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Abstract

We address the task of problem determination in
a distributed system usingprobes, or test transac-
tions, which gather information about system com-
ponents. Effective probing requires minimizing
the cost of probing while maximizing the diag-
nostic accuracy of the probe set. We show that
pre-planning an optimal probe set is NP-hard and
present polynomial-time approximation algorithms
that perform well. We then implement an active
probing strategy which selects probes dynamically
and show that it yields a significant reduction in
probe set size in both simulation and a real system
environment.

1 Introduction
Accurate diagnosis in a complex, multi-component system
by making inferences based on the results of various tests
and measurements is a common practical problem. Devel-
oping cost-effective techniques for diagnosis in such systems
requires that high accuracy be achieved with a small number
of tests. In this work we present a generic approach to this
problem and apply it specifically to the area of distributed
systems management.

The key component of our approach is an “active” mea-
surement approach, calledprobing. A probe is a test transac-
tion whose outcome depends on some of the system’s com-
ponents. Diagnosis is performed by appropriately selecting
the probes and analyzing the results. For distributed systems,
a probe is a program that executes on a particular machine
(called a probe station) by sending a command or transaction
to a server or network element and measuring the response.
Theping program is probably the most popular probing tool
that can be used to detect network availability. Other probing
tools, such as IBM’s EPP technology, provide more sophisti-
cated, application-level probes. For example, probes can be
sent in the form of test e-mail messages, web-access requests,
and so on.

Previous work studied the problem of probe-selection
[Brodieet al., 2001], [Ozmutluet al., 2002] and efficient di-
agnosis from probe outcomes using approximate inference in
Bayesian networks[Rishet al., 2002], but the NP-hardness of

Figure 1: Active Probing System.

probe-selection and the idea of active probing were not con-
sidered there.

2 Pre-Planned Probing

In pre-planned probing, given an initial set of probes, we want
to compute the smallest subset of probes such that each sys-
tem state will produce a different set of probe outcomes, al-
lowing the state to be uniquely determined.

Proposition 1 Probe-set selection is NP-hard.

Proof: The proof is via a reduction from 3-Dimensional
Matching (defined in[Garey and Johnson, 1979]). Details
can be found in[Brodieet al., 2003].

We implemented two approximation algorithms for pre-
planned probing - greedy (quadratic) search and subtractive
(linear) search. Greedy search starts with the empty set and
adds at each step the “best” of the remaining probes - the
probe which maximizes the information gained about the sys-
tem state. Computational complexity is quadratic in the size
of the initial probe set. Subtractive search starts with the com-
plete set of available probes, considers each one in turn, and
discards it if it is not needed. Computational complexity is
linear in the size of the initial probe set. Neither algorithm is
optimal in general - empirical results are provided below.
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Active Probing

Input: A set of available probesP and a prior distribution
over system statesPr(X).
Output: A setPa of probes and their outcomes,
posterior distributionBelief(X) and its supportS.
Initialize: Belief(X) = Pr(X), Pa = ∅, S = support ofPr(X).
do

1. select current most-informative probe:
Y = arg maxY ∈P\Pa I(X; Y |Pa)

2. executeY ; it returnsY = y (0 or 1)
3. updatePa = Pa ∪ {Y = y}
4. updateBelief(X) = Pr(X|Pa)

while ∃Y ∈ P such thatI(X; Y |Pa) > 0
Return Pa, Belief(X), S =support ofBelief(X).

Figure 2:Algorithm for Diagnosis using Active Probing.

3 Active Probing

Active probing, allows the selection of later probes to depend
on the results of earlier probes. An active probing system is
outlined in Figure 1. Probe-stations issue probes which tra-
verse different parts of the network. The results of the probes
are analyzed to infer what problems might be occurring. If
additional information is needed in order to locate the prob-
lem, the “most-informative” probe, which provides the largest
information gain about the true state of the system, is com-
puted and sent. When additional probe results are received
further inferences are made, and the process repeats until the
fault is localized. The algorithm is described in Figure 2.

Active probing allows fewer probes to be used than if the
entire probe set has to be pre-planned, though more complex
inferential machinery is needed to support it.

4 Results

Simulation results, using randomly generated networks, are
shown in Figure 3a (small networks) and Figure 3b (large net-
works, where finding the true minimum is impractical). The
approximation algorithms for finding the smallest probe set
perform well and are close to the true minimum set found by
exhaustive search. It is also clear that active probing consid-
erably reduces the size of the probe set when compared with
pre-planned, or “passive”, probing.

In Figure 4, we report the results on a real network. This
network, supporting e-business applications, includes many
servers and routers, and its performance and availability de-
pend on a number of software components. A set of 29 probes
was manually selected by an expert. Exhaustive search shows
that the minimum number of probes is actually only 24
probes, a saving of 17%. Greedy search returned 24 probes,
while subtractive search found 25 probes. For active probing,
Figure 3c shows the number of probes needed for localiza-
tion for each of the different single faults. The number of
probes needed never exceeds 16 probes and averaged only
7.5 probes, a large improvement over the 24 probes used by
pre-planned probing.

(a) Small Networks (simulations)

(b) Large Networks (simulations)

Figure 3: Active versus pre-planned probing results for ran-
domly generated networks.

Figure 4: Active probing averages 7.5 probes in a real appli-
cation where pre-planned probing requires 24 probes.
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Abstract

W.C. Rounds and G.-Q. Zhang have recently pro-
posed to study a form of resolution on algebraic do-
mains[Rounds and Zhang, 2001]. This framework
allows reasoning with knowledge which is hierar-
chically structured and forms a (suitable) domain,
more precisely, a coherent algebraic cpo as studied
in domain theory. In this paper, we give conditions
under which a resolution theorem — in a form un-
derlying resolution-based logic programming sys-
tems — can be obtained. The investigations bear
potential for engineering new knowledge represen-
tation and reasoning systems on a firm domain-
theoretic background.

1 Introduction
Domain Theory[Abramsky and Jung, 1994] is an abstract
mathematical theory for programming semantics and has
grown into a respected field on the borderline between math-
ematics and computer science. Studying relationships be-
tween domain theory and logic is of acknowledged impor-
tance in the field. There has been much work on the use of
domain logics as logics of types and of program correctness,
with a focus on functional and imperative languages. How-
ever, there has been only little work relating domain theory to
logic programming or other AI paradigms, two exceptions be-
ing the application of methods from quantitative domain the-
ory to the semantic analysis of logic programming paradigms
studied by Hitzler and Seda[Hitzler and Seda, 200x], and
the work of Rounds and Zhang on the use of domain log-
ics for disjunctive logic programming and default reasoning
[Rounds and Zhang, 2001].

The latter authors, in[Rounds and Zhang, 2001], intro-
duced a form of clausal logic generalized to coherent alge-
braic domains, motivated by investigating the logical content
of the Smyth powerdomain construction. In the following,
we study this clausal logic, henceforth calledlogic RZ for
convenience. The occurrence of a proof theory based on a
generalized resolution rule poses the question whether results
underlying resolution-based logic programming systems can
be carried over to the logic RZ. One of the most fundamen-
tal results underlying these systems is theresolution theorem

which states that a clauseX is a logical consequence of a the-
ory T if and only if it is possible to derive a contradiction, i.e.
the empty clause, via resolution from the theoryT ∪ {¬X}
[Robinson, 1965].

What we just calledresolution theoremis certainly an im-
mediate consequence of the fact that resolution is sound and
complete for classical logic. However, it is not obvious how
it can be transfered to the logic RZ, mainly because it ne-
cessitates negating a clause, and negation is not available in
the logic RZ in explicit form. This observation will lead our
thoughts, and in the end we will develop conditions on the
underlying domain which ensure that a negation is present
which allows to prove an analogue of the theorem.

2 The Logic RZ
We assume that the reader is familiar with basic domain-
theoretic notions, and we will follow the terminology from
[Abramsky and Jung, 1994] and[Rounds and Zhang, 2001].
In the following,(D,v) will always be assumed to be a co-
herent algebraic cpo. We will also call these spacesdomains.
An elementa ∈ D is called anatom, or anatomic element,
if wheneverx v a we havex = a or x = ⊥. The set of all
atoms of a domain is denoted byA(D).

Definition 2.1 LetD be a domain with setK(D) of compact
elements. Aclauseis a finite subset ofK(D). If X is a clause
and w ∈ D, we writew |= X if there existsx ∈ X with
x v w. A theoryis a set of clauses, which may be empty. An
elementw ∈ D is a modelof a theoryT , written w |= T ,
if w |= X for all X ∈ T . A clauseX is called a logical
consequenceof a theoryT , writtenT |= X, if w |= T implies
w |= X. If T = {E}, then we writeE |= X for {E} |= X.
For two theoriesT andS, we say thatT |= S if T |= X for
all X ∈ S. We say thatT andS are (logically) equivalent,
written T ∼ S, if T |= S and S |= T . In order to avoid
confusion, we will throughout denote the empty clause by{},
and the empty theory by∅. A theoryT is (logically) closed
if T |= X impliesX ∈ T for all clausesX. It is called
consistentif T 6|= {}.

Rounds and Zhang originally set out to characterize logi-
cally the notion ofSmyth powerdomainof coherent algebraic
cpos. It naturally lead to the clausal logic RZ from Definition
2.1.
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We can provide a sound and complete proof theory with
simple rules. Consider the following rule, which we callsim-
plified hyperresolution.

X1 X2; ai ∈ Xi

mub{a1, a2} ∪ (X1 \ {a1}) ∪ (X2 \ {a2})
(shr)

Also consider the following rules, which we call thereduc-
tion ruleand theextension rule.

X; {a, y} ⊆ X; y v a

X \ {a}
(red),

X; y ∈ K(D)
{y} ∪X

(ext)

Theorem 2.2 The system consisting of(shr), (ext) and(red)
is complete.

For derivations with the rules from above, we use the sym-
bol ` as usual.

3 A Resolution Theorem
We simplify proof search via resolution by requiring stronger
conditions on the domain.

Definition 3.1 Anatomic domainis a coherent algebraic cpo
D with the following property: For allc ∈ K(D), the set
A(c) = {p ∈ A(D) | p v c} is finite andc =

⊔
A(c).

We seek to represent a clauseX by a finite setA(X) of
atomic clauses which is logically equivalent toX. Given
X = {a1, . . . , an}, we defineA(X) = {{b1, . . . , bn} | bi ∈
A(ai) for all i = 1, . . . , n}.

Theorem 3.2 For any clauseX we haveA(X) ∼ {X}.

In view of Theorem 3.2, it suffices to studyT ` X for
theoriesT and atomic clausesX. We can actually obtain
a stronger result, as follows, which provides some kind of
normal forms of derivations. For a theoryT , defineA(T ) =
{A(X) | X ∈ T}.

Theorem 3.3 LetD be an atomic domain,T be a theory,X
be a clause and

T ` T1 ` · · · ` TN ` X

be a derivation. Then there exists a derivation

A(T ) ` A(T1) ` · · · ` A(TN ) ` A(X)

using only theatomic extension rule

X; y ∈ A(D)
{y} ∪X

(axt)

and themultiple atomic shift rule(mas), as follows.

ai ∈ Xi; mub{ai | i ≤ n} = {xj | j ≤ m}; bi ∈ A(xi)
{b1, . . . , bm} ∪

⋃
i≤n(Xi \ {ai})

It also turns out that the rules from Theorem 3.3 are sound.
We investigate next a notion of negation on domains.

Definition 3.4 An atomic domain is called anatomic do-
main with negationif there exists an involutive and Scott-
continuousnegation function : D → D with the properties:

(i) mapsA(D) ontoA(D).
(ii) For all p, q ∈ A(D) we havep 6↑ q if and only ifq = p.

(iii) For every finite subsetA ⊆ A(D) such thatp ↑ q for all
p, q ∈ A, the supremum

⊔
A exists.

Proposition 3.5 Let D be an atomic domain with negation.
Then for allc ∈ K(D) we havec =

⊔
{a | a ∈ A(c)}.

The following result, an analogue to the resolution theo-
rem mentioned in the introduction, allows one to replace the
search for derivations by search for contradiction.

Theorem 3.6 LetD be an atomic domain with negation. Let
T be a theory andX be an atomic clause. ThenT |= X if
and only ifT ∪ {{ā} | a ∈ X} ` {}.

On atomic domains with negation, we can therefore estab-
lish the following sound and complete proof principle.

Theorem 3.7 LetT be a theory andX be a clause. Consider
T ′ = A(T ). For every atomic clauseA ∈ A(X) attempt to
showT ′ ∪ {{a} | a ∈ A} ` {} using (axt) and (mas). If
this succeeds, thenT |= X. Conversely, ifT |= X then
there exists a derivationT ′ ∪ {{a} | a ∈ A} ` {} for each
A ∈ A(X) using only the above mentioned rules.

4 Conclusions
We have seen that for certain domains logical consequence
in the logic RZ can be reduced to search for contradic-
tion, a result which yields a proof mechanism similar to that
underlying the resolution principle used in resolution-based
logic programming systems. The result should be understood
as foundational for establishing logic programming systems
on hierarchical knowledge, built on a firm domain-theoretic
background. Further research is being undertaken to substan-
tiate this.
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1 Towards an Integrated Control/Diagnosis
Framework

Diagnosis of discrete event systems (DES) is an impor-
tant task, with several desiderata that include the ability to (1)
encode both control and diagnosis properties within a single
representation, and (2) to compose system models from com-
ponent models in a simple and efficient manner, e.g., without
the kind of state explosion that can occur during parallel com-
position of component Finite State Machines (FSMs).

Many formalisms have been proposed for the Model-Based
Diagnosis (MBD) of a DES, but each has drawbacks. The
representations based on FSMs, e.g., [Sampath et al., 1995],
have a clear control semantics but suffer from incompletely-
specified diagnostic semantics and state explosion during
model composition. MBD representations, e.g., [Darwiche,
1998], have been used to model DESs using space-efficient
compositional methods [Darwiche and Provan, 1996], but
lack well-developed control-theoretic specifications.

This article proposes a framework based on FSMs that has
a clear control and diagnostics semantics, yet enables model
composition without state-space explosions. We propose a
two-level modeling framework, based on a system hyper-
graph H that can serve as a generator for MBD and FSM
models. H specifies the component causal relations using
the graphical framework described within causal networks
(CN) [Darwiche, 1998], whereby we can clearly specify in-
dependence relations for system variables, and as a conse-
quence compose system models with system state spaces lim-
ited through independence relations. Our representation is
not significantly more complex than that of either FSM or CN
alone, yet is equivalent to both these representations. We in-
troduce to MBD modeling additional requirements for speci-
fying control transitions, and to FSM modeling requirements
on state descriptions and causal independence of components.

2 A Discrete Event Modeling Framework

We adopt a representation that is a hybrid of two key mod-
eling approaches, an MBD approach, Causal Networks (CN)
[Darwiche, 1998], and an FSM control/diagnosis approach
[Sampath et al., 1995].

∗email: gprovan@rwsc.com

We propose a two-level, component-based framework to
model complex discrete event systems.1 Our higher level
system representation, termed System Causal Graph (SCG),
provides a well-defined approach (based on bond graphs) for
describing the high level component (or sub-system) config-
urations and the physical/causal inter-relations of the com-
ponents (or sub-systems). We model the behaviors of indi-
vidual components using a lower level representation, called
a Control Causal Network (CCN). The CCN models can
be converted into regular Finite State Machines or Proposi-
tional Logics for further analysis using FSM-based discrete
event system techniques (e.g., supervisory control theory) or
model-based reasoning techniques (e.g., CN diagnostics), re-
spectively [Provan and Chen, 2003]. The behaviors of the
complete system are described by (the composition of) the
individual component models.

2.1 Component-Based Modeling Approach
This section describes the CCN framework we adopt for mod-
eling the components of a system. This representation adopts
the CN graphical structure and diagnostics specifications, and
encodes propositional equations for each node in the graph
based on an extension of FSMs. To explain our framework,
we first briefly introduce CNs and FSMs.

We adopt the CN model specification [Darwiche, 1998],
called a system description Φ, which defines a tuple
(P,G, Ψ), where (a) P is a finite set of discrete-valued vari-
ables comprising two disjoint variable types: Pm represents
the failure modes of the components, and Pm̄ represents sys-
tem properties other than failure modes; (b) G is a directed
acyclic graph that defines the causal relations over the vari-
ables in P ; (c) Ψ is a set of propositional sentences, the do-
main axioms, constructed from members in P . This approach
has a number of important properties, such as compositional
modeling based on the independence properties specified in
G: if component i has behavior equations Ψ i, then the system
behavior is specified simply by the union of the component
equations, i.e., Ψ = ∪iΨi [Darwiche, 1998]. Specifications
of, and algorithms for computing a diagnosis, minimal diag-
nosis, etc., are all well-defined [Darwiche, 1998].

An FSM is defined as G = (Q, Σ, δ, q0), where Q is the
state space, Σ is the set of events, δ is the partial transi-

1Our approach can be easily expanded into a multi-level nested
hierarchical structure to accommodate more complex systems.
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tion function δ : Q × Σ → Q (and defines the transitions
between states in Q), and q0 is the initial state of the sys-
tem. This framework has been extended for failure diagnosis
through the use of unobservable failure transitions and auto-
construction of an observer Gdiag [Sampath et al., 1995].

In our hybrid representation, we model each component
using a control causal network (CCN) consisting of a tuple
(P, {Σ, Q, Γ, δ, (qo, po), Qm},G, Ψ), where P is the set of
parameters, Σ is the event set, Q the state set, Γ the set of
guards (or pre-conditions), δ : Σ × Q × Γ × P → Q × P
the transition function, qo the initial state, po the initial value
of parameters, Qm the marked states, G a graph, and Ψ a
set of propositional equations.2 Parameters in the parame-
ter set P are discrete-valued, and guards γ ∈ Γ are pred-
icates on the parameters in P . We can view δ as a set of
transitions. An equation describing transition τ ∈ δ, de-
noted γτ ∧ στ ⇒ fτ (p), can be interpreted as follows: If
at state q the guard γτ is true and the event στ occurs, then
the next state is q′ and the parameters at q ′ will be updated
to fτ (p). We call the functions fτ (p) the actions of the tran-
sition τ . The set of all sequences of event labels (traces) of
a CCN given initial parameter setting p0 is the language L it
generates. We have shown in [Provan and Chen, 2003] that
this representation possesses the control-theoretic properties
of the finite state machine with parameters representation, and
is based on standard propositional logic with well-known se-
mantics.

2.2 System Causal Graph
An SCG H : (N , E) is a directed graph whose nodes in N
represent the components of the system and whose edges in
E : N × N denote the causal relations between the compo-
nents. A node Ni ∈ N is associated with a CCN component
model Ai, which represents the component’s behaviors.

The SCG’s graph H has properties similar to those of the
graph G of a CCN. H must preserve a number of control
and simulation/diagnostics properties.3 As an example, in or-
der to prevent possible ambiguity and direct circularity in the
causal semantics, we assume that the system represented in
an SCG should be structured such that any component in the
SCG may not be both the (direct) predecessor and the (direct)
successor of the same component in the SCG.

3 Properties of Integrated Representation
In the full paper [Provan and Chen, 2003], we prove a num-
ber of important properties of the SCG. One key property in-
volves the sound FSM and CN models that can be generated,
where by sound we mean that the model obeys the syntactic
and semantic requirements of the (FSM or CN) representation
in question:

2The definition is a discrete-parameter restriction of Finite State
Machines with Parameters [Chen and Lin, 2000], such that we use
a logical representation for state transitions. Our representation ex-
tends the representation and control semantics of the causal network
models defined in [Darwiche and Provan, 1996] by adding an ex-
plicit transition framework for each CN sentence in Ψ.

3The full paper, [Provan and Chen, 2003], discusses H and its
properties in detail.

Lemma 1 Mapping an SCG into an FSM (CN) produces a
sound system-level FSM (CN), respectively.

To show the CN model created by the above procedure is
equivalent to the FSM model, we show that they generate the
same language.

Theorem 1 Given an FSM G and a CN model Φ generated
from an SCG with initial state-setting (q0, p0), the FSM and
CN languages are equal, i.e., L(G, q0) = L(Φ, p0).

From a control perspective, this means that the FSM and
CN possess the same control properties, e.g., liveness, cor-
rectness, etc. From a plant modeling perspective, we can use
the logical representation of the SCG to validate a plant model
using a theorem prover.

In addition, [Provan and Chen, 2003] shows the equiva-
lence of diagnostic capabilities of the generated models. We
assume that, to perform fault isolation, for the FSM (CN) ap-
proach we use a diagnoser Gdiag (CN model Φ), respectively.

Theorem 2 If we map an SCG into a FSM G and a CN model
Φ, then: (a) Given observation set Θ, G is diagnosable (i.e.,
we can isolate failure events) iff Φ is diagnosable; (b) Given
observation set Θ, the set of diagnoses for G is equivalent to
the set of diagnoses for Φ.

This result means that we can now establish equivalent di-
agnostic capabilities between an FSM and a CN representa-
tion, if they can be encoded by the same SCG. Hence, the
important MBD properties, e.g., completeness and soundness
of diagnostics given a model Φ, can be inherited by an appro-
priate FSM model.

In summary, these properties indicate that this approach
acquires the control semantics of FSMs, and the diagnos-
tic semantics of CNs. On the practical side, although we
can generate and use algorithms for either FSM or CN mod-
els, further research is necessary to identify the model type
most appropriate to a particular class of applications, since
model/algorithm efficiency is domain-dependent. In addition,
we need to analyze the tradeoffs associated with the extra
modeling requirements of the SCG graphical framework ver-
sus the linear (rather than worst-case exponential, as in an
FSM) growth associated with system model composition.
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Ourwork addressesassertionretrieval andapplicationin theorem
proving systemsor proof planningsystemsfor classicalfirst-order
logic. We proposea distributedmediatorM betweena mathemat-
ical knowledgebaseKB anda theoremproving systemTP which
is independentof theparticularproof andknowledgerepresentation
formatsof TP andKB andwhich appliesgeneralizedresolutionin
orderto analyzethelogical consequencesof arbitraryassertionsfor
aproofcontext athand.Wediscusstheconnectionto proofplanning
andmotivateanapplicationin aprojectaimingata tutorialdialogue
systemfor mathematics.Thispaperis a shortversionof [9].

1 Proof planning at the assertionlevel
Due to Huang[6], the notion of assertioncomprisesmathe-
maticalknowledgefrom a mathematicalknowledgebaseKB
suchasaxioms,definitions,andtheorems.Huangarguesthat
anassertion-basedrepresentation,i.e. assertion level, is just
theright level for machinegeneratedproofsto betransformed
into beforebeingpresentedto (human)users.In thispaperwe
arguefurther that theassertionlevel canalsoserve asoneof
thoselevelsof granularityon which knowledge-basedproof
planningshouldbebased[7].

We areconvincedthat by planningdirectly on the asser-
tion level it will bepossibleto overcomeat leastsomeof the
identifiedlimitationsandproblemsof proof planningasdis-
cussedin [3; 5] — in particular, those,thatarecausedby an
unfortunateintertwiningof proofplanningandcalculuslevel
theoremproving. Theperspectivewe thereforemotivateis to
considerthe assertionlevel asa well chosenborderlinebe-
tweenproof planningand machineorientedmethods. De-
termining the logical consequencesof assertionsin a proof
context is thetaskof machineorientedmethods(in our case
generalizedresolution).Thetaskson top of this level — for
instance,andomaindependentcontainmentof the initial as-
sertionsto be considered,the heuristicselectionof the most
promisingamongthecomputedlogicalconsequences,thein-
troduction,constrainingandhandlingof meta-variables, etc.
— belongto thescopeof domainspecificproof planning.

In summary, insteadof reconstructingnatural deduction
(ND) proofsto obtainassertionlevel proofsassuggestedby
Huang,weproposeto directlyplanfor proofsat theassertion
level. This shouldimprove the quality of the resultedproof
plansandalsofacilitatebetteruserinteraction.

The developmentof our ideasrevolvesaroundthe math-
ematicalassistantsystemOMEGA [8] andthe currentinitia-

tive in this project to rebuild the systemon top of the proof
representationframework in [1; 2]. We furthermoreemploy
OMEGA ’s agent-basedsearchmechanismOANTS [4] for a
distributedmodelingof our framework andwe motivatean
applicationof the approachin a projectaiming at a tutorial
dialoguesystemfor mathematics.

2 AssertionApplication via Generalized
Resolution

Dependingon theproofcontext theremaybeseveralwaysin
which anassertioncanbeused.For instance,theassertion���	��
���
���������������������
�� �"!#�%$'&(�*)#��+,�����-!#./�	��0 !1./��
�232
allows usto derive: (1) 46587 from 465:9 and 9<;=7 , (2)9?>;@7 from 4A5B9 and 4DC5E7 , (3) FHGEI�JLK�MONPMRQ�S�TVUWGE59BXYG65Z7\[ from 9];^7 , (4) etc.

Traditionaltheoremproversor proof plannersthatoperate
on calculuslevel canonly achieve suchconclusionsafter a
numberof proof stepsto eliminatethe quantifiersandother
connectivessuchasimplicationandconjunction.Wepropose
an algorithm Assertion Application basedon a generalized
form of resolutionin orderto achievesuchconclusionsin one
stepfor arbitraryassertionsandproof contexts at hand. The
algorithm,which is describedin [9], is basedon:

1. The representationof formulasassignedformula trees
(SFT); seealso [1; 2]. This way we achieve accessto
theliteralsof theformulaswithoutbreakingthemapart.

2. The lifting of the resolutionideato directly operateon
complementaryandunifiableliterals in SFTsinsteadof
working on(unintuitive)normalforms.

3. Theexhaustiveapplicationof (2) to theSFTsgenerated
for theassertionandtheformulasof theproofcontext.

3 Modeling AssertionAgents
In our implementationof mediatorM wemodelassertionap-
plication in form of distributedsearchprocessesemploying
the OANTS approach[4]. This agentbasedformalismis the
driving forcebehinddistributedproofsearchin OMEGA.

Thegeneralapplicationscenariowe have in mind is a the-
orem prover TP that is connectedto an independentmath-
ematicalknowledgebaseKB. TP is focusinga proof task _
consistingof theformulaTPhasto prove,viz. thetheorem̀ ,
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anda setof assumptionsit canuseto prove ` . TPcandeter-
minea therelevantparts,i.e. therelatedtheoriesbdc , from KB
andhandthemoverto ourassertionmoduleM. Thetaskof M
is to computewith respectto proof task _ all possiblelogical
consequencesof theavailableassertionse�f takenfrom bdc .

We proposeto createfor eachassertione�f oneassociated
instanceg\hjilk of a genericassertion agent g\h . Thegeneric
assertionagentgmh is basedonouralgorithmAssertionAppli-
cation. Note that this algorithmonly dependson theSFTof
the focusedassertionanda furthersetof SFTsfor theproof
context, andbotharespecifiedasparametersof AssertionAp-
plication. Eachassertionagentinstanceg\h i k computesand
suggestthelogicalconsequencesof e�f for proof task _ to our
moduleM whichpassesthemfurtherto TP.

Dependingon thesizeof KB therecouldbetoo many ap-
plicableassertionspassedto M andalso too many waysan
assertioncan be applied. One possibility is to restrict the
searchspaceby imposingprerequisitesfor assertionretrieval.
For instance,aproofplannermayemploy its domainspecific
metaknowledgeto formulateandpassrespectivecontext sen-
sitive syntacticalfilter criteriato themediatorfor anefficient
preselectionby syntacticmeans.

Proof planning, however, has developedmore sophisti-
catedways to guideandconstrainpossiblethe possiblein-
stantiationsandapplicationsof assertions.The investigation
on how thesetechniquescanoptimally be employed on top
of ourassertionapplicationmoduleM arefurtherwork.

4 An application: The DIALOG project
Our approachto assertionapplicationis motivatedby anap-
plication in the DIALOG projectaspart of the Collaborative
ResearchCenteron Resource adaptive cognitive processes
at SaarlandUniversity. The goal of this researchproject is
(i) to empirically investigateflexible dialoguemanagement
strategies in complex mathematicaltutoring dialogues,and
(ii) to develop an experimentalprototypesystemgradually
embodyingtheempiricalfindings. Theexperimentalsystem
will engagein a dialoguein natural language(and perhaps
othermodesof communication)andhelpa studentto under-
standandproducemathematicalproofs. It is importantthat
suchasystemis supportedby ahumanorientedmathematical
proofdevelopmentenvironmentandtheOMEGA systemwith
its advancedproof presentationandproof planningfacilities
is a suitableanswerto this requirement.

Theoverall scenariofor DIALOG is: A studentuseris first
taking an interactive courseon somemathematicaldomain
(e.g.,naive settheory)within a web-basedlearningenviron-
ment. Whenfinishingsomesectionsthe studentis askedby
the systemto testhis learningprogressby actively applying
thestudiedlessonmaterialby performinganinteractiveproof
exercise. Sincethe learningenvironmentis equippedwith
usermonitoringandmodelingfacilitiesausermodelis main-
tainedand dynamicallyupdatedcontaininginformation on
the axioms,definitions,andtheorems(hencethe assertions)
thestudenthasstudiedsofar. Also a tutor modelis available
for eachexercisecontaininginformationonthemathematical
materialthatshouldbeemployedandtestedby it.

In this scenariowe expectthe mathematicalassistantsys-

temto becapableof (i) stepwise-interactive and/or(ii) auto-
matedproof constructionat a humanorientedlevel of granu-
larity for theproof exerciseat handusingexactly themathe-
maticalinformationspecifiedin the(a)tutormodelor (b) user
model. The proofsconstructedfor (a) reflectwhat we want
to teachand the proofs for (b) what the systemexpectsthe
userto becapableof. For interactive tutorial dialogthesup-
port for a stepwiseproof constructionwith themathematical
assistantsystemis of courseimportant,while fully automati-
cally generatedproofsareneededto beableto alsogiveaway
completesolutionsor to initially generatea discoursestruc-
turefor thedialogon thechosenexercise.We want to stress
that theusermodelmaybeupdatedalsoduringan exercise,
hencethesetof relevantassertionsmaydynamicallychange
duringaninteractivesession.

It is easyto motivatethedesignof ourassertionapplication
modulefor thisscenario.Its capabilitiesfor assertionapplica-
tion for adynamicallyvaryingsetof assertionsarecrucialfor
theproject.It is alsoessentialthatreasoningis facilitatedata
humanorientedlevel of granularity, sincewedo notwantthe
userto puzzlearoundwith the peculiaritiesof, for instance,
logical derivationsin sequentor naturaldeductioncalculus.

5 Conclusion
Mediating mathematicalknowledge between(web-based)
mathematicalknowledgebases,mathematicalreasoningsys-
temsandhumanusersis a mathematicalknowledgemanage-
menttaskof increasingimportance.We sketcheda flexible
and distributed solution for the subtasksof suggestingthe
logical consequencesof assertionsat an intuitive reasoning
level.
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Abstract   where for each a ∈ AQ, wa is a numeric weight representing 
the importance of a and sima(C, Q) is a measure of the 
similarity of πa(C), the value of a in C, to πa(Q), the 
preferred value of a. Apart from its similarity to the target 
query, another factor likely to influence the acceptability of 
a given case is the compromises it involves, or preferences 
of the user that it fails to satisfy [Burkhard, 1998]. Often in 
e-commerce domains, one can identify attributes whose 
values most users would prefer to maximize or minimize 
[Wilke et al., 1998]. In CORE, we assume that the value 
specified by the user is a preferred minimum in the case of a 
more-is-better attribute or a preferred maximum in the case 
of a less-is-better attribute.   

We present a generalization of similarity-based 
retrieval in recommender systems which ensures 
that for any case that is acceptable to the user, the 
retrieval set contains a case that is at least as good 
in an objective sense and so also likely to be 
acceptable. Our approach recognizes that similarity 
to the target query is only one of several possible 
criteria according to which a given case might be 
considered at least as good as another. 

1   Introduction 
An advantage of case-based reasoning (CBR) in product 
recommendation is that if none of the available products 
exactly matches the user’s query, she can be shown the 
products that are most similar to her query [Wilke et al., 
1998]. However, a known limitation of similarity-based 
retrieval is that the most similar case may not be the one that 
is most acceptable to the user [Burkhard, 1998; Smyth and 
McClave, 2001]. The k-NN strategy of retrieving the k most 
similar cases only partially compensates for this limitation, 
as the number of cases that can be presented to the user is 
necessarily restricted in practice. So the existence of an 
acceptable case does not guarantee that it will be retrieved.  

Definition 1  For any query Q and  case C we define: 

 d1(C, Q) = {a ∈ AQ :  nominal(a), πa(C) ≠ πa(Q)} 
 d2(C, Q) = {a ∈ AQ :  more-is-better(a), πa(C) < πa(Q)} 
 d3(C, Q) = {a ∈ AQ :  less-is-better(a), πa(C) > πa(Q)} 

  d(C, Q) =    U
3,2,1

),(
=i

i QCd

 So d(C, Q) is the set of attributes with respect to which 
C fails to satisfy the user’s preferences. Below we define 
four dominance criteria according to which a given case C1 
might be considered at least as good as another case C2:     We present a new approach to retrieval called coverage-

optimized retrieval (CORE) which ensures that for any case 
that is acceptable to the user, the retrieval set contains a case 
that is at least as good in an objective sense and so also 
likely to be acceptable. Similarity to the target query is only 
one of several possible criteria according to which a given 
case might be considered at least as good as another in the 
approach. 

 D0: Sim(C1, Q) ≥ Sim(C2, Q)   
 D1: Sim(C1, Q) ≥ Sim(C2, Q) and |d(C1, Q)| ≤ |d(C2, Q)| 
 D2: Sim(C1, Q) ≥ Sim(C2, Q) and d(C1, Q) ⊆ d(C2, Q) 
 D3: sima(C1, Q) ≥ sima(C2, Q) for all a ∈ AQ 

 For example, if sima(C1, Q) ≥ sima(C2, Q) for all a ∈ AQ 
we say that C1 dominates C2 with respect to D3. We say that 
a given case C2 is covered by a retrieval set RS if C2 ∈ RS or 
there exists C1 ∈ RS such that C1 dominates C2. The 
importance of coverage in this sense is that if an acceptable 
case that is not retrieved is covered by a retrieved case, then 
the retrieved case is also likely be acceptable. Another basic 
premise in our approach is that the likelihood of the 
retrieved case also being acceptable increases with the 
strength of the dominance criterion with respect to which it 

2   The CORE Retrieval Set 
The similarity of a given case C to a target query Q over a 
subset AQ of the case attributes A is typically defined as:  

Sim(C, Q) = ∑
∈ QAa

aa QCsimw ),(  
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dominates the acceptable case. For example, dominance of 
the acceptable case with respect to D0 (the usual similarity 
criterion) may not be enough to ensure that the retrieved 
case is also acceptable. However, if it dominates the 
acceptable case with respect to D3, then there is no attribute 
with respect to which it is less similar to the user’s query.  
 In k-NN, all cases are dominated by the most similar 
case with respect to D0; so even 1-NN provides full 
coverage of the case library with respect to D0, the weakest 
of our dominance criteria. The aim in CORE is to construct 
a retrieval set that provides full coverage of the case library 
with respect to any of the dominance criteria we have 
identified. In Figure 1, Q is the target query and Candidates 
is a list of candidate cases for addition to the retrieval set 
RS. We assume that the candidate cases, initially all cases in 
the case library, are sorted in order of non-increasing 
similarity, and that if C1, C2 are equally similar cases such 
that C1 dominates C2 but C2 does not dominate C1, then C1 
is listed before C2 in Candidates. 

______________________________________________________ 
 

algorithm CORE(Q, Candidates, RS) 
begin 
    RS ← φ 
    while |Candidates| > 0 do 
    begin 
     C1  ← first(Candidates)                       
         RS ← {C1} ∪ RS 
         cover(C1)  ← {C1} 
  for all C2 ∈ rest(Candidates) do  
         if C1 dominates C2    
         then  cover(C1)  ← cover(C1) ∪ {C2} 
         Candidates  ← Candidates - cover(C1) 
     end 
end  

______________________________________________________ 
 

Figure 1.  Generic algorithm for coverage-optimized retrieval. 
 
 We refer to the versions of CORE based on D1, D2 and 
D3 as CORE-1, CORE-2 and CORE-3 respectively. It is 
worth noting that with D0 as the dominance criterion, 
CORE is equivalent to 1-NN, and so CORE is in fact a 
generalization of similarity-based retrieval.  
Theorem 1 The CORE retrieval set provides full coverage 
of the case library and no smaller retrieval set can provide 
full coverage of the case library. 

 While it can easily be shown that the maximum possible 
sizes of the CORE-1 and CORE-2 retrieval sets for a given 

query Q are |AQ| + 1 and QA2  respectively, the maximum 
possible size of the CORE-3 retrieval set is not as easily 
determined. In practice, CORE-1 and CORE-2 retrieval sets 
are usually much smaller than their maximum possible 
sizes. Figure 2 shows the maximum, average, and minimum 
sizes of CORE retrieval sets for full-length queries on the 

Travel case library (www.ai-cbr.org). As might be expected, 
there is a trade-off between the strength of the dominance 
criterion in terms of which coverage is defined and the size 
of the retrieval set required to provide full coverage of the 
case library. Though unable to compete with CORE-1 in 
terms of coverage efficiency, CORE-2 has an average 
retrieval-set size of only 7.5 cases.   
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Figure 2. Size of the CORE retrieval set for full-length queries  

on the Travel case library. 

3   Conclusions 
Coverage-optimized retrieval (CORE) is a generalization of 
similarity-based retrieval which ensures that for any case 
that is acceptable to the user, the retrieval set contains a case 
that is at least as good according to a given dominance 
criterion. Our empirical results show that the size of the 
retrieval set required to provided full coverage of the case 
library in this sense increases with the strength of the 
dominance criterion in terms of which coverage is defined. 
However, CORE-2 offers a good compromise between 
strength of dominance and retrieval-set size, with an average 
of only 7.5 cases required to provide full coverage for full-
length queries on a case library containing over 1,000 cases.   
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Abstract

In this paper, we evaluate the use of implicit in-
terest indicators as the basis for user profiling in
the Digital TV domain. Research in more tradi-
tional domains, such as Web browsing or Usenet
News, indicates that some implicit interest indica-
tors (e.g., read-time and mouse movements) are ca-
pable of serving as alternative to explicit profile in-
formation such as user ratings. Consequently, the
key question we wish to answer relates to the type
of implicit indicators that can be identified within
the DTV domain and the extent to which they can
accurately reflect a user’s true preferences.

1 Introduction
Recommender systems combine user profiling, machine
learning and information retrieval methods to help users lo-
cate information by learning their preferences and making
personalized recommendations to individuals ([Hammond
et al., 1996; Balabanovic and Shoham, 1997; Smyth and
Cotter, 2000; Goodet al., 1999; Goldberget al., 1992]).
There are two basic profiling strategies.Explicit profiling
means asking the user direct questions about their prefer-
ences, usually in the form of an item rating; e.g. in PTV-
Plus (www.ptvplus.com), a TV show recommender[Smyth
and Cotter, 2001; 2000], users rate individual shows on a
five point scale from ’strong dislike’ to ’strong like’. Ex-
plicit profiling has been used in a range of scenarios, from
movies[Resnicket al., 1994] to jobs [Rafter et al., 2000],
and the resulting profiles are assumed to be reliable indica-
tors of user preferences. However, users are lazy and do not
like responding to explicit requests for feedback. As a result
explicit profiles often contain few ratings, which can limit the
degree to which they will accurately reflect a user’s changing
preferences over time.

Implicit profiling methods construct user profiles byinfer-
ring user ratings from so-calledinterest indicatorsbased on
user’s interactions with the system[Claypool et al., 2001;
Goecks and Shavlik, 1999]. For example,[Morita and Shin-
oda, 1994; Konstanet al., 1997; Claypoolet al., 2001] re-
port a positive correlation between reading times (for Usenet
News and Web pages) and content ratings.[Claypoolet al.,
2001] shows a correlation between content ratings and both

mouse movements and scrolling although mouse movement
was only found to be a useful rating predictor at lower rating
levels. Interestingly,[Claypoolet al., 2001] finds no correla-
tion between user ratings and the number of clicks to links on
a Web page.

In this paper we seek to evaluate the use of implicit profil-
ing in a very different application domain, Digital TV (DTV).
DTV users are finding it increasingly difficult to identify rele-
vant TV shows among the hundreds of available channels and
recommender systems such as PTVPlus have been forwarded
as a potential solution[Smyth and Cotter, 2000]. PTVPlus
uses its recommendation engine to generate a set of TV pro-
gramme recommendations for a target user based on their
profiled interests using a combination of collaborative and
case-based strategies, and presents these recommendations in
the form of a personalized programme guide. So far research
in the area of personalisation and recommendation within the
DTV domain has focused almost exclusively on the use of
explicit profiling. Consequently, the key question we wish to
answer relates to the type of implicit interest indicators that
can be identified within the DTV domain and the extent to
which they can accurately reflect a user’s true preferences.

2 Implicit Ratings in the DTV Domain
In this research we use the Fı́schĺar video library system
[Leeet al., 2000] developed by the Centre for Digital Video
Processing at Dublin City University (www.cdvp.dcu.ie).
Fı́schĺar has been fully operational for a number of years and
attracts hundreds of users on a regular basis. It is a video li-
brary system that allows users to record, playback and browse
TV shows through a normal Web browser. Users browse
personalized television schedules, provided by the PTVPlus
personalization engine[Smyth and Cotter, 2000], to select
programmes to be recorded by the system. TV shows are
captured in MPEG-1 format and processed in order to index
their content for storage and to extract key-frames for content-
based browsing. F́ıschĺar users can select programmes to
record up to 2 days in advance of broadcast and can access
previously recorded programmes for playback or browsing.

As F́ıschĺar takes advantage of the PTVPlus personalized
TV listings service, there exists the ability to capture explicit
ratings feedback for its user profiles (Figure 1) using the rat-
ing icons beside each programme’s description. However,
unlike PTVPlus, F́ıschĺar users can interact directly with pro-
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gramming content, and this provides new profiling opportuni-
ties. In particular, the record, playback and browsing actions
of users are suitable as implicit interest indicators; e.g., select-
ing a programme to be recorded is surely a strong potential
indicator of interest. Thus, Fı́schĺar’s profiling capabilities
have been enhanced to capture implicit as well as the explicit
profiles, by logging all record, playback and browsing actions
(Figure 2).

Figure 1: Explicit Profile Example.

Figure 2: Implicit Profile Example.

3 Experimental Evaluation
Our aim is to evaluate the usefulness of Fı́schĺar’s implicit
user profiles relative to its explicit profiles. In particular we
wish to determine whether or not these implicit profiles are
any more or less accurate at predicting user preferences than
the explicit profiles gathered directly from user ratings.

3.1 Test Data
Our experiments draw on 650 live-user profiles from the
Fı́schĺar system. In particular we make use of 5 different
types of profile:

1. Explicit profiles contain explicit ratings that Fı́schĺar
users have provided;

2. Play profiles contain only those programmes that a user
has played back;

3. Recordprofiles contain only those programmes that a
user has recorded;

4. Browseprofiles contains only those profiles that a user
has browsed using Fı́schĺar’s key-frame browser;

5. Combinedprofiles are a combination of play, record and
browse profiles.

3.2 Algorithms
In addition we make use of two different programme recom-
menders:

1. CF is a traditional collaborative filtering recommender
as described in[Konstanet al., 1997; O’Sullivanet al.,
2002b]; it finds similar users by calculating program
overlap between the target user and all others, and then
recommends to the target user programs from the most
similar users that they have yet not rated.

2. Sim is a similarity-based recommender that draws on
similarity information mined from user profiles as de-
scribed in[O’Sullivanet al., 2002b]. It uses data mining
techniques to find relationship between items and then
harnesses this information both in profile similarity and
recommendation ranking (ranking all possible recom-
mendable programmes) to recommend programmes to
the user.

Due to space constraints, it is not possible to discuss these
recommenders in detail; the interested reader is referred to
[O’Sullivan et al., 2002b; 2002a]. Suffice it to say that
they each draw on a fundamentally different recommendation
strategy, be it collaborative as in the case of CF, or content-
based, as in Sim.

3.3 Method
First each profile is randomly split into a training profile and a
test profile; this is repeated for a range of different split-ratios
for each profile. The training profiles are used as the basis
for recommendation; in each case we make 50 programme
recommendations for each user. The quality of the result-
ing recommendations is evaluated with reference to the cor-
responding test profiles by computing the percentage of rec-
ommended programmes that appear in the target test profile.
So, for example, we use the training play profiles to gener-
ate recommendations that are evaluated with respect to the
test play profiles; similarly for record and browse profiles. In
this way we can compare the quality of the recommendations
generated using implicit play, record, browse and combined
indicators to the quality of recommendations generated using
explicit ratings profiles.

3.4 Results

Figure 3: Recommendation accuracy for explicit and implicit
(play, record, browse, combined) profile groups.

The results are presented in Figure 3 as an accuracy bar-
graph for the various different groups of explicit and im-
plicit profiles (play, record, browse and combined). In each
grouping we present the accuracy results obtained by the CF
and Sim recommenders. For example, we find that the ex-
plicit profiles deliver recommendation accuracies of 2.5% and
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15%, for CF and Sim recommenders, respectively; clearly
the enhanced Sim recommender offers significant benefits
over the standard CF recommender as previously discussed in
[O’Sullivan et al., 2002b]. Each of the implicit profiles gen-
erate consistently higher recommendation accuracies for both
CF and Sim recommenders. For instance, in the case of the
play profiles, the recommendation accuracy is 9% and 30%
for the CF and Sim recommenders, which is a significant in-
crease on the explicit profile accuracy, especially for the Sim
recommender. In fact, the implicit profiles yield recommen-
dation accuracies in excess of 20% for the Sim recommender
compared to the 15% obtained for the explicit profiles.

These results indicate that playback, recording, browsing
and combined behaviours in Fı́schĺar serve as competent in-
terest indicators when it comes to profiling user preferences.
In each case we find an increase in the quality of recommen-
dations made from profiles containing implicit information.
Moreover, the scale of this increase is largest in the case of
the Sim recommender, due to the fact that this recommender
directly mines the profiles in order to generate programme
similarity knowledge as the basis for recommendations. The
availability of the higher quality implicit profiles helps to im-
prove the similarity rules used by Sim when compared to the
similarity rules mined from explicit profiles.

4 Conclusions
We have evaluated the use of implicit interest indicators as
the basis for user profiling in the DTV domain. Research in
more traditional domains, such as Web browsing or Usenet
News, indicates that some implicit interest indicators (e.g.,
read-time and mouse movements) are capable of serving as
reliable alternatives to explicit profile information such as
user ratings. Our research indicates that the same is also true
in the DTV domain. We have compared the quality of recom-
mendations generated from explicit and implicit profiles and
found, through the use of a deployed video library system,
that in each case the implicit profiles are capable of generat-
ing recommendations that are as good as those generated by
the explicit profiles.
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Abstract
Automating the scheduling of sport leagues has re-
ceived considerable attention in recent years. This
paper considers the traveling tournament problem
(TTP) proposed in [8; 4] to abstract the salient
features of major league baseball (MLB) in the
United States. It proposes a simulated annealing
algorithm (TTSA) for the TTP that produces sig-
nificant improvements over previous approaches.

Introduction The scheduling of sport leagues has become
an important class of combinatorial optimization applications
in recent years since they represent significant sources of rev-
enue and generate extremely challenging optimization prob-
lems. This paper considers the travelling tournament problem
(TTP) proposed in [4] to abstract the salient features of Ma-
jor League Baseball (MLB) in the United States. The key
to the MLB schedule is a conflict between minimizing travel
distances and feasibility constraints on the home/away pat-
terns. Travel distances are a major issue in MLB because
of the number of teams and the fact that teams go on “road
trips” to visit several opponents before returning home. The
feasibility constraints in the MLB restricts the number of suc-
cessive games that can be played at home or away.

The TTP is an abstraction of the MLB intended to stimu-
late research in sport scheduling. A solution to the TTP is a
double round-robin tournament which satisfies sophisticated
feasibility constraints (e.g., no more than three away games in
a row) and minimizes the total travel distances of the teams.
[4] argues that, without an approach to the TTP, it is unlikely
that suitable schedules can be obtained for the MLB. The TTP
has raised significant interest in recent years since the chal-
lenge instances were proposed. [4] describes both constraint
and integer programming approaches to the TTP which gen-
erate high-quality solutions. [1] explores a Lagrangian relax-
ation approach (together with constraint programming tech-
niques) which improves some of the results. Other lower and
upper bounds are given in [8], although the details of how
they are obtained does not seem to be available.

Problem Description The problem was introduced by Eas-
ton, Nemhauser and Trick [8; 4], which contains many inter-
esting discussion on sport scheduling. An input consists of n

teams (n even) and an n � n symmetric matrix d, such that
dij represents the distance between the homes of teams Ti

and Tj . A solution is a schedule in which each team plays
with each other twice, once in each team’s home. Such a
schedule is called a double round-robin tournament. It should
be clear that a double round-robin tournament has 2n � 2
rounds. For a given schedule S, the cost of a team as the total
distance that it has to travel starting from its home, playing
the scheduled games in S, and returning back home. The cost
of a solution is defined as the sum of the cost of every team.

The goal is to find a schedule with minimum cost satisfy-
ing the following two constraints: (1) Atmost Constraints:
No more than three consecutive home or away games are
allowed for any team. (2) Norepeat Constraints: A game
of Ti at Tj’s home cannot be followed by a game of Tj at Ti’s
home. As a consequence, a double round-robin schedule
is feasible if it satisfies the atmost and norepeat constraints
and is infeasible otherwise. A schedule is conveniently
represented by a table indicating the opponents of the
teams. Each line corresponds to a team and each column
corresponds to a round. The opponent of team Ti at round rk

is given by the absolute value of element (i; k). If (i; k) is
positive, the game takes place at Ti’s home, otherwise at Ti’s
opponent home. Consider for instance the schedule S for 6
teams (and thus 10 rounds).

TnR 1 2 3 4 5 6 7 8 9 10
1 6 -2 4 3 -5 -4 -3 5 2 -6
2 5 1 -3 -6 4 3 6 -4 -1 -5
3 -4 5 2 -1 6 -2 1 -6 -5 4
4 3 6 -1 -5 -2 1 5 2 -6 -3
5 -2 -3 6 4 1 -6 -4 -1 3 2
6 -1 -4 -5 2 -3 5 -2 3 4 1

Schedule S specifies that team T1 has the following schedule.
It successively plays against teams T6 at home, T2 away, T4
at home, T3 at home, T5 away, T4 away, T3 away, T5 at home,
T2 at home, T6 away. The travel cost of team T1 is

d12 + d21 + d15 + d54 + d43 + d31 + d16 + d61:

Observe that long stretches of games at home do not con-
tribute to the travel cost but are limited by the atmost con-
straints. This kind of tension is precisely why this problem is
hard to solve in practice.
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The Local Search This paper proposes an advanced sim-
ulated annealing algorithm (TTSA) for the TTP. As usual,
the algorithm starts from an initial configuration. Its basic
step moves from the current configuration c to a configu-
ration in the neighborhood of c. TTSA is based on four
main design decisions. (1) Constraints are separated into two
groups: hard constraints, which are always satisfied by the
configurations, and soft constraints, which may or may not
be violated. The hard constraints are the round-robin con-
straints, while the soft constraints are the no-repeat and at-
most constraints. In other words, all configurations in the
search represents a double round-robin tournament, which
may or may not violate the no-repeat and atmost constraints.
Exploring the infeasible region seems to be particularly im-
portant for this problem. Obviously, to drive the search to-
ward feasible solutions, TTSA modifies the original objec-
tive function to include a penalty term. (2) TTSA is based
on a large neighborhood of size O(n3), where n is the num-
ber of teams. Some of these moves can be regarded as a
form of ejection chains which is often used in tabu search [6;
7]. (3) TTSA dynamically adjusts the objective function to
balance the time spent in the feasible and infeasible regions.
This adjustments resembles the strategic oscillation idea [5]
successfully in tabu search to solve generalized assignment
problems [3], although the details differ since simulated an-
nealing is used as the meta-heuristics. (4) TTSA also uses re-
heats (e.g., [2]) to escape local minima at low temperatures.
The “reheats” increase the temperature again and divide the
search in several phases.

The Neighborhood The neighborhood consists of four dif-
ferent moves. Among them, partial swaps of rounds and
teams are critical to find high-quality solutions. Consider the
move PartialSwapRounds(S; Ti; rk; rl). This move considers
team Ti and swaps its games at rounds rk and rl. Then the
rest of the schedule for rounds rk and rl is updated (in a de-
terministic way) to produce a double round-robin tournament.
Consider the schedule S

TnR 1 2 3 4 5 6 7 8 9 10
1 6 -2 2 3 -5 -4 -3 5 4 -6
2 5 1 -1 -5 4 3 6 -4 -6 -3
3 -4 5 4 -1 6 -2 1 -6 -5 2
4 3 6 -3 -6 -2 1 5 2 -1 -5
5 -2 -3 6 2 1 -6 -4 -1 3 4
6 -1 -4 -5 4 -3 5 -2 3 2 1

and the move PartialSwapRounds(S; T2; r2; r9). Obviously
swapping the game in rounds r2 and r9 would not lead to
a round-robin tournament. It is also necessary to swap the
games of team 1, 4, and 6 in order to obtain:

TnR 1 2 3 4 5 6 7 8 9 10

1 6 4 2 3 -5 -4 -3 5 -2 -6
2 5 -6 -1 -5 4 3 6 -4 1 -3
3 -4 5 4 -1 6 -2 1 -6 -5 2
4 3 -1 -3 -6 -2 1 5 2 6 -5
5 -2 -3 6 2 1 -6 -4 -1 3 4
6 -1 2 -5 4 -3 5 -2 3 -4 1

n Old Best min(D) max(D) mean(D) std(D)

8 39721 39721 39721 39721 0
10 61608 59583 59806 59605.96 53.36
12 118955 112800 114946 113853.00 467.91
14 205894 190368 195456 192931.86 1188.08
16 281660 267194 280925 275015.88 2488.02

Table 1: Solution Quality of TTSA on the TTP

This move can thus be regarded as a form of ejection chain [6;
7]. Finding which games to swap is not difficult: it suffices
to find the connected component which contains the games
of Ti in rounds r2 and rl in the graph where the vertices are
the teams and where an edge contains two teams if they play
against each other in rounds rk and rl. All the teams in this
component must have their games swapped. Note that there
are O(n3) such moves.

Experiments TTSA was applied to the National League
benchmark described in [4; 8]. Over the course of this re-
search, TTSA was able to match the best solutions for NL4,
NL6, and NL8, and to improve the solutions for NL10, NL12,
NL14, and NL16 significantly. The best existing solutions
were those in [8] and were the best to our knowledge at the
time of writing. The last update was on November 1, 2002.
TTSA is the first algorithm to go lower than 200,000 for 14
teams and 280,000 for 16 teams. The results are summa-
rized Table 1. Observe that even our worst results on these
instances improve the previous best solutions.
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Abstract

We introduce Grid-based SensorDCSP, a geometri-
cally structured benchmark problem for the study
of distributed CSP algorithms. This domain pro-
vides realistic structure of the communication and
tracking constraints. We formally define this prob-
lem, and perform its worst-case complexity analy-
sis. Likewise, we provide an average case empirical
analysis of the AWC algorithm, studying its behav-
ior on tractable and intractable sub-classes of our
problem.

1 Introduction
In recent years we have seen an increasing interest in Dis-
tributed Constraint Satisfaction Problem (DisCSP) formula-
tions to model combinatorial problems arising in multi-agent
environments [Yokoo, 2001]. Recently, an interesting bench-
mark for DisCSP algorithms, called SensorDCSP, has been
introduced in [Fernández et al., 2002]. Inspired by distributed
applications arising in networked systems, SensorDCSP in-
volves a network of distributed sensors simultaneously track-
ing multiple mobile objects. An instance of SensorDCSP is
defined by a set of sensors, a set of mobiles which are to be
tracked by the sensors, and two sets of visibility and compat-
ibility constraints specifying which sensors can communicate
one with another and which sensors can track which mobiles,
respectively. The goal is to allocate three sensors to track
each mobile, such that all these triplets of sensors are pair-
wise disjoint, and the sensors in each such triplet are mutually
compatible and can track the mobile they are assigned to. The
analysis in [Fernández et al., 2002] addresses the complexity

�Research supported by AFOSR, grant F49620-01-1-0076 (In-
telligent Information Systems Institute) and F49620-01-1-0361
(MURI grant on Cooperative Control of Distributed Autonomous
Vehicles in Adversarial Environments), CICYT, TIC2001-1577-
C03-03 and DARPA, F30602-00-2-0530 (Controlling Computa-
tional Cost: Structure, Phase Transitions and Randomization) and
F30602-00-2-0558 (Configuring Wireless Transmission and Decen-
tralized Data Processing for Generic Sensor Networks). The views
and conclusions contained herein are those of the authors and should
not be interpreted as necessarily representing the official policies or
endorsements, either expressed or implied, of AFOSR, DARPA, or
the U.S. Government.

of SensorDCSP, as well as its empirical evaluation, consid-
ering the performance and scalability of alternative DisCSP
algorithms on various scenarios in a truly networked environ-
ment.

In this work we extend SensorDCSP by providing it with
an underlying spatial structure. In SensorDCSP, the con-
straints of communication between sensors and visibility of
mobiles are independent of their physical location. In con-
trast to SensorDCSP, the spatial limitations for both com-
munication between sensors and visibility of the mobiles are
captured by a geometrical structure in our new benchmark,
providing a more realistic framework. We refer to our ge-
ometrically enriched benchmark as Grid-based SensorDCSP
or just GSensorDCSP. We provide both an analytical com-
plexity analysis of GSensorDCSP and an empirical study of a
characteristic DisCSP algorithm on various instances of this
problem.

2 GSensorDCSP: Definition and Complexity
GSensorDCSP is a specific variant of the general SensorD-
CSP, enriched by a spatial structure: we have multiple sen-
sors S = fs1; � � � ; smg, multiple objects (mobiles) T =

ft1; � � � ; tng which are to be tracked by the sensors subject
to visibility and compatibility constraints, and the goal is to
decide whether there exists an allocation of three sensors to
each object, while keeping these triplets of sensors pair-wise
disjoint. However, the visibility and compatibility constraints
in GSensorDCSP relate to the physical limitations of the sen-
sors and the terrain on which the sensors are located.

In GSensorDCSP, the sensors are located on the nodes of a

(a) (b)

Figure 1: Grid of 6 � 6 sensors; black sensors stand for
the (a) 2-compatibility window of the gray sensor, and (b)
2-visibility window of the square mobile.
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uniform grid, and the mobiles are located within the surface
enclosed by this grid; this way the grid specifies the gener-
ally trackable region. The physical limitations of the sen-
sors are modeled by the notions of kc-compatibility and kv-
visibility. The kc-compatibility window for a sensor si, de-
noted as C kc (si), corresponds to the set of all sensors that are
at most kc general (rectilinear and/or diagonal) hops from si.
For example, the black sensors in Figure 1(a) correspond to
2-compatibility window for the gray sensor. Similarly, the kv-
visibility window for a mobile tj , denoted as Vkv (tj), corre-
sponds to the set of all sensors that are at most k general hops
around tj . For example, the black sensors in Figure 1(b) cor-
respond to 2-visibility window for the square mobile. Finally,
if each sensor si of a given GSensorDCSP problem instance
can communicate only with some sensors within C

kc (si),
then the set of compatibility constraints of this instance is
called kc-restricted. The notion of kv-restricted visibility is
defined similarly.

Studying the worst-case complexity of GSensorDCSP we
formally show that:

1. Any GSensorDCSP instance with 1-restricted visibility
is solvable in low polynomial time, and

2. GSensorDCSP with kv-restricted visibility is NP-
complete for all kv � 2.

The former is shown by a reduction to the problem of feasible
integer flow in bipartite graphs, while the latter is shown by
a non-trivial reduction from 3-SAT and is valid even for the
problems with 1-restricted compatibility.

3 Connecting Locality and Constrainedness
While the physical limitations of the sensors in GSensorD-
CSP are modeled via the locality windows, the terrain limita-
tions are modeled via incomplete compatibility and visibility
within the windows. Problem instances of any GSensorDCSP
sub-class (kc; kv) can be ordered according to the local con-
strainedness, i.e., the average number of sensors that a sensor
can communicate with and the average number of sensors that
can track a mobile. In our experiments, for each pair of lo-
cality parameters (kc; kv), we define a random distribution of
GSensorDCSP instances via two parameters Pv ; Pc 2 (0; 1]
that control the density of visibility and compatibility: The
probability that two sensors si and sj will be compatible is
given by Pc if (si; sj) 2 C kc (si), otherwise, it is equal to
0. Clearly, higher value for Pc and Pv correspond to better
conditions for communication and tracking, respectively.

For our first experiments with the AWC [Yokoo, 1994] al-
gorithm, we consider different sets of instances with 25 sen-
sors (grid 5�5), and 5 mobiles, with every set generated with
different values for the parameters Pc and Pv . The parame-
ters Pc and Pv are ranging from 0.1 to 1 with an increment
of 0.1, giving a total number of 100 data sets, where every
set contains 50 instances. Given our formal complexity re-
sults, we consider several hard subclasses of GSensorDCSP
corresponding to kv = 2. For instance, Figure 3(a) shows
the ratio of the satisfiable instances (Psat) as a function of Pc
and Pv for kv = 2 with kc = 1 and kc = 2. As in the case
of general SensorDCSP [Fernández et al., 2002], when both

probabilities are low, the instances generated are mostly un-
satisfiable, while for high probabilities most of the instances
are satisfiable. Both for kc = 1 and kc = 2, the transition be-
tween the satisfiable and unsatisfiable regions occurs within
a narrow range of the density parameters. Observe that, for
kc = 1 this range corresponds to significantly higher values
of Pc and Pv, comparatively to these for kc = 2 and kc = 2.
However, the form of the transition for various values of kc is
very similar.

kc = 2; kv = 2

kc = 1; kv = 2
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Figure 2: Some experiments with AWC on instances of
GSensorDCSP: (a) ratio of satisfiable instances for kv = 2,
and mean solution time for (b) kv = 2 and (c) kv = 1, as a
function of the density parameters Pc and Pv.

Consistently with the general SensorDCSP, we observe
that the phase transition of GSensorDCSP coincides with the
region where the hardest instances occur. For instance, Fig-
ure 3(b) shows the mean solution time with respect to the
density parameters Pv and Pc for the problem instances with
25 sensors, 5 mobiles, kv = 3, and kc = 1. Somewhat
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Figure 3: Solving dynamic GSensorDCSP problems with the
naive and the solution repairing approaches: (a) performance
for a problem generated from an instance in the 70 % Psat (b)
performance for a problem generated from a hard instance in
the 50% Psat point.

less expected result is depicted in Figure 3(c) for the case
of kv = 1 (and kc = 1), which we showed to be polyno-
mial by a reduction to the problem of feasible integral flow
in bipartite graphs. Despite the fact that AWC is a general
purpose algorithm, Figure 3(c) shows that these tractable in-
stances are relatively easy for AWC. able to “detect and ex-
ploit” the tractable without being aware of its existence.

Extending the evaluation, we consider different sets of
instances for several orders of the problem (grids of 25–
100 sensors), and several levels of decomposition (kc; kv 2

f2; 3; 4; 5g). The analysis of these sets of instances clearly
shows both exponential dependence of the mean solution time
on the size of the grid, and, somewhat more interestingly,
growth of the slope of this dependence with kv.

4 Dynamic GSensorDCSP
As an additional extension of the GSensorDCSP domain, we
consider the dynamics of the mobiles, in order to determine
under which conditions (number of sensors and mobiles, ve-
locities, trajectories, etc.) generic DisCSP algorithms are able

to track the mobiles in real time. More formally, a dynamic
GSensorDCSP problem can be seen as an ordered sequence
of static GSensorDCSP problems �1; � � � ;�N . The static
problems of the sequence only differ in the positions of the
mobiles and hence the visibility between sensors and mobiles.
Observe that, if no assumptions are made about the relation-
ship between the positions of the mobiles in �i and �i+1, it
is natural to solve these problems independently (naive ap-
proach). However, mobile dynamics are typically far from
being chaotic. A first approximation is to consider linear tra-
jectories. In this case, changes between the subsequent prob-
lems are governed by a clear model. An approach that a priori
seems to be promising for dealing with the dynamic prob-
lem is to initialize the search for �i by the solution already
achieved for �i�1 (solution repairing approach).

In order to compare the naive and the solution repairing
approach, we have performed experiments where we solve
dynamic GSensorDCSP problems with both approaches. Fig-
ure 3 depicts the cumulative probability distributions of solv-
ing �i for two different problems. One of them is obtained
from the 50 % Psat point of GSensorDCSP and the other
from the 70 % Psat point.

Our results show that we can exploit the previous solution
and that, assuming certain reasonable constraints on the mo-
bile movements, we can benefit from solution repairing over
the naive approach. More interestingly, it also follows that
the relative attractiveness of solution repairing is higher in
the region of hardest instances.

5 Conclusions and Future Work
We believe that GSensorDCSP provides a realistic framework
for the analysis of the DisCSP algorithms, and we hope it
will contribute to the further research in this area. For the
dynamic version, a next step would be to consider the effect
of several kinds of trajectories in the performance of the so-
lution repairing approach. Finally, a further step towards an
even more realistic DisCSP benchmark would be to consider
its optimization version: maximizing the number of tracked
mobiles. In this extended distributed benchmark, it would be
interesting to study the existence of the easy-hard complex-
ity patterns that have been observed in classical optimization
problems [Slaney and Walsh, 2002].
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Abstract

This paper considers vehicle routing problems
(VRP) where customer locations and service times
are random variables that are realized dynamically
during plan execution. It proposes a multiple sce-
nario approach (MSA) that continuously generates
plans consistent with past decisions and anticipat-
ing future requests. The approach, which combines
AI and OR techniques in novel ways, is compared
with the best available heuristics that model long-
distance courier mail services [Larsen et al., 2002].
Experimental results shows that MSA may signif-
icantly decrease travel times and is robust wrt rea-
sonably noisy distributions.

1 Introduction
The vehicle routing problem (VRP) is a difficult combinato-
rial optimization problem with many important applications
in distribution and transportation systems. It has received
considerable attention from the operations research (OR) and
AI communities for many years and sophisticated local search
methods are quite effective at finding good quality solutions
in reasonable amounts of time. In more recent years, tech-
nology has advanced so that it is now possible and practical
to address dynamic and/or stochastic versions of the prob-
lem. These new versions are motivated by the inherent un-
certainties that arise in many everyday VRPs and advances
in onboard computers and communications systems that al-
low modification of routing plans even after vehicles are de-
ployed.

Most of the existing work has focused solely on stochastic
or dynamic versions of the problem exclusively. In stochas-
tic optimization, the expected cost of a solution is optimized
with respect to a recourse function which restores feasibil-
ity during plan execution. In dynamic optimization, various
data items, such as customer requests, are unknown and are
only revealed after some decisions are taken. A more de-
tailed overview of the methods used in both approaches can
be found in [Bent and Van Hentenryck, 2002]. How to com-
bine the two approaches is a research topic that is often men-
tioned (e.g., [Gendreau et al., 1999], among others).

This paper considers the multiple scenario approach
(MSA) recently proposed in [Bent and Van Hentenryck,

2002]. MSA combines a variety of AI and OR techniques to
address dynamic vehicle routing in the presence of stochastic
information.

2 Problem Formulation
In the dynamic VRP, a number of customer requests are avail-
able initially, while others become available during the plan
execution. In the applications considered in this paper, a re-
quest consists of the location of a customer and a service time,
both of which are random variables. We assume that the dis-
tribution of the requests, or some approximation thereof, is
available, which is typically the case in practical applications.
For each incoming request, a dynamic algorithm must decide
whether to accept or reject it. Once a request is accepted, it
must be serviced. Problems are generally characterized by
their degree of dynamism (DOD), i.e., the ratio of unknown
customers/total customers [Larsen et al., 2002]. A more in
depth formalization of the VRP model can be found in [Bent
and Van Hentenryck, 2002].

3 The Approaches
The Multiple Plan Approach The Multiple Plan Approach
(MPA) is a fundamental generalization of many modern ap-
proaches. MPA generalizes the approach of [Gendreau et al.,
1999] by making it independent of the search procedure. In
short, MPA continuously generates plans that are compatible
with the current state of information and removes those that
are not. In addition, since decisions must be made with re-
spect to a specific plan to guarantee service, a distinguished
plan is maintained via a ranking function.

More precisely, MPA handles four types of events (1) cus-
tomer requests, (2) vehicle departures, (3) plan generations,
(4) timeouts. A more complete description of the events and
MPA can be found in [Bent and Van Hentenryck, 2002].

The Multiple Scenario Approach The Multiple Scenario
Approach (MSA) generalizes MPA by considering both ex-
isting and potential future requests during plan generation.
Future requests are obtained by sampling their distributions.
Once a routing plan � is discovered, MSA stores the routing
plan ��� obtained by removing future requests from � . As a
result, plan ��� leaves room to accommodate future requests,
should they actually materialize. This ability to anticipate the
future is the strength of MSA.
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Ranking Functions Both MPA and MSA are parametrized
by a ranking function ��� , which selects the distinguished plan
at each time � . We will evaluate two ranking functions for
nominating ��� in this paper. The obvious first choice for
��� would be to select the plan with the smallest travel cost
(MPA � ). In [Bent and Van Hentenryck, 2002], it was shown
that it is possible to do substantially better in practice on
highly-constrained problems by using a consensus function
which selects the plan in that most resembles all the stored
plans.

Optimization Both MPA and MSA use large neighborhood
search (LNS) for optimization, which has been shown to be
very effective for vehicle routing [Shaw, 1998; Bent and Van
Hentenryck, 2001]. LNS combines the advantages of branch
and bound, constraint propagation, and local search.

4 Experimental Results
The Models The starting point of this research was the ex-
perimental model in [Larsen et al., 2002], where customers
are uniformly distributed in a 10km � 10km region and must
be served by a single vehicle with uniform speed of 40 km/h.
Customers inter-arrival times are governed by an exponen-
tial distribution. Problem sets are derived with expected
DOD of 	�

����������������
�
�� . More details about the model are
found in [Larsen et al., 2002]. We generated 15 instances for
each DOD configuration, which gives 315 problems for each
model described.

Several models are used to evaluate the various approaches.
The first two models, M1 and M2, use a single vehicle. Model
M1 is the basic model with 40 customers. Model M2 is sim-
ilar to M1, except that the region is now 40km � 40km. The
objective function minimizes the travel distance. The next
model is a multiple-vehicle model. Model M3 uses 4 vehi-
cles, 160 customers, and a 20km � 20km space. Each vehicle
can serve at most 50 customers and the vehicle must return
to the depot by the time horizon. For the multiple-vehicle
model, the objective function consists in minimizing the num-
ber of missed customers and minimizing the travel distance.
It is possible that some customers be left unserviced, since
M3 has capacity constraints, as well as a hard deadline.

Single Vehicle Results Reference [Larsen et al., 2002] tested
various heuristics on Model M1. Their best heuristic is near-
est neighbor (NN), where a pool of unserviced customers is
maintained and the vehicle is sent to the nearest customer
in the pool once it served its current request. Interestingly,
in Model M1, the vehicle is able to service customers faster
than they arrive. As a consequence, all “reasonable” heuris-
tics converge towards a first come, first serve (FCFS) strategy
as the DOD converges to 100%. This same behavior is also
exhibited by our approaches. In Model M2, the vehicle is
not able to service customers as quickly and the heuristics do
not converge to FCFS. Figure 1 shows that MPA � produces a
4.6% improvement on average and the benefits can be as high
as 11.1%. Stochastic information (MSA � ) improves these
results slightly. Moreover, MSA � is never worse than NN.
These results essentially indicate that the LNS-based MPA
approach provides clear benefits over traditional heuristics.
Stochastic information helps, but only marginally.
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Figure 1: Travel Distance Results

Multiple Vehicle Results First, the NN heuristic was gener-
alized to provide guarantees on servicing customers. When-
ever a request arrives, the NN algorithm is simulated to deter-
mine if it can accommodate the new request. Surprisingly, the
MPA approaches perform very poorly, especially for higher
DODs. The “optimized” plans of MPA always use as few
vehicles as possible since this generally improves travel dis-
tance and feasibility is not a issue until late in the search.
This is in sharp contrast with problems with time-windows
where feasibility is a major issue and MPA does not experi-
ence such problems [Bent and Van Hentenryck, 2002]. The
MSA approaches perform roughly the same as NN as far as
missed customers are concerned, but the true benefit of MSA
is with respect to travel costs as shown in Figure 1. (The fig-
ure only shows the results for similar number of unserviced
requests). Here, MSA decreases travel distances significantly,
especially for high DODs. These models clearly show the
benefits of MSA and the value of stochastic information over
traditional heuristics and MPA. These results are even more
dramatic when non-uniform distributions are used. Signifi-
cant gains are observed for DODs as low as 25%. In addi-
tion to these results, the algorithm is robust under reasonable
amounts of noise, for example when MSA is given incorrect
customer arrival rates.
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Abstract

We provide a reformulation of the constraint hierar-
chies (CHs) framework based on the notion of er-
ror indicators. Adapting the generalized view of
local consistency in semiring-based constraint sat-
isfaction problems (SCSPs), we define constraint
hierarchy � -consistency (CH- � -C) and give a CH-�

-C enforcement algorithm. We demonstrate how
the CH-

�
-C algorithm can be seamlessly integrated

into the ordinary branch-and-bound algorithm to
make it a finite domain CH solver. Experimenta-
tion confirms the efficiency and robustness of our
proposed solver prototype. Unlike other finite do-
main CH solvers, our proposed method works for
both local and global comparators. In addition, our
solver can support arbitrary error functions.

1 Introduction

The Constraint Hierarchy (CH) framework [Borning et al.,
1992] is a general framework for the specification and so-
lutions of over-constrained problems. Originating from
research in interactive user-interface applications, the CH
framework attracts much effort in the design of efficient
solvers in the real number domain [Badros et al., 2001;
Hosobe et al., 1996]. To extend the benefit of the CH frame-
work to also discrete domain applications, such as timetabling
and resource allocation, the paper takes a step towards a gen-
eral and efficient finite domain CH solver, based on consis-
tency techniques and tree search.

�
A more complete and detailed version of this paper can be ob-

tained from the authors.�
Part of this research has been carried out while the author was

visiting the Department of Computer Science and Engineering, The
Chinese University of Hong Kong, China

2 A Reformulation of Constraint Hierarchies

We formulate the CH framework [Borning et al., 1992] (in
particular in the definition of comparators and solution set)
using error indicators [Bistarelli et al., 1999].

We denote an error value by � , possibly with subscripts.
Let 	�

����������������������� be a poset (partially ordered set),
each element ���� of which is an error indicator. Given a
constraint hierarchy � 
����! ����������"�$#�� where % is the
number of non-required levels, and for all &!'(��)*���������"%+� ,�$,-
 ��. , � ����������. ,/�0 � with �1, being the number of con-

straints in level & . An error indicator ��32 of a valuation4
for a set of variables 5 is a tuple of error values such

that �� 2 
76869� 2  � ���������:� 2  /�;=< ���������=69� 2 # � ���������:� 2 #/�>�<8< and ?A@B'��)*�������*��%+�C�D?AE�'F�HG������������HI��H�:��2 IJ 
LK�MN. IJ 4�O if P�@HQ�R1MS. IJ O$T5 and �32 IJ 
U) if P�@HQ�R1MS. IJ O$VT 5 . Error indicators provide a
measure of the “badness” of valuations with respect to � .

The comparator predicate better in the original CH formu-
lation is redefined using a partial order, denoted by W . We
define W to be irreflexive and transitive over 	 . Hence, it
preserves the meaning of better. Intuitively, ���XYW ���X X means���X X is “better” than ���X in 	 . In general, W will not provide
a total ordering. For convenience, we define Z such that? ���XN� ���X X+'[	\� ���X]Z ���X XA^_M ���X]W ���X X O]` M ���X]
 ���X X O .

We can redefine l-b in the original formulation as a partial
order WYacb J as follows. Given any two valuations

4
and d , and

the corresponding error indicators �� 2 and ���e , W acb J is defined
as:

��32fWYacb J �� ehgjiHk�l ) such that ?A&�'m�3)\�������*� k�n G��H�?*op'q�HG��������*��� , �C�D�32 ,� 
r� e ,�s i @!'t�HG��������*��� a �H�:��e a Ivu � 2 a Is ?AEw'q�CG1�������\�"�1aN�C�D� e aJfx �32 aJ .
The intuitive meaning of ��32$WYacb J �� e is that valuation d is

locally-better than valuation
4
.
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Similarly, we can define g-b W���b J , and its instances w-
s-b W���b���b J , w-c-b W���b���b J , and l-s-b Wwacb�� b J respectively.
Given any two valuations

4
and d , and the corresponding er-

ror indicators ��32 and �� e :

��32fW���b J �� ehgFiHk�l ) such that ?]&�'m�3)*�������*� k�n G�� ,	 MD6 � 2 , � ���������D� 2 ,/�0S< O 
 	 M:69��e , � ���������:��e ,/�0S< Os 	 M:6 � e a � ���������D� e a/�
N< O u 	 M:69�32 a � �������\�:�32 a/�
 < O ,
where 	 is a suitable combining function for error values.

Notice that by definition, all local/global comparators ignore
constraints in hierarchy levels greater than or equal to k .

We are now ready to define the solution set ��
 of a CH �
with variables 5 by:

�  
 � 4�� P1@HQ�R�M 4�O 
 5 �D� 2  , 
F) for all &+'q�HG��������*���  �1�
and � 
 
 � 4 '��  � ?Ad '��  � �� 2 VW ���e]� .

The following lemma gives the monotonicity of the intro-
duced comparators, which are collectively denoted by W J����������
and Z J���������� in the rest of the paper.

Lemma 1 Given any two error indicators �� X and �� X X . If for
all @���E we have � X X IJpx � X IJ , then ���X]Z J���������� ���X X .

Notice that the above lemma let us compare valuation for
both local and global comparators (because the Z J���������� order
implies all the orders induced from any specific comparator)
and for arbitrary error functions.

We also introduce the notion of a hierarchy problem which
is a CH augmented with an Error Indicator Store.

Definition 1 A hierarchy problem �_
 6:� ��	 
 < is a con-
straint problem, where � is a CH with variables 5 and 	�
 is
a set containing error indicator stores ������� for all variables! 'q5 and for all "!'�# M ! O . Each �� ���� 1 is used for keeping
an estimate of the errors of valuations involving � !�$^%"\� .
Definition 2 A valuation

4
is a solution of �j
 6:� ��	 
 < if (1)4

is a solution of � and (2) �� 2 Z J���������� �� ���� for all �� ���� '	&
 .

In other words, solutions of � 
 6 � �"	 
 < are solutions of �
which have a “worse” error than the estimates provided in 	 
 .
By the definition, the solutions of � always contain those of6 � �"	 
 < . Equality holds when the error estimates provided in	 
 fails to “filter” out any solutions of � .

Theorem 1 Consider a CH � and the associated hierarchy
problem �j
 6:� ��	'
 < .( �*),+-�*
 , and( � ) 
 � 
 if �� 2 Z J���������� �� �.�� for all M !/$^ " O '4�O

and
4 '0��
 .

In particular, a hierarchy problem 6 � �"	 
 < must share the
same solution as � if all �� ���� '�	 
 contain only the er-
ror value 0 (i.e. no error information). This fact is useful in
ensuring the correctness of our local consistency algorithm
and the completeness of our branch-and-bound solver later.

1Note the similarity of 12&35476 in notation to 1258 which denotes the
error indicator of a valuation 9 . Here, 12&35476 is a store containing an
estimate of the error associated with valuations containing :<;=?> .

3 Summary of the Results
The notion of constraint hierarchy � -consistency (CH- � -C),
is defined using error indicators which are structures isomor-
phic to the structure of a given CH used for storing the error
information of the CH problem (similar notion was defined
by Bistarelli et al. [1999]). In particular, we give an algo-
rithm for enforcing CH-

�
-C of a CH problem. While classical

consistency algorithms [Mackworth, 1977] aim to reduce the
size of constraint problems, our CH-

�
-C algorithm works by

explicating error information that is originally implicit in CH
problems. The space complexity of the CH-

�
-C algorithm is

simply of @hMS%�A�%  % � O in the worst case where % � is the num-
ber of labeled constraints, % A is the number of variables, and%  is the size of the largest variable domain.

Incorporating a CH-
�
-C enforcement algorithm in a

branch-and-bound algorithm, we obtain a general finite do-
main CH solver, which works for arbitrary comparators.
Search space is pruned by utilizing the error information gen-
erated by the CH-

�
-C algorithm. Unlike other finite domain

CH solvers, our proposed solver is applicable to arbitrary
comparators.

We compare the performance of our proposed solver with
generate-and-test, basic branch-and-bound, and the reified
constraint approach by Lua [2000].Experiments confirm the
efficiency and robustness of our research prototype, which
brings us one step towards practical finite domain CH solv-
ing.
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Abstract

We investigate interchangeability of values in
CSPs, based on an approach where a single value in
the domain of a variable can be treated as a combi-
nation of “sub-values”. An algorithm for removing
overlapping sub-values is presented. The resulting
CSPs take less time to find all solutions and yield a
more compactly-representable, but equivalent, so-
lution set. Experimental results show that, espe-
cially in loose problems with large numbers of solu-
tions, dramatic savings in search cost are achieved.

1 Introduction
While most CSP algorithm research is based on the assump-
tion that only one solution to a CSP need be found, the cen-
tral idea in this paper is motivated by a requirement of certain
interactive constraint-based applications: sometimes, before
making his next interactive decision, the user needs to know
all solutions to a sub-CSP. Thus, we need an approach which
will reduce the search cost of finding all solutions to a (sub-
)CSP and which will enable a more compact representation
of the complete solution set. Neighbourhood Interchange-
ability (NI) [Freuder, 1991] of domain values suggests itself,
since merging NI values in a variable domain reduces both
thrashing during search and the complexity of enumerating
the solution set. Without loss of generality, we restrict our
attention here to �������
	�� CSPs, where the constraints involve
two variables.

Our idea is based on a new approach to NI. Normally, each
domain value is treated as atomic. Our idea is to “split the
atom” – a domain value can be split into several “sub-values”
so that interchangeable fragments from other values can then
be merged to avoid duplicate search effort during the solving
process.

When the values in a domain have been split into frag-
ments, interchangeable fragments of different values can be
merged. Figure (i) depicts a constraint network while (ii)
shows the microstructure. Figure (iii) shows the result of
splitting and merging value fragments, resulting in smaller
domains for 
 and � .

The approach subsumes NI, as can be seen in 
 where
� and � , which are NI, are merged; similarly, � and � in �
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are merged because they, also, are NI. That the approach sur-
passes NI can be seen by considering values � and � in � .
Values � and � are not NI because, while both � and � sup-
port � ������� and � ������� , � also supports � ������� and � ������� . How-
ever, we can split � into two fragments, one of which supports
� ������� and � ������� , while the other supports � ������� and � ������� . The
first fragment can be merged with � and the second can re-
main isolated.

2 Background and Definitions
We will use a cross-product representation (CPR) [Hubbe and
Freuder, 1992] to denote sets of solutions to the star-graph
CSPs that we must consider when transforming variable do-
mains. For example, consider the star-graph centred at � in
Figure (ii). The set of solutions to this star-graph in which the
centre variable, � , has the value � can be represented by the
following CPR:  b,c !#"$ f !�"$ h,i ! .

We define an operator, called “commerge” (commonality
extraction and merge), on two CPR sets as follows. The op-
erator extracts, from the two CPR sets, those solutions which
have common values for the leaf variables and merges the
values for the centre variable. To compute the commerge
of two CPR sets, the sets of values for the leaf variables are
combined using normal set intersection but the sets of values
for the centre variable are combined using normal set union.
We denote the commerge operator as % . Thus, for example,
 a,b !�"$ x !�"$ c !&%' a !�"$ y !#"$ c,d ! is  a !#"$ x,y !#"$ c ! .

We define the “communion” of two CPRs as follows. Two
CPRs can be communioned only if the CPRs differ from each
other in at most one of the cross-multiplied sets, which cannot
be the set for the centre variable. In the communion, all the
common cross-multiplied sets are unchanged, but the differ-
ing leaf sets are subjected to ordinary set union. We denote
the communion operator as ( . For example, the two CPRs
 a !#"$ b !#"$ c ! and  a !#"$ b !#"$ d ! can be communioned be-
cause they differ only in the right-most subsets which do not
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correspond to the centre variable; the communion of these
two CPRs is  a !#"$ b !#"$ c,d ! .

We also define a new form of subtraction, the “comminus”
of two CPRs, as follows. One CPR can be comminused from
another only if they have a common set for the centre variable.
Given that provision, the comminus of two CPRs, denoted
by � , is the same as subtraction. Note that the operator can
result in a set of CPRs. Consider, for example, the result of
subtracting  a !#"$ x !#"$ c ! (which contains only one solution
to a star-graph) from  a,b !#"$ x !#"$ c,d ! (which contains four
solutions). The difference between these two CPRs contains
three solutions: a-x-d, b-x-c, b-x-d. In CPR form, this set of
three solutions needs two CPRs. That is,  a,b !�"$ x !�"$ c,d !
�  a !#"$ x !#"$ c ! is   a !#"$ x !�"$ d ! ,  b !#"$ x !�"$ c,d ! ! or,
alternatively,   a,b !�"$ x !#"$ d ! ,  b !#"$ x !�"$ c ! ! .

3 Transforming CSPs

The procedure for transforming the domain of a single vari-
able is stated in pseudocode below.

Procedure transform( � )
queue � all CPR centered in � ;
result ��� ;
while queue �� � do

Select and delete any � from queue ;
match � false ;
while (not match) and (next 	 in result exists) do

if ��
�	
�� � then
match � true ;� ����
�	 ;� ������� � ;� 	���	�� � ;
Replace 	 in result with

�
and
� 	 ;

Insert
� � to queue ;

if not match then
Insert � to result

Where possible, communion the CPRs in result ;
Update the domain of � and its connecting constraints;

The size of result could be very large if there are
many fragments of CPRs, making it unlikely that the result-
ing CPRs can be compressed so that the resulting domain
is smaller than the original. Therefore we impose an upper
bound on the size of result; if result exceeds the up-
per bound, transformation of the variable’s domain is aborted.
This cutoff heuristic reduces the transformation time, making
the algorithm practical even though the worst-case time com-
plexity is exponential.

The overall transformation process involves transforming
each variable domain, one by one, in some order. The or-
der in which variables are processed affects the result. As a
heuristic, we have chosen never to accept the result of trans-
forming a variable’s domain if the result of the transformation
is that the number of members in the domain is increased, and
choose the variable whose transformation leads to the maxi-
mum domain size reduction.

3.1 Convergence

We only need to transform the domain of each variable once
due to the following theorem:
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Theorem 1 If, after the domain of variable ��� has been
transformed, the domain of a neighbouring variable, ��� , is
also transformed, any subsequent attempt to transform the
domain of � � will result in no change.

4 Experimental Results
We tested the algorithm over randomly generated CSPs with
eight variables and six values in each domain, varying den-
sity from 0.1 to 0.9 with 0.05 increment step, while tightness
ranges from 0.1 to 0.8 with the same increment. For each
parameter point, the number of constraint checks required
to compute all solutions and the number of representations
needed to express these solutions are evaluated, averaged over
100 problem instances. The solver is based on MAC-3 with
dom/deg variable ordering. The upper bound of the result
is ten times the size of the variable’s domain.

For the random problem generator, we use model B where
density and tightness are fraction instead of probability. Since
the transformation process requires arc-consistent CSPs, we
also ensure that every problem is arc-consistent by linking
each value to at least one value for every constraint in order
to guarantee support.

The results are shown in the above graph. While the trans-
formation cannot guarantee to reduce the number of con-
straint checks needed to compute all solutions to a CSP, it can
produce huge savings. From the graph, we can see the method
works best for problems with low density or low tightness, as
either case will lead to a lot of CPR combination. In these
cases the work needed for transformed CSPs is less than 1%
of the work needed for untransformed CSPs. In those prob-
lems where the transformation does not produce large sav-
ings, its effect is usually harmless. Indeed, in the worst case
we have seen in the experimental data, which occurred only
at a few data points, the number of extra constraint checks for
a transformed CSP is around 1% more than for the untrans-
formed CSP.
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1 Introduction
Constraint programming is a promising technique for solving
many difficult combinatorial problems. Since real-life con-
straints can be difficult to describe in symbolic expressions,
or provide very weak propagation from their symbolic repre-
sentation, they are sometimes represented in the form of the
sets of solutions or sets of nogoods. This adhoc represen-
tation provides strong propagation through domain (general-
ized arc) consistency techniques. However, the adhoc repre-
sentation is expensive in terms of memory and computation,
when the adhoc constraint is large.

So there is interest in determining less expensive meth-
ods for buildingpropagators for adhoc constraints [Frühwirth,
1998; Apt and Monfroy, 1999; Abdennadher and Rigotti,
2000; Barták, 2001; Dao et al., 2002].

In this paper, we propose a new language-independent rep-
resentation for adhoc constraints, the box constraint collec-
tion. The idea is to break up an adhoc constraint into pieces
and cover these pieces using box constraints as tiles. This can
be done automatically with a greedy algorithm. With the aid
of constructive disjunction and a suitable choice of constraint
templates in the collection, our new representation achieves
domain consistency.

2 Propagation Based Constraint Solving
In this section we give our terminology for constraint satis-
faction problems, and propagation based constraint solving.

An integer valuation � is a mapping of variables to integer
values, written �����
	�
������������������	�
����� . We extend the
valuation � to map expressions and constraints involving the
variables in the natural way. We sometimes treat a valuation
����������	� �����������!�����"	� ����� as the constraint �����#�$�&%'�'�' %(�$�)�*��� . Let +�,.-�/ be the function that returns the set
of (free) variables appearing in a constraint or valuation.

A domain 0 is a complete mapping from a fixed (count-
able) set of variables 1 to finite sets of integers. A domain
0 � is stronger than a domain 032 , written 0 �54 062 , if
0 ��7 ��8:9;0<2 7 �=8 for all variables � .
>
We thank the anonymous referees for their constructive com-

ments. The work described in this paper was substantially supported
by a grant from the Research Grants Council of the Hong Kong Spe-
cial Administrative Region (Project no. CUHK4183/00E).

In an abuse of notation, we define a valuation � to be an
element of a (non-false) domain 0 , written �6?"0 , if � 7 �=@�8A?
0 7 � @ 8 for all � @ ?B+�,�-�/ 7 ��8 .

We are also interested in the notion of an initial domain,
denoted by 0C@D�.@DE . The initial domain gives the initial values
possible for each variable.

A constraint F over variables �����������!����� , written as
F 7 � � ����������� � 8 , restricts the values that each variable � @ can
take simultaneously. An adhoc constraint F 7 �G�������������$�$8 is
defined extensionally as a set of valuations � over the vari-
ables � � �������H�!� � . We say �)?IF is a solution of F . For any
valuation � on variables �������������!��� , with �KJ?LF , we call � a
nogood of F .

Often we define constraints intensionally using some well
understood mathematical syntax. For an intensionally defined
constraint F we have that �C?(F iff M�NPO�Q 7 ��8R�SM.NPO�Q 7 FT8T%RUWV�YX
F . For example the constraint �G�Z�I� 2�[]\ where 0C@D�.@DE 7 �^�!8&�
0 @D�.@DE�7 �=2�8��_� \ �!`��!ab� defines the set of solutions �.��� � 	�
`��!�=2Z	� \ �c�d��� � 	�ea��!�=2:	�e`P��� .

A constraint satisfaction problem (CSP) [Tsang, 1993],
consists of a set of constraints F�������������F�f over a set of vari-
ables �^�������������$� , where each variable ��@ can only take values
from its domain 0 @g��@DE!7 � @ 8 , a set of integers. Solving a CSP
requires finding a value for each variable from its domain so
that no constraint is violated, i.e. all constraints are satisfied.

A propagator h is a monotonically decreasing function
from domains to domains. The generalized arc consistent
propagator for a constraint F is defined as i�j.k 7 FT8 7 038 7 �=8l�
��� 7 �=8�V��m?n0W%L�o?nF�� where ��?p+�,.-q/ 7 FT8 , otherwise
i�j.k 7 FT8 7 038 7 �=8r�s0 7 ��8 . A propagation solver for propa-
gators t repeatedly applies propagators hK?Lt to a domain
0 until no further change in 0 results.

3 Box Constraint Collections
Adhoc constraints are usually implemented as tabled con-
straints by listing all the solutions or nogoods, incurring space
and time overhead. Often we represent a constraint in an ad-
hoc manner because it is difficult (or unwieldy) to describe
it using a symbolic expression. However, it may be easier
to find symbolic expressions if we examine part of the so-
lution space. Therefore, we propose representing an adhoc
constraint FduTv�w�xzy with a set of simple constraints in DNF.

A box {#�m| �@~}G��� N�@��g����@�� is an � -dimensional hyper-cube,
where � N�@��D����@D� is a (closed) interval of integers NP@ and �q@ . If
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F 7 ���������������$�$8 is a constraint on variables ���������������$� , then� �� }G� N�@ ��� � ��� ��@ � %pF 7 �^���������!�����b8 is a box constraint,
which we write as {��eF . We restrict the form of constraints
F 7 � � ����������� � 8 to certain templates. A box constraint collec-
tion (BCC) is simply a disjunction of box constraints.

The idea is thus to use box constraints in a collection as
“tiles” to cover the solution space of an adhoc constraint. The
template defining F in a box constraint {��eF determines the
shape of the tile. Triangles and rectangular boxes are good
tile shapes for filling grids. If F is �!O	��
 , then {��eF is simply
the box { . If F is of the form � �� }G� N � � � � N�
 , then we call
{��eF a triangle.

Lemma 1 Let

FduTv�w�x y 7 �^���������H�!���$8��
��
@ }G�
{ @��eFq@ 7 ���������������$�$8

and suppose each constraint F @ is implemented by a gener-
alized arc consistent propagator, then using constructive dis-
junction on this representation achieves generalized arc con-
sistency for F uTv�w�x y .

X1 2 3 4 5

1

2

3

4

5

Y

Figure 1: An adhoc constraint FTE��H@ made of two triangles

Example 1 A box constraint collection representation of the
constraint FqE���@ shown in Figure 1 is

� \ �D��a���� � \ �g��a������ [���� �"! � a$�D�$#���� � a��D� #������ [%� �'&(
Due to space limitation, we cannot show how box con-

straint collections can be compiled into indexicals directly
and efficiently.

4 Experiments
We compare the propagation efficiency among �*)�� (indexi-
cal BCCs for boxes only), �!O	+ - �*)�� (indexical BCCs for trian-
gles and boxes) and O	
*, (the built-inrelation/3 for binary
adhoc constraints) on randomly generated cubic inequalities
of the form ���-��. [ � 2 � 2 �5[ � . � � 2 [ �0/ � . [ ��1*� 2 [��23� � [ ��4 � 2 [ �056� [ �87 � � � � 
 . The coefficients are ran-
domly chosen between �:9<; �D� ; � . The domain size is 100. For
each variable � and � , we repeat = times picking a subset> 9 0 @D��@gE�7 �=8 where V > V ��? , and adding the constraints
�)J� M for each M3? > . These constraint additions are then re-
moved and the next set

>
picked. We do our implementation

with SICStus Prolog 3.9.1 on a Sun Blade 1000 workstation.

Table 1 summarizes some results. @ is the number of
solutions. { and A are the number of boxes and triangles.
�!O	+ - �*)�� generates no boxes ( { ��B ) in all 3 instances. C�
��
is the generation time. O	
*, and D=O	)3D (for �E)�� and �!O	+ - �*)�� )
are the time they spend on the propagation test = �F#GB0BGB
and ? � aGB . �!O	+ - �*)�� is the fastest because it compactly rep-
resents the non-linear constraints with 1 or 2 triangles. �*)�� ,
although is faster than O	
E, , it takes a long time to generate be-
cause every box covers only a few solutions, and many boxes
are needed.

�*)�� �!O	+ - �*)��@ O	
E, { CH
�� D=O	)3D A C�
�� D=O	)3D
5601 33.78 87 19.17 14.07 2 2.25 6.04
7187 23.58 57 20.97 10.92 1 3.05 3.95
2050 11.59 40 3.43 5.11 2 0.95 4.70

Table 1: Performance comparisons on non-linear constraints

5 Conclusion
We have proposed a new language-independent representa-
tion, box constraint collection, for adhoc constraints. With
constructive disjunction, our new representation achieves
generalized arc consistency, if all constraints inside the col-
lection do.

Future work includes improving the current greedy BCC
generation algorithm, and optimizing the indexicals of a box
constraint collection.
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1 Introduction
Finding a good model of a constraint satisfaction problem
(CSP) is a challenging task. A modeller must specify a set of
constraints that capture the definitions of the problem, and the
model should also have strong propagation. In other words,
the model should be able to quickly reduce the domains of
the variables of the problem, and the implementation of these
propagators should be efficient, and the search space should
not be too large.

A problem can be modelled differently from two view-
points using two different sets of variables. In redundant
modelling [Cheng et al., 1999], we connect the two differ-
ent models with channelling constraints, which relates valu-
ations in the two different models stronger propagation be-
haviour can be observed. However, the additional variables
and constraints impose extra computation overhead may out-
weigh the gain of reduction in search space.

In this paper we consider redundant models connected by
permutation channels, which commonly arise when the un-
derlying problem is some form of assignment problem. Since
each model is complete and only admits the solutions of the
problem, each model is logically redundant with respect to
the other model plus the permutation channel. In order to
keep the benefits of redundant modelling without paying all
the costs, We give a theorem which allows us to determine
when we can eliminate constraints in the mutually redundant
models that do not give extra propagation. Due to space lim-
itations, we state the theorem without proof.

2 Reasoning about Domain Propagation
We consider integer constraint solving with constraint propa-
gation and tree search.

An integer valuation
�

is a mapping of variables to integer
values, written �������	�
���
�������
������	�
���� . Let ������� be the
function that returns the set of variables appearing in a con-
straint or valuation. A constraint � defines a set of valuations
���! #"$�&%'��( each mapping the same set of variables )�*$+!,�%'��( . We

-
We thank Barbara Smith and the anonymous referees for their

constructive comments. The work described in this paper was sub-
stantially supported by a grant from the Research Grants Coun-
cil of the Hong Kong Special Administrative Region (Project no.
CUHK4204/01E).

call ���! #"$��%.��( the solutions of � . A constraint � is logically re-
dundant with respect to a set of constraints / if 0 12/3	4� .

A domain 5 is a complete mapping from a fixed (count-
able) set of variables 6 to finite sets of integers. A false do-
main 5 is a domain with 57%'�8(91;: for some � . A domain
5 � is stronger than a domain 5=< , written 5 �?> 5@< , if 5 �
is a false domain or 5 � %.��(BAC5�<�%.��( for all variables � . The
initial domain 5�D#��D#E gives the initial values possible for each
variable, allows us to restrict attention to domains 5 such that
5 > 5 D#��D#E .

We adopt the notion of propagation solver and domain
consistency1 from Schulte and Stuckey [2001]. A propaga-
tor F is a monotonically decreasing function from domains
to domains. A propagation solver for a set of propagatorsG

and current domain 5 , �H�I J��% G 
�5K( , repeatedly applies all
the propagators in

G
starting from domain 5 until there is no

further change in resulting domain. A domain 5 is domain
consistent if 5 is the least domain containing all solutions of
� in 5 . Define the domain consistency propagator L���MN%.�O(
for a constraint � such that ���I J��%PL���MQ%.��(O
R5K( is always do-
main consistent for � .

For all domains 5 > 5 D#��D#E , a set of propagator
G < is made

propagation redundant by a set of propagators
G � , writtenG �9S G < , if ���! #��% G � 
R5K( > ���! #��% G <�
R5K( , and is equivalent

to
G � , written

G �UT G < , if �H�I J��% G � 
�5K(V1C���I J��% G <�
�5K( .
It is well known that in general the domain propagation of

a conjunction of constraints is not equivalent to applying the
domain propagators individually. But there are cases where
propagation of a conjunction is equivalent to propagation on
the individual conjuncts.

Lemma 1 If ��� and � < share at most one variable � , then
�$L���M7%'� � (O
�L���M7%.�O<�(�� T �&L���M7%.� �XW ��<�(�� .

An atomic constraint is one of � D 1Y
 or � D7Z1Y
 where
� D\[ 6 and 
 is an integer. An atomic constraint represents
the basic changes in domain that occur during propagation.

A propagation rule is of the form /^] � where / is a
conjunction of atomic constraints, � is an atomic constraint
and Z0 1C/_	`� . Note our propagation rules are similar to the
“membership rules” of Apt and Monfroy [2001] except we
allow equations on the right hand side.

A propagator F implements a propagation rule /a]b� if for
each 5 > 5 DJ��D#E whenever 0 1c5d	e/ , then 0 1_F�%'5K(�	e� .

1Equivalently, hyper-arc or generalized arc consistent.
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We can characterize a propagator F in terms of the propaga-
tion rules that it implements. Let +�� ��� ,�%.F�( be the set of rules
implemented by F . Then �8+�����%'F8( A +�� ��� ,�%.F�( are a set of
propagation rules such that every + [ +�� ��� ,�%.F�( is subsumed
by a rule +
	 [ ��+�����%.F�( .
3 Permutation Channels
A common form of redundant modelling is when we con-
sider two viewpoints to a permutation problem. We can
view the problem as finding a bipartite matching between
two sets of objects of the same size. For notational conve-
nience, let the two viewpoints as having the set of variables� 1C�!�
�!
�������
������ , and � 1a������
�������
������ respectively.

The permutation channel /�� is defined by the conjunction
of constraints � �D���� � �� ��� %.� D 1������ � 1��.( . The permuta-
tion channel propagator

G � maintains domain consistency of
each individual bi-implication, that is  �D����  �� ��� �&L���M7%.� D 1
�!�"� � 1#�.(H� .

Smith [2000] first observes that the permutation channel
makes each of the disequations between variables in either
model propagation redundant. Walsh [2001] proves this holds
for other notions of consistency.

Lemma 2 (Walsh, 2001)
G � S �$L���M7%'��D Z1 �%$�(H�

Related to /&� is the permutation channel function ' which
is a bijection between atomic constraints in

�
to atomic con-

straints in � , 'Q%.�8D�1(��(714%�� � 1)�'( , and 'N%'��D Z1*��(?1
%�� � Z1+�.( . We extend ' to map conjunctions of constraints in
the obvious manner ' %./ �VW /B<�(X1,'B%'/ � ( W ' %./B<�( .

The fundamental theorem states that a constraint in � is
propagation redundant if there exist a constraint in

�
when

conjuncts with /-� logically imply every propagation rules
implemented by the constraint in � . Since ' is bijective, the
theorem is valid when

�
and � are reversed.

Theorem 3 Let F�. be a propagator on � , and �0/ be a con-
straint on

�
. If 0 14%'5�DJ��D#E W � / W 'Q%./9(P(K	1'N%'��( for all

%./a]b��( [32 � � 2 %.F . ( , then �&L���MN%'� / (��54 G � S ��F . � .
Example 4 Smith [2000] suggests two ways to model the
Langford’s problem as a permutation problem and how to
combine them with the permutation channel. She points out
that the so-called minimal combined model, which includes
only

�
model and the permutation channel, gives as much

pruning as the full combined model. This is proved in an ad
hoc manner by Choi and Lee [2002]. We prove this formally
using our generic approaches.2

The disequality constraints are propagation redundant by
Lemma 2. Consider the separation constraints �6.87)� � 19 �:�;� �6<>= D < <�? 1 9 �A@CB . The propagation rules for L���MN%.�0.U(
are (r1) � � 1 9 � ] � �6<>= D < <�? 1 9 �D@EB , (r2) � �
<>= D < <�? 19 �>@EB�] � � 1 9 � , (r3) � � Z1 9 �=] � �6<>= D < <�? Z1 9 �D@FB ,
and (r4) � �6<>= D < <�? Z1 9 �G@�BN] � � Z1 9 � . We have that for
��/H7 �JI D < � 1 �JI D @N%��0@3K�( , 0 1C%.5 D#��D#E�W ��/ W ' %./9(P( 	L'B%'��(
for all propagation rules above. For example (r1) is mapped
to � I D 1��N] � I D < � 1M�N@O��@OK . Hence the conditions of
Theorem 3 hold and L���M7%.�0. ( is propagation redundant.

2The complete description of the two permutation models for the
Langford’s Problem can be found in [Choi and Lee, 2002].

Note the importance of equational propagation rules such
as � � 1 9 � ]P� �6<>= D < <�? 1 9 �>@+B . If we only allowed dis-
equations on the right hand side, we would replace this with
rules � � 1 9 �9] � �6<>= D < <�? Z1RQ 
�SUT8Q Z1 9 ��@EBVT8W . It
is impossible to prove that the translated versions are implied
by 5 D#��D#E W ��/ .

We can similarly show that each of the constraints �X	. 7� � 1 9 ���Y� �6< < = D < <�? 1 9 ��@HK are propagation redundant
using � / W ��	/ , where �Z	/ 7 � I D < < 1 � I D < �[@_%��G@#K�( by
Theorem 3. Although model \]/ does not include a domain
propagator for � / W ��	/ , we can still show propagation redun-
dancy since �$L���M7%'� / (O
�L���M7%.��	/ (H� T �&L���M7%.� / W ��	/ (�� by
Lemma 1.

Similar reasoning applies to show that each constraint � � Z19 � where SUT^�_T^` and KAacbdK %��>@HK�(NT��eT8Kgf is made
propagation redundant by %'� I D < �U13� I Dh@?%��h@iK�(P( W %.� I D < < 1
�JI D < � @2%��j@dK�( ( W %�SkT �%I D < <lTOKAf�( . m
4 Conclusion
We have extend our approach to other types of channelling
constraints and lead to significantly faster models that do
not increase the search space. Although we have illustrated
the use of the theorems herein by hand, the approach can
clearly be automated. We can constructs the propagation rules
automatically using the approach of Abdennadher and Rig-
otti [2002]. We are interested in extending the work to reason
bounds propagation. Another direction is to study a weaker
notion of propagation redundancy which allows removal of
constraints without affecting the search space given a specific
search heuristic.
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1 Introduction
The Quasigroup Completion Problem (QCP) is a very chal-
lenging benchmark among combinatorial problems, and a fo-
cus of much recent interest in the area of constraint program-
ming. It has numerous practical applications [Gomes et al.,
2002]; it has been put forward as a benchmark which can
bridge the gap between purely random instances and highly
structured problems [Gomes et al., 2002]; and its structure as
a multiple permutation problem [Walsh, 2001] is common to
many other important problems in constraint satisfaction.

[Gomes et al., 2002] reports that QCPs of order 40 could
not be solved by pure constraint programming approaches,
but could sometimes be solved by hybrid approaches com-
bining constraint programming with mixed integer program-
ming techniques from operations research. In this paper, we
show that the pure constraint satisfaction approach can solve
many problems of order 45 in the transition phase, which cor-
responds to the peak of difficulty. Our solution combines
a number of known ideas –the use of redundant modeling
[Cheng et al., 1996] with primal and dual models of the prob-
lem connected by channeling constraints [Walsh, 2001]– with
some novel aspects, as well as a new and very effective value
ordering heuristic.

2 Models for QCPs
A quasigroup is an ordered pair (Q, ·), where Q is a set and
·is a binary operation on Q such that the equations a · x = b
and y · a = b are uniquely solvable for every pair of elements
a, b in Q [Gomes et al., 2002]. The order n of the quasigroup
is the cardinality of the set Q. A quasigroup can be seen as
an n × n multiplication table defining a Latin Square, which
must be filled with “colors” so that the colors of each row are
all distinct, and similarly for columns. A QCP is the problem
of coloring a partially filled Latin square, which is known to
be NP-Complete [Colbourn, 1984].

Each row and column of a Latin Square defines a permu-
tation problem, i.e. a constraint satisfaction problem with the
same number of variables as values, where a solution is a
permutation of the values [Walsh, 2001]. The QCP is a mul-
tiple permutation problem with 2n intersecting permutation
constraints (n row permutation constraints and n column per-
mutation constraints). In order to represent those permutation
problems we have implemented three models:

• Primal Model: This model has a variable xi,j for each
cell of the latin square, with i and j its coordinates. Their
possible values are the colors of the cell.
• Row Dual Model: This is the first dual model, it repre-

sents the colors in each row; the dual variable ri,k is the
k-th color in the i-th row, and the values it can take are
the columns where it can be placed.
• Column Dual Model: This one models the colors in each

column; the dual variable cj,k represents the k-th color
in the j-th column, with rows as its possible values.

The primal and dual not-equal constraints specify that the col-
ors in a row or column must all be different. While these are
sufficient to capture the problem (and in fact redundantly so),
it is known that these models can be improved by connecting
them through channeling constraints:
• Row Channeling Constraints: Constraints for the n row

permutation constraints, linking the primal model with
the row dual model: xi,j = k ⇔ ri,k = j.
• Column Channeling Constraints: Corresponding to the

n column permutation constraints, they link the primal
and dual column models: xi,j = k ⇔ cj,k = i.
• Triangular Channeling Constraints: These (novel) con-

straints link both dual models, closing a “triangle”
among the three models: cj,k = i⇔ ri,k = j.

It’s easy to show that the first two kinds of channeling con-
straint fully capture a QCP (see also [Walsh, 2001]), making
the primal and dual constraints redundant.

3 Value Ordering
Key to our results is a new value ordering heuristic, which we
might call the min-domain value selection heuristic. Once
a primal or dual variable is selected, we need to choose a
value for it. Since any such value corresponds to one spe-
cific variable from each of the two other models, we select
the value whose corresponding two variables have a minimal
“combined” domain. Specifically, say we have chosen xi,j .
Then we choose a color k from its currently active domain
for which the sum of the current domain sizes of ri,k and cj,k
is minimal among the currently available colors for xi,j .

4 Results
We focused our experiments on solvable instances. To make
our results comparable with those reported in [Gomes et al.,
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Figure 1: Mean solution time on QCPs of order 30, 35 and 40
with (vo1) and without value ordering (vo0).

2002], we used the same generator1, and considered only
“balanced” instances, which are known to be the hardest.
We used an (AC3-based) Generalized Arc Consistency
algorithm based on van Beek’s CPLAN implementation
(http:ai.uwaterloo.ca/∼vanbeek/software/software.html),
with a few improvements. We considered various (complete)
combinations of all the above mentioned constraints, and
found that adding the primal and dual “not-equal” constraints
never helped performance in the presence of row and column
channeling constraints, and yielded even worse results in
their absence. Most of the results discussed below therefore
use a model with only row and column channeling con-
straints; they also use “MAC” (mantaining arc consistency
[Bessiere, Regin, 1996]). Since our preliminary tests showed
that CBJ and nogood learning seem to never help in these
problems, and are often a source of significant overhead, we
discarded them. We also considered various variable selec-
tion heuristics. We found the min-domain heuristic, which
selects a variable with smallest domain to be uniformly the
best among the alternatives we tried, which included more
sophisticated heuristics such as dom+degree, dom/degree,
and variants of the above which took into account the (primal
or dual) model to which variables belong, e.g. selecting only
among primal variables, etc.

With only row and column channeling constraints, our im-
plementation outperforms classical approaches, in that we
can solve a considerable amount of instances of order 40 in a
reasonable time. As mentioned above, this was very recently
considered as out of reach for pure constraint programming
approaches [Gomes et al., 2002], which ours is (in fact, we
don’t even use global or non-binary constraints). The results
when this model was used with the min-domain value order-
ing heuristic were quite surprising, as it outperformed previ-
ous tests in three orders of magnitude in some cases. For ex-
ample, for the instance bqwh-35-405-5.pls (balanced instance
of order 35 and 60% preassigned) it took 2905 secs without
value ordering and only 0.40 secs with it. In Figure 1 we
present a comparison of our results with and without value

1Generator lsencode, kindly provided by Carla Gomes.

ordering for quasigroups of order 30,35 and 40, and 60% pre-
assignment, close to the phase transition [Gomes et al., 2002].

Encouraged by this performance, we generated some in-
stances of order 45 and 60% preassignment. Again the value
ordering heuristic turns out to be so efficient that we were able
to solve a great number of instances in a reasonable amount
of time. The next table shows median and mean time in sec-
onds (the latter taken only over solved instances) and percent
of solved instances, using value ordering for problems in the
transition phase.

order mean median % solved timeout
30 148.84 174.11 68% 1000
35 533.43 163.48 84% 3600
40 690.85 842.11 68% 5000
45 1090.10 2971.40 56% 6000

Finally, we are currently exploring the effect of adding “tri-
angular” channeling constraints; our preliminary results sug-
gest that they can improve performance by an additional 30–
35%, using in this case only forward checking (e.g. from 902
to 666 seconds in one order 45/60% preassigned instance).
The idea is that they provably allow forward checking to per-
form as much pruning as arc-consistency, while saving many
useless checks; in fact, as many as 60% fewer checks, even
though the savings in time are not as great due to effects we
are currently exploring.

5 Conclusions and Future Work
We have shown that a pure CSP approach can handle quasi-
group completion problems significantly larger than was
thought possible, using appropriate models and value order-
ing heuristics, and even in the absence of global alldiff con-
straints. Yet our results are preliminary, and no doubt it would
be interesting to consider other value ordering heuristics and
ways to make the triangular channeling constraints most ef-
fective.
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Abstract

Local search algorithms have been very successful
for solving constraint satisfaction problems (CSP).
However, a major weakness has been that local
search is unable to detect unsolvability and is thus
not suitable for tightly and overconstrained prob-
lems. We present a hybrid solving scheme where
we combine a local search algorithm - the break-
out algorithm, with a systematic search algorithm
- backtracking. The breakout algorithm is used
for identifying hard or unsolvable subproblems and
the backtracking algorithm proves the solvability
of these subproblems. The resulting hybrid algo-
rithm is complete and is tested on randomly gen-
erated graph 3-colouring problems. The algorithm
performs extremely well for all areas of the phase
transition and outperforms the individual methods
by several orders of magnitude.

1 Introduction
The breakout algorithm is an efficient, local search algorithm
for solving Constraint Satisfaction Problems (CSPs). The
roots of the algorithm go back to[Minton et al., 1992] and
to [Morris, 1993]. [Minton et al., 1992], developed, a local
search algorithm, called min-conflict heuristic, which itera-
tively repairs a given assignment until all conflicts are elimi-
nated. One drawback of the method is that it can get caught
in local, non solution minima. Morris eliminated this draw-
back by extending the algorithm with a breakout method,
which allows to escape from local, non solution-minima. The
strengths of the breakout algorithm are simplicity, robustness,
low memory requirement and high efficiency for solving un-
der constrained problems.[Minton et al., 1992] demonstrated
the performance superiority of the min-conflict heuristic by
solving large-scale scheduling problems; it performed by or-
ders of magnitude better than traditional backtracking tech-
niques. However, the major weak point of the algorithm is its
incompleteness.

In this paper we present a hybrid algorithm that is complete
where we combine a local search algorithm, the breakout
algorithm, with a complete search algorithm, backtracking.
The combination of the two algorithms compensates each
others weakness to deal with under and tightly constrained

problems. We discover that the algorithm combination also
leads to synergies. The weight information from the breakout
algorithm can locate and order hard or unsolvable subprob-
lems and guide backtracking by a fail-first variable order. In
addition, we introduce a weight sum constraint that can be
used to identify unsolvable subproblems of a certain size.

2 The Scheme
When a problem contains an unsolvable subproblem, we ob-
serve that the average constraint weight of a constraint be-
longing to an unsolvable subproblem is higher than the aver-
age constraint weight of the problem. In addition, the smaller
the unsolvable subproblem, the higher the average constraint
weight. This observation is supported by Lemma 1:

Lemma 1: After increasing the weights n times, the sum of
the constraint weightswPk

of an unsolvable subproblemPk

with k constraints must be greater than or equal ton + k.
Proof: If a subproblem is unsolvable, then in every break-

out step, one or more of the subproblem constraints is always
violated, thus every time the algorithm is caught in a local non
solution minimum, one or more of the corresponding weights
must be increased. The lower bound ofwPk

can be derived
by assuming that in every breakout step only one constraint is
violated.

By applying Lemma 1 we can define a weight sum con-
straint, which is extremely useful for tracing unsolvable sub-
problems of different sizes.

Definition 1 (Weight sum constraint for an unsolvable
subproblem Pk): According to Lemma 1, in an unsolvable
subproblemPk consisting of k constraints after n breakout
steps, the following condition

k∑
i=1

w(ci) ≥ n + k

is satisfied, whereci are all the constraints of the constraint
setCPk

of the subproblemPk.
The weight sum constraint is a powerful tool for pruning

the search for unsolvable subproblems. For example, if we
search for an unsolvable subproblem of size 3, we only have
to consider the constraints whose weight sum is greatern+3.

We also observe that the average constraint weight of an
unsolvable subproblem of sizek is higher than that of an un-
solvable subproblem of sizek + s (s > 0). This is due to
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Figure 1: The weight graph of an unsolvable graph colouring
problem after 100 breakout steps, containing two unsolvable
subproblems of size 3 (c1,c7,c8) and 6 (c2,c3,c4,c9,c10,c11).

the fact that violations cycle over the constraint graph and
the less constraints are available, the greater the average con-
straint weight value. This is demonstrated in Figure 1, con-
taining two unsolvable subproblems of size 3 and 6. After
n=100 breakout steps, the average constraint weight of the
subproblem of size 3 is approximately n/3 + 1 =34 and for
the subproblem of size 6, it is n/6 + 1 =18. Sorting the vari-
ables according to increasing constraint weights, orders the
subproblem of size 3 before the subproblem of size 4, and
thus separates the two.

These observations inspired us to use the constraint weight
information for localizing potentially unsolvable subprob-
lems and to derive a fail-first variable ordering heuristic for
backtracking. In this heuristic, variables are sorted so that the
constraints with the highest weights are treated first.

2.1 Hybrid Solver BOBT
We have implemented this scheme into a hybrid algorithm
(BOBT), where we combine the breakout algorithm (BO)
with backtracking (BT). In this algorithm, we first execute
BO and terminate if no solution is available after a bounded
number of breakout steps. Then we derive a fail-first vari-
able order from the constraint weights and the graph structure
and start backtrack search. BT will then either prove that the
problem is unsolvable, or return a solution. This method guar-
antees the completeness of the hybrid algorithm. In the case
where we find an unsolvable subproblem, we terminate the al-
gorithm and give a failure explanation by returning the min-
imal unsolvable subproblem. The minimal unsolvable sub-
problem is computed from the unsolvable subproblem using
the technique described in[Faltings, 2002].

3 Experiments and Results
For testing the scheme, we generated a large set of 10,000
random graph 3-colouring problems according to the method
described in [Davenport et.al. 1995]. The generated problem
graphs consisted of 30 variables with a connectivity of 2-6.
The ratio of solvable to unsolvable problems is 1:1. Figure
2 shows the results of the experiments. We show the num-
ber of constraint checks for the three algorithms, BO, BT and
BOBT on a logarithmic scale over the graph connectivity. For
unsolvable problems, we bound the maximum number of it-
erations for the BO to4.37 · 105.

Random Graph 3-Colouring Problems
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Figure 2: Number of constraint checks on a logarithmic
scale for solving 10,000 random generated, 30 node graph
3-colouring problems, solved with BO, BT and BOBT.

4 Conclusion
The main contribution of this paper is the presented hybrid
scheme that combines the breakout algorithm with a system-
atic search method, backtracking, and results in a new algo-
rithm that is complete. In the scheme we use the constraint
weight information of the breakout algorithm to identify hard
and unsolvable subproblems of increasing sizes and derive in
combination with the graph structure a fail-first variable or-
der for a backtracking algorithm. With our results we prove,
that the new hybrid search scheme performs extremely well.
BOBT needs orders of magnitude less constraint checks than
BO and BT. In the future we plan to extend the scheme by
identifying the ordered set of all unsolvable sub problems in
order to perform a spectral analysis that gives us the distribu-
tion of unsolvable subproblems for random graph colouring
problems.
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Abstract

For probabilistic reasoning, one often needs to sam-
ple from a combinatorial space. For example, one
may need to sample uniformly from the space of all
satisfying assignments. Can state-of-the-art search
procedures for SAT be used to sample effectively
from the space of all solutions? And, if so, how
uniformly do they sample? Our initial results find
that on the positive side, one can find all solutions
to a given instance. Nevertheless, sampling can
be highly biased. This research provides a starting
point for the development of more balanced proce-
dures.

1 Introduction

There has been much recent progress in the area of algorithms
for solving Boolean satisfiability problems. Current methods
can handle problem instances with up to a million variables.
The emphasis in this work has been on the decision version of
the satisfiability problem. A problem instance is either shown
satisfiable by producing a satisfiable assignment or by prov-
ing that no such solution exists. A natural extension of this
problem, for the satisfiable case, is to consider whether one
can sample from the set of all satisfying assignments. An ef-
fective sampling procedure would be of use in a large range of
probabilistic reasoning tasks. In the worst-case, the sampling
problem is even harder than the satisfiability problem [Roth,
1996]. However, this leaves open the question how of hard
it is to sample solutions from practical problem instances. In
particular, can state-of-the-art random walk style procedures
for SAT, such as WalkSAT [Selman et al., 1994], be used to
sample from the space of satisfying assignments?

We investigated this question, and our key findings are as
follows. On reasonable size problem instances, the WalkSAT
procedure does reach all satisfying assignments. However,
the sampling can be highly non-uniform (several orders of
magnitude in the probability of reaching solutions). Quite
unexpectedly, we found that sampling on our structured prob-
lem instance is much more uniform than on our hard random
problem instance. This shows that, in a sense, the search on

�Research supported in part by AFOSR, Darpa, and NSF

a random problem instance is more complex. We also con-
sidered the question of how to improve the uniformity of our
sampling approach. Our results show, again somewhat sur-
prisingly, that coverage does not become more uniform with
more noise injected in the random walk. (Of course, the ef-
fectiveness of finding solutions degrades, but apparently, this
degradation is proportional for all solutions.)

Because of space limitations, we present only some of our
key data. We hope this work will lead to a better understand-
ing of random walk style procedures for sampling solutions,
including possible ways for getting more uniform sampling.

Our work should be contrasted with the more standard
Markov Chain Monte Carlo (MCMC) approaches, such as
simulated annealing (SA). For MCMC methods, one can
show that the underlying Markov Chain eventually reaches
an equilibrium distribution (although this can take exponen-
tial time). Unfortunately, formal guarantees are of little prac-
tical value. For example, even for finding a single satisfiable
assignment, SA has been shown to be orders of magnitude
slower than WalkSAT [Selman et al., 1994] (even ignoring
the issue of whether SA reaches the stationary distribution).
The new class of local search methods for SAT are based on
ideas from biased random walks. These methods are designed
to reach some solution as quickly as possible. Such strategies
have proven to be quite effective, but they inherently exploit
the fact that they operate far away from equilibrium. Never-
theless, as our results show, they can reach all solutions on
non-trivial problem instances. Moreover, our work may sug-
gest ways of making the sampling more uniform, possibly
leading to a new more powerful class of sampling methods.

2 Sampling Experiments
We consider a hard random 3-SAT instance and a more struc-
tured problem from a planning application. In order to gen-
erate a random 3-SAT instance, we first created 100 uniform
random 3-SAT instances, with 70 variables and 301 clauses.
We chose an instance with 2531 solutions for our detailed

Table 1: Summary Statistics from Coverage Experiments

INSTANCE RUNS HITS HITS COM.-RARE
RAREST COMMON RATIO

RANDOM 50*106 53 9*105 1.7*104

LOGISTIC 1*106 84 4*103 50
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Figure 1: Frequency of finding a specific soln. vs. the median
number of flips to find this solution for a 3-SAT problem.
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Figure 2: Frequency of finding a specific soln. vs. the median
number of flips to find this solution for a logistic problem.

experiments. (Relsat [Bayardo and Pehoushek 2000] was
used to systematically generate all solutions.) For the logis-
tics planning formula, we started with logistics.d.cnf avail-
able from Satlib with over 10e10 solutions. To facilatate so-
lution set sampling experiments, we added 52 unit clauses,
constraining the instance to 1600 solutions.

For the 3-SAT and logistic instances, we performed 50e6
and 1e6 runs of WalkSAT, respectively. All of these runs suc-
cessfully found a solution, and WalkSAT ultimately found ev-
ery solution for both instances. Summary statistics for these
experiments are available in Table 1.

Figures 1 and 2 display the relationship between “solu-
tion frequency” (how often a particular solution is reached)
and “speed” (the median number of flips to reach that solu-
tion). Each point represents a unique solution. The figure
further confirms the results from Table 1: WalkSAT’s solu-
tion sampling can be highly non-uniform. Notice the scale

on the y-axis. For the random instance we see a range over 4
orders of magnitude. For the logistic problem, we see that the
solution sampling is also biased, albeit much less than on the
3-SAT problem. The figure also indicates that on the 3-SAT
problem, rare solutions are typically found with fewer flips
than common solutions. No such relation is evident for the
logistic problem in Figure 2B.

3 Solution Space Structure
In this section, we attempt to gain insight into the structure
of the solution space by analyzing hamming distances be-
tween solutions. For both the logistics and 3-SAT problems,
we computed the hamming distance between all solutions.
Thus, we generated O(n2) distances per problem, where n is
the number of problem solutions.

Figures 3A and B show histograms of these distances for
the 3-SAT and logistics problem, respectively. The 3-SAT
hamming distance distribution is trimodal, while the logistics
problem gives a unimodal distribution. These distributions
suggest that the 3-SAT instance’s solution space has multi-
ple clusters of solutions, while the logistic problem’s solution
space has only a single cluster of solutions.

Of course, it is inherently difficult to analyze structure
within these 70+ dimension solution spaces, and many other
underlying structures could explain the results seen in Fig-
ure 3. Nevertheless, we believe that these figures are highly
suggestive.

4 Obtaining More Uniform Coverage
In the previous experiment with the 3-SAT instance, we ob-
served that rare solutions are generally found with fewer flips
than common solutions. Intuitively, one needs to start rela-
tively close to such a rare solution to find it. Following up
on this observation, we decreased the cutoff value (number
of flips until restart) for Walksat. As shown in Figure 4A,
our experiments indicate that a lower cutoff indeed makes
the sampling more uniform on the 3-SAT instance. Unfor-
tunately, as a side effect, the median number of flips to reach
a solution goes up. Thus, there appears to be a tradeoff be-
tween speed and uniformity on the 3-SAT instance. Note that
theoretically, a cutoff of 0 (no flips) gives us purely uniform
sampling. However, such a strategy is clearly infeasible for
any instance of practical interest. (A cutoff below 40 makes
it practically infeasible to find all solutions for our random
problem instance.) Varying the cutoff used for the logistic
problem did not have an observable effect on uniformity of
sampling, as expected.

Intuitively, increasing WalkSAT’s noise level would lead
to a less greedy and more “erratic” search. It would therefore
be reasonable to expect more uniform sampling of solutions.
Quite surprisingly however, as shown in Figure 4B, the fre-
quency of the most common and the rarest solution is hardly
affected by the noise level. This unexpected finding requires
further study. It also means that we need to develop other
ways to improve WalkSAT’s sampling. We obtained similar
results for the logistic problem, which are not shown due to
space constraints.
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Figure 3: Hamming distances between all solutions for a (A) 3-SAT and (B) logistics problem
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Figure 4: Uniformity of Sampling for a 3-SAT problem: (A) Soln. Frequency vs. Cutoff (B) Soln. Frequency vs. Noise

5 Summary
1. WalkSAT is able to find all solutions for the 3-SAT and

constrained logistic problem, within a reasonable num-
ber of trials.

2. Solution sampling can be highly non-uniform, particu-
larly for the 3-SAT problem.

3. The 3-SAT instances appear to have a more complicated
solution space than the logistic problem.

4. Increasing WalkSAT’s noise does not appear to in-
crease the solution sampling uniformity, while it de-
grades WalkSAT’s speed.

5. Challenge: Devise ways to obtain more uniform sam-
pling.
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Abstract

In this paper, we present an abstract framework
for learning a finite domain constraint solver mod-
eled by a set of operators enforcing a consistency.
The behavior of the consistency to be learned is
taken as the set of examples on which the learn-
ing process is applied. The best possible expres-
sion of this operator in a given language is then
searched. We instantiate this framework to the
learning of bound-consistency in the indexical lan-
guage of Gnu-Prolog.

1 Introduction
Constraint Satisfaction Problems (or CSPs) have been widely
recognized as a powerful tool to model, formulate and solve
artificial intelligence problems as well as industrial ones. A
common framework to address this task is the combination of
search and filtering by a local consistency. Enforcing a local
consistency is usually done by the scheduling of monotonic
and contracting operators up to reach their greatest common
fix point. The consistency is obtained as the common closure
of the set of operators. This closure is efficiently computed by
a chaotic iteration of the operators [Apt, 1999]. But usually,
the task of finding efficient operators which actually define a
consistency is considered as one of the smartest skills of the
solver’s implementor. The essence of the learning framework
consists in considering the behavior of the operator enforcing
the desired consistency as a set of examples in order to find an
adequate representation of this operator in a given language.

2 Theoretical framework
Let V be a set of variables and D = (DX)X2V their finite
domains. A constraint c is a pair (W;T ) where W � V is the
arity of the constraints and T �

Q
X2W

DX is the set of solu-
tions of c. A CSP is a set of constraints. For W � V , a search
state s is a tuple (sX)X2W where 8X 2 W , sX � DX . A
singletonic search state (fvXg)X2W represents a single tu-
ple. The search space is SW =

Q
X2W

P(DX). The set SW
ordered by point-wise inclusion � forms a complete lattice.

A consistency for a constraint c = (W;T ) is an operator
f : SW ! SW such that:

� f is monotonic, i.e s � s0 ) f(s) � f(s0), in order to
ensure the confluence of the reduction mechanism,

� f is contracting, i.e 8s 2 SW , f(s) � s, in order to
reduce variable’s domains,

� f is correct w.r.t c, i.e 8s 2 SW , every solutions of c
which are present in s remain in f(s),

� f represents c, i.e for every singletonic search state s
which does not represent a solution of c, f(s) is an
empty state (at least one element of the tuple f(s) is the
empty set).

Operators which satisfy the first three conditions are called
pre-consistencies for c. As an example of consistency, if we
suppose that each variable domain DX is ordered by a total
ordering � and for A � DX , we denote by [A] the set fa 2
DX jmin(A) � a � max(A)g, then the bound-consistency
bcc is defined by 8s 2 SW , 8X 2 W , bcc(s)X = sX \ [TX ],
with TX the projection of T on X .

Let csc be the consistency to be learned. Our aim is to
build a consistency f which behaves like csc as much as pos-
sible. Thus f must be contracting, monotonic, correct w.r.t
csc (8s 2 SW , csc(s) � f(s)) and singleton complete w.r.t
csc (f(s) � csc(s) for any singletonic search state s). How-
ever, singleton completeness is difficult to get and even not
always possible to express in a given language. In order to
transform a pre-consistency into a consistency, let us define a
consistency idc such that 8s 2 SW , idc(s) is an empty state
if s is a non-solution singletonic state, and idc(s) = s other-
wise. Thus f Æ idc and idc Æ f are consistencies for c if f is
a pre-consistency for c. Therefore by adding idc in the set of
operators, processed by a chaotic iteration mechanism [Apt,
1999], we only need to build pre-consistencies for c. On the
other hand, the correctness condition must be ensured for ev-
ery s 2 SW which is generally huge. We show that:

Proposition 1 If f is a monotonic and contracting operator
such that f(s) = s for every singletonic state s which repre-
sents a solution of c, then f is a pre-consistency for c.

Therefore, by considering monotonic operators, we can re-
duce the search space to a sample set E which is a subset of
SW and which contains all singletonic search states. Let L
be the language in which operators are expressed and l be an
operator in this language. In order to find the best possible ex-
pression, we shall be able to compare two consistencies. This
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is usually done with a distance. Let d be such a distance be-
tween two consistencies. The learning problem is formulated
as follows:

minimize d(css; l),
subject to 8s 2 E, csc(s) � l(s) � s,

where E � SW , E contains all singletonic search states of
SW and l is a monotonic operator. Following the machine
learning vocabulary, csc represents the example space and L
the hypothesis space.

3 Learning indexicals
To instantiate our theoretical framework, we have to define
strong language biases in order to limit the combinatorial ex-
plosion.

The first question is the language in which operators are ex-
pressed. The language of indexicals [van Hentenryck et al.,
1991] is chosen, motivated by the ease of integration of the
user-defined indexicals in Gnu-Prolog [Diaz and Codognet,
2001]. In this language, an operator is written X in r,
where X represents the domain of the variable X and r is an
expression representing a subset of DX . If we denote x the
unary constraint representing X’s domain, then the indexical
represents the operator x 7! x \ r.

Then comes the choice of consistency. We learn the bound-
consistency, since it allows to limit the example space to in-
tervals instead of arbitrary subsets.

For each variable we learn a reduction indexical and de-
fine an indexical for idc. The reduction indexical for X is of
the form X in minX .. maxXwhere minX, maxX are in
some fixed forms. In practice, we use linear, piecewise lin-
ear and rational forms. In order to the reduction indexical to
be monotonic, the bound minX must be anti-monotonic and
maxX monotonic. This can be ensured by syntactic condi-
tions on the sign of the coefficients for each expression.

The indexicals for idc could be implemented in two ways:
by using Gnu-Prolog indexicals for predefined constraints in
which each instance of min and max is simply replaced by
val, or by a direct code using val and C operators.

As distance between two consistencies, we use the global
error on the example space E. By considering that f must be
correct w.r.t csc, this distance is �s2E jf(s)ncsc(s)j.
Example For lack of space, we present here one example.
An user defined global constraint is defined by the follow-
ing conjunction: X � Y > 3; X � Y < 30; 3 � X � Y >
50; 5 � Y �X < 120; X < 45; Y > 5. When treated glob-
ally as a two dimensional polyhedra, these constraints yield
less indexicals than the above decomposition. On the domain
[0::49] � [0::49], our system generates the following opera-
tors:
X in 6*min(Y)/<20+18 .. -10/<(1 + max(Y))+45
Y in 10/<(max(X)+1)+6 .. -590/<(max(X)+1)+47

Reparation operators are implemented from Gnu-Prolog in-
dexicals. Here is the one for X :
X in val(Y)+4 .. 44 & 0 .. val(Y)+29 &

50+val(Y)/>3+1 .. 44 & 5*val(Y)-119 .. 44

When trying all reductions on boxes included in [16; 25] �
[5; 26], the learned operators ran in 290 ms, while the non-
decomposed constraints ran in 400 ms. All tests have been
done on a Pentium4, 2Ghz, 512MB running Linux.

4 Conclusion
Related work Solver learning has been first introduced by
[Apt and Monfroy, 1999] in which they automatically gener-
ate a set of rules from the tuples defining a constraint. The
complexity of the rules generation limits them to small finite
domains such as boolean.

The system PROPMINER [Abdennadher and Rigotti, 2002;
2003] is devoted to the learning of Constraint Handling Rules
[Früwirth, 1998]. The produced solver is often very readable,
especially when a small number of rules are produced. While
being less general in theory since we only deal with finite
domains, our method works on domains and constraint arities
much larger.

In an earlier paper [Dao et al., 2002], we have presented
an indexical learning process. We propose here two main im-
provements, besides a more general theoretical framework:
the possibility of using only a sample of the example space
while still ensuring the correctness of the learned solver and
the reparation method. It follows that our system is able to
handle larger constraint arity and larger domains and there-
fore yields a better solver.
Summary We have presented a general, language-
independent framework for finite domain constraint solver
learning and an instantiation to the learning of bound-
consistency with Gnu-Prolog indexicals.
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Abstract

This paper presents two methods for improving the
performance of the Distributed Breakout Algorithm
using the notion of interchangeability. In particular,
we use neighborhood partial and full interchange-
ability techniques to keep conflicts localized and
avoid spreading them to neighboring areas.
Our experiments on distributed sensor networks
show that such techniques can significantly reduce
the number of cycles required to solve the prob-
lems (therefore also reduce communication and
time requirements), especially on difficult prob-
lems. Moreover, the improved algorithms are able
to solve a higher proportion of the test problems.

1 Introduction
Distributed Constraint Satisfaction (DisCSP) is a powerful
paradigm applicable for a wide range of coordination and
problem solving tasks in distributed artificial intelligence.

Among the distributed algorithms that were developed for
this kind of problems ([Yokoo et al., 1998]), the Distributed
Breakout Algorithm (DBA) received quite some interest (e.g.
[Zhang et al., 2002]) because of a number of properties that
this algorithm exhibits (simple, efficient, low overhead, linear
memory requirements, good anytime characteristics).

DBA is an extension of the original centralized Breakout
Algorithm ([Morris , 1993]). This algorithm is a local search
method, with an innovative technique for escaping from local
minima: the constraints have weights, which are dynamically
increased to force the agents to adjust their values while in a
local minimum. During the execution of the algorithm, each
agent proposes improvements to the current state by changing
it’s variable value such that the cost of violated constraints is
decreased as much as possible.

While having the interesting properties that we enumerated
above, local search algorithms also have a common problem:
choosing indiscriminately between the possible values of the
local variable (only considering the cost of the immediate
constraint violations) can lead to “chain-reactions” (one con-
flict originating in one part of the constraint graph needlessly
propagates throughout the whole graph, only to (hopefully)
be resolved in a completely different part of the graph).

We analyzed these phenomena, and drew the conclusion
that using interchangeability techniques, one can determine
what values from the local domain will not cause such conflict
propagations, and use one of those values as the next variable
assignment. In this way, we look for a “local resolution” to all
conflicts, in the sense that we keep them contained as much
as possible, and only involve “external parties” when there is
no other way.

We discovered that techniques based on interchangeability
[Freuder , 1991] (both neighborhood partial and full inter-
changeability [Choueiry et al., 1998]) can improve the per-
formance of this algorithm.

2 Preamble
Problem description and formalization

The distributed sensor network problem ([Gomes et al.,
2002]) consists of a sensor field composed of n sensors, and
m targets to be tracked. Each sensor has its own visibility
range. The sensors can communicate among themselves, but
not necessarily every sensor with every other sensor.

Some restrictions apply: 3 sensors have to be assigned to
each target, and they must be able to communicate among
themselves; each sensor can only track one target at a time.

In our approach, one agent corresponds to a target; each
agent has 3 local variables (the sensors to be assigned to each
target), and the domain of each variable is the set of sensors
that can track the respective target.

There are two types of constraints: intra-agent constraints
(the variables belonging to one agent must be assigned to dif-
ferent sensors, and the sensors assigned to one agent must
have a communication link between themselves) , and inter-
agent constraints (no 2 variables from any 2 agents can be
assigned the same value - a sensor can track a single target)

Interchangeability background
The concept of interchangeability informally means equiv-

alence between values of a CSP variable:

• Neighborhood Interchangeability: 2 values a and b of a
variable Vi are NI if they are equivalent for every con-
straint involving Vi;

• Neighborhood Partial Interchangeability: a weaker
form of NI, defined for a subset of values from the lo-
cal domain with respect to a set of neighbors, where the
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impact of the change of the local variable is limited to
the reference set of neighbors.

3 Algorithms
Due to lack of space, we will present here only a high-level
overview of the algorithms that we developed.

NI-DBA: the idea is that if we find the NI-sets for the local
variables, we can safely assign values from those sets, being
certain this won’t cause any conflicts with the neighboring
agents. The NI-sets are determined during the pre-processing
phase, based on the domains of the neighbors, and are used
at runtime like this: if an agent has a conflict with a neighbor,
it will search for an improvement in it’s local domain giving
preference to the values from the NI-set. This avoids any fu-
ture conflicts with any neighbor.

NPI-DBA: the NPI-sets are computed at runtime, w.r.t. the
set of the neighbors that we already have conflicts with. When
searching for a local improvement, we give preference to the
values from the NPI-sets, thus not risking to cause future con-
flicts with neighbors that are not already involved, therefore
keeping conflicts contained.

4 Evaluation
We made our evaluations in these settings: a sensor field with
400 sensors in total, and randomly generated solvable prob-
lems with 40, 60, 80, 100, 110, 115, 120, 125 and 130 simul-
taneous targets(meaning three times as many variables).

We collected these results: problem solved/not solved (a
problem is declared unsolved after the number of cycles
reaches a threshold of 50000 cycles), and solving effort (time
spent and number of cycles required).

For small numbers of targets, all the algorithms performed
well; the differences increased with the problem difficulty,
and peaked at 130 targets (most difficult problems), where
NPI-DBA solved more than 70% of the problems, whereas
Standard-DBA solved less than 50% (see Figure 1) Both the
average number of rounds and the solving time for standard
DBA are bigger than those for NPI-DBA, and close to the
ones of NI-DBA. We see in Figure 2 that for difficult prob-
lems, the number of required rounds for NPI-DBA is about
40% smaller than the one of Standard DBA. A similar dia-
gram for the time is available, but not included here.

We developed a visual interface that allows us to monitor
the solving process, thus giving us clear indications that using
the strategies based on NI/NPI greatly inhibits the propaga-
tion of conflicts around the constraint graph.

The initialization of the variables was random, as in Stan-
dard DBA, in order to keep the algorithms comparable, and
see the improvements that the search strategy brings. Initial-
ization with values from the NI-sets yields even larger im-
provements, leading us to believe that both the “informed”
initialization of the variables and the subsequent search strat-
egy play a role in the performance of the algorithm.

Overall, our results have shown that NPI-DBA is much bet-
ter than NI-DBA. This is due to the fact that in dense prob-
lems, there is usually little or no NI at all, whereas NPI, being
a weaker form of NI is still computable.

5 Conclusions and future work
The techniques presented here can be easily generalized be-
yond inequality constraints and resource allocation problems.

NPI-DBA clearly outperforms standard DBA for difficult
problems, and NI-DBA shows comparable performance. Fur-
ther speedups can be obtained with “informed” initializations,
based on the NI data available after the preprocessing phase.

Further improvements could also be obtained by allow-
ing multiple simultaneous changes of the local variables at
each step, and by trying a hierarchical approach, where cer-
tain agents are delegated as “local authorities” for solving a
particularly difficult local problem. It would be interesting to
study in more detail the scalability of these algorithms.
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Abstract 
In this work, we present a Genetic Algorithm 
(GA) system “Evolutionary Counterpoint”  
(EVOC) that generates contrapuntal music.  
Counterpoint is the construction of a musical 
piece by superimposing multiple melodies, indi-
rectly forming an underlying harmonic structure. 
Here, we include a description of the underlying 
algorithm, fitness function, and overall system 
modules. 

1 Introduction 
Counterpoint is the art of combining individual me-

lodic voices to form a harmonious whole [Greenberg, 
1997].  Contrapuntal music composition can be thought 
of as a vast search for the perfect combination of melo-
dies.  Given the exhaustive nature of the problem, genetic 
algorithms are ideal to facilitate the pursuit.  In this work, 
we employ genetic algorithms to this end, and describe 
our implementation. 

One aspect of counterpoint study involves taking a 
given musical line and creating an accompanying line.  
To do this correctly, the composer uses a set of guide-
lines (rules) for composition.  These can be as simple as 
‘no dissonant sounds’ to as complex as ‘perfect intervals 
must be approached from opposite voices and one voice 
must step.’  Using these sets of rules and a given melodic 
line known as a cantus firmus, one develops accompany-
ing lines that adhere to every guideline.   The guidelines 
are of utmost importance to our system because our fit-
ness function is based on them. In our work, we have 
made the problem more manageable by using Species I 
counterpoint, the most structurally primitive form of 

counterpoint.  

2  Music as a Constraint Problem 
   Constraint programming is concerned with using con-
straints to solve problems.  Music composition of a coun-
terpoint nature can be seen as a specialized constraint 
satisfaction problem (CSP).  Any CSP has the following 
characteristics: a set of variables, a domain for the vari-
ables, and a set of constraints on the domain [Barták, 
1999].  Every note in a given cantus firmus line gives the 
composer at least one variable to satisfy.  Every variable 
(note) is defined within the domain of every possible mu-
sical tone.  Finally, the set of counterpoint guidelines 
gives us the constraints on the domain.  The task of the 
composer (our system, EVOC) is to come up with a cor-
rect set of pitches along with its timing schedule. The 
version of counterpoint rules we are currently applying is 
limited to Species I in two voices (Figure 2), where given 
an upper melody as input, the system composes the bass 
line.   We employ the counterpoint rules found in a typi-
cal music theory setting [Magnuson] some of which are 
shown in Figure 1. 

3  Main Algorithm 
begin EVOC-Algorithm( ) 
 input: cantus firmus line 
 output: Species I melody line 
 
 Randomly generate 8 initial melodies (parents) 
 repeat 
  1. create 32 offspring using crossover on parents 
  2. randomly mutate offspring 

3. apply fitness function to offspring 
4. select new parents from offspring 

 until fitness function returns 0 

EVOC:  A Music Generating System using Genetic Algorithms 

Timothy Weale and Jennifer Seitzer 
University of Dayton 
Dayton, Ohio, USA 

{timothy.weale, jennifer.seitzer}@notes.udayton.edu 

Sample Principles of Species I Counterpoint 
 

1. Leaps of a third, fourth, fifth and ascending mi-
nor sixths are available. 

2. A distance of no greater than a sixth may be
covered in one direction (with the exception of 
anoctave leap). 

3. Only two leaps in one direction may be used
consecutively. 

4. Do not repeat notes consecutively. 
Figure1 

Cantus Firmus and Counterpoint Line 
Using Species I in Two Voices 

Figure 2 
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4   System EVOC 
The EVOC system consists of two independent pro-

gram modules each invoked by the Visual Basic inter-
face.   Module One reads in the input MIDI file and 
transforms it into an intermediate text format.  Module 
Two uses this to run the genetic algorithm and generate a 
counterpoint line.  A graphical representation of the logi-
cal organization can be found in Figure 3. 

 

 
The Visual Basic interface provides a simple, easy way 

to invoke the other two modules.  After loading the inter-
face, the user defines the name of the MIDI file with the 
given melody line.  Using this file name, the additional 
two modules are invoked. 

The MIDI input module is a C++ program that reads in 
a MIDI file and outputs it as an intermediate file.  The 
melody (as represented by a MIDI file track) is read from 
the file using file-processing routines implemented in 
Sapp’s IMPROV suite [2002].  From there, the lines are 
converted to an internal representation, from which the 
intermediate file is created. 

The final module runs the genetic algorithm.  This part 
reads the intermediate file, initializes the algorithm, and 
employs the main algorithm detailed in Section 3. This 
algorithm iterates until the fitness function returns zero 
indicating that a correct melody has been generated. The 
output of this final module is the generated contrapuntal 
melody. 

4.1 PROLOG Fitness Function  
In any GA system, the fitness function indicates which 

members of a generation survive.  For our fitness func-
tion, we wrote a theorem prover that embodies the his-
torical Species I counterpoint guidelines.  By comparing 
any given genotype melody with the guidelines, we as-
sign a valuation of validity to the genotype.  During se-

lection, the highest rated melodies persist to the next 
generation. 

 The evaluation function first constructs a list of note() 
values.  These notes have the form: note(MIDI_value, 
MIDI_name, measure).  With these note lists, the 
PROLOG evaluation is done using multiple scans, with 
two primary areas of investigation: melodic adherence 
and harmonic adherence.  Compositional errors occur 
when the constraints of the program (the species counter-
point rules) are broken.  When such an error is encoun-
tered, an appropriate penalty is assessed against the par-
ticular genotype valuation.  Serious infractions (e.g., par-
allel fifths) suffer a –500 penalty, while non-serious vio-
lations (e.g., counterbalance issues) may only suffer a  
–100 penalty.   

5  Conclusion 
To date, we have an operational system that can gener-

ate valid counterpoint lines in Species I.  The output is 
correct and perfectly valid as a functional counterpoint 
line.  We are currently working on improving the rule 
base as well as the user interface for EVOC.   

In this poster, we presented a genetic algorithm and a 
theorem proving deductive fitness function for the 
searching and generation of musical counterpoint. It em-
ploys a theorem prover as a fitness function that houses 
fundamental guidelines used by musicians composing 
these pieces. 
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Abstract
Temporal Constraint Satisfaction Problems allow
for reasoning with events happening over time.
Their expressiveness has been extended indepen-
dently in two directions: to account for uncontrol-
lable events, and, more recently, to account for soft
temporal preferences. The motivation for both ex-
tensions is from real-life temporal problems; and
indeed such problems may well necessitateboth
preferences and uncertainty. This paper proposes
the study of temporal problems with both pref-
erences and uncertainty, and puts forward some
methods for their resolution.

1 Motivation and Background
Research on temporal reasoning, once exposed to the difficul-
ties of real-life problems, can be found lacking both expres-
siveness and flexibility. Planning and scheduling for satel-
lite observations, for instance, involves not only quantitative
temporal constraints between events and qualitative tempo-
ral ordering of events, but also soft temporal preferences and
contingent events over which the agent has no control. For
example, on one hand, slewing and scanning activities should
not overlap, but may if necessary. On the other hand, the du-
ration of failure recovery procedures is not under the direct
control of the satellite executive. To address the lack of ex-
pressiveness, preferences can be added to the framework; to
address the lack of flexibility to contingency, handling of un-
certainty can be added. Some real-world problems, however,
have need for both. It is this requirement that motivates us.

In a temporal constraint problem, as defined in Dechteret
al. [1991], variables denote timepoints and constraints rep-
resent the possible temporal relations between them. Such
constraints are quantitative, describing restrictions on either
durations or distances of events, in terms of intervals over the
timeline. In general such problems are NP-complete. How-
ever, if each temporal constraint has just one interval — hence
the constraints have formlij ≤ xj − xi ≤ uij , wherexi de-
note the timepoints — then we have aSimple Temporal Prob-
lem(STP) that can be solved in polynomial time.
∗Partially supported by the EPSRC under grant GR/N64373/01.
†Partially funded by the Italian MIUR projects NAPOLI and

COVER, and the ASI (Italian Space Agency) project ARISCOM.

To address the lack of expressiveness in standard STPs, the
Simple Temporal Problems with Preferences(STPP) frame-
work merge STPs with semiring-based soft constraints[Rossi
et al., 2002]. Soft temporal constraints are specified by
means of apreference functionon the constraint interval,
f : [lij , uij ] → A, whereA is a set of preference val-
ues. The setA is part of a semiring. In general, STPPs
are NP-complete. However, if the preference functions are
semi-convex (that is, they have at most one peak), the con-
straints are combined via an idempotent operation (like max
or min), and the preference values are totally ordered, then
finding an optimal solution of a STPP is a polynomial prob-
lem. Two solvers for STPPs with the features above are pre-
sented by Rossiet al. [2002]. The first,Path-solver, enforces
path consistency in the constraint network, then takes the sub-
interval on each constraint corresponding to the best prefer-
ence level. This gives a standard STP, which is then solved
for the first solution by backtrack-free search. The second
solver,Chop-solver, is less general but more efficient. It finds
the maximum levely at which the preference functions can
be ‘chopped’, i.e. reduced to the set{x : x ∈ I, f(x) ≥ y}.
This set is a simple interval for eachI. Hence we obtain a
standard STP,STPy. By binary search, the solver finds the
maximaly for which STPy is consistent. The solutions of
this STP are the optimal solutions of the original STPP.

To address the lack of flexibility in execution of standard
STPs, Vidal and Fargier [1999] introducedSimple Temporal
Problems under Uncertainty(STPUs). Here, again as in a
STP, the activities have durations given by intervals. The
timepoints, however, fall into two classes: requirement and
contingent. The former, as in a STP, are decided by the agent,
but the latter are decided by ‘nature’: the agent has no con-
trol over when the activity will end; he observes rather than
executes. The only information known prior to observation is
that nature will respect the interval on the duration.Control-
lability of a STPU is the analogue of consistency of a STP.
Controllable implies the agent has a means to execute the
timepoints under his control, subject to all constraints. Three
notions are proposed. A STPU isstrongly controllableif
there is a fixed execution strategy that works in all realisations
(that is, an observation of all contingent timepoints). Check-
ing strong controllability is in P[Vidal and Fargier, 1999]. A
STPU isdynamically controllableif there is a online execu-
tion strategy that depends only on observed timepoints in the
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past and that can always be extended to a complete sched-
ule whatever may happen in the future. Checking dynamic
controllability is also in P[Morris et al., 2001]. A STPU is
weakly controllableif there exists at least one execution strat-
egy for every realisation. Checking weak controllability is
co-NP[Vidal and Fargier, 1999]. The three notions are or-
dered by their strength: strong⇒ dynamic⇒ weak.

In this paper we introduce a framework which allows one
to handle both preferences and uncertainty in temporal prob-
lems. This is done by just merging the two pre-existing mod-
els of STPPs and STPUs. We also adopt the notion of con-
trollability, to be used instead of consistency because of the
presence of uncertainty, and we adapt it to handle preferences.
We then investigate the complexity of checking such notions
of controllability, and we develop algorithms to perform such
checks. The main results are for strong and weak controlla-
bility, which we show to maintain the same complexity as in
STPUs under the same hypothesis that make STPPs polyno-
mially solvable. As future work, we plan to study dynamic
controllability, and to implement our algorithms to compare
their performance experimentally.

2 Simple Temporal Problems with
Preferences and Uncertainty (STPPU)

A STPPU is a STPP with timepoints partitioned into two
classes, requirement and contingent, just as in a STPU. Since
some timepoints are not controllable by the agent, the no-
tion of consistency of a STP(P) is replaced by controllabil-
ity, just as in a STPU, with the three notions suitably ex-
tended. While all three notions of controllability used for
STPUs can be adapted to STPPUs, for this short paper we
will focus on just weak and strong controllability. A STPPU
is optimally strongly controllableif there is a fixed execution
strategy that works in all realisations and is optimal in each
of them. Rather than optimality, one could be interested in
just reaching a certain quality level: a STPPU isα-strongly
controllable, whereα is a preference level, if there is a fixed
execution strategy that works in all realisations and is above
α in each of them. A STPPU isoptimally (resp.α-) weakly
controllable if there exists at least one optimal (resp., above
α) execution strategy for every realisation.

3 Checking Optimal andα Strong
Controllability

It can be proved that checking either optimal orα strong
controllability is in P. The method we propose relies on
two known algorithms. The first isPath-solver, which en-
forces path consistency on a STPP. The second isStrong-
Controllability(STPU) [Vidal and Fargier, 1999], which checks
if a STPU is strongly controllable. The main idea is to ap-
ply Strong-Controllability(STPU) to a special STPU, which
we will call Popt, that can be constructed starting from the
STPPP ′ obtained by applyingPath-solver to a STPPUP .
More precisely, the algorithm takes as input a STPPUP and
performs the following steps: (1) forgetting the uncertainty,
treatP as a STPP and applyPath-solver to it, obtaining the
STPPP ′; (2) collapse the non-contingent intervals ofP ′ to

those parts which have the highest preference level, and then
neglect the preferences, obtaining a STPUPopt; (3) apply
Strong-Controllability toPopt. Theoretical results that we have
proven, but omit for lack of space, show the correctness of the
algorithm: (1) If a STPPU is optimally strong controllable,
then the STPU obtained by neglecting preferences is strongly
controllable; (2) A STPPUP is optimally strong controllable
if and only if the STPUPopt is strongly controllable.

We have also generated a different algorithm by combining
Strong-Controllability with Chop-solver. This algorithm is less
general but more efficient. Both algorithms we propose are
polynomial, with a time complexityO(n3 ×R× l), wheren
is the problem size,R is the range of the largest interval, and
l is the number of preference levels.

For α-strong controllability, we rely on theoretical results
similar to those above, and we propose two algorithms. Given
α, the first one checksα-SC by: cutting the intervals to those
parts whose preference is aboveα, and applying strong con-
trollability checking to the resulting STPU. The time com-
plexity isO(n3×R). The second algorithm finds the highest
α at whichP is α-SC, by performing a binary search for the
highestα, checking strong controllability at each step. Its
time complexity isO(p×n3×R), wherep is proportional to
the precision we want in returning the result.

4 Checking Optimal andα Weak
Controllability

Optimal weak controllability of a STPPU is equivalent to
weak controllability of the corresponding preference-stripped
STPU. Thus we can use the existing STPU algorithms for
checking weak controllability. For checkingα-weak con-
trollability, we propose two approaches. The first chops the
STPPU at levelα by considering only those parts of its inter-
vals which have preference level aboveα (semi-convexivity
guarantees that the result is always a single interval), and then
appliesWeak-Controllability to the STPU so obtained. The
second approach generates the realisations that arise by con-
sidering the contingent intervals reduced to just their upper or
lower bound (other realisations need not be considered)[Vi-
dal and Fargier, 1999]), and checks the consistency of all such
realisations. Both algorithms are exponential in the number
of contingent constraints.
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1 Introduction
Recently several agent architectures have been proposed that
incorporate obligations. However, agent specification or ver-
ification languages that take obligations into account have re-
ceived less attention. Our research question is how properties
involving obligations can be specified or verified in an exten-
sion of Rao and Georgeff’s BDICTL. In Section 2 we extend
BDICTL with so-called Standard Deontic Logic, and in Sec-
tion 3 and 4 we introduce various single agent and multiagent
properties.

2 BDIOCTL

We use an equivalent reformulation of Rao and Georgeff’s
formalism [1991] presented by Schild [2000], which we ex-
tend with Standard Deontic Logic (SDL, Von Wright [1951]).
We only consider the semantics.

Definition 1 (Syntax BDIOCTL) Assume n agents. The ad-
missable formulae of BDICTL are categorized into two classes,
state formulae and path formulae.

S1 Each primitive proposition is a state formula.

S2 If α and β are state formulae, then so are α∧β and ¬α.

S3 If α is a path formula, Eα and Aα are state formulae.

S4 If α is a state formula and 1 ≤ i ≤ n, then
Bi(α),Di(α), Ii(α), Oi(α) are state formulae as well.

P If α and β are state formulae, then Xα and αUβ are
path formulae.

The semantics of BDICTL involves two dimensions. The
truth of a formula depends on both the world w and the tem-
poral state s. A pair 〈w, s〉 is called a situation in which
BDICTL formulae are evaluated.

Definition 2 (Situation structure BDIOCTL) Assume n
agents. A structure M = 〈∆,R,B1,D1, I1,O1, . . . ,On, L〉
forms a situation structure if ∆ is a set of situations,
R ⊆ ∆ × ∆ is a binary relation such that w = w′ whenever
〈w, s〉R〈w′, s′〉, Zi ⊆ ∆ × ∆ for Z ∈ {B,D, I,O} and
1 ≤ i ≤ n are binary relations such that s = s′ whenever
〈w, s〉Zi〈w′, s′〉, and L an interpretation function that
assigns a particular set of situations to each primitive
proposition. L(p) contains all those situations in which p
holds.

A speciality of CTL is that some formulae – called path
formulae– are not interpreted relative to a particular situation.
What is relevant here are full paths. The reference to M is
omitted whenever it is understood.

Definition 3 (Semantics BDIOCTL) Assume n agents. A full
path in situation structure M is a sequence χ = δ0, δ1, δ2, . . .
such that for every i ≥ 0, δi is an element of ∆ and δiRδi+1,
and if χ is finite with δn its final situation, then there is no
situation δn+1 in ∆ such that δnRδn+1. We say that a full
path starts at δ iff δ0 = δ. If χ = δ0, δ1, δ2, . . . is a full path
in M , then we denote δi by χi (i ≥ 0).

Let M be a situation structure, δ a situation, and χ a full
path. The semantic relation |= for BDIOCTL is then defined as
follows:
S1 δ |= p iff δ ∈ L(p) and p is a primitive proposition

S2 δ |= α ∧ β iff δ |= α and δ |= β

δ |= ¬α iff δ |= α does not hold

S3 δ |= Eα iff ∃ full path χ in M starting at δ s.t. χ |= α

δ |= Aα iff ∀ full path χ in M starting at δ, χ |= α

S4 δ |= Bi(α) iff for every δ′ ∈ ∆ such that δBiδ
′, δ′ |= α

δ |= Di(α) iff for every δ′ ∈ ∆ such that δDiδ
′, δ′ |= α

δ |= Ii(α) iff for every δ′ ∈ ∆ such that δIiδ
′, δ′ |= α

δ |= Oi(α) iff for every δ′ ∈ ∆ such that δOiδ
′, δ′ |= α

P χ |= Xα iff χ1 |= α

χ |= αUβ iff there is at least one i ≥ 0 such that
χi |= β and for all j(0 ≤ j < i), χj |= α

As usual ‘globally α’ (on a path) is defined as G(α) =
αU⊥ and ‘at some future moment α holds’ as F (α) =
¬G(¬α).

We do not discuss the correspondence between modal
properties and conditions on binary relations Bi, Di, Ii, and
Oi, but discuss possible specification properties expressible
as modal formulae.

Rao and Georgeff discuss realism properties

Bip → Dip Dip → ¬Bi¬p

DiEFp → BiEFp

and commitment strategies, e.g.:

IiAFp → A(IiAFpUBip)
IiAFp → A(IiAFpU(Bip ∨ ¬BiEFp))
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3 Single agent properties
The following properties characterize the relation between
mental attitudes of a single agent.

3.1 Regimentation
A main question when developing a normative system is
whether the norms can be violated or not, i.e. whether the
norms are soft or hard constraints. In the latter case, the
norms are said to be regimented. Regimented norms corre-
spond to preventative control systems in computer security.
For example, in the metro in Paris it is not possible to travel
without a ticket, because there is a preventative control sys-
tem, whereas it is possible to travel without a ticket on the
French trains, because there is a detective control system.
Norm regimentation for agent i is characterized by:

Oip → p

Strong and weak epistemic norm regimentation are:
Oip → Bip Oip → ¬Bi¬p

And intentional norm regimentation is:
Oip → Iip Oip → ¬Ii¬p

A variant of the latter regimentation is conditional to a con-
flict between agent i’s internal and external motivations. For
example, if an agent is obliged to work but desires to go to
the beach, then it intends to go to work. Or at least it does
not intend to go to the beach. An agent is called strongly or
weakly respectful if:

(Oip ∧ Di¬p) → Iip (Oip ∧ Di¬p) → ¬Ii¬p

Moreover, a respectful agent can internalize its obligations in
the sense that they turn into desires, or at least it cannot decide
to violate the obligation. For example, if an agent is obliged
to work then it also desires to work, or at least it cannot desire
not to work.

Oip → Dip Oip → ¬Di¬p

Instead of respectful, agents may also be egocentric, which
can be characterized by similar properties:

Dip → Oip Dip → ¬Oi¬p

3.2 Persistence
Obligations typically persist until a deadline, e.g. deliver the
goods before noon, or they persist forever, e.g. don’t kill.
We denote a deadline obligation by Oi(p, d), where achieve-
ment of the proposition d is the deadline for the obligation to
achieve p. A deadline obligation Oi(p, d) persists until it is
fulfilled or becomes obsolete because the deadline is reached:

Oi(p, d) =def A(OipU(p ∨ d))
A deadline obligation Oi(p, p), for which the only dead-

line is the achievement of the obligation itself, is called an
‘achievement obligation’. We may characterize that Oip is an
achievement obligation by:

Oip → A(OipUp)
Alternatively, we may characterize that Oip persists for-

ever, i.e. that it is a ‘maintenance obligation’, by:

Oip → AGOip

4 Multi-agent Obligations
In a multi-agent setting agents interact with each other,
thereby creating obligations. For example, in an electronic
market where agents interact to buy and sell goods, sending a
confirmation to buy an item creates the obligation of payment
by the buyer and the obligation of shipment of the item by the
seller. Social systems may be designed in which obligations
are related to the mental attitudes of other agents. For exam-
ple, there may be communities in which agent i may adopt all
the obligations of agent j.

Bi(Oj(α)) → Oi(α)

The following property characterizes that agent i adopts the
desires of agent j as its obligations. For example, if agent j
desires to eat then agent i is obliged to see to it that he gets
something to eat.

Bi(Dj(α)) → Oi(α)

In a master slave relationship, the intentions of the master
become the obligations of the slave.

Bi(Ij(α)) → Oi(α)

Agent i is a dictator if for every other agent j it holds that:

Ii(Oj(α)) → Oj(α)

Finally, a particular kind of dictator i is one whose desires
immediately turn into obligations of another agent j.

Di(Oj(α)) → Oj(α)

5 Summary
In this paper we have introduced the BDIOCTL logic; a com-
bination of Rao and Georgeff’s BDICTL formalism and stan-
dard deontic logic SDL. We have defined several specification
and verification properties in this logic. The formalization of
other properties is the subject of further research. The option
most discussed in deontic logic is whether violations of norms
can trigger new obligations, i.e. whether there is contrary-to-
duty reasoning. For example, it is often assumed that the legal
code does not contain contrary-to-duty norms. Properties re-
lated to contrary-to-do reasoning are therefore of particular
interest.
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Abstract

A standard intuition underlying traditional ac-
counts of belief change is the principle of minimal
change. In this paper we introduce a novel account
of belief change in which the agent’s belief state is
modified minimally to incorporate exactly the new
information. Thus a revision by p ∨ q will result in
a new belief state in which p ∨ q is believed, but a
stronger proposition (such as p ∧ q) is not, regard-
less of the initial form of the belief state.

A reasoning entity will need to maintain its stock of beliefs
in the face of new information. Such belief change is not ar-
bitrary; rather belief change is generally taken to be guided
by various rationality criteria. One of the most widely advo-
cated rationality criterion is the principle of minimal change:
that a belief state is modified minimally to incorporate new in-
formation [Makinson, 1993]. Perhaps the most evident way
in which a change in belief can be said to be minimal is in
terms of standard constructions such as systems of spheres
[Grove, 1988] i.e., orderings of possible worlds.

In this paper we introduce an account of belief change that
is orthogonal to the notion of revision in which “minimal
change” is taken with respect to the new information. We
examine an account of belief change in which all we wish to
accept is the new information itself—no more, no less. This
is reminiscent of the Gricean principle of Conversational Im-
plicature, that in interpreting a speaker we should assume that
the speaker means no more, and no less, than what she says.
Our approach ensures that, in a sense to be specified, exactly
the sentence accepted as evidence is incorporated. It proves to
be the case that a modified knowledge base is a conservative
extension (see Section 2) of the sentence for belief change;
consequently we term this conservative belief change.

1 Motivation and Examples
The following example illustrates the traditional account of
integrating new information, in accord with minimal change.

Example 1.1 (Exclusive disjunctive update) Leslie and
Robin are two students who share an apartment above
your’s. While they get along, they are independent and have

∗Also affiliated with National ICT Australia and the ARC Centre
of Excellence in Autonomous Systems.

their own circles of friends. You initially believe that for
the upcoming weekend neither will be in the apartment, say
K ≡ ¬l ∧ ¬r. However, come the weekend you hear muted
but unmistakable sounds of domestic activity. You modify
your beliefs minimally to account for this new information,
and consequently you conclude just that one of them has not
gone away for the weekend, i.e. K � (l ∨ r) ≡ (l ↔ ¬r).1

To be sure, this result is not dictated by the standard postu-
lates but it seems to be the most plausible minimal change,
given the information available; as well, this phenomenon
recurs in the standard distance-based approaches to update
(e.g., [Winslett, 1990]), as well as in the belief revision coun-
terparts. The next example illustrates that these results aren’t
necessarily desirable all the time.

Example 1.2 (Inclusive disjunctive update) There are two
rooms in a warehouse, on the left and on the right. Let l and r
denote the fact that the respective rooms are not empty. There
are a number of boxes outside the warehouse but the rooms
are initially empty, and so K ≡ ¬l ∧ ¬r. It subsequently be-
gins to rain, and the boxes are moved inside. One concludes
just that the rooms are not empty, i.e. K � (l ∨ r) ≡ (l ∨ r).

This example apparently violates the principle of minimal
change. As well it conflicts with the aforecited distance-based
approaches, which dictate that the result be l ↔ ¬r, that all
the boxes are in one room or the other.

The idea here is that for a revision (or update) by a formula
φ, exactly φ is to be incorporated into the knowledge base.
Consider K ∗ (p ∨ q). If the idea is that all we know about
p and q is that p ∨ q is true, then we would want the possible
combinations of truth values {p, q}, {¬p, q}, and {p,¬q} to
be considered possible, and so be consistent with K ∗ (p∨ q).
This sense is reminiscent of Gricean conversational implica-
ture [Grice, 1975] wherein a speaker is required to be max-
imally informative. Thus if a listener is told that p ∨ q is
true, then the communicator does not know which of p, q are
true; if they did, they would have conveyed the stronger in-
formation to the listener. A similar notion has been studied
by Levesque, and Lakemeyer and Levesque (see [Lakemeyer
and Levesque, 2000]) dealing with “only-knowing” or “only-
knowing about”. These concepts arise in autoepistemic de-
fault reasoning where one may want to assert that all an agent

1
↔ is material biconditional and ≡ is logical equivalence.
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knows is φ or all that an agent knows about α is φ. Techni-
cally in our approach this will amount to the result of a belief
change being a conservative extension (Section 2) of the for-
mula to be incorporated in the knowledge base.
2 Preliminaries
We consider a finitary propositional language L, over a
set of atoms, or propositional letters, P = {a, b, c, . . .},
truth-functional connectives ¬, ∧, ∨, ⊃, and ↔, and truth-
functional constants > and ⊥. Interpretations and models
are defined in the standard way; M is the set of interpreta-
tions of L. ModL(φ) denotes the set of models of sentence
φ over language L; the subscript L may be dropped if the
language is clear. For φ ∈ L, we will define L(φ), the lan-
guage in which φ is expressed, as comprising the minimum
set of atoms required to express φ (see [Parikh, 1999]). Thus
L(p ∧ (q ∨ ¬q)) = L(p) = {p}. This extends to sets of sen-
tences in the obvious way. It follows that if |= φ ↔ ψ then
L(φ) = L(ψ), and if |= φ then L(φ) = {>}.

We will make use of the notion of a conservative extension
of one set of sentences by another.
Definition 2.1 For sets of sentences Γ1 ⊆ Γ2 ⊆ L we have
that Γ2 is a conservative extension of Γ1 iff for every φ ∈
L(Γ1), if Γ2 |= φ then Γ1 |= φ.
Intuitively Γ2 is a conservative extension of Γ1 iff Γ2 extends
Γ1 but tells us nothing more about sentences that are in the
language of Γ1. Γ2 may entail sentences in its extended lan-
guage of course but as far as the language which it shares with
Γ1 is concerned, it says no more than Γ1.

A common approach in addressing belief revision has been
to provide a set of rationality postulates for belief change
functions. The AGM approach [Gärdenfors, 1988] provides
the best-known set of such postulates. The goal is to describe
belief change at the knowledge level, that is on an abstract
level, independent of how beliefs are represented and manip-
ulated. Belief states are modelled by sets of sentences, called
belief sets, closed under logical consequence. K can be seen
as a partial theory of the world. For belief set K and formula
φ, K + φ is the deductive closure of K ∪ {φ}, the expan-
sion of K by φ. Expansion is intended to be applied when
new information is consistent with current beliefs. K⊥ is the
inconsistent belief set (i.e. K⊥ = L).

In belief revision, the new information may be inconsis-
tent with the reasoner’s beliefs and needs to be incorporated
in a consistent manner where possible. See [Gärdenfors,
1988] for the revision postulates. We will make reference to
Grove’s use of a system of spheres (SOS) model for charac-
terizing AGM revision [Grove, 1988]. A system of spheres
centred on X is a total, well-founded preorder on the set of
interpretations, ≤SOS , in L such that for x ∈ M we have
that: x ∈ X iff x ≤ y for all y ∈ M . (That is, X is the
least set of worlds in the preorder.) We will often omit the
subscript from ≤SOS for readability. Revision is defined for
ModL(K) = X by

ModL(K ∗ φ) = min
≤SOS

{x ∈ M | x |= φ} (1)

where min{} denotes the minimal models under ≤.
Grove shows that for every belief revision operator satisfying
the AGM postulates there is a system of spheres characteris-
ing that operator, and vice versa.

3 Conservative Belief Revision
We use ∗̂ to denote the type of belief revision described
in Section 1, called “conservative belief revision” or “C-
revision.” The idea we wish to capture is that, for K ∗̂φ, φ
is exactly what will be believed in the resulting knowledge
base, relative to the “subject matter” or “context” implicit
in φ. So for K ∗̂ ((p ∨ q) ∧ r) the idea is that (p ∨ q) ∧ r
constrains the truth values of the atoms in {p, q, r}, and that
exactly (p∨ q)∧ r will be known about these atoms in the re-
sulting knowledge base. In particular, strengthenings of p∨q,
such as p or p ↔ ¬q will not be true in the resulting knowl-
edge base. This will be the case even when K implies p or
p ↔ ¬q; hence a revision may in fact yield a weakening
of the knowledge base. This restriction does not necessarily
hold for the sentences not in L(φ).

The semantic intuition behind our proposal is easily visu-
alised. In Figure 1 we consider a revision where the underly-
ing language is generated from atoms x, y and z. The agent
believes x∧¬y∧z and encounters evidence¬x∨¬y. Accord-
ingly the models are partitioned into four cells corresponding
to the interpretations over L(¬x∨¬y). The best worlds from
each of the three cells satisfying ¬x ∨ ¬y are chosen to rep-
resent the revised knowledge base. Clearly, the belief content
of the new knowledge base modulo L(¬x ∨ ¬y) will be ex-
actly ¬x∨¬y. Beliefs regarding z will depend on extralogical
factors, namely the plausibility of different worlds.

 xyz¬

xy  z¬      ¬

x  y   z   ¬    ¬

x  yz¬   ¬

xyz

xy  z      ¬

[x  y]     ¬

[  x  y]  ¬   ¬

[  xy]  ¬

x   y
   z

¬    ¬
     ¬

x  yz   ¬

Figure 1: Conservative Revision – Semantics

Now, in determining C-revision, we consider the plausibility
of different worlds represented in Figure 1 by the concentric
“rings”. The worlds that are more centrally located are more
plausible. Accordingly, from the [x¬y] cell, the world x¬yz
is selected, whereas worlds ¬xy¬z and ¬x¬y¬z are selected
from the cells [¬xy] and [¬x¬y] respectively. Since some of
these selected worlds satisfy z and some ¬z, under this plau-
sibility ordering the belief z is lost. In fact, the new beliefs
regarding z can be captured by the beliefs x ↔ z and y ∨ z
that are retained from the old knowledge base.

We can formalize this analogously to Grove’s system of
spheres model for characterizing AGM revision. Given (1),
we have the analogous definition for C-revision:

ModL(K ∗̂φ) =
⋃

σ∈ModL(φ)(φ)

min
≤SOS

{ω ∈ M | ω |= σ}. (2)

The overall result is captured by the following theorem:
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Theorem 3.1 For any belief set K and input sentence φ,
K ∗̂φ is a conservative extension of φ, i.e., for ψ ∈ L(φ),
if K ∗̂φ |= ψ then φ |= ψ.

We obtain the following elementary results.

Theorem 3.2
1. K ∗̂φ ⊆ K ∗ φ.

2. For φ a conjunction of literals, K ∗̂φ = K ∗ φ.

This gives rise to the question of whether a specific C-revision
function can be captured using the standard definition of re-
vision (1) in some suitably-constructed system of spheres. In
general the answer is negative; for a counterexample, con-
sider where L = {p, q} and we are given a C-revision func-
tion such thatK ≡ ¬p∧¬q and in whichK ∗̂ p = K ∗̂ (p∧q).
This entails the following constraints on the ordering:

{¬p,¬q} < {p, q}, < {p,¬q}.

However, as is easily verified in this case,K ∗̂ (p∨q) ≡ p∨q.
This however cannot be obtained by standard revision given
the above constraints on the ordering, since it would require
{p, q}, {¬p, q} and {p,¬q} at the same level.

While a given system of spheres determines a unique C-
revision (as constructed by (2)), the converse in general does
not hold. The following example demonstrates this.

Example 3.1 Consider SOS1: . . . < xyz < x¬y¬z and
SOS2: . . . < x¬y¬z < xyz, where the . . . in the orderings
represent an identical subsequence. The C-revision based on
these SOS’s (using Definition 2) exhibit identical behaviour
since no cell of any partition based on a sub-language of
{x, y, z} will pick up exactly the set {xyz, x¬y¬z}.

Thus we notice an asymmetry between the classical AGM
account of belief revision and C-revision. An AGM revision
operation ∗, given a fixed belief set K, determines a unique
system of spheres. On the other hand, the C-revision oper-
ation, given a fixed belief set K, corresponds to a class of
systems of spheres. It is of interest to characterise the class of
systems of spheres that a given C-revision operation ∗̂ deter-
mines. However, we leave this to future work.

We consider next those postulates satisfied by C-revision.

Theorem 3.3 Let K be a belief set, φ, ψ ∈ L and let ∗̂ be
defined via (2), then ∗̂ satisfies the following properties:
(K ∗̂ 1) K ∗̂φ is a belief set.
(K ∗̂ 2) φ ∈ K ∗̂φ.
(K ∗̂ 3) K ∗̂φ ⊆ K + φ.

(K ∗̂ 5) K ∗̂φ = K⊥ iff |= ¬φ.
(K ∗̂ 6) If |= φ↔ ψ, then K ∗̂φ = K ∗̂ψ.
(K ∗̂ 7) If ψ ∈ K ∗̂φ then K ∗̂φ = K ∗̂ (φ ∧ ψ).
(K ∗̂ 9) If ψ ∈ L(φ) then K ∗̂φ |= ψ implies φ |= ψ.
(K ∗̂ 10) If ¬φ 6∈ K ∗̂ψ and ¬ψ 6∈ K ∗̂φ then

K ∗̂φ ⊆ K ∗̂ (φ ∧ ψ).

The numbering is intended to reflect correspondences with
the AGM revision postulates. Postulate (K ∗̂ 9) is new and
states that K ∗̂φ is a conservative extension of φ. Since C-
revision behaves the same as (standard, AGM-style) revision
if the formulas involved in a revision are equivalent to sets of
literals, AGM postulates 7 and 8 hold in C-revision if φ and
ψ are equivalent to conjunctions of literals.

There are counterexamples to other AGM postulates.

Observation 1 The following do not hold of K ∗̂φ.
(K ∗ 4) If ¬φ 6∈ K, then K + φ ⊆ K ∗ φ.
(K ∗ 7) K ∗ (φ ∧ ψ) ⊆ (K ∗ φ) + ψ.

(K ∗ 8) If ¬ψ 6∈ K ∗ φ, then (K ∗ φ) + ψ ⊆ K ∗ (φ ∧ ψ).

4 Conclusion
We have outlined a theory of conservative belief change and
presented an analysis of its properties. The main intuitive mo-
tivation for this work stems from an attempt to make the most
of the information presented by new evidence that a reasoner
acquires. As such, our approach focuses much more on the
content of the new evidence. Our current analysis suggests
that the operator we introduced based on these intuitions pos-
sesses some interesting and appealing properties.

With respect to semantics, the distinction between standard
AGM revision and C-revision is very much analogous to the
distinction between revision and update, and in fact the two
distinctions may be seen as duals of each other. For an (AGM)
revision, K ∗ φ, we consider the set of all models of K, and
revise by selecting the closest models of φ to that set. For an
update,K � φ, we consider instead each model of K individ-
ually, and for each model of K look for the closest models of
φ; the update is the union of all such models. Analogous to
update, for a C-revision, K ∗̂φ, we consider each model of φ
(over L(φ)), and reviseK by this model; the C-revision is the
union of all such models. In a similar way in which we moti-
vate C-revision from standard revision, we can define a notion
of C-update from standard update. This duality between C-
and standard belief change on the one hand, and between re-
vision and update on the other, completes a classification of
belief change operators, in terms of whether the models of
a knowledge base or formula for change are considered en
masse, or individually. It is also relatively straightforward to
define syntax-dependent versions of both C-revision and C-
update. Also we can look at C-contraction operations (both
syntax-independent and dependent versions). However we
leave this to future work.
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1 Introduction
Recently Boutilier et al. (2000) proposed the language DT-
GOLOG which combines explicit agent programming with
decision theory. The motivation is that a user often has some
idea about how to go about solving a particular problem yet at
the same time does not want to or cannot commit in advance
to an exact course of action. Instead, certain choices are left
to the agent running the program and determining an optimal
action selection policy involves solving a Markov Decision
Process (MDP)[Puterman, 1994]. In a sense, a DTGOLOG
program can be thought of as a factored representation of an
MDP. As an example, Boutilier et al. consider a mail-delivery
scenario where the task of delivering mail to a particular per-
son is hand-coded and fixed, while the agent chooses the or-
der in which the various people are served according to some
reward function. They note that this approach allows solving
problems which are much larger than those solvable using the
traditional dynamic-programming approach for MDPs.

Nevertheless, it is not very difficult to find examples
where DTGOLOG also shows poor computational behavior.
Roughly, the complexity is determined by the number of
choices the agent needs to consider when computing a pol-
icy and the number of actions with uncertain outcomes (na-
ture’s choices) that need to be considered along the way.
To better control this potential blow-up we were inspired by
work on so-called macro actions or options previously de-
veloped in the MDP framework[Hauskrechtet al., 1998;
Suttonet al., 1999]. The idea is that the policies for cer-
tain subtasks like leaving a room are pre-computed and then
simply used when working on the global policy.

This is, roughly, what we propose: for a given domain
identify subtasks and compute local policies using standard
MDP techniques like value iteration. From those local
policies generate two representations: (1) a (deterministic)
DTGOLOG program directly encoding the local policy in
terms of what action to take while the local policy is ap-
plicable and (2) so-calledabstract stochastic actionswhich
only address the expected outcome of a local policy. It turns
out that, while both representations can be used to compute
a global policy, the use ofabstract stochastic actionsmay
result in an exponential speed-up.— In the next section we

�This work was partly supported by the German Science Foun-
dation (DFG), Grant No. LA 747/9-1, and a grant by the NRW Min-
istry of Education and Research (MSWF).

briefly introduce MDPs and DTGOLOG. Section 3 describes
options in more detail and how to map them into DTGOLOG.
We end with a discussion of experimental results.

2 Decision Theory and GOLOG
A fully observable MDP is represented as a tupleM =
hS;A;Pr;Ri, whereS is a finite set of states,A is a finite set
of actions,Pr is a probability distributionPr : S �A�S !
[0; 1] (Pr(sj jA; si) denotes the probability of the agent end-
ing up in statesj after performing actionA in statesi, and
R : S ! IR is a bounded reward function. The objective
is then to construct a policy� : S ! A that maximizes the
expected total reward over some horizon. A simple algorithm
for constructing optimal policies is value iteration (cf.[Put-
erman, 1994]).

DTGOLOG [Boutilier et al., 2000] can be thought of,
roughly, as a programming language which allows a user
to combine pre-defined primitive actions into complex pro-
grams using the usual constructs like sequence, if-then-else,
while, and recursive procedures. In addition there arenonde-
terministic actionsto model that an agent can choose among
alternatives. The semantics is based on the situation calcu-
lus and, in particular, the so-called basic action theories de-
scribed in[Reiter, 2001], which define when primitive ac-
tions are executable and how they change and do not change
what is true in the world. As a special form of primitive ac-
tion DTGOLOG allows so-calledstochastic actions,which
have probabilistic outcomes, just as in MDPs. For example,
it is possible to define an actionr (move to the right), after
which a robot has moved one step to the right with probabil-
ity 0.9, but has moved to the left, up, or down with probability
0.1. MDP-style reward and cost functions are incorporated as
well. Given a DTGOLOG program, the idea is then to com-
pute a policy in the sense that each nondeterministic choice
is resolved in a decision theoretic manner, that is, by choos-
ing the action with maximal expected reward. Assuming that
there are not too many nondeterministic or stochastic actions,
a policy can be computed even in cases where an MDP repre-
sentation seems infeasible due to the size of the state space.

3 Mapping Options into DTGOLOG

As in [Sutton et al., 1999], we defineoptions as triples
hI; �; �i, whereI is the set of initial states,� is a policy, and
� is the set of terminating states. To illustrate options con-
sider the example in Figure 1 from[Hauskrechtet al., 1998].
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Figure 1:Maze66 from[Hauskrechtet al., 1998].

The task is to find an optimal policy to get from positionS
to positionG. Performing an action has cost 1, the goal po-
sition has a high positive reward. The agent can perform the
stochastic basic or primitive actionsr; l; u; d succeeding with
probability 0.9. With probability 0.1 it will be in any other ad-
jacent position. For each room options are defined to leave the
room through a certain door (one for each room/door combi-
nation). The gray dots correspond to the termination positions
of these options. For the left lower room in Figure 1 there are
two optionsOE andON (leave through the east or north door,
respectively) withIE = f(x; y) j 0 < x � 3; 0 < y � 3g and
�E = f(2; 4); (4; 2)g, and similarly forON . (In order to
mark state (4,2) in�E as success and (2,4) as failure, they are
assigned positive and negative reward, respectively.)

Applying standard value iteration techniques, the follow-
ing can be computed for an optionO:

1. the optimal policy�, that is, the most appropriate action
Ai for eachsi 2 I ;

2. for eachsi 2 I andsj 2 �, the probability to terminate
the option with the outcomesj when starting insi.

These results can now be translated into a form suitable for
DTGOLOG. GivenI = fs1; : : : ; sng, suppose that eachsi
can be uniquely characterized by a logical formula'i. (In our
example,'i simply expresses the coordinates of the location
of si.) Then the policy� can be translated in a straightfor-
ward fashion into the following DTGOLOG program:

senseState(O);
while('I)
if'1 thenA1 else if : : : else if 'n thenAn;
senseState(O);

endwhile

where'I =
W
'i andsenseState(O) is a so-called sens-

ing action. Roughly, executingsenseState(O) establishes
the truth values of the'i so that they can be tested in the
following while and if conditions. (The sensing actions are
necessary to account for the MDP assumption of full observ-
ability.) All in all, the program simply prescribes that the
optimal action (according to�) should be executed as long as
the agent is in one of the initial states ofO.

Given (2.) above we can also generate for eachsi 2 I
an abstract stochastic actiono(si). For example, for the
option OE and states1 = (2; 2) we would define an ab-
stract stochastic actionoe(s1) with nature’s choicesoee(s1)
andone (s1) for leaving through the east or north door, respec-
tively, together with the probabilities of these actually occur-
ring as computed in (2.) (Prob(oee(s1) j oe(s1)) = 0:99898,
Prob(one (s1) j oe(s1)) = 0:00102).

Just as options in the MDP framework can be treated like
primitive actions in MDPs that use these options, the transla-
tion into abstract stochastic actions in the DTGOLOG frame-
work has the same effect, that is, we can now write DT-
GOLOG programs treating abstract stochastic actions just like
any other primitive actions. A global policy computed by DT-
GOLOG for such a program usually mentions abstract actions.
These are not readily executable (leaving a room through the

east door is not a primitive action). Hence, in a final step we
need to replace the abstract actions by the programs which we
derived above.

4 Experimental results
Using our running example we conducted a number of exper-
iments, the goal being at different distances from the initial
position (Fig.1 shows the special case of distance 8). The re-
sults are given in Figure 2. Thex-axis depicts the initial dis-
tance to the goal, they-axis the running time. We compared
three different approaches: (A) calculating the optimal policy
in DTGOLOG nondeterministically choosing only from the
primitive actions, (B) using a set of procedures like the one in
the previous section for leaving each room towards a certain
neighboring room, choosing from primitive actions only in
the goal room, and (C) using options in the form of abstract
stochastic actions, choosing from primitive actions only in the
goal room.
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Figure 2:Runtimes of the three test programs in the maze.

Note that they-axis of the diagram has a logarithmic scale.
The speed-up from (A) to (B) shows the benefit using DT-
GOLOG to constrain the search space by providing fixed pro-
grams for certain subtasks. Interestingly, (C), that is, using
abstract actions, clearly outperforms (B). Roughly, this is be-
cause each abstract action has only two outcomes, whereas
the corresponding program provides a very fine-grained view
with a huge number of outcomes that need to be considered.

Taking the time of calculation of all options into account
(here: 10.51 seconds) the use of options pays off at horizons
greater than 5. Also, calculating options can be done off-line
and can be neglected in case of frequent reuse.

We remark that while method (A) guarantees optimality,
this is not necessarily so for (B) and (C), for essentially the
same reasons as in[Hauskrechtet al., 1998]. Certainly in
the case of (C), this price seems worth the computational
gain. Finally, while we currently assume options as given,
Hauskrecht et al. (1998) discuss ways of automatically
generating options with good solution qualities, an issue we
intend to investigate in the future as well.
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Abstract

Controlling the sensing of an environment by an
agent has been accepted as necessary for it’s ef-
fective operation. Usually, however, agents operate
in partially observable domains where not all pa-
rameters of interest are accessible for direct sens-
ing. Sensing actions must then be chosen for what
they will reveal indirectly, through an axiomatized
model of the domain causal structure. This indi-
rect form of sensing has received somewhat less
attention in the literature. This article shows how
sensing can be chosen so as to acquire and use in-
directly obtained information to meet goals not oth-
erwise possible. Event Calculus is extended with a
knowledge formalism, and used to show how infer-
ring unknown information about a domain leads to
conditional sensing actions.

1 Integrating Knowledge with Event Calculus
To perform effectively in most practical domains, a ratio-
nal agent must possess the ability to reason about, and cre-
ate plans for sensing, conditional, and knowledge-producing
actions. This requires the agent to not only reason about
the state of objects in the domain, but also reason about the
agent’s own knowledge about the state of the domain [Moore,
1984]. Acquisition of knowledge may be achieved by di-
rect sensing of the environment, or alternatively, indirectly
through inference using existing or newly acquired knowl-
edge.

Providing an agent with the capability to reason about its
knowledge of the environment requires that we provide a the-
ory that can represent and reason about that part of itself de-
voted to describing the environment. We augment domain
fluents with meta-level knowledge fluents which at any given
time point are semantically attached to the corresponding do-
main fluent using the knowledge axioms.

The language used to represent knowledge here [Turner,
1990] is a self-referential (amalgamated) language permitting
a predicate to take a formula as an argument through the use
of a naming relation to convert the formula to a unique term.
For simplicity, we adopt the convention of sentences naming
themselves. Using such a language, very general expressions

are possible, such as those describing incomplete informa-
tion.

Shown below are axioms employed in a first-order self-
referential theory of knowledge similar to modal logic’s S4
system. Event Calculus as adopted here [Shanahan, 1999a]
uses the distinguished predicate HoldsAt to represent the
state of all time varying fluents, including knowledge fluents,
all knowledge axioms must be defined within this predicate.

HoldsAt[k(f1 ! f2) ! [k(f1) ! k(f2)]] (K1)

HoldsAt[8xk(f) ! k(8x f)] (K2)

HoldsAt[k(f) ! f ] (K3)

HoldsAt[k(f) ! k(k(f))] (K4)

if PC ` HoldsAt(f; t) then HoldsAt(k(f); t) (K5)

HoldsAt[kw(f)
def
� [k(f) _ k(:f)]] (K6)

In order to reason about knowledge, we must define infer-
ence rules that will apply to formulae within the temporal
structure:

HoldsAt(f1;! f2; t) ! (KEC1)
[HoldsAt(f1; t) ! HoldsAt(f2; t)]

8x HoldsAt(f1; t) ! HoldsAt(8x f1; t) (KEC2)

HoldsAt(:f; t) � :HoldsAt(f; t) (NEG)

2 Acting in Causal Domains

Sensing actions can be axiomatized in a domain independent
way by making an assumption that all fluents can be sensed
directly. The effect of a pure sensing action is limited, by
definition, to changing the agent’s knowledge base. There
will not be any effect on the domain. Clearly, in many
practical situations, sensing does impact the environment, but
this will be handled as a refinement to the pure sensing action
defined below. A function sense is introduced, mapping a
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fluent to an action. The sensing action is defined as follows.

Initiates(sense(fp); kw(fp); t) (SA1)

Possible(sense(f); t)  (SP2)
HoldsAt(observable(f); t)

Many actions have effects on the domain as well as on the
agent’s knowledge of the domain’s state. An agent may come
to know the status of a door by sensing, or alternatively by
performing an OpenDoor action. Axioms KE1 and KE2
describe what the agent will come to know by performing
actions.

Initiates(a; k(fp); t)  (KE1)
[Initiates(a; fp; t) ^ :Terminates(a; fp; t)]

Terminates(a; k(fp); t)  (KE2)
[Terminates(a; fp; t) ^ :Initiates(a; fp; t)]

Finally, we introduce the function if (from fluent and action
pairs, to action) to represent conditional actions, executed
just if the conditional fluent holds.

Initiates(if(f1; a); f2p; t)  (CA1)
[Initiates(a; f2p; t) ^ HoldsAt(f1; t)]

Terminates(if(f1; a); f2p; t)  (CA2)
[Terminates(a; f2p; t) ^ HoldsAt(f1; t)]

Possible(if(f; a); t)  HoldsAt(kw(f); t) (CP1)

2.1 Example 1

On1

On2

Out

Figure 1: Unobservable output.

To illustrate the use of indirect sensing, we use the domain
of Figure 1. Sensing actions are chosen to allow an agent to
infer the value of Out. Sensing is necessary on just one of
the two inputs, as long as this input is found to be inactive.
If found to be active, then a second sensing action must take
place. Either way, the goal of knowing whether the output is
active is met.

There are two primary fluents: On1 and On2, both of
which can be directly observed. The output is a derived
fluent, which, for the sake of example is specified to be unob-
servable. The goal is a knowledge goal stating that the robot
knows if the output is active or not: HoldsAt(kw(Out); 3).
To describe the environment’s ramification, we use a state
constraint, and for the sake of simplicity also provide an

associated knowledge constraint:

HoldsAt(Out; t) � (SC2)
[HoldsAt(On1; t) ^ HoldsAt(On2; t)]

HoldsAt(k(Out); t) � (KSC2)
[HoldsAt(k(On1); t) ^ HoldsAt(k(On2); t)]

It is necessary to state that the fluents On1 and On2 are
observable:

HoldsAt(observable(On1); t) (FD1)

HoldsAt(observable(On2); t) (FD2)

A two-action narrative is defined; a sensing action of fluent
On1 followed by a conditional sensing action of fluent On2,
contingent upon On1 having been found active:

Happens(sense(On1); 1) (N3)

Happens(if(On1; sense(On2)); 2) (N4)

Using appropriate Uniqueness-of-names axioms, and a
circumscriptive solution to the frame problem,

CIRC[SA1,CA1-2; Initiates, Terminates],
CIRC[N3-4; Happens], and
CIRC[CP2,SP1,TP1; Possible]:

we can prove the goal HoldsAt(kw(Out); 3). This result
demonstrates that the conditional sensing plan for knowledge
acquisition in the domain of Figure 1 will always yield infor-
mation about the state of the unobservable output. However,
depending on the state of the first sensed fluent On1, the agent
may not have to sense On2 at all.

3 Conclusion
We have introduced a knowledge formalism into Event Cal-
culus to allow an agent to represent it’s knowledge of an envi-
ronment sufficiently to reason about sensing, conditional ac-
tions, and inference of environmental unknowns through state
constraints. It is hoped that this will form the basis for a com-
prehensive account of knowledge producing actions in further
work.
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Abstract

Current tools for interactive knowledge capture
have little or no learning aptitude. They are mostly
oblivious to the process or strategy that the user
may be following in entering new knowledge, un-
aware of their progress during a session, and igno-
rant of typical skills expected from a good student.
We present an approach to make acquisition inter-
faces more proactive by extending them with: 1)
goals that represent what remains to be learned, 2)
strategies to achieve these goals and acquire further
knowledge, and 3) awareness of the current status
of the body of knowledge learned. The resulting
interaction shows that the system is aware of its
progress towards acquiring the new knowledge, and
moves forward by understanding what acquisition
goals and strategies to pursue.

1 Introduction
The goal of our work is to develop acquisition interfaces that
are proactive learners, able to reason about learning activities
and with initiative in participating in the process accordingly.
Our approach is to enable acquisition tools to have acquisition
and learning goals represented explicitly and declaratively
and be aware of the level of competence and confidence of
the knowledge they are acquiring. This would enable acqui-
sition tools to reason in terms of the learning/teaching process
and to make interaction with the user dynamically generated
given the situation at hand. We present our design and imple-
mentation of a new acquisition dialogue tool calledSLICK
(Skills for Learning to Interactively Capture Knowledge) that
is built based on the tutoring and learning principles we have
compiled so far[Kim and Gil, 2002]. SLICK makes acqui-
sition tools more proactive by maintaining 1) goals that rep-
resent what remains to be learned, 2) strategies to achieve
these goals and acquire further knowledge, and 3) aware-
ness of the current status of the body of knowledge learned.
The tool has been used for acquiring two very different types
of knowledge: biological process models and military plans.
The resulting interactions show that the system is aware of its
progress towards acquiring the new knowledge, and moves
forward by understanding what acquisition goals and strate-
gies to pursue.

Teaching/Learning principle Tutoring literature

Introduce lesson topics and goals Atlas-Andes, Meno-Tutor
Human tutorial dialog, human learning

Use topics of the lesson as a guide BE&E, UMFE
Subsumption to existing human learning, WHY, Atlas-Andes
cognitive structure
Immediate feedback SOPHIE, Auto-Tutor, LISP tutor

Human tutorial dialog, human learning
Generate educated guesses Human tutorial dialog

QUADRATIC, PACT
Keep on track GUIDON, SCHOLAR, TRAIN-Tutor
Indicate lack of understanding Human tutorial dialog, WHY
Detect and fix “buggy” SCHOLAR, Meno-Tutor, WHY
knowledge Buggy, CIRCSIM, human learning
Learn deep models PACT, Atlas-Andes
Learn domain language Atlas-Andes, Meno-Tutor
Keep track of correct answers Atlas-Andes
Prioritize learning tasks WHY
Limit the nesting of the lesson Atlas
to a handful
Summarize what was learned EXCHECK, TRAIN-Tutor, Meno-Tutor
Assess learned knowledge WEST, Human tutorial dialog

Table 1: Some Tutoring and Learning Principles [Kim and
Gil, ITS-2002]

2 Tutoring and Learning Principles for
Proactive Learning

We have investigated various tutoring principles used by hu-
man tutors and instructional software that are relevant to ac-
quisition tasks (Figure 1). They helped us understand the
nature of good teacher-student interactions. We noticed that
many useful learning principles could be seen as learning
goals and teaching goals that students and teachers seem to
pursue at different points throughout a lesson[Kim and Gil,
2002].

We also have investigated how these principles would ben-
efit current acquisition tools[Gil and Kim, 2002]. We have
found that the principles have only been used in some aspects
of the functionality of acquisition tools, and are exhibited by
some but not all the tools.

3 Declarative Representation of Tutoring and
Learning Principles

We have used the above principles in the context of build-
ing proactive acquisition interfaces. Acquisition tools can
be seen as students learning new knowledge from the user
(teacher) and they should be able to use some of the strate-
gies that good learners pursue during a tutoring dialogue. The
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following presents the capabilities we provide to acquisition
interfaces based on these principles.

� Acquisition interfaces should be able to representacqui-
sition goalsexplicitly. Many of the tutoring principles
suggest a more goal-oriented behavior for acquisition in-
terfaces. Having acquisition goals explicitly and declar-
atively is key to making a tool truly proactive because it
could then steer the dialogue with the user to work to-
wards those goals. The goals that are achieved at each
point during the dialogue represent the progress made
towards acquiring the desired body of knowledge.

� Acquisition interfaces should haveacquisition strategies
in order to understand and actively pursue what is in-
volved in learning about a new topic. Acquisition strate-
gies outline how to achieve acquisition goals. Because
so many things are unknown to the system during the
lesson, these strategies can only be pursued under the
user’s guidance and in a mixed-initiative interaction.

� Acquisition tools should haveawarenessof what they
have learned already and what they do not know about
yet, so that they can better assess their competence and
confidence in specific topics, and steer the dialogue with
the user in directions that improve their body of knowl-
edge on both counts.

SLICK is developed as a front-end to existing basic ac-
quisition tools by embodying these capabilities. For exam-
ple, tools that acquire different forms of knowledge (such as
problem-solving knowledge vs. concepts) may need different
operational goals because they have different subcomponents
and functions to build up knowledge bases. Actions done by
the user through the basic acquisition tool are intercepted by
our system. While the backend tool will update the backend
knowledge base and its own user interface, SLICK will up-
date its own structures and user interface.

4 An Implementation of SLICK
SLICK have been used for acquiring two very different types
of knowledge: biological process models and military plans.
Figure 1 shows the SLICK interface for acquiring military
plans (army courses of actions). SLICK is presenting a report
on a plan being entered by a military officer, pointing out how
the system is understanding the plan. Users describe their
plans in terms of the steps (such as attack, seize, destroy, etc.)
and the objects involved (military units, terrain features, etc.).
As shown in Figure 1-(a), SLICK keeps track of the lesson
goal and the user’s intention (e.g., expected effect), which can
be used to guide the user and to check if the plan is valid. The
summary window illustrates the list of involved objects and
their tasks, which are essential in viewing how the plan is
being built. It highlights the objects with potential problems
(such as unassigned units) in red and confident subtopics are
shown in blue. The user can check details of each item by
clicking on it, as shown in Figure 1-(a). For example, SLICK
presents confidence on knowledge items based on the number
of times they were involved in test problems.

The user can view progress by checking the issues resolved
over time. Towards the end of the lesson (i.e., building a

confidence

User can check the details of
each item

User specified objects and
steps

Goal provides the
purpose of the lesson

Expected effects can be
extracted from user�s intent
and tested for validation

(b) Showing progresses over time

(c) Showing remaining issues

(a) Lesson overview (goal, expected effects, items being built)

User can inspect what system
is understanding about the new
knowledge

Issues now resolved:
User can view progress
over time

User sees remaining
entry tasks

User sees the reasons:
inconsistent definitions

Figure 1: Acquiring military plans with SLICK.

plan), SLICK confirms that all the required roles (such as the
information that existing knowledge indicates it must be pro-
vided) are specified, and identity among the objects are fine
(none of the existing objects appear to be the same) (Figure
1-(b)). When SLICK notices remaining issues, it also collects
the sources of the problems to help users understand the prob-
lems better. For example, Figure 1-(c) shows that there is an
inconsistency between the plan and existing definitions in the
KB because in the existing definitions, the ’objectActedOn’
should be a military unit (ModernMilitaryUnitDeployable),
but currently the user has assigned a terrain feature to it.

Note that SLICK’s learning principles have derived this
output. For example, in the figure, SLICK reports its under-
standing of the lesson and the remaining issues in terms of its
goals such as ”Make new definitions consistent with existing
knowledge”, ”Ensure that the introduced items are connected
to the main concept”, ”Ensure that the required roles are all
specified”, ”Establish identity among the items”, etc.

We plan to extend the work with dialogue planning for ac-
quisition tasks, and incorporate a plan recognition module
that relates individual user changes with multi-step plans.
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Abstract

The core of scientific theories are laws. These
laws often make use of theoretical terms, linguis-
tic entities which do not directly refer to observ-
ables. There is therefore no direct way of deter-
mining which theoretical assertions are true. This
suggests that multiple theories may exist which are
incompatible with each other but compatible with
all possible observations. Since such theories make
the same empirical claims, empirical tests cannot
be used to differentiate or rank such theories. One
property that has been suggested for evaluating ri-
val theories is coherence. This was only understood
qualitatively until we [Kwok, et.al. 98] introduced
a coherence measure based on the average use of
formulas in support sets for observations. The idea
was to identify highly coherent theories with those
whose formulas that are tightly coupled to account
for observations, while low coherence theories con-
tain many disjointed and isolated statements. Our
current approach generalizes that insight to accom-
modate fundamental ideas from the philosophy of
science and better mirrors scientific practice. More-
over, this new approach is neutral with respect to
the philosophy and practice of science, and is able
to explain notions like modularization using coher-
ence.

1 Introduction
This extended summary highlights the main points of the pa-
per, a full version [Kwok, et.al. 03] of which can be obtained
electronically. This section motivates the problem and subse-
quent sections outline the definitions which formalize the in-
tuitions behind coherence, describe some properties that flow
from these definitions, and provide examples of their use.

Scientific theories evidently comprise laws that use vocab-
ularies that contain terms which on the one hand refer to ob-
servations, and on the other refer to postulated or theoretical
entities that are not directly observable. It is in fact quite
common for two theories T 1 and T 2 that agree on the sta-
tus of their observational terms to differ in their theoretical
terms. One way to compare T 1 and T 2 is to say that T 1 is

∗Supported in part by the Australian Research Council.

more coherent than T 2 if in accounting for the observations
the formulas in T 1 “work together better” than those in T 2,
or are “more useful” than in T 2. A persuasive advocate for
such properties is Bonjour [Bonjour 85]. In a previous paper
[Kwok, et.al. 98] we proposed a definition that amounted to
a quantitative measure of coherence of theories. In this paper
we elaborate on the definition, repairing its deficiencies and
extending its range of application.

2 Coherence
Definition 1 (Supports for Observations) Given an input
set I and and output set O, a subset Γ of T is a I-relative
support for a set O of observations if

1. Γ accounts for O, i.e., Γ ∪ I |= α for each α ∈ O;

2. Γ is minimal, i.e, for no ∆ ⊂ Γ does ∆ account for O.

Let S(T, I, O) denote the set of all I-relative supports for O.

This definition differs from that in [Kwok, et.al. 98] in the
relativisation of notion of support to the input set I , which
better models scientific practice.

Assumption 1 (Clausal Basis Assumption) All bases of
theories are clauses.

Lemma 1 (Some Properties of S(T,I,O)) Fix observation
sets I and O, and let T1 ⊆ T2 be theories.

1. Monotonicity in T: S(T1, I, O) ⊆ S(T2, I, O)
2. T1 ∪ I |= O iff ∃ Γ ⊆ T1 such that Γ ∈ S(T2, I, O).

Fix observation set I and theory T . Let O1 ⊆ O2 be
observation sets. Then for every Γ2 ∈ S(T, I, O2) there is a
Γ1 ∈ S(T, I, O1) such that Γ1 ⊆ Γ2.
Fix observation set O and theory T . Let I1 ⊆ I2 be
observation sets. Then for every Γ1 ∈ S(T, I, O1) there is a
Γ2 ∈ S(T, I, O2) such that Γ2 ⊆ Γ1.

Definition 2 (Utility of a Formula) The Utility of a formula
α, if S(T, I, O) �= ∅, in a theory T with respect to an I-
relative observation set O is:

U(α, T, I, O) =
| {Γ : α ∈ Γ and Γ ∈ S(T, I, O)} |

| S(T, I, O) |
Informally, this is the relative frequency of occurence of α

in the support sets for O.
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Definition 3 (Coherence of a Theory) Let T be a finite the-
ory {α1, . . . , αn}, I a finite sequence of (input) observations
(I1, I2, . . . Im) and O a finite sequence of (output) observa-
tions (O1, . . . , Om). The I-relative coherence of T with re-
spect to O is:

C(T, I, O) =
1

mn

n∑

i=1

m∑

j=1

U(αi, T, Ij , Oj)

Informally, coherence is the average utility of the elements
of T in supporting some observations with the help of others.
The inputs do not figure directly in the counting because it is
the internal laws (or rules) of T that we are assessing for how
the outputs are supported.

3 A Typical Application
In the full paper there are applications of the above defini-
tions to (i) demolish Craig’s Trick [Craig 53], alleged by some
to show that theoretical terms are unnecessary, by demon-
strating that it yields highly incohrent theories; (ii) argue that
Mendel’s assumption of two independent theoretical charac-
teristics to account for the observations of his pea plant ex-
periments yields a highly coherent theory; and (iii) indicate
that programs that realize the Kolmogorov complexity of se-
quences are maximally coherent. Here we focus on a typical
application and its implication for coherence of modular the-
ories.

3.1 The Black Swan Fix
Prior to western ornithologists exploration of Australia all the
swans they had hitherto encountered were white in color. For
this focussed domain, there is only one type of object, namely
swans, that are of interest. The observational predicates are
swan and white, and we regard the former as the input and
the latter as the output. A succinct way to capture induction
is the rule 1 in the theory T below:

∀x swan(x) → white(x). (1)

Notice that T does not have any theoretical terms as we
have specified that both the predicates are observational. In
Australia they saw black swans. Here is an ad hoc way to
revise T minimally if we can enumerate these black swans as
additions to the original input set, i.e. these new swans are
sw1, sw2, . . . , swn. Call this fix Tn. The revised rules that
replace rule 1 are:
(1 sentence)

∀x [swan(x) ∧
∧

i≤n

x �= swi] → white(x)] (2)

and (2n sentences)
⋃

i≤n

{swan(swi), black(swi)} (3)

Suppose the new observation terms are about swan color, i.e.,
black or white.

Tn has 2n+1 sentences. For any finite set of k black swans,
there are exactly 2k sentences in Tn that support their color.

Each such support sentence has utility 1 for a particular
swan swi, and 0 for other swans.

Hence the coherence of Tn for such k observations is
2k

2n+1 , which is asymptotically 0 with large n. This is an
argument against the fix. The “good” fix is what happens in
inductive learning when a predicate is invented to summarize
the discovery that black swans live in Australia, viz., the new
theory T ′ wit 2 sentences

∀x [swan(x) ∧ ¬Australian(x) → white(x)] (4)
∀x [swan(x) ∧ Australian(x) → black(x)] (5)

The input set I now comprises pairs of the swan atoms and
the new observable Australian literals. The output O are
the two color terms white and black. Now for any one swan
(call it c) observation, its color is supported either by the
formulas 4 and ¬Australian(c), or by the formulas 5 and
Australian(c). Therefore, irrespective of the color the sup-
port set for each observation has cardinality 2. Suppose there
are k1 white and k2 black swans in an observation sequence.
It is then easy to see that the utilities of formula 4 is 1 for k1

observations but 0 for the k2 observations; formula 5 is the
dual of the preceding. The coherence of this theory for any
k1 + k2 swans is therefore 1

2 .

3.2 Modularization and Coherence
In the above example, suppose we partition the output obser-
vational terms into black (swans) and white (swans), denot-
ing the disjoint sets by Ob and Ow respectively. Likewise,
we partition the input set into two, Ib and Iw denoting the
pairs of hypothesized Australian literal and swan atom. Then
it is not hard to see that the formula 4 is in all support sets of
S(T ′, Iw, Ow), but is not in any support set of S(T ′, Ib, Ob).
Dually, the formula 5 is in all support sets of S(T ′, Ib, Ob) but
in none of those of S(T ′, Iw, Ow). The utility of each formula
is 1 in their respective support sets, and 0 in the other. This is
about as strong as we can get in modularizing a theory.

This idea has the following obvious generalization. Sup-
pose an observation set to be accounted for can be partitioned
into {O1, . . . , On} and the theory Γ has invented theoretical
terms {γ1, . . . , γn}, such that for each i, γi is in every set of
S(Γ, I, Oi). Then the γi modularize the theory Γ with respect
to the observation partitions.
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Arbitration is the process of settling a conflict between two
or more persons[Liberatore and Schaerf, 1995; Revesz, 1993;
1997]. The first version of the arbitration operator between
knowledge bases is proposed in[Revesz, 1993] via the so-
called model-fitting operators. The postulates for model-
fitting operators and the corresponding semantic characteri-
zation are presented. Arbitration is defined as a special kind
of model-fitting operators.

In [Revesz, 1997], the arbitration operator is further gen-
eralized to make it applicable to weighted knowledge bases.
A set of postulates is also directly used in characterizing the
arbitration between a weighted knowledge base and a regu-
lar knowledge base. A weighted knowledge base in[Revesz,
1997] is defined as a mapping̃K from model sets to non-
negative real numbers and a regular knowledge base is just
a finite set of propositional sentences. A generalized loyal
assignment is then defined as a function that assigns to each
weighted knowledge basẽK, a pre-order≤K̃ between propo-
sitional sentences so that some conditions are satisfied for the
pre-orders. Finally, the arbitration of a weighted knowledge
baseK̃ by a regular knowledge baseK ′ is defined as

K̃4K ′ = min(K ′,≤K̃),

wheremin(K ′,≤K̃) is the set of≤K̃-minimal sentences in
K ′. However, this kind of arbitration is obviously syntax-
dependent. For example, ifϕ1 andϕ2 are two propositional
sentences such thatϕ1 <K̃ ϕ2, thenK̃4{ϕ1, ϕ2} = {ϕ1} 6=
K̃4{ϕ1 ∧ϕ2} = {ϕ1 ∧ϕ2} even though the two knowledge
bases{ϕ1, ϕ2} and{ϕ1 ∧ ϕ2} are semantically equivalent.

An alternative, seemingly more natural characterization for
arbitration is given in[Liberatore and Schaerf, 1995] with-
out resorting to model-fitting operators. A knowledge base
in that work is identified with a set of propositional models.
Thus the semantic characterization for this kind of arbitration
is given by assigning to each subset of modelsA a binary
relation≤A over the set of model sets that satisfies the fol-
lowing conditions (the subscript is omitted when it means all
binary relations of the form≤A):

1. transitivity: ifA ≤ B andB ≤ C thenA ≤ C,

2. if A ⊆ B thenB ≤ A,

3. A ≤ A ∪B orB ≤ A ∪B,

4. B ≤A C for everyC iff A ∩ C 6= ∅,

5. A ≤C∪D B ⇔
{
C ≤A∪B D and A ≤C B or
D ≤A∪B C and A ≤D B.

Then the arbitration between two sets of modelsA andB is
defined as

A4B = min(A,≤B) ∪min(B,≤A) (1)

Note that although the relationship≤A is defined between
sets of models, in the definition for arbitration, only≤A be-
tween singletons is used. Thus by slightly abusing the nota-
tion,≤A may also denote an ordering between models.

While arbitration is originally proposed for the merging
of knowledge bases, it is also applicable in multi-agent sys-
tems. In particular, we can apply it to the reasoning about
belief fusion of multiple agents. Epistemic logic is an impor-
tant framework for reasoning about knowledge or belief of
agents[Faginet al., 1996], so the incorporation of arbitration
operators into epistemic logic will facilitate its application to
belief fusion.

To incorporate the arbitration operator of[Liberatore and
Schaerf, 1995] into epistemic logic, we must first note that
according to (1), the arbitration is commutative but not neces-
sarily associative. Therefore, the arbitration operator should
be a binary one between two agents. We can directly add a
class of modal operators for arbitration into epistemic logic.
However, to be more expressive, we will also consider the in-
teraction between arbitration and other epistemic operators,
so we define the set ofarbitration expressionsover the agents
recursively as the smallest set containing{1, 2, · · · , n} and
closed under the binary operators+, ·, and4. Here+ and
· correspond respectively to the distributed belief and the so-
called “everybody knows” operators in multi-agent epistemic
logic[Faginet al., 1996].

Let L denote the language of our logic. The alphabet of
L consists of a countable setΦ0 = {p, q, r, . . .} of atomic
propositions, the propositional constants⊥ (falsum or fal-
sity constant) and> (verum or truth constant), the binary
Boolean operator∨ (or), the unary Boolean operator¬(not),
a setAg = {1, 2, . . . , n} of agents, the set of arbitration ex-
pressions overAg, and the auxiliary symbols “[” ,“]”, “(” ,
“)”, and “,”.

The set of well-formed formulas(wffs) ofL is the smallest
set containingΦ0 ∪ {⊥,>} and closed under Boolean opera-
tors and the following rule:
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• if ϕ is a wff anda is an arbitration expression, then[a]ϕ
is a wff.

As usual, other classical Boolean connectives∧ (and),⊃
(implication), and≡ (equivalence) can be defined as abbre-
viations. Also, we will write〈a〉ϕ as the abbreviation for
¬[a]¬ϕ. Note that it has been shown that the only associa-
tive arbitration satisfying postulates 7 and 8 of[Liberatore
and Schaerf, 1995] is A4B = A ∪ B, so if 4 is an asso-
ciative arbitration satisfying those postulates, then[a4b]ϕ is
reduced to[a · b]ϕ, which is, in turn, equivalent to[a]ϕ∧ [b]ϕ.

For the semantics, a possible model is a tuple
(W, (Ri)1≤i≤n, V,≤),

where
• W is a set of possible worlds,

• eachRi is a serial binary relation overW 1,

• V : Φ0 ×W → {0, 1} is a truth assignment, and

• ≤ is a function assigning to each subset of possible
worldsA a binary relation≤A⊆ 2W × 2W satisfying
the five conditions for the definition of arbitration oper-
ator.

Note that the first two conditions imply that≤A is a pre-order
over2W . For each arbitration expression, we can define the
binary relationsRa4b,Ra·b andRa+b overW recursively by

Ra4b(w) =
min(Ra(w),≤Rb(w)) ∪min(Rb(w),≤Ra(w))

(2)

Ra+b = Ra ∩Rb (3)
Ra·b = Ra ∪Rb (4)

Thus the satisfaction for the wff[a]ϕ is defined as
u |= [a]ϕ iff for all w ∈ Ra(u), w |= ϕ.

When the arbitration expressiona is a single agent in-
dex, the formula[a]ϕ corresponds toKaϕ in epistemic logic,
which means that the agenta knows or believesϕ. We can
also abbreviate[i1 +(i2 + · · · (ik−1 + ik))] as[G] whereG =
{i1, i2, · · · , ik}. [G]ϕ corresponds to the distributed knowl-
edge formulaKGϕ of [Faginet al., 1996], which means that
the combined knowledge of agents inG impliesϕ.

Since the set of possible worldsW may be infinite in
our logic, the minimal models in (2) may not exist, so
we define coherent modelsas those satisfying the limit
assumption[Arlo-Costa and Shapiro, 1992] for each binary
relations≤A such thatA ⊆W :

for any nonemptyU ⊆W , min(U,≤A) is nonempty.
An axiomatic system for coherent models is presented in

figure 1, wherea, b, andc are meta-variables for arbitration
expressions,i is for agent,ϕ andψ are for wffs, andG1 and
G2 are for groups of agents. Axioms (f)-(l) correspond to
the postulates 2-8 of[Liberatore and Schaerf, 1995] and the
limit assumption is needed for the soundness of axioms (i)
and (l). Though the completeness of such a system is not yet
proved, this brief presentation has shown that the modal logic
approach can provide a framework for integrating epistemic
reasoning and different knowledge merging operators at the
object logic level.

1A binary relationR over W is called serial if it satisfies:
∀w∃u.R(w, u).

1. Axioms:

(a) P: all tautologies of the propositional calculus
(b) ([a]ϕ ∧ [a](ϕ ⊃ ψ)) ⊃ [a]ψ
(c) ¬[{i}]⊥
(d) [G1]ϕ ⊃ [G2]ϕ if G1 ⊂ G2

(e) [a · b]ϕ ≡ ([a]ϕ ∧ [b]ϕ)
(f) [a4b]ϕ ≡ [b4a]ϕ
(g) [a4b]ϕ ⊃ [a+ b]ϕ
(h) ¬[a+ b]⊥ ⊃ ([a+ b]ϕ ⊃ [a4b]ϕ)
(i) [a4b]⊥ ⊃ [a]⊥ ∧ [b]⊥
(j) ([a4(b · c)]ϕ ≡ [a4b]ϕ) ∨ ([a4(b · c)]ϕ ≡

[a4c]ϕ) ∨ ([a4(b · c)]ϕ ≡ [(a4b) · (a4c)]ϕ)
(k) [a]ϕ ∧ [b]ϕ ⊃ [a4b]ϕ
(l) ¬[a]⊥ ⊃ ¬[a+ (a4b)]⊥

2. Rules of Inference:

(a) Modus ponens(MP):

ϕ ϕ ⊃ ψ
ψ

(b) Necessitation(Nec):

ϕ
[a]ϕ

Figure 1: An axiomatic system for the logic of arbitration
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Abstract

We propose a novel method for constructing util-
ity models by learning from observed negotiation
actions. In particular, we show how offers and
counter-offers in negotiation can be transformed
into gamble questions providing the basis for elic-
iting utility functions. Results of experiments and
evaluation are briefly described.

1 Introduction
Utility functions encode an agent’s preference and risk-taking
behavior, and in many negotiation scenarios they are often
considered private information. Although various elicitation
techniques for decision makers have been widely used (see
for example [Keeney and Raiffa, 1976]), they are not readily
applicable in the negotiation scenario. For example, an agent
can not ask the the opposing party lottery questions to assess
its utility function. The use of learning mechanisms in nego-
tiation has been investigated in several recent studies, see for
example [Bui et al., 1999; Zeng and Sycara, 1998], and has
been shown to be an effective tool in handling uncertainty and
incompleteness. None of the previous studies, however, have
directly addressed the issue of utility elicitation. In many
cases, value functions and utilities are assumed to be partially
or completely known as shown in their experiments and eval-
uation. In this work, we assume that each party’s utility is
completely unknown to the other and no trusted third party
exists. We describe how information provided by observed
negotiation actions can be used to construct the utility model
of an agent.

An important tool in eliciting utility functions is the use
of lottery or gamble questions and the concept of certainty
equivalence. Let

�
be a domain, � be a utility function

over
�

, and let ��� and ��� be outcomes in a gamble � where��� occurs with a probability 	 , �
� occurs with a probabil-
ity �
����	�� , and ����������� �

. A certainty equivalent is an
amount �� such that the decision maker (DM) is indifferent
between � and �� . Thus, ���
�� ����	����������! ��
�"�#	����������$� or�� ���&%('�) 	����������( ��
�*�+	����������$��, .
2 Negotiation actions as gamble questions
We would like to construct a model that gives us preference
and risk-taking information given a position � � and a gamble
that insists on a position � � . A position is either an offer or
a counter-offer. Due to space limitation, our discussion is re-
stricted to constructing the buyer’s model. We use Zeuthen’s
concept of probability to risk a conflict [Zeuthen, 1930] as
a basis for transforming negotiation transactions into gam-
ble questions. While Zeuthen assumes complete knowledge

of utility functions, our approach attempts to build a utility
model by observing negotiation actions.

A conflict occurs when both parties do not reach an agree-
ment. The probability that a party would risk a conflict is
proportional to the difference between what the party wants
and what it is offered. The closer the other party’s offer is to
what is desired, the smaller this probability should be. The
farther away the other party’s offer is from what is desired,
the larger the readiness to risk a fight or conflict.
Definition 1 Let �.- and �0/ be 1 ’s (buyer) and 2 ’s (seller)
utility function, respectively. Let � - be 1 ’s position and � /
be 2 ’s position. The probability that 1 will risk a conflict,	3- , and the probability that 2 will risk a conflict, 	(/ , are
defined as follows:

	3-4�
57698;: <$8>= % 698(: <�?�=698(: <$83= if �.-"� � -��9@A�.-"� � /��B

otherwise
(1)

	�/C�
576D?E: <�?�= % 6D?F: <$83=6D?E: <�?$= if �0/;� � /3�9@A�0/;� � -��B

otherwise
(2)

By computing the expected utility, 1 can decide whether
to accept 2 ’s offer or insist its own position. In particular, 1
counter-offers � - whenever the gamble has a utility higher
than � / , i.e., �.-"� � /��9GH�
�I��	�/3���.-"� � -��� J	�/��.-"� conflict � .1 accepts � / if for 1 the expected utility of the gamble �
�K�	�/3���.-"� � -��E &	�/3�.-"� conflict � can not exceed �0-"� � /�� . If the
utility of a non-agreement (conflict) is higher than � / then
the offer is rejected.

Without losing generality we will assume that �K- is mono-
tonically decreasing while �K/ is monotonically increasing.
The following theoretical results allow us to generate training
instances implied by a counter-offer.

Theorem 1 Let � - be 1 ’s counter-offer and � / be 2 ’s offer.
Furthermore, let �L�M�
�3�N	�/O���.-P� � -I�$ P	�/3�.-"� conflict � and
let �� - be 1 ’s certainty equivalent for � . If ���Q@R�0-"� � /3���
then for any nondegenerate � , �� -S�T� � -"� � /�� .
Theorem 2 (Inferior Offers) Let � - be 1 ’s counter-offer
and � / be 2 ’s offer. Furthermore, let �M�L�
�D�I	�/3���.-"� � -��U 	�/��.-"� conflict � and 	(V/ be 2 ’s readiness to risk a conflict at� , � /RG � . If ���W@X�.-"� � /���� then ���
�Y�Z	�V/ ���.-"� � -��� 	�V/ �.-"� conflict ����@[�.-N� � �\�^] � such that � /HG � .

By Theorem 1, if 1 decides to make a counter-offer � -
to an offer � / by 2 , then 1 ’s certainty equivalent belongs
to the interval � � -"� � /�� . Theorem 2 states that if 1 prefers
the gamble to an offer of � / by 2 then 1 would also prefer
to gamble than accept any offer by 2 higher than � / . Sym-
metrically, 1 prefers any offer lower than � - over a gamble.
Counter-offers imply preference between a gamble and a spe-
cific offer. Although B’s estimate of 2 ’s probability to risk a

1404 POSTER PAPERS



0.40

0.45

0.50

0.55

0.60

0.65

0.70

0.75

0.80

0.24 0.26 0.28 0.30 0.32 0.34 0.36

average interval width

n
et

w
o

rk
 a

cc
u

ra
cy

mean

below ceq

Figure 1: Overall Performance Results

conflict, 	�/ , is not specifically known, 1 ’s counter-offers are
in part based on 	�/ . Hence, by learning 1 ’s actions, 	�/ val-
ues are indirectly incorporated into the model.

3 Utility model construction and evaluation
We ran experiments using two control utility functions:� ' � � � � �*��� ��� ���	�' 
�� (risk-averse, decreasing function) and��
 � � �����F%���� ��� 
�� < (risk-prone, decreasing function). In each
negotiation sequence, 	�/ is either generated randomly or is
set using � B�� ��B � B�� ��� � B�� �FB�� as values. The negotiation using� ' � � � is over the domain

� ' � ) ��B ��� BFB , and that of ��
 � � �
is over

� 
 �W) ��BFB � � BFB , . The value of conflict ! is set at
the maximum value of the domain. The buyer-seller negotia-
tion strategy, " , vary among Boulware-Conceder, Conceder-
Boulware, and Conceder-Conceder pairs. We define our
Boulware strategy as one where the agent concedes only � B$#
of the time and a Conceder strategy as one where concession
is frequent at % B$# of the time. Whenever an agent concedes,
concession is randomly chosen between

B � ��B$# of the differ-
ence between both agents’ most recent counter-offers.

The artificial neural network used in our experiments has
one hidden layer with four nodes. The input layer contains
three input nodes and the output layer contains two nodes.
Data fed into the input layer are scaled so that values only
range between

B
and � . Negotiation sequences used for train-

ing, tuning, and testing are randomly generated using a cho-
sen strategy pair, a control utility function � � � � , a negotiation
domain, and a constant conflict value. We used a &.� � cross
validation method to train and tune the network, where & is
the number of negotiation transactions (offer-counter pairs)
in each negotiation sequence. Network training is stopped
when either no improvement in performance is detected for
a successive

� � BFBFB epochs or the number of epochs reaches��B � BFBFB . Among the data generated using the intervals, % B$#
is used for training and � B$# is used for tuning. We point out
that although the generated data maybe learned using other
techniques we have chosen to use neural networks for conve-
nience purposes.

We have randomly generated a total of 97 negotiation se-
quences, wherein each of 1 ’s counter-offer 1 ’s expected util-
ity of the gamble is greater than that of 2 ’s offer. The total
number of negotiation transactions is 477 which gives an av-
erage of 5 transactions per negotiation sequence. The training
instances are obtained by generating a total of 200 random
data points for each observed negotiation transaction; 100
random data points for each of the region below and above
the interval. The certainty equivalent, which is obtained from

the control utility function, lies inside each interval. For each
of the region below and above the certainty equivalent 100
test points are generated. We then evaluate the approach by
comparing how well the model performs when trained using
the intervals against the test points from the control utility
function.

Intuitively, not all negotiation transactions maybe useful.
For example, an offer that is near the maximum domain value
and a counter-offer that is near the minimum domain value
has an interval width that is close to the width of the domain.
Since we are using the interval to estimate the certainty equiv-
alent such a negotiation transaction would be less useful to
one in which both the offer and counter-offer are closer to the
certainty equivalent. Results of regression analysis suggest
that useful interval widths are those that are about

��B$#
of the

domain width. We have used this result as a basis to eliminate
data points that may not be useful in constructing the utility
model.

To test the overall performance, negotiation sequences
were grouped into subsets where normalized interval widths
are no greater than

B�� ��B
,
B�� '$�

,
B�� 'EB

,
B�� ()�

, and
B�� (FB

. The av-
erage interval width for each subset is

B�� ()�
,
B�� (*'

,
B�� ( � , B�� � % ,

and
B�� �+'

, respectively. The average network performance of
each of these respective subsets is shown in Figure 1. The
overall network performance increases as the average inter-
val width corresponding to the negotiation transactions de-
creases. The solid curve shows the performance of the util-
ity model in predicting whether an offer is preferred by 1 to
a gamble using only implicit data points below the interval.
This is important because 1 ’s counter-offers only correspond
to the lower limit of the interval. The dotted curve shows the
accuracy of the model in predicting whether an offer is pre-
ferred by 1 to a gamble and whether 1 prefers a gamble to an
offer. The mean accuracy is obtained by averaging the results
using implicit data points below and above the interval. The
results suggest that for intervals with average width of

B�� �+'
the network can predict about � �)# of the time whether an
offer is preferred to a gamble by 1 . For intervals with aver-
age width of less than or equal to

B�� ( � , we are able to predict
with more than

�FB$#
accuracy whether 1 prefers the offer to

a gamble. In addition, the predictive accuracy of the model
when implicit data points above and below the interval are
used is better than a random guess. We ran four right-tailed
z-tests and one right-tailed t-test using the following hypothe-
ses: , �.-*/ � B�� ��B and ,10 -*/ @ B�� ��B . For the t-test the null
hypothesis is rejected at 2 � B�� BFB)� . In each of the z-tests, the
null hypothesis is rejected at 2 � B�� BFB � .

In summary, we have outlined theoretical results that would
allow us to construct utility models from negotiation actions.
Results from our experiments suggest that our utility model
provides significant predictive capability.
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4200-072 Porto - Portugal
http://www.dei.isep.ipp.pt/˜jsantos

Steffen Staab
Universität Karlsruhe (TH), Institut AIFB

D-76128 Karlsruhe, Germany
http://www.aifb.uni-karlsruhe.de/WBS/sst

&
Ontoprise GmbH, 76227 Karlsruhe, Germany

http://www.ontoprise.com

1 Principal Idea
Although most ontologies available on the Web (e.g., con-
sider the DAML ontology library) exhibit only rather sim-
ple structures, viz. taxonomies and frame-like links between
concepts. There are some domains that frequently needs in-
tricate concept descriptions and interactions — in particular
ones about time and space.

Despite the last developments in practical theories about
time and in the engineering of concept hierarchies and con-
cept frames, the issue of how to engineer complex ontolo-
gies with intricate interactions based on time has not been
researched very deeply, yet, rendering the engineering of a
new complex domain ontology with time a labor intensive,
one-off experience with little methodology.

Here, we summarize our ontology engineering methodol-
ogy, FONTE (Factorizing ONTology Engineering complex-
ity), which pursues a ‘divide-and-conquer’ strategy for en-
gineering complex ontologies with time. FONTE divides a
targeted ontology that is complex and that includes time into
two building blocks, viz. a temporal theory and a time-less
domain ontology. Each one of the two ontologies can be built
independently allowing for a factorization of complexity. The
targeted ontology is then assembled from the time-less do-
main ontology and the temporal theory by an operator
.

Thereby, the assembling operator 
 is very different from
existing operators for merging or aligning ontologies [Noy
and Musen, 2000; Rahm and Bernstein, 2001]. Merging on-
tologies is a process that intends to join different ontologies
about overlapping domains into a new one and most of its
problems and techniques are related to the identification of
similar concepts through structure analysis (e.g. graph anal-
ysis, path length, common nodes or/and edges and lexical
analysis). For instance, car from ontology 1, O1.car, and
auto from ontology 2 O2.auto may be defined to be identi-
cal in the merging process because of results of the struc-
ture analysis. To formalize the merging and aligning process,
Wiederhold proposed a general algebra for composing large
applications through merging ontologies of related domains
[Wiederhold, 1994] and actually, the operations proposed (In-
tersection, Union and Difference) are about the similarities
and differences of two ontologies.

In contrast, the result of 
 needs rather to be seen in anal-
ogy to the Cartesian product of two entities. For instance, car
from ontology 1, O1.car, with its frame O1.licensedInState is

assembled by 
 with ontology 2 and its O2.timeInterval in a
way such that every car in the result ontology has a lifetime
as well as multiple O1.licensedInState-frames with different,
mutually exclusive life spans.

 is operationalized by an iterative, interactive process.

It starts off with a human assembly — in the sense just ex-
plained — between an ontology O1, the time-less domain
ontology, and an ontology O2, the temporal theory. It is then
propelled by a set of rules and a set of constraints. The set
of rules drives a semi-automatic process proposing combina-
tions. The set of constraints narrows down the set of plausible
proposals to valid ones.

In the past a variety of approaches were proposed for re-
ducing the complexity of engineering a rule-based system,
e.g. by task analysis [Schreiber et al., 1999], or an ontology-
based system, e.g. by developing with patterns [Clark et al.,
2000; Staab et al., 2001; Hou et al., 2002] or developing
subontologies and merging them [Noy and Musen, 2000;
Rahm and Bernstein, 2001]. As different as these methods
are, they may be characterized by subdividing the task of
building a large ontology by engineering, re-using and then
connecting smaller parts of the overall ontology.

Though FONTE shares its goal with these methodologies
is its rather different in its operationalization. FONTE does
not aim at a partitioning and re-union (by merge or align with
recognition of similarities) of the problem space, but rather
by a factorization into primordial concepts and a subsequent
combination 
 that is more akin to a Cartesian product than
a union of ontologies.

2 Temporal Ontology
The time and general events ontology used embodies many
concepts like Instant, Period or Process routinely found in
‘standard’ ontologies like Time-DAML or SUMO.

Besides the classes TemporalEntity and Eventuality
similar to the ones used in Time-DAML a third class
(TimedThing) was defined to capture the notion that bridges
between temporal concepts and the domain concepts that will
be used during the assemble process. In particular, we have
included the notion of Role as a core concept. While there
are concepts that give identity to their instances (i.e. they are
semantically rigid [Guarino and Welty, 2000]), e.g. while the
identity of a particular person depends on being an instance of
Person, the identity of the same person does not change when
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it ends being a student and starts being a professor. Thus, the
notion of Role is important when connecting a temporal the-
ory with a concrete domain.

3 The Assembly Process
The assembly process comprises two main building blocks.
First, the specification of temporal aspects for a time-less do-
main ontology remains dependent on the conceptualization of
the ontology engineer. Therefore, it is very important that the
engineer may interactively influence the process. Second, in
order to facilitate and accelerate the assembly of time-less do-
main concepts with temporal notions, the interactive process
is supported by heuristics asking and pointing the engineer.

The assembling process runs as depicted in Figure 1: It
starts by an Initial Setup. Some basic operations are
performed, namely loading the ontologies to be assembled,
loading a set of rules to drive the process and initializing
some process parameters. The rules and parameters are de-
fined separately from the tool in order to allow for adapta-
tions to the particular needs of different temporal ontologies.
However the rules and parameters do not change when a new
domain ontology is to be assembled. The Target Ontology
initially corresponds to the union of the time-less domain on-
tology, O1, and the temporal theory, O2.

In the Analyze Structure step a set of tests are per-
formed that restrict the set of possible task instances to plau-
sible ones, which are then proposed by insertion into the Task
List. As more information becomes available in subsequent
iterations, the usefulness of results provided by the structure
analysis improves.

In every iteration the engineer decides whether to accept
an automatically proposed task instance from the Task List.
Alternatively, the user may take the initiative and assemble

a new task instance from scratch. Then a set of logical tests
(Validate) are performed in order to detect the existence
of any knowledge anomalies (e.g. circularity or redundancy).
In contrast, the acceptance of a proposed task instance does
not require further checks as the checks are tested for validity
before the user sees them.

By the Execute Task step the corresponding changes
are made to the target ontology. Thereafter, the
user decides either to pursue another iteration or to
go to Conclude Process and accept the current
Target Ontology as the final version.

4 Evaluation and Conclusion
In order to evaluate the effectiveness of FONTE, we have
numerically evaluated the assembly tasks proposed and ex-
ecuted for an ontology about semantic web research commu-
nity and the temporal ontology briefly presented in section 2.
We have investigated how many assembling steps were pro-
posed and evaluated their adequacy. The study results suggest
that indeed FONTE provided a way to factorize the complex-
ity of building large applications leading to more reliable and
cheaper final products.

Though, so far, we have only studied the assembly of time
into a given ontology, we conjecture that FONTE may also
be applied to integrate other important concepts like space,
trust, or user access rights — concepts that pervade a given
ontology in intricate ways such that a method like FONTE is
needed in order to factorize engineering complexity out lead-
ing to more consistent and cheaper target ontologies.
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Abstract

This paperdescribesa logic-basedframework for
interpretationof sequencesof scenescapturedby a
stereovision systemof a mobile robot. An algo-
rithm for anchoringandinterpretationof suchse-
quencesis alsoproposed.

1 Introduction

In this work we extendthelogic-basedspatialreasoningsys-
tem for sceneinterpretationproposedin [SantosandShana-
han,2002] anddevelopan algorithmthat encodesthe inter-
pretationprocess.This algorithmalsoaccountsfor the pro-
cesswherebymappingsbetweenlogical symbolsandsensor
dataarebuilt up andmaintainedover time. This is anaspect
of the so-calledsymbol anchoring problem[Coradeschiand
Saffiotti, 2000].

This paperassumesa stereovision systemembeddedin a
mobile robot asthe sourceof dataaboutthe world. A sym-
bolic representationof thesensordatafrom thevisionsystem
is constructedassuminga horizontal slice of eachsnapshot.
A horizontalsliceis, in effect,a2D depth profile of thescene
beforethe robot, taken at a particularheight. Within these
depthprofiles,peaksoccurthatarecausedby nearbyobjects
or collectionsof objects,thesepeaksarecalleddepth peaks.
The sizeanddisparityvaluesof singledepthpeaks,the dis-
tancebetweenpairsof peaksandthetransitionsthatoccurin
theseattributesthroughconsecutive pairsof profilesarethe
building blocksfor ourspatialreasoningtheory.

Within this framework sceneunderstandingis understood
asa processof hypothesisingthe existenceandthedynamic
relationshipsbetweenphysicalobjects(and betweenphysi-
calobjectsandtheobserver)assumingtemporallyorderedse-
quencesof depthprofiles.Thisprocessrecallssensordataas-
similationasabductionfirst proposedin [Shanahan,1996]. In
facttheinitial motivationfor thepresentresearchwasto pro-
posea new qualitative backgroundtheoryaboutspace-time
within this framework by usingnotionsfrom qualitative spa-
tial reasoningtheoriessuchas[Randellet al., 1992].

�
Supportedby CAPES.

2 Depth Profiles
Thiswork assumessequencesof depthprofilesastemporally
orderedsnapshotsof theworld. A sketchof adepthprofile is
shown in Figure1b.

ν

b

a) b)
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 i j k   r
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Figure1: a) Two objects� , � notedfrom a robot’s viewpoint� ; b) Depthprofile (relative to the viewpoint � in a) repre-
sentingthe objects � and � respectively by the peaks� and� .

Theaxis 	�

��������
��
� in depthprofilesis constrainedby the
furthestpoint that canbe notedby the robot’s sensors,this
limiting valueis representedby L in thesecharts(Figure1b).
In fact, L is determinedby the specificationof the robot’s
sensors.

Differencesin thesize(and/ordisparity)of peaksandtran-
sitionsof thesize(disparity)of a peakin a sequenceof pro-
files encodeinformationaboutdynamicalrelationsbetween
objectsin theworld andbetweentheobjectsandtheobserver.
This is the initial insight upon which the sceneinterpreta-
tion systemproposedin this paperis based.Thenext section
presentssomerelationsthatrepresenttransitionsin depthpro-
files.

3 Relations on Depth Profile Transitions
This work assumesa relation ������� ������� �!����"$# , � ���%�&�!�'�("�#
for short,representingthat thereis a peak� assignedto the
physicalbody � with respectto theviewpoint " . In this work
wearedealingwith theviewpointof asinglerobot,therefore
we abbreviate � �����&�)���("�# to � ����� �!�*# . The relation � �,+,-
playsa similar role of the predicate grounding relation de-
finedin [CoradeschiandSaffiotti, 2000].

Assuming that the symbols � and � representphysi-
cal bodies, � and � depth peaks, and � a time point,
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the following relations are investigated in this paper:
�/.0�1�/23	�
42657��� �����&�)�*#8���(# , statesthat the disparity value of
a peak � is increasingat time � ; ��9:��
�2&�$
�2657��� ���%�&�!�;#8�(�(# ,
states that the disparity value of a peak � is de-
creasing at time � ; �/���0�'�'�$<;9:
�2657��� ���%�&�!�$#*�=� ��� � �!�;#8�(�(# ,
represents that two peaks � and � are approaching
each other at time � ; �'��<*��	,
�2657��� ���%�&�!�$#*�=� ��� � �!�;#8�(�(# ,
states that two peaks � and � are receding each
other at time � ; <*�'�$>=�'�/<8
�2657��� ����� ����#8�?� ��� � �)�*#8���(# , states
that two peaks � and � are coalescing at time � ;
����>=
4�
�

�2657��� ���%�&����#*�=� ��� � �!�*#*�(�(# , statesthe caseof onepeak
splitting into two distinctpeaks� and � at time � . Theserela-
tionsarehypothesesassumedto bepossibleexplanationsfor
transitionsin theattributesof a peak(or setof peaks).

Similarly to [SantosandShanahan,2002], therelationsde-
scribedabovecanbeconnectedto descriptionsof transitions
on sensordataand,further, to relationsaboutchangesin the
robotenvironmentby meansof setsof axioms.Dueto space
restrictions,however, we do not presentaxiomsfor thesere-
lations.

Informally, <*�'�$>?���/<8
�2657��� ���%�&����#*�=� ��� � �!�*#*�(�(# and
����>=
4�
�

�2657��� ���%�&����#*�=� ��� � �!�*#*�(�(# canberelated,respectively,
to the event of an object � occluding an object � andof �
appearing from behind � . Therefore,oncea hypothesison
peaktransitionhasbeenobtained,a relative hypothesison
objectsin theworld canbeinferredfrom theappropriateax-
iom statingthis connection.This is a centralideaunderlying
our solution for anchoring. In fact, this solution assumes
processesof explanationandexpectationasdescribedin the
following sections.

4 Sensor Data Assimilation
Following theideasproposedin [Shanahan,1996] and[San-
tosandShanahan,2002], thetaskof theabductiveprocessfor
sensordataassimilationis to infer the relationsdescribedin
Section3 ashypothesesgivena description(observation)of
thesensordatain termsof depthpeakstransitions.More for-
mally, assumingthat @ is adescription(in termsof depthpro-
files) of a sequenceof stereoimages,and A is a background
theorycomprisingaxiomsconnectingtherelationsin Section
3 to sensordatatransitionsandto changesin therobot’senvi-
ronment,thetaskof assimilationasabductionis to find a set
of formulae B , suchthat

AC�)BED FG@IH
5 Expectation
Expectedpeak transitionsare suggestedby the conceptual
neighbourhooddiagram(CND) of the relationsdescribedin
Section3, shown in Figure21.

Givenanabducedexplanationfor a transitionon a pair of
peaks,theexpectedfuturerelationsinvolving thesepeaksare
the neighboursof this transitionin the diagramin Figure2.
As this processgeneratesmultiple competingexpectations,
only thosethatareverifiedby furthersensordataleadto the

1For brevity, we are omitting from this diagramthe relationsJ8KML
J8N:O'PQN�R�S/T and U8VMW PQN0X,PQN�R�S/T .

generationof new predictions.In practice,predictionin this
work is, thus,reducedto a tablelook-upprocedure.

splitting

recedingapproaching

coalescing

Figure2: Conceptualneighbourhooddiagram.

6 Image segmentation
From a practical point of view, horizontal slices defining
depth profiles are comprisedof a sequenceof measure-
mentsmadeby the consideredoff-the-shelfvision system.
Each horizontal slice is then segmentedinto ���/���:� and
�8�$<;�M5$�'��Y�23	$� via asimplethresholdmechanismondisparity
values. This segmentationprocedureoutputsa sequenceof
first-ordertermsof theform: peak(Lb, Disp, Size) and
background((Lb1, Lb2), Disp1,Size1), where Lb,
Lb1 andLb2 arevariablesfor � �,+�- termslabelling peaks.
In particularLb1 andLb2 arethe labelsof thepeaksbound-
ing the backgroundsegment;Disp andSize arethe values
of disparityandsizeof thepeakLb; and,Disp1 andSize1
arethe disparityandsizevaluesof the backgroundsegment
labelled(Lb1, Lb2). If it is the casethat a backgroundis
boundedby oneof theendpointsof a depthprofile (borders
of the field of view), a correspondingsymbol is assignedto
composeits label. In otherwords, in suchcases,either the
symbolborderLeft or borderRight arepart of the pair
definingthelabelof a backgroundsegment.

Subsequentpairsof horizontal-slicedescriptionsareinput
to analgorithmthatprovidestheappropriateinterpretationin
termsof the dynamicrelationsdiscussedin Section3. This
algorithmis summarisedin thenext section.

7 The anchoring and interpretation algorithm
Thissectiondescribesanalgorithmfor interpretationandan-
choring, so called A&I algorithm, that works by matching
peak segmentsin consecutive pairs of profile descriptions
thataredepictingthesameobjectin theworld. Eachprofile
descriptionis comprisedof afinite numberof segmentspeak
andbackground, which areprovided by the segmentation
routinedescribedin theprevioussection.

In orderto describetheA&I algorithm let Z\[ and Z [^] _ be
oneconsecutivepairof profiles,weassumethat Z\[ has2 seg-
mentsand Z [^] _ has̀ . In thissectionwedenoteasegment�
in a profile � by ��a/b c , thus, Z [ and Z [^] _ canbedenotedas:

Z\[ Fed��/[ b _'�!�/[ b f �;HgH;Hg�!�/[ b h�i
and

Z [^] _ Fed�� [^] _ b _ �;HgH;H*�)� [^] _ b jkH i
Let Zmlonqp and rMsut be initially empty lists containing,

respectively, a setof predictionsanda setof interpretations
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for the profile pair �=Z\[(�!Z [^] _g# . We assumealsoa symbol �
denotingv a physicalbody.

For every subsequent pair of profile descriptions
�=Z [ ��Z [w] _ # , the algorithm’s task is to match pairs of
segments �?�/[ b x �!�/[w]\_ b c # in �?Z [���Z\[w]\_;# that depict the same
object in the world. The segmentsareconsideredfrom left
to right in theprofile descriptions,startingwith thefirst pair
of segments �?� [ b _ �)� [w] _ b _ # . The algorithmis summarisedas
follows.
Begin: (A&I algorithm)
While ( Z [ and Z [^] _ arenon-empty)

1. if �g[ b x and �/[^] _ b c arepeak segments;then

(a) if � [ b x is boundto a term � ���^y,�!��# , thenassignthe
term � ���=�'����# to thelabelof �/[w] _ b c ;

(b) else,createtwo new terms � ���^y�����# and � ���Q�'����#
and assignthem respectively to the labelsof �g[ b x
and �g[^] _ b c ;

(c) comparethe size and disparity measurementsin
both segmentsand put into r�sut the appropriate
interpretationaccordingto therelations�/.0�1�/23	�
�265
and �/90��
�2&�$
�265 , in Section3;

(d) from these interpretations and the conceptual
neighbourhooddiagramin Figure2 obtainthepre-
dictedpredicatesandinserttheminto Zmlonqp ;

(e) returnthenext pairof segments:�4� [ b x ] _ �)� [^] _ b c ]\_ # ;
2. if �g[ b x and �/[^] _ b c arebackground segments;then

(a) unify their labels;
(b) comparethe sizesof �/[ b x and �/[^] _ b c andconsider

the differencebetweenthesevalues,which gives
thedifferencein thedistancebetweenthetwo peaks
bounding�/[ b x and �/[w]\_ b c ;

(c) interpret this differencein terms of the relations
�/���0�'�'�$<;9:
�265 and �'��<*��	,
�265 , andinsertthe appro-
priateinterpretationinto rMsut ;

(d) from this interpretationand the CND in Figure 2
inserttherelativepredictionsinto Zmlonqp ;

(e) returnthenext pairof segments:�4� [ b x ] _ �)� [^] _ b c ]\_ # ;
3. if �g[ b x is a background segment and �g[^] _ b c is a

peak segmentthencheckin the predictionset Zmlonqp
whetherthetwo peaksbounding� [ b x havebeenexpected
to be <*�'�$>?���/<8
�265 or ����>Q
��
�

�265 ,
(a) if so,assumethisexpectationasexplanationfor �g[ b x

and � [^] _ b c , insertingit into rMsut . Executetheap-
propriateunificationson peakvariablesandterms
� �,+�- as explainedin step1a and 1b. Then, ob-
tain the predictedpredicates,inserting them into
Zmlonqp . Returnthepair �?� [ b x��!� [^] _ b c ] _ # to becon-
sideredfor interpretation;

(b) elseexplainawaythepeak� [ b x asnoiseandassume
thepair �?�/[ b x ] _,�!�/[w]\_ b c # for interpretation;

4. if �/[ b x is apeak segmentand �/[w]\_ b c abackground seg-
mentthenproceedanalogouslyto thepreviouscase.

End while.z If Z\[ is empty, get the next pair of profile descriptions
�?Z [^] _���Z\[w] f # .

z else,if Z\[^]3[ is emptybut Z\[ is not,thenexplainawaythe
remainingpeak segmentsin Z\[ andconsiderthe next
pair of profiledescriptions�=Z [^] _ ��Z [w] f�# .

Thewhile loopaboveis repeateduntil therearenomoredepth
profile descriptions.
End.

Informally, the algorithm above considersconsecutive
pairsof depthprofile descriptionsaslists. Pairsof elements
from theselistsarecomparedandamatchfor peak segments
is obtainedaccordingto theexpectedtransitionsin depthpro-
files. The resultof this processis the interpretationof peak
transitions,which are relatedto changesin the objectsde-
pictedby peaks.

Thealgorithmmainprocessingis thewhile loop thatcon-
siders,in pairs,every segmentin the depthprofile descrip-
tions. The runningtime of this algorithmis, thus,linear on
thesizeof thelist containingthesedescriptions.However, as
the numberof segmentsin theselists is relatedto the num-
berof objectsdepictedby theconsidereddepthprofiles,and
thereareonly a finite numberof objectsin eachscene,the
asymptoticupperboundof this algorithmis {|�(}/# .
8 Conclusion
This paperpresentsa new steptowardsan abductive frame-
work for sensordata interpretationof sequencesof stereo-
vision imagesobtainedby a mobile robot’s vision system.
We proposeda symbolic representationof the stereovision
databasedon depthprofilesobtainedfrom horizontalslices
of snapshotsof theworld. Theseprofilesencodeinformation
aboutobjectsin the world aspeaks.Eachprofile was,then,
segmentedinto first-orderstatementsthatwereinputof anal-
gorithmwhosetaskwasto unify pairsof segments,providing
theinterpretationfor theoccurredtransitionin depthpeaks.

Furtherresearchhasto considertwo main openissuesin
this framework. First,wehaveto developof aqualitativethe-
ory aboutobject’s shapefrom multiple horizontalslicesof a
scene.This theorywould enhancethe representationof the
environmentand, therefore,improve the capabilitiesof the
reasoningsystem. A secondissueis the developmentrea-
soningmodulescapableof explainingaway noisepatchesin
theimagesequencesaccordingto common-senseknowledge
abouttheworld andaboutthesensor’s limitations.
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Abstract

This poster describes methods to enable intelligent
access to multimodal information streams. We illus-
trate these methods in two integrated systems: the
Broadcast News Editor (BNE) which incorporates
image, speech, and language processing and the
Broadcast News Navigator (BNN) which provides
search, visualization and personalized access to
broadcast news video. BNN enables users to perform
keyword and named entity search, temporally and
geospatially visualize entities and stories, cluster sto-
ries, discover entity relations, and obtain personal-
ized multimedia summaries. By transforming access
from sequential to direct search and providing hier-
archical hyperlinked summaries, BNE and BNN en-
able users to access topics and entity news clusters
nearly three times as fast as direct search of video. 

1. Intelligent News on Demand
Figure 1 illustrates the BNE and BNN systems that inte-
grate components from MITRE, Oracle, Carnegie Mellon
University and Lincoln Laboratory to process imagery,
audio, and text to enable news on demand.  Key elements
of BNE include scene change detection and classification
from imagery, silence and speaker change detection from
audio, and named entity extraction from speech or closed
caption transcripts.  A correlation component extracts
cues from across these streams to detect the start and end
of broadcasts, commercials, and stories.  Subsequently,
stories are classified and summarized, including selection
of key frames, named entities, and representative sen-
tences. Finally, the user can search and explore video
stories, provide relevancy feedback, specify media pref-
erences, and obtain personalized displays using the BNN
web browser as shown in Figure 4 below.  As detailed in
[Maybury 2003], BNE and BNN transform video access from
sequential to direct search, providing novel navigation and
discovery mechanisms such as topical and entity-specific news
clusters. Empirical evaluations have shown that users can find
stories and answer questions nearly three times as fast as
searching digital video with no loss in precision and recall. 

Figure 1. Multistream Broadcast News Understanding:
System Architecture

2. Intelligent Multimodal Segmentation
BNN exploits text, audio, and imagery streams and associ-
ated cues to detect story and commercial segment bounda-
ries and to select media elements to use for summaries and
multimodal displays. Underlying BNN is a set of machine-
learned, time-enhanced finite state automata modeling news
structure that take into account the above cues and prob-
abilistic, temporal models of event occurrence [Boykin and
Merlino 2000]. Program start/end, anchor/report shots,
commercials, and/or story shifts are inferred from cross me-
dia cues in text (e.g., frequent weather or sports terms,
funding and/or copyright notices), discourse cues (e.g.,
“coming up next”), music (e.g., characteristic jingles), si-
lence (indicating breaks to commercial), and visual cues
(e.g., logos, anchor vs. reporter shots). For example, as
shown in Figure 2, our frequency analysis of news anchor
sign on terms (e.g., “hello”, “welcome”) or sign off terms
(e.g., “that’s all”, “thanks for watching”) occurring minutes
from program start enables the creation of pattern detectors
for such events.   We have discovered analyzing months
worth of news, for example, that sign off terms occur in
97% of news programs. 

Intelligent Multimodal Stream Processing

Mark Maybury
Information Technology Division

The MITRE Corporation
202 Burlington Road

Bedford, MA 01730, USA
maybury@mitre.org
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Figure 2. Text Analysis of Program Start and End Terms

Analogously, as shown in Figure 3, BNE classifies 15
frames per second into images associated with program start
(e.g., logos), commercial breaks (e.g., blackframes), single
and double anchor shots, and reporter shots.  

Figure 3. Imagery Analysis

3.  Search, Retrieval, and Visualization
After BNE segments stories with multimodal cues, BNN
supports the retrieval of stories by source, date range,
keyword, named entity, or topic query. As exemplified in
the upper left of Figure 4, after selecting news programs
(e.g., CNN NewsNight, ABC World News Tonight) and
indicating date ranges (e.g., Februrary 6-9, 2003), a user
types in keywords in the text box.  If a user is unfamiliar
with retrieval terms, they can select from an alphabetic
listing of all the named entities extracted for the time
period and from the programs of interest, such as shown
in the person, organization, and location lists in the upper
left of Figure 4 (note “Hans Blix” is highlighted). This
retrieves 14 matching stories and displays them as a
“Story Skim”, the source and date, the top 3 named enti-
ties in each story, and a representative key frame from
each selected segment. Finally, by selecting a story, the
user is presented with “Story Details”, including all
named entities, a text summary, and access to video and
transcript sources. In empirical studies this mix of ex-
tracted media and hypertext organization enables analysts
to perform searches three times faster than with video
source. 

Figure 4. Text and Named Entity Search Menus,
“Story Skim” Results and “Story Detail” Results

Figure 5 illustrates a user visualizing named entity fre-
quencies and animating story occurrences associated with
geospatial regions over time enabling information
discovery.  

Figure 5. News Visualization 
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Abstract

Web search engines struggle to satisfy the needs of
Web users. Users are notoriously poor at represent-
ing their needs in the form of a query, and search
engines are poor at responding to vague queries.
However progress has been made by introducing
context into the search process. In this paper we
describe and evaluate a novel approach to using
context in Web search that adapts a generic search
engine for the needs of a specialist community of
users. This collaborative search method enjoys sig-
nificant performance benefits and avoids the pri-
vacy and security concerns that are commonly as-
sociated with related personalization research.

1 Introduction
It is a tragic irony of the information age that users are find-
ing it increasingly difficult to benefit from access to unprece-
dented amounts of information. Even with the help of modern
search engines we regularly fail to locate relevant information
in a timely manner. Many factors contribute to this informa-
tion overload problem. Certainly, the sheer quantity of in-
formation, and its growth rate, tax even the most advanced
search engines. For example, various estimates indicate that
even the largest search engines often cover only a fraction of
the available information space [Lawrence and Giles, 1999].

However, search engine coverage is just the tip of the ice-
berg, and can be greatly enhanced by using meta-search meth-
ods [Dreilinger and Howe, 1997; Selberg and Etzioni, 1997].
A more pressing problem is the limited degree to which those
pages that are covered can be accurately ranked with re-
spect to a given query. Part of this problem lies with the
users. Search engines work very well for properly formu-
lated queries, but they come up short when presented with
an average Web user’s query, which typically contains about
2 query terms [Lawrence and Giles, 1998]. The inevitable
outcome is long lists of apparently relevant results, with gen-
uinely useful results (for the target user) few and far between.
Moreover, these problems are exacerbated by the new gen-
eration of mobile computing devices (eg. WAP phones and

∗The support of the Informatics Research Initiative of Enterprise
Ireland is gratefully acknowledged.

PDAs). Their restricted input capabilities and limited screen
real-estate mean that mobile users are even less likely to pro-
vide well formulated queries or tolerate long result lists.

For the most part, recent search engine advances have fo-
cused on better ways to handle vague queries by improving
existing page analysis, indexing and ranking methods. How-
ever a critical shortcoming still remains: a query might in-
clude terms that identify the primary information target, but
rarely includes terms that usefully describe the search con-
text. For example, a simple query for “jaguar” does not
indicate whether the user is interested in cars or cats, and
queries for “Michael Jordan” do not distinguish between the
basketball star and the Berkeley professor. Consequently,
researchers have recently focused on ways to exploit con-
text during search, either by explicitly establishing context
up-front or by implicitly inferring it. For example, the In-
quirus 2 meta-search engine [Glover et al., 2001] supple-
ments keyword-based queries with a context category; users
explicitly select from a set of categories such as “research pa-
per”, “homepage” etc. Alternatively, implicit context can be
automatically inferred. For example, systems such as Watso n
[Budzik and Hammond, 2000] take advantage of user activ-
ity prior to search to judge context; Watson monitors a user’s
word processing activity and uses document text as the basis
for query terms. In contrast, relevance feedback techniques
attempt to use actual search results to inform context. For
example, [Mitra et al., 1998] extract correlated terms from
top-ranking search results to focus context on the most rele-
vant search results as opposed to the entire set.

In this paper we describe a novel technique for exploiting
context during search: collaborative search acts as a front-
end for existing search engines and re-ranks results based
on the learned preferences of a community of users. We
describe and evaluate its implementation in the I-SPY sys-
tem and highlight how I-SPY achieves personalization in an
anonymous fashion, without storing individual user profiles.

2 Collaborative Search
Collaborative search is motivated by two key ideas. First, spe-
cialised search engines attract communities of like-minded
users and naturally limited context variations. For example,
a motoring search engine is likely to attract queries with a
motoring theme; here “jaguar” queries are more likely to re-
late to cars than cats. Second, by capturing the selections of
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Figure 1: The I-SPY meta-search engine.

a community of users it is possible to estimate query-page
relevance as the probability that a page pj will be selected
for query qi. Collaborative search combines both ideas in a
meta-search engine called I-SPY (Figure 1).

The unique feature of collaborative search is its ability to
personalize search results for a community of users, but with-
out relying on traditional context-analysis (eg. [Lawrence and
Giles, 1998]) or personalization (eg. [Bradley et al., 2000])
techniques. I-SPY achieves this by storing the usage patterns
of users as a hit matrix, H . Each element, Hij , equals the
number of times that page pj was selected for query qi. This
matrix is a powerful source of relevancy information; after all
its data reflect query-page relevancy judgments by users. The
relevancy of pj to query qi is estimated by the probability that
pj will be selected for query qi; see Equation 1.

Relevance(pj , qi) =
Hij∑
∀i Hij

(1)

This relevancy metric is tuned to the preferences of a commu-
nity of users, and the queries and pages that they tend to pre-
fer. Deploy I-SPY on a motoring web site and its hit matrix
will become populated with queries and pages that are rele-
vant to car fans. For example, over time queries for “ jaguar”
will tend to result in the promotion of car sites because users
submitting this query term will tend to select Jaguar car sites,
ignoring the wild cat pages. The wild cat pages may still be
returned but will be relegated to the bottom of the result list.

In fact I-SPY can deploy multiple I-SPY search agents,
each with its own separate hit table. Thus the central I-SPY

engine can be used to service many different search services
across a range of portals, for example, each one adapted for
the needs of a particular user group through its associated hit
matrix. Alternatively, different hit matrices could be associ-
ated with different regions of the same site to bias search with
respect to different topics. For instance, the work of [Haveli-
wala, 2002] biases PageRank with respect to different topic
groups in an Internet directory by generating category-biased
PageRank vectors from the URLs contained in top-level di-
rectory categories. A similar strategy can be supported by I-
SPY. Placing a search box on the Programming Languages
directory page will naturally capture queries from this do-
main. And the behaviour of the users providing these queries,
will gradually adjust I-SPY’s relevancy metric and ranking
function in favour of Programming Languages pages.

3 Evaluation

For our evaluation we focus on a specific user community
and search domain: computer science students and program-
ming languages. A set of 60 queries is produced from the
programming languages listed in Yahoo. I-SPY is configured
to query two underlying search engines, Yahoo (which uses
Google) and Splat!, and each of the 60 queries is submitted
to obtain up to 30 results based on a standard meta-search
ranking function. A group of 20 computer science students
are asked to identify relevant results, based on the summary
result descriptions returned by I-SPY.

A leave-one-out evaluation methodology is employed so
that each user is designated to be a test user with the re-
maining 19 serving as training users. The relevancy results
of the training users are used to populate I-SPY’s hit matrix
and the results for each query are re-ranked using I-SPY’s
relevancy metric. Next, we count the number of these results
listed as relevant by the test user for various result-list sizes
(k = 5..30). Finally, we make the equivalent relevancy mea-
surements by analysing the results produced by the untrained
version of I-SPY (Standard), which serves as a benchmark.

Figure 2 presents the results for I-SPY and the benchmark
search engine as a graph of precision versus recall for each
result-list size; these are really bounded versions of the stan-
dard precision and recall metrics and the measures for each
engine converge once a complete result-list is returned. The
results indicate a significant and consistent benefit for I-SPY
over the standard meta-search benchmark. For example, for
result-lists of 5 items, I-SPY achieves a precision of just over
96% compared to the standard meta-search precision of only
63%. Similarly, at the same result-list size, we find an av-
erage recall for I-SPY of 64% compared to just under 40%
for the standard method. Indeed we see that I-SPY achieves
100% recall at just over 20 items whilst it takes the bench-
mark 30 items to achieve the same level of recall. The fact
that larger relative benefits are available at smaller result-list
sizes is important. Users rarely sift through large result-lists
and so, the more relevant items that can be presented earlier
on, the better. This means that I-SPY is likely to be espe-
cially valuable in situations where large result lists must be
truncated for other reasons, such as the small screen sizes o f
mobile devices.
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Figure 2: Precision vs. Recall Results.

4 Discussion
There are number of problems with collaborative search that
need to be addressed to guarantee its applicability across a
broad range of search tasks. Perhaps the most important prob-
lem is the so-called cold-start problem. This refers to the fact
that newly indexed Web pages find it difficult to attract user
attention since they will have a low relevancy score using I-
SPY’s metric and thus appear far down in result-lists, limiting
their ability to attract the hits they deserve for a given query.
Essentially there is an in-built bias towards older pages.

There are a number of ways that this problem might be
dealt with. One is to look at ways to normalize the relevancy
of pages with respect to their age. For example, we might
measure the age of a page by the time (or number of queries)
since its first hit and amplify the relevancy of young pages
relative to older pages.

Indeed there is another side to this problem. Just as new
pages find it difficult to attract hits, so too older pages may
find it easy to attract hits. In the worst case scenario this could
even bias I-SPY’s result-lists towards pages that are likely to
be out of date and thus less relevant to current users than they
were to past users. Once again, biasing relevance towards
new pages should help to cope with this problem.

Of course in general there are many factors that can, and
probably should, be taken into account when ranking search
results. We have focused primarily on I-SPY’s relevancy fac-
tor, but other factors such as the age of a page and its meta-
search ranking are also appropriate. As part of our future
work we will explore how best to combine these factors to
produce optimal result rankings. This may or may not involve
a direct combination of the rankings. For example, one op-
tion is to present search results not as a single list of results,
as is normally the case, but perhaps as two or more lists of
results in order to emphasise the different qualities of the re-
turned pages. For instance, in general only a subset of search
results are likely to have non-zero I-SPY relevance scores;
that is, a subset of results will have been selected in the past
for the current query. Therefore, it is practical to present the
I-SPY results with relevancy scores as special recommenda-
tions (ranked by their relevancy). The remaining results can
be presented separately, ranked by their meta-score. In turn a
third list of new pages, ranked by meta-search score or rele-
vancy, can also be separately presented.

5 Conclusions
Improving the accuracy of Web search engines by introducing
context into the search process is an important and challeng-
ing research problem. We have described a generic search
engine that can be adapted or personalized to fit the context
and needs of a community of users by using the collaborative
search technique. The benefits include superior precision and
recall characteristics when compared to a benchmark search
engine. In addition, this level of personalization is achieved
without the need to store individual user profiles, leading to
superior security and privacy benefits when compared to al-
ternative approaches.

In closing it is worth highlighting that collaborative search
makes no strong assumptions about the form of the underly-
ing search engines and is generally applicable across a range
of content types including Web pages, graphics and photos,
audio and video. Finally, its proposed ranking metric is com-
putationally efficient (O(k) in the number of search results)
and requires no additional parsing of result pages.
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Abstract

This paper proposes a statistical model for defining
string similarity. The proposed model is based on
hidden Markov model and defines string similar-
ity as the combination of similarities of substrings.
The proposed model has an advantage that the sim-
ilarity is flexibly defined and complex parameters
for the similarity are learnable from training data.

1 Introduction
String matching is an important problem. Many studies have
been done on this problem and developed methods are ap-
plied to various problems such as approximate information
retrieval from OCR processed and spoken documents, pattern
extraction from sensor data and so on.

In order to measure the similarity of strings, edit distance
and DP matching have been frequently used. In the edit dis-
tance, similarity is defined as the minimum number of oper-
ations of insertion, deletion and replacement required to con-
vert one string to another. The DP matching allows us to use
weights of the operations which enable flexible definition of
string similarity according to objective problems. However,
weights should be determined depending on the problem and
it is hard work to find appropriate weights manually.

This problem motivates us to develop a statistical model
which has high expressive power of string similarity and
whose parameters can be learned from training data. This pa-
per proposes a statical model called dual and variable length
hidden Markov model (DVHMM) and applies it to structured
string analysis.

2 Statistical Model for String Similarity
For a base string and a compared string, DVHMM defines
their similarity by decomposing them into pairs of substrings
and combining the similarities of the substrings.

A DVHMM is a form of Hidden Markov Model (HMM).
Instead of producing a string, state transitions of DVHMM
produce a pair of strings. Each state of the DVHMM defines
the similarity of pairs of strings of fixed lengths in the form
of output probability. A state is characterized by a pair of
lengths. For example, a state characterized by a pair (2,1) of
lengths defines similarities of two consecutive characters in
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Figure 1: An example of DVHMM

a base string and one character in a compared string. A state
(1,0) means that the length of the base (resp. compared) string
is 1 (resp. 0), i.e., a delete operation, whereas a state (0,1) cor-
responds to an insert operation. A state (1,1) corresponds to
both a replacement operation and equivalent mapping. Gen-
erally, the state corresponding to a pair ��� �� produces a pair
of strings whose base string (resp. compared string) length
is � (resp. �) with certain probability. States are categorized
into non-null state that produces a pair of base and compared
strings, and null state that produces null output and controls
state transitions.

Figure 1 shows an example of DVHMM that consists of
five non-null states which define the similarity of pairs of
substrings of length (1,0),(0,1),(1,1),(2,1) and (1,2). In this
figure, output symbols are omitted due to space restrictions.
Suppose the alphabet is �a,b�. Then, the output symbols of
the state ��� �� are
�(aa,a),(aa,b),(ab,a),(ab,b),(ba,a), (ba,b),(bb,a),(bb,b)� and
output probability is asigned to each output symbol.

DVHMM defines joint probability distribution of a pair of
strings. Let us consider a base string “ab” and a compared
string “a”. Then, the DVHMM in Figure 1 produces the pair
of strings (ab, a) by one of the following six sequences of
state transitions.

��������������� ����������

��������������� ����������

��������������� �����

Then, the joint probability of (ab,a) is obtained by summing
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the probabilities of all the five sequences of transitions. For-
mally, for a base string b and a compared string c, the joint
probability of them is obtained by

�

q�Q
� �b� c� q� (1)

where Q is a set of state transitions producing �b� c� and
� �b� c� q� is the joint probability of �b� c� along the state tran-
sition q. The joint probability is used as the similarity of a
pair of strings.

DVHMM inherits HMM’s ability to represent syntactical
structure. This ability enables DVHMM to change similar-
ity definition depending on the part of strings. Let us con-
sider strings consisting of two components delimited by spe-
cial characters. For example, base string consists of two parts
delimited by colon and compared string is concatenation of
two parts without delimiters. Then, the DVHMM depicted in
Figure 2 defines the similarity of these strings, i.e., a com-
ponent DVHMM �� defines similarity of prefix component
whereas a component DVHMM �� defines the similarity of
suffix component. State �� defines the delimiter, which pro-
duce a pair of colon and null string with probability 1.0. For a
given pair (“a:ab”, “ab”) of string, the DVHMM may separate
the pair into (“a”,“a”) as a prefix component and (“b”,“b”) as
a suffix component, and similarities of these components are
measured by different similarity measures, i.e., �� and ��,
respectively. In this case, similarity can be calculated by the
joint probability of the pair of string produced by the most
likely state transition, i.e.,

max
q�Q

� �b� c� q� � (2)

where Q is the same set in expression (1).
Probabilities of DVHMM can be estimated from train-

ing data by the expectation-maximization technique
efficiently[Takasu, 2002]. For a given pair �b� c� of strings,
the similarity (2) can be calculated efficiently by a dy-
namic programming algorithm. We omit the details of the
algorithms due to space restriction.

Compared with DP matching, DVHMM enables to

� define the weights in a more detailed manner, and

� calculate the weights systematically.

3 Preliminary Experiment
We applied the proposed method to bibliographic matching
which matches references in academic articles with records
in bibliographic databases. Reference information is effec-
tively used in digital libraries such as CiteSeer [Lawrence,
1999]. In bibliographic references, bibliographic components
such as author’s name and article title are located in a specific
order and separated by delimiters. The syntactical structure
of bibliographic reference can be represented with graphical
structure of finite automaton where each state represents a
bibliographic component. A DVHMM for bibliographic ref-
erences is obtained by replacing each state with a component
DVHMM like Figure 2 where each component DVHMM de-
fines the similarity of the corresponding bibliographic com-
ponent. For example, because journal names are often ab-
breviated, higher probabilities are assigned to deletion er-
rors in the DVHMM for journal name whereas low proba-
bilities are assigned to the deletion errors for page because
it is seldom abbreviated in references. In this way, the simi-
larity is changed depending on the bibliographic components,
and consequently, more accurate similarity model can be con-
structed for structured strings.

We carried out an experiment on approximate string match-
ing. In this experiment, we prepared 1,575 references
appeared in Japanese academic articles and corresponding
records in a bibliographic database, then applied 5-fold cross-
validation, i.e., divided them into 5 groups, trained DVHMM
using 4 groups of them, and made bibliographic matching us-
ing remaining one group. Matching result is ranked records
in the database according to the similarity. We used edit dis-
tance as baseline similarity and compared the performance of
the proposed method with the edit distance. The following
table shows the average accuracy that the correct record is
ranked within top � records.

rank 1 5 10
ED 92.33 94.56 95.23

DVHMM 94.57 95.10 95.47

As shown in the table the proposed method achieved higher
matching accuracy.

4 Conclusion
This paper proposed a statistical model for defining string
similarity. The proposed model can represent similarity of
strings with the similarities of substrings such as traditional
edit distance and DP matching. However, the proposed model
can define the similarity more flexible way. This paper shows
the proposed model can be applied to the matching of struc-
tured strings.
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Abstract 
To support more efficient video database manage-
ment, this paper explores the concept of video asso-
ciation mining, with which the association patterns 
are characterized by sequentially associated video 
shots and their cluster information. Given a continu-
ous video sequence V, the video shot segmentation 
mechanism is first introduced to parse it into discrete 
shots. We then cluster shots into visually distinct 
groups and construct a shot cluster sequence by using 
the class label of each shot. An association mining 
scheme is designed to mine sequentially associated 
clusters from the sequence. Those detected associa-
tions will convey valuable knowledge for video data-
base management. The experimental results demon-
strate the effectiveness of our design. 

1 Introduction 
Since the 1990s, data mining has been a very active area for re-
search and applications. Many successful techniques have been 
implemented through academic research and industrial applications 
[Agrawal and Srikant, 1994][Agrawal and Srikant, 1995][Wu, 
1995] [Han and Kamber, 2000]. However, these approaches deal 
with various databases (like transaction datasets) in which the rela-
tionship between data items is explicitly given. Video and image 
databases are different from these databases. The most distinct 
feature of video and image databases is that the relationship be-
tween any two of their items cannot be explicitly (or precisely) 
figured out. This inherent complexity of the multimedia data has 
suggested that mining knowledge from multimedia materials is 
even harder than from general databases [Zhu et al., 
2003][Thuraisingham, 2001][Zaiane, et al., 1998]. Generally, there 
are two types of video mining techniques: (1) special pattern detec-
tion [Zhu et al., 2003], which detects some predefined special pat-
terns; and (2) video clustering and classification [Oh et al., 
2002][Pan and Faloutsos, 2002], which clusters and classifies 
video units into different categories.  

Different from these two types of video mining schemes, we 
address a new research area of video mining, video association 
mining, in this paper, where associations from video units are used 
to explore video knowledge. We will present a definition for video 
associations, and design a video association mining algorithm. As 
shown in Fig. 1, we first segment a video sequence into shots and 
cluster shots into groups. Then, we assemble the class information 

of each shot to form a shot cluster sequence. We mine sequential 
associations from the sequence to find clusters with strong correla-
tions and take strongly correlated clusters as video associations. 
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Fig. 1 Video association mining – System architecture 
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Fig. 2 Some typical video scenes and video data transformation 

2 Video Association Mining 
Generally, most videos from our daily life are edited by editors, 
where various kinds of shots are packed as scenes to convey video 
scenarios, as shown in Fig. 2. There are two typical video scenes: 
(1) scenes that consist of visually similar shots, as demonstrated in 
Fig. 2(a); and (2) scenes that consist of visually distinct shots, as 
shown in Fig. 2 (b). In the first type of scenes, most video shots are 
visually similar. Take Fig. 2(a) as an example, if we denote each of 
the shots by “A”, all shots form a sequence “AAAAAAA”, and the 
self-coherence of “A” indicates an association of itself. We name 
this type of association as an intra-association, i.e., all items in the 
association are the same. In the second type of scenes, sequential 
associations exist too. In Fig.2(b), if we denote the actor by “A”, 
the actress by “B” and the shot containing both of them by “C”, all 
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shots form a sequence “ABABACAB”. The co-occurrence of “A” 
and “B” implies an association. We name this type of association 
as an inter-association, i.e., items in the association are different.  

Based on the above observations, we define a video association 
as a sequential pattern with {X1..Xi..XL; t

iX < t
jX  for any i < j}, 

where Xi is a video item (see definition below), L denotes the 
length of the association. t

iX  denotes the temporal order of Xi, 

and t
iX < t

jX  indicates that Xi happens before Xj. For an inter-

association, X1∩..∩XL=Ø; and for an intra-association, 
X1∩..∩XL=Xk, k=∀[1,L]. For simplicity, we use {X} as the abbre-
viation of an association. 

Due to the fact that the temporal information in a video se-
quence plays an important role in conveying the video content, we 
integrate traditional association measures (support and confidence) 
and video temporal information to evaluate video associations. 
Some definitions are given as follows: 
• An item is a basic unit, which denotes a shot cluster. 
• Given a shot cluster sequence, the temporal distance (TD) be-

tween two items is the number of shots between them. E.g, 
given sequence “ABDEC”, the temporal distance of “AB” is 
TD(AB)=0, and for “AC” is TD(AC) =3.  

• An L-ItemAssociation is a video association that consists of L 
sequential items. E.g., “ABC” is a 3-ItemAssociation.  

• The L-ItemSet is an aggregation of all L-ItemAssociations, with 
each of its members being an L-ItemAssociation. 

• Given a temporal distance threshold (TDT) TDT=T, the tempo-
ral support (TS) of an association {X1....XL} is defined as the 
number of times that this association appears sequentially in 
the sequence. In addition, each time this association appears, 
the temporal distance between any two neighboring items of 
the association should be no more than T shots. That is, given 
any Xi and Xi+1 (i ≥ 1, i+1 ≤ L), TD(Xi, Xi+1) ≤ T.  

• Given TDT=T, the confidence of an association {X1..Xi..XL} is 
defined as the ratio between the temporal support of {X} when 
TDT=T and the number of maximal possible occurrences of the 
association {X}. For an inter-association, the maximal possible 
occurrence of the association is determined by the number of 
occurrences of the item with the minimal support. Its confi-
dence is defined by Eq.(1). For an intra-association, all items 
are the same, the maximal possible occurrence of the associa-
tion is determined by the support of the item and the associa-
tion length (L), as defined by Eq.(2), where 〈x〉 indicates the 
maximal integer which is not larger than x. 

)}(),..,({}{}{ 1 LTTDTTTDT XTSXTSMinXTSXConf == =     (1) 

],1[,/)(}{}{ LiLXTSXTSXConf iTTDTTTDT ∀== ==
     (2) 

• The L-LItemSet is an aggregation of all L-ItemAssociations that 
each of their temporal support is no less than a given threshold.  

2.1  Association Mining Algorithm 
Our video mining algorithm consists of the following phases: 
1. Transform Phase. Given video V, this step transforms V from 
continuous frames into a sequence dataset D. 
2. L-LItemSet Phase. In this phase, we mine both intra-
associations and inter-associations from D. We first find the L-
ItemSet, and then use L-ItemSet and a user-specified threshold to 
find L-LItemSet. We will iteratively execute this phase until no 
more non-empty L-LItemSet can be found.  

3. Collection & Pruning Phase. This phase prunes and selects 
valuable associations from all L-LitemSets. 

Since Phase 3 is quite obvious, we focus on Phases 1 and 2. 
Meanwhile, due to the fact that all items in intra-associations are 
the same, mining this type of associations is relatively easy, we 
hereby introduce mechanisms on mining inter-associations only. 

In the transform phase, we adopt some video processing tech-
niques to segment a video sequence into shots, and execute shot 
clustering to explore relationships among shots. To detect video 
shots, we use our existing algorithm in [Zhu et al., 2003]. For the 
sake of simplicity, we select the 10th frame of each shot as its key-
frame. After the shot segmentation, we adopt a modified split-and-
merge clustering algorithm [Horowitz and Pavlidis, 1974] to clus-
ter video shots into groups where visually similar shots are first 
merged into groups and the groups with large visual variances are 
split into two clusters. After shot clustering, each shot will receive 
a class label, we sequentially aggregate the class information of 
each shot by its original temporal order to form a shot cluster se-
quence D. As shown in Fig. 2, each icon image denotes one shot 
and the letter below it indicates its class label, and the acquired 
shot cluster sequences are given in Fig. 2 (c). Table 2 gives an 
example of the video association mining, where the first column 
presents the video shot cluster sequence. 

In the L-LItemSet phase, we use the large ItemSet from the 
previous pass to generate the candidate ItemSet and then measure 
their temporal support by making a pass over the database D, as 
shown in Fig. 3. At the end of the pass, the support of each candi-
date is used to determine the L-LItemSet. The candidate generation 
is similar to the method in [Agrawal and Srikant, 1995]. It takes 
the set of all k-1-ItemAssociations in Lk-1 and all their items as 
input, and works as shown in Fig. 4. Take the 3-LItemSet L3 in the 
fourth column of Table 2 as an example. If L3 is given as the input, 
we will get the ItemSet shown in the fifth column after the join. 
After pruning out sequences whose subsequences are not in L3, the 
sequences shown in the sixth column are left. E.g., {ABDC} is 
pruned out because its subsequence {BDC} is not in L3.  

(1) Given user specified TDT and TS thresholds.  
(2) I1={1-ItemSet}; L1={1-LItemSet}; // Find {1-LItemSet} by 

using {1-ItemSet} and the user-specified thresholds. 
(3) For ( k = 2; Lk-1 ≠ Ø; k ++ )  
    Begin: 
(4)  Ik=New candidates generated from Lk-1 (see Fig. 5). 
(5)  For each k-ItemAssociation in Ik, we count its temporal 

support by considering the user’s specification with TDT. 
(6)  Lk=Candidates in Ik with the minimum temporal support. 
    End 

Fig. 3 The L-LItemSet Phase of the mining algorithm 

(1). Join the items of associations in Lk-1.  
(2). Insert the join results into Ik 

select  {p.Item1,.., p.Itemk-1,q.Itemk-1}  
from   {Lk-1.p, Lk-1.q, p ≠ q} 
where {p.Item1=q.Item1& ..& p.Itemk-2=q.Itemk-2} 

(3). Delete any member
kIx ∈ such that some  

{k-1-ItemAssociation} of x is not in Lk-1. 

Fig. 4 Candidate generation 

In Fig. 3 and Fig. 4, Lk denotes the k-LItemSet and Ik the k-ItemSet. 
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3 Experimental Results and Discussion 
Traditional video database systems use video shots as the units to 
index and manage video data where the visual similarities among 
shots are used to construct the index structure. Unfortunately, a 
single shot which is separated from its context has less capability 
to convey semantics; Moreover, the index considering only visual 
similarities ignores the temporal information among shots. Conse-
quently, the constructed cluster nodes may contain shots that have 
considerable variances both in semantics and visual content and 
hereby do not make much sense to human perception. Accord-
ingly, a semantic video database management framework has been 
presented [Zhu et al., 2003] where video semantic units (events, 
scenes or other scenario information) are used to construct a data-
base index. To facilitate this goal, one of the most important tasks 
is to detect the video semantic units. In this section, our experi-
mental results will demonstrate that the proposed video association 
mining technique could be used to explore semantic units for the 
management of video database systems.  

To evaluate the ability of video associations in addressing local 
event and scenario information and figure out the relationship be-
tween TDT and the mined associations, we set TDT with different 
values T (T=1, 3, 5, 7, 9 and ∞) and assess the associations. For 
each acquired association, we scan the dataset to check whether all 
items in the association belong to the same scene each time when 
the association appears. We define the Scene Coverage (SC) of an 
association as the ratio between the frequency of the association’s 
items belonging to the same scene and the frequency of the asso-
ciation’s appearance. The higher the SC, the better the association 
addresses the scene and event information. On the other side, with 
an adopted temporal support, the smaller the TDT, the less is the 
number of mined associations. This indicates that the TDT also 
acts as a factor for pruning associations. We hereby define the 
Pruning Rate (PR) as the ratio between the number of associations 
when TDT is T (T=1, 3, 5, 7, 9) and ∞. We have performed our 
experiments with 5 news videos and 20 medical videos (about 700 
minutes), and the results are given in Table 2.   

Table 1 demonstrates that when the TDT increases, the 
mined associations become worse in addressing the local sce-
nario and event information. One reason for this declination is 
that the clustering process may cluster semantically unrelated 
shots into one group, and consequently, when evaluating the 
scene coverage, the items of an association would come from 
different events. However, with relatively small TDT values, 
this type of errors can be reduced, because items with a small 
temporal distance would more likely belong to one semantic 
unit. On the other hand, Table 1 also indicates that the smaller 
the TDT, the less is the number of mined associations, but the 
better are the mined associations in addressing event and sce-
nario information. Depending on the user’s objectives of asso-
ciation mining, a balance between the number of associations 
and the SC is necessary to select a reasonable value for TDT.   

Table 1. Video association mining results 

TDT 1 3 5 7 9 ∞ 
SC 0.893 0.868 0.755 0.623 0.553 0.342 
PR 0.264 0.377 0.516 0.658 0.761 1.0 

4 Conclusions 
To facilitate video database management, we have explored a new 
research area of video data mining. A video association mining 
algorithm has been proposed. Given video V, we first transform it 
from sequential frames to a relational dataset by shot segmentation, 
clustering, and constructing a shot cluster sequence. The video 
mining scheme mines sequentially associated video items from this 
sequence. In addition to using the traditional association measures, 
we have integrated temporal features among video shots into the 
video association evaluation. The experimental results have dem-
onstrated the ability of our mined associations in addressing se-
mantic information for video database management. 
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Table 2. An example of video association mining, where C
SX }{  indicates an association. X denotes the items of the association, S and C 

indicate the temporal support and confidence respectively. The sequential order in the first column is from left to right, top to bottom.
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Abstract

This paper summarizes a probabilistic approach for
localizing people through the signal strengths of a
wireless IEEE 802.11b network. Our approach uses
data labeled by ground truth position to learn a prob-
abilistic mapping from locations to wireless signals,
represented by piecewise linear Gaussians. It then
uses sequences of wireless signal data (without po-
sition labels) to acquire motion models of individ-
ual people, which further improves the localization
accuracy. The approach has been implemented and
evaluated in an office environment.

1 Introduction
This paper addresses the problem of localizing people using a
wireless network. Various researchers have recently developed
techniques using the signal strength of IEEE 802.11b access
points for people localization [1; 3; 6; 9; 11]. In doing so, these
techniques require measurement data labeled by the position at
which the data was acquired.

Our approach builds on this idea, but augments it by a
learned probabilistic motion model of people. The data used
for training the motion model is acquired as people walk
through the environment. We employ the EM algorithm to
train the resulting hidden Markov model.

2 Signal Strength Maps From Labeled Data
At the most basic level, our approach acquires a map of the
wireless signal strength at different locations in the environ-
ment. For that, it requires the availability of signal strength
measurements labeled by the true position. Our implementa-
tion represents this map by a piecewise linear Gaussian, that
follows the (mostly) one-dimensional manifold of the center
of each corridor in the building. Figure 1 illustrates the signal
strength measurements for one of the access points in our test
building. The measurement noise is modeled as a Gaussian,
whose covariance is estimated from the data using the maxi-
mum likelihood estimator.

3 Probabilistic Localization
The signal strength map is sufficient to coarsely localize peo-
ple. Following [6], our approach implements a continuous-
state hidden Markov model (HMM), in which the person’s po-
sition is the internal state, and the signal strengths are the mea-
surements. The signal strength map provides the measurement

probabilities of the HMM. The next state transition, or motion
model, may be as simple as a probabilistic model of Brownian
motion; a more sensible choice will be discussed below.

Our approach uses this HMM to track the location of the
person, by calculating an approximate posterior. This is
achieved using the well-known Monte Carlo localization al-
gorithm [10], a variant of particle filters [5].

4 Motion Models From Unlabeled Data
The principal limitation of the approach thus far is its reliance
on labeled data. Such data is difficult to collect, as it requires
an independent means for generating correct position labels
when carrying a wireless receiver through a building. Our ap-
proach specifically addresses the use of unlabeled data. Such
data is acquired as people walk through the building.

This unlabeled data consists of signal measurements with-
out a pose estimate. We use this data to learn a motion model
of a person. This motion model is realized by mixtures of
Gaussians that characterize the relative change of position
within a fixed time interval. Each linear sub-piece of the signal
strength map possesses its own Gaussian mixture; in this way,
the approach can learn location-specific predictions of peo-
ple’s motion. The motivation to use a Gaussian mixture model
arises from the fact that people often engage in one out of a
small number of different motions (e.g., turning left or right
at an intersection; see Figure 2). In our approach, the num-
ber of Gaussians is fixed, as is their variance. Our approach
learns the means of the Gaussians and the mixture weights as
a function of people’s location.

Learning from unlabeled data is achieved using the EM al-
gorithm (see [2; 7; 8] for related work). Beginning with an ini-
tial motion model, position probabilities are computed based
on the signal strength, using the particle filter described above.
These position probabilities are then used to calculate a dis-
tribution over the mixture components of the Gaussian, and
subsequently to calculate the mean and new mixture weights.
This methodology is a straightforward application of the EM
algorithm, assuming that both a person’s pose and the index
of the Gaussian mixture are latent variables [4]. In our imple-
mentation, we bias the initial motion model (before learning)
towards typical motions people might take, such as going for-
ward, turning left or right, and standing in place.

5 Experimental Results
Systematic experimental results were conducted in an office
environment equipped with approximately 50 802.11b wire-
less access points, distributed over an area of size 120 by 22.5
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Figure 1: Access point strength as a function of measured location.

Figure 2: An example motion model. Clearly visible are some of the
modes induces by the different actions a person may take.

meters. On average, five access points are within communica-
tion range of each location in the environment.

All labeled data was acquired by using a laser range finder
for localization, similar to work in mobile robotics [10]. A set
of labeled data was collected by simply walking about the en-
vironment, traversing each corridor at least three times in each
direction (along the center, left, and right of the hallway). We
also collected a large set of unlabeled training data by travers-
ing paths characteristic of the movements of an individual (all
paths originated or terminated at a specific office). Finally, we
collected an independent test set with labels.

Figure 3 shows a key result, obtained for 200 particles. This
figure shows the cumulative probability function over the av-
erage localization error from our labeled test set for different
techniques. The top blue curve corresponds to the combined
labeled-unlabeled data approach described above, utilizing the
learned mixture models. The green dashed curve reflects the
performance of the same system with no learning; all mixture
weights are uniform. The red dot-dashed curve represents the
performance of a pure Brownian motion model, rather than a
mixture of Gaussians.

A localization error of 2.25 meters is achieved 70% of the
time when only using the labeled data. This number appears
to be well in tune with results reported in [6] while requiring a
factor of 50 less labeled training data. This error is reduced by
20% as the motion model is trained with the unlabeled data.
This illustrates the relative improvement that can be achieved
by adding unlabeled measurements to the pool of training data.
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1 Introduction
Previous research in Web search has mainly targeted perfor-
mance of search engines from the user’s point of view. Pa-
rameters such as precision, recall, and freshness of returned
results were optimised. On the other hand, a provider of
search services is rather interested in parameters like the num-
ber of queries processed versus the amount of resources used
to process them. We focus on performance optimisation of
search engines from the service provider’s point of view.

An important factor that affects the search engine perfor-
mance is competition with other independently controlled
search engines. When there are many engines available, users
want to send queries to those that provide the best possible
results. Thus, the service offered by one search engine influ-
ences queries received by others.

Competition is even more important in heterogeneous
search environments consisting of many specialised search
engines (which provide access to the so-called “deep” or “in-
visible” Web). Each specialised engine in such environment
indexes only a subset of all documents (e.g. on a particular
topic). Each user query is only sent to a small number of
the engines which can return the best results. Selection be-
tween specialised search engines is done (semi)automatically
by meta-searchers, which rank engines for each user query.
Thus, parameters of specialised engines automatically affect
their ranking and, hence, the queries they receive, and ulti-
mately their profit.

We are examining the problem of performance-maximising
behaviour for non-cooperative specialised search engines in
heterogeneous search environments. In particular, we analyse
how specialised search engines can select on which topic(s)
to specialise and how many documents to index on that topic.
We provide a game-theoretic analysis of a simplified ver-
sion of the problem and motivate the use of the concept of
“bounded rationality”. Bounded rationality assumes that
decision makers are unable to act optimally in the game-
theoretic sense due to incomplete information about the en-
vironment and/or limited computational resources. We then
cast our problem as a reinforcement learning task, where the
goal of a specialised search engine is to exploit sub-optimal
behaviour of its competitors to improve own performance.

∗This researchwas fundedby ScienceFoundationIrelandand
theUSOffice of Naval Research.

2 Problem Formalisation
Performance metric. We adopt an economic view on search
engine performance. Performance is a difference between the
value of the search service provided (income) and the cost of
the resources used to provide the service. In our simplified
version of the problem we only take into account the cost
of resources involved in processing search queries. Under
these assumptions, engine performance can be expressed as
follows:

P = αQ − βQD,

where Q is the number of queries received in a given time
interval, D is the number of documents in the search engine
index, α and β are constants.

αQ represents the service value: if the price of processing
one search request for a user is α, then αQ would be the total
income from service provisioning. βQD represents the cost
of processing search requests. If x amount of resources is suf-
ficient to process Q queries, then we need 2x to process twice
as many queries in the same time. Similarly, twice as many
resources are needed to search twice as many documents in
the same time. Thus, the amount of resources (and, hence, the
cost) is proportional to both Q and D, and so can be expressed
as βQD, where β reflects the resource costs. The example of
the FAST search engine confirms that our cost function is not
that far from reality [Risvik and Michelsen, 2002].

Environment model. Let us assume that users issue
queries on just a single topic, e.g. “cars”. We will see later
how this extends to multiple topics. It is reasonable to as-
sume that users would like to send queries to search engines
that contain the most relevant documents on the topic, and
the more of them, the better. Suppose that search engines
have “ideal” Web robots which for a given D can find the D
most relevant documents on the topic. In this case, the user
would simply have to send queries to the engine containing
the largest number of documents on the topic.

This model can be extended to multiple topics, if the state
of a search engine is represented by the number of documents
Dt

i that engine i indexes for each topic t (a query on topic t
would be sent to the engine i with the largest Dt

i). Of course,
such extension ignores possible overlaps between topics in
both queries and documents. On the other hand, if we asso-
ciate each topic with a search term, the whole engine selec-
tion model would closely reflect how some real-life engine
selection algorithms work [Callan et al., 1995].
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Decision making process. For each time interval, the
search engines simultaneously and independently decide on
how many documents to index and allocate resources to pro-
cess expected search queries (thus incurring the correspond-
ing costs). As search engines cannot have unlimited crawling
resources, we presume that they can only do incremental ad-
justments to their index contents that require the same time
for all engines. The user queries are allocated to the engines
based on their index parameters (Dt

i) as described above.
Since a search engine cannot know the number of queries

that users will submit, it may allocate less query processing
resources than the number of queries it will receive. We as-
sume that excess queries are discarded and the search engine
does not benefit from them. Then, performance of engine i
over a given time interval can be represented as

Pi = α min(Qi, Q̂i) − βQ̂iDi,

where Q̂i =
∑

t:Dt

i
>0

Q̂t
i is the expected number of queries

across all topics for which the search engine is trying to com-
pete (i.e. index at least one document), Di =

∑

t Dt
i is the

total number of indexed documents, Qi =
∑

t Qt
i is the total

number of queries actually received by engine i, and

Qt
i =

{

0 : ∃j, Dt
i < Dt

j
Qt

|K| : i ∈ K, K =
{

k : Dt
k = maxj Dt

j

}

is the share of queries in topic t received by engine i, and Qt

is the number of queries users submitted on topic t.

3 Analysis and Solution Approach
The decision-making process can be modelled as a multi-
stage game. At each stage, a matrix game is played, where
players are search engines, actions are values of (Dt

i), and
player i receives payoff Pi (as above). If player i knew the
actions of its opponents at a future stage k, it could calculate
the optimal response as the one maximising its payoff Pi(k)
at that stage. For example, in case of a single topic and a con-
stant query stream it should play Di(k) = maxj 6=i Dj(k)+1,
if maxj 6=i Dj(k) +1 < α/β, and Di(k) = 0 otherwise (sim-
ply put, outperform opponents by 1 document if profitable,
and do not incur any costs otherwise).

In reality, the players do not know the future. One possible
way around this would be to agree on (supposedly, mutually
beneficial) actions in advance. To avoid deception, players
would have to agree on playing a Nash equilibrium of the
game, since only then there will be no incentive for them to
not follow the agreement. Agreeing to play a Nash equilib-
rium, however, becomes problematic when the game has mul-
tiple such equilibria. Players would be willing to agree on
a Nash equilibrium yielding to them the highest (expected)
payoffs, but the task of characterising all Nash equilibria of a
game is NP-hard even given complete information about the
game (as follows from [Conitzer and Sandholm, 2002]).

NP-hardness results and the possibility that players may
not have complete information about the game lead to the
idea of “bounded rationality”, when players may not use the
optimal strategies in the game-theoretic sense. Our proposal
is to cast the problem of optimal behaviour in the game as a

learning task, where the player would have to learn a strategy
that performs well against its sub-optimal opponents.

Learning in repeated games has been studied extensively in
game theory and machine learning. Examples include fictious
play and opponent modelling [Robinson, 1951; Carmel and
Markovitch, 1996]. We apply a more recent algorithm from
reinforcement learning called GAPS [Peshkin et al., 2000].
In GAPS, the learner plays a parameterised strategy repre-
sented by a finite state automaton, where the parameters are
the probabilities of actions and state transitions. GAPS im-
plements stochastic gradient ascent in the space of policy pa-
rameters. After each learning trial, parameters of the policy
are updated by following the payoff gradient.

GAPS has a number of advantages important for our do-
main. It works in partially observable games. It also scales
well to multiple topics by modelling decision-making as a
game with factored actions (where action components corre-
spond to topics). The action space in such games is the prod-
uct of factor spaces for each action component. GAPS, how-
ever, allows us to reduce the learning complexity: rather than
learning in the product action space, separate GAPS learners
can be used for each action component. It has been shown
that such distributed learning is equivalent to learning in the
product action space. We call a search engine that uses the
proposed approach COUGAR, which stands for COmpetitor
Using GAPS Against Rivals.

4 Preliminary Results
We evaluated our approach in a number of simulation exper-
iments, which demonstrated COUGAR’s ability to compete
successfully with different opponents. For the sake of brevity,
we present here results from one such experiment with two
competing search engines. One search engine was using a
fixed strategy, called “Bubble”, the other one was COUGAR.
The search engines could increase, decrease (by one), or keep
the number of documents indexed on each topic. They could
also observe the size of own index, the relative sizes of oppo-
nents’ indices, and the number of user queries Qt submitted
for each topic (the last two observations can be obtained from
the meta-searcher). The expected number of queries on topic
t at future stage k was calculated as Q̂t

i(k) = Qt(k − 1).
The experimental setup consisted of three components: the

generator of search queries, the metasearcher, and the search
engines. The state of a search engine’s document index is
represented by a vector (Dt

i) of the numbers of documents
indexed by the search engine for each topic. This is the infor-
mation used by the metasearcher to select search engines.

To simulate user search queries, we used HTTP logs ob-
tained from a Web proxy of a large ISP. We developed extrac-
tion rules individually for 47 well-known search engines. The
total number of queries extracted was 657,861 collected over
a period of 190 days. We associated topics with search terms
in the logs. To simulate queries for T topics, we extracted the
T most popular terms from the logs. The number of queries
generated on topic t for a given day was equal to the number
of queries with term t in the logs belonging to this day.

The “Bubble” strategy tries to index as many documents
as possible without any regard to what competitors are do-
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Figure 1: “Bubble” vs COUGAR: learning curve

ing. As follows from our performance formula (Section 2),
such unconstrained growing leads eventually to negative per-
formance. Once the total reward falls below a certain thresh-
old, the “Bubble” search engine goes bankrupt (it shrinks its
index to 0 documents and retires until the end of the trial).
This process imitates the situation, in which a search provider
expands its business without paying attention to costs, and
eventually runs out of money (or an analogy with the “.com
bubble”). An intuitively sensible response to the “Bubble”
strategy would be to wait until the bubble “bursts” and then
come into the game alone. That is, a competitor should not
index anything while the “Bubble” grows and should start in-
dexing a minimal number of documents once the “Bubble”
search engine goes bankrupt.

Our simulation had two topics, and “Bubble” was increas-
ing (and decreasing) the number of documents indexed for
each topic simultaneously. First, we trained COUGAR in a
number of learning trials. Once it reached a steady perfor-
mance level, the resulting strategy was evaluated in a series
of testing trials. Each simulation trial consists of 100 days,
where each day corresponds to one stage of the multi-stage
game played. The resulting performance in the whole trial is
calculated as a sum of discounted rewards from each day.

Figure 1 shows how COUGAR’s performance improving
during learning. Figure 2 visualises a testing trial between
the “Bubble” and the COUGAR engines by showing the num-
ber of documents indexed by the engines on each day of the
trial (the top half of Y axis shows the number of documents
for topic 1, the bottom half shows the number of documents
for topic 2). Note that COUGAR has learned to wait until
“Bubble” goes bankrupt, and then to win all queries for both
topics.

We also investigated effectiveness of our approach against
evolving opponents. In particular, we evaluated performance
of a COUGAR strategy learned in self-play against other
learners (other COUGARs in our case). We observed that
while COUGAR’s performance can be quite stable against
equally complex learners, it may still be sub-optimal, in the
sense that a “cleverer” learner (e.g. a COUGAR with more
policy states) can outperform it.
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5 Future Work
We do not claim to provide a complete solution for the
problem of performance management in heterogeneous Web
search, but COUGAR is a promising first step. Clearly, we
have made many strong assumptions in our models. One
future direction will be to relax these assumptions to make
our simulations more realistic. Another important direction
would be to further study performance of the learning algo-
rithm in self-play, as well as against other learners.

While we are motivated by the optimal behaviour for
search services over document collections, our approach is
applicable in more general scenarios involving services that
must weigh the cost of their inventory of objects against the
expected inventories of their competitors and the anticipated
needs of their customers. For example, it would be interest-
ing to apply our ideas to large retail e-commerce sites which
must decide what products to stock.
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