
PROBABILISTIC PLANNING





PROBABILISTIC PLANNING

ABSTRACTION, TRANSFER





Generalizing Plans to New Environments in Relational MDPs

Carlos Guestrin Daphne Koller Chris Gearhart Neal Kanodia
Computer Science Department, Stanford University
{guestrin, koller, cmg33, nkanodia}@cs.stanford.edu

Abstract
A longstanding goal in planning research is the ability to gen-
eralize plans developed for some set of environments to a
new but similar environment, with minimal or no replanning.
Such generalization can both reduce planning time and al-
low us to tackle larger domains than the ones tractable for
direct planning. In this paper, we present an approach to
the generalization problem based on a new framework of re-
lational Markov Decision Processes (RMDPs). An RMDP
can model a set of similar environments by representing ob-
jects as instances of different classes. In order to generalize
plans to multiple environments, we define an approximate
value function specified in terms of classes of objects and, in
a multiagent setting, by classes of agents. This class-based
approximate value function is optimized relative to a sam-
pled subset of environments, and computed using an efficient
linear programming method. We prove that a polynomial
number of sampled environments suffices to achieve perfor-
mance close to the performance achievable when optimizing
over the entire space. Our experimental results show that our
method generalizes plans successfully to new, significantly
larger, environments, with minimal loss of performance rel-
ative to environment-specific planning. We demonstrate our
approach on a real strategic computer war game.

1 Introduction
Most planning methods optimize the plan of an agent in a
fixed environment. However, in many real-world settings, an
agent will face multiple environments over its lifetime, and
its experience with one environment should help it to perform
well in another, even with minimal or no replanning.

Consider, for example, an agent designed to play a strate-
gic computer war game, such as the Freecraft game shown
in Fig. 1 (an open source version of the popular Warcraft
game). In this game, the agent is faced with many scenar-
ios. In each scenario, it must control a set of agents (or units)
with different skills in order to defeat an opponent. Most sce-
narios share the same basic elements: resources, such as gold
and wood; units, such as peasants, who collect resources and
build structures, and footmen, who fight with enemy units;
and structures, such as barracks, which are used to train foot-
men. Each scenario is composed of these same basic build-
ing blocks, but they differ in terms of the map layout, types
of units available, amounts of resources, etc. We would like
the agent to learn from its experience with playing some sce-
narios, enabling it to tackle new scenarios without significant
amounts of replanning. In particular, we would like the agent
to generalize from simple scenarios, allowing it to deal with
other scenarios that are too complex for any effective planner.

The idea of generalization has been a longstanding goal in
Markov Decision Process (MDP) and reinforcement learning

Figure 1: Freecraft strategic domain with 9 peasants, a barrack, a
castle, a forest, a gold mine, 3 footmen, and an enemy, executing the
generalized policy computed by our algorithm.

research [15; 16], and even earlier in traditional planning [5].
This problem is a challenging one, because it is often unclear
how to translate the solution obtained for one domain to an-
other. MDP solutions assign values and/or actions to states.
Two different MDPs (e.g., two Freecraft scenarios), are typ-
ically quite different, in that they have a different set (and
even number) of states and actions. In cases such as this, the
mapping of one solution to another is not well-defined.

Our approach is based on the insight that many domains
can be described in terms of objects and the relations between
them. A particular domain will involve multiple objects from
several classes. Different tasks in the same domain will typ-
ically involve different sets of objects, related to each other
in different ways. For example, in Freecraft, different tasks
might involve different numbers of peasants, footmen, ene-
mies, etc. We therefore define a notion of a relational MDP
(RMDP), based on the probabilistic relational model (PRM)
framework [10]. An RMDP for a particular domain pro-
vides a general schema for an entire suite of environments,
or worlds, in that domain. It specifies a set of classes, and
how the dynamics and rewards of an object in a given class
depend on the state of that object and of related objects.

We use the class structure of the RMDP to define a value
function that can be generalized from one domain to another.
We begin with the assumption that the value function can
be well-approximated as a sum of value subfunctions for the
different objects in the domain. Thus, the value of a global
Freecraft state is approximated as a sum of terms correspond-
ing to the state of individual peasants, footmen, gold, etc. We
then assume that individual objects in the same class have
a very similar value function. Thus, we define the notion
of a class-based value function, where each class is associ-
ated with a class subfunction. All objects in the same class
have the value subfunction of their class, and the overall value
function for a particular environment is the sum of value sub-
functions for the individual objects in the domain.

A set of value subfunctions for the different classes imme-
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diately determines a value function for any new environment
in the domain, and can be used for acting. Thus, we can com-
pute a set of class subfunctions based on a subset of environ-
ments, and apply them to another one without replanning.

We provide an optimality criterion for evaluating a class-
based value function for a distribution over environments, and
show how it can, in principle, be optimized using a linear pro-
gram. We can also “learn” a value function by optimizing
it relative to a sample of environments encountered by the
agent. We prove that a polynomial number of sampled en-
vironments suffice to construct a class-based value function
which is close to the one obtainable for the entire distribution
over environments. Finally, we show how we can improve
the quality of our approximation by automatically discover-
ing subclasses of objects that have “similar” value functions.

We present experiments for a computer systems admin-
istration task and two Freecraft tasks. Our results show
that we can successfully generalize class-based value func-
tions. Importantly, our approach also obtains effective poli-
cies for problems significantly larger than our planning algo-
rithm could handle otherwise.

2 Relational Markov Decision Processes
A relational MDP defines the system dynamics and rewards
at the level of a template for a task domain. Given a particu-
lar environment within that domain, it defines a specific MDP
instantiated for that environment. As in the PRM framework
of [10], the domain is defined via a schema, which speci-
fies a set of object classes C = {C1, . . . , Cc}. Each class
C is also associated with a set of state variables S[C] =
{C.S1, . . . , C.Sk}, which describe the state of an object in
that class. Each state variable C.S has a domain of possible
values Dom[C.S]. We define SC to be the set of possible
states for an object in C, i.e., the possible assignments to the
state variables of C.

For example, our Freecraft domain might
have classes such as Peasant, Footman, Gold;
the class Peasant may have a state variable
Task whose domain is Dom[Peasant.Task] =
{Waiting, Mining, Harvesting, Building}, and a state
variable Health whose domain has three values. In this
case, SPeasant would have 4 · 3 = 12 values, one for each
combination of values for Task and Health.

The schema also specifies a set of links L[C] =
{L1, . . . , Ll} for each class representing links between ob-
jects in the domain. Each link C.L has a range ρ[C.L] = C ′.
For example, Peasant objects might be linked to Barrack
objects — ρ[Peasant.BuildTarget] = Barrack, and to the
global Gold and Wood resource objects. In a more com-
plex situation, a link may relate C to many instances of a
class C ′, which we denote by ρ[C.L] = {C ′}, for example,
ρ[Enemy.My Footmen] = {Footman} indicates that an instance
of the enemy class may be related to many footman instances.

A particular instance of the schema is defined via a
world ω, specifying the set of objects of each class; we use
O[ω][C] to denote the objects in class C, and O[ω] to de-
note the total set of objects in ω. The world ω also spec-
ifies the links between objects, which we take to be fixed
throughout time. Thus, for each link C.L, and for each

o ∈ O[ω][C], ω specifies a set of objects o′ ∈ ρ[C.L], de-
noted o.L. For example, in a world containing 2 peasants,
we would have O[ω][Peasant] = {Peasant1,Peasant2};
if Peasant1 is building a barracks, we would have that
Peasant1.BuildTarget = Barrack1.

The dynamics and rewards of an RMDP are also de-
fined at the schema level. For each class, the schema
specifies an action C.A, which can take on one of sev-
eral values Dom[C.A]. For example, Dom[Peasant.A] =
{Wait, Mine, Harvest, Build}. Each class C is also associ-
ated with a transition model PC , which specifies the proba-
bility distribution over the next state of an object o in class
C, given the current state of o, the action taken on o, and the
states and actions of all of the objects linked to o:

P C(S′
C | SC , C.A, SC.L1 , C.L1.A, . . . , SC.Ll , C.Ll.A). (1)

For example, the status of a barrack, Barrack.Status′,
depends on its status in the previous time step, on
the task performed by any peasant that could build it
(Barrack.BuiltBy.Task), on the amount of wood and gold, etc.

The transition model is conditioned on the state of C.Li,
which is, in general, an entire set of objects (e.g., the set of
peasants linked to a barrack). Thus we must now provide
a compact specification of the transition model that can de-
pend on the state of an unbounded number of variables. We
can deal with this issue using the idea of aggregation [10].
In Freecraft, our model uses the count aggregator �, where
the probability that Barrack.Status transitions from Unbuilt to
Built depends on �[Barrack.BuiltBy.Task = Built], the num-
ber of peasants in Barrack.BuiltBy whose Task is Build.

Finally, we also define rewards at the class level. We as-
sume for simplicity that rewards are associated only with the
states of individual objects; adding more global dependencies
is possible, but complicates planning significantly. We define
a reward function RC(SC , C.A), which represents the con-
tribution to the reward of any object in C. For example, we
may have a reward function associated with the Enemy class,
which specifies a reward of 10 if the state of an enemy object
is Dead: REnemy(Enemy.State = Dead) = 10. We assume
that the reward for each object is bounded by Rmax.

Given a world, the RMDP uniquely defines a ground fac-
tored MDP Πω , whose transition model is specified (as usual)
as a dynamic Bayesian network (DBN) [3]. The random vari-
ables in this factored MDP are the state variables of the in-
dividual objects o.S, for each o ∈ O[ω][C] and for each
S ∈ S[C]. Thus, the state s of the system at a given point in
time is a vector defining the states of the individual objects in
the world. For any subset of variables X in the model, we de-
fine s[X] to be the part of the instantiation s that corresponds
to the variables X . The ground DBN for the transition dy-
namics specifies the dependence of the variables at time t+1
on the variables at time t. The parents of a variable o.S are
the state variables of the objects o′ that are linked to o. In our
example with the two peasants, we might have the random
variables Peasant1.Task, Peasant2.Task, Barrack1.Status,
etc. The parents of the time t + 1 variable Barrack1.Status′
are the time t variables Barrack1.Status′, Peasant1.Task,
Peasant2.Task, Gold1.Amount and Wood1.Amount.

The transition model is the same for all instances in the
same class, as in (1). Thus, all of the o.Status variables for
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Figure 2: Freecraft tactical domain: (a) Schema; (b) Resulting fac-
tored MDP for a world with 2 footmen and 2 enemies.

barrack objects o share the same conditional probability dis-
tribution. Note, however, that each specific barrack depends
on the particular peasants linked to it. Thus, the actual parents
in the DBN of the status variables for two different barrack
objects can be different.

The reward function is simply the sum of the reward func-
tions for the individual objects:

R(s,a) =
∑
C∈C

∑
o∈O[ω][C]

R(s[So],a[o.A]).

Thus, for reward function for the Enemy class described
above, our overall reward function in a given state will be
10 times the number of dead enemies in that state.

It remains to specify the actions in the ground MDP. The
RMDP specifies a set of possible actions for every object in
the world. In a setting where only a single action can be taken
at any time step, the agent must choose both an object to
act on, and which action to perform on that object. Here,
the set of actions in the ground MDP is simply the union
∪o∈ωDom[o.A]. In a setting where multiple actions can be
performed in parallel (say, in a multiagent setting), it might
be possible to perform an action on every object in the domain
at every step. Here, the set of actions in the ground MDP is a
vector specifying an action for every object: ×o∈ωDom[o.A].
Intermediate cases, allowing degrees of parallelism, are also
possible. For simplicity of presentation, we focus on the mul-
tiagent case, such as Freecraft, where, an action is an assign-
ment to the action of every unit.
Example 2.1 (Freecraft tactical domain) Consider a sim-
plified version of Freecraft, whose schema is illustrated
in Fig. 2(a), where only two classes of units partici-
pate in the game: C = {Footman, Enemy}. Both
the footman and the enemy classes have only one state
variable each, Health, with domain Dom[Health] =
{Healthy, Wounded, Dead}. The footman class contains
one single-valued link: ρ[Footman.My Enemy] = Enemy.
Thus the transition model for a footman’s health will
depend on the health of its enemy: P Footman(S′

Footman |
SFootman, SFootman.My Enemy), i.e., if a footman’s enemy is
not dead, than the probability that a footman will be-
come wounded, or die, is significantly higher. A foot-
man can choose to attack any enemy. Thus each foot-
man is associated with an action Footman.A which se-
lects the enemy it is attacking.1 As a consequence, an

1A model where an action can change the link structure in the

enemy could end up being linked to a set of footmen,
ρ[Enemy.My Footmen] = {Footman}. In this case, the
transition model of the health of an enemy may depend
on the number of footmen who are not dead and whose
action choice is to attack this enemy: P Enemy(S′

Enemy |
SEnemy, �[SEnemy.My Footmen, Enemy.My Footmen.A]). Finally, we
must define the template for the reward function. Here there
is only a reward when an enemy is dead: REnemy(SEnemy).

We now have a template to describe any instance of
the tactical Freecraft domain. In a particular world,
we must define the instances of each class and the
links between these instances. For example, a world
with 2 footmen and 2 enemies will have 4 objects:
{Footman1, Footman2, Enemy1, Enemy2}. Each footman
will be linked to an enemy: Footman1.My Enemy =
Enemy1 and Footman2.My Enemy = Enemy2. Each en-
emy will be linked to both footmen: Enemy1.My Footmen =
Enemy2.My Footmen = {Footman1, Footman2}. The tem-
plate, along with the number of objects and the links in this
specific (“2vs2”) world yield a well-defined factored MDP,
Π2vs2, as shown in Fig. 2(b).

3 Approximately Solving Relational MDPs
There are many approaches to solving MDPs [15]. An ef-
fective one is based on linear programming (LP): Let S(Π)
denote the states in an MDP Π and A(Π) the actions. If
S(Π) = {s1, . . . , sN}, our LP variables are V1, . . . , VN ,
where Vi represents V(si), the value of state si. The LP for-
mulation is:

Minimize:
∑

i α(si)Vi ;
Subject to: Vi ≥ R(si,a) + γ

∑
k P (s′

k | si,a)Vk

∀si ∈ S(Π),a ∈ A(Π).

The state relevance weights α(s1), . . . , α(sN ) in the objec-
tive function are any set of positive weights, α(si) > 0.

In our setting, the state space is exponentially large, with
one state for each joint assignment to the random variables
o.S of every object (e.g., exponential in the number of units in
the Freecraft scenario). In a multiagent problem, the number
of actions is also exponential in the number of agents. Thus
this LP has both an exponential number of variables and an
exponential number of constraints. Therefore the exact solu-
tion to this linear program is infeasible.

We address this issue using the assumption that the
value function can be well-approximated as a sum of
local value subfunctions associated with the individual
objects in the model. (This approximation is a special
case of the factored linear value function approach used
in [6].) Thus we associate a value subfunction Vo with
every object in ω. Most simply, this local value function
can depend only on the state of the individual object So.
In our example, the local value subfunction VEnemy1 for
enemy object Enemy1 might associate a numeric value for
each assignment to the variable Enemy1.Health. A richer
approximation might associate a value function with pairs,
or even small subsets, of closely related objects. Thus, the

world requires a small extension of our basic representation. We
omit details due to lack of space.
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function VFootman1 for Footman1 might be defined over the
joint assignments of Footman1.Health and Enemy1.Health,
where Footman1.My Enemy = Enemy1. We will repre-
sent the complete value function for a world as the sum
of the local value subfunction for each individual object
in this world. In our example world (ω = 2vs2) with
2 footmen and 2 enemies, the global value function will
be: V2vs2(F1.Health, E1.Health, F2.Health, E2.Health) =
VFootman1(F1.Health, E1.Health) + VEnemy1(E1.Health) +
VFootman2(F2.Health, E2.Health) + VEnemy2(E2.Health).

Let T o be the scope of the value subfunction of object o,
i.e., the state variables that Vo depends on. Given the local
subfunctions, we approximate the global value function as:

Vω(s) =
∑

o∈O[ω]

Vo(s[T o]). (2)

As for any linear approximation to the value function, the
LP approach can be adapted to use this value function rep-
resentation [14]. Our LP variables are now the local compo-
nents of the individual local value functions:

{Vo(to) : o ∈ O[ω], to ∈ Dom[T o]}. (3)

In our example, there will be one LP variable for each joint
assignment of F1.Health and E1.Health to represent the com-
ponents of VFootman1. Similar LP variables will be included for
the components of VFootman2, VEnemy1, and VEnemy2.

As before, we have a constraint for each global state s and
each global action a:∑

o Vo(s[T o]) ≥
∑

o Ro(s[So],a[o.A])+
γ

∑
s′ Pω(s′ | s,a)

∑
o Vo(s′[T o]); ∀s,a.

(4)

This transformation has the effect of reducing the number of
free variables in the LP to n (the number of objects) times the
number of parameters required to describe an object’s local
value function. However, we still have a constraint for each
global state and action, an exponentially large number.

Guestrin, Koller and Parr [6] (GKP hereafter) show that,
in certain cases, this exponentially large LP can be solved
efficiently and exactly. In particular, this compact solution
applies when the MDP is factored (i.e., represented as a
DBN), and the approximate value function is decomposed
as a weighted linear combination of local basis functions, as
above. Under these assumptions, GKP present a decomposi-
tion of the LP which grows exponentially only in the induced
tree width of a graph determined by the complexity of the
process dynamics and the locality of the basis function.

This approach applies very easily here. The structure of
the DBN representing the process dynamics is highly fac-
tored, defined via local interactions between objects. Simi-
larly, the value functions are local, involving only single ob-
jects or groups of closely related objects. Often, the induced
width of the resulting graph in such problems is quite small,
allowing the techniques of GKP to be applied efficiently.

4 Generalizing Value Functions
Although this approach provides us with a principled way
of decomposing a high-dimensional value function in certain
types of domains, it does not help us address the generaliza-
tion problem: A local value function for objects in a world ω

does not help us provide a value function for objects in other
worlds, especially worlds with different sets of objects.

To obtain generalization, we build on the intuition that dif-
ferent objects in the same class behave similarly: they share
the transition model and reward function. Although they dif-
fer in their interactions with other objects, their local contri-
bution to the value function is often similar. For example,
it may be reasonable to assume that different footmen have a
similar long-term chance of killing enemies. Thus, we restrict
our class of value functions by requiring that all of the objects
in a given class share the same local value subfunction.

Formally, we define a class-based local value subfunc-
tion VC for each class. We assume that the parameteriza-
tion of this value function is well-defined for every object
o in C. This assumption holds trivially if the scope of VC

is simply SC : we simply have a parameter for each as-
signment to Dom[SC ]. When the local value function can
also depend on the states of neighboring objects, we must
define the parameterization accordingly; for example, we
might have a parameter for each possible joint state of a
linked footman-enemy pair. Specifically rather than defin-
ing separate subfunctions VFootman1 and VFootman2, we de-
fine a class-based subfunction VFootman. Now the contri-
bution of Footman1 to the global value function will be
VFootman(F1.Health, E1.Health). Similarly Footman2 will
contribute VFootman(F2.Health, E2.Health).

A class-based value function defines a specific value func-
tion for each world ω, as the sum of the class-based local
value functions for the objects in ω:

Vω(s) =
∑
C∈C

∑
o∈O[ω][C]

VC(s[T o]). (5)

This value function depends both on the set of objects in the
world and (when local value functions can involve related ob-
jects) on the links between them. Importantly, although ob-
jects in the same class contribute the same function into the
summation of (5), the argument of the function for an object
is the state of that specific object (and perhaps its neighbors).
In any given state, the contributions of different objects of the
same class can differ. Thus, every footman has the same local
value subfunction parameters, but a dead footman will have a
lower contribution than one which is alive.

5 Finding Generalized MDP Solutions
With a class-level value function, we can easily generalize
from one or more worlds to another one. To do so, we as-
sume that a single set of local class-based value functions VC

is a good approximation across a wide range of worlds ω. As-
suming we have such a set of value functions, we can act in
any new world ω without replanning, as described in Step 3
of Fig. 3. We simply define a world-specific value function as
in (5), and use it to act.

We must now optimize VC in a way that maximizes the
value over an entire set of worlds. To formalize this intuition,
we assume that there is a probability distribution P (ω) over
the worlds that the agent encounters. We want to find a sin-
gle set of class-based local value functions {VC}C∈C that is a
good fit for this distribution over worlds. We view this task as
one of optimizing for a single “meta-level” MDP Π∗, where
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nature first chooses a world ω, and the rest of the dynam-
ics are then determined by the MDP Πω . Precisely, the state
space of Π∗ is {s0}∪

⋃
ω{(ω, s) : s ∈ S(Πω)}. The transi-

tion model is the obvious one: From the initial state s0, nature
chooses a world ω according to P (ω), and an initial state in
ω according to the initial starting distribution P 0

ω(s) over the
states in ω. The remaining evolution is then done according to
ω’s dynamics. In our example, nature will choose the number
of footmen and enemies, and define the links between them,
which then yields a well-defined MDP,e.g., Π2vs2.

5.1 LP Formulation
The meta-MDP Π∗ allows us to formalize the task of finding a
generalized solution to an entire class of MDPs. Specifically,
we wish to optimize the class-level parameters for VC , not for
a single ground MDP Πω , but for the entire Π∗.

We can address this problem using a similar LP solu-
tion to the one we used for a single world in Sec. 3. The
variables are simply parameters of the local class-level value
subfunctions {VC(tC) : C ∈ C, tC ∈ Dom[T C ]}. For
the constraints, recall that our object-based LP formulation
in (4) had a constraint for each state s and each action vector
a = {ao}o∈O[ω]. In the generalized solution, the state space
is the union of the state spaces of all possible worlds. Our
constraint set for Π∗ will, therefore, be a union of constraint
sets, one for each world ω, each with its own actions:

Vω(s) ≥ ∑
o Ro(s[So], ao) + γ

∑
s′ Pω(s′ | s, a)Vω(s′);

∀ω, ∀s ∈ S(Πω), a ∈ A(Πω);
(6)

where the value function for a world, Vω(s), is defined at
the class level as in Eq. (5). In principle, we should have an
additional constraint for the state s0. However, with a natural
choice of state relevance weights α, this constraint is elimi-
nated and the objective function becomes:

Minimize:
1 + γ

2

∑
ω

∑
s∈Sω

P (ω)P 0
ω(s)Vω(s); (7)

if P 0
ω(s) > 0,∀s. In some models, the potential number

of objects may be infinite, which could make the objective
function unbounded. To prevent this problem, we assume
that the P (ω) goes to zero sufficiently fast, as the num-
ber of objects tends to infinity. To understand this assump-
tion, consider the following generative process for selecting
worlds: first, the number of objects is chosen according to
P (�); then, the classes and links of each object are cho-
sen according to P (ω� | �). Using this decomposition, we
have that P (ω) = P (�)P (ω� | �). The intuitive assump-
tion described above can be formalized as: ∀n, P (� = n) ≤
κ�e

−λ�n; for some κ� ≥ λ� > 0. Thus, the distribution P (�)
over number of objects can be chosen arbitrarily, as long as it
is bounded by some exponentially decaying function.

5.2 Sampling worlds
The main problem with this formulation is that the size of
the LP — the size of the objective and the number of con-
straints — grows with the number of worlds, which, in most
situations, grows exponentially with the number of possible
objects, or may even be infinite. A practical approach to ad-
dress this problem is to sample some reasonable number of
worlds from the distribution P (ω), and then to solve the LP

for these worlds only. The resulting class-based value func-
tion can then be used for worlds that were not sampled.

We will start by sampling a set D of m worlds according
to P (ω). We can now define our LP in terms of the worlds
in D, rather than all possible worlds. For each world ω in D,
our LP will contain a set of constraints of the form presented
in Eq. (4). Note that in all worlds these constraints share the
variables VC , which represent our class-based value function.
The complete LP is given by:

Variables: {VC(tC) : C ∈ C, tC ∈ Dom[T C ]}.
Minimize: 1+γ

2m

∑
ω∈D

∑
C∈C

∑
o∈O[ω][C]∑
to∈T o

P 0
ω(to)VC(to).

Subject to:
∑

C∈C
∑

o∈O[ω][C] VC(s[T o]) ≥∑
o∈O[ω][C] R

C(s[So], a[o.A])+

γ
∑

s′ Pω(s′ | s, a)
∑

C∈C∑
o∈O[ω][C] VC(s′[T o]);

∀ω ∈ D, ∀s ∈ S(Πω), a ∈ A(Πω);
(8)

where P 0
ω(T o) is the marginalization of P 0

ω(So) to the vari-
ables in T o. For each world, the constraints have the same
form as the ones in Sec. 3. Thus, once we have sampled
worlds, we can apply the same LP decomposition techniques
of GKP to each world to solve this LP efficiently. Our gener-
alization algorithm is summarized in Step 2 of Fig. 3.

The solution obtained by the LP with sampled worlds will,
in general, not be equal to the one obtained if all worlds are
considered simultaneously. However, we can show that the
quality of the two approximations is close, if a sufficient num-
ber of worlds are sampled. Specifically, with a polynomial
number of sampled worlds, we can guarantee that, with high
probability, the quality of the value function approximation
obtained when sampling worlds is close to the one obtained
when considering all possible worlds.

Theorem 5.1 Consider the following class-based value func-
tions (each with k parameters): V̂ obtained from the LP over
all possible worlds by minimizing Eq. (7) subject to the con-
straints in Eq. (6); Ṽ obtained from the LP with the sampled
worlds in (8); and V∗ the optimal value function of the meta-
MDP Π∗. For a number of sampled worlds m polynomial in
(1/ε, ln 1/δ, 1/(1−γ), k, λ�, 1/κ�), the error is bounded by:

‖V∗ − Ṽ‖1,PΩ ≤ ‖V∗ − V̂‖1,PΩ + εRmax;

with probability at least 1− δ, for any δ > 0 and ε > 0;
where ‖V‖1,PΩ =

∑
ω,s∈Sω

P (ω)P 0
ω(s) |Vω(s)|, and Rmax

is the maximum per-object reward.

The proof, which is omitted for lack of space (see online ver-
sion of this paper), uses some of the techniques developed by
de Farias and Van Roy [2] for analyzing constraint sampling
in general MDPs. However, there are two important differ-
ences: First, our analysis includes the error introduced when
sampling the objective, which in our case is a sum only over
a subset of the worlds rather than over all of them as in the
LP for the full meta-MDP. This issue was not previously ad-
dressed. Second, the algorithm of de Farias and Van Roy re-
lies on the assumption that constraints are sampled according
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to some “ideal” distribution (the stationary distribution of the
optimal policy). Unfortunately, sampling from this distribu-
tion is as difficult as computing a near-optimal policy. In our
analysis, after each world is sampled, our algorithm exploits
the factored structure in the model to represent the constraints
exactly, avoiding the dependency on the “ideal” distribution.

6 Learning Classes of Objects
The definition of a class-based value function assumes that
all objects in a class have the same local value function. In
many cases, even objects in the same class might play differ-
ent roles in the model, and therefore have a different impact
on the overall value. For example, if only one peasant has
the capability to build barracks, his status may have a greater
impact. Distinctions of this type are not usually known in ad-
vance, but are learned by an agent as it gains experience with
a domain and detects regularities.

We propose a procedure that takes exactly this approach:
Assume that we have been presented with a set D of worlds
ω. For each world ω, an approximate value function Vω =∑

o∈O[ω] Vo was computed as described in Sec. 3. In addi-
tion, each object is associated with a set of features Fω[o]. For
example, the features may include local information, such as
whether the object is a peasant linked to a barrack, or not, as
well as global information, such as whether this world con-
tains archers in addition to footmen. We can define our “train-
ing data” D as {〈Fω[o],Vo〉 : o ∈ O[ω], ω ∈ D}.

We now have a well-defined learning problem: given this
training data, we would like to partition the objects into
classes, such that objects of the same class have similar value
functions. There are many approaches for tackling such a
task. We choose to use decision tree regression, so as to con-
struct a tree that predicts the local value function parameters
given the features. Thus, each split in the tree corresponds to
a feature in Fω[o]; each branch down the tree defines a subset
of local value functions in D whose feature values are as de-
fined by the path; the leaf at the end of the path is the average
value function for this set. As the regression tree learning al-
gorithm tries to construct a tree which is predictive about the
local value function, it will aim to construct a tree where the
mean at each leaf is very close to the training data assigned to
that leaf. Thus, the leaves tend to correspond to objects whose
local value functions are similar. We can thus take the leaves
in the tree to define our subclasses, where each subclass is
characterized by the combination of feature values specified
by the path to the corresponding leaf. This algorithm is sum-
marized in Step 1 of Fig. 3. Note that the mean subfunction at
a leaf is not used as the value subfunction for the correspond-
ing class; rather, the parameters of the value subfunction are
optimized using the class-based LP in Step 2 of the algorithm.

7 Experimental results
We evaluated our generalization algorithm on two domains:
computer network administration and Freecraft.

7.1 Computer network administration
For this problem, we implemented our algorithm in Matlab,
using CPLEX as the LP solver. Rather than using the full LP
decomposition of GKP [6], we used the constraint genera-
tion extension proposed in [13], as the memory requirements

1. Learning Subclasses:
• Input:

– A set of training worlds D.
– A set of features Fω[o].

• Algorithm:
(a) For each ω ∈ D, compute an object-based value function,

as described in Sec. 3.
(b) Apply regression tree learning on {〈Fω[o],Vo〉 : o ∈

O[ω], ω ∈ D}.
(c) Define a subclass for each leaf, characterized by the fea-

ture vector associated with its path.

2. Computing Class-Based Value Function:
• Input:

– A set of (sub)class definitions C.
– A template for {VC : C ∈ C}.
– A set of training worlds D.

• Algorithm:
(a) Compute the parameters for {VC : C ∈ C} that optimize

the LP in (8) relative to the worlds in D.

3. Acting in a New World:
• Input:

– A set of local value functions {VC : C ∈ C}.
– A set of (sub)class definitions C.
– A world ω.

• Algorithm: Repeat
(a) Obtain the current state s.
(b) Determine the appropriate class C for each o ∈ O[ω] ac-

cording to its features.
(c) Define Vω according to (5).
(d) Use the coordination graph algorithm of GKP to com-

pute an action a that maximizes R(s, a) + γ
∑

s′ P (s′ |
s, a)Vω(s′).

(e) Take action a in the world.

Figure 3: The overall generalization algorithm.

were lower for this second approach. We experimented with
the multiagent computer network examples in [6], using vari-
ous network topologies and “pair” basis functions that involve
states of neighboring machines (see [6]). In one of these prob-
lems, if we have n computers, then the underlying MDP has
9n states and 2n actions. However, the LP decomposition
algorithm uses structure in the underlying factored model to
solve such problems very efficiently [6].

We first tested the extent to which value functions are
shared across objects. In Fig. 4(a), we plot the value each ob-
ject gave to the assignment Status = working, for instances
of the ‘three legs’ topology. These values cluster into three
classes. We used CART� to learn decision trees for our
class partition. In this case, the learning algorithm partitioned
the computers into three subclasses illustrated in Fig. 4(b):
‘server’, ‘intermediate’, and ‘leaf’. In Fig. 4(a), we see that
‘server’ (third column) has the highest value, because a bro-
ken server can cause a chain reaction affecting the whole net-
work, while ‘leaf’ value (first column) is lowest, as it cannot
affect any other computer.

We then evaluated the generalization quality of our class-
based value function by comparing its performance to that of
planning specifically for a new environment. For each topol-
ogy, we computed the class-based value function with 5 sam-
pled networks of up to 20 computers. We then sampled a
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Figure 4: Network administrator results: (a) Training data for learning classes; (b) Classes learned for ‘three legs’; (c) Generalization quality
(evaluated by 20 Monte Carlo runs of 100 steps); (d) Advantage of learning subclasses. Tactical Freecraft: (e) 3 footmen against 3 enemies.

new network and computed for it a value function that used
the same factorization, but with no class restrictions. This
value function has more parameters — different parameters
for each object, rather than for entire classes, which are opti-
mized for this particular network. This process was repeated
for 8 sets of networks. The results, shown in Fig. 4(c), in-
dicate that the value of the policy from the class-based value
function is very close to the value of replanning, suggesting
that we can generalize well to new problems. We also com-
puted a utopic upper bound on the expected value of the opti-
mal policy by removing the (negative) effect of the neighbors
on the status of the machines. Although this bound is loose,
our approximate policies still achieve a value close to it.

Next, we wanted to determine if our procedure for learn-
ing classes yields better approximations than the ones ob-
tained from the default classes. Fig. 4(d) compares the max-
norm error between our class-based value function and the
one obtained by replanning. The graph suggests that, by
learning classes using our decision trees regression tree pro-
cedure, we obtain a much better approximation of the value
function we would have, had we replanned.

7.2 Freecraft
In order to evaluate our algorithm in the Freecraft game, we
implemented the methods in C++ and used CPLEX as the LP
solver. We created two tasks that evaluate two aspects of the
game: long-term strategic decision making and local tactical
battle maneuvers. Our Freecraft interface, and scenarios for
these and other more complex tasks are publicly available at:
http://dags.stanford.edu/Freecraft/. For each task we designed
an RMDP model to represent the system, by consulting a
“domain expert”. After planning, our policies were evaluated
on the actual game. To better visualize our results, we
direct the reader to view videos of our policies at a website:
http://robotics.stanford.edu/∼guestrin/Research/Generalization/.
This website also contains details on our RMDP model. It is
important to note that, our policies were constructed relative
to a very approximate model of the game, but evaluated
against the real game.

In the tactical model, the goal is to take out an opposing
enemy force with an equivalent number of units. At each
time step, each footman decides which enemy to attack. The
enemies are controlled using Freecraft’s hand-built strategy.
We modelled footmen and enemies as each having 5 “health
points”, which can decrease as units are attacked. We used a
simple aggregator to represent the effect of multiple attack-
ers. To encourage coordination, each footman is linked to a
“buddy” in a ring structure. The local value functions include
terms over triples of linked variables. We solved this model

for a world with 3 footmen and 3 enemies, shown in Fig. 4(e).
The resulting policy (which is fairly complex) demonstrates
successful coordination between our footmen: initially all
three footmen focus on one enemy. When the enemy be-
comes injured, one footman switches its target. Finally, when
the enemy is very weak, only one footman continues to at-
tack it, while the others tackle a different enemy. Using this
policy, our footmen defeat the enemies in Freecraft.

The factors generated in our planning algorithm grow ex-
ponentially in the number of units, so planning in larger mod-
els is infeasible. Fortunately, when executing a policy, we
instantiate the current state at every time step, and action se-
lection is significantly faster [6]. Thus, even though we can-
not execute Step 2 in Fig. 3 of our algorithm for larger sce-
narios, we can generalize our class-based value function to a
world with 4 footmen and enemies, without replanning using
only Step 3 of our approach. The policy continues to demon-
strate successful coordination between footmen, and we again
beat Freecraft’s policy. However, as the number of units in-
creases, the position of enemies becomes increasingly impor-
tant. Currently, our model does not consider this feature, and
in a world with 5 footmen and enemies, our policy loses to
Freecraft in a close battle.

In the strategic model, the goal is to kill a strong enemy.
The player starts with a few peasants, who can collect gold or
wood, or attempt to build a barrack, which requires both gold
and wood. All resources are consumed after each Build ac-
tion. With a barrack and gold, the player can train a footman.
The footmen can choose to attack the enemy. When attacked,
the enemy loses “health points”, but fights back and may kill
the footmen. We solved a model with 2 peasants, 1 barrack, 2
footmen, and an enemy. Every peasant was related to a “cen-
tral” peasant and every footman had a “buddy”. The scope
of our local value function included triples between related
objects. The resulting policy is quite interesting: the peasants
gather gold and wood to build a barrack, then gold to build a
footman. Rather than attacking the enemy at once, this foot-
man waits until a second footman is built. Then, they attack
the enemy together. The stronger enemy is able to kill both
footmen, but it becomes quite weak. When the next footman
is trained, rather than waiting for a second one, it attacks the
now weak enemy, and is able to kill him. Again, planning in
large scenarios is infeasible, but action selection can be per-
formed efficiently. Thus, we can use our generalized value
function to tackle a world with 9 peasants and 3 footmen,
without replanning. The 9 peasants coordinate to gather re-
sources. Interestingly, rather than attacking with 2 footmen,
the policy now waits for 3 to be trained before attacking. The
3 footmen kill the enemy, and only one of them dies. Thus,
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we have successfully generalized from a problem with about
106 joint state-action pairs to one with over 1013 pairs.

8 Discussion and Conclusions
In this paper, we have tackled a longstanding goal in planning
research, the ability to generalize plans to new environments.
Such generalization has two complementary uses: First we
can tackle new environments with minimal or no replanning.
Second it allows us to generalize plans from smaller tractable
environments to significantly larger ones, which could not be
solved directly with our planning algorithm. Our experimen-
tal results support the fact that our class-based value function
generalizes well to new plans and that the class and subclass
structure discovered by our learning procedure improves the
quality of the approximation. Furthermore, we successfully
demonstrated our methods on a real strategic computer game,
which contains many characteristics present in real-world dy-
namic resource allocation problems.

Several other papers consider the generalization problem.
Several approaches can represent value functions in general
terms, but usually require it to be hand-constructed for the
particular task. Others [12; 8; 4] have focused on reusing so-
lutions from isomorphic regions of state space. By compari-
son, our method exploits similarities between objects evolv-
ing in parallel. It would be very interesting to combine these
two types of decomposition. The work of Boutilier et al. [1]
on symbolic value iteration computes first-order value func-
tions, which generalize over objects. However, it focuses on
computing exact value functions, which are unlikely to gen-
eralize to a different world. Furthermore, it relies on the use
of theorem proving tools, which adds to the complexity of the
approach. Methods in deterministic planning have focused on
generalizing from compactly described policies learned from
many domains to incrementally build a first-order policy [9;
11]. Closest in spirit to our approach is the recent work of
Yoon et al. [17], which extends these approaches to stochastic
domains. We perform a similar procedure to discover classes
by finding structure in the value function. However, our ap-
proach finds regularities in compactly represented value func-
tions rather than policies. Thus, we can tackle tasks such as
multiagent planning, where the action space is exponentially
large and compact policies often do not exist.

The key assumption in our method is interchangeability
between objects of the same class. Our mechanism for learn-
ing subclasses allows us to deal with cases where objects
in the domain can vary, but our generalizations will not be
successful in very heterogeneous environments, where most
objects have very different influences on the overall dynam-
ics or rewards. Additionally, the efficiency of our LP solu-
tion algorithm depends on the connectivity of the underlying
problem. In a domain with strong and constant interactions
between many objects (e.g., Robocup), or when the reward
function depends arbitrarily on the state of many objects (e.g.,
Blocksworld), the solution algorithm will probably not be ef-
ficient. In some cases, such as the Freecraft tactical domain,
we can use generalization to scale up to larger problems. In
others, we could combine our LP decomposition technique
with constraint sampling [2] to address this high connectiv-
ity issue. In general, however, extending these techniques to
highly connected problems is still an open problem. Finally,

although we have successfully applied our class-value func-
tions to new environments without replanning, there are do-
mains where such direct application would not be sufficient
to obtain a good solution. In such domains, our generalized
value functions can provide a good initial policy, which could
be refined using a variety of local search methods.

We have assumed that relations do not change over time.
In many domains (e.g., Blocksworld or Robocup), this as-
sumption is false. In recent work, Guestrin et al. [7] show
that context-specific independence can allow for dynamically
changing coordination structures in multiagent environments.
Similar ideas may allow us to tackle dynamically changing
relational structures.

In summary, we believe that the class-based value func-
tions methods presented here will significantly further the ap-
plicability of MDP models to large-scale real-world tasks.
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Abstract

To operate effectively in complex environments
learning agents require the ability to selectively ig-
nore irrelevant details and form useful abstractions.
In this article we consider the question of what con-
stitutes a useful abstraction in a stochastic sequen-
tial decision problem modeled as a semi-Markov
Decision Process (SMDPs). We introduce the no-
tion of SMDP homomorphism and argue that it pro-
vides a useful tool for a rigorous study of abstrac-
tion for SMDPs. We present an SMDP minimiza-
tion framework and an abstraction framework for
factored MDPs based on SMDP homomorphisms.
We also model different classes of abstractions that
arise in hierarchical systems. Although we use the
options framework for purposes of illustration, the
ideas are more generally applicable. We also show
that the conditions for abstraction we employ are a
generalization of earlier work by Dietterich as ap-
plied to the options framework.

1 Introduction

The ability to form abstractions is one of the features that al-
lows humans to operate effectively in complex environments.
We systematically ignore information that we do not need for
performing the immediate task at hand. While driving, for
example, we may ignore details regarding clothing and the
state of our hair. Researchers in artificial intelligence (AI), in
particular machine learning (ML), have long recognized that
applying computational approaches to operating in complex
and real-world domains requires that we incorporate the abil-
ity to handle and form useful abstractions. In this article we
consider the question of what constitutes a useful abstraction.
Since this is a difficult problem when stated in general terms,
much of the work in this field is specialized to particular
classes of problems or specific modeling paradigms. In this
work we will focus on Markov decision processes (MDPs), a
formalism widely employed in modeling and solving stochas-
tic sequential decision problems and semi-Markov decision
processes (SMDPs), an extension to MDPs recently em-
ployed in modeling hierarchical systems [Sutton et al., 1999;
Dietterich, 2000; Parr and Russell, 1997].

Our objective in this article is to introduce the concept of
an SMDP homomorphism and argue that it provides a unified
view of key issues essential for a rigorous treatment of ab-
straction for stochastic dynamic decision processes. The con-
cept of a homomorphism between dynamic systems, some-
times called a “dynamorphism” [Arbib and Manes, 1975],
has played an important role in theories of abstract automata
[Hartmanis and Stearns, 1966], theories of modeling and
simulation [Zeigler, 1972], and it is frequently used by re-
searchers studying model checking approaches to system val-
idation [Emerson and Sistla, 1996]. Although those study-
ing approximation and abstraction methods for MDPs and
SMDPs have employed formalisms that implicitly embody
the idea of a homomorphism, they have not made explicit use
of the appropriate homomorphism concept. We provide what
we claim is the appropriate concept and give examples of how
it can be widely useful as the basis of the study of abstraction
in a dynamic setting.

Informally, the kind of homomorphism we consider is a
mapping from one dynamic system to another that eliminates
state distinctions while preserving the system’s dynamics. We
present a definition of homomorphisms that is appropriate for
SMDPs. In earlier work [Ravindran and Barto, 2002] we de-
veloped an MDP abstraction framework based on our notion
of an MDP homomorphism. This framework extended the
MDP minimization framework proposed by [Dean and Gi-
van, 1997] and enabled the accommodation of redundancies
arising from symmetric equivalence of the kind illustrated in
Figure 1. While we can derive reduced models with a smaller
state set by applying minimization ideas, we do not neces-
sarily simplify the description of the problem in terms of the
number of parameters required to describe it. But MDPs of-
ten have additional structure associated with them that we
can exploit to develop compact representations. By inject-
ing structure in the definition of SMDP homomorphism we
can model abstraction schemes for structured MDPs. In this
paper we present one simple example of such an abstraction
scheme and mention other factored abstraction methods that
can be modeled by suitable structured homomorphisms.

In the second part of the paper we extend the notion of
SMDP homomorphism to hierarchical systems. In particu-
lar, we apply homomorphisms in the options framework in-
troduced by [Sutton et al., 1999] and show that this facili-
tates employing different abstractions at different levels of
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Figure 1: (a) A symmetric gridworld problem. The goal state is
G and there are four deterministic actions. This gridworld is sym-
metric about the NE-SW diagonal. For example, states A and B are
equivalent since for each action in A, there is an equivalent action in
B. Taking action E, say, in state A is equivalent to taking action N
in state B, in the sense that they go to equivalent states that are each
one step closer to the goal. (b) An equivalent reduced model of the
gridworld in (a). The states A and B in the original problem corre-
spond to the single state {A, B} in the reduced problem. A solution
to this reduced gridworld can be used to derive a solution to the full
problem.

a hierarchy. We also argue that homomorphisms allow us
to model aspects of symbolic AI techniques in represent-
ing higher level task structure. Finally, we show that the
SMDP homomorphism conditions generalize the “safe” state
abstraction conditions for hierarchical systems introduced by
[Dietterich, 2000].

After introducing some notation (Section 2), we define
SMDP homomorphisms and discuss modeling symmetries
(Section 3). Then we present a brief overview of our model
minimization framework (Section 4), discuss abstraction in
factored MDPs (Section 5) and abstraction in hierarchical
systems (Section 6). We conclude with some discussion of
directions for future research (Section 7).

2 Notation
A Markov Decision Process is a tuple 〈S,A,Ψ, P,R〉, where
S = {1, 2, · · · , n} is a set of states, A is a finite set of actions,
Ψ ⊆ S × A is the set of admissible state-action pairs, P :
Ψ × S → [0, 1] is the transition probability function with
P (s, a, s′) being the probability of transition from state s to
state s′ under action a, and R : Ψ → IR is the expected
reward function, with R(s, a) being the expected reward for
performing action a in state s. Let As = {a|(s, a) ∈ Ψ} ⊆ A
denote the set of actions admissible in state s. We assume that
for all s ∈ S, As is non-empty.

A discrete time semi-Markov decision process (SMDP) is a
generalization of an MDP in which actions can take variable
amounts of time to complete. As with an MDP, an SMDP
is a tuple 〈S,A,Ψ, P,R〉, where S, A and Ψ are the sets of
states, actions and admissible state-action pairs; P : Ψ ×
S × IN → [0, 1] is the transition probability function with
P (s, a, s′, N) being the probability of transition from state
s to state s′ under action a in N time steps, and R : Ψ ×
IN → IR is the expected discounted reward function, with
R(s, a,N) being the expected reward for performing action
a in state s and completing it in N time steps.1

A stochastic policy, π, is a mapping from Ψ to the real in-
terval [0, 1] with

∑
a∈As

π(s, a) = 1 for all s ∈ S. For any

1We are adopting the formalism of [Dietterich, 2000].

(s, a) ∈ Ψ, π(s, a) gives the probability of executing action a
in state s. The value of a state-action pair (s, a) under policy
π is the expected value of the sum of discounted future re-
wards starting from state s, taking action a, and following π
thereafter. When the SMDP has well defined terminal states,
we often do not discount future rewards. In such cases an
SMDP is equivalent to an MDP and we will ignore the tran-
sition times. The action-value function, Qπ , corresponding
to a policy π is the mapping from state-action pairs to their
values. The solution of an MDP is an optimal policy, π?, that
uniformly dominates all other possible policies for that MDP.

Let B be a partition of a set X . For any x ∈ X , [x]B
denotes the block of B to which x belongs. Any function
f from a set X to a set Y induces a partition (or equivalence
relation) on X , with [x]f = [x′]f if and only if f(x) = f(x′).

3 SMDP Homomorphisms
A homomorphism from a dynamic system M to a dynamic
system M′ is a mapping that preserves M’s dynamics, while
in general eliminating some of the details of the full system
M. One can think of M′ as a simplified model of M that
is nevertheless a valid model of M with respect to the as-
pect’s of M’s state that it preserves. The specific definition
of homomorphism that we claim is most useful for MDPs and
SMDPs is as follows:
Definition: An SMDP homomorphism h from
an SMDP M = 〈S,A,Ψ, P,R〉 to an SMDP
M′ = 〈S′, A′,Ψ′, P ′, R′〉 is a surjection from Ψ to
Ψ′, defined by a tuple of surjections 〈f, g1, g2, · · · , gn〉,
with h((s, a)) = (f(s), gs(a)), where f : S → S′ and
gs : As → A′

f(s) for s ∈ S, such that ∀s, s′ ∈ S, a ∈ As and
for all N ∈ IN:

P ′(f(s), gs(a), f(s′), N) =
∑

s′′∈[s′]f

P (s, a, s′′, N),(1)

R′(f(s), gs(a), N) = R(s, a,N). (2)

We call M′ the homomorphic image of M under h, and we
use the shorthand h(s, a) to denote h((s, a)). The surjection
f maps states of M to states of M′, and since it is gener-
ally many-to-one, it generally induces nontrivial equivalence
classes of states s of M: [s]f . Each surjection gs recodes the
actions admissible in state s of M to actions admissible in
state f(s) of M′. This state-dependent recoding of actions is
a key innovation of our definition, which we discuss in more
detail below. Condition (1) says that the transition probabili-
ties in the simpler SMDP M′ are expressible as sums of the
transition probabilities of the states of M that f maps to that
same state in M′. This is the stochastic version of the stan-
dard condition for homomorphisms of deterministic systems
that requires that the homomorphism commutes with the sys-
tem dynamics [Hartmanis and Stearns, 1966]. Condition (2)
says that state-action pairs that have the same image under
h have the same expected reward. An MDP homomorphism
is similar to an SMDP homomorphism except that the condi-
tions (1) and (2) apply only to the states and actions and not
to the transition times.

The state-dependent action mapping allows us to model
symmetric equivalence in MDPs and SMDPs. For example,
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if h = 〈f, g1, g2, · · · , gn〉 is a homomorphism from the grid-
world of Figure 1(a) to that of Figure 1(b), then f(A) = f(B)
is the state marked {A,B} in Figure 1(b). Also gA(E) =
gB(N) = E, gA(W ) = gB(S) = W , and so on. Whereas
[Zinkevich and Balch, 2001] defined symmetries of MDPs by
employing equivalence relations on the state-action pairs, we
explicitly formalize the notion of SMDP symmetries employ-
ing SMDP homomorphisms and group theoretic concepts.
Definitions: An SMDP homomorphism h =
〈f, g1, g2, · · · , gn〉 from SMDP M = 〈S,A,Ψ, P,R〉
to SMDP M′ = 〈S′, A′,Ψ′, P ′, R′〉 is an SMDP isomor-
phism from M to M′ if and only if f and gs, s ∈ S, are
bijective. M is said to be isomorphic to M′ and vice versa.
An SMDP isomorphism from an SMDP M to itself is an
automorphism of M.

The set of all automorphisms of an SMDP M, denoted
by AutM, forms a group under composition of homomor-
phisms. This group is the symmetry group of M. In the
gridworld example of Figure 1, the symmetry group consists
of the identity map on states and actions, a reflection of the
states about the NE-SW diagonal and a swapping of actions
N and E and of actions S and W. Any subgroup of the sym-
metry group of an SMDP induces an equivalence relation on
Ψ, which can also be induced by a suitably defined homo-
morphism [Ravindran and Barto, 2001]. Therefore we can
model symmetric equivalence as a special case of homomor-
phic equivalence.

4 Minimization
The notion of homomorphic equivalence immediately gives
us an SMDP minimization framework. In [Ravindran and
Barto, 2001] we extended the minimization framework of
Dean and Givan [Dean and Givan, 1997; Givan et al., 2003]
to include state-dependent action recoding and showed that
if two state-action pairs have the same image under a homo-
morphism, then they have the same optimal value. We also
showed that when M′ is a homomorphic image of an MDP
M, a policy in M′ can induce a policy in M that is closely
related. Specifically a policy that is optimal in M′ can induce
an optimal policy in M. Thus we can solve the original MDP
by solving a homomorphic image. It is easy to extend these
results to SMDP models.

Thus the goal of minimization is to derive a minimal image
of the SMDP, i.e., a homomorphic image with the least num-
ber of admissible state-action pairs. We also adapted an exist-
ing minimization algorithm to find minimal images employ-
ing state-action equivalence. Employing state-dependent ac-
tion recoding allows us to achieve greater reduction in model
size than possible with Dean and Givan’s framework. For ex-
ample, the gridworld in Figure 1(a) is minimal if we do not
consider state-dependent action mappings.

5 Abstraction in Structured MDPs
SMDP homomorphisms can also be used to model various
SMDP abstraction frameworks. The definition of homomor-
phism in Section 3 assumed a monolithic representation of
the state set. While we can derive an equivalent MDP model
with a smaller Ψ, it does not follow that the description of the

state set is necessarily simpler and hence might not lead to
a simpler problem representation. Many classes of problems
that are modeled as MDPs have some inherent structure. We
define structured forms of homomorphisms that can exploit
this structure in deriving simpler problem representations.

Factored MDPs are a popular way to model structure in
MDPs. A factored MDP is described, as before, by the tuple
〈S,A,Ψ, P,R〉. The state set S is now given by M features
or variables, S ⊆

∏M

i=1 Si, where Si is the set of permis-
sible values for feature i. Thus any s ∈ S is of the form
s = 〈s1, . . . , sM 〉, where si ∈ Si for all i. The elements
of S are still uniquely labeled 1 through n. The transition
probabilities P are often described by a two-slice temporal
Bayesian network (2-TBN) [Dean and Kanazawa, 1989]. A
2-TBN is a two layer directed acyclic graph, whose nodes are
{s1, . . . , sM} and {s′1, . . . , s

′
M}. Here si denotes the value

of feature i in the present state and s′i denotes the value of
feature i in the resulting state. An arc from node si to node
s′j indicates that the s′j depends on si. Many classes of struc-
tured problems may be modeled by a 2-TBN in which the
arcs are restricted to go from nodes in the first set to those in
the second. The state-transition probabilities can be factored
as:

P (s, a, s′) =

M∏

i=1

Prob(s′i|Pre(s′i, a)),

where Pre(s′i, a) denotes the parents of node s′i in the 2-TBN
corresponding to action a and each of the Prob(s′i|Pre(s′i, a))
is given by a conditional probability table (CPT) associated
with node s′i. The reward function may be similarly repre-
sented.

Structuring the state space representation allows us to con-
sider morphisms that are structured, i. e. surjections from one
structured set to another. An example of a structured mor-
phism is a simple projection onto a subset of features. Here
the state set of the homomorphic image is described by a sub-
set of the features, while the rest are ignored. We introduce
some notation, after [Zeigler, 1972], to make the following
definitions easier. Given a structured set X ⊆

∏M
i=1 Xi,

the i-th projection of X is a mapping ρi : X → Xi, de-
fined by ρi(〈x1, . . . , xM 〉) = xi. We extend this defini-
tion to that of a projection on a subset of features. Given
a set J ⊆ {1, . . . ,M} the J-projection of X is a mapping
ρJ : X →

∏
j∈J Xj , defined by ρJ =

∏
j∈J ρj .

Definition: A simple projection homomorphism h from a
structured MDP M = 〈S,A,Ψ, P,R〉 to a structured MDP
M′ = 〈S′, A′,Ψ′, P ′, R′〉 is a surjection from Ψ to Ψ′,
defined by a tuple of surjections 〈f, g1, g2, · · · , gn〉, with
h(s, a) = (f(s), gs(a)), where f = ρF : S → S′, where
F ⊆ {1, . . . ,M} and gs : As → A′

f(s) for s ∈ S, such that
∀s, s′ ∈ S, a ∈ As:

P ′(f(s), gs(a), f(s′)) =
∏

j∈F

Prob(s′j |Pre(s′j , a)) (3)

R′(f(s), gs(a)) = R(s, a). (4)

The first condition implies that the subset F should be cho-
sen such that the features chosen are sufficient to describe the
block transition dynamics of the system. In other words, the
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subgraph of the 2-TBN described by the projection should in-
clude all the incoming arcs incident on the chosen nodes. The
second condition requires that all the parents and the incom-
ing arcs to the reward node are also included in the subgraph.
To find such homomorphic projections, we just need to work
back from the reward node including arcs and nodes, until
we reach the desired subgraph. Such an algorithm will run in
time polynomial in the number of features. It is evident that
the space of such simple projections is much smaller than
that of general maps and in general may not contain a ho-
momorphism reducing a given MDP. Without suitable con-
straints, often derived from prior knowledge of the structure
of the problem, searching for general structured homomor-
phisms results in a combinatorial explosion. Abstraction al-
gorithms developed by Boutilier and colleagues can be mod-
eled as converging to constrained forms of structured mor-
phisms assuming various representations of the CPTs—when
the space of morphisms is defined by boolean formulae of
the features [Boutilier and Dearden, 1994], when it is defined
by decision trees on the features [Boutilier et al., 1995] and
when it is defined by first-order logic formulae [Boutilier et
al., 2001].

6 Abstraction in Hierarchical Systems
In the previous section we showed that SMDP homomor-
phisms can model various abstraction schemes in “flat”
MDPs and SMDPs. SMDP homomorphisms are a convenient
and powerful formalism for modeling abstraction schemes in
hierarchical systems as well. Before we explore various ab-
straction approaches we first introduce a hierarchical archi-
tecture that supports abstraction.

6.1 Hierarchical Markov Options
Recently several hierarchical reinforcement learning frame-
works have been proposed [Parr and Russell, 1997; Sutton et
al., 1999; Dietterich, 2000] all of which use the SMDP for-
malism. In this article the hierarchical framework we adopt is
the options framework [Sutton et al., 1999], though the ideas
developed here are more generally applicable. Options are
actions that take multiple time steps to complete. They are
usually described by: the policy to follow while the option is
executing, the set of states in which the option can begin exe-
cution, and the termination function β which gives the prob-
ability with which the option can terminate in a given state.
The resulting systems are naturally modeled as SMDPs with
the transition time distributions induced by the option poli-
cies. We present an extension to the options framework that
readily facilitates modeling abstraction at multiple levels of
the hierarchy using SMDP homomorphisms.

We consider the class of options known as Markov options,
whose policies satisfy the Markov property and that terminate
on achieving a certain sub-goal. In such instances it is possi-
ble to implicitly define the option policy as the solution to an
option MDP, or an option SMDP if the option has access to
other options. Accordingly we define a hierarchical Markov
sub-goal option:
Definition: A hierarchical Markov sub-goal option of an
SMDP M = 〈S,A,Ψ, P,R〉 is the tuple O = 〈MO, I, β〉,

where I ⊆ S is the initiation set of the option, β : S → [0, 1],
is the termination function and MO is the option SMDP.
The state set of MO is a subset of S and constitutes the do-
main of the option. The action set of MO is a subset of A
and may contain other options as well as “primitive” actions
in A. The reward function of MO is chosen to reflect the
sub-goal of the option. The transition probabilities of MO

are induced by P and the policies of lower level options. We
assume that the lower-level options are following fixed poli-
cies which are optimal in the corresponding option SMDPs.
The option policy π is obtained by solving MO, treating it as
an episodic task with the possible initial states of the episodes
given by I and the termination of each episode determined by
the option’s termination function β.

For example, in the gridworld task shown in Figure 2(a),
an option to pick up the object and exit room 1 can be defined
as the solution to the problem shown in 2(b), with a suitably
defined reward function. The domain and the initiation set of
the option are all states in the room and the option terminates
on exiting the room with or without the object.

6.2 Option Specific Abstraction

The homomorphism conditions (1) and (2) are very strict and
frequently we end up with trivial homomorphic images when
deriving abstractions based on a non-hierarchical SMDP. But
it is often possible to derive non-trivial reductions if we re-
strict attention to certain sub-problems, i.e., certain sub-goal
options. In such cases we can apply the ideas discussed in
Sections 4 and 5 to an option SMDP directly to derive abstrac-
tions that are specific to that option. The problem of learning
the option policy is transformed to the usually simpler prob-
lem of learning an optimal policy for the homomorphic im-
age.

6.3 Relativized Options

Consider the problem of navigating in the gridworld environ-
ment shown in Figure 2(a). The goal is to reach the central
corridor after collecting all the objects in the environment.
No non-trivial homomorphic image exists of the entire prob-
lem. But there are many similar components in the problem,
namely, the five sub-tasks of getting the object and exiting
roomi. We can model these similar components by a “par-
tial” homomorphic image—where the homomorphism con-
ditions are applicable only to states in the rooms. One such
partial image is shown in Figure 2(b). Employing such an ab-
straction lets us compactly represent a related family of op-
tions, in this case the tasks of collecting objects and exiting
each of the five rooms, using a single option MDP. We refer
to this compact option as a relativized option. Such abstrac-
tions are an extension of the notion of relativized operators
introduced by [Iba, 1989]. Formally we define a relativized
option as follows:
Definition: A relativized option of an SMDP M =
〈S,A,Ψ, P,R〉 is the tuple O = 〈h,MO, I, β〉, where I ⊆
S is the initiation set, β : S′ → [0, 1] is the termination func-
tion and h = 〈f, g1, g2, · · · , gn〉 is a partial homomorphism
from the SMDP 〈S,A,Ψ, P,RO〉 to the option SMDP MO

with RO chosen based on the sub-task.
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Figure 2: (a) A simple rooms domain with similar rooms and usual
stochastic gridworld dynamics. The task is to collect all 5 objects
(black diamonds) in the environment and reach the central corridor.
The shaded squares are obstacles. (b) The option MDP correspond-
ing to a get-object-and-leave-room option.

Here the state set of MO is S′ = f(SO), where SO is the
domain of the option, and the admissible state-action set is
h(Ψ). Going back to our example in Figure 2(a), we can now
define a single get-object-and-leave-room relativized option
using the option MDP of Figure 2(b). The policy learned in
this option MDP can then be suitably lifted to M to provide
different policy fragments in the different rooms. Figure 3
demonstrates the speed-up in performance when using a sin-
gle relativized option as opposed to five regular options. In
this experiment the option policies and the higher level pol-
icy were learned simultaneously.2

6.4 Modeling Higher Level Structure

SMDP homomorphisms have the power to model a broader
class of abstractions, those not supported by the base level
dynamics of the system but which can be induced at some
intermediate levels of the hierarchy. For example, consider
a multi-link assembly line robot arm that needs to move ob-
jects from one assembly line to another. The state of the sys-
tem is described by the joint angles and velocities, object-
shape, object-orientation, and Boolean variables indicating
whether the object is firmly-grasped and whether the object
is at-target-location. The primitive actions are various joint
torques. Depending on the configuration of the arm and the
shape and orientation of the object, this task requires different
sequences of actions, or policies, even though conceptually
the higher level task has the same “structure”—grasp object,
move object, and place object.

We can model this higher level task structure using a rel-
ativized option. First, we define suitable grasp-object op-
tions, such as grasp-cylinder, grasp-block etc. , and simi-
lar options for moving and placing objects. Then we form
a partial homomorphic image of the resulting SMDP—the
state set of the image is described by the two Boolean fea-
tures and the action set consists of grasp, move and place
actions. The partial homomorphism, which applies only to
the admissible state-option pairs of the SMDP, consists of
f = ρJ , where J = { firmly-grasped, at-target-location
} and g〈·,object−shape〉(grasp-object-shape) = grasp for all

2In [Ravindran and Barto, 2002] we have reported more detailed
experiments in this setting.
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Figure 3: Comparison of performance of learning agents employ-
ing regular and relativized options on the task shown in Figure 2.

object-shape and similarly for the move-object and place-
object options. A relativized option with this partial image
and partial homomorphism as the option MDP and option
homomorphism, respectively, captures the desired conceptual
structure. Executing the optimal policy for this option results
in action sequences of the form: grasp, move, place, . . .. De-
pending on the object-shape these abstract actions get bound
to different lower level options. While techniques in sym-
bolic AI have long been able to model such higher level task
structure, the reinforcement learning community lacked an
obvious mechanism to do the same. Our work gives us new
tools to model conceptual task structure at various temporal
and spatial scales.

6.5 Relation to MaxQ Safe State-abstraction

[Dietterich, 2000] introduced safe state-abstraction condi-
tions for the MaxQ architecture, a hierarchical learning
framework related to the options framework. These condi-
tions ensure that the resulting abstractions do not result in any
loss of performance. He assumes that the sub-problems at dif-
ferent levels of the hierarchy are specified by factored MDPs.
The MaxQ architecture employs a form of value function de-
composition and some of the safe abstraction conditions ap-
ply only to this form of decomposition. The following condi-
tion is more universal and applies to the hierarchical Markov
options framework as well:
Definition: A Projection ρJ is safe if: (i) for all (s, a) in Ψ
and s′ in S, P (s, a, s′, N) = Prob(ρJ(s′), N |ρJ (s), a) ×
Prob(ρM−J(s′)|s, a), and (ii) for all (s, a), (t, a) in Ψ, if
ρJ (s) = ρJ (t), then R(s, a,N) = R(t, a,N).

Condition (i) states that the transition probability can be
expressed as a product of two probabilities, one of which de-
scribes the evolution of a subset of the features and depends
only on that subset. Condition (ii) states that if two states
project to the same abstract state, then they have the same
immediate reward. From equations 1-4, it is evident that the
above conditions are equivalent to the SMDP homomorphism
conditions if we restrict our attention to simple projection ho-
momorphisms and do not consider action remapping. Thus
the SMDP homomorphism conditions introduced here gener-
alize Dietterich’s safe state-abstraction condition as applica-
ble to the hierarchical Markov option framework.
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7 Discussion
The equivalence classes induced by SMDP homomorphisms
satisfy the stochastic version of the substitution property
[Hartmanis and Stearns, 1966]. This property is also closely
related to lumpability in Markov chains [Kemeny and Snell,
1960] and bisimulation homogeneity [Givan et al., 2003] in
MDPs. We chose the SMDP homomorphism as our basic
formalism because we believe that it is a simpler notion and
provides a more intuitive explanation of various abstraction
schemes.

The homomorphism conditions (1) and (2) are very strict
conditions that are often not met exactly in practice. One ap-
proach is to relax the homomorphism conditions somewhat
and allow small variations in the block transition probabil-
ities and rewards. We have explored this issue [Ravindran
and Barto, 2002], basing our approximate homomorphisms
on the concept of Bounded-parameter MDPs developed by
[Givan et al., 2000]. We are currently working on extending
approximate homomorphisms to hierarchical systems so as to
accommodate variations in transition-time distributions.

Although SMDP homomorphisms are powerful tools in
modeling abstraction, finding a minimal image of a given
SMDP is an NP-hard problem. While taking advantage of
structure allows us to develop efficient algorithms in special
cases, much work needs to be done to develop efficient gen-
eral purpose algorithms. Currently we are investigating meth-
ods that allow us to determine homomorphisms given a set of
candidate transformations in a hierarchical setting.

In this article we presented a novel definition of SMDP
homomorphism that employs state-dependent recoding of ac-
tions. This allows us to extend existing minimization and ab-
straction methods to a richer class of problems. We developed
notions of equivalence specialized to factored representations
and hierarchical architectures. We have shown that SMDP
homomorphism can serve as the basis for modeling a variety
of abstraction paradigms.
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Abstract

We investigate the problem of non-covariant behav-
ior of policy gradient reinforcement learning algo-
rithms. The policy gradient approach is amenable
to analysis by information geometric methods. This
leads us to propose a natural metric on controller
parameterization that results from considering the
manifold of probability distributions over paths in-
duced by a stochastic controller. Investigation
of this approach leads to a covariant gradient as-
cent rule. Interesting properties of this rule are
discussed, including its relation with actor-critic
style reinforcement learning algorithms. The al-
gorithms discussed here are computationally quite
efficient and on some interesting problems lead
to dramatic performance improvement over non-
covariant rules.

1 Introduction
Much recent work in reinforcement learning and stochastic
optimal control has focused on algorithms that search directly
through a space of policies rather than building approximate
value functions. Policy search has numerous advantages: do-
main knowledge may be easily encoded in a policy, the policy
may require less representational power than a value-function
approximation, there are simple extensions to the multi-agent
domain, and convergent algorithms are known. Furthermore,
policy search approaches have recently scored some encour-
aging successes [Bagnell and Schneider, 2001] [Baxter et al.,
1999] including helicopter control and game-playing.

One interesting aspect of existing gradient search algo-
rithms, however, is that they are non-covariant; that is, a
simple re-parameterization of the policy typically leads to a
different gradient direction. (Not that found by applying the
Jacobian of the re-parameterization to the gradient). This
is a odd result; it is intuitively difficult to justify the gradi-
ent computation as actually indicating the direction of steep-
est descent. This problem is well recognized in the pattern-
recognition and statistics communities and is a very active
area of research. [Kakade, 2002] was, to the best of our
knowledge the first to identify this problem in reinforcement
learning and to suggest that techniques from information ge-
ometry may prove valuable in its solution.

Inspired by the work of [Amari and Nagaoka, 2000],
Kakade proposed a “natural gradient” algorithm. In particu-
lar, [Kakade, 2002] proposed a scheme for generating a met-
ric on parameter space that has interesting theoretical prop-
erties. Most convincingly, Kakade showed strong empiri-
cal evidence for the algorithm’s usefulness. In particular,
[Kakade, 2002] applies the algorithm to the Tetris problem
of [Bertsekas and Tsitsiklis, 1996]. This problem is partic-
ularly interesting as value function methods (as for example
described in [Bertsekas and Tsitsiklis, 1996] ) demonstrate
non-monotone performance; first policy iteration improves
the policy dramatically, but after a small number of iterations
the policy gets much worse. Normal gradient methods, in-
cluding second-order and conjugate methods also prove very
ineffective on this problem; even after a tremendous number
of rounds they only mildly increase the performance of the
game-player. The method presented in [Kakade, 2002] shows
rapid performance improvement and achieves a significantly
better policy than value-function methods (at their peak) in
comparable time.

However, despite recognizing an interesting defect in the
general approach and intuiting an apparently powerful algo-
rithm, Kakade concludes that his method also fails to be co-
variant leaving the problem open. We present here what we
believe to be an appropriate solution.

In Kakade’s work, there is no proper probability manifold,
but rather a collection of such (one for each state) based on
the policy. As such, Kakade must rely on an ad-hoc method
for generating a metric. Here instead we take a proper mani-
fold, the distribution over paths induced by the controller, and
compute a metric based on that. In the special case appropri-
ate to the average reward RL formulation, Kakade’s scheme
is shown to give rise to a bona-fide natural metric, despite the
observation in the paper that the learning was non-covariant.
We believe this is an artifact– perhaps of step-length. Fur-
ther, we note that parametric invariance does not require
this metric– there are numerous covariant metrics. Rather,
a stronger probabilistically natural invariance demands the
metric used. We describe this result to motivate our method.

Importantly, the notion of the metric on the path-
distribution allows us to provide very simple and natural ex-
tensions to Kakade’s algorithm that cover the finite horizon,
discounted start-state, and partially-observed reinforcement
learning problems as well as the average reward one. Fi-
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nally, for completeness, we describe the result discovered by
Kakade relating the invariant metric and compatible actor-
critic methods [Sutton et al., 1999].

1.1 Problem Setup and Notation
A stochastic control problem consists of paths � (also called
system trajectories) in a space �, a distribution over path-
space, p(�), that is a function of a sequence of (finite) controls
(at)t2f0;:::;Tg, indexed by time, from a space A. Throughout
this paper we will be considering Partially Observed Markov
Decision Problems, in which there are state-variables (xt) of
the system that compose a path � and render the past and fu-
ture independent. In a POMDP, p(�) is defined by an initial
state and next state transition probabilities p(xtjxt�1; at�1).
We also typically have a sequence of outputs (observations)
(yt)t2f0:::Tg measurable with respect to xt. A controller (or
policy), �, usually parameterized by �, is a feedback-type
strategy that maps the history of observations (yt)t2f0::�g to
a distribution over controls a� . Most of the derivations will
be given in terms of memoryless stochastic controllers that
map the current state to a distribution over actions, although
they can be easily extended to finite window or recurrent rep-
resentations that operate on only the observations. The goal
in a control problem is to maximize the expected reinforce-
ment J(�) =

P
� p�(�)r(�) with respect to �. The sum is

always assumed to exist for all controllers. The reward func-
tion on paths in a POMDP is additive in time (or in the infi-
nite time case, discounted or averaged), and a function R(x)
of state, although the algorithms discussed here are not neces-
sarily predicated on that assumption. Reinforcement learning
is the adaptive version of the control problem where we at-
tept to maximize the expected reinforcment by sampling tra-
jectories and then improving our policy. We use the notation
@i throughout to denote @

@��
where the parameter � should be

clear from context. For vectors x and y, we use the notation
(xjjy)M to denote the inner product with respect to metric
M . The notation hf(x)ip(x) indicates the expected value of
the function f with respect to the distribution p.

2 Covariance and Riemannian manifolds
2.1 Meaning of steepest ascent
For direct policy search methods, we are interested in finding
the direction of steepest ascent with respect to our current pa-
rameters. That is, we wish to maximize the reward function
J(� +��) subject to (��jj��) = �, an infinitesimal. If we
reparameterize our controller in terms of, e.g. �, and express
the same effective infinitesimal policy change in terms of
these parameters, �J will of course remain the same. How-
ever, if we measure lengths using the naive dot product, the
same effective change will not have the same size. It is this
problem that leads to the odd behavior of “steepest descent”
rules.

2.2 Non-covariant learning rule
To demonstrate the problem we first consider a simple two
state, two action MDP described in [Kakade02]. (Figure 1)
In state 0 executing action 0 returns to the same state and gets
a reward of 1. Executing action 1 get no reward but transits to

x = 0 x = 1

a=1;r=0

a=1;r=0

a=0;r=+1 a=0;r=+2

Figure 1: A two-state MDP. Each state has two controls one which
self transitions (and earns the reward that labels the state) and an-
other that simply transitions to the other state. Rewards occur only
on the transitions between different states.

10 20 30 40

5

10

15

2

.5

1

Figure 2: Log odds of actions for policies logp(a = 0jx)=p(a =
1jx) on the two-state MDP (horizontal axis corresponds to state 0).
Different curves correspond to varying �. Notice the non-covariant
policy behavior.

state 1. In state 1, action 0 returns to state 1 and gets reward
2. Action 1 transits to state 0 and achieves no reward.

Consider parameterized probabilistic policies of the form
�(a = 0jx; �) = 1

1+e��0Æx=0+�1Æx=1
. � is an arbitrary scale

parameter that we use to demonstrate that even mildly differ-
ent parameterization lead to dramatically different behavior.
Below we plot the resulting track through the space of poli-
cies using the log ratio of probabilities of the actions for each
of the possible states. We start from a policy that makes it
somewhat more likely to choose action 0 in state 0 and action
1 in state 1. We then scale � to 1, .5, and 2 and plot the log
odds of the policy from state 1 (Figure 2).

The non-covariant behavior is quite clear in this graph.
Further, we note that it is very difficult to achieve a good
policy using this algorithm from this starting point as the
wrong action becomes overwhelmingly likely to be chosen
from state 0. If sampling were used to compute the gradient,
we would nearly never get samples from state 1– which we
need to improve the policy.

2.3 Path distribution manifolds
The control problem is essentially a coupled one of optimiza-
tion and integration over the space of possible paths, �. This
motivates the idea that instead of considering the (arbitrary)
distance in terms of parameterization of the policy, we may
consider distance in terms of the change in distribution over
paths resulting from the policy change. We may view the
distribution over paths p(�; �) as a parameterized manifold
(nominally embedded in Rj�j ) of dimension j�j: This takes
some work to visualize; as an example consider a space of
three possible paths. All possible distributions over these
three paths can be smoothly represented with two parameters.
In Figure 3 (left) we see one visualization with the embedding
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Figure 3: An example probability manifold over paths. Each
axis represents the log probability of one of the three possible
paths. The manifold is formed as we vary the parameters
defining it throughout their domain. On the right we attach
the tangent space at a particular point in parameter space.

log p(�; �)) :
With n parameters, assuming no redundancy, we generate

an n dimensional manifold. In the case pictured, it is the set
of all distributions on 3 paths, but in general, the dimension-
ality of the path probability manifold will be tremendously
less than the number of possible paths. It is important to un-
derstand the manifold under consideration is that of the prob-
ability distribution over paths and not of paths themselves.

The study of parameterized manifolds like that pictured
above is the domain of differential geometry. Here we are
interested in establishing a Riemannian structure on the man-
ifold of paths. By that we mean we wish to establish a metric
on the tangent space (the local linear approximation to the
manifold at a point �), so we can measure small parameter
changes. We do this with the metric (X jjY )

p�(�)
on the tan-

gent space (which is spanned by the partials with respect to
each parameter) as

P
i;j
Gij(�)XiYj , where G is a positive

definite matrix. This is a very natural thing to do– instead
of just the standard dot product, we have a dot product that
allows us to represent rotations and scalings (exactly what
a positive definite matrix can represent) and that can vary
throughout the manifold. In Figure 3 (right) we depict the
tangent space at a point in our parameterization as the local
linear approximation at that point.

2.4 Steepest ascent on Riemannian manifold

There are two questions that then naturally arise– what is
steepest descent on a function defined over a Riemannian
space, and is there a Riemannian metric on the manifold of
the paths that is in some sense natural. We quickly answer
the first question, and pursue the second in the next two sec-
tions. A Lagrange multiplier argument (given schematically
here) makes it easy to see the form of the steepest descent
direction.

min L(� + Æ�) = L(�) +rL(�) � Æ� (1)

subject to (�jj�) = � (2)

Form the Lagrangian:

L(�; �) = L(�) +rL(�) � Æ� +

�(GijÆ�iÆ�j � �)

(3)

and take derivatives with respect to each Æ�, then set to zero
to solve for the optimal direction:

rÆ�L(Æ�; �) = rL(�) + �GijÆ�j = 0

This implies that (since G is positive definite and hence
invertible), giving us:

Æ� / G�1rL(�) (4)

That is, the direction of steepest descent is simply the nor-
mal gradient times the inverse of the metric evaluated at the
point of tangency. We call this the “natural gradient” for the
Reimannian manifold. [Amari and Nagaoka, 2000]

3 Invariance and Chentsov’s Theorem
Some confusion seems to surround the choice of metric on
probability manifolds. There is no unique answer for this
metric, even under the supposition of parametric invariance
as suggested by some authors. The issue is rather more sub-
tle. Any metric that transforms under parameter change ac-
cording to the Jacobian of the function connecting parameters
meets this requirement. This type of parametric covariance is
a minimum requirement for us. It is natural to suggest a met-
ric that preserves essential probabilistic aspects of the mani-
fold. Consider, for example, functions q (Markov mappings,
congruent embeddings, or sufficient statistics, depending on
your viewpoint) that carry one distribution over paths to an-
other in a natural and recoverable way. For example, con-
sider the mapping between the two distributionsP (paths) and
P (paths0)given by congruent embedding q depicted below:

Paths

q

�0 �1 �2

�00 �01 �02 �03

1
2

1
2

Paths’

The mapping q above interchanges the role of two paths
and splits one path into two (with probability 1/2 for each
split). In a probabilistically fundamental way, the mani-
folds P (path) and P (path0) (where we imagine P(path) is
a smoothly parameterized set of distributions) are similar
to each other. For each path0 we can uniquely recover the
original probability. In this way, a parameterized distribu-
tion over paths can be embedded into a different path space.
(This equivalence can actually be phrased in a category the-
oretic way where the morphisms are these congruent embed-
dings.) [Chentsov, 1980] General congruent embeddings can
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be thought of as simply generalizations of the example de-
picted above to allow arbitrary permutations and arbitrary
probabilities for different paths stemming from a single path,
as well as compositions of these two. In the control problem
this could arise by simple permutation of the state variables
or change of co-ordinates to ones with redundant information.
It is natural to require that with our metric the congruent em-
bedding is an isometry on the tangent space. (i.e. preserves
the length of the vectors). That is, if we make a change of
size � (under the metric G�) to the distribution P�(paths)then
carrying that change through q we should measure the same
change � usingGq(P

�
). Adding the requirement of invariance

with respect to congruent embeddings leads to a unique (up to
scale) metric on the manifold. [Chentsov, 1980] This metric
is well-known in statistical inference as the Fisher-Rao metric
and it can be written as the Fisher information matrix [DeG-
root, 1970]:

G = h@ilogp(�; �)@j logp(�; �)i
p(�;�)

Another way to derive the metric is to think about “dis-
tances” on probability spaces. The KL-divergence (or rel-
ative entropy) between two distributions is a natural diver-
gence on changes in a distribution. It is also manifestly in-
variant to re-parameterization. If we think about derivatives
as small changes in parameters (differentials) then we dis-
cover that we also get a unique metric as the second-order
Taylor expansion of the KL-divergence. This too agrees with
the Fisher information (up to scale). We note that the di-
rection of the KL-divergence is irrelevant as to second-order
KL(p; q) = KL(q; p) [Amari and Nagaoka, 2000].

4 Fisher-Rao Metric on the Path-space
Manifold

The issue now becomes how to derive the Fisher metric on
the space of path distributions. It turns out in the case of
processes with underlying Markovian state to be rather easy,
and involves only computations we already make in the likeli-
hood ratio approach standard in gradient-based reinforcement
learning.

4.1 Derivation of finite-time path metric
The Fisher information metric involves computing
h@ilogp(�; �)@j logp(�; �)i

p(�;�)
. Fortunately, this is easy to

do. The essential algorithm within gradient methods like
REINFORCE and GPOMDP is a clever method of computing
h@ilogp(�; �)i

p(�;�), the expected score function. Thus, while
the expected score is the gradient, the correlation of the
score is the Fisher matrix. The following simple algorithm
is unbiased and converges almost surely (under the same
regularity conditions as in [Baxter et al., 1999] as the number
of sample paths m goes to infinity:

Algorithm 1 (Finite-horizon metric computation) For i in
1 to m:

� Sample a path using the policy �(�): �i =
(x1; a1; x2; a2; : : : ; xn)

� For t in 1 to n:

– Compute zj = t�1
t
z + 1

t
@j log�(ajx; �)

� G = i�1
i
G+ 1

i
zT z

Return G

We use the Markov property and the invariance of the tran-
sition probabilities (given the actions) in the algorithm above
to compute @ilogp(�; �) simply. These details can be ex-
tracted from the proofs below, as well as other, potentially
better ways to sample.

To compute the natural gradient, we simply invert this ma-
trix and multiply it with the gradient computed using standard
policy search methods.

4.2 Limiting metric for infinite horizon problems
A well-known result in statistics [DeGroot, 1970] gives a dif-
ferent form for the Fisher metric under appropriate regularity
conditions. We quickly derive that result, and then show how
this gives us a simple form for the path probability metric as
t!1.

G� = h@ilogp(�; �)@j logp(�; �)i
p(�;�)

=
X

�

@ip(�; �)@j(logp(�; �))

=
X

�

@i(p(�; �)@j logp(�; �))�

X

�

p(�; �)@i@j logp(�; �)

= �h@i@j logp(�; �)i
p(�;�)

+ @i
X

�

@jp(�; �)

= �h@i@j logp(�; �)i
p(�;�)

(5)

The third line follows from the second by integrating by
parts and the fifth follows by observing that the total proba-
bility is constant.

Now we show that in the limit this leads to a simple metric
for the infinite horizon case. To get a convergent metric, we
must normalize the metric, in particular by the total length
of the path denoted t. Since the metric is defined only up to
scale, this is perfectly justified.

Theorem 1 (Infinite-Horizon Metric) For an ergodic
Markov process the Fisher information matrix limits to the
expected Fisher information of the policy for each state and
control under stationary distribution of states and actions.
Proof: We use Gt

� to indicate the t-step finite-horizon metric.

lim
t!1

1

t
Gt
� = lim

t!1
�
1

t
h@i@j logp(�; �)ip(�;�)

= lim
t!1

�
1

t

X

�

p(�; �)@i
@jp(�; �)

p(�; �)
(6)

For a Markov process we can write the likelihood ratio
@ip(�;�)

p(�;�)
as

@ip(�; �)

p(�; �)
=
X

t

@ip(xt+1jxt; �)

p(xt+1jxt; �)
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Using the chain rule we continue the derivation with d�(x)
indicating the stationary distribution:

lim
t!1

1

t
G� = lim

t!1
�
1

t
h
X

t

@i@jp(xt+1jxt; �)

p(xt+1jxt; �)
�

@ip(xt+1jxt; �)@jp(xt+1jxt; �)

p(xt+1jxt; �)p(xt+1jxt; �)
i
p(�;�)

= �
X

x;a

d�(x)�(ajx; �)(
@i@j�(atjxt; �)

�(atjxt; �)
) +

@i�(atjxt; �)@j�(atjxt; �)

�(atjxt; �)�(atjxt; �)
)

=
X

x;a

d�(x)�(ajx; �)
@i�(atjxt; �)@j�(atjxt; �)

�(atjxt; �)2

�
X

x

d�(x)
X

a

@i@j�(atjxt; �)

= hGx;�id�(x)
where the second equality follows by noting that the like-

lihood ratio is independent of transition probability matrix
given the action probability, and by application of the ergodic
theorem. The last line follows (with Gx;� the Fisher informa-
tion for the policy at a given state) as the second term in line
3 vanishes since the total probability is constant with respect
to �.

It is also interesting to consider what happens in the start-
state, discounted formulation of the problem. In this case we
would like our metric, using the general definition over path
distributions given above, to naturally weigh the start start
more than it necessarily is in the infinite horizon average case.
It is well-known that a discount factor 
 is equivalent to an
undiscounted problem where each trajectory terminates with
probability 1� 
 at each step. We can use this fact to derive
a metric more appropriate for the discounted formalism.

Theorem 2 (Start-State Metric) For a discounted Markov
process the Fisher information matrix equals the Fisher in-
formation of the policy for each state and control under the
limiting distribution of states and actions. Proof: The
proof is very similiar to the infinite horizon case and so we
simply sketch it:

G� = �h@ilogp(�; �)@j logp(�; �)i
p(�;�)

= �
X

�

p(�; �)@i
@jp(�; �)

p(�; �)

= �
X

�

p(�; �)@i
X

t

@j�(atjxt)

�(atjxt)

=
X

�

p(�; �)
X

t

@i�(atjxt)@j�(atjxt)

�(atjxt)2
�

X

�

p(�; �)
X

t

@i@j�(atjxt)

�(atjxt)

= h
@i@j�(ajx)

�(ajx)
i
d�(x)�(atjxt)

where d�(x) =
P

t

tPr�(xt = x) is the limiting distri-

bution of states. Thus the infinite horizon (undiscounted) and
start-state metrics give essentially the same metric, with only
the effective weighting by states differing.

4.3 Metrics for Partially Observed Problems
For policies that map the observation space of a partially-
observed markov decision process into distributions over ac-
tions, it is just as easy to derive appropriate metric using our
approach. The tuple (xt; at; yt) is also a markov chain, and
with only subtle changes to the arguments above we end up
with the same metric except using the limiting distribution of
observations instead of states.

5 Relation to Compatible Value Function
Actor Critic

Kakade noticed a fascinating connection between the limit-
ing metric given in Theorem 1 and the improvement direction
computed by a class of actor-critic methods that use a special
compatible function approximation technique.[Sutton et al.,
1999; Konda and Tsitsiklis, 2002] Following Kakade we let
 (s; a) = @ilogp(ajx; �) and let the compatible function ap-
proximator be linear in  :

f(x; a;!) =
X

i
!i i

This type of value function approximator was initially sug-
gested as it may be used to compute the true gradient. In prac-
tice, it has not been clear what advantage this brings over the
gradient estimation routines of [Baxter et al., 1999]. How-
ever, “folk-wisdom” has it that performing an that infinitesi-
mal policy iteration (moving in the direction of the best policy
according to f�(x; a;!)) using this approximation has very
good properties and often significantly outperforms standard
gradient methods. The natural gradient provides insight into
this behavior. Let ! minimize the squared value-function er-
ror:

�(!; �) =
X

x;a
d�(x)�(ajx)(f(x; a; �) �Q(x; a; �))

2

where Q(x; a; �) is the exact advantage function. [Sutton et
al., 1999] It is easy to check that ([Kakade, 2002], Theo-
rem 1) ! / G�

�1@iJ(�). That is, the direction of maximum
policy improvement is exactly the natural gradient direction.
This can be seen by simply differentiating �(!;�) to minimize
it with respect to ! and noting the result of [Sutton et al.,
1999] that

@iJ(�) =
X

x;a
d�(x)Q(x; a; �)@ip(ajx; �)

6 Demonstration
As a consequence of the results of section 5 and [Kakade,
2002], experimental results already exist demonstrating the
effectiveness of the natural gradient method. That is, all re-
sults using policy improvement with compatible function ap-
proximators are implicitly computing this result. As a demon-
stration, we computed analytically the natural gradient for the
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Figure 4: Performance comparison of covariant (nat and scaled)
and non-covariant (grad) on the 2-state MDP. The covariant learning
algorithm dramatically outperforms the standard gradient algorithm.
The standard method achieves J=2 after more than 1000 iterations.
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Figure 5: Path through policy space (showing log-odds of the ac-
tions with state 0 along the horizontal axis) of covariant (nat and
scaled) and non-covariant (grad) algorithms on the 2-state MDP.
Note that, as required, the path is independent of scaling for the
covariant algorithm.

problem given in Section 2.2. This problem is interesting as it
reveals some of the properties of the natural gradient method.
First it is easily checked that for a complete Boltzmann policy
in an MDP the natural gradient computes:

G�1(�)@iJ(�) =
X

x;a
Q(x; a; �)@ip(ajx; �)

This means that it is very similiar to the standard gradient
except that it removes the weighting of states by the stationary
distribution. Rather, each state is treated equally. This leads
to much more reasonable results in the problem discussed as
the partial derivative component for state 1 does not shrink as
the policy changes initially.

In Figure 4 we plot the performance of the natural gradi-
ent (using two different scalings) and the standard gradient
methods in optimizing the policy for this problem.

It is interesting to note that in this graph the behavior of
the natural gradient descent algorithm appears to be non-
covariant. This is simply due to the step size heuristic not
computing equivalent steps in the policy space. The direction
however is constant as illustrated in Figure 5.

7 Conclusions
[Kakade, 2002] suggested that covariant behavior of gradient
algorithms is an important desiderata in reinforcement learn-

ing. Unfortunately, working in the space of policies, it was
difficult to generate such an algorithm. Here we proposed
considering the induced path-distribution manifold and used
notions from information geometry to propose a natural co-
variant algorithm. This leads to interesting insight and a prac-
tical algorithm. Fortunately, it agrees with the heuristic sug-
gested by Kakade (despite the suggestion in the paper that
the algorithm there was actually not covariant) in the infinite
horizon case and extends to cover new problems. [Peters et
al., 2002] independently developed theory related to ours (in
particular the theorems in Section 4.2) and presented results
in the context of robot dynamic control.

Further work will provide more investigation into the ex-
perimental behavior of the algorithms presented. Future ef-
fort may also yield deeper insight into the relationship be-
tween the method presented here and value-function approx-
imations.
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Abstract

This paper introduces the Point-Based Value Iteration
(PBVI) algorithm for POMDP planning. PBVI approx-
imates an exact value iteration solution by selecting a
small set of representative belief points and then tracking
the value and its derivative for those points only. By us-
ing stochastic trajectories to choose belief points, and by
maintaining only one value hyper-plane per point, PBVI
successfully solves large problems: we present results on
a robotic laser tag problem as well as three test domains
from the literature.

1 Introduction
The value iteration algorithm for planning in partially ob-
servable Markov decision processes (POMDPs) was intro-
duced in the 1970s [Sondik, 1971]. Since its introduction
numerous authors have refined it [Cassandra et al., 1997;
Kaelbling et al., 1998; Zhang and Zhang, 2001] so that it can
solve harder problems. But, as the situation currently stands,
POMDP value iteration algorithms are widely believed not to
be able to scale to real-world-sized problems.

There are two distinct but interdependent reasons for the
limited scalability of POMDP value iteration algorithms. The
more widely-known reason is the so-called curse of dimen-
sionality [Kaelbling et al., 1998]: in a problem with n phys-
ical states, POMDP planners must reason about belief states
in an (n � 1)-dimensional continuous space. So, naive ap-
proaches like discretizing the belief space scale exponentially
with the number of states.

The less-well-known reason for poor scaling behavior is
what we will call the curse of history: POMDP value iter-
ation is in many ways like breadth-first search in the space
of belief states. Starting from the empty history, it grows
a set of histories (each corresponding to a reachable belief)
by simulating the POMDP. So, the number of distinct action-
observation histories considered grows exponentially with the
planning horizon. Various clever pruning strategies [Littman
et al., 1995; Cassandra et al., 1997] have been proposed to
whittle down the set of histories considered, but the pruning
steps are usually expensive and seem to make a difference
only in the constant factors rather than the order of growth.

The two curses, history and dimensionality, are related: the
higher the dimension of a belief space, the more room it has

for distinct histories. But, they can act independently: plan-
ning complexity can grow exponentially with horizon even
in problems with only a few states, and problems with a
large number of physical states may still only have a small
number of relevant histories. In most domains, the curse
of history affects POMDP value iteration far more strongly
than the curse of dimensionality [Kaelbling et al., 1998;
Zhou and Hansen, 2001]. That is, the number of distinct his-
tories which the algorithm maintains is a far better predictor
of running time than is the number of states. The main claim
of this paper is that, if we can avoid the curse of history, there
are many real-world POMDPs where the curse of dimension-
ality is not a problem.

Building on this insight, we present Point-Based Value It-
eration (PBVI), a new approximate POMDP planning al-
gorithm. PBVI selects a small set of representative belief
points and iteratively applies value updates to those points.
The point-based update is significantly more efficient than
an exact update (quadratic vs. exponential), and because it
updates both value and value gradient, it generalizes better
to unexplored beliefs than interpolation-type grid-based ap-
proximations which only update the value [Lovejoy, 1991;
Brafman, 1997; Hauskrecht, 2000; Zhou and Hansen, 2001;
Bonet, 2002]). In addition, exploiting an insight from policy
search methods and MDP exploration [Ng and Jordan, 2000;
Thrun, 1992], PBVI uses explorative stochastic trajectories to
select belief points, thus reducing the number of belief points
necessary to find a good solution compared to earlier ap-
proaches. Finally, the theoretical analysis of PBVI included
in this paper shows that it is guaranteed to have bounded error.

This paper presents empirical results demonstrating the
successful performance of the algorithm on a large (870
states) robot domain called Tag, inspired by the game of
lasertag. This is an order of magnitude larger than other prob-
lems commonly used to test scalable POMDP algorithms. In
addition, we include results for three well-known POMDPs,
where PBVI is able to match (in control quality, but with
fewer belief points) the performance of earlier algorithms.

2 An overview of POMDPs
The POMDP framework is a generalized model for plan-
ning under uncertainty [Kaelbling et al., 1998; Sondik, 1971].
A POMDP can be represented using the following n-tuple:
fS;A;O; b0; T;
; R; 
g, where S is a (finite) set of discrete
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states, A is a set of discrete actions, and O is a set of dis-
crete observations providing incomplete and/or noisy state in-
formation. The POMDP model is parameterized by: b0(s),
the initial belief distribution; T (s; a; s0) := Pr(st+1 = s j

at = a; st = s), the distribution describing the probability
of transitioning from state s to state s0 when taking action a;

(o; s; a) := Pr(ot+1 = o j at = a; st+1 = s), the dis-
tribution describing the probability of observing o from state
s after taking action a; R(s; a), the reward signal received
when executing action a in state s; and 
, the discount factor.

A key assumption of POMDPs is that the state is only par-
tially observable. Therefore we rely on the concept of a belief
state, denoted b, to represent a probability distribution over
states. The belief is a sufficient statistic for a given history:

bt := Pr(st j b0; a0; o1; :::; ot�1; at�1; ot) (1)

and is updated at each time-step to incorporate the latest ac-
tion, observation pair:

bt(s
0

) := �
(o; s
0

; a)
X
s2S

T (s; a; s
0

)bt�1(s) (2)

where � is the normalizing constant.
The goal of POMDP planning is to find a sequence of ac-

tions fa0; : : : ; atg maximizing the expected sum of rewards
E[
P

t


t
R(st; at)]. Given that the state is not necessarily

fully observable, the goal is to maximize expected reward for
each belief. The value function can be formulated as:

V (b) = max
a2A

"
R(b; a) + 


X
b02B

T (b; a; b
0

)V (b
0

)

#
(3)

When optimized exactly, this value function is always piece-
wise linear and convex in the belief [Sondik, 1971] (see
Fig. 1, left side). After n consecutive iterations, the solution
consists of a set of �-vectors: Vn = f�0; �1; :::; �mg. Each
�-vector represents an jSj-dimensional hyper-plane, and de-
fines the value function over a bounded region of the be-
lief: Vn(b) = max�2Vn

P
s2S

�(s)b(s). In addition, each
�-vector is associated with an action, defining the best imme-
diate policy assuming optimal behavior for the following (n�
1) steps (as defined respectively by the sets fVn�1; :::; V0g).

The n-th horizon value function can be built from the pre-
vious solution Vn�1 using the Backup operator, H . We use
notation V = HV

0 to denote an exact value backup:

V (b) = max
a2A

"X
s2S

R(s; a)b(s)+ (4)



X
o2O

max
�0
2V 0

X
s2S

X
s02S

T (s; a; s
0

)
(o; s
0

; a)�
0

(s
0

)b(s)

#

A number of algorithms have been proposed to implement
this backup by directly manipulating �-vectors, using a com-
bination of set projection and pruning operations [Sondik,
1971; Cassandra et al., 1997; Zhang and Zhang, 2001].
We now describe the most straight-forward version of exact
POMDP value iteration.

To implement the exact update V = HV
0, we first generate

intermediate sets �a;� and �a;o;8a 2 A;8o 2 O (Step 1):
�
a;�  �

a;�
(s) = R(s; a) (5)

�
a;o  �

a;o

i (s) = 

X
s02S

T (s; a; s
0

)
(o; s
0

; a)�
0

i(s
0

); 8�0i 2 V
0

Next we create �a (8a 2 A), the cross-sum over observa-
tions, which includes one �a;o from each �a;o (Step 2):

�
a

= �
a;� � �

a;o1 � �
a;o2 � : : : (6)

Finally we take the union of �a sets (Step 3):

V = [a2A�
a (7)

In practice, many of the vectors in the final set V may be
completely dominated by another vector (�i � b < �j � b;8b),
or by a combination of other vectors. Those vectors can be
pruned away without affecting the solution. Finding dom-
inated vectors can be expensive (checking whether a single
vector is dominated requires solving a linear program), but is
usually worthwhile to avoid an explosion of the solution size.

To better understand the complexity of the exact update, let
jV

0
j be the number of �-vectors in the previous solution set.

Step 1 creates jAj jOj jV 0
j projections and Step 2 generates

jAj jV
0
j
jOj cross-sums. So, in the worst case, the new solu-

tion jV j has size jAj jV 0
j
jOj (time jSj2jAj jV 0

j
jOj). Given that

this exponential growth occurs for every iteration, the impor-
tance of pruning away unnecessary vectors is clear. It also
highlights the impetus for approximate solutions.

3 Point-based value iteration
It is a well understood fact that most POMDP problems, even
given arbitrary action and observation sequences of infinite
length, are unlikely to reach most of the points in the belief
simplex. Thus it seems unnecessary to plan equally for all
beliefs, as exact algorithms do, and preferable to concentrate
planning on most probable beliefs.

The point-based value iteration (PBVI) algorithm solves a
POMDP for a finite set of belief points B = fb0; b1; :::; bqg.
It initializes a separate �-vector for each selected point, and
repeatedly updates (via value backups) the value of that �-
vector. As shown in Figure 1, by maintaining a full �-vector
for each belief point, PBVI preserves the piece-wise linear-
ity and convexity of the value function, and defines a value
function over the entire belief simplex. This is in contrast
to grid-based approaches [Lovejoy, 1991; Brafman, 1997;
Hauskrecht, 2000; Zhou and Hansen, 2001; Bonet, 2002],
which update only the value at each belief grid point.

α 0

b2 b1 b0 b3b2 b1 b0 b3

V={ ,α 1,α 2}

Figure 1: POMDP value function representation using PBVI (on the
left) and a grid (on the right).

The complete PBVI algorithm is designed as an anytime
algorithm, interleaving steps of value iteration and steps of
belief set expansion. It starts with an initial set of belief points
for which it applies a first series of backup operations. It then
grows the set of belief points, and finds a new solution for the
expanded set. By interleaving value backup iterations with
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expansions of the belief set, PBVI offers a range of solutions,
gradually trading off computation time and solution quality.
We now describe how we can efficiently perform point-based
value backups and how we select belief points.

3.1 Point-based value backup
To plan for a finite set of belief points B, we modify the
backup operator (Eqn 4) such that only one �-vector per be-
lief point is maintained. For a point-based update V = ~HV

0,
we start by creating projections (exactly as in Eqn 5) 8a 2

A;8o 2 O (Step 1):

�
a;�  �

a;�
(s) = R(s; a) (8)

�
a;o  �

a;o

i (s) = 

X
s02S

T (s; a; s
0

)
(o; s
0

; a)�
0

i(s
0

); 8�0i 2 V
0

Next, the cross-sum operation (Eqn 6) is much simplified by
the fact that we are now operating over a finite set of points.
We construct 8b 2 B;8a 2 A (Step 2):

�
a
b = �

a;�
+
X
o2O

argmax
�2�a;o

(� � b) (9)

Finally, we find the best action for each belief point (Step 3):

V  argmax
�a
b
;8a2A

(�
a
b � b); 8b 2 B (10)

When performing point-based updates, the backup creates
jAj jOj jV

0
j projections as in exact VI. However the final so-

lution V is limited to containing only jBj components (in
time jSj jAj jV 0

j jOj jBj). Thus a full point-based value up-
date takes only polynomial time, and even more crucial, the
size of the solution set V remains constant. As a result, the
pruning of � vectors (and solving of linear programs), so cru-
cial in exact POMDP algorithms, is now unnecessary. The
only pruning step is to refrain from adding to V any vector
already included, which arises when two nearby belief points
support the same vector (e.g. b1; b2 in Fig. 1).

In problems with a finite horizon h, we run h value backups
before expanding the set of belief points. In infinite-horizon
problems, we select the horizon so that (Rmax�Rmin)


h
<

�.

3.2 Belief point set expansion

As explained above, PBVI focuses its planning on relevant
beliefs. More specifically, our error bound below suggests
that PBVI performs best when its belief set is uniformly dense
in the set of reachable beliefs. So, we initialize the set B to
contain the initial belief b0 and expand B by greedily choos-
ing new reachable beliefs that improve the worst-case density
as rapidly as possible.

For a given b 2 B, PBVI stochastically simulates a single-
step forward trajectory using each action to produce new be-
liefs fba0 ; ba1 ; :::g.1 It then measures theL1 distance from bai

to B, and throws away bai if bai 2 B. Finally, it keeps only

1To simulate an action a, first sample a state s from the distribu-
tion b. Then sample an observation according to 
(s; a; o) for the
given s and a. Finally compute ba using a Bayesian update (Eqn 2).

the new belief bai which is farthest away from any point al-
ready in B.2 PBVI tries to generate one new belief from each
previous belief; so, B at most doubles in size on each ex-
pansion.3 Since expansion phases are interleaved with value
iteration, PBVI offers an anytime solution.

3.3 Convergence and error bounds
For any belief set B and horizon n, PBVI produces an esti-
mate V B

n . The error between V B
n and the true value function

V
�
n is bounded. The bound depends on how densely B sam-

ples the belief simplex �; with denser sampling, V B
n con-

verges to V
�
n , the true value function.4 As n ! 1, V B

n

does not necessarily converge; but, our error bound still holds.
Cutting off the PBVI iteration at any sufficiently large hori-
zon, we know that the difference between V

B
n and the op-

timal infinite-horizon V
� is not too large. (The overall er-

ror is bounded by kV B
n � V

�
n k1 + kV

�
n � V

�
k1. The first

term is bounded by our theorem below; the second is bounded
by 
nkV �

0 � V
�
k.) The remainder of this section states and

proves our error bound.
Define the density �B of a set of belief points B to be the

maximum distance from any legal belief to B. More pre-
cisely, �B = maxb02�minb2B kb�b

0
k1. Then, we can prove:

Lemma 1 The error introduced by PBVI’s pruning step is at
most �prune =

(Rmax�Rmin)�B
1�


.

Proof: Let b0 2 � be the point where PBVI makes its worst
pruning error, and b 2 B be the closest (1-norm) sampled
belief to b0. Let � be the vector which is maximal at b, and �0
be maximal at b0. By erroneously pruning�0, PBVI makes an
error of at most �0 � b0 � � � b

0. On the other hand, since � is
maximal at b, then �0 � b � � � b. So,

�prune � �0 � b0 � � � b0

= �0 � b0 � � � b0 + (�0 � b� �0 � b) add zero
� �0 � b0 � � � b0 + � � b� �0 � b � opt. at b
= (�0 � �) � (b0 � b) collect terms
� k�0 � �k1kb

0 � bk1 Hölder
� k�0 � �k1�B def’n of �B
� Rmax�Rmin

1�

�B see text

The last inequality holds because each �-vector represents
the reward achievable starting from some state and following
some sequence of actions and observations.

Theorem 1 For any belief set B and any horizon n, the error
of the PBVI algorithm �n = kV

B
n � V

�
n k1 is bounded by

�n �
(Rmax �Rmin)�B

(1� 
)2

2The actual choice of norm doesn’t appear to matter in practice;
some of our experiments below used Euclidean distance (instead of
L1) and the results appear identical.

3We experimented with other strategies such as adding a fixed
number of new beliefs, but since value iteration is much more ex-
pensive than belief computation the above algorithm worked best. If
desired, we can impose a maximum size on B based on time con-
straints or performance requirements.

4If not all beliefs are reachable, we don’t need to sample all of �
densely, but replace � by the set of reachable beliefs �� below. The
error bounds and convergence results hold on ��.
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Proof:

�n = jjV B
n � V �

n jj1 def’n of �n
= jj ~HV B

n�1 �HV �

n�1jj1 def’n of H , ~H
� jj ~HV B

n�1 �HV B
n�1jj1 +

jjHV B
n�1 �HV �

n�1jj1 triangle ineq.
� �prune + jjHV B

n�1 �HV �

n�1jj1 def’n of �prune
� �prune + 
jjV B

n�1 � V �

n�1jj1 contraction
= �prune + 
�n�1 def’n of �n�1

� (Rmax�Rmin)�B
1�


+ 
�n�1 lemma 1

� (Rmax�Rmin)�B
(1�
)2

series sum

4 Experimental results
The domain of Tag is based on the popular game of lasertag.
The goal is to search for and tag a moving opponent [Rosen-
crantz et al., 2003]. Figure 2a shows the live robot as it
moves in to capture an opponent. In our POMDP formula-
tion, the opponent moves stochastically according to a fixed
policy. The spatial configuration of the domain used for plan-
ning is illustrated in Figure 2b. This domain is an order of
magnitude larger (870 states) than most other POMDP prob-
lems considered thus far in the literature [Cassandra, 1999],
and is proposed as a new challenge for fast, scalable, POMDP
algorithms. A single iteration of optimal value iteration on a
problem of this size could produce over 1020 �-vectors before
pruning.
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a. Robots playing Tag b. Tag configuration

Figure 2: Tag domain (870 states, 5 actions, 30 observations)

The state space is described by the cross-product of
two features, Robot = fs0; : : : ; s29g and Opponent =
fs0; : : : ; s29; staggedg. Both agents start in independently-
selected random positions, and the game finishes when
Opponent = stagged. The robot can select from five actions:
fNorth, South, East, West, Tagg. A reward of �1 is imposed
for each motion action; the Tag action results in a +10 re-
ward if Robot = Opponent, or �10 otherwise. Throughout
the game, the Robot’s position is fully observable, and the ef-
fect of a Move action has the predictable deterministic effect,
e.g.:

Pr(Robot = s10 j Robot = s0; North) = 1

The position of the opponent is completely unobservable un-
less both agents are in the same cell. At each step, the op-
ponent (with omniscient knowledge) moves away from the
robot with Pr = 0:8 and stays in place with Pr = 0:2, e.g.:

Pr(Opponent = s16 j Opponent = s15&Robot = s0) = 0:4

Pr(Opponent = s20 j Opponent = s15&Robot = s0) = 0:4

Pr(Opponent = s15 j Opponent = s15&Robot = s0) = 0:2

Figure 3 shows the performance of PBVI on the Tag do-
main. Results are averaged over 10 runs of the algorithm,
times 100 different (randomly chosen) start positions for each
run. It shows the gradual improvement in performance as
samples are added (each shown data point represents a new
expansion of the belief set with value backups). In addition to
PBVI, we also apply the QMDP approximation as a baseline
comparison [Littman et al., 1995]. The QMDP approxima-
tion is calculated by solving a POMDP as though it were fully
observable: Q(s; a) = R(s; a) + 


P
s02S

T (s; a; s0)V (s0),
and linearizing across Q-values to obtain the value at a be-
lief: V (b) = maxa2A

P
s2S

b(s)Q(s; a). This approxima-
tion is quick to compute, and is remarkably effective in some
domains. In the Tag domain, however, it lacks the represen-
tational power to compute a good policy.

5 Additional experiments
5.1 Comparison on well-known problems
To further analyze the performance of PBVI, we applied it
to three well-known problems from the POMDP literature.
We selected Maze33, Hallway and Hallway2 because they are
commonly used to test scalable POMDP algorithms [Littman
et al., 1995; Brafman, 1997; Poon, 2001]. Figure 3 presents
results for each domain. Replicating earlier experiments, re-
sults for Maze33 are averaged over 151 runs (reset after goal,
terminate after 500 steps); results for Hallway and Hallway2
are averaged over 251 runs (terminate at goal, max 251 steps).
In all cases, PBVI is able to find a good policy. Table 1
compares PBVI’s performance with previously published re-
sults, comparing goal completion rates, sum of rewards, pol-
icy computation time, and number of required belief points.
In all domains, PBVI achieves competitive performance, but
with fewer samples.

5.2 Validation of the belief set expansion
To further investigate the validity of our approach for gen-
erating new belief states (Section 3.2), we compared our
approach with three other techniques which might appear
promising. In all cases, we assume that the initial belief b0
(given as part of the model) is the sole point in the initial set,
and consider four expansion methods:

1. Random (RA)
2. Stochastic Simulation with Random Action (SSRA)
3. Stochastic Simulation with Greedy Action (SSGA)
4. Stochastic Simulation with Explorative Action (SSEA)

The RA method consists of sampling a belief point from a
uniform distribution over the entire belief simplex. SSEA is
the standard PBVI expansion heuristic (Section 3.2). SSRA
similarly uses single-step forward simulation, but rather than
try all actions, it randomly selects one and automatically ac-
cepts the posterior belief unless it was already in B. Finally,
SSGA uses the most recent value function solution to pick the
greedy action at the given belief b, and performs a single-step
simulation to get a new belief b0 ! B.

We revisited the Hallway, Hallway2, and Tag problems
from sections 4 and 5.1 to compare the performance of these
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Figure 3: PBVI performance for four problems: Tag(left), Maze33(center-left), Hallway(center-right) and Hallway2(right)

Method Goal% Reward Time(s) jBj
Maze33 / Tiger-Grid
QMDP[*] n.a. 0.198 0.19 n.a.
Grid [Brafman, 1997] n.a. 0.94 n.v. 174
PBUA [Poon, 2001] n.a. 2.30 12116 660
PBVI[*] n.a. 2.25 3448 470
Hallway
QMDP[*] 47 0.261 0.51 n.a.
QMDP [Littman et al., 1995] 47.4 n.v. n.v. n.a.
PBUA [Poon, 2001] 100 0.53 450 300
PBVI[*] 96 0.53 288 86
Hallway2
QMDP[*] 22 0.109 1.44 n.a.
QMDP [Littman et al., 1995] 25.9 n.v. n.v. n.a.
Grid [Brafman, 1997] 98 n.v. n.v. 337
PBUA [Poon, 2001] 100 0.35 27898 1840
PBVI[*] 98 0.34 360 95
Tag
QMDP[*] 17 -16.769 13.55 n.a.
PBVI[*] 59 -9.180 180880 1334
n.a.=not applicable n.v.=not available

Table 1: Results for POMDP domains. Those marked [*] were com-
puted by us; other results were likely computed on different plat-
forms, and therefore time comparisons may be approximate at best.
All results assume a standard (not lookahead) controller.

four heuristics. For each problem we apply PBVI using each
of the belief-point selection heuristics, and include the QMDP
approximation as a baseline comparison. Figure 4 shows the
computation time versus the reward performance for each do-
main.

The key result from Figure 4 is the rightmost panel, which
shows performance on the largest, most complicated domain.
In this domain our SSEA rule clearly performs best. In
smaller domains (left two panels) the choice of heuristic mat-
ters less: all heuristics except random exploration (RA) per-
form equivalently well.

6 Related work
Significant work has been done in recent years to improve
the tractability of POMDP solutions. A number of increas-
ingly efficient exact value iteration algorithms have been
proposed [Cassandra et al., 1997; Kaelbling et al., 1998;
Zhang and Zhang, 2001]. They are successful in finding op-
timal solutions, however are generally limited to very small
problems (a dozen states) since they plan optimally for all
beliefs. PBVI avoids the exponential growth in plan size by

restricting value updates to a finite set of (reachable) beliefs.

There are several approximate value iteration algorithms
which are related to PBVI. For example, there are many grid-
based methods which iteratively update the values of discrete
belief points. These methods differ in how they partition the
belief space into a grid [Brafman, 1997; Zhou and Hansen,
2001].

More similar to PBVI are those approaches which update
both the value and gradient at each grid point [Lovejoy, 1991;
Hauskrecht, 2000; Poon, 2001]. While the actual point-based
update is essentially the same between all of these, the over-
all algorithms differ in a few important aspects. Whereas
Poon only accepts updates that increase the value at a grid
point (requiring special initialization of the value function),
and Hauskrecht always keeps earlier �-vectors (causing the
set to grow too quickly), PBVI requires no such assumptions.
A more important benefit of PBVI is the theoretical guaran-
tees it provides: our guarantees are more widely applicable
and provide stronger error bounds than those for other point-
based updates.

In addition, PBVI is significantly smarter than previous
algorithms about how it selects belief points. PBVI selects
only reachable beliefs; other algorithms use random beliefs,
or (like Poon’s and Lovejoy’s) require the inclusion of a large
number of fixed beliefs such as the corners of the probabil-
ity simplex. Moreover, PBVI selects belief points which im-
prove its error bounds as quickly as possible. In practice, our
experiments on the large domain of lasertag demonstrate that
PBVI’s belief-selection rule handily outperforms several al-
ternate methods. (Both Hauskrecht and Poon did consider
using stochastic simulation to generate new points, but nei-
ther found simulation to be superior to random point place-
ments. We attribute this result to the smaller size of their test
domains. We believe that as more POMDP research moves to
larger planning domains, newer and smarter belief selection
rules will become more and more important.)

Gradient-based policy search methods have also been used
to optimize POMDP solutions [Baxter and Bartlett, 2000;
Kearns et al., 1999; Ng and Jordan, 2000], successfully solv-
ing multi-dimensional, continuous-state problems. In our
view, one of the strengths of these methods lies in the fact
that they restrict optimization to reachable beliefs (as does
PBVI). Unfortunately, policy search techniques can be ham-
pered by low-gradient plateaus and poor local minima, and
typically require the selection of a restricted policy class.
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Figure 4: Belief expansion results for three problems: Hallway(left), Hallway2(center) and Tag(right)

7 Conclusion
This paper presents PBVI, a scalable anytime algorithm for
approximately solving POMDPs. We applied PBVI to a
robotic version of lasertag, where it successfully developed
a policy for capturing a moving opponent. Other POMDP
solvers had trouble computing useful policies for this domain.
PBVI also compared favorably with other solvers on three
well-known smaller test problems. We attribute PBVI’s suc-
cess to two features, both of which directly target the curse
of history. First, by using a trajectory-based approach to se-
lect belief points, PBVI focuses planning on reachable be-
liefs. Second, because it uses a fixed set of belief points, it
can perform fast value backups.

In experiments, PBVI beats back the curse of history far
enough that we can solve POMDPs an order of magnitude
larger than most previous algorithms. With this success, we
can now identify the next hurdle for POMDP research: con-
trary to our expectation, it turns out to be the old-fashioned
MDP problem of having too many distinct physical states.
This problem hits us in the cost of updating the point-based
value function vectors. (This cost is quadratic in the num-
ber of physical states.) While this problem is not necessar-
ily easy to overcome, we believe that sparse matrix computa-
tions, together with other approaches from the existing liter-
ature [Poupart and Boutilier, 2003; Roy and Gordon, 2003],
will allow us to to scale PBVI to problems which are at least
another order of magnitude larger. So, PBVI represents a
considerable step towards making POMDPs usable for real-
world problems.
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Abstract

Preference elicitation is a serious bottleneck in
many decision support applications and agent spec-
ification tasks. CP-nets were designed to make the
preference elicitation process simpler and more in-
tuitive for lay users by graphically structuring a
set of Ceteris Paribus (CP) preference statements –
preference statements most people find natural and
intuitive. In various contexts, CP-nets with an un-
derlying cyclic structure emerge naturally. Often,
they are inconsistent according to the current se-
mantics, and the user is required to revise them. In
this paper we show how optimization queries can
be meaningfully answered in many “inconsistent”
networks without troubling the user with requests
for revisions. We also describe a method for focus-
ing users’ revision process when revisions are truly
needed. In the process, we provide a formal seman-
tics that justifies our approach and we introduce
new techniques for computing optimal outcomes.

1 Introduction
Ceteris Paribus (CP) preference statements are among the
most natural and most intuitive preference statements that
people make. Thus, it is not surprising that they have drawn
the attention of many researchers in philosophy and AI (e.g.,
[Doyle and Wellman, 1994; Hanson, 1996]). CP statements
indicate a preference for one value over another in the con-
text of a fixed background. For example, the statement “I
prefer an apple pie to a chocolate cake as a dessert, ceteris
paribus” expresses the fact that given two identical contexts
– i.e., meals – that differ only in their dessert, the one contain-
ing an apple pie is preferred to the one containing a chocolate
cake. Finer distinctions can be made using conditional CP
statements. For example: “I prefer red wine over white wine
if the main course is beef.” In this case, the preference for
red wine to white wine is restricted to comparisons between
identical meals in which the main course is beef.

CP-nets [Boutilier et al., 1999] are a graphical tool for rep-
resenting and for structuring a set of CP statements. A CP-
network consists of a graph describing the preferential depen-
dency relationship between different domain variables. Each
node is annotated by a conditional preference table (CPT) that
describes how the user’s preference over the different values

of the variable associated with this node depends on the vari-
ables associated with the parents of this node.

Cyclic CP-nets emerge naturally when there is a set of in-
terdependent variables, none of which is more important than
the other. For example, [Domshlak et al., 2001] note that such
dependency can emerge naturally among web-page compo-
nents in their web-personalization tool. Cyclic CP-network
raise some conceptual and computational problems to which
we still do not have satisfactory answers. Even worse, accord-
ing to the standard semantics of CP-nets, most cyclic CP-nets
are inconsistent. For example, in [Domshlak and Brafman,
2002], it was shown that the preference ordering induced by
any simple cycle (i.e, a cycle that does not contain smaller cy-
cles) with more than two nodes is inconsistent. That is, there
will be at least two outcomes, o1 and o2, such that one can
show that o1 is strictly preferred to o2 and o2 is strictly pre-
ferred to o1. In addition, whereas for acyclic networks one
can determine the most preferred outcome in linear time even
in the face of evidential constraints (i.e., constraints that fix
the value of certain variables), no corresponding algorithm is
known for networks that contain cycles.

The fact that many cyclic networks are inconsistent raises
a serious practical concern. When a user specifies an incon-
sistent cyclic network, we must ask him to revise his network.
To do so, we need to provide information that will help him
obtain a consistent network. In this paper we make two prac-
tical contributions aimed at improving this process. First, we
show that various optimization queries can be answered nat-
urally even when the network is “inconsistent” according to
the standard semantics. In such cases, no additional burden
is placed on the user. Second, when revision is required, we
show how the notion of a partial model, studied in the area of
logic programming, can be used to identify those aspects of a
model that require revision.

While pursuing our more practical goals we make a num-
ber of technical and semantic contributions. First, we pro-
vide a more flexible semantics for CP-nets that is identical
with the current semantics on those networks the latter con-
siders consistent. This semantics justifies our approach for
generating optimal outcomes given networks that are incon-
sistent under the standard semantics. Second, we show how
to answer optimization queries using various approaches that
include reduction to SAT, and reduction to logic programs.
This extends current methods which are restricted to acyclic
nets, and helps us define the notion of a partial outcome.
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The paper is structured as follows: In Section 2 we pro-
vide the necessary background on ceteris paribus preference
statements and CP-nets. In Sections 3 and 4 we take a closer
look at the notion of consistency in CP-nets and the problem
that cyclic networks introduce, we suggest a natural defini-
tion of a preferred model as one that cannot be improved, and
explain how the problem of the existence of such models can
be reduced into a CSP problem. In Section 5 we discuss an
alternative translation into nonmonotonic logic programs and
some of its implications, and in Section 6 we conclude. The
full version of this paper is available from the authors’ web
site. It contains proofs, an optimization method based on cut-
set conditioning, a discussion of constrained optimization and
other inference tasks, and a comparison with logic programs
with ordered disjunction [Brewka et al., 2002].1

2 CP-Nets
We start with a review of ceteris paribus preference state-
ments and preferential independence, followed by the defini-
tion of CP-nets.

2.1 Ceteris Paribus Preference Statements
A preference relation is a total pre-order (a ranking) over a
set of outcomes. Given two outcomes o; o0, we write o � o

0

if o is at least as preferred as o0 and we write o � o
0 if o is

strictly more preferred than o0.
The types of outcomes we are concerned with consist of

possible assignments to some set of variables. More formally,
we assume some given set V = fX1; : : : ; Xng of variables
with corresponding domains D(X1); : : : ;D(Xn). The set of
possible outcomes is then D(X1)� � � � �D(Xn). For exam-
ple, in the context of the problem of configuring a personal
computer (PC), the variables may be processor type, screen
size, operating system etc., where screen size has the domain
f17in, 19in, 21ing, operating system has the domain fLINUX,
Windows98, WindowsXPg, etc. Each assignment to the set of
variables specifies an outcome – a particular PC configura-
tion. Thus, a preference ordering over these outcomes speci-
fies a ranking over possible PC configurations.

The number of possible outcomes is exponential in n,
while the set of possible total orders on them is doubly ex-
ponential in n. Therefore, explicit specification and represen-
tation of a ranking are not realistic. We must find implicit
means of describing this preference relation. The notion of
conditional preferential independence plays a key role in such
representations. Intuitively, X and Y are conditionally pref-
erentially independent given Z (where X;Y;Z are disjoint
subsets of V) if for every fixed assignment to Z, the ranking
of X values is independent of the value of Y. Formally, let
X;Y and Z be a partition of V and let z 2 D(Z). X and Y
are conditionally preferentially independent given z iff, for
all x1, x2, y1, y2 we have that

x1y1z � x2y1z i� x1y2z � x2y2z

X and Y are conditionally preferentially independent given
Z if they are conditionally preferentially independent given

1A note on notation. Due to the difficulty of using the logical
negation operator, :, in drawing packages, we use two alternative
notations: �a instead of :a, and a1; a2 instead of a;:a.

any assignment z 2 D(Z). In our PC example, the user may
assess operating system to be independent of other features
given processor type. That is, it always prefers LINUX given
an AMD processor and Windows98 given an Intel processor
(e.g., because he believes Windows98 is optimized for the
Intel processor, whereas LINUX is otherwise better). Condi-
tional preferential independence is a standard notion in multi-
attribute utility theory [Keeney and Raiffa, 1976].

2.2 CP-nets
CP-nets were introduced in [Boutilier et al., 1999] as a tool
for compactly and intuitively representing qualitative pref-
erence relations. This graphical model exploits conditional
preferential independence in structuring a decision maker’s
preferences under ceteris paribus (all else being equal) se-
mantics. CP-net is the first model based on the notions of
purely qualitative preferential independence, and bears a sur-
face similarity to Bayesian nets [Pearl, 1988]. However, the
nature of the relationship between nodes within a CP-net is
generally quite weak compared with the probabilistic rela-
tions in Bayes nets.

During preference elicitation, for each variable X in the
variable setV, the decision maker is asked to specify a set of
parent variables Pa(X) that can affect her preferences over
the values of X . That is, given a particular value assignment
to Pa(X), the decision maker should be able to determine a
preference order over the domain of X (denoted as D(X)),
all other things being equal.

The above information is used to create the graph of the
CP-net in which each node X has Pa(X) as its immediate
predecessors. Given this structural information, the decision
maker is asked to explicitly specify her preferences over the
values ofX for each instantiation ofPa(X). This conditional
preference over the values of X is captured by a conditional
preference table (CPT) which is annotated with the nodeX in
the CP-net. That is, for each assignment to Pa(X), CPT (X)

specifies a total order (denoted �) over D(X), such that for
any two values xi; xj 2 D(X), either xi � xj , or xj � xi.

Formally, a CP-net N over variables V = fX1; : : : ; Xng
is a directed graph G over X1; : : : ; Xn and a set of condi-
tional preference tables CPT (Xi) for each Xi 2 V. Each
conditional preference table CPT (Xi) associates a total or-
der�j (uj) over the domain of Xi with each instantiation uj
of Xi’s parents Pa(Xi) = U.

The semantics of CP-nets is defined as follows. A model
for a CP-net is a total-order over the set of possible outcomes
that satisfies every CPT within the CP-net. A total order sat-
isfies CPT(X) if for every pair of X-values xi; xj and every
assignment c to Pa(X) such that xi � xj given c according
to CPT(X), the following holds: Let o; o0 be two outcomes
that differ only in their assignment to X and satisfy c, and
suppose that o assigns xi to X and o

0 assigns xj to X , then,
o � o

0 holds in the model. We say that o � o
0 is valid ac-

cording to the CP-network if o � o
0 holds in all models of the

CP-net. A CP-net is said to be consistent if it has a model.
As an example, consider the network in Figure 1(a), in

which all variables are boolean. This network has three vari-
ables, A;B, and C. The preferences over A and B are un-
conditional, whereas the preferences for C’s values depend
on the values of A and B. In Figure 1(b), we see the pref-
erence order induced by this CP-network. For every pair of
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Figure 1: A CP-net and its corresponding preferential order.

outcomes o; o0, we have that o � o
0 is valid iff there is a path

from o
0 to o in this graph.

3 The Weak Preference Semantics
According to the standard semantics, the preferences ex-
pressed in the CPT of a CP-net are strict preferences. We
suggest viewing them as weak preferences using pre-orders
instead of strict orders. As we show, this leads to a semantics
that is only slightly weaker than the standard semantics. In
fact, it leads to identical orderings on CP-nets that are con-
sistent according to the standard semantics. More formally,
a model for a CP-network is a total pre-order over the set of
outcomes that satisfies every CPT within the CP-net. A to-
tal pre-order satisfies CPT(X) if for every pair of X-values
xi; xj and every assignment c to Pa(X) such that xi � xj

given c according to CPT(X)2 the following holds: Let o; o0

be two outcomes that satisfy c and differ only in their assign-
ment to X , such that o assigns xi to X and o

0 assigns xj to
X . Then, o � o

0 holds in the ordering. We say that o � o
0

is valid according to the CP-network if o � o
0 holds in all

models of the CP-net. Finally, we say that o � o
0 is valid

according to the CP-network if o � o
0 is valid but o0 � o is

not valid. Thus, if o � o
0 holds in all models and there is a

model in which o � o
0 holds, we say that o � o

0 is valid.
Had we required o � o

0 to hold in all models for o � o
0 to be

valid, no strict preference would be valid. This is because the
preference relation in which all outcomes are equally desir-
able is a model for every CP-network according to the above
semantics. Thus, all CP-nets are “consistent” according to
our semantics.

The above semantics can be related to a more syntactic no-
tion of a proof of preference, or a flipping sequence [Boutilier
et al., 1999]. Let o be an outcome, and suppose that o as-
signs to X some value xj that the user ranks lower than xi in
parental context c satisfied in o. Then, we can improve o by
flipping the value of X from xj to xi. An improving flipping
sequence o1; o2; : : : ; ok is a sequence of outcomes such that

2In the standard semantics we have xi � xj instead of xi � xj .

A B a1 :  b2 > b1
a2 :  b1 > b2

b1 :  c2 > c1
b2 :  c1 > c2

c1 :  d2 > d1
c2 :  d1 > d2

d1 :  a2 > a1
d2 :  a1 > a2

CD

Figure 2: A Simple 4-Cycle CP-network.

oi is obtained from oi�1 via a single improving flip. Natu-
rally, these definitions are with respect to some CP-network,
which we take to be fixed by the appropriate context.

Theorem 1 o � o
0 is valid iff there is an improving flipping

sequence from o
0 to o.

An immediate consequence is the following:

Consequence 1 o � o
0 is valid iff there is an improving flip-

ping sequence from o
0 to o but no improving flipping sequence

from o to o0.

Another interesting theorem relates the standard, stronger se-
mantics, and our semantics.

Theorem 2 LetG be a CP-network that is consistent accord-
ing to the standard semantics. Then, G satisfies o � o

0 ac-
cording to our semantics iff G satisfies o � o

0 according to
the standard semantics.

This theorem shows that our semantics is a direct extension
of the standard semantics. To understand it better, we will
soon take a look at networks that are inconsistent according
to the standard semantics.

Finally, we define the notion of optimality in the context of
a CP-network. There are two possible definitions: An out-
come o is said to be strongly optimal iff there is no other
outcome o

0 such that o0 � o holds. An outcome o is said
to be weakly optimal iff there is no other outcome o0 such that
o
0 � o holds. Thus, in the first case, o is either strictly bet-

ter than any other outcome or incomparable. In the second
case, there may be other outcomes that are as preferred as o,
but no outcome that is strictly preferred over o. In networks
that are consistent according to the standard semantics, there
is a unique best outcome that is strictly better than any other
outcome. However, when we move beyond this class of net-
works, we can have more than one optimal outcome, and it
can be either strongly or weakly optimal. The latter class is
computationally more challenging to identify, and so we con-
centrate on strongly optimal outcomes.

4 Optimality in Cyclic Networks
The semantics of CP-nets allows for cycles. But only the
consistency of acyclic CP-nets is guaranteed according to the
standard semantics [Boutilier et al., 1999]. Moreover, such
networks have a unique optimal outcome. This remains true
even if we introduce evidential constraints, i.e., constraints
that fix the value of some variables.
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Cyclic networks often induce an inconsistent (i.e., cyclic)
preference order according to the standard semantics. For ex-
ample, consider the network in Figure 2 which contains a cy-
cle of size 4, called a simple cycle in [Domshlak and Braf-
man, 2002]. The web-personalization applications described
in [Domshlak et al., 2001] naturally gives rise to such cyclic
structures. There, variables correspond to articles, ads, and
other content element in an online newspaper. The value of
each variable indicates whether it is currently displayed or
not. The CP-net captures the preferences of the editor regard-
ing the presentation of different elements on the user’s cur-
rent screen. These preferences together with user-generated
content constraints lead to a personalized view that takes into
account the user’s interests and the editor’s expertise on pre-
ferred combinations of news items. For example, in the CP-
net in Figure 2, A could be a review of a new Toyota 4x4
vehicle, B a test-drive of a new BMW series 7 car, C a story
about a recent Man. United match, and D a story about Man.
City’s recent success. Suppose that Man. United is sponsored
by Toyota, and Man. City by BMW, and the editor would pre-
fer not to display stories about competing teams and/or com-
panies in the same screen. This is expressed in the CP-net in
Figure 2 by stipulating that if A is present then B should not,
if A is not present then B should be present, etc.

In [Domshlak and Brafman, 2002] it is shown that such a
network is not consistent, i.e., there is no total order of the set
of outcomes that satisfies all the preferences embodied in this
network. It is easy to see why this is so when we examine
Figure 3 which describes the relationships among different
possible outcomes. The nodes in that figure correspond to
outcomes and the edges correspond to legal improving (sin-
gle) flips. For example, consider the outcome a2b2c1d2 in the
lower left-hand side of Figure 3. Given thatA is assigned a2,
we can see from the B’s CPT that b1 is a more preferred value
for B. Thus, there is an edge from a2b2c1d2 to a2b1c1d2.

We can see that Figure 3 contains cycles, making it impos-
sible to totally order its elements consistently. However, it
is also apparent that it contains two elements, a1b2c1d2 and
a2b1c2d1 that, in some sense, can be viewed as optimal ele-
ments, as well as two elements, a1b1c1d1 and a2b2c2d2, that
in some sense can be viewed as the worst elements.

Indeed, according to our semantics, this network induces
three classes of outcomes described in Figure 4. The out-
comes within each class are either equally preferred or in-
comparable, and there is a strict preference between outcomes
belonging to different classes. An important consequence of
this is that there are clear candidates for the set of optimal
outcomes: the two outcomes in the top class.

We can see that our semantics is more lenient, allowing for
specifications that, in some sense, are cyclic. If the cycle con-
tains all outcomes, then all outcomes are equally preferred.
This specification is not informative, and the user needs to
be informed of this fact. However, the example above shows
that the cycle may contain some, but not all of the outcomes.
Whereas the standard semantics will dismiss this CP-network
as inconsistent, our semantics is more tolerant, and can use
this CP-net to determine an optimal outcome.

We now turn to the computation of an optimal outcome
via a simple reduction to a CSP problem (or a SAT problem
when the variables are binary). The variables in our reduction

a1b1c1d1

a2b2c2d1a1b1c2d1

a2b2c2d2

a2b2c1d1

a2b2c1d2

a2b1c2d1

a2b1c2d2a2b1c1d1

a2b1c1d2

a1b2c2d2

a1b2c2d1

a1b2c1d2

a1b2c1d1

a1b1c2d2

a1b1c1d2

Figure 3: Outcome Space for the 4-Cycle Network.

a2b1c2d1a1b2c1d2

a1b1c1d1a2b2c2d2

a2b2c2d1 a1b1c2d1a2b2c1d1a2b2c1d2

a2b1c2d2

a2b1c1d1

a2b1c1d2 a1b2c2d2a1b2c2d1 a1b2c1d1

a1b1c2d2

a1b1c1d2

Figure 4: Ordered Outcome Classes for 4-Cycle Network

consist of the variables in the CP-network. For every entry
in the CP Table of every variable v, we add the constraint
� ! v1, where � denotes the context (i.e., the assignment to
the parents of v) and v1 is the preferred value of v.

As an example, for the CP-network in Figure 1 we obtain
the following propositional formula.

a^b^ (a^b! c)^ (a^�b! �c)^ (�a^a! �c)^ (�a^�b! c):

In the case of Figure 2, we get the formula

(d1! a2) ^ (d2! a1) ^ (a1! b2) ^ (a2! b1)^

(b1! c2) ^ (b2! c1) ^ (c1! d2) ^ (c2! d2):

Lemma 1 o is a strongly optimal outcome for a CP-net iff it
satisfies the above CSP.

The above algorithm does not work when we have weakly
optimal outcomes, i.e., when we have a set of outcomes that
are equally preferred, but cannot be strictly improved. Fig-
ures 5 and 6 show an example of a network giving rise to
such a case and the relation over the outcome space it induces.
From now on, our treatment centers on strongly optimal out-
comes only, to which we simply refer as optimal outcomes.
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A B

C

a1 :  b2 > b1
a2 :  b1 > b2

b1 :  c2 > c1
b2 :  c1 > c2

c1 :  a2 > a1
c2 :  a1 > a2

D  d1 > d2

Figure 5: A Network Without a Strongly Optimal Outcome

a1b1c1d1   a1b1c2d1   a1b2c1d1   a1b2c2d1
a2b1c1d1   a2b1c2d1   a2b2c1d1   a2b2c2d1

a1b1c1d2   a1b1c2d2   a1b2c1d2   a1b2c2d2
a2b1c1d2   a2b1c2d2   a2b2c1d2   a2b2c2d2

Figure 6: Outcome Classes for Network in Figure 5

Lemma 1 implies that the problem of finding a single op-
timal outcome is in NP. When the CP-network is acyclic, an
optimal outcome can be found in linear time [Boutilier et al.,
1999]. Our result indicates a linear time solution for simple-
cycle nets, too, if the variables are binary, because the result-
ing CSP is an instance of 2-SAT [Aspvall et al., 1979].

5 Logic Programs and Partial Consistency
We start with some background on the semantics of logic
programs, followed by a reduction of CP-net optimization to
logic programs. Then, using the notion of a partial stable
model of a logic program, we can define a corresponding no-
tion for a CP-net that captures those variables for which we
have some reasonable candidate for an optimal value.

5.1 The Semantics of Logic Programs
A propositional normal logic program P is a set of
normal rules. A normal rule is a rule of the form
h  a1; a2; :::; an; not b1, not b2,..., not bm where
h; a1; a2; :::; an; b1; b2; :::; bm are propositional atoms. The
set of atoms of P is denoted by Atoms(P ). Let S be a truth
or value assignment on the atoms of Atoms(P ). We denote
by S+ the set of atoms of S that are assigned the value true,
and S� the set of atoms that are assigned the value false. The
reduct PS of a logic program P w.r.t. an assignment S is the
logic program obtained from P after deleting (i) every rule
of P that has a negated atom not bi, with bi 2 S

+ (ii) every
negated atom from the body of the remaining rules.

The resulting program does not contain negated atoms, and
is called a definite logic program. Let cl(P ) denote the de-
ductive closure of a definite logic program P , which coin-
cides with its minimal model. A stable model [Gelfond and
Lifschitz, 1988] of a logic program P is an assignment S,
such that S+ = cl(PS). A normal logic program may have
none, one or several stable models. The problem of decid-
ing whether a normal logic program has a stable model is

NP-complete, but many problems can be solved efficiently in
practice by state-of-the art systems such as smodels [Surja-
nen and Niemela, 2001] and DLV [Dell’Armi et al., 2001].

An alternative semantics for normal logic programs is the
partial stable model semantics [Sacca and Zaniolo, 1990].
This is a three-valued semantics, where each atom may as-
sume the values: true, false or undefined. Given a three-
valued assignment S of Atoms(P ), we say that S is a partial
model of P if for each :A 2 S

�, every rule with head A

contains at least one literal B in its body, such that :B 2 S.
The reduct PS of P w.r.t. a partial model S is defined as the
program that is obtained from P after deleting (i) every rule
of P that has a negated atom not bi, with bi 2 S

+ (ii) every
rule where an undefined atom occurs (iii) every negated atom
from the body of the remaining rules. A partial model S such
that S+ = cl(PS) is called a founded model of P . A maxi-
mal founded model is called partial stable model of P . It is
not hard to see that every program has a partial stable model.

Example 1 Consider the program
a not d b not a c not b d not c

This program has two stable models, namely M1 = fa; cg
and M2 = fb; dg. Consider now the program
a not c b not a c not b

d not e e not d

This program has two partial stable stable models, namely
M1 = fdg and M2 = feg, but no stable model.

The intuition behind a founded model is similar to that be-
hind a stable model, except that we are willing to ignore cer-
tain variables and the rules that they participate in. A partial
stable model is one where we try to ignore as few variables
(w.r.t. set inclusion) as we can.

5.2 Translating CP-nets into Logic Programs
In this section we translate CP-nets into nonmonotonic logic
programs, showing a one-to-one correspondence between the
net’s optimal outcomes and the stable models of the corre-
sponding logic program.

A preference p1 _ p2 _ : : : _ pk : q1 > q2 > : : : > qn,
where each pi is a conjunction of atoms, translates into a
set of rules of the following form q1  pj for 1 � j �
k. Additionally, for every variable X of the network with
dom(X)=fv1; v2; : : : ; vng a set of rules of the form vi  not

vi1 ; not vi2 ; : : : ; not vin�1 , for ij 6= i, is added to the pro-
gram. We call this set choice rules set. Finally for each
variable X , with dom(X)=fv1; v2; : : : ; vng we add the set of
uniqueness constraints vi; vj , for every pair of values such
that i 6= j.

Theorem 3 o is a strongly optimal outcome for a CP-net iff
it is a stable model of its corresponding logic program.

Note that only the most preferred values of each prefer-
ence statement participate in the translation of a CP-network
into a logic program. Furthermore, the not operator appears
only in the choice rules set, a feature that seems to indicate
a rather weak link between CP-networks and nonmonotonic
logic programs. However, in the long version of the paper
we show that in the case of CP-networks with constraints,
the not operator plays a more central role in the translation
and the relation between CP-networks and logic programs is
stronger than it may appear here.
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Example 2 Consider the network:
a1 : b1 > b2 a2 : b2 > b1 b1 : a1 > a2 b2 : a2 > a1

The corresponding logic program is
b1  a1 b2  a2

a1  b1 a2  b2

a1  not a2 a2  not a1 b1  not b2

b2  not b1  a1; a2  b1; b2.
The above program has exactly two stable models, namely
M1 = fa1; b1g and M2 = fa2; b2g.

5.3 Partial Stable Models and Partial Outcomes
We showed a direct correspondence between the optimal out-
comes of a CP-network and the stable models of its associated
logic program. However, some logic programs have no sta-
ble model, much like some CP-nets have no strongly optimal
outcome. We can interpret the non-existence of an optimal
outcome as an indication that some of the preferences are not
well-defined. There are two ways to handle such situations:
we can isolate the ill-defined preferences and reason with the
rest of the network, or we can try to revise the ill-defined pref-
erences. In both case, we require the ability to identify the
problematic parts of the network. Here we show how partial
stable models can provide valuable assistance in this task.

Example 3 Consider the network defined as follows.
a1 : b1 > b2 a2 : b2 > b1 b1 : a2 > a1 b2 : a1 > a2

c1 : d1 > d2 c2 : d2 > d1 d1 : c1 > c2 d2 : c2 > c1

Its corresponding logic program is
b1  a1 b2  a2 a2  b1 a1  b2

c1  d1 c2  d2 d1  c1 d2  c2

together with the corresponding choice rules set and unique-
ness constraints. This program has no stable model, but it
has two partial stable models, M1 = fc1; d1g and M2 =

fc2; d2g. These partial stable models do not assign a value
to variables a1; a2; b1; b2 because the corresponding subnet-
work does not possess an optimal outcome.

We call the outcomes of a CP-network that correspond to
the partial stable models of its associated logic program, par-
tial optimal outcomes. Intuitively, a partial stable model cor-
responds to an optimal assignment to a coherent sub-net of
the original CP-net that contains the same preferences as the
CP-net. Thus, we attempt to remove certain nodes, until we
get a coherent specification. Those nodes that were removed
are the ones we should point to the user as problematic.

Existing knowledge on partial stable models (e.g., [Di-
mopoulos et al., 2002]) implies that a total partial optimal
outcome (i.e., one that assigns a value to every variable) is an
optimal outcome, and that deciding whether a logic program
has a partial stable model other than the empty set is NP-
complete. Discovering whether a variable appears in some
partial optimal outcome is NP-complete, whereas deciding
whether a variable appears in all partial optimal outcomes is
�
p

2-complete.

6 Conclusion
We showed that the current semantics of CP-network is too
conservative in its interpretation of user specification. This is
contrary to the aim of research on preference elicitation tech-
niques, i.e., reducing the burden on users. Consequently, we

suggested a different semantics under which optimization can
be meaningfully applied to CP-nets that are currently consid-
ered inconsistent. We showed how such an optimization pro-
cess can be practically implemented, extending current op-
timization techniques to cyclic network. Moreover, we de-
scribed a computational method for identifying sub-networks
that are meaningful, providing the first tool that can point out
to a user what part of her specification requires revision.
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Abstract
This paper presents an approach to the approxi-
mate description of univariate real-valued func-
tions in terms of precise or imprecise reference
points and interpolation between these points. It
is achieved by means of gradual rules which ex-
press that the closer the variable to the abscissa of
a reference point, the closer the value of the func-
tion to the ordinate of this reference point. Grad-
ual rules enable us to specify sophisticated
gauges, under the form of connected areas, inside
of which the function belonging to the class under
consideration should remain. This provides a
simple and efficient tool for categorizing signals.
This tool can be further improved by making the
gauge flexible by means of fuzzy gradual rules.
This is illustrated on a benchmark example.

1 Introduction
Signal functions, such as time series, medical ECG’s, are usu-
ally viewed as analytical mappings. Then, a precise represen-
tation is often used. Even when uncertainty is dealt with, it is
supposed to pervade parameters of the analytical models,
leading to probabilistic or interval-based processing. The
main objective of this paper is to propose an alternative to this
classical type of approaches by investigating the interest of a
special kind of fuzzy « if .. then » rules, named gradual rules
[Dubois and Prade, 1992; 1994], for developing imprecise
representations. Actually, the proposed strategy relies on in-
terpolative reasoning. By specifying the interpolative repre-
sentation with gradual rules, there is no need to choose an
analytic form for the interpolator and an imprecise model is
directly obtained from the constraints expressed by the rules.
The proposed rule-based approach is an alternative to works
based on fuzzy polynomials [Lowen, 1990] or fuzzy spline
interpolation, e.g. [Kawaguchi and Miyakoshi, 1998], which
rely on fuzzy-valued functions and still depend on the analyt-
ical form of the interpolant.

What is supposed to be known, in a precise or in an imprecise
way, is the behaviour of the function at some reference
points, the problem being to interpolate between these points.
Figure 1 illustrates our purpose of building an imprecise mod-
el in a case where the points on which interpolation is based
are imprecise and modelled by rectangular areas.

figure 1: Imprecise interpolation

So, we are no longer looking for a function, but for a relation
linking the variable to the possible value of the function.
Then, this relation is represented by its graph Γ defined on the
Cartesian product X x Z (where X is the input domain, and Z
the function range). A similar approach used in automated
control, recently proposed in [Sala and Albertos, 2001], also
considers the building of uncertain fuzzy models in the set-
ting of the approximation of multi-valued functions called
“ambiguous functions”. 

The paper, after some brief background on gradual rules, dis-
cusses the design of the imprecise interpolative representa-
tion in terms of gradual rules, constrained by precise or
imprecise reference points. The proposed approach is then
applied to the classification of time series. Moreover, a more
powerful representation framework, based on fuzzy sets of
gradual rules (called fuzzy gradual rules for short) is pro-
posed. It enables us to describe areas through which it is not
completely possible that the function may go.
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2 Interpolation and gradual rules
The idea of imprecise interpolation suggested above is based
on constraints to be satisfied. Namely the results of the inter-
polation should agree with the reference points. These con-
straints define the graph Γ of a relation on X x Z.

We first consider the case of precise interpolation points Pi
with coordinates (xi, zi), i = 1, ..., n. Then the relation Γ should
satisfy:

Γ(xi, zi) = 1,
∀ z≠zi ∈Z, Γ(xi, z) = 0,

for i = 1, ..., n. Without any further constraint on the nature of
the interpolation, we only have:

∀ x≠xi ∈X, ∀ z∈Z, Γ(x, z) = 1.
Thus each interpolation point induces the constraint “If x = xi
then z = zi”, represented by the rule (x = xi) → (z = z i) where
→ is material implication. The relation Γ is thus obtained as
the conjunction:

Γ(x, z) = ∧ i = 1, .., n (x = xi) → (z = z i). (1)

This relation is extremely imprecise since there is no con-
straint at all outside the reference points. Instead of using a
precise type of interpolation function, one may use fuzzy
rules in order to express constraints in the vicinity of the in-
terpolation points. The idea is to use rules of the form “the
closer x is to xi, the closer z is to zi”. The extension of equation
(1) to gradual rules provides the following expression for the
graph Γ:

Γ(x, z) = min i = 1, .., n µclose to xi
(x) → µclose to zi

(z) (2)

where → represents Rescher-Gaines implication (a → b = 1
if a ≤ b and a → b = 0 if a > b), and µclose to xi

(x) is the degree
of truth of the proposition “x is close to xi”.

We have just to define what is meant by “close to”. Let Ai de-
note the fuzzy set of values close to xi. It is natural to set
µAi

(x) = 1 if x = xi and to assume that the membership degree
to Ai decreases on each side of xi with the distance to xi. How-
ever Ai will not be necessarily symmetrical. The simplest so-
lution consists in choosing triangular fuzzy sets with a
support denoted by [xi

−, xi
+]. In a similar way, the closeness

to zi will be modelled by a triangular fuzzy set B i with modal
value z i and support [zi

−, zi
+]. Then the interpolation relation

only depends on 4n parameters xi
−, xi

+ z i
−, zi

+ for n interpola-
tion points. In order to simplify their tuning, we further as-
sume that at most two rules are simultaneously fired at each
point of the input domain, i.e. xi ≤ xi+1

− and xi
+ ≤ xi+1, i = 1,

..., n−1. For increasing reference points (i.e. xi<xi+1 and
zi<z i+1, i = 1, ..., n−1), it has been established in [Galichet et
al., 2002] that the interpolation graph is made of connected 4-
sided areas (as pictured in figure 2) when the following con-
straints hold between the parameters:

(zi
+ − zi+1)(xi+1

− − xi+1) = (zi+1
+ − zi+1)(xi

+ − xi+1) (3)

(zi+1
− − zi)(xi

+ − xi) = (zi
− − zi )(xi+1

− − xi). (4)

Similar relationships can be obtained when considering de-
creasing reference points. These constraints can be related to
consistency requirements between gradual rules [Dubois et
al., 1997], ensuring the non emptiness of the image of each in-
put point via the relation Γ.

Figure 2 pictures the interpolation graph which is obtained
with three interpolation points, and thus three gradual rules
whose Ai’s and Bi’s also appear in figure 2. The partitioning
of X is obtained by cutting the intervals [xi, xi+1] into three
equal parts, i.e. xi+1

− − xi = xi
+ − xi+1

− = xi+1 − xi
+, as illustrat-

ed by the parameters which define the fuzzy sets Ai. The ex-
treme values z1

− and z3
+ are also predefined. Lastly, the other

parameters can be obtained by solving the system of equa-
tions derived from (3) and (4).

figure 2: Piecewise quadrangle-shaped graph

This approach straightforwardly extends to imprecise refer-
ence points provided that trapezoïdal membership functions
are used in place of triangular ones (see figure 3).

figure 3: Imprecise reference points
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3 Classification of time series
Our purpose is now to illustrate how the imprecise interpola-
tive representation framework can be used to classify time se-
ries, see, e.g. [Kadous, 2002]. Supervised classification is
assumed, contrary to clustering techniques whose recent de-
velopments are often based on hidden Markov models [Bis-
was et al., 1998; Li, 2000]. The proposed experiment deals
with the «Control-Chart» database, freely available from the
UCI Data Archive [UCI KDD Archive]. It is a 6-class prob-
lem, with 100 examples of each class, a prototype of each
class being presented in figure 4. A categorization of process
trends, based on types of variation, is also adopted in qualita-
tive reasoning and model-based diagnosis [Colomer et al.,
2002].

figure 4: One example of each class

Given an unlabeled time series, the aim of the classification
is to decide to which class it belongs. The idea behind the pro-
posed methodology consists in developing an imprecise mod-
el of each class. Then, the time series to classify will be
assigned to the class whose model presents the maximal ade-
quacy with the temporal data under consideration. The impre-
cise models are specified using gradual rules as advocated in
the previous section.

In figure 5, ten examples of class 5 are plotted simultaneous-
ly. It clearly shows that the reference points are no longer pre-
cise. In this context, triangular membership functions are
replaced by trapezoïdal membership functions whose cores
delimit the rectangular areas associated with the imprecise
reference points. According to this slight modification, the
graph plotted in figure 5 is obtained from two gradual rules,
i.e. A1→B1 and A2→B2 . It can be shown that the constraints
on the graph shape expressed by equations (3) and (4) are still
valid.

figure 5: Imprecise model of class 5

The model so built can be further improved by truncating the
upper and lower parts of the quadrangle-shaped graph. An
easy strategy to implement the graph cutting consists in add-
ing a new rule that directly translates the interval-based con-
straint “If t ∈[a1 , a2] then z ∈[b1, b2]” where a1, a2 , b1 and b2
are defined in figure 5. Such an approach results in the final
graph given in figure 6.

figure 6: Model of class 5 (truncated graph)

Figure 7 and 8 present the implemented models for two others
classes. The first one associated with class 3 is based on ref-
erence points whose imprecision is only relative to the output.
Using strong partitions with triangular input membership
functions and trapezoïdal output ones, imprecise linear inter-
polation is obtained by means of the two rules A1→B1 and
A2→B2.
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figure 7: Model for class 3 (decreasing trend)

Concerning cyclic time series (figure 8), the non-monotonic
underlying behavior induces some difficulties in the model-
ling process. Actually, closeness on the right and on the left
of the reference points must be handled in different ways. It
means that two distinct fuzzy subsets are required for correct-
ly dealing with each reference point. In this framework, the
imprecise models of figure 8 is composed of 9 gradual rules.

figure 8: Model for class 1 (cyclic)

Imprecise models are built for the six classes so that the
graphs include all the points that compose the training time
series (10 for each class). The classification of a time-series,
given as a collection of points (ti, zi), ti = i = 1, ..., 60, is then
carried out according to its adequacy with the class models.
The latter is determined from the number of points of the time
series under consideration that belong to the graph of each
model, that is:

Nj = Σ i=1, ..., 60 Γj (ti, zi), j = 1, ..., 6 (5)

where Γj denotes the model graph of the jth  class. The final
decision is then to assign the time series, supposed unlabeled,
to the class that maximizes Nj, j = 1, ..., 6. Applying this stra-

tegy to classify the 600 available examples, perfect classifica-
tion is obtained, i.e. the error rate is null for the training
examples but also for the test time series. This result is better
than the one obtained with other approaches of the same pro-
blem [Keogh and Kasetty, 2002; Nanopoulos et al., 2001]. It
is however important to be cautious about this good perfor-
mance. Indeed, the discrimation between some classes is not
robust. This point is illustrated by figure 9 in the case of clas-
ses 3 and 5 which are difficult to differentiate. The adequacy
between the 100 time series of class 3 and models of classes
3 and 5 is plotted. It can be stated that, for many time series,
the difference between both obtained scores is small, which
means that a slight modification of the models would proba-
bly result in different final decisions. Actually, an important
intersection between both models induces a loss of the discri-
mination power of the adequacy index. In this framework,
one may think of improving the robustness of the classifica-
tion by refining the imprecise models. One possible strategy
is then to introduce some membership degrees in the four si-
ded areas while keeping their support unchanged. This can be
made by using fuzzy sets of gradual rules as shown now.

figure 9: Adequacy of class 3 examples with models 
of classes 3 and 5

4 Interpolative fuzzy graph
According to the previous sections, it is clear that given a set
of rules, i.e. a set of reference points, a collection of crisp
graphs can be obtained by varying the support parameters of
the Ai’s and/or the Bi’s. Moreover, inclusion properties be-
tween the built graphs can be exhibited for controlled varia-
tions of the supports as expressed by the following
statements.

P1: If Ai ⊆ Ai*, i=1, ..., n, then Γ* ⊆ Γ, 
where Γ and Γ* are the graphs associated respectively with
rules Ai → Bi and Ai* →  Bi. Indeed, ( x, z) ∈ Γ * means that ∀i,
Ai*(x) ≤ Bi(z). According to the assumption that ∀i, Ai ⊆ Ai*,
it follows that ∀i, Ai(x) ≤ Bi(z) which results in (x, z) ∈ Γ.

P2: If Bi * ⊆ Bi, i=1, ..., n, then Γ* ⊆ Γ, 
where Γ and Γ* are now the graphs associated respectively
with rules Ai → Bi and Ai → B i*. Indeed, (x, z) ∈ Γ* if and
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only if ∀i, Ai(x) ≤ Bi*(z). Since ∀i, Bi* ⊆ B i, it follows that
∀i, Ai(x) ≤ Bi(z), i.e. (x, z) ∈ Γ.

The combination of P1 and P2 leads to:

P3: If Ai ⊆ Ai* and Bi * ⊆ Bi, i=1, ..., n, then Γ* ⊆ Γ,
where Γ and Γ* are now the graphs respectively associated
with rules Ai → Bi and Ai *→ Bi*. 

Thus, according to the above inclusion properties, it is possi-
ble to design a family of nested graphs simply by building
collections of nested fuzzy subsets on X and Z. Indeed, denote
by {Ai

λ, λ∈[0,1]} a family of fuzzy subsets on X  such that
Ai

λ’ ⊆ Ai
λ if λ≥λ’ and {Bi

λ, λ∈[0,1]} a family of fuzzy sub-
sets on Z such that Bi

λ ⊆ Bi
λ’ if λ≥λ’. The family of rules Ai

λ

→ Bi
λ, λ∈[0,1], is such that Γλ ⊆ Γλ’ if λ≥λ’. Actually, such

a construction of nested graphs simply expresses that impli-
cative graphs increase in the sense of inclusion when under-
lying constraints become more permissive. More permissive
rules are obtained either by restricting input conditions fur-
ther, or by enlarging output fuzzy sets.

Using a convex linear combination enables the automatic
construction of such a collection of nested fuzzy subsets rang-
ing from the lower bound of the family to the upper one. Ap-
plying such a technique results in the following proposal:

Ai
λ = (1−λ)Ai

0  ⊕ λAi
1, λ∈[0,1], i=1, .. ,n (6)

where Ai
0  and Ai

1, such that Ai
0 ⊆ Ai

1, are the lower and upper
bounds of the family and ⊕ denotes the extended sum of
fuzzy numbers. In the same way, nested output fuzzy subsets
can be built according to:

Bi
λ = (1−λ)Bi

0  ⊕ λBi
1, λ∈[0,1], i=1, .. ,n (7)

where B i
0 and Bi

1, such that Bi
1 ⊆ Bi

0 , are the upper and low-
er bounds of the family. It should be noted that the inclusion
ordering of the B i

λ using λ is the converse of the one of the
Ai

λ, due to opposite behaviors with respect to graph inclusion.

Using the so-built fuzzy subset families (see figure 10) results
in the following graph inclusions:

Γ1 ⊆ Γλ ⊆ Γλ’⊆ Γ0 , λ,λ’ ∈[0,1] and λ≥λ’ (8)

figure 10: Nested fuzzy subsets (λ>λ’)

One interesting point is that the 4-sided shape introduced in
section 2 is shared by all nested graphs provided that the low-
er and upper graphs are themselves 4-sided areas. In other
words, equalities (3) and (4) hold for any Γλ when they hold
for Γ0 and Γ1  as expressed by property P4.

P4: If both (Ai
0 , Bi

0) and ( Ai
1, Bi

1), i=1, .. ,n, satisfy equations
(3) and (4), then (3) and (4) are still valid for any (Ai

λ, Bi
λ), λ

∈[0,1], i=1, .. ,n, when Ai
λ and Bi

λ are built according to (6)
and (7).

An interpretation consists in viewing F as a fuzzy set of crisp
graphs, that is as a level 2 fuzzy set, i.e. a fuzzy set of fuzzy
sets. In this case, F is represented as:

F = ∫λ ∈[0,1] λ / Γλ (9)

according to Zadeh’s notation where the integral sign stands
for the union of the fuzzy singletons λ / Γλ. A single fuzzy
gradual rule is pictured in figure 11. 

figure 11: A fuzzy gradual rule

Figure 12 plots the fuzzy graph obtained when the lower
graph Γ1 is precise and piecewise linear and the upper graph
Γ0 has the quadrangle-based shape of figure 2.

figure 12: A graph based on 3 fuzzy gradual rules

Using fuzzy gradual rules for dealing with the example of
section 3 still results in perfect classification. Moreover, the
robustness of the classification is improved as illustrated by
figure 13, where histograms of the difference N3 − N5  are
plotted for class 3 time series (see figure 9). It is clear that the
number of examples for which the final decision is brittle, i.e.
for the small values of N3 − N5  which are accounted for in the
two first bars, decreases when fuzzy gradual rules are used.
These results have been obtained by using the same form of
indices Nj given by equation (5) for crisp and fuzzy graphs
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except that Γj (ti, zi) ∈[0 1] in the fuzzy case. Further im-
provements could probably be obtained by defining more so-
phisticated indices in the fuzzy case.  

figure 13: Effect of fuzzy gradual rules on the discrimination

5 Conclusion
This paper has proposed a modelling framework which is
faithful to the imprecision of available data. In the intervals
between interpolation points where it is difficult to specify an
analytical model, imprecision is captured by means of 4-sided
areas. The application of the modelling methodology for clas-
sifying time series has exhibited interesting performance.
Moreover, the discrimination power of the approach is im-
proved by using fuzzy gradual rules as introduced in the pre-
vious section. Indeed, they enable us to distinguish between
typical members of a class which remain in subareas with
high membership degrees from borderline members which go
through subareas with smaller membership degrees. Besides,
one may probably take further advanvage of the easy inter-
face with the user, provided by the use of gradual rule, for
specifying queries in data mining applications (see [Keogh et
al., 2002] for an example of such possible use). Lastly, further
research should deal with multidimensional spaces where the
language of gradual rules may prove useful in the description
of imprecise graphs.
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Abstract

Multi-level spatial aggregates are important for
data mining in a variety of scientific and engineer-
ing applications, from analysis of weather data (ag-
gregating temperature and pressure data into ridges
and fronts) to performance analysis of wireless sys-
tems (aggregating simulation results into config-
uration space regions exhibiting particular perfor-
mance characteristics). In many of these applica-
tions, data collection is expensive and time con-
suming, so effort must be focused on gathering
samples at locations that will be most important
for the analysis. This requires that we be able to
functionally model a data mining algorithm in or-
der to assess the impact of potential samples on
the mining of suitable spatial aggregates. This pa-
per describes a novel Gaussian process approach
to modeling multi-layer spatial aggregation algo-
rithms, and demonstrates the ability of the resulting
models to capture the essential underlying qualita-
tive behaviors of the algorithms. By helping cast
classical spatial aggregation algorithms in a rigor-
ous quantitative framework, the Gaussian process
models support diverse uses such as directed sam-
pling, characterizing the sensitivity of a mining al-
gorithm to particular parameters, and understand-
ing how variations in input data fields percolate up
through a spatial aggregation hierarchy.

1 Introduction
Many important tasks in data mining, scientific computing,
and qualitative modeling involve the successive and system-
atic spatial aggregation and redescription of data into higher-
level objects. For instance, consider the characterization of
WCDMA (wideband code-division multiple access) wireless
system configurations for a given indoor environment. In
noisy channels, the performance goal is to quantitatively as-
sess the relationship between the signal-to-noise ratio (SNR)
and the bit error rate (BER) or bit error probability (BEP)
of the realized configuration. To improve performance in of-
fice environments (characterized by doorways, walls, cubi-
cles), a common trick used is to incorporate space-time trans-
mit diversity (STTD). Instead of a single transmitter antenna,
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Figure 1: Mining configuration spaces in wireless system
configurations. The shaded region denotes the largest por-
tion of the configuration space where we can claim, with
confidence at least 99%, that the average bit error probability
(BEP) is acceptable for voice-based system usage. Each cell
in the plot is the result of the spatial and temporal aggregation
of hundreds of time-consuming wireless system simulations.

the base station uses two transmitter antennas separated by a
small distance. If the signal from one of the antennas is weak,
the signal from another is likely to be high, and the over-
all performance is expected to improve. In this application,
it is important to assess how the power-imbalance between
the two branches impacts the BEP of the simulated system,
across a range of SNRs (see Fig. 1; [Verstak et al., 2002]).

Characterizing the performance of WCDMA systems re-
quires the identification of multi-level spatial aggregates in
the high-dimensional configuration spaces of wireless sys-
tems. The lowest level (input) contains individual Monte
Carlo simulation runs providing unbiased estimates of BEPs.
This space is high-dimensional (e.g. ≥ 10), owing to the mul-
titude of wireless system parameters (e.g. channel models,
fading characteristics, coding configurations, and hardware
controls). Wireless design engineers prefer to work in at most
two or three dimensions (e.g. to study the effect of power im-
balance on system performance) for ease of tunability and de-
ployment. The next level of spatial aggregation thus contains
buckets which aggregate data in terms of two dimensions, us-
ing various consistency constraints and design specifications.
Finally, the third level aggregates buckets into regions of con-
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(a) Input (b) Near (r = 1.5) (c) Filter (θ = 0.7) (d) Select succ (d = 0.01)

(e) Select pred (d = 0.01) (f) Redescribe (g) Bundle

Figure 2: Key steps in vector field analysis.

strained shape; the shape of the regions illustrates the nature
of joint influence of the two selected configuration parame-
ters on performance. Specific region attributes, such as width,
provide estimates for the thresholds of sensitivity of configu-
rations to variations in parameter values.

The results of such mining are important for both qualita-
tive and quantitative analysis. For instance, when the average
SNRs of the two branches are equal, the BEP is minimal and
the width of the mined region in Fig. 1 depicts the largest ac-
ceptable power imbalance (in this case, approximately 12dB).
However, the width is not uniform and the region is narrower
for smaller values of the SNRs. The qualitative result is that
system designs situated in the lower left corner of the con-
figuration space are more sensitive to power imbalance in the
two branches.

Each input data point captures the results of a wireless sys-
tem simulation which takes hours or even days (the simula-
tions in Fig. 1 were conducted on a 200-node Beowulf cluster
of workstations). Thus it is imperative that we focus data col-
lection in only those regions that are most important to sup-
port our data mining objective, viz. to qualitatively assess the
performance in configuration spaces. This requires that we
model the functioning of the data mining algorithm, in order
to optimize sample selection for utility of anticipated results.
Modeling data mining algorithms in this manner is useful for
closing the loop, characterizing the effects of the data mining
algorithm’s parameters, and improving our understanding of
how variations in data fields percolate up through the layers.
A particularly interesting application is to use such modeled
structures to design information-theoretic measures for eval-
uating experimental designs [MacKay, 1992] and for active
data selection [Cohn et al., 1996; Denzler and Brown, 2002].

In order to address these goals, this paper develops a novel
Gaussian process approach to modeling algorithms that mine
spatial aggregates. We first overview the Spatial Aggregation
mechanism for spatial data mining and the Gaussian process
approach to Bayesian modeling. We then show how to inte-

grate the two approaches in order to achieve our goal of prob-
abilistically modeling spatial data mining algorithms. We il-
lustrate this ability within the context of identifying pockets
underlying the gradient in a field — an application that cap-
tures many of the interesting characteristics of more complex
studies like the wireless application.

2 Spatial Aggregation
The Spatial Aggregation Language (SAL) [Bailey-Kellogg et
al., 1996; Yip and Zhao, 1996], provides a set of operators
and data types, parameterized by domain-specific knowledge,
for uncovering and manipulating multi-layer geometric and
topological structures in spatially distributed data. SAL ap-
plications construct increasingly abstract descriptions of the
input data by utilizing knowledge of physical properties such
as continuity and locality, expressed with the vocabulary of
metrics, adjacency relations, and equivalence predicates. To
understand the SAL approach (see Fig. 2), consider a SAL
program for analyzing flows in a vector field (e.g. wind ve-
locity or temperature gradient).

In the first level, the goal is to group input vectors (a) into
paths so that each sample point has at most one predeces-
sor and at most one successor. SAL breaks the process into
two key steps, one capturing locality in the domain space (i.e.
sample location), and the other capturing similarity in the
feature space (i.e. vector direction). A neighborhood graph
aggregates objects with a specified adjacency predicate ex-
pressing the notion of locality appropriate for a given domain.
As shown (b), a sample point’s neighbors include all other
points within some specified radius r. Feature comparison
then must consider only neighbors in this graph, thereby ex-
ploiting physical knowledge to gain computational efficiency
while maintaining correctness. Here we break feature com-
parison into a sequence of predicates and graph operations.
In particular, we first filter the graph (c), applying a predicate
that keeps only those edges whose direction is similar enough
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(within some angle tolerance θ) to the directions of the vec-
tors at the endpoints. The remaining graph has some “junc-
tion” points where vector direction suggests multiple possible
neighbors, and the most appropriate path extension from the
point must be chosen. A similarity metric sums the distance
between the junction and a neighbor, weighted by a constant
d, and the difference in vector direction at the junction and
the neighbor. The most similar neighbor for the junction is
selected ((d) and (e), for successor and predecessor junctions,
respectively).

The remaining graph edges are collected and redescribed
as more abstract streamline curve objects (f), for the second
level of analysis. Again, computation is localized so that
only neighboring streamlines are compared. The neighbor-
hood graph here (not shown) uses an adjacency predicate that
declares streamlines neighbors if their constituent points were
in the first level. It is then straightforward to identify conver-
gent flows (g) with an equivalence predicate that tests when
constituent points form a junction in the graph in (c). If de-
sired, these flow bundles can be abstracted and analyzed at an
even higher level.

SAL’s uniform spatial reasoning mechanism, instantiated
with appropriate domain knowledge, has proved success-
ful in applications ranging from decentralized control de-
sign [Bailey-Kellogg and Zhao, 1999; 2001], to weather data
analysis [Huang and Zhao, 1999], to analysis of diffusion-
reaction morphogenesis [Ordóñez and Zhao, 2000]. Recent
work has focused on optimizing sample selection for applica-
tions where data collection is expensive, including identifying
flows in multi-dimensional gradient fields [Bailey-Kellogg
and Ramakrishnan, 2001] and analyzing matrix properties via
perturbation sampling [Ramakrishnan and Bailey-Kellogg,
2002]. This paper provides the mathematical foundations
necessary for the modeling of such SAL programs to support
the meta-level reasoning tasks outlined in the introduction.

3 Gaussian Processes
Gaussian processes have become popular in the last few
years, especially as a unifying framework for studying mul-
tivariate regression [Rasmussen, 1996], pattern classifica-
tion [Williams and Barber, 1998], and hierarchical model-
ing [Menzefricke, 2000]. The underlying idea can be traced
back to the geostatistics technique called kriging [Journel
and Huijbregts, 1992], named after the South African miner
Danie Krige. In kriging, the unknown function to be modeled
(e.g., ozone concentration) over a (typically) 2D spatial field
is expressed as the realization of a stochastic process. A prior
is placed over the function space represented by this stochas-
tic process, by suitably selecting a covariance function. Given
measured function values at sample locations, kriging then
proceeds to estimate the parameters of the covariance func-
tion (and any others pertaining to the random process). Using
such values a prediction of the response variable can then be
made for a new sample point, typically using MAP or ML in-
ference. This basic approach is still popular in many tasks of
spatial data analysis.

Even though parameters are estimated in this approach, it
is important to note that kriging is fundamentally a memory-

based technique, since the estimated parameters only describe
the underlying covariance function of a stochastic process.
Thus, predictions of the response variable for new sample
points are conditionally dependent on the measured values
and their sample points; by unrolling the effect of the pa-
rameters of the random process, we can directly express this
dependency.

Kriging is often motivated as a local modeling technique,
capable of approximating or interpolating functions with mul-
tiple local extrema, and generalizes well to applications ex-
hibiting anisotropies and trends. The stochastic prior is also
viewed as a mathematically elegant mechanism to impart any
available domain knowledge to the modeling technique. In
1989, Sacks et al. [Sacks et al., 1989] showed how krig-
ing can actually be used to model processes with determin-
istic outcomes, especially in the context of computer exper-
iments. The justification for modeling a deterministic code
as a stochastic process is often that even though the re-
sponse variable is deterministic, it may ‘resemble the sam-
ple path of a suitably chosen stochastic process’ [Sacks et
al., 1989]. Alternatively, using a stochastic process prior can
be viewed as a Bayesian approach to data analysis [Sivia,
1996], and this is the idea emphasized by most recent com-
puter science research in Gaussian processes [Gibbs, 1997;
Rasmussen, 1996]. The stochastic process can be suitably
formulated to ensure that the model reproduces the same re-
sponse value for repeated invocations of a given sample input
(i.e., absence of random error). For instance, the Gaussian
prior can be chosen so that the diagonal entries of the covari-
ance matrix are 1, meaning that the model should interpolate
the data points.

In the recent past, Gaussian processes have become popu-
lar in the statistical pattern recognition community [MacKay,
1997] and graphical models literature [Jordan (ed.), 1998].
Neal established the connection between Gaussian processes
and neural networks with an infinite number of hidden
units [Neal, 1996]. Such relationships allow us to take tradi-
tional learning techniques and re-express them as imposing a
particular covariance structure on the joint distribution of in-
puts. For instance, we can take a trained neural network and
mine the covariance structure implied by the weights (given
mild assumptions such as a Gaussian prior over the weight
space). Williams motivates the usefulness of such studies and
describes common covariance functions [Williams, 1998].

Williams and Barber [Williams and Barber, 1998] describe
how the Gaussian process framework can be extended to clas-
sification, where the modeled variable is categorical. Essen-
tially, the idea is to (i) use a logistic function to conduct tradi-
tional Gaussian regression modeling, and (ii) adopt a softmax
function to bin the logistic output into a given set of classes.
This means that the logistic function uses a “latent variable”
as input in its computation, since its values are not provided
by the dataset.

4 Gaussian Processes for Spatial Aggregation
SAL programs construct multi-layer spatial aggregates based
on specified local adjacency relations, similarity metrics, and
consistency checks. We describe here how to capture the
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Figure 3: Modeling the reversal of gradients in a 1D field us-
ing Gaussian processes. (top) Original field. (bottom) Given
measured values of gradient vector angles at specific data
points (blue), the model posits that the conditional distribu-
tion of the angle at unseen data points is a Gaussian (shown
in red).

qualitative behaviors of such aggregates using Gaussian pro-
cesses. The essence of a Gaussian process is its covariance
structure, so we focus on determining covariance structures
in a SAL program. For example, in the two-layer SAL pro-
gram of Sec. 2, the parameters (r, θ, d) impose a covariance
structure by specifying the reach of the neighborhood graph,
enforcing the similarity of angles in the vector field, and pe-
nalizing for the distance at decisions involving junctions.

4.1 Covariance Structure
We now describe how to model the covariance structure of a
given SAL program. We give the mathematical framework
for the case of mining a 1D field to determine if there is a re-
versal of gradient as we move along the spatial dimension, but
essentially the same machinery applies to two and higher di-
mensional spaces. The basic problem is one of classifying 1D
points to determine the qualitative structure of same-direction
flows. Fig. 3 (top) depicts the given input field along the x di-
mension. As is shown, the field consists of unit vectors with
different orientation. The Gaussian process approach is first
to model an underlying regressed variable and then to use a
logistic or softmax function to bin the output into classes. In
our application, the regressed variable represents the gradient
and can be simply summarized as the angle of unit vector ori-
entation y in Fig. 3 (top). In other applications, the regressed
variable could be an unobserved ‘latent’ variable. In either
case, it is modeled as a function f of the input x.

First, assume f to be a Gaussian process on x, meaning that
the conditional probability distribution of y given a value of x
is a Gaussian. For instance, Fig. 3 (bottom) depicts measured
values of y superposed with distributions of y at two unseen
points. A covariance structure among the y values could, for
example, capture the intuition that adjacent values of y should
agree more than distant values. The goal of modeling is to

determine the extent and stringency of this neighborhood re-
lation — one of the defining parameters of a SAL program.
Specifically, we posit a process such as:

f(x) = α + Z(x) (1)

The idea then is to estimate a model f ′ of the same
form as f , on the basis of a given set of k observations
{(x1, y1), (x2, y2), . . . , (xk, yk)}. A typical choice for Z in
f ′ is a random process with zero mean and covariance σ2R,
where scalar σ2 is the estimated variance and R is a matrix
that captures the correlation between the inputs (i.e., the given
locations). Notice that even though the input is one dimen-
sion, the size of R depends on the number of locations for
which gradient measurements are available. The above model
for f also includes the constant term α; this can be estimated
based on the k observations, or we can substitute more com-
plex terms (e.g. linear), or even omit it altogether.

The functional form of R (including its parameterization)
in effect defines the stochastic process and must be carefully
chosen to reflect the underlying data’s fidelity or any domain-
specific assumptions about local variation. The parameters of
the process are then estimated using multidimensional opti-
mization involving a suitable objective function. For instance,
given the following form for R:

R(xi, xj) = e−ρ|xi−xj |2 (2)

the problem reduces to estimating ρ from the given data.
Notice that this formulation for R implicitly enforces that
the model exactly interpolate the given data points, since
R(xi, xi) = 1. A common objective function for estimating
ρ is to minimize the mean squared error (MSE), E{(f ′−f)2}
between f and f ′. The ρ that minimizes MSE is given by the
solution to the optimization problem:

max
ρ

(
−k

2
(lnσ2 + ln |R|)

)
(3)

where R is the symmetric correlation matrix formed from R.
For a new sample point xk+1, a prediction for the regressed
variable is given by:

f ′(xk+1) = α̂ + rT (xk+1)R−1(y − α̂Ik) (4)

where r is the correlation vector between the response at xk+1

and all the other k points (derived from R), Ik is the identity
vector of dimension k, and α̂ is the estimate of α given by:

α̂ = (ITk R−1Ik)−1ITk R−1y (5)

The variance in the estimate is given by:

σ̂2 =
(y − α̂Ik)TR−1(y − α̂Ik)

k
(6)

In this case, the optimization is one-dimensional due to the
presence of the single parameter ρ. With a different param-
eterization, we will employ multi-dimensional optimization
over the entire set of hyperparameters. When dimensional-
ity is large, the hyperparameters are estimated using MCMC
methods. Once such a modeling is complete, as discussed in
the previous section, we can relate a categorical class variable
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to y using softmax functions. For instance, the reversal of the
gradient in Fig. 3 can be captured by first using the Gaussian
process model to make predictions of the gradient at untested
points and then determining if (and where) a zero crossing
occurs.

The above equations extend naturally to a 2D case such as
that described in Sec. 2. The covariance prior has to be suit-
ably parameterized and we also have the option of taking into
account any interactions between the two dimensions (both
linear and nonlinear).

4.2 Modeling Many Layers
When SAL programs consist of many layers, we need to de-
velop a sequence of Gaussian process models, each with a
suitable covariance function, which can then be superposed
to yield a composite covariance function. Recall that while
one could simply assess the covariance of the output field for
sample values of the parameters and a given input field, the
real purpose of a Gaussian process model is to express the co-
variance of the output as a function of the characteristics of
the input. This is the key property that allows reasoning about
closing the loop and selecting optimal samples. In addition,
Gaussian process models help capture the randomness inher-
ent in some of SAL’s computations, e.g. non-determinism in
labeling, and variations due to how ties are broken for aggre-
gation purposes. Refer again to Sec. 2 for an example of the
types of operations that the covariance model must capture.

At the very bottom of the hierarchy is the input data field.
For applications characterized by expensive data collection
(as in the introduction), it can be advantageous to start with a
sparse set of sample data. The Gaussian modeling approach
to regression is ideal for creating surrogate representations of
data fields from such a sparse dataset. That is, given a sparse
set of samples, interpolate a dense field satisfying those val-
ues and incorporating any appropriate domain knowledge, as
discussed above regarding kriging. Such surrogate functions
can then been used as the starting points for qualitative anal-
ysis [Bailey-Kellogg and Ramakrishnan, 2001].

The operators in a SAL level deal with both locality (which
object locations are close to which other ones, as encapsu-
lated in a neighborhood graph) and similarity (which object
features are close to which other ones, as encapsulated in met-
rics and predicates). For instance, in the example of Sec. 2,
two points are assigned to the same pocket if they are spa-
tially proximate and their flows converge. Here the Gaussian
process is classification (or more generally, density estima-
tion). A popular covariance structure for an n-dimensional
input field captures locality:

R(x(k), x(l)) = ζ

n∏
i=1

e−ρi|x(k)
i

−x
(l)
i

|η (7)

where the expression relates the function values at positions
x(k) and x(l). If η ∈ [0, 2], then the covariance function will
be positive definite, satisfying the normalization constraints
of a posteriori inference.

To see how to capture similarity, consider when two sam-
ple locations are classified into the same trajectory in Sec. 2.
In addition to being spatially proximate (as inferred by SAL’s
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Figure 4: A 2D pocket function.

neighborhood calculations), the underlying vector fields must
also be similar in direction. Expressing the covariance in
terms of position alone can cause the resulting estimated hy-
perparameters to be misleading or difficult to interpret, as
their effect is confounded with the underlying vector field.
One solution is to artificially inflate the dimensionality, so
that position and direction together describe the data. Besides
increasing the dimensionality, this approach spells trouble for
estimation using MCMC methods since significant portions
of the sample space will remain unsampled and it would be
difficult to assess their effects on the minimized functional.
An alternative solution is to use the fact that the vector field
is itself a surrogate and add a term to the covariance outside
the above structure, capturing the contribution due to similar-
ity in the vector field. We place a Gamma prior on this term
with a shape parameter that ensures that its role is secondary
to the covariance structure on position (directional similar-
ity alone is not enough for high covariance at the output; the
sample locations also must be spatially proximate). This is
recognized in the statistics community as a hierarchical prior
and described in detail in [Neal, 1997].

5 Experimental Results
In order to test our approach, we studied de Boor’s pocket
function (see Fig. 4):

α(X) = cos

(
n∑

i=1

2i

(
1 +

xi

| xi |
))

− 2

δ(X) = ‖X− 0.5I‖
p(X) = α(X)(1 − δ2(X)(3 − 2δ(X))) + 1

where X is the n-dimensional point (x1, x2, · · · , xn) at which
the pocket function p is evaluated, I is the identity n-vector,
and ‖ · ‖ is the L2 norm. This function exploits the fact that
the volume of a high dimensional cube is concentrated in its
corners and p is designed so that it has a “dip” in each corner.
It embodies many aspects of datasets like those encountered
in the wireless simulation study, including multiple local ex-
trema, non-systematic variation in the location of the pockets,
and regional variation. The pocket function is also important
as a benchmark for high-dimensional data exploration, where
the goal is to identify the most interesting regions of the de-
sign space without necessarily conducting a (costly) global
optimization over the entire design space. Data mining pro-
grams are hence required to identify the most promising re-
gions using as few function evaluations as possible.
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Figure 5: Modeling a SAL program to mine pockets in gradient fields. (a) Variation in number of pockets mined by the SAL
program for various values of (r, θ). (b) Covariance contribution in x dimension for various values of (r, θ). (c) Covariance
contribution in y dimension for various values of (r, θ). In all charts, r varies by group and θ varies within group.

A SAL program to identify the number of pockets starts
with some samples of the pocket function. The lowest level of
modeling involves a kriging interpolation over a uniform grid
(we chose size 13n for testing). Then the approach of Sec. 2 is
applied to the gradient vector field of this scalar field: the sec-
ond level bundles points into curves, and the third aggregates
these into flows. Each convergent flow represents one pocket.
One could mine the covariance structures for each layer sep-
arately; we unfold these mappings here to obtain a single co-
variance structure summarizing all three layers. This is be-
cause the structure (esp. the contributions of each dimension)
is easiest to interpret in terms of the original spatial field.

We conducted a parameter sweep over (r, θ, d) as:

r ∈ {1,
√

2, 1.5,
√

3, 2}
θ ∈ {0.7, 0.8, 0.85, 0.9, 0.95}
d ∈ {0.01, 0.02, 0.03, 0.04, 0.05}

and used Neal’s Bayesian modeling software [Neal, 1997] to
construct Gaussian process classifiers for the flow classes.
Covariance contributions in the ρ terms (Eq. 7) from both
the dimensions was estimated using hybrid Monte Carlo (ag-
gressive schemes to evolve the system state by adding higher
order terms). This procedure uses a leapfrog scheme to sup-
press random walk behavior by selective iteration between
Gibbs sampling scans and latent value updates.

Our results indicated a strong positive correlation between
the x and y covariance contributions, bringing out the sym-
metry in the underlying SAL computations. The number of
pockets mined was constant across the values of d (other pa-
rameters fixed), and one of the goals of our study was to de-
termine if this negligible effect of d is captured in the covari-
ance structures. (The effect of d would actually be more pro-
nounced in other spatial fields but not so much in the pocket
function due to the inherent symmetry.) Parameters r and
θ produced the most variation in the covariance contributions
with θ = 0.95 causing an abrupt jump in the number of mined
pockets. This is due to the rather stringent limit imposed on
vector similarity arising from the nonlinearity of the cosine
metric. Fig. 5 summarizes the results for a 2D pocket func-
tion, where we have averaged the covariance contributions
across all ds, for given r and θ.

As the number of pockets increases (Fig. 5(a)), the co-
variance contributions increase (Fig. 5(b,c)) approximately

quadratically. In other words, as the underlying latent func-
tion varies rapidly along the given dimensions, we cannot
stray “too far” away from a given sample point when mak-
ing predictions at test points. The reciprocal of the covari-
ance scale term is often referred to the characteristic length
of a dimension. This gives an estimate of “how far” a given
dimension’s effect holds. When only four pockets are mined,
the characteristic length is about 1, meaning pockets occupy a
width of 1×1 (exactly one fourth of the total space). As more
pockets are mined, the characteristic length drops to about
0.4. It is also interesting to note that the abrupt jump in the
number of pockets for θ = 0.95 is reflected by a similar in-
crease in the covariance contributions for this value. Essen-
tially, vector and edge directions have to be so similar that few
long “runs” can be aggregated as streamlines. This brings out
the capability of the Gaussian process approach to capture the
essentials of a spatial aggregation algorithm.

6 Discussion

This paper has demonstrated a novel Gaussian process ap-
proach to modeling the qualitative behavior of SAL pro-
grams; in contrast to much of the literature where Gaus-
sian processes are used for pattern classification and regres-
sion [Rasmussen, 1996; Gibbs, 1997], our work takes existing
data mining algorithms and recasts them in terms of Gaussian
priors. To the best of our knowledge, this is the first study
to completely model a qualitative data mining algorithm in
terms of a process framework, summarizing the transforma-
tion from data to higher-level aggregates. This is an impor-
tant step in firmly establishing a probabilistic basis for spatial
aggregation computations. The modeling undertaken here,
while expensive, is justifiable for studies such as the wireless
system characterization described in the introduction.

There are several immediate gains from the work presented
here; due to space limitations we only mention them briefly.
First, the Gaussian process model can characterize experi-
mental design criteria such as entropy as a functional w.r.t. the
input space, allowing us to use the mined covariance struc-
ture to focus sampling at the most informative points (e.g.,
see [Bailey-Kellogg and Ramakrishnan, 2001]). It is impor-
tant to note, however, that the approach taken in [Bailey-
Kellogg and Ramakrishnan, 2001] only addresses the lowest
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levels of a hierarchy and is unable to reason about higher-
level, more abstract processes of redescription and aggrega-
tion as is done here. Second, Gaussian process models al-
low us to study the effects of different SAL parameters for a
given class of datasets, e.g. the inference above of the neg-
ligible role of d in the mining process. Finally, it allows us
to take algorithms that function in differing ways (and using
different sets of parameters) and places them on a common
footing, namely the language of covariance structures. This
means that we can reason about the applicability of different
algorithms by studying the constraints they impose on spatial
locality and field similarity.

Gaussian processes have recently been linked to kernel-
based methods, as used in support vector machines [Cristian-
ini and Shawe-Taylor, 2000]; we intend to explore this con-
nection in future work. Kernel-based methods are attractive
in their promise to overcome the curse of dimensionality by
the use of nonlinear projections, a facet that is of critical im-
portance for mining data from large parameter sweeps. As the
need for data mining in computational science gains promi-
nence, process models will be crucial to achieve effective uti-
lization of data for mining purposes.

Acknowledgements
The authors thank Feng Zhao and Layne Watson for helpful
comments. This work is supported by US NSF grants EIA-
9974956, EIA-9984317, and EIA-0103660.

References
[Bailey-Kellogg and Ramakrishnan, 2001] C. Bailey-Kellogg and

N. Ramakrishnan. Ambiguity-Directed Sampling for Qualitative
Analysis of Sparse Data from Spatially Distributed Physical Sys-
tems. In Proceedings of the Seventeenth International Joint Con-
ference on Artificial Intelligence (IJCAI’01), pages 43–50, 2001.

[Bailey-Kellogg and Zhao, 1999] C. Bailey-Kellogg and F. Zhao.
Influence-Based Model Decomposition. In Proceedings of
the Sixteenth National Conference on Artificial Intelligence
(AAAI’99), pages 402–409, 1999.

[Bailey-Kellogg and Zhao, 2001] C. Bailey-Kellogg and F. Zhao.
Influence-Based Model Decomposition for Reasoning about Spa-
tially Distributed Physical Systems. Artificial Intelligence, Vol.
130(2):pages 125–166, 2001.

[Bailey-Kellogg et al., 1996] C. Bailey-Kellogg, F. Zhao, and
K. Yip. Spatial Aggregation: Language and Applications. In
Proceedings of the Thirteenth National Conference on Artificial
Intelligence (AAAI’96), pages 517–522, 1996.

[Cohn et al., 1996] D.A. Cohn, Z. Ghahramani, and M.I. Jordan.
Active Learning with Statistical Models. Journal of Artificial In-
telligence Research, Vol. 4:pages 129–145, 1996.

[Cristianini and Shawe-Taylor, 2000] N. Cristianini and J. Shawe-
Taylor. An Introduction to Support Vector Machines and Other
Kernel-Based Learning Methods. Cambridge University Press,
2000.

[Denzler and Brown, 2002] J. Denzler and C.M. Brown. Informa-
tion Theoretic Sensor Data Selection for Active Object Recogni-
tion and State Estimation. IEEE Transactions on Pattern Analysis
and Machine Intelligence, Vol. 24(2):pages 145–157, Feb 2002.

[Gibbs, 1997] M.N. Gibbs. Bayesian Gaussian Processes for Re-
gression and Classification. PhD thesis, University of Cam-
bridge, 1997.

[Huang and Zhao, 1999] X. Huang and F. Zhao. Relation-Based
Aggregation: Finding Objects in Large Spatial Datasets. In Pro-
ceedings of the 3rd International Symposium on Intelligent Data
Analysis, 1999.

[Jordan (ed.), 1998] M.I. Jordan (ed.). Learning in Graphical Mod-
els. MIT Press, 1998.

[Journel and Huijbregts, 1992] A.G. Journel and C.J. Huijbregts.
Mining Geostatistics. Academic Press, New York, 1992.

[MacKay, 1992] D.J. MacKay. Information-Based Objective Func-
tions for Active Data Selection. Neural Computation, Vol.
4(4):pages 590–604, 1992.

[MacKay, 1997] D.J. MacKay. Gaussian Processes: A Replace-
ment for Supervised Neural Networks? In Lecture Notes of Tuto-
rial at Neural Information Processing Systems (NIPS’97), 1997.

[Menzefricke, 2000] U. Menzefricke. Hierarchical Modeling
with Gaussian Processes. Communications in Statistics, Vol.
29(4):pages 1089–1108, 2000.

[Neal, 1996] R.M. Neal. Bayesian Learning for Neural Networks.
Springer-Verlag, NY, 1996. Lecture Notes in Statistics No. 118.

[Neal, 1997] R.M. Neal. Monte Carlo Implementations of Gaus-
sian Process Models for Bayesian Regression and Classification.
Technical Report 9702, Department of Statistics, University of
Toronto, Jan 1997.
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Abstract

In this paper we describe a case study in which we
applied an approach to qualitative machine learning
to induce, from system’s behaviour data, a qual-
itative model of a complex, industrially relevant
mechanical system (a car wheel suspension sys-
tem). The induced qualitative model enables nice
causal interpretation of the relations in the mod-
elled system. Moreover, we also show that the
qualitative model can be used to guide the quantita-
tive modelling process leading to numerical predic-
tions that may be considerably more accurate than
those obtained by state-of-the-art numerical mod-
elling methods. This idea of combining qualitative
and quantitative machine learning for system iden-
tification is in this paper carried out in two stages:
(1) induction of qualitative constraints from sys-
tem’s behaviour data, and (2) induction of a numer-
ical regression function that both respects the qual-
itative constraints and fits the training data numer-
ically. We call this approach Q2 learning, which
stands for Qualitatively faithful Quantitative learn-
ing.

1 Introduction
It is generally accepted that qualitative models are easier to
understand and reason about than quantitative models. Qual-
itative models thus provide a better basis for the explanation
of phenomena in a modelled system than numerical models.
In this paper we describe a case study in which we applied
an approach to qualitative machine learning to induce, from
system’s behaviour data, a qualitative model of a complex, in-
dustrially relevant mechanical system (a car wheel suspension
system). The induced qualitative model enables nice causal
interpretation of the relations among the variables in the sys-
tem. This is precisely as one would expect from a qualitative
model. More surprisingly, however, we also show in this case
study that the qualitative model can be used to guide the quan-
titative modelling process that may lead to numerical predic-
tions that are considerably more accurate than those provided
by state-of-the-art numerical modelling methods.

Thus the main message of this paper is that a combination
of methods for qualitative and quantitative system identifica-

tion has good chances to attain significant improvements over
numerical system identification techniques, including tech-
niques of numerical machine learning methods, such as re-
gression trees [Breiman et al., 1984] and model trees [Quin-
lan, 1992]. The potential improvements are in two respects:
first, the predictions are qualitatively consistent with the prop-
erties of the modelled system, and in addition they are also
numerically more accurate.

This idea of combining qualitative and quantitative ma-
chine learning for system identification is in this paper carried
out in two stages. First, induce qualitative constraints from
system’s behaviour data (training data) with program QUIN
(overviewed in Section 3). Second, induce a numerical re-
gression function that both respects the qualitative constraints
and fits well the training data numerically (called Qualitative
to Quantitative transformation or Q2Q for short, described in
Section 4). We call this approach Q2 learning, which stands
for Qualitatively faithful Quantitative learning. To underline
the importance of qualitative fidelity, we illustrate in Section
2 some problems that numerical learners typically have in re-
spect of qualitative consistency. In Section 5 we present the
case study in applyingQ2 to the chosen problem of modelling
car suspension.

There are several approaches to learning qualitative models
from numerical data that may support alternative approaches
to Q2 learning. These include the program QMN [Džeroski
and Todorovski, 1995], QSI [Say and Kuru, 1996], SQUID
[Kay et al., 2000], and QOPH [Coghill et al., 2002].

2 Qualitative difficulties of numerical learning
Consider a simple container of cylindrical shape and a drain
at the bottom. If we fill the container with water, the wa-
ter drains out. Water level monotonically decreases, until it
reaches zero. Suppose we fill the container with water, and
measure initial outflow �0 = �(t0) and the time behaviour
of water level h(t). Since this is a rather simple behaviour,
one would naturally expect that machine learning techniques
should be able to fairly well predict time behaviour of water
level if enough learning examples are given. Quite surpris-
ingly, even in such simple cases, the usual numerical pre-
dictors can give strange and qualitatively unacceptable pre-
dictions. We illustrate the problems with a simple experi-
ment, using well-known techniques for numerical prediction:
model trees and locally weighted regression.
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Figure 1: M5 predictions of water outflow: empty circles are
M5 predictions of level h(t) on a test set with �0 = 7:5.
Other dots are the the learning examples. Note that M5 pre-
dicts that water level increases at time t=10.

In our experiment we used container outflow simulation
data to evaluate how different numerical predictors learn the
time behaviour of water level. The outflow from a container
is �(t)=c

p
h(t), where c is a parameter depending on the

area of the drain. For the simulation we used Euler integra-
tion h(t + �t) = h(t) - �(t)�t, where �t=0.1 seconds and
c=1.25. We used six example sets, generated with different
initial water levels and initial outflows �0=5 + ic, i=1; ::; 6.
An example set has 20 examples (t, h(t), �0) corresponding
to 19 seconds of simulation.

We used the Weka [Witten and Frank, 2000] implemen-
tations of locally weighted regression [Atkeson et al., 1997]
(LWR, for short), and M5 regression and model trees [Quin-
lan, 1992] to learn the time behaviour of level given the initial
outflow, i.e. h(t)=f(t;�0). One example set was used as a
test set and other five sets (100 examples) for learning. When
the test set was the set with �0=7:5, M5 with the default pa-
rameters induced a model tree with 9 leaves. Figure 1 shows
the learning examples and the M5 prediction of level h(t) on
a test set. Note that M5 predicts that water level increases at
time t=10. The same happens if we change the pruning pa-
rameter. This is of course qualitatively unacceptable as water
level can never increase. Also, there are no learning examples
where water level increases.

One might think that this is an isolated weird case or M5
bug. But it is not. LWR makes a similar qualitative error
on the test set with �0 = 11:25, when it predicts that water
level increases at t=5. Of course, LWR predictions depend on
its parameter k, i.e. the number of neighbors used, but often
the appropriate k that doesn’t give qualitative errors on one
container, gives qualitative errors when learning from similar
data but with different area of the drain. Often, the errors
are even more obvious if we make predictions at the edges of
the space covered by learning examples, i.e. using as test set
�0 = 6:25 or �0 = 12:5. As one would expect, regression
trees make similar qualitative errors.

We believe that other numerical predictors make similar
qualitative errors, at least in more complex domains. This
might be quite acceptable in applications where we just want
to minimize numerical prediction errors. But often it is also
important to respect qualitative relations that are either given

z=M
-,+(x,y) z=M

-,-(x,y) z=M
+,+(x,y) z=M

+,-(x,y)

≤≤≤≤ 0> 0 > 0

≤≤≤≤ 0 > 0

≤≤≤≤ 0

y

x

y

Figure 2: A qualitative tree induced from a set of examples
for the function Z = X 2 � Y 2. The rightmost leaf, applying
when attributes X and Y are positive, says that Z is strictly
increasing in its dependence on X and strictly decreasing in
its dependence on Y .

in advance or hidden in the data. Ignoring them results in
clearly unrealistic predictions that a domain expert would not
approve. The idea of this paper is to use such qualitative re-
lations, either given or induced from data, not only to avoid
qualitatively incorrect predictions, but also to improve the ac-
curacy of numerical prediction.

3 Qualitative data mining with QUIN
QUIN (Qualitative Induction) is a learning program that
looks for qualitative patterns in numerical data [Šuc, 2001;
Šuc and Bratko, 2001; 2002]. Induction of the so-called qual-
itative trees is similar to induction of decision trees. The dif-
ference is that in decision trees the leaves are labelled with
class values, whereas in qualitative trees the leaves are la-
belled with what we call qualitatively constrained functions.

Qualitatively constrained functions (QCFs for short) are a
kind of monotonicity constraints that are widely used in the
field of qualitative reasoning. A simple example of QCF is:
Y =M+(X). This says that Y is a monotonically increasing
function of X . In general, QCFs can have more than one ar-
gument. For example, Z = M+;�(X;Y ) says that Z mono-
tonically increases in X and decreases in Y . We say that
Z is positively related to X and negatively related to Y . If
both X and Y increase, then according to this constraint, Z
may increase, decrease or stay unchanged. In such a case, a
QCF cannot make an unambiguous prediction of the qualita-
tive change in Z.

QUIN takes as input a set of numerical examples and looks
for qualitative patterns in the data. More precisely, QUIN
looks for regions in the data space where monotonicity con-
straints hold. Such a set of qualitative patterns are represented
in terms of a qualitative tree. As in decision trees, the inter-
nal nodes in a qualitative tree specify conditions that split the
attribute space into subspaces. In a qualitative tree, however,
each leaf specifies a QCF that holds among the input data that
fall into that leaf. For example, consider a set of data points
(X ,Y ,Z) where Z = X2 � Y 2 possibly with some noise
added. When QUIN is asked to find in these data qualitative
constraints on Z as a function of X and Y , QUIN generates
the qualitative tree shown in Figure 2. This tree partitions the
data space into four regions that correspond to the four leaves
of the tree. A different QCF applies in each of the leaves. The
tree describes how Z qualitatively depends on X and Y .

QUIN constructs a tree in the top-down greedy fashion,
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similarly to decision tree induction algorithms. A more elab-
orate description of the QUIN algorithm and its evaluation
on a set of artificial domains is given elsewhere [Šuc, 2001;
Šuc and Bratko, 2001]. QUIN has been applied to qualitative
reconstruction of human control strategies [Šuc, 2001], and
to reverse engineer a complex industrial controller for gantry
cranes [Šuc and Bratko, 2002].

4 Q2Q transformation

In this section we describe the qualitative-to-quantitative
transformation (Q2Q for short). Given a set of numerical data
and a qualitative tree, Q2Q attempts to find a regression func-
tion that fits the data well numerically, and also respects the
qualitative constraints in the tree. We say that such a regres-
sion function is qualitatively consistent. In fact, Q2Q finds a
qualitatively consistent regression function with good fit for
each leaf in the tree separately. The overall regression func-
tion is then obtained by gluing together the regression func-
tions for the leaves.

The Q2Q procedure is as follows. First, we partition the
learning examples according to the leaves of the qualitative
tree. These subsets are then used for learning qualitatively
consistent functions of the corresponding leaves. Let us focus
on learning a qualitatively consistent function for some par-
ticular leaf. Suppose we have a leaf with the qualitative con-
straint y=M+(x). We then have to find some monotonically
increasing function that fits the data well. One straightfor-
ward solution, used in Q2Q, is to divide the range of variable
x with a number of equidistant points (i.e. fx1; x2; :::; xng)
in which we learn from the given data the function values y.
The result is a set of pairs f(x1; y1); :::; (xn; yn)g that defines
a piece-wise linear function which can be easily checked for
compliance with the given qualitative constraint. This proce-
dure can be generalized to qualitative constraints of any di-
mension.

In our implementation the function values y i were deter-
mined with a standard version of locally weighted regression
(LWR) [Atkeson et al., 1997], which used Gaussian weight-
ing function. Therefore, the two parameters of the transfor-
mation were the number of equidistant points per dimension
(N 2 f3; 4; 5; 6g) and the kernel size of the Gaussian weight-
ing function (K 2 f0:3; 0:4; ::; 0:8g). All possible combina-
tions of these two parameters (4*6=24) define the space of
all candidate piece-wise linear functions for each leaf. These
sets of candidate functions are exhaustively searched by Q2Q
to find functions that satisfy given qualitative constraints. For
each leaf, Q2Q selects among these qualitatively consistent
piece-wise linear functions one that has best fit with the data
that fall into this leaf. Quality of the fit is measured with root
mean squared error, RMSE for short. It is theoretically pos-
sible that none of the candidate functions is qualitatively con-
sistent with the QCF in the leaf. In such a case the Q2Q pro-
cedure would fail to find a qualitatively consistent regression
function. Although in our experiments this never happened,
we are working on an improved version of Q2Q that is guar-
anteed to find a qualitatively consistent regression function.

Figure 3: Intec wheel model: wheel position is given by x,
y and z coordinates of the wheel center, and rotation angles
about axes x, y and z, called enforced wheel-spin angle 
,
camber � and toe angle �, respectively. These are affected
by horizontal forces Fx and Fy, elevation of the road R and
rotational moment Mz that act upon the tyre.

5 Intec case study
5.1 Intec wheel model
In this section we present an application of Q2 learning to the
modelling of car wheel suspension system. This is a com-
plex mechanical system of industrial relevance. The model
and simulation software used in this experiment were pro-
vided by a German car simulation company Intec. The main
role of the application in this paper is to provide a controlled
experiment to assess the potentials of Q2 learning on a mod-
elling problem of industrial complexity. However, although
the target model was already known and developing such a
model was not an issue of practical relevance, initially this
case study was nevertheless motivated by a practical objec-
tive. Namely, the complexity of Intec’s model is so high that
it cannot be simulated on the present simulation platform in
real time. Therefore the practical objective of the application
of Q2 learning was to speed up the wheel simulation. The
goal thus was to obtain a simplified wheel model that would
still be sufficiently accurate and at the same time significantly
simpler than the original model to allow real-time simulation.
Indeed, the simplified model obtained with Q2 is computa-
tionally trivial compared with the original model.

The Intec wheel model (shown in Figure 3) is a multi-body
model of a front wheel suspension built in compliance with
the physical model assuming no car-body movement and no
wheel-spin. In fact, the suspension system is modelled as if
the car-body is fixed. Wheel position is given by x, y and z
coordinates of the wheel center. Because the flexible joints in
multi-body suspension system that links the wheel to the car-
body allow several levels of displacements, rotation angles
about axes x, y and z are also measured. These are called
enforced wheel-spin angle 
, camber � and toe angle �, re-
spectively.

The multi-body simulation software Simpack[Intec, 2002]
was used to set up the model and to generate simulation
traces. During simulation, a number of elements are act-
ing upon the tyre: two horizontal forces Fx and Fy , vertical
movement (measured as elevation of the road R) and rota-
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Figure 4: A typical simulation trace of the Intec wheel model:
the input variables are on the upper graph, the output variables
(except z that changes the same as road R) are on the lower
graph. x-axis is time in steps dt=0.7 seconds. Note the com-
plex behaviour of the output variables resulting from changes
in Fx and road R.

tional moment Mz. For example, Fx is acting upon the tyre
when braking, Fy when driving through corners (centripetal
force) and rotational moment Mz when parking the car.

During the simulation, input and output variables are
logged to a file called simulation trace. We used traces of
wheel simulation with different trajectories of input vari-
ables. Each trace lasted for 70 seconds, and was sampled
with dt=0.7 seconds. In this way a trace gives 100 examples,
each example contains 10 values, corresponding to the values
of four input and six output variables at a given time. Figure
4 shows a typical simulation trace. It should be noted that all
these traces correspond to very slow changes of input vari-
ables, and as a result the traces are illustrative mainly of the
kinematics of the mechanism, but not also of its dynamics.

5.2 Details of experiments
The experiments reported in this paper were done using a
black-box approach. We did not use any knowledge of the
model. The simulation traces were provided by our part-
ners from Czech Technical University in the European project
Clockwork.

In all the experiments we used 7 traces for learning with the
same road profile as in the trace of Figure 4. In the first learn-
ing trace all other three input variables were zero. In the next
three traces two of the other three input variables were zero
and one other variable (Fx,Fy or Mz) was changing. Figure
4 shows one such trace. The remaining three traces were sim-
ilar, but the trajectory of the changing variable was different,
i.e. it first increased, stayed unchanged for 20 seconds, and
than slowly decreased to zero. Each trace gives 100 examples,
giving altogether 700 learning examples with 10 variables.

The task was to learn each of the six output variables as a
function of input variables. In this way we have six learning
problems, where an output variable is the class and the input
variables are the attributes. For example, angle � was learned
as �=f(R;Fx; Fy;Mz).

The prediction accuracy was tested on 7 test traces. All the

Figure 5: Induced qualitative tree for x wheel center position.

test traces have the same road profile as the traces used for
learning, but different profiles of other three input variables,
i.e. Fx, Fy and Mz. In the first trace all of the three input
variables change similar as Fx in the trace in Figure 4. This
trace was recommended as the most critical test trace by the
domain expert, who considered it far more difficult (all 4 in-
put variables change) than other 6 test traces where one or
two input variables were always zero.

5.3 Inducing a qualitative wheel model with QUIN
As described above, QUIN was used to induce a qualita-
tive tree for each of the six output variables, where the input
variables were the attributes. All of the induced qualitative
trees had over 99 % consistency on the learning set of ex-
amples. We say that a QCF is consistent with an example
if the QCF’s qualitative prediction of the dependent variable
does not contradict the direction of change in the example.
The level of consistency of a qualitative tree with the exam-
ples is the percentage of the examples with which the tree
is consistent. Consistency of 99% indicates that the induced
qualitative model fits the data nearly perfectly.

The simplest qualitative tree was induced for translation in
the z-axis. This tree only has one leaf with QCF z=M+(R).
This tree has a simple and obvious explanation. It says that z
changes in the direction of the road change. If road increases
then z increases, i.e. the wheel center moves upwards.

Qualitative trees for translations in x and y axes are a bit
more complicated. Since they have similar explanations we
will present just the qualitative tree for x translations, given
in Figure 5. Note that x is measured in the opposite direction
as usual, i.e. positive x means wheel center moving in the di-
rection of car driving backwards. Both leaves of the tree have
the same qualitative dependence on Fx and Fy, but differ in
qualitative dependence on road R. The qualitative tree says
that x is positively related to force Fx that acts in the direc-
tion of x. Obviously, wheel center position x changes (wheel
moves backward or forward) in the direction of force in x
direction. Second, x is negatively related to force Fy . This
means that if we push the wheels together (we apply force in
the y direction), the wheels will move forward (x position de-
creasing). This is not so obvious, but can be understood if we
consider the usual mechanics of wheel suspension. The qual-
itative dependence on road R is a bit more complicated. The
qualitative tree of Figure 5 says that x is negatively related to
R when R � 0:001. Otherwise x is positively related to R.
When R increases from its minimum to its maximum, x will
first decrease and than increase, i.e. the wheel center will first
move forward and than backward.

Rotations about axes x, y and z are measured by enforced
wheel-spin 
, camber � and toe angle �, respectively. For
enforced wheel-spin 
, QUIN induced a simple one-leaf tree
that says 
=M�;�;+(R;Fx; Fy). Note that 
 changes in the
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Figure 6: Induced qualitative tree for toe angle �.

direction of the tyre rotation when driving forward. Consider
for example the dependence of 
 on force Fx that is positive
during braking. Since 
 is negatively related to Fx, increasing
Fx causes 
 to decrease, i.e. during braking enforced wheel
spin angle changes in the direction of the tyre rotation. For
camber angle � QUIN induced a qualitative tree that is similar
to qualitative trees for x and y translations.

The toe angle �, i.e. the rotation about z-axis is effected by
all input variables and is the most complicated. The induced
tree is given in Figure 6. We will omit explanation of this
qualitative tree, since it requires understanding of the flexi-
ble nature of the multi-body suspension system that links the
wheel to the car-body.

These qualitative trees give a good explanation of wheel
suspension system behaviour. Moreover, they provide a qual-
itative model of wheel suspension system that enables quali-
tative simulation. In this way, they enable to predict all pos-
sible qualitative changes of output variables over an arbitrary
time interval given qualitative changes of all or some input
variables. This qualitative model also enables to improve nu-
merical predictions.

5.4 Qualitative correctness of numerical predictors
In this section we illustrate why Q2 learning may have an ad-
vantage over the usual numerical predictors. Figure 7 shows
� predicted with M5 model tree, LWR and LWR with opti-
mized parameters, on the most critical test trace, where all
the input variables are changing simultaneously. The figure
shows that both M5 and LWR sometimes make large errors.
Moreover these errors are not only numerical, but also qual-
itative. Consider for example the LWR predictions at the be-
ginning of the trace. Here the predicted � is decreasing, but
the correct � is increasing. This error could be avoided by
considering the induced qualitative tree for � given in Fig-
ure 6. Since at the beginning of the test trace road R is near
zero and increasing, and all other input variables are zero, the
second leftmost leaf of the qualitative tree applies. Its QCF
�=M+;�;+(R;Fy;Mz) requires increasing � since roadR is
increasing.

As can be observed in Figure 7, M5 and LWR often make
qualitative errors. Q2 predictions are qualitatively correct.
The use of (induced) qualitative model enables Q2 to better
generalize in the areas sparsely covered by the training exam-
ples, resulting in better numerical accuracy.

5.5 Numerical accuracy of the induced models
Here we compare the numerical accuracy of the Weka imple-
mentations of LWR, M5 model trees andQ2 learning. All the
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Figure 7: LWR, LWR with optimized parameters, M5 and
Q2 predictions of � on the most critical test trace. With each
method, � at time step ti (on x-axis) was predicted according
to the values of input variables at time ti in the test trace.

Figure 8: Comparing accuracy (measured with RMSE) of
Q2 and LWR with optimized parameters: the left graph com-
pares RMSE on the most difficult test trace and the right
graph shows RMSE on the remaining test traces.

methods learned from 7 learning traces (also used for learn-
ing of qualitative trees) and were tested against 7 test traces
described in Section 5.2. The test results are divided in two
groups. The first group consists of results on a single test
trace. This trace was recommended as the most critical test
trace by the domain expert, who considered it far more diffi-
cult (all 4 input variables are changing simultaneously) than
the 6 test traces in the second group.

Learning of qualitatively consistent functions in the leaves
was performed as described in Section 4. The best fitting re-
gression functions were then taken and glued together into
the overall induced numerical model. We compared the ac-
curacy of our Q2 method with LWR and M5. The parame-
ters of LWR were optimized for each output variable (�, �,
...) according to the RMSE criterion, through internal cross-
validation on the training set. When experimenting with M5,
we noticed that it was grossly inferior both in terms of qual-
itative acceptability as well as numerical error. Attempts at
optimizing M5’s parameters did not help noticeably.

Figure 8 gives the prediction accuracy for variables �, �,
x and y. The predictions of the remaining variables 
 and z
were not much affected by qualitative constraints. The results
on the most difficult test trace (left graph in Figure 8) show
that even our simple Q2Q method improves the numerical
prediction on all the variables (compared to LWR). Results
on the second test trace group are given on the right graph in
Figure 8. As these traces were more similar to the learning
traces, the improvement of Q2 over LWR is smaller.
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6 Discussion

In this paper we introduced a new approach to machine learn-
ing in numerical domains, which we call Q2 learning (quali-
tatively faithful quantitative learning). This combines the in-
duction of qualitative properties from numerical data and nu-
merical regression that respects the induced qualitative prop-
erties. We showed by an experimental case study that Q2

learning may lead to the following advantages compared to
the usual numerical learning:

(1) Induced models tend to be qualitatively consistent with
the data and therefore have better chances to correspond to
the qualitative mechanisms in the domain of modeling. For
example, if the amount of water in a container is decreasing,
the level of water cannot be increasing. This is important with
respect to the interpretation of induced models and explana-
tion of phenomena in the domain based on these models.

(2) Qualitative consistency of induced models with learn-
ing data also affects the accuracy of the model’s numerical
predictions: numerical accuracy may be considerably im-
proved. This is illustrated by the experimental results.

In respect of numerical prediction accuracy, in our case
study Q2 overall outperformed all competing numerical
learners. Among these, locally weighted regression (LWR)
with optimized parameters (through internal cross validation
on the training set) performed best in terms of mean squared
error. However its performance may sharply degrade un-
der more difficult circumstances. Consider LWR-optimized
performance on the the most difficult test set (Figure 7).
It achieves excellent accuracy on the first part of this trace
which is similar to data in the training sets. LWR-optimized
accuracy there is actually better than that of Q2. However,
problems begin for LWR in the second part of this trace where
the input variables start to deviate considerably from the train-
ing data, and LWR’s predictive error increases sharply. In this
part of the trace, Q2 manages to largely preserve qualitative
consistency with the true results, and maintains the numerical
accuracy at a comparable level as in the area densely popu-
lated by training examples.

LWR-optimized was the best among standard numerical
learners, and therefore our presentation of experimental re-
sults largely concentrated on comparison between Q2 and
LWR. The performance of M5 was grossly inferior both in
terms of qualitative acceptability as well as numerical error.
Optimizing M5’s parameters did not help noticeably.

It should be noted that qualitatively faithful regression as
carried out by the Q2Q program is actually inferior to LWR
as a regression method. Struggling to satisfy qualitative con-
sistency, Q2Q is limited to piece-wise linear regression with
a small number of linear segments. This numerical inferior-
ity of Q2Q usually turns out to be more than compensated by
preserving qualitative consistency.

In this paper, qualitative constraints for Q2Q were induced
from training data with QUIN. Alternatively, such constraints
can be defined directly by a domain expert. In such a case, the
Q2 learning can be viewed as an approach that enables the use
of expert’s qualitative knowledge in system identification.

Among the limitations of our realization of Q2, the prim-
itive numerical regression method in Q2Q should be noted.

This method allows sharp changes in variable values (discon-
tinuities in the variables’ derivatives) at the borders between
leaves of a qualitative tree. Future work should include a
method for smoothing such discontinuities.
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[Šuc, 2001] D. Šuc. Machine reconstruction of human con-
trol strategies. PhD thesis, Faculty of Computer and Infor-
mation Sc., University of Ljubljana, Slovenia, 2001.

[Witten and Frank, 2000] I.H. Witten and E. Frank. Data
Mining: Practical Machine Learning Tools and Tech-
niques with Java Implementations, chapter 8, pages 265–
320. Morgan Kaufmann, San Francisco, 2000.

1057QUALITATIVE REASONING





REASONING ABOUT
ACTIONS AND CHANGE





Compiling Control Knowledge into Preconditions for Planning in the Situation
Calculus

Alfredo Gabaldon
Department of Computer Science

University of Toronto
alfredo@cs.toronto.edu

Abstract

A promising technique used in some planning sys-
tems to improve their performance is the use of
domain dependent search control knowledge. We
present a procedure for compiling search control
knowledge, expressed declaratively in a logic, into
the preconditions of the plan actions (operators).
We do this within the framework of the situation
calculus by introducing a transformation of non-
Markovian action theories into classical Markovian
situation calculus theories.

1 Introduction
One of the strategies used in planning to mitigate the com-
plexity of the general problem is to employ some form of
domain specific knowledge to assist the search for a plan.
For instance, Hierarchical Task Network (HTN) planning
systems[Sacerdoti, 1974; Wilkins, 1988; Erolet al., 1996]
use domain specific procedural knowledge in the form of
task decomposition methods. The forward-chaining planners
TLPlan [Bacchus and Kabanza, 2000], TALPlanner[Kvarn-
ström and Doherty, 2000] and the SAT based planner SAT-
Plan [Kautz and Selman, 1998] use domain knowledge in
the form of declarative constraints expressed in a logical lan-
guage. This strategy has been shown experimentally to yield
remarkable improvements in performance. Both TLPlan and
TALPlanner use control constraints expressed in the form of
temporal logic formulas. These formulas are used to elim-
inate plan prefixes which will lead to a suboptimal plan or
cannot be extended into a complete plan at all.

Most practical planning systems use STRIPS, ADL or ex-
tensions of these to describe actions and their effects. How-
ever, the first formal specification of the classical planning
problem, due to[Green, 1969], was postulated in the lan-
guage of the situation calculus[McCarthy, 1963]. The sit-
uation calculus has proven to be a very powerful formalism
and has been employed in the formalization of many differ-
ent aspects of dynamical systems (see e.g.[Reiter, 2001]).
In this paper, we use the situation calculus as our formal
framework and consider how to incorporate search control
into action theories. Specifically, we show that control for-
mulas with a certain syntactic form can be incorporated into

nonMarkovian action theories in the situation calculus, as re-
cently introduced in[Gabaldon, 2002], in a similar way as
[Lin and Reiter, 1994] treat qualification state constraints. In
these nonMarkovian action theories, the effects and precon-
ditions of actions are not assumed to depend solely on the
current situation, but on any past situation. This nonMarko-
vian property of the theories allows an easier incorporation of
dynamic constraints into database specifications, a more nat-
ural and concise axiomatization of nonMarkovian operations
like rollback in transaction systems and other domains with
nonMarkovian properties. In this paper, we are concerned
with another problem where these theories are useful: incor-
porating search control knowledge by treating it as dynamic,
qualification state constraints. Dynamic in the sense that they
may refer to the current and any past situation, as opposed
to static state constraints which refer only to the current state.
Moreover, they are understood as qualification constraints be-
cause they pose further restrictions on the “executability” of
actions. (We do not consider the use of these constraints for
expressing ramifications, i.e. indirect effects of actions.)

Furthermore, we present a transformation from nonMarko-
vian action theories into Markovian ones. This transforma-
tion takes an action theory with nonMarkovian axioms and
by applying regression steps and introducing additional flu-
ents and their corresponding successor state axioms, produces
a classical Markovian theory as introduced by[Reiter, 1991].
We then show how this transformation can be used for com-
piling search control knowledge into normal action precondi-
tions. This nonMarkovian to Markovian transformation pro-
cedure is of independent interest. Toward the end we extend
this approach for theories with explicit time and close with a
discussion.

2 Formal Preliminaries
In this section we give an overview of the situation calculus
and the main definitions necessary for action theories without
the Markov assumption.

2.1 The Situation Calculus
The situation calculus is a first order logic language with
three basic components: actions, situations, and fluents. Ac-
tions are responsible for all the changes in the world. Situa-
tions are sequences of actions which represent possible his-
tories of the world. Fluents are properties of the world that
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change from situation to situation as a result of the execu-
tion of actions. Formally, the language has three sorts:ac-
tion, situationand fluent. In addition to variables of these
sorts, the language includes functions such asmove(x, y)
to represent actions, a constantS0 and a functiondo(a, s)
for situations such asdo(move(x, y), S0), and predicates for
representing fluents such asatLocation(x, l, do(a, s)). The
initial situation, or empty history, is denoted by the constant
S0. Non-empty histories are built by means of the function
do. For a complete description see[Pirri and Reiter, 1999;
Reiter, 2001].

A situation calculus axiomatization of a domain, includes
the following set of axioms:

1. For each action functionA(~x), an action precondi-
tion axiom of the form: Poss(A(x1, . . . , xn), s) ≡
ΠA(x1, . . . , xn, s) wheres is the only term of sort situ-
ation inΠA(x1, . . . , xn, s).

2. For each fluentF (~x, s), a successor state axiomof the
form: F (x1, . . . , xn, do(a, s)) ≡ ΦF (x1, . . . , xn, a, s)
where s is the only term of sort situation in
ΦF (x1, . . . , xn, a, s).

3. Unique names axioms for actions. For instance:
move(x, y) 6= pickup(x).

4. Axioms describing the initial situation of the world: a
finite set of sentences whose only situation term is the
constantS0.

A set of these axioms, together with a set of domain inde-
pendent foundational axiomsΣ, is called a (Markovian)basic
action theory.

2.2 A nonMarkovian Situation Calculus
For a basic action theory without the Markov assumption, we
need some definitions. These are based on those in[Gabal-
don, 2002].

We will use the following abbreviations in the definitions
to follow:

(∃s : σ′ @ σ′′ ∼ σ)W def= (∃s)[σ′ @ σ′′ ∧ σ′′ ∼ σ ∧ W ]
(∀s : σ′ @ σ′′ ∼ σ)W def= (∀s)[(σ′ @ σ′′ ∧ σ′′ ∼ σ) ⊃ W ]

where∼ stands for either@ or = and variables appears in
σ′′. If σ′ is S0 then we may write(∃s : σ′′ ∼ σ)W and
(∀s : σ′′ ∼ σ)W instead.

Definition 1 (Bounded Formulas) For n ≥ 0, let σ be
a term do([α1, . . . , αn], λ) rooted atλ. The formulas of
Lsitcalc boundedby σ are the smallest set of formulas such
that:

1. If W is an atom whose situation terms are all rooted at
λ, thenW is bounded byσ.

2. If W ′, W ′′ are formulas bounded by situation terms
rooted ats andλ, respectively, then(∃s : σ′ @ σ′′ ∼
σ)W and(∀s : σ′ @ σ′′ ∼ σ)W are formulas bounded
by σ, whereσ′′ is rooted ats andW = (¬)(W ′ ∧W ′′).

3. If W1, W2 are formulas bounded by situation terms
rooted atλ, then¬W1, W1 ∧ W2 and(∃v)W1, where
v is of sortactionor object, are formulas bounded byσ.

The set of formulasstrictly boundedby σ is similarly de-
fined by requiring in item (1) above that all situation terms of
W be subterms ofσ, in item (2) thatW ′ be strictly bounded
by a subterm ofσ′′ andW ′′ by a subterm ofσ; and in item (3)
thatW1, W2 be strictly bounded by subterms ofσ.

Example 1 Past temporal logic connectives can be expressed
in the situation calculus with strictly bounded formulas as fol-
lows:

1. prev(ϕ, s) def= (∃a).(∃s′ : do(a, s′) = s) ϕ(a, s′)].

2. since(ϕ1, ϕ2, s)
def= (∃s′ : s′ @ s). ϕ2(s′)∧

(∀s′′ : s′ @ s′′ v s) ϕ1(s′′).

3. sometime(ϕ, s) def= (∃s′ : s′ @ s) ϕ(s′).

4. always(ϕ, s) def= (∀s′ : s′ @ s) ϕ(s′).

NonMarkovian basic action theories differ from those which
include the Markov assumption in that preconditions and ef-
fects of actions may depend on any past situation, not only on
the current one.

Hence the rhs,ΠA(x1, . . . , xn, s), of action precondition
axioms in a nonMarkovian basic action theory are formulas
bounded by situation terms which do not mention predicate
Poss and may refer to past situations. Similarly, the rhs,
ΦF (x1, . . . , xn, a, s) of successor state axioms are formulas
strictly bounded bys.

2.3 Regression
For basic action theories with the Markov assumption,[Pirri
and Reiter, 1999] define a provenly correctregressionmech-
anism that takes a situation calculus sentence and, under cer-
tain restrictions on the form of this sentence, transforms it
into an equivalent sentence whose only situation term isS0.
This allows proving sentences without appealing to the foun-
dational axiomsΣ which include a second order axiom. This
regression operator was generalized for nonMarkovian theo-
ries in[Gabaldon, 2002].

In a nutshell, the regression operator, denoted by
R, takes a sentence and recursively replaces each flu-
ent atomF (~t, do(α, σ)) by its definition according to its
successor state axiom, i.e. byΦF (~t, α, σ). Atoms
Poss(A(~t), do(α, σ)) are similarly replaced by their defini-
tions given by the action precondition axioms. Regression
recursively replaces these atoms until all the situation terms
are reduced toS0. For lack of space we refer the reader to
[Pirri and Reiter, 1999; Reiter, 2001; Gabaldon, 2002] for the
formal details.

In the transformation operator we introduce later, we
will use a one-step version of the regression operator:
R1[W [do(α, σ)]] stands for the regression of a sentence
W [do(α, σ)] bounded bydo(α, σ) that results in a sentence
bounded byσ.

3 Control Knowledge and the Qualification
Problem

As mentioned earlier, the use of search control knowledge
has proven to be a promising recourse for improving the per-
formance of planning systems. Both TLPlan[Bacchus and
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Kabanza, 2000] and TALPlanner[Kvarnström and Doherty,
2000] use declarative control knowledge in the form of tem-
poral logic and have shown substantial computational im-
provement.

Since our goal is to compile search control into precon-
ditions, we express control knowledge in terms of the past,
not the future as it is done in TLPlan and TALPlanner (this
is further discussed in the last section). However, declarative
search control knowledge is typically expressed in a future
temporal logic and we believe that obtaining preconditions
from knowledge in that form is an important problem. In the
last section we comment on how we are approaching this.

From the point of view of logical theories of action, such as
the situation calculus axiomatizations we discuss in this pa-
per, taking control knowledge into account is closely related
to the classicalqualification problem[McCarthy, 1977]. This
is the problem of determining all the conditions that need to
be satisfied for an action to be executable and control knowl-
edge is effectively a set of additional constraints on the exe-
cutability of actions, i.e. on what actions can be considered
part of an executable plan.

Lin & Reiter [1994] have considered the qualification prob-
lem for situation calculus basic action theories withstate con-
straints, which are formulas of the form(∀s)Q(s), uniform in
s. Their solution is to add the qualifications to the precondi-
tion axiom of each action type:

Poss(A(~x), s) ≡ ΠA(~x, s) ∧ ΠQ,

whereΠQ ≡ R1[Q(do(A(~x), s))]. After adding the qualifi-
cations to the precondition axioms, one can discard the con-
straints if two conditions are satisfied: all the state constraints
hold initially, i.e. Q(S0) holds for eachQ; and the domain
closure assumption on actions is included in the theory.

Control formulas are similar to state constraints in that they
pose additional qualifications on actions, but they are more
general since they may quantify over past situations.

In the nonMarkovian situation calculus, successor state ax-
ioms and action precondition axioms can refer to past situa-
tions in addition to the current situation. This permits con-
trol knowledge to be incorporated into action precondition
axioms in the same way Lin & Reiter do. Formally, ifC(s)
is a formula bounded bys representing some piece of con-
trol knowledge, we take this into account by adding it as an
additional precondition for actions:

Poss(A(~x), s) ≡ ΠA(~x, s) ∧ C(do(A(~x), s)). (1)

Precondition axioms in nonMarkovian action theories allow
situation terms rooted ats such asdo(A(~x), s) to appear
in their rhs, so we can addC(do(A(~x), s)) directly without
modification. By including the domain closure assumption on
actions, we are then guaranteed that a situation is executable
only if it satisfies the constraints.

Example 2 (Logistics domain constraint)Consider a con-
straint from a logistics domain, which involves vehicles de-
livering packages to locations, saying that a truck must re-
main in a location if there is a package at that location and
it’s never been in the truck (so it hasn’t just been delivered
and needs to be moved):

(∀p, t, loc).
since(¬inT ruck(p, t), atObj(p, loc)∧ atT ruck(t, loc), s)

⊃
since(atT ruck(t, loc), atObj(p, loc)∧ atT ruck(t, loc), s)

Suppose that the action precondition axiom for
driveT ruck(t, loc), driving a truck t to a location loc
is:

Poss(driveT ruck(t, loc), s) ≡
(∃loc′).atLoc(t, loc′, s) ∧ loc′ 6= loc.

We can add the control formula as a new con-
junct in the rhs after simply replacings with s∗ =
do(driveT ruck(t, loc), s):

Poss(driveT ruck(t, loc), s) ≡
(∃loc′).atLoc(t, loc′, s) ∧ loc′ 6= loc ∧ (∀p, t, loc).

since(¬inT ruck(p, t), atObj(p, loc)∧ atT ruck(t, loc), s∗)
⊃

since(atT ruck(t, loc), atObj(p, loc)∧ atT ruck(t, loc), s∗).

In the next section, we introduce an operator which takes a ba-
sic action theory with such nonMarkovian axioms, and trans-
forms it into one with Markovian ones.

4 Transforming a nonMarkovian Theory into
Markovian

In order simplify the presentation, let us first make some sim-
plifying assumptions on the form and the nesting of formulas
on which we define the transformation.

Formally, in reference to item (2) of Definition 1, we will
assume that formulas are of the forms:

(∃s′ : s∗ @ s′ @ s) (W1[s′] ∧
(∀s′′ : s′ @ s′′ v s)W2[s′′])

(2)

(∀s′ : s∗ @ s′ @ s) (W1[s′] ∧
(∃s′′ : s′ @ s′′ v s)W2[s′′])

(3)

where all (if any) free variables ofW2 are among the free
variables of the full formula. Other combinations of quanti-
fiers and logical connectives reduce to these two cases. The
restriction on the free variables ofW2 does make the transfor-
mation simpler. We treat the general case in the full version
of this paper. Next, we restrict the nesting of formulas in the
following way. By definition,W2 must itself be of the form
(¬)(W ′ ∧ W ′′) whereW ′ is bounded bys′′ andW ′′ by s.
We will restrictW2 by requiring it to be of the form(¬)W ′,
i.e. without the conjunctW ′′.

Notice however that, even with this restrictions, arbitrary
nesting of the past temporal logic abbreviations (Example 1)
is still expressible.

The transformation performs a combination of regression
and of replacement of formulas by new fluents:

Definition 2 Letϕ be anLsitcalc formula bounded bys. We
define a formulaM[ϕ] obtained fromϕ recursively as fol-
lows. By Definition 1, formulaϕ must be of one of the follow-
ing forms:
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1. An atom whose only situation term iss. ThenM[ϕ] =
ϕ.

2. A formula of the form (2). Then,M[ϕ] = Pϕ(~x, s)
which is a new fluent with successor state axiom:

Pϕ(~x, do(a, s)) ≡ R1[PW2 (~x2, do(a, s))] ∧
{PW1(~x1, s) ∨ Pϕ(~x, s)}

where M[W1] = PW1 (~x1, s) and M[W2] =
PW2(~x2, s).
Initially, the new fluent is set to false, i.e.
(∀~x)¬Pϕ(~x, S0) ∈ DS0 .

3. A formula of the form (3). Then,M[ϕ] = Pϕ(~x, s)
which is a new fluent with successor state axiom:

Pϕ(~x, do(a, s)) ≡ PW1 (~x1, s) ∧
{R1[PW2(~x2, do(a, s))] ∨ Pϕ(~x, s)}.

where M[W1] = PW1 (~x1, s) and M[W2] =
PW2(~x2, s) as before, and the new fluent is initially set
to true, i.e.(∀~x)Pϕ(~x, S0) ∈ DS0 .

Theorem 1 Let ϕ denote a formula of the form (2) or (3) and
Dϕ be the basic action theory obtained fromD by adding the
fluents and axioms resulting from applyingM to ϕ. Then,

Dϕ |= (∀)[ϕ ≡ Pϕ(~x, s)].

Now, we can apply the transformation to a nonMarkovian
action theoryD whose action precondition axioms have as an
additional condition a constraintC(s), and obtain a Marko-
vian theoryDM that enforces the constraint. This produces a
theory with precondition axioms of the form:

Poss(A(~x), s) ≡ ΠA(~x, s) ∧M[C(do(A(~x), s))].

Theorem 2 Let C(s) be a control knowledge formula
bounded bys and letD be a nonMarkovian basic action
theory whose precondition axioms have the form (1) and in-
cludes domain closure axioms for actions. Then,

DM |= (∀a, s).Poss(a, s) ⊃ C(do(a, s)).

Example 3 Consider again the logistics domain control for-
mula from Example 2. Letϕ1 andϕ2 stand for premise and
consequence, respectively. Both formulas are of form (2).
The premiseϕ1 stands for:

(∃s′ : s′ @ s){atObj(p, loc, s′) ∧ atT ruck(t, loc, s′)∧
(∀s′′ : s′ @ s′′ v s)¬inT ruck(p, t, s′′)}

Applying operatorM on ϕ1 produces three new fluents
P1(p, t, loc, s), P2(p, t, loc, s) andPϕ1(p, t, loc, s) with the
following successor state axioms:

P1(p, t, loc, do(a, s)) ≡
atObj(p, loc, s) ∧ atT ruck(t, loc, s) ∨ P1(p, t, loc, s)

P2(p, t, loc, do(a, s)) ≡ R1[¬atT ruck(t, loc, do(a, s))] ∧
{P2(t, loc, s) ∨ (atObj(p, loc, s) ∧ atT ruck(t, loc, s))}

Pϕ1(p, t, loc, do(a, s)) ≡ R1[P2(t, loc, do(a, s))] ∧
P1(p, t, loc, s) ∨ Pϕ1(p, t, loc, s)

The result ofM on ϕ2 is similar. Then the constraint be-
comes:

Pϕ1(p, t, loc, s) ⊃ Pϕ2(p, t, loc, s).

Finally, we add the constraint to action precondition axioms:

Poss(A(~x), s) ≡ ΠA(~x, s) ∧
R1[Pϕ1(p, t, loc, do(A(~x), s)) ⊃ Pϕ2(p, t, loc, do(A(~x), s))].

Example 4 (Closed form solution for a fluent)Consider a
fluentF (~x, s) and its closed form solution[Reiter, 2001]:

F (~x, s) ≡
F (~x, S0) ∧ ¬(∃s1 : s1 v s){(∃a′, s′).

do(a′, s′) = s1 ∧ γ−
F (~x, a′, s′)} ∨

(∃s1 : s1 v s){(∃a′, s′).do(a′, s′) = s1 ∧ γ+
F (~x, a′, s′)∧

(∀s2 : s1 v s2 v s).
¬(∃a′′, s′′).do(a′′, s′′) = s2 ∧ γ−

F (~x, a′′, s′′)}
(4)

Clearly, the rhs of the above sentence is formed by
F (~x, S0) and two formulas which are almost of the form (2).
The difference is in thev’s immediately after the existen-
tial quantifiers on situationss1, s2, which would need to be
strict @ to fit form (2), and the subformulas of the form
(∃a′, s′)do(a′, s′) = s. The latter will be simplified away.
Further, it is easy to modify the transformation on (2) to
handle thev’s. In general, all we need to do is replace
PW1(~x1, s) with R1[PW1(~x1, do(a, s))]. However, in this ex-
ample the one step regression won’t be necessary.

Applying the transformation to the subformula

ϕ1 = (∃s1 : s1 v s){(∃a′, s′).do(a′, s′) = s1∧γ−
F (~x, a′, s′)}

results in a predicatePϕ1(~x, s) with successor state ax-
iom (after simplifying) Pϕ1(~x, do(a, s)) ≡ γ−

F (~x, a, s) ∨
Pϕ1(~x, s)
The transformation of subformulaϕ2 =

(∃s1 : s1 v s){(∃a′, s′).do(a′, s′) = s1 ∧ γ+
F (~x, a′, s′)∧

((∀s2 : s1 v s2 v s).
{¬(∃a′′, s′′)do(a′′, s′′) = s2 ∧ γ−

F (~x, a′′, s′′)}
results in a predicatePϕ2(~x, s) with successor state ax-
iom (after simplifying)Pϕ2(~x, do(a, s)) ≡ γ+

F (~x, a, s) ∨
¬γ−

F (~x, a, s) ∧ Pϕ2(~x, s)
Noticeably, this successor state axiom forPϕ2(~x, s) is al-

most identical to the canonical form successor state axiom for
F (~x, s) which is F (~x, do(a, s)) ≡ γ+

F (~x, a, s) ∨ F (~x, s) ∧
¬γ−

F (~x, a, s).
Finally, after applying the transformation to subformulas

ϕ1, ϕ2 of the closed form formula (4), we obtain the follow-
ing equivalent sentence:

F (~x, s) ≡ F (~x, S0) ∧ ¬Pϕ1(~x, s) ∨ Pϕ2(~x, s)

The transformation comes close to producing a canoni-
cal Markovian successor state axiom. It does not because
the closed form solution formula uses information about the
value ofF in the initial situation.
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5 Constraints with explicit time
In this section, we extend our approach to search con-
trol knowledge with explicit time. In the temporal sit-
uation calculus[Reiter, 2001], actions have an additional
temporal argument denoting the time of occurrence, e.g.
drive(truck, loc, 3.2) for driving a truck to a location
loc at time 3.2. There are also some additional axioms:
time(A(~x, t)) = t specifying the occurrence time for each
actionA, andstart(do(a, s)) = time(a) specifying the start
time of situations.

We will use [t1, t2] + t to denote[t1 + t, t2 + t] andt ∈
[t1, t2] to denotet1 ≤ t ∧ t ≤ t2. Sostart(s) ∈ [t1, t2] +
start(s′) stands forstart(s′) + t1 ≤ start(s) ∧ start(s) ≤
start(s′) + t2 which means thats′ precedess by at leastt1
and at mostt2.

Analogous to forms (2) and (3), we have:
(∃s′ : s∗ @ s′ @ s)

{W1[s′] ∧ start(s) ∈ [t1, t2] + start(s′) ∧
(∀s′′ : s′ @ s′′ v s)W2[s′′]}

(5)

(∀s′ : s∗ @ s′ @ s)
{W1[s′] ∧ start(s) ∈ [t1, t2] + start(s′) ∧

(∃s′′ : s′ @ s′′ v s)W2[s′′]}
(6)

For a formulaϕ of the form (5),M yields a predicate
Pϕ(~x, t, s) with a successor state axiom:

Pϕ(~x, t, do(a, s)) ≡ R1[PW2(~x2, do(a, s))] ∧
{t = start(s) ∧ PW1 (~x1, s) ∨ Pϕ(~x, t, s)} (7)

andM[(5)] = Pϕ(~x, t, s)∧start(s) ∈ [t1, t2]+t. The initial
database would include(∀t)¬Pϕ(~x, t, S0).

For a formula of the form (6), the successor state axiom for
Pϕ(~x, t, s) is:

Pϕ(~x, t, do(a, s)) ≡ PW1(~x1, s) ∧
{R1[PW2(~x2, do(a, s))] ∧ t = start(s) ∨

Pϕ(~x, t, s)}
(8)

with M[(6)] = Pϕ(~x, t, s) ∧ start(s) ∈ [t1, t2] + t. The
initial database would include(∀t)Pϕ(~x, t, S0).

The statement of the following theorem, which establishes
the correctness of the transformation, requires adding the con-
junct t = start(s′) to formulas (5) and (6):1

(∃s′ : s∗ @ s′ @ s)
{W1[s′] ∧ start(s) ∈ [t1, t2] + start(s′)∧

t = start(s′) ∧ (∀s′′ : s′ @ s′′ v s)W2[s′′]}
Similarly for formula (6).

Theorem 3 Let ϕ denote a formula of the form (5) or (6) and
defineDM as before. Then,

DM |= (∀)[ϕ ≡ {Pϕ(~x, t, s) ∧ start(s) ∈ [t1, t2] + t}].

6 Discussion and conclusion
We have shown that incorporating control knowledge as addi-
tional preconditions in nonMarkovian action theories is triv-
ial when this knowledge is in the form of bounded formu-
las (which include encodings of Past temporal logic modali-
ties). We then introduced an operator for transforming non-
Markovian basic action theories into Markovian ones. This

1The variablet is a fresh new variable so there is no effect on the
meaning of the formulas.

operator introduces into a theory the additional fluents and
axioms needed for keeping track of the relevant past infor-
mation. We then showed how this operator can be used for
compiling TLPlan style search control knowledge into action
preconditions in the situation calculus.

In the TLPlan system, control knowledge is expressed
in terms of linear (future) temporal logic, that is, temporal
modalitiesnext, always in the future, until, and sometime in
the futureare used. Every time a new operator is added to
the plan prefix being considered, a control formula ispro-
gressedthrough it. If the formula is progressed intofalse,
the plan prefix is pruned since a plan with this prefix will
violate the constraint. Although it is easy to write situation
calculus formulas corresponding to future temporal logic, re-
gression cannot be used on them. However, we argue that if
instead of progression, as in TLPlan, we evaluate the control
formulas against plan prefixes, it is reasonable to use a logic
that refers to past situations instead of future situations. In-
deed, all the reasoning used by a planning system to decide if
a partial plan should be discarded or not must be done relative
to the properties of the partial plan itself. Furthermore, some
future temporal formulas are satisfied by all plan prefixes (e.g.
“sometime in the futureφ” whereφ is not unsatisfiable) and
are not useful for search control. Thus it seems to us that
restricting control formulas to refer exclusively to the past is
appropriate.

Moreover, using past temporal logic is semantically
cleaner for the following reason. The semantics of future tem-
poral logic is defined in terms of infinite sequences of states.
However, plans are finite sequences of actions and thus pro-
duce a finite sequence of states. In order to deal with this tech-
nical difficulty, TLPlan makes the assumption that the world
never changes after the plan is completely executed and there-
fore the last state infinitely repeats. This assumption is rea-
sonable under another assumption typically made in classical
planning: that the agent executing the plan is the only agent
that changes the world, so when this agent terminates execut-
ing its plan, the world remains unchanged. This assumption is
unnecessary if using past temporal logic or bounded situation
calculus formulas.

Nevertheless, it would be convenient to be able to handle
control knowledge expressed in future temporal logic. We
are currently working on developing a procedure that would
allow us to take a future temporal logic control formula, such
as this Briefcase domain one:

goal(at(x, loc)) ⊃
atBriefcase(loc) Until ¬inBriefcase(x)

and produce a bounded situation calculus formula:
(∀s1 : S0 v s1 v s).¬goal(at(x, loc), s1) ∨

(∀a, s2 : s1 v do(a, s2) v s){atBriefcase(loc, s2) ∨
(∃s3 : s1 v s3 v do(a, s2))¬inBriefcase(x, s3)}

that a plan prefix must satisfy. In turn, we can then apply the
procedure introduced in this paper to compile these formulas
into the preconditions of actions.

Bacchus & Kabanza[1998] have also extended their sys-
tem for planning withtemporally extended goals, which are
conditions on sequences of states and not only on the final
state as in classical planning. They use a first-order exten-
sion of the Metric Interval Temporal Logic (MITL)[Alur et
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al., 1991] to specify the temporally extended goals. Defin-
ing plan correctness with respect to MITL formulas as goals
again requires one to make the assumption that the world re-
mains unchanged after the plan is executed. In the case of
temporally extended goals this is a further complication since
testing if the current state satisfies the goalφ means checking
whetherφ is true if the world were to indefinitely remain as
it currently is. (Past) MITL formulas can be encoded as for-
mulas of the situation calculus with explicit time as discussed
in the previous section. Hence our approach also shows a
way to reduce planning with temporally extended goals into
planning with classical goals.

Some preliminary experiments by Bacchus & Ady[1999]
have shown that compiling search control knowledge into ac-
tion preconditions can result in better performance compared
to systems such as TLPlan which keep control knowledge as
a separate set of formulas. A general method for compiling
temporal formulas into preconditions in their framework has
not yet been developed.

The work of [Rintanen, 2000] is also concerned with the
use of control knowledge as additional preconditions of plan
operators. He uses “auxiliary facts” which is a similar to our
introduction of new fluents in the transformation. Like Bac-
chus & Kabanza, Rintanen uses future linear temporal logic
for representing control knowledge for planers with ADL-like
operators. With the help of these auxiliary facts, he then com-
piles the control knowledge into the operators. The main dif-
ference between his work and ours is that his framework is
propositional, while ours is in the more expressive first order
situation calculus. Furthermore, he does not allow nesting of
temporal operators–in our framework this would correspond
to disallowing nesting of quantifiers on situations–which we
do allow. Also related but with a different approach, is the
work of Sierra[1998]. There, domain knowledge in the form
of action selection rulesis used for controlling a STRIPS
planner. Analyzing the relationship of Sierra’s work with ours
is among our future work.
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Abstract

We propose a purely logical framework for plan-
ning in partially observable environments. Knowl-
edge states are expressed in a suitable fragment of
the epistemic logic S5. We show how to lift the ef-
fects of actions (both physical actions and sensing
actions) from the state level to the epistemic level.
We show how progression, regression and plan gen-
eration can be achieved in our framework.

1 Introduction
Planning under incomplete knowledge and partial observabil-
ity is a tricky issue in AI, because of its computational (tem-
poral and spatial) hardness. Partially observable Markov
decision processes (POMDP) are the mainstream approach to
partially observable planning. Nevertheless, the applicabil-
ity of the POMDP approach is limited from the practical side
as soon as the set of states has a strong combinatorial struc-
ture, rendering the number of states much too high for an ex-
plicit representation of actions, preferences, and policies. On
the other hand, logical approaches to planning under incom-
plete knowledge allow for much more compact encodings of
planning problems than POMDPs; most of them deal with an
incomplete initial state and/or nondeterministic actions, but
either they do not handle partial observability, or at least they
do it in a very simple way, by assuming for instance that the
set of variables is partitioned between (directly) observable
and unobservable variables.

To fill the gap between POMDPs and logical approaches,
an abstraction of the POMDP model (leaving aside probabili-
ties and expected utility) can be considered. It should account
at least for the following elements: a set

�
of states; a set �

of belief states built from
�

; a set � of actions, where each
action is associated with a transition model between states
and/or belief states; some preference structure (e.g., a sim-
ple goal or a utility function); and a set � of observations,
together with some correlation function between states and
observations.

While policies for a fully observable MDP map states to
actions, the output of such an abstract POMDP is a policy
mapping belief states to actions; indeed, a POMDP can be
viewed as a fully observable MDP over the set of belief states

(this is a classical way of understanding POMDPs – and even
to solve them).

In this paper, we present a rich logical framework that in-
stantiates the abstraction above, views a partially observable
process as a fully observable process over belief states, and
allows for expressing actions and policies in a compact way.
The framework has a fairly good level of generality (since it
avoids for instance to commit to a particular action language,
see Section 3.1) and is therefore modular enough to be easily
adapted or extended.

The simplest and best-known way of distinguishing be-
tween truths and beliefs in logic consists in expressing the
problem in an epistemic or doxastic logic. To make the ex-
position simpler, we assume that the agent has accurate be-
liefs, i.e., all she believes is true in the actual world. This
means that we identify belief and knowledge (since knowl-
edge is usually viewed as true belief); therefore our frame-
work is based on the logic S5 and instead of belief we use the
term knowledge throughout the paper.1 S5 is computation-
ally no more complex than classical logic: S5 satisfiability is
NP-complete [Ladner, 1977].

In Section 2 we define two notions of knowledge states:
simple knowledge states (for on-line plan execution) and
complex knowledge states (for off-line reasoning about the
effects of a plan). In Section 3 we show how a knowledge
state evolves when an action is performed. Then we show in
Section 4 how to perform goal regression, and we show in
Section 5 how it can be used so as to implement a sound and
complete plan generator. Section 6 discusses related work.

2 Knowledge states
The language ��� of propositional logic S5 is built up from
a finite set of propositional variables �	��
 , the usual con-
nectives, the logical constants � and 
 and the epistemic
modality K. S5 formulas are denoted by capital Greek let-
ters � , � etc. An S5 formula is objective (or modality-free)
iff it does not contain any occurrence of K (i.e., it is a clas-
sical propositional formula). Objective formulas are denoted

1Alternatively, we could have chosen to work with beliefs, using
the doxastic logic KD45, which is very similar to S5 except that
beliefs may be wrong, that is, K ����� is not an axiom. The techni-
cal issues developed in this paper would have been almost identical.
Now, choosing another logic than S5 or KD45 would induce a lot
of complications, including an important complexity gap.
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by small Greek letters � , � etc. and the set of all objective
formulas from ��� is denoted by ������� .

A fundamental property of S5 is that nested modalities col-
lapse, i.e., KK � is equivalent to K � and K � K � to � K � ;
for this reason, we assume without loss of generality that the
scope of each occurrence of modality K in formula � is an
objective formula.

An epistemic atom is an S5 formula of the form K � , where� is objective. An epistemic formula is a formula built up
from epistemic atoms and usual connectives: K ���! #"%$� � K ��&(')�+*,$ is an epistemic formula, while ��' K " is not. An
epistemic formula is positive iff it does not contain any occur-
rence of K in the scope of a negation: K ���- ."%$, .� K ��&/'.�+*,$
is not positive, while K ���0 1"%$� K ��&2'3�+*,$ is.�

= 4 ����� is the set of all interpretations of ���5��� , also
called states. States are denoted by 6 , 687 etc. If � is an ob-
jective formula, we let 9;:<*=���>$@?BA<6DC �0E 6 is a model of�-F .

A structure2 for S5 is defined as a nonempty set of states9HG � . Rather than “structure”, we call 9 a knowledge
state (SKS). Intuitively, it represents all the states the agent
considers possible. The satisfaction of an S5 formula by an
SKS 9 for a state 6ICJ9 is defined inductively by:K for � objective, �L9NMO68$ E ?P� iff 6 E ?Q� ;K for � objective, �L9NMO68$ E ? K � iff R�6 7 CS9 we have�L9NMO6T7U$ E ?P� ;K �L9NMO68$ E ?N�V'!� iff �L9NMO68$ E ?N� and �L9NMO68$ E ?N� ;K �L9NMO68$ E ?N�V !� iff �L9NMO68$ E ?N� or �L9NMO68$ E ?N� ;K �L9NMO68$ E ?W�2� iff �L9NMO68$YXE ?N� .

Finally, an SKS 9 satisfies � , denoted by 9 E ?;� , iff for
all 6ZC[9 we have �L9NMO68$ E ?\� . An S5 formula is valid
(resp. satisfiable) iff it is satisfied by all SKSs (resp. by at
least one SKS). An S5 formula � is a consequence of an
S5 formula � , noted � E ?]� iff every SKS that satisfies �
also satisfies � . � and � are equivalent, noted �_^`� iff� E ?a� and � E ?a� holds. Note that K ���!'1��$ is equivalent
to K �b' K � but K ���c D��$ is implied by but generally not
equivalent to K �3 K � .

Importantly, an SKS 9 can be identified with the strongest
epistemic atom K � that is satisfied by 9 . Such a K � is
unique up to equivalence. Therefore, SKSs will be denoted
syntactically, and without ambiguity, by epistemic atoms K � .

A complex knowledge state (CKS) is a positive epistemic
formula,3 generated by epistemic atoms and the connectives

2This semantics is equivalent (and simpler for our purpose) to
the usual semantics by means of Kripke models d�e1fhg<ikj�fmlon wheree is a set of worlds, g<ikj a valuation function and l an equivalence
relation. See for instance [Fagin et al., 1995].

3We restrict the syntax of CKS to positive epistemic formulas
because for almost all problems, ignorance can already be expressed
by the fact that positive knowledge is not provable from the cur-
rent CKS. This way of generating explicit ignorance from implicit
is a kind of Epistemic Closed World Assumption, already at work in
[Reiter, 2001] and reminiscent of autoepistemic logic; its principle
can be roughly be stated as “if I cannot prove that I know � then I
don’t know � ”. However, for the purpose of this paper, we do not
need this completion because the set of valid plans from a CKS and
the set of valid plans from its completion coincide.

' and  . For instance, pK ���. D"%$+' K �+&Oq= K �L"srt&u$ is a
CKS but K ���0 1"%$2v K & is not, � K � neither.

Example 1 In a model-based diagnosis context, let wx?y{z}|k~5�(�{�
K �L�+��"<��&u$br�� z $ the formula representing the

behaviour of a set of components �I�I9;� . Suppose that the
agent is performing a test plan so as to identify the faulty com-
ponents. The formula characterizing the condition for stop-
ping performing tests and starting reparing the faulty com-
ponents is �[? y{z}|k~5�(�{� � K ��"<��&u$+ K �+��"<��&u$}$ . The latter
formula is a CKS. It is equivalent to an exponentially large
disjunction of SKS: ��^t�@A K �u� E�� G��I�I9;�{F where�u�Y?a� y{z}| � ��"<��&u$}$ y � y{z}|k~5�(�{�5� � �+��"<��&u$}$ .

A CKS � is said to be in epistemic disjunctive normal form
(EDNF) iff it has the form K �-�> V�u�u�8 K �+� , where each �>�
is an objective formula. Clearly, every CKS has an equivalent
EDNF.

3 Actions and progression
In general, actions have both physical (or ontic) and epistemic
effects, i.e., they are meant to change both the state of the
world and the agent’s knowledge state, but without loss of
generality we assume (as usually in AI) that any “mixed” ac-
tion can be decomposed into two actions, the first one having
only ontic effects and the second one only epistemic effects.
For instance, the action of tossing a coin is decomposed into
a blind-toss action followed by a see action telling the
agent whether the coin has landed on heads or on tails.

3.1 Ontic actions
Ontic actions are meant to have effects on the world outside
the agent, especially physical effects such as moving a block,
switching the light, moving etc. They are assumed to be de-
scribed in a propositional action language (allowing or not
for nondeterminism, for ramifications/causality). Any action
language ��� can be chosen, provided that it is propositional
and that it expresses the effects of an action � within a for-
mula w�� involving atoms labelled by � and atoms labelled by���P� (the former for the state before the action is performed,
the latter for the state after it is performed). Among candi-
date languages we find those of the � family [Gelfond and
Lifschitz, 1993], “propositionalized” situation calculus [Lin,
2000] and causality languages [McCain and Turner, 1998].4

The description wo� of an action � allows for comput-
ing the successor state of a state 6 (or the set of successor
states if � is nondeterministic). This set is represented by
any objective formula ���<:T���L6kM��+$ (whose models form the
set of successor states). This definition extends to sets of
initial states, or equivalently to propositional formulas, by���<:T������M��+$�? �{� |��s �¡u¢U£�¤ ���<:T���L6kM��+$ .

Now, given the description wo� of action � and a CKS � ,
the subsequent CKS, denoted by �0�<:T���h��M��+$ , is defined as
follows:

4The common core of these languages is the use of explicit or
implicit successor state axioms. These languages coincide for deter-
ministic, ramification-free actions and differ in the way they treat
nondeterminism (using for instance exogeneous variables or Re-
lease statements), ramifications, etc.
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Definition 1 (progression for ontic actions) Let � be an
ontic action and let �¥? K �-�0 Q�u�u�� K �+� be a CKS in
EDNF.�0�<:T���h�YM��+$-? K���<:T�����2�<M��+$� D�u�u�T K���<:T�����+��M��+$¦�

The problem with the latter definition is that the CKS has
to be put in EDNF first. This does not induce any loss of ex-
pressivity but the transformation may be exponentially large
so that we may want to compute the successor CKS directly
from a CKS expressed in any form, such as in Example 1.

We now give a more elegant way of computing progression
via an extension of variable forgetting to S5 formulas. We
recall first from [Lin and Reiter, 1994] the inductive definition
of §/:8�T��¨T�%�ª©JM��>$ where � is objective and ©«GQ�	��
 :
(0) §/:8�T��¨T�%�L¬�M��>$2?Q� ;
(1) §/:8�T��¨T�%�­AT®�F�M��>$2?Q�+¯8°	±! 1�+¯8°	² ;
(2) §/:8�T��¨T�%�­AT©S³JAT®�F�M��>$2?P§/:8�T��¨T�%�­AT®�F�MO§/:8�T��¨T�%�ª©JM��>$}$ . 5

Definition 2 (forgetting) Let � be an S5 formula and ©«G�	��
 . Forget �ª©JM¦��$ is the strongest S5 formula (a) entailed
by � and (b) not mentioning any variable of © .

Forget �m� Mu� $ is well-defined, because the set of formu-
las satisfying (a) and (b) is closed by conjunction. Thus
Forget �ª©JM¦��$ is unique up to equivalence in S5.

Proposition 1K If � is a CKS, then Forget �ª©JM¦��$ is a CKS.K Forget �ª©JM K �>$-^ K §/:8�T��¨T�%�ª©JM��>$ .K Forget �ª©JM¦�o�+ !��´T$2^ Forget �ª©JM¦�o�%$� Forget �ª©JM¦��´T$ .K If �o� and ��´ do not share any variable then
Forget �ª©JM¦�o�+'!��´T$2^ Forget �ª©JM¦�o�%$�' Forget �ª©JM¦��´T$ .

The interest of defining this forgetting operator is made
clear by the following result. From every symbol ®cCc�	��

we make two copies ®=µ , ®�µª¶(� , where � (resp. �,�V� ) represents
the time point before (resp. after) the action is performed;
then, for any formula �«CS������� , �(µ (resp. �(µª¶(� ) is the
formula from � obtained by replacing each variable ® by ®/µ
(resp. ®�µª¶(� ).
Proposition 2 Let � be an ontic action and let � be a CKS.
We have:�0�<:T���h��M��+$­µª¶(��^ Forget �L�	��
�µ¦M¦�-µ/' K w���$
where �I��
�µ2?;AT®�µ E ®JC!�	��
.F .
3.2 Epistemic actions
An epistemic action · is described wlog by the finite set of
its possible outcomes A8:��8Mu�u�u�uM�:u¸,F#G\� , where each :¹� is
an objective formula describing a possible observation, and:k�8 o�u�u�  2:u¸ is a tautology.6 Accordingly, we have �a?Q���5���
in our framework. The effects of · are motivated by the fol-
lowing principles: non-intrusiveness (for any objective for-
mula � , if � holds before · is performed, then it still holds
after), no-forgetting (if the agent knows an objective formula

5In (1), �/º%»�¼ (resp. �/º%»�½ ) represents the formula obtained by
replacing in � each occurrence of variable ¾ by ¿ (resp. À ).

6Or, more generally, ÁZÂ ÃbÄ¹Å�ÆIÇOÇOÇmÆ�Ä¦È , where Á is the given set
of static domain rules.

� before performing · , then she still knows it after) and re-
liability (if the agent observes :TÉ after performing · , then :TÉ
holds, so that she knows :TÉ after observing it). These three
properties imply that the effects of an epistemic action asso-
ciated with the outcome set A8:��8Mu�u�u�uM�:u¸,F can be represented
by the following progression operator:

Definition 3 (progression for epistemic actions) Let · be
an epistemic action associated with the set of outcomesA8:k�8Mu�u�u�uM�:u¸,F , and let � be a CKS. We have:�0�<:T���h��M}·($-?N�D'V� K :k�> D�u�u�T K :u¸�$¦�

It follows that for any epistemic actions · , ·�� , ·=´ and a
CKS � , progression is indifferent to the order of epistemic ac-
tions: �0�<:T�����0�<:T���h�YM}·��%$¦M}·=´8$2^W�0�<:T�����0�<:T���h�YM}·=´T$¦M}·��%$ ; it
is idempotent: �0�<:T�����0�<:T���h�YM}·($¦M}·($	^S�0�<:T���h�YM}·($ ; and it
preserves positive knowledge: �0�<:T���h�YM}·($ E ?N� .

Epistemic actions can be assumed fully executable without
loss of generality (adding new symbols if necessary).7

A simple and well-known class of epistemic actions is the
class of binary tests, also called truth tests: if � is an ob-
jective formula, the action �m¨<6u�%���>$ is defined by the out-
come set A8��MO�+�-F . Therefore we have �0�<:T���h�YM}�m¨<6u�%���>$}$I?�V'V� K �3 K �+�>$ . In the rest of the paper, we focus on truth
tests, which will make things simpler to expose.8

Note that a straightforward (but important) consequence of
Definitions 1 and 3 is that the set of all CKS is closed under
progression, i.e., if � is a CKS and � is an (ontic or epistemic)
action, then �0�<:T���h��M��+$ is a CKS.

4 Regression
The problem is stated as follows: given a CKS � (represent-
ing a goal knowledge state) and an (ontic or epistemic) action� , characterize the weakest CKS denoted by 
0¨u���h��M��+$ , in
which performing � leads to a CKS satisfying � .

Definition 4 (regression) Let � be an (ontic or epistemic)
action and let � be a CKS. The regression of � by � ,
is the unique CKS (up to logical equivalence), denoted by
0¨u���h��M��+$ , such that (a) �0�<:T����
0¨u���h��M��+$¦M��+$ E ?Ê� and
(b) for any � 7 such that �0�<:T���h� 7 M��+$ E ?\� we have � 7 E ?
0¨u���h��M��+$ .

This definition is well-founded: indeed, if �0�<:T���h���<M��+$ E ?� then for any ��´ E ?Ë�o� we have �0�<:T���h��´¹M��+$ E ?Ì�
(this is easily verified both for ontic actions and for epis-
temic actions). Therefore the set A¹� E �0�<:T���h�.M��+$ E ?Í�oF
is closed w.r.t. disjunction, which entails that there exists
a weakest � such that �0�<:T���h�.M��+$ E ?Î� , equivalent to� A8Ï E �0�<:T����Ï�M��+$ E ?N��F .

7Note that actions that may fail to be informative can only be
expressed here by the occurrence of a tautology in their outcomes.
In this case, unfortunately, we get that Ð�ÑuÄ%ÒÔÓ�Õ2f­Ö�×�Ø[Õ , because
K Ä¹Å�Æ@ÇOÇOÇuÆ K Ä¦È�ØZ¿ as soon as ÄTÙ/ØZ¿ for some Ú .

8This does not induce any loss of generality, because any epis-
temic action can be rewritten equivalently into a logarithmic se-
quence of binary tests, together with the addition of some domain
constraints.
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4.1 Regression for ontic actions
For any objective formula � and any ontic action � , let�<¨u������M��+$ be the standard (non-epistemic) regression of � by� , i.e., any objective formula whose set of models consists of
all states 6DC � s.t. 9;:<*=� ���<:T���L6kM��+$}$)GÛ9;:<*=���>$ [Reiter,
1993].

Definition 5 (sufficient success conditions) A consistent
conjunction of literals Ü is a sufficient success condition for� and � if and only if for any pair of states �L6kMO687Ý$0C �NÞ3�
such that 6 is a model of Ü and 687 is a model of ���<:T���L6kM��+$ , 687
is a model of � . Ü is a minimal sufficient success condition
for � and � if and only if it is a sufficient success condition
for � and � and no proper subconjunction of Ü is. We denote
by ß-���-M��>$ the disjunction of all minimal sufficient success
conditions for � and � .

When actions are described using an action language satis-
fying the properties stated in Section 3.1, such conditions can
be computed abductively. Clearly, Ü is a sufficient success
condition for � and � if and only if Ü�µ,'{w�� is satisfiable, and
every model of Ü�µ�'!w�� is a model of �(µª¶(� .
Proposition 3 Let wo� be the description of � in a proposi-
tional action language ��� . �<¨u������M��+$ is equivalent toß-���-M��>$-?NàáAuÜ E Ü,µ-C3� � �5����âã=ä ���(µª¶(�u$OF��

In this proposition, � � �5����âã=ä �}���>$­µª¶(�T$ denotes the set of
prime implicants of the formula wo�Vvå���>$­µª¶(� that are con-
sistent with w�� and built up from variables of �I��
Yµ , only.

The latter abductive characterization of ontic actions is in-
dependent of the action language chosen – and it now allows
for characterizing the regression of complex epistemic states
by an ontic action.

Proposition 4 Let � be an ontic action, � a CKS and let
K �2�� s�u�u�m K �+� be an EDNF formula equivalent to � . Then
0¨u���h��M��+$-^ K �<¨u�����2�<M��+$� D�u�u�T K �<¨u�����+��M��+$¦�
4.2 Regression for epistemic actions
Proposition 5 Let · be an epistemic action whose outcome
set is A8:k�8Mu�u�u�uM�:u¸,F and let � be a CKS. Let K �-�5 1�u�u�¦ K �+�
be any EDNF formula equivalent to � . Then
0¨u���h��M}·($^ � A K �}��:k��v\�>æ ¢ � ¤ $�'D�u�u�T'V��:u¸.v\�>æ ¢ ¸ ¤ $}$ E §JCDA��k� � ç+F¹è �Oé é ¸8ê F��

In particular, if ·D?Q�m¨<6u�%�ª��$ is a binary test then
0¨u���h��M}·($-^WàëA K �}�ª�ìv¥�+�L$}'��L�(�Qv¥�+��É<$}$ E}í MhîsCb�k� � ç+F��
Sketch of proof. We give it in the latter case only (the proof
for the general case is similar). We abbreviate 
0¨u���h��M}·($
by ï . We first establish (the proof is omitted) that ï is
necessarily a CKS, i.e., ïá? K �<�+ D�u�u�T K �Tð . Now,E ?WïW'V� K �� K �(��$-vñ�
iff R�ò)CV�k� � ó�ô E ? K ���Tõo')��$-v K �2�> J�u�u�8 K �+�E ? K ���Tõo'1�(��$-v K �2�> D�u�u�T K �+� �hö¹$
At that stage, we make use of the following lemma: for any
objective formulas �	M�÷ and � , K �øvù� K ÷W K �I$ is valid
(in S5) iff �úvx÷ is valid or �úvû� is valid. (*) is then

equivalent to R�òüCa�k� � ó,MOý í MhîZCø�k� � ç s.t. �8õ0'J�Svå�+� and�TõY'D�(�[vt��É are classically valid, which is equivalent to:R�ò3Cü�k� � ó,MOý í Mhî�Cü�k� � ç s.t. �Tõ{vù�}�ª�Wv��+�h$5'b�L�(�WvÍ��É8$}$
is valid. The rest of the proof is easy. þ
Example 2 Consider the epistemic actions �Z?N�m¨<6u�%�ªÿs'���$
and ·P?á�m¨<6u�%�ªÿür���$ , and the ontic action Ü that switches
the value of ÿ , thus described by �ªÿ/µª¶(�.rt�(ÿ=µm$('Z���<µª¶(�{r�<µm$ . Let �_? K �s K ��� . Applying Proposition 5 we get
0¨u���h��M��+$ü^ K �3 K ���3 K ���Sv ÿ�$o K ���3'ì�(ÿ�$Z^
K �{ K ���ìvåÿ�$ ; 
0¨u���h��M}·($s^ K �s K ���s K ÿ1 K �(ÿ ;
0¨u����
0¨u���h�oM��+$¦M}·($�^ K �ªÿNv���$2 K ���ìv ÿ�$ . Applying
Proposition 3 we get 
0¨u���h��MmÜ�$�^ø� , 
0¨u����
0¨u���h�oM��+$¦MmÜ�$�^
K �b K ����v �(ÿ�$ ; 
0¨u����
0¨u���h��M}·($¦MmÜ�$Û^ 
0¨u���h��M}·($ ;
0¨u����
0¨u����
0¨u���h�oM��+$¦M}·($¦MmÜ�$-^ K �ªÿ{ ���$� K �L�(ÿs 3����$ .
5 Plan generation
Definition 6 (planning problems) A planning problem

�
w.r.t. a propositional action language �o� consists of an
SKS �ì? K �+� �¹� µ describing the initial knowledge state of the
agent, a finite set of actions �a?P� � (ontic) ³+�	� (epistemic)
and a CKS ß describing the goal. Effects of ontic actions are
described in ��� .

The reason why ß is a CKS is that it is not sufficient
to reach the goal, it must also be the case that the goal is
known to be reached. ß may be purely epistemic goal such as
K �. K �+� , i.e., an agent may have the ultimate goal to know
whether � holds or not.

Plans are defined inductively as follows:K the empty plan 
 is a plan;K any action (ontic or epistemic) is a plan;K if � and ��7 are plans then �
���57 is a plan;K if � and ��7 are plans and � a CKS, then
if � then � else ��7 is a plan.

Therefore, a plan can be seen as a program without loops,
whose branching conditions are epistemic formulas: the agent
can decide whether she knows that a given objective formula
is true (whereas she is not always able to decide whether a
given objective formula is true in the actual world).

While CKS are relevant for off-line planning, i.e., for rea-
soning about the possible effects of a plan, they are no longer
relevant for representing knowledge during plan execution,
since at each time step the agent is in exactly one knowledge
state.

Definition 7 (progression of a CKS by a plan)
The progression of a CKS � in EDNF by a plan is defined
inductively by

1. �0�<:T���h�YM�
=$2?N� ;
2. �0�<:T���h�YMT���
��� 7 $}$2?P�0�<:T�����0�<:T���h�YM��5$¦M�� 7 $ ;
3. if �ì? K � , then�0�<:T���h�YM if � then � else ��7U$?ëô �0�<:T���h�YM��5$ if � E ?N��0�<:T���h�YM���7Ý$ if �;XE ?N���
4. if �ì? K �2�> D�u�u�T K �+� , then�0�<:T���h�YM if � then � else ��7U$? � � �(�Oé é é � �0�<:T��� K �+�}M if � then � else ��7Ý$ .
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Definition 8 (valid plans) A plan � is a valid plan for the
planning problem

�
if and only if �0�<:T���h�YM��5$ E ?Pß .

Exemple 2 (cont’d) Initially, the agent does not know the
values of ÿ and � (her initial knowledge state is K � ), and
her goal is to reach a belief state where she knows the value
of � : ßD? K �0 K ��� .
Let �D?Q·�� ifK �ªÿ3r���$ then � else �ÝÜ����+$ be a plan. We
have:�0�<:T��� K �.M��5$?P�0�<:T�����0�<:T��� K �.M}·($¦M ifK �ªÿ3r���$ then � else �ÝÜ����+$�$?P�0�<:T��� K �ªÿ3r���$¦M��+$� 1�0�<:T��� K �ªÿ1r¥����$¦MT�ÝÜ����+$}$? K �ªÿ{'���$� K �L�(ÿ{'3����$
Therefore, � is valid.

A valid plan can be computed by the following backward
algorithm based on goal regression which is reminiscent of
dynamic programming. The current goal � ~ , expressed in
EDNF, is initialized as ß . Then we nondeterministically pick
an action � and compute 
0¨u���h� ~ M��+$ . The current goal is
then updated by � ~�� ? � ~  ü
0¨u���h� ~ M��+$ . The process
is iterated until K �>� �¹� µ E ?�� ~ or it is not possible to im-
prove � ~ anymore. Since there is a finite number of possible
belief states, the algorithms stop and returns a valid plan,
if such a plan exists. An ordered list � is constantly up-
dated, initialized by ��� K �{�8M�
��¦Mu�u�u�TM�� K ���{M�
���� where ßa^
K �.�� Z�u�u�k K ��� ; each time a new disjunct (i.e., not sub-
sumed by any previous disjunct of � ~ ) K � is added to � ~
after regressing by action � , the pair � K ��M���� is added to � .

There are two slightly different possible outputs: (1) either
the output is just � , i.e., an ordered knowledge-based pro-
gram (or decision list): at execution time, when observations
are made, the new knowledge state is computed, then we look
for the leftmost � K ��M���� in � such that K � is true in the cur-
rent knowledge state and � is performed; (2) or the output
is a ready-to-use conditional plan computed by “simulating”
possible executions from K �>� �¹� µ to ß using � .

Exemple 2 (cont’d) Regressing by � , Ü and then · , the
algorithm finds a valid knowledge-based program for ß :�ü?���� K �=M�
��¦M�� K ���=M�
��¦M�� K ���sv\ÿ�$¦M����¦M�� K ���sv¥�(ÿ�$¦MmÜ �¦M� K �.M}·���� . An associated conditional plan is�J?Q·�� ifK �ªÿ3r���$ then � else �ÝÜ����+$ .
6 Related work
Knowledge-based programs In the planning community,
the idea of using explicit knowledge preconditions for ac-
tions and plans comes back to [Moore, 1985; Morgenstern,
1987]. Developed in a different perspective (agent design),
knowledge-based programs [Fagin et al., 1995; Brafman et
al., 1998; Herzig et al., 2000; Reiter, 2001] are high-level pro-
tocols that describe the actions an agent should perform as a
function of her knowledge. Thus, in a knowledge-based pro-
gram, branching conditions are epistemically interpretable,
and plans explicitly involve deduction tasks during on-line
execution (just like in our framework). Actually, the output of
our plan generation process is a knowledge-based program.
Therefore, our work can be seen as an upstream task that
generates a valid knowledge-based program from a compact
specification of action effects and goals.

Action languages A number of works have extended action
languages so as to handle explicit knowledge and partial ob-
servability, especially [Lobo et al., 1997; de Giacomo and
Rosati, 1999; Baral and Son, 2001]. Knowledge is repre-
sented in all cases by an explicit or implicit epistemic modal-
ity (plus a “minimal knowledge” semantics in [de Giacomo
and Rosati, 1999]). The line of work most related to ours
is of [Baral and Son, 2001]; indeed, not only they represent
epistemic actions with an epistemic modality but they also
allow for conditional plans with epistemic branching condi-
tions. Our work can be seen as an extension of theirs:9 (i)
our formalism is general enough to accept any propositional
action language (including those handling causal rules) for
representing the effects of ontic actions); (ii) our syntax is
less restricted, since we allow for any and-or combination
of SKS (i.e., CKSs) while they consider SKS only; as ar-
gued in Section 3, this makes the representation more com-
pact, when reasoning at planning time about the future con-
sequences of actions; (iii) our progression and regression op-
erators have significant computational characterizations (e.g.,
ontic regression has an abductive characterization); lastly, we
have a sound and complete algorithm for plan generation.
Planning under partial observability There is a number of
recent approaches for logic-based plan generation under par-
tial observability.

[Bonet and Geffner, 1998] give a high-level language for
describing action effects on both the world and the agent’s
beliefs. Their language is a decidable fragment of first-order
logic. By describing ontic actions with successor state ax-
ioms, they allow for handling the frame problem and ram-
ification problems. After a problem has been represented
in their language, its description is automatically translated
into a POMDP model and solved by using POMDP algo-
rithms, so that there is no need to define progression and re-
gression directly in the logic, nor to have an explicit knowl-
edge modality: this is the main difference with our approach,
where the compact logical representation is kept and propa-
gated throughout the process.

The next three approaches solve the plan generation prob-
lem directly in a high-level language but, on the other hand,
they all make important restrictions that lead to a loss of ex-
pressivity. These restrictions imply that none of these ap-
proaches makes use of action languages, while ours can ben-
efit from the huge amount of work in this area and accord-
ingly, can handle the frame problem as well as ramification
and causality in the best possible way while maintaining com-
putational complexity at a reasonable level.

[Bacchus and Petrick, 1998; Petrick and Bacchus, 2002],
like us, use an epistemic modality. Apart from the repre-
sentation of ontic actions (less expressive than ours due to
the abovementioned point10), they restrict the syntax of epis-

9Actually, only of the first part of [Baral and Son, 2001], since
the second half of their paper gives a detailed study of sound and
efficient approximations of their formalism. We plan to integrate
similar approximations in our framework.

10On the other hand, they use a fragment of first-order logic which
allows for expressing some actions (such as value tests) elegantly,
and they motivate their expressivity restrictions by efficiency con-
siderations, so that their approach is a good trade-off between effi-
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temic formulas (for instance, simple disjunctive beliefs such
as K ���� >"%$ cannot be expressed) and consequently, as they no-
tice, their algorithm sometimes fails to discover a valid plan.

The approaches [Bertoli et al., 2001; Rintanen, 2002] do
not make use of an epistemic modality, and therefore can-
not explicitly express disjunctions of belief states (i.e., CKSs)
or complex knowledge-based programs. The representation
of belief states in both approaches uses BDDs, which al-
low for a compact representation but not as space efficient as
DAG-based propositional formulas. While the algorithm in
[Bertoli et al., 2001] uses progression (based on model check-
ing), [Rintanen, 2002] has a regression operator, and, inter-
estingly enough, his combination operator ! between belief
states (which aims at computing, given two belief states ÷)�
and ÷{4 , the maximal belief states in which, after observing
the values of observable variables, leads to know that the true
state is in ÷)� or to know that the true state is in ÷{4 ) can be
reformulated using our epistemic regression (Section 4.2)11

and thus epistemic logic helps understanding how and why
this operator works.12

Situation calculus [Scherl and Levesque, 1993] represent
sensing actions in the situation calculus by means of an ex-
plicit accessibility relation between situations (which means
that knowledge is treated as an ordinary fluent) which cor-
responds exactly to the semantics of our epistemic modality
(once situations have been identified with states). Our ap-
proach expresses the problem at the formula level and en-
ables thus a more concise representation and can benefit from
existing complexity and automated deduction results for S5.
Levesque [Levesque, 1996] builts on the above framework
towards a general theory of planning with sensing, handling
complex plans involving, like ours, nondeterminism, obser-
vations and branching (and also loops).
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Abstract
We propose a framework for simple causal theo-
ries of action, and study the computational com-
plexity in it of various reasoning tasks such as de-
terminism, progression and regression under vari-
ous assumptions. As it turned out, even the sim-
plest one among them, one-step temporal projec-
tion with complete initial state, is intractable. We
also briefly consider an extension of the framework
to allow truly indeterministic actions, and find that
this extension does not increase the complexity of
any of the tasks considered here.

1 Introduction
While there are abundance of formalisms for writing ac-
tion theories that incorporate explicit causal rules not only
between actions and fluents but also between fluents (e.g.
[Baral, 1995; Lin, 1995; Thielscher, 1995; Gustafsson and
Doherty, 1996; McCain and Turner, 1997; Zhang and Foo,
2001; Kakas et al., 2001]), and there are some implemen-
tations of causal action theories [Lin, 2000; McCain and
Turner, 1998; Kakas et al., 2001], there have been few formal
studies of complexities of various reasoning tasks in these
causal action theories. In this paper, we investigate this is-
sue. We first study various reasoning tasks such as comput-
ing the precondition of an action, checking if an action theory
specifies a deterministic action, performing temporal projec-
tion, and computing regression in a very simple causal action
framework that is primarily aimed at representing determin-
istic actions. Basically, an action theory for action � in this
framework is just a finite set of action effect rules of the form

if
�����������	�
���

is true, then action � causes
�

to be true

and causal rules of the form���
�������	�
���
causes

�
to be true

where
�
’s are literals.

Surprisingly, even in this simple framework, one-step tem-
poral projection problem with complete initial state in the
following form: given a set of literals that completely deter-
mines the initial state, and an action � , determine if a given
fluent will hold in the state resulted from doing � in the initial
state, is intractable. This compares with STRIPS and ADL,

which are like this simple framework except that they do not
allow causal rules, where problems like temporal projection
and regression are easy.

As simple as this framework may be, it nonetheless cap-
tures the computational core of causal action theories. In-
deed, we show that if one extends it to allow arbitrary formu-
las in both the right and left hand sides of the effect and causal
rules: (1) this extends the expressiveness of the language, but
(2) it does not affect the complexities of any of the reasoning
tasks considered here.

The rest of this paper is organized as follows. After some
formal preliminaries (Section 2), we present a framework for
simple action theories in Section 3. Complexity results are
presented in Section 4. Before presenting some related work
and concluding, we briefly show in Section 5 how our simple
action theories can be generalized, without questioning the
complexity results (in the general case). For space reasons,
proofs are only sketched or omitted.

2 Formal preliminaries
Let ����������� be a propositional language defined induc-
tively from a finite set ��� of propositional symbols (atoms),
the boolean constants � (true) and � (false), and the con-
nectives � , � ,

�
, � and � . � ��� is the set of all literals

generated from ��� . For each formula ! , "�#%$'&(!*) denotes the
set of atoms occurring in ! .

We shall also consider two isomorphic copies of����������� : �����������,+ and �����������,+.-0/ . Each formula!21 (resp. !2143 � ) from �����������,+ (resp. �����������,+.-0/ ) is
obtained by substituting in a uniform way in the formula!657����������� every atom 8957��� by the atom 8:1 (resp.82143 � ). Propositions indexed by ; are used to express condi-
tions about current situation, and those indexed by ;=<?> about
the situation resulted from doing action � in the current situ-
ation. In the following, by an initial state formula we mean
a formula from �����������,+ , and by a successor state formula
we mean a formula from �����������,+.-0/ . Finally, we shall con-
sider the language �����������,+A@0���,+.-0/ and take advantage of it
to characterize the effects of action � .

A truth assignment over ��� is called a complete state. A
truth assignment over ���B1 is called a complete initial state,
while a truth assignment over ���B143 � is called a complete suc-
cessor state. In order to avoid heavy notations, we shall iden-
tify each complete state C with the conjunction of literals C is
the unique model of it.
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3 Simple action theories
We shall first consider simple causal action theories.

Definition 1 (simple action theory) A simple action theory
for action � is an ordered pair D�EGFIH�JLKBK�& � )NMPO�#%QBC	# �(R
whereS JLKBK�& � ) is a finite set of effect rules, of the following

form: ���
�T�����U�
��� EV:W � M
where

�
’s are literals from � ��� , and

�
can also be � .

The left side is understood to be a tautology when XTFZY .
When

� F[� , the effect rule is really an action precondi-
tion axiom about � . Notice that for our purpose in this
paper, we assume that � is the only action.S O�#%QBC	# � is a finite set of causal rules of the following
form: ���
�T�����U�
��� V:W � M
where

�
’s are literals from � ��� . Again, the left side is

understood to be a tautology when XTF\Y .
Such simple action theories are sufficient to encode ac-

tions with conditional effects. The ramification problem is
addressed through causal rules, which represent static laws
and express how fluents are related. While primarily targeted
at representing deterministic actions, they can sometimes give
rise to indeterministic effects when there are cyclic causal
rules such as 8 V*W 8 .

Causal theories of this form are special cases of causal the-
ories in situation calculus [Lin, 1995], domain descriptions in
action languages [Giunchiglia and Lifschitz, 1998], and other
more general formalisms (e.g. [McCain and Turner, 1997;
Zhang and Foo, 2001]). While these formalisms do not al-
ways agree on their semantics in the general case, most of
them coincide on this special class.

Definition 2 (completion) The completion ] � &4D�E2) of a
(simple) action theory D�E is the formula defined byS DL& � )^F`_bac82$,d	1e�f8:g=C�;h143 �ji JLKBK�& � ) contains

82$,d EV*W 8:g=C�;Pk ;S DL&(O�#%QBC	# � )lF _ma � d,K:;h1n� $Uo(prqr;h1PM � d,K:;h143 � �$Uo(prqr;h143 �si O�#%QBC	# � contains
� d,K:; V*W $Uo(prqr;Pk ;S for each literal

� 5t� ��� , letu E & � )vF[wbac82$,d	1 i JLKBK�& � ) contains 82$,d EV*W � k ,u x & � )vF[wba � d,K:;h143 �yi O�#%QBC	# � contains
� d,K:; V*W � k ,u & � )vF u E & � )B� u x & � ) ,

K:$,#%ztd0& � ){F9& � 1 � � u &}|� )}) � � 143 � , where |� , the comple-
ment of

�
is defined as follows: for any atom 8 , |8�F9�:8

and |�:8tF~8 ;S ] � &4D�Er){F�DL& � ) � DL&(O�#%QBC	# � ) � _������2�0� K:$,#%ztd0& � ) .
We assume that D�E mentions each atom of ��� (otherwise

some atoms of ��� would be useless); under this assumption,
the size of ] � &4D�Er) is polynomial in the size of D�E .

Given a simple action theory D�E , a truth assignment over�����������,+A@0���,+.-0/ is said to be a model of D�E if and only if
it satisfies ] � &4D�Er) . Each model of D�E is formed by the union&(C�1PMPC	�143 � ) of a complete initial state C	1 and a complete suc-
cessor state C	�143 � .

As one can see, the construction of ] � &4D�E2) from D�E is simi-
lar to the way a causal theory is transformed to classical logic
in [Lin, 1995] and to literal completions [McCain and Turner,
1997; Lifschitz, 1997]. In fact, all these approaches yield log-
ically equivalent theories.

4 Complexity issues
4.1 Executability and determinism
Several properties are of interest when dealing with action
theories. First of all, there is the question of whether an action
is executable in a given initial situation.

Definition 3 (executability) Let D�E be an action theory for
action � and let � be a formula from ����������� . H4D�E�Mc� R
is a positive instance of EXECUTABILITY (the executability
problem) if and only if for any complete state C that satisfies� , there is a state C � such that &(C�1PMPC �143 � ) i F\] � &4D�E2) .

Whenever H4D�EBMc� R is a positive instance of EXECUTABIL-
ITY, � is said to be executable under � ; � is said to be fully
executable if and only if it is executable under � .

Proposition 1
1. In the general case, EXECUTABILITY is �y� � -complete.

2. Under the restriction where � is a complete state, EXE-
CUTABILITY is NP-complete.

Proof:

1. Membership is easy. Hardness comes from the following poly-
nomial reduction from the ��� � -complete problem QBF �}� � to
the problem of checking that � is not executable under � .
Let �����(�N�'�N�P�P�P�P�h���'�U�c�N���N�P�P�P�N�h� � �U�A B¡ be an instance of
QBF �}� � 1. Wlog, we assume that   is a DNF formula ¢L�{£�P�P�¤£¥¢§¦ . We now define ¨\©4�sª��¬«r­L���4®=�c¯ �=°r±P��²�¡ where¯ �=°r±P��²��³�´¢§µv¶'·¹¸2ºN»¥��¢§µv¶'·�¼*¸2ºN»�½�¾��[¿��P�N�hÀm� Á�N�Pµ�¶'·Â�PµA� ¼*�Pµ§¶'·Ã¼*�Pµ{½=¾§�Ä¿��P�P��Å2� and ¸2ºN» is a new
atom, not occurring in   . � is a positive instance of QBF �}� � if
and only if � (as given by ¨\©4�sª ) is not executable under � .

2. Comes directly from the fact that, when Æ is complete, then �
is executable under it iff the propositional theory ��Æ��rÇ ÈP²(©.«2­2ª
is consistent. É

Another important property is determinism. Intuitively, an
action is deterministic if there is at most one successor state
corresponding to any initial state.

Definition 4 (determinism) An action theory D�E for action� is a positive instance of DETERMINISM (the determinism
problem) if and only if � is deterministic, i.e., for all CU1t5Ê ���,+ and for all C	�143 � MPC	� �143 � 5 Ê ���,+.-0/ such that &(C�1NMPC	�143 � ) i F] � &4D�Er) and &(C�1PMPC	� �143 � ) i FZ] � &4D�Er) , then C	�143 � FZC	� �143 � .
Proposition 2 DETERMINISM is coNP-complete.

1Let us recall that � is a positive instance of QBF �}� � if and
only if it is valid, i.e., there exists an assignment Ë� of variables
�'�P�P�N�P�P�h��� such that for all assignments Ë� of variables ���P�P�N�P�P�h� �
we have ©}Ë�'� Ë�Nª�½ �¹  (where   is a formula from ÌyÍÏÎyÌ�Ð2Ñ s.t.Ò �=Ó�©. Bª �e�N�'�N�P�P�P�N�h���'�h���N�P�P�P�P�h� � � ). QBF �}� � is still � � � -complete
when   is under DNF.
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Proof: Membership is easy. Hardness comes from the following
polynomial reduction from DNF-VALIDITY. Let Ô¥�j¢L�2£�� � �c£�¢§¦
be any formula from ÌyÍÏÎyÌBÐ2Ñ under DNF and let ¨\©.Ô,ª be the
instance of DETERMINISM defined by «2­\���4ÕsÖ'Ö:©���ª}�c¯ �=°r±P��²�¡
with ÕsÖ'Ö:©���ªÄ�×�´¢�� ­¶'·Ø¸2ºN»¥�N�P�P�P�¤¢§¦ ­¶'·Ø¸2ºN»y� and¯ �=°r±P��²§�Ù�N¸2ºN»Ú¶'·I¸2ºN»¥�}¼*¸2ºN»Û¶'·Ü¼*¸2ºN»y� , where ¸2ºN» is
a new atom not mentioned in Ô . Ô is valid if and only if ¨\©.Ô,ª is
deterministic. É

4.2 Progression
There are two forms of the progression problem, also referred
to as (one-step) temporal projection. The simpler one, in the
form of a query about the effects of an action given some
information about the current situation, can be described as a
triple H4D�EBMP!�M}Ý R whereS D�E is an action theory;S ! is a formula from ����������� representing the knowl-

edge state before the action is performed; we assume
that the action � is executable under ! ;S Ý is a formula from ����������� we are interested in the
truth value of which after the action has been performed.

Definition 5 (progression) Let D�E be an action theory and! a formula from ����������� such that � is executable un-
der ! . Let Ý be a formula from ����������� . H4D�EBMP!�M}Ý R is a
positive instance of PROGRESSION (the progression problem)
if and only if Ý�143 � holds in any possible complete successor
state by action � of any complete initial state CU1 satisfying !21 ;
equivalently: !21 � ] � &4D�E2) i F\Ý�143 �UÞ

According to this definition, progression is really a two-
step process: first make sure that the action is executable un-
der the given condition about the initial state, and then com-
pute the changes that the action will have under the given
initial condition. We have shown that the first step is �¥� � -hard
in the worst case. The following proposition shows the com-
plexity of the second step under various assumptions.

Proposition 3 We have identified the following complexity
results (“coNP-c” stands for coNP-complete).

Complexity of PROGRESSION with causal rules no causal rules
any ß , any à coNP-c coNP-cß complete state coNP-c Pà literal coNP-c coNP-cß complete state + à literal coNP-c P

Proof:

1. Membership to coNP comes easily from the fact that�.«r­:�¤á*�hâ
¡ is a positive instance of PROGRESSION if and only
if árãrä�ÈP²(©.«r­2ª
½ �~â�ã�å*� holds.

2. In the case where á2ã is a complete initial state and there are no
causal rules, ÈP²(©.«r­rªv�[�,©4² µ(ªAã�å*�væèç*µ � ã�½	² µvé?ê�Ð2Ñ�Çm��ës�	� ,
where for each ¾ , Ò �=Ó�©�ç*µ � ãAªyì\Ì¥írã . When árã is a complete
initial state, each ç*µ � ã can be evaluated in linear time to a truth
value. This truth value is given to the corresponding ©4².µ(ªAã�å*� .
Since � is executable under á , this will not lead to a contra-
diction, and a complete successor state ±´ã�å*� is characterized
by the values given to the literals ©4².µ�ªAã�å*� . It remains to check
in linear time whether ±Nã�å*�Ï½ �îâ�ã�å*� to determine whether the
instance is positive or not.

3. What remains to be done is showing coNP-hardness in these
two cases:

(a) there are no causal rules and â is a literal;
(b) á is a complete state and â is a literal;

Case 1: no causal rules, â is a literal.
The proof comes from the following polynomial reduction
from DNF-VALIDITY. Let Ô
�9¢L�
£?� � ��£ï¢§¦ be any DNF
formula and let ¨\©.Ô,ª be the instance of PROGRESSION de-
fined by
ð «r­t�^�4ÕsÖ'Ö:©���ª}�}¯ �=°r±P��²�¡ where ÕsÖ'Ö:©���ª �[�´¢�� ­¶'·
¸2ºN»¥�P�P�N�P�¤¢§¦ ­¶'·Ä¸2ºN»y� and ¯ �=°r±P��²r�j® ;ð át�[� ; âñ�Z¸2ºN» , where ¸2ºN» is a new atom not men-
tioned in Ô .

Clearly � is executable under � , and Ô is valid iff ¨\©.Ô,ª is a
positive instance of PROGRESSION.

Case 2: á is a complete state, â is a literal
The proof comes from the following polynomial reduction
from DNF-VALIDITY. Let Ô
�9¢L�
£?� � ��£ï¢§¦ be any DNF
formula, and let

Ò �=Ó�©.Ô,ªB�ñ�Nò:�N�P� � � �¤ò � � be the set of variables
appearing in Ô . We then define ¨\©.Ô,ªb���.«2­:�¤á*�hâ
¡ where
«r­î�Ù�4ÕsÖ'Ö:©���ª}�c¯ �=°r±P��²�¡ is given by ÕsÖ'Ö:©���ª��Ä��� ­¶'·¸2ºN»{ó�� and

¯ �=°r±P��² = �
¢§µ'ä�¸2ºN»{ó:¶'·Ä¸2ºN»î½P¾B�ô¿��P�N�hÀe�Áô��ò'µ�¶'·Äò'µ2�}¼*ò'µ�¶'·Ù¼*ò'µB½P¾*�ô¿��N�P��Å��
and ¸2ºN»¥�h¸2ºN» ó are new atoms (not appearing in Ô ). Let áõ�ñ± ,± being any complete state satisfying ¼*¸2ºN»\ä�¼*¸2ºN» ó , andâT�~¸2ºN» . It can be seen that � is executable in (under) ± , andÔ is valid iff ¨\©.Ô,ª is a positive instance of PROGRESSION. É

Our results about the complexity of executability and pro-
gression, taken together, are strongly related to a result
in [Turner, 2002] (namely Theorem 8(i)) which says that
one-stage conformant planning (without concurrency) is �¥� � -
complete. Indeed, checking that � is a valid plan in this con-
text amounts to checking that � is executable in all possible
initial states and that its progression satisfies the goal. By
considering executability and progression separately, we see
more clearly that �y� � -hardness in Turner’s result is solely due
to the hardness of executability.

A second, perhaps a more difficult way of seeing the pro-
gression problem, is the following: given some information
about the current situation, compute all possible successor
states. Formally, this looks like consequence finding: given
a formula !^5[����������� , compute the strongest successor
state formula ö^5?����������� such that !21 � ] � &4D�Er) i F[ös143 � .
Model-theoretically, this corresponds to finding all complete
successor states C �143 � such that there is a complete initial state
C�1 that satisfies !21 for which C�1 � ] � &4D�Er) � C	�143 � is consistent.
As it turns out, this formula ö§143 � is the strongest necessary
condition of !:1 under ] � &4D�Er) on �����������,+.-0/ [Lin, 2001]:

Definition 6 ( ��$,g'&4D�EBMP!*) ) Given an action theory D�E and
a formula ! from ����������� such that � is executable un-
der ! , the progression formula ��$,g'&4D�E�MP!*) is the formula ö
from ����������� (unique up to logical equivalence) such thatH4D�EBMP!�M}Ý R is a positive instance of PROGRESSION if and only
if ö i F�Ý holds.

��$,g'&4D�E�MP!*) can be characterized equivalently by:
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Proposition 4
1. Let C be any complete state. We have C i FG��$,g'&4D�E�MP!*)

iff ÷rC	�1 5 Ê ���,+ , ( &}&(C	�1 MPC�143 � ) i FZ] � &4D�Er) and C	�1 i F³!21}) , i.e.,
there exists a complete initial state CU�1 such that C	�1 i F[!21
and &(C	�1 MPC�143 � ) i FZ] � &4D�Er) (or equivalently, !:1 � ] � &4D�E2) �C�143 � is consistent).

2. ��$,g'&4D�E�MP!*)h143 �¥ø ÷'���*1 Þ &(!21 � ] � &4D�Er)}) .
4.3 Regression
There are (at least) two possible definitions for regression,
each of which corresponds to a given need: deductive re-
gression (also referred to as temporal explanation or weak
preimage) and abductive regression (also referred to as strong
preimage).

Definition 7 (deductive regression) Let D�E be an ac-
tion theory and let ! , Ý be two formulas from �������
��� .H4D�EBMP!�M}Ý R is a positive instance of DEDUCTIVE REGRESSION
(the deductive regression problem) if and only if

Ý�143 �
� ] � &4D�E2) i F³!21 Þ
Similar to progression formulas, we can define deductive

regression formulas:

Definition 8 ( ��d�p�ù§&4D�E�M}ÝÏ) ) Given an action theory D�E and
a formula Ý from ����������� , the deductive regression for-
mula ��d�p�ù�&4D�EBM}ÝÏ) is the formula

u
from ����������� (unique

up to logical equivalence) such that H4D�EBMP!�M}Ý R is a positive
instance of DEDUCTIVE REGRESSION if and only if

u i FZ! .

We immediately get that for any two formulas ! , Ý from����������� , H4D�EBMP!�M}Ý R is a positive instance of DEDUCTIVE
REGRESSION if and only if H4D�EBMP�
!�MP��Ý R is a positive in-
stance of PROGRESSION. We also have:

Proposition 5
1. Let C be any complete state. We have C i F\��d�p%ù�&4D�EBM}ÝÏ)

if and only if ÷rC	�143 � 5 Ê ���,+.-0/ , ( &}&(C�1NMPC	�143 � ) i F�] � &4D�E2)
and C	�143 � i F7Ý�143 � ) , i.e., there exists a complete succes-
sor state C	�143 � such that C	�143 � i F^Ý�143 � and &(C�1PMPC	�143 � ) i F] � &4D�Er) (or equivalently, Ý
143 �=� ] � &4D�E2) � C�1 is consistent).

2. ��d�p�ù�&4D�EBM}ÝÏ)h1 ø ÷'���*143 �,Þ &4Ý�143 �
� ] � &4D�Er)}) .
This characterization helps understanding deductive re-

gression: it intuitively means that we are interested in find-
ing the set of states which could be possible states before the
action, knowing that Ý holds after the action. This type of
regression is useful for postdiction, i.e., reasoning about the
past state of the system.

Since deductive regression is expressed as a deduction
problem, its complexity is easy to find out.

Proposition 6 DEDUCTIVE REGRESSION is coNP-
complete.

Definition 9 (abductive regression) Let D�E be an ac-
tion theory and let ! , Ý be two formulas from �������
��� .H4D�EBMP!�M}Ý R is a positive instance of ABDUCTIVE REGRESSION
(the abductive regression problem) if and only if for any com-
plete state C , C�1 � ] � &4D�Er) i F\Ý�143 � implies C i F³! .

The corresponding search problem is defined by:

Definition 10 Given an action theory D�E and a for-
mula Ý from ����������� , the abductive regression formula��d�p�ú &4D�EBM}ÝÏ) is the formula

u
(unique up to logical equiv-

alence) such that H4D�EBMP!�M}Ý R is a positive instance of ABDUC-
TIVE REGRESSION if and only if ! i F u

.
In other words,

u 1 is the weakest sufficient condition ofÝ�143 � under ] � &4D�Er) on �����������,+ [Lin, 2001].
Proposition 7

1. Let C be any complete state. C i Fû��d�p%ú &4D�E�M}ÝÏ) if and
only if ü�C	�143 � 5 Ê ���,+.-0/ , if &(C�1PMPC	�143 � ) i Fý] � &4D�E2) then
C	�143 � i F\Ý�143 � (or, equivalently, C	1 � ] � &4D�E2) i F\Ý�143 � ).

2. ��d�p�ú &4D�EBM}ÝÏ)h1 ø üB���*143 �	Þ &�] � &4D�E2){��Ý�143 � ) .
Thus, abductive regression amounts to finding the set of

all complete initial states C	1 for which all possible complete
successor states CU�143 � w.r.t. D�E satisfy Ý . This means that we
are interested in finding the set of states in which performing
the action leads to states necessarily satisfying Ý - provided
that the action can be performed in them. This type of regres-
sion is useful for planning, i.e., reasoning about the minimal
conditions under which an action succeeds in reaching the
goals. Thus, H4D�EBMP!�M}Ý R is a positive instance of ABDUCTIVE
REGRESSION if and only if ! implies the minimal conditions
under which the action leads to the goal.

This shows that the qualifications “deductive” and “abduc-
tive” are only related to the way initial states can be inferred,
and not to the confidence we have in them to be satisfied.
Indeed, as far as reasoning is concerned, deductive conclu-
sions can be taken for sure since deduction is truth-preserving
while abductive conclusions cannot be taken for sure in gen-
eral since abduction is only falsity-preserving. Contrariwise
to such a reasoning situation, initial states CU1 obtained through
deductive regression are only possible ones given Ý and � : it
could be the case that performing action � in C leads to a suc-
cessor state in which Ý does not hold. Contrastingly, initial
states C�1 obtained through abductive regression lead to suc-
cessor states where Ý necessarily holds.

The following proposition makes precise the links between
both forms of regression:
Proposition 8

1. ��d�p�ú &4D�EBM}ÝÏ) i FÙ��d�p�ù�&4D�EBM}ÝÏ) if and only if � is fully
executable.

2. ��d�p�ú &4D�EBM}ÝÏ) ø ��d�p�ù�&4D�EBM}ÝÏ) if and only if � is fully
executable and deterministic.

Proof: We give the proof of the first point:ÍÏºPþUÿ�©.«r­:�hâ
ª
½ �îÍÏºPþ��{©.«r­:�hâ
ª
iff

� Ì¥írã�å*�c� ©�¼*ÈP²(©.«r­2ªhª is inconsistent
iff ��Ì¥írãh� © � Ì¥írã�å*�P� ©�¼*ÈP²(©.«r­rªhªhª is inconsistent
iff

� Ì¥írãh� ©���Ì¥írã�å*�P� ÈP²(©.«r­rªhª is valid
iff � is fully executable. É
Abductive regression is computationally more expensive

than deductive regression:
Proposition 9 ABDUCTIVE REGRESSION is �y� � -complete.
Proof: Membership is easy. Hardness comes from the
following polynomial reduction from the � � � -complete
problem QBF �}� � to ABDUCTIVE REGRESSION. Let�Â� �(�N�'�N�P�P�P�P�h���'�U�c�N���N�P�P�P�N�h� � �U�A B¡ be an instance of QBF �}� � .
Wlog, we assume that   is a DNF formula ¢L�r£��P�P�}£§¢§¦ . We now
define ¨\©4�sª����.«r­:�¤á*�hâ
¡ where
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ð «r­ is concerned by the fluents built over�N�'�N�P�P�P�P�h���r�h���P�P�P�N�P�h� � �h¸2ºN»y� (where ¸2ºN» is a new
atom, not appearing in   ) and the following set of static causal
rules: �v¢§µ�¶0·û¸2ºN»î½P¾B�ô¿��P�N�hÀe�Á �
�PµB¶'·Ä�PµB½P¾B�ô¿��P�P��Å��Á �{¼*�PµB¶'·Ù¼*�Pµ�½P¾*�ô¿��N�P��Å��
(and no effect rule);ð áõ�~¸2ºN» ;ð âT�~¸2ºN» .

� is a positive instance of QBF �}� � iff ¨\©4�sª is a positive instance of
ABDUCTIVE REGRESSION. É
5 Generalized action theories
Here we want to extend causal and effect rules so as to allow
for any possible consequents, including disjunctions, while
keeping the framework simple enough.

Definition 11 (generalized action theory) A generalized
action theory D�E for action � is an ordered pairH�JLKBK�& � )NMPO�#%QBC	# �(R where
S JLKBK�& � ) is a finite set of effect rules of the form 82$,d EV*W
8:g=C�;�� ��� R where 82$,d , 8:g=C�; are formulas from �����������
and �
	��{��� .S O�#%QBC	# � is a finite set of causal rules of the form� d,K:; V*W $Uo(prqr;�� ��� where

� d,K:; and $Uo(prqr; are formulas
from ����������� and ��	��{��� .

The completion consists now in writing down that every
literal

�
persists if and only if there is no effect (action or

causal) whose precondition is verified and on which
�

de-
pends. More generally, rather than writing “there is no ef-
fect (action or causal) whose precondition is verified and on
which

�
depends”, we specify for each action rule the fluents� that are influenced and for which there should not be any

frame axiom if the action rule is enabled.

Definition 12 (completion) The completion ] � &4D�Er) of gen-
eralized action theory D�E is the formula defined byS DL& � )^F _ ac82$,d	1e�f8:g=C�;h143 �ji JLKBK�& � ) contains

82$,d EV*W 8:g=C�;�� ���(k ;S DL&(O�#%QBC	# � )lF _ a � d,K:;h1n� $Uo(prqr;h1PM � d,K:;h143 � �$Uo(prqr;h143 �si O�#%QBC	# � contains
� d,K:; V*W $Uo(prqr;�� ���(k ;S for each literal

� 5t� ��� , letu E & � )LFÙwbac82$,d	1 i JLKBK�& � ) contains 82$,d EV*W 8:g=C�;�� ���
and

� 5t�yk ,u x & � )7F wba � d,K:;h143 �~i O�#%QBC	# � contains
� d,K:; V*W

$Uo(prqr;�� ��� and
� 5t�yk ,u & � )vF u E & � )B� u x & � ) ,

K:$,#%ztd0& � )vF^& � 1 � � u &}|� )}){� � 143 � ;S ] � &4D�Er){F�DL& � ) � DL&(O�#%QBC	# � ) � _������2�0� K:$,#%ztd0& � ) .
As for simple action theories, we assume that each symbol

of ��� occurs in D�E so that the size of ] � &4D�Er) is polynomial
in the size of D�E .

In the previous definition,
u E & � ) gathers the preconditions

of effect rules whose postcondition influences positively
�

(and similarly for
uÏx & � ) ); the completion K:$,#%ztd0& � ) means

that if
�

is initially true and there is no active action rule nor
any causal rule whose consequent part influences negatively�
, then

�
persists after � is performed.

By default, the set � associated with an action rule (resp. a
causal rule) is the set of literals �voA;´& 8:g=C�;}) (resp. �voA;´&4$Uo(prqr;}) )
positively mentioned in the negation normal form of 8:g=C�;
(resp. of $Uo(prqr; ) – an alternative, more refined possibility be-
ing the set of literals �mdc8:�voA;´& 8:g=C�;}) (resp. �mdc8:�voA;´&4$Uo(prqr;}) )
on which 8:g=C�; (resp. $Uo(prqr; ) semantically depends [Lang and
Marquis, 1998]. It is easy to show that the completion ofD�E as defined above (Definition 12) is equivalent to the com-
pletion given at Definition 2 whenever D�E is simple (in that
case, the default choice for � in each rule is considered, i.e.,�ñF[a � k whenever the consequent part of the rule is

�
).

For instance, so to say that flipping a coin release q2dU#�
 ,
we simply write q2g � 
�oAX*prO�gUoAX�� � � �V:W ;h$UQ*d�� q2dU#�
2MP�
q2dU#�
�� , i.e., if
one is holding the coin initially, then after the action of flip-
ping it, we can neither infer q2dU#�
 nor �
q2dU#�
 using inertia.

Due to space limitation, we cannot provide the full details
here. In a nutshell, the main reasons why generalized action
theories are interesting are twofold. On the one hand, we can
prove that generalized action theories can be used to repre-
sent any nondeterministic action (associating a nonempty set
of successor states to any initial state), while such a com-
pleteness property is not satisfied by simple action theories.
On the other hand, the complexity of EXECUTABILITY, DE-
TERMINISM, PROGRESSION, DEDUCTIVE/ABDUCTIVE RE-
GRESSION, from generalized action theories coincide with
the corresponding complexity result for simple action the-
ories in the general case. This shows that the gain in ex-
pressiveness offered by generalized action theories is not bal-
anced by a complexity increase for any of these reasoning
tasks. Furthermore, this suggests that the simple action the-
ories considered here constitute the computational core of
causal action theories.

6 Other related work
[Liberatore, 1997] investigates the complexity of reason-
ing about action in the language A [Gelfond and Lifschitz,
1993], therefore he considers only deterministic actions with-
out static causal rules. He shows the coNP-completeness of
the progression problem in language A, to be related to the
right-upmost square in our Proposition 3. [Eiter et al., 2001]
study the computational of many planning problems (includ-
ing the progression problem as a particular case) using an ac-
tion description language based on answer set semantics.

[Drakengren and Bjäreland, 1997; 1999] investigate the
complexity of checking the consistency of a scenario descrip-
tion in a temporal logic in the style of [Sandewall, 1994]
which shares some similarities with causal theories of action,
although both the syntax and the semantics are different. No
static causal rules are considered (but on the other hand, the
language allows for explicit time and concurrency). Check-
ing the consistency of a scenario description is NP-complete
and falls in P under specific syntactical restrictions.

Reasoning about action has strong connections with be-
lief update, and therefore, the complexity study of belief up-
date operators is relevant to our concern. The update opera-
tors whose complexity is studied in [Eiter and Gottlob, 1992;
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Herzig and Rifi, 1999; Liberatore, 2000] do not consider
static causal rules, but allow for expressing any effects, es-
pecially disjunctions. The complexity of checking whetherÝÚ5������L� – where � is the update operator, mapping a
logical theory and a formula to a logical theory – corresponds
to the progression problem2.

7 Conclusions and future work
The main contribution of this paper is the identification of
complexity results corresponding to many reasoning tasks
considered when dealing with causal action theories. It re-
mains to be checked to what extent these results are changed
when considering additional capabilities such as concurrency
(as in [Giunchiglia and Lifschitz, 1998]) or resources.

Because of the way the progression problem is stated, it
was expected that for arbitrary description � of the initial sit-
uation and arbitrary query Ý about the successor situation, the
problem is coNP-complete. But when we first started study-
ing the problem, we were really expecting that when � is a
complete state, the problem would be easier; we were sur-
prised that even in this case it turned out to be intractable.
In retrospect, what happens is that even though both action
effect rules and causal rules have very restricted form, the
complete action theory ] � &4D�Er) can be complex, and may not
always be deterministic. An interesting question is then if we
already know that the action theory is deterministic, would
progression with complete initial state still be intractable? We
do not know the answer at that stage.
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Abstract

An additive fluent is a fluent with numerical values
such that the effect of several concurrently executed
actions on it can be computed by adding the effects
of the individual actions. We propose a method for
describing effects of actions on additive fluents in
the declarative language C+. An implementation of
this language, called the Causal Calculator, can be
used for the automation of examples of common-
sense reasoning involving additive fluents.

1 Introduction
Action languages [Gelfond and Lifschitz, 1998] serve to de-
scribe effects of actions on the states of the world. For in-
stance, the expression

Walk(x; l) causes Location(x)= l (1)

is a proposition, or “causal law,” of action language C+
[Giunchiglia et al., 2003] that describes an effect of ac-
tion Walk(x; l): this action causes the location of x to be-
come l. The semantics of action languages is defined in
terms of “transition systems”—directed graphs whose ver-
tices correspond to the states of the world, and whose edges
correspond to the execution of actions. The execution of a
sequence of actions can be represented by a path in such a
graph.

Some action languages, including C+, allow us to
talk about the effects of the concurrent execution of ac-
tions. Causal law (1) is understood in C+ to imply that
Location(x) = l holds after any event that involves the exe-
cution of Walk(x; l), even if other actions are executed con-
currently. To distinguish the events involving the concurrent
execution of actions a1 and a2 from the events that involve a1
but not a2, we can write

a1 ^ a2 causes : : : ;

a1 ^ :a2 causes : : : :

In this paper we investigate the possibility of using C+ to
represent the effects of actions on fluents of a special kind,
called “additive.” An additive fluent is a fluent with numer-
ical values such that the effect of several concurrently exe-
cuted actions on it can be computed by adding the effects

of the individual actions. For example, the gross receipts of
a store are represented by an additive fluent: when several
customers pay to different cashiers simultaneously, the gross
receipts will increase by the sum of the “contributions” of the
individual customers. The voltage of a battery is an addi-
tive fluent: the increase in voltage obtained by adding several
cells to a battery can be computed by addition. In mechan-
ics, the velocity of a particle is an additive fluent, because the
net effect of several forces on this fluent over a time interval
equals the sum of the effects of the individual forces. Addi-
tive fluents are ubiquitous; this may be the reason why adding
numbers is such a useful operation.

Unfortunately, the causes construct of C+ and similar lan-
guages is not directly applicable to describing the effects of
actions on additive fluents. Consider, for instance, the effect
of the action Buy(x; n) (customer x buys n books) on the
number of books available at the bookstore. The causal law

Buy(x; n) causes InStore=k�n if InStore=k (2)

is applicable in the case when no customer other than x is
buying books at the same time: k � n books are available
after the event if there were k books in the store before the
event. But (2) is not acceptable if we are interested in the
concurrent execution of such actions.

We introduce here a syntactic construct, increments, that
allows us to describe the effects of actions on additive fluents.
Semantically this construct is treated as “syntactic sugar”
on top of C+: the propositions involving that construct are
viewed as abbreviations for causal laws of C+. The interpre-
tation of increments described below has been used to ex-
tend the implementation of C+, called the Causal Calculator
(CCALC), to cover additive fluents.

After a review of transition systems and of the syntax of C+
in the next two sections, we describe the syntax of increment
laws (Section 4), define their semantics by showing how to
treat them as abbreviations (Section 5), and illustrate the use
of additive fluents in the language of CCALC by formalizing
an example that involves buying and selling (Section 6). Two
other examples of commonsense reasoning related to addi-
tive fluents are discussed in Sections 7 and 8. A proposition
stated in Section 9 confirms that additive fluents behave as
one would expect on the basis of the informal discussion of
additivity above, and thus provide a justification for the ap-
proach to formalizing additive fluents proposed in this paper.
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fBuy(A)g
Has(A)=1
Has(B)=0

Has(A)=0
Has(B)=1 fBuy(A)g

fBuy(A),

fBuy(A)g

Has(A)=1
Has(B)=1

fBuy(A),

fBuy(A), fBuy(A),
Buy(B)g

fBuy(A)g

.... ..

Buy(B)g

Has(A)=N
Has(B)=0

Has(A)=N
Has(B)=1

;

...

...

;;

;

Has(B)=N
Has(A)=0

fBuy(A)g fBuy(A)gHas(B)=N
Has(A)=1

Has(B)=N
Has(A)=N

;;

...

Buy(B)g

Buy(B)g

......

..

...
...

...

;

;

;

Has(A)=0
Has(B)=0

fBuy(B)g fBuy(B)gfBuy(B)g

fBuy(B)g fBuy(B)g fBuy(B)g

Figure 1: A transition system.

2 Transition Systems
Consider a set of symbols, called constants, along with a non-
empty finite set of symbols Dom(c) assigned to each con-
stant c. We call Dom(c) the domain of c.

The constants are divided into two groups—fluent con-
stants and action constants. Intuitively, a fluent constant rep-
resents a fluent, and the elements of its domain are the possi-
ble values of that fluent. A state of the world is characterized
by a function that maps each fluent constant to an element of
its domain. In [Giunchiglia et al., 2003, Section 4.2], fluent
constants are further subdivided into simple and statically de-
termined ; in the examples below, only fluent constants of the
first kind will be used.

A function that maps each action constant to an element
of its domain characterizes an event occurring over a time
interval between two successive states. In many examples of
the use of C+ the domain of every action constant is the set
of truth values ff; tg; constants with this domain are called
Boolean. Intuitively, a Boolean action constant represents an
action; the value of such a constant is t if the action is one of
those that are executed as part of the event.

A transition system is a directed graph whose vertices are
functions that map every fluent constant to an element of its
domain, and whose edges are labeled by functions that map
every action constant to an element of its domain. The ver-
tices of a transition system are called its states. The functions
labeling the edges of a transition system are called events.
As an example, consider a transition system representing the
effect of buying a book on the number of books that the per-
son owns (Figure 1). It uses two fluent constants—Has(A)
(the number of books that Alice has) and Has(B) (the num-
ber of books that Bob has)—with the domain f0; : : : ; Ng,
where N is a fixed nonnegative integer, and two Boolean
action constants—Buy(A) (Alice buys a book) and Buy(B)
(Bob buys a book). Every state is represented by two equa-
tions showing the values of the fluent constants. Every event
is represented by the set of action constants that are mapped
to t. The loops are labeled by the trivial event ; (no actions
are executed). The horizontal edges are labeled by the event
in which Alice buys a book and Bob doesn’t; along each of
the vertical edges, Bob buys a book and Alice doesn’t. The

diagonal edges correspond to Alice and Bob buying books
concurrently.

3 Syntax of C+
The review of the syntax of C+ in this section follows
[Giunchiglia et al., 2003, Section 4.2]. An atom is an expres-
sion of the form c=v, where c is a constant and v 2 Dom(c).
For instance, the equalities in Figure 1 are atoms. A formula
is a propositional combination of atoms. By a fluent formula
we mean a formula such that all constants occurring in it are
fluent constants. An action formula is a formula that contains
at least one action constant and no fluent constants.

A static law is an expression of the form

caused F if G (3)

where F and G are fluent formulas. An action dynamic law is
an expression of the form (3) in which F is an action formula
and G is a formula. A fluent dynamic law is an expression of
the form

caused F if G after H (4)
where F and G are fluent formulas and H is a formula, pro-
vided that F does not contain statically determined constants.
A causal law is a static law, or an action dynamic law, or a flu-
ent dynamic law.

Here are two examples. The expression

Buy(x) causes Has(x)=k+1 if Has(x)=k (5)

where x 2 fA;Bg and k 2 f0; :::; N �1g, is an abbreviation
for the fluent dynamic law

caused Has(x)=k+1 if > after Buy(x)= t ^ Has(x)=k

(> is the 0-place connective “true”). The expression

nonexecutable Buy(x) if Has(x)=N (6)

is an abbreviation for the fluent dynamic law

caused ? if > after Buy(x)= t ^ Has(x)=N

(? is the 0-place connective “false”).
Causal laws (5) and (6) describe an effect of action Buy(x)

and a restriction on its executability. To get a complete de-
scription of Figure 1 in language C+, we need two more pos-
tulates. First, we should specify that the edge labels of the
transition system may assign truth values to the action con-
stants Buy(x) arbitrarily. This is expressed by

exogenous Buy(x); (7)

which stands for the pair of action dynamic laws

caused Buy(x)= f if Buy(x)= f;
caused Buy(x)= t if Buy(x)= t:

Action Buy(x) is exogenous in the sense that the action de-
scription does not determine whether that action is executed.
If it is not executed then there is a cause for this; if it is ex-
ecuted then there is a cause for that too. Second, we need
to say that the fluent constant Has(x) satisfies the “common-
sense law of inertia”: in the absence of evidence to the con-
trary, its value after an event is assumed to be the same as its
value before the event. This is expressed by

inertial Has(x); (8)
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which stands for N + 1 fluent dynamic laws

caused Has(x)=k if Has(x)=k after Has(x)=k

(k 2 f0; :::; Ng). If the value of Has(x) after an event is the
same as the value before the event then there is a cause for
this. Intuitively, inertia is the cause.

An action description is a set of causal laws. The semantics
of C+, described in [Giunchiglia et al., 2003, Section 4.4],
specifies the transition system represented by any given ac-
tion description. For instance, action description (5)–(8) rep-
resents the transition system shown in Figure 1.

This action description does not say explicitly that the triv-
ial event ; has no effect on the values of Has(A) and Has(B),
or that event fBuy(A)g does not affect the value of Has(B).
Nevertheless, every edge of the transition system labeled ; is
a loop, and every edge labeled fBuy(A)g is horizontal, be-
cause of the postulates (8) that express, under the semantics
of C+, the persistence property of Has(x).

Similarly, causal laws (5)–(8) do not say anything about the
concurrent execution of actions Buy(A) and Buy(B). But the
edges labeled fBuy(A);Buy(B)g in Figure 1 are directed di-
agonally, in accordance with our commonsense expectations.
This fact illustrates the convenience of the approach to con-
currency incorporated in the semantics of C+.

However, as discussed in the introduction, this built-in
mechanism is not directly applicable to the effects of actions
on additive fluents. We are now ready to turn to the main sub-
ject of this paper—extending C+ with the additional notation
that resolves this difficulty.

4 Increment Laws

In our proposed extension of C+, some of the simple fluent
constants can be designated as additive. The domain of every
additive fluent constant is assumed to be a finite set of num-
bers. We understand “numbers” as (symbols for) elements of
any set with an associative and commutative binary operation
+ that has a neutral element 0.1 Effects of actions on additive
fluents are described in extended C+ by causal laws of a new
kind—“increment laws.” Accordingly, we modify the defi-
nition of a causal law reproduced in Section 3 in two ways.
First, in causal laws (3) and (4) formula F is not allowed to
contain additive fluent constants. Second, we extend the class
of causal laws by including increment laws—expressions of
the form

a increments c by n if G (9)

where

� a is a Boolean action constant,

� c is an additive fluent constant,

� n is a number, and

� G is a formula that contains no Boolean action constants.

1The additive group of integers is the main example we are inter-
ested in, and this is the case that has been implemented. The max
operation on an ordered set with the smallest element is another in-
teresting case.

Notation: x ranges over fA;Bg.

Action constants: Domains:
Buy(x) Boolean

Additive fluent constant: Domain:
InStore f0; : : : ; Ng

Causal laws:
Buy(x) increments InStore by �1
exogenous Buy(x)

Figure 2: An action description in extended C+.
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InStore = 0

InStore = 1

InStore = 2
;

;

... .

fBuy(A),
Buy(B)g

InStore = N

fBuy(A),
Buy(B)g;

fBuy(A),
Buy(B)g

. ..

.
.
.

..

fBuy(A)g

fBuy(A)g

fBuy(B)g

fBuy(B)g

fBuy(B)gfBuy(A)g

fBuy(A)g fBuy(B)g

;

Figure 3: The transition system described by Figure 2.

We will drop ‘if G’ in (9) if G is>. In extended C+, an action
description is a set of causal laws that contains finitely many
increment laws.

In the next section we define the semantics of extended C+
by describing a translation that eliminates increment laws in
favor of additional action constants.

As an example, consider the effects of actions Buy(A),
Buy(B) on the number of books available in the bookstore
where Alice and Bob are buying books. A description of
these effects in extended C+ is shown in Figure 2 (as before,
N is a fixed nonnegative integer). The transition system rep-
resented by the translation of Figure 2 into the non-extended
language C+ is depicted in Figure 3 (with the auxiliary action
constants dropped from the edge labels). The causal laws in
Figure 2 do not say explicitly that the trivial event ; has no
effect on the value of InStore, or that the concurrent execution
of actions Buy(A) and Buy(B) decrements the value of this
fluent by 2. Nevertheless, every edge of the corresponding
transition system labeled ; is a loop, and every edge labeled
fBuy(A);Buy(B)g goes up 2 levels, in accordance with our
commonsense expectations. This happens because Figure 2
classifies InStore as an additive fluent constant.

The causal laws in this action description do not say explic-
itly that actions Buy(x) are not executable when InStore=0,
and that actions Buy(A), Buy(B) cannot be executed concur-
rently when InStore=1. This is taken care of by our seman-
tics of increment laws, in view of the fact that the domain
of InStore does not contain negative numbers.
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5 Translating Increment Laws
Let D be an action description in extended C+. In connection
with the increment laws (9) in D, the following terminology
will be used: about the Boolean action constant a, the additive
fluent constant c and the number n in (9) we will say that a
is a c-contributing constant, and that n is a contribution of a
to c.

The auxiliary action constants introduced in the translation
are expressions of the form Contr(a; c), where c is an additive
fluent constant, and a is a c-contributing action constant. The
domain of Contr(a; c) consists of all contributions of a to c

and number 0.
To translate the increment laws from D, we

(i) replace each increment law (9) in D with the action dy-
namic law

caused Contr(a; c)=n if a= t ^G; (10)

(ii) for every auxiliary constant Contr(a; c), add the action
dynamic law

caused Contr(a; c)=0 if Contr(a; c)=0; (11)

(iii) add the fluent dynamic laws

caused c=v +
P

a
va if >

after c=v ^
V

a
Contr(a; c)=va

(12)

for every additive fluent constant c, every v 2 Dom(c),
and every function a 7! va that maps each c-
contributing constant a to an element of the domain of
Contr(a; c) so that v +

P
a
va is in the domain of c.

The sum and the multiple conjunction in (12) range over all
c-contributing constants a.

Causal law (10) interprets increment law (9) as the as-
sertion that executing a (possibly along with other actions)
causes constant Contr(a; c) to get the value n, under some
conditions characterized by formula G. Causal laws (11) say
that the value of this constant is 0 by default, that is to say,
when another value is not required by any increment law.
Causal laws (12) say that the value of an additive fluent con-
stant after an event can be computed as the sum of the value
of this constant prior to the event and the contributions of all
actions to this constant.

The result of translating increment laws from Figure 2
is shown in Figure 4. In this case, the translation de-
scribed above introduces two auxiliary action constants:
Contr(Buy(A); InStore) and Contr(Buy(B); InStore). The
domain of each of them has 2 elements: the contribution �1
of Buy(x) to InStore and number 0.

The edges of the transition system described by Figure 4,
and the corresponding events, can be computed using the
methods presented in [Giunchiglia et al., 2003, Sections 4.2,
2.6]. (This calculation involves turning the action descrip-
tion into a definite causal theory and computing the mod-
els of the completion of this theory.) Every event assigns
values to each action constant, including the auxiliary con-
stants Contr(Buy(x); InStore). For instance, the label

fBuy(A);Buy(B)g

Notation: x ranges over fA;Bg.

Action constants: Domains:
Buy(x) Boolean
Contr(Buy(x); InStore) f�1; 0g

Additive fluent constant: Domain:
InStore f0; : : : ; Ng

Causal laws:
caused Contr(Buy(x); InStore)=�1 if Buy(x)= t
caused Contr(Buy(x); InStore)=0 if Contr(Buy(x); InStore)=0
caused InStore=v+v1+v2 if > after InStore=v ^

Contr(Buy(A); InStore)=v1 ^ Contr(Buy(B); InStore)=v2

for all v 2 f0; : : : ; Ng and v1; v2 2 f�1; 0g
such that v + v1 + v2 � 0

exogenous Buy(x)

Figure 4: The result of translating increment laws from Fig-
ure 2.

in Figure 3 represent the following event E:

E(Buy(A)) = t; E(Contr(Buy(A); InStore)) = �1;
E(Buy(B)) = t; E(Contr(Buy(B); InStore)) = �1:

The Causal Calculator, which implements C+ with incre-
ment laws, can be downloaded from

http : ==www:cs:utexas:edu=users=tag=ccalc= :

6 Reasoning about Money
As an application of these ideas to automated commonsense
reasoning, consider the following example:

I have $6 in my pocket. A newspaper costs $1, and
a magazine costs $3. Can I buy 2 newspapers and a
magazine? A newspaper and 2 magazines?

These questions are about the executability of some concur-
rently executed actions, and the answers are determined by
the effect of these actions on an additive fluent—the amount
of money that I have.

Figure 5 describes the relevant properties of buying and
selling in the input language of CCALC. There are objects
of four sorts in this domain: agents, resources, items (to be
purchased) and (nonnegative) integers; items are a subset of
resources. The buyer and the seller are agents; money is a
resource; 0; : : : ; maxInt are integers. The price of an item is
an integer. The number of units of a resource that an agent
has is an integer-valued additive fluent. Buying is an exoge-
nous action. The four causal laws that follow these declara-
tions are self-explanatory; decrements is an abbreviation
defined in terms of increments. The last causal law ex-
presses that the number of units that are being purchased is
uniquely defined.

Figure 6 expresses the first of the two questions stated at
the beginning of this section. The line maxstep :: 1
tells CCALC that the query is about paths of length 1 in the
transition system. The question is whether the transition sys-
tem contains an edge that begins in a state in which the buyer
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:- sorts
agent; resource >> item; nnInteger.

:- variables
Ag :: agent; Res :: resource;
It :: item; M,N :: nnInteger.

:- objects
buyer,seller :: agent;
money :: resource;
0..maxInt :: nnInteger.

:- constants
price(item) :: nnInteger;
has(agent,resource)

:: additiveFluent(nnInteger);
buy(item,nnInteger) :: exogenousAction.

buy(It,N) increments has(buyer,It) by N.
buy(It,N) decrements has(seller,It) by N.
buy(It,N) increments has(seller,money)

by M*N if price(It)=M
where M*N =< maxInt.

buy(It,N) decrements has(buyer,money)
by M*N if price(It)=M

where M*N =< maxInt.
nonexecutable buy(It,M) & buy(It,N)

where M\=N.

Figure 5: Buying and selling

:- objects
newspaper,magazine :: item.

price(newspaper)=1. price(magazine)=3.

:- query
maxstep :: 1;
0: has(buyer,money)=6,

buy(newspaper,2), buy(magazine,1).

Figure 6: Do I have enough cash?

has $6, and whose label includes buying 2 newspapers and 1
magazine. CCALC responds to this query by finding such an
edge.2 Its reply to a similar question about 1 newspaper and
2 magazines is negative.

7 Reasoning about Motion
Some additive fluents mentioned in the introduction—for in-
stance, the velocity of a particle—are real-valued, rather than
integer-valued. CCALC cannot deal with real numbers yet,
and its input language does not allow us to express properties
of such fluents.

But let’s imagine a movable object that is immune to this
complication—the spacecraft Integer. Far away from stars

2This example involves the concurrent execution of two actions,
but in general the CCALC implementation of additive fluents does
not impose any specific restriction on the number of actions that can
be executed concurrently.

and planets, the Integer is not affected by any external forces.
As its proud name suggests, the mass of the spacecraft is an
integer. For every integer t, the coordinates and all three com-
ponents of the Integer’s velocity vector at time t are integers;
the forces applied to the spacecraft by its jet engines over
the interval (t; t + 1), for any integer t, are constant vectors
whose components are integers as well. If the crew of the In-
teger attempts to violate any of these conditions, the jets fail
to operate!

Our formalization of the motion of the Integer uses the flu-
ents Pos(a), where a ranges over fX;Y; Zg, to represent the
current position of the Integer along the a axis. The additive
fluents Vel(a) are the components of its velocity. According
to Newton’s Second Law, the acceleration created by firing a
jet can be computed by dividing the force by the mass of the
spacecraft. This relationship can be expressed without men-
tioning the acceleration explicitly—in terms of the change in
the velocity over a unit time interval:

Fire(j) increments Vel(a) by n=Mass if Force(j; a) = n:

To test our representation, we instructed CCALC to answer
the following question:

The mass of the Integer is 1. The Integer has two
jets, and the force that can be applied by each jet
along each axis is at most 2. The current position
of the Integer is (�1; 0; 1), and its current velocity
is (0; 1; 1). How can it get to (0; 3; 1) within 1 time
unit?

One of the solutions found by CCALC is to apply the forces
(2; 2; 0) and (0; 2;�2).

8 Missionaries and Cannibals with Two Boats
In the Missionaries and Cannibals Problem (MCP), three mis-
sionaries and three cannibals come to a river and find a boat
that can hold two people. If the cannibals ever outnumber the
missionaries on either bank, the missionaries will be eaten.
How shall they cross? The shortest solution involves 11 steps.

Lifschitz [2000] showed how to express this puzzle and
some of its elaborations due to McCarthy [1999] in the lan-
guage of CCALC. Some simple elaborations of MCP in the
spirit of this work require that the number of members of
a group (missionaries or cannibals) at a given location be
treated as an additive fluent. This is the case, for instance,
when several boats are available and are allowed to operate
concurrently.

Using the ideas of this paper, we formalized the modifica-
tion of MCP in which the travelers find two boats: a small
boat that holds one, and a bigger boat that holds two. Using
our formalization, CCALC has determined that the modified
problem can be solved in 7 steps.

9 Properties of Additive Constants
By examining Figure 3 in isolation from its symbolic descrip-
tion in Figure 2 we can see that the constant InStore exhibits
some features typical for additive fluent constants.

Consider, for instance, the edges that start at the vertex
InStore = 2 and are labeled by the events fBuy(A)g and

1083REASONING ABOUT ACTIONS AND CHANGE



fBuy(B)g. Each of them leads to the vertex InStore = 1,
so that each of these two events, when it occurs in the
state InStore = 2, increments the value of InStore by �1.
In accordance with the intuitive idea of an additive fluent,
we can expect that the “union” of these events, when it oc-
curs in the same state, will increment the value of InStore
by (�1) + (�1). And this is true, because the edge in Fig-
ure 3 that starts at the vertex InStore = 2 and is labeled
fBuy(A);Buy(B)g leads to the vertex InStore=0.

Proposition 1 below generalizes this observation to a class
of action descriptions in the language C+ extended as de-
scribed in Sections 4, 5. By D we denote any action descrip-
tion in this language.

About events e0, e1,...,en (n � 0) in the transition system
represented by D we say that e0 is a disjoint union of e1,...,en
if, for every Boolean action constant a,

� if e0(a) = t then there exists a unique i > 0 such that
ei(a) = t; for this i, e0(a0) = ei(a

0) for every non-
Boolean action constant a0;

� if e0(a)= f then, for all i > 0, ei(a)= f.

In the rest of this section we assume that the set of numbers
is a commutative group.

Proposition 1 Let c be an additive fluent constant, let s,
s0; :::; sn (n � 0) be states, and let e0; :::; en be events
such that e0 is a disjoint union of e1; : : : ; en. If, for all
i 2 f0; : : : ; ng, the transition system represented by D con-
tains an edge that leads from s to si and is labeled ei then

s0(c)� s(c) =

nX

i=1

(si(c)� s(c)):

The special case corresponding to n = 0 tells us that ad-
ditive fluent constants are not affected by “trivial” events. In
this sense, they are similar to the fluent constants for which
inertia is postulated:

Corollary 1 Let e be an event such that for every Boolean
action constant a, e(a) = f. If the transition system repre-
sented by D contains an edge that leads from a state s to
a state s0 and is labeled e then, for any additive fluent con-
stant c, s0(c) = s(c).

The special case corresponding to n = 1 implies that the
effects of any set of actions on an additive fluent is determin-
istic:

Corollary 2 If the transition system represented by D con-
tains an edge that leads from a state s to a state s0 and is
labeled e, and an edge that leads from s to a state s1 and
is also labeled e, then, for any additive fluent constant c,
s0(c) = s1(c).

10 Discussion
In this paper we showed how an implemented, declarative
language for describing actions can be used to talk about
the effects of actions on additive fluents. This was accom-
plished by extending the syntax of the action language C+
from [Giunchiglia et al., 2003] by increment laws and by
showing how to treat these laws as abbreviations.

It is interesting to note that this treatment of additive
fluents would have been impossible if, instead of C+, we
used its predecessor C from [Giunchiglia and Lifschitz,
1998]. Non-Boolean, non-exogenous action constants such
as Contr(a; c), and action dynamic laws such as (10) and (11)
are among the features of C+ that were not available in C.

In literature on planning, fluents with numerical values are
often referred to as “resources” [Koehler, 1998]. The concur-
rent execution of the actions that involve resources is usually
limited to the “serializable” case, when all ways of sequenc-
ing the concurrent actions are well-defined and equivalent.
This condition is not satisfied, however, for many uses of ad-
ditive fluents, including the space travel example (Section 7)
and the modified MCP (Section 8). Consider, for instance,
the state with two cannibals and three missionaries on the first
bank, and imagine that the missionaries are using both boats
to cross simultaneously. The concurrent execution of the ac-
tions cannot be replaced by the larger boat crossing first and
the smaller boat crossing after that—in the state between the
two actions, the missionaries on the first bank would be out-
numbered by the cannibals. This example shows that crossing
the river in the modified MCP is not serializable.
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Abstract

FLUX belongs to the high-level programming lan-
guages for cognitive agents that have been devel-
oped in recent years. Based on the established,
general action representation formalism of the Flu-
ent Calculus, FLUX allows to implement complex
strategies in a concise and modular fashion. In
this paper, we extend the FLUX language to reason
about domains involving continuous change and
where actions occur concurrently. Using constraint
logic programming, we show that this reasoning is
performed in an efficient way.

1 Introduction
One of the most challenging and promising goals of Artificial
Intelligence research is the design of autonomous agents, in-
cluding robots, that solve complex tasks in a dynamic world.
To reach autonomy in partially known, constantly changing
environments requires the high-level cognitive capabilities of
reasoning and planning. Using a mental model of the state
of their environment allows for the agents to calculate the
outcome of different action sequences in advance and then
choose the best plan to execute for a specific goal in mind.

Formal theories of reasoning about actions and change
have the expressive power to provide such high-level capa-
bilities. The Fluent Calculus [Thielscher, 1999], as one of the
established action representation formalisms, uses the con-
cept of state update axioms to solve the representational and
inferential aspect of the classical Frame Problem. Based
on this formal theory, the high-level programming method
FLUX has been developed in recent years [Thielscher, 2002].
Using the paradigm of constraint logic programming, the
powerful FLUX kernel provides general reasoning facilities,
so that the agent programmer can focus on the high-level de-
sign of intelligent agents.

Autonomous agents in real-world environments have to
take into account that the execution of actions takes differ-
ent amounts of time. Some actions can be modeled as dis-
crete changes, others involve continuous change and should
rather be seen as the initiation or termination of complex pro-
cesses. Such processes may contain parameters whose values
change continuously and which are formalized as functions

over time. A car moving on a road with a constant veloc-
ity v, for instance, can be represented by a ’process fluent’
Movement(x0, t0, v), where the parameter x0 denotes the
location of the car at the time t0 when the motion was initi-
ated. The fluent Movement itself, although it describes the
particular continuous change x = x0 + v ∗ (t − t0) for the
location x of the car at the time t, will stay unchanged until
some other action will affect it. Continuous change is then
modeled by fluents describing arbitrarily complex, continu-
ous processes. These fluents remain stable in between the oc-
currence of two consecutive actions, and yet they internally
represent continuous change.

In a world full of ongoing processes, however, an agent ex-
ecuting a plan is not the only source of change. Also the laws
of physics frequently imply an evolution of the environment,
like for example, the action of a falling ball bouncing when it
reaches the floor. The fundamental property of such so-called
natural actions [Reiter, 1996] is that they must occur at their
predicted times, provided no earlier actions (natural or delib-
erative) prevent them from occurring. Because such actions
may occur simultaneously, concurrency must be accommo-
dated.

In this paper, we present a FLUX system which allows for
the design of intelligent agents that reason and plan in do-
mains involving continuous change and where actions occur
concurrently. Using the paradigm of constraint logic pro-
gramming, our extension to FLUX integrates both kinds of
actions, deliberative and natural, into one method for the
planning and execution of actions. Reasoning in terms of
time intervals, our method allows for the efficient genera-
tion of plans in concurrent, continuous environments. Our
work is based on the theoretical approach presented in [Herr-
mann and Thielscher, 1996; Thielscher, 2001a]. Other exist-
ing agent programming methods like the robot control lan-
guage developed in [Shanahan and Witkowski, 2000] or the
GOLOG programming language [Levesque et al., 1997], do
not handle, in domains involving concurrency and continu-
ous change, the concept of a natural action at all or only
have separate accounts for natural actions on the one hand
[Reiter, 2001] and for deliberative actions on the other hand
[Grosskreutz, 2002].

In the next section, we introduce our example scenario and
shortly recapitulate the fundamentals of the FLUX system.
We then give briefly the theoretic solution in the Fluent Cal-
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culus. Thereafter, we present our extension of FLUX to con-
current, continuous domains and discuss the employed con-
strained handling techniques. In the last section we conclude
and show some possible future work. All programs are avail-
able on our web site: http://www.fluxagent.org/

2 FLUX
The example agent program in this paper is set in a waterway
scenario. The agent has to steer a barge through a system of
canals. The water levels in the canals are dependent on tides.
At some places of the canals there are locks which a ship can
only pass on a high tide. Due to the geographical facts the tide
levels differ for different locks. The canals themselves are
too small to turn around but sometimes there are intersections
where the agent steering the barge can choose one direction
(see also Fig. 1).

To develop an agent for this scenario, we use the high-
level programming method FLUX which is grounded in the
action theory of the Fluent Calculus. The Fluent Calculus
is a many-sorted predicate logic language with four stan-
dard sorts: FLUENT, STATE, ACTION, and SIT(for situations)
[Thielscher, 1999]. States are composed of fluents (as atomic
states) using the standard function ◦ : STATE × STATE 7→
STATE and constant ∅ : STATE (denoting the empty state).
The program for our agent, for example, uses these two flu-
ents: At(x, y, t), representing that the barge is at cell (x, y)
at time t1, and Tide(l, w, t), denoting that at time t the wa-
ter level w at lock l is at high/low tide. Similarly as in the
Situation Calculus [Reiter, 2001], the constant S0 denotes the
initial situation and Do(a, t, s) the situation after having per-
formed action a in situation s at time t. The state of a situation
s is denoted by the standard function State(s). For example,
the initial state in the waterway scenario of Fig. 1 may be
axiomatized as2

(∃z) (State(S0) =At(1, 2, 0.0) ◦ Tide(Lock1, High, 0.0) ◦
Tide(Lock2, High, 0.0) ◦ Tide(Lock3, High, 0.0) ◦ z ∧
(∀u, v, w)¬Holds(At(u, v, w), z) ∧ (∀u, v, w)
¬Holds(Tide(u, v, w), z))

The reader may notice that an incomplete state with addi-
tional negative information has been specified, i.e., the sub-
STATE z may contain many more fluents, but no more At or
Tide fluents. The foundational axioms of the Fluent Calculus
ensure that the composition function “◦” exhibits the proper-
ties of the union function for sets (with ∅ as the empty set), so
that a state is identified with all the fluents that hold. On this
basis, the macros Holds(f, z) and Holds(f, s) are defined as
follows:

Holds(f, z)
def
= (∃z′) z = f ◦ z′

Holds(f, s)
def
= Holds(f, State(s))

1In anticipation of the integration of continuous change, the ar-
gument t denotes the time when a fluent becomes true or an action
takes place.

2Predicate and function symbols, including constants, start with
a capital letter whereas variables are in lower case. Free variables
in formulas are assumed universally quantified. Variables of sorts
FLUENT, STATE, ACTION,and SIT shall be denoted by letters f, z, a,
and s, respectively. The function ◦ is written in infix notation.

1

2

3

1 2 3 4

b

Figure 1: An example waterway scenario where the goal for
the agent is to steer the barge from cell (1, 2) to the harbor at
cell (3, 2). There are three locks at cells (1, 3), (1, 1), (2, 2).

In our waterway scenario there are two elementary actions:
GoByShip(d), the deliberative action of the agent to steer
the barge to the next cell which lies in the direction d, and
TurnTide(l, w), the natural action indicating the turn to the
tide w at lock l. The fundamental Frame Problem is solved
in the Fluent Calculus by a so-called state update axiom for
each action, which describes the effects of the action in terms
of the difference between the states before and after the ex-
ecution of it. For example, the action TurnTide(l, w) can be
specified as

Poss(TurnTide(l, w), t, s) ⊃
(∃w0, t0)(Holds(Tide(l, w0, t0), s)∧
w = High ∧ State(Do(TurnTide(l, w), t, s)) =
(State(s) − Tide(l, w0, t0)) + Tide(l, High, t) ∨

w = Low ∧ State(Do(TurnTide(l, w), t, s)) =
(State(s) − Tide(l, w0, t0)) + Tide(l, Low, t))

where “−” and “+” are macros for fluent removal and addi-
tion; and the macro Poss(a, t, s)

def
= Poss(a, t, State(s)) denot-

ing in the Fluent Calculus that at time t action a is possible in
state State(s).

To reflect the incomplete knowledge of an agent about its
environment, incomplete states are encoded in FLUX as open
lists, that is, lists with a variable tail, of fluents [Thielscher,
2002]. These lists are accompanied by constraints for negated
state knowledge as well as for variable range restrictions. The
constraints are of the form NotHolds(f, z), indicating that flu-
ent f does not hold in state z; and NotHoldsAll(f, z), indicat-
ing that no instance of f holds in z. In order to process these
constraints, so-called declarative Constraint Handling Rules
[Frühwirth, 1998] have been defined and proved correct un-
der the foundational axioms of the Fluent Calculus (for details
see [Thielscher, 2002]).

For example, the initial state depicted in Fig. 1 may be
specified by this clause,

init(Z0) :-
Z0=[at(1,2,0.0),tide(lock1,high,0.0),tide(

lock2,high,0.0),tide(lock3,high,0.0)|Z],
not_holds_all(at(_,_,_),Z),
not_holds_all(tide(_,_,_),Z).
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which also reflects the negative information that no At fluent
occurs in sub-state z (the location of our agent is unique),
and that there are no more Tide fluents other than specified
in state z0.

The predicate Poss(a, t, z) realizes the precondition ax-
ioms for actions, that is, it defines under which conditions an
action is possible at time t in state z. There is one such pred-
icate clause for each action. Conditioning in FLUX is based
on the foundational predicates Knows(f, z), KnowsNot(f, z),
and KnowsVal(~x, f, z), representing that the agent knows that
fluent f holds (respectively, does not hold) in state z, and that
there exist ground instances of the variables in ~x such that
fluent f is known to be true in state z. Take, for example,
the precondition axiom for the action TurnTide(l, w) which is
implemented as follows,

poss(turntide(L,W),T,Z) :-
(W=high, knows_val([L,TR],tide(L,low,TR),Z),
duration(L,low,D);
W=low, knows_val([L,TR],tide(L,high,TR),Z),
duration(L,high,D)),

{T =:= TR + D}.

where the auxiliary predicate Duration(l, w, d) denotes the
duration d of the corresponding tide w at lock l. The execu-
tion time t of the action will be constrained, using the syn-
tax of the constraint handling library CLP(R) of the Eclipse-
Prolog system, to be the sum of the starting time of the old
tide plus the duration of the old tide.

As in the Fluent Calculus, the effects of actions are
encoded as state update axioms. For this purpose, the
FLUX kernel provides a definition of the auxiliary predi-
cate Update(z1, ϑ

+, ϑ−, z2). Its intuitive meaning is that
state z2 is the result of positive and negative effects ϑ+ and
ϑ−, respectively, wrt. state z1. In other words, the pred-
icate encodes the state equation z2 = (z1 − ϑ−) + ϑ+.
On this basis, the agent programmer can easily implement
the update axioms by clauses which define the predicate
StateUpdate(z1, a, t, z2), as for example in the following en-
coding for the action TurnTide(l, w):

state_update(Z1,turntide(L,W),T,Z2) :-
holds(tide(L,W0,T0),Z1),
W=high, update(Z1,[tide(L,high,T)],

[tide(L,W0,T0)],Z2);
W=low, update(Z1,[tide(L,low,T)],

[tide(L,W0,T0)],Z2).

3 The concurrent, continuous Fluent Calculus

The Fluent Calculus for concurrent actions is based on the
additional pre-defined sort CONCURRENT, of which ACTION
is a sub-sort [Thielscher, 2001a]. Single actions which are
performed simultaneously are composed to terms of sort
CONCURRENT by a new binary function. The latter is de-
noted by “·” and written in infix notation. This function
shares with the function combining fluents to states the prop-
erties of associativity, commutativity, idempotency and exis-
tence of a unit element. The constant “ε” (read: no-op) of
sort CONCURRENT acts as the unit element wrt. function “·”.
Similar to the Holds macro the abbreviation In(c1, c) is used
to denote that concurrent action c1 is included in concurrent

action c3:
In(c1, c)

def
=(∃c′)c = c1 · c

′

State update axioms for concurrent actions are recursive.
They specify the effect of an action relative to the effect of
arbitrary other, concurrent actions:

Poss(a · c, t, s) ∧ ∆(c, t, s) ⊃
State(Do(a · c, t, s)) ◦ ϑ− = State(Do(c, t, s)) ◦ ϑ+

I.e., ϑ− and ϑ+ are the additional negative and positive, re-
spectively, effects which occur if action a is performed be-
sides c. Here, a can be a single action or a compound action
which produces synergic effects, that is, effects which no sin-
gle action would have if performed alone. Using recursive
state update axioms, the effect of, say, two simultaneous but
independent actions can be inferred by first inferring the ef-
fect of one of them and, then, inferring the effect of the other
action on the result of the first inference. The recursions stops
with the base case of the empty action, which is defined as:

State(Do(ε, t, s)) = State(s)

Two or more actions may interfere when executed concur-
rently, which is why the condition ∆ in the above state update
axiom may restrict the applicability of the implication in view
of concurrent action c.

Integrating continuous change in the Fluent Calculus re-
quires the introduction of process fluents which can repre-
sent arbitrarily complex, continuous processes. Because such
processes may be modeled by equations of motions, contin-
uous time must be represented. To this end, the new sort
REAL is added, which is to be interpreted as the real numbers
[Thielscher, 2001a]. The sort is accompanied by the usual
arithmetic operations along with their standard interpretation.
The continuous Fluent Calculus includes the pre-defined flu-
ent StartTime(t), where t is of sort REAL, determining the
time Start(z) at which a state arises, provided that StartTime
is unique:

(∃!t)Holds(StartTime(t), z) ⊃
(∀t)(Holds(StartTime(t), z) ⊃ Start(z) = t)

As already indicated throughout the paper, a parameter t of
sort REAL is also used to denote the time at which a fluent
arises as in Tide(l, w, t) or to represent the occurrence of an
action as in Do(a, t, s). A standard requirement for the possi-
bility to perform a concurrent action c at time t in state z may
then be expressed as follows:4

Poss(c, t, z) ≡ c 6= ε ∧ (∀a)(In(a, c) ⊃ Poss(a, t, z))

The Fluent Calculus for continuous change includes
the distinction between deliberative and natural actions
[Thielscher, 2001a]. The latter are not subject to the free
will of a planning agent. Rather they happen automatically
under specific circumstances. In our example domain, the

3Variables of the new sort CONCURRENT are denoted by the let-
ter c.

4In our example domain we have no actions that are in mutual
conflict. Therefore, we do not need to specify additional constraints
in this precondition axiom.
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action of the turn of the tide is a natural one. The standard
predicate Natural(a) [adopted from [Reiter, 1996]] declares
the action a to be natural. To facilitate the formalization
of the automatic evolution of natural actions, the continu-
ous Fluent Calculus introduces two macros. The expression
ExpectedNatActions(c, t, z) shall indicate that in state z ac-
tions c are all the natural actions that are expected to happen
at time t:

ExpectedNatActions(c, t, z)
def
= c 6= ε∧

(∀a)(In(a, c) ≡ Natural(a) ∧ Poss(a, t, z))

Given the above notion, the macro NextNatActions(c, t, z)
stands for the concurrent action c being all natural actions that
happen in state z at time t with t being the earliest possible
time point at which natural actions are expected:

NextNatActions(c, t, z)
def
= ExpectedNatActions(c, t, z)∧

¬(∃t′, c′)(ExpectedNatActions(c′, t′, z) ∧ t′ < t)

The Fluent Calculus for continuous change uses the notion of
a situation tree with trajectories [Thielscher, 2001a] where a
trajectory is associated with a situation and denotes the fur-
ther evolution of the state determined by the natural actions
that are expected to happen. We do not follow this approach
in this paper, as the original motivation for employing tra-
jectories has been domains with uncertainty about the occur-
rence of natural actions, and we do not consider such domains
here. The incorporation of domains with uncertain natural ac-
tions is left for further work. Instead, we include the natural
actions in the situation terms, as with deliberative actions.

4 Integrating Concurrency and Continuous
Change into FLUX

Similar to the binary function “◦”, which denotes the compo-
sition of states from single fluents and is represented in FLUX
by a list of fluents, we represent the binary function “·” as a
list of actions in FLUX. In this way, we introduce concur-
rency into FLUX, i.e., all the actions in the list are performed
concurrently. On this basis, the unit element of the function
“·”, the constant “ε”, is encoded as the empty list [].

Given the notion of a list of concurrent actions, the state up-
date axioms for the actions are defined recursively in FLUX.
The predicate Res(z1, s1, li, t, z2, Do(li, t, s1)) specifies the
effect of performing at time t the list of concurrent actions li
in state z1 and situation s1, and leading to the new state z2

and the new situation Do(li, t, s1) after the execution of the
concurrent actions. It represents one plan step and is encoded
as follows

res(Z1,S1,[],T,Z2,S1) :-
holds(starttime(T0), Z1),
update(Z1,[starttime(T)],[starttime(T0)],Z2).

res(Z1,S1,[A|L],T,Z2,do([A|L],T,S1)) :-
update([A|L],[],[A],L1),
state_update(Z1, A, T, Z3),
res(Z3,_,L1,T,Z2,_).

where the clause for the base case of the recursion extends
the effect of the constant “ε”, which by itself has none, to
update the pre-defined fluent StartTime(t) needed for FLUX

with continuous change to the new value t. Similar to the
encoding of the macros for fluent removal and addition, the
predicate Update is used in the clause for the recursive case
to implement the elimination of one single action from a term
of arbitrary other, concurrent actions.

Consider, for example, the state update axiom of the single
action GoByShip(d) which is implemented as:

state_update(Z1,gobyship(D),T,Z2) :-
knows_val([X,Y],at(X,Y,T0),Z1),
holds(starttime(ST),Z1), {T >= ST + 1.0},
adjacent(X,Y,D,X1,Y1),
update(Z1,[at(X1,Y1,T)],[at(X,Y,T0)],Z2).

That is, the location of the barge together with the
agent will be updated from the old position (x, y) to
the new cell (x1, y1), where the auxiliary predicate
Adjacent(x, y, d, x1, y1) computes the adjacent cell (x1, y1)
lying in direction d of cell (x, y). The travel from one cell to
another is assumed to take one hour in our example scenario.
Therefore, although the execution time t of this action is not
fixed by the clause in any way, the effects of the action man-
ifest at least one hour later as the formation of the old state.
Now take, e.g., the FLUX query

?-init(Z0), res(Z0,s0,[gobyship(3),
turntide(lock3,low)],2.0,Z1,S1).

together with the above definition of the state update axiom
and the definitions for the predicate Init(z) (with the addi-
tional inclusion of fluent starttime(0.0)) and the state up-
date axiom of action TurnTide given in Section 2. Together
with an appropriate encoding of the fact that a high tide lasts
two hours at the third lock, duration(lock3,high,2.0),
and the knowledge that going south is represented by direc-
tion number 3, our extension of FLUX can infer the effects
of this concurrent action by first inferring the effects of ac-
tion gobyship(3) and on the result of this inference infer
the effects of action turntide(lock3,low). FLUX yields
the correct substitution:

Z1=[at(1,1,2.0),tide(lock1,high,0.0),
tide(lock2,high,0.0),tide(lock3,low,2.0),
starttime(2.0)|Z]

S1=do([gobyship(3),
turntide(lock3,low)],2.0,s0)

Continuous time is, as already shown above and in Sec-
tion 2, easily integrated into FLUX. The Eclipse-Prolog sys-
tem Version 5.4, which we use, includes the constraint han-
dling library CLP(R). This library allows for solving linear
constraints with real numbers. Its syntax requires for con-
straints to be included in braces.

The precondition axioms and state update axioms for nat-
ural actions are encoded in our extension of FLUX in the
same fashion as for deliberative actions (see Section 2). Ad-
ditionally, we include an implementation for the predicate
Natural(a) which is as follows for the example domain:

natural(A) :- A=turntide(L,W),
(L=lock1; L=lock2; L=lock3).

Given this predicate, we model the macro
ExpectedNatActions(c, t, z) by the built-in second order
predicate SetOf as follows:

setof(A, (natural(A),poss(A,T,Z)), C)

On this basis, the macro NextNatActions(c, t, z) is defined in
FLUX as:

1088 REASONING ABOUT ACTIONS AND CHANGE



NextNatTime(T,Z) :-
natural(A), poss(A,T,Z),
not (natural(A1), poss(A1,T1,Z), T1<T), !.

NextNatActions(C,T,Z) :- NextNatTime(T,Z),
setof(A, (natural(A),poss(A,T,Z)), C).

Having defined natural actions in the same way as delib-
erative ones leads to the question: How to combine delibera-
tive and natural actions into one common approach for plan-
ning? Natural actions must occur at their predicted times.
The times for the execution of deliberative actions are not
fixed in advance. How to determine these execution times?
The examination of every possible time would lead to a com-
binatorial explosion and is, in general, not possible for time
of sort REAL. One general solution, which reduces the search
space to a minimum and still yields answers for all possible
domains, is to use qualitative instead of quantitative infor-
mation. We only consider periods of time in our approach.
There we discriminate three time intervals for a deliberative
action wrt. the next expected natural action(s): Firstly, the
deliberative action can be postponed to the next plan step and
the (possible set of) natural action(s) is executed. Secondly,
the deliberative action is performed before all natural actions
which are expected next. Finally, the deliberative action and
the natural actions are joined together to a new concurrent
action. The predicate Exec(z1, s1, z2, s2, depth) encodes the
recursive planner for a plan with depth steps integrating de-
liberative and natural actions into one method. The computed
plan leads from state z1 and situation s1 to the new state z2

and the new situation s2. The predicate is implemented as
exec(Z1,S1,Z1,S1,0).

exec(Z1,S1,Z2,S2,Depth) :-
Depth>0, NextNatActions(C,T,Z),
({T1=T}, C1=C;
action(A), poss(A,TA,Z1),
holds(starttime(T0),Z1), {TA>=T0},
({TA<T, T1=TA}, C1=[A];
{TA=T, T1=T}, append([A],C,C1))),

res(Z1,S1,C1,T1,Z3,S3), Depth1 is Depth-1,
exec(Z3,S3,Z2,S2,Depth1).

where the predicate Action(a) defines the action a to be de-
liberative and the auxiliary built-in predicate Append appends
two list. For our example domain, the predicate Action is en-
coded by the fact action(gobyship(_)). To ensure that
the time never goes backward, the execution time TA of the
deliberative action is constrained in an appropriate way.

Reasoning with time constraints instead of real time ren-
ders planning efficient. Using this plan method we are left
with only three choices regarding the execution time of a de-
liberative action. Furthermore, the order of these choices,
which represents a kind of heuristic, can be adjusted to the
concrete domain at hand. Only after a plan, where the con-
straint solution lies in the appropriate time intervals, has been
computed, a concrete time for the execution of the actions is
fixed and the actions are executed.

To complete our planning method, we include the follow-
ing definition of the predicate Goal(z) denoting the goal state
z,
goal(Z) :- knows(at(3,2,_),Z).

where the goal in our example scenario is that the barge
is situated at the harbor in cell (3, 2) (see also Fig. 1).

Given the predicate Goal, we define a recursive predicate
Ida(z0, s0, z, s, n) representing the sequence of actions s
which leads from the initial state z0 in the initial situation s0

to the goal state z in n steps. This predicate implements the
iterative deepening algorithm, which is optimal and complete
[Russell and Norvig, 1995]. It is encoded as follows:
ida(Z0,S0,Z,S,N) :-
exec(Z0,S0,Z,S,N), goal(Z);
N1 is N+1, findplan(Z0,S0,Z,S,N1).

The precondition axiom for the action GoByShip is speci-
fied in the following way:
poss(gobyship(D),T,Z) :-
knows_val([X,Y],at(X,Y,_),Z),
directions(X,Y,DL), member(D,DL)
adjacent(X,Y,D,X1,Y1),
(lockplace(L,X1,Y1),
knows_val([L,W,T0],tide(L,W,T0),Z),
(W=high; W=low,
duration(L,low,TD), {T>=T0+TD}));
not (lockplace(L,X1,Y1)).

That is, after having determined the current location, the aux-
iliary predicate Directions(x, y, dl) delivers a list of possi-
ble directions for the cell (x, y) and the standard predicate
Member selects one direction d. Afterwards, with the help
of the auxiliary predicate LockPlace(l, x, y), denoting the oc-
currence of a lock l at cell (x, y), the adjacent cell (x1, y1)
is searched for a lock. If there is none, the action is possi-
ble without further constraints for the execution time t. In
the other case, the water level at the lock must be high or the
action has to be executed after the disappearance of the low
tide. Specifying the preconditions for the actions GoByShip
and TurnTide as given above and in Section 2, respectively,
fulfills the general condition for the possibility to perform a
concurrent action as given in Section 3.

Consider now, for example, all specified FLUX clauses to-
gether with suitably specified facts for the example domain
and the following query:
?-init(Z0), ida(Z0,s0,Z,S,1).

Our extended FLUX system then generates a plan with four
steps and yields the following substitutions and linear con-
straints:
Z = [start(TA_2),at(3,2,TA_2),tide(lock3,

high,4.0),tide(lock1,low,4.0),
tide(lock2,high,0.0)|_]

S = do([gobyship(2)], do([gobyship(1),
turntide(lock1,low),turntide(lock3,high)],
do([gobyship(2),turntide(lock3,low)],
do([gobyship(3)],s0,TA_1),2.0),4.0),TA_2)

Linear constraints: TA_1>=1.0, TA_1<2.0
TA_2>=5.0, TA_2<6.0

The above sequence of actions S constitutes a solution to our
planning problem given in Fig. 1. It is not yet completely
specified. Rather, the execution times of some deliberative
actions are given as time intervals. The reader may also notice
that some deliberative actions are planned simultaneously to-
gether with natural actions. Finally, we can apply the built-in
predicate Minimize(t), which tries to find a minimal solution
for a constraint variable t, to the above linear constraints and
get the following:
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TA_1 = 1.0 TA_2 = 5.0

5 Discussion

We have presented an extension to FLUX for domains involv-
ing continuous change and where actions occur concurrently.
Our method is based on the theoretic solution in the Fluent
Calculus [Thielscher, 2001a].

Our extension allows for the generation of plans includ-
ing both, deliberative and natural actions. If necessary, the
system generates and executes concurrent actions, i.e., where
two or more single actions are performed simultaneously. In
order to plan efficiently, our FLUX program computes with
time intervals instead of single time points using the paradigm
of constraint logic programming. We have illustrated how
this method can be successfully applied to example domains
like the waterway scenario. Additionally, our approach can
easily be applied, with only minor modifications, to more
complex domains involving, for example, compound concur-
rent actions which produce synergic effects.

Other high-level programming languages for reasoning
about action and change, like GOLOG or the robot control
language, have not yet an approach to integrate both, delib-
erative and natural actions in a common system to generate
plans. The robot control language [Shanahan and Witkowski,
2000] does not have the notion of a natural action. The
systems based on GOLOG either accommodate only natu-
ral actions [Reiter, 2001] or handle only deliberative actions
[Grosskreutz and Lakemeyer, 2000] in domains involving
concurrency and continuous change.

The extension to domains involving uncertainty about the
occurrence of a natural action has not been tackled in this
paper. An approach to this problem could be the use of con-
ditional planning. Conditional plans based on a generalized
concept of plan skeletons as search heuristics have been in-
corporated into FLUX [Thielscher, 2001b]. To use condi-
tional plans as a method to accommodate such domains is an
important aspect of future work.
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Abstract

A formal framework for specifying and developing
agents/robots must handle not only knowledge and
sensing actions, but also time and concurrency. Re-
searchers have extended the situation calculus to
handle knowledge and sensing actions. Other re-
searchers have addressed the issue of adding time
and concurrent actions. Here both of these fea-
tures are combined into a uni£ed logical theory of
knowledge, sensing, time, and concurrency. The re-
sult preserves the solution to the frame problem of
previous work, maintains the distinction between
indexical and objective knowledge of time, and is
capable of representing the various ways in which
concurrency interacts with time and knowledge.
Furthermore, a method based on regression is de-
veloped for solving the projection problem for the-
ories speci£ed in this version of the situation calcu-
lus.

1 Introduction
The aim of this paper is to develop a uni£ed approach for
axiomatizing the interaction of knowledge, sensing, time, and
concurrency. Actions have preconditions which may include
knowledge preconditions. Sensing actions alter knowledge.
The knowledge produced depends upon the relative time at
which sensing actions occur and also whether or not other
sorts of actions occur concurrently. All of this interacts with
the agent’s evolving knowledge of time.

Consider a robot gathering knowledge about its environ-
ment. It moves about while concurrently panning the camera
and at various points senses the environment for the presence
of objects with various characteristics. The knowledge ob-
tained through sensing (positions of objects of various sizes,
shapes and colors) depends upon the position of the robot at
a particular point in time, the angle of the camera, etc. For
many purposes, the results of sensing actions that occur at the
same time are important. Not only do we have the need for
two distinct concurrent sensing actions in binocular stereop-
sis, but also in the simultaneous use of other features such as
texture gradients and shading to achieve knowledge of depth
relationships. Here it is relative, not absolute time, that is
important.

Furthermore, speci£cation of an agent’s ability to achieve
a goal in general involves requiring that the agent know what
to do to arrive at a goal state [Moore, 1980; Lespérance et
al., 2000]. As the ability to achieve particular goals will often
involve the ability to perform concurrent actions, the integra-
tion of knowledge and concurrency is an important step in
fully formalizing these aspects of ability.

We develop our framework within the situation calcu-
lus – a £rst-order formalism for representing and reasoning
about the effects of actions. The language is based upon
the dialect of the situation calculus used in the Cognitive
Robotics Group at the University of Toronto. Certainly, an-
other formalism could have been used. Within A.I. numer-
ous varying formalisms are available for nrepresenting and
reasoning about action (to name a few, [Shanahan, 1995;
Baral et al., 1997]). Knowledge has been incorporated
into a number of these (for example, [Lobo et al., 2001;
Thielscher, 2000]). Outside of A.I. proper, there is also [Fa-
gin et al., 1995] on the interaction of knowledge and time.

But by working in the situation calculus, we are able to
extend previous work on reasoning (by regression and theo-
rem proving) to cover the language developed here as well.
Furthermore, our work is suitable to be incorporated into the
robot programming languages GOLOG and CONGOLOG. It
can then be used to specify agents that must reason about the
interactions of time, knowledge, and concurrent actions (in-
cluding sensing actions).

The situation calculus [McCarthy and Hayes, 1969] is
a language for modeling dynamically changing worlds.
Changes to the world are the results of actions, while pos-
sible world histories consisting of sequences of actions are
represented by situations. The situation calculus can be
used for agent planning via goal regression. Reiter [Reiter,
1991] proposed a simple solution to the frame problem, an
approach to axiomatization within the situation calculus. Al-
though this approach to the frame problem requires certain
simplifying assumptions, it has proven to be useful and is the
foundation for both goal regression and the programming lan-
guage GOLOG. Goal regression was extended by Scherl and
Levesque[Scherl and Levesque, 2003] to apply to an agent
who can sense properties of the external world (e.g., read
numbers on a piece of paper or determine the shape of an
object).
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This paper1 combines and extends the work of Scherl
and Levesque [Scherl and Levesque, 2003] incorporating the
model of concurrency and time presented by Reiter [Re-
iter, 2001]. At the same time, Reiter’s simple solution to
the frame problem is preserved. The real dif£culty is to per-
form the synthesis in such a way that the important distinc-
tion between indexical and objective time [Lespérance and
Levesque, 1995] is preserved.

If the agent currently knows the absolute time, then he
knows the absolute time after executing an action. But if he
doesn’t know the absolute time, then he only knows that he
began executing the action some number of time units ago,
unless of course he reads a clock. While maintaining these
properties, the results presented here allow the representation
of the various ways in which actions (including sensing ac-
tions and possibly other concurrent actions) interact with time
and knowledge. The method of regression is also extended to
work with this augmented language.

Section 2 gives a quick introduction to the situation calcu-
lus and Section 3 does the same for the foundational axioms.
The representation of knowledge and sensing actions are cov-
ered in Section 4. Concurrency is integrated into the frame-
work in Section 5. Section 6 covers some additional con-
structs of the language and illustrates their representational
power. A number of properties of the formulation are dis-
cussed in Section 7. Regression is covered in Section 8. Fi-
nally, Section 9 is the conclusion.

2 Situation Calculus and the Frame Problem
Space does not permit a full exposition of the background
material on the situation calculus. The framework developed
in [Reiter, 2001] is followed and full details may be found
there or in [Scherl, 2003]. We assume that the frame problem
has been handled by utilizing successor state axioms.

3 Foundational Axioms
Following [Lin and Reiter, 1994; Reiter, 2001] the founda-
tional axioms for the situation calculus are utilized. These
axioms provide us with a de£nition of s � s′, which says
that there is a sequence of zero or more executable actions
that move from situation s to situation s′. Again, space does
not permit full development of this material here. Full details
may be found in [Reiter, 2001; Scherl, 2003].

4 An Epistemic Fluent
Scherl and Levesque [Scherl and Levesque, 2003] adapt the
standard possible-world model of knowledge to the situation
calculus, as £rst done by Moore[Moore, 1980]. Informally,
one can think of there being a binary accessibility relation
over situations, where a situation s′ is understood as being
accessible from a situation s if as far as the agent knows in sit-
uation s, he might be in situation s′. So something is known
in s if it is true in every s′ accessible from s, and conversely
something is not known if it is false in some accessible situa-
tion.

1An earlier version of some of this work has appeared in [Zim-
merbaum and Scherl, 2000].

To treat knowledge as a ¤uent, they introduce a binary rela-
tion K(s′, s), read as “ s′ is accessible from s” and treat it the
same way we would any other ¤uent. In other words, from the
point of view of the situation calculus, the last argument to K
is the of£cial situation argument (expressing what is known
in situation s), and the £rst argument is just an auxiliary like
the y in BROKEN(y, s).2

The notation Knows(P(now), s) (read as P is known in
situation s) can then be introduced as as an abbreviation for a
formula that uses K. For example

Knows(BROKEN(y, now), s) def= ∀s′ K(s′, s)
→ BROKEN(y, s′).

The special indexical now is instantiated with a situation vari-
able upon expansion.

The approach also handles actions that make known the
denotation of a term. For this case, one needs the notation
Kref(T(now), s) de£ned as follows:

Kref(T(now), s) def= ∃xKnows(T(now) = x, s)
where x does not appear in T.

In general, there may be many knowledge-producing ac-
tions, as well as many ordinary actions. To characterize all
of these, we have following the presentation in [Scherl and
Levesque, 2003], a function SR (for sensing result), and for
each action α, a sensing-result axiom of the form:

SR(α(�x), s) = r ≡ φα(�x, r, s) (1)

This result is “ YES” if “Q” is true and “ NO” otherwise. The
symbols are given in quotes to indicate that they are not ¤u-
ents. The sensing result function for SENSEQ is axiomatized
as follows:

SR(SENSEQ, s) = r ≡ (r = “ YES” ∧ Q(s))
∨ (r = “ NO” ∧ ¬Q(s))

(2)

For ordinary actions, the SR result is always the same, with
the speci£c result not being signi£cant. For example, we
could have:

SR(PICKUP(x), s) = r ≡ r = “ OK” (3)

In the case of a READτ action that makes the denotation of
the term τ known, we would have:

SR(READτ , s) = r ≡ r = τ(s) (4)

Therefore, τ has the same denotation in all worlds s′′ such
that K(s′′, DO(READτ , s)), and so Kref(τ, DO(READτ , s))
is true.

The form of the successor state axiom for K without con-
currency is as follows:

K(s′′, (DO(a, s)) ≡
(∃ s′) s′′ = DO(a, s′)

∧ K(s′, s) ∧ POSS(a, s′)
∧ SR(a, s) = SR(a, s′)

(5)

The relation K at a particular situation DO(a, s) is completely
determined by the relation at s and the action a.

2Note that using this convention means that the arguments to K
are reversed from their normal modal logic use.

1092 REASONING ABOUT ACTIONS AND CHANGE



5 Concurrency
As originally de£ned in the situation calculus [McCarthy and
Hayes, 1969], actions had to occur sequentially, with one
action completed before another could begin. Furthermore,
there was no facility to deal with the continuous passage of
time. This contrasted with other formalisms such as the event
calculus which could naturally handle concurrent actions and
continuous time.

5.1 Concurrency with Knowledge
The work of Pinto [Pinto, 1994] and Reiter [Reiter, 2001]
proposed an approach to dealing with concurrency, natural
actions and continuous time while still maintaining the so-
lution to the frame problem. Reiter [Reiter, 2001] de£ned
a new sort concurrent, sets of simple actions. Variables
a, a′, .. represent the sort actions and c, c′, ... represent the
sort concurrent. In Reiter’s notation, the time of an action’s
occurrence is the value of that action’s temporal argument.
Thus an action has the form A(�x, t) and for each action an
axiom of the form TIME(A(�x, t)) = t is required to indicate
the time of the action.

Concurrent actions are sets of ordinary actions that are
taken to represent instantaneous acts. An action with dura-
tion is represented by two instantaneous actions — a start ac-
tion and an end action. Additionally, the foundational axioms
are modi£ed to rule out the possibility of prior actions having
later times.

So if we want to represent a PRESSING action with duration
(as in pressing a button that keeps a light on), the approach
is to de£ne two actions; STARTPRESS and ENDPRESS. We
also must introduce a ¤uent P RESSING. The needed succes-
sor state axiom is as follows:

PRESSING(DO(a, s)) ≡
a = STARTPRESS ∨

(PRESSING(s) ∧ a �= ENDPRESS)
(6)

This approach to representing actions with duration is some-
thing that we make use of here.

But, the use of a temporal argument for actions is problem-
atic in the presence of knowledge. Given our successor state
axiom for K, it would require the agent to know the time after
any action, even if it was unknown in the previous situation.
To avoid this, we can not represent time as an argument to the
instantaneous actions.

Instead, we represent the instantaneous actions and asso-
ciated times as a tuple of the form < a, t > with functions
ACTION and TIME de£ned, returning the £rst and second ele-
ments of the tuple:

ACTION(< a, t >) = a (7)

TIME(< a, t >) = t (8)

These pairs, represented by variables p, p′, ... are elements of
the sort action-time pairs. Concurrent Actions are now a set
of such tuples. The sort action contains actions without a
temporal argument.

We also have the following

START(DO(p, s)) = TIME(p) (9)

which is needed to relate the time of the action/time pair to
the start of a situation. There may also be an axiom giving the
start time of the initial situation S0. We also de£ne a variant
notation:

TIME(DO(p, s)) = TIME(p) (10)

We adopt, without signi£cant change, Reiter’s requirement
that concurrent actions be coherent, that is there is at least one
action-time pair p in the collection, and the time of all pairs
in the collection is the same:

COHERENT(c) ≡
(∃ p) p ε c ∧ (∃t)(∀p′)[p′ ε c → TIME(p′) = t].

(11)
A set of action-time pairs are coherent if each of them have
the same time component.

The de£nition of time can readily be extended to sets of
concurrent actions and this allows us to de£ne the function
start of a situation resulting from the execution of a concur-
rent action.

COHERENT(c) →
[TIME(c) = t ≡ ∃p (p ∈ c ∧ TIME(p) = t)]
∧ START(do(c, s)) = TIME(c)].

(12)
The predicate POSS(c, s) means that it is possible to exe-

cute concurrent action c in situation s.

POSS(ACTION(p), s) ∧ TIME(p) > TIME(s)
→ POSS(p, s), (13)

POSS(p, s) → POSS({p}, s), (14)

POSS(c, s) → COHERENT(c) ∧ (∀p) [p ε c → POSS(p, s)].
(15)

If it is possible to execute a concurrent actions, then it is co-
herent and each of the simple actions is possible.

We implicitly assume an additional sort ranging over time
points which can be integers, rationals or reals; depending on
how one wants to model time. The standard Arabic numerals
are used to represent time points. Additionally, the symbols
for addition and subtraction are interpreted as the usual oper-
ations on numbers (integers, reals etc.)

5.2 Precondition Interactions
We need to be able to conclude when a particular concurrent
action c is possible in a situation c in order for the machinery
being developed in the rest of this paper to work. Unfortu-
nately, Sentence 15 does not suf£ce. The conditional can not
be changed to a biconditional because of the precondition in-
teraction problem [Pinto, 1994; 1998].

This issue needs to be handled by the axiomatizer of the
domain. For example, the axiomatizer might provide the fol-
lowing axiom:

POSS({p1, p2}, s) ≡
POSS(ACTION(a1), s) ∧ POSS(ACTION(a2), s)∧
¬PRECINT(a1, a2) ∧ COHERENT({p1, p2})

(16)
As discussed in [Pinto, 1994; 1998], the axiomatization of
PRECINT is domain dependent and can be done at increasing
levels of detail.
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For the purposes of this paper, the point here is that what-
ever solution is used for the precondition interaction problem
in the ordinary situation calculus carries over to the case of
knowledge and sensing.

5.3 Successor State Axiom for K with
Concurrency

The Successor State Axiom for K using concurrency can be
stated in several alternative ways depending on what condi-
tions one wishes to apply regarding the agent’s knowledge of
time. We continue to require that the relation K at a particular
situation DO(c, s) is completely determined by the relation at
s and the set of concurrent actions c.

The following successor state axiom models an agent who
knows how much time is passing3. This is an agent who has
an accurate clock.

K(s′′, (DO(c, s)) ≡
(∃s′, c′) s′′ = DO(c′, s′) ∧ K(s′, s) ∧ POSS(c′, s′)
∧ (∀p′) p′ ε c′ (∃ p) p ε c
∧ ACTION(p′) = ACTION(p)
∧ (∀p) p ε c (∃ p′) p′ ε c′

∧ ACTION(p) = ACTION(p′)
∧ START(s′′) = START(s′) + (TIME(c) − START(s))
∧ (∀p) p ε c →

SR(ACTION(p), s) = SR(ACTION(p), s′)
(17)

After executing a set of concurrent actions c in situation s,
as far as the agent knows, it could be in a situation s′′ iff s′′
is the result of performing c′ in some previously accessible
situation s′, provided that c is possible in s′ and that s′ is
identical to s in terms of what is being sensed. Furthermore,
it is required that the concurrent action c′ being performed in
all situations accessible from s be identical to c in terms of
the individual actions that make up the set.

Note that it is not required that the TIME of the actions in all
the accessible situations be identical. If this were the case, it
would force the agent to know the objective time after execut-
ing any action. Rather, it is only required that the difference
between the start of the current situation and the start of the
previous situation be the same in all accessible situations (in-
cluding the actual situation). This requirement does ensure
that the agent knows how much time is passing, but the ob-
jective time is only known if it was known before the action
has occurred.

5.4 Concurrency and Sensing
One can readily imagine cases of sensing actions where
the desired result of sensing (knowing whether or not some
proposition holds) depends upon some other action occurring
concurrently. For example, the light needs to be turned on
while the camera is clicked. If the light is off, then sensing
produces no knowledge.

Consider representing, the requirement that the light switch
be pressed while SENSEP occurs for the knowledge of
whether or not P holds to result from the execution of
SENSEP. We need to de£ne a predicate SCOND.

SCOND(SENSEP, s) ≡ PRESSING(s) (18)
3Other possibilities are considered in [Scherl, 2003].

Now the successor state axiom for K needs to be modi£ed
to include SCOND as well.

K(s′′, (DO(c, s)) ≡
(∃s′, c′) s′′ = DO(c′, s′) ∧ K(s′, s) ∧ POSS(c′, s′)

∧ (∀p′) p′ ε c′ (∃ p) p ε c
∧ ACTION(p′) = ACTION(p)
∧ (∀p) p ε c (∃ p′) p′ ε c′

∧ ACTION(p) = ACTION(p′)
∧ START(s′′) = START(s′) + (TIME(c) − START(s))
∧ (∀p) p ε c∧

(SCOND(ACTION(p), s) ∧ SCOND(ACTION(p), s′) →
SR(ACTION(p), s) = SR(ACTION(p), s′)

(19)
For every action an appropriate SCON axiom needs to be

written. For most actions, the action is simply:

SCOND(a, s) ≡ T (20)

6 The Language and Examples
6.1 Further Constructs
We need some way to refer to the current time without speci-
fying the value of the current time. To achieve this we use the
special indexical term now. Upon expansion the term is re-
placed with the appropriate situation term. So, START(now)
can be used to refer to the current time. Here we illustrate by
example. The agent’s knowing the objective time is expressed
as ∃t Know(start(now) = t , s). This expands into

∃t∀s′(K(s′, s) → START(s′) = t).

We augment our language with a number of additional ex-
pressions. These are based on ideas developed by Lesperance
and Levesque [Lespérance and Levesque, 1995] and require
the use of the notion of precedence of situations as de£ned
earlier. Note that we distinguish between the < relation on
integers used to represent time points and the ≺ relations
on situations as de£ned in the foundational axioms for the
situation calculus.

The macro Happened is introduced to allow one to talk
about an action occurring at a particular time point.

Happened(t, Act, s) def= (∃c, s′, s′′) s′′ = DO(c, s′) ∧ ∃p ε c
∧ ACTION(p) = Act ∧ TIME(p) = t∧

s′′ � s ∧ s′ ≺ s′′
(21)

It speci£es that an action occurred prior to s and it was time t
at some point during the action’s duration.

The macro Wasat is introduced to allow one to assert that
a ¤uent was true at a particular point in time.

Wasat(t, P(then), s) def= (∃s′)P (then){s′/then}∧
t = START(s′) ∨ t > START(s′)
∧ ¬(∃s′′) s′ ≺ s′′ ≺ s ∧ START(s′′) ≤ t

(22)
It speci£es that P held at s′ and t was the time of s′ or s′ pre-
ceded t and no other situation after s′ preceded t. Here we
introduce another special indexical then which is needed to
ensure that the correct situation is substituted into the situa-
tion argument of the predicate which is the middle argument
to Wasat.
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7 Properties of the Formulation
First of all, we show that the distinction between indexical
and objective time is preserved.
Proposition 1 (Persistence of Ignorance of Objective Time)
For all situations s, if ¬∃t Know(START(now) = t , s)
then in do(c, s) where c is any concurrent action it is also
the case that ¬∃t Know(START(now) = t , s) unless there
is some a ∈ c with an SR axiom equivalent to the following:

SR(a, s) = r ≡ r = TIME(s)
Proposition 2 (Persistence of Knowledge of Objective Time)
For all situations s, if ∃t Know(start(now) = t , s) then in
do(c, s) where c is any concurrent action it is also the case
that ∃t Know(start(now) = t , s)
Even if agents do not know the objective time, they do know
how much time has passed since the last occurrence of a par-
ticular action or the last time at which a particular ¤uent was
true.
Proposition 3 (Knowledge of Indexical Time 1)
For every, Act such that Act occurs in s,
∃t Knows(∃t′Happened(t′, Act, now)∧

(TIME(now) − t′ = t, s)
Proposition 4 (Knowledge of Indexical Time 2) For every
P such that there is some s′ ≺ s such that P (s′) holds,
∃t Knows(∃t′Wasat(t′, P(then), now)∧

(TIME(now) − t′ = t, s)
Additionally, the crucial results of [Scherl and Levesque,
2003] carry over to the case considered here. These include
Proposition 5 (Default Persistence of Ignorance) For an
action α and a situation s, if ¬Knows(P, s) holds and the
axiomatization entails

∀s P(s) ≡ P(DO(α, s))
and

∀y ¬Knows((POSS(α) ∧ SR(α) = y) → P, s)
then

¬Knows(P, DO(α, s))
holds as well.

Proposition 6 (Knowledge Incorporation) For a
knowledge-producing action α, a ¤uent or the negation
of a ¤uent F, a ¤uent or the negation of a ¤uent P, and a
situation s, if the axiomatization entails

∃y Knows(F ≡ SR(α) = y, s)
and also

F(s), POSS(α, s),
and

Knows(F → P, s)
hold, then

Knows(P, DO(α, s))
holds as well.

Proposition 7 (Memory) For all ¤uents P and situations s,
if Knows(P, s) holds then Knows(P, DO(α, s)) holds as long
as the axiomatization entails

∀s P(s) ≡ P(DO(α, s))
These results ensure that actions only affect knowledge in the
appropriate way.

8 Reasoning
A regression operator R is de£ned relative to a set of suc-
cessor state axioms Θ. Space limitations here only allow a
sketch of the regression operators. Full details may be found
in [Scherl, 2003].

The operators satisfy the following regression theorem:

Theorem 1 For any ground situation term sgr and formula
G:

F |= G(sgr) iff F − Fss |= R∗
Θ[G(sgr)]

Here F is the initial axiomatization of the domain and Fss is
the set of successor state axioms.

8.1 Regression Operators
The regression operator R is de£ned relative to a set of suc-
cessor state axioms Θ. The £rst four parts of the de£nition
of the regression operator RΘ concern ordinary (i.e. not
knowledge-producing) actions [Reiter, 2001]. They are ex-
actly the same as those in [Reiter, 2001]. Additionally, it is
necessary to correctly regress the equality predicate as dis-
cussed in [Scherl and Levesque, 2003; Reiter, 2001].

Additional steps are needed to extend the regression op-
erator to knowledge-producing actions. Two de£nitions are
needed for the speci£cation to follow. When ϕ is an arbitrary
sentence and s a situation term, then ϕ[s] is the sentence that
results from instantiating every occurrence of now in ϕ with
s′. The reverse operation ϕ−1 is the result of instantiating
every occurrence of s′ in ϕ with now.

Step v covers the case of regressing the Knows operator
through a non-knowledge-producing action. Step vi covers
the case of regressing the Knows operator through a knowl-
edge producing action. In the de£nitions below, s′ is a new
situation variable.

v. Whenever c does not contain a knowledge-producing ac-
tion,
RΘ[Knows(W, DO(c, s))] = Knows(POSS(c) →
RΘ[W[DO(trans(c), s′)]]−1, s).

vi. Whenever c does contain a knowledge-producing action,
RΘ[Knows(W, DO(c, s))] =
∃y SR(SENSEi, s) = y ∧

Knows((POSS(c) ∧ SR(SENSEi) = y) →
RΘ[W [DO(trans(c))]]−1, s)

The special function trans replaces c with a c′ that has the
identical action in each of the action-time pairs. But it re-
places the time portion with a relative time. This is an ex-
pression of the form (3 = TIME(now)). So, if c occurs in
a situation term of the form DO(c, s) and TIME(c) is 7 and
START(s) is 4, then the 7 in the time part of every action-
time pair in c would be replaced by (3 = TIME(now)). These
are properly handled by the operators for regressing equality
predicates.

The regression operators for Happened and Wasat follow:

viii.

R[Happened(t, Act, DO(c, s))] =
(Happened(t, Act, s) ∧ t ≤ START(s))
∨ ∃p ε c (ACTION(p) = Act ∧ t = START(DO(c, s)))
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ix.

R[Wasat(t, W, DO(c, s))] =
(Wasat(t, W, s) ∧ t < START(s))
∨ (W (s) ∧ t ≥ START(s) ∧ t < START(DO(c, s)))

The end result of regression is a sentence (possibly much
larger) in a language without actions. The language is a
modal language with both temporal and epistemic operators.

9 Conclusions
The results reported in this paper can be combined with
Concurrent, Temporal Golog or RGolog[Reiter, 2001] or
CONGOLOG[Giacomo et al., 1997] to specify and control
an agent (such as the robot discussed in Section 1) that con-
currently moves about its environment and performs various
actions including sensing actions. Future work will address
the issue of developing a good theorem proving method for
the language resulting from regression. This method needs to
combine modal theorem proving with a method for solving
integer constraints.
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Abstract
In most real-world settings, due to limited time or
other resources, an agent cannot perform all poten-
tially useful deliberation and information gathering
actions. This leads to the metareasoning problem
of selecting such actions. Decision-theoretic meth-
ods for metareasoning have been studied in AI, but
there are few theoretical results on the complexity
of metareasoning. We derive hardness results for
three settings which most real metareasoning sys-
tems would have to encompass as special cases.
In the first, the agent has to decide how to allo-
cate its deliberation time across anytime algorithms
running on different problem instances. We show
this to be NP-complete. In the second, the agent
has to (dynamically) allocate its deliberation or in-
formation gathering resources across multiple ac-
tions that it has to choose among. We show this
to be NP-hard even when evaluating each individ-
ual action is extremely simple. In the third, the
agent has to (dynamically) choose a limited num-
ber of deliberation or information gathering actions
to disambiguate the state of the world. We show
that this is NP-hard under a natural restriction, and
PSPACE-hard in general.

1 Introduction
In most real-world settings, due to limited time, an agent can-
not perform all potentially useful deliberation actions. As
a result it will generally be unable to act rationally in the
world. This phenomenon, known as bounded rationality, has
been a long-standing research topic (e.g., [3, 17]). Most of
that research has been descriptive: the goal has been to char-
acterize how agents—in particular, humans—deal with this
constraint. Another strand of bounded rationality research
has the normative (prescriptive) goal of characterizing how
agents should deal with this constraint. This is particularly
important when building artificial agents.

Characterizing how an agent should deal with bounded ra-
tionality entails determining how the agent should deliberate.

∗The material in this paper is based upon work supported by the
National Science Foundation under CAREER Award IRI-9703122,
Grant IIS-9800994, ITR IIS-0081246, and ITR IIS-0121678.

Because limited time (or other resources) prevent the agent
from performing all potentially useful deliberation (or infor-
mation gathering) actions, it has to select among such actions.
Reasoning about which deliberation actions to take is called
metareasoning. Decision theory [7, 10] provides a norma-
tive basis for metareasoning under uncertainty, and decision-
theoretic deliberation control has been widely studied in AI
(e.g., [2, 4–6, 8, 9, 12–15, 18–20]).

However, the approach of using metareasoning to control
reasoning is impractical if the metareasoning problem itself
is prohibitively complex. While this issue is widely acknowl-
edged (e.g., [8, 12–14]), there are few theoretical results on
the complexity of metareasoning.

We derive hardness results for three central metareason-
ing problems. In the first (Section 2), the agent has to de-
cide how to allocate its deliberation time across anytime al-
gorithms running on different problem instances. We show
this to be NP-complete. In the second metareasoning prob-
lem (Section 3), the agent has to (dynamically) allocate its de-
liberation or information gathering resources across multiple
actions that it has to choose among. We show this to be NP-
hard even when evaluating each individual action is extremely
simple. In the third metareasoning problem (Section 4), the
agent has to (dynamically) choose a limited number of delib-
eration or information gathering actions to disambiguate the
state of the world. We show that this is NP-hard under a
natural restriction, and PSPACE-hard in general.

These results have general applicability in that most metar-
easoning systems must somehow deal with one or more of
these problems (in addition to dealing with other issues). We
also believe that these results give a good basic overview of
the space of high-complexity issues in metareasoning.

2 Allocating anytime algorithm time across
problems

In this section we study the setting where an agent has to
allocate its deliberation time across different problems—each
of which the agent can solve using an anytime algorithm. We
show that this is hard even if the agent can perfectly predict
the performance of the anytime algorithms.

2.1 Motivating example
Consider a newspaper company that has, by midnight, re-
ceived the next day’s orders from newspaper stands in the 3
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cities where the newpaper is read. The company owns a fleet
of delivery trucks in each of the cities. Each fleet needs its
vehicle routing solution by 5am. The company has a default
routing solution for each fleet, but can save costs by improv-
ing (tailoring to the day’s particular orders) the routing solu-
tion of any individual fleet using an anytime algorithm. In this
setting, the “solution quality” that the anytime algorithm pro-
vides on a fleet’s problem instance is the amount of savings
compared to the default routing solution.

We assume that the company can perfectly predict the sav-
ings made on a given fleet’s problem instance as a function of
deliberation time spent on it (we will prove hardness of metar-
easoning even in this deterministic variant). Such functions
are called (deterministic) performance profiles [2, 6, 8, 9, 20].
Each fleet’s problem instance has its own performance pro-
file.1 Suppose the performance profiles are as shown in Fig. 1.
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Figure 1: Performance profiles for the routing problems.

Then the maximum savings we can obtain with 5 hours of
deliberation time is 2.5, for instance by spending 3 hours on
instance 1 and 2 on instance 2. On the other hand, if we had
until 6am to deliberate (6 hours), we could obtain a savings
of 4 by spending 6 hours on instance 3.

2.2 Definitions and results
We now define the metareasoning problem of allocating de-
liberation across problems according to performance profiles.

Definition 1 (PERFORMANCE-PROFILES) We are
given a list of performance profiles (f1, f2, . . . , fm) (where
each fi is a nondecreasing function of deliberation time,
mapping to nonnegative real numbers), a number of de-
liberation steps N , and a target value K. We are asked
whether we can distribute the deliberation steps across the

1Because the anytime algorithm’s performance differs across in-
stances, each instance has its own performance profile (in the set-
ting of deterministic performance profiles). In reality, an anytime
algorithm’s performance on an instance cannot be predicted per-
fectly. Rather, usually statistical performance profiles are kept that
aggregate across instances. In that light one might question the as-
sumption that different instances have different performance pro-
files. However, sophisticated deliberation control systems can con-
dition the performance prediction on features of the instance—and
this is necessary if the deliberation control is to be fully normative.
(Research has already been conducted on conditioning performance
profiles on instance features [8, 9, 15] or results of deliberation on
the instance so far [4, 8, 9, 15, 18–20].)

problem instances to get a total performance of at least K;
that is, whether there exists a vector (N1, N2, . . . , Nm) with∑

1≤i≤m

Ni ≤ N and
∑

1≤i≤m

fi(Ni) ≥ K.

A reasonable approach to representing the performance
profiles is to use piecewise linear performance profiles. They
can model any performance profile arbitrarily closely, and
have been used in the resource-bounded reasoning litera-
ture to characterize the performance of anytime algorithms
(e.g. [2]). We now show that the metareasoning problem is
NP-complete even under this restriction. We will reduce
from the KNAPSACK problem.2

Definition 2 (KNAPSACK) We are given a set S of m pairs
of positive integers (ci, vi), a constraint C > 0 and a target
value V > 0. We are asked whether there exists a set I ⊆ S
such that

∑

j∈I
Cj ≤ C and

∑

j∈I
vj ≥ V .

Theorem 1 PERFORMANCE-PROFILES is NP-complete
even if each performance profile is continuous and piecewise
linear.3

Proof: The problem is in NP because we can nondetermin-
istically generate the Ni in polynomial time (since we do not
need to bother trying numbers greater than N ), and given the
Ni, we can verify if the target value is reached in polyno-
mial time. To show NP-hardness, we reduce an arbitrary
KNAPSACK instance to the following PERFORMANCE-
PROFILES instance. Let there be m performance profiles,
given by fi(n) = 0 for n ≤ ci, fi(n) = n − ci for ci < n ≤
ci + vi, and fi(n) = vi for n > ci + vi. Let N = C + V
and let K = V . We claim the two problem instances are
equivalent. First suppose there is a solution to the KNAP-
SACK instance, that is, a set I ⊆ S such that

∑

j∈I
Cj ≤ C and

∑

j∈I
vj ≥ V . Then set the Ni as follows: Ni = 0 for i /∈ I ,

and Ni = ci+ V∑

j∈I

vj
vi for i ∈ I . Then,

∑

1≤i≤m

Ni =
∑

i∈I
Ni =

∑

i∈I
(ci + V∑

j∈I

vj
vi) =

∑

i∈I
ci + V∑

j∈I

vj

∑

i∈I
vi =

∑

i∈I
ci + V ≤

C + V = N since
∑

j∈I
Cj ≤ C. Also, since

∑

j∈I
vj ≥ V , it

follows that for every i ∈ I , we have ci ≤ Ni ≤ ci + vi,
and hence

∑

1≤i≤m

fi(Ni) =
∑

i∈I
fi(Ni) =

∑

i∈I
( V∑

j∈I

vj
vi) =

2This only demonstrates weak NP-completeness, as KNAP-
SACK is weakly NP-complete; thus, perhaps pseudopolynomial
time algorithms exist.

3If one additionally assumes that each performance profile is
concave, then the metareasoning problem is solvable in polynomial
time [2]. While returns to deliberation indeed tend to be diminish-
ing, usually this is not the case throughout the performance profile.
Algorithms often have a setup phase in the beginning during which
there is no improvement. Also, iterative improvement algorithms
can switch to using different local search operators once progress has
ceased using one operator (for example, once 2-swap has reached a
local optimum in TSP, one can switch to 3-swap and obtain gains
from deliberation again) [16].
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V∑

j∈I

vj

∑

i∈I
vi = V = K. So we have found a solution to

the PERFORMANCE-PROFILES instance. On the other
hand, suppose there is a solution to the PERFORMANCE-
PROFILES instance, that is, a vector (N1, N2, . . . , Nm) with∑

1≤i≤m

Ni ≤ N and
∑

1≤i≤m

fi(Ni) ≥ K. Since spending

more than ci + vi deliberation steps on profile i is useless,
we may assume that Ni ≤ ci + vi for all i. We now claim
that I = {i : Ni ≥ ci} is a solution to the KNAPSACK in-
stance. First, using the fact that fj(Nj) = 0 for all j /∈ I ,
we have

∑

i∈I
vi ≥

∑

i∈I
fi(Ni) =

∑

1≤i≤m

fi(Ni) ≥ K = V .

Also,
∑

i∈I
ci =

∑

i∈I
Ni−

∑

i∈I
(Ni−ci) =

∑

i∈I
Ni−

∑

i∈I
fi(Ni) ≤

∑

1≤i≤m

Ni−
∑

1≤i≤m

fi(Ni) ≤ N −K = C +V −V = C. So

we have found a solution to the KNAPSACK instance.

The PERFORMANCE-PROFILES problem occurs natu-
rally as a subproblem within many metareasoning problems,
and thus its complexity leads to significant difficulties for
metareasoning. This is the case even under the (unrealistic)
assumption of perfect predictability of the efficacy of deliber-
ation. On the other hand, in the remaining two metareasoning
problems that we analyze, the complexity stems from uncer-
tainty about the results that deliberation will provide.

3 Dynamically allocating evaluation effort
across options (actions)

In this section we study the setting where an agent is faced
with multiple options (actions) from which it eventually has
to choose one. The agent can use deliberation (or information
gathering) to evaluate each action. Given limited time, it has
to decide which ones to evaluate. We show that this is hard
even in very restricted cases.

3.1 Motivating example
Consider an autonomous robot looking for precious metals. It
can choose between three sites for digging (it can dig at most
one site). At site A it may find gold; at site B, silver; at site
C, copper. If the robot chooses not to dig anywhere, it gets
utility 1 (for saving digging costs). If the robot chooses to dig
somewhere, the utility of finding nothing is 0; finding gold,
5; finding silver, 3; finding copper, 2. The prior probability of
there being gold at site A is 1

8 , that of finding silver at site B

is 1
2 , and that of finding copper at site C is 1

2 .
In general, the robot could perform deliberation or infor-

mation gathering actions to evaluate the alternative (digging)
actions. The metareasoning problem would be the same for
both, so for simplicity of exposition, we will focus on in-
formation gathering only. Specifically, the robot can perform
tests to better evaluate the likelihood of there being a precious
metal at each site, but it has only limited time for such tests.
The tests are the following: (1) Test for gold at A. If there
is gold, the test will be positive with probability 14

15 ; if there
is no gold, the test will be positive with probability 1

15 . This
test takes 2 units of time. (2) Test for silver at B. If there
is silver, the test will be positive with probability 1; if there

is no silver, the test will be positive with probability 0. This
test takes 3 units of time. (3) Test for copper at C. If there
is copper, the test will be positive with probability 1;if there
is no copper, the test will be positive with probability 0. This
test takes 2 units of time.

Given the probabilities of the tests turning out positive un-
der various circumstances, one can use Bayes’ rule to com-
pute the expected utility of each digging option given any
(lack of) test result. For instance, letting a be the event that
there is gold at A, and tA be the event that the test at A is
positive, we observe that P (tA) = P (tA|a)P (a) + P (tA| −
a)P (−a) = 14

15
1
8 + 1

15
7
8 = 7

40 . Then, the expected utility of
digging at A given that the test at A was positive is 5 P (a|tA),
where P (a|tA) = P (tA|a)P (a)

P (tA) =
14
15

1
8

7
40

= 2
3 , so the expected

utility is 10
3 . Doing a similar analysis everywhere, we can rep-

resent the problem by trees shown in Fig. 2. In these trees, be-

7/40 33/40 1/2 1/21/2 1/2

3 0

B

3/2

10/3 5/99

A

5/8

2 0

C

1

Figure 2: Tree representation of the action evaluation in-
stance.

ing at the root represents not having done a test yet, whereas
being at a left (right) leaf represents the test having turned
out positive (negative); the value at each node is the expected
value of digging at this site given the information correspond-
ing to that node. The values on the edges are the probabilities
of the test turning out positive or negative. We can subse-
quently use these trees for analyzing how we should gather
information. For instance, if we have 5 units of time, the op-
timal information gathering policy is to test at B first; if the
result is positive, test at A; otherwise test at C. (We omit the
proof because of space constraint.)

3.2 Definitions
In the example, there were four actions that we could eval-
uate: digging for a precious metal at one of three locations,
or not digging at all. Given the results of all the tests that
we might undertake on a given action, executing it has some
expected value. If, on the other hand, we do not (yet) know
all the results of these tests, we can still associate an expected
value with the action by taking an additional expectation over
the outcomes of the tests. In what follows, we will drop the
word “expected” in its former meaning (that is, when talk-
ing about the expected value given the outcomes of all the
tests), because the probabilistic process regarding this expec-
tation has no relevance to how the agent should choose to test.
Hence, all expectations are over the outcomes of the tests.

While we have presented this as a model for information
gathering planning, we can use this as a model for planning
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(computational) deliberation over multiple actions as well. In
this case, we regard the tests as computational steps that the
agent can take toward evaluating an action.4

To proceed, we need a formal model of how evaluation
effort (information gathering or deliberation) invested on a
given action changes the agent’s beliefs about that action.
For this model, we generalize the above example to the case
where we can take multiple evaluation steps on a certain ac-
tion (although we will later show hardness even when we can
take at most one evaluation step per action).

Definition 3 An action evaluation tree is a tree with

• A root r, representing the start of the evaluation;

• For each nonleaf node w, a cost kw for investing another
step of evaluation effort at this point;

• For each edge e between parent node p and child node
c, a probability pe = p(p,c) of transitioning from p to c
upon taking a step of evaluation effort at p;

• For each leaf node l, a value ul.

According to this definition, at each point in the evalua-
tion of a single action, the agent’s only choice is whether to
invest further evaluation effort, but not how to continue the
evaluation. This is a reasonable model when the agent does
evaluation through deliberation and has one algorithm at its
disposal. However, in general the agent may have different
information gathering actions to choose from at a given point
in the evaluation, or may be able to choose from among sev-
eral deliberation actions (e.g., via search control [1, 14]). In
Section 4, we will discuss how being able to choose between
tests may introduce drastic complexity even when evaluating
a single thing. In this section, however, our focus is on the
complexities introduced by having to choose between differ-
ent actions on which to invest evaluation effort next.

The agent can determine its expected value of an action,
given its evaluation so far, using the subtree of the action
evaluation tree that is rooted at the node where evaluation has
brought us so far. This value can be determined in that sub-
tree by propagating upwards from the leafs: for parent p with
a set of children C, we have up =

∑

c∈C
(p(p,c)uc).

We now present the metareasoning problem. In general,
the agent could use an online evaluation control policy where
the choices of how to invest future evaluation effort can de-
pend on evaluation results obtained so far. However, to avoid
trivial complexity issues introduced by the fact that such a
contingency strategy for evaluation can be exponential in size,
we merely ask what action the agent should invest its first
evaluation step on.

Definition 4 (ACTION-EVALUATION) We are given l ac-
tion evaluation trees, indexed 1 through l, corresponding to
l different actions. (The transition processes of the trees are
independent.) Additionally, we are given an integer N . We
are asked whether, among the online evaluation control poli-
cies that spend at most N units of effort, there exists one that

4For this to be a useful model, it is necessary that updating be-
liefs about the value of an action (after taking a deliberation step) is
computationally easy relative to the evaluation problem itself.

takes its first evaluation step on action 1, and gives maximal
expected utility among online evaluation control policies that
spend at most N units of effort. (If at the end of the deliber-
ation process, we are at node wi for tree i, then our utility is
max1≤i≤m uwi

, because we will choose the action with the
highest expected value.)

3.3 Results

We now show that even a severely restricted version of this
problem is NP-hard.5

Theorem 2 ACTION-EVALUATION is NP-hard, even when
all trees have depth either 0 or 1, branching factor 2, and all
leaf values are -1, 0, or 1.

Proof: If action evaluation tree j has depth 1 and branch-
ing factor 2, we represent it by (pj1, p

j
2, u

j
1, u

j
2, k

j) where pji
is the transition probability to leaf i, uji is the value at leaf
i, and kj is the cost of taking the (only) step of evaluation.
We reduce an arbitrary KNAPSACK instance to the follow-
ing ACTION-EVALUATION instance. Let l = m + 3, let
δ = 1

16m(
∑

1≤i≤m

vi)2
, and let ε = 2δ

∑

1≤i≤m

vi = 1

8m
∑

1≤i≤m

vi
.

We set tree 1 (p1
1, p

1
2, u

1
1, u

1
2, k

1) = (ε, 1 − ε, 1,−1, 1), and
tree 2 (p2

1, p
2
2, u

2
1, u

2
2, k

1) = ((1 − ε)m(ε + δV ), 1 − (1 −
ε)m(ε+δV ), 1,−1, C+1)6. Tree 3 has depth 0 and a value of
0. Finally, for each pair (ci, vi) in the KNAPSACK instance,
there is an evaluation tree (pi+3

1 , pi+3
2 , ui+3

1 , ui+3
2 , ki+3) =

(δvi, 1 − δvi, 1,−1, ci). We set N = C + 1. We claim
the instances are equivalent. First we make some obser-
vations about the constructed ACTION-EVALUATION in-
stance. First, once we determine the value of a action to
be 1, choosing this action is certainly optimal regardless of
the rest of the deliberation process. Second, if at the end of
the deliberation process we have not discovered the value of
any action to be 1, then for any of the trees of depth 1, ei-
ther we have discovered the corresponding action’s value to
be -1, or we have done no deliberation on it at all. In the
latter case, the expected value of the action is always below
0 (δ is carefully set to achieve this). Hence, we will pick
action 3 for value 0. It follows that an optimal deliberation
policy is one that maximizes the probability of discovering
that a action has value 1. Now, consider the test set of a pol-
icy, which is the set of actions that the policy would evaluate
if no action turned out to have value 1. Then, the probabil-
ity of discovering that a action has value 1 is simply equal
to the probability that at least one of the actions in this set
has value 1. So, in this case, the quality of a policy is de-
termined by its test set. Now we observe that any optimal
action is either the one that only evaluates action 2 (and then
runs out of deliberation time), or one that has action 1 in its

5ACTION-EVALUATION is trivial for l = 1: the answer is
“yes” if it is possible to take a step of evaluation. The same is true if
there is no uncertainty with regard to the value of any action; in that
case any evaluation is irrelevant.

6Note that using m in the exponent does not make the reduction
exponential in size, because the length of the binary representation
of numbers with m in the exponent is linear in m.
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test set. (For consider any other policy; since evaluating ac-
tion 1 has minimal cost, and gives strictly higher probability
of discovering a action with value 1 than evaluating on any
other action besides 2, simply replacing any other action in
the test set with action 1 is possible and improves the pol-
icy.) Now suppose there is a solution to the KNAPSACK
instance, that is, a set I ⊆ S such that

∑

i∈I
Ci ≤ C and

∑

i∈I
vi ≥ V . Then we can construct a policy which has as

test set J = {1}
⋃
{j : j − 3 ∈ I}. (Evaluating all these

actions costs at most C + 1 deliberation units.) The proba-
bility of at least one of these actions having value 1 is at least
the probability that exactly one of them has value 1, which is
∑

j∈J
pj1

∏

k∈J,k �=j

pk2 ≥
∑

j∈J
pj1(1−ε)m = (1−ε)m(ε+

∑

i∈I
δvi) ≥

(1 − ε)m(ε + δV ) = p2
1. Using our previous observation we

can conclude that there is an optimal action that has action 1
in its test set, and since the order in which we evaluate ac-
tions in the test set does not matter, there is an optimal policy
which evaluates action 1 first. On the other hand, suppose
there is no solution to the KNAPSACK instance. Consider a
policy which has 1 in its test set, that is, the test set can be
expressed as J = {1}

⋃
{j : j − 3 ∈ I} for some set I . Then

we must have
∑

i∈I
Ci ≤ C, and since there is no solution to

the KNAPSACK instance, it follows that
∑

i∈I
vi ≤ V −1. But

the probability that at least one of the actions in the test set
has value 1 is at most

∑

j∈J
pj1 = ε+

∑

i∈I
δvi ≤ ε+ δ(V − 1) =

ε + δV − δ. On the other hand, p2
1 = (1 − ε)m(ε + δV ) ≥

(1−mε)(ε+ δV ) ≥ ε+ δV − 2mε2. If we now observe that
2mε2 = 1

32m(
∑

1≤i≤m

vi)2
< 1

16m(
∑

1≤i≤m

vi)2
= δ, it follows

that the policy of just evaluating action 2 is strictly better. So,
there is no optimal policy which evaluates action 1 first.

We have no proof that the general problem is in NP . It
is an interesting open question whether stronger hardness re-
sults can be obtained for it. For instance, perhaps the general
problem is PSPACE-complete.

4 Dynamically choosing how to disambiguate
state

We now move to the setting where the agent has only one
thing to evaluate, but can choose the order of deliberation (or
information gathering) actions for doing so. In other words,
the agent has to decide how to disambiguate its state. We
show that this is hard. (We consider this to be the most sig-
nificant result in the paper.)

4.1 Motivating example
Consider an autonomous robot that has discovered it is on the
edge of the floor; there is a gap in front of it. It knows this gap
can only be one of three things: a staircase (S), a hole (H), or
a canyon (C) (assume a uniform prior distribution over these).
The robot would like to continue its exploration beyond the
gap. There are three courses of physical action available to
the robot: attempt a descent down a staircase, attempt to jump

over a hole, or simply walk away. If the gap turns out to be
a staircase and the robot descends down it, this gives utility
2. If it turns out to be a hole and the robot jumps over it, this
gives utility 1 (discovering new floors is more interesting). If
the robot walks away, this gives utility 0 no matter what the
gap was. Unfortunately, attempting to jump over a staircase
or canyon, or trying to descend into a hole or canyon, has the
disastrous consequence of destroying the robot (utility −∞).
It follows that if the agent cannot determine with certainty
what the gap is, it should walk away.

In order to determine the nature of the gap, the robot can
conduct various tests (or queries). The tests can determine
the answers to the following questions: (1) Am I inside a
building? A yes answer is consistent only with S; a no answer
is consistent with S, H , C. (2) If I drop a small item into the
gap, do I hear it hit the ground? A yes answer is consistent
with S, H; a no answer is consistent with H , C. (3) Can I
walk around the gap? A yes answer is consistent with S, H;
a no answer is consistent with S, H , C.

Assume that if multiple answers to a query are consistent
with the true state of the gap, the distributions over such an-
swers are uniform and independent. Note that after a few
queries, the set of states consistent with all the answers is
the intersection of the sets consistent with the individual an-
swers; once this set has been reduced to one element, the
robot knows the state of the gap.

Suppose the agent only has time to run one test. Then,
to maximize expected utility, the robot should run test 1, be-
cause the other tests give it no chance of learning the state of
the gap for certain. Now suppose that the agent has time for
two tests. Then the optimal test policy is as follows: run test
2 first; if the answer is yes, run test 1 second; otherwise, run
test 3 second. (If the true state is S, this is discovered with
probability 1

2 ; if it is H , this is discovered with probability 1
4 ,

so total expected utility is 5
12 . Starting with test 1 or test 3 can

only give expected utility 1
3 .)

4.2 Definitions

We now define the metareasoning problem of how the agent
should dynamically choose queries to ask (deliberation or in-
formation gathering actions to take) so as to disambiguate the
state of the world. While the illustrative example above was
for information gathering actions, the same model applies to
deliberation actions for state disambiguation (such as image
processing, auditory scene analysis, sensor fusing, etc.).

Definition 5 (STATE-DISAMBIGUATION) We are given

• A set Θ = {θ1, θ2, . . . , θr} of possible world states;7

• A probability function p over Θ;

7If there are two situations that are equivalent from the agent’s
point of view (the agent’s optimal course of action is the same and
the utility is the same), then we consider those situations to be one
state. Note that two such situations may lead to different answers
to the queries. For example, one situation may be that the gap is
an indoor staircase, and another situation may be that the gap is an
outdoor staircase. These situations are considered to be the same
state, but will give different answers to the query “Am I inside?”.
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• A utility function u : Θ → �≥0 where u(θi) gives the
utility of knowing for certain that the world is in state θi
at the end of the metareasoning process; (not knowing
the state of the world for certain always gives utility 0);

• A query set Q, where each q ∈ Q is a list of subsets
of Θ. Each such subset corresponds to an answer to
the query, and indicates the states that are consistent
with that answer. We require that for each state, at least
one of the answers is consistent with it: that is, for any
q = (a1, a2, . . . , am), we have

⋃
1≤j≤m aj = Θ. When

a query is asked, the answer is chosen (uniformly) ran-
domly by nature from the answers to that query that are
consistent with the world’s true state (these drawings are
independent);

• An integer N ; A target value G.

We are asked whether there exists a policy for asking at most
N queries that gives expected utility at least G. (Letting π(θt)
be the probability of identifying the state when it is θt, the
expected utility is given by

∑

1≤t≤r

p(θt)π(θt)u(θt).) 8

4.3 Results
Before presenting our PSPACE-hardness result, we will first
present a relatively straightforward NP-hardness result for
the case where for each query, only one answer is consistent
with the state of the world. This situation occurs when the
states are so specific as to provide enough information to an-
swer every query. Our reduction is from SET-COVER.

Definition 6 (SET-COVER) We are given a set S, a collec-
tion of subsets T = {Ti ⊆ S}, and a positive integer M . We
are asked whether any M of these subsets cover S, that is,
whether there is a subcollection U ⊆ T such that |U| = M
and

⋃
Ti∈U = S.

Theorem 3 STATE-DISAMBIGUATION is NP-hard, even
when for each state-query pair there is only one consistent
answer.

Proof: We reduce an arbitrary SET-COVER instance to the
following STATE-DISAMBIGUATION instance. Let Θ =
S

⋃
{b}. Let p be uniform. Let u(b) = 1 and for any s ∈ S,

let u(s) = 0. Let Q = {(Θ− Ti, Ti) : Ti ∈ T }. Let M = N
and let G = 1

|S|+1 . We claim the instances are equivalent.

8There are several natural generalizations of this metareasoning
problem, each of which is at least as hard as the basic variant. One
allows for positive utilities even if there remains some uncertainty
about the state at the end of the disambiguation process. In this more
general case, the utility function would have subsets of Θ as its do-
main (or perhaps even probability distributions over such subsets).
In general, specifying such utility functions would require space ex-
ponential in the number of states, so some restriction of the utility
function is likely to be necessary; nevertheless, there are utility func-
tions specifiable in polynomial space that are more general than the
one given here. Another generalization is to allow for different dis-
tributions for the query answers given. One could also attribute dif-
ferent execution costs to different queries. Finally, it is possible to
drop the assumption that queries completely rule out certain states,
and rather take a probabilistic approach.

First suppose there is a solution to the SET-COVER in-
stance, that is, a subcollection U ⊆ T such that |U| =
M and

⋃
Ti∈U = S. Then our policy for the STATE-

DISAMBIGUATION instance is simply to ask the queries
corresponding to the elements of U , in whichever order and
unconditionally on the answers of the query. If the true state
is in S, we will get utility 0 regardless. If the true state is b,
each query will eliminate the elements of the corresponding
Ti from consideration. Since U is a set cover, it follows that
after all the queries have been asked, all elements of S have
been eliminated, and we know that the true state of the world
is b, to get utility 1. So the expected utility is 1

|S|+1 , so there
is a solution to the STATE-DISAMBIGUATION instance.

On the other hand, suppose there is a solution to the
STATE-DISAMBIGUATION instance, that is, a policy for
asking at most N queries that gives expected utility at least
G. Because given the true state of the world, there is only
one answer consistent with it for each query, it follows that
the queries that will be asked, and the answers given, follow
deterministically from the true state of the world. Since we
cannot derive any utility from cases where the true state of the
world is not b, it follows that when it is b, we must be able to
conclude that this is so in order to get positive expected utility.
Consider the queries that the policy will ask in this latter case.
Each of these queries will eliminate precisely the correspond-
ing Ti. Since at the end of the deliberation, all the elements of
S must have been eliminated, it follows that these Ti in fact
cover S. Hence, if we let U be the collection of these Ti, this
is a solution to the SET-COVER instance.

We are now ready to present our PSPACE-hardness re-
sult. The reduction is from stochastic satisfiability, which is
PSPACE-complete [11].

Definition 7 (STOCHASTIC-SAT (SSAT)) We are given a
Boolean formula in conjunctive normal form (with a set of
clauses C over variables x1, x2, . . . , xn, y1, y2, . . . , yn). We
play the following game with nature: we pick a value for x1,
subsequently nature (randomly) picks a value for y1, where-
upon we pick a value for x2, after which nature picks a value
for y2, etc., until all variables have a value. We are asked
whether there is a policy (contingency plan) for playing this
game such that the probability of the formula being eventu-
ally satisfied is at least 1

2 .

Now we can present our PSPACE-hardness result.
Theorem 4 STATE-DISAMBIGUATION is PSPACE-hard.

Proof: Let Θ = C
⋃
{b}

⋃
V where V consists of the

elements of an upper triangular matrix, that is, V =
{v11, v12, . . . , v1n, v22, v23, . . . , v2n, v33, . . . . . . , vnn}. p is
uniform over this set. u is defined as follows: u(c) = 0 for
all c ∈ C, u(b) = 1, and u(vij) = H = 2

∏

q∈Q
Nans(q) for

all vij ∈ V , where Nans(q) is the number of possible an-
swers to q. The queries are as follows. For every vij ∈ V ,
there is a query qij = ({vij},Θ − {vij}). Additionally, for
each variable xi there are the following two queries: letting
Vi = {vij : j ≥ i} (that is, row i in the matrix), and letting
Cz = {c ∈ C : z ∈ c}, we have
• qxi

= (Vi, C,Θ−Vi−Cxi
−Cyi

,Θ−Vi−Cxi
−C−yi

);
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• q−xi
= (Vi, C,Θ− Vi −C−xi

−Cyi
,Θ− Vi −C−xi

−
C−yi

).

We have n steps of deliberation. Finally, the goal is G =
2|V |H+1

2|Θ| . First suppose there is a solution to the SSAT in-
stance, that is, there exists a contingency plan for setting the
xi such that the probability that the formula is eventually sat-
isfied is at least 1

2 . Now, if we ask query qxi
(q−xi

), we say
this corresponds to us selecting xi (−xi); if the answer to
query qzi

is Θ−Vi−Czi
−Cyi

(Θ−Vi−Czi
−C�yi

), we say
this corresponds to nature selecting yi (−yi). Then, consider
the following contingency plan for asking queries:

• Start by asking the query corresponding to how the first
variable is set in the SSAT instance (that is, qx1 if x1 is
set to true, q−x1 if x1 is set to false);

• So long as all the queries and answers correspond to
variables being selected, we follow the SSAT contin-
gency plan; that is, whenever we have to ask a query, we
ask the query that corresponds to the variable that would
be selected in the SSAT contingency plan if variables so
far had been selected in a manner corresponding to the
queries and answers we have seen;

• If, on the other hand, we get Vi as an answer, we proceed
to ask vii, vi(i+1), . . . , vi(n−1) in that order;

• Finally, if we get C as an answer, we simply stop.

We make two observations about this policy. First, if the
true state of the world is one of the vij , we will certainly
discover this. (Upon asking query i, which is qxi

or −qxi
,

we will receive answer Vi and switch to qik queries; then if
j < n, query j + 1 will be qij , we will receive answer {vij},
and know the state; whereas if j = n, we will eliminate all
the other elements of Vij with queries i + 1 through n, and
know the state.) Second, if the true state is b, for any i (1 ≤
i ≤ n), query i will be either qxi

or −qxi
. This will certainly

eliminate all the vij , so we will know the state at the end if
and only if we also manage to eliminate all the clauses. But
now notice that each query-answer pair eliminates exactly the
same clauses as the corresponding variable selections satisfy.
It follows that we will know the state in the end if and only if
these corresponding variable selections satisfy all the literals.
But the process by which the queries and answers are selected
is exactly the same as in the SSAT instance with the solution
policy. It follows we discover the true state with probability
at least 1

2 . Hence, our total expected utility is at least |V |
|Θ|H +

1
|Θ|

1
2 = G. So there is a policy that achieves the goal.

Now suppose there is a policy that achieves the goal. We
first claim that such a policy will always discover the true
state if it is one of the vij . For if a policy does not manage
this, then there is some vij such that for some combination
of answers consistent with vij , the policy will not discover
the state. Suppose this is indeed the true state. Since each
consistent answer to query q occurs with probability at least

1
Nans(q) , it follows that the unfavorable combination of an-

swers occurs with probability at least
∏

q∈Q

1
Nans(q) . It follows

that even if we discover the true state in every other scenario,

our expected utility is at most ( |V |
|Θ| −

1
|Θ|

∏

q∈Q

1
Nans(q) )H +

1
|Θ| = G + 1

|Θ| (−2 + 1
2 ) < G. Now, it is straightfoward

to show that this implies that so long as no answer has been
one of the Vi or C, query i (1 ≤ i < n) is either qxi

or
−qxi

. Query n may still be qnn under these conditions, but
since queries qxn

and q−xn
are both more informative than

qnn, we may assume that the policy that achieves the target
value asks one of the former two in this case as well. It fol-
lows that the part of this policy that handles the cases where
no answers have been either one of the Vi or C corresponds
exactly to a valid SSAT policy, according to the correspon-
dence between queries/answers and variable selections out-
lined earlier in the proof. But now we observe, as before,
that if the true state is b, the probability that we discover
this with the STATE-DISAMBIGUATION policy is precisely
the probability that this SSAT policy satisfies all the clauses.
This probability must be at least 1

2 in order for the STATE-
DISAMBIGUATION policy to reach the target expected util-
ity value. So there is a solution to the SSAT instance.

The following theorem allows us to make any hardness re-
sult on STATE-DISAMBIGUATION go through even when
restricting ourselves to a uniform prior over states, or to a
constant utility function over the states.

Theorem 5 Every STATE-DISAMBIGUATION instance is
equivalent to another STATE-DISAMBIGUATION instance
with a uniform prior p, and to another with a constant util-
ity function u (u(θt) = 1 for all θt ∈ Θ). Moreover, these
equivalent instances can be constructed in linear time.

Proof: The only relevance of p and u in STATE-
DISAMBIGUATION is to the policy’s expected utility∑

1≤t≤r

p(θt)π(θt)u(θt). So, only the products p(θt)u(θt) mat-

ter; adding a constant factor to them also makes no difference
if we correct G accordingly. Hence, any instance is equiva-
lent to one where we replace p and u by p′(θt) = 1

|Θ| and
u′(θt) = |Θ|p(θt)u(θt). It is also equivalent to one where we
replace p, u and G by p′′(θt) = p(θt)u(θt)∑

1≤i≤r

(p(θi)u(θi))
, u′′(θt) =

1, G′′ = G∑

1≤i≤r

(p(θi)u(θi))
.

5 Conclusion and future research
In most real-world settings, due to limited time or other re-
sources, an agent cannot perform all potentially useful de-
liberation and information gathering actions. This leads to
the metareasoning problem of selecting such actions care-
fully. Decision-theoretic methods for metareasoning have
been studied in AI for the last 15 years, but there are few
theoretical results on the complexity of metareasoning.

We derived hardness results for three metareasoning prob-
lems. In the first, the agent has to decide how to allocate
its deliberation time across anytime algorithms running on
different problem instances. We showed this to be NP-
complete. In the second, the agent has to (dynamically) allo-
cate its deliberation or information gathering resources across
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multiple actions that it has to choose among. We showed
this to be NP-hard even when evaluating each individual ac-
tion is very simple. In the third, the agent has to (dynami-
cally) choose a limited number of deliberation or information
gathering actions to disambiguate the state of the world. We
showed that this is NP-hard under a natural restriction, and
PSPACE-hard in general.

Our results have general applicability in that most metar-
easoning systems must somehow deal with one or more of
these problems (in addition to dealing with other issues). The
results are not intended as an argument against metareason-
ing or decision-theoretic deliberation control. However, they
do show that the metareasoning policies directly suggested
by decision theory are not always feasible. This leaves sev-
eral interesting avenues for future research: 1) investigating
the complexity of metareasoning when deliberation (and in-
formation gathering) is costly rather than limited, 2) devel-
oping optimal metareasoning algorithms that usually run fast
(albeit, per our results, not always), 3) developing fast op-
timal metareasoning algorithms for special cases, 4) devel-
oping approximately optimal metareasoning algorithms that
are always fast, and 5) developing meta-metareasoning algo-
rithms to control the meta-reasoning, etc.
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Abstract

An agent with limited consumable execution re-
sources needs policies that attempt to achieve good
performance while respecting these limitations.
Otherwise, an agent (such as a plane) might fail
catastrophically (crash) when it runs out of re-
sources (fuel) at the wrong time (in midair). We
present a new approach to constructing policies for
agents with limited execution resources that builds
on principles of real-time AI, as well as research
in constrained Markov decision processes. Specif-
ically, we formulate, solve, and analyze the pol-
icy optimization problem where constraints are im-
posed on the probability of exceeding the resource
limits. We describe and empirically evaluate our
solution technique to show that it is computation-
ally reasonable, and that it generates policies that
sacrifice some potential reward in order to make the
kinds of precise guarantees about the probability of
resource overutilization that are crucial for mission-
critical applications.

1 Introduction
Optimality is the gold standard in rational decision making
(e.g., [Russell and Subramanian, 1995]), and, consequently,
the problem of constructing optimal policies for autonomous
agents has received considerable attention over the years.
Traditionally, this problem has been viewed separately from
the problem of actually carrying out the policies. However,
real agents have limitations as to what they can execute, and,
clearly, a policy is less useful if an agent might run out of
resources while carrying out the policy.

In this paper, we present a new approach for construct-
ing policies for agents that have limited consumable re-
sources where running out of the resources can have neg-
ative consequences. Whereas AI research has mostly fo-
cused on (PO)MDP[Boutilier et al., 1999; Deanet al., 1993;
Howard, 1960; Puterman, 1995] methods for formulating
policies for agents without emphasizing constraints on their
execution resources, the Operations Research literature has
developed constrained MDP (CMDP)[Altman, 1999; Put-
erman, 1995] techniques that can account for resource con-
straints. CMDP methods are particularly useful for domains

where the current resource amounts are unobservable and
cannot be easily estimated by the agent, or where modeling
resource amounts in the state description is computationally
infeasible. In an aircraft scenario, some resources and situa-
tions where such methods are beneficial could include an air-
plane with a broken fuel gauge (fuel amount is unobservable),
pilot fatigue (attention is a resource that cannot be easily es-
timated), or a combination of non-critical resources (ex. var-
ious refreshments) that should nevertheless not be exhausted,
but explicit modeling of which unnecessarily complicates the
optimization problem and increases policy size. In the rest of
the paper, we will use the fuel example, simply because it is
a very intuitive instance of a consumable resource.

However, as we will explain later, standard risk-neutral
CMDP optimization techniques are not applicable to prob-
lems where violating the constraints can have negative or, in
the limit, catastrophic1 consequences. The main contribution
of this work is that it extends the standard CMDP techniques
to handle the types of hard constraints that naturally arise in
problems involving critical resources. In particular, we for-
mulate an optimization problem where constraints are im-
posed on theprobabilityof resource overutilization, and show
how the problem can be solved using standard linear pro-
gramming algorithms. Our formulation yields sub-optimal
solutions to the constrained problem because it sacrifices po-
tential reward to make guarantees about the probability of
violating the resource constraints. As we later show, when
violating constraints incurs dire costs, these guarantees are
worthwhile ([Muslineret al., 1995] and references therein).

We introduce our model in section 2, where we review
Markov models, introduce notation, and specify our assump-
tions about the problem domain. Section 3 describes and
compares several candidate solutions for addressing aspects
of our problem. We then present in section 4 our new method,
and empirically evaluate it in section 5. We conclude with a
discussion about the strengths and limitations of our results,
and about our future directions.

2 The Model
The stochastic properties of the environments in the prob-
lems that we are addressing lead us to formulate our op-

1The term catastrophic is, of course, relative. We assume that the
system designer is willing to accept certain risks to receive payoff.
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timization problem as a stationary, discrete-time, Markov
decision process. In this section, we review some well-
known facts from the theory of standard[Puterman, 1995;
Boutilier et al., 1999] and constrained[Altman, 1999] fully-
observable Markov decision processes and also discuss the
assumptions that are particular to the class of problems that
we address in this work. This section provides the neces-
sary background for the subsequent sections, where we dis-
cuss resource-constrained optimization problems.

2.1 Markov Decision Processes
A standard Markov decision process can be defined as a tuple
〈S,A,P,R〉, whereS is a finite set of states that the agent
can be in,A is a finite set of actions that the agent can execute,
P = [pa

ij ] : S×S×A → R defines the transition function (pa
ij

is the probability that the agent will go to statej if it executes
actiona in statei), andR = [ria] : S ×A → R is the reward
function (agent receives a reward ofria for executing action
a in statei).

Clearly, the total probability of transitioning out of a
state, given a particular action, cannot be greater than 1, i.e.∑

j pa
ij ≤ 1. As we discuss below, we are actually interested

in domains where there exist states for which
∑

j pa
ij < 1.

A policy is defined as a procedure for selecting an ac-
tion in each state. A policy that makes its choices accord-
ing to a probability distribution over the set of actions is
called randomizedand can be described as a mapping of
states to probability distributions over actions:π = [πia] :
S × A → R. A deterministicpolicy that always chooses
the same action for a state is, of course, a special case
of a randomized policy. It can be seen (similarly to the
case of standard CMDPs, as described in[Kallenberg, 1983;
Puterman, 1995]) that under our optimization criterion and
constraints (section 4), deterministic policies can be subop-
timal. Therefore, in this work, we focus on approximating
optimal policies in the class of randomized ones.

If, at time 0, the agent has an initial probability distribution
α = [αi] over the state space, a Markov system follows the
following trajectory:

ρt+1
j =

∑
i

( ∑
a

pa
ijπia

)
ρt

i, ρ0
i = αi, (1)

whereρt = [ρt
i] is the probability distribution at timet.

2.2 Assumptions
Typically, Markov decision processes are divided into two
categories:finite-horizonproblems, where the total number
of steps that the agent spends in the system is finite and
is knowna priori, and infinite-horizonproblems, where the
agent is assumed to stay in the system forever (see[Puterman,
1995] for a detailed discussion of both types of models).

In this work we concentrate on dynamic real-time domains,
where agents have tasks to accomplish. For example, con-
sider an agent flying a plane, whose goal is to safely get to its
destination and land there. This example does not naturally
correspond to a finite-horizon problem, because the duration
of executing various policies is not predetermined (unless we
artificially impose such a finite duration, which is not easily

justifiable). On the other hand, the problem does not natu-
rally fit the definition of the infinite-horizon model, because
the plane obviously cannot keep on flying forever.

This leads us to make a slightly different and less common
(although, certainly, not novel) assumption about how much
time the agent spends executing its policy. We assume that
there is no predefined number of steps that the agent spends
in the system, but that optimal policies always yieldtransient
Markov processes (decision problems of this type were exten-
sively studied by Kallenberg[1983]). A policy is said to yield
a transient Markov process if the agent executing that policy
will eventually leave the corresponding Markov chain, after
spending a finite number of time steps in it. Given a finite
state space, this assumption implies that there has to be some
“leakage” of probability out of the system, i.e. there have
to exist some state-action pairs(i, a) for which

∑
j pa

ij < 1.
One particular case where the above assumption holds is in
a system in which all trajectories lead toabsorbingstates.
Once an agent enters an absorbing state, it has finished (or
failed to finish) some task and has nowhere else to go, i.e. the
probability of transitioning out of an absorbing statei is zero:∑

j

∑
a pa

ij = 0.2 In the plane-flying example, all trajectories
lead to either a safe landing or a crash, and once the agent
enters one of these states, the probability of transitioning to
other states is zero.

The transient nature of our problems leads us to adopt the
expected total reward as the policy evaluation criterion. Given
that an agent receives a reward whenever it executes an action,
the total expected utility of a policy can be expressed as:

V (π,α) =
T∑

t=0

∑
i

ρt
i

∑
a

πiaria, (2)

whereT is the number of steps during which the agent accu-
mulates utility. For a transient system with bounded rewards,
the above sum converges for anyT .

3 Related Work
In this section, we briefly survey several approaches (based
on well-known techniques) to solving the problem of finding
optimal policies for agents with limited resources, and point
out the assumptions, strengths, and limitations of these meth-
ods. This establishes a landscape of solution algorithms, to
which we can compare our method (presented in the next sec-
tion) in terms of complexity, efficiency, and solution quality.

3.1 Fully Observable MDPs
The most straightforward way of handling resource con-
straints in a MDP framework is to explicitly model the re-
sources by making their current amounts a part of the state
description. This yields a standard FOMDP, which can be
solved by a wide variety of efficient methods. The benefit

2An alternative way of handling these states is to treat them as
infinitely-recurrent, i.e. once the agent gets there, it infinitely tran-
sitions back to itself. We do not adopt this model, because it is less
natural for our domains and also leads to unnecessary complications
in the optimization problems.
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of this approach is that it allows one to make use of all rele-
vant information to construct the best possible policy, as the
agent is able to base its action choice on the current state and
resource amounts. The downside of this approach is that it
requires ana priori discretization of resource amounts to be
made when the world model is constructed. Also, there is an
additional burden of specifying the rewards and state transi-
tions as functions of current resource amounts. Furthermore,
in this model, the size of the state space and, consequently,
the policy size, explodes exponentially in the number of re-
sources, as compared to the state space where the resource
amounts are not folded into the state description.

The FOMDP approach relies on the fact that the agent can
observe the exact amounts of all resources at runtime. How-
ever, this may not hold, especially in multiagent domains with
shared resources, when an agent does not know what other
agents have been doing and how much of the shared resources
they have been consuming.

3.2 Constrained MDPs
An alternative to the FOMDP approach described above is to
treat the problem as a constrained Markov decision process
[Altman, 1999], where the resources are not explicitly mod-
eled, but rather are treated as constraints that are imposed on
the space of feasible solutions (policies).

A constrained MDP for a resource-limited agent differs
from a standard MDP in that the agent, besides getting re-
wards for executing actions, also incurs resource costs. Con-
sequently, a constrained MDP (CMDP) can be described as a
tuple〈S,A,P,R,C,Q〉, whereC = [ciak] : S × A → RK

defines a vector of actions’ costs (ciak units of resource
k ∈ [1,K] are used when actiona is executed in statei),
andQ = [qk] ∈ RK is the vector of amounts of available
resources (there isqk units of resourcek initially available).

The benefit of the CMDP is that it does not require one
to explicitly model how the resources affect the world. In-
deed, if all policies satisfy the resource constraints, one does
not have to worry about what happens when the resources
are overutilized. Consequently, the state space and the re-
sulting policies are exponentially smaller than the ones in the
FOMDP model. The standard CMDP formulation constrains
the expected usage of all resources to be below a certain limit
and can be formulated as the following linear program:

max
∑

i

∑
a

xiaria

∣∣∣∣ ∑
a xja −

∑
i

∑
a xiapa

ij = αj∑
i

∑
a xiaciak ≤ qk, xia ≥ 0,

(3)

where the variablesxia have the interpretation of the expected
number of times actiona is executed in statei.

A weakness of this approach is that it yields policies that
can be suboptimal, as compared to the ones constructed by
the FOMDP method, because the agent does not base its de-
cision on the current resource amounts, but rather completely
ignores that aspect of the state. However, as mentioned in the
previous section, in domains where the resources are not ob-
servable, or if the policy size is of vital importance (for exam-
ple if the agent’s architecture imposes constraints on policies
that it can store), this approach could prove fruitful.

However, the biggest problem with this approach (as
pointed out, for example, by Ross and Chen in the telecom-

munication domain[1988]) is that a standard CMDP imposes
constraints on theexpectedamounts. Clearly, this method
does not work for critical resources, whose overutilization has
negative consequences. Indeed, an agent that pilots aircraft
would not be satisfied with a policy thaton averageuses an
amount of fuel that does not exceed the tank capacity.

3.3 Sample Path MDPs
As just mentioned, Ross and Chen pointed out the weak-
ness of the CMDP approach with constraints on the expected
amounts. As a possible solution, Ross and Varadarajan[1989;
1991] propose an approach where constraints are placed on
the actualsample-pathcosts. In their work, the space of feasi-
ble solutions is constrained to the set of policies whose proba-
bility of violating the constraints (overutilizing the resources)
in the long run is zero. However, their work concentrates on
the average per-step costs and rewards, whereas we are inter-
ested in the total amounts, whose distributions are not easily
calculable. The approach of Ross and Varadarajan has the
same benefits as the standard CMDP method, i.e. no explicit
modeling of resources is required, and the state space and
policies are small. In addition, unlike the standard CMDP,
this method is suitable for problems with critical resources.
However, a weakness of this approach is that for some prob-
lems it might be too restrictive, in that it allows no possibility
of overutilizing the resources. Indeed, policies produced by
the sample path method might have significantly lower pay-
off, as compared to policies that have some probability of
resource overutilization. Furthermore, for some domains it
might be desirable for the system designer to be able to con-
trol the probability of resource overutilization, as a means of
balancing optimality and risk.

3.4 MDPs With Constraints on Variance
Another approach to handling deviations from the expecta-
tion in Markov models is to impose additional constraints on
(or to assign additional cost to) the variance. Sobel[1985]
proposed to constrain the expected cost and to maximize the
mean-variance ratio of the reward. Huang and Kallenberg
[1994] proposed a unified approach to handling variance via
an algorithm based on parametric linear programming. These
approaches have the same benefits as the standard CMDP and
the sample-path methods (compared to the FOMDP formula-
tion) in terms of state space and policy size, as well as the
complexity of constructing the initial world model. Addi-
tionally, they allow one to somewhat balance payoff and the
deviation from the expected. However, these methods do not
allow one to make hard guarantees about the probability of
overutilizing the resources.

4 Linear Approximation
As hinted at in the previous sections, we would like to be able
to constrain the feasible solution space to the set of policies
whose probability of overutilizing the resources is below a
user-specified threshold (p0 = [p0k]). In other words, we
would like to be able to solve the following math program:

max
∑

i

∑
a

xiaria

∣∣∣∣ ∑
a xja −

∑
i

∑
a xiapa

ij = αj

P (ck > qk) ≤ p0k, xia ≥ 0,
(4)
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whereck is the total amount of resourcek that is used by the
policy, andqk is the upper bound on that resource (as before).

The trouble is that the optimization is in the space ofxia,
which can be interpreted as theexpectednumber of times for
executing the actions in the corresponding states. However,
it is difficult to expressP (ck > qk) as a simple function of
the optimization variables (xia), because the latter contain no
information about the probability distribution of the random
variable of the number of times the action is actually executed
in the corresponding state – only the expected values.3 In
this section, we present a linear approximation to the above
program, based on the Markov inequality:4

P (ck ≥ qk) ≤ E[ck]/qk (5)

Using this inequality and the fact that the expected resource
usage can be expressed asE[ck] =

∑
i

∑
a xiaciak, the opti-

mization problem can be formulated as a linear program:

max
∑

i

∑
a

xiaria

∣∣∣∣∣∣
∑

a xja −
∑

i

∑
a xiapa

ij = αj
1
qk

∑
i

∑
a xiaciak ≤ p0

xia ≥ 0
(6)

A potential weakness of this approach is that the Markov
inequality gives a very rough upper bound, and the policies
that correspond to solutions to this LP can be too conserva-
tive, in that their real probability of overutilizing the resources
can be significantly lower thanp0. However, if making hard
guarantees about the probability of overutilizing the resources
is of vital importance, this method might prove valuable, as it
yields policies that, in general, would have higher payoff than
the ones obtained by the sample-path method (as the latter is
often too restrictive). On the other hand, unlike the standard
CMDPs that impose constraints on the expected resource us-
age, and the MDPs that constrain the variance, this method
allows one toexplicitlybound the allowable probability of re-
source overutilization, and to make precise guarantees about
the behavior of the system in that respect.

It is also worth noting that, unlike the sample-path method
or the methods that constrain on variance, this method re-
lies on solving a standard linear program, whereas the for-
mer require solving quadratic or parametric linear programs.
Therefore, the above formulation appears to be a reasonable
approximation, because it should be no harder to solve than
the standard CMDP (see section 5 for experimental results),
while providing a means of balancing solution quality with
the precisely quantifiable risk of resource overutilization.

5 Evaluation
To verify our hypotheses about the properties of the approxi-
mation described in the previous section, we have performed
a set of numerical experiments that compare its behavior to
a standard CMDP with constraints on the expected resource
amounts (section 3), and to an unconstrained MDP.

3Generally speaking, the total cost is a sum of a random num-
ber of differently-distributed random variables, and calculating its
probability distribution is a nontrivial task.

4This inequality only holds for nonnegative random variables.
However, for a transient system, we can make the assumption that
all costs are nonnegative, without any loss of generality.

To reduce the bias that might arise from using a small num-
ber of hand-crafted test cases, we have instead used a large
number of randomly-generated constrained MDPs. All of the
generated problems shared some common properties, among
which the most interesting ones are the following (the values
for our main experiments are given in parentheses):

Ns, Na, Nr The total number of states, actions, and re-
sources, respectively. (20, 20, 2)

MR = max(R) Maximum reward. Rewards are assigned
from a uniform distribution on[0,MR]. (10)

MC = max(C) Maximum action cost. Resource costs are
assigned to state-action pairs from[0,MC ] based on a
distribution ofR andρ(C,R) (described below). (10)

ρ = ρ(C,R) Correlation between rewards and resource
costs; better actions are typically more costly. ([0.8,1])

Ok = [minQk,maxQk] Upper bounds on resource
amounts are assigned according to a uniform distribu-
tion from this range. ([200, 300])

γ Dissipation of probability - the probability that the agent
exits the system at each time step. ([0.95,0.99])

The last parameter was used to ensure a transient chain. In-
stead of providing a small number of sink states, we have
chosen to use a uniform dissipation of probability, in order
to avoid additional randomization in our experiments, as the
latter choice provides a more stable domain.

Our main concern was the behavior of our approxima-
tion, as a function of the probability thresholdp0. Therefore,
we have run a number of experiments for various values of
p0 ∈ [0, 1]. To be more precise, we have gradually increased
p0 from 0 to 1 in increments of 0.05, and for each value, gen-
erated 50 random models and solved them using the three
methods: 1) an unconstrained MDP without any regard for
resource limitations, 2) a standard CMDP with constraints on
the expected usage of resources, and 3) our CMDP with con-
straints on the probability of overutilizing the resources (eq.
6). We then evaluated (using a Monte-Carlo simulation) each
of the three solutions (policies) in terms of expected reward
and probability of overutilizing the resources.

Figure 1 shows a plot of the actual probability of overuti-
lizing the resources for the policies obtained via the three
methods as a function of the probability thresholdp0. The
data points are averaged over the runs for a particular value
of p0. The curve that corresponds to the method that bounds
the overutilization probability also shows the standard devia-
tion for the runs. The other data have very similar variance,
so we will use the plots of means (averaged over the runs for
a givenp0) for our analyses.

Obviously,p0 has no effect on the unconstrained and the
standard CMDP (which maintain more or less a constant
probability of overutilization), but it does affect to a large ex-
tent the solutions to the problem with constraints on overuti-
lization probability. One can see that the overutilization prob-
ability for the solutions produced by our approach is always
belowp0 (as it should be). Also, it is worth noting that when
p0 approaches 1, our approximation yields the same results as
the other methods, which is good, since settingp0 = 1 should
not constrain the space of feasible solutions.
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Figure 1: Probability of resource overutilization.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.2

0.4

0.6

0.8

1

p
0

ex
pe

ct
ed

 re
w

ar
d 

(r
el

at
iv

e 
to

 u
nc

on
st

ra
in

ed
)

unconstrained
expected
overutilization prob

Figure 2: Average rewards for solutions to the three problems.

The rewards obtained by these policies are shown in Fig-
ure 2. Theseactual rewards do not necessarily equal theex-
pectedrewards (which are used during the optimization pro-
cess). This is because only the runs that did not overutilize
the resources were included in the average, and policies were
not penalized for violating the resource constraints. This also
explains why the total rewards received by solutions to the
standard CMDPs were sometimes greater than the ones ob-
tained by solutions to the unconstrained problems.

However, realistically, an agent always incurs a penalty for
overutilizing a critical resource, where the penalty amount is
based on the consequences of overutilization. For example,
if the agent is flying a plane, and the resource in question is
fuel, the consequences of trying to use too much of that re-
source are catastrophic, so the penalty is very high. If we
take this into account by assigning a fixed penalty to poli-
cies that overutilize the resources, we can update the graph in
Figure 2 to get a more realistic picture. Figure 3 shows the
average rewards for solutions obtained via the three meth-
ods, recalculated to reflect the penalties: new rewards are
R′ = (1 − pou)R + pouW , wherepou is the overutilization
probability,R is the average reward for successful runs of the
given policy (as in Figure 2), andW is the penalty for overuti-
lization. We see that, if we take the penalty into account, there
is an interval ofp0 where the conservative policy produced
by our linear approximation outperforms the other policies.
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Figure 3: Average rewards with penalties for overutilization.

Moreover, for large penalties (W = −220), the conservative
policy outperforms the others for all values ofp0. Note that
here, the policy is re-evaluatedpost-factum. Section 6 briefly
discusses an approach that explicitly models the penalties in
the optimization program.

As we mentioned in section 4, the linear approximation
should be no harder to solve than the standard constrained
MDP, because both are formulated as linear programs with
the same number of constraints. To experimentally verify
this, we have timed the runs of all our experiments. Figure
4 contains a plot of the times that it took to solve the prob-
lems in all our experiments. One can see that the running
times for all three methods are not appreciably different.5 In
particular, the average ratio of the running time for the stan-
dard CMDP to the running time of the unconstrained method
is 1.25; the ratio of the running time of our linear approxi-
mation with constraints on overutilization probability to the
running time of the unconstrained method is 1.06. The slight
downward curvature of the plot of the running time of our
approximation method appears to be a consequence of the
specific implementation of the linear programming algorithm
that we used in our experiments.

6 Discussion and Future Work
Our experiments substantiate the claims that our approxima-
tion provides an effective and efficient method that agents
can use to formulate policies that not only consider limita-
tions on execution resources, but that also explicitly bound
the probability of resource overutilization. Our new approxi-
mation achieves the constraints on overutilization, and is es-
sentially no more expensive to use than more standard CMDP
and unconstrained MDP methods. Because our method con-
structs policies that are more careful about avoiding resource
overutilization, the rewards associated with its policies when
resources are not overutilized tend to be less than the re-
wards for the other methods’ policies when resources are not
overutilized. However, as we illustrated in Figure 3, when
overutilization incurs penalties our new method can outper-

5Here we have to note that we used the linear programming ap-
proach to solving the unconstrained problem. A different algorithm
such as value or policy iteration might be more efficient.
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Figure 4: Running time for the three methods

form previous techniques. Thus, our new method is particu-
larly suited to agents engaged in mission-critical domains.

Furthermore, if penalties for resource overutilization are
known at design-time and can be expressed in the same units
as the rewards, an interesting modification of our LP formu-
lation is to include the penalties in the policy evaluation cri-
terion, as opposed to modeling the constraints on the overuti-
lization probability. This would yield an LP with the follow-
ing objective function:

max
( ∑

i

∑
a

xiaria −
∑

k

Wk

qk

∑
i

∑
a

xiaciak

)
, (7)

whereWk is the penalty (in units ofria) incurred for overuti-
lizing resourcek. The maximization is subject to just the
standard “conservation of probability” constraints as in (eq.
3). A benefit of this formulation is that, for certain initial
probability distributions, deterministic policies are optimal.
A downside is that the formulation does not allow one to ex-
plicitly control the acceptable overutilization probabilities.

As can be seen in Figure 1, our linear approximation is in
general overly conservative. For example, given permission
to overutilize the resource 20% of the time (p0 = 0.2), the
method generates a policy that overutilizes the resource only
about 1% of the time. Since rewards and resource usage are
typically correlated, we would expect that a policy that under-
shoots the permitted resource overutilization probability by a
lower amount would also yield a higher expected reward. To-
ward this end, we have formulated a quadratic programming
approximation, based on the Chebyshev inequality, which al-
lows us to put a better upper bound on the probability of re-
source overutilization:∑

i

∑
a

xiaciak ≤ qk −∆k, σ2
k/∆2

k ≤ p0k, (8)

whereσ2
k = VAR[ck] = E[c2

k]−E[ck]2 is the variance in the
amount of used resourceck, and∆k specify the widths of the
allowable regions for the amounts of used resources.

We are also investigating another formulation of the opti-
mization program that should give a more accurate estimate
of the resource overutilization probability. The method is
based on a polynomial approximation of the pdf of the to-
tal resource-usage cost and uses the moments of the cost as

the optimization variables. This approximation and the one
based on the Chebyshev inequality are more costly to com-
pute than the linear one. Our current efforts are to encode the
approximations and evaluate their strengths and weaknesses.
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Abstract

Belief has been formally modelled using doxas-
tic logics in recent decades. The possible worlds
model provides an intuitive semantics for these log-
ics. But it also commits us to the problem of logical
omniscience. A number of logics have been intro-
duced to circumvent the problem. Of particular in-
terest is the logic of awareness. In this paper we
present a new method to put awareness into doxas-
tic logic so as to get a flexible way to model actual
belief. The underlying logics are two-dimensional
logics. Two two-dimensional doxastic logics are
given. In the first logic, a quite limited concept of
actual belief is presented. In the second logic, two-
dimensional and classical semantics are combined
into a hybrid system.

1 Introduction
There has been a long story in philosophy to find a suitable
semantics for logics of knowledge and belief since the twen-
tieth century. The subject was picked up by researchers in
the area of artificial intelligence, in which human reasoning
or resource-bounded agents reasoning is considered.

The standard approach for characterizing knowledge and
belief is based on the possible-worlds model. The intuitive
idea, which was discovered and labelled by Hintikka[Hin-
tikka, 1962], is that an agent considers a number of situations
as possible. Under this interpretation, an agent is said to be-
lieve a fact if it is true in all the states that the agent regards
as possible. Thus belief is modelled by means of accessibil-
ity relations as they are present in possible worlds models.
The model is a structureM of the form(S, π,R1, . . . ,Rn),
whereS is the set of all worlds,π is the truth assignment for
every atom and every world, andRi, i = 1, . . . , n, are the
binary relations inS.

On the basis of the possible worlds model a logic of be-
lief can be devised. To this end, introduce modal operators
L1, . . . , Ln, Li to be interpreted as “the agenti believes that”,

∗Authors were supported in part by the logical structure of cogni-
tion in open worlds project grant under ministry of education, China
grant 2000DXM720.40002.

1Corresponding author. E-mail address: hssjse@zsu.edu.cn

and give them formal semantics by a clause:M, s |= Liϕ if
and only if for each worldt such thatRi(s, t) it holds that
M, t |= ϕ. To complete the logic, assume that, besides propo-
sitional atoms, formulas can also be composed by means of
the usual propositional connectives∼,∧,∨,→, and ↔.

In order to be sure that certain properties that intuitively
hold of belief are valid in this setting, some constraints should
be put on the accessibility relationRi. The standard way
to do that is requiring thatRi be serial, transitive, and Eu-
clidean. From these constraints, three intuitive properties of
belief can be captured: consistency, positive introspection,
and negative introspection (they are reflected as the below ax-
ioms A5, A3, and A4 respectively).

This notion of belief is completely characterized by the
following sound and complete axiom system, traditionally
called KD45.

A1: All tautologies of propositional logic

A2: Li(ϕ → ψ) → (Liϕ → Liψ)

A3: Liϕ → LiLiϕ

A4: ∼ Liϕ → Li ∼ Liϕ

A5: ∼ Li(ϕ∧ ∼ ϕ)

R1: ϕ,ϕ → ψ/ψ

R2: ϕ/Liϕ

Modelling knowledge and belief of this kind yields what
Hintikka called logical omniscience. Logical omniscience
presupposes that an agent’s beliefs are closed under logical
consequence. Furthermore, valid sentences are always be-
lieved. It is clear that rational agents can never be so intelli-
gent that they become omniscient.

To avoid these undesired properties, something non-
standard is needed. In the literature there appear quite a num-
ber of drastically varying approaches. Of these, of particular
interest to us isawareness logic.

A number of ways of modelling awareness and actual be-
lief have been suggested in the literature, among them we
would like to refer to[Rantala, 1982], [Fagin and Halpern,
1988], [Wansing, 1990] and[Thijsse, 1996].

The main problem of logical omniscience is that it forces
an agent to believe too much. Fagin and Halpern suggested a
variation of the standard Kripke model[Fagin and Halpern,
1988], named the logic of general awareness (abbreviated
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GAL). The underlying idea is to use awareness as a “sieve” to
remove the undesired parts of the logic. Though an agentim-
plicitly believes a fact, the agent may not believe itexplicitly
if it is not aware of it. GAL distinguishes betweenimplicit
belief andexplicit beliefby the following equation:

Explicit Belief = Implicit Belief + Awareness

The model is endowed with functionAi that act as
a kind of sieve, filtering out explicit beliefs from the
bulk of implicit beliefs. The model is a tupleM of
the form (S, π,R1, . . . ,Rn,A1, . . . ,An), whereS, π, and
R1, . . . ,Rn have their usual meanings. For each possible
world s,Ai(s) is an arbitrary set of formulas of the language,
indicating the formulas that the agenti is aware of ins.

The language contains operatorsA1, . . . , An, which reflect
awareness, as well as the implicit belief operatorsL1, . . . , Ln

and explicit belief operatorsB1, . . . , Bn.
The semantics of the language is as usual, except for

adding two clauses for the operatorsAi andBi. Note that
the one forAi is not expressed recursively.

• M, s |= Aiϕ iff ϕ ∈ Ai(s);
• M, s |= Biϕ iff ϕ ∈ Ai(s) andM, s |= Liϕ.

The explicit beliefs are just those implicit beliefs that belong
to the awareness set. The sentence

A6 Biϕ ↔ Aiϕ ∧ Liϕ

is valid in the model. Fagin and Halpern showed in[Fagin
and Halpern, 1988] that by adding A6 to KD45, the resultant
system completely characterize the semantics of GAL.

GAL, despite its simplicity, is a very flexible and powerful
tool. Wansing exhibited in[Wansing, 1990] that a slight gen-
eralization of GAL (LetRi be any binary relation inS) can
characterize every modal system that contains classical logic.

GAL has also some disadvantages. Useful information is
neglected in this semantics. There are two reasons that com-
mit an agent not to explicitly believe a sentenceϕ: one is that
the agent is not aware ofϕ; the other is that the agent does
not implicitly believeϕ. GAL cannot express these different
situations. Even if we know the fact that an agent does not
explicitly believe a sentence, we still do not know where it
comes from. In our proposal, the difference between them is
able to be distinguished.

In GAL, it is possible for a sentence to be true even if the
agent is not aware of some parts of the sentence. For example,
consider the sentence “if an agent believes that it rains, it will
take an umbrella.” (formalized asBiϕ → ψ). The sentence
can be true in a worlds even if the agent is not aware of
anything about “rain” ins. In a different opinion of belief
and awareness, it may be argue that the above sentence seems
nonsensical to the agent if it does not know what the “rain” is.
From that opinion, the sentence can never be simply true. We
will introduce a method such that different opinions of belief
and awareness can be easily modelled.

It is important to distinguish between objective truth and
subjective truth. It is reasonable for the above sentence to
be objective true (as a truth of fact), but not subjective true
(from the point of view of the agent). We leave the item aside
for the moment. We will present two logics below. The first

logic only concern about subjective truth. The notion will be
picked up in the second logic.

We use a different way to add awareness sieve to doxas-
tic logics. What we use is two-dimensional logics. In two-
dimensional logics, the value of a formulaϕ ranges over the
set{(1, 1), (0, 1), (1, 0), (0, 0)}. Each member of the set
is called a truth-degree. Every truth degree has two dimen-
sions. Intuitively, the first dimension of a truth-degree, called
a truth-value, represents the truth value ofϕ and the second,
called an awareness-value, keeps track of the value of the
awareness condition (we will clarify the notion below) ofϕ.
Though the logic looks like a type of four-valued logic, it is
in fact two-valued. Whichever way it is read, we are still left
with two-values, with 1 astrueand 0 asfalse.

We got the idea of using two-dimensional logics in this
way from theoretical linguistics, where two-dimensional log-
ics are used to give the semantic concept of presupposition
[Bergmann, 1991]. Usually, the sentence “a exists” is looked
upon as the presupposition of the sentence “a is P”. We in-
terpret “an agent is aware ofϕ” as “ϕ exists in the agent’s
memory”. And then we treat the sentence as the presuppo-
sition of the sentence “the agent explicitly believeϕ”. Here
the presupposition is indeed the existence of a denotation of
ϕ in the agent’s memory. We call it theawareness condition.
The denotation is subjective. It denotes things in the given
memory, unlike in the case of the sentence “a exists”, whose
usual meaning is thata has an objective denotation. Another
difference between them is that the subjective denotation is a
denotation of a sentence other than a denotation of a term.

Two-dimensional logics allow us to calculate the truth
value of a sentence and its awareness condition indepen-
dently. This gives us flexibility to construct different mod-
els of actual belief. Intuitively, the awareness condition of
a sentence should affect its truth value. However, it may be
no agreement on what the effect should be. By amending its
matrices, two-dimensional logics are flexible enough to char-
acterize different concepts of actual belief.

It is easy to see that GAL can be represented by a two-
dimensional logic. The only thing we need to do is to make
the awareness condition of a sentence does not disturb its
truth value.

We would like to emphasize again that what we present in
this paper is not only a more rigorous concept of actual belief
than GAL’s, but also a method by which different opinions
to actual belief can be modelled readily. We will give two
doxastic logics use two-dimensional logics in the rest of the
paper. The first logic can be viewed as an example of using
our method, in which a more limited concept of actual be-
lief is presented. The second logic extend the first logic to a
hybrid system.

To be concise, we only consider one agent mode and use
operatorsB, L, A substitute forBi, Li, Ai respectively. It is
easy to extend the results of the paper to multi-agent mode.

We think many-dimensional logics may play an important
role in may topics. The problems in many topics are in the
following style: There are several factors that affect the out-
come event’s situation. To construct a logical structure of
such problem, many-dimensional logics are preferred. Each
factor or outcome is put in a different dimension of the truth
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degree. In such a many-dimensional semantics, it can be
clearly indicated that how the factors affect the outcome. Of
course, it is an “out of focus” topic in the present paper.

By the way, we got some ideas of this paper from our work
on “Open Worlds”. Interested readers may refer to[Shier and
Hu, 2001].

2 Two-Dimensional Awareness Logics
2.1 Semantics
By awareness different people can understand in quite differ-
ent ways. In this section, we present a logic in which a sen-
tence’s awareness condition is considered as a very rigorous
limitation to the sentence: If the awareness condition is not
satisfied, then the sentence is nonsensical to the agent and is
invariably false. We call the resultant logictwo-dimensional
awareness logic, abbreviated TDAL.

The language of TDAL is the same as GAL’s. A TDAL
model is a tupleM = (S, π,R,A), where,

• S is a non-empty set of possible worlds;

• π is a truth degree assignment function from the set of
atoms to{(1, 1), (0, 1)} per possible world. By conven-
tion, the parentheses and commas of truth degrees are
dropped;

• R ⊆ S × S is a binary relation that is serial, transitive,
and Euclidean;

• A is the awareness function, assigning each possible
world a set of formulas.

The matrices are:

A ∼ A
11 01
01 11
10 00
00 00

A ∨B 11 01 10 00
11 11 11 00 00
01 11 01 00 00
10 00 00 00 00
00 00 00 00 00

A ∧B 11 01 10 00
11 11 01 00 00
01 01 01 00 00
10 00 00 00 00
00 00 00 00 00

A → B 11 01 10 00
11 11 01 00 00
01 11 11 00 00
10 00 00 00 00
00 00 00 00 00

Notice that∨ and∧ can be defined from∼ and→. The
latter two connectives are considered as primary.

The truth degree conditions for the modal operators are:

• π(s,Aϕ) = 11 if ϕ ∈ A(s); otherwise,π(s,Aϕ) = 01.

• π(s, Lϕ) = 11 if π(t, ϕ) = 11 or π(t, ϕ) = 10 for all t
such that(s, t) ∈ R; otherwise,π(s, Lϕ) = 01.

• π(s,Bϕ) = 11 if π(s, Aϕ) = 11 andπ(s, Lϕ) = 11;
π(s,Bϕ) = 01 if π(s, Aϕ) = 11 andπ(s, Lϕ) = 01;
π(s,Bϕ) = 00 if π(s, Aϕ) = 01.

ϕ is satisfied ins if and only if π(s, ϕ)=11, denoted by
M, s |= ϕ. ϕ is valid if and only if M, s |= ϕ for every
modelM and every possible worlds, denoted by|= ϕ.

The semantics of TDAL needs some explanations. The as-
signment functionπ is indeed two-valued. It assigns only

two values, 11 and 01, to each atom. The primary awareness-
value is always assigned as 1. Only an occurrence of the
B operator can introduce falseness as awareness-value. The
reason is this: The awareness condition only makes sense
when explicit belief is considered. An atom has no aware-
ness condition at all. It is natural to assign atoms a trivial
awareness-value, i.e. an always true value. It is easy to see
that this definition is sound: an always true awareness-value
does not disturb the calculation of truth value. This also ex-
plains the semantic definition ofA andL operators, where
the awareness-value of each formula of the formAϕ or Lϕ is
always true.

Awareness-value is contagious: the awareness-value of a
sentence governed by one of the binary connectives is false
if the awareness-value of one of its immediate components is
false. If the awareness-value is always true, the truth-value is
calculated classically.

Clearly, TDAL is along skeptical lines. It characterizes a
cautious agent: the agent deems a sentence to be true only if
every propositional part of it has no uncertainty.

Note that the semantics of TDAL can be reduced to a three-
valued logic because the truth degree 10 can never result, nei-
ther from logical connectives nor from modal operators. 10
can be dropped safely from the matrices. At first sight, the
resulting three-valued propositional logic looks the same as
weak Kleene logic. If we substitute the truth valuest, f andu
for the truth degrees 11, 01 and 00 respectively, then we get
the matrices of weak Kleene logic. However, the two logics
are quite different. In TDAL, the assignment function is in-
deed two-valued, unlike Kleene’s. 00 can only result from ap-
plication of the modal operatorB. This characteristic makes
TDAL very different than weak Kleene logic. For example,
there are no propositional tautologies in weak Kleene logics,
but in TDAL, some of them are preserved.

2.2 Discussion And Formalization
Definition 2.1 An occurrence of aB operator in a formula
ϕ is bound if that occurrence is in the scope of one of the
modal operators; otherwise, such an occurrence ofB is free.
A formulaϕ is bound iff each occurrence in it ofB is bound,
andϕ is free iff it is not bound.

Some classical tautologies are not valid in TDAL. A limi-
tation is required in order to make them valid.

Proposition 2.2 The following sentences are valid in TDAL.

(A7) all bound classical tautologies.

Proof. Trivial. 2

The next proposition shows that the axioms with respect to
the properties of implicit belief are all preserved in TDAL, as
they should be.

Proposition 2.3 A2-A5 are all valid in TDAL.

Proof. The proof is as usual.2

Intuitively, the axiom A6, which characterize explicit be-
lief, should not hold in TDAL because we have a different
view to awareness condition here. It is just the case. This is
easy to see by taking a model that contains a worldss such
that the agent is not aware ofϕ in s. Instead of A6, we have
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the following axioms and rules to characterize properties of
explicit belief.

We useϕ∗ to denote the formula obtained fromϕ by sub-
stitutingAφ∧Lφ for all free occurrences ofBφ in ϕ. Clearly,
ϕ∗ is bound.

Proposition 2.4 The following sentences and rules are all
valid in TDAL:

(R3) Aφ1, . . . , Aφn / ϕ ↔ ϕ∗, where for all free occurrences
of Bφ in ϕ, Aφ ∈ {Aφ1, . . . , Aφn}.

(R4) ϕ/Aφ, whereBφ occurs free inϕ.

(A8) (LAφ1∧ . . .∧LAφn) → L(ϕ ↔ ϕ∗), where for all free
occurrences ofBφ in ϕ, Aφ ∈ {Aφ1, . . . , Aφn}.

(A9) Lϕ → LAφ, whereBφ occurs free inϕ.

Proof. The proof is as usual.2

These sentences are quite intuitive to the semantics of
TDAL. The system corresponding to the semantics of TDAL
consists of axioms A2-A5, A7-A9, and rules R1-R4. Call it
the system T.

These sentences and rules are in quite generalized forms.
To put a clearer explanation of TDAL, we consider those that
are close to A6. As we have known, A6 is not valid in TDAL.
However, A6 will be satisfied if a condition is satisfied. It is
easy to verify that the rule Aϕ

Aϕ∧Lϕ↔Bϕ is valid in TDAL, as
well as the sentenceLAϕ → L(Aϕ ∧ Lϕ ↔ Bϕ) (Also,
they can be derived from system T). We may see the rule as a
process: In the beginning, the agent is not aware of a sentence
ϕ so that the substitute instance of A6 ofϕ is not true; if by
some reasons the agent is aware ofϕ, then it will deem the
substitute instance of A6 ofϕ to be true. Thus, if the agent
implicitly believes that it is able to be aware ofϕ, then it also
implicitly believes that the substitute instance of A6 ofϕ is
true. That is just the above sentence’s meaning.

Note that the sentenceL(Aϕ ∧ Lϕ ↔ Bϕ) is not valid in
TDAL. Thus, in general, A6 is not an implicit belief of the
agent. That is to say, the agent may never be aware of some
sentences (maybe they are too long and too complicate). So,
for Aϕ ∧ Lϕ ↔ Bϕ to be an implicit belief, there has to put
a condition: The agent (implicitly) believesAϕ.

In general, the deduction theorem does not hold. A limited
version of the deduction theorem is presented.

Theorem 2.5 If Γ `T ϕ, then`T (Lψ1 ∧ . . . ∧ Lψn) →
Lϕ, whereψ1, . . . , ψn are members ofΓ that are used in the
derivationΓ `T ϕ.

Proof. Consider a derivationϕ1, . . . , ϕn of ϕ from Γ. We
show by induction oni (i ≤ n) that`T (Lψ1∧ . . .∧Lψn) →
Lϕi. The inductive steps forϕi an axiom, forϕi ∈ Γ, and for
ϕi a conclusion from R1 are clear.

Supposeϕi=Lϕj is obtained fromϕj by R2. By induction
hypothesis,̀ T (Lψ1 ∧ . . . ∧ Lψn) → Lϕj . By A2, `T

Lϕj → LLϕj . Thus`T (Lψ1 ∧ . . . ∧ Lψn) → Lϕi.
Suppose thatϕi=χ ↔ χ∗ is obtained fromAφ1, . . . , Aφn

by R3. By induction hypothesis,̀T (Lψ1 ∧ . . . ∧ Lψn) →
LAφ1, . . ., `T (Lψ1 ∧ . . . ∧ Lψn) → LAφn. Then by A8,
we havè T (Lψ1 ∧ . . . ∧ Lψn) → Lϕi. The inductive steps
for R4 is similar to R3’s.2

A set of formulas isconsistentif one cannot derive from it
ϕ and∼ ϕ for some formulaϕ. A set of formulas ismaximal
consistentif it is consistent and any strict superset is incon-
sistent.

Lemma 2.6 (1) Any consistent set is included in a maximal
consistent set. (2) IfΓ is maximal consistent, then for all
formulasϕ andψ the following hold: (a) IfBφ occurs free
in ϕ infers thatAφ ∈ Γ, then eitherϕ ∈ Γ or ∼ ϕ ∈ Γ; (b) if
ϕ ∈ Γ andϕ → ψ ∈ Γ, thenψ ∈ Γ; (c) if ϕ is provable, then
ϕ ∈ Γ.

Proof. The proof is left to the reader.2

Theorem 2.7 The system T is sound and complete with re-
spect to TDAL.

Proof. The soundness is easy to see. We prove complete-
ness using standard techniques with modifications to fit the
context.

It is sufficient to show that every consistent formula is sat-
isfiable. We do so by constructing a canonical Kripke model
M , containing a possible worldsΓ for every maximal con-
sistent setΓ, such thatM, sΓ |= ϕ iff ϕ ∈ Γ. Since every
consistent formula is contained in some maximal consistent
set, this suffices. LetM = (S, π,R,A), where

• S = {Γ | Γ is a maximal consistent set};
• π(sΓ, p) = 11 if p ∈ Γ; π(sΓ, p) = 01 if p 6∈Γ;

• A(sΓ) = {ϕ | Aϕ ∈ Γ};
• (sΓ1 , sΓ2) ∈ R iff {ϕ | Lϕ ∈ Γ1} ⊆ Γ2.

Axioms A3, A4 and A5 guarantee that the binary relation
R as defined is indeed transitive, Euclidean, and serial.

By induction on the structure ofϕ, we show thatM, sΓ |=
ϕ iff ϕ ∈ Γ. The cases whenϕ is an atom orϕ = Aψ is
directly proved from the definition ofM .

Supposeϕ =∼ ψ. (1) Supposeϕ ∈ Γ. Because the in-
ference ruleϕ,∼ϕ

ψ can be derived for the system T,ψ 6∈Γ and
so, by inductive hypothesis,sΓ 6|=ψ. By R4, if Bφ occurs free
in ψ, thenAφ ∈ Γ. Then by R3,sΓ |= ψ ↔ ψ∗. We get
sΓ 6|=ψ∗. Becauseψ∗ is bound,sΓ |=∼ ψ∗. ThussΓ |=∼ ψ.
(2) SupposesΓ |= ϕ. ThensΓ 6|=ψ and for every free occur-
rence ofBφ in ψ, sΓ |= Aφ and so, by inductive hypothesis,
ψ 6∈Γ. Also we haveAφ ∈ Γ. Then by Lemma 2.6,∼ ψ ∈ Γ.
The inductive step for→ is similar.

Supposeϕ = Lψ. (1) SupposeLψ ∈ Γ. It is directly ob-
tained from the definition thatsΓ |= Lψ. (2) SupposeLϕ 6∈Γ.
Consider the setΓ′ = {χ | Lχ ∈ Γ}. We show thatΓ′ `T ψ
does not hold. Indeed, by assuming otherwise, we would have
Γ′ `T ψ and so, by theorem 2.5,{Lχ1, . . . , Lχn} `T Lψ,
whereχ1 . . . χn are all distinct formulas inΓ′ that are used
in the derivationΓ′ `T ψ. So Γ `T Lψ, contrary to the
consistency ofΓ. ThusΓ′ ∪ {∼ ψ} is consistent and so, it
is contained in some maximal consistent setΓ′′. By the def-
inition of Γ′, we havesΓRsΓ′′ andψ 6 ∈Γ′′. By inductive
hypothesis,sΓ′′ 6|=ψ and so,sΓ 6|=Lψ.

Supposeϕ = Bψ. Note that the two rules,Aϕ,Lϕ
Bϕ and

Bϕ
Aϕ∧Lϕ can be derived from R3 and R4. Using the two rules,
a process similar to the inductive step forL can demonstrate
thatBψ ∈ Γ iff sΓ |= Bψ. 2
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3 Hybrid Two-Dimensional Awareness Logic
3.1 Semantics
Thijsse presented in[Thijsse, 1996] a noteworthy method of
modeling actual belief. His so-called hybrid system consists
of an inner partial logic (within the actual belief operator)
and an outer classical logic. It is implemented by distinguish-
ing two kinds of truth relations: a bivalent truth relation, re-
flecting objective truth and a trivalent truth relation, reflecting
subjective truth.

Our proposal is to take TDAL as the inner logic, unlike
Thijsse’s logic, where partial logic is adopted. There is a rea-
sonable motivation to proceed TDAL into a hybrid semantics.
As has been shown, “truth” discussed in TDAL is indeed sub-
jective truth: In TDAL, the meaning of a sentence being said
to be true is that from the point of view of an agent it is true.
The semantics of TDAL is reasonable only if we understand
it in this way. For example, it is intuitive that A6 should be
objectively true; however, from the point of view of an agent,
it may not be (subjectively) true.

We call the resultant logichybrid two-dimensional aware-
ness logic, abbreviated HTAL. Formally, a HTAL model is a
tuple M = (S, π,R,A) with its usual meaning. There are
two truth relations,|= and||−, where|= is just the truth rela-
tion defined in TDAL, and where||− is defined as follows:

• M, s ||− p ⇔ π(s, p) = 11;

• M, s ||− ∼ ϕ ⇔ M, s||−ϕ does not hold;

• M, s ||−ϕ → ψ ⇔ M, s ||−ϕ does not hold orM, s ||−ψ;

• M, s ||−Aϕ ⇔ ϕ ∈ A(s);

• M, s ||− Lϕ ⇔ M, s |= Lϕ;

• M, s ||−Bϕ ⇔ M, s |= Bϕ.

Validity is defined as overall classical truth:||−ϕ ⇔ M, s ||−
ϕ for all models and possible worlds.

When checking the truth value of a formula, one starts with
a two-valued evaluation and is dragged into the multi-valued
mode only by the belief operators. Within the belief opera-
tors, sentence’s truth value is calculated by TDAL, reflecting
subjective truth. Outside belief operators, it is calculated clas-
sically, reflecting objective truth.

Except adopting different logic as inner logic, there is
another significant difference between HTAL and Thijsse’s
logic. In the latter, partiality is specified by evaluation, and
does not come from the limitation to actual belief. Its “hy-
brid” character when taken by itself is irrelevant to an aware-
ness condition. While in HTAL, the jumping-off point is in-
deed two-valued, both for inner logic and outer logic. Atoms
are always assigned values classically. The non-classical as-
pect appears only when a belief operator occurs.

3.2 Discussion And Formalization
In contrast to TDAL, where limited versions of A6 and classi-
cal tautologies are present, A6 and all classical tautologies are
valid in HTAL. This is reasonable because validity in HTAL
is defined as over-all classical truth, which reflects objective
truth.

The two truth relations|= and||− are closely related.

Proposition 3.1 (i) If M, s |= ϕ, thenM, s||− ϕ.

(ii) If M, s||− ϕ andϕ is bound, thenM, s |= ϕ.

Proof. The proof is by induction on the structure ofϕ. Details
are left to the reader2

It directly follows from proposition 3.1(i) that TDAL is a
sub-logic of HTAL. All provable formulas of system T are
valid in HTAL.

The necessity rule, R2, does not hold in general in HTAL.
Instead, there is a limited version.

R2′: from ϕ to inferLϕ, whereϕ is bound.

It is easy to verify that R2′ is valid in HTAL.
The system corresponding to the semantics of HTAL con-

sists of all axioms of KD45 and T, R1 and R2′. Call it the sys-
tem H. To prove the completeness of H, the following propo-
sition is needed.

Proposition 3.2 If ψ `T ϕ, then`H Lψ → Lϕ.

Proof. Let ϕ1, . . . , ϕn be the given T-deduction ofϕ from ψ.
We show by induction oni ≤ n that`H Lψ → Lϕi.

Supposeϕi = ψ. `H Lψ → Lϕi because the formula is a
propositional tautology.

Supposeϕi is an axiom of H. Thenϕi is also an axiom of
H andϕi is bound. Applying R2′ to it, we get`H Lϕi and
so,`H Lψ → Lϕi.

Supposeϕi is obtained fromϕk=ϕj → ϕi andϕj by R1,
wherek, j < i. Then by induction hypothesis,̀H Lψ →
L(ϕj → ϕi) and`H Lψ → Lϕj . By A1, A2 and R1,
`H Lψ → Lϕi.

Supposeϕi=Lϕj is obtained fromϕj by R2′, wherej <
i. By induction hypothesis,̀ H Lψ → Lϕj . By A3, `H

Lϕj → LLϕj . So`H Lψ → LLϕj . 2

Notice that a standard canonical model of H is indeed a
classical Kripke model. So to prove the completeness of H, a
more complicated canonical model has to be considered. The
model is similar to the H-canonical model presented in[Thi-
jsse, 1996]. The set of worlds of the model contains just one
H-maximal consistent set as its root, all other worlds are T-
maximal consistent set. The root is not accessible from other
worlds. Formally, for a given H-maximal consistent setΣ,
define theH-canonical modelM of Σ as(S, π,R,A), where

• S = {sΣ} ∪ ST , whereST = {sΓ | Γ is a T-maximal
consistent set};

• for everys∆ ∈ S, π(s∆, p) = 11 if p ∈ ∆; π(s∆, p) =
01 if p 6∈∆, wherep is an atom.

• for everys∆ ∈ S,A(s∆) = {ϕ | Aϕ ∈ ∆};
• (s∆1 , s∆2) ∈ R iff {ϕ | Lϕ ∈ ∆1} ⊆ ∆2, wheres∆1 ∈

S ands∆2 ∈ ST .

The next lemma makes clear the benefit of H-canonical
model.

Lemma 3.3 Let M be an H-canonical model ofΣ. Then for
any formulaϕ,

(i) M, sΓ |= ϕ if and only ifϕ ∈ Γ, wheresΓ ∈ ST

(ii) M, sΣ ||− ϕ if and only ifϕ ∈ Σ
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Proof. Since the sub-model of M obtained by restricting it to
ST is just a canonical model of the system T, the proof of (i)
has already been given in Theorem 2.7.

The proof of (ii) is by induction on the structure ofϕ. The
basic steps,ϕ is an atom andϕ = Aψ, are direct. Because H
contains all classical tautologies, the induction step for∼ and
→ is carried out by the standard techniques of propositional
reasoning.

Supposeϕ = Lψ. (1) SupposeLψ ∈ Σ. It follows from
the definition that for allsΓ such thatsΣRsΓ, ψ ∈ Γ and
so,M, sΓ |= ψ and then,M, sΣ ||− Lψ. (2) Now focusing
on the other direction, supposeLψ 6 ∈Σ. Consider the set
Γ = {χ | Lχ ∈ Σ}. By proposition 3.2, using steps similar
to those in the proof of theorem 2.7, it can be shown that
Γ `T ψ does not hold. ThusΓ ∪ {∼ ψ} is T-consistent and
so it is contained in some T-maximal consistent setΓ′. By
the definition ofΓ, we haveΣRΓ′ andψ 6∈Γ′. ThensΓ′ 6|=ψ
and so,sΣ||−Lψ does not hold. The inductive step for theB
operator is similar.2

Notice that the axioms A3-A5 are contained in all worlds
of the H-canonical model. So by proposition 3.1(i),M, s ||−ϕ
for all worlds s in M, whereϕ ∈ {A3, A4, A5}. Thus the rela-
tionR defined in the H-canonical model is indeed transitive,
Euclidean, and serial.

Theorem 3.4 System H is sound and complete for the seman-
tics of HTAL.

Proof. The soundness is easy to check. To show complete-
ness, supposèH ϕ does not hold. Then there exists a H-
maximal consistent setΣ such thatϕ 6∈Σ. Construct a H-
canonical model ofΣ with designated worldΣ. By lemma
3.3,M, sΣ ||− ϕ does not hold.2

4 Conclusion
Many doxastic logics have been suggested in the literature,
reflecting quite different concepts of actual belief. One may
wonder why there are so many proposals. Were all of us to
agree on what human belief is, an “unique right” model of be-
lief would be possible. However, it is not the case, as can be
seen from philosophical controversies continuing from long
ago. Thus all of the logics have their own claim to “correct-
ness”, if they have clear explanations.

The method using two-dimensional logic to model aware-
ness and actual belief has, in our opinion, particular benefits.
Processing awareness condition independently gives us more
flexibility in controlling the model that is constructed. Differ-
ent opinions about the relation between awareness and actual
belief will be reflected in different models, which can be ob-
tained by amending the underlying two-dimensional logic. Of
course, there are other, maybe many, alternatives to the logics
presented in this paper. For example, it is possible to give a
doxastic logic with the two-dimensional logic presented by
Bergmann in[Bergmann, 1991], in which the logic is in-
tended to be along Russellian lines. Examination of this or
other forms of doxastic logics and the relations among them
would call for further research.

There has begun to be use of awareness logic for net pro-
tocol verification[Accorsi, 2001]. We think the method pre-

sented in this paper may be useful in that purpose. This also
calls for further research.
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