely strings.

A language paired with a probability distribution over all
strings is called a distributional language. While languages
are the objects classified by classical complexity theory, dis-
tributional languages are the objects classified by ACTC. A
distributional language (L, µ) is in the average-case version
of P, average-P, if there is an algorithm deciding member-
ship for L in time polynomial on µ-average – a concept to be
discussed formally later in this paper.

There is a vast literature on ACTC; for more information,
we recommend the overviews/surveys [Johnson, 1984; Gure-
vich, 1989; 1991a; 1991b; Impagliazzo, 1995; Wang, 1997;
Goldreich, 1997] as starting points.

Average-case compilability. In laying down a theory for
average-case compilability, we want to “soften” the definition
of “formalism A is compilable to formalism B” by relaxing
the requirement that there needs to be a translation of knowl-
edge bases of strictly polynomial size. This is done roughly in
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analogy to the described development of ACTC. We first de-
fine a distributional formalism to be a formalism paired with
a probability distribution over all knowledge bases. Then, a
distributional formalism (A, µ) is (informally) compilable on
average to a formalism B if there is a translation of knowl-
edge bases of size polynomial on µ-average.6

Using the notion of “compilable on average,” we de-
fine average-case analogs of compilability classes. These
average-case analogs contain distributional formalisms, in
contrast to the compilability classes themselves, which con-
tain pure formalisms. Intuitively, membership of a distri-
butional formalism (A, µ) in the average-case compilability
class analog of P will mean the following: any knowledge
base x of A can be preprocessed in a way that tends not to in-
crease the size of x by more than a polynomial (with respect
to µ), and that allows for rapid processing of queries to x.

2 Preliminaries
In this section, we present notation and assumptions that will
be used throughout the paper.

We assume Σ to be a fixed finite alphabet which is used
to form strings. We will at times assume that pairs of strings
(that is, elements of Σ∗ × Σ∗) are represented as strings (that
is, elements of Σ∗); when this assumption is made, we as-
sume that the representation is via a pairing function 〈·, ·〉
such that the length of 〈x, y〉 is linear in |x|+ |y|. For a string
x ∈ Σ∗, we let |x|u denote 1|x|, that is, the length of x written
in unary notation.

We assume that the reader has familiarity with basic no-
tions of computational complexity theory – in particular, the
classes of the polynomial hierarchy (P, NP, co-NP, Σp

2 , Πp
2,

etc.) and the polynomial many-one reduction ≤p
m [Balcázar

et al., 1995]. A language is a subset of Σ∗, that is, a set of
strings. A complexity class is a set of languages. When C
is a complexity class and ≤ is a reduction, we say that C is
compatible with ≤ if for all languages A and B, A ≤ B and
B ∈ C imply that A ∈ C. We will assume throughout that
every complexity class C is compatible with the polynomial
many-one reduction ≤p

m. We say that a language B is com-
plete for a complexity class C under ≤ reductions if B ∈ C
and for all A ∈ C, A ≤ B.

A function f : Σ∗ → Σ∗ is polynomial-size if there exists
a polynomial p such that for all x ∈ Σ∗, |f(x)| ≤ p(|x|).
A function f : Σ∗ → Σ∗ is polynomial-time computable if
there exist a polynomial p and a Turing machine M such that
for all x ∈ Σ∗, the Turing machine M , on input x, produces
f(x) in time less than p(|x|).7
Definition 2.1 A knowledge representation formalism (KRF)
is a subset of Σ∗ ×Σ∗. When F is a KRF and x ∈ Σ∗, we let
Fx denote the set {y ∈ Σ∗ : (x, y) ∈ F}.

Intuitively, each x ∈ Σ∗ can be thought of as a knowledge
base (KB), representing the information Fx. The following

6In the technical portion of this paper, this definition will be cap-
tured formally by the ≤dist−nu−comp reducibility.

7Notice that every polynomial-time computable function is
polynomial-size, but not every polynomial-size function is
polynomial-time computable.

are examples of KRFs which capture model checking and in-
ference for 3-SAT formulas.

Propositional-Logic-MC def=
{(x, y) : x is a 3-SAT formula and y is a model of x}

Clause-Inference def=
{(x, y) : x is a 3-SAT formula, y is a 3-clause, and x |= y}

Notice the generality of the definition of a KRF; the knowl-
edge represented (the various Fx) may be models, formulas,
or some altogether different combinatorial structures.

3 Compilability classes and reductions
This section reviews the theory of compilability classes.
There are two different types of compilability classes, uni-
form and non-uniform, but our focus is on the latter, for rea-
sons discussed below. We emphasize that none of the defini-
tions, theorems, or insights in this section are our own, but
rather, are due to [Cadoli et al., 2000a; 2000b], on which our
presentation is based.

The formal definition of non-uniform compilability may
by itself look non-intuitive, so we first attempt to describe
some of the ideas behind this definition, before giving the
actual definition. Intuitively, we want to say that a KRF F
is compilable if membership queries y ∈ Fx can be decided
efficiently after the KB x is preprocessed into a new KB f(x).
We want to constrain the size of the new KB f(x); otherwise,
it may be prohibitively large to store. We arrive at a candidate
definition of compilability: say that a KRF F is in comp-C
if for some polynomial-size function f and a second KRF
F ′ ∈ C, the property

for all pairs (x, y) ∈ Σ∗ × Σ∗, (x, y) ∈ F if and only if
(f(x), y) ∈ F ′

holds. Notice that the class C constrains the difficulty of de-
ciding a post-processing query y ∈ F ′

f(x); of course, such
queries can be decided efficiently when C = P. However, to
permit fine classification of KRFs, we leave C as a parameter
to the definition of comp-C.

The above definition misses one important detail – non-
uniformity. If F is a KRF such that Fx is always a finite
set, F can never be complete for comp-C when C is a class
of the polynomial hierarchy above P. At the same time,
there are KRFs with this “finiteness” property that are prov-
ably not in comp-P. As an example, Clause-Inference is
in comp-co-NP, but is neither comp-co-NP-complete nor
in comp-P.8 Hence, the classes comp-C fail to capture the
compilability of some very natural KRFs. (For more informa-
tion on these matters, as well as proofs of the claims, we refer
the reader to [Cadoli et al., 2000a].) To resolve this issue, we
allow the length of a query to be known to the compilation
mapping f .

Definition 3.1 (nu-comp-C) Let C be a complexity class.
A KRF F belongs to nu-comp-C if there exists a binary
polynomial-size function f : Σ∗× 1∗ → Σ∗ and a KRF F ′ in
C such that the following property holds:

8This discussion presumes that the polynomial hierarchy does
not collapse.
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for all pairs (x, y) ∈ Σ∗ × Σ∗, (x, y) ∈ F if and only if
(f(x, |y|u), y) ∈ F ′.

The fact that the compilation mapping may use the length
of y may seem a bit strange; after all, we wish to capture,
after preprocessing on a knowledge base x, the difficulty of
answering queries of the form y ∈ Fx. However, it is rea-
sonable to assume that we will never be interested in such
a query when the length of y greatly exceeds that of x –
since such a query requires a large amount of time to even
write down. Under this assumption, Definition 3.1 is equiv-
alent to the “uniform” definition given above. (Formally, if
there exists a polynomial p such that (x, y) ∈ F implies that
|y| ≤ p(|x|), then F is in nu-comp-C if and only if F is in
comp-C.)

The following notion of reduction, associated with the
nu-comp-C classes, allows one to compare the compilability
of different KRFs.

Definition 3.2 (nu-comp reducibility) A KRF F is nu-comp
reducible to a KRF F ′ (denoted by F ≤nu−comp F ′) if there
exist binary polynomial-size functions f1, f2 : Σ∗×1∗ → Σ∗
and a binary polynomial-time computable function g : Σ∗ ×
Σ∗ → Σ∗ such that the following property holds:

for all pairs (x, y) ∈ Σ∗ × Σ∗, (x, y) ∈ F if and only if
(f1(x, |y|u), g(f2(x, |y|u), y)) ∈ F ′.

Theorem 3.3 The nu-comp reduction is transitive and is
compatible with the class nu-comp-C (for every complexity
class C).

We note that Clause-Inference is nu-comp-co-NP-
complete, under nu-comp reductions.

Finally, we observe that the nu-comp-C analog of the
polynomial hierarchy does not collapse.

Theorem 3.4 If C1 and C2 are classes of the polynomial hi-
erarchy such that C2 is higher than C1, then nu-comp-C1

is properly contained in nu-comp-C2 (under the assumption
that the polynomial hierarchy does not collapse).

4 Average-case compilability
In this section, we present our new theory of average-case
compilability.

Definition 4.1 A probability distribution µ is a real-
valued function from Σ∗ × 1∗ to [0, 1] such that∑

(x,l)∈Σ∗×1∗ µ(x, l) = 1.

The nu-comp-C classes are used to classify and compare
KRFs; our new classes will be used to classify and compare
what we call distributional KRFs.

Definition 4.2 A distributional KRF (DKRF) is a pair (F, µ)
consisting of a KRF F and a probability distribution µ.

We now define the notion of “polynomial on average.” This
definition is exactly that used in the theory of average-case
time complexity (up to appropriate changes of the domain
and range of the functions whose size we wish to measure).

Definition 4.3 Let µ be a probability distribution. A
function f : Σ∗ × 1∗ → Σ∗ is of size polyno-
mial on µ-average if there exists an ε > 0 such that∑

(x,l)∈Σ∗×1∗ |f(x, l)|ε|〈x, l〉|−1µ(x, l) < ∞.

We are now ready to define our new “average-
compilability” classes; formally, each class is a set of DKRFs.
The definition can be viewed as a relaxation of Definition 3.1.
The difference is that the translation mapping f : Σ∗ × 1∗ →
Σ∗ need no longer be of strictly polynomial size, but is now
only required to be of size polynomial on average.

Definition 4.4 (avg-nu-comp-C) Let C be a complexity
class. A DKRF (F, µ) belongs to avg-nu-comp-C if there
exists a binary function f : Σ∗× 1∗ → Σ∗ of size polynomial
on µ-average and a KRF F ′ in C such that the property of
Definition 3.1 holds.

There is an alternative way to define avg-nu-comp-C,
in terms of the following type of reduction, which relates
DKRFs to KRFs.

Definition 4.5 (dist-nu-comp reducibility) A DKRF (F, µ)
is dist-nu-comp reducible to a KRF F ′ (denoted by
F ≤dist−nu−comp F ′) if there exist binary polynomial-size
functions f1, f2 : Σ∗ × 1∗ → Σ∗ and a binary polynomial-
time computable function g : Σ∗ × Σ∗ → Σ∗ such that
〈f1, f2〉 is of size polynomial on µ-average9 and the property
of Definition 3.2 holds.

Theorem 4.6 Suppose that (F, µ) is a DKRF and that C is a
complexity class. The DKRF (F, µ) is in avg-nu-comp-C
if and only if (F, µ) ≤dist−nu−comp F ′ for some F ′ in
nu-comp-C.

This theorem has an important corollary: if nu-comp-C
has a complete KRF F ′, then the DKRFs contained in
avg-nu-comp-C are exactly those which reduce to F ′. In or-
der to establish the corollary, the following lemma is needed.

Lemma 4.7 Suppose that (F, µ) is a DKRF and that F ′ and
F ′′ are KRFs. If (F, µ) ≤dist−nu−comp F ′ and F ′ ≤nu−comp

F ′′, then (F, µ) ≤dist−nu−comp F ′′.
Roughly, Lemma 4.7 can be viewed as a proof of transitiv-

ity: if (F, µ) reduces to F ′ and F ′ reduces to F ′′, then (F, µ)
reduces to F ′′ (under the right notions of reduction).

Corollary 4.8 Suppose that (F, µ) is a DKRF, C is a com-
plexity class and the KRF F ′ is nu-comp-C-complete un-
der nu-comp reductions. Then, the DKRF (F, µ) is in
avg-nu-comp-C if and only if (F, µ) ≤dist−nu−comp F ′.

It is worth noting here that the class nu-comp-C has a
complete KRF under nu-comp reductions whenever the un-
derlying complexity class C has a complete language under
≤p

m reductions [Cadoli et al., 2000a].
We now give a notion of reduction for the comparison of

DKRFs. When µ and ν are probability distributions, we say
that ν dominates µ if there exists a polynomial p such that for
all (x, l) ∈ Σ∗ × 1∗, µ(x, l) ≤ p(|〈x, l〉|)ν(x, l).
Definition 4.9 (avg-nu-comp reducibility) A DKRF (F, µ) is
avg-nu-comp reducible to a DKRF (F ′, µ′) if there exist a nu-
comp reduction (f1, f2, g) from F to F ′ and a probability dis-
tribution µ1 dominating µ such that µ′(y,m) ≥ ∑

µ1(x, l),
where the sum is over all (x, l) such that [f1(x, l) = y and
there exists z ∈ Σ∗ with |z| = l and |g(f2(x, l), z)| = m].

9By 〈f1, f2〉, we denote the function which maps a pair (x, y) ∈
Σ∗ × 1∗ to 〈f1(x, y), f2(x, y)〉.
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Theorem 4.10 The avg-nu-comp reduction is transitive and
is compatible with the class avg-nu-comp-C (for every com-
plexity class C).

5 Discussion
We now discuss some of the considerations behind the defi-
nitions in the previous section. When µ : Σ∗ × 1∗ → [0, 1]
is a probability distribution and S is a subset of Σ∗ × 1∗,
let (µ|S) denote the conditional distribution of µ on S, that
is, the function defined on (x, l) ∈ S, with value equal to
µ(x, l)/[

∑
s∈S µ(s)].

• Why is Levin’s notion of polynomial-on-average used in-
stead of the naive formulation of expected polynomial size?

According to the naive formulation, a function f : Σ∗ ×
1∗ → Σ∗ has expected polynomial size (with respect to µ) if
there exists k ≥ 1 such that for all n,∑

|〈x,l〉|=n

|f(x, l)|(µ(x, l)|{(x′, l′) : |〈x′, l′〉| = n}) = O(nk).

It is well known that this notion of expected polynomial is
not closed under polynomials (see for example [Goldreich,
1997]). For instance, there exist functions f, f ′ : Σ∗ × 1∗ →
Σ∗ and a distribution µ such that |f ′(x, l)| = |f(x, l)|2 and
f has expected polynomial size, but f ′ fails to have expected
polynomial size.

In our average-case compilability theory, this “lack of clo-
sure under polynomials” problem manifests itself in the fol-
lowing way. Suppose that, using the alternative definition of
avg-nu-comp-C given in Theorem 4.6, the KRF F ′ is wit-
ness to the membership of DKRF (F, µ) in avg-nu-comp-C,
that is, (F, µ) ≤dist−nu−comp F ′. Surely, if F ′′ is at least as
space efficient as F ′ (that is, F ′ ≤nu−comp F ′′), then one ex-
pects that F ′′ would also witness the membership of (F, µ) in
avg-nu-comp-C; this is the content of Lemma 4.7, on which
Corollary 4.8 relies. However, if expected polynomial size
is used instead of polynomial on average in Definition 4.3,
Lemma 4.7 breaks down – then, there would exist a DKRF
(F, µ) and KRFs F ′ and F ′′ such that (F, µ) ≤dist−nu−comp

F ′, F ′ ≤nu−comp F ′′, and (F, µ) does not ≤dist−nu−comp-
reduce to F ′′.
• Why does a DKRF have one probability distribution –

over all elements of Σ∗ × 1∗ – as opposed to an ensemble
of distributions, each of which is over some finite subset of
Σ∗ × 1∗?

Defining a DKRF to be a KRF paired with an ensemble
of distributions (each of which is, say, defined on a different
string length) may seem more natural than the given defini-
tion, where there is only one distribution, on all strings.

However, the literature on ACTC contains many alterna-
tive formulations of “polynomial on average” (equivalent to
that given in Definition 4.3) and sufficient conditions for a
function to be polynomial on average. (For example, there is
a different formulation of Definition 4.3 in terms of ensem-
bles of distributions, each having finite support, in [Impagli-
azzo, 1995].) These give rise to alternative formulations of
avg-nu-comp-C, and so the particular characterizations we
give for avg-nu-comp-C (in Definition 4.4 and Theorem 4.6)
were, in some sense, chosen over provably equal characteri-
zations on purely aesthetic grounds.

• Why is a probability distribution over Σ∗×1∗ as opposed
to over Σ∗? After all, the knowledge bases are represented by
elements of Σ∗, and an element of Σ∗ × 1∗ is just a “slice”
of a knowledge base.

Let F be a KRF conforming to the “bounded-query-
length” assumption discussed in Section 3, that is, suppose
that there exists a polynomial p such that (x, y) ∈ F implies
|y| ≤ p(|x|). Then, a distribution over Σ∗ naturally induces a
distribution over Σ∗×1∗ for the padded version of F defined
as F ′ = {(x, z) : z = y�k, |z| = p(|x|), (x, y) ∈ F} (where
� is an extra padding symbol), which has the property that all
strings in F ′

x have the same length, for any x. Note that all of
the example KRFs in this paper already have this property.

6 Example: model checking for
circumscription

In this section, we illustrate the use of our new the-
ory by showing that model checking for circumscription
on 3-SAT formulas (formalized below and denoted by
Circumscription-MC(d)) is in avg-nu-comp-P, under a nat-
ural probability distribution where formulas are generated
by including each clause independently with identical prob-
ability. Since Circumscription-MC(d) is nu-comp-co-NP-
hard,10 this result gives a natural DKRF which is contained
in avg-nu-comp-P, but which has a KRF which is provably
not in nu-comp-P (Theorem 3.4).

Suppose that φ is a 3-SAT formula over Vn
def=

{v1, . . . , vn}, and S is a subset of Vn. We say that a model
a : Vn → {0, 1} of φ is a S-minimal model (of φ) if for all
other models b : Vn → {0, 1} of φ, [b(s) ≤ a(s) for all
s ∈ S] implies that [b(s) = a(s) for all s ∈ S].11 In addition,
a model a : S → {0, 1} of φ is said to be a minimal model if
it is the restriction of a S-minimal model a : Vn → {0, 1} (of
φ).

We define Circumscription-MC(d) to be the set

{(φ, a) : φ is a 3-SAT formula on variable set on Vn and
a : {v1, . . . , v	dn
} → {0, 1} is a minimal model of φ}.

Let Wn denote the set {φ :
φ is a 3-SAT formula on Vn and a : {v1, . . . , v	dn
} →
{0, 1} is an assignment)}, which is the set of all syn-
tactically well-formed pairs that may or may not be in
Circumscription-MC(d).

Theorem 6.1 Let νn,c denote the distribution on 3-SAT for-
mulas over Vn where a formula is generated by including
each of the 8

(
n
3

)
3-clauses independently with probability

c/n2 (for all real numbers c > 0 and natural numbers
n ≥ 1). Let µc,d (with c > 0 and d ∈ (0, 1)) be any dis-
tribution such that

• (µc,d|Wn) = νn,c for all n, and

• µc,d(φ, y) = 0 if φ is a 3-SAT formula on Vn and |y| �=
�dn�.

10This can be shown using a result in [Gogic et al., 1995].
11Here, ≤ denotes the usual total ordering on {0, 1} where 0 ≤ 1.
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If the inequality 21−de−c/6(2 − e−c/2)d < 1 holds, then
(Circumscription-MC(d), µc,d) is in avg-nu-comp-P .

In particular, (Circumscription-MC(0.9), µ3.73,0.9) is in
avg-nu-comp-P .

This theorem is established using techniques from proba-
bilistic combinatorics. It is worth noting that at c = 3.73,
the expected number of satisfying assignments that a random
3-SAT formula has is exponential.

7 Conclusions and future work
In [Papadimitriou, 1996], Papadimitriou writes:

The ultimate and most conclusive criterion for
comparing knowledge representation formalisms is
to compare their expressive power not on arbitrary
sets of models, but on the “interesting” sets of mod-
els, the ones that come up in the “real world.” We
still hope that a meaningful and convincing formu-
lation of this important problem may be possible.

In this paper, we presented a robust and flexible theory of
average-case compilability in which the intuitive notion of
“interesting sets of models” can be formalized as a DKRF
(Definition 4.2), DKRFs can be classified (Definition 4.4),
and DKRFs can be compared (Definition 4.9). We illus-
trated the use of this theory by showing that, under a natural
probability distribution, model checking for circumscription
is compilable to the analog of the complexity class P, in our
theory.

There are many open questions for future investigation; to
conclude the paper, we list a few.

• Can additional DKRFs be classified as being inside
avg-nu-comp-P? We conjecture in particular that
Circumscription-MC(d) – along with the “standard” 3-
SAT probabilistic model with p = c/n2 for a sufficiently
low c – is in avg-nu-comp-P.

• Are there DKRFs complete for avg-nu-comp-C (where
C is from the polynomial hierarchy) under the avg-nu-
comp reduction, or some other notion of reduction com-
patible with the avg-nu-comp-C classes?

• Can any questions concerning the new avg-nu-comp-C
classes defined here be related to better known
complexity-theoretic hypotheses?
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Abstract

We have created LADDER, the first language to
describe how sketched diagrams in a domain are
drawn, displayed, and edited. The difficulty in cre-
ating such a language is choosing a set of prede-
fined entities that is broad enough to support a wide
range of domains, while remaining narrow enough
to be comprehensible. The language consists of
predefined shapes, constraints, editing behaviors,
and display methods, as well as a syntax for spec-
ifying a domain description sketch grammar and
extending the language, ensuring that shapes and
shape groups from many domains can be described.
The language allows shapes to be built hierarchi-
cally (e.g., an arrow is built out of three lines), and
includes the concept of “abstract shapes”, analo-
gous to abstract classes in an object oriented lan-
guage. Shape groups describe how multiple do-
main shapes interact and can provide the sketch
recognition system with information to be used
in top-down recognition. Shape groups can also
be used to describe “chain-reaction” editing com-
mands that effect multiple shapes at once. To
test that recognition is feasible using this language,
we have built a simple domain-independent sketch
recognition system that parses the domain descrip-
tions and generates the code necessary to recognize
the shapes.

1 Introduction
To date, sketch recognition systems have been domain-
specific, with the recognition details of the domain hard-
coded into the system. Developing such a sketch interface is a
substantial effort. We propose instead that recognition be per-
formed by a single domain-independent recognition system
that uses a domain specific sketch grammar (an approach used
with some success in speech recognition [Zue et al., 1990;
Hunt and McGlashan, 2002]). Programmers could then cre-
ate new sketch interfaces simply by writing a sketch grammar
describing the domain-specific information.

We have created LADDER, a sketch description language
that can be used to describe how shapes and shape groups are
drawn, edited, and displayed. These descriptions primarily
concern shape, but may include other information helpful to

the recognition process, such as stroke order or stroke direc-
tion. The specification of editing behavior allows the system
to determine when a pen gesture is intended to indicate edit-
ing rather than a stroke. Display information indicates what
to display after strokes are recognized.

The language consists of predefined shapes, constraints,
editing behaviors, and display methods, as well as a syntax
for specifying a domain description and extending the lan-
guage. The difficulty in creating such a language is ensur-
ing that domain descriptions are easy to specify, and that
the descriptions provide enough detail for accurate sketch
recognition. To simplify the task of creating a domain de-
scription, shapes can be built hierarchically, reusing low-
level shapes. Shapes can extend abstract shapes, which de-
scribe shared shape properties, preventing the application de-
signer from having to redefine these properties several times.
The language has proven powerful enough to describe shapes
from several domains. The language enables more accurate
sketch recognition by supporting both top-down and bottom-
up recognition. Descriptions of how shapes may combine
can aid in top-down recognition and can be used to describe
“chain-reaction” editing commands.

Our contribution is in creating LADDER, the first sketch-
ing language to incorporate editing, display, and shape group
information. To test our language, we have built a simple
domain-independent sketch recognition system that parses
the domain description and successfully recognizes shapes
based on these descriptions.

Section 2 describes the components of the language, in-
cluding the predefined shapes, constraints, editing behaviors,
and display methods available. Section 3 describes the syn-
tax and content of a sketch grammar designed in the language.
Section 4 describes a system we have implemented to test the
language and ensure that shapes in a domain can be recog-
nized based on their descriptions. Section 5 describes related
work done in the development in sketch languages.

2 Language Contents
The language consists of predefined shapes, constraints, edit-
ing behaviors, and display methods. Figure 2 shows an ex-
ample description for OpenArrow drawn in (Figure 1). The
description of a shape contains a list of components (the el-
ements from which the shape is built), geometric constraints
on those components, a set of aliases (names that can be used

461KNOWLEDGE REPRESENTATION



to simplify other elements in the description), editing behav-
iors (how the object should react to editing gestures), and dis-
play methods indicating what to display when the object is
recognized.

Figure 1: An open arrow.

(define shape OpenArrow
(description "An arrow with an open head")
(components
(Line shaft)
(Line head1)
(Line head2))

(constraints
(coincident shaft.p1 head1.p1)
(coincident shaft.p1 head2.p1)
(coincident head1.p1 head2.p1)
(equal-length head1 head2)
(acute-meet head1 shaft)
(acute-meet shaft head2))

(aliases
(Point head shaft.p1)
(Point tail shaft.p2))

(editing
( (trigger (click_hold_drag shaft))
(action

(translate this)
(set-cursor DRAG)
(show-handle MOVE tail head)))

( (trigger (click_hold_drag head))
(action

(rubber-band this head tail)
(show-handle MOVE head)
(set-cursor DRAG)))

( (trigger (click_hold_drag tail))
(action

(rubber-band this tail head)
(show-handle MOVE tail)
(set-cursor DRAG))))

(display (original-strokes)))

Figure 2: The description for an arrow with an open head

The power of the language is derived in part from carefully
chosen predefined building blocks.

2.1 Predefined Shapes

The language includes a number of predefined primitive and
non-primitive shapes, usable as building blocks in describing
other shapes. The primitive shapes are Shape, Point, Path,
Line, BezierCurve, and Spiral. Circle, Arc, and Ellipse are
examples of non-primitive shapes included in the language
library; all three are more specific versions of the primitive
shape Spiral. The OpenArrow in Figure 2 is a non-primitive
shape built out of three primitive shapes.

The language uses an inheritance hierarchy; Shape is an
abstract shape which all other shapes extend. Shape provides
a number of components and properties for all shapes, includ-
ing boundingbox, centerpoint, width, and height. Each prede-
fined shape may have additional components and properties; a
Line, for example, also has p1, p2 (the endpoints), midpoint,
length, angle, and slope. Components and properties for a
shape can be used hierarchically in shape descriptions. When
defining a new shape the components and properties are those
defined by Shape, and those defined by the components and
aliases section.

2.2 Predefined Constraints
New shapes are defined in terms of previously defined shapes
and constraints between them. For instance, the OpenArrow
in Figure 2 contains the constraint (acute-meet head1 shaft),
which indicates that head1 and shaft meet at a point and form
an acute angle in a counter-clockwise direction from head1
to shaft. (Angles are measured in a counter-clockwise direc-
tion.)

A number of predefined constraints are included in the lan-
guage, including: perpendicular, parallel, collinear, same-
side, opposite-side, coincident, connected, meet, intersect,
tangent, contains, concentric, larger, near, draw-order, equal-
length, =, <, <=, angle, angle-dir, acute, obtuse, acute-
meet, and obtuse-meet. If a sketch grammar consists of only
the constraints above, the shape is rotationally invariant.

There are also predefined constraints that are valid only
in a particular orientation, including horizontal, verti-
cal, pos-slope, neg-slope, left-of, right-of, above, below,
same-H-pos, same-V-pos, above-left, above-right, below-left,
below-right, centered-below, centered-above, centered-left,
centered-right, and angleL, where (angleL line1 degrees)
specifies that the angle between a horizontal line pointing
right and line1 is degrees.

There is an additional constraint: is-rotatable, which im-
plies the shape can be found in any orientation. If is-rotatable
is specified along with an orientation-dependent constraint,
there must be an angleL, horizontal, or vertical constraint
specified, which serves to define the orientation and set a rel-
ative coordinate system. For example, the two angle-meet
constraints could have been replaced with:
(is-rotatable) (horizontal shaft)(neg-slope head1) (pos-slope
head2) (left-of shaft.p1 shaft.p2) (left-of head1.p2 shaft.p2)
(left-of head2.p2 shaft.p2),

in which case the shaft is the reference line.

2.3 Predefined Editing Behaviors, Actions, and
Triggers

Describing editing gestures permits the recognition system
to discriminate between sketching (pen gestures intended to
leave a trail of ink) and editing gestures (pen gestures in-
tended to change existing ink), and permits us to describe the
desired behavior in response to a gesture.

In order to encourage interface consistency, the language
includes a number of predefined editing behaviors described
using the actions and triggers above. One such example is
DragInside, defines that if you click-hold-drag the pen start-
ing inside of the bounding box of a shape, the entire shape
automatically moves with it.

When defining a new editing behavior particular to a do-
main, there are two things to specify: the trigger – what sig-
nals an editing command – and the action – what should hap-
pen when the trigger occurs. The language has a number of
predefined triggers and actions to aid in describing editing
behaviors.

For instance, in Figure 2, the OpenArrow contains three
editing behaviors. The first editing behavior says that if you
click and hold the pen over the shaft of the OpenArrow,
when you drag the pen, the entire OpenArrow will translate
along with the movement of the arrow. The second editing be-
havior states that if you click and hold the pen over the head
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of the arrow, the head of the arrow will follow the motion of
the pen, but the tail of the arrow will remain fixed and the
entire OpenArrow will stretch like a rubber band (translat-
ing, scaling, and rotating) to satisfy these two constraints and
keep the OpenArrow as one whole shape. All of the edit-
ing behaviors also change the pen’s cursor as displayed to the
sketcher, and display moving handles to the sketcher to let the
sketcher know that she performing an editing command.

The possible editing actions include wait, select, deselect,
color, delete, translate, rotate, scale, resize, rubber-band,
show-handle, and set-cursor. To give an example:
(rubber-band shape-or-selection fixed-point move-point

[new-point])

translates, scales, and rotates the shape-or-selection so
that the fixed-point remains in the same spot, but that the
move-point translates to the new-point. If new-point is not
specified, move-point translates according to the movement
of the pen.

The possible triggers include: click, double-click, click-
hold, click-hold-drag, draw, draw-over, scribble-over, and
encircle. Possible triggers also include any action listed
above, to allow for “chain-reaction” editing.

Shape groups allow designers to define “chain-reaction”
editing behaviors. For instance, the designer may want to
specify that when we move a rectangle, if there is an arrow
head inside of this rectangle, the arrow should move with the
rectangle.

2.4 Predefined Display Methods

An important part of a sketching interface is controlling what
the user sees after shapes are recognized. The designer can
specify that the original strokes should remain, or instead that
a cleaned version of the strokes should be displayed. In the
cleaned version, the original strokes are fit to straight lines,
clean curves, clean arcs, or a combination.

Another option is to display the ideal version of the strokes.
In this case, lines that are supposed to connect at their end
points actually connect and lines that are supposed to be par-
allel are actually shown as parallel. In the ideal version of the
strokes, all of the noise from sketching is removed.

It may be that we don’t want to show any version of the
strokes at all, but some other picture. In this case, we can ei-
ther place an image at a specified location, size, and rotation,
or we can create a picture built out of predefined shapes, such
as circles, lines, and rectangles.

The pre-defined display methods include: original-strokes,
cleaned-strokes, ideal-strokes, circle, line, point, rectangle,
text, color, and image. Each method includes color as an op-
tional argument.

3 Specifying a Domain Description
A domain description contains a list of the domain shapes
and shape groups, as well as definitions for each of them. De-
scriptions can be hierarchical and can refer to other shapes
in the language. This section provides examples from the
domain description sketch grammar of UML (Unified Mod-
elling Language) class diagrams [Booch et al., 1998].

3.1 Indicating Domain Definitions
The compiler uses a list of domain shapes and shape groups
to confirm that each shape is properly defined and to speed
recognition by creating recognizers only for sub-shapes
needed by the domain.

3.2 Defining Shapes
A domain shape is a shape that is meaningful in the do-
main. Geometric shapes usually occur in several domains and
are the building blocks of the domain shapes. For instance,
in the domain of UML class diagrams, the domain shapes
(followed by their geometric shape component) are: general
classes (represented by rectangles), interface classes (circles),
interface associations (lines), dependency associations (open-
headed arrows), aggregation associations (diamond-headed
arrows), inheritance associations (triangle-headed arrows),
information associations (dotted lines or dotted open arrows).

A shape definition includes primarily geometric informa-
tion, but can include other drawing information that may be
helpful to the recognition process, such as stroke order or
stroke direction. A shape definition is composed of seven
sections. All sections are optional except the components sec-
tion.

1. The description contains a textual description of the
shape, e.g., “an arrow with a triangle-shaped head.”

2. The is-a section specifies any class of abstract shapes
(Section 3.3) that the shape may be a part of. This is
similar to the extends property in Java. All shapes extend
the abstract shape Shape.

3. The components section lists the components of the
shape. For example, the TriangleArrow in Figure 3 is
built out of the OpenArrow from Figure 2 and a Line.
Components can be accessed hierarchically.

4. The constraints section specifies relationships between
the components. For example, in the TriangleArrow in
Figure 3, (coincident head3.p1 head1.p2) specifies that
an endpoint of head3 and an endpoint of head1 are lo-
cated at the same point.
The constraints section can specify both hard con-
straints, such as the one listed above, and soft con-
straints, which are specified by the keyword soft. Hard
constraints are always satisfied in the shape, but soft con-
straints may not be. Soft constraints can aid recognition
by specifying relationships that usually occur. For in-
stance, in Figure 3 the shaft of the arrow is commonly
drawn before the head of the arrow, but the arrow should
still be recognized even if this constraint is not satisfied.

5. The aliases section allows us to compute certain prop-
erties and name them for use later. For instance, in Fig-
ure 3, head1 is defined and used in a constraint for sim-
plicity. Components specified in the aliases section can
be accessed hierarchically. For instance, TriangleAr-
row uses head and tail from the OpenArrow in Fig-
ure 2.

6. An editing section specifies how the shape can be
edited. Common editing commands involve movement
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and deletion of the shape. Each editing behavior must
specify a trigger and an action listed in Section 2.3.
Shapes can be defined to be moved as a whole rather
than having to move individual lines. For instance, in
Figure 3, one editing behavior for the TriangleArrow
indicates that if the user presses and holds the pen on
the shaft for a brief period, the pen will drag the entire
TriangleArrow when moved.

7. A display section specifies what should be displayed on
the screen when the shape is recognized. This section is
generally included only for domain shapes, not for ge-
ometric shapes. In the UMLInheritanceAssociation in
Figure 4, the arrow will be displayed using straight lines
for the arrow head and the original stroke for the shaft.

(define shape TriangleArrow
(description "An arrow with a triangle-shaped head")
(components
(OpenArrow oa)
(Line head3))

(aliases
(Line shaft oa.shaft)
(Line head1 oa.head1)
(Line head2 oa.head2)
(Point head oa.head)
(Point tail oa.tail))

(constraints
(coincident head3.p1 head1.p2)
(coincident head3.p2 head2.p2)
(soft draw-order shaft head1)
(soft draw-order shaft head2))

(editing
( (trigger (click_hold_drag shaft))
(action

(translate this)
(set-cursor DRAG)
(show-handle MOVE tail head)))...))

Figure 3: The description for an arrow with a triangle-shaped
head.

(define shape UMLInheritanceAssociation
(is-a UMLGeneralAssociation)
(components
(TriangleArrow arrow))

(aliases
(Point head arrow.head)
(Point tail arrow.tail)
(Line shaft arrow.shaft))

(display
(original_strokes arrow.shaft)
(cleaned_strokes arrow.head1 arrow.head2 arrow.head3))

Figure 4: The domain shape UML Inheritance Association is
defined by the geometrical shape TriangleArrow from Fig-
ure 3.

3.3 Defining Abstract Shapes
In the UMLInheritanceAssociation defined in Figure 4, the
is-a section specifies that the UMLInheritanceAssociation
is an extension of the abstract shape UMLGeneralAssocia-
tion. Abstract shapes have no concrete shape associated with
them; they represent a class of shapes that have similar at-
tributes or editing behaviors. These attributes can be defined
once in the abstract shape description rather than for each do-
main shape. For instance, in Figure 2 and Figure 3, notice that
the OpenArrow and the TriangleArrow have identical edit-
ing behaviors defined. Rather than repeatedly listing these

editing behaviors in each shape, we could create an abstract
shape which specifies these editing behaviors.

An abstract shape is defined similarly to a regular shape,
except it has a required section instead of a components sec-
tion. Each shape that extends the abstract shape must define
each variable listed in the required section, in its components
or aliases section.

Figure 5 presents a diagram of the inheritance hierarchy for
the abstract and non-abstract shapes in the UML class dia-
grams domain. In UML, UMLDependencyAssociation, the
UMLInheritanceAssociation, the UMLAggregationAsso-
ciation, the UMLInformationAssociation, and the Inter-
faceAssociation are all links represented by arrows or lines
and all have the same editing behavior. Thus, we can create
the abstract shape UMLAssociation, which lists the editing
behavior of these shapes. Figure 6 shows the abstract shape
description of the UMLAssociation. Notice that the required
variables are used when defining editing behaviors.

(define abstract-shape UMLAssociation
(is-a Shape)
(required
(Point head)
(Point tail)
(Line shaft))

(editing
( (trigger (click_hold_drag shaft))
(action

(translate this)
(set-cursor DRAG)
(show-handle MOVE tail head)))...))

Figure 6: The description for the abstract class UMLAssoci-
ation.

3.4 Defining Shape Groups
A shape group is a collection of domain shapes that are
commonly found together in the domain. Defining shape
groups provides two significant benefits. Shape groups can be
used by the recognition system to provide top-down recogni-
tion, and “chain-reaction” editing behaviors can be applied to
shape groups, allowing the movement of one shape to cause
the movement of another.

In the domain of UML class diagrams, there are six le-
gal shape groups that describe the visual relationship between
UML associations and UML classes. For example, one shape
group consists of an association combined with a general
class, such that the tail of the association is inside or near the
general class shown in Figure 7 and described in Figure 8. A
shape group definition is similar to that of a shape definition.

Figure 7: An association attached to a class at its tail.

If a single shape in a sketch can be part of many instances
of a shape group, then we place the key word multiple before
the component shape of the shape group. In UML Class Dia-
grams, for example, a single UMLAssociation can be part of
only one instance of a shape group, while a single UMLClass
can be part of many instances of UMLGenClassGenAssoci-
ationTail.
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Figure 5: The inheritance diagram of UML Class Diagram shapes.

(define shape-group
UMLGenClassGenAssociationTail

(description "A general class attached to
the tail of a general association")

(is-a UMLAssociationAttachedTail)
(components
(multiple (GeneralClass ct))
(GeneralAssociation r)))

Figure 8: Description of the shape group from Figure 7.

3.5 Defining Abstract Shape Groups
Abstract shape groups definitions allow the reuse of shared
properties across multiple shape groups. The definition of a
UMLAssociationAttachedTail in Figure 9 indicates that the
tail, but not the head, of the association is inside the class,
preventing us from having to redefine the constraints many
times, and allows us to define one general editing behavior
for many shapes. An editing behavior for the UMLAssocia-
tionAttachedTail indicates that whenever you move a UML-
Class that is attached to the tail of a UMLAssociation, the
head of the UMLAssociation remains fixed in its original lo-
cation, but the tail of the UMLAssociation remains attached
to the UMLClass as it moves; the UMLAssociation acts like
a rubber band (translating, scaling, and rotating) to satisfy
these constraints.

(define abstract-shape-group
UMLAssociationAttachedTail

(required
(Association r)
(Class ct))

(constraints
(contains ct r.tail)
(!contains ct r.head))

(editing
(trigger (translate ct))
(action (rubber-band r r.head r.tail))))

Figure 9: Definition for an abstract shape group.

3.6 Defining Constraints
We believe the language contains sufficient constraints to de-
fine a broad range of domains. When an additional con-
straint is needed, it can be defined using a macro facility. The
sections of a sketch-constraint definition include description,
components, and constraints.

4 Testing
4.1 Examples of Shapes Described in the

Language
We have evaluated the language by showing that it can de-
scribe a wide variety of symbols from a number of different
domains. We have used it to describe over a hundred shapes

(define constraint centered-in
(description "Tests if shape1 is centered inside shape2")
(components
(Shape s1)
(Shape s2))

(constraints
(contains s2 s1)
(coincident s1.center s2.center)))

Figure 10: Definition for the constraint centered-in.

from the domains of UML class diagrams, mechanical engi-
neering diagrams, course of action diagrams, and letters of
the alphabet. Illustrative examples are given below.

Polygon
A PolyLine (shown in Figure 11a), may contain a variable
number of line segments. A variable number of components
is specified by the key word vector and must specify the min-
imum and maximum number of components. If the maxi-
mum number can be infinite, the variable n is listed. For in-
stance the PolyLine must contain at least two lines, and each
line must be connected with the previous. The definition of a
Polygon easily follows from the definition of the PolyLine

Figure 11: (a)Poly Line (b) Dashed Open Arrow (c) Stick
Figure

(define shape PolyLine
(components (vector Line vl[2,n]))
(constraints (coincident vl[i].p2 vl[i+1].p1))
(aliases (Point head vl[0].p1)(Point tail vl[n].p2)))

(define shape Polygon
(components(PolyLine poly))
(constraints(coincident poly.head poly.tail)))

Figure 12: Shape Description of a Polygon.

Dashed Open Arrow
A DashedOpenArrow (Figure 11b) is made from a Ope-
nArrow, and a Dashedline, which in turn contains at least
two line segments. When given a third argument specifying
a length, the constraint near states that two points are near to
each other relative to a given length.

Stick Figure
The definition of a stick figure (Figure 11c) shows how we
can create new components to help describe shapes. It creates

465KNOWLEDGE REPRESENTATION



(define shape DashedLine
(components (vector Line vl[2,n]))
(constraints (collinear vl[i].p1 vl[i].p2 vl[i+1].p1)

(!(intersect vl[i] vl[i+1])
(near vl[i].p2 vl[i+1].p1 vl[i].length))

(aliases (Point head vl[0].p1)(Point tail vl[n].p2)))

(define shape DashedOpenArrow
(components (OpenArrow oa)(DashedLine dl))
(constraints (near oa.tail dl.head oa.shaft))
(aliases

(Point head oa.head)(Point tail dl.tail)))

Figure 13: Description of a dashed line and a dashed open
arrow.

a new line between the feet for use in defining constraints,
ensuring that both feet lie below the body.

(define shape StickFigure
(description "a stickfigure with two arms and two legs

all sloping down at 45 degrees")
(components (Circle head)(Line body)

(Line larm)(Line rarm)(Line lleg)(Line rleg))
(alias (Line feet_space (new Line (lleg.p2 rleg.p2))))
(constraints (meet head body.p1)(!(intersect body head))

(is-rotatable) (vertical body) (meet body larm.p1)
(meet body rarm.p1) (coincident larm.p1 rarm.p1)
(acute larm body)(acute body rarm)(left-of larm rarm)
(coincident body.p2 lleg.p1)(coincident body.p2 rleg.p1)
(obtuse body lleg)(obtuse rleg body)
(perpendicular larm rarm)(perpendicular lleg rleg)
(near body.p1 rarm.p1)(parallel rarm rleg)
(parallel larm lleg)(!(intersect feet_space body))
(equal-length lleg rleg)
(equal-length larm rarm))

Figure 14: Description of a stick figure.

4.2 System Implementation
We built a simple domain-independent recognition system to
test whether sketches can be recognized from our domain
descriptions. The system parses a domain description into
Java code and Jess (a rule-based system that interfaces with
Java) [Friedman-Hill, 1995] rules, and uses them to recog-
nize sketches. For example, using the domain description
for UML, the system successfully recognized hand-drawn
sketches of all of the shapes in Figure 5 regardless of over-
lap.

Domain Description Parsing
The domain description is parsed to create recognition code,
creating at least one Jess rule (containing the shape recogni-
tion information), and one Java file (describing the shape), for
each shape description. The system then uses the Jess rules
to recognize sketches.

Jess Rule Example
The rule automatically generated for the TriangleArrow
from Figure 3 is shown in Figure 15. If a shape description
contains a vector, such as that of the DashedArrow in Fig-
ure 13, two Jess rules are created, one containing the base
case, and the second containing a recursive rule.

Stroke Preprocessing
The recognition system has several stages of recognition.
First, each time a stroke is drawn, the stroke is pre-processed
[Sezgin et al., 2001] into either Point, Line, Curve, Arc, or a
combination thereof, allowing users to draw objects in a sin-
gle stroke or with multiple strokes. These primitive shapes
are then asserted to a Jess database.

(defrule TriangleArrowCheck
;;Get the parts of the triangle arrow
?f0 <- (Subshapes OpenArrow ?oa $?oa_list)
?f1 <- (Subshapes Line ?head3 $?head3_list)
(OpenArrow ?oa ?oa_shaft ?oa_head1 ?oa_head2 ?oa_head ?oa_tail)
(Line ?head3 ?head3_p1 ?head3_p2)

;;Make sure that the openarrow and line don’t share any subparts.
(test (uniquefields $?oa_list $?head3_list))

;; Get the subpart of the open arrow since they are referenced
(Line ?oa_shaft ?shaft_p1 ?shaft_p2)
(Line ?oa_head1 ?head1_p1 ?head1_p2)
(Line ?oa_head2 ?head2_p1 ?head2_p2)

;; test for that the constraints hold
(test (coincident ?head3_p1 ?head1_p2))
(test (coincident ?head3_p2 ?head2_p2))

=>
;; Triangle Arrow has been successfully found
;; Set the aliases
(bind ?shaft ?oa_shaft)(bind ?head1 ?oa_head1)
(bind ?head2 ?oa_head2)(bind ?head ?oa_head)
(bind ?tail ?oa_tail)

;; Tell the recognition system that there is a Triangle Arrow
(bind ?nextnum (addshape TriangleArrow ?oa $?head3_list ?shaft

?head1 ?head2 ?head ?tail))

;; Tell the Jess system that there is a Triangle arrow
(assert (TriangleArrow ?nextnum ?oa ?head3 ?shaft ?head1 ?head2

?head ?tail))
(assert (Subshapes TriangleArrow ?nextnum (union$ $?oa_list

$?head3_list)))

;; Triangle Arrow is a domain shape. Assert it.
;; Conflicts will be resolved elsewhere.
(assert (DomainShape TriangleArrow ?nextnum (time)))
(assert (CompleteSubshapes OpenArrow ?oa $?oa_list)))

Figure 15: Automatically generated Jess Rule for the Triangle
Arrow.

Recognition of Shapes
Recognition is handled by the Jess rule based system. We
have automatically generated templates for the Jess system to
fill in. Once Jess finds the appropriate components, the rule is
fired and the constraints are tested. The constraints are Java
functions with which Jess interacts. All possible shapes are
found, even if the shapes share lines or other components. If
the shape can be a domain shape (i.e., a final shape in the
domain), the shape is asserted as a domain shape.

Domain Shapes
When domain shapes are created, a rule fires in Jess confirm-
ing that no two found domain shapes share the same sub-
components. If two domain shapes do share subcomponents,
one domain shape is retracted. The domain shape chosen
to remain is the one containing more primitive components
(following Ockham’s Razor); if the two shapes contain the
same number of components, the shape created first is cho-
sen, since previously chosen recognitions have higher prece-
dence. If a domain shape is found, then the recognition sys-
tem displays the shape as the designer specified and editing
commands can then be performed on the shape.

5 Related Work
Shape description languages, such as shape grammars, have
been around for a long time [Stiny and Gips, 1972]. Shape
grammars are studied widely within the field of architecture,
and many systems are continuing to be built using shape
grammars [Gips, 1999]. However, shape grammars were
developed for shape generation rather than recognition, and
don’t provide for non-graphical information, such as stroke
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order, that may be helpful in recognition. They also lack ways
for specifying shape editing.

Within the field of sketch recognition, there have been
other attempts to create languages for sketch recognition.
Bimber et. al [2000] describe a simple sketch language using
a BNF-grammar. The language describes three-dimensional
shapes hierarchically. This language allows a programmer to
specify only shape information and lacks the ability to spec-
ify other helpful domain information such as stroke order or
direction and editing behavior, display, or shape interaction
information.

Mahoney [2002] uses a language to model and recognize
stick figures. The language currently is not hierarchical, mak-
ing large objects cumbersome to describe. Caetano et. al.
[2002] use fuzzy relational grammars to describe shape. Both
Mahoney and Caetano lack the ability to describe editing, dis-
play, or shape grouping information.

The Electronic Cocktail Napkin project [Gross and Do,
1996] allows users to define domain shapes by drawing them.
A shape is described by the shapes it is built out of and the
constraints between them. The Cocktail Napkin’s language is
able to describe only shape.

Jacob [Jacob et al., 1999] has created a software model
and language for describing and programming fine-grained
aspects of interaction in a non-WIMP user interface, such as
a virtual environment. The language is very low-level making
it difficult to define new interactions, and, in the domain of
sketching, does not provide a significant improvement to cod-
ing the domain-dependent recognition system from scratch.

The language described in this paper is being used in sev-
eral other systems, including sketch learning from example
[Veselova, 2002], smart compiling using HMM’s [Sezgin,
2002], and an intelligent Bayesian network context oriented
sketch recognition system [Alvarado et al., 2002].

6 Conclusion
6.1 Future Work
We plan to examine more domains to ensure that the language
contains the appropriate primitives. We would also like to
test our syntax on a wide user base. Large domains benefit
from visual diagrams, such as the one in Figure 5. We plan to
automatically generate some of these visual diagrams to help
with the grammar-writing process.

6.2 Contributions
We have created LADDER, the first language to describe how
sketched diagrams in a domain are drawn, displayed, and
edited. The language consists of pre-defined shapes, con-
straints, editing-behaviors, and display methods, as well as
a syntax for specifying a sketch grammar and extending the
language, ensuring that shapes and shape groups from many
domains can be described. The syntax simplifies the defini-
tion of new shapes by allowing shapes to be built hierarchi-
cally and by providing abstract shapes to contain common
shape properties. Shape groups describe how domain shapes
interact, and can provide information to be used in top-down
as well as bottom-up recognition. Shape groups can also
be used to describe “chain-reaction” editing commands. We
have built a simple domain-independent sketch recognition

system for testing that recognition is feasible based on the
descriptions provided.

Acknowledgments
This work is supported in part by the MIT Oxygen Collaboration.
The authors would like to thank Jacob Eisenstein for the name LAD-
DER and Jacob Eisenstein, Michael Oltmans, Mark Foltz, and Vi-
neet Sinha for their help in reviewing this paper.

References
[Alvarado et al., 2002] C Alvarado, M Oltmans, and R Davis. A

framework for multi-domain sketch recognition. AAAI Spring
Symposium on Sketch Understanding, pages 1–8, March 25-27
2002.

[Bimber et al., 2000] O Bimber, LM Encarnao, and A Stork. A
multi-layered architecture for sketch-based interaction within vir-
tual environments. Computer and Graphics, 2000.

[Booch et al., 1998] G Booch, J Rumbaugh, and I Jacobson. The
Unified Modeling Language User Guide. Addison-Wesley, Read-
ing, MA, 1998.

[Caetano et al., 2002] A Caetano, N Goulart, M Fonseca, and
J Jorge. Javasketchit: Issues in sketching the look of user inter-
faces. AAAI Spring Symposium on Sketch Understanding, 2002.

[Friedman-Hill, 1995] E Friedman-Hill. Jess, the rule engine for
the java platform. http://herzberg.ca.sandia.gov/jess/, 1995.

[Gips, 1999] J Gips. Computer implementation of shape grammars.
NSF/MIT Workshop on Shape Computation, 1999.

[Gross and Do, 1996] MD Gross and EYL Do. Demonstrating the
electronic cocktail napkin: a paper-like interface for early design.
ACM Conference on Human Factors in Computing, pages 5–6,
1996.

[Hunt and McGlashan, 2002] A Hunt and S McGlashan. Speech
recognition grammar specification version 1.0, w3c candidate re-
comentation. http://www.w3.org/TR/speech-grammar, 26 June
2002.

[Jacob et al., 1999] RJK Jacob, L Deligiannidis, and S Morrison. A
software model and specification language for non-WIMP user
interfaces. ACM Transactions on Computer-Human Interaction,
6(1):1–46, 1999.

[Mahoney and Fromherz, 2002] JV Mahoney and MPJ Fromherz.
Three main concerns in sketch recognition and an approach to ad-
dressing them. AAAI Spring Symposium on Sketch Understand-
ing, pages 105–112, March 25-27 2002.

[Sezgin et al., 2001] TM Sezgin, T Stahovich, and R Davis. Sketch
based interfaces: Early processing for sketch understanding. Per-
ceptive User Interfaces Workshop, 2001.

[Sezgin, 2002] M Sezgin. Generating domain specific sketch recog-
nizers from object descriptions. MIT Student Oxygen Workshop,
2002.

[Stiny and Gips, 1972] G Stiny and J Gips. Shape grammars and
the generative specification of painting and sculpture. Informa-
tion Processing, pages 1460–1465, 1972.

[Veselova, 2002] O Veselova. Perceptually based learning of shape
descriptions from one example. MIT Student Oxygen Workshop,
2002.

[Zue et al., 1990] V Zue, J Glass, M Phillips, and S Seneff. The mit
speech recognition system: phonological modeling and lexical
access. 1990 International Conference on Acoustics, Speech and
Signal Processing, pages 49–52, March 25-27 1990.

467KNOWLEDGE REPRESENTATION



Evaluating Significance of Inconsistencies

Anthony Hunter
Department of Computer Science

University College London
Gower Street

London WC1E 6BT, UK
a.hunter@cs.ucl.ac.uk

Abstract

Inconsistencies frequently occur in knowledge
about the real-world. Some of these inconsis-
tencies may be more significant than others, and
some knowledgebases (sets of formulae) may con-
tain more inconsistencies than others. This creates
problems of deciding whether to act on these in-
consistencies, and if so how. To address this, we
provide a general characterization of inconsistency,
based on quasi-classical logic (a form of paracon-
sistent logic with a more expressive semantics than
Belnap’s four-valued logic, and unlike other para-
consistent logics, allows the connectives to appear
to behave as classical connectives). We analyse in-
consistent knowledge by considering the conflicts
arising in the minimal quasi-classical models for
that knowledge. This is used for a measure of co-
herence for each knowledgebase, and for a measure
of significance of inconsistencies in each knowl-
edgebase. In this paper, we formalize this frame-
work, and consider applications in managing het-
erogeneous sources of knowledge.

1 Introduction
An approach to measuring inconsistency is to use proposi-
tional quasi-classical (QC) logic [Hunter, 2002]. In this, each
inconsistent set of formulae is reflected in the QC models for
the set, and then the inconsistency is measured in the models.
Obviously, this is not possible in classical logic, or indeed
many non-classical logics, because there is no model of an
inconsistent set of formulae. QC logic, a form of paraconsis-
tent logic, can model inconsistent sets of formulae. There are
other paraconsistent logics that we could consider, for exam-
ple Belnap’s four-valued logic [Belnap, 1977], or Levesque’s
3-interpretations [Levesque, 1984], or Grant’s generalizations
of classical satisfaction [Grant, 1978], but these, as we will il-
lustrate, involve the consideration of too many models. This
increases the number of models that need to be analysed and
it underspecifies the nature of the conflicts.

However, the original proposal for measuring inconsis-
tency based on QC logic does not provide an evaluation of
the significance of inconsistencies. As an illustration of the
need to evaluate significance, consider two news reports on a

World Cup match, where the first report says that Brazil beat
Germany 2-0, and the second report says that Germany beat
Brazil 2-0. This is clearly a significant inconsistency. Now
consider two news reports on the same football match, where
the first report says that the referee was Pierluigi Collina and
the second report says that the referee was Ubaldo Aquino.
This inconsistency would normally be regarded as relatively
insignificant.

In this paper, we extend the idea of measuring inconsis-
tency via QC models by giving a new framework for measur-
ing the significance of inconsistencies in a knowledgebase.
To do this, we review aspects of QC logic and a measurement
of inconsistency based on it. We then present our frame-
work for evaluating the significance of inconsistencies. We
show this leads to a generalization of a four-valued seman-
tics where instead of a single truth value to denote inconsis-
tency, we have an infinite sequence of inconsistent truth val-
ues Bi where i ∈ [0, 1]. We then discuss how we can use QC
logic together with significance functions for reasoning and
analysing with heterogeneously sourced information such as
news from different newsfeeds.

2 Review of QC Logic
We review the propositional version of quasi-classical logic
(QC Logic) [Besnard and Hunter, 1995; Hunter, 2000].
Definition 1 The language of QC logic is that of classical
propositional logic. We let L denote a set of formulae formed
in the usual way from a set of atom symbols A, and the con-
nectives {¬,∨,∧}. If Γ ∈ ℘(L), then Atoms(Γ) returns the
set of atom symbols used in Γ.
Definition 2 Let α be an atom, and let ∼ be a complementa-
tion operation such that ∼α is ¬α and ∼ (¬α) is α. The ∼
operator is not part of the object language, but it makes some
definitions clearer.
Definition 3 Let α1 ∨ .. ∨ αn be a clause that includes a
disjunct αi and n > 1. The focus of α1 ∨ .. ∨ αn by αi,
denoted ⊗(α1∨ ..∨αn, αi), is defined as the clause obtained
by removing αi from α1 ∨ .. ∨ αn.
Example 1 Let α ∨ β ∨ γ be a clause where α, β, and γ are
literals. Hence, ⊗(α ∨ β ∨ γ, β) = α ∨ γ.

Focus is used to capture a form of resolution in the seman-
tics of QC logic. A model in QC logic is a form of Herbrand
model.
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Definition 4 Let A be a set of atoms. Let O be the set of
objects defined as follows, where +α is a positive object, and
−α is a negative object.

O = {+α | α ∈ A} ∪ {−α | α ∈ A}
We call any X ∈ ℘(O) a QC model. So X can contain both
+α and −α for some atom α.

For each atom α ∈ L, and each X ∈ ℘(O), +α ∈ X
means that in X there is a reason for the belief α and that
in X there is a reason against the belief ¬α. Similarly,
−α ∈ X means that in X there is a reason against the be-
lief α and that in X there is a reason for the belief ¬α. This
effectively gives us a four-valued semantics. Though for non-
atomic formulae the semantics, defined next, is significantly
different to [Belnap, 1977].

Definition 5 Let |=s be a satisfiability relation called strong
satisfaction. For a model X, we define |=s as follows, where
α1, ..., αn are literals in L, n > 1, and α is a literal in L.

X |=s α iff there is a reason for the belief α in X

X |=s α1 ∨ ... ∨ αn

iff [X |=s α1 or ... or X |=s αn]
and ∀i s.t. 1 ≤ i ≤ n

[X |=s∼αi implies X |=s ⊗(α1 ∨ ... ∨ αn, αi)]

For α, β, γ ∈ L, we extend the definition as follows,

X |=s α ∧ β iff X |=s α and X |=s β
X |=s ¬¬α ∨ γ iff X |=s α ∨ γ
X |=s ¬(α ∧ β) ∨ γ iff X |=s ¬α ∨ ¬β ∨ γ
X |=s ¬(α ∨ β) ∨ γ iff X |=s (¬α ∧ ¬β) ∨ γ
X |=s α ∨ (β ∧ γ) iff X |=s (α ∨ β) ∧ (α ∨ γ)
X |=s α ∧ (β ∨ γ) iff X |=s (α ∧ β) ∨ (α ∧ γ)

Definition 6 For X ∈ ℘(O) and ∆ ∈ ℘(L), let X |=s ∆
denote that X |=s α holds for every α in ∆. Let QC(∆) =
{X ∈ ℘(O) | X |=s ∆} be the set of QC models for ∆.

A key feature of the QC semantics is that there is a model
for any formula, and for any set of formulae.

Example 2 Let ∆ = {¬α ∨ ¬β ∨ γ,¬α ∨ γ,¬γ}, where
α, β, γ ∈ A, and let X = {−α,−β,−γ}. So X |=s ¬α,
X |=s ¬β and X |=s ¬γ. Also, X |=s∼ γ. Hence, X |=s

¬α ∨ γ, and X |=s ¬α ∨ ¬β, and so, X |=s ¬α ∨ ¬β ∨ γ.
Hence every formula in ∆ is strongly satisfiable in X .

Strong satisfaction is used to define a notion of entail-
ment for QC logic. There is also a natural deduction proof
theory for propositional QC logic [Hunter, 2000] and a
semantic tableau version for first-order QC logic [Hunter,
2001]. Entailment for QC logic for propositional CNF for-
mulae is coNP-complete, and via a linear time transformation
these formulae can be handled using classical logic theorem
provers [Marquis and Porquet, 2001].

The definitions for QC models and for strong satisfaction
provide us with the basic concepts for measuring inconsis-
tency. QC logic exhibits the nice feature that no attention
needs to be paid to a special form that the formulae in a set
of premises should have. This is in contrast with other para-
consistent logics where two formulae identical by definition

of a connective in classical logic may not yield the same set
of conclusions. For example, in QC logic, β is entailed by
both {(¬α → β),¬α} and {α ∨ β,¬α} and γ is entailed by
{γ ∧ ¬γ} and {γ,¬γ}. QC logic is much better behaved in
this respect than other paraconsistent logics such as Cω [da
Costa, 1974], and consistency-based logics such as [Benfer-
hat et al., 1993]. Furthermore, the semantics of QC logic
directly models inconsistent sets of formulae.

Definition 7 Let ∆ ∈ ℘(L). Let MQC(∆) ⊆ QC(∆) be the
set of minimal QC models for ∆, defined as follows:

MQC(∆) = {X ∈ QC(∆) | if Y ⊂ X, then Y �∈ QC(∆)}
Example 3 Consider the following sets of formulae.

MQC({α ∧ ¬α, α ∨ β,¬α ∨ γ})
= {{+α,−α,+β,+γ}}

MQC({¬α ∧ α, β ∨ γ})
= {{+α,−α,+β}, {+α,−α,+γ}}

MQC({α ∨ β,¬α ∨ γ})
= {{+β,+γ}, {+α,+γ}, {−α,+β}}

Whilst four-valued logic [Belnap, 1977] also directly mod-
els inconsistent sets of formulae, there are too many Bel-
nap models in many situations. Consider for example {α ∨
β,¬α}. There is one minimal QC model {−α,+β}, but
there are a number of Belnap models that satisfy this set.
QC logic has a reduced number of models because of the
constraint in the definition of strong satisfaction for disjunc-
tion that ensures that if the complement of a disjunct holds in
the model, then the resolvent should also hold in the model.
This strong constraint means that various other proposals for
many-valued logic will tend to have more models for any
given knowledgebase than QC logic. In particular, the short-
comings of Belnap’s four-valued logic also apply to three-
valued logics such as 3-interpretations by [Levesque, 1984],
and a similar proposal by [Grant, 1978].

3 Measuring coherence of QC models
We now consider a measure of inconsistency called coher-
ence [Hunter, 2002]. The opinionbase of a QC model X is
the set of atomic beliefs (atoms) for which there are reasons
for or against in X , and the conflictbase of X is the set of
atomic beliefs with reasons for and against in X .

Definition 8 Let X ∈ ℘(O).

Conflictbase(X) = {α | +α ∈ X and − α ∈ X}
Opinionbase(X) = {α | +α ∈ X or − α ∈ X}

In finding the minimal QC models for a set of formu-
lae, minimization of each model forces minimization of
the conflictbase of each model. As a result of this min-
imization, if ∆ ∈ ℘(L), and X,Y ∈ MQC(∆), then
(1) Conflictbase(X) = Conflictbase(Y ) and (2) either
Opinionbase(X) = Opinionbase(Y ) or Opinionbase(X) is
not a subset of Opinionbase(Y ).

Increasing the size of the conflictbase, with respect to the
size of the opinionbase, decreases the degree of coherence, as
defined below.
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Definition 9 The Coherence function from ℘(O) into [0, 1],
is given below when X is non-empty, and Coherence(∅) = 1.

Coherence(X) = 1 − |Conflictbase(X)|
|Opinionbase(X)|

If Coherence(X) = 1, then X is a totally coherent, and if
Coherence(X) = 0, then X is totally incoherent, otherwise,
X is partially coherent/incoherent.

Example 4 Let X ∈ MQC({¬α∧α, β ∧¬β, γ ∧¬γ}), Y ∈
MQC({α,¬α ∨ ¬β, β, γ}), and Z ∈ MQC({¬α, β,¬γ ∧
γ}). So Coherence(X) = 0, Coherence(Y ) = 1/3, and
Coherence(Z) = 2/3.

Different minimal QC models for the same knowledgebase
are not necessarily equally coherent.

Example 5 Let ∆ = {α,¬α, β ∨ γ, β ∨ δ}, and let
X = {+α,−α,+β} and Y = {+α,−α,+γ,+δ}. So
MQC(∆) = {X,Y }, and Coherence(X) = 1/2 and
Coherence(Y ) = 2/3.

We extend coherence to knowledgebases as follows.

Definition 10 Let ∆ ∈ ℘(L). Assign Coherence(∆) the
maximum value in {Coherence(X) | X ∈ MQC(∆)}.

Example 6 Let ∆ = {α ∧ ¬α, β ∧ ¬β, α ∨ β ∨ (γ ∧ δ)}
and ∆′ = {α ∧ ¬α, α ∨ β}. Here Coherence(∆) =
Coherence(∆′) = 1/2.

Example 7 Let ∆ = {φ ∧ ¬φ, α ∨ (β ∧ γ ∧ δ)} and ∆′ =
{φ ∧ ¬φ, (α ∧ β) ∨ (γ ∧ δ)}. Also let X1 = {+φ,−φ,+α},
X2 = {+φ,−φ,+β,+γ,+δ}, Y1 = {+φ,−φ,+α,+β},
and Y2 = {+φ,−φ,+γ,+δ}. So, MQC(∆) = {X1,X2}
and MQC(∆′) = {Y1, Y2}. Also, Coherence(X1) =
1/2, Coherence(X2) = 3/4, Coherence(Y1) = 2/3, and
Coherence(Y2) = 2/3. So Coherence(∆) > Coherence(∆′).

4 Significance functions
We now present a new framework for measuring the signif-
icance of inconsistencies arising in QC models, and thereby
in sets of formulae. The approach is based on specifying the
relative significance of incoherent models using the notion of
a mass assignment which is defined below.

Definition 11 Let Ω ∈ ℘(O) such that Coherence(Ω) = 0. A
mass assignment m for Ω is a function from ℘(Ω) into [0, 1]
such that:

(1) If X ⊆ Ω and Coherence(X) = 1, then m(X) = 0

(2) ΣX⊆Ω m(X) = 1

We have the constraint Coherence(Ω) = 0 to ensure that
for all α ∈ A, we have +α ∈ Ω iff −α ∈ Ω. Condition 1
ensures mass is only assigned to models that contain conflicts
and condition 2 ensures the total mass distributed sums to 1.
Given some Ω ∈ ℘(O), a mass assignment can be localized
on small subsets of Ω, spread over many subsets of Ω, or lim-
ited to large subsets of Ω. A mass assignment can be regarded
as a form of metaknowledge, and so it needs to be specified
for a domain, where the domain is characterized by Ω, and so
the possible models of the domain are subsets of Ω.

Example 8 Let Ω = {+α,−α,+β,−β}. A mass as-
signment m is given by m({+α,−α}) = 0.2 and
m({+β,−β} = 0.8. Another mass assignment m′ is given
by m′({+α,−α}) = 0.2, m′({+α,−α,−β}) = 0.6, and
m′({+α,−α,+β,−β}) = 0.2.

A significance function gives an evaluation of the signifi-
cance of the conflicts in a QC model. This evaluation is in the
range [0, 1] with 0 as least significant and 1 as most signifi-
cant.

Definition 12 Let m be a mass assignment for Ω. A signif-
icance function for Ω, denoted SΩ, is a function from ℘(Ω)
into [0, 1]. A mass-based significance function for m, de-
noted Sm

Ω , is a significance function defined as follows for
each X ∈ ℘(Ω).

Sm
Ω (X) = ΣY ⊆Xm(Y )

The definitions for mass assignment and mass-based sig-
nificance correspond to mass assignment and belief functions
(respectively) in Demspter-Shafer theory [Shafer, 1976].
However, here they are used to formalise significance rather
than uncertainty. To ease reading in the following, we drop
the superscript and subscript for significance functions.

Proposition 1 Let m be a mass assignment for Ω. If S is
a significance function for m, then the following property
of simple cumulativity holds for all X,Y ∈ ℘(Ω): X ⊆
Y implies S(X) ≤ S(Y ).

Given that simple cumulativity holds, we see that specify-
ing significance in terms of mass assignment is more efficient
than directly specifying the significance.

Proposition 2 Let m be a mass assignment for Ω. Let S be
a mass-based significance function for m. For all X,Y ∈
℘(Ω),

(1) S(X ∪ Y ) ≥ (S(X) + S(Y ) − S(X ∩ Y ))
(2) S(X) + S(Xc) ≤ 1

So mass-based significance is not additive. Also the re-
maining significance need not be for the complement of X
(ie, Xc). Some may be assigned to models not disjoint from
X . We now consider some constraints on mass assignments
that give useful properties for mass-based significance.

Definition 13 Let m be a mass assignment for Ω. m is focal
iff for all X ∈ ℘(Ω) m(X) ≥ 0 when Coherence(X) = 0
and m(X) = 0 when Coherence(X) > 0. m is solo iff for
all {+α,−α} ∈ ℘(Ω) m({+α,−α}) ≥ 0 and for all other
X ∈ ℘(Ω), m(X) = 0.

A focal mass assignment puts the mass onto the totally in-
coherent models, and a solo mass assignment puts the mass
on the smallest totally incoherent models.

Proposition 3 If m is a solo mass assignment for Ω, then m
is focal mass assignment for Ω.

Significance is additive for totally incoherent models when
the mass assignment is solo.

Proposition 4 Let m be a solo mass assignment for Ω. Let
S be a mass-based significance function for m and let X ∈
℘(Ω). If Coherence(X) = 0, then S(X) + S(Xc) = 1.
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A useful feature of a focal mass-based significance func-
tion is that as the number of conflicts rises in a model, then
the significance of the model rises. This is formalized by the
following notion of conflict cumulativity. It does not hold in
general (see Example 9).

Proposition 5 Let m be a focal mass assignment for Ω. If
S is a significance function for m, then the following prop-
erty of conflict cumulativity holds for all X,Y ∈ ℘(Ω):
Conflictbase(X) ⊆ Conflictbase(Y ) implies S(X) ≤ S(Y ).

Example 9 Let Ω = {+α,−α,+β,−β,+γ,−γ}. Let X =
{+α,−α,+γ} and Y = {+α,−α,+β,−β} Let m be an
mass assignment for Ω such that m(X) = 0.6 and m(Y ) =
0.4. So we have Conflictbase(X) ⊆ Conflictbase(Y ), but
S(X) �≤ S(Y ).

In general, S(X) ≤ S(Y ) holding does not necessar-
ily imply Conflictbase(X) ⊆ Conflictbase(Y ), nor does
it necessarily imply Conflictbase(Y ) ⊆ Conflictbase(X).
Also Opinionbase(X) ⊆ Opinionbase(Y ) does not neces-
sarily imply S(X) ≤ S(Y ), nor does it necessarily imply
S(Y ) ≤ S(X). This is illustrated in the next example.

Example 10 Let Ω = {+α,−α,+β,−β} and let m be
an mass assignment for Ω where m(X) = 0.2 and
m(Y ) = 0.8. We consider four cases: (1) If X =
{+α,−α} and Y = {+β,−β}, then S(X) ≤ S(Y )
but Conflictbase(X) �⊆ Conflictbase(Y ); (2) If X =
{+α,−α} and Y = {+α,−α,+β,−β}, then S(X) ≤
S(Y ) but Conflictbase(Y ) �⊆ Conflictbase(X); (3) If
X = {+α,−α,+β,−β} and Y = {+α,−α,+β}, then
Opinionbase(X) ⊆ Opinionbase(Y ) but S(X) �≤ S(Y );
(4) If X = {+α,−α} and Y = {+α,−α,+β}, then
Opinionbase(X) ⊆ Opinionbase(Y ) but S(Y ) �≤ S(X).

We now extend the significance functions to knowledge-
bases. Since MQC(∆) is not necessarily a singleton, the sig-
nificance for a set of formulae ∆ is the lowest significance
obtained for an X ∈ MQC(∆). This means we treat the infor-
mation in ∆ as a “disjunction” of QC models, and we regard
each of those models as equally acceptable, or equivalently
we regard each of those models as equally representative of
the information in ∆.

Definition 14 Let ∆ ∈ ℘(L). We extend the definition for a
significance function S to knowledgebases as follows:

S(∆) = min({S(X) | X ∈ MQC(∆)})
Some knowledgebases have zero significance. Clearly, if

∆ �� ⊥, then S(∆) = 0.

Example 11 Let Ω = {+α,−α,+β,−β,+γ,−γ}. Let
m({+α,−α}) = 0.6, m({+α,−α,+β}) = 0.3, and
m({+β,−β,+γ}) = 0.1. So S({α ∧ ¬α, β ∨ γ}) = 0.6

In order to determine the set Ω for which a mass function
is defined, we can use the delineation function as follows.

Definition 15 For ∆ ∈ ℘(L), Delineation(∆) = {+α,−α |
α ∈ Atoms(∆)}.

Example 12 Let ∆1 = {¬α, α ∨ β,¬β}, ∆2 = {α ∨
β,¬α ∧ α}, and ∆3 = {β,¬α ∨ ¬β}. Let Ω =

Delineation(∆1 ∪ ∆2 ∪ ∆3) = {+α,−α,+β,−β}. Also
let m({+α,−α,+β,−β}) = 0.2 and m({+α,−α}) = 0.8.
So S(∆1) = 1, S(∆2) = 0.8, and S(∆3) = 0.

Since the conflictbase is common for all minimal QC mod-
els for a knowledgebase, we obtain the following.

Proposition 6 Let ∆ ∈ ℘(L) and let m be a focal mass as-
signment for Delineation(∆). If S is a significance function
for m, then for all X,Y ∈ MQC(∆), S(X) = S(Y ).

The next two results capture notions of monotonicity for
mass-based significance.

Proposition 7 Let ∆ ∈ ℘(L) and α ∈ L. Let m be a mass
assignment for Delineation(∆ ∪ {α}). If S is a significance
function for m, then S(∆) ≤ S(∆ ∪ {α}).
Proposition 8 Let φ, ψ ∈ L. Let m be a mass assignment
for Delineation({φ, ψ}). Let S be a significance function for
m. If for all X ∈ ℘(O), X |=s φ implies X |=s ψ, then
S({ψ}) ≤ S({φ}).

In this section, we have augmented the measurement of in-
consistency in QC models with an evaluation of significance.
In the next section, we provide a semantics.

5 Semantics for mass-based significance
A mass assignment can be regarded as transforming the four-
valued semantics of QC logic into a many-valued logic.

Definition 16 The knowledge lattice is a pair (K,�) where
K = {N,T, F} ∪ B∗, and B∗ = {Bn | n ∈ [0, 1]}, and +
is a (commutative and associative) addition operation over
truth values, and the ordering relation � is defined by condi-
tions (1) to (4) below, where x � y denotes x � y and y � x
and x ≺ y denotes x � y and y �� x.

(1) N ≺ T and N ≺ F and T �� F
and F �� T and T ≺ B0 and F ≺ B0

(2) for all Bi, Bj ∈ B∗, i ≤ j iff Bi � Bj

(3) for all Bi, Bj , Bk ∈ B∗, k = i + j iff Bk � Bi + Bj

(4) for all Bi ∈ B∗, Bi � (Bi + T )
and Bi � (Bi + F ) and Bi � (Bi + N)

The knowledge lattice is illustrated in Figure 1. It is a dis-
tributive lattice. The key difference between Belnap’s lattice
and ours is the value Both has been split into a chain of truth
values B0, .., B1. If we equate the truth values {N,T, F,B0}
with the Belnap truth values {Neither, True, False,Both},
respectively, then Belnap’s four-valued lattice is a sublattice
of the knowledge lattice.

Definition 17 A many-valued model is a tuple (K,�, t)
where (K,�) is the knowledge lattice and t is a truth as-
signment function from the set of atoms A to K.

In the following, we restrict consideration to solo mass as-
signments, though this restriction can be relaxed with slightly
more complex definitions.

Definition 18 Let m be a solo mass assignment for Ω, and
let (K,�, t) be many-valued model. We describe (X,m) and
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Figure 1: The Knowledge Lattice

(K,�, t) as being isomorphic models when X ⊆ Ω and the
following conditions hold:

+α ∈ X and − α �∈ X iff t(α) = T
+α �∈ X and − α ∈ X iff t(α) = F
+α �∈ X and − α �∈ X iff t(α) = N

+α,−α ∈ X and m({+α,−α}) = i iff t(α) = Bi

We can define a valuation function that extends a truth as-
signment to any formula by an inductive definition on the
structure of α. However, for brevity, we will adopt a shortcut
based on the |=s relation.

Definition 19 Let (X,m) and (K,�, t) be isomorphic mod-
els. A valuation function, denoted Vt, from L to K is defined
so that Vt(α) = t(α) when α is an atom, and as follows when
α is non-atomic.
Vt(α) � Bi iff X |=s α and X |=s ¬α

and Atoms(α) = {γ1, .., γn}
and Bi � t(γ1) + ... + t(γn)

Vt(α) � T iff X |=s α and X �|=s ¬α
Vt(α) � F iff X �|=s α and X |=s ¬α
Vt(α) � N iff X �|=s α and X �|=s ¬α
Since we could have defined the valuation function equiv-

alently in an inductive definition on the structure of the for-
mulae, we can obtain propositions such as the following that
relate the valuation function applied to a formula and applied
to its subformulae.

Proposition 9 If (K,�, t) is a many-valued model and α1 ∨
α2 is a clause, then: (1) Vt(α1∨α2) � Bi iff Atoms({α1}) �=
Atoms({α2}) and t(α1) = Bi1 and t(α2) = Bi2 and Bi �
(Bi1 + Bi2); (2) Vt(α1 ∨ α2) � T iff t(α1) � T or t(α2) �
T ; (3) Vt(α1 ∨ α2) � F iff [t(α1) � F and t(α2) � F ] or
[t(α1) � F and t(α2) � F ]; and (4) Vt(α1 ∨ α2) � N iff
[t(α1) � N and t(α2) �� T ] or [t(α1) �� T and t(α2) � N ].
Example 13 Let X = {+α,−α,+β,−β,+γ} with mass
m({+α,−α}) = 0.2 and m({+β,−β}) = 0.8. Let t be a
truth assignment where (X,m) and (K,�, t) are isomorphic
models, then t(α) = B0.2, t(β) = B0.8, and t(γ) = T .

Vt(α ∨ β) � B1.0 Vt(β) � B0.8

Vt(¬β) � B0.8 Vt(γ ∨ α) � T
Vt(α ∧ ¬α) � B0.2 Vt(α ∧ β) � B1.0

Vt(β ∧ ¬β) � B0.8 Vt(β ∨ ¬γ) � F

Example 14 Let X = {+α,−α,+β} with mass assigned by
m({+α,−α}) = 0.2 and m({+β,−β}) = 0.8. Let t be a
truth assignment where (X,m) and (K,�, t) are isomorphic
models, then t(α) = B0.2, t(β) = T , t(γ) = N .

Vt(α ∨ β) � T Vt(β) � T
Vt(¬β) � F Vt(γ) � N

Vt(α ∧ ¬α) � B0.2 Vt(α ∧ β) � T
Vt(α) � B0.2 Vt(α ∨ γ) � N

This semantics relates to QC logic strong satisfaction rela-
tion with the mass-based significance function as follows.

Proposition 10 Let m be a solo mass assignment for Ω. Also
let X ⊆ Ω and t be a truth assignment where (X,m) and
(K,�, t) are isomorphic models. If φ ∈ L, then Vt(φ) � T
iff X |=s φ.

Proposition 11 Let φ ∈ L. Let X ∈ MQC({φ}), where
Coherence(X) = 0, and let m be a solo mass assignment
for Ω. Let (K,�, t) be a many-valued model where X ⊆ Ω
and (X,m) and (K,�, t) are isomorphic models. Let S be a
significance function for m.

Vt(φ) � Bi iff S({φ}) = i

The semantics therefore extends QC logic so that in case
of inconsistency, the Bi truth value reflects the significance
of the inconsistency, where B0 is the least significant and B1

is the most significant. It is straightforward to extend this
semantics to focal mass assignments.

6 Significance of inconsistencies in news
In this section, we consider news reports. Having some un-
derstanding of the “degree of inconsistency” of a news report
can help in deciding how to act on it. Moreover, inconsisten-
cies between information in a news report and domain knowl-
edge can tell us important things about the news report. For
this we use a significance function to give a value for each
possible inconsistency that can arise in a news report in a
given domain. We may also use significance in the follow-
ing ways: (1) to reject reports that are too inconsistent; (2) to
highlight unexpected news; (3) to focus on repairing signifi-
cant inconsistencies; and (4) to monitor sources of informa-
tion to identify sources that are unreliable.

How we use the significance function depends on the ap-
plication. In our simple example below, we assume a news
report is a set of ground predicates. Each term is used to rep-
resent a piece of information in a news report and may be
equivalent to a word, or number, or a simple phrase. The
predicate symbol is used to tag or categorise each piece of
information.

Example 15 Each of Γ1 − Γ5 is a news report:

Γ1 = {temp(30C), pptn(snow), pollen(high)}
Γ2 = {temp(30C), pptn(snow), pollen(low)}
Γ3 = {temp(10C), pptn(snow), pollen(high)}
Γ4 = {temp(10C), pptn(snow), pollen(low)}
Γ5 = {temp(0C), pptn(snow), pollen(high)}

A potential inconsistency that can arise in a news report is
any set of literals that may be rebutted by the domain knowl-
edge.
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Definition 20 Let Φ be a news report and let ∆ be domain
knowledge. For {φ1, .., φn} ⊆ Φ, {φ1, .., φn} is rebutted by
∆ iff ∆ � ¬(φ1 ∧ . . . ∧ φn).

Example 16 Domain knowledge for weather reports may in-
clude:

(clause 1) ¬temp(30C) ∨ ¬pptn(snow)
(clause 2) ¬temp(10C) ∨ ¬pptn(snow)
(clause 3) ¬pollen(high) ∨ ¬pptn(snow)

So with the report Γ1 in Example 15, we get that
{temp(30C), pptn(snow)} is rebutted by clause 1, and that
{pollen(high), pptn(snow)} is rebutted by clause 3.

Example 17 Continuing Example 15, we adopt the mass as-
signment as follows:

m({+temp(30C),−temp(30C),
+pptn(snow),−pptn(snow)}) = 0.6

m({+temp(10C),−temp(10C),
+pptn(snow),−pptn(snow)}) = 0.3

m({+pollen(high),−pollen(high),
+pptn(snow),−pptn(snow)}) = 0.1

So the reports Γ1 to Γ5 in Example 15, together with the do-
main knowledge in Example 16, denoted here by ∆, gives
the following significance evaluations. S(∆ ∪ Γ1) = 0.7,
S(∆ ∪ Γ2) = 0.6, S(∆ ∪ Γ3) = 0.4, S(∆ ∪ Γ4) = 0.3,
S(∆ ∪ Γ5) = 0.1. If we set the threshold of acceptability for
a news report Γi at a significance evaluation of 0.3, then only
Γ4 and Γ5 would be acceptable, the others would be rejected.

This small example illustrates how we may find some in-
consistencies acceptable and others unacceptable, thereby se-
lect some news reports in preference to others. For larger
examples, it may be necessary to specify a mass assignment
for many possible incoherent models. One solution for this
is to generate a mass assignment from a partially specified
mass assignment. Mass is assigned to particular models and
then mass for further models is obtained by interpolation. In
particular, domains with some numerical data, such as sport
reports or weather reports, can be addressed with this ap-
proach. For example, if we are only interested in inconsisten-
cies about temperature, and we have a range of possibilities
from rain(1cm),..., to rain(50cm), then the mass could be
assigned to two models such as {+rain(1cm),−rain(1cm)}
and {+rain(50cm),−rain(50cm)}, and then the remaining
mass assigned by interpolation.

7 Discussion
Whilst a number of approaches to handling inconsistent in-
formation touch on the issue of measurement of inconsis-
tency, the topic is underdeveloped. Information theory can be
used to measure the information content of sets of inconsis-
tent formulae [Lozinskii, 1994]. This increases with additions
of consistent information and decreases with additions of in-
consistent information. However, it does not provide a direct
measure of inconsistency since for example, the value for {α}
is the same as for {α,¬α, β}. Another approach to handling
inconsistent information is that of possibility theory [Dubois
et al., 1994]. Let (φ, α) be a weighted formula where φ is a

classical formula and α ∈ [0, 1]. A possibilistic knowledge-
base B is a set of weighted formulae. An α-cut of a possibilis-
tic knowledgebase, denoted B≥α, is {(ψ, β) ∈ B | β ≥ α}.
The inconsistency degree of B, denoted Inc(B), is the max-
imum value of α such that the α-cut is inconsistent. How-
ever, this approach does not discriminate between different
inconsistencies. For this, there is a need for an underlying
paraconsistent logic such as QC logic.
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Abstract

We present a coherent framework for data cluster-
ing. Starting with a Hopfield network, we show
the solutions for several well-motivated cluster-
ing objective functions are principal components.
For MinMaxCut objectives motivated for ensuring
cluster balance, the solutions are the nonlinearly
scaled principal components. Using scaled PCA,
we generalize to multi-way clustering, construct-
ing a self-aggregation network, where connection
weights between different clusters are automati-
cally suppressed while connection weights within
same clusters are automatically enhanced.

1 Introduction
Principal component analysis (PCA) is widely adopted as an
effective unsupervised dimension reduction method. PCA is
extended in many different directions [Hastie and Stuetzle,
1989; Kramer, 1991; Lee and Seung, 1999; Scholkopf et al.,
1998; Collins et al., 2001].

The main justification is that PCA uses singular value de-
composition (SVD) which is the best low rank approxima-
tion in L2 norm to original data due to Eckart-Young theo-
rem. However, this results alone is inadequate to explain the
effectiveness of PCA. Here, we provide a new derivation of
PCA based on optimizing suitable clustering objective func-
tions and show that principal components are actually cluster
indicator vectors in clustering.

Hopfield network[Hopfield, 1982] provide a convenient
framework of our study. In particular, the self-aggregation
network proposed in this work uses Hebb rule to encode pat-
tern vectors. One feature of Hopfield associative-memory
networks is that it can be adopted to solve hard combinato-
rial problems[Haykin, 1998 2nd ed].

Another thread of this work is the spectral graph partition-
ing [Fiedler, 1973; Pothen et al., 1990; Hagen and Kahng,
1992; Shi and Malik, 2000; Ding et al., 2001a; 2001b;
Ng et al., 2001; Meila and Shi, 2001], which uses Laplacian
matrix of a graph. This arises naturally for balancing the clus-
ters (see §2.4). Our approach differs from others mainly in

∗Work supported by Department of Energy (Office of Science,
through a LBNL LDRD) under contract DE-AC03-76SF00098.

well-motivated clustering objective functions. A further point
is the recognition that spectral graph clustering is embedded
in the scaled PCA thus leading to self-aggregation networks.

This paper combines above three threads and develop a
coherent framework for clustering. We begin with two-way
clustering in §2 and generalize to multi-way clustering in §3.

2 Two-way clustering
We start by formulate two-way clustering as a Hopfield net-
work and derive PCA as cluster indicator vectors.

2.1 Hopfield Network and PCA
Given n data points and properly defined similarity or associ-
ation wij = wji ≥ 0 between points i, j, we form a network
(a weighted graph) G with wij as the connection between
nodes i, j. We wish to partition it into two clusters C1, C2.
The result of clustering can be represented by an indicator
vector q, where

q(i) =
{

1 if i ∈ C1
−1 if i ∈ C2

(1)

Consider the clustering objective,

J1 = qTWq = s(C1, C1) + s(C2, C2) − 2s(C1, C2) (2)

where s(C1, C2) =
∑

i∈C1,j∈C2
wij is the overlap between

C1, C2; s(C1, C1) =
∑

i,j∈C1
wij is the within-cluster similar-

ity of C1, and analogously for s(C2, C2).
Now we propose a min-max clustering principle: data

points are grouped into clusters such that the overlap s(C1, C2)
between different clusters are minimized while within-cluster
similarities s(C1, C1), s(C2, C2) are maximized

min s(C1, C2), max s(C1, C1), max s(C2, C2) (3)

These conditionscan be simultaneously satisfied by maximiz-
ing the energy (objective function) J1. Using Hopfield model
[Hopfield, 1982], the solution is obtained by the update rule

q(t+1)(i) = sgn[
∑

j

wijq
(t)(j)].

or in vector form q(t+1) = sgn[Wq(t)]. If one relaxes q(i)
from discrete indicators to continuous values in (−1, 1), the
solution q is given by

Wq = λq. (4)

479LEARNING



Since the matrix entries inW are non-negative, the first prin-
cipal eigenvector q1 has all positive (or all negative) entries.
Thus the desired solution is q2.

2.2 Hopfield network for bipartite graph
Here we extend the Hopfield networks for clustering bipar-
tite graph. An example of bipartite graph is a m × n term-
document association matrixB = (bij), where each row rep-
resents a word, each column represents a document, and bij
the counts of co-occurrence of row ri and column cj . We
show that the solution for clustering indicators is precisely
the Latent Semantic Indexing[Deerwester et al., 1990].

We wish to partition the r-type nodes of R into two parts
R1, R2 and simultaneously partition the c-type nodes of C into
two parts C1, C2, based on the clustering principle of mini-
mizing between-cluster association and maximizing within-
cluster association. We use indicator vector f to determine
how to split R into R1, R2: f(i) = 1, or -1 depending on
ri ∈ R1 or ri ∈ R2. We use g to determine how to split C into
C1, C2: g(i) = 1, or -1 depending on ci ∈ C1 or ci ∈ C2.

(For presentation purpose, we index the nodes such that
nodes within same cluster are indexed contiguously. The
clustering algorithms presented are independent to this as-
sumption. Bold face lower case letters are vectors. Matri-
ces are denoted by upper case letters.) Thus we may write

f =
(

f (+)

f (−)

)
, g =

(
g(+)

g(−)

)
With this indexing, the asso-

ciation matrix is

B =
(
BR1,C1 BR1,C2
BR2,C1 BR2,C2

)
(5)

It is convenient to convert the bipartite graph into an undi-
rected graph. We follow standard procedure and combine the
two types nodes to one by setting

q =
(

f
g

)
, W =

(
0 B
BT 0

)
, (6)

This induces an undirected graph G, whose adjacency matrix
is the symmetric weight matrixW .

Consider the following objective function,

J2(C1, C2; R1, R2) =
1
2
qTWq (7)

= s(R1, C1) + s(R2, C2) − s(R1, C2) − s(R2, C1)
where s(R1, C2) ≡ ∑

ri∈R1,cj∈C2
bij, the sum of association

between R1 and C2, and s(R1, C2) is the sum of association
between R1 and C2. s(R1, C2) and s(R2, C1) should be mini-
mized. s(R1, C1) is the sum of association within cluster 1 (see
Fig.1), and s(R2, C2) is the sum of association within cluster
2. s(R1, C1) and s(R2, C2) should be maximized. These condi-
tions are simultaneously satisfied by maximizing J2.

We can write down the Hopfield network update rule for q.
If one relaxes q(i) from discrete indicators to continuous val-
ues, the solution q satisfies Eq.(4). Now utilizing the explicit
structures ofW and q, we have(

0 B
BT 0

) (
f
g

)
= λ

(
f
g

)
. (8)

The solutions to this equation are the singular value decom-
position (SVD) of B: {fi} are left singular vectors and {gi}
are right singular vectors of the SVD of B,

B =
m∑

k=1

fkλkgT
k = FmΛmG

T
m. (9)

Again, since the matrix entries in W are non-negative, the
first principal components u1,v1 have entries of same sign;
thus the desired solutions are u2,v2. Note that this is also the
SVD employed in LSI. We summarize these results in
Theorem 1. Principal components are solutions for clus-
tering indicators for clustering undirect graphs and bipartite
graphs under appropriate Hopfield network models.

2.3 Principal component clustering
In the objective J1, we may explicitly enforce a balance of
clusters C1, C2. From Eq.1, we need to minimize |∑i q(i)|.
Thus we consider the clustering objective,

J̃1 = qTWq− µ(
∑

i

q(i))2 = qT
(
W − µeeT

)
q (10)

where µ > 0 is a parameter and e = (1, · · · , 1)T. We adjust µ
to control the levele of balance between C1, C2. The principal
eigenvector q1 of W̃ = W − µeeT is the desired indicator
vector.

What is the reasonable choice of µ? A natural choice is to
set µ = w.. /n

2, w.. =
∑

ij wij , the average of wij . With this
choice, the modified weight matrix satisfies the sum-to-zero
condition: ∑

ij

w̃ij =
∑
ij

(wij − w../n
2) = 0. (11)

This condition can be further refined by centering each col-
umn and each rows, such that∑

i

wij = 0, ∀j;
∑

j

wij = 0, ∀i. (12)

where
wij = wij − wi./n− w.j /n+ w../n

2 (13)

(here column and row sums, wi. =
∑

j wij, w.j =
∑

i wij

and w.. are standard notations in statistics.) Now the desired
cluster indicator vector is the principal eigenvector of

Wq = λq

The fully centered W has a useful property that all eigen-
vectors of W with nonzero eigenvalues have the sum-to-zero
property:

∑
i q̄(i) = 0. This is because (1) q̄0 = e is an

eigenvector of W̄ with λ0 = 0; (2) all other eigenvectors are
orthogonal to q̄0, i.e, q̄Te = 0.

The sum-to-zero condition
∑

i q̄(i) = 0 does not necessar-
ily imply that the sizes of the two cluster, n1, n2, should be
equal. In fact, the cluster indicator vector should be refined to

q̄(i) =
{ √

n2/n1 if i ∈ C1

−√
n1/n2 if i ∈ C2

(14)
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(in this paper, all vectors are implicitly normalized to 1 using
L2 norm). Correspondingly, the clustering objective becomes

J̄1 = q̄TW q̄ = n1n2

[
s(C1, C1)
n2

1

+
s(C2, C2)
n2

2

− 2
s(C1, C2)
n1n2

]
(15)

Clearly, the first two terms represent the average within-
cluster similarities which are maximized, and the 3rd term
represent average between-cluster similarities which are min-
imized. The factor n1n2 encourages cluster balance, since
n1 + n2 = n, and max(n1n2) is reached when n1 = n2 =
n/2. We summarize these results in
Theorem 2. Solution for clustering objective J̃1 is given by
q̃1; and solution for clustering objective J̄1 is q̄1.

We call these clustering schemes with objective functions
J1, J̄1, J̃1 as principal component clustering methods because
of the use of principal components.

All above discussions apply to bipartite graphs. For exam-
ple, J̄1 becomes

J̄2 =
√
nR1nR2nC1nC2 (16)

·
[
s(R1, C1)
nR1nC1

+
s(R2, C2)
nR2nC2

− s(R1, C2)
nR1nC2

− s(R2, C1)
nR2nC1

]
where nR1 , nR2 are sizes of row clusters (nR1 + nR2 = total
row size); and nC1 , nC2 are sizes of column clusters (nC1 +
nC2 = total column size). Again, the first two terms represent
the average within-cluster similarities which are maximized,
and the last two terms represent average between-cluster sim-
ilarities which are minimized.

We note that J̄1 is partially motived by the classic scal-
ing (also called principal coordinate analysis) in statistics
[Borg and Gronen, 1997]. Suppose we are given pairwise
distances dij for a dataset, define the pairwise similarity as
wij = −1

2d
2
ij, follow through the same centering procedures

and solve for the eigenvectors ofW . The classic scaling the-
orem proves that if dij are the Euclidean distances, the first
K eigenvectors of W will recover the original coordinates.
This theorem justifies the use of the K principal eigenvec-
tors as the coordinates in multidimensional scaling. However,
our clustering approach does not emphasize the recovery of
original coordinates, and the objective function J̄1 is well-
motivated for clustering only.

2.4 Cluster balance and MinMaxCut
Principal component clustering of §2.3 is motivated for bal-
ancing clusters by adding a panelity term to J1. Here we
balance clusters through a divisive approach.

Maximizing J1 of Eq.2 is equivalent to1

min
s(C1, C2)

s(C1, C1) + s(C2, C2)
(17)

Although s(C1, C1) + s(C2, C2) are maximized, it often oc-
curs that one cluster is much larger than another, s(C1, C1) 

s(C2, C2) or vice versa.

1Since exp(x) is monotonic, maxJ1 ⇒ max exp(J1), which
is minexp [s(C1, C2)]/ exp [s(C1, C1) + s(C2, C2)]. This is approx-
imately Eq.17.

To overcome this problem, we seek to prevent either
s(C1, C1) or s(C2, C2) become very small. We optimize[Ding
et al., 2001b]

minJ3, J3 =
s(C1, C2)
s(C1, C1)

+
s(C1, C2)
s(C2, C2)

(18)

One can show that

min
q
J3(q) ⇒ min

q

qT(D −W )q
qTDq

, (19)

subject to qTWe = qTDe = 0, where D = (wi. ) is a diago-
nal matrix. We relax q(i) from discrete indicators to real val-
ues in (−1, 1). The solution of q for minimizing the Rayleigh
quotient of Eq.(19) is given by

(D −W )q = λDq, (20)

which can be written as

Wq = ζDq, ζ = 1 − λ. (21)

Again, the desired solutions is the eigenvector associated
with the second largest eigenvalue. Note that by comparing
Eq.(21) with Eq.(4), the net effect for cluster balance is di-
agonal scaling. This diagonal scaling, however, leads to an
important feature of self-aggregation (see §3.2).

2.5 Cluster balance for bipartite graphs
For balanced clustering of bipartite graphs, object function of
Eq.(7) becomes

J4 =
s(R1, C2) + s(R2, C1)

2s(R1, C1)
+
s(R1, C2) + s(R2, C1)

2s(R2, C2)
(22)

Using the representationW and q of Eq.6, and similar deriva-
tion [Ding, 2003; Zha et al., 2001], the solution for optimiza-
tion of J4 is also given by Eq.21. Let Dr = diag(Be) and
Dc = diag(BTe), we have

D =
(
Dr 0
0 Dc

)
, z =

(
u
v

)
=

(
D

1/2
r f

D
1/2
c g

)
. (23)

Substituting into Eq.(21), we have(
0 B̂
B̂T 0

) (
u
v

)
= ζ

(
u
v

)
, (24)

where
B̂ = D−1/2

r BD−1/2
c . (25)

The solutions to Eq.(24) are SVD of B̂: B̂ =
∑

k ukλkvT
k;

The clustering indicator vectors are fk = D
−1/2
r uk for row

objects and gk = D
−1/2
c vk for column objects. Note that

Eq.(24) is identical Eq.(8), with the corresponding relation-

shipB ⇒ B̂,

(
f
g

)
⇒

(
u
v

)
. Therefore, the net effect of

clustering balancing using MinMaxCut objective of Eq.(22)
over the simple objective Eq.(7) is the scaling of the associ-
ation matrix B in Eq.(25). However, with this scaling, the
self-aggregation property emerges (see §3.4).
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3 K-way clustering
The above mainly focus on 2-way clustering. Below we gen-
eralize to K-way clustering, K ≥ 2. The generalization is
based on the key observation that the solution for cluster in-
dicator vectors (see §2.4 and §2.5) are scaled principal com-
ponents, as we discuss next.

3.1 Scaled principal components
Associations among data objects are mostly quantified by a
similarity metric. The scaled principal component approach
starts with a nonlinear (non-uniform) scaling of W . Noting
that W = D1/2(D−1/2WD−1/2)D1/2, we apply spectral
decomposition on the scaled matrix

Ŵ = D−1/2WD−1/2

instead of onW . This leads to

W = D1/2(
∑

k

zkζkzT
k)D1/2 = D

∑
k

qkζkqT
kD (26)

Here we call qk = D−1/2zk the scaled principal compo-
nents. they are obtained by solving the eigenvalue system

Ŵz = (D−1/2WD−1/2)z = ζz. (27)

Note Eq.(27) is identical to Eq.(20), or Eq.(21), thus scaled
principal components are cluster indicator vectors in Min-
MaxCut (see §2.3).

3.2 Self-aggregation network
In Hopfield networks, a pattern q1 is encoded into the net-
work as q1qT

1 (the Hebb rule); multiple patterns are encoded
additively. In our problem, a pattern is a cluster partitioning
indicator vector. We define a self-aggregation network with
the connection weights

WSA = q1qT
1 + · · ·+ qkqT

k = QKQ
T
K. (28)

QK = (q1, · · · ,qK). Here we highlights several important
properties of WSA and provides several example applica-
tions. (Self-aggregation is first studied in [Ding et al., 2002].)
WSA has an interesting self-aggregation property enforced

by within-cluster association (connectivity). To prove, we ap-
ply perturbation analysis by writing Ŵ = Ŵ (0) + Ŵ (1),

where Ŵ (0) is the similarity matrix when clusters are well-
separated (zero-overlap) and Ŵ (1) accounts for the overlap
among clusters and is treated as a perturbation[Ding et al.,
2001a]. This perturbation approach is standard in quantum
physics[Mathews and Walker, 1971].
Well-separated clusters

First, we consider the case where clusters are well sepa-
rated, i.e., no overlap (no connectivity) exist between dif-
ferent clusters. Let W = (Wpq), p, q = 1, · · · , K. be the
subblock decomposition of W . No overlap is represented by
the fact that off-diagonal blocks are zero: Wpq = 0, p �= q.
Now, W − D = diag(W11 − D11, · · · ,WKK − DKK) The
eigenvalue problem decouples into K independent system
(Wkk − Dkk)q = λDkkq. Clearly, ek = (1, · · · , 1)T with
the size of cluster Gk, is the eigenvector for Gk. Let spq =

∑
i∈Gp

∑
j∈Gq

wij , and C = (ck�) be an arbitrary orthonor-
mal matrix. Then

qk = (c1ke1/s
1/2
11 , · · · , cKkeK/s

1/2
KK )T, k = 1, · · · , K, (29)

are the K eigenvectors with eigenvalue ζk = 1. qk is a lin-
ear combination ofK step functions, i.e., piece-wise constant
function. Clearly, all data objects within the same cluster have
identical elements in q. The coordinate of object i in theK-
dim SPCA space is ri = (q1(i), · · · , qK(i))T . Thus objects
within a cluster are located at (self-aggregate into) the same
point in SPAC space.

Scaled principal components are not unique, since C could
be any orthogonal matrix. However,

QKQ
T
K = diag(q1qT

1/s11, · · · ,qKqT
K/sKK), (30)

is unique. Thus, self-aggregation of cluster member is equiv-
alent to the fact that QKQ

T
K has a block diagonal structure,

where elements within the same diagonal block all have the
same value.

It happens that two objects i, j within the same cluster are
not initially connected, ie., wij = 0. However, (QKQ

T
K)ij

gets the same connection strength as any other pairs within
the same cluster, i.e., SA network performs a transitive clo-
sure on each connected component. Thus, in SA network, the
within-cluster connections are enhanced.
Clusters overlap

Consider the case when overlaps among different clusters
exist. The overlaps are treated as a perturbation. Theorem
3. At the first order, theK scaled principal components and
their eigenvalues have the form

q = D−1/2XKy, λ = 1 − ζ,
where y and ζ satisfy the eigensystem Γy = λy. The matrix
Γ has the form Γ = Ω−1/2 Γ̄ Ω−1/2, where

Γ̄ =



h11 −s12 · · · −s1K

−s21 h22 · · · −s2K
...

... · · · ...
−sK1 −sK2 · · · hKK


 (31)

hkk =
∑

p,p�=k skp and Ω = diag(s11, · · · , sK). This analysis

is accurate to order ||Ŵ (1)||2/||Ŵ (0)||2 for eigenvalues and
to order ||Ŵ (1)||/||Ŵ (0)|| for eigenvectors. �–
Several features of SPCA can be obtained from Theorem 3:
Corollary 3.1. SA network QKQ

T
K has the same block di-

agonal form of Eq.(30), within the accuracy of Theorem 2.
This assures that objects within the same cluster will self-
aggregate as in Theorem 1.
Corollary 3.2. The first scaled principal component is q1 =
D−1/2XKy1 = (1, · · · , 1)T with λ1 = 0, ζ1 = 1. λ1 and q1

are also the exact solutions to the original Eq.(20).
Corollary 3.3. When K = 2, the second principal compo-
nent is

q2 = D−1/2X2y2 =
√
s22

s11
e(1) −

√
s11

s22
e(2). (32)

Its eigenvalue is

λ2 =
s12

s11
+
s12

s22
. (33)
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Note that this is precisely J3 of Eq.18, the clustering objective
we started with: our clustering framework is consistent.
Example 1. A dataset of 3 clusters with substantial ran-
dom overlap between the clusters. All edge weights are 1.
The similarity matrix and results are shown in Fig.1, where
nonzero matrix elements are shown as dots. The exact λ2 and
approximate λ̃2 from Theorem 3 are close:

λ2 = 0.300, λ̃2 = 0.268.

WSA is much sharper than the original weight matrix W
clearly due to self-aggregation: connections between differ-
ent clusters are substantially suppressed while connections
within same clusters are substantially enhanced.
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100

150

nz = 8832
0 50 100 150

0

50

100

150

nz = 7190

Figure 1: Left: similarity matrix W . Diagonal blocks repre-
sent weights inside clusters and off-diagonal blocks represent
overlaps between clusters. Right: ComputedWSA.

Application 1. In DNA micro-array gene expression pro-
filing, responses of thousands of genes from tumor tissues
are simultaneously measured. We apply SPCA framework
to gene expression profiles of lymphoma cancer samples[Al-
izadeh et al., 2000]. Three cancer and three normal subtypes
are shown in Fig.2. This is a difficult case due to the large
variations of cluster sizes (the number of samples in each sub-
type are shown in parentheses in Fig.2B). Self-aggregation is
evident in Figure 2B and 2C. The computed clusters corre-
spond quite well to the normal and cancer subtypes identified
by human experts.

3.3 Dynamic aggregation
The self-aggregation process can be repeated to obtain
sharper clusters. WK is the low-dimensional projection that
contains the essential cluster structure. Combining this struc-
ture with the original similarity matrix, we obtain a new sim-
ilarity matrix containing sharpened cluster information:

W (t+1) = (1 − α)W (t)
K + αW (t), (34)

where W (t)
K = DWSAD for W (t), the weight matrix at t-th

iteration, Setting λk = 1 is crucial for enforcing the cluster
structure. W (1) =W and α = 0.5.

Applying SA net onW (2) leads to further aggregation (see
Figure 2C). The eigenvalues of the 1st and 2nd SA net are
shown in the insert in Figure 1C. As iteration proceeds, a clear
gap is developed, indicating that clusters becoming more sep-
arated.
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Figure 2: Gene expression profiles of cancerous and normal lym-
phoma tissues samples from Alizadeh et al. in original Euclidean
space (A), in scaled PCA space (B), and in scaled PCA space after
one iteration of Eq.34 (C). In all 3 panels, objects in original space
are shown in 2D-view spanned by the first two PCA components.
Cluster structures become clearer due to self-aggregation. The in-
sert in (C) shows the eigenvalues of the 1st and 2nd SA network.

Noise reduction
SA net has noises. For example, WSA has sometimes nega-

tive weights (WSA)ij whereas we expect them to be nonnega-
tive. However, by Corollaries 2.1 and 3.1,WSA has a diagonal
block structure and every elements in the block are identical
(Eq.30) even when overlaps exit. This property allows us to
interpretWSA = QQT as the probability that two objects i, j
belong to the same cluster:

pij = (WSA)ij/(WSA)1/2
ii (WSA)1/2

jj .

To reduce noise in the dynamic aggregation, we set

(WK)ij = 0 if pij < β, (35)

where 0 < β < 1 and we chose β = 0.8. Noise reduction
is an integral part of SA net. In our experiments, final re-
sults are insensitive to α, β. The above dynamic aggregation
repeats self-aggregation process and forces data objects move
towards the attractors, which are the desired clusters and their
principal eigenvalues approach 1 (see insert in Fig.2C). Usu-
ally, after one or two iterations the cluster structure becomes
evident.
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3.4 Bipartite graphs
SPCA applies to bipartite graph problems as well. The non-
linear scaling factors are Dr and Dc (cf. Eq.23). Let B =
D

1/2
r (B̂)D1/2

c , where B̂ is given in Eq.(25). Applying SVD
on B̂, we obtain

B = D1/2
r (

∑
k

ukζkvT
k)D1/2

c = Dr

∑
k

fkζkgT
kDc. (36)

Scaled principal components are fk = D
−1/2
r uk for row

objects and gk = D
−1/2
c vk for column objects. They

have the same self-aggregation and related properties. We
note that SPCA on bipartite graph leads to correspondence
analysis[Greenacre, 1984] from a new perspective.

The structure of self-aggregation network QKQ
T
K can be

meaningfully further decomposed:

QKQ
T
K =

(
FKF

T
K FKG

T
K

GKF
T
K GKG

T
K

)
.

where FK = (f1, · · · , fK) and GK = (g1, · · · , gK). FKF
T
K

provides the cluster structure for row objects, while GKG
T
K

provides the cluster structure for column objects. The off-
diagonal block matrix FKG

T
K provides the sharpened associa-

tion between row and column objects[Ding, 2003].

4 Discussions
In this paper, we present a data clustering framework based
on properly motivated Hopfield network, and show the clus-
tering indicators are principal components. Further motivated
by cluster balance, we extend the framework to MinMaxCut
that utilized the Laplacian matrix of a graph. The frame-
work is generalized to multi-way clustering, by using scaled
principal components, and self-aggregation networks are con-
structed. We prove the cluster member self-aggregation prop-
erty of the network. This framework extends naturally to bi-
partite graphs which leads to row-row, column-column and
row-column SA nets that simultaneously cluster the row and
column objects.

In self-aggregation, data objects move towards each other
guided by connectivity. This is similar to the self-organizing
map [Kohonen, 1989], where feature vectors self-organize
into a 2D feature map while data objects remain fixed. All
these have a connection to recurrent networks [Hopfield,
1982; Haykin, 1998 2nd ed]. In Hopfield network, features
are stored as associative memories. In more complicated net-
works, connection weights are dynamically adjusted to learn
or discover the patterns. The self-aggregation network pro-
vides a new mechanism to realize this unsupervised learning.

References
[Alizadeh et al., 2000] A.A. Alizadeh, M.B. Eisen, et al. Distinct

types of diffuse large B-cell lymphoma identified by gene ex-
pression profiling. Nature, 403:503–511, 2000.

[Borg and Gronen, 1997] I. Borg and P. Gronen. Modern multidi-
mensional scaling: theory and applications. Springer Verlag,
1997.

[Collins et al., 2001] M. Collins, S. Dasgupta, and R. Schapire. A
generalization of principal component analysis to the exponential
family. Neural Info. Processing Systems (NIPS 2001), 2001.

[Deerwester et al., 1990] S. Deerwester, S.T. Dumais, T.K. Lan-
dauer, G.W. Furnas, and R.A. Harshman. Indexing by latent se-
mantic analysis. J. Amer. Soc. Info. Sci, 41:391–407, 1990.

[Ding et al., 2001a] C. Ding, X. He, and H. Zha. A spectral method
to separate disconnected and nearly-disconnected web graph
components. In Proc. ACM Int’l Conf Knowledge Disc. Data
Mining (KDD), pages 275–280, 2001.

[Ding et al., 2001b] C. Ding, X. He, H. Zha, M. Gu, and H. Simon.
A min-max cut algorithm for graph partitioning and data cluster-
ing. Proc. IEEE Int’l Conf. Data Mining, pages 107–114, 2001.

[Ding et al., 2002] C. Ding, X. He, H. Zha, and H. Simon. Un-
supervised learning: self-aggregation in scaled principal compo-
nent space. Proc. 6th European Conf. Principles of Data Mining
and Knowledge Discovery (PDKK 2002), pages 112–124, 2002.

[Ding, 2003] C. Ding. Document retrieval and clustering: from
principal component analysis to self-aggregation networks. Int’l
Workshop on AI and Statistics, pages 78–85, 2003.

[Fiedler, 1973] M. Fiedler. Algebraic connectivity of graphs.
Czech. Math. J., 23:298–305, 1973.

[Greenacre, 1984] M. J. Greenacre. Theory and Applications of
Correspondence Analysis. Academic press, 1984.

[Hagen and Kahng, 1992] L. Hagen and A.B. Kahng. New spectral
methods for ratio cut partitioning and clustering. IEEE. Trans. on
Computed Aided Desgin, 11:1074–1085, 1992.

[Hastie and Stuetzle, 1989] T. Hastie and W. Stuetzle. Principal
curves. J. Amer. Stat. Assoc, 84:502–516, 1989.

[Haykin, 1998 2nd ed] S.S. Haykin. Neural Networks: A Compre-
hensive Foundation. Prentice Hall, 1998, 2nd ed.

[Hopfield, 1982] J.J. Hopfield. Neural networks and physical sys-
tems with emergent collective computation abilities. Proc. Nat’l
Acad Sci USA, 79:2554–2558, 1982.

[Kohonen, 1989] T. Kohonen. Self-organization and Associative
Memory. Springer-Verlag, 1989.

[Kramer, 1991] M.A. Kramer. Nonlinear principal componentanal-
ysis using autoassociative neural networks. AIChE Journal,
37:233–243, 1991.

[Lee and Seung, 1999] D. D. Lee and H. S. Seung. Learning the
parts of objects with nonnegative matrix factorization. Nature,
401:788–791, 1999.

[Mathews and Walker, 1971] J. Mathews and R.L. Walker. Mathe-
matical Methods of Physics. Addison-Wesley, 1971.

[Meila and Shi, 2001] M. Meila and J. Shi. A random walks view
of spectral segmentation. AI-statistics Workshop, 2001.

[Ng et al., 2001] A.Y. Ng, M.I. Jordan, and Y. Weiss. On spectral
clustering: Analysis and an algorithm. Proc. Neural Info. Pro-
cessing Systems (NIPS 2001), 2001.

[Pothen et al., 1990] A. Pothen, H. D. Simon, and K. P. Liou. Parti-
tioning sparse matrices with egenvectors of graph. SIAM Journal
of Matrix Anal. Appl., 11:430–452, 1990.

[Scholkopf et al., 1998] B. Scholkopf, A. Smola, and K. Muller.
Nonlinear component analysis as a kernel eigenvalue problem.
Neural Computation, 10:1299–1319, 1998.

[Shi and Malik, 2000] J. Shi and J. Malik. Normalized cuts and im-
age segmentation. IEEE. Trans. on Pattern Analysis and Machine
Intelligence, 22:888–905, 2000.

[Zha et al., 2001] H. Zha, X. He, C. Ding, M. Gu, and H.D. Simon.
Bipartite graph partitioning and data clustering. Proc. 10th Int’l
Conf. Information and Knowledge Management (CIKM 2001),
pages 25–31, 2001.

484 LEARNING



Distributed Clustering Based on Sampling Local Density Estimates

Matthias Klusch
Deduction and Multiagent Systems

German Research Centre
for Artificial Intelligence

Stuhlsatzenhausweg 3
66123 Saarbruecken, Germany

klusch@dfki.de

Stefano Lodi
Department of Electronics,

Computer Science and Systems
University of Bologna
Viale Risorgimento 2

I-40136 Bologna BO, Italy
slodi@deis.unibo.it

Gianluca Moro
Department of Electronics,

Computer Science and Systems
University of Bologna

Via Rasi e Spinelli, 176
I-47023 Cesena FC, Italy

gmoro@deis.unibo.it

Abstract

Huge amounts of data are stored in autonomous,
geographically distributed sources. The discov-
ery of previously unknown, implicit and valuable
knowledge is a key aspect of the exploitation of
such sources. In recent years several approaches
to knowledge discovery and data mining, and in
particular to clustering, have been developed, but
only a few of them are designed for distributed data
sources. We propose a novel distributed clustering
algorithm based on non-parametric kernel density
estimation, which takes into account the issues of
privacy and communication costs that arise in a dis-
tributed environment.

1 Introduction
Knowledge discoveryis a process aiming at the extraction
of previously unknown and implicit knowledge out of large
databases, which may potentially be of added value for some
given application[Fayyadet al., 1996].

Data mining, which is devoted to the automated extrac-
tion of unknown patterns from given data, is a central element
among the steps of the overall knowledge discovery process;
the steps include preparation of the data to be analyzed as well
as evaluation and visualization of the discovered knowledge.
The large variety of data mining techniques which have been
developed over the past decade include: methods for pattern-
based similarity search, cluster analysis, decision-tree based
classification, generalization taking the data cube or attribute-
oriented induction approach, and mining of association rules
[Chenet al., 1996]

The increasing demand to scale up to massive data sets
which are inherently distributed over networks with limited
bandwidth and computational resources has led to methods
for parallel and distributed knowledge discovery[Kargupta
et al., 2000]. The related pattern extraction problem in dis-
tributed knowledge discovery is referred to asdistributed data
mining. Distributed data mining is expected to perform par-
tial analysis of data at individual sites and then to send the
outcome as partial result to other sites where it is sometimes
aggregated to the global result.

One of the most common approaches of business applica-
tions to perform distributed data mining is to centralize dis-

tributed data into adata warehouseon which to apply the
usual data mining techniques. Data warehousing is a popular
technology which integrates data from multiple data sources
into a single repository in order to efficiently execute complex
analysis queries[Moro and Sartori, 2001]. However, despite
its commercial success, this approach may be impractical or
even impossible for some business settings, for instance:

• when huge amounts of data are (frequently) produced at
different sites and the cost for their centralization cannot
scale in terms of communication, storage and computa-
tion;

• whenever data owners cannot or do not want to release
information, for instance to protect privacy or because
disclosing such information may result in a competitive
advantage or a considerable commercial added value.

One of the most studied data mining techniques in central-
ized environments isdata clustering. The goal of this tech-
nique is to decompose or partition a data set into groups such
that both intra-group similarity and inter-group dissimilarity
are maximized. Despite the success of data clustering in cen-
tralized environments, only a few approaches to the problem
in a distributed environment are available to date.

In this work we present KDEC, a novel approach to dis-
tributed data clustering based on sampling density estimates.
In KDEC each data source transmits an estimate of the prob-
ability density function of its local data to a helper site, and
then executes a density based clustering algorithm that is
driven by the overall density estimate, which is built by the
helper from the samples of the local densities.

The paper is organized as follows. In Section 2 we de-
scribe related work and highlight differences with respect to
our approach. Section 3 and 4 present the KDEC scheme to
distributed data clustering. Finally, Section 5 concludes the
paper and outlines ongoing and future research work.

2 Related work
In [Johnson and Kargupta, 1999] a tree clustering approach is
taken to build a global dendrogram from individual dendro-
grams that are computed at local data sites subject to a given
set of requirements. In contrast to the approach presented in
this paper, the distributed data sets are assumed to be hetero-
geneous, therefore every site has access only to a subset of
the features of an object. The proposed solution implements
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a distributed version of the single-link clustering algorithm
which generates clusters that are substantially different from
the ones generated by density-based methods. In particular,
it suffers from the so-called chaining effect, by which any
of two well separated and internally homogeneous groups of
objects connected only by a dense sequence of objects are re-
garded as a single cluster.[Karguptaet al., 2001] proposes a
technique for distributed principal component analysis, Col-
lective PCA. It is shown that the technique satisfies efficiency
and data security requirements and can be integrated with ex-
isting clustering methods in order to cluster distributed, high-
dimensional heterogeneous data. Since the dimensionality
of the data is reduced prior to clustering by applying PCA,
the approach is orthogonal to ours. Another related research
direction deals with incremental clustering algorithms. The
BIRCH [Zhanget al., 1996] and related BUBBLE method
[Ganti et al., 1999], compute the most accurate clustering,
given the amount of memory available, while minimizing the
number of I/O operations. It uses a dynamic index struc-
ture of nodes that store synthetic, constant-time maintainable
summaries of sets of data objects. The method is sufficiently
scalable requiringO(N logN) time and linear I/O. However,
since it uses the centroid to incrementally aggregate objects,
the method exhibits a strong bias towards globular clusters.
IncrementalDBSCAN[Esteret al., 1998] is a dynamic clus-
tering method supporting both insertions and deletions, which
is shown to be equivalent to the well-known static DBSCAN
algorithm. Since in turn DBSCAN can be shown to be equiv-
alent to a method based on density estimation when the kernel
function is the square pulse and the clusters are density-based,
IncrementalDBSCAN is less general than methods based on
kernel density estimates. Its time complexity isO(N logN).

3 Data Clustering
3.1 The cluster analysis problem
Cluster analysisis a a descriptive data mining task which
aims at decomposing or partitioning a usually multivariate
data set into groups such that the data objects in one group
are similar to each other and are different as possible from
those in other groups. Therefore, a clustering algorithmA(·)
is a mapping from any data setSof objects to aclusteringof
S, that is, a collection of pairwise disjoint subsets ofS. Clus-
tering techniques inherently hinge on the notion of distance
between data objects to be grouped, and all we need to know
is the set of interobject distances but not the values of any of
the data object variables. Several techniques for data cluster-
ing are available but must be matched by the developer to the
objectives of the considered clustering task[Grabmeier and
Rudolph, 2002]. In partition-based clustering, for example,
the task is to partition a given data set into multiple disjoint
sets of data objects such that the objects within each set are
as homogeneous as possible. Homogeneity here is captured
by an appropriate cluster scoring function. Another option
is based on the intuition that homogeneity is expected to be
high in densely populated regions of the given data set. Con-
sequently, searching for clusters may be reduced to searching
for dense regions of the data space which are more likely to
be populated by data objects. That leads us to the approach

of density estimation based clustering.

3.2 Density estimation based clustering
In density estimation(DE) based clustering the search for
densely populated regions is accomplished by estimating a
so-called probability density function from which the given
data set is assumed to have arisen. Many techniques for
DE-based clustering are available from the vast KDD liter-
ature[Ankerstet al., 1999; Esteret al., 1996; Schikuta, 1996;
Hinneburg and Keim, 1998] and statistics[Silverman, 1986].
In both areas, the proposed clustering methods require the
computation of a non-parametric estimation of the density
function from the data. One important family of non-
parametric estimates is known askernel estimators. The idea
is to estimate a density function by defining the density at
any data object as being proportional to a weighted sum of
all objects in the data set, where the weights are defined by
an appropriately chosen kernel function. In the following
we introduce kernel-based density estimation[Parzen, 1962;
Silverman, 1986] and our approach to density estimation
based clustering.

Let us assume a setS= {~xi | i = 1, . . . ,N} ⊆ Rn of data
points or objects. Kernel estimators originate from the in-
tuition that the higher the number of neighbouring data ob-
jects~xi of some given object~x ∈ Rn, the higher the density
at this object~x. However, there can be many ways of cap-
turing and weighting the influence of data objects. When
given the distance between one data object~x and another~xi
as an argument, the influence of~xi may be quantified by us-
ing a so called kernel function. Akernel function K(x) is
a real-valued, non-negative function onR which has finite
integral overR. When computing a kernel-based density es-
timation of the data setS, any element~xi in S is regarded
as to exert more influence on some~x ∈ Rn than elements
which are farther from~x than the element. Accordingly,
kernel functions are often non-increasing with|x|. Promi-
nent examples of kernel functions are the square pulse func-
tion 1

4(sign(x+ 1)− sign(x−1)), and the Gaussian function
1√
2π

exp(−1
2x2). 1

A kernel-based density estimateϕ̂K,h[S](·) : Rn → R+ is
defined, modulo a normalization factor, as the sum over all
data objects~xi in Sof the distances between~xi and~x, scaled by
a factorh, calledwindow width, and weighted by the kernel
functionK:

ϕ̂K,h[S](~x) =
N

∑
i=1

K

(
d(~x,~xi)

h

)
. (1)

The influence of data objects and the smoothness of the
estimate is controlled by both the window widthh and the
shape of kernelK: h controls the smoothness of the estimate,
whereasK determines the decay of the influence of a data
object according to the distance. Even if the numberN of data
objects is very large, in practice it is not necessary to compute
N distances for calculating the kernel density estimate at a
given object~x. In fact, the value of commonly used kernel
functions is negligible for distances larger than a fewh units;

1Where∀x∈ R\{0} : sign(x) = x/|x|, and sign(0) = 0.
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it may even be zero if the kernel has bounded support, as it
is the case, for example, for the square pulse. Using kernel-
based density estimation, it is straightforward to decompose
the clustering problem into three phases as follows.

1. Choose a window widthh and a kernel functionK.

2. Compute the kernel-based density estimateϕ̂K,h[S](~x)
from the given data set.

3. Detect regions of the data space where the value of the
estimate is high and group all data objects of space re-
gions into corresponding clusters.

In the literature, many different definitions of cluster have
been proposed formalizing the clusters referred to in step 3
above. Adensity-basedcluster[Esteret al., 1996] collects
all data objects included in a region where density exceeds
a threshold.Center-definedclusters[Hinneburg and Keim,
1998] are based on the idea that every local maximum ofϕ̂
corresponds to a cluster including all data objects which can
be connected to the maximum by a continuous, uphill path in
the graph ofϕ̂. Finally, anarbitrary-shapecluster[Hinneb-
urg and Keim, 1998] is the union of center-defined clusters
having their maxima connected by a continuous path whose
density exceeds a threshold.

Algorithm 1 (DE-cluster) implements the computation of
center-defined clusters by a climbing procedure driven by the
density estimate. The main procedure isDECluster, taking
as inputs an instanceSof the class of data objects, the kernel
function K, the window widthh, and returning a clustering
represented byC, which stores a mapping from each~xi to
the unique integer label of~xi ’s cluster. It is assumed thatS
is an instance of a class which provides the following meth-
ods: get(i) to access object~xi given indexi, NQ (k,~x) and
Radius(k,~x) to retrieve, given~x ∈ R, the indexes and maxi-
mum distance of~x’s k nearest neighbours.Uphill computes
the steepest direction on the graph of the estimated density as
the versor of its gradient, computed by functionDEGradient
(cf. [Hinneburg and Keim, 1998]). Uphill then moves in that
direction a fractionδ < 1 of the distanceS.Radius(k,~x) of the
kth nearest neighbour of~x, and finally returns the index of the
nearest neighbour inSof the reached position. Every nested
call to FixedPoint marks the current object~xi as visited and
calls Uphill to get the index of the next data object~x j . If
such object has already been visited, the proximity of a local
maximum has been reached andj is taken as new cluster la-
bel. Otherwise~x j is inductively assumed to lie at the bottom
end of a path leading to the proximity of a local maximum,
and to be already labeled accordingly. (If~x j is not marked as
clustered, a recursive call ensures that the assumption holds.)

The complexity of the DE-cluster algorithm is that of call-
ing N = S.count timesFixedPoint . At the beginning of every
iteration inDECluster, the sets of clustered and visited ob-
jects are equal.FixedPoint is never called with a clustered
object as argument, and visits unclustered objects at most
once. Therefore, even if the number of visited data objects
in one call ofFixedPoint is bounded only byN, the number
of visited data objects in all calls is still onlyN. For each
visited object a singlek-nearest neighbour query suffices to
compute the gradient and the next uphill object. The methods
NQ (· , ·) andRadius(· , ·) can be efficiently implemented by

Algorithm 1 DE-cluster: Clustering based on density estima-
tion
funct DEGradient

(
~x,S,K () ,h

)
≡

foreach i ∈ S.NQ (k,~x) do
g := g+(~xi −~x)∗K (d(~x,~xi)/h) od

g.
funct Uphill

(
i,S,K () ,h

)
≡

~x := S.get(i)
~v := DEGradient(~x,S,K,h)/‖DEGradient(~x,S,K,h)‖
S.NQ (1,~x+δ∗S.Radius(k,~x)∗~v).

proc FixedPoint
(
i,S,K () ,h,C

)
C.setVisited(i)
j := Uphill(i,S,K,h)
if C.clustered( j)

then C.setLabel(i,C.getLabel( j))
elseif C.visited( j) then C.setLabel(i, j)

elseFixedPoint( j,S,K,h,C)
C.setLabel(i,C.getLabel( j))

fi
fi
C.setClustered(i).

proc DECluster
(
S,K () ,h,k,C

)
≡

for i := 1 to S.count do
if ¬C.clustered(i) then FixedPoint

(
i,S,K,h,C

)
fi

od.

equipping the class ofSwith a spatial access method like the
KD-, or MVP-, or M-tree. Therefore, the time complexity of
DECluster is O(Nq(N)), whereq(N) is the cost of ak near-
est neighbour query in any such access method. Note that in
many practical cases,q(N) is very close to logN.

4 Distributed Data Clustering
The body of work on applications of data clustering in dis-
tributed environments, the problem of so calleddistributed
data clustering(DDC), is comparatively small. In this sec-
tion we adopt the kernel density estimation based clustering
approach presented above for the distributed case assuming
homogeneous data, which means that a data object cannot be
split across two sites.

4.1 The DDC Problem
We define the problem ofhomogeneous distributed data clus-
tering for a clustering algorithmA as follows. LetS= {~xi |
i = 1, . . . ,N} ⊆ Rn be a data set of objects. LetL j , j =
1, . . . ,M, be a finite set ofsites. Each siteL j stores one data
setD j , and it will be assumed thatS=

⋃M
j=1D j . The DDC

problem is to find a site clusteringC j residing in the data
space ofL j , for j = 1, . . . ,M, such that

(i). C j = {C∩D j : C∈ A(S)} (correctness requirement)

(ii). Time and communications costs are minimized (effi-
ciency requirement)

(iii). At the end of the computation, the size of the subset ofS
which has been transferred out of the data space of any
siteL j is minimized (privacy requirement).
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The traditional solution to the homogeneous distributed data
clustering problem is to simply collect all the distributed data
setsD j into one centralized repository where their unionS
is computed, and the clusteringC of the unionS is com-
puted and transmitted to the sites. Such approach, however,
does not satisfy our problem’s requirements both in terms of
privacy and efficiency. We therefore propose a different ap-
proach yielding a kernel density estimation based clustering
scheme, called KDEC.

4.2 The KDEC Scheme for DDC
The key idea of the KDEC scheme is based on the follow-
ing observation: Although the density estimate computed on
each local data set gives information on the distribution of
the objects in the data set, it conceals the objects themselves.
Moreover, the local density estimate can be coded to provide
a more compact representation of the data set for the purpose
of transmission. In the sequel, we tacitly assume that all sites
L j agree on using a global kernel functionK and a global
window width h. We will therefore omitK andh from our
notation, and writêϕ[S](~x) for ϕ̂K,h[S](~x). Density estimates
in the form of Equation (1) are additive, i.e. the global den-
sity estimateϕ̂[S](~x) can be decomposed into the sum of the
site density estimates, one estimate for every data setD j :

ϕ̂[S](~x) =
M

∑
j=1

∑
~xi∈D j

K

(
d(~x,~xi)

h

)
=

M

∑
j=1

ϕ̂[D j ](~x). (2)

Thus, the local density estimates can be transmitted to and
summed up at a distinguishedhelper siteyielding the global
estimate which can be returned to all sites. Each siteL j may
then apply, in its local data space, the hill-climbing technique
of Algorithm 1 (DE-cluster) to assign clusters to the local data
objects. There is nevertheless a weakness in such a plan: the
definition of a density estimate explicitly refers to all the data
objects~xi . Hence, knowing how to manipulate the estimate
entails knowing the data objects, which contradicts the pri-
vacy requirement. However, only an intensional, algebraic
definition of the estimate includes knowledge of the data ob-
jects. Multidimensional sampling theory provides the basis
for an alternative extensional representation of the estimate
which makes no explicit reference to the data objects.

The theoretical idea of sampling is to represent a function
f by a sampling series, that is, a summation of suitable ex-
pansion functions weighted by the values off at a discrete
subset of its domain[Higgins, 1996]. In the following, let the
i th coordinate of~x∈ Rn be denoted by~x(i), and letDiag[~u],
~u = [u(1), . . . ,u(n)]T ∈ Rn, denote then× n diagonal matrix
having diagonal~u, i.e., defined byDiag[~u]i j = 0 if i 6= j,
Diag[~u]ii = u(i). Further let~τ = [τ(1), . . . ,τ(n)]T ∈ Rn a vector
of sampling periods. Thesampled formof ϕ̂[S](~x) at intervals
~τ is the sequence{ϕ̂~z[S]},~z∈ Zn, defined by

ϕ̂~z[S] = ϕ̂[S](Diag[~z] ·~τ), (3)
where· is the inner product between vectors. Therefore,ϕ̂~z[S]
is the sequence of the values ofϕ̂[S](~x) at all the real,n-
dimensional vectors whosei th coordinates are spaced by a
multiple of thei th sampling periodτ(i), i = 1, . . . ,n. The sam-
pled forms of the local density estimates are defined in a sim-
ilar way by ϕ̂~z[D j ] = ϕ̂[D j ](Diag[~z] ·~τ), for j = 1, . . . ,M. It

is immediate to see by (2) that addivity holds for the sampled
forms:

ϕ̂~z[S] =
M

∑
j=1

ϕ̂~z[D j ] j = 1, . . . ,M. (4)

Therefore, after receiving the sampled formsϕ̂~z[D j ] of the
M density estimates, the helper site can compute by (4) the
sampled form of the overall estimate and transmit it to the
sitesL j . SitesL j can then cluster local data with respect to the
overall density estimate, using the gradient of the sampling
series

∑
~z∈Zn

ϕ̂~z[S]Sinc(Diag[~τ]−1 · (~x−Diag[~z] ·~τ)), (5)

where Sinc(~x) = ∏n
i=1sinc(x(i)), and

sinc(x) =
{

1 if x = 0,
sinπx

πx otherwise,

as needed in the hill-climbing function.
We briefly discuss the extent to which the series (5) can

be used to representϕ̂[S](~x). It is well known that, under
mild conditions, sampling a functiong(~x) is an invertible
transformation if, for every coordinatei = 1, . . . ,n, there is
a frequencyf (i) such that the Fourier transform ofg differs
from zero only in the interval[− f (i), f (i)], and the samples
are computed with a period not greater thanτ(i) = 1/(2 f (i))
(cf. [Higgins, 1996]). Under these assumptions, the value of
the sampling series computed at~x equalsg(~x). Unfortunately,
most popular kernel functions (hence summations of kernel
functions) do not satisfy these hypotheses since the support
of their Fourier transform is unbounded. Consequently sam-
pling density estimates yields an information loss. However,
it can be shown that the Fourier transform of a kernel density
estimate is negligible everywhere except for| f (i)| not greater
than 1/h. Therefore, the global density estimate can be re-
constructed from its samples by (5) introducing only a small
error if τ(i) < h/2.

It is worth noting that the infinite series (5) need not be ap-
proximated, if it has finitely many nonzero terms. The latter
case holds if the used kernel function has a bounded support,
since the density estimate will also have bounded support. If,
however, the kernel function has unbounded support, like the
Gaussian kernel, then the density estimate can be approxi-
mated by regarding its value to be zero everywhere except
inside an appropriately chosen bounded region.

According to this approach, we propose the following al-
gorithmic KDEC scheme for computing the kernel density es-
timation based clusters for local data spaces atM distributed
data sitesL j (see Algorithm 2). Every local site runs the pro-
cedureSiteDECluster whereas the helper site runsHelper.
SiteDECluster is passed a referenceH to the helper and the
local data setD, and returns a clustering in a class instance
C. Helper is passed a list of referencesL to the local sites.
The procedureSiteNegotiate carries out a negotiation with
the other local sites throughHelperNegotiate at the helper
site to determine the sampling periods~τ, the bounding cor-
ners of the sampling rectangle~z1,~z2 ∈ Zn, the kernelK, and
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Algorithm 2 KDEC: distributed clustering based on density
estimation
funct Sample(D,~τ,~z1,~z2,K () ,h) ≡

s.setCorners(~z1,~z2)
foreach~z∈ Rectangle(s.getCorners())

do s.Add(~z,DE(Diag[~z] ·~τ,D,K,h)) od
s.

funct Uphill(~x,~τ,GlobalSam) ≡
if ‖SeriesGradient(~x,~τ,GlobalSam)‖> ε

then~x+δ∗SeriesGradient(~x,~τ,GlobalSam)
else~x fi.

funct FixedPoint
(
~x,D,GlobalSam,C

)
~y := Uphill(~x,~τ,GlobalSam)
q := D.RangeQ (δ,~y)
if ∃i ∈ q : C.clustered(i) then Id := C.getLabel(i)
elsif~y =~x

then Id := D.Add(~x)
elseId := FixedPoint(~y,D,GlobalSam,C)

fi
foreach i ∈ D.RangeQ (δ,~x)

do C.setLabel(i, Id); C.setClustered(i) od
Id .

proc SiteDECluster(D,H,C) ≡
SiteNegotiate(H,~τ,~z1,~z2,K,h)
Send

(
H,Sample(D,~τ,~z1,~z2,K,h)

)
GlobalSam := Receive(H)
for i := 1 to D.count do

if ¬C.clustered(i)
then FixedPoint(~xi ,D,GlobalSam,C) fi

od.
proc Helper(L) ≡

HelperNegotiate(L)
for j := 1 to L.count do

Sam := Receive(L.get( j))
foreach~z∈ Rectangle(Sam.getCorners())

do GlobalSam.Sum(~z,Sam.get(~z)) od
od
for j := 1 to L.count do Send(GlobalSam,L.get( j)) od.

the window widthh. The negotiation procedures contain ap-
propriate handshaking primitives to ensure that all sites par-
ticipate and exit negotiations only if an agreement has been
reached. Each local site computes the sampled form of the
estimate ofD, by calling functionSample, and sends it to
the helper. (FunctionDE computes the density estimate and
is omitted for brevity.) The helper receives the sampled es-
timates, sums them by sampling indexes into a global sam-
ple, and returns it to all sites. ProceduresSend andReceive
implement appropriate blocking and handshaking to ensure
the transmission takes place. Each local site uses the global
sample in functionsFixedPoint and Uphill to compute the
values of the gradient of the global density estimate. Func-
tion SeriesGradient can be easily derived from (5). Local
sites perform a DE-cluster algorithm to compute the corre-
sponding local data clusters. The details of the hill-climbing
strategy are however different from Algorithm 1 because the
sites are allowed access to local data objects only.Uphill ad-

vances a fractionδ of the gradient in its direction, if the gradi-
ent’s norm exceeds a thresholdε. If a δ-neighbourhood of the
object returmed byUphill contains an already clustered data
object, the current cluster labelId is set from that object’s la-
bel. Otherwise, checking whetherUphill returned the same
space object signals toFixedPoint that the proximity of the
local maximum has been reached. The maximum is marked
by adding the current space object~x as a dummy object to the
local data set; this ensures that subsequent paths converging
to the same local maximum will use the same cluster label
as the current path. MethodD.Add(·) returns the identifier
of the added object, which is used as current cluster label. If
neither case holds, the labelId is obtained by a recursive call.
Finally, all objects in a small neighbourhood of the current
object are labeled byId. Note that adding dummy objects
has effect only on the range queries, and does not modify the
density estimate.

4.3 Complexity of the KDEC scheme
In terms of the complexity in computation and communica-
tion one crucial point of the KDEC scheme is how many sam-
ples have to be computed and transferred among the sites. In
most cases, to obtain good density estimates,h must not be
less than a small multiple of the smallest object distance. As
τ(i) ' h/2, the number of samples should rarely exceed the
number of objects, if only space regions where the density
estimate is not negligible are sampled. Since the size of a
sample is usually much smaller than the size of a data ob-
ject, the overall communication costs of our DDC approach
will be in most cases significantly lower than in a centralized
approach. Of course, the precise number of samples depends
on the bounding region that is being sampled by every site. In
Algorithm 2 the siteL j determines autonomosly the rectangle
that contains the computed samples.

The computational costs of the KDEC scheme in terms of
used CPU cycles and I/O do not exceed the one in the cen-
tralized approach where clustering is performed on data col-
lected in a single repository. The computational complexity is
linear in the number of samples. The precise cost of compu-
tation of any KDEC-based DDC algorithm as an instance of
the proposed scheme largely depends also on the used kernel
function and local clustering algorithm. The DE-cluster algo-
rithm we developed for the KDEC scheme in Section 3.2 is
of complexityO(Nq(N)), whereq(N) is the cost of a nearest
neighbour query (which in practical cases is close to logN).
Algorithm 2 implements a slightly different approach in the
hill-climbing function than Algorithm 1, since the function
does not use data objects to direct the uphill path. How-
ever, preliminary results of experiments conducted on a pro-
totype implementation show good scalability of the approach,
in terms of number of executed range queries.

5 Conclusion
Due to the explosion in the number of autonomous data
sources there is a growing need for effective approaches to
distributed knowledge discovery and data mining. In this pa-
per we have presented KDEC, a novel scheme for distributed
data clustering which computes the density estimation, to per-
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form the clustering, from sampled forms of local densities at
each data source site.

The approach exploits statistical density estimation and in-
formation theoretic sampling to minimize communications
between sites. Moreover, the privacy of data is preserved
to a large extent by never transmitting data values but ker-
nel based density estimation samples outside the site of ori-
gin. The approach does not require CPU and I/O costs sig-
nificantly higher than a similar centralized approach and its
communication costs may be lower. Ongoing research fo-
cuses in particular on implementations of a multiagent system
for KDEC-based distributed data clustering in a peer-to-peer
network, and investigation on methods to mitigate the risk of
security and privacy violations in distributed data mining en-
vironments.
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Abstract

Bayesian network models are widely used for dis-
criminative prediction tasks such as classification.
Usually their parameters are determined using ‘un-
supervised’ methods such as maximization of the
joint likelihood. The reason is often that it is un-
clear how to find the parameters maximizing the
conditional (supervised) likelihood. We show how
the discriminative learning problem can be solved
efficiently for a large class of Bayesian network
models, including the Naive Bayes (NB) and tree-
augmented Naive Bayes (TAN) models. We do this
by showing that under a certain general condition
on the network structure, the discriminative learn-
ing problem is exactly equivalent to logistic regres-
sion with unconstrained convex parameter spaces.
Hitherto this was known only for Naive Bayes mod-
els. Since logistic regression models have a con-
cave log-likelihood surface, the global maximum
can be easily found by local optimization methods.

1 Introduction
In recent years it has been recognized that for discriminative
prediction tasks such as classification, we should use a ‘su-
pervised’ learning algorithm such as conditional likelihood
maximization [Friedman et al., 1997; Ng and Jordan, 2001;
Kontkanen et al., 2001; Greiner and Zhou, 2002]. Neverthe-
less, for Bayesian network models the parameters are cus-
tomarily determined using ordinary methods such as maxi-
mization of the joint (unsupervised) likelihood. One of the
main reasons for this discrepancy is the difficulty in finding
the global maximum of the conditional likelihood. In this pa-
per, we show that this problem can be solved, as long as the
underlying Bayesian network meets a particular additional
condition, which is satisfied for many existing Bayesian-
network based models including Naive Bayes (NB), TAN
(tree-augmented NB) and ‘diagnostic’ models [Kontkanen et
al., 2001].

We consider domains of discrete-valued random variables.
We find the maximum conditional likelihood parameters by
logarithmic reparametrization. In this way, each conditional
Bayesian network model is mapped to a logistic regression

model, for which the likelihood surface is known to be con-
cave. However, in some cases the parameters of this logis-
tic regression model are not allowed to vary freely. In other
words, the Bayesian network model corresponds to a subset
of a logistic regression model rather than the full model.

Our main result (Thm. 3 below) provides a general condi-
tion on the network structure under which, as we prove, the
Bayesian network model is mapped to a full logistic regres-
sion model with freely varying parameters. Therefore, in the
new parametrization the conditional log-likelihood becomes
a concave function of the parameters that under our condi-
tion are allowed to vary freely over the convex set Rk . Now
we can find the global maximum in the conditional likelihood
surface by simple local optimization techniques such as hill
climbing.

The result still leaves open the possibility that there are no
network structures for which the conditional likelihood sur-
face has local, non-global maxima. This would make our con-
dition superfluous. Our second result (Thm. 4 below) shows
that this is not the case: there are very simple network struc-
tures that do not satisfy our condition, and for which the con-
ditional likelihood can exhibit local, non-global maxima.

Viewing Bayesian network (BN) models as subsets of lo-
gistic regression models is not new; it was done earlier in
papers such as [Heckerman and Meek, 1997a; Ng and Jor-
dan, 2001; Greiner and Zhou, 2002]. Also, the concavity
of the log-likelihood surface for logistic regression is known.
Our main contribution is to supply the condition under which
Bayesian network models correspond to logistic regression
with completely freely varying parameters. Only then can
we guarantee that there are no local maxima in the likelihood
surface. As a direct consequence of our result, we show for
the first time that the supervised likelihood of, for instance,
the tree-augmented Naive Bayes (TAN) model has no local
maxima.

This paper is organized as follows. In Section 2 we in-
troduce Bayesian networks and an alternative, so-called L-
parametrization. In Section 3 we show that this allows us
to consider Bayesian network models as logistic regression
models. Based on earlier results in logistic regression, we
conclude that in the L-parametrization the supervised log-
likelihood is a concave function. In Section 4 we present
our main results, giving conditions under which the two
parametrizations correspond to exactly the same conditional
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distributions. Conclusions are summarized in Section 5;
proofs of the main results are given in Appendix A.

2 Bayesian Networks and the L-model
We assume that the reader is familiar with the basics of the
theory of Bayesian networks, see, e.g., [Pearl, 1988].

Consider a random vector X = (X0; X1; : : : ; XM 0),
where each variable Xi takes values in f1; : : : ; nig. Let B be
a Bayesian network structure over X , that factorizes P (X)

into

P (X) =

M
0Y

i=0

P (Xi j Pai); (1)

where Pai � fX0; : : : ; XM 0g is the parent set of variableXi

in B.
We are interested in predicting some class variable Xm

for some m 2 f0; : : : ;M 0g conditioned on all Xi, i 6= m.
Without loss of generality we may assume that m = 0 (i.e.,
X0 is the class variable) and that the children of X0 in B
are fX1; : : : ; XMg for some M � M 0. For instance, in the
so-called Naive Bayes model we have M = M 0 and the chil-
dren of the class variable X0 are independent given the value
of X0. The Bayesian network model corresponding to B is
the set of all distributions satisfying the conditional indepen-
dencies encoded in B. It is usually parametrized by vectors
�

B with components of the form �B
xijpai

defined by

�B
xijpai

:= P (Xi = xi j Pai = pai); (2)

where pai is any configuration (set of values) for the par-
ents Pai of Xi. Whenever we want to emphasize that
each pai is determined by the complete data vector x =

(x0; : : : ; xM 0), we write pai(x) to denote the configuration
of Pai in B given by the vector x. For a given data vec-
tor x = (x0; x1; : : : ; xM 0 ), we sometimes need to consider
a modified vector where x0 is replaced by x00 and the other
entries remain the same. We then write pai(x

0
0; x) for the

configuration of Pai given by (x00; x1; : : : ; xM 0 ).
We let MB be the set of conditional distributions

P (X0 j X1; : : : ; XM 0 ;�B
) corresponding to distributions

P (X0; : : : ; XM 0 j �B
) satisfying the conditional indepen-

dencies encoded in B. The conditional distributions in MB

can be written as

P (x0 j x1; : : : ; xM 0 ;�B
)

=

�B
x0jpa0(x)

Q
M

0

i=1 �
B

xijpai(x)P
n0

x0

0
=1 �

B

x0

0
jpa0(x)

Q
M 0

i=1 �
B

xijpai(x
0

0
;x)

; (3)

extended to N outcomes by independence.
Given a complete data-matrix D = (x1; : : : ; xN ), the con-

ditional log-likelihood, SB
(D; �

B
), with parameters �

B is
given by

SB
(D; �

B
) :=

NX
j=1

SB
(xj ; �B

); (4)

where

SB
(x; �B

) := lnP (x0 j x1; : : : ; xM 0 ;�B
): (5)

Note that in (3), and hence also in (4), all �B
xijpai

with
i > M (standing for nodes that are neither the class variable

nor any of its children) cancel out, since for these terms we
have pai(x) � pai(x

0
0; x) for all x00. Thus the only relevant

parameters for determining the conditional likelihood are of
the form �B

xijpai
with i 2 f0; : : : ;Mg, xi 2 f1; : : : ; nig and

pai any configuration of parents Pai. We order these param-
eters lexicographically and define�B to be the set of vectors
constructed this way, with �B

xijpai
> 0 and

Pni

xi=1 �
B

xijpai
= 1

for all i 2 f0; : : : ;Mg, xi and all values (configurations) of
pai. Note that we require all parameters to be strictly positive.

The modelMB does not contain any notion of the joint dis-
tribution: Terms such as P (Xi j Pai), where 0 < i � M 0,
are undefined and neither are we interested in them. Our
task is prediction of X0 given X1; : : : ; XM 0 . Heckerman
and Meek call such models Bayesian regression/classification
(BRC) models [Heckerman and Meek, 1997a; 1997b].

For an arbitrary conditional Bayesian network modelMB,
we now define the so-called L-model, another set of con-
ditional distributions P (X0 j X1; : : : ; XM 0). This model,
which we denote byML, is parametrized by vectors �L in
some set�L that closely resembles�B. Each differentMB

gives rise to a correspondingML, although we do not nec-
essarily have MB

= ML. For each component �B
xijpai

of

each vector �B 2 �B, there is a corresponding component
�L
xijpai

of the vectors�L 2 �L. The components �L
xijpai

take
values in the range (�1;1) rather than (0; 1). Each vector
�
L 2 �L defines the following conditional distribution:

P (x0 j x1; : : : ; xM 0 ;�L
) :=

(exp �L
x0jpa0(x)

)
Q

M

i=1 exp �
L

xijpai(x)P
n0

x0

0
=1(exp �

L

x0

0
jpa0(x)

)
Q

M

i=1 exp �
L

xijpai(x
0

0
;x)

: (6)

The model ML is the set of conditional distributions
P (X0 j X1; : : : ; XM 0 ;�L

) indexed by �
L 2 �L, extended

to N outcomes by independence. Given a data-matrix D, let
SL(D; �

L
) be the conditional log-likelihood with parameters

�
L, defined analogously to (4) with (6) in place of (3).

Theorem 1. MB �ML.

Proof. From (3) and (6) we get that �L defined by setting
�L
xijpai

= ln �B
xijpai

for all i; xi and pai, indexes the same

conditional distribution as �B.

In words, all the conditional distributions that can be rep-
resented by parameters �

B 2 �B can also be represented
by parameters �L 2 �L. The converse of Theorem 1, i.e.,
ML � MB, is true only under some additional conditions
on the network structure, as we explain in Section 4. First we
take a closer look at the L-model.

3 The L-model Viewed as Logistic Regression
Although L-models are closely related to and in some cases
formally identical to Bayesian network models, we can also
think of them as predictors that combine the information of
the attributes using the so-called softmax rule [Heckerman
and Meek, 1997b; Ng and Jordan, 2001]. In statistics, such
models have been extensively studied under the name of lo-
gistic regression models, see, e.g. [McLachlan, 1992, p.255].
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More precisely, let X0 = f1; : : : ; n0g and let Y1; : : : ; Yk
be real-valued random variables. The multiple logistic re-
gression model with dependent variable X0 and covariates
Y1; : : : ; Yk is defined as the set of conditional distributions

P (x0 j y1; : : : ; yk) :=
exp
Pk

i=1 �x0ji yiP
n0

x0

0
=1 exp

P
k

i=1 �x0

0
ji yi

(7)

where the �x0ji are allowed to take on all values in R. This
defines a conditional model parameterized in Rn0 �k. Now, for
i 2 f0; : : : ;Mg, xi 2 f1; : : : ; nig and pai in the set of parent
configurations of Xi, let

Y(xi;pai) :=

�
1 if Xi = xi and Pai = pai

0 otherwise:
(8)

The indicator random variables Y(xi;pai) thus obtained can
be lexicographically ordered and renamed 1; : : : ; k, which
shows that each L-model corresponding to a Bayesian net-
work structure B as in (6) is formally identical to the logistic
model (7) with dependent variable X0 and covariates given
by (8). So, for all network structures B, the correspondingL-
modelML is the standard multiple logistic model, where the
input variables for the logistic model are transformations of
the input variables to the L-model, the transformation being
determined by the network structure B.

It turns out that the conditional log-likelihood in the L-
parametrization is a concave function of the parameters:

Theorem 2. The parameter set �L is convex, and the con-
ditional log-likelihood SL(D; �

L
) is concave, though not

strictly concave.

Proof. The first part is obvious since each parameter can take
values in (�1;1). Concavity of SL(D; �

L
) is a direct con-

sequence of the fact that multiple logistic regression models
are exponential families; see, e.g., [McLachlan, 1992, p.260].
For an example showing that the conditional log-likelihood is
not strictly concave, see [Wettig et al., 2002].

Remark. Non-strictness of the proven concavity may pose
a technical problem in optimization. This can be avoided by
assigning a strictly concave prior on the model parameters
and then maximizing the ‘conditional posterior’ [Grünwald
et al., 2002; Wettig et al., 2002] instead of the likelihood.
One may also prune the model of weakly supported parame-
ters and/or add constraints to arrive at a strictly concave con-
ditional likelihood surface. Our experiments [Wettig et al.,
2002] suggest that for small data samples this should be done
in any case, in order to avoid over-fitting; see also Section 5.
Any constraint added should of course leave the parameter
space a convex set, e.g. a subspace of the full�L.

Corollary 1. There are no local, non-global, maxima in the
likelihood surface of an L-model.

The conditions under which a global maximum exists are
discussed in, e.g., [McLachlan, 1992] and references therein.
A possible solution in cases where no maximum exists is to
introduce a strictly concave prior as discusssed above.

The global conditional maximum likelihood parameters
obtained from training data can be used for prediction of

future data. In addition, as discussed in [Heckerman and
Meek, 1997a], they can be used to perform model selec-
tion among several competing model structures using, e.g.,
the BIC or (approximate) MDL criteria. In [Heckerman and
Meek, 1997a] it is stated that for general conditional Bayesian
network modelsMB, “although it may be difficult to deter-
mine a global maximum, gradient-based methods [...] can be
used to locate local maxima”. Theorem 2 shows that if the
network structure B is such that the two models are equiva-
lent,MB

=ML, we can find even the global maximum of
the conditional likelihood by reparametrizingMB to the L-
model, and using some local optimization method. Thus, the
question under which condition MB

= ML becomes cru-
cial. It is this question we address in the next section.

Remark. Because the log-transformation is continuous, it
follows (with some calculus) that, if MB

= ML, then all
maxima of the (concave) conditional likelihood in the L-
parameterization are global (and connected) maxima also in
the original parametrization. Nevertheless, the likelihood sur-
face as a function of �B 2 �B has some unpleasant proper-
ties (see [Wettig et al., 2002]): it is not concave in general
and, worse, it can have ‘wrinkles’: by these we mean con-
vex subsets �B

0
of �B, such that, under the constraint that

�
B 2 �B

0 , the likelihood surface does exhibit local, non-
global maxima. This suggests that it is computationally pre-
ferrable to optimize over�L rather than�B. Empirical evi-
dence for this is reported in [Greiner and Zhou, 2002].

4 Main Result
By setting �L

xijpai
= ln �B

xijpai
, it follows that each distribu-

tion inMB is also in ML (Thm. 1). This suggests that, by
doing the reverse transformation

�B
xijpai

= exp �L
xijpai

; (9)

we could also show that distributions in ML are also in
MB. However, �L contains distributions that violate the
‘sum-up-to-one constraint’, i.e., for some �L 2 �L we havePni

xi=1 exp �
L

xijpai
6= 1 for some i 2 f0; : : : ;M 0g and pai.

Then the corresponding �
B is not in �B. But, since the L-

parameterization is redundant (many different �L index the
same conditional distribution P (� j �) 2 ML), it may still
be the case that the distribution P (� j �;�L

) indexed by �
L

is in MB. Indeed, it turns out that for some network struc-
tures B, the correspondingML is such that each distribution
inML can be expressed by a parameter vector �L such thatPni

xi=1 exp �
L

xijpai
= 1 for all i 2 f0; : : : ;M 0g and pai. In

that case, by (9), we do haveMB
=ML. Our main result is

that this is the case if B satisfies the following condition:

Condition 1. For all j 2 f1; : : : ;Mg, there exists Xi 2
Paj such that Paj � Pai [ fXig.

Remark. Condition 1 implies that the class X0 must be a
‘moral node’, i.e., it cannot have a common child with a node
it is not directly connected with. But Condition 1 demands
more than that; see Figures 1 and 2.
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Figure 1: A simple Bayesian network (the class variable is
denoted by X0) satisfying Condition 1 (left); and a network
that does not satisfy the condition (right).

X0

X1 X2 X3

X0

X1 X2 X3

Figure 2: A tree-augmented Naive Bayes (TAN) model satis-
fying Condition 1 (left); and a network that is not TAN (right).
Even though in both cases the class variable X0 is a moral
node, the network on the right does not satisfy Condition 1.

Example 1. Consider the Bayesian networks depicted in Fig-
ure 1. The leftmost network, B1, satisfies Condition 1, the
rightmost network, B2, does not. Theorem 4 shows that the
conditional likelihood surface of MB2 can have local max-
ima, implying that in this caseMB 6=ML. �

Examples of network structures that satisfy Condition 1 are
the Naive Bayes (NB) and the tree-augmented Naive Bayes
(TAN) models [Friedman et al., 1997]. The latter is a gen-
eralization of the former in which the children of the class
variable are allowed to form tree-structures; see Figure 2.

Proposition 1. Condition 1 is satisfied by the Naive Bayes
and the tree-augmented Naive Bayes structures.

Proof. For Naive Bayes, we have Paj � fX0g for all j 2
f1; : : : ;Mg. For TAN models, all children of the class vari-
able have either one or two parents. For children with only
one parent (the class variable) we can use the same argument
as in the NB case. For any child Xj with two parents, let Xi

be the parent that is not the class variable. Because Xi is also
a child of the class variable, we have Paj � Pai[fXig.

Condition 1 is also automatically satisfied if X0 only has
incoming arcs1 (‘diagnostic’ models, see [Kontkanen et al.,
2001]). For Bayesian network structuresB for which the con-
dition does not hold, we can always add some arcs to arrive
at a structure B0 for which the condition does hold (for in-
stance, add an arc from X1 to X3 in the rightmost network
in Figure 2). Therefore, MB is always a subset of a larger
modelMB

0

for which the condition holds. We are now ready
to present our main result (for proof see Appendix A):

Theorem 3. If B satisfies Condition 1, thenMB
=ML.

Together with Corollary 1, Theorem 3 shows that Condi-
tion 1 suffices to ensure that the conditional likelihood sur-
face ofMB has no local (non-global) maxima. Proposition 1

1It is easy to see that in that case the maximum conditional like-
lihood parameters may even be determined analytically.

now implies that, for example, the conditional likelihood sur-
face of TAN models has no local maxima. Therefore, a global
maximum can be found by local optimization techniques.

But what about the case in which Condition 1 does not
hold? Our second result, Theorem 4 (proven in Appendix A)
says that in this case, there can be local maxima:

Theorem 4. Let B2 = X1 ! X2  X0 be the network
structure depicted in Figure 1 (right). There exist data sam-
ples such that the conditional likelihood has local, non-global
maxima overMB2 .

The theorem implies thatML 6=MB2 . Thus, Condition 1
is not superfluous. We may now ask whether our condition
is necessary for havingML

=MB; that is, whetherML 6=
MB for all network structures that violate the condition. We
plan to address this intriguing open question in future work.

5 Concluding Remarks
We showed that one can effectively find the parameters max-
imizing the conditional (supervised) likelihood of NB, TAN
and many other Bayesian network models. We did this by
showing that the network structure of these models satisfies
our ‘Condition 1’, which ensures that the conditional distri-
butions corresponding to such models are equivalent to a par-
ticular multiple logistic regression model with unconstrained
parameters. An arbitrary network structure can always be
made to satisfy Condition 1 by adding arcs. Thus, we can
embed any Bayesian network model in a larger model (with
less independence assumptions) that satisfies Condition 1.

Test runs for the Naive Bayes case in [Wettig et al., 2002]
have shown that maximizing the conditional likelihood in
contrast to the usual practice of maximizing the joint (unsu-
pervised) likelihood is feasible and yields greatly improved
classification. Similar results are reported in [Greiner and
Zhou, 2002]. Our conclusions are also supported by theo-
retical analysis in [Ng and Jordan, 2001]. Only on very small
data sets we sometimes see that joint likelihood optimization
outperforms conditional likelihood, the reason apparently be-
ing that the conditional method is more inclined to over-
fitting. We conjecture that in such cases, rather than resorting
to maximizing the joint instead of the conditional likelihood,
it may be preferable to use a simpler model or simplify (i.e.
prune or restrict) the model at hand and still choose its param-
eters in a discriminative fashion. In our setting, this would
amount to model selection using the L-parametrization. This
is a subject of our future research.
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A Proofs
Proof of Theorem 3. We introduce some more notation. For
j 2 f1; : : : ;Mg, let mj be the maximum number in
f0; : : : ;Mg such that Xmj

2 Paj , Paj � Pamj
[ fXmj

g.
Such an mj exists by Condition 1. To see this, note that
the Xi 2 Paj mentioned in Condition 1 must lie in the set
fX0; X1; : : : ; Xmg (otherwise X0 2 Paj ; X0 62 Pai, so
Paj 6� Pai [ fXig, contradiction).

Condition 1 implies that paj is completely determined by
the pair (xmj

; pamj
). We can therefore introduce functions

Qj mapping (xmj
; pamj

) to the corresponding paj . Hence,
for all x = (x0; : : : ; xM 0 ) and j 2 f1; : : : ;Mg we have

paj = Qj(xmj
; pamj

): (10)

We introduce, for all i 2 f0; : : : ;Mg and for each con-
figuration pai of Pai, a constant cijpai and define, for any
�
L 2 �L,

�
(c)

xijpai
:= �L

xijpai
+ cijpai �

X
j:mj=i

cjjQj (xi;pai): (11)

The parameters �(c)
xijpai

constructed this way are combined to

a vector �(c) which is clearly a member of�L.
Having introduced this notation, we now show that no mat-

ter how we choose the constants cijpai , for all �L and corre-
sponding �

(c) we have SL(D; �
(c)

) = SL(D; �
L
).

We first show that, for all possible vectors x and the corre-
sponding parent configurations, no matter how the cijpai are
chosen, it holds that

MX
i=0

�
(c)

xijpai
=

MX
i=0

�L
xijpai

+ c0jpa0 : (12)

To derive (12) we substitute all terms of
P

M

i=0 �
(c)

xijpai
by their

definition (11). Clearly, for all j 2 f1; : : : ;Mg, there is ex-
actly one term of the form cjjpaj that appears in the sum with
a positive sign. Since for each j 2 f1; : : : ;Mg there exists
exactly one i 2 f0; : : : ;Mg with mj = i, it must be the case
that for all j 2 f1; : : : ;Mg, a term of the form cjjQj (xi;pai)

appears exactly once in the sum with a negative sign. By (10)
we have cjjQj (xi;pai) = cjjpaj . Therefore all terms cjjpaj that
appear once with a positive sign also appear once with a neg-
ative sign. It follows that, except for c0jpa0 , all terms cjjpaj
cancel. This establishes (12). By plugging in (12) into (6), it
follows that SL(D; �

(c)
) = SL(D; �

L
) for all D.

Now set, for all xi and pai,

�B
xijpai

= exp �
(c)

xijpai
: (13)

We show that we can determine the constants cijpai such that
for all i 2 f0; : : : ;Mg and pai, the ’sum up to one’ constraint
is satisfied, i.e., we have

niX
xi=1

�B
xijpai

= 1: (14)

We achieve this by sequentially determining values for cijpai
in a particular order.

We need some additional terminology: we say ‘ci is deter-
mined’ if for all configurations pai of Pai, we have already
determined cijpai . We say ‘ci is undetermined’ if we have de-
termined cijpai for no configuration pai of Pai. We say ‘ci is
ready to be determined’ if ci is undetermined and at the same
time all cj with mj = i have been determined.

We note that as long as some ci with i 2 f0; : : : ;Mg are
undetermined, there must exist ci0 that are ready to be de-
termined. To see this, first take any i 2 f0; : : : ;Mg with
ci undetermined. Either ci itself is ready to be determined
(in which case we are done), or there exists j 2 f1; : : :Mg
with mj = i (and hence Xi 2 Paj) such that cj is undeter-
mined. If cj is ready to be determined, we are done. Oth-
erwise we repeat the argument, move forward in B restricted
to fX0; : : : ; XMg and (because B is acyclic) within M steps
surely find a cl that is ready to be determined.

We now describe an algorithm that sequentially assigns
values to cijpai such that (14) is satisfied. We start with all ci
undetermined and repeat the following steps:

WHILE there exists ci, i 2 f0; : : : ;Mg, that is undetermined
DO

1. Pick the largest i such that ci is ready to be determined.

2. Set, for all configurations pai of Pai, cijpai such that
Pni

xi=1
�
B
xijpai

= 1 holds.

DONE
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The algorithm loops M +1 times and then halts. Step 2 does
not affect the values of cjjpaj for any j; paj such that cjjpaj
has already been determined. Therefore, after the algorithm
halts, (14) holds.

Let �L 2 �L. Each choice of constants cijpai determines
a corresponding vector �(c) with components given by (11).
This in turn determines a corresponding vector �B with com-
ponents given by (13). In Stage 2 we showed that we can take
the cijpai such that (14) holds. This is the choice of cijpai
which we adopt. With this particular choice, �

B indexes
a distribution in MB. By applying the log-transformation
to the components of �

B we find that for any D of any
length, SB

(D; �
B
) = SL(D; �

(c)
), where SB

(D; �
B
) de-

notes the conditional log-likelihood of �B as given by sum-
ming the logarithm of (3). The result of Stage 1 now im-
plies that �

B indexes the same conditional distribution as
�
L. Since �

L 2 �L was chosen arbitrarily, this shows that
ML � MB. Together with Theorem 1 this concludes the
proof.

Proof (sketch) of Theorem 4. Use the rightmost network in
Figure 1 with structure X0 ! X2  X1. Let the data be
D = ((1; 1; 1); (1; 1; 2); (2; 2; 1); (2; 2; 2)) :Note thatX0 and
X1 always have the same value. We first show that with this
data, there are four local, non-connected suprema of the con-
ditional likelihood.

We are interested in predicting the value of X0 given X1,
and X2. The parameter defining the distribution of X1 has no
effect on conditional predictions and we can ignore it. For the
remaining five parameters we use the following notation:

�2 := P (X0 = 2);

�2j1;1 := P (X2 = 2 j X0 = 1; X1 = 1);

�2j1;2 := P (X2 = 2 j X0 = 1; X1 = 2);

�2j2;1 := P (X2 = 2 j X0 = 2; X1 = 1);

�2j2;2 := P (X2 = 2 j X0 = 2; X1 = 2): (15)

The conditional log-likelihood can be written as

SB
(D; �

B
) = g(1� �2; �2j1;1; �2j2;1) + g(�2; �2j2;2; �2j1;2);

(16)
where

g(x; y; z) := f(x; y; z) + f(x; 1� y; 1� z); (17)

and
f(x; y; z) := ln

xy

xy + (1� x)z
: (18)

Figure 3 illustrates functions g(x; y; z) at x = 0:5. In (16)
each parameter except �2 appears only once. Thus, for a fixed
�2 we can maximize each term separately. ¿From Lemma 1
below it follows that the supremum of the log-likelihood with
�2 fixed is ln(1� �2) + ln(�2), which achieves its maximum
value�2 ln 2 at �2 = 0:5. Furthermore, the lemma shows that
the log-likelihood approaches its supremum when �2j2;1 2
f0; 1g; �2j1;2 2 f0; 1g, �2j1;1 ! �2j2;1, and �2j2;2 ! �2j1;2.

Setting y = 0:5 results in

sup

0�z�1

g(x; 0:5; z) = ln
x

2� x
< lnx: (19)
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Figure 3: Function g(x,y,z) given by (17) with x = 0:5.

Therefore setting either �2j1;1 or �2j2;2 to 0:5 results in
a smaller supremum of the log-likelihood than the above
choices. Consequently, the four suprema are separated by ar-
eas where the log-likelihood is smaller, i.e., the suprema are
local and not connected.

To conclude the proof we still need to address two is-
sues: (a) the four local suprema give the same conditional
log-likelihood �2 ln 2, and (b), they are suprema, not max-
ima (not achieved by any �

B 2 �B). To deal with (a),
consider data D0 consisting of n1 repetitions of (1; 1; 1),
n2 repetitions of (1; 1; 2), n3 repetitions of (2; 2; 1) and
n4 repetitions of (2; 2; 2). By doing a slightly more in-
volved analysis, one can show that, for some choices of
n1; n2; n3; n4, the supervised log-likelihood still has four
suprema, but they have different likelihood values. To deal
with (b), let D00 be equal to D0 but with four extra data vec-
tors (1; 2; 1); (2; 1; 1); (1; 2; 2); (2; 1; 2). If n1; n2; n3 and n4
are chosen large enough, the supervised likelihood forD00 has
four maxima (rather than suprema), not all of which achieve
the same supervised likelihood. We omit further details.

Lemma 1. With 0 < x < 1 fixed and y and z both varying
between 0 and 1, the supremum of g(x; y; z) defined by (17)
is given by

sup

0�y;z�1

g(x; y; z) = ln(x): (20)

The function approaches its supremum when z 2 f0; 1g, and
y ! z. That is, limy#0 g(x; y; 0) = limy"1 g(x; y; 1) = lnx.

Proof. Differentiating twice wrt. z gives

@2

@2z
g(x; y; z) =

(1� x)2

(xy + (1� x)z)
2

+
(1� x)2

(x(1� y) + (1� x)(1� z))
2
; (21)

which is always positive and the function achieves its maxi-
mum values at z 2 f0; 1g. At these two points derivating wrt.
y yields

@

@y
g(x; y; 0) =

x� 1

(1� y)(1� xy)
;

@

@y
g(x; y; 1) =

1� x

y(xy + 1� x)
: (22)

Since in the first case the derivative is always negative, and
in the second case the derivative is always positive, g(x; y; 0)
increases monotonically as y ! 0, and g(x; y; 1) increases
monotonically as y ! 1. In both cases the limiting value is
ln(x).
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Abstract
In this paper we propose the framework of
Monte Carlo algorithms as a useful one to ana-
lyze ensemble learning. In particular, this
framework allows one to guess when bagging
will be useful, explains why increasing the mar-
gin improves performances, and suggests a new
way of performing ensemble learning and error
estimation.

1 Introduction
Ensemble Learning aims at combining learned hypothe-
ses for classification tasks instead of choosing one. It has
proved to be a valuable learning approach, and it is ac-
tively investigated in the Machine Learning community
[Freund 1995; Freund & Schapire 1997; Breiman, 1996;
Wolpert, 1992].

In addition to the advantages pointed out by Dietterich
[2000], what really attracts the great interest to ensemble
learning is its amazing effectiveness and robustness to
overfitting. In fact, ensemble classifiers, and specifically
AdaBoost, often show a drop in generalization error far
beyond the point in which the training error reaches zero.

In this paper we concentrate on two approaches, namely
Bagging [Breiman, 1996], and Boosting, as implemented
in the AdaBoost algorithm [Freund & Schapire, 1997],
and we propose an analysis of these two approaches by
exploiting links with Monte Carlo theory. This parallel
allows a deeper understanding of the basic process un-
derlying hypothesis combination. In particular:

•  it suggests the conditions under which Bagging is
likely to be better than single hypothesis learning,

•  it explains why reducing the margin [Schapire et al.,
1998] increases the performances,

•  it allows some reasons for robustness to overfitting to
be conjectured.

The article is organized as follows: in Section 2 we
briefly review Bagging and AdaBoost algorithms, and in
Section 3 we introduce basic terminology and results

from Monte Carlo theory. Section 4 is the core of the
paper: it introduces the link between Monte Carlo theory
and Ensemble Learning algorithms, and analyzes the two
algorithms in the ideal situation of having access to the
whole example and hypothesis spaces. Section 5 relaxes
the hypotheses of Section 4. In particular, it focuses on
AdaBoost’s case offering an intuitive accounting of the
generalization performances of the algorithm. Finally,
Section 6 concludes the paper and proposes future work.

2 Bagging and AdaBoost
Bagging [Breiman, 1996] is one among the most studied
Ensemble Learning algorithms. It  takes in input a learn-
ing set L0, an integer number T, and a (possibly weak)
induction algorithm A. At each iteration step t the algo-
rithm creates a bootstrap replicate L [Efron & Tibshirani,
1993] of the original learning set, and uses it in conjunc-
tion with A to form a new hypothesis ht. When T hy-
potheses have been learned, they are combined using a
simple majority voting rule.

Breiman [1996] found a significant increase of classifi-
cation accuracy, when the hypotheses are bagged, on dif-
ferent datasets from the UCI repository, for both regres-
sion and classification tasks. Moreover, in the same pa-
per, a theoretical analysis is carried on. The notion of
order correct  classifier is introduced, and it is shown
that when A is order correct, then Bagging is expected to
behave almost optimally (i.e., it behaves like the Bayes
classifier). Throughout the paper it is claimed that “bag-
ging stable classifiers is not a good idea”. A “stable”
classifier is qualitatively defined as one that does not
show large variations in the learned hypotheses when the
training set undergoes small variations. Experimental
analysis of Bagging’s performances is provided by Bauer
and Kohavi [1999], Quinlan [1996], and Dietterich
[2000].

The simplest version of AdaBoost [Freund & Schapire,
1997] deals with binary classification problems, and this
is the one we refer to. AdaBoost maintains a weight dis-
tribution over the training examples, and adjusts it at
each iteration. The adjusted weights are chosen so that
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higher values are associated to previously misclassified
examples. As a main effect, the weighting scheme forces
A to focus on “more difficult” examples, ensuring thus
that all the examples will be, sooner or later, taken into
account by the weak learner. The hypothesis combination
rule is a weighted majority vote that puts more weight on
successful hypotheses (i.e., hypotheses that incur a low
weighted training error).

Despite its apparent simplicity AdaBoost solves a diffi-
cult problem: choosing example and hypothesis weights
in such a way to ensure an exponential decrease in the
training error committed by the boosted committee.
Moreover, the choice is made without any knowledge or
assumption on the weak learner itself (except that the
weak learner is always able to outperform random
guessing). In contrast, Bagging only works when  “be-
nign” weak learners are used. On the other hand,
AdaBoost seems to be more sensitive to noise than Bag-
ging [Quinlan, 1996].

As mentioned earlier, AdaBoost shows the characteristic
of being robust with respect to overfitting [Schapire et
al., 1998; Drucker & Cortes, 1996; Quinlan, 1996; Bre-
iman, 1998; Freund & Schapire, 1998]. A rather con-
vincing account of this behavior imputes to AdaBoost
the ability to be very successful in increasing the final
classifier’s margin over the training examples [Schapire
et al., 1998].

In the effort of understanding and/or explaining
AdaBoost’s behavior, boosting has been related to other
existing theories, such as Game Theory [Schapire, 2001],
logistic regression [Friedman et al., 1998; Collins et al.,
2000], optimization [Rätsch et al., 2002], and Brownian
motion [Freund, 1995].

3 Monte Carlo Algorithms
In this section we recall some basic notions from Monte
Carlo algorithms theory. In the literature, the name
Monte Carlo often denotes a generic stochastic algo-
rithm; in this paper we will refer to the more restrictive
definition given by Brassard and Bratley [1988]. Let ∏
be a class of problems, Y a finite set of answers for the
problems in ∏, and c : ∏ Æ 2Y  be a function that maps
each problem into the set of its correct answers.

Definition 1 –  A stochastic algorithm A, mapping ∏ into
Y, is said to be a Monte Carlo algorithm, if, when applied
to an instance " of ∏, it always terminates, providing an
answer to ", which may be occasionally incorrect.

Two properties of Monte Carlo algorithms turn out to be
relevant:

Definition 2 – A Monte Carlo algorithm is consistent if it
never outputs two distinct correct answers when run two
times on the same problem instance ".

Definition 3 – A Monte Carlo algorithm is p-correct if
the probability that it gives a correct answer to " is at
least p, independently of the specific problem instance "
considered.

The great interest in Monte Carlo algorithms resides in
their amplification ability: given a problem instance ",
and a Monte Carlo algorithm MC, if MC is run multiple
times on " and the majority answer is taken as the result,
then, under mild assumptions, the probability of a correct
answer exponentially increases. The conditions are that
MC must be consistent for ! and that p must be greater
than random guess. We note that, whenever c(!) reduces
to a mapping from ∏ to Y (instead of 2Y ), the algorithm
is consistent.  Let us denote by MCT the algorithm ob-
tained by combining with a majority vote the answers
given by multiple runs of a Monte Carlo MC.

4 Complete Information Case
In this section we provide a theoretical account of the
links between Monte Carlo theory and bagging or boost-
ing, in the case we have complete information on the
learning/classification problem. More precisely, let X be
a finite set of examples1, w a target concept (binary clas-
sification), A a (weak) learner. Let |X| = N and w be a
probability distribution over X. Let moreover Y be the
power set of X. Any intensional concept description, be-
longing to a given language L, will be mapped to an
element y of Y, i.e., y is the set of examples classified
by that description as belonging to w. In this way, we can
reduce ourselves to a finite set of (extensional) hypothe-
ses. Let F Õ Y be any subset of Y.  Let |F| = K. A prob-
ability distribution q is associated to the elements of
F.  The set F can be thought of as the collection of the
hypotheses generated by a learning algorithm A applied
to a number of training sets, or a set of hypotheses pro-
vided by an oracle. Learning can then be simulated by
extracting with replacement elements from F  according
to q (each  extraction  corresponds  to  a  run  of 
A on some training set).

Let us represent the described situation by means of Ta-
ble 1. Here, let pj(xk) Œ {1,0}2 be the probability that hy-
pothesis jj correctly classifies example xk. Let p(xk) be
the average of such probabilities for xk. Let rj be the ac-
curacy of hypothesis jj over the whole X.
By using the given probability distributions, we can
compute the average accuracy for the whole table:

† 

r = wk p(xk )
k=1

N

Â = q j  rj
j=1

K

Â = q j  wk  p j (xk )
k=1

N

Â
j=1

K

Â (1)

                                                  
1 The finiteness of X is not essential; it is only assumed for
the sake of simplicity.
2 This assumption implies that the Bayes error is zero.
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Table 1 – Theoretical setting

j1 …. jj …. jK

x1 p1(x1) pj(x1) pK(x1) p(x1)
…. ….
xk p1(xk) …. pj(xk) …. pK(xk) p(xk)
…. ….
xN p1(xN) pj(xN) pK(xN) p(xN)

r1 rj rK r

Given a subset Z of X, let ||Z|| the measure of Z w.r.t. w,
i.e.:

  

† 

Z = wk
xk Œ Z
Â

Analogously, if F' Õ F, we define:

† 

F' = q j
j j ŒF'
Â

Clearly the measures ||Z|| and ||F'|| reduce to |Z|/N and
|F'|/K, respectively, if q and w are uniform distributions.

4.1  Monte  Carlo  and Bagging
We will now establish a link between  Monte Carlo algo-
rithms and Bagging. Let L0 be a training set, and T an
integer; let L be a generic bootstrap replicate of L0. In
this case, F is the set of all the different hypotheses that
can be obtained by applying A to L0’s replicates. The
frequencies with which each jj is generated determine q.

If we look at Table 1, Bagging proceeds, so to say, by
columns, by extracting T columns from F and using them
to obtain a majority vote on each xk. Considering the
global average accuracy r, or even the exact distribution
of the rj, it is not easy to say how many of the xk will be
correctly classified by the majority voting procedure,
and, then, whether to perform Bagging will be rewarding.
It is generally said [Breiman, 1996] that bagging is useful
when A is “unstable”. We will show later that this notion
of “instability” can be made more precise.

Let us consider now a Monte Carlo interpretation of Ta-
ble 1. To the contrary of Bagging,  a Monte Carlo algo-
rithm MCT  proceeds by rows: for each xk (problem to be
solved), it extracts T hypotheses jj from F and classifies
xk by majority voting. This process is repeated for each
row3. This procedure is necessary, because the compo-
nents of the Monte Carlo voting must be independent, but
the entries in each column are not. Monte Carlo theory
tells us that the correctness of MCT on xk can be amplified
if:

1. The T trials are independent

2. MC is consistent

3. p(xk) > 1/2
Condition (1) is true by construction of the process (ex-
traction with replacement of T hypotheses for each row).

                                                  
3 Let us set apart, for the moment, the computational issues.

Condition (2) is true as long as the Bayes error is zero.
Condition (3) may or may not be true, depending on the
set F.

Let Xa be the set of examples for which p(xk) > 1/2. Ac-
cording to the Monte Carlo theory, all these examples
will be “amplified”, i.e., they will be correctly classified
in the limit (for T Æ •). The application of MCT to all
the rows yields an asymptotic accuracy:

r• = ||Xa|| (2)
By denoting by rT  the expected Monte Carlo accuracy
when only a finite number T of extractions is performed,
we obtain:

† 

lim
T Æ•

Pr{rT = r•} = 1 (3)

Let now Fb be the set of hypotheses whose accuracy is
greater than r•. The value

t• = || Fb || (4)
is the probability that a hypothesis “better” than bag-
ging is obtained in a single extraction. Then, in an infi-
nite number of trials, such a hypothesis will occur with a
frequency t•. It is clear that, in the limit, Bagging is
surely convenient only when when Fb = ∅, because, in
this case, there is no single hypothesis better than Bag-
ging. When Fb ≠ ∅ a better hypothesis will surely ap-
pear, soon or later. The interesting case, however, occurs
when only a finite number T of extractions is performed.
Before approaching this case, let us make some consid-
erations on what has been described so far.

Let us first notice that ensemble learning claims that am-
plification occurs when the rj‘s (accuracy of each of the
combined hypotheses) are greater than 1/2 (condition on
the columns). Actually it may not be the case. What is
really required is that, for each example xk, more than 1/2
of the learned hypotheses are correct on it (condition on
the rows). Then, Monte Carlo Theory suggests that Bag-
ging would be successful when it is possible to find a
subset of F such that Xa=X. Before looking with more
details into the relationship between  the rj’s and the
p(xk)’s, let us consider some extreme cases.

Let A be a weak learner that always returns the same hy-
pothesis j, regardless of the training set. The lucky
situation in which that single hypothesis j is quite accu-
rate over the training set does not imply anything about
the occurrence of Monte Carlo amplification. In fact, all
the p(xk) are equal to 1 on those examples which are cor-
rectly classified by j, and 0 otherwise. In other words,
whatever the accuracy of j, no amplification at all oc-
curs. This is an example of a perfectly stable learner.

Let us consider a situation in which the global average r
of the accuracy is a little more than 1/2. This value is at
the same time the average of the last column and on the
last row in Table 1, according to (1). For the sake of il-
lustration, let q and w be uniform distributions. Let us
consider the following three extreme situations (a de-
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tailed analysis of several other interesting cases is pro-
vided by Esposito [2003]) :
(a) The p(xk)’s in the last column are distributed in such

a way that one half of the examples have p(xk) val-
ues close to one, and one half of the examples have
p(xk) values close to zero. The rj‘s in the last row,
on the contrary,  have all almost the same value
around 1/2. (All hypotheses show the same per-
formances and they cover almost the same exam-
ples)

(b) The p(xk)’s in the last column have all almost the
same value around 1/2, whereas the rj‘s in the last
row have, for one half, values close to one, and for
the other half close to zero. (Some hypotheses are
very good and other are very bad, but their coverage
is uniformly distributed on the examples).

(c) Both distributions are uniformly valued around 1/2
(All the hypotheses are uncertain on all examples).

In case (a) half of the examples are amplifiable, but Bag-
ging is not useful, because any single hypothesis classi-
fies correctly half of the examples, so that nothing can be
gained by the Bagging process.
In case (b), the number of amplifiable examples depends
on how many of them have actually values a little over
1/2. But, even in the best case (Xa = X, i.e., r• = 1), Bag-
ging is again not convenient. In fact, half of the single
hypotheses have rj = 1; then, in one over two extractions
(on average) a perfect hypothesis is extracted.
In case (c), if the p(xk) values in the last columns are all a
little greater than 1/2, then r• = 1. This is the case in
which Bagging is convenient, because the single hy-
pothesis have all accuracy close to 1/2. Actually, case (c)
is the ideal case for Bagging, because amplification can
be obtained with the minimum effort (with “bad” hy-
potheses we may obtain a large amplification).

The following theorem  summarizes the above consid-
erations and establishes a link between Bagging and
Monte Carlo amplification (proof is provided by Esposito
[2003]):

Theorem 1 – The amplified accuracy r• cannot be
greater than 2r, where r is the average accuracy of the
bagged hypotheses. o

Then, even by bagging single hypotheses with accuracy
less then 1/2 it is possible to obtain higher accuracies by
Monte Carlo amplification. However, in order to reach r•

= 1, the value of r must be at least 1/2. Even in this case,
some of the combined hypotheses are allowed to have a
accuracy less than 1/2, without  hindering amplification,
provided that Xa = X and that r does not go below 1/2.

4.2  Monte  Carlo  and AdaBoos t
Let us notice that, if the set F of hypotheses coincides
with the power set 2X (all possible hypotheses are con-
sidered), we are in the situation in which all p(xk) = 1/2,

r = 1/2, and r• = 1/2, so that no amplification is possible.
This means that the learning procedure was not able to
make any useful selection inside the hypothesis space.
On the contrary, we would like that the weak learner has
the nice property of focusing on the best hypotheses. In
the previous section we showed that the basic Monte
Carlo approach, implemented by Bagging, may fail due
to a number of reasons; this happens, for instance, in the
cases (a) and (b) of Section 4.1. Even if not explicitly
stated, the underling problem is that the weak learner
may not be suited enough for this kind of procedure. The
question we are now trying to investigate is what to do
when such a situation occurs, in particular when we do
not want or can modify the weak learner. Then, is it pos-
sible to convert  case (a) or (b) into case (c)? Or, said in
other words, is it possible to convert a learning problem
in which the Monte Carlo assumptions for amplification
do not hold into one in which they do?

The solution to this problem can be found by thinking
again of the role of the weak learner in the Monte Carlo
process. As mentioned earlier, the learner has the duty to
modify the distribution from which the hypotheses are
drawn  (i.e., the qj of the columns) in such a way that
“better” hypotheses are more likely to be drawn. Moreo-
ver, we can actually change the behavior of the weak
learner through its input, i.e., by modifying the training
set. In particular, we have to force the weak learner to
extract hypotheses that make the minimum value of the
p(xk)’s grow larger than 1/2 (in order to satisfy the Monte
Carlo conditions of amplifiability for all the examples).
Since the weak learner is influenced by the training set,
the solution is to modify the training set in such a way
that examples with low p(xk) values are more represented,
in the attempt to make the weak learner try harder to be
successful on them. What we obtain with this reasoning
is an AdaBoost-like algorithm. In other words,  when the
weak learner is unable to satisfy Monte Carlo conditions
for amplification, AdaBoost forces it to satisfy them by
weighting the examples. More precisely, AdaBost tries to
increase the minimum p(xk) with the unconscious goal of
extending Xa. In fact, when the weak learner satisfies
relatively mild conditions, it has been shown by Schapire
et al. [1998] that AdaBoost is actually effective in in-
creasing the minimal margin:

Definition 4 – For any particular example xk, the classifi-
cation margin µ(xk) for xk is the difference between the
weight assigned to the correct label and the maximal
weight assigned to any single incorrect label.

In the case of binary classification, the margin is the dif-
ference between the weight assigned to the correct label
and the weight assigned to the incorrect one.

Theorem 2 – In the case of binary classification, the fol-
lowing relation holds between the margin and the Monte
Carlo p(xk)-correctness value:

µ(xk) = p(xk) - (1 - p(xk)) = 2p(xk) – 1 (7)
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The proof of Theorem 2 derives immediately from the
definition of margin and p(xk). Formula (7) explains why
increasing the margin improves the performances of
boosting: in fact, increasing the minimum margin lets the
cardinality of the set Xa increase, augmenting the number
of examples for which the Monte Carlo conditions for
amplifiability hold.

4.3  Non-Asymptotic Case
Let us consider a finite integer T. Let tR denote the prob-
ability that a hypothesis “better” than Bagging is ob-
tained in R extractions. In order to compare Bagging with
hypothesis selection, let us consider a classification accu-
racy  a. Given Table 1, and given a number d close to 0,
let T(a) be the minimum number of components of the
bagged hypothesis such that:

Pr{rT(a) ≥ a} ≥ 1- d (8)

If a > r•, then probability (8) is zero.
Analogously, let Fa be the set of hypotheses with rj  > a
and R(a) be the minimum number of hypothesis extrac-
tions such that:

Pr{Extracting jj Œ  Fa}  ≥ 1- d (9)

Again, if Fa= ∅, probability (9) is zero.

We can draw a graph of T (ordinate) vs. R (abscissa),
parameterized by a. The graph is problem dependent.
What we can say in general is that points in the graph
above the diagonal correspond to situation for which se-
lection is better than Bagging (for the same accuracy a,
Bagging requires more trials), points below the diagonal
correspond to situation for which selection is worse than
Bagging (for the same accuracy a, Bagging requires less
trials), and points on the diagonal correspond to situa-
tions of indifference.

5 Problems with Partial Information
The setting discussed in Section 4 is useful for under-
standing the functioning of ensemble learning, but we
need to extend it to the case of real learning problems. In
concrete situation, neither the set F nor the example
space X  is available a priori. What we have is a training
set L0 (|L0| = M) and a test set T0, both subsets of X, and a
learning algorithm A for generating hypotheses. We learn
hypotheses, possibly consistent with L0, and estimate the
generalization error on T0

4.

If we consider the problem from the Monte Carlo per-
spective and we go back to Table 1, we can think to pro-
ceed as follows. At the beginning we have, on the rows,
the training and the test examples, but the columns are
empty. Let us consider the first example x1 Œ L0. Let A
run on T replicates of L0 and let us compute pe(x1), which

                                                  
4 In this paper we do not consider to use cross-validation or
leave-one-out.

is an unbiased estimate of the Bernoulli probability p(x1).
Even though the T hypotheses generated are only used to
classify x1, and could then be discarded, nothing hinders
from recording them in the first T (or less, if there is du-
plication) columns of Table 1. When we consider x2, we
repeat the whole procedure, running again A on T new
replicates of L0 and classifying x2. Again we record the
new generated hypotheses (or update the probability dis-
tribution q in case of repetitions). When we finish exam-
ining L0, we have also filled the part of the table corre-
sponding to the test set, which allows estimates pe(xi) for
the examples in the test set to be computed. Each pe(xi) is
based on T M experimental values, which is the number
of runs necessary to estimate the generalization accuracy
using the leave-one-out method on a number M of train-
ing examples.

What is interesting is that, during learning, we also learn
whether it is convenient or not to exploit Bagging for
classifying future unseen examples. It also turns out, ex-
perimentally5, that a much lower number of runs than
T⋅M is very often sufficient to obtain a stable estimate of
the sought probabilities.

5.1  AdaBoost’s  general iza tion behavior
In this section we discuss AdaBoost’s generalization ca-
pabilities and their interpretation in the Monte Carlo
framework. Having related the margin of an example xk
with the average probability that it is correctly classified
by the hypotheses learned via the weak learner allows us
to transfer results provided by Schapire et al. [1998] to
the Monte Carlo framework. Interestingly enough, the
link may be used to give a new, more intuitive, interpre-
tation of the margin explanation of AdaBoost’s generali-
zation capabilities. Moreover a nice explanation of why
the test error is often observed to decrease even after the
training error reaches zero can be suggested.

To understand how generalization error can be inter-
preted in the Monte Carlo framework it is necessary to
deepen a little the discussion about the link between en-
semble learning and Monte Carlo algorithms. Let us
choose the randomization procedure (whatever  it is).
Once this is done, the choice of the weak learner deter-
mines the distribution of the p(xk)’s. In other words,
when the two major parameters of the ensemble algo-
rithm are fixed, we can think of p(xk) as a theoretical
property of the examples.
Once the ensemble process starts, we compute the esti-
mations pe(xk).  The accuracy of the estimates increases
with the number of iterations performed. Whether the
final rule will classify correctly or not any example, is a
matter of two things: the value of the underlying exact

                                                  
5 The datasets used, as well as part of the experimental results,
can be found at the URL:
      http://www.di.unito.it/~esposito/mcandboost
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probability p(xk), and how lucky we were in the choice of
the rules used to perform the actual estimation.
The above argument might explain the finding of the test
error decreasing, for AdaBoost, beyond the point in
which training error reaches zero. In fact, as an effect of
the learning bias introduced by the weak algorithm, it is
likely that the p(xk)’s corresponding to examples in the
training set would be greater than the ones corresponding
to the other examples. It is then likely that those exam-
ples would be correctly classified with high probability
after a moderate number of iterations. On the contrary,
other examples would require a greater number of itera-
tions, and thus they may start to be correctly labelled
well beyond the point where the training error reaches
zero. In fact, even though any example with  p(xk) > 1/2
will eventually be correctly classified, the number of it-
erations necessary to see this effect to emerge strongly
depends on T. The observed effect of the test error de-
creasing is hence due to those examples for which p(xk) is
only slightly greater than 1/2. Initially, their p(xk ) is pos-
sibly underestimated by the observed pe(xk). For small
values of T, pe(xk) can be quite different from p(xk) and
greater values of T are necessary to let the choice of hy-
potheses converge toward a set for which pe(xk)@ p(xk)
and, hence, to obtain a stable correct classification of xk

in the test set.

6 Conclusions and Further Work
In this paper we have proposed to analyze ensemble
learning (in particular Bagging and, partly, AdaBoost)
from the perspective of Monte Carlo algorithm theory.
We have shown that this theory can shed light on some
basic aspects of Bagging and boosting,  and, also offers a
new way to actually perform ensemble learning and error
estimation. More research is nevertheless needed to
deepen our understanding of the presented framework. In
particular, it would be very interesting to investigate the
relationships between the Monte Carlo explanation of
Ensemble Learning and other well known ones (for in-
stance, the bias-variance decomposition). Moreover, it
would be very interesting to investigate how a particu-
larly aggressive class of Monte Carlo algorithms, namely
the one of biased Monte Carlos, relates to ensemble
learning.
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Abstract

Ensemble methods like bagging and boosting that
combine the decisions of multiple hypotheses are
some of the strongest existing machine learning
methods. The diversity of the members of an
ensemble is known to be an important factor in
determining its generalization error. This paper
presents a new method for generating ensembles
that directly constructs diverse hypotheses using
additional artificially-constructed training exam-
ples. The technique is a simple, general meta-
learner that can use any strong learner as a base
classifier to build diverse committees. Experimen-
tal results using decision-tree induction as a base
learner demonstrate that this approach consistently
achieves higher predictive accuracy than both the
base classifier and bagging (whereas boosting can
occasionally decrease accuracy), and also obtains
higher accuracy than boosting early in the learning
curve when training data is limited.

1 Introduction
One of the major advances in inductive learning in the past
decade was the development of ensemble or committee ap-
proaches that learn and retain multiple hypotheses and com-
bine their decisions during classification [Dietterich, 2000].
For example, boosting [Freund and Schapire, 1996], an en-
semble method that learns a series of “weak” classifiers each
one focusing on correcting the errors made by the previous
one, has been found to be one of the currently best generic
inductive classification methods [Hastie et al., 2001].

Constructing a diverse committee in which each hypothesis
is as different as possible (decorrelated with other members
of the ensemble) while still maintaining consistency with the
training data is known to be a theoretically important property
of a good committee [Krogh and Vedelsby, 1995]. Although
all successful ensemble methods encourage diversity to some
extent, few have focused directly on the goal of maximizing
diversity. Existing methods that focus on achieving diversity
[Opitz and Shavlik, 1996; Rosen, 1996] are fairly complex
and are not general meta-learners like bagging [Breiman,
1996] and boosting that can be applied to any base learner
to produce an effective committee [Witten and Frank, 1999].

We present a new meta-learner (DECORATE, Diverse En-
semble Creation by Oppositional Relabeling of Artificial
Training Examples) that uses an existing “strong” learner
(one that provides high accuracy on the training data) to build
an effective diverse committee in a fairly simple, straightfor-
ward manner. This is accomplished by adding different ran-
domly constructed examples to the training set when building
new committee members. These artificially constructed ex-
amples are given category labels that disagree with the cur-
rent decision of the committee, thereby easily and directly
increasing diversity when a new classifier is trained on the
augmented data and added to the committee.

Boosting and bagging provide diversity by sub-sampling
or re-weighting the existing training examples. If the train-
ing set is small, this limits the amount of ensemble diversity
that these methods can obtain. DECORATE ensures diversity
on an arbitrarily large set of additional artificial examples.
Therefore, one hypothesis is that it will result in higher gen-
eralization accuracy when the training set is small. This pa-
per presents experimental results on a wide range of UCI data
sets comparing boosting, bagging, and DECORATE, all using
J48 decision-tree induction (a Java implementation of C4.5
[Quinlan, 1993] introduced in [Witten and Frank, 1999]) as a
base learner. Cross-validated learning curves support the hy-
pothesis that “DECORATEd trees” generally result in greater
classification accuracy for small training sets.

2 Ensembles and Diversity
In an ensemble, the combination of the output of several
classifiers is only useful if they disagree on some inputs
[Krogh and Vedelsby, 1995]. We refer to the measure of
disagreement as the diversity of the ensemble. There have
been several methods proposed to measure ensemble diver-
sity [Kuncheva and Whitaker, 2002] — usually dependent
on the measure of accuracy. For regression, where the mean
squared error is commonly used to measure accuracy, vari-
ance can be used as a measure of diversity. So the diver-
sity of the ith classifier on example x can be defined as
di(x) = [Ci(x) � C�(x)]2, where Ci(x) and C�(x) are
the predictions of the ith classifier and the ensemble respec-
tively. For this setting Krogh et al [1995] show that the gen-
eralization error, E, of the ensemble can be expressed as
E = �E� �D, where �E and �D are the mean error and diversity
of the ensemble respectively.
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For classification problems, where the 0/1 loss function is
most commonly used to measure accuracy, the diversity of
the ith classifier can be defined as:

di(x) =

�
0 : if Ci(x) = C�(x)
1 : otherwise (1)

However, in this case the above simple linear relationship
does not hold between E, �E and �D. But there is still strong
reason to believe that increasing diversity should decrease en-
semble error [Zenobi and Cunningham, 2001]. The underly-
ing principle of our approach is to build ensembles of classi-
fiers that are consistent with the training data and maximize
diversity as defined in (1).

3 DECORATE: Algorithm Definition
In DECORATE (see Algorithm 1), an ensemble is generated
iteratively, learning a classifier at each iteration and adding it
to the current ensemble. We initialize the ensemble to contain
the classifier trained on the given training data. The classifiers
in each successive iteration are trained on the original training
data and also on some artificial data. In each iteration artifi-
cial training examples are generated from the data distribu-
tion; where the number of examples to be generated is spec-
ified as a fraction, Rsize, of the training set size. The labels
for these artificially generated training examples are chosen
so as to differ maximally from the current ensemble’s predic-
tions. The construction of the artificial data is explained in
greater detail in the following section. We refer to the labeled
artificially generated training set as the diversity data. We
train a new classifier on the union of the original training data
and the diversity data. If adding this new classifier to the cur-
rent ensemble increases the ensemble training error, then we
reject this classifier, else we add it to the current ensemble.
This process is repeated until we reach the desired committee
size or exceed the maximum number of iterations.

To classify an unlabeled example, x, we employ the fol-
lowing method. Each base classifier, Ci, in the ensemble
C� provides probabilities for the class membership of x. If
PCi;y(x) is the probability of example x belonging to class
y according to the classifier Ci, then we compute the class
membership probabilities for the entire ensemble as:

Py(x) =

P
Ci2C

� PCi;y(x)

jC�
j

where Py(x) is the probability of x belonging to class y.
We then select the most probable class as the label for x i.e.
C�(x) = argmaxy2Y Py(x)

3.1 Construction of Artificial Data
We generate artificial training data by randomly picking data
points from an approximation of the training-data distribu-
tion. For a numeric attribute, we compute the mean and stan-
dard deviation from the training set and generate values from
the Gaussian distribution defined by these. For a nominal
attribute, we compute the probability of occurrence of each
distinct value in its domain and generate values based on this
distribution. We use Laplace smoothing so that nominal at-
tribute values not represented in the training set still have a

non-zero probability of occurrence. In constructing artificial
data points, we make the simplifying assumption that the at-
tributes are independent. It is possible to more accurately es-
timate the joint probability distribution of the attributes; but
this would be time consuming and require a lot of data.

In each iteration, the artificially generated examples are la-
beled based on the current ensemble. Given an example, we
first find the class membership probabilities predicted by the
ensemble, replacing zero probabilities with a small non-zero
value. Labels are then selected, such that the probability of
selection is inversely proportional to the current ensemble’s
predictions.

Algorithm 1 The DECORATE algorithm

Input:
BaseLearn - base learning algorithm
T - set of m training examples < (x1; y1); :::; (xm; ym) >
with labels yj 2 Y
Csize - desired ensemble size
Imax - maximum number of iterations to build an ensemble
Rsize - factor that determines number of artificial examples
to generate

1. i = 1

2. trials = 1

3. Ci = BaseLearn(T )

4. Initialize ensemble, C� = fCig

5. Compute ensemble error, � =
P

xj2T :C�(xj )6=yj
1

m

6. While i < Csize and trials < Imax

7. Generate Rsize � jT j training examples, R,
based on distribution of training data

8. Label examples in R with probability of class labels
inversely proportional to C�’s predictions

9. T = T
S
R

10. C 0 = BaseLearn(T )

11. C� = C�
S
fC 0

g

12. T = T �R, remove the artificial data

13. Compute training error, �0, of C� as in step 5

14. If �0 � �

15. i = i+ 1

16. � = �0

17. otherwise,

18. C� = C�
� fC 0

g

19. trials = trials+ 1

4 Experimental Evaluation
4.1 Methodology
To evaluate the performance of DECORATE we ran experi-
ments on 15 representative data sets from the UCI repository
[Blake and Merz, 1998] used in similar studies [Webb, 2000;
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Quinlan, 1996]. We compared the performance of DECO-
RATE to that of Adaboost, Bagging and J48, using J48 as the
base learner for the ensemble methods and using the Weka
implementations of these methods [Witten and Frank, 1999].
For the ensemble methods, we set the ensemble size to 15.
Note that in the case of DECORATE, we only specify a max-
imum ensemble size, the algorithm terminates if the number
of iterations exceeds the maximum limit even if the desired
ensemble size is not reached. For our experiments, we set
the maximum number of iterations in DECORATE to 50. We
ran experiments varying the amount of artificially generated
data, Rsize; and found that the results do not vary much for
the range 0.5 to 1. However, Rsize values lower than 0.5 do
adversely affect DECORATE, because there is insufficient ar-
tificial data to give rise to high diversity. The results we report
are for Rsize set to 1, i.e. the number of artificially generated
examples is equal to the training set size.

The performance of each learning algorithm was evaluated
using 10 complete 10-fold cross-validations. In each 10-fold
cross-validation each data set is randomly split into 10 equal-
size segments and results are averaged over 10 trials. For each
trial, one segment is set aside for testing, while the remaining
data is available for training. To test performance on vary-
ing amounts of training data, learning curves were generated
by testing the system after training on increasing subsets of
the overall training data. Since we would like to summarize
results over several data sets of different sizes, we select dif-
ferent percentages of the total training-set size as the points
on the learning curve.

To compare two learning algorithms across all domains
we employ the statistics used in [Webb, 2000], namely the
win/draw/loss record and the geometric mean error ratio. The
win/draw/loss record presents three values, the number of
data sets for which algorithm A obtained better, equal, or
worse performance than algorithm B with respect to classi-
fication accuracy. We also report the statistically significant
win/draw/loss record; where a win or loss is only counted if
the difference in values is determined to be significant at the
0.05 level by a paired t-test. The geometric mean error ratio

is defined as n

qQn

i=1
EA
EB

, where EA and EB are the mean

errors of algorithm A and B on the same domain. If the ge-
ometric mean error ratio is less than one it implies that algo-
rithm A performs better than B, and vice versa. We compute
error ratios so as to capture the degree to which algorithms
out-perform each other in win or loss outcomes.

4.2 Results
Our results are summarized in Tables 1-3. Each cell in the
tables presents the accuracy of DECORATE versus another al-
gorithm. If the difference is statistically significant, then the
larger of the two is shown in bold. We varied the training
set sizes from 1-100% of the total available data, with more
points lower on the learning curve since this is where we
expect to see the most difference between algorithms. The
bottom of the tables provide summary statistics, as discussed
above, for each of the points on the learning curve.

DECORATE has more significant wins to losses over Bag-
ging for all points along the learning curve (see Table 2).

DECORATE also outperforms Bagging on the geometric mean
ratio. This suggests that even in cases where Bagging beats
DECORATE the improvement is less than DECORATE’s im-
provement on Bagging on the rest of the cases.

DECORATE outperforms AdaBoost early on the learning
curve both on significant wins/draw/loss record and geomet-
ric mean ratio; however, the trend is reversed when given 75%
or more of the data. Note that even with large amounts of
training data, DECORATE’s performance is quite competitive
with Adaboost - given 100% of the data DECORATE produces
higher accuracies on 6 out of 15 data sets.

It has been observed in previous studies [Webb, 2000;
Bauer and Kohavi, 1999] that while AdaBoost usually sig-
nificantly reduces the error of the base learner, it occasionally
increases it, often to a large extent. DECORATE does not have
this problem as is clear from Table 1.

On many data sets, DECORATE achieves the same or higher
accuracy as Bagging and AdaBoost with many fewer training
examples. Figure 1 show learning curves that clearly demon-
strate this point. Hence, in domains where little data is avail-
able or acquiring labels is expensive, DECORATE has an ad-
vantage over other ensemble methods.

We performed additional experiments to analyze the role
that diversity plays in error reduction. We ran DECORATE at
10 different settings of Rsize ranging from 0.1 to 1.0, thus
varying the diversity of ensembles produced. We then com-
pared the diversity of ensembles with the reduction in gener-
alization error. Diversity of an ensemble is computed as the
mean diversity of the ensemble members (as given by Eq. 1).
We compared ensemble diversity with the ensemble error re-
duction, i.e. the difference between the average error of the
ensemble members and the error of the entire ensemble (as in
[Cunningham and Carney, 2000]). We found that the correla-
tion coefficient between diversity and ensemble error reduc-
tion is 0.6225 (p1

� 10�50), which is fairly strong. Further-
more, we compared diversity with the base error reduction,
i.e. the difference between the error of the base classifier and
the ensemble error. The base error reduction gives a better in-
dication of the improvement in performance of an ensemble
over the base classifier. The correlation of diversity versus
the base error reduction is 0.1552 (p� 10�50). We note that
even though this correlation is weak, it is still a statistically
significant positive correlation. These results reinforce our
belief that increasing ensemble diversity is a good approach
to reducing generalization error.

To determine how the performance of DECORATE changes
with ensemble size, we ran experiments with increasing sizes.
We compared results for training on 20% of available data,
since the advantage of DECORATE is most noticeable low on
the learning curve. Due to lack of space, we do not include
the results for all 15 datasets, but present five representative
datasets (see Figure 2). The performance on other datasets is
similar. We note, in general, that the accuracy of DECORATE
increases with ensemble size; though on most datasets, the
performance levels out with an ensemble size of 10 to 25.

1The p-value is the probability of getting a correlation as large as
the observed value by random chance, when the true correlation is
zero.
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Figure 1: DECORATE compared to AdaBoost and Bagging
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Figure 2: DECORATE at different ensemble sizes

5 Related Work
There have been some other attempts at building ensembles
that focus on the issue of diversity. Liu et al [1999] and Rosen
[1996] simultaneously train neural networks in an ensemble
using a correlation penalty term in their error functions. Opitz
and Shavlik [1996] use a genetic algorithm to search for a
good ensemble of networks. To guide the search they use
an objective function that incorporates both an accuracy and
diversity term. Zenobi et al [2001] build ensembles based
on different feature subsets; where feature selection is done
using a hill-climbing strategy based on classifier error and
diversity. A classifier is rejected if the improvement of one of
the metrics lead to a “substantial” deterioration of the other;
where “substantial” is defined by a pre-set threshold.

In all these approaches, ensembles are built attempting to
simultaneously optimize the accuracy and diversity of indi-
vidual ensemble members. However, in DECORATE, our goal
is to minimize ensemble error by increasing diversity. At no
point does the training accuracy of the ensemble go below
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Table 1: DECORATE vs J48
Dataset 1% 2% 5% 10% 20% 30% 40% 50% 75% 100%

anneal 75.29/72.49 78.14/75.31 85.24/82.08 92.26/89.28 96.48/95.57 97.36/96.47 97.73/97.3 98.16/97.93 98.39/98.35 98.71/98.55
audio 16.66/16.66 23.73/23.07 41.72/41.17 55.42/51.67 64.09/60.59 67.62/64.84 70.46/68.11 72.82/70.77 77.8/75.15 82.1/77.22
autos 24.33/24.33 29.6/29.01 36.73/34.37 42.89/41.22 52.2/50.53 59.86/53.92 64.77/59.68 68.6/65.24 78/73.15 83.64/81.72
breast-w 92.38/74.73 94.12/87.34 95.06/89.42 95.64/92.21 95.55/93.09 95.91/93.36 96.2/93.85 96.01/94.24 96.28/94.65 96.31/95.01
credit-a 71.78/69.54 74.83/77.46 80.61/81.57 83.09/82.35 84.38/84.29 84.68/84.59 85.22/84.41 85.57/84.78 85.61/85.43 85.93/85.57
Glass 31.69/31.69 35.86/32.96 44.5/38.34 55.4/46.62 61.77/54.16 66.01/60.63 68.07/61.38 68.85/63.69 72.73/67.53 72.77/67.77
heart-c 58.66/49.57 65.11/58.03 73.55/67.71 75.05/70.15 77.66/73.44 78.34/74.61 79.09/74.78 79.46/75.62 78.74/76.7 78.48/77.17
hepatitis 52.33/52.33 71.95/65.93 76.59/72.75 78.85/78.25 80.28/78.61 81.14/78.63 81.53/79.35 81.68/79.57 82.37/79.04 82.43/79.22
colic 59.85/52.85 68.19/65.31 74.91/74.37 78.45/79.94 81.81/82.71 82.47/83.41 82.74/83.55 83.5/84.66 83.93/85.18 85.24/85.16
iris 33.33/33.33 50.87/33.33 80.67/59.33 91.27/84.33 93.07/91.33 94.4/92.73 95.07/93 94.07/93.33 94.67/94.07 94.93/94.73
labor 54.27/54.27 54.27/54.27 67.7/58.93 71.47/64.77 78.6/70.07 81.67/73.7 85.67/75.17 84.2/75.8 87.53/77.4 89.5/78.8
lymph 48.39/48.39 53.49/46.64 65.73/60.39 72.79/68.21 74.57/70.79 78.84/73.58 78.37/74.53 78.31/73.34 78.06/75.63 78.74/76.06
segment 67.94/52.43 80.75/73.26 89.52/85.41 92.87/89.34 94.99/92.22 95.82/93.37 96.54/94.34 96.93/94.77 97.56/95.94 98.02/96.79
soybean 19.37/13.69 32.12/22.32 55.55/42.94 73.51/59.04 84.63/74.49 88.52/81.59 90.37/84.78 91.35/86.89 92.85/89.44 93.81/91.76
splice 63.48/59.92 67.56/68.69 77.34/77.49 82.62/82.58 88.2/87.98 90.46/90.44 91.82/91.77 92.5/92.4 93.41/93.47 93.92/94.03
Win/Draw/Loss 15/0/0 13/0/2 13/0/2 14/0/1 14/0/1 14/0/1 14/0/1 14/0/1 13/0/2 14/0/1
Sig. W/D/L 7/8/0 10/3/2 11/4/0 10/5/0 11/4/0 12/3/0 13/2/0 12/2/1 10/4/1 10/4/1
GM error ratio 0.858 0.8649 0.8116 0.8098 0.8269 0.8103 0.7983 0.8305 0.8317 0.8293

Table 2: DECORATE vs Bagging
Dataset 1% 2% 5% 10% 20% 30% 40% 50% 75% 100%

anneal 75.29/74.57 78.14/76.42 85.24/82.88 92.26/89.87 96.48/95.67 97.36/96.89 97.73/97.34 98.16/97.78 98.39/98.53 98.71/98.83
audio 16.66/12.98 23.73/23.68 41.72/38.55 55.42/51.34 64.09/61.76 67.62/66.9 70.46/70.29 72.82/73.07 77.8/77.32 82.1/80.71
autos 24.33/22.16 29.6/28 36.73/35.88 42.89/44.65 52.2/54.32 59.86/59.67 64.77/65.6 68.6/69.88 78/77.97 83.64/83.12
breast-w 92.38/76.74 94.12/88.07 95.06/90.88 95.64/93.41 95.55/94.42 95.91/94.95 96.2/94.95 96.01/95.55 96.28/96.07 96.31/96.3
credit-a 71.78/69.54 74.83/77.99 80.61/82.58 83.09/83.9 84.38/85.13 84.68/85.78 85.22/85.59 85.57/85.64 85.61/86.12 85.93/85.96
Glass 31.69/24.85 35.86/31.47 44.5/40.87 55.4/49.6 61.77/58.9 66.01/64.35 68.07/66.3 68.85/68.44 72.73/72 72.77/74.67
heart-c 58.66/50.56 65.11/55.67 73.55/68.77 75.05/73.17 77.66/76.12 78.34/77.9 79.09/78.44 79.46/79.11 78.74/79.05 78.48/78.68
hepatitis 52.33/52.33 72.14/63.18 76.8/75.2 79.48/78.64 80.7/80.42 81.81/81.07 81.65/81.22 83.19/81.06 82.99/80.87 82.62/81.34
colic 58.37/53.14 66.58/63.83 75.85/76.44 79.54/80.06 81.33/83.04 82.47/83.58 83.02/83.98 83.1/84.47 84.02/85.4 84.69/85.34
iris 33.33/33.33 50.27/33.33 80.67/60.47 91.53/81.4 93.2/90.67 94.2/92.33 94.73/92.87 94.4/93.6 94.53/94.47 94.67/94.73
labor 54.27/54.27 54.27/54.27 67.63/56.27 70.23/65.9 79.77/74.97 83/75.67 84.17/76.27 83.43/78.6 89.73/80.83 89.73/85.87
lymph 48.39/48.39 53.62/47.11 65.06/60.12 71.2/69.68 76.74/73.6 78.84/76.58 78.17/77.68 78.99/76.98 79.14/76.8 79.08/77.97
segment 67.03/55.88 81.16/76.36 89.61/87.42 92.83/91.01 94.88/93.4 95.94/94.65 96.47/95.26 96.93/95.82 97.58/96.78 98.03/97.41
soybean 19.51/14.56 32.4/24.58 55.36/47.46 73.06/65.45 85.14/79.29 88.27/85.05 90.22/87.89 91.4/89.22 92.75/91.56 93.89/92.71
splice 62.77/62.52 67.8/72.36 77.37/80.5 82.55/85.44 88.24/89.5 90.47/91.44 91.84/92.4 92.41/93.07 93.44/94.06 93.92/94.53
Win/Draw/Loss 15/0/0 13/0/2 12/0/3 11/0/4 11/0/4 12/0/3 11/0/4 10/0/5 10/0/5 8/0/7
Sig. W/D/L 8/7/0 10/3/2 10/3/2 9/5/1 10/2/3 8/4/3 6/7/2 8/5/2 5/7/3 4/9/2
GM error ratio 0.8727 0.8785 0.8552 0.8655 0.8995 0.9036 0.8979 0.9214 0.9312 0.9570

that of the base classifier; however, this is a possibility with
previous methods. Furthermore, none of the previous stud-
ies compared their methods with the standard ensemble ap-
proaches such as Boosting and Bagging ([Opitz and Shavlik,
1996] compares with Bagging, but not Boosting).

Compared to boosting, which requires a “weak” base
learner that does not completely fit the training data (boosting
terminates once it constructs a hypothesis with zero training
error), DECORATE requires a strong learner, otherwise the ar-
tificial diversity training data may prevent it from adequately
fitting the real data. When applying boosting to strong base
learners, they must first be appropriately weakened in order
to benefit from boosting. Therefore, DECORATE may be a
preferable ensemble meta-learner for strong learners.

To our knowledge, the only other ensemble approach to uti-
lize artificial training data is the active learning method intro-
duced in [Cohn et al., 1994]. The goal of the committee here
is to select good new training examples rather than to improve
accuracy using the existing training data. Also, the labels of
the artificial examples are selected to produce hypotheses that
more faithfully represent the entire version space rather than
to produce diversity. Cohn’s approach labels artificial data ei-
ther all positive or all negative to encourage, respectively, the
learning of more general or more specific hypotheses.

6 Future Work and Conclusion

In our current approach, we are encouraging diversity using
artificial training examples. However, in many domains, a
large amount of unlabeled data is already available. We could
exploit these unlabeled examples and label them as diversity
data. This would allow DECORATE to act as a form of semi-
supervised learning that exploits both labeled and unlabeled
data [Nigam et al., 2000].

Our current study has used J48 as a base learner; how-
ever, we would expect similarly good results with other base
learners. Decision-tree induction has been the most com-
monly used base learner in other ensemble studies, but there
has been some work using neural networks and naive Bayes
[Bauer and Kohavi, 1999; Opitz and Maclin, 1999]. Exper-
iments on “DECORATing” other learners is another area for
future work.

By manipulating artificial training examples, DECORATE
is able to use a strong base learner to produce an effective,
diverse ensemble. Experimental results demonstrate that the
approach is particularly effective at producing highly accurate
ensembles when training data is limited, outperforming both
bagging and boosting low on the learning curve. The empir-
ical success of DECORATE raises the issue of developing a
sound theoretical understanding of its effectiveness. In gen-
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Table 3: DECORATE vs AdaBoost
Dataset 1% 2% 5% 10% 20% 30% 40% 50% 75% 100%

anneal 75.29/73.02 78.14/77.12 85.24/87.51 92.26/94.16 96.48/97.13 97.36/97.95 97.73/98.54 98.16/98.8 98.39/99.23 98.71/99.68
audio 16.66/16.66 23.73/23.41 41.72/40.24 55.42/52.7 64.09/64.15 67.62/68.91 70.46/73.07 72.82/75.92 77.8/81.74 82.1/84.52
autos 24.33/24.33 29.6/29.71 36.73/34.2 42.89/43.28 52.2/56.13 59.86/62.2 64.77/69.14 68.6/72.03 78/80.28 83.64/85.28
breast-w 92.38/74.73 94.12/87.84 95.06/91.15 95.64/93.75 95.55/94.85 95.91/95.72 96.2/95.84 96.01/95.87 96.28/96.3 96.31/96.47
credit-a 71.78/68.8 74.83/75.3 80.61/79.68 83.09/81.14 84.38/83.04 84.68/84.22 85.22/84.13 85.57/84.58 85.61/84.93 85.93/85.42
Glass 31.69/31.69 35.86/32.93 44.5/40.71 55.4/49.78 61.77/58.03 66.01/64.33 68.07/66.93 68.85/68.69 72.73/74.69 72.77/76.06
heart-c 58.66/49.57 65.11/58.65 73.55/70.71 75.05/72.5 77.66/76.65 78.34/78.26 79.09/78.96 79.46/79.55 78.74/79.06 78.48/79.22
hepatitis 52.33/52.33 72.14/65.93 76.8/73.01 79.48/76.95 80.7/79.44 81.81/79.22 81.65/81.27 83.19/82.63 82.99/83.24 82.62/82.71
colic 58.37/52.85 66.58/67.18 75.85/72.85 79.54/77.17 81.33/79.36 82.47/79.24 83.02/79.51 83.1/80.22 84.02/80.59 84.69/81.93
iris 33.33/33.33 50.27/33.33 80.67/66.2 91.53/84.53 93.2/90.73 94.2/93 94.73/93.33 94.4/93.53 94.53/94.2 94.67/94.2
labor 54.27/54.27 54.27/54.27 67.63/58.93 70.23/65.1 79.77/73.2 83/76.9 84.17/79.57 83.43/80.1 89.73/84.07 89.73/86.37
lymph 48.39/48.39 53.62/46.64 65.06/60.54 71.2/69.57 76.74/74.16 78.84/78.62 78.17/80.35 78.99/79.88 79.14/80.96 79.08/81.75
segment 67.03/60.22 81.16/77.38 89.61/88.5 92.83/92.71 94.88/95.01 95.94/96.03 96.47/96.9 96.93/97.23 97.58/98 98.03/98.34
soybean 19.51/14.26 32.4/23.36 55.36/49.37 73.06/69.49 85.14/85.01 88.27/88.37 90.22/90.04 91.4/90.89 92.75/92.57 93.89/92.88
splice 62.77/65.11 67.8/73.9 77.37/82.22 82.55/86.13 88.24/88.27 90.47/89.82 91.84/90.8 92.41/90.78 93.44/92.63 93.92/93.59
Win/Draw/Loss 14/0/1 11/0/4 13/0/2 12/0/3 10/0/5 10/0/5 10/0/5 9/0/6 6/0/9 6/0/9
Sig. W/D/L 7/7/1 8/6/1 11/2/2 10/3/2 7/6/2 4/9/2 5/5/5 5/6/4 3/6/6 3/6/6
GM error ratio 0.8812 0.8937 0.8829 0.9104 0.9407 0.9598 0.9908 0.9957 1.0377 1.0964

eral, the idea of using artificial or unlabeled examples to aid
the construction of effective ensembles seems to be a promis-
ing approach worthy of further study.
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Abstract

Often the most expensive and time-consuming task
in building a pattern recognition system is col-
lecting and accurately labeling training and testing
data. In this paper, we explore the use of inexpen-
sive noisy testing data for evaluating a classifier’s
performance. We assume 1) the (human) labeler
provides category labels with a known mislabeling
rate and 2) the trained classifier and the labeler are
statistically independent. We then derive the num-
ber of “noisy” test samples that are, on average,
equivalent to a single perfectly labeled test sam-
ple for the task of evaluating the classifier’s perfor-
mance. For practical and realistic error and misla-
beling rates, this number of equivalent test patterns
can be surprisingly low. We also derive an upper
and lower bound for the true error rate when the
labeler and the classifier are not independent.

1 Introduction

The overall construction of a modern classification system
can be divided into four broad tasks: (1) specifying the clas-
sifier type, (2) collecting data, (3) training the classifier (i.e.,
learning), and (4) evaluating the classifier (i.e., testing) [Duda
et al., 2001]. The second stage, data collection, can further
be divided into two tasks: gathering samples and labeling
them. Recently, the machine learning community has real-
ized that in many practical cases the most expensive part of
the whole design process is the labeling of such samples.
For example, there is an enormous number of text docu-
ments on the internet that can be obtained at very low cost;
however, relatively few of these have been labeled — e.g.,
according to content topic, language, or style — in a con-
sistent way that would facilitate training a classifier. Like-
wise, there are large databases of recorded speech, handwrit-
ten digits, and printed characters but these databases, too,
are either not labeled accurately or not labeled at all [Stork,
1999]. To reduce the labeling expense, many researchers have
sought ways to modify training algorithms so as to utilize
both labeled and unlabeled data [Blum and Mitchell, 1998;
Nigam et al., 2000]. This approach has shown surprisingly
encouraging results, in some cases reducing the number of

labeled samples by a few orders of magnitude [Nigam et al.,
2000].

In order to build up and extend this success in reducing the
labeling cost, we turn to the problem of reducing the need for
accurately labeled data in the classifier evaluation stage. In
fact, most of the experiments for learning with labeled and
unlabeled data use much more labels for testing than train-
ing [Nigam et al., 2000]. Thus we now need to address the
labeling cost for classifier evaluation.

As with many areas of commerce, the general economics
of labeling is such that the higher the quality (accuracy) of la-
beling, the greater the associated cost. This greater cost may
be due to greater expertise of the labeler, or the need for mul-
tiple passes of cross-checking, or both. There is thus an addi-
tional cost to “clean” or “truth” those data and labels. In some
situations, such as marking a text corpus, the labeling task is
complicated enough that even experts need several passes to
reduce labeling errors [Eskin, 2000]. Furthermore, in some
application domains, obtaining accurate labels is simply too
cost prohibitive. For example, for some medical diagnostics,
the true disease can only be known with expensive or inva-
sive techniques. Similarly, in remote sensing, one must send
measuring instruments to the ground location to obtain the
“ground truth,” and the transportation cost can be astronom-
ical. (It is quite literal for remote sensing of other planets
[Smyth, 1997].) For both situations in practice, one must rely
on the imperfect judgements of experts [Smyth, 1997].

We propose to lower the labeling cost in classifier evalu-
ation by using cheaper, noisy labels. This paper examines
methodologies of estimating the error rate and classifier con-
fusion matrix using test data with noisy labels. We shall see
that even a slight labeling inaccuracy (say, 1%) can have a
significant effect on the error rate estimate when the classi-
fier performs well. In addition, when data sets used to be
small and expensive to collect, it made sense to spend each
additional labeling effort to increase label accuracy on that
small data set. However, when data sets are large and cheap
to collect, it is no longer obvious how one should spend each
additional labeling effort. Should one spend it labeling the
unlabeled data, or should one spend it increasing the accuracy
of already labeled data? We present a preliminary analysis to
this question.
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2 Preliminaries and notation
Our formulation assumes an object � possessing a true label����� , where ���	��

������������
���� is the set of possible states
of nature (e.g., category membership) for the object. The ob-
ject is presented to a labeler, who marks it with a label ������ ,
as his guess of � . The situation that ���� �� is call a labeling
error (or a mislabeling). The classifier system, on the other
hand, is presented with the feature vector � that represents
certain aspects of the object, and the classifier outputs a la-
bel ������ �!�"� , as its guess of � . For notational convenience,
we will call the classifier output �� , and its dependence on the
feature vector � is implicit. The situation that �#�� �� is call a
classification error (or a misclassification).

The probability of the labeler making mistakes, $
%'& �(�� ��*) ,
is called the mislabeling rate. The probability of the classi-
fier’s label being different from the labeler’s label, $
%'&+��(�� ��*) ,
is called the apparent error rate. Our goal is to estimate$
%'& �,�� ��*) , which is called the true error rate. Note that it
is possible to have a high apparent error rate even with a per-
fect classifier (with a true error rate of zero) simply because
of a high mislabeling rate. That is, the classifier can classify
all test data perfectly, but will often disagree with the test la-
bels because those labels are incorrect. On the other hand, it
is also possible to have a zero apparent error rate even with a
high true error rate if the classifier and the labeler make the
same kind of mistakes.

The confusion matrix for the human labeler is defined as

-�./10 /!2 34
5	6 � ��7�8

�19 �7��

���;:�:�: 6 � ��7�8

�19 �7��
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6 � ��7�8
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��>�
?�@
A �

which is the identity matrix for a perfect labeler. Similarly
the classifier’s confusion matrix is defined as
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For many two-class cases where one class has a much
higher prior probability, the actual error rate is not a good
measure of classifer usefulness. For example, in detecting
email spams or network intrusions, the undesirable events
are so rare that one can easily get an error rate less than
1% by classifying all events as “desirable.” In those situa-
tions, then, one may want to compute the entire confusion
matrix or metrics such as precision and recall [Frakes and
Baeza-Yates, 1992]. We denote 
�C as the “rare” class (e.g.,
spams or network intrusions). For the classifier, precision
is defined as 6 ���D�E
FC*9 ��D�E
FC'� and recall is defined as

6 � ����G
FC*9 ���G
FC'� , and analogously for the labeler. Note
that precision and recall can be derived from the confusion
matrix and the class prior probabilities.

3 Obtaining the true error rate
In examining the relationship between true and apparent error
rates, we make the constraint that we have a two-class prob-
lem, that is, �H�I��

�'��
FCJ� . Thus � ��#�� ��!KL�M�� ��N�POQ�'���

��R� . Then we can rewrite the apparent error rate as$
%'&+����� ��*)Q� $
%'&+��(�� ��S�T���� ��*)VU $
%'&+��(�� ��R�T�7� ��*)� $
%'& �7� ��S�T���� ��*)VU $
%'& �(�� ��R�T�7� ��*)� $
%'& �7� ��*) $
%�& �(�� ��*)U $
%'& �(�� ��*) $
%'& �7� ��*) (1)�W��XZY $
%'& �(�� ��*)�� $
%'& �(�� ��*)U $
%'& �(�� ��*)+��X[Y $
%'& �(�� ��*)��� $
%'& �(�� ��*)VU $
%'& �(�� ��\)+��XZY�] $
%�& �(�� ��*)��
and thus $
%'& �(�� ��*)Q� $
%'&+��(�� ��*)NY $
%'& �(�� ��\)X[Y�] $
%�& �(�� ��*) (2)

The above derivation assumed that $
%'& �"�� ��*)^��_XJ`1] ; other-
wise the noisy labels are meaningless. In practice, $
%'& ���� ��*)
is always much less than XJ`1] . More important is the inde-
pendence assumption that the labeler and the classifier make
errors independently, or stated succintly, $
%'& ���� ��R�T���� ��\)a�$
%'& �b�� ��*) $
%'& �b�� ��*) . That is, knowing that the labeler had
made an error on a pattern does not change the probability
that the classifier would also make an error, and vice versa.
Section 6 will deal with some situations in which the indepen-
dence assumption does not hold. In the meantime, we argue
for this idealization and simplification based on the fact that
human and computer generally classify samples using differ-
ent methodologies, and thus they may not make similar kinds
of mistakes.

3.1 Example: Apparent error rate for various true
error rates and mislabeling rates

Equation 2 gives us a way to account for noisy labels when
calculating the true error rate. A natural question, then, is
how important is it to correct for the influence of noisy la-
bels? Let’s consider some classification systems with error
rates between 2% and 10%1 and testing data sets with 1% to
5% incorrect labels. Table 1 shows the apparent error rate for
classifiers of different accuracy and testing data of different
mislabeling rates. The percentage increase over the true error
rate is also shown. For example, even when only 1% of the
testing labels are wrong, a classifier with true error rate of 6%
will have an apparent error rate 15% higher (at 6.88%). The
percentage increase is even more dramatic with noisier labels
or more accurate classifiers. A quick rule of thumb is that,
when the labels have relatively few errors, the denominator
in Eq. 2 is approximately 1.0 and can be ignored. The mis-
labeling rate of the testing labels ( $
%'& ���� ��*) ) is then just an
additive component to the true error rate. Continuing the pre-
vious example, a 1% mislabeling rate for a classifier with true
error rate of 6% makes the apparent error rate approximately
7%, when the actual is 6.88%.

4 Noisy labels for estimating true error rate
Above we assumed knowledge of the apparent error rate,$
%'&+��G�� ��\) , but in practice, we must estimate this rate us-
ing test data. In this section, we analyze the effects of

1We note that many classifiers on the UCI datasets have accuracy
within this range [Kaynak and Alpaydin, 2000].
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True Error Rate, Mislabeling Rate, $
%'& �(�� ��*)$
%'& �(�� ��*) 1% 2% 3% 4% 5%
2% 2.96% � 48% 3.92% � 96% 4.88% � 144% 5.84% � 192% 6.80% � 240%
4% 4.92% � 23% 5.84% � 46% 6.76% � 69% 7.68% � 92% 8.60% � 115%
6% 6.88% � 15% 7.76% � 29% 8.64% � 44% 9.52% � 59% 10.40% � 73%
8% 8.84% � 11% 9.68% � 21% 10.52% � 32% 11.36% � 42% 12.20% � 53%

10% 10.80% � 8% 11.60% � 16% 12.40% � 24% 13.20% � 32% 14.00% � 40%

Table 1: The left sub-columns of the table show the apparent error rates ( $
%'&+��"�� ��\) ) for different true error rates ( $
%'& �"�� ��\) )
and different mislabeling rates ( $
%'& �_�� ��*) ), based on Eq. 2. It is assumed that the labeler and the classifier make errors
independently. The right sub-columns of the table, with up-arrow ( � ) signs, show the percentage increase of the apparent error
rate over the true error rate (i.e., � $
%'&+��(�� ��\)RY $
%'& �(�� ��*)��>` $
%'& �(�� ��*) ).
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Figure 1: The figure shows the number of noisy labels needed
to achieve the same variance in the true error rate estimate as
a single perfect label (see Eq. 3). The four plots represent dif-
ferent true error rates. As the mislabeling rate increases, more
noisy labels are needed to achieve the same confidence. Note
that, in the ranges shown in the figure, when the mislabeling
rate is smaller than the true error rate, a single perfect label is
equivalent to less than four noisy labels.

such estimates. Assume we have @ objects in the test set,
each with a feature vector �BA , true but unknown label �CA ,
noisy label ��DA , and classification ��CA . Assume further that
tuples � ��� ���T� ��� �� ��� �� � � ���������'���FE��T�GE�� ��GE+� ��GE �<� are independent
and identically distributed as �����T�S� ��S� ��V� . The apparent er-
ror rate estimate is �$
%'&+��(�� ��\)a� � EIH EA J �LK &+��DA �� ��DA�) , in whichK & : ) is the indicator function (i.e., K & M7N#M7OFP ) � X if M7N#M7OFP is
true and Q otherwise). An estimate of the true error rate is

�$
%'& �(�� ��\) 2 �$
%'&+��(�� ��*)RY $
%'& ���� ��*)X[Y�] $
%�& �(�� ��*) �
It is straightforward to verify that R & �$
%�&+��M�� ��*) )F� $
%'&+��M����*) and R & �$
%'& � �� ��*) ) � $
%'& �	�� ��*) , thus the estimates are

unbiased. Intuitively we know that we have less confidence
when the error estimates are based on test data with noisy
labels. To formalize this intuition, we examine the variance
of the true error rate estimate,

Var & �$
%'& ���� ��*) )��

� ETSVUXW'Y /CZJ ./+[]\ �+^ UXW'Y /CZJ ./ [ _\ �+^SC UXW`Y /CZJ ./ [ _�a U $
%'& �(�� ��\)+��XZY $
%'& �(�� ��*)��)b �
The variance of the error estimate given perfectly labeled data
is $
%'& �8�� ��\)+��X Y $
%'& �8�� ��*)��>` @ . Thus, to get the same vari-
ance, the ratio of noisy labels to perfect labels is$
%'& �(�� ��*)+��X[Y $
%'& �(�� ��*)����X[Y�] $
%'& ���� ��*)�� C $
%'& �(�� ��\)+��XZY $
%'& ���� ��*)�� UbX\� (3)

This ratio will help us understand the economic trade-offs be-
tween using perfect and noisy labels. Collecting perfect la-
bels (or collecting noisy labels first and cleaning them) is of-
ten much more expensive than just collecting noisy labels it-
self. Therefore it may be economically justified to used noisy
labels, as long as one does not need too many more of them.

Unfortunately, applying Eq. 3 requires us to know the true
error rate of the classifier, which is exactly what one is trying
to estimate. However, we often already have a good idea of a
reasonable range for the true error rate. In any case, we exam-
ine the ratio for a wide range of true error rate and mislabeling
rate, and we found the ratio to fall within a relatively narrow
range, as shown in Fig. 1. Even for relatively noisy testing
data with 10% incorrect labels, unless the classifier is much
more accurate (with true error rate of less than 5%), cleaning
the testing data to be perfectly labeled increases its value by
less than a factor of four. In other words, one needs much less
than four such noisy labels to achieve the same effect as one
perfect label. Imagine that perfect labels need to be collected
from a domain expert, whereas noisy labels can be collected
from a non-expert, the high cost of a domain expert can often
justify the use of noisy labels.

4.1 Example: Evaluating with many noisy labels
or few reliable labels

In many labeling tasks, experts must make multiple passes
through samples to ensure accurate labeling [Eskin, 2000].
We now question the wisdom of that policy when the samples
are free but labeling cost is a constraint.

Consider a hypothetical labeling situation with two label-
ers, each paid to look at @ samples, and both labelers have an
error rate of c . There are two choices in how to use these two
labelers. One is to have them look at completely different
samples, thus in the end we have a testing set of size ] @ and
mislabeling rate c . Another choice is to have them look at the
exact same samples. Assuming that they make independent
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Figure 2: The figure shows which one of the two labeling
policies is optimal for a range of mislabeling rate c and true
classifier error rate, based on Eq. 4. The problem is posed
such that two labelers both have mislabeling rate c and are
paid to label @ samples. One policy is that they label different
samples, creating a test set of “ ] @ labels on ] @ samples,” withc portion mislabeled. The other policy is that they both label
the same samples, creating a testing set of “ ] @ labels on @ sam-
ples,” with c C portion mislabeled (after various assumptions).

labeling errors, and optimistically assume that a sample has
a wrong label only if both labelers err, then we have a test-
ing set of size @ and mislabeling rate c C . Which is the better
policy?

Based on the previous discussion, we can have an unbi-
ased estimate of the true error rate from either testing set. We
then should prefer one that gives us a lower variance estimate.
That is, we go with the “ ] @ labels on ] @ samples” policy if its
variance is lower than the “ ] @ labels on @ samples” policy,�C0E S65 \ �+^ 5 _\ �+^SC 5 _�a U $
%'& ���� ��*)+��X[Y $
%'& �(�� ��\)��)b

7 � E S 5 a \ �+^ 5 a _\ �+^SC 5 a _ a U $
%'& �(�� ��*)+��X[Y $
%'& �(�� ��\)��)b �
Which, after a little algebra, becomesS C 5 a \ �+^ 5 a _\ �+^SC 5 a _ a Y 5 \ �+^ 5 _\ �+^SC 5 _ a U �8 b:9<; $
%�& ���� ��*)NY �C>= C � (4)

An interesting observation is that in the realistic range of c
( Q@? c 7 Q � A ), the left hand side of Eq. 4 is negative forc 9 Q � XCBDB , which means that one should always choose the
“ ] @ labels on @ samples” policy for such inaccurate labelers,
and such high mislabeling rate does occur in practice [Smyth,
1997]. For other cases, we have plotted the policy boundary

(i.e.,
�C YFE C 5 a \ �+^ 5 a _\ �+^SC 5 a _ a Y 5 \ �+^ 5 _\ �+^SC 5 _ a U �8 � $
%'& �(�� ��*) ) in Fig. 2.

For fairly accurate labelers (say, c 7 ]V� AHG ), Fig. 2 shows
that one should prefer the “ ] @ labels on ] @ samples” policy
unless the classifier error rate is very low. The hint for practi-
tioners is that time spent cleaning labels is often not as effec-
tive as time spent labeling extra samples.

5 Obtaining True Confusion Matrix
In evaluating classification systems, we often need to know
more than just the error rate. When the cost of different mis-

precision/recall precision/recall (labeler)
(classifier) 99% 98% 95%

70% 69.3% 68.7% 66.7%
80% 79.2% 78.4% 76.1%
90% 89.1% 88.2% 85.6%

100% 99% 98% 95%

Table 2: Apparent precision recall breakeven points (i.e.,

6 � �� � 
FC*9 �� � 
FC'� ) for different actual classifier preci-
sion/recall and labeler precision/recall. The prior probabili-
ties for 

� and 
FC are IDQ G and X Q G respectively.

classifications (e.g., false positives and false negatives) are
not equal, we may want to know the full confusion matrix. In
addition, in some domains, such as classifying text or spam,
the distribution of classes is highly skewed, and the error rate
can be misleadingly low. In those situations, we are more
interested in precision and recall statistics, which can be esti-
mated from the confusion matrix.

We define the joint distribution matrix between labeler and
classifier as

- ./KJ B/ 2 34
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A �

which can be estimated from data. Note that unlike our anal-
ysis of the error rates, it is not necessary to assume two-class
problems.

Our goal is to recover the classifer’s confusion matrix given
the labeler’s confusion matrix and the joint distribution matrix
between labeler and classifier. If we make the independence
assumption that 6 � ��S� ��a9 � ��� 6 � ��a9 � � 6 � ���9 � � , then we have
the decomposition 6 � ��S� �� �L� H / 6 ��� � 6 � ��a9 � � 6 � ���9 � � . We
can rewrite the decomposition in matrix form and solve for
the classifier’s confusion matrix.- ./KJ B/ � -�./10 /KLDM�NDO ��P / � -RQ B/10 /-�B/10 / � �T� -�./10 /SLDM�NDO ��P / �T� ^a� - ./KJ B/ � Q� � LDM�NDO ��P / � ^a� - ^a�./10 / - ./KJ B/ � Q � (5)

in which P / is defined to be the column vector of prior prob-
abilities, � 6 ��� ��

��� ��������� 6 ���7��
��<�T� Q .

When P / is not given, it can be derived. To see this, define
the probability vector P ./ 2 � 6 � ��(��

��� ��������� 6 � ��(��
��>�T� Q .
It is the case that P ./ � - ./KJ B/HT � , in which T � is a column vec-
tor of U 1’s. It is also the case that P ./ � -�./10 / P / . Combining
those two equations we haveP / � - ^a�./10 / - ./KJ B/HT � (6)

5.1 Example: Precision/recall breakeven points
As mentioned earlier, one benefit of being able to recover
the confusion matrix is that one can then work with preci-
sion and recall measures. We analyze the following system to
see some effects of noisy labels on those measures. To reduce
the number of variables examined, we only look at precision
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recall breakeven points, defined as the points where precision
and recall are equal. They will simply be denoted as preci-
sion/recall. For a given P / and precision/recall, the confusion
matrix is uniquely determined. Table 2 shows the apparent
precision/recall (i.e., 6 � ��#�I
�C*9 ��#�I
FC'� or 6 � ��#�I
FC*9 ��#�
FC'� ) for different actual classifier precision/recall and labeler
precision/recall. Table 2 assumes P / �D��� I ��� X�� Q , although the
values are almost exactly the same for both P / ����� � ��� ]\� Q andP / �D��� IDIDI ��� QDQ X�� Q .
6 Bounds on true error rate when the

classifier and labeler are not independent
In deriving the true error rate (Eq. 2), we have made the as-
sumption that the labeler and the classifier make errors in-
dependently. We argue for this assumption because human
and computer use different methodologies to classify sam-
ples. Even for algorithms inspired by human reasoning (e.g.,
neural networks), they still do not learn human intuition but
they do avoid psychological biases. It is even harder to imag-
ine algorithms based on more abstract models (e.g., support
vector machine) to err in similar ways as humans. Further-
more, in many application domains (e.g., speech recognition),
humans label the samples based on a full presentation of the
object, whereas the feature vector � used for classification
are mathematical notions (e.g., linear vector coefficients) that
have little neurological basis. In many other application do-
mains (e.g., statistical text classification), assumptions that
blatantly violate how human reasons are often made (e.g., as-
sume words in a text are independently generated, rather than
in a grammatical way). Lastly, to make a stronger argument,
we can require the training data to be labeled independently
from the testing data (or better yet, be perfectly labeled), thus
avoiding the possibility that the computer would learn biases
and other “bad habits” from the training data that would cor-
relate with labeling errors in the testing data.

However, even with the above reasoning for the indepen-
dence assumption, it is still conceivable for one to be more
conservative and assume some non-negative dependency,$
%'& �(�� ��S�T���� ��*)�� $
%'& �(�� ��\) $
%'& �(�� ��\) �
That is, the probability of a classifier misclassifying a sample
is higher if the labeler has also mislabeled that sample , and
vice versa. This can happen, for example, if the training data
have been mislabeled in the same way as the testing data, and
the classifier has learned to imitate those mislabelings. We
have deliberately ignored the case of negative dependency,$
%'& � �� ��S�T�b�� ��*) 7 $
%'& � �� ��*) $
%'& �b�� ��\) , as we are hard-
pressed to find a justification for it in practice.

The non-negative dependency assumption is easily incor-
porated into Eq. 1 by changing the equal sign to a less-than-
or-equal-to sign. Propagating that change through the deriva-
tion, we have a lower bound on the true error rate,$
%'& �(�� ��*)�� $
%'&+��(�� ��*)NY $
%'& �(�� ��\)X[Y�] $
%�& �(�� ��*)

� $
%'&+����� ��*)NY $
%'& �(�� ��\)
The second inequality can be tight if the mislabeling rate is
small, as the denominator of the first inequality becomes ap-
proximately one.

Separately we derive an upper bound for the true error rate.$
%'&+��7� ��*)Q� $
%'&+�� � ��S�T���� ��*)VU $
%'&+��7� ��R�T�7� ��\)? $
%'& ���� ��*)VU $
%'& �7� ��\)$
%'& �(�� ��*) ? $
%'& ���� ��*)VU $
%'&+��(�� ��\) �
Note that no assumption is used in deriving the upper bound
(not even limiting to two-class problems). One can easily
verify that the bound is exact when the mislabeling rate is zero
. The bound is also exact when the apparent error rate is zero,
such that the true error rate is equal to the mislabeling rate.
Thus with the looser assumption of non-negative dependency,
the true error rate is in the range of $
%'&+��(�� ��\)�� $
%'& �(�� ��*) .
6.1 Example: Simulation of non-negative

dependency between classifier and labeler
In the above derivation, the lower bound is achieved ex-
actly when the mislabeling rate is small and the indepen-
dence assumption is true. We examine how tight the upper
bound is by simulation. We have taken pairs of classes from
UCI’s Opt-Digit dataset, which is a handwritten digit recog-
nition dataset, and trained both a naive Bayes classifier and a
nearest-neighbor classifier [Duda et al., 2001] on the training
set of each pair. The nearest-neighbor classifier is then used
to simulate a labeler and labeled the testing set. The naive
Bayes classifier is the classifier under evaluation. Since we
have the actual labels for the testing set, both the mislabel-
ing rate (of the nearest-neighbor “labeler”) and the true error
rate (of the naive Bayes classifier) can be determined. The
output of the naive Bayes classifier and the nearest-neighbor
“labeler”are compared to determine the apparent error rate.

We have chosen the Opt-Digit dataset and the nearest-
neighbor algorithm because we know that this combination
can give very low error rate [Kaynak and Alpaydin, 2000],
thus closely matching the accuracy of many human labelers.
In fact, for most pairs of classes, the nearest-neighbor algo-
rithm has zero error. The Opt-Digit dataset is also interesting
because the handwritten digit recognition task is a classical
example in which much human labeling effort has been ap-
plied. The naive Bayes classifier is chosen because it is a
popular classifier and is sufficiently different from nearest-
neighbor to give interesting results.

Table 3 shows the results for some pairs of classes where
the nearest-neighbor “labeler” has non-zero error. Note that
an insignificant positive dependence between the naive Bayes
classifier and the nearest-neighbor “labeler” should be ex-
pected since they both are trained from the same dataset, use
the same features, and assume independence of those features
(explicitly in naive Bayes and implicitly in nearest-neighbor
through its distance metric), even though they are different in
other aspects (e.g., naive Bayes is generative while nearest-
neighbor classifier is discriminative). The naive Bayes classi-
fier’s true error rate is almost exactly the upper bound for the
pairs (1,2) and (4,5), but it is much closer to the apparent error
rate for the pairs (7,8) and (8,9). The simulation thus shows
the upper bound to be tight in some non-trivial situations.

7 Discussion and Future Work
When designing classification systems there are frequently
parameters that are not learned automatically from the train-
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classes to discriminate ( 
 � Y�
FC )X[Y�] �!Y A �^Y � � Y I
Upper bound (apparent error rate + mislabeling rate) 9.20% 1.11% 2.27% 6.77%
True error rate (Naive Bayes) 9.19% 1.10% 1.70% 5.65%
Apparent error rate 8.64% 0.83% 1.70% 5.08%
Lower bound (apparent error rate - mislabeling rate) 8.08% 0.55% 1.13% 3.39%
Mislabeling rate (Nearest Neighbor) 0.56% 0.28% 0.57% 1.69%

Table 3: Error rates on pairs of digits from the UCI Opt-Digit dataset. The classifier under evaluation is a Naive Bayes classifier
(NB), and a nearest-neighbor classifier (NN) is used to simulate the (human) labeler. The error rate of the NB and NN classifiers
are considered to be the true error rate and mislabeling rate, respectively. The fraction of time the two classifiers disagree is the
apparent error rate. The upper and lower bounds are derived in Sec. 6, which are simply the apparent error rate plus or minus
the mislabeling rate. The true error rate does come very close to the upper bound in some cases ( X[Y�] and �!Y A ).

ing data. Some examples are the number of hidden units in
a feedforward neural network, the number � in a � -nearest-
neighbor classifier, and the window width in a Parzen window
classifier [Duda et al., 2001]. Validation is one technique to
estimate those parameters. In validation, one conceptually
creates several classifiers with different values of the param-
eter and train them with the same training set. The trained
classifiers are evaluated on the validation data set, and the
best classifier is chosen. Our results for testing with noisy la-
bels is directly applicable to validation. In fact, validation is
not concerned with the actual value of the true error rates,
but just their ordering. Therefore the apparent error rate$
%'&+��b�� ��*) can work just as well, as long as the mislabeling
rate $
%'& �(�� ��\) is less than Q � A .

In a world where (unlabeled) data is cheap, noisy labels are
easily obtained (e.g., the Open Mind Initiative [Stork, 1999;
Stork and Lam, 2000]), but perfect labels are expensive, the
findings in this paper allow one to confidently use noisy labels
for testing and validating. An obvious area for future work is
to use noisy labels for training as well. Although some works
do allow for training with noisy labels, this has not been an
active research area [Szummer and Jaakkola, 2000].

So far in our derivations we have assume either knowledge
of the mislabeling rate $
%'& � �� ��*) or the labeler’s confusion
matrix

-�./10 / . In practice those information must be estimated
and be treated as random. The effects of such estimates and
the cost/benefit analysis of obtaining more accurate estimates
are unknown. We hope to investigate them in the future.

8 Conclusion
Traditionally test data have been assumed to be perfectly la-
beled. Increasingly this assumption is becoming a burden.
We advocate the use of noisy labels as a cheaper alternative.
We have shown that, under the assumption in which the la-
beler and the classifier make mistakes independently, the true
error rate and true confusion matrix can be derived exactly.
We have also examined the number of noisy labels to achieve
the equivalent estimation confidence as one perfect label, and
we found that number to be less than four in many practi-
cal situations. Furthermore, if we loosen the independence
assumption to the non-negative dependence assumption, the
true error rate can be bounded to be between the apparent er-
ror rate plus or minus the mislabeling rate.
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Abstract

Predictive accuracy has been used as the main and
often only evaluation criterion for the predictive
performance of classification learning algorithms.
In recent years, the area under the ROC (Receiver
Operating Characteristics) curve, or simply AUC,
has been proposed as an alternative single-number
measure for evaluating learning algorithms. In this
paper, we prove that AUC is a better measure than
accuracy. More specifically, we present rigourous
definitions on consistency and discriminancy in
comparing two evaluation measures for learning al-
gorithms. We then present empirical evaluations
and a formal proof to establish that AUC is indeed
statisticallyconsistent and more discriminating than
accuracy. Our result is quite significant since we
formally prove that, for the first time, AUC is a bet-
ter measure than accuracy in the evaluation of learn-
ing algorithms.

1 Introduction
The predictive ability of the classification algorithm is typi-
cally measured by its predictive accuracy (or error rate, which
is 1 minus the accuracy) on the testing examples. However,
most classifiers (including C4.5 and Naive Bayes) can also
produce probability estimations or “confidence” of the class
prediction. Unfortunately, this information is completely ig-
nored in accuracy. This is often taken for granted since the
true probability is unknown for the testing examples anyway.

In many applications, however, accuracy is not enough. For
example, in direct marketing, we often need to promote the
top X% of customers during gradual roll-out, or we often de-
ploy different promotion strategies to customers with differ-
ent likelihood of buying some products. To accomplish these
tasks, we need more than a mere classification of buyers and
non-buyers. We need (at least) a ranking of customers in terms
of their likelihoods of buying. If we want to achieve a more
accurate ranking from a classifier, one might naturally expect
that we must need the true ranking in the training examples
[Cohen et al., 1999]. In most scenarios, however, that is not
possible. Instead, what we are given is a dataset of examples
with class labels only. Thus, given only classification labels

in training and testing sets, are there better methods than ac-
curacy to evaluate classifiers that also produce rankings?

The ROC (Receiver Operating Characteristics) curve has
been recently introduced to evaluate machine learning algo-
rithms [Provost and Fawcett, 1997; Provost et al., 1998]. It
compares the classifiers’ performance across the entire range
of class distributionsand error costs. However, often there is
no clear dominating relation between two ROC curves in the
entire range; in those situations, the area under the ROC curve,
or simply AUC, provides a single-number “summary” for the
performance of the learning algorithms. Bradley [Bradley,
1997] has compared popular machine learning algorithms us-
ing AUC, and found that AUC exhibits several desirable prop-
erties compared to accuracy. For example, AUC has increased
sensitivity in Analysis of Variance (ANOVA) tests, is inde-
pendent to the decision threshold, and is invariant to a pri-
ori class probability distributions [Bradley, 1997]. However,
no formal arguments or criteria have been established. How
can we compare two evaluation measures for learning algo-
rithms? How can we establish that one measure is better than
another? In this paper, we give formal definitions on the con-
sistency and discriminancy for comparing two measures. We
show, empirically and formally, that AUC is indeed a statisti-
cally consistent and more discriminating measure than accu-
racy.

One might ask why we need to care about anything more
than accuracy, since by definition, classifiers only classify ex-
amples (and do not care about ranking and probability). We
answer this question from two aspects. First, as we discussed
earlier, even with labelled training and testing examples, most
classifiers do produce probability estimations that can rank
training/testing examples. Ranking is very important in most
real-world applications. As we establish that AUC is a better
measure than accuracy, we can choose classifiers with better
AUC, thus producing better ranking. Second, and more im-
portantly, if we build classifiers that optimize AUC (instead
of accuracy), it has been shown [Ling and Zhang, 2002] that
such classifiers produce not only better AUC (a natural con-
sequence), but also better accuracy (a surprising result), com-
pared to classifiers that optimize the accuracy. To make an
analogy, when we train workers on a more complex task, they
will do better on a simple task than workers who are trained
only on the simple task.

Our work is quite significant for several reasons. First,
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we establish rigourously, for the first time, that even given
only labelled examples, AUC is a better measure (defined in
Section 2.2) than accuracy. Second, our result suggests that
AUC should replace accuracy in comparing learning algo-
rithms in the future. Third, our results prompt and allow us
to re-evaluate well-established results in machine learning.
For example, extensive experiments have been conducted and
published on comparing, in terms of accuracy, decision tree
classifiers to Naive Bayes classifiers. A well-established and
accepted conclusion in the machine learning community is
that those learning algorithms are very similar as measured
by accuracy [Kononenko, 1990; Langley et al., 1992; Domin-
gos and Pazzani, 1996]. Since we have established that AUC
is a better measure, are those learning algorithms still very
similar as measured by AUC? We have shown [Ling et al.,
2003] that, surprisingly, this is not true: Naive Bayes is sig-
nificantly better than decision tree in terms of AUC. These
kinds of new conclusions are very useful to the machine learn-
ing community, as well as to machine learning applications
(e.g., data mining). Fourth, as a new measure (such as AUC)
is discovered and proved to be better than a previous mea-
sure (such as accuracy), we can re-design most learning al-
gorithms to optimize the new measure [Ferri et al., 2002;
Ling and Zhang, 2002]. This would produce classifiers that
not only perform well in the new measure, but also in the pre-
vious measure, compared to the classifiers that optimize the
previous measure, as shown in [Ling and Zhang, 2002]. This
would further improve the performance of our learning algo-
rithms.

2 Criteria for Comparing Evaluation
Measures for Classifiers

We start with some intuitions in comparing AUC and accu-
racy, and then we present formal definitions in comparing
evaluation measures for learning algorithms.

2.1 AUC vs Accuracy
Hand and Till [Hand and Till, 2001] present a simple ap-
proach to calculating the AUC of a classifier G below.

Â =
S0 � n0(n0 + 1)=2

n0n1
; (1)

where n0 and n1 are the numbers of positive and negative ex-
amples respectively, and S0 =

P
ri, where ri is the rank

of ith positive example in the ranked list. Table 1 shows an
example of how to calculate AUC from a ranked list with 5
positive examples and 5 negative examples. The AUC of the
ranked list in Table 1 is (5+7+8+9+10)�5�6=2

5�5
, which is 24/25.

It is clear that AUC obtained by Equation1 is a measure for the
quality of ranking, as the more positive examples are ranked
higher (to the right of the list), the larger the term

P
ri. AUC

is shown to be equivalent to the Wilcoxon statistic rank test
[Bradley, 1997].

Intuitively, we can see why AUC is a better measure than
accuracy from the following example. Let us consider two
classifiers, Classifier 1 and Classifier 2, both producing prob-
ability estimates for a set of 10 testing examples. Assume that
both classifiers classify 5 of the 10 examples as positive, and

� � � � + � + + + +
i 1 2 3 4 5
ri 5 7 8 9 10

Table 1: An example for calculating AUC with ri

Classifier 1 �� �� +j � ++ ++
Classifier 2 +� �� �j+ ++ +�

Table 2: An Example in which two classifiers have the same
classification accuracy, but different AUC values

the other 5 as negative. If we rank the testing examples ac-
cording to increasing probability of being+ (positive), we get
the two ranked lists as in Table 2.

Clearly, both classifiers produce an error rate of 20% (one
false positive and one false negative), and thus the two classi-
fiers are equivalent in terms of error rate. However, intuition
tells us that Classifier 1 is better than Classifier 2, since overall
positive examples are ranked higher in Classifier 1 than 2. If
we calculate AUC according to Equation 1, we obtain that the
AUC of Classifier 1 is 24

25
(as seen in Table 1), and the AUC

of Classifier 2 is 16
25

. Clearly, AUC does tell us that Classifier
1 is indeed better than Classifier 2.

Unfortunately, “counter examples” do exist, as shown in
Table 3 on two other classifiers: Classifier 3 and Classifier 4.
It is easy to obtain that the AUC of Classifier 3 is 21

25
, and the

AUC of Classifier 4 is 16
25

. However, the error rate of Classi-
fier 3 is 40%, while the error rate of Classifier 4 is only 20%
(again we assume that the threshold for accuracy is set at the
middle so that 5 examples are predicted as positive and 5 as
negative). Therefore, a larger AUC does not always imply a
lower error rate.

Classifier 3 �� �+ +j � � +++
Classifier 4 +� �� �j++ ++�

Table 3: A counter example in which one classifier has higher
AUC but lower classification accuracy

Another intuitive argument for why AUC is better than ac-
curacy is that AUC is more discriminating than accuracy since
it has more possible values. More specifically, given a dataset
with n examples, there is a total of only n+ 1 different clas-
sification accuracies (0=n, 1=n, ..., n=n). On the other hand,
assuming there are n0 positive examples and n1 negative ex-
amples (n0+n1 = n), there are n0n1+1 different AUC val-
ues (0=n0n1, 1=n0n1, ..., n0n1=n0n1), generally more than
n + 1. However, counter examples also exist in this regard.
Table 4 illustrates that classifiers with the same AUC can have
different accuracies. Here, we see that Classifier 5 and Clas-
sifier 6 have the same AUC( 3

5
) but different accuracies (60%

and 40% respectively). In general, a measure with more val-
ues is not necessarily more discriminating. For example, the
weight of a person (having infinitely many possible values)
has nothing to do with the number of siblings (having only a
small number of integer values) he or she has.
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Classifier 5 � �+ +�j+ +� �+
Classifier 6 � �+ ++j � �+ �+

Table 4: A counter example in which two classifiers have
same AUC but different classification accuracies

How do we compare different evaluation measures for
learning algorithms? Some general criteria must be estab-
lished.

2.2 (Strict) Consistency and Discriminancy of Two
Measures

Intuitively speaking, when we discuss two different measures
f and g on evaluating two learning algorithms A and B, we
want at least that f and g be consistent with each other. That
is, when f stipulates that algorithm A is (strictly) better than
B, then g will not say B is better than A. Further, if f is more
discriminating than g, we would expect to see cases where f
can tell the difference between algorithms A and B but g can-
not.

This intuitive meaning of consistency and discriminancy
can be made precise as the following definitions.

Definition 1 (Consistency) For two measures f , g on do-
main	, f , g are (strictly) consistent if there exist no a, b 2 	,
such that f(a) > f(b) and g(a) < g(b).

Definition 2 (Discriminancy) For two measures f , g on do-
main	, f is (strictly) more discriminating than g if there exist
a, b 2 	 such that f(a) > f(b) and g(a) = g(b), and there
exist no a, b 2 	 such that g(a) > g(b) and f(a) = f(b).

As an example, let us think about numerical marks and let-
ter marks that evaluate university students. A numerical mark
gives 100, 99, 98, ..., 1, or 0 to students, while a letter mark
gives A, B, C, D, or F to students. Obviously, we regard A >
B > C > D > F. Clearly, numerical marks are consistent with
letter marks (and vice versa). In addition, numerical marks
are more discriminating than letter marks, since two students
who receive 91 and 93 respectively receive different numer-
ical marks but the same letter mark, but it is not possible to
have students with different letter marks (such as A and B) but
with the same numerical marks. This ideal example of a mea-
sure f (numerical marks) being strictly consistent and more
discriminating than another g (letter marks) can be shown in
the figure 1(a).

2.3 Statistical Consistency and Discriminancy of
Two Measures

As we have already seen in Section 2.1, counter examples on
consistency and discriminancy do exist for AUC and accu-
racy. Therefore, it is impossible to prove the consistency and
discriminancy on AUC and accuracy based on Definitions 1
and 2. Figure 1(b) illustrates a situation where one measure
f is not completely consistent with g, and is not strictly more
discriminating than g. In this case, we must consider the prob-
ability of being consistent and degree of being more discrimi-
nating. What we will define and prove is the probabilisticver-
sion of the two definitions on strict consistency and discrim-
inancy. That is, we extend the previous definitions to degree
of consistency and degree of discriminancy, as follows:

Ψf g Ψf g

X

Y

(a) (b)

Figure 1: Illustrations of two measures f and g. A link be-
tween two points indicates that the function values are the
same on domain 	. In (a), f is strictly consistent and more
discriminating than g. In (b), f is not strictly consistent or
more discriminating than g. Counter examples on consistency
(denoted by X in the figure) and discriminancy (denoted by Y)
exist here

Definition 3 (Degree of consistency) For two measures f
and g on domain 	, let R = f(a; b)ja; b 2 	; f(a) >
f(b); g(a) > g(b)g, S = f(a; b)ja; b 2 	; f(a) >
f(b); g(a) < g(b)g. The degree of consistency 1 of f and g

isC (0 � C � 1), where C =
jRj

jRj+jSj
.

Definition 4 (Degree of discriminancy) For two measures
f and g on domain 	, let P = f(a; b)ja; b 2 	; f(a) >
f(b); g(a) = g(b)g, Q = f(a; b)ja; b 2 	; g(a) >
g(b); f(a) = f(b)g. The degree of discriminancy for f over
g isD =

jP j

jQj
.

There are clear and important implications of these defini-
tions of measures f and g in evaluating two machine learning
algorithms, say A and B. If f and g are consistent to degreeC,
then when f stipulates that A is better than B, there is a prob-
abilityC that g will agree (stipulating A is better than B). If
f is D times more discriminating than g, then it is D times
more likely that f can tell the difference between A and B but
g cannot than that g can tell the difference between A and B
but f cannot. Clearly, we require that C > 0:5 andD > 1 if
we want to conclude a measure f is “better” than a measure
g. This leads to the following definition:

Definition 5 The measure f is statistically consistent and
more discriminating than g if and only ifC > 0:5 andD > 1.
In this case, we say, intuitively, that f is a better measure than
g.

The statistical consistency and discriminancy is a special
case of the strict consistency and more discriminancy. For the
example of numerical and letter marks in the student evalua-
tion discussed in Section 2.2, we can obtain thatC = 1:0 and
D =1, as the former is strictly consistent and more discrim-
inating than the latter.

1It is easy to prove that this definition is symmetric; that is, the
degree of consistency of f and g is same as the degree of consistency
of g and f .
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To prove AUC is statistically consistent and more discrim-
inating than accuracy, we substitute f by AUC and g by accu-
racy in the definition above. To simplify our notation, we will
use AUC to represent AUC values, and acc for accuracy. The
domain	 is the ranked lists of testing examples (withn0 pos-
itive and n1 negative examples). Since we require C > 0:5
andD > 1 we will essentially need to prove:

Theorem 1 Given a domain 	, let R = f(a; b)jAUC(a) >
AUC(b); acc(a) > acc(b); a; b 2 	g, S =
f(a; b)jAUC(a) < AUC(b); acc(a) > acc(b); a; b 2 	g.
Then jRj

jRj+jSj
> 0:5 or jRj > jSj.

Theorem 2 Given a domain 	, let P = f(a; b)jAUC(a) >
AUC(b); acc(a) = acc(b); a; b 2 	g, Q = f(a; b)jacc(a) >
acc(b); AUC(a) = AUC(b); a; b 2 	g. Then jP j > jQj.

3 Empirical Verification on AUC and
Accuracy

Before we present a formal proof that AUC is statistically con-
sistent and more discriminating than accuracy, we first present
an empirical verification. To simplify our notation, we will
use AUC to represent AUC values, and acc for accuracy.

We conduct experiments with (artificial) testing sets to
verify the statistical consistency and discriminancy between
AUC and accuracy. The datasets are balanced with equal
numbers of positive and negative examples. We test datasets
with 4, 6, 8, 10, 12, 14, and 16 testing examples. For each
number of examples, we enumerate all possible ranked lists
of positive and negative examples. For the dataset with2n ex-
amples, there are (2nn ) such ranked lists.

We exhaustively compare all pairs of ranked lists to see how
they satisfy the consistency and discriminating propositions
probabilistically. To obtain degree of consistency, we count
the number of pairs which satisfy “AUC(a) > AUC(b)
and acc(a) > acc(b)”, and the number of pairs which sat-
isfy “AUC(a) > AUC(b) and acc(a) < acc(b)”. We then
calculate the percentage of those cases; that is, the degree of
consistency. To obtain degree of discriminancy, we count the
number of pairs which satisfy “AUC(a) > AUC(b) and
acc(a) = acc(b)”, and the number of pairs which satisfy
“AUC(a) = AUC(b) and acc(a) > acc(b)”.

Tables 5 and 6 show the experiment results for the balanced
dataset. For consistency, we can see (Table 5) that for vari-
ous numbers of balanced testing examples, given AUC(a) >
AUC(b), the number (and percentage) of cases that satisfy
acc(a) > acc(b) is much greater than those that satisfy
acc(a) < acc(b). When n increases, the degree of consis-
tency (C) seems to approach 0.94, much larger than the re-
quired 0.5. For discriminancy, we can see clearly from Table 6
that the number of cases that satisfyAUC(a) > AUC(b) and
acc(a) = acc(b) is much more (from 15.5 to 18.9 times more)
than the number of cases that satisfy acc(a) > acc(b) and
AUC(a) = AUC(b). When n increases, the degree of dis-
criminancy (D) seems to approach 19, much larger than the
required threshold 1.

These empirical experiments verify empirically that AUC
is indeed a statistically consistent and more discriminating

# AUC(a) > AUC(b) AUC(a) > AUC(b) C

& acc(a) > acc(b) & acc(a) < acc(b)

4 9 0 1.0
6 113 1 0.991
8 1459 34 0.977

10 19742 766 0.963
12 273600 13997 0.951
14 3864673 237303 0.942
16 55370122 3868959 0.935

Table 5: Experimental results for verifying statistical consis-
tency between AUC and accuracy for the balanced dataset

# AUC(a) > AUC(b) acc(a) > acc(b) D

& acc(a) = acc(b) & AUC(a) = AUC(b)
4 5 0 1

6 62 4 15.5
8 762 52 14.7

10 9416 618 15.2
12 120374 7369 16.3
14 1578566 89828 17.6
16 21161143 1121120 18.9

Table 6: Experimental results for verifying AUC is statis-
tically more discriminating than accuracy for the balanced
dataset

measure than accuracy for the balanced datasets, as a measure
for learning algorithms.

4 Formal Proof

In our following discussion, we assume that the domain	 is
the set of all the ranked lists with n0 positive and n1 nega-
tive examples. In this paper, we only study the cases where
a ranked list contains an equal number of positive and nega-
tive examples, and we assume that the cutoff for classification
is at the exact middle of the ranked list (each classifier classi-
fies exactly half examples into the positive class and the other
half into the negative class). That is, n0 = n1, and we use n
instead of n0 and n1.

Lemma 1 gives the maximum and minimum AUC values
for a ranked list with a fixed accuracy rate.

Lemma 1 For a given accuracy rate �, let AUCmax(�) =
maxfAUC(r)jacc(r) = �; r 2 	g, AUCmin(�) =
minfAUC(r)jacc(r) = �; r 2 	g. Then AUCmin(�) =
�2, AUCmax(�) = 1� (1 � �)2.

Proof: Assume that there are np positive examples correctly
classified. Then there aren�np positive examples in negative
section. According to Equation 1, AUC value is determined
by S0, which is the sum of indexes of all positive examples.
So when alln�np positiveexamples are put on the highest po-
sitions in negative section (their indexes aren; n�1; � � � ; np+
1), andnp positiveexamples are put on the highest positions in
positivesection (their indexes are 2n; 2n�1; � � � ; 2n�np+1),
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AUC reaches the maximum value. So

AUCmax(�) =

Pn

np+1
i+
P2n

2n�np+1
i � n(n + 1)=2

n2
:

Similarly when all positive examples are put on the lowest po-
sitions in both positive and negative sections, AUC reaches
the minimum value. Thus

AUCmin(�) =

Pn�np
1 i +

Pn+np
n+1 i� n(n+ 1)=2

n2
:

Since � =
np
n

, from above two formula, we can obtain
AUCmin(�) = �2, AUCmax(�) = 1� (1� �)2. 2

Lemma 2 For given accuracy rates � > � and a domain 	,
AUCmax(�) > AUCmax(�), AUCmin(�) > AUCmin(�).

Proof: It is straightforward to prove it from Lemma 1. 2

Lemma 3 Let �(�) = fAUC(r)jacc(r) = �; r 2 	g,
R1 = frjacc(r) = �;AUC(r) = �; r 2 	g, R2 =
frjacc(r) = �;AUC(r) = AUCmax(�) + AUCmin(�) �
�; r 2 	g. Then
(a)j�(�)j = 2nnp � 2np

2 + 1.
(b)jR1j = jR2j.

Proof: (a) It is straightforward to prove it from Lemma 1.
(b) For any ranked list r 2 R1 we can convert it to another
unique ranked list r0 2 R2 by exchanging the positions of
examples. In the negative section, for any positive example
whose position is ri, we exchange it with the example in the
position of n + 1 � ri. In the positive section, for any posi-
tive example in position ri, we exchange it with the example
in the position of n� (ri�n)+1+n. It’s easy to obtain that
AUC(r0) = AUCmax+AUCmin��. So r0 2 R2. Thus, we
have that jR1j � jR2j. Similarly, we can prove jR2j � jR1j.
Therefore jR1j = jR2j. 2

Theorem 1 Given a domain 	, let R = f(a; b)jAUC(a) >
AUC(b); acc(a) > acc(b); a; b 2 	g, S =
f(a; b)jAUC(a) < AUC(b); acc(a) > acc(b); a; b 2 	g.
Then jRj

jRj+jSj
> 0:5 or jRj > jSj.

Proof: To prove jRj > jSj, first we prove for given accu-
racy rates � > �, there are more ranked list pairs (a,b) to
satisfy AUC(a) > AUC(b) than that to satisfy AUC(a) <
AUC(b), where acc(a) = �; acc(b) = �. Let R�� =
f(a; b)jAUC(a) > AUC(b); acc(a) = �; acc(b) = �; a; b 2
	g and S�� = f(a; b)jAUC(a) < AUC(b); acc(a) =
�; acc(b) = �; a; b 2 	g. Then we should prove jR��j >
jS��j.

1) If AUCmin(�) > AUCmax(�), then it is obvious
jR��j > 0, jS��j = 0. So jR��j > jS��j.

2) Otherwise, jR��j can be computed by adding two parts
together. jR��j = jP1j+ jP2j, where P1 = f(a; b)jacc(a) =
�; acc(b) = �;AUC(a) > AUCmax(�); a; b 2 	g, and
P2 = f(a; b)jacc(a) = �; acc(b) = �;AUCmax(�) �

AUC(a) > AUC(b); a; b 2 	g.
For S��, we have S�� = f(a; b)jacc(a) =

�; acc(b) = �;AUCmax(�) � AUC(b) > AUC(a) >
AUCmin(�); a; b 2 	g.

It can be proved that jR��j > jS��j. We omit the details
due to the space limitation.

Since R =
S
�;� R��, S =

S
�;� S�� , and R�1�1 \

R�2�2 = �, S�1�1 \ S�2�2 = �, for �1 6= �2 or �1 6= �2,
where � > �. So jRj =

P
�;� jR��j, jSj =

P
�;� jS��j. For

any given accuracies � > �, we have proved jR��j > jS��j,
therefore, jRj > jSj. 2

Now let us explore the discriminancy of AUC and accuracy.
Lemma 4 to Lemma 5 are proposed as a basis to prove Theo-
rem 2. In the following lemmas, jrj stands for the number of
examples in ranked list r, and jrj+ stands for the number of
positive examples in r.

Lemma 4 Assume thatR1 andR2 are two sets of ranked lists
on a given domain 	, and that R1 = frjjrj = n; jrj+ =
m; 0 < m < n

2
; AUC(r) = C; r 2 	g, R2 = frjjrj =

n; jrj+ = n�m; 0 < m < n
2
; AUC(r) = C; r 2 	g. Then

jR1j = jR2j.

Proof: For any ranked list r 2 R1, we switch the examples
on position i and n � i, to obtain another unique ranked list
s. Next we replace all positive examples in s by negative ex-
amples and all negative examples in s by positive examples to
obtain ranked list s0. It is obvious that AUC(s0) = AUC(r).
Since js0j+ = n�m, s0 2 R2. Thus, jR1j � jR2j. Similarly
we can prove jR2j � jR1j. Therefore jR1j = jR2j. 2

Lemma 5 Given a domain 	, let � and � be accuracy rates
� < � �

1
2

. Consider a series of ranked list sets Ri =

frjacc(r) = �;AUC(r) = i
n2
; r 2 	g, where i =

0; � � � ; n2; Sj = fsjacc(s) = �;AUC(s) = j
n2
; r 2 	g,

where j = 0; � � � ; n2; Let ai = jRij, bi = jSij, ci = ai + bi.
Then X

i6=j

ci � cj �

n2X
i=0

ai �

n2X
i=0

bi

.

Proof: We omit the proof due to the limitation of space. 2

Theorem 2 Given a domain 	, let P = f(a; b)jAUC(a) >
AUC(b); acc(a) = acc(b); a; b 2 	g, Q = f(a; b)jacc(a) >
acc(b); AUC(a) = AUC(b); a; b 2 	g. Then jP j > jQj.

Proof: Since 	 is the set of all the ranked lists with equal
number of positive and negative examples, 	 can be parti-
tioned into ranked list sets Pij by different accuracy rates and
AUC values. Pij = frjacc(r) = j

n
; AUC(r) = i

n2
; 0 � i �

n2; 0 � j � ng. It is obvious 	 =
S
Pij. Let tij = jPijj.

Then by Lemma 5 for any i 6= j we have
n2X
k 6=l

(tki + tkj)(tli + tlj) � (

n2X
k=0

tki)(

n2X
l=0

tlj):

After we sum all i and j, we have
nX
i6=j

n2X
k 6=l

(tki + tkj)(tli + tlj) �

nX
i6=j

(

n2X
k=0

tki)(

n2X
l=0

tlj ): (2)

Also for all i 6= j and k 6= l, it’s easy to obtain
nX
i6=j

n2X
k 6=l

(tki + tkj)(tli + tlj) =
X
i6=k

tijtkl: (3)
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Therefore, from inequality 2 and equation 3, we will get

X
i6=k

tijtkl >

nX
i6=j

(

n2X
k=0

tki)(

n2X
k=0

tkj): (4)

On the other hand,

jDj =

n2X
i=0

nX
j=0

tij =

nX
j=0

n2X
i=0

tij:

So

(

nX
j=0

n2X
i=0

tij)
2 = (

n2X
i=0

nX
j=0

tij)
2:

The above equation can also be written as

n2X
i=0

(

nX
j=0

tij)
2 +

n2X
i6=k

(

nX
j=0

tij

nX
j=0

tkj) =

nX
j=0

(

n2X
i=0

tij)
2 +

nX
j 6=k

(

n2X
i=0

tij

n2X
i=0

tik): (5)

According to formula 4, we have

n2X
i6=k

(

nX
j=0

tij

nX
j=0

tkj) =
X
i6=k

tijtkl >

nX
j 6=k

(

n2X
i=0

tij

n2X
i=0

tik):

(6)
Then by equation 5 and inequality 6, we have

n2X
i=0

(

nX
j=0

tij)
2 <

nX
j=0

(

n2X
i=0

tij)
2: (7)

Let

Hi =

nX
j=0

tij;

and

Vj =

n2X
i=0

tij :

Then

jRj =

nX
i=0

�
Vi
2

�
=

nX
i=0

Vi(Vi � 1)

2
=

1

2

nX
i=0

V 2
i �

1

2
jDj

jSj =

n2X
i=0

�
Hi

2

�
=

n2X
i=0

Hi(Hi � 1)

2
=

1

2

n2X
i=0

H2
i �

1

2
jDj

Therefore, according to inequality 7, we have jRj > jSj. 2

5 Conclusions
In this paper, we give formal definitions of discriminancy and
consistency in comparing evaluation measures for learning al-
gorithms. We prove that AUC is statistically consistent and
more discriminating than accuracy. Our result is quite signif-
icant since we have established rigourously, for the first time,

that AUC is a better measure than accuracy in evaluating and
comparing classification learning algorithms. This conclusion
has many important implications in evaluating, comparing,
and designing learning algorithms. In our future research, we
will extend the results in this paper to cases with unbalanced
class distribution and multiple classes.
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Abstract

Refinement operators for theories avoid the prob-
lems related to the myopia of many relational learn-
ing algorithms based on the operators that refine
single clauses. However, the non-existence of ideal
refinement operators has been proven for the stan-
dard clausal search spaces based onθ-subsumption
or logical implication, which scales up to the spaces
of theories. By adopting different generalization
models constrained by the assumption of object
identity, we extend the theoretical results on the ex-
istence of ideal refinement operators for spaces of
clauses to the case of spaces of theories.

1 Motivation
In the investigation of the algorithms for relational learning,
regarding induction as a refinement process allows to decou-
ple search from heuristics. Therefore, the choice of the gen-
eralization model for a search space plays a key role since it
affects both its algebraic structure and the definition of refine-
ment operators for that space.

Logical implication andθ-subsumption are the relation-
ships that are commonly employed for inducing generaliza-
tion models in relational learning (the latter turning out to
be more tractable with respect to the former). Yet, they are
not fully satisfactory because of the complexity issues that
the resulting search spaces present, although subspaces have
been found where the generalization model is more manage-
able. Indeed, the effectiveness and efficiency of learning as
a refinement process strongly depends on the properties of
the search space and, as a consequence, of the operators. In
some cases the important property to be required to operators
is flexibility [Badea, 2001], meaning that they should be ca-
pable of focussing dynamically on certain zones of the search
space that may be more promising. Conversely, the property
of ideality[Nienhuys-Cheng and de Wolf, 1997] has been rec-
ognized as particularly important for the efficiency of incre-
mental algorithms in search spaces withdense solutions. It
is also possible to derivenon-redundantoperators from ideal
ones, the former being more suitable for spaces withrare so-
lutions[Badea and Stanciu, 1999].

Most algorithms for relational learning, such as those
employed in FOIL[Quinlan, 1990] and PROGOL[Mug-

gleton, 1995], adopt iterative covering strategies,separate-
and-conquer[Fürnkranz, 1999], based on the refinement
of clauses. Alternative methods are based ondivide-and-
conquerstrategies[Bostr̈om and Asker, 1999]. Although
these refinements may turn out to be optimal with respect
to a single clause, the result of assembling them in a theory
is not guaranteed to be globally effective, since the interde-
pendence of the clauses with respect to covering may lead to
better theories made up of locally non-optimal clauses. Only
some systems, e.g. MPL[De Raedtet al., 1993] or HYPER
[Bratko, 1999], cope with the problem of learning whole the-
ories rather than constructing them clause by clause.

This urges more complex refinement operators to be
adopted in algorithms obeying to a different strategy that is
able to take into account the possible interactions between
the single clausal refinements. Hence, the new problem is
defining operators that refine whole theories rather than single
clauses[Midelfart, 1999; Badea, 2001]. ALEPH is a system
where ideas ontheory-levelinduction has been rudimentarily
implemented[Srinivasan, 2002]. Of course, heuristics are re-
quired to cope with the combinatorial complexity of the prob-
lem. The resulting extended setting would also take into ac-
count background knowledge that may be available, and then
it is also comparable togeneralizedand relative subsump-
tion [Plotkin, 1971; Buntine, 1988] or implication[Nienhuys-
Cheng and de Wolf, 1997].

Weakening implication by assumingobject identity, an ex-
tension of theunique names assumption[Reiter, 1980], as
a semantic bias has led to the definition ofθOI-subsumption
andOI-implication [Espositoet al., 2001b], clausal relation-
ships which induce more manageable search spaces. The ex-
istence of ideal refinement operators in these generalization
models is possible[Espositoet al., 2001a], while this does
not hold in clausal spaces ordered byθ-subsumption or impli-
cation[Nienhuys-Cheng and de Wolf, 1997]. The objective
of this work is to extend the results obtained for spaces of
clauses and prove the existence of ideal refinement operators
for spaces of theories in those generalization models.

This paper is organized as follows. In Section 2, we recall
semantics and proof-theory adopted in the framework. Sec-
tion 3 deals with refinement operators and their properties.
Then, in Section 4, the operators for the search space consid-
ered are defined and proven to be ideal. Section 5 summarizes
the paper outlining possible developments.
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2 Generalization Models and Object Identity
The representation language adopted in the proposed frame-
work concerns logic theories (whose space is denoted2C)
made up of clauses (spaceC). The background notions about
clausal representations in Inductive Logic Programming can
be found in[Nienhuys-Cheng and de Wolf, 1997].

The framework relies essentially on the following bias pro-
posed in[Espositoet al., 2001b]:

Assumption (Object Identity) In a clause, terms denoted
with different symbols must be distinct, i.e. they represent dif-
ferent entities of the domain.

The intuition is the following: in spaces based on general-
ization models induced byθ-subsumption (or implication),
considered the two clausesC = q(x) ← p(X, X) and
D = q(x) ← p(X,X), p(X, Y ), p(Y, Z), p(Z, X), they turn
out to be equivalent (in factC is the reducedclause ofD);
this is not so natural as it may appear, since more elements
of the domain can be accounted for inD than inC (indeed
in this frameworkC is more general thanD). The expressive
power is not diminished by this bias, since it is still possi-
ble to convey the same meaning of a clause, although em-
ploying more clauses, e.g. when object identity is assumed,
q(X) ← p(X, Y ) is equivalent to the pair of clauses (a the-
ory) {(q(X) ← p(X,X)), (q(X) ← p(X, Y ))} .

Now it has to be specified how this bias affects the seman-
tics and proof theory of a clausal representation.

2.1 Proof Theory and Semantics

Starting from substitutions, we recall the specification of the
proof theory under object identity. Since a substitution can
be regarded as a mapping from the variables to the terms of
a language, we require these functions to satisfy additional
properties to avoid the identification of terms:

Definition 2.1 Given a set of termsT (omitted when ob-
vious), a substitutionσ is an OI-substitution w.r.t.T iff
∀t1, t2 ∈ T : t1 6= t2 impliest1σ 6= t2σ.

Based on OI-substitutions, it is possible to define related no-
tions such asground and renamingOI-substitutions, their
compositionand also unification:

Definition 2.2 Given a finite set of clausesS, we say thatθ
is anOI-unifier iff ∃E such that∀Ei ∈ S : Eiθ = E andθ
is an OI-substitution w.r.t.terms(Ei).
An OI-unifierθ for S is amost general OI-unifierfor S iff for
each OI-unifierσ of S there exists an OI-substitutionτ such
thatσ = θτ . This is denoted withmguOI(S).

The following notions represent resolution and derivation
when exclusively OI-unifiers are used.

Definition 2.3 Given the clausesC andD that are supposed
standardized apart, a clauseR is an OI-resolventof C and
D iff there existM ⊆ C andN ⊆ D such that{M, N} is
unifiable through themguOI θ andR ∈ ((C\M)∪(D\N))θ.
ROI(C,D) is the set of the OI-resolvents ofC andD.

An OI-derivation is obtained by successively chaining OI-
resolutions.

Definition 2.4 Given a theoryT , theclosure of OI-resolution
is recursively defined: R∗OI(T ) =

⋃
n≥0Rn

OI(T ), with

R0
OI(T ) = T andRn

OI(T ) = Rn−1
OI (T ) ∪ {R = ROI(C, D) |

C,D ∈ Rn−1
OI (T )}.

If ∃C ∈ Rn
OI(T ) then there is anOI-derivationof C from T

of lengthn.

With respect to the model theory under object identity,
more specific models are needed:

Definition 2.5 Given a non-emptydomain D, a pre-
interpretationJ of the languageC assigns each constant to
a different element ofD and eachn-ary function symbolf to
a mapping fromDn toD.
AnOI-interpretationI based onJ is a set of ground instances
of atoms with arguments mapped inD throughJ .
Given a ground OI-substitutionγ mappingvars(C) toD, an
instanceAγ of an atomA is true in I iff Aγ ∈ I otherwise it
is falsein I. A negative literal¬Aγ is true in I iff Aγ is not,
otherwise it isfalsein I.
I is an OI-model for the clauseC iff for all ground OI-
substitutionsγ there exists at least a literal inCγ that is true
in I, otherwise the clause isfalsein I.

Hence, the form of implication that is compliant with this se-
mantics has been defined[Espositoet al., 2001b] which, in
turn, induces a quasi-order on spaces of clauses and theories.

Definition 2.6 Let C,D be two clauses.C impliesD under
object identity(and thenC is more generalthanD w.r.t. OI-
implication) iff all OI-models forC are also OI-models for
D. This relationship is denoted withC|=OID.
Analogously, a theoryT impliesC under object identity, de-
noted withT |=OIC, iff all OI-models forT are also OI-models
for C. Finally, a theoryT is more generalthan a theoryT ′
w.r.t. OI-implication iff∀C ′ ∈ T ′ : T |=OIC

′.

OI-implication is a constrained form of logical implication
biased by the object identity assumption, as shown in the fol-
lowing example:

Example 2.1 Given the two theoriesT = {(p(X) ←
q(f(X), Y ), q(Y, f(X))), (q(f(X), f(X)) ← r(Z))} and
T ′ = {p(X) ← r(Z)}, observe thatT |= T ′ but T 6 |=OIT

′.
This depends on the disallowed bindingY/f(X) that would
identify terms within the same clause.

The proof-procedure was proven sound in[Espositoet al.,
2001b], thus bridging the gap from the proof-theory to the
model-theoretic definition of OI-implication.

2.2 θOI-subsumption and OI-implication
A simpler syntactic relationship, that isθ-subsumption biased
by the object identity assumption, has been defined based the
notion of OI-substitution.

Definition 2.7 Given two clausesC andD, C θOI-subsumes
D iff there exists an OI-substitutionσ w.r.t. terms(C) such
that Cσ ⊆ D. In this case,C is more generalthanD w.r.t.
θOI-subsumption, denotedC≥OID. If also D≥OIC then they
areequivalentw.r.t. θOI-subsumption, denotedC∼OID.
Analogously, given the theoriesT, T ′, T is more generalthan
T ′ w.r.t. θOI-subsumption iff∀D ∈ T ′ ∃C ∈ T : C≥OID,
denotedT≥OIT

′.
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This quasi-order is weaker than OI-implication as proven
by the following result[Espositoet al., 2001b]:

Theorem 2.1 Given a theoryT and a non-tautological
clauseC, T |=OIC iff ∃D ∈ R∗OI(T ) such thatD≥OIC.

This result bridges the gap from model-theory to proof-
theory. It also suggests the way to decompose OI-implication
that is exploited for defining complete refinement operators.

Similarly to standard implication, it is nearly straightfor-
ward to demonstrate some consequences of Theorem 2.1
originally due to Gottlob[1987]. Given a clauseC, let C+

andC− denote, respectively, the sets of its positive and neg-
ative literals. Then, it holds:

Proposition 2.1 LetC andD be clauses. IfC|=OID thenC+

θOI-subsumesD+ andC− θOI-subsumesD−.

Since OI-substitutions map different literals of the sub-
suming clause onto different literals of the subsumed clause,
equivalent clauses underθOI-subsumption have the same num-
ber of literals. Thus, a space ordered byθOI-subsumption is
made up of non-redundant clauses. Indeed, it holds:

Proposition 2.2 Let C and D be two clauses. IfC θOI-
subsumesD then |C| ≤ |D|. Moreover,C∼OID iff they are
alphabetic variants.

As a consequence of the propositions above, it is possi-
ble to prove the following results giving lower bounds for the
depth and cardinality of clauses in the generalization model
based on OI-implication[Fanizzi and Ferilli, 2002].

Definition 2.8 Thedepthof a termt is 1 whent is a vari-
able or a constant. Ift = f(t1, . . . , tn), thendepth(t) =
1 + maxn

i=1(depth(ti)). Thedepthof a clauseC, denoted
depth(C), is the maximum depth among its terms.

Proposition 2.3 Given the clausesC andD, if C|=OID then
it holds thatdepth(C) ≤ depth(D) and|C| ≤ |D|.

3 Theory Refinement and Object Identity
A learning problem can be cast as a search problem[Mitchell,
1982] where theory refinement is triggered when new evi-
dence made available is to be assimilated. The canonical in-
ductive paradigm requires the fulfillment of the properties of
completenessandconsistencyfor the synthesized theory with
respect to a set of input examples. When an inconsistent (re-
spectively, incomplete) hypothesis is detected, a specializa-
tion (resp., generalization) of the hypothesis is required in
order to restore this property of the theory. In the former case
the refinement operators must search the space looking for
more specific theories (downward refinements); in the latter,
more general theories (upward refinements) are required.

The formal definition of the refinement operators for
generic search spaces, is based on the algebraic notion of a
quasi-ordered setS that is a set endowed with an ordering
relationship (say¹) that is reflexive and transitive.

Definition 3.1 Given a quasi-ordered set(S,¹), a refine-
ment operatoris a mapping fromS to 2S such that:

• ∀C ∈ S : ρ(C) ⊆ {D ∈ S | D ¹ C}
(downward refinement operator)

• ∀C ∈ S : δ(C) ⊆ {D ∈ S | C ¹ D}
(upward refinement operator)

A notion of closure upon refinement operators is required
when proving the completeness of the operators.

Definition 3.2 In a quasi-ordered set(S,¹), let τ be a re-
finement operator. Theclosureof τ for C ∈ S is recursively
defined:τ∗(C) =

⋃
n≥0 τn(C), whereτ0(C) = {C} and

τn(C) = {D ∈ S | ∃E ∈ τn−1(C) : D ∈ τ(E)}.
Ultimately, refinement operators should construct chains of

refinements, i.e. a sequenceC0, C1, . . . , Cn of elements ofS
such thatCi ∈ τ(Ci−1), 1 ≤ i ≤ n going from the starting
elements to target ones.

3.1 Properties of the Refinement Operators
As mentioned above, the properties of the refinement opera-
tors depend on the algebraic structure of the search space. A
refinement operator traverses arefinement graphin the search
space, that is a directed graph containing an edge fromT to
T ′ in S in case the operatorτ is such thatT ′ ∈ τ(T ).

A major source of inefficiency may come from refinements
that turn out to be equivalent to the starting ones. Depend-
ing on the search algorithm adopted, computing refinements
that are equivalent to some element that has been already dis-
carded may introduce a lot of useless computation. As to the
effectiveness of the search, a refinement operator should be
able to find a path between any two comparable elements of
the search space (or their equivalent representatives). It is de-
sirable that at least one path in the graph can lead to target el-
ements. This means that a complete refinement operator can
derive any comparable element in a finite number of steps.
The following properties formally define these concepts:

Definition 3.3 In a quasi-ordered set(S,¹), a refinement
operatorτ is locally finite iff ∀C ∈ S : τ(C) is finite and
computable.
A downward (resp. upward) refinement operatorρ (resp.δ)
is proper iff ∀C ∈ S : D ∈ ρ(C) impliesD ≺ C (resp.
D ∈ δ(C) impliesC ≺ D).
A downward (resp. upward) refinement operatorρ (resp.δ)
is completeiff ∀C, D ∈ S, D ≺ C implies∃E ∈ S : E ∈
ρ∗(C) and E ∼ D (resp.C ≺ D implies∃E ∈ S : E ∈
δ∗(C) andE ∼ D).

Let us observe that local finiteness and completeness en-
sure the existence of a computable refinement chain to a tar-
get element, and properness ensure a more efficient refine-
ment process, by avoiding the search of equivalent clauses.
Then, the combination of these properties confers more ef-
fectiveness and efficiency to an operator:

Definition 3.4 In a quasi-ordered set(S,¹), a refinement
operator isideal iff it is locally finite, proper and complete.

As mentioned in the introduction, other important proper-
ties of refinement operators have been defined, yet they go
beyond the scope of this paper which focusses on ideality.

3.2 Minimal Refinements of Clauses
The existence of maximal specializations and minimal gener-
alizations of clauses was proven for both theθOI-subsumption
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and the OI-implication generalization model[Fanizzi and
Ferilli, 2002]. These results are briefly recalled here for be-
ing used in the construction of ideal refinement operators pre-
sented in the following section.

As a consequence of Theorem 2.1, some limitations are
provable as concerns depth and cardinality for a clause that
implies (subsumes) another clause under object identity. This
yields a bound to the proliferation of possible generalizations:

Proposition 3.1 LetC andD be two clauses. The set of gen-
eralizations ofC andD w.r.t. OI-implication is finite.

The proof is straightforward since the depths and cardinalities
of the generalizations are limited as a consequence of Propo-
sition 2.3. Now, given two clausesC andD, let G be the set
of generalizations of{C, D} w.r.t. OI-implication. Observe
that G 6= ∅ since2 ∈ G. Proposition 3.1 yields thatG is
finite. Thus, since the test of OI-implication between clauses
is decidable[Fanizzi and Ferilli, 2002], it is theoretically pos-
sible to determine the minimal elements ofG by comparing
the clauses inG and eliminating those that are overly general.

For computing theories that are proper generalizations of
the starting ones, an operator for inverting OI-resolutions is
needed which is similar to theV-operatorfor the inversion of
resolution[Muggleton, 1995]:

Definition 3.5 Given a theoryT , theoperator for the inver-
sion of the OI-resolutionis defined:

VOI(T ) = {D ∈ C | ∃C ∈ T,D′ ∈ C : C ∈ ROI(D, D′)}
Note that there is a lot of indeterminacy in this definition. Yet
it suffices for our theoretical purposes. In fact, the specifi-
cation of an actual operator to be implemented in a learning
system should consider also other information (such as exam-
ples, background knowledge, etc.), to define the underlying
heuristic component.

With respect to maximal specializations, the major diffi-
culty comes from the fact that under standard implication,
C ∪D is a clause that preserves the models of either clause,
hence turning out to be a maximal specialization. In this set-
ting, as expected, more clauses are needed than a single one;
indeed the following operator has been defined:

Definition 3.6 Let C1 and C2 be two clauses such thatC1

andC2 are standardized apart andK a set of new constants
such that: |K| ≥ |vars(C1 ∪ C2)|. A new set of clauses is
definedUOI(C1, C2) = {C| C = (C1σ1 ∪ C2σ2)σ−1

1 σ−1
2 }

whereσ1 and σ2 are Skolem substitutions for, respectively,
C1 andC2 with K as their term set1.

Example 3.1 Given two clausesC1 = {p(X,Y ), q(X)}
and C2 = {p(X ′, Y ′), r(X ′)}, the OI-substitutionsσ1 =
{X/a, Y/b} and σ2 = {X ′/a, Y ′/b} yield the following
clause: F1 = {p(X, Y ), q(X), r(X)}. Similarly σ3 =
{X/a, Y/b} andσ4 = {X ′/b, Y ′/a} yield the clause:F2 =
{p(X, Y ), p(Y,X), q(X), r(X)} and so on.

It is easy to see that, clauses(C1σ1 ∪ C2σ2)σ−1
1 σ−1

2 are
equivalent to those in(C1σ1 ∪ C2σ2)σ−1

2 σ−1
1 . Besides, the

clauses inUOI(C, D) preserve the OI-models ofC andD:

1The term setof a set of clausesT by the Skolem substitutionσ
is the set of all terms occurring inTσ.

Proposition 3.2 LetC,D andE be clauses such thatC and
D are standardized apart. IfC|=OIE andD|=OIE then∀F ∈
UOI(C,D) : F |=OIE.

This result implies thatUOI(C,D) contains maximal special-
izations of the two clauses w.r.t. OI-implication. For the proof
of ideality given in the next section, it is important to point out
that this set of specializations is finite. Moreover, the defini-
tion of UOI and also Proposition 3.2 can be extended to the
case of multiple clauses[Fanizzi and Ferilli, 2002].

4 Ideal Operators for Theories
Nonexistence conditions for ideal refinement operators for
generic spaces are given in[Nienhuys-Cheng and de Wolf,
1997]. A close relationship has been recognized between ide-
ality and thecoversof elements in(S,¹), a downward cover
of C being aD such thatD ≺ C and 6 ∃E : D ≺ E ≺ C
(resp.C ≺ D and 6 ∃E : C ≺ E ≺ D for the upward case).
A necessary condition for the ideality of refinement operators
is that they return supersets of the sets of covers.

Theorem 4.1 In the quasi-ordered space2 (C,≤θ) an ideal
refinement operator does not exist.

The non-existence of ideal refinement operators for spaces
of clauses ordered by implication can be proven as a conse-
quence of this result[Nienhuys-Cheng and de Wolf, 1997],
sinceθ-subsumption is weaker than logical implication. Be-
sides, this can be extended, proving the non-existence of
refinement operators for search spaces of theories endowed
with the ordering relationship induced byθ-subsumption
[Midelfart, 1999] and the one induced by logical implication
[Nienhuys-Cheng and de Wolf, 1997]. Conversely, within the
framework we present, it is possible to exploit the definition
of the refinement operators for clausal spaces for demonstrat-
ing the existence of ideal operators on spaces of theories.

4.1 Ideal Operators for θOI-subsumption
With respect to the spaces of clauses in the generalization
model induced byθOI-subsumption, we exploit the ideality of
the operators for clausal spaces[Espositoet al., 2001a].

Definition 4.1 In the quasi-ordered space(2C ,≥OI), given a
theoryT , let Tnr be a non redundant theory equivalent to T.
Thedownward refinement operatorρOI is defined as follows:

• [(Tnr \ S) ∪ {D ∈ ρOI(C) | C ∈ S}] ∈ ρOI(T )
whereS ⊆ Tnr

• Tnr \ {C} ∈ ρOI(T ) with C ∈ Tnr

Theupward refinement operatorδOI is defined as follows:

• [(Tnr \ S) ∪ {D ∈ δOI(C) | C ∈ S}] ∈ δOI(T )
whereS ⊆ Tnr

• Tnr ∪ {C} ∈ δOI(T ) with C 6∈ Tnr

The ideality of these operators is proven as follows:

Theorem 4.2 In the search space(2C ,≥OI), the refinement
operatorsρOI andδOI are ideal.
Proof:

2here≤θ denotes the order induced byθ-subsumption and the
language is supposed to contain at least a binary predicate.
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ρOI : (locally finite) obvious.
(proper) by the properness ofρOI for clauses.
(complete) SupposeT≥OIT

′ andT ′ 6 ≥OIT .
Let T ′ = {Di | i = 1, . . . , n}. The theories can be
supposed to be non redundant, otherwise the reduced
equivalent theory can be computed by removing clauses
by means of the second item of the operator.
By definition T≥OIT

′ means that∀Di ∈ T ′, i ∈
{1, . . . , n},∃Ci ∈ T : Ci≥OIDi.
By the completeness of the operatorρOI for clauses, it
holds that∀i ∈ {1, . . . , n}∃ki : Di ∈ ρki

OI (Ci).
Starting fromT1 = T , the first component of the op-
erator is iterated, obtaining for eachTj a refinement
Tj+1, by choosingSj as the subset ofTj made up of
the clauses that are not in the target theoryT ′ while
being strictly more general than clauses inT ′, that is
Sj = {C ∈ Tj \ T ′ | ∃D ∈ T ′ : C>OID}.
Eventually it holds that∃Tk ∈ ρk

OI(T ) for somek ≤
maxn

i=1(ki) such that∀i Di ∈ Tk.
Tk may be larger thanT ′. Thus the second component
of ρOI for theories can be employed for deleting the ex-
ceeding clauses fromTk yieldingT ′.
Finally we have thatT ′ ∈ ρ∗OI(T ).

δOI : Analogously.

4.2 Ideal Operators for OI-implication

These operators above will be embedded in the definition of
the refinement operators for spaces of theories in the stronger
order induced by OI-implication. Besides, notions and re-
sults given in Section 3.2 are also exploited. In particular,
these operators should be able to compute specializations and
generalizations that are able to reach those clauses involved
in OI-resolution steps (and their inverse).

Definition 4.2 In the quasi-ordered space(2C , |=OI), the
downward refinement operatorρOI is defined as follows, given
anyT ∈ 2C

• UOI(C)C∈SC ∈ ρOI(T ) whereS ⊆ T

• ⋃
C∈S((T \ S) ∪ ρOI

′(C)) ∈ ρOI(T )
whereS ⊆ T andρOI

′ denotes the downward refinement
operator for clauses wrt|=OI

• T ′ ∈ ρOI(T ) if T ′ ∈ ρOI
′′(T )

whereρOI
′′ denotes the downward refinement operator

for theories wrt≥OI

Theupward refinement operatorδOI is defined as follows:

• T ∪ {C} ∈ δOI(T ) where∃R ⊆ T andC ∈ VOI(T )

• ⋃
C∈S((T \ S) ∪ δOI

′(C)) ∈ δOI(T )
whereS ⊆ T and δOI

′ denotes the upward refinement
operator for clauses wrt|=OI

• T ′ ∈ δOI
′′(T ) if T ′ ∈ δOI(T )

whereδOI
′′ denotes the upward refinement operator for

theories wrt≥OI

The ideality of these operators is stated by the following
result (Figure 1 depicts the related refinement graph):

Figure 1: The Refinement Graph

Theorem 4.3 In the search space(2C , |=OI), the refinement
operatorsρOI andδOI are ideal.
Proof:

ρOI : (locally finite) by definition of the various operators and
the finiteness of the theories.
(proper) by the properness of the refinement operators
employed in the various items.
(complete) SupposeT |=OIT

′ and T ′ 6 |=OIT with n =
|T ′|. Since redundancy can be eliminated by remov-
ing redundant clauses (and tautologies) through the last
item of the operator, we will consider the theories as non
redundant.
Let us observe thatT |=OIT

′ is equivalent to∀Ci ∈ T ′ :
T |=OICi, for i = 1, . . . , n.
By Theorem 2.1, for eachCi, there exists aDi such that
Di ∈ Rki

OI (T ), for someki, andDi θOI-subsumesCi.
Observe that, by using the first item of the refinement op-
erator, it is possible to produce the theoryTS containing
the maximal specializations of the clauses inS ⊆ T
employed in the OI-derivation the ofDi’s (by the ex-
tension of Lemma 3.2 to the case of multiple clauses
where each maximal specialization is more general wrt
OI-implication than an OI-resolventDi): TS ∈ ρOI(T ).
Observe that∀F ∈ TS F |=OIDi. Now, it is possible
to iterate (at mostn times for theDi that are properly
by someF ) the second item of the operator, in order to
compute the theoryTR = {Di | i = 1, . . . , n}, thus we
can write:TR ∈ ρk

OI(TS), k ≤ n.
By construction∀i Di≥OICi, then TR≥OIT

′, then we
can exploit the ideal operator for theories wrtθOI-
subsumption (third item of the operator for theories wrt
OI-implication) writing: T ′ ∈ ρ∗OI(TR).
Finally, by chaining these steps, it is possible to con-
clude that:T ′ ∈ ρ∗OI(T ).

δOI : In the same hypotheses the previous proof, it is possi-
ble to invert theθOI-subsumption ofTR wrt T ′ using
the last item of the definition ofδOI for theories wrt OI-
implication: TR ∈ δ∗OI(T

′).
Then, a number of OI-resolutions are to be inverted by
using the first item ofδOI. This number is finite due to
Proposition 2.3 and then can be done tentatively in a fi-
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nite number of steps. ThenT ∈ δ∗OI(TR).
Finally, by chaining these steps, it is possible to con-
clude that:T ∈ δ∗OI(T

′).
Differently from the standard generalization models, in this

framework the number of OI-resolution steps is bounded be-
cause, during OI-implication orθOI-subsumption steps, the
sizes of the clauses increase (decrease) monotonically, as a
consequence of Propositions 2.2 and 2.3.

5 Conclusions
In this work the existence of ideal refinement operators was
proved in the search space of theories ordered by general-
ization models based on object identity. Coupled with some
heuristics, this allows for the definition of efficient refinement
algorithms that avoid the myopia of the traditional relational
learning approaches.

We focussed on the effectiveness of the refinement opera-
tors, that is related to their static properties. In general this
is not sufficient for defining a learning algorithm: efficiency
plays a key role when dealing with first order logics. The suc-
cessive step is to investigate the dynamic properties of these
operators when they are to be guided by means of heuristics
based on the available examples and/or other criteria.

We have also mentioned that in spaces with rare solutions it
is more suitable to have an operator that is non redundant, be-
cause almost all of the paths that could be constructed would
not lead to a target theory. It should be investigated how to
define non redundant operators in this framework.

The object identity framework is currently implemented in
the system INTHELEX[Espositoet al., 2000], with a totally
incremental strategy based on clause-level induction. We plan
to investigate how to upgrade the system to theory-level, ex-
ploiting the theoretical operators presented in this paper to-
gether with suitable evaluation functions to mitigate the com-
binatorial complexity of the problem.
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Abstract

Minesweeper is a one-person game which looks
deceptively easy to play, but where average hu-
man performance is far from optimal. Playing the
game requires logical, arithmetic and probabilis-
tic reasoning based on spatial relationships on the
board. Simply checking a board state for consis-
tency is an NP-complete problem. Given the dif-
ficulty of hand-crafting strategies to play this and
other games, AI researchers have always been in-
terested in automatically learning such strategies
from experience. In this paper, we show that when
integrating certain techniques into a general pur-
pose learning system (Mio), the resulting system is
capable of inducing a Minesweeper playing strat-
egy that beats the winning rate of average human
players. In addition, we discuss the necessary
background knowledge, present experimental re-
sults demonstrating the gain obtained with our tech-
niques and show the strategy learned for the game.

1 Introduction
Minesweeper is a popular one–player computer game written
by Robert Donner and Curt Johnson which was included in
Microsoft Windowsc© in 1991. At the beginning of the game,
the player is presented with ap× q board containingpq tiles
or squares which are all blank. Hidden among the tiles areM
mines distributed uniformly at random on the board. The task
of the player is to uncover all the tiles which do not contain a
mine. At each turn the player can select one of three actions
(moves): to mark a tile as a mine; to unmark a tile; and to
uncover a tile. In the last action, if the tile contains a mine,
the player loses; otherwise, the number of mines around the
tile is displayed. In the4× 4 board depicted in Fig. 1 left, the
number1 located on the second row from top indicates that
there is one and only one mine hidden among the eight blank
neighbouring tiles.

Although the simplicity of its rules makes Minesweeper
look deceptively easy, playing the game well is indeed chal-
lenging: A player requires logic and arithmetic reasoning to
perform certain moves given the board state, and probabilis-
tic reasoning to minimize the risk of uncovering a mine when

M S S

S

S S

S

S

Figure 1: Left: Available information on a board. Right:
Seven tiles can be determined safe (s) and one a mine(m)

a safe move cannot be done. Given the difficulty of hand-
crafting playing strategies for this and other games, AI re-
searchers have always been interested in the possibility of au-
tomatically learning such strategies from experience. How-
ever, with the exception of reinforcement learning[Tesauro,
1995], most of the playing strategies and heuristics used in
game playing programs are coded and tuned per hand in-
stead of automatically learned. In this work, we use a gen-
eral purpose ILP system, Mio, to learn a playing strategy
for Minesweeper. Multirelational learning or ILP consists in
learning from examples usually within the framework pro-
vided by clausal logic.

The task of learning rules to deduce Minesweeper moves
proved itself to be an arduous test for current multirelational
learning systems. In this paper, we describe how recent opti-
mizations make possible for Mio to discover a Minesweeper
playing strategy. Experimental results obtained by playing
Minesweeper using this strategy show a better performance
than that obtained on average by non-expert human players.

The remainder of this paper is organized as follows. The
next section discusses the complexity of the game and de-
scribes the learning task. Section 3 describes the background
knowledge, the learning system and the new techniques used.
Section 4 shows our empirical results on the effectiveness of
the learning techniques, the strategy obtained and its perfor-
mance at game playing. Related work is surveyed in Section 5
and Section 6 concludes.

2 Minesweeper
2.1 Why Is Minesweeper Interesting?
Minesweeper has been shown to be NP-complete by simulat-
ing boolean circuits as Minesweeper positions[Kaye, 2000].
Kaye describes theMinesweeper consistency problemas the
problem of determining if there is some pattern of mines in
the blank squares that give rise to the numbers seen in a given
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board partially filled with numbers and marked mines, and
thus determining that the data given is consistent.

One realizes the complexity of the game by calculating an
estimate for the size of its search space. Consider an8 × 8
board withM = 10 mines; in this case at the beginning of
the game the player haspq = 64 tiles from which to choose
a move (i.e., a tile to uncover) and in the last move, assuming
the player does not uncover a mine, there are11 tiles from
which to choose one. This leads to54! ≈ 1071 possible move
sequences to win a game. Alternatively, one can calculate the
probability of a random player winning a game. In the first
move the probability that the random player chooses a tile
which does not contain a mine is54/64, and in the last move
it has 1/11 chance to choose the only tile without a mine.
Then, the probability of a random player winning a game is
1/

(
64
54

)
≈ 10−12 and that is only for the easiest playing level!

Another measure of the complexity of Minesweeper is the
number of games won on average by non-expert human play-
ers. To estimate the average human performance playing
Minesweeper, we carried out an informal study. In the study,
eleven persons who have played Minesweeper before were
asked to play at least ten times in an8 × 8 board with 10
mines. Every participant was told to aim for accuracy rather
than for speed. In this study, a person won on average35% of
the games with a standard deviation of8%.

2.2 The Learning Task
In Minesweeper there are situations that can be “solved” with
nontrivial reasoning. For example, consider Fig. 1 left where
the only available information about the board state are the
numbers. After careful analysis one finds that the squares
with ans (see Fig. 1 right) do not contain a mine, the square
with anm is a mine, and the state of the blank tiles cannot be
determined if we do not know how many mines are hidden in
the board. There are other Minesweeper situations where the
available information is not enough to identify a safe square
or a mine, as in Fig. 2, and the best option available to the
player is to make an informed guess, i.e., a guess that mini-
mizes the risk of blowing up by uncovering a mine.

In this work, we consider the learning task in Minesweeper
to be the induction of rules to identify all thesafe squares1

and squares with a mine which can be deduced given a board
state. For instance, we want the system to learn rules to clas-
sify all the blank tiles in Fig. 1 either assafeor mine.

3 The Learning Tools
In machine learning it is possible to choose between a propo-
sitional representation (in the form of attribute-value tuples)
and a multirelational representation (in the form of logic pred-
icates). A multirelational representation has the expressive-
ness required to describe the concepts involved when rea-
soning about Minesweeper, and is thus more intuitive than
the propositional one. For this reason we use multirelational
learning for the learning task described above. Usually a mul-
tirelational learning system takes as input background knowl-
edgeB, positive (E+) and negative (E−) examples of a target

1A safe square is a blank tile which given the current board state
cannot contain a mine.

Figure 2: The position of the last mine cannot be determined

Search for a clause C in the
hypothesis space H using e
to guide the search.

Add C to the theory T

E+ is empty?

T

E+B

Select an example e in E+

Remove examples in E+
covered by C.

No

Yes

E−

Figure 3: Example-driven covering algorithm

concept such thatE = E+ ∪E− andE+ ∩E− = ∅, and has
to find a clausal theoryT which minimizes the classification
error on future instances. Next we describe the background
knowledge and the system used.

3.1 Background Knowledge

The background knowledge provides the system with infor-
mation about the domain and is given in the form of logic
predicates (facts and rules, or clauses). A predicate is de-
scribed asname(arg1, . . . , argn) and, in our case,argi in-
dicates the argument’s type. The background knowledge pro-
vided to the learning system about Minesweeper is shown
in Table 1. The predicates in the background knowledge
were defined by trying to abstract the concepts used by hu-
mans when explaining their own Minesweeper playing strate-
gies. These concepts were obtained from the first author’s
Minesweeper playing experience and from Minesweeper
pages on the web.

In the predicates listed in Table 1, aTD is a determined or
uncovered tile, i.e., a number0 . . . 8 is shown on the tile; a
TU is an undetermined or blank tile;Board is the board state
given as a list ofp × q characters0 . . . 8,m, u; Zoneis a list
of determined tiles, andSetis a set of undetermined tiles to-
gether with the number of mines hidden among those tiles.
In addition, each symbol preceding an argument denotes how
that argument should be instantiated when calling the predi-
cate. A+argi is an input argument and should be instanti-
ated to a non-variable term; a−argi is an output argument
and should be uninstantiated, and a#arg indicates that the
constant value of an output argument can appear in a rule.
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Predicate Description
zoneOfInterest(+TU, +Board, -Zone) . . . . returns in Zone the tiles which are determined neighbours of TU and

the determined tiles which share an undetermined neighbour with them
(see Fig. 4 center).

totalMinesLeft(+Board,-Int) . . . . . . . . . . . . returns how many mines remained to be marked.
allMinesInFringe(+Board, -Set) . . . . . . . . . gives the set of tiles in the fringe3 where all the remaining mines are.
setHasXMines(-TD, +Board, +Zone, -Set)gives in Set the undetermined neighbours of TD (TD is in Zone),

and the number of mines hidden among them (see Fig. 4 right).
diffSetHasXMines(+Set1, +Set2, -Set). . . returns in Set all and only the tiles of Set1 which are not also in Set2

and the number of mines hidden among the tiles in Set.
inSet(+TU, +Set) . . . . . . . . . . . . . . . . . . . . . . . is true when TU is a member of Set.
lengthSet(+Set,+Int) . . . . . . . . . . . . . . . . . . . . is true when Set contains Int tiles.
minesInSet(+Set,-#Int). . . . . . . . . . . . . . . . . . returns the number of mines hidden among the tiles in Set.

Table 1: Minesweeper background knowledge

3.2 The System
Mio is an example-driven covering system (see Fig. 3) in-
troduced by Pẽna Castillo and Wrobel[2002b] which uses
a Progol-like declaration language and, the same as Pro-
gol [Muggleton, 1995], lower bounds the search space with a
most specific clause⊥ (also called bottom clause). This⊥ is
a maximally specific clause which entails (covers) a positive
examplee. Mio performs a general-to-specific (top-down)
IDA* [Korf, 1985] search to find a clause to add to the the-
ory. In addition, Mio selects stochastically the examples from
which it learns, performs parallel search to increase the stabil-
ity of the example-driven approach, and enforces type strict-
ness. Three other techniques are implemented in Mio to al-
low the learning of Minesweeper rules: macro-operators (or
macros, for short) to reduce the search space, greedy search
with macros to speed up the learning process, and active
learning to guide the exploration of the instance space.

Macros
Macros in multirelational learning[Pẽna Castillo and Wro-
bel, 2002a] are a formal technique to reduce the hypothesis
space explored by a covering system. A macro is a sequence
of literals, chosen from the bottom clause, which is created
based on provider-consumer relationships between the liter-
als. A literal is a provider if it has output arguments, and it
is a consumer if it receives as an input argument a variable
provided by another literal in the bottom clause. Peña and
Wrobel show that by adding macros instead of literals to a
clause, the number of clauses evaluated by the system is sig-
nificantly reduced.

Greedy Search with Macros
In [Pẽna Castillo and Wrobel, 2002a] macros are used with
IDA*. It is well known that greedy search explores on av-
erage less nodes than IDA*; however, greedy search could
miss a solution because it underestimates the importance
of provider literals without discriminative power which are
nonetheless necessary to introduce new variables (this is
known as the myopia problem). Since macros add several
literals at once to a clause, they might reduce the myopia of
greedy search allowing us to gain in efficiency without losing

3Fringe refers to all the blank tiles with a determined neighbour.

too much in effectiveness. We implement a greedy search
with macros which consists of a lookahead step where all
the macros are combined with each other and the best evalu-
ated clauses are selected. Then if the selected clauses can be
extended (refined) the system tries to combine these clauses
with all the macros available and selects the best candidates.
This last step is repeated until there is no clause which can be
extended and the best candidates are returned.

Active Inductive Learning

In the covering algorithm a clause is learned which covers
(explains) some positive examples and none (or few) negative
ones; however, in domains such as games and puzzles, thou-
sands of examples are required to contain most of the possible
game situations; on the other hand, considering thousands of
examples when evaluating a rule slows down the learning pro-
cess. Thus, to improve the efficiency of the exploration of the
instance space, active learning[Cohnet al., 1994] is included
in Mio.

Active inductive learning consists of the following steps.
At the beginning, Mio learns from few randomly drawn ex-
amples and when it has learned some clauses gives these
clauses to an active learning server. The active learning server
returns to Miocounterexamples4. These counterexamples are
selected from examples given by a random example generator
(or random sampler). While Mio iterates on the new exam-
ples received, the server tests the rules obtained against ran-
domly drawn examples, discards all the rules below a user-
defined accuracy value and collects new counterexamples.
This validation step on the server side avoids overfitting5.
These steps are repeated until a user-defined maximum num-
ber of iterations is reached or no counterexample is found.

Active inductive learning is similar in spirit to integrative
windowing [Fürnkranz, 1998] with two main differences: in
our approach random sampling is done dynamically and a
client-server architecture is used which allows to treat test-
ing and learning as separated processes.

4A counterexample is a positive example not covered by a set of
clausesT or a negative example covered by at least one clause inT .

5Overfitting refers to obtaining results with high classification
error over new data despite null or almost null training error.
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set([34,35],1)
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safe!

Figure 4: A rule learned by Mio. Left: Is the highlighted tile safe? Center: zoneOfInterest corresponding to the highlighted
tile. Right: Applying difference operations to the sets determined by the tiles inside a circle is concluded that the tile 40 is safe

4 Empirical Results

4.1 Improvements Obtained with each Technique

Experiments were carried out to determine the effects on the
rules obtained and on the system efficiency, of macros, greedy
search with macros, and active inductive learning. To produce
the training examples, we randomly generate board configu-
rations and take all blank tiles with at least one determined
neighbour as examples. If the blank tile does not contain a
mine is labeled as safe, otherwise it is labeled as mine. Af-
terwards, contradictory examples are removed. In the exper-
iments, the learning task was to learn rules to identify safe
tiles. The rule to discover mines was learned using the best
setting (i.e., using active learning, macros and greedy search).

For the completeness of this work, we ran Progol[Muggle-
ton and Firth, 2001] and Foil [Quinlan and Cameron-Jones,
1995] on the same learning task as Mio; however, we failed
to make the systems learn correct rules about safe tiles. Pro-
gol search was interrupted due to search limits implemented
in the system (although the maximum stack depth and res-
olutions steps were set to 50000 and 10000, respectively),
and Foil pruned determined literals which are needed. This
might imply that the optimizations included in Mio are in-
deed necessary to learn a Minesweeper playing strategy. Ta-
ble 2 shows the empirical results with four Mio settings.

All the experiments with active learning were performed
with the same seeds which means that the same training ex-
amples are generated by the random sampler and that Mio
selects the same examples to guide the search. For the exper-
iments without active learning, we took five random samples
from the set of examples used in the active learning exper-
iments. The size of the sample is equal to the number of
examples received by Mio when performing active learning
(40 positive and 34 negative examples). We carried out an
extra experiment where Mio was given the complete set of
examples (2890 positive and 1306 negative) used by the ac-
tive learning server to test Mio’s rules and select counterex-
amples; however, this experiment was stopped after Mio ran
for 10 days. To reduce the running time of the experiments,
we set the maximum number of clauses explored per search
to 4000 clauses.

Table 2 shows that each optimization added to Mio reduces
the average number of rules (nodes) explored per search and

the number of times the search is interrupted because of the
search limit. Without active learning, overfitting occurs and
erroneous rules are obtained. The performance of the rules
obtained with IDA*+M is worse than that of the IDA* rules
because Mio with macros explores a larger part of the hy-
pothesis space and thus the IDA* + M setting overfits more
the training data. However, if no limit in the maximum num-
ber of clauses explored per search is set, both settings (IDA*
and IDA*+M) obtain the same rules. The running time of the
fastest setting (AL+GS+M) is 56hrs.

4.2 Rules Learned
Table 3 shows the rules with the highest winning rate which
were obtained by using both AL+GS+M and AL+IDA*+M.
An extra rule was obtained with the latter setting; however,
this extra rule does not improve the playing performance.
One important feature of the rules learned by Mio is that they
can be applied independently of the size of the board and the
number of mines. The rules vary in complexity. Rule S-1 and
Rule M-1 correspond to the trivial situations where a deter-
mined tile needsk mines andk mines are already marked,
and where a determined tile needsk mines and it hask blank
neighbours, respectively.

On the other hand, Rule S-3 can be seen as one of the most
complex rules because it involves three determined tiles to
deduce a safe tile. Fig. 4 left shows a board state where Rule
S-3 is the only one which allows to identify a safe tile. The
rule obtains the zoneOfInterest corresponding to the unde-
termined tile considered (Fig. 4 center). Then by applying
difference operations on the sets determined by three uncov-
ered tiles from the zoneOfInterest (see Fig. 4 right), the set
([40], 0) is obtained and thus it is deduced that tile 40 is safe.

4.3 Game Playing
To evaluate the performance at game playing of each set
of rules obtained, we used each set of rules as the playing
strategy of an automatic Minesweeper player and calculated
the percentage of games won by the player in 1000 random
games (see Table 2). The playing conditions were the same
as the ones presented to the human players; i.e., at the begin-
ning the player is presented with an empty8 × 8 board with
M = 10 mines and can uncover a mine in the first move.
Note that in most Minesweeper implementations, one never
hits a mine in the first move.
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Mio
IDA* IDA*+M AL+IDA*+M AL+GS+M

Ave. No. clauses explored per search 3135 1462 1008 566
% of searches which reached 4000-clause limit 70% 23% 4% 3%
Ave. No. of rules obtained 2.8 4 4 3
Ave. % of games won with rules 42.6% 34.0% 52.4 % 52.0%

Table 2: Performance of various Mio settings used to learn rules about safe tiles (AL = Active Learning, GS = Greedy Search,
IDA* = Iterative Deepening A*, M = Macros)

Rules about Safe Tiles
%% RULE S-1 %%

safe(TILEUK,BOARD):-
zoneOfInterest(TILEUK,BOARD,ZONE), setHasXMines(TILEK,BOARD,ZONE,SET),
inSet(TILEUK,SET), minesInSet(SET,0).

%% RULE S-2 %%
safe(TILEUK,BOARD):-

zoneOfInterest(TILEUK,BOARD,ZONE), setHasXMines(TILEK0,BOARD,ZONE,SET0),
setHasXMines(TILEK1,BOARD,ZONE,SET1), diffSetHasXMines(SET1,SET0,SET3),
inSet(TILEUK,SET3), minesInSet(SET3,0).

%% RULE S-3 %%
safe(TILEUK,BOARD):-

zoneOfInterest(TILEUK,BOARD,ZONE), setHasXMines(TILEK0,BOARD,ZONE,SET0),
setHasXMines(TILEK1,BOARD,ZONE,SET1), setHasXMines(TILEK2,BOARD,ZONE,SET2),
diffSetHasXMines(SET1,SET0,SET3), diffSetHasXMines(SET2,SET3,SET4),
inSet(TILEUK,SET4), minesInSet(SET4,0).

Rules about Mines
%% RULE M-1 %%

mine(TILEUK,BOARD):-
zoneOfInterest(TILEUK,BOARD,ZONE), setHasXMines(TILEK,BOARD,ZONE,SET),
inSet(TILEUK,SET), minesInSet(SET,INT), lengthSet(SET,INT).

Table 3: Minesweeper rules learned by Mio

Let us analyze the performance of the best rule set (see
Table 3). In 1000 games, the player made 15481 moves from
which 2762 where random guesses, 169 used Rule S-1, 10285
used Rule S-2, 54 used Rule S-3, and 2211 used Rule M-1.

In addition, we examined the effect of adding probabilistic
reasoning. In the experiment, we instructed the player us-
ing the rules shown in Table 3 to select a tile which mini-
mizes the probabilityP (Tu) that an undetermined tileTu is a
mine when none of the rules can be applied.P (Tu) is equal
to maxTd

( fm(Td)
fn(Td) ) whereTd is a determined neighbour of

Tu, fm(Td) returns the number of mines needed byTd and
fn(Td) returns the number of blank neighbours ofTd. Every
time the player has to guess, it selects the tile which mini-
mizesP (Tu). This player wins 579 of 1000 random games.

5 Related Work
5.1 Minesweeper Playing Programs
There are several Minesweeper programs available on the
web. These programs are not learning programs but playing
programs where the authors have embedded their own game
playing strategy. Among these programs, John D. Ramsdell’s
PGMS is quite successful winning 60% of 10000 random
games in a8× 8 board with 10 mines.

PGMS plays using theEquation Strategybased on find-
ing approximate solutions to derived integer linear equations,
and probabilities. As mentioned by Ramsdell[2002], PGMS
represents the information available on the board as a set of
integer linear equations. Associated with an undetermined
tile is a variablex that has the value1 if the tile hides a mine,
or 0 otherwise. An equation is generated for each uncovered
tile with an adjacent undetermined tile. Each equation has
the form c =

∑
i∈S xi, whereS is a set of undetermined

tiles, andc is the number of mines hidden amongS. To sim-
plify notation, this equation is written asc

.= S. Since the
total number of hidden mines is known, an additional equa-
tion simply equates this number with the sum of all of the
undetermined tiles.

Every time a tilet is determined safe or a mine, the board
changes are propagated to all the equations containingt and a
new equation for the undetermined neighbours oft is added.
In addition, if c0

.= S0 andc1
.= S1 are two equations such

thatS0 is a proper subset ofS1, the equationc1 − c0
.= S1 \

S0 is added. To determine whether a tile is safe or a mine,
PGMS iteratively applies the following rules until none are
applicable7:

7In these rules|S| is the cardinality ofS andS0 \ S1 is the dif-
ference betweenS0 andS1.

537LEARNING



• If 0 .= S, all tiles inS are safe.

• If c
.= S andc = |S|, all tiles inS are a mine.

• Let c0
.= S0 andc1

.= S1 be two equations andtu be an
undetermined tile such thatc0 < c1, andtu ∈ S0 and
tu ∈ S1. If c1 − c0 = |S1 \ S0|, all the tiles inS1 \ S0

are a mine and all the tiles inS0 \ S1 are safe.
PGMS must guess when presented with a board to which

none of the rules apply. For each tilet it computes the
value P (t) as follows. Given an equationc

.= S, define
its single equation probability to bec/|S|. P (t) is equal to
maxt∈S(c/|S|). PGMS picks the tilet that minimizesP (t).
A random choice is made when there is more than one tile
that minimizesP (t).

We were surprised to notice that although Mio was only
given general background knowledge about Minesweeper,
the rules it learned are similar to the rules programmed in
PGMS. For example, Mio’s Rule S-1 and Rule S-2 corre-
spond to the first and third rule in PGMS, respectively; and
Mio’s Rule M-1 is similar to PGMS second rule. To compare
PGMS performance with the performance of Mio’s best play-
ing strategy, we let our best player (i.e., the player using the
rules in Table 3 and probabilities) play 10000 random games
in a8× 8 board with 10 mines. Its winning rate is also 60%.

5.2 Multirelational Learning for Games
Other work has been done which applies ILP systems to
learn heuristics or playing strategies for games. Ramon
et al. [2001] used Tilde [Blockeel and Raedt, 1998] to
learn a theory that predicts the value of a move in Go.
Morales[1996] applied the system PAL to learn chess pat-
terns for constructing chess playing strategies. Nakano et
al. [1998] presented an approach to generate an evaluation
function for Shogi mating problems using ILP.

6 Conclusions and Future Work
In this paper we described how the use of new ILP techniques
such as macros, greedy search with macros, and active in-
ductive learning allow Mio to learn a Minesweeper playing
strategy. This learning task proved itself to be a challenging
testbed for general purpose multirelational learning systems.

The best rules obtained by Mio win 52% of the games in
a 8 × 8 board with 10 mines, while on average a non-expert
human player wins 35% of the games. The performance of
the playing program using these rules as playing strategy im-
proves to 60% when adding the use of probabilities.

By examining the games played using Mio’s rules, we no-
tice that there are still situations where the player guesses
without need (i.e., a sure move can be deduced). As fu-
ture work, we want to use other ILP systems (e.g., Tilde),
and other machine learning approaches to learn Minesweeper
playing strategies and compare their performance.
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[Pẽna Castillo and Wrobel, 2002a] Lourdes Pẽna Castillo
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Abstract

We extend multiclass SVM to multiple prototypes
per class. For this framework, we give a compact
constrained quadratic problem and we suggest an
efficient algorithm for its optimization that guaran-
tees a local minimum of the objective function. An
annealed process is also proposed that helps to es-
cape from local minima. Finally, we report experi-
ments where the performance obtained using linear
models is almost comparable to that obtained by
state-of-art kernel-based methods but with a signif-
icant reduction (of one or two orders) in response
time.

1 Introduction
Automatic multiclass classification, i.e. the process to auto-
matically assign exactly one from a prefixed set of labels to a
stream of input instances, is a central task for many real world
problems like speech recognition, OCR, text categorization
etc. Many supervised learning methods have been studied
that help on these tasks. Recently, kernel-based methods, like
SVM, have been well studied especially for binary settings,
and they yielded state-of-art performance in many different
tasks. SVM searches for a high margin linear discriminant
model in a very high dimensional space (feature space) where
examples are implicitly mapped via a function

�������
. Since

kernel-based algorithms need only of dot products in feature
space, it is possible to resort to the so called kernel trick if
these dot products can be computed efficiently with a kernel
function � ���	��
���
��������	������
�� . When the number of exam-
ples (or support vectors) is large, these approaches tend to be
less efficient w.r.t. the time spent for classifying new vectors
since they require to work with the implicit characterization
of the discriminant model.

One of the most effective SVM extension able to deal
with general multiclass problems has been recently provided
[Crammer and Singer, 2000] and it has shown very good re-
sults. In this paper, we extend the multiclass SVM to the
multi-prototype setting where for each class there can be
more than one prototype vector. This allowed us to get very
expressive decision functions by using simple models without
necessarily requiring the use of kernels.

1.1 Preliminaries and notation
Let � 
������������������� ! !������"�����"��$#

be a set of % training exam-
ples,

��&('*),+.-0/
and

��&1'324
5�768�� 9 !�;:<#
. A single-label

multi-class classifier is a function =?> ),@A2
that maps in-

stances
�B'.)

to labels
�C'D2

. We focus on the class of
winner-take-all linear classifiers with form:

=�E �����F
HGCI�J�KML�NOJQPR�S8T �VU R ���W#�X (1)

where
U R is the Y -th prototype vector, Z is the set of proto-

type indexes and
G�� Y � the function returning the class associ-

ated to the prototype indexed Y . Given a classifier = E ����� and
a training example

����&M����&[�
we will say that =�E ����� misclassi-

fies
��&

if =\E ����&[�^]
_��& .
In the following, we denote by


 R&
the constant that is equal

to
6

if
G�� Y �(
`� & and a 6 otherwise. For a given example

� &
,

we denote by b &c
�� Y ' Zd> 
 R& 
e6�#
the set of ”positive”

prototypes indexes and by f &g
h� Y ' Zi> 
 R& 
 a 68# the
set of ”negative” prototypes indexes. Finally, the real valuej R �����k
lU R ��� is referred to as similarity score (or simply
score) of the Y -th prototype on the instance

�
.

2 Single-prototype multi-class SVM
An effective multi-class extension to SVM has been already
proposed in [Crammer and Singer, 2000]. The resulting
classifier is of the same form of (1) where each class has
associated exactly one prototype, i.e. Z5m 2 and

G0� Y �c
 Y .
The solution is obtained through the minimization of a
convex quadratic constrained problem. In this section, we
present a simpler derivation of an equivalent formulation that
will be extended in the next section to the multi-prototype
framework.

In the multiclass setting, in order to have a correct classi-
fication of the instance

� &
, the prototype of the correct class

should have a score that is greater than the maximum among
the scores of the prototypes associated to incorrect classes.
We can formally write the constraints for a correct classifica-
tion of the example

� &
with a margin greater or equal to

6
by

requiring:U3n$op����&0qsrQ&\tu6
and

rQ&p
uNOJQPRQvw n o U R ����&;�
where


8& m ��& is the index of the prototype vector associated
to the correct class for the example

��&
. To allow for margin
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violations, for each example, we introduce soft margin slack
variables � &0q�� , s.t.� &p
�� rQ&\tu6 a U3n$o ����&����1�
where

� �	���
denotes the hinge loss equal to

�
if
��
��

and�
otherwise. Notice that the value � & is an upper bound to

the
� a 6 loss for the example

� &
, and consequently its aver-

age value over the training set will be an upper bound for the
empirical error.

Motivated by the structural risk minimization (SRM) prin-
ciple in [Vapnik, 1998], we want to search for a set of pro-
totype vectors

U 
 �VU � �� 9 !�MU
� ��� #
with small norm such

to minimize the empirical error on the training set. For this,
we can formulate the problem in a SVM-style by requiring
a set of prototypes of minimal norm that fulfill the soft con-
straints given by the classification requirements. Thus, the
single-prototype multiclass SVM (SProtSVM) will result in:N���� E�� ��� � ������ U ��� � t���� & � &

subject to:

 "!$# � Y ]
_
8&�� U R ����&&% rV&��!$# �pU3n$o ���\&0q rQ&\tu6 a'� &��!$# � � & q(� (2)

Notice that, as desired, the optimal solution for
r &

will be the
maximum value among the negative scores for the instance�\&

. This problem is convex and it can be solved in the stan-
dard way by resorting to the optimization of the Wolfe dual
problem. In this case, the lagrangian is:) � U.� � �;r��+* �-,\� 
 �� ��� U �.� � t/� � & � & t� & � RQvw n$o * R& �[U R ����& a rV&[��t� & * n$o& ��r & t_6 a0� & a U n o ��� & � a� & , & � &
 ������ U �.� � a � & � R 
 R& * R& � U R ���\& a rQ& �Mt� & * n$o& t1� & ��� a * n$o& a , & � � & �

(3)
subject to the constraints

* R& �+,\& q2�
. By differentiating the

lagrangian with respect to the primal variables and impos-
ing the optimality conditions we obtain the set of constraints
(KKT conditions) that the variables must fulfill in order to be
an optimal solution:354$6 E�� ��� �7� 89� :5;3 E=< 

�?> U R 
 � & 
 R& * R& �\&354$6 E�� ��� �7� 89� :5;3 � o 

�?> � a * n$o& a ,\&p

�@>A* n$o& %B�354$6 E�� ��� �7� 89� :5;3 � o 

�?> * n o& 
 � RVvw n o * R&

(4)
By using the fact

* n$o& 
 �� � R * R& and substituting condi-
tions (4) in (3) and omitting constants that do not change the
solution, the problem can be restated as:NOJQP 8 � & � R * R& a �.� U5�C* � ��� �

subject to: D !$# � Y �E* R& q(�!$# �+* n o& 
 � RVvw n o * R& %F� (5)

The next section includes an efficient optimization pro-
cedure for the more general multi-prototype setting that in-
cludes the single-prototype case as a particular instance.

3 Multi-prototype multi-class SVM
In this section, the SProtSVM model previously defined will
be extended to the case of multiple prototypes per class. The
basic idea is that, given multiple prototype vectors, we have a
correct classification iff at least one of the prototypes associ-
ated to the correct class has a score higher than the maximum
of the scores of the prototypes associated to incorrect classes.

In this case, we write the constraints for a correct classifi-
cation of the example

��&
with a margin greater or equal to

6
requiring:G

Y ' b & > U R ���\&�q rQ&\tu6 and
rQ&p
uNOJQPR�SIH o U R ����&; 

To allow for margin violations, for each example
��&

, we
introduce soft margin slack variables � R& qJ�

, one for each
positive prototype, s.t.! Y ' b &�� � R& 
�� rV&�t_6 a U R ����&����1 
Given a pattern

��&
, we arrange the soft margin slack variables� R& in a vector K & 'B- � L o � . Let us now introduce, for each

example
� &

, a new vector M & '<�5����6�# � L o � , whose components
are all zero except one component that is 1. In the following,
we refer to M & as the assignment of the pattern

��&
. Notice that

the dot product M & � K & is always an upper bound to the
� a 6

loss for the example
� &

independently from its assignment.
Now, we are ready to formulate the multi-prototype prob-

lem by requiring a set of prototypes of small norm and the
best assignment for the examples able to fulfill the soft con-
straints given by the classification requirements.

Thus, the MProtSVM formulation will result in:N��.� E�� ��� �7� N �� ��� U ��� � t�� � & M &W� K &
subject to:

 !$# � Y ' f & � U R ��� & % r & �!$# � Y ' b &��0U R ���\&�q rQ&\tu6 a'� R& �!$# � Y ' b &�� � R& q�� (6)

Unfortunately, this is a mixed integer problem that is not
convex and it is a difficult problem in general but, as we will
see in the following, it is prone to an efficient optimization
procedure that approximates the global optimum. At this
point, it is worth noticing that, since the effective formulation
is itself an (heuristic) approximation to the structural risk
minimization principle, a good solution, although not opti-
mal, can anyway give good results. As we see after, this claim
is confirmed by the results obtained in our experimental work.

Let suppose now that the assignments are kept fixed. In this
case the reduced problem becomes convex and can be solved
as above by resorting to the optimization of the Wolfe dual
problem. In this case, the lagrangian is:) N � U.� � ��r��O*F�+,�� 
 �� ��� U �.� � t/� � & M &�� K & t� & � R�S L o * R& ��r & tu6 a'� R& a U R ��� & � a� & � R�S L o , R& � R& t� & � R�SIH o * R& � U R ��� & a r & ���

(7)
subject to the constraints

* R& �-, R& qP�
. As above, by differen-

tiating the lagrangian of the reduced problem and imposing

542 LEARNING



the optimality conditions, we obtain:354�� 6 E�� ��� �7� 89� :5;3 E=< 

�?> U R 
 � & 
 R& * R& �\&354�� 6 E�� ��� �7� 89� :5;3 � <o 

�?> ��� R& a * R& a , R& 

�@> * R& %1��� R&354 � 6 E�� ��� �7� 89� :5;3 � o 

�?> � R�S L o * R& 
 � R�SIH o * R&
(8)

Notice that the second condition requires the dual variables
associated to positive prototypes and not assigned to the as-
sociated pattern to be 0. By denoting now as


 &
the unique

index Y ' b & such that
� R& 
B6

, once using the conditions (8)
in (7) and omitting constants that do not change the obtained
solution, the reduced problem can be restated as:NOJ�P 8 � & � R * R& a ��� U5� * � �.� �

subject to:

�� � !$# � Y � * R& q(�!$# �E* n$o& 
P� R�SIH o * R& %1�!$# � Y ' b &��c��
8& #7�E* R& 
P� (9)

It can be trivially shown that this formulation is consistent
with the formulation for SProtSVM’s given above.

3.1 Optimization with static assignments
When patterns are statically assigned to the prototypes
via constant vectors M & , the convexity of the associated
MProtSVM problem implies that the optimal solution for the
primal problem in (6) can be found through the maximization
of the lagrangian in (9).

Assuming an equal number 	 of prototypes per class, the
dual involves %�
 : 
�	 variables which lead to a very large
scale problem. Anyway, the independence of constraints
among the different patterns allows for the separation of the
variables in % disjoint sets of

: 

	 variables.
The algorithm we propose for the optimization of the prob-

lem in (9) is inspired by the ones already presented in [Cram-
mer and Singer, 2000; Aiolli and Sperduti, 2002a] and con-
sists in iteratively selecting patterns from the training set and
optimizing with respect to the variables associated to that pat-
tern. From the convexity, each iteration leads to an increase
of the lagrangian until no more improvement is possible since
the optimal solution for the lagrangian has been found.

After selecting a pattern
� &

, to enforce the constraint� R�SIH o * R& t�,\& 
 �
,
,\& q �

, two elements from the set
of variables

�5* R& � Y ' f & #��s� , & #
will be optimized in pair

while keeping the solution inside the feasible region. In par-
ticular, let � � and � � be the two selected variables, we restrict
the updates to the form � ��� � � t��

and � � � � � a �
with

optimal choices for
�
. Iterating the application of this basic

step over different pairs and then doing the same for different
patterns will guarantee to reach the optimum for the overall
problem.

Let now compute the optimal value for
�
. First of all, we

observe that the update will affect the squared norm of the
prototype vector

U R of an amount� ��� U R �.� � 
 �.� � U R ��� � t��8U R � � U R  
Now, we show how to analytically solve the associated

problem with respect to an update involving a single variable* R� � Y ' f & and the variable
, � . Since

, � does not influence

the value of the objective function, it is possible to solve the
associated problem with respect to the variable

* R� and
* n���

to keep the constraint
* n��� 
 � R�SIH � * R� satisfied and then to

enforce the constraints
, � 
 � a ��� SIH o * �� q2� . Thus, in

this case we have:* R� � * R� t��
and

* n��� � * n��� t��� 
Since

� U R 
 a �7� � ,
� U n oO
���� � and

� U � 
 �
forj��'?� Y �;
 & # , we obtain

� ��� U ��� � 
 � �.� U R �.� � t � ��� U n o ��� � 
� � � ��� � � �.� � t!� ��� j n�� ��� � � a j R ��� � ��� and
� )c� * � 
"�#���;6 aj n � ��� � �	t j R ��� � � a � ��� � � �.� � � . Since this last formula is con-

cave on
�
, it is possible to find the optimal value when the

first derivative is null, i.e.$� 
_J8K�L�NOJ�P% � )c� * � 
 6 a j n � ��� � �pt j R ��� � �� ��� � � ��� �
If the values of

* R� and
* n �� , after being updated, would turn

out to be not feasible for the constraints
* R� q1� and

* n �� %B�
,

we select the value for
�

such to fulfill the violated constraint
bounds at the limit.

Now, we show how to analytically solve the associated
problem with respect to an update involving a pair of vari-
ables

* R�&� �+* R('� such that Y ��� Y � ' f & and Y � ]
 Y � . Since, in
this case, the update must have zero sum, we have:* R &� � * R &� t��

and
* R '� � * R '� a �

In this case,
� U R & 
 a ��� � ,

� U R ' 
)�7� � and
� U � 
�

for j*�' � Y �V� Y � # , we obtain
� ��� U ��� � 
 � ��� U R & ��� � t� �.� U R ' �.� � 
 �#� � �.� � � �.� � t+� ��� j R ' ��� � � a j R & ��� � �;� and� )c� * �(
,�#��� j R & ��� � � a j R ' ��� � � a � ��� � � �.� � � . Since also this

last formula is concave on
�
, it is possible to find the optimal

value $� 
_J�KML�NOJQP% � )c�C* � 
 j R�& ��� � � a j R-' ��� � �� ��� � � ��� �
Similarly to the previous case, if the values of the

* R &� and* R '� , after being updated, would turn out to be not feasible for
the constraints

* R.&� q �
and

* R-'� q �
we select the value for�

such to fulfill the violated constraint bounds at the limit.
Iterating multiple times the basic step described above on

pairs of variables chosen among that associated to a given
pattern it is guaranteed to find the optimality condition for
the pattern. This has been exploited in [Aiolli and Sper-
duti, 2002a] to devise an incremental algorithm that uses the
method on the reduced problem of a single example and then
iterates over different examples. This optimization proce-
dure can be considered incremental in the sense that the so-
lution previously found for a given pattern forms the initial
condition when the pattern is selected again for optimiza-
tion. In this version, the basic step of optimization of the
reduced problem can require the optimization over all the�;��: a 6 � 
�	 t 6 ������: a 6 � 
�	 � � � pairs of variables not
constrained to 0 associated with the selected pattern. Thus
the complexity of the optimization of the reduced problem is/ �10 
 ��: 

	 � � � where

0
is the number of iterations.

Now, we perform a further step by giving an algorithm that
at each iteration has a complexity / ��: 

	 � . For this, we ob-
serve that for the variables

� * R� �+, � # associated to the pattern
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� � to be optimal, the feasible analytic solution
�

must be
�

for each pair.
In particular, for the first case above, in order to be able to

apply the step, it is required that, one of the following two
conditions are verified, i.e.:� j n o���� � ��� NOJQP R�SIH � j R ��� � �	tu6 ���*� * n$o� �F�W�

�� j n$o���� � � 
 NOJ�P R�SIH � � 8 <����� j R ��� � �Wtu6 �	�<�C* n o� 
(���
while for the second case we must have:NOJQPR�SIH � j R ��� � � 
 N��.�R�SIH � � 8 <� �
� j R ��� � �� 

Notice that these facts can be checked in linear time. It is
easy to show that the solution obtained at a certain step can
be improved iff one of these facts are verified. This suggests
an efficient procedure, shown in Figure 1(Top), that tries to
greedily fulfill the previous condition of optimality.

3.2 Optimization of general MProtSVM
In this section, we present an efficient procedure that guaran-
tees to reach a local minimum of the objective function of the
problem in (6) associated to MProtSVM. This procedure will
try to optimize also with respect to the assignments M & .

Let suppose to start with a given assignment M � 6V� for the
patterns. In this case, as we have already seen, the associated
problem is convex and can be efficiently solved by using the
algorithm given in Section 3.1. Once that the optimal value
for the primal b��M 6 � ; has been reached, we observe that the so-
lution can be further improved by updating the assignments
in such a way to assign each pattern

��&
to a positive prototype

with minimal slack value, i.e. by setting the vector M & � �7�
such to have the unique

6
corresponding to the best perform-

ing positive prototype. However, with this new assignmentM � �7� , the variables
*

might not fulfill the second KKT con-
dition in eq. (8) anymore. If it is the case, it simply means
that the current solution

*
is not optimal for the new assign-

ment. Thus, a lagrangian optimization done by satisfying
constraints dictated by KKT conditions for the new assign-
ment is guaranteed to obtain a new

*
with a better optimal

primal value b �M 6 � ; . For the optimization algorithm to suc-
ceed, however, the KKT conditions on the

*
must be restored

in order to return back to a feasible solution and then finally
resuming the lagrangian optimization with the new assign-
ment M � �7� . We restore the KKT conditions by setting

*0&p
�

whenever there exists Y ' b & such that

* R& 
���� � R& 
P�
.

Performing the same procedure over different assignments,
each one obtained from the previous one by the procedure
just mentioned, implies the convergence of the algorithm to a
local solution for the primal problem when no improvements
are possible and the KKT conditions are all fulfilled by the
current solution. This is due to the fact that every step induces
an improvement on the primal value.

The first problem with this procedure is that it results oner-
ous when dealing with many prototypes since we must per-
form many lagrangian optimizations. For this, we observe
that for the procedure to work, at each step, it is sufficient to
stop the optimization of the lagrangian when we find a value

OptimizeOnPattern(��� , � )! Y , j R > 
 j R ��� � � , � �.� 
 ��� � � �.� � ;
do

if
� * n��� 
P�7�

then
�

Y � > 
uJ�KML�NOJQP R�SIH � j R ; ��� > 
_N������ ��� � � � � � < &��� �-� � � #
;

��� > 
 � ���Q�;6 a j n � t j R & a ��� � � � � ; � > 
 68#
else

�
Y � > 
uJ�KML�NOJQP R�SIH � j R ;Y � > 
uJ�KML�NOJQP R�SIH � � 8 <� �
� j R ;Y�� > 
uJ�KML�N��.� R�SIH � � 8 <���
� j R ;� � > 
uN��.�W� ��� � � � � � < &��� 6�� � � � � ; � � a * n �� # ;� � > 
uNOJQP�� ��� � � � � � < '��� 6�� � � � � ; � a * R '� # ;� �^> 
uN��.�W� � < & � � <! ��� 6�� � � � � ; �O* R  � # ;��� > 
 � ���Q�;6 a j n � t j R & a ��� � � � � ;� � > 
 � � � �;6 a j n � t j R ' a � � � � � � ;� � > 
 � � � � j R & a j R  a � ��� � � � ;
� > 
_J�KML�NOJQP#"$�%" # ;

case k of
�

1:
* n �� > 

* n �� t�� �

;
* R &� > 

* R &� t�� �

;j n�� > 
 j n�� t�� � � � � ; j R�& > 
 j R�& a � � � � � ;

2:
* n �� > 

* n �� t�� � ; * R '� > 

* R '� t�� � ;j n�� > 
 j n�� t�� � � � � ; j R-' > 
 j R-' a � � � � � ;

3:
* R &� > 
 * R &� t � � ; * R  � > 

* R  � a � � ;j R�& > 
 j R�& a � � � � � ; j R  > 
 j R  t�� � � � � #

until (
��& %('

);

return
�5* #

AnnealedMProtSVM()) > 
*) �
; randomly initialize M �;6 � ;

compute the primal + � 6V� > 
 b M 6 � ; � �7� ;
for , 
`67�� ! 9� ,.-0/ �
do for all the examples

� � ' �* � 
 OptimizeOnPattern(
� � ,

'
);

until b M 621 ; �C* ��� + � , � ;
compute a new assignment M � , t_6V� using

)g� , �3) � � ;
compute the new primal + � , t_6V� > 
 b M 621 �p� ; �C* � ;
restore KKT conditions on

*
; /*see Section 3.2*/

end;

Figure 1: Top: algorithm for the optimization of the variables
associated with a given pattern

� � and a tolerance
'
. Bottom:

algorithm for the optimization of MProtSVM.
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for the primal better than the last found and this is going to
happen for sure since the last solution has been found not op-
timal. This requires only a periodic check of the primal value
when optimizing the lagrangian.

The second and more stringent problem is that the proce-
dure will lead to a local minimum that can be very far from
the best possible. For this, we suggest to update the assign-
ments on the basis of a stochastic annealed function instead
of the hard decision function described above.

Specifically, let us view the value of the primal as an energy
function

+ � M ��
 6� ��� U ��� � t/��� & S�� M &�� K &  
Let suppose to have a pattern

��&
having slack variables � R& ,Y ' b & and suppose that the probability for the assignment to

be in the state j (i.e. with the j -th component set to 1) follows
the law � &�� j ������P
	W� a � + � � ) �
where

)
is the temperature of the system and

� + � 
��0� � �& a� n$o& � the variation of the system energy when the pattern
� &

is assigned to the j -th prototype. By multiplying every term� &�� Y � by the normalization term
��P
		���0� � n o& a � �& �;� where � �& 
N��.� R�S L o � R& and considering that probabilities over alternative

states must sum to one, i.e.
� R�S L o � & � Y � 
 6 , we obtain

� &�� j � 
���P
		� a �0� � �& a0� �& �) � �
�
with � 
 � R�S L o ��P
		� a � � � R& a � �& � � ) � the partition function.

Thus, when assigning the pattern
� &

, each positive proto-
type j will be selected with probability

� &M� j � . Notice that,
when the temperature of the system is low, the probability
for a pattern to be assigned to a prototype different from the
one having minimal slack value tends to

�
and we obtain a

behavior similar to the not annealed version of the algorithm.
The simulated annealing is typically implemented by decreas-
ing the temperature as the number of iterations increases by a
monotonic decreasing function

)`
 )g� , �3) � � . The full algo-
rithm is depicted in Figure 1 (Bottom).

4 Experimental Results
We tested our model against three datasets that we briefly de-
scribe in the following:

NIST: it consists of a 10-class task of 10705 digits randomly
taken from the NIST-3 dataset. The training set con-
sists of 5000 randomly chosen digits, while the remain-
ing 5705 digits are used in the test set.

USPS: it consists of a 10-class OCR task (digits from 0 to 9)
whose input are the pixels of a scaled digit image. There
are 7291 training examples and 2007 test examples.

LETTER: it consists of a 26-class task (alphabetic letters
A-Z). Inputs are measures of the printed font glyph. The
first 16000 examples are used for training and the last
4000 for testing.

Even if any kernel function can be in principle used, for the
following preliminary experiments, we used the linear kernel� ���	��
���
B��� �$
 t 6V� . This allowed us to write an optimized

code for training and classification that works directly with
the explicit (compact) version of the model

U
.

Since we are primarily interested into the evaluation of
MProtSVM w.r.t. SProtSVM, for each dataset, we performed
validation on the parameter

�
for the SProtSVM model and

we re-used the obtained value for training every MProtSVM
generated for the same dataset. This approach seems us any-
way a pessimistic estimate of the performance of MProtSVM.

The annealing process required by MProtSVM has been
implemented by decreasing the temperature of the system
with the exponential law:

)g� , ��) � � 
 ) � � 6 a�� � 1
where

� � � ��6
and

) � 
2�
are external parameters. We

used
) � 
 6 �

for all the following experiments.

q LVQ2.1 Error % MProtSVM Error %
1 7.43 6.45
5 4.68 3.70

10 4.35 3.28
15 3.52 3.24

Table 1: Comparison of generalization performances be-
tween LVQ and MProtSVM increasing the number of code-
books/prototypes on the NIST dataset ( � 

�  � 

	 ).

q USPS Error (%)
1 8.12
3 6.13
5 5.83

10 5.48
15 5.33
20 5.38

q LETTER Error (%)
1 21.36
2 13.42
3 9.64
5 6.42
10 4.84
15 3.16

Table 2: (a) Test error of MProtSVM on the USPS dataset
(
�D
 �  � 6

, � 
, ���
, � 
 �� !6
��� 
�	 ), with an increasing

number of prototypes; (b) Test error of MProtSVM on the
LETTER dataset (

� 
B6 �
, � 
 �  96 , � 
 �� ����� 
�	 ), with an

increasing number of prototypes.

A set of experiments have been performed to compare the
generalization performance of our (linear) model versus LVQ
[Kohonen et al., 1996] which seemed to us the most compa-
rable model. For this, we have reported the best results that
have been obtained by LVQ on the NIST dataset. Specifi-
cally, they have been obtained with the LVQ2.1 version of
the algorithm (see [Sona and Sperduti, 2000]). As it is possi-
ble to see in Table 1, MProtSVM performs significantly better
when few prototypes per class are used, while the difference
gets lower when the number of prototypes per class increases.
This can be due to the more effective control of the margin for
SVM w.r.t. LVQ models. On the same dataset, the tangent-
distance based TVQ algorithm [Aiolli and Sperduti, 2002b]
has obtained the best result, a remarkable 2.1% test error,
and polynomial SVM’s have obtained a 2.82% test error. In
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q � 

�� � � 

�� !6 � 
 �  ��� � 
 �  ���
3 7.44626 (6.33%) 7.28049 (6.03%) 7.08138 (6.13%) 7.04274 (6.48%)
5 7.49136 (6.08%) 7.27318 (5.63%) 7.10498 (5.83%) 7.00946 (5.58%)

10 7.82233 (5.58%) 7.51780 (5.88%) 7.27596 (5.48%) 7.12517 (5.23%)
15 7.82222 (5.33%) 7.57009 (5.73%) 7.38722 (5.33%) 7.22250 (5.53%)
20 7.78410 (5.48%) 7.79388 (5.72%) 7.49125 (5.38%) 7.21303 (5.53%)

Table 3: Primal values and generalization error obtained with different configurations varying the parameter � (USPS dataset).

addition, we tested the MProtSVM on the UCI Irvine USPS
and LETTER datasets. As it is possible to see in Table 2, by
combining a reasonably high number of linear prototypes, we
have obtained performances almost comparable with the ones
obtained in literature by using non-linear models. In fact, on
the USPS dataset, we have been able to get a

�  � ���
error,

using a SProtSVM with polynomial kernel of degree 3 and
without preprocessing the data, while for LETTER, we re-
fer to the

68 �����
obtained in [Crammer and Singer, 2001] by

SProtSVM with exponential kernel. Although obtained with
a slightly different split of the LETTER dataset (15000 exam-
ples for training and 5000 for test), we would like to mention
the results reported in [Michie et al., 1994] where LVQ and
k-NN yielded a

�  ���
and

�� ���
error, respectively.

Notice that MProtSVM returns far more compact models
with respect to state of the art non-linear kernel methods,
thus allowing a (one or two order) reduced response time
in classification. Defining a sort of model complexity fac-
tor � 
 65�I� 
 ��: 
�	 � � % , i.e. the number of prototypes
produced as a fraction of the cardinality of the training set,
the above experiments have shown very low value for � (e.g.6 � 
 ���

prototypes in the LETTER dataset gives � 
P�� �����
and

�I� 
 6 � prototypes for USPS gives � 
!�� � ���
). Notice

that � can be directly compared with the fraction of support
vectors in kernel machines. Thus, MProtSVMs also give us a
way to decide (before training) the complexity of the model.

Finally, in Table 3 we have reported the values of the ob-
jective function of the primal problem in (6) along with their
corresponding test errors obtained with the USPS dataset us-
ing different configurations and lowering the parameter � . As
expected, fixed a raw in the table, better values for the pri-
mal can be obtained with lower values of � . Moreover, as
the number of prototypes per class increases, the choice of
small � tends to be more crucial. Anyway, higher values for� , and thus not optimal values for the primal, can neverthless
lead to good generalization performances. This can be due to
the fact that the primal value is just a way to approximate the
theorethical SRM principle.

5 Conclusion
We have proposed an extension of multiclass SVM able to
deal with several prototypes per class. This extension defines
a non-convex problem. We suggested to solve this problem
by using a novel efficient optimization procedure within an
annealing framework where the energy function corresponds
to the primal of the problem. Experimental results on some
popular benchmarks demonstrated that it is possible to reach
very competitive performances by using few linear models

per class instead of a single model per class with kernel. This
allows the user to get very compact models which are very
fast in classifying new patterns. Thus, according to the com-
putational constraints, the user may decide how to balance the
trade-off between better accuracy and speed of classification.
Finally, it should be noted that the proposed approach com-
pares favorably versus LVQ, a learning procedure that, simi-
larly to the proposed approach, returns a set of linear models
per class.
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Continuous nonlinear dimensionality reduction by kernel eigenmaps
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Abstract

We equate nonlinear dimensionality reduction
(NLDR) to graph embedding with side information
about the vertices, and derive a solution to either
problem in the form of a kernel-based mixture of
affine maps from the ambient space to the target
space. Unlike most spectralNLDR methods, the
central eigenproblem can be made relatively small,
and the result is a continuous mapping defined over
the entire space, not just the datapoints. A demon-
stration is made to visualizing the distribution of
word usages (as a proxy to word meanings) in a
sample of the machine learning literature.

1 Background: Graph embeddings
Consider a connected graph with weighted undirected edges
specified by edge matrixW. Let Wi j = Wji be the posi-
tive edge weight between connected verticesi and j, zero
otherwise. LetD .= diag(W1) be a diagonal matrix where
Dii = ∑ j Wi j , the cumulative edge weights into vertexi. The
following points are well known or easily derived in spectral
graph theory[Fiedler, 1975; Chung, 1997]:

1. The generalized eigenvalue decomposition (EVD)

WV = DVΛ (1)

has real eigenvectorsV .= [v1, · · · ,vN] and eigenvalues
Λ .= diag([λ1≥ λ2≥ ·· · ≥ λN]).

2. Premultiplying equation (1) by D−1 makes the general-
ized eigenproblem into astochasticeigenproblem

(D−1W)V = VΛ, (2)

where D−1W is a stochastic transition matrix having
nonnegative rows that sum to one. The largest eigen-
value of equation (1) is thereforestochastic(λ1 = 1) and
its paired eigenvector isuniform(v1 = 1/

√
N).

3. Expanding and collecting terms inWi j reveals the geo-
metric meaning of the eigenvalues:

λk = 1−∑i j (vik−v jk)2Wi j /2. (3)

The d eigenvectors paired to eigenvaluesλ2 through
λd+1 therefore give an embedding of the vertices in

Rd with minimal distortion vis-a-vis the weights, in the
sense that a largerWi j stipulates a shorter embedding
distance. Formally, the embedding

Y1:d
.= [v2, · · · ,vd+1]> = arg max

YDY>=I
trace(YWY>) (4)

minimizes the distortiond− trace(YWY>)

=
d+1

∑
k=2

(1−λk) =
d+1

∑
k=2

∑
i j

(vik−v jk)2Wi j /2 (5)

for any integerd∈ [1,N]. The norm constraintYDY> =
I sets the scale of the embedding and causes vertices of
high cumulative weight to be embedded nearer to the
origin.

4. Y can be rigidly rotated inRd without changing its dis-
tortion. The distortion measure is also invariant to rigid
translations, but the eigenproblem is not, thus there is
an unwanted degree of freedom (DOF) in the solution.
Due to stochasticity, thisDOF is isolated in the uniform
eigenvectorv1, which is suppressed from the embedding
without error (because 1− λ1 = 0). Adding tv>1 to Y
rigidly translates the embedding byt ∈ Rd.

5. Premultiplying byV> and rearranging equates equa-
tion 1 to theEVD of the graph LaplacianD−W:

V>(D−W)V = I −Λ. (6)

6. Premultiplying by D−1/2 connects equation1 to the
(symmetric)EVD of the normalized Laplacian:

(D−1/2WD−1/2)V′ = V′Λ (7)

with V′ .= D1/2V.

In summary: Equation1 gives an optimal embedding of
a graph inRd via eigenvectorsv2 · · ·vd+1; eigenvalueλ1is
stochastic and the corresponding eigenvectorv1 is uniform;
this is an important property of theEVD solution because it
isolates the problem’s unwanted translational degree of free-
dom in a single eigenvector, leaving the remaining eigenvec-
tors unpolluted.

Many embedding algorithms can be derived from this anal-
ysis, including the Fiedler vector[Fiedler, 1975], locally lin-
ear embeddings (LLE) [Roweis and Saul, 2000], and Lapla-
cian eigenmaps[Belkin and Niyogi, 2002]. For example, di-
rect solution of equation1 gives the Laplacian eigenmap; as
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a historical note, the symmetrized formulation was proposed
by Fiedler in the 1970s and has been used for heuristic graph
layout since the 1980s[Mohar, 1991].

2 Transformational embeddings
Now consider a more general problem: We are given some
information about the vertices in a matrixZ .= [z1, · · · ,zN] ∈
Rd×N, whose columns are generated by applying a vector-
valued functionz(·)→ z ∈ Rd to each vertex of the graph.
We seek a linear operator which transformsZ to the optimal
graph embedding:G(Z)→ Y. We will call this the “transfor-
mational embedding,” to distinguish it from the “direct em-
bedding” discussed above.

A natural candidate for the algebraic statement of the trans-
formational embedding problem is the generalizedEVD

(ZWZ>)V = (ZDZ>)VΛ, (8)

because settingY = V>Z makes this equivalent to the orig-
inal direct embedding problem. Again, there is an equiva-
lent symmetric eigenproblem: Make Cholesky1 decomposi-
tion R>R← ZDZ> into upper-triangularR ∈ Rd×d and let

B .= (R−>ZWZ>R−1) ∈ Rd×d. (9)

Then
BV′ = V′Λ (10)

with
V′ .= RV, V = R−1V′. (11)

This gives an embedding[v2,v3, · · ·]>Z, and a computational
advantage: IfZ ∈ Rd×N is a short matrix(d� N), the origi-
nalN×N eigenproblem can be reduced to a very smalld×d
problem, and the matrix multiplications also scale asO(d2N)
rather thanO(N3), due to the sparsity ofW andD.

2.1 Correcting problematic eigenstructure
It is generally the case thatY> 6∈ range(Z>)—there is no lin-
ear combination of the rows ofZ giving Y, so the desired lin-
ear mappingG(Z)→ Y does not exist. Equations8–11 give
the optimal least-squares approximation G(Z) = V>Z ≈ Y.
This approximation can have a serious flaw: If1 6∈ range(Z>)
then the first eigenvectorv1 is not uniform; it cannot be dis-
carded as the unwanted translationalDOF. Worse, all the
other eigenvectors will be variously contaminated by the un-
wantedDOF, resulting in an embedding polluted with arti-
facts. For this reason, we call direct solution of equation8 a
raw approximation.

Our options for remedy are limited to those that modify
the row-space ofZ to reintroduce the uniform eigenvector.
For reasons that will become obvious below, we will restrict
ourselves to operations that can be applied to any column of
Z without knowing any other column.

The simplest such operation is to append a uniform row to
Z, so thatzi → [z>i ,1]>. This makes the relation betweenZ

1Any gram-like factorization will work. For example, givenEVD

AΩA>← ZDZ>, R =Ω1/2A>. The Cholesky is especially attrac-
tive for its numerical stability, sparsity, and easy invertibility.

andY affineand guarantees thatv>1 Z is uniform, but it can
also force the eigenvectors to model additional variance that
is not part of the problem.

Working backward from the desiderata that the leading col-
umn of V>Z should be uniform, letK .= diag(v>1 Z)−1 such
thatZK is a modified representation of the vertices with val-
ues ofz(·) reweightedon a per-vertex basis:zi → zi/(v>1 zi).
Clearly(V>ZK )> has a uniform first column, since each row
is divided by its first element.

It follows immediately that the related eigenproblem

(ZKWKZ >)V′′ = (ZKDKZ >)V′′Λ′′ (12)

is stochastic, and Y′′ .= [v′′2,v
′′
3, · · ·]>ZK is an embedding

with the unwanted translational degree of freedom totally re-
moved. Note that the raw and stochastic approximations are
orthogonal (under metricD): Y′′DY′′> is a diagonal matrix;
the other methods are not.

It should be noted that—when scaled to have equal norm
trace(YDY>)— none of these approximations has uniformly
superior distortion scores; but in Monte Carlo trials with ran-
dom graphs, we find a clear ordering from lowest to highest
distortion: reweighted, affine, stochastic, raw (see figure1).
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Figure 1: Comparison of methods for modifying the row-
space ofZ. The graph shows distortion from the optimal
embedding, averaged over 106 trials with 50-node matrices
having random edge weights and randomZ ∈ R4×50.

The raw approximation is suboptimal because information
about thed-dimensional embedding is spread overd + 1
eigenvectors, no subset of which is optimal. The stochas-
tic approximation is also suboptimal—it optimizes a differ-
ent measure implied by equation12. In practice, when com-
puting embeddings of graphs whose embedding structure is
known a priori, we find that the reweighted and stochastic
approximations give results that are clearly very similar, and
superior to the other approximations.

The need forany such correction stems from the fact
that—the literatures of spectral graph theory andNLDR
notwithstanding—equation1 is not a completely correct
statement of the embedding problem. We will show in a
forthcoming paper that, as a statement of the embedding
problem, equation1 is both algebraically underconstrained
and numerically ill-conditioned. In particular, point #2 is
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not strictly true: The stochastic eigenvalue is not always
paired to a uniform eigenvector. This leads to patholo-
gies that can ruin the embedding, whether obtained from the
basic or derived formulations.NLDR algorithms that can
be derived from equation1 (e.g., [Roweis and Saul, 2000;
Belkin and Niyogi, 2002; Teh and Roweis, 2003]) do not re-
mediate the problem.

A forthcoming paper makes a full analysis of these is-
sues, identifies the correct problem statements for both equa-
tions1 & 8, and gives closed-form optimal solutions to both
problems. The approximation methods discussed in this sec-
tion are still useful in that they are faster and give reasonably
high-quality embeddings. For theNLDR method and datasets
considered below, the result of the reweighted approxima-
tion is almost numerically indistinguishable from the optimal
embedding, and requires substantially less calculation. The
reweighting method can also be justified as a Padé approxi-
mation of the optimal solution.

3 Nonlinear dimensionality reduction
Let X .= [x1, · · · ,xN] ∈ RD be a set of points sampled from a
low-dimensional manifold embedded in a high-dimensional
ambient space. A reduced-dimensionembeddingY .=
[y1, · · ·yN] ∈ Rd with d < D ≤ N is a set of low-dimensional
points with the same local neighborhood structure. We de-
sire instead amapping G: RD → Rd, which will general-
ize the correspondence to the whole continuum, with rea-
sonable interpolation and extrapolation to be expected in the
neighborhood of the data. Spectral methods forNLDR typ-
ically require solution of many and/or very large eigenvalue
or generalized eigenvalue problems[Kruskal and Wish, 1978;
Kambhatla and Leen, 1997; Tenenbaumet al., 2000; Roweis
and Saul, 2000; Belkin and Niyogi, 2002], and with the ex-
ception of[Teh and Roweis, 2003; Brand, 2003], offer em-
beddings of points rather than mappings between spaces.

Here we show how a leverage the transformational embed-
ding of section2 into a continuousNLDR algorithm, specifi-
cally a kernel-based mixture of affine maps from the ambient
space to the target space. To do so, we must show how the
edge weight matrixW and vertex matrixZ are specified. Let
Wi j

.= f (xi ,x j) iff xi and x j satisfy some locality criterion,
e.g.,‖xi − x j‖ < ε, otherwiseWi j = 0. As stated above, an
embeddingY of X should satisfy

Y = argmin
Y

∑i 6= j ‖yi−y j‖2Wi j (13)

where largerWi j penalize large distances betweenyi andy j .
How shouldWi j be computed?f is a measure of similar-

ity: The graph-theoretic literature usually takesf (·, ·) = 1,
while NLDR methods typically takef (xi ,x j) ∝ exp(−‖xi −
x j‖2/2σ2) to be a Gaussian kernel, on analogy to heat dif-
fusion models[Belkin and Niyogi, 2002]. The uninforma-
tive settingWi j = 1 is only usable when there is a very large
number of points (and edges), so that connectivity informa-
tion alone suffices to determine metric properties of the em-
bedding. The Gaussian setting has a complementary weak-
ness: It can be very sensitive to small variations in distance
to neighbors (that may be introduced by the curvature of the
data manifold or measurement noise in the ambient space).

f should be monotonically decreasing, relatively insensitive
to noise (df should be small), and it should lead to exact re-
constructions of data sampled from manifolds that are already
flat. Straightforward calculus shows that equation13 has the
desired minimum whenf (xi ,x j) ∝ ‖xi−x j‖−1, or more gen-
erally, the multiplicative inverse of whatever distance mea-
sure is appropriate in the ambient space2. (By contrast, the
LLE weightings are not correlated with distances.) To make
the problem scale invariant, we scaleW such that its largest
nonzero off-diagonal value is 1 (consequently df ≤ 1 every-
where f is computed).

Let us now situate some Gaussian kernelspk(x) .=
N (x|µk,Σk) on the manifold. In this paper, we will take a
random subset of data points as kernel centers, and set all
Σk = σ2I ; these kernels are radial basis functions. Let vector

zik
.=

[
K i(xi−µk)

1

]
pk(xi)

∑k pk(xi)
(14)

be thekth local homogeneous coordinate ofxi scaled by
the posterior of thekth kernel. K i is an optional local
dimensionality-reducing linear projection. Let representation
vector

z(xi)
.= [⇓k zik] = [z>i1, · · · ,z>iK ]> (15)

be the vertical concatenation of all such local coordinate vec-
tors. Collect all such column vectors into abasis matrix
Z .= [z(x1), · · · ,z(xN)].

To summarize thus far, our goal now is to find a linear
transformyi

.= G(z(xi)) of the basis (kernel-weighted coor-
dinates) that is maximally consistent with our local distance
constraints, specifically

Y = [y1, · · ·yN] = argmin
Y

∑
i j

‖yi−y j‖2

‖xi−x j‖
(16)

This is isomorphic to the graph embeddings of section2; the
methods developed there apply directly toW andZ. The con-
tinuous mapping from ambient to embedding space immedi-
atly follows from the continuity and smoothness ofz(·):

G(x) = Gz(x),

where the EVD determines the transformationG .=
[v2, · · · ,vd+1]> of the continuous kernel representation de-
fined over the entire ambient space:

z(x) .=
[
⇓k

[
K i(x−µk)

1

]
pk(x)

∑k pk(x)

]
. (17)

2Proof: Consider three points{x1 = 0, x2 = λ, x3 = 1} on a 1D
manifold. What similarity measureWab = f (‖xa− xb‖) causes the
distortion(y2−y1)2W12+(y2−y3)2W23 to have a global minimum
at y2 = λ? Without loss of generality, we fix the global location and
scale of the embedding by fixing the endpoints:{y1 = 0, y3 = 1}.
Solving for the unique zero of the distortion’s first derivative, we
obtain the optimum aty2 = W23/(W12+W23). Since this is a har-
monic relation, the unique continuous satisficing measure isWab =
(‖xa− xb‖)−1. This setsW12 = 1/λ andW23 = 1/(1− λ); some
simple algebra confirms that indeedy2 = λ at the optimum. The
induction to multiple points in multiple dimensions is direct.
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As a matter of numerical prudence, we recommend using
the reweighted approximation:

G(x) =
Gz(x)
v>1 z(x)

. (18)

At first blush, it would seem that reweighting should not be
necessary: By construction,1 ∈ range(Z>), thusv>1 z(x)—
and the denominator—should be uniform at the datapoints.
However, as mentioned above, even when the algebra predicts
this structure, numerical eigensolvers may not find it.

To obtain an approximate inverse mapping, we map the
means and covariances of each kernelpk(·) into the target
space to obtain kernelsp′k(y) .= N (y|µ′,Σ′) there. Then,
breakingG = [G1, · · · ,GK ] into blocks corresponding to each
kernel, take the Moore-Penrose pseudo-inverse of each, and
setG+ .= [G+

1 , · · · ,G+
k ]. If using the reweighted map, the ap-

proximate inverse map is

G+(y)≈G+z+(y) · (v>1 G+z+(y)), (19)

wherez+(y) .=
[
⇓k

[
y−µ′k

1

]
p′k(y)

∑k p′k(y)

]
.

4 Illustrative example
We will use a variant of the

Figure 2: The swiss roll.

“swiss roll”, a standard test man-
ifold in the NLDR community, to
illustrate the arguments and meth-
ods developed in this paper. We
sampled a twisted version of the
manifold regularly on a 30× 30
grid and added a small amount
of Gaussian isotropic noise. Fig-
ure 2 shows the idealR2 param-
eterization and two views of the
ambientR3 embedding. Points
are shown joined into a line to aid
visual interpretation of the em-
beddings. All experiments in this

section use aW matrix that was generated using the 12 near-
est neighbors to each point and the inverse distance function.

The Laplacian eigenmap

Figure 3: Laplacian eigenmap
embedding.

embedding (figure3) shows
the embedding specified by
the W matrix. Note
that it exhibits some fold-
ing at the corners and
top and bottom edges, due
partly to problems with the
uniform eigenvector and
exacerbated by the fact
that spectral embeddings
tend to compress near the
boundaries. The Laplacian
eigenmap requires solution
of a large 900×900 eigen-
problem, and offers no mapping off the points. Kernel eigen-
maps will be approximations to this embedding.

We now show some kernel eigenmaps computed using the
transformational embedding of section2. All embedding
methods are given the same inputs.

Figure 4 shows a raw

Figure 4: Kernel eigenmap
embedding, raw result.

kernel eigenmap embedding
computed using a basis (Z
matrix) created from 64
Gaussian unit-σ kernels
placed on random points.
This required solving a
much more manageable
256× 256 eigenproblem.
100 trials were performed
with different sets of ran-
domly placed kernels. In all
trials, the reweighted and
stochastic maps gave the
best reconstructions, while

the raw and affine maps exhibited substantial folding at the
edges and corners of the embedding.

Figure 5 shows a

Figure 5: Kernel eigenmap
embedding, reweighted and
regularized results.

reweighted kernel eigen-
map computed from the
sameW andZ as figures3
& 4. The result is smoother
and actually exhibitsless
folding than the original
Laplacian eigenmap.

The problem can be reg-
ularized by putting positive
mass on the diagonal ofW
(e.g.,W→W + I ), thereby
making the recovered ker-
nel eigenmap more isomet-
ric (bottom figure5). This
regularization is appropri-
ate when it is believed
that all neighborhoods are
roughly the same size.

The recently proposed
Locality Preserving Projec-
tion (LPP) [He and Niyogi,
2002], is essentially the raw
approximation (direct solu-
tion of equation 8) with
Wi j = e−‖xi−x j‖2/t and Z = X, thereby giving a linear pro-
jection from the ambient space to the target space that best
preserves local relationships.

LPP is admirably simple,

Figure 6: LPP embedding and
our affine upgrade.

but it can be shown that the
affine approximation from
section 2 will always have
less distortion.LPPcan also
suffer from loss of the uni-
form eigenvector. Figure6
shows embeddings of the

swiss roll produced byLPPand by an affine modification of it
that is equivalent to our method with a trivial single uniform-
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density kernel. UpgradingLPP to an affine projection cap-
tures more of the data’s structure. Even so, there is no affine
“view” of this manifold that avoids folding.

5 Visualizing word usages
In statistical analyses of natural language, similar usage pat-
terns for two words are taken to indicate that they have sim-
ilar meanings or strongly related meanings. Latent semantic
analysis (LSA) is a linear dimensionality reduction of a term-
document co-occurence matrix. The principal components of
this matrix give an embedding in which similarly used words
are similarly located. Literally, co-location is a proxy for col-
location (the propensity of words to be used together) and
synonymy. We may expect that the kernel eigenmap offers a
more powerful nonlinear analysis:

The NIPS12 corpus3 features a matrix counting occur-
rences of 13000+ words in 1700+ documents. We mod-
eled the first 1000 words and the last 200 documents in the
matrix. This roughly corresponds to one year’s papers, a
reasonable “snapshot” of the ever-changing terminology of
the field. We stemmed the words and combined counts for
the same roots, then determined distance between two word
roots as the cosines of the angles between their log-domain-
transformed occurrence vectors (xi j → log2(1+xi j )). TheW
matrix was generated by adding an edge from each word to
its 30 closest neighbors in cosine-space. The representation
Z was made using 4 random words as kernel centers. Fig-
ure7 discusses the resulting 2D embedding, in which techni-
cal terms are clearly grouped by field and many of the more
common English words are tightly clustered by common se-
mantics. The first twoLSA dimensions (also shown in fig-
ure7) of the same data are reveal significantly less semantic
structure.

6 Discussion
The kernel eigenmap generates continuous nonlinear map-
ping functions for dimensionality reduction and manifold re-
construction. Suitable choices of kernels can reproduce the
behavior of several otherNLDR methods. One could put a ker-
nel at every local group of points, perform local dimensional-
ity reduction (e.g., aPCA) at each kernel, and thereby obtain
from equations8 and17anNLDR algorithm much like chart-
ing [Brand, 2003] or automatic alignment[Teh and Roweis,
2003]. Or, as in the demonstrations above, the kernel eigen-
map can simultaneously determine the local dimensionality
reductions and their global merger.

The kernel eigenmap typically substitutes a small dense
EVD for the the large sparseEVD of graph embedding prob-
lems. In the sparse case, a specialized power method can
compute the desired eigenvectors in significantly less than the
O(N3) time required for a fullEVD. In the kernel setting,
similar efficiencies apply because bothW andZ are typically
sparse, allowing fast construction of the reducedEVD prob-
lem ZWZ>; this too is amenable to fast power methods. Of
course, the most important efficiency of the kernel method
is its ability to embed new points quickly via the function

3Courtesy S. Roweis, available from the U. Toronto website.

G(x)—there is no need to compute a new global embedding
or revise theEVD.

The reweighting scheme, although theoretically mooted by
our subsequent discovery of a better problem formulation and
closed-form solution, is still practically viable as a fast ap-
proximation for large problems, and as a post-conditioning
step for unavoidable numerical error of anyNLDR algorithm
based on eigenvalue decompositions.

In this paper we have used random kernels. There are nu-
merous avenues to discovering stronger methods by investi-
gating placement and tuning of the kernels, stability of the
embedding and its topological structure, and sample com-
plexity. In short, all the issues that proved fertile ground
for research in classification and regression can be studied
anew in the context of estimating the geometry and topology
of manifolds.
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Figure 7: ABOVE: A 2D kernel eigenmap of word usages in recent NIPS papers. To improve legibility we show just a subset
of the data; some labels have been shifted slightly to reduce overlap. Word roots are shown in their first occurring unstemmed
variant. The three lobes of the distribution roughly correspond to favored terminology in the submission areas of Algorithms &
Architectures (left), Neuroscience (right), and Theory (top). Words with broader usage are more tightly distributed in the center
(presumably because they are more likely to co-occur in general discourse), with several clusters of words having strongly
related meanings. Three of these clusters have been colored: red for publishing terms (IEEE, conference, number, paper,
proceedings, volume), green for probability terms (bayesian, estimate, independent, map, marginal, posterior, joint, statistical),
and blue for locations (cambridge, department, institute, university). BELOW, SMALLER: A linear embedding obtained from
a latent semantic analysis of the same data. Though collocated words are often co-located, when compared with the kernel
eigenmap result, semantic structures are far less obvious.
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Abstract

This paper investigates a new approach for training
discriminant classifiers when only a small set of la-
beled data is available together with a large set of
unlabeled data. This algorithm optimizes the clas-
sification maximum likelihood of a set of labeled-
unlabeled data, using a variant form of the Clas-
sification Expectation Maximization (CEM) algo-
rithm. Its originality is that it makes use of both un-
labeled data and of a probabilistic misclassification
model for these data. The parameters of the label-
error model are learned together with the classifier
parameters. We demonstrate the effectiveness of
the approach on four data-sets and show the advan-
tages of this method over a previously developed
semi-supervised algorithm which does not consider
imperfections in the labeling process.

1 Introduction
In many real-life applications, labeling training data for learn-
ing is costly, sometimes not realistic and often prone to error.
For example, for many rapidly evolving data bases available
via the web, there is not enough time to label data for differ-
ent information needs. In some cases, like medical diagnosis
or biological data analysis, labeling data may require very
expensive tests so that only small labeled data sets may be
available. In other cases, like object identification in images,
noise is inherent in the labeling process.
The statistician and pattern recognition communities were the
first to consider the problem of forming discriminant rules us-
ing either partially classified or random misclassified training
data in order to cope with this type of situation.
More recently this idea has motivated the interest of the ma-
chine learning community and many papers now deal with
this subject. The use of partially classified data for training,
known as semi-supervised learning, has been the subject of
intense studies since 1998 and more recently there has been a
resurgence of interest for training with misclassified data also
called learning in presence of label noise.
We consider here semi-supervised learning for classification.
Most approaches to this problem make use of a mixture
density model where mixture components are identified as
classes. Labeled data are known to belong to exactly one

mixture component whereas unlabeled data may belong to
any components. Using the Expectation Maximization (EM)
algorithm [Dempster et al., 1977], proposed approaches usu-
ally attempt to optimize the likelihood of the whole labeled-
unlabeled data. Starting from an initial labeling, these ap-
proaches proceed by computing at each E-step, tentative
labels for unlabeled data using the current parameters of
the model and update in the M-step, these parameters us-
ing the estimated labels. Our departure point here is the
work of [Amini and Gallinari-a, 2002] who proposed a semi-
supervised discriminant algorithm using a variant form of the
CEM algorithm [Celeux and Govaert, 1992]. Discrimina-
tive approaches which attempt to estimate directly posterior
class probabilities are often considered superior to generative
models which compute these posteriors after learning class
conditional densities. Tests on different datasets in [Amini
and Gallinari-b, 2002] led to the same conclusion for semi-
supervised learning. Like for other methods, at each step of
the algorithm, the model computes tentative labels for unla-
beled data. We extend here the system by incorporating a
model which takes into account label errors. This provides an
unifying framework for semi-supervised learning and learn-
ing with label noise. To our knowledge, this form of model
has not been studied yet. We detail the algorithm for the case
of a logistic classifier and give a convergence proof for the
general case. We then show experimentally that modeling
the stochastic labeling noise, increases notably the perfor-
mance, especially when only small labeled datasets are avail-
able. This paper is organized as follows; we first make a brief
review of work on semi-supervised learning and learning in
the presence of label noise (section 2). In section 3 we present
the formal framework of our model and describe in section 4
the semi-supervised approach we propose. Finally we present
a series of experiments on four data sets.

2 Related work

2.1 Learning with both labeled and unlabeled data
The idea of using partially labeled data for learning started
in the statistician community at the end of 60’s. The seminal
paper by [Day, 1969] presents an iterative EM-like approach
for learning the parameters of a mixture density under the as-
sumption of multivariate normal components with a common
covariance matrix for two group-conditional distributions.
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Other iterative algorithms for building maximum likelihood
classifiers from labeled and unlabeled data based on the same
type of assumption followed [O’Neill, 1978] [McLachlan and
Ganesalingam, 1982]. Some other authors have suggested
updating procedures for no-normal group conditional densi-
ties using for example kernel methods for modeling mixture
components [Murray and Titterington, 1978]. There has been
considerably fewer work on discriminative approaches. In
his fundamental paper on logistic regression, Anderson sug-
gests modifying a logistic regression classifier to incorporate
unlabeled data in order to maximize the likelihood function
[Anderson, 1979].
The semi-supervised paradigm has been recently rediscov-
ered by the machine learning community. Most papers pro-
pose mixture density models for combining labeled and unla-
beled data for classification. [Miller and Uyar, 1996] consider
a mixture density model where each class is described by sev-
eral component densities. [Roth and Steinhage, 1999] pro-
pose kernel discriminant analysis as an extension to classical
linear discriminant analysis. This framework can be used also
for semi-supervised learning. [Nigam et al., 2000] propose a
semi-supervised EM algorithm which is essentially similar to
the one in [McLachlan, 1992] but makes use of naive Bayes
estimator for modeling the different densities. They present
empirical evaluation for text classification tasks. Some au-
thors make use of discriminant classifiers instead of model-
ing conditional densities. For example [Joachims, 1999] pro-
pose a transductive support vector machine which finds pa-
rameters for a linear separator using both the labeled data in
the training set and the current test data whose class is un-
known. [Blum and Mitchell, 1998] introduce the co-training
paradigm where each sample x is supposed to be described
by two modalities. Two classifiers are then used, one for each
modality, operating alternatively as teacher and student. This
framework can be used for unsupervised and semi-supervised
learning. Based on the multi-modal framework introduced
by [Blum and Mitchell, 1998], [Muslea et al., 2002] propose
to combine both active and semi-supervised learning. Since
that, different authors have proposed semi-supervised learn-
ing schemes, they usually follow one of the above ideas.

2.2 Learning with imperfectly labeled data

Practical applications of pattern recognition, like eg image
classification problems, have motivated in the early 80’s some
work on the problem of learning in presence of mislabeled
data for fully supervised learning. [Chittineni, 1980] ob-
tained error bounds on the performance of the Bayes and
nearest neighbor classifiers with imperfect labels. [Krish-
nan, 1988] considered a 2-class classification problem for
two group multivariate normal mixture when training samples
are subject to random misclassification and derived the likeli-
hood estimation of parameters. [Titterington, 1989] proposed
a logistic-normal distribution model and worked out an EM
algorithm for the estimation of its parameters. More recently,
[Lawrence and Schölkopf, 2001] proposed an algorithm for
constructing a kernel Fisher discriminant from training ex-
amples in the presence of label noise.

3 A semi-supervised probabilistic model for
mislabeling

We consider here the problem of semi-supervised learn-
ing. We start from the Logistic-CEM algorithm described in
[Amini and Gallinari-a, 2002]. It is a generic scheme in the
sense that it can be used with any discriminant classifier esti-
mating the posterior class probabilities. The classifier is first
trained on labeled data, it then alternates two steps until con-
vergence to a local maximum of the Classification Maximum
Likelihood (CML) criterion [Symons, 1981]. Unlabeled data
are first labeled using the output of the current classifier. Clas-
sifier parameters are then learned by maximizing the CML
function computed using the known labels of labeled data and
the current estimated labels for unlabeled data. In this algo-
rithm, at each iteration, labels computed for unlabeled data
are considered as desired outputs.
We suppose here that labels from the labeled dataset are cor-
rect and that at each step of this algorithm, labels computed
for unlabeled data are subject to error. We propose to model
the imperfection of these labels using a probabilistic for-
malism and to learn the semi-supervised classifier by taking
into account its labeling errors according to this error model.
Parameters of the error model and of the classifier will be
learned simultaneously in this new algorithm. Compared to
the baseline algorithm [Amini and Gallinari-a, 2002], we ex-
plicitly take into account the fact that the current classifier is
not optimally trained at each step, since many data labels are
missing and are only estimated.
In the following we present the general framework and the
learning criterion of our model.

3.1 General framework
We suppose that each example belongs to one and only one
class and that there are available a set of n labeled exam-
ples, Dl and a set of m unlabeled examples, Du. A discrim-
inant classifier is to be trained on the basis of these n + m,
d-dimensional feature vectors1 x 2 R

d . For each labeled ex-
ample xi in Dl, let ci and ti = ftkigk be respectively the
class label and the indicator vector class associated to xi :

8i 2 f1; :::; ng;8k; ci = k , tki = 1 and 8h 6= k; thi = 0

We suppose that for each unlabeled example xi in Du, there
exists a perfect and an imperfect label respectively denoted ci
and eci. We propose to model the imperfections in the labels
by the following probabilities:

8k;8h; �kh = p(ec = k j c = h) (1)
Which are subject to the constraint:

8h;
X
k

�kh = 1 (2)

In order to simplify the presentation, we consider in the fol-
lowing a two-class classification problem.

8i 2 f1; :::; ng;8i0 2 fn+ 1; :::; n+mg; ci;eci0 2 f1; 2g
This is not restrictive since we can easily extend the analysis
to multi-class cases.

1Components of x could also be discrete
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3.2 Classification Maximum Likelihhod estimation
in presence of label noise

The baseline semi-supervised discriminant algorithm has
been conceived as an extension to classification problems of
the CEM algorithm proposed by [Celeux and Govaert, 1992]
for clustering. CEM has been first proposed for learning the
parameters of gaussian mixtures using as training criterion
the classification maximum likelihood criterion initially de-
scribed in [Symons, 1981].
McLachlan has extended CML and CEM to the case where
both labeled and unlabeled data are used for learning
([McLachlan, 1992], page 39). The CML criterion in this
case is the complete-data likelihood and writes:

Vc =

nY
i=1

2Y
k=1

fp(xi; c = k)gtki �

n+mY
i=n+1

2Y
k=1

fp(xi;ec = k)g
etki

The algorithm proposed by [McLachlan, 1992] optimizes this
criterion for a mixture of normal densities. In their algorithm
for training discriminant classifiers on labeled and unlabeled
data, [Amini and Gallinari-a, 2002] make use of the following
form of the log-classification-likelihood:

Lc =

nX
i=1

2X
k=1

tki log p(c = k j xi)+

n+mX
i=n+1

2X
k=1

etki log p(ec = k j xi) +

n+mX
i=1

log p(xi)

This writing makes apparent the posterior probabilities which
are directly estimated in their algorithm instead of the condi-
tional densities in [McLachlan, 1992]. As no assumptions
are made on the distributional nature of data, maximizing Lc

is equivalent to the maximization of L0
c ([McLachlan, 1992],

page 261).

L0
c =

nX
i=1

2X
k=1

tki log p(c = k j xi)+

n+mX
i=n+1

2X
k=1

etki log p(ec = k j xi)

(3)

Let us now introduce our misclassifiction model. For that,
we will express the p(ec = k j xi) in the second summation
in (3) as a function of the mislabeling probabilities and of the
posterior probability of correct labels p(c = k j xi). Consider

p(xi;ec = k) =

2X
h=1

p(xi;ec = k; c = h)

p(xi;ec = k; c = h) can be decomposed with regard to the
conditional class probabilities:

p(xi;ec = k; c = h) = p(xi j ec = k; c = h)�p(ec = k; c = h)

Following [Chittineni, 1980] we make the assumption that the
density of an example, given its true label, does not depend
on its imperfect label:

p(xi j ec = k; c = h) = p(xi j c = h)

It then comes:

p(xi;ec = k) =

2X
h=1

p(xi j c = h)�p(c = h)�p(ec = k j c = h)

Using Bayes rule and (1), we get:

p(xi;ec = k) = p(xi)�

2X
h=1

f�kh p(c = h j xi)g (4)

p(ec = k j xi) can then be derived from p(c = k j xi)

8xi 2 Du; p(ec = k j xi) =

2X
h=1

f�kh p(c = h j xi)g (5)

From (5), (3) becomes

L0
c =

nX
i=1

2X
k=1

tki log p(c = k j xi)+

n+mX
i=n+1

2X
k=1

(etki log
 

2X
h=1

�kh p(c = h j xi)

!) (6)

4 Updating a discriminant function on the
basis of labeled and imperfect labeled data

We now present an iterative discriminant CEM algorithm for
learning a classifier for semi-supervised learning, which in-
corporates the mislabeling error model. The training criterion
is (6). For simplification, we consider a simple logistic classi-
fier [Anderson, 1982], but the algorithm can be easily adapted
for training any discriminant classifier. Consider C� a logistic
classifier with parameters f�jgj2f0;:::;dg. The output of C�

for input x 2 Rd is G(x) =
1

1 + exp(�(�0 + �tx))
. After �

have been learned, G(x) and 1� G(x) are respectively used
to estimate p(c = 1 j x) and p(c = 2 j x). Let, �(p) be the
current partition for the unlabeled data, �(p), �(p) the param-
eters for the misclassification model and the logistic classifier
at iteration p of the algorithm. The learning criterion (6) is a
function of �, � and �. An iterative approach is then adopted
for its maximization (algorithm 1). Parameters � are first ini-
tialized by training the classifier on the labeled dataset Dl.
Two steps are then iterated until the convergence of criterion
L0
c. In the first step, the classifier is considered as an imper-

fect supervisor for the unlabeled data. Its outputs, G(x) and
1 � G(x), are used to compute the posterior imperfect class
probabilities p(ec = k j x) for each x in Du and k 2 f1; 2g, x
is then labeled according to the maximum imperfect output.
In the second step, the parameters of the error model and of
the classifier are updated using the imperfect labels obtained
in the previous step as well as the labeled data. We adopted in
this step, a gradient algorithm to maximize (6). An advantage
of this method is that it only requires the first order deriva-
tives at each iteration. In the following lemma, we provide a
proof of convergence of the algorithm to a local maximum of
the likelihood function for semi-supervised training.
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Algorithm 1 Semi-supervised learning with imperfect labels

Initialization : Train a discriminant logistic classifier C�(0)

over Dl

For p � 0, iterate until the convergence of L0
c

1. Apply C�(p) on Du, estimate the imperfect class poste-
rior probabilities using the output G(p) of the classifier
and get an imperfect label for each xi 2 Du :

8xi 2 Du; ec (p+1)

i = argmax
k

p(ec(p) = k j xi)

Let �(p+1) be the new partition obtained from this clas-
sifier for the unlabeled data.

2. a) Maximize L0
c

�
�(p+1); �(p); �(p)

�
with respect to

�(p) subject to constraints 8k;8h; �(p+1)kh 2 [0; 1] and

8h;
P

k �
(p+1)

kh = 1

b) Maximize L0
c

�
�(p+1); �(p+1); �(p)

�
with respect to

�(p)

Lemma 1. The modified CML criterion, L0
c, increases for

every sequence
�
�(p); �(p); �(p)

�
of Algorithm 1 and the se-

quence L0
c

�
�(p); �(p); �(p)

�
converges to a stationary point.

Proof : we first show that L0
c is increasing.

� Since 8xi 2 Du, ec(p+1)i = k , p(ec(p+1) = k j xi) �

p(ec(p+1) = k0 j xi) for k 6= k0 (step 1), we have

L0
c(�

(p+1); �(p); �(p)) � L0
c(�

(p); �(p); �(p))

� and, since
�
�(p+1); �(p+1); �(p)

�
and�

�(p+1); �(p+1); �(p+1)
�

maximize iteratively L0
c

(step 2), we have

L0
c(�

(p+1); �(p+1); �(p+1)) � L0
c(�

(p+1); �(p); �(p))

Finally as there is a finite number of partitions of the example
into 2-classes, the increasing sequence L0

c

�
�(p); �(p); �(p)

�
takes a finite number of values and thus, converges to a sta-
tionary value. �
In the following section we will present results on four
datasets, using a baseline logistic classifier trained with the
updating scheme presented above.

5 Experiments
5.1 Data sets
In our experiments we used the Spambase, Credit
screening and Mushroom collections from the
UCI repository2 as well as the Computation and
Language (Cmp lg) collection of TIPSTER SUMMAC3

for text summarization. Table 1 summarizes the characteris-
tics of these datasets. We removed 37 samples with missing
attributes from the Credit data set. For summarization, we

2ftp://ftp.icsS.uci.edu/pub/machine-learning-databases/
3http://www.itl.nist.gov/iaui/894.02/related projects/tipster summac/

Table 1: Characteristics of the datasets and percentage of the
smallest of the two classes in the datasets.

Data set size Attributes Smallest class (%)
Credit 690(-37) 15 44.5%

Email spam 4601 57 39.4%
Mushroom 8124 22 48.2%
Cmp lg 28985 5 10%

adopt the text-span extraction paradigm which amounts at
selecting a subset of representative document sentences. This
is a classification problem where sentences are to be classi-
fied as relevant or non relevant for the extracted summary.
All four problems are two-class classification tasks, Email
Spam and Cmp lg have continuous attributes, Credit
vectors are mixed continuous and qualitative, Mushroom
attributes are qualitative.
For each dataset, we ran 3 algorithms - the semi-supervised
learning algorithm using the label imperfections, the baseline
semi-supervised algorithm [Amini and Gallinari-a, 2002]
and a fully supervised logistic classifier trained only on the
available labeled data. We compared the performance of
these algorithms on 20 runs of arbitrary training and test
splits, by varying the proportion of labeled-unlabeled data on
the training set.
For text summarization, we represent each sentence using
a continuous version of features proposed by [Kupiec
et al., 1995]. This characterization has given good re-
sults in previous work [Amini and Gallinari-b, 2002].
Each sentence i, with length l(i) is characterized by
~xi = ('i

1
; 'i

2
; 'i

3
; 'i

4
; 'i

5
), where 'i

1
=

l(i)P
j
l(j)

is the nor-

malized sentence length, 'i
2
=

frequency of cue words in i

l(i)

is the normalized number of cue words in sentence i,

'i
3

=
frequency of acronyms in i

l(i)
is the normalized num-

ber of acronyms in i, 'i
4

is the position indicator feature
(beginning, middle or end of the document) and 'i

5
is the

normalized number of terms within a generic query q and i.
q corresponds to the most frequent words in the training set.

5.2 Evaluation measures
For the three UCI datasets there is approximately the same
proportion of examples for each class (table 1). We used as
performance criterion the percentage of good classification
(PGC) defined as:

PGC =
# of examples in the test set well classified by the system

# of examples in the test set

For text summarization, we followed the SUMMAC evalua-
tion by using a 10% compression ratio. Hence, for each doc-
ument in the test set we have formed its summary by select-
ing the top 10% sentences having higher score with respect
to the output of the classifier. For evaluation we compared
these extractive sentences with the desired summary of each
document. The desired extractive summaries were generated
from the abstract of each article using the text-span align-
ment method described in [Banko et al., 1999]. Since the
collection is not well balanced between positive and negative
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Figure 1: Performance curves for the 4 datasets showing, for a classical logistic classifier trained in a fully supervised scheme
(square), the baseline semi-supervised Logistic-CEM algorithm (circle) and our semi-supervised algorithm with label imper-
fections (star). Each point represents the mean performance for 20 arbitrary runs. The error bars show standard deviations for
the estimated performance.

examples, PGC is meaningless, we used the average preci-
sion (AP) measure for the evaluation. Let �, be the number
of sentences extracted by the system which are in the target
summaries, and �, be the total number of sentences extracted
by the system. The precision is defined as the ratio �=�.

5.3 Results
For each dataset and each cross validation, 25% of examples
are held aside as a test set. We vary the percentage of labeled-
unlabeled data in the remaining 75% training set of the collec-
tions. Figure 1, shows the performance on the test sets for the
four datasets as a function of the proportion of labeled data in
the training set. On the x-axis, 5% means that 5% of data in
the training set were labeled for training, the 95% remaining
being used as unlabeled training data. Each experiment was
carried on twenty paired trials of randomly selected training-
test splits. On the y-axis, each point represents the mean per-
formance for the 20 runs and the error bars correspond to the
standard deviation for the estimated performance [Tibshirani,

1996].
All figures exhibit the same behavior. In all four datasets,
semi-supervised algorithms are over the baseline classifier
trained only on the labeled training data. For example, if
we consider text summarization, using only 5% of labeled
sentences, our algorithm allows to increase performance by
15% compared to a fully supervised algorithm trained on
the 5%. 15% labeled data are needed to reach the same
performance with the baseline method. Our model is uni-
formly better than the two reference models used in our ex-
periments. It provides an important performance increase es-
pecially when there are only few labeled data available which
is the most interesting situation in semi-supervised learning.
For the Credit card problem, the dataset is small and
semi-supervised learning allows for a smaller increase of per-
formance than for other datasets where there are a lot of un-
labeled data available. Semi-supervised learning allows to
reach ’optimal’ performance with about 50% of labeled data
(only 30% for the Mushroom set).
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6 Conclusion
We have described how to incorporate a label error model
into an iterative semi-supervised discriminant algorithm. We
have detailed a version of this general algorithm in the case
of a simple logistic classifier, shown its convergence and
proved empirically its efficiency on four datasets with dif-
ferent characteristics. The algorithm allows for an impor-
tant performance increase compared to a reference efficient
semi-supervised algorithm without mislabeling model. The
main contribution of the paper is to provide a general frame-
work for handling simultaneously semi-supervised learning
and learning in the presence of label noise. The noise model
we have used is simple and allows for efficient estimations in
the semi-supervised setting. More sophisticated models have
still to be investigated. However, our experience is that sim-
ple models do often perform better when only few labeled
data are available.
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Abstract

We present a simple, easily implemented spectral
learning algorithm which applies equally whether
we have no supervisory information, pairwise link
constraints, or labeled examples. In the unsuper-
vised case, it performs consistently with other spec-
tral clustering algorithms. In the supervised case,
our approach achieves high accuracy on the cate-
gorization of thousands of documents given only
a few dozen labeled training documents for the 20
Newsgroups data set. Furthermore, its classifica-
tion accuracy increases with the addition of unla-
beled documents, demonstrating effective use of
unlabeled data. By using normalized affinity ma-
trices which are both symmetric and stochastic, we
also obtain both a probabilistic interpretation of our
method and certain guarantees of performance.

1 Introduction
Spectral algorithms use information contained in the eigen-
vectors of a data affinity (i.e., item-item similarity) matrix
to detect structure. Such an approach has proven effective
on many tasks, including information retrieval[Deerwester
et al., 1990], web search[Pageet al., 1998; Kleinberg, 1998],
image segmentation[Meila and Shi, 2000], word class detec-
tion [Brew and Schulte im Walde, 2002] and data clustering
[Ng et al., 2002]. But while spectral algorithms have been
very useful in unsupervised learning (clustering), littlework
has been done in developing spectral algorithms for super-
vised learning (classification).

In this work, we consider the adaptation of spectral cluster-
ing methods to classification. We first present a method for
combining item similarities with supervision informationto
produce a Markov transition process between data items. We
call this Markov process the “interested reader” model by ap-
peal to the special case of text clustering/classification.Our
algorithm incorporates supervisory information wheneverit
is available, either in the form of pairwise constraints or la-
beled data (or both). Empirically, our algorithm achieves high
accuracy when supplied either small amounts of labeled data
(Section 4) or small numbers of pairwise constraints (Sec-
tion 5).

2 The “Interested Reader” Model
We propose a Markov chain model similar in spirit to the
“random surfer” model of[Pageet al., 1998].1 This descrip-
tion is motivated in the context of text categorization, butthe
model depends only on notions of pairwise data similarity
and is completely general. In the model, there is a collection
of documents, each of which has some (possibly unknown)
topic. A reader begins with some document of interest and
continues to read successive documents. When she chooses
the next document to read, she tries to read another document
on the same topic, and hence will prefer other documents
which are similar to her current document. Some mapping
between similarities and transition probabilities must becho-
sen; we describe a specific choice in Section 3.

These transition probabilities define a Markov chain
among the documents in the collection. If there exist dis-
tinct topic areas in the document set (or, generally, if there
are clusters in the data), this Markov chain will be composed
of subsets that have high intra-set transition probabilities, and
low inter-set transition probabilities. We will refer to these
subsets ascliques. Each of the cliques corresponds to a topic
in the text clustering problem.

Of course, the natural clusters in the data need not be per-
fectly compatible with document labels, and we have said
nothing about the use of supervision information. In Sec-
tion 4, we use supervision to override the similarity-based
transition probilities. For example, we will disallow transition
between two documents which are known to be differently-
labeled, regardless of their pairwise similarity.

3 Spectral Clustering Algorithms
In this section, we discuss the process of turning anaffinity
matrix A of pairwise document similarities into a normalized
Markov transition processN . The eigenvectors ofN are then
used to detect blocks or or near-blocks inN , which will cor-
respond to clusters of the data.

1Note that there is an important difference between the way these
two models are used; the random surfer model is used for the first
left eigenvector of the transition matrix, which indicatesthe relative
amount of time the process spends at each data item. On the other
hand, we are interested in right eigenvectors of our transition matrix,
which more straightforwardly relate to (near-)block structure in the
transition matrix.
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Form spectral representation:

1. Given dataB, form the affinity matrixA ∈ R
n×n = f (B).

2. DefineD to be the diagonal matrix withDii =
∑

j Ai j .

3. Normalize:N = (A + dmax I − D)/dmax .
4. Findx1, . . . , xk , thek largest eigenvectors ofN and form the

matrix X = [x1, . . . , xk ] ∈ R
n×k−1.

5. Normalize the rows ofX to be unit length.

For clustering:

6. Treating each row ofX as a point inRk , cluster intok clusters
using k-means or any other sensible clustering algorithm.

7. Assign the original pointxi to cluster j if and only if row i of
X was assigned to clusterj .

For classification:

6. Represent each data pointi by the rowX i of X .

7. Classify these rows as points inR
k using any reasonable clas-

sifier, trained on the labeled points.
8. Assign the data pointi the classc that X i was assigned.

Figure 1: Spectral Learning Algorithm.

Algorithm Normalization ν(A, D)

MNCUT Divisive N = D−1A
NJW Symmetric Divisive N = D−1/2AD−1/2

LSA None N = A
SL Normalized Additive N = (A + dmax I − D)/dmax

Table 1: Normalizations used by spectral methods.

3.1 Calculating the Transition Matrix
In order to fully specify the data-to-data Markov transition
matrix, we must map document similarities to transition prob-
abilities. LetA be the affinity matrix over documents whose
elementsAi j are the similarities between documentsi and
j . When we are given documentsi as pointsxi and a
distance functiond(xi , x j ), a common definition isAi j =

e−d(xi ,x j )/2σ2
, whereσ is a free scale parameter. In LSA

[Deerwesteret al., 1990], we are given a row-normalized
term-document matrixB, and A is defined to beBT B (the
cosine similarity matrix[Salton, 1989]).

We may map document similarities to transition probabili-
ties in several of ways. We can defineN = D−1 A [Meilă and
Shi, 2001], whereD is the diagonal matrix whose elements
Dii =

∑
j Di j . This corresponds to transitioning with proba-

bility proportional to relative similarity values. Alternatively,
we can defineN = (A + dmax I − D)/dmax [Fiedler, 1975;
Chung, 1997], wheredmax is the maximum rowsum ofA.
Here, transition probabilities are sensitive to the absolute sim-
ilarity values. For example, if a given document is similar to
very few others, the interested reader may keep reading that
document repeatedly, rather than move on to another docu-
ment. While either of these normalizations are plausible, we
chose the latter, since it had slight empirical performanceben-
efits for our data.

In [Meilă and Shi, 2001], it is shown that a probability
transition matrixN for a Markov chain withk strong cliques
will havek piecewise constant eigenvectors, and they suggest
clustering by finding approximately equal segments in the top
k eigenvectors. Our algorithm uses this general method as

Spectral Learning k-means
3 NEWS 0.84 0.20
20 NEWS 0.36 0.07
LYMPHOMA 0.50 0.10
SOYBEAN 0.41 0.34

Table 2: A comparison of Spectral Learning and k-means.

well, but some of the details differ; our algorithm is shown
in Figure 1. This algorithm is most similar to the algorithm
presented in[Ng et al., 2002], which we call NJW after its au-
thors. In fact, the only difference is the type of normalization
used. There are two differences between our algorithm and
MNCUT from [Meilă and Shi, 2001]; the normalization of
A is again different, and, additionally, MNCUT does not row
normalizeX (step 5). Table 1 describes the different types of
normalizations and mentions some algorithms that use them.

It should be noted that for data sets where there are distant
outliers, additive normalization can lead to very poor perfor-
mance. This is because, with additive normalization, the out-
liers become their own clique. Therefore, the clusters will
represent outliers rather than true clusters. In a dataset where
there are distant outliers, divisive normalization is likely to
lead to better performance.

3.2 Parameter Selection
The importance of parameter selection is often overlooked
in the presentation of standard spectral clustering methods.
With different values ofσ , the results of spectral clustering
can be vastly different. In[Ng et al., 2002], the parameterσ
is chosen based on that value ofσ that gives the least distorted
clusters.

In our text experiments, the dataB was a term-document
matrix, and the similarity functionf gave the pairwise cosine
similarities, with an entryAi j set to zero if neitheri was one
of the topk nearest-neighbors ofj nor the reverse. Threshold-
ing the affinity matrix in this manner is very useful, as spectral
methods empirically work much better when there are zeros
in the affinity matrix for pairs of items that are not in the same
class. For our experiments, we chosek = 20; however, one
may learn the optimalk in the same manner that[Ng et al.,
2002] learn the optimal scale factorσ .

3.3 Empirical Results
We compared the spectral learning algorithm in Figure 1 to
k-means on 4 data sets:

• 20 NEWSGROUPSa collection of approximately 1000
postings from each of 20 usenet newsgroups.2

• 3 NEWSGROUPS3 of the 20 newsgroups: sci.crypt,
talk.politics.mideast, and soc.religion.christian.

• LYMPHOMA gene expression profiles of 96 normal and
malignant lymphocyte samples. There are 2 classes:
Diffuse Large B-Cell Lymphoma (42 samples), and
Non-DLCBL (54 samples)[Alizadeh, 2000].

2From http://www.ai.mit.edu/~jrennie/20Newsgroups/; a total of
18828 documents. Documents were stripped of headers, stopwords,
and converted to lowercase. All numbers were discarded. Allwords
that occur in more than 150 or less than 2 documents were removed.
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• SOYBEAN is the SOYBEAN-LARGE data set from the
UCI repository. 15 classes.3

The results are shown in Table 2. The numbers reported are
adjusted Rand Index values[Hubert and Arabie, 1985] for
the clusters output by the algorithms. The Rand Index is fre-
quently used for evaluating clusters, and is based on whether
pairs are placed in the same or different clusters in two par-
titionings. The Adjusted Rand Index ranges from−1 to 1,
and its key property is that the expected value for a random
clustering is 0. The result that spectral methods generallyper-
form better than k-means is consistent with the results in[Ng
et al., 2002; Brew and Schulte im Walde, 2002]. In some
cases, the poor performance of k-means reflects its inabil-
ity to cope with noise dimensions (especially in the case of
the text data) and highly non-spherical clusters (in the case
of the composite negative cluster forLYMPHOMA ).4 How-
ever, spectral learning outperforms k-means on theSOYBEAN
dataset as well, which is a low-dimensional, multi-class data
set.

4 Spectral Classification
In the previous section, we describedclustering a data set by
creating a Markov chain based on the similarities of the data
items with one another, and analyzing the dominant eigenvec-
tors of the resulting Markov matrix. In this section, we show
how toclassify a data set by making two changes. First, we
modify the Markov chain itself by using class labels, when
known, to override the underlying similarities. Second, we
use a classification algorithm in the spectral space rather than
a clustering algorithm.

4.1 Modifying the “Interested Reader” Model
The model described in Section 2 can be modified to incor-
porate labeled data in the following simple manner. If the
interested reader happens to be at a labeled document, the
probability that she will choose another labeled document of
the same category is high, while the probability that she will
choose a labeled document of a different category is low (or
zero). Transition probabilities to unlabeled documents are
still proportional to their similarity to the current source doc-
ument, whether the current document is labeled or not.

We wish to create a Markov matrix that reflects this mod-
ified model. We propose doing this in the following manner,
using the normalization introduced in Section 3. For most
similarity functions, the maximum pairwise similarity value
is 1, and the minimum similarity is 0. Therefore, we would
like to say that two points in the same class are maximally
similar, and two points in different classes are minimally sim-
ilar:

3There are has 562 instances, 35 features, and 15 different
classes. It is nominal; Hamming distance was used.

4For some of these sets, thek-means numbers are low. This
is partially illusory, due to the zeroed expectation of the adjusted
Rand index, and partially a real consequence of the sparse high-
dimensionality of the text data. Betterk-means results on text typ-
ically require some kind of aggressive dimensionality reduction,
(usually LSA, another spectral method) or careful feature selection
(or both).

1. Define the affinity matrixA as in the previous algo-
rithms.

2. First, for each pair of points(i, j) that are in the same
class, assign the valuesAi j = A j i = 1.

3. Likewise, for each pair of points(i, j) that are in differ-
ent classes, assign the valuesAi j = A j i = 0.

4. NormalizeN =
1

dmax
(A + dmax I − D).

This gives us a symmetric Markov matrix describing the
“interested reader” process which uses supervisory infor-
mation when present, and data similarities otherwise. A
strength of this model lies in the fact that it incorporates unla-
beled data, whereas the majority of classification models deal
strictly with the labeled data. A benefit of additive normal-
ization is that, after the affinities are adjusted, same-labeled
pairs will always have a higher (or equal) mutual transition
probability than unlabeled pairs. This will not necessarily be
the case with other normalization schemes.

4.2 A Spectral Classification Algorithm
Again, if natural classes occur in the data, the Markov
chain described above should have cliques. Furthermore, the
cliques will become stronger as the number of labeled doc-
uments increases. Given this model, we wish to categorize
documents by assigning them to the appropriate clique in the
Markov chain. The spectral clustering methods given in Sec-
tion 3 can be adapted to do classification by replacing the final
few steps (clustering in spectral space) with the steps shown
in Figure 1 (which classify in spectral space).

The key differences between the spectral classifier and the
clustering algorithm are (a) that our transition matrixA incor-
porates labeling information, and (b) we use a classifier in the
spectral space rather than a clustering method. What is novel
here is that this algorithm is able to classify documents by
the similarity of their transition probabilities to known sub-
sets ofB. Because the model incorporates both labeled and
unlabeled data, it should improve not only with the addition
of labeled data, but also with the addition of unlabeled data.
We observe this empirically in Section 4.3.

4.3 Empirical Results
Cliques
It was suggested in Section 4.2 that the Markov chain de-
scribed above will have cliques, that is, subsets of nodes in
the graph that are internally fast-mixing, but are not mutu-
ally fast-mixing. Figure 4 shows the thresholded sparsity pat-
tern for the affinity matrices for the 3 Newgroups data set, as
labeled data is added. The left matrix is the affinity matrix
for 1% labeled data. Even the underlying similarities show
block-like behavior, if weakly. To the extent that the unla-
beled data gives a block-like affinity matrix, clusters natu-
rally exist in the data; this is the basis for spectral clustering.
The subsequent matrices have increasing fractions of data la-
beled. The effect of adding labeled data is to sharpen and
coerce the natural clusters into the desired classes. As more
labels are added, the blocks become clearer, the cliques be-
come stronger, and, in the limit of 100% labeled data, the
interested reader will never accidently jump from a document
of one topic to one of another.
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Figure 3: Categorization accuracy on the 20 NEWSGROUPStask as
the (a) amount of unlabeled data and (b) fraction of labeled data
increases.

Accuracies
To validate the utility of spectral classification, we performed
the following experiments on the 20 NEWSGROUPSdata set.

We built two batch classifiers. The first was a standard
multinomial Naive Bayes (NB) classifier with standard add-
one smoothing. The second was a spectral classifier as de-
scribed above, which used a single-nearest neighbor classifier
to perform the final classification in the spectral space. The
affinity matrix A was the thresholded cosine similarity be-
tween documents.5 We note here that the thresholding is im-
portant, since it weakens the effect of outliers. Furthermore, it
saves space and computation time, since the resulting affinity
matrix is sparse.

We split the data into a labeled training set and an unla-
beled test set. For classification, the spectral classifier pro-
cessed both the training and test set, but was evaluated on the
test set only.

Figure 2(a) shows the effect of using a sample of 12 docu-
ments from the 3 NEWSGROUPSdata as a labeled training
set, with an increasing number of unlabeled documents as
a test set. The accuracy of the NB classifier is, of course,
constant up to sampling variation, since it discards unlabeled
data. The spectral classifier is more accurate than the NB
classifier when given sufficiently many additional unlabeled

5For each document, we take the most similar 20 documents, and
put those similarities in the appropriate row and column. All other
entries are 0.

documents to incorporate.
Figure 2(b) shows the effect of supplying increasingly

large fractions of the 3 NEWSGROUPSdata set as labeled
training instances, and using the remainder of the data set
as test instances. The spectral classifier outperforms Naive
Bayes, more substantially so when there is little labeled data.
Figures 3(a) and (b) show the same graphs for the 20 NEWS-
GROUPS data set. Again, spectral classification performs
well, especially when less than 10% of the data is labeled.
It should be noticed that, for this data set, Naive Bayes out-
performs the spectral classifier in the strongly supervisedcase
(>15% labeled data). The strength of Spectral Learning lies
in incorporating unlabeled data, and, for the strongly super-
vised case, this is of less value.

Spectral Space

To further investigate the behavior of the spectral classi-
fier, we performed the following experiment. We took the
3 NEWSGROUPSdata and labeled various fractions of each
of the 3 classes. We then plotted each document’s position
in the resulting 3-dimensional spectral space (the space of
the rows of the matrixX as defined by our spectral learn-
ing algorithm). Figure 4 shows dimensions 2 and 3 of these
plots. With no labels, the data does not tightly cluster. As
we add labels (circled points), two things happen. First, the
labeled points move close to same-labeled points, away from
different-labeled points, and generally towards the outside,
since they are “hubs” of the Markov process. Second, they
pull the unlabeled points out radially along with them. Thisis
effective in that it seems to pull the classes apart, even though
the classes were not naturally very strong clusters in the un-
labeled data.

4.4 Related Work

In [Yu and Shi, 2001], a spectral grouping method, which
they call “Grouping with Bias”, is presented that allows for
top-level bias, as in labeled data. They formulate the problem
as a constrained optimization problem, where the optimal par-
tition is sought, subject to the constraint that the normalized
cut values of any two nodes that are preassigned to the same
class should be the same.

The main drawback with the algorithm in[Yu and Shi,
2001] is that it only constrains same-labeled data points. The
algorithm we present here benefits from the zeros in the spar-
sity pattern introduced by differently-labeled pairs. Further-
more, it should be noted that, in the multi-class case, labeled
sets combinatorialy tend to embody more differently-labeled
pairs than same-labeled pairs. The other drawback to not us-
ing the information given by differently-labeled points isthat
the trivial partition (all points in one cluster) will satisfy the
constraints, even when many points are labeled. In fact, when
all the data is labeled, it is likely that the partition foundby
the Grouping with Bias algorithm will be the trivial partition.
Figure 6(a) shows that our Spectral Classifier outperforms the
Grouping with Bias algorithm for the 3 NEWSGROUPSdata
set. In fact, Grouping with Bias started performing slightly
worse when a large fraction of the data was labeled.
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5 Constrained Spectral Clustering

Recently, there has been interest inconstrained clustering
[Wagstaff and Cardie, 2000; Kleinet al., 2002], which in-
volves clustering with two types of pairwise constraints:

1. Must-links: two items are known to be in the same class.
2. Cannot-links: two items are in different classes.
Constrained clustering allows one to do exploratory data

analysis when one has some prior knowledge, but not class la-
bels. The classifier presented in section 4 can be easily modi-
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fied for this kind of prior knowledge: we have been reducing
labeling information to pairwise information during affinity
modification all along.

Specifically, the affinity matrix is now defined as follows:

1. Define the affinity matrixA as before.
2. For each pair of must-linked points(i, j) assign the val-

uesAi j = A j i = 1.
3. For each pair of cannot-linked points(i, j) that are in

different classes, assign the valuesAi j = A j i = 0.

4. NormalizeN = 1
dmax

(A + dmax I − D).

This is equivalent to theimposing constraints step in[Klein
et al., 2002]. In this step, must-linked points are made more
similar than any other pair of points in the data set, and
cannot-linked points are made more dissimilar than any pair
of points in the data set.

The spectral constrained clustering algorithm proceeds just
as the other spectral clustering algorithms presented here; the
only difference is that it uses the modified normalized affinity
matrix presented in this section.

Figure 6(b) shows a plot of accuracy vs. number of con-
straints for the 3NEWSGROUPSdata set using spectral con-
strained clustering. The accuracy is measured by the con-
strained Rand index[Klein et al., 2002; Wagstaff and Cardie,
2000]. The accuracy increases with number of constraints,
showing that the spectral constrained clustering can effec-
tively use constraints to better cluster data.

6 Conclusion
We present here a probabilistic model and an associated spec-
tral learning algorithm that is able to work for the unsuper-
vised, semi-supervised, and fully-supervised learning prob-
lems. We show that this algorithm is able to cluster well, and
further is able to effectively utilize prior knowledge, either
given by pairwise constraints or by labeled examples.
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Abstract

Single-ClassClassification(SCC)seeksto distin-
guish one classof data from the universalset of
multiple classes.We presenta new SCCalgorithm
that efficiently computesan accurateboundaryof
the target classfrom positive and unlabeleddata
(without labelednegativedata).

1 Introduction
Single-ClassClassification(SCC) seeksto distinguishone
classof datafrom theuniversalsetof multiple classes.(e.g.,
distinguishingapplesfrom fruits, identifying “waterfall” pic-
tures from imagedatabases,or classifyingpersonalhome-
pagesfrom theWeb)(Throughoutthepaper, wecall thetarget
classpositiveandthecomplementsetof samplesnegative.)

Sinceit is not naturalto collect the “non-interesting”ob-
jects(i.e.,negativedata)to train theconceptof the“interest-
ing” objects(i.e.,positive data),SCCproblemsareprevalent
in real world wherepositive andunlabeleddataare widely
availablebut negative dataarehardor expensive to acquire
[Yu et al., 2002; Letouzey et al., 2000; DeComiteet al.,
1999]. For example,in text or Webpageclassification(e.g.,
personalhomepageclassification),collectingnegative train-
ing data(e.g.,a sampleof “non-homepages”)is delicateand
arduousbecausemanuallycollectednegative datacould be
easilybiasedbecauseof a person’s unintentionalprejudice,
which could be detrimentalto classificationaccuracy. In an
exampleof diagnosisof a disease,positive dataareeasyto
access(e.g.,all patientswho have thedisease)andunlabeled
dataareabundant(e.g.,all patients),but negativedataareex-
pensive if detectiontestsfor the diseaseareexpensive since
all patientsin thedatabasecannotbeassumedto benegative
samplesif they have never beentested.Furtherapplications
canbealsofoundin patternrecognition,imageretrieval,clas-
sificationfor datamining,rareclassclassification,etc. In this
paper, wefocuson thisSCCproblemfrom positiveandunla-
beleddata(without labelednegativedata).

1.1 Previous Approaches for SCC
Traditional(semi-)supervisedlearningschemesarenot suit-
ablefor SCCwithout labelednegative databecause:(1) the
portionsof positive andnegative spacesareseriouslyunbal-
ancedwithout beingknown (i.e.,

���������	�
������� ���
), and

(2) the absenceof negative samplesin the labeleddataset
makesunfair the initial parametersof the modelandthusit
leadsto unfair guessesfor theunlabeleddata.

Active learningmethodsalsotry to minimize the labeling
laborsto constructanaccurateclassificationfunctionby adif-
ferentapproachthat involvesan interactive processbetween
thelearningsystemandusers[TongandKoller, 2000].

Valiant in 1984[Valiant,1984] pioneeredlearning theory
frompositiveexamplesbasedonrulelearning.In 1998,F. De-
nisdefinedtheProbablyApproximatelyCorrect(PAC) learn-
ing modelfor positive andunlabeledexamples,andshowed
thatk-DNF (DisjunctiveNormalForm)is learnablefrom pos-
itiveandunlabeledexamples[Denis,1998]. After that,some
experimentalattemptsto learnusingpositive andunlabeled
datahave beentried usingk-DNF or C4.5 [Letouzey et al.,
2000; DeComiteet al., 1999]. Rule learningmethodsare
simpleandefficientfor learningnominalfeaturesbut tricky to
usefor theproblemsof continuousfeatures,highdimensions,
or sparseinstancespaces.

PositiveExample-BasedLearning(PEBL) framework was
proposedfor Webpageclassification[Yu et al., 2002]. Their
methodis limited to the Web domainwith binary features,
andits trainingefficiency is poorbecauseof usingSVM iter-
atively whosetrainingtime is alreadyat leastquadraticto the
sizeof trainingdataset.Thisproblembecomescritical when
thesizeof unlabeleddatasetis large.

A probabilisticmethodfor theSCCproblemhasbeenre-
cently proposedfor the text domain[Liu et al., 2002]. As
they specifiedin the paper, their method– a revision of the
EM algorithm– performsbadly on “hard” problemsdueto
thefundamentallimitationsof thegenerativemodelassump-
tion, the attribute independenceassumptionwhich resultsin
linearseparation,andtherequirementof goodestimationof
prior probabilities.

OSVM (One-ClassSVM) alsodistinguishesoneclassof
data from the rest of the featurespacegiven only a pos-
itive dataset [Tax and Duin, 2001; Manevitz and Yousef,
2001]. Basedon a strongmathematicalfoundation,OSVM
drawsanonlinearboundaryof thepositivedatasetin thefea-
ture spaceusingtwo parameters– � (to control the noisein
the training data)and 
 (to control the “smoothness”of the
boundary). They have the sameadvantagesas SVM, such
asefficient handlingof high dimensionalspacesandsystem-
atic nonlinearclassificationusingadvancedkernelfunctions.
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(a)SVM from � and � (# of
SVs= 229)

(b) OSVM from � (# of SVs
= 15)

(c) Overfitting of OSVM (#
of SVs= 21)

(d) Overfitting of OSVM (#
of SVs= 52)

Figure1: Boundariesof SVM andOSVM ona syntheticdataset.big dots: positivedata,smalldots: negativedata

However, OSVM requiresa muchlargeramountof positive
trainingdatato induceanaccurateclassboundarybecauseits
supportvectors(SVs) of the boundaryonly comesfrom the
positive datasetandthusthe small numberof positive SVs
canhardly cover the majordirectionsof the boundaryespe-
cially in high dimensionalspaces.Due to the SVs coming
only from positive data,OSVM tendsto overfit andunderfit
easily. Taxproposedasophisticatedmethodwhichusesartif-
ically generatedunlabeleddatato optimizetheOSVM’s pa-
rametersthat “balance”betweenoverfitting andunderfitting
[Tax andDuin, 2001]. However, their optimizationmethod
is infeasiblyinefficient in high dimensionalspaces,andeven
with thebestparametersetting,its performancestill lagsfar
behindtheoriginal SVM with negativedatadueto theshort-
ageof SVswhichmakes“incomplete”theboundarydescrip-
tion. Figure1(a) and(b) show the boundariesof SVM and
OSVM on a syntheticdataset in a two-dimensionalspace.
(We usedLIBSVM version2.331 for SVM implementation.)
In this low-dimensionalspacewith “enough” data, the ob-
stensibly“smooth”boundaryof OSVM is nottheresultof the
goodgeneralizationbut insteadis from thepoorexpressibility
causedby the “incomplete” SVs, which will becomemuch
worsein high-dimensionalspaceswheremore SVs around
theboundaryareneededto covermajordirectionsin thehigh-
dimensionalspaces.Whenwe increasethenumberof SVsin
OSVM, it overfitsratherthanbeingmoreaccurateasshown
in Figure1(c)and(d).

1.2 Contributions and Paper Layout
We first discussthe “optimal” SCC boundary, which moti-
vatesour new SCCframework Mapping-Convergence(MC),
wherethe algorithmsunderthe MC framework generatethe
boundarycloseto theoptimum(Section2). In Section3, we
presentan efficient SCCalgorithmSupportVectorMapping
Convergence(SVMC)underthe MC framework. We prove
that althoughSVMC iteratesunderthe MC framework for
the “near-optimal” result, its training time is independentof
thenumberof iterations,whichis asymptoticallyequalto that
of a SVM. We empirically verify our analysisof SVMC by
extensive experimentson variousdomainsof real datasets
suchastext classification(e.g.,Webpageclassification),pat-
ternrecognition(e.g.,letter recognition),andbioinformatics
(e.g.,diagnosisof breastcancer),which shows theoutstand-
ing performanceof SVMC in a wide spectrumof SCCprob-

1http://www.csie.ntu.edu.tw/� cjlin/libsvm

lems(with nominalor continuousattributes,linearor nonlin-
earseparation,andlow or highdimensions)(Section4).

1.3 Notation
We usethefollowing notationthroughoutthispaper.��� is a datainstancesuchthat ����� .��� is a subspacefor positive classwithin � , from which

positivedataset � is sampled.��� (unlabeleddataset)is auniformsampleof theuniver-
salset.��� is thefeaturespacefor theuniversalsetsuchthat ��� "!

where# is thenumberof dimensions.

For an exampleof Web pageclassification,the universal
set is the entireWeb, � is a uniform sampleof the Web, �
is a collectionof Web pagesof interest,and �$�  ! is an
instanceof aWebpage.

2 Mapping Convergence (MC) Framework
2.1 Motivation
In machinelearning theory, the “optimal” classboundary
function(or hypothesis)%'& �)( givenalimited numberof train-
ing dataset *+& �-,/.�(10 ( . is the label of � ) is consideredthe
onethatgivesthebestgeneralizationperformancewhich de-
notesthe performanceon “unseen”examplesratherthanon
thetrainingdata.Theperformanceon thetrainingdatais not
regardedasa goodevaluationmeasurefor a hypothesisbe-
causethehypothesisendsupoverfittingwhenit triesto fit the
trainingdatatoo hard. (Whena problemis easy(to classify)
andtheboundaryfunctionis complicatedmorethanit needs
to be, the boundaryis likely overfitted. Whena problemis
hardandtheclassifieris not powerful enough,theboundary
becomesunderfit.) SVM is an excellentexampleof super-
vised learningthat tries to maximizethe generalizationby
maximizing the margin andalsosupportsnonlinearsepara-
tion using advancedkernels,by which SVM tries to avoid
overfittingandunderfitting[Burges,1998].

The“optimal” SCCclassifierwithout labelednegativedata
also needsto maximize the generalizationsomehow with
highly expressivepower to avoid overfittingandunderfitting.
To illustratean exampleof the “near-optimal” SCCbound-
ary without labelednegativedata,considerthesyntheticdata
set(Figure2) simulatinga realsituationwherewithin � , (1)
theuniversalsetis composedof multiple groupsof data,(2)
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(a)OSVM from 2 (# of
SVs= 7)

(b) SVMC from 2 and3
(# of SVs= 75)

Figure2: Syntheticdatasetsimulatingarealsituation.P: big
dots,U: all dots(big andsmalldots)

the positive class4 is oneof them(supposing4 is the data
groupin thecenter),and(3) thepositive dataset 5 is a sam-
ple from 4 (assumingthat the big dots are the sample 5 ).
OSVM draws 64 , a tight boundaryaround 5 , as shown in
Figure2(a), which overfits the true classarea 4 due to the
absenceof theknowledgeof thedistribution of 7 . However,
the“near-optimal” SCCclassifiersmustlocatetheboundary
between4 and 7 outside4 (Figure2(b))andthusmaximize
the generalization.The MC framework using 7 systemati-
cally draws theboundaryof Figure2(b).

2.2 Negative Strength
Let 8-9;:=< betheboundaryfunctionof thepositive classin > ,
which outputsthedistancefrom theboundaryto theinstance: in > suchthat

8'9?:)<A@CB DFEG:HDFIAJ"KMLNIODQPRDQSUTVDQW-IOPFJXWZY[TX\
8'9?:)<A]CB DFEG:HDFIAJ�WZTO^+JUPRDQS+T_DQW-IOPFJUWZY`TU\a 8'9?:)< a @ a 8'9?:=bc< a DFEG:HDFIAd;LeY[JXPFTgf�E)JUhiPj8MTihkPj8lJUWm:=bE=heLgnoPj8lTkp1Lgq=WZfXJUhgr
DQWs>Gt

Definition 1 (Strength of negative instances). For twoneg-
ative instances: and : b such that 8'9?:)<
]$B and 8'9?: b <�]uB ,
if
a 8'9?:=< a @ a 8'9?: b < a , then : is stronger than : b .

Example 1. Considera resumepage classificationfunction8'9?:=< fromtheWeb(> ). Supposethere are two negativedata
objects: and : b (non-resumepages)in > such that 8-9;:=<"]CB
and 8'9?: b <�]vB : : is “how to write a resume”page, and: b is “how to write an article” page. In > , : b is considered
moredistantfromtheboundaryof theresumeclassbecause:
hasmore relevantfeaturesto theresumeclass(e.g., theword
“r esume”in text) thoughit is not a true resumepage.

2.3 MC Framework
TheMC framework is composedof two stages:themapping
stage andthe convergencestage. In the mappingstage,the
algorithmusesa weakclassifier w
x , which draws an initial
approximationof “strong negatives” – the negative datalo-
catedfar from theboundaryof the positive classin > (steps
1 and2 in Figure4). Basedon theinitial approximation,the
convergencestagerunsin iterationusingasecondbaseclassi-
fier wzy , whichmaximizesthemargin to makeaprogressively
betterapproximationof negative data(steps3 through5 in
Figure4). Thusthe classboundaryeventuallyconvergesto
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Figure3: Exampleof thespacesof theMC framework in >
theboundaryaroundthepositivedatasetin thefeaturespace
which alsomaximizesthemargin.

Input: - positive dataset 2 , unlabeleddataset
3

Output: - a boundaryfunction ~U����
: analgorithmidentifying “strongnegatives” from

3�k�
: a supervisedlearningalgorithmthatmaximizesthemargin

Algorithm:
1. Use

� �
to constructa classifier~U� from 2 and

3
whichclassifies

only “strongnegatives”asnegative andtheothersaspositive
2. Classify

3
by ~+�

* �� � := examplesfrom
3

classifiedasnegative by ~ �
* �2 � := examplesfrom

3
classifiedaspositive by ~ �

3. Set
�o� ���

and � � ���
4. Do loop

4.1.
��� ����� �� �

4.2. Use
� �

to construct~+��� � from 2 and
�

4.3. Classify �2)� by ~+��� �
* �� ��� � := examplesfrom �2)� classifiedasnegative by ~+��� �
* �2=��� � := examplesfrom �2)� classifiedaspositive by ~+��� �

4.4. � � � �+���
4.5. Repeatuntil �� � ���

5. return ~ �
Figure4: MC framework

Assumethat 64 is a subspacetightly subsuming5 within> wheretheclassof theboundaryfunctionfor 64 is from the
algorithm wzy (e.g.,SVM). In Figure4, let 6��� bethenegative
spaceand 64 � be the positive spacewithin > divided by 8 �
(a boundarydrawn by w
x ), andlet 6��� bethenegative space
and 64 � be the positive spacewithin 64 �?� x divided by 8 � (a
boundarydrawn by wzy ). Then, we can inducethe follow-
ing formulaefrom theMC framework of Figure4. (Figure3
illustratesanexampleof thespacesof theframework in > .)

��� �� � � ��
�¡  � �
¢ � (1)

�� � � �� � £��¡  ��� � �
¢ � (2)

where¤ is thenumberof iterationsin theMC framework.

Theorem 1 (Boundary Convergence). Suppose7 is uni-
formly distributed in > . If algorithm w x doesnot generate
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(a) Boundaryafter the map-
ping stage

(b) Boundaryafter thefirst it-
eration

(c) Boundaryafter thesecond
iteration

(d) Finalboundary

Figure5: Intermediateresultsof SVMC

falsenegatives,andalgorithm ¥z¦ maximizesmargin, then(1)
the classboundaryof the MC framework convergesinto the
boundarythat maximallyseparates § and ¨ outside ©ª , and
(2) « (thenumberof iterations)is logarithmic in themargin
between ©¬®­ and ©ª .

Proof. ©¬�­Z¯ ©ª±°�²
becauseaclassifier³ ­ constructedby the

algorithm ¥
´ doesnotgeneratefalsenegative.A classifier³)´
constructedby the algorithm ¥ ¦ , trainedfrom the separated
space ©¬ ­ and ©ª , dividestherestof thespace(µ·¶�¸k©¬ ­_¹ ©ªHº
which is equalto »½¼¾`¿ ´ ©¬ ¾ ) into two classeswith a boundary
thatmaximizesthemargin between ©¬®­ and ©ª . Thefirst part
becomes ©¬ ´ andtheotherbecomes»½¼¾1¿ ¦ ©¬ ¾ . Repeatedly, a
classifier³MÀ�Á'´ constructedby thesamealgorithm ¥ ¦ , trained
from theseparatedspace» À ¾`¿ ­ ©¬ ¾ and ©ª , dividesthe restof
the space»½¼¾1¿ À�Á'´ ©¬ ¾ into ©¬ À�ÁÂ´ and »½¼¾1¿ À�Á ¦ ©¬ ¾ with equal

margins. Thus, ©¬ À�Á'´ always hasthe margin of half of ©¬ À
(for Ã�ÄÆÅ ). Therefore,« will be logarithmic in the margin
between ©¬ ­ and ©ª .

The iteration stopswhen ©Ç À °È²
, wherethereexists no

sampleof ¨ outside ©ª . Therefore,the final boundarywill
belocatedbetween§ and ¨ outside ©ª while maximizingthe
margin betweenthem.

Theorem1 provesthat undercertainconditions,the final
boundarywill belocatedbetween§ and ¨ outside ©ª . How-
ever, in theexampleof Figure2(b),our framework generates
the “better” boundarylocatedbetween§ and ¨ outside

ª
becausein theorem1, we madea somewhatstrongassump-
tion, i.e., ¨ is uniformly distributed,to guaranteethebound-
ary convergence.In a morerealisticsituationwherethereis
somedistanceÉ betweenclasses–Figure2 shows somegaps
betweenclasses–if themargin between³MÀ�Á'´ and ©Ç À becomes
smaller than É at someiteration, the convergencestopsbe-
cause ©Ç À�ÁÂ´ becomesempty. The margin between³lÀ�Á'´ and©Ç À reducesby half at eachiterationastheboundary³ À�Á'´ ap-
proachesto ©ª andthustheboundaryis not likely to stopcon-
verging when it is far from ©ª unless ¨ is severely sparse.
Thus,wehave thefollowing claim:

Claim 1. Theboundaryof MC is locatedbetween§ and ¨
outside

ª
if ¨ and § arenot severelysparseandthereexists

visiblegapsbetween
ª

and ¨ .

Validity of the component algorithms ¥ ´ and ¥z¦
1. ¥ ´ mustnot generatefalsenegatives.

Most classificationmethodshave a thresholdto control the
trade-off betweenprecisionand recall. We can adjust the
thresholdof ¥
´ sothatit makesnear100%recallby sacrific-
ing precision.(Someviolationsof this canbehandledby the
softconstraintof ¥z¦ (e.g.,SVM).) Determiningthethreshold
canbe intuitive or automaticwhennot concerningthe pre-
cision quality much. The precisionquality of ¥
´ doesnot
affect theaccuracy of thefinal boundaryasfar asit approxi-
matesacertainamountof negativedatabecausetheboundary
will convergeeventually. Figure5 visualizestheboundaryaf-
ter eachiterationof SVMC. Themappingstageonly identi-
fiesverystrongnegativesby coveringa wideareaaroundthe
positivedata(Figure5(a)).(WeusedOSVMfor thealgorithm¥
´ of themappingstage.We intuitively settheparametersof
OSVM suchthat it coversall thepositive datawithout much
concernfor falsepositives.) Although the precisionquality
of mappingis poor, theboundaryat eachiterationconverges
(Figures5(b) and(c)), and the final boundaryis very close
to the true boundarydrawn by SVM with § and

Ç
(Figure

1(a)and5(d)). Our experimentsin Section4 alsoshow that
thefinal boundarybecomesveryaccuratealthoughtheinitial
boundaryof themappingstageis very roughby the “loose”
settingof thethresholdof ¥ ´ .
2. ¥z¦ mustmaximizemargin.

SVM andBoostingarecurrentlythemostpopularsupervised
learningalgorithmsthatmaximizethemargin. With a strong
mathematicalfoundation,SVM automaticallyfinds theopti-
malboundarywithoutavalidationprocessandwithoutmany
parametersto tune.Thesmallnumbersof theoreticallymoti-
vatedparametersalsowork well for an intuitive setting.For
thesereasons,we useSVM for ¥ ¦ for our research.In prac-
tice, the soft constraintof SVM is necessaryto copewith
noiseor outliers. The soft constraintof SVM can affect «
and the accuracy of the final boundary. However, § is not
likely to have a lot of noisein practicebecauseit is usually
carefullycollectedby users.In ourexperiments,a low setting
(i.e., Ê °ÌËÎÍ Ë Å ) of Ê (theparameterto controltherateof noise
in thetrainingdata)performswell for all casesfor thisreason.
(We usedÊ -SVM for thesemanticallymeaningfulparameter
[ChangandLin, 2001].)
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3 Support Vector Mapping Convergence
(SVMC)

3.1 Motivation
Theclassificationtime of thefinal boundaryof SMC (“Sim-
ple” MC with ÏzÐzÑ$Ò_Ó�Ô ) is equalto thatof SVM because
thefinal boundaryis aboundaryfunctionof Ï Ð . Thetraining
timeof SMCcanbevery long if Õ Ö×Õ is very largebecausethe
trainingtimeof SVM highly dependsonthesizeof dataset Ø
( Ù±Õ Ö×Õ ), andSMCrunsiteratively. ÚjÛ+ÜHÝ�Ñ�Þ�ßàÕ Ö×Õ Ðlálâ�ãiä Õ Ö×Õ å
assumingÚjæMç'Øéè=êìë1çií ãNî
ï ÚFçiíeðUÚ ïRã Ø-ñòÙ â;ãiä Õ Ö×Õ andÚ Û�óÂÜ ÑÞ�ßàÕ Ö×Õ Ð å where ÚFô is the training time of a classifier Ï .
( ÚjÛ+ó'Ü is known to be at leastquadraticto Ø and linear to
thenumberof dimensions).Referto [ChangandLin, 2001]
for morediscussiononthecomplexity of SVM. However, de-
creasingthesamplingdensityof Ö to reducethetrainingtime
hurtsthe accuracy of thefinal boundarybecausethe density
of Ö will directly affect the quality of the SVs of the final
boundary.

3.2 SVMC
SVMC prevents the training time from increasingdramat-
ically as the samplesize grows. We prove that although
SVMC iterates under the MC framework for the “near-
optimal” result,its trainingtimeis independentof thenumber
of iterations,andthusits trainingtimeis asymptoticallyequal
to thatof aSVM.

Theapproachof SVMC is to useminimally requireddata
setat eachiterationsuchthat the datasetdoesnot degrade
theaccuracy of theboundarywhile it savesthetrainingtime
of eachSVM maximally. To illustratehow SVMC achieves
this, considerthe point of startingthe third iteration (whenï = 2) in SMC. (Seestep4.1 in Figure4.) After we mergeõö Ð into

ö
, we maynot needall thedatafrom

ö
in orderto

constructæM÷ becausethedatafar from æl÷ maynot contribute
to theSVs.Thesetof negativeSVsof æ Ð is therepresentative
datasetfor

õö�ø
and

õö�ù
, sowe only keepthenegativeSVsofæ Ð andthenewly induceddataset

õö Ð to supportthenegative
sideof æl÷ .
Claim 2 (Minimally required negative data). Minimally
required negativedata at ß ï_ú±û å th iteration ßýü ïmþÈû å that
makes æMÿ�� ù is asaccurateastheboundaryconstructedfrom� ÿ��� ø õö � and � , is

õö ÿ � ØZç ä ðUÚ ï�� ç"ñ[è
	�	 ã ígÚ � ç
�1Ú ã íNñ ãNî æMÿ .
Rationale. The negative SVs of æMÿ�� ù will be from

õö ÿ and
the negative SVs of æMÿ because

õö ÿ is the closestdatasettoæMÿ�� ù andbecausethe directionsnot supportedby
õö ÿ in the

featurespacewill be supportedby the negative SVs of æ ÿ ,
which are the representingdataset for

� ÿ�� ù��� ø õö � . However,
if any of the negative SVs of æ ÿ is excludedin constructingæMÿ�� ù , ælÿ�� ù might suffer becausethenegativeSVsof æMÿ need
to supportthedirectionthat

õö ÿ doesnotsupportin thefeature
space.Thus,

õö ÿ � ØZç ä ðUÚ ï�� ç ñOè
	�	 ã íiÚ � ç
�1Ú ã íNñ ãNî æMÿ arethe
minimally requirednegativedatasetat ß ïZúÌû å th iteration.

For the minimally requireddataset for the positiveside,
we cannotdefinitelyexcludeany dataobjectfrom � at each

iterationbecausepositive SVs aredetermineddependingon
negativeSVs,andit is hardto determinethepositivedatathat
cannotbeSVsindependentof negativeSVsor SVM parame-
ters.

Surprisingly, addingthefollowing statementbetweenstep
4.4 and4.5 of the original MC framework of Figure4 com-
pletestheSVMC algorithm.

Reset
ö

with negative SVs of ÏzÐ
Theorem 2 (Training time of SVMC). SupposeÚjÛ�óÂÜ Ñ
Þ�ß?Ø Ð å , and Õ õö ÿ�� ù Õ Ñ ������ �Ð�� ü ï_þ�û . Then,Ú Û�óÂÜGÝ Ñ�Þ�ß?Ø Ð å .
Proof. For simplicity of the proof, we approximateeach
valueasfollows.

ØìÑ�Õ �mÕ ú Õ ���ÿ � ø õö ÿàÕ Ù Õ Ö×Õ
Õ õö ø � õö ù Õ Ù Õ Ö×Õ�

Ú Û�ó-ÜGÝ Ñ ß Õ Ö×Õ� å Ð ú ß Õ Ö×Õ� å Ð ú������iú ß Õ Ö×Õ� � å Ð
Ñ

� 
ÿ � ù ß

Õ Ö×Õ� ÿ å Ð Ñ Õ Ö×Õ Ð û! ß û#" û
� � å Ù Õ Ö×Õ Ð!

Ñ Þ�ß?Ø Ð å

Theorem2 statesthat the training complexity of SVMC
is asymptoticallyequalto that of SVM. Our experimentsin
Section4 alsoshow thatSVMC trainsmuchfasterthanSMC
while it remainsthe sameaccuracy. Figure5 visualizesthe
boundaryaftereachiterationof SVMC on thesamedataset
of Figure1.

4 Empirical Results
In thissection,weshow theempiricalverificationof ouranal-
ysison SVMC by extensiveexperimentson variousdomains
of realdatasets– Webpageclassification,letterrecognition,
and diagnosisof breastcancer– which show the outstand-
ing performanceof SVMC in a wide spectrumof SCCprob-
lems(with nominalor continuousattributes,linearor nonlin-
earseparation,andlow or highdimensions).

4.1 Datasets and Methodology
Due to spacelimitations, we reportsonly the main results.
Our evaluationis basedon the $ û measure( $ û Ñ � 	lí�%Îß&	 úíNå , 	 is precisionand í is recall) aswasusedin [Liu et al.,
2002] – oneof themostrecentworkson SCCfrom positive
andunlabeleddata2. We alsoreporttheaccuracy.

We usedthe letter recognitionandbreastcancerdatasets
from the UCI machinelearningrepository3 for direct com-
parisonswith OSVM. (OSVM is oftenusedfor letteror digit

2Referto [Liu et al., 2002] for the justificationof usingthe ')(
measurefor SCC.

3http://www.ics.uci.edu/* mlearn/MLRepository.html
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+),
, Accuracy (%) T-Time (sec.)Class - ./- - 0)- - .�12-

TSVM SMC SVMC OSVM SVM NN SMC SVMC
letter‘A’ 521 10007 384 0.9929,99.96 0.9840, 99.91 0.9840, 99.91 0.8457,99.22 0.0811,97.26 171.77 45.37

‘B’ 521 10004 377 0.9651,99.83 0.9046,99.50 0.9204, 99.59 0.7207,98.69 0.0834,97.58 75.61 14.34
‘C’ 485 9996 371 0.9860,99.23 0.9641, 99.82 0.9641, 99.82 0.7354,98.82 0.0758,97.55 155.70 29.93
‘D’ 525 10050 402 0.9820,99.91 0.9300, 99.63 0.9300, 99.63 0.6921,98.60 0.0902,97.52 80.47 16.06
‘E’ 518 10026 392 0.9798,99.90 0.9419, 99.70 0.9396,99.69 0.7112,98.78 0.1333,97.64 98.13 21.57

b-cancer 135 259 77 0.9628,98.87 0.9585, 98.75 0.9585, 98.75 0.6315,83.32 0.2434,36.06 0.131 0.025
course 482 4179 448 0.8969,97.82 0.8259,96.65 0.8434, 96.89 0.2028,36.59 0.0880,89.30 636.70 143.29
faculty 532 4209 592 0.9032,97.68 0.8420,95.89 0.8705, 96.58 0.2621,50.11 0.0168,86.05 749.63 217.85
student 816 4154 825 0.9240,97.27 0.8495,94.29 0.8505, 94.15 0.3384,32.52 0.0000,80.14 1181.59 296.50

Table1: Performance results. 3 4�5#3 : # of positivesin 6 ; T-Time: TrainingTime

recognition[TaxandDuin, 2001].) We alsousedWebkb4 for
Web pageclassificationasusedin [Liu et al., 2002] for the
indirect comparisonwith it. We set up the experimenten-
vironmentin the sameway as[Liu et al., 2002], exceptour
setupis morerealistic: In [Liu et al., 2002], 6 is composed
of 7 % of positives(e.g.,student)andsamplesfrom another
class(e.g.,course).Our 6 is 7 % of positives(e.g.,student)
andtheremainderis from all otherclasses.(Referto [Liu et
al., 2002] for therestof thedatasetdescription.)

4.2 Results

Table4 shows the performanceresults. TSVM (Traditional
SVM) shows the idealperformanceusingSVM from 4 and
manuallyclassified8 from 6 . SVM NN (SVM with Noisy
Negatives)is SVM from 4 , with 6 asa substitutefor 8 . ( 6
canbethoughtof asa goodapproximationof 8 .) Note that
for TSVM, SVM NN, andMC (SMC andSVMC), we used
theoreticallymotivatedfixedparameterswithout performing
explicit optimizationor validationprocess.For OSVM, we
thoroughlysearchedfor thebestparametersbasedonthetest-
ing datasetsinceoptimizingparametersasspecifiedin [Tax
andDuin, 2001] is infeasiblyinefficientespeciallyin highdi-
mensionalspaces.

MC (SMCandSVMC) without labelednegativedatashow
performanceclose to that of TSVM. SVMC trains much
fasterthanSMCfor mostdatasets.Theperformanceof SMC
andSVMC is comparable.(They differ a little becauseof the
soft constraintsof SVM andnoisein the data.) OSVM per-
forms fairly well on letter recognitionandbreastcancer(of
low dimensionalitywith large amountsof data)but poor on
Webkb(of highdimensionality).SVM NN suffersfrom very
low 9;: scoresbecausenegativepredictiondominatesdueto
many falsepositivesin thetrainingdata.

5 Conclusion
We presentthe MC framework and its instancealgorithm
SVMC, a new SCCmethodfrom positiveandunlabeleddata
(without labelednegativedata).SVMC without labelednega-
tivedatacomputesanaccurateclassificationboundaryaround
thepositive datausingthedistribution of unlabeleddatain a
systematicway.

4http://www-2.cs.cmu.edu/afs/cs.cmu.edu/project/theo-
11/www/wwkb/
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Abstract

Hyperlink analysisis a successfulapproachto de-
fine algorithmswhich computethe relevanceof a
documenton thebasisof thecitationgraph.In this
paperwe proposea techniqueto learntheparame-
tersof thepagerankingmodelusinga setof pages
labeledasrelevantor not relevantby a supervisor.
In particularwe describea learningalgorithmap-
plied to a schemesimilar to PageRank.The rank-
ing algorithmis basedonaprobabilisticWebsurfer
modelandits parametersareoptimizedin orderto
increasetheprobabilityof thesurferto visit a page
labeledas relevant and to reduceit for the pages
labeledas not relevant. The experimentalresults
show theeffectivenessof theproposedtechniquein
reorganizingthe pageorderingin the ranking list
accordinglyto theexamplesprovidedin the learn-
ing set.

1 Introduction
PageRank[Pageet al., 1998] is the mostpopularalgorithm
to compute the page relevance in a collection of hyper-
linkeddocuments,like theWeb. This algorithmexploits the
topologyof the citation graphin order to determinethe au-
thority of eachpageusing the intuitive idea that authorita-
tive documentsarelinkedby many authoritative documents.
Thus, the original algorithmcomputesa ranking which de-
pendsonly on the graph connectivity without considering
the pagecontents. However, focusedversionsof PageR-
ank have beenproposedin the literature[Haveliwala,2002;
RichardsonandDomingos,2002;Diligenti et al., 2002] in or-
derto definemoreselectiverankingsfor topic-specificsearch
engines.Theseapproachesallow a limited degreeof adapta-
tion relatedto thechoiceof thespecifictopic. A text classifier
is trainedusingexamplesof pageson thetopicof interestbut
no furtherlevel of learningis consideredin therankingmod-
els. In particular, theclassifieris trainedindependentlyonthe
rankingalgorithm.

Weproposeamoregeneralapproachin which thelearning
algorithm is defineddirectly on the rankingmodel. In this
casethereis not a predefinedtopic,but a supervisorprovides
examplesof pagesto bepromotedandpageswhich arecon-
sideredasnot relevant. Thus,the learningalgorithmis able

to manageboth positive examples(relevantpages)andneg-
ative examples(not relevantpages).Therankingfunction is
basedon theWeb surfermodel[Diligenti et al., 2002]. The
relevanceof a pageis definedby theprobabilityof thesurfer
to visit the pagewhenconsideringthestationaryprobability
distribution of the Markov chainwhich describesthe surfer
behavior. Basicallythe learningalgorithmcomputesthe pa-
rameterswhichdefinethesurfermodelin orderto reducethe
probabilityof visiting a negativeexampleandto increasethe
probabilityof beingin a positiveexample.In orderto reduce
thenumberof freeparameters,thesurfermodelis simplified
by dividing thepagesamongasetof categoriesandassuming
that the surferbehavior dependsonly on the category of the
pagewhereit is located. In particular, the setof categories
doesnot needto bepredefinedbut it is determinedby a clus-
teringalgorithmbasedon thedocumentcontents.Moreover,
whereasthe focusedversionsof thePageRanksimply direct
the Web surfer to the most promisingpage(i.e. the page
whosecontentis the mostsimilar to the contentof a target
page),theproposedalgorithmcanexploit hierarchiesof top-
ics, allowing the surfer to follow complex paths,composed
by many steps,leadingto relevantpages.

Thepaperis organizedasfollows. In thenext sectionthe
websurfermodelis reviewed.Then,in section3 thelearning
algorithmis described.Section4 reportssomeexperiments
which show theeffectivenessof the proposedlearningalgo-
rithm. Finally, in section5 theconclusionsaredrawn.

2 Random Walks on the Web graph
Randomwalk theoryhasbeenwidely usedto computethe
absoluterelevanceof a pagein the Web [Pageet al., 1998;
LempelandMoran,2000]. TheWebis representedasagraph�

, whereeachWeb pageis a nodeanda link betweentwo
nodesrepresentsa hyperlink betweenthe associatedpages.
A commonassumptionis that the relevance��� of page� is
representedby theprobabilityof endingup in thatpagedur-
ing awalk on thisgraph.

We considerthe modelof a Web surferwho canperform
oneout of two atomicactionswhile visiting theWeb graph:
jumping to a nodeof the graph (action � ) or following a
hyperlink from the currentpage(action � ). In general,the
actiontaken by the surferwill dependon the pagecontents
andthe links it contains.We canmodelthe user’s behavior
by a setof probabilitieswhich dependon the currentpage:
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�
	��
� ��� is the probability of following one hyperlink from
page� � , and �
	���� ��� is the probability of jumping from page� . Thesevaluesmust satisfy the normalizationconstraint,�
	���� ��������	��
� ������� .

The two actionsneedto specify their targets. Assum-
ing thatsurferbehavior is time-invariant,thenthetargetsare
specifiedby the probability �
	���� ����� � of jumping from page� to page� , and the probability ��	!��� ���
�"� of selectinga hy-
perlink from page � to page � . �
	!�#� ���$��� is not null only
for the pages� linked directly by page � , i.e. �&%('*)
	���� ,
being '+) 	���� the set of the children of node � in the graph�

. Thesesetsof valuesmust satisfy the probability nor-
malizationconstraints, �.- � ��	!�#� ���*�/�0�1�2�435�6% �

and
, �7-98;:2<>=@? �
	!�#� ���$�����A�2�B35�C% � .

The modelconsidersa temporalsequenceof actionsper-
formedby thesurferandit canbeusedto computetheproba-
bility thatthesurferis locatedin page� at time D , � � 	ED@� . The
probabilitydistributiononthepagesof theWebis updatedby
takinginto accounttheactionsat time DF�G� usingthefollow-
ing equation

� � 	ED �H�I�J� K
=L- �

�
	!�#� ���*� �NM���	;��� ����M�� = 	ED@� � (1)

� K=L-7�+OI<P�*? ��	!��� ���
�"�#M���	��
� ���#M+� = 	�D@���

where�RQ5	!�R� is thesetof theparentsof node� . Therelevance
of a page� , � � is computedusingthestationarydistribution
of the Markov Chain of equation(1). This is a simplified
versionof themodelproposedin [Diligenti et al., 2002].

3 Learning the page rank
Therandomsurfermodelwhich is usedto computethepage
relevancescoresdependsonthevaluesassignedto theproba-
bilities �
	���� ����� � , ��	;��� ��� , ��	!�#� ���$��� , and �
	��
� ��� . In mostof the
approachesproposedin the literature,theseparametersare
predefinedor computedfrom somefeaturesdescribingthe
page� and/orthepage� . For example,in theoriginalPageR-
ankscheme�
	��
� �����TS , �
	���� ���U�V��W6S , ��	!�#� ���*�/�X�ZY[ , and
�
	���� ���
�"��� Y8;:2<>=@? .

However, in thegeneralcase,it would be infeasibleto es-
timatetheparameterswithout any assumptionto reducetheir
number. In particular, we assumethat thepagesaregrouped
into \ clustersaccordingto their contentandthatthesurfer’s
behavior for any page � is dependentonly on the cluster
which � belongsto. In our experimentswe usedclassical
clusteringtechniques(e.g.k-means)onthebag-of-wordsrep-
resentationof the pages[KobayashiandTakeda,2000]. By
thishypothesis,theparametersof themodelarecomputedas:

�
	���� ���
�"�J� ] 	�' =_^ ' � � ���
,a` -98;:2<>=�? ] 	�' = ^ ' ` � ��� (2)

��	!�#� ���*�/�b� ��	�' � � ' = ��� �
� ' � �

��	��$� �5�J� ��	��
� ' � �
�
	���� �R�b� ��	;��� ' � �

Target Document

Document of layer 1

Document of layer 2

Document linked

Layer 1
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Figure1: Thecontext graphbuilt by following thelinks back-
wardsfrom anexamplepage.

where ' = is the clusterwhich page � belongsto, � ' � � is the
numberof pagesin cluster ' � , the parameter] 	�' =6^ ' � � �"�
is the tendency of the surfer to follow a hyperlink from a
pagein cluster ' = to a pagein cluster ' � , andthe parameter�
	�' � � ' = ��� � is thetendency of thesurferto jump from a page
of cluster ' = to a pageof cluster ' � . Thevalues] 	�' =h^ ' � � �"�
areinitialized to � , suchthatall links areequallylikely to be
followed. Becauseof themodelassumptions,thestrongeris
thetendency of thesurferto move to a cluster, thehigherare
thescoresassociatedto thepagesin thatcluster.

3.1 The learning set
We assumethata supervisorprovidesa setpageslabeledas
relevant andnot relevant. Theseexamplesareusedto define
a specific view of thecollectionof documentscontainedin a
searchengine.In particularthesupervisorprovides:i a setof pagesjlk which shouldgeta high rank;i a setof pagesjnm which shouldgeta low rank.

In the first casewe refer to “positive” or “good” pages,
whereasin thelattercaseto “negative” or “bad” pages.

Eachexamplepageis associatedto its Context Graph[Dili-
gentiet al., 2000], representinghow thepagecanbereached
from the Web. The graphis organizedinto layersasshown
in figure 1. The examplepageis the only nodein layer o .
Then,eachnodein layer pXq4o links only nodesin layer prWs� .
Thus,a pagebelongsto layer p if it is at least p links away
from theexamplepage.Thedepth t of thecontext graphis
definedasthenumberof layersin thegraphincludinglevel o .
For a givenexample,thecontext graphcanbebuilt by back-
crawling theWebaddingto layer p �u� thepageswhich link
thepagesin layer p , up to amaximumlevel t . Moreover, all
the pagesthat are linked by at leasta pageof the graphare
alsoconsidered.
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The learningsetconsistsof the context graphsbuilt from
the e� xamplesin jlk and j m . v w is the setof all the pages
containedin the learningset; x k ` ( x m` ) is the union of the
pagesin thelayer y of thecontext graphsof thepositive(neg-
ative)examples.

3.2 Learning the transition parameters
We definethe set of transitionprobabilities z{�}|+��	!�~%'$�r� �V%�'����$���hpL�"�A���2�+�*�*�*�@\#� , which representthe proba-
bilities of the surferto selecta hyperlink from a pagein the
cluster' � to a pagein thecluster ' � . Therankof thepagesin
theset jlk is increased,whereastherankof thepagesin j m
is decreasedif weincreasetheprobabilityof thepathsleading
to pagesin jlk andwereducetheprobabilityof pathsleading
to pagesin j m . This effect canbeobtainedby maximizing
thefollowing costfunction

� 	�z���� ,H� m/Y`��/��� `C� ��	!�l%sx k` � ��%sx k` k Y �$z��
�"�
��0	���W��
	!��%�x m` � �0%sx m` k Y �
zB�
���
�����
(3)

whereo�� � �u� is adiscountfactorwhich is usedto reduce
the impacton the costfunction of the links too far from the
targetpage.

Theprobability ��	!�n%6x k` � ��%6x k` k Y �$z��
�"� of moving one
level in thecontext graphtowardsagoodpage,canberewrit-
tenas

��	!��%�x k` � ��%�x k` k Y �$z��
�"��� (4)

���K � � Y
�
	��l%sx k` � ��%sx k` k Y �$��%s' � �
z��$����M

M �
	��C%�'��$� �0%sx k` k Y �
�"���
� �K � � Y

�K� � Y
��	!�l%sx k` � �C%sx k` k Y �
�C%�' � ����%s' � �$����M

M �
	���%s'L�r� �C%�'*�@�$����M���	��0%�'��
� ��%�x k` k Y �$�����
where �
	!��%4' � � �l%�' � �
�"� reflectsthe surfermodelassump-
tion thatthelinks areselecteddependingonly on theclusters'�� and 'L� . Theprobability ��	!�G%�x k` � �s%�x k` k Y �$��%�'��@����%
' � �$��� of following a link to a pagein thecluster ' � of layer y
from apagein thecluster'�� of layer y��4� of acontext graph
canbeestimatedas

��	!��%�x k` ���C%�x k` k Y �
�C%�' � ����%�' � �$����� (5)

� ��	!�l%sx k`�  '$�I�*� ��%�x k` k Y   '��
�
�����
� \�	�x k ` k Y   ' � ^ x k `s  ' � �

\�	�x k ` k Y   ' � ^ ' � � �
where \�	�¡ ^£¢ � is the numberof links from the pagesin
theset ¡ to thepagesin theset ¢ .

On the otherhandthe term ��	���%H' � � ��%Tx k` k Y �
�"� repre-
sentstheprobabilitythatthesurferis locatedin a pageof the
cluster ' � , given that the pagebelongsto the layer y��V� of
a positive context graph. This probability canbe estimated
usingthescoresof thepagesin cluster ' � andin x k ` k Y , com-
putedusingthecurrentvaluesof theparameters,as

�
	��0%�'��L� ��%�x k` k Y �$�����
, �.-2¤¦¥§ ¥�¨�© 8�ª � �, �.-2¤ ¥§ ¥�¨ ���

� (6)

Similar relationshipscanbederivedfor thenegativeset.
Thecostfunction(3) canbeoptimizedby updatingthepa-

rametersin z usinggradientascent. The gradientwith re-
spectto the transitionparameters��	!�4%�'$�r� �s%�'��@�$��� canbe
computedusingequation(4), yielding« �!�` � 	�z��J� �
	���%sx k` � �0%sx k` k Y �
�C%�'�������%s'L�.�$���#MM¬�
	��C%s' � � �C%sx k` k Y �
�"��W (7)

W �
	���%sx m` � �0%sx m` k Y �
�C%�' � ����%�' � �
����MM¬�
	��C%s'��L� �C%sx m` k Y �
�"�N�
wherewe neglectedthat �
	��G%­'��$� ��%­x k` k Y �$��� and �
	���%
' � � ��%lx m` k Y �
��� actuallydependon thetransitionparameters.
Sincethemodelparameters] 	�'��

^ '$�r� ��� areessentiallyanot
normalizedversionof thetransitionparameters�
	���%�' � � �0%' � �
�"� , wecanupdatethemdirectlyas

] 	�' �
^ ' � � ���@®F� ] 	�' �

^ ' � � �"�/��¯ � m°YK`��/� �
` « �!�` � 	�zC��� (8)

wherē is thelearningrate.
Oncethe modelparametersareupdated,a new scoredis-

tribution canbecomputed,thusupdatingtheestimateof the
variables�
	���%T' � � ��%Hx k` k Y �
�"� usingequation(6). There-
fore, the function optimizationandthe scoreestimationcan
be iterated,using an EM style algorithm [Dempsteret al.,
1977], till a terminationcriterionis satisfied.

3.3 Learning the jump parameters
Thetransitionparametersfor a jump canbeoptimizedto in-
creasetheprobabilityof jumpingto a “good” pageandnot to
a “bad” page.This effect is obtainedby maximizingthecost
function� 	E±C�#�H�
	��l%sj k � ±��*� �/� � ��W��
	���%sj m � ±��*� � � � (9)

where ±²�(|I�
	!��%n'$�r� �B%n'��
��� �6pL�"�B���2�+�*�*�*�@\#� is theset
of thejump parameters.

We startobservingthat,

��	!�l%sj k �³±��*� �#� (10)

� �K � � Y
�
	��l%sj k � �C%�' � �*� �#M*��	��C%s' � � �����

� �K � � Y
�K� � Y
�
	��l%�j k � �C%�'�������%�'$�2�*� �#M

M´��	!��%�' � � ��%s' � ��� ��M*��	��0%s' � �!� ���
By assumingthat thejump targetis independenton theorig-
inatingcluster '�� , theterm ��	!�n%�j�k_� �B%�'��@���n%n'$�2��� � can
beestimatedas

��	!��%�j k � �C%s' � ���s%�' � ��� �J� �
	!��%�j k � ��%�' � ��� ���
� � j k�  '$�r�

� v wµ� � (11)

Moreover, thevalue�
	���%�' � �P� � is computedateachiteration
as ��	��0%s'��$�!� ���T��	��0%s'��"��� K�.-98�ª � � � (12)
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Similar relationshipscanbederivedfor thenegativeset.
The¶ costfunction(9) is maximizedby gradientascent.The

gradientcanbecomputedusingequation(10) andtheequiv-
alentequationfor thenegativeset,yielding« �P� � 	E±C�J� ·9�
	���%�j k � �0%s'��@���s%s'L�2��� ��W (13)

W ��	!�l%sj m � ��%s' � ����%s' � ��� �+¸¹M*��	��C%�' � �!� ���
whereweneglectedthedependenceof ��	��C%�'��
�!� � onthepa-
rameters.At eachiteration,theparametersareupdatedusing
thedirectionof thegradientas,

�
	��l%s' � � �C%�' � �*� ��®R�H�
	���%�' � � �0%s' � �*� �/��¯ « �P� � 	E±C���
(14)

being ¯ the learningrate, and then normalizedto meetthe
probabilisticconstraints

��	!�l%s'$�r� ��%�'��@��� ��� �
	��l%s'$�r� �C%�'����*� � ®
, � º � Y ��	!��%�' � � ��%s' º ��� � ®

� (15)

Theadaptedsurfermodelcanre-surftheWebgraphyield-
ing a new estimateof equation(12). Thus,thenew gradient
estimatecanbe usedto updateagainthe parameters,till the
stopcriterionis satisfied.

3.4 Learning the surfer action bias
Thesurferactionbiasis representedby thevalueof ��	��
� �s%' � � which is theprobabilityof following a link from thecur-
rentpageratherthanjumpingto anotherpage( �
	���� �C%s' � ����_W��
	��
� ��%l'���� ). In orderto favor theactionleadingto good
pages,we maximizethe following cost function which rep-
resentsa weightedaverageof the probabilitiesof endingin
the layer y of a positive context graphandnot of a negative
context graph,

� 	
»���� � m/YK`��°� �
` � �
	!��%�x k` �>»�� �H	@��W6��	!�l%sx m` �¼»��@� � �

(16)
where »��½|I�
	��
� ��%6'*�"��pU�(�9�*�*�+�*�
\#� is thesetof thefree
parameters,and o�� � �A� is a discountfactorto reducethe
effectof theouterlayerson thecostfunction.

The probability of moving to a page y stepsaway from a
targetis,

��	!�l%sx k` � ¾¿�J� �K � � Y
��	!�l%sx k` � ��%s' � �#M���	��0%�' � ���

� �K � � Y
À �
	��l%�x k` � �C%s'��@�$����M

M ��	��$� �0%s'��"��M+�
	��C%s'����
�
� ��	!�l%sx k` � �C%�' � ��� �#M
M 	@�_W��
	��$� �C%s' � �
�#M���	��0%�' � �
��� (17)

The term ��	!�­%ax k` � ��%a' � �
��� representsthe probability of
endingin thelayer y of apositivecontext graphby following
a link from apageof clusterp andcanbeestimatedas

�
	��l%sx k` �Á�0%�' � �$���N� (18)

� �
	��l%sx k` � ��%�x k` k Y �$��%s' � �
����M

M��
	��0%sx k` k Y � �C%�' � �$�����
� \�	�x k ` k Y   ' � ^ x k ` �

\�	�x k ` k Y   '�� ^ v/w#� M
� x k ` k Y   ' � �� '*�$� �

wherewe assumedthat all links out of a pageare equally
likely to be followed. The term �
	���%4x k` � ��%�'��
��� � is the
probability of jumping to the layer y of a positive context
graphfrom a pageof clusterp , andcanbecomputedas

�
	!��%�x k` � �C%�' � �*�/�J� � x k `��
� v wµ� � (19)

Finally, �
	��H%Â' � � canbe computedat eachiteration as in
equation(12). Similar relationshipshold for thenegativeset.

Thegradientof thecostfunction(16)canbecomputedus-
ing equation(17) andthe correspondingrelationshipfor the
negativeset,yielding« � ` � 	
»����Â·2�
	��l%sx k` � ��%�' � �
����W��
	��l%sx k` � ��%s' � ��� ��W
W4�
	!��%�x m` � �C%s'��@�$���/���
	��l%�x m` � ��%s'��
��� � ¸ M��
	��C%�'��"���
neglectingthedependenceof �
	��0%�' � � on ��	��$� �C%�' � � .

Theparametersareupdatedby gradientascentas

��	��
� �C%�'�����®R�T��	��
� �C%s'*��� ��¯CM � m°YK`��°� �
` M « � ` � 	
»���� (20)

wherethelearningratemustbechosensmallenoughin order
to preserve thestochasticmodelof thesurfer.

Theadaptedsurfermodelcanre-surftheWebgraphyield-
ing a new estimateof equation(12). Thus,thenew gradient
estimatecanbeusedto updateagaintheparametersandthe
procedureis iteratedtill thestopcriterionis satisfied.

4 Experimental results
In thefollowing experiments,thelearningalgorithmwasap-
plied only to the transitionparametersof the randomsurfer
model. The experimentswere performedon two datasets,
eachcontaining �2� o2o9od� o2o2o documents,which werecollected
by focuscrawling theWebonthetopics“wine” and“playsta-
tion”, respectively. The documentswere clusteredusing a
hierarchicalversion of the k-meansalgorithm [Fukunaga,
1990]. Weconsidereddifferentnumbersof clustersgenerated
by thek-meansalgorithm.In particular, in two differentruns,
weclusteredthepagesfrom thedatasetontopic“playstation”
into �IÃ and Ä2Å sets,whereasthedataseton topic “wine” was
clusteredinto Ä2Å and �+o9o sets.

Two topic-specificsearchengineswerebuild creatingthe
invertedlistscontainingthetermsof all thedocuments.Then,
therankof eachpagein thedatasetwascomputedusingthe
modeldescribedin section2 by settingits parametersto re-
producetheoriginalPageRankranking.Wetestedthequality
of therankingfunctionby submittinga setof queriesto this
focusedsearchengine. The documentsmatchingthe query
weresortedby thescoresassignedby therandomsurfer. By
interactingwith the searchengine,we found pageswhich
wereauthoritieson the specifictopic but were(incorrectly)
not insertedin thetop positionsof theresultlist. Suchpages
wereselectedasexamplesof pageswhichshouldgetahigher
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Figure2: Plotsof thevaluesof the transitionparametersfor
eachcluster, resulting from the training of the surfer. (a)
“wine” dataset.(b) “playstation”dataset.

rank(positiveexamples).On theotherhand,we foundpages
having a high scorewhich werenot authoritieson the topic.
Suchpageswereselectedasnegative examples. The learn-
ing algorithm,asdescribedin section3, wasappliedto the
datasets,using the selectedexamples. In the experimental
setuponly a small setof examples(3-15) was typically la-
belledaspositiveor negative.

4.1 Analysis of the effects of learning

In a first group of experimentswe aimedat demonstrating
that thesurfermodelaslearntby theproposedtrainingalgo-
rithm,couldnotbegeneratedby asimpler(but lesspowerful)
schemaasthefocusedversionsof PageRank,proposedin the
literature.

In figure 2-(a) 2-(b), we show the valuesof the transi-
tion parametersfor eachcluster, resulting from the train-
ing sessionsfor a surfer on the topic “wine” and “playsta-
tion”, respectively. The learntparametersrepresenta com-
plex interactionof the resultingsurfer with the pageclus-
ters. This interactioncould not be expressedby a simple
schemaas, for example,the focusedversionsof PageRank
proposedin the literature[RichardsonandDomingos,2002;
Diligenti et al., 2002]. This demonstratesthat the model,in
order to learnthe users’feedback,neededto exploit hierar-
chiesof topics to model the complex path leadingeither to
positiveor negativeexamples.

In figure3-(a)and3-(b),weshow for eachcluster, theval-
uesof theprobabilityof thesurferof beinglocatedin a page
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Figure3: Plotsof theprobabilityof thesurferof beinglocated
in a pageof a givenclusterfor thetopic “wine”. Theproba-
bilities arenormalizedwith respectto thenumberof pagesin
thecluster. (a)25 clusters.(b) 100clusters.

of that cluster. In particular we usedthe dataseton topic
“wine” clusteredinto Ä2Å and �Io2o groups,respectively. The
probabilitiesare normalizedwith respectto the numberof
pagesin thecluster. Thelearningalgorithmis ableto increase
the likelihoodof the randomsurferto visit pagesbelonging
to asetof clusters,while decreasingits probabilityof visiting
pagesbelongingto otherclusters.

In figure 4, we reportthe rank of pagesafter the learning
sessionwith respectof their rankbeforelearning.In particu-
lar, on the � axisthepagesaresortedaccordingto their page
rank beforethe learningsession. The closera pageto the
origin, themore“relevant” thepageis. On the � axisit is re-
portedthecorrespondingpagerankafterthelearningsession.
The plot shows the generalizationcapabilityof the learning
algorithm,which is ableto changethe ranksof a significant
percentageof pages,evenif a small setof examplewaspro-
vided.

4.2 Qualitative results
After training the surfer and computingthe scoresfor all
pagesin the dataset,we comparedthe rank beforeandafter
thetrainingprocess.

Figure5 reportsthepageswhich obtainedthelargestvari-
ation in their rank. The pagesthat obtaineda negative rank
variation were either topic-genericauthoritative pages(e.g.
www.netscape.com,www.yahoo.com)or pagesrelevant for
different topics than “wine” (e.g. “www.forgottensoldier-
.org”). Only thepage“www.yahoo.com”wasexplicitly pro-
videdto thesystemasanegativeexample.Ontheotherhand,
the pagesthatobtaineda positive rankvariationwereeffec-
tively authoritative pageson the topic “wine” (e.g. “www-
.wine-searcher.com”or “webwinery.com”).Amongthemost
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Figure4: Plot of the pageranksbefore( � axis) versusafter
learning( � axis). Theclosera pageis to theorigin, themost
“relevant” it is.

ascendingdocuments,only the page“www.winespectator-
.com” wasexplicitly providedto thesystemasa positive ex-
ample,whereasall otherpageswerepushedupin therankfor
thecapabilityof thesystemto generalizefrom a smallsetof
trainingdata.

5 Conclusions
In this paperwe introduceda novel algorithm to learn the
ranking function over a collectionof Web pages. The pro-
posedframework allows us to tune a previously computed
rankdistribution,specifyingwhichpagesshouldgeta higher
or lower score. Like in the original PageRank,we assume
thatthescoreof apageis proportionalto theprobabilitythata
Websurferis visiting thepage.Thelearningalgorithmadapts
theparametersof thesurferin orderto increasetheprobabil-
ity thatthesurferis visiting a “good” page,while decreasing
the probability that the surfer is visiting a “bad” page. The
parametersare estimatedfrom the Context Graphs,which
compactlyrepresentthe topologicalcontext in which a Web
pageis inserted. The learningalgorithm is fast sinceonly
closeancestorsof examplepagesareconsideredin theCon-
text Graphs.Thus,it canbeappliedto largescalerepositories
with little overhead(i.e. the rankingfunction mustbe com-
putedmoremany times). Furtherinvestigationsareneeded
to comparetheaccuracy of the learntrankingfunctionswith
respectto the focusedversionsof the PageRankand to ex-
ploit thecompletelearningalgorithmwhich considersall the
modelparameters.
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Abstract

A new approach to the Text Categorization prob-
lem is here presented. It is called Gaussian Weight-
ing and it is a supervised learning algorithm that,
during the training phase, estimates two very sim-
ple and easily computable statistics which are: the
PresenceP, how much a termt is present in a cate-
goryc; the ExpressivenessE, how mucht is present
outsidec in the rest of the domain. Once the system
has learned this information, a Gaussian function is
shaped for each term of a category, in order to as-
sign the term a weight that estimates the level of its
importance for that particular category. We tested
our learning method on the task of single-label clas-
sification using the Reuters-21578 benchmark. The
outcome of the result was quite impressive: in dif-
ferent experimental setups, we reached a micro-
averaged F1-measure of 0.89, with a peak of 0.899.
Moreover, a macro-averaged Recall and Precision
was calculated: the former reported a 0.72, the lat-
ter a 0.79. These results reach most of the state-
of-the-art techniques of machine learning applied
to Text Categorization, demonstrating that this new
weighting scheme does perform well on this partic-
ular task.

1 Introduction
Consider the problem of automated classification of text doc-
uments. This problem is of great importance as the accessible
textual information increases and the volume of online texts
available through the Internet expands rapidly. One solution
is to categorize documents according to their topics before-
hand or in real time.

A number of different Machine Learning methods have
been applied and to Text Categorization (TC), including prob-
abilistic classifiers, decision trees, regression methods, neu-
ral networks and support vector machines (see[Sebastiani,
2002]). Most of these methodologies share a common factor
of high level complexity, that, often, makes a classifier design
difficult to understand.

The question addressed in this paper is if it is possible to
find a simple learning algorithm that uses naive, human com-
prehensible parameters, in such a way as to act like a non-

expert human being in front of the problem of classifying new
unknown documents.

Starting from this idea of simplicity, we decided to design
a training algorithm that corresponds to the action of finding
two information parameters: given a set of categoriesC of
documents, for each termt of a categoryc ∈ C we calcu-
late itsPresence P, that is, the percent of documents of the
categoryc in which the termt appears at least once; and its
Expressiveness E, that is, how much the termt is absent in
the other categories of the domain. Then, we model a Gaus-
sian Function with the two parameters above, whose value
in the abscissae equal to 1 is used as the weight of the term
t. We called this learning approach Gaussian Weighting. It
is important to stress the fact that we don’t use any stemming
algorithm or Feature Selection function (see[Yang and Peder-
sen, 1997]). An eventual reduction of the number of features
per category is done using only two thresholds namedThresP
andThresE, relative to the parametersP andE.

To make the evaluation of Gaussian Weighting comparable
to most of the published results on TC, we chose the Reuters-
215781 corpus as benchmark for the single-label classifica-
tion task. Three different tests have been performed with a
complete automated learning approach: the first run has been
done without the use of a Gaussian Function, but simply giv-
ing a weight proportional toP andE; the second and the third
test runs have been done with the Gaussian Weighting ap-
proach proposed here.

The outcome of the results was quite surprising: through-
out the different experimental setups, we repeatedly reached
a micro-averaged F1-measure around the 0.89, with a peak of
0.899. Then, since the micro-average is known to be highly
influenced by frequent categories (see[Yang and Liu, 1999]),
we decided to compute the macro-averaged Recall and Pre-
cision. Again, the results reached a satisfactory macro-
Recall around 0.72 and a macro-Precision of 0.79. These
results reach most of the state-of-the-art techniques of ma-
chine learning applied to Text Categorization (see[Dumais
et al., 1998]), demonstrating that this new weighting scheme
does perform well on this particular task. Moreover, the low
computational cost of the algorithm we propose, makes this
approach particularly preferable when the computing power
is low.

1www.daviddlewis.com/resources/testcollection/reuters21578
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2 The Algorithm
In this section we present our supervised algorithm. First,we
will analytically define the two parameters: PresenceP and
ExpressivenessE. Then, we will explain how the training al-
gorithm works and how the system classifies new documents
at run-time.

2.1 Presence P and Expressiveness E
A central key of this naive approach is the computation of two
easy human understandable parameters that we call: Pres-
enceP, and ExpressivenessE. The former captures how much
a term t appears at least once in the documents belonging
to a categoryc, the latter estimates how much the same
term t does not appear in the documents of the other cat-
egories. Given a set of categoriesC = {c1, c2, ..., ci, ...,
cn}, each category having a number of documentsm, (e.g.
c1 = {d1,1, d1,2, ..., d1,j , ..., d1,m}), we give the following
definitions:

• The number of documentsDi of the i-th category is:

Di = |ci| =
m

∑

j=1

di,j (1)

• the number of documents of categoryi in which the term
t is present:

Di|t = |ci|t| =

m
∑

j=1

(di,j |t) (2)

Note that we use the symbol ‘|’ to denote the presence of
a term inside a category or a document. This is not to be
confused with the same symbol when used for the conditional
probability (P(x|y)).

Then, the PresenceP of a term t in the i-th category is,
using (1) and (2) :

Pi|t =
Di|t

Di

(3)

while, the ExpressivenessE of term t in the i-th category is
calculated using 1, 2):

Ei|t = 1 −

∑

n

p=1
Pp|t

|C|−1
p 6= i (4)

It is important to stress that the same term in different cat-
egories has different values of expressiveness. This fact is
better explained in Table 1. A termt is present in all the three
categories with presencePi|t shown in the first row. The sec-
ond row is the expressivenessEi|t of the same term for each
category. Note howt of categoryc1 has a greater expressive-
ness given the relatively smaller presence of the term in the
rest of the domain.

c1 c2 c3

Pi|t 0.9 0.4 0.2
Ei|t 0.7 0.45 0.35

Table 1: A numerical example of Presence and Expressive-
ness.

Locality of Presence and Expressiveness
The approach uses a weighting method for terms per each
class, which is in a sense a local type of weighting/modeling
scheme of classes. This idea is similar to the Local LSI rep-
resentation[Hull, 1994] where, in order to characterize the
term space, the singular value decomposition is applied to a
matrix consisting only of the known relevant documents (in
our case the documents belonging to a class).

There are substantial differences with theTf-Idf weight-
ing scheme.Tf counts the number of occurrences of a termt
in a document, whileP counts the documents in whicht ap-
pears at least once.Idf computes the number of documents
in which t appears over the whole collection, meanwhileE
calculates, according to which class we are computing the
weights, the partial averaged Presence oft in the domain.

2.2 Learning the Gaussian Weights (GW)
In this paragraph we explain how we shape a Gaussian func-
tion using the valuesP andE. Starting from the definition of
a generic Gaussian function:

G(x) = exp

(

−
(x − µ)2

2 · σ2

)

(5)

we estimate the parametersµ̂ andσ̂2 as follows:

µ̂ = Pt|i (6)

σ̂2 = Pt|i · Et|i (7)

Then, the Gaussian Weighting GW for a termt of a cate-
gory i is defined, substituting (6) and (7) in (5), as:

GW (x)|x=1 = exp

(

−
(x − µ̂)2

2 · σ̂2

)

(8)

The GW calculated for x = 1, returns a real value belonging to
the (0,1] interval. In particular, the maximum weight can be
reached only when the Presence of a term is equal to 1, that
is to say, when it appears in each document of the category
of interest. Figure 1 shows an example of a GW withP = 0.5
andE = 0.5 (continuous), and another one withP = 0.5 andE
= 0.9 (dashed); when two terms have the same Presence, the
one with a higher Expressiveness has a higher weight too.

Computing the parameter P
The algorithm to computeP is the following:

1. For each categoryci ∈ C

2. Di = 0

3. For each documentdi,j ∈ ci

4. Di = Di + 1

5. For each unique term t indi,j

6. if t is in Di|t

7. thenDi|t = Di|t + 1

8. else AddDi|t = 1

9. end For

10. end For

11. For each term inDi|t
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Figure 1: Example of a GW. The continuous line is a GW
with P = 0.5 andE = 0.5. The dashed line is a GW withP =
0.5 andE = 0.9. For the sameP, the higher expressiveness a
term possesses, the bigger the output GW gives.

12. Pi|t =
Di|t

Di

13. end For

14. end For
If we assume we can use a HashMap HM to store the results
of Di|t, such that any update or search in the HM has a con-
stant costk, in the worst case the algorithm to compute the
parameterP has a computational cost ofO(C ×D × T × k).

Computing the parameter E
The algorithm to computeE is the following:

1. For each categoryci ∈ C

2. sum = 0

3. For each term t inPi|t

4. For each categorycj ∈ C wherei 6= j

5. if t in Pj|t

6. then sum = sum +Pj|t

7. end For

8. Ei|t = 1 − sum
|C|−1

9. end For

10. end For
Again, if we assume thatPj|t is a HashMap with a constant
cost k of access and search, the computational cost of this
second algorithm isO(C2 × T × k), which is quadratic cost
with respect to the number of categoriesC.

2.3 Categorizing a new document
Once the system has been trained and the parameters P and E
have been found for each term of the domain, it is possible to
feed the system with an unknown document and, according
to the value of a couple of optional thresholdsThresP and
ThresE, classify it with the following algorithm:

1. For eachci ∈ C

2. outputci = 0,Nterm = 0

3. For each term inPi|t

4. if t is in test
And Pi|t > ThresP And Ei|t > ThresE

5. thenoutputci = outputci + GW (1, t, c)
Nterm = Nterm + 1

6. end For

7. outputci = outputci

n

8. end For

9. Assign the document to theci with the highestoutputci

For each category, the algorithm calculates, the mean of the
activated Gaussian functions of the terms whosePi|t andEi|t

are greater than two fixed thresholds, respectivelyThresP and
ThresE. The computational cost of this algorithm isO(C ×
T × k).

3 Experimental Setup

3.1 Test Collection

To make the evaluation of GW comparable to most of the
published results on TC, we chose the Reuters-21578 corpus
as benchmark. During the last few years this corpus has been
used as a standard benchmark on which many TC methods
have been evaluated, although the results are sometimes dif-
ficult to compare as slightly different version have been used.
For this paper we used the ModApte split of Reuters-21578
in which 75% of the stories (9603) are used as training doc-
uments to build the classifier and the remaining 25% (3299)
to test the accuracy of our single-label classifier. Now, the
Reuters-21578 is known to be quite unbalanced on the distri-
bution of stories per category. Therefore, of the 135 poten-
tial topics categories only the 10 most frequent are here used;
these 10 categories account for almost the 75% of the training
instances, while the remainder is distributed among the other
115. Table 2 shows the number of training and test samples
for each category.

Category # Training # Test
Earn 2877 1087

Acquisitions 1650 719
Money-fx 538 179

Grain 433 149
Crude 389 189
Trade 369 118

Interest 347 131
Ship 197 89

Wheat 212 71
Corn 182 56

Table 2: Number of Training and Test documents for the ten
most frequent categories of Reuters-21578 ModApte split
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3.2 Parameters Setting
We performed three different test runs on our system:

1. The ‘what if?’ test run: what if we didn’t use a Gaus-
sian function? we tried to run our system with the most
simple function we could use:GW = P · E

2. The GW test run: uses the GW function defined in equa-
tion (8)

3. The simple GW test run: we simplified the Gaussian
function with a variance equal toσ2 = Pt,l

All the tests maintainedThresE equal to 0.6, that is to say, a
term in a category should have an Expressivity value greater
than 0.6. This value permitted to achieve the highest perfor-
mance during the test phase.ThresP has been varied in the
range between 0.0 (all the terms of the categories were used)
and 0.5 (only the terms present in the 50% of the training
documents were used).

The number of terms per category according to the valueP
is reported in Table 3.

0,0 0,1 0,2 0,3 0,4 0,5
acq 11115 65 15 7 6 3

corn 3257 82 20 12 7 3
crude 6126 99 24 12 4 1
earn 10455 46 19 12 9 6

grain 5448 64 17 10 5 3
interest 3863 92 20 9 6 4

money-fx 5545 116 30 13 4 2
ship 4084 80 17 3 0 0

trade 5795 149 37 17 6 3
wheat 3543 75 17 10 4 4

feat/cat 592.3 87.8 21.6 10.5 5.1 2.9

Table 3: The table shows the number of terms per category
according to the threshold of PresenceP. The last row reports
the average of features per category.

A stoplist of 331 terms has been used to remove the most
frequent words of the English Language, but no stemming or
Feature Selection have been performed.

In order to evaluate the accuracy of the classifier we have
computed the standard IR measures, such as Recall and Pre-
cision, and the following averaging measures: micro-Recall
(µRe), micro-Precision (µPr) and micro-averaged F1 mea-
sure (micro-F1):

µRe =

∑

category #correctly classified
∑

category #belonging to category

µPr =

∑

category #correctly classified
∑

category #classified under category

microF1 =
2 · µRe · µPr

µRe + µPr

In particular we have reported the values of the F1-measure
in order to directly compare our results with the ones in the
literature. But, since the micro-averaged measure is known
to be highly influenced by the most frequent category (see

[Yang and Pedersen, 1997]), we have decided to calculate
the Macro-Recall (MRe) and the Macro-Precision (MPr)), as
well:

MRe =

∑

category Re

|category|

MPr =

∑

category Pr

|category|

4 Results
4.1 The ‘What if?’ test run
In this test, the weight of each termt of a categoryi is com-
puted as:

GW = Pt|i · Et|i (9)

The ‘What if?’ test run results are shown in Figure 2.

Figure 2: The ‘What if?’ test run. The x-axis represents the
values of Presence P.

0.0 0.10 0.20 0.30 0.40 0.50
micro F1 0.894 0.891 0.862 0.836 0.816 *
macro Re 0.727 0.725 0.682 0.684 0.615 *
macro Pr 0.797 0.789 0.656 0.778 0.814 *

Table 4: The ‘What if?’ test run.

In this particular test we did n0t expect so remarkable a
performance. Considering the weight of a term proportional
to the parametersP andE seems to be another possible solu-
tion to investigate. The performance of the system seems not
to be influenced significantly when the thresholdThresP is
set either to 0.0 or 0.1. It is worth stressing that this test per-
formed better when all the terms (except those belonging to
the stoplist) were used.

4.2 The GW test run
The results of this run are shown in Figure 3, while numerical
values are reported in Table 5.

This test has been performed using equation (8) to calcu-
late the weight of each term of the category. The best results
have been obtained withThresP = 0.1. Macro-Recall and
macro-Precision are quite high, and they indicate that the sys-
tem works well for every category. The performance of the
system starts to decrease sensibly whenThresP > 0.2
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Figure 3: The GW test run. In this test the function 8 is used
to weight each term.

0.0 0.10 0.20 0.30 0.40 0.50
micro F1 0.892 0.893 0.876 0.856 0.832 0.748
macro Re 0.726 0.725 0.692 0.666 0.613 0.532
macro Pr 0.794 0.797 0.789 0.810 0.809 0.804

Table 5: The GW test run. Each column reports the values of
micro F1, macro Recall and macro Precision for eachThresP.

4.3 The Simple GW test run
The results of this second run are shown in Figure 4. Numer-
ical values are reported in Table 6.

Figure 4: The simple GW test run. In this test the variance of
the GW is equal toσ2 = Pt,l.

This test has been performed using a simplified version of
equation (8) to calculate the weight of each term of the cat-
egory. The variance of the Gaussian function is set toσ2 =
Pt,l. The best results have been obtained withThresP =
0.1, there does not seem to be any particular difference with
the GW test run, except in cases when ThresP equals 0.2,
where the macro Precision is sensibly lower.

4.4 Discussion
The results reported above are satisfactory. In many situa-
tions the system reached an accuracy comparable to the ones
in the state-of-the-art systems. Some aspects need to be dis-
cussed here: the performance of the system in all the test
runs decades whenThresP exceeds the 0.2, that is to say,
looking back to Table (3), when the number of features per

0.0 0.10 0.20 0.30 0.40 0.50
micro F1 0.891 0.893 0.877 0.855 0.830 0.747
macro Re 0.722 0.720 0.693 0.662 0.588 0.524
macro Pr 0.791 0.793 0.685 0.806 0.791 0.802

Table 6: The simple GW test run.

category decreases from almost 90 to almost 20. This sharp
decay influences the macro-averaged performance of the sys-
tem. In fact, while the macro-Recall retains the same values,
the macro-Precision is cut-off by almost 10%. This fact in-
dicates that the system is incorrectly assigning the stories to
all the categories of the domain rather that to the biggest ones
only. As theThresP gets bigger, the performance of the sys-
tem shows the classic behavior in which the Recall tends to 0
and the Precision to 1.

For the ‘what if?’ test run we didn’t expect such good re-
sults. The simple proportional weight assignment performed
as well as the other approaches, nevertheless the performance
decays slightly more rapidly. This test was very important for
us to confirm the idea of using a simplified learning approach
to solve the problem of TC.

The second and the third test runs show almost the same
values. The one-per-thousand differences are not to be con-
sidered relevant. At the moment, we cannot draw any con-
clusion about which of the three learning approaches will
perform better in general. We plan to investigate this mat-
ter testing on the complete Reuters-21578 and on other test
collections.

Comparative Results
Dumais et al. tested a number of inductive learning algo-
rithms on the same Reuters-21578 ModApte split we used
([Dumais et al., 1998]). These results are briefly summi-
rized in Table 7 for the 10 most frequent categories. The

Method Performance
FindSim 0.64

Naive Bayes 0.81
BayesNets 0.85

Tree 0.88
Linear SVM 0.92

Table 7: Microaveraged F1-measure of the 10 most frequent
categories of Reuters-21578, reported by Dumais

FindSim method is a variant of Rocchio’s method for rele-
vance feedback([Rocchio, 1971]). The Naive Bayes classifier
is constructed by using the training data to estimate the prob-
ability of each category given the document feature values of
a new instance. A discussion of the indipendence assump-
tion of naive bayes classifier can be found in ([Lewis, 1998]).
BayesNets is a bayesian network, that uses 2-dependence
Bayesian (see[Sahami, 1996] for another example of Bayes
nets for classification). Tree is a Decision Tree approach de-
scribed in ([Chickering et al., 1997]). Meanwhile, Linear
SVM is a linear hyperplane that separates a set of positive
examples from a set of negative ones ([Joachims, 1998]).
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Both SVMs and Decision Trees produce very high overall
classification accuracy. As the results of Table 7 are directly
comparable with ours, our Gaussian Weighting approach is
placed just behind the SVMs, which are known to be the best
machine learning method in the field of text classification,
with a micro-averaged F1-measure of 0.893 of the first two
test runs. This result is important for two reasons: it demon-
strates that this new learning method does perform well on
this particular task, and encourage us to further investigate
other fields of application, in which GW’s simplicity could
perform as well as other state-of-the-art machine learning
methods.

5 Future Work
Two are the most compelling issues that we are going to com-
plete in the future work are two:

• Incorporate a wrapper phase[Kohavi and John, 1997]
to run systematically varying experiments with (i) using
Expressiveness or not, (ii) varying values of ThresP and
ThresE, (iii) varying values of GW variance, and (iv)
using a Gaussian function or not;

• Test the full Reuters benchmark data rather than restrict-
ing ourselves to only the 10 most frequent categories,
and on other collections like 20 Newsgroups2 or Med-
Line 3.

6 Conclusions
In this paper we addressed the problem of finding a simple
learning algorithm that uses naive, human comprehensible
parameters. A very accurate text classifier can be learned au-
tomatically by using only two information parameters: pres-
enceP and expressivityE. The algorithm proposed here has,
in the worst case, a quadratic computational cost, with respect
to the number of categories of documents. We tested GW
on the Reuters-21578 benchmark and calculated the micro-
averaged F1-measure to directly compare our results with
the ones of the literature, and the macro-Recall and macro-
Precision. The results achieved are satisfactory and can be
compared to most state-of-the-art machine learning methods
applied to TC.
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Abstract 
In traditional text classification, a classifier is built 
using labeled training documents of every class. This 
paper studies a different problem. Given a set P of 
documents of a particular class (called positive class) 
and a set U of unlabeled documents that contains 
documents from class P and also other types of 
documents (called negative class documents), we 
want to build a classifier to classify the documents in 
U into documents from P and documents not from P. 
The key feature of this problem is that there is no 
labeled negative document, which makes traditional 
text classification techniques inapplicable. In this 
paper, we propose an effective technique to solve the 
problem. It combines the Rocchio method and the 
SVM technique for classifier building. Experimental 
results show that the new method outperforms ex-
isting methods significantly. 

1 Introduction 
Text classification is an important problem and has been 
studied extensively in information retrieval and machine 
learning. To build a text classifier, the user first collects a 
set of training examples, which are labeled with 
pre-defined classes (labeling is often done manually). A 
classification algorithm is then applied to the training data 
to build a classifier. This approach to building classifiers is 
called supervised learning/classification because the 
training examples/documents all have pre-labeled classes.   

This paper studies a special form of semi-supervised text 
classification. This problem can be regarded as a two-class 
(positive and negative) classification problem, where there 
are only labeled positive training data, but no labeled nega-
tive training data. Due to the lack of negative training data, 
the classifier building is thus semi-supervised. Since tradi-
tional classification techniques require both labeled positive 
and negative examples to build a classifier, they are thus not 
suitable for this problem. Although it is possible to manually 
label some negative examples, it is labor-intensive and very 
time consuming. In this research, we want to build a classifier 
using only a set of positive examples and a set of unlabeled 
examples. Collecting unlabeled examples or documents is 
normally easy and inexpensive in many text or Web page 

domains, especially those involving online sources [Nigam et 
al., 1998; Liu et al., 2002].  

In [Liu et al., 2002; Yu et al., 2002], two techniques are 
proposed to solve the problem. One is based on the EM al-
gorithm [Dempster et al., 1977] (called S-EM) and the other 
is based on Support Vector Machine (SVM) [Vapnik, 1995] 
(called PEBL). However, both techniques have some major 
shortcomings. S-EM is not accurate because of its weak 
classifier. PEBL is not robust because it performs well in 
certain situations and fails badly in others. We will discuss 
these two techniques in detail in Section 2 and compare their 
results with the proposed technique in Section 4. 

As discussed in our earlier work [Liu et al., 2002], 
positive class based learning occurs in many applications. 
With the growing volume of text documents on the Web, 
Internet news feeds, and digital libraries, one often wants 
to find those documents that are related to one�s interest. 
For instance, one may want to build a repository of ma-
chine learning (ML) papers. One can start with an initial 
set of ML papers (e.g., an ICML Proceedings). One can 
then find those ML papers from related online journals or 
conference series, e.g., AI journal, AAAI, IJCAI, etc.  

The ability to build classifiers without negative train-
ing data is particularly useful if one needs to find positive 
documents from many text collections or sources. Given a 
new collection, the algorithm can be run to find those 
positive documents. Following the above example, given a 
collection of AAAI papers (unlabeled set), one can run the 
algorithm to identify those ML papers. Given a set of 
SIGIR papers, one can run the algorithm again to find 
those ML papers. In general, one cannot use the classifier 
built using the AAAI collection to classify the SIGIR 
collection because they are from different domains. In 
traditional classification, labeling of negative documents 
is needed for each collection. A user would obviously 
prefer techniques that can provide accurate classification 
without manual labeling any negative documents.   

This paper proposes a more effective and robust technique 
to solve the problem. It is based on the Rocchio method 
[Rocchio, 1971] and SVM. The idea is to first use Rocchio to 
extract some reliable negative documents from the unlabeled 
set and then apply SVM iteratively to build and to select a 
classifier. Experimental results show that the new method 
outperforms existing methods significantly.  
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2 Related Work 
Many studies on text classification have been conducted in 
the past. Existing techniques including Rocchio, naive Bayes 
(NB), SVM, and many others [e.g., Rocchio, 1971; Lewis & 
Gale, 1994; Vapnik, 1995; Joachims, 1999; Nigam et al., 
1998; Yang & Liu, 1999].  These existing techniques, how-
ever, all require labeled training data of all classes. They are 
not designed for the positive class based classification.  

In [Denis, 1998], a theoretical study of PAC learning 
from positive and unlabeled examples under the statistical 
query model [Kearns, 1998] is reported. [Letouzey et al., 
2000] presents an algorithm for learning using a modified 
decision tree algorithm based on the statistical query 
model. It is not for text classification, but for normal data. 
In [Muggleton, 2001], Muggleton studied the problem in a 
Bayesian framework where the distribution of functions 
and examples are assumed known. The result is similar to 
that in [Liu et al., 2002] in the noiseless case. [Liu et al., 
2002] extends the result to the noisy case. The purpose of 
this paper is to propose a robust practical method to im-
prove existing techniques.  

In [Liu et al., 2002], Liu et al. proposed a method 
(called S-EM) to solve the problem in the text domain. It is 
based on naïve Bayesian classification (NB) and the EM 
algorithm [Dempster et al., 1977]. The main idea of the 
method is to first use a spy technique to identify some 
reliable negative documents from the unlabeled set. It then 
runs EM to build the final classifier. Since NB is not a 
strong classifier for texts, we will show that the proposed 
technique is much more accurate than S-EM.  

In [Yu et al., 2002], Yu et al. proposed a SVM based 
technique (called PEBL) to classify Web pages given 
positive and unlabeled pages. The core idea is the same as 
that in [Liu et al., 2002], i.e., (1) identifying a set of re-
liable negative documents from the unlabeled set (called 
strong negative documents in PEBL), and (2) building a 
classifier using SVM. The difference between the two 
techniques is that for both steps the two techniques use 
different methods. In [Yu et al., 2002], strong negative 
documents are those documents that do not contain any 
features of the positive data. After a set of strong negative 
documents is identified, SVM is applied iteratively to 
build a classifier. PEBL is sensitive to the number of 
positive examples. When the positive data is small, the 
results are often very poor. The proposed method differs 
from PEBL in that we perform negative data extraction 
from the unlabeled set using the Rocchio method and 
clustering. Although our second step also runs SVM it-
eratively to build a classifier, there is a key difference. Our 
technique selects a good classifier from a set of classifiers 
built by SVM, while PEBL does not. The proposed method 
performs well consistently under a variety of conditions.   

In [Scholkopf et al., 1999], one-class SVM is proposed. 
This technique uses only positive data to build a SVM 
classifier. However, our experiment results show that its 
classification performance is poor.  

Another line of related work is the use of a small labeled 
set of every class and a large unlabeled set for learning [Ni-

gam et al., 1998; Blum & Mitchell, 1998; Goldman & Zhou, 
2000; Basu et al., 2002; Muslea et al., 2002; Bockhorst & 
Craven, 2002]. It has been shown that the unlabeled data 
helps classification. This is different from our work, as we do 
not have any labeled negative training data.  

3 The Proposed Technique 
This section presents the proposed approach, which also 
consists of two steps: (1) extracting some reliable negative 
documents from the unlabeled set, (2) applying SVM 
iteratively to build a classifier. Below, we present these 
two steps in turn. In Section 4, we show that our technique 
is much more robust than existing techniques.  

3.1 Finding reliable negative documents  
This sub-section gives two methods for finding reliable 
negative documents: (1) Rocchio and (2) Rocchio with 
clustering. The second method often results in better classi-
fiers, especially when the positive set is small. The key re-
quirement for this step is that the identified negative docu-
ments from the unlabeled set must be reliable or pure, i.e., 
with no or very few positive documents, because SVM (used 
in our second step) is very sensitive to noise.  

3.1.1 Method 1: Rocchio 
This method treats the entire unlabeled set U as negative 
documents and then uses the positive set P and U as the 
training data to build a Rocchio classifier. The classifier is 
then used to classify U. Those documents that are classified 
as negative are considered (reliable) negative data, denoted 
by RN. The algorithm is shown in Figure 1.  

1. Assign the unlabeled set U the negative class, and the 
positive set P the positive class; 

2. Let ∑∑
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4. for each document 'd in U do  
5.        if ),(),( '' dcsimdcsim

rrrr −+ <=  then  
6.            RN = RN ∪ { 'd }; 

Figure 1: Rocchio extraction using U as negative 

In Rocchio classification, each document d is represented 
as a vector [Salton & McGill, 1983],  . Each 
element qi in    represents a word wi and is calculated as the 
combination of term frequency (tf) and inverse document 
frequency (idf), i.e., qi = tfi * idfi. tfi is the number of times that 
word wi occurs in d, while 
          ))(/|log(| ii wdfDidf = .                 
Here |D| is the total number of documents and df(wi) is the 
number of documents where word wi occurs at least once. 
 Building a classifier is achieved by constructing positive 
and negative prototype vectors +cr and −cr (lines 2 and 3 in 
Figure 1). α and β parameters adjust the relative impact of 
positive and negative training examples. α = 16 and β = 4 are 

),,,( 21 nqqqd L=
d
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recommended in [Buckley et al., 1994].   
In classification, for each test document 'd

r
, it simply uses 

the cosine measure [Salton & McGill, 1983] to compute the 
similarity (sim) of 'd

r
 with each prototype vector. The class 

whose prototype vector is more similar to 'd
r

 is assigned to 
the test document (lines 4-6 in Figure 1). Those documents 
classified as negative form the negative set RN.  

In general, it is also possible to use other classification 
methods (e.g., naïve Bayesian, SVM) to extract negative data 
from the unlabeled set. However, not all classification tech-
niques perform well in the absence of a �pure� negative 
training set. We experimented with SVM, naïve Bayesian 
and Rocchio, and observed that Rocchio produces the best 
results. It is able to extract a large number of true negative 
documents from U with very high precision.  

The reason that Rocchio works well is as follow: In our 
positive class based learning, the unlabeled set U typically 
has the following characteristics:  
1. The proportion of positive documents in U is very small. 

Thus, they do not affect −cr very much.  
2. The negative documents in U are of diverse topics. Thus, 

in the vector space, they cover a very large region.  
Since the positive set P is usually homogenous (focusing on 
one topic), they cover a much smaller region in the vector 
space. Assume that there is a true decision surface S that 
separates positive and negative data. Then, the positive pro-
totype vector +cr will be closer to S than the negative proto-
type vector −cr due to the vector summation in Rocchio (line 
2 and 3 of Figure 1). Because of this reason, when we apply 
the similarity computation (in line 5 of Figure 1) to classify 
documents, many negative documents will be classified as 
positive because they are closer to +cr . This explains why 
Rocchio can extract negative documents with high precision, 
and positive documents with low precision (but very high 
recall). Our experiments show that this is indeed the case.  

After some reliable negative documents are found from U 
by Rocchio, we can run SVM using P and RN. Experimental 
results show that this simple approach works very well. Note 
that we could actually use +cr and −cr in Figure 1 as the final 
classifier without using SVM. However, it does not perform 
well because it tends to classify too many negative docu-
ments as positive documents (low precision for positive). 
SVM using RN and P as training data can correct the situa-
tion and produce a more accurate final classifier.   

3.1.2 Method 2: Rocchio with Clustering 
Rocchio is a linear classifier based on cosine similarity. 
When the decision boundary is non-linear or does not con-
form to the separating plane resulted from cosine similarity, 
Rocchio may still extract some positive documents and put 
them in RN. This will damage the SVM classifier later. Be-
low, we propose an enhancement to the Rocchio approach in 
order to purify RN further, i.e., to discard some likely positive 
documents from RN.  

Figure 2 shows a possible scenario where some positive 
documents in U may still be in RN. +cr and −cr represent the 
positive and negative prototype vectors respectively. H is the 
decision hyperplane produced by Rocchio. It has the same 

distance (similarity) to +cr and −cr . If a document is located 
on the right-hand-side of H, it is classified as negative oth-
erwise it is classified as positive. However, the positive and 
negative classes in the data cannot be separated by H well. In 
Figure 2, the positive documents within the regions 1 and 2 
will be misclassified as negative documents.  
 
 
 
 
 
 
 
 
 
Figure 2: Rocchio classifier is unable to remove some posi-

tive examples in U 
In order to further �purify� RN, we need to deal with the 

above problem. We propose the following approach.  
This approach uses clustering to partition RN into many 

similarity groups (or clusters). It then uses Rocchio again to 
build a classifier using each cluster and the positive set P. 
The classifier is then applied to identify likely positive 
documents in the cluster and delete them. The idea is to 
identify and remove some positive documents in RN in a 
localized manner, which gives better accuracy. Since both 
the cluster and the positive set are homogeneous, they allow 
Rocchio to build better prototype vectors.  

The clustering technique that we use is k-means, which is 
an efficient technique. The k-means method needs the input 
cluster number k. From our experiments in Section 4, we 
observe that the choice of k does not affect classification 
results much as long as it is not too small. Too few clusters 
may not be effective because the documents in a cluster can 
still be diverse. Then, Rocchio still cannot build an accurate 
classifier. Too many clusters will not cause much problem.  

This new method can further purify RN without removing 
too many negative documents from RN. The detailed algo-
rithm is given in Figure 3.  

Note that in line 1 we still perform the initial Rocchio 
extraction as discussed in Section 3.1.1. Thus, the input data 
for clustering is RN, not U. The reason is that the purity of RN 
is higher, which allows us to produce better clusters without 
the influence of too many noisy (positive) documents in U. 
Lines 2-3 perform the standard k-means clustering of RN, 
which produces k clusters, N1, N2, �, Nk. Based on these 
clusters, we construct a positive prototype vector jpr and a 
negative prototype vector jnr for the positive set P and each 
cluster Nj (j ∈ {1, 2, …, k} (lines 5 and 6). Line 8 starts the 
extraction. For each document di ∈ RN, we try to find the 
nearest positive prototype vector vpr to di (line 9). If the 
similarity ),( iv dpsim r  is less than the similarity between di and 
any negative prototype vector jnr , we put it in our final 
negative set RN� (line 10). The reason for using the proce-
dures in lines 9 and 10 is that we want to be conservative in 
removing likely positive documents from RN, i.e., not to 
remove too many negative documents.  

   −cr  +cr  

1

2 
H
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1. Perform the algorithm in Figure 1 and generate the 
initial negative set RN; 

2. Choose k initial cluster centers {O1, O2, � , Ok} 
randomly from RN; 

3. Perform k-means clustering to produce k clusters, 
i.e. N1, N2,…, Nk;  

4. for j = 1 to k  
 
5. ; 

 
6.                                                ; 
 
7. RN�={}; 
8. for each document di ∈ RN do  
9.        Find the nearest positive prototype vector vpr to 

di, where                                     ;  
10. if there exist a     (j = 1, 2, …, k), s.t. 
  ),(),( ijiv dnsimdpsim rr

<=  then  

11. RN� = RN� ∪ {di};  

Figure 3: Rocchio extraction with clustering. 
After RN� is determined, we can build the final classifier 

using SVM, which takes P and RN� as the positive and 
negative training data respectively.  

3.2 Step 2: Classifier building 
This step builds the final classifier by running SVM itera-
tively with the document sets P and RN or RN� depending on 
the method used in step 1. Let Q be the set of the remaining 
unlabeled documents, Q = U � RN (or U � RN�). The algo-
rithm for this second step is given in Figure 4.  
1. Every document in P is assigned the class label +1; 
2. Every document in RN (RN�) is assigned the label �1; 
3. Use P and RN (or RN�) to train a SVM classifier Si, with 

i = 1 initially and i = i+1 with each iteration (line 3-5);  
4. Classify Q using Si. Let the set of documents in Q that 

are classified as negative be W;  
5. if W = {} then  stop; 
 else Q = Q � W; 
 RN = RN ∪ W (or RN� = RN� ∪ W); 
 goto (3); 
6. Use the last SVM classifier Slast to classify P; 
7. if more than 5% positive are classified as negative then 
 use S1 as the final classifier; 
 else use Slast as the final classifier; 

Figure 4: Constructing the final classifier. 
The reason that we run SVM iteratively (lines 3-5) is that 

the reliable negative set RN from step 1 may not be suffi-
ciently large to build the best classifier. SVM classifiers (Si in 
line 3) can be used to iteratively extract more negative 
documents from Q. The iteration stops when there is no 
negative document that can be extracted from Q (line 5).  

There is, however, a danger in running SVM iteratively. 
Since SVM is very sensitive to noise, if some iteration of 
SVM goes wrong and extracts many positive documents 

from Q and put them in the negative set RN, then the last 
SVM classifier will be extremely poor. This is the problem 
with PEBL, which also runs SVM iteratively. In our algo-
rithm, we decide whether to use the first SVM classifier or 
the last one (line 7). Basically, we use the SVM classifier at 
convergence (called Slast, line 6) to classify the positive set P. 
If too many (> 5%) positive documents in P are classified as 
negative, it indicates that SVM has gone wrong. We then use 
the first SVM classifier (S1). Otherwise, we use Slast as the 
final classifier. We choose 5% as the threshold because we 
want to be very conservative. Since SVM is very sensitive to 
noise, when noise is large, the resulting classifier is often 
very poor. Since our first classifier is always quite strong, 
even without catching the last classifier which may be better, 
it is acceptable.  

Note that this strategy is not applicable to PEBL because 
PEBL�s step 1 extracts too few negative documents from U. 
Its first SVM classifier is thus very inaccurate. Step 1 of our 
proposed technique is able to extract a large number of 
negative documents from U. Hence, our first SVM classifier 
is always quite good, although it may not be the best.    

Note also that neither the first nor the last SVM classifier 
may be the best. This is the case for both PEBL and our 
algorithm. In many cases, a classifier somewhere in the 
middle is the best. However, it is hard to catch it. We leave 
this issue to our future research.  

4   Empirical Evaluation 
This section evaluates the proposed techniques using the 
Reuters-21578 text collection1, which is commonly used 
in evaluating text classification methods. We will also 
compare the proposed techniques with S-EM and PEBL.  

The Reuters-21578 collection contains 21578 text docu-
ments. We used only the most populous 10 out of the 135 
topic categories. Table 1 gives the number of documents in 
each of the ten topic categories. In our experiments, each 
category is used as the positive class, and the rest of the 
categories as the negative class. This gives us 10 datasets.  

Table 1: Categories and numbers of documents in Reuters 

acq corn crude earn grain interest money ship trade wheat

2369 238 578 3964 582 478 717 286 486 283 

Our task is to identify positive documents from the 
unlabeled set. The construction of each dataset for our 
experiments is done as follows: Firstly, we randomly select 
a% of the documents from the positive class and the negative 
class, and put them into P and N classes respectively. The 
remaining (1 - a%) documents from both classes form the 
unlabeled set U. Our training set for each dataset consists of 
P and U. N is not used as we do not want to change the class 
distribution of the unlabeled set U. We also used U as the test 
set in our experiments because our objective is to recover 
those positive documents in U. We do not need separate test 
sets. In our experiments, we use 7 a values to create different 
settings, i.e., 5%, 15%, 25%, 35%, 45%, 55% and 65%.  
                                                 
1  http://www.research.att.com/~lewis/reuters21578.html 
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4.1  Evaluation measures 
Two popular measures used for evaluating text classification 
are the F value and breakeven point. F value is defined as, F = 
2pr/(p+r), where p is the precision and r is the recall. F value 
measures the performance of a system on a particular class 
(in our case, the positive class). Breakeven point is the value 
at which recall and precision are equal. However, breakeven 
point is not suitable for our task as it only evaluates the sort-
ing order of class probabilities of documents. It does not give 
indication of classification performance. F value, on the other 
hand, reflects an average effect of both precision and recall. 
This is suitable for our purpose, as we want to identify posi-
tive documents. It is undesirable to have either too small a 
precision or too small a recall.  
 In our experimental results, we also report accuracies. It, 
however, should be noted that accuracy does not fully reflect 
the performance of our system, as our datasets has a large 
proportion of negative documents. We believe this reflects 
realistic situations. In such cases, the accuracy can be high, 
but few positive documents may be identified. 

4.2  Experimental results 
We now present the experimental results. We use Roc-SVM 
and Roc-Clu-SVM to denote the classification techniques 
that employ Rocchio and Rocchio with clustering to extract 
reliable negative set respectively (both methods use SVM for 
classifier building). We observe from our experiments that 
using Rocchio and Rocchio with clustering alone for classi-
fication do not provide good classification results. SVM 
improves the results significantly.  

For comparison, we include the classification results of 
NB, S-EM and PEBL. Here, NB treats all the documents in 
the unlabeled set as negative. SVM for the noisy situation (U 
as negative) performs poorly because SVM does not tolerate 
noise well. Thus, its results are not listed (in many cases, its F 
values are close to 0). In both Roc-SVM and Roc-Clu-SVM, 
we used the linear SVM as [Yang & Liu, 1999] reports that 
linear SVM gives slightly better results than non-linear 
models on the Reuters dataset. For our experiments, we im-
plemented PEBL as it is not publicly available. For SVM, we 
used the SVMlight system [Joachims, 1999]. PEBL also used 
SVMlight. S-EM is our earlier system. It is publicly available 
at http://www.cs.uic.edu/~liub/S-EM/S-EM-download.html.  

Table 2 shows the classification results of various tech-
niques in terms of F value and accuracy (Acc) for a = 15% 
(the positive set is small). The final row of the table gives the 
average result of each column. We used 10 clusters (i.e., k = 
10) for k-means clustering in Roc-Clu-SVM (later we will 
see that the number of clusters does not matter much). 

We observe that Roc-Clu-SVM produces better results 
than Roc-SVM. Both Roc-SVM and Roc-Clu-SVM outper-
form NB, S-EM and PEBL. PEBL is extremely poor in this 
case. In fact, PEBL performs poorly when the number of 
positive documents is small. When the number of positive 
documents is large, it usually performs well (see Table 3 with 
a = 45%). Both Roc-SVM and Roc-Clu-SVM perform well 
consistently. We summarize the average F value results of all 
a settings in Figure 5. Due to space limitations, we are unable 

to show the accuracy results (as noted earlier, accuracy does 
not fully reflect the performance of our system). 

Table 2: Experiment results for a = 15%. 
 
 
 
 
 
 
 
 
 
 
 

Table 3: Experiment results for a = 45%. 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

 

 
 
 

Figure 5 Average results for all a settings 
From Figure 5, we can draw the following conclusions: 
1. S-EM�s results are quite consistent under different set-

tings. However, its results are worse than Roc-SVM and 
Roc-Clu-SVM. The reason is that the negative documents 
extracted from U by its spy technique are not that reliable, 
and S-EM uses a weaker classifier, NB. 

2. PEBL�s results are extremely poor when the number of 
positive documents is small. We believe that this is be-
cause its strategy of extracting the initial set of strong 
negative documents could easily go wrong without suf-
ficient positive data. Even when the number of positive 
documents is large, it may also go wrong. For example, 
for a = 55%, one F value (for the dataset, trade) is only 
0.073. This shows that PEBL is not robust.  

3. Both Roc-SVM and Roc-Clu-SVM are robust with dif-
ferent numbers of positive documents. This is important 

15%
F Acc F Acc F Acc F Acc F Acc

acq 0.744 0.920 0.876 0.954 0.001 0.817 0.846 0.948 0.867 0.952
corn 0.452 0.983 0.452 0.983 0.000 0.982 0.804 0.993 0.822 0.995
crude 0.731 0.979 0.820 0.984 0.000 0.955 0.782 0.983 0.801 0.985
earn 0.910 0.949 0.947 0.968 0.000 0.693 0.858 0.924 0.891 0.959
grain 0.728 0.977 0.807 0.982 0.020 0.955 0.845 0.987 0.869 0.986

interest 0.609 0.972 0.648 0.970 0.000 0.963 0.704 0.976 0.724 0.983
money 0.754 0.974 0.793 0.975 0.000 0.945 0.768 0.973 0.785 0.973
ship 0.701 0.989 0.742 0.990 0.008 0.978 0.578 0.986 0.596 0.989
trade 0.627 0.977 0.698 0.979 0.000 0.962 0.759 0.983 0.778 0.985
wheat 0.579 0.982 0.611 0.979 0.000 0.978 0.834 0.994 0.854 0.997

Avg 0.684 0.970 0.739 0.976 0.003 0.923 0.778 0.975 0.799 0.980

Roc-Clu-SVMNB S-EM PEBL Roc-SVM

45%
F Acc F Acc F Acc F Acc F Acc

acq 0.802 0.934 0.891 0.959 0.891 0.963 0.905 0.964 0.909 0.965
corn 0.502 0.972 0.517 0.970 0.663 0.991 0.635 0.990 0.645 0.992
crude 0.833 0.985 0.850 0.986 0.798 0.984 0.811 0.985 0.811 0.985
earn 0.924 0.956 0.950 0.970 0.956 0.974 0.886 0.937 0.923 0.956
grain 0.768 0.975 0.772 0.975 0.900 0.992 0.903 0.992 0.903 0.992

interest 0.617 0.959 0.614 0.956 0.770 0.983 0.614 0.957 0.616 0.957
money 0.751 0.969 0.760 0.968 0.714 0.973 0.764 0.969 0.764 0.970

ship 0.791 0.991 0.806 0.991 0.672 0.989 0.829 0.993 0.843 0.994
trade 0.678 0.973 0.693 0.972 0.728 0.982 0.728 0.982 0.728 0.982
wheat 0.595 0.973 0.595 0.972 0.783 0.992 0.779 0.992 0.792 0.994

Avg 0.726 0.969 0.745 0.972 0.788 0.982 0.785 0.976 0.793 0.979

NB S-EM PEBL Roc-SVM Roc-Clu-SVM
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because in practice one does not know how many positive 
documents are sufficient. Using a smaller set of positive 
documents also reduce the manual labeling effort.  

From Figure 5, we also observe that Roc-Clu-SVM is 
slightly better than Roc-SVM in both F value and accu-
racy, especially when a is small because pure RN is more 
important in such cases. When a is large, their results are 
similar. In practice, Roc-SVM may be sufficient due to its 
simplicity, efficiency and good results.  

We also ran one-Class SVM using the LIBSVM package 
(http://www.csie.ntu.edu.tw/~cjlin/libsvm/). It gives very 
poor results (mostly with F values less than 0.4). Due to 
space limitations, we do not list their results here.  
Comparison of different number of clusters: As discussed 
above, the number of clusters used in Roc-Clu-SVM makes 
little difference to the final classifier. We now provide ex-
periment results in Figure 6 to support this claim by using 
different numbers of clusters (here, a = 25% and for other a 
values, the results are similar). The cluster number k varies 
from 2 to 30. We observe that the choice of k has little in-
fluence on the results as long as it is not too small.  
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Figure 6: Averaged F values of different clusters (a=25%) 

Execution times: Our technique consists of two steps: ex-
tracting negative documents from U and iteratively running 
SVM. As SVM is a standard technique, we will not discuss it 
here. If we only use Rocchio for the first step, it is very effi-
cient because Rocchio is a linear algorithm, O(|U∪P|). If we 
use Rocchio with clustering, more time is needed because of 
k-means clustering. The time complexity of k-means is 
O(k*|RN|*I), where k is the number of clusters, |RN| is the 
size of the reliable negative set, and I is the number of itera-
tions. Since k and I are normally small, k-means is generally 
regarded as a linear algorithm O(|RN|). Thus, the time com-
plexity of the extraction step of Roc-Clu-SVM is O(|U∪P|) 
since |RN| < |U∪P|. In our experiments, every dataset takes 
less than 7 seconds for step one for Roc-Clu-SVM (on Pen-
tium 800MHz PC with 256MB memory).  

5 Conclusions 
This paper studied the problem of text classification with 
only partial information, i.e., with only one class of labeled 
documents and a set of unlabeled documents. An effective 
technique is proposed to solve the problem. Our algorithm 
first utilizes the Rocchio classifier and/or clustering to extract 
a set of reliable negative documents from the unlabeled set, 
and then builds a SVM classifier iteratively. Experimental 
results show that the proposed technique is more robust than 
both S-EM and PEBL. 
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Abstract

Most recent research of scalable inductive learn-
ing on very large dataset, decision tree construc-
tion in particular, focuses on eliminating memory
constraints and reducing the number of sequen-
tial data scans. However, state-of-the-art decision
tree construction algorithms still require multiple
scans over the data set and use sophisticated control
mechanisms and data structures. We first discuss a
general inductive learning framework that scans the
dataset exactly once. Then, we propose an exten-
sion based on Hoeffding’s inequality that scans the
dataset less than once. Our frameworks are appli-
cable to a wide range of inductive learners.

1 Introduction
Most recent research on scalable inductive learning over very
large dataset focuses on eliminating memory-constraints and
reducing the number of sequential data scans (or the total
number of times that the training file is accessed from sec-
ondary storage), particularly for decision tree construction.
State-of-the-art decision tree algorithms (SPRINT [Shafer
et al., 1996], RainForest [Gehrke et al., 1998], and later
BOAT [Gehrke et al., 1999] among others) still scan the data
multiple times, and employ rather sophisticated mechanisms
in implementation. Most recent work [Hulten and Domingos,
2002] applies Hoeffding inequality to decision tree learning
on streaming data in which a node is reconstructed iff it is sta-
tistically necessary. Besides decision tree, there hasn’t been
much research on reducing the number of data scans for other
inductive learners. The focus of this paper is to propose a
general approach for a wide range of inductive learning algo-
rithms to scan the dataset less than once from the secondary
storage. Our approach is applicable not only to decision trees
but also to other learners, e.g., rule and naive Bayes learners.

Ensemble of classifiers has been studied as a general ap-
proach for scalable learning. Previously proposed meta-
learning [Chan, 1996] reduces the number of data scans to
2. However, empirical studies have shown that the accuracy
of the multiple model is sometimes lower than respective sin-
gle model. Bagging [Breiman, 1996] and boosting [Freund
and Schapire, 1997] are not scalable since both methods scan
the dataset multiple times. Our proposed method scans the

dataset less than once and has been empirically shown to have
higher accuracy than a single classifier.

Based on averaging ensemble, we propose a statistically-
based multiple model inductive learning algorithm that scans
the dataset less than once. Previous research [Fan et al.,
2002b] on averaging ensemble has shown that it is more
efficient and accurate than both bagging and meta-learning.
In this paper, we apply Hoeffding inequality to estimate the
probability that the partial and complete models are equal in
accuracy. When the probability is higher than a threshold,
the algorithm stops model construction and returns the cur-
rent model, resulting in less than one sequential scan of the
dataset. Our objective is completely different from [Hulten
and Domingos, 2002] on determining whether to change the
shape of a decision tree. Unlike previous research [Hulten
and Domingos, 2002; Gehrke et al., 1999], our algorithm is
not limited to decision tree, but is applicable to a wide range
of inductive learners. When it is applied to decision tree
learning, the accuracy is higher than a single decision tree.
Another advantage is that the ensemble reduces the asymp-
totic complexity of the algorithm besides scanning less data.
One important distinction is that we are interested in reduc-
ing sequential scan from secondary storage. Once the data
can be held entirely in memory, the base learning algorithm
is allowed to scan the data in memory multiple times.

2 One Scan
We first describe a strawman algorithm that scans the data
set exactly once, then propose the extension that scans the
data set less than once. The strawman algorithm is based on
probabilistic modeling.

2.1 Probabilistic Modeling

Suppose p(`ijx) is the probability that x is an instance of
class `i. In addition, we have a benefit matrix b[`i0 ; `i] that
records the benefit received by predicting an example of class
`i0 to be an instance of class `i. For traditional accuracy-
based problems, 8i; b[`i; `i] = 1 and 8i0 6= i; b[`i0 ; `i] = 0.
For cost-sensitive application such as credit card fraud detec-
tion, assume that the overhead to investigate a fraud is $90
and y(x) is the transaction amount, then b[fraud; fraud] =
y(x) � $90 and b[:fraud; fraud] = �$90. Using benefit
matrix and probability, the expected benefit received by pre-
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dicting x to be an instance of class `i is

Expected Benefit: e(`ijx) =
X
`
i0

b[`i0 ; `i] � p(`i0 jx) (1)

Based on optimal decision policy, the best decision is the la-
bel with the highest expected benefit:

`max = argmax`ie(`ijx) (2)

Assuming that `(x) is the true label of x, the accuracy of
the decision tree on a test data set ST is

Accuracy: A =
X
x2ST

b[`(x); `max] (3)

For traditional accuracy-based problems,A is always normal-
ized by dividing jSTj; for cost-sensitive problems, A is usu-
ally represented in some measure of benefits such as dollar
amount. For cost-sensitive problems, we sometimes use “to-
tal benefits” to mean accuracy.

2.2 The Strawman Algorithm
The strawman algorithm is based on averaging ensemble [Fan
et al., 2002b]. Assume that a data set S is partitioned into K

disjoint subsets Sj with equal size. A base level model Cj
is trained from each Sj . Given an example x, each classi-
fier outputs individual expected benefit based on probability
pj(`i0 jx)

ej(`ijx) =
X
`
i0

b[`i0 ; `i] � pj(`i0 jx) (4)

The averaged expected benefit from all base classifiers is
therefore

EK(`ijx) =

PK

1
ej(`ijx)

K
(5)

We then predict the class label with the highest expected re-
turn as in Eq[2].

Optimal Decision: LK = argmax`iEK(`ijx) (6)

The obvious advantage is that the strawman algorithm
scans the dataset exactly once as compared to two scans by
meta-learning and multiple scans by bagging and boosting.
In previous research [Fan et al., 2002b], the accuracy by
the strawman algorithm is also significantly higher than both
meta-learning and bagging. [Fan et al., 2002b] explains the
statistical reason why the averaging ensemble is also more
likely to have higher accuracy than a single classifier trained
from the same dataset.

3 Less Than One Scan
The less-than-one-scan algorithm returns the current ensem-
ble with k (< K) number of classifiers when the accuracy
of current ensemble is the same as the complete ensemble
with high confidence. For a random variable y in the range
of R = a� b with observed mean of �Y after n observations,
without any assumption about the distribution of y, Hoeffd-
ing’s inequality states that with probability � p, the error of
�Y to the true mean is at most

�n = R

 
1

2n
ln
� 1

1� p

�! 1

2

(7)

Train(S, SV , K, p)
Data : training set S, validation set SV, partition

number K, confidence p
Result : multiple model with size k � K

begin
partition S into K disjoint subsets of equal size
fS1; : : : ; SKg;
train C1 from S1;
test C1 on SV;
k  1;
while k � K do

train Ck from Sk;
test Ck on SV;
8`i, compute Hoeffding error �k(`i) (Eq[8]);
confidence satisfied true;
for x 2 SV do
8`i, compute E(`ijx);
E(`ajx) is the highest and E(`bjx) is the
second highest;
ifE(`ajx)�E(`bjx) � �k(`a)+�k(`b) then

confidence satisfied false;
break;

end
end
if confidence satisfied then

return fC1; : : : ; Ckg

else
k  k + 1

end
end
return fC1; : : : ; CKg;

end

Algorithm 1: Less than one data scan

For finite population of size N , the adjusted error is

�n = R

 
1� f

2n
ln
� 1

1� p

�! 1

2

where f =
n

N
(8)

The range R of expected benefit for class label `i can be
found from the index to the data, or predefined. When k

base models are constructed, the Hoeffding error �k can be
computed by using Eq[8]. For data example x, assume than
E(`ajx) is the highest expected benefit and E(`bjx) is the
second highest, �k(`a) and �k(`b) are the Hoeffding errors. If
E(`ajx)��k(`a) > E(`bjx)+�k(`b) orE(`ajx)�E(`bjx) >
�k(`a) + �k(`b), with confidence� p, the prediction on x by
the complete multiple model and the current multiple model
is the same. Otherwise, more base models will be trained.
The algorithm is summarized in Algorithm 1.

Scan of validation set SV
If an example x satisfies the confidence p when k classifiers
are computed, there is no utility to check its satisfaction when
more classifiers are computed. This is because that an ensem-
ble with more classifiers is likely to be a more accurate model.
In practice, we can only read and keep one example x from
the validation set in memory at one time. We only read a new
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instance from the validation set if the current set of classi-
fiers satisfy the confidence test. In addition, we keep only the
predictions on one example at any given time. This guaran-
tees that the algorithm scans the validation dataset once with
nearly no memory requirement.

Training Efficiency
The extra overhead of the Hoeffding-based less than one scan
algorithm is the cost for the base classifiers to predict on the
validation set and calculate the statistics. All these can be
done in main memory. As discussed above, we can predict
on one example from the validation set at any given time. As-
sume that we have k classifiers at the end and n is the size of
the validation set, the total number of predictions is approx-
imately n�k

2
on average. The calculation of both mean and

standard deviation can be done incrementally. We only need
to keep

P
Xi and

P
X

2

i for just one example at anytime and
calculate as follows:

�X =

P
Xi

k
(9)

�
2(X) =

P
X

2

i � k � �X2

k � 1
(10)

The average number of arithmetic operation is approximately
3� n�k

2
.

The problem that the proposed algorithm solves is one in
which the training set is very large and the I/O cost of data
scan is the major overhead. When I/O cost is the bottleneck,
the extra cost of prediction and statistical analysis is mini-
mum.

4 Experiment
In empirical evaluation, we first compare the accuracy of the
complete multiple model (one scan as well as less than one
scan) and the accuracy of the single model trained from the
same data set. We then evaluate the amount of data scan and
accuracy of the less than one scan algorithm as compared to
the one scan models. Additionally, we generate a dataset with
biased distribution and study the results of the less than one
scan algorithm.

4.1 Datasets
The first one is the well-known donation data set that first ap-
peared in KDDCUP’98 competition. Suppose that the cost
of requesting a charitable donation from an individual x is
$0.68, and the best estimate of the amount that x will donate
is Y (x). Its benefit matrix is:

predict donate predict :donate
actual donate Y(x) - $.0.68 0
actual :donate -$0.68 0

As a cost-sensitive problem, the total benefit is the total
amount of received charity minus the cost of mailing. The
data has already been divided into a training set and a test
set. The training set consists of 95412 records for which it is
known whether or not the person made a donation and how
much the donation was. The test set contains 96367 records
for which similar donation information was not published un-
til after the KDD’98 competition. We used the standard train-
ing/test set splits to compare with previous results. The fea-
ture subsets were based on the KDD’98 winning submission.

To estimate the donation amount, we employed the multiple
linear regression method.

The second data set is a credit card fraud detection prob-
lem. Assuming that there is an overhead $90 to dispute and
investigate a fraud and y(x) is the transaction amount, the fol-
lowing is the benefit matrix:

predict fraud predict :fraud
actual fraud y(x) - $90 0
actual :fraud -$90 0

As a cost-sensitive problem, the total benefit is the sum of
recovered frauds minus investigation costs. The data set was
sampled from a one year period and contained a total of 5M
transaction records. We use data of the last month as test
data (40038 examples) and data of previous months as train-
ing data (406009 examples).

The third data set is the adult data set from UCI repository.
For cost-sensitive studies, we artificially associate a benefit
of $2 to class label F and a benefit of $1 to class label N, as
summarized below:

predict F predict N
actual F $2 0
actual N 0 $1

We use the natural split of training and test sets, so the re-
sults can be easily replicated. The training set contains 32561
entries and the test set contains 16281 records.

4.2 Experimental Setup
We have selected three learning algorithms, decision tree
learner C4.5, rule builder RIPPER, and naive Bayes learner.
We have chosen a wide range of partitions, K 2
f8; 16; 32; 64; 128; 256g. The validation dataset SV is the
complete training set. All reported accuracy results were run
on the test dataset.

4.3 Experimental Results
In Tables 1 and 2, we compare the results of the single classi-
fier (which is trained from the complete dataset as a whole),
one scan algorithm, and the less than one scan algorithm. We
use the original “natural order” of the dataset. Later on in
Section 4.4, we use a biased distribution. Each data set under
study is treated both as a traditional and cost-sensitive prob-
lem. The less than one scan algorithm is run with confidence
p = 99:7%.

Accuracy Comparison
The baseline traditional accuracy and total benefits of the sin-
gle model are shown in the two columns under “single” in
Tables 1 and 2. These results are the baseline that the one
scan and less than one scan algorithms should achieve. For
the one scan and less than one scan algorithm, each reported
result is the average of different multiple models withK rang-
ing from 2 to 256. In Tables 1 and 2, the results are shown in
two columns under accuracy and benefit. As we compare the
respective results in Tables 1 and 2, the multiple model either
significantly beat the accuracy of the single model or have
very similar results. The most significant increase in both ac-
curacy and total benefits is for the credit card data set. The
total benefits have been increased by approximately $7,000�
$10,000; the accuracy has been increased by approximately
1% � 3%. For the KDDCUP’98 donation data set, the total
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C4.5
LessThanOneSingle OneScan

accuracy datascan
Donation 94.94% 94.94% 94.94% 0.61
Credit

87.77% 90.37% 90.41% 0.62Card

Adult 84.38% 85.6% 85.0% 0.76

RIPPER
LessThanOneSingle OneScan

accuracy datascan
Donation 94.94% 94.94% 94.94% 0.45
Credit

90.14% 91.46% 91.42% 0.56Card

Adult 84.84% 86.1% 86.0% 0.59

NB
LessThanOneSingle OneScan

accuracy datascan
Donation 94.94 94.94% 94.94% 0.51
Credit

85.46% 88.64% 88.71% 0.57Card

Adult 82.86% 84.94% 84.6% 0.61

Table 1: Comparison of single model, one scan ensemble, and
less than one scan ensemble for accuracy-based problems

benefit has been increased by $1400 for C4.5 and $250 for
NB.

We next study the trends of accuracy when the number of
partitions K increases. In Figure 1, we plot the accuracy and
total benefits for the credit card data sets, and the total benefits
for the donation data set with increasing number of partitions
K. C4.5 was the base learner for this study. As we can see
clearly that for the credit card data set, the multiple model
consistently and significantly improve both the accuracy and
total benefits over the single model by at least 1% in accuracy
and $40000 in total benefits for all choices of K. For the
donation data set, the multiple model boosts the total benefits
by at least $1400. Nonetheless, when K increases, both the
accuracy and total benefits show a slow decreasing trend. It
would be expected that when K is extremely large, the results
will eventually fall below the baseline.

Another important observation is that the accuracy and to-
tal benefit of the less than one scan algorithm are very close
to the one scan algorithm. Their results are nearly identical.

Data Scan
In both Tables 1 and 2, we show the amount of data scanned
for the less than one scan algorithm. It ranges from 40% (0.4)
to about 70% (0.7). The adult dataset has the most amount
of data scanned since the training set is the smallest and it
requires more data partitions to compute an accurate model.
C4.5 scans more data than both RIPPER and NB. This is be-
cause we generate the completely unpruned tree for C4.5, and
there are wide variations among different models.

In Table 3, we compare the differences in accuracy and
amount of training data when the validation set is either read
completely by every classifier (under “Batch”) or sequentially
only by newly computed base classifiers (under “Seq”) (as
discussed in Section 3). Our empirical studies have found that
“Batch” mode usually scans approximately 1% to 2% more
training data, and the models computed by both methods are
nearly identical in accuracy. The extra training data from the

C4.5
LessThanOneSingle OneScan

benefit datascan
Donation $13292.7 $14702.9 $14828 0.71
Credit

$733980 $804964 $804914 0.65Card

Adult $16443 $16435 $16205 0.77

RIPPER
LessThanOneSingle OneScan

benefit datascan
Donation $0 $0 $0 0.47
Credit

$712541 $815612 $815310 0.57Card

Adult $19725 $19875 $19615 0.62

NB
LessThanOneSingle OneScan

benefit datascan
Donation $13928 $14282 $14278 0.55
Credit

$704285 $798943 $799104 0.59Card

Adult $16269 $19169 $16102 0.63

Table 2: Comparison of single model, one scan ensemble,
and less than one scan ensemble for cost-sensitive problems

“batch” method is due to the fact that some examples satis-
fied by previously learned classifiers have high probability,
but may not necessarily be satisfied by more base classifiers.
However, our empirical studies have shown that the differ-
ence in how the validation set is handled doesn’t significantly
influence the final model accuracy.

4.4 Biased Distribution
When a data is biased in its distribution, the less than one
scan algorithm need to scan more data than uniform distri-
bution to produce an accurate model. With the same amount
of datascan, it may not have the same accuracy as uniform
distribution. We have created a “trap” using the credit card
dataset. We sorted the training data with increasing transac-
tion amount. The detailed results are shown in Table 4(a) and
(b). The accuracy (and total benefits) in Table 4(a) are nearly
identical to the results of “natural distribution” as reported in
Tables 1 and 2. However, the amount of datascan by the less
than one scan algorithm is over 0.9 as compared to approxi-
mately 0.6 for natural distribution. As shown in Table 4(b),
when the datascan is less than 0.9 (the confidence is not satis-
fied and less one scan will continue to compute more model),
the total benefits are much lower. When distribution is biased,
the variations in base classifiers’ prediction are wider. It re-
quires more data to compute an accurate model and the less
than one scan algorithm is performing in the correct way.

4.5 Training Efficiency
We recorded both the training time of the batch mode sin-
gle model, and the training time of both the one scan al-
gorithm and less than one scan algorithm plus the time to
classify the validation set multiple times and statistical es-
timation. We then computed serial improvement, which is
the ratio that the one scan and less than one scan algo-
rithm are faster than training the single model. In Figure 2,
we plot results for the credit card dataset using C4.5. Our
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Figure 1: Plots of accuracy and total benefits for credit card data sets, and plot of total benefits for donation data set with respect
to K when using C4.5 as the base learner
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C4.5
Accuracy Data Scan

Batch Seq Batch Seq
Donation 94.94% 94.94% 0.64 0.61

Credit
90.39% 90.41% 0.62 0.62Card

Adult 85.1% 85.0% 0.78 0.76

RIPPER
Accuracy Data Scan

Batch Seq Batch Seq
Donation 94.94% 94.94% 0.48 0.45

Credit
91.44% 91.42% 0.56 0.55Card

Adult 85.9% 86.0% 0.62 0.59

NB
Accuracy Data Scan

Batch Seq Batch Seq
Donation 94.96% 94.94% 0.54 0.51

Credit
88.62% 88.71% 0.59 0.57Card

Adult 84.84% 84.6% 0.62 0.61

Table 3: Comparison of accuracy and amount of datascan us-
ing the batch (or all in memory) and sequential method for
accuracy-based problems

training data can fit into the main memory of the machine.
Any single classifier algorithm that reduces the number of
data scan [Shafer et al., 1996; Gehrke et al., 1998; 1999;
Hulten and Domingos, 2002] will not have training time less
than this result. As shown in Figure 2, both one scan and less
than one scan algorithm are significantly faster than the single
classifier, and the less than one scan algorithm is faster than
the one scan algorithm.

5 Related Work

To scale up decision tree learning, SPRINT [Shafer et al.,
1996] generates multiple sorted attribute files. Decision tree
is constructed by scanning and splitting attribute lists, which
eliminates the need for large main memory. Since each at-
tribute list is sorted. for a data file with f attributes and
N examples, the total cost to produce the sorted lists is
f �O(N � log(N)). External sort is used to avoid the need for
main memory. Each attribute list has three columns-a unique
record number, the attribute value and the class label; the to-
tal size of attribute lists is approximately three times the size
of the original data set. When a split takes places at a node,

Figure 2: Serial improvement for credit card dataset using
one scan and less than one scan
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Accuracy Based Cost-sensitive
Accuracy DataScan Benefit Datascan

C4.5 89.7% 0.95 $794933 0.96
RIPPER 90% 0.93 $769344 0.97

NB 86.9% 0.89 $774854 0.93
(a). Performance for different classifier for biased distribution

DataScan 0.6 0.7 0.8 0.96
Total Benefits $561382 $614575 $728315 $794933
(b). Performance of C4.5 with different amount of data scanned
under the biased distribution

Table 4: Performance of less than one scan under biased dis-
tribution

SPRINT reads the attribute lists at this node and breaks them
into r sets of attribute lists for r child nodes, for a total of
f file read and r � f file writes. Later, RainForest [Gehrke
et al., 1998] improves the performance of SPRINT by pro-
jecting attribute list on each unique attribute value into an
AVC-set. The complete AVC-sets of all attributes are called
AVC-group. When the AVC-group can be held in main mem-
ory, the selection of predictor attribute can be done efficiently.
To construct the initial AVC-group, it incurs the same cost as
SPRINT to construct initial attribute lists plus one more scan
over the sorted lists to project into AVC-sets. Whenever a
split happens, RainForest has to access the data file again and
reconstruct the AVC-group for child nodes. The exact num-
ber of read and write is based on variations of RainForest that
is chosen. In the best scenario where the AVC-group of ev-
ery node in the tree fit in memory, the RF-read version still
has to scan the whole data once at each level of the tree and
write it into r files. When this condition is not met, Rain-
Forest solves the problem by multiple read and write. More
recently, BOAT [Gehrke et al., 1999] constructs a “coarse”
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tree from a data sample that can fit into main memory. The
splitting criterion in each node of the tree is tested against
multiple decision trees trained from bootstrap samples of the
sampled data. It refines the tree later by scanning the com-
plete data set, resulting in a total of two complete data read.

Meta-learning [Chan, 1996] builds a tree of classifiers and
combine class label outputs from base classifiers. It is based
on heuristics and the total number of datascan is two. The im-
provements by our methods are in many folds. We combine
probabilities instead of class labels. The combining technique
is straightforward and can estimate the final accuracy prior
to full construction. The total amount of sequential scan is
less than once. There is a strong statistical reason to support
why the multiple model method works [Fan et al., 2002b].
Besides meta-learning, both bagging [Breiman, 1996] and
boosting [Freund and Schapire, 1997] have been shown to
have higher accuracy than a single model. However, bagging
and boosting scan the dataset many times, and are not scal-
able for large dataset. Previous research [Fan et al., 2002b]
has shown the our combining method is more accurate than
bagging.

One earlier work to use Hoeffding’s inequality is online ag-
gregation [Hellerstein et al., 1997] to estimate the accuracy of
aggregate queries. When the confidence about the accuracy
of the partial query is sufficient, the user can terminate the
query to avoid a complete scan. One recent work using Ho-
effding inequality is on building decision tree from streaming
data [Hulten and Domingos, 2002]. They keep the number
of examples that satisfy or fail the predicate of a node in the
tree. When it is confident that the current node is not accu-
rate for the new data, it will be reconstructed. One limitation
of [Hulten and Domingos, 2002] is that it is only applicable
to decision tree learning. Our ensemble method using Ho-
effding’s inequality is applicable to a wide range of induc-
tive learners. Empirically, we have applied it to decision tree,
rule learner as well as naive Bayes learner. Beside its gen-
erality, the proposed one scan and less than one scan algo-
rithms have been shown to have potentially higher accuracy
than the single model (existing approaches are single model
method [Hulten and Domingos, 2002; Gehrke et al., 1999;
Shafer et al., 1996; Gehrke et al., 1998]). Another advantage
is the asymptotic complexity using the less than one scan al-
gorithm is approximately k � O( n

K
) while computing a sin-

gle model is still O(n). Our empirical studies have shown
that both the one scan and less than one scan algorithms are
significantly faster than learning a single model. In previous
work [Fan et al., 2002a], we have used Central limit theo-
rem (CLT) to implement a concept of progressive modeling
where we estimate the range of accuracy of the final model.
The learning stops when the estimated accuracy of the final
falls within a tolerable range with confidence p. CLT requires
the data distribution to be uniform. Hoeffding inequality has
a different implication, in which we estimate the probability
that the partial and final models are exactly the same.

6 Conclusion
In this paper, we propose two scalable inductive learning al-
gorithms. The strawman multiple model algorithm scans the
data set exactly once. We then propose a less than one scan

extension based on Hoeffding’s inequality. It returns a partial
multiple model when its accuracy is the same as the com-
plete multiple model with confidence � p. Since Hoeffding
inequality makes no assumption about the data distribution,
the advantage of this method is that the data items can be re-
trieved sequentially. We have also discussed how to sequen-
tially read the validation set exactly once using minimal mem-
ory. We have evaluated these methods on several data sets as
both traditional accuracy-based and cost-sensitive problems
using decision tree, rule and naive Bayes learners. We have
found that the accuracy of all our methods are the same or far
higher than the single model. The amount of data scan by the
less than one scan algorithms range from 0.45 to 0.7 for the
original natural distribution of data. For a significantly biased
dataset, the amount of datascan by the less than one scan al-
gorithm is over 0.9. It needs extra data to resolve the bias in
data distribution in order to compute an accurate model. In
addition, our empirical studies have shown that both methods
are significantly faster than computing a single model even
when the training data can be held in main memory, and the
less than one scan algorithm is faster than the one scan algo-
rithm.
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Abstract

This paper presents a novel, promising approach
that allows greedy decision tree induction algo-
rithms to handle problematic functions such as par-
ity functions. Lookahead is the standard approach
to addressing difficult functions for greedy decision
tree learners. Nevertheless, this approach is lim-
ited to very small problematic functions or subfunc-
tions (2 or 3 variables), because the time complex-
ity grows more than exponentially with the depth of
lookahead. In contrast, the approach presented in
this paper carries only a constant run-time penalty.
Experiments indicate that the approach is effective
with only modest amounts of data for problematic
functions or subfunctions of up to six or seven vari-
ables, where the examples themselves may contain
numerous other (irrelevant) variables as well.

1 Introduction
Algorithms for the top-down induction of decision trees
(TDIDT) are among the most widely used algorithms for
machine learning, data mining and statistical classifica-
tion. TDIDT implementations such as ID3 [Quinlan, 1983],
C4.5 [Quinlan, 1997], C5.0 (www.rulequest.com) and CART
[Breiman et al., 1984] are easy to use and (often) produce
human-comprehensible models. Nevertheless, TDIDT algo-
rithms are well-known to be myopic because of their greedy
strategy for choosing split variables, or internal node labels.
This myopia is at its worst when the data are labeled accord-
ing to parity functions such as exclusive-or (2-bit odd parity,
denoted by�). These and related other problematic functions
naturally arise in real-world data. For example, in fruitfly ex-
periments, flies that are either male and have an active Sxl
gene or that are female and have an inactive Sxl gene survive,
while other flies die; hence survival is an exclusive-or func-
tion of gender and Sxl activity (Table 1).

Of course, parity and parity-like functions are also prob-
lematic for other machine learning or statistical algorithms
that employ (explicitly or implicitly) a linear assumption in
order to gain efficiency. Such models include perceptrons,
logistic regression, linear support vector machines, Fischer’s
linear discriminant and naive Bayes. They also include any of

Gender Female Sxl active Survival
0 0 0
0 1 1
1 0 1
1 1 0

Table 1: Truth table for Drosophila (fruitfly) survival based
on gender and Sxl gene activity.

a variety of data analysis approaches that employ an informa-
tion gain or Kullback-Leibler divergence filter to do variable
selection or to control computation time, for example as in the
sparse candidate algorithm for learning Bayesian networks
[Friedman et al., 1999]. The inability of such approaches to
learn functions like� is frequently noted, for example, in the
context of analyzing gene expression microarray data [Fried-
man et al., 1999; Szallasi, 2001].

In TDIDT algorithms, the myopia of the search can be re-
duced at the cost of increased computation time. The stan-
dard approach is through depth-k lookahead [Norton, 1989],
where the default for TDIDT algorithms is depth-1 looka-
head. However, the time to perform a split grows exponen-
tially with k, and problematic functions remain no matter how
large a k is chosen.

The purpose of this paper is to introduce an alternative ap-
proach to problematic functions such as parity, which does
not incur the high computational cost of lookahead. The ap-
proach relies on the observation that these functions are not
actually problematic if the distribution over the data is signif-
icantly different from uniform. In such cases other functions
may become problematic for TDIDT algorithms, but func-
tions such as exclusive-or become relatively easy. Hence we
first observe that TDIDT algorithm performance on a data set
can be improved if the algorithm has access to a second, sig-
nificantly different distribution over the data. Of course such
a second distribution often is unavailable. Therefore, we next
show how the second distribution often can be simulated by
skewing the data from the first distribution. We note that the
present paper focuses entirely on classification, ignoring re-
gression trees, or trees that predict continuous outputs at their
leaves. Furthermore, we limit our entire discussion to TDIDT
algorithms that perform only binary splits, although the data
may use variables that can take more than two values.

601LEARNING



x1 x2 x3 f

0 0 0 1
1 0 1 0
0 1 0 0
0 1 1 1

Table 2: For subfunctions at each of x2 = 0, x2 = 1, x3 = 0

and x3 = 1, the fraction of assignments that are positive is 1

2
,

as for f itself. Hence x2 and x3 have zero gain, while x1 has
nonzero gain according to both entropy and Gini.

2 Review of Lookahead for Hard Functions
We assume the reader is familiar with the approach of TDIDT
algorithms. The assumed familiarity includes a knowledge of
the commonly-used functions to measure node purity, such as
entropy [Quinlan, 1997] or Gini index [Breiman et al., 1984].
It also includes familiarity with the greedy heuristic of choos-
ing to split on the variable that maximizes the improvement,
or gain, in the node purity score. We now review the notions
of problematic functions and lookahead. For ease of discus-
sion, this section limits itself to two-class problems, where
the classes are positive and negative.

For the various node purity functions employed by differ-
ent TDIDT algorithms, splitting on a variable xi can yield
a non-zero gain only if the class distribution changes for at
least one of the values (or ranges) that xi can take. If the
distribution of classes is the same for every value of xi (or
range) then xi will have zero gain according to any node pu-
rity measure in common usage. As an example, in Table 2
the variable x1 has non-zero gain according to either Gini or
entropy, whereas the variables x2 and x3 have zero gain.

Consider a data set drawn from a uniform distribution over
binary-valued variables x1; x2 � � �x100, labeled according to
the target function x99 � x100. Even if we are fortunate
enough to have a complete data set—one occurrence of each
truth assignment over x1 � � �x100—it is clear that for every
variable xi, the class distribution is exactly the same whether
xi is 0 or 1. So, regardless of how large a uniform sample
we choose to draw, a variable will have non-zero gain only
because of chance. Thus, the probability that one of the cor-
rect variables (x99 or x100) will have a higher gain than every
one of the incorrect variables is extremely low. Hence the
learning task is virtually impossible for a TDIDT algorithm.

With depth-2 lookahead the preceding task becomes triv-
ial. A depth-2 lookahead from a given node chooses not only
the next split variable, but also the split variables at the next
level. A TDIDT algorithm augmented in this way will con-
sider among the possible depth-2 trees the two shown in Fig-
ure 1, each of which will have the maximum possible gain.
For any reasonably large data set, with high probability all
other depth-2 trees will have gain only marginally different
from zero. Hence we see that with depth-2 lookahead,� be-
comes easy. Because depth-2 lookahead is repeated at every
step in tree construction, many other functions that have 2-
variable� as a subfunction become easy.

Of course, depth-2 lookahead comes with a price. Where n
is the number of variables and m is the number of examples,
the time to choose the split goes fromO(mn) toO(mn3), be-

1 010

0

0 0 11

1

1 010

0

0 0 11

1

x99x100

x99

x100

x100

x99

Figure 1: Two trees representing x99 � x100

x1 x2 x3 f1 f2 f3 f4 f5 f6
0 0 0 0 0 0 0 1 0
0 0 1 1 1 1 0 0 0
0 1 0 1 0 1 1 0 0
0 1 1 0 0 0 0 0 1
1 0 0 0 0 1 0 0 1
1 0 1 1 0 0 1 0 0
1 1 0 1 1 0 0 0 0
1 1 1 0 0 1 0 1 0

Table 3: Six of the 12 functions over three variables that
are problematic even using depth-2 lookahead. The other six
problematic functions are the inverses of these.

cause labels have to be selected for three nodes from among n
variables. Furthermore, there are many functions that require
a higher lookahead. For example, suppose we have examples
constructed from variables x1 � � �x100 and the target is one of
the functions in Table 3 involving x1, x2, and x3. Even with
depth-2 lookahead, TDIDT is highly likely to choose incor-
rect variables. These problems can be solved with depth-3
lookahead, but the time to choose a split becomes O(mn7),
and other problematic targets remain even then.1

3 Motivation for Skewing
Consider the first target function discussed in the previous
section, x99 � x100, but now suppose the data are distributed
differently from uniform. For example, we might introduce
dependencies not present in the uniform distribution: for ev-
ery odd number i, 1 � i � 99, if xi is 0 then xi+1 has proba-
bility 0:99 of being 1. Or we might suppose all variables are
independent as in the uniform distribution, but every variable
has probability only 1

4
of taking the value 0. In either case,

with a large enough sample we expect that the class distribu-
tion among examples with x99 = 0 will differ significantly
from the class distribution among examples with x99 = 1.

To examine the preceding claim more closely, consider the
second distribution, where each variable has probability 1

4
of

being 0. If we draw a sample of 400 examples, we expect
roughly 100 of these to have x99 = 0 and roughly 300 to

1We can reduce this super-exponential growth of lookahead to
“mere” exponential growth and still address parity-like functions if
we require the tree to be ”leveled”—all nodes at a level are labeled
by the same variable. But even this non-standard lookahead proce-
dure imposes a high computational burden.
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have x99 = 1. Of the 100 with x99 = 0, we expect roughly
3

4
of these, or 75, to have x100 = 1 and hence to belong to

the positive class. Of the 300 with x99 = 1, we expect only 1

4

of these, or 75 again, to belong to the positive class (to have
x100 = 0). Hence the fraction of positive examples is quite
different for the two values of x99: 3

4
of the examples with

x99 = 0 are positive, while 1

4
of the examples with x99 = 1

are positive. As a result x99 (and x100) will have non-zero
gain; for instance, information gain is roughly 0:19 (out of
maximum 1:0 possible) and Gini gain is roughly 0:06 (out
of maximum 0:25 possible). On the other hand, every vari-
able other than x99 or x100 is likely to have nearly zero gain.
Hence unless a highly unlikely sample is drawn, a TDIDT al-
gorithm will choose to split on either x99 or x100, at which
point the remainder of the learning task is trivial.

Notice that in the preceding discussion, moving to our sec-
ond distribution changed the marginal distribution for every
variable, not just for those in the target. It would have re-
vealed the correct variables if the target function had been
x2 � x69 or even one of the problematic functions of three
variables in Table 3. Notice also that the important aspect
of the second distribution was that it changed the frequency
distributions for the variables; the specific change for any
variable could have gone the other way—to probability 3

4
of

taking value 0—and the second distribution still would have
given non-zero gain to exactly the variables in the target.

From the preceding discussion we conclude that if we have
access to two distributions that are “different enough,” then
choosing good variables to split on becomes relatively easy.
However, in real-world problems we rarely have access to two
different distributions over the data, or the ability to request
data according to a second distribution that we choose. In-
stead, the next section discusses how in practice we can simu-
late a second distribution different from the first. We call this
procedure skewing. The simulation approach tends to mag-
nify idiosyncrasies in the data set, for example, introducing
some dependencies that were not present in the original dis-
tribution. Nevertheless, our experiments indicate that, if the
data set is large enough, the magnification of idiosyncrasies
is not a major problem.

4 Skewing Algorithm
The desired effect of the skewing procedure is that the skewed
data set should exhibit significantly different frequencies
from the original data set. Because we cannot draw new ex-
amples, we change the frequency distributions for variables
by attaching various weights to the existing examples. The
procedure initializes the weight of every example to 1. We
next present the details of the re-weighting procedure for
binary-valued variables only. Nominal variables can be con-
verted to binary variables. We discuss extensions to continu-
ous variables in Section 7.

We may assume that every variable takes the value 0 in
at least one example and takes the value 1 in at least one
example—otherwise, the variable carries no information and
can be removed. For each variable xi, 1 � i � n, we ran-
domly, uniformly (independently for each variable) select a
“favored setting” vi of either 0 or 1. We then increase the

weight of each example in which xi takes the value vi, by
multiplying the weight by a constant; for the sake of illustra-
tion, suppose we double the weight.

At the end of this process, each example has a weight be-
tween 1 and 2

n. It is likely that each variable has a signif-
icantly different weighted frequency distribution than previ-
ously, as desired. But this is not guaranteed. For example,
suppose the original data set consists of 100 truth assignments
over variables x1 and x2. Suppose further that in half of these
examples x1 = 0 and x2 = 1, and in the other half x1 = 1

and x2 = 0. If the favored setting for each variable happens
to be 1, then all examples get assigned weight 2, so the new
frequency distribution for each variable is the same as the
original frequency distribution. In addition to this potential
difficulty, a second difficulty is that this process can magnify
idiosyncrasies in the original data. For instance, suppose we
have a data set over x1; :::; xn, and (for simplicity) the favored
setting for each variable is 1. If we happen to have one ex-
ample with many variables set to 1, it will get an inordinately
high weight compared with other examples, potentially giv-
ing some insignificant variable a high gain. Can we mitigate
these potential problems with the skewing procedure?

The difficulties in the preceding paragraph occur with some
data sets combined with some choices of favored settings.
Other selections of favored settings for the same data set may
leave other variables’ frequencies unchanged, but it is rela-
tively unlikely they will leave the same variables’ frequencies
unchanged. Furthermore, while other selections of favored
settings may magnify other idiosyncrasies in the data, it is
unlikely they will magnify the same idiosyncrasies. There-
fore, instead of using skewing to create only a second dis-
tribution, we use it to create some number T of additional
distributions. The T different distributions come about from
randomly (without replacement) selecting T different combi-
nations of favored settings for the n variables according to a
uniform distribution. To ensure that tree construction is not
thrown off course by any single bad distribution (either orig-
inal or skewed), the tree construction process is modified as
described in the following paragraph.

Suppose we have T + 1 weightings of the data (the origi-
nal data set plus T reweighted versions of this data set), and
we are considering a split. We score each of the n variables
against each of the T + 1 weightings of the data. A variable
that is not part of the target function should have nearly zero
gain on every weighting, although as already noted, it may
occur that on some weightings some of these variables can
achieve high gain. But only variables that appear in the tar-
get should have significantly non-zero gain on most of the
weightings (though not necessarily on all). Therefore, we
set a gain threshold, and the variable that exceeds the gain
threshold for the greatest number of weightings is selected as
the split variable. Our expectation is that the selected variable
is highly likely to be correct in the sense that it actually is a
part of the target function. Yet the time for choosing the split
remains O(mn), in contrast to lookahead. We have increased
the run-time only by a small constant.

Pseudocode for the algorithm is shown in Algorithm 1.
Rather than actually doubling or tripling weights, the algo-
rithm takes a parameter 1

2
< s < 1. The weight of an ex-

603LEARNING



Algorithm 1 Skewing Algorithm
Input: A matrix D of m data points over n boolean

variables, gain fraction G, number of trials T ,
skew 1

2
< s < 1

Output: A variable xi to split on, or �1 if no variable with
sufficient gain could be found

1: N ( Entropy of class variable in D
2: v ( Variable with max gain in D
3: g ( Gain of v in D
4: if g < G�N then
5: v ( �1

6: for i = 1 to n do
7: F (i)( 0

fbegin skewing loopg
8: for t = 1 to T do
9: for i = 1 to n do

10: V (i)( Randomly chosen favored value for xi
11: for e = 1 to m do
12: W (e) = 1

13: for i = 1 to n do
14: if t > 1 then
15: if D(e; i) = V (i) then
16: W (e)( W (e)� s
17: else
18: W (e)( W (e)� (1� s)
19: N ( Entropy of class variable in D under W
20: for i = 1 to n do
21: E ( Gain of xi under distribution W
22: if E � G�N then
23: F (i)( F (i) + 1

fend skewing loopg
24: j ( argmaxF (i)
25: if F (j) > 0 then
26: return xj
27: else
28: return v

ample is multiplied by s if xi takes preferred value vi in the
example, and is multiplied by 1 � s otherwise. Hence for il-
lustration, if s is 2

3
, the weight of every example in which xi

takes value vi is effectively doubled relative to examples in
which xi does not take value vi.

Our hypothesis is that in practical experiments the new al-
gorithm will run somewhat slower than an ordinary TDIDT
algorithm, only by a constant factor. It will rarely produce
trees with lower accuracy than those of an ordinary TDIDT
algorithm. It will often produce trees with slightly to moder-
ately higher accuracy—when the target contains one or more
problematic subfunctions. And it will sometimes produce
trees with much higher accuracy—when the target is itself a
problematic function. When the target is a problematic func-
tion over many variables, even after skewing the gain of any
individual variable in the target is likely to be small. There-
fore, we also hypothesize that unless the data set is large, the
benefits of the skewing approach will not apply to problem-
atic target functions of five or more variables. Note that while
a large number of variables in the target reduces the potential
gain, the number of variables in the examples does not. The

following section describes the experiments designed to test
the preceding hypotheses.

5 Experiments
In this section, we discuss experiments with synthetic and real
data, designed to test the hypotheses in the preceding para-
graph. In addition, the question arises of whether problematic
functions or subfunctions occur with high enough frequency
to justify the additional work of skewing. The experiments
in this section also address that question. We begin with a
discussion of experiments using synthetic data, where target
functions as well as examples are drawn randomly and uni-
formly, with replacement. In these experiments we compare
simple ID3 against ID3 with skewing. We selected ID3 to
eliminate issues to do with more sophisticated pruning. The
parameters input to the skewing algorithm (algorithm 1) were
T = 30, s = 3

4
and G = 0:05. These parameters were cho-

sen before the experiments and were held constant across all
experiments. Improved results could perhaps be obtained by
tuning s and G.

In the first set of experiments with synthetic data, exam-
ples are generated according to a uniform distribution over
30 binary variables. Target functions are drawn by randomly
generating DNF formulae over subsets of 3 to 6 of the 30
variables. The number of terms in each target is drawn ran-
domly, uniformly from between 1 and 25, and each term is
drawn by choosing for each variable whether it will appear
negated, unnegated, or not at all (all with equal probabilities).
All targets are ensured to be satisfiable. Examples over the
30 variables that satisfy the target are labeled positive, and all
other examples are labeled negative. Figures 2-5 show learn-
ing curves for different target sizes. Each point on each curve
is the average over several runs, each with a different target
and with a different sample of the specified sample size.

In general, these figures fit our expectations. Both algo-
rithms perform well but skewing provides slightly yet consis-
tently better results (we note that the differences are not sta-
tistically significant). Probably the difference is skewed ID3
is less likely than ordinary ID3 to include irrelevant variables,
particularly when faced with problematic functions. One sur-
prise is that the figures indicate that an ordinary TDIDT al-
gorithm outperforms skewing on average when the sample
size is small relative to target size. As sample size grows, a
crossover point is reached after which skewing consistently
outperforms the ordinary TDIDT algorithm. Furthermore,
the sample size required for effective skewing grows with the
number of variables in the target, although these results alone
do not make clear the order of this growth. It may well be ex-
ponential, because target complexity can grow exponentially
with the number of variables in the target. Further experi-
ments are needed to explore the order of this growth. This ob-
servation implies a limitation of skewing—that skewing may
be undesirable for learning tasks with small samples or target
concepts that potentially employ many variables.

The next set of experiments focuses on the problematic
functions alone. The methodology is the same as before,
with the following exception. Targets are drawn randomly
from functions that can be described entirely by variable co-
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Figure 2: Three-Variable Targets
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Figure 3: Four-Variable Targets
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Figure 4: Five-Variable Targets
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Figure 5: Six-Variable Targets
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Figure 6: Three-Variable Hard Targets
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Figure 7: Four-Variable Hard Targets
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Figure 8: Five-Variable Hard Targets
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Figure 9: Six-Variable Hard Targets
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Data Set Standard ID3 ID3 with Skewing
Heart 71.9 74.5
Voting 94.0 94.2

Voting-2 87.4 88.6
Contra 60.4 61.5

Monks-1 92.6 100.0
Monks-2 86.5 89.3
Monks-3 89.8 91.7

Table 4: Accuracies of ID3 and ID3 with skewing on 4 UCI data
sets. Heart is Cleveland Heart Disease, Voting is Congressional
Voting, Contra is Contraceptive Method Choice, and Monks-x are
the Monk’s problems. Voting-2 is the same as Voting, with one fea-
ture (physician-fee-freeze) removed to make the problem
more difficult.

references together with the standard logical connectives and,
or, and not. Many such functions exist, and for all such func-
tions, even given a complete data set, no variable has gain.
Examples of such functions are exclusive-or and exclusive-
nor, and all those in Table 3. Figures 6-9 show the results for
these experiments.

We observe that if the target is a problematic function,
skewing outperforms standard ID3 by a wide margin. The
difference in accuracy was statistically significant — the 95%
confidence intervals around each sample point in these graphs
do not overlap once the sample sizes become moderately
large. We repeated the experiment with 6-variable hard tar-
gets with 5000 examples to verify that skewing did indeed
achieve 100% accuracy (in our noise-free setting) in this case.
We also verified this behavior for 7 and 8 variable targets.

In addition to the preceding experiments, we also com-
pared ID3 against ID3 with skewing on several data sets in the
UCI machine learning repository [Blake and Merz, 1998] us-
ing 5-fold cross validation. For these data sets, we discretized
continuous variables by binning. Further, nominal variables
were binarized using the standard 1-of-N representation. The
results of these experiments appear in Table 5. In this case,
we do not know whether the target concepts involve problem-
atic subfunctions except for the concepts in the Monk’s prob-
lems, where the first two involve problematic subfunctions.
The only task for which there is a significant difference in ac-
curacy is the first Monk’s problem, which has an exclusive-or
subfunction. We believe the reason ID3 with skewing does
not dramatically outperform ID3 on the second Monk’s prob-
lem is that the number of training instances is small (169) rel-
ative to the target function. We verified this by constructing a
larger data set of 2000 examples using the concept that gen-
erated this data. In this case, skewing achieves an accuracy of
95%, while standard ID3 achieves 80%.

In the experiments reported in Figures 2-5, the run-time
for ID3 with skewing was on average a constant times the
run-time for ordinary ID3, regardless of sample size or target
size. This constant was (roughly) equal to our value for T in
Algorithm 1, 30. In the experiments involving hard targets,
we observed that as sample size increased, ID3 with skewing
became more efficient relative to ID3. This can be explained
by the fact that though it takes more time to choose a split,
ID3 with skewing chooses many fewer splits when the target
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Figure 10: Time complexity of ID3 with skewing relative to stan-
dard ID3 for hard targets. The y axis represents the ratio of the aver-
age time taken by ID3 with skewing to induce a tree against the same
quantity for standard ID3 for hard targets. Observe that, though the
ratio is close to our value for T for small samples, it drops rapidly
as the sample size increases, and the final value is much smaller.

is a hard function. In this case, the constant-factor overhead
for skewing is significantly smaller than T . This behavior is
shown in Figure 10. Thus in all cases, provided the sample is
sufficiently large, skewing provides benefits similar to looka-
head, but with only a constant increase in run-time. This is
the primary result of the paper.

6 Related Work
A natural question to ask of the preceding results is whether
they could as easily be obtained by other techniques that ef-
fectively re-weight the data. We know of two such related
techniques: boosting [Freund and Schapire, 1997] and bag-
ging [Breiman, 1996] (sampling with replacement may be
thought of as providing a re-weighting of the data).While
these techniques were not developed to enable tree induc-
tion algorithms to address problematic functions, it is pos-
sible that their re-weighting schemes might nevertheless be
successful in this task. Therefore, we ran ID3 with each of
these re-weighting techniques on hard targets, using the same
methodology as in the preceding section. We also ran ID3
with a procedure that randomly reweighted the data as in the
data perturbation approaches of Elidan et al[2002]. We ob-
served that ID3 with each of the three re-weighting schemes
performed on average no better than ordinary ID3. Hence we
conclude that the benefit of skewing comes from the type of
re-weighting being performed, not merely from the general
notion of re-weighting.

7 Conclusions and Future Work
We have shown that the advantages of lookahead for decision
trees can be obtained with only a constant increase in run-
time, rather than a super-exponential increase, by the process
of skewing. Nevertheless, the approach has limitations that
need to be addressed in future work. It also has potential ap-
plications beyond decision trees, to be investigated in future
work. The remainder of this section briefly outlines these di-
rections.
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Decision tree induction algorithms often are applied to data
sets that involve some continuous variables in addition to
nominal variables only. Therefore, one direction for further
work is to extend the skewing algorithm to handle continuous
variables. Here we briefly outline a natural such extension
that we plan to test in future work. For continuous variables,
the favored value is either less or greater than the split point,
rather than 0 or 1. This makes skewing trickier because we
do not know ahead of time what split point will be chosen.
Hence for each continuous value v that a variable x takes in
the data set, we compute the probability that v will be less
than or greater than the split point. To do this computation,
we might assume the split point is drawn from a uniform dis-
tribution over the values that x takes in the data set. We can
then reweight an example with the expected weight over all
possible split points. For example, suppose we have 100 ex-
amples, and the favored value for a variable x is less. An ex-
ample that takes the tenth lowest value for x has probability
0:9 of being lower than the split point. Hence the weight of
this example will get multiplied by (0:9)(2)+(0:1)(1) = 1:9.

Second, while we have demonstrated that skewing works
for parity and other problematic functions of up to seven vari-
ables, for more variables it appears that large numbers of ex-
amples (at least several thousand) will be required. If the
number of examples is too small relative to the size of the
problematic portion of the target, then skewing can cause pre-
dictive accuracy to degrade somewhat, though the reason for
this is not entirely clear. Hence if a data set is small it may be
desirable to try both skewed and normal versions of the tree
learner. In spite of this limitation, skewing makes it possible
to gain the effect of five- or six- step lookahead where only
2- or perhaps 3-step lookahead was computationally feasible
previously.

The third direction for future work is to address high-
dimensional data sets. The skewing approach may have trou-
ble with such data sets for the following reason. If each data
point has thousands of features, then one data point is likely to
get a much higher weight than all others (to have many more
variables with the preferred values), merely by chance, lead-
ing to a model that overfits this data point. One solution may
be to lessen the degree of skewing. This and other approaches
should be tested on high-dimensional data sets.

We would also like to apply the skewing approach to other
types of learning algorithms that have trouble with similar
hard functions. To focus on a specific algorithm for illus-
tration, the introduction noted that the sparse candidate algo-
rithm for learning Bayesian networks [Friedman et al., 1999]
was susceptible to functions like exclusive-or. This suscepti-
bility is because of its use of information gain or more gener-
ally Kullback-Leibler divergence to narrow the candidate par-
ents for any given node. For example, suppose the variables
x1 and x2 together are highly predictive of the value of x3
and hence would be excellent parents of x3, as shown in the
Bayesian network fragment in Figure 11. If x1 and x2 are in-
dependent of one another and take the value 0 roughly half of
the time, then among tens or hundreds of other variables nei-
ther x1 nor x2 is likely to be considered as a candidate parent
for x3. Nevertheless, if several skewed versions of the data
are used to select candidate parents (a variable is a potential

X1   X2        Pr(X3)
X1 X2

X3  1       0

      0       1

       0.01   0.99
 0       1      0.02   0.98
 0       0      0.99   0.01

 1       1      0.97   0.03

Figure 11: Variable x3 is an approximation of x1 � x2

parent if it scores well according to most of the skews), then
x1 and x2 are likely to be selected. Modifying the sparse can-
didate algorithm is an intriguing direction for further work.
More generally, we believe the skewing approach presented
in this paper may be applicable to a wide variety of learning
algorithms, in addition to decision trees.
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