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Abstract

Recent experiments have indicated the possibil-
ity to use the brain electrical activity to directly
control the movement of robotics or prosthetic
devices. In this paper we report results with a
portable non-invasive brain-computer interface
that makes possible the continuous control of a
mobile robot in a house-like environment. The
interface uses 8 surface electrodes to measure
electroencephalogram (EEG) signals from which
a statistical classifier recognizes 3 different men-
tal states. Until now, brain-actuated control of
robots has relied on invasive approaches—
requiring surgical implantation of electrodes—
since EEG-based systems have been considered
too slow for controlling rapid and complex se-
quences of movements. Here we show that, after
a few days of training, two human subjects suc-
cessfully moved a robot between several rooms
by mental control only. Furthermore, mental
control was only marginally worse than manual
control on the same task.

1 Introduction

There is a growing interest in the use of physiological
signals for communication and operation of devices for
physically-disabled as well as able-bodied people. Over
the last years evidence has accumulated to show the pos-
sibility to analyze brainwaves on-line in order to deter-
mine the subjects’ mental state that is then mapped into
actions such as selecting a letter from a virtual keyboard
or moving a robotics device [Birbaumer et al, 1999;
Kennedy et al., 2000; Millan, 2002; Millan et al., 2002;
Pfurtscheller and Neuper, 2001; Roberts and Penny,
2000; Serruya et al., 2002; Taylor et al., 2002; Wolpaw
and McFarland, 1994; Wolpaw et al., 2002]. This alterna-
tive communication and control channel, which does not
require the user to perform any physical action, is called
a brain-computer interface (BCI).

A BCI may monitor a variety of brainwave phenom-
ena. Most BClIs use electroencephalogram (EEG) signals;
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i.e., the brain electrical activity recorded from electrodes
placed onto the scalp. The main source of the EEG is the
synchronous activity of thousands of cortical neurons.
Measuring the EEG is a simple noninvasive way to moni-
tor brain electrical activity, but it does not provide de-
tailed information on the activity of single neurons (or
small clusters of neurons) that could be recorded from
microelectrodes surgically implanted in the cortex.

Some groups exploit evoked potentials—the automatic
responses of the brain to external stimuli—recorded from
either scalp or intracranial electrodes (for a review, see
[Wolpaw et al., 2002]). Evoked potentials are, in princi-
ple, easy to pick up but constrain the subject to synchro-
nize themselves to the external machinery. A more natu-
ral and suitable alternative for controlling devices is to
analyze components associated with spontaneous mental
activity. Thus, some researchers measure slow cortical
potentials—whose negative amplitudes are related to the
overall preparatory excitation level of a given cortical
network—over the top of the scalp [Birbaumer et al.,
1999]. Other groups look at local variations of EEG
rhythms. The most used of such rhythms are related to
the imagination of body movements and are recorded
from the central region of the scalp overlying the sen-
sorimotor cortex [Pfurtscheller and Neuper, 2001; Wol-
paw and McFarland, 1994]. But, in addition to motor-
related rhythms, other cognitive mental tasks are being
explored [Millan et al., 2002; Roberts and Penny, 2000]
as a number of neurocognitive studies have found that
different mental tasks—such as imagination of move-
ments, arithmetic operations, or language—activate local
cortical areas at different extents. In this case, rather than
looking for predefined EEG phenomena as when using
slow cortical potentials or movement rhythms, the ap-
proach aims at discovering mental-specific EEG patterns
embedded in the continuous EEG signals. Yet, another
kind of spontaneous signals is the direct activity of neu-
rons in the motor cortex measured with implanted elec-
trodes [Kennedy et al., 2000; Serruya et al., 2002; Taylor
et al., 2002; Wessberg et al., 2000].

Recent experiments have shown the near possibility to
use the brain electrical activity to directly control the
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movement of robotics or prosthetic devices. In these ex-
periments, several monkeys have been implanted with
microelectrodes recording the activity of single neurons
(their spiking rate) in the motor and premotor areas of the
cortex. Then, the monkey’s hand trajectory was predicted
(and replicated online with a robot arm) from the activity
of the neural populations [Wessberg et al., 2000]. Also,
after appropriate training, monkeys were able to move a
computer cursor to desired targets using only their brain
activity [Serruya et al., 2002; Taylor et al., 2002]. Until
now, brain-actuated control of robots has being only tried
with this kind of invasive approaches—requiring surgical
implantation of electrodes—since EEG-based systems
have been considered too slow for controlling rapid and
complex sequences of movements. In this paper we show
that two human subjects could, within a few days, learn
to master a portable EEG-based brain-computer interface
that recognized three mental states. Subjects successfully
moved a robot between several rooms by mental control
only. Furthermore, mental control was only marginally
worse than manual control on the same task.

2 Brain Interface Protocol

EEG-based brain-computer interfaces are limited by a
low channel capacity. Most of the current systems have a
channel capacity below 0.5 bits/second [Wolpaw et al.,
2002]. One of the main reasons for such a low bandwidth
is that they are based on synchronous protocols where
EEG is time-locked to externally paced cues repeated
every 4-10 s and the response of the BCI is the average
decision over this period [Birbaumer et al., 1999;
Pfurtscheller and Neuper, 2001; Wolpaw and McFarland,
1994]. In contrast, our approach uses an asynchronous
protocol that analyzes the ongoing EEG to determine the
subject’s mental state, which they can voluntarily change
at any moment. The rapid responses of the BCI, together
with its performance (see Section 3), give a theoretical
channel capacity in between | and 1.5 bits/second.

Two volunteer healthy subjects “A” and “B” wore a
commercial EEG cap with integrated electrodes (white
spots in Figure 1). EEG potentials were recorded at the 8
standard fronto-centro-parietal locations F3, F4, C3, Cz,
C4, P3, Pz, and P4. The sampling rate was 128 Hz. The
raw EEG potentials were first transformed by means of a
surface Laplacian (SL) computed globally by means of a
spherical spline of order 2 [Perrin et al., 1989, 1990].
This spatial filtering yields new potentials that should
represent better the cortical activity due only to local
sources below the electrodes. Then, we used the Welch
periodogram algorithm to estimate the power spectrum of
each channel over the last second. We averaged 3 seg-
ments of 0.5 second with 50% overlap, what yields a fre-
quency resolution of 2 Hz. The values in the frequency
band 8-30 Hz were normalized according to the total en-
ergy in that band. Thus an EEG sample has 96 features (8
channels times 12 components each). EEG samples were
computed every 62.5 ms (i.e., 16 times per second).
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During an initial training period of a few days, the two
subjects learned to control 3 mental tasks of their choice.
The subjects tried the following mental tasks: “relax”,
imagination of “left” and “right” hand (or arm) move-
ments, “cube rotation”, “subtraction”, and “word associa-
tion”. The tasks consisted of getting relaxed, imagining
repetitive self-paced movements of the limb, visualizing
a spinning cube, performing successive elementary sub-
tractions by a fixed number (e.g., 64-3=61, 61-3=58,
etc.), and concatenating related words'. After a short
evaluation, the experimental subjects “A” and “B” chose
to work with the combination of 3 tasks relax-left-cube
and relax-left-right, respectively. In the sequel, we will
refer to these mental tasks as #1, #2 and #3 (i.e., relax is
#1, left is #2, and cube or right is #3). Neither subject had
previous experience with BCIs or mental training.

Each day, subjects participated in four consecutive
training sessions of about 5 min, separated by breaks of
5-10 min. During each training session subjects switched
randomly every 10-15 s between the three tasks. Subjects
received feedback online through three colored buttons
on a computer screen. Each button is associated to one of
the mental tasks to be recognized. A button flashed when
an EEG sample is classified as belonging to the corre-
sponding mental task. After each training session the sta-
tistical classifier was optimized offline. After this initial
training, subjects learned to control mentally the mobile
robot for 2 days. The results reported here were obtained
at the end of the second day of work with the robot. Dur-
ing this training period, the user and the BCI engaged in
a mutual learning process where they were coupled and
adapted to each other.

3 Statistical Classifier

The mental tasks (or classes) are recognized by a Gaus-
sian classifier trained to classify EEG samples as state
#1, #2, #3 or “unknown”. In this statistical classifier,
every unit represents a prototype of one of the classes to
be recognized. Its output gives an estimation of the poste-
rior class probability distribution for an EEG sample. The
challenge is to find the appropriate position, and recep-
tive field, of the prototypes in the high-dimensional input
space described above to differentiate the desired classes.

Although Gaussian classifiers are well known, our im-
plementation differs from classical ones in a few re-
spects. We assume that the class-conditional density
function of class Cj is a superposition of NV, Gaussians (or
prototypes) and that classes have equal prior probabili-
ties. In our case, all the classes have the same number of
prototypes, namely 4. In addition, we assume that all four
prototypes have an equal weight of 1/4. Then, dropping
constant terms, the posterior probability y; of class Cy for
sample x is

! Relax is done with eyes closed, whereas the other tasks are
performed with eyes opened. But the recognition of the task “re-
lax” is not based on the detection of eye movements.
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where yli corresponds to the center of the ith prototype

of class Cj, X; is the covariance matrix of class Cj, and
|Z4| is the determinant of that matrix. In our case, X is
diagonal and common to all the prototypes of the class.
In this way, we reduce the number of parameters and
pool data to increase the accuracy of their estimation.

The response of the network for sample x is the class
C; with the highest posterior probability provided that is
greater than a given probability threshold of 0.85; other-
wise the response is “unknown.” This rejection criterion
keeps the number of errors (false positives) low, because
recovering from erroneous actions (e.g., robot turning in
the wrong direction) has a high cost. The choice of this
probability threshold was guided by a previous ROC
study where different subjects only carried out the initial
training described before [Hauser et al., 2002], and the
actual value was selected based on the performance of
the two subjects during the initial period of training.

To initialize the center of the prototypes and the co-
variance matrix of the class C; we run a clustering algo-
rithm (typically, a self-organizing map [Kohonen, 1997])
to compute the position of the desired number of proto-
types. Then, the covariance matrix is

Sk
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where S, denotes the number of training samples belong-
ing to the class Cy and g is the nearest prototype of this

class to the sample x".

We then improve these initial estimations iteratively
by stochastic gradient descent so as to minimize the mean
square error. For every sample x in the training set, the
update rule for all the prototypes of all the classes is

i N,
M (6) = ety (- 1, (0) S - i) B S 1) (4
A(x) T

where o is the learning rate, ¢; is the kth component of
the target vector in the form /-of-c and A is the total ac-
tivity of the network—i.e., the denominator in (1). Intui-
tively, during training, units are pulled towards the EEG
samples of the mental task they represent and are pushed
away from EEG samples of other tasks.

Finally, after every iteration over the training set, we
estimate again the new value of X, using expression (3).
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It is possible to estimate the covariance matrices in more
elaborated ways, including through gradient descent in
order to minimize their contribution to the error function.

The brain-computer interface responds every 0.5 s.
Firstly, it computes the class-conditioned probability for
each class—i.e., the mixture of Gaussians in the numera-
tor of Eq. (1). Secondly, it averages the class-conditioned
probabilities over 8 consecutive samples. Thirdly, it es-
timates the posterior probability based on the average
class-conditioned probability of each class using Bayes’
formula; cf Eq. (1). Finally, it compares the posterior
probability with a threshold value of 0.85. At the end of
training, errors and “unknown” responses are below 5%
and 30%, respectively. The theoretical channel capacity
of the interface is hence above Ibit/second (operation
mode I). In addition, the interface could also operate in
another mode (operation mode II) where classification
errors are further reduced by requiring that two consecu-
tive periods of 0.5 s give the same classification re-
sponse. In this mode II errors and “unknown” responses
are below 2% and 40%, respectively, and the theoretical
channel capacity is about 1 bit/second.

Figure 1. One of the experimental subjects while driving men-
tally the robot through the different rooms of the environment
during the first experiment.

4 Robot Setup and Control

The task was to drive the robot through different rooms
in a house-like environment (Figure 1). The robot was a
small Khepera (5.7 cm diameter) that closely mimics a
motorized wheelchair. The robot moved at a constant
speed of one third of its diameter per second, similar to
the speed of a wheelchair in an office building.

To make the robot move along a desired trajectory it is
necessary to determine the speed of the motors control-
ling the wheels at each time step. Obviously, this is im-
possible by means of just three mental commands. A key
idea is that the user’s mental states are associated to
high-level commands (e.g., “turn right at the next occa-
sion”) that the robot executes autonomously using the
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readings of its on-board sensors. Another critical aspect
for the continuous control of the robot is that subjects can
issue high-level commands at any moment. This is possi-
ble because the operation of the BCI is asynchronous and
does not require waiting for external cues, unlike syn-
chronous approaches. The robot will continue executing a
high-level command until the next is received.

The robot relies on a behavior-based controller [Arkin,
1998] to implement the high-level commands that guar-
antees obstacle avoidance and smooth turns. In this kind
of controller, on-board sensors are read constantly and
determine the next action to take. The mapping from the
user’s mental states (or commands) to the robot’s behav-
iors is not simply one-to-one, but, in order to achieve a
more flexible control of the robot, the mental states are
just one of the inputs for a finite state automaton with 6
states (or behaviors). The transitions between behaviors
are determined by the 3 mental states (#1, #2, #3), 6 per-
ceptual states of the environment (as described by the
robot’s sensory readings: left wall, right wall, wall or
obstacle in front, left obstacle, right obstacle, and free
space) and a few internal memory variables. Figure 2
shows a simplified version of the finite state automaton.
The memory variables were required to implement cor-
rectly the different behaviors. Thus, if the robot is per-
forming the behavior “forward” and perceives a wall to
the left, it switches automatically to the behavior “follow
left wall”. The actual transitions between the behaviors
“forward” and “follow left/right wall” are not exactly as
indicated in the figure, otherwise the robot would stay
following walls forever. The transition to the behavior
“forward” is necessary, for example, in the case the robot
is approaching an open door and the user wants the robot
not to enter into the room. On the other hand, the robot
“stops” whenever it perceived an obstacle in front to
avoid collisions (not all the transitions to the behavior
“stop” appear in the figure for the sake of simplicity).
Briefly, the interpretation of a mental state depends on
the perceptual state of the robot. Thus, in an open space
the mental state #2 means “left turn” while the same
mental state is interpreted as “follow left wall” if a wall
is detected on the left-hand side. Similarly, mental state
#3 means “right turn” or “follow right wall”; mental state
#1 always implied “move forward”. Altogether experi-
mental subjects felt that our control schema was simple
and intuitive to use.

The Khepera robot is a two-wheeled vehicle. It has 8
infrared sensors around its diameter to detect obstacles.
The sensors have a limited perception range, what makes
difficult the recognition of the different perceptual states
from the raw readings. To overcome this limitation, the
robot uses a multilayer perceptron that maps the 8 raw
infrared sensory readings into the current perceptual
state.

A final element is the use of an appropriate feedback
indicating the current mental state recognized by the em-
bedded classifier. This is done by means of three lights
on top of the robot, with the same colors as the buttons
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used during the training phase. The front light is green
and is on when the robot receives the mental command
#1. The left light is blue and is associated to the mental
command #2, whereas the right light is red and is associ-
ated to the mental command #3. Thus, if the robot is fol-
lowing the left wall and is approaching an open door, a
blue feedback indicates that the robot will turn left to
continue following the left wall (and, so, it will enter into
the room). On the contrary, a green feedback indicates
that robot will move forward along the corridor when
facing the doorway and will not enter into the room. This
simple feedback allows users to correct rapidly the ro-
bot’s trajectory in case of errors in the recognition of the
mental states or errors in the execution of the desired
behavior (due to the limitations of the robot’s sensors).

Left wall
following

Figure 2. Finite state automaton used for the control of the
robot. Transitions between the 6 behaviors were determined by
3 mental states (#1, #2, #3), 6 perceptual states (Jo: left wall, ol:
right wall, 6: wall or obstacle in front), and some memory vari-
ables. The memory variables and some of the perceptual states
are not shown for the sake of simplicity.

5 Experimental Results

After 5 and 3 days of initial training with the interface
operating in mode I, subjects “A” and “B”, respectively,
achieved a satisfactory level of performance (correct rec-
ognition was above 60% while errors were below 5%). At
this moment, subjects started to learn to control mentally
the robot with the interface operating in mode II. During
this second period of training subjects had to drive the
robot mentally from a starting position to a first target
room; once the robot arrived, a second target room was
selected and so on. The starting position and the target
rooms were drawn at random.

Figure 3 shows a trajectory generated by subject “A”
after two days of training. The robot had to visit 3 differ-
ent rooms, drawn randomly, starting from location “S”.
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Although the figure does not show the details of the tra-
jectory inside the rooms, the robot made a short explora-
tion in each of them. During the experiment, the subject
was driving the robot for about 10 minutes continuously.
Although the subject brought the robot to the desired
room each time, there were a few occasions where the
robot did not follow the optimal trajectory. This was
mainly because the brain interface took a longer time
than usual to recognize the subject’s mental state. For
instance, in one case the robot missed a turn because the
brain interface did not recognize the appropriate mental
state until the robot had passed the doorway of the de-
sired room, and so the subject needed to maneuver men-
tally the robot to bring it back. In other situations, the
robot’s sensors perceived a wall or corner too close, thus
making the robot stop automatically to avoid collisions.
In these situations, the subject needed to turn (by mental
control) the robot away from the phantom obstacle and
then resume the trajectory.

Figure 3. Trajectory followed by the robot under the mental
control of subject “A” during one of the trials of the first ex-
periment. The robot started in the bottom left room and then
visited 3 other rooms, top center, top right and bottom right,
sequentially. The figure does not show the details of the trajec-
tory inside the rooms.

i

1
‘ i
I |

Figure 4. Environment used for the second set of experiments.

ROBOTICS

Qualitatively, the trajectory is rather good as the robot
visited the 4 rooms in the desired order and it was never
necessary to make significant corrections to the robot’s
active behaviors. But in order to evaluate quantitatively
the performance of the brain-actuated robot, subjects “A”
and “B” also carried out a second set of experiments in a
slightly different arrangement of the rooms that were now
located along the two sides of a corridor (Figure 4).

In a given trial, the robot must travel from a starting
room to a target room as well as also visiting an interme-
diate room. The rooms and their order were selected at
random. First, the subject made the robot visit the desired
sequence of rooms by mental control. In a later session,
the subject drove the robot along the same sequence of
rooms by manual control. In this case, the subject used
the same controller described above but, instead of send-
ing mental commands to the robot, he simply pressed one
of three keys. This procedure allowed us to compare
mental and manual control for a system that is identical
in all other aspects. In addition, the manual trajectory
should be quite close to the optimal path that can be gen-
erated with the current controller. It is worth noting that
the reason why the subject controls the robot mentally
first and only afterwards manually is to avoid any learn-
ing process that could facilitate mental control.

Table 1 gives the time in seconds necessary to generate
the desired trajectory for three different trials for the two
subjects. For each trial, the table indicates the time re-
quired for mental control and manual control. Surpris-
ingly, we can see that mental control was only marginally
worse than manual control. On average, brain-actuated
control of the robot is only 35% longer than manual con-
trol for both subjects.

Table 1. Time in seconds for three different trials where subjects
“A” and “B” controlled the robot first mentally and then manually.

Subject Trial Mental Manual
1 149 124
2 183 135
AT 3 191 129
Average 174 129
1 219 156
s 2 189 155
B 3 175 117
Average 194 143

6 Discussion

In this paper we have reported first results of a brain-
actuated mobile robot by means of a portable non-
invasive BCI. Although the quality and resolution of the
brain signals measured with our EEG system are not
comparable to those recorded by implanted electrodes,
they are sufficient to operate robots in indoor environ-
ments. This is possible because of the combination of
advanced robotics, an asynchronous protocol for the
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analysis of online EEG signal, and machine learning
techniques.

The work described in this paper suggests that it could
be possible for human subjects to mentally operate a
wheelchair. But porting the current results to the wheel-
chair is not straightforward for, at least, two reasons.
First, the performance of the BCI will suffer once the
subject is seated on a mobile platform. This will require
longer training times for the subject. Second, the current
finite state automaton only allows for simple control ac-
tions, and so the resulting wheelchair could be too con-
strained for practical use in cluttered environments. In
this respect, recent progress in EEG analysis [Michel et
al., 2001] suggests that a sufficient number of mental
states can be recognized to control robotics and pros-
thetic devices and in a more natural and flexible way. In
this approach we will transform scalp poten-
tials—recorded with a sufficiently high number of elec-
trodes (32, 64 or more)—to brain maps to get detailed
information on the activity of small cortical areas. The
Gaussian classifier embedded in the BCI would work
upon selected parts of these brain maps instead of using
EEG features.
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Exploring Unknown Environments with Mobile Robots using Coverage Maps
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Abstract

In this paper we introduce coverage maps as a new
way of representing the environment of a mobile
robot. Coverage maps store for each cell of a given
grid a posterior about the amount the corresponding
cell is covered by an obstacle. Using this represen-
tation a mobile robot can more accurately reason
about its uncertainty in the map of the environment
than with standard occupancy grids. We present
a model for proximity sensors designed to update
coverage maps upon sensory input. We also de-
scribe how coverage maps can be used to formulate
a decision-theoretic approach for mobile robot ex-
ploration. We present experiments carried out with
real robots in which accurate maps are build from
noisy ultrasound data. Finally, we present a com-
parison of different view-point selection strategies
for mobile robot exploration.

1 Introduction

Generating maps is one of the fundamental tasks of mobile
robots and many researchers have focused on the problem of
how to represent the environment as well as how to acquire
models using this representation [5, 9, 10, 14, 17]. The map-
ping problem itself has several aspects that have been studied
intensively in the past. Some of the most important aspects
are the localization of the vehicle during mapping, appropri-
ate models of the environment and the sensors, as well as
strategies for guiding the vehicle. In literature, the localiza-
tion problem plays an important role, since the quality of the
resulting map depends strongly on the accuracy of the pose
estimates during the mapping process. However, the accu-
racy of the map also depends on the choice of view-points
during exploration. Especially if noisy sensors are used, the
map will be quite inaccurate in areas which have been sensed
a few times only or maybe even from disadvantageous view-
points.

Exploration is the task of guiding a vehicle in such a way
that it covers the environment with its sensors. Efficient ex-
ploration strategies are also relevant for surface inspection,

*This work has partly been supported by the German Science
Foundation (DFG) under contract number SFB/TR8-03.
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mine sweeping, or surveillance [3, 12]. In the past, several
strategies for exploration have been developed. One group
of approaches deals with the problem of simultaneous local-
ization and mapping [1, 4], an aspect that we do not address
in this paper. A common technique for exploration strategies
is to extract frontiers between known and unknown areas [2,
7, 20] and to visit the nearest unexplored place. These ap-
proaches only distinguish between scanned and un-scanned
areas and do not take into account the actual information gath-
ered at each view-point. To overcome this limitation, Gonza-
les et al. [8] determine the amount of unseen area that might
be visible to the robot from possible view-points. To incorpo-
rate the uncertainty of the robot about the state of the environ-
ment Moorehead et al. [13] as well as Bourgault et al. [1] use
occupancy grids [14] and compute the entropy of each cell in
the grid to determine the utility of scanning from a certain lo-
cation. Whaite and Ferrie [19] present an approach that also
uses the entropy to measure the uncertainty in the geometric
structure of objects that are scanned with a laser range sensor.
In contrast to the work described here they use a paramet-
ric representation of the objects to be scanned. Edlinger and
Puttkamer [7] developed a hierarchical exploration strategy
for office environments. Their approach first explores rooms
and then traverses through doorways to explore other parts
of the environment. Tailor and Kriegman [16] describe a sys-
tem for visiting all landmarks in the environment of the robot.
Their robot maintains a list of unvisited landmarks that are ap-
proached and mapped by the robot. Dudek et al. [6] propose
a strategy for exploring an unknown graph-like environment.
Their algorithm does not consider distance metrics and is de-
signed for robots with very limited perceptual capabilities.
Recently Koenig has shown, that a strategy, which guides
the vehicle to the closest point that has not been covered yet,
keeps the traveled distance reasonably small [11]. However,
as experiments reported in this paper illustrate, such tech-
niques can lead to a serious increase of measurements nec-
essary to build an accurate map if the robot is not able to
incorporate measurements on-the-fly while it is moving. This
might be the case, for example, for robots extracting distance
information from camera images.

In this paper we introduce coverage maps as a new proba-
bilistic way to represent the belief of the robot about the state
of the environment. In contrast to occupancy grids [14], in
which each cell is considered as either occupied or free, cov-
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Figure 1: Typical occupancy map obtained in situations in which
cells are only partly occupied (left image) and a coverage map con-
taining the corresponding coverage values (right image).

erage maps represent in each cell of a given discretization a
posterior about the amount this cell is covered by an object.
As an example consider the situation depicted in Figure 1 in
which a cell is partly covered by an obstacle. With the stan-
dard occupancy algorithm the probability that this cell is oc-
cupied will converge to 1 if the sensors of the robot repeatedly
detect the obstacle. The left picture of this figure shows the
resulting occupancy probabilities (black represents high like-
lihood). Since the object does only cover 20% of this cell, a
coverage value of .2 (as shown in the right image of Figure 1)
would be a better approximation of the true situation. In ad-
dition to the representation aspect, we also present a sensor
model that allows the robot to appropriately update a cover-
age map upon sensory input and describe how coverage maps
can be used to realize a decision-theoretic approach to explo-
ration of unknown environments.

This paper is organized as follows. In the next section we
introduce coverage maps. In Section 3 we present a proba-
bilistic technique to update a given coverage map upon sen-
sory input. In Section 4 we describe a decision-theoretic ap-
proach to exploration based on coverage maps. In Section 5
we present experiments illustrating that our approach allows
a mobile robot can learn accurate maps from noisy range sen-
sors. Additionally, we present experiments comparing differ-
ent view-point selection strategies for exploration.

2 Coverage Maps

As already mentioned above, occupancy grids rest on the as-
sumption that the environment has binary structure, i.e. that
each grid cell is either occupied or free. This assumption,
however, is not always justified. For example, if the envi-
ronment contains a wall that is not parallel to the x- or y-
axis of the grid there must be grid cells which are only partly
covered. In occupancy grids the probability that such cells
are occupied will inevitably converge to one (see Figure 1).
Coverage maps overcome this limitation by storing a poste-
rior about its coverage for each cell. Coverage values range
from O to 1. Whereas a coverage of 1 means that the cell is
fully occupied, an empty cell has a coverage of 0. Since the
robot usually does not know the true coverage of a grid cell,
it maintains a probabilistic belief p(¢;) about the coverage of
the cell ¢;. In principle, there are different ways of represent-
ing p(¢;). They range from parametric distributions such as
(mixtures of) Gaussians or non-parametric variants such as
histograms. Throughout this paper we assume that each p(c;)
is given by a histogram over possible coverage values. More
precisely, we store a histogram for each grid cell, in which
each bin contains the probability that the corresponding grid
cell has the particular coverage. A typical example is depicted
in Figure 2. It shows the posterior for the cell containing the
obstacle in the situation illustrated in Figure 1 obtained after
30 measurements.
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Figure 2: Coverage posterior for the cell containing the obstacle in
the situation depicted in Figure 1.

3 Updating Coverage Maps

To update a coverage map based on sensory input, we ap-
ply a Bayesian update scheme similar to that of occupancy
grids. Throughout this paper we assume that our sensor pro-
vides distance information. Accordingly, we have to convert
the distance information to coverage values. What we need
to know is the coverage map c that has the highest likelihood
under all distance measurements dy, . . . , dp. If we use Bayes
rule and assume that consecutive measurements are indepen-
dent given that we know the map ¢, we obtain:

d Bayes p(do, ..., dr | c) - p(c) 1
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Next we need to know how to determine the likelihood p(d; |
¢) of measuring d; given the map c¢. Again we apply Bayes
rule and obtain:

T
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Equation (5) is obtained from Equation (4) by assuming that
p(c) is constant and that £ = p(d;) is constant for every ¢. The
variables 8 and ' represent normalization constants ensuring
that the left-hand side sums up to one over all c. Under the
strong assumption that the individual cells of a coverage map
are independent! we finally obtain:
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"This independence is frequently assumed in the context of occu-
pancy maps. We would like to refer to a recent work by Thrun [18]
on how to better deal with the dependency between cells.
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Thus, to update a map given a measurement d; we simply
have to multiply the current belief about the coverage of each
cell ¢; by the belief about the coverage of this cell resulting
from d;. Additionally the maximum likelihood coverage map
is obtained by choosing the mode of the coverage histogram
for each cell ¢;.

It remains to describe how we actually compute p(c; | di),
i.e. how we determine the distribution about the potential cov-
erage values of a cell ¢; with distance d' to the sensor given a
measurement d;. In our current system, we use a mixture of
a Gaussian N (u, o) and a uniform distribution 7 to compute
the probability p(¢; = z | d;) that the coverage of ¢; is x:

= V(dladt) +
N(:u(dl - dt)7 U(dladt)7w)' (9)

The value of the uniform distribution is computed using the
function (d', d;) which increases monotonously in d' and d.
It reflects a typical behavior of proximity sensors like sonars,
because the accuracy of a measurement decreases with the
distance to the obstacle.

The mean p(d! — d) of the Gaussian is computed in the
following way:

p(cl =T | dt)

0, (d—d) < -1
w(d —d) = td —d, |d—-d <5 (10
1, (d—d)>%

where 7 is the grid resolution of the map. Note that we dis-
tinguish three situations, depending on whether the measure-
ment ends in ¢; or not. Suppose that the measurement does
not end in ¢; and the distance d' is shorter than d. In this case
we have d' — d < —%. In such a situation, the mean of the
Gaussian is zero, since it is more likely that a cell covered
by a range measurement that does not end in it is completely
empty. The second line of Equation (10) represents the situa-
tion in which d ends within ¢;. In this case the mean is inverse
proportional to the amount the cell is covered by d. Finally,
cells lying up to 20cm behind a cell, in which the measure-
ment ends, are most likely completely occupied so that the
mean is 1.

The value of the standard deviation o (d', d) of the Gaus-
sian also is a function that is monotonously increasing in d'
and d except when |d' — d| < %. In this range o'(d', d) has a
constant value that exceeds all values outside of this interval.

To obtain the optimal parameters for the functions in
our sensor model we apply the maximum likelihood princi-
ple. We first apply a highly accurate scan-alignment proce-
dure [10] on laser range information. Next we manually ex-
tract geometric objects from the corresponding range data.
Given these geometric primitives we use straightforward ge-
ometric projections to compute the ground truth information,
i.e., the exact coverage of each cell of a given discretiza-
tion. We evaluate a particular setting for the parameters of our
model by determining the likelihood of the ground truth given
a coverage map obtained using this setting. To maximize the
likelihood we apply local search techniques in the parameter
space. Figure 3 plots p(¢; = z | d) for a measured distance of
d = 1m obtained for ultrasound data recorded with our B21r
robot Albert, which is depicted in picture (a) of Figure 4. As
the plot illustrates, for a measured distance of 1m, cells close
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Figure 3: Sensor model p(¢; = z | d) for a measured distance
d = 100cm.

to the robot are unoccupied with high likelihood. However,
cells close to the measured distance are covered with high
probability. Figure 4 shows two coverage maps build from
real sonar data obtained by a real robot. Image (b) depicts a
map of the Sieg Hall at the University of Washington and (c)
a map of the office environment of our laboratory.

4 Strategies for Choosing the Next View-Point

One of the key problems during exploration is to choose ap-
propriate vantage points. At the selected location the robot
will perform the next measurement to retrieve new informa-
tion about its environment. In this section we will present
four methods to choose an appropriate position. In general
there are two different aspects that are relevant for the view-
point selection. On the one hand, the uncertainty of the robot
in the map should be as small as possible, and on the other
hand, the number of measurements to be incorporated as well
as the distance traveled should be minimized.

To determine the uncertainty in the state of a particular
cell we consider the entropy of the posterior for that cell.
Entropy is a general measure for the uncertainty of a be-
lief. The entropy H of a histogram h consisting of n bins
hi (i =1,...,n) is defined as:

H(h) = =Y plhi)-logp(hi). (1)

H is maximal in case of a uniform distribution. The mini-
mal value zero is obtained if the system is absolutely certain
about the state of the corresponding cell. Thus, if we want to
minimize the uncertainty in the current map, all we need to
do is to reduce the entropy of the histograms in the coverage
map. Furthermore, we can specify, at which moment the ex-
ploration task has been completed. Suppose the size of the
environment is limited. Then the goal of the exploration pro-
cess for a coverage map c has been achieved if H(h(¢;)) < €
for all cells ¢; € c that can be reached by the robot. Here h(c;)
corresponds to the histogram representing the coverage of ¢;.
Additionally, the system has to detect a situation in which the
robot is unable to reduce the entropy of a cell below € to en-
sure the termination of the exploration task. In our system
this is achieved by monitoring the change of entropy. If this
change is below .001 for five consecutive measurements, the
cell is regarded as explored enough.
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Figure 4: Picture (a) shows our B21r robot Albert equipped with a ring of 24 sonar sensors. Image (b) depicts a coverage map generated for
data collected in the Sieg Hall building of the University of Washington. Picture (c) displays the coverage map of our laboratory environment.

4.1 Closest Location (CL)

A simple and frequently used strategy is to drive to the closest
location at which the robot can gather information about a cell
that has not been explored well enough. This way the ques-
tion whether a cell has been explored well enough depends
on the actual measure used to quantify the uncertainty about
individual grid cells. In our approach this measure is the en-
tropy. A cell is regarded as been sensed accurately enough if
the entropy of the coverage belief does not exceed € or if it
does not change any longer. This strategy CL does not take
into account how much information will be obtained at a par-
ticular view-point. Rather it seeks to minimize the distance to
that location:

lnest = argmind.(l, x), (12)
leL(c)

where L(c) is the set of cells which have a grid cell with high
entropy in its visible range and d.(l,z) is the distance be-
tween the locations | and x given the current map c of the
environment.

4.2 Maximum Information Gain (IG) and
(IG_WIN)

The second strategy is solely governed by the information
gain that can be obtained about the environment at a specific
view-point. The information gain is defined as the change
of entropy introduced by incorporating the measurement ob-
tained at that location into the map. If we integrate a single
measurement d into a cell ¢;, the information gain is defined
as:

I(h(cr) | d) = H(hg(e))) = H(h(c))  (13)

where h!,(¢;) is the histogram of cell ¢; after integrating mea-
surement d according to our sensor model. The information
gain of a measurement is then computed as the sum of the
information gains for all cells covered by that measurement.
Since we do not know which measurement we will receive
if the robot measures at a certain position [, we have to inte-
grate over all possible measurements to compute the expected
information gain for that view-point:

E[ID] = Y pdle)- Y I(h(e)|d) (14)
d c:€C(l,d)

Here C(l, d) is the set of cells covered by measurement d. To
efficiently compute the likelihood of an observation p(d | c)
we apply a ray-tracing technique similar to Moravec and Elfes
[14] using the current maximum likelihood coverage map.
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Since the complexity of Equation (14) depends exponen-
tially on the number of dimensions of the measurement, we
consider all measurements independently. For example, for
our robot equipped with 24 ultrasound sensors we compute
the average information gain over all 24 sensors.

The next view-point is then defined as:

argmax E[I(1)] (15)
leL(c)

lne:vt =

One of the disadvantages of this strategy is that it does not
take into account the distance to be traveled by the robot. To
deal with this problem we also consider the strategy IG_-WIN
which restricts the search for potential vantage points to a
local window until this has been explored. Once this has been
done, there is no need for the robot to return to this area again.

4.3 Combination of IG and CL (IG_CL)

The final strategy discussed in this paper tries to combine
the properties of the strategies CL and IG. The goal is to
find an optimal tradeoff between the evaluation functions (12)
and (15):

lpert = argmax | - 20
1€L(c) maxy e (c) E[I(I")]
de(l, )

maxlzeL(c) dc(ll,ﬂf) (16)
By adapting the weight « the user can easily influence the be-
havior of a robot and optimize its performance for a special
task. A value close to zero results in a behavior similar to the
strategy CL. For high values of « the strategy converges to the
strategy IG. Please note that functions of this type have suc-
cessfully been applied in the past for coordinating multiple
robots during exploration [2, 15].

S Experiments

We implemented the models and exploration strategies de-
scribed above and performed a series of exploration runs in
different environments. The goal of the experiments pre-
sented in this section is to illustrate that a robot can build
accurate maps using our models. Additionally we describe
experiments in which we analyze the properties of the four
view-point selection techniques described above.

5.1 Advantage over Scan Counting

The first experiment is designed to illustrate that an approach
which considers the uncertainty in the belief about the cover-
age of a cell to select view-points yields more accurate maps
than techniques relying on scan counting approaches. Scan
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Figure 5: These images depict maps and trajectories of the robot obtained in the corridor of our office environment. The left map (a) is
a typical occupancy grid map obtained when every cell needs to be covered just once. Image (b) shows a coverage map obtained with the
strategy CL. The rightmost image (c) shows an occupancy map obtained using scan counting with a threshold of n = 50.

| technique | pathlength | [{c; | H(h(c;)) > 0.65}] |
coverage maps 89.1m 0%
counting 26.6m 21%
ext. counting 90.6m 1.5%

Table 1: Data from the experiments shown in Figure 5. To com-
pute the entropy for the scan counting results we generated coverage
maps from the recorded sonar data.

counting techniques count the number of times a cell is inter-
cepted by a measurement. Several exploration techniques [2,
7, 20] assume that a place is explored if it has been scanned
once. This is problematic especially when the underlying sen-
sors are noisy. Figure 5 (a) shows a typical occupancy grid
map of our laboratory environment obtained from real sonar
data when using the scan counting technique. Since the ex-
ploration process is stopped as soon as all reachable locations
were covered by a measurement, many cells of the resulting
occupancy map have a high uncertainty (see Table 1). This
is due to the high amount of sensor noise, which sonars of-
ten produce. On the other hand, if we use our approach and
consider the uncertainty in the coverage of individual cells to
select view-points, the resulting maps are more accurate (see
Figure 5(b)).

Obviously, a straightforward extension of the scan count-
ing would be to assume that each cell has to be covered n
times and not only once. An occupancy grid obtained by
this extension can be seen in Figure 5 (c). In this experiment
we additionally discounted longer beams in order to account
for the fact that range sensors provide fewer information for
distant places. Whereas this map looks similar as the cor-
responding coverage map, the robot’s uncertainty about the
state of the environment is higher. This is illustrated by the
values given in Table 1. The right column of this table con-
tains the percentage of cells in ¢ for which the entropy ex-
ceeds the given threshold. Thus, even extended scan counting
does not guarantee that in the end every cell is explored well
enough. Typically, some cells will be measured too often,
others not often enough.

Figure 6 shows the result of a series of 50 simulation ex-
periments. In these experiments we forced the robot to reach
a scan count of n where n varied between 1 and 130.2 We
counted the number of cells m that would be explored well
enough given the entropy criterion for coverage maps and
plotted the length of the overall path against m. The resulting
graph is shown in Figure 6. The cross on the right side indi-

*In practice, a good candidate value of n would be the maximum
number of measurements necessary to obtain a coverage map that
fulfills the entropy threshold criterion

ROBOTICS

30000

exploration using scan counting

25000

20000

15000
X

10000

5000

0 0.10203040506070809 1
cells explored well enough [%]

path length [grid cells]

Figure 6: Average path length of the robot depending on the num-
ber of sufficiently explored cells (left image) and the simulation en-
vironment used during this experiment (right image).

cates the path length obtained when using the strategy CL for
coverage maps. As can be seen, if more than 85% of the map
should be explored well enough, a decision-theoretic explo-
ration strategy yields shorter trajectories than extended scan
counting.

5.2 A Comparison of the View-Point Selection
Strategies

Robots performing 2-d exploration tasks with sonars oder
laser scanners normally integrate every sensor measurement
because the amount of data is reasonably small and easy to
integrate. In this section we consider the situation that an-
alyzing a measurement produces high costs. This might by
the case if e.g. the distance information needs to be extracted
from stereo images. In such a situation the number of mea-
surements needed for the exploration task is a value of in-
terest. As mentioned above, one of the major advantages of
our coverage maps is that they allow the integration of the
uncertainty into the selection process of the next view-point.
The experiments in this section are designed to compare the
performance of the different strategies. To carry out the ex-
periments, we varied the size of the local window when using
IG_WIN and the weight « in the evaluation function of IG_CL
(see Equation (16)). In Figure 7 (a) and (b) the numbers be-
hind IG_CL show the value of the weight a and the numbers
behind IG_WIN indicate the radius of a circle which defines
the local window. The results have been obtained using 20
runs per strategy in the environment shown in Figure 7 (d).
Please note that further experiments carried out in alternative
environments showed similar results and are omitted for the
sake of brevity. The maximum allowed entropy during all
experiments described in this section was set to .6.

Figure 7 (a) shows the average number of measurements
necessary to complete the exploration task for each strategy.
As can be seen from the figure, the strategy IG needs the min-
imum amount of measurements. The strategy IG_CL with
a = 1.0 needs approximately the same number of measure-
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Figure 7: Figure (a) shows the average number of measurements needed by different strategies, whereas in (b) depicts the average path
length of the exploration for each strategy. The value behind IG_ZWIN shows the size of the local window and behind IG_CL the value of
the parameter . The error-bars show the .05 significance interval. The images (c) and (d) show the paths driven during the exploration
experiment. Figure (c) shows a sample path of method IG and the (d) a path generated by CL.

ments as IG. The strategy CL requires the maximum number
of measurements compared to all other strategies considered
here. The reason is that it only seeks to minimize the path
length without considering the information gained at particu-
lar locations. The error-bars correspond to the 5% confidence
interval.

In our experiments we found that a nearest neighbor view-
point selection strategy like CL outperforms an approach con-
sidering information gain if the robot is allowed to integrate
measurements while it is moving (assuming that the acquisi-
tion and integration of measurements can be done fast). This
can be seen in Figure 7 (b), which plots the average path
length driven by the robot during the exploration task for
all different strategies. With respect to the path length the
strategy CL shows the best behavior as the resulting trajec-
tories are shorter than those of all other techniques. Thus,
the CL strategy efficiently covers the terrain. In contrast to
that, the IG strategy ignores the distance to be driven and
therefore produces an extremely long path which results in
the worst behavior of all strategies (see also Figure 7 (¢) &
(d)). The IG_CL strategy with o = .3 appears to yield a good
trade-off between number of measurements and overall path
length. According to the experiments it slightly outperforms
the IG_WIN strategy.

6 Conclusions

In this paper we have introduced a new representation scheme
for maps build with mobile robots from sensor data. In con-
trast to standard occupancy maps our coverage maps store
a posterior for each cell about its coverage. This offers the
opportunity to more accurately compute the uncertainty of
the robot about the corresponding area in the environment.
Additionally, we have presented a sensor model designed to
update these maps upon sensory input. Finally, we have com-
pared decision-theoretic approaches to guide a vehicle during
exploration.

The technique has been implemented and evaluated in ex-
tensive simulation runs and real world applications. The ex-
periments illustrate that by using coverage maps it is possible
to build accurate maps even if noisy sensors are used. Exper-
iments analyzing different exploration strategies indicate that
a technique combining the maximum uncertainty reduction
and the distance to be traveled yields the best trade-off be-
tween the number of necessary measurements and the length
of the resulting paths.
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Abstract

We present a novel, laser range finder based algorithm
for simultaneous localization and mapping (SLAM) for
mobile robots. SLAM addresses the problem of con-
structing an accurate map in real time despite imperfect
information about the robot’s trajectory through the en-
vironment. Unlike other approaches that assume prede-
termined landmarks (and must deal with a resulting data-
association problem) our algorithm is purely laser based.
Our algorithm uses a particle filter to represent both robot
poses and possible map configurations. By using a new
map representation, which we call distributed particle
(DP) mapping, we are able to maintain and update hun-
dreds of candidate maps and robot poses efficiently. The
worst-case complexity of our algorithm per laser sweep
is log-quadratic in the number of particles we maintain
and linear in the area swept out by the laser. However, in
practice our run time is usually much less than that. Our
technique contains essentially no assumptions about the
environment yet it is accurate enough to close loops of
60m in length with crisp, perpendicular edges on corri-
dors and minimal or no misalignment errors.

1 Introduction

The availability of relatively inexpensive laser range finders
and the development of particle filter based algorithms have
led to great strides in recent years on the problem of robot
localization — determining a robot’s position given a known
map [Fox et al., 1999]. Initially, the maps used for these
methods were constructed by hand. However, the accuracy
of the laser suggests its use for map-making as well as lo-
calization. Potential applications for accurate map-making
would include search and rescue operations, as well as space,
underwater and subterranean exploration.

Even with an accurate laser range finder, map-making
presents a difficult challenge: A precise position estimate is
required to make consistent updates to the the map, but a good
map is required for reliable localization. The challenge of si-
multaneous localization and mapping (SLAM) is that of pro-
ducing accurate maps in real time, based on a single pass over
the sensor data, without an off line correction phase. Straight-
forward approaches that localize the robot based upon a par-
tial map and then update the map based upon the maximum
likelihood position of the robot tend to produce maps with er-
rors that accumulate over time. When the robot closes a phys-
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ical loop in the environment, serious misalignment errors can
result.

The EM algorithm provides a very principled approach to
the problem, but it involves an expensive off-line alignment
phase [Burgard ez al., 1999]. There exist heuristic approaches
to this problem that fall short of full EM!, but they are not a
complete solution and they require additional passes over the
sensor data [Thrun, 2001]. Scan matching can produce good
maps [Lu and Milios, 1997; Gutmann and Konolige, 2000]
from laser range finder data, but such approaches typically
must explicitly look for and require additional effort to close
loops. In varying degrees, these approaches can be viewed as
partially separating the localization and mapping components
of SLAM.

The FastSLAM algorithm [Montemerlo ef al., 2002],
which does not require explicit loop-closing heuristics, is a
recent SLAM approach which has made great progress in
the field. FastSLAM follows a proposal by Murphy [Mur-
phy, 1999] using a Rao-Blackwellized particle filter to sam-
ple robot poses and track the position of a fixed number of
predetermined landmarks using a Kalman filter. (The land-
mark positions are conditionally independent given the robot
pose.) This method mitigates some of the challenges in map-
ping at the expense of some challenges in landmark selection
and identification. The latter can involve a fairly complicated
data association problem, although recent progress has been
made in addressing this [Montemerlo and Thrun, 2002].

We present a novel, laser range finder based algorithm
called DP-SLAM that, like FastSLAM, exploits the condi-
tional independences noted by Murphy. However, our algo-
rithm is purely laser based and makes no landmark assump-
tions. We avoid the data association problem by storing mul-
tiple detailed maps instead of sparse landmarks, thereby sub-
suming association with localization. Our algorithm uses a
particle filter to represent both robot poses and possible map
configurations. Using a new map representation, which we
call distributed particle (DP) mapping, we are able to main-
tain and update hundreds or thousands of candidate maps and
robot poses in real time as the robot moves through the en-
vironment. The worst-case complexity of our algorithm per
laser sweep is log-quadratic in the number of particles we

'This approach is heuristic because it does not maintain a joint
probability distribution over maps and poses.
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maintain and linear in the area swept out by the laser. How-
ever, in practice our run time is usually much less. Our tech-
nique makes essentially no assumptions about the environ-
ment yet it is accurate enough to close loops of 60m in length
with crisp, perpendicular edges on corridors and minimal or
no misalignment errors. This accuracy is achieved throughout
the mapping process, without a need for explicit algorithms
to correct the loop as temporally distant observations begin to
overlap. In fact, DP-SLAM could be further complimented
by inclusion of existing algorithms for closing loops, though
the addition may be unnecessary if a sufficient number of par-
ticles is used.

2 Particle Filters for Localization and
Mapping

A particle filter is a simulation-based method of tracking a

system with partially observable state. We briefly review par-

ticle filters here, but refer the reader to excellent overviews

of this topic [Doucet et al., 2001] and its application to

robotics [Thrun, 2000] for a more complete discussion.

A particle filter maintains a weighted (and normalized) set
of sampled states, S = {s; ... s,,}, called particles. At each
step, upon observing an observation o (or vector of observa-
tions), the particle filter:

1. Samples m new states S’ = {s}...s], } from S with
replacement.

2. Propagates each new state through a Markovian transi-
tion (or simulation) model: P(s"|s"). This entails sam-
pling a new state from the conditional distribution over
next states given the sampled previous state.

3. Weighs each new state according to a Markovian obser-
vation model: P(o|s")

4. Normalizes the weights for the new set of states

Particle filters are easy to implement have been used
to track multimodal distributions for many practical prob-
lems [Doucet et al., 2001].

2.1 Particle Filters for Localization

A particle filter is a natural approach to the localization prob-
lem, where the robot pose is the hidden state to be tracked.
The state transition is the robot’s movement and the observa-
tions are the robot’s sensor readings, all of which are noisy.

The change of the state over time is handled by a mo-
tion model. Usually, the motion indicated by the odometry
is taken as the basis for the motion model, as it is a reliable
measure of the amount that the wheels have turned. However,
odometry is a notoriously inaccurate measure of actual robot
motion, even in the best of environments. The slip and shift
of the robot’s wheels, and unevenness in the terrain can com-
bine to give significant errors which will quickly accumulate.
A motion model differs across robots and types of terrain, but
generally consists of a linear shift, to account for systematic
errors and Gaussian noise. Thus, for odometer changes of z,
y and 6, a particle filter applies the error model and obtains,
for particle 4,

r; = ag*T+ by +N(0,0,)
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ay *y + by + N(0,0)
[¢7] *0+b9 +N(0,09)

The a and b terms are linear correction to account for consis-
tent errors in motion. The function A (0, o) returns random
noise from a normal distribution with mean 0 and standard
deviation o, which is derived experimentally and may depend
upon the magnitudes of z, y, and 6.

After simulation, we need to weight the particles based on
the robot’s current observations of the environment. For pure
localization, the robot stores a map in memory. The position
described by each particle corresponds to a distinct point and
orientation in the map. Therefore, it is relatively simple to de-
termine what values the sensors should return, given the pose
within the map. The standard assumption is that sensor errors
are normally distributed. Thus, if the first obstruction in the
map along a line traced by a laser cast is at distance d and the
reported distance is d', the probability density of observing
discrepancy 0 = d' — d, is normally distributed with mean 0.
For our experiments we assumed a standard deviation in laser
measurements of Scm. Given the model and pose, each sen-
sor reading is correctly treated as an independent observation
[Murphy, 1999]. The total posterior for particle i is then

P; =11y P(dik|si, m),

Yyi =
0; =

where J;;, is the difference between the expected and per-
ceived distances for sensor (laser cast) k and particle ¢.

2.2 Particle Filters for SLAM

Some approaches for SLAM using particle filters attempt
to maintain a single map with multiple robot poses [Thrun,
2001], an approach that we avoid because it leads to errors
that accumulate over time. The basic problem is that the hid-
den state is actually both the robot pose and the map itself. An
important consequence of this problem is that all observations
are no longer compared to a single map, which is presumed
to be correct. Instead, the observations are compared against
an incomplete and possibly incorrect map, identified with the
particle in question. The map itself is created by the accu-
mulation of observations of the environment and estimates of
robot positions.

In principle, this “solves” the SLAM problem. In prac-
tice, it replaces a conceptual problem with an algorithmic one.
Particles with errors in robot position estimates will make er-
roneous additions to their maps. An error in the map will
then, in turn, cause another error in localization in the next
step, and these inaccuracies can quickly compound. Thus,
the number of particles required for SLAM is typically more
than that required for localization since the price of accumu-
lated errors is much higher. Note that in pure localization,
small errors in position estimation can be absorbed as part of
the noise in the motion model.

The algorithmic problem becomes one of efficiently main-
taining a large enough set of particles to obtain robust perfor-
mance, where each particle is not merely a robot pose, but a
pose and map. Since maps are not light weight data struc-
tures, maintaining the hundreds or thousands of such maps
poses a serious challenge. One reasonable approach to tam-
ing this problem is to assume that the uncertainty in the map
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can be represented in a simple parametric form. This is essen-
tially the approach taken by FastSLAM, for which the map is
a Kalman filter over a set of landmark positions. This is cer-
tainly the right thing to do if one is given a set of landmarks
that can be quickly and unambiguously identified. We will
show that this strong assumption is not required: By using
raw laser data, combined with an occupancy grid and efficient
data structures, we can handle a large number of candidate
maps and poses efficiently, achieving robust performance.

3 DP-SLAM

In this section we motivate and present the main technical
contribution of the DP-SLAM algorithm. DP-SLAM imple-
ments what is essentially a simple particle filter over maps
and robot poses. However, it uses a technique called dis-
tributed particle mapping (DP-Mapping), which enables it to
maintain a large number of maps very efficiently.

3.1 Naive SLAM

When using a particle filter for SLAM, each particle corre-
sponds to a specified trajectory through the environment and
has a specific map associated with it. When a particle is re-
sampled, the entire map itself is treated as part of the hidden
state that is being tracked and is copied over to the new parti-
cle. If the map is an occupancy grid of size M and P particles
are maintained by the particle filter, then ignoring the cost of
localization, O (M P) operations must be performed merely
copying maps. For a number of particles sufficient to achieve
precise localization in a reasonably sized environment, the
naive approach would require gigabytes worth of data move-
ment per update?.

3.2 Distributed Particle Mapping

By now the astute reader has most likely observed that the
naive approach is doing too much work. To make this clearer,
we will introduce the notion of a particle ancestry. When a
particle is sampled at iteration ¢ to produce a successor parti-
cle at iteration ¢ + 1, we call the generation ¢ particle a parent
and the generation ¢ 4 1 particle a child. Two children with
the same parent are siblings. From here, the concept of a par-
ticle ancestry extends naturally. Suppose the laser sweeps out
an area of size A < M and consider two siblings, s; and ss.
Each sibling will correspond to a different robot pose and will
make at most A updates to the map it inherits from its parent.
Thus, s1 and sy can differ in at most A map positions.

When the problem is presented in this manner, the natural
reaction from most computer scientists is to propose record-
ing the “diff” between maps, i.e, recording a list of changes
that each particle makes to its parent’s map. While this would
solve the problem of making efficient map updates, it would
create a bad computational problem for localization: Trac-
ing a line though the map to look for an obstacle would re-
quire working through the current particle’s entire ancestry
and consulting the stored list of differences for each particle
in the ancestry. The complexity of this operation would be

In addition to the theoretical analysis, anecdotal comments
made by researchers in this area reinforce the impracticality of this
approach.
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linear in the number of iterations of the particle filter. The
challenge is, therefore, to provide data structures that permit
efficient updates to the map and efficient localization queries
with time complexity that is independent of the number of
iterations of the particle filter. We call our solution to this
problem Distributed Particle Mapping or DP-Mapping, and
we explain it in terms of the two data structures that are main-
tained: the ancestry tree and the map itself.

Maintaining the particle ancestry tree

The basic idea of the particle ancestry tree is fairly straight-
forward. The tree itself is rooted with an initial particle, of
which all other particles are progeny. Each particle maintains
a pointer to its parent and is assigned a unique numerical ID.
Finally each particle maintains a list of grid squares that it has
updated.

The details of how we will use the ancestry tree for local-
ization are described in the subsequent section. In this section
we focus on the maintenance of the ancestry tree, specifically
on making certain that the tree has bounded size regardless of
the number of iterations of the particle filter.

We maintain a bounded size tree by pruning away unnec-
essary nodes. First, note that certain particles may not have
children and can simply be removed from the tree. Of course,
the removal of such a particle may leave its parent without
children as well, and we can recursively prune away dead
branches of the tree. After pruning, it is obvious that the
only particles which are stored in our ancestry tree are exactly
those particles which are ancestors of the current generation
of particles.

This is still somewhat more information than we need to
remember. If a particle has only one child in our ancestry
tree, we can essentially remove it, by collapsing that branch
of the tree. This has the effect of merging the parent’s and
child’s updates to the map, a process described in the subse-
quent section. By applying this process to the entire tree after
pruning, we obtain a minimal ancestry tree, which has several
desirable and easily provable properties:

Proposition 3.1 Independent of the number of iterations of
particle filtering, a minimal ancestry tree of P particles

1. has exactly P leaves,
2. has branching factor of at least 2, and
3. has depth no more than P.

Map representation

The challenge for our map representation is to devise a data
structure that permits efficient updates and efficient localiza-
tion. The naive approach of a complete map for each parti-
cle is inefficient, while the somewhat less naive approach of
simply maintaining history of each particle’s updates is also
inefficient because it introduces a dependency on the number
of iterations of the particle filter.

Our solution to the map representation problem is to asso-
ciate particles with maps, instead of associating maps with
particles. DP-mapping maintains just a single occupancy
grid. (The particles are distributed over the map.) Unlike a
traditional occupancy grid, each grid square stores a balanced
tree, such as a red-black tree. The tree is keyed on the IDs of
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the particles that have made changes to the occupancy of the
square.

The grid is initialized as a matrix of empty trees. When a
particle makes an observation about a grid square it inserts its
ID and the observation into the associated tree. Notice that
this method of recording maps actually allows each particle
to behave as if it has its own map. To check the value of a
grid square, the particle checks each of its ancestors to find
the most recent one that made an observation for that square.
If no ancestor made an entry, then the particle can treat this
position as being unknown.

We can now describe the effects of collapsing an ancestor
with a single child in the ancestry tree more precisely: First,
the set of squares updated by the child is merged into the par-
ent’s set. Second, for each square visited by the child, we
change the ID key stored in the balanced tree to match that of
the parent. (If both the child and parent have made an update
to the same square, the parent’s update is replaced with the
child’s.) The child is then removed from the tree and the par-
ent’s grandchildren become its direct children. Note that this
ensures that the number of items stored in the balanced tree
at each grid square is O(P).

3.3 Computational Complexity

The one nice thing about the naive approach of keeping a
complete map for each particle is the simplicity: If we ig-
nore the cost of block copying maps, lookups and changes
to the map can all be done in constant time. In these areas,
distributed particle mapping may initially seem less efficient.
However, we can show that DP maps are in fact asymptoti-
cally superior to the naive approach.

Lookup on a DP-map requires a comparison between the
ancestry of a particle with the balanced tree at that grid
square. Let D be the depth of the ancestry tree, and thus is
the maximum length of a particle’s ancestry. Strictly speak-
ing, as the ancestry tree is not guaranteed to be balanced, D
can be O(P). However, in practice, this is almost never the
case, and we have found D = O(lgP), as the nature of parti-
cle resampling lends to very balanced ancestry trees. (Please
see the discussion in the following section for more detail on
this point.) Therefore, we can complete our lookup after just
D accesses to the balanced tree. Since the balanced tree itself
can hold at most P entries, and a single search takes O(lgP)
time. Accessing a specific grid square in the map can there-
fore be done in O(DIgP) time.

For localization, each particle will need to make O(A) ac-
cesses to the map. As each particle needs to access the en-
tire observed space for its own map, we need O(AP) ac-
cesses, giving localization with DP-maps a complexity of
O(ADPIgP).

To complete the analysis we must handle two remaining
details: The cost of inserting new information into the map,
and the cost of maintaining the ancestry tree. Since we use a
balanced tree for each grid square, insertions and deletions on
our map both take O(lgP) per entry. Each particle can make
at most O(A) new entries, which in turn will only need to be
removed once. Thus the procedure of adding new entries can
be accomplished in O(ADlgP) per particle, or O(ADPlgP)
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total and the cost of deleting childless particles will be amor-
tized as O(ADPlgP).

It remains to be shown that the housekeeping required to
maintain the ancestry tree has reasonable cost. Specifically,
we need to show that the cost of collapsing childless ancestry
tree nodes does not exceed O(ADPlgP). This may not be
obvious at first, since successive collapsing operations can
make the set of updated squares for a node in the ancestry tree
as large as the entire map. We now argue that the amortized
cost of these changes will be O(ADPlgP). First, consider
the cost of merging the child’s list of modified squares into
the parent’s list. If the child has modified n squares, we must
perform O(nlgP) operations (n balanced tree queries on the
parent’s key) to check the child’s entries against the parent’s
for duplicates.

The final step that is required consists of updating the ID
for all of the child’s map entries. This is accomplished by
deleting the old ID, and inserting a new copy of it, with the
parent’s ID. The cost of this is again O(nlgP). Consider that
each map entry stored in the particle ancestry tree has a po-
tential of D steps that it can be collapsed, since D is the total
number of nodes between its initial position and the root, and
no new nodes will ever be added in between. At each itera-
tion, P particles each create A new map entries with potential
D. Thus the total potential at each iteration is O(ADPlgP).

The computational complexity of DP-SLAM can be sum-
marized as follows:

Proposition 3.2 For a particle filter that maintains P parti-
cles, laser that sweeps out A grid squares, and an ancestry
tree of depth D, DP-SLAM requires:

e O(ADPIgP) operations for localization arising from:

— P particles checking A grid squares
— A lookup cost of O(DIlgP) per grid square

e O(APIlgP) operations to insert new data into the tree,
arising from:

— P particles inserting information at A grid squares
— Insertion cost of O(lgP) per new piece of informa-
tion
e Ancestry tree maintenance with amortized cost
O(ADPIgP) arising from

— A cost of O(lgP) to remove an observation or move
it up one level in the ancestry tree

— A maximum potential of ADP introduced at each
iteration.

3.4 Complexity Comparison

Our analysis shows that the amortized complexity of
DP-SLAM is O(ADPIgP), which can be as large as
O(AP?lgP). For the naive approach, each map is repre-
sented explicitly, so lookups can be done in constant time per
grid square. The localization step thus takes only O(AP).
Without the need for updates to an ancestry tree, map updates
can likewise be done in O(AP) time. However, the main bulk
of computation lies in the need to copy over an entire map for
each particle, which will require O(M P) time, where M is
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the size of the map. Since typically M > A, this obviously
is the dominant term in the computation.

DP-SLAM will be advantageous when ADIgP < M.
Even in the worst case where D approaches P, there will still
be a benefit. For a high resolution occupancy grid, M will be
quite large since it grows quadratically with the linear mea-
sure of the environment and would grow cubically if we we
consider height. Moreover, A, will be a tiny fraction of M.
The size of DigP will, of course, depend upon the environ-
mental features and the sampling rate of the data. It is impor-
tant to note that since the time complexity of our algorithm
does not depend directly on the size of the map, there will
necessarily exist environments for which DP-SLAM is vastly
superior to the naive approach since the naive approach will
require block copying an amount of data will exceed physical
memory.

In our initial experiments, we have observed that P was
surprisingly small, suggesting that in practice the advantage
of DP-SLAM is much greater than the worst-case analysis
suggests. For some problems the point at which it is advan-
tageous to use DP-SLAM may be closer to Alg>’P < M.
This phenomenon is discussed in more detail in the subse-
quent section.

4 Empirical Results

We implemented and deployed the DP-SLAM algorithm on
a real robot using data collected from the second floor of our
computer science building. In our initial implementation our
map representation is a binary occupancy grid. When a par-
ticle detects an obstruction, the corresponding point in the
occupancy grid is marked as fully occupied and it remains
occupied for all successors of the particle. (A probabilistic
approach that updates the grid is a natural avenue for future
work.)

On a fast PC (2.4 GHz Pentium 4), the run time of DP-
SLAM is close to that of the data collection time, so the algo-
rithm could have been run in real time for our test domains.
In practice, however, we collected our data in a log file using
the relatively slow computer on our robot, and processed the
data later using a faster machine. To speed things up, we also
implemented a novel particle culling technique to avoid fully
evaluating the posterior for bad particles that are unlikely to
be resampled. This works by dividing the sensor readings for
each particle into k disjoint, evenly distributed subsets. The
posterior for the particles is computed in k passes, where pass
1 evaluates the contribution from subset ¢. At the end of each
pass, particles with significantly lower (partially evaluated)
posterior in comparison to the others are assigned 0 proba-
bility and removed from further consideration. We also set a
hard threshold on the number of particles we allowed the al-
gorithm to keep after culling. Typically, this was set to the top
10% of the total number of particles considered. In practice,
this cutoff was almost never used since culling effectively re-
moved at least 90% of the particles that were proposed. A
value if £ = 6 gave us a speedup of approximately 6x.

For the results we present, it is important to emphasize that
our algorithm knows absolutely nothing about the environ-
ment or the existence of loops. No assumptions about the en-
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vironment are made, and no attempt is made to smooth over
errors in the map when loops are closed. The precision in
our maps results directly from the robustness of maintaining
multiple maps.

4.1 Robot and Robot Model

The robot we used for testing DP-SLAM is an iRobot ATRV
Jr. equipped with a SICK laser range finder attached to the
front of the robot at a height of 7cm. Readings are made
across 180°, spaced one degree apart, with an effective dis-
tance of up to 8m. The error in distance readings is typically
less than 5mm.

Odometric readings from the ATRV Jr.’s shaft encoders are
unreliable, particularly when turning. Our motion model as-
sumes errors are distributed in a Gaussian manner, with a
standard deviation of 25% in lateral motion and 50% in turns.
Turns are quasi-holonomic, performed by skid steering. We
obtained our motion model using an automated calibration
procedure that worked by positioning the robot against a
smooth wall and comparing odometry data with the move-
ment inferred from the laser readings.

4.2 Test Domain(s) and Map(s)

We tested the algorithm on a loop of hallway approximately
16m by 14m. A new set of observations was recorded af-
ter each 20cm motion (approximately). The maps were con-
structed with a resolution of 3cm per grid square, providing a
very high resolution cross section of the world at a height of
7cm from the floor.

Figure 1 shows the highest probability map generated after
the completion of one such loop using 9000 particles®. In
this test, the robot began in the middle of the bottom hallway
and continued counterclockwise through the rest of the map,
returning to the starting point.

This example demonstrates the accuracy of DP-SLAM
when completing a long loop, one of the more difficult tasks
for SLAM algorithms. After traveling 60m, the robot is once
again able to observe the same section of hallway in which it
started. At that point, any accumulated error will readily be-
come apparent, as it will lead to obvious misalignments in the
corridor. As the figure shows, the loop was closed perfectly,
with no discernible misalignment.

To underscore the advantages of maintaining multiple
maps, we have included the results obtained when using a
single map and the same number of particles. Figure 2 shows
the result of processing the same sensor log file by generating
9000 particles at each time step, keeping the single particle
with the highest posterior, and updating the map based upon
the robot’s pose in this particle. There is a considerable mis-
alignment error where the loop is closed at the top of the map.

Larger, annotated versions of the maps shown here, as well
as maps generated from different sensor logs, will be avail-
able at http://www.cs.duke.edu/ parr/dpslam/.

3In an earlier version of this paper, we presented a map produced
with 1000 particles based upon a different sensor log file. The run
shown here covers the same area, but has less reliable odometry,
probably due to weaker battery, and is more illustrative of the bene-
fits of DP-SLAM.
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4.3 Coalescence

In our sample domain (the second floor of the Duke Univer-
sity Department of Computer Science), we have found that
DP-SLAM produces very shallow ancestry trees due to a phe-
nomenon we refer to as coalescence. Over a number itera-
tions of the particle filter, nearly all of the particles will have
a common ancestor particle in the not-too-distant past. This
point of coalescence, or common ancestry, varies over time,
and is sensitive to the environment. Observations made on
our empirical results indicate that while this number peaked
during events of higher uncertainty, coalescence was often
as recent as 20 generations in the past, and never exceeded
90. This means that beyond about 20 steps in the past, ev-
ery particle has an identical map. The fact that we can close
loops so precisely while maintaining relatively shallow coa-
lescence points suggests that we are able to maintain distri-
butions over map regions long enough to resolve ambiguities,
but not longer than is needed. While the phenomenon de-
serves more careful study, our initial impression is that by the
time a region has passed outside of the robot’s field of view, it
has been scanned enough times by the laser that there is only
a single hypothesis that is consistent with the accumulated
observations.

Additional experiments were run to show the relationship
between coalescence and uncertainty, as well as the ability of
DP-SLAM to automatically preserve more information when
required. We considered two different scenarios: the origi-
nal DP-SLAM algorithm with the same sensor data used to
generate Figure 1, and a handicapped version of DP-SLAM
run on the same sensor log, but with three out of every four
laser casts ignored at each iteration. The handicapped version
required 30, 000 particles to produce good maps.

To study the effects of uncertainty on coalescence, we ran
both algorithms with the same number of particles and then
compared the coalescence points. The results in Figure 3
show how the two versions of DP-SLAM performed on the
same sensor log with the same number of particles. The de-
crease in observational information for the handicapped ver-
sion of DP- SLAM makes it more difficult for the robot to be
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certain about its position. This is reflected in the higher peaks
in the graph, and the less recent point of coalescence overall.

In both cases, strong correlation can be seen between the
higher peaks in this graph and the turns that the robot took in
the map. (Note the iteration number annotations at the turns
in Figure 1.) This is because odometry is particularly unreli-
able during skid turns and the robot has greater difficulty lo-
calizing. The points at which our turns occur in our office en-
vironment also tend to produce more ambiguous sensor data
since turns are typically in open areas where the laser scans
will be more widely spaced. Other peaks can be mapped to
areas of clutter in the map, such as the recycling bins.

Figure 4 was created from the same two experiments, and
tracks the amount of memory used over time, as measured
by the total number of leaves in the balanced trees stored in
our occupancy grid. Since no leaves are stored for empty
space and our maps are essentially two one-dimensional sur-
faces, the amount of memory required for leaves should grow
roughly linearly over time. The peaks corresponding to the
turns in the map are even more pronounced for the handi-
capped version of DP-SLAM in this graph, indicating that un-
der conditions of greater uncertainty, the ancestry tree grows
in width as well as depth.

Of course, shallow coalescence may not occur and may
not even be desirable in all environments, but it has signifi-
cant implications for the efficiency of the algorithm when it
does occur. It implies D <« P, making our O(ADPIlgP)
bound closer to O(APlg?P) in practice. Moreover, we get
maximum benefit from the compactness of our map repre-
sentation. As the particles coalesce, irrelevant entries are re-
moved. Thus all areas in the map that were observed before
the point of coalescence contain only one entry in their list.
Similarly, those areas which have not been observed by any
particle yet have no entries in their list. If we can assume that
the depth of coalescence is bounded by some reasonable con-
stant C', then all map squares but those that have been altered
prior the point of coalescence can be thought of as requiring
a constant amount of storage. This means that the total space
required to store the map tends to be close to O(M + APC)
in practice, not the theoretical worst case of O(M P).

A sceptic may wonder if coalescence is indeed a desirable
thing since it may imply a loss of information. If the algo-
rithm maintains only a limited window of uncertainty, how
can it be expected to close large loops, which would seem
to require maintaining uncertainty over map entries for arbi-
trarily long durations? The simple answer is that coalescence
is desirable when it is warranted by the data and undesirable
when the accumulation of sensor data is insufficient to re-
solve ambiguities. In fact, coalescence is a direct product of
the amount of uncertainty still present in the observations.
Our algorithm is both able to maintain ambiguity for arbi-
trary time periods and benefit from coalescence when it is
warranted, so there is nothing negative about the fact that we
have observed this phenomenon in our experiments.

Of course, since we are representing a complicated distri-
bution with a finite number of samples, there is always a dan-
ger that the low probability “tails” of the distribution will be
lost if too few particles are used. This would result in pre-
mature coalescence due to failure to resample a potentially
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Figure 4: Total map entries used over time.

useful and correct map. There will certainly be some envi-
ronments, typically those with very sparse sensor data, where
it will be difficult to avoid premature coalescence without
an excessive number of particles. In situations with sparse
data, a parametric representation of uncertainty over land-
marks may be more tractable and more appropriate.

5 Conclusion and Future Work

We have presented a novel particle-filter based algorithm for
simultaneous localization and mapping. Using very efficient
data structures, this algorithm is able to maintain thousands of
maps in real time, providing robust and highly accurate map-
ping. The algorithm does not assume the presence of pre-
determined landmarks or assume away the data association
problem created by the use of landmarks. Our algorithm has
been deployed on a real robot, where it has produced highly
detailed maps of an office environment.

We believe that this is the first time this level of accuracy
has been achieved for the type of data we consider using an
algorithm that does not explicitly attempt to close loops and
that has no domain specific knowledge. Nevertheless, our al-
gorithm does have some limitations. Most reasonably priced
laser range finders scan at a fixed height, giving us an incom-
plete view of the environment. Our current map representa-
tion is very simplistic - a grid where each cell is presumed to
be completely clear or completely opaque to the laser. This
obviously creates discretization errors at the edges of objects
and confusion for very small objects. Our small cell size re-
duces this problem, but does not eliminate it entirely. For
example, power cords hanging off of the edge of desks tend
to introduce localization errors and increase the number of
particles needed to get robust performance.

There is a logical inconsistency in the way we treat the
laser data. When we add new information to the map, we
treat the laser like a deterministic device, but when we local-
ize, we treat it like a noisy device with a standard deviation in
measurement that can span several grid squares. Exaggerated
error models like this are common in many real-world appli-
cations of statistical models, where additional noise is added
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to one part of the model to compensation for unmodeled noise
in other parts. Nevertheless, in future work we would like to
develop a more comprehensive error model and a principled
scheme for updating the map that handles partially or tran-
siently occupied grid squares. Naturally, we would like to
consider other map representation methods too.

The most important future direction for this work is to in-
corporate less reliable sensors as such video or sonar to con-
struct a more comprehensive, three-dimensional view of the
environment.
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Consistent, Convergent, and Constant-Time SLAM*

J. Leonard and P. Newman |

Abstract

This paper presents a new efficient algorithm for si-
multaneous localization and mapping (SLAM), us-
ing multiple overlapping submaps, each built with
respect to a local frame of reference defined by one
of the features in the submap. The global posi-
tion of each submap is estimated using informa-
tion from other submaps in an efficient, provably
consistent manner. For situations where the mobile
robot is able to make repeated visits to all regions of
the environment, the method achieves convergence
to a near-optimal result with O(1) time complexity
while maintaining consistent error bounds. Simula-
tion results demonstrate the ability of the technique
to converge to errors that are only slightly greater
than the full solution, while maintaining consis-
tency.

1 Introduction

The capability of simultaneous localization and mapping
(SLAM) is considered vital for the creation of long-lived
autonomous mobile agents. Because of the difficulties en-
countered by SLAM algorithms when applied to larger envi-
ronments, the “map scaling” problem has been identified as
one of the key issues for research in this area. In this pa-
per, we adopt the feature-based, state-space formulation of
SLAM [Smith et al., 1987]. Recent related work in SLAM in-
cludes submap decomposition methods [Leonard and Feder,
2000; Guivant and Nebot, 2001; Julier and Uhlmann, 2001;
Williams et al., 2002; Tardés et al., 20021, FastSLAM [Mon-
temerlo er al., 2002], sparse extended information filters
(SEIF’s) [Thrun et al., 2002], scan-matching [Gutmann and
Konolige, 1999; Thrun, 2001; Hahnel et al., 2002] and topo-
logical approaches [Kuipers and Beeson, 2002; Choset and
Nagatani, 2001].

*This research has been funded in part by NSF Career Award
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NA86RGO0074, and the Office of Naval Research under grant
N00014-97-0202.

TP. Newman is at the Robotics Research Group, University of
Oxford and J. Leonard is at the Department of Ocean Engineering at
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This paper examines the SLAM problem using submaps.
While there has been a considerable amount of work in
SLAM along these lines, no previous method satisfies each
of the three criteria of (1) provable consistency, (2) spatial
convergence, and (3) constant-time updates. For example,
Julier and Uhlmann [2001] provide a consistent, constant-
time algorithm for large-scale SLAM, based on split covari-
ance intersection, but this method does not achieve “tight”
convergence to the error bounds that would be obtained
with a full covariance solution. Methods such as the com-
pressed filter [Guivant and Nebot, 20011, the constrained lo-
cal submap filter [Williams ef al., 2002], and sequential map
joining [Tardos et al., 2002] are provably consistent and con-
vergent, but are O(n?), where n is the number of the fea-
tures in the environment. Other techniques such as decoupled
stochastic mapping (DSM) [Leonard and Feder, 2000] and
SEIF’s [Thrun et al., 2002] achieve O(1) performance, but
make approximations that require empirical testing to verify
state estimation consistency. The Atlas framework for large-
scale SLAM [Bosse et al., 2003] achieves constant-time per-
formance during the motion of the robot, enabling closing of
large loops, but does not compute state estimates with respect
to a single global reference frame.

The FastSLAM technique stands out in the literature as
perhaps the only published technique which has been suc-
cessfully posed for the general nonlinear SLAM problem
with computational effort O(log(n)). The performance of
FastSLAM, however, depends linearly on a “parameter (the
number of particles), whose scaling with environmental size
is still poorly understood [Thrun er al., 2002]”.

This paper considers SLAM with known data association.
This is a major assumption, but it enables us to focus on the
underlying structure of SLAM state estimation with submaps
for the linear Gaussian case. Other research has shown the
ability to perform feature detection and measurement associ-
ation using techniques such as random sample consensus and
Joint Compatibility Testing [Neira and Tardés, 2001]1.

In this paper, we demonstrate how the three criteria of
consistency, convergence, and constant-time updates can be
achieved with multiple, locally referenced submaps. The key
idea is to decouple the estimate of a map’s global location
from any of the state estimates within the map. This “inside-
out” decomposition strategy succeeds because state estimates
from one map are never mixed with state estimates from other
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maps. This enables us to guarantee the consistency of the
state estimates for the linear Gaussian case.

The structure of this paper is as follows. After reviewing
the full (single map) SLAM problem in Section 2, we define
our terminology in Section 3. Section 4 summarizes the new
SLAM algorithm and Section 5 discusses its consistency and
convergence properties. Section 6 describes the performance
of the algorithm using simulations and Section 7 provides a
concluding discussion.

2 SLAM within a single map

Let us assume that there are n features in the environment,
and that they are static. The global frame, designated by G,
is a unique, immutable coordinate-frame that is defined at the
beginning of a mission. The true state at time & is designated
by x(k) = [x, (k)T x1(k)T ... x,(k)T]T, where x, (k) rep-
resent the location of the vehicle, and [x1 (k)7 ... x,(k)T]"
represents the locations of the environmental features. We
assume that the vehicle moves from time & to time k£ + 1 in
response to a known control input, u(k), that is corrupted by
noise. Let U* designate the set of all control inputs from
time O through time %k, Z (k) designate the set of sensor mea-
surements obtained at time k, and Z* designate the set of all
measurements obtained from time 0 through time k. For each
measurement z; (k) € Z(k), there is a corresponding assign-
ment index a;. The value of a; is ¢ if measurement z; (k)
originates from feature i. Let A* designate the set of all as-
signment indices from time 0 through time k. Assuming that
the associations are known, the objective is to compute recur-
sively the probability distribution for the location of the robot
and the features, with reference to the global reference frame
G, given the measurements, control inputs, and assignments:

p(x0(k), x1(k), ..., xn, (k)| 2%, AR U1, (D)

For the Linear-Gaussian (LG) SLAM problem, the Kalman
filter provides the optimal estimate of this pdf, which is de-
scribed by its mean [%,(k)T%; (k)T ... %,(k)T]T and co-
variance P (k). The properties of single-map LG SLAM so-
lution are well-known [Dissanayake e al., 2001].

3 Machinery for SLAM using multiple maps

We now proceed to define several terms and basic operations
that will facilitate description of the new method. A location
vector is a parameterization of both position and orientation
of one coordinate-frame, ¢ with respect to another, 5. In R2
this is represented as a translation by [z, y] followed by a ro-
tation §. These three parameters are encapsulated in the 3
vector T} = [z,y,0]T.

An entity is a parameterization of a vehicle or landmark.
Each entity is labelled with a unique positive integer — this
is referred to as the entity’s ID. We can attach a coordinate
frame F; to any entity ¢ and describe it using a location vector
in another coordinate frame. The vector T} should be under-
stood to be a parameterization of a transformation from F; to
F;. The uncertainty in this transformation is represented by
%7

K2

A map is a collection of entities all described with respect
to a local coordinate frame. Each map has a unique integer
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id. Each map has associated with it a Map Root entity ¢
and a Map Location vector 7). The Map Location vec-
tor describes the pose of a map’s local coordinate frame in
the global frame GG. The local coordinate frame of a map is
coincident with one of the entities in the local map; this en-
tity is referred to as the Map Root. In other words, the Map
Root lies at the origin of the local map, and it is the entity to
which all other entities in a map are referenced. If an entity
is the Map Root, then by definition its location vector will be
[0,0,0]7 and its global location vector given by TG’ — the
location of the map in global coordinates.! We use the pre-
superscript notation [m, j] to denote that all entities in map m
are referenced to F; where j is the root entity of the map.
The notation is summarized as:

[mapid,rootid] : w.r.t. id
Varlablevariablc id

Using this notation we can write the transformation from F;
to Fj in map m with root entity i as [ T;. We simplify
notation by dropping the right superscript when describing a
transformation with respect to the map root:

The term [T} is the pose of an entity j in the local frame
of the m*"* map (which has its Map Root as entity 7).

We can manipulate location vectors using the binary trans-
formation operator ¢ and the unary operator © where

P J
T = oT;
i __ i J
T, =T, T
Using the notation described above, we can describe the rela-
tionship between entities in any given map. Consider the case
of map m referenced to feature ¢ denoted [m, i]. Taking two

entities j and k from m, we can express the transformation
from j to k as

[m,l]Tig — [m”]Tf D [m,l]T]z
— @[mﬂ]T; fas) [mﬂ]TIz
= glmd T; ® [m.d) )
where the last step uses the simplification in notation de-
scribed above.

We define root-shifting to be the operation, S, that
changes the root of a map from ¢ to j. After this operation
all location vectors in a map will be referenced to F; rather
than F;, %, 7 € m. This operation is is simply an extension of
Equation 2 to act on all entities in the map:

[m’j]Tl:n — &_}j([m,i]TIIn) 3)

@[m,i]Tj @ [maATy
= : @)
'In the SLAM literature, the term “base reference” [Tard6s et al.,
2002] is a synonym for our term Map Root. Note that in the general
case with orientation, a single point feature will be insufficient to

define a reference frame. In 2-D, two points will be required and in
3-D three points will be required.
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Figure 1: Flow chart for each cycle of the algorithm.

The global location of a feature j in a local map %] T} is
computed by simple composition of the local location vector
and the already globally referenced Map Location vector:

Vmﬂjf;:;Tg<9Vﬂﬂ]} 5)

4 The constant-time SLAM algorithm

Figure 1 illustrates the processing steps that are performed
by the algorithm. The four key elements are (1) SLAM pro-
cessing within local maps, (2) Map management (performing
transitions between maps and creating new maps), (3) Map
Location estimation (determining the best global location es-
timate for a submap), and (4) Computation of global state
estimates for all features in a map. Each of these processes
are described in detail below.

4.1 SLAM within local maps

At any one time, there is a single active map. For each map
m, we compute a partial solution, p(x,, (k)| ZF , AF  Uk=1),
where x,, (k) designates the local map state, and ZF , AF
and Ufjfl represent subsets of the measurements, associ-
ations, and control inputs, respectively. Each measure-
ment is used in only a single map. (This is vital for
ensuring consistency of the global Map Location estima-
tion process.) Each map m contains an estimated mean
& (k)T (k)T ... &7(k)T]T and covariance P™ (k) cor-
responding to selected vehicle locations (for time steps when
map m is the active map), and only a subset of the features.
These estimates are the same as the location vectors [*+7] T}

and associated uncertainty ™1 ; for the features in the local
map.
4.2 Map management

In our scheme, each map has a center, which is defined as the
vehicle location at the time of the creation of a map. About
this center is defined a region of radius r. This defines a

ROBOTICS

bound of vehicle location and not feature locations — any
feature that is observed from a position inside the map region
will be added to the local map. The estimated location of the
vehicle is used to deduce which map(s) the vehicle is in, and
when to make transitions. When the vehicle travels more than
r-+ h from the center, the vehicle is considered to have left the
current map. The parameter h is a hysteresis term, to prevent
excessive map switching. In the simulation results below, we
use r = 15 and h = 5. (An alternative to circular map re-
gions is the use of convex hulls, but this makes no difference
to the fundamental performance of the algorithm.)

We assume that the density of discernible features in a local
area is bounded. This provides a bound on the number of
features that can belong to a map.

When a vehicle leaves a map, we must determine which
map (if any) the vehicle has transitioned to. A list of possible
candidates is drawn up from a look up table indexed by quan-
tized vehicle locations. If more than one candidate exists, we
choose the map with the lowest ID, i.e., the oldest map. If no
candidates are found, then a new map is created at the cur-
rent location (a distance r + h from the center of the previous
map). All of these operations can be performed in constant
time.

4.3 Map Location estimation

Map Location estimation is the procedure by which global es-
timates for feature locations in each local map are improved,
resulting in global convergence. This procedure is described
as follows:

1. Select a map p, to improve which is currently referenced
to the root entity <.

2. Create a set, A/, containing the ID’s of all nearby maps
including p — the map to be improved.

3. Foreachq € N, ¢ # p create a set Cp, 4 of ID’s of
features that are present in both maps.

4. For the frame F}, attached to feature k € C,, 4, calculate
its globally referenced location [qV']TkG and uncertainty
[4-]%2¢ using the location estimate of feature k within
map ¢ and its current location estimate.

5. Pick the map ¢* and entity ID £* such that:
lq", k*] = argmin{| TSF [}

6. If ¢* = p and k* = ¢ then stop. The map p cannot be
improved

7. Root Shift map p to k* from ¢ — reference all entities in
map p to a coordinate frame attached to entity k*.

8. Replace TpG and Zf with [q*“]Tka and Wﬂzgﬂ respec-

tively.

For constant-time operation, Map Location estimation is
performed only when the vehicle transitions from one map to
another. Alternatively, the procedure can be performed peri-
odically (or at the end of the mission) to all maps. Multiple
iterations result in global convergence to a near-optimal solu-
tion, but the computation complexity is no longer O(1).

The work presented in this paper differs from that proposed
in [Leonard and Feder, 2000] on the following counts:
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e No vehicle information is carried between maps upon
map transitions

e The SLAM scheme adopted within each map need not
be based on a Kalman filter.

e Mapped entities are represented in local coordinate
frames — one frame per map. In contrast, the DSM
approach used multiple maps but all registered in one
global coordinate frame.

4.4 Obtaining global location estimates for map
features

Given an independent, consistent estimate of the location of
a submap p (with root ) with respect to the global frame, G,
we can produce a consistent global estimate of the location
of any feature j in map p by composition of map and feature
locations:

[pf]TjG _ TpG e [W']Tj (6)

This estimate is consistent because TpG and [P T} are inde-

pendent. [P+ T} is “internal” to the map and TpG is “external”
to the map.

The existence of a “shared” feature, s, between two maps
p and g allows the location estimate TpG , of map p, (with root

feature s), to be replaced with Tpci where
TS =TE @ lovlT, (7

and w, the root of map ¢ is any feature id in map ¢. Equation
7 should be interpreted as finding an alternative expression
for the global location of a shared feature s using quantities
associated with map ¢ instead of p. As map p has a root at the
shared feature s this expression is by definition an alternative
expression for the map location. The minimization step of the
algorithm is concerned with finding the best choice of shared
feature s.

In the limit each map becomes internally fully correlated
and the “min” operation will have no further effect so that for
any feature j

T¢ @ T = 1 @ [Ty (8)

where - is any choice of root. In other words no root-shifting
and replace operation can be found that improves the global
uncertainty of feature j. For the linear case

Zg + [p,-]zj — Eg + [q,-]zj 9)
The maps are rooted on features and so as kK — oo then
[p,-]zj — [‘17']2]- -0 (10)
and so
G _ vG
nG = %€ (11)

which is true for all choices of p and q. Therefore the glob-
ally referenced feature location uncertainty '] EjG is the same
independent of choice of map (). The value of this limiting
value is clearly given by the smallest possible uncertainty in
Map Location which is the uncertainty of the first feature ini-
tialized in the first map [Dissanayake er al., 2001]. This point
is considered further in section 5.
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S5 Consistency and convergence

We begin by defining the term consistency with regard to an
estimate X(k|k) of an r.v x(k) at time k given all information

up until time k. Defining the estimated error vector X(k|k) £
x(k)—%(k|k) and the estimate covariance as P (k|k) we write
the condition of consistency as:

E[x(k[F)] = 0 (12)
B[[x(k|k)][x(k[K)]"] < P(k|k) (13)

To show that the global location estimates produced by Equa-
tion 6 are consistent, we rely on the following three proper-
ties: (1) local map state estimates [pi] T); (obtained from the
local SLAM solution [&™(k)T&7 (k)T ... ™ (k)T])T) are
consistent, (2) global state estimates for Map Locations 7.
are consistent, and (3) the composition of these two pieces of
information — local state estimates within a map and global
information concerning the location of the map — is consis-
tent.

The consistency of local maps follows directly from the
properties of the Kalman filter which in the linear gaussian
case is the optimal Bayesian estimator. Clearly, choosing to
use a possibly inconsistent estimator such as the EKF in a
nonlinear scenario will invalidate these claims. However, the
LG case allows statements to be made regarding the underly-
ing properties of the CTS algorithm. In a non-linear imple-
mentation, the consistency of the LG case can be matched to
an arbitrary degree by using Monte-Carlo estimators in each
sub-map. Regardless of local estimation techniques, the CTS
algorithm preserves its constant time property.

Local maps have three differences from the full solution
(a) their base reference (root) is defined by one of the fea-
tures in the map, (b) relocation is periodically performed to
re-initialize the local map when the vehicle transitions back
into it, and (c) the base reference of the local map is peri-
odically shifted from one feature in the local map to another
(Root Shifting). None of these three differences result in a
loss of consistency for the local SLAM solution.

The global Map Location estimate T'G' for a given map,
m, is consistent because it is created via the composition of
transformations derived from other local maps, and each local
map is independent of other local maps. The composition
of transformations from different local maps is a consistent
operation (for the linear case).

Finally, the composition of the local map state estimates
performed in Equation 6 is a consistent operation, because
TS and [™7] T} are independent of one another.

While the location estimates for different maps are corre-
lated with one another, and this correlation is not computed
by the algorithm, the method in none-the-less consistent be-
cause this correlation is never needed. We never fuse Map
Location estimates estimates, but rather, perform wholesale
replacement. The algorithm keeps track of the best estimate
for the global location of the root entity of a given map. A
guiding principle of this algorithm is that estimated quantities
that are “external” to a map never effect an internal quantity.

Due to the relocation step for map transitions, the infor-
mation from dead-reckoning measurements for the time step
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proceeding the map transition is effectively “lost”. This in-
formation, however, does not affect absolute convergence but
only the rate of convergence. Because relocation is a con-
sistent operation [Knight, 2002], each partial solution retains
all the properties of a Kalman filter SLAM solution [Dis-
sanayake et al., 2001], and hence is provably consistent and
convergent. Because each map is local with its base refer-
ence as one of the features in the map, in the limit the uncer-
tainty for each local map converges to zero [Dissanayake et
al., 2001]. This implies that, in the limit, in any local map uti-
lizing only a subset of Z*, the relationship between features
becomes perfectly known as £ — oco. A consequence of this
is that the covariance of the transformation between any two
features, ¢ and 7, in any given map tends to zero as k — oc.
Hence, for local maps in which the base reference (root) is a
feature in the local map, the covariance of any feature tends
to zero. The key driver for convergence is the behavior in the
first submap — submap 1. To illustrate this, consider a robot
which moves swiftly outside submap 1 and spends the rest of
its mission driving just outside submap 1’s borders. Eventu-
ally the maps bordering submap 1 become completely known,
including most of the features which appear in submap 1. The
global uncertainty of any feature in the bordering submaps
can never be less than the global uncertainty in the location
of submap 1. Hence, in this scenario, the root shifting mech-
anism can never decrease the global uncertainty of features in
submap 1 (nothing has lower global uncertainty). However
as soon as submap 1 is re-entered and begins to be refined,
the global uncertainties of maps sharing features with map
1 can be reduced by root-shifting. Hence it is the precision
of the first submap built (submap 1) that drives the ultimate
performance of the entire system. In addition it is the preci-
sion of the first feature mapped within it that drives ultimate
performance of submap 1.

Thus in the limit, the lower bound achieved in submap 1 is
“inherited” by all other submaps. There are two differences
between what occurs in submap 1 in comparison to a full co-
variance solution that couples estimates for all features in a
single map: (a) submap 1 has fewer features in it, and (b)
not all of the observations of features that are contained in
submap 1 are processed in the submap 1 solution. We be-
lieve that consideration (a), the fact that submap 1 has fewer
features in it, is what is sacrificed in this approach. Even if
some measurements are ignored in submap 1 (vs. the full
solution), in the limit as k — oo, both maps will converge
to a well-defined lower bound. With enough additional time
the submap 1 solution can “catch up” to the full solution.
However, the fact that the full solution has more features
enables in it cannot be compensated for, and hence the full
solution achieves a slightly tighter bound. This in effect is
the “cost” of computing multiple partial solutions and subse-
quently combining them, rather than computing one full solu-
tion. Our simulations have shown that this result is extremely
small (as shown below in Figure 3).

6 Results

This section analyzes the behavior of the technique presented
using simulations analysis. The simulations consider an
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(x,y) “point” vehicle that moves in the plane with process
noise () of 0.05 or 0.01(Monte-Carlo) m/sec standard devia-
tion in both x and y and measurement noise 12 of 0.2 m/sec
standard deviation in both x and y. Features are visible if
they are within 23 meters of the vehicle location. One visible
feature is selected at random each time step to generate the
observations. Results are presented for three different scenar-
ios:

1. a simulation involving six cycles through an environ-
ment in which eight maps are created (to illustrate basic
error convergence behavior),

2. Monte-Carlo analysis of 200 independent trials of a mis-
sion involving ten cycles through an environment in
which twelve submaps are created (for empirical con-
sistency verification), and

3. results off-line map adjustment for a mission involving
a single cycle through an environment in which eighteen
maps are created,

6.1 Comparison with the full covariance solution

Figure 2 show the vehicle path for a mission in which eight
maps are created. Figure 3 shows the vehicle error as a func-
tion of time as a function of time and active map ID. Spikes in
the vehicle error estimate occur at each map transition when
relocation (consistent re-initialization of the vehicle pose) is
performed. This is particularly obvious towards the end of
the experiment when the features are well known and subse-
quent observations swiftly bring the vehicle covariance down
following relocation. Figure 4 shows the difference between
the new method and the full solution in the determinant of er-
ror covariance for the feature marginals in each map, demon-
strating the tight convergence of the method to near-optimal
estimates, while never going below the minimum permissible
error bounds.

6.2 Monte-Carlo consistency testing

For the purposes of consistency testing, two relative states
were logged in the active submap: (1) the difference between
the first feature in the state vector and the vehicle, and (2)
the difference between the first and second features in the
state vector. These two states are stored in a single vector
y™ with covariance Y™ formed from the active map (with id
m). This relative vector can be compared to the "true’ relative
relationships declared by the simulator producing the noise
corrupted measurements. The difference between these vec-
tors is the error vector y (k). The ¥ vector calculated for each
map m will in general involve different features (by definition
as each map contains a subset of the set of all features with
only some features in common). However each estimated
component of ¥ should be consistent, hence any sequence
{y™@),...,y™(k)} m € [1 : M] where M is the
total number of maps built, should also be consistent. Figure
6.2 illustrates the results obtained from Monte-Carlo exper-
iments of the CTS algorithm. The parameters used in the
simulation of sensor data and its subsequent processing are
given in Table 6.2. All the plots are concerned with the statis-
tical properties of (k). The first plot of Figure 6.2 shows the

1147



100 120 Feature Membership

80 -

60

40 -

-20 1

15
] 10
37 = | 15
420
125
4130
Y
4 135
-
140
1 1as
L dS50
2 4 6 8
T T T T Map ID
%SW
=

o

3000
time

0 1000 2000

5000 6000

Feature ID

Figure 2: Vehicle path for a mission with eight maps. The eight shaded circles indicate the extent of the submaps in terms of
vehicle location alone. Hence features can belong to maps even though they lie outside the submap boundaries. The map ID’s
are in bold. The right hand plot shows the distribution and sharing of features between maps. Some features are common to
several submaps - for example feature 25 is found in submaps 3,4,5,6 and 7 whereas others are found in one alone — feature
37 is only mapped in submap 6. The lower plot shows the map transitions occurring as the vehicle moves. The basic trajectory
is one of two overlapping rectangles aligned in North-East direction. The vehicle then returns to the origin (0,0) and repeats
the pattern another six times. The feature estimate error ellipses are those resulting at the end of the simulations (in global
coordinates) and are three-sigma bounds. The full covariance solution is also plotted on the central figure with its estimated
feature locations are plotted with squares. The covariance bounds on features are at this resolution indistinguishable from those

of the produced by the CTS algorithm.

mean values of § (k) — the difference for each time step & be-
tween the “true” relative vector y and the the estimate y. The
upper two plots correspond to the vehicle to feature relative
states. Note how the error does not converge to a zero value
owing to the continual injection of process noise (odometry
errors etc) into the vehicle as it moves. The lower two plots
however correspond to the error in the relative location of the
first two features in what ever the active map is. No pro-
cess noise is added to the feature estimate covariances during
the prediction stage of the estimation process. The result is
the expected convergence to zero error. The second plot of
Figure 6.2 shows the plots the characteristics of the N-run av-
erage of the NEES (Normalized Estimated Error Squared) of
¥ (k). The 95% confidence region bounds for estimation con-
sistency are plotted on the same axes. the final plot of Figure
6.2 shows the normalized mean estimated error (NMEE) and
the associated 95% confidence bounds of the hypothesis that
the NMEE sequences are from a consistent estimator.

6.3 Off-line Adjustment

The root shifting operation which searches for a better repre-
sentation (in terms of uncertainty) of map location and fea-
tures need not be done as the vehicle transitions between
maps. Table 6.3 shows the improvement in successively ap-
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Table 1: Monte-Carlo simulation parameters.

| Parameter | Value
Monte-Carlo Runs 200
Vehicle Process Noise (std) 0.0l ms~!
Sensor Noise (std) 0.05m
Cycle Length 360 m
Cycles per run 10
Total Distance Driven per run | 3600 m
Loops per Cycle 2
Initial Vehicle uncertainty 0Om
Sensor Range 25m
Sensor Field of View 100 deg
Feature Density Every 18minx andy
Map Radius I5m
Vehicle Velocity 0.3ms™!
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Figure 3: Convergence of vehicle state estimates for the eight
map example. The left hand plots show the time steps at the
opening stages of the mission while the right hand plots show
the closing stages. The straight line is the lowest possible
bound on vehicle uncertainty possible for either algorithm in
the zero plant noise case. The full vehicle uncertainty given
by the full covariance solution is the lighter of the two plots
and is always less than or equal to the the CTS solution —
the CTS solution is always consistent.
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Figure 4: The log of the full-covariance / CTS difference be-
tween the determinants of the covariances in the first feature
mapped in three randomly chosen submaps. Before the first
submap transition occurs, submap 1 computes an answer that
is identical to the full solution. Subsequently, submap one
performs slightly worse due to the inclusion of less features.
Note also that the convergence of submap 1 appears to be
slower than the other maps and indeed at times the difference
between full and CTS solutions seems to increase. This is be-
cause features in submap 1 can only be improved when this
submap is active, whereas the full covariance solution updates
all features with each new observation.
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Figure 5: Monte-Carlo Consistency testing. The left hand
plot shows the four components of the vector y which en-
codes the errors in relative positions of vehicle and the first
two features (f{", f3*) in the state vector of the active map m
(the map in which the vehicle is currently moving). The first
upper two sequences are the x and y components of the error
in the relative position between vehicle and f{"*. The second
two are the x and y components of the error in the relative po-
sitions of f{" and f3*. The central plot is the NEES of y. The
bounds are the 95% confidence intervals on the NEES vari-
able. The right hand plot shows the Normalized Mean Error
(NMEE) for the components of y. For consistency the mean
estimated error should be zero. The limits plotted are the 95%
confidence interval bounds for the consistency hypothesis.
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Table 2: Percentage decrease in disparity between full covari-
ance and CTS calculated feature uncertainties during sequen-
tial off-line adjustments using the CTS root shifting proce-
dure. After three iterations all eighteen maps in this example
showed no further improvement.

| Map | iteration 1 | iteration 2 | iteration 3 |

1 0.0 0.0 0.0

2 13.6 13.6 13.6
3 10.0 16.8 16.8
4 10.6 18.9 18.9
5 6.3 13.0 17.9
6 7.1 12.6 12.6
7 20.7 254 26.6
8 1.8 7.1 85

9 6.6 83 135
10 35 5.0 9.5

11 1.6 6.3 7.6

12 15.0 17.8 19.0
13 37 54 10.1
14 4.1 5.5 9.6

15 4.5 6.0 10.2
16 75 9.0 134
17 144 22.1 22.1
18 12.9 12.9 12.9

plying the CTS algorithm to maps at the termination of the
mission for a scenario with 18 maps. The simple approach
adopted here begins with submap 2 and seeks to improve the
map location estimate, it then progresses to submap 3 and so
on until the highest index map has been adjusted. This then
repeats until no maps show any further improvement. It is a
topic of future research to determine, as a function of shared
feature topography, the optimal adjustment sequence rather
than the linear one used here. The adjustment was applied to
a mission with a vehicle trajectory defined by six overlapping
rectangles (similar to Figure 2 but the course was not repeated
leading to a more uncertain collection of submaps at the end
of the mission). The entries in the table are the percentage
decrease in median disparity between the full covariance and
CTS calculated feature uncertainties. As expected, the table
shows no improvement for submap 1.

7 Conclusion

In this paper, we have presented a new technique for SLAM
with multiple maps that achieves consistency of global state
estimates with with O(1) time complexity. If the mobile robot
is able to make repeated visits to all parts of the environ-
ment, by performing map improvement operations only when
a map is exited, near-optimal convergence is demonstrated in
constant-time.

In this approach, all SLAM filtering is performed in lo-
cal submaps. Each submap has an associated reference
frame, whose global position is estimated using information
from other submaps. The transition of the vehicle between
submaps is consistently performed using relocation [Neira
et al., 2002; Knight, 2002]. By never mixing information
between maps, the method yields provably consistent global
state estimates, while still achieving global convergence.

The method successfully exploits the fact that overlapping
features are estimated in different maps. By changing the
base reference of a map to be the feature within the map
that has the “best” globally referenced position estimate, the
global location estimates for all the features in a local region
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get improved via operations in other maps.

Ongoing research includes testing of the method with real
data, the incorporation of probabilistic data association tech-
niques, and extension of the approach to the nonlinear case.
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Abstract

In [15], Montemerlo et al. proposed an algorithm called
FastSLAM as an efficient and robust solution to the simul-
taneous localization and mapping problem. This paper de-
scribes a modified version of FastSLAM that overcomes
important deficiencies of the original algorithm. We prove
convergence of this new algorithm for linear SLAM prob-
lems and provide real-world experimental results that il-
lustrate an order of magnitude improvement in accuracy
over the original FastSLAM algorithm.

1 Introduction

Simultaneous localization and mapping (SLAM) is a highly
active research area in robotics and Al. The SLAM problem
arises when a moving vehicle (e.g. a mobile robot, submarine,
or drone) simultaneously estimates a map of its environment
and its pose relative to that map. In the absence of global po-
sition information, the vehicle’s pose estimate will become in-
creasingly inaccurate, as will its map. Since maps may con-
tain thousands of entities, acquiring large, accurate maps is
a challenging statistical estimation problem, especially when
performed in real-time.

Most present-day research on SLAM originates from a sem-
inal paper by Smith and Cheeseman [21], which proposed the
use of the extended Kalman filter (EKF) for solving SLAM.
This paper is based on the insights that errors in the map and
pose errors are naturally correlated, and that the covariance ma-
trix maintained by the EKF expresses such correlations. New-
mann [18] recently proved that the EKF converges for linear
SLAM problems, where the motion model and observation
model are linear functions with Gaussian noise (see below).

Unfortunately, EKF covariance matrices are quadratic in the
size of the map, and updating them requires time quadratic in
the number of landmarks N. This quadratic complexity has
long been recognized to be a major obstacle in scaling SLAM
algorithms to maps with more than a few hundred features. It
also limits the applicability of SLAM algorithms to problems
with ambiguous landmarks, which induces a data association
problem [2; 22]. Today’s most robust algorithms for SLAM
with unknown data association maintain multiple hypotheses
(tracks), which increase their computational complexity.

Consequently, there has been a flurry on research on more
efficient SLAM techniques (see e.g., [11]). One group of
researchers has developed techniques that recursively divide
maps into submaps, thereby confining most computation to
small regions. Some of these approaches still maintain global
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correlations among those submaps, hence are quadratic but
with a much reduced constant factor [1; 7; 22; 25]. Others re-
strict the update exclusively to local maps [12], hence operate
in constant time (assuming known data association).

A second group of researchers has developed techniques
that represent maps through potential functions between ad-
jacent landmarks, similar to Markov random fields. The re-
sulting representations require memory linear in the number of
landmarks [19; 23]. Under appropriate approximations, such
techniques have been shown to provide constant time updat-
ing (again for known data association). Unfortunately, no con-
vergence proof exists for any of these extensions of the EKF,
even for the generic case of linear SLAM. Furthermore, if land-
marks are ambiguous, all of these approaches have to perform
search to find appropriate data association hypotheses, adding
a logarithmic factor to their update complexity.

The FastSLAM algorithm, proposed in [15] as an efficient
approach to SLAM based on particle filtering [6], does not fall
into either of the categories above. FastSLAM takes advan-
tage of an important characteristic of the SLAM problem (with
known data association): landmark estimates are conditionally
independent given the robot’s path [17]. FastSLAM uses a par-
ticle filter to sample over robot paths. Each particle possesses
N low-dimensional EKFs, one for each of the N landmarks.
This representation requires O(NN M) memory, where M is the
number of particles in the particle filter. Updating this filter
requires O(M log N) time, with or without knowledge of the
data associations. However, the number of particles M needed
for convergence is unknown and has been suspected to be ex-
ponential in the size of the map, in the worst-case.

This paper proposes an improved version of the FastSLAM
algorithm. The maodification is conceptually simple: When
proposing a new robot pose—an essential step in FastSLAM’s
particle filter—our proposal distribution relies not only on the
motion estimate (as is the case in FastSLAM), but also on the
most recent sensor measurement. Such an approach is less
wasteful with its samples than the original FastSLAM algo-
rithm, especially in situations where the noise in motion is high
relative to the measurement noise.

To obtain a suitable proposal distribution, our algorithm lin-
earizes the motion and the measurement model in the same
manner as the EKF. As a result, the proposal distribution can be
calculated in closed form. This extension parallels prior work
by Doucet and colleagues, who proposed a similar modifica-
tion for general particle filters [6] and Markov Chain Monte
Carlo techniques for neural networks [4]. It is similar to the
arc reversal technique proposed for particle filters applied to
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Bayes networks [10], and it is similar to recent work by van
der Merwe [24], who uses an unscented filtering step [9] for
generating proposal distributions that accommodate the mea-
surement.

While this modification is conceptually simple, it has impor-
tant ramifications. A key contribution of this paper is a conver-
gence proof for linear SLAM problems using a single particle.
The resulting algorithm requires constant updating time. To
our knowledge, the best previous SLAM algorithm for which
convergence was shown requires quadratic update time. Fur-
thermore, we observe experimentally that our new FastSLAM
algorithm, even with a single particle, yields significantly more
accurate results on a challenging real-world benchmark [7]
than the previous version of the algorithm. These findings are
of significance, as many mobile robot systems are plagued by
control noise, but possess relatively accurate sensors. More-
over, they contradict a common belief that maintaining the en-
tire covariance matrix is required for convergence [5].

2 Simultaneous L ocalization and M apping

SLAM addresses the problem of simultaneously recovering a
map and a vehicle pose from sensor data. The map contains
N features (landmarks) and shall be denoted © = 64, ...,0y.
The path of the vehicle will be denoted s* = sy, ..., s;, where
t is atime index and s; is the pose of the vehicle at time ¢.
Most state-of-the-art SLAM algorithms calculate (or ap-
proximate) variants of the following posterior distribution:

p(©,s" | 2 u ") @

where 2! = zq,..., % is a sequence of measurements (e.g.,
range and bearing to nearby landmarks), and u? = uq,...,u;
is a sequence of robot controls (e.g., velocities for robot
wheels). (As usual, we assume without loss of generality that
only a single landmark is observed at each time ¢.) The vari-
ables n! = nq,...,n,; are data association variables — each
n; specifies the identity of the landmark observed at time t.
Initially, we assume n! is known; we relax this assumption be-
low.

To calculate the posterior (1), the vehicle is given a proba-
bilistic motion model, in the form of the conditional probability
distribution p(s; | us, s¢—1). This distribution describes how a
control u, asserted in the time interval [t — 1;¢), affects the
resulting pose. Additionally, the vehicle is given a probabilis-
tic measurement model, denoted p(z; | s, ©,n;), describing
how measurements evolve from state. In accordance to the
rich SLAM literature, we will model both models by nonlinear
functions with independent Gaussian noise:

p(ze | 56,0,m:) = g(st,0n,) + e )
p(se |ue,s0-1) = h(ue,st-1) + 0t (3)

Here g and h are nonlinear functions, and ¢, and ¢, are Gaus-
sian noise variables with covariance R; and P;, respectively.

3 FastSLAM

FastSLAM [15] is based on the important observation [17] that
the posterior can be factored

p(@,st | zt,ut,nt) :p(st | zt,ut,nt)Hp(Hn | st,zt7ut7nt) 4

n

This factorization is exact and universal in SLAM problems.
It states that if one (hypothetically) knew the path of the vehi-
cle, the landmark positions could be estimated independently
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of each other (hence the product over n). In practice, of course,
one does not know the vehicle’s path. Nevertheless, the inde-
pendence makes it possible to factor the posterior into a term
that estimates the probability of each path, and N terms that
estimate the position of the landmarks, conditioned on each
(hypothetical) path.

FastSLAM samples the path using a particle filter. Each
particle has attached its own map, consisting of N extended

Kalman filters. Formally, the m-th particle St[m] contains a
path st[™ along with N Gaussian landmark estimates, de-
scribed by the mean ,u[m] and covariance 2"/

n,t n,t:
St’[m]a /’L[{;]v 2[17,”1;] IR ,U‘E:fr?]ta EE’\’]’?Jﬁ (5)
——

landmark 61

[m]
Sy
landmark 6n

We briefly review the key equations of the regular Fast-
SLAM algorithm, and refer the reader to [15]. Each update
in FastSLAM begins with sampling new poses based on the
most recent motion command u;:

s~ plse | s u). ()
Note that this proposal distribution only uses the motion com-
mand w,, but ignores the measurement z;.
Next, FastSLAM updates the estimate of the observed land-
mark(s), according to the following posterior. This posterior
takes the measurement z; into consideration:

P(On, | 8" 0", 2") U]

= 0 plze | Onyy s me) p(On, |87V 0T

t,[m]

)y, Ry)

~ N(z:9(0n; 5} NN Ongsul, 2

17 ng,t—1

Here 7 is a constant. This posterior is the normalized product
of two Gaussians as indicated. However, if g is non-linear, the
product will not be Gaussian in general. To make the result
Gaussian, FastSLAM employs the standard EKF “trick” [13]:
g is approximated by a linear function (see below). Under this
approximation, (7) is equivalent to the measurement update
equation familiar from the EKF literature [13].

In a final step, FastSLAM corrects for the fact that the pose

sample s,[fm] has been generated without consideration of the
most recent measurement. It does so by resampling the parti-
cles [20]. The probability for the m-th particle to be sampled

[m]

(with replacement) is given by the following variable w; ™,
commonly referred to as importance factor:

wEm] = 77/ p(Zt ‘ 97Lt75£m]7nt) p(ent ‘ St_lwm]’ Zt_17nt_l) dent

~ N(#[‘m] 2[7”] )

~ N (2t39(0ny 5™ Re) =l

As shown in [15], the resampling operation can be imple-
mented in O(M log N) time using trees, where M is the num-
ber of samples and N the number of landmarks in the map.
However, the number of particles M needed for convergence
remains an open question.

FastSLAM has been extended to SLAM with unknown data
associations [14]. If the data association is unknown, each par-
ticle m in FastSLAM makes its own local data association de-
cision ﬁﬁm], by maximizing the measurement likelihood. The
formula for finding the most likely data association maximizes
the resulting importance weight:

ﬁgm] = argmawam](nt) 8

nt
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Here w!™ (n,) makes the dependence of the factor w!™ on the
variable n; explicit. A key characteristic of FastSLAM is that
each particle makes its own local data association. In contrast,
EKF techniques must commit to a single data association hy-
pothesis for the entire filter. Results in [14] show empirically
that this difference renders FastSLAM significantly more ro-
bust to noise than EKF-style algorithms.

4 FastSLAM 2.0

Our new FastSLAM algorithm is based on an obvious ineffi-
ciency arising from the proposal distribution of regular Fast-

SLAM. In regular FastSLAM, the pose sl[fm] is sampled in ac-
cordance to the prediction arising from the motion command
uy, as specified in (6). It does not consider the measurement
z acquired at time ¢; instead, the measurement is incorporated
through resampling. This approach is particularly troublesome
if the noise in the vehicle motion is large relative to the mea-
surement noise. In such situations, sampled poses will mostly
fall into areas of low measurement likelihood, and will subse-
quently be terminated in the resampling phase with high proba-
bility. Unfortunately, many real-world robot systems are char-
acterized by relatively high motion noise. As illustrated in the
experimental results section of this paper, the waste incurred
by this inefficient sampling scheme can be significant.

4.1 Sampling The Pose

FastSLAM 2.0 implements a single new idea: Poses are sam-
pled under consideration of both the motion u, and the mea-
surement z,. This is formally denoted by the following sam-
pling distribution, which now takes the measurement z, into
consideration:

[m]

s~ plse | 8T U 2 nt) ©)

In comparison to (6), incorporating the measurement
only makes sense if we incorporate our current estimate
of the observed landmark—obtained from the variables
st=hIml yt=1 2t=1 pt=1 (which are included of the condi-
tioning variables above). So in essence, the difference to Fast-
SLAM is that the measurement z; is incorporated. However,
this change has important ramifications.

The proposal distribution (9) can be reformulated as follows:

(st | St—l,[m]}ut}zt7nt)
= g / p(2t | Ony,56,n8)  D(On, | stmhIml gttty dbn,

~ N(Zt?g(ent »st),Re)

L, lm] [m]
~ N(Ony '“nt,tfl’znt,t71>

plst | ™) ue) (10)
———
~ N (s (si™) ) Po)

That is, the proposal distribution is the product of two fac-

tors: the familiar next state distribution p(s; | 3@1, ut), and
the probability of the measurement z;. Calculating the latter
involves an integration over possible landmark locations 6,,,.
Unfortunately, sampling directly from this distribution is im-
possible in the general case; it does not even possess a closed
form. Luckily, a closed form solution can be attained if g is
approximated by a linear function (h may remain non-linear!):

9(One,s) = 2™+ Go (On,—pl" )+ Go - (508
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[m] o[m]

where ét[m] = g(6", 3™ denotes the predicted measure-
ment, 5™ = n(s™ u,) the predicted robot pose, and 4" =
u,[fft]_l the predicted landmark location. The matrices Gy and

G are the Jacobians (first derivatives) of g with respect to ¢
and s, respectively:
Go = vent g(@nt, St)

Vir9 (O 1),

se=slmlig,,, —olm) (1)

Gs = (12)

N

Under this EKF-style approximation, the proposal distribution
(9) is Gaussian with the following parameters:

-1
sl aTol" g, + P;l} (13)

,LL[J,n] _ E[g’r{n] GZ" I[tm]fl (Zt _ ét['m]) + <§£"L] (14)

where the matrix Q,Em] is defined as follows:

7[Sm] _ Rt-‘rGgE[m] Gg" (15)

ne,t—1

4.2 Updating The Observed Landmark Estimate

The updating step remains the same as in FastSLAM (see (7)).
As stated in the previous section, g is linearized to retain Gaus-
sianity of the posterior. This leads to the following update
equations, whose derivation is equivalent to that of the stan-
dard EKF measurement update [13]:

Kt["L] — ELLT,]t—ngQLm]_l (16)
phrl, = K G A 1
sl = (- KMGe)sl,_ (18)

4.3 Thelmportance Weights
Resampling is necessary even in our new version of Fast-
SLAM, since the particles generated do not yet match the de-
sired posterior. The culprit is the normalizer n[™! in (10),
which may be different for different particles m. This normal-
izer is the inverse of the probability of the measurement under
the m-th particle: 7™ = p(z, | st~ ut, 281 nt)~1. To
account for this mismatch, our algorithm resamples in propor-
tion to the following importance factor:

wl

Pz | St—l,[m]’ut St nt)

= // p(zt‘ont7st7nt)
—_———

~ N(zt39(0ny,s¢), Rt)

PO, | s 0 Wt 2T Y A0, p(se | s ue) dse

~ N (0ny ol slml )

.5lml
ng,t—1""ng,t—1 "‘N(<5tv5t71=Pt)

This expression can once again be approximated as a Gaus-
sian by linearizing g. The mean of this Gaussian is Z;, and its
covariance is

GsP.GT +GozI™,_ | GF + R (19)

4.4 Unknown Data Associations

The approach for handling data association is similar to the one
in regular FastSLAM: Again, we select the data association n;
that maximizes the probability of the measurement z; for the
m-th particle:
ﬁL’”] = argmaxp(z | ne, nt UM s S 0wty (20)
nt
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Figure 1: FastSLAM 2.0 applied to the Victoria Park benchmark data set. (a) Raw vehicle odometry (b) FastSLAM 2.0, M =1 particle

(c) FastSLAM 2.0 with dynamic feature management.

At first glance, one may be tempted to substitute wgm] for
the probability on the right-hand side, as in regular Fast-
SLAM. However, wﬁm] does not consider the sampled pose

[m]

s; , whereas the expression here does. This leads to a slightly
different probability, which is calculated as follows.

Pzt | g, a7 00

= /p(ztwnt,m,sim]) PO, | AT gTTIML tYy gg,

~ N<ztig<9nt«5£m]

St,[m]Vztflyut) e

) ~ Nl st

1T —1)

Linearization of ¢ leads to a Gaussian over z; with mean

g(ug’:}t_l, si™ and covariance Q!™. Both are functions of

the data association variable n;.

45 Feature Management

Finally, in cases with unknown data associations, features have
to be created dynamically. As is common for SLAM algo-
rithms [5], our approach creates new features when the mea-
surement probability in (20) is below a threshold. However,
real-world data with frequent outliers will generate spurious
landmarks using this rule. Following [5], our approach re-
moves such spurious landmarks by keeping track of their pos-
terior probability of existence. Our mechanism analyzes mea-
surement to the presence and absence of features. Observing a
landmark provides positive evidence for its existence, whereas

not observing it when MLZ“] falls within the robot’s perceptual
range provides negative evidence. The posterior probability
of landmark existence is accumulated by the following Bayes
filter, whose log-odds form is familiar from the literature on

occupancy grid maps [16]:

[m]

Jqml ) m]
[m] p(ln | St Rt Ny )
T = In — — - (22)
Zt: L—p(i™ | 5™, 2,0y
Here T,[Lm] are the log-odds of the physical existence of land-

[m] oml]

mark 61" in map m, and p(i } | s, ze,my ) is the prob-
abilistic evidence provided by a measurement. Under appro-
priate definition of the latter, this rule provides for a simple
evidence counting rule. If the log odds drops below a prede-
fined threshold, the corresponding landmark is removed from
the map. This mechanism enables particles to free themselves
of spurious features.

r[nm
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5 Convergence

A key result in this paper is the fact that our new version of
FastSLAM converges for M =1 particle, for a restricted class
of linear Gaussian problems (the same for which KFs con-
verge [5; 18]). Specifically, our result applies to SLAM prob-
lems characterized by the following linear form:

9(st,0n,) = On, — st (23)
h(ug,s.-1) = Ut + s¢-1 (24)

Linear SLAM can be thought of as a robot operating in a Carte-
sian space equipped with a noise-free compass, and sensors
that measure distances to features along the coordinate axes.
The following theorem, whose proof can be found in the ap-
pendix, states the convergence of our new FastSLAM variant:

Theorem. For linear SLAM, FastSLAM with M=1 parti-
cles converges in expectation to the correct map if all features
are observed infi nitely often, and if the location of one feature
is known in advance.

This theorem parallels a similar result previously published
for the Kalman filter [5; 18]. However, this result applies to
the Kalman filter, whose update requires time quadratic in the
number of landmarks N. With M=1, the resampling step
becomes obsolete and each update takes constant time. To
our knowledge, our result is the first convergence result for
a constant-time SLAM algorithm. It even holds if all features
are arranged in a large loop, a situation often thought of as the
worst case for SLAM problems [8].

6 Experimental Results

Systematic experiments showed that FastSLAM 2.0 provides
excellent results with surprisingly few particles, including
M=1. Most of our experiments were carried out using a
benchmark data set collected with an outdoor vehicle in Victo-
ria Park, Sydney [7]. The vehicle path is 3.5km long, and the
map is 320 meters wide. The vehicle is equipped with differ-
ential GPS that is used for evaluation only. Fig. 1a shows the
map of the terrain, along with the path obtained by raw odome-
try (which is very poor, the average RMS error is 93.6 meters).
This data set is presently the most popular benchmark in the
SLAM research community [3].

Figs. 1b&c show the result of applying FastSLAM with
M=1 particle to the data set, without (Fig. 1b) and with
(Fig. 1c) the feature management approach described in Sec-
tion 4.5. In both cases, the estimated vehicle path is shown
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Accuracy of FastSLAM on Victoria Park Dataset

(@) S
w——_FastSLAM 2.0

RMS Pose Error (meters)

10'
Number of Particles

Accuracy of FastSLAM Algorithms On Simulated Data

(b)
w—_FastSLAM 2.0

RMS Pose Error (meters)

10° 10°

Number of Particles
Figure 2: RMS map error for regular FastSLAM (dashed line) versus
FastSLAM 2.0 (solid line) on (a) the Victoria Park data (b) simulated
data. FastSLAM 2.0’s results even with a single particle are excellent.
as a solid line, and the GPS information is shown as a dashed
line. Results of the same accuracy were previously achieved
only with O(N?) EKF-style methods [7] and with FastSLAM
using M =50 particles. The feature management rule reduces
the number of landmarks in the map from 768 (Fig. 1b) to 343
(Fig. 1c).

Fig. 2 plots the RMS error of the vehicle position esti-
mate as function of the number of particles for the Victoria
data set (panel a) and for synthetic simulation data (panel b)
taken from [15]. While our new algorithm does approximately
equally well for any number of particles, regular FastSLAM
performs poorly for very small particle sets. We suspect that
the poor performance of regular FastSLAM is due to the fact
that the vehicle possesses relatively inaccurate odometry (see
Fig. 1a), yet uses a low-noise range finder for landmark detec-
tion (a common configuration in outdoor robotics), leading to
the generation of many particles of low likelihood.

The small number of examples needed to obtain state-of-
the-art estimation translates to unprecedented efficiency of the
new filter. The following table shows the results required to
process the Victoria Park data set on a 1GHz Pentium PC:

EKF 7,807 sec
regular FastSLAM, M =50 particles 315 sec
FastSLAM 2.0, M =1 particle 54 sec

In comparison, the data acquisition required 1,550 seconds.
Thus, while EKFs cannot be run in real-time, our new algo-
rithm requires less than 4% of the vehicle’s trajectory time.

7 Discussion

This paper describes a modified FastSLAM algorithm that
is uniformly superior to the FastSLAM algorithms proposed
in [15]. The new FastSLAM algorithm utilizes a different pro-
posal distribution which incorporates the most recent measure-
ment in the pose prediction process. In doing so, it makes more
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efficient use of the particles, particularly in situations in which
the motion noise is high in relation to the measurement noise.
A main contribution of this paper is a convergence proof for
FastSLAM with a single particle. This proof is an improve-
ment over previous formal results, which applied to algorithms
much less efficient than the current one. In fact, this result is a
first convergence result for a constant time SLAM algorithm.
The theoretical finding is complemented by experimental re-
sults using a standard benchmark data set. The new algorithm
is found to outperform the previous FastSLAM algorithm and
the EKF approach to SLAM by a large margin. In fact, a single
particle suffices to generate an accurate map of a challenging
benchmark data set. Despite this surprising result, the use of
multiple particles is clearly warranted in situations with am-
biguous data association. We believe that our results illustrate
that SLAM can be solved robustly by algorithms that are sig-
nificantly more efficient than EKF-based algorithms.
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Appendix
The linear form (23) and (24) implies 5™ = sl™ + w,, 2t[m] =

pll sl g, Go = 1,Gs = —I,and QI = R, + =
From that we obtain for the mean and covariance (13) and (14) of the
proposal distribution:

-1
s = e sy 25)
MLT] = _ZLT] (Re + ZEZZ]t 1)_1(Zt - MLT,]t—l + 37[:711]1 + ug)
sl g (26)
The update of the landmark mean (Eq. (16) and (17)) resolves to:
HEZ/L,]t = lLL'[n,n:]t 1+ Zg?]t 1

(Re+ 307 0) 7 =l 4 ™)+ u) @7)
We define the error in the robot pose and landmark locations as:
—se and YY) =l -0, (28)
We first characterize the effect of map errors 3 on the pose error «:
Lemma 1. If the error B[m] of the observed landmark z; at timet
is smaller in magnitude than the robot pose error o\™, o™ shrinks
in expectation as aresult of thls measurement. Conversely, if ﬂn’” . IS
larger than the pose error at , the latter may increase, but in expec-
tation will not exceed ﬁn oy
Proof. The expected error of the robot pose at time ¢ is given by
Elof"] = Els" —s) = E[s"]-Els]  (29)

The first term is obtained via the sampling distribution (26), and the
second term is obtained from the linear motion model (24), giving:

OCLWL] _ SL’”L]

Ela™] SR, + 2, )TN Ez] -
uL’?]t L+ s ) + o) (30)

For linear SLAM, the expectation E[z:] = 0, — E[s¢] = On, —ut —
st—1. With that, the expression in the brackets becomes

Blad] = pll o+ s

[m] [m]

= Ony — Ut — St—1 — iy y_1 857 U

= om -, (31)
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Substituting this back into (30) and subsequently substituting $1!
according to (25) gives us:

Elal™)
= o™ + SR+ 2 )TN B — o)

(32)

-1
= o\ + [T+ R A+SW_ P (B - o™

The lemma follows from the fact that R, E,H ]t 1 and P! are pos-
itive semidefinite, hence the inverse of I + (R, + En ]t Pt |s a
contraction matrix. E[at ] is larger i |n magnltude if and only if aFl
depends on the sign of ﬁnt 1 > 0% 1, however, E[al™] cannot
exceed 3 "‘t , inthis case. ged.

Oof par?fcular interest is the result of observing the anchorlng land-
mark, by which we mean the landmark whose location is known.
Without loss of generality, we assume that this landmark is 6.

Lemma 2. If the robot observes the anchoring landmark 6., its

pose error will shrink in expectation.
Proof. The anchoring landmark has zero error: ﬁl . = 0,and its

covariance is also zero: 2[1’:';] = 0. Plugging this into (32), we get:

m 771/ -1 m
Ela/™] = o™+ [I+ R +0)P ] (0-o™)

VVL 1 m
a™ — [I+RP7] T o7 (33)

ged.

Finally, a lemma similar to Lemma 1 can be stated on the effect of

pose errors «c on map errors (. Its proof is analogous that of Lemma
1, with reverse roles of o and 3.

Lemma 3. If the pose error o™ is smaller than the error !

ng,t

of the observed Iandmark z¢ In magnitude, observing z: shrinks the
landmark error ﬁ z in expectatlon Conversely, Ifa[m] islarger than

the landmark error ﬁ the latter may increase, but in expectation
will not exceed a[m]

Proof of Theorem. Let ﬂAt[m] denote landmark error that is largest
in magnitude among all landmark errors at time ¢.

nt’

3" = argmax [5]7)]

gl

n,t

(34)

Lemma 3 suggests that this error may increase in expectation, but only
if the absolute robot pose error aﬂ exceeds this error in magnitude.

However, in expectation this will only be the case for a limited num-

ber of iterations. In particular, Lemma 1 guarantees that aE"_”l may
only shrink in expectation. Furthermore, Lemma 2 states that every
time the anchoring landmark is observed, this error will shrink by a

finite amount, regardless of the magnitude ofﬁim]. Hence, aE”_ﬂl will
ultimately become smaller in magnitude (and in expectation) than the
largest landmark error. Once this has happened, Lemma 3 states that
the latter will shrink in expectation every time the landmark is ob-

served whose error is largest. It is now easy to see that both ﬁ[m] and

aL ]1 converge to zero: Observing the anchoring landmark induces a

finite reduction as stated in (33). To increase a%’f]l to its old value
in expectation, the total landmark error must shrink in expectation
(Lemma 3). This leads to an eternal shrinkage of the total landmark
error down to zero. Since this error is an upper bound for the expected
pose error (see Lemma 1), we also have convergence in expectation
for the robot pose error. ged.
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Abstract

Simultaneous Localization and Mapping (SLAM) is
a fundamental problem in mobile robotics: while
a robot navigates in an unknown environment, it
must incrementally build a map of its surround-
ings and, at the same time, localize itself within
that map. One popular solution is to treat SLAM
as an estimation problem and apply the Kalman fil-
ter; this approach is elegant, but it does not scale
well: the size of the belief state and the time com-
plexity of the filter update both grow quadratically
in the number of landmarks in the map. This pa-
per presents a filtering technique that maintains a
tractable approximation of the belief state as a thin
junction tree. The junction tree grows under filter
updates and is periodically “thinned” via efficient
maximum likelihood projections so inference re-
mains tractable. When applied to the SLAM prob-
lem, these thin junction tree filters have a linear-
space belief state and a linear-time filtering opera-
tion. Further approximation yields a filtering oper-
ation that is often constant-time. Experiments on a
suite of SLAM problems validate the approach.

1 Introduction

Simultaneous Localization and Mapping (SLAM)—where a
robot navigating in an unknown environment must incre-
mentally build a map of its surroundings and localize itself
within that map—nhas attracted significant attention because
it is required by many applications in mobile robotics [Thrun,
2002]. Typically the environment is idealized so that it con-
sists of an unknown number of stationary “landmarks”; for
example, in a given SLAM application these landmarks may
be low-level visual features or structural features such as
walls and corners. SLAM can then be viewed as the prob-
lem of incrementally estimating the locations of the robot and
landmarks from noisy and incomplete observations.

One popular approach treats SLAM as a filtering problem
[Smith et al., 1990]. The hidden state of the system at time
t is represented by a random variable m, which includes x,
the state of the robot at time ¢, and 14, ..., l,,, the locations
of the n; landmarks observed up to time ¢. Thus, the size of
the state vector is linear in the number of observed landmarks
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and grows over time. The Kalman filter is used to compute
the filtered belief state p(m, | observations to time ¢), which
in this case takes the form of a multivariate Gaussian distribu-
tion NV (p¢, ¢). We regard the mean i, as the estimate of the
map and the covariance matrix X, a measure of confidence.

The Kalman filter solution is elegant, but it does not scale
well to large SLAM problems. Because X, explicitly repre-
sents correlations between all pairs of variables, the size of
the belief state grows as O(n?); and because each of these
correlations must be updated whenever a landmark is re-
observed, the time complexity of its filter operation is also
O(n?). This quadratic complexity renders the Kalman fil-
ter inapplicable to large SLAM problems and gives rise to the
need for principled, efficient approximations.

Unfortunately, the simplest approach—discarding correla-
tions so each variable is estimated independently—presents
problems. Ignoring correlations between the robot state and
the landmarks’ states leads to overconfidence and divergence
because correlated observations are treated as if they con-
veyed independent information [Hébert et al., 1996]. Fur-
thermore, correlations between pairs of landmark states are
required for quick convergence when the robot closes a loop,
i.e., it reobserves known landmarks after an extended pe-
riod of mapping unknown territory (see Figure 1). When
the robot closes a loop, it reobserves landmarks whose po-
sitions are known with relative certainty; this helps the robot
localize. The robot-landmark correlations translate this im-
proved localization estimate into improved position estimates
for recently-observed landmarks. The inter-landmark corre-
lations translate these improved position estimates into im-
provements for the remaining landmarks on the tour.* Thus,
the correlations give the Kalman filter a valuable property
normally associated with smoothing algorithms: it can use
current observations to improve estimates “from the past”.

Because quadratically many correlations are necessary to
close loops, we view the challenge of scalable sLAM filtering
as that of estimating and reasoning with quadratically many
correlations without quadratic time or space complexity. In
this paper, we present a novel and general approximate filter-
ing method satisfying this criterion. Our point of departure

!Robot-landmark correlations, which decay over time due to mo-
tion noise, cannot translate an improved localization estimate into
improvements for landmarks observed in the distant past; in con-
trast, inter-landmark correlations do not decay over time.
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Figure 1: The robot is travelling counter-clockwise on a
square path. Dots represent landmarks; the true position of
the robot is shown by a square; the filter belief state is vi-
sualized using the 95% confidence ellipses of the variable
marginals (bold for the robot). Left: accumulated noise and
error has led to uncertain and drifted estimates for the robot
and landmark positions. Right: after closing the loop, all of
the position estimates improve and their confidences increase.

(in Section 2) is to view the filtered belief state of the Kalman
filter as a Gaussian graphical model [Cowell et al., 1999] that
evolves over time; this allows us to express correlations in
terms of direct dependencies (edges) and indirect dependen-
cies (paths). Analyzing the evolution of this graphical model
reveals that filter updates add edges to the graphical model,
making inference more expensive. This motivates an approx-
imation scheme in which weak or redundant edges are period-
ically removed to improve the complexity of inference. Note
that edge removal is very different than simply discarding cor-
relations; because other edges are left intact, paths—and thus
correlations—persist between each pair of variables.

Graphical models give us valuable insight into how good
approximate filters can be designed, but using them to rep-
resent the belief state presents problems. First, variable
marginals like the robot’s current position would not be im-
mediately available as they are in the Kalman filter repre-
sentation; we would require inference to obtain them. Sec-
ond, while it is possible to remove edges from a Gaussian
graphical model using the Iterative Proportional Fitting algo-
rithm [Speed and Kiiveri, 1986], its application in this context
would be prohibitively slow. Finally, choosing edges whose
removal leaves a distribution for which inference is tractable
is itself a complicated process [Kjeerulff, 1993].

Our solution to these problems is to use a different rep-
resentation of the belief state. Exact inference in graphical
models is often implemented by message passing on a junc-
tion tree [Cowell et al., 1999]. Rather than view the junction
tree algorithm as an “inference engine”, we use the junction
tree itself as our representation of the belief state. This repre-
sentation has many advantages: the belief state has a “built-
in” inference algorithm (namely, message passing); it gives
immediate access to the marginal distribution over any vari-
able; and as we demonstrate, it gives us efficient methods of
selecting edges to prune and pruning them.

To implement such a junction tree filter, we develop meth-
ods for updating the junction tree to reflect filtering updates in
Section 3. These updates can cause the width of the junction
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tree to grow, making inference more expensive; in Section 4
we present a novel “thinning” operation over junction trees
called variable contraction. We prove that each variable con-
traction is a maximum likelihood projection that removes a
set of edges from the corresponding graphical model. The ap-
proximation error introduced by a variable contraction can be
computed efficiently, which allows us to choose which edges
to remove at each time step so as to minimize the error.

In Section 5 we apply these techniques to the SLAM prob-
lem and obtain a thin junction tree filter (TITF) with a O(n;)
space belief state representation and a O(n;) time filter op-
eration. By delaying the incorporation of recent evidence
into the majority of the map, we can improve the filter’s time
complexity; we present a method of evaluating the signifi-
cance evidence has on different portions of the map, which
can be used to adaptively interpolate between constant and
linear-time filter operations. Empirically, we find that these
adaptive filters choose constant-time updates when mapping
new territory, and when closing a loop, they use time lin-
ear in the length of the loop. This is perhaps the best time
complexity one would hope for in the SLAM problem, since
linearly-many estimates cannot be improved in constant time.
Section 6 presents the results of simulation experiments that
compare TJTF to other sLAM filters and Section 7 concludes.
A companion technical report contains proofs of all proposi-
tions as well as additional background, analysis, and experi-
ments [Paskin, 2002].

1.1 Related work

Significant interest in the SLAM complexity problem has led
to a number of approaches [Thrun, 2002]. For example, there
are several submap approaches that decompose the prob-
lem into a set of small mapping problems yielding a block-
diagonal landmark covariance matrix. These techniques can
achieve constant time complexity, but converge slowly be-
cause information cannot pass between the submaps.

Recently, the FastsLAM algorithm [Montemerlo et al.,
2002]—a Rao-Blackwellized particle filter—has attracted at-
tention because of its logarithmic time complexity. However,
our experiments show FastSLAM is susceptible to divergence
in large, noisy SLAM problems. We believe this is because the
number of particles required for a satisfactory solution can
grow exponentially over time; see [Paskin, 2002] for details.

Sparse extended information filters (SeIF) [Thrun et al.,
2002] can be viewed in terms of the graphical model rep-
resentation described above; at each time-step, edges are re-
moved so that a constant-time filter operation can be guaran-
teed. To avoid the additional complexity of inference, SEIF
employs approximate inference over this approximate model.
Thus, the SEIF paper provided the valuable insight that sparse
graphical models can constitute an efficient solution to SLAM.
Implementing this insight while avoiding additional approxi-
mation was one of the primary motivations of this work.

Each of these approaches described above uses a sublinear-
time filter update, and therefore, none can improve all of the
landmark estimates in a single update (like the Kalman fil-
ter). TJTF has the best of both worlds: its update step takes
constant time unless the observation is significant enough to
warrant a linear-time update.
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Outside of the sLAM literature, there are two works that
are especially relevant. Kjeerulff [1993] investigated edge re-
moval as a means of reducing the complexity of inference
in graphical models. Our approach is somewhat simpler, as
it operates directly on the junction tree without referring to
the underlying graphical model. Kjeerulff’s analysis of the
approximation error inspired ours, and several of his results
apply directly to our case.

Thin junction tree filtering is an assumed density filtering
(ADF) algorithm because it periodically “projects” the filter’s
belief state to some tractable family of distributions—in this
case, the family of Gaussian distributions characterized by
thin junction trees. This makes other work on ADF relevant,
especially that of Boyen and Koller [1998], in which the be-
lief state of a dynamic Bayesian network is periodically pro-
jected to a product-of-marginals approximation. In fact, the
connection to this work is stronger: Boyen and Koller [1999]
extended their earlier analysis to filters where the belief state
is represented by a junction tree whose structure evolves over
time; however, no algorithms were presented. To our knowl-
edge, TJTF is the first algorithm to which this analysis applies.
Here we apply TJTF to a Gaussian graphical model, but noth-
ing prevents its application to the discrete variable networks
considered by Boyen and Koller.

2 A graphical model perspective on SLAM

We begin by presenting the sLAM model and then formulat-
ing SLAM filtering in terms of graphical models.

2.1 The sLAM model

We assume a general sSLAM model where in each time step
the robot moves, obtains an odometry measurement of its
motion, and makes several observations of landmarks. As
in the Kalman filter context, we assume that the motion and
measurement models are known and that they are linear-
Gaussian.? The robot motion at time ¢ is governed by

oy = Ay + vy, v~ N (b, Q) 1)
and the odometry measurement y, at time ¢ is governed by
Y, :tht+wt, wy NN(dt,Rt). (2)

y¢ is typically a noisy measurement of the robot’s velocities.

Landmark measurements are typically assumed to depend
only upon the state of the robot and the state of the observed
landmark; for example the observation may consist of the
range and bearing to the landmark in the robot’s coordinate
frame. If the sth landmark measurement at time ¢ issued from
landmark j, it is governed by

ug ~ N(g;, Sy) ©)
For simplicity, we assume the correspondence between each
measurement and the landmark from which it issued is
known. This question of data association, while critically
important in SLAM, is largely orthogonal to the issues we

address here; in particular, the standard technique of choos-
ing the maximum likelihood data association applies without

2! = Bz, + Ftilj +ul,

2\When these models are not linear-Gaussian, they can be approx-
imated as such as in the Extended or Unscented Kalman Filter.
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change in our treatment. When a landmark is first observed,
its state variable is added to the belief state with a uninfor-
mative (infinite variance, zero covariance) prior; the measure-
ment update yields an informed posterior estimate of its state.

2.2 Gaussian graphical models

Under the assumptions outlined above, the filtered belief state
p(my | y1.t, 21.¢) 1S @ multivariate Gaussian distribution. The
Kalman filter represents this distribution using the moment
parameters—the mean vector 1, and covariance matrix .
If u ~ N (u, X) then its probability distribution is

1 1 Ta—1 }
U) = ————=expy —=(u— X (u— 4
P = e 0TS ) @
where d is the length of w. In contrast, Gaussian graphical
models are usually based upon the canonical parameters—
the information vector n and matrix A. If u ~ N =1(n, A)

p(u) = exp {a +nTu — %UTAU} (5)

where a = —1(dlog(27) — |A| + nTA~1n) is the (log) nor-
malization constant. The canonical and moment parameters
are related by A = X! and » = X' An advantage of the
canonical parameterization is that multiplication/division of
Gaussians reduces to addition/subtraction of the parameters.
Let {u; : i € V} be a set of random variables indexed
by elements of the finite set V. We will call a subset of " a
family. For a family a C V, let u, = {u; : i € a} be the
associated set of random variables. A potential over a family
a C V is a non-negative function of u,. Let F' be a set of
families and let ¥ = {v¢, : a € F} be a set of potential
functions over these families. (F, ¥) defines a distribution

p(u) = T valu) ©

acF

when the normalizer Z = [ ], ¥a(uq) du is finite.

The Markov graph associated with (F, ¥) has vertex set
V' and a clique of edges over each a € F, i.e., there is an
edge between ¢ and j iff u; and u; are bound by a potential.
The primary value of the Markov graph representation comes
from the Hammersley-Clifford theorem, which states that s
separates a from b in the Markov graph (for a,b,s C V)
iff w, 1L up|us (provided p > 0). In other words, graph
separation in the Markov graph encodes the conditional inde-
pendence properties of p. Because conditional independence
properties often translate into efficient inference algorithms
(e.g., junction tree), the Markov graph gives good intuitions
into the design of efficient approximations.

We can represent the Gaussian (5) by a Markov graph,

since if we partition the vector u = {uy,...,u,}
1 n n
p(u) = T v i) T i (i uy) )
i=1 j=i+1
where
1

Yry(ui) = exp {ThU,T — iuTAmUw} (8)
Gpigy(uiug) = exp {—u Ayju;} 9)
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and Z = e~ “ is the normalization constant. Thus, all the po-
tentials of a Gaussian graphical model are either unary (node
potentials) or binary (edge potentials). We also have the im-
portant interpretation that if A;; = 0, then v, 3 (u;, uy) is
unity (and therefore superfluous), meaning there is no edge
between 4 and j in the corresponding Markov graph.

2.3 Filtering in Gaussian graphical models

Filtering can be viewed as a three-step procedure: estima-
tion, in which we incorporate the current time step’s mea-
surements; prediction, in which we augment the model with
the state variables of the next time step; and roll-up, in which
we marginalize out the state variables from the past time
step. When the measurement and motion models are linear-
Gaussian, the prediction and estimation steps reduce to mul-
tiplying small Gaussian potentials into the model; these up-
dates are summarized by

Proposition 1.2 Ignoring irrelevant normalization constants,
the motion update of equation (1) can be implemented by mul-
tiplying the potential

o _ 1 7bTQ_1A ATQ—IA7 ATQ—l
(o) (e e )
into the model; the odometry measurement update of equation
(2) can be implemented by multiplying in the potential

Y(x) = N"HCTR Y (y; — d),CTR™'C)

and the landmark measurement update of equation (3) can be
implemented by multiplying in the potential
ETS™'F
FTS=1F

x| 1 ETS™1(zi —g) ETS™'E,
d’( L ) =N ({ FTS™'zi—g) || FTST'E,
The final step of filtering is roll-up, or marginalizing out

the past state. The standard rule for marginalization in the
canonical parameterization is given by [Cowell et al., 1999]

Factl. Ifa=V\iand

Ug 1 Na Ao Adai
Ll (] ) e
then w, ~ N ~1(nT, AT) where

m = N — Aaily ' (11)

The time complexity of computing (11) and (12) is quadratic
in the dimension of u, and cubic in the dimension of w;.

The additive updates above can also be viewed as multiply-
ing in a new potential N~ (—Ag;Aj; ' ni, —Agi Ay Ay, into
the model. The Markov blanket n(¢) of i € V' is the set of i’s
neighbors in the Markov graph. Because missing edges in the
Markov graph correspond to zeros in A, we can infer that this
is really a potential over n(:), and therefore that marginal-
izing u; out of the model places a clique of edges over the
Markov blanket of s.

3Model parameter indices are omitted for notational simplicity.
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Figure 2: Example evolution of a SLAM graphical model. (a)
In the initial belief state, the robot’s state x; and the land-
marks’ states l1, I, and I3 are marginally independent. (b)
Observing each landmark j induces a correlation between a4
and ;, resulting in a new edge. (c) The prediction update
adds the new robot state x5 to the model and joins it to the
current robot state x;. (d) The roll-up phase marginalizes
x; out of the model, adding a clique edges over all of x;’s
neighbors.

2.4 Filtering the sLAM graphical model

Using these results we can characterize how the structure of
the sLAM belief state evolves over time (see Figure 2). For
each observed landmark j, we multiply a measurement poten-
tial ¢)(x,1;) into the graphical model; this adds an edge be-
tween x; and ;. Thus, after the estimation phase, the robot’s
state will be connected to the states of all landmarks it has
observed. The prediction phase then connects x; and x; 1.
Finally, the roll-up phase marginalizes out x;; this places a
potential over the Markov blanket of x;, which now includes
all observed landmarks and x; ;. Now the sSLAM graphical
model takes the form of a complete graph—i.e., the belief
state has no conditional independencies. By induction, this
will be true after every time step.

An intuition for why the graphical model becomes dense
over time is valuable. When the robot measures a landmark,
the landmark’s state becomes directly correlated with that of
the robot, and thus indirectly correlated with all covariates of
the robot state, e.g., other landmark states. When the robot’s
state is eliminated from the model during roll-up, these indi-
rect correlations must be expressed directly via new edges.

Importantly, these indirect correlations are often much
weaker than the direct ones. Thus, even though the sLAM
belief state has no true conditional independencies, there are
many “approximate” conditional independencies; e.g., the
landmarks observed at the beginning and end of a tour are
almost independent given those observed in the middle. By
removing “weak” edges from the graphical model we can en-
force these approximate conditional independencies so they
can be used to speed inference.

3 Junction tree filtering

As discussed in the introduction, the graphical model repre-
sentation is valuable for motivating our approximate filter, but
it is not an appropriate representation for its implementation.
Instead, we represent the belief state of the filter using a junc-
tion tree. We begin by briefly summarizing the relevant con-
cepts; see [Cowell et al., 1999] for details.
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3.1 Junction trees

Let p be a distribution of the form (6) with families F' and po-
tentials ¥ = {¢, : a € F}. LetT = (C, E) be an undirected
graph where each vertex (or cluster) ¢ € C'isasubsetof V; T
is a junction tree for p if the following three properties hold:

1. Singly connected property: T is a tree.

2. Potential property: For every family a € F there is
some cluster ¢ such that ¢ O a.

3. Running intersection property: If i € V' is present in two
clusters ¢; and ¢; of T', it is also present in all clusters on
the (unique) path between ¢; and c;.

With each edge {c;,c;} € E we associate a separator s =
ci N ¢y, let S be the set of 17’s separators.

Given a junction tree 7', we can perform inference in the
model p by passing messages between the clusters of 7. We
begin by associating with T a set of potential functions & =
{¢c : ¢ € C}U{¢s : s € S}, one for each cluster and
separator. The charge on T is defined to be

HCEC ¢C(uc)
Hses ¢S (ub)

We initialize ® by setting all cluster and separator potentials
to unity, multiplying each potential ¢ € W into ¢. for some
¢ € C (which is possible by the potential property), and mul-
tiplying Z—! into an arbitrary ¢.; then ¢ = p.

Let ¢ and d be adjacent clusters with separator s = ¢ N d.
Passing a message from c to d updates the separator potential
¢, and the cluster potential ¢4 as follows:

¢r(u) = (13)

ot (uy) = / b0 () duig_, (14)
dg(uq) ¢d(ud)¢§z:; (15)

Importantly, these updates leave the charge (13) invariant, so
¢ = p. Thus, we can view them as reparameterizing the
distribution p. When messages are passed along every edge
in both directions (in an appropriate schedule), the cluster and
separator potentials are updated so that they are marginals of
p over their respective variables. A junction tree in this state
is called consistent and it can be used to obtain marginals over
any set of variables that reside together in some cluster.

When T has no nonmaximal clusters, |C| < |V] so the
number of messages required for inference is bounded by 2 -
[V|. Inthe case of a Gaussian graphical model, the cluster and
separator potentials are Gaussians; if they are represented by
their canonical parameters, the time complexity of passing a
message is dominated by the cost of the marginalization in
(14) which is implemented via (11) and (12); thus, it is at
worst cubic in the size of the cluster. In sum, inference is
linear in |V | and cubic in the width of T', traditionally defined
as the size of the largest cluster minus one.

3.2 Incremental junction tree maintenance

We adopt consistent junction trees as the belief state represen-
tation of our filter; i.e., the belief state will be represented by
the charge (13) of a consistent junction tree. Recall from Sec-
tion 2.3 that the prediction and estimation phases of the filter
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update can be implemented by multiplying in small, simple
potentials to the probability distribution, and that the roll-
up phase is implemented by marginalizing variables out of
the model. In this section we describe how to incrementally
maintain a consistent junction tree under these updates.

In what follows we will make use of three nonstandard op-
erations to restructure a consistent junction tree.

e Cloning: To clone a cluster ¢, we create a copy d, attach
d to c with separator s = ¢ = d, and set ¢} = ¢, = ¢..

e Merging: Let ¢ and d be neighboring clusters with sep-
arator s. To merge d into ¢, we: (1) update ¢* = c U d;
(2) update ¢F = @04/ ¢s; (3) swing all edges incident
to d over to ¢; and (4) remove d from C and s from S.

e Pushing: Let ¢ and d be neighboring clusters with sep-
arator s such that ¢ € cbuti ¢ d. To push i from ¢
to d we update s* = s U {i} and d* = d U {3} and
pass a message from c to d to update ¢, and ¢4. By
extension we can push ¢ from ¢ to a nonadjacent clus-
ter d by successive pushes along the unique path from ¢
to d. (Any nonmaximal clusters created by pushing are
subsequently merged into their subsuming neighbors.)

It is easy to check that all of these operations preserve the
three structural constraints as well as the charge and consis-
tency of a junction tree.

Multiplying in potentials

Assume our belief state is represented by a consistent junc-
tion tree T'. In order to update the charge of T to reflect the
multiplication of a potential ), (u,) into p, we must find a
cluster ¢ 2 a and multiply v, into ¢.. To restore consistency,
we could pass messages throughout 7", but this is twice the
work needed: a simple consequence of the message-passing
updates (14) and (15) is that we need only distribute evidence
from ¢, i.e, we must pass messages along edges in a preorder
traversal from c.

If there is no cluster that covers the family « of the new po-
tential, then we must first modify the junction tree 7" to create
one. Draper [1995] presents several techniques to do this; in
the Gaussian case the problem is somewhat simpler, since the
potentials bind at most two variables. When multiplying in an
edge potential v (u;, u;) requires us to create a cluster cover-
ing {7, 7}, we find the closest pair of clusters ¢ and d such
thati € cand j € d and push ¢ from c to d. We then multiply
¥ (ug, uj) INto ¢gq(ug) and distribute evidence from d.

It is worth noting that in several cases, conditional inde-
pendencies obviate the evidence distribution step. This is a
significant optimization, since message passing is by far the
most expensive operation. This occurs, for example, when
performing the prediction step (because x;,; is an unob-
served directed leaf of the graphical model and therefore does
not impact the distributions of the other nodes), when ob-
serving a landmark for the first time (due to its uninformative
prior), and in certain types of odometry updates.

Marginalizing out variables

Assume again that we have a consistent junction tree 7" rep-
resenting p. As described in Section 2.3, marginalizing u;
out of p places a potential over the Markov blanket of u;. Be-
cause the junction tree must have a cluster that covers this new

1161



a
S c
b
s
@)

Figure 3: Illustration of variable contraction. Clusters are
circles and separators are rectangles; T is shaded. (a) 7 can
be contracted from a or ¢ because they are leaves of T;; 4
cannot be contracted from b because the running intersection
property would be violated. (b) Contracting 7 from ¢ removes
it from c and s and marginalizes u,; out of ¢, and ¢,.

potential, marginalizing out w; is not as simple as marginal-
izing it out of all the cluster potentials that bind it.

Let n(i) be the Markov blanket of i. Because T has the
potential property, we are guaranteed that n(i) C U.ec,esic,
i.e., that i’s Markov blanket is covered by the clusters con-
taining 4. (In fact, in the sequel this containment will often be
strict equality.) Moreover, because 7" has the running inter-
section property, all clusters containing ¢ constitute a subtree
of T', which we denote T;. By successively merging the clus-
ters of T into each other, we can obtain a new junction tree
where ¢ resides in a single cluster ¢* D n(i). Marginalizing
u; out of this junction tree is simple: we remove i from c*
and marginalize w; out of ¢.«. It is simple to check that this
operation results in a consistent junction tree for [ p(u) du;.

4 Thinning the junction tree

The updates described in the previous section can cause the
clusters of the junction tree to grow; in particular, the merging
of clusters required by marginalizations can cause the width
of the junction tree to increase quickly. The complexity of
message passing scales with the width of the junction tree,
and therefore our goal is to define a “thinning” operation that
reduces the width (see Figure 3):

Definition 1. Leti € V appear in more than one cluster of
the consistent junction tree T', let ¢ be a leaf of T; (the subtree
of T" induced by ), and let s be the separator joining c to T;.
A variable contraction of i from ¢ removes i from ¢ and s
and marginalizes u; out of ¢, and ¢,. (c is merged into its
subsuming neighbor if it becomes nonmaximal.)

We now consider some properties of variable contraction.

Proposition 2. Variable contractions preserve consistency
and the singly connected and running intersection properties.

Thus, the new junction tree is valid for some distribution,
although perhaps not p: the potential property may be vio-
lated. Variable contraction is local and efficient: it requires
marginalizing a variable out of one cluster potential and one
separator potential, which in the Gaussian case can be accom-
plished in O(|c|?) time using (11) and (12). Also, variable
contraction is a general method of “thinning” a junction tree:

Proposition 3. In combination with cloning, variable con-
traction can reduce the width of any junction tree.
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The following proposition relates the original distribution and
the distribution resulting from a variable contraction:

Proposition 4. Let 7" be the junction tree obtained from the
variable contraction of Definition 1. Then ¢; minimizes the
Kullback-Liebler divergence D(¢r || -) over all distributions
inwhich w; AL ue s |ug ;.

Alternatively, the probability distribution represented by 7°
has maximum likelihood (under the original junction tree’s
distribution) over all distributions in which w; is conditionally
independent of u._, given u,\;. Thus, we can consider each
variable contraction to be a maximum likelihood projection
that cuts edges between i and ¢ — s.

To reduce the width of a given junction tree, we should
choose the variable contraction that minimizes the approxi-
mation error, which we take to be the Kullback-Liebler di-
vergence from the original to the approximate distribution,
D(¢r || ¢4). This approximation error can be computed effi-
ciently, as shown by the following result (cf. [Kjserulff, 1993,
Theorem 11]):

Proposition 5. Let 7" be the junction tree obtained from the
variable contraction of Definition 1. Then

D(¢r [l o7) = I(wis te—s | us\i) (16)

To compute the conditional mutual information (16) we need
only the marginal p(u.). In a consistent junction tree, this
marginal is simply ¢., and therefore the approximation er-
ror of a variable contraction can be computed locally. When
p(u.) is a Gaussian distribution, the computation is espe-
cially efficient: its cost depends only the dimension of w;.

Proposition 6. Let ¢ index a set of Gaussian random vari-
ables u., let s C ¢, and let i € s. Then

1 > S
I(ui;wes | us\i) = 5 (log |Af;| — log |A%;]) (17)

where A¢ = Cov (u.) " and A* = Cov (u,) .

A€ and A® are parameters of the potentials ¢. and ¢, so we
can simply extract from each the sub-blocks corresponding to
u; and compute the difference of their log determinants.

5 Thin junction tree filters for SLAM

We have now assembled most of the machinery required to
design a thin junction tree filter for the SLAM problem. All
that remains is the logic to decide into which clusters new po-
tentials are multiplied and also how variable contractions are
employed to thin the junction tree. There are many possibil-
ities; the method below presents a nice compromise between
simplicity and performance. We then describe a refinement
that can reduce the time complexity from linear to constant.

5.1 Linear-time approximate filtering

Recall from Section 3.1 that if the width of our junction tree
is k, then it will require O(|V|k?) space and message pass-
ing will take O(]V|k3) time. In SLAM |V| = n; + 1, so we
can obtain a O(n,) space filter with a O(n;) time filter opera-
tion by periodically thinning the junction tree so that its width
remains bounded by a constant k.

ROBOTICS



We start with roll-up. When the robot state x, is marginal-
ized out, we must merge all of the clusters in which it resides.
In the worst case x; can reside in all of the clusters, in which
case our belief state will collapse to one large cluster. To pre-
vent this, we iteratively contract x, (choosing the contraction
that minimizes the error (17) each time) until it resides in only
one cluster ¢. Then, we perform the time update, which con-
sists of multiplying the motion potential ¢)(x;, T;11) iNto ¢,
marginalizing x; out of ¢, multiplying the odometry potential
¥(xy1) iNto d, and distributing evidence from c.

When multiplying in a landmark measurement potential
(@, ;) for a landmark that is currently in the model, we
use the method of Section 3.2, i.e., we push x; until it resides
in a cluster ¢ with 1. (This may increase the sizes of some
clusters, but the subsequent contraction of x, in the next roll-
up ensures this increase in cluster size is temporary.) We then
multiply (=, 1;) into ¢. and distribute evidence from c.

If instead the landmark j has not previously been observed,
we must add the new variable ; to the model. If the smallest
cluster that contains «; (call it ¢) can admit another variable
without violating the width limit &, we add I, to ¢ and multi-
ply o (x¢, ;) into ¢.. If not, then we clone ¢ to obtain d, con-
tract @, until it resides only in d, and thin d via a sequence
of greedy optimal variable contractions. A cluster overlap
parameter h governs the size to which d is thinned, and there-
fore how many variables reside in the separator s that joins
it to ¢ (since in this case s = d \ x;). If h is small, d will
admit more new landmark variables before another cloning
is required; the trade-off is that its separator s will shrink,
reducing the amount of information it can transmit.

5.2 Constant-time approximate filtering

The linear time complexity of the filter above arises mainly
because we pass messages to every cluster each time we dis-
tribute evidence from some cluster ¢. We can get a constant-
time filter operation by employing a lazy message passing
scheme, where we distribute evidence only to constantly
many nearby clusters; the approximation is that the marginals
of the remaining clusters will not be conditioned on the obser-
vation. This introduces minimal error when the observation is
uninformative about distant variables; this occurs, e.g., when
the robot is mapping new territory. Moreover, because we
are still updating the charge correctly, this approximation is
temporary: at any later time a full round of message passing
(taking linear time) will yield the same estimate we would
have obtained by passing all messages at every time step.
Alternatively, we can interpolate between the linear-time
update and this constant-time update by employing an adap-
tive message passing scheme in which messages are propa-
gated only as long as they induce significant changes in the
belief state. If we define “significant” sensibly, this scheme
will take constant time when mapping new territory; when
closing loops, it will take time linear in the length of the loop.
We measure the significance of a message ¢; — c; over
the separator s by D(¢* || #5), the Kullback-Liebler diver-
gence from the new separator marginal to the original separa-
tor marginal. In the Gaussian case this is
3 1o = bl (S (S (e ) — ")

2 [
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where ¢s = N(u,X) and ¢F = N (p*,2*). Importantly,
the significance of evidence propagated from a cluster ¢; to
another cluster ¢, (measured in this way) decreases with the
distance between them in the junction tree [Kjerulff, 1993,
Theorem 13]. Thus, if a message was not significant for a
cluster, it need not continue the evidence distribution.

6 Experiments

Here we present a summary of our findings; the technical re-
port contains more detail and further experiments.

We compared TJTF, the Kalman filter, and FastsSLAM on
large-scale sLAM simulations in which a robot moves around
in a square world that is populated with uniformly distributed
point-landmarks. Its motion and measurement models are all
subject to significant noise and are linearized using the un-
scented transformation. We used two types of trajectories: a
square loop (similar to that a robot mapping an indoor en-
vironment might travel) and a switchback trajectory (which
could be used to map a large open area). Noise and controls
were determined in advance so the robot followed the desired
path and each filter received identical observations.

Figure 4 shows two examples of our simulations. The
filters are evaluated by their computational cost (millions
of floating point operations), localization error (the distance
from the robot’s position to the filter’s estimate) and map er-
ror (the average distance from each landmark to the filter’s
estimate). TJTF was run with the width limit £ = 16, the
cluster overlap h = 4, and adaptive message passing with the
significance threshold set at 0.1 nats; FastSLAM was run with
100 particles, as recommended in [Montemerlo et al., 2002].

We found that the estimation error of TJTF with maxi-
mum cluster sizes as small as 16 can be comparable with the
Kalman filter, and that it gets smaller as k increases. This
indicates that the edges removed by TJTF indeed carry little
information; it also suggests that the estimation error of TJTF
will be at least competitive with that of SEIF (an approximate
form of the Kalman filter) and less than that of the submap
approaches (which neglect long-distance correlations).

We also found that TJTF is good at closing loops; in Figure
4(b) we can see the localization and mapping error of TJTF
suddenly drop at ¢ = 780, when the robot first reobserves its
starting point; also evident is a sudden increase in the compu-
tational cost: the filter is choosing to update the entire map in
linear time rather than using cheaper constant-time updates.
We found that FastsLAM had difficulty closing large loops
(notice its divergence in Figure 4(b)) and that its estimation
error in general was larger than that of TJTF.

Finally, using accurate counts of floating point operations,
we found that TJTF can be as fast as FastsLAM, and that it
becomes more efficient than the Kalman filter when the map
contains a few hundred or more landmarks.

7 Conclusion

We believe thin junction tree filters are a promising ap-
proximation technique for dynamic probabilistic inference.
First, they are flexible, in that they allow the practitioner to
trade computational complexity for approximation accuracy
by varying the width of the junction tree and the depth of
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Figure 4: In (a) and (c): the solid line is the actual robot path; the dashed line is the integrated odometry; the dash-dotted line is
the integrated control signal; circles are landmarks; dots are landmark observations (relative to the unknown actual viewpoint);
for clarity, only some of the 1000 landmarks are plotted. In (b) and (d) the floating point counts are time-averaged for clarity.

evidence propagation. Second, the error of each local ap-
proximation can be computed exactly, giving an important
indication of how trustworthy the approximate estimates are.
Finally, the TJTF approximation is context sensitive in that it
is not chosen in advance; rather, the approximation is chosen
adaptively to minimize the approximation error.

When applied to the sSLAM problem, TJTF performs com-
petitively with the exact filter, but with superior asymptotic
space and time complexity. Interestingly, the approach pre-
sented here has significant connections to both the submap
approach and selIF. First, like SEIF, TJTF cuts “weak” edges
from the graphical model to speed inference; however, in
TJTF we can use exact inference over this approximate model,
whereas SEIF must use approximate inference. Second, the
belief state of a TIJTF has a natural interpretation as a coupled
set of local maps, just as in the submap approaches. In par-
ticular, each cluster of the junction tree can be viewed as a
submap. The TJTF formulation gives concrete semantics to
the relationships between the maps, including how they must
be updated, how consistency is maintained, and how the set
of local maps can be determined online to minimize the ap-
proximation error subject to a complexity constraint.
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Abstract

We propose a variable ordering heuristic for SAT,
which is based on a structural analysis of the
SAT problem. We show that when the heuristic
is used by a Davis—Putnam SAT solver that em-
ploys conflict—directed backtracking, it produces
a divide—and—conquer behavior in which the SAT
problem is recursively decomposed into smaller
problems that are solved independently. We dis-
cuss the implications of this divide—and—conquer
behavior on our ability to provide structure—based
guarantees on the complexity of Davis—Putnam
SAT solvers. We also report on the integration
of this heuristic with ZChaff—a state—of-the—art
SAT solver—showing experimentally that it signif-
icantly improves performance on a range of bench-
mark problems that exhibit structure.

1 Introduction

The class of Boolean satisfiability (SAT) problems has been
of perpetual interest to researchers in many areas of com-
puter science. Although these problems have a potentially
exponential complexity, fresh techniques have continued to
be proposed and implemented, allowing an increasing num-
ber of (previously) intractable problems to be solved in rea-
sonable amounts of time.

Most existing complete SAT solvers are based on the
Davis-Putnam (DP) procedure [Davis and Putnam, 1960;
Davis et al., 1962], which formulates the SAT problem as
a systematic search problem in the space of variable instanti-
ations, and uses depth—first search to find a solution. Various
techniques are employed by DP solvers in an attempt to prune
the search space, or to focus it on regions that promise earlier
discovery of a solution. It has been noted that, among other
things, the order in which variables are instantiated has a great
effect on the resulting complexity of the SAT algorithm; see
[Li and Anbulagan, 1997] for example.

We propose a new variable ordering heuristic for SAT,
which is based on a structural analysis of the SAT problem.
We show that when the suggested ordering heuristic is used
by a DP solver that employs conflict—directed backtracking
[Silva and Sakallah, 1996], it produces a divide—and—conquer
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behavior in which the SAT problem is recursively decom-
posed into smaller problems that are solved independently.
The general concept is that while the initial SAT problem may
not be decomposable, it can be broken into independent sub—
problems after instantiating a certain number of variables that
can be determined structurally. Hence, putting such a decom-
posing set of variables first in the ordering leads to an early
decomposition of the problem. The key, however, is that this
process can be repeated recursively, allowing one to recur-
sively decompose the SAT problem down to single clauses.
The other key point which we establish analytically is that it
is critical for the DP solver to employ conflict—directed back-
tracking for the suggested order to have this recursive decom-
positional effect.

By way of experimentation, we incorporated this technique
in the publicly available ZChaff program [ZChaff, URL] and
tested both the original and modified programs on a range of
SAT benchmarks. Our results indicate a significant improve-
ment in speed on the majority of the instances.

The rest of the paper is structured as follows. We start with
a brief review of DP solvers in Section 2. We then turn in Sec-
tion 3 to the proposed variable ordering heuristic, where we
define it formally in terms of a graphical model, known as a
dtree (decomposition tree). We then describe in Section 4 our
integration of the new heuristic with ZChaff [ZChaff, URL],
and provide experimental results that illustrate its effective-
ness. We then consider a theoretical analysis of the proposed
ordering heuristic in Section 5, where we show that when
coupled with conflict-directed backtracking, the proposed or-
dering generates a behavior which is equivalent to a divide—
and—conquer search algorithm that recursively decomposes
the given SAT problem all the way to single clauses. This
correspondence allows us to provide some guarantees on the
complexity of the resulting search, depending on the structure
of the given SAT problem. We finally close in Section 6 with
some concluding remarks.

2 Davis—Putnam (DP) Search

We start by reviewing the basic DP search for the satisfiability
problem. As is customary, a propositional theory is expressed
in Conjunctive Normal Form (CNF). Recall that to satisfy a

1See [Bayardo and Pehoushek, 2000] for an example where (dy-
namic) decomposition is used, but in the context of model counting.
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Algorithm 1 sat(Theory : C)

1: if there is an inconsistent clause in C then
return false (unsatisfiable)

if there is no uninstantiated variable in C' then
return ¢rue (satisfiable)

select an uninstantiated variable v in C

return sat(Cly=true) V $at(Cly=ralse)

propositional theory in CNF each of its clauses simultane-
ously has to be satisfied. We will use C' = {c1,co,...,cm}
to denote our target theory having m clauses where ¢; denotes
its ith clause. We will write C|y=true (Clo=faise) 10 repre-
sent the theory obtained by replacing the occurrences of vari-
able v to true (false) in the theory C. Algorithm 1 provides
a recursive description of the basic DP algorithm except that
it omits the use of unit propagation which we discuss later.

This algorithm is often implemented iteratively instead of
recursively, where it explores the search space by instantiat-
ing variables one at a time (we will call these instantiations
decisions and the corresponding variables decision variables).
Each of these decisions is pushed onto the decision stack and
the theory is updated to reflect the new variable assignments.
When inconsistency is discovered in the theory it goes back
on the stack to the last decision whose variable has not been
tried both ways, flips it, and proceeds therefrom. In case all
previous decision variables have been tried both ways, it de-
clares the theory as unsatisfiable. The theory is declared sat-
isfiable if all variables have been successfully instantiated, or
if all clauses have been subsumed (satisfied by the current,
possibly partial, variable assignment).

Note that there is no need to attempt both recursive calls on
Line 6 in case one of the calls succeeds. Hence, one opportu-
nity for optimization is to first try the most promising disjunct
in Line 6. Note also that we did not specify how to choose the
next variable on Line 5. In fact, a different chain of decisions
can often lead to a remarkable difference in complexity [Li
and Anbulagan, 1997].

We describe in the next section a variable ordering heuris-
tic based on a structural analysis of the SAT problem. We
then provide an experimental and a theoretical analysis of the
heuristic in later sections.

3 A Variable Group Ordering

Recall that C' = {c1,¢a,..., ¢} is Our target propositional
theory in CNF. We have alluded to our desire of decompos-
ing C into disconnected components. However, if we simply
split C' into two arbitrary subsets C', and Cr, these two sub—
theories will in general have some variables in common and
hence not qualify as disconnected components.

To overcome this difficulty we propose the following
method. Let V;, and Vg denote the sets of variables men-
tioned in C, and Cg, respectively. We start the DP search on
CNF C, but insist that it only make decisions on variables in
Vi, N Vg at this stage. If unsatisfiable is declared during
this process, we are done; otherwise all variables in V', N Vg
will at some point have been instantiated.

Observe that the resulting sub—theories C; and C’; now
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Figure 1: A dtree for a four—clause CNF.

have disjoint sets of (uninstantiated) variables: V; = V —
Vi N Vg and V}, = Vg — VL N Vg, they are hence com-
pletely independent sub—problems. Ordering one set of vari-
ables before the other therefore seems a good strategy from
this point on. We have thus obtained a constraint on the order
of variables: variables V;, N Vg are processed first, followed
by V/, and then V.2 Note that V/ and V}, can each be re-
cursively broken up in a similar fashion, until all variables
are partitioned into a sequence of groups, which serves as our
proposed variable ordering. Within each of these groups, the
algorithm is free to use any variable order.

To generate such a variable group sequence we will need to
specify how the theory C'is to be partitioned into sub—theories
C, and Cg, how the sub—theories in turn are to be partitioned,
and so on. A graphical model known as a dtree serves nicely
for this purpose, as it allows us to offer guarantees on the
complexity of the resulting search [Darwiche, 2002].

A dtree (decomposition tree) for a CNF C' is a full binary
tree whose leaves correspond to the clauses of C; see Fig-
ure 1. Each internal node represents a subset of C' corre-
sponding to all the leaves under it; the root in particular rep-
resents the original theory C. Such a tree naturally induces
a recursive decomposition scheme, partitioning a theory into
two parts represented by the node’s two children.

A number of properties can be defined for the nodes of a
dtree [Darwiche and Hopkins, 2001].

Definition 3.1 The variables of an internal dtree node is the
set of variables mentioned in the clauses represented by the
leaves under that node; the variables of a leaf node is the set
of variables mentioned in the clause it represents.

Definition 3.2 The cutset of an internal dtree node is thein-
tersection of its children’s variables, minus all its ancestors’
cutsets; the cutset of a leaf node isits variables minus all its
ancestors' cutsets.?

Figure 1 depicts a dtree for a four—clause CNF theory. The
clauses are listed at the bottom below their corresponding
leaves. The cutset is shown inside of each node.

2\We assume the left-right order. Choice between the two orders
affords another opportunity for applying heuristics, but is beyond
the scope of this paper.

3A cutset is usually not defined for a leaf node in a dtree, but we
extend the definition here for convenience.
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Recall that each dtree node ¢ corresponds to a part of the
CNF theory; hence the variables of a dtree node are simply
the variables of that part of the CNF theory; and the cutset
represents all variables that need to be instantiated before the
two sub—theories become disconnected (assuming that all cut-
sets of ¢’s ancestors have been instantiated). The following
two concepts will help formally state our proposed heuristic
for ordering variables.

Definition 3.3 Avariable group ordering of set V' is a parti-
tion of variables V" into an ordered sequence of subsets.

With respect to the set of variables in Figure 1, the follow-
ing is a possible variable group ordering: {u,v,w}, {z,y},
{z}; which dictates that variables {u, v, w} should be consid-
ered before {x, y}, and {x, y} before {z}. Note that a strict
variable ordering is a special case of variable group ordering
in which all groups have size one.

Definition 3.4 The variable group ordering (v.g.0.)
induced by adtree is one obtained recursively as fol-
lows: output the cutset of the root; output the v.g.o. of its left
child; output the v.g.o. of itsright child; discard empty sets.

Our proposed variable ordering scheme can now be stated
as simply the variable group ordering induced by the dtree.
The variable group ordering induced by the dtree in Figure 1,
for example, is {u, z}, {z}, {y}, {w}, {v}.

So far we have not discussed how dtrees are to be con-
structed. There are obviously many distinct dtrees for any
nontrivial CNF theory. To reduce the complexity of the SAT
algorithm we have adopted a heuristic that calls for relatively
balanced dtrees with small cutsets. A good balance ensures a
near—logarithmic tree height, which allows the recursive de-
composition to finish faster. And smaller cutsets lead to min-
imizing the number of cases that may need to be considered
for each decomposition. Hence, both of these strategies will
help reduce the overall complexity.

To generate dtrees with the above properties, we employ
the same hypergraph partitioning technique as described in
[Darwiche and Hopkins, 2001]. Our hypergraph for a CNF
theory C' is constructed by having a node for each clause in
C and having a hyperedge for each variable in C' connect-
ing all nodes (clauses) that mention the variable. The hyper-
graph partitioning tool recursively partitions the set of nodes
into two (balanced) parts while attempting to minimize the
number of edges across. A small number of crossing edges
translates into a small number of variables shared between
two sets of clauses. Hence the resulting dtree is expected to
have relatively small cutsets. The degree of balance is con-
trolled by specifying what is called the balance factor. We
have used a balance factor of 35 in our experiments, which
tells the program not to let the ratio of the two partitions in
size (large over small) exceed 2335 — 35 The reader is
refered to [Darwiche and Hopkins, 2001] for a more detailed
description of this technique.

4 Experimental Results

To evaluate the effectiveness of our proposed ordering tech-
nique, we decided to integrate it with an existing SAT solver
to see whether it would improve performance on a variety of
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benchmarks. Our choice of SAT solver is ZChaff [ZChaff,
URL] as it has ranked first in the recent (2001 and 2002) SAT
Competitions [SATEX, URL].

Our additions and maodifications to ZChaff consist of 1)
the package that implements dtree generation; 2) a separate
chunk of code that extracts a variable group ordering from
the dtree; and 3) change to the ZChaff code such that the pro-
gram is given the variable group ordering as a second input
(the first being the CNF) and forced to select variables from
the same group, one group at a time following the specified
group order. Within the same variable group, ZChaff is left
to use its own heuristic, known as the Variable State Inde-
pendent Decaying Sum decision heuristic [Moskewicz et al.,
June 2001]. The new code is in the form of add—on and re-
placement files that compile with the original ZChaff package
to produce the modified program; it is available for download
at http://reasoning.cs.ucla.edu/dtree sat/.

Our experiments were carried out on a Redhat system
with a 930MHz CPU and 700MB of memory. The origi-
nal ZChaff program and its modified version, which we call
Dtree-ZChaff, were run on the same sets of CNFs. We re-
port in Table 1 the comparative performance of these two
programs. Note that only those instances that were solved
by both programs are included. Instances on which Dtree—
ZChaff succeeded but ZChaff ran out of memory are reported
in Table 3; the reverse case did not happen for the given test
suite. Some of our benchmarks are from [Aloul, URL]; others
are from the SATLIB website [SATLIB, URL].

The times shown are in seconds and each represent the total
time for all instances in the group. We generated two dtrees
per CNF and chose the one with smaller width®. During the
generation of each dtree, we repeated each hypergraph par-
titioning step twice and chose the smaller cut. The reported
“Dtree Time” includes the time to thus obtain a dtree and that
to compute a variable group ordering from it. Adding “Dtree
Time” and “Dtree—ZChaff Time” gives the actual running
time of Dtree—ZChaff, which is compared with that of the
original ZChaff. Figures in bold highlight the benchmarks on
which the proposed ordering lead to an improvment. Scores
on a single—instance basis are shown in the last column. Con-
sidering whole groups, we observe that Dtree—ZChaff leads
to improvement on seven out of the ten groups by a factor of
between 1.1 and 7.8. Considering individual instances, it also
leads to improvement on the majority of them. For a more de-
tailed picture, we have included in Table 2 individual results
on a select number of typical instances from each group.

We would like to point out that most of these CNFs are rel-
atively “hard” instances for ZChaff—they require more than a
few seconds. On instances where ZChaff finishes in a flash—
such as iil16, par16, many of those in UF250, and some of
those in Pigeonhole—our proposed ordering was not helpful
since generating the dtree alone could take more time than
that needed by the plain ZChaff to solve the SAT problem.
Finally, to complete the picture, Table 3 reports on instances
(not included in the first two tables) on which ZChaff ran out
of memory but Dtree-ZChaff succeeded. We also note that

“The notion of width captures both the cutset sizes and the degree
of balance; a formal definition can be found in [Darwiche, 2001].
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Table 1: Overall results on all benchmarks

Benchmark #Instances | SAT/UNSAT | Dtree | Dtree-ZChaff | ZChaff | Improved Instances
Time Time Time

Pigeonhole 8 UNSAT 16 944 7368 5
FPGA-UNSAT 9 UNSAT 64 3379 26849 9
URQ 8 UNSAT 6 236 927 8
UUF250 100 UNSAT 533 32040 41292 84
UF250 100 SAT 538 3515 4378 22
FPGA-SAT 11 SAT 38 21251 18207 6
DIFP_A 14 SAT 447 54070 142755 13
DIFP_W 14 SAT 764 103726 228653 7
ii16 10 SAT 223 73 63 0
parl6 10 SAT 33 23 9 0

Table 3: Instances on which ZChaff failed

Instance #Vars/#Clauses | Dtree | Dtree-ZChaff
Time Time
hole14 210/1485 6 3636
hole15 240/1816 8 14977
fpgall_20_uns_rcr 440/4220 17 7041
urg3.5 46/470 1 589
urg3_6 46/470 1 181
urg3._7 46/470 1 577
urg3_8 46/470 1 1366

Algorithm 2 sat(Theory : C, Dtreenode : T')

1: if there is an inconsistent clause in C then
2. return false

3: if Tis null then

4: return true

5: V = T.cutset

6: for all instantiations o of V' do

7. ifsat(Cla, T.left) A sat(Clq, T.right) then
8 return true

9: return false

the total running time of all experiments was about 2 weeks.

5 Decompositional Semantics of the Heuristic

We show in this section that when the proposed variable
ordering heuristic is integrated with a DP solver that employs
conflict—directed backtracking, such as ZChaff, it produces a
divide—and—conquer behavior in which the solver recursively
breaks down the SAT problem into smaller sub—problems that
are then solved independently. Specifically, even though the
solver is using a DP search method, we will show that it em-
ulates Algorithm 2, which explicitly uses the dtree to realize
a divide—and—conquer search. One significance of this cor-
respondence is that we can now offer structure—based guar-
antees on the complexity of DP solvers that use such orders.
Such guarantees have usually been restricted to DP solvers
based on resolution [Davis and Putnam, 1960; Dechter and
Rish, 1994], which have not been as influential for SAT given
their intractable space complexity [Davis and Putnam, 1960;
Davis et al., 1962].

1170

Algorithm 3 sat(T heory : C, Dtreenode : T')

. if there is an inconsistent clause in C then
return false

if T is null then
return true

if there is no uninstantiated variable in T'.cutset then
return sat(C, T.left) A sat(C, T.right)

select an uninstantiated variable v in T.cutset

return sat(Clo=true, T') V 86t (Clo=faise, T)

NN RE

Given a CNF C and a corresponding dtree, recall that each
dtree node 7' corresponds to a subset of the CNF C'. From
here on, we will use C : T to refer to the set of clauses in CNF
C corresponding to node T'. Algorithm 2 takes two inputs: a
CNF C and a corresponding dtree rooted at node 7. The
following invariant is maintained by the algorithm: clauses
C : T are disconnected from other clauses. This is true triv-
ially for the very first call to Algorithm 2, and remains true for
recursive calls since cutsets associated with ancestors of node
T must be instantiated by the time the recursive call is made.
Algorithm 2 decomposes the clauses in C' : T' by setting vari-
ables in the cutset of node 7' to some value «.. Specifically,
clauses C|, : T can now be decomposed into two smaller
sets, Cl, : T.leftand C|,, : T.right which are solved inde-
pendently. If both of these sets of clauses are solved success-
fully for some instantiation «, the original CNF C'is declared
satisfiable. Otherwise it is declared unsatisfiable.

Note that cutset variables do not need to be instanti-
ated simultaneously as given on Line 6 of Alogirthm 2—
instantiating these variables one at a time leads to the variant
Algorithm 3. The order in which variables are instantiated
by this algorithm is indeed consistent with the group ordering
induced by the given dtree, as formalized by Definition 3.4.
In fact, the only key difference between Algorithm 3 and a
DP solver that uses the dtree group ordering is that when
all cutset variables of dtree node T are instantiated, Algo-
rithm 3 will spawn two independent computations on T'.le ft
and T.right. However, the DP solver will sequence these
two computations, potentially creating a dependence between
them. That is, if a contradiction is reached while solving
the second problem T.right in the sequence, the search may
backtrack to variables in the first problem T'.left, therefore
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Table 2: Results on select instances

Instance #Vars/#Clauses | SAT/UNSAT Dtree Dtree-ZChaff | ZChaff
Time (s) Time () Time ()
hole10 110/561 UNSAT 2 6 19
hole11 132/738 UNSAT 3 22 160
hole12 156/949 UNSAT 3 213 1580
fpgal0_15_uns_rcr 300/2130 UNSAT 8 388 2279
fpgall_14_uns_rcr 308/2030 UNSAT 7 234 3968
fpgal0_20_uns_rcr 400/3840 UNSAT 15 1859 8912
urg3.9 371236 UNSAT 1 1 5
urg3.3 43/334 UNSAT 1 48 58
urgd_4 64/356 UNSAT 1 44 465
uuf250-010 250/1065 UNSAT 5 266 436
uuf250-030 250/1065 UNSAT 5 65 119
uuf250-050 250/1065 UNSAT 5 286 301
uuf250-070 250/1065 UNSAT 5 913 1360
uuf250-090 250/1065 UNSAT 5 29 37
uf250-010 250/1065 SAT 5 4 0
uf250-030 250/1065 SAT 5 95 55
uf250-050 250/1065 SAT 5 5 3
uf250-070 250/1065 SAT 5 1 0
uf250-090 250/1065 SAT 5 70 229
fpgal0_9_sat_rcr 135/549 SAT 2 1 3
fpgal2_9_sat_rcr 162/684 SAT 3 119 145
fpgal3_9_sat_rcr 176/759 SAT 3 848 265
difp_19_99_arr_rcr 1201/6563 SAT 29 209 401
difp_20_99_arr_rcr 1201/6563 SAT 29 9 220
difp_21_99_arr_rcr 1453/7967 SAT 37 1393 17968
difp_19_3_wal_rcr 1755/10446 SAT 50 294 1041
difp_20_3_wal_rcr 1755/10446 SAT 50 49 838
difp_21_3_wal_rcr 2125/12677 SAT 66 4206 28495
iil6al 1650/19368 SAT 34 0 0
parl6-1 1015/3310 SAT 6 1 0

eliminating the benefit of decomposition. As we discuss next
though, this is impossible to happen if the solver employs
conflict—directed backtracking, as in ZChaff. Specifically, we
will show that in such a case, the solver will effectively con-
duct two independent searches on the sub—problems corre-
sponding to T'.left and T.right. Hence, the combination of a
DP solver, with our ordering heuristic, and conflict—directed
backtracking corresponds to an iterative implementation of
the divide—and—conquer search conducted by Algorithm 3.

We start by offering a brief description of conflict—directed
(nonchronological) backtracking and refer the reader to [Silva
and Sakallah, 1996] for more details. In a DP solver, a vari-
able is instantiated either as a decision or as an implication
through unit propagation. In the latter case, the assignments
previously made and causing the clause to become unit are
recorded as the causes of the implication. These recordings
enable a backward construction of an implication graph when
a conflict (contradiction) occurs. With careful analysis of the
implication graph, conflict—directed backtracking chooses a
decision variable such that, by backtracking to it, at least one
of the causes of the conflict is eliminated. One key property
of this form of backtracking is this. Suppose that after in-
stantiating variables V/, we split the SAT problem into two
independent pieces: one involving variables V7, and the other
involving variables V. We solve the first problem by instan-
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tiating variables V7, and then start solving the second prob-
lem involving variables Vg, only to realize that this problem
is not satisfiable under the current settings of variables VUV,
Conflict—directed backtracking is guaranteed not to backtrack
to any of the variables in V7, as it is clever enough to realize
that none of these variables are contributing to the contradic-
tion. Instead, conflict—directed backtracking is guaranteed to
immediately backtrack to some variable in V. Hence, even
though the two problems are sequenced, the resulting behav-
ior is similar to that of Line 6 of Algorithm 3.

We will now present an important implication of this cor-
respondence we just established . Suppose that our CNF has
a connectivity graph G, which is known to have a treewidth
w.% It is known that a dtree must then exist whose height is
logn, where n is the number of clauses, and in which ev-
ery cutset has size < w [Darwiche, 2001]. It is also known
that running a divide—and—conquer algorithm, such as Algo-
rithm 3, on such a dtree will lead to a time complexity of
O(n exp(wlogn)). This complexity will then apply to a DP
solver that uses the group ordering derived from the men-

5The connectivity graph G is obtained by including a vertex to
G for each CNF variable, and then adding an edge between two
vertices iff their variables appear in the same clause. Treewidth is a
positive integer that measures graph connectivity: the less connected
the graph, the smaller the treewidth. Trees have treewidth 1.
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tioned dtree, and employs conflict-directed backtracking.®

The time complexity of divide—and—conquer algorithms,
such as Algorithm 3, can be reduced by caching of results.
Specifically, each time a call is made to sat(C,T), the cut-
sets associated with ancestors of dtree node 7" are guaranteed
to be instantiated to some «. Moreover, C' is a CNF that re-
sults from applying the instantiation « to the original CNF we
started with. It is hence possible that the call sat(C,T") will
be made multiple times for the same C since the original CNF
may lead to the same CNF C' under different variable instanti-
ations. In fact, if all results of sat(C, T') are cached and their
re—computation is avoided, the complexity of the divide—and—
conquer algorithm given above drops to O(n exp(w)) [Dar-
wiche, 2001]. This is a linear complexity for any CNF whose
connectivity graph has a bounded treewidth.

Itis interesting to note, however, that for unsatisfiable sub—
problems, caching is already in place if the DP solver im-
plements a conflict—based learning mechanism, as is the case
with ZChaff. Hence, not only does the use of our order-
ing heuristic on top of ZChaff correspond to the divide—and—
conquer Algorithm 3, but also to a version of it where unsat-
isfiable sub—problems are cached so they are not conquered
again. There is still an opportunity though to improve perfor-
mance by caching solutions of satisfiable sub—problems, but
that would require a more substantial modification to a DP
solver, which is beyond the scope of this paper.

We close this section by a note on static versus dynamic
variable ordering heuristics. A static heuristic is one which
fixes the variable order before search has started. A dy-
namic heuristic computes the order during search and is more
promising from a pruning viewpoint since the ordering of
variables can be done in the context of existing variable set-
tings. However, dynamic heuristics can incur substantial
overhead. Our proposed ordering heuristic is neither static
nor dynamic, since the order of variables within a group
is decided dynamically, while the order of groups is deter-
mined statically. A related static variable ordering heuristic is
MINCE [Aloul et al., Nov 2001], which is mostly for OBDDs
but applies to SAT problems as well. MINCE is also a struc-
tural heuristic, but has a different semantics than that of our
heuristic. Moreover, although the integration of MINCE with
ZChaff has been attempted, no experimental results are pro-
vided to this effect in [Aloul et al., Nov 2001] except for say-
ing “Our preliminary experiments with the recently published
Chaff SAT solver indicate that MINCE is not helpful on most
standard benchmarks.” MINCE was shown to be quite help-
ful in conjunction with GRASP [Silva and Sakallah, 1996]
though, but the benchmarks used appear too easy for ZChaff.
In particular, MINCE did best on pigeonhole, ii16 and par16
which are among the more difficult problems tried, but they
become easy problems for ZChaff; see Table 1.

S\We are assuming here that time used by conflict—directed back-
tracking is dominated by the mentioned complexity, which appears
to be a reasonable assumption given the low overhead recorded for
this type of backtracking [Silva and Sakallah, 1996].
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6 Conclusion

We have proposed a structure—based variable ordering heuris-
tic for use by SAT solvers based on Davis—Putnam search.
We have shown that when the ordering heuristic is used by
a solver that employs conflict—directed backtracking, it leads
to a divide—and—conquer behavior in which the SAT problem
is divided recursively into smaller problems that are solved
independently. Based on this decompositional behavior, one
can then provide formal guarantees on the complexity of DP
solvers in terms of the structure of given SAT problems. We
have implemented this heuristic on top of the fastest SAT
solver published—zZChaff—where we demonstrated its effec-
tiveness in significantly boosting performance on a range of
benchmarks. The proposed ordering works particularly well
on the Pigeonhole, FPGA-UNSAT, and URQ instances, all of
which are unsatisfiable theories with structure.
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Abstract

There has been significant recent progress in rea-
soning and constraint processing methods. In areas
such as planning and finite model-checking, cur-
rent solution techniques can handle combinatorial
problems with up to a million variables and five
million constraints. The good scaling behavior of
these methods appears to defy what one would ex-
pect based on a worst-case complexity analysis. In
order to bridge this gap between theory and prac-
tice, we propose a new framework for studying the
complexity of these techniques on practical prob-
lem instances. In particular, our approach incorpo-
rates general structural properties observed in prac-
tical problem instances into the formal complexity
analysis. We introduce a notion of “backdoors”,
which are small sets of variables that capture the
overall combinatorics of the problem instance. We
provide empirical results showing the existence of
such backdoors in real-world problems. We then
present a series of complexity results that explain
the good scaling behavior of current reasoning and
constraint methods observed on practical problem
instances.

1 Introduction

Most interesting Al formalisms for reasoning, planning, and
learning have been shown to be worst-case intractable. In
the eighties and early nineties, such negative complexity re-
sults led to an extensive search for tractable subclasses of
the general formalisms. Unfortunately, these tractable sub-
classes were often too restrictive for real-world applications.
In the mid-nineties, we saw the emergence of a more practical
approach to computationally hard problems in Al, with the
introduction of fast satisfiability solvers and fast constraint
based reasoning methods [17]. For example, in planning we
saw the success of constraint-based planners, such as Graph-
plan [2] and SatPlan [13], and most recently, heuristic search
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based planners, e.g., [11; 8; 1]. Somewhat surprisingly, on
practical problem instances these methods scale well beyond
what one might expect based on a formal complexity anal-
ysis. In fact, current state-of-the-art SAT solvers can han-
dle problem instances, as they arise in finite model-checking
and planning, with up to a million variables and five million
clauses [15]. The success of these methods appears to hinge
on a combination of two factors: (1) practical combinato-
rial problem instances generally have a substantial amount
of (hidden) tractable sub-structure, and (2) new algorithmic
techniques exploit such tractable structure, through, e.g., ran-
domization and constraint learning.

These developments suggest that a standard worst-case
complexity analysis does not capture well the true complex-
ity of typical problem instances encountered in practical ap-
plications. Theoretical computer scientists have been well-
aware of the limitations of worst-case complexity results and
have explored alternatives, such as average-case complexity
and smoothed analysis [20]. In average-case analysis, one
studies the computational cost of solving problem instances
drawn from a predefined problem distribution. Such an anal-
ysis can provide valuable insights, as demonstrated by the
work on uniform random instance distributions (e.g. ran-
dom k-SAT). However, the relatively basic distributions for
which one can obtain average-complexity results appear to
be quite far removed from the instance distributions one en-
counters in practice. In fact, formally defining the distribution
of real-world problem instances is generally an open prob-
lem in itself. Smoothed analysis attempts to unify worst-case
and average-case, but suffers from limited applicability: it
works well on algorithms for problems defined over dense
fields such as the simplex algorithm, but the applicability of
smoothed analysis on discrete problem domains is unclear.

An alternative approach, which we will pursue in this pa-
per, is to identify special structural properties common to
known problem instances and rigorously show how clever
algorithms can exploit such properties. Informal insights
about what such special structure might be are currently al-
ready used in the design of, for example, branching and vari-
able choice heuristics in combinatorial search methods. A
common feature of these techniques is an understanding that
different groups of variables in a problem encoding often
play quite distinct roles. For example, at the highest level,
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one can distinguish between dependent and independent vari-
ables. The dependent or auxiliary variables are needed to ob-
tain compact problem encodings but the true combinatorics
arises from the independent variables; e.g., the independent
variables in an encoding of a planning domain represent the
various operators applicable in a given state of the world,
whereas the dependent variables encode the consequences of
selecting a particular operator. A plan search technique that
branches purely on the independent variables can obtain sub-
stantial speedups over search methods that do not exploit vari-
able dependencies [4].

Another powerful intuition in the design of search methods
is that one wants to select variables that simplify the prob-
lem instance as much as possible when these variables are
assigned values. This intuition leads to the common heuristic
of branching on the most constrained variable first. In terms
of Boolean satisfiability, this amounts to, in effect, focusing
in on the tractable substructure of the problem, namely the
unit clauses (1-SAT structure) and the binary clauses (2-SAT
structure). The true effectiveness of this approach arises from
the fact that setting most constraint variables also simplifies
higher arity clauses, which either become satisfied or in turn
shrink themselves eventually to binary or unary clauses.

These general insights have been incorporated in state-of-
the-art SAT and constraint solvers, and their effectiveness
has been demonstrated empirically on a significant number
of benchmark problems [18]. However, a more formal un-
derpinning explaining the practical success of these strate-
gies has been lacking. In this paper, we introduce a formal
framework directly inspired by these techniques and present
rigorous complexity results that support their effectiveness.

Preview of results. We first introduce the notion of “back-
door” variables. This is a set of variables for which there is
a value assignment such that the simplified problem can be
solved by a poly-time algorithm, called the “sub-solver”. The
sub-solver captures any form of poly-time simplification pro-
cedure as used in current SAT/CSP solvers. We also con-
sider the notion of a “strong backdoor” where any setting
of the backdoor variables leads to a poly-time solvable sub-
problem. The set of all problem variables forms a trivial back-
door set, but many interesting practical problem instances
possess much smaller backdoors and strong backdoors. We
will study backdoors in several practical problem instances,
and identify backdoors that contain only a fraction of the to-
tal number of variables. For example, the SAT encoding of a
logistics planning problem (logistics.d.cnf) contains
a backdoor with only 12 variables out of a total of nearly
7,000 variables. When given a set of backdoor variables of
a problem instance, one can restrict the combinatorial search
by branching only on the backdoor variables and thus search
a drastically reduced space.

In general, finding a small set of backdoor variables for a
problem instance is, however, itself a computationally hard
problem. One contribution of this paper is that we formally
show how the presence of a small backdoor in a problem pro-
vides a concrete computational advantage in solving it. We
analyze three scenarios. First, we consider a deterministic
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B(n) deterministic randomized heuristic
n/k small exzp(n) smaller exp(n) | tiny exp(n)
O(logn) O(logn)
O(logn) ( —lggn) (logn) poly(n)
o) poly(n) poly(n) poly(n)

Table 1: Time bounds for solving CSPs in the various scenarios
considered in this work. B(n) is an upper bound on the size of
the smallest backdoor, where n is the number of variables in the
problem. k is a fixed constant. Empirical results (Section 3) suggest
that for practical instances the backdoor is often a relatively small
fraction of n, e.g., n/100, or even of size log n.

scenario with an exhaustive search of backdoor sets. We show
that one obtains provably better search complexity when the
backdoor contains up to a certain fraction of all variables. We
then show that a randomized search technique, which in ef-
fect repeatedly guesses backdoor sets, provably outperforms
a deterministic search. Finally, in our third scenario we con-
sider the availability of a variable selection heuristic, which
provides guidance towards the backdoor set. This strategy
can yet further reduce the search space. Table 1 gives a high-
level summary of the results. By exploiting restart strategies,
we can identify a polynomially solvable case when the back-
door contains at most log(n) variables. We believe that this
final scenario is closest to the behavior of current effective
SAT and constraint solvers. Our formal analysis also sug-
gests several novel algorithmic strategies that warrant further
empirical exploration.

2 Hidden structure: Backbones and
Backdoors

Our approach and analysis applies both to SAT and CSP
problems [17]. SAT is the abbreviation for the well-studied
Boolean satisfiability problem. CSP is the abbreviation for
the more general problem of constraint satisfaction.

A CSP problem, C, is characterized by a set V =
{x1,22,...,2,} of variables, with respective domains D1,
Dy, ..., D, (which list the possible values for each vari-
able) and a set of constraints. A constraint is defined on a
subset of variables S; C V denoting the variables’ simulta-
neous legal assignments. That is, if S; = {x;,, zi,, ..., i, },
then the constraint defines a subset of the Cartesian product
D;, x ... x D,,. To simplify notation, we will assume that
all variables have the same domain D. We use d to denote
the size of D. An assignment a is a function from variables
to D. A solution to a CSP is a complete variable assignment
that satisfies all constraints. A partial assignment defines the
values of a subset of the variables in V. SAT is a special case
of CSP with only Boolean variables (D = {True, False})
and constraints given in the form of clauses. A clause is a
disjunction of literals and a literal is a Boolean variable or its
negation.

We use the notation C[v/z] to denote the simplified CSP
obtained from a CSP, C, by setting the value of variable x to
value v. (A constraint involving x is simplified by keeping
only the allowed tuples that have x assigned to v.) Let ag :
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S C V — D be apartial assignment. We use C[ag] to denote
the simplified CSP obtained by setting the variables defined
in ag. In a SAT problem, this corresponds to simplifying the
formula by fixing the truth values of some of the variables.

Our goal is to capture structural properties of real world
problem instances. We start by reviewing the concept of a
backbone in a SAT/CSP problem, as introduced in [14]. A
variable is called a backbone variable if in all solutions to the
CSP the variable is assigned the same value. Such variables
are also called frozen variables [6]. Backbone variables are
useful in studying the properties of the solution space of a
constraint satisfaction problem.

Definition 2.1 [backbone] S is a backbone if there is a
unique partial assignment as : S — D such that Clag] is
satisfiable.

We contrast this variable type with the kind we introduce,
backdoors. Backdoors are variable subsets defined with re-
spect to a particular algorithm; once the backdoor variables
are assigned a value, the problem becomes easy under that
algorithm. (Note that contrarily to the backbone there can be
different sets of backdoor variables.)

To begin our exposition of backdoors, we define the sort of
algorithms we have in mind. We will call them sub-solvers,
as they solve tractable subcases of the general constraint sat-
isfaction problem.

Definition 2.2 A sub-solver A given as input a CSP, C, sat-
isfies the following:

o (Trichotomy) A either rejects the input C, or “deter-
mines” C correctly (as unsatisfiable or satisfiable, returning
a solution if satisfiable),

o (Efficiency) A runs in polynomial time,

o (Trivial solvability) A can determine if C is trivially true
(has no constraints) or trivially false (has a contradictory
constraint),

o (Self-reducibility) if A determines C, then for any vari-
able x and value v, then A determines C|v/x).

For instance, A could be an algorithm that solves 2-SAT in-
stances but rejects all other instances. It is important to note
that the results we will show in this paper are independent of
a particular sub-solver; our results will hold for any A satis-
fying the above four properties.

In what follows, let A be a sub-solver, and C be a CSP.
‘We first consider a notion of “backdoor” that is suitable for
satisfiable CSPs.

Definition 2.3 [backdoor] A nonempty subset S of the vari-
ables is a backdoor in C for A if for some as : S — D, A
returns a satisfying assignment of Clag)].

Intuitively, the backdoor corresponds to a set of variables,

such that when set correctly, the sub-solver can solve the re-
maining problem. In a sense, the backdoor is a “witness”

SATISFIABILITY

to the satisfiability of the instance, given a sub-solver algo-
rithm.! We also introduce a stronger notion of the backdoor
to deal with both satisfiable and unsatisfiable (inconsistent)
problem instances.

Definition 2.4 [strong backdoor] A nonempty subset S of
the variables is a strong backdoor in C' for A if for all
as : S — D, A returns a satisfying assignment or concludes
unsatisfiability of Clag].

In contrast to backbones which are necessarily set to a cer-
tain value, a (strong) backdoor S is sufficient for solving a
problem. For example, when given the backdoor for a SAT
problem, the search cost is of order |D|ISI. (Simply check
all possible assignments of S.) This means if S is relatively
small, one obtains a large improvement over searching the
full space of variable/value assignments.

We observe that independent variables are a particular kind
of backdoor. As stated in [12], they are a set S of variables
for which all other variables may be thought of as defined in
terms of S. For example, a maximal subset of independent
variables in a SAT encoding of a hardware verification prob-
lem is a backdoor for unit propagation, as the other variables’
values may be directly determined after setting the indepen-
dent ones [19].

There are two key questions concerning backdoors:

e What is the size of the backdoor in practical problem
instances?

e When taking into account the cost of searching for a
backdoor set, can one still obtain an overall computa-
tional advantage in solving the CSP?

We address these two key questions below. We will first
show that practical problem instances can have surprisingly
small backdoors. In the subsequent section, we show how
even by taking into account the cost of searching for a back-
door, one can provably obtain an overall computational ad-
vantage by using the backdoor. As we will see, the magnitude
of this improvement is, of course, a function of the size of the
backdoor.

3 Size of backdoors

We did an empirical study of the size of backdoors in sev-
eral practical SAT instances, using the SAT solver Satz-rand,
a randomized version of Satz [16]. Satz incorporates power-
ful variable selection heuristics and an efficient simplification
strategy (i.e., a good sub-solver). We modified Satz-rand to
trace the variables selected for branching, and to keep track of
the minimum number of variables that need to be set before
Satz-rand’s simplification found a satisfying assignment effi-
ciently. (We are currently modifying this procedure to also
handle unsatisfiable instances and find strong backdoors.)

!Observe that any satisfiable CSP has a backdoor of size at most

n—1; however, we will see that significantly smaller backdoors arise
in practice and give a computational advantage in search.
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instance # vars | # clauses | backdoor fract.
logistics.d | 6783 437431 12 0.0018
3bitadd_32 | 8704 32316 53 0.0061
pipe_01 7736 26087 23 0.0030
qg-30_1 1235 8523 14 0.0113
qg-35-1 1597 10658 15 0.0094

Table 2: Size of backdoors for several practical SAT in-
stances.

Table 2 summarizes our results. Our instances are from a
variety of domains [18]. These instances are now well within
the range of the fastest current solvers, such as Chaff [15].
However, they are non-trivial and cannot be solved with the
previous generation of SAT solvers, e.g. Tableau [3]. Clearly,
the new solvers are better able to discover and exploit hidden
structure, such as small backdoors. In fact, as we can see from
the table, these instances have fairly tiny backdoors. That is,
only a very small fraction of all variables can be used to “un-
lock” a satisfying assignment. We conjecture that such small
backdoors occur in many other real-world problem instances.

4 Exploiting backdoors formally

We will analyze three, increasingly powerful strategies: de-
terministic, randomized, and heuristic branching variable se-
lection. The first two are meant to work for any CSP where
the instance has a small fraction of backdoor variables, with
respect to the sub-solver. The randomized strategy gener-
ally outperforms the deterministic one with high probabil-
ity (1 — 1/n, where n is the number of variables). This
reflects the performance gain found in practice when back-
tracking SAT solvers are augmented with randomization [15;
9]. The third strategy yields tighter runtime bounds than the
first two, but requires us to assume the existence of a good
heuristic for choosing backdoor variables (which we find to
be the case in practice).

4.1 Deterministic strategy

The deterministic procedure may be construed as a gener-
alization of iterative deepening that runs over all possible
search trees of each depth. We assume the algorithm has
access to a particular sub-solver A running in 7'(n) (poly-
nomial) time, which defines the backdoor variables, and C' is
an arbitrary CSP instance.

Algorithm 4.1 Given a CSP C with n variables,
Fori=1,...,n,
For all subsets S of the n variables with |S| = i,

Perform a standard backtrack search (just on the vari-
ables in S) for an assignment that results in C' being
solved by sub-solver A.

An analogous algorithm works for finding and exploiting
strong backdoors in a CSP to prove unsatisfiability: simply
keep track of whether all assignments to the variables in S
result in C being a contradiction (as determined by A). All
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of the following we will say holds for strong backdoors and
unsatisfiable CSPs under this modified algorithm.

Note the procedure uses only polynomial time for CSPs
with a constant sized backdoor. We are interested in the case
where a backdoor of size B(n) exists, for some B(n) < n/2
almost everywhere. The following gives a simple runtime
bound in terms of n and B(n).

Theorem 4.1 If C' has a variable domain of size d and a
backdoor of size at most B(n), then Algorithm 4.1 runs in

O(p(n)(%)m")) time, for some polynomial p(n).

Proof. The runtime is bounded by 7'(n) Z?:(IL ) ("Md' (re-
call T'(n) is a runtime bound on A). Since B(n) < n/2,
Zfz(f)fl (M) < q(n) (B?n)) for some polynomial g(n). This
and Y201 gi < gB™) imply that the runtime is domi-
nated by the last term of the sum. Putting it together, the
bound is 7'(n) =25 ()d < T(n)q(n)(,)d5™ <

i= =

B VB i
T(n)q(n) (dg()n)! < p(n)% asymptotically, for
p(n) =T(n) - q(n). o

The theorem implies that when small backdoors (or strong
backdoors) are present, a substantial speedup almost always
results. For example:

Corollary 4.1 IfC has a backdoor of size B(n) = O(logn),
then C is solvable in (W)O(log ") time.

In our exposition of heuristic branching variable selection,
we will see an improvement on this (a poly-time bound). For
a visual representation of the deterministic strategy’s runtime,
when d = 2 and backdoors of size n/k are considered, see
Figure 1. This graph also indicates the following corollary in
the case of SAT (proof omitted):

Corollary 4.2 For Boolean formulas with a backdoor of size
at most n/4.404, Algorithm 4.1 solves the formula in O(c")
time, where ¢ < 2.

As we have seen in the previous section, in practice, back-
doors can be quite tiny (= 1/566 = 0.18% of the variables,
for logistics.d.cnf). Therefore, these results have real
bearing on the improved solvability of real-world CSPs.

4.2 Randomized strategy

Better performance results from adding randomization. This
speed-up formally verifies a well-known fact about real-world
solvers: augmenting a solver with randomization can dramat-
ically improve performance [9; 10].

Again, we assume a sub-solver A is on tap, with runtime
T(n). Let B(n) be a poly-time computable function on N
that bounds the backdoor size, and b be a parameter to be
later determined. The idea is to repeatedly choose random
subsets of variables that are larger than B(n), searching these
subsets for a backdoor.
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Algorithm 4.2 Given a CSP C with n variables,
Repeat n(%)’“”) times (and at least once):

Randomly choose a subset S of the n variables,
of size b - B(n). Perform a standard backtrack
search on variables in S. If C is ever solvable by
A, return the satisfying assignment.

As before, an analogous algorithm works for general (sat-
isfiable or unsatisfiable) CSPs with strong backdoors: if every
leaf in the search tree ends with A reporting unsatisfiability,
then the C' is unsatisfiable.

The algorithm as stated requires a priori knowledge of
B(n). This may be corrected by choosing a constant « > 1,
then running the algorithm assuming a backdoor of size 1. If
that fails, run it again assuming a backdoor of size «, then o?,
a3, etc., until a solution to C'is found.

Theorem 4.2 If C has a backdoor of size B(n), Algorithm
4.2 finds a satisfying assignment with probability approach-
ing 1.

Proof.  Given there is a B(n)-sized backdoor in C, the
probability that a randomly chosen S of size j > B(n),j <n
contains the entire backdoor is at least

J

(B (n) = LU=DGBD ((j—B(n)))B(”).

j—B(n) n(n—1)--(n—B(n)+1) = \ (n—B(n))

Setting j = b - B(n), the probability that backtracking re-

<bB<n>—B<n>>)B(”> _

sults in A finding a solution is at least ( m=B() =

(%)B ()| due to the self-reducibility property of A.

Repeating this experiment n(%)B () times, the al-
gorithm succeeds with probability at least 1 — 1/n. O

One can show that the algorithm runs in
o(max{Ln(%)ww}dwwﬂn)) time. It

remains to choose b to minimize this expression. As b
depends directly on B(n), we evaluate two natural cases for
B(n).

e When B(n) = klogn for some constant k, the runtime

(n/(klog(n))—1)
(b—1)

large k', the runtime is optimized when b is constant; it is

(% )©Uogn) "an improvement over the deterministic bound.

. L
is n( Yrlognpb k" for some constant k’. For

e When B(n) = n/k for some constant k, we can show

. . C e _ In(d)k
the runtime is minimized when b = T+in(d)’

O(dn/F A+ n(@)/n(d) (1n(d)(k — 1))"/*) time bound. For
example, when d = 2 (the case of SAT), b = k/2.443 and
the following holds.

resulting in a

Corollary 4.3 For Boolean formulas with at most n/2.443
backdoor variables, Algorithm 4.2 solves the formula in
O(c™) time, where ¢ < 2.

In the Corollary, c is a function of k. See Figure 1.
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Figure 1: Improved exponential time. When d = 2 (SAT) and
the size of the backbone is a constant fraction of the number of vari-
ables (B(n) = n/k), the runtime of Alg. 4.1 (deterministic) and
4.2 (randomized) is of the form c". c (vertical axis) is a function
of k. The top curve gives c as a function of k for the deterministic
procedure. The bottom curve gives c for the randomized procedure.
Note that for k& > 2.443, the randomized algorithm performs expo-
nentially better than 2", whereas such an exponential improvement
for the deterministic algorithm does not occur until k£ > 4.04.

4.3 Heuristic strategy

So far, we have considered general systematic and ran-
domized search strategies for finding and exploiting back-
doors. However, practical combinatorial solvers generally
use heuristics to guide the variable selection process. As
noted in the introduction, a common principle is to first
branch on variables that simplify an instance the most. In
effect, this means such heuristics steer the variable choice
towards variables in a backdoor set. We will now formally
analyze such heuristic guidance.

Restart Strategies for Heuristic Search. By incorporat-
ing the notion of a variable choice heuristic into our frame-
work, our results are further sharpened. We consider the case
where a randomized depth-first search (DFS) solver with a
sub-solver A is running on an instance C' having a backdoor
of size B. The solver chooses variables to branch on accord-
ing to a heuristic H, which has a success probability of at
least 1/h of choosing a backdoor variable at any point in
the search. We will use the notation (DFS,H,A) to denote
a solver with the above properties.

Informally, a restart strategy is simply a policy that restarts
a solver after running it for a specified amount of time, until
a solution is found. Our main result here gives a condition
under which a polynomial time restart strategy exists for DFS
solving CSPs with small backdoors.

Theorem 4.3 If the size of a backdoor of a CSP C is B <
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clogn
Tog htlogd for some constant c, then (DFS,H,A) has a restart

strategy that solves C' in polynomial time.

Proof. Since the probability of choosing a backdoor vari-
able is at least 1/h, the probability that we consecutively
choose them is 1/h®. The probability of choosing the cor-
rect solution with only a polynomial amount of backtracking
in the DFS is at least 1/d®~%1°8" for some constant k. Sup-
pose 1/dP—klogn .1 /pB > 1 /n®, for some constant e. Then
by restarting the solver after every T'4(n) steps (Where T4 (n)
is the runtime of A), there is 1/n° probability in each run that
the backdoor will be found within a O(n*) amount of back-
tracking, and set correctly. From this one can show that the
above inequality holds precisely when B < b;};’% for
some constant c. ]

An analogous result holds for strong backdoors. It turns
out that the given bound on B is asymptotically tight; we will
not prove that here. When the variable domain size is constant
(e.g. SAT, 3-coloring, etc.), we have the following. Let f be
any poly-time computable function on the natural numbers.

Corollary 4.4 Given CSPs with a O( 101;?("")) backdoor for

which H has success probability 1/ f(n), (DFS,H,A) has a
polynomial time restart strategy.

When the success probability is constant, then CSPs with
O(logn) backdoors can be solved using a polynomial time
restart strategy on (DFS,H,A). This result is the best possible
in terms of backdoor size, as it would take super-polynomial
time to search for a solution among w(logn) backdoor vari-
ables. The heuristic search runtime when B(n) = n/k is
still exponential, but this exponential drops dramatically as
n/k decreases, even when compared to the previous two al-
gorithms. That is, the runtime is on the order of c*, where
¢ = d-1/h (recall d is the domain size and 1/h is success
probability).

Formal Discovery of Heavy-Tails in Heuristic Search.
We briefly outline our theoretical results connecting the
heuristic search model described earlier with heavy-tailed
runtime phenomena found empirically [9]. It was conjec-
tured that “critically constrained” variables were a cause of
the heavy-tailed behavior. We can prove that small sets of
backdoor variables lead to runtime profiles that are bounded
from below by heavy-tails.

The analysis that achieves this result introduces a self-
similar binary tree structure, which we call a variable choice
tree. Such trees recursively model a heuristic’s selection of
backdoor variables; as more backdoor variables are chosen,
the resulting search cost is much lower. It turns out that back-
tracking solvers with variable choice heuristics can be mod-
eled precisely by these variable choice trees, when the size of
a backdoor in the instance is small. Analysis of these trees
leads to the following:

Theorem 4.4 (Heavy-tail lower bound) If the backdoor size
of an CSP C'is o(n/logn), then the runtime distribution of
(DFS,A,H) on C is lower-bounded by a Pareto-Levy distri-
bution, when the success probability of H is constant.
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5 Conclusions

We have formalized the idea of backdoor variables in
CSP/SAT instances. Backdoor variables can be used to sig-
nificantly reduce the search needed in solving CSP/SAT prob-
lems. We showed that practical instances can have surpris-
ingly small backdoors. We also provided a detailed formal
analysis demonstrating that one can obtain a concrete com-
putational advantage by exploiting such backdoors.
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Abstract

Maximum satisfiability (Max-SAT) is more general
and more difficult to solve than satisfiability (SAT).
In this paper, we first investigate the effectiveness of
Walksat, one of the best local search algorithms de-
signed for SAT, on Max-SAT. We show that Walksat
is also effective on Max-SAT, while its effectiveness
degrades as the problem is more constrained. We
then develop a novel method that exploits the back-
bone information in the local minima from Walk-
sat and applies the backbone information in differ-
ent ways to improve the performance of the Walk-
sat algorithm. We call our new algorithm backbone
guided Walksat (BGWalksat). On large random SAT
and Max-SAT problems as well as instances from the
SATLIB, BGWalksat significantly improves Walk-
sat’s performance.

1 Introduction

Satisfiability or SAT is an archetypical combinatorial problem.
A SAT involves a set of Boolean variables and a set of clauses
in the form of a disjunction of literals (variables or their nega-
tions). A clause is satisfied if one of its literals is set to true,
and the problem is satisfied if all clauses are satisfied. The
problem is to decide if a variable assignment exists that sat-
isfies all the clauses. When not all clauses are satisfiable, the
goal is to maximize the satisfied clauses, and the problem be-
comes maximum SAT or Max-SAT, an optimization problem. A
SAT (Max-SAT) with k literals per clause is denoted as k-SAT
(Max-k-SAT). It is known that k-SAT with & greater than two is
NP-complete and Max-k-SAT with & being at least two is NP-
hard [7]. Max-SAT is more general and difficult to solve than
SAT. Many real-world problems, such as scheduling, pattern
recognition, and multi-agent cooperation and coordination [3;
6], can be formulated and solved as SAT or Max-SAT.

Recent years have witnessed significant progress made on
SAT and Max-SAT along two directions. The first is the un-
derstanding of properties such as phase transitions and back-
bones [2; 12; 13; 17; 19]. Phase transitions refer to dramatic
changes in a problem property when a critical parameter of
a problem changes. The most important phase transition re-
sults on random 3-SAT are that when the ratio of the number

*This research was supported in part by NSF grants 11S-0196057
and ITR/EIA-0113618, and in part by DARPA Cooperative Agree-
ments F30602-00-2-0531 and F33615-01-C-1897.
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of clauses to the number of variables (C/V ratio) increases be-
yond a critical value, around 4.3, random 3-SATSs begin to be-
come unsatisfiable, and the computational cost of the problem
increases abruptly [2; 12; 13]. The backbone of a problemis a
set of variables that have fixed values in all optimal solutions
to the problem. The hardness of a SAT or Max-SAT is deter-
mined by the backbone size of the problem [13]. In addition,
the backbones of random SAT and Max-SAT also have small
to large phase transitions [19]. The second direction is focused
on developing efficient SAT solvers. The most noticeable re-
sults along this line are the Walksat local search algorithm [16]
and its variants [11], which are among the best SAT solvers
used in practice for problems such as planning.

A problem of fundamental interest and practical importance
in algorithm design is how to utilize problem structure proper-
ties such as phase transitions and backbones to cope with high
complexity and improve algorithm performance. The current
research on this problem is limited. [15] developed a trans-
formation method to exploit phase transitions of tree search.
[5] designed a method to incorporate estimated backbone vari-
ables in a systematic search for SAT. [18] proposed a heuristic
backbone sampling method for generating initial assignments
for a local search using an estimated backbone. This sampling
scheme will also be studied in this research.

In this paper, we develop a novel method to exploit the struc-
ture of local minima reached by an effective local search algo-
rithm, and an effective approach to utilize the structure infor-
mation to improve the performance of a local search algorithm.
We focus on Max-SAT in this research.

To develop our new method, we first study the performance
of Walksat, which was designed for SAT, on Max-SAT (Sec-
tion 3). We show that Walksat is effective on random Max-
SAT, finding many high quality local minima close to optimal.
In addition, the local minima reached by Walksat appear to
form large clusters around optimal solutions. Our results also
show that the performance of Walksat degrades when the con-
strainedness of Max-SAT increases. Although we carry out
this analysis for the purpose of developing a new method, the
result is of interest and significance on its own. To our knowl-
edge, Walksat has only been analyzed on some overconstrained
Steiner tree problems [10].

The main contribution of this paper is an innovative method
that exploits the solution structure of a combinatorial problem
to improve the performance of a local search algorithm such
as Walksat (Section 4). It was inspired by the recent research
on phase transitions and backbones of SAT and Max-SAT [13;
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19] and the performance results of Walksat in the first part
of the paper. We directly apply the new method to Walksat.
Nevertheless, the ideas and techniques developed here are gen-
eral and applicable to other combinatorial problems and local
search algorithms.

Briefly, our main ideas are to use backbone information to
make biased moves in a local search, and use local minima
to approximate optimal solutions for extracting backbone in-
formation. The frequencies of literals appearing in all local
minima are called pseudo-backbone frequencies. Our new ap-
proach applies pseudo-backbone frequencies as a heuristic for
selecting a variable to flip in each step of the Walksat algo-
rithm. Such biased moves guide the search toward regions
possibly having optimal solutions. The effectiveness of this
method is partially due to the effectiveness of Walksat on find-
ing optimal and high quality approximate solutions. We call
the resulting algorithm backbone guided Walksat or BGWalk-
sat. We demonstrate and evaluate experimentally the effective-
ness of BGWalksat on large random Max-SAT instances and
real problems from SATLIB [9] (Section 5).

2 TheWalksat Algorithm

Walksat is a randomized algorithm. It starts by creating an
initial random variable assignment (which we call assignment
generation). It then repeatedly makes a move by selecting a
variable and flipping its value from True’ to False or vice versa,
until it finds a satisfying assignment or reaches a predefined
maximal number of flips. Each such attempt is called a try or
restart. The procedure repeats until a maximal number of tries
has been executed.

To select a variable, the effect of flipping a variable is as-
sessed. Flipping a variable may make some unsatisfied clauses
satisfied. The number of clauses being made unsatisfied by
flipping a variable is call the break-count of the variable at the
current assignment. Walksat attempts to flip a variable with
zero break-count, trying not to make the next assignment worse
than the current. To find a variable with zero break-count,
Walksat first selects an unsatisfied clause C', randomly, from all
unsatisfied clauses. This is called clause pick. If C' has a vari-
able of zero break-count, Walksat then picks such a variable,
randomly, from the ones that qualify. If no zero break-count
variable exists in C, Walksat then makes a random choice.
With probability p it chooses, randomly, a variable from the
ones involved in C (called noise pick); and with probability
1 — p it picks a variable with the least break-count, breaking
the tie arbitrarily if multiple choices exist (called greedy pick).

A flow chart of one try of Walksat is in Figure 1. The four
shaded rectangles contain the random choices we will analyze.
Walksat takes three parameters to run, the number of tries, the
maximal number of flips in each try or cutoff parameter, and a
probability or noise ratio for noise pick.

3 Performance of Walksat

We now turn to the effectiveness of Walksat on Max-SAT, par-
ticularly Max-3-SAT. We measure a local minimum in two
ways. The first is the cost difference between a local mini-
mum and an optimal solution (which may have non-zero cost).
The second measure is the Hamming distance between a local
minimum and the optimal solution nearest to it. We introduce
the nearest Hamming distance to capture the minimal number
of flips required to turn a local minimum into an optimal so-
lution. Furthermore, to make these two quality measures on
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Figure 1: Main operations in a try of Walksat.

two Max-SAT instances of different sizes comparable, we nor-
malize them. For a given problem, we divide the Hamming
distance by the number of variables, resulting in the Hamming
distance per variable, and divide the cost difference by the
number of clauses, giving the cost difference per clause. We
then use these two normalized quality measures to construct
the landscape of local minima reached by Walksat.

To find the nearest optimal assignment, all optimal solu-
tions are required, which are found by an extended DPLL al-
gorithm [4] for SAT. Since finding all optimal solutions is ex-
pensive, we restricted ourselves to relatively small Max-SAT
problems. In our experiments, we used problems of 100 vari-
ables and C/V ratios of 2.0, 4.3, 6.0 and 8.0 to capture prob-
lems in different constrainedness regions. The problems were
randomly generated by uniformly picking three literals with-
out replacement for a clause, discarding duplicate clauses. For
Walksat, we set the noise ratio at 0.5, the number of tries per
problem at 100, and the cutoff parameter at 10,000. We gener-
ated 1,000 problems at each C/V ratio.

The quality of local minima from Walksat are summarized
in Figure 2. The X-Y planes show the correlation between the
normalized Hamming distance and the normalized cost differ-
ence. The origins of the figures correspond to global minima.
Each point on the X-Y plane represents a possible local mini-
mum that may be visited by Walksat. The vertical Z axis mea-
sures the number of local minima reached by Walksat, aver-
aged over 1,000 instances on each of which 100 tries were run.

As shown in Figures 2(a) and (b), Walksat performs well on
underconstrained and critically constrained problems, in that
it can find global minima very often. This is shown by the
points on Z axes indicated by the arrows in the figures. There-
fore, Walksat is effective at finding optimal solutions on un-
derconstrained and critically constrained problems. However,
the number of local minima which are also global minima de-
creases from 66,677 to 8,616, on average, as the C/V ratio
increases from 2.0 to 4.3, indicating that the effectiveness of
Walksat decreases. This number decreases further to 201 and 0
on overconstrained problems with C/V ratios equal to 6.0 and
8.0 (Figures 2(c) and (d)). This result indicates that Walksat
becomes less effective in finding optimal solutions as problem
constraints increase.

The distribution of local minima of Walksat exhibits a bell
surface on overconstrained problems (Figures 2(c) and (d)).
More importantly, the summit of such a bell surface shifts away
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Figure 2: Landscape of local minima from Walksat.

from optimal solutions, the (0,0) point on the X-Y plane, as the
problems are more constrained. As the C/V ratio increases, the
number of optimal solutions decreases [19], which can become
indistinguishable from a large number of suboptimal solutions.
As a result, the search space becomes rugged, with more local
minima in which Walksat may be trapped.

Despite the difficulty of overconstrained problems, Walksat
is still fairly effective in that it is able to reach local minima
close to optimal solutions. For a C/V ratio of 8.0 (Figure 2(d)),
for instance, a large number of local minima landed on by
Walksat (the peak point of the bell surface) have a normalized
cost difference to optimal solutions of 0.014 for 100 variable
problems, which is equivalent to approximately eleven more
constraints violated than an optimal solution on such overcon-
strained problems. Since Walksat is normally executed in mul-
tiple tries, the best local minimum it can reach is usually much
better than such most frequent local minima.

A closer examination of the results in Figures 2(c) and (d)
indicates a nearly linear correlation between the cost differ-
ence and the Hamming distance. This observation implies that
a local minimum with a small cost is more likely to share a
larger common structure with an optimal solution. A similar
phenomenon on the Traveling Salesman Problem was called
the “big valley” [1]. We will exploit this in our new search
algorithm described in the next section.

4 Backbone Guided L ocal Search
41 Themainidea

If all optimal solutions to a problem were known, they could
provide a useful clue to how a variable should be set. For ex-
ample, if a variable is a part of the backbone, i.e., it has a fixed
value in all optimal solutions, obviously the variable should be
set to that value. In fact, we can extend the concept of back-
bone to backbone frequency. The frequency of a variable-value
pair (or literal in SAT) in all optimal solutions is an indication
of how often the variable should take that particular value. This
can be exploited as a heuristic for selecting variables and val-
ues in a local search such as Walksat. In general, a variable-
value pair will be less likely to be swapped out of the current
state if it has a higher backbone frequency than another pair.

SATISFIABILITY

Unfortunately, exact backbone frequencies are hard to come
by without finding at least one optimal solution. The idea to
bypass this problem was inspired by the effectiveness of high
performance local search algorithms, such as Walksat. Our
analysis on the performance of Walksat (Section 3) showed
that Walksat can find optimal solutions very often on under-
constrained and critically constrained Max-SAT, and can also
reach near optimal solutions very close to the optimal. Such
near optimal local minima also form large clusters around op-
timal solutions. Thus, the local minima of Walksat must have
common structures, which may also be shared by optimal so-
lutions. Therefore, we can use the local minima as if they were
optimal solutions to compute pseudo-backbone frequencies as
an estimation of the true backbone frequencies. We call this
general approach backbone guided local search or BGLS.

The above ideas can be applied to almost all local search
algorithms. However, actual application is problem and algo-
rithm specific, since local search algorithms operate very dif-
ferently on different problems. In this research, we consider
Max-SAT and the Walksat algorithm.

4.2 Backboneguided Walksat: BGWalksat

The application of BGLS to Max-SAT and Walksat leads to
the backbone guided Walksat (BGWalksat) algorithm. Similar
to Walksat, BGWalksat runs a total K tries. In addition, BG-
Walksat splits the total of K tries into two phases. The first,
estimation phase, runs K tries of original Walksat to collect
local minima and compute pseudo-backbone frequencies (see
Section 4.3). The second, backbone guided search phase runs
K, = K — K; tries, in which variable selection is guided
by pseudo-backbone frequencies. The newly discovered local
minima can also be added to the pool of all local minima to
update the pseudo-backbone frequencies.

We now consider backbone guided moves or biased moves.
As discussed in Section 2 and shown in Figure 1, Walksat
makes five uniformly random choices. The first is the ran-
dom initial assignment generation. Instead of uniformly ran-
domly choosing a variable and setting it to an arbitrary value,
we can view the pseudo-backbone frequencies as an approxi-
mate probability distribution of variable assignments and take
samples of variable assignments as initial assignments from
this distribution. This scheme was called heuristic backbone
sampling in [18].

The second random choice in Walksat is the random clause
pick for choosing an unsatisfied clause. To apply the idea of
backbone frequencies, we extend it to the concept of pseudo-
backbone clause frequencies, which measure the frequencies
that clauses are satisfied in all local minima. When picking a
clause from the set of unsatisfied clauses, we choose one based
on its pseudo-backbone clause frequency. For example, given
three unsatisfied clauses C;, Cy and C3 with pseudo-backbone
frequencies 0.3,0.05 and 0.15, respectively, we choose C4
with probability 0.3/(0.3+0.05+40.15) = 0.6, C> with proba-
bility 0.05/0.5 = 0.1 and C3 with probability 0.15/0.5 = 0.3.

The remaining three random choices involved selecting a
variable, uniformly, from a particular set. The first choice picks
a variable from the set of zero break-count variables in the cho-
sen clause C' (the unshaded rectangle in Figure 1), the second
directly from the variables involved in C, and the third from
the set of variables in C' with the least break-count. Rather
than picking one variable uniformly from a particular set, we
make a biased selection based on variables’ pseudo-backbone
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frequencies. Consider an example of three literals 21, -z and
x3 in the chosen clause C' with backbone frequencies 0.1, 0.3
and 0.6, respectively. We want to flip z; more than x5 because
literal -z, appears more often than —z3 in all local minima
(frequency 0.9 versus 0.4). Therefore, we pick z1, —z5 and z3
with frequencies 0.9/(0.9+0.7+0.4) = 0.45,0.7/2.0 = 0.35
and 0.4/2.0 = 0.2, respectively.

4.3 Pseudo-backbone frequencies

The performance of backbone guided local search depends
largely upon the quality of pseudo-backbone frequencies.
There are at least two ways to compute pseudo-backbone fre-
quencies. The first and simplest method is to consider all the
available local minima as if they were global optima, and take
the frequency of a variable-value pair I = (z;,v;) that ap-
pears in all local minima S as its pseudo-backbone frequency.
Specifically, we have frequency p(l) = "y, cses; 1/1S]- We
call this method average counting.

It is imperative to note that not all local minima are of
equal quality. A lower quality local minimum usually con-
tains less backbone variables than one of a higher quality.
Therefore, the former is less reliable and should contribute
less to the pseudo-backbone frequencies than the latter. Thus,
we must discount the contribution of a local minimum based
on its cost. If a local minimum s; has cost ¢;, we can
compute the pseudo-backbone frequency of | = (z;,v;) as
p(l) = (ZVSiES,lesi 1/Ci)/(zvsi.€5 1/¢;). In other words,
the pseudo-backbone frequency of [ is reciprocally weighted
by the costs of the local minima that I was involved with. We
call this method cost reciprocal average counting.

4.4 Walksat and BGWalksat with Dynamic Noise
One limitation of the Walksat family of algorithms is their
dependence on a manually set noise parameter. So far, two
mechanisms have been proposed to resolve this issue in SAT.
Auto-Waksat [14] uses a preliminary probing stage to estimate
the optimal value for the noise parameter, while Walksat with
dynamic noise [8] automatically adjusts the noise level as the
search progresses. We have successfully combined our method
with the dynamic noise strategy, for SAT and Max-SAT.

The idea of dynamic noise is simple: start search with the
noise parameter equal to zero, and examine the number of vi-
olations in the current state every 6 - m flips, where m is the
number of clauses in the instance. If the number of violations
has not decreased since the last time we checked (n flips ago),
the search is assumed to have stagnated, and the noise level is
increased to wp + (1 — wp) - ¢, where wp is the current noise
level. Otherwise, the noise level is decreased to wp — wp - 2¢.
The discrepancy between the formulas for increasing and de-
creasing the noise level are based on the observations of how
Walksat behaves when the noise parameter is too high, com-
pared with how it behaves when the parameter is too low [8].
Following [8], we have set # = 1/6 and ¢ = 0.2, which have
been found to be effective over a wide range of SAT and Max-
SAT instances.

Dynamic noise was designed and tested with Walksat’s cut-
off parameter set to infinity; i.e., no random restarts. This is
the setting we use for Walksat with dynamic noise for all of
our experiments in the next section. Unfortunately, this setting
is incompatible with backbone guided Walksat, which requires
random restarts in order to construct the pseudo-backbone. To
overcome this, we have devised “compromise” parameter set-
tings, which allow dynamic noise to function effectively, while
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still constructing the pseudo-backbone. Specifically, we run
Walksat with dynamic noise for 30 short runs to construct the
pseudo-backbone, followed by 7 long runs of backbone guided
local search, each of which is 10 times as long as a short run.

5 Experimental Results

We now analyze the performance of BGWalksat on Max-
SAT. The benchmark suite for empirical evaluation consists
of two different types of problems: randomly generated prob-
lems and problems converted from real-world applications in
SATLIB [9]. We included satisfiable and unsatisfiable prob-
lem instances. We used Walksat implementation from Henry
Kautz and developed BGWalksat on top of it.

5.1 Random ensembles

In these experiments, we investigate the effects of biased
moves on random choices in Walksat (Section 2). There are
five places where Walksat makes uniformly random choices
(the five rectangles in Figure 1). Our experimental results
showed that the biased random choice of picking a variable of
zero break-count in a selected clause C (the unshaded rectan-
gle in Figure 1) has almost no effect. The reason is that when a
zero break-count variable exists, there is usually one available,
meaning that a very few such biased moves occur. We will not
consider this biased random choice in the rest of the paper.

In our experiments, we generated random MAX-3-SAT in-
stances with 2,000 variables and three different C/V ratios of
2.0, 4.3 and 8.0. We generated 100 instances for each of the
C/V ratios. We also tested various noise ratios, from 0 to 0.9
with an increment of 0.1, as well as Walksat with dynamic
noise. Each run, regardless of its configuration, was allowed
a total of one million flips.

For Walksat with static noise, the cutoff parameter was set
to 10,000 flips (so the algorithm was run from 100 different
starting points). We tested different ratios of the lengths of
the backbone estimation phase and the actual backbone search
phase in BGWalksat. We found that a ratio of about 0.3 seems
to provide the best results. In the results shown below, Walksat
was run on the first 30 tries to collect the initial set of local min-
ima and obtain the pseudo-backbone frequencies. BGWalksat
was run on the remaining 70 tries. New local minima were
added to update pseudo-backbone frequencies every 5 tries.

We experimentally compared the two methods for comput-
ing pseudo-backbone frequencies (Section 4.3). The average
counting (AC) method is generally worse than the cost recip-
rocal average counting (CRAC) method on random problems.
Due to space limitations here, we will only report the results
from the CRAC method below.

There is little impact of biased moves when the C/V ratio
is 2.0, because Walksat is able to find optimal solutions in the
first 30 tries in almost all problems. Figure 3 shows the results
on random Max-SAT with 2,000 variable and C/V ratios of 4.3
and 8.0, comparing Walksat and BGWalksat with biased noise
pick, biased greedy pick, and bias moves combining biased
noise pick, greedy pick, clause pick, and assignment genera-
tion. The error bars in the figures correspond to 95% confi-
dence intervals. As shown, biased greedy pick is effective at
low noise levels, but leads to degraded performance on higher
noise levels. Biased noise pick, on the other hand, has a greater
effect as the noise level increases, due to the direct relationship
between the noise level and the frequency of noise picking. Bi-
ased assignment generation and clause pick on their own, have
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Figure 3: Quality improvement on random Max-SAT using bi-
ased noise pick, biased greedy pick, and the combination of
biased noise pick, greedy pick, clause pick, and assignment
generation (combined bias).

little effect of Walksat’s performance (data not shown). How-
ever, when combined with other strategies, they can provide
improvements, as shown.

We also tested Walksat and BGWalksat with dynamic noise
on the same instances, with good results. This is fairly un-
surprising, since on this class of instances, Walksat performs
best with a low noise ratio, and dynamic noise begins with the
noise ratio set to zero, and only raises it as needed. We found
that the noise parameter fluctuated at low levels, with an av-
erage of 0.2 for both C/V=8 and C/V=4.3. The noise level
never exceeded 0.6 at any time. The solutions found by Walk-
sat with dynamic noise were as good as the best solutions found
by Walksat with static noise for C/V=8, and only about 3.5%
worse for C/V=4.3. When combining dynamic noise with BG-
Walksat, the average noise level was slightly lower, giving 0.13
for C/V=8 and 0.15 for C/V=4.3, due to the increased number
of random restarts. This is because after every restart there is
a period of rapid improvement, when the noise level remains
at zero. The performance of BGWalksat with dynamic noise is
similar to that of BGWalksat with best static noise for C/\V=8
and slightly worst than that for C/V=4.3.

5.2 Real problem instances

We now investigate how BGWalksat improves upon Walksat
on the problems from SATLIB [9], when used in conjunction
with dynamic noise. The test problems include SAT-encoding
instances from a random hard graph coloring problems and
SAT-encoded blocks world planning, bounded model check-
ing, and the all interval series problem. The details of these
problems can be found on the website. We only chose prob-
lems with more than 350 variables, and discarded those that
can be easily solved by Walksat and BGWalksat.

We considered satisfiable and unsatisfiable problems. We
ran both Walksat and BGWalksat, both using dynamic noise,
with a total of 10 million flips (compared with 1 million for
our results for random instances). Interestingly, BGWalksat
exhibited superior performance, over a wide range of real in-
stances, with some of the methods of biased-moves utiliz-
ing the pseudo-backbone disabled. For the results presented
here, we use backbone-guided noise pick and backbone-guided
clause pick, with the average-counting (AC) method. Results
are for twenty runs for each algorithm and instance. Experi-
ments with the best static noise (not shown) produced similar
results.

In viewing the results, we found it useful to divide the satis-
fiable instances into two categories, the easier instances, which
were solved at least once (Table 1), and the harder ones, which
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Table 1: Walksat vs. BGWalksat on easier satisfiable problems.
Walksat and BGWalksat are the runs resulting in a satisfying
solutions (out of 20) by these algorithms. The better results are

underlined and in bold.
[ problem [ #Var | #Clause [[ Walksat [[ BGWalksat

bw_large.c | 3016 50457 1 2
bw_large.d | 6325 | 131973 1 0
parg8-1 350 1149 6 19
par8-2 350 1157 6 19
par8-3 350 1171 7 17
par8-4 350 1155 0 16
par8-5 350 1171 1 15
qg1-08 512 | 148957 8 12
qg2-08 512 | 148957 1 4
qg3-08 512 10469 11 20
qg6-09 729 21844 0 5
qg7-09 729 22060 4 5
g125.17 2125 66272 5 0
9250.29 7250 | 454622 4 2

were not solved by either method, in any of their runs (Table 2).
Results for unsatisfiable instances are presented in Table 3.

As the results show, BGWalksat significantly outperforms
Walksat in most cases. On easier satisfiable instances (Table 1),
BGWalksat finds more satisfying solutions than Walksat for all
parity (par) and quasigroup (qg) classes, and produces similar
results to Walksat on blocksworld instances. On harder satis-
fiable instances (Table 2), BGWalksat outperforms Walksat in
all but two of 34 instances, where it is less than half a percent
worse. In contrast, the overall average gain is 30%, and is over
50% in 11 of them. On unstatisfiable instances (Table 3), BG-
Walksat produces impressive gains on longmult instances, and
on ssa6288-047, with an overall average gain of 20%. On un-
satisfiable quasigroup instances (not shown), performance was
similar to that of Walksat. Performance of BGWalksat is never
more than 10% worse than Walksat on any of the unsatisfiable
instances we have studied.

The most glaring failure of BGWalksat is on the instances
9125.17 and ¢250.29. These instances are SAT-encoded graph
coloring problems, and serve to illustrate an important point.
As described in Section 3, we believe that our method is effec-
tive because it exploits the “big valley” structure of the solution
space. However, graph coloring problems exhibit a particular
type of symmetry in their solution structures which is opaque
to local search methods such as Walksat. For example, color-
ing all red nodes green, and all green nodes red, results in an
identical solution, with a radically different encoding. Thus,
there is not a single “big valley”, but several, which can bury
the true backbone information and thus lead to degraded per-
formance. Presumably, BGWalksat’s performance will suffer
on all instances with this type of symmetry.

6 Conclusions

We developed a novel and general method that exploits back-
bone information for improving the performance of a local
search algorithm. We demonstrated and analyzed the new
method, called BGWalksat, on Max-SAT using the Walksat
algorithm, with both static and dynamic noise strategies. The
main ideas are to extract backbone information from local min-
ima and use it directly to fix the discrepancy between the cur-
rent state and optimal solutions, so as to guide Walksat toward
the regions of the search space more likely to contain optimal
solutions. In comparison, almost all existing local search meth-
ods focus on the costs of the states in the search space. There-
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Table 2: Walksat vs. BGWialksat on harder satisfiable prob-
lems. Walksat and BGWalksat are the average numbers of
violations in the best solutions found by the algorithms for a
given problem, averaged over 20 runs. Gain is the percentage
improvement of BGWalksat over Walksat. The better results
a|1re underlined and in bold.

problem [ #ar [ #Clause [ Walksat [[ BGWalksat [[ gain (%) |
bmc-ibm-1 9685 55870 25.3 4.15 83.60
bmc-ibm-2 3628 14468 5.4 12 77.78
bmc-ibm-3 14930 72106 115.25 197 82.91
bmc-ibm-4 28161 139716 118.15 389 67.08
bmc-ibm-5 9396 41207 12.95 125 90.35
bmc-ibm-6 51654 | 368367 358.25 103.6 71.08
bmc-ibm-7 8710 39774 17.4 6.4 63.22
bmc-galileo-8 | 58074 294821 65.65 155 76.39
bmc-galileo-9 | 63624 326999 95.95 173 81.97
bmc-ibm-10 61088 334861 406.15 162.45 60.00
bmc-ibm-11 32109 150027 439.8 358.45 18.50
bmc-ibm-12 39598 19477 554.65 445.25 19.72
bmc-ibm-13 13215 6572 88.05 2.7 96.93
2000 2000 8500 2.2 2.05 6.82
par16-1-c 317 1264 5.45 535 1.83
par16-1 1015 3310 10.45 9.45 9.57
par16-2-c 349 1392 6.2 59 4.84
par16-2 1015 3374 10.6 104 1.89
par16-3-c 334 1332 6 5.65 5.83
par16-3 1015 3344 10.45 9.75 6.70
par16-4-c 324 1292 6.15 55 10.57
par16-4 1015 3324 10.4 9.55 8.17
par16-5-c 341 1360 6.25 6.05 3.20
par16-5 1015 3358 10.45 9.85 5.74
par32-1-c 1315 5254 21.7 20.85 3.92
par32-1 3176 10277 30.95 30.25 2.26
par32-2-c 1303 5206 2115 21.2 -0.24
par32-2 3176 10253 32.1 28.35 11.68
par32-3-c 1325 5294 22.05 21.3 3.40
par32-3 3176 10297 32.95 28.55 13.35
par32-4-c 1333 5326 213 21.4 -0.47
par32-4 3176 10313 33.65 294 12.63
par32-5-c 1339 5350 23.15 22.05 4.75
par32-5 3176 10325 32.9 30.3 7.90
Average 2082

fore, the new algorithm focuses more on where the current state
is within the search space and tries to fix possible problems in
the structures of the state directly.

BGWalksat can significantly outperforms Walksat on SAT
and Max-SAT, with both static and dynamic noise. On random
Max-3-SAT problems, the more constrained the problems, the
more improvement BGWalksat can provide. Specifically, on
random Max-3-SAT with 2,000 variables and a C/V ratio of
8.0, BGWalksat can satisfy approximately 10% more clauses
on average than Walksat (using dynamic noise). On satisfi-
able problems from the SATLIB, BGWalksat almost always
significantly improves on Walksat’s results, with the exception
of graph coloring problems which contains a type of symme-
try (see Section 5). On unsatisfiable SATLIB problems, BG-
Walksat substantially reduces the number of unsatisfied clauses
across several instance classes.

In the process of developing BGWalksat, we also carried out
a systematic experimental analysis of Walksat on Max-SAT
(again with both static and dynamic noise). Our results show
that although designed originally for SAT, Walksat is also ef-
fective on Max-SAT, even though its effectiveness degrades as
the problem becomes more constrained.
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Abstract

We investigate phase transitions for the family of
bounded satisfiability problems 3SAT(b), recently
introduced by Zhang, that ask: given a 3CNF-
formula, is there a truth assignment that violates no
more than b of its clauses. Zhang’s results were
experimental and for a fixed number of variables
(n = 25), and suggested that the locations of the
phase transitions for 3SAT(b) are separated and
move significantly as b increases. Analysis of these
locations was posed as an open question.

We analytically show that the phase transitions of
all 3SAT(b) problems must occur within a narrow
region, regardless of how large the value of b is.
Moreover, our experiments reveal that the phase
transitions for these problems occur in a remarkable
way. Specifically, unlike 3SAT, the probability
curves for 3SAT(b) do not have a quasi-common
intersection point about which they rotate as they
become steeper with increasing n. Instead, they
move rapidly to the left toward the narrow region
that the analysis predicts.

1 Introduction and Summary of Results

A phase transition of a “system” can be described as an abrupt
change in the behavior of the system that occurs when a cer-
tain “control parameter” is at or near a certain critical value.
Traditionally, phase transitions have been studied by physi-
cists working in the area of statistical mechanics. During the
past decade, however, computer scientists have carried out an
intensive study of phase transitions of algorithmic problems,
first of NP-complete decision problems and, more recently,
of decision problems that are complete for higher compu-
tational complexity classes. These investigations have shed
new light on the “structure” of presumably intractable deci-
sion problems by examining them from a perspective that had
been hitherto unexplored in computer science; moreover, for
certain fundamental algorithmic problems, the location of the
phase transition has been correlated to the peak average cost
of natural algorithms for solving these problems.

*Research of the authors was partially supported by NSF Grant
No. 1IS-9907419
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The Boolean satisfiability problems £KSAT,k > 3, con-
stitute the most thoroughly investigated collection of NP-
complete problems from the perspective of phase transitions.
An instance of kSAT is a kCNF formula; the “control param-
eter” of such a formula is the ratio of the number of clauses
over the number of variables occurring in the formula. Each
fixed value r of this ratio gives rise to the family of probabil-
ity spaces Fy(n,r), n > 1, where Fy(n,r) is the collection
of all kCNF-formulas with rn clauses generated by selecting
k variables from n variables without replacement and then
negating each variable with probability 1/2. Franco and Paul
[Franco and Paul, 1983] were the first to focus on this fixed
clauses-to-variables ratio model and to initiate a study of the
asymptotic behavior of the probability p(n, ) that a random
formula in Fy(n,r) is satisfiable. During the past decade,
much of the work in this area has been motivated from the
conjecture of Chvital and Reed [Chvétal and Reed, 1992] to
the effect that, for every k > 3, there is a positive real number
. such that if 7 < 7, then lim,,—, oo pr.(n,7) = 1, whereas
if 7 > rg, then lim, o pi(n,7) = 0.

The above conjecture asserts that, for every k& > 3, a
phase transition occurs in the probability pi(n,r) of a ran-
dom formula in F}(n,r) being satisfiable, as n — oco. In
spite of intensive efforts by several researchers, this conjec-
ture has not been settled thus far. Nonetheless, progress to-
ward establishing this conjecture has been made in two dif-
ferent fronts. On the experimental front, large-scale experi-
ments with random Boolean formulas have provided evidence
for the existence of a critical ratio rj and have yielded esti-
mates of its actual value. In particular, experiments by Sel-
man, Mitchell and Levesque [Selman et al., 1996] with ran-
dom 3CNF-formulas and analysis of these experiments by
Kirkpatrick and Selman [Kirkpatrick and Selman, 1994] in-
dicate that r3 is about 4.2. On the analytical front, there
has been continuous progress toward establishing progres-
sively tighter upper and lower bounds for the value of r;.
The best analytical results obtained to date assert that if r3
exists, then 3.42 < r3 < 4.507 [Kaporis et al., 2002;
Dubois et al., 2000]. The experiments carried out by Sel-
man, Mitchell and Levesque [Selman ez al., 1996] for random
3CNF-formulas also revealed that the critical ratio 4.2 ap-
pears to be the location at which the average cost of the Davis-
Putnam-Logemann-Loveland (DPLL) procedure for Boolean
satisfiability peaks.
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Many fundamental algorithmic problems are optimization
problems and not mere decision problems. In particular, if
a Boolean formula happens to be over-constrained and, thus,
unsatisfiable, it is natural to ask for the maximum number
of clauses in the formula that can be simultaneously satis-
fied. By focusing on 3CNF-formulas, we obtain the optimiza-
tion problem MAX 3SAT: given a 3CNF-formula ¢, find the
maximum number of clauses of ¢ that can be simultaneously
satisfied. MAX 3SAT is a prototypical constraint optimiza-
tion problem that is known to play a prominent role in the
study of the approximability properties of NP-optimization
problems. Indeed, as shown by Papadimitriou and Yan-
nakakis [Papadimitriou and Yannakakis, 1991], MAX SAT is
a MAX SNP-complete problem; this means that MAX SAT
is a constant-approximable optimization problem and that ev-
ery NP-optimization problem in the class MAX SNP can be
reduced to it via an approximation-preserving polynomial-
time reduction (see also [Papadimitriou, 1994]).

Its importance in complexity and approximability notwith-
standing, MAX 3SAT had not been investigated from the
perspective of phase transitions until recently. Zhang [Zhang,
2001] was the first to investigate phase transitions for MAX
3SAT by carrying out an initial set of experiments for the
family of bounded satisfiability problems 3SAT(b), where b
is a non-negative integer. An instance of 3SAT(b) is a 3CNF-
formula ¢ and the question is: does there exist a truth assign-
ment that violates no more than b clauses of ©? Equivalently,
3SAT(b) asks whether the optimum value of MAX SAT on
an instance ¢ is at least m — B, where m is the number of
clauses of ¢. Thus, each 3SAT(b) is a decision problem ob-
tained from MAX SAT by imposing a “quality bound” on
the optimum value. The control parameter of each 3SAT(b)
is the ratio of clauses to variables, that is, the same control
parameter as the one used for 3SAT.

Zhang [Zhang, 2001] explored phase transitions for the
bounded satisfiability problems 3SAT(b) by running exper-
iments on random 3CNF-formulas with n = 25 variables and
for b = 5,10, 15, 20. His findings suggest that there is a se-
ries of separated phase transitions corresponding to different
quality bounds. The location of each phase transition appears
to increase with b (see Figure 7); moreover, the average cost
for solving the optimization problem MAX SAT appears to
be the envelope of the peak average cost for solving the deci-
sion problems 3SAT(b), as b increases. Zhang [Zhang, 2001]
did not report on the asymptotic behavior of 3SAT(b) as the
number of variables increases, because he ran experiments
for just a single value (n = 25) of the number of variables.
He posed the analysis of phase transitions for 3SAT(b) as an
open problem and, in particular, raised the question of finding
the exact location of the phase transitions for these decision
problems.

In this paper, we report on a systematic investigation of
phase transitions for the family of bounded satisfiability prob-
lems 3SAT(b). Our investigation has produced both ana-
Iytical and experimental results that yield a more complete
and, at the same time, rather surprising picture of these phase
transitions. As stated above, Zhang’s [Zhang, 2001] initial
experiments suggest that the location of the phase transition
for each 3SAT(b) increases with b. Here, using the first-
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moment method, we show analytically that the phase tran-
sitions for 3SAT(b) must occur (if they occur at all) within
a rather narrow region, regardless of the value of b. More-
over, the same behavior is exhibited by the families kSAT (b)
of decision problems underlying the optimization problems
MAX EkSAT, k > 3. In particular, the locations of the
phase transitions for 3SAT(b) are bounded from above by
1/(3 = 1g(7)) =~ 5.19 and from below by the greatest known
lower bound 3.42 for the location of the phase transition for
3SAT. At the experimental front, we investigated the asymp-
totic behavior of 3SAT(b) for the values b = 3, 4 and 5 by
running experiments for several different values of the num-
ber n of variables of random 3CNF-formulas (n = 10, 15,
20, 25, 30, 35). Our most striking experimental finding is the
discovery that, as n increases, the phase transition for each
3SAT(b) emerges in a manner that is qualitatively different
from that for 3SAT, as we describe next.

In the case of 3SAT, the experiments in [Selman et al.,
1996] revealed that the family of curves for the probability of
satisfiability of a random 3CNF-formula (one curve for each
number n of variables) has the property that the curves be-
come progressively steeper and every two of them intersect
at a single point whose abscissa is near the location of the
phase transition for 3SAT (see Figure 1). In contrast, our ex-
periments reveal that, for each bounded satisfiability problem
3SAT(b), the family of curves for the probability of a “yes”
answer of a random 3CNF-formula (one curve for each num-
ber n of variables) become progressively steeper but they do
not intersect; instead, they are separated by a distance that
is getting smaller as n increases. Figures 2, 3, and 4 depict
these findings for 3SAT(3), 3SAT(4) and 3SAT(5), respec-
tively. This is a qualitatively different pattern of emergence
of a phase transition that does not seem to have been encoun-
tered in earlier investigations of phase transitions of other NP-
complete problems in which the probability curves appear to
have a quasi-common intersection point.

2 Bounded Satisfiability Problems

For every positive integer £ > 3, MAX kSAT is the follow-
ing optimization problem: given a kKCNF-formula ¢, find the
maximum number of simultaneously satisfied clauses of ¢.
The study of phase transitions for an optimization problem
begins by focusing on one or more decision problems that
underlie that optimization problem. The most natural way to
derive a decision problem from an optimization problem is to
consider as input both an instance of the optimization prob-
lem and an arbitrary quality bound, and to ask whether the
optimum value on this instance is bigger (or smaller) than the
given quality bound. In the case of MAX kSAT, this gives
rise to the following NP-complete decision problem: given a
kCNF-formula ¢ and an integer c, is there a truth assignment
to the variables of ( that satisfies at least c clauses of ¢©? It
is also possible to derive a family of decision problems that
underlie MAX kSAT and are such that the inputs to each of
them are kKCNF-formulas only. For each non-negative integer
b, let kSAT(b) be the following bounded satisfiability prob-
lem: given a kCNF-formula ¢, is there a truth assignment
to the variables of ¢ that violates no more than b clauses of
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©? Clearly, kSAT(0) is kSAT itself; moreover, it is easy
to show that every bounded satisfiability problem kSAT(b),
where £ > 3 and b > 1, is NP-complete. Since the input to
kSAT(b) is a kCNF-formula, phase transitions for the family
kSAT(b) can be studied using the ratio of clauses to variables
as the control parameter, that is, the same control parameter
as the one used in the study of phase transitions for kSAT.

There have been earlier investigations of phase transi-
tions for other fundamental optimization problems, includ-
ing the TRAVELING SALESMAN PROBLEM [Gent and Walsh,
1996b] and NUMBER PARTITIONING [Gent and Walsh,
1996al. It should be noted, however, that for each of these
two optimization problems a single decision problem was
considered (instead of a family of decision problems) because
the quality bound was part of the input to the decision prob-
lem. Moreover, the control parameter for these problems was
chosen in such a way that it encoded the quality bound in
some direct or indirect way, and this choice was criticized
in subsequent investigations [Slaney and Thiébaux, 1998].
Clearly, this criticism does not apply to the bounded satis-
fiability problems kSAT(b).

For every integers k > 3,n > 1,and b > 0, let Pri[n, r, b]
be the probability that a random formula ¢ in the space
Fi(n,r) is a “yes” instance of kSAT(b), that is, there is a
truth assignment that violates no more than b clauses of ¢.
We now have all the notation in place to formulate the follow-
ing conjecture concerning phase transitions for the bounded
satisfiability problems £SAT(b).

Conjecture 2.1: For every integer £ > 3 and every integer
b > 0, there is a positive real number 7, ; such that

o If r < rpyp, then lim,,_, o Pry[n,r, 0] = 1;
o If r > 1y, then lim,,_, o Pry[n, r,b] = 0.

Note that Chvétal and Reed’s conjecture [Chvdtal and
Reed, 1992] concerning phase transitions for kSAT, k > 3,
is the special case of Conjecture 2.1 in which b = 0. As men-
tioned in Section 1, Zhang [Zhang, 2001] raised the prob-
lem of finding the exact location of the phase transition for
3SAT(b), which, in terms of the notation introduced here,
amounts to first establishing Conjecture 2.1 for £k = 3 and
then determining the critical ratio r3 5, for each b. Although
far from solving these problems, the next result yields ana-
lytical upper bounds for the values of ry p; in particular, it
demonstrates that for each k& > 3, all critical ratios ry,;, are
bounded by a quantity that depends only on k.

Proposition 2.2: Fix two integers k > 3 and b > 0.
o Ifr > m, then lim,,_,, Pri[n,r,b] = 0.

o Consequently, if T, exists, then 1y, < re-

gardless of the value of b.

1
k—Ig(2F—1)’

Proof: If X is a random variable taking non-negative values
and having finite expectation E(X), then Markov’s inequal-
ity asserts that Pr[X > 1] < E(X). This inequality has been
used in the past to obtain a coarse upper bound for the criti-
cal ratio ry for the phase transition of kSAT. Here, we will
apply the same method to obtain upper bounds for the criti-
cal ratios 7,5 for the phase transitions of kSAT(b). In this
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case, however, bounding the expectation of a suitable random
variable X is not as trivial as it was for kS AT, but still quite
straightforward.

Let X;""" be a random variable on F}(n,r) such that if
¢ is a formula in Fi(n, ), then X"’ () is the number of
truth assignments on n variables that violate no more than b
clauses of . Clearly, Pry[n,r,b] = Pr[X;""" > 1], thus our
goal now is to bound the expectation E(X;""").

For every truth assignment a on n variables, let I” be the
Bernoulli random variable on Fj(n,7) such that 12 (p) = 1,
if a violates no more than b clauses of ¢, and I g(go) =0,
otherwise. It is easy to see that the number of formulas
in Fi(n,r) for which o violates no more than b clauses is

> (M (F -1 ()™ ! which implies that

b i i rn—i
pty = S (@@ 170
al T n\rn
rin(k)
Since X" b = %, I, the linearity of expectation implies
that (X" o =Y.F I” = 27E(I?). Thus,
k a o
b 7 rn—i rn—1i
pocer — g (S (G @ - 1)
k 2krn(n)rn
k
20— 1\"\" & (")
- (7)) Zay
i=
Consequently,

b
lim B(X;""") < lim o)

n—oco n—oo 1 ok \"\"
2 \2F—1 °

Thus, if > m, then lim,, oo E(X""") = 0, re-
gardless of the value of b. Now an application of Markov’s
inequality to X ,?’r’b gives the result. il

Concerning lower bounds for ry p, it is obvious that if 7
is a ratio such that almost all KCNF-formulas are satisfiable,
then lim,,_,o, Prg[n,r,b] = 1, regardless of the value of b.
Consequently, if 7, is the critical ratio for kSAT, then r <
Tk, regardless of the value of b. Of course, this assumes
that the critical ratios ry, and ry ; actually exist. Until this is
established, we can use the analytically derived lower bounds
for 74, as lower bounds for every 7, ;. In particular, the best
currently known such lower bound for r3 is 3.42 [Kaporis et
al.,2002]. By combining these remarks with Proposition 2.2,
we obtain the following bounds for the phase transitions of
the bounded satisfiability problems 3SAT(b).

Corollary 2.3: Let b > 0 be an integer:
o [fr < 3.42, thenlim,,_, Pr3n,r,b] =1
o Ifr > 5 1 180T ~ 5.19, then lim,,_, o, Pr3[n,r,b] = 0.

Consequently, if 3y, exists, then 3.42 < r3; < 5.19, regard-
less of the value of b.
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3 Experimental Results

We ran experiments for random 3CNF-formulas drawn from
n = 10, 15, 20, 25, 30 and 35 variable spaces. We imple-
mented a suitably modified version of the Davis-Logemann-
Loveland-Putnam (DPLL) procedure and tested each random
formula drawn to determine whether it is a “yes” instance of
the bounded satisfiability problems 3SAT(b), for b = 3, 4
and 5. For each (n,b)-pair, probability curves were deter-
mined by recording the average number of “yes” instances in
samples of 1200 formulas, one sample for each possible ratio
of clauses to variables up to a ratio of 15.

The probability curves for 3SAT(b) with b = 3, 4 and 5
are depicted in Figures 2, 3 and 4, respectively.

In these figures, we see that, as r increases, the probability
curves start out in a region where the probability is 1 or close
to 1 and then they transition to a region where the probability
is 0 or close to 0. To make the terminology more precise, let
us define the location of the transition for the probability of
3SAT(b) to be the ratio r at which the probability is 0.5, and
the width of the transition for the probability of 3S AT (b) to be
the difference in the r values between the ratios at which the
probability falls from 0.9 to 0.1. As n increases, the probabil-
ity curves move from right to left; moreover, both the location
and the width of the transition appear to change with different
values of n. For each fixed b, the width becomes smaller with
increasing n just as is the case for the probability curves for
3SAT in Figure 1; the location, however, moves dramatically
to the left in sharp contrast with the behavior for 3SAT, where
the location moves very slightly and converges to a value in
the transition region where all the curves appear to intersect
at one point. The magnitude of the leftward movement of
the transition location with increasing n appears to become
greater with increasing values of b. Thus, the phase transi-
tions for the bounded satisfiability problems 3SAT (b) emerge
in a pattern that is novel and qualitatively different from that
of the phase transitions for other NP-complete problems.

We also recorded the average cost of the modified DPLL-
procedure for solving 3SAT(b), where b = 3, 4, 5. Each of
these problems is much harder on average than 3SAT; more-
over, these problems are getting harder on average as b in-
creases. As a matter of fact, the experiments for b = 5 and
for n = 35 took several weeks to complete. Figure 5 depicts
the average cost of solving 3SAT, while Figures 6 depicts the
average cost of solving 3SAT(5).

In Figure 6, the performance curves for 3SAT(5) move
from lower to higher with increasing n and, as has been ob-
served with 3SAT, the peaks in cost appear to correspond to
the location of the transitions. The peaks move from right to
left in synchrony with the movement of the location of the
transition for 3SAT(b); this movement is more dramatic than
in the case of 3SAT.

4 Finite Size Scaling

The locations of the transition in the probability curves for
3SAT(b) appear to approach a limiting critical ratio r3 j that
is within the analytically derived upper and lower bounds in
Corollary 2.3. Nonetheless, it is not clear what the critical
ratio 73, actually is, nor can it be estimated by visual inspec-
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Figure 1: The probability curves for bounded satisfiability with
b = 0. There is a curve for each of six different values of n. They
show the well known 3SAT behavior. As n increases the transition
regions of the curves become steeper and appear to have a common
intersection point about which they rotate. The common hypothesis
is that in the limit the curves approach a step function through this
point and its ratio is the critical phase transition value for 3SAT,
approximately 4.2.
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Figure 2: These are the probability curves for 3SAT(3). There is a
curve for each of the same n values as in Figure 1. As n increases,
the transition regions appear to steepen and distinctly move to the
left. The steepening is similar to 3SAT behavior but here there is
no apparent common rotation point. The transitions appear to be ap-
proaching a step function in the limit but it is not possible to visually
determine the critical ratio. We used a form of finite size scaling to
estimate it as approximately 4.4

SATISFIABILITY



3SAT(4)
10, 15, 20, 25, 30, 35 variables

I

T T
I L

0 5 10 15

Ratio of Number of Clauses to Number of Variables

o o o
N ® ©
T T T

o
o
T

Probability of < 4 Clauses Violated in Random 3-CNFs
o o o o
N w S o
T T T T

o
T

Figure 3: These are the probability curves for 3SAT(4). There is a
curve for each of the same n values as in the previous figures. Again,
as m increases, the transition regions appear to steepen and distinctly
move to the left. The steepening is similar to 3SAT behavior but here
there is no apparent common rotation point. The transitions appear
to be approaching a step function in the limit but it is not possible
to visually determine the critical ratio. We used a form of finite size
scaling to estimate it as approximately 4.5

3SAT(5)
10, 15, 20, 25, 30, 35 variables
1 T T

o o o
N © ©
T T T

o
o
T

Probability of < 5 Clauses Violated in Random 3CNFs
o o o o
N w S o
T T T T

o
T

0 Il
0 5 10 15
Ratio of Number of Clauses to Number of Variables

Figure 4: These are the probability curves for 3SAT(5). There is a
curve for each of the same n values as in the previous figures. Again,
as m increases, the transition regions appear to steepen and distinctly
move to the left. The steepening is similar to 3SAT behavior but here
there is no apparent common rotation point. The transitions appear
to be approaching a step function in the limit but it is not possible
to visually determine the critical ratio. We used a form of finite size
scaling to estimate it as approximately 4.8. Note the analytical upper
bound is approximately 5.19.
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Figure 5: This set of curves plots the well known performance be-
havior of the DPLL procedure for 3SAT. This figure is here for com-
parison with the following figure for 3SAT(5).

3SAT(5)
10, 15, 20, 25, 30, 35 variables
10 T T

Average Number of Recursive Calls
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0 5 10 15

Ratio of Number of Clauses to Number of Variables

Figure 6: This set of curves plots the algorithmic costs for
3SAT(5). The behavior is similar to 3SAT in that cost increases with
increasing n; moreover, cost exhibits the so-called “easy/hard/easy”
pattern as the ratio increases. As would be expected the costs for
bounded satisfiability are much higher than for satisfiability. Note
that the movement of the peak locations, as n increases, is quite
marked and corresponds to the leftward movement of the transition
regions in the probability curves.
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3SAT(b) for 25 Variables
b=1,2,3,4and5
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Figure 7: This figure shows the apparently separate “phase transi-
tions” for different values of b when looking at probability curves for
a fixed n, in this case 25 variables. The transition region moves from
left to right with increasing b. This type of behavior was previously
reported for b = 5, 10, 15, and 20 [Zhang, 2001].

tion since no two probability curves for 3SAT(b) intersect. A

finite-size scaling analysis of the data, assuming a power law

of the form =rsp)n™>"
-

both the critical ratio r3 5 and for the exponent v3 ;, where
b=3,4 and 5.

In [Kirkpatrick and Selman, 1994], an estimate for the
value of the critical ratio r; was obtained by visually estimat-
ing the point at which the probability curves for kSAT appear
to intersect, and then regression techniques were applied to
determine the best exponent vy, in the power law for kSAT.
This cannot be done with the bounded satisfiability problems
3SAT(b), since the probability curves do not intersect, but
appear to be moving to the left as the number n of variables
increases. Nevertheless the finite-size scaling hypothesis can
still be tested with a more elaborate procedure. Our goal was
to test whether it is possible find values for r3 ; and v3 ; such
that when the ratio r is rescaled with the above power law, the
probability curves for the different values n of the number of
variables collapse to a single curve. Using routines for in-
terpolation and regression from Matlab, we stepped through
small increments of putative r3 j; values and measured how
well the curves collapsed to a single curve by calculating the
sum of their pairwise squared differences when accordingly
transformed. The estimated 73, was taken to be the value
that minimized this difference measure. We found this tech-
nique to be well behaved, in that it exhibited a clear min-
imum and gave much more precision than visually judging
how well the curves appeared to collapse to a single curve.
To further validate this technique, we checked it on the phase
transition of 2SAT, which has been analytically determined
to occur at the critical ratio 7, = 1 [Chvital and Reed, 1992;
Fernandez de la Vega, 1992; Goerdt, 1996]. The agreement
was very good, namely, the estimate for ry was 0.98.

, allowed us to obtain estimates for
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Table 1: Finite-size Scaling Results

bl s V3p
3 || 4.40+ | 0.64+
4 || 448+ | 0.68+
51| 4.84 0.77

The results of the finite-size scaling analysis for 3SAT(b),
where b = 3, 4 and 5, are shown in Table 1. Note that these
results are consistent with the analytical upper and lower
bounds for 735 in Corollary 2.3, that the ry , are in the re-
gion between ry, for k-SAT and the Markov upper bound for
k-SAT. This consistency is the most that can be reasonably
concluded from the finite-size scaling analysis. The tech-
nique provides a more principled way to make the estimates
than eyeballing, but no great accuracy should be attributed to
the estimates in spite of their apparent precision. Although
the finite-size scaling results suggest that the locations of the
phase transitions of 3SAT(b) are different for different b’s, it
may still be the case that they all coincide with the location
for 3SAT.

5 Concluding Remarks

The results reported here advance the understanding of the
phase transitions for the family of bounded satisfiability prob-
lems 3SAT(b), introduced by Zhang [Zhang, 2001].

Our main analytical finding is that the phase transitions of
all 3SAT(b) problems must occur within a narrow region, re-
gardless of how large the value of b is. Moreover, our exper-
iments revealed that the phase transitions for these problems
occur in a remarkable way. Specifically, unlike 3SAT, the
probability curves for 3SAT(b) do not have a quasi-common
intersection point about which they rotate as they become
steeper with increasing n. Instead, they move rapidly to the
left toward the narrow region that the analysis predicts.

Identifying the exact locations of the phase transitions for
3SAT(b) remains an open problem, which is at least as hard
as identifying the location of the phase transition for 3SAT.
Equally hard appears to be the problem of analytically es-
tablishing whether these locations are separated or coincide.
Nonetheless, it may be possible to analytically obtain tighter
bounds for these locations using some of the sophisticated
techniques that have been quite successful in finding tighter
bounds for the phase transition of 3SAT.

Acknowledgments: We are grateful to Victor Dalmau for
stimulating and insightful discussions. We also wish to thank
the reviewers for their many useful comments and sugges-
tions.
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Abstract

Efficient implementations of DPLL with the addi-
tion of clause learning are the fastest complete sat-
isfiability solvers and can handle many significant
real-world problems, such as verification, planning,
and design. Despite its importance, little is known
of the ultimate strengths and limitations of the tech-
nique. This paper presents the first precise charac-
terization of clause learning as a proof system, and
begins the task of understanding its power. In par-
ticular, we show that clause learning using any non-
redundant scheme and unlimited restarts is equiva-
lent to general resolution. We also show that with-
out restarts but with a new learning scheme, clause
learning can provide exponentially smaller proofs
than regular resolution, which itself is known to be
much stronger than ordinary DPLL.

1 Introduction

In recent years the task of deciding whether a CNF propo-
sitional logic formula is satisfiable has gone from a problem
of theoretical interest to a practical approach for solving real-
world problems. SAT procedures are now a standard tool for
hardware verification, including verification of super-scalar
processors [Velev and Bryant, 2001; Biere et al., 1999]. Open
problems in group theory have been encoded and solved using
satisfiability [Zhang and Hsiang, 1994]. Other applications of
SAT include circuit diagnosis and experiment design [Konuk
and Larrabee, 1993; Gomes et al., 1998b].

The most surprising aspect of such relatively recent practi-
cal progress is that the best complete satisfiability testing al-
gorithms remain variants of the DPLL procedure [Davis and
Putnam, 1960; Davis et al., 1962] for backtrack search in the
space of partial truth assignments. The main improvements
to DPLL have been better branch selection heuristics (e.g.,
[Li and Anbulagan, 1997]), and extensions such as random-
ized restarts [Gomes et al., 1998a] and clause learning. One
can argue that clause learning has been the most significant
of these in scaling DPLL to realistic problems.

Clause learning grew out of work in Al on explanation-
based learning (EBL), which sought to improve the perfor-

* Research supported by NSF Grant ITR-0219468
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mance of backtrack search algorithms by generating expla-
nations for failure (backtrack) points, and then adding the
explanations as new constraints on the original problem [de
Kleer and Williams, 1987; Stallman and Sussman, 1977;
Genesereth, 1984; Davis, 1984]. For general constraint sat-
isfaction problems the explanations are called “conflicts”
or “no goods”; in the case of Boolean CNF satisfiability,
the technique becomes clause learning. A series of re-
searchers [Bayardo Jr. and Schrag, 1997; Marques-Silva
and Sakallah, 1996; Zhang, 1997; Moskewicz et al., 2001;
Zhang et al., 2001] showed that clause learning can be ef-
ficiently implemented and used to solve hard problems that
cannot be approached by any other technique.

Despite its importance there has been little work on formal
properties of clause learning, with the goal of understanding
its fundamental strengths and limitations. A likely reason for
such inattention is that clause learning is a rather complex
rule of inference — in fact, as we describe below, a complex
family of rules of inference. A contribution of this paper is
that we provide a precise specification of clause learning.

Another problem in characterizing clause learning is defin-
ing a formal notion of the strength or power of a reason-
ing method. This paper uses the notion of proof complex-
ity [Cook and Reckhow, 1977], which compares inference
systems in terms of the sizes of the shortest proofs they sanc-
tion. A family of formulas C provides an exponential sep-
aration between systems S; and S, if the shortest proofs of
formulas in C in system S are exponentially smaller than the
corresponding shortest proofs in .S5. From this basic proposi-
tional proof complexity point of view, only families of unsat-
isfiable formulas are of interest, because only proofs of unsat-
isfiability can be large; minimum proofs of satisfiability are
linear in the number of variables of the formula. Neverthe-
less, Achlioptas et al [2001] have shown how negative proof
complexity results for unsatisfiable formulas can be used to
derive time lower bounds for specific inference algorithms
running on satisfiable formulas as well.

Proof complexity does not capture everything we intu-
itively mean by the power of a reasoning system, because it
says nothing about how difficult it is to find shortest proofs.
However, it is a good notion with which to begin our anal-
ysis, because the size of proofs provides a lower-bound on
the running time of any implementation of the system. In the
systems we consider, a branching function, which determines
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which variable to split upon or which pair of clauses to re-
solve, guides the search. A negative proof complexity result
for a system tells us that a family of formulas is intractable
even with a perfect branching function; likewise, a positive
result gives us hope of finding a branching function.

A basic result in proof complexity is that general resolution
is exponentially stronger than the DPLL procedure [Bonet et
al., 2000; Ben-Sasson et al., 2000]. This is because the trace
of DPLL running on an unsatisfiable formula can be con-
verted to a tree-like resolution proof of the same size, and
tree-like proofs must sometimes be exponentially larger than
the DAG-like proofs generated by general resolution. Al-
though resolution can yield shorter proofs, in practice DPLL
is better because it provides a more efficient way to search for
proofs. The weakness of the tree-resolution proofs that DPLL
finds is that they do not reuse derived clauses. The conflict
clauses found when DPLL is augmented by clause learning
correspond to reuse of derived clauses in the associated res-
olution proofs and thus to more general forms of resolution
proofs. An intuition behind the results in this paper is that
the addition of clause learning moves DPLL closer to general
resolution while retaining its practical efficiency.

It has been previously observed that clause learning can be
viewed as adding resolvents to a tree-like proof [Marques-
Silva, 1998]. However, this paper provides the first mathe-
matical proof that clause learning is exponentially stronger
than tree-like resolution. Further, we provide a family of for-
mulas that exponentially separates clause learning from reg-
ular resolution, a system that is known to be intermediate in
strength between general and tree resolution. The proof uses
a new clause learning scheme called FirstNewCut that we in-
troduce. We also show that combining clause learning with
restarts is as strong as general resolution.

Although this paper focuses on basic proof complexity, we
briefly indicate how the understanding we gain through this
kind of analysis may lead to practical applications. For exam-
ple, our proofs describe an improvement to the clause learn-
ing rules previously suggested in the literature, and suggest
an approach to leveraging the structure of a problem encoded
as a CNF formula in order to create a branching heuristic that
takes the greatest advantage of clause learning. As an ex-
ample, we apply these ideas to certain natural satisfiable and
unsatisfiable formulas where we obtain significant speed-ups
over existing methods.

2 Preliminaries

A CNF formula F' is an AND (A) of clauses, where each
clause is an oR (V) of literals, and a literal is a variable or
its negation (—). It is natural to think of F' as a set of clauses
and each clause as a set of literals. A clause that is a subset
of another is called its subclause.

Let p be a partial assignment to the variables of F. The
restricted formula F'|p is obtained from F' by replacing vari-
ables in p with their assigned values. F'is said to be simplified
if all clauses with at least one TRUE literal are deleted, all oc-
currences of FALSE literals are removed from clauses, and the
resulting formula, if different, is simplified recursively.

SATISFIABILITY

2.1 The DPLL Procedure

The basic idea of the Davis-Putnam-Logemann-Loveland
(DPLL) procedure [Davis and Putnam, 1960; Davis et al.,
1962] for testing satisfiability of CNF formulas is to branch
on variables, setting them to TRUE or FALSE, until either an
initial clause is violated (i.e. has all literals set to FALSE) or all
variables have been set. In the former case, we backtrack to
the last branching decision whose other branch has not been
tried yet, reverse the decision, and proceed recursively. In the
latter, we terminate with a satisfying assignment. If all pos-
sible branches have been unsuccessfully tried, the formula
is declared unsatisfiable. To increase efficiency, pure liter-
als (those whose negation does not appear) and unit clauses
(those with only one unset literal) are immediately set to true.

Definition 1. A branching sequence for a CNF formula F' is
asequence o = (I1,1s,...,1x) of literals of F, possibly with
repetitions. DPLL on F' branches according to o if it always
picks the next variable v to branch on in the literal order given
by o, skips it if v is currently assigned a value, and branches
further by setting the chosen literal to FAL SE otherwise.

In this paper, we will use the term DPLL to denote the ba-
sic branching and backtracking procedure described above. It
will, for instance, not include extensions such as learning con-
flict clauses or restarting, but will allow intelligent branching
heuristics. Note that this is in contrast with the occasional use
of the term DPLL to encompass practically all branching and
backtracking approaches, including those involving learning.

2.2 Resolution

Resolution is a simple proof system that can be used to prove
unsatisfiability of CNF formulas. The resolution rule states
that given clauses (AV x) and (BV —z), we can derive clause
(A V B) by resolving on . A resolution derivation of C
from a CNF formula F' is a sequence 7 = (C1,Ch,...,Cs =
() where each clause C; is either a clause of F' (an initial
clause) or derived by applying the resolution rule to C; and
Ck, j, k < i (aderived clause). The size of r is s, the number
of clauses occurring in it. We will assume that each C; # C
in 7 is used to derive at least one other clause C;,7 > j.
Any derivation of the empty clause A from F, also called a
refutation or proof of F', shows that F' is unsatisfiable.

Despite its simplicity, resolution is not efficiently imple-
mentable due to the difficulty of finding good choices of
clauses to resolve; natural choices typically yield huge stor-
age requirements. Various restrictions on the structure of res-
olution proofs lead to less powerful but easier to implement
variants such as tree-like, regular, linear and positive resolu-
tion. Tree-like resolution uses non-empty derived clauses ex-
actly once in the proof and is equivalent to an optimal DPLL
procedure. Regular resolution allows any variable to be re-
solved upon at most once along any “path” in the proof from
an initial clause to A. Both these variants are sound and com-
plete but differ in efficiency — regular resolution is known to
be exponentially stronger than tree-like [Bonet et al., 2000;
Ben-Sasson et al., 2000], and general resolution is exponen-
tially stronger than regular [Alekhnovich et al., 2002].

Definition 2. A resolution derivation (C1,Cs,...,Cy) is
trivial iff all variables resolved upon are distinct and each
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C;,1 > 3, is either an initial clause or is derived by resolving
C;_1 with an initial clause.

A trivial derivation is tree-like as well as regular. More-
over, the condition that each derived clause C; use C;_1 in its
derivation makes it linear. As we will see, trivial derivations
correspond to conflicts in clause learning algorithms.

3 ClauseLearning

Clause learning proceeds by following the normal branching
process of DPLL until there is a “conflict” after unit propaga-
tion. If this conflict occurs without any branches, the formula
is declared unsatisfiable. Otherwise, the “conflict graph” is
analyzed and the “cause” of the conflict is learned in the form
of a “conflict clause.” We now backtrack and continue as
in ordinary DPLL, treating the learned clause just like initial
ones. A clause is said to be known at a stage if it is either
an initial clause or has already been learned. The learning
process is expected to save us from redoing the same compu-
tation when we later have an assignment that causes conflict
due in part to the same reason.

If a given CNF formula F' is unsatisfiable, clause learn-
ing terminates with a conflict without any branches. Since
all clauses used in this conflict themselves follow directly or
indirectly from F, this failure of clause learning in finding a
satisfying assignment constitutes a logical proof of unsatisfi-
ability of F. Our bounds compare the size of such a proof
with the size of a (possibly restricted) resolution proof of un-
satisfiability of F.

Variations of such conflict driven learning [Bayardo Jr.
and Schrag, 1997; Marques-Silva and Sakallah, 1996; Zhang,
1997; Moskewicz et al., 2001; Zhang et al., 2001] include
different ways of choosing the clause to learn and possibly
allowing multiple clauses to be learned from a single con-
flict. Although many such algorithms have been proposed
and demonstrated to be empirically successful, a theoretical
discussion of the underlying concepts and structures needed
for our bounds is lacking. The rest of this section focuses on
this formal framework.

Definition 3. A clause learning proof 7 of an unsatisfiable
CNF formula F' under scheme S and induced by branching
sequence o is the result of applying DPLL with unit propa-
gation on F', branching according to o, and using scheme S
to learn conflict clauses such that at the end of this process,
there is a conflict without any branches. The size of the proof,
size(m), is |o].

All clause learning algorithms discussed in this paper are
based on unit propagation, which is the process of repeat-
edly applying the unit clause rule followed by formula sim-
plification until no clause with exactly one unassigned literal
remains. In this context, it is convenient to work with resid-
ual formulas at different stages of DPLL. Let p be the partial
assignment at some stage of DPLL on formula F'. The resid-
ual formula at this stage is obtained by simplifying F'|p and
applying unit propagation.

When using unit propagation, variables assigned values
through the actual branching process are called decision vari-
ables and those assigned values as a result of unit propagation
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are called implied variables. Decision and implied literals
are analogously defined. Upon backtracking, the last deci-
sion variable no longer remains a decision variable and might
instead become an implied variable depending on the clauses
learned so far. The decision level of a decision variable x
is one more than the number of current decision variables at
the time of branching on z. The decision level of an implied
variable is the maximum of the decision levels of decision
variables used to imply it. The decision level at any step of
the underlying DPLL procedure is the maximum of the deci-
sion levels of all current decision variables.

3.1 Implication Graph and Conflicts

Unit propagation can be naturally associated with an impli-
cation graph that captures all possible ways of deriving all
implied literals from decision literals.

Definition 4. The implication graph G at a given stage of
DPLL is a directed acyclic graph with edges labeled with sets
of clauses. It is constructed as follows:

1. Create a node for each decision literal, labeled with that
literal. These will be the indegree zero root nodes of G.

2. While there exists a known clause C' = (I; V...l V1)
such that =i, ..., -l label nodes in G,

(a) Add a node labeled [ if not already present in G.

(b) Add edges (;,1),1 < i < k, if not already present.

(c) Add C to the label set of these edges. These edges
are thought of as grouped together and associated
with clause C.

3. Add to G a special node A. For any variable = which
occurs both positively and negatively in G, add directed
edges from x and -z to A.

Since all node labels in G are distinct, we identify nodes
with the literals labeling them. Any variable 2 occurring both
positively and negatively in G is a conflict variable, and z as
well as —z are conflict literals. G contains a conflict if it has
at least one conflict variable. DPLL at a given stage has a
conflict if the implication graph at that stage contains a con-
flict. A conflict can equivalently be thought of as occurring
when the residual formula contains the empty clause A.

By definition, an implication graph may contain many con-
flict variables and several ways of deriving any single literal.
To better understand and analyze a conflict, we work with a
subgraph, called the conflict graph (see Figure 1), that cap-
tures only one among possibly many ways of reaching a con-
flict from the decision variables. The choice of the conflict
graph is part of the strategy of the solver. It can also be
thought of as giving power to clause learning by adding non-
determinism.

Definition 5. A conflict graph H is any subgraph of an im-
plication graph with the following properties:

1. H contains A and exactly one conflict variable.
2. All nodes in H have a path to A.

3. Every node [ in H other than A either corre-
sponds to a decision literal or has precisely the nodes
=ly, la, ..., il as predecessors where (I3 Vig V...V
I, v 1) is a known clause.
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Consider the implication graph at a stage where there is a
conflict and fix a conflict graph contained in that implication
graph. Pick any cut in the conflict graph that has all decision
variables on one side, called the reason side, and A as well as
at least one conflict literal on the other side, called the con-
flict side. All nodes on the reason side that have at least one
edge going to the conflict side form a cause of the conflict.
The negations of the corresponding literals forms the conflict
clause associated with this cut.

Proposition 1. Every conflict clause corresponds to a cut in
a conflict graph that separates decision variables from A and
a conflict literal.

Proof. Let S denote the set containing the negations of the
literals of a given conflict clause C and pred(S) be the set of
all predecessors of these literals in the underlying implication
graph. Let T" denote the set containing all literals obtained by
unit propagation after setting literals in S to TRUE. Since C'
is a conflict clause, 7" must contain a conflict literal. Consider
the subgraph G g 1 of the implication graph induced by A and
the literals in S U pred(S) U T, but having no edges going
from pred(S) to T'. Fix any conflict graph that is a subgraph
of Gg . The cut in this conflict graph with T as the conflict
side has C as the conflict clause. O

Proposition 2. If there is a trivial resolution derivation of a
clause C from a set of clauses F, then setting all literals of C'
to FALSE leads to a conflict.

Proof. Letw = (C4,Cs,...,Cy = C) be atrivial resolution
derivation of C from F. Assume without loss of generality
that clauses in 7 are ordered so that all initial clauses pre-
cede any derived clause. We give a proof by induction on the
number of derived clauses in .

For the base case, m does not have any derived clauses.
Consequently, C, € F. Let C, = (1 Via V... Vi,) and p
be the partial assignment that setsall /;, 1 < i < ¢, to FALSE.
Unit propagation using clause C with [;,1 <14 < ¢ — 1, set
to FALSE derives the literal [,. Since =i, is a decision literal
of p, [, serves as a conflict variable and we have a conflict.

When 7 does have derived clauses, Cy, by triviality of m,
must be derived by resolving C_; with a clause in F'. As-
sume without loss of generality that Cx,—; = (A V ) and
the clause from F' used in this resolution step is (B V —z),
where both A and B are subclauses of Cy. p falsifies all lit-
erals of B, implying = FALSE by unit propagation. This in
turn results in falsifying all literals of C},_; because all liter-
als of A are also set to FALSE by p. Now (C4,...,Ck_1) is
a trivial resolution derivation of Cj_; from F with one less
derived clause than 7, and all literals of C},_; are falsified.
By induction, this must lead to a conflict. O

Proposition 3. Any conflict clause can be derived from
known clauses using a trivial resolution derivation.

Proof. In the light of Proposition 1, assume that we have
a conflict clause associated with a cut o in a fixed conflict
graph. Let Veonfiict(o) denote the set of variables on the
conflict side of o, but including the conflict variable only if
it occurs both positively and negatively on the conflict side.

SATISFIABILITY

We will prove by induction on |V, fiict(o)| the stronger
statement that the conflict clause associated with a cut o
has a trivial derivation resolving precisely on the variables
in chonflict (U)

For the base case, Vionfiict(0) = ¢ and the conflict side
contains only A and a conflict literal, say =. The cause asso-
ciated with this cut consists of node —z that has an edge to A,
and nodes —ly, —ls, . .., —ly corresponding to a known clause
Cy, = (I3 VIa V... VI V x) that each have an edge to z.
The conflict clause for this cut is simply the known clause C,.
itself, having a length zero trivial derivation.

When Veon riict (o) # ¢, pick a node y on the conflict side
all whose predecessors are on the reason side. Let the conflict
clause be C = (I; VIy V... V,) and assume without loss of
generality that the predecessors of y are =1, —ls, ...,y for
some k& < p. By definition of unit propagation, Cy, = ({1 VIyV
...Vl Vy) must be a known clause. Obtain a new cut o’ from
o by pulling node y to the reason side. The new associated
conflict clause must be of the form C’ = (—y Vv D), where
D is a subclause of C. NowW Veop fiict(07) C Veonfrict(0).
Consequently, by induction, C’ must have a trivial resolu-
tion derivation from known clauses resolving precisely upon
the variables in V., s1:c.(0”). Recall that no variable occurs
twice in a conflict graph except the conflict variable. Hence
Veonflict(c”) has exactly all variables of Ve, 150+ (o) except
y. Using this trivial derivation of C’ and finally resolving
C’ with the known clause C,, on variable y gives us a triv-
ial derivation of C from known clauses. This completes the
inductive step. d

3.2 Different Learning Schemes

Different cuts separating decision variables from A and a con-
flict literal correspond to different learning schemes (see Fig-
ure 1. One can also create learning schemes based on cuts not
involving conflict literals at all [Zhang et al., 2001], but their
effectiveness is not clear. These will not be considered here.

It is insightful to think of the non-deterministic scheme as
the most general learning scheme. Here we pick the cut non-
deterministically, choosing, whenever possible, one whose
associated clause is not already known. Since we can re-
peatedly branch on the same last variable, non-deterministic
learning subsumes learning multiple clauses from a single
conflict as long as the sets of nodes on the reason side of the
corresponding cuts form a (set-wise) decreasing sequence.
For simplicity, we will assume that only one clause is learned
from any conflict.

In practice, however, we employ deterministic schemes.
The decision scheme [Zhang et al., 2001], for example, uses
the cut whose reason side comprises all decision variables.
rel - sat [Bayardo Jr. and Schrag, 1997] uses the cut whose
conflict side consists of all implied variables at the current de-
cision level. This scheme allows the conflict clause to have
exactly one variable from the current decision level, causing
an automatic flip in its assignment upon backtracking.

This nice flipping property holds in general for all unique
implication points (UIPs) [Marques-Silva and Sakallah,
1996]. A UIP of an implication graph is a node at the current
decision level d such that any path from the decision vari-
able at level d to the conflict variable as well as its negation
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must go through it. Intuitively, it is a single reason at level
d that causes the conflict. Whereas r el - sat uses the de-
cision variable as the obvious UIP, GRASP [Marques-Silva
and Sakallah, 1996] and zChaf f [Moskewicz et al., 2001]
use FirstUIP, the one that is “closest” to the conflict variable.
CGRASP also learns multiple clauses when faced with a con-
flict. This makes it typically require fewer branching steps
but possibly slower because of the time lost in learning and
unit propagation.

The concept of UIP can be generalized to decision levels
other than the current one. The 1UIP scheme corresponds
to learning the FirstUIP clause of the current decision level,
the 2UIP scheme to learning the FirstUIP clauses of both the
current level and the one before, and so on. Zhang et al [2001]
present a comparison of all these and other learning schemes
and conclude that 1UIP is quite robust and outperforms all
other schemes they consider on most of the benchmarks.

Decision clause 1UIP clause
(pOq0O=b) t

* - X3
FirstNewCut clause
(x1 Ox2 O0x3)

rel - sat clause
(=ald=h)

Figure 1: A conflict graph depicting various learning schemes

The FirstNewCut Scheme

We propose a new learning scheme called FirstNewCut
whose ease of analysis helps us demonstrate the power of
clause learning. We would like to point out that we use this
scheme here only to prove our theoretical bounds. Its effec-
tiveness on other formulas has not been studied yet.

The key idea behind FirstNewCut is to make the con-
flict clause as relevant to the current conflict as possible by
choosing a cut close to the conflict literals. This is what the
FirstUIP scheme also tries to achieve in a slightly different
manner. For the following definitions, fix a cut in a conflict
graph and let S be the set of nodes on the reason side that
have an edge to some node on the conflict side (S is the rea-
son side frontier of the cut). Let C's be the conflict clause
associated with this cut.

Definition 6. Minimization of conflict clause C is the pro-
cess of repeatedly identifying, if one exists, a node v € S, all
of whose predecessors are also in S, moving it to the conflict
side, and removing it from S.

Definition 7. FirstNewCut scheme: Start with a cut whose
conflict side consists of A and a conflict literal. If necessary,
repeat the following until the associated conflict clause, af-
ter minimization, is not already known: pick a node on the
conflict side, pull all its predecessors except those that cor-
respond to decision variables into the conflict side. Finally,
learn the resulting new minimized conflict clause.
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This scheme starts with the cut that is closest to the con-
flict literals and iteratively moves it back toward the decision
variables until a new associated conflict clause is found. This
backward search always halts because the cut with all deci-
sion variables on the reason side is certainly a new cut. Note
that there are potentially several ways of choosing a literal to
move the cut back, leading to different conflict clauses. The
FirstNewCut scheme, by definition, always learns a clause
not already known. This motivates the following:

Definition 8. A clause learning scheme is non-redundant if
on a conflict, it always learns a clause not already known.

3.3 Fast Backtracking and Restarts

Most clause learning algorithms use fast backtracking where
one uses the conflict graph to backtrack not only the last
branching decision but also all other recent decisions that did
not contribute to the conflict [Stallman and Sussman, 1977].
This adds power to clause learning because the current con-
flict might use clauses learned earlier as a result of branching
on the apparently redundant variables. Hence, fast backtrack-
ing in general cannot be replaced by a “good” branching se-
guence that does not produce redundant branches. For the
same reason, fast backtracking cannot either be replaced by
simply learning the decision scheme clause. However, the re-
sults we present in this paper are independent of whether or
not fast backtracking is used.

Restarts allow clause learning algorithms to arbitrarily
restart their branching process. All clauses learned so far
are however retained and now treated as additional initial
clauses [Baptista and Silva, 2000]. As we will show, un-
limited restarts can make clause learning very powerful at
the cost of adding non-determinism. Unless otherwise stated,
clause learning proofs will be assumed to allow no restarts.

4 Clause Learning and General Resolution

Lemma 1. Let F be a CNF formula over n variables. If
F' has a general resolution proof of size s, then it also has
a clause learning proof of size at most ns using any non-
redundant learning scheme and at most s restarts.

Proof. Let 7 = (C4,Cs,...,Cs = A) be a general resolu-
tion proof of ' where each C; is either an initial clause or
derived by resolving two clauses C; and Cy, j, k < i, occur-
ring earlier in 7. If 7 contains a derived clause C; whose strict
subclause C/ can be derived by resolving two previously oc-
curring clauses, then we can replace C; with C/, do trivial
simplifications on further derivations that used C; and obtain
another proof n’ of I of size at most s. Doing this repeat-
edly will remove all such redundant clauses and leave us with
a simplified proof no larger in size. Hence we will assume
without loss of generality that 7 has no such clause.

A clause learning proof of F' can be constructed by choos-
ing derived clauses of 7 in order, learning each of them, and
restarting. Suppose every clause C;, i < p, is already known
and we are at decision level zero. This is trivially true when
Ci,...,Cp—y are initial clauses. If p = s, there are two
known clauses x and —x whose resolution generates C's = A.
In this case we have a conflict from the known clauses at de-
cision level zero and our clause learning proof is complete.
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Otherwise, let C), = (I; V12 V...V I;) and assume without
loss of generality that C), is derived by resolving two known
clauses (A Vv z) and (B Vv —z), where both A and B are
subclauses of C,. Our clause learning proof will choose to
branch on and set all of I, 15, ..., I} to FALSE. This will fal-
sify both A and B and thus imply both = and —x after unit
propagation, resulting in a conflict. It is easy to see that the
only new clause that can be learned from this conflict is C,,.
Accordingly, we will use any non-redundant learning scheme,
learn C, and restart to get back to decision level zero. Due
to the non-redundancy of C, assumed earlier in the proof,
there is no premature conflict until all of 11,15, ...,[; have
been branched upon. This makes sure that our clause learn-
ing proof proceeds as described above and we learn precisely
the clause C,,.

We learn at most s clauses and each learning stage requires
branching on at most » variables and exactly one restart. This
gives the desired bounds on the size of the constructed clause
learning proof and the number of restarts it uses. O

Lemma 2. Let F' be a CNF formula over n variables. If
F has a clause learning proof of size s using any learning
scheme and any number of restarts, then 7' also has a general
resolution proof of size at most ns.

Proof. Given a clause learning proof = of F, a resolution
proof can be constructed by sequentially deriving all clauses
that 7 learns, which includes the empty clause A. From
Proposition 3, all these derivations are trivial and hence re-
quire at most n steps each. Consequently, the size of the re-
sulting clause learning proof is at most ns. Note that since we
derive clauses of = individually, restarts in 7 do not change
the construction. O

Combining Lemmas 1 and 2, we immediately get

Theorem 1. Clause learning with any non-redundant scheme
and unlimited restarts is equivalent to general resolution.

Note that this theorem strengthens the result from [Baptista
and Silva, 2000] that clause learning together with restarts is
complete. Our theorem makes the stronger claim that clause
learning with restarts can find proofs that are as short as those
of general resolution.

5 ClauseLearning and Regular Resolution

Here we prove that clause learning even without restarts is
exponentially stronger than regular resolution on some for-
mulas. We do this by first introducing a way of extending any
CNF formula based on a given resolution proof of it. We then
show that if a formula exponentially separates general res-
olution from regular resolution, its extension exponentially
separates clause learning from regular resolution. Finally, we
cite specific formulas called GT, that satisfy this property.

5.1 The Proof Trace Extension

Definition 9. Let F' be a CNF formula and 7 be a resolution
refutation of it whose last step resolves v with —v. Let S =
7w\ (F'U{-v, A}). The proof trace extension PT(F, r) of I’
is a CNF formula over variables of F' and new trace variables
tc for clauses C' € S. The clauses of PT'(F, x) are all initial
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clauses of F together with a trace clause (—x V t¢) for each
clause C' € S and each literal z € C.

We first show that if a formula has a short general reso-
lution refutation, then the corresponding proof trace exten-
sion has a short clause learning proof. Intuitively, the new
trace variables allow us to handle every resolution step of the
original proof individually, effectively letting us restart after
learning each derived clause.

Lemma 3. Let F' be any CNF formula and 7 be a resolution
refutation of it. Then PT(F, ) has a clause learning proof
of size less than size(r) using the FirstNewCut scheme and
no restarts.

Proof. Let v be the variable resolved upon in the last step
of the resolution proof = and S = = \ (F U {-wv,A}). Let
(C1,C4,...,Ck = v) be the subsequence of = that has pre-
cisely the clauses in S. Assume without loss of generality
as in the proof of Lemma 1 that 7w does not contain a de-
rived clause C; whose strict subclause C can be derived by
resolving two previously occurring clauses. We claim that
the branching sequence (t¢,,tc,,- - -, tc,) induces a clause
learning proof of I using the FirstNewCut scheme.

Suppose Cy = (z1 V 23 V ... V x;) and assume without
loss of generality that it was derived by resolving two previ-
ous clauses (A V y) and (B V —y), where both A and B are
subclauses of C;. The first branch ¢, = FALSE followed by
unit propagation results in implied literals —x1, —xo, . .., —x;
using trace clauses (—z; V t¢, ). Further unit propagation us-
ing A and B implies y as well as —y and we have a con-
flict. The cut in the conflict graph containing y and —y
on the conflict side and everything else on the reason side
makes us learn C; as the FirstNewCut conflict clause. We
now backtrack the branch on ¢, and continue. Subsequent
branchesontc,,tcs, ..., tc, similarly make us learn clauses
02, 03, ceey Ck.

We have now learned (or have as initial clauses) the clause
v as well as the two clauses used to derive —wv in 7. These gen-
erate A in the residual formula, leading to a conflict without
any branches and finishing the clause learning proof. Note
that the maximum decision level in this proof is 1. O

Lemma 4. Let F' be a CNF formula over n variables that
has a polynomial (in n) size general resolution proof 7 but
requires exponential size regular resolution proofs. Then
PT(F,n) has a polynomial size clause learning proof using
the FirstNewCut scheme and no restarts, but requires expo-
nential size regular resolution proofs.

Proof. Lemma 3 immediately implies that PT'(F,x) has a
polynomial size FirstNewCut clause learning proof.

For the other part, we use a simple reduction argument.
Suppose PT(F, ) has a regular resolution refutation =’ of
size s. Consider the restriction p that sets every trace vari-
able of this formula to TRUE. p keeps original clauses of F’
intact and trivially satisfies all trace clauses, thereby reduc-
ing the initial clauses of PT(F,n) to precisely F. Recall
that regularity of resolution proofs is preserved under arbi-
trary restrictions. Consequently, applying p to «’ gives us a
regular resolution refutation of F' of size at most s. By the
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assumption in the Lemma, s must be exponential in n. Note
that PT(F, ) itself is of size polynomial in n because of
our choice of . Hence s is also exponential in the size of
PT(F,) itself. O

5.2 The GT, Formulas

We use the proof trace extension of an explicit family of un-
satisfiable CNF formulas called GT, to obtain an exponen-
tial separation between regular resolution and clause learning.
Note that in place of GT;,, we could also have used any other
formulas satisfying the conditions on F' in Lemma 4, such as
the modified pebbling formulas of Alekhnovich et al [2002].
The GT, formulas are based on the ordering principle
that any partial linear ordering on the set {1,2,...,n} must
have a maximal element. The original formulas, called GT;,,
were first considered by Krishnamurthy [1985] and later
used by Bonet and Galesi [1999] to show the optimality of
the size-width relationship of resolution proofs. Recently,
Alekhnovich et al [2002] used GT, to show an exponential
separation between general and regular resolution. We refer
the reader to this paper for exact specification of the GT, for-
mulas. For our bound, we only need the following result:

Lemma 5 ([Alekhnovich et al., 2002]). GT7, has a polyno-
mial size general resolution refutation but requires exponen-
tial size regular resolution proofs.

Let 7o be the polynomial size resolution refutation of
GT, described in [Alekhnovich et al., 2002]. It follows from
Lemmas 4 and 5 that PT(GT,,, 77 ) has a polynomial size
clause learning proof using the FirstNewCut scheme but re-
quires exponential size regular resolution proofs. Hence,

Theorem 2. There exist CNF formulas on which clause
learning using the FirstNewCut scheme and no restarts pro-
vides exponentially smaller proofs than regular resolution.

6 Experimental Results

Table 1 reports the performance of variants of zChaf f on
grid pebbling formulas. We conducted experiments on a 1600
MHz Linux machine with memory limit set to 512MB. Base
code of zChaf f was extended to allow a (partial) branching
sequence to be specified as part of the input. We used the
more popular LUIP learning scheme of zChaf f instead of
FirstNewCut because for these formulas, both schemes pro-
vide small proofs.

Pebbling formulas based on pebbling graphs are known to
be hard for tree-like resolution but easy for regular resolu-
tion [Ben-Sasson and Wigderson, 1999]. We refer the reader
to this paper for exact specification of the formulas. For our
experiments, we worked with a uniform, grid like version,
where every non-leaf node has precisely two predecessors.
For a k layer graph, the corresponding formula has O(k?)
variables and clauses. These formulas are minimally unsatis-
fiable. We also used a satisfiable version obtained by delet-
ing a randomly chosen clause. The branching sequence was
generated based on depth first traversal of the underlying peb-
bling graph. Results are reported for zChaf f with no learn-
ing or specified branching sequence (DPLL), with specified
branching sequence only, with clause learning only (original
zChaf f ), and both.
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Formula Runtime (seconds)
Solver layers  variables unsat. satisfiable
5 30 0.24 0.12
DPLL 6 42 110 0.02
7 56 | > 24 hrs 0.07
8 72 | > 24hrs > 24 hrs
Branch 5 30 0.20 0.00
sequence 6 42 105 0.00
only 7 56 | > 24 hrs 0.00
9 90 | >24hrs > 24hrs
Clause 20 420 0.12 0.05
learning 40 1,640 59 36
only 60 3,660 65 14
(original 65 4,290 i 47
zChaff) 70 4,970 I I
Clause 40 1,640 0.04 0.04
learning 100 10,100 0.59 0.62
and 500 250,500 254 288
branch 1,000 1,001,000 4,251 5,335
sequence | 1,500 2,551,500 21,103 T

Table 1: zChaf f on pebbling formulas. i denotes out of
memory

7 Discussion and Open Problems

This paper has begun the task of formally understanding the
power of clause learning from a proof complexity perspec-
tive. We have seen that clause learning can be more powerful
than even regular resolution, and that learning with restarts
yields general resolution.

In practice, a solver must employ good branching heuris-
tics as well as implement a powerful proof system. Our result
that modified pebbling formulas have small clause learning
proofs depends critically upon the solver choosing a branch-
ing sequence that solves the formula in “bottom up” fashion,
so that the learned clauses have maximal reuse. As we de-
scribe in a subsequent paper [Sabharwal et al., 2003], this
branching sequence can be efficiently generated by a combi-
nation of breadth-first and depth-first traversals of the original
pebbling graph even for more general classes of pebbling for-
mulas. As shown in Table 1, one needs both clause learning
as well as a good branching sequence to efficiently solve large
problem instances.

Of course, pebbling graphs, which correspond to problems
involving precedence of tasks, represent a narrow domain
of applicability. However, logic encodings of many kinds
of real-world problems, such as planning graphs [Kautz and
Selman, 1996], exhibit layered structure not unlike pebbling
graphs. An important direction of our current research is to
generate branching sequences that allow clause learning to
work well on the general classes of structures that arise in
encodings of particular problem domains.

Different learning schemes are likely to vary in their effec-
tiveness when used on formulas from different domains. We
introduced FirstNewCut as a new scheme and used it in this
paper to derive our theoretical results. How well it performs
on encodings of real-world problems is still open. It would
be interesting to know if there is a class of practical problems
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on which FirstNewCut works better than other schemes.

This paper inspires but leaves open several interesting
questions of proof complexity. We have shown that with
arbitrary restarts, clause learning is as powerful as general
resolution. However, judging when to restart and deciding
what branching sequence to use after restarting adds more
non-determinism to the process, making it harder for prac-
tical implementations. Can clause learning with no or lim-
ited restarts also simulate general resolution efficiently? We
showed that there are formulas on which clause learning is
much more efficient than regular resolution. In general, can
every small regular refutation be converted into a small clause
learning proof? Or are regular resolution and clause learning
incomparable?
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Abstract

We empirically study phase transitions of the asym-
metric Traveling Salesman. Using random instances
of up to 1,500 cities, we show that many properties
of the problem, including the backbone and optimal
tour cost, experience sharp transitions as the preci-
sion of intercity distances increases across a critical
value. We also show that the average computational
cost of the well-known branch-and-bound subtour
elimination algorithm for the problem also exhibits
a threshold behavior, transitioning from easy to diffi-
cult as the distance precision increases. These results
provide strong positive evidences to a decade-long
open question regarding the existence of phase tran-
sitions of the Traveling Salesman.

1 Introduction

Phase transition refers to such a phenomenon of a system in
which some global properties change rapidly and dramatically
when a control parameter crosses a critical value. A sim-
ple example of phase transition is water changing from the
liquid phase to the solid phase when the temperature drops
below the freezing point. Phase transitions of combinato-
rial problems and threshold behavior of combinatorial algo-
rithms have drawn much attention in recent years [12]. It
has been shown that many combinatorial decision problems
have phase transitions, such as Boolean satisfiability [7; 21;
221, graph coloring [7] and number partitioning [4].

Another useful concept for characterizing combinatorial
problems is that of backbones [17; 22]. A backbone variable
refers to such a variable that has a fixed value in all solutions
of a problem. All such backbone variables are collectively re-
ferred to as the backbone of the problem. The fraction of back-
bone, the percentage of variables in the backbone, reflects the
constrainedness of the problem and directly affects an algo-
rithm searching for a solution. The larger the backbone, the
more tightly constrained the problem becomes.

*This research was supported in part by NSF grants 11S-0196057
and ITR/EIA-0113618, and in part by DARPA Cooperative Agree-
ments F30602-00-2-0531 and F33615-01-C-1897. Thanks to Sharlee
Climer for the joint work on an algorithm for finding backbones and
Alan Frieze for a question on a bin-ball problem. Thanks also to
Sharlee Climer, David Johnson, Scott Kirkpatrick and the anonymous
reviewers for very helpful comments and suggestions to early versions
of the paper.
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In contrast to numerous phase-transition studies on decision
problems, the research on the phase transitions and backbones
of optimization problems is limited. An early work on the
symmetric Traveling Salesman Problem, which is an optimiza-
tion problem, introduced the concept of backbones and left an
open question of whether there exists a phase transition of the
TSP [17]. However, this question has not be addressed since
1985. One of the most rigorous phase-transition results was
obtained on number partitioning [4], an optimization problem.
However, the phase transition analyzed was the existence of a
perfect partition of a set of integers, which is in essence a de-
cision problem. In our early work, we studied the relationship
between the phase transitions of satisfiability, a decision prob-
lem, and maximum satisfiability, an optimization problem [24].
In addition, the relationship between backbones and average-
case algorithmic complexity has also been considered [23].

In this paper, we study the phase transitions of the asym-
metric Traveling Salesman Problem (TSP), which has many
real-world applications such as scheduling and routing. The
TSP [13; 18] is an architypical combinatorial optimization
problem, and also very often a touchstone for combinatorial
algorithms. In this paper, we consider the asymmetric TSP
(ATSP), where the distance from one city to another may not
be necessarily the same as the distance in the reverse direc-
tion. The ATSP is more general and difficult than the symmet-
ric TSP (STSP). Our results provide strong positive evidences
to the long-standing open question of [17] using the more gen-
eral form of the problem. Another reason that we choose the
ATSP rather than the symmetric TSP is that many properties of
the assignment problem [19], a problem closely related to the
ATSP, are known (Section 3.2) and useful to our analysis.

Specifically, using random problem instances of up to 1,500
cities, we empirically reveal that the average optimal tour
length, the accuracy of the best cost function (the assignment
problem), and the backbone of the ATSP undergo sharp phase
transitions. The control parameter is the precision of inter-
city distances which is typically represented by the number
of digits for the distances. Note that these results are algo-
rithm independent and properties of the problem. Further-
more, we show that the average computational cost of the well-
known branch-and-bound subtour elimination algorithm [1;
3] for the ATSP exhibits a threshold behavior, in which the
computational cost grows abruptly and dramatically as the dis-
tance precision increases.

Two related results are worth mentioning. The research in
[26] revealed that the average complexity of the subtour elim-
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ination algorithm for the ATSP is controlled by the number of
distinct intercity distances. We will further extend this result in
Section 5. However, these results are algorithm specific, which
may not necessarily reflect intrinsic features of the underly-
ing problem. The research in [11] studied the decision version
of the symmetric TSP. Specifically, it analyzed the probabil-
ity that a tour of length less than a specific value exists for a
random symmetric euclidean TSP, showing that the probabil-
ity has a one-to-zero phase transition as the length of the tar-
geting tour increases. Note that the phase-transition result in
[11] does not address the open question of [17] which is on the
optimization version of the problem.

2 TheProblem and Algorithms

Given n cities and a matrix D = (d; ;) that defines the dis-
tances or costs of pairs of cities, the Traveling Salesman Prob-
lem (TSP) is to find a minimum-cost complete tour visiting
each city once. When the cost matrix is asymmetric, i.e., d; ;
is not necessarily equal to d; ; , the problem is the asymmetric
TSP (ATSP), which is more difficult than the STSP, for both
optimization and approximation [14].

The branch-and-bound (BnB) subtour elimination algo-
rithm [1; 3] solves the ATSP using the assignment problem
(AP) as a lower-bound cost function. The AP, which can be
solved in O(n?), is to assign to each city i another city j with
cost equal to distance d; ;, so that the total cost of all such as-
signments is minimized f19]. If the AP solution happens to be
a complete tour, it is also an ATSP solution.

The BnB search takes the ATSP as the root of the state space
and solves the AP to the root node. If the AP solution is not
a complete tour, decompose it into subproblems by selecting
a subtour from the AP solution and generate subproblems by
excluding some edges in the subtour to eliminate the subtour.
We used the Carpaneto-Toth subtour-elimination heuristic [6]
in our implementation, which generates no duplicate subprob-
lem, so that the search space is a tree. Next, select as the current
problem a new subproblem that has been generated but not yet
expanded. This process continues until there is no unexpanded
problem, or all unexpanded problems have costs greater than
or equal to the cost of the best complete tour found so far.

Our algorithm is, in principle, the same as that of [5], which
is probably the best known complete algorithm for the ATSP.
The main difference between the two is that we use depth-first
branch-and-bound (DFBNB), due to its low space requirement,
while [5] used best-first search. We further extended our DF-
BnB algorithm to finding all optimal solutions and backbones.

3 Previous, Related Results

Two previous lines of work influenced this research and helped
reveal the properties of the ATSP.

3.1 Phasetransitionsin tree search

To capture the tree search of the DFBnB algorithm for the
ATSP, we first introduce an abstract tree model. An incremen-
tal tree [15; 20; 25], T'(m, d), is a tree with depth d, and inde-
pendent and identically distributed (i.i.d.) random branching
factors with mean m. Edges are assigned costs that are finite
and nonnegative i.i.d. variables. The cost of a node is the sum
of the edge costs along the path from the root to that node. An
edge cost is nothing but the difference between a node cost and
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the cost of its parent. An optimal goal is a node of minimum
cost at depth d. The overall goal is to find an optimal goal node.

Let po be the probability of a node having the same cost
as its parent. The expected number of child nodes of a node
that have the same cost as their parent is mpg. The following
results have been proven [15; 20; 25]. Let C* be the expected
optimal goal cost of T'(m,d) with m > 1. Let Ngrgs and
Nprg be the expected numbers of nodes expanded by best-
first search and DFBNB, respectively. Asd — oo, (1) C*/d —
a; and Nprs = Nprs = 6(a) almost surely when mpy <
1, where a; and as are constants; (2) C*/(loglogd) — 1
and Nprs = 6(d?) and Nprs = O(d®) almost surely when
mpo = 1; (3) C* remains bounded by a constantand Ngprs =
6(d) and Nprs = O(d?) almost surely when mpg > 1.

The above results mean that the cost of an optimal goal node
almost surely undergoes a phase transition from a linear func-
tion of depth d to a constant when myp, increases beyond one.
Meanwhile, the expected complexity of best-first search and
DFBnB changes dramatically from exponential to polynomial
in d as mpy is reduced below one.

3.2 Relationship between AP and ATSP

The assignment problem (AP) cost function and its relationship
with the ATSP have been a research interest for a long time [8;
9; 10; 16]. The relationship between the AP cost, AP(D),
and the ATSP cost, AT'SP(D), has remarkably different char-
acteristics under different distance distributions of a random
matrix D. The AP(D) and AT'SP(D) can be the same with
a high probability, or they can differ from each other, with a
high probability, by a function of n. If the expected number
of zeros in a row of D approaches infinity when n — oo,
AP(D) = ATSP(D) with a probability tending to one [9].
However, if the distances are uniform over [0,1,---, [cpn]],
AP(D) = ATSP(D) with a probability going to zero, where
¢y, grows to infinity with n [9]. Indeed, when the entities of
D are uniform over [0,1], E(ATSP(D) — AP(D)) > ¢o/n,
where ¢y is a positive constant [10].

4 Phase Transitions of the ATSP

The results in the previous section indicate that the quality of
the AP function varies significantly, depending on the under-
lying distance distribution. Precisely, the difference between
the AP cost, AP (D), and the ATSP cost, AT'SP(D), has two
phases, controlled by the number of zero distances in the dis-
tance matrix D. In one phase, the difference is zero with high
probability, while in the other phase, the expectation of the dif-
ference is a function of the problem size n.

How does the difference between AT'SP(D) and AP(D)
change phases? Does it have a sharp phase transition, or does
it follow a slow process? Do other properties of the ATSP, such
as the backbone, also have phase transitions?

The two-phase result on the accuracy of the AP cost func-
tion discussed in Section 3.2 is in principle consistent with
the phase-transition result of incremental random trees in Sec-
tion 3.1. The root of the search tree has a cost equal to the
AP cost AP(D) to the problem and an optimal goal node has
the ATSP tour cost AT SP(D). If we subtract the AP cost
to the root from every node in the ATSP search tree, the root
node has cost zero and an optimal goal node has cost equal to
ATSP(D) — AP(D). When there are a large number of zero
distances in D, the AP cost of a child node in a search tree is
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more likely to be the same as the AP cost of its parent, since
AP will tend to use the zero distances. Therefore, it is expected
that more nodes in the search tree will have more than one child
node having the same cost as their parents. In fact, the concept
of zero distances can be extended to minimal-cost distances.
If the cost of the minimal distance is known, we can simply
subtract it from every distance without affecting the accuracy
of the AP function.

4.1 Thecontrol parameter

Furthermore, the concept and role of zero and minimal dis-
tances can be extended to that of equal distances. The AP to a
child node is obtained by excluding one arc, and possibly in-
cluding some arcs, of a subtour of the AP solution to the parent
node. With this new restriction, the child AP is then computed
by constructing a new augmenting path from the starting point
to the end point of the excluded arc [19]. The child and parent
AP solutions usually differ by only a relatively small number
of arcs. In other words, the child AP solution is derived by
replacing some arcs in the parent AP solution. If the numbers
of distances of equal values are large, it is more likely that the
child AP cost is equal to the parent AP cost. Conversely, when
the number of distinct distances is large, it is unlikely the costs
of two APs will be the same. When the distances are uniform
over [0,1,---, R — 1], the probability that the child AP cost is
equal to the parent AP cost will depend on the range R. If R
is small, relative to the problem size n, this probability will be
high. In short, for a given problem size, the accuracy of the AP
cost function is controlled by the number of distinct distances
in matrix D. More precisely, the accuracy of the AP is deter-
mined by the fraction, denoted as p(n), of distinct distances.

In practice, however, we do not directly control the number
or the fraction of distinct distances. In addition to the actual
structures of the “layouts” of the cities, the precision of the
distances also affects the number of distinct distances. The
precision of a number is usually represented by the maximal
number of digits allowed for the number. As a result, the num-
ber of digits for distances is naturally a good choice for the
control parameter.

The effect of a given number of digits on the fraction of
distinct distances is relative to the problem size n. Consider a
matrix D with distances uniformly over {0,1,2,---,R — 1},
where the range R is determined by the number of digits b. For
a fixed b, the fraction of distinct distances of a larger matrix D
is obviously smaller than that of a smaller D. Thus, the control
parameter for the fraction p(n, b) of distinct distances must be
in the form of b - f(n), where f(n) is a rescaling function on
the effect of the number of digits.

To find the scaling function f(n), consider the number of
distinct distances of matrix D for a given integer range R. The
problem of finding the number of distinct distances is equiva-
lent to the bin-ball problem as follows. We are given M balls
and R bins, and asked to place the balls into the bins. Each
ball is independently put into one of the bins with an equal
probability. We are interested in the fraction of bins that are
not empty after all the placements. Here, for asymmetric TSP
M = n? — n balls correspond to the total number of nondi-
agonal distances of matrix D, and R bins represent the possi-
ble integers to be selected from. Since each ball (distance) is
thrown independently and uniformly into one of R bins (inte-
gers), the probability that one bin is not empty after throwing
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Figure 1: (a) Average fraction of distinct distances in matrix
D, p(n,b), controled by the effective number of digits, § =
blog;, (n). (b) Average p(n, b) after finite-size scaling. 8o =
2.00195 £+ 0.00025 and v = 6.4350 £+ 0.0003.

M ballsis 1 — (1 — 1/R)™. The expected number of occu-
pied bins (distinct distances) is simply R (1 — (1 — 1/R)M).
Thus, the expected fraction of distinct distances in matrix D Is
Elp(n,b)] = R(1—(1—1/R)M) /M. Note that if M orn is
fixed, E[p(n,b)] — 1 as R — oo, since in this case the expec-
tation of the number of distinct distances approaches M. On
the other hand, when R is fixed, E[p(n,b)] — 0 when M orn
goes to infinity, since all of a finite number of R bins will be oc-
cupied by an infinite number of balls in this case. We use dec-
imal values for distances in this paper. Thus R = 10, where
b is the number of digits for distances, and we can rewrite
Elp(n,b)] as E[p(n, b)] = 10° (1 = (1 = 1/10%)) /M.

It turns out that if we plot p(n, b) against blogi, (n), it will
have relatively the same scale for different problem sizes n, as
shown in Figure 1(a). This means that the scaling function for
the effective number of digits is f(n) = log;, (n). Function
blogry (n) is thus the effective number of digits that controls
the fraction of distinct distances in matrix D, which we denote
as 8(n,b). To have the same effective number of digits 5 on
two different problem sizes, say ny and ns with ny < na, the
range R should be different. On these two problems, R needs
to be n’ and nj, respectively, givingn? < nj.

Note that R can also be represented by a number in other
bases, such as binary. Which base to use will not affect the
results quantitatively, but introduces a constant factor to the
results. In fact, since b = log,,(R), the control parameter
B(n,b) = blogy (n) = log,,(R), which is independent of the
base for intercity distances.

Controlled by the effective number of digits blogy, (n),
the fraction of distinct distances p has a phase transition of
its own, also shown in Figure 1(a). The larger the problem,
the sharper the transition, and there exists a crossover point
among the transitions of problems with different sizes. We
can examine the phase transitions more closely using finite-
size scaling. Finite-size scaling [2] is a method that has been
successfully applied to phase transitions in similar systems of
different sizes. Based on finite-size scaling, around a criti-
cal parameter (temperature), problems of different sizes tend
to be indistinguishable except for a change of scale given
by a power law in a characteristic length. Thus, finite-size
scaling can help to characterize a phase transition precisely
around a critical point of the control parameter as the prob-
lem scales to infinity. For the problem at hand, the effective
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Figure 2: (a) Average optimal ATSP tour cost. (b) Scaled and
normalized average optimal tour cost. 3o = 0.995+0.002 and
v = 7.143 + 0.005.

number of distinct distances § = blogy, (n) and the problem
size n play the roles of the temperature and the characteris-
tic length, respectively. This means that as n goes to infinity,
the control parameter becomes (3 — Bo)n'/, where Gy is the
critical point and n'/* specifies the change of scale. Using
Elp(n,b)] = R(1—(1—1/R)™) /M and numerical meth-
ods, we obtained the critical value 5, = 2.00195 + 0.00025
and rescaling component v = 6.4350+0.0003, where the error
bounds represent the 95% confidence intervals. The rescaled
phase transitions are shown in Figure 1(b).

Note that the number of digits used for intercity distances
is nothing but a measurement of the precision of the distances.
The larger the number of digits, the higher the precision be-
comes. This agrees with the common practice of using more
effective digits to gain precision. Therefore, the phase transi-
tion of the control parameter is in turn determined by the pre-
cision of intercity distances.

4.2 Phasetransitions

With the control parameter, the effective number of digits
B(n, b) for intercity distances, identified, we are now in a po-
sition to investigate possible phase transitions in (1) the ATSP
cost, (2) the probability that an AP cost is equal to the corre-
sponding ATSP cost, (3) the relative error or accuracy of the
AP lower-bound function, and finally (4) the backbone of the
ATSP. The answers to the first three problems provides a de-
tailed picture on the accuracy of the AP cost function, and the
answer to the last problem reveals the intrinsic constrainedness
among the cities as the precision of distances changes. We ex-
amine these four problems in turn.

We generated uniformly random problem instances of 100-,
200-, 300- to 1,000-cities and 1,500-cities. Intercity distances
are independently and uniformly chosen from {0,1,2,---, R—
1} for a given range R, which is controlled by the number of
digits b. We varied b, with an increment of 0.1, from 1.0 to 6.0
for instances with up to 1,000-cities and from 1.0 to 6.5 for in-
stances with 1,500-cities. For each combination of n and b, we
generated 10,000 instances for problems (1)-(3) listed above,
and 1,000 instances for problem (4) due to its high computa-
tional cost. To make the result figures readable, we only use
the curves from 100-, 500-, 1,000- and 1,500-city problems.

There is a phase transition in the ATSP tour cost,
ATSP(D), shown in Figure 2(a). The reported tour costs are
obtained by dividing the integer tour costs from the DFBnB al-
gorithm by n x (R — 1), where n is the number of cities and R
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Figure 3: (a) Average probability that AP(D) = ATSP(D).

(b) Average probability after finite-size scaling. 8o = 1.169 +
0.02, and v = 8.929 + 0.004.
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Figure 4: (a) Average accuracy of AP lower-bound function,
measured by the error of AP cost relative to ATSP cost. (b)
Normalized average accuracy.

the range of intercity costs. Equivalently, an intercity distance
was virtually converted to a real value in [0, 1]. By doing this,
we can verify the existing analytical result on the AP and ATSP
costs. This will be discussed in detail in the next subsection.
As shown, the ATSP tour cost increases abruptly and dra-
matically as the effective number of digits increases, exhibiting
phase transitions. The transitions become sharper as the prob-
lem becomes larger, and there exist crossover points among
curves from different problem sizes. By finite-size scaling, we
further determine the critical value of the control parameter at
which the phase transitions occur. The scaled result is shown
in Figure 2(b). It is worthwhile to mention that the AP cost
(not shown) follows almost the same phase-transition pattern.
Our numerical results show that when the number of dig-
its for intercity distances is very small, for example, less than
1.9 digits or R ~ 80 for n = 1,500, the AP and ATSP
costs are equal to zero, meaning that these two costs are the
same as well. Given a random distance matrix D, how likely
is it that an AP cost will differ from the ATSP tour cost as
the effective number of digits 8 increases? We address this
question by examining the probability that an AP cost AP(D)
is equal to the corresponding ATSP cost ATSP(D) as 3 in-
creases. Figure 3(a) shows the results, averaged over the same
set of instances for Figure 2. As shown, the probability that
AP(D) = ATSP(D) also experiences phase transitions. Fig-
ure 3(b) shows the phase transitions after finite-size scaling.
The results in Figure 3 also imply that the quality of the AP
function degrades as the effective number of digits 3 increases.
The degradation also follows a phase-transition process. This
is verified by Figure 4, using the data from the same set of
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Figure 5: (a) Average fraction of backbone. (b) Scaled back-
bone fraction. 8y = 1.012 + 0.007, v = 6.452 + 0.002.

[ n T digits | AP cost [ ATSP cost [ relative APerror (%) |
2100 | 8.6810 1.6435 4+ 0.0008 1.6444 4+ 0.0008 0.0402 + 0.0009
2300 | 8.7555 1.6439 4+ 0.0007 1.6445 + 0.0008 0.0368 £+ 0.0008
2500 | 8.8235 1.6441 4+ 0.0007 | 1.6442 4+ 0.0007 0.0336 + 0.0008
2700 | 8.8861 1.6438 4+ 0.0007 | 1.6444 £ 0.0007 0.0309 + 0.0007
2900 | 8.9440 1.6439 4 0.0007 | 1.6444 £ 0.0007 0.0286 + 0.0007

Table 1: Results on AP cost, the ATSP cost and AP error rel-
ative to the ATSP cost, on random ATSP. Each datum is aver-
aged of 10,000 instances. All error bounds represent 95 percent
confidence intervals.

problem instances for the previous two figures.

We now turn to the backbone of the ATSP, which is the frac-
tion of directed arcs that appear in all optimal solutions. The
backbones also exhibit phase transitions as the effective num-
ber of digits for distances increases. The result is included in
Figure 5. Interestingly, the phase-transition pattern of the back-
bone is almost identical to that of the fraction of distinct entities
in the distance matrix, shown in Figure 1, and that of the ATSP
tour cost, shown in Figure 2.

The fraction of backbone captures, in essence, the tightness
of the constraints among the cities. As more intercity dis-
tances become distinct, the number of tours of unique lengths
increases. Consequently, the number of optimal solutions de-
creases and the fraction of backbone grows inversely. When
more arcs are part of the backbone, optimal solutions become
more restricted and the number of optimal solutions decreases,
making it more difficult to find an optimal solution.

4.3 Asymptotic AP precision

As a by-product of the phase-transition results, we now pro-
vide asymptotic values of the ATSP cost, the AP cost and its
accuracy. We attempt to extend the previous theoretical results
on the AP cost, which is known to be within (1.51,1.94) [8],
and the observation that the accuracy of the AP lower bounds
increases as the problem size increases [1].

We need to be cautious in selecting the number of digits for
intercity distances. As discussed earlier, the same number of
digits for distances gives rise to different effective numbers of
digits on problems of different sizes. Therefore, the number of
digits must be scaled properly to have the same effect on prob-
lems of different sizes when we exam an asymptotic feature.

Therefore, in our experiments, we fixed the scaled effec-
tive number of digits # to a constant. Based on the phase-
transition of the control parameter in Figure 1, we took 8 =
(blog;o (n) — 2.002)n'/6-435 a constant of 2. 3 = 2 is suf-
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ficiently large so that all distances are distinct, regardless of
problem size, and the quantities to be examined do not change
substantially after finite-size scaling. 8 = 2 is also relatively
small so that we can experiment on large problems. In our im-
plementation of the DFBnB algorithm, distances are integers
of 4 bytes. Thus the number of digits must be less than 9.4
without causing an overflow in the worst case. Using 8 = 2,
we can go up to roughly 2,500-city ATSPs in the worst case.

Table 1 shows the results, with up to 2,900 cities. The AP
cost approaches to 1.6439 and the ATSP cost to 1.6444. The
accuracy of AP function indeed improves as the problem size
increases, with relative error reduced to about 0.0286% for
2,900-city problems.

5 Threshold Behavior of Subtour Elimination

The phase-transition results indicate that the ATSP becomes
more constrained and difficult as the distance precision be-
comes higher. We now study how the DFBnB subtour elimina-
tion algorithm behaves. We separate this issue from the phase
transitions studied before because we now consider the behav-
ior of a particular algorithm, which may not be necessarily a
feature of the underlying problem. Nevertheless, this is still an
issue of its own interest because this algorithm is among the
best known methods for the ATSP, and we hope that a better
understanding of this algorithm can shed light on the typical
case complexity of the problem.

Figure 6(a) shows the average complexity of the DFBnB
algorithm, measured by the number of calls to the AP func-
tion. The result is averaged over the same problem instances
for each data point as used for the phase transitions in the pre-
vious section. Note that the number of AP calls increases sig-
nificantly from small problems to large ones using the same
effective number of digits for distances. Thus, we normalize
the result in such a way that for a given problem size, the min-
imal and maximal AP calls among all problem instances of the
same size are mapped to zero and one, respectively, and the
other AP calls are proportionally adjusted to a ratio between
0 and 1. This allows us to compare the results from different
problem sizes on one figure. The curves in Figure 6(a) follow
a pattern similar to that of the phase transitions in the previous
section. The complexity of the subtour elimination algorithm
increases with the effective number of digits, and exhibits a
threshold behavior similar to phase transitions. Indeed, we can
use finite-size scaling to capture the behavior as the problem
size grows, as illustrated in Figure 6(b). The results in Fig-
ure 6 and the results in the previous section indicate that the
complexity of the subtour elimination algorithm goes hand-in-
hand with the constrainedness of the problem.

Similar results have been reported in [26]. The results of this
subsection extend that in [26] to different sizes of problems and
by applying finite-size scaling to capture the threshold behav-
ior as problem size increases.

6 Conclusionsand Discussions

Our main contributions are twofold. First, we provided strong
positive evidences to the long-standing question of whether the
Traveling Salesman Problem (TSP) has phase transitions [17].
We studied this issue on the more general asymmetric TSP
(ATSP). We empirically showed that many properties, includ-
ing the ATSP tour cost and the fraction of backbone, have
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Figure 6: (a) Normalized average number of AP calls of DF-
BnB subtour elimination. (b) Scaled average number of AP
calls. Bg = 1.702 + 0.045 and v = 8.015 + 0.032.

two characteristically different values, and the transitions be-
tween them are rather abrupt and dramatic, displaying phase-
transition phenomena. The control parameter of the phase tran-
sitions is the effective number of digits representing the inter-
city distances, which in essence measures the precision of dis-
tances. Our results revealed the connection between distance
precision and phase transition properties in the ATSP. Distance
precision is the control parameter for various phase transitions
of the ATSP. We believe that the concept of precision deter-
mining problem properties such as phase transitions is rather
universal and may very well be applicable to other problems,
including various scheduling and planning problems.

Second, our phase transitions results provide a practical
guidance to how to generate difficult random ATSP problem
instances and which instances to use to compare the asymp-
totic performance of two algorithms. A common practice in
comparing algorithms when using a random ensemble is to
generate problems with a fixed distance precision. Our results
imply that the correct way is to use problem instances of dif-
ferent sizes that have the same or similar features such as the
same fraction of backbones. This, in turn, requires to increase
the number of digits for intercity distances as the problem size
grows. We believe that this guidance is general and can be
applied to other optimization problems.
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Abstract

We study two apparently different, but formally
similar, scheduling problems. The first problem in-
volves contract algorithms, which can trade off run
time for solution quality, as long as the amount of
available run time is known in advance. The prob-
lem is to schedule contract algorithms to run on par-
allel processors, under the condition that an inter-
ruption can occur at any time, and upon interruption
a solution to any one of a number of problems can
be requested. Schedules are compared in terms of
acceleration ratio, which is a worst-case measure of
efficiency. We provide a schedule and prove its op-
timality among a particular class of schedules. Our
second problem involves multiple robots searching
for a goal on one of multiple rays. Search strate-
gies are compared in terms of time-competitive ra-
tio, the ratio of the total search time to the time
it would take for one robot to traverse directly to
the goal. We demonstrate that search strategies and
contract schedules are formally equivalent. In addi-
tion, for our class of schedules, we derive a formula
relating the acceleration ratio of a schedule to the
time-competitive ratio of the corresponding search
strategy.
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contract algorithms, which are anytime algorithms that re-
quire the deadline as input prior to the start of execution. With
contract algorithms, no assumptions can be made about re-
sults produced before the given deadline. This is in contrast to
the familiarinterruptiblealgorithms, which can be queried at
any point during execution. Although less flexible than inter-
ruptible algorithms, contract algorithms typically use simpler
data structures, making them easier to implement and main-
tain. An example in Al is game playing programs based on
heuristic search. For these programs, the allowed deliberation
time is usually known in advance, and is used to set internal
parameters. Another example is planning algorithms that per-
form state-space abstraction. With these algorithms, the run
time can be controlled by setting the abstraction level at the
start of execution.

Our problem can be stated as follows. We are given
instances of an optimization problem, along with a contract
algorithm for the problem, and we have anprocessor ma-
chine on which to run the algorithm. An interruption can oc-
cur at any time, and a solution can be requested for any one
of the problem instances. Given these constraints, we want a
good general strategy for scheduling runs of the algorithm on
the processors.

In the case of one problem instance and one processor,
Russell and Zilberstein [1991] suggested iteratively doubling
the contract lengths. With this schedule, for any interruption
time ¢, the last contract completed (if one exists) is always
of length at least/4. This factor of four is theacceleration
ratio of the schedule, a worst-case measure of its efficiency.

In this paper, we demonstrate a connection between two protZ.iIbersteinet_al. [1999] showed that no schedule can achieve
lems that initially seem unrelated. The first involves comput-an acceleration ratio less than four.

ing solutions to multiple problems, under the condition thata The generalization to multiple problem instances has been
solution to any one of the problems can be requested at argonsideredZilbersteinet al, 1999, as has the generaliza-
time. Challenges of this type arise in the design of intelligention to scheduling contracts on parallel proces$Bernstein
user interfaces, information prefetching systems, and medet al, 2004. Optimal acceleration ratios have been derived in
cal diagnosis systems. The second problem involves multiplboth cases. The more general multi-processor, multi-instance
robots searching an unknown environment for a goal. Probease has not previously been studied. In this paper, we pro-
lems of this nature arise in robotics and space exploratiorvide a schedule for this case, and we prove that this schedule
In the following paragraphs we describe the problems, alongds optimal among a restricted, though still interesting, class of
with our contribution, in more detail. schedules. The optimality proof is a nontrivial extension of
The first problem concernanytimealgorithms[Horvitz, the previous proofs, and contains as a lemma a generalization
1987; Dean and Boddy, 1988; Russell and Zilberstein, ],991 of the monotone convergence principle.
which produce solutions of different qualities depending on This work is most closely related to Horvitz's continual
available computation time. More specifically, we focus oncomputation frameworkHorvitz, 2001. In his framework,
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as in ours, computation is performed with limited knowledge —
about the deadline or desired result. However, the assump-
tions underlying the two frameworks are different. In the con- — Quux(t0) —

tinual computation framework, the limited knowledge comes — Qq,(t.1) '
in the form of probability distributions. In contrast, our use of
acceleration ratio does not require probabilistic information.
Furthermore, contract algorithms and parallel processing are
both not considered in continual computation. brocessor 0

Our contract scheduling results can be directly applied to pocessor 1 E
a robot search problem. In this problem,robots search for  Processor 2
a goal that is located on one pfintersecting rays. The aim time ¢ —
is to minimize theime-competitive ratipwhich is the worst-
case ratio of the total time spent searching to the time for ?3 ) . .
single robot to traverse directly to the goal. The optimal ratio’ '94r€ 1: Scheduling a contract algorithm on three processors
for the one-robot case was derived previoupeza-Yates to create a two-problem multi-interruptible algorithm.
etal, 1993.

We address the general multi-robot case, for which searciihe multi-interruptible algorithm’s performance profile de-
strategies are formally equivalent to contract schedules. Fgsends ond’s profile and the schedule, in a way to be formal-
our class of schedules, we derive a formula relating the accelzed shortly. A particular schedule for the caserof= 3 and
eration ratio of a schedule to the time-competitive ratio of then, = 2 is illustrated in Figure 1.
corresponding search strategy. The optimal time-competitive Formally, aschedulds a triple X = ({ Py}, {Ix}, {Lx}),
ratio is derived as a corollary. where P, € {0,...,m — 1} is the processor of contrakt

This work is the first to draw a precise connection betweerny, € {0,...,n — 1} is the problem instance worked on by
contract scheduling and multi-robot search, and the first t@ontractk, and L, € R* is the length of contrack. The
provide nontrivial results for the multi-robot case. Kab contract index will be assumed to start at zero. A schedule
al. [1998] studied the multi-robot problem, but used a dif- must satisfy some minor conditions, which require a couple
ferent performance measure. They minimized distance- more definitions to state. First, |&te defined as
competitive ratio which is the worst-case ratio of the total .
distance traveled during the search to the distance between §(z,y) = { Loife= U
the origin and the goal. 0 otherwise

Next, for a given schedul®’, thecompletion timeof the kth

2 Scheduling a Contract Algorithm contract is defined as

2.1 Problem Description k

An anytime algorithmA, when applied to an optimization Gr = Zé(Pi’P’“)Li'
problem instance for time ¢, produces a solution of some =0

real-valued qualityQ 4 (¢,%). The function@ 4 is calledA’s Note that althouglz depends onX, we omit the subscript.
performance profile In general, one does not know an al- Dependence on the schedule will be made implicit through-
gorithm’s performance profile. Nevertheless the concept obut the paper for ease of notation. For every schedule, the
a performance profile is useful in reasoning about anytiméndex ordering must correspond to the completion time or-
algorithms. We assume that the performance profile of amlering. Furthermore, no two contracts may complete at the
anytime algorithm on any problem instance is defined for allexact same time. The formal statement of these two condi-
t > 0 and is a nondecreasing functiontof tions is thatk < [ is equivalent ta7, < G, for all k, 1. Also,

The distinctions among different types of anytime algo-a schedule must havg, = k£ for 0 < k& < n — 1. This
rithms arise from different assumptions about which paramensures that after time= G,,_1, a solution is available for
eters are known prior to execution. When botandi are  each problem instance.
known in advance, the algorithm is calledntract When To compare schedules, we use a worst-case metric called
only i is known in advance, the algorithm is callederrupt-  acceleration ratio The acceleration ratio tells us how much
ible. For the case where both are unknown, we will say thafaster our constructed algorithm would need to run in order to
the algorithm ismulti-interruptible because it acts like mul- ensure the same quality as if the query time and problem were
tiple interruptible algorithms running in parallel. known, and a dedicated processor was assigned to producing

Suppose we have a contract algoritdmwhich we canrun  a result. Intuitively, it measures how well a schedule handles
on a machine withn processors. At some unknown deadline, the uncertainty about the problem instance and interruption
a solution to one of: problem instances will be requested. time.

This setup requires a multi-interruptible algorithm, which we Before formally defining acceleration ratio, we must state
can create by scheduling contracts in such a way that progreseme more technical details of the problem and present some
is continually made on each problem instance. Upon intermore definitions. First, we take the view that when a contract
ruption and query, the result returned is that of the longestompletes at time, its solution is available to be returned
completed contract dedicated to the desired problem instancapon interruption at any time > ¢. Second, we assume that
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no interruptions occur until after timte= G,,_1, so thatthere Lemma 1 For all cyclic schedules,
is always at least one result available.

The length of the longest contract for instante complete Ry (X) = sup %
before some timeé > G,,_; is kL
s(i,t) = max{Ly|Gy < t andI;, = i}. Proof: We first argue that
The performance profile for the multi-interruptible algorithm Rpn(X) =max sup (i, t)
B(A, X) is defined for ali and allt > G,,_1 as bot>Gnor S

From the definitions given above, we have

QA(S(ivt)vi) = QB(A,X)(tvi) > QA(t/Rm,n(X)vi)v

. . . . for all i andt > G,,_1. Since this holds for any algorithm
Definition 1 Theacceleration ratioR., ,(X), is the small- 1 \ve can suppose an algorithmwith performance profile
est constant for which Q4 x)(t,1) > Qa(t/r.d) forall o ¢ iy — tforall i. Thuss(i, t) > t/Rm.n(X), and hence
contract algorithmsA, all problem instances, and all times R 7(X) > t/s(i, ) for all i 7and_t e ’_1_ This implies

QB(A,X) (tv 7’) = QA(S(iv t)7 Z)

We can now give a precise definition of acceleration ratio.

t>Gn1. that
In the next section, we provide a schedule that is optimal Rnpn(X) > max  sup S
within a restricted, though still interesting, class of schedules. ’ UGy S(051)

We state below in precise terms the properties that delineatg, show that equality holds, assume the contrary and derive
the class of schedules under consideration. Schedules haviggcontradiction with the fact thak,, , (X) is defined as the

the three properties below will be callegiclic schedules. smallest constant enforcing the inequality betwésn 4 x)
The first property states that problem instances are comgnd() ,. ’

pleted in a round-robin manner. This seems sensible, as the Next we show that
desired problem instance is unknown. However, we cannot

yet prove that for every non-problem-round-robin schedule, max sup t = max sup Gk .
there is an equally good problem-round-robin schedule. i G S(051) i k>n 5(i, Gr)
Property 1 (Problem-round-robin) I, = kmod n for all  For eachi, s(i,t) is left-continuous everywhere and piece-

wise constant, with the pieces delimited by time poifits
o for all4, ¢/s(i, t) is left-continuous and piecewise linear
nd increasing. Thus, the local maximat@$(i,t) occur at
e pointsGy; no other times may play a role in the supre-

The next property states that the lengths of contracts fo
each problem instance must increase with time. Given th
performance profiles are nondecreasing, it seems that it woul
never be beneficial to use a schedule that doesn't satisfy th[§Um-
property. However, as with the first property, we cannot Finally,
yet prove this. One difficulty lies in having to satisfy the & Ghin
problem-round-robin property mentioned above. We would maxsup s(i, Gx) = sup
like to be able to “remove” useless contracts from a schedule, hzn S35 Tk K b
but we have not found a way to do this while guaranteeingollows from the problem-round-robin and length-increasing
that the resulting schedule will be problem-round-robin. properties, and the fact that no two contracts can finish at the
. . . exact same time.]
ngp)le;tr]yeﬁlj(:(zlgljtlr\-lncreasmg)For all &,1, if I, = I, and _ To C(_)nclude this section, we define the minimal accelera-

' ’ ' tion ratio form processors and problems to be

The final property states that processors return results in a . .
round-robin manner. This property does not play a part in our Rn = 1?; B (X)),
lower bound derivation, but it is used in drawing a connection

to the robot search problem. We introduce it at this point onlyVhere the infimum is taken over the set of cyclic schedules.
for ease of exposition. In the following sections, we provide tight bounds for this

ratio.

Property 3 (Processor-round-robin) P, = k mod m for
all k. 2.2 An Exponential Schedule

We can prove a lemma that allows us to cast acceleratioft Simple approach to scheduling contract algorithms is to
schedules. In the proof, the following facts are establishedthe schedule
acceleration ratio can be _stated V\(ithOL_Jt reference to perfor- E = (k mod m, k mod n, ((m + n)/n)k/’rn>.
mance profiles; the only interruption times that need to be
considered are completion times; and upon interruption, thé is easily verified that this is a cyclic schedule. The follow-
result returned is from the contract with index exactliess  ing theorem gives an expression for this schedule’s accelera-
than index of the current contract. tion ratio.
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Theorem 1 The acceleration ratio for the exponential sched- Proof: Consider the contract with indéxt+m+n. We define
uleis the setl/ such thatu € U if and only if u is the index of the
N fman) last contract on some processor to finish no later than contract
Ryn(E) = (*) < > . k +m + n finishes. It follows thattdy p1n, = Y, cir Gu.
m n Note thatU contains at mostn distinct integers, each be-
Proof: Letb = ((m + n)/n)'/™. The following is true for ~tween 1 and + m + n. SinceG is increasing,
all k:

Grin Sk (P, Py) Ly D Gu<) Griitn
— uelU =1
b . Using Lemma 1, we get
k4+n)/m y
_ ZL( +n)/m] L(k+n) mod m+mi
Ly,
G i+n < m n L 1
ZL(’CJFTL)/WJ b(k—i—n) mod m4+mi Z ktit - Z kot
— 1=0
bk = Rpn(X) (HHm — Hy).
n) mod m (k+n)/m] pms
_ pk+n) mod ZL +n)/m] g .
bk To derive our lower bound, we also need the following
p(k+n) mod m (%) (bm(L(kJrn)/mHl) — 1) lemma, which is a generalization of the monotone conver-
= bF gence principle. Its proof is deferred to the appendix.
n bEtmtn _ p(k+n) mod m Lemma 3 Letm andn be relatively prime, and leffp,. } be a
= (E) o sequence of real numbers that is bounded from below by 1. If
n ny o - (P Phtm—1)"™ = Prtom *+ Dhtm4n—1 IS satisfied for
= (E> byt — (E> p(hn) mod m—k all k, then{p;} converges.
We can now prove our lower bound theorem.
Note that this expression is nondecreasing Witfrhus Theorem 2 The.optimal acceleration ratio far processors
andn problems is
Ry n(E) -  lim (ﬁ) pmtn (ﬁ) b(k‘+n) mod m—k tn
’ k—oo \'M m " n m+n m
() R = (o) (75
m . . .
min Proof: Consider an arbitrary cyclic schedul€. From
— (ﬁ) <m+n> . Lemma 2, we have
m n

0 Rm,n(X)(Hk+m - Hk) > Hk+m+na
There are a few things to note about the ratio we just de@nd thus

rived. As the number of processors approaches infinity, it

tends to one. This is intuitive; by adding processors, we can R (X) (1 -

get arbitrarily close to the omniscient algorithm. As the num-

ber of problems approaches infinity, the ratio tends to infinity.for all &.

Finally, the ratio depends only on the ratio of problems to pro- Now letv = gcd(m,n). We definem’ = m/v andn’ =

Hy, ) < Hitmin
Hk+nz - Hk+m

cessors, and not on the absolute numbers. n/v. Note thatm’ andn’ are relatively prime. Further, let
We turn now to showing that no cyclic schedule canpr = Hyk+1)/Hor. Note thatp, > 1 for all k. Then for all
achieve a smaller ratio. k,
2.3 Lower Bound Rnn(X) (1 - 1>
We define a function to represent the sum of the lengths of all Pk p’gm"l N
the contracts finishing no later than contradinishes: = Rpa(X) (1 Mok Hy(etm—1) )
& Hv(k+1) T Hv(k+m’)
H = ZLi. _ R"”L(X) (1 _ I{”k)
i=0 Hoykym
We can derive an inequality involving only the acceleration > Hortmin
ratio and{ Hy }. Hypqm
Lemma 2 For all cyclic schedulesK and all &, _ Hyegm 1)+ Hoem 1)
Hv(ker') t Hv(ker’Jrn’fl)

Hk‘-i—m—i—n S R’m,n(X)(Hk-‘rm - Hk) = Pktm’ " Dk+m/+n/—1-
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This implies that for alk,

R (X) > Pk Pk+m'4+n'—1
m,n = .
Dk Phtm/—1 — 1

There are two cases to consider.
Case 1 There exists somk’ such that

(pk’ o ’pk’—b—m’—l)E § Pk/+m’ " Pk/'+m/+n’—1-
Then we have

m+n

(Prr - P 1)
Pk’ Pri4m/—1 — 1

Ryn(X) 2

We are interested in how smatl,,, ,,(X) can be. Letl =
pk' . 'pk/-i-m/—l' Then

m+n

d m
X) > .
R0 > 575

The valued = (m +n)/n minimizes the right-hand side over
the regiond > 1. Substituting into the previous inequality,

Figure 2: The search problem with three robots and five rays.

we find at the same speed, search for a goal at an unknown location
) T metn on one of the rays (see Figure 2). The search ends as soon as

Ropn(X) > (T) _ (2) (m + ") ) one of the robots finds the goal._ Because there are not enough

' - (’"T*”) -1 m n robots to cover all of the rays, finding a good search strategy

, , is nontrivial. At this level of detail, the search problem may
Case 2 The inequality seem very different from the contract scheduling problem.
Below we provide a more precise description of the search
problem and show how the contract scheduling results can be
holds for allk. applied.
Becausen/m = n//m’, we can apply Lemma 3 to show A search is an infinite sequence of search extents, or return
that {px} converges, and hendan; .. py. is well defined.  trips departing from the origin. Formally,sarch strategjs

(pk o 'karm’fl)E > Pk+m’ =" Pk4+m/+n’—1

Then we have atripleX = ({P.}, {Ix}, {Lx}), whereP;, € {0,...,m —
Ron(X) > lim Dk " Pktm/4n'—1 1} is the robot executing search exténtl;, € {0,...,p—1}
o T koo Pkttt Prami—1 — 1 is the ray on which search exténtakes place, anfl, € RT

o0 P - * P/ n/ 1 is the length of search exteht By adding the same con-
= ditions as in the contract scheduling case, we get an exact

Hmy— oo P - Pietmr—1 = 1 correspondence between schedules and search strategies. A
 (limg oo pr)™ +n cyclic search strategy is defined in the same way as a cyclic
© (limpee pi)™ — 1 schedule.

A natural metric for the efficiency of a search strategy is
the time-competitive ratipthe worst-case ratio of the total
time spent searching to the time required for a single robot to
qm+n traverse directly to the goal. We assume that the goal is not

We can proceed as in the previous case but with=
limg_, o px- This gives

Ryn(X) > T considered discovered until a robot actually moves beyond it.
- We assume also that the location of the goal is such that it
As in the previous case, we find that cannot be found on the first search extent on any of the rays.
et This means that for each ray we consider only locations
' m n Before formally defining time-competitive ratio, we need

dto introduce a new function and explain its use in the defini-
tion. Let us define(a, t) to be the index of the first search ex-
tent that goes past poitibn raya. This means that if the goal

. is located at point on raya, then it is found during search ex-

3 Multi-Robot Search on Rays tents(a, t). Tr;]e total se)z/arch time up through e%e(m,t) is

The results from the previous section can be directly ap2G, (.. (The factor of two results from search extents going
plied to a formally similar problem involving multiple robots out and back on rays.) However, since the search ends as soon
searching for a goal. The problem is described as followsas the goal is found, the last extent does not go to completion,
Initially, m robots stand at the intersection pfrays (with  and thus we must subtract ®if,, ;) — . This leads us to

m < p). The robots, all moving in a continuous fashion andthe following formal definition for time-competitive ratio.

Combining this inequality with Theorem 1, we get the desire
result..
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Definition 2 The time-competitive ratio, 4 Conclusion

2G(at) — (2Lg(a,p) — 1) In this paper, we addressed two apparently different schedul-
. ing problems, one involving contract algorithms, and the
other involving robots searching on rays. For the contract
We can now give a formula for the relationship betweenscheduling problem, we provided a schedule and proved its
acceleration ratio and time-competitive ratio for cyclic sched-optimality among the class of cyclic schedules. We further
ules and search strategies. showed how contract scheduling results can be applied to the
Theorem 3 For all cyclic search strategies (schedule’) robot search problem, thus unifying the two problems.
, A natural direction for future research is to study less re-
Tonp(X) = 2Rm p—m(X') + 1, stricted classes of schedules and search strategies. One in-
whereX’ is the same a&, but withI, = k mod (p — m). triguing question is whether lower acceleration ratios can be
achieved with schedules that are not problem-round-robin

Proof: Because of the length-increasing and problem—roundbr length-increasing. It would also be interesting to know

robin properties, we know that the first search extent to pasg;, o ihor the contract scheduling and robot search problems
a point on a ray comeg extents after the last extent on that have similarities beyond those that result from using cyclic

same ray. Formally, we have that for aland allt > L,, schedules and search strategies.

T p(X) = max sup

a 4>, t

Ls(a,t)—p <t < Ls(a,t)-
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robots.
Now we have A Proof of Lemma 3
2Gg(a,t) — 2Ls(at) This section contains a proof of the central lemma used for
mjxtiuf Latan) +1 our lower bound result. It is repeated below.
- 20 - 2Lp Lemma 3 Letm andn be relatively prime, and lefp, } be a
= sup ke — STkAp 4 g sequence of real numbers that is bounded from below by 1. If

k Ly,

Pk Phtmn—1)"" > Prtm - Dermin—1 is Satisfied for
2Grtp = Liesp)

all k, then{p;,} converges.

= su +1 . . .
kp Ly, Proof: We first defineg, = Inpy. Since the convergence of
ktp—m {ar} implies the convergence §py. }, we can hereafter focus
= sup— + 1. our attention or{qy }.
We have

The last equation requires some explanation. Because of

the processor-round-robin property, the robot that performs "4k + " + Nk+m—1 2 MGkt + -+ + MGktmtn—1-
search extenk + p does so immediately after completing Let us define

search extert + p — m. ThusGjyp = Grqp—m + Li+p-

Finally Tk = Ngk + -+ NGktm—1 = MGktm =~ MGk+m+n—1-
Note thatr;, > 0 for all k. Now let
2G g p— Glgp— k=
su k+p—m +1 = 2sup k+p—m +1 . 9 o o
X Ly 5 Ly Sk = NGk +2nQg41 + -+ MNGgym_1 + -+
= 2Rpp-m(X)+1. 2MQk+m+n—3 + Mk+m+n—2-

0 A simple calculation shows that for &l|, r, = s — sk11.
We define the minimal time-competitive ratio for robots Because they, are all nonnegative, we hayg > sy for all
andp rays as k. Since{py} is bounded below by ¥gq;} is bounded from
T* = inf Ty p(X) below, and hencés;.} is bounded below. By the monotone

m,p X m,p ’

convergence principlg,s; } converges.
where the infimum is taken over the set of cyclic search strate- Thus we have
gies. This has the following immediate consequence.

Corollary 1 T3, , = 2R;, + 1.

m,p—m

vter = NG+ 2ngri1 + o+ mMnGeypmo1 + -+
2MGk+man—3 + MGktmin—2,

1216 SCHEDULING



wherev = limy_o s, andlim,_ €z = 0. This equa- [Mickens, 198F Ronald E. Mickens Difference Equations

tion is a linear nonhomogeneous difference equakidick- Van Nostrand Reinhold Company, Inc., New York, NY,

ens, 198Y. The behavior of ¢} depends on the roots of the ~ 1987.

characteristic polynomial, [Russell and Zilberstein, 1991Stuart J. Russell and Shlomo
fx) = na™™72 popgmtnT3 4 g Zilberstein. Composing real-time systemsPlmceedings

of the Twelth International Joint Conference on Atrtificial
Intelligence 1991.

We know that{q; } is bounded below, and sinde} con-  [Zjlpersteinet al, 1999 Shlomo  Zilberstein,  Francois
verges,{g;} is also bounded above. Thus to demonstrate Charpillet, and Philippe Chassaing. Real-time problem-
convergence, it suffices to show thathas no roots on the  splving with contract algorithms. IRroceedings of the

unit circle. _ Sixteenth International Joint Conference on Artificial
Consider the polynomial Intelligence 1999.

9(@) = (x = 1’ f(a) = na™ " — (n+m)a" +m.

mnz™ ' + -+ 2max + m.

Clearlyz = 1 is a root ofg but not of f. To show thatf has
no roots on the unit circle, we will show thathas no roots
on the unit circle other than = 1.

We must show that for alt, if g(z) = 0 and|z| = 1, then
z=1.1f g(z) =0, then

nz™t" +m = (n+m)2".
Adding the assumption that| = 1, we get
n+m=|n+mlz]" =|(n+m)"| = [nz™" +m|.

In order for the first and last expressions to be equal, we must
havez™" = 1. Substituting back into the original equality,
we get
n+m=(n+m)z",

which implies that:™ = 1. Itis a basic property of complex
numbers that it™*" = z* = 1 and gcdm,n) = 1, then
z=1.

We have thus shown th4t,, } converges, and hendey, }
converges(]
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Abstract

In this paper we consider the solution of schedul-
ing problems that are inherently over-subscribed.
In such problems, there are always more tasks to
execute within a given time frame than available
resource capacity will allow, and hence decisions
must be made about which tasks should be in-
cluded in the schedule and which should be ex-
cluded. We adopt a controlled, iterative repair
search approach, and focus on improving the re-
sultsof aninitial priority-driven solution generation
procedure. Central to our approach isa new retrac-
tion heuristic, termed max-flexibility, which is re-
sponsible for identifying which tasks to (temporar-
ily) retract from the schedule for reassignment inan
effort to incorporate additional tasksinto the sched-
ule. The max-flexibility heuristic chooses those
tasks that have maximum flexibility for assignment
withintheir feasible windows. We empirically eval-
uate the performance of max-flexibility using prob-
lem data and the basic scheduling procedure from a
fielded airlift mission scheduling application. We
show that it produces better improvement results
than two contention-based retraction heuristics, in-
cluding a variant of min-conflicts[Minton et al.,
1992], with significantly less search and computa-
tional cost.

1 Introduction

Many scheduling domains present problemsthat are oversub-
scribed; problemswhere there are more tasks to be performed
over a given time frame than can be feasibly accommodated
by available resources. In such problems, it isinevitably nec-
essary to exclude some tasks from the schedule. Hence, a
basic objective is to maximize resource utilization (or some-
what equivalently to accommodate as many tasks as possi-
ble). However, in many cases, the situation is further com-
plicated. Input tasks are often differentiated by priorty, im-
plying that some tasks are more important than others and if
necessary should be included at the expense of others. In the
particular domain that motivates this work, for example, task
prioritiesmust be rigidly respected. Though itistheoretically
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possibleto trade one higher priority task for a set of lower pri-
ority tasks in some circumstances, thisis the exception rather
than the rule. Thus, the objective is to accommodate as many
tasks as possible within this constraint.

Oversubscribed problems present an interesting challenge
for constraint-directed search procedures. Oversubscribed
problems are not particularly well suited to formulation
within a standard backtracking search framework. Hence the
application of constructive approaches depends heavily onthe
ability of search control heuristicsto anticipate resource inter-
actions. Repair-based approaches, on the other hand, tend to
operate myopically through infeasible intermediate states in
hopes of arriving at a better final feasible state. Their effec-
tivenessin the presence of global constraints(such as enforce-
ment of priority) will similarly rely on the ability of search
heuristicsto effectively focus the repair process.

In this paper, we take a repair-based search perspective of
the problem and focus on locally improving an initial solu-
tion. We assume that the initial solution generator is priority-
driven, and define a controlled, task swapping search proce-
durefor finding and exploiting opportunitiesto rearrange cur-
rently scheduled tasks and incorporate additional tasks that
were excluded from the initial solution. To direct the re-
pair process we introduce a novel retraction heuristic, max-
flexibility, for choosing which tasks to (temporarily) retract
to make room for additional, lower priority tasks. Max-
flexibility chooses based on a simple measure of the relative
temporal flexibility that alternative competing tasks have for
feasible re-assignment el sewhere in the schedule.

We evaluate the efficacy of this approach using data
and the basic scheduling procedure obtained from a real-
world, multi-mission scheduling problem: the day-to-day
airlift scheduling problem faced by the USAF Air Mobil-
ity Command (AMC). We compare the performance of max-
flexibility to a variant of the min-conflicts heuristic [Minton
et al., 1992] (adapted to serve as a retraction heuristic) and
another more-informed contention-based heuristic.

2 Basic Allocation Procedure

Without loss of generality the AMC scheduling problem can
be characterized abstractly as follows:

e A set 1" of tasks (or missions) are submitted for exe-
cution. Each task ¢ € 7" has an earliest pickup time
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est;, alatest delivery time! ft., apickup location orig;,
a dropoff location dest;, a duration d; (determined by
orig; and dest;) and a priority pr;

o A set Res of resources (or air wings) are available for
assignment to missions. Each resource » € Res has
capacity cap, > 1 (corresponding to the number of con-
tracted aircraft for that wing).

e Each task ¢ has an associated set Res; of feasible re-
sources (or air wings), any of which can be assigned to
carry out ¢. Any given task ¢ requires 1 unit of capacity
(i.e, one aircraft) of the resource r that is assigned to
performit.

o Each resource r has a designated location home,.. For
agiven task 4, each resource r € Res; requires a posi-
tioning time pos,. ; to travel from home, to orig;, and
ade-positioningtime depos, ; to travel from dest; back
to home,.

A schedule is a feasible assignment of missions to wings.
To be feasible, each task ¢ must be scheduled to execute
within its [est;, [ ft;] interval, and for each resource r and
time point ¢, assigned-cap, , < cap,. Typicaly, the prob-
lem is over-subscribed and only a subset of tasks in 7" can
be feasibly accommodated. If all tasks cannot be scheduled,
preference is given to higher priority tasks. Tasks that cannot
be placed in the schedul e are designated as unassignable. For
each unassignable task ¢, pr; < pr;,Vj € Scheduled(T) :
r; € Res; A [st;, et;] N [est;, lft;] # 0, where r; is the
assigned resource and [st;, et;] isthe scheduled interval.

Both the scale and continuous, dynamic nature of the AMC
scheduling problem effectively preclude the use of system-
atic solution procedures that can guarantee any sort of maxi-
mal accommodation of the tasksin7". The approach adopted
within the AMC Allocator application instead focuses on
quickly obtaining a good baseline solution, and then pro-
viding a number of tools for the end user to selectively re-
lax problem constraints to incorporate as many additional
(initially unassignable) tasks as possible[Becker and Smith,
2000; Kramer and Smith, 2002].

The basic alocation procedure used within the AMC Al-
locator constructs a schedule incrementally; the set of unas-
signed input missions is first prioritized, and then missions
are successively inserted into the current partial schedulingin
priority order. The prioritization scheme utilized in the initial
step considers the assigned priority pr(¢) of each missioni as
its dominant ordering criterion. In case of missions of equal
priority, secondary criteria give preference to missions with
earlier possible start times and smaller overall dack. A given
mission : is inserted into the schedule via a search of ater-
native options. More specifically, for each » € R;, a set of
candidate execution intervalsis generated and evaluated, and
the highest ranked alternative is selected as the assignment.
In the search procedure’s basic configuration, only feasible
intervals are generated and the evaluation function empha-
sizes choices that minimize pos, ;, depos,; and execute ¢ as
early as possible. If a mission cannot be feasibly assigned, it
is marked as unassignable.

This scheduling process allows for assignment of individ-
ual missions on the order of milliseconds, with a two to
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three week window of approximately a thousand missions
assignable in afew seconds.

Sinceitisgenerally expected that several or more missions
will be unable to be assigned during the first pass allocation
process, the user can direct the system to automatically ex-
plore the space of constraint relaxation options on a given
mission, or can do this on amore interactive basis. Available
relaxation optionsinclude delaying a mission beyond its due
date, over-allocating beyond contracted capacity on a wing,
bumping a lower priority mission, or some combination of
these basic options. Specifically tailored evaluation functions
are used when searching in the space of relaxed constraints.
For instance, when searching for delay options, the dominant
optimization criterion is minimizing tardiness.

3 Improving on thelnitial Solution

The quality of any schedule produced by the above greedy
procedure will be a function in large part of its prioritiza-
tion heuristic. This heuristic dictates the assignment possi-
bilities that will be available to a given task ¢ at the time it
is inserted into the schedule, and consequently which tasks
will ulitmately end up as unassignable. Asjust indicated, this
heuristic gives over-riding preference to higher priority tasks.
This bias in fact reflects the basic scheduling policy in the
AMC application domain.

At the same time, strict relance on this ordering heuristic
can obviously lead to sub-optimal solutions. It is quite pos-
sible that some “rearrangement” of the assignments of higher
priority tasks could enable the feasible insertion of additional,
lower priority tasks. Since, in practice, the end user may
spend non-trivial amounts of time analyzing and negotiating
constraint relaxation options to enable incorporation of addi-
tional unassignable missions, it makes sense to consider tech-
niques for productively broadening the search performed by
thisbasic procedure.

Two broad classes of approaches have been pursued in the
literature. One set of approaches (e.g., [Joslin and Clements,
1998; Bresina, 1996; Cicirello and Smith, 2002]) focuses on
exploring a“neighborhood” around the trgjectory of the base
heuristic. In our context, this would correspond to repeat-
edly perturbing the task order in some manner and reapply-
ing the basic search procedure. Anocther set of approaches
have been termed iterative repair (e.g., [Minton et al., 1992;
Zweben et al., 1994; Rabideau et al., 1999]), wherein an ini-
tial base solutionis progressively revised (and hopefully im-
proved) over time. In our context, this would correspond to
repeated retraction and (re)assertion of subsets of task as-
signments. Both sets of approaches have natural anytime
properties. One interesting requirement in the current con-
text, however, is that we would like to guarantee that higher
priority missions won't be supplanted by lower priority mis-
sions. In the case of iterative re-solving approaches, enforce-
ment of this constraint would seem possible only in a rather

LA separate search procedure designed to identify and exploit
opportunities for reclaiming resource capacity by combining (or
“merging”) two or more roundtrip missions into one is also pro-
vided, but this capability is orthogonal to the techniques discussed
in the current paper.
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indirect way (through global filtering of the solutions gener-
ated). Iterativerepair approaches typically involve generation
of infeasible solutions and are thus potentially well-suited
to controlled exploration of solution improvement opportu-
nities. However, they are generally not designed to enforce
global solution constraints.

Accordingly, the approach we propose takes the solution
improvement perspective of iterative repair methods as a
starting point, but manages solution change in a more sys-
tematic, globally constrained manner. Starting with an initial
baseline solutionand a set U of unassignable tasks, the basic
ideaisto spend some amount of iterative repair search around
the “footprint” of each unassignable task’s feasible execution
window in the schedule. Within the repair search for a given
u € U, criteria other than task priority are used to determine
which task(s) to retract next, and higher priority tasks can be
displaced by a lower priority task. If the repair search car-
ried out for a given task « can find a feasible rearrangement
of currently scheduled tasks that allows « to be incorporated,
then this solution is accepted, and we move on to the next
unconsidered task u' € U. If, aternatively, the repair search
for agiventask u isnot able to feasibly reassign al tasks dis-
placed by theinsertion of « into the schedule, then the state of
the schedule prior to consideration of « is restored, and « re-
mains unassignable. Conceptually, the approach can be seen
as successively relaxing and reasserting the global constraint
that higher priority missions must take precedence over lower
priority missions, temporarily creating “infeasible” solutions
in hopes of arriving at a better feasible solution.

In the subsections below, we describe this task swapping
procedure, and the heuristics that drive it, in more detail.

3.1 Task Swapping

est, J Ift,
oS depos
pos, ot
task, task,
r | task, | task, task, |

v

ConflictSet, = {{a,b}, {b,c}, {d,e}}

Figure 1: An unassignabletask u

Figure 1 depicts a simple example of a task « that is
unassignable due to prior scheduling commitments. In this
case, u requires capacity on a particular resource r, and the
timeinterval RegInt,, = [esty, — pos, 4, fty + depos, ]
defines the “footprint” of u’s allocation requirement. Within
RegInt, ,, an dlocation duration alloc-dur, , = pos, . +
dy + depos, ,, isrequired. Thus, to accommodate v, a subin-
terval of capacity within RegqInt, , of at least alloc-dur,
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must be freed up.

To free up capacity for u, one or more currently scheduled
tasks must be retracted. We define a conflict Con flict, i,
on a resource r as a set of tasks of size Clap, that simul-
taneously use capacity over interval int. Intuitively, thisis
an interval where resource r is currently booked to capacity.
We define the confict set C'on flictSet,, of an unassignable
task « to be the set of all distinct conflicts over Reqlnt, .
ondl r € R,. InFigure 1, for example, Con flictSet, =

{{a, 0}, {b, ¢}, {d, e}}.

MissionSwap(task, Protected)

1. Protected « Protected U {task}

2. ConflictSet « ComputeTaskConflicts (task)
3. Retracted «+ RetractTasks (Con flictSet, Protected)
4. if Retracted = () then Return(f)) ;failure

5. ScheduleTask(task)

6. SchedulelnPriorityOrder(Retracted, |east-flexible-first)
7. loop for (i € Retracted A status; = unassigned) do
8.  Protected + MissionSwap(i, Protected)

9. if Protected = () then Return(() ; failure
10.end-loop

11.Return(Protected) ; success

12.end

RetractTasks(C'on flicts, Protected)
Retracted «
loop for (OpSet € Con flicts do

1

2.

3. if (OpSet — Protected) = ) then Return(f)
4. 1+ ChooseTaskToRetract(OpSet — Protected)
5. UnscheduleTask(t)

6. Retracted < Retracted U {t}

7. end-loop

8. Return(Retracted)

9. end

Figure 2: Basic MissionSwap Search Procedure

Given these preliminaries, the basic repair search proce-
dure for inserting an unassignable task, referred to as Mis-
sionSwap, is outlined in Figure 2. It proceeds by computing
ConflictSetq4s1, (line 2), and then retracting one conflict-
ing task for each C'on flict, ini € ConflictSetyqqr (IiN€3).
This frees up capacity for inserting task (line 5), and once
thisis done, an attempt is made to feasibly reassign each re-
tracted task (line 6). For those retracted tasks that remain
unassignable, MissionSwap is recursively applied (lines 7-
10). Asagiventask isinserted by MissionSwap, itis marked
as protected, which prevents subsequent retraction by any
later callsto MissionSwap.

In Figure 3, top-level InsertUnassignableTasks proce-
dure is shown. Once MissionSwap has been applied to all
unassignable tasks, one last attempt is made to schedule any
remaining tasks. This step attempts to capitalize on any op-
portunities that have emerged as a side-effect of Mission-
Swap’s schedule re-arrangement.

The driver of this repair process is the retraction heuristic
ChooseTask ToRetr act. We define several possibilitiesinthe
next subsection.
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InsertUnassignableTasks(U nassignables)
1. Protected +
2. loop for (task € Unassignables) do
SaveScheduleState
Result + MissionSwap(task, Protected)
if Result # )
then Protected < Result
else RestoreSchedul eState
8. end-loop

Nouokow

9. loop for (i € Unassignables A status; = unassigned) do

10. ScheduleTask(7)
11.end-loop
12.end

Figure 3: InsertUnassignableTasks procedure

3.2 Retraction Heuristics

In designing a retraction heuristic, our general goal isto re-
tract the task assignment that posseses the greatest potential
for reassignment. One simple estimate of this potential isthe
scheduling flexibility provided by atask’s feasible execution
interval. More precisely, let avail-dur; = [ ft; — e ft; repre-
sent the amount of time available for executing task :. Then a
simple, resource-indepedent measure of flexibility is
d;
avail-dur;

However, recall that d; is not the total amount of time that
the supporting resource must be allocated for. d; only ac-
counts for the time required to execute the task; it does not
account for the time to position and deposition the resource
for task execution. The total time that a given resource r
must be allocated for isalloc-dur . ; = pos, ; + d; + depos, ;.
Given that the resources being alocated are generally sched-
uled near to capacity, a worst-case, resource-dependent mea-
sure of flexibilty is

alloc-dur, ;

avail-dur;
Using this notion, we define an overall measure of i’s tempo-
ral flexibility as

> rer, dloc-dur, ;
avail-dur; x | R;|
and the following retraction heuristic:

MaxFlex =1 € C: Flex; < Flex;Vj #1

where C' € ConflictSet, for some unassignable task w.

An alternative approach to estimating a task ¢'s poten-
tial for reassignment is to measure the level of contention
across its required execution interval Regqlnt, ;. Assume
as before that C'on flictSet; is the set of conflicts within
RegqlInt, ;¥r € R;. Then, a very basic measure of con-
tention for a given task ¢ is simply the number of conflicts,
i.e. |ConflictSet;|. For purposes of choosing which task to
retract in the case of aconflict C' € Con flictSet, , thismea
sure leads to a “min-conflicts’ like heurigtic[Minton et al.,
1992]:

MinConflicts =i € C : |ConflictSet;| < |ConflictSet;|

Flex; =
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Vi #£i
A potentially more informed measure of contention is one
that considers the proportion of atask i’s required execution
interval on resource » that is currently unavailable (i.e., con-
tainedin aconflict). For any conflict C.. ;,,; € Con flictSet;,
assume that dur designates the duration of int. Then we
define atask 's overall contention level as

ZCEConflictSet, durc
ZTER, ReqlInt, ;
Using this measure, we can define athird retraction heuristic:

Cont; =

MinContention =1 € C': Cont; < Cont;,¥j # ¢

4 Computational Analysis

The genesis of the max-flexibility heuristic and the mission-
swap algorithm took place while experimenting with the
canonical data set used to test and demonstrate the AMC Al-
locator. Thisdata set, whichwe'll refer to as the Tutorial Data
Set, consists of 982 actual missions (3,251 operations) and 12
actual air wings, and represents a two to three week horizon
of AMC airlift and air refueling missions.

Using the basic allocation procedure the system is able to
feasibly alocate al but two of the 982 missionsinthe Tutorial
Data Set. For demonstration purposes those two missions are
usually added to the schedul e by over-allocating agiven wing.

It turned out that this particular data set was not as re-
source over-constrained as we had thought. Application of
the mission-swap algorithm with even a random retraction
heurigtic is able to schedule the two unassignable missions
inafew seconds.

4.1 Experimental Design

For our experiments we generated data sets using the Tutorial
Data Set as a seed: five data sets of twenty problems each
were generated, with the wing capacities randomly reduced
from O to 10%, O to 20%, 0 to 30%, O to 40%, and O to
50%. For each data set, the basic alocation procedure was
employed to quickly schedule as many missions as possible
in priority order. The number of unassignable missions was
recorded, and then InsertUnassignableTasks was executed
on the set of unassignable missions. Then run-time, nodes
searched (number of times MissionSwap was called), and
final number of unassignable missions were recorded. For
each run this process was repeated with min-conflicts, min-
contention, max-flexibility and random choice as the retrac-
tion heuristic (ChooseTask ToRetract, in Figure2).

Experiments were run on a 1.8Ghz Pentium IV PC with
1Gb of RAM, running Windows 2000. The schedulingengine
isimplemented in Allegro Common Lisp 6.1.

4.2 Results

The results of our experiments are shown in Figures 4,
5, and 6. As expected, as the random degree of over-
allocation was increased from 10% to 50%, the number of
initial unassignable missionsincreased, as did the numbers of
unassignables after application of | nsertUnassignableTasks.
Over al problem sets the baseline random-choice heuristic
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Figure 4: Solution Quality
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Figure 5: Computational Cost

was able to assign 36% of the unassignable missions. Min-
conflicts, min-contention and max-flexibility were able to as-
sign 30%, 38%, and 42%, respectively.

What is most striking, though, are the results shown in fig-
ures five and six. While max-flexibility achieved somewhat
better resultsin solution quality, it did so while searching far
less and reaching a solution far more quickly than any of the
competing heuristics.

4.3 Discussion

Our preliminary results show that in the face of a resource
constrained scheduling problem, the decision of what tasksto
temporarily retract in order admit more tasks into the sched-
ulemay be delegated to an extremely simple and cheap retrac-
tion heuristic: max-flexibility. In order for this heuristic to be
effective it should retract tasks that have a high likelihood of
reassignment el sawhere within their feasible windows.

It is somewhat counter-intuitive, then, that max-flexibility
isableto perform so well, based only on task flexibility tore-
schedule, irrespective of other competing tasks in the sched-
ule. Min-contention performance approaches that of max-
flexibility, but only at significant additional cost — approxi-
mately triple the run-time on average in our experiments.

Our conjecture is that as a schedule becomes more and
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—e—Random

—0O— Min-contention

—— Min-conflicts

—¥— Max-flexibility

10% 20% 30% 40% 50%
Problem Set

Figure 6: Search Nodes Explored

more highly constrained, contention will increase to the limit
of available capacity, and thusits measure will serve asaless
informed heuristic. Under these conditions, though, a met-
ric based on a task’s “innate” flexibility to schedule along a
timeline might be more useful.

5 Redated Work

The use of measures of temporal flexibility and resource con-
tention as guidance for variable and value ordering has along
history in the field of constraint-directed scheduling [Sadeh,
1991; Smith and Cheng, 1993; Beck, 1999], although for the
most part use has been in constructive search contexts. Our
work, alternatively, seeks to exploit these measuresin an iter-
ativerepair search context, to determinewhich tasksto retract
and reassign.

Work in manufacturing scheduling domains has addressed
a broad range of priority based scheduling problems[Mor-
ton and Pentico, 1993], and some of this work (e.g., [Smith,
1994]) discusses heuristic techniques for schedule repair.
However, a broad assumption that underlies most of thiswork
isthat due dates are relaxable and the objective isto minimize
tardiness. As such, these are not over-subscribed problemsin
the same sense as the type of problem considered here.

Research in the domain of space mission planning and
scheduling, alternatively, has focused on the solution of over-
subscribed problems (e.g., [Minton et al., 1992; Johnston
and Miller, 1994; Rabideau et al., 1999]). Generally this re-
search is aimed at solving the single mission, single resource
problem (e.g., the observing schedule for a space telescope).
[Zweben et al., 1994]'s shuttle ground processing domain is
one exception, wherein both multiple resources and multi-
capacity resources are considered. The approach employed
here is repair-based, and simple heuristics are employed to
mitigate resource constraint violations. It is not clear how
useful this technique would be, however, in addressing prob-
lems where maintaining task priority is crucial.

Recent work in the area of scheduling observations on mul-
tiple earth satellites comes closest to tackling the same is-
sues which we address: multiple resources, multi-capacity
resources, fixed time windows, and mission priority. [Pem-
berton, 2000] proposes a solution to preserving priority inthe
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face of over-constrained resources by segmenting the prob-
lem into priority classes, solving them individually, and re-
combining them. [Frank et al., 2001] propose a contention-
based heuristic for use in solving a very similar problem
within an iterative sampling framework. However, no experi-
mental analysisis given.

Finally, work in constraint satisfaction problem solving
(CSP) has explored ideas similar to those introduced in this
paper. [Verfaillie and Schiex, 1994] describe a repair proce-
dure similar to MissionSwap for non-disruptively resolving
conflicts in dynamic CSPs (actually motivated by previous
work on a continuous, single-resource scheduling problem).
[Prestwich, 2001] utilizes a “largest domain first” retraction
heuristic to drive an incomplete backtracking procedure.

6 Conclusions

We have presented a novel retraction heuristic, max-
flexibility, and shown its applicability to a multi-mission air-
lift scheduling problem. This heuristic is much faster and
less memory intensivethan min-conflicts and min-contention,
and provides better solution quality. We suggest that max-
flexibility as used in a generic task swapping algorithm
like mission-swap may generally be applicable to resource-
constrained scheduling problems with fixed time windows.
This method is particularly suitable to dynamic scheduling
domains, where an existing schedule must be preserved as
tasks change and new ones are added.

Itis possible that with further study and experimentation a
more informed retraction heuristic than max-flexibility might
be found. It is likely, though, that such a heuristic would be
much more expensive, and that a heuristic that isfairly smart,
but very cheap, may be the best choice of all.
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Abstract

Patient scheduling in hospitals is a highly complex
task. Hospitals have a distributed organisational
structure; being divided into several autonomous
wards and ancillary units. Moreover, the treat-
ment process is dynamic (information about the
patients’ diseases often varies during treatments,
causing changes in the treatment process). Current
approaches are insufficient because they either fo-
cus only on the single ancillary units, and therefore
do not consider the entire treatment process of the
patients, or they do not account for the distribution
and dynamics of the patient scheduling problem.
Therefore, we propose an agent based approach in
which the patients and hospital resources are mod-
elled as autonomous agents with their own goals,
reflecting the decentralised structures in hospitals.
In this multi-agent system, the patient agents com-
pete over the scarce hospital resources. Moreover
to improve the overall solution, the agents then ne-
gotiate with one another. To this end, a market
mechanism is described, in which each self inter-
ested agent tries to improve its own situation. In
particular we focus on how the agents can calculate
demand and supply prices based upon their current
schedule. Further, an evaluation of first results of
the proposed method is given.

1 Introduction

Patient scheduling in hospitals is concerned with the optimal
assignment of patients to hospital resources. Hospitals are

Elect. & Comp. Sci. Dept. Comp. & Inf. Sci. Dept.
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K.S. Decker A.Heinzl*

Inf. Sys. Dept.
Univ. of Delaware University of Mannheim
Newark, Delaware, USA  Mannheim, Germany
decker@cis.udel.edu  heinzl@uni-mannheim.de

ule disturbances® [Schliichtermann, 1990]. Due to this, pa-
tient scheduling in hospitals requires an approach which is
distributed, in order to leave the authority at the responsible
hospital units, and flexible, to be able to react to plan changes
in an efficient manner.

We have chosen to adopt a multi-agent based approach to
this problem, because such systems allow the representation
of every single coordination object, i.e. the responsible enti-
ties, as single autonomous agents with their own goals [Wein-
hardt and Gomber, 1996]. This, in turn, reflects the existing
decentralised structures in hospitals [Decker and Li, 2000].
Through social abilities, the agents can interact with each
other to reach their own goals. Moreover they can react with
the needed flexibility to changes (as new information about
the health status of a patient becomes available) and distur-
bances (e.g. emergencies and complications) through proac-
tiveness and responsiveness [Jennings, 2001].

This paper advances the state of the art in two main ways.
First is the design of a novel procedure, i.e. a patient cen-
tred multi-agent based coordination mechanism, where the
patients are represented as autonomous agents, trying to im-
prove their current scheduling state by negotiation with other
agents. Second is the derivation of health state dependent op-
portunity cost functions, based upon which the agents eval-
uate their current schedule and compute the gains and losses
through plan modifications.

The remainder of the paper is structured as follows. Sec-
tion 2 describes the domain of patient-scheduling in hospitals.
Section 3 details the conceptual framework of our multi-agent
system, the relevant coordination objects and the coordination
mechanism. The results of the proposed mechanism are also
evaluated. The paper ends with conclusions and an outlook
to further work in section 4.

divided into several autonomous wards and ancillary units,
which are visited by the patients for treatments and exami-
nations during hospitalisation in accordance with their illness
[Schliichtermann, 1990]. However, the pathways (the needed
treatments and examinations) and the medical priorities (the
health condition of the patients) are likely to change due to
new findings about the diseases of the patients during exami-
nation. Further, complications and arrivals of emergency pa-
tients, which are in urgent need for treatment, result in sched-

2 ThePatient Scheduling Problem

In addition to the complexity arising from the distributed
structure of hospitals, patient scheduling has to be performed
in the face of a high degree of uncertainty about the treatment
pathways of patients within the hospital. Thus patients arrive

1This problem can be ameliorated by the provision of addi-
tional (exclusive) emergency resources (e.g. separate x-ray facili-
ties). However, for economic reasons, hospitals try to minimise
these extra resources.

*We would like to thank the DFG, Deutsche Forschungsgemein-
schaft for funding this work as part of SPP 1083.
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continuously at the hospital and the necessary medical treat-
ments are often not able to be completely determined at the
beginning of the treatment process. Moreover the results of
a diagnostic examination might change the (medical) priority
of the patients, invoke additional activities and/or make other
medical actions obsolete.

Due to this complexity, the application of traditional (op-
erations research) methods from industrial scheduling to the
patient scheduling problem is problematic [Schliichtermann,
1990]. To be able to handle the process dynamics in a dis-
tributed environment, hospitals commonly use a very flexible
approach for patient scheduling. Typically, the wards send
treatment and examination requests to the ancillary units.
Based upon these requests, the ancillary units order the pa-
tients from the wards. This allows the units to react very flex-
ibly to changes with very low communication needs. If, for
example, an emergency patient needs to be inserted, the next
patient will simply be called from the ward later, leaving this
patient available to other ancillary units.

However, because there is no inter-unit coordination, this
procedure cannot resolve resource conflicts, which occur if
the same patient is requested by more than one ancillary unit
at the same time [Decker and Li, 2000]. Because the ancil-
lary units only have a local view, i.e. they do not — and cannot
— take the whole pathway of the treated patients into their
scheduling consideration, no inter-unit process optimisation
can be undertaken (i.e. the medical tasks for the patients can-
not be scheduled and coordinated in an efficient manner).
This causes undesired idle times as well as overtime hours
for the hospital resources and extended patient stay times.

3 Agent-Based Patient Scheduling

In this section the conceptual framework of our multi-agent
system is described. Then, the relevant coordination ob-
jects, i.e. the patients and hospital resources, are modelled as
agents. After this, a coordination mechanism is introduced.
Finally, examples are given and the first results of the imple-
mentation are presented.

3.1 Conceptual Framework

Using a multi-agent system, [Decker and Li, 2000] addressed
the problem of resource conflicts in the patient scheduling
domain. Specifically, by adding a coordination mechanism
to handle mutually exclusive resources (i.e. the patients) to
the Generalized Partial Global Planning (GPGP) approach?,
they achieved significant scheduling improvements compared
to current patient scheduling without coordination. In their
work, they took a function-oriented approach, where only the
units are represented as autonomous agents. The treatment
pathway of the patients is captured by the nursing units. How-
ever, the dynamics of the patient scheduling problem and the
medical priorities of the patients were not considered.

For this reason, we use a patient-centred approach, in
which the patients are modelled as agents, too. This allows
the representation — and therefore consideration — of the hos-
pital processes as a whole [Adam and Gorschliiter, 1999]. In

2GPGP is a domain independent, task environment centred,
scheduling approach to coordination [Decker and Li, 2000].
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contrast to the resource agents, who only see the patients as
entities to be treated, the patient agents only see the medi-
cal actions as tasks that need to be performed. Due to these
opposing forces, the patient agents ensure that the resource
agents also consider the treatments of the patients outside
their unit (without any explicit knowledge of them) and vice
versa.

To this end, the relevant coordination objects in the hospi-
tal (i.e. the entities to be coordinated), which will be repre-
sented as agents, can be identified as patients and resources
(i.e. rooms, machines and personnel). To reduce complexity,
all resources needed for a specific medical action are repre-
sented by the hospital unit responsible for this action, which
will be implemented as the resource agents.

If more than one patient agent now wants to use the iden-
tical resource at the same time interval, a resource conflict
occurs. To solve these conflicts, a coordination mechanism
is needed. For this inter-agent coordination, we decided to
use a market mechanism. The rationale for this is that a
market mechanism is a distributed coordination mechanism
which facilitates efficient solutions with low communication
needs. In particular, only prices for specific goods are com-
municated, keeping all other information private to the mar-
ket participants [Wellman et al., 2001]. Additionally, a mar-
ket facilitates a dynamic environment, where the market par-
ticipants take actions according to their current (dynamically
changing) situation based upon private information and pref-
erences. In this market, the coordination objects are modelled
as autonomous, self-interested market participants, trying to
improve their local schedule. In markets, the price mecha-
nism leads to an efficient resource allocation because the re-
sources are assigned to the agents that are willing to pay the
highest price (assuming that the agents bid rationally, these
are the agents who gain the highest utility from this resource).
A pareto optimal solution will be achieved, because no agent
will accept a deal, which worsens its current state. Therefore,
the agents will trade resources until no agent can improve its
schedule without harming another agent [Weigelt, 1994].

3.2 Coordination Objects

To implement a coordination mechanism, the above men-
tioned coordination objects have to be modelled. In this
work the main goal for the patients is to minimise their stay
time and for the resources to minimise idle times. This kind
of scheduling problems represents a worth-oriented environ-
ment [Rosenschein and Zlotkin, 1994], where the degree
of goal achievement can be evaluated by a utility function
(rather than a state or task oriented environment, where a sin-
gle goal cannot be achieved partially). The usage of contin-
uous worth functions instead of single worth values assigned
to specific goals enables the agents to relax their goals, i.e.
to compromise in order to achieve a better solution [Rosen-
schein and Zlotkin, 1994]. For example, if two agents want
the same time slots at the same resource, the agents can agree
upon a solution which does not fully satisfy their own goals,
but reaches a better overall solution. This situation is illus-
trated in the figures 2(a) and 2(b).

Because we adopt a patient-centred approach, the main fo-
cus will be on the patient agents, which will be modelled in
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the first subsection. Within this part, we introduce the health
state dependent cost-functions, which are needed for price ar-
ticulation in the market mechanism. In the second subsection,
the resource agents are described.

Patient Agents

Each patient is represented by an agent. The patient agents
can only see their own schedule, containing their pathway
through the hospital. The pathway of a patient agent com-
prises the needed treatments and examinations as well as the
order constraints between those tasks. The patient agents are
also equipped with a private worth function to be able to ne-
gotiate in a goal driven manner. This worth function is re-
alised as a cost function, which they try to minimise. These
cost functions increase over time, setting incentives for the
patient agents to schedule their treatments and examinations
as early as possible in order to reduce costs.

In contrast to commercial domains, the utility or cost func-
tions cannot be based upon monetary values in hospitals.
While in e-commerce scenarios the human principals reveal
their preferences through their willingness to pay (e.g. by
specifying maximum buy and minimum sell prices), patients
do not — and should not — reveal their preferences through
their willingness to pay for a specific treatment time slot. The
preferences rather have to be based upon medical priorities,
i.e. their health state. This absence of normalised monetary
units additionally causes the problem of inter-agent utility
comparison. To solve this problem, we operationalised the
progress of the patients’ health state. In current hospital prac-
tice, numerous health states or patient priority measures and
indices are in use (e.g. APACHE Il (Acute Physiology And
Chronic Health Evaluation) [Knaus et al., 1985] in intensive
care units). The choice of the measurement to use is up to
the hospital. However, we propose, that it should support a
cardinal measurement of the health state progress over time.

The cardinal measurement is necessary for inter-agent util-
ity comparison and transfer (as we have to calculate with
these units). Because these health state (utility) units cannot
be transferred between the actual patients in the hospital, the
multi-agent system has to be separated from the actual patient
world, where only the agents transfer utility units in order to
reach a better overall solution (minimisation of health state
adjusted patient stay time).

The health state progress is important, because the priority
of the patients should not be based upon their current state,
but on their health state development. For example, a patient
with a currently reasonable but rapidly deteriorating health
condition should have a higher priority than a patient with
a (slightly) lower current, but continuously constant, health
state.

For the necessary cardinal measurement of health, we rely
on the concept of years of well being [Torrance, 1987] be-
cause it handles the health state progress over time (a good
overview can be found in [Pedroni and Zweifel, 1990]). In
this method, the question is what time period XT of total
health (1) equals one specific time period 17" of a certain
health state H, i.e.

1T+«H =2T%x1< H = x.
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Through this, the health state of a patient can be described in
time units.

The primary goal of patients in hospitals is to increase their
current health state through treatment, where a disease could
be viewed as disutility (decrease in quality of life) for the pa-
tient. This loss of utility adds up as long as this disease is
not cured. Based on this assumption, the (opportunity) cost
C°PP for not curing the patient right away equals the differ-
ence between the achievable health state (through treatment)
zand the patient’s health state over the time H (¢). Formally,
this can be expressed by

Comp () = /0 L

In addition, it has to be considered that the health state and
the achievable health state can change over time. Therefore,
the patient’s opportunity costs are influenced by his current
health state a, the development of his health state over time
H(t), and the maximal reachable health state through treat-
ment z. If the health state does not change over time, i.e.
H(t) = a, the opportunity costs are

CPP(t) = pt; u = 2 — a.

If the health state of a patient worsens over time, assump-
tions about the course of the health state have to be made by
a physician. If we assume — for clarity — a linear reduction by
b of the health state, i.e. H(t) = a — bt, we get

CPP(t) = 2t — at + gﬁ = ut + th.
However, this approach works with any health decrease
rate, as the health state of a patient normally does not decrease
linearly. Nevertheless, a linear approximation of the decrease
in health can be justified by practical reasons. Instead of try-
ing to estimate the exact shape of the curve, a physician could
rather specify two or more specific points in time and in be-
tween a linear reduction could be estimated. Figure 1 shows
an exemplary course of an illness with linear reduction of the
health state, resulting in a quadratic opportunity cost curve.
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Figure 1: Linear reduction of health state.

Finally, if the maximal reachable health state decreases, the
patient must be treated immediately to prevent lifelong dam-
age to his health.
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With these cost functions in place, the agents can now eval-
uate their current state, i.e. the degree of goal achievement.
Further, based on these functions, the agents are able to com-
pute supply and demand prices for time slots which corre-
spond to the losses or benefits caused by plan changes, which
is essential for a market mechanism. How these prices are
computed will be explained later in the context of the descrip-
tion of the coordination mechanism (section 3.3).

Resource Agents

In contrast to the patients, the hospital resources are directly
comparable with the resources in industrial scheduling do-
mains. Their main goal can be described as maximising their
utilisation or, equivalently, minimising idle time.

To reach this goal, cost-functions can also be articulated
for the resource agents. These cost functions represent the
reserve prices (i.e. the price that will be charged for an empty
slot) for the possible appointments [Wellman et al., 2001].
Through this, priorities between different resources can be
established that allow penalisation of undesired appointment
times (e.g. evening shift or overtime hours). Here, the basis
for the resource agents’ cost functions comes from cost ac-
counting.

However, for inter-agent utility comparison (i.e. between
patient and resource agents) these measurements have to be
equalised, which can be a very difficult task, because the
health state of a patient has to be compared with monetary
values from cost accounting. A good way out of this problem
are trade-off considerations, e.g. what amount of idle time of
a specific resource equals one hour waiting time for a patient
with a specific health state.

3.3 TheCoordination Mechanism

The main goal of the coordination mechanism is to minimise
the health state adjusted stay time of the patients, which is
equivalent to an overall minimisation of suffering for the pa-
tients. The basic idea of our coordination mechanism is that
the patient agents try to buy into resource time slots for the
needed treatments and examinations. However, the usage of
(central) auction mechanisms is obstructed by the dynamics
of the patient scheduling problem described in section 2.

To ensure feasible (i.e. conflict free) initial task appoint-
ments for the patients, all new treatments and examinations
are scheduled on a first-come first-served (fcfs) basis. To do
this, the patient agents who want to add a task to their path-
way contact the responsible unit for the execution of this task
in order to obtain the earliest time slot which is available at
the unit as well as in their own schedule. To illustrate this,
figure 2(a) shows a possible initial resource allocation. These
initial appointments determine the budget (or better the initial
opportunity costs) of the agents. This is important because a
hypothetical price system is used (as per section 3.2).

Based upon this initial schedule, the agents try to improve
their schedule in order to reduce their opportunity costs. The
price p they are willing to pay for a specific time slot (ex-
pected gain) or they charge for a time slot (expected loss) is
the difference between the cost-value of the current alloca-
tion t°/¢ and the cost-value for the wanted appointment ¢ <%,
according to their individual cost function described in the
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previous section, i.e.
p(tOId, tnew) _ Copp(told) — ¢orp (tnew)'

Because in this approach the (opportunity) costs of an ap-
pointment increase over time for the patient agents, they must
try to schedule their treatments and examinations as early as
possible. If a demanded time slot is already occupied by an-
other patient agent, the initial demander must try to buy the
time slot from the current owner. With respect to the proper-
ties of a market mechanism, the agents act in a rational, self-
interested manner. Therefore, the owners of the time slots
will only release them, if the price offered equals the losses
invoked through rescheduling. Since they only charge for the
costs invoked through rescheduling they can be viewed as act-
ing in a partially cooperative manner.

The detailed negotiation process goes as follows:

1. A patient agent initiates a negotiation for rescheduling,
if the pathway (additional or obsolete medical actions)
or the health state of its patient has changed.

2. The initiating agent selects the task with the highest pos-
sible improvement (difference between the costs of the
current owned and the best reachable time slot) and con-
tacts the resource agent that is responsible for the execu-
tion of this task.

3. The resource agent reserves that time slot, and contacts
all affected patient agents, i.e. the agents that currently
own this interval, and informs them about the proposal
of the initiator.

4. The affected patient agents (sellers) try to reschedule to
the first nonreserved time slots (see step 3) and notify
the initiator about their costs due to rescheduling. To
prevent cycles, reserved intervals cannot be demanded
by other agents.

5. If the alternative time slots for the sellers are already
occupied, they again become demanders for those time
slots and accumulate the invoked costs. Here, order con-
straints can invoke additional rescheduling in other re-
sources.

6. After all prices are computed and submitted to the ini-
tiator, the initiator compares its expected gains from
rescheduling to the total price asked for this interval. If
the gains exceed the costs it accepts or rejects otherwise,
and the negotiation for this time slot terminates.

The former initiator continues its rescheduling activities by
opening new negotiations for the next task with the (now)
highest possible improvement until it cannot improve any task
any further. Previously rejected time slots will not be consid-
ered unless these time slots are released by their owners. For
concurrency issues only one (randomly chosen) agent can ini-
tiate a negotiation at a time.

In this coordination mechanism only the patient agents are
active components. However, as described earlier, cost func-
tions can be implemented into the resource agents, allowing
prioritisation between the resources. The resource price for a
time slot is charged when a patient agent buys a time slot, and
reimbursed when the patient agent releases this time slot.
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As described earlier, the pathway of the patients through
the hospital is likely to change during the treatment process,
that is, additional treatments and/or examinations may be-
come necessary while other tasks may become obsolete. In
our coordination mechanism, additional tasks (as well as ad-
ditional patients) can be added at any time using the fcfs rule
explained above. If a treatment becomes obsolete, the respon-
sible patient agent notifies the affected resource agent that,
again, informs the other patient agents in its schedule.

3.4 Example Scenarios

Figure 2(a) and 2(b) illustrate the functioning of our coordi-
nation mechanism. Figure 2(a) shows an initial schedule with
three patients (A,B,C). For illustration purposes, we start with
identical cost-functions with an assumed initial health state
of 0.7, an achievable health state = of 1.0, a decrease rate b of
0.001 and equal possible starting times for all patients. The
used cost function resolves as 0.3t + 0.0005¢2. Further, in
this example, all task durations are set to 10¢. We will use the
$-sign to indicate utility units.

witt| [A 8T i1 | (BT A ]
wie| CEOT A ] WG une| EEETETT A
\ time \ time

(a) Schedule before negotiation. (b) Schedule after negotiation.

Figure 2: Example Schedule before and after negotiation.

Based upon this initial schedule, agent C negotiates with
agent B in unit 2 in order to improve its current situa-
tion. Agent C’s current opportunity costs in unit 2 are $12.8
(0.3 x 40 4+ 0.0005 x 402). Its opportunity costs for the first
time slot would be $3.05 (i.e. a difference of $9.75). For the
calculation of the offer price, agent B has to determine its
additional rescheduling costs. Therefore agent B has to ne-
gotiate with agent A in unit 2 for the next best time slot and
in unit 1, because the patients are exclusive resources which
can only perform one task at a time. Agent A looses $3.25
in unit 2 and another $3.15 in unit 1. Agent B looses $3.15
in unit 2 but gains $3.15 in unit 1. Agent B is charged with
the losses of Agent A ($6.40) and adds this to its supply price
for agent C (here $3.15 — $3.15 = $0.00). Because the total
supply price ($6.40) is less than agent C’s gains ($9.75) agent
C accepts the deal (because it can compensate the losses of
the other agents) and the plan is changed. No more deals are
possible and figure 2(b) shows the result of this negotiation.

In this example, patient agent A accepted a schedule of
lower quality in favour of patient agent C. However, only pa-
tient agent A — not the real patient — has received a compen-
sation from patient agent C. This illustrates the necessary dis-
junction between the real patients and the multi-agent system
in the hospital domain as described earlier (section 3.2).

In the next step, we relax the assumption, that all agents
have the same cost functions. If agent C would have had a
lower health state (e.g. 4« = 0.35) it could have even improved
its appointment in unit 1 because it would have gained $3.75
from moving to the second slot (agent A in figure 2(b)) while

1228

agent A would only ask $3.25 for its slot (agent A moves to
slot 1 and gains $3.15, and agent B moves to slot 3 and looses
$6.40).

We have applied the described coordination mechanism to
the first Taillard 5 x 5 open shop problem [Taillard, 1993]
to analyse the behaviour for tasks with different durations.
Figure 3 shows the resulting Gantt chart with a solution of
349. The optimal solution is 300. To analyse the convergence
of the mechanism, we logged the changes of the latest task for
each agent. Figure 4 shows the corresponding convergence
behaviour, which indicate a fast convergence in the first third
of the graph.
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Figure 3: Gantt of the results of the Taillard 5x5 open shop
problem.
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Figure 4: Converge of the Taillard 5x5 open shop problem.

The number of negotiation rounds counts each improve-
ment attempt (successful or not) of the agents. The same pro-
cedure was executed for the n x n open shop problems with
equal task durations. For these problems the optimal solution
will be always achieved. The resulting Gantt chart is shown
in figure 5. Figure 6 shows the corresponding convergence,
illustrating the simplicity of this problem type in contrast to
the used Taillard benchmark.

However, a better agent-based solution to this problem can
be achieved through the usage of (central) appointment auc-
tions. Implementing an auction based approach using the
same cost functions resulted in a solution at 308. How-
ever, these auctions cannot handle the dynamics of the patient
scheduling problem, because the auction process would have
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Figure 5: Gantt of the results of the easy 5x5 open shop prob-
lem.
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Figure 6: Converge of the easy 5x5 open shop problem.

to restart again after severe changes in the pathway occurred.

4 Conclusions and Future Work

In this paper, we presented a patient-centred coordination
mechanism for inter-unit patient scheduling in hospitals.
Therefore, health state dependent cost functions were devel-
oped. We described the implemented coordination mecha-
nism and evaluated first results, showing the different conver-
gence for problems with equal and different task durations.

In the next step, we will run our approach on real hospi-
tal data, already retrieved out of a field study in five hospitals.
Based upon these results, our coordination mechanism will be
enhanced in future work, where the main focus is on the de-
velopment of a flexible auction mechanism in order to handle
the dynamics of the patient scheduling problem. In this con-
text, we will analyse how the usage of texture measurements
(here: criticality and goodness measures) [Sycara et al., 1990]
can facilitate our coordination mechanism in order to reduce
backtracking. Additionally, our agent based approach will
be benchmarked with a genetic and evolutionary algorithm,
which is under development in the context of this work. Fur-
ther, a decision theoretic approach facilitating stochastic task
duration will be presented in the near future.
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