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Abstract
We study the problem of agents negotiating pe-
riods of time during which they can have use of
resources, thus allowing for the sharing of re-
sources. We define a multi-stage negotiation frame-
work where agents, in order to obtain resources,
step through a sequence of stages, each charac-
terised by an increased chance of a mutually agree-
able deal but at the price of disclosing more and
more information. In the sequence, the agents may
agree to move to the next stage if the previous stage
fails to produce a deal amongst them. In this pa-
per, we concentrate on two early negotiation stages,
characterised by minimal disclosure of informa-
tion. Thus, the agents negotiating at these stages
can be thought of as “minimally intrusive”.

1 Introduction
Negotiation of resources is an important research area in
multi-agent systems. In general, agents may negotiate to ob-
tain resources that they are missing but that are necessary to
carry out their plans. In this paper, we assume that negotiation
for resources takes place within the framework of [Sadri et
al., 2002], where the knowledge of the agents is represented
as a tuple < B,R, I,D,G > with B: beliefs about the world,
the self and the other agents, as well as the negotiation poli-
cies of the agent; R: initially owned resources; I: intentions,
i.e., the plans1 that the agent intends to carry out, in order to
achieve its goals, together with the resources required for that
plan; D: store of past dialogues; and G: agent goals.

We extend [Sadri et al., 2002] to negotiate not just re-
sources, but also time windows during which resources
can be used by agents, thus allowing for sharing of (non-
consumable) resources over time, The extended framework
allows solutions for a wider range of resource re-allocation
problems. In the extended framework, agent intentions are

∗This work is partially funded by the IST programme of the Eu-
ropean Commission under the IST-2001-32530 SOCS project.

1It is beyond the scope of this paper to provide a general and
exhaustive representation of the agent knowledge. Instead, we con-
centrate on those elements relevant to the resource sharing problem.
In particular, for simplicity, we identify here intentions with plans.

sets of activities. Drawing inspiration from [El Sakkout and
Wallace, 2000], we model an activity a (a is a unique identi-
fier) as a tuple < a,Ra, Da, T sa, T ea > denoting that a re-
quires resource Ra, has duration Da, earliest start time Tsa,
latest end time Tea. Note that, without loss of generality,
we assume that each activity requires only one resource 2. In
the extended framework, the knowledge of agents includes a
(possibly empty) concrete schedule Î for activities, where if
< a, ts, te >∈ Î then < a,R,D, Tsa, T ea >∈ I, such that
te − ts = D, ts ≥ Tsa, and te ≤ Tea.

We develop negotiation protocols and policies that allow
agents to exchange resources and strike deals for agreed time
windows. We introduce a multi-stage process of negotiation,
each characterised by a protocol and a policy. A higher stage
involves more information passing between agents and more
sophisticated negotiation, possibly including re-planning by
the agents aimed at trying to help satisfy each other’s con-
straints and requirements. The following example illustrates
the sort of problems and solutions we propose in this paper.
Example 1 Let x and y be two agents. x’s intentions contain
an activity a requiring a resource r, < a, r, 3, 1, 5 >∈ Ix.
y’s intentions contain an activity b also requiring r. x owns
r from time 1 to 3 and from time 5 onwards, and y owns r
from time 3 to 5. x needs r for three consecutive time slots
between 1 and 5, but it currently owns r for only two time
slots. Let us consider the three scenarios below.

1. < b, r, 1, 4, 10 >∈ Iy . The problem is solved by y
agreeing to give r to x for [3, 4].

2. < b, r, 1, 3, 10 >∈ Iy and y has a concrete schedule
Îy =< b, 3, 4 > for b to be carried out between 3 and
4. The problem is solved by y agreeing to postpone its
schedule by 1 time slot and giving r to x for [3, 4].

3. < b, r, 2, 3, 10 >∈ Iy . y cannot give r away, because
otherwise b becomes unfeasible. The problem can be
solved by an exchange: y agrees to give r away to x for
[3, 4], in return for x giving r to y for [5, 6]. �

2 Background and Preliminaries
In this section we review and adapt some concepts from back-
ground papers, needed in the rest of the paper.

2Indeed, it is possible to model any activity requiring multiple
resources by a number of activities, one for each resource, with the
same duration and times.
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Definition 1 An agent system is a finite set S, with at least
two elements, where each x ∈ S is a ground term, represent-
ing the name of an agent. All elements of S are distinct (agent
names must be uniquely identifiable). Each agent x ∈ S is
equipped at each time τ ∈ N with a knowledge base Kx,τ ,
namely a tuple < Bx,Rx, Ix,Dx,τ ,Gx, Îx,τ >, as explained
in the introduction.

Note that, in this paper, we assume that the only parts of
the knowledge base of an agent that change over time are the
dialogue store, which grows in time, and the concrete sched-
ule. We will also assume that, in Ix, all activities that require
the same resource have disjoint time windows. In the sequel,
when clear from the context, we will sometimes refer to the
knowledge base of an agent x simply as Kx or K.
Definition 2 Let S be an agent system. Let Res be a set
of resources.3 Let Res × N × N −→ S be the resource
allocation in the system at time τ (this can be determined,
for example, from R and D of all agents at time τ ). The
allocation of resources is defined for time periods [Ts, Te],
Ts ≥ 0, Te ≤ Tmax, where Tmax is the maximum schedul-
ing time, defined as follows:

Tmax
def
= max

x∈S
{TE | < , , , , TE >∈ Ix}.

The negotiation process we will define modifies the re-
source distribution in the agent system through time. The
Temporal Resource Reallocation Problem (T-RRP) is the
problem of answering to the following question: Does there
exist a time τ during the negotiation process when the re-
source distribution is such that each agent has the resources it
requires for time periods that would allow it to perform the ac-
tivities in its intention, within their specified time windows?

The purpose of this work is to show how it is possible to
find a solution to the T-RRP (when one exists) by using agents
that negotiate by means of dialogues. We will assume that all
agents in a system share the same communication language,
in terms of syntax, semantics, ontology, and pragmatics. We
refer to [Sadri et al., 2002] for a formal definition of a lan-
guage for negotiation. In brief, a language defines the set of
allowed dialogue moves. Each dialogue move is coded into a
tell predicate, which has 5 arguments: sender, receiver, con-
tent, dialogue identifier, and time of the move. We will use
the communication language L1−TW , defined below:
Definition 3 L1−TW = {

tell(X,Y,Content,D, T ) | Content ∈
{ (1) request(give(R, (Ts, Te)))

(2) accept(request(give(R, (Ts, Te))))
(3) refuse(request(give(R, (Ts, Te))))
(4) promise(R, (Ts, Te), (Ts′, T e′))
(5) change(promise(R, (Ts, Te), (Ts′, T e′)))
(6) accept(promise(R, (Ts, Te), (Ts′, T e′))) }}

where Ts, Te are positive integers between 0 and Tmax, for
all dialogue moves, Ts < Te, and for (4)–(6), Ts′ < Te′.

The first three moves are of intuitive meaning. (4) is used
by X to propose a deal (promise): X will give R to Y for

3Without loss of generality, we assume that all resources in the
system are non-consumable (for resource reallocation, consumable
resources differ from non-consumable ones in that the former can
be allocated only for maximal intervals [0, Tmax], and not for any
sub-intervals, where Tmax is given below in the definition).
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Figure 1: Protocol for Stage 1
the interval [Ts′, T e′] if Y will give R to X for the interval
[Ts, Te]. (5) is used to refuse a proposed deal and ask for a
new one (there is no refuse promise move which only termi-
nates a protocol), (6) is used to accept a deal.

Given a language for negotiation L, we define the set of
final moves F(L). In particular, F(L1−TW ) is the subset of
L1−TW that contains all the moves whose content is (2), (3)
or (6).

Dialogues can be generated by means of policies, held by
the knowledge base of the agents.
Definition 4 Policies are expressed as dialogue constraints of
the form pi ∧C ⇒ pi+1, where pi and pi+1 are moves. The
conditions C are to be evaluated in the knowledge base of the
agent or in extensions to it. The intended use of these policies
is that if the agent receives a move pi, and the conditions C
are satisfied in its knowledge base, the agent generates pi+1.
An operational model for policies is defined in [Sadri et al.,
2002].
Definition 5 Given an agent system S equipped with a lan-
guage for negotiation L and two agents X and Y in S
equipped with policy Pol, a dialogue induced by Pol be-
tween X and Y is a set of ground dialogue moves in L,
{p0, p1, p2, . . .}, such that, for a given set of time lapses
0 ≤ τ0 < τ1 < τ2 < . . .:

1. ∀ i ≥ 0, pi is uttered at time τi;
2. ∀ i ≥ 0, if pi is uttered by agent X (viz. Y ), then pi+1

(if any) is uttered by agent Y (viz. X);
3. ∀ i > 0, pi can be uttered by agent U ∈ {X,Y } only

if there exists a (grounded) dialogue constraint in Pol,
pi−1 ∧ C ⇒ pi s.t. KU,τi−1

∧ pi−1 ` C;
4. there is an identifier D such that, ∀ i ≥ 0, the dialogue

identifier of pi is D;
5. ∀τ , τi−1 < τ < τi, ∀i > 0 s.t. pi and pi−1 belong to the

dialogue, there exist no moves at τ with either X or Y
being either the receiver or the utterer.

A dialogue {p0, p1, . . . pm}, m ≥ 0, is terminated if pm is a
ground final move, namely pm is a ground instance of a move
in F(L). We say that such a terminated dialogue starts at
time τ0 and ends at time τm.

Note that this definition prevents agents from being in-
volved in more than one dialogue at a time (e.g., dialogues
cannot be nested).

An important property of policies used to induce dialogues
as in Definition 5 is conformance to protocols, known to all
agents involved in the dialogue. A dialogue protocol can be
defined as a set of states, representing the current state of dia-
logue, a set of allowed dialogue moves, and a set of transition
rules that, given a state and a move, produce a state. A pro-
tocol is therefore defined as a finite state machine, consisting
of states and arcs, which has among its states an initial state
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S0, two final states, SF−s (successful termination) and SF−u

(unsuccessful termination), and possibly a number of inter-
mediate states Si. The arcs can be viewed as allowed transi-
tions mapping one state to another given a label. These labels
correspond to the content of moves. An example of protocol
is in Fig. 1. When we show the protocols, we use some ab-
breviations, such as for instance:

request for request(give(R, (Ts, Te))),
refuse req for refuse(request(give(R, (Ts, Te)))).

In order to define the concept of conformance, we define
dialogues in relation with protocols.
Definition 6 Given an agent system S equipped with a lan-
guage for negotiation L, and a protocol P , a dialogue con-
forming to P , between two agents X and Y in S, is a set of
ground dialogue moves in L, {p0, p1, p2, . . .}, such that, for
a given set of time lapses 0 ≤ τ0 < τ1 < τ2 < . . .:

1. 2. 4. 5. as for Definition 5;
3. the content of p0 must label an arc from S0. ∀i, if the

content of pi is the label of an arc into a final state, then
there is no pi+1 in the dialogue. ∀ i, the contents of pi

and pi+1, if they both exist, must be labels, respectively,
of an arc going into a state, and an arc coming out of the
same state.

A dialogue {p0, p1, . . . pm}, m ≥ 0, is terminated if pm is
the label of an arc into a final state.

We are now ready to define the concept of conformance of
policies to protocols.
Definition 7 Given a policy Pol and a protocol P , Pol con-
forms to P if every dialogue induced by Pol is a dialogue
conforming to P .

We define sequences of dialogues for a resource R and an
activity A, between two agents X and Y .
Definition 8 Given an agent system S, a sequence of dia-
logues σ between two agents X and Y in S for a resource R
and an activity A is a set of terminated dialogues between X
and Y , σ = {d0, d1, d2, . . .}, where dj = {pj0, pj1, . . . , pjn}
for all j, such that, for a given set of time lapses 0 ≤ τ0 <
τ1 < τ2 < . . .:

1. ∀ i ≥ 0, di is initiated by X at time τi, and it is termi-
nated at a time τ ′

i < τi+1;
2. @i, j, i 6= j such that pi0 = pj0;
3. ∀i, if di and di+1 are in σ, then di = {pi0, . . . , pin}

and pin = tell(Y,X, refuse( request( give(R, (Ts, Te)
))), di, τ) for some Ts, Te, τ ;

4. ∃ < A,R,D, TS, TE >∈ IX such that ∀i pi0 =
tell(X,Y, request( give(R, (Ts, Te) )), di, τi)) for some
Ts, Te such that Ts ≥ TS and Te ≤ TE;

5. If σ is finite, i.e. σ = d0, . . . , df for some f ≥ 0,
then df = {pf0, . . . , pfn}, the last dialogue in the se-
quence, is such that for some τ, Ts, Te, T

′
s, T

′
e, pfn =

tell(Y,X, accept( request( give(R, (Ts, Te) ))), df ,
τ) or pfn = tell(Y,X, accept( promise(R, (Ts, Te),
(Ts′, T e′) )), df , τ).

We assume the atomicity of sequences of dialogues: agents
will not react to any incoming request about a resource r if
they are participating in an ongoing sequence of dialogues
regarding r, and moreover they themselves will not make a
request for r with respect to another activity while they are
participating in an ongoing sequence of dialogues which they

initiated (an agent cycle very similar to the one in [Sadri et
al., 2002] will achieve this atomicity).

3 Negotiation Stages
We define two different stages of negotiation, each character-
ized by the degree of flexibility of the agents and the amount
of information disclosed and used by them:

Stage 1: Request/flexible schedule
Stage 2: Blind deal

In this section, for each stage we define the protocol, the
policies adopted by the agents, and the properties of the stage.
The properties that we study are (i) conformance of the policy
to the protocol, (ii) properties of single dialogues (termina-
tion and characterization of the class of problems that can be
solved), (iii) properties of sequences of dialogues happening
at that stage, and (iv) subsumption of earlier stages (in terms
of solvable problems). In particular, for each stage we give
an example of a problem that can be solved within it, and an
example of a problem that cannot.

In defining the policies and in stating the results, we rely
upon some predicates, whose formal definition is given in ap-
pendix. We use the notation KX,τ ` p to indicate that at
time τ the knowledge of X entails a certain predicate p. The
proofs of the results are omitted for lack of space.

3.1 Stage 1 - request/flexible schedule
Protocol. The protocol is given in Figure 1.
Policy. The policy is shown in Figure 2: an agent will accept
a request for R if it can find a concrete schedule of its own
activities that does not make use of R during the requested
interval. It will refuse it otherwise, leading to an unsuccessful
final state. Note that it is up to the requesting agent to find
good heuristics to formulate a request or a series of requests
which can be accepted.
Example 2 Let us consider the following example:
Iy = {< a, r, 5, 10, 20 >} Ix = {< b, r, 5, 10, 20 >}
Îy = {< a, 11, 16 >} Îx = ∅
Ry = {have(r, (10, 20))} Rx = ∅

There is no solution if y sticks to Îy: but if y was happy with
a different schedule, e.g. Î ′

y = {< a, 15, 20 >}, then x and
y could both do their activities by sharing resource r. Thus,
this example can be solved by the following negotiation
dialogue d(1) occurring at Stage 1 (i.e., induced by the policy
of Fig. 2):

tell(x, y, request(give(r, (10, 15))), d(1), 1)
tell(y, x, accept(request(give(r, (10, 15)))), d(1), 2) �

Properties. Stage 1 is computationally demanding for the
agent who is replying to a request. The problems that can be
solved at this stage are all those that can be solved by means
of a (possibly empty) modification in the agents’ current
concrete schedule.
(i): protocol conformance. It is possible to prove that the
policy of Stage 1 is conforming to the protocol in Fig. 1.
(ii): properties of single dialogues. A request/flexible sched-
ule interaction enjoys the property of termination. In fact, di-
alogues following this protocol have a fixed number of steps.
Theorem 1 Let us consider a system composed of two
agents, x and y. Then, for all system resources r, all activities

798 MULTIAGENT SYSTEMS



(IC.1) tell(X, y, request(give(R, (Ts, Te))), D, T ) ∧ have(R, (Ts, Te), T ) ∧ ¬ need(R, (Ts, Te), T )
⇒ ∃ T ′ | tell(y,X,accept(request(give(R, (Ts, Te)))), D, T ′) ∧ T < T ′

(IC.2) tell(X, y, request(give(R, (Ts, Te))), D, T ) ∧ have(R, (Ts, Te), T ) ∧ need(R, (Ts, Te), T )
⇒ ∃ T ′ | tell(y,X, refuse(request(give(R, (Ts, Te)))), D, T ′) ∧ T < T ′

(IC.3) tell(X, y, request(give(R, (Ts, Te))), D, T ) ∧ ¬ have(R, (Ts, Te), T )
⇒ ∃ T ′ | tell(y,X, refuse(request(give(R, (Ts, Te)))), D, T ′) ∧ T < T ′

Figure 2: Stage 1 policy for an agent y

a assigned to x, all times τ , and all intervals [Ts, Te] s.t.
Kx,τ ` miss(r, (Ts, Te), a) ∧
Ky,τ ` avail(r, (Ts, Te)),

there exists a dialogue d induced by the policy of Stage 1,
starting at time τ , and ending at time τ ′, such that

Kx,τ ′ ` need(r, (Ts, Te), a, τ ′) ∧
Ky,τ ′ ` indiff(r, (Ts, Te)). Intuitively this theorem

states that if there exists a time window tw such that an agent
x needs r in it and another agent has r available in tw, then
there also exists a dialogue induced by the policy of Stage
1 which solves x’s reallocation problem about r. This intu-
itive understanding of the theorem is the result of the formal
predicate definitions given in appendix.
(iii): properties of sequences. It is up to the agent who is
missing a resource to find good heuristics to formulate the
requests, which can lead to a successful dialogue sequence
(provided it is possible to find a solution at this stage). Given
an agent x, a resource r, and an activity a, one possibility
could be a cycle starting at a time τ where x successively asks
for intervals [Ts, Te] such that Kx,τ ` miss(r, (Ts, Te), a),
until all such intervals are exhausted, or the request for one of
the intervals is accepted. We call this Strategy1.
Theorem 2 Let us consider a system composed of two
agents, x and y, negotiating at Stage 1. Then, for all resources
r in the system, and all activities a assigned to x that require
r, if x follows Strategy1 in its attempt to acquire r from y,
starting at τ with a request for r for an interval [Ts, Te] such
that Kx,τ ` miss(r, (Ts, Te), a), then either the resulting se-
quence of dialogues will be finite and will terminate at a time
τ ′, and Kx,τ ′ ` feas(a, (Ts?, T e?)), for some Ts?, T e?, or
@ Ts′, T e′ such that

Kx,τ ` miss(r, (Ts′, T e′), a) ∧
Ky,τ ` avail(r, (Ts′, T e′)).

(iv): subsumption of earlier stages. Stage 1 subsumes our
previous work done in [Sadri et al., 2002], in the sense that
the resource reallocation problems it solves include those
solved by [Sadri et al., 2002].

We now give a counterexample for Stage 1.
Example 3 Let us consider the following modification of
Example 2, where there is a different initial resource assign-
ment, and different time windows for the activity b (b must be
completed by 15):

Iy = {< a, r, 5, 10, 20 >} Ix = {< b, r, 5, 10, 15 >}
Ry = {have(r, (10, 15))} Rx = {have(r, (15, 20))}

We do not give any concrete schedules for the agents’ activi-
ties since they play no role here. There is no solution to this
problem that can be found at Stage 1. In fact, if y gives away
r, it will not be possible for it to carry out a any more. �
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Figure 3: Protocol for Stage 2
3.2 Stage 2 - blind deal
Protocol. The protocol is shown in Fig. 3. After the initial
move by y, request(give(R, (Ts, Te))), which makes the di-
alogue reach state S1, the other agent x can either accept or
refuse, as in Stage 1, or can propose a deal (promise). Af-
ter a promise, the agent y who made the request can either
accept the deal, causing a successful termination, or refuse it
(change prom), which brings back to S1.
Policy. The policy is shown in Fig. 4.4 An agent will accept a
request about a resource R for the period [Ts, Te] if it would
do it at Stage 1, but it will refuse it only if it does not have any
deal to propose (promise). In particular, an agent x will pro-
pose a deal, in reply to a request made by an agent y, if there
exists an interval [Ts′, T e′], disjoint from [Ts, Te], which has
the following property: Once y obtains R for [Ts′, T e′], it
will not need it anymore for [Ts, Te]. In that case, if y ac-
cepts to give R away for the interval [Ts′, T e′], the negotia-
tion process reaches a successful final state, otherwise x may
continue proposing different deals (if they exist), until y ac-
cepts one (successful termination), or there exist no new ones
to propose, in which case x will refuse the initial request, thus
leading to an unsuccessful final state.

Since there might be several alternative proposals for a deal
at a given time, but we want the agent’s policies to be deter-
ministic, we use in the definition of the policies of an agent
x at Stage 2 a predicate pick((Ts, Te), T ), that at any given
time T uniquely determines a time period, having made ref-
erence possibly to Dx,T and Rx.

Example 3 can be solved by the following negotiation dia-
logue d(2) occurring at Stage 2:

tell(x, y, request(give(r, (10, 15))), d(2), 1)
tell(y, x, promise(r, (15, 20), (10, 15)), d(2), 2)
tell(x, y, accept(promise(r, (15, 20), (10, 15))), d(2), 3)

Properties. At Stage 2 agents are more cooperative than at
Stage 1. This is achieved by both agents – and in particu-

4We use the notation KX,τ ∪ ∆ ` p, where ∆ is a set of atoms,
to mean that KX,τ , enlarged with ∆, entails p.
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(IC.1) & (IC.3) from Stage 1
(IC.4) tell(X, y, request(give(R, Ts, Te)), D, T ) ∧ have(R, (Ts, Te), T ) ∧ need(R, (Ts, Te), A, T )

∧ @ Ts′, T e′ | ¬ have(R, (Ts′, T e′)) ∧ tell(y,X, promise(R, (Ts′, T e′), (Ts, Te)), D, ) /∈ Dy,T

∧ Ky,T ∪ {obtain(R, (Ts′, T e′)), give away(R, (Ts, Te))} ` feas(A, (Ts′, T e′))
⇒ ∃ T ′ | tell(y,X, refuse(request(give(R, Ts, Te))), D, T ′) ∧ T < T ′

(IC.5) tell(X, y, request(give(R, Ts, Te)), D, T ) ∧ have(R, (Ts, Te), T ) ∧ need(R, (Ts, Te), A, T )
∧ pick((Ts′, T e′), T )∧¬ have(R, (Ts′, T e′), T )∧ tell(y,X, promise(R, (Ts′, T e′), (Ts, Te)), D, ) /∈ Dy,T

∧ Ky,T ∪ {obtain(R, (Ts′, T e′)), give away(R, (Ts, Te))} ` feas(A, (Ts′, T e′))
⇒ ∃ T ′ | tell(y,X,promise(R, (Ts′, T e′), (Ts, Te)), D, T ′) ∧ T < T ′

(IC.6) tell(X, y, change(promise(( , ), (Ts, Te))), D, T ) ∧ have(R, (Ts, Te), T ) ∧ need(R, (Ts, Te), A, T )
∧ pick((Ts′, T e′), T )∧¬ have(R, (Ts′, T e′), T )∧ tell(y,X, promise(R, (Ts′, T e′), (Ts, Te)), D, ) /∈ Dy,T

∧ Ky,T ∪ {obtain(R, (Ts′, T e′)), give away(R, (Ts, Te))} ` feas(A, (Ts′, T e′))
⇒ ∃ T ′ | tell(y,X,promise(R, (Ts′, T e′), (Ts, Te)), D, T ′) ∧ T < T ′

(IC.7) tell(X, y, change(promise(R, (Ts′, T e′), (Ts, Te))), D, T )∧ have(R, (Ts, Te), T )∧ need(R, (Ts, Te), A, T )
∧ @ Ts′, T e′ | ¬ have(R, (Ts′, T e′), T ) ∧ tell(y,X, promise(R, (Ts′, T e′), (Ts, Te)), D, ) /∈ Dy,T

∧ Ky,T ∪ {obtain(R, (Ts′, T e′)), give away(R, (Ts, Te))} ` feas(A, (Ts′, T e′))
⇒ ∃ T ′ | tell(y,X, refuse(request(give(R, (Ts, Te)))), D, T ′) ∧ T < T ′

(IC.8) tell(X, y,promise(R, (Ts′, T e′), (Ts, Te)), D, T ) ∧ miss(R, (Ts, Te), A)
∧ Ky,T ∪ {obtain(R, (Ts, Te)), give away(R, (Ts′, T e′))} ` feas(A, ( , ))

⇒ ∃ T ′ | tell(y,X,accept(promise(R, (Ts′, T e′), (Ts, Te)), D, T ′)) ∧ T < T ′

(IC.9) tell(X, y,promise(R, (Ts′, T e′), (Ts, Te)), D, T ) ∧ miss(R, (Ts, Te), A)
∧ Ky,T ∪ {obtain(R, (Ts, Te)), give away(R, (Ts′, T e′))} 0 feas(A, ( , ))

⇒ ∃ T ′ | tell(y,X, change(promise(R, (Ts′, T e′), (Ts, Te)), D, T ′)) ∧ T < T ′

Figure 4: Stage 2 policy for an agent y

lar the agent to whom the request is addressed – to do more
reasoning in order to be helpful in response to requests.
(i): protocol conformance. It is possible to prove that the
policy of Stage 2 is conforming to the protocol in Fig. 3.
(ii): properties of single dialogues. Stage 2 does not enjoy
the fixed dialogue length property of Stage 1, but it termi-
nates if we have a finite scheduling horizon Tmax and we do
not allow the same move twice at different times, in the same
dialogue (which is a reasonable requirement). Stage 2 is com-
putationally more demanding than Stage 1 for both agents.
Theorem 3 Let us consider a system composed of two
agents, x and y, each having an initial resource assignment.
Then, for all resources r in the system, all activities a and b,
all times τ and all intervals [Ts, Te], such that

Kx,τ ` miss(r, (Ts, Te), a) ∧
Ky,τ ` need(r, (Ts, Te), b) ∧
∃[Ts′, T e′] such that Ky,τ ∪ {give away(r, (Ts, Te)),

obtain(r, (Ts′, T e′))} ` feas(b, (Ts′′, T e′′))
for some [Ts′′, T e′′], there exists a dialogue d induced by the
policy of Stage 2, starting at time τ , and ending at a time τ ′,
such that

Kx,τ ′ ` need(r, (Ts, Te), a) ∧
Ky,τ ′ ` indiff(r, (Ts, Te)).

(iii): properties of sequences.
Theorem 4 Let us consider a system composed of two
agents, x and y, negotiating at Stage 2. Then, for all re-
sources r in the system, and all activities a assigned to x
which require r, if starting at time τ x follows Strategy1
to request r from y, either the sequence of dialogues will
terminate at τ ′ after a finite number of dialogues, and

Kx,τ ′ ` feas(a, (Ts?, T e?)) for some Ts?, T e?, or
@ Ts, Te, Ts′, T e′ such that

Kx,τ ` miss(r, (Ts, Te), a) ∧
Ky,τ ∪ {give away(r, (Ts, Te)),

obtain(r, (Ts′, T e′))} ` indiff(r, (Ts, Te)).
(iv): subsumption of earlier stages. More problems can be
solved by Stage 2 than by Stage 1, namely:
Theorem 5 Let us consider a system composed of two
agents, x and y. For all resources r in the system, all ac-
tivities a assigned to x, all times τ and intervals [Ts, Te] s.t.

Kx,τ ` miss(r, (Ts, Te), a) ∧
Ky,τ ` avail(r, (Ts, Te)),

there exists a dialogue d induced by the policy of Stage 2,
starting at time τ , and ending at time τ ′, such that

Kx,τ ′ ` need(r, (Ts, Te), a) ∧
Ky,τ ′ ` indiff(r, (Ts, Te))

Although this enlarges the set of problems that can be
solved, it does not solve, for instance, the problems where
more than one exchange is needed. We now give the follow-
ing counterexample for Stage 2.
Example 4 Let us consider the following modification of
Example 2, where there is a different resource and activity
assignment:
Iy = {< a, r, 2, 10, 55 >, Ix = {< b, r, 5, 10, 20 >}

< c, r, 2, 15, 20 >, } Rx = {have(r, (10, 13)),
Ry = {have(r, (13, 17))} have(r, (17, 20))}

There is no solution to this problem that can be found at Stage
2. In fact, the (minimal) requests that x will make to obtain
r for 5 consecutive time periods are: [13, 15] and [15, 17]. y
may reply to the first one with a deal to obtain r for [10, 12]
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or for [11, 13], neither of which makes x’s activity b feasible.
The same will happen for the second request, which results
in an unsuccessful sequence of negotiation dialogues for a
problem that has a solution. �

4 Discussion
This work benefits from a logic-based high level approach
that facilitates specification and proof of formal properties
and which has an operational model, that forms a bridge be-
tween the system description and implementation. This fea-
ture is difficult to find in most related work: as the negotiation
process becomes more elaborated, it gets harder to find and
prove formal properties as those identified here. In the follow-
ing, we briefly survey similar approaches to agent negotiation
or proposed solutions to the same problem.

Our modelling of constraints draws inspiration from work
on constraint satisfaction for a monolithic system [El Sakkout
and Wallace, 2000]. But our work differs from it both in
context and approach. Our aim is to provide protocols and
policies for a multi-stage process of negotiation in a collab-
orative multi-agent context, whereas their aim is the solution
of T-RRP problems viewed as constraint satisfaction prob-
lems, while minimising changes to concrete schedules. [Har-
rison, 2000] extends such work to multi-agent systems, but
the focus there is again that of minimising changes to exist-
ing schedules, and not on negotiation.

[Conry et al., 1992] proposes an approach to negotiation
based on multiple stages, focusing on coordination degrees.
Progressive stages require that agents solve problems in a
more coordinated way. In the first stage, the agents try to
solve problems independently of other agents’ constraints,
while in the last one it is possible, e.g., to discover that the
overall problem is over-constrained and thus a certain goal is
unfeasible.

There are many issues regarding negotiation that our pa-
per does not address. For example, we do not deal with the
efficiency and timeliness of negotiation. These issues are ad-
dressed in [Kraus et al., 1995] using utility functions.

We are currently working on extending our negotiation
process to a number of further stages, whereby the agents dis-
close to each other more information about their constraints
in order to be able to propose more informed deals for ex-
changes of resources. We would like to stress that we ap-
proach a resource sharing problem from a multi-agent per-
spective: Existing scheduling techniques are likely to outper-
form compared to the negotiation processes outlined in this
work, but they do not generally allow for agent autonomy. In
the final stage of such an approach, where all the constraints
are known, the problem becomes one of distributed constraint
satisfaction. [Yokoo and Hirayama, 2000] reviews a number
of algorithms for such an application.
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Appendix A
KX,τ ` have(R, (Ts,Te), τ) ↔

( Te is Ts + 1 ∧ KX,τ ` have(R, Ts) ) ∨
( Tn is Ts + 1 ∧ Tn < Te ∧KX,τ ` have(R, (Tn, Te), τ) ∧

KX,τ ` have(R, Ts) )
KX,τ ` have(R,T) ↔

( KX,τ ` have initially(R, T ) ∧
@ τ ′ ≤ τ | KX,τ ′ ` give away(R, (Tagiv, T bgiv))) ∧
Tagiv ≤ T ∧ Tbgiv > T ) ∨

( ∃ τ ′ ≤ τ | KX,τ ′ ` obtain(R, (Taobt, T bobt))) ∧
Taobt ≤ T ∧ Tbobt > T ∧ @ τ ′′ ≤ τ |
KX,τ ′′ ` give away(R, (Tagiv, T bgiv))) ∧
Tagiv ≤ T ∧ Tbgiv > T ∧ τ ′ ≤ τ ′′ )

KX,τ ` have initially(R,T) ↔
∃ Ts, Te | have(R, (Ts, Te)) ∈ RX ∧ Ts ≤ T ∧ Te > T

KX,τ ` give away(R, (Tagiv, T bgiv))) ↔
∃ tell(X, , Subject, , τ) ∈ DX,τ |
Subject ∈ {accept(request(give(R, (Taobt, T bobt)))),
accept(promise(R, (Taobt, T bobt), ( , )))} ∨
∃ tell( , X, Subject, , τ) ∈ DX,τ |
Subject ∈ {accept(promise(R, ( , ), (Taobt, T bobt)))}

KX,τ ` obtain(R, (Taobt, T bobt))) ↔
∃ tell( , X, Subject, , τ) ∈ DX,τ |
Subject ∈ {accept(request(give(R, (Taobt, T bobt)))),
accept(promise(R, (Taobt, T bobt), ( , )))} ∨
∃ tell(X, , Subject, , τ) ∈ DX,τ |
Subject ∈ {accept(promise(R, ( , ), (Taobt, T bobt)))}

KX,τ ` feas(A, (Ts, Te)) ↔
∃ < A, R, D, Ts′, T e′ >∈ IX | Ts′ ≤ Ts ∧ Te′ ≥ Te ∧

Te − Ts = D ∧ KX,τ ` have(R, (Ts, Te), τ)
KX,τ ` need(R, (Ts, Te), τ) ↔
∃ < A, R, , , >∈ IX | KX,τ ` need(R, (Ts, Te), A)

KX,τ ` need(R, (Ts, Te), A) ↔
KX,τ ` have(R, (Ts, Te), τ) ∧
∃ < A, R, D, Ts′, T e′ >∈ IX ∧ Ts ≥ Ts′ ∧ Te ≤ Te′ ∧
@ Ts′′ ∈ [Ts′, T e′ − D] |

KX,τ ` have(R, (Ts′′, T s′′ + D), τ) ∧
( Ts′′ ≥ Te ∨ Ts′′ + D ≤ Ts )

KX,τ ` miss(R, (Ts, Te)) ↔
∃ < A, R, , , > ∈ IX | KX,τ ` miss(R, (Ts, Te), A)

KX,τ ` miss(R, (Ts, Te), A) ↔
∃ < A, R, , , >∈ IX | KX,τ 0 feas(A, ( , )) ∧

KX,τ ∪ {obtain(R, (Ts, Te))} ` feas(A, ( , )) ∧
@ (Ts′, T e′) ⊂ (Ts, Te) |
KX,τ ∪ {obtain(R, (Ts′, T e′))} ` feas(A, ( , ))

KX,τ ` indiff(R, (Ts, Te)) ↔
KX,τ 0 have(R, (Ts, Te), τ) ∧
∀(Tsj , T ej) | KX,τ ` miss(R, (Tsj , T ej)) →

Te ≤ Tsj ∨ Ts ≥ Tej

KX,τ ` avail(R, (Ts, Te)) ↔
KX,τ ` have(R, (Ts, Te), τ)∧KX,τ 0 need(R, (Ts, Te), τ)
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Abstract

This paper presents a new measure of semantic re-
latedness between concepts that is based on the
number of shared words (overlaps) in their defini-
tions (glosses). This measure is unique in that it
extends the glosses of the concepts under consid-
eration to include the glosses of other concepts to
which they are related according to a given concept
hierarchy. We show that this new measure reason-
ably correlates to human judgments. We introduce
a new method of word sense disambiguation based
on extended gloss overlaps, and demonstrate that it
fares well on the SENSEVAL-2 lexical sample data.

1 Introduction
Human beings have an innate ability to determine if two con-
cepts are related. For example, most would agree that the
automotive senses of car and tire are related while car and
tree are not. However, assigning a value that quantifies the
degree to which two concepts are related proves to be more
difficult [Miller and Charles, 1991]. In part, this is because
relatedness is a very broad notion. For example, two concepts
can be related because one is a more general instance of the
other (e.g., a car is a kind of vehicle) or because one is a part
of another (e.g., a tire is a part of a car).

This paper introduces extended gloss overlaps, a measure
of semantic relatedness that is based on information from a
machine readable dictionary. In particular, this measure takes
advantage of hierarchies or taxonomies of concepts as found
in resources such as the lexical database WordNet [Fellbaum,
1998].

Concepts are commonly represented in dictionaries by
word senses, each of which has a definition or gloss that
briefly describes its meaning. Our measure determines how
related two concepts are by counting the number of shared
words (overlaps) in the word senses of the concepts, as well
as in the glosses of words that are related to those concepts
according to the dictionary. These related concepts are ex-
plicitly encoded in WordNet as relations, but can be found
in any dictionary via synonyms, antonyms, or also-see refer-
ences provided for a word sense. To our knowledge, this work
represents the first attempt to define a quantitative measure of

relatedness between two concepts based on their dictionary
definitions.

This paper begins with a brief description of WordNet,
which was used in developing our measure. Then we intro-
duce the extended gloss overlap measure, and present two dis-
tinct evaluations. First, we conduct a comparison to previous
human studies of relatedness and find that our measure has
a correlation of at least 0.6 with human judgments. Second,
we introduce a word sense disambiguation algorithm that as-
signs the most appropriate sense to a target word in a given
context based on the degree of relatedness between the target
and its neighbors. We find that this technique is more accurate
than all but one system that participated in the SENSEVAL–2
comparative word sense disambiguation exercise. Finally we
present an extended analysis of our results and close with a
brief discussion of related work.

2 WordNet
WordNet is a lexical database where each unique meaning of
a word is represented by a synonym set or synset. Each synset
has a gloss that defines the concept that it represents. For ex-
ample the words car, auto, automobile, and motorcar consti-
tute a single synset that has the following gloss: four wheel
motor vehicle, usually propelled by an internal combustion
engine. Many glosses have examples of usages associated
with them, such as “he needs a car to get to work.”

Synsets are connected to each other through explicit se-
mantic relations that are defined in WordNet. These relations
only connect word senses that are used in the same part of
speech. Noun synsets are connected to each other through
hypernym, hyponym, meronym, and holonym relations.

If a noun synset A is connected to another noun synset B
through the is–a–kind–of relation then B is said to be a hy-
pernym of synset B and B a hyponym of A. For example
the synset containing car is a hypernym of the synset con-
taining hatchback and hatchback is a hyponym of car. If a
noun synset A is connected to another noun synset B through
the is–a–part–of relation then A is said to be a meronym of
B and B a holonym of A. For example the synset contain-
ing accelerator is a meronym of car and car is a holonym of
accelerator. Noun synset A is related to adjective synset B
through the attribute relation when B is a value of A. For
example the adjective synset standard is a value of the noun
synset measure.
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Taxonomic or is–a relations also exist for verb synsets.
Verb synset A is a hypernym of verb synset B if to B is one
way to A. Synset B is called a troponym of A. For example
the verb synset containing the word operate is a hypernym of
drive since to drive is one way to operate. Conversely drive
is a troponym of operate. The troponym relation for verbs is
analogous to the hyponym relation for nouns, and henceforth
we shall use the term hyponym instead of the term troponym.
Adjective synsets are related to each other through the similar
to relation. For example the synset containing the adjective
last is said to be similar to the synset containing the adjec-
tive dying. Verb and adjective synsets are also related to each
other through cross–reference also–see links. For example,
the adjectives accessible and convenient are related through
also–see links.

While there are other relations in WordNet, those described
above make up more than 93% of the total number of links in
WordNet. These are the measures we have employed in the
extended gloss overlap measure.

3 The Extended Gloss Overlap Measure
Gloss overlaps were introduced by [Lesk, 1986] to perform
word sense disambiguation. The Lesk Algorithm assigns a
sense to a target word in a given context by comparing the
glosses of its various senses with those of the other words in
the context. That sense of the target word whose gloss has the
most words in common with the glosses of the neighboring
words is chosen as its most appropriate sense.

For example, consider the glosses of car and tire: four
wheel motor vehicle usually propelled by an internal com-
bustion engine and hoop that covers a wheel, usually made of
rubber and filled with compressed air. The relationship be-
tween these concepts is shown in that their glosses share the
content word wheel. However, they share no content words
with the gloss of tree: a tall perennial woody plant having a
main trunk and branches forming a distinct elevated crown.

The original Lesk Algorithm only considers overlaps
among the glosses of the target word and those that surround
it in the given context. This is a significant limitation in that
dictionary glosses tend to be fairly short and do not provide
sufficient vocabulary to make fine grained distinctions in re-
latedness. As an example, the average length of a gloss in
WordNet is just seven words. The extended gloss overlap
measure expands the glosses of the words being compared to
include glosses of concepts that are known to be related to the
concepts being compared.

Our measure takes as input two concepts (represented by
two WordNet synsets) and outputs a numeric value that quan-
tifies their degree of semantic relatedness. In the sections that
follow, we describe the foundations of the measure and how
it is computed.

3.1 Using Glosses of Related Senses
There are two fundamental premises to the original Lesk Al-
gorithm. First, words that appear together in a sentence will
be used in related senses. Second, and most relevant to our
measure, the degree to which senses are related can be iden-
tified by the number of overlaps in their glosses. In other

words, the more related two senses are, the more words their
glosses will share.

WordNet provides explicit semantic relations between
synsets, such as through the is–a or has–part links. However
such links do not cover all possible relations between synsets.
For example, WordNet encodes no direct link between the
synsets car and tire, although they are clearly related. We
observe however that the glosses of these two synsets have
words in common. Similar to Lesk’s premise, we assert that
such overlaps provide evidence that there is an implicit rela-
tion between those synsets. Given such a relation, we fur-
ther conclude that synsets explicitly related to car are thereby
also related to synsets explicitly related to tire. For exam-
ple, we conclude that the synset vehicle (which is the hyper-
nym synset of car) is related to the synset hoop (which is the
hypernym synset of tire). Thus, our measure combines the
advantages of gloss overlaps with the structure of a concept
hierarchy to create an extended view of relatedness between
synsets.

We base our measure on the idea of an extended set of com-
parisons. When measuring the relatedness between two input
synsets, we not only look for overlaps between the glosses of
those synsets, but also between the glosses of the hypernym,
hyponym, meronym, holonym and troponym synsets of the
input synsets, as well as between synsets related to the input
synsets through the relations of attribute, similar–to and also–
see. Not all of these relations are equally helpful, and the op-
timum choice of relations to use for comparisons is possibly
dependent on the application in which the overlaps–measure
is being employed. Section 6 compares the relative efficacy
of these relations when our measure of relatedness is applied
to the task of word sense disambiguation.

3.2 Scoring Mechanism
We introduce a novel way of finding and scoring the overlaps
between two glosses. The original Lesk Algorithm compares
the glosses of a pair of concepts and computes a score by
counting the number of words that are shared between them.
This scoring mechanism does not differentiate between single
word and phrasal overlaps and effectively treats each gloss as
a “bag of words”. For example, it assigns a score of 3 to the
concepts drawing paper and decal, which have the glosses
paper that is specially prepared for use in drafting and the
art of transferring designs from specially prepared paper to
a wood or glass or metal surface. There are three words that
overlap, paper and the two–word phrase specially prepared.

There is a Zipfian relationship [Zipf, 1935] between the
lengths of phrases and their frequencies in a large corpus of
text. The longer the phrase, the less likely it is to occur mul-
tiple times in a given corpus. A phrasal n–word overlap is a
much rarer occurrence than an single word overlap. There-
fore, we assign an n word overlap the score of n2. This gives
an n–word overlap a score that is greater than the sum of the
scores assigned to those n words if they had occurred in two
or more phrases, each less than n words long.

For the above gloss pair, we assign the overlap paper a
score of 1 and specially prepared a score of 4, leading to a to-
tal score of 5. Note that if the overlap was the 3–word phrase
specially prepared paper, then the score would have been 9.
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Thus, our overlap detection and scoring mechanism can be
formally defined as follows: When comparing two glosses,
we define an overlap between them to be the longest sequence
of one or more consecutive words that occurs in both glosses
such that neither the first nor the last word is a function word,
that is a pronoun, preposition, article or conjunction. If two
or more such overlaps have the same longest length, then the
overlap that occurs earliest in the first string being compared
is reported. Given two strings, the longest overlap between
them is detected, removed and in its place a unique marker
is placed in each of the two input strings. The two strings
thus obtained are then again checked for overlaps, and this
process continues until there are no longer any overlaps be-
tween them. The sizes of the overlaps thus found are squared
and added together to arrive at the score for the given pair of
glosses.

3.3 Computing Relatedness
The extended gloss overlap measure computes the relatedness
between two input synsets A and B by comparing the glosses
of synsets that are related to A and B through explicit rela-
tions provided in WordNet.

We define RELS as a (non-empty) set of relations that con-
sists of one or more of the relations described in Section 2.
That is, RELS � fr j r is a relation defined in WordNetg.
Suppose each relation r (r 2 RELS) has a function of the
same name that accepts a synset as input and returns the gloss
of the synset (or synsets) related to the input synset by the
designated relation.

For example, assume r represents the hypernym relation.
Then r(A) returns the gloss of the hypernym synset of A. r
can also represent the gloss “relation” such that r(A) returns
the gloss of synset A, and the example “relation” such that
r(A) returns the example string associated with synset A. If
more than one synset is related to the input synset through
the same relation, their glosses are concatenated and returned.
We perform this concatenation because we do not wish to
differentiate between the different synsets that are all related
to the input synset through a particular relation, but instead
are only interested in all their definitional glosses. If no synset
is related to the input synset by the given relation then the null
string is returned.

Next, form a non–empty set of pairs of relations from the
set of relations above. The only constraint in forming such
pairs is that if the pair (r1; r2) is chosen, (r1; r2 2 RELS),
then the pair (r2; r1) must also be chosen so that the relat-
edness measure is reflexive. That is, relatedness(A;B) =
relatedness(B;A). Thus, we define the set RELPAIRS as
follows:

RELPAIRS = f(R1; R2) j R1; R2 2 RELS;
if (R1; R2) 2 RELPAIRS, then (R2; R1) 2 RELPAIRSg

Finally, assume that score() is a function that accepts as
input two glosses, finds the phrases that overlap between
them and returns a score as described in the previous sec-
tion. Given all of the above, the relatedness score between
the input synsets A and B is computed as follows:

relatedness(A;B) =
P

score(R1(A); R2(B))
8(R1; R2) 2 RELPAIRS

Our relatedness measure is based on the set of all possi-
ble pairs of relations from the list of relations described in
section 3.1. For purposes of illustration, assume that our
set of relations RELS = fgloss, hype, hypog (where hype
and hypo are contractions of hypernym and hyponym respec-
tively). Further assume that our set of relation pairs REL-
PAIRS = f(gloss, gloss), (hype, hype), (hypo, hypo), (hype,
gloss), (gloss, hype)g. Then the relatedness between synsets
A and B is computed as follows:

relatedness(A;B) = score(gloss(A); gloss(B))+
score(hype(A); hype(B)) + score(hypo(A); hypo(B))+
score(hype(A); gloss(B)) + score(gloss(A); hype(B))

Observe that due to our pair selection constraint as de-
scribed above, relatedness(A;B) is indeed the same as
relatedness(B;A).

4 Comparison to Human Judgements
Our comparison to human judgments is based on three previ-
ous studies. [Rubenstein and Goodenough, 1965] presented
human subjects with 65 noun pairs and asked them how sim-
ilar they were on a scale from 0.0 to 4.0. [Miller and Charles,
1991] took a 30 pair subset of this data and repeated this ex-
periment, and found results that were highly correlated (.97)
to the previous study. The results from the 30 pair set com-
mon to both studies were used again by [Budanitsky and
Hirst, 2001] in an evaluation of five automatic measures of se-
mantic relatedness that will be mentioned in Section 7. They
report that all of the measures fared relatively well, with the
lowest correlation being .74 and the highest .85. When com-
paring our measure to these 30 words, we find that it has a
correlation of .67 to the Miller and Charles human study, and
one of .60 to the Rubenstein and Goodenough experiment.

We do not find it discouraging that the correlation of ex-
tended gloss overlaps is lower than those reported by Budan-
itsky and Hirst for other measures. In fact, given the com-
plexity of the task, it is noteworthy that it demonstrates some
correlation with human judgement. The fact that the test set
contains only 30 word pairs is a drawback of human evalu-
ation, where rigourous studies are by necessity limited to a
small number of words. Automatic measures can be evalu-
ated relative to very large numbers of words, and we believe
such an evaluation is an important next step in order to estab-
lish where differences lie among such measures. As a final
point of concern, concepts can be related in many ways, and
it is possible that a human and an automatic measure could
rely on different yet equally well motivated criteria to arrive
at diverging judgements.

5 Application to WSD
We have developed an approach to word sense disambigua-
tion based on the use of the extended gloss overlap measure.

In our approach, a window of context around the target
word is selected, and a set of candidate senses is identified
for each content word in the window. Assume that the win-
dow of context consists of 2n + 1 words denoted by wi,
�n � i � +n, where the target word is w0. Further let
jwij denote the number of candidate senses of word wi, and
let these senses be denoted by si;j , 1 � j � jwij.
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Next we assign to each possible sense k of the target word
a SenseScorek computed by adding together the relatedness
scores obtained by comparing the sense of the target word
in question with every sense of every non–target word in the
window of context. The SenseScore for sense s0;k is com-
puted as follows:

SenseScorek =
nX

i=�n

jwijX

j=1

relatedness(s0;k; si;j); i 6= 0

That sense with the highest SenseScore is judged to be the
most appropriate sense for the target word. If there are on
average a senses per word and the window of context is N
words long, there are a2 � (N � 1) pairs of sets of synsets to
be compared, which increases linearly with N .

5.1 Experimental Data
Our evaluation data is taken from the English lexical sample
task of SENSEVAL–2 [Edmonds and Cotton, 2001]. This was
a comparative evaluation of word sense disambiguation sys-
tems that resulted in a large set of results and data that are
now freely available to the research community.

This data consists of 4,328 instances each of which con-
tains a sentence with a single target word to be disam-
biguated, and one or two surrounding sentences that provide
additional context. A human judge has labeled each target
word with the most appropriate WordNet sense for that con-
text. A word sense disambiguation system is given these same
instances (minus the human assigned senses) and must output
what it believes to be the most appropriate senses for each
of the target words. There are 73 distinct target words: 29
nouns, 29 verbs, and 15 adjectives, and the part of speech of
the target words is known to the systems.

5.2 Experimental Results
For every instance, function words are removed and then a
window of words is defined such that the target word is at the
center (if possible). Next, for every word in the window, can-
didate senses are picked by including the synsets in WordNet
that the word belongs to, as well as those that an uninflected
form of the word belong to (if any). Given these candidate
senses, the algorithm described above finds the most appro-
priate sense of the target word.

It is possible that there be a tie among multiple senses for
the highest score for a word. In this case, all those senses are
reported as answers and partial credit is given if one of them
prove to be correct. This would be appropriate if a word were
truly ambiguous in a context, or if the meanings were very
closely related and it was not possible to distinguish between
them. It is also possible that no sense gets more than a score
of 0 – in this case, no answer is reported since there is no
evidence to choose one sense over another.

Given the answers generated by the algorithm, we compare
them with the human decided answers and compute precision
(the number of correct answers divided by the number of an-
swers reported) and recall (the number of correct answers di-
vided by the number of instances). These two values can be
summarized by the F–measure, which is the harmonic mean

Table 1: WSD Evaluation Results

Baselines and Other Systems
Algorithm Prec. Recall F-Meas.
Sval-First 0.402 0.401 0.401
Overall* 0.351 0.342 0.346
Sval-Second 0.293 0.293 0.293
Sval-Third 0.247 0.244 0.245
Original Lesk 0.183 0.183 0.183
Random 0.141 0.141 0.141

Extended Gloss Overlaps w 3 word window
POS Prec. Recall F-Meas.
Noun 0.429 0.416 0.422
Adj. 0.367 0.346 0.356
Verb 0.270 0.266 0.268
Overall* 0.351 0.342 0.346

of the precision and recall:

F�measure =
2� precision� recall

precision+ recall

Table 1 lists the precision, recall and F–measure for all
the SENSEVAL-2 words when disambiguated using a window
size of 3. The overall results for our approach are shown as
Overall*, and these are also broken down based on the part of
speech (POS) of the target word. This table also displays re-
sults from other baseline or representative systems. The Orig-
inal Lesk results are based on utilizing the glosses of only the
input synsets and nothing else. While this does not exactly
replicate the original Lesk Algorithm it is quite similar. The
random results reflect the accuracies obtained by simply se-
lecting randomly from the candidate senses.

The Sval–First, Sval–Second, and Sval–Third results are
from the top three most accurate fully automatic unsupervised
systems in the SENSEVAL-2 exercise. This is the class of sys-
tems most directly comparable to our own, since they require
no human intervention and do not use any manually created
training examples. These results show that our approach was
considerably more accurate than all but one of the participat-
ing systems.

These results are significant because they are based on
a very simple algorithm that relies on assigning relatedness
scores to the senses of a target word and the senses of its im-
mediately adjacent neighbors. While the disambiguation re-
sults could be improved via the combination of various tech-
niques, our focus is on developing the extended gloss overlap
measure of relatedness as a general tool for Natural Language
Processing and Artificial Intelligence.

6 Discussion
Table 1 shows that the disambiguation results obtained using
the extended gloss overlap measure of semantic relatedness
are significantly better than both the random and Original
Lesk baselines. In the Original Lesk Algorithm, relatedness
between two synsets is measured by considering overlaps be-
tween the glosses of the candidate senses of the target word
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and its neighbors. By adding the glosses of related synsets,
the results improve by 89% relative (16.3% absolute). This
shows that overlaps between glosses of synsets explicitly re-
lated to the input synsets provide almost as much evidence
about the implicit relation between the input synsets as do
overlaps between the glosses of the input synsets themselves.

Table 1 also breaks down the precision, recall and F–
measure according to the part of speech of the target word.
Observe that the noun target words are the easiest to disam-
biguate, followed by the adjective target words. The verb tar-
get words prove to be the hardest to disambiguate. We at-
tribute this to the fact that the number of senses per target
word is much smaller for the nouns and adjectives than it is
for the verbs. Nouns and adjective target words have less
than 5 candidate senses each on average, whereas verbs have
close to 16. Thus, when disambiguating verbs there are more
choices to be made and more chances of errors.

The results in table 1 are based on a 3 word window of
context. In other experiments we used window sizes of 5,
7, 9 and 11. Although this increase in window size provides
more data to the disambiguation algorithm, our experiments
show that this does not significantly improve disambiguation
results. This suggests that words that are in the immediate
vicinity of the target word are most useful for disambiguation,
and that using larger context windows is either adding noise
or redundant data. The fact that small windows are best cor-
responds with earlier studies on human subjects that showed
that humans often only require a window of one or two sur-
rounding words to disambiguate a target word [Choueka and
Lusignan, 1985].

We also tried to normalize the overlap scores by the max-
imum score that two glosses can generate, but that did not
help performance. We believe that the difference between the
sizes of various glosses in terms of number of words is small
enough to render normalization unnecessary.

6.1 Evaluating Individual Relation Pairs
Our measure of relatedness utilizes pairs of relations picked
from the list of relations in section 3.1. In this section we at-
tempt to quantify the relative effectiveness of these individual
relation pairs. Specifically, given a set of relations RELS, we
create all possible minimal relation pair sets, where a mini-
mal relation pair set is defined as the set that contains either
exactly one relation pair f(R1; R1)g or exactly two relation
pairs f(R1; R2); (R2; R1)g, where R1 6= R2. For example
f(gloss, gloss)g and f(hype, gloss), (gloss, hype)g are both
minimal relation pair sets.

We evaluate each of these minimal relation pair sets by
performing disambiguation using only the given minimal re-
lation pair set and computing the resulting precision, recall
and F–measure. The higher the F–measure, the “better” the
quality of the evidence provided by gloss overlaps from that
minimal relation pair set. In effect we are decomposing the
extended gloss overlap measure into its individual pieces and
assessing how each of those pieces perform individually.

Recall that each part of speech has a different set of rela-
tions associated with it. The difference in the numbers and
types of relations available for the three parts of speech leads
us to expect that the optimal minimal relation pair sets will

Table 2: Best Relation Pair Sets

Nouns
Relation pair Prec. Recall F-Meas.
hypo-mero 0.263 0.091 0.136
hypo-hypo 0.168 0.111 0.134
glos-mero 0.272 0.087 0.132
gloss-gloss 0.161 0.108 0.129
example-mero 0.314 0.074 0.120

Adjectives
Relation pair Prec. Recall F-Meas.
also-gloss 0.220 0.084 0.122
attr-gloss 0.323 0.072 0.117
gloss-gloss 0.146 0.094 0.114
example-gloss 0.138 0.094 0.112
gloss-hype 0.164 0.083 0.110

Verbs
Relation pair Prec. Recall F-Meas.
example-example 0.061 0.048 0.053
example-hype 0.060 0.046 0.052
hypo-hypo 0.061 0.042 0.050
gloss-hypo 0.053 0.046 0.049
example-gloss 0.054 0.045 0.049

differ with the part of speech of the input synsets. Table 2
lists the top 5 minimal relation pair sets for target words be-
longing to the three parts of speech, where relation pair sets
are ranked on the F–measure achieved by using them in dis-
ambiguation. Note that in this table, hypo, mero, also, attr,
and hype stand for the relations hyponym, meronym, also–
see, attribute, and hypernym respectively. Also in the table
the relation pair r1�r2 refers to the minimal relation pair set
f(r1; r2); (r2; r1)g if r1 6= r2 and f(r1; r1)g otherwise.

Perhaps one of the most interesting observations is that
no single minimal relation pair set achieves F–measure even
close to that achieved using all the relation pairs (0.42, 0.35,
and 0.26 for nouns, verbs, and adjectives respectively), sug-
gesting that there is no single relation pair that generates a
lot of evidence for the relatedness of two synsets. This find-
ing also implies that the richer the set of explicit relations
between synsets in WordNet, the more accurate the overlap
based measure of semantic relatedness will be. This fact is
borne out by the comparatively high accuracy attained by
nouns which is the best developed portion of WordNet.

For nouns, Table 2 shows that comparisons between the
glosses of the hyponyms and meronyms of the input synsets
and also between the glosses of the input synsets are most in-
formative about the relatedness of the synsets. Interestingly,
although both hyponyms and hypernyms make up the is–a hi-
erarchy, the hypernym relation does not provide an equivalent
amount of information. In WordNet, a noun synset usually
has a single hypernym (parent) but many hyponyms (chil-
dren), which implies that the hyponym relation provides more
definitional glosses to the algorithm than the hypernym re-
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lation. This assymetry also exists in the holonym–meronym
pair of relations. Most noun synsets have less holonym (is–a–
part–of) relations than meronyms (has–part) resulting in more
glosses from the meronym relation. These further confirm
that the accuracy of the relatedness measure depends at least
partly on the number of glosses that we can access for a given
pair of synsets.

This finding also applies to adjectives. The two most fre-
quent relations, the also–see relation and the attribute rela-
tion, rank highest among the useful relations for adjectives.
Similarly for verbs, the hyponym relation again appears to be
extremely useful. Interestingly, for all three parts of speech,
the example “relation” (which simply returns the example
string associated with the input synset) seems to provide use-
ful information. This is in keeping with the SENSEVAL–2
results where the addition of example strings to a Lesk–like
baseline system improves recall from 16% to 23%.

7 Related Work
A number of measures of semantic relatedness have been pro-
posed in recent years. Most of them rely on the noun taxon-
omy of the lexical database WordNet. [Resnik, 1995] aug-
ments each synset in WordNet with an information content
value derived from a large corpus of text. The measure of re-
latedness between two concepts is taken to be the information
content value of the most specific concept that the two con-
cepts have in common. [Jiang and Conrath, 1997] and [Lin,
1997] extend Resnik’s measure by scaling the common in-
formation content values by those of the individual concepts.
Our method of extended gloss overlaps is distinct in that it
takes advantage of the information found in the glosses. The
other measures rely on the structure of WordNet and corpus
statistics. In addition, the measures above are all limited to
relations between noun concepts, while extended gloss over-
laps can find relations between adjectives and verbs as well.

8 Conclusions
We have presented a new measure of semantic relatedness
based on gloss overlaps. A pair of concepts is assigned
a value of relatedness based on the number of overlapping
words in their respective glosses, as well as the overlaps
found in the glosses of concepts they are related to in a given
concept hierarchy. We have evaluated this measure relative
to human judgements and found it to be reasonably corre-
lated. We have carried out a word sense disambiguation ex-
periment with the SENSEVAL-2 lexical sample data. We find
that disambiguation accuracy based on extended gloss over-
laps is more accurate than all but one of the participating
SENSEVAL-2 systems.
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Abstract

After many successes, statistical approaches that
have been popular in the parsing community are
now making headway into Natural Language Gen-
eration (NLG). These systems are aimed mainly at
surface realization, and promise the same advan-
tages that make statistics valuable for parsing: ro-
bustness, wide coverage and domain independence.
A recent experiment aimed to empirically verify
the linguistic coverage for such a statistical surface
realization component by generating transformed
sentences from the Penn TreeBank corpus. This ar-
ticle presents the empirical results of a similar ex-
periment to evaluate the coverage of a purely sym-
bolic surface realizer. We present the problems fac-
ing a symbolic approach on the same task, describe
the results of its evaluation, and contrast them with
the results of the statistical method to help quan-
titatively determine the level of coverage currently
obtained by NLG surface realizers.

1 Introduction
Like parsing, text generation offers enormous potential bene-
fits for more natural interaction with computers. Examples of
applications which could be greatly improved include auto-
matic technical documentation, intelligent tutoring systems,
and machine translation, among many others. Historically,
natural language generation (NLG) has focused on the study
of symbolic pipelined architectures which receive knowledge
structures and goals from knowledge-based applications and
which proceed to progressively add linguistic information.

In the last few years, the same paradigm shift which
occurred in the parsing community, the use of statisti-
cal/empirical methods, has begun to influence the NLG com-
munity as well. As with parsing, statistical generation
promises benefits such as robustness in the face of bad data,
wider coverage, domain and language independence, and less
need for costly resources such as grammars. But unlike pars-
ing, which starts with a very flat representation (text) which
is easily accessible in large quantities to both statistical and
symbolic methods, the semantic input for NLG is typically
associated with large knowledge-based systems. The types of
corresponding corpora which would be necessary for using

statistical processes, pairs of subgraphs of knowledge bases
and their texts, do not currently exist in large quantities.

Because of this representation problem, most statistical
systems have concentrated on replacing existing individual
components in the standard NLG pipelined architecture [Re-
iter, 1994] without changing the remaining original sym-
bolic modules. The most popular candidate has been the
surface realization module [Elhadad, 1991; Bateman, 1995;
Lavoie and Rambow, 1997; White and Caldwell, 1998],
which is responsible for converting the syntactic representa-
tion of a sentence into the actual text seen by the user. Thus
current statistical generators are still dependent on remaining
architectural modules in a system to function and do not by
themselves account for a large amount of linguistic phenom-
ena: pronominalization, revision, definiteness, etc.

However, statistical surface realizers [Langkilde and
Knight, 1998; Bangalore and Rambow, 2000; Ratnaparkhi,
2000; Langkilde-Geary, 2002] have focused attention on a
number of problems facing standard, pipelined NLG that
have until now been generally considered future work: large-
scale, data-robust and language- and domain-independent
generation. In addition, as Langkilde points out, empirical
evaluation has not been standard practice in the NLG com-
munity, which has instead relied either on the software engi-
neering practice of regression testing with a suite of examples
or theoretical evaluations [Robin and McKeown, 1995].

This paper presents the analogue of this recent statistical
experiment using a well-known off-the-shelf symbolic sur-
face realizer, using an augmented generation grammar that
includes support for dialogue and additional syntactic cov-
erage. We first describe in the following section the repre-
sentations and processes needed to understand its evaluation.
We then detail our implemented system for converting sen-
tences from a large corpus into a systemic functional nota-
tion, present an evaluation of that system and the grammar
itself using Section 23 of the Penn TreeBank [Marcus et al.,
1993], and finally discuss the implications of that evaluation.

2 Sentence Representations
To undertake a large-scale evaluation of a symbolic surface
realizer, we must first find a large quantity of sentence plans
with which to produce text. However, most text planners can-
not generate either the requisite syntactic variation or quan-
tity of text, and we thus cannot turn to implemented gener-
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(S (PP (IN Without) ((cat clause)
(NP (NNP GM))) (circum ((accompaniment ((cat pp) (position front) (accomp-polarity -)

(, ,) (np ((cat proper) (lex "GM")))))))
(NP-SBJ (process ((type ascriptive) (tense past)))

(NP (JJ overall) (NNS sales)) (participants ((carrier ((cat common) (lex "sale") (number plural)
(PP (IN for) (describer ((cat adj) (lex "overall")))))

(NP (DT the) (JJ other) (qualifier ((cat pp) (prep ((lex "for")))
(NNP U.S.) (NNS automakers)))) (np ((cat common) (lex "automaker") (definite yes)

(VP (VBD were) (number plural) (status different)
(ADJP-PRD (RB roughly) (JJ flat) (classifier ((cat proper) (lex "U.S.")))))))))

(PP (IN with) (attribute ((cat ap) (lex "flat") (modifier ((cat adv) (lex "roughly")))
(NP (CD 1989) (NNS results ")))))) (qualifier ((cat pp) (prep ((lex "with")))

(np ((cat common) (lex "result") (number plural)
(classifier ((cat date) (year 1989))))))))))))

Figure 1: A Penn TreeBank Annotated Sentence and Corresponding FUF/SURGE Functional Description

ation systems as a source. To solve this problem, Langkilde
trained a statistical algorithm [Langkilde-Geary, 2002] on a
substitute set of sentence plans: the Penn TreeBank [Marcus
et al., 1993], a collection of sentences from newspapers such
as the Wall Street Journal, which have been hand-annotated
for syntax by linguists. An example sentence is shown on the
left side of Figure 1. Hierarchical syntactic/semantic bracket-
ing is provided along with the syntactic categories of lexemes
and symbols in the newspaper texts.

Unfortunately, text planners currently in use do not gener-
ate representations of the form found in the Penn TreeBank,
opting instead to use more fully-developed syntactic theories,
such as HPSG [Pollard and Sag, 1994], from the linguis-
tics community. Because annotated texts do not exist in this
form, Langkilde created a pre-processing system to translate
from the TreeBank annotation into the language accepted by
the HALOGEN statistical surface realizer [Langkilde-Geary,
2002]. HALOGEN uses these translations to create a forest
lattice whose paths from start to finish represent many possi-
ble versions of a single sentence. Separately, a larger corpus
is processed to obtain bigram or trigram frequencies, which
are then used to rank the possible sentence versions based
on word adjacency. The highest ranked sentence is then pre-
sented as the final output of the system.

In contrast, most deep surface realizers are symbolic rather
than statistical, and consist of components that check gram-
matical constraints, appropriately linearize constituents, and
adjust for morphology and formatting. One such system
in wide use, FUF/SURGE [Elhadad, 1991], combines ideas
from systemic functional grammars and head-driven phrase
structure grammars. An example of the FUF representation,
known as a functional description is shown on the right side
of Figure 1. SURGE is the largest generation grammar for En-
glish, and has the largest regression test suite available. But
as Langkilde pointed out, 500 test examples are insufficient
to empirically demonstrate the coverage of a grammar.

To arrive at a set of sentence plans which is representa-
tive of English, as well as to evaluate the coverage of the
FUF/SURGE surface realizer in a way which can be directly
compared to the HALOGEN evaluation, we likewise used the
Penn TreeBank as a sentence source. Because our represen-
tations are also different, we (as Langkilde) needed a pre-
processing system to convert from the TreeBank notation into
the functional descriptions expected by the surface realizer.

Our pre-processor thus performs top-down structure traver-
sal of a sentence annotated in Penn TreeBank format and

((S (-LRB- -LRB-) (S (LRB LRB)
(NP-SBJ-1 (NP (NNP Sony) ) (NP-SBJ-1 (NP (NNP "Sony"))

(NP (PRP itself))) (NP (PRP "itself")))
(VP (VBZ declines) (VP (VBZ "declines")

(S (NP-SBJ (-NONE- *-1)) (S (NP-SBJ (NONE STAR-1))
(VP (TO to) (VP (TO "to")

(VP (VB comment))) (VP (VB "comment")))))
(. .) (-RRB- -RRB-))) (RRB RRB)))

Figure 2: Penn TreeBank Notation and Normalized Form

builds the corresponding functional description. The pre-
processor is organized as a context-sensitive, proceduralized
rewriting grammar which matches input symbols to output
symbols. The resulting functional descriptions can then be
given to the FUF/SURGE surface realizer, and the sentence
string it produces can be lexically compared to the original
sentence in various ways to determine how well the surface
realizer performs at sentence generation.

3 Implementation
The implementation necessary for evaluating the coverage
of FUF/SURGE comprised three processes: (1) normalizing
the syntactic/semantic representations, (2) transforming the
normalizations into functional descriptions, and (3) generat-
ing the sentence itself with a surface realizer. The normaliz-
ing phase is necessary to convert the original Penn TreeBank
structures into a LISP-readable format (Figure 2), which was
accomplished with a series of regular expression transforma-
tions on the original text file.

The most time-consuming aspect of the procedure was cre-
ating the transformation component, which was highly anal-
ogous to writing parsing rules by hand. The resulting com-
ponent contained 4000 lines of code and approximately 900
rules, although most of the actual computational effort was
spent instead in surface realization. Most of the problems
encountered were the result of differences in the underlying
grammars themselves. For example, the Penn TreeBank has
a more hierarchical noun phrase structure than the flatter rep-
resentation of SURGE’s systemic functional grammar.

The final task involved changing the surface realization
component (1) to add additional branches and surface forms
to the grammar that were not originally present in order to
produce surface forms not previously possible, (2) to add new
punctuation and capitalization rules1, and (3) to update irreg-

1The Penn TreeBank, because it is a newspaper corpus, contains
many newspaper headlines and stock quotes with domain-specific
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Test Set: Sentences Average Time Coverage Close Match Exact Match Combined NIST SSA
Callaway WSJ24 1346 4.15 sec. 87.8% 35.8% 37.8% 73.6% 0.8475
Callaway WSJ23 2416 3.48 sec. 88.7% 34.5% 38.4% 72.9% 0.8703
Langkilde WSJ23 2416 27.1–55.5 sec. 76.2–83.3% N/A 5.2–57.5% 0.945% N/A

Table 1: Comparison with HALOGEN [Langkilde, 2002]

ular morphology due to the vast number of words the system
had not previously seen. The principal linguistic problems
uncovered by this phase include:

� Quotations: Newspaper text generally contains large
amounts of complex quotations, such as splitting a
quoted phrase to insert the speaker in the middle, or
merging a quote into an unquoted part of the sentence:
“I have this feeling that it’s built on sand,” she says, that
the market rises “but there’s no foundation to it.”

� Punctuation scoping: Problems related to the use of
punctuation with tree structures[Doran, 1998]. For ex-
ample, SURGE has a flat representation for noun phrases,
causing difficulties with phrases such as The major “cir-
cuit breakers” where SURGE cannot insert punctuation
between the adjective and nominal classifier.

� Adverb and clause ordering: Because satellite clauses
in SURGE are placed using semantic information, they
sometime appear in different (though still grammatically
acceptable) positions than were specified in the original
sentence [Elhadad et al., 2001]. This can oftentimes
cause a perfectly acceptable sentence to be produced,
but highly skew automatic measurements of correctness
such as tree edit distance (simple string accuracy). For
example, contrast: “Exports fell 29% in the first few
months” vs. “In the first few months, exports fell 29%.”

� Semantic roles: SURGE has a hybrid syntactic/semantic
representation, whereas the Penn TreeBank is purely
syntactic. Thus some guessing must be done to fill in
semantic roles in the corresponding functional descrip-
tion. Wrong guesses can lead to incorrect surface forms
even when the remainder of the transformation was ac-
complished successfully.

While the normalization process is slow (10-12 hours each
for WSJ23 and WSJ24), it occurs offline and only once. The
transformation process is quite fast, requiring on average 0.12
seconds per sentence. Meanwhile, the FUF/SURGE system is
relatively slow, as it requires the use of functional unification,
a task of inherent complexity due to backtracking. Section
23 needed 8,397.2 seconds to generate 2372 sentences (with
a longest exact match of 48 words), while section 24 needed
5,590.4 seconds to generate 1,326 sentences (with a longest
exact match of 44), for a combined average of 3.72 seconds
per sentence.2 This contrasts with statistical approaches like
Langkilde’s, which require 27.1–55.5 seconds depending on

formatting not typically used in NLG systems, such as: “8 13/16%
high, 8 1/2% low, 8 5/8% near closing bid, 8 3/4% offered.”

2Additionally, a compiled C version of FUF can produce sen-
tences using the same grammar on the order of 0.1 seconds.

algorithm parameters, and gets exponentially worse if it uses
trigrams or larger models in an attempt to improve quality.

4 Experiments and Results
In order to evaluate the coverage of the SURGE grammar, we
used the standard train and test methodology. Unlike typi-
cal machine learning experiments, adjustments to the trans-
formation rule set were done by hand, although the evalua-
tion of the resulting sentences was performed automatically.
Training took place over a period of several months, consist-
ing of multiple iterations over Penn TreeBank Sections 0–22
and 24 to both improve the number of sentences which could
be generated and to match as closely as possible the origi-
nal sentences. These two goals were accomplished solely by
adding rules to the transformation set and by updating SURGE
grammar rules, notably aspects pertaining to the stock market
domain, in addition to support for extended quotations which
was added in previous work [Callaway and Lester, 2002].

We considered two types of string matches: exact
matches that were identical character-by-character, and
“close” matches which were two words or less longer or
shorter than the original sentence. There were several motiva-
tions for this second choice: (1) many sentences were equiv-
alent except for a minor missing/extra punctuation mark or
wrongly capitalized word (especially with newspaper head-
lines); (2) as mentioned previously, movable clauses (so-
called circumstantials in SURGE nomenclature) could be put
in multiple acceptable locations; and (3) sentences with al-
most the exact number of words, especially sentences with
more than 15 words, were much more likely to at least have
all of the various phrases present when they were within
two words or the original sentence’s length. We utilized the
NIST Simple String Accuracy (SSA) as an automatic eval-
uation score (the same as used in Langkilde’s work), where
the smallest number of Adds, Deletions, and Insertions were
used to calculate accuracy: 1 - (A + D + T) / #Characters.

The only previous measure of generation coverage for Sec-
tion 23 of the Penn TreeBank is that of [Langkilde-Geary,
2002], who defined coverage as the number of sentences for
which the surface realizer produced strings. As seen in Ta-
ble 1, our system achieved 87.8% on one of the training sets
and 88.7% on the test set compared to between 76.2% and
83.3% for HALOGEN depending on its algorithm parameters.

A more detailed examination of the coverage and accuracy
of the system is found in Table 2 for WSJ Section 24 and
Table 3 for Section 23. Both tables are broken down by sen-
tence length, which shows that the results are highly skewed
towards sentence of smaller length, as would be expected in
a test for exact matches. It should be noted, however, that
surface realizers are rarely called upon to generate sentences
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Length # Sentences Valid FD Valid String Close String Exact Match Combined NIST SSA
36+ 117 114 (97.4%) 87 (74.4%) 39 (33.3%) 7 ( 6.0%) 39.3% 0.3290
35–31 113 111 (98.2%) 95 (84.1%) 42 (38.1%) 14 (12.4%) 49.6% 0.7688
30–26 319 184 (97.9%) 156 (83.0%) 87 (46.8%) 31 (16.5%) 62.8% 0.8440
25–21 238 235 (98.7%) 207 (87.0%) 100 (40.3%) 65 (27.3%) 69.3% 0.8499
20–16 256 252 (98.8%) 227 (89.0%) 111 (43.5%) 94 (36.9%) 80.4% 0.8887
15–11 223 221 (98.7%) 208 (92.9%) 70 (31.3%) 132 (58.9%) 90.2% 0.9396
10– 6 152 150 (98.7%) 145 (95.4%) 21 (13.8%) 121 (79.6%) 93.4% 0.9704
5– 1 59 59 ( 100%) 57 (96.6%) 12 (20.3%) 45 (76.3%) 96.6% 0.9128
All 1346 1326 (98.5%) 1182 (87.8%) 482 (35.8%) 509 (37.8%) 73.6% 0.8475

Table 2: Sentence coverage/accuracy for the training WSJ24 sentences grouped by word length

Length # Sentences Valid FD Valid String Close String Exact Match Combined NIST SSA
36+ 159 158 (99.4%) 131 (82.4%) 64 (40.3%) 11 ( 6.9%) 47.2% 0.7525
35–31 202 200 (99.0%) 159 (78.7%) 74 (36.6%) 16 ( 7.9%) 44.6% 0.7654
30–26 319 315 (98.8%) 268 (84.0%) 136 (42.6%) 52 (16.3%) 58.9% 0.7999
25–21 409 399 (97.6%) 356 (87.0%) 184 (45.0%) 97 (23.7%) 68.7% 0.8501
20–16 468 458 (97.5%) 425 (90.4%) 203 (43.2%) 167 (35.5%) 78.7% 0.8754
15–11 440 428 (97.3%) 403 (92.6%) 117 (26.6%) 246 (55.9%) 82.5% 0.9088
10– 6 279 275 (98.6%) 268 (96.1%) 47 (16.9%) 214 (76.7%) 93.6% 0.9594
5– 1 141 139 (98.6%) 136 (96.5%) 10 ( 7.1%) 126 (89.4%) 96.5% 0.9929
All 2416 2372 (98.1%) 2146 (88.7%) 835 (34.5%) 929 (38.4%) 72.9% 0.8703

Table 3: Sentence coverage/accuracy for the unseen WSJ23 sentences grouped by word length

with the extended lengths and complexities found in highly
educated newspaper text. Finally, the “valid FD” column in-
dicates that the transformation program is very good at pro-
ducing valid functional descriptions, even if they eventually
are discarded by the grammar as being erroneous.

The test set had a slightly higher coverage than the train-
ing set shown above, as well as a higher number of perfect
matches and a better score using the NIST SSA measure. Al-
though we trained on other sections of the Penn TreeBank,
time constraints due to the large amount of time required to
generate all test sentences prevented us from having a fuller
comparison set. Additionally, Section 24 was the first sec-
tion we trained on, and it is likely that later sections were
more similar to Section 23, or that the amount of domain-
specific stock market constructions were imbalanced. Finally,
the “close matches” column shows how many candidate sen-
tences might be nearly exactly matching, and the sum of these
two is reflected in the final category “combined.”

One interesting observation is that this evaluation (and cor-
respondingly, the evaluation of HALOGEN) is not only an
evaluation of the underlying surface realizer, but also of the
accompanying transformation program that converts the Penn
TreeBank notation into the specifications it expects. We thus
set out to perform a minor, secondary evaluation to determine
if it were possible to find a baseline metric for how many sen-
tences could still be generated by the surface realizer even if
the corresponding FDs could not be produced for them by the
transformation program.

We thus randomly selected 25 sentences from each of the
two sections which were not either perfect matches or “close”

matches, i.e., they were not in the “combined” match cate-
gory. While these sets included some of the problems listed
in Section 3, 41 of the 50 were capable of being rendered by
hand as FDs which produced exact matches without changes
to the grammar, 6 required minor changes to the grammar
which were quickly performed, and the remaining 3 sen-
tences required major grammar changes which have still not
yet been made. The latter were sentences that still do not have
satisfactory linguistic analyses in the linguistic literature. We
thus conclude that with better transformation rules, we could
then obtain close to 95% coverage.

5 Discussion
Surface realization is probably the most understood and com-
petent task in NLG today. There is a high possibility that sur-
face realization can already be considered a solved problem,
except with regard to problems introduced by new languages
or highly specialized domains. However, there are two re-
lated unsolved problems inherent in the process described in
this paper.

5.1 Automatic Evaluation of Output

Evaluation of NLG systems face the same problems as those
that confront Machine Translation systems: Given a set
of generated sentences, how do you tell how “good” they
are in general, and how often you can produce good sen-
tences in a given context or application. Work in machine
translation has shifted to large-scale evaluations which re-
quire automatic evaluation techniques [Papineni et al., 2001;
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Doddington, 2002] because human graders cannot hope to
examine all of the responses in a short enough period of time.

Yet current evaluation techniques are completely nu-
meric/statistical in nature and do not attempt to measure se-
mantic content (such as the well-known example of a missing
“not” in a system’s output). Furthermore, these techniques
are ill-equipped to evaluate the types of sentences produced
by symbolic NLG systems. For example, by changing a fea-
ture specifying that, say, a particularly lengthy purpose clause
should go at the beginning rather than the end of a sentence, a
string edit distance metric will report a very large error when
in terms of the system’s input, only one “error” has occurred.

As an example of this type of problem, consider that
the string edit distance between the following original sen-
tence and that produced by the transformation program and
FUF/SURGE with input from the Penn TreeBank would be
83, resulting in a NIST SSA 50.4% match:

Freddie Mac said the principal-only securities
were priced at 58 1/4 to yield 8.45%, assuming an
average life of eight years and a prepayment of
160% of the PSA model.

Freddie Mac said assuming an average life
of eight years and a prepayment of 160% of
the PSA model, the principal-only securities were
priced at 58 1/4 to yield 8.45%.

Obviously 50.4% is a poor score for such sentences, but
many such examples were found in our corpus and their low
scores were factored into the NIST Simple String Accuracy
ratios in Tables 2 and 3.

5.2 Symbolic vs. Statistical Approaches
Almost all fully-developed NLG systems to-date operate on
data specified in a knowledge base from some other sys-
tem. The fact that this data has typically been represented
as highly-structured data has been an impediment to tradi-
tional machine learning techniques which have previously op-
erated mostly on flat, unstructured text data. It is also gener-
ally stated that statistical methods are more robust than their
symbolic counterparts and more easily adapted to new data
sets. The data in the previous section seems to indicate that
HALOGEN, a statistical system, performs substantially better
on longer sentences, even if it has lower overall coverage. But
there are several advantages in favor of symbolic techniques.

First, the transformation program presented above can be
tweaked to an arbitrary level of perfection by progressively
adding more rules. Most statistical and machine learning
systems however have eventually reached a boundary where
progress becomes seemingly exponentially more difficult.
Second, errors which are encountered during processing can
be examined and fixed because the grammars and other re-
sources are logically and semantically connected to the lan-
guage being generated, rather than being a set of numbers. If
however a statistical generator must create new output forms
not contained in the initial corpus or model, it must be re-
trained from scratch.

Finally, symbolic surface realizers allow a wide range of
optional operations which statistical programs currently can’t

offer, for example, the capability of adding formatting state-
ments in HTML, modifying punctuation, generating dialect
differences, adding prosody for TTS, etc. While this may be
due to the multiple decades of history over which symbolic
systems have been developed, it may also be due to the lack of
annotated corpora that support statistical algorithms, or even
potentially the impossibility of having a corpus at all, such as
in large narratives [Callaway and Lester, 2002].

Additionally, there are some disadvantages to the current
approaches undertaken in statistical NLG research. For in-
stance, symbolic NL generation systems are already consid-
ered slow, and FUF/SURGE is generally considered to be the
slowest in the NLG community. And yet the data from Ta-
ble 3 shows that HALOGEN is anywhere from 6.5 to 16 times
slower, and thus a 10-sentence paragraph might need 4 min-
utes or longer to be generated. Moreover, these approaches
use techniques such as n-gram models, where n must be in-
creased to improve quality, but results in even slower genera-
tion times and exponentially larger storage space.

5.3 Potential Applications
The transformation program presented here has additional
side benefits besides helping calculate the coverage of a
grammar. For example, in generation systems where non-
linguists must maintain old data and add new data, such
a program allows them to write sample sentences in the
syntax-only TreeBank notation, which is much easier for
non-linguists, and then convert those sentences directly into
a more linguistically-manageable form for generation (e.g.,
functional descriptions). Graphical editing tools for linguistic
data such as GATE [Bontcheva et al., 2002] or similar author-
ing tools could quicken the process even more.

Additionally, the transformation program can be used as
an error-checker for the well-formedness of sentences con-
tained in the TreeBank. Rules could be (and have been) added
alongside the normal transformation rules that detect when er-
rors are encountered, categorize them, and make them avail-
able to the corpus creator for correction. This extends not
only to annotation errors by the corpus creator detectable at
the syntax tree level, but even morphology errors such as in-
correct verbs, typos, or British/American English differences
by the original author of the text. Both of these tasks are much
more difficult for a statistical system to accomplish, requiring
separate retraining in the first case and locating or creating a
corpus of possible mistakes in the second, much like what is
done with tutoring systems where databases of potential stu-
dent errors are painstakingly constructed.

6 Conclusions and Future Work
Recent years have seen the arrival of statistical approaches
to the field of Natural Language Generation, much as was
seen in parsing a decade ago. Of the many possible compo-
nents in the standard NLG pipelined architecture, almost all
of these statistical systems have focused on the surface real-
ization component, offering the same robustness, wide cover-
age, and domain- and language-independence as for parsing.

Recent experiments with one statistically-based system,
HALOGEN, showed that it could achieve respectable cover-
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age without the typical development costs inherent in pro-
ducing grammars for symbolic NLG. By taking as input sen-
tences from the Penn TreeBank, HALOGEN was able to gen-
erate a substantial enough quantity of sentences to allow for
an empirical analysis of grammatical coverage of English.
This paper represents the analogous effort for a symbolic
generation system using the FUF/SURGE systemic realization
system, which includes the largest generation grammar.

We presented the results of a grammatical coverage eval-
uation experiment that showed the symbolic system had a
higher level of coverage of English as represented by the Penn
TreeBank. We also contrasted the statistical and symbolic
methodologies and concluded with ideas for future applica-
tions for easier creation of NLG systems and automatic error-
checking for large-scale corpora. We also plan to further de-
velop our Italian generation grammar developed at ITC-irst
[Novello and Callaway, 2003] with a similarly annotated cor-
pus of Italian newspaper text.
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Abstract

We present a learning architecture for lexical se-
mantic classificationproblems that supplements
task-specifictrainingdatawith backgrounddataen-
coding general “world knowledge”. The model
compiles knowledge contained in a dictionary-
ontology into additional training data, and inte-
gratestask-specific and background data through
a novel hierarchical learningarchitecture. Experi-
mentsonawordsensedisambiguationtaskprovide
empiricalevidencethatthis“hierarchicalclassifier”
outperformsastate-of-the-artstandard“flat” one.

1 Intr oduction
There is an increasinginterest in natural language pro-
cessing(NLP) and information retrieval (IR) for research
on lexical semantics,in particular with respectto word
sensedisambiguation [Yoong and Hwee, 2002], informa-
tion extraction [Riloff and Jones, 1999], named entity
recognition [Collins, 2002], andautomaticthesaurusexten-
sion[Hearst,1992]. In general terms,thegoal in thesetasks
is thatof automaticallyassociatingwords in text with seman-
tic labels.In informationextraction andnamed-entity recog-
nition nounphrasesor propernouns areassignedto semantic
categoriessuchas“organization”, “person”, or “location”. In
word sensedisambiguationandthesaurus extensionthegoal
is to assignwordsto finer-grained categories definedby ex-
istingdictionariesandontologies.

Lexical semanticinformationcanbeusefulin many NLP
andIR applicationssuchastext categorization,parsing, and
languagemodeling for speechrecognition. Furthermore it
canbe crucial for tasksthat require complex inferencesin-
volving world knowledge,suchasquestionanswering.

Oneof the main difficulties in learning semanticannota-
tionsstemsfrom thefactthattraining instancesareoftennar-
rowly focusedonveryspecificclasslabelsandrelatively few�

We would like to thankour colleaguesin the InformationRe-
trieval and Machine LearningGroup (IRML) and Brown Labora-
tory for Linguistic InformationProcessing(BLLIP), aswell asJesse
Hochstadtfor his editingadvice.This materialis baseduponwork
supported by the National ScienceFoundationunder Grant No.
0085940.

in number. It thusseemsintuitiveto supplementtask-specific
trainingdata,for example,sense-annotatedtraininginstances
for a specificword, with background dataencoding general
“world knowledge”. Thelatteraretypically availablein suf-
ficient quantitiesandneednot to begeneratedseparatelyfor
eachclassificationtask.To carryout this ideatwo crucialis-
suesneedto beaddressed:How exactlycanworld knowledge
becompiled into additional training data,andhow cantask-
specificandbackground databesystematicallyintegrated?

To addressthefirst challenge,we proposeto generatead-
ditional training dataabout broader semanticcategories by
extracting training sentencesfrom a hierarchically structured
ontology, WordNet1 [Fellbaum,1998]. Weassumedthateach
example sentenceassociatedwith a lexical entryprovidesev-
idencefor thekind of contexts in which thatspecificconcept
andall its ancestorsin thehierarchy canappear. As farasthe
secondchallenge is concerned,we introducea novel hierar-
chicallearning architecturefor semanticclassification.More
specifically, wepresentasimpleandefficienton-linetraining
algorithm generalizing the multiclassperceptron of [Cram-
merandSinger, 2002].

Finally, wecarryoutanexperimentalevaluation onaword
sensedisambiguationtask,providing empirical evidencethat
thehierarchicalclassifieroutperformsa state-of-the-artstan-
dard“flat” classifierfor this task.

Thepaperis structured asfollows. Section2 introducesthe
mainideain more detail. In Section3 we introduceWordNet
andthe simplified ontology derived from it that we usedas
thesourceof world knowledge. Section4 dealswith theba-
sic multiclassperceptronandtheproposedhierarchicalmul-
ticomponentclassifier. Finally, Sections5 and6 describethe
datasetusedandtheempirical results,respectively.

2 Word SenseDisambiguationand World
Knowledge

Word sensedisambiguation is the taskof assigningto each
occurrenceof anambiguouswordin atext oneof its possible
senses.A dictionary is usedto decideif a lexical entryis am-
biguousor not, andto specifyits setof possiblesenses.The
mostwidely usedlexical resource for this task is WordNet,
whichwedescribein detailin thenext section.

1In this paperwealwaysreferto WordNetversion1.71.
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Figure 1. The simplified two-layer hierarchy for the noun chair.

As anillustrationconsider thenoun“chair”, whichaccord-
ing to WordNet is ambiguous. Two possiblesensesareex-
plainedin thefollowing WordNetentries:GIHKJ!L�MONQP – a seatfor oneperson, with a support for the

back;GIHKJ!L�MONSR – (president, chairman, chairwoman, chair,
chairperson), the officer who presidesat the meetings
of anorganization;

Word sensedisambiguation is often framed as a multi-
classpatternclassificationtask. Useful features includeco-
occurring words,wordbigramsor trigrams,andpropertiesof
thesyntacticcontext thatcontainsthetargetword.Mostcom-
monlysystemsaretrainedonlabeleddatafor aspecificword,
for eachandtestedonunseenitemsof thesameword.Theset
of possiblelabelsis thesetof sensesof theambiguousword.
Onelimitation of sucha strategy is that thesystembasesits
decisionexclusively onwhatit hasbeenableto learnabout a
few very specificconcepts;e.g., HSJTL�MON P and HKJ!L�MONQR . Further-
more, sincemanually sense-tagging words for the required
trainingdatais slow andexpensive, thedatais quitesparse.

A great deal of information about objects like “chairs”
is indirect and can be derived from more general world
knowledgethrough generalization and inference processes.
Suppose that the task is to disambiguate betweenthe two
simplesensesof chair in thefollowing context:

1) ”Here the quality of the finest chair components is
mergedwith art.”

In this sentencecomponents is a useful hint that we are
dealing with the sense HKJ!L�M5N P . Chairs are artifacts, and
artifacts can have components. Conversely, even though
in principle peoplecould “have components”as well, this
sounds a little odd. Intuitively, if a word sensedisambigua-
tion systemhad accessto this type of information - that
“chairs” aresubordinatesof broaderconcepts like “artifacts”
and “people” - and someknowledge about thesebroader
semanticcategories, it might achieve a higher accuracy in
disambiguatingwords. Notice that the systemmight never
have previously observed any instanceof the noun “chair”,
in eithersense,as“having components”.

The goal hence is to complement specific but limited
knowledgeabout narrow classeswith richer, if lessspecific,
knowledgeabout moregeneral classes.Wecaneasilyrecover
thefactthatchairsarekindsof furniture or people from dic-
tionariesandhierarchically organizedontologieslike Word-
Net. Learninginformationabout suchgeneral concepts,how-
ever, is complicated. Onesourceof complication is thevery
problem we aretrying to solve, lexical ambiguity. If we do

not know whether somethingis a person or an artifact we
cannot learn reliable information aboutthosemore general
concepts. Oneway of addressingtheseproblems is offered
by WordNetitself.

3 The Ontology

3.1 WordNet

WordNet is a broad-coverage,machine-readable dictionary
widely usedin NLP. The English versioncontains around
150,000entries,mostlynouns,but alsoverbs,adjectives,and
adverbs. WordNet is organizedasa network of lexicalized
concepts,calledsynsets, thatcomprisesetsof synonyms.For
example, thenouns U president, chairman, chairwoman,chair,
chairpersonV form a synset.A word that belongs to several
synsetsis ambiguous. Synsetsare linked by semanticrela-
tions,themostimportant of which for nouns andverbs is the
is-a relation,or hyponymy; e.g., “car” is a hyponym of “ve-
hicle”. The verb andnoundatabasesform is-a hierarchies
with a few general concepts at the top andseveral thousand
specificconceptsat theleaf level.

Thehierarchical structureof thedatabasehasarousedsome
interestin NLP, because it can support interestingcompu-
tational language learningmodels, for example, in learning
predicateselectionalpreferences[Light andGreif, 2002]. We
aim to use the hierarchy to improve lexical classification
methods. Themodel we presentherecanin principle make
useof thefull hierarchy. However, for thesake of simplicity
wehavefocusedona lesscomplex hierarchy, whichhasbeen
derived from WordNetasdescribedbelow.

3.2 A simple two-level hierarchy

WordNetwasbuilt, and is regularly updated, by lexicogra-
phers. Lexicographersgroup wordstogether in synsetsand
individuatethe relevant semanticrelationsbetweensynsets.
This processincludestheclassificationof lexical entriesinto
oneof 26 broad semanticclasses.In this paperwe refer to
thesebroadclasseswith the termsupersenses. A few exam-
plesof supersenselabelsareperson, animal,artifact,food, lo-
cation,time,plant,process,attribute,substance,andrelation.
This set of labelsis fairly general and therefore small. At
thesametime thelabelsarenot too abstract.In otherwords,
theseclassesseemnatural andeasilyrecognizable,andthat
is probably why lexicographersusethem.In factthelevel of
generality is verycloseto thatusedin named-entity recogni-
tion (“location”, “person”, “organization”, etc.).

Eachsynsetin WordNetis associatedwith onesupersense
label. As a resultthedatabaseimplicitly defines,in addition
to the full hierarchy, a simpler two-layer hierarchy. Figure
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1 above illustratesthesynsetsandsupersenseschair belongs
to.

3.3 The hierarchy asa sourceof world knowledge
For a few thousand concepts WordNet lists, amongother
types of semanticinformation, one or more example sen-
tences.For the senseof chair above the example sentences
arethefollowing:GIHKJ!L�MON P – ”he put his coatover thebackof thechairand

satdown”GIHKJ!L�MONSR – “addressyour remarks to thechairperson”

Overall thereare9,258 of thesesentences.Sinceeachone
is associatedwith onesynset,that is in fact a sense-tagged
instanceof the word. In otherwords,WordNet providesa
few thousand potential sense-taggedtraining instances.

Unfortunately, thisadditional datain itself wouldnotbeof
muchhelp: for mostof the synsetsthereareno sentences2,
andtypically thesentencesarevery shortanddo not provide
muchcontext. However, the situationappearsin a different
light if wetakeinto account thehierarchy. Considering anex-
amplesentencefor a synsetalsoasanexample sentencefor
its ancestors(synsetsat higher levels in the hierarchy), the
number of sentencesgrows larger at the superordinatelev-
els. If we considerthe supersenselevel, the setof example
sentencesconstitutesin fact a small corpus of supersense-
annotateddata. Our hypothesisis that the several hundred
sentencesassociatedwith eachsupersensecanprovidea use-
ful sourceof general worldknowledge.In thenext sectionwe
describea generalmulticomponent learning architecture that
canbeusedto exploit thissupplementarytrainingdata.

4 Multicomponent Learning Ar chitectur e
The ideaof using the hierarchical structure of a domain to
overcomesparsenessproblemshasbeenexploredin text cat-
egorization.Thesemethods show improvedaccuracy andef-
ficiency [Toutanova et al., 2001; DumaisandChen,2000].
In NLP thehierarchical structureof WordNethasbeenused
to overcomesparsenessdataproblemsfor estimatingclass
distributions [Clark andWeir, 2002], andto exploit morpho-
logical informationto improvelexical acquisition[Ciaramita,
2002].

4.1 Multiclass perceptr on
The architecture we proposeis a generalization of “ultra-
conservative” on-line learning[CrammerandSinger, 2002],
whichis itself anextensionof perceptronlearningto themul-
ticlass case. We describe this “flat” version of the classi-
fier first. For eachnoun W we aregiven a training set XZY[0\^]`_ba(]Oc�d]fe P , whereeachinstance

\�]hgji kml
and

a�nogjpq[ W c .pr[ W c is thesetof synsetsthatWordNetassignsto W . ThusX summarizes s instancesof noun W , whereeachinstanceM is representedasa vector of features
\ ]

extractedfrom the
context in which W occurred; t is thetotalnumberof features
and

a ]
is thetruelabelof

\ ]
.3

2Therearein total around75,000synsetsin thenoundatabase.
3Sincesomeinstancesarelabeledwith multiple senses,in cases

wherethetaggerswereuncertain,uwv mayactuallybea setof labels.

Algorithm 1 MulticlassPerceptron

1: input trainingdata
[.\x]b_ba(];c`d]ye P , z{Y}|

2: repeat
3: for M Y�~ _K�f�f�y_ s do
4: if ��� [.\!]
� z c��Y a�] then
5: �������������x� \ ]
6: � ] Y�U aqg�pq[ W c��^� ��� _b\ ]O��� � ���
� _`\ ]O� V
7: for

arg � ] do
8: � � ��� �m� P� � � � \!]
9: end for

10: end if
11: end for
12: until nomoremistakes

In general,a multiclassclassifierfor word W is a function� � ��i k d�� pq[ W c that mapsfeature vectors
\

to oneof
the possiblesensesof W . In the multiclassperceptron, one
introducesa weightvector ��� g�i k l for every

a�g�p�[ W c and
defines� � implicitly by theso-calledwinner-take-all rule:

��� [0\�� z c Y}�(�b ¢¡£��¤�¦¥�§*¨ �x©
� � � _`\ � � (1)

Here z gªi k�«(¬�l
refersto the matrix of weights,every col-

umncorrespondingto oneof theweightvectors ��� .
Thelearning algorithm worksasfollows: Trainingpatterns

arepresentedoneat a time in the standardon-line learning
setting. Whenever � � [0\ ] � z c­�Y a ]

an updatestepis per-
formed;otherwise theweightvectors remainunchanged.To
perform theupdate,onefirst computestheerror set � ] con-
taining thoseclasslabelsthat have received a higherscore
thanthecorrect class:

� ] Y�U arg®pr[ W c¯�T� � � _b\!] ��� � � � � _`\!] � V (2)

An ultraconservative update schemein its mostgeneral form
is thendefinedasfollows: Update� � ��� � �±° � \!] with learn-
ing ratesfulfilling theconstraints°����mY²~ , ³ ��´e � � °K��Y � ~ ,
and °µ�¶Y·| for

a¸�g � ]�¹ U a ] V . Hencechangesare lim-
ited to � � for

a�g � ] ¹ U a(] V . The sumconstraintensures
that theupdateis balanced, which is crucial to guaranteeing
theconvergenceof thelearningprocedure(cf. [Crammerand
Singer, 2002]). We have focusedon thesimplestcaseof uni-
form updateweights,° � Y � P� � � � for

a®g � ] . Thealgorithm
is summarized in Algorithm 1.

Notice that the presentedmulticlassperceptron algorithm
learnsall weightvectors in a coupledmanner, in contrastto
methods thatperform multiclassclassificationby combining
binary classifiers,for example, training a classifierfor each
classin a one-against-the-restmanner.

4.2 Hierar chical multiclassperceptron
The hierarchical multiclass perceptron is inspired by the
framework for learning over structuredoutput spacesintro-
ducedin [Hofmannet al., 2002]. The key idea is to intro-
ducea weightvectornot only for every (leaf-level) class,but
alsofor every inner node in a given classtaxonomy. In the
current application to word sensedisambiguation, the inner
nodes correspondto the26 supersensesº andwe will hence
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introduceadditional weightvectors �^» for º g X [ W c , whereX [ W c refers to the subsetof supersensesinducedby
pq[ W c .

Wewill usethenotation º [0a�c to referto thesupersensecorre-
sponding to a synset

a
. Thendiscriminant functions ¼ [0\½_`a�c

canbedefinedin anadditive mannerby

¼ [0\�_ba�� z c Y � ��� _`\ � � � � »
¨y� © _b\ � � (3)

If onethinksof ¼ in termsof acompatibility functionbetween
anobservationvector

\
andasynset

a
, thenthecompatibility

scoreis simplythesumof two independentcontributions,one
stemmingfromthesupersenselevel andtheotheronecoming
from themoredetailedsynsetlevel. Themulticlassclassifier
is thenagaindefinedusingthewinner-take-all rule,

� � [.\�� z c Y¾���
 �¡£�¦¤� ¼ [0\½_`a�� z c¿_ (4)

Algorithm 2 Hierarchical MulticlassPerceptron

1: input trainingdata
[.\ n _ º n c�Ànbe P and

[0\ ] _`a ] c�d]fe P , zÁYj|
2: repeat
3: for ÂhY�~ _K�f�f�y_bÃ do
4: �ÅÄn Y�U¦º g X [ W c��T� �(» _`\ nµ��� � �(»
Æ _`\ nQ� V
5: if �ÅÄn �Y¶Ç then
6: �(»OÆm���(»OÆ#� \ n
7: for º g �hÄn do
8: �(»��È�(» � P� �ÊÉÆ � \ n
9: end for

10: end if
11: end for
12: for M Y�~ _S�y�f�f_ s do
13: if � � [.\ ] � z c��Y a ] then
14: �¦�����������x� \ ]
15: � ] Y�U aqg�pq[ W c��^� � � _b\!] ��� � � � � _`\!] � V
16: for

aqg � ] do
17: ���Ë����� � P� � � � \ ]
18: end for
19: �ÌÄ] Y�UQº g X [ W c��!� �(» _b\ ]O��� � �(»
� _`\ ]5� V
20: if �ÅÄ] �YjÇ then
21: �(»
�����(»
��� \ ]
22: for º g �hÄ] do
23: � » ��� »Í� P� �ÊÉ� � \^]
24: end for
25: end if
26: end if
27: end for
28: until nomoremistakes

The complete algorithm is summarized in Algorithm 2.
The first part of the algorithmconcerns the different nature
of the two typesof training data. As we explained in Sec-
tion 3, the supplementary dataderived from WordNetonly
providesannotationsat thesupersenselevel. We cannot use
this informationto perform updates for weightvectors ��� , but
only toadjusttheweights��» . Hencefor supersense-annotated
training instances

[.\ n _ º n c we compute the error set on the
supersense level as �±Än YÎUQº �h� � » _b\�n �Ï� � � » Æ _b\�n � V and
perform the standardmulticlassupdatestepfor all �x» withº g �ÅÄn ¹ U¦º n V .

Thesecondpartconcernstrainingon thetaskspecificdata[0\ ] _ º ] c . If theclassifiermakesa mistake on pattern
\ ]

error
setsarecomputedfor its individual componentsboth at the
synsetandsupersenselevels (lines15 and19 above), which
areupdated according to thestandardmulticlassupdaterule.

As anexample, supposethatgivenapattern
\ ]

of chair the
synseterror set is � ] Y·U�Ð�ÑÊÒ�ÓAÔ!Õ9Öb×%Ø
Ù Ú0Ö`× Û _ Ð#Ñ½Ò�ÓAÔ^Ü`Û5Ý5Ú@Þ ßOÞ
Ý
Ù ×OV ,
while the correctlabel is

a�] YàÐ#ÑÊÒ�ÓfÔ&á`ÛO× âfã�Ø , andthus º ] Yäæå Ô�ç!èËé . The updatevector
[ PR c
\ ] is subtractedfrom the

vectors relative to the labelsin � ] , while
\�]

is added to � � � .
If at thesupersenselevel theerror set �qÄ] Y¸USÒ¯Ô�êmÓyë¿Ò�Ð&ê�V ,\ ]

is subtractedfrom the vector for Ò¯Ô�ê¯Ófë¿Ò�Ð&ê andadded
to �(»�� . Therefore,through thesupersenseweightvectors, the
background dataaffectsclassificationat thesynsetlevel.

5 Data Setand Features
5.1 The Senseval data
We testedour systemon a standardword sensedisambigua-
tion dataset. Thetrainingandtestdataarethoseusedin the
last Senseval workshop (Senseval-2/ACL-01, 2001), which
focusedexclusivelyonwordsensedisambiguation.Thetrain-
ing setconsistsof 8,611 paragraphsthatcontainanambigu-
ous word whosesensehasbeenmanually annotated. The
inventory of sensesis taken from WordNet. Similarly, the
test set consistsof 4,328 unlabeledpairs. We only ran ex-
periments on thenoundata,which consistsof 3,512 training
instancesand1,754testinstances.Eachinstanceconsistsof
a shortpassagetaken from oneof various sources:e.g.,the
Wall StreetJournal, British NationalCorpus,andwebpages.
Thetask-specifictrainingdata, ì § , is typically smallerthan
thegeneral one, ì Ä . Theaverage ratio í ì Ä í î�í ì § í is equalto
20.3.

5.2 Features
We usedthesamefeaturesetdescribedin [YoongandHwee,
2002], which is compact but includes most of the features
thathave beenfound usefulin this task: surrounding words,
bigrams andtrigrams,andsyntacticinformation. Yoong and
Hwee report resultsfor several classifiersbroken down by
partof speech, which makesit possibleto compare our sys-
tem’s performancewith thatof severalothers.

Therearefour typesof features. The following sentence
servesto illustratethem:“the dinnertableandchairs areele-
gant yet comfortable”. Thefeaturesetis describedin greater
detailsin [YoongandHwee,2002]:G part of speechof the neighboring words: ïÍðxñÍY}ò�ò ,ï�ó¯Yõô�ô�ö , ï�÷Êñ#Y}ø(ù�ú , ...G singlewordsin thesurroundingcontext: ò�Y}û�ü�û�ý�þ(ÿ�� ,ò�Y����µÿ�ÿTû�� , ò�Y���þ	�!ü�û , ò±Y���
Tû , ...G bigrams and trigrams: ò ðxñ�� ÷Êñ Y¶þ�ÿ
� þ	��û ,ò ð����3ð�� Y���þ	�Tü�û , ò ÷½ñ�� ÷�� Yjþ���û û�ü�û�ý�þ�ÿ�� , ...G head of the syntactic phrase that governs the tar-

get: ��Y}þ���û , � ï���öhY¾ø�ù�ú , � �
���¦ò��hYjþ���������û ,
� ���� �ï���ö Y¶ü�û�!�� .

Syntacticfeaturesandpart of speechtagswereextracted
from thesyntacticparsetreesof theSenseval-2 training and
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Figure 2. Test accuracy of the flat multiclass perceptron
(dashed line) and the hierarchical multiclass perceptron (con-
tinuous line) on the word sense evaluation data set.

testdataproducedusingCharniak’s parser[Charniak,2000].
In thiswaywecreatedthetrainingdataì § from theSenseval
data. In exactly the sameway we extractedfeatures from
theexample sentencesin WordNetto producetheadditional
trainingsetfor thesupersense-level classes,ì Ä . Overall there
arearound 250,000 features.

6 Experiments
6.1 Experimental setup
We testedtwo modelsdescribedin Section4: theflat multi-
classperceptron,trainedandtestedatthesynsetlevel, andthe
hierarchicalone,trainedonboththestandardsynsetdataand
thetrainingdatafor thesupersensesextractedfrom WordNet.
We alsotrainedandtesteda simple“flat” naive Bayesclas-
sifier. A different classifierwas trainedandtestedfor each
word. We treatedcompoundssuchaseasychair andchair as
differentwords.

All theresultswereport aregivenasaccuracy:

"�#%$ �'&mY (�) ¡+*�&K� $	,-#.$ �b�'& #./   ) & "'" & "
(�) ¡0*1&S� $	,2/ & "3/546/ &K¡ " 7 ~µ|(|

.

6.2 Results
Figure2 showstheperformanceof theflat perceptron(dotted
line) during eachiteration. Theperceptron in factconverges
very quickly. This is probably dueto the fact that thereare
relatively few trainingitems: Normally thesizeof ì § is be-
tweenoneandtwo hundred. To checkwhetheran improve-
mentwasdueto thealgorithm aloneandnot to thecombina-
tion of thealgorithm andtheadditional, supersensedataset,
we alsotraineda hierarchical perceptron exclusively on the
synsetdata.Figure2 alsoplots theperformanceof thehier-
archicalperceptron trainedonly on ì�§ . The two curves are
virtually indistinguishable,meaning that without additional
informationnotmuchcanbegainedfrom usingthehierarchi-
cal classifieralone. In otherwords,with “flat” dataa “flat”
classifieris asgood asa“hierarchical” one.
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Figure 3. Test accuracy of the hierarchical (continuous line)
vs. flat (dashed line) multiclass perceptron. The hierarchical
multiclass perceptron was trained using supplementary super-
sense training data.

Figure3 plots theperformancesof theflat andthehierar-
chicalperceptron whenalsotrainedon ì Ä . Thetwo patterns
areverydifferent.Thehierarchical model convergesonly af-
termorethan350iterations.

Method Score
Yoong’s AdaBoost 69.2
BestS2 69.5
NaiveBayes 68.0
Multiclassperceptron 70.4
Hierarchicalmulticlassperceptron 71.8

Table 1. Test accuracy on the Senseval-2 test data.

This might be due to several facts. First, the amount of
datais muchgreaterdueto the additionof ì Ä , andit takes
longer to learn. Second, the supersensedataandthe synset
dataareprobably very differentandnoisy;asa consequence
theweightvectors arecontinually readjusted,possiblyalong
very different dimensions. The interestingthing, though, is
thatevenin themidstof very wideoscillationsthereis aclear
improvement, particularly between50and100iterations.

We present alsoacomparative table.Table1 illustratesthe
resultsof our systemsandotherstate-of-the-artword sense
disambiguationones. We set the number of iterations to a
fixed number for all words equalto 100. Given that we set
this value“knowing” that it is a good onefor both our sys-
tems,our resultsand thoseof other systemsare not really
comparable. However, it is reasonable to expect that it is
possibleto setthis stoppingcriterionwell enoughusingheld
out data.Thusthis comparisongivesusanapproximateidea
of whereour systemsstandwith respectto state-of-the-art
onesin termsof performance. AdaBoostis theclassifierthat
gave the bestresult on nouns in [Yoong andHwee, 2002],
BestS2 [MihalceaandMoldovan, 2001] refersto the best-
performingsystemonnounsamongtheSenseval-2workshop
systems.Theseresultsshow thatoursystems’performanceis
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noun F H noun F H
stress 48.7 53.9 child 63.5 65.1
church 73.8 76.9 bar 73.4 69.1
mouth 65.5 69.0 day 68.4 69.1
sense 59.0 64.1 post 45.6 51.5
art 61.2 57.6 fatigue 81.0 88.1
chair 81.9 83.3 bum 73.3 80.0

Table 2. Example results on a few words. F = flat, H = hierar-
chical.

comparableto thatof state-of-the-artonesandthatour hier-
archicalmodeltrainedon background andspecificdataout-
performstheflat one.

Resultsfor afew individualwordsarepresented in Table2.
They show that the improvements arenot uniform, but vary
from word to word. Overall we identified105 nouns. The
greatmajority of theseare compoundsthat typically occur
only oncein the test data. Both systemsachieve approxi-
matelythesamescoreon thesedata.On thebulk of the test
data,however, thesystemsperform differently. Of the21test
wordson which the classifiersachieve differentscores,the
hierarchical perceptronis moreaccuratethantheflat oneon
15words,or 71.5%of thetime.

Thisfindingsuggestsasimpleimprovementfor thehierar-
chicalsystem.Thecontributionof theindividualcomponents
of the classifiercouldbe weightedsettingthe weights,after
training, usingheld out data. In the simplestsettingbinary
weightscouldbe used;e.g., eitherthe backgroundinforma-
tion is usedor not. Thus the backgroundmodel would be
usedonly whenuseful,otherwiseits contributionswould be
ignored.

7 Conclusion
We have presenteda learning architecture for lexical seman-
tic classificationthat supplementstask-specifictrainingdata
with background dataencoding general“world knowledge”
extracted from a widely used broad-coverage, machine-
readable dictionary. The model integratestask-specificand
general informationthrough a novel hierarchical learningar-
chitecture basedon the multiclassperceptron. Experiments
on a word sensedisambiguationtaskshowedthat thehierar-
chicalmodel achievesimprovedperformance overastate-of-
the-artstandard“flat” system.

This new framework has a number of promising exten-
sions. Additional accuracy gains are expected by using
moresophisticatedperceptronlearningalgorithmssuchasthe
votedperceptron [FreundandSchapire,1998] andby using
the dual perceptron with non-linearkernels. We have only
madeuseof the simplestpossibleform of hierarchy (two-
stage),in reality thehierarchicalstructureof WordNetis very
complex andmuchmoreinformative. The modelpresented
herecanbeextendedto include this typeof structure aswell
as othersourcesof information. In addition, the two-layer
model canbeappliedto all otheropen-classwordsin Word-
Net and a full-hierarchy-basedmodel could be applied to
verbs andnouns. There is alsomore information to extract
from WordNet,for example, from theglosses,whichcanpo-
tentially be utilized as additional training data. Lastly, the

ideaswe presentedheremight be usedwith other learning
methods. We leave thesetopicsfor futureresearch.
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Abstract

This paper describesan agent-basedevolution-
ary computingtechniquecalledGRAEL (Grammar
Evolution), that is able to performdifferentnatu-
ral languagegrammaroptimizationand induction
tasks. Two different instantiationsof the GRAEL-
environmentaredescribedin thispaper:in GRAEL-
1 large annotatedcorporaare used to bootstrap
grammaticalstructurein a societyof agents,who
engagein a seriesof communicativeattempts,dur-
ing which they redistribute grammaticalinforma-
tion to reflectusefulstatisticsfor the taskof pars-
ing. In GRAEL-2, agentsare allowed to mutate
grammaticalinformation,effectively implementing
grammarrule discovery in a practicalcontext. A
combinationof both GRAEL-1 and GRAEL-2 can
be shown to provide an interestingall-roundopti-
mizationfor corpus-inducedgrammars.

1 Introduction
Evolutionarycomputinghasseenmany interestingapplica-
tionsonabroadrangeof researchdomainsovertheyears.Its
ability to overcomethe problemof local maximain finding
a solutionto a particularproblem,by recombiningandmu-
tatingindividualsin asocietyof possiblesolutions,hasmade
it anattractive techniquefor problemsinvolving large,com-
plicatedandnon-linearlydivisible searchspaces.The evo-
lutionary computingparadigmhashowever always seemed
reluctantto dealwith naturallanguagesyntax,probablybe-
causeit is essentiallya recursive, non-propositionalsystem,
dealingwith complex issuessuchaslong-distancedependen-
ciesandconstraints.This hasmadeit difficult to incorporate
it in typically propositionalevolutionarysystemssuchasge-
neticalgorithms.

A limited amountof GA-relatedsyntacticresearchhasfo-
cusedon linguistic data [Smith and Witten, 1996; Wyard,
1991;Antonisse,1991;Araujo,2002], but noneof thesesys-
temsaresuitedto ageneric(treebank)grammaroptimization
task, mainly becausethe grammaticalformalism and evo-
lutionary processesunderlying thesesystemsare designed
to fit a particulartask,suchasinformationretrieval [Losee,
1995]. Other work on syntaxin the evolutionary comput-
ing paradigmhaseither beeninvolved in studyingthe ori-

gins of grammarin a computationalcontext [Batali, 2002;
Kirby, 2001] or theco-ordinatedco-evolutionof grammatical
principles[Briscoe,1998]. Yet so far, little or no progress
hasbeenachievedin evaluatingevolutionarycomputingasa
tool for the inductionor optimizationof data-drivenparsing
techniques.

The GRAEL1 environmentprovidesa suitableframework
for the inductionandoptimizationof any type of grammar
for naturallanguagein an evolutionarysetting. In this pa-
perwe hopeto provideanoverview of GRAEL asa grammar
optimizationand induction technique. We will first outline
the basicarchitectureof the GRAEL environmentin Section
2 on thebasisof a toy example.Next, we introduceGRAEL-
1 (Section3) asa grammaroptimizationtechniquethat can
enhancecorpus-inducegrammars.By addinganelementof
mutationin GRAEL-2 we implementa methodto extendthe
coverageof acorpus-inducedgrammar. Wewill alsodescribe
a combinationof both GRAEL-1 andGRAEL-2 which canbe
shown to provide an interestingall-roundoptimizationtech-
niquefor corpus-inducedgrammars.

2 GRAEL - Grammar Evolution

A typical GRAEL societycontainsa populationof agentsin
a virtual environment. Eachof theseagentsholdsa number
of structuresthat allows it to producesentencesas well as
inducea probabilisticgrammarto analyzeotheragents’sen-
tences.During anextendedseriesof error-driveninter-agent
interactions,thesegrammarsareupdatedover time. While
theevolutionarycomputingapproachof GRAEL is ableto de-
finethequalityof thegrammarsthataredevelopedovertime,
the agent-basedaspectof GRAEL ensuresthat the grammar
optimizationis groundedin the practicaltaskof parsingit-
self. From an engineeringpoint of view, GRAEL providesa
generalframework for grammaroptimizationandinduction,
but from a more theoreticalpoint of view, GRAEL canalso
help us to understandthe dynamicsof grammaremergence
andevolutionover time.

In thedata-drivenGRAEL experimentsdescribedin thispa-
per, the grammaticalknowledgeof theagentsin the society
is bootstrappedby usingan annotatednaturallanguagecor-
pus[Marcuset al., 1993]. At theonsetof sucha data-driven

1GRAmmar EvoLution
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Figure1: A GRAEL languagegame

GRAEL society, thesyntacticstructuresof a treebankareran-
domly distributedover theagents,sothateachagentholdsa
numberof tree-structuresin memory. Thesestructuresenable
themto generatesentences,aswell asprovidegrammarsthat
allow themto analyzeotheragents’sentences.

The actualinteractionbetweenagentsis implementedin
language games: an agent(ag1) presentsa sentenceto an-
otheragent(ag2). If ag2 is ableto correctlyparseag1’s sen-
tence,thecommunicationis successful.If on theotherhand,
ag2 is lacking the propergrammaticalinformation to parse
thesentencecorrectly, ag1 sharesthenecessaryinformation
for ag2 to arriveat thepropersolution.

Figure1 displaysa toy exampleof sucha languagegame.
In this example,a “treebank”of two structureshasbeendis-
tributedovera societyof two agents.Thetwo agentsengage
in a languagegame,in which ag1 presentsthe sentence“I
offeredsomebearhugs” to ag2 for parsing.At this point in
time,ag2’sgrammardoesnotcontainthepropergrammatical
information to interpretthis sentencethe way ag1 intended
andso ag2 will returnan incorrectparse,even thoughit is
consistentwith its own grammar.

Consequently, ag1 will try and help ag2 out by reveal-
ing theminimal correctsubstructureof thecorrectparsethat
shouldenableag2 to arriveatabettersolution.This informa-
tion is incorporatedin ag2’s grammar, who will try to parse
the sentenceagainwith the updatedknowledge. Whenag2
is ableto provide thecorrectanalysis(or is not ableto after
a certainnumberof attempts)eitherag1’s next sentencewill

beparsed,or two otheragentsin the GRAEL societywill be
randomlyselectedto playa languagegame.

Theseinteractions,which introducea conceptof error-
drivenknowledgesharing,extendtheagents’grammarsfast,
so that the datasetscangrow very large in a shortperiodof
time. A generation-basedGRAEL societycanbe usedto al-
low the societyto purge itself of badagentsandbuild new
generationsof goodparseragents,who containa fortuitous
distributionof grammaticalknowledge.This involvestheuse
of fitnessfunctionsthatcandistinguishgoodagentsfrom bad
ones.For a full overview of all theevolutionaryparameters
in theGRAEL environment,many of whichhavea significant
impacton processing,we would like to refer to [De Pauw,
2002]. In thispaper, wewill describethemostrelevantsubset
of experimentsthatallows us to evaluateGRAEL asa gram-
marinductionandoptimizationtechnique.

3 GRAEL-1: Probabilistic Grammar
Optimization

Historically, mostsyntacticparsersfor naturallanguagehave
madeuseof hand-writtengrammars,consistingof a labo-
riously craftedset of grammarrules. But in recentyears,
a lot of researchefforts employ annotatedcorpora to au-
tomatically induce grammars[Bod, 1998; Collins, 1999;
De Pauw, 2000]. Yet, data-analysisof the output gener-
atedby theseparsersstill brings to light fundamentallimi-
tationsto thesecorpus-basedmethods[Klein andManning,
2001]. Eventhoughgenerallyproviding amuchbroadercov-
eragethan hand-built grammars,corpus-inducedgrammars
may still not hold enoughgrammaticalinformation to pro-
vide parsesfor a large numberof sentences,as somerules
thatareneededto generatethecorrecttree-structuresarenot
inducedfrom theoriginal corpus(cf. Section4).

But even if there were such a thing as a full-coverage
corpus-inducedgrammar, performancewould still belimited
by the probabilisticweightsattributed to its rules. A typi-
cal data-drivenparserprovidesa hugecollectionof possible
parsesfor any given sentence.Fortunately, we canalso in-
duceusefulstatisticsfrom theannotatedcorpusthatprovides
a way to ordertheseparseforeststo expressa preferencefor
a particularparse.Thesestatisticsgo a long way in provid-
ing well orderedparseforests,but in many othercases,it can
beobservedthattherankingof theparseforestis sometimes
counter-intuitivein thatcorrectconstructsareoftenovertaken
by obviouslyerroneous,but highly frequentstructures.

This can easily be explained by the inherentnatureof
corpus-basedgrammars: the initial probabilisticvaluesat-
tachedto thegrammarrulesinducedfrom theannotateddata
areequalto their relativefrequency in thecorpus.It mightbe
thecasehowever that,eventhoughthey aredirectly induced
from theannotatedcorpus,theprobabilitiesof theserulesare
not suitedto thedisambiguationtaskasyet. It maytherefore
beusefulto have theparserusethegrammarto practice the
taskof parsingandadjusttheprobabilisticweightsof partic-
ular structuresaccordingto thesetestcases.We thenneedto
considertheinitial grammarasbasicraw materialin needof
optimization,asit is merelya reflectionof the original data
setandis not yet optimizedfor the taskof parsing(unseen)

824 NATURAL LANGUAGE



sentencesitself.
Typical methodsof probabilistic grammaroptimization

include, among others, bagging and boosting [Henderson
and Brill, 2000; Collins, 2000], re-estimationof the con-
stituentsprobabilities[Goodman,1998;Charniak,2000] and
including extra information sources[Belz, 2001; Collins,
1999]. But we proposeanagent-basedevolutionarycomput-
ing methodto resolve this issue.Grammaroptimizationus-
ing a GRAEL environmentis in this vein relatedto theafore-
mentionedbaggingapproachto grammaroptimization,albeit
with somenotabledifferences. By distributing the knowl-
edgeover a groupof agentsand having them interactwith
eachother, we basicallycreatea multiple-routemodel for
probabilisticgrammaroptimization. Grammaticalstructures
extractedfrom the training corpus,will be presentin differ-
ent quantitiesandvariationsthroughoutthe GRAEL society.
While theagentsinteractwith eachotherandin effect prac-
tice thetaskoneachother’sgrammar, avariedrangeof prob-
abilistic grammarsareoptimizedin a situationthat directly
relatesto the taskat hand. The evolutionaryaspectsof the
systemmake surethat,while marginally usefulgrammatical
informationis down-toned,commonconstructsareenforced,
providing a betterbalancedmodelfor statisticalparsing.

Theway GRAEL accomplishesare-distributionof theorig-
inal probabilisticvaluesis by usingthedefault GRAEL archi-
tecturedescribedin Section2. Thistypeof error-drivenlearn-
ing makessurethatmistakesarebeingdealtwith by transfer-
ring difficult grammaticalconstructs,therebyincreasingtheir
probabilisticvaluein theotheragent’s grammar. This prob-
abilistic adjustmentwill be taken into accountduringsubse-
quentparsingattemptsby this agent,hopefullytriggeringthe
correctgrammaticalstructurein thefuture.

3.1 Experimental Setup
The overall setupof the GRAEL experimentsis displayedin
Figure2. Baselineaccuracy is measuredby directly induc-
ing agrammarfrom thetrainingsetto powerParser1, which
disambiguatesthe testset. This grammartakeson the form
of a PMPG asoutlinedin [De Pauw, 2000] (cf. infra). The
sametraining set is also randomly and equally distributed
overa numberof agentsin theGRAEL society, whowill con-
sequentlyengagein a numberof language games. At some
point,establishedby thehaltingprocedure(cf. infra), theso-
cietyis haltedandthefittestagentis selectedfrom thesociety.
This agenteffectively constitutesa redistributedandproba-
bilistically optimizedgrammar, which canbe usedto power
Parser2. GRAEL-1 accuracy is achievedby having thisparser
disambiguatethesametestset.

We usedtwo datasetsfrom the PennTreebank[Marcus
et al., 1993]. Themainbatchof experimentswasconducted
on the small, homogeneousATIS-corpus,which consistsof
a collection of annotatedsentencesrecordedby a spoken-
dialogue system. The larger Wall Street Journal Corpus
(henceforthWSJ), a collectionof annotatednewspaperarti-
cles,wasusedto testthesystemonalargerscalecorpus.The
commondivision betweentraining set (Section02-21) and
test set (Section23) was used. Semanticallyorientedflags
andnumericflagsindicatinginternalrelationswereremoved
to allow for morestreamlinedsyntacticprocessing.

Training Set

Parser 1

Agent 1 Agent 2 A...A Agent n

G R A E L
Test Set

Agent 1 Agent 2 A...A Agent n

Fittest Agent Parser 2

GRAEL-1
Accuracy

Baseline

�
�

�
� ���

�
�

�
�

Figure2: Comparingparsers:baselineparserandGRAEL

For syntacticprocessing,the agentsusethe parsingsys-
tem PMPG describedin [De Pauw, 2000], which integrates
a CKY parser[Chappelierand Rajman,1998] and a parse
forestrankingschemethatemploysprobabilisticinformation
as well as a memory-basedoperatorto maximizefor each
parsethe numberof nodesthat canbe retrieved from mem-
ory. A PMPG takes the form of a simple PCFG-type gram-
mar, enrichedwith numericalindicesthatencodecontextual
informationpreviouslyobservedin atreebank.Thismemory-
basedinstantiationof Data-OrientedParsing[Bod,1998] en-
suresthat largersyntacticstructuresareusedasthebasisfor
parsing,with aminimal lossof computationalefficiency over
regular PCFGs. The PMPG approachcan thereforebe con-
sideredto introduceapsycho-linguisticallyrelevantmemory-
basedoperatorin theparsingprocess.

The full experimentalrun variedsocietysizes,generation
methods,fitnessfunctionsandhaltingprocedures[De Pauw,
2002]. Thesubsetof experimentsdescribedin thispaperem-
ployedthesexual procreationmethodto introducenew gen-
erationsby combiningthegrammarsof two fit agentsin the
societyto createnew generationsof parseragents.Thefitness
of anagentis definedby recordinga weightedaverageof the
F-scoreduringinter-agentcommunication(alsoseeFigure3)
andtheF-scoreof theagent’sparseron a held-outvalidation
set. This informationwas alsousedto try andhalt the so-
ciety at a global maximumandselectthe fittest agentfrom
the society. For computationalreasons,the experimentson
theWSJ-corpuswerelimited to two differentpopulationsizes
andusedanapproximationof GRAEL thatcandealwith large
datasetsin a reasonableamountof time. Thetestsetwasnot
usedin any way during actualGRAEL-processingin agree-
mentwith blind-testingprocedures.
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ATIS WSJ
Exact Match F ����� -score Exact Match F ����� -score

Baseline 70.7 89.3 16.0 80.5
GRAEL (5) 72.4 90.9 — —
GRAEL (10) 77.6 92.1 — —
GRAEL (20) 77.6 92.1 — —
GRAEL (50) 75.9 92.2 22.2 80.7
GRAEL (100) 75.9 92.0 22.8 81.1
bagging (15) 75.9 91.8 20.0 81.4
boosting (15) 75.9 91.7 21.0 81.0

Table1: Baselinevs GRAEL-1 results

3.2 Results
Table1 displaysthe exact matchaccuracy andF-scoresfor
thebaselinemodel,astandardPMPG parserusinga grammar
inducedfrom the trainingset(cf. Figure2). It alsodisplays
scoresof the GRAEL systemfor different populationsizes.
We noticea significantgain for all GRAEL modelsover the
baselinemodelon theATIS corpus,but increasingpopulation
sizeover 20 agentsseemsto decreaseexact matchaccuracy
on the ATIS corpus.Likewise, the small societyof 5 agents
achievesonly a very limited improvementover the baseline
method. Dataanalysisshowed that the bestmomentto halt
the societyandselectthe fittest agentfrom the society, is a
relatively brief period right beforeactual convergencesets
andgrammarsthroughoutthe societyarestartingto resem-
bleeachothermoreclosely. Thesizeof thethesocietyseems
to be the determiningfactorcontrolling the durationof this
period.

Preliminarytestsona subsetof theWSJ corpushadshown
that societysizesof 20 agentsandlessto be unsuitablefor
a large-scalecorpus,againendingup in a harmfulpremature
convergence.Thegainachievedby theGRAEL societyis less
spectacularthanon theATIS corpus,but it is still statistically
significant. Larger societysizesandfull GRAEL processing
on theWSJ corpusshouldachieveamoresignificantgain.

The experimentsdo show however, that GRAEL-1 is in-
deedan interestingmethodfor probabilisticgrammarredis-
tributionandoptimization.Dataanalysisshowsthatmany of
the counter-intuitive parseforestorderingsthat wereappar-
ent in the baselinemodel,arebeing resolved after GRAEL-
1 processing.It is also interestingto point out that we are
achieving anerror reductionrateof morethan26%over the
baselinemethod,without introducingany new grammatical
informationin thesociety, but solelyby redistributingwhatis
alreadythere.Theseexperimentalresultsindicatethatanno-
tateddatacanindeedbeconsideredasraw materialthatcan
beoptimizedfor thepracticaluseof parsingunseendata.

[De Pauw, 2002] alsodescribesexperimentsthat directly
compareGRAEL to thesimilarmethodsof baggingandboost-
ing [HendersonandBrill, 2000], which are summarizedin
thebottomtwo linesof Table1. Baggingandboostingwere
shown to obtain significantly lower accuracy figureson al-
mostall accounts.Only the F-scorefor thebaggingexperi-
mentexceededthatof theoptimal GRAEL configuration,but
this can be attributed to the fact that an approximationof
GRAEL was usedfor full processingon the extensive WSJ

dataset.

4 GRAEL-2: Grammar Rule Discovery
Thefunctionalityof GRAEL-1 canbeextendedby onlyapply-
ing minor alterationsto the GRAEL system.With GRAEL-2
we wish to provide a grammarrule discovery methodwhich
can deal with the problemof grammar sparseness. Hand-
writtenandcorpus-inducedgrammarsalikehaveto dealwith
thefundamentalissueof coverage.[Collins,1999] for exam-
ple reportsthat whenusingsections2-21 of the WSJ-corpus
asatrainingsetandsection23asa testset,17.1%of thesen-
tencesin thetestsetrequirea rulenotseenin thetrainingset.
Even for a largecorpussuchasthe WSJ, sparsegrammaris
indeeda seriousaccuracy bottleneck.

It would thereforebe useful to have a methodthat can
take a corpus-inducedgrammarandextendit by generating
new rules. But doing so in a blind manner, would provide
huge,over-generatinggrammars,containingmany nonsensi-
cal rules.The GRAEL-2 systemdescribedin this section,in-
volvesadistributed approachto thistypeof grammarruledis-
covery. Theoriginal (sparse)grammaris distributedamonga
groupof agents,who canrandomlymutate the grammatical
structuresthey hold. Thenew grammaticalinformationthey
createis tried andtestedby interactingwith eachother. The
neo-darwinistaspectof this evolutionary systemwill make
surethat any usefulmutatedgrammaticalinformationis re-
tainedthroughoutthe population,while noiseis filtered out
over time. This methodprovidesa way to createnew gram-
maticalstructurespreviouslyunavailablein thecorpus,while
at thesametime evaluatingthemin a practicalcontext, with-
out theneedfor anexternalinformationsource.

To accomplishthis,we needto implementsomeminor al-
terationsto theGRAEL-1 system.Themostimportantadjust-
mentoccursduringthelanguagegames.Wereferbackto the
toy exampleof the languagegamein Figure1 to the point
whereag1 suggeststheminimal correctsubstructureto ag2.
In GRAEL-1 thisstepintroducedaform of error-drivenlearn-
ing,makingsurethattheprobabilisticvalueof thisgrammati-
calstructureis increased.Thefunctionalityof GRAEL-2 how-
ever is different: in this step,we assumethat thereis a noisy
channelbetweenag1 andag2 whichmaycauseag2 to misun-
derstandag1’s structure.Smallmutationson differentlevels
of thesubstructuremayoccur, suchasthedeletion,addition
andreplacementof nodes.This effectively introducesprevi-
ouslyunseengrammaticaldatain the GRAEL society, which
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ATIS WSJ
F ����� Ex. Match F ����� Ex. Match

Baseline 69.8 0 80.5 16
grael-1 73.8 0 81.4 22.8
grael-2 83.0 7.2 76.5 19.3
grael2+1 85.7 11.3 81.6 23.4

Table2: Baselinevs GRAEL-1 vs GRAEL-2 vs GRAEL2+1
Results

will consequentlybeoptimizedover time.
Preliminaryexperimentshowevershowedthatthisdoesnot

work assuch,sincethenewly createdstructureswerelargely
beingignoredin favor of thegold-standardcorpusstructures.
Wethereforeimplementedanotheralterationto theGRAEL-1
system.Insteadof justpresentingthetree-structureoriginally
assignedby thetrainingset,we now requireag1 to parsethe
string-onlysentenceusingthegrammaracquiredduringlan-
guagegames,replacingthe tree-structurefrom the training
set,with a possiblydifferenttree-structurethat incorporates
someof themutatedinformation.This alterationmakessure
that the mutatedgrammaticalstructuresare actively being
used,so that their usefulnessasgrammaticalconstructscan
bemeasuredin a practicalcontext.

Experimental Setup and Results
Thesetupfor theGRAEL-2 experimentsis thesameasfor the
GRAEL-1 experiments(cf. Figure2). To test the grammar-
rule discovery capabilitiesof GRAEL-2 we have compileda
specialworst-casescenariotestsetfor the ATIS corpus,con-
sistingof the97sentencesin theATIS thatrequireagrammar
rule that cannotbe inducedfrom the training set. For the
WSJ-experimentthenormaltestsetwasused.A 20-agentand
a 100-agentsocietywererespectively usedfor the ATIS and
WSJ experiments.

The baselineand GRAEL-1 methodsfor the ATIS experi-
mentstrivially have an exact matchaccuracy of 0%, which
alsohasa negativeeffect on theF-score(Table2). GRAEL-2
is indeedableto improveon this significantly, proving thatit
is indeedaneffectivegrammarrule discoverymethod.Data-
analysisshows however that it haslost thebeneficialproba-
bilistic optimizationeffectof GRAEL-1.

We thereforeperformedanotherexperiment,in which we
turnedtheGRAEL-2 societyinto a GRAEL-1 societyafterthe
former’s halting point. In other words: we take a society
of agentsusing mutatedinformation and consequentlyap-
ply GRAEL-1’sprobabilisticredistributionpropertiesonthese
grammars.Figure3 shows thecourseof the GRAEL2+1 ex-
periment.In this figurewe seetheF-scoresrecordedduring
inter-agentcommunicative attempts.After an almostlinear
increaseduringGRAEL-2 processing,thesocietyis haltedaf-
ter anextendedperiodof convergence.Next, GRAEL-1 pro-
cessingresumes,whichnegatively affectsF-scoresfor abrief
periodof time,until thesocietyreconverges.Eventhoughthe
F-scoresdo not seemto improve over thoseobservedbefore
thetransitionto GRAEL-1, Table2 showsthatthefittestagent
selectedfrom thesocietyafter the transitionperformsbetter
ontheheld-outtestset.TheresultsontheWSJ-corpusarealso
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Figure3: GRAEL2+1 Experiment- F-scoresduringlanguage
games

interestingin this respect. GRAEL-1 outperformsGRAEL-2
on this dataset,but the combinationof the two seemsto be
quitebeneficialfor parsingaccuracy.

Evaluatingagrammarrulediscoverymethodposesanem-
pirical problemin that it can never be clear what grammar
rulesaremissinguntil weactuallyneedthem.Thetestsetwe
compiledto performthe GRAEL-2 ATIS-experimentsgoesa
long way in providing a touchstoneto seehow well GRAEL-
2 performsasa supervisedgrammarinductionmethod.And
resultsindicateit performsquite well: mutatedinformation
becomesavailable that is able to createparsesfor difficult
constructions,while thenumberof structuresthat constitute
noiseis limited and is attributeda small enoughportion of
theprobabilitymassasnot to standin theway of actualuse-
ful mutatedstructures.

5 Concluding Remarks
This paperhaspresentedoneof thefirst researchefforts that
introducesagent-basedevolutionarycomputingasa machine
learningmethodfor data-driven grammaroptimizationand
induction. In recentyears,many researchershave employed
ensemblemethodsto overcomeany negativebiastheir train-
ing datamight imposeon their classifiers. It is indeedim-
portant to view (annotated)data, not as an optimally dis-
tributedsetof examplesbut asraw materialthatneedsto be
pre-processedbeforeit can be usedby a machinelearning
classifier. The baggingandboostingapproachfor instance,
tries to createresamplingsof the original data,to overcome
the local maximathedatamight restricttheclassifierto, but
we believe GRAEL addsan extra dimensionto the task: by
splicingthedataandincorporatingit in a societyof commu-
nicatingagents,weallow for theparalleldevelopmentof sev-
eral grammarsat once,enhancedin a practicalcontext that
mirrorsthegoalitself: parsingunseendata.

We describedtwo instantiationsof the GRAEL environ-
ment.ThebasicGRAEL-1 systemaimsto provideabeneficial
re-distributionof theprobabilitymassof aprobabilisticgram-
mar. By usinga form of error-driven learningin the course
of languagegamesbetweenagents,probabilisticvaluesare
adjustedin a practicalcontext. This optimizesthegrammars
for the taskof parsingdata,ratherthanreflectingthe prob-
ability massof the initial dataset. This methodfavorably
comparesto establishedgrammaroptimizationmethodslike
baggingandboosting.

By adding an element of mutation to the concept of
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GRAEL-1 we were able to extend its functionality and ex-
perimenton GRAEL-2 asa grammarrule discovery method.
The resultsshowed that GRAEL-2 could producea broader-
coveragegrammar, but thatGRAEL-1’sability to optimizethe
distribution of theprobabilitymassof a grammarwascoun-
teracted. A grammarobtainedfrom a GRAEL-2 society is
thereforeunsuitedto bedirectlyappliedto parsing.But com-
bining it againwith a GRAEL-1 societyhowever, goesa long
way in resolvingthis issue,providing a grammarthat hasa
broadercoverage,aswell asa bettertunedprobabilitymass
distribution over the structurescontainedtherein. We there-
fore believe the combinationof GRAEL-2 and GRAEL-1 to
beaninterestingoptimizationtoolkit for any givengrammar,
and corpus-inducedgrammarsin particular. It can achieve
a significantoptimizationover thebaselinemethod,without
usinganexternalinformationsource,simply on thebasisof
knowledgetransferandmutationin apracticalandevolution-
arycontext.
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Abstract
Default logic is used to describe regular behav-
ior and normal properties. We suggest to exploit
the framework of default logic for detecting out-
liers - individuals who behave in an unexpected
way or feature abnormal properties. The ability
to locate outliers can help to maintain knowledge-
base integrity and to single out irregular individu-
als. We first formally define the notion of an out-
lier and an outlier witness. We then show that find-
ing outliers is quite complex. Indeed, we show that
several versions of the outlier detection problem
lie over the second level of the polynomial hierar-
chy. For example, the question of establishing if at
least one outlier can be detected in a given propo-
sitional default theory is

����
-complete. Although

outlier detection involves heavy computation, the
queries involved can frequently be executed off-
line, thus somewhat alleviating the difficulty of the
problem. In addition, we show that outlier detec-
tion can be done in polynomial time for both the
class of acyclic normal unary defaults and the class
of acyclic dual normal unary defaults.

1 Introduction
Default logics were developed as a tool for reasoning with in-
complete knowledge. By using default rules, we can describe
how things work in general and then make some assumptions
about individuals and draw conclusions about their properties
and behavior.

In this paper, we suggest a somewhat different usage of
default logics. The basic idea is as follows. Since default
rules are used for describing regular behavior, we can exploit
them for detecting individuals or elements who do not behave
normally according to the default theory at hand. We call
such entities outliers. An outlier is an element that shows
some properties that are contrary to those that can be logically
justified.

Outlier detection can be useful in several application con-
texts, e.g., to single out exceptional behaving individuals or
system components. Note that according to our approach, ex-
ceptions are not explicitly listed in the theory as “abnormals,”
as is often done in logical-based abduction [Poole, 1989;

Console et al., 1991; Eiter and Gottlob, 1995]. Rather,
their “abnormality” is singled out exactly because some of
the properties characterizing them do not have a justification
within the theory at hand. For example, suppose that it usu-
ally takes about two seconds to download a one-megabyte
file from some server. Then, one day, the system is slower
- instead four seconds are needed to perform the same task.
While four seconds may indicate a good performance it is
helpful to find the source of the delay. Another example might
be that someone’s car brakes are making a strange noise. Al-
though they seem to be functioning properly, this is not nor-
mal behavior and the car should be serviced. In this case, the
car brakes are outliers and the noise is their witness.

Outlier detection can also be used for examining database
integrity. If an abnormal property is discovered in a database,
the source who reported this observation would have to be
double-checked.

Detecting abnormal properties, that is, detecting outliers,
can also lead to an update of default rules. Suppose we have
the rule that birds fly, and we observe a bird, say Tweety, that
does not fly. We report this occurence of an outlier in the
theory to the knowledge engineer The engineer investigates
the case, finds out that Tweety is, for example, a penguin, and
updates the knowledgebase with the default “penguins do not
fly.”

In this paper, we formally state the ideas briefly sketched
above within the context of Reiter’s default logic. For sim-
plicity, we concentrate on the propositional fragment of de-
fault logic although the generalization of such ideas to the
realm of first-order defaults also worth exploring. So, when-
ever we use a default theory with variables, as in some of the
following examples, we relate to it as an abbreviation of its
grounded version.

The rest of the paper is organized as follows. In Section
2, we give preliminary definitions as well as a formal def-
inition of the concept of an outlier. In Section 3, we de-
scribe the complexity of finding outliers in propositional de-
fault logic. Section 4 analyzes the complexity of detecting
outliers in disjunction-free propositional default logics, and
section 5 describes some tractable cases. Related work is dis-
cussed in Section 6. Conclusions are given in Section 7.

Because of space limitations, throughout the paper proofs
of results are sketched or omitted. Full proofs can be found
in [Angiulli et al., 2003].
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2 Definitions
In this section we provide preliminary definitions for concepts
we will be using throughout the paper.

2.1 Preliminaries
The following definitions will be assumed. Let � be a propo-
sitional theory. Then ��� denotes its logical closure. If � is a
set of literals, then �	� denotes the set of all literals that are
the negation of some literal in � .

Default logic was introduced by Reiter [Reiter, 1980]. A
propositional default theory 
 is a pair �
������� consisting of
a set � of propositional formulas and a set � of default rules.
A default rule � has the form ��� �� (or, equivalently, �������! ),
where � , � and  are propositional formulas, called, respec-
tively, prerequisite, justification, and consequent of � . The
prerequisite could be omitted, though justification and conse-
quent are required. If �#"$ , the default rule is called normal.
The informal meaning of a default rule � is the following: if� is known, and if it is consistent to assume � , then we con-
clude  . An extension is a maximal set of conclusions that
can be drawn from a theory. An extension % of a proposi-
tional default theory 
&"'�
������� can be finitely character-
ized through the set �)( of generating defaults for % w.r.t.
 , i.e., the set �*(+"-,!�.�/���0 213�546�.13%879�:�-;13%*< .
Indeed, %="��>�@?�,A B4C�9�����! B1D� ( <0�E� .

Let 
 be a default theory and F a literal. Then 
G4 "2F means
that F belongs to every extension of 
 . Similarly, for a set of
literals � , 
H4 "I� means that every literal FJ1#� belongs to
every extension of 
 . A default theory is coherent if it has at
least one extension.

We review some basic definitions about complexity theory,
particularly, the polynomial hierarchy. The reader is referred
to [Garey and Johnson, 1979] for more on complexity the-
ory. The classes

���K
and L � K are defined as follows:

���M "L �M " P and for all NPORQ , ���K " NP SUTV�WYX , and L � K " co-
�Z�K

.� � K
models computability by a nondeterministic polynomial-

time algorithm which may use an oracle, loosely speaking a
subprogram that can be run with no computational cost, for
solving a problem in

���K![]\
. The class � �K , N�O5Q , is de-

fined as the class of problems that consists of the conjunction
of two independent problems from

���K
and L � K , respectively.

Note that for all N�O^Q , ���K`_ � �K'_a�Z�Kcbd\
. A probleme

is complete for the class f iff
e

belongs to f and every
problem in f is reducible to

e
by polynomial-time transfor-

mations. A well known
���K

-complete problem is to decide the
validity of a formula gihj% KAk l , that is, a formula of the formmon \Ep n*qsrtrtr g n K0u � n \ � rtrvr � n K � , where g is

m
if N is odd

and is
p

if N is even,
n \ � rtrvr � n K are disjoint set of variables,

and
u � n \ � rvrtr � n K � is a propositional formula in

n \ � rvrtr � n K .
Analogously, the validity of a formula gihj% K!k w , that is a for-
mula of the form

p n \ mon q rvrtr g n K u � n \ � rvrtr � n K � , where g
is
p

if N is odd and is
m

if N is even, is complete for L � K . De-
ciding the conjunction x�7zy , where x is a g{hj% KAk l formula
and y is a gihj% KAk w formula, is complete for � �K .

2.2 Defining outliers
Next we formalize the notion of an outlier in default logic.
In order to motivate the definition and make it easy to under-

stand, we first look at an example.

Example 2.1 Consider the following default theory which
represents the knowledge that birds fly and penguins are birds
that do not fly, and the observations that Tweety and Pini are
birds and Tweety does not fly.�-" | hj}>~0�U�������C�iF
���
�U��iF
���
�U� ���i�A���Y� } � ��������h{}�~0�6�
�U�hj}>~0�U����� �

�i�v���o� } � �
�U�����s�iF
���
�U��s�iF��]����� ���"�,!h{}�~0�6�
��� �!�A� ����� �i�A���o� } � � � } � }��c���s�iF��]����� �!�v� ���c<
This theory has two extensions. One extension is the logical
closure of �@?�,!h{}�~0�6� � } � }��c���s�iF��]� � } � }���< and the other is
the logical closure of ��?9,!h{}�~0�6� � } � }����E�iF
��� � } � }��c< .If we look carefully at the extensions, we note that Tweety
not flying is quite strange, since we know that birds fly
and Tweety is a bird. Therefore, there is no apparent jus-
tification for the fact that Tweety does not fly (other than
the fact �s�iF��]����� �!�v� ��� belonging to � ). Had we been
told that Tweety is a penguin, we could have explained
why Tweety does not fly. But, as the theory stands now,
we are not able to explain why Tweety does not fly, and,
thus, Tweety is an exception. Moreover, if we are trying to
nail down what makes Tweety an exception, we notice that
if we would have dropped the observation �s�iF
���
��� �!�A� ���from � , we would have concluded the exact opposite,
namely, that Tweety does fly. Thus, �s�iF��]����� �A�A� ��� “in-
duces” such an exceptionality (we will call witness a literal
like �s�iF��]�
��� �!�A� ��� ). Furthermore, if we drop from � both�s�iF��]�
��� �!�A� ��� and h{}�~0�6�
��� �!�A� ��� , we are no longer able to
conclude that Tweety flies. This implies that �iF��]����� �!�v� ���is a consequence of the fact that Tweety is a bird, and thush{}�~0�U����� �!�A� ��� is the property of Tweety that behaves excep-
tionally (or the outlier).

From the above example, one could be induced to define an
outlier as an individual, i.e., a constant, in our case Tweety,
that possesses an exceptional property, denoted by a literal
having the individual as one of its arguments, in our caseh{}�~0�U����� �!�A� ��� . However, for a conceptual viewpoint, it is
much more general and flexible to single out a property of an
individual which is exceptional, rather than simply the indi-
vidual. That assumed, we also note that within the proposi-
tional context we deal with here, we do not explicitly have
individuals distinct from their properties and, therefore, the
choice is immaterial.

Based on the example and considerations mentioned
above, we can define the concept of an outlier as follows.

Definition 2.2 Let 
�"H��������� be a propositional default
theory such that � is consistent and F�18� is a literal. If
there exists a set of literals � _ � such that:

1. �
�9��� ����4 "+�	� , and

2. �
�9��� � k ¡ �¢;4 "2�	� .

where � �D"8�¤£�� and � � k ¡ "+�¥�)£�,AF�< , then we say thatF is an outlier in 
 and � is an outlier witness set for F in 
 .
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According to this definition, a literal F is an outlier if and only
if there is an exceptional property, denoted by a set of literals� , holding in every extension of the theory.

The exceptional property is the outlier witness for F . Thus,
according to this definition, in the default theory of Example
2.1 above we should conclude that h{}�~0�U����� �!�A� ��� denotes
an outlier and ,!�s�iF
�]����� �!�A� ����< is its witness. Note that we
have defined an outlier witness to be a set, not necessarily a
single literal since in some theories taking a single literal does
not suffice to form a witness for a given outlier being that all
witnesses of such an outlier have a cardinality strictly larger
than one.

Example 2.3 Consider the default theory 
 " ��������� ,
where the set of default rules � conveys the following infor-
mation about weather and traffic in a small town in southern
California:

1. ¦C§ ¡©¨tª�«*¬�¬�Kt¬�­C® � ¯o°6±�²�³!³A´¶µ ¦C²c· ª ¯o¸¹²c´ ­¯o°U±�²t³A³A´ºµ ¦C²c· ª ¯o¸¹²c´ ­ - that is, normally
during a July weekend there are no traffic jams nor any
rain.

2. ¦�² ­ §0²c± ¨ � ¸¹²c´ ­¸¹²�´ ­ � ¦C² ­ §0²c± ¨ � ¯o¸¹²�´ ­¯o¸¹²c´ ­ - in January it sometimes
rains and sometimes it doesn’t rain.

3.
«*¬»¬�K�¬�­C®cª °U±�²�³!³v´ºµ ¦�²c·�� ¼¹µ�µ�´ ®c¬�­�½
¾ ¸¹²c´ ­¼¹µ�µ�´ ®c¬�­0½
¾ ¸¹²c´ ­ - If there is a traf-
fic jam in the weekend then normally it must be raining
or there would have been an accident.

Suppose also that �¿"À,�Á � F
� , � �A� N �A� � , ��~0Â u]u }�Ã Á]ÂYÄ ,Å ÂY} � < . Then, the set �'"�,A��~0Â u]u }�Ã Á¹ÂYÄ ,
Å ÂY} � < is an

outlier witness for both � �A� N �A� � and Á � F
� . Moreover, �
is a minimal outlier witness set for either � �!� N �v� � or Á � F
� ,since deleting one of the members from � will render � not
being a witness set.

Here is another example.

Example 2.4 Consider the following default theory 
 :�Æ"ÈÇZÉ ­ µ�Ê»· ¬�Ë©ÌAÍ
ª ¼ ® § ¡Î½�Ë©ÌAÍ � « ÊE± KtÏ�Ë©ÌAÍ« ÊE± K�Ï�Ë©ÌvÍ �Ð ¡©¨ ´ ­�Ñ � Ë©ÌAÍ � É ­0½
¬ ± ¬�Ï�½ °�² K�¬�Ò ³!³ Ë¶ÌvÍÉ ­0½
¬ ± ¬�Ï�½ °�² K�¬�Ò ³!³ Ë©ÌvÍ �Ð ¡©¨ ´ ­�Ñ � Ë©ÌAÍ � É ­0½
¬ ± ¬�Ï�½�Ó ²cÔc´ Ñ ² ½
¬�Ë©ÌAÍÉ ­0½
¬ ± ¬�Ï�½�Ó ²cÔc´ Ñ ² ½
¬�Ë©ÌAÍ Õ��"�,!Ö � Ãt×!Ä � ��Á¹×�Ø �]� ���c� e � � F � ��Á¹×�Ø �]� ���c��	��×!~�N�ÙY��Á¹×�Ø �]� ���c�E�iF
�o} ��� ����Á]×�Ø �]� ���c��sÖ �]��� ~ � Ù � ��Â�N �0Ú u]u ��Á¹×�Ø �]� ����<
This theory claims that normally adults who have a monthly
income work, and students who take flying lessons are inter-
ested in learning how to take off and navigate. The observa-
tions are that Johnny is an adult who has a monthly income,
but he does not work. He is also a student in a flying school
but he is not interested in learning how to take-off. Based on
the events of September 11, 2001, we’d like our system to
conclude that Johnny is the argument of two outliers. Indeed,
the reader can verify that the following facts are true:

1. �
�9��� ¯ « ÊE± K�Ï�Ë ¦CÊ�Û ­�­�¨�Í ��4 "��×!~�N�ÙY��Á¹×�Ø �]� ��� ,
2. �
�9��� ¯ É ­0½
¬ ± ¬�Ï�½ °�² K�¬�Ò ³A³ Ë ¦�ÊEÛ ­�­C¨�Í ��4 "Ö �]��� ~ � Ù � ��Â�N �0Ú u]u ��Á¹×�Ø �]� ��� ,

3. �
�9��� ¯ « ÊE± K�Ï�Ë ¦CÊ�Û ­�­�¨�Í�k ¼ ® § ¡Î½�Ë ¦CÊ�Û ­C­�¨�Í �¢;4 "��×!~�N�ÙY��Á¹×�Ø �]� ��� , and

4. �
�9��� ¯ É ­0½
¬ ± ¬�Ï�½ °�² K�¬�Ò ³A³ Ë ¦�ÊEÛ ­�­C¨�Í�k Ð ¡Ü¨ ´ ­0Ñ � Ë ¦�ÊEÛ ­�­�¨tÍ �J;4 "Ö �]��� ~ � Ù � ��Â�N �0Ú u]u ��Á¹×�Ø �]� ���
Hence, both �	��×!~0N/Ù���Á¹×�Ø �]� ��� and�sÖ �]��� ~ � Ù � ��Â�N �0Ú u]u ��Á¹×�Ø �]� ��� are outlier witnesses,
while

e � � F � ��Á¹×�Ø �]� ��� and �iF��o} ��� ����Á¹×�Ø �]� ��� are outliers.
Note that Ö � Ã�×!Ä � ��Á¹×�Ø �]� ��� is also an outlier, with the
witness �	��×!~0N/Ù���Á¹×�Ø �]� ��� .
2.3 Defining outlier detection problems
In order to state the computational complexity of detecting
outliers, in the rest of the work we refer to the following prob-
lems (also referred to as queries) defined for an input default
theory 
Ý"Þ��������� :giß : Given 
 , does there exist an outlier in 
 ?g)Q : Given 
 and a literal F:1�� , is there any outlier witness

for F in 
 ?g{à : Given 
 and a set of literals � _ � , is � a witness for
any outlier F in 
 ?giá : Given 
 , a set of literals � _ � , and a literal Fd19� , is� a witness for F in 
 ?

3 General complexity results
In this section we analyze the complexity associated with de-
tecting outliers. First, we give some preliminary definitions
involving notation.

Let â be a set of literals such that ãi19â implies that �dã*;1â . Then we denote by ä�å the truth assignment on the set
of letters occurring in â such that, for each positive literalæ 1¥â , ä�ås� æ ��"8çvè!é:ê , and for each negative literal � æ 1 â ,ä�å	� æ �ë"2ì�í�î�ïvê .

Let � be a truth assignment on the set � \ � rvrtr �E� ­ of letters.
Then we denote by âë} � ���J� the set of literals ,vã \ � rtrvr �»ã ­ < ,
such that ã ´ is � ´ if �j��� ´ �z"ðçvè0édê and is �:� ´ if �j�
� ´ �P"ì�í�î
ïAê , for }s"�Q�� rtrvr � � .

Theorem 3.1 giß is
�Z��

-complete.

Proof: (Membership) Given a a theory 
�"ñ��������� , we
must show that there exists a literal F in � and a subset �.",!Ù \ � rtrvr ��Ù ­ < of � such that ������� � �D4 "ð�	Ù \ 7 rtrvr 7B�	Ù ­
(query ò0ó ) and �
�����¥� k ¡ �J;4 "+�	Ù \ 7 rtrvr 7jÙ ­ (query ò0ó ó ). Queryò0ó is L �q -complete, while query ò�ó ó is

�Z�q
-complete [Gottlob,

1992; Stillman, 1992]. Thus, we can build a polynomial-time
nondeterministic Turing machine with a

� �q
oracle, solving

query giß as follows: the machine guesses both the literal F
and the set � and then solves queries òCó and ò0ó ó using two
calls to the oracle.

(Hardness) Let x8" mon p�ô m/õ u � n � ô � õ � be a quantified
boolean formula, where

n "Ý� \ � rtrvr �»� ­ , ô "I� \ � rtrtr �»� · ,
and

õ
are disjoint set of variables. We associate with x the

default theory 
z�>x��{"À���9�>x������ö�>x��E� , where �ö��x�� is the
set ,AF���Ù \ � Ù \ � rtrvr ��Ù ­ � Ù ­ < consisting of new letters distinct
from those occurring in x , and ���>x��*"À� \ ? � q ? � � ?
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��÷�?z��ø :� \ " ÇU� \ck ´ " � ¯ Ï�ù
ªoÌvù�ª�¬�ùÌ ù ª�¬ ù �� \ck ´ " � ¯ Ï ù ª ¯ Ì ù ª�¬ ù¯ Ìvù�ª�¬�ù 4!}	"�Q�� rvrtr � � Õ� q " ÇU� q k ´ "`� ¯ Ï�ù
ª ¯ Ï�ù
ª ¯�ú ª�ûû 40}s"ÞQC� rvrtr � � Õ ??�ÇU� q " û � úú Õ� � " ÇU� � k ü " � ¨�ý¨�ý � � � k ü " � ¯ ¨Eý¯ ¨�ý 4tþ�"�Q�� rtrvr �»Ä Õ�ÿ÷J" ÇU��÷J" ¡©ª�¬ X ª������ ª�¬ � � ³ Ë � k ��k �6Í�ªYÑÑ Õ� ø " ÇU� ø k ´ " Ñ � ¯ Ï ù¯ Ï ù � � ø k ´ " Ñ � ¯ Ï ù¯ Ï ù 4!}	"�Q�� rtrvr � � Õ
where also � ,

�
, � , � \ � rvrtr � � ­ are new variables distinct from

those occurring in x . Clearly, �ö�>x�� is consistent and 
z�>x��
can be built in polynomial time. We next show that x is valid
iff there exists an outlier in 
z�>x�� .

In the rest of the proof we denote by 		��Ù ´ � ( 
 		��� ´ � resp.)
the literal � ´ ( Ù ´ resp.) and by 		� Ù ´ � ( 
		�>�:� ´ � resp.) the lit-
eral �:� ´ ( Ù ´ resp.), for }z"ñQC� rtrtr � � . Letting � be a sub-
set of ,!Ù \ � Ù \ � rtrvr ��Ù ­ � Ù ­ < ( ,A� \ ���:� \ � rvrtr �E� ­ ���:� ­ < resp.),
we denote by 		���ë� ( 
 		����� resp.) the set ,�		�>Ù!�.4¢Ù21Æ�Z<
( ,�
		��Ù!��4�Ù{19�Z< resp.).

( 
 ) Suppose that x is valid. Then we can show thatF is an outlier in 
z��x�� . As x is valid, then there exists
a truth assignment � � on the set

n
of variables such that� � satisfies

p]ô m/õ u � n � ô � õ � . Let � "�
	ë��âë} � ��� � �»� . It
can be shown that we can associate to each truth assignment� � on the set

ô
of variables, one and only one extension% � of �
�9��x��c���ö�>x��E�U� . In particular, % ��� âë} � �
� � ��?âë} � �
� � � . As x is valid, then � u � n � ô � õ �À;1 % � and% � 4 "a�	� . Furthermore, since there is no other extension

of �
�9��x��c���ö�>x��E�U� , then �
�9��x��c���ö��x��E�U��4 "+�	� .
Consider now the theory �
�9��x��c���ö�>x���� k ¡ � . We note that

the literal F appears in the precondition of rule �A÷ , whose con-
clusion � represents, in turn, the precondition of the rules
in the set � ø , rules that allow to conclude �	� , and that F
does not appear in the conclusion of any rule of �9��x�� . Thus�
���>x��c���ö�>x��E� k ¡ �J;4 "R�	� . Hence F is an outlier in 
P��x�� .

( � ) Suppose that there exists an outlier in 
z��x�� . It can be
shown that the outlier is F . Hence, there exists a nonempty set
of literals � _ �ö�>x����#,!F�< such that � is an outlier witness
for F in 
z��x�� . It can then be shown that �8"Æ,!Ù!ó\ � rvrtr ��ÙAó­ < ,
where Ù!ó´ is either Ù ´ or Ù ´ , for }	"�Q�� rtrvr � � . Now we show thatä�� Ë � Í satisfies

p]ô m/õ u � n � ô � õ � , i.e. that x is valid. For each
set â�"Æ,tã \ � rtrvr ��ã · < , where ã ü is either � ü or �:� ü , for þ�"QC� rtrvr �»Ä , there exists one extension %Jå of �
�9��x��c���ö�>x�����ë� such that %�å � â . We note also that %�å � 		���ë� . Thus,
in order for F to be an outlier in 
z��x�� , it must be the case that
for each set â , � u � n � ô � õ �J;19% � i.e., that ä�� Ë � Í�� å satisfiesu � n � ô � õ � . Hence, we can conclude that x is valid.

Theorem 3.2 g)Q is
�Z��

-complete.

Proof: The proof is analogous to that used in Theorem 3.1.

Theorem 3.3 g{à is � �q -complete.

Proof: (Membership) Given a theory 
¿" ��������� and
a subset �5" ,!Ù \ � rvrtr ��Ù ­ < _ � , we should verify that�
�9��� � �B4 "5�	Ù \ 7 rvrtr 7.�	Ù ­ (statement ò0ó ) and there ex-
ists a literal F�1B� such that �
����� � k ¡ ��;4 "ö�	Ù \ 7 rvrtr 7��	Ù ­
(statement ò0ó ó ). Solving ò0ó is in L �q . As for statement ò�ó ó , it
can be decided by a polynomial time nondeterministic Tur-
ing machine, with an oracle in NP, that (a) guesses both the
literal F�1B� and the set � ( _ � of generating defaults of
an extension % of �
�9��� � k ¡ � together with an order of these
defaults; (b) checks the necessary and sufficient conditions
that �)( must satisfy to be a set of generating defaults for %
(see [Zhang and Marek, 1990] for a detailed description of
these conditions), by multiple calls to the oracle; and (c) ver-
ifies that �	Ù \ 7 rvrtr 7 �	Ù ­ ;1$% by other calls to the oracle.
It can be shown that the total number of calls to the oracle is
polynomially bounded. Thus, g{à is the conjunction of two
independent problems, one in L �q ( ò0ó ) and the other in

���q
( ò0ó ó ), i.e. it is in � �q .

(Hardness) Let 
 \ "^�
� \ ��� \ � and 
 q "^��� q ��� q � be
two propositional default theories such that � \ and � q are
consistent, let Ù \ ��Ù q be two letters, and let ò be the statement��
 \ 4 "�Ù \ 7�
 q ;4 "�Ù q � . W.l.o.g, we can assume that 
 \ and
 q contain different letters, the letter Ù \ occurs in � \ but not
in � \ (and, from the previous condition, not in 
 q ), and the
letter Ù q occurs in � q but not in � q (and hence not in 
 \ ).
We associate with ò the default theory 
z�
ò���"��
���
ò��c���ö�
ò��E�
defined as follows. Let � \ " ,]ú ù � û0ù� ù 4s})" QC� rtrtr � � < and
let â \ "5,tã \ � rtrvr ��ã · < _ � \ be all the literals belonging
to � \ , then �9�
ò��¥"�, Ï���ª ú ù � û ù� ù 4�}D"¤QC� rvrtr � � <i?$,A� ü "� ¯�� ù ª ¯ � ª�!! 4tþÿ"ÞQC� rvrtr �EÄ�<d? ,A� M " ! � �� <d?j� q , and �ö��ò��ë"� \ ? � q ?9,!�	Ù \ ��Ù q < , where " and # are new letters distinct
from those occurring in 
 \ and 
 q , and from Ù \ and Ù q . It
can be shown that ò is true iff ,0�	Ù \ < is a witness for some
outlier in 
z��ò�� . We note that ò is the conjunction of a L �q -
hard and a

� �q
-hard independent problems, thus this proves

the hardness part.

Theorem 3.4 giá is � �q -complete.

4 Disjunction-free theories
Disjunction-free theories form a significant subset of proposi-
tional default theories because they are equivalent to extended
logic programs under stable model semantics [Gelfond and
Lifschitz, 1991]. A finite propositional theory 
`"`���������
is disjunction-free (DF in short), if � is a set of literals, and
the precondition, justification and consequence of each de-
fault in � is a conjunction of literals. As we see below, outlier
detection for DF theories is still quite complex.

Theorem 4.1 giß restricted to disjunction-free theories is� �q
-complete.

Proof: (Membership) The membership proof is analogous
to that of Theorem 3.1. We note that when disjunction-free
theories are considered, ò�ó and ò0ó ó are co-NP-complete and
NP-complete, respectively.

(Hardness) Let x " mon p�ô{u � n � ô � be a quantified
boolean formula, where

n " � \ � rtrvr �»� ­ and
ô "
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� \ � rtrvr �E� · are disjoint set of variables, and
u � n � ô �Ý"$ \ 7 rvrtr 7 $ ± , with

$ K " � K!k \&% rvrtr % � KAk § V , and each� KAk \ � rvrtr � � KAk § V is a literal, for N*"ÞQC� rvrtr �E~ . We associate to x
the default theory 
z�>x��j"&�
�9��x��c���ö�>x��»� , with �ö��x�� the
set ,!F���Ù \ � Ù \ � rtrvr ��Ù ­ � Ù ­ < of new letters distinct from those
occurring in x , and �9��x���"2� \ ?ÿ� q ?ÿ� � ?j�)ø]?j� ó\ ?ÿ� óq ,
where � \ , � q , � � and � ø are the sets of defaults as in The-
orem 3.1 and � ó\ and � óq are the following sets of defaults:� ó\ " Ç ½ V(' ) � µ Vµ V 4�N*"�QC� rtrvr �»~ *ëØ "�Q�� rvrtr � � K Õ� óq " Ç ¡©ª�¬ X ª������ ª�¬ � ª µ X ª������ ª µ,+�� ÑÑ Õ
where also � ,

�
, � , � \ � rtrtr � � ­ , Ã \ � rtrvr �EÃ ± are new variables

distinct from those occurring in x . Clearly, �ö�>x�� is consis-
tent and 
z�>x�� can be built in polynomial time. The rest of
the proof is similar to that of Theorem 3.1.

Theorem 4.2 g)Q restricted to disjunction-free theories is� �q
-complete.

Theorem 4.3 g{à and g{á restricted to disjunction-free theo-
ries are � � -complete.

5 Tractable Cases
In this section, we look for some classes of default theories
for which outlier detection is computationally tractable.
Definition 5.1 A default theory is normal mixed unary
(NMU in short) iff � is a set of literals and � is a set of
defaults of the form

¨ � ÌÌ where � is either missing or a literal
and � is a literal.
Definition 5.2 An NMU default theory is normal unary (NU
in short) iff the prerequisite of each default is either missing
or positive. An NMU default theory is dual normal unary
(DNU in short) iff the prerequisite of each default is either
missing or negative.
Thus, NMU, NU, and DNU theories have a quite simple
structure. In spite of that, the complexity of detecting outliers
from these theories remain often quite high, as demonstrated
by the following results (proofs are omitted for the sake of
brevity).
Theorem 5.3 The following hold over NMU default theo-
ries:- giß and g)Q are

�Z�q
-complete.- g{à and giá are � � -complete.

Theorem 5.4 The following hold over NU and DNU default
theories:- giß and g)Q are NP-complete.- g{à and giá are in P.
Thus, restricting our attention to NMU, NU, or DNU theo-
ries does not suffice to attain tractability of the most general
queries giß and g)Q . Some further restriction is needed, which
is considered next.
Theorem 5.5 ([Kautz and Selman, 1991] [Zohary, 2002])
Suppose 
 is a normal (dual normal) unary default theory.
We can decide whether a literal belongs to every extension of
 in time Ú � � q � , where � is the length of the theory.

Definition 5.6 The atomic dependency graph of an NMU de-
fault theory 
 is a directed graph whose nodes are all atoms
in the language of 
 , and such that there is an arc directed
from æ to ò iff there is a default in 
 in which æ or � æ is a
prerequisite and ò or �sò is a consequence.

Definition 5.7 A normal (dual normal) unary default theory
is acyclic iff its atomic dependency graph is acyclic.

Theorem 5.8 Queries g{ß , g*Q , gjà and g{á , restricted to the
class of acyclic NU or acyclic DNU default theories can be
solved in polynomial time in the size of the input theory.

Proof: It can be shown that for any acyclic NMU default
theory 
5"H��������� such that � is consistent and for any
literal F in � , any minimal outlier witness set for F in 
 is
at most 1 in size. Theorem’s statement then follows from
Theorem 5.5.

6 Related Work
The research on logical-based abduction [Poole, 1989; Con-
sole et al., 1991; Eiter and Gottlob, 1995] is related to out-
lier detection. In the framework of logic-based abduction, the
domain knowledge is described using a logical theory � . A
subset

n
of hypotheses is an abduction explanation to a set

of manifestations . if �0/ n is a consistent theory that en-
tails . . Abduction resembles outlier detection in that it deals
with exceptional situations.

The work most relevant to our study is perhaps the paper by
Eiter, Gottlob, and Leone on abduction from default theories
[Eiter et al., 1997]. There, the authors have presented a basic
model of abduction from default logic and analyzed the com-
plexity of the main abductive reasoning tasks. They presented
two modes of abductions: one based on brave reasoning and
the other on cautious reasoning. According to these authors,
a default abduction problem (DAP) is a tuple 132��4.8��� �E�65
where 2 is a set of ground literals called hypotheses, . is
a set of ground literals called observations, and �
������� is a
default theory. Their goal, in general, was to explain some
observations from . by using various hypotheses in the con-
text of the default theory �
������� . They suggest the following
definition for an explanation:

Definition 6.1 ([Eiter et al., 1997]) Let � "7132��4.8�������85
be a DAP and let % _ 2 . Then, % is a skeptical explanation
for � iff

1. �
�9��� / %j��4 "9. , and
2. �
�9��� / %j� has a consistent extension.

There is a close relationship between outliers and skeptical
explanations, as the following theorem states. The theorem
also holds for ordered semi-normal default theories [Ether-
ington, 1987].

Theorem 6.2 Let 
&"À��������� be a normal default theory,
where � is consistent. Let Fë1 � and � _ � . � is an out-
lier witness set for F iff ,AF�< is a minimal skeptical explanation
for �	� in the DAP � ":1�,!F�<����	�s�E�9��� � k ¡ 5
Hence, we can say that � is an outlier witness for F if Fs19� ,F is a skeptical explanation for � , but still �	� holds in every
extension of the theory.
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Theory £ Query giß g*Q gjà giá
Propositional

����
-c

�Z��
-c � �q -c � �q -c

DF, NMU
���q -c

�Z�q -c � � -c � � -c
NU, DNU NP-c NP-c P P

Acy. NU, Acy. DNU P P P P

Table 1: Complexity results for outlier detection

Despite the close relationship between outlier detection
and abduction demonstrated by the above theorem (especially
for normal defaults) we believe that there is a significant dif-
ference between the two concepts. In abduction, we have to
single out a set of manifestations and a set of potential expla-
nations. Outlier detection, on the other hand, has much more
to do with knowledge discovery. The task in outlier detection
is to learn who the exceptionals (the outliers), or the suspects,
if you wish, are, and to justify the suspicion (that is, list the
outlier witnesses).

It also turns out that reducing outlier detection queries to
abduction and vice versa is not straightforward, and therefore,
when analyzing the computational complexities involved in
answering outlier detection queries we have preferred to use
the classical Boolean formula satisfiability problems.

7 Conclusion
Suppose you are walking down the street and you see a blind
person walking in the opposite direction. You believe he is
blind because he is feeling his way with a walking stick. Sud-
denly, something falls out of his bag, and to your surprise, he
finds it immediately without probing about with his fingers,
as you would expect for a blind person. This kind of behavior
renders the “blind” person suspicious.

The purpose of this paper has been to formally mimic this
type of reasoning using default logic. We have formally de-
fined the notion of an outlier and an outlier witness, and
analyzed the complexities involved, pointing out some non-
trivial tractable subsets. The complexity results are summa-
rized in Table 1, where f -c stands for f -complete. As ex-
plained in the introduction, outlier detection can also be used
for maintaining database integrity and completeness.

This work can be extended in several ways. First, we can
develop the concept of outliers in other frameworks of de-
fault databases, like System Z [Pearl, 1990] and Circumscrip-
tion [McCarthy, 1980]. Second, we can look for intelligent
heuristics that will enable us to perform the involved heavy
computational task more efficiently. Third, we can study the
problem from the perspective of default theories as a “seman-
tic check toolkit” for relational databases.

Acknowledgements. The authors gratefully thank Michael
Gelfond for some fruitful discussions on the subject of the
paper.
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Abstract

In first-order logic, a theory T1 is considered
stronger than another theory T2 if every formula
derived from T2 is also derived from T1. Such
an order relation is useful to know relative value
between different theories. In the context of de-
fault logic, a theory contains default information
as well as definite information. To order default
theories, it is necessary to assess the information
content of a default theory. To this end, we intro-
duce a multi-valued interpretation of default the-
ories based on a nine-valued bilattice. It distin-
guishes definite and credulous/skeptical default in-
formation derived from a theory, and is used for
ordering default theories based on their informa-
tion contents. The technique is also applied to or-
der nonmonotonic logic programs. The results of
this paper provide a method for comparing differ-
ent default theories and have important application
to learning nonmonotonic theories.

1 Introduction
In knowledge representation based on logic, the relative value
of a given theory is formally assessed by comparing the
amount of information between theories. In first-order logic,
a theory T1 is considered stronger than another theory T2 if
every formula derived from T2 is also derived from T1 but
not vice-versa (i.e., T1 j= T2 and T2 6j= T1). For instance, the
theory

T1 = f bird; bird! flies g

is stronger than the theory

T2 = f bird _ flies g:

In the context of default logic [Reiter, 1980], however, the
problem is not so simple. For instance, consider the default
theory:

T3 = f bird;
bird : flies

flies
g:

In this case, both T1 and T3 imply flies, but the fact flies
from T1 is a conclusion from definite information, while
the same fact from T3 is a conclusion from default infor-
mation. Introducing another fact :flies to each theory, the

conclusion flies is still derived from the inconsistent theory
T1 [ f:flies g, while it is withdrawn from T3 [ f:flies g.
Thus, two theories T1 and T3 have the same extension, but
conclusions derived from T1 are stronger than those of T3.

To compare and order default theories, it is necessary to
distinguish different sorts of information derived from a the-
ory. Such consideration is meaningful and important with the
following reasons.

� Studies in nonmonotonic logics have been centered on
answering the question: “What information is concluded
from a theory (with common-sense)?” On the other
hand, few studies answer the question: “What sort of
information is concluded from a theory?” Since default
theories contain definite and default information, distin-
guishing different sorts of information is meaningful to
assess the information content of a theory. Default the-
ories contain incomplete information, so that the assess-
ment provides a theoretical ground to measure the de-
gree of “incompleteness” of a theory. These arguments
are also effective in the field of nonmonotonic logic pro-
gramming [Baral and Gelfond, 1994].

� It is important to know relative value between theories.
A theory is considered more valuable than another the-
ory if the former contains more information than the lat-
ter. Comparison of theories is especially important when
there exist multiple sources of information as in multi-
agent systems. In first-order logic, theories are ordered
by logical entailment. In default logic, however, exten-
sions of theories are not necessarily helpful for judging
relative strength between theories (as presented above).
To order default theories, it is necessary to provide a bet-
ter ability of comparing default theories beyond their ex-
tensions. It should distinguish different sorts of informa-
tion in a default theory, and order theories according to
their information contents.

� In first-order logic, a theory is called more general than
another theory if the former is stronger than the latter.
Generality relations over first-order clauses have been
extensively studied in the fields of machine learning and
inductive logic programming [Nienhuys-Cheng and de
Wolf, 1997]. In these fields, generalization is used as
a basic operation for inductive learning, but it is un-
known how to extend the notion to nonmonotonic the-
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ories. To construct induction systems that learn non-
monotonic theories, it is necessary to extend the gen-
eralization operation and to build a theory for ordering
nonmonotonic theories. Ordering default theories thus
has potential application to the theory of induction in
nonmonotonic logics and nonmonotonic inductive logic
programming.

With these background and motivation, this paper studies a
method for ordering default theories. To this end, we first pro-
vide a multi-valued interpretation for default theories based
on a nine-valued bilattice. It can distinguish different sorts
of information derived from default theories. We then intro-
duce ordering over default theories, which orders different
default theories based on the multi-valued interpretations of
formulas. The techniques are also applied to order nonmono-
tonic logic programs under the answer set semantics. The
rest of this paper is organized as follows. Section 2 reviews
the framework of default logic. Section 3 develops a theory
of ordering default theories. Section 4 applies the technique
to nonmonotonic logic programming. Section 5 discusses re-
lated issues and Section 6 summarizes the paper.

2 Default Logic
A default theory is defined as a pair � = (D;W ) where D
is a set of default rules and W is a set of first-order formulas
(called facts). A default rule (or simply default) is of the form:

� : �1; : : : ; �n




where �; �1; : : : ; �n and 
 are first-order formulas and re-
spectively called the prerequisite, the justifications and the
consequent. In this paper, any default is assumed to have at
least one justification (n � 1). A default theory is called
super-normal if every default is of the form :




. As defaults

and facts are syntactically distinguishable, we often write a
default theory � as a set W [ D as far as no confusion
arises. Any variable appearing in D and W is free and any
default/fact with variables represents the set of its ground in-
stances over the Herbrand universe of �. Throughout this
paper we assume a default theory which is already ground-
instantiated, i.e., for any default theory (D;W ), D and W
contain no variable. Also, a formula means a propositional
formula unless stated otherwise.

A set E of formulas is an extension of (D;W ) if it co-
incides with the smallest deductively closed set E 0 of for-
mulas satisfying the conditions: (i) W � E 0, and (ii) for
any ground default � : �1; : : : ; �n=
 from D, � 2 E 0 and
:�i 62 E (i = 1; : : : ; n) imply 
 2 E 0. A default theory may
have none, one or multiple extensions in general. The set of
all extensions of � is written as EXT (�). Given a default
theory �, a formula is a credulous conclusion of � if it be-
longs to some (but not all) extensions. By contrast, a formula
is a skeptical conclusion of � if it belongs to all extensions.
An extension E is inconsistent if it is the set of all formulas
in the language.

Proposition 2.1 [Reiter, 1980] 1 A default theory � =

(D;W ) has the inconsistent extension iff W is inconsistent.

1This property holds for defaults with non-empty justifications.
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Figure 1: A lattice for logic IX

3 Ordering Default Theories

In classical logic, a formula F is interpreted true/false if
F /:F is a logical consequence of a theory; otherwise it is
undefined. In default logic, on the other hand, a formula is
either a definite consequence by W or a default consequence
by D. Moreover, default consequences are brought by two
different modes of inferences - skeptical or credulous reason-
ing. To characterize these different types of inferences, we
first introduce a multi-valued logic for default reasoning.

Definition 3.1 The logic IX has the nine truth values
t; f ;>;?;dts;dfs;dtc;dfc; �, which respectively mean
true, false, contradictory, undefined, skeptically true by de-
fault, skeptically false by default, credulously true by default,
credulously false by default, and contradictory by default.

The truth values of IX constitute a bilattice under the
knowledge ordering�k and the truth ordering�t (Figure 1).
Here, it holds that ? �k dtc �k � �k dts �k t �k >;
? �k dfc �k � �k dfs �k f �k >; f �t > �t t; and
f �t dfs �t dfc �t f �;?g �t dtc �t dts �t t.

In logic IX , negation : is defined as: :> = >, :t = f ,
:f = t, :dts = dfs, :dfs = dts, :dtc = dfc, :dfc =

dtc, :� = �, and :? = ?. On the other hand, the dis-
junction _ and the conjunction ^ are respectively defined by
the join operation and the meet operation with respect to the
truth ordering in the bilattice. That is, t _ x = t for x 2 IX ,
� _ ? = dtc, > ^ dfc = f , and so on. It is easily verified
that _ and ^ are associative, commutative, idempotent and
absorptive.2 Note that the truth-functional operations _ and
^ have their meaning supplied by the �t ordering, while we
later order default theories by the �k ordering.

Under IX the interpretation of a formula in a default the-
ory is defined as follows.

Definition 3.2 Given a default theory � = (D;W ), the
mapping �� associates a propositional formula F with a truth

2They are not distributive, e.g., �_(>^?) 6= (�_>)^(�_?).
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value of IX as follows:

��(F ) =

8
>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>:

t if EXT (�) 6= ; and W j= F ;
f if EXT (�) 6= ; and W j= :F ;
dts if EXT (�) 6= ;; W 6j= F

and 8E 2 EXT (�) F 2 E;

dfs if EXT (�) 6= ;; W 6j= :F
and 8E 2 EXT (�) :F 2 E;

dtc if 9E 2 EXT (�) s.t. F 2 E
and 9E 0 2 EXT (�) s.t. F 62 E0

;

dfc if 9E 2 EXT (�) s.t. :F 2 E
and 9E 0 2 EXT (�) s.t. :F 62 E0

;

? otherwise.

In particular, we write

��(F ) = > if ��(F ) = t and ��(F ) = f ;

��(F ) = � if ��(F ) = dtc and ��(F ) = dfc:

Remark that formulas F and :F are included in every ex-
tension of � iff W is inconsistent (Proposition 2.1). So it
does not happen that both ��(F ) = dts and ��(F ) = dfs

for any F .
The mapping �� provides multi-valued interpretations of

formulas in a default theory. Intuitively, ��(F ) 2 ft; fg
means that F or :F is a definite conclusion from W . When
��(F ) = > for some formula F , ��(G) = > for any
formula G. This is because in this case W is inconsis-
tent and entails every formula.3 On the other hand, when
��(F ) 2 fdts;dfsg (resp. ��(F ) 2 fdtc;dfcg), F or :F
is a default conclusion inferred skeptically (resp. credulously)
from �. When ��(F ) = �, a formula F belongs to some ex-
tension and its negation :F belongs to another extension. In
this case, the truth value of F is contradictory by default. ��
maps a formula into? if it is included in no extension. In par-
ticular, every formula has the value ? if � has no extension.

Example 3.1 Let � be the theory:

bird;
bird : flies

flies
;

which has the single extension Th(f bird; flies g). Then
��(bird) = t, ��(flies) = dts, and ��(bird ! flies) =
dts, etc.

Example 3.2 Let � be the theory:

: :rh-broken ^ lh-broken
lh-broken

;
: :lh-broken ^ rh-broken

rh-broken
;

which has two extensions Th(flh-brokeng) and
Th(frh-brokeng). Then ��(lh-broken) =

��(rh-broken) = dtc, ��(lh-broken_rh-broken) = dts

and ��(lh-broken ^ rh-broken) = ?.

Example 3.3 Let � be the theory:

quaker ^ republican;

quaker : pacifist

pacifist
;

republican : :pacifist

:pacifist
;

which has two extensions Th(fquaker ^ republican;
pacifistg) and Th(fquaker ^ republican; :pacifistg).
Then ��(quaker^republican) = t and ��(pacifist) = �.

3In this sense, our logic is not “paraconsistent”.

The followings are some properties of ��.

Proposition 3.1 Given two formulas F and G, F � G im-
plies ��(F ) = ��(G).

Proposition 3.2 For formulas F and G,

� ��(:F ) = :��(F ).

� ��(F ) �k ��(G) iff ��(:F ) �k ��(:G).

� ��(F ) �t ��(G) iff ��(:G) �t ��(:F ).

� :(��(F ) _ ��(G)) = :��(F ) ^ :��(G).

� :(��(F ) ^ ��(G)) = :��(F ) _ :��(G).

Proposition 3.3 For formulas F and G,

� ��(F _G) �t ��(F ) _ ��(G).

� ��(F ^G) �t ��(F ) ^ ��(G).

� ��(F ! G) �t ��(:F ) _ ��(G).

Proof: By ��(F _G) �t ��(F ) and ��(F _G) �t ��(G),
��(F _G) �t ��(F )_��(G) holds. Also, ��(F ^G) �t
��(F ) and ��(F ^ G) �t ��(G) imply ��(F ^ G) �t
��(F ) ^ ��(G). The result for implication follows by the
relation ��(F ! G) = ��(:F _G). 2

Example 3.4 In Example 3.2, ��(lh-broken _ rh-broken)
�t ��(lh-broken) _ ��(rh-broken) and ��(lh-broken ^
rh-broken) �t ��(lh-broken) ^ ��(rh-broken).

Thus, the degree of truth of an internal disjunction (resp.
conjunction) is generally higher (resp. lower) than that of an
external one. By contrast, there are no general relations be-
tween ��(F _G) and ��(F )_��(G); and ��(F ^G) and
��(F ) ^ ��(G) under the �k ordering.

Next we introduce ordering between default theories.

Definition 3.3 Let �1 and �2 be two default theories which
have the same underlying language. Then, �1 is stronger
than �2 (written as �2 �DL �1) if ��2

(F ) �k ��1
(F )

for any formula F in the language. We write �1 'DL �2 if
�1 �DL �2 and �2 �DL �1.

The relation�DL is a pre-order, i.e., a reflexive and transi-
tive relation on the set of all default theories in the language.
Throughout the paper, when we compare different default
theories, we assume that they have the same underlying lan-
guage.

Intuitively, a default theory �1 is stronger than another de-
fault theory �2 if �1 entails more certain information than
�2. In other words, when �2 �DL �1, conclusions derived
from �1 are relatively more stable and reliable than those de-
rived from �2. The ’stronger’ relation reduces to the relation
between (propositional) first-order theories when default the-
ories have no defaults.

Proposition 3.4 Let �1 = (;;W1) and �2 = (;;W2) be
two default theories. Then, �2 �DL �1 iff W1 j= W2.

Thus, the relation�DL is a natural extension of the one for
(propositional) first-order theories.

Proposition 3.5 Given two default theories �1 and �2,
�1 'DL �2 implies EXT (�1) = EXT (�2), but not vice-
versa.
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The above proposition presents that the order-equivalence
relation 'DL provides an equivalence relation which is
stronger than the equivalence based on extensions.

Example 3.5 (introductory example) Let �1 and �2 be two
default theories:

�1 : bird; bird! flies;

�2 : bird;
bird : flies

flies
;

where ��1
(bird) = ��2

(bird) = t, ��1
(flies) = t,

��2
(flies) = dts. Then, �2 �DL �1.

On the other hand, given

�3 : bird;
: bird! flies

bird! flies
;

�2 'DL �3. Note that all �1, �2 and �3 have the same
extension Th(f bird; flies g).

The order �DL is nonmonotonic with respect to the in-
crease of information.

Proposition 3.6 Let �1 and �2 be two default theories and
F a formula. Then, �1 �DL �2 implies neither �1 �DL
�2 [ fFg nor �1 [ fFg �DL �2 [ fFg. In particular,
�1 6�DL �1 [ fFg in general.

Example 3.6 Let �1 and �2 be two default theories:

�1 :
: p ^ :q

p
;

�2 :
: p ^ :q

p
; r;

where ��1
(p) = ��2

(p) = dts, ��1
(q) = ��2

(q) = ?,
��1

(r) = ? and ��2
(r) = t. Then, �1 �DL �2 holds. Let

F = (r ! q). Then, �1 6�DL �2[fFg and �1[fFg 6�DL
�2 [ fFg by ��1[fFg(p) = dts and ��2[fFg(p) = ?.

The introduction of new information may block the appli-
cation of some default rules, which would cause the with-
drawal of some default conclusions in a theory. This is a typ-
ical feature of default reasoning.

We finally provide a connection between the order relation
�DL and default extensions.

Theorem 3.7 Let �1 = (D1;W1) and �2 = (D2;W2) be
two default theories. Then, �1 �DL �2 if the following
conditions are satisfied:

1. W2 j= W1,

2. 8E2 2 EXT (�2) 9E1 2 EXT (�1) s.t. E1 � E2,

3. 8E1 2 EXT (�1) 9E2 2 EXT (�2) s.t. E1 � E2.

Proof:Let F be a formula. By W2 j= W1, t �k ��1
(F ) im-

plies t �k ��2
(F ), and f �k ��1

(F ) implies f �k ��2
(F ).

Suppose ��1
(F ) = dts. In this case, EXT (�1) 6= ;,

W 6j= F and F is included in every extension of �1. By
the second condition, F is included in every extension of
�2. Then, dts �k ��2

(F ). Similarly, it is shown that
��1

(F ) = dfs implies dfs �k ��2
(F ). Next, suppose

��1
(F ) = dtc. In this case, F is included in some (but not

every) extension of �1. By the third condition, F is included

in some extension of �2. Then, dtc �k ��2
(F ). Similarly,

it is shown that ��1
(F ) = dfc implies dfc �k ��2

(F ).
Finally, suppose ��1

(F ) = ?. Since ��2
(F ) = x with

? �k x, ? �k ��2
(F ) holds. 2

Theorem 3.7 provides a sufficient condition to judge
�1 �DL �2 using extensions of default theories.

4 Ordering Nonmonotonic Logic Programs
In logic programming, default reasoning is realized by nega-
tion as failure (NAF). Logic programs containing NAF are
called nonmonotonic logic programs.

Nonmonotonic logic programs considered in this paper are
the class of extended logic programs (ELPs) [Gelfond and
Lifschitz, 1991], which contain two kinds of negation; ex-
plicit (or classical) negation : and NAF (or default negation)
not. An extended logic program (or simply a program) is a
set of rules of the form:

L0  L1; : : : ; Lm; not Lm+1; : : : ; not Ln (n � m)

where each Li (0 � i � n) is a positive/negative literal and
not represents NAF. The literal L0 is the head and the con-
junction L1; : : : ; Lm; not Lm+1; : : : ; not Ln is the body of
the rule. A rule or a program is called not-free if it contains
no NAF (i.e., m = n). Given an ELP �, the set of not-
free rules from � is denoted by �

+. A rule with the empty
body L  is identified with the literal L. The head of any
rule is non-empty.4 Like default theories, every variable in
a program is interpreted as a free variable. A program � is
semantically identified with its ground instantiation, i.e., the
set of ground rules obtained from � by substituting variables
with elements of the Herbrand universe of � in every possible
way. We handle ground programs throughout the paper.

The semantics of ELPs is given by the answer set se-
mantics [Gelfond and Lifschitz, 1991]. Let Lit be the set
of all ground literals in the language of a program (called
the literal base). Suppose an ELP � and a set of literals
S(� Lit). Then, the reduct �S is the program which con-
tains the ground rule L0  L1; : : : ; Lm iff there is a rule
L0  L1; : : : ; Lm; not Lm+1; : : : ; not Ln in the ground in-
stantiation of � such that fLm+1; : : : ; Ln g \ S = ;. Given
a not-free ELP �, Cn(�) denotes the smallest set of ground
literals which is (i) closed under �, i.e., for every ground
rule L0  L1; : : : ; Lm from the ground instantiation of �,
fL1; : : : ; Lmg � Cn(�) implies L0 2 Cn(�); and (ii) logi-
cally closed, i.e., it is either consistent or equal to Lit. Given
an ELP � and a set S of literals, S is an answer set of � if
S = Cn(�S

).
Answer sets represent possible beliefs of a program, and an

ELP may have none, one, or multiple answer sets. In particu-
lar, every not-free ELP has the unique answer set. An answer
set is consistent if it is not Lit. The set of all answer sets of
an ELP � is written as AS(�).

Proposition 4.1 An ELP � has the unique answer set Lit iff
Cn(�+

) = Lit.

4Under the answer set semantics which we consider in this paper,
a rule with the empty head  F is expressed by the semantically
equivalent rule L F; not L with a literal L.
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According to [Gelfond and Lifschitz, 1991], the ruleL0  
L1; : : : ; Lm; not Lm+1; : : : ; not Ln is interpreted as the
default rule:

L1 ^ � � � ^ Lm : :Lm+1; : : : ;:Ln
L0

where ::L = L for a positive literal L. In this case, there is
a 1-1 correspondence between the answer sets of a program
and the extensions of the corresponding default theory. 5

Proposition 4.2 [Gelfond and Lifschitz, 1991] Let � be an
ELP and �� its corresponding default theory. If S is an an-
swer set of �, then the deductive closure of S is an extension
of ��. Conversely, every extension of �� is the deductive
closure of exactly one answer set of �.

Using the correspondence, a multi-valued interpretation for
ELPs is defined under the logic IX .

Definition 4.1 Given an ELP �, the mapping �� associates
a positive literal L 2 Lit with a truth value of IX as follows:

��(L) =

8
>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>:

t if AS(�) 6= ; and L 2 Cn(�+
) ;

f if AS(�) 6= ; and :L 2 Cn(�+
) ;

dts if AS(�) 6= ;; L 62 Cn(�+
)

and 8S 2 AS(�) L 2 S ;

dfs if AS(�) 6= ;; :L 62 Cn(�+
)

and 8S 2 AS(�) :L 2 S ;

dtc if 9S 2 AS(�) s.t. L 2 S
and 9T 2 AS(�) s.t. L 62 T ;

dfc if 9S 2 AS(�) s.t. :L 2 S
and 9T 2 AS(�) s.t. :L 62 T ;

? otherwise.

In particular, we write

��(L) = > if ��(L) = t and ��(L) = f ;

��(L) = � if ��(L) = dtc and ��(L) = dfc:

Remark that literals L and:L are included in every answer
set of � iff they are in Cn(�+

) (Proposition 4.1). So it does
not happen that ��(L) takes both dts and dfs for any L.

The intuitive meaning of �� is analogous to that of ��.

Example 4.1 Let � be the program:

p not q; q  not p; r  not:s;

which has two answer sets fp; rg and fq; rg. Then ��(p) =
��(q) = dtc, ��(r) = dts, and ��(s) = ?.

Example 4.2 Let � be the program:

p not:p; :p not p;

which has two answer sets fpg and f:pg. Then, ��(p) = �.

�� has properties obtained from Proposition 3.2 by replac-
ing �� with �� and formulas with literals.

Ordering between ELPs is defined as follows.

5Precisely speaking, not-free rules in an ELP correspond to
justification-free defaults. Although we supposed defaults with non-
empty justifications in the previous sections, the following discus-
sion is valid apart from the results of Section 3.

Definition 4.2 Let �1 and �2 be two ELPs which have the
same literal base Lit. Then, �1 is stronger than �2 under the
answer set semantics (written as �2 �AS �1) if ��2

(L) �k
��1

(L) for any literal L 2 Lit. We write �1 'AS �2 if
�1 �AS �2 and �2 �AS �1.

The relation �AS is a pre-order on the set of all ELPs in
the language. A program �1 is stronger than �2 if the answer
sets of �1 entail more certain information than �2. Different
from the case of default logic, we compare programs in terms
of literals included in answer sets. This is because in non-
monotonic logic programs the meaning of a program is deter-
mined not by individual rules in a program, but by consequent
literals included in selected models of a program. Thus, we
capture the information content of a program as consequences
brought by answer sets.

Proposition 4.3 Let �1 and �2 be two not-free ELPs which
have the same literal base. Then, �1 �AS �2 iff Cn(�1) �
Cn(�2).

Proposition 4.4 Given two ELPs �1 and �2, �1 'AS �2

implies AS(�1) = AS(�2), but not vice-versa.

Example 4.3 Let �1 and �2 be two programs:

�1 : p :q; :q  ;

�2 : p not q; :q  not q;

where �1 and �2 have the same answer set f p; :q g. Then,
��1

(p) = t, ��1
(q) = f , ��2

(p) = dts, and ��2
(q) = dfs.

Thus, �2 �AS �1.

It is easily verified that the order �AS has nonmonotonic
properties which correspond to Proposition 3.6 with respect
to the introduction of new rules to a program.

A connection between the order relation �AS and answer
sets is given as follows (The proof is similar to Theorem 3.7).

Theorem 4.5 Let �1 and �2 be two ELPs which have the
same literal base. Then, �1 �AS �2 if the following condi-
tions are satisfied:

1. Cn(�+

1 ) � Cn(�+

2 ),

2. 8S 2 AS(�2) 9T 2 AS(�1) s.t. T � S,

3. 8T 2 AS(�1) 9S 2 AS(�2) s.t. T � S.

5 Discussion
In the context of multi-valued logics, Ginsberg [1988] firstly
introduces a bilattice for default logic. He distinguishes
definite and default conclusions obtained from a (super-
normal) default theory using the bilattice of Figure 2. How-
ever, Ginsberg’s bilattice is seven-valued and does not distin-
guish between skeptical and credulous default conclusions.
For instance, suppose the super-normal default theory � =

f :p^q
p^q

; ::p

:p
g which has two default extensions Th(f p ^ qg)

and Th(f:pg). Then, ��(p) = �, ��(q) = dtc, and
��(:p _ q) = dts in our framework, while Ginsberg in-
terprets p as � but handles both q and :p _ q as dt. Thus, to
distinguish skeptical/credulous default inference, additional
truth values are necessary as introduced in this paper. Dion-
isio et al: [1998] distinguish skeptical/credulous default in-
ference in super-normal default theories using modal logic.
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Figure 2: Ginsberg’s bilattice for default logic

Their goal is reasoning about defaults and is not ordering de-
fault theories.

In logic programming, Fitting [1991] uses bilattices to
characterize the semantics of normal logic programs. He uses
a four-valued logic and does not distinguish definite and de-
fault information. Dix [1992] uses the knowledge ordering
under a three-valued logic to compare information obtained
from a single normal logic program under different seman-
tics. This is in contrast to our approach in which we com-
pare different programs under the single answer set seman-
tics. Lattice-valued logics are also used for characterizing
the “paraconsistent” semantics of logic programs [Damásio
and Pereira, 1998]. To our best knowledge, however, the 9-
valued bilattice used in this paper never appears in the litera-
ture. Moreover, existing studies all use multi-valued logics to
provide a semantics of a single program, while we use them to
compare information between different programs. The order-
equivalence provides a stronger relation than the usual model-
based equivalence (Proposition 4.4). On the other hand, it
is known another strong equivalence relation between logic
programs [Lifschitz et al:, 2001]. At the moment, we have
an evidence that there is no stronger/weaker relation between
the strong equivalence and the order-equivalence in general.

From the computational viewpoint, there is a difficulty for
directly computing �� for an arbitrary formula F . This is
due to the fact that the interpretation �� of a formula F is
generally not constructive by those of the sub-formulas of F
(Proposition 3.3). The same problem happens in the restricted
class of super-normal default theories [Ginsberg, 1988]. For
checking an order between default theories, however, Theo-
rem 3.7 provides a sufficient condition to judge the relation
�1 �DL �2 using default extensions. In the context of logic
programming, �1 �AS �2 is checked by Theorem 4.5 using
the existing procedures for computing answer sets.

In the fields of machine learning and inductive logic pro-
gramming, a theory of generalization has been extensively
studied in the context of first-order logic [Nienhuys-Cheng
and de Wolf, 1997]. However, generalization under logi-
cal entailment j= is not directly applicable to default theo-
ries and nonmonotonic logic programs. A default ordering
introduced in this paper can order default theories and non-
monotonic logic programs, thereby could give a theoretical

ground for inductive generalization in nonmonotonic logic
programs. For instance, for the programs � = f flies(x) 
bird(x); bird(tweety)  g and �

0
= f flies(x)  

bird(x); not abnormal(x); bird(tweety)  g, the rela-
tion �

0 �AS � holds (flies(tweety) has the value t in �,
while it has the value dts in �

0). Thus, if we read the order
�AS as “more general”, � is considered a generalization of
�
0. This coincides with the view in the ILP literature [Bain

and Muggleton, 1992] in which �
0 is a specialization of �.

6 Conclusion
In this paper, we introduced a multi-valued interpretation of
default theories, which can distinguish definite and skepti-
cal/credulous default consequences. Based on this, we devel-
oped a theory for ordering default theories and applied the
technique to ordering nonmonotonic logic programs. The 9-
valued bilattice is used for characterizing other nonmonotonic
formalisms which have the same inference modes as default
logic. The results of this paper provide a method of com-
paring default theories or nonmonotonic logic programs in
a manner different from the conventional extension-based or
model-based standpoint. The proposed framework is consid-
ered to have potential application to inductive learning in non-
monotonic logics, which we will investigate in future study.
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Abstract

Disjunctive Logic Programming (DLP) is a very
expressive formalism: it allows to express every
property of finite structures that is decidable in the
complexity class ΣP

2 (NPNP). Despite the high ex-
pressiveness of DLP, there are some simple proper-
ties, often arising in real-world applications, which
cannot be encoded in a simple and natural manner.
Among these, properties requiring to apply some
arithmetic operators (like sum, times, count) on a
set of elements satisfying some conditions, can-
not be naturally expressed in DLP. To overcome
this deficiency, in this paper we extend DLP by
aggregate functions. We formally define the se-
mantics of the new language, named DLPA. We
show the usefulness of the new constructs on rel-
evant knowledge-based problems. We analyze the
computational complexity of DLPA, showing that
the addition of aggregates does not bring a higher
cost in that respect. We provide an implementation
of the DLPA language in DLV– the state-of-the-
art DLP system – and report on experiments which
confirm the usefulness of the proposed extension
also for the efficiency of the computation.

1 Introduction

Expressivenessof DLP. Disjunctive Logic Programs (DLP)
are logic programs where (nonmonotonic) negation may oc-
cur in the bodies, and disjunction may occur in the heads of
rules. This language is very expressive in a precise math-
ematical sense: it allows to express every property of fi-
nite structures that is decidable in the complexity class ΣP

2

(NPNP). Therefore, under widely believed assumptions,
∗This work was supported by the European Commission under

projects IST-2002-33570 INFOMIX, IST-2001-32429 ICONS, and
FET-2001-37004 WASP.

DLP is strictly more expressive than normal (disjunction-
free) logic programming, whose expressiveness is limited to
properties decidable in NP. DLP can thus express problems
which cannot be translated to Satisfiability of CNF formu-
las in polynomial time. Importantly, besides enlarging the
class of applications which can be encoded in the language,
disjunction often allows for representing problems of lower
complexity in a simpler and more natural fashion (see [Eiter
et al., 2000]).

The problem. Despite this high expressiveness, there are
some simple properties, often arising in real-world applica-
tions, which cannot be encoded in DLP in a simple and nat-
ural manner. Among these are properties requiring to apply
some arithmetic operator (e.g., sum, times, count) on a set of
elements satisfying some conditions. Suppose, for instance,
that you want to know if the sum of the salaries of the em-
ployees working in a team exceeds a given budget (see Team
Building , in Section 3). To this end, you should first order
the employees defining a successor relation. You should then
define a sumpredicate, in a recursive way, which computes
the sum of all salaries, and compare its result with the given
budget. This approach has two drawbacks: (1) It is bad from
the KR perspective, as the encoding is not natural at all; (2) it
is inefficient, as the (instantiation of the) program is quadratic
(in the cardinality of the input set of employees). Thus, there
is a clear need to enrich DLP with suitable constructs for the
natural representation and to provide means for an efficient
evaluation of such properties.

Contrib ution. We overcome the above deficiency of DLP.
Instead of inventing new constructs from scratch, we extend
the language with a sort of aggregate functions, first studied
in the context of deductive databases, and implement them
in DLV [Eiter et al., 2000] – the state-of-the-art Disjunctive
Logic Programming system. The main contributions of this
paper are the following.
• We extend Disjunctive Logic Programming by aggregate
functions and formally define the semantics of the resulting
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language, named DLPA.
• We address knowledge representation issues, showing the
impact of the new constructs on relevant problems.
• We analyze the computational complexity of DLPA. Im-
portantly, it turns out that the addition of aggregates does
not increase the computational complexity, which remains the
same as for reasoning on DLP programs.
• We provide an implementation of DLPA in the DLV sys-
tem, deriving new algorithms and optimization techniques for
the efficient evaluation.
• We report on experimentation, evaluating the impact of the
proposed language extension on efficiency. The experiments
confirm that, besides providing relevant advantages from the
knowledge representation point of view, aggregate functions
can bring significant computational gains.
• We compare DLPA with related work.
We present the most relevant aspects of DLPA and of its im-
plementation here, referring the interested reader to a techni-
cal report with all details [Dell’Armi et al., 2003].

2 The DLPA Language
In this section, we provide a formal definition of the syntax
and semantics of the DLPA language – an extension of DLP
by set-oriented functions (also called aggregate functions).
We assume that the reader is familiar with standard DLP; we
refer to atoms, literals, rules, and programs of DLP, as stan-
dard atoms,standard literals, standard rules, and standard
programs,respectively. For further background, see [Gelfond
and Lifschitz, 1991; Eiter et al., 2000].

2.1 Syntax
A (DLPA) set is either a symbolic set or a ground set. A
symbolicset is a pair {Vars : Conj}, where Vars is a list
of variables and Conj is a conjunction of standard literals.1

A groundset is a set of pairs of the form 〈t : Conj〉, where
t is a list of constants and Conj is a ground (variable free)
conjunction of standard literals. An aggregatefunctionis of
the form f(S), where S is a set, and f is a functionname
among #count, #min, #max, #sum, #times. An aggre-
gateatomis Lg ≺1 f(S) ≺2 Rg, where f(S) is an aggregate
function, ≺1,≺2∈ {=, <, ≤, >,≥}, and Lg and Rg (called
left guard, and right guard, respectively) are terms. One of
“Lg ≺1” and “≺2 Rg” can be omitted. An atom is either a
standard (DLP) atom or an aggregate atom. A literal L is an
atom A or an atom A preceded by the default negation symbol
not; if A is an aggregate atom, L is an aggregateliteral.

A (DLPA) rule r is a construct
a1 ∨ · · · ∨ an :− b1, · · · , bk, not bk+1, · · · , not bm.

where a1, · · · , an are standard atoms, b1, · · · , bm are atoms,
and n ≥ 0, m ≥ k ≥ 0. The disjunction a1 ∨
· · · ∨ an is the head of r, while the conjunction
b1, ..., bk, not bk+1, ..., not bm is the bodyof r. A (DLPA)
programis a set of DLPA rules.

SyntacticRestrictionsand Notation
1Intuitively, a symbolic set {X : a(X,Y ), p(Y )} stands

for the set of X-values making a(X,Y ), p(Y ) true, i.e.,
{X :∃Y s.t . a(X,Y ), p(Y ) is true}. Note that also negative liter-
als may occur in the conjunction Conj of a symbolic set.

For simplicity, and without loss of generality, we assume
that the body of each rule contains at most one aggregate
atom. A global variable of a rule r is a variable appearing
in some standard atom of r; a local variable of r is a variable
appearing solely in an aggregate function in r.

Safety. A rule r is safeif the following conditions hold: (i)
each global variable of r appears in a positive standard literal
in the body of r; (ii) each local variable of r appearing in a
symbolic set {Vars : Conj}, also appears in a positive literal
in Conj; (iii) each guard of an aggregate atom of r is either
a constant or a global variable. A program is safe if all of its
rules are safe.
Example1 Consider the following rules:

p(X):−q(X, Y, V ), Y < #max{Z : r(Z), not a(Z, V )}.
p(X):−q(X, Y, V ), Y < #sum{Z : not a(Z, S)}.
p(X):−q(X, Y, V ), T < #min{Z : r(Z), not a(Z, V )}.

The first rule is safe, while the second is not, since both local
variables Z and S violate condition (ii). The third rule is not
safe either, since the guard T is not a global variable, violating
condition (iii).

Stratification. A DLPA program P is aggregate-stratified
if there exists a function || ||, called level mapping, from the
set of (standard) predicates ofP to ordinals, such that for each
pair a and b of (standard) predicates of P , and for each rule
r ∈ P : (i) if a appears in the head of r, and b appears in an
aggregate atom in the body of r, then ||b|| < ||a||, and (ii) if
a appears in the head of r, and b occurs in a standard atom in
the body of r, then ||b|| ≤ ||a||.

Example2 Consider the program consisting of a set of facts
for predicates a and b, plus the following two rules:

q(X):−p(X), #count{Y : a(Y,X), b(X)} ≤ 2.
p(X):−q(X), b(X).

The program is aggregate-stratified, as the level mapping
||a|| = ||b|| = 1 ||p|| = ||q|| = 2 satisfies the required
conditions. If we add the rule b(X):−p(X), then no legal
level-mapping exists and the program becomes aggregate-
unstratified.

Intuitively, aggregate-stratification forbids recursion
through aggregates, which could cause an unclear se-
mantics in some cases. Consider, for instance, the
(aggregate-unstratified) program consisting only of rule
p(a):−#count{X : p(X)} = 0. Neither p(a) nor ∅ is
an intuitive meaning for the program. We should probably
assert that the above program does not have any answer set
(defining a notion of “stability” for aggregates), but then
positive programs would not always have an answer set if
there is no integrity constraint. In the following we assume
that DLPA programs are safe and aggregate-stratified.

2.2 Semantics
Given a DLPA program P , let UP denote the set of constants
appearing in P , UN

P ⊆ UP the set of the natural numbers oc-
curring in UP , and BP the set of standard atoms constructible
from the (standard) predicates of P with constants in UP .

Furthermore, given a set X , 2
X

denotes the set of all multi-
sets over elements from X . Let us now describe the domains
and the meanings of the aggregate functions we consider:

#count: defined over 2
UP, the number of elements in the set.
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#sum: defined over 2
U

N
P , the sum of the numbers in the set.

#times: over 2
U

N
P, the product of the numbers in the set.2

#min , #max: defined over 2
UP − {∅}, the mini-

mum/maximum element in the set; if the set contains also
strings, the lexicographic ordering is considered.3

If the argument of an aggregate function does not belong to its
domain, the aggregate evaluates to false, denoted as ⊥ (and
our implementation issues a warning in this case).

A substitutionis a mapping from a set of variables to the
set UP of the constants appearing in the program P . A sub-
stitution from the set of global variables of a rule r (to UP)
is a global substitutionfor r; a substitution from the set of
local variables of a symbolic set S (to UP) is a local substi-
tution for S. Given a symbolic set without global variables
S = {Vars : Conj}, the instantiationof setS is the follow-
ing ground set of pairs inst(S):
{〈γ(Vars) : γ(Conj)〉 | γ is a local substitutionfor S}.4

A ground instanceof a rule r is obtained in two steps: (1)
a global substitution σ for r is first applied over r; (2) ev-
ery symbolic set S in σ(r) is replaced by its instantiation
inst(S). The instantiation Ground(P) of a program P is
the set of all possible instances of the rules of P .
Example3 Consider the following program P1:

q(1) ∨ p(2, 2). q(2) ∨ p(2, 1).
t(X):−q(X), #sum{Y : p(X, Y )} > 1.

The instantiation Ground(P1) is the following:
q(1) ∨ p(2, 2). q(2) ∨ p(2, 1).
t(1):−q(1), #sum{〈1 : p(1, 1)〉, 〈2 : p(1, 2)〉} > 1.
t(2):−q(2), #sum{〈1 : p(2, 1)〉, 〈2 : p(2, 2)〉} > 1.

An interpretationfor a DLPA program P is a set of stan-
dard ground atoms I ⊆ BP . The truth valuation I(A), where
A is a standard ground literal or a standard ground conjunc-
tion, is defined in the usual way. Besides assigning truth val-
ues to the standard ground literals, an interpretation provides
the meaning also to (ground) sets, aggregate functions and ag-
gregate literals; the meaning of a set, an aggregate function,
and an aggregate atom under an interpretation, is a multiset,
a value, and a truth-value, respectively. Let f(S) be a an ag-
gregate function. The valuation I(S) of set S w.r.t. I is the
multiset of the first constant of the first components of the ele-
ments in S whose conjunction is true w.r.t. I . More precisely,
let SI = {〈t1, ..., tn〉 | 〈t1, ..., tn :Conj〉∈S∧ Conj is true
w.r.t. I }, then I(S) is the multiset [ t1 | 〈t1, ..., tn〉 ∈ SI ].
The valuation I(f(S)) of an aggregate function f(S) w.r.t. I
is the result of the application of the function f on I(S). (If
the multiset I(S) is not in the domain of f , I(f(S)) = ⊥.)

An aggregate atom A = Lg ≺1 f(S) ≺2 Rg is true
w.r.t. I if: (i) I(f(S)) 6= ⊥, and, (ii) the relationships
Lg ≺1 I(f(S)), and I(f(S)) ≺2 Ug hold whenever they
are present; otherwise, A is false.

Using the above notion of truth valuation for aggregate
atoms, the truth valuations of aggregate literals and rules, as

2#sum and #times applied over an empty set return 0 and 1,
respectively.

3The latter is not yet supported in our first implementation.
4Given a substitution σ and a DLPA object Obj (rule, conjunc-

tion, set, etc.), with a little abuse of notation, we denote by σ(Obj)
the object obtained by replacing each variable X in Obj by σ(X).

well as the notion of model, minimal model, and answer set
for DLPA are an immediate extension of the corresponding
notions in DLP [Gelfond and Lifschitz, 1991].

Example4 Consider the aggregate atom A = #sum{〈1 :
p(2, 1)〉, 〈2 : p(2, 2)〉} > 1 from Example 3. Let S be
the ground set appearing in A. For interpretation I =
{q(2), p(2, 2), t(2)}, I(S) = [2], the application of #sum

over [2] yields 2, and A is therefore true w.r.t. I , since 2 > 1.
I is an answer set of the program of Example 3.

3 Knowledge Representation in DLPA

In this section, we show how aggregate functions can be used
to encode relevant problems.

TeamBuilding. A project team has to be built from a set of
employees according to the following specifications:
(p1) The team consists of a certain number of employees.
(p2) At least a given number of different skills must be
present in the team.
(p3) The sum of the salaries of the employees working in the
team must not exceed the given budget.
(p4) The salary of each individual employee is within a spec-
ified limit.
(p5) The number of women working in the team has to reach
at least a given number.
Suppose that our employees are provided by a number of facts
of the form emp(EmpId,Sex,Skill,Salary); the size of the team,
the minimum number of different skills, the budget, the max-
imum salary, and the minimum number of women are speci-
fied by the facts nEmp(N), nSkill(N), budget(B), maxSal(M),
and women(W). We then encode each property pi above by an
aggregate atom Ai, and enforce it by an integrity constraint
containing not Ai.
in(I) ∨ out(I):−emp(I,Sx, Sk, Sa).
:−nEmp(N), not #count{I : in(I)} = N.
:−nSkill(M), not #count{Sk : emp(I, Sx, Sk, Sa), in(I)} ≥ M.
:−budget(B),not #sum{Sa, I : emp(I,Sx, Sk, Sa), in(I)} ≤ B.
:−maxSal(M), not #max{Sa : emp(I,Sx, Sk, Sa), in(I)} ≤ M.
:−women(W ), not #count{I : emp(I, f, Sk, Sa), in(I)} ≥ W.

Intuitively, the disjunctive rule “guesses” whether an em-
ployee is included in the team or not, while the five con-
straints correspond one-to-one to the five requirements p1-
p5. Thanks to the aggregates the translation of the specifi-
cations is surprisingly straightforward. The example high-
lights the usefulness of representing both sets and multi-
sets in our language (a multiset can be obtained by spec-
ifying more than one variable in Vars of a symbolic set
{Vars : Conj}). For instance, the encoding of p2 re-
quires a set, as we want to count different skills; two em-
ployees in the team having the same skill, should count
once w.r.t. p2. On the contrary, p3 requires to sum the ele-
ments of a multiset; if two employees have the same salary,
both salaries should be summed up for p3. This is ob-
tained by adding the variable I to Vars . The valuation
of {Sa, I : emp(I, Sx, Sk, Sa), in(I)} yields the set S =
{〈Sa, I〉 : Sa is the salary of employee I in the team}.
Then, the sum function is applied on the multiset of the first
components Sa of the tuples 〈Sa, I〉 in S (see Section 2.2).

Seating. We have to generate a sitting arrangement for
a number of guests, with m tables and n chairs per table.
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Guests who like each other should sit at the same table; guests
who dislike each other should not sit at the same table.

Suppose that the number of chairs per table is specified
by nChairs(X) and that person(P ) and table(T ) represent
the guests and the available tables, respectively. Then, we can
generate a seating arrangement by the following program:

% Guess whether person P sits at table T or not.
at(P, T ) ∨ not at(P, T ):−person(P ), table(T ).
% The persons sitting at a table cannot exceed the chairs.
:−table(T ), nChairs(C), not #count{P : at(P, T )} ≤ C.
% A person is seated at precisely one table; equivalent
% to :−person(P ), at(P, T ), at(P, U), T <> U.
:−person(P ), not #count{T : at(P, T )} = 1.
% People who like each other should sit at the same table...
:−like(P1, P2), at(P1, T ), not at(P2, T ).
% ...while people who dislike each other should not.
:−dislike(P1, P2), at(P1, T ), at(P2, T ).

4 Computational Complexity of DLPA

As for the classical nonmonotonic formalisms [Marek and
Truszczyński, 1991], two important decision problems, cor-
responding to two different reasoning tasks, arise in DLPA:

(Brave Reasoning) Given a DLPA program P and a
ground literal L, is L true in some answer set of P?

(Cautious Reasoning)Given a DLPA program P and a
ground literal L, is L true in all answer sets of P?

The following theorems report on the complexity of the
above reasoning tasks for propositional (i.e., variable-free)
DLPA programs that respect the syntactic restrictions im-
posed in Section 2 (safety and aggregate-stratification). Im-
portantly, it turns out that reasoning in DLPA does not bring
an increase in computational complexity, which remains ex-
actly the same as for standard DLP. (See [Dell’Armi et al.,
2003] for the proofs.)

Theorem5 BraveReasoningon groundDLPA programsis
ΣP

2 -complete.

Theorem6 CautiousReasoningongroundDLPA programs
is ΠP

2 -complete.

5 Implementation Issues
The implementation of DLPA required changes to all mod-
ules of DLV. Apart from a preliminary standardization phase,
most of the effort concentrated on the Intelligent Grounding
and Model Generator modules.

Standardization. After parsing, each aggregate A is trans-
formed such that both guards are present and both ≺1 and
≺2 are set to ≤. The conjunction Conj of the symbolic
set of A is replaced by a single, new atom Aux and a rule
Aux:−Conj is added to the program (the arguments of Aux
being the distinct variables of Conj).

Instantiation. The goal of the instantiator is to generate
a ground program which has precisely the same answer sets
as the theoretical instantiation Ground(P), but is sensibly
smaller. The instantiation proceeds bottom-up following the
dependencies induced by the rules, and, in particular, respect-
ing the ordering imposed by the aggregate-stratification. Let
“H :−B, aggr.” be a rule, where H is the head of the rule,
B is the conjunction of the standard body literals, and aggr

is an aggregate literal over a symbolic set {Vars : Aux}.
First we compute an instantiation B for the literals in B;
this binds the global variables appearing in Aux. The (par-
tially bound) atom Aux is then matched against its exten-
sion (since the bottom-up instantiation respects the stratifica-
tion, the extension of Aux is already available), all match-
ing facts are computed, and a set of pairs {〈θ1(Vars) :
θ1(Aux)〉,...,〈θn(Vars) : θn(Aux)〉} is generated, where
θi is a substitution for the local variables in Aux such
that θi(Aux) is an admissible instance of Aux (recall that
DLV’s instantiator produces only those instances of a predi-
cate which can potentially become true [Faber et al., 1999a;
Leone et al., 2001])5. Also, we only store those elements of
the symbolic set whose truth value cannot be determined yet
and process the others dynamically, (partially) evaluating the
aggregate already during instantiation. The same process is
then repeated for all further instantiations of the literals in B.

Example7 Consider the following rule r:

p(X):−q(X), 1 < #count{Y : a(X, Y ), not b(Y )}.

The standardization rewrites r to:
p(X):−q(X), 2 ≤ #count{Y : aux(X,Y )} ≤ ∞.
aux(X,Y ):−a(X, Y ), not b(Y ).

Suppose that the instantiation of the rule for aux gener-
ates 3 potentially true facts for aux: aux(1,a), aux(1,b), and
aux(2,c). If the potentially true facts for q are q(1) and q(2),
the following ground instances are generated:6

p(1):−q(1), 2≤#count{〈a :aux(1, a)〉, 〈b :aux(1, b)〉}≤∞.
p(2):−q(2), 2 ≤ #count{〈c : aux(2, c)〉} ≤ ∞.

Duplicate SetsRecognition. To optimize the evaluation,
we have designed a hashing technique which recognizes mul-
tiple occurrences of the same set in the program, even in dif-
ferent rules, and stores them only once. This saves memory
(sets may be very large), and also implies a significant per-
formance gain, especially in the model generation where sets
are frequently manipulated during the backtracking process.

Example8 Consider the following two constraints:
c1 : :− 10 ≤ #max{V : d(V, X)}.
c2 : :− #min{Y : d(Y,Z)} ≤ 5.

Our technique recognizes that the two sets are equal, and
generates only one instance which is shared by c1 and c2.

Now assume that both constraints additionally contain a
standard literal p(X). In this case, c1 and c2 have n instances
each, where n is the number of facts for p(X). By means
of our technique, each pair of instances of c1 and c2 shares a
common set, reducing the number of instantiated sets by half.

Model Generation. We have designed an extension of
the Deterministic Consequences operator of the DLV system
[Faber et al., 1999b] for DLPA programs. The new opera-
tor makes both forward and backward inferences on aggre-
gate atoms, resulting in an effective pruning of the search
space. We have then extended the Dowling and Gallier al-
gorithm [Dowling and Gallier, 1984] to compute a fixpoint of

5A ground atom A can potentially become true only if we have
generated a ground instance with A in the head.

6Note that a ground set contains only those aux atoms which are
potentially true.
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this operator in linear time using a multi-linked data struc-
ture of pointers. Given a ground set T , say, {〈t11, ..., t

1
n

:
Aux1〉, ..., 〈tm1 , ..., tmn : Auxm〉, this structure allows us to
access T in O(1) whenever some Auxi changes its truth
value (supporting fast forward propagation); on the other
hand, it provides direct access from T to each Auxi atom
(supporting fast backward propagation).

6 Experiments and Benchmarks
To assess the usefulness of the proposed DLP extension and
evaluate its implementation, we compare the following two
methods for solving a given problem:
• DLVA. Encode the problem in DLPA and solve it by using
our extension of DLV with aggregates.
• DLV. Encode the problem in standard DLP and solve it by
using standard DLV.

To generate DLP encodings from DLPA encodings, suit-
able logic definitions of the aggregate functions are employed
(which are recursive for #count, #sum, and #times).

We compare these methods on two benchmark problems:
Time Tabling is a classical planning problem. In partic-

ular, we consider the problem of planning the timetable of
lectures which some groups of students have to take. We
consider a number of real-world instances at our University,
where instance k deals with k groups.

Seating is the problem described in Section 3. We con-
sider 4 (for small instances) or 5 (for larger instances) seats
per table, with increasing numbers of tables and persons (with
numPersons = numSeats ∗ numTables). For each prob-
lem size (i.e., seats/tables configuration), we consider classes
with different numbers of like resp. dislike constraints, where
the percentages are relative to the maximum number of like
resp. dislike constraints such that the problem is not over-
constrained7. In particular, we consider the following classes:
-) no like/dislike constraints at all; -) 25% like constraints;
-) 25% like and 25% dislike constraints; -) 50% like con-
straints; -) 50% like and 50% dislike constraints. For each
problem size, we have randomly generated 10 instances for
each class above.

For Seating we use the DLPA encoding reported in Sec-
tion 3; all encodings and benchmark data are also avail-
able on the web at http://www.dlvsystem.com/
examples/ijcai03.zip.

Number of Execution Time Instantiation Size
Groups DLV DLVA DLV DLVA

1 10.95 0.55 91217 6972
2 36.79 2.05 178533 13986
3 79.84 4.68 264938 20888
4 147.53 7.86 367014 29029
5 224.46 12.30 436544 36043
6 321.85 17.18 518950 42767
7 437.94 25.36 606361 49993
8 618.23 37.78 761429 61916
9 - 57.00 - 74027

Figure 1: Experimental Results for Timetabling

7Beyond these maxima there is trivially no solution.

Number of Execution Time Instantiation Size
Persons DLV DLVA DLV DLVA

8 0.010 0.010 320 101
12 0.034 0.010 996 248
16 26.872 0.011 2272 490
25 - 0.024 6643 1346
50 - 0.307 50029 7559
75 - 1.883 165442 22049

100 - 7.082 387886 47946
125 - 64.293 752769 88781
150 - 152.450 1294977 147567

Figure 2: Experimental Results for Seating

We ran the benchmarks on AMD Athlon 1.2 machines with
512MB of memory, using FreeBSD 4.7 and GCC 2.95. We
have allowed a maximum running time of 1800 seconds per
instance and a maximum memory usage of 256MB. Cumu-
lated results are provided in Figures 1 and 2. In particular, for
Timetabling we report the execution time and the size of the
residual ground instantiation (the total number of atoms oc-
curring in the instantiation, where multiple occurrences of the
same atom are counted).8 For Seating, the execution time is
the average running time over the instances of the same size.
A “-” symbol in the tables indicates that the corresponding
instance (some of the instances of that size, for Seating) was
not solved within the allowed time and memory limits.

On both problems, DLVA clearly outperforms DLV. On
Timetabling, the execution time of DLVA is one order of
magnitude lower than that of DLV on all problem instances,
and DLV could not solve the last instances within the allowed
memory and time limits. On Seating, the difference becomes
even more significant. DLV could solve only the instances
of small size (up to 16 persons - 4 tables, 4 seats); while
DLVA could solve significantly larger instances in a reason-
able time. The information about the instantiation sizes pro-
vides an explanation for such a big difference between the
execution times of DLV and DLVA. Thanks to the aggre-
gates, the DLPA encodings of Timetabling and Seating are
more succinct than the corresponding encodings in standard
DLP; this succinctness is also reflected in the ground instan-
tiations of the programs. Since the evaluation algorithms are
then exponential (in the worst case) in the size of the instan-
tiation, the execution times of DLVA turn out to be much
shorter than the execution times of DLV.

7 Related Works
Aggregate functions in logic programming languages ap-
peared already in the 80s, when their need emerged in de-
ductive databases like LDL [Chimenti et al., 1990] and were
studied in detail, cf. [Ross and Sagiv, 1997; Kemp and Ra-
mamohanarao, 1998]. However, the first implementation in
Answer Set Programming, based on the Smodels system, is
recent [Simons et al., 2002].

Comparing DLPA to the language of Smodels, we observe
a strong similarity between cardinality constraints there and
#count. Also #sum and weight constraints in Smodels are

8Note that also atoms occurring in the sets of the aggregates are
counted for the instantiation size.
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similar in spirit. Indeed, the DLPA encodings of both Team
Building and Seating can be easily translated to Smodels’ lan-
guage. However, there are some relevant differences. For
instance, in DLPA aggregate atoms can be negated, while
cardinality and weight constraint literals in Smodels cannot.
Smodels, on the other hand, allows for weight constraints in
the heads of rules, while DLPA aggregates cannot occur in
heads. (The presence of weight constraints in heads is a pow-
erful KR feature; however, it causes the loss of some seman-
tic property of nonmonotonic languages [Marek and Rem-
mel, 2002].) Observe also that DLPA aggregates like #min,
#max, and #times do not have a counterpart in Smodels.
Moreover, DLPA provides a general framework where fur-
ther aggregates can be easily accommodated (e.g., #any and
#avg are already under development). Furthermore, note
that symbolic sets of DLPA directly represent pure (math-
ematical) sets, and can also represent multisets rather nat-
urally (see the discussion on Team Building in Section 3).
Smodels weight constraints, instead, work on multisets, and
additional rules are needed to encode pure sets; for instance,
Condition p2 of Team Building cannot be encoded directly
in a constraint, but needs the definition of an extra predicate.
A positive aspect of Smodels is that, thanks to stricter safety
conditions (all variables are to be restricted by domainpred-
icates), it is able to deal with recursion through aggregates,
which is forbidden in DLPA. Finally, note that DLPA deals
with sets of terms, while Smodels deals with sets of atoms.
As far as the implementation is concerned, also Smodels is
endowed with advanced pruning operators for weight con-
straints, which are efficiently implemented; we are not aware,
though, of techniques for the automatic recognition of dupli-
cate sets in Smodels.

DLPA also seems to be very similar to a special case of the
semantics for aggregates discussed in [Gelfond, 2002], which
we are currently investigating.

Another interesting research line uses 4-valued logics and
approximating operators to define the semantics of aggregate
functions in logic-based languages [Denecker et al., 2001;
2002; Pelov, 2002]. These approaches are founded on very
solid theoretical grounds, and appear very promising, as they
could provide a clean formalization of a very general frame-
work for arbitrary aggregates in logic programming and non-
monotonic reasoning, where aggregate atoms can also “pro-
duce” new values (currently, in both DLPA and Smodels the
guards of the aggregates need to be bound to some value).
However, these approaches sometimes amount to a higher
computational complexity [Pelov, 2002], and there is no im-
plementation available so far.

8 Conclusion

We have proposed DLPA, an extension of DLP by aggregate
functions, and have implemented DLPA in the DLV system.
On the one hand, we have demonstrated that the aggregate
functions increase the knowledge modeling power of DLP,
supporting a more natural and concise knowledge represen-
tation. On the other hand, we have shown that aggregate
functions do not increase the complexity of the main rea-
soning tasks. Moreover, the experiments have confirmed that

the succinctness of the encodings employing aggregates has
a strong positive impact on the efficiency of the computation.

Future work will concern the introduction of further aggre-
gate operators, the relaxation of the syntactic restrictions of
DLPA, and the design of further optimization techniques and
heuristics to improve the efficiency of the computation.

We thank the anonymous reviewers for their thoughtful
comments and suggestions for improvements of this paper.
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Abstract

Fages showed that if a program is tight, then ev-
ery propositional model of its completion is also its
stable model. Recently, Babovich, Erdem, and Lif-
schitz generalized Fages’ result, and showed that
this is also true if the program is tight on the given
model of the completion. As it turned out, this
is quite a general result. Among the commonly
known benchmark domains, only Niemelä’s nor-
mal logic program encoding of the Hamiltonian
Circuit (HC) problem does not have this property.
In this paper, we propose a new normal logic pro-
gram for solving the HC problem, and show that the
program is tight on every model of its completion.
Experimental results showed that for many graphs,
this new encoding improves the performance of
both SMODELS and ASSAT(Chaff2), especially
of the latter system which is based on the SAT
solver Chaff2. We also propose a notion of inher-
ently tight logic programs and show that for any
program, it is inherently tight iff all its completion
models are stable models. We then propose a poly-
nomial transformation from a logic programs to one
that is inherently tight, thus providing a reduction
of stable model semantics to program completion
semantics and SAT.

1 Introduction
It is well-known that a stable model of a logic program is
also a logical model of the completion of the logic program,
but the converse is not true in general. However, Fages
[1994] showed that if the program is tight (i.e. it has no
positive loops), then the converse is also true. Recently,
Babovich, Erdem, and Lifschitz [2000] generalized Fages’
result, and showed that the converse is also true if the pro-
gram is tight on the given model of the completion. As it
turned out, this is quite a general result as many interest-
ing logic programs are indeed tight on every model of their
completions. In fact, among the commonly known bench-
mark domains, only Niemelä’s normal logic program en-
coding of the Hamiltonian Circuit (HC) problem [Niemelä,

∗Corresponding author

1999] is not tight on its completion models. This leads nat-
urally to the question: is there a normal logic program en-
coding of the HC problem that is tight on every model of its
completion? At first glance, a positive answer seems eas-
ily followed from some known results. For instance, us-
ing any of the known transformation from logic programs to
propositional theories (e.g. [Ben-Eliyahu and Dechter, 1996;
Lin and Zhao, 2002]), one can translate a program to a set
of clauses, and then back to a logic program that is tight (on
every model of the program’s completion). While this is cer-
tainly true, it is not really what we wanted. Given a graph,
a logic program for solving the HC problem for the graph
normally should have two parts - a set of facts that defines
the graph in terms of vertices and edges, and a set of general
rules. While the above reasoning shows that it follows from
the known results that for any given graph, a tight logic pro-
gram can be found for solving the HC problem on the graph,
it does not follow, although it is true as we shall show in this
paper, that there is a set of general rules such that for any
given graph, the logic program consisting of the set of gen-
eral rules and the set of facts encoding the graph is always
tight.

By modifying Niemelä’s encoding, we propose a new nor-
mal logic program for solving the HC problem, and show
that the program is tight on every model of its completion.
Compared with Niemelä’s encoding, our new encoding yields
much larger programs - about twice more atoms and rules.
Surprisingly, despite its larger size, for both SMODELS [Si-
mons, 2003] and ASSAT [Lin and Zhao, 2002], the new en-
coding performs better1 on many randomly generated graphs.
For ASSAT, it also performs better on complete graphs,
which are hard for SMODELS and ASSAT partly because
of the sizes of the programs corresponding to these graphs.
However, our new encoding is slower than Niemelä’s on some
of the hand-coded hard graphs in [Lin and Zhao, 2002], which
are constructed by taking a few copies of a graph and con-
necting these copies by some arcs. While these experimental
results are mixed, they do suggest that it is worthwhile to try
to encode a problem as a logic program whose stable models
are the same as its completion models.

This motivated us to investigate a sufficient and necessary

1All performances in this paper are about computing one stable
model of a program.
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condition for a completion model to be a stable model. To
this end, we generalize the notion of tight on a set of atoms
into that of inherently tight on a set of atoms. Specifically,
we call a program P inherently tight on a set S of atoms if
there is a subprogram Q ⊆ P such that S is a stable model
of Q and Q is tight on S. We show that for any program, a
completion model of this program is also its stable model iff
the program is inherently tight on the model.

We then propose a polynomial transformation from any
logic program to one that is inherently tight on all its com-
pletion models. This provides a reduction of stable model se-
mantics to completion semantics and SAT. Compared to the
one in [Ben-Eliyahu and Dechter, 1996] which needs n2 ex-
tra atoms and n3 new rules, and the one in [Lin and Zhao,
2002] which does not introduce any new atom but in the worst
case may add an exponential number of new rules (clauses),
our transformation introduces O(n2 + m) extra atoms and
O(n ×m) extra rules in the worst case, where n is the num-
ber of atoms in the original program and m the number of
rules. We have observed that in all of the benchmark logic
programs, the number of rules in a program is smaller than
n2. One useful feature of our transformation is that it is mod-
ular w.r.t adding new facts.

This paper is organized as follows. Section 2 introduces
some logical preliminaries. Section 3 studies an encoding
of the HC problem that is tight on every completion model
of the program, and reports some experimental results using
SMODELS and ASSAT(Chaff2). Section 4 proposes a notion
of inherent tightness and a translation from a logic program
to one that is inherently tight. Section 5 concludes this paper.
Due to space limitations, proofs, if given, are only sketched.

2 Logical Preliminaries
Logic programs A normal logic program is a set of rules of
the following form:

a← b1, · · · , bm,not c1, · · · ,not cn, (1)

where a is either an atom or empty, b’s, and c’s are atoms.
When a is empty, then the rule is a constraint, and when m =
n = 0 and a is an atom, then the rule is a fact, asserting
that a is true. Given a rule r, in the following, we denote by
Head(r) its head atom, and Pos(r) and Neg(r) the set of
positive body literals and the set of atoms that occur under
not in the body of rule r, respectively. For any set X of
atoms, we denote the set {not L : L ∈ X} by not(X). So a
rule r can be represented as

Head(r)← Pos(r) ∪ not(Neg(r)). (2)

Given a program P , in the following, we let Atom(P ) be the
set of atoms in P .

Program completion Given a logic program P , its comple-
tion, Comp(P ) is the union of the constraints in P and the
Clark completion [Clark, ] of P with constraints deleted. In
other words, it consists of the following sentences:

• For any atom a, if a← G1, · · ·, a← Gn are all the rules
about a in P , then a ≡ G1 ∨ · · · ∨Gn is in Comp(P ).
Here we abuse the notation and write Gi both as the

body of a rule and a disjunct in a formula. Its intended
meaning is that when we write a body G in a formula,
it stands for true if G is empty, it is the conjunction of
literals in G with not replaced by ¬ otherwise. Notice
here that when n = 0, the equivalence for a becomes
a ≡ false;

• If← G is a constraint in P , then ¬G is in Comp(P ).
The stable model semantics Given a logic program P

without constraints, and a set S of atoms, the Gelfond-
Lifschitz transformation of P on S, written as PS , is obtained
from P as follows:

• For each atom q and any rule r in P , if q ∈ Neg(r) and
q 
∈ S, then delete the literal not q from the body of
rule r.

• In the resulted set of rules, delete all those rules that still
contain a negative literal in their bodies, i.e., for any rule
r ∈ P , if there is a q ∈ Neg(r) such that q ∈ S, then
delete this rule r.

It is clear that for any set of atoms S, PS is a set of rules
without any negative literals. Thus PS has a unique mini-
mal model, which is the same as the set of atoms that can be
derived from the program by resolution when rules are inter-
preted as implications. We denote this set as Cons(PS). A
set S is a stable model [Gelfond and Lifschitz, 1988] of P if
and only if S = Cons(PS).

Now let P be a program that may have constraints, and P ′
the result of deleting all constraints in P . Then a set of atoms
is a stable model of P iff it is a stable model of P ′ and satis-
fies all the constraints in P .

Dependency graph The predicate dependency graph [Apt et
al., ] of a logic program P is a directed graph with signed
edges. The vertices are atoms mentioned in P . There is a
directed positive (resp. negative) edge from vertex p to q if
there is a rule r in P such that Head(r) = q and p ∈ Pos(r)
(resp. Head(r) = q and p ∈ Neg(r)). Informally, a posi-
tive (resp. negative) edge from p to q means that q depends
positively (resp. negatively) on p.

For any two atoms α and β in P , there is a positive path
from α to β if and only if there is a path from vertex α to
vertex β in the dependence graph GP and the path has no
negative edges.

3 Tight logic programs and Hamiltonian
Circuit problem

A program P is tight [Lifschitz, 1996] if there exists a level
mapping λ such that, for every rule

a← b1, · · · , bm,not c1, · · · ,not cn (3)

in P ,
λ(b1), · · · , λ(bm) < λ(a). (4)

Here a level mapping is a function from literals to ordinals.
It is not hard to see that a program is tight iff its dependency

graph has no positive cycles. For these programs, the program
completion semantics under classical logic coincides with the
stable model semantics. That is, if a program is tight, then a
set of atoms is its stable model iff it is a classical propositional

854 NONMONOTONIC REASONING



model of its completion [Fages, 1994]. Recently, Babovich,
Erdem, & Lifschitz [2000] generalized this result to “tight on
a set of literals” by modifying the mapping λ to a partial level
mapping with respect to a set of literals. Formally, a program
P is tight on a set S of atoms if there exists a partial level
mapping λ with the domain S such that, for every rule (3) in
P , if a and b1, · · · , bk ∈ S, then

λ(b1), · · · , λ(bk) < λ(a). (5)

They showed that if a normal logic program is tight on a
model of its completion, then this model is also a stable
model. As a result, if the logic program is tight or tight on
all models of its completion, to find stable models of this
logic program, we can reduce it to SAT by computing its
completion. As it turned out, this is quite a general result as
many interesting logic programs, including all constraint sat-
isfaction problems and planning problems are indeed tight
on every model of their completions. In fact, among the
commonly known benchmark domains, only Niemelä’s nor-
mal logic program encoding of the Hamiltonian Circuit (HC)
problem [Niemelä, 1999] is not always tight on its completion
models.

As the experimental results reported in [Babovich et al.,
2000; Huang et al., 2002; Lin and Zhao, 2002] showed,
for problems like graph coloring and blocks world planning
whose encodings in logic programs are either tight or tight on
their completion models, computing a stable model of these
programs using the state of art SAT solvers on their com-
pletions is a lot faster than SMODELS, which is currently
the state of art specialized stable model generator for normal
logic programs. For HC problems, while ASSAT still outper-
forms SMODELS, the improvements are not as great as in
other problems. One of the reasons is that when a completion
model may not be a stable model, ASSAT needs to repeatedly
call a SAT solver, and the total computation time is directly
proportional to the number of times a SAT solver is called.
So to see if this was due to the inherent difficulty of the HC
problem or because of the particularity of Niemelä’s encod-
ing [Niemelä, 1999], we came up with an encoding of the HC
problem that is always tight on the completion models.

To motivate our new encoding, let’s first look at Niemelä’s
given below:

hc(V, U)← arc(V, U),not otherroute(V, U). (6)

otherroute(V, U)← arc(V, U), arc(V,W ), (7)

hc(V,W ), U 
= W.

otherroute(V, U)← arc(V, U), arc(W,U), (8)

hc(W,U), V 
= W.

reached(U)← arc(V, U), hc(V, U), reached(V ), (9)

not initialnode(V ).
reached(U)← arc(V, U), hc(V, U), initialnode(V ). (10)

← vertex(V ),not reached(V ). (11)

As one can see, rules (6) - (8) guess some paths with the
property that for every vertex X , if X has at least one out-
going arcs, then exactly one of these arcs is chosen to be
in the paths, and similarly if X has at least one incoming
arcs, then exactly one is chosen to be in the paths. The

rest of the rules then make sure, especially by asserting that
reached(X) must be true for every vertexX , that these paths
are in fact a single simple cycle that covers the whole graph.
When grounded, this program is not tight because rule (9)
would create cycles among reached(X) atoms.

Another way of solving the problem is to first guess some
paths that must go through every vertex exactly once, and
then make sure that when we do not count the outgoing arc
from the starting vertex, these paths are in fact a single path
that does not contain any cycles. This is the idea behind our
program in Figure 1 for solving the HC problem:

outgoing(V )← arc(V, U), hc(V, U). (12)

incoming(U)← arc(V, U), hc(V, U). (13)

← vertex(V ),not outgoing(V ). (14)

← vertex(V ),not incoming(V ). (15)

hc(V, U)← arc(V, U),not otherroute(V, U). (16)

otherroute(V, U)← arc(V, U), arc(V,W ), (17)

hc(V,W ), U 
= W.

otherroute(V, U)← arc(V, U), arc(W,U), (18)

hc(W,U), V 
= W.

reached(V, U)← arc(V, U), hc(V, U), (19)

not initialnode(V ).
reached(V, U)← arc(W,U), hc(W,U), vertex(V ), (20)

not initialnode(W ), reached(V,W ).
← vertex(V ), reached(V, V ). (21)

Figure 1: An encoding of the HC problem that is always tight
on every model of its completion

Notice that rules (16) - (18) are the same as (6) - (8); rules
(12) - (15) are needed to make sure that the chosen path must
go through each vertex exactly once for the cases when a ver-
tex has no outgoing (incoming) arcs in the graph; rules (19)
- (21) use the binary predicate reached(X,Y ) to make sure
that when we delete the chosen outgoing arc from the starting
vertex, the chosen path has no cycles, thus must be a single
path. Formally, it can be shown that the program correctly
solves the HC problem and is always tight on every comple-
tion model.

Proposition 1 Let G = (V,E) be a graph. Let P be the
union of the rules in Figure 1 and facts represented by the
graph in terms of vertex(X) and arc(X,Y ). IfM is a stable
model of P , then atoms of the form hc(u, v) in M correspond
to an HC of G. Furthermore, P is tight on every model of its
completion.

Given a graph, compared with Niemelä’s encoding, ours
yields a larger program because reached in our program
is a binary predicate. To evaluate the performance of
this program, we tried SMODELS (version 2.27) and AS-
SAT(Chaff2) (version 1.3 with its simplification feature ac-
tivated) on the same set of graphs2 used in [Lin and Zhao,

2These graphs can be downloaded from ASSAT’s web site
http://www.cs.ust.hk/assat.
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2002], which divided it into three categories: randomly
generated graphs, hand-coded hard instances, and complete
graphs. Our experiments were done on Sun Ultra 5 machines
with 256M memory running Solaris. The times given be-
low are in CPU seconds as reported by Unix “time” com-
mand, and include the times for running lparse for grounding
the input programs. For randomly generated graphs (see Ta-
ble 1), ASSAT clearly performs much better using our new
encoding; SMODELS also seemed to behave better using the
new encoding as the run times are more uniform now. How-
ever, for hand-coded graphs (see Table 2), which are formed
by first taking several copies of a small graph and then se-
lectively adding some arcs to connect these components, the
old encoding was clearly better for SMODELS. For ASSAT,
some of the graphs became easier with the new encoding, but
many became harder. Finally, for complete graphs, which are
hard partly because they yield huge programs both for the
new and old encodings, the new encoding turned out to be
better for ASSAT but a little worse for SMODELS. For in-
stance, for the complete graph with 80 vertices, using the old
encoding, ASSAT returned with a solution in 3297 seconds,
and SMODELS in 5072 seconds, but with the new encoding,
ASSAT took only 170 seconds, but SMODELS needed 12485
seconds.

From these mixed results, it seems that both encodings
have merits, especially if one uses SMODELS. But the ex-
periments do suggest that the new encoding, being tight on
every completion model, is better for SAT-based stable model
generators such as ASSAT and Cmodels3. We would not be
surprised that with better and faster SAT solvers, the new en-
coding would outperform in all cases.

4 Inherently tight programs

Given the potential benefit of tight logic programs for SAT-
based stable model generators, we now investigate a more
general translation from an arbitrary logic program to one
whose completion models are always stable models. To this
end, we first define a notion of inherently tight on a set of
atoms, and show that it is a sufficient and necessary condition
for a program’s completion model to be a stable model.

Definition 1 A program P is inherently tight on a set of
atoms S if there is a program Q such that Q ⊆ P , S is a
stable model of Q and Q is tight on S.

Proposition 2 A normal logic program is inherently tight on
all of its stable models.

Proof: Suppose S is a stable model of P . Notice first that
each rule in PS has a corresponding one in P under Gelfond-
Lifschitz transformation. Now define W , a set of rules, as
follows:

1. W is initially empty, and T initially PS ;

3We also ran experiments for Cmodels
(http://www.cs.utexas.edu/users/tag/cmodels.html). The results
were very similar to the ones for ASSAT. We did not include its data
here because it is not guaranteed to work when the input program is
not tight, like Niemelä’s encoding of the HC problem here.

Problem SMODELS ASSAT(Chaff2)
old new old new

nv50a380 1.1 30.2 7.1 3.3
nv50a400 1.2 33.5 29.2 3.4
nv50a420 >2h 24.3 20.5 3.5
nv50a440 1.2 29.9 1.9 3.8
nv50a460 >2h 33.2 13.5 4.1
nv50a480 1.8 35.1 18 4.2
nv50a500 2.0 34.9 40.3 4.2
nv50a520 2.1 41.0 1.3 4.6
nv50a540 2.4 41.2 2.3 4.7
nv50a560 2.8 48.3 3.6 4.9
nv50a580 2.9 45.2 78.6 5
nv60a320 >2h 35.1 0.5 3.4
nv60a360 >2h 33.0 10.3 3.7
nv60a420 1.5 63.1 169.4 4.4
nv60a440 22.5 61.5 41.1 4.8
nv60a460 1.5 70.1 203.9 4.6
nv60a480 1.4 63.6 42 4.7
nv60a500 1.9 73.1 1.2 5.2
nv60a520 >2h 73.1 4.4 4
nv60a540 2.1 79.8 3664.8 5.6
nv60a560 1779.6 86.0 3.8 5.8
nv60a580 2.3 89.5 9.7 6.2
nv70a300 0.4 37.5 20.2 3.4
nv70a320 0.6 40.3 26.6 4
nv70a340 0.8 56.1 103.4 4.3
nv70a360 0.9 69.2 3.7 4.4
nv70a380 1.0 76.4 32.1 4.6
nv70a400 1.3 63.8 5.5 5.1
nv70a420 1.4 73.9 12.7 5.3
nv70a440 265.8 77.9 20.3 5.5
nv70a460 >2h 104 19.6 5.8
nv70a480 1.7 102.4 102.7 6.2
nv70a500 14.3 115.2 0.8 6.2
nv70a520 >2h 97.2 232.1 6.5
nv70a540 2.2 110.5 18.8 7
nv70a560 2.2 456.9 87.9 7.1
nv70a580 >2h 146.1 211.4 7.2

Table 1: Randomly generated graphs: nvXaY is a graph with
X vertices and Y arcs.

Problem SMODELS ASSAT(Chaff2)
old new old new

2xp30 0.1 >2h 0 >2h
2xp30.2 0.9 >2h 205.5 19.3
2xp30.2 >2h >2h 155.9 12.9
2xp30.3 >2h >2h 159.8 12.8
2xp30.4 >2h >2h 3824.1 >2h
4xp20 0.1 >2h 0 38.4

4xp20.1 >2h >2h 13.1 101.9
4xp20.2 1.3 >2h 8.2 8.6
4xp20.3 0.1 >2h 4.8 107.2

Table 2: Hand-coded hard graphs: NxG.M is a graph with N
copies of graph G and some arcs connecting the copies.
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2. Choose a fact α← in T . Suppose r is the corresponding
rule in P . Now let W be W ∪ r, and remove all rules
about α from T , and delete α in the bodies of all other
rules in T ;

3. Go back to Step 2 until T is empty.

It is clear that W is tight and S is one of its stable models.
Thus P is inherently tight on S.

Theorem 1 Let P be a normal logic program, and S a set of
atoms. Then S is a stable model of P if and only if S is a
model of the completion of P and P is inherently tight on S.

Proof: ⇒: By Proposition 2 and the fact that a stable model
is also a model of a program.

⇐: Since S be a model of the completion of P , so S is
closed under P . Since P is inherently tight on S, there
is a Q ⊆ P such that S is a stable model of Q and Q is
tight on S. Thus S is supported by Q, hence also supported
by P . Now S is supported by and closed under P , thus a
stable model of P (by a theorem in [Babovich et al., 2000]).

We say that a program is inherently tight if it is inherently
tight on all models of its completion. Clearly, a program that
is tight on all its completion models is inherently tight. By
Theorem 1, if all models of its completion are also its stable
model, then the program is inherently tight, and vice versa.

We now give a translation from an arbitrary logic program
to one that is inherently tight. In the following, a set S of
atoms in a program P is called a strongly connected com-
ponent (SCC) if there is a path in GP from u to v for any
u, v ∈ S, and S is not a subset of any other such set, where
GP is the dependency graph of P .

Algorithm 1 LetP be a normal logic program. the following
algorithm transforms it to an inherently tight program Q.
Let Q be empty initially.

1. For any rule r ∈ P of the form

a← b1, · · · , bn, d1, · · · , dm,not c1, · · · ,not cs (22)

bi (1 ≤ i ≤ n) and atom a are in the same SCC while dj

(1 ≤ j ≤ m) and a are not. We add the following rules
into Q:

ar ← not right(a, b1), · · · ,not right(a, bn), (23)

b1, · · · , bn, d1, · · · , dm,not c1, · · · ,not cs

a← ar (24)

right(bi, a)← ar (25)

right(X, a)← ar, right(X, bi) (26)

In these rules, 1 ≤ i ≤ n and variable X will be instan-
tiated to all atoms α if α and a are in the same SCC;

2. If r ∈ P is a constraint, add rule r it into Q.

Intuitively, if a set M is a stable model of Q, then ar ∈ M
iff a ∈ M and the rule r in P ‘contributes’ to the calculation
of Cons(QM ), meaning that rule r is actually used to derive
a. right(u, v) is used to record that atom u is used to prove
v and this is needed to prevent loops. The following example
illustrates the idea.

Example 1 Consider the program P = {a ← b. b ←
a. a← not c. c← c.}. It has two completion models {a, b}
and {c}, but only the first one is a stable model. For this
program, there are two SCCs: {a, b} and {c}. Algorithm 1
transforms it into the following program Q:

a1 ← not right(a, b), b.
a← a1.

right(b, a)← a1.

right(a, a)← a1, right(a, b).
right(b, a)← a1, right(b, b).
a2 ← not c.

a← a2.

b1 ← not right(b, a), a.
b← b1.

right(a, b)← b1.

right(a, b)← b1, right(a, a).
right(b, b)← b1, right(b, a).
c1 ← not right(c, c), c.
c← c1.

right(c, c)← c1.

right(c, c)← c1, right(c, c).

The completion of the program contains the following equiv-
alences c ≡ c1, c1 ≡ ¬right(c, c) ∧ c, and right(c, c) ≡ c1.
Thus it entails ¬c ∧ ¬c1 ∧ ¬right(c, c). So there is only one
model of the completion where a and b are true and c is false,
which is also the only stable model of Q. Notice that in the
stable model of P , a is established by the second rule about
it. Correspondingly, in the stable model of Q, a2 is true while
a1 is not, and right(a, b) is true while right(b, a) is not (a is
established first, and then b is derived from a).

Theorem 2 For any normal logic program P , the program
Q output by Algorithm 1 is inherently tight. Furthermore P
and Q are equivalent on Atom(P ), that is, for any subset S
of Atom(P ), S is a stable model of P iff there is exactly one
stable model S′ of Q such that such that S = S′∩Atom(P ).

Proof: We show only that Q is inherently tight. The second
part of the theorem is easier.

We only need to prove that all models of Comp(Q) are its
stable models. Let N be a model of the completion of Q. We
show that N satisfies every loop formula of Q, thus it must
be a stable model of Q (Theorem 1 in [Lin and Zhao, 2002])
Suppose L is a positive loop in Q. According to Algorithm 1,
either L is a loop that does not contain any atom of the form
right(u, v) or L is a set of atoms of the form right(u, v).

If L is a loop that does not contain any atom of the form
right(u, v), suppose v1, · · · , vs are all atoms in L. L has
even number of atoms. Atoms in Atom(P ) and newly added
atoms occur along the loop alternatively. Suppose the loop is:
x′1, x1, x′2, x2, · · · , x′t, xt where x′i are newly added atoms
and xi are atoms in Atom(P ) (1 ≤ i ≤ t). If all vj (1 ≤ j ≤
s) are in N , it is known that right(xi, xi+1) are in N by rule
25. Further considering rule 26, we have right(xi, xi−1) ∈
N for some i, thus rule 23 can not be satisfied for some x′i
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in the loop. So not all atoms in the loop are in N . Now that
N is a model of the completion, so the loop formula [Lin and
Zhao, 2002] for loop L is satisfied.

If L is a loop and it contains a set of atoms
right(a1, a2), right(a2, a3), · · ·, right(av, a1). Sup-
pose right(a, b) is an atom in L and it is deduced by the
rule right(a, b) ← bi, right(a, c). Suppose there is a rule r
such that Pos(r) ∩ L = ∅, if Body(r) is satisfied by N , the
loop formula of L is satisfied. If there is no such a r, then
the rule right(a, b)← bi, right(a, c) must be satisfied. Thus
bi ∈ N . But there is only one rule about bi which requires
right(α, β) 
∈ N for some α, β ∈ L for it to be applicable.
However from our assumption that L ⊆ N , and L is a loop,
it must be the case that right(α, β) ∈ N for all α, β ∈ L.
This is a contradiction, thus there must be an r as above.

Algorithm 1 effectively provides yet another reduction of
answer set semantics to SAT by calculating the completion
of the translated program. Compared with the mapping in
[Ben-Eliyahu and Dechter, 1996], which always adds n2 ex-
tra atoms and n3 extra rules, the number of extra atoms and
rules needed for our transformation depends on the number
of rules whose heads and some of positive literals in their
bodies belong to the same SCC. In the worst case, it needs
O(n2 +m) extra atoms and O(n×m) extra rules, where n is
the number of atoms and m the number of rules in the input
program. Usually, m is a lot less than n2. For instance, for
Niemelä’s encoding of the HC problem, given a graph with k
vertices, there are at most O(k2) atoms and O(k3) rules.

One interesting feature of Algorithm 1 is that it is modular
w.r.t. new facts. That is, if P ′ is a set of facts, then for any
program P , the program returned by the algorithm on P ∪
P ′ is the union of the programs returned by it on P and P ′.
This feature will be handy when we extend the algorithm to
programs with variables as the instantiation of a program with
variables can be thought of as the union of the program and a
set of ground facts.

We have implemented the algorithm and tried it on
Niemelä’s encoding of the HC problem, and found that for
SMODELS, the translated program is still better than the
original one on randomly generated graphs. But on other
types of graphs, the translated program is a lot worse. But
for ASSAT, the translated program was slower even on ran-
domly generated programs. Apparently, being (inherently)
tight does not always guarantee better performance even for
SAT-based stable model generators.

5 Conclusions and future work
We have proposed a new solution to the Hamiltonian Circuit
problem. For any given graph, the solution yields a program
that is tight on every model of its completion. Compared with
Niemelä’s encoding of the same problem, our new encod-
ing performs better on both randomly generated graphs and
complete graphs, but is slightly worse on a set of hand-coded
graphs. While these results hold for both SMODELS, which
is a specialized stable model generator, and ASSAT, which
makes use of SAT solver Chaff2, the performance gain seems
greater for ASSAT than for SMODELS.

We also defined a notion of inherent tightness that captures
a sufficient and necessary condition for a program completion
model to be its stable model, and proposed an algorithm for
translating an arbitrary logic program into an inherently tight
one, which provides a reduction of stable model semantics to
completion semantics and SAT.

In terms of future work, we are interested in finding out
more about the relationships between stable model semantics
and completion semantics, especially the kinds of features of
an inherently tight logic program that would be particularly
good for SAT-based stable model generators like ASSAT.

Acknowledgements
We thank Yuting Zhao for useful discussions related to the
topics of this paper, especially for his helps in using ASSAT,
and for providing some experimental data on ASSAT.

This work was supported in part by the Research Grants
Council of Hong Kong under Competitive Earmarked Re-
search Grant HKUST6205/02E.

References
[Apt et al., ] K. R. Apt, H. A. Blair, and A. Walker. In Jack

Minker, editor, Foundations of deductive databases and
logic programming, pages 89–148.

[Babovich et al., 2000] Y. Babovich, E. Erdem, and V. Lif-
schitz. Fages’ theorem and answer set programming. In
NMR-2000, 2000.

[Ben-Eliyahu and Dechter, 1996] R. Ben-Eliyahu and
R. Dechter. Propositional semantics for disjunctive
logic programs. Annals of Mathematics and Artificial
Intelligence, 12:53–87, 1996.

[Clark, ] K. L. Clark. In H Gallaire and J. Minker, editors,
Logics and Databases, pages 293–322.

[Fages, 1994] F. Fages. Consistency of clark’s completion
and existence of stable models. In Journal of Methods of
Logic in Computer Science, volume 1, pages 51–60, 1994.

[Gelfond and Lifschitz, 1988] M. Gelfond and V. Lifschitz.
The stable model semantics for logic programming. In
ICLP’88, August 1988.

[Huang et al., 2002] G.-S. Huang, X. Jia, C.-J. Liau, and J.-
H. You. Two-literal logic programs and satisfiability rep-
resentation of stable models: A comparison. In Proc. 15th
Canadian Conference on AI, LNCS, Springer, 2002.

[Lifschitz, 1996] V. Lifschitz. Foundations of logic progrm-
ming. In Priciples of Knowledge Representation, 1996.

[Lin and Zhao, 2002] F. Lin and Y. Zhao. ASSAT: Com-
puting answer sets of a logic program by sat solvers. In
AAAI’02, 2002.
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Abstract

We present a sufficient as well as a necessary
condition for the equivalence between answer sets
and models of completion for logic programs with
nested expressions in the bodies of rules. This con-
dition is the weakest among all that we are aware of
even for normal logic programs. To obtain this re-
sult, we present a polynomial time reduction from
this class of nested logic programs to extended pro-
grams. Consequently, answer sets for these nested
programs can be computed by an answer set gen-
erator for extended programs on the one hand, and
characterized in terms of models of completion on
the other.

1 Introduction
We consider logic programs with nested expressions in the
bodies of rules , called nested logic programs in this paper.
Nested expressions are formulas built from literals (atoms
with or without classic negation), connectives such as nega-
tion as failure not, disjunction “;”, and conjunction “,”. This
is a proper subset of the class of programs considered in [Lif-
schitz et al., 1999], where the head of a rule can also be an
arbitrary formula. Lloyd and Topor [Lloyd and Topor, 1984]
defined nested logic programs without negation as failure,
and argued for the higher expressive power of the extended
language, while Lifschitz et al. further showed the role of
negation as failure in nested logic programs.

Our goal in this paper is to provide a characterization of
answer sets for nested logic programs in terms of tightness
on the one hand, and to use an answer set generator, such
as Smodels or DLV to compute answer sets for nested logic
programs on the other. The studies on characterizations of
answer sets have proved useful in relating the completion se-
mantics [Clark, 1978] with the answer set semantics [Gel-
fond and Lifschitz, 1988]. Fages [Fages, 1994] defined a
syntactic condition on logic programs, called positive-order-
consistent, which guarantees the equivalence of the two se-
mantics. Positive-order-consistent requires a program to have
no positive loops. For example, the program fa  ag is not
positive-order-consistent. Babovich et al. [Babovich et al.,
2000] on the other hand formalized the notion, tight on a set,
which says that an extended logic program � is tight on X if

there exists a level mapping � from X to ordinals, such that
for any rule

h l1; :::; lm; not lm+1; :::; not ln

in �, if fhg [ fl1; :::; lmg � X then, for each i 2 [1::m],

�(h) > �(li):

Erdem and Lifschitz [Erdem and Lifschitz, to appear] ex-
tended the work to nested logic programs, and weakened the
condition so that the positive literals are required to be or-
dered by � only for applicable rules w.r.t. X .

As shown in [Babovich et al., 2000; Erdem and Lifschitz,
to appear], that a program is tight on S is a sufficient con-
dition for the equivalence of S being an answer set and S

satisfying the completion of the program. However, there are
simple programs that are not tight even on their answer sets.
For example, suppose we want to express that two or more
propositions are equivalent, and they are true if certain condi-
tions are satisfied. For instance, consider

� = fa b: b a: b not c:g

Clearly, � is not tight on its unique answer set fa; bg. Any
level mapping � that maps the domain fa; bg to non-negative
integers will have to satisfy �(a) > �(b), as well as �(b) >
�(a), which is impossible.

Even for logic programs without negation as failure, tight-
ness may fail to apply, e.g., with � = fa : a a:g, � is
not tight on its unique answer set fag.

In this paper, we define the notion of weak tightness, which
is a sufficient as well as a necessary condition for a model of
completion to be an answer set. Consequently, an answer set
is characterized by three independent properties: weak tight-
ness, supportedness, and closedness. This characterization of
answer sets can be generalized to nested programs via a lin-
ear time transformation to extended programs. This yields a
new characterization of answer sets for nested programs. Al-
though the transformation uses a linear number of extra vari-
ables, we will see that these extra variables are non-split, in
the sense that in a Davis-Putnam procedure [Davis and Put-
nam, 1960], they need not create choice points during search
for answer sets, and thus they need not enlarge the search
space.

Our results have some practical implications. First,
they widen the application range of systems like Cmodels
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[Babovich, 2002], a system implemented for the computa-
tion of answer sets for tight logic programs. Secondly, the
transformation from nested programs to extended programs
allows answer sets for nested programs to be computed by an
answer set generator for extended programs, or indirectly via
the models of their completed programs.

The next section introduces logic programs with nested ex-
pressions. In Section 3 we define weak tightness and show
that answer sets are characterized by this condition along with
models of completion. In Section 4 we present a polynomial
time transformation from nested programs to extended pro-
grams. Section 5 remarks on related work.

2 Nested Logic Programs
We consider a propositional language L. A literal is an
atom, or an atom with the sign : in front, called the classi-
cal negation. Elementary formulas are literals and constants
> (“true”) and ? (“false”). Formulas are built from elemen-
tary formulas using the unary connective not and the binary
connectives , (conjunction) and ; (disjunction). A nested logic
program (or, just program if not otherwise specified) is a set
of rules of the form

H  G

where H is a literal or?, and G is a formula. H is called the
head of the rule and G the body. If G = >, we will drop it
from the body; rules with the body> are called facts.

Here are some special cases. A formula of the form not �,
where � is a literal, is called a default negation. When G is a
conjunction of literals and default negations, the rule is called
an extended rule. In an extended rule, the literals that do not
appear in the scope of not are called positive literals. The
programs that consist of only extended rules are called ex-
tended programs; and extended logic programs without clas-
sic negation are called normal programs.

An extended rule may be denoted byH  B
+
; B

�, where
B
+ is the set of positive literals and B

� the set of default
negations.

We denote by lit(�) the set of literals occurring in �,
where � is any syntactic entity, such as a formula or a pro-
gram. Let X be a set of literals. XjV denotes the subset of
X , restricted to the literals in V , i.e., XjV = X \ V . A set of
elementary formulasX is consistent if? 62 X and it contains
no complementary literals l and :l.

That a consistent set of literals X satisfies a formula F ,
denoted X j= F , is defined recursively as follows:

� for elementary formula F , X j= F if F 2 X or F = >

� X j= not F if X 6j= F

� X j= (F;G) if X j= F and X j= G

� X j= (F ;G) if X j= F or X j= G

A consistent set X of literals is closed under a program � if,
for every rule H  G in �, H 2 X whenever X j= G. X is
supported by � if, for any l 2 X there is a rule l  G such
that X j= G.

We now define answer sets for a program. For a program
� without negation as failure, a consistent set of literals X is
an answer set for � if and only if X is minimal among the
consistent sets of literals closed under �.

A consistent set of literals X is an answer set of program
� if and only if X is minimal among the consistent sets of
literals closed under �X , where the reduct �X is obtained
from � by replacing every maximal occurrence of a formula
not F by ? if X j= F and > otherwise.

We define the completion semantics for finite nested pro-
grams without the classic negation. Let � be such a program.
The completion of �, denoted Comp(�), is the following set
of propositional formulas: for each atom � which is either an
atom in L, or ?,

� if � does not appear as the head of any rule in �, then
� � ? 2 Comp(�);

� otherwise, � � Body1 _ :::_Bodyn 2 Comp(�) (with
each default negation not � replaced by negative literal
:�), if there are exactly n rules � Bodyi 2 � with �
as the head.

Finally, given a nested program � without negation as fail-
ure, to construct the unique minimal set among the consistent
sets of literals closed under �, we define the familiar T� op-
erator as

T�(S) = fl j l G 2 � and S j= Gg

It is clear that T� is monotonic over the domain of sets of
literals. The least fixpoint can then be computed by

T�" 0 = ;
T�" i+ 1 = T�(T�" i); for all i � 0

T�" 1 =
1S

i=0

T� " i

The following proposition is needed later in this paper.

Proposition 2.1 Let � be a program without negation as fail-
ure. Then, X is an answer set for � iff X is consistent and
X = T�" 1.

3 Weakly Tight Logic Programs
Let � be an extended program, X a set of literals, and h a
literal in X . We define the set of applicable rules of �, with
respect to h and X , as follows;

�(h;X) = fh Body
+
; Body

� 2 � j h 2 X
Body

+ � X; and 8not � 2 Body�; � 62 Xg

A level mapping � is a partial function from literals to nat-
ural numbers such that the set N of natural numbers mapped
from literals forms a partial order hN ; >i.1

Definition 3.1 Let X be a set of literals and � an extended
program. � is said to be weakly tight on X if there ex-
ists a level mapping � with the domain X such that for
any nonempty �(h;X) where h 2 X , there is a rule h  
Body

+
; Body

� in �(h;X) such that for each b 2 Body
+,

�(h) > �(b).

Example 3.2 Let program � = fa  b: b  a: b  
c; not d: c  :g. Then, S = fa; b; cg is the only answer set
for �. Though � is not tight on S, � is weakly tight on S.
For example, a level mapping � satisfying the weak tightness
condition can be: �(a) = 3; �(b) = 2; �(c) = 1:

1By a partial order, we mean a relation that is transitive and ir-
reflexive.
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Lemma 3.3 Let � be an extended program, and S an answer
set for �. Then � is weakly tight on S.

Proof. Since S is an answer set for �, S = T�S " 1. It can
be seen that the following mapping � exists: for each literal q
such that q 2 T�S " n but q 62 T�S " n � 1, let �(q) = n.
Clearly, � satisfies the condition for weak tightness. 2

Theorem 3.4 For any extended program � and any consis-
tent set of literals S, S is an answer set for � iff � is weakly
tight on S, and S is closed under and supported by �.

Proof. ()) Let S be an answer set for �. Then T�S " 1 =
S. It’s obvious that S is closed under and supported by �.
From Lemma 3.3 we know that � is also weakly tight on S.

(() Assume � is weakly tight on S, and S is closed under
and supported by �. We show that S is an answer set for �.
Let M = T�S " 1. The condition that S is closed implies
M � S. We are done if M = S. Otherwise we have M � S.
Let q 2 SnM . Since S is supported by �, there is a rule
r : q  Body

+
; Body

� in � such that q  Body
+ 2 �S

and Body+ � S. Thus, the same rule r is in �(q; S), which
is nonempty. As � is weakly tight on S, there is a mapping
� and a rule q  Body

0+
; Body

0� in �(q; S) such that q  
Body

0+ 2 �S and �(q) > �(b) for each b 2 Body
+. Since

M is also closed, there is b 2 Body
+ such that b 2 SnM .

Then, from the definition of �, there is a literal p 2 SnM such
that �(p) is minimal, hence p 2 T�S " 1. This contradicts the
assumption that M is the least fixpoint of the operator T�S .
2

Note that neither supportedness nor closedness can be re-
moved from the theorem for it still to hold. E.g. the program
� = fa  bg is tight as well as weakly tight on fa; bg,
which is not supported by �. For closedness, we note that
any program is tight as well as weakly tight on the empty set.

Corollary 3.5 Let � be a finite normal program and S a set
of atoms satisfying Comp(�). Then, � is weakly tight on S

iff S is an answer set for �.

To compare two conditions that guarantee a model of com-
pletion to be an answer set, we have the following definition.

Definition 3.6 Let Cond1(X;Y ) and Cond2(X;Y ) be con-
ditions where X ranges over the set of all extended programs
and Y over the set of all sets of literals. Cond1(X;Y ) is said
to be weaker than Cond2(X;Y ) if

� for all X and Y , Cond2(X;Y ) implies Cond1(X;Y ),
and

� there exist some X and Y such that Cond1(X;Y ) does
not imply Cond2(X;Y ).

Proposition 3.7 For any extended program � and set of lit-
erals X , if � is tight on X then it is weakly tight on X . But
the converse is not true.

In Section 5, we will see that weak tightness is also weaker
than other conditions used to characterize answer sets in the
literature. Then, the question arises as whether the weak
tightness condition is the weakest. Technically, the answer
is no, since the weak tightness condition can be made weaker
in trivial ways, e.g., one can make it weaker by not requiring

a level mapping to be applied to a rule with a body literal that
does not appear in the head of any rule.

4 Transformation
When a program � is translated to another program �0, new
propositional symbols may be used. Thus, the language for
�0 is enlarged. Below, we define a notion of equivalence be-
tween a program and its translation. Throughout this section,
a program means a finite nested program.

Definition 4.1 Let � be a program in language L. Suppose
the language L0 for �0 is a superset of L. �0 is equivalent
to �, denoted � v �0, if and only if both of the following
statements hold.

� For any answer set S for �, there is exactly one answer
set S0 for �0 such that S0

jL
= S.

� For any answer set S0 for �0, S0
jL

is an answer set for �.

Lemma 4.2 The relation v is reflexive and transitive.

Our transformation makes use of some transformations in
[Lifschitz et al., 1999] that preserve strong equivalence. Two
programs �1 and �2 are said to be strongly equivalent if for
any program P , �1 [ P and �2 [ P have the same set of
answer sets. Strong equivalence entails our notion of equiva-
lence.

Proposition 4.3 If two programs �1 and �2 are strongly
equivalent, then they are equivalent to each other, i.e., �1 v
�2 and �2 v �1.

4.1 Transformation
In the following, we say that a formula is basic if it is built
from “;”, “,”, literals, constants, and not L and not not L

where L is a literal or constant. A program is said to be basic
if it consists of rules whose body formulas are basic. A rule

H  G1; :::;Gn:

is said to be flat if every Gi is a conjunction of literals and
default negations. A program is flat if every rule in it is flat.

Let � be a nested program. Our transformation consists of
three steps, briefly described below.

� � is transformed to a basic program �0 by some simpli-
fication rules.

� �0 is transformed to a flat program�00 by transformation
rules that name some subexpressions by new atoms.

� �00 is then transformed to �000 by splitting each flat rule
with disjunctive body into several extended rules with
the same head.

We now give the details. Below, F ) R denotes a rewrite
rule.

Step 1. Simplification

1. not (F ;G)) not F; not G

2. not (F;G)) not F ;not G

3. not not not F ) not F
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4. F;> ) F (and its symmetric case, >; F ) F ; the
same for all rewrite rules below)

5. F ;>) >

6. F;? ) ?

7. F ;?) F

8. p;:p) ?

9. not p;not :p) >
where Rule 3 has higher priority to be applied than Rules 1
and 2. 2

The simplification rules given here are essentially their cor-
responding equivalences given in [Lifschitz et al., 1999]. The
only difference is that, for the purpose of termination, we
cannot directly adopt an equivalence for symmetry, such as
F;G , G;F , as a rewrite rule. We therefore have to repre-
sent the symmetric cases by rules.

The simplification rules are similar to the ones found in
propositional logic, except perhaps Rule 3, which simplifies
negation as failure only when it is nested at least three lev-
els deep. Among these rules, only 1-3 are essential for the
purpose of producing a basic program. The rest are used to
simplify basic formulas further.

That a rule has a higher priority to be applied than another
rule means that when both rules are applicable, the former
should be applied and the latter should not. The only intention
here for Rule 3 over Rules 1 and 2 is to prevent transforming
an expression of the form

not � � � not| {z }
n

F

where n > 2, by distributing each not over F (which would
result in higher complexity).

Step 2. Naming subexpressions

(a) F; (G;H)) F; �

and add the rule � G;H where � is a new atom.2

(b) (G;H); F ) �; F

and add the rule � G;H where � is a new atom.

(c) not not p) not �

and add the rule � not p where � is a new atom. 2

Step 3. Splitting
A flat rule of form H  G1; :::;Gn is replaced by rules

H  G1:

::::::

H  Gn:

The set of all transformation rules in Steps 1, 2 and 3 de-
fine a binary relation over programs. We will use � �i �0 to
denote a single transformation step that transforms program
� to program �0 by an application of a transformation rule in
Step i where i 2 [1::3]. By a rewrite sequence, we mean a se-
quence of zero or more rewrite steps which takes the general
form

�0 �i0 ::: �in�1 �n �in :::

2Apparently, in this case all the occurrences of (G;H) in the
given program can be replaced by � simultaneously.

A program � is called an !i-normal form if � cannot be re-
duced further by transformation rules in Step i where i 2
[1::3]. In addition, we denote by

� ��
i
�0

a rewrite sequence generated only by the transformation rules
in Step i.

Example 4.4 Suppose � contains a single rule

a ((not not b); c); not d:

� is an !1-normal form. We can have � �2 �0 where
�0 = fa  �; not d: �  not not b; c:g, and �0 �2 �00

where �00 = fa  �; not d: �  not �; c: �  not b:g.
Finally, �00 �3 �000 where �000 = fa  �; not d: �  
not �: �  c: �  not b:g.

Lemma 4.5 There is no infinite sequence

�0 �i ::: �i �n �i :::

where �0 is a nested program when i = 1, �0 is an !1-
normal form when i = 2, and �0 is an !2-normal form when
i = 3,

Lemma 4.6 Let n be the size of the program �0 mentioned
below.

1. For any nested program �0, and any rewrite sequence
�0 �1 ::: �1 �m where �m is an !1-normal form, �m
is a basic program, and m is bounded by O(n).

2. For any !1-normal form �0, and any rewrite sequence
�0 �2 ::: �2 �m where �m is an !2-normal form, �m
is a flat program, and m is bounded by O(n).

3. For any !2-normal form �0, and any rewrite sequence
�0 �3 ::: �3 �m where �m is an !3-normal form, �m
is an extended program, and m is bounded by O(n).

We can show that every transformation in Step 2 preserves
equivalence.

Lemma 4.7 If � �2 �0 then � v �0.

For any program �, Lemmas 4.5 and 4.6 together guaran-
tee the existence of a finite rewrite sequence

� ��1 �0 ��2 �00 ��3 �000

where �0 is an !1-normal form, �00 is an !2-normal form,
and �000 is an extended program. Let us call such a �000 the
transformation of �, denoted by Tr(�).3

We are ready to show the main theorem of this section.

Theorem 4.8 For any program �, � v Tr(�).

Proof. Assume � ��1 �0 ��2 �00 ��3 �000 = Tr(�).
From [Lifschitz et al., 1999], � and �0 are strongly equiv-
alent, so are �00 and �000. It follows that � v �0 and
�00 v �000. Lemma 4.7 shows that every individual rewrite
step in �0 ��2 �00 preserves equivalence. By transitivity
(Lemma 4.2) we get �0 v �00, and therefore � v Tr(�).
2

3Although transformation rules can be applied nondeterministi-
cally, it is easy to show that the rewrite relation��

i for any i 2 [1::3]
is confluent [Dershowitz and Jouannaud, 1990] so that the final ex-
tended program is unique, up to atom renaming.
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Corollary 4.9 For any programs � and P ,

1. � [ P v Tr(�) [ P

2. � [ P v Tr(�) [ Tr(P ), if the sets of new atoms,
lit(Tr(�)) � lit(�) and lit(Tr(P ))� lit(P ), are dis-
joint.

The claim in 1 above is considered by some authors as a form
of strong equivalence within the same language.

It follows from Lemma 4.6 that

Theorem 4.10 For any program �, there is a linear time re-
duction of � to an extended program �0 so that the answer
sets for � can be identified in linear time from those for �0.

We remark that the extra atoms introduced in our transfor-
mation are non-split. They are just “connecting atoms” serv-
ing the purpose of propagating values from subexpressions.
Their values can be determined solely by constraint propaga-
tion from the values of the original atoms.

Non-split variables can be accommodated easily in systems
like Smodels by applying the procedure Heuristic only to the
set of original variables, so that non-split variables will not
be picked up for guessing a value. In this way, non-split vari-
ables do not create choice points during the search for answer
sets.

4.2 Weakly tight nested logic programs
We give a characterization of answer sets for nested pro-
grams, in terms of their transformations, and show the coun-
terpart of Theorem 3.4 for nested programs.

Definition 4.11 Let � be a nested program and Tr(�) its
transformation. Let X � lit(�) and V satisfy

V = f� 2 lit(Tr(�)) j � 62 lit(�); � 2 T
Tr(�)X[V " 1g:

Then, � is said to be weakly tight on X if and only if Tr(�)
is weakly tight on X [ V .

Theorem 4.12 Let � be a nested program, and X a consis-
tent set of literals. X is an answer set for � iff � is weakly
tight on X , and X is closed under and supported by �.

Corollary 4.13 Let � be a finite nested program without the
classic negation and S a set of atoms satisfying Comp(�).
Then, � is weakly tight on S iff S is an answer set for �.

5 Related Work

Well-Supported Model

Definition 5.1 [Fages, 1991] Let � be a normal program. A
set of atoms S is well-supported iff there exists a level map-
ping � with S as the domain such that for any atom a 2 S

there exists a rule a Body
+
; Body

� 2 �, which is appli-
cable w.r.t. S, and for each p 2 Body+, �(a) > �(p).

Ben-Eliyahu and Dechter’s characterization [Ben-Eliyahu
and Dechter, 1994] of answer sets for head cycle-free disjunc-
tive programs reduces to that of Fages for normal programs.

Theorem 5.2 [Fages, 1991] For any normal program �, the
well-supported models of � are exactly the answer sets for �.

The level mapping in Fages’ definition depends on the sup-
portedness: one needs to find a rule that supports an atom, and
then determines if a level mapping applies to the same rule.
The two conditions in our case are independent.

Example 5.3 Let � = fa  b; b  cg, and S = fa; b; cg.
Note that S is a model of �. � is weakly tight (as well as
tight) on S, since we can assign a level mapping as: �(a) =
2, �(b) = 1, and �(c) = 0. But S is not well-supported by �.

To summarize the relationships among tightness, weak
tightness and well-supportedness for normal programs, we
have, for any normal program � and set of atoms S,

� If S is well-supported, then � is weakly tight on S; but
the converse is not true.

� If � is tight on S, then � is weakly tight on S; but the
converse is not true.

� That � is tight on S is not a sufficient condition for S
to be well-supported; that S is well-supported is not a
sufficient condition for � to be tight on S.

Therefore, the weak tightness is the weakest among all three,
bridging the gap between tightness and well-supportedness.

Strong Compatibility of Logic Programs
In [Zhang, 1992], Zhang showed a characterization of de-

fault extensions. Here, we re-formulate it for logic programs.
For an extended logic program �, let us define

Con(�) = fH j H  B
+
; B

� 2 �g
Pre(�) = fLi j 1 � i � m;

H  L1; :::; Lm; not Lm+1; ::::; not Ln 2 �g
Just(�) = f:Li jm+ 1 � i � n;

H  L1; :::; Lm; not Lm+1; ::::; not Ln 2 �g

A subprogram �0 � � is said to be compatible (w.r.t. �) if
Con(�0) [ Just(�0) is consistent and ? 62 Con(�0).

For any �0 � �, we let �(�0) =
1S

i=0

Ri(�
0), where

R0(�
0) = fH  notL1; :::; not Ln 2 �0 j n � 0g;

and for all k � 0;

Rk(�
0) = fH  B

+
; B

� 2 �0 j B+ �
k�1S

i=0

Con(Ri(�
0))g

The characterization of default extensions as given in
[Zhang, 1992], when applied to logic programs, can be stated
as follows.

Theorem 5.4 Let � be an extended logic program. � has an
answer set iff there is a subprogram �0 � � such that

P1. �0 is compatible,

P2. �(�0) = �0, and

P3. for any rule r 2 ���0, either �(�0[frg) 6= �0[frg,
or �0 [ frg is not compatible.

A subprogram �0 � � is said to be strongly compatible if
it is compatible and �(�0) = �0. We can show the following
relationship.

Proposition 5.5 Let � be an extended program. For any
�0 � �,
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1. if �0 is strongly compatible, then � is weakly tight on
Con(�0);

2. � is weakly tight on Con(�0), and Con(�0) is closed
under and supported by �, iff �0 is strongly compatible
and satisfies P3 as well.

Since no proper subset of fP1; P2; P3g corresponds to the
satisfaction of completion, to see whether a model of comple-
tion is also an answer set one needs all three conditions. The
key lies in condition P2 which embodies both supportedness
and an order of derivation. Thus, Zhang’s characterization
does not provide a nontrivial condition for a model of com-
pletion to be an answer set.

Note that P2 alone does not imply weak tightness. For
example, with � = fa  a; a  not ag, we have �(�) =
�. But � is not weakly tight on Con(�) = fag, due to the
fact that a a is the only applicable rule w.r.t. fag.

ASSAT
In the system ASSAT [Lin and Zhou, 2002], the comple-

tion of a normal program is executed by a SAT solver, pos-
sibly repeatedly. When a model M of the completion from
program� is generated, if M 6= �M thenM is not an answer
set for �. ASSAT relies on M � �M to compute loop for-
mulas which say that the atoms in M ��M that are involved
in a (maximal) loop should be false if they cannot be derived
otherwise. However, M � �M does not provide a complete
picture of the loops involved. There could be loops whose in-
terpretation in M is faked due to the loops on M ��M . For
example, let � = fc c: c not b: b not a: a ag,
and let the computed model of completion be M = fa; cg. In
this case, M ��M = fag. Though the loop on a is captured
correctly, the loop on c is captured incorrectly. It remains
to be seen whether stronger loop formulas can be computed,
based on the idea of level mapping.

Transformations of Nested Programs
The transformation given in [Lifschitz et al., 1999] deals

with arbitrary nested programs where rules may have arbi-
trary formulas in the heads. The transformation preserves
strong equivalence but is not polynomial.

Independently in [Pearce et al., 2002], arbitrary nested pro-
grams are translated to disjunctive programs where extra vari-
ables are used to avoid an exponential blow-up, an idea simi-
lar to the one adopted in this paper. Our transformation how-
ever departs from that of [Lifschitz et al., 1999] in a mini-
mal way. By partitioning the transformation into three stages
(cf. Theorem 4.8), we are able to identify exactly where ex-
tra variables are required. This is only when dealing with
a disjunction or an expression like not not L where L is a
literal. In [Pearce et al., 2002], other forms of subformu-
las, such as the whole body of a rule and a conjunction, can
also be labeled by extra variables. Our transformation is thus
simpler and more compact. While our transformation takes
linear time, the one in [Pearce et al., 2002] is only claimed
to be polynomial time. Finally, the extra variables introduced
in our case are non-split. It is not clear whether this is pos-
sible for the class of all nested programs where the heads of
rules are arbitrary formulas. It is interesting to see whether
our approach, combined with some of the ideas in [Pearce et

al., 2002], can be extended in order to be able to handle all
nested programs.
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Abstract

We investigate the combination of answer set pro-
gramming and qualitative optimization techniques.
Answer set optimization programs (ASO pro-
grams) have two parts. The generating program
Pgen produces answer sets representing possible
solutions. The preference program Ppref expresses
user preferences. It induces a preference relation
on the answer sets of Pgen based on the degree to
which rules are satisfied.
We discuss possible applications of ASO program-
ming, give complexity results and propose imple-
mentation techniques. We also analyze the relation-
ship between ASO programs and CP -networks.

1 Introduction
Answer set semantics [Gelfond and Lifschitz, 1991] de-
scribes the meaning of a logic program P in terms of sets
of literals. The exact definition of answer sets depends on
the kind of rules used in P , yet two properties are always re-
quired. Answer sets are closed under the rules of P , and they
are grounded in P : each literal has a derivation using “appli-
cable” rules from P . Answer set programming has become
a popular knowledge representation tool. There are several
reasons for this:

1. Logic programs are expressive enough to model many typ-
ical knowledge representation problems in AI. In particu-
lar, the availability of default negation in the body of rules
makes it possible to represent defeasible information.

2. Many problems in reasoning about actions, planning, diag-
nosis, belief revision and product configuration have ele-
gant formulations as logic programs so that models of pro-
grams, rather than proofs of queries, describe problem so-
lutions [Lifschitz, 2002; Soininen, 2000; Baral, 2003].

3. The semantics of answer sets is intuitive and avoids the pit-
falls of resolution-based systems like Prolog. For instance,
it is independent of the order in which rules are written and
correctly handles loops.

�The authors acknowledge the support of DFG grant Computa-
tionale Dialektik BR 1817/1-5, Academy of Finland grant 53695
and NSF grant IIS-0097278, respectively.

4. In the same time, the syntax of logic programs is restric-
tive enough to allow for fast implementations and several
highly efficient answer-set provers have been developed.
Most advanced among them are Smodels [Niemelä and Si-
mons, 1997] and dlv [Eiter et al., 1998].

To increase the ease of use of logic programs in knowledge
representation researchers have suggested and investigated
several extensions to the basic formalism. Well-known ex-
amples of such extensions include disjunctive logic programs
and programs with cardinality and weight constraints [Si-
mons et al., 2002].

An important issue for many applications is the represen-
tation of preferences and reasoning about them. Researchers
have investigated preferences among program rules [Schaub
and Wang, 2001], among program literals [Sakama and In-
oue, 2000], and context-dependent preferences among literals
through the use of ordered disjunction [Brewka, 2002].

Representing and handling preferences in the formalism of
logic programs is also the main topic of this paper. However,
our approach differs from existing ones in an important as-
pect. Rather than specifying a preference relation among the
rules or literals in a single logic program, we use two differ-
ent programs. The first program, Pgen , is used to generate
answer sets, that is, define the space of acceptable solutions.
Context-dependent preferences are described in a second pro-
gram, the preference program Ppref . These preferences are
used to compare answer sets of Pgen , that is, to form a pref-
erence ordering of acceptable solutions. Intuitively, the rules
of Pgen are hard constraints which specify conditions an an-
swer set must satisfy; the rules of Ppref are soft constraints
describing conditions under which one answer set is to be
considered better than another.

The decoupling of answer-set generation and answer-set
comparison has at least two advantages:

1. The method for comparing answer sets is independent of
the type of the generating program Pgen . It may be any
type of a logic program (for instance, normal, extended,
disjunctive, involving cardinality or weight atoms), as long
as it has a well-defined semantics given by a collection of
sets of literals.

2. Preferences in Ppref (soft constraints) can be specified in-
dependently of Pgen (hard constraints). This makes pref-
erence elicitation easier since the task is broken into sepa-
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rate and smaller subtasks. Moreover, it makes the overall
setting better aligned with practical applications. Indeed,
often what is possible is determined by external factors
(available resources, constraints of the environment, de-
sign and engineering constraints for products) while what
is preferred is described independently and by different
agents (users, customers, groups of customers).

The rest of the paper is organized as follows. The next
section introduces a new formalism, answer-set optimization
programs, and defines their syntax and semantics. The subse-
quent section provides examples and additional observations
on the basic formalism. In Section 4, we show how meta-
preferences, that is, preferences on the preference rules, can
be introduced and dealt with. Next, we discuss complexity
of computational problems arising in the context of our for-
malism and propose implementation techniques. Our work is
related to the approach proposed in [Boutilier et al., 1999].
We investigate this relationship in Section 6. We conclude
with additional discussion of other related work and possible
extensions to the formalism presented here.

2 Optimization programs
We use two separate programs to describe the space of answer
sets and preferences among them.

Definition 1 Let A be set of atoms. A preference program
over A is a finite set of rules of the form

C1 > : : : > Ck  a1; : : : ; an; not b1; : : : ; not bm (1)

where the ais and bjs are literals (expressions x and :x,
where x is an atom in A), and the Cis are boolean combi-
nations over A (to be defined below).

The rule intuitively reads: if an answer set S contains
a1; : : : ; an and does not contain any of the literals b1; : : : ; bm
then C1 is preferred over C2, C2 over C3, etc. (we will give
a precise semantics later in this section).

A boolean combination over A is a formula built of atoms
in A by means of disjunction, conjunction, strong (:) and de-
fault (not) negation, with the restriction that strong negation
is allowed to appear only in front of atoms, and default nega-
tion only in front of literals. For example, a ^ (b _ not :c)
is a boolean combination, whereas :(a _ b) is not. Using
boolean combinations rather than, say, literals in the heads
of preference rules gives us additional expressiveness. Us-
ing conjunction we can express that certain combinations of
properties are preferred over other combinations. Disjunction
allows us to express that certain options are equally preferred.
For instance, the rule a > (b _ c) > d  f says that in case
of f the best option is a; b and c are equally preferred second
best options, and d is the least preferred option. Finally, we
can use expressions like a > b > c > (not a^not b^not c)
if we prefer to have one of properties a; b; c over not having
any of them.

Definition 2 Let S be a set of literals. Satisfaction of a
boolean combination C in S (denoted S j= C) is defined
as:

S j= l (l literal) iff l 2 S
S j= not l (l literal) iff l 62 S

S j= C1 _ C2 iff S j= C1 or S j= C2

S j= C1 ^ C2 iff S j= C1 and S j= C2.

We next define the notion of an optimization program.
Definition 3 An answer-set optimization (ASO) program is
a pair (Pgen ; Ppref ), where Pgen is a logic program called
the generating program, and Ppref is a preference program.

As we already mentioned earlier, the program Pgen used for
generating answer-sets can be of any type. We only require
that the semantics be given in terms of sets of literals, or an-
swer sets, that are associated with programs.

The key question is: how does the preference program
Ppref determine a preference ordering on the answer sets de-
scribed by the generating program Pgen? Let us consider an
answer set S and a rule of the form (1). Given a set S of
literals, three different situations are possible:

1. the body of r is not satisfied in S, that is, ai 62 S for some
i 2 f1; : : : ; ng, or some bj 2 S, for j 2 f1; : : : ;mg

2. the body of r is satisfied in S and none of the Cis is satis-
fied in S

3. the body of r is satisfied in S and at least oneCi is satisfied
in S.

In the case (1), the rule r is irrelevant to S because the rule
does not apply. The case (2) is more subtle: the rule lists
preferences among several options, yet none of the options
holds. We consider this as another kind of irrelevance. Let us
assume that a rule states that red is better than green, and S
contains blue and no other color. In this case the preference
of red over green appears irrelevant to S since S does not
mention these two colors at all. In the case (3), the preference
expressed in the rule is satisfied to some degree (as at least
one Ci holds in S). Thus, we define the satisfaction degree
of r in S, vS(r), by setting vS(r) = I , if r is irrelevant to S,
and vS(r) = minfi:S j= Cig, otherwise.

Concerning the relationship between I and the other sat-
isfaction degrees, two viable options seem to exist. We can
consider I as incomparable to other values, based on the view
that “irrelevance” cannot be compared to proper satisfaction
degrees. According to this view, selecting blue in the ex-
ample above is neither better nor worse than selecting green
or red. But one can also argue that green violates prefer-
ences whereas blue does not, and that blue is thus preferable
to green. We will adopt this latter view here and use the fol-
lowing preorder � to compare satisfaction degrees (Fig. 1):

2

1; I

� � �

Fig.1: The preorder on satisfaction degrees
The values I and 1 are regarded equally good (1 � I and
I � 1) and better than all others. In addition, for each x, we
have x � x. We write x > y if x is strictly better than y.
Definition 4 Let Ppref = fr1; : : : ; rng be a preference pro-
gram and let S be an answer set. We say that S induces a
satisfaction vector VS = (vS(r1); : : : ; vS(rn)):
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We extend the preorder on satisfaction degrees to preorders
on satisfaction vectors and answer sets as follows:

Definition 5 Let S1 and S2 be answer sets. We write VS1 �
VS2 if vS1(ri) � vS2(ri), for every i 2 f1; : : : ; ng. We write
VS1 > VS2 if VS1 � VS2 and for some i 2 f1; : : : ; ng,
vS1(ri) > vS2(ri). In these cases we also write S1 � S2
and S1 > S2, respectively.

We refer to this ordering as the preference satisfaction order-
ing (or ps-ordering, for short).

Definition 6 A set of literals S is an optimal model of an
ASO program (Pgen ; Ppref ) if S is an answer set of Pgen

and there is no answer set S0 of Pgen such that S0 > S.

3 Examples
The prototypical application for ASO programs are configu-
ration problems wherePgen describes possible configurations
and Ppref preferences among them. We use a dinner example
similar to the one discussed in [Brewka, 2002]. It is conve-
nient to use programs with cardinality constraints to generate
answer sets. Such programs allow for the use of special atoms
of the form nfa1; : : : ; akgm; where the ai are literals, to rep-
resent: at least n and at most m of the ai are true. Although
rules built from cardinality constraints can, in principle, be
replaced by sets of rules without such constraints, they make
problem specifications much more concise and readable. For
the precise definitions we refer the reader to [Simons et al.,
2002].

Let us assume that Pgen consists of the rules:

1fsoup; saladg1
1fbeef ;�shg1
1fpie; ice-creamg1
1fred ;white ; beerg1:

Each of these constraints enforces the selection of exactly one
of the items it lists into an answer set. Thus, Pgen generates
the space of 2� 2� 2� 3 = 24 answer sets. Let us assume
that Ppref is:

white > red > beer  �sh
red _ beer > white  beef
pie > ice-cream  beer :

This preference program designates as non-preferred all an-
swer sets containing fish but not white, all answer sets con-
taining beef but not red or beer, and all answer sets contain-
ing beer and not pie. We note that the objective is not to have
these answer sets eliminated, which could be accomplished
simply by adding the three constraints

 �sh ; not white
 beef ; not red ; not beer
 beer ; not pie :

to the original program. The role of the preference program
is to define soft constraints and, moreover, to do so indepen-
dently of the generating program. For instance, if we later
learn that constraints F = f red ;  white ;  pieg need
to be included in Pgen , the additional constraints would lead
to inconsistency. This does not happen in our approach. The
answer sets generated by the extended program are:

S1 = fice-cream; beer ; beef ; soupg
S2 = fice-cream; beer ; beef ; saladg
S3 = fice-cream; beer ;�sh ; soupg
S4 = fice-cream; beer ;�sh ; saladg

Their satisfaction vectors are V1 = (I; 1; 2), V2 = (I; 1; 2),
V3 = (3; I; 2), and V4 = (3; I; 2), respectively. Thus, S1
and S2 are equally good and are maximally preferred in the
presence of F to S3 and S4, the latter two answer sets being
also equally good.

4 Meta-preferences
The notion of optimality underlying our approach is some-
what weak. In general, many optimal answer sets may exist,
and one often wants additional means to express that one pref-
erence (that is, one rule in the program Ppref ) is more impor-
tant than another. Here is a generalization of ASO programs
where it is possible to express such meta-preferences:

Definition 7 A ranked ASO program P is a sequence

(Pgen ; P
1

pref
; : : : ; Pn

pref
)

consisting of a generating program Pgen and a sequence of
pairwise disjoint preference programs P i

pref
.

The rank of a rule r 2 P 1

pref
[ : : : [ Pn

pref
, denoted rank(r),

is the unique integer i for which r 2 P i
pref

.

Intuitively, preference rules with lower rank are preferred
over preference rules with higher rank. We can now mod-
ify the definition of preference among answer sets by taking
preferences among rules into account:

Definition 8 Let P = (Pgen ; P
1

pref
; : : : ; Pn

pref
) be a ranked

ASO program. Let S1 and S2 be answer sets of Pgen . We
define S1 �rank S2 if for every preference rule r0 such that
vS1(r

0
) � vS2(r

0
) does not hold, there is a rule r00 such that

rank(r00
) < rank(r0

) and vS1(r
00
) > vS2(r

00
).

Clearly, the preorder�rank extends (is stronger than) the pre-
order�. It is also easy to see that �rank -optimal answer sets
can be obtained in the following way: select all answer sets
optimal wrt P1, among those pick the ones optimal wrt P2
and so on.

A further generalization of ranked to partially ordered
ASO programs is straightforward and not presented here for
lack of space.1

In some cases a natural ordering of the preference rules can
be derived from the structure of the preference program. For
each preference program P we define its dependency graph
G(P ) as follows. The atoms appearing in P form the vertex
set of G(P ). There is a directed edge from a vertex b to a
vertex a in G(P ) if there is a rule r in P such that a appears
in the head of r and b appears in the body of r.

If the graph G(P ) is acyclic, there is a natural ranking of
its atoms. Namely, we define the rank of an atom a, rank(a),
recursively as follows: rank(a) = 0 for every atom a that
has no predecessors in G(P ); otherwise, we define rank(a)

1Another possible extension concerns the setting of weighted
preference rules. To compare answer sets one could use weighted
sums of the violation degrees of preference rules.
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as the maximum of the ranks of all predecessors of a in G(P )

incremented by 1.
The ranking of atoms implies the ranking of rules. Namely,

we define the rank of a preference rule r, rank(r), as the
maximum rank of an atom appearing in the head of r.

We call preference programs with acyclic dependency
graphs acyclic preference programs. They are important for
two reasons:
1. They commonly appear in practice as preferences are of-

ten described according to some partial order on features
defining answer sets, with some features being more im-
portant than others. For instance, in the dinner example,
most users will start with the preferences concerning the
main course. They could then condition their preferences
concerning the appetizer and the beverage on the choice of
the main course. And, finally, they may describe their pref-
erences concerning the dessert based on earlier choices of
the main course, appetizer and beverage.

2. As we just demonstrated, in the case when G(P ) is
acyclic, there exists a natural ranking on the rules. This
ranking is implied by the program itself and allows us
to strengthen our ordering relation on answer sets, as de-
scribed above in Definition 8. We call the resulting order-
ing determined by an acyclic preference program — the
canonical ps-ordering.

5 Complexity and implementation
The complexity of ASO programs depends on the class of
generating programs. To simplify the treatment we con-
sider here only generating programs where deciding exis-
tence of an answer set is NP-complete. This class of pro-
grams includes ground normal programs (possibly extended
with strong negation or weight and cardinality constraints)
[Simons et al., 2002].

The following two results indicate that allowing prefer-
ences adds an extra layer of complexity.

Theorem 1 Let P = (Pgen ; Ppref ) be an ASO program and
S an answer set of Pgen . Then deciding whether S is optimal
is coNP-complete.

Theorem 2 Given an ASO program P and a literal l decid-
ing whether there is an optimal answer set S such that l 2 S
is�P2 -complete.

The complexity results imply that (unless the polynomial
hierarchy collapses) preference rules cannot be translated to
generating rules in polynomial time, i.e., the problem of find-
ing an optimal answer set for an ASO program cannot be
mapped in polynomial time to a problem of finding an answer
set of a program obtained by translating the ASO program to
a set of generating rules only.

However, in [Brewka et al., 2002] an implementation tech-
nique for computing optimal answer sets for logic programs
with ordered disjunction on top of a standard answer set
prover has been developed. A similar technique has earlier
been used in [Janhunen et al., 2000] to compute stable models
of disjunctive logic programs using Smodels. The computa-
tion is based on a tester program that takes as input an answer
set and generates a strictly better one if such an answer set

exists. The computation starts with an arbitrary answer set
generated by the generator. This answer set is given to the
tester program. If the tester fails to generate a strictly better
one, we have found an optimal answer set and we are done. If
a strictly better answer set is discovered, the tester is run with
the new answer set as input. This continues until an optimal
answer set is reached.

This technique can be adapted for computing optimal an-
swer sets of an ASO program (Pgen ; Ppref ) by choosing a
suitable tester program PT for a given answer set S0. The
tester program PT is constructed by adding the following
rules to the generator program Pgen :2

1. For each preference r 2 Ppref include a fact v0(r; d)  
where d is the satisfaction degree of r in S0.

2. Include rules

 not better
better  v0(R; V0); v1(R; V1);

geq(V1; V0); not geq(V0; V1)
 v0(R; V0); v1(R; V1); not geq(V1; V0):

3. Add facts geq(d1; d2)  giving the preorder � on the set
firr; 1; 2; : : :g .

4. For each Boolean combination Ci in Ppref (and its non-
atomic subexpressions) introduce a new atom ci and add
rules capturing the conditions under which the expression
is satisfied. For example, if Ci is a disjunction Ch _ Cl,
then add rules ci  ch and ci  cl.

5. For each preference r 2 Ppref of the form (1) add rules

body(r)  a1; : : : ; an; not b1; : : : ; not bm
heads(r)  ci (for each Ci)
v1(r; irr)  not body(r)
v1(r; irr)  not heads(r); body(r)
v1(r; 1)  c1; body(r)
v1(r; 2)  not v1(r; 1); c2; body(r)

: : :
v1(r; k)  not v1(r; 1); : : : ; not v1(r; k � 1);

ck; body(r):

If PT has an answer set S, then S restricted to the original
language of Pgen is an answer set for Pgen that is strictly
preferred to S0, and if PT has no answer set, no such answer
set exists.

6 Relationship to CP -networks
An important approach to the problem of eliciting and ap-
proximating preferences is that of CP -networks proposed
and developed in [Boutilier et al., 1999]. We will now review
this approach and show how it relates to our work.

The approach of CP -networks is concerned with compar-
ing vectors of feature values that we call configurations. Let
A = fA1; : : : ; Akg be a set of features (attributes). For each
feature Ai, let Di be its domain, that is, a finite and non-
empty set of values or selections for Ai. We assume that all
domains are pairwise disjoint. A configuration is a k-tuple
(v1; : : : ; vk) such that vi 2 Di, 1 � i � k.

2We follow the Prolog convention that terms starting with capital
letters are variables and write irr rather than I to avoid confusion.
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The user prefers some configurations to others. Since
the number of configurations is, in general, exponential in
j [ki=1 Dij, it may be impractical to directly elicit and store
the user’s preference ordering on the set of all configurations.
Thus, the task is to identify partial (and, in some sense, basic)
information about the user’s preferences, and develop ways
to approximate the preference ordering implied by this par-
tial information. The formalism of CP -networks [Boutilier
et al., 1999] is an approach to accomplish that.

A CP -network over a set of features A is a pair (G;P),
where G is a directed graph whose vertices are features from
A. The edges of the graph G determine dependencies among
features: preferences for a value for a feature A depend only
on values selected for the parents of A in the network. Thus,
for each feature A and for each selection of values for the
parent features for A, a CP -network specifies a total ordering
relation on the domain of A. All these total orderings form
the component P of a CP -network3.

The information contained in a CP -network implies pref-
erences among configurations. A configuration V is one-step
preferred to a configuration W if for some feature A (given
a configuration U , by U(A) we denote the value from the
domain of A selected to U ):

1. V (B) = W (B) for every feature B 2 A n fAg (that is,
for every feature other than A), and

2. V (A) is strictly preferred to W (A) in the ordering of the
domain D of A specified by the network for the selection
for the parents of A as given by V (or, equivalently, by
W ).

The configuration V is CP -preferred to W if V can be ob-
tained from W by a sequence of one-step improvements. It
is easy to see that for acyclic CP -networks (acyclic networks
seem to arise in most situations occurring in practice) this or-
dering is indeed a partial ordering; we call it a CP -ordering4.

We will now show that the information represented by a
CP -network N (with features A = fA1; : : : ; Akg) can be
represented by means of ASO programs. First, we specify
the space of all configurations as answer sets to the program
Pgen(N) that, for each feature Ai 2 A (1 � i � k) contains
the following rule (we assume here that Di = fd1; : : : ; dng):

1fd1; : : : ; dng1:

As already discussed in Section 3, such rule enforces the se-
lection of exactly one of the listed values to an answer set.
Thus, answer sets of the program Pgen(N) are precisely the
configurations of N .

To specify preferences, we proceed as follows. Let A be
a feature and let B = fB1; : : : ; Brg be the set of its par-
ents in the CP -network. For every selection (v1; : : : ; vr)
of values of features B1; : : : ; Br, respectively, the network
specifies an ordering, say d1 > : : : > dn, on the domain

3The restriction that domains be totally ordered can be dropped.
We adopt it, following [Boutilier et al., 1999] to keep the discussion
simple.

4This ordering captures the intuition ceteris paribus or all other
things being equal, the aspect that is discussed in detail in [Boutilier
et al., 1999].

D = fd1; : : : ; dng of A. We represent that fact by including
a rule

d1 > : : : > dn  v1; : : : ; vr

in the preference program Ppref (N).
Thus, at the level of syntax, our approach extends that of

CP -nets. In particular, [Boutilier et al., 1999] is concerned
only with one fixed space of all configurations that contain for
every feature exactly one value from its domain. In contrast,
in our approach we have a substantial flexibility in defining
answer sets by varying the generator program.

In addition, our approach is more robust when user prefer-
ences are inconsistent, the situation that often occurs in prac-
tice. For instance, the user may specify a preference rule
a > b  body

1
and b > a  body

2
unaware of situations

where both body
1

and body
2

are satisfied. Such inconsisten-
cies cannot be modeled by CP -networks. In our approach
they can with the effect that one of the preference rules will
be violated whenever both bodies are true.

The key question is that of the relationship between the
semantics of the two approaches. First, we observe that they
are different. Let us consider the following example from
[Boutilier et al., 1999]. There are two features A and B with
values a, a0, and b, b0, respectively. Feature B depends on
feature A and the preferences are specified as follows (we
give them in the notation of ASO programs):

a > a0

b > b0  a
b0 > b a0.

In the CP -ordering, S1 = fa; b0g is preferred over S2 =

fa0; b0g as there is a one-step improvement leading from S2
to S1. On the other hand, none of S1 and S2 is strictly pre-
ferred over the other in the ps-ordering (the corresponding
satisfaction-degree vectors are: (1; 2; I) and (2; I; 1), respec-
tively). The reason is that the meaning of the rules in the
two approaches is slightly different. In the CP -net approach,
x > x0  body means (x and x0 form the domain of a fea-
ture X): among all answer sets satisfying body , answer set
S1 is better than S2 if both agree on all features except X
and S1 makes x true and S2 makes x0 true. In our approach
x > x0  body is more like a soft constraint expressing:
whenever body is true there is a reason to prefer x over x0.
Here, among the answer sets satisfying body , an answer set
S1 is preferred over S2 if x 2 S1, x0 2 S2, and the other
rules of the program are satisfied at least as well in S1 as in
S2. In a sense, what is different is the interpretation of the
ceteris paribus — other things being equal — phrase, more
precisely, the interpretation of what is meant by the “other
things” that have to be equal. In the CP -network approach
the “other things” are the selections of values for other fea-
tures which have to be the same. In our approach it is the
degree of satisfaction of the other rules in the program.

In general, our basic approach yields a weaker ordering.
Namely, we have the following theorem.

Theorem 3 Let N be an acyclic CP -network and let V
and W be two configurations. If V is strictly preferred to
W under the ps-ordering determined by the ASO program
(Pgen(N); Ppref (N)), then V is strictly preferred to W un-
der the CP -ordering implied by N .
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It is easy to see that the representation of an acyclic CP -
network in our syntax results in an acyclic preference pro-
gram. In this case, we have the following result.

Theorem 4 Let N be an acyclic CP -network and let V and
W be two configurations. If V is strictly preferred to W un-
der the CP -ordering determined by the CP -net N , then V is
strictly preferred to W under the canonical ps-ordering de-
termined by the ASO program (Pgen (N); Ppref (N)).

These two theorems show that we can approximate the
CP -ordering by means of orderings implied by our approach.
It is important as the relationship between two answer sets
with respect to (ranked) ps-ordering can be verified in poly-
nomial time, while it is not known whether polynomial time
algorithms exist in the case of the CP -ordering (in fact, there
are examples of configurations that require an exponentially
long chain of one-step improvements to demonstrate that one
is preferred to the other).

7 Further related work and conclusions
In this paper we have introduced ASO programs which com-
bine a generating program with a preference program. The
combination allows us to specify possible solutions of a prob-
lem (answer sets) together with preferences among specific
aspects of solutions. The preference program orders the an-
swer sets according to the satisfaction degrees of its prefer-
ence rules.

Numerous papers which introduce preferences to logic pro-
gramming exist in the literature. For an overview of some of
them see for instance [Schaub and Wang, 2001]. Closest to
ours is the proposal in [Brewka, 2002; Brewka et al., 2002].
Here, preferences are expressed through ordered disjunction.
Ordered disjunction is a non-commutative kind of disjunction
which gives preference to the first disjunct over the second.
The approach presented here differs from ordered disjunction
in the following respects:
1. generation and comparison of answer sets are separated,
2. preference handling works independently of the type of

program used for answer set generation,
3. more general preferences can be stated due to our use of

boolean combinations.
In fact, it is not difficult to show that logic programs with
ordered disjunction (LPODs) are a special case of our ap-
proach. Let P be an LPOD, Pgen a logic program possess-
ing the same answer sets as P , and let

Ppref = fc1 > : : : > cn  body : c1�: : :�cn  body 2 Pg

The preferred answer sets of P under the Pareto criterion
(cf. [Brewka et al., 2002]) and those of the correspond-
ing ASO program coincide. We can also capture the inclu-
sion based preference criterion from [Brewka et al., 2002]
using appropriate ranked ASO programs. For each rule
c1 � : : : � cn  body 2 P and for each i � n we have to
include c1 _ : : : _ ci > >  body in the preference program
P i
pref

. This gives us exactly the inclusion-preferred answer
sets of P .

In future work we plan to investigate further generaliza-
tions of our approach where rule heads may contain arbitrary

partial orders on boolean combinations. We intend also to
study in depth the distinction between options being “equally
good” and “incomparable”. Finally, we will study extensions
of the one-step improvement concept from CP -networks to
the setting of general ASO programs.
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and J.-H. You. Unfolding partiality and disjunctions in
stable model semantics. In Proc. Principles of Knowl-
edge Representation and Reasoning, KR-00, pages 411–
419. Morgan Kaufmann, 2000.

[Lifschitz, 2002] V. Lifschitz. Answer set programming and
plan generation. Artificial Intelligence Journal, 138(1-
2):39–54, 2002.
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Abstract

A default conditional α → β has most often
been informally interpreted as a defeasible ver-
sion of a classical conditional, usually the mate-
rial conditional. That is, the intuition is that a de-
fault should behave (implicitly or explicitly) as its
(say) material counterpart “by default” or unless
explicitly overridden. In this paper, we develop
an alternative interpretation, in which a default is
regarded more like a rule, leading from premises
to conclusion. To this end, a general semantic
framework under a “rule-based” interpretation is
developed, and a family of weak conditional log-
ics is specified, along with associated proof theo-
ries. Nonmonotonic inference is defined very eas-
ily in these logics. One obtains a rich set of non-
monotonic inferences concerning the incorpora-
tion of irrelevant properties and of property in-
heritance. Moreover, this interpretation resolves
problems that have been associated with previous
approaches.

1 Introduction
A major approach in nonmonotonic reasoning has been to
represent a default as an object that one can reason about, ei-
ther as a conditional as part of some object language, or as a
nonmonotonic consequence operator. Thus for example “an
adult is (typically or normally) employed” might be repre-
sented a → e, where → represents a default conditional, dis-
tinct from the material conditional ⊃. Given a suitable proof
theory and semantics, one can derive other defaults from a
given set of defaults. There has been widespread agreement
concerning just what principles should constitute a minimal
logic, a suggested “conservative core,” of defaults. However,
the resulting conditional is quite weak, at least compared with
the material conditional, in that it does not (in fact, should
not) fully support principles such as strengthening of the an-
tecedent, transitivity, and modus ponens.

Since one would want to obtain these latter properties “by
default,” such logics are extended nonmonotonically by a
“closure” operation or step. This closure operation has, for
example, been defined by selecting a (preferred) subset of

the models of a theory; in the resulting subset of the mod-
els one obtains strengthening of the antecedent, transitivity,
or (effectively) modus ponens, wherever feasible. Essentially
then, there are two components to default reasoning within
such a system. First, there is a standard, monotonic logic
of conditionals that expresses relations among defaults that
are deemed to always hold. Second, there is a nonmonotonic
mechanism for obtaining defaults (and default consequences)
where justified. Representative (but not even remotely ex-
haustive) work in this area includes [Geffner and Pearl, 1992;
Pearl, 1990; Kraus etal., 1990]. In essence, these approaches
treat the default conditional like its classical counterpart, the
material conditional, where “feasible” or “by default”.

While this work captures an important notion of default
entailment – perhaps the most important notion – it is not
without difficulties. As described in the next section, some
principles of the “core” logic are not uncontentious; as well,
there are examples of default reasoning in which one obtains
undesired results. Lastly, there are more recent approaches,
notably addressing causality, in which one requires a weaker
notion of default inference, rejecting, for example, contrapos-
itive default inferences. In response to these points, we sug-
gest that there is a second, distinct, interpretation of default
conditionals, in which a default is regarded more like a rule,
with properties more in line with a rule of inference, than a
weakened classical conditional.

In the following sections we describe our proposed ap-
proach informally and formally. We begin by proposing an
exceptionally weak logic of conditionals; from this basis a
family of conditional logics is defined. Given a default con-
ditional α → β, the underlying intuition that is formalised
is that α supplies a context in which, all other things being
equal, β normally holds or, more precisely, in the context of
α, α ∧ β is more “normal” than α ∧ ¬β. Notably, all of the
logics that we consider are weaker than the aforementioned
“conservative core”. It proves to be the case however that
a nonmonotonic operation is very easily defined; this non-
monotonic step essentially specifies that a property is irrele-
vant with respect to a default unless it is known to be rele-
vant. This nonmonotonic step easily admits inferences that
in other approaches have taken significant formal machinery
to obtain. As well, we show that the aforementioned diffi-
culties that arise in interpreting a default as a weak classical
conditional do not arise here.
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This distinction between treating a default as a condi-
tional or as a rule has been noted previously; see for example
[Geffner and Pearl, 1992]. As well, work on inheritance net-
works [Horty, 1994] can be viewed as investigating proof the-
ories for the latter interpretation; and work on causality such
as [McCain and Turner, 1997] falls in the rule-based frame-
work. However a logic (that is, with both semantics and proof
theory) capturing this interpretation has not (to our knowl-
edge) been investigated previously, nor has a fully general
nonmonotonic closure operator been developed under this in-
terpretation. Last, we suggest in the conclusion that this alter-
native interpretation may be widely applicable, extending to
areas such as counterfactual reasoning, generally treated via
the stronger interpretation.

2 Background
In recent years, much attention has been paid to conditional
systems of default reasoning. Such systems deal with defeasi-
ble conditionals based on notions of preference among worlds
or interpretations. Thus, the default that a bird normally flies
can be represented propositionally as b → f .1 These ap-
proaches are typically expressed using a modal logic in which
the connective → is a binary modal operator. The intended
meaning of α → β is approximately “in the least worlds (or
most preferred worlds) in which α is true, β is also true”.
Possible worlds (or, again, interpretations) are arranged in at
least a partial preorder, reflecting a metric of “normality” or
“preferredness” on the worlds. Given a set of defaults Γ, de-
fault entailment with respect to Γ, |∼

Γ
, can be defined via:

If Γ ` α → β then α |∼
Γ
β.

There has been a remarkable convergence or agreement on
what inferences ought to be common to all nonmonotonic
systems; space considerations preclude a full listing of ap-
proaches and references. The resulting set of principles has
been called the conservativecore in [Pearl, 1989]. It was
originally considered in [Adams, 1975], and has been studied
extensively, as the system P, in [Kraus et al., 1990]. One ex-
pression of the logic of conditionals is as follows. The logic
includes classical propositional logic and the following rules
and axioms:2

RCEA/LLE: From ` α ≡ β infer ` (α → γ) ≡ (β → γ).

RCM/RW: From ` β ⊃ γ infer ` (α → β) ⊃ (α → γ)

ID/Ref: α → α

RT/Cut: ((α → β) ∧ (α ∧ β → γ)) ⊃ (α → γ)

ASC/CM: ((α → β) ∧ (α → γ)) ⊃ (α ∧ β → γ)

1An alternative is to treat the conditional as a nonmonotonic in-
ference operator, b |∼ f . In a certain sense these approaches can
be considered equivalent; here, for simplicity, we remain within the
conditional logic framework.

2Two systems of nomenclature have arisen, one associated with
conditional logic and one with nonmonotonic consequence opera-
tors. We list both (when both exist) when first presenting an axiom
or rule; for example the conditional logic rule for substitution of
logical equivalents in the antecedent is called RCEA; its nonmono-
tonic consequence operator, Left Logical Equivalence is abbreviated
LLE. Hence we first list the rule as RCEA/LLE.

CA/Or: ((α → γ) ∧ (β → γ)) ⊃ (α ∨ β → γ)

These principles are not uncontentious; for example, [Poole,
1991] can be viewed as arguing against a derived principle
CC/And (viz. ((α → β)∧(α → γ)) ⊃ (α → β∧γ) obtained
via RT and ASC). Likewise, [Neufeld, 1989] suggests against
CA in some cases.

Nonetheless, the resulting logic (and proposed strengthen-
ings of the logic) are weak. A central difficulty is that seem-
ingly irrelevantproperties will block a desired inference. For
example, given that a bird is asserted to fly by default, one
cannot thereby conclude that a green bird flies by default.
The problem, essentially, is that there is nothing requiring
preferred worlds in which birds fly to include among them
green-bird worlds. Consequently, various means of strength-
ening the logic to incorporate irrelevant properties in a prin-
cipled fashion have been proposed. Thus for “birds fly,” since
being green is presumably irrelevant with respect to flight,
one would want to have, among the preferred worlds in which
birds fly, a (preferred) subset in which there are green birds.

Rationalclosure[Lehmann and Magidor, 1992], for exam-
ple, assumes that a world is ranked as unexceptional as pos-
sible. In conditional entailment[Geffner and Pearl, 1992],
a partial order on possible worlds is determined by ranking
worlds based on the highest-ranked default that distinguishes
between the worlds. In both cases, defaults are evaluated with
respect to the resulting ranking. Thus, since there is no rea-
son to suppose that greenness has any bearing on flight, one
assumes that greenness has no effect on flight.

However there are difficulties with both approaches. Ra-
tional closure employs a very strong minimization criterion;
see [Geffner and Pearl, 1992] for a number of problematic ex-
amples. As well, consider an elaboration of an example given
by John Horty:

> → ¬f, a → f, > → n, o → ¬n. (1)

(Normally one does not eat with the fingers (f ), but one does
when eating asparagus (a); normally one uses a napkin (n),
but not when one is out of napkins (o).) The rational closure
of these conditionals gives that, if one is not out of napkins
(¬o), one is not eating asparagus (¬a). Clearly this inter-
action between unrelated defaults is undesirable. As well,
in neither conditional entailment nor rational closure does
one obtain inheritance of properties (however see [Benferhat
et al., 1993]). In addition, consider the following example
[Geffner and Pearl, 1992]:

a → e, u → a, u → ¬e, f → a. (2)

(That is, adults are normally employed, university students
are normally adults but are not employed, and Frank Sina-
tra fans are normally adults.) In both conditional entailment
and rational closure we obtain the default inference that Frank
Sinatra fans are not university students. But this is a curious
inference, since there is nothing in the example that would
seem to relate Frank Sinatra fans to university students.

We suggest that at least some of these examples do not nec-
essarily reflect a problem with the approaches per se. Rather,
our thesis is that there are (at least) two distinct interpreta-
tions that can be given to a default. First, there is the intuition
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that a default is essentially a weak version of the material
conditional (or, in more recent approaches, necessary entail-
ment), and should behave as such a conditional, except that
it is defeasible. This intuition is seen most clearly in the ex-
pression of defaults by circumscriptive abnormality theories
[McCarthy, 1986]. In this case a default α → β is repre-
sented as the formula α ∧ ¬Abi ⊃ β. The circumscription
of Abi asserts that Abi is false (roughly) if consistently pos-
sible. Obviously, if Abi is asserted to be false, the result is
exactly the material conditional. As well, conditional entail-
ment adopts this intuition: the default α → β is basically the
same as > → (α ⊃ β) (and so > → (¬β ⊃ ¬α)), together
with specificity information implicit in α [Geffner and Pearl,
1992, p. 232]. This interpretation also underlies approaches
that assume that defaults are founded (formally or informally)
on notions of probability.3

The second interpretation regards a default more as an
(object-level) rule, whose properties are closer to those of a
rule of inference. Thus, given a conditional α → β, if the
antecedent α happens to be true, we conclude β by default.
Given ¬β we specifically do not want to conclude ¬α. This
latter interpretation covers an important class of defaults that
have not been addressed as a logic of conditionals per se (al-
though this distinction has been noted in [Geffner and Pearl,
1992]; and inheritance networks [Horty, 1994] can be viewed
as proof theoretic accounts of this interpretation). A further
motivation for exploring this interpretation is that there has
been recent interest in conditional accounts of causality (for
example [McCain and Turner, 1997]), in which reasoning via
a default contrapositive is explicitly rejected. Thus, from “a
causes b” we don’t want to conclude “¬b causes ¬a.”

3 Defaults as Rules
The general approach is the same as those described in the
previous section: we begin by specifying a logic of defaults
and subsequently provide a principled, nonmonotonic, means
to extend the logic to account for irrelevant properties. Our
point of departure is that we informally treat defaults more
like rules of inference; in particular, defaults are intended to
be applied in a “forward” direction only. Our interpretation,
roughly, is that the antecedent of a default establishes a con-
text in which the consequent (normally) holds, or holds all
other things being equal. Thus, for default α → β, our in-
terpretation is roughly that, in the context established by α, it
is the case that β is more normal (typical, etc.) than ¬β. We
express this semantically by

‖α ∧ ¬β‖M < ‖α ∧ β‖M , (3)

that is, the proposition (see the next section) ‖α∧β‖M is more
normal (typical, etc.) than ‖α ∧ ¬β‖M . It seems reasonable
that our binary relation of relative normality < be asymmetric
and transitive, and so we generally assume that these condi-
tions hold. We note that the form of (3) has appeared regu-
larly in the literature, going back at least to [Lewis, 1973].4

3We note in passing that there are examples of defaults that have
nothing to do with probability, for example (1).

4We use < in the opposite sense of Lewis and many other au-
thors. For our interpretation, it seems to make more sense to express

The difference is that usually the interpretation of (3) is along
the lines of “the leastworldswhere α∧¬β is true are less nor-
mal than the least α ∧ β worlds”; our interpretation refers to
the propositionexpressed by these formulas. Consequently,
our relation < is not an accessibility relation in the normal
sense, since it is a relation on setsof worlds.

Filling in the (formal) details yields a weak logic of condi-
tionals, significantly weaker than the so-called “conservative
core”. We also consider various strengthenings of the logic,
but these strengthenings are still weaker than this “core” set of
defaults. We subsequently define a notion of nonmonotonic
inference with respect to these logics. It proves to be the case
that this is very easy to do in our approach. Basically, the
(semantic) relation X < Y asserts that in the “context” (set
of possible worlds) X ∪ Y , partitioned by X ,Y , we have that
Y is more normal than X . Our nonmonotonic assumption
is that this obtains in all “feasible” subcontexts. That is, for
proposition Z, unless there is reason to conclude otherwise,
we assert that Z ∩X < Z ∩Y . The next section develops the
formal details.

4 The Approach
4.1 The Base Logic
Let LPC be the language of propositional logic defined, for
simplicity, over a finite alphabet P = {a, b, c, . . . } of propo-
sitionallettersor atomicpropositions, and employing the log-
ical symbols ¬, ∨, ∧, ⊃, and ≡. The symbol > is taken to be
some propositional tautology, and ⊥ is defined as ¬>. The
language L is LPC extended with the binary operator → as
a weakconditional. For convenience, arguments of → are
members of LPC ; hence, we do not allow nested occurrences
of →. Formulas are denoted by the Greek letters α, β, . . . and
sets of formulas by upper case Greek letters Γ, ∆, . . . . Sen-
tences are interpreted with respect to a comparative condi-
tional modelM = 〈W, <, P 〉 where:

1. W is a set (of states or possible worlds);

2. < ⊆ W × 2W × 2W with properties described below;

3. P : P 7→ 2W .

We use the upper case letters X , X1, Y , . . . to denote sets
of possible worlds. P maps atomic sentences onto sets of
worlds, being those worlds at which the sentence is true. The
relation < associates with each world w ∈ W a binary notion
of relativenormality between propositions; we write X <w

Y to assert informally that, according to world w, proposition
Y is more normal than X . That is, given a partition {X, Y }
of a context X∪Y , the relation X < Y asserts that Y is more
normal (unexceptional, etc.) than X . We assume that < is a
strict partial ordering on its last two arguments, that is for w ∈
W , <w is asymmetric and transitive. As well, we assume that
the incoherent proposition is maximally abnormal:

X 6= ∅ iff ∅ <w X. (4)

Truth of a formula at a world in a model is as for propositional
logic, with an addition for →:

“Y is more normal than X” by X < Y rather than by Y < X .
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Definition 4.1
1. |=M

w p for p ∈ P iff w ∈ P (p).

2. |=M
w α ∧ β iff |=M

w α and |=M
w β.

3. |=M
w ¬α iff 6|=M

w α.

4. |=M
w α → β iff ‖α ∧ ¬β‖M <w ‖α ∧ β‖M or

‖α‖M = ∅.

A formula α is valid, written |= α, just if it is true at every
world in every model. We identify the proposition expressed
by a sentence α with the set of worlds in which α is true,
denoted ‖α‖M , that is,

‖α‖M = {w | |=M

w α}.

Thus α → β is true just if the proposition expressed by α∧β
is more normal than that expressed by α∧¬β. α is necessarily
true, 2α, is defined as ¬α → α.

Consider the logic closed under classical propositional
logic along with the following rules of inference and axioms:
RCEA/LLE: From ` α ≡ α′ infer ` (α → β) ≡ (α′ → β)

RCECA:
From ` α ⊃ (β ≡ β′) infer ` (α → β) ≡ (α → β′)

RI/SupraCl: From ` α ⊃ β infer ` α → β

WeakCEM: ¬(α → ⊥) ⊃ ((α → β) ⊃ ¬(α → ¬β))

Trans: ((α ∨ β → β) ∧ (β ∨ γ → γ)) ⊃ (α ∨ γ → γ)

We call the smallest logic based on the above axiomatisation
C. Theoremhood of a formula α is denoted, as usual, by ` α.
This system is quite weak; however in the full paper we con-
sider the even weaker logic C

− consisting of propositional
logic and RCEA, RCECA, and RI . RCEA asserts that con-
ditionals with the same consequent and equivalent (in propo-
sitional logic) antecedents are equivalent. RCECA asserts
the same thing with respect to consequents, but is somewhat
more general, in that the consequents need be equivalent just
in the “context” given by the antecedent. RI asserts that if
β is logically implied by α, then it is also normally implied.
WeakCEM gives a weak version of the excluded middle for
a weak conditional; in the semantics this is reflected by asym-
metry of <. Similarly Trans reflects transitivity of < in the
semantics. We obtain the following basic results:
Theorem4.1

1. α → α

2. (α → β) ⊃ (α → (α ∧ β))

3. (α → β) ⊃ (α → (α ⊃ β))

4. if ` β then ` α → β

As well, we obtain:
Theorem4.2 α is valid in the classof comparative condi-
tional modelsiff ` α in C.

For those familiar with conditional logic, the formulas
RCM , RT, ASC, CC, and CA (and their nonmonotonic con-
sequence operator counterparts: Right Weakening, Cut, Cau-
tious Monotonity, And, and Or) are not valid in C. Nonethe-
less, despite its (monotonic) inferential weakness, the logic
already allows a rich set of nonmonotonic inferences, as cov-
ered in the next section. However, before proceeding we first
consider various extensions to the logic.

4.2 Extensions to the Logic
In the logic C most properties of the relation <w stem from
its being a strict partial order (viz. asymmetric and transitive).
We also look at strengthening <w by considering properties
that seem reasonable for a notion of normality. Consider the
following:

CD: If X <w Y then X \ Z <w Y .

CU: If X <w Y then X <w Y ∪ Z provided X ∩ Z = ∅.

UD: If X <w Y then X \ Z <w Y ∪ Z.

WDjU: If X1 <w Y1, X2 <w Y2, Y1 ∩ Y2 = ∅ and (X1 ∪
X2) ∩ (Y1 ∪ Y2) = ∅ then X1 ∪ X2 <w Y1 ∪ Y2.

For CD, if X is less normal than Y , then a stronger propo-
sition than X (viz. X \ Z) is also less normal than Y . CU
is a dual: if X is less normal than Y , then a weaker propo-
sition than Y (viz. Y ∪ Z) is also more normal than X . UD
combines these conditions, and WDjU is a weak version of
disjoint unions, described below. Interestingly, the first two
of these conditions have appeared in the belief revision lit-
erature. Our relation < is what [Alchourrón and Makinson,
1985] call a (transitive)hierarchy; while < with CD and CU
is a regular hierarchy. Their interpretation of < echoes ours
for X < Y , that “X is less secure or reliable or plausible
. . . than Y ” [Gärdenfors and Rott, 1995, p. 75].

Consider next the following rules and formulas:

WeakRCM: If ` β ⊃ γ then ` (α → β) ⊃ (α ∧ γ → β)

CM/Cond: (α ∧ β → γ) ⊃ (α → (β ⊃ γ))

RCM: If ` β ⊃ γ then ` (α → β) ⊃ (α → γ)

D: ((α ∧ β → γ) ∧ (α ∧ ¬β → γ)) ⊃ (α → γ).

Space considerations preclude a full discussion of these con-
ditions. WeakRCM is a weaker version of both the rule
RCM and the formula ASC in conditional logic. CM
(“Conditionalisation” in nonmonotonic consequence rela-
tions) gives a conditional version of one half of the deduc-
tion theorem. Combining WeakRCM and CM yields the
rule RCM , allowing weakening of the consequent of a con-
ditional. D supplies a certain “reasoning by cases” for the
conditional.

We obtain the following correspondence between semantic
conditions and the axiomatisation:

Theorem4.3 C + CD (CU, UD, WDjU ) is completewith
respectto theclassof comparativeconditionalmodelsclosed
underWeakRCM (CM , RCM , D).

We could go on and add other conditions in the semantics.
Again space considerations dictate against a lengthy discus-
sion, but two conditions are worth noting here:

Disjoint Union: If (X ∪ Y ) ∩ Z = ∅ then:
X <w Y iff X ∪ Z <w Y ∪ Z.

Connectivity: For X, Y ⊆ W , either Y <w X or X <w Y .

Disjoint union has appeared frequently in the literature, for
example [Savage, 1972; Fine, 1973; Dubois etal., 1994]. The
addition of disjoint union requires that the notion of a model
be altered slightly (from a relation < to ≤); the resultant se-
mantic framework would correspond to the basic definition
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of a plausibilitystructure [Friedman and Halpern, 2001]. The
addition of connectivity would make <w a qualitativeproba-
bility in the terminology of [Savage, 1972].

5 Nonmonotonic Reasoning
We claimed at the outset that the logic C and its strengthen-
ings would allow a simple approach to nonmonotonic infer-
ence, having just the “right” properties for a rule-based in-
terpretation of a conditional. For the logics, the central idea
was that, given a partition {X, Y } of a context X ∪ Y ⊆ W ,
the relation X < Y asserts that Y is more normal (unexcep-
tional, etc.) than X . To obtain nonmonotonic inference, we
simply assume that this relation holds in any subcontext, that
is X ∩ Z < Y ∩ Z wherever “reasonable”. More formally,
we have the following:

Definition 5.1 LetM = 〈W, <, P 〉 bea comparativecondi-
tional modelin C.
DefineM∗ = 〈W, <∗, P 〉, theaugmentation of M , by:

X <∗

w Y iff thereareX ′ ⊇ X , Y ′ ⊇ Y such that

1. X ′ <w Y ′ and
2. for everyX ′′, Y ′′ where

X ⊆ X ′′, Y ⊆ Y ′′ andY ′′ <w X ′′

wehave:
X ′ ⊆ X ′′, Y ′ ⊆ Y ′′.

In the augmentation of a model, we will have X <∗

w Y if
X <w Y . Otherwise, X <∗

w Y if there are X ′, Y ′ where
X ′ <w Y ′ for X ⊆ X ′ and Y ⊆ Y ′, and there is no X ′′, Y ′′

where X ⊆ X ′′ ⊆ X ′ and Y ⊆ Y ′′ ⊆ Y ′ and Y ′′ <w X ′′ in
the original model.

Theorem5.1 If M = 〈W, <, P 〉 is a comparative condi-
tional modelthensois M∗ = 〈W, <∗, P 〉.

We define |=∗ as validity in the class of augmented com-
parative conditional models; that is |=∗ α iff α is true at every
world in every augmented comparative conditional model.
Nonmonotonic inference is defined as follows:

Definition 5.2 LetΓ ⊆ {α → β | α, β ∈ LPC}.
α |∼

Γ
β iff |=∗ Γ ⊃ (α → β).

We say that β is a nonmonotonic inference from α with re-
spect to Γ, or just β is a nonmonotonic inference from α if
the set Γ is clear from the context of discussion.

We illustrate nonmonotonic inference first by a familiar
example:

b → f, (5)

b → w, (6)

2(p ⊃ b), (7)

p → ¬f. (8)

Thus birds fly and have wings, and penguins are (necessarily)
birds that do not fly. We obtain the following:

b ∧ w |∼ f, p ∧ w |∼¬f,
b ∧ ¬w |∼ f, p ∧ b |∼¬f,
b ∧ ¬p |∼ f, p ∧ b ∧ w |∼¬f.

We also obtain b ∧ x ∧ y ∧ z |∼w for x ∈ {>, g,¬g}, y ∈
{>, p,¬p}, z ∈ {>, f,¬f}. Thus green (g) birds have wings,

as do non-green flying penguins. As well p |∼w, and so pen-
guins inherit the property of having wings by virtue of neces-
sarily being birds. Note that if we replaced (7) by p → b, we
would no longer obtain p |∼w; however we would obtain the
weaker b ∧ p |∼w. We justify this by noting that a normality
conditional α → β does not imply a strict specificity relation
between α and β whereas 2(α ⊃ β) does.

The next example further illustrates reasoning in the pres-
ence of exceptions.

q → p, r → ¬p, q → g (9)

So Quakers are pacifists while Republicans are not, and
Quakers are generous. We obtain q ∧ ¬r |∼ p and q ∧ r |∼ g.
Thus in the last case, while Quakers that are Republican are,
informally, exceptional Quakers, they are nonetheless still
generous by default.

Concerning our original motivating examples, in (1) we do
not obtain the undesirable inference ¬o |∼¬a, and in (2) we
do not obtain f |∼¬u. Last, we note that while we obtain full
incorporation of irrelevant properties, we do not obtain full
default transitivity. Thus

a → b, b → c

does not yield a |∼ c (nor, incidentally, do we obtain
¬b |∼¬a). However we do get a ∧ b |∼ c. If we replaced
a → b with 2(a ⊃ b) we would get a |∼ c. If we replaced
b → c with 2(b ⊃ c) we would again get a |∼ c, in C (in fact
we could derive a → c in those logics containing RCM , as
given in Theorem 4.3).

6 Discussion
We have argued that there are two interpretations of a default
conditional: as a weak (typically material) implication, or as
something akin to a rule of inference. The former interpreta-
tion is explicit in, for example, circumscriptive abnormality
theories, and implicit in an approach such as conditional en-
tailment. It is clear that there are many, and varied, applica-
tions in which the first interpretation is appropriate. However
we have also noted that there are various reasons to suppose
that this is not the only such interpretation: First, work such
as [Poole, 1991] and [Neufeld, 1989] can be viewed as ar-
guing against principles of the “core” logic underlying this
first interpretation (the former arguing against the principle
CC/And and the latter against CA/Or ). Second, there are ex-
amples of inferences in approaches such as rational closure
or in conditional entailment that are either too weak or too
strong. Last, there are emerging areas (such as causal reason-
ing) in which a “weak material implication” interpretation is
not appropriate. While this distinction has been recognized
previously, what is new here is the development of a fam-
ily of logics, with a novel semantic theory and proof theory,
along with a specification of nonmonotonic inference, for the
“rule-based” interpretation.

All of the logics presented here are quite weak, at least
compared to the “conservative core” or, equivalently, the
system P of [Kraus et al., 1990]. We argue however that
such lack of inferential capability is characteristic of a “rule-
based” interpretation of a conditional. Moreover it proves to
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be the case that nonmonotonic reasoning is defined very eas-
ily in these logics, and allows a rich set of inferences concern-
ing the incorporation of irrelevant properties and of property
inheritance.

An open question concerns how informal, commonsense
defaults should be classified – whether as a defeasible classi-
cal conditional or as a rule. Certainly past work has favoured
the “defeasible classical conditional” interpretation. How-
ever, a case can be made that many examples formerly in-
terpreted as belonging to the first category are better inter-
preted as belonging to the “rule” category. Consider Lewis’
approach to counterfactuals [Lewis, 1973] in which the fol-
lowing example, concerning a past party, is given: “If John
had gone it would have been a good party” and “If John and
Mary had gone it would have not been a good party”. From
this we deduce that “if John had gone, Mary would not have
gone”. This, to most readers, is a strange result: John’s going
and Mary’s going are (presumably) independent events. Ar-
guably this result ought not to obtain, and so perhaps counter-
factuals, as previously modelled by Lewis’ sphere semantics,
may be better interpreted via the “rule” interpretation.
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Abstract

In rule-based systems, goal-oriented computations
correspond naturally to the possible ways that an
observation may be explained. In some applica-
tions, we need to compute explanations for a series
of observations with the same domain. The ques-
tion whether previously computed answers can be
recycled arises. A yes answer could result in sub-
stantial savings of repeated computations. For sys-
tems based on classic logic, the answer is yes. For
nonmonotonic systems however, one tends to be-
lieve that the answer should be no, since recycling
is a form of adding information. In this paper, we
show that computed answers can always be recy-
cled, in a nontrivial way, for the class of rewrite
procedures proposed earlier in [Lin and You, 2001]
for logic programs with negation. We present some
experimental results on an encoding of a logistics
domain.

1 Introduction

Logic programming with answer sets [Gelfond and Lifschitz,
1988] or partial stable models [Przymusinski, 1990] has been
adopted as a framework for abduction, and a number of
formalisms and top-down query answering procedures have
been proposed [Dung, 1991; Eshghi and Kowalski, 1989;
Kakas and Mancarella, 1990; Kakas et al., 2000; Lin and You,
2001; Satoh and Iwayama, 1992].

The question we shall address in this paper is the following.
With a sound and complete procedure for abduction, suppose
we have computed explanations (conveniently represented as
a disjunction)Es = E1∨ ...∨En for observation q. Suppose
also that in the course of computing explanations for another
observation p, we run into q again. Now, we may use the
proofs Es for q without actually proving q again. The ques-
tion is this: will the use of the proofsEs for q in the proof for
p preserve the soundness and completeness of the procedure?

In this paper, we answer this question positively, but in a
nontrivial way, for the class of rewrite procedures proposed

∗This author’s work was supported in part by HK RGC CERG
HKUST6205/02E.

in [Lin and You, 2001]. The main result is a theorem (Theo-
rem 4.6) that says recycling preserves the soundness and com-
pleteness.

The class of rewrite procedures proposed in [Lin and You,
2001] is based on the idea of abduction as confluent and
terminating rewriting. These systems are called canonical
systems in the literature of rewrite systems [Dershowitz and
Jouannaud, 1990]. The confluence and termination properties
guarantee that rewriting terminates at a unique normal form
independent of the order of rewriting. Thus, each particular
strategy of rewriting yields a rewrite procedure.

The general idea of recycling is not new. Recycling in
systems based on classic logic is always possible, since
inferences in these systems can be viewed as transform-
ing a logic theory to a logically equivalent one. In dy-
namic programming, it is the use of the answers for pre-
viously computed subgoals that reduces the computational
complexity. In some game playing programs, for ex-
ample in the world champion checker program Shinook
(www.cs.ualberta.ca/˜chinook), the endgame database stores
the computed results for endgame situations which can be ref-
erenced in real-time efficiently.

However, the problem of recycling in a nonmonotonic
proof system has rarely been investigated. We note that recy-
cling is to use previous proofs. This differs from adding con-
sequences. For example, it is known that the semantics based
on answer sets or (maximal) partial stable models do not pos-
sess the cautious nonmonotonicity property. That is, adding a
consequence of a program could gain additional models thus
losing some consequences. The following example is due to
Dix [1991]:

P = {a← not b. b← c, nota. c← a.} (1)

P has only one answer set, {a, c}. Thus, c is a consequence.
When augmented with the rule c←, the program gains a sec-
ond answer set, {b, c}, and loses a as a consequence.

The next section defines logic program semantics. Sec-
tion 3 reviews the rewriting framework. Then in Section 4
we formulate rewrite systems with computed rules and prove
that recycling preserves soundness and completeness. Sec-
tion 5 extends this result to rewrite systems with abduction,
and Section 6 reports some experimental results.
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2 Logic Program Semantics
A rule is of the form

a← b1, ..., bm, not c1, ..., not cn.

where a, bi and ci are atoms of the underlying propositional
language L. not ci are called default negations. A literal is
an atom φ or its negation ¬φ. A (normal) program is a fi-
nite set of rules. The completion of a program P , denoted
Comp(P ), is a set of equivalences: for each atom φ ∈ L, if
φ does not appear as the head of any rule in P , φ ↔ F ∈
Comp(P ); otherwise, φ↔ B1 ∨ ...∨Bn ∈ Comp(P ) (with
default negations replaced by the corresponding negative lit-
erals) if there are exactly n rules φ ← Bi ∈ P with φ as the
head. We write T for Bi if Bi is empty.

The rewriting system of [Lin and You, 2001] is sound
and complete w.r.t. the partial stable model semantics [Przy-
musinski, 1990]. A simple way to define partial stable models
without even introducing 3-valued logic is by the so called al-
ternating fixpoints [You and Yuan, 1995]. Let P be a program
and S a set of default negations. Define a function over sets S
of default negations: FP (S) = {nota |P ∪ S �� a}. The re-
lation � is the standard propositional derivation relation with
each default negation notφ being treated as a named atom
not φ.

A partial stable model M is defined by a fixpoint of the
function that applies FP twice, F 2

P (S) = S, while satisfying
S ⊆ FP (S), in the following way: for any atom ξ, ¬ξ ∈
M if not ξ ∈ S, ξ ∈ M if P ∪ S � ξ, and ξ is undefined
otherwise. An answer set E is defined by a fixpoint S such
that FP (S) = S and E = {ξ ∈ L | P ∪ S � ξ}.

3 Goal Rewrite Systems
We introduce goal rewrite systems as formulated in [Lin and
You, 2001].

A goal rewrite system is a rewrite system that consists
of three types of rewrite rules: (1) Program rules from
Comp(P ) for literal rewriting; (2) Simplification rules to
transform and simplify goals; and (3) Loop rules for handling
loops.

A program rule is a completed definition φ ↔ B1 ∨ . . . ∨
Bn ∈ Comp(P ) used from left to right: φ can be rewritten to
B1 ∨ . . .∨Bn, and ¬φ to ¬B1 ∧ . . .∧¬Bn. These are called
literal rewriting.

A goal, also called a goal formula, is a formula which may
involve ¬, ∨ and ∧. A goal resulted from a literal rewriting
from another goal is called a derived goal. Like a formula, a
goal may be transformed to another goal without changing its
semantics. This is carried out by simplification rules.

We assume that in all goals negation appears only in front
of a literal. This can be achieved by simple transformations
using the following rules: for any formulas Φ and Ψ,

¬¬Φ→ Φ; ¬(Φ∨Ψ)→ ¬Φ∧¬Ψ; ¬(Φ∧Ψ)→ ¬Φ∨¬Ψ
3.1 Simplification rules
The simplification rules constitute a nondeterministic trans-
formation system formulated with a mechanism of loop han-
dling in mind, which requires keeping track of literal se-
quences g0, . . . , gn where each gi, 0 < i ≤ n, is in the goal

formula resulted from rewriting gi−1. Two central mecha-
nisms in formalizing goal rewrite systems are rewrite chains
and contexts.

• Rewrite Chain: Suppose a literal l is written by its defi-
nition φ↔ Φ where l = φ or l = ¬φ. Then, each literal
l′ in the derived goal is generated in order to prove l.
This ancestor-descendant relation is denoted l ≺ l′. A
sequence l1 ≺ . . . ≺ ln is then called a rewrite chain,
abbreviated as l1 ≺+ ln.

• Context: A rewrite chain g = g0 ≺ g1 ≺ . . . ≺ gn = T
records a set of literals C = {g0, ..., gn−1} for proving
g. We will write T ({g0, ..., gn−1}) and call C a context.
A context will also be used to maintain consistency: if
g can be proved via a conjunction, all of the conjuncts
need be proved with contexts that are non-conflicting
with each other. For simplicity, we assume that when-
ever ¬F is generated, it is automatically replaced by
T (C), whereC is the set of literals on the corresponding
rewrite chain, and ¬T is automatically replaced by F .

Note that for any literal in a derived goal, the rewrite chain
leading to it from a literal in the given goal is uniquely deter-
mined. As an example, suppose the completion of a program
has the definitions: a↔ ¬b ∧ ¬c and b↔ q ∨ ¬p. Then, we
get a rewrite sequence, a→ ¬b∧¬c→ ¬q ∧ p∧¬c. For the
three literals in the last goal, we have rewrite chains from a:
a ≺ ¬b ≺ ¬q; a ≺ ¬b ≺ p; and a ≺ ¬c.
Simplification Rules: Let Φ and Φi be goal formulas, C be
a context, and l a literal.

SR1. F ∨ Φ→ Φ SR1’. Φ ∨ F → Φ
SR2. F ∧ Φ→ F SR2’. Φ ∧ F → F
SR3. T (C1)∧T (C2)→ T (C1∪C2) if C1∪C2 is consistent

SR4. T (C1) ∧ T (C2)→ F if C1 ∪ C2 is inconsistent

SR5. Φ1 ∧ (Φ2 ∨ Φ3)→ (Φ1 ∧ Φ2) ∨ (Φ1 ∧ Φ3)
SR5’. (Φ1 ∨ Φ2) ∧ Φ3 → (Φ1 ∧ Φ3) ∨ (Φ2 ∧ Φ3) ✷

SR3 merges two contexts if they contain no complemen-
tary literals, otherwise SR4 makes it a failure to prove. Re-
peated applications of SR5 and SR5’ can transform any goal
formula to a disjunctive normal form (DNF).

3.2 Loop rules
After a literal l is rewritten, it is possible that at some later
stage either l or ¬l appears again in a goal on the same rewrite
chain. Two rewrite rules are formulated to handle loops.

Definition 3.1 Let S = l1 ≺+ ln be a rewrite chain.

• If ¬l1 = ln or l1 = ¬ln, then S is called an odd loop.

• If l1 = ln, then

– S is called a positive loop if l1 and ln are both
atoms and each literal on l1 ≺+ ln is also an atom;

– S is called a negative loop if l1 and ln are both
negative literals and each literal on l1 ≺+ ln is
also negative;

– Otherwise, S is called an even loop.
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In all the cases above, ln is called a loop literal.

Loop Rules: Let g1 ≺+ gn be a rewrite chain.

LR1. gn → F
if gi ≺+ gn, for some 1 ≤ i < n, is a positive loop or
an odd loop.

LR2. gn → T ({g1, ..., gn})
if gi ≺+ gn, for some 1 ≤ i < n, is a negative loop or
an even loop. ✷

A rewrite sequence is a sequence of zero or more rewrite
steps Q0 → . . . → Qk, denoted Q0 →∗ Qk, such that Q0

is an initial goal, and for each 0 ≤ i < k, Qi+1 is obtained
fromQi by

• literal rewriting at a non-loop literal in Qi, or

• applying a simplification rule to a subformula of Qi, or

• applying a loop rule to a loop literal in Qi.

Example 3.2 For the program given in the Introduction,
P0 = {a ← not b. b ← c, not a. c ← a.}, a is proved but b
is not. This is shown by the following rewrite sequences:

a→ ¬b→ ¬c ∨ a→ ¬a ∨ a→ F ∨ a→ a→ T ({a,¬b})
b→ c ∧ ¬a→ a ∧ ¬a→ ¬b ∧ ¬a→ F ∧ ¬a→ F

Let P1 = {b← not c. c← c.}. b is proved and ¬b is not.

b→ ¬c→ ¬c→ T ({¬b,¬c}); ¬b→ c→ c→ F
3.3 Previous results
In [Lin and You, 2001], it is shown that (1) a goal rewrite sys-
tem is a canonical system, i.e., it confluent and terminating;
(2) any goal rewrite system is sound and complete w.r.t. the
partial stable model semantics; and (3) the rewriting frame-
work can be extended for abduction in a relatively straight-
forward manner.

4 Goal Rewrite Systems with Computed Rules
We first use two examples to illustrate the main technical re-
sults of this section.

Example 4.1 Given a rewrite system R0, suppose we have a
rewrite sequence ¬q → a→ a→ F . The failure is due to a
positive loop on a. We may recycle the computed answer by
replacing the rewrite rule for ¬q by the new rule, ¬q → F .
We thus get a new system, say R1. Suppose in trying to prove
g we have

g → a→ ¬q → F
where the last step makes use of the computed answer for
¬q. The question arises as whether this way of using previ-
ously computed results guarantees the soundness and com-
pleteness. Theorem 4.6 to be proved later in this paper an-
swers this question positively. To see it for this example, as-
sume we have the following, successful proof in R0

g → a→ ¬q → a→ T ({g, a,¬q})
where the termination is due the even loop on a. Had such
a sequence existed, recycling would have produced a wrong

p

a

e

p

F

p

a

¬b
¬b

T ({p, a,¬b})

g

a

e

p

a

F

g

a

¬b
¬b

T ({g, a,¬b})

g

a

e

p

T ({g, a, e, p,¬b})

Figure 1: Recycling may generate extra proofs

result. However, one can see that the existence of the rewrite
step a→ ¬q implies the existence of a different way to prove
¬q:

¬q → a→ ¬q ∨ . . .→ T ({¬q, a}) ∨ . . .
contradicting that ¬q was rewritten to F in R0.

Before giving the next example, we introduce a different
way to understand rewrite sequences. Since any goal formula
can always be transformed to a DNF using the distributive
rules SR5 and SR5’, and the order of rewriting does not mat-
ter, we can view rewriting as generating a sequence of DNFs.
Thus, a rewrite sequence in DNF from an initial goal g,

g →∗ N1 ∨ ... ∨Nn

can be conveniently represented by derivation trees, or d-
trees, one for eachNi representing one possible way of prov-
ing g. For any i, the d-tree for Ni has g as its root node,
wherein a branch from g to a leaf node corresponds to a
rewrite chain from g that eventually ends with an F or some
T (C). As such a disjunct is a conjunction, a successful proof
requires each branch to succeed and the union of all resulting
contexts to be consistent.

The next example is carefully constructed to illustrate that
recycling may not yield the same answers as if no recycling
were carried out. In particular, one can sometimes get addi-
tional answers.

Example 4.2 Consider the program:

g ← a. a← not b. a← e.
b← b. e← p. p← a.

In Fig. 1, each d-tree consists of a single branch. The left
two d-trees are expanded from goal p corresponding to the
following rewrite sequence:

p→ a→ e ∨ ¬b→ p ∨ ¬b→ F ∨ ¬b
→ ¬b→ ¬b→ T ({p, a,¬b})

The next two d-trees are for goal g, corresponding to the
rewrite sequence:

g → a→ e ∨ ¬b→ p ∨ ¬b→ a ∨ ¬b
→ F ∨ ¬b→ ¬b→ ¬b→ T ({g, a,¬b})

Now, we recycle the proof for p in the proof for g and com-
pare it with the one without recycling. Clearly, the successful
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d-tree for g (the fourth from the left) will still succeed as it
doesn’t involve any p. The focus is then on the d-tree in the
middle, in particular, the node p in it; this d-tree fails when
no recycling was performed.

Since p is previously proved with context {g, a,¬b}, recy-
cling of this proof amounts to terminating p with a context
which is the union of this context with the rewrite chain lead-
ing to p (see the d-tree on the right). But this results in a
successful proof that fails without recycling.

Though recycling appears to have generated a wrong re-
sult, one can verify that both generated contexts, {g, a,¬b}
and {g, a, e, p,¬b}, belong to the same partial stable model.
Thus, recycling in this example didn’t lead to an incorrect
answer but generated a redundant one. Theorem 4.6 shows
that this is not incidental. Indeed, if p is true in a partial sta-
ble model, by derivation (look at the d-tree in the middle), so
must be e, a, and g.

4.1 Rewrite systems with computed rules
Given a goal rewrite system R, we may denote a rewrite se-
quence from a literal g by g →R E.

Definition 4.3 (Computed rule)
Let R be a goal rewrite system in which literal p is rewritten
to its normal form. The computed rule for p is defined as: If
p →R F , the computed rule for p is the rewrite rule p → F ;
if p→R T (C1)∨ ...∨T (Cn), then the computed rule for p is
the rewrite rule p→ T (C1) ∨ ... ∨ T (Cn).

For the purpose of recycling, a computed rule p → E is
meant to replace the existing literal rewrite rule for p. If a
computed rule is of the form p → F representing a failed
derivation, it can be used directly as the literal rewrite rule for
p. Otherwise, we must combine the contexts in E with the
rewrite chain leading to p, and keep only consistent ones.

Recycling Rule:
Let g1 ≺+ gn be a rewrite chain where gn is a non-loop lit-
eral. Let G = {g1, ..., gn}, and gn → T (D1) ∨ ... ∨ T (Dk)
be the computed rule for gn. Further, let {D′

1, ..., D
′
k′} be the

subset of {D1, ..., Dk} containing any Di such that Di ∪ G
is consistent. Then, the recycling rule for gn is defined as:

RC. gn → T (G ∪D′
1) ∨ ... ∨ T (G ∪D′

k′) ✷

In the sequel, a rewrite system includes the recycling rule
as well as zero or more computed rules. We note that the
termination and confluence properties remain to hold for the
extended systems.

We are interested in the soundness and completeness of a
series of rewrite systems, each of which recycles computed
answers generated on the previous one. For this purpose,
given a program P we use R0

P to denote the original goal
rewrite system where literal rewrite rules are defined by the
Clark completion of P . For all i ≥ 0, Ri+1

P is defined in
terms of Ri

P as follows: Let ∆i be the set of computed rules
(generated) on Ri

P for the set of literals L∆i Then, Ri+1
P is

the rewrite system obtained fromRi
P by replacing the rewrite

rules for the literals in L∆i by those in ∆i. In the rest of this
sectin, we will always refer to a fixed program P . Thus we
may drop the subscript P and write Ri.

g

¬b
a

g ¬b
¬b

¬b
a

g

¬b
¬b
¬b

a

g

¬b
a ¬b

¬b
a ¬b

Figure 2: Loop rotation

Definition 4.4 A rewrite systemRi is sound iff, for any literal
g and rewrite sequence g →Ri T (C1) ∨ ... ∨ T (Cn), and for
each Cj , j ∈ [1..n], there exists a partial stable modelM of
P such that g ∈ Cj ⊆M . Ri is complete iff, for any literal g
such that g ∈M for some partial stable modelM of P , there
is a rewrite sequence g →Ri T (C1) ∨ ... ∨ T (Cn) such that
for some Cj , j ∈ [1..n], g ∈ Cj ⊆M .

An important property of provability by rewriting is the
so-called loop rotation, which is needed in order to prove
the completeness of recycling; namely, a proof (a successful
branch in a d-tree) terminated by a loop rule can be captured
in rotated forms.

To describe this property, we need the following notation
about rewrite chains: Any direct dependency relation l ≺ l′
may be denoted by l · l′, and we allow a segment (which may
be empty) of a rewrite chain to be denoted by a Greek letter
such as δ, θ, and ξ. Thus, we may write x · δ · y to denote
a rewrite chain from x to y via δ, or x · δ to mean a rewrite
chain that begins with x followed by the segment denoted by
δ. A rewrite chain may also be used to denote the set of the
literals on it.

Lemma 4.5 (loop rotation)
Let R0 be a rewrite system without computed rules. Let Tr
be a d-tree for literal g that succeeds with contextC. Suppose
a branch of Tr ends with a loop, g · θ · g, for some θ. Then,
for any literal l ∈ θ, there is a proof of l that succeeds with
the same context C.

Proof. A loop, π = g · l1 · l2 · . . . · ln · g, where g and li are
literals, can always be rotated as

l1 · l2 · . . . · ln · g · l1, l2 · . . . · ln · g · l1 · l2, ......

and so on, so that if π is a negative loop (or an even loop,
resp.) so is its rotated loop. Rotation over a d-tree can be
performed as follows: remove the top node n, and for any link
from the top node, n ·q, attach the link n ·q to any occurrence
of n. The assumption of the existence of loop g · θ · g ensures
that in every round of rotation there is at least one occurrence
of the top node. (See Fig 2 for an illustration where rotation
proceeds from left to right.) It can be seen that the type of
a loop is always preserved and the set of literals on the tree
remains unchanged. ✷

4.2 Soundness and completeness of recycling
Theorem 4.6 For any i ≥ 0, Ri is sound and complete.

We sketch how this can be proved. We can prove the claim
by induction on i. R0, the system without computed rules, is
sound and complete [Lin and You, 2001]. Now assume for all
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j with 0 ≤ j ≤ i, Rj are sound and complete, and show that
Ri+1 is also sound and complete.

We only need to consider the situations where rewriting
in Ri+1 differs from that of Ri. Let L∆i be the set of literals
whose computed rules are generated onRi. We can first carry
out rewriting without rewriting the literals that are in L∆i . In
this case, rewriting from g in both Ri and Ri+1 terminate at
the same expression, which is either F or a DNF, say N1 ∨
... ∨Nm. EachNi can be represented by a d-tree.

For the soundness, we assume g →Ri+1 T (D1) ∨ ... ∨
T (Ds). For any D ∈ {D1, ..., Ds}, we need to show that
there is a partial stable modelM such thatD ⊆M . Consider
the d-tree Tr that generatesD and suppose g is its root node.
We can show inductively in a bottom-up fashion that all the
literals on Tr belong to the same partial stable model.

For the completeness, we can show that for any context
generated in Ri, the same context will be generated in Ri+1.
Then, Ri+1 is complete simply because Ri is complete.

Let p ∈ L∆i , and consider a proof of g in Ri that goes
through p. In particular, consider a d-tree of this proof that
contains p. Since each branch of this d-tree can be expanded
and eventually terminated independent of others, for simplic-
ity, we consider how a branch g ·ξ ·p in the d-tree is extended.
In Ri+1 the computed rule for p is used while in Ri it is not.
We only need to consider two cases in Ri: either g is proved
via p and a previously computed rule, or the branch is termi-
nated due to a loop. Here, let us consider the latter only. In
expanding the rewrite chain g · ξ · p in Ri, we may form a
loop, say g · ξ ·p · ξ′. If the loop is in ξ′, exactly the same loop
occurs in rewriting p as the top goal in Ri, so it is part of the
computed rule for p. Otherwise it is a loop that crosses over
p, in the general form

π = g · θ1 · l · θ2 · p · θ3 · l
where l is the loop literal. As a special case of loop rotation
over a branch (cf. Lemma 4.1), the same way of terminating
a rewrite chain presents itself in proving p as the top goal in
Ri, which is

π′ = p · θ3 · l · θ2 · p.
If the loop on π is a negative loop (or an even loop, resp.), so
is π′. Thus the same context will be generated in Ri+1.

As given in the corollary below, if we only recycle failed
proofs then exactly the same contexts will be generated.

Corollary 4.7 Let Ri be a rewrite system where each com-
puted rule is of the form p→ F . Let g be a literal andE be a
normal form. Then, for any i ≥ 0, g →R0 E iff g →Ri E.

5 Recycling in Abductive Rewrite Systems
As shown in [Lin and You, 2001], the rewriting framework
can be extended to abduction in a straightforward way: the
only difference in the extended framework is that we do not
apply the Clark completion to abducibles. That is, once an
abducible appears in a goal, it will remain there unless it is
eliminated by the simplification rule SR2 or SR2′. In a sim-
ilar way, the goal rewrite systems with computed rules in the
previous section can be extended to abduction as well. Once a

goal is rewritten to a disjunction of conjunctions of abducible
literals and T :

p→R [l11(C11) ∧ · · · ∧ l1k1(C1k1 )] ∨ . . . ∨
[lm1(Cm1) ∧ · · · ∧ lmkm(Cmkm)]

where each lij is either T or an abducible literal, and Ci1 ∪
· · · ∪ Ciki is consistent for each i, then this result can be re-
cycled.

6 Experiments
We have implemented a depth-first search rewrite procedure
with branch and bound. The procedure can be used to com-
pute explanations using a nonground program, under the con-
dition that in each rule a variable that appears in the body
must also appear in the head. When this condition is not sat-
isfied, one only needs to instantiate those variables that only
appear in the body of a rule. This is a significant departure
from the approaches that are based on ground computation
where a function-free program is first instantiated to a ground
program with which the intended models are then computed.

To check the effectiveness of the idea of recycling, we
tested our system on the logistics problem in [Lin and You,
2001]. This is a domain in which there is a truck and a pack-
age. A package can be in or outside a truck, and a truck can
be moved from one location to another. The problem is that
given state constraints such as that the truck and the pack-
age can each be at only one location at any given time, and
that if the package is in the truck, then when the truck moves
to a new location, so does the package, how we can derive a
complete specification of the effects of the action of moving a
truck from one location to another. Suppose that we have the
following propositions: ta(x) (pa(x)) – the truck (package) is
at location x initially; in – the package is in the truck initially;
ta(x, y, z) (pa(x, y, z)) – the truck (package) is at location x
after performing the action of moving it from y to z; in(y, z) –
the package is in the truck after performing the action of mov-
ing the truck from y to z. Then in [Lin and You, 2001], the
problem is solved by computing the abduction of successor
state propositions {ta(x, y, z), pa(x, y, z), in(y, z)} in terms
of initial state propositions {ta(x), pa(x), in} (abducibles) us-
ing the following logic program (see [Lin and You, 2001] for
more details):

ta(X,X1, X). (2)

pa(X,X1, X2)← ta(X,X1, X2), in(X1, X2). (3)

ta(X,X1, X2)← X �= X2, ta(X), not taol(X,X1, X2).(4)

taol(X,X1, X2)← Y �= X, ta(Y,X1, X2). (5)

pa(X,X1, X2)← pa(X), not paol(X,X1, X2). (6)

paol(X,X1, X2)← Y �= X, pa(Y,X1, X2). (7)

in(X,Y )← in. (8)

Here the variables are to be instantiated over a domain of
locations. For instance, given query pa(3, 2, 3), our system
would compute its abduction as pa(3) ∨ in, meaning that for
it to be true, either the package was initially at 3 or it was
inside the truck.

Which subgoals to compute first? If we want to compute
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the abduction of all propositions, without the framework of
recycling introduced here, the only way is to compute them
one by one independently. With the idea of recycling, we can
try to recycle previously computed results. The question is
then which goals to compute first. This question arises even
if we just want to compute the abduction of a single goal:
instead of computing it using the original program, it may
sometimes be better if we first compute the abduction of some
other goals and recycle the result.

A simple solution is to find out the dependency relations
among the propositions: a proposition p depends on q if ei-
ther q is in the body of a rule whose head is p or inductively,
there is another proposition r such that p depends on r, and r
depends on q.

For our program above, it is easy to see that among
the propositions that we want to compute their abduction
of, those of the form in(X,Y ) and those of the form
ta(X,Y, Z) are independent of each other, but those of the
form pa(X,Y, Z) are depended on propositions of the forms
in(X,Y ) and ta(X,Y, Z). So we should compute first the ab-
duction of in(X,Y ) and ta(X,Y, Z). Now in(X,Y ) is solved
by rule (8), ta(X,Y,X) by rule (2), and as it turned out, when
X �= Z , ta(X,Y, Z) is always false, and its computation is
relatively easy. For instance, for the domain with 9 locations,
query ta(7, 1, 6) took only 2.6 seconds. In comparison, query
pa(7, 1, 7) took more than 7000 seconds without recycling.

Table 1 contains run time data for some representative
queries.1 For comparison purpose, each query is given two
entries: the one under “NR” refers to regular rewriting sys-
tem without using recycling, and the one under “WR” refers
to rewriting system using computed rules about ta(X,Y, Z).
As one can see, especially for hard queries like pa(7, 1, 7), re-
cycling in this case significantly speeds up the computation.

7 Concluding remarks
We have considered the problem of how to reuse previously
computed results for answering other queries in the abductive
rewriting system of Lin and You [2001] for logic programs
with negation, and showed that this can indeed be done. We
have also described a methodology of using the recycling
system in practice by analysing the dependency relationship
among propositions in a logic programs. We applied this
methodology to the problem of computing the effect of ac-
tions in a logistics domain, the same one considered in [Lin
and You, 2001], and our experimental results showed that re-
cycling in this domain can indeed result in good performance
gain. For future work we want to implement a system that
can automatically analyse a program and decide how best to
recycle previous computations.

1Our implementation was written in Sicstus Prolog, and the ex-
periments were done on a PIII 1GHz notebook with 512 MB mem-
ory. For generating explanations for regular rewriting system, our
implementation is a significant improvement over the one in [Lin
and You, 2001]. For instance, for a domain with 7 locations query
pa(3, 2, 3) took more than 20 minutes for the implementation re-
ported in [Lin and You, 2001], but required less than 1 second under
our implementation running on a comparable machine.

Query 9 locations 10 locations
NR WR NR WR

pa(1,2,3) 0.71 0.41 1.50 0.89
-pa(1,2,3) 75.89 2.28 342.96 5.65
pa(3,2,3) 137.05 0.89 630.69 1.98
-pa(3,2,3) 2.97 1.98 7.64 5.03
pa(1,5,7) 122.87 0.75 278.07 1.31
-pa(1,5,7) 727.6 7.07 2534.09 19.08
pa(7,5,1) 108.66 17.82 188.50 30.72
-pa(7,5,1) 74.43 2.26 340.51 5.64
pa(7,1,7) 7619.72 20.78 29140.69 35.65
-pa(7,1,7) 2.98 2.01 7.71 5.05

Table 1: Recycling in logistics domain. Legends: NR - no
recycling; WR - recycling ta(X,Y, Z) goals. All times are in
CPU seconds.
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Abstract

We propose an answer to the “What is AI?” ques-
tion, namely, that AI is really (or at least really
ought in significant part to be)PsychometricAI
(PAI). Along the way, we: set out and rebut five ob-
jections to PAI; describePERI, a robot in our lab
who exemplifies PAI; and briefly treat the future
of Psychometric AI, first by pointing toward some
promising PAI-based applications, and then by rais-
ing some of the “big” philosophical questions the
success of Psychometric AI will raise.

1 Introduction

What exactlyis AI? We’d be willing to wager that many of
you have been asked this question — by colleagues, reporters,
friends and family, and others. Even if by some fluke you’ve
dodged the question, perhaps you’ve asked it yourself, maybe
even perhaps (in secret moments, if you’re a practitioner)to
yourself, without an immediate answer coming to mind. At
any rate, AIitself repeatedly asks the question — as the first
chapter of many AI textbooksreveals. In this paper we want to
propose an answer, namely, that AI is really (or at least really
ought in significant part to be)PsychometricAI (sometimes
just ‘PAI’ (rhymes withπ) for short). We also want to tell you
something about bothPERI, a robot in our lab who exemplifies
PAI, and the future we envision for PAI.

Our plan herein is as follows. In the next section, 2, we an-
swer the “What is AI?” question from the standpoint of Psy-
chometric AI, and introduce some of the tests at the heart of
this brand of AI. In section 3 we rebut some objections that
will inevitably be brought against Psychometric AI. The re-
buttal to the first of these objections will reveal the foundation
for PAI: the Turing Test (TT) and its more demanding cousin,
the Total TT (TTT). In section 4 we introduce you toPERI.
Our penultimate section briefly treats the future of Psychome-
tric AI, first by pointingtoward some promisingPAI-based ap-
plications, and then by raising some of the “big” philosophi-
cal questions the success of Psychometric AI will raise. We
end by addressing a second round of objections, formulated
by those who read earlier versions of the present paper.

2 What is AI? Psychometric AI as an Answer
Presumably the ‘A’ part of ‘AI’ isn’t the challenge: We seem
to have a fairly good handle on what it means to say that
something is an artifact, or artificial. (We can ignore here co-
nundrums arising from self-reproducing systems, systems that
evolve without human oversight, etc.) It’s the ‘I’ part that
seems to throw us for a bit of a loop. What’s intelligence?This
is the big, and hard, question. Innumerable answers have been
given, but most thinkers seem to forget that there is a partic-
ularly clear and straightforward answer available, courtesy of
the field that has sought to operationalize the concept in ques-
tion; that field is psychometrics. Psychometrics is devoted
to systematically measuring psychological properties, usually
via tests. These properties include the one most important in
the present context: intelligence. In a nutshell, then, the ini-
tial version of our account of intelligence is this:Some agent
is intelligent if and only if it excels at all established, validated
tests of intelligence. (This account is inadequate, for reasons
we explain below before supplanting it with a more sophisti-
cated one.) AI then reduces to Psychometric AI: the field de-
voted to building a computational system able to score well
on such tests. This may strike you as a preposterously narrow
definition of AI. The first step (in a series taken as this paper
unfolds) in diffusing this attitude is to take a look at some in-
telligence tests, some of which, we surmise, are a good deal
richer than you might at present think.

Figure 1: Sample Problem Solved by Evan’s (1968)ANAL -
OGY Program.A is to B as C is to. . .?
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In the early days of AI, Psychometric AI was at least im-
plicitly entertained. After all, in the mid 1960s, the largest
Lisp program on earth was Evans’ 1968ANALOGY program,
which could solve problems like those shown in Figure 1.
Evans himself predicted that systems able to solve such prob-
lems would “be of great practical importance in the near fu-
ture,” and he pointed out that performance on such tests is
often regarded to be the “touchstone” of human intelligence.
Unfortunately,ANALOGY simply hasn’t turned out to be the
first system in a longstanding, comprehensive research pro-
gram: after all, we find ourselves, at present, trying to start
that very program. What went wrong? Well, certainly Psy-
chometric AI would be patently untenable if the tests upon
which it is based consist solely of geometric analogies. This
point is entailed by such observations as this one from Fischler
& Firschein 1987:

If one were offered a machine purported to be intelligent,
what would be an appropriate method of evaluating this
claim? The most obvious approach might be to give the
machine an IQ test.. . . However, [good performance on
tasks seen in IQ tests would not] be completely satisfac-
tory because the machine would have to be specially pre-
pared for any specific task that it was asked to perform.
The task could not be described to the machine in a nor-
mal conversation (verbal or written) if the specific nature
of the task was not already programmed into the machine.
Such considerations led many people to believe that the
ability to communicate freely using some form of natural
language is an essential attribute of an intelligent entity.
([Fischler & Firschein, 1987], p. 12)

Unfortunately, while this quote helps explain whyANAL -
OGY in and of itself didn’t ignite a research program to
drive AI, Fischler & Firschein apparently are familiar with
only what we callnarrow, as opposed tobroad, intelli-
gence tests. Arguably, this distinctiongoes back to Descartes’
(descartes.haldane.ross.vol1, p. 116) claim that while a ma-
chine could in the future pass any test for a particular men-
tal power, no machine could pass a test for any mental power
whatsoever. This rather speculative claim can be seen to be
cashed out in two different and longstanding views of intelli-
gence within psychology: Thurstone’s 1938 and Spearman’s
1927. In Thurstone’s view (put barbarically), intelligence
consists in the capacity to solve abroad range of problems,
e.g., verbal analogies, geometric analogies, digit recall, story
understanding, commonsense reasoning, arithmetical calcu-
lation, and so on. In Spearman’s view (again, put roughly),
intelligence is a specific,narrow, underlying capacity (noto-
riously) referred to asg, summoned up to the highest degree
when solving highly focused and abstract problems like those
ANALOGY solved. The most famous set of ”g-relevant” prob-
lems is the tightly guarded and much-used Raven’s 1962 Pro-
gressive Matrices, or just ‘RPM.’ An example of a problem
from RPM is shown in Figure 2, which is taken from[Car-
penteret al., 1990]. As part of PERI, we have built theo-
rem prover-based agents able to infallibly crack not only geo-
metric analogies, but RPM items they have never seen before
(Figure 2 shows part of anOTTER[Woset al., 1992] proof that
serves to identify the solution). (The algorithms deployed by
these agents were devised as part of contracted research for
The Educational Testing Service, or ETS.) It is much harder

to build agents able to solve broad tests of intelligence ETS
tests that include sub-tasks demanding the kinds of commu-
nicative capacities Fischler & Firschein have in mind.

Figure 2: Simple RPM Problem “Cracked” by RAIR Lab’s
PERI

Psychological Corporation’s popular WAIS (Wechsler
Adult Intelligent Scale) is a paradigmatic example of a broad
intelligence test that includes the full array of “Thurstonean”
sub-tests (the complete array is enumerated in Baron 2000).
While we don’t have enough space to explain all these
sub-tests, we point out that Fischler & Firschein’s criticism of
simplistic versions of Psychometric AI certainly evaporates
in the face of the WAIS. That this is so follows from the
sub-test on the WAIS known as “Comprehension,” in which,
in ordinary conversation, subjects are asked fiendishly tricky
“general knowledge” questions. For example, examinees
might be asked to explain why the tires on automobiles are
made of rubber, rather than, say, plastic. Perhaps you’ll agree
that such a question would make a nice challenge to any
system purported to have commonsense intelligence. Were
CYCORP (http://www.cyc.com) to herald a system
having general, common-sense intelligence, the WAIS would
be a vehicle for verification. There are other sub-tests on the
WAIS that are just as challenging.

With help from additional researchers in the RAIR Lab, we
are in the process of “cracking” the WAIS, by way of the de-
sign and construction ofPERI. The sub-test we have cracked
most recently is “Block Design:”PERI, when given any con-
figuration of blocks in the space of all possible ones, deduces
the solution in under a second of CPU time, and proceeds to
assemble this solution with its manipulator/gripper. In sec-
tion 4 we provide some details aboutPERI’s exploits. (Read-
ers wanting to peek ahead should see Figures 4, 5, 6, and 7.)

At present we are tackling the much more difficult sub-
test “Picture Arrangement,” which requires of examinees that
they arrange jumbled snapshots to form coherent stories. (For
readers wanting to look ahead, a home-grown example is
shown in Figure 3. For legal reasons, actual WAIS examples
cannot be shown.) Here our research attempts to make use
of prior work in story generation (e.g., Bringsjord & Ferrucci
2000).

We anticipate that some will insist that intelligence tests,
even broad ones, are still just too narrow, when put in the con-
text of the full array of cognitive capacities seen inhomo sapi-
ens. Well, we agree! But we are understanding intelligence,
from the standpoint of psychometrics, to include many varied
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Figure 3:Examinees must arrange to make a coherent story.

tests of intellectual ability. Accordingly, we now move to a
less naive definition of PAI:

Psychometric AI is the field devoted to building
information-processing entities capable of at least solid
performance on all established, validated tests of intelli-
gence and mental ability, a class of tests that includes not
just the rather restrictive IQ tests, but also tests of artistic
and literary creativity, mechanical ability, and so on.

This definition replaces the old, provisional one: the new
definition, when referring to tests of mental ability, is referring
to much more than IQ tests. For example, following Stern-
berg, someone with much musical aptitude would count as
brilliant even if their scores on tests of “academic” aptitude
(e.g., on the SAT, GRE, LSAT, etc.) were low. But specifi-
cally what sorts of additional tests would be involved? We
don’t have space to canvass the myriad tests that psychometri-
cians have validated. To give a quick sense of how latitudinar-
ian (and therefore challenging) Psychometric AI is intended to
be, we mention The Torrance Tests of Creative Thinking[Tor-
rance, 1990; 1988]. This test comes in both “visual” and “ver-
bal” forms. In the visual form, test takers are asked to draw
pictures (often by enriching existing sketches); in the verbal
form, test takers are asked to write — creatively. For exam-
ple, one of the activities subjects engage in on the verbal test
is the following.

Most people throw their tin cans away, but they have
thousands of interesting and unusual uses. In the spaces
below and on the next page, list as many of these inter-
esting and unusual uses as you can think of. Do not limit
yourself to any onesizeof can. You may useas manycans
as you like. Do not limit yourself to the uses you have
seen or heard about; think about as many possible new
uses as you can. (From the verbal version of[Torrance,
1990].)

Believe it or not, after the Torrance Test is administered,
one can send it out to be professionally judged by fixed and re-
liable criteria. Buildingan intelligentagent capable of scoring
well on the Torrance Test is a tall order, but some researchers
hitherto unaware of Psychometric AI are apparently in the
process of working specifically toward this aim, and variants
thereof (e.g. see Bringsjord & Ferrucci 2000 and Bringsjord
1998).

3 Objections

Objection 1: “Can you be serious? PAI is so idiosyncratic!”
Recall that we mentioned at the outset that AI textbooks tend
to be self-reflective. Let’s look a bit at some of these volumes.
Doing so will reveal that Psychometric AI is far from idiosyn-
cratic, because it is (at least arguably) a generalization of a
longstanding answer to the “What is AI?” question, namely,
the answer that appeals to the Turing Test (TT) and its rela-
tives. To see this answer in action, let’s turn toAIMA [Russell
& Norvig, 1994], which tells us that there are four general, dif-
ferent ways to define intelligence (pp. 4–8): we can say that an
entity is intelligent if and only if it “thinks like humans”, “acts
like humans”, “thinks rationally”, or “acts rationally.”

Russell & Norvig 1994 opt for the fourth route, but we want
to draw your attention to the first and third ones, which don’t
seem exactly promising, because ‘thinking’ is probably no
clearer than ‘intelligence.’ However, Turing came up with the
test that now bears his name precisely because he found the
concept of thinking hopelessly vague. As Russell and Norvig
point out, TT and other more stringent tests, e.g., Stevan Har-
nad’s 1991Total Turing Test (in which a passing robot must
display not only human-level linguistic performance, but sen-
sorimotor performance at this level as well), provide a way to
clarify the first route in the quartet. Specifically, it can be said
that AI is the field devoted to buildingartificial entities (or sys-
tems) able to pass TTT.

We could go on to present case after case in which TT or
variants are used to define AI (e.g., see Ginsberg’s 1993 in-
troductory AI text), but perhaps you will agree that whether
or not you affirm the TT-based answer to the “What is AI?”
question, you have to admit that Turing, by the lightsof a good
many, is definitely on to something. But what, exactly? Well,
no doubt there is more than one reason for the apparent im-
mortality of the TT. But surely one reason for its longevity is
simply that it’s a clean, crisptest. Tests are attractive in no
small part because they have determinate starts and ends, and
yield concrete verdicts that can silence unproductive debate.
(Of course, computability theory relies heavily on tests. E.g.,
when we say that a setA is decidable, we are among other
things saying that we can successfully apply a test to some ob-
ject o in order to determine whether or noto ∈ A.) Turing’s
1950 goal in his seminal “Computing Machinery and Intelli-
gence” was indeed to supplant the maddeningly vague “Can a
computing machine think?” with “Can a computing machine
pass the Turing test?” We’re not concerned here with whether
he reached his goal. Rather, the idea is that PAI extends and
clarifies Turing’s approach.

Objection 2: “But Don’t TT and TTT Subsume Psychome-
tric AI?” We offer a three-part rebuttal: (1) In an attempt to
build a robot able to pass for a human, certainly “divide and
conquer” is a prudent strategy, and Psychometric AI automat-
ically enforces that methodology: tests are crafted to check
for different capacities in focused fashion. Since all topics
are fair game in TT and TTT, they have much less value as
engineering goals. (2) There is another reason why PAI can
be viewed as a helpful generalization of the Turing/Harnad
approach. This reason is that, let’s face it, neither TT nor
TTT is currently a meaningful objective: they are both gi-
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gantically ambitious goals, so much so that no one has really
made any progress toward reaching them. (AtTuring 2000,
the conference held at Dartmouth to commemorate both Tur-
ing’s 1950 prediction that a TT-passing machine would be cre-
ated before the new millennium and AI’s inaugural 1956 con-
ference at Dartmouth, no system better at conversation than
a toddler appeared.) Psychometrics offers us an abundance of
tests, many of which arereasonablechallenges for an artificial
agent. Psychometric AI appropriates these tests. (3) The tests
in question haven’t been picked out of thin air. These tests al-
low us to look into the heart of mind/brain. That’s the beauty
and power of tests, when they have been empirically and sta-
tistically validated. Tests have a gem-like character, and PAI
piggybacks on this. Given this, if we build an agent able to
pass established tests, we can be fairly confident that as a wel-
come side-effect we will have an agent capable of many sig-
nificant higher-level feats.

Objection 3: “But AI has applications that need to be
built!” Of course. And Turing wasn’t saying all that anybody
would work on was passing the TT. After all, few work di-
rectly on building an agent able to pass it. An agent able to
pass the tests in question will have the capacity to provide the
desired applications. Momentarily we present some applica-
tions we are working toward that stem directly from PAI.

Objection 4: “But PAI will only tap logicist AI!”Actually,
the tasks in question willunite logicist and sub-symbolic ap-
proaches. For example, “Block Design” on the WAIS requires
robotic manipulation, and therefore cognitive processing that
is rapid and reactive. This processing is not reasoning-based
in PERI. The same can be said forPERI’s vision and speech
systems.

Objection 5: “But plenty of AI researchers don’t do PAI!”
This objection can be fleshed out as follows: “I fail to see
how you can be seriously proposinga foundation for AI, given
that plenty of AI researchers don’t deal with tests of any kind.
Would we be wrong in regarding such people to be doing AI?”

This is an important objection. It raises the general question
of whether we are promoting Psychometric AI asdescriptive
or prescriptive. Do we mean to suggest that AI isin factPAI?
Or do we mean to maintain that AIoughtto be, or at least be
viewed as, PAI?

The answer is this: Our overall claim about Psychometric
AI is that it’s bothdescriptiveandprescriptive. If an AI ap-
plication is sufficiently ambitious, we hold that Psychometric
AI will automatically kick in: the theory is descriptive, in that
the developers will inevitably modularize the challenge, and
set about building sub-agents that successfully negotiate the
tests associated with these modules. On the other hand, if the
AI application is a “humble” one, it probably itself constitutes
a miniature test: our claim is once again that PAI is descrip-
tive. But how is it then that the theory is also prescriptive?
Well, again, we submit that R&D dedicated to building test-
taking agents will produce building blocks for accomplishing
some very helpful systems. Some examples of such systems
are presented in section 5. But first, as planned, we say a few
things aboutPERI.

4 The Robot PERI

PERI, whose name stands for ”Psychometric Experimental
Robotic Intelligence,” is a system capable of logic/reasoning,
vision, physical manipulation, speech, and hearing. It is im-
portant to note thatPERI was not designed to simulate how a
human thinks. Our work in connection with this robot is AI,
not cognitive modeling.

PERI interacts with the environment via its five-degree-of-
freedom vertically articulated mechanical arm, a SCORBOT-
ER IX model from the Intelitek Corporation, and a pneu-
matic two-finger parallel gripper which can either be com-
pletely open or closed around an object. Its vision is based
on the output of a Sony Black-and-White XC55 Video Cam-
era and Cognex MVS-8100M frame grabber. PERI’s speech
is transmitted through computer speakers and it hears through
a microphone attached to the speaker’s head while using the
Dragon Naturally-Speaking Professional Solutions Version
6.0 software. At the core ofPERI resides its brain and nervous
system — a complex Lisp program and an associated Scor-
bot Advanced Control Language Library. Due to the lack of
space, this is as much technical detail as we can prudently re-
veal aboutPERI.

The rest of this section will focus on the Block Design task
andPERI’s success with it.PERI can not only solve the par-
ticular Block Design problems in the WAIS, but any Block
Design puzzle given to it. For legal reasons we are unable to
disclose the Block Design task from the WAIS, therefore we
discuss another similar yet even more challenging block puz-
zle (courtesy of the Binary Arts Corporation). (In the interests
of space, and in keeping with the “PhilosophicalFoundations”
category under which this paper falls, we leave aside the math-
ematization of the WAIS block puzzle and the harder one from
Binary Arts. For ease of exposition, we refer to the space in
question asS.)

Figure 4: One Puzzle Block Folded Out

In this particular puzzle there are a total of four blocks, each
of which is different. There are only three colors (pink, pur-
ple, and yellow) used to make the design on each side; that de-
sign is either a combination of up to four triangles or one solid
color. This is done merely to give a specific color to each edge
of a block. In fact, all the sides of all four cubes are different
from one another. This means there are a total of 24 unique
sides. Refer to Figures 4 and 5 for a closer look.

The task is, after having been presented with the cubes for
the first time, to place them together so that every edge that
touches another is the same color. All cubes must be used, but
obviously there are quite a few different solutions. One solu-
tion is shown in Figure 6. Does the task sound easy to you? If
so, you are supremely confident. WhilePERI solves the hard-
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Figure 5: Blocks (from Binary Arts’ # 5766) Scattered

est configuration in a matter of seconds, after having visually
examined the blocks, in our experience it can take a clever hu-
man several long minutes, if not a half hour, to conquer the
entire task. Figure 7 showsPERI assembling a solution.

Figure 6: A Solution to Binary Arts Corp.’s Puzzle 5766

The same basic algorithm (described below) thatPERI uses
for the WAIS Block Design task can be used to solve any
such puzzle in the overall mathematical spaceS (≈ 3D reg-
ular solid with each side having a characteristic capturable in
extensional first-order fashion). The first step is to encode the
pieces as declarative information about geometric shapes in
PERI’s “mind.” Before the test is administered to a human par-
ticipant, he is given a chance to examine the blocks (or other
shapes), as wouldPERI. What follows is a general algorithm
whichPERIcan apply to any 3D physical shapes within a limit
of size (i.e., which its gripper can properly hold and manipu-
late).

General Algorithm for “Cracking” any 3D Block Design in S
1. Document original pieces by color, dimension, characteristics on

each side, and total number.

2. Inputgoal configuration(a picture that will need to be deciphered).

3. Partition the goal into distinguishablepieces that match similar as-
pects of those that are available pieces in the original. Start first
with the entire goal as one piece. Some aspects of the pieces may
be ignored at this stage.

4. Once the goal has been partitioned, determine if original puzzle
pieces match the partitionedones. If not, go back to step 3 andpar-
tition it into two pieces, three pieces, etc. (An exceedingly large
cutoff is imposed to handle cases where no partitioning is valid,
otherwise non-halting is possible.) If there are matching original
puzzle pieces to the goal partitioning, go on to step 5.

5. Start with a goal piece and match it to an original piece that has
not yet been used. There will be a finite search for each matching
piece since step 4 has been passed, indicating the goal is known to
be solvable. When a match is found, the original piece is physi-
cally added to the solution “arena” by changing the< x, y > po-
sitioningof the originalpieceas well as theangle, side, oranyother
necessary aspect. Continue the present step until no more pieces in
the goal exist that need a match.

In the case of the puzzle from the Binary Arts Corporation,
the goal configuration is not specified ahead of time (as it is in
the WAIS). Therefore, we assume that the goal is given ahead
of time and are then able to use the above general algorithm
without any modification. PERI can solve the original version
of Binary Arts’ puzzle; however, the original version doesn’t
correspond to the WAIS Block Design task, the cracking of
which was our goal. The next challengePERI faces is the more

difficult “Picture Arrangement” subtask of the WAIS, which is
discussed in the next section.

Figure 7:PERI Solving a Block Design Puzzle

5 The Future of Psychometric AI
We very briefly offer some thoughts on the future of PAI, from
the standpoints of both applications and philosophical founda-
tions.

Much of our prior AI work in automated test generation
has been supported by ETS, in connection with wide-scale
“high stakes” tests. Our efforts to crack the WAIS should
lead to systems able to generate both new items for other es-
tablished tests, and new tests. In general, it seems to us that
there is a growing symbiosis between AI and the test indus-
try. It isn’t just the generation side that holds promise: essays
writtenby examinees taking the Educational Testing Service’s
GMAT (Graduate Management Admission Test) are now read
and graded by machine (though there is human input as well),
and this trend promises to accelerate. Another application is
the use of tests as security devices. For example, our work
in Psychometric AI yields a fairly rigorous account (presenta-
tion of which is beyond the scope of the present paper) of what
tests a machine can solve, versus what tests positively stump
machines, but are solvable by humans. This account can be
used, for instance, to devise tests designed to weed out trou-
blesome softbots from human users in situations where hack-
ers attempt to build bots in order to overwhelm online systems
(e.g., polling systems).

We believe that the “Picture Arrangement” task (see again
Figure 3) provides a helpful microworld for another appli-
cation: the problem of threat anticipation in the the intelli-
gence community. Currently, ETS is supporting research in
our lab devoted to augmenting the predictive power of intel-
ligence analysts, as that power is described, for example, in
[Heuer, 1999]. However, we intend to pursue a new dimen-
sion in this work, one based on the notion that predicting what
(say) a terrorist will do is in significant measure the comple-
tion of a story based on “snapshots” earlier in the “narrative”
in which the terrorist is an actor. Our attempt to enablePERI
to crack “Picture Arrangement” is the first step in the explo-
ration of this new dimension. In our initial work on this prob-
lem, once a snapshot in a group like that shown in Figure 3
is selected, a search for a consistency proof that a particular
successor is possible under narrative constraints is fired. If a
proof is found, the successor is selected, and the process it-
erates. Narrative constraints are declarative formalizations of
plots, themes, and characters.
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We end by briefly discussing two philosophical issues
raised by Psychometric AI.

It’s perhaps not uninteresting to ponder the philosophical
consequences of a futurePERI able to excel onall established
tests. Would we declarePERI in this case to be a bona fide ge-
nius? Or would we instead infer that since a “mere” machine
is displaying such mastery, human intelligence must go well
beyond what can be tested for? We don’t have the answers
to such questions, but we will be doing our best, through con-
crete engineering, to raise these questions. We suspect that the
degree to which these questionsare debated will relate directly
to the degree to which our engineering (and those joining us)
succeeds.

Finally, we point out that Psychometric AI seems to clar-
ify the dividing line between so-called “Strong” and “Weak”
AI. This is so because PAI is fundamentally driven by how
thingsappear, not by whether or not some invisible property
is in play. “Weak” AI strives for artifacts which, as a matter of
directly observable fact, display certain behaviors. “Strong”
AI, on the other hand, aims for machines having such myste-
rious properties as consciousness and qualia. The distinction
can be traced back to the “Objection from Consciousness” in
Turing’s 1950 defense of TT. The objection is famously en-
capsulated in Professor Jefferson’s Lister Oration of 1949:

Not until a machine can write a sonnet or compose a con-
certo because of thoughts and emotions felt, and not by
the chance fall of symbols, could we agree that machine
equals brain — that is, not only write it, but know that it
had written it. No mechanism could feel (and not merely
artifically signal, an easy contrivance) pleasure at its suc-
cesses, grief when its valves fuse, be warmed by flattery,
be mademiserableby mistakes, be charmedbysex, be an-
gry or depressed when it cannot get what it wants. (p. 17
of Turing 1950)

Turing responds: “This argument appears to be a denial of
the validity of our test.” Precisely! He goes on to stick to his
guns: he proclaims that if the computer produces the kind of
language normally taken to justify ascriptions of conscious-
ness (and he gives examples of such language in connection
with a deep understanding of Shakespeare), we ought to go
ahead and make those ascriptions: we ought to hold that the
computeris conscious. Psychometric AI and “Weak” AI are
firmly in this camp. If there is some sensible, established test
for consciousness, ifappearanceis both demanded and sup-
plied, then members of this camp confidently declare the un-
derlying properties to be in place. In light of this, we readily
admit that some proponents of “Strong” AI will not be fans of
Psychometric AI. Our readers must judge whether or not that
is a virtue or a vice for the form of AI we have defended.

6 Objections — Second Round
Objection 6: “You argue that your approach is much in line
with Turing’s TT and Harnad’s TTT, yet those two are con-
cerned with machines behaving like humans, whereas Psy-
chometric AI is concerned with doingwellon IQ tests (and the
like), which many humans obviously do not necessarily do!
One crucial question which surprisingly you don’t address at
all is: What are the cognitive limitations that stop us from
doing much better on such tests? Should similar limitations

be put into PAI systems just to make their performance more
human-like and thus give them a chance to behave human-
like (and pass TT and TTT), or should PAI systems be built to
perform as well as possible (but without a chance of passing
TT and TTT)? Should PAI, for example, be concerned with
building mediocre chess players with human-like limitations
instead of really good ones (assuming that chess could count
as some kind of test). And if so, wouldn’t PAI have to be
cognitive modeling (including modeling of limitations), not
“just” AI, contrary to what you say (at least about your work
with PERI)?”

Rest assured that we are doing AI first and foremost; cog-
nitive modeling is subsidiary, and can be derived from suc-
cess on the AI front. This objection is plagued by anon se-
quitur: it doesn’t follow from the fact that PAI aims at perfect-
performing artificial test-takers that there is there no chance
of such systems passing TT and TTT. As an engineering tech-
nique, it is wise to “crack” tests via algorithms that can en-
able us to build artificial agents able to perform flawlessly
on them. Once that is accomplished, it will be easy to “de-
smart” these agents to produce ones able to match any level
of poor performance seen in the human sphere. As Turing
(1950) pointed out, if a robotic interlocutor in the TT is suffi-
ciently smart, a query to it like “What is13, 567, 890, 399×
23, 456, 899, 221?” will return a suitably incompetent (= hu-
manesque) response (e.g., “I would need my trusty calculator
for that!”), despite the fact that the machine has the power to
produce the correct answer instantly.

Objection 7: “I think you are making a mistake in the end
by identifying your approach with ‘Weak AI’, which accord-
ing to Searle is just the claim that computers are (merely) use-
ful tools in the study of mind. The position of ‘Strong AI,’ on
the other hand, claims that computers (or computer programs)
actually can have human-like mental states (if running the
right program). You argue that ascriptions of consciousness
(etc.) to computers (or computer-controlled robots) could
and should be made, and that in my opinion puts you in the
‘Strong’ AI camp.”

Unfortunately, our critic misunderstands the distinction be-
tween “Strong” and “Weak” AI. “Strong” AI is indeed the
view that cognition (including subjective awareness or phe-
nomenal consciousness) is computation, and that an appro-
priately programmed information processing machine operat-
ing at or below the Turing Limit can literallybesubjectively
aware. “Weak” AI holds that though the external behavior of
such machines might convince external observers to ascribe
subjective awareness to them, such machines can’t possibly
have the relevant mental states. Some opponents of “Strong”
AI, such as Bringsjord himself, are actively seeking to engi-
neer artifacts (such as PERI himself!) that would convince ev-
eryone (or at leastnearly everyone) that such artificial crea-
tures are literally subjectively aware! — so the objection ob-
viously rests on a confusion (see Bringsjord 1992, Bringsjord
& Ferrucci 2000, and the just-published Bringsjord & Zenzen
2003).

Some additional objections are inevitable. We have space
here to but rebut some of them in rapid-fire fashion. More
thorough rebuttals are of course forthcoming, in a more ca-
pacious venue.
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• “The statement that PAI requires a system to perform
well in ‘any possibly existing’ psychometric tests makes
PAI ill-defined.”

– Not at all. The great challenge we’re willing to
face up to is to engineer PERI with the capacity to
crack tests he has never seen before. We ask only
that the test be validated via the ordinary statistico-
mathematical standards used in psychometrics.

• “Your presented example for PERI to tackle — block de-
sign — is too simple even in the general case to justify
your deep claims.”

– With all due respect: Get serious. Herbert Simon,
at the 1956 inception of AI, proclaimed that think-
ing computers were just around the corner, on the
strength of LOGIC THEORIST’s ability to prove
such marvelously subtle theorems as that¬q → ¬p
can be derived fromp → q. (For the verbatim san-
guine proclamation, see Russell & Norvig 1994.)
Today, AI has yet to produce a machine with the
conversational power of a sharp toddler. PERI is
a research program moving now onto tests that no
current AI technology can crack, and we will avail
ourselves not only of logic-based formalisms, tools,
and techniques that are at the heart of the RAIR Lab,
but also — to give PERI robust perception/action
capability — ammunition from cognitive robotics
that may well be outside the logicist paradigm.

– Turing (1950) certainly made some rather deep
claims (e.g., that all of human cognition is at bot-
tom computational, and that by the year 2000 not
only the conversational power of a toddler would
be matched by machines, but that of a novelist
would be), and as far as we can tell, the only imple-
mentations he could point to for justification were
painfully primitive.
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Abstract 
Formalisms and axiomatic theories are designed to 
support reasoning, they are often intended with a 
preferred interpretation and a targeted ontology. 
Questions of proper interpretations and of the pos-
sible challenge of an intended interpretation arise 
when integrating a particular theory in pre-existing 
formal and ontological settings. This paper reports 
on an instance of this general problem of ontologi-
cal engineering. The case study is that of the inte-
gration of the Region Connection Calculus for spa-
tial reasoning in the Cyc knowledge base. We show 
that given the assumptions on the Cyc ontology, 
RCC had to be interpreted within a substantivalist 
metaphysic of space as a Boolean algebra of spatial 
regions which are distinct from their occupants. 
The RCC literature suggests such an intended in-
terpretation, and this paper intends to show that this 
was a necessary condition of integration in Cyc’s 
ontology. This led to the enrichment of the Cyc 
knowledge base, rather than to a radical modifica-
tion of the upper-level ontology. 

1 Introduction 
Our standpoint is that of ontological engineers attempting to 
integrate a comparatively small and allegedly domain spe-
cific theory within a larger, multipurpose formal framework. 
Bluntly put, our ontological interest is concerned with types 
of entities admitted by the respective theories (and their 
domains of variables), the intended interpretations of these 
theories, and issues of relative coherence and soundness. 
We consider that ontological engineering in this sense is 
distinct from a work of implementation. Indeed, the power 
of information science ontologies lies in their semantic 
aspects and their ontological foundations. These elements 
will guide, but ought to remain independent from, a work of 
implementation within a peculiar computing system. In this 
context, it clearly appears that in order to use an existing 
axiomatic theory, it is important to know which are its pos-
sible interpretations and, especially, if one is the intended 
one. It is indeed crucial to evaluate how the theory has to be 
interpreted in order for it to fit within an existing ontology. 

Two main questions arise: (i) does the formal theory support 
an interpretation compatible with that intended for the em-
bedding framework? (ii) is it possible to bend the theory and 
its intended interpretation such as to allow maximal integra-
tion? This may lead either to non-trivial changes in the 
embedding ontology or to the choice of a peculiar interpre-
tation for the theory to be integrated. In turn, it becomes 
necessary to check whether the chosen interpretation is 
really allowed by the integrated theory (given its axioms) 
and that it does not generate ontological monsters, so to 
speak, according to the standards of the larger ontology. 
When starting a work of integration, one tends to be maxi-
mally conservative from the standpoint of the embedding 
framework (this is, at least, our experience), for the obvious 
reason that, a priori, it might be simpler and more efficient 
to adapt a specific theory to an existing larger ontology 
rather than the converse. Changes in the embedding ontol-
ogy are always perilous and their consequences are not 
always easily anticipated. Moreover, from the standpoint of 
an allegedly total or universal ontology, it is very tempting 
when integrating presumably specific theories to generalize 
their relevance by extending their domain of interpretation, 
and even relaxing not only the intended interpretation, but 
also the axiomatization. The present paper can be taken as a 
reminder to be cautious when making a methodological 
maxim of this tendency.  
 The axiomatic theory of interest is the so-called Re-
gion Connection Calculus (RCC as put forward in [Ran-
dell et al., 1992]), a theory prototypically applied to spa-
tial reasoning. The embedding ontology in which we 
introduced RCC is that of the Cyc knowledge base (Cyc 
KB), as described by [Lenat and Guha, 1990], and which 
stands as a larger theory of reality. In part 2, we give 
some elements regarding the background of Cyc's spatial 
ontology. In part 3, we present RCC's underlying meta-
physics as informally rendered in the most significant 
sources. Part 4 exposes how we were led to question 
RCC’s ontological significance in our work of integra-
tion. We present in part 5 the resulting ontological set-
tings and some extensions of the basic theory that we 
were able to introduce in a Cyc framework. 

Tucking RCC in Cyc’s Ontological Bed 
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2 Cyc’s original spatial ontology 
The Cyc KB is intended to serve as an encyclopedic reposi-
tory of all human knowledge, primarily common-sense 
knowledge. It purports to provide a medium for the repre-
sentation of facts and the inscription of rules about all exist-
ing and imaginable things. Cyc’s knowledge is represented 
in a language called CycL, described in [Cycorp, 2002], 
which here can be seen as a first order language. The Cyc 
KB is structured and compartmented into theories (called 
microtheories), additional theories can be introduced a volo 
in order to account for the specificity of a given domain or 
context. Since our objective was to produce an integration 
of RCC supporting spatial reasoning in the Cyc system, we 
will focus on Cyc spatial ontology.  
 The relevant fragment of the KB is nonetheless extremely 
broad. Cyc’s declared goal of achieving common-sense 
reasoning has, as an objective, carved up the ontology in a 
metaphysically determinate way. In particular, "spatial rea-
soning" has been understood primarily as a type of reason-
ing about objects in space, and not primarily about space 
itself. Roughly, this view can be outlined by the position 
that in the world there are objects only, in particular physi-
cal ones, delimitating their 'place'. In this context, spatial 
reasoning as such refers to the relations that exist between 
such objects, say, in virtue of being in such and such relative 
positioning. We shall refer hereafter to this understanding as 
the 'relational' approach. Cyc's spatial ontology was primar-
ily relational in this sense. Its ontology’s top spatial cate-
gory, #$SpatialThing, is defined in [Cycorp, 1997] as that of 
entities “with a spatial extent or location relative to some 
other [instance of #$SpatialThing]”. A large part of the 
hierarchy under #$SpatialThing was covered by the cate-
gory so-called #$PartiallyTangible which is, in a word, that 
of objects with a material constituent, concrete things. In 
addition, #$SpatialThing also includes certain events. But 
many specializations were geometrical or otherwise abstract 
in some sense (so-called #$Intangible). Meanwhile, Cyc had 
already a large body of spatial and topological relations, 
most of them over #$PartiallyTangible. These were typi-
cally documented as relations holding between objects in 
virtue of the relations between these objects’ spatial extents. 
Indeed, many of the spatial entities in Cyc could be handled 
as spatial extents, metonymically, but were not properly 
speaking identical with their extents. This is notably the 
case with geopolitical entities (on the other hand, Cyc has a 
microtheory in which geopolitical entities are geographical 
regions, not merely located at such a region), but also with 
persons (which are examples of composite entities, with a 
tangible part, a body, and an intangible part), or even books 
(composed of a material support and an informational con-
tent). However, spatial extents (intuitively, spatial regions) 
were not ‘reified’ nor mentioned in assertions. Their onto-
logical status was, so to speak, implicit and mostly intuitive. 
On the other hand, still in [Cycorp, 1997], Cyc had a notion 
of (pure) spatial region used essentially to define contextu-
ally empty space. But then, for an entity, its being an in-
stance of this collection was overtly and essentially context 
dependent. The documentation discusses as an example a 

piece of atmosphere which can be seen as empty space in a 
particular context, not in another. A substantivalist view of 
space considers space and regions of space as substances 
independent for their existence of what occupies them. Un-
der this view, it is not contextual for an entity to be a region 
of space, it is essential. In other words, regions of space as 
portions of an existentially independent (spatial) substance 
did not exist in Cyc. We will not delve further into the Cyc 
ontology. For our purpose, it suffices to observe that at-
tempting to integrate RCC in Cyc meant starting to look at 
RCC from an essentially relational spatial ontology. 

3 RCC and its canonical interpretation 
Was this approach allowed by RCC itself? RCC is techni-
cally referred to as a mereotopology, that is, a theory with 
both a mereological fragment (a theory of part and whole) 
and a topological fragment articulated together. The basic 
part of the theory, so-called RCC-8, has only one topologi-
cal primitive: Connects-With (or C). We will assume famili-
arity with the basics of RCC which can be gathered in [Ran-
dell et al., 1992] and, informally, in the introduction of 
[Cohn et al., 1997]. The calculus can be assimilated to a 
Boolean algebra, which, as we shall see, is not without onto-
logical consequences. Our interest here is mostly in the 
ontological significance of the theory. RCC is said to sup-
port both a spatial and a temporal interpretation. Here, only 
a putative spatial interpretation is of interest, so regions will 
be spatial regions. RCC is, with respect to spatial reasoning, 
a theory of regions of space and of their relations, not a 
theory of physical objects nor of their relations to regions. It 
is already an other form of spatial reasoning than the one we 
encountered in Cyc. Characteristically, regions are consid-
ered as extended (RCC is originally introduced in analogy to 
Allen's interval logic). In purely model-theoretic terms, 
intended models are regular open sets of Rn. For common-
sense reasoning, n is equal to either 1, 2 or 3. Going further 
in the specification of regions would be mostly irrelevant, as 
specializations derive straightforwardly from the theory. 
However, what is arguably not trivial is precisely what 
regions are, or, in other words, what their ontological status 
is: are they dependent or independent ontologically, that is, 
for their existence, on other entities which are not them-
selves spatial regions? In fact, depending on whether the 
term 'region' refers to a part of a substantival space or to a 
portion of a relational space, the answer and the ensuing 
interpretation of the theory would be significantly different 
ontologically speaking. In other words, the alleged reality 
that the theory intends to capture is not that evident. 
 It is useful to remark that the relations in RCC are re-
quired to hold between regions of equal dimensionality. 
This indicates the possibility of treating uni-dimensional 
and bi-dimensional regions of space, even if the respective 
domains are independent. This means an acceptance of 
objects of lower dimensionality than that of physical objects 
(which are uncontroversially tri-dimensional). Thus, if RCC 
is a fragment of a theory of reality, its underlying ontology 
probably is not restricted to physical objects and assimilated 
things, or, in Cyc's terms, #$PartiallyTangible. However, so 
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far it remains open whether one can conceive in a RCC-like 
framework objects of lower dimensions that are not spatial 
regions or, alternatively, only regions of lower dimensions 
at which material objects are somehow located. The rejec-
tion of boundaries from RCC after [Randell and Cohn, 
1989] is yet another evidence that the theory is about rela-
tions among regions of a given non-null dimension.  
 More generally, in RCC, the distinction between regions 
and their putative occupants is almost systematic in the 
informal litterature, especially in [Randell and Cohn, 1989; 
Randell et al., 1992; Cohn et al., 97]. These sources suggest 
the acceptance of a substantivalist view of space; that is, the 
view that space consists in a substance in its own rights 
distinct from the objects that occupy portions of it. For-
mally, the issue is scarcely addressed before [Bennett, 2001] 
which represents a dramatic broadening of the scope of 
application of the theory (in addition to the stronger geomet-
rical approach it presents). In multi-sortal axiomatizations, 
the domain is always restricted to the sort REGION (and 
secondarily to the sort NULL), a sort PhysObj for occupants 
of regions is mentioned only to limit the scope of the theory. 
The first order axiomatizations are seen as fragments of 
more complete theories. It is not clear how much this is, or 
is not, an artifact of the sortal approach which is itself an 
artefact of a putative implementation. Presumably, however, 
first-order axioms should incorporate quasi-sortal restric-
tions implicit in the multi-sortal settings.  

4 Path to Integration 
Cyc's general maxim for ontological integration is generali-
zation. On the one hand, the foregoing considerations on the 
use of sorts in RCC provide a starting point for expanding 
the RCC schema by generalizing over sortal restrictions. 
Overlooking any sortal restriction, on the other hand, is 
tantamount to claiming generalization of RCC to putatively 
all entities, namely, #$Thing in Cyc. This is clearly not 
desirable: the scope has to be at least restricted to spatial 
things. For Cyc, objects in space (and physical events) are 
primitives. If RCC is generalizable to #$SpatialThing and if 
regions (#$SpaceRegion) are but a subtype of spatial things, 
it would be redundant and sub-optimal to develop the theory 
on regions only. Yet, RCC takes regions as primitives. 
Pushed to the extreme, this latter position leads to defining 
spatial objects in terms of regions. There would be only one 
substance, space. An object would be no more than a quali-
tative singularity in space. Such an eliminatist view (doing 
away with the primitivity of entities in space) is not con-
ceivable for Cyc’s upper-level ontology. The compromise 
still appears to be straightforward generalization of RCC's 
notions at the level of #$SpatialThing in Cyc. After all, 
there seems to be no prima facie objection to this in the 
RCC literature. Indeed, the intended interpretation for RCC 
is as a calculus of 'spatial regions'. But the sources are all 
starting from the introduction of regions as primitives. There 
seems to be no claim in the other sense, namely that RCC 
means, specifically and necessarily, spatial regions, and not, 
more generally, spatial things in the sense of the Cyc KB.  

 Let us assume that generalization is possible. C is then to 
be interpreted as a relation between objects such that these 
spatially connect along the RCC lines ([Cohn and Varzi, 
1996] situates RCC's C among a variety of interpretations). 
Modulo the issues with openness of regions in RCC, Cyc 
had a relation of touching among #$PartiallyTangible which 
intuitively was close enough to C to suggest the possibility 
of a sound generalization at the level of #$SpatialThing. 
Most RCC-8 relations (the basic set of binary relations in 
RCC) had proxies in Cyc (with exception of inverses for 
implementation reasons). More precisely, there were rela-
tions at the level of #$PartiallyTangible which were holding 
true in virtue of their relata's putative spatial extents in 
RCC-like relations themselves. In particular, Cyc already 
had a relation of co-spatiality, a relation holding true of 
things with identical spatial extents. Meanwhile, [Randell et 
al., 1992] defines = as identity between regions. However, 
in Cyc, co-spatiality was not identity. There were conceiv-
able cases of entities with the same (spatial or geographical) 
extent and which were not identical as alluded to in Part 2. 
The question of whether a generalization of RCC's relations 
was possible could be rephrased as whether = in RCC was 
indeed identity or could be interpreted as a co-spatiality 
relation on #$SpatialThing. If the former, we would have 
applied RCC straightforwardly to the Cyc ontology. We will 
see that the status of = in the RCC literature is something of 
a puzzle. 
 In [Randell and Cohn, 1989; Randell et al., 92], we find 
the following axiom:  
(1) x = y ≡ (P(x,y) ∧ P(y,x)), 
where P is "Part-Of". That is, x is identical to y if and only 
if x is a part of y and y is a part of x. (1) simply states the 
anti-symmetry of P, i.e., if two objects of the domain are 
part of the other, they are actually one and the same. Ob-
serve that given the definition of P: 
(2) P(x,y) ≡ ∀z (C(z,x) → C(z,y)), 
that is, x is a part of y if and only if everything that connects 
with x connects with y, we can infer the extensionality of C: 
(3) x = y ↔ ∀z (C(z,x) ↔ C(z,y)). 
There is however a progressive terminological and ideologi-
cal shift in the RCC literature concerning the status of =. In 
[Gotts, 1994], ‘EQ’ is the privileged notation for the relation 
of identity and ‘=’ is only mentioned as an alternative nota-
tion. With [Bennett, 1995], the matter becomes allegedly 
more than a notational issue. [Bennett, 1995] argues in sec-
tion 3 that an axiom of extensionality for C (and thus the 
anti-symmetry of P) is optional in RCC. The choice depends 
on the way we construe (1), either as an axiom or as a defi-
nition. A similar claim is made with the note 2 of [Bennett, 
1996]:  

“[Randell et al., 1992] define[s] the relation 
EQ(x,y) as equivalent to P(x,y) ∧ P(y,x). If this 
definition is regarded as an axiom rather than a 
definition and if EQ is treated as logical equality 
then this axiom is equivalent to Cext.”  
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Cext is the right to left implication in (3), the use of ‘EQ’ 
for ‘=’ is [Bennett, 1995]'s import. Using ‘=’ is just a con-
venient abuse of notation, this symbol is not really that for 
equality. In order to follow the rationale, let us adopt mo-
mentarily this shift of notation, and reserve ‘=’ as a symbol 
for equality. The thesis is radically defended by [Stell, 2000] 
that because EQ is allegedly defined and not simply intro-
duced as a logical primitive, EQ is not equality. EQ would 
simply be an equivalence relation. [Stell, 2000] mentions 
the note 11 in [Cohn et al., 1997]:  

“For notational convenience we will sometimes 
write x = y rather than EQ(x, y); technically the lat-
ter is preferable, since EQ is a relation defined in 
terms of C rather than true logical equality.”  

[Stell, 2000] claims that this note provides evidence sup-
porting intuitively his claim. In our opinion, this is a misdi-
agnosis and the note warrants a better interpretation. 
Namely, it is an indication that the introduction of EQ 
(originally, =) by way of definition in RCC reflects a desire 
of reducing the number of primitive relations in the theory. 
The equality relation is defined via P, P is defined via C; 
thus far, there is only one primitive in the theory, C, instead 
of two, C and =. Interestingly, although not addressing this 
point of detail, [Smith, 1996] stigmatizes this general ten-
dency in RCC as inherited from the classical schools of 
mereology.  
 There is a more serious rationale than such footnotes 
exegesis for not endorsing the [Bennett, 1995; Stell, 2000] 
alternative. It seems now that the contentious part of the 
argument rests on the claim that EQ is capable of taking 
different interpretations according to the way (1) is con-
ceived. Let us assume that EQ is not = (logical identity) and 
rewrite (1), (2) and (3) with EQ in place of = (call the result-
ing propositions (1’), (2’) and (3’)). Let us see the possible 
consequences for the ontology. This choice apparently en-
ables the generalization of the intended domain of interpre-
tation from the domain of pure space to that of objects in 
space. EQ is merely an equivalence relation, "EQ(x,y)" 
means that x and y have the same region, the same spatial 
extent. This corresponds (again, abstracting away fine de-
tails of the topology) to the co-spatiality relation in Cyc. 
Note how accommodating this interpretation might be. If we 
can still include in our ontology regions of space and pre-
serve the ability to interpret on this restricted domain EQ as 
=, EQ gives the identity criterion for space regions (= entails 
EQ and, on regions,  EQ entails =). So, it seems that choos-
ing a weak interpretation is rather positive and optimal for 
the resulting ontology.  
 But there is a drawback. If EQ is but an equivalence rela-
tion over a broader domain, then P, which is now a relation 
on objects (such that the extent of one is part of the other's 
extent), is no longer anti-symmetric. This means that RCC 
no longer warrants that two objects with the same (spatial) 
extents are one and the same thing. In particular, there could 
be several distinct entities which are all the sums of a given 
set of objects, say three bricks. Without (1) and only (1’), 
the sum of brick 1 and of the sum of brick 2 and 3 is distin-
guishable from the sum of brick 3 and of the sum of brick 1 

and 2. What is crucial in deciding of the possibility of gen-
eralizing the full RCC calculus (RCC-8 and additional Boo-
lean operators) is the behavior of operators in the absence of 
(1) or equivalently the extensionality of C. The operator for 
sum, for instance, is defined by [Randell et al., 1992] by: 
(4) sum(x,y) =def ιw (∀z (C(z,w) ↔ (C(z,x) ∨ C(z,y)))). 
RCC’s literature generates a new puzzle for interpreting (4). 
[Randell and Cohn, 1989; Randell et al. 1992] suggest that 
while (4) uses the iota operator of definite description, its 
method of elimination is not necessarily, although possibly, 
to follow Russell’s. Rather, it is intended to be eliminated 
such as to produce the following assertion:  
(5) ∀x∀y∀z (C(z,sum(x,y)) ↔ (C(z,x) ∨ C(z,y))). 
This has the effect of virtually allowing plural reference, if 
EQ is to be interpreted otherwise than as equality (since 
without (1), (1’) is not sufficient to rule out that there may 
be more than one entity substitutable to the sum of two 
entities in (5) and thus more than one candidate for being 
such a sum). The trouble with operators which may lose 
their intended functionality, goes seemingly unnoticed. 
Moreover, (5) does not even secure the existence of a value. 
By suggesting this transcription, the authors merely seek to 
ensure that the Boolean operators are totally defined on their 
domain. For this purpose, providing for a conventional 
value in cases where the operators do not properly denote, 
the introduction of the NULL sort, or, in other words, a 
notion of null region, is required. It is clear, even for these 
authors, that this move is not ontologically defendable (see 
also page 13 of [Simons, 1987] for its vehement dismissal). 
Rather, this is an algebraic desiderata and an implementa-
tional requirement (in short, codes have to return a value). 
In the context of a putative generalization, this is even more 
puzzling. What could possibly be the mereological product 
of two people? A null person (or null person’s part)? Such a 
question leads to nonsense from Cyc’s common-sense 
standpoint. Cyc's uneasiness with the ontological prodigality 
of RCC's Boolean operators goes further. If  Boolean opera-
tors denote, they denote objects in space. The sum of this 
cup and the spill of coffee on this desk is constructible in the 
theory as a spatial thing. Both the cup and the puddle are in 
space, that is consensual. The question is whether it is desir-
able (and needed) to consider that there are sums of such 
arbitrarily united objects. Ontologically speaking, there 
were no incentives to go after a notion of null object and 
totally defined operators, although even in Cyc, the imple-
mentation would eventually require an apparatus mimicking 
the function of the null region.  
 So, conversely, what was the meaning of a Russellian 
elimination of definite description? This would result in the 
following transcription of (4): 
(6) ∃w (∀z (C(z,w) ↔ (C(z,x) ∨ C(z,y)))  
∧ ∀w’ (∀z (C(z,w’) ↔ (C(z,x) ∨ C(z,y))) → w = w’ )). 
Observe that (5) is indeed entailed by (6). But there is some-
thing new in (6). Namely, = is indubitably logical identity 
and we verify that (6) entails the uniqueness of sum. If EQ 
was not =, there could be two objects, a and b, in the domain 

897ONTOLOGIES AND FOUNDATIONS



such that EQ(a,b) but not a=b. However, by (3’), these two 
objects would connect the same objects. Since trivially any 
object is a sum, any object in the EQ relation with it con-
nects its parts (by (3’) and the first conjunct of (6)). But then 
a and b are identical (by the second conjunct of (6)). EQ is 
therefore =. This, in turn, entails the extensionality of C.  
 So, if the iota operator is eliminated a la Russell, C is 
indubitably extensional, P is anti-symmetric, and EQ is =. 
We took this to be a reductio ad absurdum of the [Bennett, 
1995; Stell, 2000] thesis, and, in fine, as an indication that 
Cyc’s co-spatiality was not an RCC relation. In other words, 
we had to interpret RCC as a calculus of regions of a sub-
stantival space at which entities of various kinds could be 
located, and not as a theory of these entities. The alternative 
would have been either going forward with a non exten-
sional mereo(topo)logy of objects-in-space departing sig-
nificantly from both RCC and Cyc or going back precisely 
to the more restricted domain of space regions.  

5 Extending Cyc’s spatial ontology 
We thus chose to go for an interpretation according to which 
RCC was a theory of regions of substantival space. We 
therefore developed an ontology of space as an entity with 
an independent existence, choosing to rework and have 
#$SpatialRegion for domain of RCC relations. In order to 
bridge the gap between spatial things and spatial regions, we 
developed a locative apparatus inspired largely by [Casati 
and Varzi, 1996]. This enabled us to formalize the meaning 
of object level spatial categories and relations, and make 
explicit their metonymical character: spatial relations among 
objects were holding in virtue of similar relations between 
these objects’ spatial extents. Originally, only spatial objects 
were in the ontology. We introduced (pure) spatial regions, 
RCC relations among some of these regions, and relations 
of location between spatial objects and regions. We used 
these in order to explicitly define spatial relations. This 
resulted in a spatial reasoning language with greater expres-
sive power, clearer semantics, and an enriched ontology. It 
also facilitated spatial reasoning with access to a greater 
variety of data. We could use spatial regions for instance as 
handles when manipulating datasets for GIS based reason-
ing. There is unfortunately not enough room here to give 
specifics. 
 In a dedicated microtheory, we put some basic constraints 
on our calculus following RCC's intended interpretation, 
these motivated in particular further categorial distinctions. 
To begin with, RCC is region based: relationships are un-
derstood as holding among extended regions, i.e., neither 
points or scattered sets of points are in the domain. We 
interpreted the regularity of the open sets in the alleged 
models of RCC as founding yet another category of spatial 
regions, namely regions homogeneous in dimensionality. 
We wanted to apply RCC to regions of the three basic spa-
tial dimensionalities (namely, one, two and three dimen-
sional regions), consistently with Cyc’s common-sense 
reasoning leanings. We chose to introduce dimensionality as 
primitive notions (at the topological level) and as instances 
of #$AttributeValue (properties of entities as abstract par-

ticulars). This afforded us to define three specializations of 
extended spatial regions which were homogeneous in di-
mensionality, i.e., regular in the intended sense. We were 
only requiring our relations to take as arguments homoge-
neous extended regions and were axiomatically enforcing 
constraints on co-dimensionality of the relata. So, in the 
end, we had a single set of RCC relations and operators 
which were applicable within each dimension independently 
of other dimensions.  
 Anecdotally, we carried on in a specific microtheory an 
atomic extension of RCC along the lines suggested in [Ran-
dell et al., 1992] by imposing categorial restrictions on the 
relevant axioms. Despite RCC being a region based calcu-
lus, a larger ontology such as Cyc could make use of point-
based reasoning and zero dimensional elements. We devel-
oped a variant of RCC in a specific microtheory introducing 
the category of #$SpatialPoint as a primitive and a relation 
of incidence of points in a region as suggested by [Randell 
et al., 1992]. We refined this elementary treatment with 
more topologically oriented primitives of interior and 
boundary point incidence. Additionally, we developed a set 
of trans-dimensional relations among entities of other di-
mensions. If material objects are always located at a three 
dimensional region, they can be geographically located at a 
given parallel for instance. Moreover, their footprints (geo-
graphical projection) are two-dimensional extents with 
similar locational properties. So, on the one hand, we al-
lowed partial location of entities at regions of lower dimen-
sionality, possibly at points. On the other hand, we designed 
projective locations, typically intended to account for geo-
graphical positioning. More generally, this allowed ap-
proaching regional boundaries in terms of incidence.  

6 Concluding Remarks 
There exist alternatives in the metaphysics of space. The 
main distinction being between substantival and relational 
space. This paper intended to provide evidence that the RCC 
contributors are 'right' in putting forward certain ontological 
basics as a frame for using their theory, namely a substanti-
val view of space. The reason why it could not be relational 
is that the distinction between co-spatial and identical ob-
jects would be lost, while co-spatiality is not an identity 
criterion of objects in space. Once the ontological independ-
ence of spatial regions is endorsed, however, two solutions 
exist. On the one hand, objects are themselves independent 
from the regions they occupy or they are not. If they are, as 
in Cyc, RCC has to be interpreted as we put forward here. 
However, there might be a way in which we could mimic if 
not secure a relational formalism. RCC predicates could be 
predicated of objects and events in space, nonetheless, the 
denotations of operators such as sum, for instance, provided 
they exist, would be spatial extents. In that context, the sum 
of two entities in the RCC sense would be the sum of their 
extents. As the extensionality of C would be preserved by 
this functionality of sum, this would be identical to the ex-
tent of any of their putative sums (in a purely mereological 
sense).  One can then endorse the thesis that such extents are 
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parts of some kind (namely, spatial) of entities in space. Co-
spatiality becomes a form of overlapping, it is identity of 
spatial parts. However, this solution requires a broad and 
strong mereological treatment at the upper-level of the on-
tology which goes far beyond spatiality. Such a solution 
which was not affordable in the terms of Cyc’s ontology 
suggests the possibility of alternative interpretations for 
RCC provided it is to be embedded in an ontology with a 
more general and primitive mereological framework. 
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Abstract

The benefits of modular representations are well
known from many areas of computer science. In
this paper, we concentrate on the benefits of mod-
ular ontologies with respect to local containment
of terminological reasoning. We define an archi-
tecture for modular ontologies that supports local
reasoning by compiling implied subsumption rela-
tions. We further address the problem of guaran-
teeing the integrity of a modular ontology in the
presence of local changes. We propose a strategy
for analyzing changes and guiding the process of
updating compiled information.

1 Introduction
Currently, research in the area of the semantic web is in
a state where ontologies are ready to be applied in real
applications such as semantic web portals, information
retrieval or information integration. In order to lower the
effort of building ontology-based applications, there is a clear
need for a representational and computational infrastructure
in terms of general purpose tools for building, storing and
accessing ontologies. A number of such tools have been
developed, i.e. ontology editors, reasoning systems and more
recently storage and query systems.1 Most of these tools,
however, treat ontologies as monolithic entities and provide
little support for specifying, storing and accessing ontologies
in a modular manner.

1.1 Why Modularization ?
There are many reasons for thinking about ontology modular-
ization. Our work is mainly driven by three arguments. These
also bias the solution we propose, as it is aimed at improving
the current situation with respect to the following aspects.

Distributed Systems: In highly distributed systems such as
the semantic web, modularity naturally exists in terms of
physical location. Providing interfaces and mechanisms

1An extensive overview is provided in the OntoWeb deliv-
erable, available athttp://www.ontoweb.org/download/
deliverables/D13_v1-0.zip .

for connecting these natural modules is a prerequisite for
easy maintenance[Heflin and Hendler, 2000].

Large Ontologies: Modularization also helps to manage
very large ontologies we find for example in medicine
or biology. Here modularity helps to maintain and reuse
parts of the ontology as smaller modules are easier to
handle than the complete ontology[Rector, 2003].

Efficient Reasoning: A specific problem that occurs in the
case of distributed and large models is the problem of
efficient reasoning. The introduction of modules with
local semantics and clear interfaces will help to develop
efficient reasoning methods[McIlraith and Amir, 2001].

1.2 Requirements
There are a couple of requirements a modular ontology archi-
tecture has to fulfill in order to improve ontology maintenance
and reasoning in the way suggested above. The requirements
will be the main guidelines for the design of our solution pro-
posed in this work.

Loose Coupling: In general, we cannot assume that two on-
tology modules have anything in common. This refers
to the conceptualization as well as the specific logical
language used for the interpretation of objects, concepts
or relations.

Self-Containment: In order to facilitate the reuse of individ-
ual modules we have to make sure that modules are self-
contained. In especially, the result of certain reasoning
tasks such as subsumption or query answering within a
single module should be possible without having to ac-
cess other modules.

Integrity: Having self-contained ontology modules may
lead to inconsistencies that arise from changes in other
ontology modules. We have to provide mechanisms for
checking whether relevant knowledge in other systems
has changed and for updating our modules accordingly.

1.3 Our Approach
In the following, we describe our approach to ontology modu-
larization on an abstract level. We emphasize the main design
decisions and motivate them on the basis of the requirements
defined above. The technical details of the approach will be
given in the following sections.
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View-Based Mappings: We adopt the approach of view-
based information integration. In particular, ontology
modules are connected by conjunctive queries. This way
of connecting modules is more expressive than simple
one-to-one mappings between concept names but less
expressive than the logical language used to describe
concepts. We decide to sacrifice a higher expressiveness
for the sake of conceptual simplicity and desirable se-
mantic properties such as independence of the ontology
langauge used.

Compilation of Implied Knowledge: In order to make lo-
cal reasoning independent from other modules, we use
a knowledge compilation approach. The idea is to com-
pute the result of each mapping query off-line and add
the result as an axiom to the ontology module using the
result. During reasoning, these axioms replace the query
thus enabling local reasoning.

Change Detection and Automatic Update:Once a query
has been compiled, the correctness of reasoning can only
be guaranteed as long as the concept hierarchy of the
queried ontology module does not change. In order to
decide whether the compiled axiom is still valid, we pro-
pose a change detection mechanism that is based on a
taxonomy of ontological changes and their impact of the
concept hierarchy.

The rest of the work is organized as follows. In section 2
we provide a definition of ontology modules based on a min-
imal notion of ontologies that fixes important properties we
will use later on while leaving as much freedom for specific
implementations as possible. Section 3 introduces our ap-
proach to self-containment in terms of compiled knowledge.
The remainder of the paper is devoted to the problem of de-
tecting changes and preserving integrity amongst modules in
a system.

2 Modular Ontologies
Before we start investigating the problem of change and in-
tegrity, we define the notion of modular ontology we will use
as a basis for our technical results.

2.1 Modules and Queries
A number of languages for encoding ontologies on the Web
have been proposed (see[Gomez-Perez and Corcho, 2002]
for an overview). In order to get a general notion of ontolog-
ical knowledge, we define the general structure of an onto-
logical module and its instantiation independent of a concrete
language.

Definition 1 (Ontology Module) A module is a tripleM =
〈C,R,O〉 whereC is a set of concept definitions,R is a set of
relation definitions andO is a set of object definitions. Fur-
ther, we define the signature of a module〈C,R,O〉 to be a
triple 〈CN ,RN ,ON〉, whereCN is the set of all names of
concepts defined inC, RN the set of all relation names inR
andON the set of all object names occurring inO.

Queries over ontological knowledge are defined as con-
junctive queries, where the conjuncts are predicates that cor-
respond to concepts and relations of an ontology. Further,

variables in a query may only be instantiated objects in that
ontology.

Definition 2 (Ontology-Based Queries)Let V be a set of
variables disjoint fromON then an ontology-based queryQ
over a moduleM = 〈C,R,O〉 is an expressions of the form
q1 ∧ · · · ∧ qm whereqi are query terms of the formC(x) or
R(x, y) such thatx, y ∈ V ∪ ON , c ∈ CN andr ∈ RN or
are of the formx = o wherex ∈ V ando ∈ ON 2.

The fact that all conjuncts relate to elements of the on-
tology allows us to determine the answer to ontology-based
queries in terms of instantiations of the query that are logical
consequences of the knowledge base.

2.2 Internal and External Definitions
The notion of module and query given above is a quite stan-
dard ones. What makes up a modular ontology now, is the
possibility to use ontology-based queries in order to define
concepts in one module in terms of a query over another mod-
ule. For this purpose, we divide the set of concepts in a mod-
ule into internally defined conceptsCI and externally defined
conceptsCE resulting into the following definition ofC:

C = CI ∪ CE , CI ∩ CE = ∅ (1)

Internally defined concepts are specified by using concept
expressions in the spirit of description logics[Baaderet al.,
2003]. We do not require a particular logic to be used.

Definition 3 (Internal Concept Definition) An internal
concept definition is an axiom of one of the following forms
C v D,C ≡ D where C ∈ CN and D is a concept
expression of the formf(t1, · · · , tn) where the termsti are
either concept names or concept expressions andf is an
n-ary concept building operator.

Besides this standard way of defining concepts, we con-
sider externally defined concepts that are assumed to be
equivalent to the result of a query posed to another module
in the modular ontology. This way of connecting modules
is very much in spirit of view-based information integration
which is standard technique in the area of database systems
[Halevy, 2001]. The choice of conjunctive queries for con-
necting different modules is motivated by the trade-off be-
tween expressiveness of the mapping and conceptual as well
as computational simplicity. Our approach is more expres-
sive than simple one-to-one mappings; having more complex
mappings would contradict the principle of loose coupling of
different modules.

Definition 4 (External Concept Definition) An external
concept definition is an axiom of the form:C ≡ M : Q
Where M is a module and Q is an ontology-based query over
the signature of M.

A modular ontology is now simply defined as a set of mod-
ules that are connected by external concept definitions. In
particular we require that all external definitions are contained
in the modular system.

2Note that this may include data-type expressions as the type
itself is can be considered to be a concept, the actual value a member
of that concept and the comparison operator a special relation.
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Definition 5 (Modular Ontology) A modular ontology
M = {M1, · · · ,Mm} is a set of modules such that for each
externally defined conceptC ≡ Mi : Q, Mi is also a member
ofM.

We will use this notion of a modular ontology in the follow-
ing to investigate the problem of integrity of logical reasoning
across modules.

2.3 Semantics and Logical Consequence
We define a model-based semantics for modular ontologies
using the notion of a distributed interpretation proposed by
[Borgida and Serafini, 2002] in the context of distributed de-
scription logics:

Definition 6 (Distributed Interpretation) A distributed in-
terpretation= = 〈{=i}i∈Index, r〉 of a modular ontologyM
consists of interpretations=i for the individual moduleMi

over domains∆i, such that:

• C=
i ⊆ ∆i for all concept definitionsC ∈ Ci

• R=
i ⊆ ∆i ×∆i for all relation definitionR ∈ Ri

• O=
i ∈ ∆i for all object definitionsO ∈ Oi

and a functionr associating to each pair of indicesi, j a
binary relation rij ⊆ ∆i × ∆j . rij(d) denotes the set
{d′ ∈ ∆j |(d, d′) ∈ rij}; for everyD ⊆ ∆i rij(D) denotes⋃

d∈D rij(d).

The assumption of disjoint interpretation domains again
reflects the principle of loose coupling underlying our ap-
proach. Based on the notion of a distributed interpretation we
can define a model of a modular ontology as an interpretation
that satisfies the constraints imposed by internal and exter-
nal concept definitions. In contrast to[Borgida and Serafini,
2002], we do not introduce special operators for defining the
relations between different domains, we rather interpret exter-
nal concept definitions as constraints on the relation between
the domains:

Definition 7 (Logical Consequence)A distributed interpre-
tation = is a model for a modular ontologyM if for every
moduleMi we have= |= C for every concept definitionC in
Mi where|= is defined as follows.

• = |= C v D, iff C=
i ⊆ D=

i

• = |= C ≡ D, iff C=
i = D=

i

• = |= C ≡ Mj : Q, iff C=i = rji(Q=j ).

HereQ=j denotes the interpretation of the set of answers to
queryQ. An axiomA logically follows from a set of axioms
S if = |= S implies= |= A for every model=. We denote
this fact byS |= A.

The actual definitions of concepts impose further con-
straints on the interpretation of a modular ontology. For the
case of internally defined concepts, these constraints are pro-
vided by the definition of concept building operators of de-
scription logics. For the case of externally defined concepts,
the situation is more complicated and will be discussed in
more details in the next section.

3 Compilation and Local Reasoning

Using the notion of logical consequence defined above, we
now turn our attention to the issue of reasoning in modular
ontologies. For the sake of simplicity, we only consider the
interaction between two modules in order to clarify the basic
principles. Further, we assume that only one of the two mod-
ules contains externally defined concepts in terms of queries
to the other module.

3.1 Implied Subsumption

As mentioned in the introduction, we are interested in the
possibility of performing local reasoning. For the case of
ontological reasoning, we focus on the task of deriving im-
plied subsumption relations between concepts within a single
module. For the case of internally defined concepts this can
be done using well established reasoning methods[Donini et
al., 1996]. Externally defined concepts, however, cause prob-
lems: being defined in terms of a query to the other module,
a local reasoning procedure will often fail to recognize an
implied subsumption relation between these concepts. Con-
sequently, subsumption between externally defined concepts
requires reasoning in the external module as the following
theorem shows.

Theorem 1 (Implied Subsumption) Let E1 andE2 be two
concepts in moduleMi that are externally defined in module
Mj by queriesQ1 andQ2, then= |= E1 v E2 if =j |= Q1 v
Q2.

Proof 1 [=j |= Q1 v Q2] ⇒ [Q=j

1 ⊆ Q
=j

1 ] ⇒ [rji(Q
=j

1 ) ⊆
rji(Q

=j

1 )] ⇒ [E=i
1 ⊆ E=i

1 ] ⇒ [= |= E1 v E2]

The result presented above implies the necessity to decide
subsumption between conjunctive queries in order to identify
implied subsumption relations between externally defined
concepts. In order to decide subsumption between queries,
we translate them into internally defined concepts in the mod-
ule they refer to. A corresponding sound and complete trans-
lation is described in[Horrocks and Tessaris, 2000]. Using
the resulting concept definition, to which we refer asquery
concepts, we can decide subsumption between externally de-
fined concepts by local reasoning in the external ontology.

3.2 Compilation and Integrity

We can avoid the need to perform reasoning in external mod-
ules each time we perform reasoning in a local module us-
ing the idea of knowledge compilation[Cadoli and Donini,
1997]. The idea of compilation is to perform the external
reasoning once and add the derived subsumption relations as
axioms to the local module. These new axioms can then be
used for reasoning instead of the external definitions of con-
cepts. This set of additional axioms can be computed using
Algorithm 1.

If we want to use the compiled axioms instead of external
definitions, we have to make sure that this will not invalidate
the correctness of reasoning results. We call this situation,
where the compiled results are correct as integrity. We for-
mally define integrity as follows:
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Algorithm 1 Compile

Require: the moduleM = 〈CI ∪ CE , R, O〉
Require: the external moduleMj = 〈Cj , Rj , Oj〉

for all E ≡ Mj : Q ∈ CE do
C ′

E := C ′
E ∪ {E v C|C ∈ Cj ,=j |= E v Q}

end for
return C ′

E

Definition 8 (Integrity) We consider integrity of two ontol-
ogy modulesM,Mj to be present ifM,Mj |= M c where
M c is the result of replacing the set of external concept defi-
nitions in M bycompile(M,Mj).

At the time of applying the compilation this is guaranteed
by theorem 1, however, integrity cannot be guaranteed over
the complete life-cycle of the modular ontology. The problem
is, that changes to the external ontology module can invalidate
the compiled subsumption relationships. In this case, we have
to perform an update of the compiled knowledge.

4 Change Robustness
In principle, testing integrity might be very costly as it re-
quires reasoning within the external ontology. In order to
avoid this, we propose a heuristic change detection procedure
that analyzes changes with respect to their impact on com-
piled subsumption relations. Work on determining the impact
of changes on a whole ontology is reported in[Heflin and
Hendler, 2000]. As our goal is to determine whether changes
in the external ontology invalidates compiled knowledge, we
have to analyze the actual impact of changes on individual
concept definitions. We want to classify these changes as
eitherharmlessor harmful with respect to compiled knowl-
edge.

4.1 Determining Harmless Changes
As compiled knowledge reflects subsumption relations
between query concepts, a harmless change is a set of
modifications to an ontology that does not change these
subsumption relations. Finding harmless changes is therefore
a matter of deciding whether the modifications affect the
subsumption relation between query concepts. We first look
at the effect of a set of modifications on individual concepts:

Assuming thatC represents the concept under considera-
tion before andC ′ the concept after the change there are four
ways in which the old versionC may relate to the new version
C ′:

1. the meaning of concept is not changed:C ≡ C ′ (e.g.
because the change was in another part of the ontology,
or because it was only syntactical);

2. the meaning of a concept is changed in such a way that
concept becomes more general:C v C ′

3. the meaning of a concept is changed in such a way that
concept becomes more specific:C ′ v C

4. the meaning of a concept is changed in such a way that
there is no subsumption relationship betweenC andC ′.

The same observations can be made for a relation before
and after a change, denoted asR andR′ respectively. The
next question is how these different types of changes influ-
ences the interpretation of query concepts. We take advantage
of the fact that there is a very tight relation between changes
in concepts of the external ontology and implied changes to
the query concepts using these concepts:

Lemma 1 (Monotonicity of Effect) Let c(Q) be the set of
all concept names andr(Q) the set of all relation names oc-
curring in queryQ, let furtherC ∈ c(Q) andR ∈ r(Q) then
changingC has the same impact on the interpretation ofQ
as it has on the interpretation ofC, in particular, we have
C v C ′ =⇒ Q v Q′ and C ′ v C =⇒ Q′ v Q where
Q′ is the query as being interpreted after changingC. Anal-
ogously, a change ofR has the same effect on the complete
query.

Proof 2 (Sketch) The idea of the proof is the following:
Queries contain conjuncts of the formC(x) or R(x, y). Con-
juncts of the first form are interpreted as{x|x ∈ C=}. It
directly follows that changing the interpretation of the con-
ceptC referred to in a conjunct of this type leads to the same
change on the interpretation of the conjunct and because con-
junction is interpreted as set intersection the whole query.
Conjuncts of the second type are interpreted as{x|∃ y :
(x, y) ∈ R=}. The variabley can be further constraint by
a conjunct of the first type. Again changes in the interpre-
tation of the concept that further restrictsy have the same
effect on possible interpretations ofy and therefore also on
the interpretation of conjuncts of the second type. Using the
same argument, we see that makingR more general/specific
(allowing more/less tuples in the relation) makes conjuncts
of the second form more general/specific. Using these ba-
sic conclusions, we can proof the lemma by induction over
the lengths of the path in the dependency graph of the query
where nodes represent conjuncts and arcs co-occurrence of
variables.

We can exploit this relation between the interpretation of
concepts and queries in order to identify the effect of changes
in the external ontology on the subsumption relations be-
tween different query concepts. First of all the above re-
sult directly generalizes to multiple changes with the same
effect, i.e. a queryQ becomes more general(specific) or stays
the same if none of the elements inc(Q) ∪ r(Q) become
more specific(general). Further, the subsumption relation be-
tween two query concepts does not change if the more gen-
eral(specific) query becomes even more general(specific) or
stay the same. Combining these two observations, we derive
the following characterization of harmless change.

Theorem 2 (Harmless Change)A change is harmless with
respect to compiled knowledge (i.e.Q1 v Q2 =⇒ Q′

1 v Q′
2)

if for all compiled subsumption relationsC1 v C2 whereCi

is defined by queryQi we have:

• X ′ v X for all X ∈ c(Q1) ∪ r(Q1)

• X v X ′ for all X ∈ c(Q2) ∪ r(Q2)

Proof 3 We assume thatX ′ v X for all X ∈ c(Q1)∪r(Q1).
Applying lemma 1 with respect to allX ∈ c(Q1) ∪ r(Q1) we
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deriveQ′
1 v Q1. We further assume thatX v X ′ for all

X ∈ c(Q2) ∪ r(Q2). Using lemma 1 we getQ2 v Q′
2. This

leads us toQ′
1 v Q1 v Q2 v Q′

2. Theorem 2 is established
by transitivity of the subsumption relation.

The theorem provides us with a correct but incomplete
method for deciding whether a change is harmless. This basic
method can be refined by analyzing the overlap ofc(Q1) and
c(Q2) in combination with the relations they restrict. This
more accurate method is not topic of this paper, but it relies
on the same idea as the theorem given above.

4.2 Characterizing Changes

Now we are able to determine the consequence of changes
in the concept hierarchy on the integrity of the mapping, we
still need to know what the effect of specific modifications on
the interpretation of a concepts is (i.e. whether it becomes
more general or more specific). As our goal is to determine
the integrity of mappings without having to do classification,
we describe what theoretically could happen to a concept as
result of a modification in the ontology. To to so, we have
listed all possible change operations to an ontology according
to the OWL-lite3 knowledge model in the same style as done
in [Banerjeeet al., 1987]. The list of operations is extend-
able to other knowledge models; we have chosen the OWL-
lite model because of its simplicity and its expected impor-
tant role on the Semantic Web. Apart fromatomic change
operationsto an ontology — likeadd range restriction or
delete subclass relation — the list also contains somecom-
plex change operations, which consist of multiple atomic op-
erations and/or incorporate some additional knowledge. The
complex changes are often more useful to specify effects than
the basic changes. For example, for operations likeconcept
moved up, or domain enlarged, we can specify the effect
more accurately than for the atomic operationssubclass rela-
tion changed anddomain modified4. Atomic changes can be
detected without using the knowledge in the ontology itself,
only using the knowledge of the knowledge model, i.e. the
language. These changes are detected at a structural level.
To identify complex changes, we also need to use the con-
tent of the ontology itself. We are currently working on rules
and heuristics to distill complex changes from sets of atomic
changes[Klein and Noy, 2003]. Table 1 contains some ex-
amples of operations and their effect on the classification of
concepts. The table only shows a few examples, although our
full ontology of change operations contains around 120 oper-
ations. This number is still growing as new complex changes
are defined. A snapshot of the change ontology can be found
online.5 The specification of effects is not complete, in the
sense that it describes “worst case” scenario’s, and that for
some operations the effect is “unknown” (i.e. unpredictable).
In contrast to[Franconiet al., 2000] who provides complete
semantics of changes we prefer to use heuristics in order to
avoid expensive reasoning about the impact of changes.

3Seehttp://www.w3.org/TR/owl-features/ .
4For a complete list, seehttp://wonderweb.man.ac.

uk/deliverables/D20.shtml .
5http://ontoview.org/changes/1/3/

Operation Effect
Attach a relation to conceptC C: Specialized
Complex:Change the superclass of concept
C to a concept lower in the hierarchy

C: Specialized

Complex:Restrict the range of a relationR
(effect on allC that have a restriction onR)

R: Specialized,
C: Specialized

Remove a superclass relation of a conceptC C: Generalized
Change the concept definition ofC from
primitive to defined

C: Generalized

Add a concept definitionA C: Unknown
Complex:Add a (not further specified) sub-
classA of C

C: No effect

Define a relationR as functional R: Specialized

Table 1: Some modification to an ontology and their effects
on the classification of concepts in the hierarchy.

4.3 Update Management
With the elements that we described in this section, we now
have a complete procedure to determine whether compiled
knowledge in other modules is still valid when the external
ontology is changed. The complete procedure is as follows:

1. create a list of concepts and relations that are part of the
“subsuming” query of any compiled axiom;

2. create another list of concepts and relations that are part
of the “subsumed” query of any compiled axiom;

3. achieve the modifications that are performed in the ex-
ternal ontology;

4. use the modifications to determine the effect on the in-
terpretation of the concept and relations.

5. check whether there are concepts or relations in the first,
“subsuming”, list that became more specific, or concepts
or relations in the second, “subsumed”, list that became
more general, or concepts or relations in any of the lists
with an unknown effect; if not, the integrity of the map-
ping is preserved.

Algorithm 2 Update
Require: Ontology ModuleM
Require: Ontology ModuleMj

for all compiled axiomsC1 v C2 in M c do
for all X ∈ c(Q1) ∪ r(Q1) do

if effect onC is ’generalized’ or ’unknown’then
M c := Compile(M,Mj)

end if
end for
for all X ∈ c(Q2) ∪ r(Q2) do

if effect onX is ’specialized’ or ’unknown’then
M c := Compile(M,Mj)

end if
end for

end for

We describe the procedure in a more structured way in Al-
gorithm 2. The algorithm triggers a (re-)compilation step
only if it is require in order to resume integrity. Otherwise
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no action is taken, because the previously compiled knowl-
edge is still valid. All the steps can be automated. A tool that
helps to automate step 3 and 4 is described in[Klein et al.,
2002]. This tool will compare two versions of an ontology
and derive the list of change operations that is necessary to
transform the one into the other. It will also be able to detect
some of thecomplexoperations. The tool will also annotate
the definitions in an ontology with the effect that the change
has on its place in the hierarchy.

5 Conclusions
There is a growing need for applying the principle of mod-
ularity to representations of ontological knowledge in order
to facilitate the creation, maintenance and re-use of knowl-
edge. This paper contributes to the development of a theory
of modular ontologies, focussing on the issue of reasoning in
modular ontologies that change over time. The contributions
of this paper is three-fold:

1. We propose an architecture for modular ontologies and
analyze the role of mappings in logical reasoning across
modules.

2. We describe a knowledge compilation approach that
makes local reasoning within modules possible and de-
fine the notion of integrity.

3. We develop an update strategy that preserves integrity by
identifying changes in ontology modules and deciding
whether the compiled knowledge has to be updated or
not.

We think that the approach described meets the practical
needs of creating and using ontologies without missing a for-
mal underpinning. It uses well-established representations of
ontological knowledge and a rather simple and intuitive rep-
resentation of mappings. Further, all of the supporting meth-
ods described can be automated in order to assist ontology
engineers and developers of ontology-based systems. We de-
liberately chose to make some simplifications in order to be
able to develop concise methods. First of all, these simplifica-
tions concern the restriction to a system of only two modules
and the use of a rather weak heuristic for determining the ef-
fect of changes on compiled knowledge. In future work, we
will investigate the impact of these simplifications and try to
develop a more complete theory of the interaction in com-
plex systems of modules and of the impact of changes on de-
rived knowledge. Further one can as well imagine an external
definition of relations using conjunctive queries with more
than one free variable and reducing implied subsumption to
the general problem of query containment under constraints
[Calvaneseet al., 1998].
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