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Abstract

Recent algorithms like RTDP and LAO* combine
the strength of Heuristic Search (HS) and Dynamic
Programming (DP) methods by exploiting knowl-
edge of the initial state and an admissible heuris-
tic function for producing optimal policies without
evaluating the entire space. In this paper, we in-
troduce and analyze three new HS/DP algorithms.
A first general algorithm schema that is a simple
loop in which ‘inconsistent’ reachable states (i.e.,
with residuals greater than a given €) are found and
updated until no such states are found, and serves
to make explicit the basic idea underlying HS/DP
algorithms, leaving other commitments aside. A
second algorithm, that builds on the first and adds
a labeling mechanism for detecting solved states
based on Tarjan’s strongly-connected components
procedure, which is very competitive with existing
approaches. And a third algorithm, that approx-
imates the latter by enforcing the consistency of
the value function over the ‘likely’ reachable states
only, and leads to great time and memory savings,
with no much apparent loss in quality, when transi-
tions have probabilities that differ greatly in value.

1 Introduction

Heuristic search algorithms have been successfully used for
computing optimal solutions to large deterministic problems
(e.g., [Korf, 1997]). In the presence of non-determinism and
feedback, however, solutions are not action sequences but
policies, and while such policies can be characterized and
computed by dynamic programming (DP) methods [Bellman,
1957; Howard, 1960], DP methods take all states into account
and thus cannot scale up to large problems [Boutilier e al.,
1999]. Recent algorithms like RTDP [Barto et al., 1995] and
LAO* [Hansen and Zilberstein, 2001], combine the strength
of Heuristic Search and Dynamic Programming methods by
exploiting knowledge of the initial state sy and an admissi-
ble heuristic function (lower bound) & for computing opti-
mal policies without having to evaluate the entire space. In
this paper we aim to contribute to the theory and practice
of Heuristic Search/Dynamic Programming methods by for-
mulating and analyzing three new HS/DP algorithms. The
first algorithm, called FIND-and-REVISE is a general schema
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that comprises a loop in which states reachable from sy and
the greedy policy that have Bellman residuals greater than a
given e (we call them ‘inconsistent’ states), are found and up-
dated until no one is left. FIND-and-REVISE makes explicit
the basic idea underlying HS/DP algorithms, including RTDP
and LAO*. We prove the convergence, complexity, and op-
timality of FIND-and-REVISE, and introduce the second al-
gorithm, HDP, that builds on it, and adds a labeling mech-
anism for detecting solved states based on Tarjan’s efficient
strongly-connected components procedure [Tarjan, 1972]. A
state is solved when it reaches only ‘consistent’ states, and
solved states are skipped in all future searches. HDP termi-
nates when the initial state is solved. HDP inherits the con-
vergence and optimality properties of the general FIND-and-
REVISE schema and is strongly competitive with existing ap-
proaches. The third algorithm, HDP(i), is like HDP, except
that while HDP computes a value function by enforcing its
consistency over all reachable states (i.e., reachable from sg
and the greedy policy), HDP(7) enforces consistency over the
‘likely’ reachable states only. We show that this approxima-
tion, suitably formalized, can lead to great savings in time and
memory, with no much apparent loss in quality, when transi-
tions have probabilities that differ greatly in value.

Our motivation is twofold: to gain a better understanding
of HS/DP methods for planning with uncertainty, and to de-
velop more effective HS/DP algorithms for both optimal and
approximate planning.

2 Preliminaries

2.1 Model

We model non-deterministic planning problems with full
feedback with state models that differ from those used in the
classical setting in two ways: first, state transitions become
probabilistic; second, states are fully observable. The result-
ing models are known as Markov Decision Processes (MDPs)
and more specifically as Stochastic Shortest-Path Problems
[Bertsekas, 19951, and they are given by:!

MI1. adiscrete and finite state space S,

M2. an initial state s € S,

M3. aset G C S of goal states,

M4. actions A(s) C A applicable in each state s € S,
M5. transition probabilities P, (s'|s) for s € S, a € A(s),

'For discounted and other formulations, see [Puterman, 1994].
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M6. positive action costs ¢(a, s) > 0, and
M7. fully observable states.

Due to the presence of full feedback (M7) and the standard
Markovian assumptions, the solution of an MDP takes the
form of a function 7 mapping states s into actions a € A(s).
Such a function is called a policy. A policy 7 assigns a prob-
ability to every state trajectory sgp, S1, S2, - . . starting in state
sp which is given by the product of the transition probabili-
ties P, (s;+1]si) where a; = m(s;). If we further assume that
actions in goal states have no costs and produce no changes
(i.e., c(a,s) = 0and P,(s|s) = 1if s € G), the expected cost
associated with a policy 7 starting in state sp is given by the
weighted average of the probability of such trajectories times
their cost Y-~ ¢(m(si), ;). An optimal solution is a policy
m* that has a minimum expected cost for all possible initial
states. An optimal solution is guaranteed to exist provided the
following assumption holds [Bertsekas, 1995]:

MS. the goal is reachable from every state with non-zero
probability.

Since the initial state sy of the system is fixed, there is in
principle no need to compute a complete policy but a partial
policy prescribing the action to take in the states that can be
reached following the policy from sg. Traditional dynamic
programming methods like value or policy iteration compute
complete policies, while recent heuristic search DP methods
like RTDP and LAO* compute partial policies. They achieve
this by means of suitable heuristic functions h(s) that provide
admissible estimates (lower bounds) of the expected cost to
reach the goal from any state s.

2.2 Dynamic Programming

Any heuristic or value function h defines a greedy policy my,:
s'|s) h(s") (1)

mh(s) £ argmin c(a,s) + Z
s€A(s) s'es

where the expected cost from the resulting states s’ is as-
sumed to be given by h(s'). We call 7y, (s) the greedy action
in s for the value function h. If we denote the optimal (ex-
pected) cost from a state s to the goal by V*(s), it is well
known that the greedy policy 7}, is optimal when h is the op-
timal cost function, i.e. h = V*.

While due to the possible presence of ties in (1), the greedy
policy is not unique, we will assume throughout the paper
that these ties are broken systematically using an static order-
ing on actions. As a result, every value function V' defines a
unique greedy policy 7y, and the optimal cost function V'*
defines a unique optimal policy 7y . We define the relevant
states as the states that are reachable from s( using this opti-
mal policy; they constitute a minimal set of states over which
the optimal value function needs to be defined.?

Value iteration (VI) is a standard dynamic programming
method for solving MDPs and is based on computing the op-
timal cost function V* and plugging it into the greedy policy
(1). This optimal cost function is the only solution to the fixed

This definition of ‘relevant states’ is more restricted than the

one in [Barto et al., 1995] that includes the states reachable from sg
by any optimal policy.
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point equation:

Vi(s) = arerg?)ca s) + Z P,(
s'eS

also known as Bellman’s equation. For stochastic short-
est path problems like M1-M8 above, the border condition
V(s) = 0 is also needed for goal states s € (. Value it-
eration solves (2) by plugging an initial guess for V* in the
right-hand side of (2) and obtaining a new guess on the left-
hand side. In the form of VI known as asynchronous value
iteration [Bertsekas, 1995], this operation can be expressed
as:

15) V(s @

min ¢(a,s) + V(s") 3)
s'eS

where V' is a vector of size |.S| initialized arbitrarily (normally
to 0) and where the equality in (2) is replaced by assignment.
The use of expression (3) for updating a state value in V' is
called a state update or simply an update. In standard (syn-
chronous) value iteration, all states are updated in parallel,
while in asynchronous value iteration, only a selected subset
of states is selected for update at a time. In both cases, it is
known that if all states are updated infinitely often, the value
function V' converges eventually to the optimal value func-
tion. From a practical point of view, value iteration is stopped
when the Bellman error or residual defined as the difference
between left and right in (2):

R(s) ¥ V(s)—<m1n cla,s) + ) Pul ))‘
a€A
s'esS

over all states s is sufficiently small. In the discounted MDP
formulation, a bound on the policy loss (the difference be-
tween the expected cost of the policy and the expected cost
of the optimal policy) can be obtained as a simple expres-
sion of the discount factor and the maximum residual. In
stochastic shortest path models, no similar closed-form bound
is known, although such bound can be computed [Bertsekas,
1995]. Thus, one can execute value iteration until the max-
imum residual becomes smaller than a given ¢, then if the
bound on the policy loss is higher than desired, the same pro-
cess can be repeated with a smaller € (e.g., €/2) and so on (see
[Hansen and Zilberstein, 2001] for a similar idea). For these
reasons, we will take as our basic task below, the computa-
tion of a value function V (s) with residuals no greater than a
given parameter € > (.

One last definition and a few known results before we pro-
ceed. We say that cost function V' is monotonic iff

V(s) < min ¢(a,s)+ Z P,(s'|s)V(s") @
a€A(s)
s'eS

for every s € S. Notice that a monotonic value function
never decreases when updated, and moreover, must increase
by more than ¢ when updated in a state s whose residual
is greater than e. As in the deterministic setting, a non-
monotonic cost function can be made monotonic by simply
taking the value V (s) to be the max between V (s) and the
right-hand side of Bellman’s equation. The following results
are well known.

Theorem 1 a) The optimal values V*(s) of a model M1-M8
are non-negative and finite; b) the monotonicity and admis-
sibility of a value function are preserved through updates.
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start with a lower bound function V' := h

repeat
FIND a state s in the greedy graph Gy with R(s) > €
REVISE V at s

until no such state is found

return V'

Algorithm 1: FIND-and-REVISE

3 Find-and-Revise

The FIND-and-REVISE schema is a general asynchronous VI
algorithm that exploits knowledge of the initial state and an
admissible heuristic for computing optimal or nearly optimal
policies without having to evaluate the entire space. Let us
say that a value function V is e-consistent (inconsistent) over
a state s when the residual over s is no greater (greater) than e,
and that V itself is e-consistent when it is e-consistent over all
the states reachable from sy and the greedy policy 7y. Then
FIND-and-REVISE computes an e-consistent value function by
simply searching for inconsistent states in the greedy graph
and updating them until no such states are left; see Alg. 1.

The greedy graph Gy refers to the graph resulting from
the execution of the greedy policy 7y starting in sg; i.e., sq 1S
the single root node in G'v,and for every non-goal state s in
Gy, its children are the states that may result from executing
the action 7(s) in s.

The procedures FIND and REVISE are the two parameters of
the FIND-and-REVISE procedure. For the convergence, opti-
mality, and complexity of FIND-and-REVISE, we assume that
FIND searches the graph systematically, and REVISE of V at
s updates V' at s (and possibly at some other states), both
operations taking O(|S]) time.

Theorem 2 (Convergence) For a planning model M1-M8
with an initial value function h that is admissible and
monotonic, FIND-and-REVISE yields an e-consistent value
function in a number of loop iterations no greater than
€1 Y5 V*(s) — h(s), where each iteration has time com-

plexity O(|S]).

Theorem 3 (Optimality) For a planning model M1-M8 with
an initial admissible and monotonic value function, the value
function computed by FIND-and-REVISE approaches the op-
timal value function over all relevant states as € goes to 0.

4 Labeling

We consider next a particular instance of the general FIND-
and-REVISE schema in which the FIND operation is carried
out by a systematic Depth-First Search that keeps track of
the states visited. In addition, we consider a labeling scheme
on top of this search that detects, with almost no overhead,
when a state is solved, and hence, when it can be skipped
in all future searches. A state s is defined as solved when
the value function V' is e-consistent over s and over all states
reachable from s and the greedy policy 7y . Clearly, when this
condition holds no further updates are needed in s or the states
reachable from s. The resulting algorithm terminates when
the initial state sg is solved and hence when an e-consistent
value function has been obtained.
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Figure 1: A graph and its strongly-connected components.

Due to the presence of cycles in the greedy graph, bottom-
up algorithms common in AO* implementations cannot be
used. Indeed, if s is reachable (in the greedy graph) from
a descendant s’ of s, then bottom-up approaches will be un-
able to label either state as solved. A labeling mechanism that
works in the presence of cycles is presented in [Bonet and
Geftner, 2003] for improving the convergence of RTDP. Basi-
cally, after each RTDP trial, an attempt is made to label the last
unsolved state s in the trial by triggering a systematic search
for inconsistent states from s. If one such state is found, it
is updated, and a new trial is executed. Otherwise, the state
s and all its unsolved descendants are labeled as solved, and
a new cycle of RTDP trials and labeling checks is triggered.
Here we take this idea and improve it by removing the need
of an extra search for label checking. The label checking will
be done as part of the FIND (DFS) search with almost no over-
head, exploiting Tarjan’s linear algorithm for detecting the
strongly-connected components of a directed graph [Tarjan,
1972], and a correspondence between the strongly-connected
components of the greedy graph and the minimal collections
of states that can be labeled at the same time.

Consider the (directed) greedy graph G'y- and the relation
‘~’ between pairs of states s and s’ that holds when s = s’
or when s is reachable from s’ and s is reachable from s
in Gy. The strongly-connected components of Gy are the
equivalence classes defined by this relation and form a parti-
tion of the set of states in GGy-. For example, for the greedy
graph in Fig. 1, where 2 and 4 are terminal (goal) states, the
components are C; = {4}, C, = {1,5}, C5 = {2}, and
Cy = {0,3,6,7}. Tarjan’s algorithm detects the strongly-
connected components of a directed graph in time O(n + ¢)
while traversing the graph depth-first, where n stands for the
number of states (n < |S| in Gv) and e for the number of
edges.

The relationship between labeling and strongly-connected
components in Gy is quite direct. Let us say first that a
component C' is e-consistent when all states s € C are e-
consistent, and that a component C' is solved when every state
s € C is solved. Let’s then define G§ as the graph whose
nodes are the components of Gy and whose directed edges
are C — C' when some state in C" is reachable from some
state in C. Clearly, G§/ is an acyclic graph as two compo-
nents which are reachable from each other will be collapsed
into the same equivalence class. In addition,

1. a state s is solved iff its component C' is solved, and
furthermore,
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2. acomponent C'is solved iff C'is consistent and all com-
ponents C', C' — C’, are solved.

The problem of labeling states in the cyclic graph Gy can
thus be mapped into the problem of labeling the components
in the acyclic graph G;, which can be done in bottom up
fashion.

From Fig. 1 is easy to visualize the component graph asso-
ciated to the greedy graph. Thus, if 2 is the only inconsistent
state, for example, we can label the components C and C»
as solved, while leaving C3 and C} unsolved.

The code that simultaneously checks in depth-first fashion
the consistency of the states and the possibility of labeling
them is shown in Alg. 2. We call the resulting algorithm,
HDP. HDP inherits its convergence and optimality properties
from the FIND-and-REVISE schema and the correctness of the
labeling mechanism.

We do not have space to explain HDP code in detail, yet it
should be clear to those familiar with Tarjan’s algorithm; in
particular, the use of the state visit number, S.IDX, and the
‘low-link’ number, S.LOW, for detecting when a new compo-
nent has been found. The flag flag and the (normal) propa-
gation of the visit numbers prevent a component from being
labeled as solved when it is inconsistent or can reach an in-
consistent component.

Theorem 4 (Correctness) The value function computed by
HDP for a planning model M 1-MS8, given an initial admissible
and monotonic value function, is e-consistent.

5 Experimental Results

We now evaluate the performance of HDP in comparison with
other recent Heuristic Search/DP algorithms such as the sec-
ond code for LAO* in [Hansen and Zilberstein, 2001], that we
call Improved LAO* (ILAO*), and Labeled RTDP (LRTDP), a
recent improvement of RTDP that accelerates its convergence
[Bonet and Geffner, 2003]. We use parallel Value Iteration as
the baseline. We’ve implemented all these algorithms in C++
and the experiments have been run on a Sun Fire-280R with
750 MHz and 1Gb of RAM.

The domain that we use for the experiments is the racetrack
from [Barto er al., 1995]. The states are tuples (z,y, dz, dy)
that represent the position and speed of the car in the z,y
dimensions. The actions are pairs a = (az,ay) of instan-
taneous accelerations where az,ay € {—1,0,1}. Uncer-
tainty in this domain comes from assuming that the road is
‘slippery’ and as a result, the car may fail to accelerate or
desaccelerate. More precisely, an action a = (ax, ay) has
its intended effect with probability 1 — p, while with prob-
ability p the action effects correspond to those of the action
ap = (0,0). Also, when the car hits a wall, its velocity is set
to zero and its position is left intact (this is different than in
[Barto et al., 1995] where for some reason the car is moved
to the start position).

We consider the track large-b from [Barto et al., 1995],
h-track from [Hansen and Zilberstein, 2001],> and five
other tracks (squares and rings of different size). Informa-
tion about these instances can be found in the first three rows

3Taken from the source code of LAO*.
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HDP(s : state)
begin
while —s.SOLVED do
// perform DFS
index := 0
DFS(s)
[ reset IDX to oo for visited states ]
[clean stack and visited ]

end

FS(s : state)
egin
// base case
if s.SOLVED V s.GOAL then
8.SOLVED := true
L return false

T o

// check residual
if s.RESIDUAL > ¢ then
L $.UPDATE()
return true

// mark state as active

visited.PUSH(s)

stack.PUSH(s)

5.IDX := §.LOW := index

index := index + 1

// recursive call

flag := false

for s’ € s.SUCCESSORS do

if s'.IDX = oo then

flag := flag V DFs(s")
s.LOW := min{ s.LOW, s’.LOW }

elseif s € stack then
| s.Low := min{ s.Low, s".IDX }

// update if necessary
if flag then
L $.UPDATE()
return true

// try to label
else if s.IDX = s.LOW then
while stack.TOP # s do
L s’ 1= stack.Pop()
s’ .SOLVED := true
stack.Pop()
S$.SOLVED := true

return flag

end

Algorithm 2: HDP.

of Table 1, including number of states, optimal cost, and per-
centage of states that are relevant.

As heuristic, we follow [Bonet and Geffner, 2003], and use
the domain independent admissible and monotonic heuristic
hmin, obtained by replacing the expected cost in Bellman
equation by the best possible cost. The total time spent com-
puting heuristic values is roughly the same for the different
algorithms (except VI), and is shown separately in the fifth
row in the table, along with its value for sy. The experiments
are carried with three heuristics: h = hpin, b = hpmin/2,
and h = 0.

The results are shown in Table 1. HDP dominates the other
algorithms over all the instances for h = h,;,;;,, while LRTDP
is best (with one or two exceptions) when the weaker heuris-
tics hynin/2 and O are used. Thus, while HDP seems best for
exploiting good heuristic information over these instances,
LRTDP bootstraps more quickly (i.e., it quickly computes a
good value function). We hope to understand the reasons for

SEARCH



| algorithm | large-b | h-track | square-1 | square-2 | ring-1 [ ring-2 [ ring-3 [ ring-4
[S] 23880 53597 42071 383950 5895 33068 94369 353991
V*(s0) 18.73356 41.89504 8.07350 11.13041 | 11.04923 | 16.09833 | 22.04798 | 27.78572

% relevant 18.58 17.12 1.79 0.25 10.70 11.10 10.91 9.98
hmin (50) 16.0 36.0 7.0 10.0 10.0 14.0 19.0 24.0
time for hmin 3.157 13.422 4.509 72.853 0.555 4.558 16.745 85.766
VI(Amin) 4.039 12.620 5.873 81.270 0.614 5.287 19.466 90.895

ILAO * (hmin) 3.776 13.062 0.389 0.942 0.332 6.095 24.422 145.047
LRTDP(Amin ) 3.230 7.618 0.179 0.363 0.143 1.301 4.928 37.992
HDP(h mm) 1.888 7.547 0.148 0.275 0.121 1.101 4.145 30.511
VI(hmin [2) 4.069 14.275 6.147 89.248 0.636 5.704 24.385 100.130

ILAO * (hmin/2) 6.346 26.057 2.106 68.028 0.765 9.801 32.415 174.089
LRTDP(Amin/2) 4.744 12.987 0.813 7.736 0.302 2.480 12.687 152.200
HDP(hmin /2) 6.402 26.663 1.255 20.952 0.331 3.536 15.982 98.033
vi(h =0) 5.785 21.021 8.445 89.152 0.675 5.809 20.979 101.616

ILAO * (h = 0) 9.522 46.754 11.230 187.463 1.290 9.894 45.989 310.876
LRTDP(h = 0) 6.435 15.276 3.286 45.514 0.431 3.682 19.424 261.286
HDP(h = 0) 9.752 42.601 3.579 79.171 0.994 6.173 25.992 157.646

Table 1: Problem data and convergence time in seconds for the different algorithms with different heuristics.

Results for

€ = 1072 and probability p = 0.2. Faster times are shown in bold.

these differences in the future.

6 Approximation

HDP, like FIND-and-REVISE, computes a value function V' by
enforcing its consistency over the states reachable from sg
and the greedy policy my-. The final variation we consider,
that we call HDP(7), works in the same way, yet it enforces
the consistency of the value function V' only over the states
that are reachable from sy and the greedy policy with some
minimum likelihood.

For efficiency, we formalize this notion of likelihood, using
a non-negative integer scale, where 0 refers to a normal out-
come, 1 refers to a somewhat surprising outcome, 2 to a still
more surprising outcome, and so on. We call these measures
plausibilities, although it should be kept in mind, that O refers
to the most plausible outcomes, thus ‘plausibility greater than
1”, means ‘a plausibility measure smaller than or equal to ¢.’

We obtain the transition plausibilities x,(s’|s) from the
corresponding transition probabilities by the following dis-
cretization:

rals']s) = |~ logy (P, s"1s)] - (5)
with k4 (s'|s) = oo when P,(s'|s) = 0. Plausibilities are
thus ‘normalized’: the most plausible next states have always
plausibility 0. These transition plausibilities are then com-
bined by the rules of the  calculus [Spohn, 1988] which is
a calculus isomorphic to the probability calculus (e.g. [Gold-
szmidt and Pearl, 1996]). The plausibility of a state trajectory
given the initial state, is given by the sum of the transition
plausibilities in the trajectory, and the plausibility of reach-
ing a state, is given by the plausibility of the most plausible
trajectory reaching the state.

The HDP() algorithm, for a non-negative integer 4, com-
putes a value function V' by enforcing its (e-)consistency over
the states reachable from sqg with plausibility greater than
or equal to i. HDP(i) produces approximate policies fast by
pruning certain paths in the search. The simplest case results

(5']3)/ max P
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from = 0, as the code for HDP(0) corresponds exactly to the
code for HDP, except that the possible successors of a state s
in the greedy graph are replaced by the plausible successors.

HDP(i) computes lower bounds that tend to be quite tight
over the states that can be reached with plausibility no smaller
than 7. At run time, however, executions may contain ‘sur-
prising’ outcomes, taking the system ‘out’ of this envelope,
into states where the quality of the value function and its cor-
responding policy, are poor. To deal with those situations,
we define a version of HDP(7), called HDP(i, j), that inter-
leaves planning and execution as follows. HDP(i,j) plans
from s = s by means of the HDP(i) algorithm, then exe-
cutes this policy until a state trajectory with plausibility mea-
sure greater than or equal to j, and leading to a (non-goal)
state s’ is obtained. At that point, the algorithm replans from
s' with HDP(7), and the same execution and replanning cycle
is followed until reaching the goal. Clearly, for sufficiently
large j, HDP(i, j) reduces to HDP(7), and for large 7, HDP()
reduces to HDP.

Table 2 shows the average cost for HDP(7, j) for i = 0
(i.e., most plausible transitions considered only), and several
values for j (replanning thresholds). Each entry in the ta-
ble correspond to an average over 100 independent execu-
tions. We also include the average cost for the greedy policy
with respect to h,;, as a bottom-line reference for the fig-
ures. Memory in the table refers to the number of evaluated
states. As these results show, there is a smooth tradeoff be-
tween quality (average cost to the goal) and time (spent in
initial planning and posterior replannings) as the parameter
j vary. We also see that in this class of problems the h, iy,
heuristic delivers a very good greedy policy. Thus, further
research is necessary to assess the goodness of HDP(i, j) and
the hy,in heuristic.

7 Related Work

We have built on [Barto et al., 1995] and [Bertsekas, 1995],
and more recently on [Hansen and Zilberstein, 2001] and
[Bonet and Geffner, 2003]. The crucial difference between
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h-track square-2 ring-3 ring-4

algorithm time | quality | memory | time | quality | memory | time | quality | memory time quality | memory
HDP(hmin) | 7.547 | 41.894 35835 | 0.275 | 11.130 7245 | 4.145 | 22.047 43358 | 30.511 | 27.785 152750
HDP(0,2) | 0.853 | 42.950 7132 | 0.021 | 11.250 819 | 0.311 | 22.000 7145 1.758 | 28.500 24195
HDP(0,4) | 0.826 | 44.000 7034 | 0.022 | 11.500 650 | 0.327 | 23.300 6882 1.821 | 28.400 23857
HDP(0,16) | 0.701 | 46.800 6100 | 0.017 | 11.500 556 | 0.284 | 23.600 6331 1.580 | 30.800 21823
HDP(0,64) | 0.698 | 46.800 5899 | 0.014 | 11.610 564 | 0.264 | 25.500 6322 1.518 | 32.400 21823
greedy(Rmin) N/A | 47.150 356 N/A | 12.450 104 N/A | 25.390 192 N/A | 31.600 241

Table 2: Results of HDP(0, j) for j = 2,4, 16,64 and greedy policy with respect to Ay, for € = 1073 and p = 0.2. Each value
is the average over 100 executions. N/A in time for the greedy policy means “Not Applicable” since there is no planning.

FIND-and-REVISE and general asynchronous value iteration
is the focus of the former on the states that are reachable from
the initial state sg and the greedy policy. In RTDP, the FIND
procedure is not systematic and is carried out by a stochas-
tic simulation that may take time greater than O(|S|) when
the inconsistent states are reachable with low probability (this
explains why RTDP final convergence is slow; see [Bonet and
Geffner, 2003]). LAO*, on the other hand, keeps track of a
subset of states, which initially contains sy only, and over
which it incrementally maintains an optimal policy through
a somewhat expensive REVISE (full DP) procedure. This is
then relaxed in the second algorithm in [Hansen and Zilber-
stein, 20011, called Improved LAO* here. The use of an ex-
plicit envelope that is gradually expanded is present also in
[Dean et al., 1993] and [Tash and Russell, 1994]. Interest-
ingly, these envelopes are expanded by including the most
‘likely’ reachable states not yet in the envelope. The algo-
rithm HDP() exploits a similar idea but formulates it in a dif-
ferent form and has a crisp termination condition.

8 Summary

We have introduced and analyzed three HS/DP algorithms
that exploit knowledge of the initial state and an admissible
heuristic function for solving planning problems with uncer-
tainty and feedback: FIND-and-REVISE, HDP, and HDP(i).
FIND-and-REVISE makes explicit the basic idea underlying
HS/DP algorithms: inconsistent states are found and updated,
until no one is left. We have proved its convergence, complex-
ity, and optimality. HDP adds a labeling mechanism based
on Tarjan’s SCC algorithm and is strongly competitive with
current algorithms. Finally, HDP(7) and HDP(%, j) offer great
time and memory savings, with no much apparent loss in
quality, in problems where transitions have probabilities that
differ greatly in value, by focusing the updates on the states
that are more likely to be reached.
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Abstract

Sequence alignment is an important problem in
computational biology. We compare two different
approaches to the problem of optimally aligning
two or more character strings: bounded dynamic
programming (BDP), and divide-and-conquer fron-
tier search (DCFS). The approaches are compared
in terms of time and space requirements in 2
through 5 dimensions with sequences of varying
similarity and length. While BDP performs better
in two and three dimensions, it consumes more time
and memory than DCFS for higher-dimensional
problems.

1 Introduction and Overview

Aligning multiple DNA or protein sequences, known as
sequence alignment, is an important problem in computa-
tional biology. Sequence alignment is useful for compar-
ing genomes and finding genes, for determining evolution-
ary linkage of different biological sequences, and for predict-
ing protein sequence secondary and tertiary structure [Durbin
et al., 1998], [Waterman, 1995]. We consider two algo-
rithms for finding an optimal alignment of two or more se-
quences: bounded dynamic programming (BDP), and divide-
and-conquer frontier search (DCFS), a best-first search algo-
rithm.

Dynamic programming (DP) is the traditional approach for
solving sequence alignment problems. DCFS is a more re-
cent approach, and the two methods have been compared for
the problem of aligning two and three sequences [Korf and
Zhang, 2000]. We extend this work by comparing the two
algorithms for simultaneously aligning larger numbers of se-
quences, and find that DCFS is both faster and can solve
larger problems, suggesting that the more traditional DP ap-
proach is not the best choice for aligning more than three se-
quences.

We begin by introducing to the multiple sequence align-
ment problem, and show how it can be mapped to the prob-
lem of finding a lowest-cost corner-to-corner path in a d-
dimensional grid. We describe the dynamic programming
approach in Section 3, and the DCFS algorithm in Section
4. We discuss the heuristic evaluation functions we use for
sequence alignment in Section 5. In Section 6, we explain
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the methodology used in comparing the two approaches, and
present our results. Future work is discussed in Section 7, and
we conclude in Section 8.

2 Sequence Alignment and The Grid Problem

2.1 Pairwise sequence alignment and cost function

Two sequences are aligned by inserting gaps into each of the
sequences so that each character in one sequence corresponds
to a character or gap in the other. Each pair of corresponding
symbols (gaps or characters) in the sequences can be charac-
terized as a match (two identical characters), substitution (two
different characters), or gap (gap in one sequence but not the
other). For example, given the sequences ACGTACGTACGT
and ATGTCGTCACGT, one alignment is as follows:

ACGTACGT- ACGT
ATGT- CGTCACGT

The cost of an alignment is calculated by assigning a cost to
each position of the two sequences, and then summing the
costs over all positions. For example, a cost function might
charge 0 units for matching characters, 1 unit for a substitu-
tion, and 2 units for a gap. If this cost function is applied to
the alignment above, the result is a total cost of 5, since we
have two gaps (marked by a ’-’), and one substitution (T for
C in the second position). An optimal alignment is one that
minimizes a given cost function. For these sequences and this
cost function, this alignment is optimal.

2.2 Multiple sequence alignment and cost function

The problem of optimally aligning multiple sequences is a
natural extension of pairwise alignment: insert gaps in the
sequences such that a given cost function is minimized. For
multiple alignments, we use the sum-of-pairs (SP) cost func-
tion, i.e. the cost of an alignment of multiple sequences is the
sum of the cost of all induced pairwise alignments. The cost
of each position is still determined by a given cost function
such as that described in the previous section. As an exam-
ple, consider the following alignment of three sequences:
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1) AGTTA-
2) AGCT-G
3) - GACAG

Using the same cost function above, the cost of this align-
ment is 17, obtained by summing the costs of the pairwise
alignments of sequences [1,2] (5), [1,3] (6), and [2,3] (6).

2.3 Thegrid problem

The sequence alignment problem can be mapped to the prob-
lem of finding a lowest-cost corner-to-corner path in a di-
rected grid, where each dimension corresponds to one of the
sequences [Needleman and Wunsch, 1970]. We associate a
cost with each edge in the grid, and the cost of an alignment
is the sum of the edge costs along the corresponding path.
In the directed-grid problem, we are only allowed to move
toward the goal, either orthogonally or diagonally.

In two dimensions, the directed-grid problem is to find the
lowest-cost path in an 2 xy grid, where 2 and y are the lengths
of the two strings. The path goes from the upper-lefthand cor-
ner to the lower-righthand corner, and the legal moves are to
the right, down, or diagonally right and down. For exam-
ple, for the two sequences in Subsection 2.1, the correspond-
ing grid and the optimal solution path are shown in Figure 1.
The horizontal move corresponds to the gap in the vertical se-
quence, while the vertical move corresponds to the gap in the
horizontal sequence. Diagonal moves correspond to matches
or substitutions.

In three dimensions, we have a three-dimensional grid of
size x x y x z and can move in one of seven directions from
each node in the grid: to the right (along the x axis), down
(along the y axis), back (along the z axis), right and down,
right and back, down and back, and finally right, down, and
back. In general, the k-dimensional directed-grid problem
seeks a lowest-cost path in a k-dimensional grid, with 2% —
1 possible moves from each node. Aligning & sequences of
length I requires a grid of size I*.

ACGT ACGTACGT

- Oo0or0-1400-40-4>

Figure 1: Optimal alignment of the two sequences from Sub-
section 2.1. The solid line represents the solution path, and
the dashed line represents a substitution.
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3 Dynamic Programming

3.1 Standard dynamic programming

Dynamic programming (DP) is a general technique that can
be used to find a lowest-cost path in a directed grid. Note
that any optimal path passing through a node n must include
an optimal path passing through one of its predecessors. To
determine the lowest-cost path to a node n, we do not need to
consider all possible paths to the node; rather, we only need to
know the costs to reach each of n’s immediate predecessors.

This observation yields an efficient algorithm for search-
ing a directed grid, which we describe for the case of an z x y
grid. We scan the grid from left to right and from the top to
the bottom, and at each node n we store the cost of a lowest-
cost path from the start node to n. This cost is the minimum
obtained by adding the cost of the edge from the left to the
cost of the node to the left, the cost of the edge from above
to the cost of the node above, and the cost of the edge from
diagonally above and left to the cost of the node diagonally
above and to the left. When we reach the goal node, we have
the cost of an optimal path and can trace back through the
grid to find the associated path. DP has both O(z x y) time
and space complexity, since we store costs for all nodes and
compute the cost at each node in constant time. DP can be
generalized to k dimensions, where the time and space com-
plexity is O(I*) for a hypercube with length 1.

3.2 Hirschberg'sdivide-and-conquer method

Using a divide-and-conquer  approach  proposed
by [Hirschberg, 1975], the space complexity of DP is
reduced from O(I¥) to O(1¥—1). This reduction allows much
larger problems to be solved. Hirschberg’s method is best
illustrated in the two-dimensional grid problem. We find
a node n in the middle row of the grid that is guaranteed
to be on an optimal path and then recursively solve two
subproblems: finding an optimal path from the start node
to n, and finding an optimal path from n to the goal node.
In order to find such a node n, we first calculate the costs
from left to right in each row from the top to the middle
row, and then calculate costs from the right to left in each
row from the bottom to the middle row. When we have
forward and backward costs to reach the middle row, we
add the corresponding entries for each node and take the
node of minimum total cost to be node n, a node on the
optimal corner-to-corner path. Storing these costs requires
two rows in memory: one for the top-down computation
and one for the bottom-up computation, thus reducing the
space requirement from O(I?) to O(l). The same idea can be
applied in k& dimensions, reducing the space complexity from
O(I¥) to O(I*1).

3.3 Eppstein’sdivide-and-conquer method

While Hirschberg’s algorithm is bidirectional, he also men-
tioned a unidirectional version of the algorithm that he at-
tributed to Eppstein [Hirschberg, 1997], hereafter called Epp-
stein’s divide-and-conquer method. The algorithm is best ex-
plained in two dimensions. Instead of maintaining two rows
of costs, one for each direction of search, we proceed row by
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row from the start row to goal row and maintain only a sin-
gle row of costs. After we pass the middle row, we maintain
with each node a pointer back to its ancestor on the middle
row along a lowest-cost path from the initial node. When we
reach the goal state, we have a pointer to a node on the mid-
dle row that is on a lowest-cost corner-to-corner path. As in
Hirschberg’s method, we then have two smaller path-finding
problems that we solve recursively. This algorithm also has
O(1*¥—1) space complexity.

3.4 Bounded dynamic programming

One limitation of both these algorithms is that they evalu-
ate every node in the grid. Bounded dynamic programming
(BDP) is an extension of DP that introduces an upper bound
on the solution cost. It was presented by [Spouge, 1989]
as a method of finding optimal lattice paths. Given an up-
per bound on the total solution cost, we can prune nodes of
equal or greater cost since they cannot lie on a solution path of
lower cost. For each node n we compute g(n) + h(n), where
g(n) is the cost to reach n from the initial node, and h(n)
is a lower bound on the cost of reaching the goal node from
node n. If this sum is equals or exceeds the upper bound, we
know that n does not lie on a lower-cost solution path. When
aligning sequences of equal length, an initial upper bound can
be computed by directly aligning the sequences without any

gaps.

3.5 |Iterative upper bounds

In general, a better upper bound on the solution cost will
prune more nodes. An initial bound obtained from directly
aligning the sequences is usually much greater than the true
cost. A better approach is to use iterative deepening [Korf,
1985]. Starting with an upper bound that is less than the
optimal solution cost, the algorithm will fail to reach the
goal node by pruning too many nodes. The bound is then
iteratively increased, and search repeated, until the goal is
reached. This strategy has been applied to bounded dynamic
programming by [Ukkonen, 1985].

Normally, the upper bound is increased to the lowest cost
among all nodes pruned in the current iteration. We can do
better by quickly running a few shallow searches with bounds
likely to be below the optimal solution cost. By regressing the
depths reached on the bounds used, we can estimate the solu-
tion cost, since we know the depth of the goal node. We use
this predicted bound as the starting point for traditional itera-
tive deepening, thus eliminating many iterations with bounds
that are too low. This method of using BDP with iterative
upper bounds is referred to as BDP-IUB [Korf and Zhang,
2000]. The principle of iterative upper bounds can be applied
in conjunction with either Hirschberg’s or Eppstein’s algo-
rithm, but in practice, Eppstein’s algorithm is faster and is
used in the results that follow.

When using iterative deepening, no iterations of the algo-
rithm that use an upper bound less than the optimal solution
cost can reach the goal. On the other hand, using an up-
per bound greater than the optimal solution cost examines
more nodes than necessary. Usually we don’t know the so-
lution cost in advance, and have no choice but to use iterative
deepening. However, if we knew the optimal solution cost,
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this would represent a perfect bound (PB). Using this opti-
mal bound with BDP is the best case scenario in terms of
performance and does not depend on any particular iterative
deepening scheme. We refer to this scenario as BDP-PB, and
use this algorithm below when comparing performance with
DCFS.

3.6 Disadvantages of dynamic programming

While BDP-1UB is easy to implement in two dimensions, ex-
tending it to three or more dimensions is much more diffi-
cult. Other researchers have also noted this difficulty [Zhang,
2002]. While we were able to implement a BDP-IUB algo-
rithm written explicitly for three dimensions, we were not
able to extend the implementation to four or more dimen-
sions using the same approach. In higher dimensions, we
used a generalized implementation that explicitly checks for
legal operators at each node. This introduces a constant fac-
tor to the time complexity of DP since processing each node
takes longer than it would in an implementation tailored to a
specific dimension.

Another drawback of DP is that it can be used to find
lowest-cost paths in directed grids, but not in more general
grids where we allow moves in all directions. The reason is
that dynamic programming must know a priori which nodes
are the parents of a given node. For the general shortest-
path problem, we must use a best-first search algorithm, such
DCFS, which is a generalization of Eppstein’s algorithm.

4 Divide-and-Conquer Frontier Search

Divide-and-conquer frontier Search (DCFS) is a recent gen-
eral heuristic search algorithm [Korf, 1999]. Best-first-search
algorithms, such as Dijkstra’s algorithm [Dijkstra, 1959] or
A* [Hart et al., 1968], normally store both a Closed list of
nodes which have been expanded, and an Open list of nodes
which have been generated but not yet expanded. DCFS
stores only the Open list, which corresponds to the frontier
of the searched area. The size of the Closed list is often much
larger than the size of the Open list, and DCFS reduces the
space requirement of aligning & strings of length 7 from O (I*)
to O(1% 1) [Korf, 1999].

Since DCFS does not store the Closed list, it is necessary
to prevent the generation of nodes that have already been ex-
panded. To do this, every node stores a list of operators to
its neighbors. When a node n is expanded, the operator from
each neighbor n' back to n is marked as used. Therefore,
when ' is expanded, used operators are not applied, and n is
not regenerated.

Unlike standard best-first search, when DCFS reaches the
goal node, it cannot retrace pointers to discover the solution
path, since the Closed list is not saved. Alternatively, stor-
ing a path with each Open node would require space linear in
the path length for each node. In order to recover the solu-
tion path, before starting the search, a hyperplane is chosen
that divides the search space in half. Every node n on the
Open list beyond this hyperplane stores a pointer to the node
in the hyperplane that is on the optimal path to n. In two di-
mensions, this hyperplane is simply a row or column halfway
along one of the dimensions. We choose the hyperplane to
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split the longest dimension of the space. When the algorithm
encounters the goal node, it has a pointer to a node on the
middle plane that is on the optimal solution path. The algo-
rithm then recurses to find an optimal path from the start node
to the optimal middle node, and also from the middle node to
the goal node.

DCFS is a general heuristic search algorithm. We use
divide-and-conquer frontier A* search (DCFA*) with the cost
function f(n) = g(n)+h(n), where g(n) is the cost of a path
from the start node to node n, and h(n) is a heuristic estimate
of reaching the goal from node n.

5 Heuristic Evaluation Functions

An accurate heuristic evaluation function is important to limit
the number of nodes visited during search. In two dimen-
sions, we use the distance of a node from the corner-to-corner
diagonal times the gap cost as a heuristic, since any solu-
tion path must return to the diagonal in order to arrive at the
goal node. In general, the heuristic cost of a node at (x, y) is
(92 — ) — (gy — y) times the gap cost, where (g, g, ) are the
coordinates of the goal node.

In three dimensions, we can compute a better lower bound.
Since we are using the sum-of-pairs cost function, we can
use the sum of the optimal pairwise alignments as a lower-
bound heuristic. Obviously, the cost of an optimal pairwise
alignment is always less than or equal to the cost of any other
alignment of the two strings as part of a multiple alignment.
For example, an optimal alignment of three sequences is:

1) G ATTTACGGA- ATACGGATAT
2) ATACAGCCAGGGAAATTGA- A-
3) A- ACAGCAGGATATTCCTA- AT

The cost of this alignment is 44, since the costs of the align-
ment shown for the pairs [1,2], [1,3], [2,3] are 18, 13, and 13
respectively. The heuristic estimate for the cost of aligning
these strings is only 43, however, since the optimal pairwise
alignment of the pair [1,2] is only 17, as shown below.

CATTTACGGAATACGGATAT
ATACAGCCAGCGAAATTGAA

The heuristic evaluation of a particular node in the grid is
a lower bound on the lowest-cost path from that node to the
goal. This corresponds to the alignment of the sequence suf-
fixes that correspond to that node. For a three-dimensional
alignment, we precompute and store three two-dimensional
matrices, one for each pair of strings. Each entry of each ma-
trix contains the cost of optimally aligning the correspond-
ing remaining suffixes of the pair of strings. To compute the
overall heuristic for any node in the cube, we sum the corre-
sponding elements from each of the three matrices.

In the general case of aligning & sequences using the sum-
of-pairs cost, the alignment of any d sequences induced by
the multiple alignment will cost at least as much as the op-
timal alignment of those d sequences. Therefore in four or
more dimensions we can also include optimal alignments of
three sequences in the heuristic. While the three-dimensional
alignments are more expensive to compute and occupy more
space than two-dimensional alignments, including them gives
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Figure 2: The five ways to partition the edges of a complete
graph of four nodes, only four of which include a triangle.

a more accurate heuristic function, resulting in fewer nodes
visited during the search.

To guarantee that the heuristic be a lower bound, we cannot
include the cost of aligning the same pair of sequences more
than once. For example, the cost of a pair of sequences that
are part of a three-way alignment cannot be included in an-
other three-way alignment, or as a pairwise alignment. Con-
sider a complete graph with a node for each sequence, and
an edge between every pair of nodes, representing that pair
of sequences. In this graph a triangle represents a three-way
alignment. We need to partition the edges of this graph into
groups of single edges and triangles, without including any
edge in more than one group, ideally in a way that maximizes
the resulting heuristic value.

For example, we can partition the edges of a complete
graph of four nodes (K,) into six single edges, or one tri-
angle and three single edges. In general, we want to include
as many three-way alignments as possible, in order to make
the heuristic function more accurate. There are four different
ways to partition the edges of K4 into one triplet and three
pairs (see Figure 2). For the complete graph on five nodes,
K5, there are 15 different ways to partition the nodes into
two triplets and four pairs. One way of selecting which par-
titioning to use is to evaluate all of them and choose the one
which gives the largest heuristic evaluation for the original se-
guences. The hope is that a larger heuristic evaluation of the
start node is an indicator of larger heuristic values through-
out the search. We found that evaluating all possible parti-
tions, instead of randomly choosing one, used more time than
it saved and did not yield significant savings.

We represent the three-dimensional heuristics with an oc-
tree, which stores only certain parts of a cube, along with
enough information to generate the other parts of the cube if
needed. [McNaughton et al., 2002] Computing parts of this
octree on demand saves a significant amount of space. We
found that storing three-dimensional heuristics in an octree
leads to an overall savings on hard problems because the time
used to calculate the heuristics is offset by time saved during
the search.
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A=1 A=0.75 A=05 A=0.25 A=0
Time (s) Nodes | Time (s) Nodes | Time (s) Nodes | Time (s) Nodes | Time (s) Nodes
BDP-PB 59.82 77,653 59.83 77,690 60.06 220,262 78.12 21,109,562 89.79 34,838,768
DCFA* 0.06 5,601 0.07 5,601 0.27 32,971 38.20 762,740 5790 1,286,730

Table 1: Average results over 50 generated problems of generalized versions of the two algorithms on 4 dimensional problems,
length 400. The table displays average time in seconds, the average number of nodes expanded for DCFA*, and the average

number of nodes visited for BDP-PB.

A=1 A=0.75 A=05 A=0.25 A=0
Time (s) Nodes | Time(s) Nodes | Time(s) Nodes | Time (s) Nodes | Time (s) Nodes
BDP-PB 15.41 33,896 15.39 33,896 15.33 39,199 16.08 351,878 17.61 1,009,293
DCFA* 0.02 2,701 0.02 2,701 0.02 5,246 0.78 97,408 1.46 110,742

Table 2: Average results over 50 generated problems of the generalized versions of the two algorithms on 5 dimensional
problems, length 90. The table displays average time in seconds, the average number of nodes expanded for DCFA*, and the

average number of nodes visited for BDP-PB.

6 Comparison of the Approaches

6.1 Methodology

We compared divide-and-conquer frontier A* (DCFA*) and
bounded dynamic programming with perfect bounds (BDP-
PB) on problems of aligning 2, 3, 4 and 5 sequences. Our
goal was to determine which algorithm could solve harder
problems within our space limits. The difficulty of a problem
is determined by the number, length, and similarity of the
sequences. We ran the tests on a 1.8 Ghz Intel Pentium 4
with 1 GB of RAM, 8 KB L1 cache, and 512 KB L2 cache.
For DCFA*, we always used a fixed-size hash table of 16
million nodes which occupies 512 MB of memory. We tested
both algorithms on both randomly-generated sequences and
on real sequences from BAIIBASE [Thomson et al., 1999].

For the randomly-generated sequences, we varied se-
quence similarity to see how it affected the performance of
the algorithms. We first generated a reference sequence uni-
formly from an alphabet of four letters, simulating DNA se-
quences, and then generated the actual sequences from the
reference sequence. Each character in the actual sequences
was generated independently, with a probability A of match-
ing the corresponding character in the reference sequence,
and probability 1 — A of being randomly generated, including
the matching character. We varied A from 0 — 1 in incre-
ments of 0.25. Problem instances with A = 1 are identical se-
quences, which are easy to align, and were run in order to get
an upper bound on solvable problem size. Problem instances
with A = 0 are the hardest problems, since the sequences are
completely random. We ran both algorithms on 50 problems
for each similarity, dimension, and length, and averaged the
results. We found little variability between different random
trials of the same experiment.

For actual sequences, we used real protein sequences from
the BAIIBASE database of benchmark alignments [Thomson
et al., 1999]. Proteins are represented by strings from an al-
phabet of 20 amino acids. The pairwise cost function we used
charges 0 units for a match, 1 unit for a substitution, and 2
units for a gap. For multiple sequences we used the sum-
of-pairs cost function. For problems in four and five dimen-
sions, there is a choice of using two-dimensional or three-
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dimensional heuristics. We ran the algorithms using both
heuristics and reported the faster of the two times.

6.2 Experimental results

Our previous work [Korf and Zhang, 2000] showed that DP
outperforms DCFA™* in two and three dimensions, with ran-
dom strings. Our new results corroborate these findings;
in two dimensions, BDP-IUB aligns completely random se-
guences much faster than DCFA*. For example, for length
20,000 it is an average of almost 50 times faster. In three di-
mensions, the disparity is somewhat smaller, with DP align-
ing completely random sequences of length 5,500 an average
of about 18 times faster. DCFA* exceeds our one hour time
limit for larger problems.

In four and five dimensions, however, DCFA* was able to
solve much larger problems than BDP, due to memory con-
straints. DP allocates memory based on problem size. In four
dimensions, it was able to align sequences up to length 400,
independent of the similarity of the sequences. In contrast,
DCFA* was able to align four completely random sequences
of length 800 in about 17 minutes.

Furthermore, for problems that both algorithms could
solve, DCFA* was significantly faster than BDP. In these ex-
periments we compared DCFA* with BDP-PB, where we use
the optimal solution cost as our initial upper bound. In a re-
alistic setting where this bound is not known a priori, BDP
would fare even worse in comparison. The average results of
aligning four sequences of length 400 are shown in Table 1.
As the sequences become more similar, the performance ad-
vantage of DCFA™* increases.

In five dimensions, BDP-PB was able to solve problems
of length 90, whereas DCFA* was able to align completely
random sequences of length 250 in about 5 minutes, and
could align some random sequences of length 350. Both algo-
rithms are compared on problems of aligning five sequences
of length 90 in Table 2. Comparing both tables, we see the
relative performance of BDP-PB on random problems de-
creases when moving from four to five sequences. While
BDP-PB takes about 50% longer than DCFA* to align four
completely random sequences of length 400, it takes about
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Sequence Set | #Seq. | Min. Seq. Length | Max. Seq. Length | Sol. Cost | BDP-PB | DCFA
luky (refl) 4 186 200 1,213 7.78 6.45
3grs (refl) 4 201 237 1,309 8.83 4.30
1zin (refl) 4 206 216 813 5.15 1.97
2hsdA (refl) 4 225 263 1,388 11.96 5.46
1ajsA (ref3) 4 365 387 2,102 56.23 | 27.28
1pamA (ref3) 4 404 490 2,757 * | 31.78
451c (refl) 5 70 87 727 9.38 0.57
1plc (refl) 5 88 99 608 18.03 0.40
ornt (refl) 5 96 103 539 * 0.46
2mhr (refl) 5 110 117 719 * 0.66
5ptp (refl) 5 222 245 1,648 * 7.45
1ton (refl) 5 224 244 1,978 * | 26.69
2cba (refl) 5 237 259 2,113 =1 21.41
kinase (refl) 5 263 276 2,440 *| 41.26
glg (refl) 5 438 486 3,665 * | 88.90

Table 3: Results of the generalized versions of DCFA* and BDP-PB for 4 and 5 dimensional real protein sequence sets, with
minimum and maximum sequence lengths for each set indicated. Times are in seconds. Problems unsolvable by BDP-PB, due

to memory limitations, are denoted by a **’.

12 times longer when aligning five completely random se-
quences of length 90.

Our results in four and five dimensions were obtained using
dimension-independent implementations of both algorithms
in four and five dimensions. We were not able to test perfor-
mance of hand-tailored versions for four and five dimensions
due to the difficulties discussed in Subsection 3.6. While
the overhead of these dimension-independent implementa-
tions contributes to the disparity in speed between the two
algorithms, the space requirement of BDP-PB is the more
serious drawback. We believe BDP-PB runs slower in four
and five dimensions because bounds checking becomes more
complicated and cache performance decreases. The book-
keeping necessary to maintain bounded regions becomes sig-
nificant, as reflected by the nearly uniform performance for
five-dimensional problems.

DCFA* can run larger problems in higher dimensions be-
cause the amount of memory required by BDP-PB depends
on problem size and dimension. Much of this memory will
not be used since many nodes lie outside the bounds, and will
never be visited. The problem gets worse as the sequences
become more similar, and as the dimensionality increases.
DCFA¥*, on the other hand, allocates a fixed-size hash table,
allowing it to align longer sequences as they become more
similar. While DCFA* uses memory more efficiently than
BDP-PB, hoth algorithms are limited by space, with the pro-
grams filling the available memory in less than an hour.

Performance of the algorithms on real sequence sets is pre-
sented in Table 3. As for randomly-generated sequences,
DCFA* is faster than BDP-PB for four and five dimensional
problems. A number of the real sequence sets were solvable
by DCFA* but not BDP-PB because of memory constraints.
In addition, there were some sequence sets not solvable by ei-
ther algorithm. We used groups of 5 or fewer sequences from
the first and third sets of BAIIBASE (refl and ref3). Neither
algorithm could solve problems from the other sets, which
involved very large numbers of sequences.
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7 Future Work

The most significant drawback of BDP in higher dimensions
is its space requirements. One possible solution is to dynami-
cally allocate space only for the nodes actually visited, allow-
ing larger problems to fit in memory. Combining BDP with
dynamic node allocation can be viewed as a hybrid algorithm
between dynamic programming and best first search. The
main drawback to this hybrid method is that node processing
becomes significantly more complicated to implement since
there is no longer a direct mapping between a node’s location
in memory and its position in the grid as in traditional dy-
namic programming. The mapping of memory to position is
an integral component of DP, and thus this hybrid algorithm
is fundamentally different than standard DP. Cache perfor-
mance, one of the main advantages of DP, would also de-
crease.

8 Conclusions

We compared two classes of algorithms to optimally solve
sequence alignment problems: bounded dynamic program-
ming and divide-and-conquer frontier search. We determined
the effects of including three-dimensional alignments in the
heuristic function. We then compared divide-and-conquer
frontier A* (DCFA¥*) to bounded dynamic programming with
perfect bounds (BDP-PB) on problems of aligning two, three,
four and five sequences with varying degrees of similarity.
We also compared performance on real protein sequence sets.
Our results indicate that BDP’s inefficient use of memory
does not allow it to solve problems which DCFA* can solve,
and in practice is significantly slower in 4 and 5 dimensions.
This surprising result contrasts with findings in lower dimen-
sions, where BDP is the method of choice.
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Factored A* Search for Models over Sequences and Trees
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Abstract

We investigate the calculation of A* bounds for
sequence and tree models which are the explicit
intersection of a set of simpler models or can be
bounded by such an intersection. We provide a
natural viewpoint which unifies various instances
of factored A* models for trees and sequences,
some previously known and others novel, includ-
ing multiple sequence alignment, weighted finite-
state transducer composition, and lexicalized sta-
tistical parsing. The specific case of parsing with
a product of syntactic (PCFG) and semantic (lexi-
cal dependency) components is then considered in
detail. We show that this factorization gives a mod-
ular lexicalized parser which is simpler than com-
parably accurate non-factored models, and which
allows efficient exact inference with large treebank
grammars.

Introduction

Christopher D. Manning
Department of Computer Science
Stanford University
Stanford, CA 94305-9040
manning@cs.stanford.edu

sum of the scores of the arcs along the path, and that lower
scores are bettér. The particular assumption in this paper

is that the arc scoring function has a special factored form.
Specifically, there exists a set of projectiofasg, . ..y} of
nodes (and therefore also arcs and graphs) such that for any
arc(x, y), its scores is given by:

k
oc(X.y) =D . om (1 (X), mi(Y))

Whenever the scoring function factors in this way, we have an
immediate recipe for factored A* bound, which we denote

by h. Specifically, we can bound the shortest patiGifrom

a noden to the goalg by the sum of the shortest paths inside
each projectionr (G). Formally, ifag(n, g) is the length of

a shortest path fromto g in a graphG, then:

k
ac(n.g) = hn.g) =)

i=1
This follows immediately from the optimality of the project

paths and the structure of the scoring function. These pro-
jections need not be mutually compatible, and therefore the
bound may not be tight. Broadly speaking, the greater the de-

i () (i (N), 7 (9))

sgreeto which each projection prefers similar paths, theebet

: . . . ! )
The primary challenge when using A* search s tofind heuri the bound will be, and the more efficient our search will be.

tic functions that simultaneously are admissible, closado
tual completion costs, and efficient to calculate. In this pa .
per, we describe a family of tree and sequence models is Projection Models for Sequences
which path costs are either defined as or bounded by a confror intuition, we first consider applications to sequencemo
bination of simpler component models, each of which scoregls before extending to the more complex case of tree models.
some projection of the full structure. In such models, we can ] ]
exploit the decoupled behavior over each projection to give3-1 Example: Multiple Sequence Alignment
sharp heuristics for the combined space. While we focug\ situation which fits this framework perfectly is the align-
on models of trees and sequences within NLP applicationsnent of multiple genome sequences in bioinformatics, where
the approach can be applied more generally (and already hasich multiple sequence alignments (MSAs) are standardly
been, in the case of biological sequence models). All the corevaluated by sum-of-pairs scorifigurbinet al., 1994. MSA
crete cases we consider here involve search over spacds whig a generalization of the longest-common-subsequente pro
are equivalent to dynamic programming lattices, thoug thi lem, in which one is given sequences like those in figure 1a,
detail, too, is somewhat peripheral to the basic ideas. and asked to produce pointwise alignments. Alignments of
d sequencestsy, ...} consist oft vertical timeslices which

2 Projection Models for Graphs specify, for each sequence, either a successive elemeng of t

. . sequence or a gap (-), and are such that if the gaps are re-
The core idea of factored A* search can apply to any graphyoyed, the rows contain the original sequences. The score

search. Assume th&@ = (N, A) is a very large graph, with ¢ 5 timeslice is the sum of the scores of each of the pairs
a single source nodeand a single goal nodg and that we

wish to use A* search to efficiently find a best path freto Iwe will talk about minimum sums, but other semirings work as
g. For concreteness, assume also that the score of a path is thell, specifically maximum products.
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Figure 1. An example of a multiple sequence alignment. (& Th 1.0E400 |
original sequences. (b) A multiple alignment with one titioesdis- pro-4 -4 kin-4 glob-7 pro-5 th5 kin5 glob-8

tinguished. (c) The sum-of-pairs scoring function for thiateslice.
Figure 2: Effectiveness of the factored A* bound for the riplst

in that slice (where each pair of symbols is assigned somalignment of several sequence sets. Numbers in the dataisetsn
experimental goodness value). give the number of sequencss being .allgned. the the log:scal

The well-known dynamic program for calculating opti- Loéigéﬁﬂﬁfﬁ g)rzhglggt-izetzi:r\cﬁearch is over a trillion timesren
mal multiple alignments involves a lattice of position nede
n = [i1, ...ik] which specify an index along each sequenceshows that factored A* bounds can be highly effective.
[Durbin et al., 1999. When each node is visited, each of  One potential worry with A* search is that the cost of com-
its 2 — 1 successorp’ (where each position is either in- puting heuristics can be substantial. In this case,Qii?)
cremented or not) are relaxed with the best score thrqugh paijrwise alignments could be calculated very efficiently; i
combined with the score of the timeslice that the change fror‘@ur experiments this pre-search phase took up much less than

p to p’ represents. These nodes form a lattice of §Z8%), 19 of the total time.
wheren is the maximum length of the sequences. This be- o
comes extremely inefficient d&sgrows. 3.2 Example: Finite State Transducers

The specific following idea has been used befdteetla  We briefly describe another potential application of fagtbr
and Imai, 199%is the earliest reference we could find) and A* search for sequence models: the intersection of weighted
it has been worked on recentlj¥pshizumiet al., 2004 in- finite-state transducers (WFST5)WFSTs are probabilistic
ter alia), though perhaps it has not received the attention imappings between sequences in one alphabet to sequences
deserves in the bioinformatics literature. We presentiehe in another, for example a transducer might map an input of
because (1) it is a good example that can be cast into ougritten text to an output of that text’s pronunciation as a
framework and (2) it gives a good starting intuition for the phoneme sequence. Intersections of WFSTs have been ap-
novel cases below. Since the score of an arc (timeslice) is plied to various tasks in speech and N[Mohri, 1997,
sum of pairwise goodness scores, we can definefarggitof  such as text-to-speech, and, most famously in the NLP lit-
projections, one onto each pair of indiaés ip). Undermap,  erature, modeling morphophonolold$aplan and Kay, 1994;
anodefiy, ..., ik] will project to itsa andb indices,[ia,ip].  Albro, 2004. In these cases, each transducer constrains some
It is easy to see that the optimal path in this projection$s$ ju small portion of the overall output sequence. The case of find
the optimal 2-way alignment of the portions of sequergtes ing the most likely intersected output of a set of WFSWs}
a_mdb which are to the right of the indiceg andip, respec-  for an input sequencg = owy, involves the following:
tively. We can therefore bound the total completion cost of ; ., eachMl;, create the projection; of the full output

th.ek-way a”g.”me”t fromm onward with t_he sum of_th_e pair- spaceO onto M;’s output space (note that this can be
wise completion costs of the 2-way alignments inside each the identity projectioan

projection. ; _ .
Figure 2 shows some experimental speed-ups given by this2- FOr each index alongw and each output i (O),

method, compared to exhaustive search. We took several COMPpute optimal completion costs(j, 7i (O)) for M.

protein sequence groups froicClure et al., 1994, and, 3. Useh(i, O) = }; @i (j, i (O)) as an A* heuristic.

for each set, we aligned as large a subset of each group asyyhjle transduction intersection fits cleanly into the fac-
was possible using uniform-cost search with 1GB of memygreq framework, the primary utility of transducers lies in
ory. The left four runs show the cost (in nodes visited) ofihejr composition, not their intersectidohri, 1997. In
aligning these subsets with both uniform-cost search and Aths case, transducers are chained together, with the butpu
search. In the right four runs, we added another sequencg one serving as the input to the next. In this case, it is
to the subsets and solved the multiple alignment using onlyyorth switching from talk of summed distances to talk of
the A* search. The A* savings are substantial, usually Promultiplied probabilities. Say we have two transducévisy
viding several orders of magnitude over uniform-cost Sgarc \yhich gives a distributiorP(X|1) from sequences to se-

and many orders of magnitude over the exhaustive dynamigyencesx, and Mxo, which givesP(O|X) from X to O.
programming approachThis verifies previous findings,and —__ "

SWFSTs are equivalent to HMMs which have emission weights
2Note that the DP was never run —it would not have fitin memoryassigned to their transitions (not states) and which mag basilon
— but it is easy to calculate the size of the lattice. Thereadse  transitions.
subtleties in running the uniform-cost search since theesob a 4For simplicity, we assume all history relevant to any trarmsat
timeslice can be negative (we add in a worst possible negsatiore).  is encoded into the state spade
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S S, fel-VBD

_ fell-VBD _
NP VP e NP, payrolls-NNS VP, fell-VBD
T~ T~ payrolls-NNS  fell in-IN _ _
NN NNS VBD PP T T Factory-NN payrolls-NNS fell-VBD PP, in-IN
| | | S Factory-NN payrolls in September-NN | | | o
Factory payrolls fell IN NN | | Factory payrolls fell in-IN September-NN
| | Factory September | |
in  September in September
(a) PCFG Structure (b) Dependency Structure (c) Combinedhkzed Structure

Figure 3: Three kinds of parse structures.

gosl symbol, along with the region of the input it spans. The goal
node is then a parse of the root symbol over the entire in-
/\ put. (Hyper)paths embody trees, and the score of a path is
@ @ the combination of the scores of the arcs in the tree. One fine

N VERE point is that, while a standard path from a sousde a goal

/\ g through a nod@ breaks up into two smaller pathsto n
@ @ andn to g), in the tree case there will be an inside path and
ARTICLE NOUN . . . .
&) an outside path, as shown in the right of figure 5. In general,
then, the completion structures that represent paths gothle

€Y (b) (marked by in the figure) are specified not only by a natle
Figure 4: Two representations of a parse: (a) a tree, (b)laipaghe ~ and goalg, but also by the original souree
edge hypergraph. With this modification, the recipe for the factored A*

bound is now:
We then wish to answer questions about their composed be-
havior. For example, we might want to find the output %G¢(Sn.9) = h(s.n.g) = Zi o (G) (7i (8), 7i (), i (9))
which maximizesP (0|i) according to this model. The com-
mon Viterbi approximation is to settle for the from the
pair (0, x) which maximizesP (o, x|i). This problem would
fit neatly into the factored framework if the (usually false)
conditional independende(o, x|i) = P(0|i)P(x|i)) where
true — in fact it would then be WFST intersection. How-
ever, something close to this does trivially hok€o, x|i) =
P(o|x,i)P(x]i). Given this, we can define another model
R(oli) = max P(0o|x,i). R is not a proper probabilistic
model — it might well assign probability one to every trans-
duction — but its intersection witF(x|i) does upper-bound
the actual composed model. Hence these two projections pr
vide a factored bound for a non-factored model, with thepra
tical utility of this bound depending on how tightlR(o|i)
typically boundsP(0|x, i).

Next, we present a concrete projection model for scoring lex
icalized trees, and construct an A* parser using the assatia
factored A* bound.

Generative models for parsing natural language typically
model one of the kinds of structures shown in figure 3. While
word-free syntactic configurations like those embodied by
phrase structure trees (figure 3a) are good at capturing the
broad linear syntax of a languag€harniak, 1995 word-
to-word affinities like those embodied by lexical dependenc
trees (figure 3b) have been shown to be important in resolv-
ing difficult ambiguities[Hindle and Rooth, 1993 Since
Poth kinds of information are relevant to parsing, the trend
Chas been to model lexicalized phrase structure trees like fig

ure 3c.
In our current framework, it is natural to think of a lexi-
o calized tree as a palt = (T, D) of a phrase structure tree
4 Projection Models for Trees T and a dependency tre2. In this view, generative mod-

Search in the case of trees is not over standard directefglS OVer lexicalized trees, of the sort standard in |exaeali

graphs, but over a certain kind of directed hypergraph ir"%{c':G parsindCollins, 1999; Charniak, 2000can be re-

which arcs can have multiple sources (but have a single ta arded as assigning maB¢T, D) to such pairs. In the stan-

get). This is because multiple sub-trees are needed to form3rd approach, one builds a joint model o®(T, D), and,

larger tre€? Figure 4 shows a fragment of such a hypergrapH©f @ given word sequenagu, one searches for the maxi-

for a small parse tree (note that all the lines going to one arMUMm posterior parse:

rowhead representsingle hyperarc). We don't give the full L* = max_—ct.p) P(T. D|w)

definitions of hypergraph search here (B8alloet al., 1993

for details), but the basic idea is that one cannot travemse aSinceP(w) is a constant, one operationally searches instead

arc until all its source nodes have been visited. In the parstor the maximizer ofP(T, D, w).

case, for example, we cannot build a sentence node until we The naive way to do this is a®(n®) dynamic program

build both a noun phrase node and an (adjacent) verb phrageften called a tabular parser or chart parser) that works as

node. The nodes in this graph are identified by a grammadfiollows. The core declarative object is @dge, such as

e=[X,i, j, hl which encapsulates all parses of the span

5These directed B-hypergraphs model what has been explsred avhich are labeled with grammar symb¥land are headed by

AND/OR trees in Al. word wh (i < h < j). Edges correspond to the nodes in the

1248 SEARCH



Extract the PCFG projection and set up the PCFG parser. g
Use the PCFG parser to find projection scarigsea(S, €, 9) for each edge.
Extract the dependency projection and set up the depepgeanser.

Use the dependency parser to find projection saases(s, €, g) for each edge.
Combine PCFG and dependency projections into the fullahod

Form the factored A* estimate(s, e, 9) = apcred(S, €, 9) + apep(S, €, 9)

Use the combined parser, wthiks, e, g) as an A* estimate ok(s, e, g)

NooakrwhpE

S
Figure 5: The top-level algorithm (left) and an illustratiof how paths decompose in the parsing hypergraph (right).

parsing hypergraph. Two edggX, i, j, h] and[Y, j, k, h'] length increases). The A* estimates were so effective that
can be combined whenever they are contiguous (the righgven with our object-heavy Java implementation of the com-
one starts where the left one ends) and the grammar pebined parser, total parse time was dominated by the initial,
mits the combination. For example, if there were a rewritearray-based PCFG phase (see figure%b).

Z[wn] — X[wn]Y[wh], those two edges would combine to

form [Z,i, k, h], and that combination would be scored by 4.1 Specific Projection Models for Parsing

some joint model over the word and symbol configuration: tet our factored parser, we built several component mod-
P(XY,h|Z,h).® These weighted combinations are the arc P y P

\ Sels, which were intended to show the modularity of the ap-
in the hypergraph. proach. We merely sketch the individual models here; more
A natural projection of a lexicalized trdeis onto its com-  details can be found ifKlein and Manning, 2008 ForP(T),
ponentsT and D (though, to our knowledge, this projec- we built successively more accurate PCFGs. The simplest,
tion has not been exploited previously). In this case, thecraBAsic, used the raw treebank grammar, with nontermi-
score for the combination above would BeXY, h'|Z, h) = nals and rewrites taken directly from the training trE@bar-
P(XY|Z)P(N[h). niak, 1998. In this model, nodes rewrite atomically, in a
This kind of projected model offers two primary benefits. top-down manner, in only the ways observed in the training
First, since we are building component models over mucldata. For improved models &f(T), tree nodes’ labels were
simpler projections, they can be designed, engineered, arahnotated with various contextual markersptFG-PA, each
tested modularly, and easily. To underscore this point, weode was marked with its parent’s label afiohnson, 1998
built three PCFG models &#(T) and two lexical dependency Itis now well known that such annotation improves the accu-
models of P(T). In section 4.2, we discuss the accuracy ofracy of PCFG parsing by weakening the PCFG independence
these models, both alone and in combination. assumptions. For example, the NP in figure 3a would actu-
Second, our A* heuristic will be loose only to the degree@lly have been labeled NP"S. Since the counts were not frag-

that the two models prefer different structures. Therefine ~ Mented by head word or head tag, we were able to directly
combined search only needs to figure out how to optimallyise the MLE parameters, without smoothifig. The best
reconcile these differences, not explore the entire space &’CFG model,PCFGLING, involved selective parent split-
legal structures. Figure 6 shows the amount of work donding, order-2 rule markovization (similar fCollins, 1999;

in the uniform-cost case versus the A* case. Clearly, theCharniak, 2000), and linguistically-derived feature splits.
uniform-cost version of the parser is dramatically less ef—py ———— ] )
ficient; by sentence length 15 it extracts over 800K edges Note that the uniform-cost parser does enough work to exploi

while even at length 40 the A* heuristics are so effectivé tha "€ shared structure of the dynamic program, and therefdge e
only around 2K edges are extracted. At length 10, the avounts appear to grow polynomially. However, the A* parseed]
) ' little work that there is minimal structure-sharing.dtige counts

. . S
erage number is less than 80, and the fraction of edges nﬂﬁerefore appear to groexponentially over these sentence lengths,

suppressed is better than 1/10K (and it improves as sentengg jike a non-dynamic-programming parser's would. Withan
longer sentences, or a less efficient estimate, the polyaidmhav-
ior would reappear.

9There are other ways of speeding up lexicalized parsing-with
out sacrificing search optimality. Eisner and Sésner and Satta,
sighing mass to pairs which are incompatible, either bexausy 1999_pr0pose acleve@_(n4) moqificatic_)n which separates this pro-
do not generate the same terminal string or do not embody asmp ¢€SS into two4steps by |n_trod_uc_|ng an |_ntermed|ate objgowever{
ible bracketings. Therefore, the total mass assigned td sauc- ~ €Ven theO(n") formulation is impractical for exhaustive parsing
tures will be less than one. We could imagine fixing this byoren ~ With broad-coverage, lexicalized treebank grammars. Bsereial
malizing. In particular, this situation fits into the prodiad-experts ~ ré@son is that the non-terminal set is just too large. We rdjle-
framework[Hinton, 2000, with one semantic expert and one syn- ment a version of this parser using theitn%) formulation, but, be-
tactic expert that must agree on a single structure. Howsimge  cause of the effectiveness of the A* estimate, it was onlyginatly
we are presently only interested in finding most-likely parsno faster; as figure 6b shows, the combined search time is veaif.sm

SMost models, including ours, will also mention distance; we
ignore this for now.
7As a probabilistic model, this formulation is mass deficjest

global renormalization constants need to be calculatednyncase, 10This is not to say that smoothing would not improve perfor-
the question of mass deficiency impacts only parameter astim mance, but to underscore how the factored model encourgsss |
not inference, which is our focus here. sparsity problems than a joint model.
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Figure 6: (a) A* effectiveness measured by edges expanbetine spent on each phase, and (c) relativeadl as sentence length increases.
PCFG Model | Precision Recall §F ExactMatch H
PCFG-BASIC| 75.3 702 727 11.0 4.2 Parsing Performance
PCFG-PA 784 769 717 18.5 In this section, we describe our various projection modeds a
PCFG-LING | 83.7 821 829 25.7

test their empirical performance. There are two ways to mea-
sure the accuracy of the parses produced by our system. First
Dependency Mode] Dependency Acq the phrase structure of the PCFG and the phrase structure pro
DEP BASIC o3 jection of the combination parsers can be compared to the
(b) Dependency Models Alone trgebank parses. The parsing measures standardly used for
, L this task are labeled precision and redallWe also report
Figure 7: Performance of the projection models alone. F1, the harmonic mean of these two quantities. Second, for
the dependency and combination parsers, we can score the

(a) PCFG Models Alone

PCFG Model Dependency ModélPrec  Rec I Exact| DepAcc dependency structures. A dependency struciuie viewed
PCFGBASIC DEP-BASIC 80.1 782 791 167 872 as a set of head-dependent pdfrsd), with an extra depen-
PCFGBASIC DEP-VAL 825 815 820 17.7) 892 dency(root, x) wherer oot is a special symbol and is the
PCFG-PA DEP-BASIC 82.1 822 821 237 880 head of th Althouah the d d del
PCFGPA DEP-VAL 840 850 845 248 897 ead of the sentence. Although the dependency model gen-
PCFGLING DEP-BASIC 85.4 848 851 304 903 erates part-of-speech tags as well, these are ignored for de
PCFGLING DEP-VAL 866 868 867 321 910 pendency accuracy. Punctuation is not scored. Since all de-

Figure 8: The combined model, with various projection medel  pendency structures overnon-punctuation terminals con-
tain n dependenciesn(— 1 plus the root dependency), we
report only accuracy, which is identical to both precisiod a
recall. It should be stressed that the “correct” dependency
structures, though generally correct, are generated fham t
PCFG structures by linguistically motivated, but automati
and only heuristic rules.

Figure 7 shows the relevant scores for the various PCFG
and dependency parsers alone. The valence model increases

! 0, 0

right, which then generat&eptember-NN to the right, which éhaecﬁe&i@gﬁgﬁ/ﬁ”&ﬂﬂg&:ﬁfggf‘ %Sr%?eé%ﬁe? E;[wOeSF?é)F/(O;' and

generates> on both sides. We then return io-IN, gener- L
: models, from 72.7% to 77.7% to 82.9%. The combination
ate o to the right, and so on. The dependency models re; arser’s performance is given in figure 8. As each individ-

quired smoothing, as the word-word dependency data is Ve'&)al model is improved, the combination I5 also improved,

sparse. In our basic modedeP-BASIC, we generate a de- . X ; !

o S 9 g rom 79.1% with the pair of basic models to 86.7% with the
pendent conditioned on the heaq and d|re_ct|on, requiring goir of top l;nodels. Tphe dependency accuracy alsoo goes up:
Lnodkel ;fp(g)d[ td#"?{ .tht’ d”)l' ;I'rg?hwas est|mbe_1|ted_ USIIIII‘t]g 4 from 87.2% to 91.0%. Note, however, that even the pair of ba-

ack-off model which interpolated the sparse bilexicalteu ;. 0 hasacombined dependénc ;
; . X . . y accuracy higher than
with the denser but less specific counts given by I9N0MNG e enhanced dependency model alone, and the top three have

the head word or by first generating the dependent tag ang?mbined Ir better than the best PCFG model alone. For the

then generating the dependent word given only the depende{b e . . .
: ; . 1g-o (0P pair, figure 6c illustrates the relative Bf the combina-
tag. The interpolation parameters were estimated on held Otion parser to the PCFG component alone, showing the unsur-

data. The resulting model can thus capture classical bilexi_ . . P
cal selection such%s the affinity betwepgyrollsandfell as  Prising trend that the addition of the dependency modelselp

well as_monolexmal preferences, such as the tendenayf for 11A tree T is viewed as a set of constituert€T). Constituents
to modify nou_n_s. In the enhan(.:ed dependency mm in the correct and the proposed tree must have the sameestdrt,
VAL, we condition not only on direction, but also on distanceanq jabel to be considered identical. For this measure,etieal
and valence. Note that this is (intentionally) very simt@ar  heads of nodes are irrelevant. The actual measures useetailed
the generative model ¢€ollins, 1999 in broad structure, but  in [Magerman, 1995 and involve minor normalizations like the re-
substantially less complex. moval of punctuation in the comparison.

Models of P(D) were lexical dependency models, which
deal with part-of-speech tagged words: pajus t). First
the headwn, th) of a constituent is generated, then succes
sive right dependent@ug, tg) until a STOP toker> is gen-
erated, then successive left dependents unid generated
again. For example, in figure 3, first we chods#-vBD
as the head of the sentence. Then, we genénate to the
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more for longer sentences, which, on average, contain mom@odels we outlined, and on any large space which can nat-
attachment ambiguity. The top; lof 86.7% is greater than urally be viewed as a composition of (possibly overlapping)
that of the lexicalized parsers presentefNtagerman, 1995; projections.

Collins, 1996, but less than that of the newer, more com-
\?vlﬁi)::’hprzr;;:\g rheigﬁn;gtjgcifllrlzr;ﬁ)l\(,\,/ez\/%?’()ﬁ g(\)/:/ltl)r:tsh ;3%? We would like to thar_lk Lillian _Lee, F_ernando Pe_zreira, and
ing out that these higher-accuracy parsers incorporate/ marPan Melamed for advice and discussion about this work.
finely wrought enhancements which could presumably be apreferences
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Abstract

Given a set of numbers, and a set of bins of
fixed capacity, the NP-complete problem of bin
packing is to find the minimum number of bins
needed to contain the numbers, such that the
sum of the numbers assigned to each bin does
not exceed the bin capacity. We present two
improvements to our previous bin-completion
algorithm. The first speeds up the constant fac-
tor per node generation, and the second prunes
redundant parts of the search tree. The re-
sulting algorithm appears to be asymptotically
faster than our original algorithm. On prob-
lems with 90 elements, it runs over 14 times
faster. Furthermore, the ratios of node gen-
erations and running times both increase with
increasing problem size.

1 Introduction and Overview

Given a set of numbers, and a fixed bin capacity, the
bin-packing problem is to assign each number to a bin
so that the sum of the numbers assigned to each bin
does not exceed the bin capacity. An optimal solution
uses the fewest number of bins. For example, given the
set of numbers 6, 12, 15, 40, 43, 82, and a bin capacity
of 100, we can assign 6, 12, and 82 to one bin, and 15,
40, and 43 to another, for a total of two bins. This is
an optimal solution to this instance, since the sum of all
the numbers, 198, is greater than 100, and hence at least
two bins are required. An example application is given a
set, of orders for wire of varying lengths, and a standard
length in which it is manufactured, how to cut up the
minimum number of standard lengths to fill the orders.

Bin packing was one of the earliest problems shown
to be NP-complete[Garey & Johnson, 1979]. The vast
majority of the literature on this problem concerns
polynomial-time approximation algorithms, such as first-
fit decreasing (FFD) and best-fit decreasing (BFD), and
the quality of the solutions they compute. First-fit de-
creasing sorts the numbers in decreasing order, orders
the bins, and assigns each number in turn to the first
bin in which it fits. Best-fit decreasing sorts the num-
bers in decreasing order and then assigns each number in
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turn to the fullest bin in which it fits. First-fit decreas-
ing requires three bins to pack the set of numbers above,
while best-fit decreasing packs them into two bins. Both
algorithms run in O(nlogn) time.

In this paper we are concerned with finding optimal
solutions, for several reasons. In applications with small
numbers of bins, even one extra bin is relatively expen-
sive. In addition, being able to find optimal solutions
to problem instances allows us to more accurately gauge
the quality of approximation algorithms. Furthermore,
an anytime algorithm for finding optimal solutions, such
as that presented in this paper, can make use of any ad-
ditional time available to find better solutions than those
returned by polynomial algorithms. Finally, optimal bin
packing is computationally challenging, and may lead to
insights applicable to other problems.

First we review previous algorithms for optimal bin
packing, including our bin-completion algorithm[Korf,
2002]. We then describe two improvements to bin com-
pletion. The first is an algorithm for generating un-
dominated bin completions more efficiently, reducing the
constant time per node generation. Next we describe a
method to reduce the branching factor of the search, by
eliminating branch points that are dominated by previ-
ous branches. In experiments on millions of problem in-
stances with uniformly distributed random numbers, our
new algorithm appears to be asymptotically faster than
our original bin-completion algorithm. This is based on
the observation that both the ratio of nodes generated by
the two algorithms, and also their running times, grow
with increasing problem size. On problems of size 90, our
new algorithm runs over 14 times faster than our original
bin-completion algorithm. We also report mixed results
on a common set of benchmark problems.

2 Previous Work
2.1 Martello and Toth

A well-known algorithm for optimal bin packing
[Martello & Toth, 1990a; 1990b] is based on depth-first
branch-and-bound. The numbers are first sorted, and
are considered from largest to smallest. It first computes
an approximate solution as an initial upper bound, using
the best solution among first-fit, best-fit, and worst-fit
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decreasing. Then, for each number, the algorithm places
it in each partially-filled bin that it fits into, or in an
empty bin. Thus, the algorithm branches on the differ-
ent bins that a number can be placed in. It also uses a
lower-bound function to prune the search.

2.2 More Recent OR Approaches

An anonymous reviewer pointed out some more recent
references on optimal bin packing from the operations
research literature, based on integer programming for-
mulations, with linear-programming relaxations. [Vale-
rio de Carvalho, 1999; Scholl, Klein, & Jurgens, 1997;
Vanderbeck, 1999; DeGraeve & Schrage, 1999; Vance et
al., 1994; Vance, 1998] While we have not yet fully di-
gested this work, we report below some comparison re-
sults on a standard set of benchmarks.

2.3 Bin Completion

In [Korf, 2002], we described our bin completion algo-
rithm, which uses a branching structure different from
that of Martello and Toth. A feasible set is a set of
numbers whose sum does not exceed the bin capacity.
Initially, we sort the numbers in decreasing order of size.
We then generate feasible sets that include the largest
number. If there is more than one such set, the search
may branch at that point. Each node of the search tree,
except the root node, represents a complete assignment
of numbers to a particular bin. The children of the root
represent different ways of completing the bin contain-
ing the largest number. The nodes at the next level
represent different feasible sets that include the largest
remaining number, etc. The depth of any branch of the
tree is the number of bins in the corresponding solution.

Bin completion is also a branch-and-bound algorithm.
It starts with the best-fit decreasing solution as an upper
bound, and applies a lower-bound heuristic function to
prune the search. Rather than assigning numbers one
at a time to bins, it branches on the different feasible
sets that can be used to complete each bin. Bin com-
pletion appears asymptotically faster than the Martello
and Toth algorithm, and outperforms it by a factor of
a thousand on problems of size 60. The key property
that makes it more efficient is a dominance condition on
the feasible completions of a bin that allows us to only
consider a small subset of them.

2.4 Set Dominance

Some sets of elements assigned to a bin cannot lead to
solutions that are any better than those achievable by
assigning other sets of elements to the same bin. We
begin with some simple examples of these dominance
relations, and then consider the general formulation.
First, consider two elements x and y whose sum is
exactly the bin capacity ¢. Assume that in one solution,
z and y are in different bins. In that case, we can swap y
with all other elements in the bin containing x, without
increasing the number of bins. This gives us an equally
good solution with z and y in the same bin. Thus, given
a problem with two values x and y such that x +y = ¢,
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we can always put z and y in the same bin, resulting
in a smaller problem [Gent, 1998]. Unfortunately, this
does not extend to three or more elements that sum to
exactly the bin capacity.

As another example, consider an element x such that
any two remaining elements added to x will exceed c.
In other words, at most one additional element can be
added to the bin containing xz. Let y be the largest
remaining element such that z +y < ¢. Then, we can
place y in the same bin as x without sacrificing solution
quality. The reason is that if we placed any other single
element z with z, then we could swap y with z, since
z<yandz+y<ec.

As a final example, again assume that y is the largest
remaining element that can be added to z such that z +
y < ¢, and that y equals or exceeds the sum of any set
of remaining elements that can be added to z without
exceeding c¢. In that case, we can again put z and y in
the same bin, without sacrificing solution quality. The
reason is that any other set of elements that were placed
in the same bin as = could be swapped with y without
increasing the number of bins.

To illustrate the general form of this dominance rela-
tion, let A and B be two feasible sets. If the elements
in B can be partitioned into subsets, and the subsets
can be matched to the elements of A such that the sum
of the elements in each subset doesn’t exceed the cor-
responding element of A, then set A dominates set B.
In other words, if the elements of B can be packed into
bins whose capacities are the elements of A, then set A
dominates set B. For example, let A = {20, 30,40} and
let B = {5,10,10,15,15,25}. Partition B into the sub-
sets {5,10}, {25}, and {10,15,15}. Since 5+ 10 < 20,
25 < 30, and 10 + 15 4+ 15 < 40, set A dominates set B.

Given all the feasible sets that contain a common el-
ement z, only the undominated sets need be considered
for assignment to the bin containing z. The reason is
that if we complete the bin containing = with a domi-
nated set, then we could swap each subset of numbers
in the dominated set with the corresponding element of
the dominating set, and get another solution without
increasing the total number of bins.

Martello and Toth use this dominance relation to some
extent. In particular, they take each element x, starting
with the largest element, and check if there is a single
completion of one or two more elements that dominates
all feasible sets containing z. If so, they place = with
those elements in the same bin, and apply the reduction
to the remaining subproblem. They also use dominance
relations to prune some element placements as well.

Our bin-completion algorithm, however, makes much
greater use of this dominance condition. In particular,
when branching on the completion of any bin, it only
considers undominated completions.

3 Finding Undominated Completions

The first contribution of this paper is a faster algorithm
to generate all the undominated completions of a bin.
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3.1 Previous Algorithm

The simplest algorithm is to generate all feasible sets
that include a particular element, and then test each
pair of sets for dominance. Our original implementation
improved on this by only generating a subset of all feasi-
ble completions, and testing for pairwise dominance only
among those. In particular, if only one additional num-
ber can be added to a bin, only the largest such number
is added. If only two additional numbers can be added to
a bin, the set of two-element undominated completions
can be found in linear time, as follows.

Each undominated two-element completion must have
a sum greater than the largest feasible single number,
and less than or equal to the remaining capacity of the
bin. The remaining values are kept in sorted order, with
two pointers, one initially assigned to the largest value
and the other to the smallest value. If the sum of these
two numbers exceeds the remaining capacity, the pointer
to the larger number is moved to the next smaller num-
ber. If the sum of the two numbers is less than or equal
to the largest single feasible number, the pointer to the
smaller number is moved to the next larger number. If
the sum of the two numbers is within this range, the
pointer to the smaller number is increased to the largest
number for which the sum of the two is still in range,
and these two values form an undominated two-element
completion. Then the pointer to the larger number is
moved to the next smaller number, and the pointer to
the smaller number is moved to the next larger number.
This process continues until the two pointers meet.

If the sum of the numbers in two feasible sets are un-
equal, only the one with the larger sum can dominate the
other. If two sets have the same sum, only the one with
the smaller cardinality can dominate the other. Once
a subset of the feasible completions is found, each pair
was tested to see if either dominates the other. This
was done by trying to pack the numbers of the poten-
tial dominated set into bins whose capacities were the
numbers of the potential dominating set. These small
bin-packing problems were solved by brute-force search.

There are two drawbacks to this approach. The first is
the time to generate and then test the dominated feasible
sets. The second is the memory needed to store the
dominated feasible sets before they are pruned.

3.2 Generating Undominated Sets Faster

Ideally, we would like to generate all and only undomi-
nated bin completions, without pairwise testing of feasi-
ble sets for dominance. We describe such an algorithm
in three stages: 1) how to generate all subsets of a uni-
verse, 2) how to generate only feasible subsets, and 3)
how to generate only undominated feasible subsets.
The easiest way to generate all 2" subsets of n el-
ements is to recursively traverse a binary tree, where
each node represents a collection of subsets. The root
node represents the entire power set, and the leaf nodes
represent individual subsets. Each interior level of the
tree corresponds to a different element. At each node,
the left branch includes the corresponding element in all
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subsets below it, and the right branch excludes the same
element from all subsets below it. The tree is traversed
depth-first using only linear memory.

To generate feasible completions of a bin containing a
number z, we add an upper bound on the sum to each
recursive call, which is initially the residual capacity, or
the bin capacity minus z. We sort the remaining unas-
signed numbers in decreasing order of size. We only
include numbers that are less than or equal to the up-
per bound. When we include a number by taking the
left branch from a node, we subtract it from the upper
bound of all recursive calls below that branch. When
the upper bound drops to zero, we prune the tree below
that node, since no further numbers can be added. This
generates all feasible completions of a bin containing x.

Generating undominated feasible completions requires
a little more work. When we exclude a number that ex-
ceeds the upper bound, by taking the right branch from
the corresponding node, nothing additional is required,
since it can’t be a member of any feasible set below that
node. If we exclude a number that equals the upper
bound, we can terminate that branch of the binary tree
immediately, because any feasible subset of included el-
ements below that node cannot sum to more than the
excluded element, and any subset with a smaller sum
would be dominated by the excluded element.

What happens when we exclude a number that is less
than the upper bound? To prevent the excluded element
from dominating any included subset below it, the sum
of the numbers in any such subset must exceed the ex-
cluded element. This generates a lower bound on the
sum of the elements in any included subset below this
node, which is equal to the excluded element plus one,
assuming that the numbers are integers. As with the
upper bound, the lower bound is reduced by any sub-
sequently included elements in the recursive calls below
the corresponding nodes. The lower bound generated by
an excluded element is only used if it exceeds the current
lower bound on that node.

Thus, we perform a depth-first traversal of the binary
tree representing all possible subsets of numbers remain-
ing to be assigned. This traversal is pruned by the upper
and lower bounds propagated down the tree as described
above, and generates complete subsets at the leaf nodes.
These will include all undominated feasible sets, but may
include some dominated feasible sets as well.

To eliminate these, we perform an additional test on
the feasible bin completions generated. The residual ca-
pacity r of a bin is the bin capacity ¢ minus the largest
number in the bin, which is common to all feasible com-
pletions of a given bin. Let ¢ be the sum of all the num-
bers in a feasible set A, excluding the common largest
number. The excluded numbers are all remaining num-
bers less than or equal to r that are not included in A.
Set A will be dominated if and only if it contains any
subset whose sum s is less than or equal to an excluded
number z, such that replacing the subset with x will not
exceed the bin capacity. This will be the case if and only
if £ — s < r —t. Thus, to guarantee that a feasible set
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A is undominated, we check each possible subset sum s,
and each excluded number z, to verify that x —s > r—t.

This algorithm generates feasible sets and immediately
tests them for dominance, so it never stores multiple
dominated sets. It tests for dominance by comparing
subset sums of included elements to excluded elements,
rather than comparing pairs of sets for dominance.

Pseudo-code for this algorithm is given below. The
feasible function takes a set I of included elements, a set
E of excluded elements, a set R of remaining elements,
a lower bound ! and an upper bound u. It generates all
feasible sets of remaining elements whose sum is within
the two bounds, and calls the test function on each. In
the initial call, I and E are empty, R contains all remain-
ing elements less than or equal to the residual capacity r
of the bin, u is set to r, and [ is set to the largest single
element that can feasibly be added to the bin, plus one.
Test is the test described above, and is a function of the
included elements I, the excluded elements E, and the
residual capacity r.

feasible(I, E, R, I, u)
if R is empty or u =0, test(I, E, r)
else
let x be the largest element of R
if z > u, feasible(I, E, R\ {z}, l, u)
else if x = u, feasible(I U{z},E,R\ {z},l —z,u —x)
else
feasible(I U {z}, E, R\ {z}, | —z, u — z)
feasible(I, EU {z}, R\ {z}, maz(l,z + 1), u)

To improve this algorithm, we use the same optimiza-
tions used in our original algorithm to generate feasible
sets. Namely, if only one more number can be added to
a bin, we only add the largest such number, and if only
two more numbers can be added, we generate all un-
dominated two-element completions in linear time. This
algorithm speeds up the generation of all undominated
sets, without affecting the number of bin completions
considered. For that, we turn to our next contribution.

4 Pruning the Search Space

Consider a number w in a bin, with a capacity of c. As-
sume that two undominated feasible completions of the
bin are {w,z,y} and {w,z}. For these completions to
be undominated, it must be the case that z > z, 2 > y,
z+y >z, w+zx+z>c and w+y+z > c. Assume that
our search explores bin completions in decreasing order
of subset sum, so in this case we consider {w, z,y} before
{w, z}. Furthermore, assume that after exhausting the
subproblem below the assignment {w,z,y}, and while
exploring the subproblem below the assignment {w, z},
we find a solution that assigns x and y to the same bin,
say {v,z,y}. Sincew+z+y <c,v+z+y <e¢ and
z < x +y, we could swap z with = and y, resulting in
a solution with the same number of bins, but including
the bin assignments {w,z,y} and {v,z}. However, all
possible solutions below the node representing the bin
assignment {w, z,y} have already been explored. Thus,
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this solution is redundant, and doesn’t need to be con-
sidered again. In particular, below the {w, 2z} branch of
the search tree, any solution that assigns x and y to the
same bin will be redundant and can be pruned.

In general, given a node with more than one child,
when searching the subtree of any child but the first,
we don’t need to consider bin assignments that assign
to the same bin all the numbers used to complete the
current bin in a previously-explored child node. More
precisely, let {N1, Na, ..., Ny, } be a set of brother nodes
in the search tree, and let {Si,Ss,...Sm} be the sets
of numbers used to complete the bin in each node, ex-
cluding the first number assigned to the bin, which is
common to all the brother nodes. When searching the
subtree below node N; for ¢ > 1, we exclude any bin
assignments that put all the numbers in S; in the same
bin, for j < i. Thus, no bin completion below node N;
can have as a subset the numbers in §;, for j < 4. By re-
jecting these bin assignments as redundant, the number
of node generations is reduced.

4.1 Current Implementation

Our current implementation of this pruning rule propa-
gates a list of nogood sets along the tree. After generating
the undominated completions for a given bin, we check
each one to see if it contains any current nogood sets as
a subset. If it does, we ignore that bin completion.

To keep the list of nogood sets from getting too long,
occupying memory to store them and time to test them
against bin completions, we prune the list as follows.
Whenever there is a non-empty intersection between a
bin completion and a nogood set, but the nogood set is
not a subset of the bin completion, we remove that no-
good set from the list that is passed down to the children
of that bin completion. The reason is that by including
at least one but not all the numbers in the nogood set
in a bin completion, we’ve split up the nogood set, guar-
anteeing that it can’t be a subset of any bin completion
below that node in the search tree.

This implementation could probably be improved with
more sophisticated data structures for representing and
manipulating sets of elements.

5 Experimental Results

We tested our algorithm on large sets of problems with
uniformly-distributed high-precision numbers, and on a
set of benchmark problems of relatively low precision.

5.1 TUniform High Precision Numbers

We compared our original algorithm to our new bin-
completion algorithm on the same problem instances
and on the same machine. Since high-precision numbers
are often more difficult to pack than low-precision num-
bers, we used a bin capacity of one million, and random
numbers uniformly distributed from one to one million.
Given the enormous variation in the difficulty of indi-
vidual problem instances, we ran one million instances
of each problem size, which ranged from 5 to 95 numbers,
in increments of 5. Table 1 shows the results.
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N | Optimal | Original Without Pruning With Nogood Pruning Ratios
Bins Time Nodes Time Nodes Time Nodes | Time
5 3.215 6 .064 6 .064 5 1.000 1.200
10 5.966 13 119 13 119 12 1.000 1.083
15 8.659 19 .362 20 .360 19 1.006 1.000
20 11.321 27 727 28 716 26 1.015 1.038
25 13.966 36 1.249 37 1.204 35 1.037 | 1.029
30 16.593 44 2.046 46 1.878 43 1.099 1.023
35 19.212 55 3.376 57 2.827 52 1.194 | 1.058
40 21.823 73 6.325 71 4.452 65 1.421 1.123
45 24.427 103 13.346 94 7.338 81 1.819 1.272
50 27.026 189 29.414 136 12.364 104 2.379 1.817
55 29.620 609 124.476 367 28.931 174 | 4.303 | 3.500
60 32.210 2,059 391.847 1,097 108.527 518 3.611 3.975
65 34.796 28,216 7,984.196 | 15,694 649.553 2,658 | 12.292 | 10.616
70 37.378 41,560 9,408.125 | 22,628 786.126 3,549 | 11.968 | 11.710
75 39.957 194,851 57,529.770 | 119,928 5,308.159 21,739 | 10.838 | 8.963
80 42.534 408,580 | 113,746.144 | 233,367 7,560.130 30,972 | 15.046 | 13.192
85 45.108 412,576 | 129,618.988 | 282,851 8,697.441 36,098 | 14.903 | 11.429
90 47.680 | 2,522,993 38,176.160 171,778 14.688
95 | 50.253 324,811.204 | 1,343,092

Table 1: Experimental Results for Uniformly Distributed, High-Precision Numbers

The first column gives the problem size, which is the
number of values being packed. The second column
shows the average number of bins needed in the optimal
solution. Since the numbers range uniformly from zero
to the bin capacity, the expected value of any number is
half the bin capacity, and the expected value of the sum
of the numbers is the half the bin capacity times the
number of values. As expected, the average minimum
number of bins is slightly more than half the number of
values, due to the inevitable wasted space in the bins.

The third column gives the average running time of
our original bin-completion algorithm [Korf, 2002], in
microseconds. This is also the total time in seconds to
solve all one million problem instances. All implementa-
tions are on a 440 Megahertz Sun Ultra 10 workstation.

The next two columns, labelled “Without Pruning”,
give the average node generations and running times in
microseconds for our implementation of bin completion
with our new method of generating undominated feasi-
ble sets, but without pruning nogood sets. While this
program considers the same number of candidate solu-
tions as our original one, the node generations differ from
those reported in our earlier paper [Korf, 2002]. The
reason is that we define a node as a recursive call to the
search routine, and our current implementation checks
terminating conditions before making a recursive call,
rather than at the beginning of the search function. Our
new program outperforms our original one by a factor of
up to 1.84 in running time. We didn’t run it on problems
of size 90 or 95 due to the time that would be required.

The next two columns, labelled “With Nogood Prun-
ing”, give the average number of nodes generated and
average running time in microseconds for our full algo-
rithm, including nogood pruning. Comparing the num-
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ber of node generations to the corresponding column
without pruning shows the effect of nogood pruning.

The last two columns give performance ratios of our
best program, including nogood pruning. The node ra-
tio is the number of nodes generated without nogood
pruning, divided by those generated with nogood prun-
ing. The time ratio is the running time of our original
program, divided by our current best program.

As problem size increases, nogood pruning generates
increasingly fewer nodes than without pruning. On the
largest problems we ran both algorithms on, the ratio
of node generations is about a factor of 15. The fact
that the node generation ratio increases with increasing
problem size suggests that nogood pruning reduces the
asymptotic time complexity of bin completion.

The ratios of the running times displays a similar
trend, although the values are less than the ratios of
node generations. This is due to the increased overhead
of nogood pruning. On the larger problems, our new al-
gorithm is over an order of magnitude faster than our
original algorithm. Problems of size 95 take an average
of only 1.343 seconds per problem to solve optimally.

Variation in Individual Problem Difficulty

There is tremendous variation in the difficulty of individ-
ual problems. For example, in 68.56% percent of the one
million problems with 95 numbers, the best-fit decreas-
ing solution uses the same number of bins as the lower
bound, solving the problem without any search. Among
the same problems, however, twenty instances generated
more than a billion nodes, three of those generated more
than ten billion nodes, and one of those generated more
than a hundred billion nodes. Our program solved over
125,000 problems of size 100 in about a day, and then
failed to solve the next problem in over 43 days. What
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distinguishes the hard problems from the easy ones?

Among all problems of size 95, the average number of
bins in the optimal solution is 50.253. Among the twenty
hardest problems, however, the average optimal number
of bins is only 39.85. Intuitively, this makes sense, since
fewer bins means more items per bin, and hence more
undominated feasible sets to consider.

On the other hand, problems with a relatively small
number of bins in the optimal solution are not neces-
sarily difficult. The reason is that with smaller num-
bers, approximation algorithms like best-fit decreasing
are more accurate. For example, eleven problems of size
95 required 36 or fewer bins. Seven of those required no
search, and the average number of nodes generated to
solve all eleven was only 12,704, compared to an average
of 324,811 nodes for all one million problem instances.

Thus, the hard problems tend to use fewer bins, but
problems that use fewer bins are not necessarily hard,
since often the lower bounds agree with the solutions
returned by approximation algorithms.

5.2 Benchmark Problems

We also ran our best algorithm on eight sets of twenty
benchmark problems each, from the operations research
library maintained by J.E. Beasley at Imperial College,
London. These problem instances were originally gen-
erated by Falkenauer [Falkenauer, 1996], and have been
used by a number of other researchers [Valerio de Car-
valho, 1999; Vanderbeck, 1999]. We compare our results
to [Valerio de Carvalho, 1999], since he reports the most
detailed results. He ran his experiments on a 120 MHz
Pentium, compared to our 440 MHz Sun workstation.

Uniform Problems

The first four problem sets, called uniform problems,
consist of numbers chosen uniformly from 20 to 100, with
a bin capacity of 150. Each set contains 20 problems,
which are of size 120, 250, 500, and 1000 numbers each.

On the uniform problems of size 120, our best algo-
rithm took 2 seconds on problem 0, 3 seconds on prob-
lem 3, and solved the rest instantly, meaning in less
than a second. In eleven of these problems, either the
best-fit decreasing solution, or the first solution found by
bin completion, matched our lower bound, requiring no
search. [Valerio de Carvalho, 1999] reports an average of
4.22 seconds for these problem instances.

For the uniform problems of size 250, our algorithm
solved all but three instantaneously, solved problem 15
in 318 seconds, but failed to solve problems 7 and 13 in
over ten minutes each. In twelve of these problems, the
first solution found by bin completion matched our lower
bound. [Valerio de Carvalho, 1999] reports an average
of 5.98 seconds for these problems.

On uniform problems of size 500, our algorithm solved
14 problems instantly, took 4 and 160 seconds on prob-
lems 3 and 5, respectively, but failed to solve problems 0,
6, 7, and 8 in ten minutes each. In eleven of these prob-
lems, the first solution found by bin completion matched
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our lower bound. [Valerio de Carvalho, 1999] reports an
average of 6.93 seconds on these instances.

For uniform problems of size 1000, our algorithm
solved problems 0, 1, 5, 6, 8, 10, 11, 13 and 18 instantly,
and solved problems 14 and 16 in 69 and 10 seconds, re-
spectively. In seven of these problems, the first solution
found by bin completion matched our lower bound. It
failed, however, to solve the remaining 9 problems in ten
CPU minutes each. [Valerio de Carvalho, 1999] reports
an average of 7.45 seconds for these problems.

Triplet Problems

The other four problem sets are called triplets, since each
bin contains exactly three elements in the optimal solu-
tion. The bin capacity is 1000, with numbers in the range
250 to 500. The first number in each bin was chosen uni-
formly from 380 to 490, the second was chosen from 250
to one-half the size of the first number, and the third el-
ement was chosen so that the sum of the three is exactly
1000. Thus, no space is wasted in the optimal solution.

Our algorithm solved all 20 triplets of size 60 instantly,
while [Valerio de Carvalho, 1999] reports an average of
4.14 seconds on these problems.

On triplets of size 120, our algorithm solved all but
four problems instantly, and required 26, 1, 3, and 2
seconds on problems 0, 4, 13, and 19, respectively, for an
average time of 1.6 seconds. [Valerio de Carvalho, 1999]
reports an average of 26.95 seconds on these instances.

On triplets of size 249, our algorithm solved instances
3,4, 9, 11, and 19 instantly, required 2, 19, 206, 157, 1,
75 and 126 seconds on problems 0, 6, 7, 8, 10, 13, and
15, respectively, but failed to solve the remaining 8 prob-
lems after 10 minutes each. [Valerio de Carvalho, 1999]
reports an average of 122.85 seconds on these problems.

We were unable to solve any of the triplets of size 501,
with ten CPU minutes each. [Valerio de Carvalho, 1999]
reports an average of 360.69 seconds on these instances.

Discussion of Benchmark Results

On the uniform problems of size 120, and on the triplets
of size 60 and 120, our algorithm outperformed that of
[Valerio de Carvalho, 1999] in average running time, tak-
ing into account the different clock speeds of our ma-
chines. On the remaining sets of problems, our algo-
rithm would require a longer average running time, since
it failed to solve some instances in ten minutes. On uni-
form problems of size 250 and 500, however, our algo-
rithm took less time than that of [Valerio de Carvalho,
1999] on most problem instances, 17 out of 20 for size
250, and 14 out of 20 for size 500. On uniform problems
of size 1000, our algorithm took less time on 9 out of 20
problems, and on triplets of size 249 our algorithm was
faster on 8 out of 20 problems. Overall, our algorithm
performed worse than that of [Valerio de Carvalho, 1999]
on the largest problem sets, however.

One possible reason for this difference in performance
is that we designed our algorithm with high-precision
numbers in mind, ranging from one to a million in our
experiments. With these values, there are no duplicate
numbers in the same problem instance, and no pairs of
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numbers that sum to exactly the bin capacity. Thus, we
didn’t consider optimizations that are only possible with
duplicate numbers. In the uniform benchmark datasets,
however, the values range from 20 to 100, and in the
triplets datasets they range from 250 to 500. As a result,
these problem sets contain many identical numbers.
While high-precision values are usually more difficult
to pack, this is not the case with the triplet datasets con-
sidered here. In particular, if they were generated in the
same way, but using high-precision values instead, the
first solution found by bin completion would be optimal,
since there would be only one way to fill each bin com-
pletely, and that completion would be considered first.
Furthermore, it would be immediately recognized as op-
timal, since there is no extra space in any of the bins.

6 Conclusions

We presented two improvements to our original bin-
completion algorithm. The first is an algorithm for gen-
erating all undominated bin completions directly, with-
out testing pairs of completions for dominance. More
importantly, we presented an algorithm to identify and
eliminate redundant bin completions, which prunes the
search space. Combining these two improvements yields
an algorithm that appears to be asymptotically faster
than our original, and runs over 14 times faster on prob-
lems of size 90. For numbers uniformly distributed from
zero to the bin capacity, we can solve a million problems
of size 95 optimally in an average of 1.343 seconds per
problem instance.

There is enormous variation in individual problem dif-
ficulty, with most problems being solved instantly, but
some running for days or weeks. One problem of size 100
ran for 43 days without verifying an optimal solution.

On a set of standard benchmark problems, the results
were mixed. Our algorithm outperformed that of [Vale-
rio de Carvalho, 1999] on the smaller problem instances,
but did worse on the largest problem instances. These
benchmarks problems contain relatively low-precision
values, which may provide further opportunities for im-
proving the performance of bin completion.

It is important to note that most of the algorithms
described in this paper are anytime algorithms. In other
words, they produce an approximate solution immedi-
ately, and as they continue to run they produce better
solutions, until they find and eventually verify the opti-
mal solution. Furthermore, the gap between the approx-
imate solution and the lower bound is often only a single
bin, and always known throughout the computation, al-
lowing the user to decide how much effort to expend in
trying to achieve this improvement.
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Abstract a “boundary” in the search graph that prevents previously
closed nodes from being revisited. This is the strategy
adopted by a pair of recent search algorithiierf, 1999;

Korf and Zhang, 2000 which are related to earlier work

on reducing the memory requirements of dynamic program-
ming algorithms for sequence comparigétfirschberg, 1975;
Myers and Miller, 1988 If not all expanded nodes are stored

in a Closed list, an alternative method of solution extraction
is needed — since closed nodes along an optimal solution path
may no longer be in memory when the search ends. So, these
algorithms preserve information about nodes that are in the
middle of a solution path. After the search ends, they use this
information to divide the original problem into sub-problems

— employing a divide-and-conquer strategy to recursively re-
construct an optimal solution path. This approach to reduc-
ing memory requirements results in an algorithm with two
distinct phases; the first phase searches from the start to the
1 Introduction goal node, and the second phase uses a divide-and-conquer

Graph search algorithms such as Dijkstra’s algorithm and A’m?rt]h?ﬁisto rgcg?sbrvuect diggﬁgénzlo?ﬁlem;?nn Pgéghents of this
use an Open list to store nodes on the search frontier, and paper, P

a Closed list to keeb track of already expanded nodes. Th%earch strategy. Earlier searph algorithms that use this strat-
Closed list performsptwo important fu)I’/]CtiOan. €gy do not store a Closed list at 4Korf, 1999; Korf and

) _ Zhang, 200D Instead they include extra information in open
1. It allows the optimal solution path to be reconstructednodes, and even insert additional nodes into the Open list,
after completion of the search by tracing pointers back+to ensure that it forms a “boundary” that prevents “leaks”
wards from the goal node to the start node. back into the closed region. Instead of adding information
2. In graph search problems, it allows nodes that have alto the Open list, our algorithm preserves some already ex-
ready been reached along one path to be recognized ffanded nodes in a Closed list — but only enough to create a
they are reached along another path, in order to prevertoundary and allow efficient solution reconstruction. Much
duplicate search effort. of the closed region of the search can be removed from mem-
ry. Thus, we call this a sparse representation of the Closed
ist, and a sparse-memory approach to graph search. We show
that it results in a more flexible approach to reducing memory
éequirements that offers several advantages.

We describe a framework for reducing the space
complexity of graph search algorithms such as A*
that use Open and Closed lists to keep track of the
frontier and interior nodes of the search space. We
propose a sparse representation of the Closed list
in which only a fraction of already expanded nodes
need to be stored to perform the two functions of
the Closed List — preventing duplicate search effort
and allowing solution extraction. Our proposal is
related to earlier work on search algorithms that do
not use a Closed list at diKorf and Zhang, 2000
However, the approach we describe has several ad-
vantages that make it effective for a wider variety
of problems.

Although both functions are important, storing all expande
nodes in a Closed list can quickly use all available memory.
If one is willing to give up the ability to recognize when
the same node is reached along different paths, IDA* an
RBFS can solve search problems in linear sj#oef, 1985;
1993. Related search algorithms provide a limited abil-2 Background
ity to prevent duplicate search effort by storing a limited The most closely related algorithms to the search algorithm
number of expanded nod¢Reinefeld and Marsland, 1994; we introduce in this paper are Divide-and-Conquer Bidirec-
Miura and Ishida, 1998 In complex graph search problems tional Search (DCBS)Korf, 1999 and Divide-and-Conquer
with many duplicate paths, however, an inability to preventFrontier Search (DCFgKorf and Zhang, 2000 Although
all duplicate search effort often leads to poor performance. both are general graph-search algorithms, they were devel-
Fortunately, it is not necessary to store all expanded nodesped as an approach to performing multiple sequence align-
in a Closed list in order to eliminate all duplicate search ef-ment, and the memory-saving technique they use was first
fort. It is only necessary to store enough nodes to formused by related dynamic programming algorithms for se-
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guence comparisobHirschberg, 1975; Myers and Miller, expansion, only operators that are not among the forbidden
1989. To provide some perspective, we begin with a briefoperators are used to generate its successor nodes. This pre-
description of the multiple sequence alignment problem. Fowrents the search from re-generating nodes that may have been
a detailed description of this problem, we refer to our refer-already closed and removed from memory. However, a com-

ences. plication arises in the case of directed graphs — in particu-
) ) lar, directed graphs in which a node can have predecessors
2.1 Multiple sequence alignment that are not also potential successors. If a node is expanded

Alignment of multiple DNA or protein sequences is an im- and removed from memory before all of its predecessors have
portant problem in computational biology. It provides a waybeen generated and inserted into the Open list, it can be re-
to measure the similarity between sequences and detect rgenerated if one of these predecessor nodes is later expanded.
lated segments. Alignment involves inserting gaps into selo prevent this, DCFS modifies the Open listin a second way.
quences in order to maximize the number of matching “charWhen a node is expanded, it generates not only its successor
acters.” It is well-known that this problem can be formal- nodes, but all of its predecessor nodes — even if the search has
ized as a shortest-path problem imadimensional lattice, notyetfound a path to these predecessor nodes. If there is not
wheren is the number of sequences to be aligned. Theyet a legal path to these predecessor nodes, they are assigned
number of nodes in the lattice i€, where! is the aver- an infinite f-cost to prevent them from being expanded until
age length of sequences, and thus grows polynomially witta legal path is found.

the length of sequences, and exponentially with the num- To make it possible to reconstruct the solution path at the
ber of sequences. Although dynamic programming is theend of the search, DCFS modifies nodes in a further way. In
traditional method for solving this problem, A* has been each node past the midpoint of the search, it stores all in-
shown to outperform it by using an admissible heuristic toformation about a node on its path that is about halfway be-
limit the number of nodes in the lattice that need to be extween the start and goal node. Then, when the search is com-
amined to find an optimal alignmefikeda and Imai, 1999; pleted, DCFS knows a middle node on the optimal solution
Lermen and Reinert, 2000 But given the large number of path, and can reconstruct the solution path by a divide-and-
nodes that usually must be examined, memory is a bottleneckonguer approach. Using the same search algorithm, it recur-
and techniques for solving this problem in reduced memongively solves the subproblems of finding an optimal path from

can be very helpful. the start node to the middle node, and then from the middle
o ) node to the goal node. This recursive method of solution re-
2.2 Divide-and-conquer frontier search construction is essentially the divide-and-conquer idea first

Both  Divide-and-Conquer  Bidirectional ~ Search Proposed by Hirschbeld 975.
(DCBS) [Korf, 1999 and Divide-and-Conquer Frontier s
Search (DCFS)[Korf and Zhang, 2000 use the same 2-3 Limitations
strategy for reducing memory requirements. The differencéorf and Zhang[200d show that DCFS can be very effec-
is that DCBS uses bidirectional search and DCFS usesve in “problem spaces that grow polynomially with prob-
unidirectional search. Korf and Zhan@00d find that lem size, but contain large numbers of short cycles,” includ-
unidirectional search results in better performance, and smg path-planning in two-dimensional grids and multiple se-
we refer to DCFS in the rest of this paper. quence alignment, assuming a small number of sequences.

DCFS reduces memory requirements by storing only thefhey acknowledge that their search algorithm is not as ef-
frontier nodes of the search, not the interior nodes — that idective in an “exponential problem space with a branching
by using an Open list but not a Closed list. Because it does ndactor of two or more.” In that case, they explain, the Open
use a Closed list, DCFS must use some other method to avoli$t is much larger than the Closed list and “not storing the
duplicate node expansions and to extract an optimal solutioflosed list doesn’t save much.” In fact, the multiple sequence
path at the end of the search. The problem of avoiding duplialignment problem is an exponential problem space (and NP-
cate node expansions is particularly important in the case afomplete[Just, 200}), when the number of sequences to be
multiple sequence alignment because there are combinatoiigned is not bounded. Its branching facto?’is-1 (wheren
ally many paths from the start node to any other node. Fois the number of sequences), and the size of the Open list can
this reason, linear-space search algorithms that do not test fdwarf the size of the Closed list when aligning as few as five
duplicates, such as IDA*, have “pitiful results” (in the words or six sequences. This problem is well-known and has moti-
of Korf [1999), when used for multiple sequence alignment.vated development of techniques for reducing the size of the
Even bounded-memory search algorithms that detect som@pen list when using A* to align multiple sequences. These
but not all duplicates have been reported to perform poorlynclude use of an upper bound to prune open nodes that can-
on this problenfYoshizumiet al., 2004. not lead to an optimal solutiolikeda and Imai, 1999 and

To avoid duplicate node expansions, DCFS uses the foluse of partial node expansioh¢oshizumiet al,, 2004.
lowing techniques to prevent the search from “leaking” back As it turns out, it is difficult to combine DCFS with tech-
into the closed region, that is, to prevent closed nodes frommiques for reducing the size of the Open list without creating
being re-generated. First, it stores in each node a ligbref  inefficiencies, or even “leaks” back into the closed region. It
bidden operators This list includes one operator for each is possible to combine DCFS with Partial Expansion A*, a
neighbor (predecessor or successor) of this node that has aéchnique for reducing the size of the Open list by allowing
ready been generated. When the node is later selected fpartially expanded nodd¥oshizumiet al., 2004. This can
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be beneficial in some cases. But allowing nodes to be partially
expanded has the effect of reducing the number of nodes that
are closed. In turn, this reduces the memory-saving effect
of DCFS by reducing the number of nodes eligible to be re-
moved from memory, as our experimental results will show.
Another approach to reducing the size of the Open list is
to prune open nodes when thghcost is greater than an up-
per bound on the optimal-cost, as in Enhanced Affkeda
and Imai, 1999 Because this technique does not reduce the
number of closed nodes, the idea of combining it with DCFS
appears more promising. However, it introduces other dif-
ficulties. Recall that DCFS generates all predecessors of a

node when it is expanded, even if it has not yet found a patitigure 1: An illustration of the relationships among the kernel

to these predecessors. If nodes are pruned from the Opehg the boundary of the search interior, the search frontier,
list, no path may ever be found to these extra nodes, and thgnd the entire state space.

Open list may become cluttered with useless nodes that can

never be removed. In directed graphs with the special prop- ) ) )

erty that the set of successors of each node is disjoint from the A key difference from DCFS is that our algorithm does
set of predecessors, such as the search graph of the multiglét entirely eliminate the Closed list. Instead, we propose
sequence alignment problem, this inefficiency is the only neg2 Sparse representation of the Closed list that allows many
ative effect of pruning the Open list. But in directed graphs(but not all) closed nodes to be removed from memory. To
that do not share this property, and in all undirected graph£Xplain our approach, we note that the search interior (the set
pruning nodes from the Open list can also result in “leaks"Of closed nodes) can be partitioned into two disjoint subsets
back into the closed region, as follows. The first time a noddhat we call the set dboundary nodesind thekernelof the

is generated, there is no guarantee that the best path to it h&garch interior.

been found. So, if it is pruned using an upper bound, it mayDefinition 1 Let I be the set of search interior nodes, i.e.,
later be re-generated if a better path to it is found. But sinceéyodes whose lowest-cost paths have been found kdinel

the forbidden operators associated with the node when it wasf 1, denotedC(7), is defined as follows:

first generated were lost when it was pruned, a node that was

previously closed could be re-generated. K(I) ={k|k e I,vp € Pred(k) = p e I},

The difficulty of combining DCFS with techniques for re- wherePred(k) denotes the set of predecessor nodds tifat
ducing the size of the Open list is a significant limitation. js, the set of nodes that can make a transition into nbdte

Another potential limitation worth mentioning is the over- the underlying graph, which may be directed or undirected.

Egad fotglstorlng_t;\ list Of”f%rb'ddﬁ.n 0_?er?tortsh_ln eacf;] no(?.GBasically, the kernel is the set of nhodes whose predecessor
or problems with a small branching-lactor, this overhead 15, ,yo.q are gl interior (i.e., closed) nodes.

slight. But for the multiple sequence alignment problem, this — ™ o

overhead grows as the number of sequences grows. Rec&Efinition 2 The set oboundary nodesf search interior?,

that the number of operators (i.e., the branching factor) oflenoted3(/), is defined as the non-kernel noded pthat is:

multiple sequence alignment2$ — 1, and DCFS stores in- B(I) =1\ K(I).

coming as well as outgoing edges in the list of forbidden op-

erators. Thus, the total number of edges incident to a node i8nother way of describing a boundary node is to say that at

(2" — 1) x 2 = 27+ — 2. Although Korf and Zhan¢200d  least one of its predecessor nodes is not an interior node, or

claim that the space complexity of DCFS for multiple se-mathematically,

quence alignment i©(I"~1), compared to th@ (") space .

complexity of A*, this( clair31 rests on the assugnp)tion that a B(I)={b|be I Ipe Pred(b).p ¢ I}.

node takes constant storage. Asncreases, the storage re- Figure 1 illustrates the relationship between the kernel and

quired for the list of forbidden operators increases exponenboundary of the search interior. Note that nodes in the bound-

tially. In fact, the space complexity of DCFS for mulitple ary can enter the kernel, but once a node is in the kernel it

sequence alignment(2"{"~'), and its advantage over the remains there. The nodes in the kernel are eligible for re-

Search state space

) e Goal

Search Frontier

Kernel + Boundary = Search Interior

O(I™) space complexity of A* disappears when> log!. moval from memory because they are not needed to prevent
duplicate search effort.
3 Sparse-Memory Search Algorithm The intuitive meaning of “boundary” can be explained as

follows. Because every closed node is reachable from the
The algorithm we describe in the rest of this paper adoptstart node, the set of closed nodes can be considered a “vol-
a strategy for reduced-memory search that is similar to theme” in the underlying graph that encompasses the starting
strategy used by DCFS. However, it implements this strategypode. Nodes outside this volume cannot reach nodes inside
in a simpler way that is more compatible with techniques forthe volume without passing through some node in the bound-
reducing the size of the Open list, and does not require storingry. Thus, storing only the boundary nodes in the Closed list
lists of forbidden operators in nodes. is as effective as storing the entire “volume,” with respect to
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preventing the search from “leaking” back into the closed re-Procedure ExpandNod¢Node)
gion. (From this perspective, one could say that DCFS add$ for eachv € Successors(u) do

nodes to the Open list — i.e., the search frontier — in orde? if v € Open then
to ensure that the frontier forms a boundary, and it treats th@ p(v) — p(v) — 1
Closed list as the kernel that can be removed from memory. if g(u) + c(u,v) < g(v) then
In addition to keeping boundary nodes in the Closed® 9(v) — g(u) + c(u,v)
list, our sparse-memory approach keeps some other, nor@— ancestor(v) — u
boundary nodes that allow solution reconstruction. The/ else ifv € Closed then
method of solution reconstruction is different from the one8 p(v) < p(v) — 1
used by DCFS. Recall that DCFS stores in each node all inforl? ~ €lse/* generate new node */
mation about a “middle” node on the path through this nodelO p(v) « in-degregv) — 1
to the goal. In our approach, each node in the search grapht g(v) — g(u) + c(u,v)
maintains a pointer to its predecessor node along the best pa%l? ancestor(v) < u
to this node,or to some earlier, ancestral node along this 13 Qpen — Open U {v} )
path® In the latter case, we havesparse solution path 14 if memory is fullthen PruneClosedLisf)

Definition 3 Asparse solution path an ordered list of nodes  procedure PruneClosedLisf)
P ={P[0], P[1],---, P[d]},such thatd > 1, P[0] isastart 1 foreachv ¢ Open U Closed do

node, P[d] is a goal node, andel;O1 (Pl Pli+1]) = 2 if ancestor(v) € Pred(v) then
d(start, goal), whered(u, v) denotes the cost of the lowest- 3 a «— ancestor(v)
cost path between two nodesandw. 4 while o € Closed and p(a)) = 0 do

a «— ancestor(a)
if o # ancestor(v) then
ancestor(v) «— «
p(a) < oo [* never prune relay node */
for eachv € Closed do
0 if p(v) =0then
1 Closed «— Closed \ {v}
Deletev

If a node in a sparse solution path has a pointer to an arz
cestral node instead of a pointer to its predecessor, we ¢
the ancestral node ralay nodeto indicate that it skips over
some nodes in an original, “dense” solution path. We als
consider the start node (which has no backward pointer) a re-
lay node. How relay nodes are created and used in solutio
reconstruction is explained below. Here, we simply note tha
relay nodes are never removed from the Closed list becau
they are needed for solution reconstruction. Thus, a spar
representation of the Closed list includes all boundary node&Igorlthm SMG3(Nodestart, Nodegoal)
and all relay nodes. Nodes that do not fall in either categorg g(start) —0 o t node */
may be removed from memory. ZS;;SZ?T‘(;? 9 :e\;lir”prune start node

It is well-known that A* can be viewed as Dijkstra’s aI— Open — {start}
gorithm applied to a transformed graph with the same se Cfosed 0
of nodes and edges, but modified edge costs given by th while Open # 0 do
equationé(u,v) = c(u,v) — h(u) + h(v), wherec(u,v) P

(or é(u,v)) is the cost of edgéu, v) in the untransformed g;nafrg;é‘ég\(z}‘ u € Open}

(or transformed) graph ankl(u) (or h(v)) is the cost esti- g Closed « Closed U {u}
mate of the lowest-cost path from nodelor v) to the goal 10 if v is goal then

node. Therefore, we present our sparse-memory algorithm as SSP « ExtractSparseSolutionPath(u)

a modification of Dijkstra’s algorithm, and note that our de- 12 DSP «— ()

scription applies to A* also. Our sparse-memory approach 3 for i = 1 to length(SSP) do

requires two assumptions. First, the transformed (or untransg4 if SSP[i — 1] € Pred(SSPJi]) then

formed) graph cannot contain any negative-cost edges. Thigs DSP.addTail(SSP[i))

means the heuristic used by A* must be consistent. Withqg else

out this assumption, it is impossible for our algorithm (or any 1 7 DSP.addTail (SMGS(SSP[i — 1], SSP[i]))
heuristic search algorithm) to accurately identify the interiorq g return DSP ’

of the search, and DCFS makes the same assumption. Sefy  g|se

ond, we assume that our algorithm knows the in-degree (ipq ExpandNodéu)

the underlying graph) of every node it visits. For comparison,

DCFS assumes that it knows every predecessor (in the under-
lying graph) of a node it visits. Thus, our second assumptior,.19ure 2: Pseudocode f@MGS (Sparse-Memory Graph
is weaker than that made by DCFS. Search), in which proceduxpandNodassumes a directed

graph. See Figure 3 for the pseudocodeempandNodéen
lBecause pointers require less memory than state informatiodndirected graphs.
about a midpoint node, the memory required to store all pointers

plus relay nodes could be less than the memory required to copy state
information about the same midpoint node into many other nodes.
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3.1 Pruning the Closed list Procedure ExpandNodéNodewu)

_ - .1 p(u) — degregu)
Our search algorithm must be able to efficiently distinguishy  for eachv € Successors(u) do

between the kernel and boundary of the search interior, i if v € Open then

order to prune nodes from the kernel. Recall that a node ig if g(u) + c(u,v) < g(v) then

in the kernel if all of its predecessors are closed. To identifys g(v) — g(u) + c(u,v)

such nodes, we introduce a technique for keeping track of thg ancestor(v) — u

number of unexpanded predecessors for each generated-ajd-  g|se ify € Closed then

stored node. We call this number thevalue of a node. Itis g p(v) — p(v) — 1

initially set to the number of predecessors (the in-degree) of p(u) — p(u) — 1

the node in the underlying graph minus one to accountforthgg  g|se/* generate new node */
predecessor that generated it. Thealue is updated during 11 g(v) — g(u) + c(u,v)

node expansion. As each successor of a node is considergg ancestor(v) — u

(some of which may already be in the Open or Closed lists); 3 Open — Open U {v}

its p-value is decremented. (See lines 3, 8 and 10 of procedurgy if memory is fullthen PruneClosedLisf)
ExpandNode in Figure 2.) This requires negligible time and

space overhead, and, givetwvalues, kernel-membership fora _. ) . .
node can be determined in constant time by checking whethdrigure 3: Pseudocode f@xpandNodén undirected graphs.

it is a closed node with a-value of zero.

An advantage of the sparse-memory approach is that few start and goal nodes, in order to get a dense solution path
does not immediately remove closed nodes from memory, urhetween the two which is added to the tailBP (line 17).
like DCFS. A sparse-memory version of Dijkstra’s algorithm  another difference from DCFS that is worth noting is that
(or A¥) acts exactly like Dijkstra’s algorithm (or A*) until  pCES divides a problem into two subproblems at each level
it senses that memory is about to be exhausted. Only thegk the recursion. The sparse-memory approach can divide a
does it invoke procedurBruneClosedLisin Figure 2 to re-  proplem into twoor moresubproblems. The extra flexibility
cover memory. This procedure prunes nodes from the Closed possible because the sparse-memory approach uses relay
list in two steps. First it updates the ancestral pointer of anyodes with ancestral pointers, whereas DCFS stores all infor-
boundary node whose predecessor is about to be pruned (lingtion about a middle node in each node. When a problem
1-8). This is necessary to allow solution reconstruction angs divided into more than two subproblems, the subproblems
requires finding theelay nodethat is the closest boundary are smaller and easier to solve and solution reconstruction can
node along its solution path (lines 3-5), and updating its anpe faster. In fact, relay nodes can be spaced at half intervals,
cestral pointer accordingly (line 7). This makes this boundangne-third intervals, or any other interval, and allow a tradeoff

node a relay node, and to prevent it from being pruned in th§etween the sparseness of the search interior and the speed of
future, itsp-value is set tao (line 8). After this step, kernel  ggjution reconstruction.

nodes are pruned unless they are a start node or relay node

created in a previous pruning step (lines 9-12). Updating thg 3  Pruning the Open list
ancestral pointers of nodes (followed by pruning) creates
sparse solution path, from which a complete or “dense” solu
tion path can be reconstructed after the search terminates.

?Ne now consider how easily the sparse-memory approach to
pruning the Closed list can be combined with techniques for
pruning the Open list. Pruning nodes on the Open list that
have anf-cost greater than an upper bound on the optimal
f-cost creates difficulties for DCFS, as discussed earlier. An
The fact that the Closed list is not pruned unless memory imdvantage of the sparse-memory approach is that it does not
close to being exhausted means that the overhead of solutianeate difficulties, at least in solving problems for which the
reconstruction can be avoided if memory resources are adaet of predecessors of a node is disjoint from the set of succes-
quate. In that case, the sparse-memory algorithm acts exactprs, such as the multiple sequence alignment problem. This
like Dijkstra’s algorithm (or A*) and an optimal solution path advantage will be illustrated in our experimental results.
is extracted in the conventional way. For other directed graphs, that is, for directed graphs in
If the Closed list has been pruned, an optimal solutiorwhich the same node can be both predecessor and succes-
path is reconstructed by invoking the Sparse-Memory Grapkor of another node, DCFS allows leaks back into the closed
Search algorithm (SMGS) in Figure 2 recursively. First theregion when the Open list is pruned. The sparse-memory ap-
sparse solution path (SSP) is extracted (line 11) in the conproach does not, and this is another advantage. Unfortunately,
ventional way by tracing pointers backward from the goal.the sparse-memory approach has a problem in such graphs.
Then the correspondindense solution patfDSP) is re- If the best path to a node has not been found when it is first
constructed as follows. For each pair of consecutive nodegenerated, it could be pruned and re-generated later, when a
(SSP[i — 1],SSP[i]) in the SSP(starting from the start better path is found. Singevalues are erased when the node
node), the algorithm checks to seeS6P[i — 1] is a pre- is pruned, the-value of such nodes will not be decremented
decessor obSP[i] (line 14). If so, nodeSSP[i] is added to to zero. As a result, the sparse-memory algorithm may not
the tail of theDSP(line 15); otherwise, the search algorithm recover as much memory from the Closed list. However, our
calls itself recursively withSSP[i — 1] and SSP[i] as the experimental results suggest that this inefficiency is minor.

3.2 Solution Path Reconstruction
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Figure 4: Example of Sparse-memory Dijkstra searching for an optimal alignment of two sequences. Panels (a) and (b) show
the search space just before and after the first pruning of the Closed list. Panels (c) and (d) show the search space just before
and after the second pruning. Panel (e) shows the sparse solution path at the end of the search.

In undirected graphs, we noted earlier that DCFS also al4 ~Computational Results

lows "leaks” back into the closed region when the Open list 'Swe first illustrate how a sparse-memory version of Dijkstra’s

grr%ri]r?gr. ;hgiﬁggsﬁ'ggrgfr?’aﬁ!gzr;ahmedfﬁzx%t' if we makey o orithm works by showing how it soives a small pairwise
0 on, P 0 9- sequence alignment problem. Then we consider the perfor-
3.4 Undirected graphs mance of sparse-memory A* on more challenging problems.

The pseudocode in Figure 2 shows tepandNodeproce- 1 Example
dure for directed graphs. Figure 3 gives the pseudocode 04' P

the ExpandNoderocedure in undirected graphs. The differ- Consider the problem of aligning two sequencR€TGAT

ence is that in undirected graphsyalues are only set and andTGACTGC, using a very simple cost function: zero for
decremented for closed nodes, not open nodes. Thus, pruf-match, one unit for a substitution, and two units for a gap.
ing open nodes cannot cause any problems by distopting The state space of the problem can be represented by a two-
values. In fact, the pseudocode in Figure 3 could be used fatimensional grid in which the columns correspond to one se-
directed graphs also. But in directed graphs, it would requiréluence and the rows to the other. The problem of finding
considering all predecessors of a node as well as success@i optimal alignment of the two sequences corresponds to
during node expansion, in order to gevalues correct. The the problem of finding an optimal path from the start node in
overhead for this would be significant. This is not a problemthe upper-left corner to the goal node in the lower-right cor-
in undirected graphs because the set of potential successdisr, Where horizontal and vertical moves correspond to gap

of a node is equal to the set of potential predecessors. insertions in one or the other sequence, and diagonal moves
) ] correspond to a substitution or match of characters.
3.5 Hybrid algorithms Figure 4 shows the behavior of sparse-memory Dijkstra’s

The sparse-memory algorithm we have described is based @igorithm at the critical points when memory becomes full
more than one idea. It uses nodes on the Closed list to crend the Closed list is pruned. It assumes that memory ca-
ate a “boundary” that prevents re-generation of closed nodepacity is 30 nodes. Figure 4(a) shows the explored state
instead of using the Open list as a boundary. In addition, ispace when memory is full for the first time. The number in
uses relay nodes for divide-and-conquer solution reconstru@ach cell is thgy-value of the corresponding state (or node).
tion, instead of storing in each node state information about &or closed nodes, thgvalue is highlighted in bold italics.
middle node along the search path. Among thel7 closed nodesl,1 are identified as kernel nodes
Because these ideas can be considered separately, it is paesid pruned. Figure 4(b) shows the result of pruning. When
sible to create search algorithms that are hybrids of DCFS anehemory is full the second time, as shown in Figure 4(c), the
the sparse-memory approach. For example, the DCFS tecl&losed list is pruned again and kernel nodes are removed
nigue of using the Open list as a boundary could be combinetfom memory, as shown in Figure 4(d), freeing enough mem-
with relay nodes. This would create a version of DCFS thabry for continued search. Figure 4(e) shows the state space in
is able to divide a solution path into more than two piecesmemory when the goal node (the cell in the lower-right cor-
allowing flexible (and potentially faster) solution reconstruc-ner) is expanded. The SSP solution is shown as a chain of
tion; use of relay nodes would also allow DCFS to delaythick dashed arrows. The arrows drawn in thin dashed lines
pruning of the Closed list until memory is full. Similarly, represent ancestor pointers that are created during pruning.
some of the techniques used by DCFS can be considered in- In this example, it is also possible to see how the Open list
dependently. For example, forbidden operators can be usexhn be pruned using the sparse-memory approach. Suppose
in combination with the sparse-memory approach, instead ofve know that8 is an upper bound on the cost of an opti-
p-values. One advantage of using forbidden operators is thahal alignment. Then all nodes wirvalues greater than or
they sometimes speed up search, since it is faster not to genegual to8 can be pruned from the Open list, and the search
ate a node than to generate it and check for a duplicate on th@ogresses in the same way except for not storing the seven
Open or Closed list. We consider the performance of thesaodes whose-values equas. Note that pruning nodes in the
hybrid algorithms in the computational results that follow.  Open list will not change the boundary of the search interior.
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4.2 Multiple sequence alignment . o 3segs.| 5segs.| 7 segs.
We tested Sparse-memory A* (Sparse-A*) on a series of chal-Agorithm Statistics | (4,000)| (300) | (450)
lenging multiple sequence alignment problems, in order tg Secs. 1,435 2,930 172
compare its performance to DCFA* (the DCFS version of| DCFA* Nodes(K) | 1,953| 9,997 | 1,200
A*). We used a 300Mhz Sun UltraSparc Il workstation with Mbytes 284 551 112
two gigabytes of RAM. Results are displayed in Table 1. Secs. 712 | 2,863 97

First, we considered the identical test domain used by Korf DCFA* + Nodes(K) | 2,202| 10,910| 1,215
and Zhand200d: alignment of three random sequences of| relay nodes Mbytes 293 561 114
length 4000 using their simple cost function, with results av- Secs. 908 | 3,073 65
eraged over 100 trials. Both DCFA* and Sparse-A* are effec; Sparse-A* Nodes(K)| 4,510| 17,626| 1,093
tive in this domain, whereas A* could not solve any problem Mbytes 389 766 72
instance due to memory limitations. Versions of A* that use Secs. 871| 3,218 101
special techniques to recover memory by pruning the Opep Sparse-A*+ || Nodes(K)| 3,388| 13,100 1,071
list [Ikeda and Imai, 1999; Yoshizurst al., 2004 were also forbidden ops.|| Mbytes 355 673 104
unable to solve any of these problem instances. This is be- Secs. 1,940 24
cause the Closed list, not the Open list, fills most of mem¢ Enhanced A* || Nodes(K) can't | 16,844 76
ory in this case. One reason there are so many closed nodes Mbytes solve 720 28
is that the accuracy of the pairwise heuristic used for multi- Secs. 917 | 2,785 24
ple sequence alignment depends on the similarity of the se-Enhanced Nodes(K)| 4,510| 10,600 76
guences. Because random sequences have only random sinBparse-A* Mbytes 389 465 28

ilarities, the heuristic is weak, resulting in many node expan-

sions and closed nodes. . . Table 1: Performance comparison of DCFA*, sparse-memory
For this problem set, DCFA* is more memory-efficient A*, Enhanced A*, and hybrid algorithms. The node count

than Sparse-A*. However, Sparse-A* runs faster. It run§gs the number of stored nodes, measured in thousands, and
faster for long sequences like these because the solution p mory includes storage of the pairwise heuristic.

is correspondingly long, and solution reconstruction can be
faster using relay nodes. At each recursion level, relay nodes
make it possible to divide a solution path into several smallerDpen list. This gives it an overall advantage, and Enhanced
easier-to-solve subproblems, instead of always dividing it infSparse-A* is the best-performing algorithm for this prob-
half. Faster solution reconstruction comes at the expense &&¢m set. (Although Enhanced Sparse-A* stores slightly more
a small increase in memory for extra relay nodes, as can beodes than DCFA*, it uses less memory because forbidden
seen by comparing the performance of DCFA* using relayoperators makes the DCFA* nodes larger. We also empha-
nodes (a hybrid algorithm) to standard DCFA*. size the following point: although the table shows that the
Why can DCFA* be more memory-efficient than Sparse-running time of Enhanced A* is less than the running time
A*? One factor is that using relay nodes to divide a solutionof Enhanced Sparse-A*, this does not mean that it is a faster
path into more than two pieces requires extra memory for thalgorithm. If Enhanced A* by itself can solve a problem in
extra relay nodes — a classic space-time tradeoff. Anotheavailable memory, the sparse-memory version of Enhanced
factor is that use of forbidden operators allows a closed nod&* does not need to prune the Closed list at all, and has iden-
to be pruned as soon as all its predecessorgjanerated  tical performance. But for these experiments, we adjusted the
By contrast, use op-values requires waiting until all prede- sparse-memory algorithm to minimize its memory use — since
cessors arelosed before pruning the node. As a result, a memory is the key factor we are evaluating here.)
hybrid algorithm that combines the sparse-memory approach A drawback of DCFA* is that its node size increases as
with forbidden operators outperforms the sparse-memory apghe number of sequences being aligned increases. This be-
proach alone, for this problem set. These two factors may natomes very apparent when DCFA* is used to align seven pro-
account for all of the difference in memory efficiency, but we tein sequences of length around 450, randomly selected from
currently have no other explanation. a set of similar protein sequences used in previous experi-
We next compared Sparse-A* and DCFA* on real proteinments[Yoshizumiet al, 200q. The high similarity of these
sequences using the PAM250 cost matrix, which is widely-sequences gives rise to a very accurate heuristic, and makes
used by biologists. In aligning five sequences randomly sethese sequences much easier to align. Even A* can solve
lected from a pool of low-similarity protein sequences of these problems. Although A*, Sparse-A* and DCFA* always
length 300 used in previous experimelicNaughtoret al, expand the same number of nodes, DCFA* generates and
2004, Sparse-A* and DCFA* were again effective in solv- stores an average of 10% more nodes in this domain because
ing all instances. By contrast, A* ran out of memory on it inserts extra nodes in the Open list. A more serious prob-
most instances. For this problem set, the Enhanced A* allem is that the nodes created by DCFA* are two times bigger
gorithm[Ikeda and Imai, 1999 which uses an upper bound than the nodes created by the other algorithms, because they
to prune nodes from the Open list, performs very well. Thisinclude lists of forbidden operators. As a result, DCFA* runs
is because the number of open nodes is very large for this setower and uses more memory than any other algorithm, in-
of problems. Unlike DCFA*, the sparse-memory approachcluding A*! (In aligning ten sequences, the nodes created by
can be safely combined with this technique of pruning theDCFA* are seven times larger than the nodes created by A*,
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and their relative size almost doubles with each additional se- The sparse-memory approach has other advantages. It al-
guence thereafter.) The table shows Sparse-A* is not as effetews more flexible, and potentially faster, solution reconstruc-
tive as Enhanced A*, because pruning the Open list is muchion. And last but not least, it can behave exactly like A* (or
more important than pruning the Closed list, for this problemEnhanced A*, or Dijkstra’s algorithm) until it reaches a mem-
set. Nevertheless, Enhanced Sparse-A* performs no worsay limit, and only then removes nodes from the Closed list.
than Enhanced A*, and this point is important. The sparseThus, there is (virtually) no overhead for this technique un-
memory approach improves performance when possible, andss a search problem cannot be solved within a given mem-
complements other techniques for reducing memory. ory bound. Then the overhead for solution reconstruction is

For perspective, we discuss what happens if we combineompensated for by the reduced memory requirements.
DCFA* with Partial Expansion A{Yoshizumiet al., 2004.

(In our experiments, we set the cutoff value for Partial EX-acknowledgments We thank the anonymous reviewers for
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Abstract

In fields such as medicine, geography, and me-
chanics, spatial reasoning involves reasoning
about entities—for example cavities and invad-
ing particles—that may coincide without over-
lapping. The purpose of this paper is to develop
a mereotopology for domains that include coin-
cident entities, such as material objects, holes,
geopolitical entities and spatial regions. In addi-
tion, I construct mathematical models of this
mereotopology in which nontrivial coincidence
relations are defined.

1 Introduction

Two objects coincide when they occupy overlapping re-
gions of space.’" My hand and my body (partially) coin-
cide. The Mississippi River and Minnesota (partially)
coincide. Note that the objects in both pairs actually
stand in a stronger relation than coincidence. The objects
in each pair overlap (i.e. share parts). My hand is a part
of both itself and my body. The first ten kilometers of the
Mississippi River are part of both the river and the state.
Any two overlapping entities are, trivially, coincident—
their locations are identical at their common parts.

It is an assumption of this paper that the relation of co-
incidence is broader than that of overlap. In other words,
I assume that there are pairs of coincident objects which
do not share parts. The food that is currently being di-
gested in my stomach cavity coincides with, but does not
overlap, my stomach cavity. The U.S. Embassy in Paris
coincides with, but does not overlap, France. Any object
coincides with, but does not overlap, the spatial region at
which it is located at a given point of time.

A mereotopology is a formal theory of parthood and
connection relations. It has long been recognized that
mereotopology forms an essential part of formal ontol-
ogy. Several different mereotopologies have been pro-
posed in recent literature, including [Asher and Vieu,

! Note that with this usage, coincident objects need only oc-
cupy overlapping spatial regions. I will use the term "com-
plete coincidence" for the stronger relation that holds between
objects that occupy identical spatial regions.
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1995; Borgo et al., 1996; Gotts et al., 1996; Smith,
1996]. These theories are ultimately intended for reason-
ing about spatial relations among material objects. How-
ever, it is assumed in nearly all of this work that the im-
mediate domains of application are restricted to spatial
regions.” When material objects are introduced, as in
[Cohn, 2001], mereotopological relations are still re-
stricted to regions. Each object's spatial properties are
determined by those of the region at which it is located.
Thus, distinctive coincidence relations are not usually
introduced into standard mereotopologies: on domains of
regions, coincidence is just overlap.

Likewise, mathematical models for these theories typi-
cally use domains consisting of subsets of a topological
space. See, for example, [Biacino and Gerla, 1991; Asher
and Vieu, 1995; Cohn and Varzi, 1998]. On these do-
mains, there is no natural way of defining a coincidence
relation that is distinct from overlap.

The goal of this paper is to construct a mereotopology
for domains that include coincident but non-overlapping
entities. In particular, domains for the theory may include
both material objects and the regions at which they are
located, in addition to other types of entities, such as
holes or geopolitical entities, which may coincide with
material objects. My theory allows mereotopological re-
lations to apply directly to all entities within the domain,
be they regions, material objects, holes, or what have
you. It also extends mereotopology by adding coinci-
dence relations and by making explicit the relation be-
tween an object and the region at which it is located. To
guide the development of the formal theory, I construct
mathematical models in which a coincidence relation
distinct from overlap is defined.

The formal theory presented in this paper borrows
much from the theory of location of [Casati and Varzi,
1999]. 1t differs in that it divides the domain into differ-

? Here and throughout this paper the term "region" designates
any part of an immaterial space in which objects are located. I
leave open the question of whether these parts may be of
mixed dimensionalities. This contrasts with the usage in, for
example [Gotts et al., 1996], where the term "region" does not
apply to lower-dimensional entities, such as boundaries or
points.
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ent layers, each of which is mereotopologically inde-
pendent of the others, and also in providing mathematical
models that allow distinct members of the domain to be
located at the same region. Additional work on combin-
ing either coincidence or location relations with other
spatial relations can be found in [Bennett, 2001; Borgo et
al., 1997; Cohn, 2001; Schulz and Hahn, 2001].

2 Layered Models

I introduce a class of mathematical structures in which
members of the domain can coincide without overlap-
ping. I call these structures Layered Models because their
domains are partitioned into equivalence classes, called
layers. Members of the same layer coincide only when
they overlap. Members of different layers never overlap
and cannot be parts of the same object, though they may
coincide. Examples of types of entities assigned to dis-
tinct layers are: 1. spatial regions, 2. material objects, 3.
holes within these material objects. All regions are parts
of a special layer that covers the entire space.

Layered Models are the target models of Layered
Mereotopology, the formal theory developed in §3 — §5.

Layered Models are defined as follows. Let T = <X,
cl> be a topological space, where X is the set of points
and cl is the closure operator. Let / be either, N, the set of
all natural numbers or an initial segment of N. The ele-
ments of the domain, D, of a Layered Model are ordered
pairs, X;= <X, i > where X € X and i € /. (I will generally
use the abbreviation, X; for <x, i>. All variables referring
to objects in Layered Models appear in Arial font to dis-
tinguish them from the variables of the formal theory.)
The second component of each ordered pair determines
the layer to which the pair belongs. All pairs of the form
<X, 0> (i.e. Xo) belong to a special layer, called the region
layer.

I require that the domain, D, of any Layered Model
satisfy the following conditions:

1. For any nonempty subset, X (J # x < X), Xo € D.

2. ForanyielandanyY < p(X),ify; € D forally

€Y, then (Uyev(y))i € D.

3. Foranyi € /andanyX, Y € D, if ~(x € y), then

thereisaz; € Dsuchthatzc Xxandzny=4.

4. Ifxi,yie Dand x ny =, then (X NYy) € D.

It follows from 2 that for any i € I, the sum of all
members of D of the form X; is also in D. More precisely,
foranyi e, let Y= {x:xc X&X; € D}. Then, by 2, L;
= (Uyevi(¥))i € D. I will call L; the Layer i of D. Notice
that it follows from condition 1 that Layer 0, the region
layer, is X,. The other layers need not cover that entire
topological space. In other words, for i > 0, Layer i may
be equal to x; where x < X.

The parthood relation, P, is defined on a Layered Mod-
el, D, as follows:

Pxiyj=-xcy&i=j.

Notice that it follows from this definition of parthood
that any X; € D is part of Layer i. Also, when overlap, O,
is defined in terms of P in the usual way,

0(x, y) = 32(P(z, X)) & P(z, Y))),
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then it follows that only objects which are parts of the
same layer can overlap: O(X;, yj) iff x "y # D and i =]j.

If underlap, U, is defined in the usual way,

U(x,, y;) = 32(P(x;, 2) & P(y, 2))
then it follows that, since all objects are parts of their
layer, objects underlap if and only if they are parts of the
same layer: U(x;, y;) iffi=j.

A connection relation, C, is defined on D as:

Cxiyj=:clX)Nny=Jorxncly) = Jandi=j.

As with parthood, only objects residing on the same layer
can be connected to each other.

Other mereotopological relations, such as external
connection and tangential parthood, can be defined in
terms of P and C in the usual way. For example, an ex-
ternal connection relation, EC, can be defined as follows:

EC(xi, yj) =: ~O(x;, yj) and C(X;, ¥)).

In contrast to parthood and connection relations, coin-
cidence relations can hold between objects from different
layers. Three different coincidence relations are defined
on D.

Coin(x;, y) =: XNy # < (coincidence)
CCoin(x;, yJ) X=Yy (complete coincidence)
Cov(x;, y) =:xcy (covering)

Another relation that can hold among objects from dif-
ferent layers is abutment, A.

AXp Y) = XNy=J & (cl(xX) Ny =D orxnclly) # )

Finally, I add the function, r, from D to Layer 0 which
assigns each member of the domain to its representative
on the region layer:

I'(Xi) = Xo
Notice that, when restricted to Layer 0, r is the identity
function: for any Xo € D, r(Xo) = Xo. Also notice that two
objects abut if and only if their regions are externally
connected.

I will give a simple example of a Layered Model de-
signed to illustrate the way in which the models can be
used to represent spatial relations among regions, mate-
rial objects, and immaterial entities such as holes. The
background topological space for this model is > with
its standard topology. The region layer in this model has
as parts the members of the set {Xo: & # X < R’}.

Suppose that we wish to represent relations holding
among a vase, a portion of water in the vase, a flower
standing in the vase, and the interior of the vase. The
vase, water, and flower are represented, respectively, by
parts, V1, W1, and fq, of Layer 1 where the subsets, v, w,
and f, of R are disjoint. The interior of the vase, a hole
is represented by h, on Layer 2 where h and v are dis-
joint, but connected, W is a proper subset of h (w — h),
and h and f have a nonempty intersection (h N f = ).
According to this representation, the water is not part of
the hole, but the fact that the water is contained in the
interior of the vase is represented in the model by the
covering relation, Cov(w4, hy), holding between wy and
h,. Similarly, the flower does not overlap the interior of
the vase, but the fact that the flower is partially contained
in the interior of the vase is represented by the coinci-
dence relation: Coin(f1, hy). The vase and its interior do
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not coincide. Nor are they connected. But the fact that the
vase touches its interior is represented by the abutment
relation: A(v4, hy). Finally, every object is exactly co-
located with its spatial region. This is represented in the
model by the complete coincidence of the object and its
region. For example, CCoin(V+, Vo).

3 Layered Mereology

A mereology is a formal theory of the binary parthood
relation. My aim in this section is to develop a mereol-
ogy, called Layered Mereology, that is satisfied by the
parthood relation, P, defined on Layered Models. Lay-
ered Mereology is extended in §4 and §5 to Layered
Mereotopology, a theory that also includes coincidence
and connection relations.

Layered Mereology (and also its extension, Layered
Mereotopology) is formulated in first-order logic. Rela-
tions and functions are represented in the formal theory
with plain text letters to distinguish them from the rela-
tions and functions defined in Layered Models. Layered
Mereology assumes one primitive, the binary relation P,
which, on the intended interpretation, represents
parthood.

The following relations are defined in the formal the-
ory in terms of P:

(D1)PPxy =: Pxy & ~Pyx (x is a proper part of y)
(D2)Oxy =: 3z (Pzx & Pzy) (x and y overlap)
(D3)Uxy =: 3z (Pxz & Pyz) (x an y underlap)

It is trivial to see that, if P is interpreted as P in Lay-
ered Models, the defined relations O and U will be inter-
preted as U and O, respectively.

The axioms of Layered Mereology will be somewhat
nonstandard. For example, they cannot require that any
pair of objects, x and y, have a mereological sum. My
goal is to axiomatize P in such a way that, when re-
stricted to a single layer, it satisfies the axioms (and
axiom schema) of General Extensional Mereology
(GEM):*

(P1) Pxx

(P2) Pxy & Pyx —»>x=y

(P3) Pxy & Pyz — Pxz

(P4) ~Pxy —» Jz(Pzx & ~Ozy)

(GEMS) Ix ¢ —> FzVw (Owz <—> Ix (¢ & Owx))

The ¢ in (GEMS5) stands for any first-order formula in
which z does not occur free. (GEMS) states that if any
member of the domain satisfies the formula ¢, then there
must be a sum of all objects satisfying ¢ in the domain.
(GEMS) must be altered for Layered Mereology because
Layered Models only include the sums of objects that are
parts of the same layer.

I will discuss summation in Layered Models in more
detail shortly. For now, notice that the relation P in Lay-
ered Models satisfies each of the first four axioms of

? Throughout this paper, initial universal quantifiers are sup-
pressed unless they are needed for clarity.
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GEM. They are therefore used in their original forms as
axioms for Layered Mereology. *

The first three axioms require that P is a partial order-
ing. (P1) says that P is reflexive. (P2) says that P is anti-
symmetric. (P3) says that P is transitive. That (P1)-(P3)
are satisfied by P in Layered Models follows immedi-
ately from the fact that P is just the subset relation re-
stricted to the separate layers.

(P4) says that, if x is not a part of y, then there is some
part, z, of x that does not overlap y. (P4) is satisfied in
Layered Models by virtue of condition 3 of §2.

It follows from (P1) - (P4) that overlap, O, is exten-
sional. This means that any two members of the domain
that overlap the same objects are identical.

(PT1) x =y <> Vz (Oxz <> Oyz)

Because O is extensional, for any formula ¢ in which z
does not occur free, if we can assign z to a member of the
domain that satisfies

Vw (Owz <—> 3x (¢ & Owx)) *
then this object is the unique sum of all ¢-ers. However,
for any such formula ¢, there need not be an object satis-
fying (*) even if some member of the domain satisfies ¢.
For example, let ¢ be x = x and let D be the domain of a
Layered Model. Then every member of D satisfies ¢. But
if there are X;, y; € D with i # j, then no member of D sat-
isfies (*). This is because such an object would have to
overlap every member of D and there can be no member
of D that overlaps both x; and y; for i # j.

Thus, we need a restricted version of (GEMS5) that re-
quires sums to exist only if all summands are part of the
same layer. Such an axiom schema will be satisfied in all
Layered Models by virtue of condition 2 of §2. Given
that two objects in a Layered Model are parts of the same
layer if and only if they underlap, the restricted summa-
tion axiom schema can read as follows:

PS5 3x ¢ & Vx,y( ¢ & ¢/y — Uxy)) > Iz Vw(Owz
<—> 3x (¢ & Owx))

Here, ¢/y is the formula ¢ with all free instances of x
replaced by y (and where variable substitution is per-
formed as necessary so y is free in ¢/y where x is free in
¢). (P5) says that if there is some object that satisfies ¢
and any two objects that satisfy ¢ underlap, then there is
a sum of all objects satisfying ¢.

For convenience, when ¢ is any formula in which z
does not occur free, I will use the abbreviation zSMx[¢]
for the substitution instance of the formula (*).

We would like to be able to say more things about lay-
ers within the mereology. So far, we can only say that
two objects are on the same layer. We would like to be
able to say that a certain object is a layer or is the layer
of a particular object. (D4) defines a relation holding
between y and z when z is the sum of all objects that y
underlaps (i.e. y’s layer).

(D4) Lyz =: zZSMx[Uxy] (z is y’s layer)

* All axioms of Layered Mereology are labeled with a "P".
“PT” is used for theorems of Layered Mereology.
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It is easy to see that when P is interpreted as P in Lay-
ered Models, Lxy; holds if and only if y; = Layer i. How-
ever, axioms (P1)-(P5) do not allow us to infer that for
any object, y, there is some object that is the sum of all
objects that underlap y. In other words, our axioms so far
do not allow us to infer that every object has a layer. This
would follow from (P5) if we knew that any two objects
that underlap y must underlap each other (i.e. that U is
transitive). Notice that the underlap relation for Layered
Models, U, is an equivalence relation (reflexive, symmet-
ric, and transitive) and that the sets consisting of all ob-
jects from a single layer are the equivalence classes de-
termined by the U relation. It follows from (P1)-(P5) that
U is reflexive and symmetric, but not that U is transitive.

I, therefore, add a final axiom to Layered Mereology:
(P6) (Uxy & Uyz) —»> Uxz (underlap is transitive)

It follows immediately that every object has a layer:
(PT2) Vy 3z Lyz (every object has a layer)

Thus the relation, L, is a function. I will use the func-
tional term 1(x) to stand for the layer of x.

The following theorems can also be derived:

(PT3) Pxl(x) (every object is part of its layer)
(PT4) Uxy © 1(x) = I(y)

(two objects underlap iff they have the same layer)
(PT5) Uxy < Pyl(x)

(x underlaps y iff y is part of x's layer)

The unary predicate, LY, distinguishes certain mem-
bers of the domain as layers.
(D5) LYz =: Ix Lxz (z is a layer)

It follows easily from (PT3), (PT4), and (D5) that:
(PT6) LYz <> Lzz (z is a layer iff z is its own layer)

(PT6) tells us that layers are those members of the do-
main which are the mereological sums of all objects that
they underlap.

When P is interpreted as P in Layered Models, LYX; if
and only if X; = Layer i.

We can use the formula schema zSMx[¢] to introduce
more useful relations. (D6) - (D8) are the standard defini-
tions of the sum, product, and difference relations. (D9)
defines a relative complement relation.

(D6) +(v, y, z) =: zZSMx[Pxv v Pxy]
(z is the binary sum of v and y)
(D7) x(v, y, z) =: zZSMx(Pxv & Pxy)
(z is the binary product of v and y)
(D8) —(v, y, z) =: zZSMx(Pxy & ~Oxv)
(z is the difference of v in y)
(DY) -(v, z) =: zSMx(Uxv & ~Oxv)
(z is the relative complement of v)

The following theorems concerning the relative com-
plement can be derived:

(PT7) 3z(-(x, z)) <> ~LYx (x has a relative complement
iff x is not a layer)
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(PT8) -(x, z) <> —(x, I(x), z)(z is Xx's relative comple-
ment iff z is the difference of x in x’s layer)

Using (PT4) it is easy to prove that, when they exist,
sums, products, and relative complements belong to the
same layer as the original object(s).

It is straightforward to show that any layer of a model
of Layered Mereology is a model of General Extensional
Mereology (GEM). More precisely, we can prove the
following:

(Meta-Theorem)Let M be any model of Layered Mereol-
ogy with domain, D. Note that M need not belong to the
class of Layered Models defined in §2. Let w € D and let
Dy={y:y e D & I(y) = 1(w)}. Let My, be the structure
whose domain is D,, with P interpreted as in M (i.e. Pyz
holds in My, iff y, z € Dy, and Pyz holds in M). Then M,,
satisfies axioms (P1) — (P4) and axiom schema (GEMS).

4 The Region Function

In Layered Mereology, we have no way of stating that
two objects coincide. Layered Mereology lets us describe
the parthood relations between objects. It does not let us
describe the (relative) locations of objects. To do this, 1
extend Layered Mereology by adding the unary function,
r. On the intended interpretation r assigns each object, x,
to the region, r(x), at which x is exactly located. In Lay-
ered Models, r is interpreted as the function r.

Using r, we can define a one-place predicate, R, which

distinguishes the sub-domain of regions.

(D10) Ry =: Ix(r(x) =y) (y is a region)

When r is interpreted as r in Layered Models, RX; if and
only if i = 0.

The axioms for r are added to axioms (P1) - (P6). It is
easy to check that they are satisfied in Layered Models.
(R1) Ry & Rz —» Uyz (all regions are located in the

same layer)
(R2) Ry & Uyz — 1(z) =z (every member of the region
layer is its own region)

The theorems below are immediate consequences of
(R1) and (R2).

(RT1) Ry > r(y) =y (every region is located at itself)
(RT2) Ry & Uyz — Rz (every member of a region's layer
is a region)
(RT3) Ix ¢ & Vx (¢ = Rx) & zSMx[¢]—> Rz
(every sum of regions is a region)

Additional axioms relate the region function to
parthood.

(R3) Pxy = Pr(x)r(y) (if x is part of y, then x's re-
gion is part of y's region)

Notice that the converse of (R3) is not generally satis-
fied in Layered Models. r(X;j) may be part of r(y;) even
though X; is not part of y;. This will be the case whenever
Xcy,buti=]j.

On the other hand, in Layered Models, if O(r(X;), r(y;))
and i = j, then O(X;, y;) must also hold.

3 All axioms specific to the r function are marked with "R".
Theorems specific to the r function are marked with “RT”.
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(R4) Uxy & O(r(x), r(y)) > Oxy (if x and y are on the
same layer and x's region overlaps y's re-
gion, then x overlaps y)

The coincidence relations are defined in terms of the
region function, r.
(D11) CCoin(x, y) =: r(x) =r(y)(x and y completely

coincide)
(D12) Cov(x, y) =: P(r(x), 1(y)) (y covers x)
(D13) Coin(x, y) =: O(r(x), r(y)) (x and y coincide)

It is easy to check that when P is interpreted as P and r
as r in Layered Models, CCoin, Cov, and Coin are, re-
spectively, CCoin, Cov, and Coin.

The following theorems can be derived from (P1)-(P6)
and (R1)-(R4).

(RT4) Cov(x, y) & Cov(y, x) <> CCoin(x, y) (y covers X
and x covers y iff x and y completely coincide)

(RT5) CCoin(x, y) & CCoin(x, z) & Uyz > y =z (any
object can completely coincide with at most one object in
any layer)

(RT6) CCoin(x, y) & Uxy > x =y (if x and y com-
pletely coincide and are on the same layer, then x = y)
(RT7) Cov(x, y) & Uxy — Pxy (if y covers x and x
and y are on the same layer, then x is part of y)

(RTS8) Coin(x, y) & Uxy » Oxy (if x and y coincide
and are on the same layer, then x and y overlap)

In addition, the implications illustrated in the diagram
below can be derived. The arrow indicates that the atomic
formula at the start of the arrow implies the atomic for-
mula at the end of the arrow.

Coin(x,y)
O"y/cv(f )
ov(X,y
LN
Pxy

/v CCoin(x,y)
N,

Figure 1: Implication hierarchy

S Layered Mereotopology

The base theory can be extended to Layered Mereotopol-
ogy in a straightforward way by adding a connection
relation, C, where Cxy means "x is connected to y". C is
interpreted as C in Layered Models. °

(Cl) Cxx (connection is reflexive)
(C2) Cxy — Cyx (connection is symmetric)
(C3) Pxy —» Vz(Czx — Czy) (if x is part of y, every-
thing connected to x is connected to y)

(C4) Cxy —» Uxy (if x and y are connected,
then they are parts of the same layer)

(CS5) Cxy —» C(r(x), r(y)) (if x and y are connected,
their regions are also connected)

¢ Axioms specific to Layered Mereotopology are marked with
a "C". Theorems are marked with “CT”
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(C6) Uxy & C(r(x), r(y)) > Cxy (if x and y are mem-
bers of the same layer and their regions are connected,
then x and y are connected)

External Connection and Abutment are defined as fol-
lows.

(D14) ECxy =: Cxy & ~Oxy (x and y are externally
connected)

(D15) Axy =: EC(r(x), 1(y)) (x and y abut)

When C is interpreted as C in Layered Models, EC is the

relation, EC and A is the relation, A.

The following theorems are easily derived:

(CTI1) ECxy > Axy (if x and y are externally con-
nected, then x and y abut)
(CT2) Uxy — (Axy <> ECxy) (if x and y are on the same
layer, then they abut iff they are externally connected)
(CT3) Axy = ~Coin(x, y) (if x and y abut, then they do
not coincide)

The tangential part relation, TP, is usually defined in
terms of external connection as follows:

TPxy =: Pxy & 3z(ECzx & ECzy) (**)

This definition is not appropriate for layered models.
To see why, consider the Layered Model whose underly-
ing topological space is R with its standard topology and
whose layers have the members of the following sets as
parts:

Layer 0: {x¢: @ # x < R}

Layer 1: {x; : @ #x < [0, 1]}

It would follow from the standard definition of TP that
[0, 1], has no tangential parts, since it is not externally
connected to any member of the domain. For example, it
would follow that [0, 0]; and [1, 1]; are not tangential
parts of [0, 17;.

I will therefore use the following definition of tangen-
tial part:

(D16) TPxy =: Pxy & 3z(Azx & Azy) (xis a tangential
part of y)

Applying this definition to the previous model, it turns
out that any part of [0, 1], that contains either [0, 0], or
[1, 1], is a tangential part of [0, 1];. More generally, it
follows from (D16) that, for objects x and y on the same
layer, x is a tangential part of y if and only if x's region is
a tangential part of y's region.

(CT5) Uxy — (TPxy <> TP(1(x), 1(y)))

Interior parthood is then defined as usual.

(D17) IPxy =: Pxy & ~TPxy (x is an interior part of y)

Relational counterparts of topological operators can
now be defined in the usual way. For instance, an ob-
ject’s interior can be defined as the sum of its interior
parts:

(D18) INT(y, z) =: zSMx[IPxy] (z is the interior of y)

Since each layer of any model of Layered Mereology
is a model of GEM, it is easy to show that each layer of
any model of Layered Mereotopology is a model of the
standard mereotopology which uses (**) as the definition
of tangential parthood and includes axioms (C1)-(C3) in
addition to those of GEM.
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6 Conclusions and Further Work

The goal of this paper was to construct a mereotopology
for domains that include coincident but non-overlapping
entities. The result is an extension of mereotopology that
includes coincidence relations and a region function in
addition to mereotopological relations.

These additional elements of the theory make it par-
ticularly appropriate for applications that involve reason-
ing about objects that are located in holes. Reasoning
about holes is crucial in a wide variety of domains, in-
cluding medicine (body cavities and orifices) and me-
chanics (valves, pathways formed by piping). For more
examples, see [Casati and Varzi, 1994].

The particular theory presented in this paper allows the
same mereotopological relations to apply directly to all
spatial entities, including regions, material objects, and
holes. This approach is an alternative to that of [Cohn,
2001] in which spatial relations apply to material objects
only indirectly, via the spatial regions at which they are
located. One advantage of allowing direct descriptions of
the spatial properties of material objects is that this
leaves open the possibility of attributing different spatial
structures to material objects and the regions at which
they are located. For example, we may wish to represent
material objects as having only closed, regular, divisible
parts, but represent spatial regions as sums of points.
Slight changes in the conditions on the domains of Lay-
ered Models (specifically, condition 4) and in the axioms
of Layered Mereotopology (specifically, (R4)) would
allow models in which the parts of different layers are
restricted to different granularities.

One other project for further work is to relax the re-
strictions on the underlap relation so that members of the
domain that properly coincide (i.e. coincide without over-
lapping) can be parts of the same object. An organism
has both material parts, such as a heart and a liver, and
immaterial parts, such as an abdominal cavity. It has been
argued in [Schulz and Hahn, 2001] that material and
immaterial parts of the body may properly coincide: the
brain is located in the cranial cavity, but it is not part of
the cranial cavity. It is possible to define models similar
Layered Models in which properly coincident members
of the domain may underlap. It remains to develop a for-
mal theory of coincidence and mereotopological relations
for these kinds of models.
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Abstract

The paper presents a novel expressive logic-based
formalism intended for reasoning about numerical
distances. We investigate its computational prop-
erties (in particular, show that it is EXPTIME-
complete) and devise a tableau-based satisfiability-
checking algorithm. To be able to express knowl-
edge about implicit or unknown distances, we then
extend the language with variables ranging over
distances and prove that the resulting logic is de-
cidable as well.

1 Introduction

The numerical notion of distance or metric as a measure of
closeness or similarity (in a great variety of senses) plays a
fundamental role in many branches of science—including,
naturally, knowledge representation, artificial intelligence
and informatics in general. Recent examples are such dif-
ferent fields as spatial KR&R and geographic information
systems [Cohn and Hazarika, 2001; Adam and Gangopad-
hyay, 1997], computational molecular biology [Setubal and
Meidanis, 1997; Clote and Backofen, 20001, text processing
[Salton, 1989] and data mining [Dunham, 2003]. Unlike clas-
sical physics and the corresponding mathematical models, the
‘distance spaces’ arising in these applications may be quite
different from the standard Euclidean spaces, e.g., they are
often finite and do not necessarily satisfy all of the metric
axioms. Another important feature is that properties of only
some objects in the space may be known, and the task is to
use the available information to determine properties of other
elements of interest. Traditional methods of dealing with met-
ric data are mostly numerical or ‘sub-symbolic’ (e.g., graph-
theoretic or probabilistic) and usually do not involve any kind
of (automated) reasoning which is based upon symbolic, ex-
plicit knowledge representation. The main aim of this paper
is to present a new expressive logic-based formalism intended
for reasoning about distances and to provide it with a tableau
decision algorithm.

The language we propose is—as far as its algorithmic prop-
erties and expressiveness are concerned—a compromise be-
tween full first-order and propositional languages: it contains
object names and unary atomic predicates from which com-
plex predicates are constructed by means of the Boolean oper-
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ators and restricted quantifiers like, e.g., V<" (‘for all objects
within a circle of radius r’) and <" (‘for some object within
a circle of radius r’). Thus, 3<"P denotes the set of all ob-
jects each of which is located at distance < r from at least one
object with property P. To illustrate the expressive power of
the language and to convince the reader that it can be useful,
we give three concrete examples.

Example 1. Consider a space of proteins (i.e., sequences of
amino acids); some of them are well studied, but properties
of the majority are not known. Using one of the available
techniques, we can define a ‘similarity measure’ between pro-
teins which gives rise to a certain ‘distance’ (perhaps, metric)
space. One of the typical problems is to recognise whether
a given protein p has some property P, e.g., whether it con-
tains an EF-hand motif. The usual approach of comparing the
structure of p with that of ‘closely located’ proteins whose
properties are known can be supplemented with a knowledge
base composed by an expert and containing information like

e 3S°QnM P = L — ‘no protein located at distance < 5
from a protein with a property Q has P,

e 352{¢} C R — -all proteins located at distance < 2
from a particular protein £ have a property R, etc.

Note that, in view of incomplete information about proper-
ties of elements of the distance space, to answer the query
whether p can have P, we have to run a satisfiability-checking
algorithm rather than a model-checking one.

Example 2. Suppose now that we are trying to organise a
web site for selling books (or any other goods) on-line. One
way of classifying the existing books is to introduce a mea-
sure of closeness of the contents of some of them. We then
obtain a database containing items of the form §(by,b2) =
a, if the distance between books b; and b is a, and, say,
d(b1,b2) > ¢, for some number ¢, if the distance between
b1 and by is only known to be greater than ¢. Now we can
built a sort of terminology by saying:

Harry_Potter EFiction,

Fiction M 3=3Science C Science_Fiction,

Science_Fiction C V=2=Science,
3<'Al M 3=!'Science_Fiction # L,

Y=!'Computer_Science C Science, etc.,
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and deduce, for instance, that Al is not subsumed by Com-
puter Science.

Example 3. Perhaps the most natural application of this kind
of formalism is spatial representation and reasoning. We can
speak in terms of ‘absolute’ distances:

e d(London, Leipzig) > 100,

e house E3<1V<0-5(shop LI restaurant) — ‘the house is
located within 1 mile distance from a shopping centre of
radius 0.5,

e doughnut = 3519 centre} M —3<6{ centre}.

We can also deal with distances given implicitly by saying,
for example,

e d(London, Leipzig) > 3 - (Liverpool, Manchester),

e my_house E3<"college, §(Dov’s_house, college) = x
(‘I do not want to have a house that is located farther
from my college than Dov’s house”)

without referring to concrete distances between the cities and
perhaps having no idea where Dov’s house is.

The approach to reasoning about distances we advocate
in this paper has grown up from four main sources. First,
extensive research has been done by the (spatial/constraint)
database community [Revesz, 2002] aiming to deal efficiently
with large sets of data which come equipped with some kind
of distance (or similarity) measure; consult, e.g., the litera-
ture on ‘similarity search’ and ‘k-nearest neighbour queries’
[Bozkaya and Ozsoyoglu, 1999; Hjaltason and Samet, 1999].
Although this paper does not contribute to this field, we
were driven by the idea that it may be useful to extend the
‘evaluation-based’ methods by automated reasoning services.
As was mentioned above, complete information about models
based on distance spaces, and even distances themselves, are
often not available, which means that the quality of solutions
provided by the database technology can be significantly im-
proved by using explicit knowledge of the field (or even con-
jectures) supported by appropriate reasoning procedures.

Two approaches to extend the database technology by
means of KR&R have been developed by the qualitative spa-
tial reasoning community. One is based upon the representa-
tion of spatial data by means of constraint systems [Renz and
Nebel, 1999], while the other uses first-order theories, e.g.,
[Randell er al., 1992]. Constraint systems are usually very
efficient (at most NP-complete); however, their expressive
power is rather limited (for instance, they do not allow any
kind of quantification). On the other hand, the unrestricted
quantification of first-order representations is a serious obsta-
cle for their use in practical reasoning systems.

In a sense, our approach is similar to that taken by the
description logic community which represents conceptual
knowledge by means of restricted quantification (a kind of
modal necessity and possibility operators) and uses reason-
ably effective tableau-based procedures even for expressive
and complex (say, EXPTIME-complete) formalisms [Hor-
rocks, 1998]. The chief difference from description logics is

'Note, however, that our logics can express some of the cluster-
ing conditions.
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that we have to integrate rather sophisticated reasoning about
quantitative data into a logic-based framework.

Logics of distance spaces were introduced in [Sturm et
al., 2000; Kutz et al., 2003], where our main concern was
to find out whether such logics can be decidable. Unfortu-
nately, the logics constructed in these papers were not sup-
ported by effective reasoning machinery. The aim of this
paper is more practical. To begin with, in Section 2, we
present an application oriented variant MSE[Q*] of a dis-
tance logic (containing location constants, set variables and
restricted quantifiers) and show that the satisfiability problem
for its formulas in metric (and some weaker distance) spaces
is EXPTIME-complete. As distance spaces used in computer
science and Al are often finite (e.g., data with a similarity
measure, a model of a railway system, etc.), we consider also
the problem of satisfiability of MS<[Q*] knowledge bases
in finite spaces. We show that the language does not ‘feel’ the
difference between finite and infinite spaces: all the results
presented for satisfiability in arbitrary spaces hold for finite
spaces as well. (Unfortunately, if we restrict attention to the
two-dimensional Euclidean space or its subspaces, then the
satisfiability problem becomes undecidable.) Then, in Sec-
tion 3, we devise a tableau-based satisfiability checking al-
gorithm for this logic. An interesting and quite unexpected
consequence of the proofs of these results is the following
observation. The full MSE[Q] contains both operators 3¢
and 3<¢ which together allow assertions like

e house E3<'shop—3<'shop — ‘the closest shop is lo-
cated in precisely 1 mile distance from the house.’

But in everyday life we often do not pay attention to the
boundaries of spatial regions or treat them in a sort of vague
manner. What happens if we keep only one of the operators
3= or 3<% in our language? Do the two resulting fragments
behave differently, or to put it another way, does our language
feel the difference between regions with and without bound-
aries? To our surprise, the answer turns out to be ‘NO’ (for a
precise formulation of the result see Theorem 7).

To be able to express knowledge about implicit or unknown
distances, in Section 4 we extend MSE[Q1] with variables
ranging over distances and prove that the satisfiability prob-
lem for the resulting language is decidable.

Because of lack of space we had to omit all (rather non-
trivial and lengthy) proofs. They are available at http://
www.csc.liv.ac.uk/~frank). Here we only say that
the complexity result as well as the proof of the correctness
and completeness of the tableau algorithm are based on a rep-
resentation of metric spaces in the form of relational struc-
tures a la Kripke frames. This representation allows us to use
advanced techniques from modal and description logics.

2 The logic MSZ[M]

Let M be a non-empty subset of positive rational numbers
(i.e., a subset of @F). Denote by MSS[M] the language
with the following alphabet and term and formula formation
rules. The alphabet consists of

e an infinite list of set (or region) variables X1, X»,...;

e an infinite list of location constants €1, (s . . .,
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e the set constant (or nominal) {{;}, for every ¢;,
e binary distance (8), equality (=) and membership (E)
predicates;

e the Boolean operators I, — (and their derivatives LI, T
and 1);

e two distance quantifiers 3<%, 3<% and their duals V<?,
vy=e_for every a € M;

o two universal quantifiers dand V.
Set terms s of MSS[M] are defined as

su=X; |[{6:}| T|L]|-s]|sMsal|sUse|I<s
| 3505 | V<9 | V=% | Is | Vs,
and the formulas of MSE[M] are

e /Es, where / is a location constant and s a set term,
e s =tand s # t, where s and t are set terms,
e and all ‘distance atoms’ of the form
d(k,0) <a, 0(k,0)<a, 6(k,f)>a, 6(k,l)>a,
where k, ¢ are location constants and a € M.

We use s; C s as an abbreviation for s1 [ s9 = s7.
The intended semantics for this language is defined as fol-
lows. An MSE[M|]-model is a structure of the form

B=(W,d, XP,XP,... (0,03 ..),

where (W, d) is a metric space with a distance function d
satisfying the axioms

d(z,y) = 0iffz =y, (1)
d(z,z) < d(z,y) +d(y, z), (2)
d(z,y) = d(y,z), (3)

forallz,y,z € W, X? C W, and l? € W. Thus, B defines
explicitly the values of set variables and location constants.
(Although we do not make the unique name assumption—
i.e., l? = l?, i # j, is not prohibited—it is easy to force
different location constants to denote different points by in-
cluding {¢;} C —{¢;} into the knowledge base.) The values
s of other MSS[M]-terms s in B are computed inductively
as follows: B

T® =W, 1% =9,
{6:}® = {67}, (51Ms2)® =57 N5y,
(51 Us9)® =sP Us?, (ms)® =W — 5%,
(3=0)® ={z e W:Jy e W (d(z,y) <a Ay €s™)},
@<)® ={zeW:Iy e W (d(z,y) <a Ay €s®)},
(v=28)® ={z e W:Vy € W (d(z,y) < a — y € s?)},
(v<e8)® ={z e W:Vy € W (d(z,y) <a —y € s?)},
(3)® ={z e W:3Jy € s?},

(V)2 ={z e W:Vye Wyecs®}

The truth-relation B |= p, where ¢ is an MSS[M]-formula,
is defined in the natural way: B
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B = (Es iff (P € sP,

e B = sy = sy iff sP = s (and B | 51 # s iff
sP #53),

B = d(k,0) < a iff dE?, (%) <a,

B = 6(k, () < a iff d(k®,(®) < a, and similar for >
and >.

An MSE[M]-knowledge base is a finite set of MSS[M]-
formulas. A knowledge base ¥ is called consistent (or satisfi-
able) if there exists an MSE[M]-model B such that B | ¢
for all p € ¥; in this case we write B |= X.

The language MSS[M] is a proper fragment of the lan-
guage MS[M] introduced in [Kutz er al., 2003]. While
MS[M] has the interesting property of being of the same
expressive power as the two-variable fragment of first-order
logic over metric spaces, reasoning in MS[M] is undecid-
able. [Kutz er al., 2003] investigates in-depth the fragment
MS*[M] of MS[M] with distance operators 3<¢, 3> (‘for
some object outside a circle of radius a’) and their duals. In
particular, various decidability results are obtained. The ex-
pressivity of MSS[M] and MS*[M] is incomparable and
the mathematics required to analyse these logics differs con-
siderably. The tableau-algorithm presented here shows that
MSE[M] is probably more suitable for efficient reasoning
than MS*[M].

Our first result establishes the decidability and the
computational complexity of the satisfiability problem for
MSE[M]-knowledge bases in metric spaces:

Theorem 4. The satisfiability problem for MSES[M]-
knowledge bases in arbitrary metric spaces is EXPTIME-
complete (even if the parameters from M are coded in bi-

nary).

Actually the same result can be proved for satisfiability in
weaker distance spaces, say, the class of spaces which do not
necessarily satisfy the triangular inequality (2) or the symme-
try axiom (3). The proof of this and some other theorems in
this paper are based on a rather sophisticated representation
of distance spaces in the form of relational structures a la
Kripke frames. The EXPTIME satisfiability-checking algo-
rithm is basically an elimination procedure which iteratively
deletes from the set of all 1-types over a sufficiently small
set of terms all those that contain distance quantifiers without
witnesses.

According to the next result, the logic of metric spaces in-
troduced above has the finite model property, and so Theo-
rem 4 holds for the class of finite metric spaces as well (the
third equivalence actually follows immediately from the fact
that any finite metric space is isometric to a subspace of some
L™, n € NT [Matousek, 2002]).

Theorem 5. The following conditions are equivalent for any
MS ; [M]-knowledge base X:

e X is satisfiable in a metric space;
e Y is satisfiable in a finite metric space;

e Y is satisfiable in a finite subspace of some space L2 =
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(R™,d2), where
do((ar, -y an), (by, - . bn)) =

max{|a; — b;| : 1 <i <n}.

It turns out, however, that these positive results do not hold
if the intended metric space is the two-dimensional Euclidean
space or the class of its subspaces (this result is proved by a
reduction of the undecidable N x N-tiling problem):

Theorem 6. (i) Satisfiability of MSZ[{1,2}]-knowledge
bases in subspaces of R x R is undecidable.

(ii) The satisfiability problem for MSE[{1,2}]-knowledge
bases in R x R is undecidable. B

Denote by MS<[Qf] (MSS[QF]) the fragment of
MSE[QF] without the quantifiers 3¢ and V<¢ (3<% and

V<4, respectively).

Theorem 7. Suppose that ¥ is a knowledge base over
MS=S[Q] and X' results from ¥ by replacing all occur-
rences of V= with V<% and 3<* with 3<°. Then ¥ is sat-
isfiable iff ¥.' is satisfiable.

3 The tableau algorithm

Our tableau algorithm is closely related to tableau-based de-
cision procedures from the field of description logic [Baader
and Sattler, 2000]. However, in addition to the standard
methodology of description logic, we have to take care of the
‘arithmetical meaning’ of the quantifiers.

Suppose that a knowledge base X is given. To simplify pre-
sentation, we will assume that ¥ is formulated in the language
MSE[NF] without universal quantifiers ¥ and 3. (Knowl-
edge bases containing rational numbers can be transformed
into knowledge bases over N without effecting their satisfia-
bility.)

Denote by trm(X) the set of set terms occurring in X.
Without loss of generality we may assume that ¥ contains
at least one parameter from N* and one nominal {/;}. A set
term s is in negation normal form (NNF) if — occurs in s
only in front of set variables and set constants. Each set term
can clearly be transformed into an equivalent one in NNF by
pushing — inwards (e.g., =3<%s is equivalent to Y<%=s). So
we may assume all set terms to be in NNF. Distance atoms of
MSE[NF] can be expressed via nominals and distance quan-
tifiers, e.g.,

0(k,f) < a isequivalentto kE3<¢{(},
0(k,f) > a isequivalentto kE-3I<*{(}.

So, from now on we will not be considering distance atoms at
all. Moreover, without loss of generality we may assume that
the language MSS[NT] contains no formulas of the form

¢Es. Indeed, every such formula is equivalent to {£}Lls = s.
We can also assume that all equalities s; = s» and their nega-
tions s; # So are of the form s = T and s # L, respectively.
And by taking for each formula of the form s # 1 in ¥ a
fresh location constant £, and replacing s # L with /;Es,
we can get rid of all negations of equalities.

To sum up: in what follows (without loss of generality)
we confine ourselves to considering those knowledge bases
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Y over Nt that contain only equalities of the form s = T,
with s being in NNF.

Let loc(X) be the set of all location constants occurring in
Y. Define the closure cl(X) of ¥ to be the finite set of terms
containing ¢trm(X) and, for all a € Nt

{V<0s,¥="s : 3b > a ({V="s,V<"s} N trm(Z) # 0) }.

Denote by vy the maximal parameter which occurs in ¥ and
set

ME]={1,2,...,72},
where the ¢~ are notin N.

The tableau algorithm we are about to describe operates
on constraint systems S = (T, <, L, S) for ¥, where (T, <)
is a forest consisting of the disjoint union of finite intransi-
tive trees (T, <,) with roots £ € loc(X), and L and S are
labelling functions such that

M[E]” ={a” :a € M[X]},

e witheachpairr < y, z,y € T, the function L associates
anumber L({z, y}) from M[X]U M[X]~;

e with each z € T the function S associates a subset
S(z) C c(X).
Roughly, the intuition behind this definition is as follows: T’
is the set of points of a metric space, L defines distances be-
tween some points in this space, and S defines values of set
terms from cl(X).

We start with the initial constraint system (Ty, <o, Lo, So)
for X, where Ty = loc(X), <o= Lo = 0, and So(¢) = {{¢}},
for every £ € loc(X). Then the initial constraint system is ex-
panded by repeatedly applying (in any order) the completion
rules in Fig. 1, where blocked nodes are defined as follows.

Denote by <% the transitive closure of <. We say that
anode x € T is directly blocked by a node y if y < x,
S(z) = S(y), but for no distinct u <* z and v <t z do we
have S(u) = S(v). The <*-successors of directly blocked
nodes are called indirectly blocked. All directly or indirectly
blocked nodes comprise the set of blocked nodes.

Constraint systems obtained by applying the completion
rules to the initial constraint system for ¥ will be called con-
straint systems for ¥. Such a constraint system S is said to
be complete if one of the following conditions hold:

1. S contains a node z such that X;, = X; € S(z), for some
set variable X;;

2. S contains a node z, such that {¢;},—{(;} € S(x) for
some location constant {/; };

3. none of the rules in Fig. 1 is applicable to S (in the sense
that no application of a rule can change the constraint
system).

In cases 1 and 2 we say that the constraint system contains a
clash.

Theorem 8. The tableau algorithm, having started from any
given constraint system Y, always terminates (i.e., reaches a
complete constraint system after finitely many® steps); it is
sound (i.e., if there is a complete clash-free constraint system
for X then X is consistent) and complete (i.e., if 3 is satisfi-
able, then the tableau algorithm returns a clash-free complete
system,).

% Actually, at most loc(3) - |trm(§:)|2"‘l(2)‘ +1
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Rn If 1 M s2 € S(x) and x is not indirectly
blocked, then set S(z) := S(z) U {s1,s2}.

Ry If s; U s € S(z) and z is not indirectly
blocked, then set either S(z) := S(z) U {s1}
or S(z) := S(z) U {s2}.

Ruom If{l;} € S(z) N S(y) and neither z nor y

is indirectly blocked, then set

S(z) :== S(z) US(y) and S(y) := S(x) US(y).
R= If s =T € ¥ and z is not indirectly blocked,

then set S(z) := S(z) U {s}.

Ry IfV<s € S(z) or V= € S(z) and z is not
indirectly blocked, then set
S(z) :=S@)U{s}U{VSls:b<a, be M[X

U{v<ls:b<a,be M[ZH

Ry<  IfV<%s e S(z), L({y,x}) is defined,
and z is not indirectly blocked, then:

if L({y,z}) = a~, then set
S(y) == {s}US(y);

if L({y,z}) = b < a, then set
S(y) == {V<"""s} US(y);

if L({y,z}) = b~ with b < a, then set
S(y) = {V="""s} U S(y).

Ry< Ifvses € S(x), L({y,z}) € {b,b"},
and z is not indirectly blocked, then:
if b= a, thenset S(y) := {s} U S(y);
if b < a, then set S(y) := {V=2~ts} U S(y).

Ra< If 3<%s € S(z), = is not blocked, and
L{zz})¢{b:b<alU{db :b<a}
for any z with s € S(2),
then create a new node y > x and set

L({z,y}) :==a” and S(y) := {s}.

Rg<  If3%% € S(x), = is not blocked, and
L{zz})¢{b:b<a}U{b :b<a}
for any z with s € S(2),
then create a new node y > x and set

L({z,y}) :=aand S(y) := {s}.
Figure 1: Tableau rules.

It is to be noted that the rule Ry is rather inefficient as it
stands. Actually, there is no need to add those Y=bgand V<bs,
but then some other rules, as well as the blocking strategy,
have to be changed in a subtle way. We show here this ‘ineffi-
cient variant’ to make the tableaux as transparent as possible.
The worst case complexity (even of the more efficient vari-
ant) of the tableau algorithm does not match the EXPTIME
upper bound of Theorem 4, which is actually a feature of all
implemented tableau procedures in description logic.

4 Metric logic with numerical variables
Let us consider now the language MSE[V] which is defined
almost precisely as MS ;[M ], with the only difference be-

SPATIAL REASONING

ing that instead of parameters (numbers) from M we use
variables from a countably infinite list V' = {zg,z1...}
ranging over Q. Given an assignment a : V — QF
and an MSE[V]-knowledge base ¥, we denote by X¢ the
MS<[QF]-knowledge base which results from ¥ by replac-
ing each x; with a(z;).

Let I be a set of constraints for variables in V' (say, a set of
rational linear inequalities over V' or polynomial equations).
A knowledge base ¥ over MSE[V] is said to be satisfiable
relative to T if there exists an assignment a such that

e the a(x;) give a solution to I" and
e X% is satisfiable.
Here are two simple examples:

Example 9. (1) I' consists of equalities x; = a;, where
a; € QF. Then a knowledge base ¥ over MSE[V] is sat-
isfiable relative to I iff the knowledge base X.° is satisfiable
for a : ; ~ a;. Thus, in this case ¥° is a usual MSE[Q*]-
knowledge base considered in the previous sections.

(2) T consists of inequalities z; < xj, so that no absolute
values for distances are fixed, and to satisfy ¥ we first have
to find a solution (assignment) a to I" and then check whether
X% is satisfiable.

To illustrate the expressive power of the new language, we
will use the following notation: given set terms s; and s,
denote by d(s1, s2) = = the set of two MSE[V]-formulas
51 M3STsy #£ 1 and sy M 3I<Tsy = L (saying that the dis-
tance between s; and s» is ). Then we can state that the dis-
tance between Russia and the UK is larger than the distance
between Russia and Germany:

¥ = {d(Russia, UK) = z, d(Russia, Germany) =y} and
F'={z>y}.

Incomplete knowledge can also be expressed by using inter-
val constraints a; < z < a2, where z is a variable occurring
in the knowledge base.

Of course, as long as algorithmic properties are not rele-
vant, we can consider arbitrarily complex constraints I" on the
variables in V. Our main decidability result, however, holds
for the case when I consists of a finite set of rational linear
inequalities of the form

a1xq, + - +agz;, >b or  ajxy + -+ apx, > b

Namely, we have the following:

Theorem 10. It is decidable whether a given MSZE[V]-
knowledge base Y. is satisfiable relative to a set of rational
linear inequalities.

The proof of Theorem 10 is based on a (rather straightfor-
ward) combination of a linear programming technique with
the tableau algorithm presented above. The resulting decision
procedure is extremely complex. We conjecture, however,
that more sophisticated combinations with lower complexity
can be developed. Here is one example:

Theorem 11. Suppose that I consists of the ‘pure’ strict in-
equalities

{0<$1,$1 < T, o2 < T3y...,Tp—1 <.17n}
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and ¥ is an MSE[{x1,...,m,}]-knowledge base. Then
the satisfiability problem for Y. relative to T' is EXPTIME-
complete.

(In fact X is satisfiable relative to I' iff ¢ is satisfiable,
where a(z1) = land a(z;) =1+ ﬁ, forl<i<mn.)

5 Conclusion

We have introduced and investigated a ‘practical’ variant of
the distance logics from [Sturm e al., 2000; Kutz et al.,
2003]. Our main achievement is a tableau-based decision
procedure similar to those implemented in working descrip-
tion logic systems like FACT and RACER, see [Baader et
al., 2003]. This similarity gives us some grounds to believe
that a system based on this tableau procedure (which is cur-
rently being implemented) will be sufficiently fast for ‘realis-
tic’ applications. As in spatial databases, however, a very im-
portant problem is to integrate the distance logic with other
KR&R formalisms. Although in the intended applications
the extensions of relevant predicates may strongly depend on
the distance measure, usually non-metric attributes and rela-
tions also play a rather significant role (e.g., classifications
of proteins, their topological properties). Without an integra-
tion of formalisms taking care of these different aspects of
the problem domain one cannot imagine a system powerful
enough for real-world applications. Fortunately, a framework
for such an integration is already available. The terms of
the language MS<[Q*] are constructed from atomic pred-
icates by means of distance and Boolean operators. This
makes it possible to treat MSS[QF] as an abstract descrip-
tion system in the sense of [Baader et al., 2002] and com-
bine it in an algorithmically robust way with other effective
KR&R formalisms, say, description logics or spatial RCC-8
via E-connections [Kutz et al., 2002] or fusions [Baader et
al., 2002].
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Abstract

In many applications of temporal reasoning we are in-
terested in reasoning incrementally. In particular, given
a CSP of temporal constrains and a new constraint, we
want to maintain certain properties in the extended CSP
(e.g., a solution), rather than recomputing them from
scratch. The Point Algebra (PA) and the Interval Algebra
(IA) are two well-known frameworks for qualitative tem-
poral reasoning. Most of the existing algorithms for PA
and the known tractable fragments of IA, such as ORD-
Horn, has been designed for “static” reasoning. In this
paper we study the incremental version of some funda-
mental problems of temporal reasoning, proposing new
algorithms that amortize their complexity when process-
ing a sequence of input constraints. After analyzing the
role of path-consistency for incremental satisfiability, we
propose algorithms for maintaining a solution of a CSP
over either PA or ORD-Horn, and the minimal labels of a
CSP over PA. Our algorithms improve the complexity of
using existing techniques by a factor of O(n) or O(n?),
where n is the number of variables involved in the CSP.

1 Introduction

Constraint-based qualitative temporal reasoning is a widely
studied area of Al in which the most prominent approaches
are Allen’s Interval Algebra (IA) [1983] and Vilain and
Kautz’s Point Algebra (PA) [1986]. Given a CSP of tempo-
ral constraints, fundamental reasoning problems are deciding
satisfiability of the CSP, finding a solution, and computing its
“minimal labels”. These problems are NP-hard for the full
IA, while they are polynomial for PA and for several frag-
ments of IA, such as Nebel & Birckert [1995] ORD-Horn
subalgebra, which is the unique maximal tractable subclass
of IA containing all the basic relations.

In many applications of temporal reasoning we are in-
terested in “dynamic” or on-line reasoning. For instance,
given an initial (possibly empty) CSP of temporal constraints,
whenever a new constraint is asserted, we want to in maintain
a solution of the CSP, rather than recomputing it from scratch
using a “static” algorithm.

The design of algorithms for dynamic polynomial prob-
lems is an important research field in operation research and
theoretical computer science (e.g., [Ausiello ef al., 1991]).
A dynamic problem can be either semi-dynamic or fully-
dynamic. In the semi-dynamic version we deal with informa-
tion that is incrementally given (or decrementally retracted).
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In the fully-dynamic version, we deal with both assertions
and retractions. Typically, the worst-case performance of an
algorithm for a dynamic problem is specified in terms of its
amortized complexity for a single operation (assertion or re-
traction), that can be defined as the average runtime per oper-
ation over a worst-case sequence of operations [Tarjan, 1985].

The large majority of the algorithms that have been devel-
oped for reasoning within tractable classes of qualitative tem-
poral constraints are static. In this paper we investigate the
incremental version of some reasoning problems for PA and
ORD-Horn, discussing the behavior of existing techniques
and proposing new ones. Given a sequence s of O(n?) input
constraints involving n variables, our incremental algorithms
improve the total runtime required for processing s using ex-
isting techniques by a factor of O(n) or O(n?).

In Section 2 we give the necessary background on PA and
IA. In Section 3, after analyzing the use of a path-consistency
algorithm for incremental satisfiability checking, we propose
new incremental algorithms for finding a solution of a CSP
over either PA or ORD-Horn, and for computing the minimal
labels of a CSP over PA. Finally, in Section 4 we briefly dis-
cuss the fully-dynamic version of the problems considered,
and we mention further results and future work.

2 Background on PA and IA

Vilain and Kautz’s Point Algebra [1986] consists of three
basic relations between time points (<, >, =), all possible
unions of them (<, >, #, and 7, where ? is the universal rela-
tion), and of the empty relations ({)). Allen’s Interval Algebra
[1983] consists of thirteen basic relations between temporal
intervals, all possible unions of these relations, and the empty
relation. PA and IA are closed under the operations union (U),
intersection (M), difference (\), converse (7), and composi-
tion (o). The first four operations are defined in the standard
way. The composition for two relations can be derived from
the transitivity tables of the basic relations in PA and IA.

A qualitative temporal constraint satisfaction problem (or
briefly temporal CSP) in our context is a set of constraints
of the kind x Ry, where = and y are either point variables or
interval variables, and R is either a PA-relation (if z and y
are point variables) or an [A-relation (otherwise).

Given a temporal CSP © over either PA or IA, a funda-
mental reasoning problem is deciding the satisfiability of ©.
O is satisfiable if and only if there exists a solution for O, i.e.,
an assignment of temporal values to the variables of © (ratio-
nal numbers for point variables, pairs of rational numbers for
interval variables) such that all the constraints in © are satis-
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fied. The problem of deciding the satisfiability of © will be
called PSAT, if © is over PA, and ISAT if © is over IA. The
problem of finding a solution for © will be called PSOL, if ©
is over PA, and ISOL otherwise.

A related reasoning problem is finding a scenario that re-
fines a given temporal CSP. A scenario of a CSP O is a satisfi-
able refinement of ©, where the constraints between all pairs
of variables are basic relations. A CSP ©' is a refinement of
© if and only if ©' and © involve the same variables, and
for every pair of variables (z,y) such that zR'y € ©' and
TRy € ©, R C R.! Any scenario of a satisfiable temporal
CSP over PA (IA) identifies a total order o of the point (in-
terval endpoint) variables of the CSP that is consistent with
the constraints of the scenario, and in which point (interval
endpoint) variables that must have the same interpretation are
mapped to the same position. Clearly, from o we can derive
a solution for the CSP by just assigning to the points (end-
points) of o numbers consistent with their relative order.?

Any temporal CSP O involving n variables can be pro-
cessed using a cubic time algorithm that refines © to an equiv-
alent path consistent CSP [Montanari, 1974]. A CSP is path
consistent if for every subset of constraints involving three
variables ¢, j, and k, the relation R;; between ¢ and k is
stronger or equal than (i.e., is a subset of) the composition
of Rij and Rjk.

A temporal CSP is minimal if, for every pair of variables
i, J, the relation R;; between ¢ and k is the strongest relations
between ¢ and k that is entailed by the CSP, i.e., for each basic
r;; relation in R;; there exists a scenario for the CSP in which
R;j is refined to r;;. We call the problem of computing the
minimal CSP PMIN for PA, and IMIN for IA.

From a computational point of view, PA and IA have dif-
ferent properties. The reasoning problems introduced above
are polynomial for PA, while they are NP-hard for TA [Vi-
lain and Kautz, 1986]. In particular, PSAT and PSOL can be
solved in O(n?) time using van Beek’s method [1992], while
PMIN requires O(n*) time [van Beek, 1992; Gerevini and
Schubert, 1995]. These techniques use a graph-based repre-
sentation of the CSP that in [Gerevini and Schubert, 1995] is
called temporally labeled graph (TL-graph). A TL-graphis a
graph with a set of labeled edges, where each edge connects
a pair of distinct vertices v, w representing the point variables
of the temporal CSP. The edges are either directed and la-
beled < or <, or undirected and labeled # (=-constraints are
represented by a pair of <-constraints). van Beek’s method
for finding a scenario for a satisfiable CSP of PA-constrains is
based on first identifying the strongly connected components
(SCC) of the TL-graph representing the CSP [Cormen et al.,
1990] using only its <-edges. Each SCC is then collapsed
into a single vertex representing an equivalent class of vari-
ables that must be interpreted with the same temporal value.
If we omit the #-edges from the resultant graph, we obtain
a directed acyclic graph that we call the induced precedence

'Without loss of generality we assume that, if no information
between x and y is provided, R is the universal relation, and that
for every pair of variables (z, y) such that tRy € ©, yR™ x € O.

’E.g., we assign an integer i to the points in the first position of o,
7 + 1 to the points in the second position, etc. If we have a solution,
we can derive a total order (and hence a scenario) in a trivial way.
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graph of the CSP. From a topological sort of the vertices of
this graph we can easily derive a scenario for the CSP.3

Enforcing path-consistency to a temporal CSP requires
cubic time and is sufficient to decide PSAT [Ladkin and
Maddux, 1988], but it does not solve PMIN. In order to
solve PMIN for a CSP over PA, in addition to enforce path-
consistency to it, we need to identify particular 4-variable
constraint subsets of the path consistent CSP containing a
<-constraint that should be refined to “<”. Such subsets
are called forbidden subgraphs in [van Beek, 1992] and #-
diamonds in [Gerevini and Schubert, 1995].

Regarding IA, several tractable fragments have been iden-
tified. The Simple Interval Algebra (SIA) [van Beek, 1992;
Ladkin and Maddux, 1988] is formed by the IA-relations that
can be translated into a conjunction of PA-constraints be-
tween interval endpoints. All reasoning problems for a CSP
2 over SIA can be solved by applying the corresponding al-
gorithms to the PA-translation of 2. The most interesting
tractable fragment of 1A is Nebel and Biirckert’s ORD-Horn
class [1995]. ORD-Horn subsumes SIA and is the unique
maximal tractable sub-algebra of IA containing all the basic
relations. Each constraint C' over ORD-Horn can be trans-
lated into a set of disjunctions of PA-constraints of the form
p=gq,p < qgorp # q, where p and ¢ are endpoints of in-
tervals in C, and at most one literal is of type “="" or “<”.
Given a temporal CSP ) over ORD-Horn, 7 (2) will denote
the CSP of PA-constraints formed by the unary disjunctions
(PA-constraints) in the point translation of all interval con-
straints in (2.

Like PSAT, ISAT for ORD-Horn can be decided in cubic
time by using a path-consistency algorithm. ISOL for ORD-
Horn can be solved in square time, if the input CSP is known
to be path consistent[Gerevini and Cristani, 1997], in cubic
time otherwise [Ligozat, 1996].

In the rest of the paper, the incremental version of the rea-
soning problems for a temporal CSP is indicated by adding
the prefix “I” to the name of the corresponding static problem,
e.g., the incremental version of PSOL is I-PSOL. Without
loss of generality, we assume that the initial temporal CSP al-
ready involves all variables, possibly constrained only by the
universal relation. Moreover, our amortized complexity anal-
ysis is based on input sequences of length quadratic in the
number of the variables. These assumptions are discussed in
an extended version of the paper [Gerevini, 2003].

3 Incremental Tractable Reasoning

3.1 Path-consistency for I-PSAT and I-ISAT

Although van Beek’s method for solving PSAT requires only
quadratic time, when we consider the incremental version
of this problem (I-PSAT), enforcing path-consistency turns
out to be more efficient than a simple iterative application
of van Beek’s (static) algorithm. In fact, we can use a path-
consistency algorithm like the one given in Figure 1 (PC),
which was proposed in [Allen, 1983] and slightly reformu-
lated and improved in [Vilain and Kautz, 1986; Bessiére,
1996], to incrementally process a sequence of O(n?) PA-

3A topological sort for a DAG is a linear order o of its vertices
such that if v is a successor of w in the graph, then v precedes w in o.
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Algorithm: PC
Input: the matrix representation M of a temporal CSP over either
PA or IA.
Output: £ail, if enforcing path-consistency to the input CSP
generates the empty relation; the matrix representation of a
path consistent CSP equivalent to the input CSP, otherwise.
Q={(i.5) | i < j}
while Q) # 0 do
select and delete an element from Q);
for k #i,k # jdo
if REVISE(4, j, k) then
if M[i, k] = 0 then return fail
else add (i, k) to the end of Q;
if REVISE(k, i, 7) then
. if Mk, j] = 0 then return fail
10. else add (k, j) to the end of Q;
11. return M.

VENAU AW~

Subroutine: REVISE(i, k, j)

if Mi, k] or M[k, j] is the universal relation then return false;
S:=MJi, k] o M[E, j];

if M[i, j] C S then return false

M, j} = M[i, 5] N .S; M[j,1] = M[i, j]

return true;

MRS

Figure 1: A path-consistency algorithm for qualitative temporal
constraints as formulated in [Bessiere, 1996].

constraints in O(n?) total time (i.e., the amortized time com-
plexity per input constraint is linear).This is better than reap-
plying van Beek’s algorithm after each constraint assertion,
which requires O(n?) total time. Similarly, for any frag-
ment of TA for which enforcing path-consistency is suffi-
cient to decide satisfiability, we can use PC to solve I-ISAT
in O(n?) total time, instead of O(n®). More precisely, let
(C1,Cs5, ...,Ck) be the sequence of the input constraints,
Oy an initial (possibly empty) satisfiable temporal CSP, and
©; = O U{C; | j <i} (i > 0).* To decide the satisfiability
of each ©;, we consider three cases:

(1) if the relation R of C; = xRy is weaker than the relation
R' of the corresponding constraint in ©;_1, then clearly
O, is satisfiable, and no further processing is needed;

(2) if RN R’ is the empty relation, then ©; is unsatisfiable
and we return fail;

(3) if none of the previous cases holds, then, first we revise
the relation between x and y to R’ N R (and between y
and z to '~ N R™), and then we run PC on the resul-
tant revised CSP with step 1 modified so that () initially
contains only the item (z,y).

We call this simple method incremental path-consistency
(IPC). This technique has the following important property,
that will be exploited by the algorithms in the next sections.’

Theorem 1 IPC solves I-PSAT and 1-ISAT for ORD-Horn
in O(n?®) total time, where n is the number of temporal vari-
ables.

*©0 may already contain up to O(n?) constraints different from
the universal relation. For CSPs over PA k < 6-(n”—n)/2, because
we assume that there is no duplication in the input sequence, and
there are at most 6 different input PA-constraints between any pair
of variables (the empty and the universal relations are not valid input
relations). Similarly, for CSPs over IA k < (2'% —2) - (n® —n)/2.

SFor lack of space we omit proof details, which are available in
[Gerevini, 2003].
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Proof. Since a pair (z,y) enters into () only when the rela-
tions between x and y is revised, and each relation R can be
revised at most twice, if R € PA, or at most 12 times, if R €
IA, it follows that the total time complexity is O(n?). i

It is worth noting that, as pointed out by Bessiere [Per-
sonal Communication, 1997], the O(n?) time complexity of
Ligozat’s algorithm [1996] for finding a scenario of a path
consistent CSP over ORD-Horn follows from Theorem 1.

3.2 An Algorithm for I-PSOL

For the incremental version of PSOL (I-PSOL) the simple
application from scratch of van Beek’s static algorithm [1992]
after each constraint assertion requires O(n?) total time.°

In this section we propose an algorithm for solving I-
PSOL in O(n) amortized time, i.e., the total time complexity
for processing a sequence on O(n?) constraint assertions is
O(n?). The algorithm is based on maintaining a topological
sort S for the precedence graph of the input CSP in which the
constraints are incrementally given. Let S;_; be a topological
sort for ;1 (3;_1 is satisfiable). When we process a new
constraint C; we perform two main operations:

(i) we check whether ¥; = X;_; U {C;} is satisfiable;
(i) if X; is satisfiable, we update S; _; to derive S;.

As we have seen, (i) can be solved in O(n?) total time by
using IPC. Regarding (ii), there are two related difficulties to
address: C; induces an edge (or precedence constraint) in the
precedence graph that invalidates S;_1; if the relation of C;
is “=" or “<”, new equalities may be generated (i.e., in the
TL-graph representation a new SCC may be generated, and
the precedence graph should be revised accordingly). The
algorithm INCREMENTAL-PA-SOL given in Figure 2 accom-
plishes (i) and (ii) taking these cases into account. The rest of
this section is devoted to the description of the algorithm.

The current path consistent CSP is represented by a matrix
M , while the current topological sort is represented by an ar-
ray T such that T'[j] = v if and only if v is the j-th element
of the sort. Ord(v) denotes the position of v in the topolog-
ical sort (i.e., the index of v in T). INCREMENTAL-PA-SOL
uses a modification of IPC, called IPC-1, in which each vari-
able has a flag (EQ) which is set to false before running
INCREMENTAL-PA-SOL. The EQ-flag of a variable v is re-
vised to true if the relation of the new input constraint is
“=""and v is one of its variables, or if during the propagation
of the new input constraint, the relation between v and any
other variable is revised to “=". The second case is handled
in IPC-1 by using an extension of the subroutine REVISE in
which, if Mz, j] is revised to “=", then EQ[i] and EQ[j] are
set to true. Clearly, this modification does not increase the
complexity of the incremental path-consistency method.

If the relation of the new PA-constraint 2Ry is in {<, <},
then xRy may induce a precedence constraint z < y for
S; that is not satisfied in S;_1. (Similarly for R € {>,>}
inducing y < x.) This is the case when X; is satisfiable,
Ord(x) > Ord(y) (or Ord(y) > Ord(z)), and xRy induces
no new equality in ¥; (i.e., the set E of step 3 is empty).

A temporal CSP over PA may involve O(n?) constraints with

relation different from “?”, and each of these can be revised at most
twice by additional input constraints.
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Algorithm: INCREMENTAL-PA-SOL

Input: the matrix representation M of the path consistent CSP of
Y;_1; a topological order T for the precedence graph G of
3;_1; anew PA-constraint z Ry.

Output: A solution for ¥; = X;_; U {z Ry}, if &; is satisfiable,
fail otherwise.

1. M :=1PC-1(M,zRy);
2. if M = fail then return fail;
3. E :=set of the point variables z such that EQ[z] = true
(E is a global variable used also in UPDATE-TSORT);
4. if E is empty then
5. if R € {<, <} and Ord(z) > Ord(y) then
6. UPDATE-TSORT(T',z,y);
7 if R € {>,>} and Ord(y) > Ord(z) then
8 UPDATE-TSORT(T,y,x)
9. else collapse the vertices of G in E to z;
10. S:={v|vgE—-{z} A Ord(y) < Ord(v) < Ord(z)};
11. L :=1list of the variables in S topologically sorted using G}
12.  for j := Ord(y) to Ord(xz) — |S| + 1 do

13. T[j] := Pop(L); Ord(Tj]) := j;
14.  for j:=Ord(z) — |[E|+2to V(G) do
15. Tlj]=T[j + |B| - 1], Ord[T[j]] = j;

16. return an assignment to the variables in ¥; consistent with 7'

Subroutine: UPDATE-TSORT(T,z, y)
(The topological sort I" for ¥;_; is updated using the new prece-
dence constraint ¢ < y, and it becomes a topological sort for ¥;.)

shift .= 1;
L := alist containing only y;
for ¢ := Ord(y) + 1 to Ord(z) do
if My, T[i]] € {<,<} then
add T'[¢] to the end of L;
shift := shift + 1;
else Ord(T'[i]) := i — shift;
T[i — shift] := T'[d];
for i := Ord(z)—shift+1 to Ord(z) d
10. z = Pop(L); T[i] := z; Ord(z) :=1;
(

Figure 2: Algorithm for I-PSOL. V' (G) denotes the current num-
ber of vertices in the precedence graph G. Pop(L) returns the first
element of L and removes it from L.

e A R ol R

=]

Under these conditions, the new constraint requires to update
Si—1, which is accomplished by steps 4-8. Specifically, if
the induced precedence constraint is < y, we run the sub-
routine UPDATE-TSORT(T', x, y), which revises the current
topological sort (7') in the following way.’

UPDATE-TSORT considers each temporal variable v such
that Ord(y) < Ord(v) < Ord(z). (Notice that the only part
of §;_1 than can be invalidated by < y regards the variables
from T[Ord(y)] to T[Ord(z)].) If ¥; entails y < v, then
in §; y (and hence also x) must precede v, because in the
precedence graph there is a path from y (z) to v. Since by
step 1 of the main algorithm M is the path consistent CSP
of ¥;, these entailment can be checked in constant time by
simply looking up at the appropriate entries of M (step 4 of
the subroutine). The v-variables that must follow x are added
to the end of a list L that initially contains only y. Once all
variables in the relevant part of S;_; have been considered,
those that are in L should be postponed, while the others can

"UPDATE-TSORT is similar to a technique used by Marchetti et
al. [1993] in the context of an algorithm for detecting cycles in a
DAG.
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Figure 3: Example of an update of the topological order 17" with
x < y using UPDATE-TSORT(z,y,T’). Directed solid arcs repre-
sent edges in the precedence graph of 3;. The variables preceding
x in the current topological sort, and that in the revised sort must
follow it, are y, a and c. When step 10 is executed the values of shift
and L are 3 and (y a c¢), respectively.

T Y {‘/\md .
ord 3 oN_10 _AN_ 12 13 N4 15 16

a X c \d o
T /

Ord 8 9 10 11 12 13 14

Figure 4: Example of revision of the topological sort 7' when
a set E of variables become equal by adding x < y to X;_;
(E = {x,y,b}). Directed solid arcs represent edges in the prece-
dence graph of ¥J; before and after collapsing the variables in E to
x. Dashed arrows indicate the shift performed by steps 14-15 of
INCREMENTAL-PA-SOL.

be anticipated. In particular, if a variable is not added to L,
we can shift it backward a number of positions equal to the
number of items currently in L (which is given by the value of
shift). This is done by steps 3-8 of the subroutine, while steps
9-10 move forward the variables in L to the positions of T’
that were occupied by the variables shifted backward. Notice
that when UPDATE-TSORT(T', z, y) terminates, the relative
order of the variables that entered into L, as well as of those
that were shifted backward, are not changed in the revised
topological sort. Figure 3 shows a simple example.

If xRy induces new equalities (E is not empty), then the
variables in E, together with those possibly represented by
them, form an equivalence class. Step 9 collapses the ver-
tices in the precedence graph G of ¥;_; corresponding to the
variables in E into a single representative vertex z, transfer-
ring to x all incoming and outgoing edges of the collapsed
vertices. In order to update T', we need now to reorder the
variables from T'[Ord(y)] to T[Ord(z)] that have not been
collapsed. These variables are topologically ordered using
G by step 11, and assigned to 7" in positions from Ord(y) to
Ord(xz)—|E|+1. Then, steps 13 and 14 shrinks T by shifting
backward the variables appearing after « in 7', starting from
position Ord(z) — |E| + 2 and with a shift equal to the num-
ber of variables (vertices) eliminated from G (i.e., |E| — 1).
Figure 4 gives an example illustrating steps 9-15.

Theorem 2 INCREMENTAL-PA-SOL solves 1-PSOL in
O(n?) total time, where n is the number of temporal vari-
ables.

TEMPORAL REASONING
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Figure 5: Types #-diamonds that can be generated in 3; by the
new constraint x < y. Directed (undirected) edges represent <-
constraints (#-constraints). In the minimal CSP of ¥;, for cases
(1)-(2) R, should be <, for cases (3)-(4) Ry should be “<”.

Proof (sketch). Correctness of the algorithm follows from
Theorem 1 and the discussion in the description of the algo-
rithm. By Theorem 1 step 1 requires O(n?) total time. The
other most costly steps are 9, 11 requiring O(n?) time. They
are performed at most O(n) times for any input sequence. O

3.3 An Algorithm for I-PMIN

The simple use of van Beek’s (static) algorithm for PMIN af-
ter each constraint assertion to solve I-PMIN requires O(n5)
total time. In this section we propose an algorithm for solv-
ing I-PMIN, INCREMENTAL-PA-MIN, requiring O(n*) total
time. This is the best possible worst-case complexity bound.

In order to maintain a CSP over PA minimal when a new
PA-constraint xRy is given, in addition to enforce path-
consistency, we need to identify and remove all possibly
#-diamonds that are generated (see Figure 5). Since #-
diamonds consist only of constraints of type < and #, clearly
a new constraint can generate additional #-diamonds only if
RN R € {=,<,>,#}, where R’ is the relation between x
and y in the minimal CSP of ¥;_;.

Let 3;_; be minimal CSP of ¥;_;, and 3; of the path con-
sistent CSP of ¥;_; U{zRy}. f RN R' € {=,<,>} (and
R C R'), then the new constraint and its propagation can gen-
erate new <-constraints in f]i. It is easy to see that any new
possible #-diamonds in 33; must involve one of these new <-
constraints. Hence, in order to make f)i minimal, it suffices
to identify and eliminate all diamonds involving one of these
constraints. Figure 5 shows the only four possible types of #-
diamonds that can be generated in op by the new constraint
z < y. Note that cases (1) and (2) are symmetric and can be
reduced to the same case (analogously for (3) and (4)).

If RNR' =“#” (and R C R'), then the propagation of z Ry
cannot give rise to new #-constraints, and hence in order to
make f]i minimal, it suffices to identify and eliminate all new
diamonds involving x # y.

Our algorithm for solving I-PMIN is given in Figure 6. It
uses a modification of IPC, called IPC-2, which like IPC-1
is a revision of IPC to keep track of certain constraints gen-
erated by the propagation of zRy. IPC-2 adds all pairs of
variables whose relation has been refined to “<” to a list
L. L is a global variable that is initialized by steps 1-2 of
INCREMENTAL-PA-MIN to the list containing either (z,y),
(y,z) or no pair. A pair of variables is added to L by the
subroutine REVISE-2 of IPC-2, a modification of REVISE in
which after step 4 we perform the following additional steps
to update L:
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Algorithm: INCREMENTAL-PA-MIN

Input: the matrix representation M of the minimal CSP of 3;_;;
anew PA-constraint z Ry.

Output: The matrix representation of the minimal CSP for ¥; =
Yi—1 U{zRy}, if ¥; is satisfiable, fail otherwise.

1. if RN M[z,y] = “<” C M[z,y] then L := ((z,y)) else L := ();
2. if RN Mlz,y] =“>" C M|z, y] then L :=((y, z)) else L := ();
3. if RN Mlz,y] = “#” C M|z, y] then N:=true else N:=false;
4. M :=1PC-2(M,zRy);

5. if M = fail then return fail;
6. for each (u,v) € L do

7 for each w, z such that w # z and w, z # u, v do
8

if Mu,w] = M[v, z] = Mw,z] =“<" A Mv,w] =“#"
9. then M [u, z] —“<” Mz, u] =“>";
10.  if M[w,u] = M[w,z] = M[z,v] =“<" A M[u, z] =“#"
11. then M[w, v] :=“<”; M[v, w] :=“>";
12.if N then

13 for each w, z such that w # z and w, z # z,y do

14 if M{w,a] = Mlw,y] = M[x, 2] = My, 2] =*<”
15. then M[w, z] := “<”; M [z, w] := “>7;
16.return M.

Figure 6: Algorithm for solving I-PMIN. L is a global variable that
is modified by IPC-2 as described in the text.

5. if M[i,j]=“<”then add (i,j) to L

6. elseif M[j,i] = “<” then add (j,) to L
Step 4 of INCREMENTAL-PA-MIN runs IPC-2 to (a) decide
PSAT for X;, (b) enforce path-consistency to M, and (c) up-
date L with the new implied <-constraints. If ¥; is satisfiable,
then steps 6-11 identify all new #-diamonds that are gener-
ated in M by the new constraint x < y. These diamonds
are eliminated by revising to “<” or “>" the relation of the
“non-minimal” constraints (steps 9 & 11). Finally, steps 13—
15 eliminate all new #-diamonds involving x # y.

Theorem 3 INCREMENTAL-PA-MIN solves I-PMIN in
O(n*) total time, where n is the number of temporal vari-
ables.

Proof (sketch). Since the algorithm eliminates all new #-
diamonds, correctness follows from Theorem 1 and fact that
any path consistent CSP over PA with no #-diamond is mini-
mal [Gerevini and Schubert, 1995]. Complexity follows from
Theorem 1 and the fact that the total number of pairs that can
enter into L is O(n?). O

3.4 An Algorithm for I-ISOL over ORD-Horn

Gerevini and Cristani [1997] showed that ISOL for a path
consistent CSP Q over ORD-Horn can be solved in O(n?)
time by using a solution for the 7 -translation of 2. Figure 7
gives an algorithm solving I-ISOL for €2 which exploits this
property and uses INCREMENTAL-PA-SOL. Our algorithm
requires O(n?) total time, while the application from sketch
of a known static algorithm each time a new constraint is as-
serted requires O(n”) total time. This cost can be reduced
to O(n*) total time by using IPC combined with Gerevini &
Cristani’s algorithm, which is still one order worse than the
complexity of the algorithm presented here.

Our algorithm uses a modification of IPC, called IPC-3,
which again is a revision of IPC to keep track of certain con-
straints generated by the propagation of the new input con-

straint zRy. Given the path consistent CSP Q) of Q;_1, the
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Algorithm: INCREMENTAL-ORDHORN-SOL

Input: the matrices M and M’ representing the path consistent CSP
Qof Q;_1, and the path consistent CSP of (Q), respectively;
a topological order T for the precedence graph of m; (Q), anew
interval constraint x Ry.

Output: A solution for €2;, if §2; is satisfiable, fail otherwise.

1. if (RN Mz,y]) C M[z,y] then
P :=list formed by the constraints in 1 ({x Ry }) else P := ();
M :=1PC-3(M, zRy);
if M = fail then return fail;
. for each pSq € P do
if (SN M'[p,q]) C M'[p, q] then initialize the EQ-flags and
run steps 1-15 of INCREMENTAL-PA-SoL(M', T, pSq);
return an assignment to the interval endpoints in {2; consistent
with T

0N L W

Figure 7: An algorithm solving I-ISOL for ORD-Horn.

path consistent CSP of 71 (£2), a topological order T for the

precedence graph of 71(€2), and a new interval constraint
xRy, IPC-3 accomplishes the following tasks: (a) it decides

ISAT for €2;; (b) it updates Q to derive the path consistent
CSP ; of ; = ;1 U {zRy}; (c) it derives a list P con-

taining the PA-constraints in 7 (€2;) that are not in w1 (€2).
P is a global variable that is initialized to the list formed

by m ({zRy}), if xRy refines the current relation between

z and y in Q, and to the empty list otherwise (step 1). P is
updated by the subroutine REVISE-3 of IPC-3, which is the
same as REVISE in IPC, but with the important addition that,
if M, j] is revised, then the PA-constraints in m; ({ M, j]|})
are added to P. Steps 5-7 incrementally update the path con-
sistent CSP of 71 (€) (M) with the constraints in P, as well
as the topological sort 1" of its precedence graph.

Theorem 4 INCREMENTAL-ORDHORN-SOL solves I-ISOL
for ORD-Horn in O(n?) total time, where n, is the number of
temporal variables.

Proof (sketch). Correctness follows from Theorem 1, Theo-
rem 2 and the results on ORD-Horn given in [Gerevini and
Cristani, 1997]. Complexity follows from Theorems 1, 2 and
the fact that for any sequence of O(n?) input constraints the
total number of items entering into P is O(n?). O

4 Conclusions and Future Work

We have presented some algorithms for incremental tempo-
ral reasoning in the context of PA, SIA and ORD-Horn, im-
proving the complexity of existing techniques by a factor of
O(n) or O(n?). An interesting question is whether our tech-
niques can be used for the decremental and fully-dynamic
versions of the reasoning problems considered. Clearly, when
constraints can only be removed from a CSP, satisfiability is
preserved and no processing is needed. Similarly, for main-
taining a solution. The decremental version of I-PMIN can
be solved in O(n®) total time by an algorithm similar to
INCREMENTAL-PA-MIN (here omitted for lack of space).
Performing an interleaved sequence of constraint asser-
tions (refinements) and retractions appears to be intrinsi-
cally harder, and we conjecture that it requires algorithms
with complexity higher than those presented here. For fully-
dynamic problems our techniques can be used to amortize
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complexity only for any subsequence of constraint assertions.
E.g., consider an instance of the fully-dynamic version of
PMIN in which we have k retractions during an input se-
quence of O(n?) assertions. When we process a retraction,
we can recompute from scratch the minimal labels, while as-
sertions are processed using our algorithm. The total time
complexity is then O(kn?), which is still more efficient than
applying van Beek’s static O(n*) algorithm O(kn?) times.
While in this paper we have not addressed I-IMIN for
ORD-Horn, very recently we have proved that this problem
can be solved in O(n®) total time. Future work includes in-
cremental algorithms for other tractable classes [Krokhin et
al., to appear] and a deeper study of fully-dynamic problems.
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Abstract

This paper focuses on temporal constraint prob-
lems where the objective is to optimize a set of lo-
cal preferences for when events occur. In previous
work, a subclass of these problems has been for-
malized as a generalization of Temporal CSPs, and
a tractable strategy for optimization has been pro-
posed, where global optimality is defined as maxi-
mizing the minimum of the component preference
values. This criterion for optimality, which we call
“Weakest Link Optimization” (WLO), is known to
have limited practical usefulness because solutions
are compared only on the basis of their worst value;
thus, there is no requirement to improve the other
values. To address this limitation, we introduce a
new algorithm that re-applies WLO iteratively in
a way that leads to improvement of all the values.
We show the value of this strategy by proving that,
with suitable preference functions, the resulting so-
lutions are Pareto Optimal.

1 Introduction

The notion of softness has been applied to either a constraint
or planning goal, indicating that either can be satisfied to mat-
ters of degree. It is not hard to find applicable real world
problems for such a notion. For example, in an earth orbit-
ing spacecraft, sensitive instruments like imagers have duty
cycles, which impose restrictions on the amount of use of
the instrument. A duty cycle is typically a complex function
based on both the expected lifetime of the instrument, as well
as short term concerns such as the amount of heat it can be
exposed to while turned on. Duty cycles impose constraints
on the duration of the periods for which the instrument can
be on, but it is natural to view this duration as flexible. For
example, this restriction might be waived to capture an im-
portant event such as an active volcano. Thus, the flexibility
of the duty cycle “softens” the constraint that the instrument
cannot be on beyond a certain duration. Reasoning about soft
constraints for planning or scheduling is for the purpose of
finding a solution that satisfies the constraints to the highest
degree possible.

For temporal reasoning problems, a simple method for
evaluating the global temporal preference of a solution to
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a Temporal CSP involving local temporal preferences was
introduced in [Khatib er al., 20011, based on maximizing
the minimally preferred local preference for a time value.
Because the locally minimally preferred assignment can be
viewed as a sort of “weakest link” with respect to the global
solution, we dub this method “weakest link optimization”
(WLO), in the spirit of the television game show. WLO
can be formalized using a generalization of Simple Tempo-
ral Problems (STPs), called STPs with Preferences (STPPs),
that preserves the capability to tractably solve for solutions
(with suitable preference functions associated with the tem-
poral constraints). Unfortunately, as often occurs, this effi-
ciency has a price. Specifically, WLO offers an insufficiently
fine-grained method for comparing solutions, for it is based
on a single value, viz., the “weakest link.” It is consequently
easy to conceive of examples where WLO would accept in-
tuitively inferior solutions because of this myopic focus. Al-
though it is possible to consider more robust alternatives to a
WLO strategy for evaluating solutions, it is not clear whether
any of these methods would preserve the computational ben-
efits of WLO. This impasse is the starting point of the work
described in this paper.

We propose here to make WLO more robust by combin-
ing it with an iterative strategy for solving STPPs. The pro-
cess involves repeatedly restricting temporal values for the
weakest links, resetting their preference values, and apply-
ing the WLO procedure to the reduced problem that results
from these changes. The intuition is a simple one, and we
motivate this technique with an example from a Mars Rover
planning domain. In Section 2, we summarize the soft con-
straint problem solver based on WLO introduced previously.
We then illustrate in section 3 the deficiencies of WLO on
a simple example, which also reveals the intuition underly-
ing the proposed strategy for overcoming this deficiency. The
main contribution of this paper is discussed in sections 4 and
5, which formalize this strategy and prove that any solution
generated by an application of this strategy is in the set of
Pareto optimal solutions for the original problem.

2 Reasoning about preferences with soft
constraints

This section reviews the material first presented in [Khatib ez
al., 2001]. There, a class of constrained optimization prob-
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lems, called Temporal Constraint Satisfaction Problems with
Preferences (TCSPPs), was first defined. A TCSPP is a gen-
eralization of classical TCSPs which allows for a represen-
tation of soft constraints. In classical TCSPs [Dechter et
al., 1991], a unary constraint over a variable X represent-
ing an event restricts the domain of X, representing its pos-
sible times of occurrence; the constraint is then shorthand for
(ap < X <b)V...V(ap, < X < by). Similarly, a
binary constraint over X and Y restricts the values of the dis-
tance Y — X, in which case the constraint can be expressed as
(e <Y -X<h)V...V(ap, <Y =X < by). A uniform,
binary representation of all the constraints results from intro-
ducing a variable X for the beginning of time, and recasting
unary constraints as binary constraints involving the distance
X — Xo.

A soft temporal constraint is a pair (I, f), where [ is a set
of intervals {[a, b], a < b} of temporal values, and f is a func-
tion from | J I to a set A of values. Intuitively, f expresses
local preferences for temporal values based on the value it as-
signs from A. For example, the soft constraint represented
by ({[1, 3], [8, 12]}, min) can be interpreted to mean that the
temporal assignments must be selected from either of the in-
tervals in the set, and the function min assigns a greater pref-
erence to smaller values. The cardinality of the set A, i.e.,
the number of distinct preference values, reflects the ability
to discriminate among degrees of preference for temporal as-
signments. The class of TCSPPs in which each soft constraint
consists of a single interval is called Simple Temporal Prob-
lems with Preferences (STPPs).

Local preferences combine to form global preferences for
complete assignments. To formalize these operations, A can
be structured in the form of a c-semiring [Bistarelli et al.,
19971. A semiring is a tuple (A, +, X, 0,1 ) such that

e Aisasetand 0,1 € A;

e -+, the additive operation, is commutative, associative
and 0 is its identity element (a+0= a);

e X, the multiplicative operation, is associative, distributes
over +, 1 is its identity element and 0 is its absorbing
element (ax 0 =10).

A c-semiring is a semiring in which + is idempotent (i.e.,
a+a = a,a € A), 1is its absorbing element, and X is
commutative. The semi-ring representation of operations on
preference values is used as part of the proof of tractability
for restricted sub-classes of TCSPP, which occurs below.

A solution to a TCSPP is a complete assignment to all
the variables that satisfies the temporal constraints. An arbi-
trary assignment of values to variables has a global preference
value, obtained by combining the local preference values us-
ing the semiring operations. A c-semiring induces a partial
order relation <g over A to compare preference values of ar-
bitrary assignments; a <g b can be read b is more preferred
than a. Classical Temporal CSPs can be seen as a special case
of TCSPP, with “soft” constraints that assign the “best” pref-
erence value to each element in the domain, and the “worst”
value to everything else. The optimal solutions of a TCSPP
are those solutions which have the best preference value in
terms of the ordering <g.
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Weakest Link Optimization (WLO) is formalized via the
semiring Swro = (4, max,min,0,1), that is, where for
a,b € A, a +b = maz(a,b) and a x b = min(a,b), and
1 (0) is the best (worst) preference value. Given a solution ¢
in a TCSPP with semiring Swro, let T;; = (I; ;, fi ;) be
a soft constraint over variables X;, X; and (v;,v;) be the
projection of ¢ over the values assigned to variables X; and
X (abbreviated as (v;,v;) = tx, x,). The correspond-
ing preference value given by f;; is fi;(v; — v;), where
vj —v; € I; ;. The global preference value of ¢, val(t), is
defined as val(t) = min{ fij(v; —vi) | (vi,v;) = tyx,.x; }-
Thus, a “weakest link value” for a solution ¢ is any minimum
fij(v; — v;) that determines val(t), and the WLO-optimal so-
lutions to a problem are the ones that have a maximum weak-
est link value.

As with classical (binary) CSPs, TCSPPs can be arranged
to form a network of nodes representing variables, and edges
labeled with constraint information. Given a network of soft
constraints, under certain restrictions on the properties of the
semiring, it can be shown that local consistency techniques
can be applied in polynomial time to find an equivalent mini-
mal network in which the constraints are as explicit as possi-
ble. The restrictions that suffice for this result apply to

1. the “shape” of the preference functions used in the soft
constraints;

2. the multiplicative operator x (it should be idempotent);
and

3. the ordering of the preference values (< g must be a total
ordering).

The class of restricted preference functions that suffice to
guarantee that local consistency can be meaningfully applied
to soft constraint networks is called semi-convex. This class
includes linear, convex, and also some step functions. All
of these functions have the property that if one draws a hor-
izontal line anywhere in the Cartesian plane of the graph of
the function, the set of X such that f(X) is not below the
line forms an interval. Semi-convexity is preserved under the
operations performed by local consistency (intersection and
composition). STPPs with semiring Sy 1o can easily be seen
to satisfy these restrictions.

The same restrictions that allow local consistency to be
applied are sufficient to prove that STPPs can be solved
tractably. Finding an optimal solution of the given STPP
with semi-convex preference functions reduces to a two-step
search process consisting of iteratively choosing a preference
value, “chopping” every preference function at that point,
then solving a STP defined by considering the interval of tem-
poral values whose preference values lies above the chop line
(semi-convexity ensures that there is a single interval above
the chop point, hence that the problem is indeed an STP).
Figure 1 illustrates the chopping process. It has been shown
that the “highest” chop point that results in a solvable STP in
fact produces an STP whose solutions are exactly the optimal
solutions of the original STPP. Binary search can be used to
select candidate chop points, making the technique for solv-
ing the STPP tractable. The second step, solving the induced
STP, can be performed by transforming the graph associated
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chop point

time

Figure 1: “Chopping” a semi-convex function

. Ooo] . . [Ooo]

[0, o0] [0, o0] [0, o0] [0, 0]

5, 3] [1 1]

[2, 2] [9,9]

Figure 2: The STPP for the Rover Science Planning Problem
where T is any timepoint

with this STP into a distance graph, then solving two single-
source shortest path problems on the distance graph. (The
solutions to these provide upper and lower time bounds for
each event. If the problem has a solution, then for each event
it is possible to arbitrarily pick a time within its time bounds,
and find corresponding times for the other events such that the
set of times for all the events satisfy the interval constraints.)
For N nodes and E edges, the complexity of this phase is
O(EN) (using the Bellman-Ford algorithm [Cormen et al.,
1990]).

3 The problem with WLO

Formalized in this way, WLO offers what amounts to a coarse
method for comparing solutions, one based on the minimal
preference value over all the projections of the solutions to lo-
cal preference functions. Consequently, the advice given to a
temporal solver by WLO may be insufficient to find solutions
that are intuitively more globally preferable. For example,
consider the following simple Mars rover planning problem,
illustrated in Figure 2. The rover has a sensing instrument and
a CPU. There are two sensing events, of durations 3 time units
and 1 time unit (indicated in the figure by the pairs of nodes
labeled insj, ins] and ins3, ins§ respectively). There is a hard
temporal constraint that the CPU be on while the instrument
is on, as well as a soft constraint that the CPU should be on
as little as possible, to conserve power. This constraint is
expressed in the STPP as a function from temporal values in-
dicating the duration that the CPU is on, to preference values.
For simplicity, we assume that the preference function min
on the CPU duration constraints is the negated identity func-
tion; i.e., min(t) = —t; thus higher preference values, i.e.
shorter durations, are preferred. Because the CPU must be on
at least as long as the sensing events, any globally preferred
solution using WLO has preference value -3. The set of solu-
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tions that have the optimal value includes solutions in which
the CPU duration for the second sensing event varies from 1
to 3 time units. The fact that WLO is unable to discriminate
between the global values of these solutions, despite the fact
that the one with 1 time unit is obviously preferable to the
others, is a clear limitation of WLO.

One way of formalizing this drawback of WLO is to ob-
serve that a WLO policy is not Pareto Optimal. To see this,
we reformulate the set of preference functions of a STPP,
fi,.-., fm as criteria requiring simultaneous optimization,
and let s = [t1,...,t,] and ' = [t], ] be two solutions
to a given STPP. s’ dominates s if for each 3> fi(ty) < fi(t5)
and for some k, fi(tx) < fr(t},). In a Pareto optimiza-
tion problem, the Pareto optimal set of solutions is the set
of non-dominated solutions. Similarly, let the WLO-optimal
set be the set of optimal solutions that result from applying
the chopping technique for solving STPPs described above.
Clearly, applying WLO to an STPP does not guarantee that
the set of WLO-optimal solutions is a Pareto optimal set. In
the rover planning problem, for example, suppose we con-
sider only solutions where the CPU duration for the first sens-
ing event is 3. Then the solution in which the CPU duration
for the second sensing event is 1 time unit dominates the so-
lution in which it is 2 time units, but both are WLO-optimal,
since they have the same weakest link value.'

Assuming that Pareto-optimality is a desirable objective in
optimization, a reasonable response to this deficiency is to
replace WLO with an alternative strategy for evaluating solu-
tion tuples. A natural, and more robust alternative evaluates
solutions by summing the preference values, and ordering
them based on preferences towards larger values. (This strat-
egy would also ensure Pareto optimality, since every maxi-
mum sum solution is Pareto optimal.) This policy might be
dubbed “utilitarian.” The main drawback to this alternative
is that the ability to solve STPPs tractably is no longer ap-
parent. The reason is that the formalization of utilitarianism
as a semiring forces the multiplicative operator (in this case,
sum), not to be idempotent (i.e., a + a # a), a condition
required in the proof that a local consistency approach is ap-
plicable to the soft constraint reasoning problem.

Of course, it is still possible to apply a utilitarian frame-
work for optimizing preferences, using either local search or
a complete search strategy such as branch and bound. Rather
than pursuing this direction of resolving the problems with
WLO, we select another approach, based on an algorithm that
interleaves flexible assignment with propagation using WLO.

4 An algorithm for Pareto Optimization

The proposed solution is based on the intuition that if a con-
straint solver using WLO could iteratively “ignore” the weak-
est link values (i.e. the values that contributed to the global
solution evaluation) then it could eventually recognize solu-
tions that dominate others in the Pareto sense. For example,
in the Rover Planning problem illustrated earlier, if the weak-
est link value of the global solution could be “ignored,” the
WLO solver could recognize that a solution with the CPU on

'This phenomenon is often referred to in the literature as the
“drowning effect.”
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Inputs: STPP P = (V,C)

Output:

STP (V, C'p) whose solutions are Pareto optimal for P.
()Cp=C

(2) Do

(3)  Solve (V,Cp) using WLO

) Delete all weakest link soft constraints from C'p
(5)  For each deleted constraint ([a, b], f),

(6) add <[aopt7 bopt]7 .fbest> to Cp

(7) until (3)-(6) leave (V, Cp) unchanged

(8) Return (V,Cp)

Figure 3: STPP solver WLO+ returns a solution in the Pareto
optimal set of solutions

for 1 time unit during the second instrument event is to be
preferred to one where the CPU is on for 2 or 3 time units.

We formalize this intuition by a procedure wherein the
original STPP is transformed by iteratively selecting what we
shall refer to as a weakest link constraint, changing the con-
straint in such a way that it can effectively be “ignored,” and
solving the transformed problem. A weakest link (soft) con-
straint for a WLO set of solutions is one in which the prefer-
ence value of its duration in all the WLO solutions is the same
as the chop level v of the optimal STP using WLO. For exam-
ple, after applying WLO to the problem in Figure 2, the CPU
duration constraint associated with the first sensing event will
be a weakest link, since it now has a fixed preference value
of -3. However, the CPU constraint for the second event will
not be a weakest link since its preference value can still vary
from -3 to -1.

We also define a weakest link constraint to be open if v is
not the “best” preference value (i.e., v < 1, where 1 is the
designated “best” value among the values in the semi-ring).

Formalizing the process of “ignoring” weakest link values
is a two-step process of restricting the weakest links to their
intervals of optimal temporal values, while eliminating their
WLO restraining influence by resetting their preferences to a
single, “best” value. Formally, the process consists of:

e Squeezing the temporal domain to include all and only
those values which are optimally preferred; and

e Replacing the preference function by one that assigns
the most preferred value (i.e. 1) to each element in the
new domain.

The first step ensures that only the best temporal values are
part of any solution, and the second step allows WLO to be
re-applied to eliminate Pareto-dominated solutions from the
remaining solution space.

The algorithm WLO+ (Figure 3) returns a Simple Tem-
poral Problem (STP) whose solutions are contained in the
WLO-optimal, Pareto-optimal solutions to the original STPP,
P. Where C is a set of soft constraints, the STPP (V,Cp)
is solved (step 3) using the chopping approach described ear-
lier. In step 5, we denote the soft constraint that results from
the two-step process described above as ([@opt, bopt|, frest)s
where [aopt, bopt] 18 the interval of temporal values that are
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<; Pareto Optimal Solutions

WLO Solutions s — = s’:sis dominated by s’

Figure 4: Relationships between Solution Spaces for STPPs
that are WLO or Pareto Optimal

optimally preferred, and fy.s: is the preference function such
that fpes¢(v) = 1 for any input value v. Notice that the run
time of WLO+ is O(|C|) times the time it takes to execute
Solve(V,Cp), which is a polynomial.

We now proceed to prove the main result, in two steps. In
this section we assume the existence of weakest links at every
iteration of the W LO+ algorithm, and show that the subset of
solutions of the input STPP returned by WLO+ is contained
in the intersection of WLO-optimal and Pareto-optimal so-
Iutions. In the next section we show that, given additional
restrictions on the shape of the preference functions, such
weakest links can be shown to always exist.

Given an STPP P, let Soly,o(P) (resp. Solpar(P)) be
the set of WLO-optimal (respectively, Pareto-Optimal) solu-
tions of P, and let Sol 0+ (P) be the set of solutions to P
returned by WLO+. Then the result can be stated as follows.

Theorem 1 Ifa weakest link constraint is found at each stage
of WLO+, then Sol w0+ (P) C Solwro(P)NSolpar(P).
Moreover, if P has any solution, then Solwrpo+(P) is
nonempty.

Proof:

First note that after an open weakest link is processed in
steps (4) to (6), it will never again be an open weakest link
(since its preference is reset to fpes¢). Since the theorem
assumes a weakest link constraint is found at each stage of
WLO+, the algorithm will terminate when the weakest link
constraint is not open, i.e., when all the soft constraints in Cp
have WLO preferences that equal the best (1) value.

Now assume s € Solwro+(P). Since the first iteration
reduces the set of solutions of (V,Cp) to Sol wro(P), and
each subsequent iteration either leaves the set unchanged or
reduces it further, it follows that s € Sol o (P). Now sup-
pose s & Solpag(P). Then s must be dominated by a Pareto
optimal solution s’. Let ¢ be a soft constraint in C' for which
s' is superior to s. Thus, the preference value of the dura-
tion assigned by s to ¢ cannot be 1. It follows that at some
point during the course of the algorithm, ¢ must become an
open weakest link. Since s is in Solwro+(P), it survives
until then, and so it must provide a value for c that is equal to
the chop level. However, since s’ dominates s, s’ must also
survive until then. But this contradicts the assumption that ¢
is a weakest link constraint, since s’ has a value greater than
the WLO chop level. Hence, s is in Solpar(P), and so in
Solwro(P) N Solpar(P).

Next suppose the original STPP P has at least one solu-
tion. To see that Sol w10+ (P) is nonempty, observe that the
modifications in steps (4) to (6), while stripping out solutions
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Figure 5: A unique WLO+ Solution.

that are not WLO optimal with respect to (V, Cp), do retain
all the WLO optimal solutions. Clearly, if there is any so-
lution, there is a WLO optimal one. Thus, if the (V,Cp) in
any iteration has a solution, the (V, Cp) in the next iteration
will also have a solution. Since we are assuming the first
(V,Cp) (= (V,C)) has a solution, it follows by induction
that Sol w0+ (P) is nonempty. O

The theorem shows that it is possible to maintain the
tractability of WLO-based optimization while overcoming
some of the restrictions it imposes. In particular, it is pos-
sible to improve the quality of the flexible solutions gener-
ated within an STPP framework from being WLO optimal to
being Pareto optimal.

Although the algorithm determines a nonempty set of so-
lutions that are both WLO optimal and Pareto optimal, the set
might not include all such solutions. Consider the example
in figure 5. Assume the preference function for all soft con-
straints is given by f(t) = t, i.e., longer durations are pre-
ferred (signified by the maz label on the edges). The WLO+
algorithm will retain a single solution where BC and CD are
both 5. However, the solution where BC = 2 and CD = §,
which is excluded, is also both Pareto optimal and WLO op-
timal. (Note that AB, with a fixed value of 1, is the weakest
link.)

Many optimization schemes seek what is known as utili-
tarian optimality, where the objective is to maximize the sum
of the local preferences. However, the WLO+ solutions are
not necessarily utilitarian optimal with respect to all solutions
or even the WLO solutions. For example, in figure 5, if the
preference function is f(t) = ¢2, a utilitarian optimal WLO
solution would be given by BC = 1 and CD = 9, but WLO+
will still return the solution where BC and CD are both 5.

We can summarize the position taken in this paper by say-
ing that utilitarian strategies, while attractive in many ways,
are apparently intractable. The WLO+ approach provides
some of the same benefit at lower cost. For example, non-
competing constraints are fully optimized by WLO+. For
competing constraints, WLO+ tends to divide the preferences
as equally as possible. In some applications, this might be
more desirable than a utilitarian allocation.

5 Existence of Weakest Links

In this section we show that under suitable conditions, a
weakest link constraint always exists. This involves a
stronger requirement than for WLO: the preference functions
must be convex, not merely semi-convex. This would include
linear functions, cycloids, and upward-pointing parabolas, for
example, but not Gaussian curves, or step functions. (Later
on, we will see this requirement can be relaxed somewhat so
that Gaussians can be permitted.)

Before proceeding, we note that while a solution s of an
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STP P is defined in terms of an assignment to each variable, it
also determines a value s(e) for each edge e, given by s(e) =
s(Y) — s(X) where X and Y are the start and end variables
of e, respectively. We will use this notation in what follows.

Now consider any consistent STP P. The minimal net-
work [Dechter et al., 1991] corresponding to P is another STP
P’. The constraints between any two points X and Y in P’ are
formed by intersecting the constraints induced by all possible
paths between X and Y in P.

In the following, a preference function f is said to be con-
vexif {< z,y > |y < f(z)} is a convex set. The claim of the
existence of weakest links can be stated as follows:

Theorem 2 Let P be an STPP with continuous domains and
convex preference functions. Then there will be at least one
weakest link constraint for the WLO optimal set of solutions.

Proof:

Consider the (minimal) STP P,,; that corresponds to the
optimal chopping level for P (as described in the WLO algo-
rithm). Suppose there is no weakest link constraint. Then for
each edge constraint e there is a solution s, to P,;; such that
f(se(e)) > opt, where f is the preference function for the
edge.”

Let 5 be the average of all the s, solutions, i.e.

$(X) =1/[E ) s.(X) forall X € V
eckE

where E is the set of edges and V is the set of tempo-
ral variables. By the linearity of the constraints, it is easy
to show that 5 is also a solution to P,,;. For example,
if 5.(Y) — s¢.(X) > a for all e, then 5(Y) — 5(X) =
VB Y cep(se(Y) = se(X)) > (1/|E])|Ela = a.

Since 5 is a solution, we must have f(5(e)) > opt for all
edges e. Notice, however, that there must be some edge e
such that f(5(e)) = opt, otherwise § would be a solution with
value greater than the optimal value. It follows that 5(e) #
se(e), since we already know that f(s.(e)) > opt.

Thus, either 5(e) < sc(e) or §(e) > s.(e). We consider
only the case where 5(e) < s.(e). (The proof is similar in the
other case.) Note also that min.cp s.(e) < 3(e), since the
minimum of a set of numbers can only be equal to the average
if all the numbers are equal. It follows that min.cg s.(e) <
5(e) < sc(e). However, f(min.cg sc(e)) > opt, f(5(e)) =
opt, and f(s.(e)) > opt. This violates the convexity of f,
which establishes the theorem. O

The operations in the WLO+ algorithm preserve the con-
vexity property of the preference functions. Each stage of
WLO+ repeats a WLO calculation. Thus, theorem 2 implies

Corollary 2.1 Suppose P is an STPP with continuous do-
mains and convex preference functions. Then a weakest link
is found at each iteration of WLO+.

An example of why the existence result does not apply more
generally to semi-convex functions is found in figure 6. The

?To avoid excessive subscripting, we suppress the implied e sub-
script on f here and in what follows. In all cases, the applicable
preference function will be clear from the context.
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Figure 6: An STPP with no weakest link

STPP in the figure contains two semi-convex step-like func-
tions with optimal preference values associated with dura-
tions ¢t and t/. Assume the STPP is minimal, and that the
assignment e = t,e’ = t’ is inconsistent. Then the highest
possible chop point is p, and no weakest link exists, i.e., for
neither e nor €’ is it the case that, for every solution s, p is the
value returned by the preference function associated with that
constraint for the duration assigned by s.

6 Discussion and Related Work

An examination of the proof of theorem 2 shows that the
weakest link constraint exists under a somewhat less restric-
tive condition than convexity: it is enough, assuming semi-
convexity, to require that plateaus (subintervals of non-zero
length where the preference function is constant) can only oc-
cur at the global maximum of the preference function. This
means, for example, that the theorem is applicable in princi-
ple to any semi-convex smooth function such as a Gaussian
curve.

However, in the practical setting of a computer program
where numbers are computed to a finite precision and contin-
uous curves are approximated, some adjustments may need
to be made. Note that a representation as a discretized step
function does not satisfy the no-plateau condition. An alter-
native is to treat a discretized function as corresponding to a
piecewise linear function where the linear segments join suc-
cessive points on the discretized graph. Even there, the long
tails of a Gaussian curve may get approximated by horizontal
segments. However, generally we can trim the domain of the
curve to eliminate the flat tails without excluding all the so-
lutions. In that case, the discretized Gaussian is acceptable.
(Note that figure 6 could be simulated by an example involv-
ing extreme Gaussians where the tails are essential for the
solution.)

Note that preferences such as longest or shortest durations,
or closest to a fixed time, which appear to be the most useful
in practice, can be easily modeled within this framework.

WLO+ has been implemented and tested on randomly gen-
erated problems, where each semi-convex preference func-
tion is a quadratic az? + bz + ¢, with randomly selected pa-
rameters and a < 0. We compared the best solution found
after applying WLO+ with the quality of the earliest solution
found using the chop solver, using the utilitarian measure of
quality (i.e., summing preference values). An average im-
provement of between 6 and 10% was observed, depending
on constraint density (more improvement on lower density
problems). Future research will focus on the application of
WLO+ to the rover science planning domain.
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The results described here are clearly relevant to any effort
whose objective is representing and reasoning about prefer-
ences and utility. A detailed survey of this vast literature is
clearly beyond our scope; here we provide pointers to work
that exhibits significant overlap. First, the idea of extending
CSPs to solve multi-criteria optimization problems is pro-
posed in [Torrens and Faltings , 2002]; this work also uses
Pareto-optimality as a criterion for ordering solutions. Sec-
ond, the idea of applying the notion of degrees of satisfac-
tion to solving temporal reasoning problems has been applied
previously [Dubois and Prade , 1989]. Third, a number of
graphical-based representations of local preferences have ap-
peared; in [Bacchus and Grove , 1995], for example, an ap-
proach is taken based on drawing connections between pref-
erences and probabilities, as expressed in a Bayesian network.
Finally, for a survey of Al-based approaches to preferences
and utility, with an emphasis on qualitative approaches, the
reader is referred to [Doyle and Thomason , 1999].

7 Summary

This paper has presented a reformulation of problems in the
optimization of temporal preferences using a generalization
of Temporal CSPs. The practical context from which this
effort arose is temporal decision-making in planning, where
associated with domains representing temporal distances be-
tween events is a function expressing preferences for some
temporal values over others. The work here extends previous
work by overcoming limitations in the approach that arose
when considerations of efficiency in reasoning with prefer-
ences resulted in coarseness in the evaluation procedure for
global temporal assignments.
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Abstract

This paper presents a new scenario recognition
algorithm for Video Interpretation. We represent
a scenario model by specifying the characters
involved in the scenario, the sub-scenarios com-
posing the scenario and the constraints combin-
ing the sub-scenarios. Various types of con-
straints can be used including spatio-temporal
and logical constraints. In this paper, we focus
on the performance of the recognition algorithm.
Our goal isto propose an efficient algorithm for
processing temporal constraints and combining
several actors defined within the scenario. By ef-
ficient we mean that the recognition process is
linear in function of the number of sub-scenarios
and in most of the cases in function of the num-
ber of characters. To validate this algorithm in
term of correctness, robustness and processing
time in function of scenario and scene properties
(e.g. number of persons in the scene), we have
tested the algorithm on several videos of a bank
branch and of an office, in on-line and off-line
mode and on simulated data. We conclude by
comparing our algorithm with the state of the art
and showing how the definition of scenario
models can influence the results of the real-time
scenario recognition.

1 Introduction

A problem of current focus in cognitive vision is Auto-
matic Video Interpretation. The goal is to develop a sys-
tematic methodology for the design, implementation and
integration of cognitive vision systems for recognizing
scenarios involved in a scene depicted by a video se-
quence. An Automatic Video Interpretation System as
described in Figure 1, takes as input (1) a priori knowl-
edge containing scenario models predefined by experts
and the 3D geometric and semantic information of the
observed environment and (2) video streams acquired by
the camera(s). The output of the system is the set of rec-
ognized scenarios at each instant. In this paper, we focus
on the module of scenario recognition. The scenario rec-
ognition module takes as input the a priori knowledge of
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the scene and a stream of individuals tracked by a vision
module.

To solve scenario recognition issues, we first propose a
language to describe scenario models and second a tem-
poral constraint resolution approach to recognize in real-
time scenario occurrences. Our scenario representation is
mainly based on the representation of [Vu et al, 2002]
and inspired by the work of [Ghallab, 1996]. In this pa-
per, we focus on the optimization of the recognition
method. We first enhance the processing of temporal op-
erators by pre-compiling scenario models to decompose
them into simpler scenario models. By this way, the sce-
nario recognition algorithm uses a linear search com-
pared to an exponential search for non-compiled scenar-
ios. Secondly, we propose a hovel algorithm to recognize
composed scenarios that takes advantages of the actors of
its sub-scenarios when they are recognized instead of
trying all combinations of actors asthisis often the cases
for similar state of the art algorithms.

We present in section 2 some related works. Our sce-
nario representation is described in section 3. The recog-
nition algorithm is detailed in section 4. We conclude our
paper by showing experimental results to validate this
new algorithm.

A priori knowledge

Scenario models
predefined by

3D geometric and
semantic information of
the observed environment

experts

Vision Recognized
module scenarios

Scenario recognition module

Figure 1. Overview of an Automatic Video I nterpretation System.
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2 Related works

Since the years 90s, a problem of focus in cognitive vi-
sion has been Automatic Video Interpretation. There are
now severa research units and companies defining new
approaches to design systems that can understand human
activities in dynamic scenes. Three main categories of
approaches are used to recognize tempora scenarios
based on (1) a probabilistic/neural network combining
potentially recognized scenarios, (2) a symbolic network
that Stores Totally Recognized Scenarios (STRS) and (3)
a symbolic network that Stores Partially Recognized Sce-
narios (SPRS).

For the computer vision community, a natural ap-
proach consists in using a probabilistic/neural network
[Oliver and Pentland, 2000]. The nodes of this network
correspond usually to scenarios that are recognized at a
given instant with a computed probability. For example,
[Howell and Buxton, 2002] proposed an approach to rec-
ognize a scenario based on a neuronal network (time de-
lay Radial Basis Function). [Hongeng et al., 2000] pro-
posed a scenario recognition method that uses concur-
rence Bayesian threads to estimate the likelihood of po-
tential scenarios. Because video processing is very sensi-
tive to noisy images, these probabilistic methods are use-
ful to give an interpretation of the scene while taking into
account the stochastic variations of the analysis. In our
case, we use classical filtering techniques to get rid off
these variations and to obtain coherent data that can be
associated with symbolic values.

For the artificial intelligent community, a natural way
to recognize a scenario is to use a symbolic network
which nodes correspond usually to the boolean recogni-
tion of scenarios. For example, [Rota and Thonnat, 2000]
used a declarative representation of scenarios defined as
a set of spatio-temporal and logical constraints. They
used a traditional constraint resolution technique to rec-
ognize scenarios. To reduce the processing time for the
recognition step, they proposed to check the consistency
of the constraint network using the AC4 agorithm. More
recently, [Gerber et al., 2002] defined a method to recog-
nize a scenario based on a fuzzy temporal logic. In the
same year, [Vu et al, 2002] present an approach to opti-
mize the temporal constraint resolution by ordering in
time the sub-scenarios of the scenario to be recognized.
The common characteristic of these approachesisto store
all totally recognized scenarios (recognized in the past).

Another approach consistsin using a symbolic network
and to store partially recognized scenarios (to be recog-
nized in the future). For example, [Ghallab, 1996] has
used the terminology chronicle to express a temporal
scenario. A chronicle is represented as a set of temporal
constraints on time-stamped events. The recognition al-
gorithm keeps and updates partial recognition of scenar-
ios using the propagation of temporal constraints based
on RETE agorithm. Their applications are dedicated to
the control of turbines and telephonic networks. [Chleq
and Thonnat, 1996] made an adaptation of temporal con-
straints propagation for video surveillance. In the same
period, [Pinhanez and Bobick, 1997] have used Allen’'s
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interval algebrato represent scenarios and have presented
a specific algorithm to reduce its compl exity.

All these techniques allow an efficient recognition of
scenarios, but there are still some temporal constraints
which cannot be processed. For example, most of these
approaches require that the scenarios are bounded in time
[Ghallab, 1996], or process tempora constraints and
atemporal constraints in the same way [Rota and Thon-
nat, 2000].

We can distinguish two main categories of approaches
to recognize a scenario based on a symbolic network: the
STRS approaches recognize scenarios based on an analy-
sis of scenarios recognized in the past [Rota and Thonnat,
2000; Vu et al, 2002], whereas the SPRS approaches rec-
ognize scenarios based on an analysis of scenarios that
can be recognized in the future [Ghallab, 1996]. The
STRS approaches recognize a scenario by searching in
the set of previously recognized scenarios a set of sub-
scenarios matching the scenario model to be recognized.
Thus, if the system fails to recognize a scenario, it will
have to retry the same process (re-verify the same con-
straints) at the next instant, implying a costly processing
time. A second problem is that STRS algorithms have to
store and maintain all occurrences of previously recog-
nized scenarios. The SPRS approaches recognize a sce-
nario by predicting the expected scenarios to be recog-
nized at the next instants. Thus, the scenarios have to be
bounded in time to avoid the never ending expected sce-
narios. A second problem is that SPRS algorithms have
to store and maintain all occurrences of partially recog-
nized scenarios, implying a costly storing space.

The method presented in this article is a STRS ap-
proach taking advantages of the SPRS approaches. The
objective is to reduce the processing time (1) when
searching in the past (list of previously recognized sce-
narios) for an occurrence of a given scenario model and
(2) when trying to recognize a scenario involving several
actors by avoiding checking all combinations of actors.

3 Scenario Representation

Our goal is to make explicit al the knowledge necessary
for the system to be able to recognize scenarios occurring
in the scene. The description of this knowledge has to be
declarative and intuitive (in natural terms), so that the
experts of the application domain can easily define and
modify it. Thus, the recognition process uses only the
knowledge represented by experts through scenario mod-
els.

Let Q be the set of scenario models and @ be the set of
scenario instances (recognized scenarios). For a scenario
model w [0 Q and a scenario instance p O ®, we note w =
«(p) the scenario model of p and we note p(w) the set of
recognized scenarios of the model w. A scenario is com-
posed of four parts:

a)a(w) is the set of actor variables (characters) in-
volved in the scenario w. a(p) corresponds to the ac-
tors. An actor can be a person tracked as a mobile ob-
ject by a vision module or a static object of the ob-
served environment like a chair.
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b)o(w) is the set of sub scenarios that compose w. w is
an elementary scenario if o(w) = O, if not, wis called
a composed scenario. Each sub-scenario is represented
by a variable v. These variables are called temporal
variables because their value is a recognized scenario
defined on atemporal interval. We note p(v) a scenario
instance corresponding to the value of the temporal
variable v, and a(v) the set of variables corresponding
to the actors of p(v).

c)d(w) is the set of sub-scenarios that should not occur
during the recognition of the scenario w. We call ¢(w)
the forbidden sub scenarios. og(w) is the set of for-
bidden actor variables involved in ¢(w) but not already
defined in a(w).
$(w) and oy (w) are called the forbidden variables.

d)k(w) is the set of constraints of w. There are three
types of constraints:

-the set of temporal constraints, noted K '(w), on at least
one variable of a(w) and not on any forbidden variable,
-the set of atemporal constraints, noted k*(w), on only

a(w),

-the set of forbidden constraints, noted k™ (w), on any
forbidden variable.

The three subsets K'(w), K*(w) and K (w) constitute a
partition of K(w). We use the operator "and" to link the
constraints within a set of constraints. To use the opera-
tor "or", we propose to define two similar scenario mod-
els with different constraints. An elementary scenario is
only composed of a set of characters and atemporal con-
straints.

Figure 2 represents a model of a composed scenario
"Bank attack". This scenario involves two actors, a
cashier and a robber.

In our representation, any scenario w involves at least
one person, and is defined on a time interval. An interval
is represented by its starting and ending times noted
start(w) and end(w). Defining the scenarios on a time
interval isimportant for the experts to describe scenarios
in anatura way.

Scenari o(Bank_att ack,

Char acters((cashier: Person), (robber: Person))

SubScenari os(

2cas_at_pos,inside_zone,cashier,"Back_Cbunter")
rob_enters, changes_zone, robber,
"Entrance_zone", "Infront_Counter")
cas_at _safe, inside_zone, cashier, "Safe")
rob_at _safe, inside_zone, robber, "Safe") )

For bi ddenSubScenari os(

(any_i n_branch, inside_zone, any_p,"Branch"))

Constraints

Tenpor al 2(r0b_enters during cas_at_pos)

rob_enters before cas_at_safe
2cas_at_pos before cas_at_safeg
rob_enters before rob_at_safe)
rob_at _safe during cas_at_safe))
Atenporaléécashier # robber))
For bi dden( (any_p # cashier) (any_p # robber)
(any_i n_branch during rob_at_safe))))
Figure 2. One example of "Bank attack" scenario is composed of
four steps. (1) the cashier is at higher position behind the counter,
(2) the robber enters the bank and moves toward the front of the
counter then (3) both of them arrive at the safe door and (4) no-
body dse in the branch during the attack. The forbidden sub-
scenario (step 4) is not necessary to recognize this "Bank attack"
scenario. We have included this constraint just to show the possi-
bility of modeling forbidden sub-scenarios.
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4 Scenario Recognition

The scenario recognition process has to detect which sce-
nario is happening from a stream of observed persons
tracked by a vision module at each instant. The recogni-
tion process takes also as input the a priori knowledge of
the scene and the scenario models. As defined in the pre-
vious section, there are two types of scenarios. el emen-
tary and composed.

4.1 Recognition of elementary scenarios

The agorithm to recognize an el ementary scenario model
w. consists in a loop of the selection of a set of actors
then the verification of the corresponding atemporal con-
straints k*(u) until all combinations of actors have been
tested. Once a set of actors satisfies all constraints
K" (ws), we say that the elementary scenario w. is recog-
nized and we generate an elementary scenario instance p
attached with the corresponding scenario model, the set
of actors and the recognition time t. The scenario in-
stanceisthen stored in the list of recognized scenarios. If
at the previous instant, a scenario instance p' of same
type (same model, same actors) was recognized on a time
interval [to, t-1], the two scenario instances are merged
into a scenario instance that is recognized on the time
interval [to, t].

The selection of actors leads the recognition algorithm
to an exponential combination in function of the number
of actor variables. However, in practice, there are few
actor variables in elementary scenario models, so the rec-
ognition algorithm is still real-time.

4.2 Compilation of composed scenarios

A composed scenario is a sequence of sub-scenarios or-
dered in time. Each sub-scenario corresponds to a tempo-
ral variable in the corresponding scenario model. The
STRS algorithms of the state of the art perform at each
instant an extensive search process among all possible
scenarios and sub-scenarios leading to an exponential
algorithm. For example, for a given scenario w = (w; be-
fore w, before wy); if a scenario instance pys of ws has
been recognized, it makes sense to try to recognize the
main scenario w. Therefore, the STRS algorithms will try
all combinations of scenario instances p(w;), p(w,) with
Pws. We propose to decompose the scenario model into a
set of simple scenario models containing at most two
sub-scenarios.

To compile a predefined composed scenario model w,
we define three steps. (1) build a graph with the temporal
variables o(w), (2) generate intermediate scenario models
for w and (3) link the generated intermediate scenario
model s based on the constraints K(w).

As proposed by [Ghallab, 1996], we first build a graph
which nodes correspond to the tempora variables and
which arcs correspond to the temporal constraints k' (w).
The arcs are oriented and are associated with a time in-
terval corresponding to the time delay between the end-
ing time of the two variables. For example, the constraint
C; between v;, v; is associated with an interval [a, b] indi-
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cating that v; can end in the interval [end(vi)+a,
end(v;)+b]. The constraint before is associated with [1,
o]. After building the graph (called initial graph) with all
temporal constraints between temporal variables o(w),
we compute the equivalent complete graph and we check
the graph consistency. These two graphs are equivalent
because the only difference between them is the redun-
dancy of some constraints. Then, we simplify the com-
plete graph by removing unnecessary arcs to obtain the
least constrained graph. For any triangle ABC of the
graph, an arc AC isredundant (unnecessary), if the arcs
AB and BC imply a stronger constraint. The simplified
graph is equivalent to the two other graphs. The initia
and smplified graphs for the scenario "Bank attack"
(Figure 2) are shown on Figure 3. Thanks to the simpli-
fied graph, all the temporal variables o(w) are ordered by
their ending time.

D

[1, o] [0, 0] [0, 0]
(a) (b)
(C).---7ZiIiZIZiTIZITIZITINS E——

R Direct constraint

S s o po: DI
4 - _- Nj S
At > 8L_POS g >\ | between two sub-

! \

AN & 2 \ \ | scenarios of theini-
g 0, 0] - T -

i;’.’m [ o] £ o }|tial scenario.

(AN} il

IRl rob_enters BEEEFR cas at safe [ p—

AN - Tl / Constrarnt between a
& S e ~7[0, 0] /| sub-scenario and an

intermediate sce-
nario.

Figure 3. To compile the scenario "Bank attack”, we build: (a) the
graph with all temporal constraints k' (w), (b) the simplified graph
with only the necessary congtraints and (c) the generated interme-
diate scenario models.

Second, we generate intermediate scenario models
composed at most of two sub-scenarios. For each inter-
mediate scenario model w, we call start (noted &(w)) the
first sub-scenario of w; and we call termination (noted
T(w)) the second sub-scenario of w.

As o(w) = (v, Va,..., V) is a sequence of n (n > 2) or-
dered temporal variables, we generate n-1 intermediate
models w', ¥?,..., & as followed:
a)o(wh) = (vl, vz) and

o(wd) = (V', visg) for i > 1, where V' is a new temporal

variable corresponding to the scenario model 3™
b)d(w) = a(&(w)) O a(t(w) = a(vy) O0...0 O((Vr+1)
c) (" ) d(w) and ¢(w)= O fori<n-1,

R(Q) h = or¢((u) and or¢((u) = 0O fori<n-1,
d)K (wh =K ((u) n K(a(w) and

K ((u) = kM w) n k(a(w)) - k(a(w™)) fori>1

K'(w) contains the constraints corresponding to the

arcs enterln% Visg (i.€. T(m)z in the simplified graph.

K@) =k (w) and «k"(w)= O fori<n-1.
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The resulting scenario model w™* is equivalent to the
initial scenario model . This two scenarios have the
same actor variables and equivalent set of constraints.
The only difference is that the constraints of the scenario
w are verified at several intermediate levels correspond-
ing to the intermediate scenario models as shown on
Figure 4. Because any sequence of temporal variables
can be ordered by their ending time, so any scenario
model can be decomposed into intermediate scenarios
containing only one or two temporal variables.

The recognition of compiled scenario models is de-
scribed in the next section. The gain in processing time is
due to the search algorithm: we just try several times to
link two scenario instances instead of trying to link to-
gether a whole set of combinations of scenario instances.
Scenari o(Bank_attack_1,

# o
Char act er s((cashi er: Person),
SubScenari os(

(robber: Person))

(cas_at_pos, inside_zone, cashier,
"Back_Counter")
(rob_enters, changes_zone, robber,

"Entrance_zone", "Infront_Counter"))
Constrai nt s(écas_at _pos during rob_enters)
cashi er # robber) ))

Scenari o(Bank_attack 2, # of
Char acters((cashi er: Person),
SubScenari os(

2att_1, Bank_attack_1, cashier, robber)

cas_at _safe, inside_zone, cashier, "Safe") )
Constrai nt s§

((start of att_1) before cas_at_safe) ))

Scenari o(Bank_attack 3, # o
Char act ers((cashi er: Person),
SubScenari os(

(att_2, Bank_attack_ 2, cashier,
(rob_. at saf e, inside_zone,
For bi ddenSubScenar i os(
(any_i n_branch, inside_zone,
Constrai nt's(
grob at _safe durln? (termination of att_2))
a

(robber: Person))

(robber: Person))

robber)
robber, "Safe") )

any_p, "Branch"))

any_p # cashier) ny_p # robber)
any_I n_branch during rob at _safe) ) )

Figure 4. Three intermediate scenario models are generated for the
compilation of the scenario model "Bank_attack", and the initial
model is equivalent to "Bank_attack_3".

4.3 Recognition of composed scenarios

The recognition of a composed scenario model . is trig-
gered by a scenario template, which has been generated
when the last sub-scenario p; terminating «x has been
recognized. The scenario template contains w, and the
scenario instance p; with its list of actors a(p,) that par-
tially instanciates a(w). As «x is composed of two sub-
scenarios, only one sub-scenario ps starting «x still needs
to be found.

If such a scenario instance ps has been previously rec-
ognized in the past, then we are able to finish instanciat-
ing the remaining actors of a(w). Thus, just a few com-
binations of actors need to be checked avoiding an expo-
nential search.

The last step of the algorithm consists in ver|1y|ng
Whether all temporal and atemporal constraints (K (o)
and k" (wy)) are satisfied with ps and p;. If one forbidden
constraint of K (w.) cannot be satisfied then the scenario
. is recognized and stored in the list of recognized sce-
narios.
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4.4 Discussion

In the domain of temporal scenario recognition and
among SPRS algorithms, the chronicle recognition algo-
rithm [Ghallab, 1996] is one of the most popular. By
storing partially recognized scenarios, it can speed up the
whole recognition process. A partially recognized sce-
nario corresponds to a prediction and enables to store all
previous computations that do not need to be recomputed
at the following instants. A main difference between the
chronicle algorithm and our algorithm is that the chroni-
cle agorithm has been developed to process scenarios
defined with only one "actor" and can only recognize
events detected at one time point. Thus, this algorithm is
efficient for the configuration "mono-actor". However, in
the configuration "multi-actors’, the chronicle algorithm
has to duplicate the partially recognized scenarios for
each combination of actors not already instanciated. This
can lead to an explosion of memory allocation and to an
exponential search. Our algorithm is as efficient for the
configuration "mono-actor" because we store the recog-
nized scenarios which have been compiled. Moreover, it
is efficient for the configuration "multi-actors' because
the recognized scenarios do not need to be duplicated
even if some actors are not instanciated. The worst case
occurs with elementary scenarios because to recognize
them at the current instant, all combinations of actors
need to be checked. In real world applications, €emen-
tary scenarios do not contain many actor variables (less
than 3) making the proposed algorithm sufficient to ob-
tain an operational real time video interpretation system.

5 Experiments and results

To validate our recognition algorithm, we first integrated
the algorithm with a vision module to obtain an opera-
tional interpretation system and then we have realized
four types of tests: (1) on recorded videos taken in a bank
branch and in two metro stations (one in Belgium and
onein Spain) to verify if the algorithm can correctly rec-
ognize the predefined scenario models, (2) on live videos
acquired on-line from cameras installed in an office, in a
metro station and in a bank branch to verify if the ago-
rithm can work robustly on along time mode, (3) on re-
corded videos taken in a bank branch and on smulated
data to study how the complexity of the algorithm de-
pends on the scenario models (i.e. number of sub-
scenarios and of actor variables) and (4) on simulated
data to study how the complexity of the algorithm de-
pends on the complexity of the scene (i.e. number of per-
sons in the scene).

In the first experiment, we verify on recorded videos
that the algorithm correctly recognizes several types of
"Bank attack" scenarios and several types of "Vandalism
against a ticket machine" scenarios in a metro station.
The vandalism scenario involves in general two individu-
als, one looking around to check whether nobody is
coming and the other one attempting several times to
break the ticket machine. Table 1 shows that the prede-
fined scenarios were correctly recognized in most of the
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cases. The interpretation system fails to recognize some
scenarios only in the cases when the vision module
misses to detect the people in the scene. We have not
detected any false alarm during all the experiment. The
non-detection of false alarms can be explained by the fact
that the scenarios are very constrained and there are un-
likely to be recognized by error.

In the second experiment, we installed the interpreta-
tion system in an office and in a bank and we connected
the system to one or two on-line cameras to acquire di-
rectly live videos. In this experiment, we used the bank
scenarios and we dlightly modified them to use them in
the office. We ran the system in the bank for few hours
and continuoudy during 4h in the office. As in the first
experiment, the scenarios were most of the time correctly
recognized, showing that the recognition algorithm can
work reliably and robustly in real-time and in continuous
mode.

Number of| Average Recognition Number

tested number of . of false

sequences | persons/frame 12 ) alarms

Bank cam. 1 10 4 80 0
Bank cam. 2 1 2 100 0
Metro cam. 2 3 2 100 0

Table 1. The recognition of tempora scenarios in videos of a bank
branch and of ametro station.
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Figure 5. The processing time of the new dgorithm is closey
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Figure 6. The processing time (a) of the old algorithm and (b) of
the new agorithm depend on the number of actor variables of pre-
defined scenario models.

In the third experiment, we studied the processing time
of the recognition algorithm in function of the scenario
models. First, we studied the processing time of the algo-
rithm focusing on the resolution of temporal constraints.
In this experiment (shown on Figure 5), we tested eight
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configurations of scenario models: the first configuration
is made of scenarios containing 3 sub-scenarios and the
last configuration is made of scenarios containing 10 sub-
scenarios. On the bank videos containing about 300
frames, we found that the processing time of the classical
STRS algorithm is exponential in function of the number
of sub-scenarios, whereas the processing time of our al-
gorithm is closely linear in function of the number of
sub-scenarios.

Second, we studied the processing time of the algo-
rithm focusing on the number of actor variables of the
scenario models. In this experiment (shown on Figure 6),
we tested nine configurations of scenario models: the
first configuration is made of scenarios involving 2 actor
variables and the last configuration is made of scenarios
involving 10 actor variables. To run the algorithm with
enough actors, we simulated bank videos containing 35
persons. On these videos, we found that the processing
time of the classical STRS algorithm is exponential in
function of the number of actor variables, whereas the
processing time of our agorithm is closely linear in
function of the number of actor variables.

In the fourth experiment, we studied the processing
time of the recognition algorithm in function of the
scene. To have a continuous variation of the scene, we
simulated the scene. We built a scene environment with
eight zones of interest and ten pieces of equipment. We
simulated the individuals evolving in the scene at each
instant. In these simulated videos, the number of indi-
viduals changed from 30 up to 240. To verify if our algo-
rithm can recognize in real-time the predefined scenarios,
we measured the maximal processing time per frame. We
found that, the maximal processing time for each frameis
100ms for a scene of 240 persons. We also found that the
average processing time for each frame is closely linear
in function of the number of persons. Figure 7 shows
several tests of this experiment to illustrate how the proc-
essing time depends on the complexity of the scene.

With the fourth experiment, we can conclude that our
recognition algorithm can recognized in real-time the
predefined scenarios if the number of persong/frame is
less than 240. All these tests are realized on a PC linux:
CPU 700MHz, 320MB RAM.

6 Conclusion

In the literature, there are two categories of symbolic ap-
proaches to recognize temporal scenarios. the STRS ago-
rithms reasoning on the past and the SPRS algorithms rea-
soning on the future. First, we have shown that the STRS
algorithms recognize usually a scenario by performing an
exponential combination search. Then, we have explained
that even if our proposed algorithm is a STRS agorithm, it
checks temporal constraints nevertheless by performing a
linear search thanks to a step of pre-compilation of scenar-
ios. Second, we have also shown that the SPRS algorithms
haveto try all combinations of actors to be able to recognize
"multi-actors’ scenarios. Thanks to the pre-compilation step
this drawback for our algorithm is limited to elementary
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scenarios. Thus, processing time can still be an issue de-
pending on the complexity of scenarios. For these two rea-
sons, the proposed agorithm enables the integrated video
interpretation system to be real-time. Up to our knowledge,
this video interpretation system is the first operational sys-
tem able to recognize complex temporal scenarios.

Our future work consists in taking care of the errors
and the uncertainty of the vision module. The goal is to
be able to continue the interpretation of the videos even
when the vision module cannot cope with the real world
complexity and then to be able to recognize more com-
plex scenarios.

120

Processing
time/frame (ms)
[o2]

o

Maximal number of persons/frame

Figure 7. The (8) maximal and (b) average processing time/frame
of the new algorithm depend on the number of detected persons.
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Abstract the system needs at least partial information to allow it
to act on the user’s utterance.

3. Portability : We want to be able to rapidly port our dia-
logue system to new domains.

Goal recognition for dialogue systems needs to be
fast, make early predictions, and be portable. We
present initial work which shows that using statisti-

cal, corpus-based methods to build goal recognizers We present initial work in which we use corpus-based
may be a viable way to meet those needs. Our goal ~ Methods to build a goal recognizer. Our recognizer is fast
recognizer is trained on data fronpkan corpusand (linear in the number of possible goals), makes early predic-

then used to determine the agent's most likely goal ~ tions, and is easier to port to new domains than many systems,
based on that data. The a|gorithm is linear in the as it does not requil’e a hand-crafted domain plan Iibrary.

number of goals, and performs very well in terms We first discuss the corpus-based approach we take in goal
of accuracy and early prediction. In addition, it is recognition. We then report on initial experiments that we
more easily portable to new domains as does not  have performed and discuss results. Finally, we comment on
require a hand-crafted plan library. related work and then discuss future directions for our work.

_ 2 The Corpus-based Approach
1 Introduction The use of statistical methods, based on corpora, has revo-

Much work has been done over the yearplan recognition lutionized the field of Natural Language Processing over the

which is the task of inferring an agent's goal and plan base®@st 10+ years. The method is as follows: one uses a corpus
on observed actionsGoal recognitionis a special case of of data to train a statistical model which is then used to make

plan recognition, in which only the goal is recognized. p_redictions on future. data. Seemingly simple methods have
Goal and plan recognition have been used in a variety o-Y'e\}\‘/jed 9°|°d resul'tls In many arr]eas ?]f N]LP[( ¢ qoal .
applications including intelligent user interfadéeshetal, . ‘'€ @Pply @ S'T' ar approac i to tfe ta? 0 3°ﬁ refogm-
1999, dialogue systemiCarberry, 1990b; Alleet al, 200§ ~ tion. We use gplan corpus(a list of goals and the plans
and machine translatidilexandersson, 1995 an agent executed to achieve them) to train statistical mod-

We are especially interested in applying goal recognitionels which can predict an agent’'s goal based on an observed

to dialogue systems, in order to aid natural language undepgduence of actions. As we show below, initially work shows
standing and intention recognition. We do not intend to useeveral possible advantages over previous work on goal and

a goal recognizer tdirectly recognize communicative inten- Pian recognition: recognition is fast (linear in the number of
tions (the goals behind a user’s utterance); rather, we inten pals), robust (can handle unknown actions and plans) and

to use it to identify a user’s domain goals to quickly help nar- oes not require a hand-crafted plan library.

row the search space for more costly intention recognitiorp 1 Recognition using N-gram Models

rz%uotg])es (e.g.[Lochbaum, 1998; Chu-Carroll and Carberry, We define the task of goal recognition as follows: given

an observed sequence ofactions so fard;, As, ..., A,,
gi\'/vhich, for compactness, we will represents,,), find the
most likely goalG:

1. Speed:Dialogues happen in real-time, and the system is

This application places several demands on our goal reco
nizer:

expected to understand a user’s utterance and generate a G* = argmaxP(G|A1 ) 1)
response in a short amount of time. Using Bayes’ Rule, this becomes:

2. Early/partial prediction: We need accurate goal pre- P(A1,,|G)P(G)
dictions very early on in the exchange, as the system G = argmax P(Ar) @)

needs this information to better respond to a user’s ut-
terance. If full recognition is not immediately available,  'For a good review, sddlanning and Sciitze, 1999.
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| Goal # | Goal Description | Sessiong|

1 | Find a file named ‘core’ 11
2 | Find a file that contains the word ‘motivating’ and whose name ends in ‘.tex’ 11
3 | Find a machine that has low:(.0) load; AND determine if Oren Etzioni is
logged into the machine named chum 5
4 | Compress all large files>(10,000 bytes) in the Testgrounds subdirectory tree 2
5 | Compress all files in the directory named ‘backups’ [Don't use *] 3
6 | Find a large file £100,000 bytes) that hasn’t been changed for over a mohth 8
7 | Find a file that contains less than 20 words 8
8 | Find a laser printer in Sieg Hall that has an active print job 6
9 | Find a Sun on that has low«(L.0) load; AND determine if Dan Weld is active
on the machine named chum 2
10 | Find a file named oldpaper in neal/Testgrounds subdirectory 1
11 | Find afile of length 4 in neal/Testgrounds subdirectory 1
12 | See if Dan Weld is logged in to chum 1
| | Total \ 59|
Table 1: Goals and their counts in the UNIX corpus
SinceP(A; ;) is constant in the argmax, we can drop it: Goal Types 12
Goal Sessions 59
G+ = argmaxP (A1 ,,|G)P(G) (3) Action Types 22
. . . . Total Actions 412
Using the Chain Rule, we can rewrite this as: Average Actions/Goal 7

Gx =argmax P(A,|A1n—1,G)P(Ap_1|41n—2,G)
... P(A1|G)P(G)
(4)

These conditional distributions are very large and difficult3 Experiments
to estimate, therefore, we make argram assumption, i.e.,
we assume that an actioty is only dependent on the goal 3.1 The Plan Corpus

G and thej actions preceding it4;—;;—1). For a unigram e performed several experiments using Lesh’s UNIX plan
mod_el, we assume that; is m_d_ependent_ of all other actions. corpus[Lesh, 1998. The corpus was gathered from human

In this case, our goal recognition equation becomes: UNIX users (CS undergraduates) at the University of Wash-
ington. Users were given a task in UNIX (a goal), and were
instructed to solve it using a subset of UNIX commands (no

Table 2: Statistics for the UNIX corpus

n

G = argmaxP (G) [ | P(AilG) (3)  pipes, noawk, etc.) The students’ commands and results
i=1 were recorded, as well as whether or not they successfully
If we assume that!; is independent of everything b@  accomplished the goal. There were 59 successful goal ses-
andA;_1, we get a bigram model: sions which involved 12 different goals. Table 1 shows the
individual goals and the number of successful goal sessions
n for each.
G+ = argmaxP(G) [ [ P(AilAi-1, G) (6) We automatically removed unsuccessful commands, such
i=2 as typos, from each execution. Remaining commands were

. . stripped of arguments to a base command type form. This
We estimatel(G), P(4;|G) and P(4;|4;—1,G) usinga - : ;

2 [y T eans our training set consisted only of action types (such
plan corpus. Then, for recognition, we _flrst initialize our goal asls , grep , etc.), and did not consider flags or arguments.
probabilities with P(G). For each action we observe, we Wi

; . . ’ e hope to extend our model to incorporate that additional
multiply each goal's score by the corresponding Cond't'onaknformation in the future (see below)
probability. ;

. . . - . Table 2 shows some relevant statistics from the resulting
This algorithm has the nice feature of compositionality —plan corpus. There were 12 possible goals and 22 different

new observations produce conditional probabilities, whichywyion types used in the goal sessions. On average, there were
are simply multiplied with the previous predictions. This re- 5 actions per goal session.

sults in computational savings, since updates are linear in the We used cross-validation testing on 56 test cad@scause
number of goals. It also gives us a good model for early pre-

diction (as desired for our dialogue system), since the model 2The total number of goal sessions was 59, but sessions involving
is based on actions observed so far and does not require gbals 10, 11 and 12 were not used as test data, since these were
actions in the plan execution. the only exemplars of their goals (see Table 1). These cases were
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of the small size of the UNIX corpus, the training set waspartly due to the fact that some goals (such as goal 8, for ex-

formed by removing only the test case from the corpus forample) were highly correlated with a single command (such

each test case. aslpq in this case), which immediately boosted the proba-
. . bility of the correct goal.

3.2 Evaluation Metrics

As pointed out by LesfiLesh, 1998 there is a lack of agreed- 3.4 Bigram model

upon metrics and benchmarks for reporting results for plann our next experiment, we used a bigram model (based on

and goal recognizers. We use the following metrics to reporEquation 6), which encodes at least some ordering into the

our results as they measure the attributes we are seeking fattions by considering both the current action and the pre-

a goal recognizer (as described above). A test case is the sa#ding action.

of actions executed for a goal. The actions are fed one by one We prepend a speciatart action to the front of each

to the recognizer, which makes predictions after every actionexecution, which handles the special case of Equation 6 in

Each metric is for a single test case. For reporting multiplevhichn = 1, i.e., when we've only seen one action so far.

test cases, the metric is averaged across all cases. This also encodes information about which actions tend to

e Accuracy:The number of correct predictions divided by gegin executions, which may or may not be correlated to the

the total number of observed actions. oal.
For the case wheré?(4;|A;-1,G) equals O, i.e., the

» ConvergedWhether or not the final prediction was cor- pigram was never seen in conjunction with the goal, we
rect (i.e., whether the recognizemishwith the correct  se a unigram back-off model which uses the estimation
answer). P(A;|A;_1,G) ~ P(A;|G). As with the unigram model

e Convergence point: If the recognizer converged, at above, ifP(A;|G) equals 0, we smooth this with a small con-
which point in the input it started giving only the correct stant.
answer. This is reported as an action number (i.e., after As expected, the bigram model performed much better than
observingz actions); it is also reported as a percentagethe unigram model, with an accuracy of 71.7% and with
of the input according to the following equation: 83.9% of cases converging. For the tests cases which con-

verged, they converged on average 22.3% through the input,

or after 2.3 actions.

While accuracy and convergence were markedly better
than the unigram model, the convergence point only im-
proved slightly in the bigram model. However, this was al-
ready quite good, and may simply mean that we are approach-
ing a limit on how soon the prediction can be made in this
particular domain.

As for convergence, it is illustrative to look at a goal-by-

3.3 Unigram model
) ) . . goal breakdown of results. Table 3 shows convergence results

For our first experiment, we tra|neq unigram models on the, - o5cp, goal type. For the 9 cases which didn't converge, 5
data (based on Equation 5). To provide for unseen data, whetge 455| 6, which is often misclassified as either goal 1 or
P(A;]G) was0, P(4;|G) was setto be avery small constant. 4,411 This seems mostly to be due to the fact that these
Thls_smoothlng technlque allows g'c(dilto still remamn possl- = three goals are very similar. Goal 1 is to find a file named
ble, in case other evidence makes it likely, despite the fact thaf o goal 6 is to find a large file that hasn't been changed
actionA; was not seen in relation to it in the training data.  ¢or gyer g month, and goal 11 is to find a file of length 4. All

With the unlg]ram.model,oour recognizer achleveq an acqf these have to do with finding a file with a certain set of
curacy of 63.1%, with 73.2% of the cases converging. FObiptes, and in fact, the commalsd can be used to learn
cases which converged, the average point of convergence Wag of these attributes about a file. Goal sessions for all three
23.1% through the input, or after observing an average of 2.4¢ oo goals mostly consisted of the commardigndls
actions. .

Because a unigram model assumes independence of all ag-5 Goal Abstractions

tions, it is equivalent to treating actions as an unordered list, | o\ i) experiment, we defined an abstraction hierarchy
This assumption is partly to blame for the relatively low ac-

curacy and convergence, since action ordering is importanfaprr goal types. The abstract types and goals they encompass

. . ; . > ) e shown in Table 4.
Eégg&%ﬂ?\"n' We attempt to rectify this by using a bigram As we discussed above, a dialogue system needs to be able

It is interesting to note the low point of convergence. Thist0 reason quickly, accurately and early about a user's goals

shows that. for the tests which did converge. they converge nd intentions. If the user’s specific goal cannot be deter-
: o . ge, they =19 ined, a dialogue system can often use partial information
fairly quickly, i.e., the recognizer was able to tell fairly

. ; ; in formulating a response to the user. These abstract goal
quickly what the goal was. This quick convergence SEeMRasses represent that partial information. If we are unable to

still used in training for other test cases, however, and were stildetermine a specific goal, the system can perhaps determine
candidate goals for recognition. what the user’s abstract goal is, and this may be enough to
3This is a list and not a set since actions can be repeated. formulate a response.

action# converged on - 1

#actions in execution - 1
Intuitively, this shows how far through the plan execu-
tion the recognizer started (exclusively) predicting the
right goal, with 0% meaning after the first action, and
100% after the final action. A low percentage indicates
that the recognizer is making accurate early predictions
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| Goal# | Convergence | Competitors | tioned above. We then discuss several challenges that remain.

1] 10/11 (90.9%) | 6:1 .

2 | 11/11 (100.0%) none 4.1 Desiderata

3 | 4/5(80.0%) 9:1 Speed Because it involves a simple probability lookup, our
47 2/2(100.0%) | none recognizer is linear in the number of goals (and training it
5 | 2/3 (66.7%) 41 is linear in the amount of training data). Speed is a big ad-
6 | 3/8 (37.5%) 12,113 vantage to thig apprpach. By comparison, Iogic_—be_lsed rea-
7 | 8/8(100.0%) | none soning recognizers likeKautz, 1991 are exponential in the

8 [ 6/6 (100.0%) | none size of the plan librar§. Several systerr!{;VHaln, 1990;

9 [ 1/2 (50.0%) 31 Lesh, 1998 improve on this time complexity, but at the ex-

pense of expressiveness.

Table 3: Convergence by goal in the bigram experiment
Early/partial prediction  Our recognizer was able to make
correct predictions 22.3% (2.3 actions) through the input

Goals which with 83.9% overall accuracy, and give correct abstract results
Abstract Goal Instantiate 11.9% (1.7 actions) through the input with 100.0% overall
Find a file with attributes 1,2,6,7,10,11 accuracy. This early prediction is crucial to our domain of
Find a machine with attributes 3, 9, 12 dialogue systems.
Compress files with attributes 4, 5 Most work does not report how early the recognizer makes
Find a printer with attributes | 8 correct predictions. LeshLesh, 1998 simulates a task-
completion agent, which, upon recognizing the user’s goal,
Table 4: Abstract goal types steps in to complete the task. He repdesonvergence point

of 29.9% (after 8.7 actions for an average plan length of 26.8
actions) for the task of searching for a printer with attributes
The probability of an abstract goal is calculated by sim-(4 predicates) and a convergence point of 23.1% (after 4.9
ply summing the probabilities of each of its children. For thisactions for an average plan length of 17.9 actions) for a re-
experiment, we use the same bigram model as before and pestricted cooking domain, both with 100.0% accuracy because
form an additional summing at each step to calculate the mogtesh uses a ‘strict consistency’ approach. For most domains,
likely abstract goal. however, (like the full UNIX corpus), it is unclear if it could
The recognizer predicted abstract goals very well, withmake such early predictions. Because it is based on ‘strict
91.0% accuracy and 100.0% of the cases converging. Theonsistency’, a goal hypothesis must become logically im-
average convergence point was 11.6% through the input, grossible before it can be ruled out. In fact, even in for the
after 1.7 actions. Table 5 summarizes the results of all thredomains he reports statistics in, the recognizer rarely recog-
experiments. nizes the user'actual goal exclusively, rather, based on the
It is important to note that abstract goal recognition doesset of possible goals, it tries to recognizsudficientgoal that
not occur in competition to, but rather in conjunction with the covers all possible goals. As Lesh points out, many domains
specific goal recognition. Of course, it is best to recognizedo not lend themselves to the prediction of sufficient goals.
the specific goal, which our bigram model seemed to do fairly
well, but we can also recognize the abstract goal more quicklportapility  The portability of our goal recognizer depends
and more accurately. And, there may be many cases whegg the existence of a plan corpus. If a plan corpus exists or

abstract goal in order to help the user. we have to do is use it to train models for the new donfain.
. ] On the other hand, most goal recognizers (¢\dlain, 1990;
4 Discussion Carberry, 1990a; Kautz, 1991; Charniak and Goldman, 1993;

I . . . Paek and Horvitz, 20Q) require a complete, hand-crafted
These initial results are encouraging, but there still remain lan library in order to perform recognition, which can re-

significant challenges for scaling up the system to sufficientI)P . - ! ;
complex domains. In this section, we discuss our goal reco quire a significant amount of knowledge engineering for each

nizer in light of the desiderata for dialogue systems we mer?gomam.
4Granted, these systems are performing plan recognition and not
just goal recognition, which makes the comparison unfair. However,

, _ Abstract very little work has been done on goal recognition in its own right,
Unigram | Bigram Goals so plan recognizers are all we have to compare against.
Accuracy 63.1%| 71.8% 91.0% SLesh reports the average length of plan with and without the
Converged 73.2%| 83.9% | 100.0% task-completion agent, which we used to calculate these conver-
Conv. Point 23.1% | 22.3% 11.6% gence points.
Conv. Action# 2.4 2.3 1.7 SModels could also be trained for different individuals within

a single domain by using a user- (or group-) specific corpus. With

Table 5: Results of the experiments on the UNIX corpus other approaches, user-specific models have greatly improved recog-
nition (e.g.,[Lesh, 1999).
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Hong’s recognizefHong, 2001 only requires knowledge between consistent goals, even if one is more likely than the
of plan operators, not the library, but it is unable to make earlyother.
predictions, as it usually does not make end-goal predictions There are several lines of research which incorporate prob-
until after it has seen the entire executed plan. Ligésish,  abilistic reasoning into plan and goal recognitigGarberry,
1999 requires only knowledge of plan operators and domaini9904 and [Bauer, 199% use Dempster-Shafer theory and

goal predicates. [Charniak and Goldman, 19B3[Pynadath and Wellman,
1994, and[Paek and Horvitz, 20¢Quse Belief Networks to
4.2 Challenges represent the likelihood of possible plans and goals to be at-

Domain size With only 12 goals and 22 action types, the tributed to the user. All of these methods, however, require a
UNIX domain is quite small, and it is unclear whether our complete plan library as well as the assignment of probability
recognizer would scale to larger domains. One immediatelistributions over the library.
fault of our recognizer is that it does not handle parameterized [Appelt and Pollack, 1994and[Goldmanet al,, 1999 cast
goals. Each of the 12 goals above is treated as an atomjlan recognition as weighted abduction. However, this also
unit, and not as a goal schema instantiated with parametersequires a plan library and the acquisition of weights for ab-
One straightforward way to handle parameters would be taluctive rules. Abduction is also computationally hard, and
treat a goal schema as an abstract goal, with each possible $eis unclear whether such routines would be fast enough for
of parameter instantiations as a separate, more specific gogbbmplex domains.
However, this would explode the number of goals and, inthe Probably the closest work to ourdslbrechtet al., 1994,
case of 2 or more parameters, lead to a multiple-inheritanc@hich uses a dynamic belief network (DBN) to do goal
abstraction hierarchy, which is not supported by our currentquest) recognition in a multi-user dungeon (MUD) domain.
abstract goal score calculation model. The belief network takes into account actions, locations, and
previous quest in recognizing the player’s current quest. Sim-
Hierarchical plans Another shortcoming of the current ilar to our own work, their model uses bigram independence
recognizer is that, although it handles goal abstraction, it doe@SSumptions for both actions and locations. Conditional prob-
not handle hierarchical plans. Complex plans covering longefbility distributions for the network are estimated from a cor-
time-scales are less likely to be identifiable from a few ob-Pus of MUD sessions.
servations alone (which tend to reflect more immediate sub- Although our approaches are similar in terms of the use

goals). Ideally, we would want to recognize subgoals for parof corpora for training, there appear to be a few significant
tial results, even if we still cannot recognize the high-leveldifferences. Albrechét al. encode state into their model (in

goal. the form of location and previous quest), whereas our current
system considers only actions. Perhaps more significantly,
they note that the bigram independence assumption is an in-

s e o e i BTent pat of DB, sice eaing I (2. by usig riram
recognizer. In most domains, however, it will be infeasible too" 4-gram models) would cause a state-space explosion for

collect enough data on users solving goals in order to build eft-he DBN [Albrechtet al, 1998, 12]. Relaxing the bigram

fective statistical models. Furthermore, even it this data coul ﬁs:rgglrgnslr; e%ur aipprrgt? ;:SiIi?hzulgareasvgrgzgollrg]]éb:)e ggﬁcfe
be collected, the inner structure of the user’s hierarchical plai Y peed, b y up y P

would not be explicit from the data (i.e., we can only observeOOkuD’ regardless of the size of thegram. To help alleviate

o - . pace issues, we can store only the higher-ateigrams that
:Eg 22{22\8/? actions, not the subgoal structure that mot|vate§ve have good estimates for and use a backoff model similar to

As the next step in our research, we plan to explore the us%1at used |(1||0#r b|gr.am.fmod;el. V\ég ?_eheve that h|gdhe:—orc:er
of Al planners to generate artificial plan corpora to be use égtr?hn;?r \S/sl e ir?\flftlfrlgr;:eg:::r Cgre Ictive power, and pian to
for training. The approach we plan to take combines plan- '
ning and Monte-Carlo simulation to generate plan corpora. .

The idea is to generate plans stochastically (allowing distri6 Conclusions and Future Work

tt)hutlonslovertdlfigarent asapectts ofdthe plannlqg proceBss, sucbh ®e have presented our initial work on using statistical corpus-
e goals, situations and action decompositions). By com Npased techniques for goal recognition. Our recognizer is fast

ing “context-free” Monte-Carlo simulation techniques with inear time), does early and partial prediction, and can be
nthy context-dependent P'af‘“'”g aIgonthms,' we hope tQ.Obborted to new domains more easily than many recognizers.
tain a corpus that captures likely user behavior. In add|t|onW showed several initial experiments using the goal recog-

this generated corpus has the big advantage that the subgq@l e i \which we achieved high recognition rates with high

hierarchy that generates the observed actions is also knownaccuracy early prediction.

There are several areas of future work that we are inter-
5 Related Work ested in. Several were alluded to above: scaling to larger
As mentioned abovelVilain, 1990; Lesh, 199Bimprove  domains, incorporating hierarchical plans, and using Al plan-
speed ovefKautz, 199], but do so at the expense of expres- ners to generate artificial plan corpora.
siveness. Also, these goal recognizers are typically not able In addition, we plan to collect a larger human-generated
to make early predictions, as they are unable to distinguiskeorpus in the UNIX domain. With more training data, we
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would like to explore using trigram and 4-gram models as[Charniak and Goldman, 19p¥ugene  Charniak and
well as more advanced data mining techniques to train the Robert P. Goldman. A Bayesian model of plan recogni-
statistical model. tion. Artificial Intelligence 64(1):53-79, 1993.

Finally, as mentioned above, we would like to see how per{chy-carroll and Carberry, 20D@ennifer Chu-Carroll and
formance can be improved by training on a user-specific cor- - gsandra Carberry.  Conflict resolution in collaborative
pus. Similarly, we would like to see how different planners  hjanning dialogues. International Journal of Human-
(say areactive versus a deliberative planner) predict user be- computer Studie$3(6):969-1015, 2000.
havior. Perhaps different planners could be used to modil

different domains (say domains with time pressure), or evenC0ldmanet al, 1999 Robert P. Goldman, Christopher W.
different personality types. Geib, and Christopher A. Miller. A new model of plan

recognition. InUncertainty in Artificial Intelligence: Pro-
ceedings of the Fifteenth Conference (UAI-199%ges
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Abstract

We present a new general framework for online
probabilistic plan recognition called the Abstract
Hidden Markov Memory Model (AHMEM). The
new model is an extension of the existing Abstract
Hidden Markov Model to allow the policy to have
internal memory which can be updated in a Markov
fashion. We show that the AHMEM can repre-
sent a richer class of probabilistic plans, and at the
same time derive an efficient algorithm for plan
recognition in the AHMEM based on the Rao-
Blackwellised Particle Filter approximate inference
method.

1 Introduction

The ability to perform plan recognition can be very useful in
a wide range of applications such as monitoring and surveil-
lance, decision supports, and team work. However the plan
recognizing agent’s task is usually complicated by the uncer-
tainty in the plan refinement process, in the outcomes of ac-
tions, and in the agent’s observations of the plan. Dealing
with these issues in plan recognition is a challenging task, es-
pecially when the recognition has to be done online so that
the observer can react to the actor’s plan in real-time.

The uncertainty problem has been addressed by the sem-
inal work [Charniak and Goldman, 1993] which phrases
the plan recognition problem as the inference problem in
a Bayesian network representing the process of executing
the actor’s plan. More recent work has considered dy-
namic models for performing plan recognition online [Py-
nadath and Wellman, 1995; 2000; Goldmand et al., 1999;
Huber et al., 1994; Albrecht et al., 1998]. While this offers a
coherent way of modelling and dealing with various sources
of uncertainty in the plan execution model, the computational
complexity and scalability of inference is the main issue, es-
pecially for dynamic models.

Inference in dynamic models such as the Dynamic
Bayesian Networks (DBN) [Nicholson and Brady, 1994] is
more difficult than in a static model. Inference in a static
network utilizes the sparse structure of the graphical model
to make it tractable. In the dynamic case, the DBN belief
state that we need to maintain usually does not preserve the
conditional independence properties of the single time-slice
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network, making exact inference intractable even when the
DBN has a sparse structure. Thus, online plan recognition
algorithms based on exact inference will run into problems
when the belief state becomes too large, and will be unable to
scale up to larger or more detailed plan hierarchies.

In our previous work, we have proposed a framework for
online probabilistic plan recognition based on the Abstract
Hidden Markov Models (AHMM) [Bui et al., 2002]. The
AHMM is a stochastic model for representing the execution
of a hierarchy of contingent plans (termed policies). Scal-
ability in policy recognition in the AHMM is achieved by
using an approximate inference scheme known as the Rao-
Blackwellised Particle Filter (RBPF) [Doucet et al., 2000].
It has been shown that this algorithm scales well w.r.t. the
number of levels in the plan hierarchy.

Despite its computational attractiveness, the current
AHMM is limited in its expressiveness, in particular, its in-
ability to represent an uninterrupted sequence of plans and
actions. This is due to the fact that each policy in the AHMM
is purely reactive on the current state and has no memory.
This type of memoryless policies cannot represent an unin-
terrupted sequence of sub-plans since they have no way of
remembering the sub-plan in the sequence that is currently
being executed. In other words, the decision to choose the
next sub-plan can only be dependent on the current state, and
not on the sub-plans that have been chosen in the past. Other
models for plan recognition such that the Probabilistic State
Dependent Grammar (PSDG) [Pynadath and Wellman, 2000;
Pynadath, 1999] are more expressive and do not have this
limitation. Unfortunately, the existing exact inference method
for the PSDG in [Pynadath, 1999] has been found to be flawed
and inadequate [Bui, 2002].

The main motivation in this paper is to extend the existing
AHMM framework to allow for policies with memories to be
considered. We propose an extension of the AHMM called
the Abstract Hidden Markov mEmory Model (AHMEM).
The expressiveness of the new model encompasses that of the
PSDG [Pynadath and Wellman, 20001, thus the new model
removes the current restriction of the AHMM. More impor-
tantly, we show that the RBPF approximate inference method
used for the AHMM can be extended to the more general
AHMEM as well, ensuring that the new generalized model
remains computationally attractive. To the best of our knowl-
edge, we are the first to provide a scalable inference method
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for this general type of hierarchical probabilistic plan hierar-
chy.

The paper is structured as follows. Section 2 provides
a more detailed discussion of the AHMM, PSDG and re-
lated models for online probabilistic plan recognition. The
AHMEM is introduced in section 3 and the algorithms for
plan recognition are presented in section 4. Experimental re-
sults with a prototype system are provided in section 5. Fi-
nally, we conclude and discuss directions for future work in
section 6.

2 Related Models for Online Probabilistic
Plan Recognition

In the AHMM [Bui et al., 2000; 20021, an agent’s probabilis-
tic plan is modeled by an abstract Markov policy (AMP). An
AMP is an extension of a policy in Markov Decision Pro-
cesses (MDP) defined within a subset of the environment state
space so that it can select other more refined AMPs and so
on to form a hierarchy of policies. The AMP is thus simi-
lar to a contingent plan that prescribes which sub-plan should
be invoked at each applicable state of the world. The noisy
observation about the environment state can be modelled by
making the state “hidden”, similar to the hidden state in the
Hidden Markov Models [Rabiner, 1989]. The stochastic pro-
cess resulting from the execution of an AMP is termed the Ab-
stract Hidden Markov Model. Intuitively, the AHMM models
how an AMP causes the adoption of other policies and ac-
tions at different levels of abstraction, which in turn generate
a sequence of states and observations. In the plan recogni-
tion task, an observer is given an AHMM corresponding to
the actor’s plan hierarchy, and is asked to infer about the cur-
rent policy being executed by the actor at all levels of the
hierarchy, taking into account the sequence of observations
currently available. This problem is termed policy recogni-
tion [Bui et al., 2002].

Scalability of policy recognition in the AHMM is
achieved by using a hybrid inference method, a variant
of the Rao-Blackwellised particle filter (RBPF) [Doucet
et al., 2000]. When applied to DBN inference, Rao-
Blackwellisation [Casella and Robert, 1996] splits the net-
work into two sets of variables: the set of variables that need
to be sampled (termed the Rao-Blackwellising (RB) vari-
ables), and the set of remaining variables whose belief state
conditioned on the RB variables need to be maintained via
exact inference (termed the Rao-Blackwellised (RB) belief
state). The RBPF thus allows us to combine sampling-based
approximate inference with exact inference to achieve effi-
ciency and improve accuracy.

The Probabilistic State-Dependent Grammar (PSDG) [Py-
nadath, 1999; Pynadath and Wellman, 2000] can be described
as the Probabilistic Context Free Grammar (PCFG) [Jelinek
et al., 19921, augmented with a state space, and a state transi-
tion probability table for each terminal symbol of the PCFG.
In addition, the probability of each production rule is made
state dependent. As a result, the terminal symbol now acts
like primitive actions and the non-terminal symbol chooses
its expansion depending on the current state. The AHMM
is equivalent to a special class of PSDG where only produc-
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tion rules of the form X — Y X and X — () are allowed.
The first rule models the adoption of a lower level policy Y
by a higher level policy X, while the second rule models the
termination of the policy X. The PSDG model considered
by Pynadath and Wellman allows for more general rules of
the form X — Y7 ...Y,, X, i.e., the recursion symbol must
be located at the end of the expansion. Thus in a PSDG, a
policy might be expanded into a sequence of policies at the
lower level which will be executed one after another before
control is returned to the higher level policy.

Although more expressive than the AHMM, the existing
computational method for inference with the PSDG remains
inadequate. Pynadath proposed an exact method for updat-
ing the belief state of the PSDG in a “compact” closed form.
The proposed algorithm seemingly gets around the exponen-
tial blow up in the size of the belief state. Unfortunately, the
derivation of the algorithm is based on a flawed assumption
that the higher levels in the belief state are independent of the
lower levels given the current level. For more details about
the flaw in the inference algorithm for PSDG, interested read-
ers are referred to [Bui, 2002].

The AHMM, PSDG, and the proposed AHMEM are re-
lated to the Hierarchical Abstract Machines (HAM) [Parr,
1998] used in abstract probabilistic planning. In this model,
the policy is represented by a stochastic finite automaton,
which can call other automata at the lower level. Despite their
representational similarity, the computational techniques for
AHMEM and related models are intended for plan recogni-
tion whereas the HAM model is used for speeding up the pro-
cess of finding an optimal policy for MDP.

If we ignore the state dependency, the DBN structure of the
AHMEM and PSDG is similar to the structure of the Hierar-
chical Hidden Markov Model (HHMM) [Fine et al., 1998;
Murphy and Pashkin, 2001]. However, while the HHMM is
a type of Probabilistic Context Free Grammar (PCFG), the
AHMEM and PSDG are not due to the state dependency in
the model.

3 The Abstract Hidden Markov Memory
Models

This section introduces the Abstract Hidden Markov Mem-
ory Models (AHMEM), an extension of the AHMM where
the policy can have internal memory. Our main aim is to
construct a general model for plan recognition whose expres-
siveness encompasses that of the current AHMM and PSDG
models, while retaining the computational attractiveness of
the AHMM framework. We first define the AHMEM in sub-
section 3.1. The DBN structure of the new model is given in
subsection 3.2.

3.1 The Model

Consider an MDP-like model with S representing the states
of the environment, and A representing the set of primitive
actions available to the agent. Each action a € A is defined
by its transition probability from the current state s to the next
state s": o,(s,s’). The set of abstract policies will include
every primitive actions. Furthermore, the AHMM [Bui er al.,
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2000] defines higher level abstract policies on top of a set of
policies as follows:

Definition 1 (Abstract Markov Policy (AMP)). Let II be
a set of AMPs, an AMP 7* over II is defined as a tuple
(Sp+y Dye,Bre,0) where:

e S+ C UrcnSy is the set of applicable states.
® D+« CUrenDy is the set of destination states.

e [+ : Dp» — (0,1] is the set of stopping probabilities
such that B« (d) = 1,Vd € Dy« \ Sp=.

® 0.+ : Sy x II — [0, 1] is the selection function where
o+ (8,7) is the probability that 7* selects the policy 7
at the state s.

An AMP as defined above is purely reactive, in the sense
that it selects the next policy at the lower level based only on
the current state s. This restricts the set of behaviours that
an AMP can represent. For example, it will not be able to
represent a plan consisting of a few sub-plans, one followed
by another regardless of the state sequence. To represent this
kind of plans, the agent needs to have some form of inter-
nal memory to remember the current stage of execution. Let
M be a set of possible internal memory states. We first ex-
tend the definition of our policy to include a memory variable
which takes on values in M and is updated after each stage of
execution of the policy.

Definition 2 (Abstract Markov Policy with Memory
(AMPE)). Let II be a set of AMPEs, an AMPE 7* over II is
defined as a tuple (Sz«, Dy, Brx,0r=,15.,0%.) where:

e S:+« C Uren Sy is the set of applicable states.
® D+ CUrenD; is the set of destination states.

® [+ Dpe x M — (0,1] is the terminating proba-
bility. [r+(d,m) is the probability that the policy 7*
would stop if the current state is d and the current mem-
ory value is m.

® oqx : Spe x M xII — [0, 1] is the policy selection prob-
ability. o+ (s, m, ) is the probability that 7* selects the
policy 7 at the state s and memory value m.

e 15, : Sy x M — [0,1] is the initial distribution of

memory values. 5. (s, m) is the probability that the ini-
tial memory is m if 7* commences at state s.

e 0l : Sy« x M x M — [0,1] is the memory transi-
tion probability. o€. (s, m, m’) is the probability that the
next memory value is ' given that the current memory
value is m and the current state is s.

Subsequently, we will drop the subscript 7* if there is no
confusion about the policy in the context. Note that all the
states in D \ S are called terminal states and thus §(d, m) =
1,Vm € M,d € D\ S. Also, the policy selection, memory
initial and transition probability have to be proper probability

'One can argue that we can always incorporate the memory vari-
able in the environment state, and hence we gain no extra represen-
tational power just by introducing the memory variables. However,
incorporating the memory variables in the state variable would blow
up the size of the state space and thus defeat our purpose of keeping
the model computationally feasible.
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distributions, i.e. Y cpo(s,m,m) = 1,3 1 0°(s,m) =
Land ) ,cp0¢(s,m,m') =1

When an AMPE 7* is executed from a state s, it first
initialises its memory value m according to the distribution
1°(s,m). Then a policy at the lower level 7 will be selected
according to the distribution o (s,m, 7). This policy 7 will
be executed until it terminates at some state s’. At the new
state s', the policy 7* itself will terminate with probability
B(s',m). If it does not terminate, the memory variable will
be given a new value m' according to the transition probabil-
ity 0¢(s’, m,m'). Then a new policy at the lower level 7’ is
selected with probability o (s',m/, 7') and so on.

Using the AMPEs, we can construct a hierarchy of abstract
policies in the same way as in the AHMM. We start with a set
of primitive actions I[Iy = A, andfork = 1,..., K build a set
of new AMPEs I, on top of II;,_; . Then, if a top-level policy
7K is executed, it invokes a sequence of level-(K-1) policies,
each of which invokes a sequence of level-(K-2) policies and
so on. A level-1 policy will invoke a sequence of primitive
actions which leads to a sequence of states. We can then in-
troduce the hidden states and model the noisy observation of
the state by an observation model Pr(o; | s¢) = w(s¢, o). The
dynamic process of executing a top-level AMPE is termed the
Abstract Hidden Markov mEmory Model (AHMEM).

Some special cases of the AHMEM are worth mention-
ing here. First, the AHMM itself is a special AHMEM. The
memoryless policies of the AHMM are equivalent to AM-
PEs where the dependency on the memory variable is ignored
(e.g. when M is a singleton set). The class of PSDG con-
sidered in [Pynadath, 1999] can also be easily converted to
an AHMEM. The terminal symbols in the PSDG are equiv-
alent to the primitive actions. Each non-terminal symbol is
equivalent to a memoryless policy. In addition, each sequence
Y = V1Y, ...Y, encountered on the RHS of a production
X ->9Ys...Y,or X = V1Ys5...Y, X is equivalent to a
policy whose memory m taking on the values 1,...,n. Y
then simply selects the (memoryless) policy Y; if m = 1.

Note that in the AHM EM definition, we assume a balanced
policy hierarchy for the ease of presentation (all the actions
must appear at the same bottom level). However, we can also
specify an unbalanced hierarchy by introducing some dummy
policies which are equivalent to primitive actions at the higher
levels in the hierarchy.

3.2 DBN Representation of the AHMEM

The DBN structure of an AHMEM is very similar to that of
an AHMM: at each time slice ¢, the variable s; represents the
current state, ﬂf, k = 0,..., K represents the current pol-
icy at all levels, e} represents whether 7} terminates at the
current time, and /; = max{k|ef = T} denotes the highest
level of termination. In addition to these variables, we need
to introduce the memory variable m} for k > 1 to repre-
sent the current memory value of the policy 7¥ (the primitive
action 7Y has no memory). The 2-time-slice DBN is given
in Fig. 1. The structure of this network is described below.
Note that if x is a variable, we use the notation x;.; to denote
the sequence (7, %it1,...,;), and similarly 2/ to denote
(xf, L ).
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Level K

Level 2 >
Level 1 >

Action 0

State C/é( ;
Observation l i

time t—1 time t

Figure 1: The 2-time-slice DBN for AHM EM

Policy Termination and Selection
The policy termination and selection model for the AHMEM
is essentially the same as in the AHMM, except for the depen—
dency on the value of the current memory variable m}. We
note that the same context specific independence [Boutilier et
al., 1996] properties of the AHMM still hold. For example, if
1 = F then ef = F and ef becomes independent of the
remaining parents of this variable. Now consider the variable
mf. Ifef_; = Fthenwf =z} | and 7r£c is independent of the
remaining parents; otherwise, Pr(x} |7F™ s, 1, mf“) =
01 (-1, mit! 7k) and 7 is independent of 7F_,.

Memory Update

Consider the variable m¥. There are two parents of this node
that act like context variables: ef i and et - If et 1 =F,
the policy at the lower level has not terminated and memory
is not updated at this time. Thus, mf = m} |, and mt be-
comes independent of all the remaining parents. If et71 =T
then there are two cases. If ef , = F, the policy at level k
continues from the previous time, and thus the memory value
will be updated according to the memory transition model
Pr(mf |7f,si-1,mf_,) =0 k(st vmy g, mf) Ifef | =
T, the policy at level & has Just started at state s;_1, and thus
the memory value will be initialised: Pr(mf |7f, s;_1) =

16 - (s¢—1, mF). In this case, m¥ is independent of the previ-

ous memory value mf_;.

3.3 Independence Properties in the AHMEM

Even though AMPEs are more expressive than memoryless
policies, they remain “autonomous”, in the sense that the
higher layers have no influence over the state of an AMPE
during its execution. The only way the higher layers can influ-
ence the current state of an AMPE is through the conditions
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at the start: either through the starting state or the starting
time. Thus, the conditional independence theorem for poli-
cies in the AHMM still holds in this more general setting.
We state the theorem for the AHMEM below. The proof for
the AHMM [Bui et al., 2002] can be directly extended to this
general case using the context specific independence proper-
ties described in the previous subsection.

Theorem 1. Let 7F and b be two random variables repre-
senting the starting time and the starting state, respectively,
of the current level-k policy wF: 7F = max{t' < t|ek =T}
and b} = s;k. Then given the policy 7f and its starting
state and time, the set of current policies and memories at the
higher levels are independent of the set of current policies,
memories and state at the lower level:

ﬂ_éc—‘,—l:K’méc—i-l:K L 7_‘_?:k) 1 1:k

smi® s mE ok T (1)

Let r; = (s¢, ;). Note that knowing l1.;—; is equivalent to
knowing precisely when each of the policies starts and ends.
Therefore, given r1.;—1, the starting time and state of every
current policy are known. The following corollary is thus a
direct consequence of theorem 1.

Corollary 1. Let C; represent the conditional joint distribu-
tion Pr(nd¥ mbE s,|r1.4_1). Then C; has the following
Bayesian network factorization:

(H Pr(rf, mf | nh=! rml)) Pr(m), s¢ | r1:-1)

C; thus also has the following undirected network repre-
sentation. We first form the set of cliques: co = {7?,s;},
e = {mf,mP, 781}, k = 1..., K. Note that the set of
cliques cy. g form a chain of cliques in this order, therefore we
term C; the policy-clique chain. This extends the concept of
the policy chain in the memoryless case of the AHMM [Bui
et al., 2000]. C; can be factored into the product of poten-
tials on these cliques: C; H,Ifzo i (ck). When ¢ =
PI‘(ﬂ'f, mf | Trf_la Tl:t—l) and wO = PI‘(ﬂ'?, St | 7dl:t—l), ie.
when the potential factorization is the same as the directed
network factorization, the potentials are said to be in canoni-
cal form. Any potential representation of the clique chain can
be canonicalized by first perform message passing (exact in-
ference) to compute the marginal at each clique. The canoni-
cal form can then be computed directly from these marginals.
Later on we will use the undirected representation of C; for
exact inference, and the canonical form (directed representa-
tion) of C; for obtaining samples from the joint distribution
using simple forward sampling.

4 Approximate Inference for AHMEM

In this section, we look at the online inference prob-
lem in the AHMEM. Assume that at time ¢, we have
a sequence of observations about the environment state
o1.4-1 = (01,...,0,-1). We need to compute the be-
lief state of the DBN which is the joint distribution of
all the current variables given this observation sequence:
Pr(rd &, m}¥ s, 1;, 04| 01,4 1). From this, we can answer
various queries about the current status of the plan execution.
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For example, the marginal probability of 7} tells us about
the current policy the actor is executing at some level k; the
probability Pr(m? | 7F) tells us about the current stage of ex-
ecution of a policy 7F; the probability Pr(ef | 7F) tells us if
7 will end after the current time, etc.

Since there is no compact closed form representation
for the above belief state, exact inference in the structure
of the AHMEM is intractable when K is large. How-
ever, theorem 1 suggests that we can apply the Rao-
Blackwellised Particle Filter (RBPF) to this problem in a sim-
ilar way as in the AHMM [Bui er al., 2002], i.e. by us-
ing r; as the Rao-Blackwellising (RB) variables. The Rao-
Blackwellised (RB) belief state is then similar to the origi-
nal belief state of the AHMEM, except that now rj.;—; are
known: B; = Pr(zd mbP¥ I, sy, 04|714-1). Note that
the RB belief state 53; can be obtained directly from the
policy-clique chain C; by adding in the network represent-
ing the conditional distribution of o, and e%:K ,le. By =
Pr(ef ¥ | nd¥ mbE sy) Pr(os | s¢)C: (see Fig. 2).

Two main steps in the RBPF procedure are: (1) updating
the RB belief state using exact inference, and (2) sampling
the RB variable r; from the current RB belief state.

4.1 Updating the RB Belief State

Fig. 2 shows the modified 2-time-slice DBN when the RB
variables are known (s; = s,l; = [). We note that all the
nodes from above level ! remain unchanged, while all the
links across time slices from level | and below can be re-
moved. This greatly simplifies the network structure, allow-
ing the updating operations to be performed efficiently.

Since the B; can be obtained directly from C;, all we have
to do is to compute Cyy1 from C;. The procedure for updating
as usual has two stages: (1) absorbing the new evidence, i.e.
from C;, we need to compute Ciy = Pr(ad% mi& |ryy);
and (2) projecting to the new time slice, i.e. from Cyy, we
need to compute Ci4 1.

In principle, we apply a simplified version of the junction-
tree algorithm [Jensen, 1996] on the undirected network rep-
resentation of C; to perform the update step. This is in fact
a generalization of the arc-reversal procedure which operates
on directed network representation of the policy chain in the
AHMM [Bui et al., 2002]. The algorithm for updating the
RB belief state is given in Fig. 3. The absorbing step involves
simply incorporating the evidence likelihood into the poten-
tials of C; to obtain the potentials for C;y. The projecting
step involves first adding time-slice ¢ + 1 to C; (see Fig. 2),
then marginalizing the now redundant variables 7!, mn '+
in the old time slice. The marginalization is done by perform-
ing message passing between the cliques of the 2-time-slice
network shown in Fig. 2.

Since the potentials of C; from level [ + 2 to level K stay
unchanged, the complexity of the algorithm is O(l) where [ is
the highest level of termination. Furthermore, if one of these
potentials is in canonical form, it remains in canonical form
after the updating procedure.

4.2 RBPF for AHMEM

The full RBPF algorithm for policy recognition in the
AHMEM is provided in Fig 4. The general structure is the
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0 .
B, [ J time t+1

time t

Figure 2: Two time slices of the RB belief state

same as the RBPF procedure for AHMM [Bui et al., 2002].
At each time step ¢, the algorithm maintains a set of N sam-
ples, each consists of a value for s;_; and [;_;, and a para-
metric representation of C;. The differences are in the details
of how to obtain new samples and update the RB belief state.

To obtain each new sample (s, [;), we first need to canoni-
calize the potentials of C;. However, assuming that C;_ is in
canonical form, we only have to canonicalize the potentials
of C; between level 0 and level [ + 1 with complexity O(1).
Thus the complexity of the sampling step is O(N1). Since
the complexity of the updating step is also O(N1), the overall
complexity of the algorithm at each time step is O(N1). Fur-
thermore, the distribution for ! usually decays exponentially,
thus the average complexity is only O (V).

If at some time #, an estimation e.g. Pr(mf |04 1) is
required, we need to compute h = C;(7f<) for each sam-
ple. This involves performing message passing for the entire
chain C;. Thus the complexity for this time step is O(NK).
Other types of queries are also possible, as long as the proba-
bility required can be computed from the RB belief state. For
example, we can ask the question: if the actor is currently
executing Wf, what is the current stage of execution of this
policy? To answer this query, we need to compute the con-
ditional probability Pr(mf | 7F,01.;_1). This can easily be
achieved by replacing the h function in the algorithm with
h = Ce(mf|k).

5 Experimental Results

We have implemented the above algorithm in a surveillance
domain to demonstrate its working in a practical application.
The environment consists of a spatial area which has two sep-
arate rooms and a corridor monitored by a set of 5 cameras
(Fig. 5). The monitored area is divided into a grid of cells,
and the cell coordinates constitute the overall state space S.
The coordinates returned by the cameras are modelled as the
noisy observations of the true coordinates of the tracked per-
son, and over time, provide the sequence of observations 01 .;.
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Input: potentials for C¢, evidence s and [
Output: new potentials for Ci41
Begin
/* absorbing */
Y1 Y1 X o(nt, 5)
Yip1 ¢ i1 x (1 -8 l+1(5 mi*t))
Fork=1,...,1

1/%(—1/% X Bror (s, my)
/* projecting */
Construct the new cliques:

I+1 I+1 I+1 1 I+1

cipr = {my + mtil77rt+ boclyr = {TFt+ mtiu”ﬁl}l
¢1+1 = Uwiﬂ(s my 7mt+1) 1/’l+1 =0 I+1(5 mt+1;ﬂ't+1)

I+1
Perform message passing along the path

€1 = C2 = ... g1 = iy = g
¢l+1 = ¢;+1
Yo =0y (5,5t41)
Fork=1...1
k k—1 k
Vi = ok (8,4, T )i;ﬂ (s,mi11)
End

Figure 3: Updating C;

At the top-level, each policy models a type of activity per-
formed by the person. For example, print is a policy that
involves a sequence of going to the computer and the printer,
possibly going to the paper store if the printer is out of paper,
and exiting. Note that this policy cannot be represented in the
AHMM framework. In the AHMEM, this can be represented
by a policy whose memory transition model is given in Fig. 6.
The policies at the lower level, such as going to a computer,
model the person’s trajectories toward a set of special land-
marks in the environment. These policies are constructed as
memoryless policies in the same way as in the AHMM [Bui
et al., 2002].

The result of querying the top-level policy for the trajec-
tory in Fig. 5 is given in Fig. 7. The system correctly identi-
fies the most probable policy as print. The result of querying
the memory variable of this policy is given in Fig. 8. The sys-
tem correctly identifies the sequence of lower-level policies
invoked by the print policy. These results are obtained by
running the RBPF algorithm with 3000 samples. The aver-
age processing time for each observation is approximately 0.9
seconds on a 1.7GHz desktop machine. For a more detailed
description of this surveillance system, readers are referred
to [Nguyen et al., 2003].

6 Conclusion

In conclusion, we have presented the Abstract Hidden
Markov Memory Models (AHMEM), a general framework
for representing and recognizing probabilistic plans online.
The new framework extends the AHMM by allowing the poli-
cies to have internal memories which are updated in a Markov
fashion. This allows the AHMEM to represent a richer set
of hierarchical probabilistic plans, including those belonging
to the class of PSDG previously considered. Furthermore,
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Begin
Fort=1,2,...
/* sampling step */
For each sample ¢t = 1,2,..., N
Absorb o; into C*.

Canonicalize Ct(i), compute w; = By (o).
Sample s( 2 l(’> from Ct@ and Pr(e;™ | sy, mp % mi ™
Update welght w® = wy
/* re-sampling step */
>
Re-sample the sample set according to oW
/* exact step */
For each sample ¢ = 1,2,..., N
Compute C\*), from C(’) and s 1{)
Compute h¥) = (,’,E_ﬁl(rrt“)
/* Estimation step */
Compute the estimator Pr(7f, | | 01.4) &
End

Normalize the weight @@ =

= Ly R0

Figure 4: RBPF for AHMEM
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Figure 8: The progress of executing the policy “print”

we have shown that the Rao-Blackwellised Particle Filter
(RBPF) approximate inference method used for the AHMM
can be extended to the AHMEM, resulting in efficient and
scalable procedures for plan recognition in this general set-
ting. Our work demonstrates the advantage of phrasing prob-
abilistic plan recognition as inference in DBN so that suitable
approximate methods can be employed to cope with the com-
plexity issue. A similar approach can be applied to more gen-
eral models to consider more complex plan constructs such
as multi-agent plans, interleaving plans etc.
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Abstract

An interpretation system finds the likely mappings
from portions of an image to real-world objects. An
interpretation policy specifies when to apply which
imaging operator, to which portion of the image,
during every stage of interpretation. Earlier results
compared a number of policies, and demonstrated
that policies that select operators which maximize
the information gain per cost, worked most effec-
tively. However, those policies are myopic — they
rank the operators based only on their immediate re-
wards. This can lead to inferior overall results: it
may be better to use a relatively expensive operator
first, if that operator provides information that will
significantly reduce the cost of the subsequent op-
erators.

This suggests using some lookahead process to
compute the quality for operators non-myopically.
Unfortunately, this is prohibitively expensive for
most domains, especially for domains that have a
large number of complex states. We therefore use
ideas from reinforcement learning to compute the
utility of each operator sequence. In particular, our
system first uses dynamic programming, over ab-
stract simplifications of interpretation states, to pre-
compute the utility of each relevant sequence. It
does this off-line, over a training sample of images.
At run time, our interpretation system uses these es-
timates to decide when to use which imaging oper-
ator. Our empirical results, in the challenging real-
world domain of face recognition, demonstrate that
this approach works more effectively than myopic
approaches.

1 Introduction

Interpretation is the process of finding the likely mapping
from portions of an image to real-world objects. It is the ba-
sis for a number of imaging tasks, including recognition (“is
objectX in the image?”) and identification (“which object is
in the image?”), as well as several forms of tracking (“find
all moving objects of typeX in this sequence of images”),
etc. [PL95; HR96]. It is important that an interpretation sys-
tem (IS) be efficient as well as accurate. Any IS should have
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access to an inventory of “imaging operators” — like edge de-
tectors, region growers, corner locators, etc., each of which,
when applied to any portion of the image, returns meaningful
tokens (like circles, regions of the same color, etc.). An “inter-
pretation policy” specifies which operator to apply to which
portion of the image, during each step of the interpretation
process. Such policies must, of course, specify the details:
perhaps by specifying exactly which bottom-up operators to
use, and over what portion of the image, if and when to switch
from bottom-up to top-down, which aspects of the model to
seek, etc.

Our earlier work [IGO1b] considered various types of poli-
cies, towards demonstrating that an “information theoretic
policy”, which selects operators that maximize the informa-
tion gain per unit cost of the imaging operator, work more ef-
fectively than others. However, the [IGO1b] policies evalu-
ate each operator o(-) myopically — i.e., independent of the
cost and effectiveness of subsequent operators that would be
applied, after performing this o(-). To see why this is prob-
lematic, assume the task is to determine whether there is an
airplane in an image, by seeking the various parts of an air-
plane — e.g., the fuselage, wings, engine pods, tailpiece, etc.
Now consider the o, operator that detects and locates the en-
gine pods. As the engine pods are small and often partially-
occluded, o, is probably expensive. However, once these
parts have been located, we expect to find the associated wings
very easily, and then the remaining parts required to identify
the entire airplane. A myopic policy, which evaluates an oper-
ator based only on its immediate cost, would miss this connec-
tion, and so would probably prefer a cheaper operator over the
expensive o,. A better policy would consider “operator in-
teractions” (here, relating o, to (say) the “wing finder opera-
tor””) when deciding which operator to apply. The data in Sec-
tion 5 (related to the complex task of face recognition) shows
that such non-myopic policies can be both more accurate, and
more efficient.

Of course, non-myopic policies must use some type of
lookahead to evaluate the quality of its operators; this can be
combinatorially expensive to compute. We address this con-
cern by (1) dealing with an abstract version of the “interpreta-
tion state space”, and then by (2) using dynamic programming
techniques over this abstracted space, pre-computing many
relevant “utility” [SB98] values off-line [BDBOO0]. In partic-
ular, our system computes the utility of imaging operator se-
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quences in each state s encountered, based on data from a set
of training examples. It produces a policy, which maps each
state s to the operator o? that appears to be the most promis-
ing, incorporating this lookahead. At run-time, our system
finds the best matching state and applies the operator associ-
ated with that situation. Our empirical results, in the domain
of face recognition, show that such policies work effectively
— better than the best results obtained by any of the earlier
myopic systems.

Section 2 presents relevant related work, to help frame our
contributions. Section 3 discusses the salient features of inter-
pretation strategies. Section 4 then presents our approach, of
using reinforcement learning in image interpretation, within
the domain of face recognition, using operators that each cor-
respond to types of eigenfeatures. Section 5 provides empiri-
cal results that support our claims.

2 Related work

We produce an interpretation of an image by applying a se-
quence of operators, where each operator maps the current
state (typically a partial interpretation) to a new state. As the
effects of an operator may depend on information not explic-
itly contained in the state description, this mapping is stochas-
tic. Moreover, each operator has a cost, and the state associ-
ated with the final interpretation has a “quality” (i.e., its ac-
curacy as an interpretation). As such, we view this image-
interpretation task as a “Markov Decision Problem” (MDP).
This means we can apply the host of reinforcement learning
techniques [SB98] to this problem. This specific application
area, of image interpretation, follows the pioneering work of
Draper [BDB00], which shows that dynamic control policies
can outperform hand-coded policies. We extend their work
by addressing and exploiting the issue of operator interactions
and by doing a systematic analysis of the cost and accuracy
tradeoffs in face recognition.

While we could encode each state as the entire image, this
would be too unwieldy. Boutilier et al. [BDH99] survey sev-
eral types of representations in planning problems and discuss
ways to exploit them to ease the computational cost of policies
or plans. Their work focuses on abstraction, aggregation and
decomposition techniques. We use abstractions to reduce the
size of each state, and hence of the state space we are explor-
ing; moreover, we are not concerned with the general plan-
ning problem. Our system is similar to the “forest inventory
management system” [BDL02]. In their system, the output
of some operators provide the input to some other operator,
while in our system the result of one operator is used to nar-
row the search for some other operator. Moreover, our sys-
tem can exploit the structure specific to our task to bound the
lookahead depth.

3 Framework

As suggested above, our overall objective is to produce an ef-
fective interpretation policy — e.g., one that efficiently returns
a sufficiently accurate interpretation, where accuracy and ef-
ficiency are each measured with respect to the underlying task
and the distribution of images that will be encountered. This
section makes this framework more precise. Subsection 3.1
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specifies our particular task; Subsection 3.2 lists the strategies
we will evaluate; Subsection 3.3 outlines our performance do-
main, face recognition; and Subsection 3.4 describes the spe-
cific operators we will use.

3.1 Input to the Interpretation System

We assume that our interpretation system “IS” is given the fol-
lowing information:

*  The distribution D of images that the IS will encounter,
encoded in terms of the distribution of objects and views that
will be seen, etc. For our face recognition task, this corre-
sponds to the distribution of all people the system will see,
which varies over race, gender and age, as well as poses and
sizes. We approximate this using the images given in the train-
ing set. See Figure 1.

* The task T = (V; Ciraw, Prnin) includes two parts:
First, V specifies the objects that the IS should seek, and what
1S should return. Second, the task specification also provides
the “evaluation criteria” for any policy, which is based on both
the expected “accuracy” (Pp,i») and the maximum interpreta-
tion “cost” (Cynaz), Which the IS should not exceed.

Here, V specifies our task is to identify the person from
his/her given test image (wrt the people included in the train-
ing set), subject to the accuracy P,,;, and cost requirements
Cmar'

* The set of possible “operators” O = {0;} includes (say)
various edge detectors, region growers, graph matchers, etc.
For each operator o;, we must specify

e its input and output,

o its “effectiveness”, which specifies the accuracy of the

output, as a function of the input.

e its “cost”, as a function of (the size of) its input and pa-

rameter setting.

We will use a specific set of operators in our face recognition
task; we describe these in detail in Section 3.4.

Borrowing from the MDP literature, we view the main in-
put to each operator as its “state”. As we are dealing with
scenes, we could use the entire pixel image as (part of) the
state. However, for reasons of efficiency, we will often use an
abstracted view F( s ) of (our interpretation of the) the scene
s. Section 3.4 presents the specific abstraction we are using.

3.2 Strategies

Strategy INFOGAIN: selects the operator that provides the
largest information gain (per unit cost) at each step. This
myopic strategy first computes the expected information gain
E1IG /(o) for each possible operator and argument combination
o, as well as the cost ¢(0). It then executes the operator that
maximizes their ratio, o* = argmax, { EIG(0)/c(0)}.

We focus on this strategy as a number of earlier empirical
studies have demonstrated that it was the best of all of the (my-
opic) strategies considered, across a number of task-contexts
and domains, including simple blocks world [IGO1la], car
recognition (identifying the make and model of a car based on
its tail light assembly [IGO1a]), as well as the face recognition
system considered here [IGO1b].

Strategy BESTSEQ: selects an operator o5 that appears to
be the most promising in the current abstract state F( s ), as
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given by the utility 03 = 7*(F(s)), where 7* is the (opti-
mal) mapping from state to actions. See Section 4 for details.

3.3 Face recognition task

We investigate the efficiency and accuracy of the strategies
listed above in the domain of face recognition [TP91; PMS94;
PWHRO9S; EC97]. This section briefly discusses the promi-
nent “eigenface” technique of face recognition that forms the
basis of our approach; then presents our framework, describ-
ing the representation and the operators we use to identify
faces; and finally presents our face interpretation algorithm,
for identifying a person from a given image of his/her face.

Eigenface and EigenFeature Method: Many of today’s
face recognition systems use Principal Component Analysis
(PCA) [TP91]: Given a set of training images of faces, the
system first forms the covariance matrix C' of the images, then
computes the & main eigenvectors of C' (“eigenfaces”). Ev-
ery training face h; is then projected into this coordinate space
(“facespace™), producing a vector €; = [wi”| w{? .. w,(;)].

During recognition, the test face /. is similarly projected
into the facespace, producing the vector )., which is then
compared with each of the training faces. The best matching
training face is taken to be the interpretation [TP91].

Following [PMS94], we extend this method to recognize
facial features — eyes, nose, mouth, etc. — which we then use
to help identify the individual in a given test image. We parti-
tion the training data into two sets, 7' = {hq ;} for construct-
ing the eigenfeatures and S = {hg;} for collecting statistics,
where each set contains at least one face of each of the n peo-
ple. (Feature regions for the training data 1" were extracted
using the operators explained in 3.4 and verified manually for
correctness). Letting id(h) denote the person whose face is
given by h, we have id(h; ;) = ¢ = id(ha,) fori = 1..n;
each remaining h, ; and ho ; (j > n) also maps to 1..n; i.e.,
id(h1,5),id(ho ) € {1,...,n}

We use PCA on the mouth regions of each T' image, to pro-
duce a set of eigenvectors; here eigen-mouths. For each face

image h;, let Ql(-m) be the “feature space” encoding of h;’s
mouth-region. We will later compare the feature space encod-
ing Qgg?t of a new image h;.s; against these {Qfm)} vectors,

with the assumption that Qgg?t ~ Ql(.m) suggests that hyq; 1S

really person i — i.c., finding that ||2{"") — Q\™|| is small
should suggest that id(hes:) = i. (Note || - || refers to the Lo
norm, aka Euclidean distance.) To quantify how strong this
belief should be, we compute M = |T'| x |S| values {d; ;}

where each d; ; = HQ&”Z) - Qg”;) || is the Euclidean distance
between the “eigen-mouth encodings” of 1”s hy; and S’s

ha ;. Using the T training data, we can learn a mapping from
these values to probabilities P( |, — Q™ || |id(htest) =

i), which we can use to estimate P( Q") |id(htest) = 7).
(See [IGO1b] for details.)

We compute similar estimates for the other facial features,
such as nose (n), left eye (le) and right eye (re). We then use
the Naive-Bayes assumption [DH73] (that features are inde-
pendent, given a specific person) ! to compute a cumulative

'Of course, this assumption is almost assuredly false in our sit-
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“face probability” from these “feature probabilities™: the val-
ues HQEQt - Ql(-f ) || for each feature f, corresponding to a set
of P( QEZQ |id(htest) = ¢) values (one for each individual 7).
We then compute

P(id(hiest) = 1] Q40, Q8, QfF),)
= - P(id(htest) :Z) .
P(™ ) QM) id(hyes) = i) (1)

testy testy es
= a- P(id(hest) =) - P(Q™) [id(hyest) = i) -
P, [1d(hiest) = i) - PO | id(hiest) = 1)

est

where « is a scaling constant.

3.4 Operators

We use four classes of operators, O =
{0k, ,r), ope(k,l,r), on(k,t,r), om(k,l,r)} to
detect respectively “left eye”, “right eye”, “nose” and
“mouth”. Each specific operator also takes several pa-
rameters: k € {25,30,35,40,45} specifies the number
of eigen-vectors being considered; the other parameters
= ({y,Ly) and r = (ry, 1) specify the space this operator
will sweep, looking for this feature: It will look in the
rectangle (¢, £ 7., £, £ 1y); e, sweep 7, X 1, pixels,
centered at (¢, {,).

Each instantiated operator o(-) € O takes as input the im-
age of a test face hy.s¢, and returns a probabilistic distribution
over the individuals. It has three subtasks: SubTask#1 locates
the feature hgzt from within the entire face h;.s;. Here we
use a simple template matching technique in which we search
in the fixed region r of size r,, X 7, pixels, centered at pixel
£. SubTask#2 then projects the relevant region of the test im-

age tht into the feature space — computing ngt of dimen-

sion k. SubTask#3 uses this ngt to compute first the values
ditest = HQEQt - Ql(.f) || for each person ¢ and then to com-
pute the probability P(id(hest) =1 | ngt ) for each person
1. We use Equation 1 to update the distribution when consid-
ering the 2nd and subsequent features; see [IGO1b]. For each
eigenspace dimension k, we empirically determined the cost
(in milliseconds) of the four operators —
Cloie(k,r, 0)) 9.25 k + 0.25 |r| — 446.00
Clore(k,m,£)) = 10.35k + 0.27 |r| — 454.27
Clon(k,7,0)) 9.95k + 0.23 |r| — 486.51
Clom(k,r,0)) 14.4k + 0.26 |r| — 308.44
where |r| = ry X 1y is the size of the range. While increas-
ing the dimensionality & of the feature space should improve
the accuracy of the result, here we see explicitly how this will
increase the cost.

4 Use of Dynamic Programming

This section briefly overviews MDPs, presents “state abstrac-
tion” in face recognition and shows how dynamic program-
ming can be used to compute the utility of operators in ab-
stracted states. We also discuss operator interaction and de-
scribe how it can be exploited in face recognition.

uation. However, this classification has been found to work well in
practice [Mit97].
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4.1 Markov Decision Problem

A Markov Decision Problem can be described as a 4-tuple
(S,A,M,R) where S = {s1,82,...,5,} is a finite set
of states, A = {ai1,az,...,an} is a finite set of ac-
tions, M: S x A x S — [0,1] is the state transition proba-
bility function (Mg, = P(s'|s,a) is the probability that
taking action « in situation s leads to being in state s") and
R : 8§ x A — Ris the reward an agent gets for taking an
action @ € Ain state s € S. The Markov property holds if
the transition from state s; to s; using action a depends only
on s; and not the previous history. A policyn : § — Ais
a mapping from states to actions. For any policy 7, we can
define a utility function U, such that

max{R(s,a) + ZM;"S/ X Uﬂ(s’)}

which corresponds to the expected cumulative rewards of ex-
ecuting the apparently-optimal action a in state s, then follow-
ing policy 7 after that.

Given an MDP, we naturally seek an optimal policy 7* —
i.e., a policy that produces the optimal cumulative reward for
each state, U*(s). Dynamic programming provides a way to
compute this optimal policy, by computing the utilities of the
best actions. Of course, given the values of U* (), the optimal
action at each state s is simply 7*(s) = argmax,{ R(s,a) +
Zs/ Msa,s/ x U* (S/)}

This can be challenging in the general setting, where se-
quences of actions can map one state to itself; much of the
work in Reinforcement Learning [SB98] is designed to ad-
dress these issues. In our current case, however, we will see
there is a partial order on the states, meaning no sequence of
actions can map a state to itself. Here, we can use dynamic
programming to compute the optimal utility for each “final
step”, then use these values to compute the optimal action (and
utility) for each penultimate state, and so forth.

Ur(s) =

4.2 State abstraction

An MDP involves “states”. In our face recognition task, any
attempt to define states in terms of the pixel values of an image
would be problematic, as there will be far too many states to
enumerate. Following [BDB00; BDLO02], we use the notion of
“abstract states”, which basically redefines an original state in
a much more compact form, using only the certain aspects of
the state. Since we recognize a person using the features, we
define an abstraction function

f(S) = <Ca ﬁa xl@ayle; xreayre; xnayna xm,ym> (2)

where s is the actual complex state as present in the image and
(x4, y;) denotes the location (center) of feature f; (left eye,
right eye, nose or mouth) in the image. (Here C' is the total
cost we have spent so far, and P = (P(id() = 2 | E ), is the
current posterior distribution over the possible faces, based on
the current evidence E.) The location of some feature f; may
not yet be known in an image; here, we use the value of L
for both x; and y;. Further, we say two abstractions are “0-
equivalent”, written F( s1 ) ~s F( s2 ), iff

e s; and sy have located the same set of features — i.e.,
zi(s1) = Liffz;(s2) =L and
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iz (s1)#L
i.e., when the distance (in pixels) between the centers
of feature f; in s; and s is small (< §).

lzi(s1) — zi(s2)ll + llyi(s1) —wi(s2)|| < 6

As we are using normalized images that contain only faces,
denoting the distance in absolute pixel values is not an issue.
In general, § is a small, predefined constant; we used 10.2

The result of abstraction is that a large number of complex
states can be described by a small number of compact state
descriptions. Of course, the same abstract state can represent
multiple states — F(s1 ) = F(s2 ) when s1 # so.

We use a lookahead algorithm to compute the U-values.
Since we consider only four features, we need a lookahead of
only depth four. Moreover, we can do this during the training
phase. We will use the reward function

R(s,a) = { B(id() = 2" | E)

if a = St
S if a=Stp (3

otherwise

that penalizes each operator a by « times the time t(a) it re-
quired (in seconds) as well as a positive score for obtaining the
correct interpretation (here z* represents that correct identity
of the person in the image.) We used o = 0.2. During the
training phase, our system finds the optimal operator sequence
— i.e., the one that has the maximum U'(s) = U(F(s))
value, based on the abstracted state F( s ).

4.3 Dynamic Programming
This section shows how to compute U (s) utility values.

Tree expansion: We use four classes of operators O =
{ Ol@(ka é; T)a OT@(ka é; T)a On(ka é; T)a Om(ka é; T) }’ eaCh
with 5 different values of & € {25, 30, 35, 40, 45}, for a
total of 20 operators (see Section 3.4). The parameters ¢ =
(g, by) and r = (rg,r,) specify the rectangular area where
the operator will search. Our system does not have to search
over their values; instead, it directly computes their values
from the locations of the features (f1, fo, ..., fi) (i < 4) we
have already detected; see Section 4.4.

Our system expands the operator tree exhaustively using a
depth-first search. Of course, the depth of the tree is at most
4 (not 20), as we only consider at most one instance of each
operator along any path.

Computing U( s ): We compute the various utility values us-
ing a dynamic programming approach:

(1) We first apply every sequence of 4 different operators to
the original image, to produce the set of all possible s(*) leaf

states. Then set U(s®) = P(id() = z* | E), where z* is
the correct interpretation, and E is the observed locations of
the various features.

(ii) Now consider each state s() that involves some set of
3 operators. For each, we can consider all 5 + 1 possible ac-
tions: either Stop, or apply the remaining operator (with one
of the 5 possible k values). We can trivially compute the util-
ity of each option: as P(x* | E'") for the Stop action, and

—at(a) 4+ U(s™) if the action a takes time (a) and produces

2For this value of §, we found that there were about 1600 entries
of F(s) totally.
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Figure 1: Training images (top); test images (bottom)

the state s(*). We set U( 5®) ) to be the largest of these 6 val-
ues, and mps( s®3) ) to the action which produced this largest
values.

After computing U( s©) ) for all “depth-3” states, we then
recur, to deal with depth-2 states, and so forth.

Of course, these states here actually refer only to the ab-
stracted state F( s ). Moreover, we “bin” these values: Sup-
pose we have encountered some abstracted state F(s; ). If
we later find a state so, where F(s1) =5 F(s2), and de-
termine U(F(s1)) < U(F(s2)), we would then reset the
value of U(F(s1)) and mps(F(s1)) to be the values found
for F(s2).

Retrieving the most promising operator during interpre-
tation: This entire procedure of computing the optimal policy
mps is done off-line, during the training phase. During inter-
pretation (performance phase), in any state s; we (i) find the
“nearest neighbour” F( s; ), such that the sum of the distances
between the corresponding features in F( s; ) and F( s; ) is
the minimum over all possible entries; and (ii) return the oper-
ator s (F(s;)), which is either “Stop”, or an instantiated
operator — say 0, (25, (50, 66), (60,52) ). If not-Stop, the
run-time system then executes this operator to locate another
feature, which produces a new state (updating the total cost
and posterior distribution as well). It then determines the next
action to perform, and so forth.

There is one place where our system might perform differ-
ently from what the policy dictates: As we are maintaining the
actual cost so far, and the actual posterior distribution over
interpretations, our run-time system will actually terminate if
either the actual cost has exceeded our specs, or if the highest
probability is above the minimal acceptable value.

Notice, given our specific set-up — e.g., only 4 types of op-
erators that can only be executed once, and which always suc-
ceed, etc. — the policy obtained can be viewed as a “‘straight-
line” policy: seek one specific feature, than another, until
achieving some termination condition; see Figure 2 for an ex-
ample. In general, this basic dynamic programming approach
could produce more complex policies.

4.4 Operator dependencies

Our face recognition system will exploit a certain type of op-
erator interactions, viz., using the result of one operator to sim-
plify a subsequent one. That is, after detecting some feature
(say the left eye), we expect to have some idea where to find
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7TBS( <C, 13, (xz(g,yze,xre,yre,xn,ymxmaym» l
IfC>Cmaz V Pmin <max, P(id() =z |F)
Then Return( Stop )
Else Case <Zlfle, Yles Tres Yres Tny Yny Tm,y ym> of
(L, L, 1,1, 1, 4 1) L)
Return( 01 (25; (31, 52) £ (21, 22)))

* <xl€7 Yte, J—a J—a J—7 J—7 J—7 J—)
Return( o,¢(25; (e + 46, yie + 8) £ (25,17)))

* <xle, Yie, Tres Yre, L, L, L, J—)
if <xle, Yiey Tre, yre> s <16, 43, 50, 38>
then Return( 0., (30; (@re — 6, yre + 22) & (24,22)) )
else Return( 0, (25; (Tre — 6, yre + 22) £ (24,22)))
* <xle, Yiey Tres Yres Tny Yn, J—a L >:
if <xle, Yiey Trey Yrey Tn, yn> s <197 41, 52, 41, 33, 51)
then Return( 0, (30; (zn + 14, y» + 30) £+ (31, 19)))
else Return( 0, (25; (xn + 14, yn + 30) &+ (31,18)))

* Return( Stop )

Figure 2: Policy 7wgg
<Cmam = 00, Pmin - 09>

learned by BESTSEQ, for

the other features (e.g., the right eye). We model this as a lin-
ear function, mapping from the location of the left eye to the
expected location of the right eye. If the left eye was detected
at (e, Yie ), then the expected location of the right eye would
be the window (z;. + 46, yie + 8) £ (25, 17). We also model
the “variance” — i.e., the size of the search window around
this expected position. To be more precise, let us assume that
the search window for some feature f; is of size ;1 X 741
pixels. After detecting feature fo, we instead search for f; in
a smaller region r;; x 7, centered at the location that we
computed from f5’s location, using that linear function.

After observing several features (say nose and left eye), we
will have several estimates for the location of the current fea-
ture (here right eye). Here we take the smallest bounding box
and use that as the search area for locating the current feature.
This “factoring” means we need only consider a set of 4 x 3
transformations (of each of the four feature versus the other
three features), rather than deal with all possible subsets.

To make these ideas more concrete: Initially, given no other
information, we would look for the right eye in the region
(67,52)+(25, 22). However, after finding the left eye at loca-
tion £;. = (25, 50) our system knows that, if asked to look for
the right eye, it should search in the region (71, 58) & (25, 17).
(We are not committing to looking for the right eye at this
time; just indicating where to search, if requested.) Notice
this region is different from the one we would consider if we
had not located the left eye; moreover, if we also knew that
the nose was at location ¢, = (30, 50) (as well as left eye),
we would use a yet more refined region — here (61, 55) +
(15,12).

4.5 Image interpretation policies

During interpretation, INFOGAIN and (the policy produced
by) BESTSEQ each iteratively select an operator o(k) € O.
(Recall that the values of r and ¢ are determined from the con-
text (of other detected features); we therefore do not need to
specify them here.) INFOGAIN chooses an instantiated op-
erator o = o07;(krg) that has the maximum EIG(0)/c(o)
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value. BESTSEQ selects an operator o, = 7wrs(F(s))
where s is the current state and 7pg is the (optimal) mapping
from state to actions. In each case, the operator is applied to
the appropriate region in the given test face image and the dis-
tribution is updated...until one face is identified with suffi-
ciently high probability (> P,,;,) or the system fails (by ex-
hausting all the possible operators, or cost > C,qz)-

5 Experiments

We used face images of 102 different people, each 92 x 112
pixels. We assigned 187 images to the set 7', another 187 im-
ages to S and used another 333 as test images.®> As shown in
Figure 1, the faces are more or less in the same pose (facing
front), with some small variation in size and orientation.* We
considered all 20 operators based on the four features listed
above and k € {25,30,35,40,45} for each feature. The
BESTSEQ interpretation policy decides precisely what oper-
ator 0;(k, ¢, ) to apply on which portion of the image, given
each state (which here corresponds to a specific set of infor-
mation gathered); see Figure 2.

Basic Experiment: We set P,,;,, = 0.9 and C,4, = 00
(i.e., no upper limit on identification cost).> In each “set-up”,
we assigned a random probability to each person (correspond-
ing to drawing a sample with replacement). On each run, we
picked one face randomly from the test set as the target, and
identified it using each of the policies. We repeated this for a
total of 30 runs per set-up, then changed the probability dis-
tribution and repeated the entire process again, for a total of
15 set-ups. The accuracy of identification for INFOGAIN and
BESTSEQ are 89.78% and 90.44%, respectively. (Recall both
were required to obtain at least P,,,;, = 90%.) The average
cost of identification was 1.045 +0.038 and 0.717 £0.030 sec-
onds® for INFOGAIN and BESTSEQ respectively. Hence, we
see BESTSEQ took much less time than INFOGAIN to obtain
this level of accuracy.

The first two rows of Table 1 shows how often INFOGAIN
(resp., BESTSEQ) used one (resp., two, three, four) operators
before terminating, over these 450 runs. We observe the IN-
FOGAIN applied slightly more operators than BESTSEQ on
the average. More importantly, as BESTSEQ can exploit sim-
ple operator interactions, the search area it uses for the sub-
sequent operators can be narrower than INFOGAIN’s. These
two factors result in a much lower cost for BESTSEQ.

Bounding the Cost: In many situations we need to impose a
hard restriction on the total cost; we therefore considered var-

3We assume that any test face-image belongs to one of the people
in the training set, but probably with a different facial expression or
in a slightly different view, and perhaps with some external features
not in the training image (like glasses, hat, etc.), or vice versa.

*(1) These faces were downloaded from the
web sites whitechapel .media.mit.edu and
www.cam-orl.co.uk. (2) This work assumes the head has
already been located and normalized; if not, we can use standard
techniques [TP91] first.

3The other part of the task, V, is “identifying people”; this is true
for all of the experiments discussed here.

6 All the experiments reported in this paper were run on a Pentium
866 MHz. PC with 128 MB RAM running Linux OS 2.2.19-12.
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Table 1: How often BESTSEQ (INFOGAIN) used k Operators

Craz | 1 | 2 | 3 | 4 | ave

1G 00 7.11 | 57.56 | 10.00 | 25.33 || 2.54
00

BS (Prin = 0.9) 8.89 | 56.00 | 15.33 | 19.79 || 2.46
BS 2.00 11.33 | 64.89 | 3.78 | 20.00 || 2.32
BS 1.50 11.33 | 64.89 | 3.78 | 20.00 || 2.32
BS 1.00 11.33 | 64.89 | 5.33 | 19.11 || 2.34
BS 0.50 65.33 | 34.67 | 0.00 0.00 || 1.35
BS 0.25 100.0 0.00 | 0.00 0.00 || 1.00

BS = BESTSEQ; IG = INFOGAIN

ious values of C, 4, in the range [0.25-2.0] seconds. We then
picked one face randomly from the test set, and identified the
test image for each of these maximal costs, using INFOGAIN
and BESTSEQ.

As always, we terminate whenever the probability of any
person exceeds P,,;, or if the cost exceeds C), 4., returning
the most likely interpretation.

We repeated this experiment for a total of 15 set-ups (each
with a different distribution over the people) and with 30 ran-
dom runs (target face images) per set-up. We found that
74.29% of the policies produced matched the policy shown in
Figure 2.

Figure 3(a) plots the accuracy (the percentage of correct
identifications) for the policies found for various values of
Cinaz- In general, the policies produced by BESTSEQ had
better accuracy than the ones produced by INFOGAIN. BEST-
SEQ found different policies for different costs. The bottom
5 rows of Table 1 show how often BESTSEQ used one (resp.,
two, three, four) operators for different values of C,,,,, before
terminating.

For low cost values (under 0.5 seconds), BESTSEQ per-
forms much better than INFOGAIN (accuracy of ~65.33%,
versus ~21.78%). As BESTSEQ was able to exploit operator
interactions. it was able to apply a second (and probably a
third) operator by using a smaller sweep area (¢, r) within the
allotted time. Since INFOGAIN does not exploit this, it needed
significantly more time.

Varying the Minimum Accuracy: In this experiment, we
varied P,,;, from 0.1 to 0.9. For each of these values, we
chose a face randomly from the test set as the target and iden-
tified it using each of the two policies. During the process, the
first person ¢ in the training set for which P(id(h) =i|-) >
Py is returned (or if cost > C),q4., the most probable face
is returned). We repeated this for 30 different faces (runs) per
set-up, and repeated the entire process for a total of 15 differ-
ent set-ups. About 70.4% of these policies matched Figure 2.

We evaluated the results in two different ways. First, Fig-
ure 3(b) compares the percentage of wrong identifications of
each policy, for each P,,;,, value. We see no significant differ-
ence in error between BESTSEQ and INFOGAIN. The second
graph, Figure 3(c), compares the average cost of each policy,
for each P,,;, value. Here we see that BESTSEQ has much
lower cost than INFOGAIN. Again, this is because BESTSEQ
can use operator interactions to sweep a narrower region.
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Figure 3: (a) Cost vs. Accuracy

6 Conclusions

Future Work: This paper explored one type of operator in-
teraction: where the output of one operator can be used to help
a subsequent operator — here by reducing the time it will re-
quire to search. Moreover, our operators were relatively sim-
ple, as they always succeeded (or at least, think that they suc-
ceed), and they could be run in any order. As a consequence,
our policy was quite simple — just straight-line sequence of
operators.

There are many ways to extend our analysis. First, it might
be useful to allow each operator to return not just a position,
but also other information, such as confidence (which would
become part of the state). The best policy, then, could use
that information when deciding on the proper future action to
take. If the abstracted state also included other information
about the image, such as average intensity, the policy could
use that information as well. This could result in a policy that
was more complicated and, presumably, more accurate.

Finally, it would be interesting to consider operators that
have some explicit dependency — e.g., one cannot run the
“connect edgel” operator unless we have already run some
“produce edgel” operator. These precedence constraints
would add yet other challenges to our framework.

Contributions: This paper shows how dynamic program-
ming can be used to build efficient interpretation systems. We
argue that computing the utility of operator sequences, which
incorporate the benefits of operator interactions, can play a
significant role towards building efficient interpretation sys-
tems. However, in several real world situations, such systems
may have (i) to deal with complex and unwieldy states, and
(ii) to explore the operator space to find the most promising
operator sequence, which is expensive. We addressed the first
issue by using simplified abstract states in face recognition,
and addressed the second by using an off-line limited looka-
head search to find the most promising operator sequence.

We framed the image interpretation task as a Markov De-
cision Problem and used ideas from reinforcement learning to
compute the utility of imaging operators non-myopically over
a finite lookahead depth in an operator space. We built an in-
terpretation system that uses these concepts and compared its
performance with a successful myopic system in face recog-
nition. Our results show that the former has a much better per-
formance in various experiments that address the cost and ac-
curacy tradeoffs.
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Abstract

This paper proposes a dynamic model supporting
multimodal state space probability distributions
and presents the application of the model in dealing
with visual occlusions when tracking multiple
objects jointly. For a set of hypotheses, multiple
measurements are acquired at each time instant.
The model switches among a set of hypothesized
measurements during the propagation. Two
computationally efficient filtering algorithms are
derived for online joint tracking. Both the
occlusion relationship and state of the objects are
recursively estimated from the history of
measurement data. The switching hypothesized
measurements (SHM) model is generally
applicable to describe various dynamic processes
with multiple alternative measurement methods.

1 Introduction

Visual tracking is important in such application areas as
human-computer interaction, surveillance, and visual
reconstruction. Given a sequence of images containing the
objects that are represented with a parametric motion model,
parameters of the motion model are required to be estimated
in successive frames. Tracking could be difficult due to the
potential variability such as partial or full occlusions of
objects, appearance changes caused by the variation of
object poses or illumination conditions, as well as
distractions from background clutter.

One principle challenge for visual tracking is to develop
an accurate and effective model representation. The
variability in visual environments usually results in a
multimodal state space probability distribution. The Kalman
filter [Brown, 1983; Rohr, 1994], a classical choice
employed in tracking work, is restricted to representing
unimodal probability distributions. Switching linear
dynamic systems (SLDS) [Pavlovic and Rehg, 2000] and
their equivalents [Shumway and Stoffer, 1991; Kim, 1994]
have been used to describe dynamic processes. Intuitively, a
complex dynamic system is represented with a set of linear
models controlled by a switching wvariable. Joint
probabilistic data association (JPDA) [Bar-Shalom and
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Fortmann, 1988] and multiple hypothesis tracking (MHT)
[Cox and Hingorani, 1996] techniques, which represent
multimodal distributions by constructing data association
hypotheses, can be cast in the framework of SLDS as well.
Moreover, Monte Carlo methods such as the Condensation
algorithm [Isard and Blake, 1996] support multimodal
probability densities with sample based representation. By
retaining only the peaks of the probability density, relatively
fewer samples are required in the work of Cham and Rehg
[1999]. A switching model framework of the Condensation
algorithm is also proposed by Isard and Blake [1998].

On the other hand, the measurement process is another
essential issue to deal with the potential variability.
Measurements are not readily available from image
sequences in visual tracking. Even an accurate tracking
model may have a poor performance if the measurements
are too noisy. Parametric models can be used to characterize
appearance changes of target regions [Hager and
Belhumeur, 1998]. In the work of Galvin et al. [1999], two
virtual snakes, a background and a foreground snake for
each object, are generated to resolve the occlusion when two
objects intersect. Rasmussen and Hager [2001] describe a
joint measurement process for tracking multiple objects
enumerating all possible occlusion relationships. The
measurement with respect to the most possible occlusion
relationship is determined from the current frame.
Moreover, layered approach [Wang and Adelson, 1994;
Ayer and Sawhney, 1995; Jojic and Frey, 2001; Tao et al.,
2002] is an efficient way to represent multiple moving
objects. A moving object is characterized by a coherent
motion model over its support region.

In this paper, the idea of switching hypothesized
measurements (SHM), which results in a SHM model
supporting multimodal distributions, is proposed to handle
the potential variability in visual tracking. The approach
acquires a set of hypothesized measurements for different
occlusion hypotheses at each time instant. Comparing with
the above mentioned state space models, the SHM approach
switches among a set of hypothesized measurements rather
than switches among a set of models. Two computationally
efficient filtering algorithms are derived for jointly tracking
multiple objects. Both the occlusion relationship and state of
the objects are estimated from the history of measurements.
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2 Model

2.1 Hypothesized Measurement

For a hidden state sequence {z;} (k € N), the objective of
online tracking is to recursively estimate z; from the set of
all available measurements y,x = {y;} << up to time k. For a
certain complex system, the estimation may be influenced
by a mode or switching state sequence {s;} as well, with s;
e {1,2, ..., L} (L € N). Specifically, the mode switching
originates from the measurement process in our work. The
notion of a measurement is extended to a set of L
hypothesized measurements y, = (Yc.1, Yx2, --- » Yx.) at €ach
time instant. Each y;; (1 <j < L) is called a hypothesized
measurement since it is obtained by assuming that the
switching state sy is j at time £.

To illustrate the idea of hypothesized measurement,
consider the measurement process for jointly tracking two
objects, e.g. a rectangle and a circle, in an image sequence
{g«}. To deal with occlusions between the two objects when
measuring the kth frame g, the switching state s; is
introduced to describe the depth ordering at time . s, € {1,
2}, where s; equals 1 if the rectangle is in front of the circle,
and 2 if the circle is in front of the rectangle. The
hypothesized measurement y;; (I < j < 2) is denoted as
(ygfl’)j,yf’})T , where yg’)j is the measurement for the

rectangle, and yg} is the measurement for the circle under

the jth hypothesis.
Under the hypothesis of s; = 1, i.e. the circle is occluded
by the rectangle at time £, the rectangle should be measured

first to acquire yﬁfl’)l . Then the observed rectangle is masked

in the image. The occluded area of the circle is ignored and

only the visible region is matched normally to get yfl)

Similarly, under the hypothesis of s, = 2, i.e. the rectangle is
occluded by the circle, the circle should be matched first to

get y}f%, then the masked image is used to measure yg)z

Thus, the occlusion will not affect the measurement result. It
is obvious that both hypothesized measurements support the
condition of nonocclusion since different depth orderings of
nonoverlapping objects are visually equivalent. The
probabilities of the hypotheses should be equal in the case
of nonocclusion.

Unfortunately, the occlusion relationship is not given
before hand. The objective of our SHM approach is to
estimate both the switching state and the hidden state from
the history of the hypothesized measurements.

2.2 Linear SHM Model for Joint Tracking

For joint tracking of M (M e N) objects in the scene, the
switching state s; represents the occlusion relationship at
time k. s, € {1, 2, ..., L}, and L = M!. We assume the
switching state follows a first order Markov chain with the
following transition probability,
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with Zai, ;= 1. The hidden state z; is denoted as
1

z,2?,..,2")", with z{" (1 < m < M) being the state
for the mth object at time k. For a linear process with
Gaussian noise, the hidden state transition model becomes

21 = Fz +m, (2a)

P(Zi1 | Z) = N(zir; Fzy, Q), (2b)
where FeR"™ xR™ is the state transition matrix, n is a
zero-mean Gaussian noise with covariance matrix Q, and
M(z; m, X) is a Gaussian density with argument z, mean m,
and covariance Z.

Figure 1: Bayesian network representation of the SHM model

Given the switching state s, at time £, the corresponding
hypothesized measurement y, , could be considered as a

proper measurement centering on the hidden state, while
every other y,; for j # s; is an improper measurement
generated under a wrong assumption. The improper
measurement should be weakly influenced by the hidden
state z; and have a large variance. To simplify the
computation, we assume a normal distribution for a proper
measurement and a uniform distribution for an improper
measurement. The measurement model is simplified as

2+ vy if =5,
Yk, :{ ! . (3a)
w, otherwise,
N(yi sz Ry )it j=sp,
Py | St 1) = ! - (3b)
a constant, otherwise,

where v;; is a zero-mean Gaussian noise with covariance
matrix Ry;, and w is a uniformly distributed noise, whose

density is a small positive constant. For the measurement of
M objects, y; is denoted as (yﬁcl,)j,ygf},...,y%) r

is written as (vg)j, Vf},...,v%))T . Given the current state,

, and vy

the conditional independence among the hypothesized
measurements is  assumed to make the model
computationally efficient.
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Y| Sk =J, 2) = p(Yi1> Yi2s -+ Yo | Sk =J, Zk)

=p(Yij | Sk =J, Zk)HP(Yk,z I'sp = Jj>2;)
1#j
o M(Yij3 Zis Riy)- 4)
The SHM model can be represented by a dynamic Bayesian
network shown in figure 1.

3 Method

3.1 Measurement

Multiple, occluding objects are modeled using layer
representation. Layers are indexed by m =1, 2, ..., M, with
layer 1 being the layer that is closest to the camera and layer
m being behind layer 1, 2, ..., m—1. There is one object in
each layer. The number of all occlusion relationship
hypotheses (or depth ordering permutations) is L = M!. Each
permutation is tagged with a index j (1 <j < L).

Under each permutation hypothesis, the object in the
front layer 1 should be measured first from the image g; at
time k. Then the object in layer 2 can be matched from the
masked image, and so on. At last, the object in layer M can
be measured. Occluded points are not matched when
measuring the objects. Measurement results of
nonoverlapping objects should be equivalent for different
depth ordering permutations. Given the reference image g,
(r < k), the measurement is based on minimizing the mean
of squared intensity differences between the current image
and the reference region. Under the jth hypothesis, yﬁ{””j? is

the hypothesized measurement of the mth object, and ¢} is

the corresponding squared difference mean at time k. The

@ ,(2) (M)NT
(ek,j,ek’j,...,ek’j) e The

covariance matrix Ry; is obtained by assuming that the
components of the measurement noise are uncorrelated to
each other, and the wvariances is proportional to the
corresponding squared difference mean.

vector 1S written as

3.2 SHM Filter

From a Bayesian perspective, the online tracking problem is
to recursively calculate the posterior state space distribution.
Given the measurement data up to time k, the probability
density function (pdf) of the state is expressed as

P(Sk=J, 2| Y1)

=p(si=J | Y1) P(Zi | 5=, Y1)

=f; Mz my, Py, ®)
where p(si = j | Y1) is denoted as S, withz,b’k,j =1, and

J

the conditional density p(z; | sx = j, Yix) is modeled as a
normal distribution N(zy; my;, P;;) under each switching
state hypothesis. Thus the pdf p(z; | y,) is a mixture of L
Gaussians.

At time k+1, the set of hypothesized measurements y;;
becomes available, and it is used to update {f;, my;
P} i<j<r t0 {Beri o Misr s, Pra i} 1< via Bayes’ rule.
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DP(Skrts Sk Ziewt | Y1)

=——————p(Yer1 | Ske15 Zir1) P(Skets Sk Zicrr | Y1:4)
Pkt | Y1)
CP(Yirt | Ske1s Zier) P(Skets Sko Ziee1 | Y1:0)- (6)
In principle, the filtering process has three stages:
prediction, update, and collapsing [Murphy, 1998]. From
(1), (2), (4) and (6), the approximate inference algorithm
can be derived in a similar way as that in a Gaussian sum
filter [Anderson and Moore, 1979].

B =p(Sir =1 Yine1)
Zai,jﬂk,jN(yk-H,i;mk+l|k,j SSiiy)

o
ZZ“i,jﬂk,jN(Yk+1,i S e S ,)
i

P(Zisr | Sknr =1, Sk =J, Yiur1) = N(Zger; My g5 P gp), (7b)
p(Zk+1 | Sir1= 1, Y1:k+1)

R Z BrariyN @My 75 Py )
J

~ N(Zyv1; My iy Pror ), (7¢)
where
my. ;= Fmy,

Puiy, =FP, F +Q,

Sy = Proe,j + Ry s

Kk+1,i|j = Pk+1\k,jS;-le-1,i|j >

my =My s+ K (Ve — My ) >
Pk+1,1'\j = Pk+1|k,j - Kk+l,i|ij+l|k,j >

_ ai,jﬂk,jN(ka,i;mk+l|k,j’Sk+1,i|j)
PBraij =

B
zai,jﬂk,_/N(YkJrl,i;mk+1\k,j’Sk+1,i|j)
J

My, = Z Bt Mps1) 5
J

P, = Zﬂkﬂ,ﬂj (Pt
J

T
(Mg =My )My —my )7 ]
The state at time k+1 is estimated as
Sy =arg max P(Sp =0 Yign) = argmax ﬂk+l,i , (8a)
1 1
ik+l = argrgaxp(zkﬂ | Skl = §k+lﬂsk = §kay1:k+l)
k+1
My s, (8b)
From (7) it can be seen that the computation of the SHM

filter is slightly more complex than that of multiple Kalman
filters or Gaussian sum filters.

3.3 Fast SHM Filter

When occlusion is the main factor in the potential variability
of joint tracking, we can assume that the measurement noise
under the true occlusion hypothesis is small. When the noise
becomes zero, the measurement model can be simplified as
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0¥, — 21 j =154,
a constant, otherwise,

P(Yij | Sk ) :{ ©)
where &) is the Dirac delta function. Consider the
minimized mean of squared differences as a part of the
hypothesized measurement, so that the definition of
measurement can be generalized as

Yi; = i€ ) s Vi =YitooYir) - (10
Assume that e;; is independent on y;; and z, and the
posterior density of the squared difference mean is of
exponential distribution for each object (More accurate
expression could be derived using the * distribution.) under
the true hypothesis, the pdf of e, is factorized as

plers | s 20 =pleg; |0 =] [ pel™ Is1). (11a)
m

(m)q 50+ _
o exp[—e; / ,if j=s,.
p(el(c’:lj) 5,) { pl k,j Lif j=s;

is a constant, otherwise.

(11b)

The generalized measurement model now becomes
p(Y;c |Sk =JsZy)
=p(Yi, ISk = ]',Zk)HP(y'k,l lse =J>24)
1#j
o p(Yij | sk =7, z) plex; | sk =J, i)
C ;O(Yij—2k) s
where 7, = Hexp[—e,ﬂt’})] )

m

At time £, the conditional pdf of the state is expressed as
p(si =J,zy |yi:k)=ﬁk,j5(zk_yk,j): (13)
where S is p(sy =Jj|¥ix), and p(z; [s, = j,yiy) equals
Az — yi,). From appendix A, the filtering algorithm is
Birri= p(Sga =11Yixa)

Zai,jﬂk,ﬂk+1,iN(Yk+1,iQFYk,an)

(12)

(14)

1

J
Zzai,jﬂk,jnkJrl,iN(ka,i;Fyk,j Q)
i

The state at time £ is estimated as

W o 4
.4 ¥y v
(c.1) (c.2) (c.3)

§ =argmax p(s; = /| yix) =argmax f ;. (152)
J J

z; =argmax p(z; | s; =5, Y1) =Yg, - (15b)
Z

The result {y,; } can then be plugged into a Kalman

filter to achieve improved performance. Such a SHM-
Kalman filter keeps the multimodality of the SHM model
and has attractive computation requirement. In addition, the
collapsing stage is not necessary in the fast SHM filter.

4 Implementation

In practice, we use the second order (constant velocity)
model. The hidden state transition function is

Ziy 21 -1 Zin n
= —+ .

Z, I 0\ z, 0
where z; is the tracked entity (e.g. position and orientation).
The hidden state and state transition matrix can be
correspondingly defined. The switching state transition

probability is set as
1-4,ifi=j,

(16)

a; j

(17)

. otherwise,

where A is a small positive value (0.1 in this paper) so that
two successive switching states are more likely to be of the
same label. At the beginning, the reference image g, is set as
the initial image go. When there is a high confidence in
nonocclusion, the reference image can be adaptively
updated. The objects are assumed to be separated from each
other in go. The initial £, my, and Py; should be equal for

different j because of nonocclusion. f; = p(so = j) = %

The initial mean my; is set as a zero vector. The initial
covariance matrix Py is set as diagonal with small variances
since the initialization is assumed to be accurate. When an
object is totally occluded by the other objects, no points of
the target region will be matched. The estimation is based
on the result of time k£ using the state transition function
when no visible region of the object is expected at time &+1.
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Figure 2: Results of tracking the two hands of a person
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Figure 3: Results of tracking the four shanks of two persons

5 Results and Discussion

Test results of two video sequences are shown in our
experiments. The state is the position and orientation, and
the second order model is employed. Each measurement is a
translation and rotation.

Figure 2 shows the tracking of two hands of a person as
they cross several times in an image sequence. Figure 2a
shows the three frames of the sequence. Appearance
variation of the hands due to pose changes can be seen.
Figure 2b and 2c¢ demonstrate the tracking efficacy of the
fast SHM filter versus the Kalman filter. The fast SHM filter
successfully tracks both hands under different occlusion
relationships. In figure 2b, one hand is drawn in black
contour when the detected depth order indicates that it is in
front of the other hand. The Kalman filter has a similar
performance when occlusions are not severe, but poor under
heavy occlusions. In figure 2c¢.3, the distraction from
background clutter causes the Kalman tracker to fail. The
normalized posterior distributions for the vertical position of
the left hand in figure 2a.2 and 2a.3 are shown in figure 2d.1
and 2d.2. When the occlusion is not severe, measurements
under the two hypotheses are the same, and the distribution
is unimodal. Under heavy occlusions, the distribution
becomes multimodal since the two hypothesized
measurements tend to be different. The measurement under
true hypothesis matches the hand correctly, while the
measurement under false hypothesis is distracted by
background clutter. Figure 2e shows the probabilities of the
first occlusion hypothesis (the left hand being in the front)
over the first 300 frames. The probabilities for the three
frames in figure 2a are circled. The probabilities of the two
hypotheses are equal in the nonoverlapping cases, while the
probability of the true hypothesis becomes dominant under
occlusions.

Figure 3 shows the results of jointly tracking the four
shanks of a man and a woman as they cross. The man’s right
shank has been totally occluded in the sequence. There
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should be totally 4! = 24 hypotheses if we directly apply the
SHM filter in section 3.2. To reduce the computation, two
reasonable assumptions are made to prune less plausible
hypotheses. Firstly, one’s legs can not simultaneously
occlude and be occluded by the other’s legs. Secondly, the
occlusion relationship between the man and woman can be
determined from their bodies. Thus the whole tracking
procedure is divided into three trackers. The first one tracks
the two bodies of the walkers. According to the detected
occlusion relationship, the two shanks of the person in the
front are then tracked. At last, the shanks of the other person
are tracked in the masked image. Figure 3a shows the results
for the four frames of the sequence (circles are marked on
the man’s body and shanks, and rectangles are marked on
the woman). Figure 3b shows the posterior distributions for
the horizontal position of the occluded body in figure 3a.1-
3a.3. When the two bodies are separated, the density is
unimodal and of a small variance. The density variance
increases when occlusions occur. It becomes multimodal
under heavy occlusions. Figure 3¢ shows the probabilities of
the woman’s body being in the front. The probabilities for
the four frames in figure 3a are circled.

Under realistic environments, it is understandable that
comparing with the other hypothesized measurements, the
measurement under the true occlusion hypothesis usually
shows more regularity and has smaller variances (or squared
difference means). Thus, the true information (the switching
state and the hidden state) could be enhanced through the
propagation. In addition, the acquirement of multiple
measurements helps decrease the information loss (e.g.
caused by background clutter) during the measurement
process.

6 Conclusion

This paper proposes a SHM model for state space
representation of dynamic systems and derives two efficient
filtering algorithms. Our joint tracking approach explicitly
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reasons about the occlusion relationships. The occlusion
relationship is quantitatively analyzed throughout the
propagation. The information can be used for reference
update and further analysis. Moreover, experimental results
show that our method helps handle appearance changes and
distractions.

The SHM model discusses the measurement switching in
dynamic systems. It is complementary to the idea of model
switching in [Ghahramani and Hinton, 1998]. Our future
study is to effectively combine these two ideas in visual
tracking. Furthermore, the SHM model is generally
applicable to various dynamic processes in which there are
multiple alternative measurement methods.

A Inference in Fast SHM Filter
The predictive density of the state is
P(Skar =15, = JiZgn | Vi)
:IP(Sk+1 =1,24 | Sk = J,2)p(S = o2y | Yig )dzy
= (s =ilse = Dplsi =71y
.[P(Zkﬂ | 2Py |5 = /oY1 )dz,

:ai,jﬂk,jJ.N(ZkH ;Fz,,Q)o(z, ~Yk,j )z,

=a; ;B N2 Fy ;,Q) (18)
After receiving the measurement y/,,, the posterior density
is updated using (6).

(St =65k = /521 | Yigar)

o P(Viest | Skt =8Zps1) P(Spy =085 = JoZpy | Yia)

< ;i B MO kit — Zis )N (2113 Fy g 1, Q)

= i B iMe+1,0 Zgr =Y k1 )NV k11,3 FY 1 1, Q) - (19)
The probability of the switching state is updated as

B = P(Spar =11 Y141)

:ij(skﬂ =08 = JoZpa | Va2
J

o ey 200 B N i FY 1 - Q) | (20)
J

Since z Bii1i = 1, Brri can be caleulated by normalizing.

1

Zai,jﬂk,jnkﬂ,iN(Ykﬂ,i;Fyk,j Q)

B, = . :
z Zai,j Bre, i1 i NV k11,3 FY i ;5 Q)
i
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