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Héctor Geffner
Departamento de Tecnologı́a

ICREA – Universitat Pompeu Fabra
Barcelona 08003, España

hector.geffner@tecn.upf.es

Abstract
Recent algorithms like RTDP and LAO* combine
the strength of Heuristic Search (HS) and Dynamic
Programming (DP) methods by exploiting knowl-
edge of the initial state and an admissible heuris-
tic function for producing optimal policies without
evaluating the entire space. In this paper, we in-
troduce and analyze three new HS/DP algorithms.
A first general algorithm schema that is a simple
loop in which ‘inconsistent’ reachable states (i.e.,
with residuals greater than a given �) are found and
updated until no such states are found, and serves
to make explicit the basic idea underlying HS/DP
algorithms, leaving other commitments aside. A
second algorithm, that builds on the first and adds
a labeling mechanism for detecting solved states
based on Tarjan’s strongly-connected components
procedure, which is very competitive with existing
approaches. And a third algorithm, that approx-
imates the latter by enforcing the consistency of
the value function over the ‘likely’ reachable states
only, and leads to great time and memory savings,
with no much apparent loss in quality, when transi-
tions have probabilities that differ greatly in value.

1 Introduction
Heuristic search algorithms have been successfully used for
computing optimal solutions to large deterministic problems
(e.g., [Korf, 1997]). In the presence of non-determinism and
feedback, however, solutions are not action sequences but
policies, and while such policies can be characterized and
computed by dynamic programming (DP) methods [Bellman,
1957; Howard, 1960], DP methods take all states into account
and thus cannot scale up to large problems [Boutilier et al.,
1999]. Recent algorithms like RTDP [Barto et al., 1995] and
LAO* [Hansen and Zilberstein, 2001], combine the strength
of Heuristic Search and Dynamic Programming methods by
exploiting knowledge of the initial state s0 and an admissi-
ble heuristic function (lower bound) h for computing opti-
mal policies without having to evaluate the entire space. In
this paper we aim to contribute to the theory and practice
of Heuristic Search/Dynamic Programming methods by for-
mulating and analyzing three new HS/DP algorithms. The
first algorithm, called FIND-and-REVISE is a general schema

that comprises a loop in which states reachable from s0 and
the greedy policy that have Bellman residuals greater than a
given � (we call them ‘inconsistent’ states), are found and up-
dated until no one is left. FIND-and-REVISE makes explicit
the basic idea underlying HS/DP algorithms, including RTDP
and LAO*. We prove the convergence, complexity, and op-
timality of FIND-and-REVISE, and introduce the second al-
gorithm, HDP, that builds on it, and adds a labeling mech-
anism for detecting solved states based on Tarjan’s efficient
strongly-connected components procedure [Tarjan, 1972]. A
state is solved when it reaches only ‘consistent’ states, and
solved states are skipped in all future searches. HDP termi-
nates when the initial state is solved. HDP inherits the con-
vergence and optimality properties of the general FIND-and-
REVISE schema and is strongly competitive with existing ap-
proaches. The third algorithm, HDP(i), is like HDP, except
that while HDP computes a value function by enforcing its
consistency over all reachable states (i.e., reachable from s0

and the greedy policy), HDP(i) enforces consistency over the
‘likely’ reachable states only. We show that this approxima-
tion, suitably formalized, can lead to great savings in time and
memory, with no much apparent loss in quality, when transi-
tions have probabilities that differ greatly in value.

Our motivation is twofold: to gain a better understanding
of HS/DP methods for planning with uncertainty, and to de-
velop more effective HS/DP algorithms for both optimal and
approximate planning.

2 Preliminaries
2.1 Model
We model non-deterministic planning problems with full
feedback with state models that differ from those used in the
classical setting in two ways: first, state transitions become
probabilistic; second, states are fully observable. The result-
ing models are known as Markov Decision Processes (MDPs)
and more specifically as Stochastic Shortest-Path Problems
[Bertsekas, 1995], and they are given by:1

M1. a discrete and finite state space S,
M2. an initial state s0 2 S,
M3. a set G � S of goal states,
M4. actions A(s) � A applicable in each state s 2 S,
M5. transition probabilities Pa(s0js) for s 2 S, a 2 A(s),

1For discounted and other formulations, see [Puterman, 1994].
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M6. positive action costs c(a; s) > 0, and
M7. fully observable states.

Due to the presence of full feedback (M7) and the standard
Markovian assumptions, the solution of an MDP takes the
form of a function � mapping states s into actions a 2 A(s).
Such a function is called a policy. A policy � assigns a prob-
ability to every state trajectory s0; s1; s2; : : : starting in state
s0 which is given by the product of the transition probabili-
ties Pai(si+1jsi) where ai = �(si). If we further assume that
actions in goal states have no costs and produce no changes
(i.e., c(a; s) = 0 and Pa(sjs) = 1 if s 2 G), the expected cost
associated with a policy � starting in state s0 is given by the
weighted average of the probability of such trajectories times
their cost

P1

i=0 c(�(si); si). An optimal solution is a policy
�
� that has a minimum expected cost for all possible initial

states. An optimal solution is guaranteed to exist provided the
following assumption holds [Bertsekas, 1995]:

M8. the goal is reachable from every state with non-zero
probability.

Since the initial state s0 of the system is fixed, there is in
principle no need to compute a complete policy but a partial
policy prescribing the action to take in the states that can be
reached following the policy from s0. Traditional dynamic
programming methods like value or policy iteration compute
complete policies, while recent heuristic search DP methods
like RTDP and LAO* compute partial policies. They achieve
this by means of suitable heuristic functions h(s) that provide
admissible estimates (lower bounds) of the expected cost to
reach the goal from any state s.

2.2 Dynamic Programming
Any heuristic or value function h defines a greedy policy �h:

�h(s)
def
= argmin

s2A(s)

c(a; s) +
X
s02S

Pa(s
0
js) h(s0) (1)

where the expected cost from the resulting states s
0 is as-

sumed to be given by h(s0). We call �h(s) the greedy action
in s for the value function h. If we denote the optimal (ex-
pected) cost from a state s to the goal by V

�(s), it is well
known that the greedy policy �h is optimal when h is the op-
timal cost function, i.e. h = V

�.
While due to the possible presence of ties in (1), the greedy

policy is not unique, we will assume throughout the paper
that these ties are broken systematically using an static order-
ing on actions. As a result, every value function V defines a
unique greedy policy �V , and the optimal cost function V

�

defines a unique optimal policy �V � . We define the relevant
states as the states that are reachable from s0 using this opti-
mal policy; they constitute a minimal set of states over which
the optimal value function needs to be defined.2

Value iteration (VI) is a standard dynamic programming
method for solving MDPs and is based on computing the op-
timal cost function V

� and plugging it into the greedy policy
(1). This optimal cost function is the only solution to the fixed

2This definition of ‘relevant states’ is more restricted than the
one in [Barto et al., 1995] that includes the states reachable from s0

by any optimal policy.

point equation:

V (s) = min
a2A(s)

c(a; s) +
X
s02S

Pa(s
0
js) V (s0) (2)

also known as Bellman’s equation. For stochastic short-
est path problems like M1-M8 above, the border condition
V (s) = 0 is also needed for goal states s 2 G. Value it-
eration solves (2) by plugging an initial guess for V � in the
right-hand side of (2) and obtaining a new guess on the left-
hand side. In the form of VI known as asynchronous value
iteration [Bertsekas, 1995], this operation can be expressed
as:

V (s) := min
a2A(s)

c(a; s) +
X
s02S

Pa(s
0
js) V (s0) (3)

where V is a vector of size jSj initialized arbitrarily (normally
to 0) and where the equality in (2) is replaced by assignment.
The use of expression (3) for updating a state value in V is
called a state update or simply an update. In standard (syn-
chronous) value iteration, all states are updated in parallel,
while in asynchronous value iteration, only a selected subset
of states is selected for update at a time. In both cases, it is
known that if all states are updated infinitely often, the value
function V converges eventually to the optimal value func-
tion. From a practical point of view, value iteration is stopped
when the Bellman error or residual defined as the difference
between left and right in (2):

R(s)
def
=

����V (s)�

�
min

a2A(s)
c(a; s) +

X
s02S

Pa(s
0
js)V (s0)

�����
over all states s is sufficiently small. In the discounted MDP
formulation, a bound on the policy loss (the difference be-
tween the expected cost of the policy and the expected cost
of the optimal policy) can be obtained as a simple expres-
sion of the discount factor and the maximum residual. In
stochastic shortest path models, no similar closed-form bound
is known, although such bound can be computed [Bertsekas,
1995]. Thus, one can execute value iteration until the max-
imum residual becomes smaller than a given �, then if the
bound on the policy loss is higher than desired, the same pro-
cess can be repeated with a smaller � (e.g., �=2) and so on (see
[Hansen and Zilberstein, 2001] for a similar idea). For these
reasons, we will take as our basic task below, the computa-
tion of a value function V (s) with residuals no greater than a
given parameter � > 0.

One last definition and a few known results before we pro-
ceed. We say that cost function V is monotonic iff

V (s) � min
a2A(s)

c(a; s) +
X
s02S

Pa(s
0
js) V (s0) (4)

for every s 2 S. Notice that a monotonic value function
never decreases when updated, and moreover, must increase
by more than � when updated in a state s whose residual
is greater than �. As in the deterministic setting, a non-
monotonic cost function can be made monotonic by simply
taking the value V (s) to be the max between V (s) and the
right-hand side of Bellman’s equation. The following results
are well known.
Theorem 1 a) The optimal values V �(s) of a model M1-M8
are non-negative and finite; b) the monotonicity and admis-
sibility of a value function are preserved through updates.
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start with a lower bound function V := h

repeat
FIND a state s in the greedy graph GV with R(s) > �

REVISE V at s
until no such state is found
return V

Algorithm 1: FIND-and-REVISE

3 Find-and-Revise
The FIND-and-REVISE schema is a general asynchronous VI
algorithm that exploits knowledge of the initial state and an
admissible heuristic for computing optimal or nearly optimal
policies without having to evaluate the entire space. Let us
say that a value function V is �-consistent (inconsistent) over
a state s when the residual over s is no greater (greater) than �,
and that V itself is �-consistent when it is �-consistent over all
the states reachable from s0 and the greedy policy �V . Then
FIND-and-REVISE computes an �-consistent value function by
simply searching for inconsistent states in the greedy graph
and updating them until no such states are left; see Alg. 1.

The greedy graph GV refers to the graph resulting from
the execution of the greedy policy �V starting in s0; i.e., s0 is
the single root node in GV ,and for every non-goal state s in
GV , its children are the states that may result from executing
the action �(s) in s.

The procedures FIND and REVISE are the two parameters of
the FIND-and-REVISE procedure. For the convergence, opti-
mality, and complexity of FIND-and-REVISE, we assume that
FIND searches the graph systematically, and REVISE of V at
s updates V at s (and possibly at some other states), both
operations taking O(jSj) time.

Theorem 2 (Convergence) For a planning model M1-M8
with an initial value function h that is admissible and
monotonic, FIND-and-REVISE yields an �-consistent value
function in a number of loop iterations no greater than
�
�1
P

s2S
V
�(s)�h(s), where each iteration has time com-

plexity O(jSj).

Theorem 3 (Optimality) For a planning model M1-M8 with
an initial admissible and monotonic value function, the value
function computed by FIND-and-REVISE approaches the op-
timal value function over all relevant states as � goes to 0.

4 Labeling
We consider next a particular instance of the general FIND-
and-REVISE schema in which the FIND operation is carried
out by a systematic Depth-First Search that keeps track of
the states visited. In addition, we consider a labeling scheme
on top of this search that detects, with almost no overhead,
when a state is solved, and hence, when it can be skipped
in all future searches. A state s is defined as solved when
the value function V is �-consistent over s and over all states
reachable from s and the greedy policy �V . Clearly, when this
condition holds no further updates are needed in s or the states
reachable from s. The resulting algorithm terminates when
the initial state s0 is solved and hence when an �-consistent
value function has been obtained.

0

2

5 6 7

31

4C1

C2 C3

C4

Figure 1: A graph and its strongly-connected components.

Due to the presence of cycles in the greedy graph, bottom-
up algorithms common in AO* implementations cannot be
used. Indeed, if s is reachable (in the greedy graph) from
a descendant s0 of s, then bottom-up approaches will be un-
able to label either state as solved. A labeling mechanism that
works in the presence of cycles is presented in [Bonet and
Geffner, 2003] for improving the convergence of RTDP. Basi-
cally, after each RTDP trial, an attempt is made to label the last
unsolved state s in the trial by triggering a systematic search
for inconsistent states from s. If one such state is found, it
is updated, and a new trial is executed. Otherwise, the state
s and all its unsolved descendants are labeled as solved, and
a new cycle of RTDP trials and labeling checks is triggered.
Here we take this idea and improve it by removing the need
of an extra search for label checking. The label checking will
be done as part of the FIND (DFS) search with almost no over-
head, exploiting Tarjan’s linear algorithm for detecting the
strongly-connected components of a directed graph [Tarjan,
1972], and a correspondence between the strongly-connected
components of the greedy graph and the minimal collections
of states that can be labeled at the same time.

Consider the (directed) greedy graph GV and the relation
‘�’ between pairs of states s and s

0 that holds when s = s
0

or when s is reachable from s
0 and s

0 is reachable from s

in GV . The strongly-connected components of GV are the
equivalence classes defined by this relation and form a parti-
tion of the set of states in GV . For example, for the greedy
graph in Fig. 1, where 2 and 4 are terminal (goal) states, the
components are C1 = f4g, C2 = f1; 5g, C3 = f2g, and
C4 = f0; 3; 6; 7g. Tarjan’s algorithm detects the strongly-
connected components of a directed graph in time O(n + e)
while traversing the graph depth-first, where n stands for the
number of states (n � jSj in GV ) and e for the number of
edges.

The relationship between labeling and strongly-connected
components in GV is quite direct. Let us say first that a
component C is �-consistent when all states s 2 C are �-
consistent, and that a componentC is solved when every state
s 2 C is solved. Let’s then define G

C

V
as the graph whose

nodes are the components of GV and whose directed edges
are C ! C

0 when some state in C
0 is reachable from some

state in C. Clearly, GC

V
is an acyclic graph as two compo-

nents which are reachable from each other will be collapsed
into the same equivalence class. In addition,

1. a state s is solved iff its component C is solved, and
furthermore,
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2. a component C is solved iff C is consistent and all com-
ponents C 0, C ! C

0, are solved.

The problem of labeling states in the cyclic graph GV can
thus be mapped into the problem of labeling the components
in the acyclic graph G

C

V
, which can be done in bottom up

fashion.
From Fig. 1 is easy to visualize the component graph asso-

ciated to the greedy graph. Thus, if 2 is the only inconsistent
state, for example, we can label the components C1 and C2

as solved, while leaving C3 and C4 unsolved.
The code that simultaneously checks in depth-first fashion

the consistency of the states and the possibility of labeling
them is shown in Alg. 2. We call the resulting algorithm,
HDP. HDP inherits its convergence and optimality properties
from the FIND-and-REVISE schema and the correctness of the
labeling mechanism.

We do not have space to explain HDP code in detail, yet it
should be clear to those familiar with Tarjan’s algorithm; in
particular, the use of the state visit number, S.IDX, and the
‘low-link’ number, S.LOW, for detecting when a new compo-
nent has been found. The flag flag and the (normal) propa-
gation of the visit numbers prevent a component from being
labeled as solved when it is inconsistent or can reach an in-
consistent component.

Theorem 4 (Correctness) The value function computed by
HDP for a planning model M1-M8, given an initial admissible
and monotonic value function, is �-consistent.

5 Experimental Results
We now evaluate the performance of HDP in comparison with
other recent Heuristic Search/DP algorithms such as the sec-
ond code for LAO* in [Hansen and Zilberstein, 2001], that we
call Improved LAO* (ILAO*), and Labeled RTDP (LRTDP), a
recent improvement of RTDP that accelerates its convergence
[Bonet and Geffner, 2003]. We use parallel Value Iteration as
the baseline. We’ve implemented all these algorithms in C++
and the experiments have been run on a Sun Fire–280R with
750 MHz and 1Gb of RAM.

The domain that we use for the experiments is the racetrack
from [Barto et al., 1995]. The states are tuples (x; y; dx; dy)
that represent the position and speed of the car in the x; y

dimensions. The actions are pairs a = (ax; ay) of instan-
taneous accelerations where ax; ay 2 f�1; 0; 1g. Uncer-
tainty in this domain comes from assuming that the road is
‘slippery’ and as a result, the car may fail to accelerate or
desaccelerate. More precisely, an action a = (ax; ay) has
its intended effect with probability 1 � p, while with prob-
ability p the action effects correspond to those of the action
a0 = (0; 0). Also, when the car hits a wall, its velocity is set
to zero and its position is left intact (this is different than in
[Barto et al., 1995] where for some reason the car is moved
to the start position).

We consider the track large-b from [Barto et al., 1995],
h-track from [Hansen and Zilberstein, 2001],3 and five
other tracks (squares and rings of different size). Informa-
tion about these instances can be found in the first three rows

3Taken from the source code of LAO*.

HDP(s : state)
begin

while :s:SOLVED do
// perform DFS
index := 0
DFS(s)
[ reset IDX to 1 for visited states ]
[ clean stack and visited ]

end

DFS(s : state)
begin

// base case
if s:SOLVED _ s:GOAL then

s:SOLVED := true

return false

// check residual
if s:RESIDUAL > � then

s:UPDATE()
return true

// mark state as active
visited:PUSH(s)
stack:PUSH(s)
s:IDX := s:LOW := index

index := index+ 1

// recursive call
flag := false

for s0 2 s:SUCCESSORS do
if s0:IDX =1 then

flag := flag _ DFS(s0)
s:LOW := minf s:LOW; s

0
:LOW g

else if s0 2 stack then
s:LOW := minf s:LOW; s

0
:IDX g

// update if necessary
if flag then

s:UPDATE()
return true

// try to label
else if s:IDX = s:LOW then

while stack:TOP 6= s do
s
0 := stack:POP()
s
0
:SOLVED := true

stack:POP()
s:SOLVED := true

return flag

end

Algorithm 2: HDP.

of Table 1, including number of states, optimal cost, and per-
centage of states that are relevant.

As heuristic, we follow [Bonet and Geffner, 2003], and use
the domain independent admissible and monotonic heuristic
hmin, obtained by replacing the expected cost in Bellman
equation by the best possible cost. The total time spent com-
puting heuristic values is roughly the same for the different
algorithms (except VI), and is shown separately in the fifth
row in the table, along with its value for s0. The experiments
are carried with three heuristics: h = hmin, h = hmin=2,
and h = 0.

The results are shown in Table 1. HDP dominates the other
algorithms over all the instances for h = hmin, while LRTDP
is best (with one or two exceptions) when the weaker heuris-
tics hmin=2 and 0 are used. Thus, while HDP seems best for
exploiting good heuristic information over these instances,
LRTDP bootstraps more quickly (i.e., it quickly computes a
good value function). We hope to understand the reasons for
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algorithm large-b h-track square-1 square-2 ring-1 ring-2 ring-3 ring-4

jSj 23880 53597 42071 383950 5895 33068 94369 353991
V
�

(s0) 18.73356 41.89504 8.07350 11.13041 11.04923 16.09833 22.04798 27.78572
% relevant 18.58 17.12 1.79 0.25 10.70 11.10 10.91 9.98
hmin(s0) 16.0 36.0 7.0 10.0 10.0 14.0 19.0 24.0

time for hmin 3.157 13.422 4.509 72.853 0.555 4.558 16.745 85.766

VI(hmin) 4.039 12.620 5.873 81.270 0.614 5.287 19.466 90.895
ILAO � (hmin) 3.776 13.062 0.389 0.942 0.332 6.095 24.422 145.047
LRTDP(hmin) 3.230 7.618 0.179 0.363 0.143 1.301 4.928 37.992

HDP(hmin) 1.888 7.547 0.148 0.275 0.121 1.101 4.145 30.511
VI(hmin=2) 4.069 14.275 6.147 89.248 0.636 5.704 24.385 100.130

ILAO � (hmin=2) 6.346 26.057 2.106 68.028 0.765 9.801 32.415 174.089
LRTDP(hmin=2) 4.744 12.987 0.813 7.736 0.302 2.480 12.687 152.200

HDP(hmin=2) 6.402 26.663 1.255 20.952 0.331 3.536 15.982 98.033
VI(h = 0) 5.785 21.021 8.445 89.152 0.675 5.809 20.979 101.616

ILAO � (h = 0) 9.522 46.754 11.230 187.463 1.290 9.894 45.989 310.876
LRTDP(h = 0) 6.435 15.276 3.286 45.514 0.431 3.682 19.424 261.286

HDP(h = 0) 9.752 42.601 3.579 79.171 0.994 6.173 25.992 157.646

Table 1: Problem data and convergence time in seconds for the different algorithms with different heuristics. Results for
� = 10�3 and probability p = 0:2. Faster times are shown in bold.

these differences in the future.

6 Approximation
HDP, like FIND-and-REVISE, computes a value function V by
enforcing its consistency over the states reachable from s0

and the greedy policy �V . The final variation we consider,
that we call HDP(i), works in the same way, yet it enforces
the consistency of the value function V only over the states
that are reachable from s0 and the greedy policy with some
minimum likelihood.

For efficiency, we formalize this notion of likelihood, using
a non-negative integer scale, where 0 refers to a normal out-
come, 1 refers to a somewhat surprising outcome, 2 to a still
more surprising outcome, and so on. We call these measures
plausibilities, although it should be kept in mind, that 0 refers
to the most plausible outcomes, thus ‘plausibility greater than
i’, means ‘a plausibility measure smaller than or equal to i.’

We obtain the transition plausibilities �a(s
0js) from the

corresponding transition probabilities by the following dis-
cretization:

�a(s
0
js)

def
= b� log2(Pa(s

0
js)=max

s00
Pa(s

00
js))c (5)

with �a(s
0js) = 1 when Pa(s

0js) = 0. Plausibilities are
thus ‘normalized’: the most plausible next states have always
plausibility 0. These transition plausibilities are then com-
bined by the rules of the � calculus [Spohn, 1988] which is
a calculus isomorphic to the probability calculus (e.g. [Gold-
szmidt and Pearl, 1996]). The plausibility of a state trajectory
given the initial state, is given by the sum of the transition
plausibilities in the trajectory, and the plausibility of reach-
ing a state, is given by the plausibility of the most plausible
trajectory reaching the state.

The HDP(i) algorithm, for a non-negative integer i, com-
putes a value function V by enforcing its (�-)consistency over
the states reachable from s0 with plausibility greater than
or equal to i. HDP(i) produces approximate policies fast by
pruning certain paths in the search. The simplest case results

from i = 0, as the code for HDP(0) corresponds exactly to the
code for HDP, except that the possible successors of a state s
in the greedy graph are replaced by the plausible successors.

HDP(i) computes lower bounds that tend to be quite tight
over the states that can be reached with plausibility no smaller
than i. At run time, however, executions may contain ‘sur-
prising’ outcomes, taking the system ‘out’ of this envelope,
into states where the quality of the value function and its cor-
responding policy, are poor. To deal with those situations,
we define a version of HDP(i), called HDP(i; j), that inter-
leaves planning and execution as follows. HDP(i; j) plans
from s = s0 by means of the HDP(i) algorithm, then exe-
cutes this policy until a state trajectory with plausibility mea-
sure greater than or equal to j, and leading to a (non-goal)
state s0 is obtained. At that point, the algorithm replans from
s
0 with HDP(i), and the same execution and replanning cycle

is followed until reaching the goal. Clearly, for sufficiently
large j, HDP(i; j) reduces to HDP(i), and for large i, HDP(i)
reduces to HDP.

Table 2 shows the average cost for HDP(i; j) for i = 0
(i.e., most plausible transitions considered only), and several
values for j (replanning thresholds). Each entry in the ta-
ble correspond to an average over 100 independent execu-
tions. We also include the average cost for the greedy policy
with respect to hmin as a bottom-line reference for the fig-
ures. Memory in the table refers to the number of evaluated
states. As these results show, there is a smooth tradeoff be-
tween quality (average cost to the goal) and time (spent in
initial planning and posterior replannings) as the parameter
j vary. We also see that in this class of problems the hmin

heuristic delivers a very good greedy policy. Thus, further
research is necessary to assess the goodness of HDP(i; j) and
the hmin heuristic.

7 Related Work
We have built on [Barto et al., 1995] and [Bertsekas, 1995],
and more recently on [Hansen and Zilberstein, 2001] and
[Bonet and Geffner, 2003]. The crucial difference between
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h-track square-2 ring-3 ring-4
algorithm time quality memory time quality memory time quality memory time quality memory
HDP(hmin) 7.547 41.894 35835 0.275 11.130 7245 4.145 22.047 43358 30.511 27.785 152750

HDP(0; 2) 0.853 42.950 7132 0.021 11.250 819 0.311 22.000 7145 1.758 28.500 24195
HDP(0; 4) 0.826 44.000 7034 0.022 11.500 650 0.327 23.300 6882 1.821 28.400 23857

HDP(0; 16) 0.701 46.800 6100 0.017 11.500 556 0.284 23.600 6331 1.580 30.800 21823
HDP(0; 64) 0.698 46.800 5899 0.014 11.610 564 0.264 25.500 6322 1.518 32.400 21823

greedy(hmin) N/A 47.150 356 N/A 12.450 104 N/A 25.390 192 N/A 31.600 241

Table 2: Results of HDP(0; j) for j = 2; 4; 16; 64 and greedy policy with respect to hmin for � = 10�3 and p = 0:2. Each value
is the average over 100 executions. N/A in time for the greedy policy means “Not Applicable” since there is no planning.

FIND-and-REVISE and general asynchronous value iteration
is the focus of the former on the states that are reachable from
the initial state s0 and the greedy policy. In RTDP, the FIND
procedure is not systematic and is carried out by a stochas-
tic simulation that may take time greater than O(jSj) when
the inconsistent states are reachable with low probability (this
explains why RTDP final convergence is slow; see [Bonet and
Geffner, 2003]). LAO*, on the other hand, keeps track of a
subset of states, which initially contains s0 only, and over
which it incrementally maintains an optimal policy through
a somewhat expensive REVISE (full DP) procedure. This is
then relaxed in the second algorithm in [Hansen and Zilber-
stein, 2001], called Improved LAO* here. The use of an ex-
plicit envelope that is gradually expanded is present also in
[Dean et al., 1993] and [Tash and Russell, 1994]. Interest-
ingly, these envelopes are expanded by including the most
‘likely’ reachable states not yet in the envelope. The algo-
rithm HDP(i) exploits a similar idea but formulates it in a dif-
ferent form and has a crisp termination condition.

8 Summary
We have introduced and analyzed three HS/DP algorithms
that exploit knowledge of the initial state and an admissible
heuristic function for solving planning problems with uncer-
tainty and feedback: FIND-and-REVISE, HDP, and HDP(i).
FIND-and-REVISE makes explicit the basic idea underlying
HS/DP algorithms: inconsistent states are found and updated,
until no one is left. We have proved its convergence, complex-
ity, and optimality. HDP adds a labeling mechanism based
on Tarjan’s SCC algorithm and is strongly competitive with
current algorithms. Finally, HDP(i) and HDP(i; j) offer great
time and memory savings, with no much apparent loss in
quality, in problems where transitions have probabilities that
differ greatly in value, by focusing the updates on the states
that are more likely to be reached.
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Abstract

Sequence alignment is an important problem in
computational biology. We compare two different
approaches to the problem of optimally aligning
two or more character strings: bounded dynamic
programming (BDP), and divide-and-conquer fron-
tier search (DCFS). The approaches are compared
in terms of time and space requirements in 2
through 5 dimensions with sequences of varying
similarity and length. While BDP performs better
in two and three dimensions, it consumes more time
and memory than DCFS for higher-dimensional
problems.

1 Introduction and Overview
Aligning multiple DNA or protein sequences, known as
sequence alignment, is an important problem in computa-
tional biology. Sequence alignment is useful for compar-
ing genomes and finding genes, for determining evolution-
ary linkage of different biological sequences, and for predict-
ing protein sequence secondary and tertiary structure [Durbin
et al., 1998], [Waterman, 1995]. We consider two algo-
rithms for finding an optimal alignment of two or more se-
quences: bounded dynamic programming (BDP), and divide-
and-conquer frontier search (DCFS), a best-first search algo-
rithm.

Dynamic programming (DP) is the traditional approach for
solving sequence alignment problems. DCFS is a more re-
cent approach, and the two methods have been compared for
the problem of aligning two and three sequences [Korf and
Zhang, 2000]. We extend this work by comparing the two
algorithms for simultaneously aligning larger numbers of se-
quences, and find that DCFS is both faster and can solve
larger problems, suggesting that the more traditional DP ap-
proach is not the best choice for aligning more than three se-
quences.

We begin by introducing to the multiple sequence align-
ment problem, and show how it can be mapped to the prob-
lem of finding a lowest-cost corner-to-corner path in a � -
dimensional grid. We describe the dynamic programming
approach in Section 3, and the DCFS algorithm in Section
4. We discuss the heuristic evaluation functions we use for
sequence alignment in Section 5. In Section 6, we explain

the methodology used in comparing the two approaches, and
present our results. Future work is discussed in Section 7, and
we conclude in Section 8.

2 Sequence Alignment and The Grid Problem

2.1 Pairwise sequence alignment and cost function

Two sequences are aligned by inserting gaps into each of the
sequences so that each character in one sequence corresponds
to a character or gap in the other. Each pair of corresponding
symbols (gaps or characters) in the sequences can be charac-
terized as a match (two identical characters), substitution (two
different characters), or gap (gap in one sequence but not the
other). For example, given the sequences ACGTACGTACGT
and ATGTCGTCACGT, one alignment is as follows:

ACGTACGT-ACGT
ATGT-CGTCACGT

The cost of an alignment is calculated by assigning a cost to
each position of the two sequences, and then summing the
costs over all positions. For example, a cost function might
charge 0 units for matching characters, 1 unit for a substitu-
tion, and 2 units for a gap. If this cost function is applied to
the alignment above, the result is a total cost of 5, since we
have two gaps (marked by a ’-’), and one substitution (T for
C in the second position). An optimal alignment is one that
minimizes a given cost function. For these sequences and this
cost function, this alignment is optimal.

2.2 Multiple sequence alignment and cost function

The problem of optimally aligning multiple sequences is a
natural extension of pairwise alignment: insert gaps in the
sequences such that a given cost function is minimized. For
multiple alignments, we use the sum-of-pairs (SP) cost func-
tion, i.e. the cost of an alignment of multiple sequences is the
sum of the cost of all induced pairwise alignments. The cost
of each position is still determined by a given cost function
such as that described in the previous section. As an exam-
ple, consider the following alignment of three sequences:
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1) AGTTA-
2) AGCT-G
3) -GACAG

Using the same cost function above, the cost of this align-
ment is 17, obtained by summing the costs of the pairwise
alignments of sequences [1,2] (5), [1,3] (6), and [2,3] (6).

2.3 The grid problem

The sequence alignment problem can be mapped to the prob-
lem of finding a lowest-cost corner-to-corner path in a di-
rected grid, where each dimension corresponds to one of the
sequences [Needleman and Wunsch, 1970]. We associate a
cost with each edge in the grid, and the cost of an alignment
is the sum of the edge costs along the corresponding path.
In the directed-grid problem, we are only allowed to move
toward the goal, either orthogonally or diagonally.

In two dimensions, the directed-grid problem is to find the
lowest-cost path in an ����� grid, where � and � are the lengths
of the two strings. The path goes from the upper-lefthand cor-
ner to the lower-righthand corner, and the legal moves are to
the right, down, or diagonally right and down. For exam-
ple, for the two sequences in Subsection 2.1, the correspond-
ing grid and the optimal solution path are shown in Figure 1.
The horizontal move corresponds to the gap in the vertical se-
quence, while the vertical move corresponds to the gap in the
horizontal sequence. Diagonal moves correspond to matches
or substitutions.

In three dimensions, we have a three-dimensional grid of
size ���	�
��� and can move in one of seven directions from
each node in the grid: to the right (along the x axis), down
(along the y axis), back (along the z axis), right and down,
right and back, down and back, and finally right, down, and
back. In general, the 
 -dimensional directed-grid problem
seeks a lowest-cost path in a 
 -dimensional grid, with ������

possible moves from each node. Aligning 
 sequences of
length � requires a grid of size � � .

Figure 1: Optimal alignment of the two sequences from Sub-
section 2.1. The solid line represents the solution path, and
the dashed line represents a substitution.

3 Dynamic Programming

3.1 Standard dynamic programming

Dynamic programming (DP) is a general technique that can
be used to find a lowest-cost path in a directed grid. Note
that any optimal path passing through a node � must include
an optimal path passing through one of its predecessors. To
determine the lowest-cost path to a node � , we do not need to
consider all possible paths to the node; rather, we only need to
know the costs to reach each of � ’s immediate predecessors.

This observation yields an efficient algorithm for search-
ing a directed grid, which we describe for the case of an �����
grid. We scan the grid from left to right and from the top to
the bottom, and at each node � we store the cost of a lowest-
cost path from the start node to � . This cost is the minimum
obtained by adding the cost of the edge from the left to the
cost of the node to the left, the cost of the edge from above
to the cost of the node above, and the cost of the edge from
diagonally above and left to the cost of the node diagonally
above and to the left. When we reach the goal node, we have
the cost of an optimal path and can trace back through the
grid to find the associated path. DP has both ����������� time
and space complexity, since we store costs for all nodes and
compute the cost at each node in constant time. DP can be
generalized to 
 dimensions, where the time and space com-
plexity is ����� �!� for a hypercube with length � .
3.2 Hirschberg’s divide-and-conquer method

Using a divide-and-conquer approach proposed
by [Hirschberg, 1975], the space complexity of DP is
reduced from ����� �!� to ���"�"�$#&%'� . This reduction allows much
larger problems to be solved. Hirschberg’s method is best
illustrated in the two-dimensional grid problem. We find
a node � in the middle row of the grid that is guaranteed
to be on an optimal path and then recursively solve two
subproblems: finding an optimal path from the start node
to � , and finding an optimal path from � to the goal node.
In order to find such a node � , we first calculate the costs
from left to right in each row from the top to the middle
row, and then calculate costs from the right to left in each
row from the bottom to the middle row. When we have
forward and backward costs to reach the middle row, we
add the corresponding entries for each node and take the
node of minimum total cost to be node � , a node on the
optimal corner-to-corner path. Storing these costs requires
two rows in memory: one for the top-down computation
and one for the bottom-up computation, thus reducing the
space requirement from ����� ()� to �����"� . The same idea can be
applied in 
 dimensions, reducing the space complexity from
����� �!� to ����� �$#*%)� .
3.3 Eppstein’s divide-and-conquer method

While Hirschberg’s algorithm is bidirectional, he also men-
tioned a unidirectional version of the algorithm that he at-
tributed to Eppstein [Hirschberg, 1997], hereafter called Epp-
stein’s divide-and-conquer method. The algorithm is best ex-
plained in two dimensions. Instead of maintaining two rows
of costs, one for each direction of search, we proceed row by
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row from the start row to goal row and maintain only a sin-
gle row of costs. After we pass the middle row, we maintain
with each node a pointer back to its ancestor on the middle
row along a lowest-cost path from the initial node. When we
reach the goal state, we have a pointer to a node on the mid-
dle row that is on a lowest-cost corner-to-corner path. As in
Hirschberg’s method, we then have two smaller path-finding
problems that we solve recursively. This algorithm also has
����� �$#*% � space complexity.

3.4 Bounded dynamic programming
One limitation of both these algorithms is that they evalu-
ate every node in the grid. Bounded dynamic programming
(BDP) is an extension of DP that introduces an upper bound
on the solution cost. It was presented by [Spouge, 1989]
as a method of finding optimal lattice paths. Given an up-
per bound on the total solution cost, we can prune nodes of
equal or greater cost since they cannot lie on a solution path of
lower cost. For each node � we compute +*�,�-�/.10-���-� , where
+*�,�-� is the cost to reach � from the initial node, and 0-���-�
is a lower bound on the cost of reaching the goal node from
node � . If this sum is equals or exceeds the upper bound, we
know that � does not lie on a lower-cost solution path. When
aligning sequences of equal length, an initial upper bound can
be computed by directly aligning the sequences without any
gaps.

3.5 Iterative upper bounds
In general, a better upper bound on the solution cost will
prune more nodes. An initial bound obtained from directly
aligning the sequences is usually much greater than the true
cost. A better approach is to use iterative deepening [Korf,
1985]. Starting with an upper bound that is less than the
optimal solution cost, the algorithm will fail to reach the
goal node by pruning too many nodes. The bound is then
iteratively increased, and search repeated, until the goal is
reached. This strategy has been applied to bounded dynamic
programming by [Ukkonen, 1985].

Normally, the upper bound is increased to the lowest cost
among all nodes pruned in the current iteration. We can do
better by quickly running a few shallow searches with bounds
likely to be below the optimal solution cost. By regressing the
depths reached on the bounds used, we can estimate the solu-
tion cost, since we know the depth of the goal node. We use
this predicted bound as the starting point for traditional itera-
tive deepening, thus eliminating many iterations with bounds
that are too low. This method of using BDP with iterative
upper bounds is referred to as BDP-IUB [Korf and Zhang,
2000]. The principle of iterative upper bounds can be applied
in conjunction with either Hirschberg’s or Eppstein’s algo-
rithm, but in practice, Eppstein’s algorithm is faster and is
used in the results that follow.

When using iterative deepening, no iterations of the algo-
rithm that use an upper bound less than the optimal solution
cost can reach the goal. On the other hand, using an up-
per bound greater than the optimal solution cost examines
more nodes than necessary. Usually we don’t know the so-
lution cost in advance, and have no choice but to use iterative
deepening. However, if we knew the optimal solution cost,

this would represent a perfect bound (PB). Using this opti-
mal bound with BDP is the best case scenario in terms of
performance and does not depend on any particular iterative
deepening scheme. We refer to this scenario as BDP-PB, and
use this algorithm below when comparing performance with
DCFS.

3.6 Disadvantages of dynamic programming
While BDP-IUB is easy to implement in two dimensions, ex-
tending it to three or more dimensions is much more diffi-
cult. Other researchers have also noted this difficulty [Zhang,
2002]. While we were able to implement a BDP-IUB algo-
rithm written explicitly for three dimensions, we were not
able to extend the implementation to four or more dimen-
sions using the same approach. In higher dimensions, we
used a generalized implementation that explicitly checks for
legal operators at each node. This introduces a constant fac-
tor to the time complexity of DP since processing each node
takes longer than it would in an implementation tailored to a
specific dimension.

Another drawback of DP is that it can be used to find
lowest-cost paths in directed grids, but not in more general
grids where we allow moves in all directions. The reason is
that dynamic programming must know a priori which nodes
are the parents of a given node. For the general shortest-
path problem, we must use a best-first search algorithm, such
DCFS, which is a generalization of Eppstein’s algorithm.

4 Divide-and-Conquer Frontier Search
Divide-and-conquer frontier Search (DCFS) is a recent gen-
eral heuristic search algorithm [Korf, 1999]. Best-first-search
algorithms, such as Dijkstra’s algorithm [Dijkstra, 1959] or
A* [Hart et al., 1968], normally store both a Closed list of
nodes which have been expanded, and an Open list of nodes
which have been generated but not yet expanded. DCFS
stores only the Open list, which corresponds to the frontier
of the searched area. The size of the Closed list is often much
larger than the size of the Open list, and DCFS reduces the
space requirement of aligning 
 strings of length � from ���"�2�3�
to ����� �$#*%$� [Korf, 1999].

Since DCFS does not store the Closed list, it is necessary
to prevent the generation of nodes that have already been ex-
panded. To do this, every node stores a list of operators to
its neighbors. When a node � is expanded, the operator from
each neighbor �-4 back to � is marked as used. Therefore,
when �&4 is expanded, used operators are not applied, and � is
not regenerated.

Unlike standard best-first search, when DCFS reaches the
goal node, it cannot retrace pointers to discover the solution
path, since the Closed list is not saved. Alternatively, stor-
ing a path with each Open node would require space linear in
the path length for each node. In order to recover the solu-
tion path, before starting the search, a hyperplane is chosen
that divides the search space in half. Every node � on the
Open list beyond this hyperplane stores a pointer to the node
in the hyperplane that is on the optimal path to � . In two di-
mensions, this hyperplane is simply a row or column halfway
along one of the dimensions. We choose the hyperplane to
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split the longest dimension of the space. When the algorithm
encounters the goal node, it has a pointer to a node on the
middle plane that is on the optimal solution path. The algo-
rithm then recurses to find an optimal path from the start node
to the optimal middle node, and also from the middle node to
the goal node.

DCFS is a general heuristic search algorithm. We use
divide-and-conquer frontier A* search (DCFA*) with the cost
function 56���-��78+*�,�-�9.:0;�,�-� , where +*�,�-� is the cost of a path
from the start node to node � , and 0;�,�-� is a heuristic estimate
of reaching the goal from node � .

5 Heuristic Evaluation Functions
An accurate heuristic evaluation function is important to limit
the number of nodes visited during search. In two dimen-
sions, we use the distance of a node from the corner-to-corner
diagonal times the gap cost as a heuristic, since any solu-
tion path must return to the diagonal in order to arrive at the
goal node. In general, the heuristic cost of a node at ���-<=�>� is
�?+3@��
�/�A�B�,+3CD�
�>� times the gap cost, where �,+E@><F+3C!� are the
coordinates of the goal node.

In three dimensions, we can compute a better lower bound.
Since we are using the sum-of-pairs cost function, we can
use the sum of the optimal pairwise alignments as a lower-
bound heuristic. Obviously, the cost of an optimal pairwise
alignment is always less than or equal to the cost of any other
alignment of the two strings as part of a multiple alignment.
For example, an optimal alignment of three sequences is:

1) C-ATTTACGGA-ATACGGATAT
2) ATACAGCCAGGGAAATTGA-A-
3) A-ACAGCAGGATATTCCTA-AT

The cost of this alignment is 44, since the costs of the align-
ment shown for the pairs [1,2], [1,3], [2,3] are 18, 13, and 13
respectively. The heuristic estimate for the cost of aligning
these strings is only 43, however, since the optimal pairwise
alignment of the pair [1,2] is only 17, as shown below.

CATTTACGGAATACGGATAT
ATACAGCCAGGGAAATTGAA

The heuristic evaluation of a particular node in the grid is
a lower bound on the lowest-cost path from that node to the
goal. This corresponds to the alignment of the sequence suf-
fixes that correspond to that node. For a three-dimensional
alignment, we precompute and store three two-dimensional
matrices, one for each pair of strings. Each entry of each ma-
trix contains the cost of optimally aligning the correspond-
ing remaining suffixes of the pair of strings. To compute the
overall heuristic for any node in the cube, we sum the corre-
sponding elements from each of the three matrices.

In the general case of aligning 
 sequences using the sum-
of-pairs cost, the alignment of any � sequences induced by
the multiple alignment will cost at least as much as the op-
timal alignment of those � sequences. Therefore in four or
more dimensions we can also include optimal alignments of
three sequences in the heuristic. While the three-dimensional
alignments are more expensive to compute and occupy more
space than two-dimensional alignments, including them gives

Figure 2: The five ways to partition the edges of a complete
graph of four nodes, only four of which include a triangle.

a more accurate heuristic function, resulting in fewer nodes
visited during the search.

To guarantee that the heuristic be a lower bound, we cannot
include the cost of aligning the same pair of sequences more
than once. For example, the cost of a pair of sequences that
are part of a three-way alignment cannot be included in an-
other three-way alignment, or as a pairwise alignment. Con-
sider a complete graph with a node for each sequence, and
an edge between every pair of nodes, representing that pair
of sequences. In this graph a triangle represents a three-way
alignment. We need to partition the edges of this graph into
groups of single edges and triangles, without including any
edge in more than one group, ideally in a way that maximizes
the resulting heuristic value.

For example, we can partition the edges of a complete
graph of four nodes ( GIH ) into six single edges, or one tri-
angle and three single edges. In general, we want to include
as many three-way alignments as possible, in order to make
the heuristic function more accurate. There are four different
ways to partition the edges of GIH into one triplet and three
pairs (see Figure 2). For the complete graph on five nodes,
GKJ , there are 15 different ways to partition the nodes into
two triplets and four pairs. One way of selecting which par-
titioning to use is to evaluate all of them and choose the one
which gives the largest heuristic evaluation for the original se-
quences. The hope is that a larger heuristic evaluation of the
start node is an indicator of larger heuristic values through-
out the search. We found that evaluating all possible parti-
tions, instead of randomly choosing one, used more time than
it saved and did not yield significant savings.

We represent the three-dimensional heuristics with an oc-
tree, which stores only certain parts of a cube, along with
enough information to generate the other parts of the cube if
needed. [McNaughton et al., 2002] Computing parts of this
octree on demand saves a significant amount of space. We
found that storing three-dimensional heuristics in an octree
leads to an overall savings on hard problems because the time
used to calculate the heuristics is offset by time saved during
the search.
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L 7 � L 7NM�OQP!R L 7NM�OSR L 7TM�OS�3R L 7NM
Time (s) Nodes Time (s) Nodes Time (s) Nodes Time (s) Nodes Time (s) Nodes

BDP-PB 59.82 77,653 59.83 77,690 60.06 220,262 78.12 21,109,562 89.79 34,838,768
DCFA* 0.06 5,601 0.07 5,601 0.27 32,971 38.20 762,740 57.90 1,286,730

Table 1: Average results over 50 generated problems of generalized versions of the two algorithms on 4 dimensional problems,
length 400. The table displays average time in seconds, the average number of nodes expanded for DCFA*, and the average
number of nodes visited for BDP-PB.

L 7 � L 7TM�OQP!R L 7TM�OSR L 7UMVO �ER L 7UM
Time (s) Nodes Time (s) Nodes Time (s) Nodes Time (s) Nodes Time (s) Nodes

BDP-PB 15.41 33,896 15.39 33,896 15.33 39,199 16.08 351,878 17.61 1,009,293
DCFA* 0.02 2,701 0.02 2,701 0.02 5,246 0.78 97,408 1.46 110,742

Table 2: Average results over 50 generated problems of the generalized versions of the two algorithms on 5 dimensional
problems, length 90. The table displays average time in seconds, the average number of nodes expanded for DCFA*, and the
average number of nodes visited for BDP-PB.

6 Comparison of the Approaches
6.1 Methodology
We compared divide-and-conquer frontier A* (DCFA*) and
bounded dynamic programming with perfect bounds (BDP-
PB) on problems of aligning 2, 3, 4 and 5 sequences. Our
goal was to determine which algorithm could solve harder
problems within our space limits. The difficulty of a problem
is determined by the number, length, and similarity of the
sequences. We ran the tests on a 1.8 Ghz Intel Pentium 4
with 1 GB of RAM, 8 KB L1 cache, and 512 KB L2 cache.
For DCFA*, we always used a fixed-size hash table of 16
million nodes which occupies 512 MB of memory. We tested
both algorithms on both randomly-generated sequences and
on real sequences from BAliBASE [Thomson et al., 1999].

For the randomly-generated sequences, we varied se-
quence similarity to see how it affected the performance of
the algorithms. We first generated a reference sequence uni-
formly from an alphabet of four letters, simulating DNA se-
quences, and then generated the actual sequences from the
reference sequence. Each character in the actual sequences
was generated independently, with a probability

L
of match-

ing the corresponding character in the reference sequence,
and probability

� � L
of being randomly generated, including

the matching character. We varied
L

from MXW �
in incre-

ments of MVO �ER . Problem instances with
L 7 �

are identical se-
quences, which are easy to align, and were run in order to get
an upper bound on solvable problem size. Problem instances
with

L 7TM are the hardest problems, since the sequences are
completely random. We ran both algorithms on 50 problems
for each similarity, dimension, and length, and averaged the
results. We found little variability between different random
trials of the same experiment.

For actual sequences, we used real protein sequences from
the BAliBASE database of benchmark alignments [Thomson
et al., 1999]. Proteins are represented by strings from an al-
phabet of 20 amino acids. The pairwise cost function we used
charges 0 units for a match, 1 unit for a substitution, and 2
units for a gap. For multiple sequences we used the sum-
of-pairs cost function. For problems in four and five dimen-
sions, there is a choice of using two-dimensional or three-

dimensional heuristics. We ran the algorithms using both
heuristics and reported the faster of the two times.

6.2 Experimental results

Our previous work [Korf and Zhang, 2000] showed that DP
outperforms DCFA* in two and three dimensions, with ran-
dom strings. Our new results corroborate these findings;
in two dimensions, BDP-IUB aligns completely random se-
quences much faster than DCFA*. For example, for length
20,000 it is an average of almost 50 times faster. In three di-
mensions, the disparity is somewhat smaller, with DP align-
ing completely random sequences of length 5,500 an average
of about 18 times faster. DCFA* exceeds our one hour time
limit for larger problems.

In four and five dimensions, however, DCFA* was able to
solve much larger problems than BDP, due to memory con-
straints. DP allocates memory based on problem size. In four
dimensions, it was able to align sequences up to length 400,
independent of the similarity of the sequences. In contrast,
DCFA* was able to align four completely random sequences
of length 800 in about 17 minutes.

Furthermore, for problems that both algorithms could
solve, DCFA* was significantly faster than BDP. In these ex-
periments we compared DCFA* with BDP-PB, where we use
the optimal solution cost as our initial upper bound. In a re-
alistic setting where this bound is not known a priori, BDP
would fare even worse in comparison. The average results of
aligning four sequences of length 400 are shown in Table 1.
As the sequences become more similar, the performance ad-
vantage of DCFA* increases.

In five dimensions, BDP-PB was able to solve problems
of length 90, whereas DCFA* was able to align completely
random sequences of length 250 in about 5 minutes, and
could align some random sequences of length 350. Both algo-
rithms are compared on problems of aligning five sequences
of length 90 in Table 2. Comparing both tables, we see the
relative performance of BDP-PB on random problems de-
creases when moving from four to five sequences. While
BDP-PB takes about 50% longer than DCFA* to align four
completely random sequences of length 400, it takes about
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Sequence Set # Seq. Min. Seq. Length Max. Seq. Length Sol. Cost BDP-PB DCFA
1uky (ref1) 4 186 200 1,213 7.78 6.45
3grs (ref1) 4 201 237 1,309 8.83 4.30
1zin (ref1) 4 206 216 813 5.15 1.97
2hsdA (ref1) 4 225 263 1,388 11.96 5.46
1ajsA (ref3) 4 365 387 2,102 56.23 27.28
1pamA (ref3) 4 404 490 2,757 * 31.78
451c (ref1) 5 70 87 727 9.38 0.57
1plc (ref1) 5 88 99 608 18.03 0.40
9rnt (ref1) 5 96 103 539 * 0.46
2mhr (ref1) 5 110 117 719 * 0.66
5ptp (ref1) 5 222 245 1,648 * 7.45
1ton (ref1) 5 224 244 1,978 * 26.69
2cba (ref1) 5 237 259 2,113 * 21.41
kinase (ref1) 5 263 276 2,440 * 41.26
glg (ref1) 5 438 486 3,665 * 88.90

Table 3: Results of the generalized versions of DCFA* and BDP-PB for 4 and 5 dimensional real protein sequence sets, with
minimum and maximum sequence lengths for each set indicated. Times are in seconds. Problems unsolvable by BDP-PB, due
to memory limitations, are denoted by a ’*’.

12 times longer when aligning five completely random se-
quences of length 90.

Our results in four and five dimensions were obtained using
dimension-independent implementations of both algorithms
in four and five dimensions. We were not able to test perfor-
mance of hand-tailored versions for four and five dimensions
due to the difficulties discussed in Subsection 3.6. While
the overhead of these dimension-independent implementa-
tions contributes to the disparity in speed between the two
algorithms, the space requirement of BDP-PB is the more
serious drawback. We believe BDP-PB runs slower in four
and five dimensions because bounds checking becomes more
complicated and cache performance decreases. The book-
keeping necessary to maintain bounded regions becomes sig-
nificant, as reflected by the nearly uniform performance for
five-dimensional problems.

DCFA* can run larger problems in higher dimensions be-
cause the amount of memory required by BDP-PB depends
on problem size and dimension. Much of this memory will
not be used since many nodes lie outside the bounds, and will
never be visited. The problem gets worse as the sequences
become more similar, and as the dimensionality increases.
DCFA*, on the other hand, allocates a fixed-size hash table,
allowing it to align longer sequences as they become more
similar. While DCFA* uses memory more efficiently than
BDP-PB, both algorithms are limited by space, with the pro-
grams filling the available memory in less than an hour.

Performance of the algorithms on real sequence sets is pre-
sented in Table 3. As for randomly-generated sequences,
DCFA* is faster than BDP-PB for four and five dimensional
problems. A number of the real sequence sets were solvable
by DCFA* but not BDP-PB because of memory constraints.
In addition, there were some sequence sets not solvable by ei-
ther algorithm. We used groups of 5 or fewer sequences from
the first and third sets of BAliBASE (ref1 and ref3). Neither
algorithm could solve problems from the other sets, which
involved very large numbers of sequences.

7 Future Work
The most significant drawback of BDP in higher dimensions
is its space requirements. One possible solution is to dynami-
cally allocate space only for the nodes actually visited, allow-
ing larger problems to fit in memory. Combining BDP with
dynamic node allocation can be viewed as a hybrid algorithm
between dynamic programming and best first search. The
main drawback to this hybrid method is that node processing
becomes significantly more complicated to implement since
there is no longer a direct mapping between a node’s location
in memory and its position in the grid as in traditional dy-
namic programming. The mapping of memory to position is
an integral component of DP, and thus this hybrid algorithm
is fundamentally different than standard DP. Cache perfor-
mance, one of the main advantages of DP, would also de-
crease.

8 Conclusions
We compared two classes of algorithms to optimally solve
sequence alignment problems: bounded dynamic program-
ming and divide-and-conquer frontier search. We determined
the effects of including three-dimensional alignments in the
heuristic function. We then compared divide-and-conquer
frontier A* (DCFA*) to bounded dynamic programming with
perfect bounds (BDP-PB) on problems of aligning two, three,
four and five sequences with varying degrees of similarity.
We also compared performance on real protein sequence sets.
Our results indicate that BDP’s inefficient use of memory
does not allow it to solve problems which DCFA* can solve,
and in practice is significantly slower in 4 and 5 dimensions.
This surprising result contrasts with findings in lower dimen-
sions, where BDP is the method of choice.
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Abstract

We investigate the calculation of A* bounds for
sequence and tree models which are the explicit
intersection of a set of simpler models or can be
bounded by such an intersection. We provide a
natural viewpoint which unifies various instances
of factored A* models for trees and sequences,
some previously known and others novel, includ-
ing multiple sequence alignment, weighted finite-
state transducer composition, and lexicalized sta-
tistical parsing. The specific case of parsing with
a product of syntactic (PCFG) and semantic (lexi-
cal dependency) components is then considered in
detail. We show that this factorization gives a mod-
ular lexicalized parser which is simpler than com-
parably accurate non-factored models, and which
allows efficient exact inference with large treebank
grammars.

1 Introduction
The primary challenge when using A* search is to find heuris-
tic functions that simultaneously are admissible, close toac-
tual completion costs, and efficient to calculate. In this pa-
per, we describe a family of tree and sequence models in
which path costs are either defined as or bounded by a com-
bination of simpler component models, each of which scores
some projection of the full structure. In such models, we can
exploit the decoupled behavior over each projection to give
sharp heuristics for the combined space. While we focus
on models of trees and sequences within NLP applications,
the approach can be applied more generally (and already has
been, in the case of biological sequence models). All the con-
crete cases we consider here involve search over spaces which
are equivalent to dynamic programming lattices, though this
detail, too, is somewhat peripheral to the basic ideas.

2 Projection Models for Graphs
The core idea of factored A* search can apply to any graph
search. Assume thatG = (N, A) is a very large graph, with
a single source nodes and a single goal nodeg, and that we
wish to use A* search to efficiently find a best path froms to
g. For concreteness, assume also that the score of a path is the

sum of the scores of the arcs along the path, and that lower
scores are better.1 The particular assumption in this paper
is that the arc scoring function has a special factored form.
Specifically, there exists a set of projections{π1, . . . πk} of
nodes (and therefore also arcs and graphs) such that for any
arc(x, y), its scoreσ is given by:

σG(x, y) =
∑k

i=1
σπi (πi (x), πi (y))

Whenever the scoring function factors in this way, we have an
immediate recipe for afactored A* bound, which we denote
by h. Specifically, we can bound the shortest path inG from
a noden to the goalg by the sum of the shortest paths inside
each projectionπ(G). Formally, if αG (n, g) is the length of
a shortest path fromn to g in a graphG, then:

αG (n, g) ≥ h(n, g) =
∑k

i=1
απi (G)(πi (n), πi (g))

This follows immediately from the optimality of the projected
paths and the structure of the scoring function. These pro-
jections need not be mutually compatible, and therefore the
bound may not be tight. Broadly speaking, the greater the de-
gree to which each projection prefers similar paths, the better
the bound will be, and the more efficient our search will be.

3 Projection Models for Sequences
For intuition, we first consider applications to sequence mod-
els before extending to the more complex case of tree models.

3.1 Example: Multiple Sequence Alignment
A situation which fits this framework perfectly is the align-
ment of multiple genome sequences in bioinformatics, where
such multiple sequence alignments (MSAs) are standardly
evaluated by sum-of-pairs scoring[Durbinet al., 1998]. MSA
is a generalization of the longest-common-subsequenceprob-
lem, in which one is given sequences like those in figure 1a,
and asked to produce pointwise alignments. Alignments of
d sequences{s1, . . . sd } consist oft vertical timeslices which
specify, for each sequence, either a successive element of the
sequence or a gap (–), and are such that if the gaps are re-
moved, the rows contain the original sequences. The score
of a timeslice is the sum of the scores of each of the pairs

1We will talk about minimum sums, but other semirings work as
well, specifically maximum products.
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σ123(ra–) = σ12(ra) + σ13(r–) + σ23(a–)

(c)
Figure 1: An example of a multiple sequence alignment. (a) The
original sequences. (b) A multiple alignment with one timeslice dis-
tinguished. (c) The sum-of-pairs scoring function for thattimeslice.

in that slice (where each pair of symbols is assigned some
experimental goodness value).

The well-known dynamic program for calculating opti-
mal multiple alignments involves a lattice of position nodes
n = [i1, . . . ik] which specify an index along each sequence
[Durbin et al., 1998]. When each node is visited, each of
its 2k − 1 successorsp′ (where each position is either in-
cremented or not) are relaxed with the best score throughp
combined with the score of the timeslice that the change from
p to p′ represents. These nodes form a lattice of sizeO(nk),
wheren is the maximum length of the sequences. This be-
comes extremely inefficient ask grows.

The specific following idea has been used before ([Ikeda
and Imai, 1994] is the earliest reference we could find) and
it has been worked on recently ([Yoshizumiet al., 2000] in-
ter alia), though perhaps it has not received the attention it
deserves in the bioinformatics literature. We present it here
because (1) it is a good example that can be cast into our
framework and (2) it gives a good starting intuition for the
novel cases below. Since the score of an arc (timeslice) is a
sum of pairwise goodness scores, we can define a set{πab} of
projections, one onto each pair of indices(ia, ib). Underπab,
a node[i1, . . . , ik] will project to itsa andb indices,[ia, ib].
It is easy to see that the optimal path in this projection is just
the optimal 2-way alignment of the portions of sequencesa
andb which are to the right of the indicesia andib, respec-
tively. We can therefore bound the total completion cost of
thek-way alignment fromn onward with the sum of the pair-
wise completion costs of the 2-way alignments inside each
projection.

Figure 2 shows some experimental speed-ups given by this
method, compared to exhaustive search. We took several
protein sequence groups from[McClure et al., 1994], and,
for each set, we aligned as large a subset of each group as
was possible using uniform-cost search with 1GB of mem-
ory. The left four runs show the cost (in nodes visited) of
aligning these subsets with both uniform-cost search and A*
search. In the right four runs, we added another sequence
to the subsets and solved the multiple alignment using only
the A* search. The A* savings are substantial, usually pro-
viding several orders of magnitude over uniform-cost search,
and many orders of magnitude over the exhaustive dynamic
programming approach.2 This verifies previous findings, and

2Note that the DP was never run – it would not have fit in memory
– but it is easy to calculate the size of the lattice. There arealso
subtleties in running the uniform-cost search since the score of a
timeslice can be negative (we add in a worst possible negative score).
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Figure 2: Effectiveness of the factored A* bound for the multiple
alignment of several sequence sets. Numbers in the data set names
give the number of sequences being aligned. Note the log scale:
for example, on glob-7 the A* search is over a trillion times more
efficient than exhaustive search.

shows that factored A* bounds can be highly effective.
One potential worry with A* search is that the cost of com-

puting heuristics can be substantial. In this case, theO(k2)

pairwise alignments could be calculated very efficiently; in
our experiments this pre-search phase took up much less than
1% of the total time.

3.2 Example: Finite State Transducers
We briefly describe another potential application of factored
A* search for sequence models: the intersection of weighted
finite-state transducers (WFSTs).3 WFSTs are probabilistic
mappings between sequences in one alphabet to sequences
in another, for example a transducer might map an input of
written text to an output of that text’s pronunciation as a
phoneme sequence. Intersections of WFSTs have been ap-
plied to various tasks in speech and NLP[Mohri, 1997],
such as text-to-speech, and, most famously in the NLP lit-
erature, modeling morphophonology[Kaplan and Kay, 1994;
Albro, 2000]. In these cases, each transducer constrains some
small portion of the overall output sequence. The case of find-
ing the most likely intersected output of a set of WFSTs{Mi }

for an input sequencew = 0wn involves the following:

1. For eachMi , create the projectionπi of the full output
spaceO onto Mi ’s output space (note that this can be
the identity projection).4

2. For each indexj along w and each output inπi (O),
compute optimal completion costsαi ( j, πi(O)) for Mi .

3. Useh(i, O) =
∑

i αi ( j, πi(O)) as an A* heuristic.

While transduction intersection fits cleanly into the fac-
tored framework, the primary utility of transducers lies in
their composition, not their intersection[Mohri, 1997]. In
this case, transducers are chained together, with the output
of one serving as the input to the next. In this case, it is
worth switching from talk of summed distances to talk of
multiplied probabilities. Say we have two transducers,MI X
which gives a distributionP(X |I ) from sequencesI to se-
quencesX , and MX O , which givesP(O|X) from X to O.

3WFSTs are equivalent to HMMs which have emission weights
assigned to their transitions (not states) and which may have epsilon
transitions.

4For simplicity, we assume all history relevant to any transducer
is encoded into the state spaceO.
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Figure 3: Three kinds of parse structures.
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Figure 4: Two representations of a parse: (a) a tree, (b) a path in the
edge hypergraph.

We then wish to answer questions about their composed be-
havior. For example, we might want to find the outputo
which maximizesP(o|i) according to this model. The com-
mon Viterbi approximation is to settle for theo from the
pair (o, x) which maximizesP(o, x |i). This problem would
fit neatly into the factored framework if the (usually false)
conditional independenceP(o, x |i) = P(o|i)P(x |i)) where
true – in fact it would then be WFST intersection. How-
ever, something close to this does trivially hold:P(o, x |i) =

P(o|x, i)P(x |i). Given this, we can define another model
R(o|i) = maxx P(o|x, i). R is not a proper probabilistic
model – it might well assign probability one to every trans-
duction – but its intersection withP(x |i) does upper-bound
the actual composed model. Hence these two projections pro-
vide a factored bound for a non-factored model, with the prac-
tical utility of this bound depending on how tightlyR(o|i)
typically boundsP(o|x, i).

4 Projection Models for Trees
Search in the case of trees is not over standard directed
graphs, but over a certain kind of directed hypergraph in
which arcs can have multiple sources (but have a single tar-
get). This is because multiple sub-trees are needed to form a
larger tree.5 Figure 4 shows a fragment of such a hypergraph
for a small parse tree (note that all the lines going to one ar-
rowhead represent asingle hyperarc). We don’t give the full
definitions of hypergraph search here (see[Galloet al., 1993]
for details), but the basic idea is that one cannot traverse an
arc until all its source nodes have been visited. In the parse
case, for example, we cannot build a sentence node until we
build both a noun phrase node and an (adjacent) verb phrase
node. The nodes in this graph are identified by a grammar

5These directed B-hypergraphs model what has been explored as
AND/OR trees in AI.

symbol, along with the region of the input it spans. The goal
node is then a parse of the root symbol over the entire in-
put. (Hyper)paths embody trees, and the score of a path is
the combination of the scores of the arcs in the tree. One fine
point is that, while a standard path from a sources to a goal
g through a noden breaks up into two smaller paths (s to n
andn to g), in the tree case there will be an inside path and
an outside path, as shown in the right of figure 5. In general,
then, the completion structures that represent paths to thegoal
(marked byα in the figure) are specified not only by a noden
and goalg, but also by the original sources.

With this modification, the recipe for the factored A*
bound is now:

αG(s, n, g) ≥ h(s, n, g) =
∑

i
απi (G)(πi (s), πi (n), πi (g))

Next, we present a concrete projection model for scoring lex-
icalized trees, and construct an A* parser using the associated
factored A* bound.

Generative models for parsing natural language typically
model one of the kinds of structures shown in figure 3. While
word-free syntactic configurations like those embodied by
phrase structure trees (figure 3a) are good at capturing the
broad linear syntax of a language[Charniak, 1996], word-
to-word affinities like those embodied by lexical dependency
trees (figure 3b) have been shown to be important in resolv-
ing difficult ambiguities[Hindle and Rooth, 1993]. Since
both kinds of information are relevant to parsing, the trend
has been to model lexicalized phrase structure trees like fig-
ure 3c.

In our current framework, it is natural to think of a lexi-
calized tree as a pairL = (T, D) of a phrase structure tree
T and a dependency treeD. In this view, generative mod-
els over lexicalized trees, of the sort standard in lexicalized
PCFG parsing[Collins, 1999; Charniak, 2000], can be re-
garded as assigning massP(T, D) to such pairs. In the stan-
dard approach, one builds a joint model overP(T, D), and,
for a given word sequence0wn , one searches for the maxi-
mum posterior parse:

L∗ = maxL=(T ,D) P(T, D|w)

SinceP(w) is a constant, one operationally searches instead
for the maximizer ofP(T, D, w).

The naive way to do this is anO(n5) dynamic program
(often called a tabular parser or chart parser) that works as
follows. The core declarative object is anedge, such as
e = [X, i, j, h] which encapsulates all parses of the spaniw j
which are labeled with grammar symbolX and are headed by
word wh (i ≤ h < j ). Edges correspond to the nodes in the
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1. Extract the PCFG projection and set up the PCFG parser.
2. Use the PCFG parser to find projection scoresαPCFG(s, e, g) for each edge.
3. Extract the dependency projection and set up the dependency parser.
4. Use the dependency parser to find projection scoresαDEP(s, e, g) for each edge.
5. Combine PCFG and dependency projections into the full model.
6. Form the factored A* estimateh(s, e, g) = αPCFG(s, e, g) + αDEP(s, e, g)

7. Use the combined parser, withh(s, e, g) as an A* estimate ofα(s, e, g)

words

g

s

e

β

α

Figure 5: The top-level algorithm (left) and an illustration of how paths decompose in the parsing hypergraph (right).

parsing hypergraph. Two edges[X, i, j, h] and [Y, j, k, h′]

can be combined whenever they are contiguous (the right
one starts where the left one ends) and the grammar per-
mits the combination. For example, if there were a rewrite
Z [wh] → X[wh ]Y [wh′], those two edges would combine to
form [Z , i, k, h], and that combination would be scored by
some joint model over the word and symbol configuration:
P(XY, h′|Z , h).6 These weighted combinations are the arcs
in the hypergraph.

A natural projection of a lexicalized treeL is onto its com-
ponentsT and D (though, to our knowledge, this projec-
tion has not been exploited previously). In this case, the
score for the combination above would beP(XY, h′|Z , h) =

P(XY |Z)P(h′|h).7

This kind of projected model offers two primary benefits.
First, since we are building component models over much
simpler projections, they can be designed, engineered, and
tested modularly, and easily. To underscore this point, we
built three PCFG models ofP(T ) and two lexical dependency
models ofP(T ). In section 4.2, we discuss the accuracy of
these models, both alone and in combination.

Second, our A* heuristic will be loose only to the degree
that the two models prefer different structures. Therefore, the
combined search only needs to figure out how to optimally
reconcile these differences, not explore the entire space of
legal structures. Figure 6 shows the amount of work done
in the uniform-cost case versus the A* case. Clearly, the
uniform-cost version of the parser is dramatically less ef-
ficient; by sentence length 15 it extracts over 800K edges,
while even at length 40 the A* heuristics are so effective that
only around 2K edges are extracted. At length 10, the av-
erage number is less than 80, and the fraction of edges not
suppressed is better than 1/10K (and it improves as sentence

6Most models, including ours, will also mention distance; we
ignore this for now.

7As a probabilistic model, this formulation is mass deficient, as-
signing mass to pairs which are incompatible, either because they
do not generate the same terminal string or do not embody compat-
ible bracketings. Therefore, the total mass assigned to valid struc-
tures will be less than one. We could imagine fixing this by renor-
malizing. In particular, this situation fits into the product-of-experts
framework[Hinton, 2000], with one semantic expert and one syn-
tactic expert that must agree on a single structure. However, since
we are presently only interested in finding most-likely parses, no
global renormalization constants need to be calculated. Inany case,
the question of mass deficiency impacts only parameter estimation,
not inference, which is our focus here.

length increases).8 The A* estimates were so effective that
even with our object-heavy Java implementation of the com-
bined parser, total parse time was dominated by the initial,
array-based PCFG phase (see figure 6b).9

4.1 Specific Projection Models for Parsing
To test our factored parser, we built several component mod-
els, which were intended to show the modularity of the ap-
proach. We merely sketch the individual models here; more
details can be found in[Klein and Manning, 2003]. ForP(T ),
we built successively more accurate PCFGs. The simplest,
PCFG-BASIC, used the raw treebank grammar, with nontermi-
nals and rewrites taken directly from the training trees[Char-
niak, 1996]. In this model, nodes rewrite atomically, in a
top-down manner, in only the ways observed in the training
data. For improved models ofP(T ), tree nodes’ labels were
annotated with various contextual markers. InPCFG-PA, each
node was marked with its parent’s label as in[Johnson, 1998].
It is now well known that such annotation improves the accu-
racy of PCFG parsing by weakening the PCFG independence
assumptions. For example, the NP in figure 3a would actu-
ally have been labeled NPˆS. Since the counts were not frag-
mented by head word or head tag, we were able to directly
use the MLE parameters, without smoothing.10 The best
PCFG model,PCFG-LING, involved selective parent split-
ting, order-2 rule markovization (similar to[Collins, 1999;
Charniak, 2000]), and linguistically-derived feature splits.

8Note that the uniform-cost parser does enough work to exploit
the shared structure of the dynamic program, and therefore edge
counts appear to grow polynomially. However, the A* parser does
so little work that there is minimal structure-sharing. Itsedge counts
therefore appear to growexponentially over these sentence lengths,
just like a non-dynamic-programming parser’s would. With much
longer sentences, or a less efficient estimate, the polynomial behav-
ior would reappear.

9There are other ways of speeding up lexicalized parsing with-
out sacrificing search optimality. Eisner and Satta[Eisner and Satta,
1999] propose a cleverO(n4) modification which separates this pro-
cess into two steps by introducing an intermediate object. However,
even theO(n4) formulation is impractical for exhaustive parsing
with broad-coverage, lexicalized treebank grammars. The essential
reason is that the non-terminal set is just too large. We did imple-
ment a version of this parser using theirO(n4) formulation, but, be-
cause of the effectiveness of the A* estimate, it was only marginally
faster; as figure 6b shows, the combined search time is very small.

10This is not to say that smoothing would not improve perfor-
mance, but to underscore how the factored model encounters less
sparsity problems than a joint model.
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Figure 6: (a) A* effectiveness measured by edges expanded, (b) time spent on each phase, and (c) relative F1, all as sentence length increases.

PCFG Model Precision Recall F1 Exact Match
PCFG-BASIC 75.3 70.2 72.7 11.0

PCFG-PA 78.4 76.9 77.7 18.5
PCFG-LING 83.7 82.1 82.9 25.7

(a) PCFG Models Alone

Dependency Model Dependency Acc
DEP-BASIC 76.3
DEP-VAL 85.0

(b) Dependency Models Alone

Figure 7: Performance of the projection models alone.

PCFG Model Dependency ModelPrec Rec F1 Exact DepAcc
PCFG-BASIC DEP-BASIC 80.1 78.2 79.1 16.7 87.2
PCFG-BASIC DEP-VAL 82.5 81.5 82.0 17.7 89.2

PCFG-PA DEP-BASIC 82.1 82.2 82.1 23.7 88.0
PCFG-PA DEP-VAL 84.0 85.0 84.5 24.8 89.7

PCFG-LING DEP-BASIC 85.4 84.8 85.1 30.4 90.3
PCFG-LING DEP-VAL 86.6 86.8 86.7 32.1 91.0

Figure 8: The combined model, with various projection models.

Models of P(D) were lexical dependency models, which
deal with part-of-speech tagged words: pairs〈w, t〉. First
the head〈wh , th〉 of a constituent is generated, then succes-
sive right dependents〈wd , td 〉 until a STOP token� is gen-
erated, then successive left dependents until� is generated
again. For example, in figure 3, first we choosefell-VBD
as the head of the sentence. Then, we generatein-IN to the
right, which then generatesSeptember-NN to the right, which
generates� on both sides. We then return toin-IN, gener-
ate � to the right, and so on. The dependency models re-
quired smoothing, as the word-word dependency data is very
sparse. In our basic model,DEP-BASIC, we generate a de-
pendent conditioned on the head and direction, requiring a
model of P(wd , td |wh, th , dir). This was estimated using a
back-off model which interpolated the sparse bilexical counts
with the denser but less specific counts given by ignoring
the head word or by first generating the dependent tag and
then generating the dependent word given only the dependent
tag. The interpolation parameters were estimated on held-out
data. The resulting model can thus capture classical bilexi-
cal selection, such as the affinity betweenpayrolls andfell, as
well as monolexical preferences, such as the tendency forof
to modify nouns. In the enhanced dependency model,DEP-
VAL , we condition not only on direction, but also on distance
and valence. Note that this is (intentionally) very similarto
the generative model of[Collins, 1999] in broad structure, but
substantially less complex.

4.2 Parsing Performance
In this section, we describe our various projection models and
test their empirical performance. There are two ways to mea-
sure the accuracy of the parses produced by our system. First,
the phrase structure of the PCFG and the phrase structure pro-
jection of the combination parsers can be compared to the
treebank parses. The parsing measures standardly used for
this task are labeled precision and recall.11 We also report
F1, the harmonic mean of these two quantities. Second, for
the dependency and combination parsers, we can score the
dependency structures. A dependency structureD is viewed
as a set of head-dependent pairs〈h, d〉, with an extra depen-
dency〈root, x〉 whereroot is a special symbol andx is the
head of the sentence. Although the dependency model gen-
erates part-of-speech tags as well, these are ignored for de-
pendency accuracy. Punctuation is not scored. Since all de-
pendency structures overn non-punctuation terminals con-
tain n dependencies (n − 1 plus the root dependency), we
report only accuracy, which is identical to both precision and
recall. It should be stressed that the “correct” dependency
structures, though generally correct, are generated from the
PCFG structures by linguistically motivated, but automatic,
and only heuristic rules.

Figure 7 shows the relevant scores for the various PCFG
and dependency parsers alone. The valence model increases
the dependency model’s accuracy from 76.3% to 85.0%, and
each successive enhancement improves the F1 of the PCFG
models, from 72.7% to 77.7% to 82.9%. The combination
parser’s performance is given in figure 8. As each individ-
ual model is improved, the combination F1 is also improved,
from 79.1% with the pair of basic models to 86.7% with the
pair of top models. The dependency accuracy also goes up:
from 87.2% to 91.0%. Note, however, that even the pair of ba-
sic models has a combined dependency accuracy higher than
the enhanced dependency model alone, and the top three have
combined F1 better than the best PCFG model alone. For the
top pair, figure 6c illustrates the relative F1 of the combina-
tion parser to the PCFG component alone, showing the unsur-
prising trend that the addition of the dependency model helps

11A tree T is viewed as a set of constituentsc(T ). Constituents
in the correct and the proposed tree must have the same start,end,
and label to be considered identical. For this measure, the lexical
heads of nodes are irrelevant. The actual measures used are detailed
in [Magerman, 1995], and involve minor normalizations like the re-
moval of punctuation in the comparison.
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more for longer sentences, which, on average, contain more
attachment ambiguity. The top F1 of 86.7% is greater than
that of the lexicalized parsers presented in[Magerman, 1995;
Collins, 1996], but less than that of the newer, more com-
plex, parsers presented in[Charniak, 2000; Collins, 1999],
which reach as high as 90.1% F1. However, it is worth point-
ing out that these higher-accuracy parsers incorporate many
finely wrought enhancements which could presumably be ap-
plied to benefit our individual models.12

4.3 Factored Bounds for Non-Projection Models
Arbitrary tree models will not be factored projection models.
For example, while our parsing model was expressly designed
so thatP(T, D) = P(T )P(D), to our knowledge no other
model over lexicalized trees with this decomposition has been
proposed. Nonetheless, non-factored models can still have
factored bounds. Given any modelP(A, B), we can imagine
boundsR(A) andR(B) that obey:

∀A, B : P(A, B) < R(A)R(B)

Trivially, R(A) = R(B) = 1 will do. To
get a non-trivial bound, consider a joint (local) model
P(XY, h′|Z , h) of lexicalized tree rewrites. Early lexical-
ized parsing work[Charniak, 1997] used models of ex-
actly this form. We can use the chain rule to write
P(XY, h′|Z , h) = P(XY |Z , h)P(h′|XY, Z , h). Then, we
can form R(XY |Z) = maxh P(XY |Z , h) and R(h′|h) =

maxXY,Z P(h′|XY, Z , h). This technique allows one to use
factored A* search for non-factored models, though one
might reasonably expect such bounds to be much less sharp
for non-factored models than for factored models. A particu-
lar application of this method for future work would be the ex-
act parsing of the models in[Charniak, 1996; Collins, 1999;
Charniak, 2000], as the details of their estimation suggest that
their word dependency and phrase structure aspects would be
approximately factorizable.

5 Conclusion
Not all models will factor, nor will all models which fac-
tor necessarily have tight factored bounds (for example MSA
with many sequences or parsing if the component models do
not prefer similar structures). However, when we can design
factored models or find good factored bounds, the method of
factored A* search has proven very effective. For the MSA
problem, A* methods allow exact alignment of up to 9 pro-
tein sequences (though 5–6 is more typical) of length 100–
300, when even three-way exhaustive alignment can easily
exhaust memory. For the parsing problem, we have presented
here the first optimal lexicalized parser which can exactly
parse sentences of reasonable length using large real-world
Penn Treebank grammars. The projected models can be de-
signed and improved modularly, with improvements to each
model raising the combined accuracy. Finally, we hope that
this framework can be profitably used on the other sequence

12For example, the dependency distance function of[Collins,
1999] registers punctuation and verb counts, and both smooth the
PCFG production probabilities.

models we outlined, and on any large space which can nat-
urally be viewed as a composition of (possibly overlapping)
projections.
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§ À�¤F�����k��« À�����°����<�!« ¹4����¦F�X�¢��¨��­�F�F���F° ¹4����¦�§��X°����¢�%¨y���<�F���<° T��¼�­���S�
Û ���<� ½¬���k� §��¢�¢�^� ½¬���k� §��¢�¢�^� ½¬���k� §��¢�¢�Q� ½¬���k�

× ØF¸ Ö¢ÃQ× Õ ¸ Â�Õ!Ä Õ ¸ Â�Õ�Ä × ÃX¸ ÂXÂ�Â ÃX¸ Ö�Â�Â
Ã^Â ×¢¸ Á�Õ�Õ ÃQØ ¸�Ã�Ã^Á ÃQØ ¸�Ã�ÃQÁ Ã_Ö ÃX¸ ÂXÂ�Â ÃX¸ ÂXÙ�Ø
ÃQ× ÙF¸ ÕX×!Á ÃQÁ ¸ Ø�ÕXÖ Ö�Â ¸ Ø�ÕXÂ ÃQÁ ÃX¸ ÂXÂ�Õ ÃX¸ ÂXÂ�Â
Ö!Â ÃXÃ�¸ ØXÖFÃ ÖSß ¸ ß!ÖXß Ö�Ù ¸ ß�ÃQÕ Ö�Õ ÃX¸ Â<ÃQ× ÃX¸ ÂXØ�Ù
Ö�× ÃQØF¸ Á�ÕXÕ ØXÕ Ã�¸ Ö¼ÄSÁ Ø�ß Ã�¸ Ö!Â�Ä ØS× ÃX¸ ÂXØSß ÃX¸ ÂSÖ!Á
Ø�Â ÃQÕF¸ ×!ÁXØ ÄXÄ Ö¢¸ Â!ÄSÕ ÄSÕ Ã�¸ ÙSß!Ù ÄSØ ÃX¸ ÂXÁ�Á ÃX¸ ÂSÖ!Ø
ØX× ÃQÁF¸ Ö¢Ã_Ö ×X× ØF¸ ØSß!Õ ×Sß Ö¢¸ ÙXÖSß ×XÖ ÃX¸�ÃQÁ!Ä ÃX¸ ÂS×!Ù
ÄXÂ ÖFÃ�¸ ÙXÖ�Ø ß!Ø ÕF¸ ØXÖX× ß¢Ã Ä<¸ ÄS×XÖ ÕS× ÃX¸ Ä�Ö¢Ã ÃX¸�Ã_Ö!Ø
ÄS× Ö!Ä<¸ ÄSÖSß Ã^ÂXØ ÃQØF¸ Ø!ÄSÕ Á�Ä ß�¸ Ø�ØXÙ Ù<Ã ÃX¸ Ù<Ã^Á ÃX¸ ÖSß!Ö
×!Â ÖSß�¸ ÂXÖ�Õ Ã^ÙXÁ Ö�ÁF¸ Ä<Ã^Ä Ã^ØXÕ ÃQÖ¢¸ Ø�Õ�Ä ÃQÂ!Ä ÖF¸ Ø�ß¼Á ÃX¸ Ù<Ã_ß
×�× Ö�ÁF¸ ÕXÖ�Â Õ�ÂXÁ Ã_Ö¼Ä<¸ Ä�ß!Õ Ø�Õ�ß Ö!ÙF¸ Á�Ø<Ã Ã¼ß_Ä Ä8¸ ØXÂ�Ø Ø<¸ ×�Â�Â
Õ�Â ØSÖ¢¸ Ö¢ÃQÂ Ö¢� ÂX×�Á ØXÁFÃ�¸ Ù!Ä¢ß ÃX� ÂXÁSß ÃQÂ�Ù<¸ ×XÖXß ×FÃ^Ù Ø<¸ Õ<Ã�Ã Ø<¸ Á�ß!×
ÕX× Ø�Ä<¸ ß¼ÁXÕ Ö!ÙF� Ö¢ÃQÕ ß¢� ÁXÙ!Ä<¸�Ã^ÁXÕ ÃQ×F� ÕXÁ!Ä Õ�ÄXÁ<¸ ×X×!Ø ÖF� ÕS×!Ù ÃQÖF¸ Ö�ÁXÖ Ã^Â<¸ Õ<Ã^Õ
ß¼Â Ø�ß�¸ ØSß!Ù Ä<Ã�� ×!ÕXÂ Á<� ÄSÂ�ÙF¸�ÃQÖX× Ö�ÖF� ÕSÖ!Ù ß!Ù�Õ<¸�Ã_Ö!Õ Ø<� ×!ÄXÁ Ã�ÃX¸ ÁXÕ�Ù Ã�ÃX¸ ß¢Ã^Â
ß!× ØXÁF¸ ÁX×Sß ÃQÁ!Ä<� ÙX×FÃ ×Xß¢� ×XÖ!Á<¸ ßXß¼Â Ã�Ã^Á<� ÁSÖ!Ù ×F� ØXÂ�Ù<¸�Ã_×!Á Ö¢ÃX� ß!Ø�Á Ã^Â<¸ ÙXØ�Ù Ù<¸ ÁXÕ�Ø
Ù�Â Ä�Ö¢¸ ×!Ø�Ä ÄSÂ�ÙF� ×!ÙXÂ Ã�Ã^Ø<� ß¼ÄXÕ<¸�Ã^Ä�Ä Ö!Ø�Ø<� ØXÕSß ß¢� ×�Õ�Â<¸�ÃQØ�Â Ø�Â<� Á�ß!Ö ÃQ×F¸ Â�ÄXÕ Ã^Ø<¸�ÃQÁXÖ
ÙX× Ä�×¢¸�Ã^ÂXÙ Ä8ÃQÖ¢� ×Xß!Õ ÃQÖ!Á<� Õ<Ã^Ù<¸ ÁXÙ�Ù Ö!ÙXÖF� ÙS×¢Ã Ù<� ÕXÁSß¢¸ ÄXÄ<Ã Ø�Õ<� ÂXÁ�Ù Ã�Ä8¸ ÁXÂ�Ø Ã�ÃX¸ Ä�Ö!Á
Á�Â Ä¢ß�¸ Õ�ÙXÂ ÖF� ×XÖ�ÖF� ÁXÁ�Ø ØXÙF��Ã_ß¼Õ<¸�ÃQÕ�Â Ã_ß�ÃX� ßXß¼Ù Ã�Ä8¸ ÕXÙ�Ù
ÁX× ×�ÂF¸ Ö�×�Ø ØXÖ!Ä<� ÙFÃ�ÃX¸ Ö�Á!Ä Ã�� Ø!ÄSØF� Â�ÁXÖ
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Abstract

We describe a framework for reducing the space
complexity of graph search algorithms such as A*
that use Open and Closed lists to keep track of the
frontier and interior nodes of the search space. We
propose a sparse representation of the Closed list
in which only a fraction of already expanded nodes
need to be stored to perform the two functions of
the Closed List – preventing duplicate search effort
and allowing solution extraction. Our proposal is
related to earlier work on search algorithms that do
not use a Closed list at all[Korf and Zhang, 2000].
However, the approach we describe has several ad-
vantages that make it effective for a wider variety
of problems.

1 Introduction
Graph search algorithms such as Dijkstra’s algorithm and A*
use an Open list to store nodes on the search frontier, and
a Closed list to keep track of already expanded nodes. The
Closed list performs two important functions.

1. It allows the optimal solution path to be reconstructed
after completion of the search by tracing pointers back-
wards from the goal node to the start node.

2. In graph search problems, it allows nodes that have al-
ready been reached along one path to be recognized if
they are reached along another path, in order to prevent
duplicate search effort.

Although both functions are important, storing all expanded
nodes in a Closed list can quickly use all available memory.

If one is willing to give up the ability to recognize when
the same node is reached along different paths, IDA* and
RBFS can solve search problems in linear space[Korf, 1985;
1993]. Related search algorithms provide a limited abil-
ity to prevent duplicate search effort by storing a limited
number of expanded nodes[Reinefeld and Marsland, 1994;
Miura and Ishida, 1998]. In complex graph search problems
with many duplicate paths, however, an inability to prevent
all duplicate search effort often leads to poor performance.

Fortunately, it is not necessary to store all expanded nodes
in a Closed list in order to eliminate all duplicate search ef-
fort. It is only necessary to store enough nodes to form

a “boundary” in the search graph that prevents previously
closed nodes from being revisited. This is the strategy
adopted by a pair of recent search algorithms[Korf, 1999;
Korf and Zhang, 2000], which are related to earlier work
on reducing the memory requirements of dynamic program-
ming algorithms for sequence comparison[Hirschberg, 1975;
Myers and Miller, 1988]. If not all expanded nodes are stored
in a Closed list, an alternative method of solution extraction
is needed – since closed nodes along an optimal solution path
may no longer be in memory when the search ends. So, these
algorithms preserve information about nodes that are in the
middle of a solution path. After the search ends, they use this
information to divide the original problem into sub-problems
– employing a divide-and-conquer strategy to recursively re-
construct an optimal solution path. This approach to reduc-
ing memory requirements results in an algorithm with two
distinct phases; the first phase searches from the start to the
goal node, and the second phase uses a divide-and-conquer
method to reconstruct an optimal solution path.

In this paper, we describe some improvements of this
search strategy. Earlier search algorithms that use this strat-
egy do not store a Closed list at all[Korf, 1999; Korf and
Zhang, 2000]. Instead they include extra information in open
nodes, and even insert additional nodes into the Open list,
to ensure that it forms a “boundary” that prevents “leaks”
back into the closed region. Instead of adding information
to the Open list, our algorithm preserves some already ex-
panded nodes in a Closed list – but only enough to create a
boundary and allow efficient solution reconstruction. Much
of the closed region of the search can be removed from mem-
ory. Thus, we call this a sparse representation of the Closed
list, and a sparse-memory approach to graph search. We show
that it results in a more flexible approach to reducing memory
requirements that offers several advantages.

2 Background
The most closely related algorithms to the search algorithm
we introduce in this paper are Divide-and-Conquer Bidirec-
tional Search (DCBS)[Korf, 1999] and Divide-and-Conquer
Frontier Search (DCFS)[Korf and Zhang, 2000]. Although
both are general graph-search algorithms, they were devel-
oped as an approach to performing multiple sequence align-
ment, and the memory-saving technique they use was first
used by related dynamic programming algorithms for se-

1259SEARCH



quence comparison[Hirschberg, 1975; Myers and Miller,
1988]. To provide some perspective, we begin with a brief
description of the multiple sequence alignment problem. For
a detailed description of this problem, we refer to our refer-
ences.

2.1 Multiple sequence alignment
Alignment of multiple DNA or protein sequences is an im-
portant problem in computational biology. It provides a way
to measure the similarity between sequences and detect re-
lated segments. Alignment involves inserting gaps into se-
quences in order to maximize the number of matching “char-
acters.” It is well-known that this problem can be formal-
ized as a shortest-path problem in an-dimensional lattice,
where n is the number of sequences to be aligned. The
number of nodes in the lattice isln, where l is the aver-
age length of sequences, and thus grows polynomially with
the length of sequences, and exponentially with the num-
ber of sequences. Although dynamic programming is the
traditional method for solving this problem, A* has been
shown to outperform it by using an admissible heuristic to
limit the number of nodes in the lattice that need to be ex-
amined to find an optimal alignment[Ikeda and Imai, 1999;
Lermen and Reinert, 2000]. But given the large number of
nodes that usually must be examined, memory is a bottleneck,
and techniques for solving this problem in reduced memory
can be very helpful.

2.2 Divide-and-conquer frontier search
Both Divide-and-Conquer Bidirectional Search
(DCBS) [Korf, 1999] and Divide-and-Conquer Frontier
Search (DCFS)[Korf and Zhang, 2000] use the same
strategy for reducing memory requirements. The difference
is that DCBS uses bidirectional search and DCFS uses
unidirectional search. Korf and Zhang[2000] find that
unidirectional search results in better performance, and so
we refer to DCFS in the rest of this paper.

DCFS reduces memory requirements by storing only the
frontier nodes of the search, not the interior nodes – that is,
by using an Open list but not a Closed list. Because it does not
use a Closed list, DCFS must use some other method to avoid
duplicate node expansions and to extract an optimal solution
path at the end of the search. The problem of avoiding dupli-
cate node expansions is particularly important in the case of
multiple sequence alignment because there are combinatori-
ally many paths from the start node to any other node. For
this reason, linear-space search algorithms that do not test for
duplicates, such as IDA*, have “pitiful results” (in the words
of Korf [1999]), when used for multiple sequence alignment.
Even bounded-memory search algorithms that detect some
but not all duplicates have been reported to perform poorly
on this problem[Yoshizumiet al., 2000].

To avoid duplicate node expansions, DCFS uses the fol-
lowing techniques to prevent the search from “leaking” back
into the closed region, that is, to prevent closed nodes from
being re-generated. First, it stores in each node a list offor-
bidden operators. This list includes one operator for each
neighbor (predecessor or successor) of this node that has al-
ready been generated. When the node is later selected for

expansion, only operators that are not among the forbidden
operators are used to generate its successor nodes. This pre-
vents the search from re-generating nodes that may have been
already closed and removed from memory. However, a com-
plication arises in the case of directed graphs – in particu-
lar, directed graphs in which a node can have predecessors
that are not also potential successors. If a node is expanded
and removed from memory before all of its predecessors have
been generated and inserted into the Open list, it can be re-
generated if one of these predecessor nodes is later expanded.
To prevent this, DCFS modifies the Open list in a second way.
When a node is expanded, it generates not only its successor
nodes, but all of its predecessor nodes – even if the search has
not yet found a path to these predecessor nodes. If there is not
yet a legal path to these predecessor nodes, they are assigned
an infinitef -cost to prevent them from being expanded until
a legal path is found.

To make it possible to reconstruct the solution path at the
end of the search, DCFS modifies nodes in a further way. In
each node past the midpoint of the search, it stores all in-
formation about a node on its path that is about halfway be-
tween the start and goal node. Then, when the search is com-
pleted, DCFS knows a middle node on the optimal solution
path, and can reconstruct the solution path by a divide-and-
conquer approach. Using the same search algorithm, it recur-
sively solves the subproblems of finding an optimal path from
the start node to the middle node, and then from the middle
node to the goal node. This recursive method of solution re-
construction is essentially the divide-and-conquer idea first
proposed by Hirschberg[1975].

2.3 Limitations
Korf and Zhang[2000] show that DCFS can be very effec-
tive in “problem spaces that grow polynomially with prob-
lem size, but contain large numbers of short cycles,” includ-
ing path-planning in two-dimensional grids and multiple se-
quence alignment, assuming a small number of sequences.
They acknowledge that their search algorithm is not as ef-
fective in an “exponential problem space with a branching
factor of two or more.” In that case, they explain, the Open
list is much larger than the Closed list and “not storing the
Closed list doesn’t save much.” In fact, the multiple sequence
alignment problem is an exponential problem space (and NP-
complete[Just, 2001]), when the number of sequences to be
aligned is not bounded. Its branching factor is2n−1 (wheren
is the number of sequences), and the size of the Open list can
dwarf the size of the Closed list when aligning as few as five
or six sequences. This problem is well-known and has moti-
vated development of techniques for reducing the size of the
Open list when using A* to align multiple sequences. These
include use of an upper bound to prune open nodes that can-
not lead to an optimal solution[Ikeda and Imai, 1999], and
use of partial node expansions[Yoshizumiet al., 2000].

As it turns out, it is difficult to combine DCFS with tech-
niques for reducing the size of the Open list without creating
inefficiencies, or even “leaks” back into the closed region. It
is possible to combine DCFS with Partial Expansion A*, a
technique for reducing the size of the Open list by allowing
partially expanded nodes[Yoshizumiet al., 2000]. This can

1260 SEARCH



be beneficial in some cases. But allowing nodes to be partially
expanded has the effect of reducing the number of nodes that
are closed. In turn, this reduces the memory-saving effect
of DCFS by reducing the number of nodes eligible to be re-
moved from memory, as our experimental results will show.

Another approach to reducing the size of the Open list is
to prune open nodes when theirf -cost is greater than an up-
per bound on the optimalf -cost, as in Enhanced A*[Ikeda
and Imai, 1999]. Because this technique does not reduce the
number of closed nodes, the idea of combining it with DCFS
appears more promising. However, it introduces other dif-
ficulties. Recall that DCFS generates all predecessors of a
node when it is expanded, even if it has not yet found a path
to these predecessors. If nodes are pruned from the Open
list, no path may ever be found to these extra nodes, and the
Open list may become cluttered with useless nodes that can
never be removed. In directed graphs with the special prop-
erty that the set of successors of each node is disjoint from the
set of predecessors, such as the search graph of the multiple
sequence alignment problem, this inefficiency is the only neg-
ative effect of pruning the Open list. But in directed graphs
that do not share this property, and in all undirected graphs,
pruning nodes from the Open list can also result in “leaks”
back into the closed region, as follows. The first time a node
is generated, there is no guarantee that the best path to it has
been found. So, if it is pruned using an upper bound, it may
later be re-generated if a better path to it is found. But since
the forbidden operators associated with the node when it was
first generated were lost when it was pruned, a node that was
previously closed could be re-generated.

The difficulty of combining DCFS with techniques for re-
ducing the size of the Open list is a significant limitation.
Another potential limitation worth mentioning is the over-
head for storing a list of forbidden operators in each node.
For problems with a small branching-factor, this overhead is
slight. But for the multiple sequence alignment problem, this
overhead grows as the number of sequences grows. Recall
that the number of operators (i.e., the branching factor) of
multiple sequence alignment is2n − 1, and DCFS stores in-
coming as well as outgoing edges in the list of forbidden op-
erators. Thus, the total number of edges incident to a node is
(2n − 1)× 2 = 2n+1 − 2. Although Korf and Zhang[2000]
claim that the space complexity of DCFS for multiple se-
quence alignment isO(ln−1), compared to theO(ln) space
complexity of A*, this claim rests on the assumption that a
node takes constant storage. Asn increases, the storage re-
quired for the list of forbidden operators increases exponen-
tially. In fact, the space complexity of DCFS for mulitple
sequence alignment isO(2nln−1), and its advantage over the
O(ln) space complexity of A* disappears whenn > log2l.

3 Sparse-Memory Search Algorithm

The algorithm we describe in the rest of this paper adopts
a strategy for reduced-memory search that is similar to the
strategy used by DCFS. However, it implements this strategy
in a simpler way that is more compatible with techniques for
reducing the size of the Open list, and does not require storing
lists of forbidden operators in nodes.

Figure 1: An illustration of the relationships among the kernel
and the boundary of the search interior, the search frontier,
and the entire state space.

A key difference from DCFS is that our algorithm does
not entirely eliminate the Closed list. Instead, we propose
a sparse representation of the Closed list that allows many
(but not all) closed nodes to be removed from memory. To
explain our approach, we note that the search interior (the set
of closed nodes) can be partitioned into two disjoint subsets
that we call the set ofboundary nodesand thekernelof the
search interior.

Definition 1 Let I be the set of search interior nodes, i.e.,
nodes whose lowest-cost paths have been found. Thekernel
of I, denotedK(I), is defined as follows:

K(I) = {k | k ∈ I,∀p ∈ Pred(k) ⇒ p ∈ I},
wherePred(k) denotes the set of predecessor nodes ofk, that
is, the set of nodes that can make a transition into nodek in
the underlying graph, which may be directed or undirected.

Basically, the kernel is the set of nodes whose predecessor
nodes are all interior (i.e., closed) nodes.

Definition 2 The set ofboundary nodesof search interiorI,
denotedB(I), is defined as the non-kernel nodes ofI, that is:

B(I) = I \K(I).

Another way of describing a boundary node is to say that at
least one of its predecessor nodes is not an interior node, or
mathematically,

B(I) = {b | b ∈ I, ∃p ∈ Pred(b), p /∈ I}.
Figure 1 illustrates the relationship between the kernel and
boundary of the search interior. Note that nodes in the bound-
ary can enter the kernel, but once a node is in the kernel it
remains there. The nodes in the kernel are eligible for re-
moval from memory because they are not needed to prevent
duplicate search effort.

The intuitive meaning of “boundary” can be explained as
follows. Because every closed node is reachable from the
start node, the set of closed nodes can be considered a “vol-
ume” in the underlying graph that encompasses the starting
node. Nodes outside this volume cannot reach nodes inside
the volume without passing through some node in the bound-
ary. Thus, storing only the boundary nodes in the Closed list
is as effective as storing the entire “volume,” with respect to
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preventing the search from “leaking” back into the closed re-
gion. (From this perspective, one could say that DCFS adds
nodes to the Open list – i.e., the search frontier – in order
to ensure that the frontier forms a boundary, and it treats the
Closed list as the kernel that can be removed from memory.)

In addition to keeping boundary nodes in the Closed
list, our sparse-memory approach keeps some other, non-
boundary nodes that allow solution reconstruction. The
method of solution reconstruction is different from the one
used by DCFS. Recall that DCFS stores in each node all infor-
mation about a “middle” node on the path through this node
to the goal. In our approach, each node in the search graph
maintains a pointer to its predecessor node along the best path
to this node,or to some earlier, ancestral node along this
path.1 In the latter case, we have asparse solution path.

Definition 3 A sparse solution pathis an ordered list of nodes
P = {P [0], P [1], · · · , P [d ]},such thatd ≥ 1, P [0] is a start
node,P [d ] is a goal node, and

∑d−1
i=0 δ(P [i], P [i + 1]) =

δ(start, goal), whereδ(u, v) denotes the cost of the lowest-
cost path between two nodesu andv.

If a node in a sparse solution path has a pointer to an an-
cestral node instead of a pointer to its predecessor, we call
the ancestral node arelay nodeto indicate that it skips over
some nodes in an original, “dense” solution path. We also
consider the start node (which has no backward pointer) a re-
lay node. How relay nodes are created and used in solution
reconstruction is explained below. Here, we simply note that
relay nodes are never removed from the Closed list because
they are needed for solution reconstruction. Thus, a sparse
representation of the Closed list includes all boundary nodes
and all relay nodes. Nodes that do not fall in either category
may be removed from memory.

It is well-known that A* can be viewed as Dijkstra’s al-
gorithm applied to a transformed graph with the same set
of nodes and edges, but modified edge costs given by the
equationĉ(u, v) = c(u, v) − h(u) + h(v), where c(u, v)(
or ĉ(u, v)

)
is the cost of edge(u, v) in the untransformed

(or transformed) graph andh(u)
(
or h(v)

)
is the cost esti-

mate of the lowest-cost path from nodeu (or v) to the goal
node. Therefore, we present our sparse-memory algorithm as
a modification of Dijkstra’s algorithm, and note that our de-
scription applies to A* also. Our sparse-memory approach
requires two assumptions. First, the transformed (or untrans-
formed) graph cannot contain any negative-cost edges. This
means the heuristic used by A* must be consistent. With-
out this assumption, it is impossible for our algorithm (or any
heuristic search algorithm) to accurately identify the interior
of the search, and DCFS makes the same assumption. Sec-
ond, we assume that our algorithm knows the in-degree (in
the underlying graph) of every node it visits. For comparison,
DCFS assumes that it knows every predecessor (in the under-
lying graph) of a node it visits. Thus, our second assumption
is weaker than that made by DCFS.

1Because pointers require less memory than state information
about a midpoint node, the memory required to store all pointers
plus relay nodes could be less than the memory required to copy state
information about the same midpoint node into many other nodes.

ProcedureExpandNode(Nodeu)
1 for eachv ∈ Successors(u) do
2 if v ∈ Open then
3 ρ(v) ← ρ(v)− 1
4 if g(u) + c(u, v) < g(v) then
5 g(v) ← g(u) + c(u, v)
6 ancestor(v) ← u
7 else ifv ∈ Closed then
8 ρ(v) ← ρ(v)− 1
9 else/* generate new node */
10 ρ(v) ← in-degree(v)− 1
11 g(v) ← g(u) + c(u, v)
12 ancestor(v) ← u
13 Open ← Open ∪ {v}
14 if memory is fullthen PruneClosedList()

ProcedurePruneClosedList()
1 for eachv ∈ Open ∪ Closed do
2 if ancestor(v) ∈ Pred(v) then
3 α ← ancestor(v)
4 while α ∈ Closed and ρ(α) = 0 do
5 α ← ancestor(α)
6 if α 6= ancestor(v) then
7 ancestor(v) ← α
8 ρ(α) ←∞ /* never prune relay node */
9 for eachv ∈ Closed do
10 if ρ(v) = 0 then
11 Closed ← Closed \ {v}
12 Deletev

Algorithm SMGS(Nodestart, Nodegoal)
1 g(start) ← 0
2 ρ(start) ←∞ /* never prune start node */
3 ancestor(start) ← null
4 Open ← {start}
5 Closed ← ∅
6 while Open 6= ∅ do
7 u ← arg minu{g(u) | u ∈ Open}
8 Open ← Open \ {u}
9 Closed ← Closed ∪ {u}
10 if u is goal then
11 SSP ← ExtractSparseSolutionPath(u)
12 DSP ← ∅
13 for i = 1 to length(SSP ) do
14 if SSP [i− 1] ∈ Pred(SSP [i]) then
15 DSP.addTail(SSP [i])
16 else
17 DSP.addTail

(
SMGS(SSP [i− 1], SSP [i])

)
18 return DSP
19 else
20 ExpandNode(u)

Figure 2: Pseudocode forSMGS(Sparse-Memory Graph
Search), in which procedureExpandNodeassumes a directed
graph. See Figure 3 for the pseudocode ofExpandNodein
undirected graphs.
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3.1 Pruning the Closed list

Our search algorithm must be able to efficiently distinguish
between the kernel and boundary of the search interior, in
order to prune nodes from the kernel. Recall that a node is
in the kernel if all of its predecessors are closed. To identify
such nodes, we introduce a technique for keeping track of the
number of unexpanded predecessors for each generated-and-
stored node. We call this number theρ-value of a node. It is
initially set to the number of predecessors (the in-degree) of
the node in the underlying graph minus one to account for the
predecessor that generated it. Theρ-value is updated during
node expansion. As each successor of a node is considered
(some of which may already be in the Open or Closed lists),
itsρ-value is decremented. (See lines 3, 8 and 10 of procedure
ExpandNode in Figure 2.) This requires negligible time and
space overhead, and, givenρ-values, kernel-membership for a
node can be determined in constant time by checking whether
it is a closed node with aρ-value of zero.

An advantage of the sparse-memory approach is that it
does not immediately remove closed nodes from memory, un-
like DCFS. A sparse-memory version of Dijkstra’s algorithm
(or A*) acts exactly like Dijkstra’s algorithm (or A*) until
it senses that memory is about to be exhausted. Only then
does it invoke procedurePruneClosedListin Figure 2 to re-
cover memory. This procedure prunes nodes from the Closed
list in two steps. First it updates the ancestral pointer of any
boundary node whose predecessor is about to be pruned (lines
1-8). This is necessary to allow solution reconstruction and
requires finding therelay nodethat is the closest boundary
node along its solution path (lines 3-5), and updating its an-
cestral pointer accordingly (line 7). This makes this boundary
node a relay node, and to prevent it from being pruned in the
future, itsρ-value is set to∞ (line 8). After this step, kernel
nodes are pruned unless they are a start node or relay node
created in a previous pruning step (lines 9-12). Updating the
ancestral pointers of nodes (followed by pruning) creates a
sparse solution path, from which a complete or “dense” solu-
tion path can be reconstructed after the search terminates.

3.2 Solution Path Reconstruction

The fact that the Closed list is not pruned unless memory is
close to being exhausted means that the overhead of solution
reconstruction can be avoided if memory resources are ade-
quate. In that case, the sparse-memory algorithm acts exactly
like Dijkstra’s algorithm (or A*) and an optimal solution path
is extracted in the conventional way.

If the Closed list has been pruned, an optimal solution
path is reconstructed by invoking the Sparse-Memory Graph
Search algorithm (SMGS) in Figure 2 recursively. First the
sparse solution path (SSP) is extracted (line 11) in the con-
ventional way by tracing pointers backward from the goal.
Then the correspondingdense solution path(DSP) is re-
constructed as follows. For each pair of consecutive nodes
(SSP [i − 1], SSP [i]) in the SSP(starting from the start
node), the algorithm checks to see ifSSP [i − 1] is a pre-
decessor ofSSP [i] (line 14). If so, nodeSSP [i] is added to
the tail of theDSP(line 15); otherwise, the search algorithm
calls itself recursively withSSP [i − 1] andSSP [i] as the

ProcedureExpandNode(Nodeu)
1 ρ(u) ← degree(u)
2 for eachv ∈ Successors(u) do
3 if v ∈ Open then
4 if g(u) + c(u, v) < g(v) then
5 g(v) ← g(u) + c(u, v)
6 ancestor(v) ← u
7 else ifv ∈ Closed then
8 ρ(v) ← ρ(v)− 1
9 ρ(u) ← ρ(u)− 1
10 else/* generate new node */
11 g(v) ← g(u) + c(u, v)
12 ancestor(v) ← u
13 Open ← Open ∪ {v}
14 if memory is fullthen PruneClosedList()

Figure 3: Pseudocode forExpandNodein undirected graphs.

new start and goal nodes, in order to get a dense solution path
between the two which is added to the tail ofDSP(line 17).

Another difference from DCFS that is worth noting is that
DCFS divides a problem into two subproblems at each level
of the recursion. The sparse-memory approach can divide a
problem into twoor moresubproblems. The extra flexibility
is possible because the sparse-memory approach uses relay
nodes with ancestral pointers, whereas DCFS stores all infor-
mation about a middle node in each node. When a problem
is divided into more than two subproblems, the subproblems
are smaller and easier to solve and solution reconstruction can
be faster. In fact, relay nodes can be spaced at half intervals,
one-third intervals, or any other interval, and allow a tradeoff
between the sparseness of the search interior and the speed of
solution reconstruction.

3.3 Pruning the Open list
We now consider how easily the sparse-memory approach to
pruning the Closed list can be combined with techniques for
pruning the Open list. Pruning nodes on the Open list that
have anf -cost greater than an upper bound on the optimal
f -cost creates difficulties for DCFS, as discussed earlier. An
advantage of the sparse-memory approach is that it does not
create difficulties, at least in solving problems for which the
set of predecessors of a node is disjoint from the set of succes-
sors, such as the multiple sequence alignment problem. This
advantage will be illustrated in our experimental results.

For other directed graphs, that is, for directed graphs in
which the same node can be both predecessor and succes-
sor of another node, DCFS allows leaks back into the closed
region when the Open list is pruned. The sparse-memory ap-
proach does not, and this is another advantage. Unfortunately,
the sparse-memory approach has a problem in such graphs.
If the best path to a node has not been found when it is first
generated, it could be pruned and re-generated later, when a
better path is found. Sinceρ-values are erased when the node
is pruned, theρ-value of such nodes will not be decremented
to zero. As a result, the sparse-memory algorithm may not
recover as much memory from the Closed list. However, our
experimental results suggest that this inefficiency is minor.
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Figure 4: Example of Sparse-memory Dijkstra searching for an optimal alignment of two sequences. Panels (a) and (b) show
the search space just before and after the first pruning of the Closed list. Panels (c) and (d) show the search space just before
and after the second pruning. Panel (e) shows the sparse solution path at the end of the search.

In undirected graphs, we noted earlier that DCFS also al-
lows “leaks” back into the closed region when the Open list is
pruned. The sparse-memory algorithm does not, if we make
a minor modification, as explained in the following.

3.4 Undirected graphs
The pseudocode in Figure 2 shows theExpandNodeproce-
dure for directed graphs. Figure 3 gives the pseudocode of
theExpandNodeprocedure in undirected graphs. The differ-
ence is that in undirected graphs,ρ-values are only set and
decremented for closed nodes, not open nodes. Thus, prun-
ing open nodes cannot cause any problems by distortingρ-
values. In fact, the pseudocode in Figure 3 could be used for
directed graphs also. But in directed graphs, it would require
considering all predecessors of a node as well as successors
during node expansion, in order to setρ-values correct. The
overhead for this would be significant. This is not a problem
in undirected graphs because the set of potential successors
of a node is equal to the set of potential predecessors.

3.5 Hybrid algorithms
The sparse-memory algorithm we have described is based on
more than one idea. It uses nodes on the Closed list to cre-
ate a “boundary” that prevents re-generation of closed nodes,
instead of using the Open list as a boundary. In addition, it
uses relay nodes for divide-and-conquer solution reconstruc-
tion, instead of storing in each node state information about a
middle node along the search path.

Because these ideas can be considered separately, it is pos-
sible to create search algorithms that are hybrids of DCFS and
the sparse-memory approach. For example, the DCFS tech-
nique of using the Open list as a boundary could be combined
with relay nodes. This would create a version of DCFS that
is able to divide a solution path into more than two pieces,
allowing flexible (and potentially faster) solution reconstruc-
tion; use of relay nodes would also allow DCFS to delay
pruning of the Closed list until memory is full. Similarly,
some of the techniques used by DCFS can be considered in-
dependently. For example, forbidden operators can be used
in combination with the sparse-memory approach, instead of
ρ-values. One advantage of using forbidden operators is that
they sometimes speed up search, since it is faster not to gener-
ate a node than to generate it and check for a duplicate on the
Open or Closed list. We consider the performance of these
hybrid algorithms in the computational results that follow.

4 Computational Results
We first illustrate how a sparse-memory version of Dijkstra’s
algorithm works by showing how it solves a small pairwise
sequence alignment problem. Then we consider the perfor-
mance of sparse-memory A* on more challenging problems.

4.1 Example
Consider the problem of aligning two sequences,ACTGAT
andTGACTGC, using a very simple cost function: zero for
a match, one unit for a substitution, and two units for a gap.
The state space of the problem can be represented by a two-
dimensional grid in which the columns correspond to one se-
quence and the rows to the other. The problem of finding
an optimal alignment of the two sequences corresponds to
the problem of finding an optimal path from the start node in
the upper-left corner to the goal node in the lower-right cor-
ner, where horizontal and vertical moves correspond to gap
insertions in one or the other sequence, and diagonal moves
correspond to a substitution or match of characters.

Figure 4 shows the behavior of sparse-memory Dijkstra’s
algorithm at the critical points when memory becomes full
and the Closed list is pruned. It assumes that memory ca-
pacity is 30 nodes. Figure 4(a) shows the explored state
space when memory is full for the first time. The number in
each cell is theg-value of the corresponding state (or node).
For closed nodes, theg-value is highlighted in bold italics.
Among the17 closed nodes,11 are identified as kernel nodes
and pruned. Figure 4(b) shows the result of pruning. When
memory is full the second time, as shown in Figure 4(c), the
Closed list is pruned again and12 kernel nodes are removed
from memory, as shown in Figure 4(d), freeing enough mem-
ory for continued search. Figure 4(e) shows the state space in
memory when the goal node (the cell in the lower-right cor-
ner) is expanded. The SSP solution is shown as a chain of
thick dashed arrows. The arrows drawn in thin dashed lines
represent ancestor pointers that are created during pruning.

In this example, it is also possible to see how the Open list
can be pruned using the sparse-memory approach. Suppose
we know that8 is an upper bound on the cost of an opti-
mal alignment. Then all nodes withg-values greater than or
equal to8 can be pruned from the Open list, and the search
progresses in the same way except for not storing the seven
nodes whoseg-values equal8. Note that pruning nodes in the
Open list willnotchange the boundary of the search interior.
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4.2 Multiple sequence alignment
We tested Sparse-memory A* (Sparse-A*) on a series of chal-
lenging multiple sequence alignment problems, in order to
compare its performance to DCFA* (the DCFS version of
A*). We used a 300Mhz Sun UltraSparc II workstation with
two gigabytes of RAM. Results are displayed in Table 1.

First, we considered the identical test domain used by Korf
and Zhang[2000]: alignment of three random sequences of
length 4000 using their simple cost function, with results av-
eraged over 100 trials. Both DCFA* and Sparse-A* are effec-
tive in this domain, whereas A* could not solve any problem
instance due to memory limitations. Versions of A* that use
special techniques to recover memory by pruning the Open
list [Ikeda and Imai, 1999; Yoshizumiet al., 2000] were also
unable to solve any of these problem instances. This is be-
cause the Closed list, not the Open list, fills most of mem-
ory in this case. One reason there are so many closed nodes
is that the accuracy of the pairwise heuristic used for multi-
ple sequence alignment depends on the similarity of the se-
quences. Because random sequences have only random sim-
ilarities, the heuristic is weak, resulting in many node expan-
sions and closed nodes.

For this problem set, DCFA* is more memory-efficient
than Sparse-A*. However, Sparse-A* runs faster. It runs
faster for long sequences like these because the solution path
is correspondingly long, and solution reconstruction can be
faster using relay nodes. At each recursion level, relay nodes
make it possible to divide a solution path into several smaller,
easier-to-solve subproblems, instead of always dividing it in
half. Faster solution reconstruction comes at the expense of
a small increase in memory for extra relay nodes, as can be
seen by comparing the performance of DCFA* using relay
nodes (a hybrid algorithm) to standard DCFA*.

Why can DCFA* be more memory-efficient than Sparse-
A*? One factor is that using relay nodes to divide a solution
path into more than two pieces requires extra memory for the
extra relay nodes – a classic space-time tradeoff. Another
factor is that use of forbidden operators allows a closed node
to be pruned as soon as all its predecessors aregenerated.
By contrast, use ofρ-values requires waiting until all prede-
cessors areclosed, before pruning the node. As a result, a
hybrid algorithm that combines the sparse-memory approach
with forbidden operators outperforms the sparse-memory ap-
proach alone, for this problem set. These two factors may not
account for all of the difference in memory efficiency, but we
currently have no other explanation.

We next compared Sparse-A* and DCFA* on real protein
sequences using the PAM250 cost matrix, which is widely-
used by biologists. In aligning five sequences randomly se-
lected from a pool of low-similarity protein sequences of
length 300 used in previous experiments[McNaughtonet al.,
2002], Sparse-A* and DCFA* were again effective in solv-
ing all instances. By contrast, A* ran out of memory on
most instances. For this problem set, the Enhanced A* al-
gorithm[Ikeda and Imai, 1999], which uses an upper bound
to prune nodes from the Open list, performs very well. This
is because the number of open nodes is very large for this set
of problems. Unlike DCFA*, the sparse-memory approach
can be safely combined with this technique of pruning the

3 seqs. 5 seqs. 7 seqs.
Algorithm Statistics (4,000) (300) (450)

Secs. 1,435 2,930 172
DCFA* Nodes(K) 1,953 9,997 1,200

Mbytes 284 551 112
Secs. 712 2,863 97

DCFA* + Nodes(K) 2,202 10,910 1,215
relay nodes Mbytes 293 561 114

Secs. 908 3,073 65
Sparse-A* Nodes(K) 4,510 17,626 1,093

Mbytes 389 766 72
Secs. 871 3,218 101

Sparse-A* + Nodes(K) 3,388 13,100 1,071
forbidden ops. Mbytes 355 673 104

Secs. 1,940 24
Enhanced A* Nodes(K) can’t 16,844 76

Mbytes solve 720 28
Secs. 917 2,785 24

Enhanced Nodes(K) 4,510 10,600 76
Sparse-A* Mbytes 389 465 28

Table 1: Performance comparison of DCFA*, sparse-memory
A*, Enhanced A*, and hybrid algorithms. The node count
is the number of stored nodes, measured in thousands, and
memory includes storage of the pairwise heuristic.

Open list. This gives it an overall advantage, and Enhanced
Sparse-A* is the best-performing algorithm for this prob-
lem set. (Although Enhanced Sparse-A* stores slightly more
nodes than DCFA*, it uses less memory because forbidden
operators makes the DCFA* nodes larger. We also empha-
size the following point: although the table shows that the
running time of Enhanced A* is less than the running time
of Enhanced Sparse-A*, this does not mean that it is a faster
algorithm. If Enhanced A* by itself can solve a problem in
available memory, the sparse-memory version of Enhanced
A* does not need to prune the Closed list at all, and has iden-
tical performance. But for these experiments, we adjusted the
sparse-memory algorithm to minimize its memory use – since
memory is the key factor we are evaluating here.)

A drawback of DCFA* is that its node size increases as
the number of sequences being aligned increases. This be-
comes very apparent when DCFA* is used to align seven pro-
tein sequences of length around 450, randomly selected from
a set of similar protein sequences used in previous experi-
ments[Yoshizumiet al., 2000]. The high similarity of these
sequences gives rise to a very accurate heuristic, and makes
these sequences much easier to align. Even A* can solve
these problems. Although A*, Sparse-A* and DCFA* always
expand the same number of nodes, DCFA* generates and
stores an average of 10% more nodes in this domain because
it inserts extra nodes in the Open list. A more serious prob-
lem is that the nodes created by DCFA* are two times bigger
than the nodes created by the other algorithms, because they
include lists of forbidden operators. As a result, DCFA* runs
slower and uses more memory than any other algorithm, in-
cluding A*! (In aligning ten sequences, the nodes created by
DCFA* are seven times larger than the nodes created by A*,
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and their relative size almost doubles with each additional se-
quence thereafter.) The table shows Sparse-A* is not as effec-
tive as Enhanced A*, because pruning the Open list is much
more important than pruning the Closed list, for this problem
set. Nevertheless, Enhanced Sparse-A* performs no worse
than Enhanced A*, and this point is important. The sparse-
memory approach improves performance when possible, and
complements other techniques for reducing memory.

For perspective, we discuss what happens if we combine
DCFA* with Partial Expansion A*[Yoshizumiet al., 2000].
(In our experiments, we set the cutoff value for Partial Ex-
pansion A* to zero, to minimize memory use.) For the set of
seven similar protein sequences, Partial Expansion DCFA*
required an average of 29 Mbytes of memory, and 437 CPU
seconds. The much greater running time is due to the over-
head of partial expansions. The slightly higher memory re-
quirement is because nodes are partially expanded, and nodes
that are not closed cannot be pruned by DCFA*. For the
set of three random 4000-length sequences, Partial Expan-
sion DCFA* stored 40% more nodes and ran 42% slower
than DCFA*. Again, the reason is that partially expanded
nodes are not pruned. Finally, we note that when DCFA* is
combined with Enhanced A*, it consistently requires more
memory (and CPU time) than DCFA* alone, due to the com-
plications discussed earlier.

4.3 15-Puzzle
The 15-puzzle is not a problem for which duplicate detection
is a crucial issue. Nevertheless, it is interesting to consider
as both a benchmark and an example of an undirected graph.
We used 91 of the 100 problem instances in Korf (1985) as
a test set. Sparse-A* by itself used an average of 79% of the
memory used by A*; DCFA* used an average of 44% of the
memory used by A*; and Enhanced A* used an average of
57% of the memory used by A*. A sparse-memory version
of Enhanced A* performed best. It used 32% of the memory
used by A*. We also tested DCFA* combined with Enhanced
A*. It is unable to prevent leaks back into the closed region,
for reasons discussed earlier, and we noticed many node re-
expansions. Interestingly, it used only 10% of the memory
used by A*, due to aggressive pruning, and ran faster than the
other algorithms. But this is only because the 15-puzzle is a
domain in which node re-generation has less overhead than
managing the Open and Closed lists, since IDA* outperforms
all of these algorithms on this problem. In undirected graphs
with exponentially many duplicate paths, a sparse-memory
version of Enhanced A* is likely to perform best.

5 Conclusion
We have proposed a sparse-memory approach to graph search
that builds on ideas in earlier work, but implements them in
a way that is often more effective. A key advantage of this
approach to reducing the size of the Closed list is that it can
be combined with a technique for reducing the size of the
Open list by upper-bound pruning. This is especially use-
ful for large branching-factor problems where the size of the
Open list would otherwise dramatically exceed the size of the
Closed list, such as the multiple sequence alignment problem
when there are more than four or five sequences.

The sparse-memory approach has other advantages. It al-
lows more flexible, and potentially faster, solution reconstruc-
tion. And last but not least, it can behave exactly like A* (or
Enhanced A*, or Dijkstra’s algorithm) until it reaches a mem-
ory limit, and only then removes nodes from the Closed list.
Thus, there is (virtually) no overhead for this technique un-
less a search problem cannot be solved within a given mem-
ory bound. Then the overhead for solution reconstruction is
compensated for by the reduced memory requirements.
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Abstract

The paper presents a novel expressive logic-based
formalism intended for reasoning about numerical
distances. We investigate its computational prop-
erties (in particular, show that it is EXPTIME-
complete) and devise a tableau-based satisfiability-
checking algorithm. To be able to express knowl-
edge about implicit or unknown distances, we then
extend the language with variables ranging over
distances and prove that the resulting logic is de-
cidable as well.

1 Introduction
The numerical notion of distance or metric as a measure of
closeness or similarity (in a great variety of senses) plays a
fundamental role in many branches of science—including,
naturally, knowledge representation, artificial intelligence
and informatics in general. Recent examples are such dif-
ferent fields as spatial KR&R and geographic information
systems [Cohn and Hazarika, 2001; Adam and Gangopad-
hyay, 1997], computational molecular biology [Setubal and
Meidanis, 1997; Clote and Backofen, 2000], text processing
[Salton, 1989] and data mining [Dunham, 2003]. Unlike clas-
sical physics and the corresponding mathematical models, the
‘distance spaces’ arising in these applications may be quite
different from the standard Euclidean spaces, e.g., they are
often finite and do not necessarily satisfy all of the metric
axioms. Another important feature is that properties of only
some objects in the space may be known, and the task is to
use the available information to determine properties of other
elements of interest. Traditional methods of dealing with met-
ric data are mostly numerical or ‘sub-symbolic’ (e.g., graph-
theoretic or probabilistic) and usually do not involve any kind
of (automated) reasoning which is based upon symbolic, ex-
plicit knowledge representation. The main aim of this paper
is to present a new expressive logic-based formalism intended
for reasoning about distances and to provide it with a tableau
decision algorithm.

The language we propose is—as far as its algorithmic prop-
erties and expressiveness are concerned—a compromise be-
tween full first-order and propositional languages: it contains
object names and unary atomic predicates from which com-
plex predicates are constructed by means of the Boolean oper-

ators and restricted quantifiers like, e.g., 8<r (‘for all objects
within a circle of radius r’) and 9<r (‘for some object within
a circle of radius r’). Thus, 9<rP denotes the set of all ob-
jects each of which is located at distance< r from at least one
object with property P. To illustrate the expressive power of
the language and to convince the reader that it can be useful,
we give three concrete examples.

Example 1. Consider a space of proteins (i.e., sequences of
amino acids); some of them are well studied, but properties
of the majority are not known. Using one of the available
techniques, we can define a ‘similarity measure’ between pro-
teins which gives rise to a certain ‘distance’ (perhaps, metric)
space. One of the typical problems is to recognise whether
a given protein p has some property P, e.g., whether it con-
tains an EF-hand motif. The usual approach of comparing the
structure of p with that of ‘closely located’ proteins whose
properties are known can be supplemented with a knowledge
base composed by an expert and containing information like

� 9�5Q u P
:
= ? — ‘no protein located at distance � 5

from a protein with a property Q has P,’

� 9�2f`g v R — ‘all proteins located at distance � 2

from a particular protein ` have a property R,’ etc.

Note that, in view of incomplete information about proper-
ties of elements of the distance space, to answer the query
whether p can have P, we have to run a satisfiability-checking
algorithm rather than a model-checking one.

Example 2. Suppose now that we are trying to organise a
web site for selling books (or any other goods) on-line. One
way of classifying the existing books is to introduce a mea-
sure of closeness of the contents of some of them. We then
obtain a database containing items of the form Æ(b1; b2) =

a, if the distance between books b1 and b2 is a, and, say,
Æ(b1; b2) > c, for some number c, if the distance between
b1 and b2 is only known to be greater than c. Now we can
built a sort of terminology by saying:

� Harry Potter@Fiction,

� Fiction u 9�3Science v Science Fiction,

� Science Fiction v 8�2:Science,

� 9<1AI u 9�1Science Fiction 6
:
= ?,

� 8�1Computer Science v Science, etc.,
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and deduce, for instance, that AI is not subsumed by Com-
puter Science.

Example 3. Perhaps the most natural application of this kind
of formalism is spatial representation and reasoning. We can
speak in terms of ‘absolute’ distances:

� Æ(London ;Leipzig) > 100,

� house@9<18�0:5(shop t restaurant) — ‘the house is
located within 1 mile distance from a shopping centre of
radius 0.5,’

� doughnut
:
= 9�10fcentreg u :9<6fcentreg.

We can also deal with distances given implicitly by saying,
for example,

� Æ(London ;Leipzig) > 3 � Æ(Liverpool ;Manchester ),

� my house@9<xcollege; Æ(Dov 0s house ; college)
:
= x

(‘I do not want to have a house that is located farther
from my college than Dov’s house’)

without referring to concrete distances between the cities and
perhaps having no idea where Dov’s house is.

The approach to reasoning about distances we advocate
in this paper has grown up from four main sources. First,
extensive research has been done by the (spatial/constraint)
database community [Revesz, 2002] aiming to deal efficiently
with large sets of data which come equipped with some kind
of distance (or similarity) measure; consult, e.g., the litera-
ture on ‘similarity search’ and ‘k-nearest neighbour queries’
[Bozkaya and Özsoyoglu, 1999; Hjaltason and Samet, 1999].
Although this paper does not contribute to this field,1 we
were driven by the idea that it may be useful to extend the
‘evaluation-based’ methods by automated reasoning services.
As was mentioned above, complete information about models
based on distance spaces, and even distances themselves, are
often not available, which means that the quality of solutions
provided by the database technology can be significantly im-
proved by using explicit knowledge of the field (or even con-
jectures) supported by appropriate reasoning procedures.

Two approaches to extend the database technology by
means of KR&R have been developed by the qualitative spa-
tial reasoning community. One is based upon the representa-
tion of spatial data by means of constraint systems [Renz and
Nebel, 1999], while the other uses first-order theories, e.g.,
[Randell et al., 1992]. Constraint systems are usually very
efficient (at most NP-complete); however, their expressive
power is rather limited (for instance, they do not allow any
kind of quantification). On the other hand, the unrestricted
quantification of first-order representations is a serious obsta-
cle for their use in practical reasoning systems.

In a sense, our approach is similar to that taken by the
description logic community which represents conceptual
knowledge by means of restricted quantification (a kind of
modal necessity and possibility operators) and uses reason-
ably effective tableau-based procedures even for expressive
and complex (say, EXPTIME-complete) formalisms [Hor-
rocks, 1998]. The chief difference from description logics is

1Note, however, that our logics can express some of the cluster-
ing conditions.

that we have to integrate rather sophisticated reasoning about
quantitative data into a logic-based framework.

Logics of distance spaces were introduced in [Sturm et
al., 2000; Kutz et al., 2003], where our main concern was
to find out whether such logics can be decidable. Unfortu-
nately, the logics constructed in these papers were not sup-
ported by effective reasoning machinery. The aim of this
paper is more practical. To begin with, in Section 2, we
present an application oriented variant MS<�[Q

+
] of a dis-

tance logic (containing location constants, set variables and
restricted quantifiers) and show that the satisfiability problem
for its formulas in metric (and some weaker distance) spaces
is EXPTIME-complete. As distance spaces used in computer
science and AI are often finite (e.g., data with a similarity
measure, a model of a railway system, etc.), we consider also
the problem of satisfiability of MS<�[Q

+
] knowledge bases

in finite spaces. We show that the language does not ‘feel’ the
difference between finite and infinite spaces: all the results
presented for satisfiability in arbitrary spaces hold for finite
spaces as well. (Unfortunately, if we restrict attention to the
two-dimensional Euclidean space or its subspaces, then the
satisfiability problem becomes undecidable.) Then, in Sec-
tion 3, we devise a tableau-based satisfiability checking al-
gorithm for this logic. An interesting and quite unexpected
consequence of the proofs of these results is the following
observation. The fullMS<�[Q

+
] contains both operators 9�a

and 9<a which together allow assertions like

� house@9�1shopu:9<1shop — ‘the closest shop is lo-
cated in precisely 1 mile distance from the house.’

But in everyday life we often do not pay attention to the
boundaries of spatial regions or treat them in a sort of vague
manner. What happens if we keep only one of the operators
9�a or 9<a in our language? Do the two resulting fragments
behave differently, or to put it another way, does our language
feel the difference between regions with and without bound-
aries? To our surprise, the answer turns out to be ‘NO’ (for a
precise formulation of the result see Theorem 7).

To be able to express knowledge about implicit or unknown
distances, in Section 4 we extend MS<�[Q

+
] with variables

ranging over distances and prove that the satisfiability prob-
lem for the resulting language is decidable.

Because of lack of space we had to omit all (rather non-
trivial and lengthy) proofs. They are available at http://
www.csc.liv.ac.uk/�frank). Here we only say that
the complexity result as well as the proof of the correctness
and completeness of the tableau algorithm are based on a rep-
resentation of metric spaces in the form of relational struc-
tures à la Kripke frames. This representation allows us to use
advanced techniques from modal and description logics.

2 The logicMS<�[M ]

Let M be a non-empty subset of positive rational numbers
(i.e., a subset of Q+ ). Denote by MS<�[M ] the language
with the following alphabet and term and formula formation
rules. The alphabet consists of

� an infinite list of set (or region) variables X1; X2; : : : ;

� an infinite list of location constants `1; `2 : : : ,
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� the set constant (or nominal) f`ig, for every `i,

� binary distance (Æ), equality (
:
=) and membership (@)

predicates;

� the Boolean operators u, : (and their derivatives t, >
and ?);

� two distance quantifiers 9<a, 9�a and their duals 8<a,
8�a, for every a 2M ;

� two universal quantifiers 9 and 8.

Set terms s of MS<�[M ] are defined as

s ::= Xi j f`ig j > j ? j :s j s1 u s2 j s1 t s2 j 9
<a

s

j 9�as j 8<as j 8�as j 9s j 8s;

and the formulas of MS<�[M ] are

� `@s, where ` is a location constant and s a set term,

� s
:
= t and s 6

:
= t, where s and t are set terms,

� and all ‘distance atoms’ of the form

Æ(k; `) < a; Æ(k; `) � a; Æ(k; `) > a; Æ(k; `) � a;

where k, ` are location constants and a 2M .

We use s1 v s2 as an abbreviation for s1 u s2
:
= s1.

The intended semantics for this language is defined as fol-
lows. An MS<�[M ]-model is a structure of the form

B =



W;d;X

B

1 ; X
B

2 ; : : : ; `
B

1 ; `
B

2 : : :
�
;

where hW;di is a metric space with a distance function d

satisfying the axioms

d(x; y) = 0 iff x = y; (1)

d(x; z) � d(x; y) + d(y; z); (2)

d(x; y) = d(y; x); (3)

for all x; y; z 2W , XB
i �W , and `Bi 2W . Thus,B defines

explicitly the values of set variables and location constants.
(Although we do not make the unique name assumption—
i.e., `Bi = `

B
j , i 6= j, is not prohibited—it is easy to force

different location constants to denote different points by in-
cluding f`ig v :f`jg into the knowledge base.) The values
s
B of otherMS<�[M ]-terms s inB are computed inductively

as follows:

>B = W; ?B = ;;

f`ig
B

= f`Bi g; (s1 u s2)
B

= s
B

1 \ s
B

2 ;

(s1 t s2)
B

= s
B

1 [ s
B

2 ; (:s)B = W � s
B
;

(9�as)B = fx 2W : 9y 2 W
�
d(x; y) � a ^ y 2 s

B
�
g;

(9<as)B = fx 2W : 9y 2 W
�
d(x; y) < a ^ y 2 s

B
�
g;

(8�as)B = fx 2W : 8y 2 W
�
d(x; y) � a ! y 2 s

B
�
g;

(8<as)B = fx 2W : 8y 2 W
�
d(x; y) < a ! y 2 s

B
�
g;

(9s)B = fx 2W : 9y 2 s
Bg;

(8s)B = fx 2W : 8y 2 W y 2 s
Bg:

The truth-relationB j= ', where ' is anMS<�[M ]-formula,
is defined in the natural way:

� B j= `@s iff `
B 2 s

B,

� B j= s1
:
= s2 iff s

B
1 = s

B
2 (and B j= s1 6

:
= s2 iff

s
B
1 6= s

B
2 ),

� B j= Æ(k; `) � a iff d(k
B
; `
B
) � a,

� B j= Æ(k; `) < a iff d(k
B
; `
B
) < a, and similar for �

and >.

An MS<�[M ]-knowledge base is a finite set of MS<�[M ]-
formulas. A knowledge base � is called consistent (or satisfi-
able) if there exists an MS<�[M ]-modelB such that B j= '

for all ' 2 �; in this case we write B j= �.
The language MS<�[M ] is a proper fragment of the lan-

guage MS[M ] introduced in [Kutz et al., 2003]. While
MS[M ] has the interesting property of being of the same
expressive power as the two-variable fragment of first-order
logic over metric spaces, reasoning in MS[M ] is undecid-
able. [Kutz et al., 2003] investigates in-depth the fragment
MS][M ] of MS[M ] with distance operators 9�a, 9>a (‘for
some object outside a circle of radius a’) and their duals. In
particular, various decidability results are obtained. The ex-
pressivity of MS<�[M ] and MS][M ] is incomparable and
the mathematics required to analyse these logics differs con-
siderably. The tableau-algorithm presented here shows that
MS<�[M ] is probably more suitable for efficient reasoning

than MS][M ].
Our first result establishes the decidability and the

computational complexity of the satisfiability problem for
MS<�[M ]-knowledge bases in metric spaces:

Theorem 4. The satisfiability problem for MS<�[M ]-
knowledge bases in arbitrary metric spaces is EXPTIME-
complete (even if the parameters from M are coded in bi-
nary).

Actually the same result can be proved for satisfiability in
weaker distance spaces, say, the class of spaces which do not
necessarily satisfy the triangular inequality (2) or the symme-
try axiom (3). The proof of this and some other theorems in
this paper are based on a rather sophisticated representation
of distance spaces in the form of relational structures à la
Kripke frames. The EXPTIME satisfiability-checking algo-
rithm is basically an elimination procedure which iteratively
deletes from the set of all 1-types over a sufficiently small
set of terms all those that contain distance quantifiers without
witnesses.

According to the next result, the logic of metric spaces in-
troduced above has the finite model property, and so Theo-
rem 4 holds for the class of finite metric spaces as well (the
third equivalence actually follows immediately from the fact
that any finite metric space is isometric to a subspace of some
L
n
1, n 2 N+ [Matousek, 2002]).

Theorem 5. The following conditions are equivalent for any
MS<�[M ]-knowledge base �:

� � is satisfiable in a metric space;

� � is satisfiable in a finite metric space;

� � is satisfiable in a finite subspace of some space Ln
1 =
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(Rn ; dn1), where

d
n
1((a1; : : : ; an); (b1; : : : ; bn)) =

maxfjai � bij : 1 � i � ng:

It turns out, however, that these positive results do not hold
if the intended metric space is the two-dimensional Euclidean
space or the class of its subspaces (this result is proved by a
reduction of the undecidable N � N-tiling problem):

Theorem 6. (i) Satisfiability of MS<�[f1; 2g]-knowledge
bases in subspaces of R � R is undecidable.

(ii) The satisfiability problem forMS<�[f1; 2g]-knowledge
bases in R � R is undecidable.

Denote by MS<[Q+ ] (MS�[Q+ ]) the fragment of
MS<�[Q

+
] without the quantifiers 9�a and 8�a (9<a and

8<a, respectively).

Theorem 7. Suppose that � is a knowledge base over
MS�[Q+ ] and �

0 results from � by replacing all occur-
rences of 8�a with 8<a and 9�a with 9<a. Then � is sat-
isfiable iff �0 is satisfiable.

3 The tableau algorithm
Our tableau algorithm is closely related to tableau-based de-
cision procedures from the field of description logic [Baader
and Sattler, 2000]. However, in addition to the standard
methodology of description logic, we have to take care of the
‘arithmetical meaning’ of the quantifiers.

Suppose that a knowledge base � is given. To simplify pre-
sentation, we will assume that � is formulated in the language
MS<�[N

+
] without universal quantifiers 8 and 9. (Knowl-

edge bases containing rational numbers can be transformed
into knowledge bases over N without effecting their satisfia-
bility.)

Denote by trm(�) the set of set terms occurring in �.
Without loss of generality we may assume that � contains
at least one parameter from N+ and one nominal f`ig. A set
term s is in negation normal form (NNF) if : occurs in s

only in front of set variables and set constants. Each set term
can clearly be transformed into an equivalent one in NNF by
pushing : inwards (e.g., :9<as is equivalent to 8<a:s). So
we may assume all set terms to be in NNF. Distance atoms of
MS<�[N

+
] can be expressed via nominals and distance quan-

tifiers, e.g.,

Æ(k; `) < a is equivalent to k@9<af`g;

Æ(k; `) � a is equivalent to k@:9<af`g:

So, from now on we will not be considering distance atoms at
all. Moreover, without loss of generality we may assume that
the language MS<�[N

+
] contains no formulas of the form

`@s. Indeed, every such formula is equivalent to f`gts
:
= s.

We can also assume that all equalities s1
:
= s2 and their nega-

tions s1 6
:
= s2 are of the form s

:
= > and s 6

:
= ?, respectively.

And by taking for each formula of the form s 6
:
= ? in � a

fresh location constant `s and replacing s 6
:
= ? with `s@s,

we can get rid of all negations of equalities.
To sum up: in what follows (without loss of generality)

we confine ourselves to considering those knowledge bases

� over N+ that contain only equalities of the form s
:
= >,

with s being in NNF.
Let loc(�) be the set of all location constants occurring in

�. Define the closure cl(�) of � to be the finite set of terms
containing trm(�) and, for all a 2 N+ ,

f8<as;8�as : 9b � a
�
f8�bs;8<bsg \ trm(�) 6= ;

�
g:

Denote by 
� the maximal parameter which occurs in � and
set

M [�] = f1; 2; : : : ; 
�g; M [�]
�
= fa� : a 2M [�]g;

where the a� are not in N.
The tableau algorithm we are about to describe operates

on constraint systems S = hT;<;L; Si for �, where hT;<i
is a forest consisting of the disjoint union of finite intransi-
tive trees hT`; <`i with roots ` 2 loc(�), and L and S are
labelling functions such that
� with each pair x < y, x; y 2 T , the functionL associates

a number L(fx; yg) from M [�] [M [�]
�;

� with each x 2 T the function S associates a subset
S(x) � cl(�).

Roughly, the intuition behind this definition is as follows: T
is the set of points of a metric space, L defines distances be-
tween some points in this space, and S defines values of set
terms from cl(�).

We start with the initial constraint system hT0; <0; L0; S0i
for �, where T0 = loc(�), <0= L0 = ;, and S0(`) = ff`gg,
for every ` 2 loc(�). Then the initial constraint system is ex-
panded by repeatedly applying (in any order) the completion
rules in Fig. 1, where blocked nodes are defined as follows.

Denote by <
+ the transitive closure of <. We say that

a node x 2 T is directly blocked by a node y if y <
+

x,
S(x) = S(y), but for no distinct u <

+
x and v <

+
x do we

have S(u) = S(v). The <
+-successors of directly blocked

nodes are called indirectly blocked. All directly or indirectly
blocked nodes comprise the set of blocked nodes.

Constraint systems obtained by applying the completion
rules to the initial constraint system for � will be called con-
straint systems for �. Such a constraint system S is said to
be complete if one of the following conditions hold:

1. S contains a node x such that Xi;:Xi 2 S(x), for some
set variable Xi;

2. S contains a node x, such that f`ig;:f`ig 2 S(x) for
some location constant f`ig;

3. none of the rules in Fig. 1 is applicable to S (in the sense
that no application of a rule can change the constraint
system).

In cases 1 and 2 we say that the constraint system contains a
clash.
Theorem 8. The tableau algorithm, having started from any
given constraint system �, always terminates (i.e., reaches a
complete constraint system after finitely many2 steps); it is
sound (i.e., if there is a complete clash-free constraint system
for � then � is consistent) and complete (i.e., if � is satisfi-
able, then the tableau algorithm returns a clash-free complete
system).

2Actually, at most loc(�) � jtrm(�)j2
jcl(�)j

+1.
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Ru If s1 u s2 2 S(x) and x is not indirectly
blocked, then set S(x) := S(x) [ fs1; s2g.

Rt If s1 t s2 2 S(x) and x is not indirectly
blocked, then set either S(x) := S(x) [ fs1g
or S(x) := S(x) [ fs2g.

Rnom If f`ig 2 S(x) \ S(y) and neither x nor y
is indirectly blocked, then set
S(x) := S(x) [ S(y) and S(y) := S(x) [ S(y).

R= If s
:
= > 2 � and x is not indirectly blocked,

then set S(x) := S(x) [ fsg.

R8 If 8<as 2 S(x) or 8�a 2 S(x) and x is not
indirectly blocked, then set
S(x) := S(x) [ fsg [ f8�bs : b < a; b 2M [�]g

[ f8<bs : b � a; b 2M [�]g.

R8< If 8<as 2 S(x), L(fy; xg) is defined,
and x is not indirectly blocked, then:

if L(fy; xg) = a
�, then set

S(y) := fsg [ S(y);
if L(fy; xg) = b < a, then set
S(y) := f8<a�bsg [ S(y);

if L(fy; xg) = b
� with b < a, then set

S(y) := f8�a�bsg [ S(y).

R8� If 8�as 2 S(x), L(fy; xg) 2 fb; b�g,
and x is not indirectly blocked, then:

if b = a, then set S(y) := fsg [ S(y);
if b < a, then set S(y) := f8�a�bsg [ S(y).

R9< If 9<as 2 S(x), x is not blocked, and
L(fz; xg) =2 fb : b < ag [ fb� : b � ag
for any z with s 2 S(z),
then create a new node y > x and set
L(fx; yg) := a

� and S(y) := fsg.

R9� If 9�as 2 S(x), x is not blocked, and
L(fz; xg) =2 fb : b � ag [ fb� : b � ag
for any z with s 2 S(z),
then create a new node y > x and set
L(fx; yg) := a and S(y) := fsg.

Figure 1: Tableau rules.

It is to be noted that the rule R8 is rather inefficient as it
stands. Actually, there is no need to add those 8�bs and 8<bs,
but then some other rules, as well as the blocking strategy,
have to be changed in a subtle way. We show here this ‘ineffi-
cient variant’ to make the tableaux as transparent as possible.
The worst case complexity (even of the more efficient vari-
ant) of the tableau algorithm does not match the EXPTIME
upper bound of Theorem 4, which is actually a feature of all
implemented tableau procedures in description logic.

4 Metric logic with numerical variables
Let us consider now the language MS<�[V ] which is defined
almost precisely as MS<�[M ], with the only difference be-

ing that instead of parameters (numbers) from M we use
variables from a countably infinite list V = fx0; x1 : : : g
ranging over Q+ . Given an assignment a : V ! Q+

and an MS<�[V ]-knowledge base �, we denote by �
a the

MS<�[Q
+
]-knowledge base which results from � by replac-

ing each xi with a(xi).
Let � be a set of constraints for variables in V (say, a set of

rational linear inequalities over V or polynomial equations).
A knowledge base � over MS<�[V ] is said to be satisfiable
relative to � if there exists an assignment a such that

� the a(xi) give a solution to � and

� �
a is satisfiable.

Here are two simple examples:

Example 9. (1) � consists of equalities xi = ai, where
ai 2 Q+ . Then a knowledge base � over MS<�[V ] is sat-
isfiable relative to � iff the knowledge base �

a is satisfiable
for a : xi 7! ai. Thus, in this case �a is a usual MS<�[Q

+
]-

knowledge base considered in the previous sections.
(2) � consists of inequalities xi < xj , so that no absolute

values for distances are fixed, and to satisfy � we first have
to find a solution (assignment) a to � and then check whether
�
a is satisfiable.

To illustrate the expressive power of the new language, we
will use the following notation: given set terms s1 and s2,
denote by d(s1; s2) = x the set of two MS<�[V ]-formulas
s1 u 9

�x
s2 6

:
= ? and s1 u 9

<x
s2

:
= ? (saying that the dis-

tance between s1 and s2 is x). Then we can state that the dis-
tance between Russia and the UK is larger than the distance
between Russia and Germany:

� = fd(Russia;UK) = x; d(Russia;Germany) = yg and

� = fx > yg:

Incomplete knowledge can also be expressed by using inter-
val constraints a1 � x � a2, where x is a variable occurring
in the knowledge base.

Of course, as long as algorithmic properties are not rele-
vant, we can consider arbitrarily complex constraints � on the
variables in V . Our main decidability result, however, holds
for the case when � consists of a finite set of rational linear
inequalities of the form

a1xi1 + � � �+ akxik � b or a1xi1 + � � �+ akxik > b:

Namely, we have the following:

Theorem 10. It is decidable whether a given MS<�[V ]-
knowledge base � is satisfiable relative to a set of rational
linear inequalities.

The proof of Theorem 10 is based on a (rather straightfor-
ward) combination of a linear programming technique with
the tableau algorithm presented above. The resulting decision
procedure is extremely complex. We conjecture, however,
that more sophisticated combinations with lower complexity
can be developed. Here is one example:

Theorem 11. Suppose that � consists of the ‘pure’ strict in-
equalities

f0 < x1; x1 < x2; x2 < x3; : : : ; xn�1 < xng
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and � is an MS<�[fx1; : : : ; xng]-knowledge base. Then
the satisfiability problem for � relative to � is EXPTIME-
complete.

(In fact � is satisfiable relative to � iff �a is satisfiable,
where a(x1) = 1 and a(xi) = 1 +

1

n+2�i
, for 1 < i � n.)

5 Conclusion
We have introduced and investigated a ‘practical’ variant of
the distance logics from [Sturm et al., 2000; Kutz et al.,
2003]. Our main achievement is a tableau-based decision
procedure similar to those implemented in working descrip-
tion logic systems like FACT and RACER, see [Baader et
al., 2003]. This similarity gives us some grounds to believe
that a system based on this tableau procedure (which is cur-
rently being implemented) will be sufficiently fast for ‘realis-
tic’ applications. As in spatial databases, however, a very im-
portant problem is to integrate the distance logic with other
KR&R formalisms. Although in the intended applications
the extensions of relevant predicates may strongly depend on
the distance measure, usually non-metric attributes and rela-
tions also play a rather significant role (e.g., classifications
of proteins, their topological properties). Without an integra-
tion of formalisms taking care of these different aspects of
the problem domain one cannot imagine a system powerful
enough for real-world applications. Fortunately, a framework
for such an integration is already available. The terms of
the language MS<�[Q

+
] are constructed from atomic pred-

icates by means of distance and Boolean operators. This
makes it possible to treat MS<�[Q

+
] as an abstract descrip-

tion system in the sense of [Baader et al., 2002] and com-
bine it in an algorithmically robust way with other effective
KR&R formalisms, say, description logics or spatial RCC-8
via E-connections [Kutz et al., 2002] or fusions [Baader et
al., 2002].
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Abstract
In many applications of temporal reasoning we are in-
terested in reasoning incrementally. In particular, given
a CSP of temporal constrains and a new constraint, we
want to maintain certain properties in the extended CSP
(e.g., a solution), rather than recomputing them from
scratch. The Point Algebra (PA) and the Interval Algebra
(IA) are two well-known frameworks for qualitative tem-
poral reasoning. Most of the existing algorithms for PA
and the known tractable fragments of IA, such as ORD-
Horn, has been designed for “static” reasoning. In this
paper we study the incremental version of some funda-
mental problems of temporal reasoning, proposing new
algorithms that amortize their complexity when process-
ing a sequence of input constraints. After analyzing the
role of path-consistency for incremental satisfiability, we
propose algorithms for maintaining a solution of a CSP
over either PA or ORD-Horn, and the minimal labels of a
CSP over PA. Our algorithms improve the complexity of
using existing techniques by a factor of O(n) or O(n2),
where n is the number of variables involved in the CSP.

1 Introduction
Constraint-based qualitative temporal reasoning is a widely
studied area of AI in which the most prominent approaches
are Allen’s Interval Algebra (IA) [1983] and Vilain and
Kautz’s Point Algebra (PA) [1986]. Given a CSP of tempo-
ral constraints, fundamental reasoning problems are deciding
satisfiability of the CSP, finding a solution, and computing its
“minimal labels”. These problems are NP-hard for the full
IA, while they are polynomial for PA and for several frag-
ments of IA, such as Nebel & Bürckert [1995] ORD-Horn
subalgebra, which is the unique maximal tractable subclass
of IA containing all the basic relations.

In many applications of temporal reasoning we are in-
terested in “dynamic” or on-line reasoning. For instance,
given an initial (possibly empty) CSP of temporal constraints,
whenever a new constraint is asserted, we want to in maintain
a solution of the CSP, rather than recomputing it from scratch
using a “static” algorithm.

The design of algorithms for dynamic polynomial prob-
lems is an important research field in operation research and
theoretical computer science (e.g., [Ausiello et al., 1991]).
A dynamic problem can be either semi-dynamic or fully-
dynamic. In the semi-dynamic version we deal with informa-
tion that is incrementally given (or decrementally retracted).

In the fully-dynamic version, we deal with both assertions
and retractions. Typically, the worst-case performance of an
algorithm for a dynamic problem is specified in terms of its
amortized complexity for a single operation (assertion or re-
traction), that can be defined as the average runtime per oper-
ation over a worst-case sequence of operations [Tarjan, 1985].

The large majority of the algorithms that have been devel-
oped for reasoning within tractable classes of qualitative tem-
poral constraints are static. In this paper we investigate the
incremental version of some reasoning problems for PA and
ORD-Horn, discussing the behavior of existing techniques
and proposing new ones. Given a sequence s of O(n2) input
constraints involving n variables, our incremental algorithms
improve the total runtime required for processing s using ex-
isting techniques by a factor of O(n) or O(n2).

In Section 2 we give the necessary background on PA and
IA. In Section 3, after analyzing the use of a path-consistency
algorithm for incremental satisfiability checking, we propose
new incremental algorithms for finding a solution of a CSP
over either PA or ORD-Horn, and for computing the minimal
labels of a CSP over PA. Finally, in Section 4 we briefly dis-
cuss the fully-dynamic version of the problems considered,
and we mention further results and future work.

2 Background on PA and IA
Vilain and Kautz’s Point Algebra [1986] consists of three
basic relations between time points (<, >, =), all possible
unions of them (�, �, 6=, and ?, where ? is the universal rela-
tion), and of the empty relations (;). Allen’s Interval Algebra
[1983] consists of thirteen basic relations between temporal
intervals, all possible unions of these relations, and the empty
relation. PA and IA are closed under the operations union ([),
intersection (\), difference (n), converse (^), and composi-
tion (Æ). The first four operations are defined in the standard
way. The composition for two relations can be derived from
the transitivity tables of the basic relations in PA and IA.

A qualitative temporal constraint satisfaction problem (or
briefly temporal CSP) in our context is a set of constraints
of the kind xRy, where x and y are either point variables or
interval variables, and R is either a PA-relation (if x and y
are point variables) or an IA-relation (otherwise).

Given a temporal CSP � over either PA or IA, a funda-
mental reasoning problem is deciding the satisfiability of �.
� is satisfiable if and only if there exists a solution for �, i.e.,
an assignment of temporal values to the variables of � (ratio-
nal numbers for point variables, pairs of rational numbers for
interval variables) such that all the constraints in � are satis-
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fied. The problem of deciding the satisfiability of � will be
called PSAT, if � is over PA, and ISAT if � is over IA. The
problem of finding a solution for � will be called PSOL, if �
is over PA, and ISOL otherwise.

A related reasoning problem is finding a scenario that re-
fines a given temporal CSP. A scenario of a CSP � is a satisfi-
able refinement of �, where the constraints between all pairs
of variables are basic relations. A CSP �0 is a refinement of
� if and only if �0 and � involve the same variables, and
for every pair of variables (x; y) such that xR0y 2 �0 and
xRy 2 �, R0 � R.1 Any scenario of a satisfiable temporal
CSP over PA (IA) identifies a total order � of the point (in-
terval endpoint) variables of the CSP that is consistent with
the constraints of the scenario, and in which point (interval
endpoint) variables that must have the same interpretation are
mapped to the same position. Clearly, from � we can derive
a solution for the CSP by just assigning to the points (end-
points) of � numbers consistent with their relative order.2

Any temporal CSP � involving n variables can be pro-
cessed using a cubic time algorithm that refines� to an equiv-
alent path consistent CSP [Montanari, 1974]. A CSP is path
consistent if for every subset of constraints involving three
variables i, j, and k, the relation Rik between i and k is
stronger or equal than (i.e., is a subset of) the composition
of Rij and Rjk .

A temporal CSP is minimal if, for every pair of variables
i; j, the relationRik between i and k is the strongest relations
between i and k that is entailed by the CSP, i.e., for each basic
rij relation inRij there exists a scenario for the CSP in which
Rij is refined to rij . We call the problem of computing the
minimal CSP PMIN for PA, and IMIN for IA.

From a computational point of view, PA and IA have dif-
ferent properties. The reasoning problems introduced above
are polynomial for PA, while they are NP-hard for IA [Vi-
lain and Kautz, 1986]. In particular, PSAT and PSOL can be
solved in O(n2) time using van Beek’s method [1992], while
PMIN requires O(n4) time [van Beek, 1992; Gerevini and
Schubert, 1995]. These techniques use a graph-based repre-
sentation of the CSP that in [Gerevini and Schubert, 1995] is
called temporally labeled graph (TL-graph). A TL-graph is a
graph with a set of labeled edges, where each edge connects
a pair of distinct vertices v; w representing the point variables
of the temporal CSP. The edges are either directed and la-
beled � or <, or undirected and labeled 6= (=-constraints are
represented by a pair of �-constraints). van Beek’s method
for finding a scenario for a satisfiable CSP of PA-constrains is
based on first identifying the strongly connected components
(SCC) of the TL-graph representing the CSP [Cormen et al.,
1990] using only its �-edges. Each SCC is then collapsed
into a single vertex representing an equivalent class of vari-
ables that must be interpreted with the same temporal value.
If we omit the 6=-edges from the resultant graph, we obtain
a directed acyclic graph that we call the induced precedence

1Without loss of generality we assume that, if no information
between x and y is provided, R is the universal relation, and that
for every pair of variables (x; y) such that xRy 2 �, yR^

x 2 �.
2E.g., we assign an integer i to the points in the first position of �,

i+ 1 to the points in the second position, etc. If we have a solution,
we can derive a total order (and hence a scenario) in a trivial way.

graph of the CSP. From a topological sort of the vertices of
this graph we can easily derive a scenario for the CSP.3

Enforcing path-consistency to a temporal CSP requires
cubic time and is sufficient to decide PSAT [Ladkin and
Maddux, 1988], but it does not solve PMIN. In order to
solve PMIN for a CSP over PA, in addition to enforce path-
consistency to it, we need to identify particular 4-variable
constraint subsets of the path consistent CSP containing a
�-constraint that should be refined to “<”. Such subsets
are called forbidden subgraphs in [van Beek, 1992] and 6=-
diamonds in [Gerevini and Schubert, 1995].

Regarding IA, several tractable fragments have been iden-
tified. The Simple Interval Algebra (SIA) [van Beek, 1992;
Ladkin and Maddux, 1988] is formed by the IA-relations that
can be translated into a conjunction of PA-constraints be-
tween interval endpoints. All reasoning problems for a CSP

 over SIA can be solved by applying the corresponding al-
gorithms to the PA-translation of 
. The most interesting
tractable fragment of IA is Nebel and Bürckert’s ORD-Horn
class [1995]. ORD-Horn subsumes SIA and is the unique
maximal tractable sub-algebra of IA containing all the basic
relations. Each constraint C over ORD-Horn can be trans-
lated into a set of disjunctions of PA-constraints of the form
p = q, p � q or p 6= q, where p and q are endpoints of in-
tervals in C, and at most one literal is of type “=” or “�”.
Given a temporal CSP 
 over ORD-Horn, �1(
) will denote
the CSP of PA-constraints formed by the unary disjunctions
(PA-constraints) in the point translation of all interval con-
straints in 
.

Like PSAT, ISAT for ORD-Horn can be decided in cubic
time by using a path-consistency algorithm. ISOL for ORD-
Horn can be solved in square time, if the input CSP is known
to be path consistent[Gerevini and Cristani, 1997], in cubic
time otherwise [Ligozat, 1996].

In the rest of the paper, the incremental version of the rea-
soning problems for a temporal CSP is indicated by adding
the prefix “I” to the name of the corresponding static problem,
e.g., the incremental version of PSOL is I-PSOL. Without
loss of generality, we assume that the initial temporal CSP al-
ready involves all variables, possibly constrained only by the
universal relation. Moreover, our amortized complexity anal-
ysis is based on input sequences of length quadratic in the
number of the variables. These assumptions are discussed in
an extended version of the paper [Gerevini, 2003].

3 Incremental Tractable Reasoning

3.1 Path-consistency for I-PSAT and I-ISAT

Although van Beek’s method for solving PSAT requires only
quadratic time, when we consider the incremental version
of this problem (I-PSAT), enforcing path-consistency turns
out to be more efficient than a simple iterative application
of van Beek’s (static) algorithm. In fact, we can use a path-
consistency algorithm like the one given in Figure 1 (PC),
which was proposed in [Allen, 1983] and slightly reformu-
lated and improved in [Vilain and Kautz, 1986; Bessière,
1996], to incrementally process a sequence of O(n2) PA-

3A topological sort for a DAG is a linear order � of its vertices
such that if v is a successor ofw in the graph, then v precedesw in �.
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Algorithm: PC
Input: the matrix representation M of a temporal CSP over either

PA or IA.
Output: fail, if enforcing path-consistency to the input CSP

generates the empty relation; the matrix representation of a
path consistent CSP equivalent to the input CSP, otherwise.

1. Q := f(i;j) j i < jg

2. while Q 6= ; do
3. select and delete an element from Q;
4. for k 6= i, k 6= j do
5. if REVISE(i; j; k) then
6. if M [i; k] = ; then return fail

7. else add (i; k) to the end of Q;
8. if REVISE(k; i; j) then
9. if M [k; j] = ; then return fail

10. else add (k; j) to the end of Q;
11. return M .

Subroutine: REVISE(i; k; j)
1. if M [i; k] or M [k; j] is the universal relation then return false;
2. S := M [i; k] ÆM [k; j];
3. if M [i; j] � S then return false

4. M [i; j] := M [i; j] \ S; M [j; i] := M [i; j]^;
5. return true;

Figure 1: A path-consistency algorithm for qualitative temporal
constraints as formulated in [Bessière, 1996].

constraints in O(n3) total time (i.e., the amortized time com-
plexity per input constraint is linear).This is better than reap-
plying van Beek’s algorithm after each constraint assertion,
which requires O(n4) total time. Similarly, for any frag-
ment of IA for which enforcing path-consistency is suffi-
cient to decide satisfiability, we can use PC to solve I-ISAT
in O(n3) total time, instead of O(n5). More precisely, let
hC1; C2; ...; Cki be the sequence of the input constraints,
�0 an initial (possibly empty) satisfiable temporal CSP, and
�i = �0 [ fCj j j � ig (i > 0).4 To decide the satisfiability
of each �i, we consider three cases:
(1) if the relationR ofCi = xRy is weaker than the relation

R0 of the corresponding constraint in �i�1, then clearly
�i is satisfiable, and no further processing is needed;

(2) if R \ R0 is the empty relation, then �i is unsatisfiable
and we return fail;

(3) if none of the previous cases holds, then, first we revise
the relation between x and y to R0 \ R (and between y
and x to R0^ \ R^), and then we run PC on the resul-
tant revised CSP with step 1 modified so that Q initially
contains only the item (x; y).

We call this simple method incremental path-consistency
(IPC). This technique has the following important property,
that will be exploited by the algorithms in the next sections.5

Theorem 1 IPC solves I-PSAT and I-ISAT for ORD-Horn
in O(n3) total time, where n is the number of temporal vari-
ables.

4�0 may already contain up to O(n2) constraints different from
the universal relation. For CSPs over PA k � 6�(n2�n)=2, because
we assume that there is no duplication in the input sequence, and
there are at most 6 different input PA-constraints between any pair
of variables (the empty and the universal relations are not valid input
relations). Similarly, for CSPs over IA k � (213 � 2) � (n2 � n)=2.

5For lack of space we omit proof details, which are available in
[Gerevini, 2003].

Proof. Since a pair (x; y) enters into Q only when the rela-
tions between x and y is revised, and each relation R can be
revised at most twice, if R 2 PA, or at most 12 times, if R 2
IA, it follows that the total time complexity is O(n3). 2

It is worth noting that, as pointed out by Bessière [Per-
sonal Communication, 1997], the O(n3) time complexity of
Ligozat’s algorithm [1996] for finding a scenario of a path
consistent CSP over ORD-Horn follows from Theorem 1.

3.2 An Algorithm for I-PSOL
For the incremental version of PSOL (I-PSOL) the simple
application from scratch of van Beek’s static algorithm [1992]
after each constraint assertion requires O(n4) total time.6

In this section we propose an algorithm for solving I-
PSOL in O(n) amortized time, i.e., the total time complexity
for processing a sequence on O(n2) constraint assertions is
O(n3). The algorithm is based on maintaining a topological
sort S for the precedence graph of the input CSP in which the
constraints are incrementally given. Let Si�1 be a topological
sort for �i�1 (�i�1 is satisfiable). When we process a new
constraint Ci we perform two main operations:

(i) we check whether �i = �i�i [ fCig is satisfiable;
(ii) if �i is satisfiable, we update Si�1 to derive Si.

As we have seen, (i) can be solved in O(n3) total time by
using IPC. Regarding (ii), there are two related difficulties to
address: Ci induces an edge (or precedence constraint) in the
precedence graph that invalidates Si�1; if the relation of Ci
is “=” or “�”, new equalities may be generated (i.e., in the
TL-graph representation a new SCC may be generated, and
the precedence graph should be revised accordingly). The
algorithm INCREMENTAL-PA-SOL given in Figure 2 accom-
plishes (i) and (ii) taking these cases into account. The rest of
this section is devoted to the description of the algorithm.

The current path consistent CSP is represented by a matrix
M , while the current topological sort is represented by an ar-
ray T such that T [j] = v if and only if v is the j-th element
of the sort. Ord(v) denotes the position of v in the topolog-
ical sort (i.e., the index of v in T ). INCREMENTAL-PA-SOL
uses a modification of IPC, called IPC-1, in which each vari-
able has a flag (EQ) which is set to false before running
INCREMENTAL-PA-SOL. The EQ-flag of a variable v is re-
vised to true if the relation of the new input constraint is
“=” and v is one of its variables, or if during the propagation
of the new input constraint, the relation between v and any
other variable is revised to “=”. The second case is handled
in IPC-1 by using an extension of the subroutine REVISE in
which, if M [i; j] is revised to “=”, then EQ[i] andEQ[j] are
set to true. Clearly, this modification does not increase the
complexity of the incremental path-consistency method.

If the relation of the new PA-constraint xRy is in f<;�g,
then xRy may induce a precedence constraint x � y for
Si that is not satisfied in Si�1. (Similarly for R 2 f>;�g
inducing y � x.) This is the case when �i is satisfiable,
Ord(x) > Ord(y) (or Ord(y) > Ord(x)), and xRy induces
no new equality in �i (i.e., the set E of step 3 is empty).

6A temporal CSP over PA may involve O(n2) constraints with
relation different from “?”, and each of these can be revised at most
twice by additional input constraints.
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Algorithm: INCREMENTAL-PA-SOL
Input: the matrix representation M of the path consistent CSP of

�i�1; a topological order T for the precedence graph G of
�i�1; a new PA-constraint xRy.

Output: A solution for �i = �i�1 [ fxRyg, if �i is satisfiable,
fail otherwise.

1. M := IPC-1(M;xRy);
2. if M = fail then return fail;
3. E := set of the point variables x such that EQ[x] = true

(E is a global variable used also in UPDATE-TSORT);
4. if E is empty then
5. if R 2 f<;�g and Ord(x) > Ord(y) then
6. UPDATE-TSORT(T ,x,y);
7. if R 2 f>;�g and Ord(y) > Ord(x) then
8. UPDATE-TSORT(T ,y,x)
9. else collapse the vertices of G in E to x;
10. S := fv j v 62 E � fxg ^ Ord(y) � Ord(v) � Ord(x)g;
11. L := list of the variables in S topologically sorted using G;
12. for j := Ord(y) to Ord(x)� jSj+ 1 do
13. T [j] := Pop(L); Ord(T [j]) := j;
14. for j := Ord(x)� jEj+ 2 to V (G) do
15. T [j] := T [j + jEj � 1]; Ord[T [j]] := j;
16. return an assignment to the variables in �i consistent with T .

Subroutine: UPDATE-TSORT(T;x; y)
(The topological sort T for �i�1 is updated using the new prece-
dence constraint x � y, and it becomes a topological sort for �i.)

1. shift := 1;
2. L := a list containing only y;
3. for i := Ord(y) + 1 to Ord(x) do
4. if M [y; T [i]] 2 f<;�g then
5. add T [i] to the end of L;
6. shift := shift + 1;
7. else Ord(T [i]) := i � shift;
8. T [i � shift] := T [i];
9. for i := Ord(x)�shift+1 to Ord(x) do
10. z := Pop(L); T [i] := z; Ord(z) := i;

Figure 2: Algorithm for I-PSOL. V (G) denotes the current num-
ber of vertices in the precedence graph G. Pop(L) returns the first
element of L and removes it from L.

Under these conditions, the new constraint requires to update
Si�1, which is accomplished by steps 4–8. Specifically, if
the induced precedence constraint is x � y, we run the sub-
routine UPDATE-TSORT(T; x; y), which revises the current
topological sort (T ) in the following way.7

UPDATE-TSORT considers each temporal variable � such
that Ord(y) � Ord(�) � Ord(x). (Notice that the only part
of Si�1 than can be invalidated by x � y regards the variables
from T [Ord(y)] to T [Ord(x)].) If �i entails y � �, then
in Si y (and hence also x) must precede �, because in the
precedence graph there is a path from y (x) to �. Since by
step 1 of the main algorithm M is the path consistent CSP
of �i, these entailment can be checked in constant time by
simply looking up at the appropriate entries of M (step 4 of
the subroutine). The �-variables that must follow x are added
to the end of a list L that initially contains only y. Once all
variables in the relevant part of Si�1 have been considered,
those that are in L should be postponed, while the others can

7UPDATE-TSORT is similar to a technique used by Marchetti et
al. [1993] in the context of an algorithm for detecting cycles in a
DAG.

a b c

b d a c
T

T x

x

y

y

d

Figure 3: Example of an update of the topological order T with
x � y using UPDATE-TSORT(x;y; T ). Directed solid arcs repre-
sent edges in the precedence graph of �i. The variables preceding
x in the current topological sort, and that in the revised sort must
follow it, are y, a and c. When step 10 is executed the values of shift
and L are 3 and (y a c), respectively.
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Figure 4: Example of revision of the topological sort T when
a set E of variables become equal by adding x � y to �i�1

(E = fx; y; bg). Directed solid arcs represent edges in the prece-
dence graph of �i before and after collapsing the variables in E to
x. Dashed arrows indicate the shift performed by steps 14–15 of
INCREMENTAL-PA-SOL.

be anticipated. In particular, if a variable is not added to L,
we can shift it backward a number of positions equal to the
number of items currently in L (which is given by the value of
shift). This is done by steps 3–8 of the subroutine, while steps
9–10 move forward the variables in L to the positions of T
that were occupied by the variables shifted backward. Notice
that when UPDATE-TSORT(T; x; y) terminates, the relative
order of the variables that entered into L, as well as of those
that were shifted backward, are not changed in the revised
topological sort. Figure 3 shows a simple example.

If xRy induces new equalities (E is not empty), then the
variables in E, together with those possibly represented by
them, form an equivalence class. Step 9 collapses the ver-
tices in the precedence graph G of �i�1 corresponding to the
variables in E into a single representative vertex x, transfer-
ring to x all incoming and outgoing edges of the collapsed
vertices. In order to update T , we need now to reorder the
variables from T [Ord(y)] to T [Ord(x)] that have not been
collapsed. These variables are topologically ordered using
G by step 11, and assigned to T in positions from Ord(y) to
Ord(x)�jEj+1. Then, steps 13 and 14 shrinks T by shifting
backward the variables appearing after x in T , starting from
position Ord(x)� jEj+2 and with a shift equal to the num-
ber of variables (vertices) eliminated from G (i.e., jEj � 1).
Figure 4 gives an example illustrating steps 9–15.

Theorem 2 INCREMENTAL-PA-SOL solves I-PSOL in
O(n3) total time, where n is the number of temporal vari-
ables.
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Figure 5: Types 6=-diamonds that can be generated in �̂i by the
new constraint x � y. Directed (undirected) edges represent �-
constraints ( 6=-constraints). In the minimal CSP of �i, for cases
(1)-(2) Rxz should be <, for cases (3)-(4) Rwy should be “<”.

Proof (sketch). Correctness of the algorithm follows from
Theorem 1 and the discussion in the description of the algo-
rithm. By Theorem 1 step 1 requires O(n3) total time. The
other most costly steps are 9, 11 requiring O(n2) time. They
are performed at most O(n) times for any input sequence. 2

3.3 An Algorithm for I-PMIN
The simple use of van Beek’s (static) algorithm for PMIN af-
ter each constraint assertion to solve I-PMIN requires O(n6)
total time. In this section we propose an algorithm for solv-
ing I-PMIN, INCREMENTAL-PA-MIN, requiringO(n4) total
time. This is the best possible worst-case complexity bound.

In order to maintain a CSP over PA minimal when a new
PA-constraint xRy is given, in addition to enforce path-
consistency, we need to identify and remove all possibly
6=-diamonds that are generated (see Figure 5). Since 6=-
diamonds consist only of constraints of type � and 6=, clearly
a new constraint can generate additional 6=-diamonds only if
R \ R0 2 f=;�;�; 6=g, where R0 is the relation between x
and y in the minimal CSP of �i�1.

Let �i�1 be minimal CSP of �i�1, and �̂i of the path con-
sistent CSP of �i�1 [ fxRyg. If R \ R0 2 f=;�;�g (and
R � R0), then the new constraint and its propagation can gen-
erate new �-constraints in �̂i. It is easy to see that any new
possible 6=-diamonds in �̂i must involve one of these new �-
constraints. Hence, in order to make �̂i minimal, it suffices
to identify and eliminate all diamonds involving one of these
constraints. Figure 5 shows the only four possible types of 6=-
diamonds that can be generated in �̂i by the new constraint
x � y. Note that cases (1) and (2) are symmetric and can be
reduced to the same case (analogously for (3) and (4)).

IfR\R0= “ 6=” (andR � R0), then the propagation of xRy
cannot give rise to new 6=-constraints, and hence in order to
make �̂i minimal, it suffices to identify and eliminate all new
diamonds involving x 6= y.

Our algorithm for solving I-PMIN is given in Figure 6. It
uses a modification of IPC, called IPC-2, which like IPC-1
is a revision of IPC to keep track of certain constraints gen-
erated by the propagation of xRy. IPC-2 adds all pairs of
variables whose relation has been refined to “�” to a list
L. L is a global variable that is initialized by steps 1–2 of
INCREMENTAL-PA-MIN to the list containing either (x; y),
(y; x) or no pair. A pair of variables is added to L by the
subroutine REVISE-2 of IPC-2, a modification of REVISE in
which after step 4 we perform the following additional steps
to update L:

Algorithm: INCREMENTAL-PA-MIN
Input: the matrix representation M of the minimal CSP of �i�i;

a new PA-constraint xRy.
Output: The matrix representation of the minimal CSP for �i =

�i�1 [ fxRyg, if �i is satisfiable, fail otherwise.

1. if R \M [x; y] = “�” �M [x; y] then L := ((x; y)) else L := ();
2. if R \M [x; y] = “�” �M [x; y] then L := ((y; x)) else L := ();
3. if R \M [x; y] = “6=” �M [x; y] then N :=true else N :=false;
4. M := IPC-2(M;xRy);
5. if M = fail then return fail;
6. for each (u; v) 2 L do
7. for each w; z such that w 6= z and w; z 6= u; v do
8. if M [u; w] =M [v; z] =M [w; z] = “�” ^M [v; w] = “6=”
9. then M [u; z] := “<”; M [z; u] := “>”;
10. if M [w; u] =M [w; z] =M [z; v] = “�” ^M [u; z] = “6=”
11. then M [w; v] := “<”; M [v; w] := “>”;
12.if N then
13 for each w; z such that w 6= z and w; z 6= x; y do
14. if M [w; x] =M [w; y] =M [x; z] =M [y; z] = “�”
15. then M [w; z] := “<”; M [z; w] := “>”;
16.return M .

Figure 6: Algorithm for solving I-PMIN. L is a global variable that
is modified by IPC-2 as described in the text.

5. if M [i; j] = “�” then add (i; j) to L
6. else if M [j; i] = “�” then add (j; i) to L

Step 4 of INCREMENTAL-PA-MIN runs IPC-2 to (a) decide
PSAT for �i, (b) enforce path-consistency to M , and (c) up-
dateLwith the new implied�-constraints. If�i is satisfiable,
then steps 6–11 identify all new 6=-diamonds that are gener-
ated in M by the new constraint x � y. These diamonds
are eliminated by revising to “<” or “>” the relation of the
“non-minimal” constraints (steps 9 & 11). Finally, steps 13–
15 eliminate all new 6=-diamonds involving x 6= y.

Theorem 3 INCREMENTAL-PA-MIN solves I-PMIN in
O(n4) total time, where n is the number of temporal vari-
ables.

Proof (sketch). Since the algorithm eliminates all new 6=-
diamonds, correctness follows from Theorem 1 and fact that
any path consistent CSP over PA with no 6=-diamond is mini-
mal [Gerevini and Schubert, 1995]. Complexity follows from
Theorem 1 and the fact that the total number of pairs that can
enter into L is O(n2). 2

3.4 An Algorithm for I-ISOL over ORD-Horn
Gerevini and Cristani [1997] showed that ISOL for a path
consistent CSP 
 over ORD-Horn can be solved in O(n2)
time by using a solution for the �1-translation of 
. Figure 7
gives an algorithm solving I-ISOL for 
 which exploits this
property and uses INCREMENTAL-PA-SOL. Our algorithm
requires O(n3) total time, while the application from sketch
of a known static algorithm each time a new constraint is as-
serted requires O(n5) total time. This cost can be reduced
to O(n4) total time by using IPC combined with Gerevini &
Cristani’s algorithm, which is still one order worse than the
complexity of the algorithm presented here.

Our algorithm uses a modification of IPC, called IPC-3,
which again is a revision of IPC to keep track of certain con-
straints generated by the propagation of the new input con-
straint xRy. Given the path consistent CSP 
̂ of 
i�1, the
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Algorithm: INCREMENTAL-ORDHORN-SOL
Input: the matrices M and M 0 representing the path consistent CSP


̂ of 
i�1 , and the path consistent CSP of �1(
̂), respectively;
a topological order T for the precedence graph of �1(
̂); a new
interval constraint xRy.

Output: A solution for 
i, if 
i is satisfiable, fail otherwise.

1. if (R \M [x; y]) �M [x; y] then
2. P := list formed by the constraints in �1(fxRyg) else P := ();
3. M := IPC-3(M;xRy);
4. if M = fail then return fail;
5. for each pSq 2 P do
6. if (S \M

0[p; q]) �M
0[p; q] then initialize the EQ-flags and

7. run steps 1–15 of INCREMENTAL-PA-SOL(M 0

; T; pSq);
8. return an assignment to the interval endpoints in 
i consistent

with T .

Figure 7: An algorithm solving I-ISOL for ORD-Horn.

path consistent CSP of �1(
̂), a topological order T for the
precedence graph of �1(
̂), and a new interval constraint
xRy, IPC-3 accomplishes the following tasks: (a) it decides
ISAT for 
i; (b) it updates 
̂ to derive the path consistent
CSP 
̂i of 
i = 
i�1 [ fxRyg; (c) it derives a list P con-
taining the PA-constraints in �1(
̂i) that are not in �1(
̂).
P is a global variable that is initialized to the list formed
by �1(fxRyg), if xRy refines the current relation between
x and y in 
̂, and to the empty list otherwise (step 1). P is
updated by the subroutine REVISE-3 of IPC-3, which is the
same as REVISE in IPC, but with the important addition that,
if M [i; j] is revised, then the PA-constraints in �1(fM [i; j]g)
are added to P . Steps 5–7 incrementally update the path con-
sistent CSP of �1(
̂) (M 0) with the constraints in P , as well
as the topological sort T of its precedence graph.

Theorem 4 INCREMENTAL-ORDHORN-SOL solves I-ISOL
for ORD-Horn in O(n3) total time, where n is the number of
temporal variables.
Proof (sketch). Correctness follows from Theorem 1, Theo-
rem 2 and the results on ORD-Horn given in [Gerevini and
Cristani, 1997]. Complexity follows from Theorems 1, 2 and
the fact that for any sequence of O(n2) input constraints the
total number of items entering into P is O(n2). 2

4 Conclusions and Future Work
We have presented some algorithms for incremental tempo-
ral reasoning in the context of PA, SIA and ORD-Horn, im-
proving the complexity of existing techniques by a factor of
O(n) or O(n2). An interesting question is whether our tech-
niques can be used for the decremental and fully-dynamic
versions of the reasoning problems considered. Clearly, when
constraints can only be removed from a CSP, satisfiability is
preserved and no processing is needed. Similarly, for main-
taining a solution. The decremental version of I-PMIN can
be solved in O(n5) total time by an algorithm similar to
INCREMENTAL-PA-MIN (here omitted for lack of space).

Performing an interleaved sequence of constraint asser-
tions (refinements) and retractions appears to be intrinsi-
cally harder, and we conjecture that it requires algorithms
with complexity higher than those presented here. For fully-
dynamic problems our techniques can be used to amortize

complexity only for any subsequence of constraint assertions.
E.g., consider an instance of the fully-dynamic version of
PMIN in which we have k retractions during an input se-
quence of O(n2) assertions. When we process a retraction,
we can recompute from scratch the minimal labels, while as-
sertions are processed using our algorithm. The total time
complexity is then O(kn4), which is still more efficient than
applying van Beek’s static O(n4) algorithm O(kn2) times.

While in this paper we have not addressed I-IMIN for
ORD-Horn, very recently we have proved that this problem
can be solved in O(n6) total time. Future work includes in-
cremental algorithms for other tractable classes [Krokhin et
al., to appear] and a deeper study of fully-dynamic problems.
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Abstract

This paper focuses on temporal constraint prob-
lems where the objective is to optimize a set of lo-
cal preferences for when events occur. In previous
work, a subclass of these problems has been for-
malized as a generalization of Temporal CSPs, and
a tractable strategy for optimization has been pro-
posed, where global optimality is defined as maxi-
mizing the minimum of the component preference
values. This criterion for optimality, which we call
“Weakest Link Optimization” (WLO), is known to
have limited practical usefulness because solutions
are compared only on the basis of their worst value;
thus, there is no requirement to improve the other
values. To address this limitation, we introduce a
new algorithm that re-applies WLO iteratively in
a way that leads to improvement of all the values.
We show the value of this strategy by proving that,
with suitable preference functions, the resulting so-
lutions are Pareto Optimal.

1 Introduction
The notion of softness has been applied to either a constraint
or planning goal, indicating that either can be satisfied to mat-
ters of degree. It is not hard to find applicable real world
problems for such a notion. For example, in an earth orbit-
ing spacecraft, sensitive instruments like imagers have duty
cycles, which impose restrictions on the amount of use of
the instrument. A duty cycle is typically a complex function
based on both the expected lifetime of the instrument, as well
as short term concerns such as the amount of heat it can be
exposed to while turned on. Duty cycles impose constraints
on the duration of the periods for which the instrument can
be on, but it is natural to view this duration as flexible. For
example, this restriction might be waived to capture an im-
portant event such as an active volcano. Thus, the flexibility
of the duty cycle “softens” the constraint that the instrument
cannot be on beyond a certain duration. Reasoning about soft
constraints for planning or scheduling is for the purpose of
finding a solution that satisfies the constraints to the highest
degree possible.

For temporal reasoning problems, a simple method for
evaluating the global temporal preference of a solution to

a Temporal CSP involving local temporal preferences was
introduced in [Khatib et al., 2001], based on maximizing
the minimally preferred local preference for a time value.
Because the locally minimally preferred assignment can be
viewed as a sort of “weakest link” with respect to the global
solution, we dub this method “weakest link optimization”
(WLO), in the spirit of the television game show. WLO
can be formalized using a generalization of Simple Tempo-
ral Problems (STPs), called STPs with Preferences (STPPs),
that preserves the capability to tractably solve for solutions
(with suitable preference functions associated with the tem-
poral constraints). Unfortunately, as often occurs, this effi-
ciency has a price. Specifically, WLO offers an insufficiently
fine-grained method for comparing solutions, for it is based
on a single value, viz., the “weakest link.” It is consequently
easy to conceive of examples where WLO would accept in-
tuitively inferior solutions because of this myopic focus. Al-
though it is possible to consider more robust alternatives to a
WLO strategy for evaluating solutions, it is not clear whether
any of these methods would preserve the computational ben-
efits of WLO. This impasse is the starting point of the work
described in this paper.

We propose here to make WLO more robust by combin-
ing it with an iterative strategy for solving STPPs. The pro-
cess involves repeatedly restricting temporal values for the
weakest links, resetting their preference values, and apply-
ing the WLO procedure to the reduced problem that results
from these changes. The intuition is a simple one, and we
motivate this technique with an example from a Mars Rover
planning domain. In Section 2, we summarize the soft con-
straint problem solver based on WLO introduced previously.
We then illustrate in section 3 the deficiencies of WLO on
a simple example, which also reveals the intuition underly-
ing the proposed strategy for overcoming this deficiency. The
main contribution of this paper is discussed in sections 4 and
5, which formalize this strategy and prove that any solution
generated by an application of this strategy is in the set of
Pareto optimal solutions for the original problem.

2 Reasoning about preferences with soft
constraints

This section reviews the material first presented in [Khatib et
al., 2001]. There, a class of constrained optimization prob-
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lems, called Temporal Constraint Satisfaction Problems with
Preferences (TCSPPs), was first defined. A TCSPP is a gen-
eralization of classical TCSPs which allows for a represen-
tation of soft constraints. In classical TCSPs [Dechter et
al., 1991], a unary constraint over a variable X represent-
ing an event restricts the domain of X , representing its pos-
sible times of occurrence; the constraint is then shorthand for
(a1 � X � b1) _ : : : _ (an � X � bn). Similarly, a
binary constraint over X and Y restricts the values of the dis-
tance Y �X , in which case the constraint can be expressed as
(a1 � Y �X � b1)_ : : :_ (an � Y �X � bn). A uniform,
binary representation of all the constraints results from intro-
ducing a variable X0 for the beginning of time, and recasting
unary constraints as binary constraints involving the distance
X �X0.

A soft temporal constraint is a pair hI; fi, where I is a set
of intervals f[a; b]; a � bg of temporal values, and f is a func-
tion from

S
I to a set A of values. Intuitively, f expresses

local preferences for temporal values based on the value it as-
signs from A. For example, the soft constraint represented
by hf[1; 3]; [8; 12]g;mini can be interpreted to mean that the
temporal assignments must be selected from either of the in-
tervals in the set, and the functionmin assigns a greater pref-
erence to smaller values. The cardinality of the set A, i.e.,
the number of distinct preference values, reflects the ability
to discriminate among degrees of preference for temporal as-
signments. The class of TCSPPs in which each soft constraint
consists of a single interval is called Simple Temporal Prob-
lems with Preferences (STPPs).

Local preferences combine to form global preferences for
complete assignments. To formalize these operations, A can
be structured in the form of a c-semiring [Bistarelli et al.,
1997]. A semiring is a tuple hA;+;�; 0,1 i such that

� A is a set and 0, 1 2 A;

� +, the additive operation, is commutative, associative
and 0 is its identity element (a+0= a);

� �, the multiplicative operation, is associative, distributes
over +, 1 is its identity element and 0 is its absorbing
element (a� 0 = 0 ).

A c-semiring is a semiring in which + is idempotent (i.e.,
a + a = a; a 2 A), 1 is its absorbing element, and � is
commutative. The semi-ring representation of operations on
preference values is used as part of the proof of tractability
for restricted sub-classes of TCSPP, which occurs below.

A solution to a TCSPP is a complete assignment to all
the variables that satisfies the temporal constraints. An arbi-
trary assignment of values to variables has a global preference
value, obtained by combining the local preference values us-
ing the semiring operations. A c-semiring induces a partial
order relation �S over A to compare preference values of ar-
bitrary assignments; a �S b can be read b is more preferred
than a. Classical Temporal CSPs can be seen as a special case
of TCSPP, with “soft” constraints that assign the “best” pref-
erence value to each element in the domain, and the “worst”
value to everything else. The optimal solutions of a TCSPP
are those solutions which have the best preference value in
terms of the ordering �S .

Weakest Link Optimization (WLO) is formalized via the
semiring SWLO = hA;max;min;0;1i, that is, where for
a; b 2 A, a + b = max(a; b) and a � b = min(a; b), and
1 (0) is the best (worst) preference value. Given a solution t
in a TCSPP with semiring SWLO , let Tij = hIi;j ; fi;ji be
a soft constraint over variables Xi; Xj and (vi; vj) be the
projection of t over the values assigned to variables Xi and
Xj (abbreviated as (vi; vj) = t#Xi;Xj

). The correspond-
ing preference value given by fij is fij(vj � vi), where
vj � vi 2 Ii;j . The global preference value of t, val(t), is
defined as val(t) = minffij(vj � vi) j (vi; vj) = t#Xi;Xj

g.
Thus, a “weakest link value” for a solution t is any minimum
fij(vj �vi) that determines val(t), and the WLO-optimal so-
lutions to a problem are the ones that have a maximum weak-
est link value.

As with classical (binary) CSPs, TCSPPs can be arranged
to form a network of nodes representing variables, and edges
labeled with constraint information. Given a network of soft
constraints, under certain restrictions on the properties of the
semiring, it can be shown that local consistency techniques
can be applied in polynomial time to find an equivalent mini-
mal network in which the constraints are as explicit as possi-
ble. The restrictions that suffice for this result apply to

1. the “shape” of the preference functions used in the soft
constraints;

2. the multiplicative operator � (it should be idempotent);
and

3. the ordering of the preference values (�S must be a total
ordering).

The class of restricted preference functions that suffice to
guarantee that local consistency can be meaningfully applied
to soft constraint networks is called semi-convex. This class
includes linear, convex, and also some step functions. All
of these functions have the property that if one draws a hor-
izontal line anywhere in the Cartesian plane of the graph of
the function, the set of X such that f(X) is not below the
line forms an interval. Semi-convexity is preserved under the
operations performed by local consistency (intersection and
composition). STPPs with semiring SWLO can easily be seen
to satisfy these restrictions.

The same restrictions that allow local consistency to be
applied are sufficient to prove that STPPs can be solved
tractably. Finding an optimal solution of the given STPP
with semi-convex preference functions reduces to a two-step
search process consisting of iteratively choosing a preference
value, “chopping” every preference function at that point,
then solving a STP defined by considering the interval of tem-
poral values whose preference values lies above the chop line
(semi-convexity ensures that there is a single interval above
the chop point, hence that the problem is indeed an STP).
Figure 1 illustrates the chopping process. It has been shown
that the “highest” chop point that results in a solvable STP in
fact produces an STP whose solutions are exactly the optimal
solutions of the original STPP. Binary search can be used to
select candidate chop points, making the technique for solv-
ing the STPP tractable. The second step, solving the induced
STP, can be performed by transforming the graph associated
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Figure 1: “Chopping” a semi-convex function
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Figure 2: The STPP for the Rover Science Planning Problem
where T is any timepoint

with this STP into a distance graph, then solving two single-
source shortest path problems on the distance graph. (The
solutions to these provide upper and lower time bounds for
each event. If the problem has a solution, then for each event
it is possible to arbitrarily pick a time within its time bounds,
and find corresponding times for the other events such that the
set of times for all the events satisfy the interval constraints.)
For N nodes and E edges, the complexity of this phase is
O(EN) (using the Bellman-Ford algorithm [Cormen et al.,
1990]).

3 The problem with WLO
Formalized in this way, WLO offers what amounts to a coarse
method for comparing solutions, one based on the minimal
preference value over all the projections of the solutions to lo-
cal preference functions. Consequently, the advice given to a
temporal solver by WLO may be insufficient to find solutions
that are intuitively more globally preferable. For example,
consider the following simple Mars rover planning problem,
illustrated in Figure 2. The rover has a sensing instrument and
a CPU. There are two sensing events, of durations 3 time units
and 1 time unit (indicated in the figure by the pairs of nodes
labeled inss1; inse1 and inss2; inse2 respectively). There is a hard
temporal constraint that the CPU be on while the instrument
is on, as well as a soft constraint that the CPU should be on
as little as possible, to conserve power. This constraint is
expressed in the STPP as a function from temporal values in-
dicating the duration that the CPU is on, to preference values.
For simplicity, we assume that the preference function min
on the CPU duration constraints is the negated identity func-
tion; i.e., min(t) = �t; thus higher preference values, i.e.
shorter durations, are preferred. Because the CPU must be on
at least as long as the sensing events, any globally preferred
solution using WLO has preference value -3. The set of solu-

tions that have the optimal value includes solutions in which
the CPU duration for the second sensing event varies from 1
to 3 time units. The fact that WLO is unable to discriminate
between the global values of these solutions, despite the fact
that the one with 1 time unit is obviously preferable to the
others, is a clear limitation of WLO.

One way of formalizing this drawback of WLO is to ob-
serve that a WLO policy is not Pareto Optimal. To see this,
we reformulate the set of preference functions of a STPP,
f1; : : : ; fm as criteria requiring simultaneous optimization,
and let s = [t1; : : : ; tn] and s0 = [t01; : : : t

0
m
] be two solutions

to a given STPP. s0 dominates s if for each j, fj(tj) � fj(t
0
j
)

and for some k, fk(tk) < fk(t
0
k
). In a Pareto optimiza-

tion problem, the Pareto optimal set of solutions is the set
of non-dominated solutions. Similarly, let the WLO-optimal
set be the set of optimal solutions that result from applying
the chopping technique for solving STPPs described above.
Clearly, applying WLO to an STPP does not guarantee that
the set of WLO-optimal solutions is a Pareto optimal set. In
the rover planning problem, for example, suppose we con-
sider only solutions where the CPU duration for the first sens-
ing event is 3. Then the solution in which the CPU duration
for the second sensing event is 1 time unit dominates the so-
lution in which it is 2 time units, but both are WLO-optimal,
since they have the same weakest link value.1

Assuming that Pareto-optimality is a desirable objective in
optimization, a reasonable response to this deficiency is to
replace WLO with an alternative strategy for evaluating solu-
tion tuples. A natural, and more robust alternative evaluates
solutions by summing the preference values, and ordering
them based on preferences towards larger values. (This strat-
egy would also ensure Pareto optimality, since every maxi-
mum sum solution is Pareto optimal.) This policy might be
dubbed “utilitarian.” The main drawback to this alternative
is that the ability to solve STPPs tractably is no longer ap-
parent. The reason is that the formalization of utilitarianism
as a semiring forces the multiplicative operator (in this case,
sum), not to be idempotent (i.e., a + a 6= a), a condition
required in the proof that a local consistency approach is ap-
plicable to the soft constraint reasoning problem.

Of course, it is still possible to apply a utilitarian frame-
work for optimizing preferences, using either local search or
a complete search strategy such as branch and bound. Rather
than pursuing this direction of resolving the problems with
WLO, we select another approach, based on an algorithm that
interleaves flexible assignment with propagation using WLO.

4 An algorithm for Pareto Optimization
The proposed solution is based on the intuition that if a con-
straint solver using WLO could iteratively “ignore” the weak-
est link values (i.e. the values that contributed to the global
solution evaluation) then it could eventually recognize solu-
tions that dominate others in the Pareto sense. For example,
in the Rover Planning problem illustrated earlier, if the weak-
est link value of the global solution could be “ignored,” the
WLO solver could recognize that a solution with the CPU on

1This phenomenon is often referred to in the literature as the
“drowning effect.”
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Inputs: STPP P = (V;C)
Output:
STP (V;CP ) whose solutions are Pareto optimal for P .
(1) CP = C
(2) Do
(3) Solve (V;CP ) using WLO
(4) Delete all weakest link soft constraints from CP
(5) For each deleted constraint h[a; b]; fi,
(6) add h[aopt; bopt]; fbesti to CP
(7) until (3)-(6) leave (V;CP ) unchanged
(8) Return (V;CP )

Figure 3: STPP solver WLO+ returns a solution in the Pareto
optimal set of solutions

for 1 time unit during the second instrument event is to be
preferred to one where the CPU is on for 2 or 3 time units.

We formalize this intuition by a procedure wherein the
original STPP is transformed by iteratively selecting what we
shall refer to as a weakest link constraint, changing the con-
straint in such a way that it can effectively be “ignored,” and
solving the transformed problem. A weakest link (soft) con-
straint for a WLO set of solutions is one in which the prefer-
ence value of its duration in all the WLO solutions is the same
as the chop level v of the optimal STP using WLO. For exam-
ple, after applying WLO to the problem in Figure 2, the CPU
duration constraint associated with the first sensing event will
be a weakest link, since it now has a fixed preference value
of -3. However, the CPU constraint for the second event will
not be a weakest link since its preference value can still vary
from -3 to -1.

We also define a weakest link constraint to be open if v is
not the “best” preference value (i.e., v < 1, where 1 is the
designated “best” value among the values in the semi-ring).

Formalizing the process of “ignoring” weakest link values
is a two-step process of restricting the weakest links to their
intervals of optimal temporal values, while eliminating their
WLO restraining influence by resetting their preferences to a
single, “best” value. Formally, the process consists of:

� Squeezing the temporal domain to include all and only
those values which are optimally preferred; and

� Replacing the preference function by one that assigns
the most preferred value (i.e. 1) to each element in the
new domain.

The first step ensures that only the best temporal values are
part of any solution, and the second step allows WLO to be
re-applied to eliminate Pareto-dominated solutions from the
remaining solution space.

The algorithm WLO+ (Figure 3) returns a Simple Tem-
poral Problem (STP) whose solutions are contained in the
WLO-optimal, Pareto-optimal solutions to the original STPP,
P . Where C is a set of soft constraints, the STPP (V;CP )
is solved (step 3) using the chopping approach described ear-
lier. In step 5, we denote the soft constraint that results from
the two-step process described above as h[aopt; bopt]; fbesti,
where [aopt; bopt] is the interval of temporal values that are

Pareto Optimal Solutions

WLO Solutions

s1

s2

s3
s4s5
s6

s s’ s is dominated by s’:

s7

s8

Figure 4: Relationships between Solution Spaces for STPPs
that are WLO or Pareto Optimal

optimally preferred, and fbest is the preference function such
that fbest(v) = 1 for any input value v. Notice that the run
time of WLO+ is O(jCj) times the time it takes to execute
Solve(V;CP ), which is a polynomial.

We now proceed to prove the main result, in two steps. In
this section we assume the existence of weakest links at every
iteration of theWLO+ algorithm, and show that the subset of
solutions of the input STPP returned by WLO+ is contained
in the intersection of WLO-optimal and Pareto-optimal so-
lutions. In the next section we show that, given additional
restrictions on the shape of the preference functions, such
weakest links can be shown to always exist.

Given an STPP P, let SolWLO(P ) (resp. SolPAR(P )) be
the set of WLO-optimal (respectively, Pareto-Optimal) solu-
tions of P, and let SolWLO+(P ) be the set of solutions to P
returned by WLO+. Then the result can be stated as follows.

Theorem 1 If a weakest link constraint is found at each stage
of WLO+, then SolWLO+(P ) � SolWLO(P )\SolPAR(P ).
Moreover, if P has any solution, then SolWLO+(P ) is
nonempty.

Proof:
First note that after an open weakest link is processed in

steps (4) to (6), it will never again be an open weakest link
(since its preference is reset to fbest). Since the theorem
assumes a weakest link constraint is found at each stage of
WLO+, the algorithm will terminate when the weakest link
constraint is not open, i.e., when all the soft constraints in CP
have WLO preferences that equal the best (1) value.

Now assume s 2 SolWLO+(P ). Since the first iteration
reduces the set of solutions of (V;CP ) to SolWLO (P ), and
each subsequent iteration either leaves the set unchanged or
reduces it further, it follows that s 2 SolWLO (P ). Now sup-
pose s 62 SolPAR(P ). Then s must be dominated by a Pareto
optimal solution s0. Let c be a soft constraint in C for which
s0 is superior to s. Thus, the preference value of the dura-
tion assigned by s to c cannot be 1. It follows that at some
point during the course of the algorithm, c must become an
open weakest link. Since s is in SolWLO+(P ), it survives
until then, and so it must provide a value for c that is equal to
the chop level. However, since s0 dominates s, s0 must also
survive until then. But this contradicts the assumption that c
is a weakest link constraint, since s0 has a value greater than
the WLO chop level. Hence, s is in SolPAR(P ), and so in
SolWLO(P ) \ SolPAR(P ).

Next suppose the original STPP P has at least one solu-
tion. To see that SolWLO+(P ) is nonempty, observe that the
modifications in steps (4) to (6), while stripping out solutions
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Figure 5: A unique WLO+ Solution.

that are not WLO optimal with respect to (V;CP ), do retain
all the WLO optimal solutions. Clearly, if there is any so-
lution, there is a WLO optimal one. Thus, if the (V;CP ) in
any iteration has a solution, the (V;CP ) in the next iteration
will also have a solution. Since we are assuming the first
(V;CP ) (= (V;C)) has a solution, it follows by induction
that SolWLO+(P ) is nonempty. 2

The theorem shows that it is possible to maintain the
tractability of WLO-based optimization while overcoming
some of the restrictions it imposes. In particular, it is pos-
sible to improve the quality of the flexible solutions gener-
ated within an STPP framework from being WLO optimal to
being Pareto optimal.

Although the algorithm determines a nonempty set of so-
lutions that are both WLO optimal and Pareto optimal, the set
might not include all such solutions. Consider the example
in figure 5. Assume the preference function for all soft con-
straints is given by f(t) = t, i.e., longer durations are pre-
ferred (signified by the max label on the edges). The WLO+
algorithm will retain a single solution where BC and CD are
both 5. However, the solution where BC = 2 and CD = 8,
which is excluded, is also both Pareto optimal and WLO op-
timal. (Note that AB, with a fixed value of 1, is the weakest
link.)

Many optimization schemes seek what is known as utili-
tarian optimality, where the objective is to maximize the sum
of the local preferences. However, the WLO+ solutions are
not necessarily utilitarian optimal with respect to all solutions
or even the WLO solutions. For example, in figure 5, if the
preference function is f(t) = t2, a utilitarian optimal WLO
solution would be given by BC = 1 and CD = 9, but WLO+
will still return the solution where BC and CD are both 5.

We can summarize the position taken in this paper by say-
ing that utilitarian strategies, while attractive in many ways,
are apparently intractable. The WLO+ approach provides
some of the same benefit at lower cost. For example, non-
competing constraints are fully optimized by WLO+. For
competing constraints, WLO+ tends to divide the preferences
as equally as possible. In some applications, this might be
more desirable than a utilitarian allocation.

5 Existence of Weakest Links
In this section we show that under suitable conditions, a
weakest link constraint always exists. This involves a
stronger requirement than for WLO: the preference functions
must be convex, not merely semi-convex. This would include
linear functions, cycloids, and upward-pointing parabolas, for
example, but not Gaussian curves, or step functions. (Later
on, we will see this requirement can be relaxed somewhat so
that Gaussians can be permitted.)

Before proceeding, we note that while a solution s of an

STP P is defined in terms of an assignment to each variable, it
also determines a value s(e) for each edge e, given by s(e) =
s(Y ) � s(X) where X and Y are the start and end variables
of e, respectively. We will use this notation in what follows.

Now consider any consistent STP P. The minimal net-
work [Dechter et al., 1991] corresponding to P is another STP
P0. The constraints between any two pointsX and Y in P0 are
formed by intersecting the constraints induced by all possible
paths between X and Y in P.

In the following, a preference function f is said to be con-
vex if f< x; y > jy � f(x)g is a convex set. The claim of the
existence of weakest links can be stated as follows:

Theorem 2 Let P be an STPP with continuous domains and
convex preference functions. Then there will be at least one
weakest link constraint for the WLO optimal set of solutions.

Proof:
Consider the (minimal) STP Popt that corresponds to the

optimal chopping level for P (as described in the WLO algo-
rithm). Suppose there is no weakest link constraint. Then for
each edge constraint e there is a solution se to Popt such that
f(se(e)) > opt, where f is the preference function for the
edge.2

Let �s be the average of all the se solutions, i.e.

�s(X) = 1=jEj
X

e2E

se(X) for all X 2 V

where E is the set of edges and V is the set of tempo-
ral variables. By the linearity of the constraints, it is easy
to show that �s is also a solution to Popt. For example,
if se(Y ) � se(X) � a for all e, then �s(Y ) � �s(X) =
1=jEj

P
e2E(se(Y )� se(X)) � (1=jEj)jEja = a.

Since �s is a solution, we must have f(�s(e)) � opt for all
edges e. Notice, however, that there must be some edge e
such that f(�s(e)) = opt, otherwise �swould be a solution with
value greater than the optimal value. It follows that �s(e) 6=
se(e), since we already know that f(se(e)) > opt.

Thus, either �s(e) < se(e) or �s(e) > se(e). We consider
only the case where �s(e) < se(e). (The proof is similar in the
other case.) Note also that minc2E sc(e) < �s(e), since the
minimum of a set of numbers can only be equal to the average
if all the numbers are equal. It follows that minc2E sc(e) <
�s(e) < se(e). However, f(minc2E sc(e)) � opt, f(�s(e)) =
opt, and f(se(e)) > opt. This violates the convexity of f ,
which establishes the theorem. 2

The operations in the WLO+ algorithm preserve the con-
vexity property of the preference functions. Each stage of
WLO+ repeats a WLO calculation. Thus, theorem 2 implies

Corollary 2.1 Suppose P is an STPP with continuous do-
mains and convex preference functions. Then a weakest link
is found at each iteration of WLO+.

An example of why the existence result does not apply more
generally to semi-convex functions is found in figure 6. The

2To avoid excessive subscripting, we suppress the implied e sub-
script on f here and in what follows. In all cases, the applicable
preference function will be clear from the context.
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Figure 6: An STPP with no weakest link

STPP in the figure contains two semi-convex step-like func-
tions with optimal preference values associated with dura-
tions t and t0. Assume the STPP is minimal, and that the
assignment e = t; e0 = t0 is inconsistent. Then the highest
possible chop point is p, and no weakest link exists, i.e., for
neither e nor e0 is it the case that, for every solution s, p is the
value returned by the preference function associated with that
constraint for the duration assigned by s.

6 Discussion and Related Work
An examination of the proof of theorem 2 shows that the
weakest link constraint exists under a somewhat less restric-
tive condition than convexity: it is enough, assuming semi-
convexity, to require that plateaus (subintervals of non-zero
length where the preference function is constant) can only oc-
cur at the global maximum of the preference function. This
means, for example, that the theorem is applicable in princi-
ple to any semi-convex smooth function such as a Gaussian
curve.

However, in the practical setting of a computer program
where numbers are computed to a finite precision and contin-
uous curves are approximated, some adjustments may need
to be made. Note that a representation as a discretized step
function does not satisfy the no-plateau condition. An alter-
native is to treat a discretized function as corresponding to a
piecewise linear function where the linear segments join suc-
cessive points on the discretized graph. Even there, the long
tails of a Gaussian curve may get approximated by horizontal
segments. However, generally we can trim the domain of the
curve to eliminate the flat tails without excluding all the so-
lutions. In that case, the discretized Gaussian is acceptable.
(Note that figure 6 could be simulated by an example involv-
ing extreme Gaussians where the tails are essential for the
solution.)

Note that preferences such as longest or shortest durations,
or closest to a fixed time, which appear to be the most useful
in practice, can be easily modeled within this framework.

WLO+ has been implemented and tested on randomly gen-
erated problems, where each semi-convex preference func-
tion is a quadratic ax2 + bx + c, with randomly selected pa-
rameters and a � 0. We compared the best solution found
after applying WLO+ with the quality of the earliest solution
found using the chop solver, using the utilitarian measure of
quality (i.e., summing preference values). An average im-
provement of between 6 and 10% was observed, depending
on constraint density (more improvement on lower density
problems). Future research will focus on the application of
WLO+ to the rover science planning domain.

The results described here are clearly relevant to any effort
whose objective is representing and reasoning about prefer-
ences and utility. A detailed survey of this vast literature is
clearly beyond our scope; here we provide pointers to work
that exhibits significant overlap. First, the idea of extending
CSPs to solve multi-criteria optimization problems is pro-
posed in [Torrens and Faltings , 2002]; this work also uses
Pareto-optimality as a criterion for ordering solutions. Sec-
ond, the idea of applying the notion of degrees of satisfac-
tion to solving temporal reasoning problems has been applied
previously [Dubois and Prade , 1989]. Third, a number of
graphical-based representations of local preferences have ap-
peared; in [Bacchus and Grove , 1995], for example, an ap-
proach is taken based on drawing connections between pref-
erences and probabilities, as expressed in a Bayesian network.
Finally, for a survey of AI-based approaches to preferences
and utility, with an emphasis on qualitative approaches, the
reader is referred to [Doyle and Thomason , 1999].

7 Summary
This paper has presented a reformulation of problems in the
optimization of temporal preferences using a generalization
of Temporal CSPs. The practical context from which this
effort arose is temporal decision-making in planning, where
associated with domains representing temporal distances be-
tween events is a function expressing preferences for some
temporal values over others. The work here extends previous
work by overcoming limitations in the approach that arose
when considerations of efficiency in reasoning with prefer-
ences resulted in coarseness in the evaluation procedure for
global temporal assignments.

References
[Bistarelli et al., 1997] S. Bistarelli, U. Montanari, and F. Rossi.

Semiring-based Constraint Solving and Optimization. Jour-
nal of the ACM, 44(2):201–236, March 1997.

[Bacchus and Grove , 1995] F. Bacchus and A. Grove. Graphi-
cal Models of Preferences and Utility. Proceedings of the
Eleventh Conference on Uncertainty in Artificial Intelligence,
3–10, Morgan Kaufmann, 1999.

[Cormen et al., 1990] T.H. Cormen, C.E. Leiserson, and R.L.
Rivest. Introduction to Algorithms. MIT press, Cambridge,
MA, 1990.

[Dechter et al., 1991] R. Dechter, I. Meiri, and J. Pearl. Temporal
constraint networks. Artificial Intelligence, 49, 61–95, 1991.

[Doyle and Thomason , 1999] J. Doyle and R. Thomason. Back-
ground to Qualitative Decision Theory. AI Magazine, 55–68,
Summer, 1999.

[Dubois and Prade , 1989] D. Dubois and H. Prade. Processing
Fuzzy Temporal Knowledge. IEEE Transactions on Systems,
Man, and Cybernetics, 19(4), 1989.

[Khatib et al., 2001] L. Khatib, P. Morris, R. Morris and F. Rossi.
Temporal Reasoning about Preferences. In Proceedings of
IJCAI-01. Morgan Kaufman, 1995.

[Torrens and Faltings , 2002] M. Torrens and B. Faltings. Using
Soft CSPs for Approximating Pareto-Optimal Solution Sets.
In AAAI Workshop Proceedings Preferences in AI and CP:
Symbolic Approaches, AAAI Press, 2002.

1294 TEMPORAL REASONING



Abstract

This paper presents a new scenario recognition
algorithm for Video Interpretation. We represent
a scenario model by specifying the characters
involved in the scenario, the sub-scenarios com-
posing the scenario and the constraints combin-
ing the sub-scenarios. Various types of con-
straints can be used including spatio-temporal
and  logical constraints. In this paper, we focus
on the performance of the recognition algorithm.
Our goal is to propose an efficient algorithm for
processing temporal constraints and combining
several actors defined within the scenario. By ef-
ficient we mean that the recognition process is
linear in function of the number of sub-scenarios
and in most of the cases in function of the num-
ber of characters. To validate this algorithm in
term of correctness, robustness and processing
time in function of scenario and scene properties
(e.g. number of persons in the scene), we have
tested the algorithm on several videos of a bank
branch and of an office, in on-line and off-line
mode and on simulated data. We conclude by
comparing our algorithm with the state of the art
and showing how the definition of scenario
models can influence the results of the real-time
scenario recognition.

1 Introduction
A problem of current focus in cognitive vision is Auto-
matic Video Interpretation. The goal is to develop a sys-
tematic methodology for the design, implementation and
integration of cognitive vision systems for recognizing
scenarios involved in a scene depicted by a video se-
quence. An Automatic Video Interpretation System as
described in Figure 1, takes as input (1) a priori knowl-
edge containing scenario models predefined by experts
and the 3D geometric and semantic information of the
observed environment and (2) video streams acquired by
the camera(s). The output of the system is the set of rec-
ognized scenarios at each instant. In this paper, we focus
on the module of scenario recognition. The scenario rec-
ognition module takes as input the a priori knowledge of

the scene and a stream of individuals tracked by a vision
module.

To solve scenario recognition issues, we first propose a
language to describe scenario models and second a tem-
poral constraint resolution approach to recognize in real-
time scenario occurrences. Our scenario representation is
mainly based on the representation of [Vu et al, 2002]
and inspired by the work of [Ghallab, 1996]. In this pa-
per, we focus on the optimization of the recognition
method. We first enhance the processing of temporal op-
erators by pre-compiling scenario models to decompose
them into simpler scenario models. By this way, the sce-
nario recognition algorithm uses a linear search com-
pared to an exponential search for non-compiled scenar-
ios. Secondly, we propose a novel algorithm to recognize
composed scenarios that takes advantages of the actors of
its sub-scenarios when they are recognized instead of
trying all combinations of actors as this is often the cases
for similar state of the art algorithms.

We present in section 2 some related works. Our sce-
nario representation is described in section 3. The recog-
nition algorithm is detailed in section 4. We conclude our
paper by showing experimental results to validate this
new algorithm.

Figure 1. Overview of an Automatic Video Interpretation System.
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2 Related works
Since the years 90s, a problem of focus in cognitive vi-
sion has been Automatic Video Interpretation. There are
now several research units and companies defining new
approaches to design systems that can understand human
activities in dynamic scenes. Three main categories of
approaches are used to recognize temporal scenarios
based on (1) a probabilistic/neural network combining
potentially recognized scenarios, (2) a symbolic network
that Stores Totally Recognized Scenarios (STRS) and (3)
a symbolic network that Stores Partially Recognized Sce-
narios (SPRS).

For the computer vision community, a natural ap-
proach consists in using a probabilistic/neural network
[Oliver and Pentland, 2000]. The nodes of this network
correspond usually to scenarios that are recognized at a
given instant with a computed probability. For example,
[Howell and Buxton, 2002] proposed an approach to rec-
ognize a scenario based on a neuronal network (time de-
lay Radial Basis Function). [Hongeng et al., 2000] pro-
posed a scenario recognition method that uses concur-
rence Bayesian threads to estimate the likelihood of po-
tential scenarios. Because video processing is very sensi-
tive to noisy images, these probabilistic methods are use-
ful to give an interpretation of the scene while taking into
account the stochastic variations of the analysis. In our
case, we use classical filtering techniques to get rid off
these variations and to obtain coherent data that can be
associated with symbolic values.

For the artificial intelligent community, a natural way
to recognize a scenario is to use a symbolic network
which nodes correspond usually to the boolean recogni-
tion of scenarios. For example, [Rota and Thonnat, 2000]
used a declarative representation of scenarios defined as
a set of spatio-temporal and logical constraints. They
used a traditional constraint resolution technique to rec-
ognize scenarios. To reduce the processing time for the
recognition step, they proposed to check the consistency
of the constraint network using the AC4 algorithm. More
recently, [Gerber et al., 2002] defined a method to recog-
nize a scenario based on a fuzzy temporal logic. In the
same year, [Vu et al, 2002] present an approach to opti-
mize the temporal constraint resolution by ordering in
time the sub-scenarios of the scenario to be recognized.
The common characteristic of these approaches is to store
all totally recognized scenarios (recognized in the past).

Another approach consists in using a symbolic network
and to store partially recognized scenarios (to be recog-
nized in the future). For example, [Ghallab, 1996] has
used the terminology chronicle to express a temporal
scenario. A chronicle is represented as a set of temporal
constraints on time-stamped events. The recognition al-
gorithm keeps and updates partial recognition of scenar-
ios using the propagation of temporal constraints based
on RETE algorithm. Their applications are dedicated to
the control of turbines and telephonic networks. [Chleq
and Thonnat, 1996] made an adaptation of temporal con-
straints propagation for video surveillance. In the same
period, [Pinhanez and Bobick, 1997] have used Allen’s

interval algebra to represent scenarios and have presented
a specific algorithm to reduce its complexity.

All these techniques allow an efficient recognition of
scenarios, but there are still some temporal constraints
which cannot be processed. For example, most of these
approaches require that the scenarios are bounded in time
[Ghallab, 1996], or process temporal constraints and
atemporal constraints in the same way [Rota and Thon-
nat, 2000].

We can distinguish two main categories of approaches
to recognize a scenario based on a symbolic network: the
STRS approaches recognize scenarios based on an analy-
sis of scenarios recognized in the past [Rota and Thonnat,
2000; Vu et al, 2002], whereas the SPRS approaches rec-
ognize scenarios based on an analysis of scenarios that
can be recognized in the future [Ghallab, 1996]. The
STRS approaches recognize a scenario by searching in
the set of previously recognized scenarios a set of sub-
scenarios matching the scenario model to be recognized.
Thus, if the system fails to recognize a scenario, it will
have to retry the same process (re-verify the same con-
straints) at the next instant, implying a costly processing
time. A second problem is that STRS algorithms have to
store and maintain all occurrences of previously recog-
nized scenarios. The SPRS approaches recognize a sce-
nario by predicting the expected scenarios to be recog-
nized at the next instants. Thus, the scenarios have to be
bounded in time to avoid the never ending expected sce-
narios. A second problem is that SPRS algorithms have
to store and maintain all occurrences of partially recog-
nized scenarios, implying a costly storing space.

The method presented in this article is a STRS ap-
proach taking advantages of the SPRS approaches. The
objective is to reduce the processing time (1) when
searching in the past (list of previously recognized sce-
narios) for an occurrence of a given scenario model and
(2) when trying to recognize a scenario involving several
actors by avoiding checking all combinations of actors.

3 Scenario Representation
Our goal is to make explicit all the knowledge necessary
for the system to be able to recognize scenarios occurring
in the scene. The description of this knowledge has to be
declarative and intuitive (in natural terms), so that the
experts of the application domain can easily define and
modify it. Thus, the recognition process uses only the
knowledge represented by experts through scenario mod-
els.

Let Ω be the set of scenario models and Φ be the set of
scenario instances (recognized scenarios). For a scenario
model ω ∈ Ω and a scenario instance ρ ∈ Φ, we note ω =
ω(ρ) the scenario model of ρ and we note ρ(ω) the set of
recognized scenarios of the model ω. A scenario is com-
posed of four parts:
a)α(ω) is the set of actor variables (characters) in-

volved in the scenario ω. α(ρ) corresponds to the ac-
tors. An actor can be a person tracked as a mobile ob-
ject by a vision module or a static object of the ob-
served environment like a chair.
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b)σ(ω) is the set of sub scenarios that compose ω. ω is
an elementary scenario if σ(ω) = ∅, if not, ω is called
a composed scenario. Each sub-scenario is represented
by a variable v. These variables are called temporal
variables because their value is a recognized scenario
defined on a temporal interval. We note ρ(v) a scenario
instance corresponding to the value of the temporal
variable v, and α(v) the set of variables corresponding
to the actors of ρ(v).

c)ϕ(ω) is the set of sub-scenarios that should not occur
during the recognition of the scenario ω. We call ϕ(ω)
the forbidden sub scenarios. αϕ(ω) is the set of for-
bidden actor variables involved in ϕ(ω) but not already
defined in α(ω).
ϕ(ω) and αϕ(ω) are called the forbidden variables.

d)κ(ω) is the set of constraints of ω. There are three
types of constraints:

- the set of temporal constraints, noted κT(ω), on at least
one variable of σ(ω) and not on any forbidden variable,

- the set of atemporal constraints, noted κA(ω), on only
α(ω),

- the set of forbidden constraints, noted κF(ω), on any
forbidden variable.
The three subsets κT(ω), κA(ω) and κF(ω) constitute a

partition of κ(ω). We use the operator "and" to link the
constraints within a set of constraints. To use the opera-
tor "or", we propose to define two similar scenario mod-
els with different constraints. An elementary scenario is
only composed of a set of characters and atemporal con-
straints.

Figure 2 represents a model of a composed scenario
"Bank attack". This scenario involves two actors, a
cashier and a robber.

In our representation, any scenario ω involves at least
one person, and is defined on a time interval. An interval
is represented by its starting and ending times noted
start(ω) and end(ω). Defining the scenarios on a time
interval is important for the experts to describe scenarios
in a natural way.

Scenario(Bank_attack,
Characters((cashier:Person), (robber:Person))
SubScenarios(
  (cas_at_pos,inside_zone,cashier,"Back_Counter")
  (rob_enters, changes_zone, robber,
          "Entrance_zone", "Infront_Counter")
  (cas_at_safe, inside_zone, cashier, "Safe")
  (rob_at_safe, inside_zone, robber, "Safe") )
ForbiddenSubScenarios(
  (any_in_branch, inside_zone, any_p,"Branch"))
Constraints(
  Temporal ((rob_enters during cas_at_pos)

(rob_enters before cas_at_safe)
(cas_at_pos before cas_at_safe)
(rob_enters before rob_at_safe)
(rob_at_safe during cas_at_safe))

  Atemporal((cashier ≠ robber))
  Forbidden((any_p ≠ cashier) (any_p ≠ robber)

(any_in_branch during rob_at_safe))))

Figure 2. One example of "Bank attack" scenario is composed of
four steps: (1) the cashier is at his/her position behind the counter,
(2) the robber enters the bank and moves toward the front of the
counter then (3) both of them arrive at the safe door and (4) no-
body else in the branch during the attack. The forbidden sub-
scenario (step 4) is not necessary to recognize this "Bank attack"
scenario. We have included this constraint just to show the possi-
bility of modeling forbidden sub-scenarios.

4 Scenario Recognition
The scenario recognition process has to detect which sce-
nario is happening from a stream of observed persons
tracked by a vision module at each instant. The recogni-
tion process takes also as input the a priori knowledge of
the scene and the scenario models. As defined in the pre-
vious section, there are two types of scenarios: elemen-
tary and composed.

4.1  Recognit ion of e lementary scenarios
The algorithm to recognize an elementary scenario model
ωe consists in a loop of the selection of a set of actors
then the verification of the corresponding atemporal con-
straints κA(ωe) until all combinations of actors have been
tested. Once a set of actors satisfies all constraints
κA(ωe), we say that the elementary scenario ωe is recog-
nized and we generate an elementary scenario instance ρ
attached with the corresponding scenario model, the set
of actors and the recognition time t. The scenario in-
stance is then stored in the list of recognized scenarios. If
at the previous instant, a scenario instance ρ’ of same
type (same model, same actors) was recognized on a time
interval [t0, t-1], the two scenario instances are merged
into a scenario instance that is recognized on the time
interval [t0, t].

The selection of actors leads the recognition algorithm
to an exponential combination in function of the number
of actor variables. However, in practice, there are few
actor variables in elementary scenario models, so the rec-
ognition algorithm is still real-time.

4.2  Compilat ion of composed scenarios
A composed scenario is a sequence of sub-scenarios or-
dered in time. Each sub-scenario corresponds to a tempo-
ral variable in the corresponding scenario model. The
STRS algorithms of the state of the art perform at each
instant an extensive search process among all possible
scenarios and sub-scenarios leading to an exponential
algorithm. For example, for a given scenario ω = (ω1 be-
fore ω2 before ω3); if a scenario instance ρω3 of ω3 has
been recognized, it makes sense to try to recognize the
main scenario ω. Therefore, the STRS algorithms will try
all combinations of scenario instances ρ(ω1), ρ(ω2) with
ρω3. We propose to decompose the scenario model into a
set of simple scenario models containing at most two
sub-scenarios.

To compile a predefined composed scenario model ω,
we define three steps: (1) build a graph with the temporal
variables σ(ω), (2) generate intermediate scenario models
for ω and (3) link the generated intermediate scenario
models based on the constraints κ(ω).

As proposed by [Ghallab, 1996], we first build a graph
which nodes correspond to the temporal variables and
which arcs correspond to the temporal constraints κT(ω).
The arcs are oriented and are associated with a time in-
terval corresponding to the time delay between the end-
ing time of the two variables. For example, the constraint
ci between vi, vj is associated with an interval [a, b] indi-

1297TEMPORAL REASONING



cating that vj can end in the interval [end(vi)+a,
end(vi)+b]. The constraint before is associated with [1,
∞]. After building the graph (called initial graph) with all
temporal constraints between temporal variables σ(ω),
we compute the equivalent complete graph and we check
the graph consistency. These two graphs are equivalent
because the only difference between them is the redun-
dancy of some constraints. Then, we simplify the com-
plete graph by removing unnecessary arcs to obtain the
least constrained graph. For any triangle ABC of the
graph, an arc AC is redundant (unnecessary), if the arcs
AB and BC imply a stronger constraint. The simplified
graph is equivalent to the two other graphs. The initial
and simplified graphs for the scenario "Bank attack"
(Figure 2) are shown on Figure 3. Thanks to the simpli-
fied graph, all the temporal variables σ(ω) are ordered by
their ending time.

Figure 3. To compile the scenario "Bank attack", we build: (a) the
graph with all temporal constraints κT(ω), (b) the simplified graph
with only the necessary constraints and (c) the generated interme-
diate scenario models.

Second, we generate intermediate scenario models
composed at most of two sub-scenarios. For each inter-
mediate scenario model ω, we call start (noted ξ(ω)) the
first sub-scenario of ω; and we call termination (noted
τ(ω)) the second sub-scenario of ω.

As σ(ω) = (v1, v2,…, vn) is a sequence of n (n > 2) or-
dered temporal variables, we generate n-1 intermediate
models ω1, ω2,…, ωn-1 as followed:
a)σ(ω1) = (v1, v2) and

σ(ωi) = (vi, vi+1) for i > 1, where vi is a new temporal
variable corresponding to the scenario model ωi-1,

b) α(ωi) = α(ξ(ωi)) ∪ α(τ(ωi)) = α(v1) ∪…∪ α(vj+1),
c)ϕ(ωn-1) = ϕ(ω)    and     ϕ(ωi) =  ∅   for i < n-1,

αϕ(ωn-1) = αϕ(ω)    and     αϕ(ωi) =  ∅   for i < n-1,
d)κA(ω1) = κA(ω) ∩ κ(α(ω1))       and

κA(ωi) = κA(ω) ∩ κ(α(ωi)) - κ(α(ωi-1))        for i > 1
κT(ωi) contains the constraints corresponding to the
arcs entering vi+1 (i.e. τ(ωi)) in the simplified graph.
κF(ωn-1) = κF(ω)    and     κF(ωi) =  ∅   for i < n-1.

The resulting scenario model ωn-1 is equivalent to the
initial scenario model ω. This two scenarios have the
same actor variables and equivalent set of constraints.
The only difference is that the constraints of the scenario
ω are verified at several intermediate levels correspond-
ing to the intermediate scenario models as shown on
Figure 4. Because any sequence of temporal variables
can be ordered by their ending time, so any scenario
model can be decomposed into intermediate scenarios
containing only one or two temporal variables.

The recognition of compiled scenario models is de-
scribed in the next section. The gain in processing time is
due to the search algorithm: we just try several times to
link two scenario instances instead of trying to link to-
gether a whole set of combinations of scenario instances.

Scenario(Bank_attack_1,  # ω1

Characters((cashier:Person), (robber:Person))
SubScenarios(
  (cas_at_pos, inside_zone, cashier,
                              "Back_Counter")
  (rob_enters, changes_zone, robber,
          "Entrance_zone", "Infront_Counter"))
Constraints((cas_at_pos during rob_enters)
            (cashier ≠ robber) ))

Scenario(Bank_attack_2,  # ω2

Characters((cashier:Person), (robber:Person))
SubScenarios(
  (att_1, Bank_attack_1, cashier, robber)
  (cas_at_safe, inside_zone, cashier, "Safe") )
Constraints(
  ((start of att_1) before cas_at_safe) ))

Scenario(Bank_attack_3,  # ω3

Characters((cashier:Person), (robber:Person))
SubScenarios(
  (att_2, Bank_attack_2, cashier, robber)
  (rob_at_safe, inside_zone, robber, "Safe") )
ForbiddenSubScenarios(
  (any_in_branch, inside_zone, any_p,"Branch"))
Constraints(
  (rob_at_safe during (termination of att_2))
  (any_p ≠ cashier) (any_p ≠ robber)
  (any_in_branch during rob_at_safe) ) )

Figure 4. Three intermediate scenario models are generated for the
compilation of the scenario model "Bank_attack", and the initial
model is equivalent to "Bank_attack_3".

4.3  Recognit ion of co mposed scenarios
The recognition of a composed scenario model ωc is trig-
gered by a scenario template, which has been generated
when the last sub-scenario ρt terminating ωc has been
recognized. The scenario template contains ωc and the
scenario instance ρt with its list of actors α(ρt) that par-
tially instanciates α(ωc). As ωc is composed of two sub-
scenarios, only one sub-scenario ρs starting ωc still needs
to be found.

If such a scenario instance ρs has been previously rec-
ognized in the past, then we are able to finish instanciat-
ing the remaining actors of α(ωc). Thus, just a few com-
binations of actors need to be checked avoiding an expo-
nential search.

The last step of the algorithm consists in verifying
whether all temporal and atemporal constraints (κT(ωc)
and κA(ωc)) are satisfied with ρs and ρt. If one forbidden
constraint of κF(ωc) cannot be satisfied then the scenario
ωc is recognized and stored in the list of recognized sce-
narios.
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cas_at_safe

cas_at_safe

[0, 0] [1, ∞]
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4.4  Discuss ion
In the domain of temporal scenario recognition and
among SPRS algorithms, the chronicle recognition algo-
rithm [Ghallab, 1996] is one of the most popular. By
storing partially recognized scenarios, it can speed up the
whole recognition process. A partially recognized sce-
nario corresponds to a prediction and enables to store all
previous computations that do not need to be recomputed
at the following instants. A main difference between the
chronicle algorithm and our algorithm is that the chroni-
cle algorithm has been developed to process scenarios
defined with only one "actor" and can only recognize
events detected at one time point. Thus, this algorithm is
efficient for the configuration "mono-actor". However, in
the configuration "multi-actors",  the chronicle algorithm
has to duplicate the partially recognized scenarios for
each combination of actors not already instanciated. This
can lead to an explosion of memory allocation and to an
exponential search. Our algorithm is as efficient for the
configuration "mono-actor" because we store the recog-
nized scenarios which have been compiled. Moreover, it
is efficient for the configuration "multi-actors" because
the recognized scenarios do not need to be duplicated
even if some actors are not instanciated. The worst case
occurs with elementary scenarios because to recognize
them at the current instant, all combinations of actors
need to be checked. In real world applications, elemen-
tary scenarios do not contain many actor variables (less
than 3) making the proposed algorithm sufficient to ob-
tain an operational real time video interpretation system.

5 Experiments and results
To validate our recognition algorithm, we first integrated
the algorithm with a vision module to obtain an opera-
tional interpretation system and then we have realized
four types of tests: (1) on recorded videos taken in a bank
branch and in two metro stations (one in Belgium and
one in Spain) to verify if the algorithm can correctly rec-
ognize the predefined scenario models, (2) on live videos
acquired on-line from cameras installed in an office, in a
metro station and in a bank branch to verify if the algo-
rithm can work robustly on a long time mode, (3) on re-
corded videos taken in a bank branch and on simulated
data to study how the complexity of the algorithm de-
pends on the scenario models (i.e. number of sub-
scenarios and of actor variables) and (4) on simulated
data to study how the complexity of the algorithm de-
pends on the complexity of the scene (i.e. number of per-
sons in the scene).

In the first experiment, we verify on recorded videos
that the algorithm correctly recognizes several types of
"Bank attack" scenarios and several types of "Vandalism
against a ticket machine" scenarios in a metro station.
The vandalism scenario involves in general two individu-
als, one looking around to check whether nobody is
coming and the other one attempting several times to
break the ticket machine. Table 1 shows that the prede-
fined scenarios were correctly recognized in most of the

cases. The interpretation system fails to recognize some
scenarios only in the cases when the vision module
misses to detect the people in the scene. We have not
detected any false alarm during all the experiment. The
non-detection of false alarms can be explained by the fact
that the scenarios are very constrained and there are un-
likely to be recognized by error.

In the second experiment, we installed the interpreta-
tion system in an office and in a bank and we connected
the system to one or two on-line cameras to acquire di-
rectly live videos. In this experiment, we used the bank
scenarios and we slightly modified them to use them in
the office. We ran the system in the bank for few hours
and continuously during 4h in the office. As in the first
experiment, the scenarios were most of the time correctly
recognized, showing that the recognition algorithm can
work reliably and robustly in real-time and in continuous
mode.

Number of
tested

sequences

Average
number of

persons/frame

Recognition
rate (%)

Number
of false
alarms

Bank cam. 1 10 4 80 0
Bank cam. 2 1 2 100 0
Metro cam. 2 3 2 100 0

Table 1. The recognition of temporal scenarios in videos of a bank
branch and of a metro station.

Figure 5. The processing time of the new algorithm is closely
linear time in function of the number of sub-scenarios.

Figure 6. The processing time (a) of the old algorithm and (b) of
the new algorithm depend on the number of actor variables of pre-
defined scenario models.

In the third experiment, we studied the processing time
of the recognition algorithm in function of the scenario
models. First, we studied the processing time of the algo-
rithm focusing on the resolution of temporal constraints.
In this experiment (shown on Figure 5), we tested eight
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configurations of scenario models: the first configuration
is made of scenarios containing 3 sub-scenarios and the
last configuration is made of scenarios containing 10 sub-
scenarios. On the bank videos containing about 300
frames, we found that the processing time of the classical
STRS algorithm is exponential in function of the number
of sub-scenarios, whereas the processing time of our al-
gorithm is closely linear in function of the number of
sub-scenarios.

Second, we studied the processing time of the algo-
rithm focusing on the number of actor variables of the
scenario models. In this experiment (shown on Figure 6),
we tested nine configurations of scenario models: the
first configuration is made of scenarios involving 2 actor
variables and the last configuration is made of scenarios
involving 10 actor variables. To run the algorithm with
enough actors, we simulated bank videos containing 35
persons. On these videos, we found that the processing
time of the classical STRS algorithm is exponential in
function of the number of actor variables, whereas the
processing time of our algorithm is closely linear in
function of the number of actor variables.

In the fourth experiment, we studied the processing
time of the recognition algorithm in function of the
scene. To have a continuous variation of the scene, we
simulated the scene. We built a scene environment with
eight zones of interest and ten pieces of equipment. We
simulated the individuals evolving in the scene at each
instant. In these simulated videos, the number of indi-
viduals changed from 30 up to 240. To verify if our algo-
rithm can recognize in real-time the predefined scenarios,
we measured the maximal processing time per frame. We
found that, the maximal processing time for each frame is
100ms for a scene of 240 persons. We also found that the
average processing time for each frame is closely linear
in function of the number of persons. Figure 7 shows
several tests of this experiment to illustrate how the proc-
essing time depends on the complexity of the scene.

With the fourth experiment, we can conclude that our
recognition algorithm can recognized in real-time the
predefined scenarios if the number of persons/frame is
less than 240. All these tests are realized on a PC linux:
CPU 700MHz, 320MB RAM.

6 Conclusion
In the literature, there are two categories of symbolic ap-
proaches to recognize temporal scenarios: the STRS algo-
rithms reasoning on the past and the SPRS algorithms rea-
soning on the future. First, we have shown that the STRS
algorithms recognize usually a scenario by performing an
exponential combination search. Then, we have explained
that even if our proposed algorithm is a STRS algorithm, it
checks temporal constraints nevertheless by performing a
linear search thanks to a step of pre-compilation of scenar-
ios. Second, we have also shown that the SPRS algorithms
have to try all combinations of actors to be able to recognize
"multi-actors" scenarios. Thanks to the pre-compilation step
this drawback for our algorithm is limited to elementary

scenarios. Thus, processing time can still be an issue de-
pending on the complexity of scenarios. For these two rea-
sons, the proposed algorithm enables the integrated video
interpretation system to be real-time. Up to our knowledge,
this video interpretation system is the first operational sys-
tem able to recognize complex temporal scenarios.

Our future work consists in taking care of the errors
and the uncertainty of the vision module. The goal is to
be able to continue the interpretation of the videos even
when the vision module cannot cope with the real world
complexity and then to be able to recognize more com-
plex scenarios.

Figure 7. The (a) maximal and (b) average processing time/frame
of the new algorithm depend on the number of detected persons.
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Abstract

Goal recognition for dialogue systems needs to be
fast, make early predictions, and be portable. We
present initial work which shows that using statisti-
cal, corpus-based methods to build goal recognizers
may be a viable way to meet those needs. Our goal
recognizer is trained on data from aplan corpusand
then used to determine the agent’s most likely goal
based on that data. The algorithm is linear in the
number of goals, and performs very well in terms
of accuracy and early prediction. In addition, it is
more easily portable to new domains as does not
require a hand-crafted plan library.

1 Introduction
Much work has been done over the years inplan recognition,
which is the task of inferring an agent’s goal and plan based
on observed actions.Goal recognitionis a special case of
plan recognition, in which only the goal is recognized.

Goal and plan recognition have been used in a variety of
applications including intelligent user interfaces[Leshet al.,
1999], dialogue systems[Carberry, 1990b; Allenet al., 2000]
and machine translation[Alexandersson, 1995].

We are especially interested in applying goal recognition
to dialogue systems, in order to aid natural language under-
standing and intention recognition. We do not intend to use
a goal recognizer todirectly recognize communicative inten-
tions (the goals behind a user’s utterance); rather, we intend
to use it to identify a user’s domain goals to quickly help nar-
row the search space for more costly intention recognition
routines (e.g.,[Lochbaum, 1998; Chu-Carroll and Carberry,
2000]).

This application places several demands on our goal recog-
nizer:

1. Speed:Dialogues happen in real-time, and the system is
expected to understand a user’s utterance and generate a
response in a short amount of time.

2. Early/partial prediction: We need accurate goal pre-
dictions very early on in the exchange, as the system
needs this information to better respond to a user’s ut-
terance. If full recognition is not immediately available,

the system needs at least partial information to allow it
to act on the user’s utterance.

3. Portability : We want to be able to rapidly port our dia-
logue system to new domains.

We present initial work in which we use corpus-based
methods to build a goal recognizer. Our recognizer is fast
(linear in the number of possible goals), makes early predic-
tions, and is easier to port to new domains than many systems,
as it does not require a hand-crafted domain plan library.

We first discuss the corpus-based approach we take in goal
recognition. We then report on initial experiments that we
have performed and discuss results. Finally, we comment on
related work and then discuss future directions for our work.

2 The Corpus-based Approach
The use of statistical methods, based on corpora, has revo-
lutionized the field of Natural Language Processing over the
past 10+ years. The method is as follows: one uses a corpus
of data to train a statistical model which is then used to make
predictions on future data. Seemingly simple methods have
yielded good results in many areas of NLP.1

We apply a similar approach to the task of goal recogni-
tion. We use aplan corpus(a list of goals and the plans
an agent executed to achieve them) to train statistical mod-
els which can predict an agent’s goal based on an observed
sequence of actions. As we show below, initially work shows
several possible advantages over previous work on goal and
plan recognition: recognition is fast (linear in the number of
goals), robust (can handle unknown actions and plans) and
does not require a hand-crafted plan library.

2.1 Recognition using N-gram Models
We define the task of goal recognition as follows: given
an observed sequence ofn actions so farA1, A2, . . . , An,
(which, for compactness, we will represent asA1,n), find the
most likely goalG:

G∗ = argmaxP (G|A1,n) (1)
Using Bayes’ Rule, this becomes:

G∗ = argmax
P (A1,n|G)P (G)

P (A1,n)
(2)

1For a good review, see[Manning and Scḧutze, 1999].
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Goal # Goal Description Sessions
1 Find a file named ‘core’ 11
2 Find a file that contains the word ‘motivating’ and whose name ends in ‘.tex’ 11
3 Find a machine that has low (<1.0) load; AND determine if Oren Etzioni is

logged into the machine named chum 5
4 Compress all large files (>10,000 bytes) in the Testgrounds subdirectory tree 2
5 Compress all files in the directory named ‘backups’ [Don’t use *] 3
6 Find a large file (>100,000 bytes) that hasn’t been changed for over a month 8
7 Find a file that contains less than 20 words 8
8 Find a laser printer in Sieg Hall that has an active print job 6
9 Find a Sun on that has low (<1.0) load; AND determine if Dan Weld is active

on the machine named chum 2
10 Find a file named oldpaper in neal/Testgrounds subdirectory 1
11 Find a file of length 4 in neal/Testgrounds subdirectory 1
12 See if Dan Weld is logged in to chum 1

Total 59

Table 1: Goals and their counts in the UNIX corpus

SinceP (A1,n) is constant in the argmax, we can drop it:

G∗ = argmaxP (A1,n|G)P (G) (3)

Using the Chain Rule, we can rewrite this as:

G∗ = argmax P (An|A1,n−1, G)P (An−1|A1,n−2, G)
. . . P (A1|G)P (G)

(4)
These conditional distributions are very large and difficult

to estimate, therefore, we make ann-gram assumption, i.e.,
we assume that an actionAi is only dependent on the goal
G and thej actions preceding it (Ai−j,i−1). For a unigram
model, we assume thatAi is independent of all other actions.
In this case, our goal recognition equation becomes:

G∗ = argmaxP (G)
n∏

i=1

P (Ai|G) (5)

If we assume thatAi is independent of everything butG
andAi−1, we get a bigram model:

G∗ = argmaxP (G)
n∏

i=2

P (Ai|Ai−1, G) (6)

We estimateP (G), P (Ai|G) andP (Ai|Ai−1, G) using a
plan corpus. Then, for recognition, we first initialize our goal
probabilities withP (G). For each action we observe, we
multiply each goal’s score by the corresponding conditional
probability.

This algorithm has the nice feature of compositionality —
new observations produce conditional probabilities, which
are simply multiplied with the previous predictions. This re-
sults in computational savings, since updates are linear in the
number of goals. It also gives us a good model for early pre-
diction (as desired for our dialogue system), since the model
is based on actions observed so far and does not require all
actions in the plan execution.

Goal Types 12
Goal Sessions 59
Action Types 22
Total Actions 412
Average Actions/Goal 7

Table 2: Statistics for the UNIX corpus

3 Experiments
3.1 The Plan Corpus
We performed several experiments using Lesh’s UNIX plan
corpus[Lesh, 1998]. The corpus was gathered from human
UNIX users (CS undergraduates) at the University of Wash-
ington. Users were given a task in UNIX (a goal), and were
instructed to solve it using a subset of UNIX commands (no
pipes, noawk, etc.) The students’ commands and results
were recorded, as well as whether or not they successfully
accomplished the goal. There were 59 successful goal ses-
sions which involved 12 different goals. Table 1 shows the
individual goals and the number of successful goal sessions
for each.

We automatically removed unsuccessful commands, such
as typos, from each execution. Remaining commands were
stripped of arguments to a base command type form. This
means our training set consisted only of action types (such
as ls , grep , etc.), and did not consider flags or arguments.
We hope to extend our model to incorporate that additional
information in the future (see below).

Table 2 shows some relevant statistics from the resulting
plan corpus. There were 12 possible goals and 22 different
action types used in the goal sessions. On average, there were
7 actions per goal session.

We used cross-validation testing on 56 test cases.2 Because

2The total number of goal sessions was 59, but sessions involving
goals 10, 11 and 12 were not used as test data, since these were
the only exemplars of their goals (see Table 1). These cases were
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of the small size of the UNIX corpus, the training set was
formed by removing only the test case from the corpus for
each test case.

3.2 Evaluation Metrics
As pointed out by Lesh[Lesh, 1998], there is a lack of agreed-
upon metrics and benchmarks for reporting results for plan
and goal recognizers. We use the following metrics to report
our results as they measure the attributes we are seeking for
a goal recognizer (as described above). A test case is the set
of actions executed for a goal. The actions are fed one by one
to the recognizer, which makes predictions after every action.
Each metric is for a single test case. For reporting multiple
test cases, the metric is averaged across all cases.

• Accuracy:The number of correct predictions divided by
the total number of observed actions.

• Converged:Whether or not the final prediction was cor-
rect (i.e., whether the recognizerfinish with the correct
answer).

• Convergence point: If the recognizer converged, at
which point in the input it started giving only the correct
answer. This is reported as an action number (i.e., after
observingx actions); it is also reported as a percentage
of the input according to the following equation:

action# converged on - 1
#actions in execution - 1

Intuitively, this shows how far through the plan execu-
tion the recognizer started (exclusively) predicting the
right goal, with 0% meaning after the first action, and
100% after the final action. A low percentage indicates
that the recognizer is making accurate early predictions.

3.3 Unigram model
For our first experiment, we trained unigram models on the
data (based on Equation 5). To provide for unseen data, where
P (Ai|G) was0, P (Ai|G) was set to be a very small constant.
This smoothing technique allows goalG to still remain possi-
ble, in case other evidence makes it likely, despite the fact that
actionAi was not seen in relation to it in the training data.

With the unigram model, our recognizer achieved an ac-
curacy of 63.1%, with 73.2% of the cases converging. For
cases which converged, the average point of convergence was
23.1% through the input, or after observing an average of 2.4
actions.

Because a unigram model assumes independence of all ac-
tions, it is equivalent to treating actions as an unordered list.3

This assumption is partly to blame for the relatively low ac-
curacy and convergence, since action ordering is important
in the domain. We attempt to rectify this by using a bigram
model below.

It is interesting to note the low point of convergence. This
shows that, for the tests which did converge, they converged
fairly quickly, i.e., the recognizer was able to tell fairly
quickly what the goal was. This quick convergence seems

still used in training for other test cases, however, and were still
candidate goals for recognition.

3This is a list and not a set since actions can be repeated.

partly due to the fact that some goals (such as goal 8, for ex-
ample) were highly correlated with a single command (such
as lpq in this case), which immediately boosted the proba-
bility of the correct goal.

3.4 Bigram model
In our next experiment, we used a bigram model (based on
Equation 6), which encodes at least some ordering into the
actions by considering both the current action and the pre-
ceding action.

We prepend a specialstart action to the front of each
execution, which handles the special case of Equation 6 in
which n = 1, i.e., when we’ve only seen one action so far.
This also encodes information about which actions tend to
begin executions, which may or may not be correlated to the
goal.

For the case whereP (Ai|Ai−1, G) equals 0, i.e., the
bigram was never seen in conjunction with the goal, we
use a unigram back-off model which uses the estimation
P (Ai|Ai−1, G) ≈ P (Ai|G). As with the unigram model
above, ifP (Ai|G) equals 0, we smooth this with a small con-
stant.

As expected, the bigram model performed much better than
the unigram model, with an accuracy of 71.7% and with
83.9% of cases converging. For the tests cases which con-
verged, they converged on average 22.3% through the input,
or after 2.3 actions.

While accuracy and convergence were markedly better
than the unigram model, the convergence point only im-
proved slightly in the bigram model. However, this was al-
ready quite good, and may simply mean that we are approach-
ing a limit on how soon the prediction can be made in this
particular domain.

As for convergence, it is illustrative to look at a goal-by-
goal breakdown of results. Table 3 shows convergence results
for each goal type. For the 9 cases which didn’t converge, 5
are goal 6, which is often misclassified as either goal 1 or
goal 11. This seems mostly to be due to the fact that these
three goals are very similar. Goal 1 is to find a file named
‘core’, goal 6 is to find a large file that hasn’t been changed
for over a month, and goal 11 is to find a file of length 4. All
of these have to do with finding a file with a certain set of
attributes, and in fact, the commandls can be used to learn
all of these attributes about a file. Goal sessions for all three
of these goals mostly consisted of the commandscd andls .

3.5 Goal Abstractions
In our final experiment, we defined an abstraction hierarchy
for goal types. The abstract types and goals they encompass
are shown in Table 4.

As we discussed above, a dialogue system needs to be able
to reason quickly, accurately and early about a user’s goals
and intentions. If the user’s specific goal cannot be deter-
mined, a dialogue system can often use partial information
in formulating a response to the user. These abstract goal
classes represent that partial information. If we are unable to
determine a specific goal, the system can perhaps determine
what the user’s abstract goal is, and this may be enough to
formulate a response.
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Goal# Convergence Competitors
1 10/11 (90.9%) 6:1
2 11/11 (100.0%) none
3 4/5 (80.0%) 9:1
4 2/2 (100.0%) none
5 2/3 (66.7%) 4:1
6 3/8 (37.5%) 1:2, 11:3
7 8/8 (100.0%) none
8 6/6 (100.0%) none
9 1/2 (50.0%) 3:1

Table 3: Convergence by goal in the bigram experiment

Goals which
Abstract Goal Instantiate
Find a file with attributes 1, 2, 6, 7, 10, 11
Find a machine with attributes 3, 9, 12
Compress files with attributes 4, 5
Find a printer with attributes 8

Table 4: Abstract goal types

The probability of an abstract goal is calculated by sim-
ply summing the probabilities of each of its children. For this
experiment, we use the same bigram model as before and per-
form an additional summing at each step to calculate the most
likely abstract goal.

The recognizer predicted abstract goals very well, with
91.0% accuracy and 100.0% of the cases converging. The
average convergence point was 11.6% through the input, or
after 1.7 actions. Table 5 summarizes the results of all three
experiments.

It is important to note that abstract goal recognition does
not occur in competition to, but rather in conjunction with the
specific goal recognition. Of course, it is best to recognize
the specific goal, which our bigram model seemed to do fairly
well, but we can also recognize the abstract goal more quickly
and more accurately. And, there may be many cases where
it will be sufficient for the dialogue system to have just the
abstract goal in order to help the user.

4 Discussion
These initial results are encouraging, but there still remain
significant challenges for scaling up the system to sufficiently
complex domains. In this section, we discuss our goal recog-
nizer in light of the desiderata for dialogue systems we men-

Abstract
Unigram Bigram Goals

Accuracy 63.1% 71.8% 91.0%
Converged 73.2% 83.9% 100.0%
Conv. Point 23.1% 22.3% 11.6%
Conv. Action# 2.4 2.3 1.7

Table 5: Results of the experiments on the UNIX corpus

tioned above. We then discuss several challenges that remain.

4.1 Desiderata
Speed Because it involves a simple probability lookup, our
recognizer is linear in the number of goals (and training it
is linear in the amount of training data). Speed is a big ad-
vantage to this approach. By comparison, logic-based rea-
soning recognizers like[Kautz, 1991] are exponential in the
size of the plan library.4 Several systems[Vilain, 1990;
Lesh, 1998] improve on this time complexity, but at the ex-
pense of expressiveness.

Early/partial prediction Our recognizer was able to make
correct predictions 22.3% (2.3 actions) through the input
with 83.9% overall accuracy, and give correct abstract results
11.9% (1.7 actions) through the input with 100.0% overall
accuracy. This early prediction is crucial to our domain of
dialogue systems.

Most work does not report how early the recognizer makes
correct predictions. Lesh[Lesh, 1998] simulates a task-
completion agent, which, upon recognizing the user’s goal,
steps in to complete the task. He reports5 a convergence point
of 29.9% (after 8.7 actions for an average plan length of 26.8
actions) for the task of searching for a printer with attributes
(4 predicates) and a convergence point of 23.1% (after 4.9
actions for an average plan length of 17.9 actions) for a re-
stricted cooking domain, both with 100.0% accuracy because
Lesh uses a ‘strict consistency’ approach. For most domains,
however, (like the full UNIX corpus), it is unclear if it could
make such early predictions. Because it is based on ‘strict
consistency’, a goal hypothesis must become logically im-
possible before it can be ruled out. In fact, even in for the
domains he reports statistics in, the recognizer rarely recog-
nizes the user’sactual goal exclusively, rather, based on the
set of possible goals, it tries to recognize asufficientgoal that
covers all possible goals. As Lesh points out, many domains
do not lend themselves to the prediction of sufficient goals.

Portability The portability of our goal recognizer depends
on the existence of a plan corpus. If a plan corpus exists or
can be created for the new domain (see section below), all
we have to do is use it to train models for the new domain.6

On the other hand, most goal recognizers (e.g.,[Vilain, 1990;
Carberry, 1990a; Kautz, 1991; Charniak and Goldman, 1993;
Paek and Horvitz, 2000]), require a complete, hand-crafted
plan library in order to perform recognition, which can re-
quire a significant amount of knowledge engineering for each
domain.

4Granted, these systems are performing plan recognition and not
just goal recognition, which makes the comparison unfair. However,
very little work has been done on goal recognition in its own right,
so plan recognizers are all we have to compare against.

5Lesh reports the average length of plan with and without the
task-completion agent, which we used to calculate these conver-
gence points.

6Models could also be trained for different individuals within
a single domain by using a user- (or group-) specific corpus. With
other approaches, user-specific models have greatly improved recog-
nition (e.g.,[Lesh, 1998]).
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Hong’s recognizer[Hong, 2001] only requires knowledge
of plan operators, not the library, but it is unable to make early
predictions, as it usually does not make end-goal predictions
until after it has seen the entire executed plan. Lesh[Lesh,
1998] requires only knowledge of plan operators and domain
goal predicates.

4.2 Challenges
Domain size With only 12 goals and 22 action types, the
UNIX domain is quite small, and it is unclear whether our
recognizer would scale to larger domains. One immediate
fault of our recognizer is that it does not handle parameterized
goals. Each of the 12 goals above is treated as an atomic
unit, and not as a goal schema instantiated with parameters.
One straightforward way to handle parameters would be to
treat a goal schema as an abstract goal, with each possible set
of parameter instantiations as a separate, more specific goal.
However, this would explode the number of goals and, in the
case of 2 or more parameters, lead to a multiple-inheritance
abstraction hierarchy, which is not supported by our current
abstract goal score calculation model.

Hierarchical plans Another shortcoming of the current
recognizer is that, although it handles goal abstraction, it does
not handle hierarchical plans. Complex plans covering longer
time-scales are less likely to be identifiable from a few ob-
servations alone (which tend to reflect more immediate sub-
goals). Ideally, we would want to recognize subgoals for par-
tial results, even if we still cannot recognize the high-level
goal.

Data collection In some domains (like operating systems),
it may be possible to collect enough data from users to train a
recognizer. In most domains, however, it will be infeasible to
collect enough data on users solving goals in order to build ef-
fective statistical models. Furthermore, even it this data could
be collected, the inner structure of the user’s hierarchical plan
would not be explicit from the data (i.e., we can only observe
the primitive actions, not the subgoal structure that motivates
the actions).

As the next step in our research, we plan to explore the use
of AI planners to generate artificial plan corpora to be used
for training. The approach we plan to take combines plan-
ning and Monte-Carlo simulation to generate plan corpora.
The idea is to generate plans stochastically (allowing distri-
butions over different aspects of the planning process, such as
the goals, situations and action decompositions). By combin-
ing “context-free” Monte-Carlo simulation techniques with
richly context-dependent planning algorithms, we hope to ob-
tain a corpus that captures likely user behavior. In addition,
this generated corpus has the big advantage that the subgoal
hierarchy that generates the observed actions is also known.

5 Related Work
As mentioned above,[Vilain, 1990; Lesh, 1998] improve
speed over[Kautz, 1991], but do so at the expense of expres-
siveness. Also, these goal recognizers are typically not able
to make early predictions, as they are unable to distinguish

between consistent goals, even if one is more likely than the
other.

There are several lines of research which incorporate prob-
abilistic reasoning into plan and goal recognition.[Carberry,
1990a] and [Bauer, 1994] use Dempster-Shafer theory and
[Charniak and Goldman, 1993], [Pynadath and Wellman,
1995], and[Paek and Horvitz, 2000] use Belief Networks to
represent the likelihood of possible plans and goals to be at-
tributed to the user. All of these methods, however, require a
complete plan library as well as the assignment of probability
distributions over the library.

[Appelt and Pollack, 1991] and[Goldmanet al., 1999] cast
plan recognition as weighted abduction. However, this also
requires a plan library and the acquisition of weights for ab-
ductive rules. Abduction is also computationally hard, and
it is unclear whether such routines would be fast enough for
complex domains.

Probably the closest work to ours is[Albrechtet al., 1998],
which uses a dynamic belief network (DBN) to do goal
(quest) recognition in a multi-user dungeon (MUD) domain.
The belief network takes into account actions, locations, and
previous quest in recognizing the player’s current quest. Sim-
ilar to our own work, their model uses bigram independence
assumptions for both actions and locations. Conditional prob-
ability distributions for the network are estimated from a cor-
pus of MUD sessions.

Although our approaches are similar in terms of the use
of corpora for training, there appear to be a few significant
differences. Albrechtet al. encode state into their model (in
the form of location and previous quest), whereas our current
system considers only actions. Perhaps more significantly,
they note that the bigram independence assumption is an in-
herent part of DBNs, since relaxing it (say, by using trigram
or 4-gram models) would cause a state-space explosion for
the DBN [Albrechtet al., 1998, 12]. Relaxing the bigram
assumption in our approach should have negligible effect
on system speed, as probability updates are done by simple
lookup, regardless of the size of then-gram. To help alleviate
space issues, we can store only the higher-ordern-grams that
we have good estimates for and use a backoff model similar to
that used in our bigram model. We believe that higher-order
n-grams will have significant predictive power, and plan to
test their use in future research.

6 Conclusions and Future Work
We have presented our initial work on using statistical corpus-
based techniques for goal recognition. Our recognizer is fast
(linear time), does early and partial prediction, and can be
ported to new domains more easily than many recognizers.
We showed several initial experiments using the goal recog-
nizer, in which we achieved high recognition rates with high
accuracy early prediction.

There are several areas of future work that we are inter-
ested in. Several were alluded to above: scaling to larger
domains, incorporating hierarchical plans, and using AI plan-
ners to generate artificial plan corpora.

In addition, we plan to collect a larger human-generated
corpus in the UNIX domain. With more training data, we
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would like to explore using trigram and 4-gram models as
well as more advanced data mining techniques to train the
statistical model.

Finally, as mentioned above, we would like to see how per-
formance can be improved by training on a user-specific cor-
pus. Similarly, we would like to see how different planners
(say a reactive versus a deliberative planner) predict user be-
havior. Perhaps different planners could be used to model
different domains (say domains with time pressure), or even
different personality types.
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Abstract

We present a new general framework for online
probabilistic plan recognition called the Abstract
Hidden Markov Memory Model (AHMEM). The
new model is an extension of the existing Abstract
Hidden Markov Model to allow the policy to have
internal memory which can be updated in a Markov
fashion. We show that the AHMEM can repre-
sent a richer class of probabilistic plans, and at the
same time derive an efficient algorithm for plan
recognition in the AHMEM based on the Rao-
Blackwellised Particle Filter approximate inference
method.

1 Introduction
The ability to perform plan recognition can be very useful in
a wide range of applications such as monitoring and surveil-
lance, decision supports, and team work. However the plan
recognizing agent’s task is usually complicated by the uncer-
tainty in the plan refinement process, in the outcomes of ac-
tions, and in the agent’s observations of the plan. Dealing
with these issues in plan recognition is a challenging task, es-
pecially when the recognition has to be done online so that
the observer can react to the actor’s plan in real-time.

The uncertainty problem has been addressed by the sem-
inal work [Charniak and Goldman, 1993] which phrases
the plan recognition problem as the inference problem in
a Bayesian network representing the process of executing
the actor’s plan. More recent work has considered dy-
namic models for performing plan recognition online [Py-
nadath and Wellman, 1995; 2000; Goldmand et al., 1999;
Huber et al., 1994; Albrecht et al., 1998]. While this offers a
coherent way of modelling and dealing with various sources
of uncertainty in the plan execution model, the computational
complexity and scalability of inference is the main issue, es-
pecially for dynamic models.

Inference in dynamic models such as the Dynamic
Bayesian Networks (DBN) [Nicholson and Brady, 1994] is
more difficult than in a static model. Inference in a static
network utilizes the sparse structure of the graphical model
to make it tractable. In the dynamic case, the DBN belief
state that we need to maintain usually does not preserve the
conditional independence properties of the single time-slice

network, making exact inference intractable even when the
DBN has a sparse structure. Thus, online plan recognition
algorithms based on exact inference will run into problems
when the belief state becomes too large, and will be unable to
scale up to larger or more detailed plan hierarchies.

In our previous work, we have proposed a framework for
online probabilistic plan recognition based on the Abstract
Hidden Markov Models (AHMM) [Bui et al., 2002]. The
AHMM is a stochastic model for representing the execution
of a hierarchy of contingent plans (termed policies). Scal-
ability in policy recognition in the AHMM is achieved by
using an approximate inference scheme known as the Rao-
Blackwellised Particle Filter (RBPF) [Doucet et al., 2000].
It has been shown that this algorithm scales well w.r.t. the
number of levels in the plan hierarchy.

Despite its computational attractiveness, the current
AHMM is limited in its expressiveness, in particular, its in-
ability to represent an uninterrupted sequence of plans and
actions. This is due to the fact that each policy in the AHMM
is purely reactive on the current state and has no memory.
This type of memoryless policies cannot represent an unin-
terrupted sequence of sub-plans since they have no way of
remembering the sub-plan in the sequence that is currently
being executed. In other words, the decision to choose the
next sub-plan can only be dependent on the current state, and
not on the sub-plans that have been chosen in the past. Other
models for plan recognition such that the Probabilistic State
Dependent Grammar (PSDG) [Pynadath and Wellman, 2000;
Pynadath, 1999] are more expressive and do not have this
limitation. Unfortunately, the existing exact inference method
for the PSDG in [Pynadath, 1999] has been found to be flawed
and inadequate [Bui, 2002].

The main motivation in this paper is to extend the existing
AHMM framework to allow for policies with memories to be
considered. We propose an extension of the AHMM called
the Abstract Hidden Markov mEmory Model (AHMEM).
The expressiveness of the new model encompasses that of the
PSDG [Pynadath and Wellman, 2000], thus the new model
removes the current restriction of the AHMM. More impor-
tantly, we show that the RBPF approximate inference method
used for the AHMM can be extended to the more general
AHMEM as well, ensuring that the new generalized model
remains computationally attractive. To the best of our knowl-
edge, we are the first to provide a scalable inference method
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for this general type of hierarchical probabilistic plan hierar-
chy.

The paper is structured as follows. Section 2 provides
a more detailed discussion of the AHMM, PSDG and re-
lated models for online probabilistic plan recognition. The
AHMEM is introduced in section 3 and the algorithms for
plan recognition are presented in section 4. Experimental re-
sults with a prototype system are provided in section 5. Fi-
nally, we conclude and discuss directions for future work in
section 6.

2 Related Models for Online Probabilistic
Plan Recognition

In the AHMM [Bui et al., 2000; 2002], an agent’s probabilis-
tic plan is modeled by an abstract Markov policy (AMP). An
AMP is an extension of a policy in Markov Decision Pro-
cesses (MDP) defined within a subset of the environment state
space so that it can select other more refined AMPs and so
on to form a hierarchy of policies. The AMP is thus simi-
lar to a contingent plan that prescribes which sub-plan should
be invoked at each applicable state of the world. The noisy
observation about the environment state can be modelled by
making the state “hidden”, similar to the hidden state in the
Hidden Markov Models [Rabiner, 1989]. The stochastic pro-
cess resulting from the execution of an AMP is termed the Ab-
stract Hidden Markov Model. Intuitively, the AHMM models
how an AMP causes the adoption of other policies and ac-
tions at different levels of abstraction, which in turn generate
a sequence of states and observations. In the plan recogni-
tion task, an observer is given an AHMM corresponding to
the actor’s plan hierarchy, and is asked to infer about the cur-
rent policy being executed by the actor at all levels of the
hierarchy, taking into account the sequence of observations
currently available. This problem is termed policy recogni-
tion [Bui et al., 2002].

Scalability of policy recognition in the AHMM is
achieved by using a hybrid inference method, a variant
of the Rao-Blackwellised particle filter (RBPF) [Doucet
et al., 2000]. When applied to DBN inference, Rao-
Blackwellisation [Casella and Robert, 1996] splits the net-
work into two sets of variables: the set of variables that need
to be sampled (termed the Rao-Blackwellising (RB) vari-
ables), and the set of remaining variables whose belief state
conditioned on the RB variables need to be maintained via
exact inference (termed the Rao-Blackwellised (RB) belief
state). The RBPF thus allows us to combine sampling-based
approximate inference with exact inference to achieve effi-
ciency and improve accuracy.

The Probabilistic State-Dependent Grammar (PSDG) [Py-
nadath, 1999; Pynadath and Wellman, 2000] can be described
as the Probabilistic Context Free Grammar (PCFG) [Jelinek
et al., 1992], augmented with a state space, and a state transi-
tion probability table for each terminal symbol of the PCFG.
In addition, the probability of each production rule is made
state dependent. As a result, the terminal symbol now acts
like primitive actions and the non-terminal symbol chooses
its expansion depending on the current state. The AHMM
is equivalent to a special class of PSDG where only produc-

tion rules of the form X ! Y X and X ! ; are allowed.
The first rule models the adoption of a lower level policy Y
by a higher level policy X , while the second rule models the
termination of the policy X . The PSDG model considered
by Pynadath and Wellman allows for more general rules of
the form X ! Y1 : : : YmX , i.e., the recursion symbol must
be located at the end of the expansion. Thus in a PSDG, a
policy might be expanded into a sequence of policies at the
lower level which will be executed one after another before
control is returned to the higher level policy.

Although more expressive than the AHMM, the existing
computational method for inference with the PSDG remains
inadequate. Pynadath proposed an exact method for updat-
ing the belief state of the PSDG in a “compact” closed form.
The proposed algorithm seemingly gets around the exponen-
tial blow up in the size of the belief state. Unfortunately, the
derivation of the algorithm is based on a flawed assumption
that the higher levels in the belief state are independent of the
lower levels given the current level. For more details about
the flaw in the inference algorithm for PSDG, interested read-
ers are referred to [Bui, 2002].

The AHMM, PSDG, and the proposed AHMEM are re-
lated to the Hierarchical Abstract Machines (HAM) [Parr,
1998] used in abstract probabilistic planning. In this model,
the policy is represented by a stochastic finite automaton,
which can call other automata at the lower level. Despite their
representational similarity, the computational techniques for
AHMEM and related models are intended for plan recogni-
tion whereas the HAM model is used for speeding up the pro-
cess of finding an optimal policy for MDP.

If we ignore the state dependency, the DBN structure of the
AHMEM and PSDG is similar to the structure of the Hierar-
chical Hidden Markov Model (HHMM) [Fine et al., 1998;
Murphy and Pashkin, 2001]. However, while the HHMM is
a type of Probabilistic Context Free Grammar (PCFG), the
AHMEM and PSDG are not due to the state dependency in
the model.

3 The Abstract Hidden Markov Memory
Models

This section introduces the Abstract Hidden Markov Mem-
ory Models (AHMEM), an extension of the AHMM where
the policy can have internal memory. Our main aim is to
construct a general model for plan recognition whose expres-
siveness encompasses that of the current AHMM and PSDG
models, while retaining the computational attractiveness of
the AHMM framework. We first define the AHMEM in sub-
section 3.1. The DBN structure of the new model is given in
subsection 3.2.

3.1 The Model

Consider an MDP-like model with S representing the states
of the environment, and A representing the set of primitive
actions available to the agent. Each action a 2 A is defined
by its transition probability from the current state s to the next
state s0: �a(s; s0). The set of abstract policies will include
every primitive actions. Furthermore, the AHMM [Bui et al.,
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2000] defines higher level abstract policies on top of a set of
policies as follows:

Definition 1 (Abstract Markov Policy (AMP)). Let � be
a set of AMPs, an AMP �� over � is defined as a tuple
hS�� ; D�� ; ��� ; ���i where:

� S�� � [�2�S� is the set of applicable states.

� D�� � [�2�D� is the set of destination states.

� ��� : D�� ! (0; 1] is the set of stopping probabilities
such that ���(d) = 1;8 d 2 D�� n S�� .

� ��� : S�� � � ! [0; 1] is the selection function where
���(s; �) is the probability that �� selects the policy �
at the state s.

An AMP as defined above is purely reactive, in the sense
that it selects the next policy at the lower level based only on
the current state s. This restricts the set of behaviours that
an AMP can represent. For example, it will not be able to
represent a plan consisting of a few sub-plans, one followed
by another regardless of the state sequence. To represent this
kind of plans, the agent needs to have some form of inter-
nal memory to remember the current stage of execution. Let
M be a set of possible internal memory states. We first ex-
tend the definition of our policy to include a memory variable
which takes on values inM and is updated after each stage of
execution of the policy.1

Definition 2 (Abstract Markov Policy with Memory
(AMPE)). Let � be a set of AMPEs, an AMPE �� over � is
defined as a tuple hS�� ; D�� ; ��� ; ��� ; {e

�� ; �e��i where:

� S�� � [�2�S� is the set of applicable states.

� D�� � [�2�D� is the set of destination states.

� ��� : D�� � M ! (0; 1] is the terminating proba-
bility. ���(d;m) is the probability that the policy ��

would stop if the current state is d and the current mem-
ory value is m.

� ��� : S���M��! [0; 1] is the policy selection prob-
ability. ���(s;m; �) is the probability that �� selects the
policy � at the state s and memory value m.

� {e
�� : S�� � M ! [0; 1] is the initial distribution of

memory values. {e
��(s;m) is the probability that the ini-

tial memory is m if �� commences at state s.

� �e
�� : S�� � M �M ! [0; 1] is the memory transi-

tion probability. �e
��(s;m;m0) is the probability that the

next memory value is m0 given that the current memory
value is m and the current state is s.

Subsequently, we will drop the subscript �� if there is no
confusion about the policy in the context. Note that all the
states in D n S are called terminal states and thus �(d;m) =
1;8m 2 M;d 2 D n S. Also, the policy selection, memory
initial and transition probability have to be proper probability

1One can argue that we can always incorporate the memory vari-
able in the environment state, and hence we gain no extra represen-
tational power just by introducing the memory variables. However,
incorporating the memory variables in the state variable would blow
up the size of the state space and thus defeat our purpose of keeping
the model computationally feasible.

distributions, i.e.
P

�2�
�(s;m; �) = 1,

P
m2M

{e(s;m) =
1, and

P
m02M

�e(s;m;m0) = 1.
When an AMPE �� is executed from a state s, it first

initialises its memory value m according to the distribution
{e(s;m). Then a policy at the lower level � will be selected
according to the distribution �(s;m; �). This policy � will
be executed until it terminates at some state s0. At the new
state s0, the policy �� itself will terminate with probability
�(s0;m). If it does not terminate, the memory variable will
be given a new value m0 according to the transition probabil-
ity �e(s0;m;m0). Then a new policy at the lower level �0 is
selected with probability �(s0;m0; �0) and so on.

Using the AMPEs, we can construct a hierarchy of abstract
policies in the same way as in the AHMM. We start with a set
of primitive actions�0 = A, and for k = 1; : : : ;K build a set
of new AMPEs �k on top of �k�1. Then, if a top-level policy
�K is executed, it invokes a sequence of level-(K-1) policies,
each of which invokes a sequence of level-(K-2) policies and
so on. A level-1 policy will invoke a sequence of primitive
actions which leads to a sequence of states. We can then in-
troduce the hidden states and model the noisy observation of
the state by an observation modelPr(ot j st) = !(st; ot). The
dynamic process of executing a top-level AMPE is termed the
Abstract Hidden Markov mEmory Model (AHMEM).

Some special cases of the AHMEM are worth mention-
ing here. First, the AHMM itself is a special AHMEM. The
memoryless policies of the AHMM are equivalent to AM-
PEs where the dependency on the memory variable is ignored
(e.g. when M is a singleton set). The class of PSDG con-
sidered in [Pynadath, 1999] can also be easily converted to
an AHMEM. The terminal symbols in the PSDG are equiv-
alent to the primitive actions. Each non-terminal symbol is
equivalent to a memoryless policy. In addition, each sequence
Y = Y1Y2 : : : Yn encountered on the RHS of a production
X ! Y1Y2 : : : Yn or X ! Y1Y2 : : : YnX is equivalent to a
policy whose memory m taking on the values 1; : : : ; n. Y
then simply selects the (memoryless) policy Yi if m = i.

Note that in the AHMEM definition, we assume a balanced
policy hierarchy for the ease of presentation (all the actions
must appear at the same bottom level). However, we can also
specify an unbalanced hierarchy by introducing some dummy
policies which are equivalent to primitive actions at the higher
levels in the hierarchy.

3.2 DBN Representation of the AHMEM

The DBN structure of an AHMEM is very similar to that of
an AHMM: at each time slice t, the variable st represents the
current state, �k

t
, k = 0; : : : ;K represents the current pol-

icy at all levels, ek
t

represents whether �k
t

terminates at the
current time, and lt = maxfkjek

t
= Tg denotes the highest

level of termination. In addition to these variables, we need
to introduce the memory variable mk

t
for k � 1 to repre-

sent the current memory value of the policy �k
t

(the primitive
action �0

t
has no memory). The 2-time-slice DBN is given

in Fig. 1. The structure of this network is described below.
Note that if x is a variable, we use the notation xi:j to denote
the sequence (xi; xi+1; : : : ; xj), and similarly xi:j to denote
(xi; xi+1 : : : ; xj).
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Figure 1: The 2-time-slice DBN for AHMEM

Policy Termination and Selection
The policy termination and selection model for the AHMEM
is essentially the same as in the AHMM, except for the depen-
dency on the value of the current memory variable mk

t
. We

note that the same context specific independence [Boutilier et
al., 1996] properties of the AHMM still hold. For example, if
ek�1
t

= F then ek
t
= F and ek

t
becomes independent of the

remaining parents of this variable. Now consider the variable
�k
t

. If ek
t�1 = F then �k

t
= �k

t�1 and �k
t

is independent of the
remaining parents; otherwise, Pr(�k

t
j�k+1

t
; st�1;m

k+1
t

) =

�
�
k+1
t

(st�1;m
k+1
t

; �k
t
) and �k

t
is independent of �k

t�1.

Memory Update
Consider the variable mk

t
. There are two parents of this node

that act like context variables: ek�1
t�1 and ek

t�1. If ek�1
t�1 = F ,

the policy at the lower level has not terminated and memory
is not updated at this time. Thus, mk

t
= mk

t�1, and mk

t
be-

comes independent of all the remaining parents. If ek�1
t�1

= T

then there are two cases. If ek
t�1 = F , the policy at level k

continues from the previous time, and thus the memory value
will be updated according to the memory transition model:
Pr(mk

t
j�k

t
; st�1;m

k

t�1) = �e
�
k

t

(st�1;m
k

t�1;m
k

t
). If ek

t�1 =

T , the policy at level k has just started at state st�1, and thus
the memory value will be initialised: Pr(mk

t
j�k

t
; st�1) =

{e
�
k
t

(st�1;m
k

t
). In this case, mk

t
is independent of the previ-

ous memory value mk

t�1.

3.3 Independence Properties in the AHMEM
Even though AMPEs are more expressive than memoryless
policies, they remain “autonomous”, in the sense that the
higher layers have no influence over the state of an AMPE
during its execution. The only way the higher layers can influ-
ence the current state of an AMPE is through the conditions

at the start: either through the starting state or the starting
time. Thus, the conditional independence theorem for poli-
cies in the AHMM still holds in this more general setting.
We state the theorem for the AHMEM below. The proof for
the AHMM [Bui et al., 2002] can be directly extended to this
general case using the context specific independence proper-
ties described in the previous subsection.

Theorem 1. Let �k
t

and bk
t

be two random variables repre-
senting the starting time and the starting state, respectively,
of the current level-k policy �k

t
: �k

t
= maxft0 < t j ek

t0
= Tg

and bk
t
= s

�
k

t

. Then given the policy �k
t

and its starting
state and time, the set of current policies and memories at the
higher levels are independent of the set of current policies,
memories and state at the lower level:

�k+1:K
t

;mk+1:K
t

? �0:k�1
t

;m1:k
t
; st j�

k

t
; bk
t
; �k
t

(1)

Let rt = (st; lt). Note that knowing l1:t�1 is equivalent to
knowing precisely when each of the policies starts and ends.
Therefore, given r1:t�1, the starting time and state of every
current policy are known. The following corollary is thus a
direct consequence of theorem 1.

Corollary 1. Let Ct represent the conditional joint distribu-
tion Pr(�0:K

t
;m1:K

t
; st j r1:t�1). Then Ct has the following

Bayesian network factorization:

Ct =

 
KY
k=1

Pr(�k
t
;mk

t
j�k�1

t
; r1:t�1)

!
Pr(�0

t
; st j r1:t�1)

Ct thus also has the following undirected network repre-
sentation. We first form the set of cliques: c0 = f�0

t
; stg,

ck = f�k
t
;mk

t
; �k�1

t
g, k = 1 : : : ;K. Note that the set of

cliques c0:K form a chain of cliques in this order, therefore we
term Ct the policy-clique chain. This extends the concept of
the policy chain in the memoryless case of the AHMM [Bui
et al., 2000]. Ct can be factored into the product of poten-
tials on these cliques: Ct /

Q
K

k=0
 k(ck). When  k =

Pr(�k
t
;mk

t
j�k�1

t
; r1:t�1) and  0 = Pr(�0

t
; st j r1:t�1), i.e.

when the potential factorization is the same as the directed
network factorization, the potentials are said to be in canoni-
cal form. Any potential representation of the clique chain can
be canonicalized by first perform message passing (exact in-
ference) to compute the marginal at each clique. The canoni-
cal form can then be computed directly from these marginals.
Later on we will use the undirected representation of Ct for
exact inference, and the canonical form (directed representa-
tion) of Ct for obtaining samples from the joint distribution
using simple forward sampling.

4 Approximate Inference for AHMEM
In this section, we look at the online inference prob-
lem in the AHMEM. Assume that at time t, we have
a sequence of observations about the environment state
o1:t�1 = (o1; : : : ; ot�1). We need to compute the be-
lief state of the DBN which is the joint distribution of
all the current variables given this observation sequence:
Pr(�0:K

t
;m1:K

t
; st; lt; ot j o1:t�1). From this, we can answer

various queries about the current status of the plan execution.

1312 USER MODELING



For example, the marginal probability of �k
t

tells us about
the current policy the actor is executing at some level k; the
probability Pr(mk

t
j�k

t
) tells us about the current stage of ex-

ecution of a policy �k
t

; the probability Pr(ek
t
j�k

t
) tells us if

�k
t

will end after the current time, etc.
Since there is no compact closed form representation

for the above belief state, exact inference in the structure
of the AHMEM is intractable when K is large. How-
ever, theorem 1 suggests that we can apply the Rao-
Blackwellised Particle Filter (RBPF) to this problem in a sim-
ilar way as in the AHMM [Bui et al., 2002], i.e. by us-
ing rt as the Rao-Blackwellising (RB) variables. The Rao-
Blackwellised (RB) belief state is then similar to the origi-
nal belief state of the AHMEM, except that now r1:t�1 are
known: Bt = Pr(�0:K

t
;m1:K

t
; lt; st; ot j r1:t�1). Note that

the RB belief state Bt can be obtained directly from the
policy-clique chain Ct by adding in the network represent-
ing the conditional distribution of ot and e1:K

t
, i.e. Bt =

Pr(e1:K
t

j�0:K
t

;m1:K
t

; st) Pr(ot j st)Ct (see Fig. 2).
Two main steps in the RBPF procedure are: (1) updating

the RB belief state using exact inference, and (2) sampling
the RB variable rt from the current RB belief state.

4.1 Updating the RB Belief State
Fig. 2 shows the modified 2-time-slice DBN when the RB
variables are known (st = s; lt = l). We note that all the
nodes from above level l remain unchanged, while all the
links across time slices from level l and below can be re-
moved. This greatly simplifies the network structure, allow-
ing the updating operations to be performed efficiently.

Since the Bt can be obtained directly from Ct, all we have
to do is to compute Ct+1 from Ct. The procedure for updating
as usual has two stages: (1) absorbing the new evidence, i.e.
from Ct, we need to compute Ct+ = Pr(�0:K

t
;m1:K

t
j r1:t);

and (2) projecting to the new time slice, i.e. from Ct+, we
need to compute Ct+1.

In principle, we apply a simplified version of the junction-
tree algorithm [Jensen, 1996] on the undirected network rep-
resentation of Ct to perform the update step. This is in fact
a generalization of the arc-reversal procedure which operates
on directed network representation of the policy chain in the
AHMM [Bui et al., 2002]. The algorithm for updating the
RB belief state is given in Fig. 3. The absorbing step involves
simply incorporating the evidence likelihood into the poten-
tials of Ct to obtain the potentials for Ct+. The projecting
step involves first adding time-slice t+ 1 to Ct+ (see Fig. 2),
then marginalizing the now redundant variables �0:l

t
, m1:l+1

t

in the old time slice. The marginalization is done by perform-
ing message passing between the cliques of the 2-time-slice
network shown in Fig. 2.

Since the potentials of Ct from level l + 2 to level K stay
unchanged, the complexity of the algorithm isO(l) where l is
the highest level of termination. Furthermore, if one of these
potentials is in canonical form, it remains in canonical form
after the updating procedure.

4.2 RBPF for AHMEM
The full RBPF algorithm for policy recognition in the
AHMEM is provided in Fig 4. The general structure is the

m1

m2
e 2

e 1

mK

0

1

2

3

K

3e
l  = 2

s

o

C t+1C t

tB

t

π

π

π

π

π

=F

=T

=T

time t+1time t

Figure 2: Two time slices of the RB belief state

same as the RBPF procedure for AHMM [Bui et al., 2002].
At each time step t, the algorithm maintains a set of N sam-
ples, each consists of a value for st�1 and lt�1, and a para-
metric representation of Ct. The differences are in the details
of how to obtain new samples and update the RB belief state.

To obtain each new sample (st; lt), we first need to canoni-
calize the potentials of Ct. However, assuming that Ct�1 is in
canonical form, we only have to canonicalize the potentials
of Ct between level 0 and level l + 1 with complexity O(l).
Thus the complexity of the sampling step is O(Nl). Since
the complexity of the updating step is alsoO(Nl), the overall
complexity of the algorithm at each time step is O(Nl). Fur-
thermore, the distribution for l usually decays exponentially,
thus the average complexity is only O(N).

If at some time t, an estimation e.g. Pr(�K
t
j o1:t�1) is

required, we need to compute h = Ct(�
K

t
) for each sam-

ple. This involves performing message passing for the entire
chain Ct. Thus the complexity for this time step is O(NK).
Other types of queries are also possible, as long as the proba-
bility required can be computed from the RB belief state. For
example, we can ask the question: if the actor is currently
executing �k

t
, what is the current stage of execution of this

policy? To answer this query, we need to compute the con-
ditional probability Pr(mk

t
j�k

t
; o1:t�1). This can easily be

achieved by replacing the h function in the algorithm with
h = Ct(m

k

t
j�k
t
).

5 Experimental Results
We have implemented the above algorithm in a surveillance
domain to demonstrate its working in a practical application.
The environment consists of a spatial area which has two sep-
arate rooms and a corridor monitored by a set of 5 cameras
(Fig. 5). The monitored area is divided into a grid of cells,
and the cell coordinates constitute the overall state space S.
The coordinates returned by the cameras are modelled as the
noisy observations of the true coordinates of the tracked per-
son, and over time, provide the sequence of observations o1:t.
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Input: potentials for Ct, evidence s and l
Output: new potentials for Ct+1

Begin
/* absorbing */
 1   1 �  0(�

0
t ; s)

 l+1   l+1 � (1� �
�
l+1
t

(s;ml+1
t

))

For k = 1; : : : ; l
 k   k � ��k

t

(s;mk

t )

/* projecting */
Construct the new cliques:
c
e

l+1 = fm
l+1
t

;m
l+1
t+1; �

l+1
t
g, c0l+1 = f�

l+1
t

; m
l+1
t+1; �

l

t+1g

 
e

l+1 = �
e

�
l+1
t

(s;ml+1
t

;m
l+1
t+1),  

0

l+1 = �
�
l+1
t

(s;ml+1
t+1; �

l

t+1)

Perform message passing along the path
c1 ! c2 ! : : :! cl+1 ! c

e

l+1 ! c
0

l+1

 l+1 =  
0

l+1

 0 = �
�
0
t+1

(s; st+1)

For k = 1 : : : l
 k = �

�
k

t+1
(s;mk

t+1; �
k�1
t+1 ){

e

�
k

t+1
(s;mk

t+1)

End

Figure 3: Updating Ct

At the top-level, each policy models a type of activity per-
formed by the person. For example, print is a policy that
involves a sequence of going to the computer and the printer,
possibly going to the paper store if the printer is out of paper,
and exiting. Note that this policy cannot be represented in the
AHMM framework. In the AHMEM, this can be represented
by a policy whose memory transition model is given in Fig. 6.
The policies at the lower level, such as going to a computer,
model the person’s trajectories toward a set of special land-
marks in the environment. These policies are constructed as
memoryless policies in the same way as in the AHMM [Bui
et al., 2002].

The result of querying the top-level policy for the trajec-
tory in Fig. 5 is given in Fig. 7. The system correctly identi-
fies the most probable policy as print. The result of querying
the memory variable of this policy is given in Fig. 8. The sys-
tem correctly identifies the sequence of lower-level policies
invoked by the print policy. These results are obtained by
running the RBPF algorithm with 3000 samples. The aver-
age processing time for each observation is approximately 0.9
seconds on a 1.7GHz desktop machine. For a more detailed
description of this surveillance system, readers are referred
to [Nguyen et al., 2003].

6 Conclusion
In conclusion, we have presented the Abstract Hidden
Markov Memory Models (AHMEM), a general framework
for representing and recognizing probabilistic plans online.
The new framework extends the AHMM by allowing the poli-
cies to have internal memories which are updated in a Markov
fashion. This allows the AHMEM to represent a richer set
of hierarchical probabilistic plans, including those belonging
to the class of PSDG previously considered. Furthermore,

Begin
For t = 1; 2; : : :

/* sampling step */
For each sample i = 1; 2; : : : ; N

Absorb ot into C(i)
t

.
Canonicalize C(i)

t
, compute wt = Bt(ot).

Sample s(i)
t
; l
(i)

t
from C(i)

t
and Pr(e1:Kt j st; �

0:K
t ;m

1:K
t )

Update weight w(i) = wt

/* re-sampling step */

Normalize the weight ~w(i) = w
(i)

P
N

i=1
w(i)

Re-sample the sample set according to ~w(i)

/* exact step */
For each sample i = 1; 2; : : : ; N

Compute C(i)
t+1 from C(i)

t
and s(i)

t
; l
(i)

t

Compute h(i) = C(i)
t+1(�

k

t+1)
/* Estimation step */
Compute the estimator Pr(�kt+1 j o1:t) � f̂ = 1

N

P
N

i=1
h
(i)

End

Figure 4: RBPF for AHMEM
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Figure 5: The environment and a person’s trajectory
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Figure 6: Memory transition of the policy “print”
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Figure 8: The progress of executing the policy “print”

we have shown that the Rao-Blackwellised Particle Filter
(RBPF) approximate inference method used for the AHMM
can be extended to the AHMEM, resulting in efficient and
scalable procedures for plan recognition in this general set-
ting. Our work demonstrates the advantage of phrasing prob-
abilistic plan recognition as inference in DBN so that suitable
approximate methods can be employed to cope with the com-
plexity issue. A similar approach can be applied to more gen-
eral models to consider more complex plan constructs such
as multi-agent plans, interleaving plans etc.
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Abstract
An interpretation system finds the likely mappings
from portions of an image to real-world objects. An
interpretation policy specifies when to apply which
imaging operator, to which portion of the image,
during every stage of interpretation. Earlier results
compared a number of policies, and demonstrated
that policies that select operators which maximize
the information gain per cost, worked most effec-
tively. However, those policies are myopic — they
rank the operators based only on their immediate re-
wards. This can lead to inferior overall results: it
may be better to use a relatively expensive operator
first, if that operator provides information that will
significantly reduce the cost of the subsequent op-
erators.
This suggests using some lookahead process to
compute the quality for operators non-myopically.
Unfortunately, this is prohibitively expensive for
most domains, especially for domains that have a
large number of complex states. We therefore use
ideas from reinforcement learning to compute the
utility of each operator sequence. In particular, our
system first uses dynamic programming, over ab-
stract simplifications of interpretation states, to pre-
compute the utility of each relevant sequence. It
does this off-line, over a training sample of images.
At run time, our interpretationsystem uses these es-
timates to decide when to use which imaging oper-
ator. Our empirical results, in the challenging real-
world domain of face recognition, demonstrate that
this approach works more effectively than myopic
approaches.

1 Introduction

Interpretation is the process of finding the likely mapping
from portions of an image to real-world objects. It is the ba-
sis for a number of imaging tasks, including recognition (“is
objectX in the image?”) and identification (“which object is
in the image?”), as well as several forms of tracking (“find
all moving objects of typeX in this sequence of images”),
etc. [PL95; HR96]. It is important that an interpretation sys-
tem (IS) be efficient as well as accurate. Any IS should have

access to an inventory of “imaging operators” — like edge de-
tectors, region growers, corner locators, etc., each of which,
when applied to any portion of the image, returns meaningful
tokens (like circles, regions of the same color, etc.). An “inter-
pretation policy” specifies which operator to apply to which
portion of the image, during each step of the interpretation
process. Such policies must, of course, specify the details:
perhaps by specifying exactly which bottom-up operators to
use, and over what portion of the image, if and when to switch
from bottom-up to top-down, which aspects of the model to
seek, etc.

Our earlier work [IG01b] considered various types of poli-
cies, towards demonstrating that an “information theoretic
policy”, which selects operators that maximize the informa-
tion gain per unit cost of the imaging operator, work more ef-
fectively than others. However, the [IG01b] policies evalu-
ate each operator o(·) myopically — i.e., independent of the
cost and effectiveness of subsequent operators that would be
applied, after performing this o(·). To see why this is prob-
lematic, assume the task is to determine whether there is an
airplane in an image, by seeking the various parts of an air-
plane — e.g., the fuselage, wings, engine pods, tailpiece, etc.
Now consider the oep operator that detects and locates the en-
gine pods. As the engine pods are small and often partially-
occluded, oep is probably expensive. However, once these
parts have been located, we expect to find the associated wings
very easily, and then the remaining parts required to identify
the entire airplane. A myopic policy, which evaluates an oper-
ator based only on its immediate cost, would miss this connec-
tion, and so would probably prefer a cheaper operator over the
expensive oep. A better policy would consider “operator in-
teractions” (here, relating oep to (say) the “wing finder opera-
tor”) when deciding which operator to apply. The data in Sec-
tion 5 (related to the complex task of face recognition) shows
that such non-myopic policies can be both more accurate, and
more efficient.

Of course, non-myopic policies must use some type of
lookahead to evaluate the quality of its operators; this can be
combinatorially expensive to compute. We address this con-
cern by (1) dealing with an abstract version of the “interpreta-
tion state space”, and then by (2) using dynamic programming
techniques over this abstracted space, pre-computing many
relevant “utility” [SB98] values off-line [BDB00]. In partic-
ular, our system computes the utility of imaging operator se-
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quences in each state s encountered, based on data from a set
of training examples. It produces a policy, which maps each
state s to the operator o∗s that appears to be the most promis-
ing, incorporating this lookahead. At run-time, our system
finds the best matching state and applies the operator associ-
ated with that situation. Our empirical results, in the domain
of face recognition, show that such policies work effectively
— better than the best results obtained by any of the earlier
myopic systems.

Section 2 presents relevant related work, to help frame our
contributions. Section 3 discusses the salient features of inter-
pretation strategies. Section 4 then presents our approach, of
using reinforcement learning in image interpretation, within
the domain of face recognition, using operators that each cor-
respond to types of eigenfeatures. Section 5 provides empiri-
cal results that support our claims.

2 Related work

We produce an interpretation of an image by applying a se-
quence of operators, where each operator maps the current
state (typically a partial interpretation) to a new state. As the
effects of an operator may depend on information not explic-
itly contained in the state description, this mapping is stochas-
tic. Moreover, each operator has a cost, and the state associ-
ated with the final interpretation has a “quality” (i.e., its ac-
curacy as an interpretation). As such, we view this image-
interpretation task as a “Markov Decision Problem” (MDP).
This means we can apply the host of reinforcement learning
techniques [SB98] to this problem. This specific application
area, of image interpretation, follows the pioneering work of
Draper [BDB00], which shows that dynamic control policies
can outperform hand-coded policies. We extend their work
by addressing and exploiting the issue of operator interactions
and by doing a systematic analysis of the cost and accuracy
tradeoffs in face recognition.

While we could encode each state as the entire image, this
would be too unwieldy. Boutilier et al. [BDH99] survey sev-
eral types of representations in planning problems and discuss
ways to exploit them to ease the computational cost of policies
or plans. Their work focuses on abstraction, aggregation and
decomposition techniques. We use abstractions to reduce the
size of each state, and hence of the state space we are explor-
ing; moreover, we are not concerned with the general plan-
ning problem. Our system is similar to the “forest inventory
management system” [BDL02]. In their system, the output
of some operators provide the input to some other operator,
while in our system the result of one operator is used to nar-
row the search for some other operator. Moreover, our sys-
tem can exploit the structure specific to our task to bound the
lookahead depth.

3 Framework

As suggested above, our overall objective is to produce an ef-
fective interpretation policy — e.g., one that efficiently returns
a sufficiently accurate interpretation, where accuracy and ef-
ficiency are each measured with respect to the underlying task
and the distribution of images that will be encountered. This
section makes this framework more precise. Subsection 3.1

specifies our particular task; Subsection 3.2 lists the strategies
we will evaluate; Subsection 3.3 outlines our performance do-
main, face recognition; and Subsection 3.4 describes the spe-
cific operators we will use.

3.1 Input to the Interpretation System
We assume that our interpretationsystem “IS” is given the fol-
lowing information:
� The distributionD of images that the IS will encounter,
encoded in terms of the distribution of objects and views that
will be seen, etc. For our face recognition task, this corre-
sponds to the distribution of all people the system will see,
which varies over race, gender and age, as well as poses and
sizes. We approximate this using the images given in the train-
ing set. See Figure 1.
� The task T = 〈V; Cmax, Pmin〉 includes two parts:
First,V specifies the objects that the IS should seek, and what
IS should return. Second, the task specification also provides
the “evaluation criteria” for any policy, which is based on both
the expected “accuracy” (Pmin) and the maximum interpreta-
tion “cost” (Cmax), which the IS should not exceed.

Here, V specifies our task is to identify the person from
his/her given test image (wrt the people included in the train-
ing set), subject to the accuracy Pmin and cost requirements
Cmax.
� The set of possible “operators”O = {oi} includes (say)
various edge detectors, region growers, graph matchers, etc.
For each operator oi, we must specify
• its input and output,
• its “effectiveness”, which specifies the accuracy of the

output, as a function of the input.
• its “cost”, as a function of (the size of) its input and pa-

rameter setting.

We will use a specific set of operators in our face recognition
task; we describe these in detail in Section 3.4.

Borrowing from the MDP literature, we view the main in-
put to each operator as its “state”. As we are dealing with
scenes, we could use the entire pixel image as (part of) the
state. However, for reasons of efficiency, we will often use an
abstracted view F( s ) of (our interpretation of the) the scene
s. Section 3.4 presents the specific abstraction we are using.

3.2 Strategies

Strategy INFOGAIN: selects the operator that provides the
largest information gain (per unit cost) at each step. This
myopic strategy first computes the expected information gain
EIG(o) for each possible operator and argument combination
o, as well as the cost c(o). It then executes the operator that
maximizes their ratio, o∗ = argmaxo{EIG(o)/c(o)}.

We focus on this strategy as a number of earlier empirical
studies have demonstrated that it was the best of all of the (my-
opic) strategies considered, across a number of task-contexts
and domains, including simple blocks world [IG01a], car
recognition (identifying the make and model of a car based on
its tail light assembly [IG01a]), as well as the face recognition
system considered here [IG01b].

Strategy BESTSEQ: selects an operator o∗BS that appears to
be the most promising in the current abstract state F( s ), as
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given by the utility o∗BS = π∗(F( s )), where π∗ is the (opti-
mal) mapping from state to actions. See Section 4 for details.

3.3 Face recognition task
We investigate the efficiency and accuracy of the strategies
listed above in the domain of face recognition [TP91; PMS94;
PWHR98; EC97]. This section briefly discusses the promi-
nent “eigenface” technique of face recognition that forms the
basis of our approach; then presents our framework, describ-
ing the representation and the operators we use to identify
faces; and finally presents our face interpretation algorithm,
for identifying a person from a given image of his/her face.

Eigenface and EigenFeature Method: Many of today’s
face recognition systems use Principal Component Analysis
(PCA) [TP91]: Given a set of training images of faces, the
system first forms the covariance matrixC of the images, then
computes the k main eigenvectors of C (“eigenfaces”). Ev-
ery training face hi is then projected into this coordinate space
(“facespace”), producing a vector Ωi = [ω(i)

1 , ω
(i)
2 , . . . , ω

(i)
k ].

During recognition, the test face htest is similarly projected
into the facespace, producing the vector Ωtest, which is then
compared with each of the training faces. The best matching
training face is taken to be the interpretation [TP91].

Following [PMS94], we extend this method to recognize
facial features — eyes, nose, mouth, etc. — which we then use
to help identify the individual in a given test image. We parti-
tion the training data into two sets, T = {h1,i} for construct-
ing the eigenfeatures and S = {h2,i} for collecting statistics,
where each set contains at least one face of each of the n peo-
ple. (Feature regions for the training data T were extracted
using the operators explained in 3.4 and verified manually for
correctness). Letting id(h) denote the person whose face is
given by h, we have id(h1,i) = i = id(h2,i) for i = 1..n;
each remaining h1,j and h2,j (j > n) also maps to 1..n; i.e.,
id(h1,j), id(h2,k) ∈ {1, . . . , n}

We use PCA on the mouth regions of each T image, to pro-
duce a set of eigenvectors; here eigen-mouths. For each face
image hi, let Ω(m)

i be the “feature space” encoding of hi’s
mouth-region. We will later compare the feature space encod-
ing Ω(m)

test of a new image htest against these {Ω(m)
i } vectors,

with the assumption that Ω(m)
test ≈ Ω(m)

i suggests that htest is

really person i — i.e., finding that ‖Ω(m)
test − Ω(m)

i ‖ is small
should suggest that id(htest) = i. (Note ‖ · ‖ refers to the L2

norm, aka Euclidean distance.) To quantify how strong this
belief should be, we compute M = |T | × |S| values {di,j}
where each di,j = ‖Ω(m)

1,i − Ω(m)
2,j ‖ is the Euclidean distance

between the “eigen-mouth encodings” of T ’s h1,i and S’s
h2,j . Using the T training data, we can learn a mapping from

these values to probabilitiesP ( ‖Ω(m)
test −Ω(m)

i ‖ | id(htest) =
i ), which we can use to estimate P (Ω(m)

test | id(htest) = i ).
(See [IG01b] for details.)

We compute similar estimates for the other facial features,
such as nose (n), left eye (le) and right eye (re). We then use
the Naı̈ve-Bayes assumption [DH73] (that features are inde-
pendent, given a specific person) 1 to compute a cumulative

1Of course, this assumption is almost assuredly false in our sit-

“face probability” from these “feature probabilities”: the val-
ues ‖Ω(f)

test −Ω(f)
i ‖ for each feature f , corresponding to a set

ofP (Ω(m)
test | id(htest) = i ) values (one for each individual i).

We then compute

P ( id(htest) = i |Ω(m)
test, Ω(le)

test, Ω(n)
test )

= α · P ( id(htest) = i ) ·
P (Ω(m)

test,Ω
(le)
test,Ω

(n)
test | id(htest) = i )

= α · P ( id(htest) = i ) · P (Ω(m)
test | id(htest) = i ) ·

P (Ω(le)
test | id(htest) = i ) · P (Ω(n)

test | id(htest) = i )

(1)

where α is a scaling constant.

3.4 Operators
We use four classes of operators, O =
{ ole(k, !, r), ore(k, !, r), on(k, !, r), om(k, !, r) } to
detect respectively “left eye”, “right eye”, “nose” and
“mouth”. Each specific operator also takes several pa-
rameters: k ∈ {25, 30, 35, 40, 45} specifies the number
of eigen-vectors being considered; the other parameters
! = 〈!x, !y〉 and r = 〈rx, ry〉 specify the space this operator
will sweep, looking for this feature: It will look in the
rectangle 〈!x ± rx, !y ± ry〉; i.e., sweep rx × ry pixels,
centered at 〈!x, !y〉.

Each instantiated operator o(·) ∈ O takes as input the im-
age of a test face htest, and returns a probabilistic distribution
over the individuals. It has three subtasks: SubTask#1 locates
the feature h(f)

test from within the entire face htest. Here we
use a simple template matching technique in which we search
in the fixed region r of size rx × ry pixels, centered at pixel
!. SubTask#2 then projects the relevant region of the test im-
age h(f)

test into the feature space — computing Ω(f)
test of dimen-

sion k. SubTask#3 uses this Ω(f)
test to compute first the values

di,test = ‖Ω(f)
test − Ω(f)

i ‖ for each person i and then to com-

pute the probabilityP ( id(htest) = i |Ω(f)
test ) for each person

i. We use Equation 1 to update the distribution when consid-
ering the 2nd and subsequent features; see [IG01b]. For each
eigenspace dimension k, we empirically determined the cost
(in milliseconds) of the four operators —

C(ole(k, r, �)) = 9.25 k + 0.25 |r| − 446.00
C(ore(k, r, �)) = 10.35 k + 0.27 |r| − 454.27
C(on(k, r, �)) = 9.95 k + 0.23 |r| − 486.51
C(om(k, r, �)) = 14.4 k + 0.26 |r| − 308.44

where |r| = rx × ry is the size of the range. While increas-
ing the dimensionality k of the feature space should improve
the accuracy of the result, here we see explicitly how this will
increase the cost.

4 Use of Dynamic Programming

This section briefly overviews MDPs, presents “state abstrac-
tion” in face recognition and shows how dynamic program-
ming can be used to compute the utility of operators in ab-
stracted states. We also discuss operator interaction and de-
scribe how it can be exploited in face recognition.

uation. However, this classification has been found to work well in
practice [Mit97].
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4.1 Markov Decision Problem
A Markov Decision Problem can be described as a 4-tuple
〈S, A,M,R〉 where S = {s1, s2, . . . , sn} is a finite set
of states, A = {a1, a2, . . . , am} is a finite set of ac-
tions, M : S ×A× S → [0, 1] is the state transition proba-
bility function (Ma

s,s′ = P ( s′ | s, a ) is the probability that
taking action a in situation s leads to being in state s′) and
R : S × A → � is the reward an agent gets for taking an
action a ∈ A in state s ∈ S. The Markov property holds if
the transition from state si to sj using action a depends only
on si and not the previous history. A policy π : S → A is
a mapping from states to actions. For any policy π, we can
define a utility function Uπ such that

Uπ(s) = max
a

{
R(s, a) +

∑
s′

Ma
s,s′ × Uπ(s′)

}

which corresponds to the expected cumulative rewards of ex-
ecuting the apparently-optimal action a in state s, then follow-
ing policy π after that.

Given an MDP, we naturally seek an optimal policy π∗ —
i.e., a policy that produces the optimal cumulative reward for
each state, U∗(s). Dynamic programming provides a way to
compute this optimal policy, by computing the utilities of the
best actions. Of course, given the values ofU∗(·), the optimal
action at each state s is simply π∗(s) = argmaxa{R(s, a) +∑

s′ Ma
s,s′ × U∗(s′)}.

This can be challenging in the general setting, where se-
quences of actions can map one state to itself; much of the
work in Reinforcement Learning [SB98] is designed to ad-
dress these issues. In our current case, however, we will see
there is a partial order on the states, meaning no sequence of
actions can map a state to itself. Here, we can use dynamic
programming to compute the optimal utility for each “final
step”, then use these values to compute the optimal action (and
utility) for each penultimate state, and so forth.

4.2 State abstraction
An MDP involves “states”. In our face recognition task, any
attempt to define states in terms of the pixel values of an image
would be problematic, as there will be far too many states to
enumerate. Following [BDB00; BDL02], we use the notionof
“abstract states”, which basically redefines an original state in
a much more compact form, using only the certain aspects of
the state. Since we recognize a person using the features, we
define an abstraction function

F( s ) = 〈C, &P, xle, yle, xre, yre, xn, yn, xm, ym〉 (2)

where s is the actual complex state as present in the image and
〈xi, yi〉 denotes the location (center) of feature fi (left eye,
right eye, nose or mouth) in the image. (Here C is the total
cost we have spent so far, and &P = 〈P ( id() = x | &E )〉x is the
current posterior distributionover the possible faces, based on
the current evidence &E.) The location of some feature fi may
not yet be known in an image; here, we use the value of ⊥
for both xi and yi. Further, we say two abstractions are “δ-
equivalent”, written F( s1 ) ≈δ F( s2 ), iff

• s1 and s2 have located the same set of features — i.e.,
xi(s1) = ⊥ iff xi(s2) = ⊥ and

•
∑

i:xi(s1)�=⊥
‖xi(s1) − xi(s2)‖+ ‖yi(s1) − yi(s2)‖ ≤ δ

— i.e., when the distance (in pixels) between the centers
of feature fi in s1 and s2 is small (≤ δ).

As we are using normalized images that contain only faces,
denoting the distance in absolute pixel values is not an issue.
In general, δ is a small, predefined constant; we used 10.2

The result of abstraction is that a large number of complex
states can be described by a small number of compact state
descriptions. Of course, the same abstract state can represent
multiple states — F( s1 ) = F( s2 ) when s1 �= s2.

We use a lookahead algorithm to compute the U -values.
Since we consider only four features, we need a lookahead of
only depth four. Moreover, we can do this during the training
phase. We will use the reward function

R(s, a) =
{

�P ( id() = x∗ | �E ) if a = Stop
−α · t(a) otherwise

(3)

that penalizes each operator a by α times the time t(a) it re-
quired (in seconds) as well as a positivescore for obtaining the
correct interpretation (here x∗ represents that correct identity
of the person in the image.) We used α = 0.2. During the
trainingphase, our system finds the optimal operator sequence
— i.e., the one that has the maximum U ′(s) = U(F( s ))
value, based on the abstracted state F( s ).

4.3 Dynamic Programming
This section shows how to compute U(s) utility values.

Tree expansion: We use four classes of operators O =
{ ole(k, !, r), ore(k, !, r), on(k, !, r), om(k, !, r) }, each
with 5 different values of k ∈ {25, 30, 35, 40, 45}, for a
total of 20 operators (see Section 3.4). The parameters ! =
〈!x, !y〉 and r = 〈rx, ry〉 specify the rectangular area where
the operator will search. Our system does not have to search
over their values; instead, it directly computes their values
from the locations of the features 〈f1, f2, . . . , fi〉 (i < 4) we
have already detected; see Section 4.4.

Our system expands the operator tree exhaustively using a
depth-first search. Of course, the depth of the tree is at most
4 (not 20), as we only consider at most one instance of each
operator along any path.

ComputingU( s ): We compute the various utility values us-
ing a dynamic programming approach:

(i) We first apply every sequence of 4 different operators to
the original image, to produce the set of all possible s(4) leaf
states. Then set U(s(4)) = P ( id() = x∗ | &E ), where x∗ is
the correct interpretation, and &E is the observed locations of
the various features.

(ii) Now consider each state s(3) that involves some set of
3 operators. For each, we can consider all 5 + 1 possible ac-
tions: either Stop, or apply the remaining operator (with one
of the 5 possible k values). We can trivially compute the util-
ity of each option: as P (x∗ | &E′ ) for the Stop action, and
−α t(a) +U(s(4)) if the action a takes time t(a) and produces

2For this value of δ, we found that there were about 1600 entries
of F( s ) totally.
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Figure 1: Training images (top); test images (bottom)

the state s(4). We set U( s(3) ) to be the largest of these 6 val-
ues, and πBS( s(3) ) to the action which produced this largest
values.

After computing U( s(3) ) for all “depth-3” states, we then
recur, to deal with depth-2 states, and so forth.

Of course, these states here actually refer only to the ab-
stracted state F( s ). Moreover, we “bin” these values: Sup-
pose we have encountered some abstracted state F( s1 ). If
we later find a state s2, where F( s1 ) ≈δ F( s2 ), and de-
termine U(F( s1 )) < U(F( s2 )), we would then reset the
value of U(F( s1 )) and πBS(F( s1 )) to be the values found
for F( s2 ).

Retrieving the most promising operator during interpre-
tation: This entire procedure of computing the optimal policy
πBS is done off-line, during the training phase. During inter-
pretation (performance phase), in any state si we (i) find the
“nearest neighbour”F( sj ), such that the sum of the distances
between the corresponding features in F( si ) and F( sj ) is
the minimum over all possible entries; and (ii) return the oper-
ator πBS(F( sj )), which is either “Stop”, or an instantiated
operator — say on(25, 〈50, 66〉, 〈60, 52〉 ). If not-Stop, the
run-time system then executes this operator to locate another
feature, which produces a new state (updating the total cost
and posterior distribution as well). It then determines the next
action to perform, and so forth.

There is one place where our system might perform differ-
ently from what the policy dictates: As we are maintaining the
actual cost so far, and the actual posterior distribution over
interpretations, our run-time system will actually terminate if
either the actual cost has exceeded our specs, or if the highest
probability is above the minimal acceptable value.

Notice, given our specific set-up — e.g., only 4 types of op-
erators that can only be executed once, and which always suc-
ceed, etc. — the policy obtained can be viewed as a “straight-
line” policy: seek one specific feature, than another, until
achieving some termination condition; see Figure 2 for an ex-
ample. In general, this basic dynamic programming approach
could produce more complex policies.

4.4 Operator dependencies
Our face recognition system will exploit a certain type of op-
erator interactions, viz., using the result of one operator to sim-
plify a subsequent one. That is, after detecting some feature
(say the left eye), we expect to have some idea where to find

πBS( 〈C, �P, 〈xle, yle, xre, yre, xn, yn, xm, ym〉〉 )

If C ≥ Cmax ∨ Pmin ≤ maxx P ( id() = x | �E )
Then Return( Stop )
Else Case 〈xle, yle, xre, yre, xn, yn, xm, ym〉 of

� 〈 ⊥, ⊥, ⊥, ⊥, ⊥, ⊥, ⊥, ⊥〉:
Return( ole(25; 〈31, 52〉 ± 〈21, 22〉))

� 〈xle, yle, ⊥, ⊥, ⊥, ⊥, ⊥, ⊥〉:
Return( ore(25; 〈xle + 46, yle + 8〉 ± 〈25, 17〉))

� 〈xle, yle, xre, yre, ⊥, ⊥, ⊥, ⊥〉:
if 〈xle, yle, xre, yre〉 ≈δ 〈16, 43, 50, 38〉
then Return( on(30; 〈xre − 6, yre + 22〉 ± 〈24, 22〉) )
else Return( on(25; 〈xre − 6, yre + 22〉 ± 〈24, 22〉) )

� 〈xle, yle, xre, yre, xn, yn, ⊥, ⊥〉:
if 〈xle, yle, xre, yre, xn, yn〉 ≈δ 〈19, 41, 52, 41, 33, 51〉
then Return( om(30; 〈xn + 14, yn + 30〉 ± 〈31, 19〉) )
else Return( om(25; 〈xn + 14, yn + 30〉 ± 〈31, 18〉) )

� Return( Stop )

Figure 2: Policy πBS learned by BESTSEQ, for
〈Cmax = ∞, Pmin = 0.9〉
the other features (e.g., the right eye). We model this as a lin-
ear function, mapping from the location of the left eye to the
expected location of the right eye. If the left eye was detected
at 〈xle, yle〉, then the expected location of the right eye would
be the window 〈xle + 46, yle + 8〉±〈25, 17〉. We also model
the “variance” — i.e., the size of the search window around
this expected position. To be more precise, let us assume that
the search window for some feature f1 is of size rx1 × ry1

pixels. After detecting feature f2, we instead search for f1 in
a smaller region r′x1 × r′y1, centered at the location that we
computed from f2’s location, using that linear function.

After observing several features (say nose and left eye), we
will have several estimates for the location of the current fea-
ture (here right eye). Here we take the smallest bounding box
and use that as the search area for locating the current feature.
This “factoring” means we need only consider a set of 4 × 3
transformations (of each of the four feature versus the other
three features), rather than deal with all possible subsets.

To make these ideas more concrete: Initially, given no other
information, we would look for the right eye in the region
〈67, 52〉±〈25, 22〉. However, after finding the left eye at loca-
tion !le = 〈25, 50〉 our system knows that, if asked to look for
the right eye, it should search in the region 〈71, 58〉±〈25, 17〉.
(We are not committing to looking for the right eye at this
time; just indicating where to search, if requested.) Notice
this region is different from the one we would consider if we
had not located the left eye; moreover, if we also knew that
the nose was at location !n = 〈30, 50〉 (as well as left eye),
we would use a yet more refined region — here 〈61, 55〉 ±
〈15, 12〉.
4.5 Image interpretation policies
During interpretation, INFOGAIN and (the policy produced
by) BESTSEQ each iteratively select an operator o(k) ∈ O.
(Recall that the values of r and ! are determined from the con-
text (of other detected features); we therefore do not need to
specify them here.) INFOGAIN chooses an instantiated op-
erator o = oIG(kIG) that has the maximum EIG(o)/c(o)
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value. BESTSEQ selects an operator o∗BS = πBS(F( s ))
where s is the current state and πBS is the (optimal) mapping
from state to actions. In each case, the operator is applied to
the appropriate region in the given test face image and the dis-
tribution is updated...until one face is identified with suffi-
ciently high probability (> Pmin) or the system fails (by ex-
hausting all the possible operators, or cost > Cmax).

5 Experiments

We used face images of 102 different people, each 92 × 112
pixels. We assigned 187 images to the set T , another 187 im-
ages to S and used another 333 as test images.3 As shown in
Figure 1, the faces are more or less in the same pose (facing
front), with some small variation in size and orientation.4 We
considered all 20 operators based on the four features listed
above and k ∈ {25, 30, 35, 40, 45} for each feature. The
BESTSEQ interpretation policy decides precisely what oper-
ator oi(k, !, r) to apply on which portion of the image, given
each state (which here corresponds to a specific set of infor-
mation gathered); see Figure 2.

Basic Experiment: We set Pmin = 0.9 and Cmax = ∞
(i.e., no upper limit on identification cost).5 In each “set-up”,
we assigned a random probability to each person (correspond-
ing to drawing a sample with replacement). On each run, we
picked one face randomly from the test set as the target, and
identified it using each of the policies. We repeated this for a
total of 30 runs per set-up, then changed the probability dis-
tribution and repeated the entire process again, for a total of
15 set-ups. The accuracy of identification for INFOGAIN and
BESTSEQ are 89.78% and 90.44%, respectively. (Recall both
were required to obtain at least Pmin = 90%.) The average
cost of identification was 1.045±0.038 and 0.717±0.030 sec-
onds6 for INFOGAIN and BESTSEQ respectively. Hence, we
see BESTSEQ took much less time than INFOGAIN to obtain
this level of accuracy.

The first two rows of Table 1 shows how often INFOGAIN
(resp., BESTSEQ) used one (resp., two, three, four) operators
before terminating, over these 450 runs. We observe the IN-
FOGAIN applied slightly more operators than BESTSEQ on
the average. More importantly, as BESTSEQ can exploit sim-
ple operator interactions, the search area it uses for the sub-
sequent operators can be narrower than INFOGAIN’s. These
two factors result in a much lower cost for BESTSEQ.

Bounding the Cost: In many situations we need to impose a
hard restriction on the total cost; we therefore considered var-

3We assume that any test face-image belongs to one of the people
in the training set, but probably with a different facial expression or
in a slightly different view, and perhaps with some external features
not in the training image (like glasses, hat, etc.), or vice versa.

4(1) These faces were downloaded from the
web sites whitechapel.media.mit.edu and
www.cam-orl.co.uk. (2) This work assumes the head has
already been located and normalized; if not, we can use standard
techniques [TP91] first.

5The other part of the task, V , is “identifying people”; this is true
for all of the experiments discussed here.

6All the experiments reported in this paper were run on a Pentium
866 MHz. PC with 128 MB RAM running Linux OS 2.2.19-12.

Table 1: How often BESTSEQ (INFOGAIN) used k Operators
Cmax 1 2 3 4 ave

IG ∞ 7.11 57.56 10.00 25.33 2.54

BS
∞

(Pmin = 0.9)
8.89 56.00 15.33 19.79 2.46

BS 2.00 11.33 64.89 3.78 20.00 2.32
BS 1.50 11.33 64.89 3.78 20.00 2.32
BS 1.00 11.33 64.89 5.33 19.11 2.34
BS 0.50 65.33 34.67 0.00 0.00 1.35
BS 0.25 100.0 0.00 0.00 0.00 1.00

BS = BESTSEQ; IG = INFOGAIN

ious values ofCmax in the range [0.25–2.0] seconds. We then
picked one face randomly from the test set, and identified the
test image for each of these maximal costs, using INFOGAIN
and BESTSEQ.

As always, we terminate whenever the probability of any
person exceeds Pmin or if the cost exceeds Cmax, returning
the most likely interpretation.

We repeated this experiment for a total of 15 set-ups (each
with a different distribution over the people) and with 30 ran-
dom runs (target face images) per set-up. We found that
74.29% of the policies produced matched the policy shown in
Figure 2.

Figure 3(a) plots the accuracy (the percentage of correct
identifications) for the policies found for various values of
Cmax. In general, the policies produced by BESTSEQ had
better accuracy than the ones produced by INFOGAIN. BEST-
SEQ found different policies for different costs. The bottom
5 rows of Table 1 show how often BESTSEQ used one (resp.,
two, three, four) operators for different values ofCmax before
terminating.

For low cost values (under 0.5 seconds), BESTSEQ per-
forms much better than INFOGAIN (accuracy of ≈65.33%,
versus ≈1.78%). As BESTSEQ was able to exploit operator
interactions. it was able to apply a second (and probably a
third) operator by using a smaller sweep area (!, r) within the
allotted time. Since INFOGAIN does not exploit this, it needed
significantly more time.

Varying the Minimum Accuracy: In this experiment, we
varied Pmin from 0.1 to 0.9. For each of these values, we
chose a face randomly from the test set as the target and iden-
tified it using each of the two policies. During the process, the
first person i in the training set for which P ( id(h) = i | · ) >
Pmin is returned (or if cost > Cmax, the most probable face
is returned). We repeated this for 30 different faces (runs) per
set-up, and repeated the entire process for a total of 15 differ-
ent set-ups. About 70.4% of these policies matched Figure 2.

We evaluated the results in two different ways. First, Fig-
ure 3(b) compares the percentage of wrong identifications of
each policy, for each Pmin value. We see no significant differ-
ence in error between BESTSEQ and INFOGAIN. The second
graph, Figure 3(c), compares the average cost of each policy,
for each Pmin value. Here we see that BESTSEQ has much
lower cost than INFOGAIN. Again, this is because BESTSEQ
can use operator interactions to sweep a narrower region.
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Figure 3: (a) Cost vs. Accuracy (b) Min. Accuracy vs. Error (c) Min. Accuracy vs. Cost

6 Conclusions

Future Work: This paper explored one type of operator in-
teraction: where the output of one operator can be used to help
a subsequent operator — here by reducing the time it will re-
quire to search. Moreover, our operators were relatively sim-
ple, as they always succeeded (or at least, think that they suc-
ceed), and they could be run in any order. As a consequence,
our policy was quite simple — just straight-line sequence of
operators.

There are many ways to extend our analysis. First, it might
be useful to allow each operator to return not just a position,
but also other information, such as confidence (which would
become part of the state). The best policy, then, could use
that information when deciding on the proper future action to
take. If the abstracted state also included other information
about the image, such as average intensity, the policy could
use that information as well. This could result in a policy that
was more complicated and, presumably, more accurate.

Finally, it would be interesting to consider operators that
have some explicit dependency — e.g., one cannot run the
“connect edgel” operator unless we have already run some
“produce edgel” operator. These precedence constraints
would add yet other challenges to our framework.

Contributions: This paper shows how dynamic program-
ming can be used to build efficient interpretation systems. We
argue that computing the utility of operator sequences, which
incorporate the benefits of operator interactions, can play a
significant role towards building efficient interpretation sys-
tems. However, in several real world situations, such systems
may have (i) to deal with complex and unwieldy states, and
(ii) to explore the operator space to find the most promising
operator sequence, which is expensive. We addressed the first
issue by using simplified abstract states in face recognition,
and addressed the second by using an off-line limited looka-
head search to find the most promising operator sequence.

We framed the image interpretation task as a Markov De-
cision Problem and used ideas from reinforcement learning to
compute the utility of imaging operators non-myopically over
a finite lookahead depth in an operator space. We built an in-
terpretation system that uses these concepts and compared its
performance with a successful myopic system in face recog-
nition. Our results show that the former has a much better per-
formance in various experiments that address the cost and ac-
curacy tradeoffs.
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Abstract
This paper proposes a dynamic model supporting
multimodal state space probability distributions
and presents the application of the model in dealing
with visual occlusions when tracking multiple
objects jointly. For a set of hypotheses, multiple
measurements are acquired at each time instant.
The model switches among a set of hypothesized
measurements during the propagation. Two
computationally efficient filtering algorithms are
derived for online joint tracking. Both the
occlusion relationship and state of the objects are
recursively estimated from the history of
measurement data. The switching hypothesized
measurements (SHM) model is generally
applicable to describe various dynamic processes
with multiple alternative measurement methods.

1   Introduction
Visual tracking is important in such application areas as
human-computer interaction, surveillance, and visual
reconstruction. Given a sequence of images containing the
objects that are represented with a parametric motion model,
parameters of the motion model are required to be estimated
in successive frames. Tracking could be difficult due to the
potential variability such as partial or full occlusions of
objects, appearance changes caused by the variation of
object poses or illumination conditions, as well as
distractions from background clutter.

One principle challenge for visual tracking is to develop
an accurate and effective model representation. The
variability in visual environments usually results in a
multimodal state space probability distribution. The Kalman
filter [Brown, 1983; Rohr, 1994], a classical choice
employed in tracking work, is restricted to representing
unimodal probability distributions. Switching linear
dynamic systems (SLDS) [Pavlovic and Rehg, 2000] and
their equivalents [Shumway and Stoffer, 1991; Kim, 1994]
have been used to describe dynamic processes. Intuitively, a
complex dynamic system is represented with a set of linear
models controlled by a switching variable. Joint
probabilistic data association (JPDA) [Bar-Shalom and

Fortmann, 1988] and multiple hypothesis tracking (MHT)
[Cox and Hingorani, 1996] techniques, which represent
multimodal distributions by constructing data association
hypotheses, can be cast in the framework of SLDS as well.
Moreover, Monte Carlo methods such as the Condensation
algorithm [Isard and Blake, 1996] support multimodal
probability densities with sample based representation. By
retaining only the peaks of the probability density, relatively
fewer samples are required in the work of Cham and Rehg
[1999]. A switching model framework of the Condensation
algorithm is also proposed by Isard and Blake [1998].

On the other hand, the measurement process is another
essential issue to deal with the potential variability.
Measurements are not readily available from image
sequences in visual tracking. Even an accurate tracking
model may have a poor performance if the measurements
are too noisy. Parametric models can be used to characterize
appearance changes of target regions [Hager and
Belhumeur, 1998]. In the work of Galvin et al. [1999], two
virtual snakes, a background and a foreground snake for
each object, are generated to resolve the occlusion when two
objects intersect. Rasmussen and Hager [2001] describe a
joint measurement process for tracking multiple objects
enumerating all possible occlusion relationships. The
measurement with respect to the most possible occlusion
relationship is determined from the current frame.
Moreover, layered approach [Wang and Adelson, 1994;
Ayer and Sawhney, 1995; Jojic and Frey, 2001; Tao et al.,
2002] is an efficient way to represent multiple moving
objects. A moving object is characterized by a coherent
motion model over its support region.

In this paper, the idea of switching hypothesized
measurements (SHM), which results in a SHM model
supporting multimodal distributions, is proposed to handle
the potential variability in visual tracking. The approach
acquires a set of hypothesized measurements for different
occlusion hypotheses at each time instant. Comparing with
the above mentioned state space models, the SHM approach
switches among a set of hypothesized measurements rather
than switches among a set of models. Two computationally
efficient filtering algorithms are derived for jointly tracking
multiple objects. Both the occlusion relationship and state of
the objects are estimated from the history of measurements.
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2   Model
2.1  Hypothesized Measurement
For a hidden state sequence {zk} (k ∈ N), the objective of
online tracking is to recursively estimate zk from the set of
all available measurements y1:k = {yi}1≤i≤k up to time k. For a
certain complex system, the estimation may be influenced
by a mode or switching state sequence {sk} as well, with sk

∈ {1, 2, …, L} (L ∈ N). Specifically, the mode switching
originates from the measurement process in our work. The
notion of a measurement is extended to a set of L
hypothesized measurements yk = (yk,1, yk,2, … , yk,L) at each
time instant. Each yk,j (1 ≤ j ≤ L) is called a hypothesized
measurement since it is obtained by assuming that the
switching state sk is j at time k.

To illustrate the idea of hypothesized measurement,
consider the measurement process for jointly tracking two
objects, e.g. a rectangle and a circle, in an image sequence
{gk}. To deal with occlusions between the two objects when
measuring the kth frame gk, the switching state sk is
introduced to describe the depth ordering at time k. sk ∈ {1,
2}, where sk equals 1 if the rectangle is in front of the circle,
and 2 if the circle is in front of the rectangle. The
hypothesized measurement yk,j (1 ≤ j ≤ 2) is denoted as

T
jkjk ),( )2(

,
)1(
, yy , where )1(

, jky  is the measurement for the

rectangle, and )2(
, jky  is the measurement for the circle under

the jth hypothesis.
Under the hypothesis of sk = 1, i.e. the circle is occluded

by the rectangle at time k, the rectangle should be measured
first to acquire )1(

1,ky . Then the observed rectangle is masked
in the image. The occluded area of the circle is ignored and
only the visible region is matched normally to get )2(

1,ky .
Similarly, under the hypothesis of sk = 2, i.e. the rectangle is
occluded by the circle, the circle should be matched first to
get )2(

2,ky , then the masked image is used to measure )1(
2,ky .

Thus, the occlusion will not affect the measurement result. It
is obvious that both hypothesized measurements support the
condition of nonocclusion since different depth orderings of
nonoverlapping objects are visually equivalent. The
probabilities of the hypotheses should be equal in the case
of nonocclusion.

Unfortunately, the occlusion relationship is not given
before hand. The objective of our SHM approach is to
estimate both the switching state and the hidden state from
the history of the hypothesized measurements.

2.2  Linear SHM Model for Joint Tracking
For joint tracking of M (M ∈ N) objects in the scene, the
switching state sk represents the occlusion relationship at
time k. sk ∈ {1, 2, …, L}, and L = M!. We assume the
switching state follows a first order Markov chain with the
following transition probability,

p(sk+1 = i | sk = j) = αi,j, (1)
with ∑

i
ji,α = 1. The hidden state zk is denoted as

TM
kkk ),,,( )()2()1( zzz K , with )(m

kz (1 ≤ m ≤ M) being the state
for the mth object at time k. For a linear process with
Gaussian noise, the hidden state transition model becomes

zk+1 = Fzk + n, (2a)
p(zk+1 | zk) = N(zk+1; Fzk, Q), (2b)

where zzF nn RR ×∈  is the state transition matrix, n is a
zero-mean Gaussian noise with covariance matrix Q, and
N(z; m, Σ) is a Gaussian density with argument z, mean m,
and covariance Σ.

Figure 1: Bayesian network representation of the SHM model

Given the switching state sk at time k, the corresponding
hypothesized measurement 

ksk ,y could be considered as a
proper measurement centering on the hidden state, while
every other yk,j for j ≠ sk is an improper measurement
generated under a wrong assumption. The improper
measurement should be weakly influenced by the hidden
state zk and have a large variance. To simplify the
computation, we assume a normal distribution for a proper
measurement and a uniform distribution for an improper
measurement. The measurement model is simplified as

yk,j =


 =+

otherwise, ,

, if ,,

w

vz kjkk sj
(3a)

p(yk,j | sk, zk) = 


 =

otherwise, ,constant a

, if ),,;( ,, kjkkjk sjN Rzy
(3b)

where vk,j is a zero-mean Gaussian noise with covariance
matrix Rk,j, and w is a uniformly distributed noise, whose
density is a small positive constant. For the measurement of
M objects, yk,j is denoted as TM

jkjkjk ),,,( )(
,

)2(
,

)1(
, yyy K , and vk,j

is written as TM
jkjkjk ),,,( )(

,
)2(

,
)1(
, vvv K . Given the current state,

the conditional independence among the hypothesized
measurements is assumed to make the model
computationally efficient.
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p(yk | sk = j, zk) = p(yk,1, yk,2, …, yk,L | sk = j, zk)
= p(yk,j | sk = j, zk)∏

≠

=
jl

kklk jsp ),|( , zy

∝ N(yk,j; zk, Rk,j). (4)
The SHM model can be represented by a dynamic Bayesian
network shown in figure 1.

3   Method
3.1  Measurement
Multiple, occluding objects are modeled using layer
representation. Layers are indexed by m = 1, 2 , …, M, with
layer 1 being the layer that is closest to the camera and layer
m being behind layer 1, 2, …, m–1. There is one object in
each layer. The number of all occlusion relationship
hypotheses (or depth ordering permutations) is L = M!. Each
permutation is tagged with a index j (1 ≤ j ≤ L).

Under each permutation hypothesis, the object in the
front layer 1 should be measured first from the image gk at
time k. Then the object in layer 2 can be matched from the
masked image, and so on. At last, the object in layer M can
be measured. Occluded points are not matched when
measuring the objects. Measurement results of
nonoverlapping objects should be equivalent for different
depth ordering permutations. Given the reference image gr
(r < k), the measurement is based on minimizing the mean
of squared intensity differences between the current image
and the reference region. Under the jth hypothesis, )(

,
m

jky  is

the hypothesized measurement of the mth object, and )(
,
m

jke  is
the corresponding squared difference mean at time k. The
vector TM

jkjkjk eee ),,,( )(
,

)2(
,

)1(
, K  is written as jk ,e . The

covariance matrix Rk,j is obtained by assuming that the
components of the measurement noise are uncorrelated to
each other, and the variances is proportional to the
corresponding squared difference mean.

3.2  SHM Filter
From a Bayesian perspective, the online tracking problem is
to recursively calculate the posterior state space distribution.
Given the measurement data up to time k, the probability
density function (pdf) of the state is expressed as

p(sk = j, zk | y1:k)
= p(sk = j | y1:k) p(zk | sk = j, y1:k)
=βk,j N(zk; mk,j, Pk,j), (5)

where p(sk = j | y1:k) is denoted as βk,j, with∑
j

jk ,β = 1, and

the conditional density p(zk | sk = j, y1:k) is modeled as a
normal distribution N(zk; mk,j, Pk,j) under each switching
state hypothesis. Thus the pdf p(zk | y1:k) is a mixture of L
Gaussians.

At time k+1, the set of hypothesized measurements yk+1

becomes available, and it is used to update {βk,j, mk,j,
Pk,j}1≤j≤L to {βk+1,i, mk+1,i, Pk+1,i}1≤i≤L via Bayes’ rule.

p(sk+1, sk, zk+1 | y1:k+1)

=
)|(

1

:11 kkp yy +
p(yk+1 | sk+1, zk+1) p(sk+1, sk, zk+1 | y1:k)

∝p(yk+1 | sk+1, zk+1) p(sk+1, sk, zk+1 | y1:k). (6)
In principle, the filtering process has three stages:
prediction, update, and collapsing [Murphy, 1998]. From
(1), (2), (4) and (6), the approximate inference algorithm
can be derived in a similar way as that in a Gaussian sum
filter [Anderson and Moore, 1979].

βk+1,i = p(sk+1  = i | y1:k+1)

≈
∑∑
∑

+++

+++

i
jikjkkik

j
jkji

jikjkkik
j

jkji

N

N

),;(

),;(

|,1,|1,1,,

|,1,|1,1,,

Smy

Smy

βα

βα

, (7a)

p(zk+1 | sk+1=i, sk = j, y1:k+1) ≈ N(zk+1; mk+1,i|j, Pk+1,i|j), (7b)
p(zk+1 | sk+1= i, y1:k+1)
≈ ),;( |,1|,11|,1 jikjikk

j
jik N ++++∑ Pmzβ

≈ N(zk+1; mk+1,i, Pk+1,i), (7c)
where

mk+1|k,j = Fmk,j,
Pk+1|k,j = QFFP +T

jk , ,

ikjkkjik ,1,|1|,1 +++ += RPS ,
1

|,1,|1|,1
−
+++ = jikjkkjik SPK ,

)( ,|1,1|,1,|1|,1 jkkikjikjkkjik +++++ −+= myKmm ,

jkkjikjkkjik ,|1|,1,|1|,1 ++++ −= PKPP ,

),;(

),;(

|,1,|1,1,,

|,1,|1,1,,
|,1

jikjkkik
j

jkji

jikjkkikjkji
jik N

N

+++

+++
+ ∑

=
Smy

Smy

βα

βα
β ,

mk+1,i = jik
j

jik |,1|,1 ++∑ mβ ,

Pk+1,i = jik
j

jik |,1|,1 [ ++∑ Pβ +

]))(( ,1|,1,1|,1
T

ikjikikjik ++++ −− mmmm .
The state at time k+1 is estimated as

ik
i

kk
i

k isps ,11:111 maxarg)|(maxargˆ ++++ === βy , (8a)

),ˆ,ˆ|(maxargˆ 1:11111
1

+++++ ===
+

kkkkkkk ssssp
k

yzz
z

=
kk ssk ˆ|ˆ,1 1++m . (8b)

From (7) it can be seen that the computation of the SHM
filter is slightly more complex than that of multiple Kalman
filters or Gaussian sum filters.

3.3  Fast SHM Filter
When occlusion is the main factor in the potential variability
of joint tracking, we can assume that the measurement noise
under the true occlusion hypothesis is small. When the noise
becomes zero, the measurement model can be simplified as
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p(yk,j | sk, zk) =


 =−

otherwise, ,constant a

, if ),( , kkjk sjzyδ
(9)

where δ(⋅) is the Dirac delta function. Consider the
minimized mean of squared differences as a part of the
hypothesized measurement, so that the definition of
measurement can be generalized as

),( ,,, jkjkjk eyy =′ , ),...,( ,1, Lkkk yyy ′′=′ . (10)
Assume that ek,j is independent on yk,j and zk, and the
posterior density of the squared difference mean is of
exponential distribution for each object (More accurate
expression could be derived using the χ2 distribution.) under
the true hypothesis, the pdf of ek,j is factorized as

p(ek,j | sk, zk) = p(ek,j | sk) =∏
m

k
m

jk sep )|( )(
, , (11a)

)|( )(
, k
m

jk sep




 =−∝

otherwise. ,constant a is

. if ],exp[ )(
, k
m

jk sje
(11b)

The generalized measurement model now becomes
),|( kkk jsp zy =′

= ∏
≠

=′=′
jl

kklkkkjk jspjsp ),|(),|( ,, zyzy

∝ p(yk,j | sk = j, zk) p(ek,j | sk = j, zk)
∝ )( ,, kjkjk zy −δη , (12)

where ηk,j =∏ −
m

m
jke ]exp[ )(

, .

At time k, the conditional pdf of the state is expressed as
)()|,( ,,:1 jkkjkkkk jsp yzyz −=′= δβ , (13)

where βk,j is )|( :1kk jsp y′= , and ),|( :1kkk jsp yz ′=  equals
δ(zk – yk,j). From appendix A, the filtering algorithm is

βk+1,i = )|( 1:11 ++ ′= kk isp y

=
∑∑
∑

++

++

i j
jkikikjkji

j
jkikikjkji

N

N

),;(

),;(

,,1,1,,

,,1,1,,

QFyy

QFyy

ηβα

ηβα

. (14)

The state at time k is estimated as

jk
j

kk
j

k jsps ,:1 maxarg)|(maxargˆ β=′== y , (15a)

k
k

skkkkkk ssp ˆ,:1 ),ˆ|(maxargˆ yyzz
z

=′== . (15b)

The result {
ksk ˆ,y } can then be plugged into a Kalman

filter to achieve improved performance. Such a SHM-
Kalman filter keeps the multimodality of the SHM model
and has attractive computation requirement. In addition, the
collapsing stage is not necessary in the fast SHM filter.

4   Implementation
In practice, we use the second order (constant velocity)
model. The hidden state transition function is









+















 −
=







 +

+

+

0
n

z
z

0I
II

z
z

k

k

k

k

      
  2 1

1

2 , (16)

where zk is the tracked entity (e.g. position and orientation).
The hidden state and state transition matrix can be
correspondingly defined. The switching state transition
probability is set as







−

=−
=

otherwise, ,
1

, if ,1
,

L

ji
ji λ

λ
α (17)

where λ is a small positive value (0.1 in this paper) so that
two successive switching states are more likely to be of the
same label. At the beginning, the reference image gr is set as
the initial image g0. When there is a high confidence in
nonocclusion, the reference image can be adaptively
updated. The objects are assumed to be separated from each
other in g0. The initial β0,j, m0,j, and P0,j should be equal for

different j because of nonocclusion. β0,j = p(s0 = j) = 
L
1 .

The initial mean m0,j is set as a zero vector. The initial
covariance matrix P0,j is set as diagonal with small variances
since the initialization is assumed to be accurate. When an
object is totally occluded by the other objects, no points of
the target region will be matched. The estimation is based
on the result of time k using the state transition function
when no visible region of the object is expected at time k+1.

(a.1) (a.2) (a.3)  (b.1)  (b.2)  (b.3)

(c.1) (c.2) (c.3)  (d.1)  (d.2)  (e)
Figure 2: Results of tracking the two hands of a person
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 (a.1)   (a.2)  (a.3) (a.4)

(b.1) (b.2)  (b.3)   (c)
Figure 3: Results of tracking the four shanks of two persons

5   Results and Discussion
Test results of two video sequences are shown in our
experiments. The state is the position and orientation, and
the second order model is employed. Each measurement is a
translation and rotation.

Figure 2 shows the tracking of two hands of a person as
they cross several times in an image sequence. Figure 2a
shows the three frames of the sequence. Appearance
variation of the hands due to pose changes can be seen.
Figure 2b and 2c demonstrate the tracking efficacy of the
fast SHM filter versus the Kalman filter. The fast SHM filter
successfully tracks both hands under different occlusion
relationships. In figure 2b, one hand is drawn in black
contour when the detected depth order indicates that it is in
front of the other hand. The Kalman filter has a similar
performance when occlusions are not severe, but poor under
heavy occlusions. In figure 2c.3, the distraction from
background clutter causes the Kalman tracker to fail. The
normalized posterior distributions for the vertical position of
the left hand in figure 2a.2 and 2a.3 are shown in figure 2d.1
and 2d.2. When the occlusion is not severe, measurements
under the two hypotheses are the same, and the distribution
is unimodal. Under heavy occlusions, the distribution
becomes multimodal since the two hypothesized
measurements tend to be different. The measurement under
true hypothesis matches the hand correctly, while the
measurement under false hypothesis is distracted by
background clutter. Figure 2e shows the probabilities of the
first occlusion hypothesis (the left hand being in the front)
over the first 300 frames. The probabilities for the three
frames in figure 2a are circled. The probabilities of the two
hypotheses are equal in the nonoverlapping cases, while the
probability of the true hypothesis becomes dominant under
occlusions.

Figure 3 shows the results of jointly tracking the four
shanks of a man and a woman as they cross. The man’s right
shank has been totally occluded in the sequence. There

should be totally 4! = 24 hypotheses if we directly apply the
SHM filter in section 3.2. To reduce the computation, two
reasonable assumptions are made to prune less plausible
hypotheses. Firstly, one’s legs can not simultaneously
occlude and be occluded by the other’s legs. Secondly, the
occlusion relationship between the man and woman can be
determined from their bodies. Thus the whole tracking
procedure is divided into three trackers. The first one tracks
the two bodies of the walkers. According to the detected
occlusion relationship, the two shanks of the person in the
front are then tracked. At last, the shanks of the other person
are tracked in the masked image. Figure 3a shows the results
for the four frames of the sequence (circles are marked on
the man’s body and shanks, and rectangles are marked on
the woman). Figure 3b shows the posterior distributions for
the horizontal position of the occluded body in figure 3a.1-
3a.3. When the two bodies are separated, the density is
unimodal and of a small variance. The density variance
increases when occlusions occur. It becomes multimodal
under heavy occlusions. Figure 3c shows the probabilities of
the woman’s body being in the front. The probabilities for
the four frames in figure 3a are circled.

Under realistic environments, it is understandable that
comparing with the other hypothesized measurements, the
measurement under the true occlusion hypothesis usually
shows more regularity and has smaller variances (or squared
difference means). Thus, the true information (the switching
state and the hidden state) could be enhanced through the
propagation. In addition, the acquirement of multiple
measurements helps decrease the information loss (e.g.
caused by background clutter) during the measurement
process.

6   Conclusion
This paper proposes a SHM model for state space
representation of dynamic systems and derives two efficient
filtering algorithms. Our joint tracking approach explicitly
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reasons about the occlusion relationships. The occlusion
relationship is quantitatively analyzed throughout the
propagation. The information can be used for reference
update and further analysis. Moreover, experimental results
show that our method helps handle appearance changes and
distractions.

The SHM model discusses the measurement switching in
dynamic systems. It is complementary to the idea of model
switching in [Ghahramani and Hinton, 1998]. Our future
study is to effectively combine these two ideas in visual
tracking. Furthermore, the SHM model is generally
applicable to various dynamic processes in which there are
multiple alternative measurement methods.

A   Inference in Fast SHM Filter
The predictive density of the state is

)|,,( :111 kkkk jsisp yz ′== ++

= kkkkkkkk djspjsisp zyzzz )|,(),|,( :111 ′===∫ ++

= ⋅′===+ )|()|( :11 kkkk jspjsisp y

kkkkkk djspp zyzzz ),|()|( :11 ′=∫ +

= kjkkkkjkji dN zyzQFzz )(),;( ,1,, −∫ + δβα

= ),;( ,1,, QFyz jkkjkji N +βα . (18)

After receiving the measurement 1+′ky , the posterior density
is updated using (6).

)|,,( 1:111 +++ ′== kkkk jsisp yz
∝ ),|( 111 +++ =′ kkk isp zy )|,,( :111 kkkk jsisp yz ′== ++

∝ ),;()( ,11,1,1,, QFyzzy jkkkikikjkji N ++++ −δηβα

= ),;()( ,,1,11,1,, QFyyyz jkikikkikjkji N ++++ −δηβα . (19)
The probability of the switching state is updated as

βk+1,i = )|( 1:11 ++ ′= kk isp y

=∑∫ ++++ ′==
j

kkkkk djsisp 11:111 )|,,( zyz

∝ ∑ ++
j

jkikjkjiik N ),;( ,,1,,,1 QFyyβαη . (20)

Since ∑ +
i

ik ,1β = 1, βk+1,i can be calculated by normalizing.

βk+1,i =∑∑
∑
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i j
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j
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