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Abstract

The case-based learning paradigm relies upon
memorizing cases in the form of successful prob-
lem solving experience, such as e.g. a pattern along
with its classification in pattern recognition or a
problem along with a solution in case-based rea-
soning. When it comes to solving a new problem,
each of these cases serves as an individual piece of
evidence that gives an indication of the solution to
that problem. In this paper, we elaborate on issues
concerning the proper combination (aggregation)
of such pieces of evidence. Particularly, we argue
that cases retrieved from a case library must not be
considered as independent information sources, as
implicitly done by most case-based learning meth-
ods. Focusing on the problem of prediction as a
performance task, we propose a new inference prin-
ciple that combines potentially interacting pieces
of evidence by means of the so-called (discrete)
Choquet-integral. Our method, called Cho-k-NN,
takes interdependencies between the stored cases
into account and can be seen as a generalization of
weighted nearest neighbor estimation.

1 Introduction

Case-based or instance-based learning algorithms have been
applied successfully in fields such as, e.g., machine learn-
ing and pattern recognition during the recent years [Aha et
al., 1991; Dasarathy, 1991]. The case-based learning (CBL)
paradigm is also of central importance in case-based reason-
ing (CBR), a problem solving methodology which goes be-
yond the standard prediction problems of classification and
regression [Riesbeck and Schank, 1989; Kolodner, 1993].

As the term suggests, in CBL special importance is at-
tached to the concept of a case. A case or an instance can
be thought of as a single experience, such as a pattern (along
with its classification) in pattern recognition or a problem
(along with a solution) in CBR.

Rather than inducing a global model (theory) from the
data and using this model for further reasoning, as inductive,
model-based machine learning methods typically do, CBL
systems simply store the data itself. The processing of the
data is deferred until a prediction (or some other type of
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query) is actually requested, a property which qualifies CBL
as a lazy learning method [Aha, 1997]. Predictions are then
derived by combining the information provided by the stored
cases, primarily by those which are similar to the new query.

In fact, the concept of similarity plays a central role in
CBL. The major assumption underlying CBL has already
been expressed, amongst others, by the philosopher DAVID
HUME ([Hume, 1999], page 116): “In reality, all arguments
from experience are founded on the similarity ... among natu-
ral objects. ... From causes, which appear similar, we expect
similar effects.” This commonsense principle, that we shall
occasionally call the “similarity hypothesis” [Rendell, 19861,
serves as a basic inference paradigm in various domains of
application. For example, in a classification context, it trans-
lates into the assertion that “similar objects have similar class
labels”, and in CBR it suggests that “similar problems have
similar solutions”.

The similarity hypothesis, which is apparently of a heuris-
tic nature, has been put into practice by means of different in-
ference schemes that combine similarity and frequency infor-
mation in one way or the other. For example, the well-known
nearest neighbor (NN) classifier first selects a neighborhood
around the query, consisting of the k£ most similar cases, and
then counts the occurrence of the different class labels. De-
spite of their simplicity, inference methods of such kind have
proved to be quite successful in practical applications.

In this paper, we suggest a further improvement based
on the idea of taking interdependencies between neighbored
cases into account. In fact, in standard NN methods, these
cases are implicitly considered as independent information
sources. We argue that a corresponding assumption of in-
dependence is not always justified and propose a new infer-
ence principle that combines inferacting pieces of evidence
in a more thorough way. This principle, which makes use
of non-additive measures for modeling interaction between
cases and employs the so-called (discrete) Choquet-integral
as an aggregation operator, can be seen as a generalization of
weighted NN estimation.

By way of background, section 2 gives a concise review
of the NN principle, which constitutes the core of the family
of CBL algorithms. In section 3, we discuss the problem of
interaction between cases in CBL. A new approach to CBL,
which takes such interactions into account, is then introduced
in section 4 and evaluated empirically in section 5.



2 Nearest Neighbor Estimation

The well-known nearest neighbor (NN) estimation principle
is applicable to both classification problems (prediction of
class labels) and regression (prediction of numeric values).

Consider a setting in which an instance space X" is en-
dowed with a similarity measure sim : X x X — [0,1]. An
instance corresponds to the description x of an object (usu-
ally in attribute—value form). In the standard classification
framework, each instance x is assumed to have a (unique) la-
bel y € L. Here, L is a finite (typically small) set comprised
of m class labels {¢; ... ¢, },and (z,y) € X X L is a labeled
instance (case).

The NN principle originated in the field of pattern recog-
nition [Dasarathy, 1991]. Given a sample S consisting of n
labeled instances (z,,¥,), 1 < ¢ < n, and a novel instance
zo9 € X (a query), this principle prescribes to estimate the
label yq of the yet unclassified query xg by the label of the
nearest (most similar) sample instance. The k-nearest neigh-
bor (k-NN) approach is a slight generalization, which takes
the £ > 1 nearest neighbors of x( into account. That is, an
estimation y§* of yo is derived from the set Ny (zo) of the k&
nearest neighbors of x, usually by means of a majority vote.
Besides, further conceptual extensions of the (k-)NN princi-
ple have been devised, such as distance weighting [Dudani,
1976]:

est
Yo" = argmax Z wy Iy =0) (1
(z,y) €Nk (o)

where w,, is the weight of the instance = and I(-) the standard
{true, false} — {0, 1} mapping. (Throughout the paper, we
assume the weights to be given by w,, = sim(z, x¢).)

The NN principle can also be used for regression problems,
i.e., for realizing a (locally weighted) approximation of real-
valued target functions x +— y = f(z) (in this case, £ = R).
To this end, one reasonably computes the (weighted) mean of
the k nearest neighbors of a new query point:

est 2o (e )N (z0) Yo Y
Yo =
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3 Interaction Between Cases in CBL

Some case-based approaches completely rely on the (suppos-
edly) most relevant piece of evidence, namely the observation
which is most similar to the query. In CBR, for example, it is
common practice to retrieve just a single case from the case
library, and to adapt the corresponding solution to the prob-
lem under consideration. On the one hand, ignoring all but
the most similar observation is conceptually simple and com-
putationally efficient. On the other hand, this approach does
of course come along with a loss of information, because only
a very small part of the past experience is utilized.

If several instead of only a single case are retrieved, as e.g.
in k-NN, an important question arises: How should the pieces
of evidence coming from the different cases be combined? In
k-NN classification, the evidences in favor of a certain class
label are simply added up (see (1)). Likewise, in regression
the estimation is a simple linear combination of the observed
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Figure 1: Different configurations of locations in two-
dimensional space.

outcomes (see (2)). Thus, the neighbored cases are basically
considered as independent information sources.

This assumption of independence between case-based ev-
idence can thoroughly be called into question [Hiillermeier,
2002]. Indeed, it is not even in agreement with the similarity
hypothesis itself! Namely, if this hypothesis is true, then two
neighbored cases that are not only similar to the query case
but also similar among each other will probably provide sim-
ilar information regarding the query. In other words, when
taking the similarity hypothesis for granted, the information
coming from the neighbored cases is at least not independent.

In particular, from a problem solving perspective, one
should realize that a set of cases can be complementary in
the sense that the experiences represented by the individual
cases complement or reinforce each other. On the other hand,
cases can also be redundant in the sense that much of the in-
formation is already represented by a smaller subset among
them. And indeed, as we said before, the similarity hypothe-
sis suggests that similar cases are likely to be redundant.

To illustrate this point by a simple example, consider the
problem of predicting student Peter’s grade in computer sci-
ence, knowing that he has an A in French. The latter infor-
mation (i.e. the case (French, A)) clearly suggests that Peter
is an excellent student and, hence, supports predicting an A
or maybe a B. Yet, one cannot be sure that this prediction is
correct. In this situation, the additional information that Pe-
ter has a B in mathematics is probably more valuable than
the information that he has an A in Spanish as well. In fact,
the cases (French, A) and (Spanish, A) are partly redundant,
since the two subjects are quite similar by themselves. As op-
posed to this, the case (mathematics, B) is complementary in
a sense, as it suggests that Peter is not only good in languages.

Now, suppose that you know all three grades (mathematics,
Spanish, French). Is A or B the more likely grade? Of course,
mathematics is more similar to computer science than Span-
ish and French. However, depending on the concrete spec-
ification of similarity degrees between the various subjects,
it is quite possible that the weighted k-NN rule favors grade
A since the two moderately similar A’s compensate for the
more similar B. Of course, this result might be judged criti-
cally, and one might wonder whether the grade A should re-
ally count twice. In fact, one reasonable alternative is to con-
sider the two A’s as only a single piece of evidence, telling
something about Peter’s achievements in languages, instead
of two pieces of distinct information. In any case, the close
connection between the two A’s should not be ignored when
combining the three observations.

As a second example, consider the problem of predicting
the yearly rainfall at a certain location (city). For instance,
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given the rainfall y, at location z, (+ = 1, 2, 3), what about the
rainfall at location z( in the two scenarios shown in Fig. 1?
The important point to notice is that even though the indi-
vidual distances between z and the x, are the same in both
scenarios, the y, should not be combined in the same way. In
this example, this is due to the different arrangements of the
neighbors [Zhang et al., 1997]: Simply predicting the arith-
metic mean (y1 + y2 + y3)/3 seems to be reasonable in the
left scenario, while the same prediction appears questionable
in the scenario shown in the right picture. In fact, since x; and
x9 are closely neighbored in the latter case, information about
the rainfall at these locations will be partly redundant. Con-
sequently, the weight of the (joint) evidence that comes from
the observations {x1,y1) and (z2, y2) should not be twice as
high as the weight of the evidence that comes from (3, y3).

The above examples show the need for taking interdepen-
dencies between observed cases into account and, hence, pro-
vide a motivation for the method that will be proposed in the
following section. Before proceeding, let us make two further
remarks: First, the above type of interaction between cases
seems to be less important if the sample size is large and even
becomes negligible in asymptotic analyses of NN principles.
In fact, strong results on the performance of NN estimation
can be derived [Dasarathy, 1991], but these are valid only
under idealized statistical assumptions and arbitrarily large
sample sizes. Roughly speaking, if the sample size n tends to
infinity, the distance between the query and its nearest neigh-
bors becomes arbitrarily small (with high probability). This
holds true even if the size k of the neighborhood is increased
too, as a function k(n) of n, provided that k(n)/n — 0 for
n — o00. Moreover, if the individual observations are inde-
pendent and identically distributed in a statistical sense, the
neighborhood becomes “well distributed”. Under these as-
sumptions, it is intuitively clear that interdependencies be-
tween observations will hardly play any role. On the other
hand, it is also clear that statistical assumptions of such kind
will almost never be satisfied in practice.

The second remark concerns related work. In fact, there
are a few methods that fit into the CBL framework and that
allow for taking certain types of interaction between observa-
tions into account. Particularly, these are methods that make
assumptions on the statistical correlation between observa-
tions, depending on their distance [Lindenbaum ez al., 1999].
For example, in our rainfall example one could employ a
method called kriging, which is well-known in geostatistics
[Oliver and Webster, 1990]. Usually, however, such methods
are specialized on a particular type of application and, more-
over, make rather restrictive assumptions on the mathematical
(metric) structure of the instance space. Our approach, to be
detailed in the next section, is much more general in the sense
that it only requires a similarity measure sim(-) to be given.
We do not make any particular assumptions on this measure
(such as symmetry or any kind of transitivity), apart from the
fact that it should be normalized to the range [0, 1]. From an
application point of view, this seems to be an important point.
In CBR, for example, cases are typically complex objects that
cannot easily be embedded into a metric space.

CASE-BASED REASONING

4 The Cho-k-NN Method

4.1 Non-Additive Measures

Let X be a finite set and /(-) a measure 2% — [0, 1]. For any
A C X, we interpret v(A) as the weight or, say, the degree of
relevance of the set of elements A.

A standard assumption on the measure v(-), which is made
e.g. in probability theory, is additivity: (A U B) = v(4) +
v(B) forall A, B C X s.t. AN B = {). Unfortunately, addi-
tive measures cannot model any kind of interaction between
elements: Extending a set of elements A by a set of elements
B always increases the weight v(A) by the weight v(B), re-
gardless of A and B.

Suppose, for example, that the elements of two sets A and
B are complementary in a certain sense. To illustrate, one
might think of X as a set of workers in a factory, and of a
weight v(A) as the productivity of a team of workers A. In
that case, complementarity means that the output produced
by two teams A and B is higher if they cooperate. Formally,
this can be expressed as a positive interaction: v(A U B) >
v(A) + v(B). Likewise, elements can interact in a negative
way. For example, if two sets A and B are partly redundant
or competitive, then v(AU B) < v(A) + v(B).

The above considerations motivate the use of non-additive
measures, also called fuzzy measures, which are simply nor-
malized and monotone [Sugeno, 19741

e () =0,v(X)=1
o v(A)<y(B)forACB

In order to quantify the interaction between subsets of a set
X, as induced by a fuzzy measure v(-), several indices have
been proposed in the literature. For two individual elements
T,, %, € X, the interaction index is defined by

a (1X| 4] - 1A
Meen) S 2
ACX\{w.,x,}

(A,v)(A),

where | A| denotes the cardinality of A and

df
(Ayv)(A) =v(AU{z,, 2,}) —v(AU{z,}) —
—v(AU{z,}) +r(A4).
The latter can be seen as the marginal interaction between
z, and z; in the context A [Murofushi and Soneda, 1993].

The above index can be extended from pairs z,, z, to any set
U C X of elements [Grabisch, 1997]:

(1X] — Al = [UDA]!
(XUl +1)!

(Auv)(A),

(Bur)(4) £ 7 () A).
VCcuU
4.2 Modeling Interaction in Case-Based Learning

Now, recall our actual problem of combining evidence in
case-based learning. In this context, the set X of elements
corresponds to the neighbors of the query case xy:

X = Ni(zo) = {z1, 22 ... 71} 3)



Our comments so far have shown that fuzzy measures can
principally be used for modeling interaction between cases.
The basic question that we have to address in this connection
is the following: What is the evidence weight or simply the
weight, v(A), of a subset A of the neighborhood (3)?

First, the boundary conditions v() = 0 and ¥(X) = 1
should of course be satisfied, expressing that the full evidence
is provided by the complete neighborhood X. Moreover, ac-
cording to our comments on the similarity hypothesis (sec-
tion 3), the evidence coming from a set of cases A C X
should be discounted if these cases are similar among them-
selves. Likewise, the weight of A should be increased if
the cases are “diverse” (hence complementary) in a certain
sense.! To express this idea in a more rigorous way, we de-
fine the diversity of a set of cases A by the average pairwise
dissimilarity:

div(4) = d |A|2 Z 1 — sim(z,, z,)
T,,x,€EA

(By definition, the diversity is O for singletons and the empty

set.) We furthermore define the relative diversity by

rdiv(A) i 2div(4)

—1el-1,1
1 — min, , sim(x,, z,) [ }

Now, the idea is to modify the basic (additive) measure

A) a1 Z sim(zg, ,), 4)

x, EA

where ¢ = )y sim(zo, 7,), by taking the diversity of A
into account. Of course, this can be done in different ways.
Here, we used the following approach:

7(A) £ 4(A) - (1+ ardiv(4)) (5)
As can be seen, the original measure ;(A) of a set of cases
A is increased if the diversity of A is relatively high, other-
wise it is decreased. The parameter o > 0 controls the extent
to which interactions between cases are taken into considera-
tion: p(A) can be modified by at most (100 a)%. For o = 0,
interactions are completely ignored and the original measure
u(+) is recovered.

For the measure 7(-) as defined in (5), the monotonicity
condition does not necessarily hold. To remedy this problem,
we simply enforce this property by setting

df _
A) = B).
v(4) = maxv(B) (6)
Finally, the boundary conditions are guaranteed by dividing
the measure thus obtained by v(X).
To illustrate, consider again the rainfall example in the
right picture of Fig. 1 and suppose that sim(z,, zg) = .5 (1 =

1,2,3), sim(z1,22) = .9, sim(z1, x3) = sim(zq,z3) = 0,
With o = 1/2 in (5), we obtain the following weights:
A | xm  m ®m3 x1,T3  T1,T3  T2,T3

v(A) [ 27 27 27 33 83 83

'The idea of “diversity” of a set of cases plays also a role in
case-based retrieval [McSherry, 2002]. Here, however, the problem
is more to find diverse cases, rather than to combine them.

As can be seen, the joint weight of {z1, 22} is relatively
low, reflecting the partial redundance of the two cases.
Before going on, let us comment on the derivation of the
measure v(-) from the similarity function sim(-). Firstly, even
though the measure (6) captures our intuitive idea of decreas-
ing (increasing) the evidence weight of cases that are (dis-
)similar by themselves, we admit that it remains ad hoc to
some extent, and by no means we exclude the existence of
better alternatives. For example, an interesting idea is to de-
rive the measure in an indirect way: First, the interaction in-
dices I,,(+) from section 4.1 are defined, again based on the
similarity between cases. These indices can be seen as con-
straints on the measure v(-), and the idea is to find a measure
that is maximally consistent with these constraints.
Secondly, even though the assumption that similar cases
provide redundant information is supported by the similarity
hypothesis, one might of course argue that the similarity be-
tween the predictive parts of two cases, x, and x,, is not suf-
ficient to call them redundant. Rather, the associated output
values y, and y, should be similar as well. Indeed, if y; differs
drastically from yo, the first two measurements in our rainfall
example might better be considered as non-redundant. (In
that case, the two measurements in conjunction suggest that
there is something amiss ...) This conception of redundancy
can easily be represented by deriving v(-) from an extended
similarity measure sim’(-) which is defined over X x £.2
Anyway, the important point of this section is not so much
the specification of a particular evidence measure, but rather
the insight that non-additive measures can in principle be
used for modeling the interaction between cases in CBL.

4.3 Aggregation of Interacting Pieces of Evidence

So far, we have a tool for modeling the interaction between
different pieces of evidence in case-based learning. The next
question that we have to address is how to combine these
pieces of evidence, i.e., how to aggregate them in agreement
with the evidence measure v/(-).

For the time being we focus on the problem of regression.
Recall that in the standard approach to NN estimation, an
aggregation of the output values f(x,) = y, is realized by
means of a simple weighted average:

ot = > p({m}) - ), )

z,€X

where p({z,}) = sim(wo,z,) (3, cx sim(wo,z,)) . In-
terestingly, (7) is nothing else than the standard Lebesgue in-
tegral of the function f : X — R with respect to the additive

measure (4):
o™ = / fdu
X

In order to generalize this estimation, an integral with respect
to the non-additive measure v/(-) is needed: the Choquet in-
tegral, a concept that originated in capacity theory [Choquet,
1954].

2We didn’t explore this alternative in detail so far.
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Let v(-) be a fuzzy measure and f(-) a non-negative func-
tion.> The Choquet integral of f(-) with respect to v/(+) is then

defined by
ch %)
v & d
| s [ > ma

where [f > t| = {z| f(x) > t}. The integral on the right-
hand side is the standard Lebesgue integral (with respect to
the Borel measure on [0, 00)). In our case, where X is a finite
set, we can refer to the discrete Choquet integral which can
be expressed in a rather simple form:

k

vt = D f @) - ((A) = v(Amn)) ®)

1=1

where 7(-) is a permutation of {1...k} such that 0 <
f@rq)) <00 < f(@r)s and Ay = {71y - Tr0) |-

The discrete Choquet integral (8) can be seen as a special
type of aggregation operator, namely a generalized arithmetic
mean. Indeed, (8) coincides with (7) if v(-) is an additive
measure (i.e. if v(-) = p(-)). Otherwise, it is a proper gener-
alization of the standard (weighted) NN estimation.

Coming back to our running example, suppose that we
have measured the following rainfalls: y; = 100, yo = 120,
y3 = 200. According to (8), we then obtain the estimation
Y&t ~ 157. As the joint weight of the two locations with
less rainfall, 1 and x5, has been decreased, this estimation is
higher (closer to y3) than the standard weighted NN estima-
tion given by y§** = 140.

So far, we have focused on the problem of regression. In
the case of classification, the Choquet integral cannot be ap-
plied immediately, since an averaging of class labels y, does
not make sense. Instead, the Choquet integral can be de-
rived for each of the indicator functions f, : y — I(y = ¥),
{ =1V1...4,. Asin (1), the evidence in favor of each class
label is thus accumulated separately. Now, however, the in-
teraction between cases is taken into account. As usual, the
estimation is then given by the label with the highest degree
of accumulated evidence.

S Empirical Validation

In order to validate the extension of NN estimation as pro-
posed in the previous section, we have performed several ex-
perimental studies using benchmark data sets from the UCI
repository* and the StatLib archive.’

Experiments were performed in the following way: A data
set is randomly split into a training and a test set of the same
size. For each example in the test set, a prediction is derived
using the training set in combination with weighted k-NN
resp. Cho-k-NN. In the case of regression, an estimation y§5*
is evaluated by the relative estimation error |y5*t —yol-|yo| =1,
and the overall performance of a method by the mean of this
error over all test examples. In the case of classification, we

3The Choquet integral can be extended to any real-valued func-

tion through decomposition into a positive and negative part.
*http://www.ics.uci.edu/ mlearn
Shttp://stat.cmu.edu/
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| data set k | weighted .-NN | Cho-k-NN |
auto-mpg 5 12.21(0.05) | 11.56(0.05)
7 12.18 (0.06) | 11.53(0.05)
bolts 5 47.07(1.19) | 38.77(0.71)
7 51.36(1.25) | 39.94(0.81)
housing 5 14.83(0.08) | 14.48(0.08)
7 14.99(0.09) | 14.62(0.08)
detroit 5 16.02 (0.55) | 14.90(0.50)
7 15.93(0.55) | 14.71(0.54)
echomonths | 5 97.77(7.17) | 72.87(3.87)
7 99.03(8.98) | 74.80(7.55)
pollution 5 4.12(0.05) 4.05(0.05)
7 4.22(0.05) | 4.18(0.05)

Table 1: Estimation of expected relative estimation error and
its standard deviation.

simply took the misclassification rate as a performance index.
Moreover, we derived statistical estimations of the expected
performance of a method by repeating each experiment 100
times.

For the purpose of similarity computation, all numeric at-
tributes have first been normalized to the unit interval by lin-
ear scaling. The similarity was then defined by 1—distance
for numeric variables and by the standard 0/1-measure in the
case of categorical attributes. The overall similarity sim(-)
was finally obtained by the average over all attributes. As
the purpose of our study was to compare —under equal con-
ditions — weighted k-NN with Cho-k-NN in order to verify
whether or not taking interactions into account is useful, we
refrained from tuning both methods, e.g. by including fea-
ture selection or feature weighting (even though it is well-
known that such techniques can greatly improve performance
[Wettschereck et al., 1997]). Results have been derived for
neighborhood sizes of k = 5 and k = 7; the parameter « in
(5) has always been set to 1/2.

The application of Cho-£-NN for regression has shown
that it consistently improves weighted k£-NN, sometimes only
slightly but often even considerably. Some results are shown
in table 1. In particular, it seems that the smaller the size of
the data set, the higher the gain in performance. This finding
is intuitively plausible, since for large data sets the neighbor-
hoods of a query tend to be more “balanced”; as already said,
the neglect of interaction is likely to be less harmful under
such circumstances.

For classification problems, it is also true that Cho-k-NN
consistently outperforms weighted k-NN; see table 2. Usu-
ally, however, the gain in classification accuracy is only small,
in many cases not even statistically significant. Again, this is
especially true for large data sets, and all the more if the clas-
sification error is already low for standard k-NN. Neverthe-
less, one should bear in mind that, in the case of classification,
the final prediction is largely insensitive toward modifications
of the estimated evidences in favor of the potential labels. In
fact, in this study we only checked whether the final predic-
tion is correct or not and, hence, used a rather crude quality
measure. More subtle improvements of an estimation such
as, e.g., the enlargement of an example’s margin [Schapire et



| dataset | k | weighted k--NN | Cho-k-NN |
glass 5 33.58(0.34) | 33.23(0.35)
7 34.54(0.37) | 33.77(0.39)
wine 5 3.52(0.20) 3.48(0.20)
7 3.27(0.20) 3.25(0.20)
700 5 10.43(0.60) | 10.08(0.60)
7 11.65(0.51) | 11.35(0.52)
ecoli 5 16.30(0.25) | 16.29(0.24)
7 16.17(0.24) | 16.11(0.24)
balance | 5 15.62(0.14) | 15.23(0.16)
7 13.28(0.16) | 13.15(0.16)
derma 5 3.75(0.13) 3.68(0.13)
7 3.57(0.12) 3.46(0.11)

Table 2: Estimation of expected classification error and its
standard deviation.

al., 1998], are not honored by this measure. For the future,
we therefore plan to complement our results by more sophis-
ticated experimental comparisons.

6 Concluding Remarks

This paper has motivated the consideration of mutual depen-
dencies between cases that represent past experience in case-
based learning. The basic idea is that a combination of two
or more cases can provide complementary but also redundant
evidence. In order to model this type of interaction in a formal
way, we have proposed the use of non-additive measures. The
aggregation of different pieces of evidence can then be ac-
complished by means of the Choquet integral. The inference
scheme thus obtained, referred to as CHO-k-NN, is a direct
extension of the standard weighted NN estimation (which is
recovered in the case of an additive measure).

Our experimental results have shown that CHO-k-NN con-
sistently outperforms standard (weighted) k-NN on publicly
available benchmark data. Sometimes, only marginal im-
provements can be achieved, particularly in the case of clas-
sification and all the more for large, “well-distributed” data
sets, but for many problems CHO-k-NN is considerably bet-
ter than k-NN. All things considered, it can be said that taking
interaction between cases in CBL into account is worthwhile
by any means (mostly it helps, at worst it remains ineffective).

As already said, the derivation of a non-additive measure
v(-) from the similarity function sim(-) as outlined in sec-
tion 4 is only a first attempt which leaves scope for develop-
ment. In particular, the degree to which a set of cases is com-
plementary resp. redundant might not only depend on their
mutual similarity but also on other aspects.

We have explained how to use the Choquet integral as
an aggregation operator in both regression and classification
problems. An interesting question concerns the extension of
our approach to more general problem solving tasks as they
are typically found in case-based reasoning. Even though it
is obvious that the approach cannot be transferred immedi-
ately, the basic ideas and concepts might still be useful. In
any case, the concrete solution will strongly depend on the
particular type of application.
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Abstract

In case-based reasoning (CBR) systems for product
recommendation, the retrieval of acceptable
products based on limited information is an
important and challenging problem. As we show in
this paper, basic retrieval strategies such as nearest
neighbor are potentially unreliable when applied to
incomplete queries. To address this issue, we
present techniques for automating the discovery of
recommendation rules that are provably reliable
and non-conflicting while requiring minimal
information for their application in a rule-based
approach to the retrieval of recommended cases.

1 Inroduction

In CBR recommender systems, descriptions of the available
products are stored as cases in a case library, and retrieved
in response to a query representing the user’s known
requirements. In approaches related to conversational CBR
(CCBR) [Aha et al., 2001], a query is incrementally elicited
in a dialogue with the user, often with the aim of
minimizing the number of questions the user is asked before
an acceptable product is retrieved [e.g., Doyle and
Cunningham, 2000; Kohlmaier et al., 2001; McSherry,
2003].

Increasing the efficiency of recommendation dialogues is
also a major focus of research interest in Ccritiquing
approaches to navigation of complex product spaces [e.g.,
Burke, 2002; Reilly et al., 2004]. However, an aspect of
product recommendation that appears to have received little
research attention is the ability of experienced salespersons
to make reliable recommendations based on minimal
information and without engaging in a recommendation
dialogue with the customer.

For example, an estate agent may recommend property X
to a customer she knows to be interested in a 3-bedroom
property in location A without asking about other
requirements the customer may have. To be confident about
recommending property X, the estate agent must take
account of all features that may affect its acceptability as
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well as the relative merits of other available properties. Her
recommendation is essentially a prediction that property X
is likely to be the most acceptable of the available properties
regardless of the customer’s unknown preferences with
respect to attributes other than location and bedrooms.

Providing CBR recommender systems with a comparable
ability to make reliable recommendations based on minimal
information is the goal that motivates the work presented in
this paper. As we show in Sections 3 and 4, basic retrieval
strategies such as nearest neighbor are potentially unreliable
when applied to incomplete queries because of their failure
to take account of all features of a recommended case. To
address this issue, we present techniques for automating the
discovery of recommendation rules that are provably
reliable and non-conflicting while requiring minimal
information for their application in a rule-based approach to
the retrieval of recommended cases.

In Sections 2 and 3, we present a prototype system for
rule-based retrieval of recommended cases and techniques
for automating the discovery of identification rules that
uniquely identify a case from its partial description. In
Section 4, we present techniques for the discovery of more
reliable recommendation rules that we refer to as dominance
rules. In Section 5, a theoretical upper bound for the size of
the discovered rule sets in our approach is established and
confirmed by empirical results based on publicly available
datasets. Related work is discussed in Section 6 and our
conclusions are presented in Section 7.

2 Recommendation Rules

Given a case library representing a collection of available
products, our aim is to automate the discovery of
recommendation rules to support rule-based retrieval of
recommended products. The rules targeted by our discovery
algorithms are of the form if Q then C, or Q — C, where Q
is a simple query in the form of a list of required features
and C is the case that will be retrieved in response to Q.
Table 1 shows a small case library in the property domain
that we use to illustrate the discussion. Attributes in the
example case library are location (loc), style, bedrooms
(beds), and reception rooms (RRs).



Table 1. An example case library in the property domain.

Case No. Loc Style Beds RRs
1 C semi 5 two
2 C terraced 4 three
3 B semi 4 three
4 A detached 4 two
5 B terraced 2 three
6 A detached 3 two
7 C semi 2 three
8 C semi 3 two
9 B detached 3 three

Our discovery algorithms are based on recommendation
criteria that give rise to recommendation rules of different
types. To ensure that the discovered rules are non-
conflicting, we insist that for Q — C to be a
recommendation rule, C must be strictly better than any
other case according to the underlying recommendation
criterion. The recommendation criterion on which we focus
in Section 3 is that the recommended case is the only case
that exactly matches the user’s known requirements. A
similar or weaker criterion is used in some CBR approaches
[e.g., Doyle and Cunningham, 2000; McSherry, 2001]. We
will refer to recommendation rules based on exact matching
as identification rules.

Given a query Q over a subset Ag of the case attributes
A, we refer to |Ag| as the length of the query, and define
exact-matches(Q) = {C : m(C) = m(Q) for all a € Ag},
where for each a € Ag, 7(C) is the value of a in C and
m(Q) is the value of @ in Q. We say that a given query Q is
a sub-query of another query Q*, or that Q* is an extension
of Q, if Ag < Ao~ and m(Q) = 7(Q*) for all a € Ag. We
denote the relationship by writing Q < Q*. For any case C,
we refer to the query QC such that 7,(Q) = 7,(C) for all a €
A as the characteristic query for C. Clearly for any case C
and query Q, C e exact-matches(Q) if and only if Q < Q.

Definition 1. For any case C and query Q, we say that Q —
C is an identification rule if exact-matches(Q) = {C}.

The length of a recommendation rule is the length of the
query on its left-hand side (LHS). A recommendation rule Q
— C is maximally general (MG) if there is no proper sub-
query Q° of Q such that Q° — C is also a recommendation
rule (of the same type). To ensure that the discovered rules
require minimal information for their application, we focus
on the discovery of MG recommendation rules. As we show
in Section 3, the only MG identification rules for Case 6 in
our example case library are:

Rule 1. if loc = A and beds = 3 then Case 6
Rule 2. if style = det and beds = 3 and RRs = two then Case 6

By focusing on MG rules, we also aim to maximize
coverage of the product space provided by the discovered
rules. However, an important point to note is that an
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identification rule cannot simply be applied to any query
that includes the conditions on its LHS without risking
violation of the exact-matching criterion. For example, Rule
1 does not apply for a user looking for a 3-bedroom property
in location A if it is also known that she prefers a terraced
property. However, if Q — C is an identification rule and
Q* is any query such that Q = Q*c QF, then it is clear that
Q* — C is also an identification rule.

In Rubric, our prototype system for rule-based retrieval
of recommended cases, a recommendation rule is applied
only to queries that it covers in the following sense.

Definition 2. A recommendation rule Q — C covers a given
query Q* if Q < Q* and Q* — C is also a recommendation
rule.

For example, an identification rule Q — C covers any
query Q* such that Q < Q*c Q°. Given a set of
recommendation rules, and a query representing a user’s
known requirements, Rubric checks through the rules and
retrieves the case recommended by the first rule that covers
the target query. If none of the available rules covers the
target query, Rubric simply abstains from making a
recommendation.

Our rule-based approach to retrieval is related to CBR
approaches in which a decision tree is used to guide the
retrieval of recommended cases [e.g., McSherry, 2001]. In
such a decision tree, each path to a leaf node at which a
single case is recommended is an identification rule.
However, rule-based retrieval has the potential to provide
greater coverage, as a decision tree constructed by standard
partitioning methods can have at most one rule for each
case, and some of the rules may not be MG.

3 Identification Rule Discovery

Our algorithm for the discovery of MG identification rules,
MGIRules, is shown in Figure 1. SubQueries is a list of all
sub-queries, in order of increasing length, of the
characteristic query Q° for a target case C. Each such sub-
query is a candidate to appear on the LHS of a discovered
identification rule. For any sub-query Q; such that exact-
matches(Q;) = {C}, MGIRules adds Q; — C to the list of
discovered rules and eliminates all sub-queries Q, of which
Q, is a sub-query from the remaining list of candidate sub-
queries.

To illustrate the approach, Figure 2 shows all sub-
queries of the characteristic query (A, det, 3, two) for Case
6 in our example case library. The first identification rule to
be discovered is Rule 1 (A, 3). Following the elimination of
the underlined sub-queries in Figure 2, the only other
identification rule for Case 6 is Rule 2 (det, 3, two).

With each case in turn as the target case, MGIRules can
be used to discover all MG identification rules in a given
case library. The worst-case complexity of applying
MGTIRules to all n cases in a case library with K attributes is
O(k x n? x 25 if n > 2% 1f n < 2, the worst-case complexity
is O(k x n x 2%,
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algorithm MGIRules(C, SubQueries)
begin
Rules « ¢
while |SubQueries| > 0 do
begin
Q, « first(SubQueries)
Deletions « {Q,}
if exact-matches(Q,) = {C}
then begin
Rules < Rules U {Q,— C}
for all Q, e rest(SubQueries) do

begin
ifQ cQ
then Deletions «— Deletions U {Q,}
end
end
SubQueries <« SubQueries - Deletions
end
return Rules
end

Figure 1. Algorithm for the discovery of all MG
identification rules for a target case.

It is worth noting that an identification rule Q — C is
excluded by MGIRules only if it has already discovered an
MG identification rule Q° — C such that Q° = Q. As any
query covered by Q — C is also covered by Q° — C, the
exclusion of Q — C causes no loss of coverage in Rubric.

A, det, 3, two

A.det,3 A, det,two A,3,two det, 3, two

P = A

A,det A3 A,two  det, 3 det, two 3, two
A det 3 two

N\

nil

Figure 2. Identification rule discovery for Case 6
in the example case library.

Identification rules have the important advantage that
recommendations can be justified on the basis that the
recommended case exactly matches the known requirements
of the user. However, a limitation they share with decision
trees is their failure to take account of all features of a
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recommended case that may affect its acceptability. The
extent to which this affects their reliability is likely to
depend on the importance of the user’s unknown
requirements.

For example, according to Rule 2 in Section 2, Case 6
can be recommended to a user who is known to be looking
for a detached property with 3 bedrooms and two reception
rooms. But given the importance of location in the property
domain, Case 6 is unlikely to be the most acceptable case if
the user happens to prefer location B. In fact, Case 9 now
looks a better alternative in light of the user's preference for
location B. In Section 4, we present techniques for the
discovery of recommendation rules that do take account of
all features of a recommended case, including those with
respect to which the user's preferences are unknown.

4 Dominance Rules

As nearest-neighbor (NN) retrieval is a common approach
to product recommendation in CBR, it is natural to consider
NN rules as an alternative to identification rules. Given a
query Q over a subset Aq of the case attributes A, the
similarity of any case Cto Q is typically defined to be:

SIM(C, Q)= D W,sim,(C.Q)
aehy

where for each a € A, w, is an importance weight assigned
to a, and Simy(C, Q) is a local measure of the similarity of
ma(C), the value of a in C, to m(Q), the value of a in Q.
When discussing actual similarity scores, we will divide
Sim(C, Q) by the sum of all the importance weights to give
a normalized similarity score. As usual in practice, we
assume that for all @ € A, 0 < simy(X, ¥) < 1 and simy(X, y) =
1 if and only if X =y. We also assume that for all a € A, the
distance measure 1 - sim, satisfies the triangle inequality.
For any query Q, we define most-similar(Q) = {C : Sim(C,
Q) = Sim(C®, Q) for all cases C°}.

Definition 3. For any case C and query Q, we say that Q —
Cis an NN rule if most-similar(Q) = {C}.

As in the case of an identification rule, an NN rule
cannot simply be applied to any query that includes the
conditions on its LHS. If Q — C is an NN rule and Q* is an
extension of Q then there is no guarantee that most-
similar(Q*) = {C}. It is worth noting, though, that Q* — C
is an NN rule if Q* - Q < Q. Clearly, any identification
rule is also an NN rule.

As we shall see, however, NN rules offer no obvious
improvement over identification rules in terms of their
reliability when applied to incomplete queries. Again we use
the example case library in Table 1 to illustrate the
discussion. The importance weights we assign to loc, style,
beds, and RRs are 4, 3, 2, and 1. We define the similarity of
two values X and y of a numeric attribute a to be

Xy
max(a) — min(a)

1- where, for example, max(a) is the
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maximum value of a in the case library. Our similarity
measure for style is equivalent to applying our similarity
measure for numeric attributes to the corresponding number
of adjoining properties (det = 0, semi = 1, ter = 2). Finally,
our similarity measures for location and reception rooms
assign a similarity score of 1 if the two values are the same
and 0 if they are not the same.

Returning to our example in Section 3 of a user looking
for a detached property with 3 bedrooms and two reception
rooms, we can now use Rule 2 as an NN rule to retrieve
Case 6 as the recommended case. It can easily be checked
that the cases that are most similar to the user’s known
requirements are Case 6 (0.60) and Case 4 (0.53). But if the
user happens to prefer location B, the most similar case in
light of this unknown preference would be Case 9 (0.90). In
fact, Case 6 is likely to be the most acceptable case only if
the user happens to prefer location A, as a preference for
location C would see Case 8 (0.85) emerging as the most
similar case.

As this example illustrates, the reliability of NN rules
(and NN retrieval) is open to question when applied to
incomplete queries. However, one example of a reliable NN
rule is:

Rule 1. if loc = A and beds = 3 then Case 6

It can be seen that the similarity of Case 6 to any query
that includes the conditions on the LHS cannot be equaled
by any other case regardless of the user’s preferences with
respect to style or reception rooms. For example, Case 4
reaches its maximum similarity of 0.93 if the user happens
to prefer a detached property with two reception rooms, but
these additional preferences also increase the similarity of
Case 6 from 0.60 to 1.00.

Rules 1 and 2 are positive and negative examples of the
type of recommendation rule we refer to as dominance
rules.

Definition 4. For any case C and query Q, we say that Q —
C is a dominance rule if most-similar(Q*) = {C} for all
extensions Q* of Q.

As well as being more reliable, dominance rules provide
more coverage than identification or NN rules. It can easily
be seen that if Q — C is a dominance rule, then Q* — C is
also a dominance rule for any query Q such that Q < Q*.
That is, a dominance rule covers any query that includes the
conditions on its LHS. An important role in our approach to
the discovery of dominance rules is played by the concept of
case dominance proposed by McSherry [2003] as a basis for
recognizing when recommendation dialogues can be
terminated without loss of solution quality.

Definition 5. A given case C, dominates another case C,
with respect to a query Q if Sim(C,, Q*) > Sim(C,, Q*) for
all extensions Q* of Q.

It can be seen that Q — C is a dominance rule if and only
if C dominates all other cases with respect to Q. McSherry
[2003] uses the triangle inequality to show that a given case
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C, dominates another case C, with respect to a query Q if
and only if:

Sim(C;,Q) - Sim(C,,Q) > Zwa(l—sima(Cl,Cz))

aeA-Ag

We focus on the discovery of MG dominance rules Q —
C such that Q  Q°, where QC s the characteristic query for
C. As well as reducing the complexity of the discovery
process, this ensures that recommendations based on the
discovered rules can be justified on the grounds that the
recommended case exactly matches some of the user’s
known requirements, and that there is no other case that
exactly matches those requirements. It can be seen from the
following theorem that our exclusion of dominance rules
that do not have this property cannot result in failure to
discover dominance rules of the shortest possible length for
a given target case.

Theorem 1. For any dominance rule Q — C, there exists a
dominance rule Q' — C of equal length such that Q' = Q°.
Proof. Let Q — C, be a dominance rule and let Q' be the
query such that 7,(Q") = m(C,) for all @ € Aq. To establish
that Q' — C, is also a dominance rule, it suffices to show
that C; dominates any other case C, with respect to Q'. For
any a € Ag, we know from the triangle inequality that: 1 -
sima(Cy, Q) < 1 - simy(Cy, Q) + 1 - simy(Q', Q) = 2 -
Sim,(Cy, Q') - Simy(Cy, Q). So simy(Cy, Q') - sim,y(C,, Q) =11
- simy(C,, Q") = sim,(Cy, Q) - simy(C,, Q). As C; dominates
C, with respect to Q and Aq = Ag, it can now be seen that:
Sim(C;, Q) - Sim(C,, Q") > Sim(C,, Q) - Sim(C,, Q)
> Zwa(l—sima(Cl,Cz)). It follows as required that C,
a eA—AQv
dominates C, with respect to Q'. [J

To convert MGIRules to a new algorithm called
MGDRules for the discovery of all MG dominance rules Q
— C for a target case C such that Q = QF, it is necessary
only to replace the condition underlined in Figure 1 by the
condition:

C dominates all other cases with respect to Q,

As in the case of MGIRules, the worst-case complexity
of applying MGDRules to all n cases in a product case
library with k attributes is O(k x n? x 2°) or O(k x n x 2%)
depending on whether n > 2%,

5 Discovered Rules

As might be expected, our algorithms discovered fewer
dominance rules (12) than identification rules (24) in the
example case library. However, the 12 dominance rules
cover 34% of all possible queries in the example product
space compared to 28% for the 24 identification rules, and
17% for a set of 9 decision-tree rules of the shortest possible
length for each case. In this section, we examine the
behavior of our algorithms when applied to case libraries of
more realistic size. As the coverage gains provided by
dominance rules are measurable only in finite product
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spaces, our analysis focuses on the number and length of the
discovered rules.

It can be seen that for any case C, Q° — C is both an
identification rule and a dominance rule provided no other
case has the same value as C for every attribute. Two cases
with identical descriptions in a product case library are said
to be inseparable [McSherry, 2002]. At least one rule of
each type must therefore be discovered for a target case
provided there is no case from which it is inseparable.

We now establish an upper bound for the number of
rules that can be discovered by MGIRules or MGDRules for
a given target case.

Theorem 2. For any case C, the number of MG
recommendation rules Q — C such that Q — QC can never
be more than kC[m] , where k is the number of attributes in
the case library and [k/2] is the integer part of k/2.

Proof. First we note that if Q; — C and Q, — C are distinct
MG recommendation rules such that Q;, Q, < QC, then
AQ1 and AQ2 are incomparable subsets of A. For example, if

AQl c AQ2 then contrary to our assumption Q, — C cannot
be MG. The result immediately follows from Sperner’s
[1928] proof that the maximum number of incomparable
m
Cimay- O

For a case library with 8 attributes, the maximum
number of rules that can be discovered by our algorithms for
8C4 = 70. Table 2 shows the
corresponding limits for attribute numbers in the range from
4 to 10. However, we now present empirical evidence which

suggests that the discovered rule sets tend to be much
smaller in practice than their maximum possible sizes.

subsets of any set of size m is

a given target case is

Table 2. Maximum rule-set size for a single case.

No. of Attributes: 4 5 6 7 8 9 10
Maximum Size: 6 10 20 35 70 126 252

Both of our experimental case libraries have 8 attributes,
and include continuous as well as nominal attributes. Based
on the AUtoMPG dataset from the UCI Repository, our first
case library contains the descriptions of 392 automobiles in
terms of attributes one might expect to see in a
recommender system for previously-owned automobiles
(e.g., year, origin, mpg). Our second case library is Travel
(www.ai-cbr.org), a standard benchmark containing the
descriptions of over 1,000 holidays in terms of attributes
such as price, destination, and transport.

Figure 3 shows the numbers of rules discovered by our
algorithms over all (complete) cases in AutoMPG and
Travel, apart from two inseparable cases in Travel for which
no rules were discovered. The largest rule-set size for any
case (20) is considerably smaller than the maximum rule-set
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size for 8 attributes (70). On the whole, the results for
AutoMPG and Travel are remarkably similar, with fewer
dominance rules than identification rules discovered in both
case libraries. The average rule-set size of 4 for dominance
rules in Travel is based on a total of 4,127 discovered rules.

OMin BAvg OMax

154----

Rule-Set Size
=
o

AutoMPG
| Rules

AutoMPG
D Rules

Travel
D Rules

Travel
| Rules

Figure 3. Numbers of discovered identification (I)
and dominance (D) rules for each case.

Table 3 shows the lengths of the identification and
dominance rules discovered by our algorithms in AutoMPG
and Travel. As might be expected, the discovered
dominance rules are longer on average than the
identification rules. In both case libraries, though, the
discovered dominance rules provide clear benefits in terms
of reducing the number of attributes whose preferred values
must be known for a reliable recommendation to be made.
These benefits are particularly evident in Travel, with
reductions in query length of up to 63%, and 38% on
average, relative to queries involving all eight attributes.

Table 3. Discovered rule lengths in AutoMPG and Travel.

Min Avg Max
Identification Rules: AutoMPG 1 2.0 4
Travel 1 2.9 6
Dominance Rules: AutoMPG 4 5.6 7
Travel 3 5.0 7

6 Related Work

Recent work by McSherry [2004a] provides a different
perspective on recommendation rule discovery in which the
discovered rules (one for each case) are used to describe the
behavior of an existing recommender system in localized
areas of the product space. For example, the discovered
rules can be used to identify conditions in which a given
product will be recommended by the system, or regions of
the product space that are sparsely represented. However,
the discovered rules may not be MG and there is no
discussion of their possible use for rule-based retrieval.
Burke and Kass [1996] propose a rule-based approach to
retrieval in a system for case-based teaching of advertising
sales techniques. In Spiel, stories relating lessons learned by
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experienced salespersons are retrieved in response to a
student’s actions in a simulated sales environment. Retrieval
in Spiel is opportunistic, conservative and non-mandatory;
that is, stories are retrieved at the system’s initiative and
only if highly relevant to the student’s current situation.

By design, our rule-based approach to retrieval is also
conservative and non-mandatory, though it can easily be
combined with NN retrieval of a less strongly recommended
case if none of the available recommendation rules covers
the user’s known requirements. We also propose to
investigate its potential role as an opportunistic and
complementary retrieval strategy in recommender systems
based on CCBR or critiquing approaches.

Potential benefits include enabling recommender
systems to recognize when recommendation dialogues can
be safely discontinued without affecting solution quality.
Often in critiquing, for example, an initially recommended
case is retrieved in response to an initial query entered by
the user [e.g., Burke, 2002; Reilly et al., 2004]. In this
situation, the existence of a dominance rule that covers the
user’s initial query may be a good indication that a more
acceptable case is unlikely to be found no matter how the
user chooses to critique the initially recommended case.

Given the importance of explanation in recommender
systems [e.g., Herlocker et al., 2000; McSherry, 2004b],
simplifying explanations of why a given product is
recommended is another potential benefit in approaches that
aim, but cannot guarantee, to minimize the length of
recommendation dialogues [e.g., Doyle and Cunningham,
2001; Kohlmaier et al., 2001; McSherry, 2003].

7 Conclusions

Aiming to improve the reliability of recommendations based
on incomplete queries in CBR recommender systems, we
have investigated two possible approaches to the discovery
of recommendation knowledge to support a rule-based
approach to the retrieval of recommended cases. While
having the potential to provide greater coverage than
decision-tree approaches and enabling recommendations to
be easily justified, the identification rules discovered by our
first discovery algorithm offer no obvious improvement in
terms of their reliability when applied to incomplete queries.
On the other hand, retrieval based on dominance rules is
provably more reliable than decision-tree approaches and
NN retrieval when applied to incomplete queries in that no
competing case can equal the similarity of a recommended
case regardless of the user's unknown preferences.
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Abstract

In this paper we present a novel methodology for
textual case-based reasoning. This technique is
unique in that it automatically discovers case and
similarity knowledge, is language independent, is
scaleable and facilitates semantic similarity be-
tween cases to be carried out inherently without the
need for domain knowledge. In addition it provides
an insight into the thematical content of the case-
base as a whole, which enables users to better
structure queries. We present an analysis of the
competency of the system by assessing the quality
of the similarity knowledge discovered and show
how it is ideally suited to case-based retrieval (que-
rying by example).

1 Introduction

Textual Case-based reasoning (CBR) is very different in
many respects from more conventional CBR applications
where case knowledge is usually more easily acquired,
structured and adequately (and often simplistically) repre-
sented as simple vectors or objects. In textual CBR (TCBR)
the knowledge to be embodied within a case is much more
intricate in that it contains complex linguistic terms and
concepts on various topics which are often encompassed
within the same case. Acquiring and representing this
knowledge adequately, without loosing its meaning and
with a low knowledge engineering overhead to users, re-
mains a challenging prospect. Equally challenging is the
prospect of discovering, implementing and maintaining use-
ful similarity knowledge within such systems where it is
often vital to identify similar cases that perhaps do not nec-
essarily contain the same words but semantically similar
themes or concepts. It may initially seem that the problem of
TCBR could be adequately addressed by standard Informa-
tion retrieval (IR) techniques. However there are limitations
with these approaches. Perhaps the best known IR approach,
commonly known as the bag of words, transforms docu-
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ments into a vector space model [Sebastiani, 2002],
whereby the case knowledge representation formalism is a
vector of weights representing the individual words present
in each document and similarity is based on a simplistic
comparison of overlap among case vectors. However, as is
clear, word order and negation information is lost in the
transformation, which may be vital for reasoning in certain
domains of interest. Additionally, word sense disambigua-
tion is lost in the process e.g. the word “Java” can have dif-
ferent meanings depending on its context of usage. Most
importantly of all, there is a loss in transparency to users,
which is a major drawback during case retrieval. NLP tech-
niques can determine word order but they can be brittle and
computationally expensive. Some researchers in the CBR
community have followed this approach and developed
novel but often domain specific approaches to the task of
TCBR. Examples of such systems include work by Briin-
inghaus & Ashley, [2001], Cunningham et al., [2004],
Kunze & Hubner [1998] and Lenz [1998]. These systems
are very domain-dependent, require considerable knowledge
engineering effort and are usually designed for the situation
where all documents have a similarly structured content.
Other researchers have instead focused on advancing IR
techniques using technologies such as Latent Semantic In-
dexing [Deerwester et al., 1990] and Probabilistic Latent
Semantic Indexing [Hoffman, 1999]. These go beyond the
bag-of-words model providing a more advanced view of the
document space that may require less knowledge engineer-
ing activity within a TCBR context [Zelikovitz and Hirsh,
2002]. Unfortunately these have crucial drawbacks also. For
example they use a transformation to project documents into
cases and as such they become non transparent to a user.
Transparency is an important component of CBR systems to
enable the user gain insight into the reasoning and explana-
tion processes of the system. As such they provide little
insight into the knowledge contained within a case or how
similarity is determined during retrieval. A further limitation
is that these approaches are essentially dimensionality re-
duction techniques and as such important information may
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be lost. Additionally word order and negation knowledge is
also lost. Wiratunga et al., [2004], combine IR and Machine
Learning techniques in their approach. A strength is its abil-
ity to facilitate automated semantic similarity determination
but unfortunately their approach is completely supervised
and as such the class of each document within the collection
must be known apriori to enable the discovery of similarity
knowledge. This limits the application of the technology. In
addition the effectiveness of the technique to multi class
domains has not been addressed and remains an open ques-
tion. Cunningham et al., [2004], have also recently proposed
a very different approach to TCBR based on graph theory,
that maintains the original document structure and word
order. A disadvantage of their approach is that they require
an expert to identify domain dependant indexes, which they
rely on to assess case similarity using graph distance tech-
niques. Therefore there is a significant knowledge engineer-
ing burden in terms of similarity knowledge. In addition it
cannot determine semantic similarity between cases or cope
with ambiguities that may occur. One final open question
with this technique is its efficiency with medium to large
case-bases as assessing sub graph similarity is a complex
matter.

In this research, we present a new approach for TCBR
called SOPHIA CBR, based upon a scaleable contextual
document clustering approach [Dobrynin et al., 2004],
which facilitates an advanced and rich knowledge discovery
framework for case-based retrieval. SOPHIA’s case repre-
sentation formalism is similar to a classical vector space
model except, rather than using word frequencies, it is based
on the conditional probability distributions of terms within
documents. It then intelligently discovers important contexts
within the case-base and organizes cases into one of a large
number of clusters which have these contexts as attractors.
This produces groups of semantically related cases (i.e.
cases which are on the same or similar subjects but use dif-
ferent terminology, can be recognized as similar) for a given
cluster context. This process of forming clusters, allows
both a very efficient and competent case retrieval process. It
is this unique feature that provides much of the power be-
hind the technology.

SOPHIA CBR is advantageous in that, it is domain inde-
pendent, and has low knowledge engineering overheads as it
does not require any user intervention to acquire domain
knowledge. As such, all knowledge can be discovered auto-
matically (although if background knowledge is already
present it can be utilized). Additionally it uses a transparent
case knowledge representation, automatically discovers and
provides users with additional knowledge about the domain
that they can use to refine queries, is language independent,
is scaleable and can differentiate between the different con-
texts of potentially ambiguous terms. The novel technology
presented in SOPHIA CBR is useful for both classification
tasks and for retrieval, browsing and searching by example.
SOPHIA does not have a mechanism to identify word order
or negation, features which undoubtedly are important for
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document collections where each document has a similar
internal structure. However in terms of its application to
document collections such as presented in this paper (where
each document does not necessarily have a similar internal
content structure), we show that SOPHIA is capable of pro-
viding a competent TCBR system. Firstly we present the
SOPHIA technology, then we carry out an initial experiment
to demonstrate the quality of the discovered case and simi-
larity knowledge. This is followed by an additional experi-
ment which investigates the potential of the system to case-
based retrieval (query by example). Finally we discuss the
results and present future work.

2 SOPHIA CBR Methodology

Knowledge is automatically discovered at various stages
within the SOPHIA Framework. In step 1 we describe how
case knowledge is discovered and represented. In step 2 we
show how numerous specific narrow context words are
automatically identified. These narrow contexts act as at-
tractors for clustering cases and this step can be regarded as
global similarity knowledge discovery. In step 3 cluster
level similarity knowledge is discovered and used to deter-
mine which narrow context each case should be assigned to.
Step 4, is strictly not part of the clustering algorithm itself
but is an additional processing step that provides extra
knowledge about the internal case structure of clusters and
provide a means for visualizing them. This can be regarded
as localized similarity knowledge discovery. As will be-
come apparent, not only does this empower the user with
extra domain knowledge about the problem area but it im-
proves both the case index and the ability of the system to
identify similar cases.

Step 1 Case knowledge Discovery. Here we describe how
case knowledge is automatically extracted from a document
corpus. In the following definitions, a term refers to a word
in the document corpus. Let = denote the set of all docu-
ments in the document corpus and ¥ denote the set of all
terms present in = . For every document in the corpus a case
is automatically extracted and represented by a probability
distribution over all terms occurring in that document.

IRACHN))
D (x1)

e
where #f(x,y) is the term frequency of the term y in

p(y|x)

document x and ¢ is a term from the set of all terms pre-
sent in the document collection. Although by itself this does
not provide a richer case representation than using conven-
tional IR approaches, it does facilitate the process of group-
ing, indexing and retrieving semantically similar cases,
which forms the centerpiece of the power of this technol-

ogy.
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Step 2 Global Similarity Knowledge Discovery. Given a
termze ¥, we define its context as the probability distribu-
tion of a set of words which co-occur with the given term.
More specifically the context of the term z is represented in
the form of a conditional probability distribution p(Y |z),
where the random variable Y takes values from Y and
p(y|z) is equal to the probability of randomly selecting
the term y in a randomly selected case within which the

term z co-occurs. We can approximate this distribution as:

D (%)

xeE(z)

D> if(x)

xeE(z),te¥

p(ylz)=

where #f(x,y) is the term frequency of the term y in case
x and E(z)is the set of all cases from the corpus which

contain the term z . It is obvious that in most cases the con-
text of the term z is too general in scope to present useful
information about the corpus. So we are interested only in
identifying narrow context terms z . The narrowness of the
term z is estimated by the entropy of the probability
distribution p(Y | z) :

H(Y|2)==) p(y| 2)log(p(y|2)

Let W(z) denote the set of all different terms from cases
in Z(z). When there is a uniform distribution of terms from
W(z) the entropy H(Y |z) is equal to log|%¥(z)|. Accord-
ing to Heaps Law log|¥(z) |= O(log(| 2(z |)) [Baeza-Yates
& Ribeiro-Neto, 1999] there is a relationship between the
case frequency df(z)=|ZE(z)| of the term z and the en-

tropy of its context. To allow for this dependency, we divide
the whole set of words into 7 disjoint subsets:

v=J¥,

Y. ={z:ze¥,df, <df(z) < df,,,}

i=1l.r

Here the threshold df; satisfies the condition df,,, = adf,
where o >1is a constant. Choosing narrow word contexts
are based on the assumption that in total there are N nar-
row word contexts. For every i=1,..,ra set Z c¥,, is
selected such that

_ NV

7 |=—"1
ZE ST

Jj=l.r
andz, e Z,,z,e¥,-Z, > HY |z)<H(Y|z,). Then
7= U,- Z, , where Zis the set of selected narrow contexts.

These contexts form the seeds for clustering semantically
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related cases, where cluster membership (similarity) is
measured using the Jensen-Shannon (JS) divergence [Lin,
1991]. In this respect contexts are regarded as global simi-
larity knowledge.

Step 3 Cluster Level Similarity Knowledge Discovery. Nar-
row contexts {p(Y |z)} discovered in step 2, are consid-

zeZ
ered as cluster attractors. Within this study all cases are
grouped into at most one cluster based on the case similarity
to the attractor, i.e. this is a hard clustering approach but
equally a softer approach could be applied. In this way cases
are associated with the contexts they most closely match to
form clusters of cases that are on similar (closely related)
subjects or themes. The similarity between a case X and the
context for the term z is estimated by the JS divergence
between the probability distributions p,and p, representing

the case and the context respectively:
JS{OAs,o,s} [p1 5 pz] = H[p]- O-SH[p1 1- 0~5H[p2 ]

where H[ p] denotes the entropy of the probability distribu-
tion pand p denote the average probability distribution
=0.5p, +0.5p,. A case X is therefore assigned to a cluster
with attractor Z if,

z =argmin JS{O.S,O.S}[p(Y | x), p(Y [ 1)]
teZ

in other words a case is assigned to the cluster whose attrac-
tor it has the highest semantic similarity to.

Once these three stages are completed, we have discov-
ered all case knowledge, all narrow contexts within the
case-base and assigned cases to the context they are most
semantically similar to. In an equivalent fashion, the simi-
larity between cases within a cluster can be discovered using
the JS divergence. As such the lower the JS divergence, the
higher the similarity and as will be seen in step 4, it is this
similarity knowledge that forms the key to discovering se-
mantically related cases.

Step 4 Localized Similarity Knowledge Discovery. Up to
this point all knowledge discovered has been at the
global/cluster level. In this step we discover localized simi-
larity knowledge that defines the inner case structure of each
cluster. We represent the relationships (similarities) between
cases by a graph where each vertex in the graph represents a
case. Any two vertices are connected by an undirected edge,
whose weight denotes the distance between corresponding
cases. This weight is determined as before using the JS di-
vergence. The standard Kruskal's algorithm is used to find
the minimum spanning tree (MST) which spans all graph
vertices and has the minimum total weight for its edges. The
knowledge within the MST can then be presented to a user
as a complete description of the internal structure of a clus-
ter relating to a narrow context. Useful knowledge includes,
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cases nearer to the top of the tree are most similar to the
narrow context, while those further away are less similar.
Cases in close proximity within the MST are more similar
than cases that are far apart. Cases in one branch of the tree
are more similar than those in separate branches. This local-
ized similarity knowledge can either be used to interactively
browse the relevant cluster structure looking for useful cases
or as a means of accurately classifying a new case.

3 Experiments

In this work we demonstrate the efficacy of the SOPHIA
CBR system to textual case retrieval. In the first experiment
we investigate the quality of the case and similarity knowl-
edge by demonstrating the high degree of (semantic) simi-
larity between cases within clusters. In the second, we in-
vestigate the quality of the retrieval process itself and show
how it is ideally suited to case-based retrieval.

3.1 Case base description

In our experiments we use the well known Modified Apte
("ModApte") split of the Reuters-21578 collection (dav-
idlewis.com/resources/testcollections/reuters-21578)  con-
taining 9,603 training documents and 3,299 test documents.
Not all documents are actually assigned a category. There-
fore we only use those that have at least one topic (7,775
from the training set and 3,019 from the test set) in our ex-
periments. All other documents were considered as back-
ground information. We use these documents to accumulate
information about the document corpus. All training and
background documents were used for case knowledge and
similarity knowledge discovery (clustering & MST forma-
tion). Test documents were used as queries in the retrieval
experiments only. It should be noted at this point that the
majority of research carried out with this corpus in the past
(mostly within the Information Retrieval community) has
tended to focus on evaluations using the 10 most popular
categories only [Sebastiani, 2002]. As such our task is much
more challenging in that we attempt to use all 120 catego-
ries to evaluate our technique. The experiments described in
this section could equally be applied to other document col-
lections as SOPHIA CBR is domain and language inde-
pendent.

Initially documents were parsed (transformed to cases) by
converting all words from the title and body of a document
into lower case, deleting stop-words using a standard stop-
words list (SMART, 571 words) and using the Porter algo-
rithm for stemming. We consider a word as any maximal
sequence of symbols which start with a symbol in the range
a-z, and ends with any symbol between a and z or any sym-
bol between 0 and 9 and in between contains symbols from
the set {a-z0-9 -/}. It should be noted that no additional
information about the document set is used, apart from the
title and body of the documents themselves. In particular,
expert assigned knowledge such as category labels are not
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used in the clustering/retrieval process and as such the ap-
proach is totally unsupervised in nature and therefore has as
a consequence, no manual knowledge engineering over-
heads. In total, 38,088 different terms remained after pars-
ing.

3.2 Experiment on similarity knowledge quality

In the first experiment we use the topic categories of cases
as a means of independently assessing the quality of our
similarity knowledge and hence our clustering process. Note
that this topic categorization domain knowledge is not util-
ized as part of the process of case similarity determination
(which is based solely on the textual content of cases) but as
a means for assessing the effectiveness of the discovered
similarity knowledge only. This experiment provides us
with insight into the quality and meaningfulness of the
SOPHIA TCBR clustering process. Our hypothesis is that if
the system identifies cases as semantically similar then there
should be a high probability that they share many of the
same categories. To facilitate this we determine the degree
of overlap between adjacent cases in the MST. We therefore
evaluate the actual similarity of 2 cases a and b based on the
similarity of the topics assigned to them by experts. Let 7(x)
be the set of topics assigned to case x by an expert. To
evaluate the similarity between T(a) and T(h) we use the
Jaccard coefficient (JC).
o T@N7T®)]|
| T(@)UT ()]

A coefficient of 1 indicates that both cases have identical
topics assigned to them and have maximum similarity,
while a value of 0 signifies no overlap between topics, indi-
cating minimum similarity. Figure 1 shows the results of
this experiment. The most striking observation from this
graph is that the vast majority of cases (5796 pairs —75%)
have an extremely high JC (0.9-1.0). This provides ex-
tremely strong evidence for the high quality of our similarity
knowledge and confirms that semantically similar cases, i.e.
those linked in the MST, have a large degree of overlap in
their categories and therefore must of necessity be genuinely
very similar. This also confirms that forming clusters based
on narrow contexts combined with a MST based on JS di-
vergence is a powerful approach for determining textual
case similarity which also provides real meaning and trans-
parency to users. That is users can easily see the context of
all cases within a cluster and also which cases are most
similar to others within the cluster. At the opposite end of
the graph, where we can observe case pairs with poor cate-
gory overlap, it can be seen that there are 1472 pairs of
cases (19%) with very poor JC and almost no overlap be-
tween their categories. An interesting phenomenon can be
observed at a JC value of 0.5-0.6. Here we see a slight rise
in the number of case pairs. The reason for this is that many
cases have only 2 categories and this peak represents the
situation whereby they agree on one category and disagree
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on the other (e.g. one case could have 2 categories and an-
other only one, which they share).
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Figure 1 Assessment of similarity for MST edges Using JC

For all other JC values there are practically no case pairs.
It is reasonable to conclude that clusters are not entirely
homogeneous in terms of their topics. That is, each cluster
may contain cases on different topics. Therefore it is to be
expected that, within the MST when traversing from one
case to another, topic shifts should be encountered. When-
ever this occurs adjacent cases in the MST will differ on
their topics. These shifts may be gradual, as evidenced by
the rise in the graph around a JC of 0.5 (ie adjacent cases
overlap on 50% of their topics) or radical, as evidenced by
the rise at a JC of 0 (adjacent cases overlap on none of their
topics). These results provide compelling evidence for qual-
ity of the case and similarity knowledge discovered and
utilized by SOPHIA CBR.

3.3 Experiment on Case Retrieval

In this section, we propose a case retrieval approach de-
signed to provide flexible querying plus a high retrieval
accuracy and a good explanatory facility. SOPHIA enables
queries to be generated using the traditional key word ap-
proach or by using query by example, where entire docu-
ments (or parts thereof) can be used as the query. SOPHIA
then supplies the user with quality knowledge about “all”
possibly relevant cases within the case base. It is important
that this knowledge should be presented to the user in the
context of the whole case collection. In other words, the
user should have the facility to estimate:

e which region of the whole case base contains the

most relevant cases,
e how large this region is,
e which semantically similar documents are relevant

We propose that the MST is ideally suited to presenting
this knowledge to the user. Through a process of system
supported browsing, the user can evaluate the relevancy of
different parts of the tree, estimate its size and estimate the
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topics of neighboring cases. This process is demonstrated in
the subsequent experiment where we consider the following
indexing and browsing scenario. The user has a target case d
(test case/query example) and the system presents the MST
of the most relevant cluster, based on the closest matching
context attractor, for browsing. This tree is the MST of a
cluster C(z(d)) whose context z(d) is the smallest distance
from the target case (as before we use JS divergence to
evaluate distances). The nearest neighbor, NN(z(d),d), to
case d from within cluster C(z(d)), is selected from the
MST. The user then starts browsing from this case. We will
consider three notions of relevance in this experiment. Let
T(x) be the set of all topics assigned by the expert to case x.
Then

Predicate R_(x,y)means that T(x) =T(y)

Predicate R_(x, y) means that 7(x) € T(y)
Predicate R, (x,y) means that 7(x)(7(y) # @

In other words if R_(x,y) then cases x and y are considered

to be very relevant as they have exactly the same set of top-
ics assigned by experts. If R_(x,y)then the relevance of

case x to case y is slightly weaker than in the previous defi-
nition but the user can be sure that all topics of case x are
also contained in case y. If Rﬂ (x,y) then we have the weak-

est notion of relevance in that both cases share at least one
common topic. We say that the target case d is successfully
matched with an existing case if, in the minimum spanning
tree MST(C(z(d))) of the cluster C(z(d)) there exists at least
one relevant training case y within a distance of k£ edge links
from the nearest neighbor case NN(z(d). In this evaluation
we include the nearest neighbor (NN) case as part of the
evaluation and only consider edges which connect to train-
ing cases (edges connecting to background cases are ig-
nored). Let predicate S/(d,k) indicate that case d is success-
fully matched with an existing case within distance k, where
relevance is determined by predicate R_(x,y). Similar

predicates S2(d,k) and S3(d k) are used when relevance is
determined by predicates R_(x,y) and R.(x,y) respec-

tively. Let P1(k), (P2(k), P3(k)) be the probability that for a
randomly selected test case d, the predicate Si(d, k) (S2(d,
k), S3(d, k)) is true. Figure 2 shows how values of PI(k),
P2(k) and P3(k) depend on k. These results show that the
knowledge discovered and utilized by SOPHIA CBR, when
exploited by the process of interactive browsing, provides
an ideal medium for locating and retrieving relevant cases.
Using the most stringent definition of relevance, where all
cases must have exactly he same topics (P1), it can be seen
that 75% of the NN cases themselves are relevant (distance
0). It can be seen that this rises to almost 85% when cases
within a vicinity of 3 links are considered. Considering lar-
ger vicinities, add little more to the relevancy. Defining
relevancy as in P2, a similar picture is observed. This time
the NN cases are relevant 80% of the time, rising to 87%
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when k=3. Again little benefit is added by increasing k fur-
ther.

Proportion of test cases that match a training case
within distance k
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Figure 2 Showing how retrieval relevancy depends on k

Finally the least stringent definition of relevancy provides
the best results. 86% of NN cases are relevant, rising to 92%
when £=3. There is little improvement by increasing & fur-
ther. These results are particularly encouraging, especially
when considering that there are 120 possible categories a
case can take and many cases have more than 1 category. It
should be noted that the least stringent definition of similar-
ity is the truest reflection of similarity within a TCBR sys-
tem as the goal is to retrieve cases which are semantically
similar (ie have some similar topics). This type of retrieval
can be regarded as querying by example. A user can cut a
piece of text from any other document (sourced from the
web for example) and paste it into the SOPHIA system and
through the process described retrieve documents that are
semantically similar. The authors are unaware of any other
scaleable TCBR system (or document clustering algorithm)
that can accomplish this.

3 Conclusions

In this paper we present a novel approach for discovering
case and similarity knowledge within a TCBR system. We
describe how the cases are automatically grouped into se-
mantically related clusters focused around discovered cen-
tral contexts or themes. We show initially how the case and
similarity knowledge discovered is of a very high quality
and go on to show how the natural organization of the cases
within clusters into a MST, provides a very natural envi-
ronment to enable case based retrieval (query by example).
Important advantages of this technique include the fact it is
completely automated, requires no domain knowledge (and
therefore no manual knowledge acquisition), it is language
independent, can be used for case classification [Dobrynin
et al.,, 2004], facilitates semantic similarity determination
and very importantly, unlike all other clustering based ap-
proaches for document collections, it is scaleable for very
large case bases. This is due to the fact that similarity be-
tween cases is only calculated at a local cluster level as op-
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posed to the global level. Future work will include investi-
gating the formation of sub clusters to aid retrieval and case
based classification.
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Abstract a domain theory outperforms both CBR and the theory it-
self[Cainet al, 1991. In contrast to those weak theories,
This paper proposes to enhance similarity-based  strong domain theories were used to filter irrelevant festur
classification by virtual attributes from imperfect [Bergmanret al, 1994.
domain theories. We analyze how properties of the We present a new approach that exploits imperfect domain
domain theory, such as partialness and vagueness, knowledge in similarity-based classification by inferriag-
influence classification accuracy. Experiments in  ditional abstract features. Furthermore, we analyze the im
a simple domain suggest that partial knowledge is  pact of the knowledge’s vagueness and partialness.
more useful than vague knowledge. However, for The next section specifies the representation of cases, the
data sets from the UCI Machine Learning Reposi-  similarity measure, and domain theories. Section 3 gives an
tory, we show that vague domain knowledge thatin  overview over how additional features can improve classi-
isolation performs at chance level can substantially  fication accuracy. Section 4 reports experiments with two
increase classification accuracy when being incor-  domains from the UCI Machine Learning RepositfBfake
porated into similarity-based classification. and Merz, 1998 Finally, the last section concludes and out-
lines future work.

1 Introduction 2 Representation of the CBR modules
One of the most prominent challenges in machine learnin

is to identify appropriate features for representing insées, 21 Cages and the similarity mgasure.

since learning performance depends heavily on the feature® caseC' is made up of a set of attributgsty, A, ..., A, }.

used. Particularly, the performance of similarity-badedsi- ~ While the original attributes can be either discrete or nuener

fication degrades with the number of irrelevant feat(iGsf-  the additional virtual attributes in this paper are binary.

fiths and Bridge, 1996 It is also known from work on con-  Following the well-known local-global principle, we com-

structive induction (Cl) that adding features can imprdesc ~ Pute the similarity between two cases as the weighted agerag

sification accuracjAha, 1991. While Cl is a bottom-up ap- @ggregation of the attributes’ similarities:

proach, this paper proposes a top-down approach on iden- n

tifying abstract features. The focus of Cl was mainly on sim(A, B) = Z(wi % 57)

logical and rule-based processes, whereas this paper shows

how additional features can extend similarity measures for

similarity-based classification. wheres; = sim(A;, B;) are the local similarity values, and
The main contribution of this paper is to show that ad-thew; are the corresponding weights.

ditional features can be derived from domain theories tha& . ]

are imperfect. This will alleviate the knowledge acquisi-2-2 Domain knowledge:

tion bottleneck, as it reduces the requisites of obtainixg e In this paper, we examine only domain knowledge that can

pert knowledge. Although similarity-based classification be represented as a domain theory of the following form: A

only used in domains where no perfect domain theories exdomain theory is a set of inference rules that relate coscept

ist, usually there is imperfect domain knowledge and igalat to each other. These rules specify which concepts existin th

chunks of knowledgfAamodt, 1994; Bergmanat al, 1994; domain and describe how abstract concepts can be inferred

Cain et al, 1991; Porteret al, 19930. For example, in from more primitive one$Bergmannet al, 1994. For ex-

[Aamodt, 1994 open and weak domain theories were inte-ample, consider the relation in the rule «— A, A Az < Ay

grated into a case-based reasoning system. Similarlyjmatcwhich says that there are the binary attributgs A, and the

ing knowledge was used to improve the performance of therdinal attributesds, A4. Also, the rule states that, is sat-

well-known PROTOS systerfPorter et al, 1990. Fur- isfied, if A, is true andA; is smaller thand,. We assume

thermore, it was shown that the combination of CBR andthat the case representation language is compatible wéth th

i=1
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Figure 1. Properties of domain theories. The theories de-
scribe parts of the target concept, of which there are pesiti
(+) and negative (-) instances. Left: Partial knowledgdy on
parts of the concept boundaries are known. Middle: Vagu
knowledge, concept boundaries are believed to be somewhe
within the shaded areas. Right: Inconsistent knowledde, di
ferent rules make differing predictions.

Figure 2: Types of virtual attributes. Left: A binary virfe-
éributes divides the instance space into instances satisty
t satisfying it. Middle: A conjunction of binary attrites.
ight: The most general type of virtual attributes is to add a
dimension to the instance space.

language of the domain theory, either by sharing primitiveg€ady existing attributes. They are useful if the monofitysc

or by using a bridging language. The formal definition of thePrinciple is violated. Ifsim(A, B) > sim(4,C) is nec-

domain theory is skipped here, since it is equivalent to Horressary to reflect class membership, then there must at least

clauses, including logical connectors, equality, and cariap Pe one pair of local similarities, so thatm(A;, B;) >

son operators. sim(A;, C;). If such a pair d.oes not exist, ;he similarity
According to[Mooney and Ourston, 1991the concepts Mmeasure must make use o_f |_nte_rdependenC|es between at-

in a domain theory can be divided into three types: observiributes. For example, the similarity may not depend on two

ables are attributes that are directly represented in thesca aftributesd;, A, themselves, but on their differendg — A,.

Classification goals are attributes that are to be inferred oVirtual attributes can express such interdependencies, (e.

approximated. All other attributes are called intermestiat ~ deposit(A) = income(A) — spending(A)) and can also en-
Intermediate attributes are the focus in this paper, becaugapsulate non-linear relations.

they are natural candidates for virtual attributes, thathisy We propose to use intermediate concepts of domain theo-
can be added to the similarity measure in order to enhance thies as virtual attributes. Virtual attributes can easéyadded
classification accuracy. to the set of attributes of each instance.

) ) ] Every virtual attribute forms an additional dimensions of
2.3 Propertiesof domain theories: the instance space (see Figure 2 (right)). This is most in-

Domains in which CBR is applied usually lack a perfect do-tuitive for numerical attributes. An example is the concept
main theory. Hence, the domain theories (or parts thereofyzpectedW ealthTill Retirement(C) = (65 — age(C)) *

that we work with have at least one of the following proper-income(C) Unfortunately, these dimensions can change as-
ties (cf. Figure 1): sumptions about instance distributions and are most likkety
orthogonal to the other dimensions, since they are inf@rab

e Partialness: This is the case if some parts of the do- from other attributes

main are not modelled, for example a) if conditions are In this paper we focus on binary virtual attributes. Al-

used but not defined, or b) the relation of intermediate houah f v th dditional di . th
or observables to the classification goal is not known, o ough formally they areé additional dimensions, they can
c) the classification goal does not exist in the rulebase af€ Visualized as separating lines within the original inséa
all. Note that these situations correspond to gaps at th pace (?'ee Figure 2 (left)). They divide the Instance spdoe |
"top” or "bottom” of the domain theorfMooney and w0 regions. For examplénz F'ree(C) « income(C) <
Ourston, 1991L 330 may d|\_/|de some instance space into salane.s that are or
are not subject to paying taxes in Germany. We will show that
e Vagueness: Values can only be given within a certain virtual attributes that describe target concept boundaaie
g:onﬁden_cg ir)terval. If a value is picked from such anespecially useful
interval, it is likely to be incorrect. Intermediate attributes that are fully defined (i. ., that d
e Inconsistency: There are two or more rules (or even not have gaps at the bottom of the domain theory) can be
alternative theories) that make different classificationscomputed from the values of observables and other interme-
and it is not known which one is correct. CBR is of- diates. In order to use an intermediate as a virtual at&jbut
ten used to overcome this problem, because the caséisis added to the local similarities of the similarity messu
provide knowledge on which classification is correct for thatis,s; = 1, iff both instances satisfy the intermediate con-
certain cases. cept or both do not satisfy it, angd = 0 otherwise. In the
following, virtual attributes are assumed to be discrete.
Let us look at how binary virtual attributes influence clas-
3 Virtual ib sification. Assume for sake of illustration that the ins&anc
Irtual attributes space is formed by the attributésmp andpress denoting
Virtual attriouteg Richter, 2008 are attributes that are not di- the temperature and pressure of a manufacturing oven. Let
rectly represented in the cases but can be inferred fromthe aus assume furthermore that the (to be approximated) target

In this paper, we focus on partial and vague theories.
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boundaries are known, the less partial it is.
Adding virtual attributes that correctly specify a boundar
Pressure of the target concept makes the misclassifications at those
boundaries disappear (see Figure 3 (bottom)). Thus, by
Figure 3: Distribution of errors for the target concept 2dding virtual attributes that describe a boundary carect
hardened(C) — temp(C) > 100 A temp(C) < 150 A the classification accuracy is increased (see Figure 4).

00 10 20 30 40

press(C) > 2 A press(C) < 3 without virtual attributes Obviously, even partial knowledge (e.g. adding only one
(top) and with the virtual attributé’(C)) — press(C) <= 2 virtual attribute) can improve classification accuracy.wHo
(bottom). ever, in this experiment we assumed that the virtual atiegbu

were correct. In the next experiment we analyzed the influ-

ence of the correctness of virtual attributes.
concept ishardened(C) «— temp(C) > 100 A temp(C) <
150 A press(C) > 2 A press(C) < 3. 3.2 Correctness:

The error distribution of an unWeighted kNN-classifier for Vague know'edge can be informa”y described as knowing
the target concept is depicted in Figure 3 (top). Not SWpristhat an attribute should be more or less at a certain value.
ingly, the misclassifications occur at the boundaries ofdhe The h|gher the vagueness, the h|gher is the probabmty for
get concept. ) _high incorrectness. We operationalize correctness oftaalir

Now let us analyze the effect of different amounts and dif-attribute as its distance from the correct value. We created
ferent qualities of domain knowledge on the classificationyirtual attributes of the formi/ (C) — X(C) < ¢, where
In order to control the independent variables like paréak . was varied from 0 to 100 at steps of 5. Remember that the
and correctness of the domain knowledge, we created a singorrect X-value (which was used in the domain theory to gen-
ple test domain. There were two continuous attribufeand  erate the cases) was 30. The accuracy of classification when
Y, uniformly distributed over the interval [0,100]. The tatg  adding these virtual attributes is depicted in Figure 5.
concept wad'(C) — X(C) > 30A X(C) <T0AY(C) > The results are a bit disappointing. The accuracy drops
30 AY/(C) < 70. We used a square centered in the instanceapidly if the virtual attribute is inaccurate. Fortungtehe
space as target concept, because it is one of the few concepfgcuracy with inaccurate virtual attributes is not muchdow
for which the optimal weight setting for kNN-classification than using no virtual intermediates (the similarity measur
can be calculated analytically. The optimal weight setfotg  with no virtual attribute is equivalent to setting= 0 or
the target concept is to use equal weighitiig and Wang, . = 100). The second peak & = 70 which is the other
1997. Thus, the accuracy of 1-NN with equal weights is the houndary on the X-attribute is due to the fact that simyarit
optimal accuracy that can be achieved without adding addihased classification is direction-less: only the positibthe
tional attributes. There were 100 randomly generated CB.SGIS concept boundary has to be known, the side on which positive
the case-base and 200 test cases were used. Each experimgid negative instances are located is encoded in the cases.
was repeated 1000 times with random cases in the CaSE'baseThese experiments with a Simp]e domain Suggest that par-
and random test cases. tial knowledge is more useful than vague knowledge. Adding
. . partial knowledge is likely to increase the classificatioow
3.1 Partialnessof thedomain theory: racy, whereas vague knowledge is only useful if there is good
We operationalize the partialness of the domain knowledgevidence that the knowledge is correct.
as number of known target concept boundaries. The more In the next section we will evaluate the influence of virtual
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Figure 6: The domain theory of the JCS domain (top) and of

attributes in several domains from the UCI Machine Learninghe PGS domain (bottom).
Repository[Blake and Merz, 1998

4.2 Thevirtual attributes:

4 Experiments _ .

. The domain theories of JCS and PGS have been created by
4.1 Thedomains: domain experts for real world applications. Hence, they do
The domain of the previous section allowed us to vary thenot separate positive from negative instances in a perfagt w
correctness and partialness of the domain theory. Howevefhe accuracy of the JCS domain theory is 81%, the accuracy
since the domain was handcrafted and simple, we ran addéf the PGS domain theory is only 50%. The structure of both
tional experiments with two data sets from the UCI Machinetheories is depicted in Figure 6.
Learning Repository. Note that some data sets in the reposi- Most of the concepts process several observables. For ex-
tory come along with perfect domain models, as the instanceample rejectedage unstablework processes the observables
were created by those models. However, we used only datageandnumberyears:
sets whose domain theories were imperfect. . )

rejected_age_unstable work(S) :-

e Japanese Credit Screening (JCS): This domain comes  age_test (S, N1),

with a domain theory that was created by interviewing 59 < N1,
domain experts. Accordingly, the theory is imperfect nunber _years_test(S, N2),
and classifies only 81% of the cases correctly. N2 < 3.

e Promoter gene sequences (PGS): This domain theory re- Although the concepts are very imperfect (i. ., they mis-
flects the knowledge of domain experts in the field of categorize training cases), our experiments describeedn s
promoter genes. It is highly inaccurate and performs atjon 4.4 show that these concepts can improve classification
chance level when used in isolatibfowelletal, 1990.  accuracy when used as virtual attributes.

We included this domain to serve as a worst case sce-
nario, since the domain knowledge is most inaccurate. 4.3 Weighting methods:

It is known that not all intermediate concepts will increaseAccording to the classification of weighting methods as pro-
classification accuracy when used as virtual attrib{&sf- posed in[Wettschereclet al, 1997, we selected four meth-
fens, 2004 Hence, mechanisms to select or weight virtualods with performance bias, and six with preset bias (i. &, st
attributes are necessary. In this paper we investigatehehet tistical and information-theoretic methods).
weighting virtual attributes is more appropriate than ciihg
them. In the experiments we apply several existing weightin  This attribute denotes the number of years that the applicant
approaches which will be described in section 4.3. worked at the same company.
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e Performance bias: Weighting methods with a perfor-
mance bias classify instances in a hill-climbing fashion.
They update weights based on the outcome of the class
fication process. The performance bias performs well if2¢¢
there are many irrelevant featurB&fettschereclet al,

Table 1: Classification accuracies of the non-extended and
fhe extended similarity measures. The columns report the
uracies for the unweighted classification and for sévera
weighting methods.

1997. Since the intermediate concepts of the domain Domain | unw. | EACH RELIEF 1B4  ISAC

theories can be assumed to be relevant, we expected pe
formance bias methods to perform badly.

1.

. IB4 [Aha, 1992 is a parameter-free extension of

'3cs (wio) | 74.19| 74.19 7823 7419 72.58
_ . JCS(w/) | 74.19| 7258 79.03 72.58 79.03
EACH [Salzberg, 199lincreases the weight of PGS (w/0)| 86.79| 89.62 96.23 88.68 50.0
matching features and decreases the weight of mis- pGS (w/) | 85.85| 93.40 96.23 90.57 96.23
matching features by a hand-coded value. CCE_PCE__ MI cD VD cVD

EACH. It makes use of the concept distributionand 72.58 72.58 74.19 74.19 7258 71.77
is thus sensitive to skewed concept distributions. It 73.39 75.0 75.0 7742 75.0 75.0
assumes that the values of irrelevant features are85.85 87.74 68.87 88.68 77.36 83.02
uniformly distributed. 91.51 86.79 98.11 88.68 97.17 87.74

. RELIEF [Kira and Rendell, 1992is a feature

selection- rather than feature weighting-algorithm. I oo
It calculates weights based on the instance’s mos}n For most of the weighting methods, the extended similarity

€ ; . easure performs better than the non-extended one. Inltable
tsrlirkr)]lljlg rsn\?\;ﬁgsbgrsvgrgi?;ha%asbzﬁ) r\;\? ;h?]grf]'ggg daet(;wg-:- underline the accuracy of the extelndled _similarity measur
threshold. We used extensions for non-binary tar it outperformed the non-extended similarity measure whe
get classés and kNN with > 1 as proposed in using the_ same weighting method. In the_: PGS_do_ma_un, seven
[Kononenko, 1994 of ten weighting me.thoo!s perforrr_l better if the S|m|Iar|tyaf1e
' sure is extended with virtual attributes. Even more so, é th

- ISAC[Bonzanoet al, 1997 increases weights of 3¢5 domain the accuracies of eight of ten weighting methods

matching attributes and decreases weights of misyqre improved by using virtual attributes.

maiching attributes by a value that is calculated | s optimal setting, with an accuracy of 98.11% our ap-
from the ratio of the prior use of the instance. The nrq4ch performs also better than the results from the litera
more often the instance was retrieved for correclyre reported for the PGS domain. The accuracy of KBANN
classifications, the higher the update value. in [Towell et al, 1994 is 96.23%, which to our knowledge

e Preset bias: The bias of the following methods is basedavas the highest accuracy reported so far and also used the
on probabilistic or information-theoretic concepts. Theyleave-one-out evaluation. We found no classification accu-
process each training instance exactly once. racy results for JCS in the literatdre

1.

6.

. PCF|[Creecyet al, 1999 is an extension of CCF

. Ml [Daelemans and van den Bosch, 1P8alcu-

CCF[Creecyet al, 1994 binarizes attributes and _Obviously, th(_ase _improvements are not restricted to a cer-
weights them according to the classes’ probabilityté?'” class of weighting methpds. Me_thods with _perfprma_mce
given a feature. bias (most' notably.IS'AC), mformanon—theoreuc bias (i.e

MI), and with a statistical correlation bias (e.g. VD) bene-
fit from processing virtual attributes.

Even inthe PGS domain, the improvements are substantial.
his is surprising, since the domain knowledge is the worst
possible and classifies at chance level when used for rule-
based classification. This is a promising result as it shbais t
adding intermediate concepts may increase accuracy even if
the domain theory is very inaccurate. We hypothesize that

which takes the distribution of the feature’s values
over classes into account. It calculates different.l_
weights for different classes.

lates the reduction of entropy in the class distribu-
tion by attributes and uses it as the attribute weight

. CD[Nunezetal, 2007 creates a correlation matrix  thjs is due to the fact that even vague rules-of-thumb peovid

of the discretized attributes and the classes. Th&ome structure in the instance space which will be exploited
weight of an attribute increases with the accuracypy the similarity measure.

of the prediction from attribute value to class.

. VD [Nunezet al, 2009 extends CD inthatitcon- 5 Conclusion and future work

siders both the best prediction for a class and th
predictions of all attributes.

CVD [Nunezet al,, 2004 combines CD and VD.

®rhe main contribution of this paper is to show that imperfect
domain knowledge can benefit similarity-based classificati
This facilitates knowledge elicitation from domain exseas

4.4 Resllts it removes the requirements of completeness and accurate-

For brevity, we will refer to the similarity measure whichess
only observables as tm®n-extendetheasure. The similarity

ness. Our experiments in a simple domain suggest that par-
tial knowledge is more useful than vague knowledge. How-

measure which uses virtual attributes will be cakatended 2The domain often referred to as ’credit screening’ with 690 in-
We used the leave-one-out evaluation method. stances is actually the credit card application domain.
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Abstract

Arguably, analogy is one of the most important
aspects of intelligent reasoning. It has been hy-
pothesized that, given suitable background knowl-
edge, analogy can be viewed as a logical infer-
ence process. This study follows another school
of thought that argues that similarity can provide a
probabilistic basis for inference and analogy. Most
similarity measures (which are frequently viewed
as being conceptually equivalent to distance mea-
sures) are restricted to either nominal or ordinal
attributes, and some are confined to classification
tasks. This paper proposes a flexible similarity
measure that is task-independent and applies to
both nominal and ordinal data in a conceptually
uniform way. The proposed similarity measure
is derived from a probability function and corre-
sponds to the intuition that if we consider all neigh-
borhoods around a data point, the data points closer
to this point should be included in more of these
neighborhoods than more distant points. Experi-
ments we have conducted to demonstrate the use-
fulness of this measure indicate that it fares very
competitively with commonly used similarity mea-
sures.

1 Introduction

Natural and artificial intelligent agents rely on different in-
ference and reasoning strategies to achieve their goals and
maintain their intended behavior. Arguably, two of the more
successful strategies are based on the notions of analogy !

*Also LITA, Université de Metz, Ile du Saulcy, 57045 Metz
Cedex, France.

'Here we consider the subject of analogy in the following, rel-
atively narrow, sense: objects are represented by feature vectors
rather than the typical graphs; we do not consider transfer of knowl-
edge from one object to another; we do not consider cross-domain
knowledge but assume all objects share common set of attributes.
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and similarity. This is evidenced by the large volume of Al
research in the areas of analogical reasoning and case-based
reasoning [Vosniadou and Ortony, 1989; Kolodner, 1993]. In
the context of available background knowledge, analogy can
be viewed as a logical inference process [Davies and Russell,
1987]. Another way of looking at analogy holds that similar-
ity can provide a probabilistic basis for inference, and that a
quantitative framework can be developed for the probability
that an analogy is correct as a function of the degree of sim-
ilarity measured or observed [Russell, 1986]. This study is
concerned with the latter view of modeling analogy.

Distance measures (or, equivalently, similarity measures)
are central to many areas related to Al, including reasoning
under uncertainty, knowledge-based systems, machine learn-
ing, pattern recognition, data mining, analogical, case-based,
instance-based reasoning, and to other fields such as statis-
tics, operations research and decision theory. A large number
of distance metrics and measures are available and a particu-
lar choice may have considerable implications for the success
of the problem that is to be addressed.

Distance functions are broadly categorized into those that
can handle ordinal input data, nominal input data, and het-
erogeneous input data, consisting of both ordinal and nominal
data 2. Ordinal distance functions make use of the intrinsic to-
tal ordering relation in the underlying attribute values, which
are either continuous (e.g. weight of an object) or discrete
(e.g. number of obstacles). A nominal or symbolic attribute
is a discrete attribute whose values do not necessarily exhibit
a total order relation. For example, an attribute representing
the role of crew member may have the values scientist, mis-
sion specialist and commander. Using an ordinal distance
measurement on such values is meaningless.

Because the notion of ‘distance’ is intrinsically numeri-
cal, most available distance measures are defined for data
with ordinal attributes. However, distance measures that can

2Here we consider two scales of measurement: ordinal and nom-

inal. In an ordinal scale, values (discrete or continuous) are ordered
whereas in a nominal scale, (discrete) values are unordered.
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process nominal attributes are required by many modern Al
algorithms. Some measures that handle nominal attributes do
exist. The most well known measure of this kind is the Value
Difference Metric (VDM) [Stanfill and Waltz, 1986]. It is de-
fined in terms of attribute values that are conditioned by pos-
terior probabilities of a class. Hence, like some other distance
measures, the VDM is restricted to classification tasks.

To cope with heterogeneous data, containing both nominal
and ordinal attributes, two approaches are commonly taken:
(1) The data is transformed into one of the two data types
that complies with the distance measure used, and (2) two
types of distance measures are combined and handle the data
separately in accordance with the data type (see, for example,
[Wilson and Martinez, 19971). However, both approaches are
problematic when it comes to the interpretation of the results.

The novel distance measure proposed in this study is called
Neighborhood Counting Metric (NCM). It is derived from a
probability function and it can handle both nominal and or-
dinal attributes in a conceptually uniform way. Intuitively, it
can be understood or interpreted as follows (see Figure 1):
If we consider all neighborhoods, N, around a data point,
t, then those data points closer to ¢ should be included in
more of these neighborhoods, N, than points that are not
close to ¢. Usually neighborhoods are interpreted in terms
of distance. However, if we adopted this interpretation, we
would define one distance function in terms of another. To
avoid this dilemma, we interpret neighborhood without dis-
tance through the concept of hypertuples [Wang et al., 1999]
for both nominal and ordinal attributes. As a result, our dis-
tance measure applies to both ordinal and nominal attributes
in a uniform way.

The new NCM is conceptually simple, it is straightforward
to implement, and it has the added property that it is inde-
pendent of the underlying analytical or reasoning task (e.g.
classification). The measure’s clear and unambiguous mean-
ing is defined by the number of neighborhoods of a query that
include or cover a given data point.

Paper outline: Section 2 presents a short review of distance
measures relevant to this study; it is followed by Sections 3
and 4, which present mathematical details of the new simi-
larity measure. In Section 5 the empirical evaluation of the
method is presented and its results discussed. The paper con-
cludes with a summary and a brief discussion of future work.

2 A brief review of important distance
functions

Two of the most common distance functions are Euclid-
ean distance and the Hamming distance. The former is re-
stricted to ordinal and the latter is usually used for nomi-
nal attributes. The Heterogeneous Euclidean-Overlap Metric
(HEOM) [Wilson and Martinez, 1997] combines the Ham-
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Figure 1: An illustrative example. Each of the 7 concentric
circles represents a neighborhood of data point t defined by
some distance measure. Data point a is covered by 5 neigh-
borhoods whereas b by only 2. Geometrically, a is clearly
closer (more similar) to t than b.

ming and the normalized Euclidean distance functions and
can therefore be used on heterogeneous data.

The Value Difference Metric (VDM) [Stanfill and Waltz,
1986] is designed to handle nominal attributes in classifica-
tion tasks only. It uses pre-computed statistical properties
from available training data and can be interpreted in terms
of probabilities. The Heterogeneous Value Difference Metric
(HVDM) [Wilson and Martinez, 1997] combines the Euclid-
ean distance and the VDM. It is therefore able to handle het-
erogeneous data, but because of its VDM heritage it is con-
fined to classification tasks.

The Interpolated Value Difference Metric IVDM) [Wilson
and Martinez, 1997] extends the VDM to scenarios involving
ordinal attributes. In the learning phase, it employs a dis-
cretization step to collect statistics and determine the proba-
bility for the discretized values (P, .. in the VDM formula),
but then retains the continuous values in the training data for
later use in the application or testing phase. The IVDM re-
quires a non-parametric probability density estimation to de-
termine the probability values for each class. The Discretized
Value Difference Metric (DVDM) is the same as the [VDM
except that it avoids the retention of the original continuous
values but uses only the discretized values.

[Blanzieri and Ricci, 1999] introduced the Minimal Risk
Metric (MRM), a probability-based distance measure for
classification and case-based reasoning. It minimizes the risk
of misclassification and depends on probability estimation
techniques. As a result, the MRM exhibits a high compu-
tational complexity and is task-dependent.
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3 A probability function

Let V be a (non-empty) universe of discourse. A X-field F
on V is a collection of subsets of V, such that:

1. vedF,
2. IfA € F then A’ € F, where A’ is the complement of A;
3. IfA,B,---€ F,then AUBU--- € F.

A probability function P over V is a mapping from ¥ to
[0, 1] satisfying the three axioms of probability [Ash, 1972].
If P is restricted to V, it is called a probability mass function
(discrete) or probability density function (continuous).

Suppose we have a probability function P as defined above.
For X € ¥ let f(X) be a non-negative measure of X satisfying
FXiUXa) = f(X1) + f(X2) if X;NX, = 0. As an example,
we can take f(X) for the cardinality of X.

Consider a function G : F — [0, 1] such that, for X € F,

G(X)= Y P(E)f(XNE)/K
Ec¥F
where K =Y pc# P(E) f(E). It can be easily shown that G is
a probability function.

G(X) is calculated from all those E € F that overlap with
X (i.e., f(XNE) #0). These E’s are relevant to X and serve
as the contexts in which G(X) is induced. Each such E is
called a neighborhood of X. In other words a neighborhood
of X is an element E of F, i.e., a subset of V, such that £
overlaps X.

In practice P is usually not known, but a sample of data
drawn from the data space according to P is commonly avail-
able. P can be estimated from the sample by either paramet-
ric or non-parametric techniques. In some tasks (e.g., clas-
sification) the point-wise probability is needed. When there
is insufficient data, which is not uncommon, the point-wise
probability may be difficult to estimate using non-parametric
methods. However, it is likely that probability can be esti-
mated for some regions (contexts) in the data space based on
the sample. Using the G probability function, we can estimate
the G probability for any single data point from knowledge
of the P probabilities of various regions or contexts. This
provides us with a formal way of inference about probability
under incomplete (hence uncertain) situations.

To calculate the G probability for X € ¥ in practice, we
need to

1. Find the set of all neighborhoods appropriate to the prob-
lem at hand,

2. Estimate the P probability for every neighborhood,

3. Finally, estimate (calculate) the G probability for X ac-
cording to its definition.

In classification tasks, we can further calculate the conditional
G probability of a class given a single data point in a similar
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fashion. While this may appear to be computationally expen-
sive, it is often possible to derive a simple formula for G.

Depending on what ¥ is and how neighborhoods are de-
fined, we can use the G probability for different tasks. In
Section 4 we take ¥ to be the set of all regions in a multi-
dimensional space definable as hypertuples and our similarity
measure is derived from this interpretation.

3.1 Estimation of G

This section describes how G is estimated for a data point
from data samples. Let D be a sample of data drawn from V
according to an unknown probability distribution P. Our aim
is to calculate G(r|D) for any r € V.

To calculate G we need P, which can be estimated from
data assuming the principle of indifference as follows: For
any E € F,

P(E|D) = |E|/n

where |E| is the number of elements in E and #n is the number
of elements in D. Additionally we assume that f(X) = |X|

forX e F.
We then have,

P(E|D) x f(ENt)

G(t|D) = Z X definition
Ee¥
P(E|D) x |[ENt
= Z M specification of f
Ee¥ K
P(E|D
= M assumption that 7 is in E so ENt =1
Ec¥ tcE K
1
=— |E| estimation of P by principle of indifference
nk Ec¥ teE
1
=— t, expansion and then re-organisation
e Z cov(t,x) Xpansi ganisati

xeD

where K is a normalisation factor, and cov(z,x) is the number
of such E € ¥ that covers both  and x. We call this number
the cover of x with respect to ¢.

To obtain cov(t,x), a straightforward approach would be
to iterate over all £ € ¥ and check if E covers both ¢ and x.
Clearly, such a process is undesirable because of its exponen-
tial complexity. In Section 4 we will present an efficient way
of calculating cov(z,x).

4 Measuring distance through counting

This section considers an interpretation of neighborhood and
derives a formula for calculating cov(t,x), which is then taken
as a measure of similarity or distance.

4.1 Neighborhood

Pursuing a non-distance-based conceptualization of neigh-
borhood, we interpret a neighborhood as a hypertuple [Wang
et al., 1999], and a neighbor as a data point (or tuple) cov-
ered by some neighborhood. So a neighborhood of a tuple is
a hypertuple that covers the tuple.
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Hypertuples

Let R = {aj,az, - ,a,} be a set of attributes, and dom(a)

be the domain of attribute a € R. Furthermore let V def

1", dom(a;) and L [T, 290m(@) v is the data space de-
fined by R, and L an extended data space. A (given) data set
isDCV —asample of V.

The attributes can be either ordinal or nominal. For sim-
plicity, we assume the domain of any attribute is finite, but
the results are not limited to finite domains.

If we write an element ¢ € V by (vy,v;,---,v,) then v; €
dom(a;). If we write h € Lby (s,s2,--- ,s,) then s; € 240m(@i)
or s; C dom(a;).

An element of L is called a hypertuple, and an element of
V a simple tuple. The difference between the two is that a
field within a simple tuple is a value while a field within a
hypertuple is a set. If we interpret v; € dom(a;) as a singleton
set {v;}, then a simple tuple is a special hypertuple. Thus we
canembed Vinto L,soV C L.

Consider two hypertuples h; and hy, where h; =
($11,812,++ ,810) and hy = (s21,822, -+ ,824). We say hy is
covered by hy (or hy covers hp), written h; < hp, if for
ie{l,2,---,n},

{Vx € s1;,min(sy;) <x < max(sy;) if g; is ordinal

s1; C 505 if a; is nominal

Furthermore the sum of h; and hy, written by hy + hy def

(81,82, ,8n), is: foreach i € {1,2,---  n},

{x €dom(a;): min(s;;Usp;) <x <max(s;;Usz)},
s = if a; is ordinal
s1:U S5, if a; is nominal

The product operation * can be similarly defined. It turns out
that (L, <,+, %) is a lattice.

For a simple tuple ¢, ¢(a;) represents the projection of 7 onto
attribute ;. For a hypertuple £, h(q;) is similarly defined.

A hypertuple can be generated by taking one subset from
each attribute. Let ¢; be an attribute, i = 1,2,--- ,n; S; be the
set of all subsets of the domain of a;; and N/ def |S:|. Then a
hypertuple 4 is an element of [];S;. Therefore the number of
all hypertuples is [T; N/

If a; is nominal, then .5; = 29°(4) and so N!" = 2" where
m; = |dom(a;)|. If a; is ordinal, then an element s € S; cor-
responds to an interval [min(s), max(s)]. As a result, some
elements of §; may correspond to the same interval, and
hence become equivalent. In general we have the follow-
ing number of distinctive intervals for an ordinal attribute:

i—1 : i i(mi+1
Ny =20 mi — j) = X j = "l
Neighborhoods as hypertuples

For any simple tuple ¢, a neighborhood of ¢ is taken to be a
hypertuple 4 such that r < h; and a neighbor of # with respect
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to h is x € V such that x < h. By this definition any simple
tuple has a neighborhood. At least the maximal hypertuple
in the extended data space is a neighborhood of any simple
tuple since the maximal hypertuple covers all simple tuples.
For a query ¢t € V, not all hypertuples in [];S; are neigh-
borhoods of #. For a hypertuple % to be a neighborhood of
t we must have #(a;) € h(a;) for all i. Therefore, to gen-
erate a neighborhood of ¢, we can take an s; € S; such that
t(a;) € s; for all i, resulting in a hypertuple (s,s2,- ).
If @; is nominal, the number of s; € §; such that #(a;) € s; is

r _ vmi—1 (mi—1
Ivi T =0 \i

that is the super set of #(a;). If a; is ordinal, this number
is N/ = (max(a;) —t(a;) + 1) % (t(a;) — min(a;) + 1) since
(max(a;) —t(a;) + 1) is the number of ordinal values above
t(a;), and (¢(a;) — min(a;) + 1) is such a number below #(q;).
Any pair of values from the two parts respectively forms an
interval.

To summarize, the number of neighborhoods of # is HiNl.' s
where

ey

) =2mi~! gsince s; is any subset of dom(a;)

zmifl’
(max(a;) —t(a;) + 1) x (t(a;) — min(a;) + 1),
if a; is ordinal.

if a; is nominal
!
N, =

Cover of simple tuples

Under the above interpretation of neighborhood, we know ex-
actly the number of all neighborhoods of a given simple tuple
t. Here we present an efficient way of calculating cov(t,x),
the number of neighborhoods of ¢ that cover x, which is
needed in Section 3.1.

Consider two simple tuples ¢ = (f],t,---,1,) and x =
(x1,x2,- - ,X4). A neighborhood £ of ¢ covers ¢ by defini-
tion, i.e., t < h. What we need to do is to check if /& covers x
as well. In other words, we want to find all hypertuples that
cover both ¢ and x.

Eq.1 specifies the number of all simple tuples that cover
t only. We take a similar approach here by looking at each
attribute and explore the number of subsets that can be used
to generate a hypertuple covering both ¢ and x. Multiplying
these numbers across all attributes gives rise to the number
we require.

Consider attribute a;. If a; is ordinal, then the number of
intervals that can be used to generate a hypertuple covering
both x; and ¢; is as follows:

N; = (max(q;) —max({x;,#;})+1) x (min({x;,#;}) —min(a;)+1).

If a@; is nominal, the number of subsets for the same purpose

is:
N — 2mi—1 Afx; =1t
[ L .

2mi=2 otherwise
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Recall that m; = |dom(a;)|.
To summarize, the number of neighborhoods of # covering
x is cov(t,x) = [1; N;, where

()
(max(a;) —max({x;,;})+ 1) x (min({x;,4}) — min(a;) + 1),

_ if a; is ordinal
Ni= 2m,—1
2m,~72’

if a; is nominal and x; = ¢;

if a; is nominal and x; # ¢;

4.2 Use of cover as similarity measure

We use cov(t,x) as a measure of similarity between ¢ and x,
which we call the Neighborhood Counting Metric or simply
NCM. That is, for any two tuples x and y, the NCM between
them is

o) NCM(x.y) = covl.y) = [
i=1

where 7 is the number of attributes and N; is given by Eq.2.
It is clear that NCM(x,y) > 0, NCM(x,x) > NCM(x,y) and
NCM (x,y) = NCM(y,x). Therefore the NCM is reflexive and
symmetric, the properties generally required for a similarity
measure [Osborne and Bridge, 1997].

This measure can be interpreted intuitively as follows. If
we consider all neighborhoods around a data tuple, those tu-
ples closer to this tuple should be included in more neigh-
borhoods and those farther away should be included in fewer
neighborhoods (see Figure 1). As a result, closer tuples
should be assigned higher cover values.

In contrast to its usual interpretation in terms of distance,
we interpret the notion of a neighborhood without distance
through the concept of hypertuples for both nominal and ordi-
nal attributes. As a consequence, our novel distance measure
applies to both ordinal and nominal attributes in a conceptu-
ally uniform way.

Incidentally, the NCM intrinsically handles missing values
in a fashion consistent with other measures. Recall, that the
NCM is a product of all N;’s, where i is attribute index. For
two data tuples, ¢ and x, if there is a missing value in ¢ or x for
attribute i, then N; is set to 1. As a result, this attribute does
not contribute towards the NCM value.

5 Evaluation

The new Neighborhood Counting Metric is task-independent
and can therefore be used for classification, clustering and
other analytical tasks involving distances or similarities. We
empirically evaluated the NCM in the context of a classifi-
cation task, using the k-nearest neighbor (k-NN) classifica-
tion algorithm with and without distance-based (neighbor)
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weighting [Baily and Jain, 1978]. The purpose of the eval-
uation is to compare the new measure with some of the com-
monly used distance measures in a setup involving heteroge-
neous data. The evaluation uses public benchmark data sets
from UC Irvine Machine Learning Repository, which were
selected with respect to their balance of ordinal and nominal
attributes.

We implemented a k-NN algorithm with the novel NCM as
well as the measures HEOM, HVDM, IVDM, and DVDM.
The computational runtimes of the MRM turned out too ex-
cessive, so it was excluded from the study. In the experiments
k was set to 1,6,11,16,21,16,31 and to ‘MaxK’ (i.e., k =
the number of data tuples in the training data). We adopted
a 10-fold cross-validation procedure, and for each measure
and each k value we ran the cross-validation 10 times and
recorded the results for subsequent analysis.

Due to space limitations, we report only some of the results
in detail. Table 1 shows the results when weighting was used
and k = MaxK.

A statistical significance analysis was carried out using
the Student 7-test (two samples, assuming unequal variances)
with o = 0.05 (at a 95% confidence level). For each data
set, each measure and each k value, we ran a 10-fold cross-
validation using k-NN 10 times with random partitioning of
data, resulting in a sample of 10 values. For a pair of samples,
by two different measures, we have a total of 20 values. So
the critical value is 2.1. We then calculate the ‘t” values. If
t >2.1ort < —2.1 the two samples are significantly different
(the classification rate of one sample is significantly higher or
lower than that of the other). Notice that every value in Table
1 is the average of a sample of 10 values.

From Table 1 we can see that based on our experimental
design the NCM achieved 17 out of 20 ‘significantly’ higher
classification success rates compared to the other methods
(last row in table). Looking at the subtotals for ‘nominal’,
‘ordinal’ and ‘mixture’ categories (reflected by subtotals from
top to bottom), the NCM achieves the largest margin over its
competitors for the ‘nominal’ data sets, followed by ‘mixture’
and then ‘ordinal’. This suggests that, when all data tuples are
taken into consideration, the NCM is clearly superior under
all circumstances.

The details of the results involving other values for k are
not shown. In terms of k-changes, we observe that with-
out weighting there was no significant difference between the
used measures. When weighting was used, there was still lit-
tle difference for small k values. The general trend for all
measures was: as k got larger the classification success rate
increased slightly but soon started to decline. The difference
then showed up as the NCM displayed a much slower rate
of decline and, after k > 11, the NCM consistently outper-
formed the other four measures (see k = MaxK as discussed
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above). We can conclude that the NCM produces less vari-
able or more robust results than the other four measures.

6 Conclusion

Starting from a probability function, we have developed
a novel similarity or distance measure, the Neighborhood
Counting Metric, which can be used with ordinal, nominal
and heterogeneous attributes in a conceptually uniform way.
This measure is defined without reference to any particular
analytical task (e.g., classification). This means that the mea-
sure is potentially useful for many reasoning, inferential and
reasoning tasks and systems modeling analogy or similarity.
Because the NCM is based on a simple, easy-to-implement
mathematical formulation and has a computational complex-
ity in the same order as the Euclidean distance measure, it is
a prime candidate for practical Al methods and tools.

Our empirical evaluation demonstrates that in a k-NN-
based classification task, the measure significantly outper-
forms its competitors when distance-based neighbor weight-
ing is used and when £ is not too small, in particular when all
data tuples are taken into consideration. As k gets larger, the
NCM displayed a consistently superior performance over the
reference methods. The difference is most significant when
all data tuples in a training data set are considered. This im-
plies that the NCM is less sensitive to k than the other mea-
sures considered in this study. Given an application based
on the k-NN algorithm, if the optimal value for k is not
known, we can simply consider all or a relatively large set
of data tuples without a significantly compromising perfor-
mance. Therefore, the performance of this measure is more
predictable than the other methods investigated in this study.

In our experiments, all attributes were assumed to have
equal weights. Future work will investigate how to determine
the best attribute weights to achieve improved performance,
as well as an application of the NCM to clustering tasks.
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Abstract

Many constraint toolkits provide logical connec-
tives like disjunction, negation and implication.
These permit complex constraint expressions to
be built from primitive constraints. However, the
propagation of such complex constraint expres-
sions is typicaly limited. We therefore present
a simple and light weight method for propagat-
ing complex constraint expressions. We provide
a precise characterization of when this method en-
forces generalized arc-consistency. In addition, we
demonstrate that with our method many different
global constraints can be easily implemented.

1 Introduction

Real world problems often contain logical combinations of
numerical and symbolic constraints. For example, many con-
figuration problems are naturally specified using implication
and other logical connectives (e.g. if the car is a coupe or a
convertiblethen aroof rack isnot avalid option). To facilitate
the modeling of such problems, constraint toolkits allow log-
ical combinations of primitive constraintsto be posted. How-
ever, such combinations are typically not propagated very ef-
fectively. For example, the propagation of a disjunction of
congtraints is generally delayed until all but one of the dis-
juncts are falsified after which the remaining disunct (which
must now hold) is propagated.

We will present asimple and light weight method to propa-
gate constraint expressions built up from logical connectives
and primitive constraints. This method can be incorporated
into any current constraint toolkit by a simple extension to
the propagators for the primitive constraints. We can there-
fore providethe user with arich languagefor specifying prob-
lems, whilst preserving the ability to prune the search space.
To demonstrate the usefulness of such afacility, we show that
many global constraints can be easily specified and, in some
cases, effectively propagated, using simple constraint expres-
sions. Thus our method can often provide the toolkit user
with avery low cost aternative to the enterprise of designing
and implementing special purpose propagators for unusual
global constraints that might appear in their problem.
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TThis research funded in part by National ICT Australia.
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2 Inconsistent and Valid Assignments

A constraint satisfaction problem consists of a set of vari-
ables, each with a domain of values, and a set of constraints.
Each constraint consists of a scope of variablesto which it is
applied, and a relation of alowed values for those variables.
For convenience, we represent the domains D of the variables
by the set of possible assignments. For example, if we have
two O/1 varigbles, X andY thenD = {X =0, X =1,Y =
0,Y = 1}. We let domain(X) be the set of values in the
domain of thevariable X: domain(X) = {a | X = a € D}.
Anassignment set T isaset of assignmentsto variables such
that no variable is assigned more than one value by 7. The
scope of an assignment set + (constraint C) is the set of vari-
ablesin 7 (C) and is denoted by scope(T) (scope(C)). Given
a constraint C' and an assignment set T with scope(C) C
scope(T), wewrite C(7) iff the assignmentsin 7 satisfies C.
That is C(7) iff there exists X1 = a1, .., Xy = ax € 7 with
scope(C) = {X1,.., X} and X1 = aq, .., X} = ay, setisfies
C. Wewrite -C(7) otherwise.

An assignment is (generalized arc) inconsistent for a
constraint iff no assignment set containing it satisfies the
constraint. That is, X = a is inconsistent for C iff
V7. (scope(C) C scope(t) A X =a € 7)— —C(1). A con-
straint C' has an unique maximal set of inconsistent assign-
ments MazInc(C'). For example, giventhe constraint X < Y
with X = {0,1,2} andY = {1,2}, then {X = 2} isthe
maximal set of inconsistent assignments. Assignments that
are consistent have at least one witness falsifying the above
condition; i.e., X = a isconsistent iff there is an assignment
set 7 (called a support) with scope(7) = scope(C) A X =
a € TAC(7). A constraint C'is GAC (Generalized Arc Con-
sistent) iff every value of every variable in scope(C) has at
least one support. If X = a isinconsistent, we can prune a
from the domain of X. A constraint C' can be made GAC by
simply pruning al valuesin MazInc(C) from the domains of
their respective variables.

An essential notion for our approach is the concept of a
valid assignment. Valid assignments are the dual of incon-
sistent assignments. An assignment is valid for a constraint
iff al assignment sets containing it satisfy the constraint. That
is, X = aisvaidfor C iff V7. (scope(C) C scope(T) N X =
a € 7) — C(7). As with inconsistent values every con-
straint C' has a unique maximal set of valid assignments,
MazValid(C). For example, given the constraint X < Y
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with X = {0,1,2} and Y = {1, 2}, the maximal set of valid
assignmentsis {X = 0}. All possible extensionsof X = 0
satisfy the constraint X < Y, but all other assignmentsto X
can be extended so that they fail to satisfy the constraint.

All of the concepts presented for inconsistent assignments
have dua versions for valid assignments. For example, the
dual of consistent assignments is the notion of non-valid as-
signments. An assignment X = a isnon-valid if thereis at
least one assignment set 7 with scope(7) = scope(C)ANX =
a € 7 A-C(r). Another example is that the dua of a
support is a non-support. An assignment set T is a non-
support for an assignment X = a in a constraint C iff
scope(T) = scope(C)ANX = a € T A-C(T). A non-support
witnesses the non-validity of X = a.

3 Constraint Expressions

To build complex constraints, we combine primitive con-
straints using negation, disjunction and conjunction. A con-
straint expression is either a primitive constraint C' or any
well-founded Boolean expression of the form: true, false,
not(C1), or(Cy,..,Cx) or and(Cy, ..,Cr), whereeach C; isit-
self a constraint expression. true is the primitive constraint
which is aways valid, whilst false is aways inconsistent.
We also alow the expressions implies(C1,Ca), iff (C1,Ca2),
fL‘OT(Cl,Cg) and ifthen(Cl,Cg,Cg), but regard these addi-
tional connectivesto be abbreviations:

or(not(Cy),Cz)
and(or(not(Cy),Ca), or(not(Ca),C1)
and(or(Cy,C2), or(not(Cy), not(Cs))
and(or(not(Cy),Ca), or(Cy1,Cs))

implies(C1,C) <
iff (C1,Ca)
zor(Cy,Ca) <
ifthen(Cl,Cg,Cg) —

Each constraint expression C represents a new constraint
whose scope is equa to the union of the scopes of the prim-
itive constraints in C. An assignment set 7 satisfies C iff
scope(C) C scope(T) and the Boolean expression represent-
ing C evaluatesto true given the truth values of the component
primitive constraints under 7. For example, an absolute value
constraint X = abs(Y") can be written as the constraint ex-
pression ifthen(Y > 0, X =Y, X = -Y). Similarly, amax
constraint X = max(Y, Z) can be written as the constraint
expression and(X > Y, X > Z or(X =Y, X = 2)).

Since a constraint expression is itself a constraint, as-
sociated with every constraint expression C is a maximal
set of inconsistent assignments, MazInc(C), and a maximal
set of valid assignments MazValid(C). We can make the
constraint expression C generalized arc consistent by prun-
ing all assignments in MazInc(C). It is aso useful to ob-
servethat the duality between valid assignmentsand inconsis-
tent assignmentsimplies MaxzInc(C) = MazxValid(not(C)):
X=a € MazInc(C) < (Vr.X=a € tau — (=C(1) <
not(C)(7)))« X=a € MazValid(not(C)).

4 Constraint Propagation

Not surprisingly, it is NP-hard to compute MazInc for an ar-
bitrary constraint expression. More precisely, decidingif aset
of assignmentsisthe maximal inconsistent set for an arbitrary
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Inc(not(C1), D)
Valid(not(Cy), D)
Inc(or(Cy,..,Cx), D)
Valid(and(Cy, ..,Cy), D)
Inc(and(Cy, ..,Ck), D)
Valid(or(Cy, ..,Ck), D)

Valid (C1, D)

Inc(Cy,D)

N; Inc(C;, D)

N, Valid(C;, D)
Itinc(and(Cy, ..,Ck), D)
ItValid(or(Cy, ..,Cy), D)

Itinc(and(Cy, ..,Ck), D) ItValid(or(Cy, ..,Ck), D)
inc:= 0 valid := ()
repeat repeat
inc’ := J; Inc(C;i, D) valid" := |, Valid(C;, D)
D = D-—ind D := D — valid’
inc := incUinc valid := wvalid U valid’
until(inc’ = () until(valid’ = ()
return(inc) return(valid)

Table 1: Functions for computing valid and inconsistent assign-
ments of a constraint expression. In addition, Inc(true,D) =
Valid(false, D) = 0, and Valid(true, D) = Inc(false, D) = D.

constraint expression is D¥ -completein general. There are
results on tractable languages that identify tractable cases for
computing Mazinc and Maz Valid. However, we are inter-
ested here in computing inconsistent assignments for arbi-
trary constraint expressions, which isintractable in general.

We propose a simple and light weight method for comput-
ing subsets of MazInc and MaxValid in polynomial time.
The method is compositional, computing the inconsistent
and valid assignments of a constraint expression from the
inconsistent and valid assignments of its parts. For a con-
straint expression C and variable domains D, the functions
Inc(C, D) and Valid(C, D) return subsets of MazInc(C) and
MaxValid(C) respectively. Thesefunctionsrecursively apply
therulesin Table 1, until they reach the primitive constraints.
We assume that each primitive constraint has a poly-time al-
gorithm to compute inconsistent and valid assignments.

The algorithm can be optimized by a simple caching
scheme in which we remember the previously computed
value Inc(C;, D) for each subexpression C;. If in a subse-
quent cal Inc(C;,D’), D' isidentica to D when restricted
to the variables in scope(C;), then we can reuse the previ-
ously computed result for Inc(C;, D). A similar optimization
worksfor Valid(C;, D). Inaddition, if we computeand prune
inconsistent values incrementally, we can stop as soon as any
variable has a domain wipeout.

4.1 Entailment and Disentailment

A congtraint expressionis entailed iff it holdsfor all possible
assignments. A constraint is disentailed iff it does not hold
for any possible assignment. Aswe show below, Valid(C, D)
returns only valid assignments. Hence, if Valid(C, D) equals
thedomainsof al of thevariablesin the scopeof C, C must be
entailed. In such a situation, we modify the computation of
Valid so that Valid(C,D) = D (note that D might include
domains of other variables besides those in the scope(C)).
Similarly, if Inc(C, D) equals the domains of al of the vari-

1The complexity class D contains problems which are the con-

junction of a problem in NP and one in coNP [Papadimitriou and
Yannakakis, 1984].
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ables in the scope of C then C is disentailed; and we modify
the computation of Inc sothat Inc(C, D) = D.

To show the benefit, consider implies(even(X), odd(Y"))
with D={X=0, X=2, Y=1, Y=2} Now
Inc(implies(even(X), odd(Y)), D) = Valid(even(X), D)

N Inc(odd(Y),D). Using the unmodified versions,
Valid(even(X), D) will returnjust valid valuesfor X, whilst
Inc(odd(Y')), D) returnsjust inconsistent values for Y. Inc
would then compute the empty set of inconsistent assign-
ments for implies(even(X), odd(Y)). Note, however, that
domain(X) only contains even numbers. Hence even(X)
is entailed. Therefore the modified Valid (even(X), D) can
return D, in which case Inc(implies(even(X), odd(Y), D)
=DnN Inc(odd(Y), D) = {Y=2}. Asrequired, thisis the
maximal set of inconsistent assignments.

4.2 Correctness

We prove that Inc and Valid are correct. That is, they only
return inconsistent and valid assignments respectively.

Theorem 1 Inc and Valid are correct assuming that incon-
sistent and valid assignments are correctly computed for the
constituent primitive constraints.

Proof: By induction on the structure of the constraint ex-
pression. The base case holds by assumption. The step case
uses case analysis.

For a constraint expression not(C1,D), we have that
Inc(not(Cy),D) = Valid(C1,D). By induction, the as-
signments in Valid(Cy, D) are vaid. Hence al of these as-
signments are inconsistent for not(C1, D). A dua argument
shows that the assignmentsin Valid(not(C1), D) arevalid.

For a constraint expression C = and(Cy, ..,Ci), we have
Valid(C,D) = (), Valid(C;, D). Suppose X = a €
Valid(C,D). Thenfor dl i, X = a € Valid(C;, D). By
the induction hypothesis, the assignments in each Valid(C;)
are valid. Consider any assignment set = such that X =
a € 7 and scope(C) C scope(r). Since X = a is valid
for each C;, 7 must satisfy all C; and thus must satisfy the
conjunction. Hence X = a is aso vaid for C. For C =
Inc(and(Cy, ..,Ck), D) asimilar argument shows that the as-
signmentsin |J, Inc(C;, D) are inconsistent. Deleting these
assignments from D cannot cause any consistent assignment
to lose its support, hence Inc(C;, D’) on the reduced domain
D’ must still return inconsistent assignments. ItInc then re-
computes | J; Inc(C;, D) until we reach afixed point.

Similar arguments hold for constraint expressions of the
form or(Cy,..,Cx). O

4.3 Termination

The ItInc and It Valid functions only require alinear (in the
size of the CSP) number of iterationsto reach their fixed point
in the worst case.

Theorem 2 [tInc and It Valid take O(nd) iterationsto reach
their fixed pointsfor a constraint expression with n variables
and domains of size d. There exist constraint expressions
which take ©(nd) iterations to reach the fixed point.

Proof: As each iteration removes at least one value, we
must reach the fixed point in at most nd steps. We can give
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a simple example in which this bound is reached. Consider
and(Cl, ..,Cn) WhereC7 |SX7 = X7;+1 fori < n and X1 —
X, = 1fori = n. Suppose domain(X;) = {1,..,d} for
every i. Thenin the first iteration, ItInc returns {X; = 1}
as this value is not supported in X; — X,, = 1. After this
is pruned from D, a second iteration returns {X, = 1} as
this value is now not supported in X; = X5. And so on
up to the nth iteration which returns {X,, = 1}. After this
is pruned, the n + 1th iteration returns {X; = 2} as this
value is now not supported in X, — X,, = 1. Hence, there
are nd iterations before all the values of al the variables are
removed. Notethat even if we stop when thefirst variable has
adomain wipeout, it will still take (n — 1)d + 1 iterations. O

4.4 Maximality

These functions do not always compute maximal sets, evenif
maximal sets are computed for the primitive constraints from
which they are composed. This is not surprising given that
computing maximal sets for an arbitrary constraint expres-
sion isintractable in general. The following result precisely
characterizes when Inc returns the maximal inconsistent set
of assignments. In other words, the following result identifies
exactly when pruning the values returned by Inc ensures that
aconstraint expressionis GAC.

We start with a number of definitions. A hypergraph
H = (H,E) is aset of vertices H and hyperedges E
each of which is a subset of H. A hypergraph H has an
acyclic tree decomposition [Flum et al., 2002] iff there is
atree T satisfying: (1) there is a one-to-one correspondence
between the hyperedges of H and the nodes of T'; the hy-
peredge corresponding to a tree node ¢ is called ¢'s label
(label(t)); (2) for every vertex v € H the set of nodes ¢ of
T such that v € label(t) form a subtree of T'. The hyper-
graph of a conjunctive or digunctive constraint expression,
C = and(Cy,..,Cx) or C = or(Cy,..,Cy), has the variables
in scope(C) as vertices and the sets of variables scope(C;),
1 =1,.., k ashyperedges. We will relax this definition to take
account of (dis)entailment. If C = and(C4,..,Cx) then we
ignore any entailed subexpression when constructing the hy-
pergraph. Similarly, if C = or(Cy, .., Cx) then we ignore any
disentailed subexpression. Under this relaxation we define a
conjunctive or disunctive constraint expression to be acyclic
if its corresponding hypergraph has an acyclic tree decompo-
sition. For example, aconjunctioninwhich the primitive con-
straints are in a chain, and each has only one variablein com-
mon with the previousand next constraint isacyclic. Acyclic-
ity is, however, more general than being a chain. We will use
acyclicity to characterize when Inc computes MazInc.

Theorem 3 For any constraint expression C and any vari-
abledomains D, Inc(C, D) = MaxInc(C, D) if:
1. C is a primitive constraint and Inc(C,D) =
MaxInc(C, D);
2. C = not(Cy) and Valid(C1, D) = MaxzValid(Cy, D);
3. C = or(Cy,..,Cx) and Inc(C;, D) = MazxInc(C;, D) for
i€ (1,..,k);
4.C = and(Cy,.,C;) and (@ Inc(C;, D) =
MaxInc(C;, D) for i € (1,..,k); (b) C is acyclic;
and () |scope(C;) N scope(C;)| < 1fori,j e (1,..,k);
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5. Inc(C,D) =D.

Proof: 1. Immediate.

2. Suppose Valid(C1,D) ismaxima. Then for any X =
a ¢ Valid(Cy,D), there exists 7 with X = a € 7 and
—Ci (7). Hence X = @ cannot be in Inc(not(C1),D) ast
is one assignment that prevents it being inconsistent. Hence
Inc(not(Cy), D) ismaximal.

3. Suppose Inc(C;, D) are maximal. Consider X = a ¢
Inc(or(Cy,..,Cr),D). Then X = a & ();<;< Inc(C;i, D).

That is, X = a & Inc(C;,D) forsomej € (1,..,k). As
Inc(C;, D) is maximal, there exists 7 with X = a € 7 and
Cj(7). Thus X = a cannot bein Inc(or(C1,..,Cx), D) asT
is one assignment that prevents it being inconsistent. Hence
Inc(or(Cy,..,C), D) ismaximal.

4. Suppose X € scope(C)with X =a € D,but X = a ¢
Inc(C, D). We must show that X = a ¢ MaxzInc(C, D). Let
D¢ = D—Inc(C, D), i.e, the consistent assignmentsremain-
ing in the variable domains. From Table 1 we observe that
Inc(C;, D¢) = () and by condition (8) MaxInc(C;, D) =
foral i € (1,.., k). Consider the acyclic tree decomposition
associated with C. Orient this tree so that the root is labeled
with scope(C;) for some C; with X € scope(C;). Note that
by property (2) of an acyclic tree decomposition and condi-
tion (c), each of the subtrees below C; can have at most one
variable in common with the other subtrees. Furthermore if
two subtrees do have avariablein common that variable must
bein the scope(C;).

Since X = a € D¢ it must have some support 7 on C; such
that = € D°. Now we extend this support downwards in the
tree decomposition to the childrenof C;: C}, .., C£. Each such
child C; shares only one variablewith C;, say Y, and Y must
be assigned somevalueinr,say Y = b. SinceY = b € D¢
it must have a support 7; in C; such that 7; € D¢. Thuswe
can extend 7 to asupport for and(C;, C;) for each child of C;.
Furthermore the supports 7; for the individual children of C;
cannot bein conflict: C; and C;, can only share avariable al-
ready assigned by 7, hence 7; and ;; must agree with 7 and
with each other on the value assigned to this variable. Thus
we can extend 7 to a support for al of C;’'s children. Further-
more, by the same argument each support 7; for the child C;
can be extended to a support for al of the conjunctsin the
subtree below C;. Hence, T can be extended to a support for
dlof C,andsince X =a € 7, X = a & MaxInc(C, D).

Notethat if and(Cy, .., Cx) containsany entailed conjuncts,
these can be eliminated without changing the maximal set of
inconsistent assignments. We can then apply the argument
above to the remaining acyclic part of the conjunction.

5. Immediate since MazInc(C,D) C D. O

In fact, we can show that these five cases are the only
ones in which Inc is dways guaranteed to be maximal. This
reverse direction needs a little care as Inc may compute
MazInc by chance. However, these five cases are the only
ones in which, irrespective of the constraint subexpressions,
Inc is guaranteed to compute MazInc. A dual result holds,
and characterizes precisely when Valid computes Max Valid.

Previous related results have shown that acyclic database
queries of bounded tree width are tractable. Bounded tree
width (tree width one) is also known to be the condition
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that characterizes when arc consistency achieves GAC on
conjunctions of binary constraints. The main difference be-
tween our result and these previous results is that we do not
place any restriction on the arity of the primitive constraints.
Hence, our result does not depend on bounded tree width (the
tree width of the constraint graph is at least as large asthe ar-
ity of the primitive constraints). Given primitive constraints
for which GAC can be efficiently computed (no matter their
arity), our result characterizes when this efficiency can be
lifted to complex combinations of these constraints.

5 Some Applications

To demonstrate the usefulness of constraint expressions and
our propagation algorithm, we show that a wide range of
global and other constraints can be specified and propagated
using simple constraint expressions. |n many cases, our light
weight propagation algorithm is able to achieve GAC. Our
method is then an effective and low cost means to implement
these constraints. This is especialy valuable when the con-
straints useful for a particular problem are too specialized to
bein the user’s constraint toolkit.

DomAIN constraint. This channels between a variable
and a sequence of 0/1 variables representing the pos-
sible values taken by the variable. More precisely,
DOMAIN(X, [X7, .., X,,]) ensures X = i iff X; = 1 [Refalo,
2000]. We can decompose this into a disjunction:

or(and(X =1,X1=1,.,X, =0),..,
and(X =n, X1 =0,..,X, =1))

The equality constraints in each conjunct again have no vari-
ables in common. Hence pruning the values returned by Inc
enforces GAC.

ELEMENT constraint. This indexes into an array with a
variable [Van Hentenryck and Carillon, 1988]. More pre-
cisaly, ELEMENT(I, [ X4, .., X,,], J) holdsiff X; = J. We
can use this to look up the price of a particular component
included in a configuration problem. It decomposes into a
simple disunction:

or(and(I =1,J =X4),..,and(I =n,J = X,,))

The equality constraints within each conjunct share no vari-
ables. Hence pruning the values returned by Inc enforces
GAC.

MEMBER constraint. This ensures that a particular value
is used. More precisely, MEMBER(I, [X1, .., X,,]) holds iff
there exists j with X; = I. We can decompose this into a
digunction:

or(Xi=1,.,X,=1)
Pruning the values returned by Inc enforces GAC.

MAX constraint. This computes the maximum vaue
taken by a sequence of variables. More precisely,
MAX(N, [X1,.., X,,]) holdsiff there exists ¢ with N = X
and X; > X; foral j. A MAX constraint can be decom-
posed into a disunction:

or(and(N = X1,X1 > Xo,., X5 > X))
and(N = XQ,XQ > Xl,XQ > Xg, ..,XQ > Xn)
cey and(N = Xn7Xn Z Xl, --7Xn > Xn—l))
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Pruning the values returned by Inc on such a decomposition
enforces GAC.

CHANNELLING constraints. It is often advantageous to
specify multiple viewpoints of a problem. Constraints may
be easier to specify in one viewpoint and propagate better in
another. Channelling constraints are then needed to link the
different viewpoints. For example, multiple viewpoints have
proved useful in the orchestra rehearsal problem, prob039
in CSPL1B. The channelling constraints used here can be
specified as constraint expressions:

Zﬁ(Xz = 1, OT(Xi_l = 1,Yz = 1))
iff (Zk = j,and(X; =1, X1 = 0))

The problem also contained a specialized optimality con-
straint which can be specified as the constraint expression:

implies(X <Y, Wx =1)

Where Wx = 1 can itself be specified with an ELEMENT
constraint.

LEX constraint. This lexicographically orderstwo vectors
of variables. It has many applicationswhen dealing with sym-
metry [Frisch et al., 2002]. We can decompose it into a dis-
junction:

O’I"(Xl < Yl,
and(X1 = Y1, X5 < Ya),
and(X1 =Y1,Xo =Y, X3< Y},), .y
(l’l’Ld(Xl = Yl, ..,Xn,1 = Ynfl,Xn S Yn))

As the constraints in each conjunct share no variables, prun-
ing the values returned by Inc enforces GAC on the LEX
congtraint. In addition, if we memoize previous results, Inc
will be comparableto the efficient algorithm in [Frisch et al.,
2002].

The choice of decomposition of a global constraint is im-
portant for ensuring as much propagation as possible. For
instance, an alternative decomposition is the conjunction:

and(X1 S Yl,
implies(X; = Y1, Xo < Y3), ..
implz'es(and(Xl = Yi; --7Xn—1 = Yn—l)a Xn < Y;I))

Pruning the values returned by Inc on this decomposition
may not enforce GAC on the LEX constraint. Consider X ;
andY; € {0,1}, Xo =1adY¥; = 0. ThenX; = 1 and
Y1 = 0 are both inconsistent assignments. However, Inc ap-
plied to this decomposition will return the empty set.

VALUE PRECEDENCE constraint. This breaks symme-
tries in a segquence of variables, X to X,, caused by two
indistinguishable values s and ¢ [Law and Lee, 2004]. We
can decompose it into a simple conjunction:

and (X # t,implies(Xo = ¢, X1 = 8), ..,
implies(X,, =t,or(X1=s,..,Xn_1 =5)))

Theorem 2 of [Law and L eg, 2004] showsthat enforcing GAC
on each conjunct achieves GAC on the global constraint. As
each conjunct expands out into a simple disjunction, pruning
the values returned by Inc enforces GAC on the global con-
straint.
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AMONG constraint. This limits the number of variables
taking values from a set [Beldiceanu and Contejean, 1994].
More precisely, AMONG([X1, .., Xp], [d1, .., dim], N) holds
iff N = |{i{|X; = d;}|. The constraint is useful in many
resource alocation and scheduling problems. By introducing
additional variables IV; in which to accumulate a count, we
can decomposethisinto arelatively simple constraint expres-
sion:
and(ifthen(X, € D, Ny = 1,Ny = 0),
ifthen(Xs € D, Ny = N1 + 1, No = Ny),
., ifthen(X,, € D,N =N, 1 +1,N = N,,_1)),

where X; € D is an abbreviation for or(X; = d1,.., X; =
dm,)-

Unfortunately, Inc does not achieve GAC on such a de-
composition. Consider, for example, X, X, € {0,1},
N e {0,1,2} and N; € {0,1}. Enforcing GAC on
AMONG([X1, X5],[0,1], N) will prune 0 and 1 from N
whilst Inc returns the empty set. Similar decompositions
and results hold for the ATMOST, ATLEAST, CHANGE, and
COUNT constraints.

NOTALLEQUAL constraint. Thisensuresthat not all vari-
ables take the same value [Beldiceanu and Contejean, 1994].
More precisely, NOTALLEQUAL ([ X7, .., X,,]) holdsiff there
exists ¢ and j with X; # X;. This can be decomposed into
the following constraint expression:

or(X1 # Xo, ... X1 # X,)

Pruning the values returned by Inc enforces GAC.

NVALUE constraint. This counts the number of values
used by asequence of variables [Pachet and Roy, 1999]. More
precisely, NVALUE([ X7, .., X,,], N) holdsiff [{X;|]1 <i <
n}| = N. The constraint is useful in a wide range of prob-
lems involving resources The ALLDIFFERENT constraint is
a special case of the NVALUE constraint in which N = n.
Unfortunately, it is NP-hard in general to enforce GAC on a
NVALUE constraint [Bessiere et al., 2004].

One way to propagate this constraint in polynomial timeis
to decompose it with an additional set of 0/1 variables repre-
senting the characteristic function of the set of values used:

and(iff (S1 =1, 0or(X; =1,.., X, = 1)),
) Zﬁ(sm =1, Or(Xl =m, "7Xn = m))a
Z?;l Si=N)

Where the domains of the X ; are assumed to be from 1 to m.
Not surprisingly, Inc does not compute the maximal set of
inconsistent assignments for this constraint expression. For
example, suppose X1, Xo € {1,2}, X5 € {1,2,3}, N =3
and S; = 1for1 <4 < 3. Then Inc returns the empty set,
eventhough X3 = 1 and X3 = 2 areinconsistent.

A similar decomposition and result holds for the CoMMON
constraint, which is also NP-hard to propagate.

6 Related Work

Lhomme has proposed GAC agorithms for logica combi-
nations of primitive constraints, focused primarily on those
that are given in extension [Lhomme, 2004]. For example,
on adigunction like or(C1, .., Ck), the agorithm tests each
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assignment for membershipin (), MaxInc(C;). If theassign-

mentisnotin MazInc(C;) for somes, theremaining MazInc
sets do not have to be tested. However, in the worst case, we
still have to compute Maxinc for al of the primitive con-
straints, as we require in our method.

Bessiére and Régin have proposed an algorithm for enforc-
ing GAC on a conjunction of primitive constraints [Bessiére
and Reégin, 1998]. However, as could be expected, this re-
quires O(d™) timein the worst case.

Other approachesto propagating constraint expressionsare
based on reification or delaying. It is not hard, however, to
show that Inc provides strictly more pruning. Suppose we
have adisunctionlike or(X < 2, X > 4). We can reify this
intoB; « X < 2, By <« X > 4,and B; + By > 0.
These constraints are delayed until either inequality is en-
tailed or disentailed. However, Inc can prune values imme-
diately. Consider X € {1,3,5}. Then neither inequality is
entailed or disentailed. However, Inc will return the incon-
sistent assignment X = 3.

To perform more pruning on such digunctions, cc (FD)
introduced constructive disjunction [Van Hentenryck et al.,
1998]. If any of the diguncts, C; in a constructive digunc-
tion, Cy V. .. V. C) is entailed by the constraint store, then
the constructive disjunction is satisfied. Otherwise, each con-
straint C; is added in turn to the constraint store and propa-
gated. The resulting inconsistent assignments are recorded,
the state restored, and the next constraint is processed. The
intersection of the inconsistent assignments found for each
constraint are then taken to be the inconsistent assignments
for the digunction. Constructive disunction can do more
pruning than enforcing GAC. For example, even though both
or(X = 0,Y = 0)and X = Y on 0/1 varigble are
GAC, propagating X = 0V.Y = 0and X = Y prunes
X =Y = 1. Thisextra pruning arises from interaction be-
tween the disjunctive constraint and the other constraints in
the constraint store. For this reason, constructive disjunction
can be very expensive, and may not justify its costsin practice
[J. Wiirtz and T. Mlller, 1996].

The cardinality constraint can be used to implement con-
junction, digjunction, negation, as well as a host of other use-
ful constraints [Van Hentenryck and Deville, 1991]. How-
ever, only a very restricted form of consistency is enforced
on the cardinality constraint, and Inc does more pruning in
general. For example, if C1isX =0,CyisX = 1 and
D={X=0,X =1,X = 2} then Inc(or(Cy,C5),D) =
{X = 2}. Pruning X = 2 makes the problem GAC. How-
ever, the equivalent cardinality constraint, card(N, [C1, C2])
where N > 1 is consistent without any prunings.

In contrast to these previous works, we have provided a
tractable method for computing a subset of MaxInc that does
a useful amount of constraint propagation. Our algorithm
is compositional as it uses the propagators provided for the
primitive constraints. Hence it can be applied to complex,
nested logical expressions.

7 Conclusion

We have proposed asimple and light weight method for prop-
agating logical combinations of primitive constraints. Since
computing the maximal set of inconsistent assignments for
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such constraint expressions s intractable in general, we have
given a polynomial time function which computes a tractable
subset compositionally. We characterized precisely when this
function computes the maximal set of inconsistent assign-
ments. Finally we have shown that many different global
constraints can be implemented using these methods. There
remain many interesting directionsto follow both from athe-
oretical and practical perspective. For example, how do we
compute and use nogoods for constraint expressions?
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Abstract

We present a new incremental knowledge acquisi-
tion approach that incrementally improves the per-
formance of a probabilistic search algorithm. The
approach addresses the known difficulty of tuning
probabilistic search algorithms, such as genetic al-
gorithms or simulated annealing, for a given search
problem by the introduction of domain knowledge.
We show that our approach is effective for develop-
ing heuristic algorithms for difficult combinatorial
problems by solving benchmarks from the industri-
ally relevant domain of VLSI detailed routing.

In this paper we present advanced techniques for
improving our knowledge acquisition approach.
We also present a novel method that uses domain
knowledge for the prioritisation of mutation opera-
tors, increasing the GA’s efficiency noticeably.

1 Introduction

Searching for good or even optimal solutions for complex
combinatorial problems has been a challenge in Artificial In-
telligence research ever since AI’s earliest days.

While it has been long recognized that the effectiveness
of a particular search approach depends on the chosen rep-
resentation as well as certain characteristics of the problem
to be solved, to date there is no systematic approach avail-
able that allows one to efficiently engineer a special-purpose
search strategy for a given search problem.

In this paper we present an approach that allows humans
to articulate their intuition about how to search effectively for
a given search problem. This appears to be a promising ap-
proach as humans often have good intuitions about how to
find acceptable or good solutions to search problems, if they
had to search manually.

We embedded our approach in the probabilistic search
framework of Genetic Algorithms (GA). While GAs have a
reputation as being general purpose, in practice it requires
usually substantial adaptation effort to the search problem
at hand. For complex problems this process may well take
months in order to allow the GA to find an acceptable solu-
tion within reasonable time.

We chose a probabilistic search algorithm in which to em-
bed the problem specific knowledge about effective search
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strategies as this allows one to stop the knowledge acquisi-
tion process at any time. A smaller knowledge base (KB)
results in a less effective search process, but may still find a
satisfactory or near satisfactory solution for less challenging
problem instances. Incremental additions to the KB improve
the effectiveness of the search.

As part of our discussion, we present a novel technique
of varying GA mutation strategy based on execution history,
having implications beyond our work for GAs in general.

For the knowledge acquisition process we build on the idea
of Ripple Down Rules [3], which allows us to incrementally
refine the given (initially empty) knowledge base. Ripple
Down Rules (RDR) ensure that a knowledge base is only
amended in a way that does not deteriorate its accuracy on
previously seen instances.

Our variant of RDR is a significant extension of the RDR
approach. We also introduce an expanded knowledge acqui-
sition process in which we help the expert find examples in
past search history where the quality of the KB needs atten-
tion. This work is based on [1].

In section 2 we provide a short overview of genetic algo-
rithms and RDR. This is followed by section 3 where we de-
scribe our framework HeurEAKA!. Section 4 introduces a
case study of how HeurEAKA! was applied to detailed rout-
ing, an industrially relevant problem in VLSI design. We dis-
cuss our experiments and results to these in section 5, demon-
strating that our approach is successful. The conclusions fol-
low in section 6.

2 Background

Before we discuss our approach to combining GAs and
Knowledge Acquisition, we start with a brief summary of
these two areas:

2.1 Probabilistic Search with Genetic Algorithms

A number of evolutionary algorithms exist; we base our ap-
proach on genetic algorithms which is one such algorithm.
Basic GAs are relatively easy to implement. A solution candi-
date for the given problem instance is encoded into a genome.
A set of genomes makes up a population of potential solu-
tions. The GA performs a search through the solution space
by modifying a population of genomes, guided by an evolu-
tionary heuristic. When a suitable solution has been identi-
fied, the search terminates.
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GAs usually start with a randomly initialized population
of individuals, and guide their search by a fitness function of
the individuals. In a probabilistic fashion, using operators for
selection, mutation and crossover, the GA attempts to direct
the search to promising areas. I.e. the GA maintains a certain
population size by replacing less fit individuals by newly gen-
erated ones. The new individuals are generated by mutation
or cross-over based on parent individuals of high fitness.

Due to their generality and flexibility, GAs have been ap-
plied in many domains, demonstrating their effectiveness on
hard problems [4; 6]. In very complex domains there are sig-
nificant challenges where generic GA techniques do not scale
well. This includes high sensitivity to problem encoding and
operator formulation, selection strategies, as well as selection
of operator weightings, population size and running time[7;
13; 6]. Thus in practice substantial tuning of the GA is nec-
essary to augment the generic algorithms.

In our approach, we do not use an encoding of our prob-
lem into a binary code as is often seen with conventional GAs.
Instead, our encoding is a direct representation of a solution
(see below for a better description). Our crossover operator
is designed for this representation and thus is very effective
in maintaining sub-solution coherence in the genome, and
also identifying which areas of the genome appear fitter than
others. We have a simple yet effective crossover operator,
and chose to concentrate our work on the mutation operator
- mainly because it was better suited to our the knowledge
acquisition approach.

Our approach integrates with the GA a knowledge base
where humans can codify their intuition about useful search
steps and strategies for the given type of problem.

In addition, we present a novel method that uses domain
knowledge for the prioritisation of mutation operators, in-
creasing the GA’s efficiency noticeably. Because we have
sufficient domain knowledge in our fitness function, we can
identify parts of the genome that are desirable or undesirable
and use that knowledge to influence mutation strategy. We
also show how using the mutation history of these identified
characteristics to change mutation selection strategy.

2.2 Knowledge Acquisition using Ripple Down
Rules

RDR [3] allows one to add rules to a knowledge base in-
crementally without compromising the previously shown sat-
isfactory performance of the KB. An extension of RDR
allows hierarchical structuring of RDRs - “nested RDR”
(NRDR) [2]. NRDR allows the re-use of definitions in a KB,
as well as the abstraction of concepts, which allows for more
compact KBs.

Single Classification Ripple Down Rules (SCRDR) use a
binary tree where the root node is also called the default node.
To each node in the tree a rule is associated, with a condition
part and a conclusion which is usually a class - in our case
it is an operator application though. A node can have up to
two children, one is attached to an except link and the other
one is attached to the so-called if-not link. The condition of
the default rule in the default node is always true and the con-
clusion is the default conclusion. When evaluating a tree on
a case (the object to be classified), a current conclusion vari-
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able is maintained and initialised with the default conclusion.
If a node’s rule condition is satisfied, then its conclusion over-
writes the current conclusion and the except-link, if it exists,
is followed and the corresponding child node is evaluated.
Otherwise, the if-not link is followed, if it exists, and the cor-
responding child node is evaluated. Once a node is reached
such that there is no link to follow the current conclusion is
returned as a result.

If <true> then ..

except

[1f a then V. |—+{If d then W |—»[If g then ¥ |

except
except # false ¢ false

[fef then X | [Ifhijthen Z |

Figure 1: A simple RDR structure. The dashed line
indicates the path taken & rule executed (V') for ade,
the bold box indicates how action Z would be added for
adghij.

Figure 2.2 shows a simple RDR tree structure. In bold is
a rule that a user might have added for the case where con-
ditions adghij hold, causing action Z to be executed, instead
of W.

For the purpose of integrating with the Genetic Algorithm,
in our approach each case is a genome and conclusions are ac-
tually a sequence of actions that can be applied to the genome.

In typical RDR implementations, any KB modification
would be by adding exception rules, using conditions which
only apply to the current case for which the current knowl-
edge base is inappropriate. By doing this, it is ensured that
proper performance of the KB on previous cases is main-
tained.

Nesting RDRs allows the user to define multiple RDRs in
a knowledge base, where one RDR rule may use another,
nested RDR tree in its condition, (and in HeurEAKA! as part
of an action, see section 3). L.e. the nested RDR tree is eval-
uated in order to determine whether the condition is satisfied.
A strict hierarchy of rules is required to avoid circular defini-
tions.

3 HeurEAKA! - Our Framework for
Improving Search with Domain Knowledge

The HeurEAKA! (Heuristic Evolutionary Algorithm with
Knowledge Acquisition) framework is composed of a general
GA scheme and a knowledge acquisition (KA) component.

Each genome in the GA population represents a potential
solution to the problem to be solved. While searching, the
GA needs to perform a fitness evaluation and the mutation
of a genome. For this it uses the two knowledge bases, the
Mutation KB and Fitness KB. The GA presents a genome to
the relevant KB, which responds by suggesting a mutation or
fitness score. (The crossover function is handled differently,
more details below).

The KA module handles maintenance of the KBs, which
contain collections of NRDRs. The NRDRs are incremen-
tally developed by the expert through the addition of rules
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(the next section contains a detailed description of this pro-
cess).

The Fitness KB contains rules based on past examples
given by the expert about desirable and undesirable traits of
genomes. The GA requires a fitness value, so the rules con-
tain various calculations the expert adds to reflect these traits.

The Mutation KB similarly contains rules accumulated
from expert recommendations. Each rule contains an action
to be executed under certain conditions. Each action is one
or more commands which can modify the genome. The KB
contains a set of NRDRs which contain these rules. When
a genome is presented to the Mutation KB, it is evaluated
against these NRDRs. In accordance to the RDR algorithm,
actions which satisfy the relevant conditions are selected for
execution. A non-deterministic element is introduced by let-
ting the expert attach probabilistic weights to selected NR-
DRs and letting a random procedure pick which one to exe-
cute. This allows the expert leeway to speculate about what
the best actions might be, effectively letting the GAs heuris-
tics “decide” the most appropriate action.

As opposed to other methods related to case-based reason-
ing and GAs (e.g. [12] or [11]), the expert uses past cases
to formulate rules to explain improvements, rather than using
past examples or similar solutions injected into the evolution-
ary process, or trying to extract the rules automatically.

The overall architecture of HeurEAKA! is domain neutral.
The implementation contains KB management modules, GA,
a graphical user interface as well as range of utilities support-
ing the expert evaluate past searches. This is complemented
with a smaller component that needs to be implemented for
each problem domain containing a relevant solution repre-
sentation. The user interface also requires a small addition to
translate this representation for visualisation.

A general purpose language is extended with primitives to
make it suitable for describing the domain specific represen-
tation. Rules entered by the expert are specified using this
simple language, which is loosely based on “C” syntax. The
rule conditions use logical expressions while actions include
a range of commands, including variables, loops and refer-
ences to other NRDRs which are evaluated analogously to
function calls. Section 5 gives examples of rule specification.

3.1 The Knowledge Acquisition process in
HeurEAKA!

The overall approach allows the user to run the Genetic Al-
gorithm with the current KBs and monitor or inspect after-
wards whether the fitness function computed for an individ-
ual as well as the applied mutation operator where appropri-
ate/promising steps to do.

To do that, the genetic algorithm can be started, stopped
and reset via a graphical user interface. A snapshot of the GA
population is presented visually, from which the user can pick
an individual for closer inspection.

Figure 2 shows an individual genome being inspected. A
user can step through the process of mutation and evaluation
of that genome as if the solution was part of the GA popu-
lation. Given non-deterministic elements of operator selec-
tion, the interactive debugger maintains complete state de-
scriptions, allowing the user to step forward and backwards in
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execution history and also recreating conditions for repeated
testing.

The expert can review actions applied to the genome and
make modifications to the KB if he/she feels they are needed.
The modifications are typically done by adding exceptions to
the NRDR (in accordance with RDR methodology described
above), but may also be an edit of an existing rule or the ad-
dition of a new NRDR.

In the traditional Ripple Down Rules approach it is as-
sumed every rule entered is correct and has its reason to be
there, modification of a rule may have undesirable side ef-
fects which are often difficult to control. While these are valid
reasons for not modifying rules, our experiments suggest that
it is sensible to modify rules at the beginning of building a
knowledge base. In particular, for the definition of mutation
operators it proved useful to have this option to modify rules.

OK
.| _CANCEL (X)

Figure 2: The interactive screen allows the user to inspect the
individual genome, step through rule application, and amend
the KB as needed.

3.2 Advanced features for supporting Knowledge
Acquisition

Once a sufficiently large KB has been created based on small-
scale evaluation, more automated methods are needed to sup-
port a user’s interaction:

Genome Visualisation: One of the strengths of using RDR
is that the approach is successful in eliciting tacit knowl-
edge [3], since rules are formulated while the system is in
use and with the justification of an example. With complex
problems (such as is described in section 4), the visualisation
of a solution is very important in allowing the user to form
an intuitive understanding. In the evaluation module, there is
immidiate visual feedback when rules are applied.

Trigger functions: During the execution of the GA, thou-
sands or even hundreds of thousands of rule applications to all
manner of genomes are made. It is not possible for the expert
to supervise each case. The user can define a trigger func-
tion which is applied to each genome during the execution
of the GA. If the function’s condition is met, an exception is
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thrown, halting the GA’s execution, providing a pointer to the
individual along with an execution trace of recently applied
rules.

Comparing different KBs

(avg. run for: layout: 30 pin, 25 tracks, density 20)
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Figure 3: NRDR usage in
genome. The legend shows the
number of conflicts (less is bet-
ter). Arrow: an NRDR which
is much less useful after an er-
ror was introduced by the expert
(the top graph is before the error,
the lower one after).

Figure 4: The “minimal” KB
and “small” KB are unable to
solve problem. The more mature
KB can solve it effectively.

NRDR usage profile: Execution statistics are kept for each
NRDR execution, recording the frequency of use over many
GA runs. Comparing the profile of aggregate use of NR-
DRs by successful vs less successful genomes (judging by
their fitness function and how soon they were eliminated from
the GA population), provides some impression of an NRDRs
“usefulness” and role in GAs lifetime. Figure 3 shows the
frequency of a few selected NRDRs relative to the genome’s
age (the examples are from the VLSI case study discussed in
the next section).

In the less fit genomes, some operators have a high count
compared to the fitter genomes. These operators turn out to
be “high churn” operators - they can affect large sections of a
genome. In the earlier stages of a GA these NRDRs support
high entropy and thus allow the search to cover more search
space. When the genome is closer to the ideal solution, i.e.
has more desirable characteristics in place, these NRDRs dis-
rupt established “good” configurations. Their relative usage
frequency in fitter populations is thus lower.

The characterisation of NRDR utility can only provide the
expert with a rough idea of its “usefulness”. In that context
it did contribute somewhat to the intuition the expert devel-
oped when doing KA. Where it was found to be quite useful
though, was when the expert introduced some modification
to the NRDR which inhibited it from functioning as well as
previously - meaning that it was much less used in arriving
at fit genomes. This helped catch at least a few of errors. In
figure 3 the arrow indicates such an NRDR.

Tuning probabilistic weighting of NRDRs: In section 3
we mentioned the notion of using probabilistic weightings to
affect the GA’s selection of NRDRs. This allows the expert
to “tune” the KB when he/she has a good intuition as to what
action might be useful, but is not entirely sure.

In our experiments we identified a set of NRDRs which
would probably be useful for various types of problems. For
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these we created weightings giving preference to the relevant
NRDRs. This was in the final stages of refining our KB,
where we allowed 1/4 of all modifications to be decided ran-
domly, and 3/4 based on the probabilistic weightings based
on problem classifications. With this we saw a measurable
improvement in our search results.

In the experiments conducted in our test domain, we saw a
measurable improvement in our search.

Identifying genome modifications of interest: Some-
times a genome mutation plays a role in the long term success
of that genome, but the immediate result of the mutation is a
reduction or no change in its fitness. In general, GAs cope
with this by having a large enough population pool and pre-
venting premature fitness convergence, so as not to throw out
such genomes too soon. In traditional GAs it is hard to oth-
erwise account for these cases. Given that we have an expert
who can make judgment on individual examples using intu-
ition and hindsight, the fitness function can be augmented to
bridge the interval needed to see a promising mutation come
to fruition.

The problem comes with identifying these candidate muta-
tions in order to present them to the expert. We identified
all the mutations falling into a window size of 10 actions
prior to a fitness improvement exceeding a given threshold.
These were collected for review for the expert’s considera-
tion. In practice we found there was too much data to effec-
tively judge the cases by hand.

We then tried using a discounted reward scheme, and some
other methods to help reduce the candidate space, but have
not yet been able to improve matters. This aspect of the
project are currently being worked on.

3.3 Advanced features for use in Knowledge
Acquisition

Preferences in choosing parts of the genome to mutate:
As hinted at in the genetic algorithms section (2.1), we have
introduced a novel method of choosing parts of a genome for
mutation. In our fitness function we are able to identify parts
of the genome that are undesirable.

We keep track of the modification of those parts over time,
and give a higher preference weighting to newly arising prob-
lem areas. This is done by keeping a list of existing problem
areas and discounting their preference weighting after each
fitness evaluation. When it comes to choosing a part of the
genome to mutate, we normalise these weights and make a
probabilistic choice of the identified problems. This results in
newer problem areas having a higher chance of being picked.
With this scheme we allow some continuity in search direc-
tion, potentially overcoming local minima in the search space.

In the context of our experimental domain, we empirically
found a 65% discount factor gave the best results. Compared
with no discount scheme (giving all identified problem areas
equal chance) the number of successful GA trials was 85%
higher, and the successful trials took on average half the time
to complete.

Mutation look-ahead: We added a feature that allows the
expert to make use of a “mutation look-ahead” function in
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the rule specification. This function allows for the compari-
son of a genome before and after a mutation has been made.
This effectively allows a local search in the mutation NRDR
(similar to a Lamarckian learning mechanism in evolutionary
algorithms).

Our knowledge base incorporated local search by com-
paring the fitness of a genome before and after a candidate
mutation. This can be used in an RDR at any point, but
was most successfully used for a generalised mutation look-
ahead. Here, for each mutation a series of 10 steps, each rec-
ommended by the mutation KB was used, while the fitness
values were recorded. The point of highest fitness value in
the sequence was picked as the final mutation.

When using the look-ahead mechanism, GA trials had a
significantly higher success rate. Each successful trial was
also faster to converge on a solution (as measured in overall
execution time).

4 Case Study - Detailed VLSI Routing

In order to demonstrate that genetic algorithms enhanced with
knowledge acquisition can be used to develop algorithms for
solving complex combinatorial problems, detailed channel
routing as well as switchbox routing, both industrially rele-
vant problems within the realm of VLSI design, were chosen
to demonstrate the approach.

4.1 Domain Specifics

A channel routing problem (CRP) is given by a channel of a
certain width. On both sides of the channel are connection
points. Each connection point belongs to a certain electrical
net and all connection points of the same net need to be phys-
ically connected with each other by routing a wire through
the channel and, of course, without two nets crossing. The
width of the channel determines how many wires can run in
parallel through the channel. The length of the channel de-
termines how many connection points on both sides of the
channel there may be. Furthermore, the layout is done on
a small number of different layers (e.g. 2 to 4 layers), to
make a connection of all nets without crossing possible at all.
Two adjacent layers can be connected at any point using a
so-called via.

The switchbox routing problem (SRP) is similar to the CRP
but usually more difficult, as it deals with connections on all
four sides rather than only two. A solution to the CRP and
SRP will be referred to as a layout.

Genome Encoding: A genome describes the layout of a
CRP or SRP solution. This takes the form of a list of straight
wire segments.

Initially, a genome will usually not represent a valid solu-
tion as some wires are usually crossing. Only when all those
crossings have been eliminated and not more than the pre-
scribed number of layers are used would the fitness value of
a genome reach a satisfactory level.

Genome Operations: Individuals in the GA are initialised
with a random wire layout without regard to conflicts. The
GA operates on a genome by crossover, mutation and eval-
uation. However, the GA’s crossover operation is currently
not controlled by a knowledge base. The crossover for our
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layout problems groups wires into mutually exclusive sets,
one of those sets is exchanged between parents (i.e. the cor-
responding wires are exchanged). The crossover operator is
thus highly sensitive to the structure of the problem, as well
as interaction between its elements. The formulation of the
crossover operator is domain specific, and we plan to make it
part of the knowledge acquisition cycle in future versions.

Evaluation is done using the evaluation KB. Typically the
user uses as a fitness criteria the number of layers and con-
flicts in a layout. The length of wires, number of vias and
possible cross-talk (electronic interference occurring in par-
allel wires) are also useful fitness criteria.

The mutation KB contains rules designed to manipulate the
layout, typically they would describe the resolution of a con-
flict identified using the .findconflict command (a primitive
function returning a conflict found in the layout).

Example of rules applied to the Switchbox Routing
problem: Initially, a KB is built up defining operators us-
ing primitives based on node and wire manipulation. These
form the foundation for more high-level concepts which can
be used intuitively by an expert.

Assuming we start with a KB with relatively high-level
actions defined, e.g. MoveVerticalSegmentRight, and Move-
HorizontalSegmentUp. When applied to the example in fig-
ure 5, it seems that the action MoveVerticalSegmentRight is
unlikely to lead to a promising solution. The expert can
amend the KB to suggest an alternative action. (see nodes
labeled NI and N2 in figure 5). In this case, the user will find
that MoveVerticalSegmentRight is undesirable, and formulate
a rule with condition is_Vertical(N1) & & is_Horizontal(N2)
&& right_of(N2.next,NI), and action MoveHorizontalSeg-
mentUp(N1.prev). This rule would be added as an exception
in the KB. The operators referenced here are defined as RDRs
elsewhere in the KB. is_Vertical(N1) returns true if the seg-
ment between N/ and its succeeding node is vertical (change
in row), is_Horizontal(N2) returns true if the segment be-
tween N2 and its successor is horizontal (change in column).
right_of(N2.next,N1) will return true if the node succeeding
N2 lies to the right of N1.

2 4 1 2 ¥ ! 2 e conflict

‘ L - suggested rule

replacement rule

--- wirc on layer 1

—— wire on layer 0

changes in bold
12 3 1 2 3

MovevVerticalSegmentRight
MoveHorizontalSegmentUp

Figure 5: An exception is created by the expert, replacing the ac-
tion MoveVerticalSegmentRight suggested by the KB, with the ac-
tion MoveHorizontalSegmentUp(N1.prev). (The tags N1 and N2 are
referenced in the text).

S Experiments and Results

Experiments: In order to test our approach and the imple-
mented tool, a KB was created. Initial tests were done with a
KB containing 2 RDRs and 10 rules, later tests were run with
50 RDRs and 167 rules and 53 RDRs and 182 rules.
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In order to show that the introduction of domain knowledge
improved the search, we tested three different KBs: A “mini-
mal” KB with 5 rules, a “small” KB containing 10 rules, and
a “large” KB containing 167 rules. Using the first two, the
GA was unable to solve the given problem, while using the
third, it was. Fig.4 shows progressive improvement in search
with KB size.

A KB containing 53 RDRs and 182 rules was created. Ini-
tial rules were low-level in nature, dealing with manipulation
of nodes and wires. This technical work required frequent
editing and debugging. Using the validation module with trig-
ger functions (described above) was helpful at this stage.

After the low level rules were defined, rules could be de-
fined at a higher level of abstraction. Because this was a more
intuitive abstraction level, it was easier to formulate rules and
required less revision. The high level NRDRs were used by
the mutation KB, for what the probabilistic algorithm was in-
tended: choosing from the different high level strategies in an
attempt to resolve conflicts.

Results: We were able to solve well recognised bench-
marks from the domain of switchbox and channel routing.
These included Burstein’s difficult channel routing problem,
Burstein’s switchbox routing problem, the DENSE switchbox
and the JOO_6_16 problem, amongst others. The solutions
found were comparable to others’ attempts, including those
of the WEAVER, Silk, Packer and Monreale routers [9], [5],
[10].

Y it e S
it f 0 T R A

Figure 7:
Figure 6: Solution to Burstein’s A sample channel routing
switchbox problem. solution.

We found it initially difficult to complete some of the more
challenging benchmarks until we used the techniques listed
in sections 3.2 and 3.3

On average rules took approximately 10 minutes each to
formulate, taking about 30 hours for the formulation of a
viable knowledge base. The formulation of effective CRP
and SRP algorithms has been the subject of much study and
industry-standard algorithms took many years to develop [8].
In our case KA was done by a novice, using mainly intuition
and being able to incrementally specify rules in a natural way
on the knowledge level. Thus the effort and expertise required
was significantly less than commercial routing solutions.

6 Conclusion

We have presented an approach to solving complex combina-
torial problems by using a generic search algorithm and incre-
mentally introducing domain knowledge in order to make the
search tractable. We use knowledge acquisition that supports
the exploratory development of solutions, which, when com-
bined with a GA, makes it easier to tackle difficult problems
than having to design a conventional algorithm.
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While GAs have been successfully used in many domains,
in practice they often require considerable augmentation to
make the generic architecture effective in complex domains.
The unconventional KA technique of RDR formalises this
adaptation process, allowing an expert to intuitively develop a
domain-specific solution. In order to use RDR for integration
with GAs, we have introduced new methods to make them
work with probabilistic search.

We have also presented a number of advanced techniques
that enhance the KA process. These include the use of trig-
ger functions, NRDR usage profiles and weightings, mutation
look-aheads and automatic case identification.

As part of our mutation operators, we have identified a
promising technique for improving probabilistic search by us-
ing the mutation history of a genome to bias the search into
more recent areas of exploration. We have found this heuris-
tic to return promising results.

The application of our framework in the well understood
domain of detailed channel routing and switchbox routing,
enables us to compare our results against industrially used
algorithms. We have shown that we are able to solve accepted
benchmarks competitively, using far less effort than needed
for the development of conventional algorithms.

In future work we will investigate the application of our
techniques to a different domain. Another worthwhile direc-
tion would be to explore the applicability of our advanced KA
techniques to more traditional KA domains outside of search.
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Abstract commonly accepted representation (if any at all), and all the
current solvers return a little more thaisat/unsat answer.

A certificate of satisfiability for a quantified Despite these issuesat-certificates for QBFs are ex-
boolean formula is a compact representation of  tremely desirable thank to their potential benefits on appli-
one of its models which is used to provide solver-  cations and solvers. For example, a certificate is a conclu-
independent evidence of satisfiability. In addition, sive means to judge conflicting answers given by different
it can be inspected to gather explicit information solvers on the very same instance. Clearly, this event reveals
about the semantics of the formula. Due to the  no finer problem than a bug in the implementation, which we
intrinsic nature of quantified formulas, such cer- might think is not worth considering. This happens fairly of-
tificates demand much care to be efficiently ex-  ten though, and as long as we treat solvers as black boxes,
tracted, compactly represented, and easily queried.  a proof-of-satisfiability approach is the only realistic way to
We show how to solve all these problems. tell the truth. We quotéLe Berreet al., 2004:

The question of how to check the answer of the QBF
1 Introducti solvers in an effective way is still unanswefed
ntroauction the question of what is a good certificate of satisfia-

The term “certificate” has a fairly general meaning, originat-  Pility/unsatisfiability[...] remains open. This point

ing in language recognition and complexity theory. Onee is not only an issue for the QBF evaluation, but

ified, a certificate proves that the string it refers to actually ~ @lso for the implementationf...] we had sound-
belongs to a language of interest. Applied to logic, the term  Ness problems with 4 QBF solvefs.]

denotes any means of providing evidence of (un)satisfiabilityet, a certificate is much more than a way to ensure satisfi-
for a given statement, other than a refutationally-compete deability: It can beinspectedo gather semantics from the un-
ductive approach. In essence, we verify that a given logicatlerlying formula. This is of paramount importance in appli-
formula belongs to the language of (un)satisfiable statementsations, where certificates add valuable information to a mere

The most naturatertificate of satisfiabilitysat-certificate) ~ sat/unsat answer. For example,sat answer to the proposi-
for a formula is an explicit representation of some ofitsd-  tional (PROP) encoding of (the negation of) a desired prop-
els. A formula is indeed satisfiable if and only if some model erty over a logic circuit means that the circuit is faulty w.r.t.
makes it evaluate to true. The validity of a certificate can behat property. But, it takes a certificate to outline a definite
verified by whoever is knowledgeable about #ealuation ~ scenario in which the fault shows up. As opposed to QBF
apparatusof the logic (deductive capabilities are unneces-certificates, such PROP certificates are easy to represent and
sary), independently of how it was obtained. verify, hence they have had a wide application.

In this paper, we focus osat-certificates forQuantified The relevance of certificates enlarges with the scope of ap-
Boolean FormulagQBFs). Such certificates have never beenplication of the underlying logic. In this respect, QBF is a
proposed or used so far for a number of reasons. First, theotable case with plenty of applications. Every problem that
intrinsic nature of a QBF confers a tree-shaped structure t6an be stated as a two-player finite game can be modeled in
its models, whose explicit representation may become unafRBF. An insightful example is obtained by considering the
fordable. Second, theoretical arguments exist that make it urfamous game “Connect-4". It is known that the player who
likely to find polynomial-time verification procedures (QBF moves first can always win. The rules of the game and the
satisfiability is PSPACE-completéStockmeyer and Meyer, €Xistence of a winning strategy can be encoded into a QBF
1973). Finally, present QBF solvers find it either impractical instancd Gent and Rowley, 20Q3expected to beat. Which
or not straightforward to collect all the information needed toiS the winning strategy? A certificate would disclose such in-
construct a model. As a consequence, QBF models feature igrmation: The first player would prevail by just inspecting

the certificate at each move, whatever the opponent does.

*This work is supported by PATPfovincia Autonoma di Trento The interesting point here is that many real-world appli-
Italy), under grant n. 3248/2003. cations can be modeled as two-player games: Unbounded
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model checking for finite-state systefiRintanen, 200fland 3 Certificate representation
conformant planningRintanen, 1998—just to name two rel-

evant examples—have handy QBF formulations. A QBF model can be representeaplicitly by employing

In the rest of this paper, after a brief introduction to QBI:Sdata structures such as trees or truth tables. Or, we may pur-

and their models (Section 2), we present a soIver-independeﬁk‘ecomp"’wtnesat the expense of managing amplicit rep-

representation for QBBat-certificates (Section 3). As ex- sentatiohrequiring computation to yield values.

pected, we are able to describe how to verify them (Section 4 G\n |d$qlt certlflctate should dbe comp:ct (easy ftol P‘nadnagﬁe)
beforethe more complex task of their extraction is addresse ndexplicit (easy to verify and query). A successful tradeo

: : ; : .~ 1s obtained by employinBinary Decision Diagram§Bryant,
(()??J?Jtrl(;?:)gz&)a\évﬁ ;r?g ?L%dﬁjt%edﬁgﬁf ?Isnegc;{igi |g)1plementat|o 98d. We consider theireduced orderedersion (ROBDDs,

or just BDDs henceforth) wittomplemented arcsA BDD
& representing a total functiof'(uy, us, . .., u,) from B"
to B is a directed acyclic graph with one root (labeledBy
and one sink node (labeled by “1"). Each internal node is la-
With no loss of generality, we consider QBFsgrenex con-  beled by one variable itV = {uy,us,...u,}, and always
junctive normal form(CNF). They consist in grefixexhibit-  has two children, one attached to the outconiren-arg the
|ng an arbltral’y r.]l..]mber Of alternations of EXIStent_lally andother to thEElse_arc Thee|se_arcfnay or may not beomp|e_
universally quantified variables, followed bynaatrix, i.e. @ mented A unique path from the root to the sink is identified
conjunction of clauses. For example: by assigning a value to each variablelin The then-arcis
Ya¥b3cvd3edf.(—bVeV f) A (aVeV ) A (avdve)A chosen for variables assigned tpthe else-arcis followed
(maV—bV—dVe) A (—aVbV—c) A (—avV-ev—-f)A (1)  otherwise. The functio’ represented by evaluates td on
(aV—dV—e) A (maVdV—e) A (aV-eV—f) (1,1, ..., 1y,) € B™iff an even number of complemented
arcs is encountered along the path definedby)s, .. ., 1¥,.
As an example, let us consider the BDD aside,
: where solid arrows denote then-arcs, while
' dashed (dotted) arcs are used for regular (com-
plemented) else-arcs. It represents a binary func-
tion F(a,b,c) of three binary variables:, b
andc. ltis, for example,F(0,1,1) = 1 and
F(1,1,1) = 0. The represented function may
be writtenass' = b A (aV ) A (—maV —c). Ina
set-oriented interpretation, this BDD represents
theone-sebf F, i.e. the set having’ as charac-
teristic function. In our case, it stands for the set

2 QBFs and their models

Given a QBFF, we denote byF' its matrix, by vars(F)
(vary(F)) the set of existentially (universally) quantified
variables inF’, and byvary(F,e) C vary(F) the set of uni-
versal variables preceding (dominating e € vars(F) in
the prefix (we posé(e) = |vary(F,e)|). Given a CNF ma-
trix I, the formulaF' « [ is the CNF obtained bgssigning
the literall, i.e. by removing from¥’ each—! literal and each
clause containing. This notation is readily extended to sets
of literals. A matrixF’ is satisfiedoy a set of literals\/ (writ-
tenM = F)whenF x M is the empty formula.

The alternations of quantifiers in the prefix guide us to ex- {(0,1,1), (1,1,0)} whereF evaluates td.
tending this notion of satisfiability from matrixes to QBFs.

PR The BDDs we utilize ar@rderedandreduced The same
For example, the satisfiability problem on (1) asks whether _ . L
for each possible (consistent) combination of literals.@md variable ordering is followed along each path, and no two

b there exists a way to choose a literal©such that for both Eggeos nlre%rr?;g:[gnn? Ctrhee feirgﬁtzgéﬁx'étd rfr? etrrr:?é reeain ef L\l/r:acrEmn

possible literals oved, two literals one and f exist such that y P : eIy

the resulting set satisfies the matrix. Hence, a QBF model i%

a set oflvars(F)| functions, each one specifying the literal
d to be chosen (if any) on the ex-

istential variablee as a function

y the same node &s(referred to with a complemented arc).
The BDD way of representing sets is regardedysbolic
in that it avoids the explicit enumeration of sets’ elements

By of the choices on all the univer- !n favor of a more abs_tract, diagram-based way of comput-
i <al variables dominating. To ing cha_racterlsnc funcnons. Such representations may be ex-
represent all these fungiions at ponentially more succinct than explicit ones (é_Wegener,
M ~a P labeled 200d), and all the operations on the sets/functions they rep-
d once we can use a labeled tree, o5aont (ynjon/disjunction, intersection/conjunction, etc.) can
~d _ such as the one aside, depicting po nerformed by manipulating the involved BDEBryant,
) — a model for (1). .lf we Callm!— 1984. With a small abuse of notation, we treat BDDs as if
d versal hypothesi®very CONsis-  yhoy were the sets they represent. For example, € is an
~ tent set of universal literals (or, - gjement in the subset 8" individuated bye.
equwalemly, every .aSS|gnm(_ant When we manage collections of BDDs, canonicity spans
[ur = 41,...,u, = 1] to the universal variables, with

v; € B = {0,1}), we may say, informally, that a tree

structure like the one above is a model for a QBF with matrix
F iff for every universal hypothesi& the set of existential
literals collected along the branch individuatedibgatisfies

F % U (see[Buining and Zhao, 20Q4or details).
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over their set of nodes as a whole. This allows the sharing of
structural information among diagrams. A BDD in such a set

In [Biining and Zhao, 2034propositional formulas and QBFs
with free variables are usedinplicitnessis not an issue for the au-
thors as they focus on characterizing classes of models/formulas.
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of interconnected diagrams—calledcgest—is identified by (@)
a (complemented) arc pointing to its root node.

(faba ) (fabd)

/
;-

Definition 3.1 (QBF sat-certificate, validity) A sat-certi-
ficate for a QBFF with vars(F)={e1, ..., en}, vary(F)=

{u1,...,u,}, andd; =d(e;) is a forest of BDDs containing
two roots(&;", ) for eachi in [1,m]. Both&;" and&; are
defined ovevary(F, e;)={u1,...,us, }. The certificate

CF) = (&5 ENN(ES &5 ) s (6 Em)]

L 2 Figure 1: A BDD-basedat-certificate for the QBF (1).

is consistentwhenVi € [1,m] itis & NE =0. Itis

valid for F' when for any(i,...,v,) € B" the formula
Fluy=1,....un=p,) 1S satisfied byei=s" (¢1,...,1s,),i €
[1,m]}, where the functions® : 8% — 9 are defined as

_ Lif (1, 0s,) € EF
sO (W1, ihs) =0 if (r,...,0s,) € E

unde f. otherwise

An easy but impractical way of checking a certificate
would be to check thaM produces a satisfying assignment
under all the possible universal hypotheses. Fortunately, the
symbolic nature of the certificate helps us to perform a much
more efficient, clause by clause, BDD-based verification. Let
us use the exclusive org” to construct literals out of vari-
ables p®@v meansy wheny = 0, and—v wheny = 1).

In essence, aat-certificate is a compact but explicit repre- L€mma 4.1 The algorithncheckvalidity  answersTRUE
sentation of the dependencies that have to exist between e0 (£ C) if and only ifC is a valid certificate forf".

istential (dependent) and uni_versal (independent) variables_ iDet us consider, for example, the clause; \V e; V us V
order to satisfy the matrix whichever the universal hypothesis.c, \/ 5 under the prefix/u; Je; VusJesJes. The only rele-
Lemma 3.1 If C(F) is valid for a QBFF, thenF is satisfi- vant universal hypotheses for this clause are those assigning

able. Every satisfiable QBF has at least one valid certificate POthu1=1 andu,=0: All the others immediately satisfy the
clause via one of its universal literals. So, it remains to verify

Proof sketch. A QBF is satisfiable iff it has at least one that under the assignmeht, =1, u,=0] at least one of the
model, i.e. iff we find at least one tree-like structure (like three remaining literals in the clause is true, i.e. that every
the one introduced in Section 2), such that for every assigngniversal hypothesis containing = 1, u, = 0 falls within
mentU = [u; =11,...,u,=1,] to the universal variables the one-set of at least one out®f (for e;), & (for —ey),

the set of existential literals collected along the branch iNand&; (for es). This is a two-step check: First, we collect
dividuated byU satisfiesI” x« U. Given a consistent certifi- the universal hypothesé’sz 5;" UE; Ué‘;‘ under which the

cateC' for F, we insert the literak; into the label of the c|ause is satisfied by some existential literal. Then, we check

node reached following the, = ¢1,...,us, = 5 path  that all the hypotheses (in which no existential literal satis-
iff (1,...,9s,) € & (and, dually,—e; appears in the label fies the clause) assign either = 1, or us = 0, or both, so
iff (¢1,...,%s,) € & ). By construction, if the certificate that the clause is satisfied by a universal literal.

is valid according to the notion of validity given in Defini-
tion 3.1, the tree-like structure obtained is a model. O
A valid sat-certificate for (1) is depicted in Figure 1.

The meaning of a successful verification is twofold: We
are ensured that the formulagat, and that the certificate en-
codes a model. Conversely, the verification fails when either
- e L. the certificate is invalid or the formula imsat (we cannot
4 Certificate verification tell right away which circumstance has occurred). Validity
The first thing we wish to do with a consistent certificéite check is a coNP-complete probld®iining and Zhao, 2034
for F'is to verify its validity. We check that by choosing the
truth values of the existential variables according to what th&s  Certificate Extraction

certificate suggests, we always satisfy the matrix. For certificate extraction to be symbolic in the same sense as
our certificate is, we want it to work on a BDD-based repre-
sentation of the problem. We describe one such representa-
tion (Section 5.1), and show how it relates to certificates (Sec-
tion 5.2). Then, a two-step procedure is discussed to (a) eval-
uate the instance (Section 5.3), and (b) construct a certificate
on the basis of the steps taken in the evaluation (Section 5.4).

Function checkValidity(

Let’U(lT‘a(F) be{el, ey em};

Letvary(F) be{u, ..., un};

LetC be[(&, 1), (5. &) o (&4, Em)];
forall T' € F do

QBF F, certificateC)

LetT beyr ®u;, V-V YpQu;, V
¢1®€j1 VeV ¢k®ejk;
€ — (Upi=0&}) U (Up,=1E)):
i &, —vr..us, —v) 7 0 then return FALSE;

return TRUE;

CONSTRAINT SATISFACTION AND SEARCH

5.1 Symbolic Formulas via Skolemization

The Skolem theorem shows how to transform any giviest
Order Logic (FOL) statementt” into a skolemizedormula
Sk(F') that has two properties: (19%k(F') contains no exis-
tential quantifier, and (2pk(F) is satisfiable iffF’ is satis-
fiable. Existential quantifiers are eliminated by replacing the
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variables they bind witfSkolem functionsvhose definition  vary(F') with a Skolem functios® (u1, us, . .., u,). For ex-
domains are appositely chosen to preserve satisfiability. l@mple, the instance (1) with matriX, is sat-equivalent to
the outer form of skolemization, the function introduced for _

e € vars(F) depends on the universal variables- (F, e) VavVbvVd. N(s%(a,b)/c, s°(a,b,d)/e, s'(a,b,d)/f] (2)
that havee in their scope (for prenex formulas: all the univer-

sal variables to the left of in the prefix). Then, we propositionally encode thaefinability of the

Skolemization-based solvers replace the original formulal.sﬁg;e rzr;”t(:,;;nps%lgtrgrc]itl:)c%d,(floerviga;ﬁ;ng ing)tevxg;t?g Iﬁ:;[/ure:

e .y sl (1€ Uy SpeGed 2" boclean paameters, and iave a
ger prop : ' %rect CNF representation. For example, if we denote by

capture its semantics without exceeding the expressive power . 2
o . - ; ,{a, By € B<} the four boolean parameters represent-

of prop(_)smonal Io_g|c, by explicitly managing the trgth value_s insafhéot‘nﬁi] value}ofsc over(z. y), we orkJ)tain forse (a b;Dthe

of the”(lnterpret_atlon of) skolem terms in each point of thelrf ﬁ ; itional skol Y ’t' 6k(5°) = s¢ 7b g

definition domains, as shown [Benedetti, 2006 ollowing propositional skolemizatiofk(s°) = s°(a, ):

The duty we pay is a (possibly) exponential blowup in the (aVbVvsf,) A (aV-bVs,) A (maVbVsSy) A (maV-bVsS,)

si;e of the problem. BDDs come out to be precious in keeping?3 i ] . )

this space explosion problem under control: What we actuBY replacing each € vars(F) with Sk(s") we obtainSk(F')

ally manage is aymbolic formulai.e. a compact BDD-based I ~ . d .

representation of a propositional instance representindehe 35°35°3s7VaVvd. N[Sk(s®)/c, Sk(s®), Sk(s)/e]

finability of the set of skolem terms introducedsik (F'). where 3s¢ stands for3s§,3s; 3s5,3s¢;, and similarly for
Let as denote by|;, thek-bit long prefix of& € B",n >  the other functions. This formula is easily turned—clause
k. The notion is extended to sefBl;, = {¥|,.V € Z}. by clause—into a CNF. By distributing the connectives, re-

Definition 5.1 (Symbolic formula) A symbolic formulaF is moving clauses with complementary literals, and eliminating
a BDD-based representation of a CNF instance. It con-literals over universal quantifiers, we obtaiti”) " clauses
sists of asymbo“c prefix[el]él . [em}(sm on the variables outofa QBF claus€& with m universal literals. FOI’ eXampIe,
var(F) = {e1,...,em}, With0 < 6, < --- < §,,, fol- W€ obtain2~'=4 clauses from the clause/cV f in (1):

lowed by asymbolic matrixF, i.e. a conjunction obymbolic c f c f c f c f
clauses A symbolic claus&; is made up by a consistent set (860 V S000) A (860 V Spo1) A (861 V $p10) A (861 V Spa1)
I'=[p1 ®@ei,...,0on @ e, of literals onvar(F), and a  All the clauses coming out of a given QBF clause mention
(BDD represented) subsg&tof B°(1), §(T') = max;er 6(1).  the same skolem functions. What makes one differ from an-
The CNF represented by is calledpropositional expansion other are the subscripted indexes. This allows us to write

of F. It has variables{sg),i € [1,m],® e B%)}, andis them compactly by representing function names apart from

defined asProp(F) = Ar,erProp(I'z), where indexes. For example, the four clauses above may be suc-
) " (m) cinctly represented abz = [c, fl{000,001,010,011}, Where
Prop(T7) = J\ P1@Sy VoV em@Sy 7 < 8% contains one element per clause, and e
vez component of eacl € 7 refers to the universal variable

Symbolic formulas inherit the semantics of their proposi-u;: OnceV¥ € 7 is selected, each literdlobtains its own
tional expansions (which we also cagitound counterparts). subscript byprojecting ¥ onto the subspace related to the
Noticeably, a consistent se¥! = {[l1]z,, ..., [lm]z, } of  first 6(I) components, writtenW|;;, . For example, given
symbolic literals satisfiesF (M F _]-') iff its expansion ¥=010itis Uls(ey="|2=01 and ¥|5. ;=T |3=010, hence
Prop(M)=Uyy e Prop([l] ;) satisfiesProp(F). [, fl{o10 =561 V5410 This property allows us to recover the
Definition 5.2 (Symbolic skolemization) The symbolic sko- ground meaning of a factored clause throughZhep func-

lemization SymbSk(F) of a QBF F with vars(F) =  tion. The factored representation becorsgmbolicas soon
{e1,...,en} is a symbolic formula with prefife 5., --- @S we represent and manipulate sets of indexes via BDDs
[em]s(e..), having one symbolic claugh, . . ., 1]z for each overvary(F'), thus obtaining the (linear-size) representation
clauseA € F, where{ls,...,l,} are the existential literals SymbSk(F). N ) o
in A, {¢1®e;,, ..., pn®e;, } are the universal literals in\ For example, the propositional expansion of the formula in
and T — {WZ‘N ;/)k> c Bk ¥jbi % os} k= 6(A) ' Figure 2 yields a CNF instance equivalent to (1).

- (Z] g YRl - .
As an example, the symbolic skolemization of (1) is given5.2 From symbolic models to certificates
in Figure 2. In essence, a symbolic skolemizatiBn=  The connection between a symbolic model and a certificate is

SymbSk(F) is a compact representations for a purely exis-so close that the former is smoothly turned into the latter. Let
tential instance”rop(F) having the following key property. (M, 1)=Up, e mZ be the indexes on the literaimentioned
sat in a symbolic modeM.
Theorem 5.1 For any QBFF, Prop(SymbSk(F)) = F. »
Theorem 5.2 If M = SymbSk(F'), then the certificate

Proof sketch.By applying outer skolemization as described

in [Benedetti, 2006 we turn the QBF instancé’ into a CM) = [(CF,co), (ch.c), ..., o))
sat-equivalent purely universal formula: We substitute ev- v v e
ery existential variable dominated by{uy, us,...,u,} €  withCr =i(M,e), andC; = i(M, —e) is valid for F.
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Figure 2: Symbolic propositional skolemization for (1).

Proof. The propositional variable?, in Prop(F), F
SymbSk(F) represents, for eache [1,m] and eachl
(1, ..., ) € BF, k=6(e;), the value the Skolem function
s (uy, ..., uy) (introduced to skolemize; € vars(F)) as-
sumes under the universal hypothdsis=11, . . ., ur=1].
By construction,F embodies the definability of the skolem

terms, i.e. all the mutual constraints among (interpretation

I'Z,,i.e. wherl C T"andZ C Z'. Under this condition,
I'z can be removed. Ipartial subsumption{” C I" but
T ¢ 7') the subsumed clause is replacediy.> .

e Substitution We write [I/a] 7, 6(1) < d(a), to denote
the substitution of\mw) for ay for each¥ € 7:

Iz(l/a]7 = (Tll/a])zng AT 7n7 4)
The rules above establish primitive manipulation capabilities

for the solver. It arranges these components into the following
higher-level, satisfiability-preserving transformations.

Assignment. When[l] 7 is realized to be a consequence of
F (i.e.:forall¥ e 7,itis Prop(F) t- ly), the formula
is simplified toF « [I] 7 by assigning[{] 7, i.e. resolving
againsf—l] 7 and subsuming againgt ;.

Equivalence reasoning.If the solver discovers a proof that
[a] & [1] (i.e.: YW €, Prop(F) - ayj,,, <lv), itis en-
titled to simplify 7 by applying the substitutiofi/a] .

Redundancy removal. Subsumption is applied to eliminate

subsumed clauses. This may heavily reduce the burden
on the solver, while logical equivalence is preserved.

of) terms that have to be obeyed to always satisfy the Mayyyiaple elimination. The clauses containing a variable

trix. A model M for F is a way to comply with all these
constraints at onces(* (11, ..., 1) has to evaluate to if

sg) € Prop(M), to 0 if —\Sg) € Prop(M), and is uncon-

strained otherwise. By comparing the resulting functions

1 if (1,...,¢%,) €CH
a¢k): 0 If <1/)1a77/1k>€C;
undefined otherwise

s°(Y1,- -

with Definition 3.1 (valid certificates) the thesis follows[

5.3 Evaluating symbolic formulas
We devote our attention ®olution-basegrocedure$Biere,

are replaced by the set of resolvents of every clause con-
taining d against each clause containing (Figure 3).
Symbolic elimination rules out one symbolic variable,
hence all the related ground variables at once.

As far as we are concerned, a solution-based evaluation pro-
cedure is an algorithm that produces a (memory and time af-
fordable) sequence of instantiations of the above rules, and
guarantees to end up with the empty formulasahinstances,

and with a contradiction (an empty clause)umsat formu-

las. Each step is a back-chaining reduction from a prob#ém

to a problemF. Hence, a model for the original instance is
not directly extracted. Rather, satisfiability equivalence guar-

2004; Pan and Vardi, 2004; Benedetti, 2DGs they may be  antees that at each step, sha#lthave a model, than a model
lifted to extract modelsymbolically We consider a solver for 7 could be (easily) derived.
that manipulates symbolic clauses through rules designed to This apparent drawback suddenly turns into an advantage.
achieve at once o'z the same result ground rules would It indeed allows todecoupleevaluation from model recon-
obtain if applied separately to each claus&irmp(I'z). struction, with almost no overhead for the former and a clear
¢ Resolution Given tworesolvingclauses containing the semantics for the latter. The two meshes of the chain are con-
same variable: in opposite polarities, we construct a nected through amference log produced by the solver, and
necessary consequence—caliesblveniclause—made subsequently read byraodel reconstructor
up by all the literals from both originating clauses apartpefinition 5.3 (Inference log and trace) Aninference logs
from e and—e. For the symbolic version to produce at 4 Jist of entries, each one describing an instantiation of one
most one symbolic resolvent per step, we only resolve o the abovesat-preserving transformations. It contains:

variables with the same universal depth as all the clauses

in which they appear. The resolventlof andI',, one,
with ecT, mecI”, §(I")=0(I")=6(e), is%.
T\ {e}uT"\ {=e})znz ®3)

If eitherZ N Z' = () or " andI” share further couples
of complementary literals other tharand—e, the resol-

vent represents an empty set of clauses and is remove

e Subsumption I'z is subsumed by, when all the

e (assign, !, J), for an assignmerti] ;.
e (subst,a,l, J,G), for a substitutior{l/a] 7, whereg is
the set of clauses containidqg, =/} or {—a,}.
e (elim,d,G",G ), for the elimination ofd, whereG*
andG~ are the sets of clauses containidgnd —d.
et us denote witlZ (F, op) the formula obtained by ap-

lying to F the transformation described by the enwp.
An inference logC = [op,, 0ps, . . ., 0p,] induces arinfer-

ground clauses ifi; are subsumed by some clause inence tracd %y, 71, ..., %] whereF; = Z(F;_,,op;), with

2To simplify the notation, we omit the projection of the index

sets of derived clauses onto the proper subspaces: Whengvsr
derived, the clause actually inserted into the formulﬁligm .

CONSTRAINT SATISFACTION AND SEARCH

Fo = F. Alog such that#; is empty is calledat-log for F.

Clearly, asat-log for F exists iff 7 is sat. For example, the
reader may verify that Figure (4) depictsai-log for (1).
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All the clauses Resolvent clauses
All the clauses containing "~d" 0.
containing "d" .
i Li(bv=d) Li(av—b)
Fl'—x resol:le" o E av-bv-d) 1—1_3:
1y Chvevay e | I o T
Other clauses on Untouched clauses
et B8 B | (BB

Figure 3: Moving fromF” to F' by eliminating the variabld.

5.4 Inductive model reconstruction

Once asat-log is known, the reconstructor comes into play.

It trusts the solver about the log beingait-log, and parses it

backward reasoning by induction on the number of entries:

#1 | (substitute, f, —e, {010,011}, {[e, fl{010,011,110,111}5

[—e, _‘f]{000,001,010,011}}>

#2 | (assign, e, {001,011,100,110})

#3 (resolve, f {m{no}, [07 f]{000,001}7 [6, f]{111}},
{[_‘C, _‘f]{100,101,110,111}7 [_‘67 _'f]{ooo}}>

#4 | (assign,e, {111})

#5 | (resolve,c, {[c]{o0,01} }> {[~€l10,111 })

Figure 4: Asat-log that solves the QBF (1).

clauses, we extent ™ by applying theext function: It adds
an arbitrary truth assignment to all (and only) the indexes for
e mentioned ing « M™, i.e. it addge];(gsar+)-

Variable elimination We focus on the insightful ground-
case proof (see Figure 3). The extension to the symbolic
case is a matter of notation. Suppose that the mddel

Base case At the end of the inference trace we find the for F satisfies at least one clause of eaﬂj’pj*) couple,

empty formulaF;, satisfied by an empty modaH,.

Inductive case. Given a modelM; for F;, the reconstructor
computes a modeM;_; = R(M;,op,) for F,_; by
reasoning on howp, turned*;_, into F;.

This leads to a modeM, for F, hence to a certificate fdr,

i € [1,n],j € [1,m]. This implies that it either satisfies the
whole setG} = AT}, or the wholeG; = A;T;, or both.
Hence, we are free to choose a literal®m such a way to
satisfy F’: M U {a} satisfiesF” whenG} « M is non-empty,
MU{-a} whenG M is non-empty, whilé\/ itself suffices

once the functiorR has been properly defined. Let us denoteWhen both sets are empty. Now, we show that every mbfiel

by i(F)=Ur,c#Z the set of indexes mentioned fi
Theorem 5.3 When applied to angat-log for F, the induc-

tive model reconstruction procedure defined by the foIIowingB

functionR computes a mode\1,, for 7y, = F.

R(M, op)

MUA{[l]z}

<SubSta €, le’ g> eXF(M U {[e]Iﬁi(M,l)a [ﬁe}Iﬂi(M,—\l)})

(elim,e,G*,G7) | M°U{[efigrerte)s [Teli(gsme)}

where ext(M)=M U [e]ig..m), and Me=ext (M), with

ext(MU[v]z) if ATz, T%) € GTsMxG™+M
with e£v, ve'NIY, T NT'#)

M, otherwise

op ‘
(assign,l,T)

ext(M)=

Proof. For eachop we show thaiR (M, op) = F’, working
under the inductive hypothesis of knowing a modél for
F =ZI(F,op) (i.e. F * M is the empty formula).

AssignmentF « M = (F'x[l]z) * M = F'x ({[[|z }JuM)
is empty, hencél|z } UM satisfiesF’.

Equivalencelet 7' be 7y U 7| U Fy, U F;_, where no
clause inFj mentionse, all the clauses if; mentione but
notl, —I; all the clauses itF;, contain bothe and! (or —e and
—l), and the clauses ifi;_ containe and—{ (or —e andl). M
satisfiesF=F"[l/e]z=Fo U (F] U F;,)[l/e]z, hence it satis-
fiesFj = Fo with no modification. It also satisfieB; U F;

for F either satisfies at least one clause in edch, I';") cou-

ple, or can be extended to a modsd (/) that fulfills this

roperty. The former case happens (at least) when no resol-

ent clause has been satisfied by complementary literals dur-

ing variable elimination. In this casé,contains exactlynxn

resolvents, one for each coupleG} x G . Every model of

a resolvent is valid for at least one of its resolving clauses,

hence the thesis. Now, suppose that the co(pe I;)is

not satisfied byM/. It follows thatM doesn’t model the resol-

vent of I';” andT";, hence such resolvent failed to passito

It was satisfied by complementary literals on some still unas-

signed variables # d. A literal onv can be arbitrarily added

to the model under construction to satisfy eithigror I'; (no

conflict arisesy would have not appeared as unassigned if in-

volved in any past—w.r.t. the solver’s standpoint—inference

step). Thisextensiorof M to ext(M) is repeated until no

unsatisfied couple is left. O
Examples:M’ = {a, —b, ¢} is a model forF” = (-aVc) A

(aVbV—c) A (—aV—b) becauseV! = {a, b} is a model for

F = F'xc= (aVb) A (mav—b). M’ = {—a,b, c} is a model

for ' = (—ave) A (avbv—e) A (—av—b) becauséf = {b, c}

is a model forF’[—¢/a] = ¢ A (bV—c) A (ev=d). In Figure 3,

the assignmend/; ={a, b, ¢} satisfiesF and alsoF”: d is

left unassigned. The modéf,={a, —b} satisfies7} but not

G, henceM’=M, U {—~d} is constructed to satisfff’. The

couple(I'y, T'7') is untouched by;={a}, so no truth value

for d helps. But the resolvent df; andI'; was satisfied

provided we mirror ore the assignments collected so far over by complementary literals oby so we construcexe (Ms) =

1, by addingle]zqi a4,y @nd[=e]zniar,1)- IN general, the re-
sulting modelM™ = M U {[e]zni(am,); [~€lzni(am,— } Sat-
isfies all the clauses " but some inF;_: By construction,
such clauses failed to passfkbecauser;,_[l/e]r = G[l/e]z
is empty (clauses satisfied by complementagfy: literals).
To satisfy the (possibly) nonempty remaining §et M of
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Ms U {b}, then satisfyF" with M’ =ext(M3) U {~d} =
{a,b,~d}. As a complete example, the reader may verify
that by performing inductive model reconstruction according
to the rules given in Theorem 5.3 over thet-log in Figure 4

for the SymbSk(F') in Figure 2, a model is extracted which
through Theorem 5.2 produces thet-certificate in Figure 1.
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6 Discussion and Conclusions instance v 34 T, T, Tv |£] Cl
. . adder-2 | 27 37| 01 01 01 38 3.7-107
We presented a solution to an open question on QBFs, namelyqyder-4 | 106 174| 02 01 01| 165 7.1-10%

the problem of representing, verifying and extracting their gqger-6 | 237 411| 06 23 0.1| 384 5.6-10%

sat-certificates. The importance of such solution is twofold: gqder-8 | 420 748| 46 356 04| 695 1.1-10°

It gives means of conveying solver-independent evidence ofyqder-10| 755 1185| 40.2 537.2 4.6/ 1098 4.1-10°

satisfiability, and enables the extraction of precious informa-

tion from certified formulas. The former feature can be usedTable 1: A family of QBF encodings with73v3 alternation. We

for example, to effectively test the decisions of QBF solversreport: the number of existential) and universaly) variables, the

The latter contribution is valuable to applications, in that atime taken to solve/reconstruct/iverify{, T, T.,), the size of the log

certificate is needed to exemplify a definite scenario in which| 2|, number of steps) and of the certifical€|( number of nodes).

QBF-encoded problems reveal their satisfiability. For exam-

ple, asat-answer suffices to know that at least one winningkey ingredient stays the same: Inductive model reconstruc-

strategy exists in a QBF-encoded two-player game, but ition detached from instance evaluation, with an inference log

takes a certificate to exhibit an actual strategy. in between. What changes is the kind of information recorded
Stand-alone certificates convey no self-contained semarn the log (and the way it is to be interpreted).

tics, as the meaning of each variable is a piece of informa- We are extending our technique towards solvers based on

tion held by the “encoders”. To allow semantics’ owners(1) non-symbolic g-resolution, (2) SAT reasoning, and (3)

to interrogate their own QBF models, we have implementedsymbolic/non-symbolic DPLL-like branching reasoning. The

a solver/verifier suit¢Benedetti, 2004b; 200440 produce, ultimate goal is to build a QBF model reconstructor able

verify, dump to file (in open formats), and query certificates. to extract certificates by interpretigenericQBF inference
This implementation is helping to shed light on further logs*, whichever the evaluation strategy adopted to solve the

open questions on QBFs. For exampdeQBF certification  instance (including hybrid strategies such as the one lever-

impractica? Let us define the certification df “impracti-  aged by the QBF solvesKizzo [Benedetti, 2004F).

cal” when it is affordable to solvé& while it is not feasible to

memorize and/or verify any certificat F). Our approach Acknowledgments

suggests that impracticality is not an issue. For instance, thje thank Amedeo Cesta and Gigina Aiello for their com-
certificates in Table 1 are well within the manipulation capa-ments on how to improve the organization of the paper, Marco

bilities of current machines, while the formulas they certify cadoli for helpful discussions on technical issues, and the
are enabled to address is the followir@given a certificate®
for F', how much in practice the trioF, C, verify) improves ~ References
on the couplQF, decide as a means to prove that is sat? [Beng_detti, 2004a M. Benedetti. sKizzo: a QBF Decision Procedure based on Propo-
Metrics such as th&me - space product will be used to pre- isrgltor;gloi%(olemlzatlon and Symbolic Reasoning. Technical Report 04-11-03, ITC-
Cisely compare the two Strategies' Our results already Sugge{%%ne(;etti 2004b M. Benedetti. sKizzo 's web site, sra.itc.it/people/
that the improvement is quite large, as exemplified in Table 1. penedetti/skizzo . 2004. B

We observed a surprising phenomenon: The time takefBenedett, 2005 M. Benedetti. Evaluating QBFs via Symbolic Skolemization. In
to reconstruct a model may overcome the time needed to Proc. of the 11th International Conference on Logic for Programming, Artificial
solve the instance. This is rather unusual when Compared,‘ Intelligence, ahd Reasoning (LPAROAYmber 3452 in LNCS. Springer, 2005.
for example, with search-based SAT reasoning, where ?lere, 20034 A. Biere. Resolve and Expand. m?c. of SAT'042004. _ .
model is extracted with no overhead on the satisfiability decilBrant 1968 TT;S-;;V;“gfgﬁﬁ?r;ﬁg‘,j;‘f;‘s'%g’)ﬁ'g@";fé;’;,E‘f;’g%f‘” function manipula-
ﬁg’:qeggg\::er:’:gg’/;\lﬁjl?;ve n(\J/fl())/Lejltdoggg:\a/fed i?]npeo)gl)ﬁg;[ﬁglph%-uning and Zhao, 2004 H. K. Buning and X. Zhao. On Models for Quantified

. Boolean Formulas. IRroc. of SAT'042004.

time should we employ a constant-time BDD oracle. The[Gent and Rowley, 2043 1. Gent and A. Rowley. Encoding Connect-4 using Quanti-
non-polynomiality of verification stems from the size of the fied Boolean Formulae. Technical Report 68-2003, APES Research Group, 2003.
forest of BDDs, which should grow exponentially for some [Le Berreet al, 2004 D. Le Berre, M. Narizzano, L. Simon, and A. Tacchella. Second
parametrically scalable family of instances. This unfavorable QBF solvers evaluation, avaliable on-linevabw.qbflib.org . 2004.
phenomenordoesn‘tshow up in Table 1: Certificates scale [Pan and Vardi, ZOdzlf. Pan and M._Y. \_/ardi. Symbo_lic Decision Prgcedures for QBF.
up polynomially with instance size. These effects and upper I2nOOP£0c of the10*™ Conf. on Princip. and Practice of Constraint Programming
bounds on the certificate size will be further investigated. [Rintanen, 199P J. Rintanen. Construction Conditional Plans by a Theorem-prover.

We showed how to extract certificates using a particular Joumal of A. 1. Researctpages 323-352, 1999.
class of QBF solvers (the skolemization-based ones). Howrintanen, 2001 J. Rintanen. Partial implicit unfolding in the davis-putnam procedure
ever, the BDD-based representation we emp|0y is solver- forquantified boolea_ln form_u_la_e. I?rocgedings of the Interrjational Ct.:)nference on
. Logic for Programming, Atrtificial Intelligence and Reasoning (LPAR/@D01.
md-ependent' It comes (-JUI that not Only t-he mer'e' represe étockme er and Meyer, 19F3L. J. Stockmeyer and A. R. Meyer. Word Problems
:)atl?'?t b(;Jtt also tEe t_?ﬁhrllr?ueffor '(lz'onSt;ug[gg celrtlflcate_?hca Requi?/ing Expongnti’al Timé. Iﬁ 5th Ann):JaI ACM .Syn'1pos>i/urr.1 on the Theory of

e lifted to work with otner ramilies o -solvers. e Computing 1973.

_— ] [Wegener, 2000 Ingo WegenerBranching Programs and Binary Decision Diagrams
3The “adder” family belongs to a set of benchmarks related to  Monographs on Discrete Mathematics and Applications. SIAM, 2000.

equivalence checking of partial implementations of circuits, andis—
regarded as extremely challengiiig Berreet al, 2004 4A standard log format for each inference rule is required.
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Abstract

Singleton arc consistency (SAC) enhances the
pruning capability of arc consistency by ensuring
that the network cannot become arc inconsistent af-
ter the assignment of a value to a variable. Algo-
rithms have already been proposed to enforce SAC,
but they are far from optimal time complexity. We
give a lower bound to the time complexity of en-
forcing SAC, and we propose an algorithm that
achieves this complexity, thus being optimal. How-
ever, it can be costly in space on large problems.
We then propose another SAC algorithm that trades
time optimality for a better space complexity. Nev-
ertheless, this last algorithm has a better worst-case
time complexity than previously published SAC al-
gorithms. An experimental study shows the good
performance of the new algorithms.

1 Introduction

Ensuring that a given local consistency does not lead to a
failure when we enforce it after having assigned a variable
to a value is a common idea in constraint reasoning. It has
been applied (sometimes under the name ’shaving’) in con-
straint problems with numerical domains by limiting the as-
signments to bounds in the domains and ensuring that bounds
consistency does not fail [Lhomme, 1993]. In SAT, it has
been used as a way to compute more accurate heuristics for
DPLL [Freeman, 1995; Li and Ambulagan, 1997]. Finally,
in constraint satisfaction problems (CSPs), it has been intro-
duced under the name Singleton Arc Consistency (SAC) in
[Debruyne and Bessiére, 1997b] and further studied, both
theoretically and experimentally in [Prosser et al., 2000;
Debruyne and Bessiére, 2001].

Some nice properties give to SAC a real advantage over the
other local consistencies enhancing the ubiquitous arc consis-
tency. Its definition is much simpler than restricted path con-
sistency [Berlandier, 1995], max-restricted-path consistency
[Debruyne and Bessiére, 1997a], or other exotic local con-
sistencies. Its operational semantics can be understood by a
non-expert of the field. Enforcing it only removes values in
domains, and thus does not change the structure of the prob-
lem, as opposed to path consistency [Montanari, 1974], k-
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consistency [Freuder, 1978], etc. Finally, implementing it can
be done simply on top of any AC algorithm.

Algorithms enforcing SAC were already proposed in the
past (SAC1 [Debruyne and Bessiére, 1997b], and SAC2
[Bartak and Erben, 2004]) but they are far from optimal time
complexity. Moreover, singleton arc consistency lacks an
analysis of its complexity. In this paper, we study the com-
plexity of enforcing SAC (in Section 3) and propose an algo-
rithm, SAC-Opt enforcing SAC with optimal worst-case time
complexity (Section 4). However, optimal time complexity is
reached at the cost of a high space complexity that prevents
the use of this algorithm on large problems. In Section 5, we
propose SAC-SDS a SAC algorithm with better worst-case
space complexity but no longer optimal in time. Neverthe-
less, its time complexity remains better than the SAC algo-
rithms proposed in the past. The experiments presented in
Section 6 show the good performance of both SAC-Optand
SAC-SDScompared to previous SAC algorithms.

2 Preiminaries

A constaint network P consists of a finite set of n variables
X = {i,j,...}, aset of domains D = {D(i), D(j),...},
where the domain D(4) is the finite set of at most d val-
ues that variable ¢ can take, and a set of e constraints C' =
{c1,...,ce}. Each constraint ¢ is defined by the ordered
set var(cy) of the variables it involves, and the set sol(cx)
of combinations of values satisfying it. A solutionto a con-
straint network is an assignment of a value from its domain
to each variable such that every constraint in the network is
satisfied. When var(c) = (i, 7), we use ¢;; to denote sol(c)
and we say that c is binary.

A value a in the domain of a variable i (denoted by (i, a))
is consistent with a constraint ¢, iff there exists a support
for (i,a) on ¢, i.e., an instantiation of the other variables
in var(cy) to values in their domain such that together with
(i, a) they satisfy ¢;. Otherwise, (i, a) is said arc inconsis-
tent A constraint network P = (X, D, C) is arc consistent
iff D does not contain any arc inconsistent value. AC'(P) de-
notes the network where all arc inconsistent values have been
removed from P. If AC(P) has empty domain, we say that
P is arc inconsistent

Definition 1 (Singleton arc consistency) A constaint net-
work P = (X, D,C) is singleton arc consistent iff Vi €
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X,Va € D(i), thenetworkP|;—, = (X, D|;=., C) obtained
by replacing D(i) by the singleton{a} is not arc inconsis-
tent. If P|;—, is arc inconsistentwe saythat (i, a) is SAC
inconsistent.

3 Complexity of SAC

Both SAC1 [Debruyne and Bessiére, 1997b] and SAC2
[Bartak and Erben, 2004] have an O(en?d*) time complexity
on binary constraints. But it is not optimal.

Theorem 1 Thebesttime compleity we canexpectfroman
algorithmenfoicing SAC onbinary constaintsisin O(end?).

Proof. According to [McGregor, 1979], we know that check-
ing whether a value (i, a) is such that AC does not fail in
P|;—, is equivalent to verifying if in each domain D(5) there
is at least one value b such that ((¢,a), (j,b)) is “path con-
sistent on (¢, a)”. (A pair of values ((i,a)(j,b)) is pathcon-
sistenton (4, a) iff it is not deleted when enforcing path con-
sistency only on pairs involving (i,a).) For each variable j,
we have to find a value b € D(3) such that ((¢, a), (4,b)) is
path consistent on (i, a). In the worst case, all the values b in
D(j) have to be considered. So, the path consistency of each
pair ((i,a), (j,b)) may need to be checked against every third
variable k by looking for a value (k, ¢) compatible with both
(i,a) and (j,b). However, it is useless to consider variables
k not linked to j since in this partial form of path consis-
tency only pairs involving (¢, a) can be removed. By using an
optimal time path consistency technique (storing supports),
we are guaranteed to consider at most once each value (&, ¢)
when seeking compatible value on k for a pair ((¢,a), (j,b)).
The worst-case complexity of proving that path consistency
on (i, a) does not fail is thus Lyc p(j)Xe,, ecEeenn) = ed>.
Furthermore, enforcing path consistency on (i,a) is com-
pletely independent from enforcing path consistency on an-
other value (j,b). Indeed, a pair ((i,a), (j,b)) can be path
consistent on (4, a) while becoming path inconsistent after the
deletion of a pair ((k, ¢), (j,b)) thus being path inconsistent
on (j,b). Therefore, the worst case time complexity of any
SAC algorithm is at least in O(X; o) ped?) = O(end?). O

4 Optimal Time Algorithm for SAC

SAC1 has no data structure storing which values may become
SAC inconsistent when a given value is removed. Hence, it
must check again the SAC consistency of all remaining val-
ues. SAC2 has data structures that use the fact that if AC
does not lead to a wipe out in P|;—, then the SAC consis-
tency of (7, a) holds as long as all the values in AC(P|;—,)
are in the domain. After the removal of a value (j,b), SAC2
checks again the SAC consistency of all the values (7, a) such
that (4,b) was in AC(P|;=,). This leads to a better average
time complexity than SAC1 but the data structures of SAC2
are not sufficient to reach optimality since SAC2 may waste
time re-enforcing AC in P|;—, several times from scratch.

Algorithm 1, called SAC-Opt is an algorithm that enforces
SAC in O(end?), the lowest time complexity which can be
expected (see Theorem 1).

The idea behind such an optimal algorithm is that we don’t
want to do and redo (potentially nd times) arc consistency
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Algorithm 1: The opti mal SAC al gorithm

function SAC-Opt(inout P: Problem): Boolean;

/* init phase */;
1 if AC(P) then PendingList < () elsereturn false;
2 foreach (i,a) € D do
3 P;, — P [* copy only domains and data structures */;
4 Dig(i) — {a};
5 if ~propagAC(Piq, D(4) \ {a}) then
6 D — D\{(i,a)};
;
8
9

if propagAC(P,{(%,a)}) then
foreach Pj;, suchthat (i,a) € Dj, do
Qb — Qv U{(i,a)};
10 PendingList < PendingList U {(5,b)};
1 else return false;

/* propag phase */;
12 while PendingList # 0 do
13 pop (i, a) from PendingList;
14 if propaghAC(Piq, Qia) then Qi — 0;
ese

16 D — D\ {(i,a)};

17 if D(i) = 0 then return false;

18 foreach (j,b) € D suchthat (i,a) € Dj; do

19 Dijy (i) < Dju(i) \ {a}; Qjp — Qjp U{(i,a)};
20 PendingList « PendingList U {(5,b)};

21 returntrue;

from scratch in each subproblem P|;—; each time a value
(i,a) is found SAC inconsistent. (Which represents n2d?
potential arc consistency calls.) To avoid such costly repe-
titions of arc consistency calls, we duplicate the problem nd
times, one for each value (7, a), so that we can benefit from
the incrementality of arc consistency on each of them. All
generic AC algorithms are incremental, i.e., their complexity
on a problem P is the same for a single call or for up to nd
calls, where two consecutive calls differ only by the deletion
of some values from P.

In the following, P;, is the subproblem in which SAC-
Opt stores the current domain (noted D,,) and the data
structure corresponding to the AC enforcement in P|;—,.
propagAC(P, Q) denotes the function that incrementally
propagates the removal of set  of values in problem P when
an initial AC call has already been executed, initialising the
data structure required by the AC algorithm in use. It returns
false iff P is arc inconsistent.

SAC-Optis composed of two main steps. After making the
problem arc consistent (line 1), the loop in line 2 takes each
value a in each domain D(7) and creates the problem P;, as
a copy of the current P. Then, in line 5 the removal of all
the values different from a for ¢ is propagated. If a subprob-
lem P,, is arc inconsistent, (i, a) is pruned from the *master’
problem P and its removal is propagated in P (line 7). The
advantage of propagating immediately in the master problem
the SAC inconsistent values found in line 5 is twofold. First,
the subproblem Py, of a value (k, ¢) removed in line 7 before
its selection in line 2 will never be created. Second, the sub-
problems P, created after the removal of (&, ¢) will benefit
from this propagation since they are created by duplication
of P (line 3). For each already created subproblem P;;, with
a € Dj(i), (4,a) is putin @, and Py, is put in PendingList
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for future propagation (lines 9-10).

Once the initialisation phase has finished, we know that
PendingListcontains all values (i,a) for which some SAC
inconsistent value removals (contained in @Q;,) have not yet
been propagated in P;,. The loop in line 12 propagates these
removals (line 14). When propagation fails, this means that
(i, a) itself is SAC inconsistent. It is removed from the do-
main D of the master problem in line 16 and each subproblem
P, containing (4, a) is updated together with its propagation
list @, for future propagation (lines 18-20).

When PendingListis empty, all removals have been propa-
gated in the subproblems. So, all the values in D are SAC.

Theorem 2 SAC-Opt is a correct SAC algorithm with
O(end?®) optimal time compleity and O(end?) spacecom-
plexity on binary constaints.

Proof. SoundnessA value a is removed from D(3) either in
line 6 or in line 16 because P;, was found arc inconsistent.
If P, was found arc inconsistent in the initialisation phase
(line 5), SAC inconsistency of (7, a) follows immediately. Let
us proceed by induction for the remaining case. Suppose all
values already removed in line 16 were SAC inconsistent. If
P;, is found arc inconsistent in line 14, this means that P,
cannot be made arc consistent without containing some SAC
inconsistent values. So, (i,a) is SAC inconsistent and SAC-
Optis sound.

Completenesshanks to the way PendingListand Q;, are
updated in lines 8-10 and 18-20, we know that at the end of
the algorithm, all P;, are arc consistent. Thus, for any value
(i, a) remaining in P at the end of SAC-Opt P|;—, is notarc
inconsistent and (i, a) is therefore SAC consistent.

Compleity. The complexity analysis is given for networks
of binary constraints since the optimality proof was given for
networks of binary constraints only. (But SAC-Optworks on
constraints of any arity.) Since any AC algorithm can be used
to implement our SAC algorithm, the space and time com-
plexities will obviously depend on this choice. Let us first
discuss the case where an optimal time algorithm such as
AC-6 [Bessiére, 1994] or AC2001[Bessiére and Régin, 2001;
Zhang and Yap, 2001] is used. Line 3 tells us that the space
complexity will be nd times the complexity of the AC algo-
rithm, namely O(end?). Regarding time complexity, the first
loop copies the data structures and propagates arc consistency
on each subproblem (line 5), two tasks which are respectively
innd-ed and nd - ed?. In the while loop (line 12), each sub-
problem can be called nd times for arc consistency, and there
are nd subproblems. Now, AC-6 and AC2001are both incre-
mental, which means that the complexity of nd restrictions
on the same problem is ed? and not nd - ed?. Thus the total
cost of arc consistency propagation on the nd subproblems is
nd - ed?. We have to add the cost of updating the lists in lines
8 and 18. In the worst case, each value is removed one by
one, and thus, nd values are put in nd Q lists, leading to n?d?
updates of PendingList If n < e, the total time complexity is
O(end?), which is optimal. O

Remarks. We chose to present the @, lists as lists of values
to be propagated because the AC algorithm used is not spec-
ified here, and value removal is the most accurate informa-
tion we can have. When using a fine-grained AC algorithm,
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such as AC-6 the lists will be used as they are. If we use
a coarse-grained algorithm such as AC-3 [Mackworth, 1977]
or AC2001, only the variables from which the domain has
changed are needed. The modification is direct. We should
bear in mind that if AC-3is used, we decrease space complex-
ity to O(n%d?), but time complexity increases to O(end*)
since AC-3is non optimal.

5 Losing Time Optimality to Save Space

SAC-Optcannot be used on large constraint networks because
of its O(end?) space complexity. Moreover, it seems dif-
ficult to reach optimal time complexity with smaller space
requirements. A SAC algorithm has to maintain AC on nd
subproblems P|;—,, and to guarantee O(ed?) total time on
these subproblems we need to use an optimal time AC algo-
rithm. Since there does not exist any optimal AC algorithm
requiring less than O(ed) space, we obtain nd - ed space for
the whole SAC process.

We propose to relax time optimality to reach a satisfac-
tory trade-off between space and time. To avoid discussing in
too general terms, we instantiate this idea on a AC200Xbased
SAC algorithm for binary constraints, but the same idea could
be implemented with other optimal AC algorithms such as
AC-6, and with constraints of any arity. The algorithm SAC-
SDS(SharingData Structues tries to use as much as possi-
ble the incrementality of AC to avoid redundant work, with-
out duplicating on each subproblem P|;—,, the data structures
required by optimal AC algorithms. This algorithm requires
less space than SAC-Optbut is not optimal in time.

As in SAC-Opt for each value (i, a) SAC-SDSstores the lo-
cal domain D;, of the subproblem P|;—, and its propagation
list ;.. Note that in our AC200%like presentation, @Q;, is a
list of variables j for which the domain D;,(j) has changed
(in SAC-Optit is a list of values (j,b) removed from D;,).
As in SAC-Opt thanks to these local domains D,,, we know
which values (i, a) may no longer be SAC after the removal
of a value (j,b): those for which (j,b) was in D;,. These
local domains are also used to avoid starting each new AC
propagation phase from scratch, since D;, is exactly the do-
main from which we should start when enforcing again AC
on P|,—, after a value removal. By comparison, SAC1 and
SAC2restart from scratch for each new propagation.

But the main idea in SAC-SDSis that as opposed to SAC-
Opt, it does not duplicate to all subproblems P;, the data
structures of the optimal AC algorithm used. The data
structure is maintained only in the master problem P. In
the case of AC2001 the Last structure which maintains
in Last(i,a, j) the smallest value in D(j) compatible with
(i, @) on ¢;; is built and updated only in P. Nevertheless, it
is used by all subproblems P;, to avoid repeating constraint
checks already done in P.

SAC-SDS(Algorithm 2) works as follows: After some
initialisations (lines 1-4), SAC-SDSrepeatedly pops a value
from PendingListand propagates AC in P;, (lines 6-9). Note
that *D,,=nil’ means that this is the first enforcement of AC
in P,,, so D;, must be initialised (line 8).1 If P,, is arc in-

1We included this initialisation step in the main loop to avoid
repeating similar lines of code, but a better implementation will put
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Algorithm 2: The SAC- SDS al gorit hm

function SAC-SDS-2001(inout P: problem): Boolean;
1 if AC2001(P) then PendingList < () else return false;
2 foreach (i,a) € D do
3 Dia « nil ; Qia + {i};
PendingList «+ PendingList U {(i,a)};
while PendingList # 0 do
pop (i, a) from PendingList ;
if a € D(7) then
if D;q = nilthen D;, «— (D \ D(i)) U {(i,a)};
if propagSubAC(Dia, Qia) then Qi, — 0;
else

© 0N O N

P
= O

D(i) <« D(@) \ {a} ; Deleted — {(¢,a)} ;

if propagMainAC(D, {:}, Deleted) then
updateSubProblems (Deleted)

14 elsereturn false

15 returntrue;

function Propag| Main/Sub [AC(inout D: domain; in Q: set ;

| inout Deleted: set [): Boolean;

B
w N

16 while@ # (0 do
17 pop j from Q@ ;
18 foreach < € X suchthat 3c;; € C do

19 foreach a € D(4) suchthat Last(i,a,j) ¢ D(j) do
20 if 3b € D(j),b > Last(i,a, j) A cij(a,b) then
2

2 else

23 D) — D@)\ {a}; Q — QU {i};

24 | Deleted — Deleted U {(i, a)} |;

25 if D(i) = 0 then return false;

26 returntrue;
[*[---]: inpropagMainAC but not in propagSubAC */;

procedure updateSubProblems(in Deleted: set);
27 foreach (j,b) € D | Dj, N Deleted # () do
28 ij <—Qﬂ,U{i eX/Dﬂ,(i)ﬂDeletedyé(/]} ;
29 Djb — Djb \ Deletaj,
30 PendingList < PendingList U {(4,b)};

consistent, (4, a) is SAC inconsistent. It is therefore removed
from D (line 11) and this deletion is propagated in the master
problem P using propagMainAC (line 12). Any value (i, a)
removed from P is put in the set Deleted(lines 11 and 24).
This set is used by updateSubProblems (line 13) to pass
the values removed from P on to the subproblems, and to up-
date the lists @) ;, and PendingListfor further propagation in
modified subproblems.

At this point we have to explain the difference between
propagMainAC, which propagates deletions in the mas-
ter problem P, and propagSubAC, which propagates dele-
tions in subproblems P;,. The parts that are in boxes be-
long to propagMainAC and not to propagSubAC. Function
propagSubAC, used to propagate arc consistency in the sub-
problems, follows the same principle as the AC algorithm.
The only difference comes from the fact that the data struc-
tures of the AC algorithm are not modified. When using
AC2001], this means that Last is not updated in line 21. In-
deed, this data structure is useful to achieve AC in the sub-

itin aformer loop asin SAC-Opt.

CONSTRAINT SATISFACTION AND SEARCH

problems faster (lines 19-20) since we know that there is
no support for (i,a) on ¢;; lower than Last(i, a,j) in P,
and so in any subproblem as well. But this data structure is
shared by all subproblems. Thus it must not be modified by
propagSubAC. Otherwise, Last(i,a, j) would not be guar-
anteed to be the smallest support in the other subproblems and
in P. When achieving AC in P, propagMainAC doesupdate
the Last data structure. The only difference with AC2001is
line 24 where it needs to store in Deletedthe values removed
from D during the propagation. Those removals performed
in P can directly be transferred in the subproblems without
the effort of proving their inconsistency in each subproblem.
This is done via function updateSubProblems, which re-
moves values in Deletedfrom all the subproblems. It also
updates the local propagation lists @;, and PendingListfor
future propagation in the subproblems.

Theorem 3 SAC-SDSis a correct SAC algorithm with
O(end*) time compleity and O(n2d?) spacecompleity on
binary constaints.

Proof. SoundnessNote first that the structure Last is up-
dated only when achieving AC in P so that any support
of (¢,a) in D(j) is greater than or equal to Last(i,a, j).
The domains of the subproblems being subdomains of D,
any support of a value (i, a) on ¢;; in a subproblem is also
greater than or equal to Last(i,a,j). This explains that
propagSubAC can benefit from the structure Last without
losing any support (lines 19-20). Once this observation is
made, soundness comes from the same reason as in SAC-Opt

Completeness.Completeness comes from the fact that
any deletion is propagated. After initialisation (lines 2-4),
PendingList= D and so, the main loop of SAC-SDSpro-
cesses any subproblem P|;—, at least once. Each time a
value (i,a) is found SAC inconsistent in P because P|;—,
is arc inconsistent (line 9) or because the deletion of some
SAC-inconsistent value makes it arc inconsistent in P (line
23 of propagMainAC called in line 12), (¢,a) is removed
from the subproblems (line 29), and PendingListand the local
propagation lists are updated for future propagation (lines 28
and 30). At the end of the main loop, PendingListis empty,
so all the removals have been propagated and for any value
(i,a) € D, D,, is a non empty arc consistent subdomain of
Pliza-

Compleity. The data structure Last requires a space in
O(ed). Each of the nd domains D,, can contain nd values
and there is at most n variables in the nd local propagation
lists Q;q. Since e < n?, the space complexity of SAC-SDS-
2001is in O(n%d?). So, considering space requirements,
SAC-SDS-2001s similar to SAC2.

Regarding time complexity, SAC-SDS-2001irst duplicates
the domains and propagates arc consistency on each subprob-
lem (lines 8 and 9), two tasks which are respectively in nd-nd
and nd - ed®. Each value removal is propagated to all P|;—,,
problems via an update of PendingList Q;, and D;, (lines
27-30). This requires nd - nd operations. Each subproblem
can in the worst case be called nd times for arc consistency,
and there are nd subproblems. The domains of each subprob-
lem are stored so that the AC propagation is launched with
the domains in the state in which they were at the end of the
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Figure 1: cpu time with n = 100, d = 20, and density= .05.

previous AC propagation in the subproblem. Thus, in spite
of the several AC propagations on a subproblem, a value will
be removed at most once and, thanks to incrementality of arc
consistency, the propagation of these nd value removals is in
O(ed?). (Note that we cannot reach the optimal ed?® com-
plexity for arc consistency on these subproblems since we do
not duplicate the data structures necessary for AC optimal-
ity.) Therefore, the total cost of arc consistency propagations
is nd - ed®. The total time complexity is O(end*). i

As with SAC2, SAC-SDSperforms a better propagation
than SAC1 since after the removal of a value (i,a) from
D, SAC-SDSchecks the arc consistency of the subproblems
P|,=p only if they have (i, a) in their domains (and not all the
subproblems as SAC1). But this is not sufficient to have a bet-
ter worst-case time complexity than SAC1. SAC2 has indeed
the same O(en?d*) time complexity as SACL SAC-SDSIim-
proves this complexity because it stores the currentdomain of
each subproblem, and so, does not propagate in the subprob-
lems each time from scratch.? Furthermore, we can expect
a better average time complexity since the shared structure
Last reduces the number of constraint checks required, even
if it does not permit to obtain optimal worst-case time com-
plexity. This potential gain can only be assessed by an exper-
imental comparison of the different SAC versions. Finally,
in SAC1 and SAC2 each AC enforcement in a subproblem
must be done on a new copy of D built at runtime (potentially
nd - nd times) while such duplication is performed only once
for each value in SAC-SDS(by creating subdomains D;,,).

6 Experimental Results

We compared the performance of the SAC algorithms on ran-
dom uniform constraint networks of binary constraints gener-
ated by [Frost etal., 1996], which produces instances accord-

2Thisisindependent on the AC algorithm used and so, enforcing
AC with AC-3 preserves this O(end”) time complexity.
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Figure 2: cpu time with n = 100, d = 20, and density= 1.

ing to Model B [Prosser, 1996]. All algorithms have been im-
plemented in C++ and ran on a Pentium IV-1600 MHz with
512 Mb of memory under Windows XP. SAC1and SAC2have
been tested using several AC algorithms. In the following,
we note SAC-1-X SAC-2-X and SAC-OptX the versions of
SAC1, SAC2and SAC-Optbased on AC-X. Note that for SAC2
the implementation of the propagation list has been done ac-
cording to the recommendations made in [Bartak and Erben,
2003]. For each combination of parameters tested, we gener-
ated 50 instances for which we report mean cpu times.

6.1 Experimentson sparse constraint networks

Fig. 1 presents performance on constraint networks having
100 variables, 20 values in each domain, and a density of
.05. These constraint networks are relatively sparse since the
variables have five neighbours on average.

For a tightness lower than .55, all the values are SAC. On
these under-constrained networks, the SAC algorithms check
the arc consistency of each subproblem at most once. Storing
support lists (as in SAC2) or local subdomains (as in SAC-
Optand SAC-SDS does not pay-off. A brute-force algorithm
such as SAC1 is sufficient. SAC-1-2001shows the best per-
formance.

On problems having tighter constraints, some SAC incon-
sistent values are removed and at tightness .72 we can see
a peak of complexity. However, as mentioned in [Bartak
and Erben, 2003], the improved propagation of SAC2 is use-
less on sparse constraint networks and SAC2-X (with Xe
{4,6,2001}) is always more expensive than SAC1-X on the
generated problems. Around the peak of complexity, SAC-
SDS2001is the clear winner. SAC-Opt2001and SAC1-2001
are around 1.7 times slower, and all the others are between 2.1
and 10 times slower.
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6.2 Experimentson dense constraint networks

Fig. 2 presents performance on constraint networks having
100 variables, 20 values in each domain and a complete graph
of binary constraints.

SAC1 and SAC2 show very close performance. When all
values are SAC consistent (tightness lower than .37) the addi-
tional data structure of SAC2is useless since there is no prop-
agation. However the cost of building this data structure is not
important compared to the overall time and the time required
by SAC2 is almost the same as SAC1. Around the peak of
complexity, SAC2-X (with Xe {4,6,2001}) requires a little
less time than SAC1-X SAC2 has to repeatedly recheck the
arc consistency of less subproblems than SAC1 but the cost
of testing a subproblem remains the same. On very tight con-
straints, SAC1 requires less time than SAC2 since the incon-
sistency of the problem is found with almost no propagation
and building the data structure of SAC2is useless.

Conversely to what was expected in [Bartak and Erben,
2004], using AC-4in SAC1 (or in SAC?) instead of AC-6 or
AC2001is not worthwhile. The intuition was that since the
data structure of AC-4 does not have to be updated, the cost
of its creation would be low compared to the profit we can ex-
pect. However, SAC1-4 and SAC2-4 are far more costly than
the versions based on AC-6 or AC2001

The best results are obtained with SAC-Opt2001and SAC-
SDS-2001which are between 2.6 and 17 times faster than the
others at the peak. These two algorithms have a better prop-
agation between subproblems than SAC1 but they also avoid
some redundant work and so reduce the work performed on
each subproblem.

7 Summary and Conclusion

We have presented SAC-Opt the first optimal time SAC algo-
rithm. However, the high space complexity of this algorithm
prevents its use on large constraint networks. Hence, we have
proposed SAC-SDS a SAC algorithm that is not optimal in
time but that requires less space than SAC-Opt Experiments
show the good performance of these new SAC algorithms
compared to previous versions available in the literature. This
opens again the issue of using SAC as an alternative to AC for
pruning values in a constraint network, or at least in promis-
ing’ parts of the network. SAC could also be used to compute
variable selection heuristics, as this had been done with suc-
cess in SAT [Li and Ambulagan, 1997].
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Abstract

We propose a simple declarative language for spec-
ifying a wide range of counting and occurrence
constraints.  This specification language is exe-
cutable since it immediately provides a polyno-
mial propagation algorithm. To illustrate the ca-
pabilities of this language, we specify a dozen
global constraints taken from the literature. \We ob-
serve one of three outcomes: we achieve general-
ized arc-consistency; we do not achieve general-
ized arc-consistency, but achieving generalized arc-
consistency is NP-hard; we do not achieve gener-
alized arc-consistency, but specialized propagation
algorithms can do so in polynomial time. Experi-
ments demonstrate that this specification language
is both efficient and effective in practice.

1 Introduction

Global constraints are central to the success of constraint pro-
gramming. Global constraints allow users to specify patterns
that occur in many problems, and to exploit efficient and ef-
fective propagation algorithms for pruning the search space.
Two common types of global constraints are counting and
occurrence constraints. Occurrence constraints place restric-
tions on the occurrences of particular values. For instance,
we may wish to ensure that no value used by one set of vari-
ables occurs in a second set. Counting constraints, on the
other hand, restrict the number of values or variables meet-
ing some condition. For example, we may want to limit the
number of distinct values assigned to a set of variables. Many
different counting and occurrences constraints have been pro-
posed to help model a wide range of problems, especially
those involving resources (see, for example, [Régin, 1994;
Beldiceanu and Contejean, 1994; Régin, 1996; Beldiceanu,
2001; Beldiceanu et al., 2004b]).

We will show that many such constraints can be specified
using a simple declarative language. This specification lan-
guage is executable. It decomposes these constraints into
some simple primitives for which there are polynomial propa-
gation algorithms. In some cases, we show that this decompo-
sition does not hinder propagation. In other cases, achieving

*Brahim Hnichiscurrently supported by Science Foundation Ire-
land under Grant No. 00/PI.1/C0O75.
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generalized arc-consistency is NP-hard and decomposition is
one method to obtain a polynomial propagation algorithm. In
the remaining cases, we show that the decomposition hinders
propagation, and there exists some specialized and polyno-
mial propagation algorithm. As not all global constraints are
implemented and integrated into every solver, our language
may still be attractive in this case. We provide a generic
means for propagating counting and occurrence constraints
in the absence of a specialized algorithm. Our experiments
demonstrate that this is an efficient and effective way to rea-
son about counting and occurrence constraints in practice.

2 Formal Background

A constraint satisfaction problem consists of a set of vari-
ables, each with a finite domain of values, and a set of con-
straints specifying allowed combinations of values for subsets
of variables. We use capital letters for variables (e.g. X, Y
and S), and lower case for values (e.g. d and d;). We write
D(X) for the domain of a variable X. A solution is an as-
signment of values to the variables satisfying the constraints.
A variable is ground when it is assigned a value. We consider
both integer and set variables. A constraint can be defined on
only integer, or only set variables, or on both. A set variable
S can be represented by its lower bound b(.S) which con-
tains the definite elements and an upper bound ub(S) which
contains the definite and potential elements. Each set variable
is equivalent to a sequence of 0/1 variables representing the
characteristic function. A variable in such a sequence is 1 iff
the corresponding element is in the set.

Given a constraint C, a bound support on C'is a tuple that
assigns to each integer variable a value between its minimum
and maximum, and to each set variable a set between its lower
and upper bounds which satisfies C. An hybrid support on
C is a tuple that assigns to each integer variable a value in
its domain, and to each set variable a set between its lower
and upper bounds which satisfies C. If C involves only inte-
ger variables, a hybrid support is a support. A constraint C
is bound consistent (BC) iff for each integer variable X, its
minimum and maximum values belong to a bound support,
and for each set variable S;, the values in ub(S;) belong to
S; in at least one bound support and the values in Ib(.S;) be-
long to S; in all bound supports. A constraint C' is hybrid
consistent (HC) iff for each integer variable X;, every value
in D(X;) belongs to an hybrid support, and for each set vari-
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able S;, the values in ub(S;) belong to S; in at least one
hybrid support, and the values in [b(S;) belong to .S; in all
hybrid supports. A constraint C' involving only integer vari-
ables is generalized arc consistent (GAC) iff for each variable
X, every value in D(X;) belongs to a support.

Enforcing hybrid consistency on a constraint C' is equiva-
lent to enforcing GAC if the set variables are represented by
their characteristic function. If all variables in C' are inte-
ger variables, hybrid consistency reduces to generalized arc-
consistency, and if all variables in C are set variables, hybrid
consistency reduces to bound consistency.

We will compare local consistency properties applied to
(sets of) logically equivalent constraints, ¢; and c;. As in
[Debruyne and Bessiére, 1997], a local consistency property
® on ¢ is as strong as ¥ on ¢, iff, given any domains, if ¢
holds on ¢; then ¥ holds on ¢o; @ on ¢; is stronger than ¥ on
co iff @ on ¢y is as strong as ¥ on ¢, but not vice versa; ¢ on
c1 is equivalent to W on ¢ iff ® on ¢; is as strong as ¥ on co
and vice versa; ® on ¢; is incomparable to ¥ on ¢y iff ® on
1 is not as strong as ¥ on ¢5 and vice versa.

A total function F from a set S into a set 7 is denoted by
F : § — T where S is the domain of F and 7 is the range
of F. The set of all elements in the domain of F that have the
same image j € 7 is F1(j) = {i : F(i) = j}. The image
of aset S C S under Fis F(S) = J;cq F(4), whilst the
domain of aset T C 7 under Fis F~1(T) = U;cp F~(5)-
Throughout, we will view a set of variables, X; to X,, as a
function X : {1,..,n} — U.Z] D(X;). Thatis, X () is the
value of X;.

3 Specification Language

We propose a simple declarative language in which we can
specify many different counting and occurrence constraints.
This specification language is executable. It permits us to
decompose each global constraint into more primitive con-
straints, each of which has an associated polynomial prop-
agation algorithm. In some cases, this decomposition does
not hinder propagation. In other cases, enforcing local con-
sistency on the global constraint is intractable, and decom-
position is one method to obtain a polynomial propagation
algorithm. The specification language consists of simple non-
global constraints over integer variables (like X < m), sim-
ple non-global constraints over set variables (like S; C So
or |S| = k) and two special global constraints acting on se-
quences of variables: RooTs and RANGE.

Given a function X’ representing a set of variables, X; to
X,., the RANGE constraint holds iff a set variable, T is the
range of this function restricted to the indices belonging to a
second set variable, S.

RANGE([ X1, .., X,], S, T)iff X(S) =T

The RooTs constraint holds iff .S is the set of indices which
map to an element in 7.
RoOTS([X1, .., X,], S, T) iff S = X~ H(T)
RooTs and RANGE are not exact inverses. A RANGE con-

straint can hold, but the corresponding ROOTS constraint may
not, and vice versa. For instance, RANGE([1, 1], {1},{1})
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holds but not Roots([1,1],{1},{1}) since X~1(1) =
{1,2}, and Roots([1,1,1],{1,2,3},{1,2}) holds but not
RANGE([1,1,1],{1,2,3},{1,2})as no X; is assigned to 2.

In an associated report, we discuss how to propagate these
two global constraints. Enforcing HC on the RANGE con-
straint is polynomial and give an O(nd + n - |Ib(T)|%/?) al-
gorithm where d is the maximum domain size of the X;. En-
forcing BC on the ROOTS constraint is O(nd). Unfortunately,
enforcing HC on the RooTs constraint is NP-hard. Neverthe-
less, all the cases needed here are polynomial. For example,
if all X, are ground, or T is ground then enforcing HC on
RooTs([ X1, .., Xn], S, T) is O(nd).

4 Range Constraints

In an associated report, we present a catalog containing over
70 global constraints from [Beldiceanu, 2000] specified with
this simple language. We have room here to present just a few
of the more important constraints. In this and the subsequent
three sections, we list some global constraints which can be
specified using RANGE constraints, using ROOTS constraints,
and using both RANGE and ROOTS constraints.

4.1 All Different

The ALLDIFFERENT constraint forces a sequence of vari-
ables to take different values from each other. Such a con-
straint is useful in a wide range of problems (e.g. allocation
of activities to different slots in a timetabling problem). It
can be propagated efficiently [Régin, 1994]. It can also be
decomposed with a single RANGE constraint:

ALLDIFFERENT([ X}, .., X,,]) iff
RANGE([X1, .., Xn), {1,..,n},T) A |T|=n

A special but nevertheless important case of this constraint
is the PERMUTATION constraint. This is an ALLDIFFERENT
constraint where we additionally know R, the set of values to
be taken. That is, the sequence of variables is a permutation of
the values in R where |R| = n. This also can be decomposed
using a single RANGE constraint;

PERMUTATION([X71, .., X,], R) iff
RANGE([ X1, .., X,u], {1, ..,n}, R)

Such a decomposition of the PERMUTATION constraint ob-
viously does not hinder propagation. However, decomposi-
tion of ALLDIFFERENT into a RANGE constraint does. In
addition, HC on the RANGE decomposition is incomparable
to AC on the decomposition of ALLDIFFERENT which uses a
clique of binary inequality constraints. Thus, we may be able
to obtain more pruning by using both decompositions.

Theorem 1 GAC on PERMUTATION is equivalent to HC on
the decomposition with RANGE. GAC on ALLDIFFERENT
is stronger than HC on the decomposition with RANGE.
AC on the decomposition of ALLDIFFERENT into binary in-
equalities is incomparable to HC on the decomposition with
RANGE.

Proof: Consider X;, X» € {1,2},
{1,2,3,4}, and {1,2} C T C {1,2,3,4}.

X3 S
Then
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RANGE([ X1, X2, X3],{1,2,3},T) and |T| = 3 are both
HC, but ALLDIFFERENT([X1, X2, X3]) is not GAC. Con-
sider X, X, € {1,2}, X5 € {1,2,3},and T = {1, 2,3}.
Then X7 # X5, X1 # X3 and Xo # X3 are AC but
RANGE([X1, X2, X3],{1,2,3},T) is not HC. Consider X,
X, € {1,2,3,4}, X3 € {2}, and {2} C T C {1,2,3,4}.
Then RANGE([X1, X2, X3],{1,2,3},T) and |T| = 3 are
HC. But X; # X3 and X, # X3 are not AC. The other
result holds immediately. |

4.2 Number of Values

The NVALUE constraint is useful in a wide range of problems
involving resources since it counts the number of distinct val-
ues used by a sequence of variables [Pachet and Roy, 1999].
NVALUE([X1,..,X,],N) holds iff N = |{X; |1 < i <
n}|. The ALLDIFFERENT constraint is a special case of the
NVALUE constraint in which N = n. Unfortunately, it is
NP-hard in general to enforce GAC on a NVALUE constraint
[Bessiere et al., 2004]. However, there is an O(nlog(n))
algorithm to enforce a level of consistency similar to BC
[Beldiceanu, 2001]. An alternative and even simpler way to
implement this constraint is with a RANGE constraint:

NVALUE([ X1, .., X,], N) iff
RANGE([X1, .., X,), {1,..,n},T) A |T|=N

HC on this decomposition is incomparable to BC on the
NVALUE constraint.

Theorem 2 BC on NVALUE is incomparable to HC on the
decomposition.

Proof: Consider X1,Xs € {1,2}, X3 € {1,2,3,4},
N € {3t and {} € T C ({1,2,3,4}. Then
RANGE([ X1, X2, X3],{1,2,3},T) and |T| = N are both
HC. However, enforcing BC on NVALUE([ X1, X2, X3], N)
prunes 1 and 2 from X3.

Consider X, X5, X5 € {1,3} and N € {3}. Then
NVALUE([X1, X2, X3], N) is BC. However, enforcing HC
on RANGE([X1, X2, X3],{1,2,3},T) makes {} C T C
{1, 3} which will cause |T'| = 3 to fail. O

4.3 Uses

In [Beldiceanu et al., 2004b], propagation algorithms achiev-
ing GAC and BC are proposed for the USEDBY constraint.
USeDBY ([ X1, .., Xy], [Y1, .., Yin]) holds iff the multiset of
values assigned to Y7, ..,Y,, is a subset of the multiset of
values assigned to Xi,.., X,,. We now introduce a vari-
ant of the USEDBY constraint called the USES constraint.
Uses([X1, .., Xn], [Y1, .., Yin]) holds iff the set of values as-
signed to Y7, .., Y,, is a subset of the set of values assigned
to X4,..,X,,. Thatis, USEDBY takes into account the num-
ber of times a value is used while USes does not. Unlike the
USEDBY constraint, enforcing GAC on USES is NP-hard.

Theorem 3 Enforcing GAC on USES is NP-hard.

Proof: We reduce 3-SAT to the problem of deciding if a
USES constraint has a solution. Finding support is therefore
NP-hard. Consider a formula ¢ with n Boolean variables and
m clauses. For each Boolean variable ¢, we introduce a vari-
able X; € {i,—i}. Foreachclause ¢c; = =V -y V z, we
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introduce Y; € {z, —y, z}. Then ¢ has a model iff the Uses
constraint has a satisfying assignment, and i is true iff X; = i.
O
One way to propagate a USES constraint is to decompose

it using RANGE constraints:

USES([Xl,..,Xn],[Yl,..,ym]) iff
RANGE([ X1, .., X], {1,...,n},T) A
RANGE([Y1, .., Y|, {1,...,m},T") AN T'CT

Enforcing HC on this decomposition is polynomial. Not
surprisingly, this hinders propagation (otherwise we would
have a polynomial algorithm for a NP-hard problem).

Theorem 4 GAC on USES is stronger than HC on the de-
composition.

Proof: Consider X; € {1,2,3,4}, Xo € {1,2,3,5},
X3, X4 € {4,5,6}, Y7 € {1,2}, Y2 € {1,3},and Y3 €
{2, 3}. The decomposition is HC while GAC on USES prunes
4 from the domain of X; and 5 from the domain of X,. O

Thus, decomposition is a simple method to obtain a poly-
nomial propagation algorithm.

5 Roots Constraints

RANGE constraints are often useful to specify constraints on
the values used by a sequence of variables. ROOTS constraint,
on the other hand, are useful to specify constraints on the
variables taking particular values.

5.1 Global Cardinality

The global cardinality constraint introduced in [Régin, 1996]
constrains the number of times values are used. We
consider a generalization in which the number of oc-
currences of a value may itself be an integer variable.
That is, Gcc([ X1, .., Xx), [d1, .., dm], [O1, .., On]) holds iff
[{i| X; =d;}| = O, forall j. Such a Gce constraint can be
decomposed into a set of ROOTS constraints:

Gee([ X, - Xn), [da, -, din], [O1, .., Op]) iff
Vi . ROOTS([Xl, ..,Xn], Si, {dl}) A\ |Sz| =0;

Enforcing HC on these ROOTS constraints is polynomial
since the sets {d; } are ground. Enforcing GAC on a general-
ized Gcc constraint is NP-hard, but we can enforce GAC on
the X; and BC on the O, in polynomial time using a special-
ized algorithm [Quimper et al., 2004]. This is more than is
achieved by the decomposition.

Theorem 5 GAC on the X; and BC on the O; of a Gcc
congtraint is stronger than HC on the decomposition using
RoOTS constraints.

Proof: Sets being represented by their bounds, HC on the
decomposition cannot prune more on the O; than BC does
on the Gce. To show strictness, consider X1, Xo € {1,2},
X3 € {1,273}, d; = i and 01,052,053 € {071} The
decomposition is HC (with {} C 51,52 C {1,2,3} and
{} € S5 C {3}). However, enforcing GAC on the X, and
BC on the O; of the Gcc constraint will prune 1 and 2 from
X3 and 0 from Oq, Oz and Os. O
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This example illustrates that, whilst many global con-
straints can be expressed in terms of ROOTS and RANGE,
there are some global constraints like Gcc for which it is
worth developing specialized propagation algorithms. Never-
theless, ROOTS and RANGE provide a means of propagation
for such constraints in the absence of specialised algorithms.

5.2 Among

The AMONG constraint was introduced in CHIP to help
model resource allocation problems like car sequencing
[Beldiceanu and Contejean, 1994]. It counts the number of
variables using values from a given set. AMONG([X71, .., X,,],
[d1,..,dm], N)holdsiff N = |{i | X; € {d1,..,dm}}|

One decomposition using the global cardinality constraint
Gcc introduced in [Régin, 1996] is as follows:

AMONG([ X7, .., X,], [d1, .., dm], N) iff
Gee([X1, ., Xl [di, oy di), [O1,.,Om]) A D O0; =N

Unfortunately, this decomposition hinders propagation.

Theorem 6 GAC on AMONG is stronger than GAC on the
decomposition using Gcc.

Proof: Consider X1, Xs € {1,2}, X5 € {1,2,3}, d; = 1,
d2 = 2,and N € {1,2}. The decomposition is GAC, but en-
forcing GAC on AMONG([ X1, X2, X3], [d1,d2], N) prunes 1
and 2 from X3 as well as 1 from . O

An alternative way to propagate the AMONG constraint is
to decompose it using a ROOTS constraint:

AMONG([X1, .., X,], [d1, .., d], N) iff
Roots([ X1, .., Xxu], S, {d1,...,dm}) A |S|=N

It is polynomial to enforce HC on this case of the RooTs
constraint since the target set is ground. This decomposition
also does not hinder propagation. It is therefore a potentially
attractive method to implement the AMONG constraint.

Theorem 7 GAC on AMONG is equivalent to HC on the de-
composition using ROOTS.

Pr oof: (Sketch) Suppose the decomposition into
Roots([ X1, .., Xu], S, {d1,...,dn}) and S| = N is
HC. The variables X; divide into three categories: those
whose domain only contains elements from {dy, .., d,,} (at
most min (V) such vars); those whose domain do not contain
any such elements (at most n — max (V) such vars); those
whose domain contains both elements from this set and from
outside. Consider any value for a variable X; in the first such
category. To construct support for this value, we assign the
remaining variables in the first category with values from
{dy,..,d,,}. If the total number of assigned values is less
than min(N), we assign a sufficient number of variables
from the second category with values from {d,..,d.,}
to bring up the count to min(N). We then assign all the
remaining unassigned X; with values outside {dx, .., d,}.
Finally, we assign min(/N') to N. Support can be constructed
for variables in the other two categories in a similar way, as
well as for any value of N between min(N) and max(N). O

The ATMOST and ATLEAST constraints are closely re-
lated. The ATMOST constraint puts an upper bound on
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the number of variables using a particular value, whilst the
ATLEAST puts a lower bound. Both can be decomposed us-
ing a ROOTS constraint without hindering propagation.

6 Range and Roots Constraints

Some global constraints need both RooTs and RANGE con-
straints in their specifications.

6.1 Assign and NValues

In bin packing and knapsack problems, we may wish to
assign both a value and a bin to each item, and place
constraints on the values appearing in each bin. For in-
stance, in the steel mill slab design problem (prob038
in CSPLib), we assign colors and slabs to orders so
that there are a limited number of colors on each slab.
ASSIGN&NVALUES([ X1, .., X,], [Y1,..,Ys], N) holds iff
{Y; | X; = j}| < N for each j [Beldiceanu, 2000]. It can
be decomposed into a set of ROOTS and RANGE constraints:

ASSIGN&NVALUES([ X1, .., X,], [Y1, .., Ya], N) iff
Vj . RooTs([ X1, .., Xx], S5, {j}) A
RANGE([Yl, ..,Yn],Sj,Tj) A\ |TJ| <N

Decomposition hinders propagation as it considers the val-
ues separately. However, since this constraint generalizes
NVALUE, enforcing GAC is NP-hard. Decomposition is thus
one method to obtain a polynomial propagation algorithm.

6.2 Common

A generalization of the AMONG and ALLDIFFERENT con-
straints introduced in [Beldiceanu, 2000] is the COMMON
constraint. COMMON(N, M, [Xq, .., X,.], [Y1, .., Yim]) en-
sures N = |{i | 3j, X; = Y;}| and M = [{j | 3i. X; = Y;}.
Thatis, N variables in X; take values in common with Y; and
M variables in Y} takes values in common with X;. We prove
that we cannot expect to enforce GAC on such a constraint as
it is NP-hard to do so in general.

Theorem 8 Enforcing GAC on COMMON is NP-hard.

Proof: We again use a transformation from 3-SAT. Con-
sider a formula ¢ with n Boolean variables and m clauses.
For each Boolean variable ¢, we introduce a variable X; €
{i,—i}. For each clause ¢; = x V =y V 2, we introduce
Y; € {z,—y,z}. Welet N € {0,..,n} and M = m. ¢ has
a model iff the COMMON constraint has a solution in which
the X take the literals true in this model. O

One way to propagate a COMMON constraint is to decom-
pose it into RANGE and ROOTS constraints:

COMMON(N, M, [X1, .., X,.], [Y1, .., Yi]) iff
RANGE([Y1, .., Y], {1,..,m},T) A
RooTs([X1,.., Xn], S, T) A |S|=N A
RANGE([X1, .., Xpn), {1,..,n}, V) A
Roots([Y1,...Yn], U, V) A U =M
Enforcing HC on this decomposition is polynomial. De-
composition thus offers a simple and promising method to

propagate a COMMON constraint. Not surprisingly, the de-
composition hinders propagation.
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Theorem 9 GAC on COMMON is stronger than HC on the
decomposition.

Proof: Consider N = M =0, X;,Y7 € {1,2}, Xo,Ys €
{1,3}, Y3 € {2,3}. Hybrid consistency on the decomposi-
tion enforces {} C T,V C {1,2,3},and S = U = {} but
no pruning on the X; and Y;. However, enforcing GAC on
COMMON(N, M, [X1, X3], [Y1, Y2, Y3]) prunes 2 from X1,
3 from X5 and 1 from both Y7 and Y5. O

6.3 Symmetric All Different

In certain domains, we may need to find symmetric solutions.
For example, in sports scheduling problems, if one team is
assigned to play another then the second team should also
be assigned to play the first. SYMALLDIFF([ X1, .., X,]) en-
sures X; = j iff X; = i [Régin, 1999]. It can be decomposed
into a set of ROOTS and RANGE constraints:

SYMALLDIFF([ X7, .., X,,]) iff
RANGE([X1, .., X,u], {1, ..,n}, {1,..,n}) A

Vi.RooTS([ X1, .., X,u], S, {i}) A X; €8 A |Si] =1

It is polynomial to enforce HC on these cases of the RooTs
constraint. However, as with the ALLDIFFERENT constraint,
it is more effective to use a specialized propagation algorithm
like that in [Régin, 1999].

Theorem 10 GAC on SYMALLDIFF isstronger than HC on
the decomposition.

Proof: Consider X; € {2,3}, Xo € {1,3}, X3 € {1,2},
{} - Sl - {273}’ {} - S2 C {153}' and {} - ‘93 C {172}
Then the decomposition is HC. However, enforcing GAC on
SYMALLDIFF([ X7, X3, X35]) will detect unsatisfiability. O

To our knowledge, this constraint has not been integrated
into any constraint solver. Thus, this decomposition provides
a means of propagation for the SYMALLDIFF constraint.

7 Beyond Counting and Occurrence

The RANGE and RooTS constraints are useful for specifying
a wide range of counting and occurence constraints. Nev-
ertheless, their expressive power permits their use to specify
many other constraints.

The ELEMENT constraint introduced in [Van Hentenryck
and Carillon, 1988] indexes into an array with a variable.
More precisely, ELEMENT(, [X1, .., X»], J) holds iff X =
J. We can use such a constraint to look up the price of a com-
ponent included in a configuration problem. The ELEMENT
constraint can be decomposed into a RANGE constraint with-
out hindering propagation:

ELEMENT(I, [X1,.., X, ], J) iff |S|=|T|=1 A
IeS AN JeT A RANGE([Xy,..,X,],S,T)

We may wish to channel between a variable and the se-
quence of 0/1 variables representing the possible values taken
by the variable. The DOMAIN(X, [X1, .., X,,,]) constraint in-
troduced in [Refalo, 2000] ensures X = i iff X; = 1. This
can be decomposed into a ROOTS constraint:

DOMAIN(X, [ X1, .., X)) iff
RooTs([X1, .., Xm], S, {1}) A |S|=1 A X €S
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Enforcing HC on this decomposition is polynomial ({1}
is ground) and it is equivalent to enforcing GAC on the
DOMAIN constraint.

The CONTIGUITY constraint ensures that, in a sequence of
0/1 variables, those taking the value 1 appear contiguously.
This is a discrete form of convexity. The constraint was in-
troduced in [Maher, 2002] to model a hardware configuration
problem. It can be decomposed into a ROOTS constraint:

CONTIGUITY ([ X1, .., X},]) iff
RooTs([X1, .., Xn], S, {1}) A
X =max(S) A Y =min(S) A |S|=X-Y +1

Again it is polynomial to enforce HC on this case of the
RooTs constraint.  Unfortunately, decomposition hinders
propagation. Consider X1, X3 € {0,1}, X3, X4 € {1}. HC
on the decomposition will enforce {2,4} C S C {1,2,3,4},
X € {4}, Y € {1,2} and |S| to be in {3,4} but no prun-
ing will happen on the X;. However, enforcing GAC on
CONTIGUITY ([ X1, .., X,]) will prune 0 from X3s.

Whilst RooTs and RANGE can specify concepts quite dis-
tant from counting and occurrences like convexity and dis-
crete derivatives, it seems that we may need other algorithmic
ideas to propagate them effectively.

8 Experiments

The last three sections demonstrate that many global con-
straints can be specified in terms of ROoTS and RANGE con-
straints. We also argued that these specifications are exe-
cutable and in certain cases provide efficient and effective
propagation algorithms. In this section, we support this ar-
gument by means of some experiments.

2Gcc+SuM Gcc+RooTs RooTs

Size f t #s f t #s f t #s

10 6 0.02 9/10 6 0.01 9710 335 0.41 10710
15 6475 156 29/52 6468 1.38 29/52 23 0.10 52/52
20 2852 137 20/35 2852 0.97 20/35 1093 3.54 32/35

25 71 0.22 13/20 71 0.09 13/20 2776 13.62 19/20
30 12472 11.87 6/10 12472 6.80 7/10 4279 17.23 9/10
35 16 0.44 20/56 14 0.15 21/56 5107 36.29 49/56

Table 1: Mystery Shopper. Instance are run with a 5 minutes
time limit. #fails (f) and cpu time (t) are averaged on the
#instances solved (#s) by each method.

We used a model for the Mystery Shopper problem [Cheng
et al., 1998] due to Helmut Simonis that appears in CSPLib.
This model contains a Gcce constraint and a number of
AMONG constraints. ILOG’s Solver contains the Gcc but not
the AMONG constraint. We implement AMONG either with
a Gcce and a Sum constraint or directly with RooTs. This
gives us two models (2Gcc+SuM and GCC+ROOTS, resp.).
We also consider the model (RooTS) which is a variation of
Gcc+RooTs where we decompose the Gec constraint using
RooTs. In order to generate a range of instances, we used the
following protocol. The duration in weeks as well as the num-
ber of varieties of shoppers, visits per salelady and number of
areas are all set to 4 (as in the original problem). The number
of saleladies takes its value in {10, 15, 20, 25, 30, 35}, and the
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number of shoppers is the next multiple of 4 that is not con-
secutive. All the possible ways of partitioning the saleladies
into 4 areas (that do not trivially violate the constraints) are
solved. As expected, the decomposition of the AMONG con-
straint using RooTs is more efficient than the decomposition
with a Gcc and a SuM constraint (see Table 1). Surprisingly,
however, the RooTs model is the most efficient strategy (see
the "#s’ column). This is because we were able to branch on
the extra’ set variables, which proved to be the most effective
method. Finally, the inference using Gcc (2Gcc+Sum) is
faster (better ratio t/f) than using its decomposition (ROOTS).
This suggests that it will be worth investing time and effort
into optimizing this new ROOTS constraint.

9 Related Work

Beldiceanu has specified a wide range of global con-
straints using simple properties of suitably constructed graphs
[Beldiceanu, 2000]. There are several important differences
between this approach and the framework presented here. For
instance, our specification language is executable. Given a
specification, we immediately have a polynomial propagation
algorithm. This is not the case with Beldiceanu’s framework.
On the other hand, Beldiceanu’s framework is more general
since the ROOTS and RANGE constraints can easily be speci-
fied in terms of some simple graph properties.

A number of researchers have specified global constraints
over sequences of variables using automaton. Beldiceanu et
al. use an extended polynomial sized automaton, and show
how to extract automatically a GAC propagation algorithm
[Beldiceanu et al., 2004a]. Pesant uses a deterministic finite
automaton, and develops a GAC propagation algorithm for
membership of the corresponding regular language [Pesant,
2004]. These approaches are complementary to the frame-
work presented here. For example, automaton can easily
specify constraints like the CONTIGUITY constraint and thus
provide us with a GAC propagation algorithm. This does not
seem possible with just ROOTS and RANGE constraints. On
the other hand, deterministic or extended automaton cannot
specify a simple PERMUTATION constraint.

10 Conclusions

We have proposed a simple declarative language for speci-
fying a wide range of counting and occurrence constraints.
The language uses just two global primitives: the RANGE
constraint which computes the range of values used by a
set of variables, and the ROOTS constraint which computes
the variables in a set mapping onto particular values. This
specification language is executable. It immediately provides
a polynomial propagation algorithm for any constraint that
can be specified. In some cases, this propagation algorithm
achieves GAC (e.g. the PERMUTATION and AMONG con-
straints). In other cases, this propagation algorithm may not
make the constraint GAC, but achieving GAC is NP-hard (e.g.
the NVALUE and COMMON constraints). Decomposition is
then one method to obtain a polynomial algorithm. In the re-
maining cases, the propagation algorithm may not make the
constraint GAC, and specialized propagation algorithms can
do so in polynomial time (e.g. the SYMALLDIFF constraint).

CONSTRAINT SATISFACTION AND SEARCH

Our method can still be attractive in this last case as it pro-
vides a generic means of propagation for counting and occur-
rence constraints in the absence of a specialized algorithm.
Experiments demonstrate that such propagation algorithms
can be both efficient and effective in practice.
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Abstract

The quantified boolean formula (QBF) problemis a
powerful generalization of the boolean satisfiability
(SAT) problem where variables can be both univer-
sally and existentially quantified. Inspired by the
fruitfulness of the established model for generating
random SAT instances, we define and study a gen-
eral model for generating random QBF instances.
We exhibit experimental results showing that our
model bears certain desirable similarities to the ran-
dom SAT model, as well as a number of theoretical
results concerning our model.

1 Introduction

A phenomenal success story of artificial intelligence research
over the past decade has been progress on the boolean satisfi-
ability (SAT) problem. The technology of solvers for SAT has
been transformed by techniques such as conflict-driven learn-
ing, highly efficient propagation mechanisms, and random-
ization. Today, state-of-the-art solvers can cope with problem
instances having sizes that are orders of magnitude beyond
what one would have optimistically predicted a decade ago.

Inspired and encouraged by the tremendous advances in
boolean satisfiability, many researchers have recently turned
to studying a powerful generalization of boolean satisfia-
bility where both universal and existential quantification of
variables is permitted; this generalization is often called the
quantified boolean formula (QBF) problem. Whereas the
SAT problem provides a framework wherein one can model
search problems within the complexity class NP, the QBF
problem permits the modelling of problems having higher
complexity—from the complexity class PSPACE-including
problems from the areas of verification, planning, knowledge
representation, game playing, logic, and combinatorics. Re-
call that SAT is known to be NP-complete, and QBF is known
to be PSPACE-complete.

A significant tool for SAT research has been the model for
generating random SAT instances studied by [Mitchell et al.,
1992], in which it is possible to reliably generate instances
that are robustly difficult. This model has become a canon-
ical benchmark for solver evaluation, has been used heav-
ily in conducting and thinking about SAT-related research,
and is widely regarded as a suitable basis for investigating
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“average” or “typical” case complexity. In addition, theo-
retical issues concerning this model have stimulated fruitful
and highly non-trivial interaction among the areas of arti-
ficial intelligence, theoretical computer science, probability
theory, and statistical physics. One particular question that
has garnered significant attention is the “satisfiability thresh-
old conjecture” which roughly states that, as the density of
constraints is increased, formulas abruptly change from being
satisfiable to being unsatisfiable at a critical threshold point.

The utility and widespread embrace of the random SAT
model suggests that research on QBF could similarly benefit
from random QBF models. This paper defines and studies a
general model for generating random instances of the QBF
problem. We exhibit experimental results showing that our
model bears certain desirable similarities to the random SAT
model; in particular, we show that our model exhibits thresh-
old and easy-hard-easy phenomena as in the SAT model.
However, we also experimentally demonstrate that the much
larger parameter space of our model offers a richer frame-
work for exploring and controlling complexity than the SAT
model. In addition, we present a number of theoretical results
concerning our model, namely, we give techniques for estab-
lishing lower and upper bounds on the purported threshold
in our model. This places our work in contrast to previous
work on random QBF models (discussed below), which con-
tained very little rigorous theoretical analysis. Our theoretical
results demonstrate nice connections to both previously stud-
ied problems as well as less studied but natural problems; we
believe that these results evidence that our model is mathe-
matically tangible and holds promise for being analyzed on
the level of sophistication that work on the SAT model has
reached.

Formulation of QBF. In this paper, we use the formulation
of QBF where consecutive variables having the same quanti-
fier are combined into a set. The following are the thus the
general forms of QBF formulas having one, two, and three
quantifier blocks, respectively:

1X1¢
VY;3X: 6
dXoVY1dX 0

By a quantifier block, we mean an expression QV where Q
is a quantifier (3 or V) and V' is a set of boolean variables. In
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general, an instance of QBF contains a sequence of quantifier
blocks which alternate between universal and existential type,
followed by a set of clauses, denoted here by ¢.* The seman-
tics of these formulas are defined as is standard in logic; for
instance, a formula YY13X, ¢ is true if for every assignment
to the variables Y7, there exists an assignment to the variables
X such that ¢ is true. An intuitive way to view a QBF for-
mula is as a game between two players: a “universal player”,
who attempts to falsify ¢, and an “existential player”, who
attempts to satisfy ¢. Players set their variables in the or-
der given by the quantifier prefix. For instance, a formula
JXoVY13 X ¢ can be viewed as a three-round game in which
the existential player first sets the variables X1, the universal
player then sets the variables Y7, and the existential player
finishes by setting the variables X;. In general, the formula
is true if the existential player can always win the game by

satisfying ¢.

Description of model. Let us review the random SAT
model, which our model generalizes. This model takes three
parameters: the clause length k, the number of variables n,
and the number of clauses C. A random formula with these
parameters, denoted here by k-F(n,C), is generated one
clause at a time; each clause is generated by selecting, uni-
formly at random, & distinct variables, and then negating each
with probability one half.

Now we describe our random QBF model. In the random
SAT model, every clause has the same length. In our model,
this also holds, but in addition, the number of literals in a
clause from each quantifier block is a constant. The first pa-
rameter to our model is thus a tuple specifying, for each quan-
tifier block, the number of literals from that block that are in
a clause. For instance, the tuple (2, 3) specifies that the gen-
erated formulas are of the form VY;3.X; ¢, where each clause
in ¢ has 5 literals, 2 from Y; and 3 from X;. We will call
such formulas (2, 3)-QBF formulas. As another example, the
tuple (4, 2, 3) specifies that the generated formulas are of the
form 3X,VY;3X ¢, where each clause in ¢ has 9 literals, 4
from X5, 2 from Y7, and 3 from X;. Analogously, we call
such formulas (4, 2, 3)-QBF formulas.

The second parameter to our model is a tuple of the same
length as the first one, specifying the number of variables in
each quantifier block. The third parameter to our model is
simply the number of clauses C'. As an example, suppose
that the first tuple is (2, 3), the second tuple is (44, 37), and
the number of clauses is 290. The generated formulas are
of the form VY;3X,¢, where Y; has 44 variables, X; has
37 variables, each clause in ¢ has 2 literals from Y; and 3
literals from X, and there is a total of 290 clauses in ¢. Each
clause is generated by selecting uniformly at random, for each
quantifier block, the designated number of distinct variables,
and then negating each variable with probability one half. We
denote such a random formula by (2, 3)-F((44, 37),290). In
general, to denote random formulas from our model, we use

INote that we use the standard assumption that the innermost
quantifi er block is existential, for if it is universal, the block can
be effi ciently eliminated. We also assume, as usual, that different
quantifi er blocks have digoint variable sets.
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the notation

(jla kl? s 7j17k1)'f((mlanla e 7m17n1)7 O)

or

(K1, Ji—1, -+, g1, k)-F((a,my—1, ..., mi,n1),C)

depending on whether or not the number of quantifier blocks
is even or odd, respectively.

Notice that in a random QBF from this model, if any quan-
tifier block is picked and the clauses are restricted to literals
over the quantifier block, the result is a random formula over
the variables of the quantifier block in the sense of the random
SAT model. It can in fact be verified that the model has a cer-
tain “recursive” property: generating a random QBF and then
randomly instantiating the variables of the outermost quanti-
fier block results in another random QBF from the model.

Previous work. Random QBF models have been previ-
ously studied by [Cadoli et al., 1999] and [Gent and Walsh,
1999]. [Cadoli et al., 1999] have experimentally studied the
QBF generalization of the SAT model where clauses of fixed
length % are generated by randomly choosing & distinct vari-
ables from the entire set of variables, and then negating each
with probability one half. In this generalization, denoted
FCL, the generation of clauses does not differentiate among
variables from different quantifier blocks. It was pointed out
in [Gent and Walsh, 1999] that this model is “flawed” in
that it generates trivially false formulas when the number of
clauses is on the order of the square root of n, the number of
variables. These trivially false formulas arise from pairs of
clauses where one clause contains a single existential literal,
the other contains a single existential literal that is the com-
plement of the first, and no universal variable is repeated in
the pair.

In attempts to remedy this issue, [Gent and Walsh, 1999]
proposed two models, model A and model B, and [Cadoli
et al., 1999] proposed another model, FCL2. Model A and
FCL2 are essentially modifications of the original FCL model
that disallow the types of clauses that lead to the trivial fal-
sity; for instance, in Model A, each clause is generated in-
dependently as before, but clauses containing one existen-
tial literal are simply discarded and replaced. As pointed out
in [Gent and Walsh, 1999], instances generated by Model A
lack uniformity; in our view, the definitions of Model A and
FCL2 have an ad hoc flavor that we believe make them less
amenable to mathematical analysis.

The study of model B in [Gent and Walsh, 1999] is con-
cerned mostly with QBF formulas with two quantifier blocks;
results of two experiments are reported. The parameteriza-
tions of Model B studied can be obtained within our model,
and indeed our model can be viewed as a generalization of
these parameterizations. However, no systematic definition
of the parameter space of Model B is given. We believe that
one of the contributions of this paper is the precise articula-
tion of a general random QBF model that may be instantiated
in various ways, and from which it is possible to methodi-
cally embark on experimental and theoretical explorations of
the parameter space.
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2 Experimental results

Our first set of experimental results concerns (2, 3)-QBF for-
mulas, all of which have the same number of variables, 80.
We varied both the number of clauses, as well as the ratio of
universal to existential variables, denoted by p (rho). Figure 1
shows the computational cost of deciding these formulas.
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Figure 1: Computational cost of random (2, 3)-QBF formulas
with 80 variables.

Each curve corresponds to a different value of p. For
instance, using the introduced notation, the curve with
p = 0.6 corresponds to the hardness of formulas of the form
(2,3)-F((30,50), C) for varying numbers of clauses C'. The
hardness is plotted as a function of the ratio of clauses to ex-
istential variables; in the case of p = 0.6 and 80 variables,
this ratio is equal to C'/50. Note that all of the experiments
were performed using the solver QUBE- BJ [Giunchiglia et
al., 2001], and each point of our plots represents the median
value.

Figure 2 concerns exactly the same formulas studied by
Figure 1, but shows the probability of truth instead of the
computational cost.
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Figure 2: Probability of truth of random (2, 3)-QBF formulas
with 80 variables.

Examining each value of p individually, we see that as the
number of clauses is increased, the formulas change from be-
ing almost certainly true to almost certainly false. Moreover,
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this transition seems to take place relatively abruptly, sug-
gesting that our model exhibits a threshold phenomenon as
is conjectured in the random SAT model. Also, recall that
in the random SAT model, computational difficulty exhibits
an easy-hard-easy pattern, where the computational difficulty
of formulas peaks around the point where half of the forulas
are satisfiable. For each value of p in these two figures, and
in all of the other experiments we performed, our model also
exhibits this phenomena.

Now, let us consider the curves of Figure 1 together. The
picture suggested is an extremely intriguing one: starting
from the left, the peaks of each of the four curves appear to
increase as p decreases, attain a maximum, and then decrease
as p further decreases. That is, the peaks of the easy-hard-
easy patterns appear to themselves exhibit an easy-hard-easy
pattern! One lesson begged by this figure is that if one wishes
to generate the computationally hardest quantified formulas
for a given number of variables, it is of crucial importance
to select the appropriate relative numbers of variables in each
quantifier block. It is also clear from this figure that, even
after we have committed ourselves to studying (2, 3)-QBF
formulas and fixed the number of variables, there are still two
parameters, p and the clause density, that can be used to con-
trol complexity. We envision that the large parameter space of
our model will be useful in the evaluation of QBF solvers. For
instance, by tuning the clause density appropriately, one can
generate an ensemble of (2, 3)-QBF formulas with 80 vari-
ables which all have the same hardness (for one solver), but
different p values; observing the behavior of another solver
on such an ensemble could give insights into the relative be-
haviors of the solvers.

3.5e+07

3e+07 |
2.5e+07 |
2e+07 |-

_ qos5
1.5e+07 | E

probability sat

1e+07 -

number of branches

5e+06 I“
e L

i
#+

Lot L
040_ 45 50 55 60 65 70
ratio=clauses/(existential variables)

Figure 3: Formulas of type (2, 2, 3)-F((15,15,15),C). The
x-axis is the ratio of clauses to 15, the number of existential
variables in the innermost block X;.

Figure 3 shows results on (2, 2, 3)-QBF formulas in which
each quantifier block has 15 variables, for a total of 45 vari-
ables. When there is an odd number of quantifier blocks, a
solver can conclude truth of a formula as soon as it finds an
assignment to the outermost quantifier block such that the rest
of the formula is true. Accordingly, for an odd number of
quantifier blocks, the hardness drops down more slowly on
the right of the peak (the “false” region) than on the left (the
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“true” region). This slowness in dropping down on the right is
quite pronounced in Figure 3. Note that a dual phenomenon
takes place for an even number of quantifier blocks; see for
example Figure 1.
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Figure 4: Formulas of type (3, 3)-F((35, 35), C).

Figure 4 shows results on (3, 3)-QBF formulas with p = 1,
that is, with the same number of existential and universal vari-
ables, 35 each, for a total of 70 variables. Interestingly, al-
though the number of variables is less than in Figure 1, the
hardest formulas (of Figure 4) are considerably harder than
those of Figure 1, emphasizing the importance of the first pa-
rameter of our model, the tuple giving, for each quantifier
block, the number of literals per clause.

Figure 5 shows results for (1,4)-QBF formulas with 80
variables. We again see that differences in p can dramatically
affect complexity.?
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Figure 5: Formulas of type (1,4)-F((30,50),C) and

(1,4)-F((40,40), C).

2Note that in Figure 5, we use execution time instead of number
of branches as ameasure of hardness. Thisis because in some cases,
the number of branches was so high that it was not correctly reported
by the solver (in particular, overfow occurred).
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3 Theoretical results

In this section, we present a number of theoretical re-
sults which concern techniques for proving lower and upper
bounds on the purported threshold in our model. In the ran-
dom SAT model, theoretical work generally studies asymp-
totic properties of the model, in particular, properties that
hold as the number of variables approaches infinity. In this
section, we will similarly be concerned with asymptotic prop-
erties of our model, and we assume that in parameterizations

(jla kl? s ,jl,kl)'f((’ﬁ'bl,ﬂl, e 7m17n1)7 O)
and
(klajlflv s 7j17k1)"/,:'((nlaml*17 . 'amlvnl)vc)

of our model, the k; and j; are constant, but the n;, m;, and
C are all functions of an underlying argument n. We will
discuss properties that hold almost surely by which we mean
with probability tending to one as n approaches infinity.

Ouir first result concerns a way of obtaining threshold upper
bounds, that is, “almost surely false” results. To illustrate the
idea, let us focus on (4, k)-QBF formulas with two quantifier
blocks, which are of the form VY;3.X;¢. Consider the game
view (mentioned in the introduction) of such a formula: the
universal player wishes to set Y; so that the resulting formula
cannot be satisfied by the existential player. A reasonable tac-
tic for the universal player is to attempt to set the variables Y;
so that the number of clauses in the resulting formula is max-
imized. Suppose that the universal player chooses a setting
to Y; in such a way that she does not “look at” the existential
literals of the formula—that is, the choice of assignment to Y;
depends only on the universal literals in the formula. With
this form of choice, in a sense that can be made precise, the
resulting formula (over X) can be verified to be a random
SAT formula. If the universal player can guarantee that the
resulting random SAT formula has sufficiently many clauses,
then almost sure falsity follows by making use of SAT thresh-
old upper bounds.

Let us be a bit more precise. We show how to ob-
tain almost sure falsity results for formulas of the form
(4, k)-F((m,n), D). Assume that k-F(n,C) formulas are
almost surely false, that is, C//n is an upper bound for the
k-SAT threshold. If we restrict such a formula to the uni-
versal literals (the Y; literals), we obtain a j-F(m, D) for-
mula. Assume further that D > (' is sufficiently high
so that (almost surely) a j-F(m, D) has an assignment
leaving C clauses unsatisfied. (In notation, we assume
that minSAT (j-F(m, D)) < D — C almost surely, where
minSAT (F') denotes the minimum, over all assignments, of
the number of clauses satisfied in the formula F'.) Together,
these two assumptions, in light of the above discussion, im-
ply that (7, k)-F((m, n), D) formulas are almost surely false.
The following proposition is a formal statement of this claim,
but in a more general form.

Proposition 3.1. Suppose that instances of
(kv ity -y 1,k )-F (g, my—1, ... ,my,n1), C)

are almost surely false, and that D is sufficiently high so that
almost surely, it holds that

mInSAT(jpv kpa sy kl+17jl)"7:((mpvnpv ceey 41, ml)a D)
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is less than or equal to D — C'. Then, instances of
(jp7 kpa v 7j17 kl)-‘F((mpvnpa ceey My, nl)a D)
are almost surely false.

Note that one can formulate a dual of Proposition 3.1 that
allows one to infer “almost surely true” results from previ-
ous “almost surely true” results, and that concerns maxSAT
instead of minSAT.

We next observe that, given a parameterization (of the
model), if the parameterization is almost surely true after the
elimination of a “prefix”, then the original parameterization is
almost surely true. This permits, for instance, the derivation
of “almost surely true” results for formulas beginning with a
universal quantifier from such results for formulas beginning
with an existential quantifier.

Proposition 3.2. Let
(.jlv kla s a.jla kl)-]:((mlvnlv ceey mlvnl)v C)

be a parameterization of the model. If for some i < [ it holds
that instances of

(Giskiy .-y J1, k1)-F((mi,msy ..., my,ng), C)
or
(Kit1s Jis- 5715 k1)-F (i1, My, - . ,ma,mna), C)
are almost surely true, then instances of
(i, kiy -y 71, k1)-F((my, ngy ... ,ma,ny), C)

are almost surely true.

Proposition 3.2 follows from the general fact that a quan-
tified formula @ is true if eliminating one or more quantifier
blocks from the outside of ®, along with their associated lit-
erals, gives a true formula.

Example 3.3. We demonstrate how to make use of the
two propositions given so far by explicitly computing
some threshold bounds for our model. We will consider
(2,3)-F((pn,n), cn) formulas, that is, formulas of the type
considered in Figures 1 and 2.

We begin by looking at the case where p = 1, that is,
(2,3)-F((n,n),cn) formulas. We can use Proposition 3.1
specialized to two quantifier blocks (that is, with p =1 = 1)
to obtain an upper bound of ¢ = 14.5 for such formulas, as
discussed prior to the statement of that proposition. How is
this done? The first requisite ingredient is a value ¢,, such
that 3-F(n, ¢,,n) formulas are almost surely false, that is, a
SAT threshold upper bound. By [Dubois et al., 2000], we can
take ¢, = 4.506. The second ingredient needed is an up-
per bound for minSAT (2-F(n, cn)). By Theorem 3.5, which
is presented below, we have that minSAT(2-F(n,cn)) <
(0.657)cn for ¢ = 14.5. Using the proposition with C' = ¢,n
and D = 14.5n, we see that (0.657)cn < (14.5n) — (cyun)
and hence we have minSAT(2-F(n,cn)) < D — C as re-
quired. Therefore, instances of (2, 3)-F((n,n),cn) are al-
most surely false for ¢ = 14.5 (and hence for all ¢ > 14.5).

Now let ¢; be a lower bound on the 3-SAT threshold, so
that instances of 3-F(n, ¢;n) are almost surely true. We can
take ¢; = 3.52 by [Kaporis et al., 2003]. By Proposition 3.2,
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instances of (2, 3)-F((n,n), ¢;n) are almost surely true. The
idea is that (2, 3)-F((n,n), c;n) formulas are almost surely
true because after “eliminating™ the first quantifier block in
such formulas, one obtains 3-F(n, ¢;n) formulas, which are
almost surely true by our choice of ¢;. To summarize the re-
sults observed so far, we have that (2, 3)-F((n,n),cn) in-
stances are almost surely true when ¢ < ¢; = 3.52, and al-
most surely false when ¢ > 14.5.

Now, let us consider (2, 3)-F((pn,n), cn) formulas. Re-
garding lower bounds, as before, we have by Proposition
3.2 that instances of (2, 3)-F((pn, n), c;n) are almost surely
true. Turning to upper bounds, we observe that, by a standard
probabilistic argument, every 2-SAT formula has an assign-
ment satisfying (at most) 3/4 of the clauses. Thus, we have
minSAT (2-F (pn, 4c,n)) < 3c,n for any value of p. Using
Proposition 3.1 as before with C = ¢,n and D = 4c¢yn,
we obtain that instances of (2, 3)-F((pn,n), cn) are almost
surely false for ¢ > 4c,, that is, 4¢, is a threshold upper
bound on formulas (2, 3)-F((pn, n), cn), for any value of p.

Summarizing, we have obtained that for any value of p,
formulas (2, 3)-F((pn,n), cn) are almost surely false when
¢ < ¢, and almost surely true when ¢ > 4c¢,. That is,
such formulas change from being almost surely true to al-
most surely false between ¢; and 4c¢,. If we set ¢; and ¢,
to 4.26, which is an approximate value of the 3-SAT thresh-
old, we expect the threshold for such formulas to lie between
c=4.26andc=4-4.26 = 17.04, where c denotes the ratio
of clauses to existential variables; this expectation is consis-
tent with Figure 2.

In the usual random SAT model, whenever the clause
length is fixed, it is known that at a sufficiently low constant
clause-to-variable ratio, formulas are almost surely satisfi-
able, and that at a sufficiently high constant clause-to-variable
ratio, formulas are almost surely unsatisfiable. These results,
of course, validate the hypothesis that there is a threshold phe-
nomenon in this model. We can show analogous results in our
model.

Proposition 3.4. Fix (ji, ki,...,Jj1,k1) to be a tuple with
k1 > 2,and fori € {1,...,1}, let n;(n) be a linear func-
tion of n, that is, n;(n) = o;n for a constant o; > 0. There
exist positive constants a; and a,, such that instances of

(jla kl7 .o 7j17 kl)_f((mhnla .
are almost surely true when ¢ < a;, and instances of

(jlakl7" -7j17k1)_‘7:((ml7nla' .

are almost surely false when ¢ > a,. (This proposition is
meant to address formulas with both even and odd numbers
of quantifier blocks, that is, we permit j; = 0.)

The “almost surely true” part follows from Proposition 3.2
along with known lower bounds on the SAT threshold, while
the “almost surely false” part follows from the fact that shift-
ing existential quantifiers inward preserves truth of quantified
formulas, the idea of Proposition 3.1, and a standard first mo-
ment argument.

We now study threshold upper bounds for our model in
greater detail. Proposition 3.1 establishes a connection be-
tween minSAT and upper bounds in our model. Although

., M1,M1),CN)

.,M1,M1),cN)
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minSAT has not, as far as we know, been studied explicitly
in previous work, we certainly believe that it is a natural con-
cept of independent interest. We have the following result
concerning it.

Theorem 3.5. For every k& > 2, there exists a function

gr such that for all ¢ > 0, it holds almost surely that
minSAT (k-F(n, cn)) < gr(c)en + o(n).

We plot obtainable g» and g3 in Figure 6, comparing them
against the values 3/4 and 7/8 obtainable by a standard prob-
abilistic argument.

We prove this theorem by analyzing a simple algorithm
similar to one used in the paper [Coppersmith et al., 2003]
to study maxSAT. The algorithm is analyzed using the dif-
ferential equation approach of [Wormald, 1995] that has been
used in many random SAT threshold lower bound arguments.

0.9 T T T T T T T T

2:9AT ——
expected 2-SAT
3-SAT

0.85 |

expected 3-SAT
0.8

0.75 -

0.7 -

0.65 |

06 |

0.55 |

upper bound minSAT

05

0.45 ! ! ! ! ! ! ! ! ! !
0 2 4 10 12 14 16 18 20 22

6 8
ratio=clauses/(variables)

Figure 6: Upper bounds for minSAT (k-F(n, c¢n)) from The-
orem 3.5.

Now we look further at threshold lower bounds in our
model, focusing on formulas with quantifier prefix V3. One
can observe that if all “small” subformulas of a random SAT
formula are satisfiable, at clause-to-variable ratio ¢, then for-
mulas at clause-to-variable ratio c are true.

Proposition 3.6. Fix a tuple (4, k) and constants ¢, p > 0.
There exists a positive constant z < 1 (depending on j, ¢,
and p) such that if all subformulas of size xcn in an instance
of k-F(n, cn) are satisfiable almost surely, then instances of
(4, k)-F((pn,n), cn) are true almost surely.

Proposition 3.6 follows from the fact that a sufficiently
small y > 0 can be picked so that the probability of

minSAT (§-F (pn, cn)) < yen

converges to zero. This can be proved by using a union bound
and Chernoff bounds on a first moment. The desired = can
then be obtained as (1 — y).

This “small subformula” property has not been previously
studied to our knowledge, but as with minSAT, we believe
that it is a natural concept of possible independent interest.
We can show that this property holds for random SAT formu-
las, for subformulas having size equal to a constant fraction
of the number of clauses.

CONSTRAINT SATISFACTION AND SEARCH

Theorem 3.7. For all constants £ > 2 and ¢ > 0, there exists
a constant z > 0 depending on &k and ¢ such that all size zcn
subformulas of k-F(n, cn) are satisfiable almost surely.

The proof of Theorem 3.7 makes use of [Chvatal and Sze-
meredi, 1988, Lemma 1].

Proposition 3.6 and Theorem 3.7 can be used together to
obtain threshold lower bounds for V3 formulas. In particular,
notice that in Proposition 3.6, relative to fixed ¢ and p, in-
creasing j allows one to decrease x. Moreover, the lower the
x required in Theorem 3.7, the higher the ¢ may be. Thus, fix-
ing k and p, increasing j allows us to obtain higher and higher
lower bounds on the threshold of (j, k)-F((pn,n), cn).
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Abstract

In this paper we introduce a generic form of struc-
tural decomposition for the constraint satisfaction
problem, which we call a guarded decomposi-
tion. We show that many existing decomposition
methods can be characterized in terms of finding
guarded decompositions satisfying certain speci-
fied additional conditions.

Using the guarded decomposition framework we
are also able to define a new form of decompo-
sition, which we call a spread cut. We show that
discovery of width & spread-cut decompositions is
tractable for each k, and that the spread cut decom-
position strongly generalize all existing decomposi-
tions except hypertrees. Finally we exhibit a family
of hypergraphs H,,, for n = 1,2,3..., where the
width of the best hypertree decomposition of each
H, is at least 3n, but the width of the best spread-
cut decomposition is at most 2n.

1 Introduction

A constraint satisfaction problem consists of a set of vari-
ables that must be assigned values subject to certain con-
straints. These constraints restrict the simultaneous assign-
ments to certain specified subsets of the variables. Many
real-world problems can be represented very naturally in this
framework [Dechter, 2003; Marriott and Stuckey, 1998]

Similar problems arise in the field of relational databases,
where they are referred to as conjunctive query evaluation
problems [Kolaitis and Vardi, 2000]. Many of the techniques
developed in this paper can also be applied directly to the
conjunctive query evaluation problem, but we shall not pur-
sue this application here.

The decision problem for the general constraint satisfaction
problem is NP-hard [Mackworth, 1977]. This motivates the
search for more restricted subproblems which are tractable
that is, solvable in polynomial-time.

This paper considers subproblems of the constraint satis-
faction problem which can be shown to be tractable using so-
called structural methods or decompositiommethods. These
methods rely exclusively on using the structural properties of
instances, in other words the way in which the constraints
overlap each other.
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A variety of such decomposition methods have been devel-
oped and applied in both the constraint satisfaction commu-
nity, and the database community. Examples include meth-
ods based on the use of treewidth [Freuder, 1985], cycle cut-
sets [Dechter and Pearl, 1988], tree-clustering [Dechter and
Pearl, 1989], hinges [Gyssens et al., 1994], cycle hypercut-
sets and hypertrees [Gottlob etal., 2000]. All of these meth-
ods rely on reducing a given problem instance to an equiv-
alent instance with a simpler structure, which can then be
solved efficiently.

In this paper we present a generic, abstract form of decom-
position, which we call a guardeddecomposition We show
that all of the earlier decomposition methods can be viewed
as special cases of guarded decomposition, each character-
ized by some simple additional conditions.

One existing decomposition method, based on the use of
hypertrees [Gottlob et al., 2000; 2002], is of particular im-
portance as it is has been shown to be strictly more general
than many other decomposition methods and that, for each
k, it is tractable to to discover hypertree decompositions of
width at most k. The general framework presented here al-
lows us to identify a new decomposition method, based on
the use of a structure that we call a spread cut We show
that spread-cut decompositions generalize all of the methods
previously shown to be generalized by hypertree decomposi-
tions, and still it is tractable, for each k to discover spread cut
decompositions of width k. Furthermore, we exhibit a family
of examples for which the spread-cut decomposition method
obtains better decompositions than the hypertree decomposi-
tion method.

2 Congtraint Satisfaction, Hypergraphs, and
Tractability

Definition 2.1 A CSP instanceis a triple P = (V,D,C)
wheee:

e V isafinite setof variables;
e D is asetcalledthedomain of P;

e (isasetofconstraints. Each constaintc € C isapair
¢ = {x, p) where x C V is asetof variables,calledthe
scope of ¢, and p C DX is a setof functionsfrom the
scopeto thedomain,calledtherelation of c.
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A solution to the CSPinstanceP = (V, D, C) is a function
fromV to D whoserestrictiont to the scopeof any constaint
¢ € C'is oneof thefunctionsin therelationof c.

Example 2.2 Consider the CSP instance P4 = (V, D, C)
where V. = {1,2,...,10}, D = {0,1}, and C =
{Cl, C2y.. vy Cg}.

This instance has ten variables which must each be as-
signed the value 0 or 1, subject to 8 constraints. The con-
straints in C' are defined as follows:

o = ({1,2}, D13 co = ({2,3,9}, D139}
c3 = ({3,4,10}, DAV ) = ({4,5}, D145}
C5 = <{5a 6, 9}7 D{5’6’9}> »
cr = ({7,8,9}, DIT8:9})

cs = ({1,8,10},{f | f(1) = f(8) =0 — f(10) = 1}).
Note that each constraint except cg allows everyassignment
to the variables of its scope. The constraint cg does not allow
the three variables of its scope all to take the value 0 simulta-
neously, but does allow all other assignments.

A straightforward calculation shows that this instance has
exactly 7 * 2° = 224 solutions. O

In order to study the structuml properties of CSP instances,
that is, the way in which the constraint scopes overlap each
other, we need the standard notion of a hypegraph

Definition 2.3 Ahypergraphisapair H = (V, E), whee V'
is an arbitrary set,calledthevertices of H, and E is a setof
subset®f V, calledthe hyperedges of H.

Definition 2.4 For any CSP instance P = (V,D,C),
the structure of P, denoted o(P), is the hypegraph
Vx| {x.p) €C}). _ _

For anyhypegraph H, theclassof all CSPinstanceswith
structue H is denotedV (H).

Example 2.5 Recall the CSP instance P defined in Exam-
ple 2.2. The structure of P4 is the hypergraph H 4 illus-
trated in Figure 1.

The set of vertices of H4¢ istheset {1,2,...,10}, and the
eight hyperedges of H 4¢ are the following subsets of these
vertices: e; = {1,2}, ea = {2,3,9}, e3 = {3,4,10}, e4 =
{4, 5}, €5 = {5, 6, 9}, € = {6, 7, 10}, €7 = {7, 8, 9}, €] =
{1,8,10}. 0

As indicated in the Introduction, the decision problem for
the general constraint satisfaction problem is NP-hard [Mack-
worth, 1977], so there has been considerable interest in find-
ing more restricted problem classes whose instances can be
recognized and solved in polynomial time.

Definition 2.6 A classI of CSPinstancess calledtractable
if there is a polynomialtime algorithmto decidemembeship
of I, and a polynomialtime algorithm which solvesall in-
stancesn I.

A class I of CSPinstancesis called structural if I =
Uren Y (H) for someclassof hypegraphs?.

170 simplify the presentation we assume, throughout this paper,

that every variable of a CSP instance is constrained; that is, every
variable occurs in the scope of some constraint.
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ce = ({6,7,10}, DIG-7:10})

Figure 1: The hypergraph H 4, which is the structure of the
CSP instance P4, defined in Example 2.2.

3 Guarded Decompositions

Two CSP instances with the same set of variables are called
solution equivalentif they have the same set of solutions.
All known tractable structural classes of CSP instances are
characterized by showing that the instances they contain can
be transformed into solution equivalent instances with sim-
pler structure. The constraints of these transformed instances
are obtained by calculating the relational joins of certain con-
straint relations in the original instances, and then projecting
these onto new scopes. To describe this general transforma-
tion scheme we introduce the following terminology.

Definition 3.1 A guarded block of a hypegraph H is a pair
(A, x) whee the guard, J, is a setof hypeedgesof H, and
theblock, x, is a subsebf theverticesof theguard.

Definition 3.2 For any CSPinstance P, and any guarded
block (A, x) of o(P), theconstaintgenerated by P on (A, x)
istheconstaint (x, p), wheee p is theprojectionontoy of the
relationaljoin of all the constaintsof P whosescopesre el-
ementf .

Given a CSP instance P, with structure H, and a collection
of guarded blocks of H, we can generate constraints on each
of these guarded blocks to obtain a new collection of con-
straints, and hence a new CSP instance. In some cases, if the
guarded blocks are carefully chosen, this new instance will
be solution equivalent to P, and so can be used to solve P.
If this property holds for any CSP instance with structure H,
then the collection of guarded blocks will be called a guarded
decompositiomf H, which is formally defined as follows:

Definition 3.3 A set of guarded blodks = of a hypegraph
H is called a guarded decomposition of H if for every
CSPinstanceP = (V,D,C) € ¥(H), theinstanceP’ =
(V,D,C"), wher C' is the setof constaintsgeneatedby P
onthemembes of =, is solutionequivalentto P.

How can we determine whether a given collection of guarded
blocks is in fact a guarded decomposition? Theorem 3.5 be-
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low gives a simple and efficient way to answer this question,
based on the following properties.

Definition 3.4 A guardedblod (A, x) of a hypegraph H
covers a hypeedge e of H if e is containedn y.

A setof guardedblocks = of a hypegraph H is calleda
guarded cover for H if each hypeedg of H is covered by
someguardedblock of =.

A setof guadedblocks = of a hypegraph H is calleda
complete guarded cover for H if eath hypeedg e of H oc-
curs in the guard of someguardedblock of = which covers
e.

Theorem 3.5 A setof guardedblodks = of a hypegraph H
is aguardeddecompositiof H if andonlyif it isacomplete
guardedcoverfor H.

Proof: Let = be a set of guarded blocks of a hypergraph
H=(V,E).

Suppose that = is not a complete guarded cover for H.
Choose e € E such that there is no guarded block (X, x) € =
for whiche € Aand e C x. We will construct an instance
P, with structure H which will witness the fact that = is not
a guarded decomposition of H.

Let the domain of P, be D = {0,1}. For each edge
f € E,f # e, let the constraint of P, with scope f allow
all mappings from f to D. Finally let the constraint of P,
with scope e, c., allow all mappings from e to D except for
the mapping that assigns the value 0 to all the vertices of e
simultaneously.

Now let (X, x) be any guarded block inthe set Z. If e & A
then the constraint generated by P. on (A, x) allows every
assignment. On the other hand, if e € A, then, by the choice
of e, we know that e Z x. In this case we observe that any
projection of ¢, onto any proper subset of e allows all as-
signments. So again the constraint generated by P, on (A, x)
allows every assignment.

Since all constraints generated by P. on all elements of
= allow every assignment, the resulting CSP instance is not
solution equivalent to P., and hence = is not a guarded de-
composition of H.

For the converse, suppose that = is a complete guarded
cover for H. Let P be an arbitrary CSP instance with struc-
ture H. We have to show that the CSP instance P= obtained
by taking the constraints generated by P on each element of
= is solution equivalent to P.

Clearly, any solution to P is a solution to P=. On the other
hand, by the completeness of =, and the construction of Pz,
the projection of any solution to P= onto any edge e € F
must be allowed by the constraint of P with scope e. Hence
any solution to Pz is also a solution to P. O

4  Tractability

We have shown that guarded decompositions can be used to
transform a given CSP instance to a solution equivalent in-
stance which may have a different structure.

In order to be able to use guarded decompositions to iden-
tify tractablestructural classes we need to impose some addi-
tional conditions to ensure we have the following properties.
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Tractable construction It must be possible to generate each
of the new constraints in polynomial time.

Tractable solution It must be possible to solve the resulting
instances in polynomial time.

Tractable discovery It must be possible to obtain a guarded
decomposition of the type we are considering for a given
hypergraph (or else discover that no such decomposition
exists) in polynomial time.

We will now consider extra conditions that can be imposed
on a guarded decomposition to ensure that it has each of these
properties.

4.1 TractableConstruction

The time complexity of a relational join operation is O(r*),
where k£ is the number of relations being joined, and r is the
maximum number of tuples in any of these relations. Hence
to ensure that we have the tractableconstructionproperty, it
is sufficient to bound the number of constraint relations that
need to be combined using the relational join operation. This
can be done by bounding the number of hyperedges in the
guard of any guarded block used in the decomposition.

Definition 4.1 Thewidth of a setof guardedblocks is the
maximunmumberof hypeedgesin anyof its guards.

For any fixed value of £, the class of guarded decompositions
of width at most % has the tractable construction property.

4.2 Tractable Solution

One way to ensure that the new instances obtained by using
a guarded decomposition have the tractable solution prop-
erty, is to ensure that the structure of these new instances is
acyclic[Beeri etal., 1983]. The property of being acyclic can
be defined as follows:

Definition 4.2 A join tree of a hypegraph H is a connected
tree T', whosenodesare the hypeedges of H, sud that,
wheneerthevertex z of H occuisin two hypeedgese; and
eo Of H thenx occurs in eat nodeof the uniquepath con-
nectinge; andes in T'. In otherwords,the setof nodesof T'
in which = occurs inducesa (connectedyubtieeof T'.

A hypegraphis calledacyclic if it hasa join tree

Theorem 4.3 ([Gyssens et al., 1994]) Any CSP instance
whosestructue is acycliccanbe solvedin polynomialtime

Definition 4.4 A join tree of a setof guardedblocks = of H
is a connectedree T', whosenodesare the elementof =,
sud that, wheneerthevertex x of H occursin two blocksof
= thenx occursin eat block of the uniquepath connecting
themin T'. In otherwords, the setof nodesof T" for which
occursin theblodk inducesa (connectedsubtieeof T'.

A setof guardedblodksis acyclic if it hasa join tree

By Theorem 4.3, any class of acyclic guarded decompositions
has the tractable solution property. Using Theorem 3.5 and
Definition 4.4 we now show that an acyclic guarded decom-
position can be obtained from an arbitrary acyclic guarded
cover without increasing the width, or significantly increas-
ing the number of guarded blocks, by adding appropriate ad-
ditional guarded blocks to make a complete guarded cover.
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Theorem 4.5 If the set of guarded blocks = is an acyclic
guardedcover for H thentheset= U {({e},e) | e € E}
is anacyclicguardeddecompositiorf H.

In view of this result, we shall focus on acyclic guarded cov-
ers and use them to define classes of decompositions.

4.3 Tractable Discovery

The class of hypergraphs having a guarded cover in some
fixed class A, with width at most &, will be denoted C'(A, k).

Definition 4.6 A classof guarded covers A will be called
parameterized tractable 2 if for each valueof k there existsa
polynomial-timealgorithmwhich, givenanyhypegraph H €
C(A, k), returnsa guardedcover of H with width at mostk,
andgivenanyhypegraphH ¢ C(A, k), reportsfailure.

It follows from the results above that if A is a class of
acyclic guarded covers, which is parameterized tractable,
then C'(A, k) will be a tractable structural class of CSP in-
stances, for each value of k.

5 Known Tractable Structural Classes

We will now show that many existing decomposition methods
for the CSP can be defined in terms of finding acyclic guarded
covers with particular special properties.

We first note that for historical reasons some existing de-
composition methods for the CSP make use of extended
guardsthat contain both vertices and hyperedges. To be able
to present all of these methods in a uniform way we introduce
the idea of transforming a CSP instance by adding a unary
constraint c,, for each variable v, where ¢, = ({v}, {v}?).
This corresponds to extending the structure of the instance to
ensure that it includes a hyperedge for each variable.

Definition 5.1 Let H = (V,E) be any hypegraph. A
guardedcoverfor thehypegraph(V, E U {{v} |v € V}) is
calledanextended cover for H.

The following result shows that the existence of an extended
cover of width & is equivalent to the existence of a standard
guarded cover of width k. This means that extended covers
are simply a notational convenience and do not allow better
decompositions.

Theorem 5.2 If a hypegraph H has an acyclic extended
cover of width &, then H alsohasan acyclic guardedcover
of width at mostk with at mostthe samenumberof guarded
blocks.

We also note that many existing decomposition methods are
based on guarded covers in which every block is exactly the
union of the edges of its guard.

Definition 5.3 AguardedcoverZ is edge-defined if theblock
of eadh guardedblock in = is exactly the setof verticescon-
tainedin the hypeedgesof its guard.

We can now characterize many known structural decompo-
sition methods (see [Gottlob etal., 2000] for traditional defi-
nitions) in terms of a corresponding class of acyclic guarded
covers with certain additional conditions.

2The notion of being parameterized tractable that we have de-
fined here is strictly weaker than the well-known notion of being
fixed parameter tractable.
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In each of the cases listed below (except for query decom-
positions), it has been shown that the additional conditions
are sufficient to ensure that the corresponding class of acyclic
guarded covers, A, is parameterized tractable. Hence, in all
cases (except query decompositions), the class of CSP in-
stances in C(A, k) is a tractable structural class.

e A biconnected-component decomposition of a hy-
pergraph is an edge-defined acyclic complete guarded
cover, =, satisfying an articulation condition:

v<)\17X1> ) <A27X2> € E7

e A cycle-hypercutset decomposition of a hypergraph
H = (V,E) is an edge-defined acyclic complete
guarded cover, =, satisfying a simplicity condition:

ICCENOMX)EE, [A-C|<1

Ix1Nxz| <1

A hinge-tree decomposition of a hypergraph H is an
edge-defined acyclic complete guarded cover, =, satis-
fying a separation condition:

VAL, x1), (A2, x2) €E,Je € AN, x1Nxe Ce.

A cycle-cutset decomposition of a hypergraph H is an
edge-defined acyclic extended cover, =, such that every
hyperedge of every guarded block of = consists of a sin-
gle vertex, and = satisfies a simplicity condition:

CCVVAx)€ETeekE (x—C)Ce

A query decomposition of a hypergraph H = (V, E) is
apair (£, T') where Z is a complete edge-defined acyclic
extended cover of H and T is a join tree of = that satis-
fies a connectedness condition:

Vee E, {(\,x) € E|eec A}isconnectedinT.

A hypertree decomposition of a hypergraph H is a pair
(2,T), where = is an acyclic guarded cover and T is a
rooted join tree of =, which satisfies the following de-
scendant condition:

V(A x) €E, <Ue) N

ec

U x|c<x

(Nirxi)ED (%)

where D, .y is the set of all descendants of (A, x) in T".

The minimum width of any hypertree decomposition of
a hypergraph H is called the hypertree width of H.

6 Comparing Decompositions

The relative strengths of different decomposition techniques
derived from acyclic guarded covers can be compared using
the measures developed by Gottlob et al [2000].

Definition 6.1 LetA; andA; beanytwo classeof guarded
covers. We saythat A; generalizes A, if there existsa value
e > 0 sudthat, for everyk, C(Aq, k) C C(A1, k +¢).

We saythat A strongly generalizes A, if A, generlizes
A,, andthere exists k for which there doesnot existe > 0
with C(Aq,k) C C(Ag, k +¢).
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Hypertrees have been shown to strongly generalize all the
other parameterized tractable classes of decompositions de-
fined in the previous section [Gottlob et al., 2000]. Further-
more it has recently been shown that the hypertree width of
any hypergraph is at most three times the minimal possible
width of any acyclic guarded cover [Adler, 2004]. 1t follows
that hypertrees cannot themselves be strongly generalized by
any other class of acyclic guarded covers.

However, we will show in the next section that it is possible
to define a parameterized tractable class A of acyclic guarded
covers, such that for some families of hypergraphs, the min-
imal width of a guarded cover in A is smaller than the hy-
pertree width by some constant factor. Such an improvement
allows the corresponding instances to be solved exponentially
faster than by using hypertree decompositions.

Definition 6.2 LetA; and A, beanytwo classeof guarded
covers. We saythat Ay can be superior to A, if thereis some
r > 1, sud thatfor everyk, C'(Aq,rk) € C(Aq, k).

7 Spread Cuts

In this section we will define a new class of acyclic guarded
covers, called spreadcuts We show that classes of instances
with bounded spread cut width are tractable and that spread
cuts can be superior to hypertrees.>

Throughout this section, we will write |J A to refer to the
vertices of a set of hyperedges A; thatis, JA = .., e

Definition 7.1 Let H = (V, E) bea hypegraphandy C V
bea setof vertices.We saythattwo hypeedgese, f € E are
x-adjacentifen f Z .

A x-path connectinge to f is a sequencee =
€o,€1,.-.,6-—1,6, = f sud thate; is y-adjacentto e; 1,
fori=0,...,r—1.

A setof hypeedgesC C E is y-connected if, for every
pair of hypeedgesin C, thereis a y-pathconnectinghem.

A setof hypeedgesis a hyperedge x-component of H if it
is a maximalnon-emptyy-connectecgubsedf .

A non-emptysetof verticesC' is a vertex y-component of
H if thereis somehypeedge x-component,, for whichC' =
Ucy —x.

In this paper, unless otherwise stated, a component will
mean a vertex component.

Example 7.2 Consider again the hypergraph H 4 defined in
Example 2.5 and illustrated in Figure 1.

Now consider the guarded block (A, x) with A = {es, €6}
and xy = {3,6,7,9,10}.

There are three hyperedge x-components:  {eg},
{e1,ea,e7,es} and {es,eq,e5}. Hence, there are two
vertex y-components: {4,5} and {1, 2, 8}.

There are four hyperedge | A-components: {e2}, {es},
{e1,e7,es} and {es,eq,e5}. Hence, there are two vertex
(J A-components: {4,5} and {1, 8}.

Notice that each vertex y-component meets (has non-
empty intersection with) exactly one vertex | J A-component.

31t is still an open research question whether hypertrees can be
superior to spread-cuts.
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This special property of this guarded block relies on x be-
ing “large enough”. If x were empty, then there would be
just one vertex x-component and this component would meet
both vertex | J A-components. O

If we restrict the possible blocks for a given guard appropri-
ately then we can polynomially bound the number of guarded
blocks, whilst still getting effective decompositions. This mo-
tivates the following definition.

Definition 7.3 A guarded block (A, x) of a hypegraph H
hasunbroken components if ead y-componenbf H meets
at mostone | J A-componenbf H and {e; Ney | e1,ex €
A} Cx.

A spread cut of H is an acyclic guardedcover for H in
which all of the guardedblodks haveunbrokencomponents.

Example 7.4 Consider again the hypergraph H 4 defined in
Example 2.5 and illustrated in Figure 1.

The minimal width of any hypertree decomposition of
Hac is three4.

The following set of guarded blocks is a spread
cut of Hae of width two: ({es,e6},{3,6,7,9,10}),
<{€3, 85}7 {3a 47 5a 67 9a 10}>1 <{€27 68}7 {1a 27 3a 87 9a 10}>1
({es,er},{3,7,8,9,10}). O

7.1 Spread Cutsare Parameterized Tractable

We will now define a canonical form for guarded blocks with
unbroken components, and show that if a hypergraph H has
a spread cut of width £, then it also has a spread cut of width
at most k, in which each guarded block is canonical.

Definition 7.5 Let)\ beanysetof hypeedgsof H. Wedefine
thelabel, L (v), of anyvertex of H to bethesetof hypeedg
(J A-componentsvhich includea hypeedge containingv.

We saythata guardedblodk (), x) is canonical if for each
hypeedge e € A theverticesof e outsideof x are exactly
thosewith a particular label. Thatis,

Yoee—x,YweEe, wgx— Ly(w)=Lx(v).

Theorem 7.6 If H hasa spreadcut of width k& then H hasa
spreadcut of width at mostk, in which ead guardedblodkis
canonical.

Proof: Due to space limitations, we can only give an outline
of the proof.

The idea is to show that, for any guarded block (X, x)
with unbroken components, and for any hyperedge e € A,
|Upee—y La(v)] < 2. Given this fact, we can start with any
spread cut and, for each hyperedge of each guard, remove
from the block any vertex with the same label as any vertices
already outside of the block. It is straightforward to show
that the result is still an acyclic guarded cover, and hence still
a spread cut with the same width, where each guarded block
is now canonical. O

Using this canonical form, we can establish the following
result.

Theorem 7.7 Spreadcutsare parameterizedractable
4This is most easily shown by using the “Robbers and Marshals”

characterization of hypertree width [Gottlob et al., 2003]. However,
due to space restriction we omit this proof.
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Proof: Due to space limitations, we can only give an outline
of the proof.

The proof idea is that we only have to establish in polyno-
mial time whether there exists a spread cut of width at most
k in which each guarded block is canonical. We do this by
first defining an object called a k-spread, which is a triple,
(M, x, C), where (A, x) is any canonical guarded block with
unbroken components, || < &, and C'is a x-component.

We then define the predicate k-split() (recursively) on k-
spreads. We say that k-split({\, x, C)) holds if C' is empty, or
if there exists some canonical guarded block, (s, x), where
Xs € C'U x and, for every k-spread (\q, xs, Cs):

CsNC#D =Vee E,(enCs #0=enxC xs),and
Cs C C = k-split({As, x5, Cs))-

It is easy to show that the number of k-spreads of a hyper-
graph H = (V, E) is at most (| E| 4+ 1)**+2. It follows (as in
the corresponding proof for hypertrees, Lemma 14, Page 30,
of Gottlob et al [2002]) that k-split({(,®, V')) can be evalu-
ated in at most | E|***° steps.

Finally, we show that H has a spread cut with canon-
ical guarded blocks of width at most & if and only if
k-split((P,®,V')). The only hard part of this proof is to
show that the set of guarded blocks used in the proof of
k-split({0, @, V')) is a guarded cover. This proof is exactly
analogous to the corresponding proof for the algorithm that
finds normal form hypertree decompositions (See the proof
of Property 1 in Lemma 13, Page 28, of Gottlob et al [2002]).

O

The proof of Theorem 7.7 also shows that classes of in-

stances with bounded spread cut width are tractable.

7.2 Spread Cutsand Hypertrees

To establish that spread cuts strongly generalize all of the pa-
rameterized tractable decomposition methods listed in Sec-
tion 5 excluding hypertrees we simply refer to the proofs of
strong generalization given by Gottlob et al [2000] and ob-
serve that every hypertree (of small width) used to establish
strong generalization in that paper is also a spread cut.

To show that spread cuts can be superior to hypertrees we
establish the following result.

Proposition 7.8 There exists a family of hypegraphs
H,,n=1,2,3,... suhthat H, hasaspreadcutwith width
2n, but the hyperteewidth of H,, is atleast3n.

Proof: Due to space restrictions we can only give an outline
of the proof.

The idea is to use n copies of the hypergraph H oo de-
fined in Example 2.5 to construct H,,. We add edges link-
ing vertices in different copies if they correspond to vertices
of hyperedges that meet in H 4. Using the “Robbers and
Marshals” characterization of hypertree width [Gottlob etal.,
2003], we then show that the hypertree width of H,, is at least
3n. (If there are fewer than 3n marshals, the robber can al-
ways choose to play in the copy of H ¢ with at most two
marshals on its hyperedges.)

Finally, the width 2n spread cut is just the spread cut of
H 4 with width 2 described in Example 7.4 “multiplied”
over the n copies of H 4¢. O
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8 Conclusion

We have introduced the general notion of a guarded decompo-
sition and shown how it can be used to describe many known
tractable structural subproblems of the CSP. We have then de-
fined a new form of decomposition, the spread cut, which
sits in the same place in the generalization hierarchy as hy-
pertrees. We have shown that spread cuts are parameterized
tractable and that they allow us to obtain decompositions with
a smaller width than any hypertree decomposition for some
classes of hypergraphs.

It is an open question whether the general class of all
acyclic guarded covers is itself parameterized tractable.
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Abstract

We study a monotone NP decision problem, the
dominating clique problem, whose phase transition
occurs at a very dense stage of the random graph
evolution process. We establish the exact thresh-
old of the phase transition and propose an efficient
search algorithm that runs in super-polynomial
time with high probability. Our empirical studies
reveal two even more intriguing phenomena in its
typical-case complexity: (1) the problem is “uni-
formly hard” with a tiny runtime variance on neg-
ative instances. (2) Our algorithm and its CNF-
tailored implementation, outperform several SAT
solvers by a huge margin on dominating cliques and
some other SAT problems with similar structures.

1 Introduction

In this paper, we study the phase transition behavior of the
dominating clique problem (DOMC), an NP-complete de-
cision problem which for a given graph, asks if there is a
subset of vertices that induces a clique and is a dominat-
ing set. Our interest in DOMC stems from an initial obser-
vation that its phase transition should occur when the ran-
dom graph has a constant edge probability (i.e., has on av-
erage Q(n?) edges). This distinguishes DOMC from many
other NP-complete problems previously studied from a phase
transition perspective; Well-studied problems such as ran-
dom SAT, random graph coloring, and Hamiltonian Cy-
cle all have a phase transition when the underlying random
graphs are sparse. For random SAT and graph coloring,
it is known that randomly-generated instances become typ-
ically easy when the density parameter increases as a cer-
tain function of the problem size [Franco and Gelder, 2003;
Krivelevich, 2002]. For Hamiltonian Cycle, whose edges-
vertices ratio threshold is Q(log(n)), instances randomly gen-
erated at the phase transition are already typically easy [Van-
degriend and Culberson, 1998].

Another unique feature is that DOMC is a monotone deci-
sion problem without any extra parameter other than the prob-
lem size and edge density. This is in contrast to other simi-
lar partitioning and covering problems studied in the phase
transition literature, such as the vertex cover [Hartmann and
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Weigt, 2003], in which an additional size parameter has to be
used as an input.

There has also been recent interest in the study of the
typical-case behavior of random problems with some deter-
ministic structures, hoping that these problems might be able
to capture more characteristics in real-world applications.
Among others, the Quasigroup completion problem [Gomes
and Shmoys, 2002], problems defined on the small-world
graphs [Walsh, 1999], and problems obtained by “morphing”
different problems [Gent et al., 1999] have been proposed
as alternatives to random problems with a uniform distribu-
tion. The dominating clique problem on random graphs and
its CNF-encoding provide another type of distribution with
(in some sense) extreme characteristics.

In Section 2, we establish the exact threshold of the
phase transition of the dominating clique problem in random
graphs. In Section 3, we present a backtracking algorithm for
DOMC which will be used in our empirical investigation. In
Section 4, we report two sets of interesting observations from
our empirical investigation. We conclude in Section 5.

2 Dominating Clique Problem and its Phase
Transitions

Consider a graph G(V, E). A subset of vertices V' C V is
called a dominatingcliqueof G(V, E) if V' induces a clique
and forany v € V \ V', there is a vertex u € V' such that
(u,v) € E. The dominating clique problem is the one that
asks the question whether a given graph has a dominating
clique.

The property of having a dominating clique is monotone
and has a phase transition when the random graph is at the
dense stage of the graph evolution process. The following
theorem shows the phase transition has an exact threshold

p* = 3*7\/5 for a random graph G(n,p) where each of the
n(n — 1)/2 potential edges appears in the graph with proba-
bility p.

Theorem 2.1.
lim Pr{G(n, p) hasa dominatingclique }

:{ 0, ifp< —3_2‘/5;

. K (2.1)
1, ifp> %g
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To simplify the notations, we will write b = %. Let

DC(n,r) be the number of dominating cliques of size r. The
expectation of DC(n,r) is

B, = (7)o @ - a-p) .
By Stirling’s formula, we have

1 enp(r—1)/2
r

2.2)

EDC(n,r)] ~ ) a-a-pry.

(23)
Lemma 2.1. If the edge probability p is sud that log, (b —
1) > 1, then

2mr

lim >~ E[DC(n,r)] = 0. (2.4)
r=1
Proof. Let
2log, n n
- Ga-a=pn"r
A=Y ()p (- -p))
and
n n—r
B(n) ") ~p)’)
T>210gbn
Based on the bound (7) < (£2)", B(n) can be estimated
as follows:
Bw) = Y ”)p@ (1= =py
T
r>2log, n
en ™
< Myrn(3)
< ) (b
r>2log, n
_ Z <\/E€TL>T
r>2log, n rb2
< Z (@)
r>2log, n r

Since @ < 1if n is sufficiently large, we have lim B(n) =

0.
For A(n), we have

2log, n

n ™ _
am = Y (M) a-a-py
r=1 "
2logy n n—r
b-1
< T 1_ _T\T
< X (1)
< (210gbn)621nnlogbn
21
(1) "
b
~ (2 logb n)e2 Innlog, ne—(b_Tl)Zlogb " (n—2log, n)

2Innlog, n —:12"",2 logy 0=1) (n_210g, n)

= (2logyn)e e

) 21lnnlog, ne—n2 logp (b—1)—1

~ (2logyn)e
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1) > 1

Therefore, we have lim A(n) = 0 if log, (b — 5

O

Solving the inequality about b, we get b > 3+2—\/5 that is,
p < 388 = 0.381966 - - -. To prove the case of p > 355,

i.e., logy(b— 1) < 1, we have to consider the variance of
the number of dominating cliques in G(n,p). Details will
be given in the Appendix. Here, we only mention that the
first crucial observation is that in this case, we have (A)
m < 2 and (B) the expected number of dominat-
ing cliques of snze clog, n tends to infinity for any constant ¢
such that T(bl) <e<2.

Lemma?2.2. Lete beaconstanSuchthatHog:w <e<
2 andletr = clog, n. Then,

lim E[DC(n,r)] = +00.

r

1 \/I;en _pellogy(b—1)=1)+1
- e

2mr \ rb2

_c clog, n
1 enl—3 BT cllogyb—1)-1)+1
= — e }
clogyn

Proof. By (2.3), we have

E[DC(n,r)] ~

2nr

The lemma follows since by assumption we have c(log, (b —
1)-1)+1<0and1—£>0.

3 An Algorithm for the Dominating Clique
Problem

We present a brief over view of the elementary algorithm we
developed for this problem.

We assume we are given a simple undirected graph G =
(V, E). The algorithm is a basic depth first backtrack al-
gorithm that recursively constructs a potential dominating
clique D. We call the set of vertices not adjacent to any ver-
tex in D the uncovered set U. For a vertex to be a candidate
for addition to D it must be adjacent to all vertices in D. We
call this the selection set S = {z : Vw € D, {z,w} € E}.

At each node in the backtrack tree, we select a pivot set
P C S suchthat if the current D can be extended to cover the
graph at least one of the vertices must be in P. To this end,
we first find a vertex w € U which has a minimum number
of neighbors in S. Clearly either w or one of its neighbors
in the current S must be in the final D. The effect of this
is to greatly reduce the branching factor and the amount of
redundant search.

For A C V,w € V we define the closed neighborhood
of a vertex w in a subset A as N(A4,w) = {xeAd:z=
w or {z,w} € E}, and the open neighborhood N(A,w) =
N(A,w) \ {w}. Initially, U = § = V and D = .

At first glance it appears we have eliminated the vertex of
minimum degree, w, as a possible member of D. Suppose w
is the only vertex in D, then since w is of minimum degree
G is a clique and any vertex will do. Otherwise, on the initial
step w will be in S’ and so is available for inclusion later in
the recursion. Correctness then follows by induction on the
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DomClq(G, S, D,U) :: BOOLEAN
If U = ( then
DOMCLQ = D.
return yes.
endif
Find w € U such that | N (S, w)| = min, ey [N(S,v)|.
P = N(S,w).
if P = 0 return no.
S"=8.
while P # 0
Selectv € P.
D = D U {v}.
S'=N(S",v).
U =U\N(U,v).
If DomClq(G, S’, D, U') return yes.
D =D\ {v}.
SII — SII \ {,U}
P =P\ {v}
endwhile
return no;
end DomClq.

observations given above. Our assumption is that usually the
vertex of minimum degree is not in D and so we may reduce
the search cost by leaving it out of the initial P. Note that
after the initial step S and U are disjoint.

In our program we made no effort to reorder the vertices
of P for selection (first statement in the while loop). One
obvious candidate is to select v € P to maximize N (U,v).
We would guess that in positive instances this would tend to
find solutions quicker. However, the results for the negative
instances in table 2 indicate this is unlikely to help in those
cases, these are the most expensive and there would be a fair
bit of overhead cost to this heuristic. We leave further inves-
tigation of selection heuristics as future work.

4 Empirical Studies

In this section, we discuss our empirical investigation on the
dominating clique problem at phase transitions. In the first set
of experiments, we study the threshold behavior and typical-
case hardness of the dominating clique problem itself. In the
second set of experiments, we compare the performance of
our algorithm and some state-of-the-art SAT solvers.

4.1 Threshold and Uniformity of Hardness at
Phase Transitions

Table 1 shows the preliminary result on empirical value of
the threshold. Table 2 summarizes the typical case hardness
at p = 0.371 for n = 250...1000. The data indicate that the
typical-case hardness at phase transitions increases at a super-
polynomial rate. More interesting is the fact that for negative
instances the variance in the number of the backtracks is tiny
as compared to the total number. In other words, randomly-
generated dominating clique instances just beyond the phase
transition seem to be “uniformly” hard. This suggests that
randomizing the selection within the pivot set P is unlikely
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n  Average Std. Min Max
50 0.3725 0.0203 0.3176 0.4106
75 03698 0.0150 0.3258 0.4040

100 0.3685 0.0109 0.3358 0.3826
125 0.3700 0.0110 0.3406 0.3951
150 0.3663 0.0110 0.3316 0.3817
175 0.3660 0.0096 0.3376 0.3794
200 0.3689 0.0078 0.3502 0.3853
225 0.3680 0.0075 0.3448 0.3827
250 0.3669 0.0072 0.3483 0.3842
275 0.3669 0.0084 0.3445 0.3814
300 0.3674 0.0060 0.3523 0.3775
325 0.3685 0.0073 0.3434 0.3784
350 0.3671 0.0083 0.3407 0.3803
500 0.3675 0.0063 0.3357 0.3786
| 750 0.3680 0.0061 0.3568 0.3770 |

Table 1: The average threshold of Dominating Clique, ex-
pressed as a fraction of (g) possible edges, for various n.
Fifty instances at each n, except n=750 where only 8 in-
stances completed. Std is the standard deviation, Min (Max)
is the minimum (maximum) fraction encountered in the sam-
ple.

to produce the heavy-tailed running time behavior frequently
observed in many other problems [Gomes etal., 2000].

4.2 Significance of Using the Right Heuristics:
How SAT solvers fail?

The dominating clique problem has a very natural and simple
CNF encoding. To make the presentation easier, we adopt
the convention that a clause can be viewed as a set of literals.
Given a graph G = G(V,E) with V' = {uvy,--- ,v,}, the
dominating clique problem can be encoded as follows.

1. There are n boolean variables {z;,1 < ¢ < n} where
xz; = 1 signifies that the corresponding vertex v; is in
the dominating clique.

2. For each variable z;, there is a clause C; = {z;} U
N(z;), where N(x;) means the variables representing
the vertices adjacent to v;. This indicates that each ver-
tex has to be in the dominating clique or have a neighbor
in a dominating clique. These clauses will be called the
long-positiveclauses

3. For each pair of variables (z;,z;) not in E, there is
a clause D;; = {%;,%;}, indicating that at most one
of the two non-adjacent vertices can be in a dominat-
ing clique. We will call these clauses the short-ngative
clauses

Other encodings are also possible such as the support en-
coding [Gent, 2002] that maps maintaining arc-consistency of
CSP algorithms to unit-propagation in SAT algorithms. But
similar CNF encoding of the CSP representation for the dom-
inating clique problem at the phase transitions will result in
Q(n?) clauses of length Q(n).

CONSTRAINT SATISFACTION AND SEARCH



Backtrack nodes for YES instances
N Mean Std. Min. Max
600 179031.3 127471.9 836.0 517596.0
700  347996.4  266229.1 460.0 1043853.0
800 658643.6 496335.5 1890.0 2199760.0
900 14845445 978648.8  100955.0 3992411.0
1000 2354966.6 1796775.3 9259.0 6586573.0

Backtrack nodes for NO instances
N Mean Std. Min. Max
600 525205.8 7602.0 510705.0 537705.0
700 1121825.4 13552.0 1089553.0 1153289.0
800 2205960.3 19017.3 2166309.0 2254168.0
900 4063264.6 32241.0 3989194.0 4138323.0
1000 7103729.3 55926.8 6958133.0 7218638.0

Table 2: The number of backtrack nodes split on instances
with and without a dominating clique. 100 instances at each
N, p = 0.371. Note the remarkable consistency in the NO
instances.

A SAT algorithm for the CNF-encoding of DOMC

We noticed that SATZ and ZChaff cannot solve any of the
DOMC instances of size more than 600 in reasonable time.
Therefore we translated our dominating clique algorithm to a
SAT solver, called DCS, that solves the CNF-encoding of the
dominating clique problem almost as efficiently as the orginal
algorithm.

The solver does not use any of the current efficient data
structures such as the technique of watched literals, nor does
it use any advanced learning mechanism and heuristics, other
than those directly translated from our dominating clique
search algorithm. In the context of CNF formulas our algo-
rithm reads as follows: (1) always pick an unassigned vari-
able in the shortest remaining long-positive clause; (2) con-
duct a one-step unit propagation based on the information in
short-negative clauses; and (3) stop as soon as all the long
positive clauses are satisfied, or backtrack if a long-positive
clause becomes empty. As has been discussed at the end of
Section 3, our solver’s performance may be further improved
on satisfiable instances if we add the heuristic to select an
unassigned variable that satisfies a maximum number of long-
positive clauses.

N DCS BM MQ SZ Solution Prob.
150 0.04 0.119 12715 1.73 0.47
300 1.11 3904 >600 58.93 0.51

Table 3: Median running time (in seconds) of SAT solvers
on random instances of the dominating clique problem. 100
instances for each N. The last column is the percentage of the
satisfiable instances. Cutoff time is 600 seconds.

Results on the CNF encodings of DOM C and Subgraph
I somor phism

We have performed a series of experiments comparing the
performance of our solver DCS and some state-of-the-art
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SAT solvers, including BerkMin(BM)?!, MarchEq(MQ)? and
Satz(Sz).

First, we compared the performance of our solver DCS
and other solvers on the CNF encoding of DOMC at phase
transitions. We generated 100 random instances of the dom-
inating clique problem at the edge probability p = 0.368 for
n = 150 and 300. According to our experiment on the thresh-
old, p = 0.368 is roughly the edge probability where 50 per-
cent of the instances are satisfiable. The median running time
(in seconds) of these solvers is summarized in Table 3.

Inspired by the efficiency of DCS on DOMC we investi-
gated its performance on Subgraph Isomorphism (SGI) in-
stances. Given two graphs G(Vg, Eg) and H(Vy, Egr), the
subgaph isomorphismproblemasks if there exists a sub-
graph Hy of H such that G is isomorphic to H;. A SGI
instance can be naturally converted to SAT using an encod-
ing similar to the one used for DOMC (direct encoding); the
resulting SAT instance has £VG| x |V | variables, [Vg| long
positive clauses and O(|V |* x [V |?) short-negative clauses.
SAT encodings of random SGI (SERSGI) are difficult for (de-
terministic) SAT solvers.®

We generated 5 sets of SERSGI instances with 528 vari-
ables. Each set consisted of 50 instances generated around
the cross over point of SGI. DCS consistently outperformed
all the other solvers on each set (Table 4). DCS is one or
two orders of magnitude faster than MarchEq and Satz. This
is remarkable especially considering the simplicity of DCS.
To further investigate the speed up factor we compared the
performances of DCS and BerkMin on the SERSGI instances
used in the 2004 SAT competition (Table 5). With a single
exception, DCS performance was comparable or better than
that of BerkMin. Thus we conclude that DCS outperforms
state of the art solvers on SERSGI instances.

It may be possible to extend this conclusion to other classes
of SAT instances which have only long-positive and short
negative clauses, but more work needs to be done to see what
are the structural properties that DCS can exploit. However,
we do not expect that DCS will work efficiently on any type
of CNF formulas with a long-short clause structure. We no-
ticed that on random k-SAT instances, it is at least one order
of magnitude slower than Satz. We consider this behavior an
evidence against the idea of an efficient universal sat solver
that does not consider any problem structure.

5 Conclusions

Most of the well-investigated NP-complete problems in the
literature have a phase transition when the underlying graph is
very sparse. There is also evidence that randomly-generated
instances at the phase transition are typically not hard if the

!BerkMin is the predecessor of Forklift the winner of the Indus-
trial Category at the 2003 SAT competition. Our experience indi-
cates that Zchaff (winner of 2004) is not effi cient for this type of
instances

2Winner of the Hand Crafted Category at the 2004 SAT compe-
tition

At the 2004 SAT competition[LeBerre and Simon, 2004], no
deterministic solver could solve any SERSGI instance.
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Set1l Set 2 Set3 Set 4 Set5
% Solved
DCS 100 100 100 96 100
BM 100 90 80 58 44
MQ 94 66 36 12 2
Sz 50 22 2 14 2
Median Solution Time (sec)
DCS 14.48 19.14 54,92 131.23 135.50
BM 30.8 97.03 250.00 919.28 > 1200
MQ 233.74 905.15 >1200 >1200 > 1200
SZ 1111.75 >1200 >1200 >1200 > 1200
Mean Solution Time (sec)
DCS 42.09 4421 80.98 209.07 240.47
BM 90.47 283.00 479.91 - -
MQ 383.20 - - - -
Sz - - - - -

Table 4: Performances of DCS, BerkMin, MarchEq and Satz
on 5 sets of SERSGI instances with 528 variables. 50 in-
stances in each set. Cutoff time 1200 seconds.

Inst# 716 710 772 774 767 765 767

DCS 791 737 87 863 1280 1214 1835
BM 5264 333 585 799 29309 3669 2821

Table 5: Running time (minutes) of DCS and BerkMin on
SERSGI instances used in 2004 SAT competition.

threshold can be accurately established such as the Hamilto-
nian Cycle problem. DOMC studied in this paper is distin-
guished from a phase transition and typical-case complex-
ity perspective. On the one hand, it has an exact thresh-
old at a very dense stage of the random graph evolution
process. Our empirical results, on the other hand, indicate
that randomly-generated instances are still typically (and uni-
formly for negative instances) hard. As has been demon-
strated by our SAT solver’s outstanding performance advan-
tage on the CNF-encoding of DOMC and other problems with
similar structures, DOMC might serve as a prototypical prob-
lem to further investigate the relationship among the prob-
lem structure, the encoding efficiency, and the use of relevant
heuristics in satisfiability search.

Appendix: proof of Theorem 2.1

To estimate the second moment of the number of dominating
cliques of size r, we need the following lemma on the prob-
ability that two vertex subsets both dominate the rest of the
vertices in a random graph.

Lemma 5.1. LetU and W be two vertex subsetf sizer
sud that [U N W| = [ andlet P(l) bethe probability that
U and W both dominateall the verticesoutsideof U U W.
Then,

1.
Pl =[1-20-p +(1-p> """ (5

2. LetQ(n,r) = (1 — (1 — p)")?"~2". We have
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(a) lirrtn % =1; and

(b) Theeexistsa constantC* and N* sud that if

n > N¥, ler(f)r) <Crforall1<I<r.

Proof. (1). Let v be a vertex outside of U UW . The probabil-
ity that v is not connected to any verticesin UNW is (1 —p)’.
The probability that v is dominated by both U'\ W and W\ U

IS
_ p)r—l)zl

1-Q
Thus, P(1) is

(-1 -p)+A-p)la-a—pr 2~

= [1 - (1 —p)l + (1 _p)l(l _ 2(1 _p)T—l
+(1 — p)2r=byn=@r=b)

=[-20-p+@1-p> "

(2). Since logy(b — 1) — 1 < 0, we have

lim PO _ i (1— (1 —p)r)2n—2n

n Q(’I’L,’I‘) n (]_ — (]_ _p)T)Q’n—2r
= lirrln(l —(1-p)")~ %

—(2r-1)

— Lime (-2 (-2n)
n

1 oppelogy (b—1)=1)

= m e
n

= 1.

For1l <[ <r,we have

P(l) _ [1 -2(1—-p)"+(1 _p)2r—l]n—(2T—l)
Q(n,r) (1— (1_p)r)en—2r
[1 - 2(1 _p)r + (1 —p)2r—l]"—27‘
B (1—(1—p)r)zn—2r
o =20 -pr+ (L -pTY
- (1 — (1 _p)T)2n—2r
1 n
- (m)
Since
: ' = lim & "
" (1 -1 —p)T> = (1 tioa _p)r>
= lim ™) i=a=pyr
= O(1)lim enc(’ogb(b—1>—1)+1

n

and c(logy(b — 1) — 1) + 1 < 0, conclusion 2(a) follows. O
Proof of Theoem2.1. The fact that
lim Pr{G(n,p) has a dominating clique } =0

forp < 3_2*/5 follows from Lemma 2.1 and Markov’s in-
equality.
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To prove thatlim Pr{G(n,p) has a dominating clique } =

1forp > %g we will show that

lim Pr{DC(n,r) =0} =0

where r = clog, n and m < ¢ < 2. From Lemma
2.2, we have
lim E[DC(n,r)] = +oo0.
n

By Chebyshev’s inequality, we have

E[DC?(n,r)]

Pr{DC(n,m) =0} < arp Gn. ]

-1

The expectation of DC?(n, ) is

=3 (1) (1) (2 7)rO-Oro.

=0

where (7)(7)(7_;) is the total number of pairs of ver-

tex subsets of size r that have [ vertices in common, and

p2(3)*(Q)P(l) is the probability that such a pair of vertex sub-
sets are both dominating cliques. Recall that

(M)pa-a —p)T)"—T)2

= (%) #9emn,

r

E*[DC(n,r)] =

E[DC?(n,r)] as

We write BTD0(nr)]

T

> (MG ) E-Gea

E[DC?(n,1)] =i
E*[DC(n,1)] ™G Q(n,r)
= ap+ by,
where
= (0 O-Oro

= ()22 Q(n, )

_ n -1 n—r P(O) r n—r P(l)

= () 1) amn (2 ) amn)
and

= () 2 () 0y

We will prove that lima,, = 1 and limb, = 0. Since
n n

(EE‘;) — 1 and T((:n:);) — 0, by Lemma 5.1(2.a and 2.b)

we have

lima, = 1.
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From Lemma 5.1 (2.b), we have forn > N*

T —1
" n T\ (=T —()
s ex () (G5
=2
< oMY Il
< 0MY
=2
T /r2b/2\ !
- oy (“)
()l:Z2 i
Since r = clog; n with ¢ < 2, we have

r? "
This completes the proof. O

A
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Abstract

The weighted CSP framework is a soft constraint
framework with a wide range of applications. Most
current state-of-the-art complete solvers can be de-
scribed as a basic depth-first branch and bound
search that maintain some form of arc consistency
during the search. In this paper we introduce a new
stronger form of arc consistency, that we call exis-
tential directional arc consistency and we provide
an algorithm to enforce it. The efficiency of the al-
gorithm is empirically demonstrated in a variety of
domains.

1 Introduction

Weighted constraint satisfaction problems (WCSP) is a well-
known optimization version of the CSP framework with
many practical applications. Recently, the celebrated arc
consistency property has been generalized from the classi-
cal CSP framework to WCSP [Cooper and Schiex, 2004;
Larrosa and Schiex, 2004]. There are three known gener-
alizations: AC*, FDAC* and FAC*, all of them collapsing
to classical arc consistency in the CSP case. In [Larrosa and
Schiex, 2003] it was shown that maintaining FDAC* during
search was usually the best option.

In this paper we introduce a new form of local consis-
tency called existential directional arc consistency (EDAC*).
We show that EDAC™ is stronger than FDAC* and we in-
troduce an algorithm to enforce EDAC* that runs in time
O(ed? x max{nd, T}), where e, n and d are the number of
constraints, variables and domain values, respectively; T is
the upper bound of the WCSP instance (to be defined later).
The main use of EDAC* and its associated filtering algo-
rithm is to embed it into a complete depth-first branch and
bound solver that maintains EDAC* at every visited node.
We have experimentally evaluated this idea on random Max-
SAT, Max-CSP, and uncapacitated warehouse location prob-
lems. We observe that maintaining EDAC* is never worse
than maintaining FDAC* and, in many instances, it is orders
of magnitude better.

*This research is partialy supported by the French-Spanish col-

laboration PICASSO 05158SM - Integrated Action HF02-69 and the
REPLI project TIC-2002-04470-C03.
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2 Preliminaries

Valuation structures are algebraic objects to specify costs in
valued constraint satisfaction problems [Schiex et al., 1995].
They are defined by a triple S = (E, &, =), where E is the set
of costs totally ordered by >. The maximum and a minimum
costs are noted T and L, respectively. @ is an operation on E
used to combine costs.

Following [Larrosa and Schiex, 2004], the valuation struc-
ture of Weighted CSP (WCSP) is, S(k) = ([0..k],®, >) where
k > 0 is a natural number; @ is defined as a® b = min{k,a+
b}; > is the standard order among naturals. Observe that in
S(k), we have 0 = L and k = T. It is useful to define the
subtraction © of costs. Leta,b € [0..k] be two costs such that

a>b,
a—>b
a@b—{ K

A binary weighted constraint satisfaction problem (WCSP)
isatuple P = (S(k),x,D,c). S(k) is the valuation structure.
X = {X1,...,Xn} is a set of variables that we will often call
by just their index. Each variable x; € x has a finite domain
D;i € » of values that can be assigned to it. (i,a) denotes the
assignment of value a € D; to variable x;. ¢ is a set of unary
and binary weighted constraints (namely, cost functions) over
the valuation structure S(k). A unary weighted constraint C;
is a cost function Ci(x;) — [0..k]. A binary constraint C;; is
a cost function C;j(x;,xj) — [0..k] We assume the existence
of a unary constraint C; for every variable, and a zero-arity
constraint (i.e. a constant), noted C4 (if no such constraint
is defined, we can always define dummy ones: Ci(x) = L,
Cy=1).

When a constraint C assigns cost T, it means that C forbids
the corresponding assignment, otherwise it is permitted by
C with the corresponding cost. The cost of an assignment
X =(X1,...,Xn), noted % (X), is the sum over all the problem
cost functions,

v(X)= 3 Cijki.x)e y Ci(x)®Co

Gijec Ciec

a#k

a=k

An assignment X is consistent if 7 (X) < T. The usual
task of interest is to find a consistent assignment with mini-
mum cost, which is NP-hard. Observe that WCSP with k =1
reduces to classical CSP.
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Figure 1: Two equivalent WCSP instances (T = 2).

Algorithm 1: Algorithms to propagate costs.

Function PruneVar(i) : boolean
flag:=false;
foreach a € Dj do

Lif (Co ®Ci(a) > T) then

Di:=Dj—{a};
flag:=true;

|_return flag;

Procedure ProjectUnary(i)
a = mingep, {Ci(a)} ;
Cg :=Cgda;
| foreachae D;j doCi(a) :=Ci(a)ea;

Procedure Project(i, a, j,a)
Gi(a):=Ci(a &a
| foreach b € Dj doGjj(a,b) :=Cjj(a,b)oa;

Procedure Extend(i, a, j,a)
foreach b € Dj doGij(a,b) :=Cjj(a,b)®a ;
| Ci(a):=Ci(a)oa;

Example 1 Consider the problem depicted in Figurel.a. It
has two variables i, j with two values (a,b) in their domains.
Unary costs are depicted within small circles. Binary costs
are represented by edges connecting the corresponding val-
ues. The label of each edge is the corresponding cost. If two
values are not connected, the binary cost between them is 0.
In this problem the optimal cost is 0 and it is attained with the
assignment (b, a).

3 Somelocal consistenciesin WCSP

Two WCSPs defined over the same variables are said to be
equivalent if they define the same cost distribution on com-
plete assignments. Local consistency properties are widely
used to transform problems into equivalent simpler ones. In
general, constraints can be given explicitly as tables of costs,
or implicitly as mathematical expressions or algorithmic pro-
cedures. For simplicity in our exposition, we will assume the
explicit form. This is done without loss of generality as dis-
cussed in [Cooper and Schiex, 2004]. The simplest form of
local consistency is Node consistency (NC*).

Definition 1 Variable x; is node consistent if: for all values
aeDj,Cy®Ci(a) < T, and there exists a value a € D; such
that Cij(a) = L. A WCSP is node consistent (NC*) if every
variable is node consistent.
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Any WCSP can be easily transformed into an equivalent
NC* instance by projecting every unary constraints towards
Cg and subsequently pruning every unfeasible value. Func-
tions ProjectUnary and PruneVar (Algorithm1) perform the
projection of a unary constraint towards C and prune unfea-
sible values, respectively.

Arc consistency properties are based on the notion of sim-

ple and full support. Given a binary constraint C;j, we say
that b € Dj is a simple support for a € D; if Cjj(a,b) = L.
Similarly, we say that b € Dj is a full support for a € D if
Cij(a,b)®Cj(b) = L.
Definition 2 Variable x; is arc consistent if every value a €
Di has a simple support in every constraint Cjj. A WCSP is
arc consistent (AC*) if every variable is node and arc consis-
tent.

Definition 3 Variable x; is full arc consistent if every value
a € Dj has a full support in every constraint Cj;. A WCSP is
full arc consistent (FAC*) if every variable is node and full
arc consistent.

Simple supports for a € D; in Dj can be enforced by pro-
jecting binary costs Cij(a, -) towards Cj(a), as performed by
procedure Project (Algorithm 1). Procedure FindSupports
(Algorithm 2) enforces simple supports in D; for every value
in D;.

Example 2 The WCSP depicted in Figure2.a is not AC* be-
cause value a € D; does not have a simple support in variable
j. AC* is enforced by executing FindSupports(i, j) (produc-
ing the problem in 2.b) and then ProjectUnary(i) (producing
the problem in 2.c).

To enforce full supports for D; values in D (Procedure
FindFullSupports in Algorithm 2) we need to extend unary
costs from C; (-) towards Cjj (-, -) (procedure Extend in Algo-
rithm 1). Then, binary costs are projected towards Ci(a).

In the CSP case (i.e, k = 1), being a simple support for (i,a)
is equivalent to being a full support for it and both notions re-
duce to the classical notion of support. Therefore, AC* and
FAC* reduce to classical arc consistency. In the WCSP case,
however, being a full support is stronger than being a sim-
ple support. In [Larrosa and Schiex, 2004] it was shown that
every WCSP can be transformed into an equivalent arc con-
sistent one in time O(ed?). Unfortunately, not every WCSP
can be transformed into an equivalent full arc consistent one.

Example 3 The problem in Figurel.a is AC*, but it is not
FAC* because value a € Dj is not fully supported. We can en-
force the full support by calling FindFullSupports(i, j). The
resulting problem, depicted in Figurel.b is not FAC* because
value b € Dj is not fully supported. If we enforce the full
support by calling FindFullSupports(j,i), we return to the
problem in Figurel.a. It can be easily proved that this prob-
lem does not have an equivalent FAC* one.

Therefore, FAC™* is not a practical property. To circumvent
this problem, a weaker property has been proposed. In the
sequel, we assume that the set of variables x is totally ordered
by >.

Definition 4 Variable x; is directional arc consistent if every
value a € D;j has a full support in every constraint Cj; such
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Algorithm 2: Algorithms to enforce supports.
Function FindSupports(i, j) : boolean
flag:=false;

foreach a € D; do

La = mingep {Gj(a,b)} ;

if (a > LACj(a)=_1)then flag:=true;
Project(i,a, j,0) ;
ProjectUnary(i) ;
|_return flag;

Function FindFull Supports(i, j) : boolean
flag:=false;
foreach a € D; do
Pla] := minpep, {Cij(a.b) &Cj(b)} ;
if (Pla] > LACi(a) = 1) then flag:=true;
foreach b € Dj do
| E[b] := maxacn, {Pla] ©Cij(a.b)} ;
foreach b € D;j do Extend(j,b,i,E[b]) ;
foreach a € Dj do Project(i,a, j,P[a)) ;
ProjectUnary(i) ;
|_return flag;

Function FindExistential Support(i) : boolean
flag:=false;
o :=Minaep, {Ci(a) Dcjec st. j<i MiNbep {Cij(a,b) &Cj(b)}};
if (a> L)then
foreach Gjj € ¢ st. j <ido
L | flag:= flag v FindFullSupports(, j) ;

|_return flag;

that j > i. It is full directional arc consistent (FDAC) if, in
addition, every value a € D; has a simple support in every
constraint C;j such that j <i. A WCSP is full directional arc
consistent (FDAC¥*) if every variable is node and full direc-
tional arc consistent.

Example 4 The problem in 2.c is AC* but not FDAC*, be-
cause value a € i does not have a full support in variable
j. FDAC* is enforced by executing FindFullSupports(i, j)
(producing the problem in Figure 2.d).

Every WCSP can be transformed into an equivalent
FDAC* WCSP with time complexity O(end®) [Larrosa and
Schiex, 2003]. In the CSP case, FDAC* also reduces to
classical arc-consistency. In the general case FAC* implies
FDAC* and FDAC* implies AC* (namely, the satisfaction of
one property implies the satisfaction of the other). An im-
portant question is whether it is possible to strengthen the
FDAC™* property to make it closer to FAC*, but still having
the guarantee of existence for an arbitrary WCSP instance. In
the next Section we address this issue.

4 Existential arc consistency: a stronger new

property
Consider the FDAC* problem in Figure2.d. Observe that
value a € Dy has a simple support in x; (required by the
FDAC* property) but does not have any full support. We
have the same situation with value b € Dy and variable ;.
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Figure 2: Six equivalent WCSP problems (T = 4): (a) origi-
nal problem (c) made AC*, (d) made FDAC* with i < j <k
and (f) made EDAC*.

As a consequence, the unary cost of both values in Dy can
be increased by enforcing full supports (Figure 2.¢). Since all
unary costs of D; values are larger than zero, node consistency
is lost and the lower bound can be increased (Figure 2.f). In
general, full supports can be safely enforced in both direc-
tions if their enforcement produces an increment in the lower
bound. Next, we show that there is a natural local consistency
property behind this observation, that we call existential arc
consistency (EAC¥*).

Definition 5 Variable x; is existential arc consistent if there
is at least one value a € D; such that Cj(a) = L and it has a
full support in every constraint Cj;. A WCSP is existential arc
consistent (EAC*) if every variable is node and existential arc
consistent.

All the previous forms of arc consistency required the same
condition for every domain value. However, EAC* requires
the existence for every variable of a special value. The impor-
tant fact to note is: if a variable x; is not EAC*, then for all
domain value a with Cj(a) = L there is a variable x; such that
vb € Dj,Cij(a,b) & Cj(b) > L. Thus enforcing full supports
in x; will break the NC* property and it will be possible to in-
crease the lower bound. It is possible to integrate EAC* with
FDAC™ in order to exploit the benefits of each. It is achieved
by the existential directional arc consistency (EDAC*) prop-
erty.

Definition 6 A WCSP is EDAC™ if it is FDAC* and EAC*.
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In words, EDAC* requires that every value is fully sup-
ported in one direction and simply supported in the other di-
rection (to satisfy FDAC*). Additionally, at least one value
per variable must be fully supported in both directions (to
satisfy EAC*). The special value is called the fully supported
value. Observe that in the CSP case EDAC* instantiates to
classical arc consistency. Besides, EDAC* is weaker than
FAC*, but stronger than FDAC*.

5 Algorithm

We present an algorithm for the enforcement of EDAC* in
the case of binary WCSPs. EDAC* (Algorithm 3) trans-
forms an arbitrary problem into an equivalent one verifying
the EDAC™ local property. It uses three propagation queues,
Q, R and P, that are implemented as priority queues so that
the lowest or the highest variable in the queue can be popped
in constant time. If j € Q, it means that some value in D
has been pruned (neighbors of j higher than j may have lost
their simple support and must be revised). If j € R, it means
that some value in Dj has increased its unary cost from L
(neighbors of j lower than j may have lost their full support
and must be revised). If i € P, it means that some value in
Dj (j < i neighbor of i) has increased its unary cost from L (i
may have lost the full support of its fully supported value and
must be revised). Besides, there is an auxiliary queue S that
is used to efficiently build P.

The algorithm is formed by a main loop, with four inner
loops. The while loops at lines 5, 8 and 10 respectively en-
force EAC*, DAC* and AC*; the line 11 enforces NC*. Each
time some costs are projected by the enforcement of a local
property, another property may be broken. The variables for
which the local property may be broken are stored in a queue
for revision. The enforcement of NC*, AC* and DAC* is
achieved as proposed in [Larrosa and Schiex, 2003]. Thus,
we focus on the enforcement of EAC*.

EAC* enforcement is mainly encoded by Function Find-
ExistentialSupport(i), which enforces the existential sup-
port in x; by finding full supports wrt. every lower neighbor
Xj (it does not have to worry for higher neighbors because
DAC* enforcement takes care of them). While enforcing the
existential support in x;, the cost function C; decreases or re-
mains the same. As a consequence, we do not need to revise
the existential consistency of x; nor the directional arc con-
sistencies of the lowest neighbors of x;. Furthermore, as the
existential consistency is stronger than the arc one, enforc-
ing AC* between x; and x; is useless. However, the direc-
tional arc consistency of variable x; should be checked, be-
cause some unary cost of x; could have been increased (line
6). Similarly, the existential consistency of higher neighbors
of x; should also be verified (line 7).

PruneVar() enforces node consistency after unary cost and
lower bound increments (line 11). This function can be exe-
cuted more often in order to avoid unnecessary value exami-
nations during the while loops. It does not change the worst-
case time complexity. For simplicity reasons, the case of in-
consistent problems where C reaches T is not described.

Theorem 1 The complexity of EDAC*
O(ed?max{nd, T}) and space O(ed).

is time
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Algorithm 3: Enforcing EDAC*, initially, Q=R =S=x.
Procedure EDAC*

while (Q# @ VR# @V S+# @) do

P:={l|ieSl>iGC ec}us;

S=0;
while (P # @) do
i := popMin(P) ;
if FindExistentialSupport(i) then
R:=RuU{i};

foreachCjj e ¢ st. j >idoP:=PU{j};

while (R# @) do
j :=popMax(R) ;
foreachCjj e c st.i< jdo
if FindFullSupports(i, j) then
R:=RuU{i};
LS:: Su{i};

while (Q # @) do
j :=popMin(Q) ;
foreach Gjj € ¢ st.i> jdo
if FindSupports(i, j) then
R:=RuU{i};
S:=8Su{i};

foreachi € x do
|_if PruneVar(i) then Q := QU{i};

proof 1 Regarding space, we use the structure suggested by
[Cooper and Schiex, 2004] to bring the space complexity to
O(ed). [Larrosa and Schiex, 2003] proved that ProjectU-
nary, Project, Extend and PruneVar are time O(d); Find-
Supports and FindFullSupports are time O(d?). Let us now
focus on the while loop complexities in EDAC*. The loop at
line 8 enforces DAC*. As described in previous papers, it is
time O(ed?) because each variable is pushed in R at most
once and thus each constraint Cjj is checked once (line 9).
Similarly, the loop at line 10 which enforces AC*, directed
from the lowest variables to the highest ones, is also O(ed?).

The loop at line 5 enforces EAC* directed to the highest
variables. In a single run of this loop, a variable will never
be pushed twice in P because the popped variable x; is always
the lowest one, and the pushed variables are higher than x;.
It implies that the while loop iterates at most n times, leading
to a O(e) time complexity for line 7. The amortized complex-
ity time of FindExistentialSupport is O(ed?) because this
function may be called with each variable, so every binary
constraint at line 1 and 2 is observed once. Thus, the time
complexity of EAC* is also O(ed?).

The line 4 is time O(n). The for at line 11 is time O(nd)
(which is less than O(ed), as the graph is supposed to be
connected). Compiling the different results, the complexity
inside the while at line 3 is O(ed?). It loops when:

e either Q is not empty: the for at line 11 has pruned a
value and this is done at most nd times;

e either R is not empty: AC* has enqueued a variable in R
and by the preceding remark this cannot be done more
than O(nd) times;
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e or S is not empty: an element has been enqueued
while enforcing AC* or DAC*. The first case cannot
happen more than O(nd). The second case happens
O(max{nd, T }) times because the condition at line 8 is
true when AC* has added an element in R (O(nd) times)
or EAC* has added an element (O(T) times because
each time EAC* is violated, C increases).

Consequently, the overall complexity is O(ed?max{nd, T}).

6 Experimental results

In this Section, we perform an empirical comparison of
EDAC™* with FDAC™* for the task of proving optimality. The
main use of the EDAC* and FDAC™ properties is to use them
inside a depth-first branch and bound solver. The idea is to
maintain EDAC* and FDAC* during the search (algorithms
called MEDAC™* and MFDAC*, respectively). We have im-
plemented (C code) this idea in an efficient incremental ver-
sion that uses tables of supports a la AC2001 [Bessiere and
Regin, 2001]. In non-binary problems, we delay the propaga-
tion of non-binary constraints until they become binary. For
variable selection we use the dom/deg heuristics which selects
the variable with the smallest ratio of domain size divided by
future degree. For value selection we consider values in in-
creasing order of unary cost C;. The variable ordering for
directional arc consistency is given by their index. The opti-
mum of each problem instance (except for MAX-SAT where
only a good upper bound is provided) is given to the branch
and bound as a first upper bound. We experimented with
three domains easily modeled as WCSP. Given a CNF for-
mula, Max-SAT is the problem of finding a complete assign-
ment with a maximum number of satisfied clauses. We have
generated and solved 80-variable 2-SAT and 40-variable 3-
SAT instances with varying the number of clauses using Cn-
fgenl, a random k-SAT generator. Note that this generator
prevents duplicate or opposite literals in clauses but not du-
plicate clauses. Given an overconstrained CSP, Max-CSP is
the problem of finding a complete assignment with a maxi-
mum number of satisfied constraints. We have generated 6
classes of binary random problems with domain size set to
10 (Sparse-Loose (constraint graph connectivity of 12% for
40 variables), Sparse-Tight, Dense-Loose (constraint graph
connectivity of 25%), Dense-Tight, Complete-Loose, and
Complete-Tight) as proposed in [Larrosa and Schiex, 2003].
In Max-SAT (resp. Max-CSP), samples have 10 (resp. 50)
instances and we report mean values. In the uncapacitated
warehouse location problem (UWLP) a company considers
opening warehouses at some candidate locations in order to
supply its existing stores. The objective is to determine which
warehouses to open, and which of these warehouses should
supply the various stores, such that the sum of the mainte-
nance and supply costs is minimized. Each store must be
supplied by exactly one open warehouse. We simply model
the problem by | boolean variables for the candidate loca-
tions, s integer variables for the stores with domain size set to
I, I + s soft unary constraints for the costs, and | x s hard bi-
nary constraints connecting stores and warehouses. We took

1A, van Gelder ftp://dimacs.rutgers.edu/pub/challenge/
satisfi ability/contributed/UCSC/instances
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and solved the problem instances cap71-134 from the stan-
dard OR Library benchmarks for UWLP, as well as the MO*-
MP* instances by courtesy of J. Kratica [Kratica et al., 2001].
The M* instances are very challenging for mathematical pro-
gramming approaches because they have a large number of
suboptimal solutions.

CNF2, 80 vars
200 160
MFDAC* ——

180 |-MEDAC

CNF3, 40 vars

MFDAC* ——
MEDACH -

160
140
120
100
80 60
60
40 )
20 e
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800 1000 1200 1400
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Figure 3: Time in seconds to solve random Max-2SAT and
Max-3SAT problems.
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cpu time

cpu time

MFDAC* ——
MEDAC* -~
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MEDACH -
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cpu time

36 16 18 20 22 24 26 28 30
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Complete Loose Complete Tight

MFDAC* ——
MEDAC? -

MFDAC* ——
MEDAC -
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0 =
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Figure 4: Time in seconds to prove optimality for binary ran-
dom Max-CSPs.

The experiments were all performed on a 2.0 GHz Pen-
tium 4 computer with 512 MB2. Time results in seconds are
given in Figures 3 and 4, and Table 5. In all Max-SAT (resp.
Max-CSP classes), the search effort seems to grow exponen-
tially with the number of clauses (resp. number of variables).
We summed the computation times for all the samples that
were completely solved by both algorithms and computed

2The program named TooLBAR and the benchmarks are avail-

ableathttp://carlit.toul ouse.inra.fr/cgi-bin/
awki . cgi / Sof t CSP.
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the ratio MFDAC*/MEDAC* . In Max-2SAT, MEDAC*
was 5.1 faster than MFDAC*. The improvement is lower
in Max-3SAT. We think this result is due to our simple de-
laying mechanism for tackling n-ary constraints. For Max-
CSP, MEDAC™* was faster than MFDAC™* by a factor ranging
from 2.0 (Complete-Tight) to 9.52 (Sparse-Tight). The same
results were observed when analyzing the number of nodes
expanded by MEDAC™* and MFDAC™* (not reported here for
lack of space). In summary, the speed-up obtained was even
more important on problems with small constraint graph con-
nectivity.

Problem Size MFDACx MEDAC+ CPLEX
cap71 16 x 50 0.01 0.00 0.02
cap72 16 x 50 0.01 0.01 0.00
cap73 16 x 50 0.02 0.01 0.00
cap74 16 x 50 0.02 0.01 0.02
capl01 25 x 50 0.03 0.02 0.02
cap102 25 x50 0.13 0.03 0.01
capl103 25 x 50 0.35 0.03 0.01
capl04 25 x 50 0.24 0.04 0.01
capl3l 50 x 50 65.02 0.11 0.05
capl32 50 x 50 155.08 0.12 0.04
capl33 50 x 50 194.36 0.14 0.05
capl34 50 x 50 44.75 0.12 0.05
MO1 100 x 100 - 216.57  202.48
MO2 100 x 100  11775.60 44.45 36.67
MO3 100 x 100  15123.70 74.60  199.84
MO4 100 x 100 3525.61 31.74 43.26
MO5 100 x 100 2354.95 33.98 42.96
MP1 200 x 200 - 3403.37 2296.65
MP2 200 x 200 - 1443.93  917.92
MP3 200 x 200 - 981.28 1209.15
MP4 200 x 200 - 1768.51 1936.57
MP5 200 x 200 - 1099.88  697.51

Table 5: Time in seconds to prove optimality for uncapac-
itated warehouse location problems. Problem size is | x s,
with | the number of warehouses and s the number of stores.
A “-” means the instance was not solved in less than 5 hours.

For UWLP, MEDAC™ is several orders of magnitude faster
than MFDAC* for problem size | > 50. We concluded that
the lower bound computed by EDAC* for UWLP is stronger
and less variable ordering dependent than the FDAC* one.
Although UWLP is well-solved by dedicated mathematical
programming approaches [Erlenkotter, 1978; Korkel, 1989]
and heuristic search methods [Kratica et al., 2001; Michel
and Hentenryck, 2004], it is worth noticing that our generic
WCSP algorithm was able to solve to optimality moderately-
sized problems in reasonable time (in less than 1 hour).
For comparison purposes, we solved UWLP instances us-
ing a state-of-the-art mixed-integer programming solver llog
CPLEX 9.0 with default parameters (and without initial upper
bounds) and a direct formulation of the problem. MEDAC*
and CPLEX obtained results within the same order of magni-
tude in terms of cpu time.

Reversing the order of lines 5 (EAC* loop), 8 (DAC* loop),
and 10 (AC* loop) in MEDAC* slowed down the algorithm
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by a factor % on our Max-CSP benchmarks. It is important to
increase the lower bound as soon as possible as it is done first
by EAC*. We are currently investigating a lazy implemen-
tation of EAC* where the constraints in line 2 are projected
only for the purpose of increasing the lower bound and not
for pruning the values. This allows to reduce the number of
variables inserted in R and P by EAC* and, consequently, the
number of iterations of the different loops.

7 Conclusionsand future work

In this paper we have introduced a new local consistency
property called EDAC* and adapted it to WCSP. We have
studied its complexity, and despite its theoretical cost, it has
been shown that maintaining EDAC™* is always better than
maintaining FDAC* in a variety of domains. In the future,
we want to study a lazy version of EDAC* and to apply it to
other problems.
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Abstract

We introduce HEX programs, which are nonmono-
tonic logic programs admitting higher-order atoms
as well as external atoms, and we extend the well-
known answer-set semantics to this class of pro-
grams. Higher-order features are widely acknowl-
edged as useful for performing meta-reasoning,
among other tasks. Furthermore, the possibility
to exchange knowledge with external sources in
a fully declarative framework such as Answer-Set
Programming (ASP) is nowadays important, in par-
ticular in view of applications in the Semantic Web
area. Through external atoms, HEX programs can
model some important extensions to ASP, and are a
useful KR tool for expressing various applications.
Finally, complexity and implementation issues for
a preliminary prototype are discussed.

1 Introduction

Answer-Set Programming (ASP) [Gelfond and Lifschitz,
1991] has recently attracted increasing interest as a declar-
ative problem solving paradigm. In this approach, a prob-
lem is encoded in terms of a nonmonotonic logic program
such that the solutions of the former can be extracted from
the answer sets of the latter. Due to the availability of effi-
cient answer-set solvers, like Smodels [Simons et al., 2002]
or DLV [Leone et al., 2005], and various extensions of the
basic language with features such as classical negation, weak
constraints, or aggregates, ASP has become an important KR
formalism for declaratively solving Al problems in areas in-
cluding planning, diagnosis, information integration, and rea-
soning about inheritance. For the challenging area of Seman-
tic Web reasoning, extensions of ASP have been proposed,
facilitating interoperability with Description Logic reasoners
[Rosati, 1999; Eiter et al., 2004] or aiming at handling infi-
nite, tree-structured models [Heymans and Vermeir, 2003].

*This work was partially supported by the Austrian Science
Fund (FWF) under grant P17212-N04, and by the European Com-
mission through the IST Networks of Excellence REWERSE (IST-
2003-506779) and CologNeT (IST-2001-33123), and the IST Work-
ing Group in Answer Set Programming (IST-2001-37004 WASP).
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However, for important issues such as meta-reasoning in
the context of the Semantic Web, no adequate support is avail-
able in ASP to date. Motivated by this fact and the observa-
tion that interoperability with other software is (not only in
this context) an important issue, we extend in this paper the
answer-set semantics to HEX programs, that is, higher-order
logic programs (which accommodate meta-reasoning through
higher-order atoms) with external atoms for software interop-
erability. Intuitively, a higher-order atom allows to quantify
values over predicate names, and to freely exchange predicate
symbols with constant symbols, like in the rule

C(X) « subClassOf (D, C), D(X).

An external atom facilitates to determine the truth value of
an atom through an external source of computation. For in-
stance, the rule

reached(X) «— #reach|edge, a](X)

computes the predicate reached taking values from the pred-
icate #reach, which computes via #reach[edge, a] all the
reachable nodes in the graph edge from node a, delegating
this task to an external computational source (e.g., an exter-
nal deduction system, an execution library, etc.).

Our main contributions are summarized as follows.

(1) We define the syntax and answer-set semantics of
HEX programs, extending ASP with higher-order features
and powerful interfacing of external computation sources.
While answer-set semantics for higher-order logic programs
has been proposed earlier by Ross [1994], further extension
of that proposal to accommodate external atoms is technically
difficult since the approach of Ross is based on the notion of
unfounded set, which cannot be easily generalized to this set-
ting. Our approach, instead, is based on a recent notion of
program reduct, due to Faber et al. [2004], which admits a
natural definition of answer-set semantics.

(2) External atoms are a useful abstraction of several exten-
sions to ASP including, among others, aggregates, descrip-
tion logic atoms, or agent programs. External atoms thus fa-
cilitate investigating common properties of such extensions,
and can serve as a uniform framework for defining seman-
tics of further similar extensions of ASP. Moreover, HEX pro-
grams are a basis for the efficient design of generic evaluation
algorithms for such extensions in this framework.
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(3) By means of HEX programs, powerful meta-reasoning
becomes available in a decidable context, e.g., for Seman-
tic Web applications, for meta-interpretation in ASP itself,
or for defining policy languages. For example, advanced
closed world reasoning or the definition of constructs for an
extended ontology language (e.g., of RDF-Schema) is well-
supported. Due to the higher-order features, the representa-
tion is succinct.

(4) A simple prototype implementation of the language is
available, based on a reduction to ordinary ASP.

Note that other logic-based formalisms, like TRIPLE [Sin-
tek and Decker, 2002] or F-Logic [Kifer et al., 1995], feature
also higher-order predicates for meta-reasoning in Semantic
Web applications. However, TRIPLE is low-level oriented
and lack precise semantics, while F-Logic in its implemen-
tations (Flora, Florid, Ontoweb) restricts its expressiveness
to well-founded semantics for negation, in order to gain effi-
ciency. Our formalism, instead, is fully declarative and offers
the possibility of nondeterministic predicate definition with
higher complexity. This proved already useful and reason-
ably efficient for a range of applications with inherent non-
determinism, such as diagnosis, planning, or configuration,
and thus provides a rich basis for integrating these areas with
meta-reasoning.

2 HEX Programs

2.1 Syntax

Let C, X, and G be mutually disjoint sets whose elements are
called constant names, variable names, and external pred-
icate names, respectively. Unless explicitly specified, ele-
ments from X" (resp., C) are denoted with first letter in upper
case (resp., lower case), while elements from G are prefixed
with “#”. We note that constant names serve both as individ-
ual and predicate names.

Elements from C U X" are called terms. A higher-order
atom (or atom) is a tuple (Yy, Yy, ..., Y,), where Yy, ..., Y,
are terms; n > 0 is the arity of the atom. Intuitively, Yy is
the predicate name, and we thus also use the more familiar
notation Yy(Y1,...,Y;,). The atom is ordinary, if Yy is a
constant.

For example, (z, rdf:type, ¢), node(X), and D(a,b), are
atoms; the first two are ordinary atoms.

An external atom is of the form

#g[Yla'"7Yn](X1;"'7Xm), (1)

where Y7,...,Y, and Xi,...,X,, are two lists of terms
(called input and output lists, respectively), and #g € G is
an external predicate name. We assume that #g¢g has fixed
lengths in(#g) = n and out(#g) = m for input and out-
put lists, respectively. Intuitively, an external atom provides a
way for deciding the truth value of an output tuple depending
on the extension of a set of input predicates.

Example 1 The external atom #reach[edge, a](X) may be
devised for computing the nodes which are reachable in
the graph edge from the node a. Here, we have that
in(#reach) =2 and out(#reach) = 1. O
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A rule r is of the form

aﬂnv nOtﬁn+l> ey nOtﬂma (2)

where m,k > 0, aq,...,q are atoms, and 31, ..., 3, are
either atoms or external atoms. We define H(r) = {a, ...,
ax}and B(r) = BT (r) UB~(r), where BT (r) = {4, ...,
Bntand B~ (r)={Bn+1, .-, Bm}- f H(r) = O and B(r) #
(), then r is a constraint, and if B(r) = () and H(r) # (), then
r is a fact; r is ordinary, if it contains only ordinary atoms.

A HEX program is a finite set P of rules. It is ordinary, if
all rules are ordinary.

a1 V.- Vag < [,...

2.2 Semantics

We define the semantics of HEX programs by generalizing the
answer-set semantics [Gelfond and Lifschitz, 1991]. To this
end, we use the recent notion of a reduct as defined by Faber
et al. [2004] (referred to as FLP-reduct henceforth) instead
of to the traditional reduct by Gelfond and Lifschitz [1991].
The FLP-reduct admits an elegant and natural definition of
answer sets for programs with aggregate atoms, since it en-
sures answer-set minimality, while the definition based on the
traditional reduct lacks this important feature.

In the sequel, let P be a HEX program. The Herbrand base
of P, denoted HB p, is the set of all possible ground versions
of atoms and external atoms occurring in P obtained by re-
placing variables with constants from C. The grounding of a
rule r, grnd(r), is defined accordingly, and the grounding of
program P is given by grnd(P) = |J,.p grnd(r). Unless
specified otherwise, C, X, and G are implicitly given by P.

Example 2 Given C = {edge, arc, a, b}, ground instances of
E(X,b) are edge(a,b), arc(a,b), and arc(are, b); ground in-
stances of #reach[edge, N|(X) are #reach[edge, edge](a),
#reach[edge, arc](b), and #reachledge, edge](edge), etc.O

An interpretation relative to P is any subset [ C HBp
containing only atoms. We say that [ is a model of atom
a€ HBp,denoted I =a,ifac .

With every external predicate name #g¢g € G, we associate
an (n+m-+1)-ary Boolean function fy, assigning each tuple
(Ly1--yYn,T1,...,2Tm) either 0 or 1, where n = in(#g),
m = out(#g), I C HBp, and z;,y; € C.

We say that I C HB p is a model of a ground external atom
a=#gly1,...,yn](x1,...,2m), denoted I |=a, if and only
iff#g(f,yl e Yns L1y .. ,Z'm):l

Example 3 Let us associate with #reach a function fu,cqch
such that fy,eqcn (I, E, A, B) = 1iff B is reachable in the
graph E from A. Let I = {e(b,c),e(c,d)}. Then, I is a
model of #reachle, b](d) since fyreqen(I,€,0,d) =1. O

Let r be a ground rule. We define (i) I H(r) iff
there is some a € H(r) such that I |=a, (ii) I = B(r) iff
I'=a for all a€ BT (r) and I [£~a for all a€ B~ (r), and
(iii) I =7 iff I =H (r) whenever I = B(r). We say that I
is a model of a HEX program P, denoted I = P, iff I |=r for
all r € grnd(P). We call P satisfiable, if it has some model.

Given a HEX program P, the FLP-reduct of P with respect
to I C HBp, denoted fP!, is the set of all 7 € grnd(P) such
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that I = B(r). I C HBp is an answer set of P iff I is a
minimal model of fP’.
We next give an illustrative example.

Example 4 Consider the following HEX program P:
subRelation(brotherOf , relative Of ) «— ;
brotherOf (john, al) «— ;
relative Of (john, joe) «— ;
brotherOf (al, mick) « ;

invites(john, X) V skip(X) «— X <> john,
#reach[relativeOf , john](X);

R(X,Y) « subRelation(P, R), P(X,Y);
— F#degslinvites|(Min, Maz), Min < 1;
— #degslinvites|(Min, Maz), Max > 2.

Informally, this program randomly selects a certain num-
ber of John’s relatives for invitation. The first line states that
brotherOf is a subrelation of relative Of, and the next two
lines give concrete facts. The disjunctive rule chooses rela-
tives, employing the external predicate #reach from Exam-
ple 3. The next rule declares a generic subrelation inclusion
exploiting higher-order atoms.

The constraints ensure that the number of invitees is be-
tween 1 and 2, using (for illustration) an external predicate
#degs from a graph library, where fuqegs (I, E, Min, Maz)
is 1 iff Min and Maz is the minimum and maximum ver-
tex degree of the graph induced by the edges F, respec-
tively. As John’s relatives are determined to be Al, Joe, and
Mick, P has six answer sets, each of which contains one
or two of the facts invites(john, al), invites(john, joe), and
invites(john, mick). O

We now state some basic properties of the semantics.

Theorem 1 The answer-set semantics of HEX programs ex-
tends the answer-set semantics of ordinary programs as de-
fined by Gelfond and Lifschitz [1991], as well as the answer-
set semantics of HiLog programs as defined by Ross [1994].

The next property, which is easily proved, expresses that
answer sets adhere to the principle of minimality.

Theorem 2 Every answer set of a HEX program P is a min-
imal model of P.

A ground external atom a is called monotonic relative to P
iff ICI'CHBp and I |=a imply I’ =a. For instance, the
ground versions of #reach[edge, a](X) are all monotonic.

Theorem 3 Let P be a HEX program without “not” and
constraints. If all external atoms in grnd(P) are monotonic
relative to P, then P has some answer set. Moreover, if P is
disjunction-free, it has a single answer set.

Notice that this property fails if external atoms can be non-
monotonic. Indeed, we can easily model default negation
not p(a) by an external atom #not[p|(a); the HEX program
p(a) «— #not[p](a) amounts then to the ordinary program
p(a) < not p(a), which has no answer set.
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3 Modeling ASP Extensions by External
Atoms

By means of external atoms, different important extensions
of ASP can be expressed in terms of HEX programs.

3.1 Programs with aggregates

Extending ASP with special aggregate atoms, through which
the sum, maximum, etc. of a set of numbers can be refer-
enced, is an important issue which has been considered in
several recent works (cf., e.g., [Faber er al., 2004]). A non-
trivial and challenging problem in this context is giving a nat-
ural semantics for aggregates involving recursion. The recent
proposal of a semantics by Faber er al. [2004] is an elegant
solution of this problem. We show here how it can be easily
captured by HEX programs.

An aggregate atom a(Y,T) has the form f{S} < T,
where f is an aggregate function (sum, count, maz, etc.),
<€ {=,<,<,>,>}, Tis a term, and S is an expression
X:E(X,Y,Z), where X and Y are lists of local variables,
7 is a list of global variables, and E is a list of atoms whose

variables are among X , }7, Z.

For example, #count{X : r(X,Z),s(Z,Y)} > T is an
aggregate atom which is intuitively true if, for given Y and 7,
at least 7" different values for X are such that the conjunction
r(X,Z),s(Z,Y) holds.

Given o(Y,T) = f{S} < T as above, an interpretation
1, and values y for Y and ¢ for T, f is applied to the set
S(I,y) of all values = for X such that I = E(z,y, z) for
some value z for Z. We then have I | a(y,t) (ie., I E
HXE(X,y, Z2)} < Oiff f(S(1,y)) < t.

Using the above notion of truthhood for a(y,t), Faber et
al. [2004] define answer sets of an ordinary program plus
aggregates using the reduct fP!.

We can model an aggregate atom a(Y,7T) by an external
atom #a[Y'](T') such that for any interpretation / and ground
version #aly|(t) of it, fue(I,y,t) =1iff I =a(y,t). Note
that writing code for evaluating f4,(1,y,t) is easy.

For any ordinary program P with aggregates, let #agg(P)
be the HEX program which results from P by replacing each
aggregate atom a(Y,T) with the respective external atom
#a[Y](T). The following result can then be shown:

Theorem 4 For any ordinary program P with aggregates,
the answer sets of P and #agg(P) coincide.

3.2 Description logic programs

The aim of description logic programs (or dl-programs), due
to Eiter et al. [2004], is to combine a rule language under
the answer-set semantics with description logics. Informally,
a dl-program consists of a description logic (DL) knowledge
base L and a generalized normal program P which may con-
tain queries to L, realized by means of special atoms, called
dl-atoms, appearing in the body of rules. A dl-atom allows
for specifying an input from P to L, and thus for a bidirec-
tional flow of information between P to L, and for querying
whether a certain DL axiom or its negation logically follows
from L. The DL knowledge bases in dl-programs are theo-
ries in the description logics SHZF (D) and SHOZN (D),
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which represent the logical underpinnings of the Web ontol-
ogy languages OWL Lite and OWL DL, respectively [Bech-
hofer et al., 2004].

Formally, a dl-atom is an expression d{(X) of form

DL[S1 0p1 p1,- .. Sm 0Pm Pm; Q1(X),

where each .S; is a DL concept or role name, op; a change
operator, p; a unary resp. binary predicate symbol, () a unary
resp. binary predicate, and X a list of terms matching the arity
of Q. For space reasons, we confine here to op; = W and @
being a possibly negated unary predicate name, for which X
is a single term. Intuitively, S; W p; increases .S; in L by the
extension of p;. For example, the dl-atom

DL[hasColor W color; white Wine] (W)

m >0,

queries a wine ontology if W is known to be a white wine,
after augmenting the ontology about wine color (hasColor)
with facts about color from a program P.

An interpretation I of P is a model of a ground instance
dl(c) of dl-atom dI(X) with respect to DL knowledge base L,
denoted I =y, di(c),if LU U2, {Si(b)| pi(b) €I} =Q(c),
where = is the entailment operator of the given description
logic. That is, I | di(c) iff ¢ belongs to concept Q after
augmenting L.

Eiter et al. [2004] define answer sets of an ordinary non-
disjunctive program P relative to a DL knowledge base L
through a reduct sPLI, which extends the traditional reduct of
Gelfond and Lifschitz [1991]. Assuming that each ground dl-
atom dl(c) is monotonic (i.e., I = dl(c) implies I' |= di(c),
for I C I’; this is the predominant setting), sPLI treats
negated dl-atoms like negated ordinary atoms. The resulting
ground program sP;/ has a least model, LM (sP}). Then, I
is a strong answer set of (L, P) iff I = LM (sP}) holds.

We can simulate dl-atoms by external atoms in several
ways. A simple one is to use external atoms #dl[](X) where
fuar(I,c)=11f I =1 dl(c). Let #di(P) be the HEX pro-
gram obtained from a dl-program (L, P) by replacing each
dl-atom dI(X) with #dI[](X). We can then show:

Theorem 5 Let (L, P) be any dl-program for which all
ground dl-atoms are monotonic. Then, the strong answer sets

of (L, P) and #dl1,(P) coincide.

Note that we can extend the strong answer-set semantics to
disjunctive dl-programs by simply extending the embedding
#dl;,(P) to disjunctive programs. This illustrates the use of
HEX programs as a framework for defining semantics.

3.3 Programs with monotone cardinality atoms

Marek et al. [2004] present an extension of ASP by monotone
cardinality atoms (mc-atoms) k X, where X is a finite set of
ground atoms and k£ > 0. Such an atom is true in an interpre-
tation I, if & > | X N I| holds. Note that an ordinary atom A

amounts to 1{A}. An mca-program is a set of rules
H «— By,...,By,not Byy1,...,n0t By, 3)

where H and the B;’s are mc-atoms. Answer sets (stable
models) for an mca-program P are interpretations / which
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are derivable models of an extended reduct P! (in the sense
of Gelfond and Lifschitz [1991]), which treats negated mc-
atoms like negated ordinary atoms. Informally, a model of
PT is derivable, if it can be created from the empty set by
iterative rule applications in which the heads of firing rules
are nondeterministically satisfied.

We can embed any mca-program P into a HEX program
#mc(P) as follows. Each mc-atom k X is modeled by an
external atom e(k X) = #k_X[](), where fur x([)=1 iff
k>|X N1I|. In each rule of form (3), we replace H with a
new atom ¢y and all B; with e(B;), and add the following
rules (for H =k {Aq, ..., An}):

A;Vn_A; —ty,
—note(H),ty,

1<:<m

— — )

where, globally, n_A is a new atom for each atom A. Infor-
mally, these rules simulate the occurrence of the mc-atom in
the head. Then, the following correspondence holds.

Theorem 6 For any finite mca-program P over atoms At,
the answer sets of P and #mc(P) projected to At coincide.

As shown by Marek et al. [2004], ASP extensions similar
to mca-programs can be modeled as mca-programs. Hence,
these extensions can be similarly embedded into HEX pro-
grams.

3.4 Agent programs

Eiter er al. [1999] describe logic-based agent programs, con-
sisting of rules of the form

Opoao —X, ["] Oplala ey ["] Op'mam>

governing an agent’s behavior. The Op; are deontic modali-
ties, the oy; are action atoms, and x is a code-call condition.
The latter is a conjunction of (i) code-call atoms of the form
in(X, f(Y)) resp. notin(X, f(Y')), which access the data
structures of the internal agent state through API functions
f(Y) and test whether X is in the result, and (ii) constraint
atoms. For example, the rule

Do dial(N) < in(N, phone(P)), O call(P)

intuitively says that the agent should dial phone number N if
she is obliged to call P.

A semantics of agent programs in terms of “reasonable sta-
tus sets”, which are certain sets of ground formulas Op «, is
defined by Eiter et al. [1999]. They show that the answer sets
of a disjunction-free logic program P correspond naturally to
the reasonable status sets of a straightforward agent program
AG(P). Conversely, code-call atoms as above can be mod-
eled by external atoms #in [Y](X) resp. #notin¢[Y](X),
and deontic modalities by different propositions and suitable
rules. In this way, a class of agent programs can be embedded
into HEX programs as a host for evaluation.

4 Applications

In this section, we show the usage of HEX programs for dif-
ferent purposes, in which the joint availability of higher-order
and external atoms is beneficial. For space reasons, the expo-
sition is necessarily superficial and details will be omitted.
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4.1 Semantic Web applications

HEX programs are well-suited as a convenient tool for a
variety of tasks related to ontology languages and for Se-
mantic-Web applications in general, since, in contrast to
other approaches, they keep decidability but do not lack the
possibility of exploiting nondeterminism, performing meta-
reasoning, or encoding aggregates and sophisticated con-
structs through external atoms.

An interesting application scenario where several features
of HEX programs come into play is ontology alignment.
Merging knowledge from different sources in the context of
the Semantic Web is a very important task [Calvanese et al.,
2001]. To avoid inconsistencies which arise in merging, it is
important to diagnose the source of such inconsistencies and
to propose a “repaired” version of the merged ontology. In
general, given an entailment operator |= and two theories 77
and T, we want to find some theory rep(77 U T3) which,
if possible, is consistent (with respect to |=). Usually, rep
is defined according to some customized criterion, so that to
save as much knowledge as possible from 7} and 75. Also,
rep can be nondeterministic and admit more than one possi-
ble solution.

HEX programs allow to define = according to a range of
possibilities; in the same way, HEX programs are a useful tool
for modeling and customizing the rep operator. In order to
perform ontology alignment, HEX programs must be able to
express tasks such as the following ones:

Importing external theories. This can be achieved, e.g., in
the following way:

triple(X,Y, Z) « #RDF[uri](X,Y, Z);
triple(X,Y, Z) «— #RDF[uri2)(X,Y,Z);

proposition(P) «— triple( P, rdf :type,
rdf :Statement).

We assume here to deal with RDF theories.! We take
advantage of an external predicate # RDF' intended to
extract knowledge from a given URI (Uniform Resource
Identifier), in form of a set of “reified” ternary assertions.

Searching in the space of assertions. This task is required
in order to choose nondeterministically which proposi-
tions have to be included in the merged theory and which
not, with statements like

pick(P) V drop(P) « proposition(P).

Translating and manipulating reified assertions. E.g., for
choosing how to put RDF triples (possibly including
OWL assertions) in an easier manipulatable and read-
able format, and for making selected propositions true,
the following rules can be employed:

(X,Y, Z) « pick(P), triple( P, rdf :subject, X ),
triple( P, rdf :predicate,Y),
triple( P, rdf :object, Z);

C(X) « (X, rdf :type, C).

ISee http://www.w3.org/tr/rdf-mt/ for information
about RDF.
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Filtering propositions. This way, it is possible to customize
criteria for selecting which propositions can be dropped
and which cannot. For instance, a proposition cannot be
dropped if it is an RDFS axiomatic triple:>

pick(P) «— aziomatic(P).

Defining ontology semantics. The operator = can be de-
fined in terms of entailment rules and constraints ex-
pressed in the language itself, like in:

D(X) « (C, rdf:subClassOf , D), C(X);

— owl:mazCardinality(C, R, N), C(X),
#countr|R, X](M), M > N,

where the external atom #countr[R, X](M) expresses
the aggregate atom #count{Y : R(X,Y)} =M. Also,
semantics can be defined by means of external reasoners,
using constraints like

— Finconsistent|pick],

where the external predicate #inconsistent takes for in-
put a set of assertions and establishes through an external
reasoner whether the underlying theory is inconsistent.

4.2 Closed world and default reasoning

Reiter’s well-known closed-world assumption (CWA)? is ac-
knowledged as an important reasoning principle for inferring
negative information from a logical knowledge base KB: For
a ground atom p(c), conclude —p(c) if KB [~ p(c). Descrip-
tion logic knowledge bases lack this possibility.

Using HEX programs, the CWA may be easily expressed on
top of an external KB which can be queried through suitable
external atoms. We show this here for a description logic
knowledge base L. Assuming that a generic external atom
#dlp[C](X) for modeling a dl-atom DL[C](X) is available,
the CWA principle can be stated as follows:

C'(X) « not #dlo[C)(X), concept(C),
cwa(C,C"),0(X),

where concept(C') is a predicate which holds for all concepts,
cwa(C, C") states that C’ is the complement of C' under the
CWA, and o(X) is a predicate that holds for all individuals
occurring in L. For example, given that

L = { man C person, person(lee) }

for concepts man and person, the CWA infers ~man (lee).
As well known, the CWA can become inconsistent. If in
the above example, L contains a further axiom

person = man U woman,

with the concept woman, then the CWA infers —man(lee)
and —woman (lee); this is inconsistent with L.

’In a language enriched with weak constraints, we could max-
imize the set of selected propositions using a constraint of form
:~drop(P).

3Throughout this section, we refer to Lukaszewicz [1990] for
references to closed-world reasoning and circumscription.
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We can check inconsistency of the CWA with further rules,
though:

set_false(C, X) « cwa(C,C"),C"(X),
inconsistent «— #dl,[set_false, L](b),

where #dl; [N, C|(X) effects a check whether L, augmented
with all negated facts —c¢(a) such that N(c,a) holds, entails
C(X), and L is the empty concept (entailment of _L(b), for
any constant b, is tantamount to inconsistency).
Minimal-model reasoning, as under circumscription and
the extended closed-world assumption (ECWA), for instance,
avoids the problem of CWA inconsistency. We can foster the
minimal Herbrand models of L with respect to all concepts
and individuals in L elegantly with the following HEX rules:

set_false(C, X) « concept(C), o(X), not C(X);
C(X) « #dl;[set_false, C|(X).

Here, the first rule intuitively expresses that if C'(X) is not
included in an answer set M of P, then it should be set to
false. The second rule states that C'(X) is in M, if C(X) can
be proved in L after setting all atoms in L to false according
to M. By the minimality of answer sets, C(X) can only then
be in M. Thus, in L no C(X) can be switched to ~C(X)
without raising inconsistency. Hence, M corresponds to a
minimal model of L. Applied to our example, we obtain two
answer sets (showing here only the interesting atoms):

My = {person(lee), woman(lee),
set_false(man, lee), ...},

My = {person(lee), man(lee),
set_false(woman, lee), ...},

corresponding to the minimal models of L.

Roles in L may be handled similarly. Furthermore, one can
easily restrict minimization to a subset of concepts and roles,
and accommodate the general setting of ECWA and circum-
scription, dividing the predicates into minimized, fixed, and
varying predicates P, (), and Z, respectively. On top of min-
imal models, e.g., reasoning tasks may then be performed.

By maximizing rather than minimizing extensions, default
reasoning, as in the approach by Poole [1988], on top of a DL
knowledge base L may be supported. For example, the rules

white(W') — #dly [null, sparklingWine] (W),
not n_white(W),
n_white(W) «— #dls[sparklingWine, white,
white Wine] (W)

on top of a wine ontology L, express that sparkling wines are
white by default, where #dl3[C, U, Q](X) checks whether
L, together with all facts C(a) such that a €U, entails
-Q(X). Given

L = {sparkling Wine(veuveCliquot),
lambrusco T (sparklingWine M —white Wine)},

we then can conclude white (veuveCliquot).

CONSTRAINT SATISFACTION AND SEARCH

5 Computational Aspects
5.1 Complexity

It appears that higher-order atoms do not add complexity
compared to ordinary atoms. Indeed, for finite C, the ground-
ing of an arbitrary HEX program P is, like for an ordinary
program, at most exponential in the size of P and C. Since
HEX programs with higher-order atoms subsume ordinary
programs, we obtain by well-known complexity results for
ordinary programs [Dantsin et al., 2001] the following result.
Recall that NEXP denotes nondeterministic exponential time,
and that for complexity classes C' and D, C'P denotes com-
plexity in C' with an oracle for a problem in D.

Theorem 7 Deciding whether a given HEX program P with-
out external atoms has some answer set is NEXPNF -complete
in general, and NEXP-complete if P is disjunction-free.

Classes of programs with lower complexity can be iden-
tified under syntactic restrictions, e.g., on predicate arities.
Furthermore, if from the customary ASP perspective, P is
fixed except for ground facts representing ad-hoc input, the
complexity exponentially drops to NP resp. NP.

On the other hand, external atoms clearly may be a source
of complexity, and without further assumptions even incur
undecidability. Viewing the function fy, associated with an
external predicate #¢ € G as an oracle with complexity in C,
we have the following result:

Theorem 8 Ler P be a HEX program, and suppose that for
every #g € G the function fu, has complexity in C. Then,

deciding whether P has some answer set is in NEXPNT C,
and is in NEXPC if P is disjunction-free.

However, there is no complexity increase by external atoms
under the following condition on the cardinality of C:

Theorem 9 Let P be a HEX program. Suppose that for ev-
ery #g € G, the function fu, is decidable in exponential
time in |C|. Then, deciding whether P has some answer set is
NEXPNP -complete, and NEXP-complete if P is disjunction-
free.

Informally, the reason is that a possibly exponential-size
grounding compensates the exponentiality of external atoms,
whose evaluation then becomes polynomial in the size of
grnd(P). The hypothesis of Theorem 9 applies to external
atoms modeling aggregate atoms and, under small adjust-
ments, to dl-atoms, if |= is decidable in exponential time.
Some complexity results by Faber ef al. [2004] on ASP with
aggregates and by Eiter er al. [2004] on interfacing logic pro-
grams with the description logic SHZF (D) therefore follow
easily from Theorems 4, 5, and 9.

5.2 Implementation

An experimental working prototype for evaluating HEX pro-
grams is available. Several technical issues in an implemen-
tation arise, and we can only briefly address them here. In
particular, higher-order and external atoms must be handled.
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As for higher-order atoms, a polynomial reduction A from
HEX programs P to ordinary programs A(P) is possible if
P has no external atoms. Indeed, each higher-order atom
Yo(Y1,...,Y,) in P can be substituted with an ordinary atom
an(Yo,Y1,...,Y,). Since HEX programs conservatively ex-
tend ordinary programs (cf. Theorem 1), the answer sets of
any HEX program P without external atoms then correspond
one-to-one with the answer sets of A(P). Thus, HEX pro-
grams without external atoms can be efficiently evaluated by
using an existing ASP solver.

The presence of external atoms makes matters more com-
plex. A can still be applied to eliminate higher-order atoms
from a HEX program P, and a similar correspondence holds.
We may further replace external atoms #g¢[X](Y) in A(P)
by ordinary atoms p, (X, 17) In the absence of negation as
failure and for monotone external atoms, the answer sets of
A(P) can be computed by a bottom-up fixpoint computation
(which in case of disjunction is nondeterministic), in which

-,

ground atoms pu, (@, b) are evaluated with the external func-
tion faug.

In the presence of negation as failure, a notion of e-stra-
tification, which generalizes the usual notion of stratification
and exploits further dependency information supplied for ex-
ternal atoms, can be used to identify a substantial fragment of
HEX programs evaluable on the basis of a suitable operational
semantics. In the unstratified case, guessing clauses

D#yg (Xv Y) V not pyg (X7 }7) -

may be added for generating candidate answer sets of P. For
monotone external atoms, the candidates can be verified by a
fixpoint computation. For the general case, however, efficient
checking methods are needed.

6 Conclusion and Further Work

HEX programs are a natural and powerful evolution of An-
swer-Set Programming (ASP), which fulfills interoperability
needs with other software and supports at the same time ab-
stract problem modeling by higher-order features. These fea-
tures are needed for a wide range of applications but missing
in ASP systems today. In particular, user-defined libraries can
be integrated, and thus customization to specific applications
is enabled. Our further and ongoing work includes implemen-
tation beyond the working prototype, for which suitable algo-
rithms and techniques are currently under development. This
and the prototype will be discussed in detail elsewhere. Fur-
thermore, an application in the context of an ongoing project
for a personalized Web information system is targeted.
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Abstract

We introduce a general framework for specifying
program correspondence under the answer-set se-
mantics. The framework allows to define different
kinds of equivalence notions, including previously
defined notions like strong and uniform equiva-
lence, in which programs are extended with rules
from a given context, and correspondence is deter-
mined by means of a binary relation. In particu-
lar, refined equivalence notions based on projected
answer sets can be defined within this framework,
where not all parts of an answer set are of relevance.
We study general characterizations of inclusion and
equivalence problems, introducing novel semanti-
cal structures. Furthermore, we deal with the issue
of determining counterexamples for a given corre-
spondence problem, and we analyze the computa-
tional complexity of correspondence checking.

1 Introduction

With the availability of efficient implementations of the
answer-set semantics [Gelfond and Lifschitz, 1991] for non-
monotonic logic programs, answer-set programming (ASP)
has been recognized as a fruitful paradigm for declarative
problem solving. In this approach, a problem is encoded as
a logic program such that its models, called answer sets, cor-
respond to the solutions of the problem, which can be easily
extracted from them. Due to the availability of default nega-
tion, ASP has become an important host for solving many Al
problems, including planning, diagnosis, information integra-
tion, and inheritance reasoning (cf. Gelfond and Leone [2002]
for an overview on ASP).

To support engineering of ASP solutions, an important is-
sue is determining equivalence of different encodings, given
by two programs. To this end, various notions of equivalence
between programs under the answer-set semantics have been
studied in the recent past, viz. strong equivalence [Lifschitz
et al., 20011, uniform equivalence [Eiter and Fink, 2003], and
relativized notions thereof [Woltran, 20041, as well as update

*This work was supported by the Austrian Science Fund under

grant P18019, and by the EC via projects FET-2001-37004 WASP,
IST-2001-33570 INFOMIX, and IST-2001-33123 CologNeT.
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equivalence [Inoue and Sakama, 2004]. Informally, the for-
mer notions consider programs P and @) to be equivalent, if
P U R and @Q U R have always the same answer sets, where
R is a set of rules from a particular collection of rules. Thus,
if R is regarded as possible input, equivalent P and @) are
guaranteed to compute always the same answer sets. Note
that also open logic programs [Bonatti, 20011, in which part
of the rules are to be added at runtime, fit within this scheme.

However, none of these works have considered the practi-
cably important setting of projected answer sets in ASP. Here,
not a whole answer set of a program P is of interest, but only
its intersection on a subset B C U of all letters; this includes,
in particular, removal of auxiliary letters in computation. For
a simple example, consider the programs

P ={sel(X) « s(X), not out(X),

out(X) Vout(Y) < s(X),s(Y), X #Y } and
Q = { sel(X) « s(X), not skip(X),

skip(X) — sel(X),s(Y),X £Y }.

They should select, by means of sel, one element satisfying s
in their answer sets. Here, an important issue is whether the
programs are equivalent with respect to the “output” predicate
sel, for all “inputs” s, where s may be defined by rules over
predicates from a set A, say, or given by facts.

Another aspect is that, apart from equivalence, other rela-
tionships between the sets of answer sets of P and () might
be of interest. A natural example is inclusion, which means
that each answer set of P is also an answer set of (). Here )
can be viewed as an approximation of P, which is sound with
respect to cautious reasoning from P.

Motivated by these observations, in this paper, we consider
solution correspondences in ASP at a generic level. Our main
contributions are briefly summarized as follows.

(1) We introduce a general framework for correspondences
between the answer sets of programs P and (), which are
augmented by further rules from a context C of possible ex-
tensions, where the correspondence is determined by a binary
relation p. Previous notions of equivalence and projected an-
swer sets amount to particular instances of this framework.

(2) We provide characterizations of inclusion correspon-
dence and equivalence between programs under projected
answer sets, in terms of novel semantical structures, called
spoilers, which refute this property, and certificates, which
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capture the essence of equivalence, similar as SE-models and
UE-models do for strong and uniform equivalence, respec-
tively. Based on these characterizations, we present interest-
ing correspondence results on varying projection sets in ASP.

(3) We show how spoilers can be used to construct coun-
terexamples to an inclusion resp. equivalence correspon-
dence, consisting of a suitable interpretation M and a rule
set R such that M is an answer set of exactly one of P U R
and Q U R.

(4) Finally, we determine the computational complexity of
correspondence checking for propositional disjunctive pro-
grams under projected answer sets. Our main result is that
equivalence checking is I} -complete in general, and thus
feasible in polynomial space as compared to a naive guess-
and-check procedure which requires exponential space. Fur-
thermore, we show that for restricted settings, the complexity
gradually decreases from I1}’ to coNP.

The results presented in this paper significantly advance
the current state of equivalence testing in ASP towards highly
relevant settings for practical applications, and provide novel
insight into the structure of equivalent programs. Besides
the papers quoted above, further related work mostly ad-
dresses semantic and complexity characterizations of equiva-
lence [Lin, 2002; Turner, 20031, or describes implementation
methods [Eiter et al., 2004; Oikarinen and Janhunen, 2004].
The recent work by Pearce and Valverde [2004] addresses
strong equivalence of programs over disjoint alphabets which
are synonymous under structurally defined mappings.

The characterizations we present are non-trivial and, as
shown by our complexity results, necessarily involved in the
sense that no “simple” criteria exist. Together with counterex-
amples, they provide a basis for powerful program optimiza-
tion and debugging tools for ASP, which are lacking to date.

2 Preliminaries

We deal with propositional disjunctive logic programs, which
are finite sets of rules of form

a1 V-V ap« Qr41y- -y G,y MOt Ay, - .., N0t Ay, (1)

n>m >1 >0, where all a; are propositional atoms and not
denotes default negation; for n = [ = 1, we usually identify
the rule with the atom a; . If all atoms occurring in a program
P are from a given set A of atoms, we say that P is a program
over A. The set of all programs over A is denoted by P 4. We
call a rule (resp., program) normal iff it contains no disjunc-
tion V. A program is unary if it contains only rules of the form
a < bora «;P4" denotes the set of all unary programs over
A. For a set of atoms A = {as,...,a,}, not A denotes
the set {notay, ..., not a,, }. Accordingly, rules of form (1)
will also be written as a1 V --- V a; < By, not By, where
B; ={ai41,...,am} and By = {am+1,...,not ay,}.
Following Gelfond and Lifschitz [1991], an interpreta-
tion [, i.e., a set of atoms, is an answer set of a program P
iff it is a minimal model of the reduct P, which results from
P by (i) deleting all rules containing default negated atoms
not a such that ¢ € [ and (ii) deleting all default negated
atoms in the remaining rules. The set of all answer sets of
a program P is denoted by AS(P). The relation I = P be-
tween an interpretation I and a program P is defined as usual.
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Under the answer-set semantics, two programs P and @)
are regarded as (ordinarily) equivalent iff AS(P) = AS(Q).
The more restrictive forms of strong equivalence [Lifschitz
et al., 2001] and uniform equivalence |Eiter and Fink, 2003]
have recently been generalized as follows [Woltran, 2004]:
Let P, (Q be programs over I/, and let A C U. Then, P and @
are strongly (resp., uniformly) equivalent relative to A iff, for
any R € Py (resp., R C A), AS(PUR) = AS(QU R).

If A=U, strong (resp., uniform) equivalence relative to A
reduces to strong (resp., uniform) equivalence simpliciter; if
A =0, ordinary equivalence results in either case.

We use the following notation. For an interpretation I and
a set S of (pairs of) interpretations, we write S|; = {Y N T |
YeStSr={(XnLLYNI) | (X,Y)eS}H. IfS = {s},
we write s|; instead of S|y, if convenient.

Forany A C Y and any Y C U, a pair (X,Y") of interpre-
tations is an A-SE-interpretation (over U) iff either X = Y
or X C Y|a. (X,Y)is an A-SE-model of a program P iff

(i) Y P
(i) forall Y’ C Y withY'|4 = Y|4, Y’ &= PY; and
(iii) X C Y implies the existence of an X’ C Y with
X'|4 = X such that X’ = PY holds.

A pair (X,Y) is total iff X =Y, and non-total otherwise.
The set of all A-SE-models of P is denoted by SE“ (P).

For A = U, A-SE-interpretations (resp., A-SE-models) are
simply called SE-interpretations (resp., SE-models), coincid-
ing with the notions defined by Turner [2003], and we write
SE(P) instead of SEY(P).

Proposition 1 ([Woltran, 2004]) Two programs P and Q
are strongly equivalent relative to A iﬁ‘SEA(P) = SEA(Q).

Example 1 Consider the following two programs, P; and
Ps, which we shall use as a running example:

P=PU{cVd—a;cVdb},
P,=PyU{cV d«a,b; d— b notc; c— a,notd},

for Py ={a—c; b—c; a—d; b—d; — notc,notd}.
They have the following SE-models:'

SE(Py)={(0,abc),(0,abd),(0,abed),(abed,abed),
(abe,abed),(abd,abed),(abe,abe),(abd,abd)},
SE(Py)=SE(Py)J{(b,abc),(a,abd),(b,abed),(a,abed)}.
Hence, Py and P, are not strongly equivalent. On the other
hand, AS(Py) = AS(P,) =0, i.e., Py and P» are (ordinar-

ily) equivalent. Moreover, P, and Ps are strongly equivalent

relative to A iff AN{a,b} = 0. For A ={a,b}, we get

SEA(Py) = {(0,abc), (0, abd), (abe, abe), (abd, abd)},
SEA(Py) = SEA(Py) U {(b, abe), (a,abd)}.

3 General Framework

In order to deal with differing notions of program equivalence
in a uniform manner, taking in particular the currently ex-
isting notions of equivalence, as presented above, as well as

'We write abc instead of {a, b, c}, a instead of {a}, etc.
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equivalence notions based on the projection of answer sets
into account, we introduce a general framework for express-
ing solution correspondences between logic programs. In this
framework, we parameterize, on the one hand, the set R of
rules to be added to the programs P and @, and, on the other
hand, the relation that has to hold between the collection of
answer sets of P U R and Q U R. Concerning the latter pa-
rameter, besides equality, other comparison relations like set-
inclusion may be used. This leads to the following notion:

Definition 1 By a correspondence frame, or simply frame, F,
we understand a triple (U, C, p), where (i) U is a set of atoms,
called the universe of F, (if) C C Py, called the context
programs of F, or simply the context, and (iii) p C 22" 92"

For all programs P,QQ € Py, we say that P and Q are
F-corresponding, symbolically P ~z @Q, iff, for all R € C,
(AS(PUR),AS(QU R)) € p.

Intuitively, in a correspondence frame F = (U,C,p), U
determines the general alphabet under consideration, C de-
termines the kind of rules used for comparison, and p is the
specific operation used for checking the correspondence of
two programs.

It is quite obvious that the equivalence notions discussed
above are special cases of F-correspondence. Indeed, for any
universe U/ and any A C U, we have that strong equivalence
relative to A coincides with (U, P4, =)-correspondence, and
uniform equivalence relative to A coincides with (U, 24, =)-
correspondence. Consequently, it holds that (i) strong equiv-
alence coincides with (U, P, =)-correspondence, (ii) uni-
form equivalence coincides with (i, 24, =)-correspondence,
and (iii) ordinary equivalence coincides with (U, {0}, =)-
correspondence.

In this paper, we are mainly concerned with correspon-
dence frames of form (U, P4, Cpg) and (U, Pa,=p), where
A C U is some set of atoms, and C g and =g are projections
of the standard subset and set-equality relation, respectively,
to a set B C U, defined as follows: for sets S, S’ of interpre-
tations,

° S QBS/ lffSlB QS’|B,and
o« S=58iff S|p =I|p.

In particular, =p amounts to answer-set existence if B =
(), and to correspondence between answer sets if B = U.

In what follows, if F is of the form (U/,C,=p), we refer
to F also as an equivalence frame, and, accordingly, to F-
correspondence also as F-equivalence. As well, a frame of
the form (U, C, Cp) is also referred to as an inclusion frame.

For later purposes, we also introduce the following no-
tion: A correspondence problem, 11, over U, is a quadru-
ple (P,Q,C, p), where P,QQ € Py and (U,C, p) is a frame.
We say that IT holds iff P ~q ¢ ,) @ holds. In accord with
the above designations, we call 1I an equivalence problem if
(U,C, p) is an equivalence frame and an inclusion problem if
(U,C, p) is an inclusion frame.

For a correspondence problem II = (P, Q,C, p) over U,
we usually leave U/ implicit, assuming that it consists of all
atoms occurring in P, @), and C.

We next list some basic properties of F-equivalence.
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Proposition 2 Let (U,C,=pg) be an equivalence frame and
P,Q € Py. Then, the following conditions hold:
L IfP~yc—y Q then P~q o — ) Q, forallC' CC
and all B' C B.

2. P E(Z/I,C,=B) Q lffP Z(Z/I,C,QB) Q andQ E(Z/{,C,QB) P.

We recall an important result due to Woltran [2004], ex-
tending an analogous result by Lifschitz et al. [2001].
Proposition 3 Consider a frame (U, P, =), for A CU, and
let P,Q € Py. Then, P~y p, =) Qiff P~ puw =) Q.
Example 2 We have already seen that for Py, Py from Ex-
ample I, Py %@ p, =y P2 holds, for A = {a,b} and U =
{a,b,c,d}. Hence, by Proposition 3, Py % pu =) Pa. This
is witnessed by the fact that, e.g., AS(P1U{a}) = {abc, abd}
while AS(P, U {a}) = {abc}.

The relevance of Proposition 3 is that it allows to dras-
tically reduce the number of required rules for equivalence

checking. However, the proposition does not generalize to
projections of answer sets.

Theorem 1 For any equivalence frame (U, Pa,=p) with
A,B C U, and any P,Q € Py, if P ~up,,—p) Q. then
P U, P =p) Q, but the converse does not hold in general.
Proof. That P~y p, —,)Q implies P~ pun — )@ is im-
mediate from Part 1 of Proposition 2. Our running exam-
ple shows the failure of the converse: Py~ pu ) P»
holds, where U/ ={a,b,c,d} and A = B = {a,b}, but
Pi @ p,,=p)Po. The latter holds in view of AS(P; U
{aVvb «}) = {abc,abd} but AS(P, U {aVb «}) = 0,
as easily shown. m|

The above theorem also holds if the set P}" is substituted
by the class of all normal programs over A. Indeed, programs
P, and P» of our running example are corresponding with
respect to a frame using normal programs over A = {a, b} as
context, because in each stable model of P; U R resp. P, UR,
both a and b must be true. Thus, rules in R (C P4) with
negative literals in the body are immaterial.

Theorem 1 indicates that equivalence for projected answer
sets is more involved. The same holds for inclusion, since
as an easy corollary to Theorem 1, P =~ p, c ) @ implies
P ~ U, P Cp) @, but not vice versa. In fact, the next re-
sult shows that, in general, a smallest extension R violating
inclusion has exponential size.

Theorem 2 There exists a family of problems 11 = (P, Q,
Pa, Ca)suchthat each R C P4 witnessing AS(PUR)|a €
AS(Q U R)| 4 is exponential in the size of P and Q.
Proof (Sketch). The idea is to encode a propositional CNF
¢ = N\, C; over atoms V, for C; = ¢; 1 V -+ V ¢; ,, into
IT = (P,Q,Pa,C4) such that, for any R € P4, AS(P U
R)|a € AS(Q U R)|4 and =R must include a DNF for ¢,
where E is the result of interpreting R as a classical formula.
LetV={o|lveVLV ={|veV}LV ={t|ve
V},and G = {g1,...,9gn} be sets of new atoms. We define
P = {vVv+«; —notv; —notv|veV}uU
{ve—u,u; 0 —u,a|v,ueV}iU
v Cli o= Cl lveVi1<i<n),
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* % * * _ *
where C; =¢l1y- 1 Cp, v =10, and (—v)* = v, and

Q = {vVv; v —vmnotd; v—vmnotv |veV}iu
{05 < notv',notv' |[veV}u
ve—usv—vsve—u;v—u|v,ueV}U

s Gn s

with=1v" and =0 =7". Let A = V U V. Informally, P U R

only admits answer sets containing A, and indeed it holds that

(A, A) € SE(PUR)|a\ SE(QUR)| 4, for some R. For any
such R, the SE-models (X, A) with X C A must be precisely
those where X is a countermodel of ¢. This means that R is
a CNF for —¢, and thus —R* amounts to a DNF for ¢. This
proves the claim. Now, as well-known, the smallest DNF for
a CNF ¢ can be exponential in ¢, which proves the result. O

{gi <—/C\i)j | 1=1.n,5= 1]@} @) {<— g1, ..

We can similarly construct a family of problems showing
that a smallest extension R violating equivalence has expo-
nential size. Hence, a naive guess and check algorithm to
disprove inclusion or equivalence needs exponential space.
For a better algorithm, we have to develop suitable semanti-
cal characterizations, which must take disjunctive extensions
into account.

4 Characterizations

In this section, we first present some characteristic structures
associated with inclusion and equivalence problems under
projections of answer sets, termed spoilers and certificates.
Based on them, we then discuss some interesting invariance
results.

We start with some general properties.

Definition 2 A set S of SE-interpretations is complete iff, for
each (X,Y) € S, also (YY) € Saswellas (X,Z) € S,
foranyY C Z with (Z,Z) € S.

It can be shown that the set SE(P) of all SE-models of a
program P is always complete.

The following guarantees that a complete set S of SE-
interpretations can be represented by some program P.

Proposition 4 Let S be a complete set of SE-interpretations,
and let A be a set of atoms. Then, there exists a program
P57A € P4 such that SE(P&A)‘A = S‘A.

One possibility to obtain Ps 4 from S is as follows: take
rules — Y, not (A\Y), foreach Y C A such that (YY) ¢
Sla, andrules \/ ¢y x) p < X, not (A\Y), foreach X C
Y such that (X,Y) ¢ S|4 and (Y,Y) € S|a.

4.1 Spoilers

The first class of characteristic structures associated with pro-
gram correspondence we are dealing with are of such a nature
that their existence prevents the equivalence of programs un-
der projected answer sets.

We need the following auxiliary notation: Let S be a set of
SE-interpretations and Y, C' sets of atoms. Then, 03(8) =
{(X,2) €S| Zlc = Ylo).

Definition 3 Let I = (P, Q, P, Cg) be an inclusion prob-
lem over U, let Y C U be an interpretation, and consider
S C o{VB(SEX(Q)). The pair (Y, S) is a spoiler for IT iff
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(i) (Y,Y) e SEA(P),

(ii) foreach (Z,Z) € S, some non-total (X, Z) € S exists,
(i) (Z,2) € Siff(Z,Z) € o{“B(SEXQ)), and
(iv) (X,Z) € S implies (X,Y) ¢ SE*(P).

Intuitively, in a spoiler (Y, S), the interpretation Y is an
answer set of P U R but not of Q U R, for some R, which is
semantically given by S.

Example 3 For P, and P, from our running example and
A = {a,b}, (Y1,S) and (Ys,S) are the only spoilers for
(P, Py, Pa,C4), where Y1 = {abc}, Yo = {abd}, and
S = {(a, abd), (b, abc), (abc, abe), (abd, abd)}, with the lat-
ter being a subset of Uél(SEA(Pg)) = 03’32 (SEA(Py)) =
S U{(0,abc), (0,abd)}, as required in Definition 3.

The central property of spoilers is as follows:

Theorem 3 Let F = (U, Pa, Cg) be a frame. Then, for any
P,Q € Py, P~zQ iffthere is no spoiler for (P,Q,Pa,Cp).

An immediate consequence of this theorem, together with
Part 2 of Proposition 2, is the following result:

Corollary 1 Let F = (U, Pa,=pg) be an equivalence frame
and P,Q € Py. Then, P ~x Q iff neither (P,Q,P4,Cp)
nor (Q, P, P, Cp) has a spoiler.

As discussed later on, spoilers provide a semantical basis
for counterexample generation.

4.2 Certificates

After having introduced structures which disprove program
correspondence, we now discuss structures which prove pro-
gram correspondence. Roughly speaking, the structures in-
troduced below express the essence of a program P, with re-
spect to program equivalence, in terms of a semantic condi-
tion on P alone.

Definition 4 Let C' be a set of atoms and S a set of SE-
interpretations. A pair (X,Y), where X is a set of inter-
pretations and Y C C, is a C-projection of S iff there exists
some set Z such that (i) (Z,Z) € S, (i) Z|¢ = Y|c, and
@)X ={X|(X,2)eS,XCZ}

For a program P, we call an (A U B)-projection of
SE“(P) an (A, B)-certificate of P.

The following lemma can be shown by means of spoilers,
and expresses that programs are corresponding with respect
to inclusion frames iff their certificates satisfy a certain con-
tainment relation.

Lemma 1 Correspondence of (P,Q,Pa,Cp) holds, if for
each (A, B)-certificate (X,Y) of P, an (A, B)-certificate
(X',Y) of Q exists with X' C X.

The next result expresses the central property of certifi-
cates. Towards its formulation, we require a further concept:
An (A,B)-certificate (X,Y") of a program P is minimal iff,
for any (A,B)-certificate (Z£,Y") of P, ZC X implies Z=2X.

Theorem 4 Let F = (U, Pa,=p) be an equivalence frame.
Then, for any P,Q € Py, P ~x Q iff the minimal (A, B)-
certificates of P and Q) coincide.
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Note that this result is the pendant to Proposition 1, which
deals with a model-theoretic characterization of relativized
strong equivalence. Indeed, two programs P, () € P are
strongly equivalent relative to A iff their minimal (A4,U)-
certificates coincide. Some further relations between program
correspondence and relativized and non-relativized strong
equivalence, respectively, are given in the next subsection.

Example 4 In our running example with A = B = {a,b},
we get that Py has a single (A, A)-certificate, ({0}, {ab}),
while Py has two (A, A)-certificates, ({0,{a}},{ab}) and
({0,{b}},{ab}), all of them minimal. Since they do not
coincide, we obtain that Py and P, are not (U, Pa,=a)-
equivalent, as expected.

4.3 Invariance Results

Theorem 4 allows us to derive some interesting invariance
results with respect to varying projection sets B.

Theorem 5 Let U be a set of atoms and A, B C U. Then, for
any P,Q S PZ,{, P :(U,PA,:B) Q (ﬁp Q(L{’pA’:AuB) Q

This result follows immediately from Theorem 4 and Defi-
nition 4, by observing that (A, B)-certificates of a program P
and (A, AUB)-certificates of P are actually identical objects,
since (A U B)-projections of SE“(P) trivially coincide with
(AU (AU B))-projections of SE“(P).

Theorem 5 has several interesting consequences.

Corollary 2 For programs P,Q and any set A of atoms,
(P,Q,Pa,=¢) holds iff (P, Q,Pa,=a) holds.

That is, answer-set existence (which is relevant regarding
Boolean properties) relative to additions from P4 is tanta-
mount to relativized strong equivalence under projection to A.

Corollary 3 Let U be a set of atoms. Then, for any programs
P,Q € Py and any set B C U of atoms, P =~ p, —) Q iff
P and Q) are strongly equivalent.

This result is quite striking as it shows that strong equivalence
corresponds to (U, P, =p)-equivalence, for any projection
set B. It is derived from the fact that, for any B, the (U, B)-
certificates of a program P are in a one-to-one correspon-
dence to the SE-models of P as follows: ({X1,...,Xn},Y)
is a (U, B)-certificate of P iff (X1,Y), ..., (X, Y), (YY)
are all the SE-models of P with fixed second component Y.
In particular, consistency under answer-set semantics (i.e.,
if B = () coincides with strong equivalence. More generally:

Corollary 4 Let U be a set of atoms. Then, for all programs
P,.Q € Py and all sets A and B of atoms such that A U
B=U,P~yp,—p Qiff P and Q are strongly equivalent
relative to A.

In fact, in this setting, a correspondence between A-SE-
models of a program and its (A, B)-certificates is analo-
gously established as above.

S Counterexamples

Given that a correspondence problem II = (P, Q,P4,Cp)
does not hold, it is interesting to know why this is the case.
We define a counterexample for I1 as a pair (R, M), where
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® R € Py suchthat AS(PUR) ZpAS(Q U R), and
e M e AS(PUR)and M|p ¢ AS(QU R)|5.

Furthermore, a counterexample for an equivalence prob-
lem (P,Q,Pa,=p) is any counterexample for either (P, Q,
Pa,Cg)or (Q,P,Pa,Ch).

Our notion of a spoiler from Definition 3 provides a basis
for such counterexamples.

Theorem 6 Suppose (Y, S) is a spoiler for a correspondence
problem Il = (P,Q,Pa,Cp). Then, (Ps . a,Y) is a coun-
terexample for 11, where Ps 4 is as in Proposition 4.

This result follows from Theorem 3 and Proposition 4 by
the fact that S| 4 is complete for any spoiler (Y, S).

Example 5 For our example and the sketched construction
after Proposition 4, we derive counterexamples (R, {abc})
and (R, {abd}), where R = {a V b« ; « nota;«— notb;
— not a, not b}, obviously, the last rule is redundant.

Note that if an inclusion problem (P,Q,P4,Cp) fails,
some counterexample as in Theorem 6 does exist.

We observe that the programs in the counterexamples of
Theorem 6 may contain redundant clauses, as succinctness
is not a concern of spoilers. For instance, in our example,
R’ = {a V b «+} would yield a simpler counterexample. In
fact, spoilers are not geared towards providing minimal coun-
terexamples with respect to particular syntactic subclasses of
contexts.

Towards facilitating special counterexamples, we may ex-
tend the notion of a spoiler to pairs (Y,S), where S ¢
o{YB(SE(Q)) is admitted for complete S, by replacing in
Definition 3 the set S in (ii) with S N o (SE*(Q)) and in
(iii) and (iv) with S N 2“5 (SE*(Q)), calling the result an
extended spoiler.

Example 6 In our running example, I1=(Py, Py, Pa,C4)
has spoilers ({abc},S) and ({abd},S), with S = {(a, abd),
(b,abc), (abe,abc), (abd,abd)}. Since both (ab,ab) &
SEA(Py) and (abed, abed) ¢ SE™(Py), one can verify that
any complete superset S’ of S not containing any (0, Z),
with Z| 4 = {ab}, yields extended spoilers ({abc}, 8") and
({abd}, S8"). In particular, we may set S’ = S U {(a,a),
(b,b)}. Note that §'|a = {(a,a), (a,ad), (b,b), (b,abd),
(ab,ab)}. Now, the simpler program R’ = {a V b «} ful-
fills SE(R)|a = 8'|a; thus, (R',{abc}) and (R',{abd})
are counterexamples for 11.

Theorems 3 and 6 generalize to extended spoilers. More
counterexamples can be constructed using such spoilers in
general, which may include a counterexample of particular
form. In our example, adding {(a,a), (b,b)} to an ordinary
spoiler allowed us to give a counterexample program which
is positive. On the other hand, we can show that no coun-
terexample program which is normal exists (as no (@), Z) with
Z|4 = {ab} can be added). An elaboration of this issue re-
mains for further work.

6 Computational Complexity

Our first result is concerned with recognizing whether an in-
terpretation is a discriminating answer set for the extended
programs P U R and Q U R, i.e., a “partial” spoiler.
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Lemma 2 Given programs P and Q, sets A and B of atoms,
and an interpretation Y, deciding whether (P,Q,Pa,Cpg)
has some spoiler whose first component is Y is H§ -complete.

Proof (Sketch). We show X.I’-membership of deciding that
no spoiler of form (Y, S) exists. By Definition 3, it suffices
to check whether (a) (Y,Y) ¢ SE(P) or (b) whether there
exists a (Z, Z) € o4"B(SE*(Q)) such that each non-total
(X,Z) € SEA(Q) implies (X,Y) € SE”(P). Part (a) is
feasible in polynomial time with an NP oracle. For Part (b),
note that given Y and Z, checking whether, for each non-
total (X, Z) € SE4(Q) also (X,Y) € SE4(P), is in IT5 .
Therefore, Part (b) is in $2, and the entire test is in %4

The IT% -hardness is shown by a sophisticated reduction
from suitable quantified Boolean formulas (QBFs), using ma-
chinery from the exponential counterexample construction
which was used for showing Theorem 2. a

From this result, we can easily derive the membership part
of our main complexity result given below; its hardness part
is again shown by an encoding of QBFs.

Theorem 7 Given programs P and Q) and sets A and B of
atoms, deciding whether (P,Q,Pa, Cp) holds is TIY -com-
plete. Moreover, Hf -hardness holds even for B = ), i.e., for
answer-set existence.

For the particular case where B = A, which constitutes the
setting where auxiliary letters are used in logic programs, we
obtain in combination with Theorem 5 the same complexity.

Notice that the “partial” spoiler of Lemma 2 avoids a naive
guess of a (possibly exponentially large) full spoiler (Y, S)
which proves the failure of (P, Q, P4, Cp), at the expense of
checking involved conditions on SE“(P) and SE*(Q).

The above results for inclusion problems carry over to
equivalence problems, since they are polynomially intertrans-
latable, as seen by Part 2 of Proposition 2 and the following
fact:

Proposition5 P~ p, c,) Q iff Q ~wupr,=p) Lro
where Lpg = {gp V 9q < < gr,9q} U{H < gr, B |
Re{P,Q},H «— B € R} and gp, gq are new atoms.

This holds by virtue of Lemma 1 and Theorem 4, and the fact
that the (A, B)-certificates of L p ¢ are those of P and Q.

If the size of each program in the context C is polynomially
bound by the size of the compared programs P and @ (as is
the case for ordinary and uniform equivalence), the complex-
ity is lower. Let us call such problems (P, Q,C, p) bound.

Theorem 8 Given programs P and @), a context C, a set B
of atoms, such that I = (P,Q,C,Cp) is bound, deciding
whether 11 holds is TI£ -complete. T1% -hardness holds even
for C = {0}, i.e., for ordinary equivalence with projection.

For other instances of the framework, the complexity is
even lower.

Theorem 9 Given programs P and Q) over U and sets A
and B of atoms, deciding whether (P,Q,Pa,=p) holds
is (i) coNP-complete if A = U, and (ii) T1¥ -complete if
(AUB)=U.

This result follows from the invariance results in Sec-
tion 4.2 and complexity results due to Woltran [2004].
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7 Conclusion and Further Work

We have presented a general framework for expressing solu-
tion correspondences between nonmonotonic logic programs,
and have then developed semantic characterizations of inclu-
sion and equivalence problems under projected answer sets
within a context of possible changes. As we have shown,
they match the intrinsic complexity of the problem.

Our results provide a semantical basis for developing op-
timization and debugging techniques, which are lacking at
present but vital for further enhancements of ASP as a pro-
gramming paradigm.

Several issues remain for future work. One is to extend our
study to different classes of contexts and compared programs,
and to provide suitable semantical and complexity character-
izations. Another issue concerns the construction of “good”
counterexamples, according to their possible form. Finally,
exploring other notions of correspondences than =g and Cp
in the general framework is an intriguing issue.
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AbStraCt StateS Regular Lookup Dual Question Dual Lookup

A pattern database (PDB) is a heuristic function stored | mEaa| |  EHEH| EBE
as a lookup table. Symmetries of a state space are of- 011 115112 15]12 £17
ten used to enable multiple values to be looked up in a ; ; ]74 ]: z =15
PDB for a given state. This paper introduces an addi-

tional PDB lookup, called the dual PDB lookup. A dual l l l 1‘
PDB lookup is always admissible but can return inconsis-
tent values. The paper also presents an extension of the . IEE| mEaj | .
well-known pathmax method so that inconsistencies in Hslelr 517 5 3
heuristic values are propagated in both directions (child- 2o o 2 2

. . 1213|1415 12 154 7 6
to-parent, and parent-to-child) in the search tree. Exper-
iments show that the addition of dual lookups and bidi- G”('State G“'(?S“em (©) G\
rectional pathmax propagation can reduce the number of
nodes generated by IDA* by over one order of magnitude Figure 1: Example of regular and dual lookups

in the TopSpin puzzle and Rubik’'s Cube, and by about a

factor of two for the sliding tile puzzles. ) ] ] ] ]
This paper is concerned with the first step, the mapping of

. a stateS to a pattern that can be looked up in a given PDB.

1 Introduction The standard mapping, called the regular PDB lookup in this
Heuristic search algorithms such as A* and IDA* are guidedpaper, is illustrated in Figure 1(a) and (b) for the 15-puzzle.
by the cost functiory’(n) = g(n) + h(n), whereg(n) is the  Patterns are created by ignoring all the tiles except for 2, 3,
actual distance from the initial state to statandh(n) isa 6 and 7. Each pattern contains tiles 2, 3, 6 and 7 in a unique
heuristic function estimating the cost fromto a goal state. combination of positions. The resultif@-3-6-7}-PDB con-
If h(s) is “admissible” (i.e. is always a lower bound) these tains a unique entry for each pattern with the distance from
algorithms are guaranteed to find optimal paths. that pattern to the goal pattern (shown in the lower part of

Pattern databases are heuristics in the form of lookup taFigure 1(b)). Figure 1(b) depicts the regular lookup in this
bles. They have proven very useful for defining heuristicsPDB for estimating a distance from a given state S to the goal
for combinatorial puzzles and other problef@silberson and  (Figure 1(a)). State S is mapped to a 2-3-6-7 pattern by ig-
Schaeffer, 1994; Edelkamp, 2001; Korf and Felner, 2002  noring all the tiles other than 2, 3, 6 and 7. Then this pat-

The domainof a search space is the set of constants usetkern’s distance to the goal pattern is looked up in the PDB.
in representing states. gubproblenis an abstraction of the To be specific, if the PDB is represented as a 4-dimensional
original problem defined by replacing some of these constantarray, PD B, with the array indexes being the locations of
by a “don’t care” symbol. Apatternis a state of the subprob- tiles 2, 3, 6, and 7 respectively, the regular lookup for state S
lem. Thepattern spacéor a given subproblem is a state spaceis PDB[8][12][13][14], because tile 2 is in location 8, tile 3
containing all the different patterns connected to one anothds in location 12, etc. The value retrieved by a regular PDB
using the same operators that connect states in the originedokup for stateS is a lower bound (and thus serves as an ad-
problem. Apattern databas€PDB) stores the distance of missible heuristic) for the distance frofhto the goal state in
each pattern to the goal pattern. Typically, a PDB is built bythe original space.
searching backwards, breadth-first, from the goal pattern un- It is common practice to exploit special properties of a
til the whole pattern space is spanned. Given a sfdtethe  state space to enable additional lookups to be done in a
original space, a heuristic value for &,S), is computed us- PDB. [Cullberson and Schaeffer, 1998escribe several al-
ing a PDB in two steps. Firsg is mapped to a pattern. Then, ternative lookups that can be made in the same PDB based
this pattern is looked up in the PDB and the correspondingn the physical symmetries of the 15-puzzle. For exam-
distance is returned as the value fd15). ple, because of the symmetry about the main diagonal, the

CONSTRAINT SATISFACTION AND SEARCH 103



PDB built for the goal pattern in Figure 1(b) can also bePDB based on tiles 5, 9, 12 and 15 is not available. However,
used to estimate the number of moves required to get tilebecause costs in the 15-puzzle are symmetric and indepen-
8, 12, 9 and 13 from their current positions in st&do  dent of the exact tiles involved, the dual question can be an-
their goal locations. We simply reflect the tiles and theirswered using th¢2-3-6-7}-PDB. As shown in Figure 1(d), if
positions about the main diagonal and use {Re3-6-7}- we replaces the names of tiles 5, 9, 12 and 15 with the name
PDB for retrieving the symmetric values. The idea of re- of the tile whose goal location they each currently occupy,
flecting the domain about the main diagonal for having anthe 5-9-12-15 goal pattern at the bottom of Figure 1(c) turns
other set of PDBs was also used [i§orf and Felner, 2002; into a 2-3-6-7 pattern that can be looked up in the 2-3-6-7
Felneret al, 2004 when solving the 15 and 24 tile puzzles PDB. In particular, the dual lookup would retrieve the value
with additive PDBs (see Figure 4 below). PDB[9][5][15][12], because in statg tile 9 is in tile 2's goal
Because all valid, alternative PDB lookups provide lowerlocation, tile 5 is in tile 3's goal location, etc.
bounds on the distance from stafe¢o goal, their maximum Another example for dual looukups is th& (K)-TopSpin
can be taken as the value fofS). Of course, there is a trade- puzzle which hasV tokens arranged in a ring. Any set of
off for doing this—each PDB lookup increases the time it K consecutive tokens can be reversed (rotated 180 degrees in
takes to computé(.S). Because additional lookups provide the physical puzzle). Our encoding of this puzzle hasp-
diminishing returns in terms of the reduction in the numbererators for each possible reversal/rotation. Figure 2(a) shows
of nodes generated, it is not always best to use all possibléne goal state of thed(4)-TopSpin puzzle. Figure 2(b) shows
PDB lookupd Cullberson and Schaeffer, 1998 number of  the result of reversing the tokens at locations 6-9, and Figure
methods exist for reducing the time needed to compytd 2(c) shows the result of reversing the tokens in locations 4-7
by making inferences about some of the values without actuef Figure 2(b).
ally looking them up in a PDBHolte et al., 2004.

The main contribution of this paper is a new, alternative | 1[2 [3 [4 [5[6 [7[s[o] [1l2l3]als]*]=] ] +
PDB lookup that is based on properties other than physical () the goal state of Top Spin (d) The goal pattern
symmetries. We call it the dual PDB lookup. The dual lookup
is always admissible but, unlike previously considered poglil2[3[4als[os[7e] [t]2[s[]=[s[4]+]+
lookups, it can return values in the search that are inconsis- (®) locations 6-9 of (a) reversed (e) The regular lookup for state (c)

tent. Our second contribution is a simple but useful extension’ T2l o s el 7T6] [i[2]a]++[+[[<]5]
of the well-known pathmax method so that inconsistencies : !

in heuristic values are propagated in both directions (child- () locations 4-7 of (b) reversed (f) The dual lookup for state (c)
to-parent, and parent-to-child) in the search tree. Our final ] )

contribution is that dual lookups, with bidirectional pathmax Figure 2: 0,4)-TopSpin states

propagation, produce state-of-the-art performance for three . ] . )
standard test applications. Suppose patterns for TopSpin are defined by ignoring to-

kens 6-9. The resulting PDB provides distances to the goal
. pattern (shown in Figure 2(d)) from all reachable patterns.
2 Dual Lookups in Pattern Databases Consider Figure 2(c). The regular PDB lookup for this state
The states of many problems, such as the sliding tile puzzle$s based on the pattern in Figure 2(e), obtained f(ejnby
Rubik’s cube, Towers of Hanoi, etc., are defined by assigningnapping tokens 6-9 to **”. Since tokens 1-5 are in locations
objects (e.g. tiles, cubies, disks) to locations. 1, 2, 3, 7 and 6, respectively, the regular lookup would be
To explain the dual PDB lookup, consider again {2e3-  PDB[1][2][3][7][6]. For the dual lookup, we note that the
6-7}-PDB for the 15-puzzle defined above. The regular PDBJ0al locations of tiles 1-5 (as in stafie)) are occupied by to-
lookup asks the question of what is the cost of getting tiles 2kens 1, 2, 3, 8, 9. The dual lookup,D B[1][2](3][8][9], gives
3, 6 and 7 from their current locations to their goal locationszhe cost of moving these tiles to their goal locations. This
In general, the regular lookup focuses on a fixed set of object®okup corresponds to the pattern shown in Figure 2(f).
(the ones that define the patterns), and bases its lookup onDual PDB lookups are possible where there is symmetry
their current locations, which vary from state to state. between objects and locations of the domain in the sense that
In the dual PDB lookup the roles of locations and objects€ach object is located in one location and each location occu-
are switched. The dual PDB lookup focuses on a fixed sePi€S Only one object. Example domains where this is true are
of locations — the goal locations of the objects in the patterri1® TopSpin puzzle (Section 4) and Rubik’s cube (Section 5).
— and bases its lookup on the objects that occupy those podh counter example is the towers of Hanoi where there is no
tions, which vary from state to state. In particular, the dualSymmetry between locations and objects. The 15 puzzle do-
PDB lookup of Figure 1 asks this question: what is the cosfnain is more difficult because the blank has to be handled

of moving the tiles that are currently in the goal location of differently from the other tiles. Nevertheless, even in this
tiles 2, 3, 6 and 7 to their home locations? For the state S€emingly asymmetric domain, the PDBs can be constructed

in Figure 1(a), for example, the dual PDB lookup asks, whatn Such a way as to enable the dual symmetry (see Section 6).

is the cost of getting tiles 9, 5, 15 and 12 from their current - .

locations (the goal locations of tiles 2, 3, 6 and 7) to their goal3  Bidirectional Pathmax (bpmx)

locations? See Figure 1(c). Regular PDB lookups produce consistent heuristic values
The dual question cannot be answered directly becauseduring searchHolte et al., 1994. Dual lookups are admissi-
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ble, but not necessarily consistent. For our TopSpin exampld, Heuristic | Nodes]| Time [ bpmaz |

let hy be the result of a dual lookup on this PDB. In Fig- [ 1r+0d 40,019,429/ 1.9 67.76/ 1.0 0
ure 2(b), tokens 1-5 are in their goal locations and therefore Or+1d 7,618,805/ 5.3 15.72/ 4.3 0
hq(b) = 0. Figure 2(c) is obtained frorfb) by a single move. Or+1d+c 1,397,614 /28.6 2.93/23.1| 194,135
However, the dual lookup for this state uses the pattern in 2r+0d 6,981,027/ 1.00 21.907 1.0 0
Figure 2(f), which is two moves away from the goal pattern.| 1r+1d+c 492,686 /14.2 1.47/14.9| 34,725
Therefore,hq(c) = 2, which is inconsistent witt;(b) = 0 Or+2d+c 372,414 /18.7| 1.46/15.0/ 29,302
since(c) is only one move fron{b). 4r+0d 651,080/ 1.0 4.05/ 1.0 0

[Mero, 1984 described two methods of propagating | Or+4d+c 143,177/ 4.6/ 1.09/ 3.7| 4,638
heuristic values between a state and its children to take advan-gr+0d 116,2087 1.0 1.487 1.0 0
tage of inconsistencies. Lét be any state{C;} the children 4r+4d+c 82,606/ 1.4 094/ 1.6 1,155
of P, anddist(P, C;) the cost of reaching’; from P. Mero’s Or+8d+c 74,610/ 1.6| 1.12/ 1.3 915
first propagation method, now known as pathmax, propagateS17r+17d+c 27,575 1.34 29

heuristic values fronP to its children:h(P) — dist(P, C;) is
a lower bound onlist(C;, Goal) and therefore can be used
instead ofh(C;) if it is larger. Mero’s second method prop-
agates heuristic values upwards, from the childrerPaio
P. The path fromP to the goal must pass through a child of position. Thus, for implementation, both numbers above can
P 1. Thus,min(h(C;) + dist(P,C;)) is a lower bound on e divided by 17. Since all the values in the PDB were smaller
dist(P, Goal) and can be used instead/efP) if itis larger.  than 16, each entry needs 4 bits and the PDB needs 259MB.
Previous work failed to notice that when operators are in- A PDB of 9 tokens has actually 17 different ways of choos-
vertible (and costs symmetric), pathmax allows values to béng which tokens are included. A PDB of tokefis . . 9] can
propagated in both directions and is also applicable in undialso be used as a PDB ... 10], [3...11], etc, with the
rected graphs. This might produce a more useful children-toappropriate mapping of tokens. Thus, a single PDB gives us
parent propagation than Mero’s second method. 17 regular heuristics and 17 dual heuristics. The search was
done using IDA*. Many duplicate states can be avoided by

e forcing two unrelated operators to be applied successively in
::> only one order. For example, the operator that reverses lo-
5 G cations(1, 2, 3, 4) is not related to the operator that reverses

locations(11, 12,13, 14). This operator ordering decreased
the number of generated nodes by an order of magnitude.
Table 1 presents data for different heuristics and combi-
e o . nations. Each value in the table is an average over a set of
£ Thri %'d[rri(:'l(;?t"’i%aetg?ﬁé ?et?gmx)s'?ﬁgu(s.;r?;ig.'sqem ,000 random permutations. The average solution length for
Igure . ! 'gu Ws the {l : his test set is 14.8. All the experiments reported in this paper
he“”SF'C \_/alues for a nt_)de ano! IS two children. When theiNere run on a 1.7GHz Pentium 4 PC with 1GB of memory.
left child is generated, its heuristi& (_: 5) can propagate The table col-umns give the number of regular)(and '
up to the parent and then down again to the right child. Tojual () lookups used, the presence lgfma: cutoff (‘c'),
preserve admissibility, each propagation reduckgthe cost oo ' mher of generated nodes (nodes and ratio to the same
of traversing that path (1 in this example). This results in,, her of |ookups with only-result), the time (seconds and
h =4 for*the.roo't andr = 3 for the right child. When ratio), and the number of times that thenz cutoff occurred.
using IDA*, this bidirectional propagation can cause many The results show that a single dual lookup outperforms a
gggﬁls Itg 2‘3 prgggihtgﬁuﬁglrj]![dl Sr*em'r 'gsehg?dei;(pzans\?ighoﬁﬁégular lookup by a factor of 5.3 in generated nodes (4.3 in
p€, supp . ' running time). This is because the dual lookup frequently
the propagation of. from the left child, both the root node sjumps” to different areas of the PDB and has a larger diver-
(1f +:19_+2})L v:vooulz %e:e?() Zﬂgége B%Tr: cmgf ora J;\G‘(; Sty of different heuristic values as will be further explained in
o Expanded. g P p 9 JUStsection 7. Thépmax cutoff further improves this to a factor
described, the left child will improve the parentisvalue to of 28.6 in nodes (23.1 in time). Thema cutoff was appli-
4, resulting in a cutoff without even generating the right Ch'ld'cable. 194,135 times; pruning 6,221,191 nodes, and averaging
32 nodes per instance of cutoff. These performance gains are

Table 1: Solutions to the (17,4) TopSpin puzzle

Figure 3: Propagation of values with inconsistent heuristics

4 TopSpin achieved using no additional storage, just by looking at one
We have implemented the above ideas on 1etj-TopSpin ~ PDB in different ways. _
puzzle. This domain haky! = 3.55 x 10'* states. We gen- The table also shows the results of using two lookups

erated a PDB of the leftmost 9 tokens, a pattern space gind taking their maximum. Compared to two regular PDB
17 x 16... x 9 = 8.82 x 10°. Since this puzzle is cyclic, lookups, two dual lookups (withpma) give an 18.7-fold re-

we can assume that token number 1 is always in the leftmod&tuction in nodes. This result is better than combining one
regular and one dual lookup. When four lookups are used,

This is only true in a directed graph. In an undirected graph theagain the dual-only lookup solution is better than the regular-
shortest path fron® to the goal might pass through the parenfof ~ only lookup solution. We see diminishing returns when more
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Heuristic | Nodes]| Time | [Korf, 1997's original 1997 Rubik's cube experiments

1r+0d 90,930,662/ 1.0 28.18/1.0 were repeated, this time with dual PDB lookups. Korf used
Or+1d 19,653,386/ 4.6 7.38/3.8 three PDBs for this domain: one PDB for the 8 corner cubies
Or+1d+c 8,315,116/10.9 3.24/8.7 and two PDBs for two sets of 6 edge cubies. Since a legal
2r+0d 12,649,720/ 1.0 4.687/1.0 move in this domain moves 8 cubies, the only way to com-
1r+1ld+c 2,997,539/ 4.2 1.34/3.5 bine these 3 PDBs is by taking their maximum. Note that
Or+2d+c 5,290,272/ 2.4 2.32/2.0 there are 8 corner cubies and all 8 are used by the 8-corner
4r+0d 1,063,622/ 1.0 0.64/1.0 PDB. Thus, performing a dual lookup for this particular PDB
2r+2d+c 1,667,320/ 0.6 0.90/0.7 is irrelevant. Here, the entire space of corner cubies is in the
Or+4d+c 1,053,759/ 1.0 0.67/0.9 database and both lookups give the same result.

Ar+4d+c 615, 563 051 Results for the same set of 10 random instances used in
24r+24d+c 362,927 0.90 [Korf, 1997 were obtained. The results for Korf’s set®f-

6+ 6 PDBs were improved by a modest amount by adding the
dual lookups for both 6-edge PDBs (from 353 billion nodes to
253 billion). Increasing the edges PDB from 6 to 7 cubies and
using a8 + 7r + 7r+ 7d + 7d setting reduced the search to 54

and more lookups are done. Many lookups provide a diverbillion nodes — an improvement of a factor of 6.4 over Korf’s
sity of heuristic values anyway. Therefore, the improvementhitial setting. The improvements of adding dual lookups for
factor of any additional lookup (dual or regular) decreases. the 6- and 7-edges PDBs are modest since most of the time
Note that our fastest implementation uses 4 regular and ¥ 8-corner PDB has the maximum value; this PDB is larger
dual lookups took 0.94 seconds — 72 times faster than a sirfind contains more cubies than the 6- and 7-edge PDBs. We
gle regular lookup. Using 17 regular and 17 dual lookupsmeasured these rates over 10 million random instances. For
produces the smallest search tree of only 27,575 generatd@e 8 + 67 + 6r + Gd + 6d setting, the 8-corner PDB had
nodes — a factor of 1,451 over a single regular lookup. the maximum value in 73.5% of these cases while one of the
We used our fastest implementation (4r+4d+c) to solvdookups in the 6-edges cubies was the maximum in only 7.3%
larger versions of TopSpin. TopSpii9, 4) is 18 x 17 times of the cases (the rest of the cases are a t|e)_. These numbers
larger than the(17,4) variant. We solved 20 instances for Were changed to 40.8% and 21.3% respectively forsthe
TopSpin(19, 4). The average solution length is 17.3, 73 mil- 77 + 77 + 7d + 7d setting.
lion nodes are generated and the search takes 172 seconds. . . )
For TopSpin 20, 4) (19 times larger), we tested on five prob- 6 Sliding-tile Puzzles
lems with an average solution length of 20. These problems

Table 2: Solutions to Rubik’s cube from one 7-edges PDB

averaged 2.9 billion nodes and took 7,716 seconds. S 5] 6 S s
= 5
6
s 7 |8
5 Rubik’'s Cube 8 6
[Korf, 1997 solved the3 x 3 x 3 Rubik’'s cube, contain- 6 6 |6

ing roughly4 x 10 different reachable states. There are
20 movable sub-cubes, oubies They can be divided into Figure 4: Partitionings and reflections of the tile puzzles
eightcorner cubieswith three faces each, and tweledge
cubies with two faces each. As a first experiment, we builta We have also implemented the new ideas for the sliding-tile
7-edge-cubies PDB, the largest that can be stored in 1GB qjuzzles. For the 15-puzzle, we used the s@imes partition-
memory. There are 510,935,040 possible permutations of thigig from [Korf and Felner, 2002(Figure 4). These PDBs are
7 edge cubies. At 4 bits per entry, 255MB are needed for thigonstructed so that their heuristic values candié:d [Felner
PDB. As with TopSpin, symmetries in the domain mean thaiet al, 2004 together and preserve admissibility. The PDBs
there are multiple possible regular and dual lookups. can be reflected across the diagonal, obtaining another set of
Table 2 presents results for a number of possible combinaz — 8 heuristics (also shown in Figure 4).
tions of this setting (the table headings have the same mean- Dual lookups for this domain are not obvious. While there
ing as in Table 1). The start states used were “easy’—10@re 16 similar locations, the 16 tiles are not similar as there are
different states obtained by 14 random moves from the goal5 real tiles and one blank. Given the location of the blank,
configuration (average solution length of 10.66). then a horizontal line (or a symmetric vertical line) across the
The results are similar to the TopSpin experience, albeitniddle of the puzzle divides it into two regions of 8 locations.
slightly lower. Again, the dual lookup anghma cutoffs re-  One region (call itd) has 8 locations which are occupied by
sult in large reductions in the search effort. However, for this8 real tiles, and another region of 8 locatio?) which are
puzzle by the time you hit four lookups, diminishing returns occupied by 7 real tiles and the blank. Performing a dual
has taken over and the advantage of the dual has dissipatddokup for regionA in the 8-tile PDB is identical to what was
Our best implementations reduced the number of nodes gerone in TopSpin and Rubik’s cube.
erated (24r+24d+c) by a factor of 250, and the time (4r+4d+c) A dual lookup inB is complicated by the blank. Figure 5
by a factor of 55. All this was possible with just one 7-edge-shows four possible blank locationsihfor a horizontal par-
cubies PDB stored in memory. titioning. Other locations of the blank (as well as a vertical
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(e L Heuristic Av. H Nodes Time
a b/ b/ a > > 1r 44.75] 136,289/1.0] 0.081/1.0
clzc A A Lr+1r* 45.63| 36,710/3.7) 0.034/2.4
c dl d]¢ 1d 44.39| 278,820/0.5| 0.157/0.5
/b /b @ (0) 1d+c 44.39| 247,299/0.6| 0.139/0.6
41 dld|S4 H - :H” 1d+1d*+c 44.40| 65,349/2.1| 0.076/1.1
b D Ir+r*+1d+1d*+c | 46.12| 1 1/7. .022 /3.7
ab/c%a - - d+1d*+c | 46 8,601/7.3] 0.022/3
I I
General Table 3: Results for the 15 puzzle
(© (d)
PDBs Nodes| Time | Memory
Figure 5: Four different (dual) 7-tile pattern databases Ir+1r* 16,413,254,279 32,826| 244,140
1r+1r*+1d+1d*+c| 6,877,105,604 22,955| 976,562

partitioning into two regions) can be easily transformed into

one of these 4 configurations (e.g., by reflection). Consider Table 4: 24 puzzle results

the regular 7-tile PDB of tileg1...7) (which corresponds

to the 7 real tiles of regio of Figure 5()). This PDB an- 1o auerage solution for these instances is 52.55. The first
swers the question of how to move these real tiles from any, ;. indicates the heuristic used, with ‘r* and ‘d*' repre-
possible configuration to their go_al configuration. The dua.lsenting the reflected regular and dual PDB lookups. The first
lookup should answer the question of how many moves i, yresents the results when only the regular PDB is used,
takes to distribute the tiles that are currently located in |°'whi|e the second row took the maximum of the regular and

Cﬁtionls(% s '(7) té)weitr)lgoill_cqnfi%uration. )If ';}hese “'?S arﬁ reflected PDBs. Note that these two rows are the same re-
all real tiles (and the blank is in the corner) then getting this ;
data from the regular PDB is as before, However, when th sults obtained byKorf and Felner, 2002but on our current

; ; X achine. The next three rows present results for different ver-
blank is not in the corner, (the other cases of Figure 5) one o, ions of the dual lookup. Note that for this domain te:z
the tiles occupying locationd . . . 7) is the blank. Therefore, ; . 0 ;
the answer from a dual lookup of the regular 7-tile PDB will cutoff yielded a reduction in nodes of only 10% for a single

| "  the blank while th Ltile in th dual lookup. Finally, the last row presents the maximum over
also count moves ofthe biank while the real tile In (€ CoreLy, o o, ppB combinations. Using dual lookups reduces the
will be ignored. This might lose admissibility.

h il e thi bl h number of generated nodes by more than a factor of 2 and
There are two possible ways to solve this problem. Theyiminated one third of the execution time compared to the

first is to artificially move the blank tile to the nearest corner., ¢+ resyits oforf and Felner, 200R(line 2 of Table 3). To

In effect, this means reducing the PDB value by one or two (1, howledge using the four regular/dual normal/reflected
account for the extra blank moves) to preserve admissibilitypyg lookups gives the best existing heuristic for this puzzle.

Now we can use the regular 7-tile PDB for a dual lookup, al¢ historical note is that the number of generated nodes is

the cost of a weaker heuristic (and, hence, additional searchyy,,, nearly 30,000 times smaller than when IDA* first solved
IA fbftter idea ]!S to ac:]d ?hfe more 7-tile PDBs for a to'ﬁhe 15-puzzle using only Manhattan distafigerf, 1985.

tal of four—one for each of the cases in Figure 5. For each  gimjjar experiments were performed using the 24-puzzle.

blank scenario we build a regular 7-tile PDB assuming thairy,q original 6-6-6-6 partitioning fron{Korf and Felner,

the blank is located in the relevant location. For examplepngy (Figure 4) needed storage for only two 6-tile PDBs

for region B of Figure 5(b) we build a PDB for the tiles . 4 the3 x 2 rectan :

L . . gles are symmetric. As before, we
{0,2,3,4,5,6, 7} and assume thattileis the blank tile. This  neeq additional PDBs to handle the blank. We use 8 6-tile
PDB cannot be consulted as a regular PDB since we assu Bs: one for all thed x 2 rectangles and their duals, but

that tile 1 is the blank. However, for any partitioning where |\ o \aad 7 6-tile PDBs for the irregular shape in the top left

region B corresponds to this case, we can perform a duai,iner (see Figure 4). Each 6-tile PDB needs 122MB and our
lookup in this PDB and retrieve the correct value for the tiles,q,, system needs 8 times as much memory.
that are currently located in locatiod$, 2,3, 4, 5,6, 7} (or In [Korf and Felner, 200250 random instances of the 24-
their reflections). Similarly for the (_)th_er blank locations. uzzle were solved. Table 4 presents the average results over
The frame on the left of Figure 5 indicates the relevant PDBy o o5 easiest problems of that set (the 25 with the fewest
for the dual lookup of each possible blank location. In those,qges generated). The average solution length for this set is
Io_catlons where two PDBs are given, then_t_he ngh_t label ingg 5 moves. Using both regular and dual lookups and their
dicates the PDB to use for a horizontal partition while the left,factions reduces the number of generated nodes by a factor

corresponds to a vertical partition. The amount of memory,¢ 5 3g and the time by a factor of 1.43 when compared to the
needed is 519KB for the 8-tile PDB and 57.5KB for a 7-tile reSL.lltS Of[KOI’f and Fe%er 200]2(f|r5t line of Table E‘)_)

PDB. Thus the total memory needs (the 8-tile and 4 7-tile
PDBs) is 749KB. The three extra PDBs needed to handle a . .
the dual cases correctly represent a small increase of memory. Discussion

Table 3 presents results of the different heuristics averageBual PDB lookups double the number of possible PDB
over the same 1000 instances usekKiorf and Felner, 200R  lookups. They are effective for all the domains studied but
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perform differently on the various domains. There are twomore moves. While the average value over all the entries of
phenomena that need explantion. First, e cutoff was  the PDB labeled: in Figure 5 is20.91, the average values
much better in TopSpin and Rubik’s cube (a factor of up toof the PDBs labeled, ¢ andd are 20.81, 20.31 and20.53
5) than in the tile puzzles (only 10%). Second, in TopSpinrespectively. Thus, we expect that the values obtained by the
and Rubik’s cube a single dual PDB lookup (even without thedual lookups will be smaller than those obtained by the regu-
bpma cutoff) was better than a single regular PDB by a factorlar PDB. Historically, the goal location of the blank is in the
of up to 5.3, while in the tile puzzles it was worse. corner. However, if we set a goal state such that the blank is
To explain this we define thaconsistency ratef a heuris-  in location 4 (as in figure 5.c) then the regular heuristic will
tic as the average difference between the heuristics of an aglways look in the weakest PDB while the dual heuristic will
bitrary pair of neighboring states. For a consistent heuristicconsult the other PDBs as well. We have made such experi-
this rate must not exceed 1 (assuming a uniform edge cost afients and indeed, the pure dual PDB lookup generated nearly
1). We measured this rate for 10 million pairs of states for40% less nodes than the pure regular PDB.
each domain. For the dual lookups the rates were 2.01 for Itis important to note that the dual lookups for the tile puz-
TopSpin, 1.74 for Rubik’s cube (7-edge PDB) and only 1.16zles are of great importance. TopSpin and Rubik’s cube have
for the 15-puzzle. many symmetries and thus enable many possible regular PDB
Values in PDBs are locally correlated. However, in Top-lookups. In the tile puzzles, however, there is only one sym-
Spin 4 tokens change their locations at each move (8 cumetry available for the state-of-the-art additive heuristic—the
bies for Rubik’s cube). The identity of the tokens queried byreflection about the main diagonal. Thus, the dual idea dou-
the dual lookup can dramatically change between consecutivigles the number of possible lookups and achieved a speedup
steps. This is a dramatic “jump” to different place in the PDB. of a factor of 2 over the previous benchmarks.
There is no locality of values with such a jump, meaning there )
is higher chance of getting a radically different heuristic value8 ~ Summary and Conclusions

(better or worse). This causes IDA* to generate less nodes agle presented a new way of using pattern databases. We show
mistakes of heuristics (such as low estimations) are being cothat the dual lookup heuristic values are inconsistent, which
rected fast. This als_o increases the rate of inconsistency angliows additional opportunities for achieving cut-offs in the
thus thebpma cutoff is performed frequently. search. Results on TopSpin, Rubik’s cube, and the sliding
In the 15-puzzle however, every operator only moves oneile puzzles confirm the advantages of this new heuristic. To
tile. This means that in two consecutive PDB lookups (reguthe best of our knowledge we have the best published optimal
lar or dual) most of the indices stay the same — and you gedolvers for all three domains.
similar values. Furthermore, in most cases of the 15-puzzle, |nconsistent heuristics have a negative reputation; some-
the blank and the tile that exchange their locations belong téhing to be avoided. We showed that there is nothing to fear
the same set of 8 locations indicated by regibabove. Thus  with inconsistent heuristics and there can be real benefits.
the identity of the 7 and 8 tiles for the dual lookups remain
the same in consecutive steps. Only when the blank cross&eferences

th? pa_rtition line (such as m_oving from positiop 4 to position [Culberson and Schaeffer, 1994. C. Culberson and J. Schaeffer.

8 in Figure 5c) then the 7-tile set and the 8-tile sets for the  Efiiciently searching the 15-puzzle. Technical report, Department

dual lookups are changed and there is some chance for a dra- of Computer Science, University of Alberta, 1994.

matic jump and for inconsistency. However, even in this cas@ciperson and Schaeffer, 1998. C. Cullberson and J. Schaeffer.

the inconsistency rate is low becauseadelheuristics of two Pattern databasesComputational Intelligencel4(3):318-334,

different subproblems which together report values for all the 1998

15 tiles. Thus, the identity of the tiles being reported is NOYgyeikamp, 2001 S. Edelkamp. Planning with pattern databases.

changed. Therefore, the diversity and inconsistency rate iS gcp-o1 2001.

low and thebpma cutoff is not perfo_rmed frequently. [Felneret al, 2004 A. Felner, R. E. Korf, and S. Hanan. Addtive
We can conclude that dual heuristics dpah. cutoff are pattern database heuristickurnal of Artificial Intelligence Re-

more effective in domains where each operator changes larger search (JAIR)22:279-318, 2004.

parts of the state and the identity of objects being reported ir[‘HoIteet al, 1994 R. C. Holte, M. B. Perez, R. M. Zimmer, and

consecutive steps is different. _ _ A. J. MacDonald. Hierarchical A*: Searching abstraction hierar-
Another interesting phenomenon is the fact that unlike the chies efficiently.AAAI, pages 530-535, 1996.

other domains, in the 15 puzzle the pure dual PDB IOOI(ur{HoIteet al, 2004 R. Holte, J. Newton, A. Felner, and D. Furcy.

was worse than the pure regular lookup and generated almost yyitiple pattern databasetCAPS pages 122-131, 2004.

';che ftshm?)?y EOdNeS' T?]e rea;]s_,lon Ilor this IIS aggg Eheklocatkorf and Felner, 200R R. E. Korf and A. Felner. Disjoint pattern
ion of the blank. Note that while the regular OOKUDP  gatabase heuristicértificial Intelligence 134:9-22, 2002.

always consults the 8-tile PDB and the 7-tile PDB labeled
in Figure 5, the dual PDB might also consult the other 7-tile
PDBs (labeled, c andd). This is because the regular lookup L , . o
always aims for a regiof? configuration such that the blank [Korf,_ 1997 R. E. Korf. Finding optimal solutions to Rubik’s Cube
is located in a corner (the goal state) while the dual lookup using pattern databasesi, "_’ p_ages 700_705’_ 1997'_ .
needs to consider other possibilities for reginit turns out ~ LMero, 1984 L. Mero. A heuristic search algorithm with modifi-
that getting the blank to the corner is a harder task and needs 20'€ estimateArtificial Intelligence 23:13-27, 1984.

[Korf, 1985 R. E. Korf. Depth-first iterative-deepening: An opti-
mal admissible tree searchlJ, 27:97-109, 1985.
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Abstract

Many and diverse combinatorial problems have
been solved successfully using finite-domain con-
straint programming. However, to apply constraint
programming to a particular domain, the problem
must first be modelled as a constraint satisfaction
or optimisation problem. Since constraints provide
a rich language, typically many alternative models
exist. Formulating a good model therefore requires
a great deal of expertise. This paper describes
CONJURE, a system that refines a specification of a
problem in the abstract constraint specification lan-
guage ESSENCE into a set of alternative constraint
models. Refinement is compositional: alternative
constraint models are generated by composing re-
finements of the components of the specification.
Experimental results demonstrate that CONJURE is
able to generate a variety of models for practical
problems from their ESSENCE specifications.

1 Introduction

To employ finite-domain constraint programming technology
to solve a problem, the problem first must be characterised,
or modelled, by a set of constraints on decision variables that
solutions must satisfy. Modelling can be difficult and requires
expertise, thus limiting widespread use of constraint technol-
ogy. The vast majority of research on constraint modelling
presents alternative models to a particular problem and eval-
uates these alternatives through analysis and/or experiment.
The process by which the alternative models are generated is
rarely, if ever, discussed. Each constraint programmer must
learn the art of modelling by forming generalisations from
these studies.

We show that a set of rules can formalise the generation of
alternative models. Doing this requires a language in which to
express the abstract problem structure of which models are a
function. If all modelling choices are to be open to the rules,
the language must have a level of abstraction above that at
which modelling decisions are made. We have designed such
a language and call it ESSENCE.

The rules are embedded in the CONJURE system, which,
given an ESSENCE specification, generates models of the type
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supported by existing constraint solvers. Hence, we refer to
our rules as refinement rules. Our current focus is on gener-
ating a set of correct models that includes those that a human
expert would generate. Future work will focus on generating
only good models.

2 Challenges and Contributions

A central task, arguably the central task, of modelling most
combinatorial problems is choosing a representation of com-
plex decision variables. Current finite-domain constraint
solvers provide decision variables whose domains contain
atomic elements, which we call atomic variables. Yet, com-
binatorial problems often require finding a more complex
combinatorial structure. For example, the Social Golfers
Problem (SGP, see [9] problem 10) requires partitioning a set
G of golfers in each week of play. Thus, the goal is to find
a multiset of partitions of G, i.e. a multiset of sets of sets
of G. Modelling the SGP requires deciding how to represent
this complex decision variable as a constrained collection of
atomic variables.

In concert with choosing a representation of complex de-
cision variables is the task of representing the constraints
of the problem. In its natural form, a combinatorial prob-
lem imposes constraints on the combinatorial structure that is
sought. These constraints must be “translated” so that they
are imposed on the representation of the decision variables.

This paper shows how these two central tasks of modelling
can be formalised and automated, and in doing so reports two
principal contributions. First, we have designed a language,
called ESSENCE, that enables combinatorial problems to be
stated at a high level of abstraction. This level of abstrac-
tion is a consequence of three features: (1) The language sup-
ports a wide range of types (including sets, multisets, rela-
tions, functions, partitions) and decision variables can be of
these types. (2) All types can be nested to arbitrary depth; for
example, a decision variable can be of type set, set of sets,
set of set of sets, and so forth. (3) Constraints can contain
quantifiers that range over decision variables. For example, if
a decision variable X is of type set of sets, a constraint can

1Some finite-domain constraint solvers support variables whose

domain elements are finite sets of atomic elements. Though all as-
pects of our work have considered this, for the sake of simplicity this
paper pretends such variables do not exist.
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be of the form Vo € X.¢. The ESSENCE language is out-
lined in Sec. 3, though only in enough detail to enable the
presentation of our second principal contribution.

Our second major contribution is the formulation and au-
tomation of a set of rules that can refine constraints on com-
plex variables in an ESSENCE specification into constraints
on atomic variables, which is the level of abstraction pro-
vided by existing constraint languages and toolkits. Our for-
mal rules are presented in Sec. 4.

An attempt to formulate such a set of refinement rules con-
fronts two primary difficulties and many secondary ones. Be-
fore proceeding it is worth considering the primary ones.

The first difficulty arises because expressions, particularly
decision variables of non-atomic type, can usually, if not al-
ways, be refined in multiple ways. Furthermore, the refine-
ment of an operator depends on how its operands are refined.
For example, in refining the constraint S; = S,, where S;
and Sy are atomic set variables, the treatment of equality is
different for every combination of ways that S; and S; can
be refined. Indeed, it is possible that an operator is inapplica-
ble to certain refinements of its operands.

The second major difficulty arises from arbitrary nesting
of types. Refining an operator that is applied to expressions
whose types are nested provides the biggest challenge. Con-
sider refining the constraint A = B, where A and B are de-
cision variables of some type 7 that is nested arbitrarily deep.
The generated constraint must involve all components of both
A and B. Since there is no bound on the nesting of 7, this
complex constraint would have to be generated through re-
cursive rule applications, none of which can look arbitrarily
deep into the nesting of ~. Furthermore, we wish to produce
refinements in which A and B do not have the same kind of
representation. An especially tricky case is when a quanti-
fier ranges over a decision variable of a nested type, such as
Va C A ¢, where A is as above.

Modelling in constraints involves more than just represent-
ing decision variables and problem constraints. Constraint
models often contain many symmetries, often enormous
numbers of them, which result in redundancies in the search
space. Expert modellers are able to identify such symmetries
and break them, either by introducing symmetry-breaking
constraints or using a symmetry-aware search method. It has
been argued that detecting symmetries in a model is as hard
as graph isomorphism. We maintain that symmetries enter a
model from two sources: either a symmetry is inherent to the
combinatorial problem or it is introduced by the modelling
process. An automated modelling system ought to identify
the symmetry that it introduces into a model. Sec. 5 explains
how this can be integrated into our architecture for model
generation.

Another technique used by expert modellers is to repre-
sent a complex decision variable with multiple representa-
tions simultaneously and impose channelling constraints to
keep the representations consistent with each other [4; 8;
11]. This sometimes yields more propagation, and therefore
reduced search, than a single representation. As will be seen,
the rules of CONJURE generate models with multiple repre-
sentations. Sec. 6 explains how our refinement rules can gen-
erate the information that is needed to automatically generate
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Given n, put n integer ticks on aruler of size m such that al inter-tick distances
are unique. Minimise m.

gi ven niint

wher e n>0

letting bound be 2™

find Ticks: set (si ze n)of 0..bound
m ni m sing max(Ticks)

such that Vv{i, j}CTicks.V{k, I}CTicks.

{i 5y #4{k, 1} = [i = J1 # [k =]

Figure 1: EsSSENCE specification of the Golomb Ruler prob-
lem.

the appropriate channelling constraints.

We conjecture that the good models of a problem can
be generated automatically by formulating the problem in
EsSENCE and then refining the specification using rules of
the kind presented in this paper. We have implemented a
program, called CONJURE, that currently refines a subset of
ESSENCE, called mini-ESSENCE. This gives us a platform
with which we have experimentally tested our conjecture, as
reported in in Sec. 7.

3 An Introduction to ESSENCE

This section briefly introduces the abstract specifica-
tion language ESSENCE. It is an evolving and grow-
ing language; version 1.0 is used within this paper.
A full specification of the language can be found at
WWw. cS. yor k. ac. uk/ ai g/ constrai nt s/ Aut oModel /.

Let us begin by considering the specification of the
Golomb Ruler Problem (GRP, problem 6 at www.csplib.org),
shown in Fig. 1). A specification is a list of state-
ments, of which there are seven kinds, signalled by the
keywords gi ven, where, letting, find, maxi m sing,
mi ni mi si ng and such that. Statements are composed
into specifications according to the regular expression

(given|letting|where)* find"
[m ni m sing | maxi m si ng] (such that)*

Identifiers in CONJURE come in four categories: constant,
parameter, quantified variable, and decision variable. “Let-
ting” statements declare constant symbols and give their val-
ues. “Given” statements declare the problem’s parameters;
the values of the parameters are provided to specify the in-
stance of the problem class. Parameter values are not part of
the problem specification; as in other modelling languages,
they are provided elsewhere. “Where” statements impose
restrictions on the parameter values; only parameter values
meeting the restrictions specify a problem instance. “Find”
statements declare decision variables. A “minimising” or
“maximising” statement gives the objective function, if any.
Finally, “such that” statements give the problem’s constraints.

The GRP specification begins by declaring n to be a pa-
rameter, restricting it to be non-negative and declaring bound
to be a constant. Since n is used in the declaration of bound,
the declaration of bound must come after the declaration of
n. Every symbol must be defined before it is used. This re-
striction prevents cyclical definitions and means that decision
variables cannot be used in the definitions of constants and
parameters.
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The specification language is strongly typed and every ex-
pression and subexpression has a type. The type of the deci-
sion variable T'ick s indicates that the goal of the problemis to
find a set containing n elements, each of which is an integer
in the range 0 to bound. The types supported by ESSENCE
include the atomic types i nt (integer), bool (Boolean) and
l..u (an integer range type), where [ and w are integer expres-
sions. ESSENCE also provides enumerated types and a new
and very useful atomic type: type (size «), a type of a
unnamed elements.

ESSENCE is the first constraint language to support fully-
compositional type constructors. So, for example, a decision
variable may be of type integer, set of integer, set of set of
integer, and so forth. If 7 is a type, « is an integer expres-
sion, and Iy, ..., I, are expressions of type range then the
following are types that appear in this paper:

set (size a)of 7, set (maxsize a)of 7 two kinds of set
neet (size o) of 7, nset (maxsi ze o) of 7 | two kinds of multiset
matri x [i ndexed by I1,...,I,]of 7 matrix

Also among the types of ESSENCE are relations between any
two types, partial and total functions from any type to any
type, partitions of a set of any type and permutations of any
type.

Constraints in this specification language are built from
the parameters, constants and decision variables using opera-
tors commonly found in mathematics and in other constraint
specification languages. The language also includes variable
binders such as Vx, 3z and ) _, where = can range over any
specified finite type (e.g., integer range but not integer). The
constraint in the GRP can be paraphrased as “For any un-
ordered pair {i, j} of ticks and any unordered pair {k,!} of
ticks, if the two pairs are different then the distance between
i and j is not the same as the distance between &k and [.” To
clarify the notation, the expression {i, j} C T'icks means that
two distinct elements are drawn from T'icks and, without loss
of generality, one is called i and the other is called ;.

Now consider the specification of the Sonet problem shown
in Fig. 2. Notice that Nodes is declared to be a range. A subtle
point is that the third line of the specification is declaring two
parameters. When the demand parameter is instantiated to a
particular set of sets, the size of the outer set will be known.
Hence, the value of m is given indirectly. This declaration
also requires the inner sets to have cardinality two. The goal
is to find a multiset (representing the rings), each element of
which is a set of Nodes (representing the nodes on that ring).
The objective is to minimise the sum of the number of nodes
installed on each ring. The constraint ensures that any pair
of nodes that must communicate are installed on a common
ring.

The Target Language: ESSENCE’

ESSENCE specifications are refined into a target language
called ESSENCE’, which is a subset of ESSENCE with a level
of abstraction similar to that of existing constraint languages,
OPL [19] being the closest. The only types ESSENCE’ has
are integers, integer ranges, Booleans and matrices; it does
not have enumerated types or types of unnamed elements.
Binders, such as quantifiers and summations, range only over
integer ranges. From this generic constraint language, it is
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A Sonet communication network comprises a number of rings, each joining anum-
ber of nodes. A node isinstalled on aring using an ADM and there is a capacity
bound on the number of nodes that can be installed on aring. Each node can be
installed on more than one ring. Communication can be routed between a pair of
nodes only if both are installed on a common ring. Given the capacity bound and
a specifi cation of which pairs of nodes must communicate, allocate a set of nodes
to each ring so that the given communication demands are met. The objectiveisto
minimise the number of ADMs used. (Thisis acommon simplifi cation of the full
Sonet problem, as described in [8])

gi ven nrings:i nt, nnodes:i nt , capacity:i nt

wher e nrings> 1, nnodes> 1, capacity> 1

letting Nodes be 1..nnodes

gi ven demand:set (si ze m) of set (si ze 2) of Nodes

find rings: meet (si ze nrings) of set (maxsi ze capacity) of Nodej

ni ni ni sing ZTMWS 7|
such that Vpair€demand. Ir € rings . pair C r

Figure 2: ESSENCE specification of the Sonet problem.

a short step to an established constraint language, such as
OPL, Solver, or Eclipse. To perform this step, we are de-
veloping a suite of back-end translators. In future, we also
intend to translate to more restricted languages, such as SAT
and Pseudo-Boolean formulations.

4  The Architecture of CONJURE

This section discusses the refinement rules CONJURE uses to
refine an ESSENCE expression into a set of ESSENCE’ ex-
pressions. For concision we give only a small subset of all
the refinement rules?; the remainder follow a similar pattern.

Refining a Simple ESSENCE Specification

Refinement of an ESSENCE specification begins by refining
each constraint and the objective function in turn. Let us be-
gin by considering the single-constraint MicroSonet; speci-
fication (Fig. 3), where the goal is to fill two rings with the
same nodes.

A key consideration in refining MicroSonet; is the repre-
sentation of each ring, each of which is a fixed-size set. This
paper uses two representations of fixed-size sets. The explicit
representation is a one-dimensional matrix of Nodes indexed
by 1..capacity. Each element of the matrix corresponds to an
element of the set. To represent the set properly, the elements
of the matrix are constrained to take distinct values. The oc-
currence representation is a one-dimensional Boolean matrix
indexed by Nodes, where a true entry indicates that the corre-
sponding node is in the set. To represent the set properly, the
number of true entries must be equal to capacity (for count-
ing we treat true/false as 1/0). Fig. 3 gives ESSENCE’ mod-
els using both representations. Note that some symbols of
ESSENCE, such as “v” and “X”, can also be written textually,
such as “forall” and “sum”. In writing ESSENCE’ we use the
textual version.

The refinement operator, p, is a function that maps ev-
ery ESSENCE expression to a set of ESSENCE’ expressions.
As explained later, each of these ESSENCE’ expressions is
tagged with further information necessary to construct the

2See  http:/fwww.cs.york.ac.uk/aig/constraints/AutoModel/ for
the complete set.
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gi ven nnodes: i nt, capacity:i nt
wher e nnodes > 1, capacity > 1
letting Nodes be 1..nnodes
find ring, :set (si ze capacity) of Nodes
ring, :set (si ze capacity) of Nodes
such that ring; =ringz
gi ven nnodes: i nt, capacity:i nt
wher e nnodes > 1, capacity > 1
letting Nodes be 1..nnodes

find ring} :matri x [i ndexed by 1.. capacity] of Nodes
ringl, :mat ri x [i ndexed by 1.. capacity] of Nodes

such that foral (i:1..capacity) exists(j:1..capacity) ring’ [4] = ringj|j]
AlIDifferent(ring’ )
AlIDifferent(ring’, )

gi ven nnodes: i nt, capacity:i nt
wher e nnodes > 1, capacity > 1
letting Nodes be 1..nnodes

find ring :mat ri x [i ndexed by Nodes] of bool
ringl, :mat ri x [i ndexed by Nodes] of bool
forall (i : Nodes) ring [i]= rings [1]

sum (i : Nodes) ring []= capacity

such that

sum (i : Nodes) ring, [i]= capacity

Figure 3: ESSENCE specification and two ESSENCE’ models
of the MicroSonet; problem.

final model. p is defined inductively by a set of uniquely-
named equations of the form R p(e) = ej Uej, U---Uel,
where R is the name of the equation, e is an ESSENCE expres-
sion and each € is a set of ESSENCE’ expressions, usually
given via set comprehension. For perspicuity, each equation

is split into rules, written: R; p(e) = e, Rz p(e) rof €y e

ref

Ry ple) = e,

The SIZEDSETEQUALITY equation is responsible for re-
fining expressions of the form S; = S5, where both S; and
Sy are expressions of type fixed-size set. Fig. 4 gives two
rules of this equation. The complete version of SIZEDSETE-
QUALITY gives one rule for for each combination of a repre-
sentation of S and a representation of S and a constraint for
imposing equality between the them.

To illustrate the operation of a rule, we now discuss
how the SIZEDSETEQUALITY1 rule refines ring; = rings.
SIZEDSETEQUALITY refines Sy and S, into explicit one-
dimensional matrices denoted by 57 and S;. The SizED-
SETEQUALITYZ2 rule proceeds similarly. The reader may
wonder at the strategy of refining the arguments of the equal-
ity constraint inside the equality rule itself. This is explained
in the next sub-section.

When a rule needs to introduce a new identifier, such
as that denoted by Sj, it does so by making use of the
genSynbol function. This function takes two arguments.
The first is either an explicit category (see Sec. 3), or an
identifier from which the category information is copied.
The second is the type of the new identifier, such as a
one-dimensional matrix used for the explicit representation.
The genSynbol function creates a new identifier of the
required category and type that appears nowhere else in
the ESSENCE’ model being constructed. When, for ex-
ample, refining ring; with SIZEDSETEQUALITY1, S =
genSynbol (ring;,matri x [i ndexed by Nodes] of 1..n),
and so .S; will denote a unique identifier for a matrix of
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decision variables (since ring; is a decision variable).

Definitions via genSynbol and type information (except
for the input expression) are given on the right of the long
vertical bar. The bar itself has no meaning beyond separating
the details of the rule from the types and definitions.

Since SIZEDSETEQUALITY1 chooses to represent both
sets explicitly, the expression e =“(Vi3jS1[i] = Si[5]) A
(n1 = n2)” is used to constrain the two explicit matrices to
represent the same set (note the introduction of the quantified
variables denoted by i and j). Since, in general, it may be
the case that e is not yet in ESSENCE/, it is refined further
and the result, denoted by ¢, is returned. In this example,
e = “Vi 37 ring} [i] = ring,[j] A (capacity = capacity)”
is in ESSENCE’, so p(e) = e. For brevity, the model shown
in Fig. 3 omits capacity = capacity; a simplifier could eas-
ily remove it. This convention is followed in all subsequent
models generated by SIZEDSETEQUALITY 1.

Recall that the explicit representation of a set (si ze n)
of 7 isamatrix of n distinct elements, each of type 7. Thus,
when a rule generates this explicit representation, it must in-
troduce into the generated model a constraint that the ele-
ments of the matrix are all different. In particular, the S1zED-
SETEQUALITY1 rule must introduce two such constraints:
AllIDifferent(S7) and AllDifferent(S5). And, since the ele-
ments of 57 and S} have not been refined, p must be ap-
plied to these two constraints, resulting in the ESSENCE’ con-
straints named y and ¢ in the rule.

Consider where x and « should occur in the generated
model. From the ESSENCE’ model of Fig. 3 it might appear
that y and + should be conjoined to ¢, returning ¢ A x A .
To see that this is incorrect, observe that this treatment would
refine —(ring; = ring2) to =(é A x A ¢), whereas the de-
sired refinement is (—¢) A x A ¢b. The correct refinement is
obtained by returning ¢ as the refinement, tagging the refine-
ment with x A1), and once the ESSENCE’ model is generated,
adding x A ¢ to its constraints. Since, in this case, the tag is
a constraint, it is labelled by such t hat .

When a rule builds a refinement R, a part P of which
has been generated from a recursive call to p, the tags of
P are, by default, added to the tags of R. Hence, in
SIZEDSETEQUALITY1, the tags attached to a refinement of
¢, x and v are implicitly added to the such t hat tag explic-
itly given in the rule. As will be seen later, this default can be
overridden.

Space precludes giving the full derivation of the explicit
EsseNCE’ model (Fig. 3). The refinements triggered via
SIZEDSETEQUALITY1 in the example are, however, straight-
forward. Universal quantification over a finite range of inte-
gers is in ESSENCE’ and can be viewed as a conjunction or
simple “for’ loop. Similarly, existential quantification over a
finite range of integers can be treated as disjunction. Hence,
the first constraint in the explicit ESSENCE’ model comes di-
rectly from SIZEDSETEQUALITY1. The occurrence model
follows similarly.

After refining the constraints and the objective function of
an ESSENCE specification, the gi ven find and | etting
statements are generated. This is done by scanning the set
of constraints and adding an appropriate definition for each
unique identifier. wher e statements are refined in the same
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SizedSetEqualityl p(S1 :set (size np)of 7 = S3:set (size n2)of 7) —

{ ¢ S1 =genSynbol (S1,matrix [i ndexed by 1..ni]of 7)

such that x A

S, =genSynbol (S2,matrix [i ndexed by 1..ns]of 7)

\ + = genSynbol (“Quantifi ed variable”, 1..n 1)

¢ € p((Vi3jS1[i] = S5[j]) A (n1 = n2))
X € p(AllDifferent(S7))
¥ € p(AlIDifferent(S3)) 1

SizedSetEquality2 p(S; :set (size ni)of 7 = Sy:set (size na)of 7) —

¢ T is[a..b] or bool
such that x Ay

j = genSynbol (“Quantifi ed variable’, 1..n 5)

S1 =genSynbol (S1,matrix [i ndexed by 7]of bool)

\ S5, =genSynbol (S, matrix [i ndexed by 7]of bool)

b € p((¥iS}[i) = S[i) A (m1 = na))
X € p(Si Sy [i] = n1)
Y € p(SiS3[i] = n2) }
ForallRangel p(Vi:ny..n2 ¢:bool) xef
{ fordl (i:n1..n2) ¢’
such that fordl (i:nq..n2) T

\
(¢’ with such that T) e p(¢) }

ForallSizedSetl p(Vi: T € S:set (size n)of 7.¢:bool) ref
{ fordl (j:1..n) ¢’
such that xAfordl (j:1..n) T
\
(¢" with such that T) € p(¢[i — S'[4]])
X € p(AllDifferent(S"))
ref

SizedSubsetl p(S; :set (size ny)of 7 C Sy:set (size ng)of 7) —
¢ T is[a..b] or bool
such that x Ay

i = genSynbol (“Quantifi ed variable”, 7)

j =genSynbol (i,1..n)
S’ =genSynbol (S,matrix [i ndexed by 1..n]of 7)

S1 =genSynbol (S1, matrix [i ndexed by 1..ni]of 7)

| S, =genSynbol (S2, matrix [i ndexed by 7] of bool)

¢ € p(Vi.S5[S11l])
X € p(Z;85[4] = n2)
¥ € p(AllDifferent(57)) }

i = genSynbol (“Quantifi ed variable”, 1..n.1)
j = genSynbol (“Quantifi ed variable’, 7)

Figure 4: Example Refinement rules.

way that constraints are.

Refining Nested Types: A Simple Example

To see how expressions of a nested type are refined, con-
sider the Microsonet, specification (Fig. 5), where the goal
is to generate two identical sets of rings. The key decision
is the representation of rings; and ringss, two sets of sets.
Refinement begins with p(rings; = ringsz), requiring SIZED-
SETEQUALITY. Of the rules given in Fig. 4, only SizED-
SETEQUALITY1 is applicable, since “set (si ze capacity)
of Nodes” is neither a range of integers nor Boolean: in-
dexing a matrix by a complex type (here each index would
correspond to one of the possible sets of Nodes) would often
lead to unfeasibly large matrices. Future work will consider
relaxing this condition in certain cases.

The justification for refining the arguments of the equal-
ity constraint inside the equality rule itself becomes clear in
the context of nested types. A seemingly more-natural ap-
proach to refining S; = S, would be to refine S; and S and
constrain the results to be equal. However, given unbounded
nesting of types and multiple possible refinements of each
type, constraining the results to be equal is not straightfor-
ward. Consider the case where S; and S5 are not sets of inte-
gers, but sets of sets of . . . sets of integers. Having refined S,
and S, there is no fixed constraint on their refinements that
enforces equality on S and S,. Instead of this approach, our
rules are designed to “peel off” a layer of nesting so that the
associated constraint/operator can be formed without looking
arbitrarily deep inside a refined expression.

Performing SIZEDSETEQUALITY1 requires refining the
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two such that tags, both of which impose that all the el-
ements of a matrix of sets must be different. Since these el-
ements may be of a non-atomic type, this AllDifferent con-
straint must be refined. For space reasons the definition of
the ALLDIFFERENT refinement rules are omitted.

The main constraint generated by SIZEDSETEQUALITY1
is p(Vi3jrings)[:] = rings,[j]). The FORALLRANGE equa-
tion is now applicable (Fig. 4 gives FORALLRANGE1L). This
rule works by refining ¢, which contains the free variable .
Each resulting refinement ¢’ and its tag I", both of which con-
tain the free variable 4, are wrapped in “forall 7 : ny..ns.”
Refinement continues with p(3;j rings}[i] = rings,[j]). EX-
ISTSRANGE operates in the same way as FORALLRANGE,
so we omit the details.

We now have p(rings; [i] = rings;[j]), for which SizED-
SETEQUALITY is used. Both rules are applicable, since
rings}[i] and rings,[i] are sets of Nodes. The refinement
in Fig. 5 uses SIZEDSETEQUALITYZ2 to generate an occur-
rence representation of the inner sets. The rule operates as
described earlier, but we highlight how genSynbol treats in-
dexed matrices. genSynbol respects the index structure of
its first argument. Hence, given the indexed one-dimensional
array rings}[i], genSynbol (rings}[i], matri x...) creates a
two-dimensional Boolean matrix, rings; (see Fig.5), and re-
turns the partially-indexed rings”[¢], which is the refined ver-
sion of an element of the set of sets.

The remaining refinements are straightforward. Note that
rings;, rings, are not in the model. These are intermediate
representations which, although more concrete than rings;
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gi ven nrings:i nt, nnodes:i nt, capacity:i nt

wher e nrings > 1, nnodes > 1, capacity > 1

letting Nodes be 1..nnodes

find rings; :set (si ze nrings) of set (si ze capacity) of Nodes
ringss :set (si ze nrings) of set (si ze capacity) of Nodes

such that rings; = rings;

gi ven nrings:i nt, nnodes:i nt, capacity:i nt

wher e nrings > 1, nnodes > 1, capacity > 1

letting Nodes be 1..nnodes

find rings) :matri x [i ndexed by 1..nrings, Nodes| of bool
rings, :matrix [i ndexed by 1..nrings, Nodes| of bool
such that foral (i:1..nrings) exists (5 : 1..nrings)
forall (k : Nodes) rings}’ [i][k] = rings} [5][k]
forall (i: 1..nrings) sum (5 : Nodes) (rings;’[4][4]) = capacity
forall (i: 1..nrings) sum (5 : Nodes) (ringsy [4][4]) = capacity
forall (i, j:1..nrings) 7 < j implies
exists (k : Nodes) ringsy [i] [k] # rings} [4][k]
foral (¢, j:1..nrings) ¢ < 7 implies
exists (k : Nodes) rings} [i] [k] # ringsy [5][k]

Figure 5: ESSENCE specification and an ESSENCE’ model of
the MicroSonet, problem.

given nrings:i nt, nnodes:i nt, capacity:i nt
wher e nrings > 1, nnodes > 1, capacity > 1
letting Nodes be 1..nnodes

given demand:set (si ze m)of set (si ze 2) of Nodes
find rings: set (si ze nrings) of set (si ze capacity) of Nodes

such that Vpair € demand. 3r € rings . pair C r
gi ven nrings:i nt, nnodes:i nt, capacity:i nt
wher e nrings > 1, nnodes > 1, capacity > 1

letting Nodes be 1..nnodes
gi ven demand "’ :mat ri x [i ndexed by 1..m,1..2] of Nodes
find rings” :matri x [i ndexed by 1..nrings, Nodes] of bool
such that foral (¢:1..m) exists(j:1..nrings) foral (k:1..2)
rings” [ [demand” [{] k1]
forall (i: 1..nrings) sum (5 : Nodes) (rings’[i][4]) = capacity
forall (z, j:1..nrings) 7 < j implies
exists (k : Nodes) rings’’ [4] [k] # rings” [5][k]

Figure 6: ESSENCE specification and an ESSENCE’ model of
the MicroSonets problem.

and rings,, are matrices of sets, and so not in ESSENCE’.

Refining Nested Types: A Complex Example

Our final example illustrates a difficult case when refining
nested types: quantification over nested types. Consider
MicroSonets (Fig. 6), a variant of a large piece of SONET,
where the goal is to fill a given number of rings such that the
inter-node communication demand is met. Refinement begins
with p(Vpair € demand.3r € rings.pair C r), using the
FORALLSIZEDSET1 rule (Fig. 4). The first step is to refine
the binding expression, pair € demand, which is, in turn, de-
pendent on the refinement of the given set demand. FORALL-
S1zEDSET1 represents demand explicitly in the same way as
SIZEDSETEQUALITY1. The returned expression quantifies
over the indices of this matrix.

The quantified expression ¢ (which is 3r € rings.pair C
r in the example) is refined in the context of the decision
to represent the set S explicitly as the matrix S’. In doing
s0, S’[4] is substituted for i via ¢[i — S’[;j]] (in the exam-
ple demand'[j] is substituted for pair). As per FORALL-
RANGEL, the tags associated with this refinement must also
be quantified to hold for each possible value of j. Having
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highlighted this case, space precludes giving further details of
the refinement. One particular rule, SIZEDSUBSET1, which
is central to this specification, is presented in Fig. 4. This rule
shows two expressions, .S; and So, of the same type being
refined to two different representations. The design of CON-
JURE means this is no more complicated than the previously
presented rules, which produce identical representations.

Refining Nested Operators

None of the refinement examples considered so far have used
an ESsSENCE specification with nested operators. We have
avoided the extremely difficult task of formulating refinement
rules that recur on both the type of an expression and its syn-
tactic structure. Each recursive rule either works recursively
on syntactic structure and handles only atomic types or it
works recursively on nested types and handles only expres-
sions that are syntactically “primitive” (in a sense not defined
here). A constraint containing both nested types and non-
primitive syntactic structure is refined by first rewriting it to
an equivalent one containing only primitive syntactic struc-
ture. For example, the constraint AN(BUC) C D is rewritten
to3X,Y (X=BUC) A (Y=ANX) A (X C D). Each
conjunct of the resulting constraint is a primitive constraint
that has a dedicated refinement rule. CONJURE performs this
rewriting in a preprocessing stage called flattening.

5 Some Symmetry Detection is Free

Refinement often introduces symmetries into the models it
generates; that is, the generated model contains symmetries
that do not correspond to symmetries in the original specifi-
cation. This always happens when a variable X in the specifi-
cation is represented by a collection of variables X7, ..., X/
in the model such that an instantiation of X corresponds to
multiple instantiations of X7, ..., X/. For example, if X is
of type set (si ze 3), its explicit representation is a matrix of
three variables, X’[1..3]. An instantiation of X corresponds
to 3! instantiations of X’[1..3]. The matrix X’ has index sym-
metry [6], which can broken by the symmetry-breaking con-
straint X'[1] < X'[2] < X'[3].

Since certain rules always introduce symmetry, such a rule
can tag the refined expression with a description of the sym-
metry. For example, (though not shown in Fig. 4) SizED-
SETEQUALITY1 tags ¢ with “symet ry indexsym(¢, 1),”
which indicates that ¢ has symmetry in its first index. Once a
model has been generated, the symmet r y tags can be used to
add appropriate symmetry-breaking constraints, or to guide a
symmetry-aware search method such as SBDS or SBDD.

Detecting symmetry as refinement introduces it is a consid-
erably cheaper operation than symmetry detection on a fin-
ished model. In future, we intend to extend our system of
symmet ry tags to include other types of symmetry, such as
partial index symmetry and value symmetry.

6 Generating Models with Channelling

As we have seen, ESSENCE expressions have multiple pos-
sible refinements. If the same expression appears multiple
times in a specification, then, different refinements of it may
appear in an ESSENCE’ model. Sometimes these concrete
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representations have a different name but they are equivalent.
In those cases CONJURE automatically unifies them into a
single representation. However, CONJURE often produces
distinct concrete representations for the same abstract sym-
bol. At first sight, this may appear to be a weakness. On the
contrary, some of the most effective models in the literature
take this approach, since some representations allow certain
constraints to be modelled more easily than others. To main-
tain consistency among the different representations, chan-
nelling constraints are used [4].

To facilitate channelling, (though not shown in Fig 4) the
refinement rules add r epr esent tags to the refinements to
record the relationship between ESSENCE identifiers and their
representations in the concrete model. For example, when re-
fining a decision variable S of type set (si ze n)of int it
is possible for S to be represented by both occurrence and
explicit representations in the same model. If that is the case
the model will contain the tags “r epr esent S by expset(.S1)”
and “r epr esent S by occset(S3),” connecting S with its con-
crete representations S; and S.. By following the chain of
tags it is possible to connect each concrete object to the orig-
inal entity it is representing, and from these it is possible to
construct channelling constraints.

7 Experimental Results

This paper makes an empirically testable conjecture: it is
possible to develop good constraint models for combinatorial
problems by specifying the problem in ESSENCE and refining
this specification with CONJURE. At this point we can test the
conjecture up to certain limits. The first limitation is that we
currently are concerned only with the kernel of the model,
which lacks channelling constraints and symmetry-breaking
constraints and which has not had any transformations ap-
plied. The second limitation is that the implementation of
CONJURE currently has rules for only certain types: inte-
gers, integer ranges, Booleans, bounded and fixed-size sets,
bounded and fixed-size multisets, and all compositions of
these. The implemented rules can generate ESSENCE’ models
with occurrence and explicit representations and with vari-
ables whose domains contain sets of integers.

We test this conjecture by identifying problems that can
be specified using only the supported types, and checking
whether CONJURE generates the kernel of all reasonable
models, particularly models appearing in the literature. Most
problems in the literature cannot be specified abstractly with
the supported types since they involve associating together
elements from two or more sets, which requires types such
as functions or relations. We have found seven problems in
the literature that can be specified abstractly with only the
supported types: Schur’s Lemma (SL), Balanced Incomplete
Block Design (BIBD), Steiner Triple Systems (sTs), SONET
(SONET), Social Golfers Problem (sGP), RL Design (RLD),
and Balance Code Generation (BCG). Though we know of
no published models for RLD and BcG (both come from [5]),
we have included them simply to test whether CONJURE can
generate reasonable, correct models.

The results of running CONJURE on ESSENCE specifica-
tions of these seven problems are summarised in the Table 1.
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[ Problem ][ # | Choices | Yes | No |

BIBD 9 | dv: mset of sets (2) [12] -

SL 9 | dv: mset of sets (2) [6] [6]
RLD 9 | dv: mset of sets (2) - -
STS 27 | dv: mset of sets (3) [12]113] -
BCG 3 | dv: mset of sets (1) - -
SONET 27 | dv: mset of sets (2) 4x[8] | 4xI8]

in: set of sets (1)
SGP 54 | dv: mset of set of sets (2) | [12][13] | [16]

Table 1: Results of running CONJURE on seven problems.

To see how to interpret the table, consider the row labelled
SONET. This indicates that CONJURE generated 27 models
for this problem. The choices it had to make were how to
represent each of the two occurrences of the decision variable
(whose type is set of set) and the one occurrence of the input
parameter (whose type is set of sets). Our survey of the liter-
ature uncovered four published models (all in [8]) that were
among those generated by CoNJURE and four (all in [8]) that
were not. The entry for SGP indicates that CONJURE gener-
ated two of the three models that we found in the literature.
Though some models appear in multiple published papers,
the table cites only one.

Examining the results of the experiments, we observed that
all of the models generated by CONJURE were correct. The
kernels of many models found in the literature were gener-
ated by CONJURE; that is, the models use the same decision
variables and the same problem constraints (as opposed to
implied or channelling constraints).

It is more enlightening to consider the models not gener-
ated by CONJURE. The four models of SONET not generated
by CoNJURE arise straightforwardly by considering the deci-
sion variable to be a relation between rings and nodes. The
rules for refining a relation in this way could be expressed
easily in the framework of CONJURE and would enable the
generation of these four additional models. This illustrates
that there are important issues involved in writing specifica-
tions in ESSENCE, which in this case are also intertwined with
the detection of symmetry; all of this is outside the scope of
this paper.

The missing model of sL could be generated easily from
the most natural expression of the problem, which takes the
decision variable to be a partition. Again, it would be straight-
forward to add to CONJURE the necessary rules for partitions.

Finally, the model of sGP not generated by CONJURE uses
a novel modelling technique that was created through insight
into the structure of the problem. We have not yet considered
whether that technique can be generalised and then captured
in CONJURE rules.

8 Related Work in Modelling Support

OPL [19], a modelling language similar to ESSENCE’, has
been extended by ESRA [7] to provide relation variables and
by F [11] to provide function variables. ESRA currently
compiles to only a single representation, but F can produce
alternative models, some with multiple representations and
channelling. Other work has extended constraint languages
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to support a single representation of both sets [10] and mul-
tisets [20]. However our work is unique in providing nested

types.

Other languages have been used to specify combinatorial
problems. NP-SPEC [3] uses existential second-order logic to
express executable specifications of every NP-complete prob-
lem. Renker et al. [15] discuss representing abstract specifi-
cations in Z, an expressive abstract language that is supported
by automatic type-checkers and interactive tools. However,
refinement and transformation of the Z specification is man-
ual.

Multi-tac [14] and CACP [2; 1] are systems that perform
small-scale transformations of constraint specifications and
use heuristics and search to try to improve the search strat-
egy used in the solving of CSPs. These and similar systems
are important steps towards automating the solving of CSPs,
and complement our work on CONJURE, which at present is
only concerned with refining of high-level specifications and
not the search strategy to be used, and does not implement
transformation rules as of yet.

The area of automatic program refinement is a long-
standing and mature area of computer science. KIDS [17]
and Specware [18] are among the many domain-independent
systems that support the interactive or automatic refinement
of formal specifications into imperative programs. Our work
on CONJURE operates in a simpler setting of transforming
specifications into finite-domain constraint models, which are
declarative. Because our setting is simpler, we can be more
ambitious about the extent of automation achieved.

9 Conclusion

This paper has made two major contributions towards real-
ising the possibility of formalising and automating the gen-
eration of constraint models. First, the paper has presented
a language that enables combinatorial problems to be speci-
fied at a level above that at which modelling decisions take
place. Second, the paper has shown how a system of for-
mal rules could refine such a specification into model kernels
at the level of abstraction supported by existing constraint
solvers. We have also outlined an approach to integrating
other aspects of model generation—channelling and symme-
try breaking—into the existing system.

A rigorous account of model generation would be valuable
in several ways. It could make our study of modelling more
systematic, revealing gaps in our understanding. It could also
guide the study of model selection by identifying the decision
points and the set of alternatives available at each. Further-
more, it would be useful in teaching and presenting modelling
and in constructing a catalogue of modelling constructs.

The automation of model generation offers further oppor-
tunities. CONJURE currently uses its rules to generate all
possible models; but the rules could also be used within an
interactive system, which, like an interactive theorem prover,
allows the user to chose from among the alternatives available
at a decision point. Our ultimate dream is that the automation
of model generation takes us one step closer to automating
the entire modelling process.
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Abstract

Bin-completion, a bin-oriented branch-and-bound
approach, was recently shown to be promising for
the bin packing problem. We propose several im-
provements to bin-completion that significantly im-
proves search efficiency. We also show the gen-
erality of bin-completion for packing and cover-
ing problems involving multiple containers, and
present bin-completion algorithms for the multiple
knapsack, bin covering, and min-cost covering (lig-
uid loading) problems that significantly outperform
the previous state of the art. However, we show that
for the bin packing problem, bin-completion is not
competitive with the state of the art solver.

1 Introduction

Many NP-hard problems involve packing some set of dis-
crete objects into multiple containers (“bins”). In one class
of problems, the objective is to pad some items into a set of
containers without exceeding the containers’ capacities. In a
related class of problems, the goal is to cover a set of con-
tainers by filling them up to at least some minimal level using
a set of items. When both the containers and the items are
modeled as one-dimensional objects (possibly with an associ-
ated cost/value function), we refer collectively to these prob-
lems as one-dimensionalnulticontainerpading and cover
ing problems or multicontainerpadcing problemsin short.
Multicontainer packing problems are ubiquitous, and model
many Al applications including the allocation and rationing
of resources or tasks among a group of agents, as well as op-
erations research problems such as cargo loading and trans-
port.

The most widely studied instance of a problem in this class
is the bin pading problem Given a set of items (numbers),
and a fixed bin capacity, assign each item to a bin so that the
sum of the items assigned to each bin does not exceed the bin
capacity. For example, given the set of items 6, 12, 15, 40,
43, 82, and a bin capacity of 100, we can assign 6, 12, and
82 to one bin, and 15, 40, and 43, to another, for a total of
two bins. This is an optimal solution to this instance, since
the sum of all the items, 198, is greater than 100, and hence
at least two bins are required.
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In this paper, we consider completealgorithms for finding
optimalsolutions to multicontainer packing problems. Multi-
container packing problems are generally strongly NP-hard
[Garey and Johnson, 1979] (including all of the problems
covered in this paper). Therefore, state of the art, complete
algorithms for finding optimal solutions are based on branch-
and-bound. In contrast, note that single-container problems
such as the classical 0-1 knapsack problem are weakly NP-
hard, and pseudopolynomial time dynamic programming al-
gorithms exist (c.f. [Kellerer etal., 2004]).

Previous branch-and-bound algorithms for these problems
have tended to be “item-oriented”. For example, the classi-
cal algorithm for bin packing is the Martello and Toth algo-
rithm [Martello and Toth, 1990]. Items are considered one
at a time. Each node in the search corresponds to a decision
regarding the assignment of an item to some non-full con-
tainer. In contrast, bin-completioris a “bin-oriented” branch-
and-bound strategy, where a node represents an assignment
of a set of items to a single container. In addition to standard
branch-and-bound pruning methods, a combinatorial domi-
nancecriterion is used to prune search.

This paper begins by reviewing the previous work on bin-
completion. We then propose several improvements, in-
cluding a generalization of the nogood pruning method pro-
posed in [Korf, 2003] that significantly improves search effi-
ciency. We demonstrate the generality of the bin-completion
approach by presenting new bin-completion algorithms for
the multiple knapsack, bin covering, and min-cost covering
problems that significantly outperform the state of the art al-
gorithms,

2 Bin-Completion

Bin-completion is a bin-oriented branch-and-bound strategy
that exploits dominance properties to reduce the search space.
For clarity, we describe the bin-completion algorithm and our
extensions in the context of the bin packing problem due to its
familiarity and simplicity, although the focus of our empirical
work is on other multicontainer problems.

A feasiblesetis a set of items whose sum satisfies the ca-
pacity constraint (i.e., does not exceed the bin capacity). We
say that a feasible set or bin assignment is maximalif no addi-
tional item can be added to the set without making the set in-
feasible. The items are sorted in decreasing order of size. We
then generate maximal, feasible sets that include the largest
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item. If there is more than one such set, the search may branch
at that point. Each node of the search tree, except the root
node, represents a complete, feasible assignment of items to
a particular bin. The children of the root represent different
ways of completing the bin containing the largest item. The
nodes at the next level represent different complete, feasible
sets that include the largest remaining item, etc. The depth
of any branch of the tree is the number of bins in the cor-
responding solution. Bin-completion is a branch-and-bound
algorithm. It starts with an upper bound, such as the best-
fit decreasing solution, and applies a lower-bound heuristic
function to prune the search. Rather than assigning items one
at a time to bins, it branches on the different maximal, feasi-
ble sets that can be assigned to each bin.

The key to making bin-completion efficient is the use of a
dominancecriterion on the maximal, feasible sets that allows
us to only consider a small subset of them.

Let A and B be two feasible sets. If the elements in B can
be partitioned into subsets, and these subsets can be matched
to the elements of A such that the sum of the elements in
each subset doesn’t exceed the corresponding element of A,
then set A dominatesset B. In other words, if the elements
of B can be packed into bins whose capacities are the ele-
ments of A, then set A dominates set B. For example, let
A = {20,30,40} and let B = {5,10,10, 15,15, 25}. Parti-
tion B into the subsets {5,10},{25}, and {10, 15,15}. Since
5+10< 20,25 < 30,and 104+15+15 < 40, set A dominates
set B. Given all the feasible sets that contain a common ele-
ment s, only the undominated sets need to be considered for
assignment to the bin containing s. The reason is that if we
complete the bin containing s with a dominated set, then we
could swap each subset of items in the dominated set with the
corresponding element of the dominating set, and get another
solution without increasing the total number of bins.

This dominance criterion was proposed by Martello and
Toth [Martello and Toth, 1990], and was used in their branch-
and-bound algorithm for bin-completion. However, their
branch-and-bound algorithm was item-oriented, and they
only exploit this dominance property in a limited way. In
particular, they take each item j, starting with the largest ele-
ment, and check if there is a singleassignment of one or two
more elements that dominates all feasible sets containing j.
If so, they place j with those elements in the same bin, and
apply the reduction to the remaining subproblem. They also
use dominance relations to prune some element placements
as well. Korf’s bin-completion algorithm [Korf, 2002] makes
much greater use of the Martello-Toth dominance criterion.
In particular, when branching on the completion of any bin, it
only considers undominated completions.

Historically, the first bin-completion algorithm we are
aware of was proposed by Christofides, Mingozzi, and Toth
in 1979 for the liquid loading problem, which we call the
min-costcovering problem (see Section 6) [Christofides et
al., 1979]. Although their algorithm performs a bin-oriented
branch-and-bound which considers only undominated com-
pletions, they use a much weaker dominance criterion (see
Section 6). However, subsequent research in branch-and-
bound algorithms for multicontainer problems focused on
item-oriented approaches, and the bin-completion approach
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was apparently not investigated further until recently.

The BISON algorithm for bin packing by Scholl, Klein,
and Jurgens [Scholl etal., 1997] is a hybrid algorithm that in-
tegrates a suite of complex lower bounding procedures, upper
bounding heuristics, and a branch-and-bound algorithm. The
branch-and-bound component of BISON is a bin-completion
algorithm where each node corresponds to a maximal, feasi-
ble bin assignment. A very limited form of the Martello-Toth
dominance criterion is applied, as follows. If a maximal, fea-
sible bin assignment has a pair of items that can be replaced
by single unassigned item without decreasing the sum of the
assignment, then it is dominated, and this node can be pruned.

Korf implemented a bin-completion algorithm for bin
packing using the full Martello and Toth dominance cri-
terion, and showed that it significantly outperformed the
Martello-Toth item-oriented branch-and-bound algorithm
[Korf, 2002]. Further improvements were achieved by using
a more efficient algorithm for generating the undominated bin
assignments, and nogood pruning (see below) [Korf, 2003].

3 Extensionsto Bin-Completion

3.1 Nogood Dominance Pruning

Suppose we have a bin packing instance with the numbers
10,9,8,7,7,3,3,2,2, and hin capacity c=20. Let B, represent
a bin assignment at depth 4. {10,8,2} and {10,7,3} are
two undominated feasible bin assignments, and thus B; =
{10,8,2} and B; = {10,7,3} are two possible assignments
of the bin (node) at depth 1.

Korf [Korf, 2003] proposed the following nogoodpruning
technique. After exhausting the subproblem below the as-
signment B; = {10, 8, 2}, and while exploring the subprob-
lem below the assignment B; = {10,7, 3}, assume we find a
solution that assigns By = {9, 8,2}. We can swap the {8, 2}
from B, with the {7, 3} from By, resulting in a solution with
B, = {10,8,2} and and B, = {9,7,3}. However, we have
already exhausted the subtree below B; = {10,8,2}, and
therefore, we can prune this branch because it is redundant.

In general, given a node with more than one child, when
searching the subtree of any child but the first, we don’t
need to consider bin assignments that assign to the same bin
all items used to complete the current bin in a previously-
explored child node, except for the largest element. More
precisely, let { N1, Na, ..., N, } be a set of brother nodes in
the search tree, and let {S1, Sa, ..., S, } be the sets of items
used to complete the bin in each node, excluding the first item
assigned to the bin, which is common to all the brother nodes.
When searching the subtree below node N; fori > 1: for all
j < 1, we exclude any bin assignment B that (1) includes
all the items in S; in the same bin, and (2)swapping S; from
B with the items S; in N; results in two feasible bin assign-
ments. By rejecting these bin assignments as redundant, the
number of node generations is reduced.

We now propose an extension to this idea that allows prun-
ing even more nodes, which we call nogooddominanceprun-
ing, or NDP. Suppose that after exhausting the subproblem
below the assignment B; = {10, 8,2}, and while exploring
the subproblem below the assignment By = {10,7,3}, we
consider the assignment B, = {9,7,2}. We can swap the
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{7,2} from B, with the {7,3} from B; and end up with
a solution with the B; = {10,7,2} and B, = {9,7,3}.
However, according to the Martello-Toth dominance crite-
rion, B; = {10, 7,2} is dominated by B; = {10, 8, 2}, and
we have already exhausted the search below the node with the
subtree under B; = {10, 8,2}, so we can prune the search
because it is not possible to improve upon the best solution
under B; = {10, 8,2}.

In general, given a node with more than one child, when
searching the subtree of any child but the first, we don’t need
to consider assignments that are dominated by a bin assign-
ment in a previously-explored child node. More precisely,
when searching the subtree below node N; fori > 1, we ex-
clude any bin assignments that are dominated by the items
in S;, for j < 4. Note that an assignment dominates itself.
Thus, no bin completion below node N; can be dominated by
the items in S, for j < i.

Nogood dominance pruning is strictly more powerful than
Korf’s nogood pruning. Any node pruned by nogood prun-
ing will be pruned by NDP, but not vice versa. Of course,
since NDP must detect dominance relationships as opposed to
equivalence relationships, NDP will incur more overhead per
node compared to nogood pruning. Our current implemen-
tation propagates a list of nogood sets along the tree. While
generating the undominated completions for a given bin, we
check each one to see if it is dominated by any current no-
good. If so, we ignore that bin-completion.

Since the size of the nogood list increases with depth, and
we compare each bin-completion against each nogood, the
per-node overhead of NDP increases with depth. This means
that pruning at the bottom of the tree (where pruning has the
lowest utility) is more expensive than pruning at the top of the
tree (where pruning has the highest utility). A simple strategy
which address this issue is depth-limitedNDP, where NDP
pruning is applied only at nodes down to the NDP depth limit
L. At nodes below the depth limit, Korf’s original nogood
pruning technique is applied.

In this section, we have described nogood pruning and
NDP in the context of the bin packing problem. Adaptations
of the technique for the multiple knapsack and bin cover-
ing problem are straightforward, given the dominance criteria
used for these other problems.

3.2 Further modifications to the search algorithm

In Korf’s algorithm for bin packing, at each node, the un-
dominated feasible bin assignments are generated, and sorted
according to decreasing sum. The algorithm branches on the
completions according to the sorted order. In other words, a
largest-sum-first value ordering heuristicis being applied at
each node.

An issue with enumerating all undominated completions
and applying value ordering is that computing the undom-
inated sets is itself NP-complete. Korf [Korf, 2003] gives
an algorithm that generates all and only undominated bin-
completions, without the need to generate dominated comple-
tions as intermediate results. Let d be the average number of
items that fit in a container. The time to generate all undom-
inated feasible assignments of a bin increases with d. This
is not an issue for bin packing, where problems with large d
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tend to be easily solved using heuristics such as best-fit de-
creasing. The solution found by the heuristic often equals the
lower bound, and therefore no search is required, and hence
there is no need to compute undominated completions. How-
ever, for the other three problems we considered, we have ob-
served that it is much less likely that heuristics will match the
optimistic bound and allow termination without search, and
we have found that for instances with high d, the algorithm
would either take a very long time to complete, or not termi-
nate within a reasonable time limit because it was spending an
inordinate amount of time computing the set of undominated
completions at each node. Another significant drawback of
completely enumerating the undominated bin assignments at
each node is the memory required to store all of them.

An alternative approach is to start to go down the search
tree and explore the children of a node without first enumerat-
ing and sorting the children. In cases where a good optimistic
bound (i.e., lower bound for bin packing, and upper bound
for bin covering and multiple knapsack) is available, and it
takes relatively little search to find an optimal solution, this
approach can result in significant speedups compared to the
original scheme of generating all completions before going
further down the search tree.

On the other hand, we have observed that the value-
ordering strategy used to sort the undominated children of
a node has a significant impact, and if we simply traverse
the search tree depth-first without first enumerating and sort-
ing the children, we lose the benefits of ordering the search
tree according to the value-ordering heuristic. The negative
impact of this can be alleviated by a hybrid strategy that gen-
erates a small number of children, applies the value-ordering
heuristic to these, then recursively calls bin-completion on
the remaining subproblem. We call this the hybrid incremen-
tal branching strategy.

Note that even in the absence of an explicit value ordering
strategy, the algorithm used to generate the undominated chil-
dren (for each problem, we use an adaptation of the algorithm
given by Korf [Korf, 2003]) imposes an implicit ordering on
the undominated assignments. We are currently evaluating
various combinations of hybrid incremental branching and
various value ordering strategies, and the choices reported
in this paper for value ordering strategies and the number of
undominated assignments generated at once in hybrid incre-
mental branching are preliminary.

4 TheMultiple Knapsack Problem

The Multiple Knapsa& Problem(MKP) is a generalization of
the classical 0-1 Knapsa& Problem Consider m bins of ca-
pacities ¢y, ca, ..., ¢y and a set of n items that have a weight
wy, ...,w, and a profit py, ...,p,. The goal of the MKP is
to assign some subset of the items to each bin such that: (1)
each item is assigned to no more than one bin, and (2) the
sum of the weights of the items assigned to a bin does not
exceed the bin’s capacity, and (3) the total profit of the items
that are assigned to a bin are maximized. For example, sup-
pose there are two bins with capacity 10 and 7, and 4 items
(9,3),(7,3),(6,7),(1,5), where the first element of each pair is
the weight of the item and the second element is the profit
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of that item. The optimal solution to this MKP instance is
to assign (9,3) and (1,5) to the bin with capacity 10, and the
item (6,7) to the bin with capacity 7. The MKP has numerous
industrial applications. For example, the problem of loading
m vehicles with cargo selected from n items in order to max-
imize the value of the transported items is a MKP instance.

4.1 The Mulknap Algorithm

The state of the art algorithm for the MKP is Pisinger’s Mulk-
nap algorithm [Pisinger, 1999]. Mulknap is a branch-and-
bound algorithm, where each node represents a decision as
to which bin to place an item into, or to leave it out en-
tirely. There are several well-known upper bounds for the
MKP. Recent algorithms, including Mulknap, rely on the
solution of the Surrogate relaxedMultiple Knapsa& Prob-
lem (SMKP) instance [Martello and Toth, 1990], which is
a single-container 0-1 Knapsack problem where the items
are the same as for the original MKP instance, but there is
a single container whose capacity is the sum of the capaci-
ties of the containers in the original MKP instance. Although
the 0-1 Knapsack problem is also NP-complete (weakly NP-
complete, since there is a pseudopolynomial algorithm), this
upper bound computation is very fast in practice. At each
node, Mulknap attempts to validatethe upper bound for the
remaining subproblem by distributing the set of items chosen
as the solution for the SMKP into the bins. If such a distribu-
tion is possible without violating the bin capacities, then the
upper bound has been achieved, and we can backtrack with-
out further search down the current branch. The distribution
is done by solving a series of subset-sum problems. First,
the smallest knapsack is filled as much as possible with the
items from the SMKP solution. Then the second smallest is
filled with items from the remainder of the SMKP solution,
and so on. Again, while this entails the solution of m sub-
set sum instances, it is fast in practice (takes less time than
the upper bound computation using the SMKP). In addition,
Mulknap also incorporates techniques for reducing the prob-
lem instance at every node, as well as tightening the capacity
constraints. See [Pisinger, 1999] for details.

4.2 Bin-Completion for the MKP

We define a dominance criterion for the MKP as follows: In
a feasible bin assignment for a bin with capacity ¢, the sum
of the item weights is no more than c;.

Let A and B be two feasible assignments. A dominates B
if B can be partitioned into ¢ subsets By, ..., B; such that each
subset By, is mapped one-to-one (but not necessarily onto) to
Ay, anelement of 4, and forall & < 4, (1) the weight of Ay, is
greater than or equal the sum of the item weights of the items
in By, and (2) the profit of item Ay, is greater than or equal to
the sum of the profits of the items in By.

Our bin-completion algorithm for MKP uses the same up-
per bound and reduction techniques as Mulknap. Our current
implementation uses a hybrid incremental branching strategy
(see 3.2) that generates two undominated children at a time,
then uses a value ordering strategy that sorted them according
to descending order of profit sums.

We evaluated our MKP algorithm using the same 4 classes
of instances used by Pisinger [Pisinger, 1999]. We consid-
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ered: (1) uncorrelated instances: p; and w; are uniformly
distributed in R, (2) weakly correlated instances: w; uni-
formly distributed in [10,1000] and p; randomly distributed
in [w; —99,w; + 99] such that p; > 1, (3) strongly cor-
related instances: w; uniformly distributed in [10,1000] and
p; = w; + 10, and (4) multiple subset sum instances: w; uni-
formly distributed in [10,1000] and p; = w;. The bin capac-
ities were set as follows: The first m — 1 capacities ¢; were
uniformly distributed in [0.4 E;‘Zl w;/m,0.6 E;‘Zl w; [m]
fori =1,...,m — 1. The last capacity ¢,, is chosen as ¢,,, =
0.5 % wj— S ¢; to ensure that the sum of the capaci-
ties is half of the total weight sum (if the first m — 1 capacities
exceeded half the total weight, the instance was discarded).
For each problem class, 30 instances were generated for vari-
ous values of m and n. Trivial instances were discarded as in
[Pisinger, 1999]. The class of uniform, random instances that
require the most search for branch-and-bound solvers appear
to be generated when n/m is relatively low [Pisinger, 1999;
Martello and Toth, 1990]. Thus, the n/m ratio for the MKP
appears to be a critical parameter that determines search dif-
ficulty. Pisinger has shown that for problems with high n/m
ratio, Mulknap is highly effective, solving very large in-
stances almost instantaneously with little or no search (when
n ranged from 200 to 100,000, and m ranged 5 or 10). On the
other hand, small n/m ratios between 2-3 result in the hardest
problems. We therefore focus on these hard problems.

On each instance, we ran Mulknap, bin-completion,
and bin-completion with Nogood Dominance Pruning
(BC+NDP). For comparison, we used Pisinger’s Mulknap
code, available at his website, * compiled using the gcc com-
piler with - O3 optimization settings. Our bin-completion
code was implemented in Common Lisp.?2 Table 1 shows
our results. All experiments were run on a 1.3GHz AMD
Athlon. Each algorithm was given a time limit of 300 sec-
onds to solve each instance. The fail column indicates the
number of instances (out of 30) which could not be solved
by the algorithm within the time limit. The time and nodes
column show the total time spent and nodes generated on the
successful runs, excluding the failed runs. Thus, the most
important indicator of performance is the number of failed
runs.

Both bin-completion and BC+NDP significantly outper-
form Mulknap, with the difference in performance becoming
more pronounced as problem size was increased. This in-
dicates that bin-completion is asymptotically more efficient
than Mulknap for this class of problems. BC + NDP con-
sistently outperforms bin-completion by a significant margin
with respect to the number of nodes searched, and significant
improvements in success rate and runtimes are observed for
the larger problems sets. Similar results were obtained when
the items had weights and profits in the range [10,100], as

http:/fwww.diku.dk/ pisinger/

2All of our bin-completion algorithms described in this paper
were compiled using CMUCL version 18e. To serve as a point of
reference, we ported Korf’s hin-completion algorithm for bin pack-
ing to Common Lisp, and found that CMUCL generated code that
ran at approximately half of the speed of Korf’s C code compiled
with gcc and - O3 optimization.
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[ [ Mulknap | Bin-Completion [ Bin-Completion + NDP [ n] Labb'e Bin-Completion Bin-Completion + NDP |
[ (mn) | fail T time | fail | time ] nodes | fail [ time ] nodes | | | fail T time | fail | time ] nodes | fail | time ] nodes |
Uncorrelated Instances 10,000 instances per row
1030 | 10 | 851 0 | 330 | 7994849 0 | 116 | 2059561 10 0 2 0 2 215 0 2 215
1545 | 29 82 | 27| 122 | 2818240 | 27 83 | 1389073 20 0 4 0 4 595 0 4 548
10,20 8 | 618 0| <1 1866 0| <1 1038 40 0 78 0 10 5860 0 10 3888
2040 | 30 - 0| 141 | 4703755 0 20 416409 60 2| 458 0| 154 | 3610644 0| 127 | 2467708
2550 | 30 - 3 | 1459 | 47252632 0 | 490 | 9229360 80 | 17 | 823 2| 110 | 3191035 1 88 | 1135615
Weakly Correlated Instances 100 | 28 | 1210 1| 198 | 6045642 1 79 613463
1030 | 11 | 841 0| 120 | 2168245 0 99 | 1544200 50,000 instances per row
1545 | 30 - | 23| 852 | 13632608 | 22 | 908 | 13181578 80 | ma| na 6 | 332 | 7597514 4] 362 | 5763523
10,20 4 | 1334 o| <1 1194 0| <1 794 0 | va| na 6 | 574 | 15079358 4 | 493 | 7320350
2040 | 30 - 0 16 634072 0 4 84270 100 | na | na 8 | 803 | 20739466 6 | 585 | 11600379
2550 | 30 - 1| 734 | 25605562 0| 205 | 3339290 120 | na | mna | 20 | 1941 | 65428014 | 16 | 1543 | 33040246
Strongly Correlated Instances
10,30 0] 571 0 73 664006 0 62 585643 ) ) ] )
1545 | 30 -| 26| 661 | 3697531 | 25 | 711 | 3816290 Table 2: Bin Covering results. (Times are in seconds).
10,20 8 | 808 0| <1 797 0| <1 557
2040 | 30 - 0 9 359645 0 3 58665
2550 | 30 - 1| 424 | 13008484 1| 124 | 1757203
fgb;g‘ Sum(')“ﬂa“%&gz N — I search, and can be immediately solved at the root node
1545 | 26 | 711 4| 1788 | oaso82 3 | 2017 | 10000510 | When the heuristics described in [Labbé etal., 1995] compute
1020 | 8| 91| o <1 624 | 0| <1 462 | alower bound that equals the upper bound.
2040 | 30 - 0 3 126931 0 1 28840
2550 | 30 0| 137 | 4613658 0 72 | 1261483

Table 1: Multiple Knapsack results. (Times are in seconds).

well as the range [10,10000].

5 TheBin Covering Problem

Suppose we have n items with weights w, ..w,, and an in-
finite supply of containers with quota ¢q. The bin covering
problem, also known as the dual bin pading problem, is to
pack the items into containers such that the number of con-
tainers that contain sets of items whose sum is at least ¢ is
maximized. That is, the goal is to distribute, or ration the
items among as many containers as possible, given that the
containers have a specified quota that must be satisfied. Note
that the total weight of the items placed in a container can be
greater than q.

Bin covering is a model for resource or task allocation
among multiple agents where the goal is to maximize the
number of agents who fulfill some quota. It is also a model
for industrial problems such as: (1) packing peach slices into
cans so that each can contains at least its advertised net weight
in peaches, and (2) breaking up monopolies into smaller com-
panies, each of which is large enough to be viable [Assman
etal., 1984].

5.1 The Labbé, Laporte, and Martello Algorithm

The state of the art complete algorithm for the bin covering
problem is by Labbé, Laporte, and Martello [Labbé et al.,
1995]. We shall refer to this as the LLM algorithm. LLM is
a branch-and-bound algorithm. The items are sorted in de-
creasing order of size. Each node represents a decision as to
which bin to put an item into, or to leave it out entirely. At
each node, lower bounds based on combinatorial arguments
are computed, and the remaining subproblem is reduced us-
ing two reduction criteria (see [Labbé etal., 1995]). At the
root node, a set of heuristics is applied in order to compute
a lower bound. As with the bin packing problem (c.f. [Korf,
2002]), many instances of the bin covering problem require
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5.2 Bin-Completion for Bin Covering

We define a dominance criterion for bin covering as follows.
Let A and B be two feasible assignments. A dominates B if
B can be partitioned into ¢ subsets By, ..., B; such that each
item A, € A is mapped one-to-one (but not necessarily onto)
a subset By, such that for all ¥ < 4, the sum of the item
weights of subset By is greater than or equal to the corre-
sponding item Ay, (i.e., By, “covers” Ay).

To see that this dominance criterion gives a valid pruning
criterion, suppose a solution to a bin-completion instance as-
signs B to a bin. If we exchange the items in A for the corre-
sponding subsets of B, then this would result in a valid solu-
tion that satisfies at least as many bins.

As with LLM, we apply lower bounding heuristics at the
root node, and apply the same upper bounds used in LLM
[Labbé etal., 1995] at each node. We use a hybrid incremen-
tal branching strategy that generates two undominated chil-
dren at a time, then using smallest-sums-first value ordering
to order them.

We compared our implementation of bin-completion for
the bin covering problem with our implementation of the
LLM algorithm (both implementations were in Common Lisp
and run on a 600MHz Pentium 3). We generated 10,000
random instances for each set, where the items were chosen
uniformly in the range [1,9999], and the quota was 10,000.
We ran our implementations of LLM, bin-completion, and
bin-completion + NDP on each instance, with a time limit
of 180 seconds per instance. We also compared the two
bin-completion variants on larger instances of 80-120 items,
using sets of 50,000 random instances. Table 2 shows our
results. Again, we show the number of failed runs that
timed out before solving the instance, as well as the time
spent and nodes generated, excluding the failed runs. Bin-
completion significantly outperformed LLM. The increasing
gap in performance as problem size increases suggests that
bin-completion is asymptotically more efficient than LLM.
For the harder problems, bin completion + NDP significantly
outperforms bin-completion.
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6 Min-Cost Covering

We define the Min-Cost Covering Problem (MCCP) as fol-
lows. Given a set of m bins with quotas {qg1, ..., ¢ }, and a set
of n items with weights wy, ..., w,, and costs py , ..., Py, assign
some subset of the items to each bin such that (1) each itemis
assigned to no more than one bin, (2) the sum of the weights
of the items assigned to a bin is at least the bin’s capacity
(i.e., the bin is covered, as in bin covering), and (3) the total
cost of the items that are assigned to the bin are minimized.
This problem has also been called the liquid loading prob-
lem [Christofides etal., 1979], because it was originally mo-
tivated by the following industrial application: Consider the
disposal or transportation of m different liquids (e.g., chemi-
cals) that cannot be mixed. If we are given n tanks of various
sizes, each with some associated cost, the problem is to load
the m liquids into some subset of the tanks so as to minimize
the total cost. Note that here, the “liquids” correspond to con-
tainers, and the “tanks” correspond to the items.

6.1 Christofides, Mingozzi, and Toth (CMT)
Algorithm

The previous state of the art algorithm for the min-cost
covering problem is an early version of bin-completion by
Christofides, Mingozzi, and Toth [Christofides et al., 1979].
The main difference between their algorithm and the bin-
completion algorithm described in Section 2 is their use of
a different dominance criterion. The Christofides et al. dom-
inance criterion (CMT criterion) is as follows. A set of items
A dominates another set B if is possible to map A one-to-
one to (but not necessarily into) B by a function = such that
wj > ’wﬂ-(])v.j € A, and pj > pﬂ-(j)Vj € A

Note that the CMT criterion only considers mappings be-
tween single elements of A and B, whereas the dominance
criteria we have described above for bin packing, MKP, and
bin covering considers mappings between elements of A and
subsets of B.

Christofides et al. empirically evaluated a number of lower
bounds for the MCCP. They found that the best bound was
computed by solving m single-container MCCP problems,
one for each of the bins, where all n items were available
for the single-bin MCCP problem. Each single-bin instance
was solved using a simple branch-and-bound algorithm. The
lower bound is the sum of the optimal values for the m single-
container MCCP problems. This is essentially a lower bound
derived by relaxing the MCCP constraint that each item can
be assigned to at most one bin.

6.2 Bin-Completion for the MCCP

Our new bin-completion algorithm for the MCCP is similar to
the Christofides et al. algorithm. The major difference is that
we use the following dominance criterion. A set of ¢ items A
dominates another set B if B can be partitioned into 7 subsets
By, ..., B; such that each item A, € A is mapped one-to-one
(but not necessarily onto) to a subset By, and for all & < i,
(1) the weight of Ay is less than or equal to the sum of the
item weights of the items in By, and (2) the profit of item Ay,
is less than or equal to the sum of the profits of the items in
By.. The CMT dominance criterion is a special case of this
criterion, where | B | = 1 for all &.

122

We evaluated our bin-completion algorithm and the CMT
algorithm using the same classes of problem instances that
we used for the MKP (Section 4). For each problem class,
30 nontrivial instances were generated for various values of
m and n. The purpose of this experiment was to evaluate the
relative impact of each component of bin-completion, that is:
(1) the type of dominance criterion used, (2) whether nogood
pruning was used, and (3) whether nogood dominance prun-
ing was used.

On each instance, we ran (1) CMT1: the CMT algorithm
as presented in [Christofides et al., 1979], (2) CMT2: the
CMT algorithm extended with nogood pruning, (3) BC1: bin-
completion using our dominance criterion but withoutnogood
pruning, (4) BC2: bin-completion using our dominance cri-
terion and with nogood pruning, (5) BC3: bin-completion
using our dominance criterion and NDP. For all algorithms,
a hybrid incremental branching strategy that generated 100
children at a time was used, and the children were ordered in
increasing order of profit sums.

Table 1 shows our results. All experiments were run on a
2.5GHz Pentium IV. Each algorithm was given a time limit
of 60 seconds to solve each instance. The fail column indi-
cates the number of instances (out of 30) which could not be
solved by the algorithm within the time limit. The timeand
nodescolumn show the total time spent and nodes generated,
excluding the failed runs. As shown by the data, each com-
ponent of bin-completion has a significant impact. Although
our dominance criterion requires much more computation per
node to compute than the simpler CMT criterion, the perfor-
mance is significantly improved. The nogood pruning strat-
egy significantly improves performance for both the algo-
rithm based on the CMT dominance criterion, as well as our
dominance criterion. Finally, BC3, which uses NGD is re-
sults in the best performance. We also tested an item-oriented
branch-and-bound algorithm that uses the same lower bound-
ing procedure, but found that it performed even worse than
the CMT algorithm on all of the test instances.

7 Bin Packing

We implemented our extended bin-completion algorithm for
the bin packing problem, and summarize our results below.
For further details, see [Fukunaga, 2005].

Extending Korf’s algorithm [Korf, 2003] with NDP and a
value ordering based on minimum cardinality (with ties bro-
ken according to decreasing sum of item weights) resulted in
significant speedups over Korf’s algorithm on uniform ran-
dom problem instances, as well as the class of “uniform”
OR-LIB? instances of 120-1000 items, for the same experi-
ments described in Korf’s paper [Korf, 2003]. In addition, ex-
tending the algorithm further by applying randomized restarts
[Gomes et al., 1998] resulted in significant speedups com-
pared to Korf’s algorithm on the “triplet” instances from OR-
LIB. For example, our extended algorithm (implemented in
Common Lisp and executed on a 1.3GHz Athlon) solves all
80 of the triplet instances from OR-LIB within 1500 seconds
combined, whereas Korf’s algorithm (implemented in C and
executed on a 440MHz Sun Ultrasparc) failed to solve any

3see http://www.brunel.ac.uk/depts/ma/research/jeb/info.html
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[ CMT1 [ CMT2 BC1 BC2 BC3

| than one higher than the optimal value (c.f. [Wascher and

(m,n) | fail T time [ fail | time | fail | time [ fail | time | fail | time |

Uncorrelated Instances

Gau, 1996]). In addition, rounding heuristics applied to frac-

tional LP-solutions often yields the optimal, integral solution.
The combination of a very tight LP lower bound and good
upper bounding procedure result in very little search being
performed for almost all problem instances. This domain-

specific branch-and-price LP-based approach does not seem

to generalize straightforwardly to the MKP and MCCP, in
part due to the differences in the granularity of the objective
function. While it is possible that a similar branch-and-price
approach could be applied to the bin covering problem, we

are aware of no such approach in the literature.

For completeness, we have applied a straightforward,
integer-linear programming approach to the MKP, MCCP,
and bin covering problems. We applied the GNU GLPK inte-

ger linear programming solver to the mathematical program-

5,15 0 3 0 2 0 <1 0 <1 0 <1
10,30 30 - 30 - 30 - 8 605 6 567

5,10 0 <1 0 <1 0 <1 0 <1 0 <1
10,20 7 324 0 5 0 168 0 1 0 1
15,30 30 - 27 49 30 - 6 360 1 511
Wesakly Correlated Instances

515 0 6 0 2 0 <1 0 <1 0 <1
10,30 30 - 30 - 30 - 28 78 27 7

5,10 0 <1 0 <1 0 <1 0 <1 0 <1
10,20 0 88 0 1 0 4 0 <1 0 <1
15,30 30 - 6 325 25 167 0 115 0 20
20,40 30 - 30 - 30 - 28 72 13 410
Strongly Correlated Instances

515 0 2 0 1 0 <1 0 <1 0 <1
10,30 30 - 30 - 4 361 1 207 0 93

5,10 0 5 0 <1 0 <1 0 <1 0 <1
15,30 17 286 0 95 0 64 0 3 0 1
20,40 30 - 19 330 23 330 6 180 0 58
Subset Sum Instances

5,15 0 2 0 1 0 <1 0 <1 0 <1
10,30 30 - 30 - 4 362 1 224 0 100

5,10 0 <1 0 <1 0 <1 0 <1 0 <1
10,20 0 5 0 <1 0 <1 0 <1 0 <1
15,30 17 289 0 100 0 65 0 3 0 <1
20,40 30 - 19 258 23 172 6 181 0 63

ming formulations of these problems, but not surprisingly,
these performed very poorly in comparison with the domain-
specific algorithms described in this paper.

Table 3: Min-cost covering problem. (Times are in seconds).

of the twenty 501-item instances, and failed to solve 8 of the
249-item instances given a 10 minute time limit per instance.
See [Fukunaga, 2005] for further results.

However, our bin-completion solver was not competitive
with the state of the art, which is currently a branch-and-
price integer linear programming solver by Belov and Schei-
thauer [Belov and Scheithauer, 2003]. Belov and Scheithauer
[Belov and Scheithauer, 2003] provide a new benchmark set
of 28 very hard bin packing instances; they solved most of
these within seconds, although some took hours. Our cur-
rent bin-completion code could not solve any of the 28 in-
stances, given 15 minutes per instance. They also report that
the largest triplet instances from OR-LIB (Triplet-501) were
solved in an average of 33 seconds per instance (660 seconds
total) on a 1GHz AMD Athlon XP.

Furthermore, Belov was kind enough to run a set of one
hundred, 80-item, uniform, random instances that we gen-
erated with items in the range [1,1,000,000] and a bin ca-
pacity of 1,000,000 for us. His solver solved all of these in-
stances in less than 1 second each at the root node (i.e., with-
out any search), using rounding heuristics based on the linear
programming LP solution, whereas our best bin-completion
solver required 534 seconds and searched 75,791,226 nodes.

Recent branch-and-price approaches for bin packing such
as the solver by Belov and Scheithauer (see [de Carvalho,
2002] for a survey of others) use a bin-oriented branching
strategy, where decisions correspond to the instantiation of
one or more complete bins. At each node, a column genera-
tion procedure is used to compute the LP lower bound. They
derive much of their power from a very accurate LP lower
bound based on a cutting stock formulation of bin packing
[Gilmore and Gomory, 1961], which has been observed to
almost always give the optimal value as the lower bound,
and has never been observed to give a value that is more
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8 Redated Work

The multicontainer packing problems we studied in this pa-
per can be formulated as constraint programming problems.
In one possible formulation, the variables correspond to bins,
and the values of the bins correspond to unique, feasible bin
assignments (this is similar to the integer linear programming
formulation of the cutting-stock problem [Gilmore and Go-
mory, 1961]). For example, given items with weights {3, 2}
let z; be the variable representing the first bin with capacity
4. The domain of z; is the two singleton sets {3} and {2}.

Given this constraint programming formulation, it can
be seen that the pruning techniques based on nogoods de-
scribed in Section 3 are closely related to techniques pro-
posed for constraint programming. Nogood pruning identifies
and prunes nodes by detecting whether the bin assignment
for the current node contains a nogood. This is very similar
to nogood-based techniques for pruning symmetric solutions
proposed by Fahle, Schamberger and Sellmann [Fahle et al.,
2001] and Focacci and Milano [Focacci and Milano, 2001],

The NGD technique proposed in this paper is similar to
the nogood dominance pruning technique proposed by Fo-
cacci and Shaw [Focacci and Shaw, 2002] for constraint pro-
gramming, who applied their technique to the symmetric and
asymmetric traveling salesperson problem with time win-
dows. See [Focacci and Shaw, 2002] for a full description
of their technique.

Both methods attempt to prune the search by proving that
the current node at depth j, which represents a partial j-
variable solution z, is dominated by some previously ex-
plored i-variable partial solution (nogood), g.

The main difference between the two methods is the ap-
proach used to test for dominance. Focacci and Shaw’s
method extends ¢ to a j-variable partial solution ¢’ which
dominates z. They apply a local search procedure to find the
extension ¢'.

On the other hand, our NGD method starts with a partial,
j-variable solution z and tries to transform it to a partial so-
lution 2’ such that z;, the subset of ' including the first 4
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variables, is dominated by ¢q. We do this by swapping the val-
ues of the ith and jth variables in z to derive z’, and testing
whether Z} is dominated by g.

For efficiency, the current implementations of both nogood
dominance pruning methods are weak in the sense that if z
is dominated by ¢, the procedures will not necessarily detect
the dominance. Focacci and Shaw rely on an incomplete, lo-
cal search to find the extension ¢’. We only consider transfor-
mations involving two variables, but to fully exploit the dom-
inance criterion, we would need to consider transformations
involving all variables i, + 1, ..5.

9 Conclusions

This paper makes two main contributions: First, we pro-
posed extensions to bin-completion to improve its perfor-
mance, including nogood dominance pruning, which gener-
alizes Korf’s nogood pruning method. Second, we demon-
strated the utility and generality of bin-completion by apply-
ing it to three new problems: the bin covering problem, the
multiple knapsack problem, and the min-cost covering prob-
lem. We proposed new dominance criteria for these prob-
lems, and showed that our bin-completion solvers signifi-
cantly outperform , the previous state of the art on hard in-
stances (in some cases by orders of magnitude with respect to
runtime). For these three problems, our nogood dominance
pruning technique significantly reduced search effort and run-
times. The comparison of our bin-completion algorithm to
the early bin-completion algorithm by Christofides et al. for
the MCCP showed that our new dominance criteria resulted
in significant performance improvements.

Finally, we revisited the bin packing problem and showed
that our extensions significantly improved the performance of
bin-completion for some standard benchmarks. However, we
found that bin-completion is not competitive with state of the
art solvers for bin packing based on the cutting stock problem
formulation.

While we have focused on four particular multicontainer
problems in this paper, there are many similar problems
involving the assignment of objects to multiple containers
where similar dominance structures can be exploited. Exam-
ples include the generalized assignment problem, multipro-
cessor scheduling, and the segregated storage problem. Given
our results, maximally exploiting powerful dominance crite-
ria in a bin-completion framework appears to be a promising
future direction for such multicontainer problems.
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Abstract

Beam search reduces the memory consumption of best-
first search at the cost of finding longer paths but its
memory consumption can still exceed the given mem-
ory capacity quickly. We therefore develop BULB (Beam
search Using Limited discrepancy Backtracking), a com-
plete memory-bounded search method that is able to
solve more problem instances of large search problems
than beam search and does so with a reasonable runtime.
At the same time, BULB tends to find shorter paths than
beam search because it is able to use larger beam widths
without running out of memory. We demonstrate these
properties of BULB experimentally for three standard
benchmark domains.

1 Introduction

Best-first search methods, such as A*, do not scale up to
large search problems due to their memory consumption, and
linear-space best first search methods [Korf, 1993] have unac-
ceptable runtimes for large search problems. Beam search re-
duces the memory consumption of best-first search at the cost
of finding longer paths. It uses breadth-first search to build its
search tree but keeps at most the B states at each level of the
search tree with the smallest heuristic values, where the value
of the beam width B is set at the beginning of the search. The
smaller the beam width, the more states beam search prunes
at each step of the search and the less memory it needs to
store each level of the search tree. Unfortunately, more prun-
ing typically increases the probability of pruning states on
short paths from the start state to a goal state and thus often
increases the lengths of the paths found. Excessive pruning
can even prevent one from finding any path. Thus, the beam
width has to be large. Our experiments show, for example,
that beam search with a beam width of 10,000 solves about
eighty percent of random problem instances of the 48-Puzzle.
The average path length found is on average about one order
of magnitude smaller than the one found by variants of WA*
[Pearl, 1985], which are alternatives to beam search that also

*The Intelligent Decision-Making Group is partly supported by
NSF awards to Sven Koenig under contracts IIS-0098807 and IIS-
0350584. The views and conclusions contained in this document are
those of the authors and should not be interpreted as representing
the official policies, either expressed or implied, of the sponsoring
organizations, agencies, companies or the U.S. government.
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Figure 1: Visualization of Search Methods

reduce the memory consumption of best-first search at the
cost of finding longer paths. We develop BULB (Beam search
Using Limited discrepancy Backtracking) that is able to solve
more problem instances of large search problems than beam
search, and does so with a reasonable runtime. At the same
time, BULB tends to find shorter paths than beam search be-
cause it is able to use larger beam widths without running out
of memory. It behaves like beam search until it exhausts the
memory capacity without finding a path. It then uses lim-
ited discrepancy backtracking to retract its previous pruning
decisions. The choice of a good backtracking strategy is im-
portant since, for example, beam search with chronological
backtracking has unacceptable runtimes.

2 Beam Search

Beam search is any search technique “in which a number of
[...] alternatives (the beam) are examined in parallel. [It] is a
heuristic technique because heuristic rules are used to discard
[prune] non-promising alternatives in order to keep the size
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Table 1: Beam Search on the 48-Puzzle

B Path Generated Stored Runtime Problems

Length States States (Seconds) Solved
1 N/A N/A N/A N/A 0 %
5 11,737.12 147,239 58,680 0.090 100 %
10 36,281.64 904,632 362,799 0.601 100 %
50 25,341.44 3,211,244 1,266,902 2.495 86 %
100 12,129.88 3,079,594 1,212,579 2.296 86 %
500 2,302.86 2,899,765 1,148,559 2.205 74 %
1,000 1,337.95 3,346,004 1,331,451 2.822 84 %
5,000 481.30 5,814,061 2,365,603 5.500 86 %
10,000 440.07 10,569,816 4,312,007 11.307 80 %
50,000 N/A N/A N/A N/A 0 %

of the beam as small as possible” [Bisiani, 1987]. We assume
that all actions have a cost of one and study beam-search vari-
ants of breadth-first search in this paper. Their objective is to
reduce the memory consumption of breadth-first search from
exponential to linear in the depth of the search tree, as illus-
trated by the shaded areas of Figure 1 (a) and (b) for breadth-
first search and beam search, respectively. Beam search uses
breadth-first search to build its search tree but splits each level
of the search tree into slices of at most B states, where B is
called the beam width. The number of slices stored in mem-
ory is limited to one at each level. When beam search expands
a level, it generates all successors of the states at the current
level, sorts them in order of increasing heuristic values (from
left to right in the figure), splits them into slices of at most
B states each, and then extends the beam by storing the first
slice only. Beam search terminates when it generates a goal
state or runs out of memory.

Table 1 shows experimental results for beam search on the
48-Puzzle with a memory limitation of 6,000,000 states. We
created 50 problem instances with random start configura-
tions in which the goal configuration had the blank in the
upper left corner. We used the Manhattan distance as heuris-
tic function. (We could have used pattern databases instead
[Korf and Taylor, 1996] but did not since we use them later in
this paper in the context of 2 additional benchmark domains.)
The runtime of beam search was always small since it ran out
of memory in seconds. Beam search with a beam width of 1
solved none of the problem instances. This is not surprising
since it is similar to greedy search (gradient descent) and thus
likely to find rather long paths unless it gets stuck in dead
ends because the current state has only successors that are al-
ready in memory, in which case it does not find any path at
all. Beam search with a beam width of 10 solved all of the
problem instances. As the beam width increased, its memory
consumption increased, the average path length of the solved
problem instances decreased, and the number of solved prob-
lem instances eventually decreased. Beam search with beam
width 50,000 solved none of the problem instances. This is
not surprising since beam search with a beam width of infin-
ity is breadth-first search and thus guaranteed to find shortest
paths unless it runs out of memory and then does not find
any path at all, which is likely given the exponential memory
consumption of breadth-first search. Consider beam search
with a large beam width that still solved a substantial number
of problem instances, say beam search with a beam width of
10,000 that solved eighty percent of the problem instances.
The average path length of the solved problem instances was
an order of magnitude smaller than the one reported in [Furcy,
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2004] for several variants of WA*.

3 Improving Beam Search

We study how to increase the number of solved problem
instances to one hundred percent while reducing the path
lengths of the solved problem instances. This cannot be
done by varying the beam width since increasing it reduces
the number of solved problem instances while decreasing it
increases the average path length of the solved problem in-
stances. Rather, we notice that many of the unsolved problem
instances are due to misleading heuristic values that prevent
states from being included in the beam. For example, the
goal state G is put into the third slice of the seventh layer in
Figure 1 (b). Beam search thus does not find the goal state
since it visits only the first slice of each layer. Our solution
to this problem is to backtrack and choose a different slice.
Figure 1 (c) shows DB (Depth-first Beam search), our sim-
plest variant of beam search with backtracking. DB behaves
like beam search until it exhausts the memory capacity with-
out finding a path. It then uses chronological backtracking to
purge existing slices and replace them with others. DB, un-
fortunately, has unacceptable runtimes, which we explain as
follows: Chronological backtracking revisits the most recent
decisions first, that is, the decisions close to the bottom of the
search tree. This is problematic since the heuristic values are
usually the more inaccurate the farther a state is away from
the goal state and thus the closer it is to the top of the search
tree. Thus, it is important to revisit decisions close to the
top of the search tree more quickly. We therefore use limited
discrepancy search rather than chronological backtracking to
build a more sophisticated variant of beam search with back-
tracking.

3.1 Original Limited Discrepancy Search

LDS (Limited Discrepancy Search) [Harvey and Ginsberg,
1995] was designed to work on finite binary trees. The suc-
cessors of a state are sorted in order of increasing heuristic
values. Thus, the heuristic values always recommend the left
successor over the right one. Choosing the right successor
against the recommendation of the heuristic values is called
a discrepancy. First, LDS searches the tree greedily, that is,
with no discrepancy. If LDS does not find a goal state, then it
made at least one wrong decision due to misleading heuristic
values. LDS then searches the tree with increasing numbers
of allowed discrepancies. Figure 2 contains the pseudo code
of LDS. The top-level function LDS() repeatedly performs
a limited discrepancy search from the start state (Line 4) by
calling LDSprobe() with an increasing number of allowed dis-
crepancies (Line 6), starting with no discrepancy (Line 2).
Unless the current state is a leaf of the tree (Line 9), LDS-
probe() generates its successors and recursively calls itself on
them. If the maximum number of allowed discrepancies is
zero, then only the sub-tree below the best successor is vis-
ited with no discrepancy allowed (Line 12). Otherwise, the
sub-tree under the worst successor is visited with one less
discrepancy allowed (since one was just consumed, Line 14),
then the sub-tree under the best successor is visited with the
same number of allowed discrepancies (since none was con-

CONSTRAINT SATISFACTION AND SEARCH



1. procedure LDS(ss¢qrt, h(.)): path length

2 discrepancies =

3 while ( true ) do

4 cost = LDSprobe(sstqrt, 0, discrepancies, h(.))
5 if ( cost < oo ) then return cost

6. discrepancies = discrepancies + 1

7 end while

8

9

10

. procedure LDSprobe(state, depth, discrepancies, h(.)): path length
if ( state is a leaf ) then return oo
else (best, second) := generateSuccessors(state)
11. if ((best = sg4q1) OF (second = s4,4) ) then return depth + 1
12. if ( discrepancies = 0 ) then return LDSprobe(best, depth + 1, 0, h(.))
13. else

14. cost := LDSprobe(second, depth + 1, discrepancies — 1, h(.))
15. if ( cost < oo ) then return cost
16. return LDSprobe(best, depth + 1, discrepancies, h(.))

Figure 2: Original Limited Discrepancy Search

. procedure GLDS(sstart, h(.)): pathlength

1

2 discrepancies := 0; hashtable := {sstart }

3 while ( true ) do

4. pathlength = GLDSprobe(sstart, 0, discrepancies, h(.))
5. if ( pathlength < oo ) then return pathlength

6. discrepancies = discrepancies + 1

7 end while

8. procedure GLDSprobe(state, depth, discrepancies, h(.)): path length
9. SET =0
10. for each successor s of state do
11. if (s = 5404 ) thenreturn depth + 1
12. if (s ¢ hashtable )then SET := SET U {s}
13. end for
14. if (SET = () then return co
15. if ( hashtable has only one empty slot ) then return co

16. best := argmingc gpr { h(s) }
17. if ( discrepancies = 0 ) then

18. hashtable := hashtable U {best}

19. pathlength = GLDSprobe(best, depth + 1,0, h(.))

20. else

21. SET = SET\{best}

2. while (SET # 0 ) do

23. state := argmingespr { h(s) }

24. SET := SET\{state}

25. hashtable = hashtable U {state}

26. pathlength := GLDSprobe(state, depth + 1, discrepancies — 1,
B

27. hashtable := hashtable\{state}

28. if ( pathlength < oo ) then return pathlength

29. end while

30. hashtable := hashtable U {best}

31. pathlength = LDSprobe(best, depth + 1, discrepancies, h(.))

32. hashtable := hashtable\{best}
33. return pathlength

Figure 3: Generalized Limited Discrepancy Search

sumed at the current level by following the heuristic recom-
mendation, Line 16). LDS terminates when it generates the
goal state (Line 11).

3.2 Generalized Limited Discrepancy Search

To apply LDS to beam search, we need to generalize it from
binary trees to arbitrary graphs. First, LDS must be able to
handle branching factors that are nonuniform and larger than
two. Second, LDS must be able to avoid cycles. GLDS (Gen-
eralized Limited Discrepancy Search) addresses the first is-
sue by picking a successor s of a given state with a smallest
heuristic value /(). Choosing any other successor is counted
as one discrepancy, and the successors are tried from left to
right. GLDS addresses the second issue by performing cy-
cle detection with a hash table and not generating successors
that are already in the hash table. Figure 3 shows the pseudo
code for GLDS. The top-level function GLDS() repeatedly
performs generalized limited discrepancy searches from the
start state (Line 4) by calling GLDSprobe() with an increasing
number of allowed discrepancies (Line 6), starting with no
discrepancy (Line 2). GLDSprobe() performs a generalized

CONSTRAINT SATISFACTION AND SEARCH

1. procedure BULB(sstqrt, h(.), B): path length
2 discrepancies = 0; g(Sstart) = 0; hashtable = {sstart }
3 while ( true ) do
4. pathlength = BULBprobe( 0, discrepancies, h(.), B)
5. if ( pathlength < oo ) then return pathlength
6. discrepancies = discrepancies + 1
7 end while
8. procedure BULBprobe(depth, discrepancies, h(.), B): path length
9. (SLICE, value, index) := nextSlice(depth, 0, h(.), B)
10. if (value > 0) then return value
11. if ( discrepancies = 0) then
12. if (SLICE = () then return co
13. pathlength := BULBprobe(depth + 1,0, h(.), B)
14. for each s in SLICE do hashtable := hashtable\{s} end for
15. return pathlength
16. else
17. if (SLICE # ©) then
18. for each s in SLICE do hashtable = hashtable\{s} end for
19. while ( true ) do
20. (SLICE, value, indez) := nextSlice(depth, indez, h(.), B)
21. if (value > 0) then
22. if (value < oo ) then return value
23. else break
24. if (SLICE = () then continue
25. pathlength = BULBprobe(depth + 1, discrepancies — 1, h(.), B)
26. for each s in SLICE do hashtable := hashtable\{s} end for
217. if ( pathlength < oo ) then return pathlength
28. end while
29. (SLICE, value, index) := nextSlice(depth, 0, h(.), B)
30. if (value > 0) then return value
31. if (SLICE = () then return co
32. pathlength := BULBprobe(depth + 1, discrepancies, h(.), B)
33. for each s in SLICE do hashtable := hashtable\{s} end for
34. return pathlength

35. procedure nextSlice(depth,index,h(.),B): ( array of states, integer, integer )
36. currentlayer = {s € hashtable | g(s) = depth}

37. SUCCS := generateNewSuccessors(currentlayer, h(.))

38. if ((SUCCS = 0)or (index = |SUCCS]) ) then return ((), co, —1)
39. if (sg0q1 € SUCCS) return (0, depth + 1, —1)

40. SLICE := 0; i = index

41, while ((i < |SUCCS|)and (|SLICE| < B))do

2. if (SUCCS]i] ¢ hashtable ) then

43. g(SUCCS[i]) = depth; SLICE := SLICE U {SUCCS[i]}

44. hashtable := hashtable U {SUCCS[i]}

45. if ( hashtable is full ) then

46. for each s in SLICE do hashtable := hashtable\{s} end for
47. return (@, co, —1)

48. =141

49. end while
50. return (SLICE, —1, i)

51. procedure generateNewSuccessors(stateset, h(.)): array of states
52. index = 0

53. for each state in stateset do

54. for each successor s of state do

55. if (s ¢ hashtable ) then

56. SUCCS[indez] = s;indez = index + 1
57. end for

58. end for

59. Sort states in SUCCS in order of increasing h (.)-values
60. return SUCCS

Figure 4: BULB

limited discrepancy search from a given state for a given num-
ber of allowed discrepancies. First, it generates all successors
of the state that are not already in the hash table (Lines 9-13).
It backtracks if the goal state is found (Line 11), there are no
successors (Line 14), or the hash table is full (Line 15). Oth-
erwise, it identifies the best successor as one with a smallest
heuristic value (Line 16). If the number of allowed discrep-
ancies is zero, then GLDSprobe() calls itself on the best suc-
cessor with no allowed discrepancies (Line 19). Otherwise,
GLDSprobe() calls itself repeatedly on the remaining succes-
sors with one less allowed discrepancy (Line 26) and then
calls itself on the best successor with the same number of al-
lowed discrepancies (Line 31).

3.3 BULB

BULB (Beam search Using Limited discrepancy Backtrack-
ing) combines beam search with GLDS. Figure 4 shows the
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Table 2: Taxonomy of Search Methods

beam width type of backtracking
none chronological limited discrepancy
1 greedy search guided limited discrepancy search
(gradient descent) depth-first search (LDS/GLDS)
intermediate beam depth-first beam search beam search using limited
values search (DB) discrepancy backtracking (BULB)
breadth-first breadth-first breadth-first
oo
search search search

pseudo code for BULB. The top-level function BULB() is
basically identical to GLDS(). The function BULBprobe()
performs beam search with generalized limited discrepancy
search for a given number of allowed discrepancies. It first
generates the first slice of the next level (Line 9). If the
slice contains a goal state, the slice is empty, the subtree has
been searched exhaustively, or the hash table (which stores
the beam) is full, then it aborts (Lines 10 and 12). If the num-
ber of allowed discrepancies is zero (Line 11) and the slice is
not empty (Line 12), then BULBProbe() calls itself with no
allowed discrepancies (Line 13), and clears the hash table of
the slice (Line 14). Otherwise, BULBProbe() clears the hash
table of the slice (Line 18), calls itself repeatedly on the re-
maining slices with one less allowed discrepancy (Line 25)
and then calls itself on the best slice with the same number
of allowed discrepancies (Line 32). The function nextSlice()
generates a successor slice for a slice that is already in the
hash table at a given depth. It first locates the given slice
(Line 36), generates all successors of its states (Line 37), and
then locates the slice of the given index within the successors.
It does this by inserting successors into both an empty slice
(Line 43) and the hash table (Line 44), starting with the suc-
cessor at the given index (Line 40), until either B successors
have been inserted into the slice or the end of the layer has
been reached (Line 41). If the hash table is full (Line 45),
then it clears the hash table of the incomplete slice (Line 46)
and aborts (Line 47). The function generateNewSuccessors()
generates the successors s of a given set of states that are
not already in the hash table and sorts them in order of in-
creasing heuristic values h(s). (The successors can contain
duplicates.)

3.4 Properties of BULB

Heuristic search methods that repeatedly fill up and purge
memory can be rather complicated [Chakrabarti ez al., 1989;
Russell, 1992; Kaindl and Khorsand, 1994; Zhou and
Hansen, 2002]. In contrast, BULB is relatively simple be-
cause it purges contiguous regions of memory and is only an
approximation algorithm that does not necessarily find short-
est paths. Table 2 shows a taxonomy of search methods.
BULB generalizes beam search to beam search with back-
tracking, limited discrepancy search to beam widths larger
than one, and breadth-first search to beam widths smaller than
infinity.

e The memory consumption of BULB is O(Bd), where
d is the maximum search tree depth. This is achieved
by only storing one slice for each level, which requires
BULB to re-generate all successors of the states of a
slice every time it backtracks. The resulting small mem-
ory consumption allows for deeper searches with wider
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beams. (Other linear-space search methods often store
the siblings of states as well, which makes it unnec-
essary to re-generate the successors of states but in-
creases the memory consumption substantially.) BULB
is a memory-bounded search method and thus contin-
ues its search after memory runs out by purging states
from memory, resulting in a complete search method.
This means that BULB finds a path as long as there is
one with a length of the maximum search tree depth or
smaller, which approximately equals M /B, where M
is the memory capacity measured by the maximal num-
ber of states one can store. BULB thus improves on
beam search, which is incomplete, and on breadth-first
search, which is complete but whose maximum search
tree depth approximately equals log, (M), where b is the
average branching factor of the search tree, and can thus
solve only smaller search problems than BULB.

e The runtime of BULB is often small. In fact, BULB
frequently finds a path without any backtracking or with
only a very limited amount of backtracking. It also elim-
inates all cycles (loops) and some transpositions (differ-
ent paths from the start state to a given state), which
are often responsible for the large runtimes of depth-
first search. BULB, as a generalization of breadth-first
search, eliminates all cycles since it never generates
states that are already in the hash table. BULB does not
make any effort at eliminating transpositions. Neverthe-
less, BULB, as a generalization of beam search, elim-
inates some transpositions since it does not re-expand
states that are already in its beam.

4 Experimental Evaluation

We now present an experimental study of BULB in three stan-
dard benchmark domains: the N-Puzzle, the 4-Peg Towers
of Hanoi and the Rubik’s Cube. Note that our figures show
graphs only for search methods that were able to solve all
random problem instances since we are interested in increas-
ing the number of solved problem instances to one hundred
percent. Additional results are reported in [Furcy, 2004].

4.1 N-Puzzle

Our first benchmark domain was the N-Puzzle, as already de-
scribed in the context of Table 1. Beam search solved all
problem instances of small N-Puzzles with a small average
path length and did so in fractions of a second. It is there-
fore not surprising that neither DB nor BULB significantly
improved on beam search for N smaller than 48. The sit-
uation was different for the 48-Puzzle. DB did not signifi-
cantly improve on beam search for the 48-Puzzle either. On
the other hand, BULB was able to solve all problem instances
with a beam width of 10,000 while beam search was only
able to solve all problem instances with beam widths of 10
or smaller. BULB was able to find paths of average length
440 with this beam width while beam search was only able
to find paths of average length 11,737 with beam widths that
allowed it to solve all problem instances (for B = 5, which
is not shown in Table 1). Thus, BULB was able to reduce
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the path length or, synonymously, solution cost by a fac-
tor of about 25. At the same time, the average runtime of
BULB was still on the order of 30 seconds on a Pentium 4
PC clocked at a 2.2 GHz. Figure 5 contains detailed data
points about BULB. Since BULB generates states in exactly
the same order as beam search, the graphs of BULB simply
extend the ones of beam search to larger beam widths. For the
80-Puzzle and a memory capacity of 3,000,000 states, there
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Table 3: Beam Search on the Towers of Hanoi
B Path Generated Stored Runtime Problems
Length States States (Seconds) Solved
1 N/A N/A N/A N/A 0 %
5 37,775.12 730,901 188,860 0.306 68 %
10 33,489.26 1,261,982 334,850 0.581 46 %
50 8,468.59 1,619,300 423,103 0.900 68 %
100 4,629.57 1,784,654 462,443 1.012 70 %
500 1,363.59 2,632,408 678,792 1.855 74 %
1,000 831.90 3,196,242 824,784 2.388 58 %
5,000 N/A N/A N/A N/A 0 %

was no beam width that allowed beam search to solve all 50
random problem instances but BULB was able to solve them
for a wide range of beam widths. The smallest average run-
time of BULB with a beam width that solved all problem in-
stances was about 12 seconds. It was obtained with a beam
width of 6 and resulted in an average path length of about
181,000. A larger beam width of 20,000, that still solved
all problem instances, increased its average runtime to about
120 seconds but reduced the average path length to 1,130,
which is less than 5 times the shortest path length. Figure 6
shows that BULB was also able to improve the average path
length of two multi-state commitment search methods for the
48-Puzzle by at least one order of magnitude with an aver-
age runtime of only about 20 seconds. These alternatives to
beam search are MSC-KWA* [Furcy and Koenig, 2005], a
combination of KWA* [Felner et al., 2003] and MSC-WA*
[Kitamura et al., 1998], and MSC-KRTA* [Furcy, 2004], a
combination of KWA* [Felner et al., 2003], MSC-WA* [Ki-
tamura ef al., 1998] and RTA* [Korf, 1990].

4.2 Towers of Hanoi

Our second benchmark domain was the 4-Peg Towers of
Hanoi. We created 50 random problem instances with 22
disks in which the goal state had all disks stacked on one
peg. We set the memory capacity to 1,000,000 states and
used a pattern database similar to that of [Felner er al., 2004]
as the heuristic function. Table 3 shows that, similarly to the
48-Puzzle, beam search with large beam widths solved many
problem instances, and the average length of the paths found
was short. However, there was no beam width that allowed
beam search to solve all 50 random problem instances (which
is the reason why Figure 7 contains no graphs for beam
search) but BULB was able to solve them for a wide range
of beam widths. The smallest average runtime of BULB with
a beam width that solved all problem instances was about 1.5
seconds. It was obtained with a beam width of 40 and re-
sulted in an average path length of about 10,000. A larger
beam width of 1,000, that still solved all problem instances,
increased its average runtime to about 7 seconds but reduced
the average path length to about 870. Figure 7 contains de-
tailed data points about BULB.

4.3 Rubik’s Cube

Our third benchmark domain was the Rubik’s Cube. We cre-
ated 50 random problem instances in which the goal state was
the original configuration of the cube. We set the memory ca-
pacity to 1,000,000 states and used the pattern databases from
[Korf, 1997] as the heuristic function. Beam search was only
able to find paths of average length 55.18 with beam widths
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Table 4: Beam Search on the Rubik’s Cube
B h

Pat] Generated Stored Runtime Problems

Length States States (Seconds) Solved
10 53,909.26 7,146,960 539,084 14.965 38 %
50 3,882.35 2,570,677 194,036 5.224 98 %
100 1,679.76 2,223,466 167,795 4.349 98 %
500 394.84 2,596,065 196,182 5.168 100 %
1,000 259.80 3,398,726 257,058 6.798 98 %
5,000 78.02 4,895,297 373,602 9.977 100 %
10,000 5233 6,332,050 486,767 13.087 98 %
50,000 21.40 10,848,794 866,741 23.256 10 %
100,000 N/A N/A N/A N/A 0%

that allowed it to solve all problem instances (for B = 7, 000,
which is not shown in Table 4), which is similar to the av-
erage path length found by a recent powerful Rubik’s Cube
solver based on macro-operators, even though this Rubik’s
Cube solver uses both a larger number of pattern databases to
build the macro-operators and a post-processing step on the
paths it finds [Hernddvolgyi, 2001]. Beam search solved all
50 problem instances for several beam widths but BULB was
able to solve them for all tested beam widths. BULB with a
beam width of 30,000 solved all problem instances and found
an average path length of 30.14 with an average runtime of
about 40 seconds. This average path length is already smaller
than the one of the Rubik’s Cube solver mentioned above,
even though BULB is a domain-independent search method
without any pre- or post-processing and used only about 120
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MBytes of memory in our experiments (86 MBytes for the
pattern database and 32 MBytes for the hash table). BULB
with a beam width of 40,000 found a path of length 25.78
with an average runtime of about 2 minutes. A larger beam
width of 50,000, that still solved all problem instances, in-
creased its average runtime to about 7 minutes but reduced
the average path length to about 22.74. Figure 8§ contains de-
tailed data points about BULB.

5 Related Work

Existing variants of beam search differ from BULB in that
they either 1) use no backtracking at all or 2) use chrono-
logical backtracking. In the first category, diversity beam
search [Shell et al., 1994] deals with imperfect heuristic val-
ues by introducing diversity at all levels of the search tree.
It differs from BULB in that it is incomplete and requires
additional knowledge to measure the level of dissimilarity
among states. Divide-and-conquer beam search [Zhou and
Hansen, 2004] does not store all of the beam in memory. In-
stead, it purges some of its slices from memory and uses a
divide-and-conquer strategy to reconstruct the path after it
finds a goal state, which makes backtracking impossible, at
least on the parts of the beam that have been purged from
memory. In the second category, band search [Chu and Wah,
1992] is the search method most similar to BULB. It differs
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from BULB in that it extends beam search with chronological
backtracking and is designed for search trees. It does not de-
tect loops and therefore performs best for small search prob-
lems. Complete anytime beam search [Zhang, 1998] does not
extend beam search but depth-first search. It uses chronologi-
cal backtracking (with a beam width of one) while iteratively
weakening its pruning rule. Like all depth-first search meth-
ods, it performs best on finite trees of shallow depths with
large goal densities (such as travelling salesperson problems),
which are very different from our benchmark domains.

6 Conclusion

In this paper, we developed BULB (Beam search Using Lim-
ited discrepancy Backtracking), a memory-bounded search
method that generalizes beam search to beam search with
backtracking, limited discrepancy search to beam widths
larger than one, and breadth-first search to beam widths
smaller than infinity. BULB makes beam search complete
(provided that there is sufficient memory to store the beam
along a shortest path from the start state to a goal state), tends
to find shorter paths than beam search because it is able to
use larger beam widths without running out of memory, and
can be transformed into an admissible anytime algorithm, for
example, by letting it continue its search after it has found a
path, resulting in an anytime extension of beam search that is
similar in spirit to the anytime extension of WA* described
in [Hansen et al., 1997]. BULB outperformed beam search
and variants of WA* in our experiments, solved all of our
test problems for the 80-Puzzle, and resulted in a state-of-the-
art Rubik’s Cube solver without any pre- or post-processing,
even though it is a domain-independent search method. It is
future work to enhance BULB with more complex variants
of beam search, for example, variants that change the beam
width during the search. It is also future work to enhance
BULB with more complex variants of backtracking, for ex-
ample, variants that give a higher priority to decisions close
to the top of the search tree than decisions close to the bot-
tom of the search tree, variants that use depth-bounded dis-
crepancy search [Walsh, 1997] or variants that calculate the
discrepancies differently.
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Abstract

Amazons is a perfect information board game with
simple rules and large branching factors. Two play-
ers alternately move chess queen-like pieces and
block squares on a 10x 10 playing field. The
player who makes the last move wins. Ama-
zons endgames usually decompose into indepen-
dent subgames. Therefore, the game is a nat-
ural testbed for combinatorial game theory. It
was known that determining the winner of simple
generalized Amazons endgames is NP-equivalent.
This paper presents two proofs for the PSPACE-
completeness of the generalized version of the full
game.

1 Introduction

Amazons is a two-person perfect information board game that
combines elements of chess and Go. Both players start with
four pieces called amazons which are symmetrically posi-
tioned at the edges of an otherwise empty 10 x 10 square
board. Moves consist of picking an amazon of the player’s
colour, moving it like a chess queen, and then shooting an
arrow straight in one of eight directions from the amazon’s
destination square to an empty square. This square becomes
blocked for the remainder of the game and no amazon or ar-
row can pass it. Arrows are not allowed to pass amazons
either and amazons cannot be captured. Blocking squares is
mandatory. The game proceeds in turns and the first player
without any legal move loses. Fig. 1 shows two typical Ama-
zons positions.

The game of Amazons is interesting for Al research for at
least the following reasons:

e Compared with other popular games its rule set is sim-
ple — and yet, it leads to interesting strategic concepts
which need to be addressed when designing evaluation
functions [Lieberum, 2005].

e The number of legal moves in Amazons positions on the
standard board is often in the hundreds or even thou-
sands. This puts pressure on sound backward pruning
search techniques such as the alpha-beta algorithm, be-
cause the number of positions to be searched even at
small depths is astronomical. Amazons can therefore
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serve as a testbed for research on selective search and
adversarial planning.

e Like Hex, Go-moku, Tic-Tac-Toe, and Othello, Ama-
zons has the property of being monotonically increasing
(each move blocks one square), so the underlying struc-
ture of the game is a directed acyclic graph, rather than
a general graph. This eliminates some potentially com-
plicating variables for scientific research. Also like Hex,
Amazons cannot end in a draw.

e Endgames regularly decompose into independent sub-
games (Fig 1). At this stage, combinatorial game theory
can be applied to vastly reduce the search space, and thus
speed up good move selection compared with full-board
analyses. Hence, Amazons is a suitable test-domain for
new ideas in this area. See for instance [Berlekamp,
2000; Miiller and Tegos, 2002; Snatzke, 2004].

Establishing the computational complexity of various prob-
lems associated with generalized games is also interesting.
For example, proving NP- or PSPACE-hardness is convincing
evidence that a problem does not possess a simple solution in
general (although effective methods may exist for specific in-
stances).

Generalizing the standard Amazons game is straight-
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Black to move: ¢7-b7,e10 Endgame position
Figure 1: Typical Amazons positions. On the left, the black
amazon at c7 is about to move to b7 and block e10 to prevent
the white amazon at g8 from entering the SW corner area.
On the right, Black can make 24 unopposed moves, whereas
White can make only 20, so Black can win regardless of who
is to move.

CONSTRAINT SATISFACTION AND SEARCH



forward: we allow arbitrary square-shaped boards (n x n)
with at least one and up to n? amazons. It is known that solv-
ing generalized Amazons puzzles (i.e. determining whether
in a single-player Amazons game the player can make at
least k consecutive moves) is NP-complete and determining
the winner of simple generalized Amazons endgames — in
which players do not interact anymore — is NP-equivalent
[Buro, 2000]. In what follows, we present two proofs for
the PSPACE-hardness of deciding the winner of generalized'
Amazons positions. While the first proof is more intuitive,
the second one leads to a stronger results, namely that the
problem remains PSPACE-complete even if each player has
only one amazon.

2 Hex Reduction

In this section we show that determining the winner in Hex
positions, which is known to be PSPACE-complete, can be
reduced to the related Amazons problem. We begin with the
definition of the sets we like to relate to each other:

Definition 1:

e AMAZONS is a set of succinct encodings of all gen-
eralized Amazons positions with a winning strategy for
Black (to move).

e HEX is a set of succinct encodings of all Hex positions
with a winning strategy for Black (to move).

Theorem 1: HEX <, AMAZONS.

Corollary 1: AMAZONS is PSPACE-complete.

Proof: [Reisch, 1981] shows that HEX is PSPACE-complete
by reducing QBF to HEX. Moreover, AMAZONS €
PSPACE, which is obvious by the existence of a depth-first
minimax search algorithm that decides the winner of a given
Amazons position in space polynomial in the length of its en-
coding. Note, that the number of moves in an Amazons game
played on an n x n board is at most n2. o

Proof of Theorem 1: We describe a function f that maps ar-
bitrary code words w into the encoding of an associated Ama-
zons position with the following properties:

1. If w encodes a Hex position, then the first player (Black)
in decode(w) has a Hex winning strategy if and only if
the first player in decode( f (w)) (Black) has an Amazons
winning strategy.

2. Otherwise, f(w) encodes a fixed Amazons position with
a second player (White) winning strategy.

3. There exists a Turing machine F' and a polynomial p
such that for all w, F started on input w computes f(w)
in at most p(|w|) steps.

It follows that w € HEX < f(w) € AMAZONS and HEX
<, AMAZONS. We now describe the transformation f.

From a given n x n Hex position, each of the n? hex tiles

are represented by a rectangular room containing one Black

'We drop “generalized” from now on when the context is clear.
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Figure 2: The arrangement of rooms relative to each other
and the connecting corridors. There is slack space for arrows
in each corridor and at the top and bottom of each room suf-
ficient to allow a large number of amazons to pass through.

and one White amazon (Fig. 2,3). These amazons are placed
across from each other so that each is able to contain the
other in one move, and so gain control of the room. Occu-
pied tiles on the Hex board are represented by removing the
opposing piece. In this way the first stage of the transformed
game is effectively a game of Hex where players alternately
select rooms, blocking the opponent’s amazons. Indeed, if
any player does not take control of a room when such a move
is available then the opposing player may take a room “for
free,” which in Hex (and similarly here) can only help.

The rooms are connected by corridors which require a cer-
tain minimum number of steps to traverse. This traversal time
for each corridor is chosen such that no adjacent rooms may
affect either player from securing a room. Each of the n?
rooms may be sealed off from enemy rooms by blocking off
the appropriate corridors. As there are at most 6 entrances to
each room and each can be blocked in one move, minimum
corridor traversal times of 7n? are sufficient.

To force the outcome of the Amazons game to be equiv-
alent to that of the initial Hex game, White must win if and
only if he can form a connecting path from top to bottom.
This is accomplished by placing an army of n? + 2 White
amazons at the bottom of the board with a path to all of the
bottom rooms (Fig. 4). As with adjacent rooms, these ama-
zons are also sufficiently far away that they cannot influence
the initial choosing of rooms.

At the top of the board are 2n? + 5 strips of open space.
The size of these strips is chosen large enough so that each
is larger than the rest of the board when ignoring the other
strips. This ensures that the outcome of the game is entirely
determined by which player is able to control a majority of the
strips. Strips are positioned such that once a White amazon
has captured one, it is unable to capture any others. At the top
of each strip is a long path connecting to a single Black ama-
zon (Fig. 5). The path is made long enough so that while the
amazon may eventually reach the strip, the number of moves
required to do so is greater than that needed by White to cap-
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Figure 3: Sample transformation of a 3 x 3 Hex board.

€=
I

Y

Eiy# +2

Figure 4: White’s army at the bottom of the board. The first
amazon can block off paths to enemy rooms.

very long tunnel (~size of lower board)

> rest of board

= =
Figure 5: 2n2 + 5 large strips of space at the top of the board.
White has a gatekeeper to prevent enemy rooms from reach-

ing them. Black has an amazon at the top of each strip that
will eventually be able to take control of it if White cannot.

ture as many strips as he can. This is the time needed to
decide the control of each room, secure those rooms, and to
move the army from the bottom of the board to each of the
strips. A very loose upper bound for this distance is the num-
ber of free squares in the lower section of the board, every-
thing beneath the strips. In this manner Black is eventually
able to take control of any strips that White cannot.

If the first player (White) has a winning strategy in the ini-
tial Hex position that player may capture a set of rooms such
that a path exists from the bottom of the playfield to the top.
By blocking all corridors to hostile rooms he may isolate this
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path from enemy influence. Since there are no draws in Hex,
a winning strategy for the second player is equivalent to pre-
venting White from forming such a sequence of rooms.

If White can form a connecting path then the one White
amazon at the top and the army (of size n? + 2) at the bottom
may be moved one at a time to take control of n? + 3 strips,
a majority allowing White to win the game.

If White cannot form a connecting path then the number of
strips he may capture is at most n? + 1: the number of White
amazons on the board not counting the army. Black will then
eventually be able to take control of the remaining strips with
the amazon at the top of each. This gives Black a majority of
free space allowing him to win. The winner of this game is
therefore the same as for the original Hex position.

The connecting corridors must allow for the entire army to
pass through them. The given structure requires long slack
tunnels so that arrows may be fired while moving. These tun-
nels must be at least as long as the size of the army, n? + 2.
Not counting the boundary walls, the height of the horizontal
corridors then is 2(n? + 2) + 5, and the diagonal corridors
one less. Ensuring that the corridors are long enough to pre-
vent room interference is a simple matter of adding additional
bends in the path, with each bend increasing the travel time
by 2. Since each corridor only needs to be 7n? moves long
constructing this new board is clearly polynomial.

Each room is a rectangle with slack tunnels running
through the middle. This tunnel is easily sufficient with al-
most twice the space of those in the diagonal corridors. Mov-
ing an amazon through a room is straightforward: move to the
center column when entering, then move to the exit row, and
finally into the next corridor. To enter and exit on the same
row simply move straight across. The initial amazon in the
room may be considered as part of the army or moved out of
the way to the side.

Rooms and corridors may clearly be arranged without con-
flict (Fig. 2). The entire transformation takes polynomial time
in the size of the original Hex board. The strategy to move
the army to the top of the board when a connecting series of
rooms exists is then trivial. It is also clearly impossible to do
this when a connecting series of rooms does not exist. O

3 Geography Reduction

Here we show a stronger result, namely that even if the num-
ber of Amazons is bounded by a constant, the problem re-
mains PSPACE-complete. We again start with definitions of
the sets we consider:

Definition 2:

o AMAZONS-2 is a set of succinct encodings of all
n X n Amazons positions with exactly one Black and
one White amazon and a winning strategy for Black (to
move).

o GEOGRAPHY-BP3 is a set of succinct encodings of
GEOGRAPHY positions — consisting of a directed bi-
partite planar graph, whose node types are shown in
Fig. 7.8,9, and a distinguished start node (Fig. 6) with
two leaving edges — for which the first player has a win-
ning strategy.

CONSTRAINT SATISFACTION AND SEARCH
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Figure 7: Path vertex.

Figure 6: Start vertex.

Figure 8: Branch vertex. Figure 9: Join vertex.

Theorem 2: GEOGRAPHY-BP3 <, AMAZONS-2.

Corollary 2: AMAZONS-2 and AMAZONS are PSPACE-
complete.

Proof: Analog to Proof of Corollary 1. Note that
AMAZONS-2 <, AMAZONS. a

Proof of Theorem 2: Geography is a game played by two
players on a given directed graph with a marked start node.
The players alternately put a marker on any unmarked node
from which there exists an edge from the node marked last.
The first player who cannot move loses. Note that in case
of GEOGRAPHY-BP3, the graph is bipartite and planar with
node types that are shown above. The game always ends in
a vertex with two entering edges and one leaving edge at the
second visit of that vertex. [Lichtenstein and Sisper, 1980]
show that GEOGRAPHY-BP3 is PSPACE-complete.

We present a polynomial-time transformation that maps in-
put words — which are now encodings of planar bipartite
graphs with a start marker — into encodings of Amazons po-
sitions with two amazons, such that the first player wins the
geography game if and only if the first player wins the associ-
ated Amazons game. We emulate the Geography game with
two amazons — one for each player — and with blocks that
fill the board with the necessary structure. The structure has
two separate paths for each edge of the given graph. One path
(Fig. 10) is for player one and the other path is for player two.
The two amazons simultaneously proceed along the paths as
quickly as possible, otherwise one player locks up the other
player. We construct the structure such that player one win-
ning in generalized geography is equivalent to the amazon of
player one being able to trap the amazon of player two. We
embed the given directed graph in the board using a pair of
paths to represent an edge. To embed the vertices we use two
gadgets that force the players to proceed along the paths in
pairs and in the same direction as the original directed edges.

Putting a marker on a vertex in GEOGRAPHY-BP3 cor-
responds to the two amazons going from a vertex gadget to
another vertex gadget. Since each vertex gadget can be used

H__HEEEN
| HE NN A

- .
H_EE NN

Figure 10: Path example.
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only once, vertices cannot be marked twice. We force the two
amazons to go along the same paths. If one amazon advances
toward a path different from the path chosen by the acting
player (the player placing the marker) then the amazon will
be locked out by the acting player at some gadget.

We implement a path, which has a one-square width, as
blank squares with surrounding blocked squares, as shown in
Fig. 10. We assume an amazon is currently at the left en-
trance a and proceeds to the right exit A. At each player’s
respective turn, the amazon is moved forward and blocks a
square behind it. If the player blocks a square in front of him
the amazon becomes trapped. The amazons need to travel at
maximum speed, otherwise they will be locked out by the op-
ponent’s amazon at some point. In Fig. 10, the amazon needs
at least 12 moves to travel from the entrance to the exit. The
amazon can also get there in 13 moves. We use gadgets that
force the amazons to travel in the minimal numbers of moves
(in this case 12). Thus, amazons have to traverse any straight
line section of a path in one move. If we want to force an
amazon to take several moves, we bend the path an appro-
priate number of times as shown in Fig. 10. Moreover, it is
obvious that we can change the direction a path aims as we
like. We now discuss the sub-gadgets shown in Fig. 11 to 14.

Type 1 top speed gadget (Fig. 11). Assume the amazon
for player X (denoted X') comes to the bottom left entrance,
a, and the amazon for player Y (Y') comes to the bottom right
entrance, b. This gadget forces Y to come to the entrance as
quickly as possible. That is, if Y comes to the entrance just
after X comes to the entrance (we say that they arrive at the
entrances at the same time in this situation), then X cannot
trap Y and X should exit this gadget at A, and Y should exit
at B. If Y comes to this gadget late then X can lock Y outin
3 moves by moving to E, C, then D and blocking F'. Thus
Y should come to the entrance as quickly as possible. If Y
comes to entrance b at the same time X enters, Y can move
to F' and block D. Thus, Y cannot be trapped. In this case
both X and Y can exit this gadget in five moves; X’s exit is
A, Y’s exitis B. Note that if we use two paths to connect this
gadget to a symmetrical one, we can force both X and Y to
move at top speed along those paths.

Type 2 top speed gadget (Fig. 12). If X enters this gadget
from a and Y enters from b (resp. d and c), the gadget forces
X to proceed to exit A and Y to proceed to exit B (resp. D
and C'). Otherwise the player being late will be trapped by
the other player. This gadget is somewhat complex, so first
we will simply refer to its functionality. Assume amazon X
comes to the entrance a and amazon Y comes to the entrance
b (resp. d and c). This gadget forces Y to come to the entrance

Figure 11: Top speed gadget (type 1).

135



as quickly as possible. If Y’s entrance is b, this is the same as
type 1 top speed gadget, and Y should come to b at the same
time that X enters. If Y’s entrance is d, this gadget forces Y’
to come to d at least before X reaches G, or otherwise Y will
be locked out by X. If Y’s entrance is ¢, then even if Y comes
to c at the same time that X enters, X can trap Y. In addition,
if X enters from b (resp. ¢) and Y enters from c (resp. b), Y
should come to c at the same time that X enters. Otherwise
X can lock Y out. If X’s entrance is a¢ and Y’s entrance is b,
X is forced to exit at A and Y is forced to exit at B. Amazons
can use the gadget twice, once to enter at ¢ and b and once to
enter at d and c. At the first use of the gadget they cannot put
blocks to obstruct the next use of the gadget.

Now we detail the amazons’ sequence of moves in this gad-
get. First we will describe the moves when X’s entrance is
a and Y’s entrance is b and they come to the entrance at the
same time. X moves to N, Y moves to ; X then moves
to G and blocks I, Y moves to O and blocks H. Then they
proceed to their respective exits at top speed. If X blocks a
position other than I, Y can then proceed to other exits. This
increases the number of moves available to Y, so X should
not play this way if he wants to win. Thus we can assume that
X blocks I. If Y blocks a position other than H, X can trap
Y. Thus Y should block H to prevent being locked out. If
X’s entrance is a and Y’s entrance is ¢ and they arrive at the
entrance at the same time, X moves to N and Y moves to R.
X then moves to GG and blocks L, Y moves to P and either
blocks F' (option 1) or blocks any other position (option 2).
In the case of (1), X moves to K and blocks M. In the case
of (2), X movesto J and blocks E. In both cases, Y is locked

Figure 14: Cross gadget.
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out by X. We can check the other properties analogously.

Type 3 top speed gadget (Fig. 13). This gadget is almost
identical to the previous gadget. The only difference is the
direction of the right hand side paths which have been mir-
rored.

Cross gadget (Fig. 14). We can cross a path of player X
and a path of player Y with this gadget. Assume the entrance
for X is a, and the entrance for Y is b. If X and Y come to
the gadget at the same time, X is forced to exit the gadget at
A and Y is forced to exit this gadget at B. Both X and Y
take five moves in that case. If X comes later, then X will be
locked out. If Y comes two moves later than X, then Y will
be trapped. Similarly, if a player goes to another exit, or tries
to obstruct the opponent player, the opponent player can lock
the amazon out. In addition, if X comes to the gadget and Y
never comes, then if X exits at B, X takes two more moves
than if X exits at A. If Y comes to the gadget and X never
comes, then if Y exits at A, Y takes two more moves than if
Y exit at B. We can easily check these properties.

We now explain the main vertex gadgets corresponding to
the four types of vertices in Fig. 6, Fig. 7, Fig. 8 and Fig. 9.
It is easy to emulate a vertex in Fig. 7. We do this with two
paths, one for each player, on which player one needs one
more move to travel from entrance to exit than player two
does, effectively reversing which player is next to act. We
illustrate gadgets for branching vertices (Fig. 8) and joining
vertices (Fig. 9) in Fig. 15 and 16, respectively. We can use
the gadget in Fig. 15 for the start vertex (Fig. 6), too. We draw
paths for amazon X, who is expected to enter this gadget
first, as solid lines and paths for amazon Y as dotted lines.
Two amazons always come to the paired entrances at the same
time, otherwise an amazon being late will be locked out by
the opponent’s amazon at the top speed gadget just after the
entrance.

Branch gadget (Fig. 15). This gadget corresponds to a
vertex with an entering edge and two leaving edges (Fig. 8),
from which a player selects one of the leaving edges to fol-
low.Since we can adjust the number of moves amazons re-
quire along paths by bending these paths arbitrarily, we set
those from X’s entrances to X’s exits and those from Y’s
entrances to Y’s exits to be the same length. Because of the
cross gadget, X requires two more moves if X wants to take
Y’’s exit, therefore doing so will result in X being trapped by
Y in the type 2 top speed gadget. Thus player X cannot select
Y’s path. Y must select the exit in the same direction that X
did, otherwise Y is locked out at the type 2 top speed gadget.
Note that if X slows down inside the gadget Y can lock X

Figure 15: Branch gadget.
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Figure 16: Join gadget.

out in the cross gadget or any of the top speed gadgets. In
addition, we can use this gadget for the start vertex (Fig. 6).
We place Black and White amazons at the entrance so that the
Black amazon would enter the gadget first. The size of this
gadget is clearly independent of the input size.

Join gadget (Fig. 16). This gadget corresponds to a vertex
with two entering edges and a leaving edge (Fig. 9). Ama-
zons come to this gadget at the left or right entrance. If it is
the amazons’ first visit to this gadget, the gadget forces the
amazons to exit at the top center. If one player changes his
way and advances to the entrance not used, the opponent’s
amazon can trap him in a type 2 top speed gadget in front of
the entrance. At the second visit, the amazons cannot exit the
gadget, because they can use the left exit of the last top speed
gadget only once. Thus, after they pass the first top speed
gadget, they have to play Amazons only in the gadget. In this
case, Y will win by entering the region denoted by the gray
ball, which has larger space than that of the rest of this gad-
get, and closing the entrance to the ball. Y only has to wait
till X fills up the rest of the gadget and becomes locked out by
himself. This situation corresponds to that in GEOGRAPHY-
BP3 where it is player X’s turn and the adjacent vertices are
already marked. The size of this gadget is also independent
of the input size.

Using the gadgets described above we can transform any
bipartite planar graph — as described in the definition of
GEOGRAPHY-BP3 — into an Amazons position such that
the player to move wins the Geography game if and only if
the first player wins the Amazons game. First we embed the
given graph into a grid, taking space polynomially bounded
by the input graph’s size using a linear time orthogonal graph
drawing algorithm (e.g. [Kant, 1996]). Then we replace each
grid point which corresponds to a vertex or an edge with a
vertex gadget or a path gadget respectively. Each vertex is
incident to leaving edges and entering edges at some direc-
tions: north, south, west, and east. We can set the entrances
and exits of the vertex gadgets equal to the directions of these
edges by surrounding them with path gadgets. Further, we
sometimes have to use the cross gadget to connect exits to
the right entrances in the next gadget. Vertex gadgets and
the path gadgets surrounding them are drawn in a board of
constant size. An edge corresponding to a grid point can be
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also drawn in a constant size, even if it includes a cross gad-
get. Thus, each grid point is drawn in a board of a constant
size, and the size of the Amazons game board is bounded by
a polynomial in the size of the input planar graph. To com-
plete the transformation function definition with respect to
the three properties stated in the previous proof, input words
that do not encode valid graphs are mapped into a fixed Ama-
zons position with two opposing amazons, Black to move and
White to win. From the above explanations, it is clear that the
run-time of the entire transformation is polynomial in the in-
put length. O

4 Conclusion

We have presented two reductions which imply that determin-
ing the winner of generalized Amazons positions is PSPACE-
complete. The Hex reduction is appealing because it directly
relates two board game complexities. The Geography reduc-
tion, however, leads to a stronger result, because the transfor-
mation only generates Amazons positions with two opposing
amazons, whereas in the Hex reduction, the number of gener-
ated amazons cannot be bounded above by a constant.

As this paper was being finished we discovered that Robert
Hearn had simultaneously derived similar results [Hearn,
2005]. His reduction shows that generalized Amazons with
an unbounded number of amazons is PSPACE-complete.
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Abstract

The Quantified Constraint Satisfaction Problem
(QCSP) is a generalization of the CSP in which
some variables are universally quantified. It has
been shown that a solver based on an encoding of
QCSP into QBF can outperform the existing di-
rect QCSP approaches by several orders of magni-
tude. In this paper we introduce an efficient QCSP
solver. We show how knowledge learned from the
successful encoding of QCSP into QBF can be uti-
lized to enhance the existing QCSP techniques and
speed up search by orders of magnitude. We also
show how the performance of the solver can be
further enhanced by incorporating advanced look-
back techniques such as CBJ and solution-directed
pruning. Experiments demonstrate that our solver
is several orders of magnitude faster than existing
direct approaches to QCSP solving, and signifi-
cantly outperforms approaches based on encoding
QCSPs as QBFs.

Introduction

existing direct approaches to solving QCSPs with discrete fi
nite domains, i.e. approaches based on extending CSP tech-
nigues, are at an early staffgordeaux and Monfroy, 2002;
Mamoulis and Stergiou, 2004 As shown in[Gentet al.,
2004, such approaches are significantly outperformed by a
QBF solver applied on an encoding of QCSPs into QBFs.
Note that, in contrast to QCSPs with finite domains, there
is a significant body of work on quantified problems with
continuous domains (e.g.Benhamou and Goualard, 2000;
Ratschan, 2042

In this paper we introduce an efficient QCSP solver, which
we call QCSP-Solve. To develop the solver we first im-
plemented extensions of standard CSP algorithms (FC and
MAC) and gradually enhanced them with new capabilities.
We started by repeating and analyzing the experiments of
[Gentet al., 2004 to discover the features of the QBF solver
that account for its effectiveness compared to existingadir
approaches. This lead us to identify the pure literal rukdus
by the QBF solver as the main factor contributing to its ef-
ficiency. We devised the QCSP analogue of the pure literal
rule and incorporated into our basic solver. As a result we
achieved a speed-up of several orders of magnitude. We then
continued the development of QCSP-Solve by adding intelli-

The Constraint Satisfaction Problem (CSP) is a very sueces§ent look-back techniques such as conflict-based backjump-
ful paradigm that can be used to model and solve many reaind and solution-directed pruning which also offer a signifi
world problems. The CSP has been extended in many way&nt speed-up. Finally, we implemented a symmetry breaking
to deal with problems that contain uncertainty. The Quantinethod based on value interchangeability.

fied Constraint Satisfaction Problem (QCSP) is an extension The experimental evaluation of algorithms for QCSPs is
in which some of the variables may be universally quanti-difficult for two reasons: first, due to the young age of the

fied. For each possible value of such variables, we have tarea, there is a lack of benchmarks; and second, the general-
find values for the remaining, existentially quantified,ivar ization of known random generation models from related ar-
ables so that all the constraints in the problem are satisfiegtas (CSP and QBF) can lead to flawed models. For example
The QCSP can be used to model PSPACE-complete decisidn [Gentet al., 2004 it was noted that the generation method
problems from areas such as planning under uncertainty, adised in[Mamoulis and Stergiou, 2004uffers from a flaw
versary game playing, and model checking. For example, ithat makes all generated instances insoluble even for small
game playing we may want to find a winning strategy for allproblems sizes. This flaw is also present in other random
possible moves of the opponent. In a manufacturing problengeneration methods. We propose a random generation model
it may be required that a configuration must be possible for althat, while creating hard instances, can be used to comigol t
possible sequences of user choices. Finally, when plamming probability of the flaw discovered ilGentet al., 2004. For
a safety critical environment, such as a nuclear station, weertain parameter settings all generated instances arargua
require that an action is possible for every eventuality. teed to be unflawed. On problems created using this model,
Interest in QCSPs is growing, following the developmentQCSP-Solve is several orders of magnitude faster than the ex
of numerous efficient solvers in the closely related area ofsting QCSP algorithms, and also significantly outperforms
Quantified Boolean Formulae (QBF or QSAT). However, thethe QBF encoding based method Gfentet al., 2004.
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2 Preliminaries CSPs look-ahead techniques try to detect dead-ends early by

In standard CSPs all variables are existentially quantifiedPruning values from _f%ttare \(/jariagle_s, while Ioltl)_k—back tecg
QCSPs are more expressive than CSPs in that they allow unf/dues try to deal with dead-ends in an intelligent way by
versally quantified variables. They enable the formulatibn recording and exploiting the reasons for failures. Notd tha

problems where all contingencies must be allowed for. We©Me Of the techniques we will describe may delete values
now give a formal definition from the domains of universal variables because they may

discover that, under the current assignments, these valilies

Definition 1 A Quantified Constraint Satisfaction Problem  definitely lead to a solution. This pruning is different than
(QCSP) is a formula of the for@C whereq is a sequence  standard pruning in CSPs.

of quantifiers@)1z ... Q,x,, where eaclf); quantifies @ or
V) a variablez; and each variable occurs exactly once in the3.1 Preprocessing

sequence(' is a conjunction of constraints(A ... A cn)  Arc consistency (AC) has been extended to QCSH8ar-
where eacl; involves some variables among, ..., z,,. deaux and Monfroy, 2032and [Mamoulis and Stergiou,

The semantics of a QCSRC can be defined recursively 2004. QCSP-Solve always applies AC as a preprocessing
as follows. IfC is empty then the problem is true.df is of ~ step. Apart from reducing the problem size by deleting \&lue
the form3z1 Q- . .. Qnx, thenQC is true iff there exists  from the domains of existentials, AC removes from the prob-
some value: € D(z;) such thatQszs . .. Q,z,C[(x1,a)]*  1emall constraints of the form z;V z;, ¢;; andV x;V x5, ¢;;.
is true. 1fQ is of the formVz; Qa5 ... Q,2, thenQC is  For the former kind, AC deletes every value B{z;) that
true iff for each valuer € D(x1), Qa2...Qnz,C|(x1,a)] is 1S not supported by all values d@?(z;). If D(z;) becomes
true. In this paper we restrict our attention to binary QGSPs empty then the algorithm determines insolubility. For t |
In a binary QCSP, each constraint, denoted-Ry involves  ter kind, if there is a value ab(z;) that is not supported by
two variables ¢; andx;) which may be universally or exis- all values of D(z;) then the algorithm determines that the
tentially quantified. problem is insoluble. After AC has been applied, all such

As an example consider the following QCSP whérés  constraints can be safely removed from the problem since
a sequence of 7 quantified variables, @hik a conjunction they cannot have any further effect. A consequence of this
of 9 constraints. This problem will be used in Section 3.4 toremoval is that any universals after the last existentialtza
demonstrate the various features of QCSP-Solve. ignored, since they participate in no constraints.

Example 1 3.2 Look-Ahead

321 3waVasVeaVesIzeder (11 # 2o AtL Far Az e A QCSP-Solve we have implemented two basic forms of
3 # L6 /\T3 < X7AT4 F TeA\Ta F T7ATs F T6AT5 <27)  |ook.ahead:; forward checking (FC) and maintaining arc con-
sistency (MAC). FC (called FCO ifiMamoulis and Stergiou,

A special case of a QCSP is Quantified Boolean Formul&2004 and hereafter) is an extension of standard FC to QC-
(QBF). A QBF is of the forrQC where() is defined as above SPs. FCO is a backtracking-based algorithm that can discove
(however in this case the domain of each variablg i§. C' dead-ends early by forward checking the current variable as
is a Boolean formula in conjunctive normal form (CNF), a signment (of an existential or universal) against valuesiof
conjunction of clauses where each clause is a disjunction alire existentials constrained with the current variabley B
literals. Each literal is a variable and a sign. The litegl i slightly modifying the forward checking phase of FC we get
said to be negative if negated and positive otherwise. The sen algorithm, called FC1 itMamoulis and Stergiou, 2004
mantic definition is the same as for QCSPs. Note that binarwhich can discover dead-ends earlier than FCO. FC1 has ex-
QCSPs, unlike 2-QBF (i.e. QBF problems with at most twoactly the same behavior as FCO when the current variable is
literals per clause), are not trivial. Despite the restiitto  an existential. If the current variable is a universal then
binary constraints, binary QCSPs are still PSPACE-corepletFC1 forward checks each value of against all future vari-
[Boerneret al., 2009. ables before assigning a specific value to it. If one ¢ val-

In the rest of the paper we assume that for any constrainies causes a domain wipe-out then FC1 backtracks to the last
¢i;, variablez; is beforer; in the quantification sequence, un- existential. Otherwise, it proceeds by instantiating te&tn
less explicitly specified otherwise. We will sometimes refe available value: of D(z;) and removing all values of future
to universally and existentially quantified variablesiaser-  variables that are inconsistent with the assignnienta). In

sals andexistentials respectively. this way FC1 can discover dead-ends earlier and avoid fruit-
less exploration of search tree branches.
3 Description of QCSP-Solve The MAC algorithm is also an extension of standard MAC

; : ; ; ) 0 QCSPs. After each variable assignment, MAC applies AC
In this section we describe the basic features of QCSP Solvé\n the problem using the AC algorithm Mamoulis and

First we discuss preprocessing. Then we analyze the lookz, = = I
ahead and look-back capabilities of QCSP-Solve. In stahdarigterg'ou’ 200k MAC has also been modified in the same

way as FC to yield MACL1, an algorithm analogous to FC1.
(1, a) denotes the assignment of vakuéo variablez; . That is, when the current variable is a universal MAC1
2QCSP-Solve can currently handle ternary and binary conapplies AC for each instantiatid;, a;), j € {1,...,d} be-

straints. We are in the process of extending it to constraints of highefore committing to a particular instantiation. If one of the

arity. instantiations causes a domain wipe-out then the algorithm
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backtracks. Otherwise, it commits to one of the values andariablez; is fully interchangeable with a valueb of x;, iff
proceeds with the next variable. every solution which contains the assignment a) remains

In the rest of the paper we will describe how various look-a solution if we substituté for a, and vice versdFreuder,
ahead and look-back techniques are combined with an FCt991. A valuea € D(x;) is neighborhood interchangeable
based look-ahead. Most of these techniques can be combinédl) with a valueb € D(x;), iff for eachyj, such that;; € C,
with a MAC-based look-ahead in a very similar way. a andb are compatible with exactly the same value®xjf:; ).
The Pure Value Rule QCSP-Solve exploits NI to break some symmetries by prun-

In SAT and QBF a literal is calledpure (or monotone) if its ing the domains of universal variables. That is, for each set

: . .of NI values we keep one representative and remove the oth-
complementary literal does not appear in any clause. Stich li

erals are important because they can immediately be aslsigngrs’ either permanently before search, or temporarilynguri
3 ; I
a value without any need for branchib@adoliet al., 2003, earch®. If the algorithm proves that the representative is

This is what thepure literal rule does. For example, if an consistent (i.e. satisfies the QCSP) then so are the rest.

existential literal only occurs positively, the pure literal rule 33 | gok-Back
will set it to true. By repeating and analyzing the experitaen
of [Gentet al., 2004 we discovered that the pure literal rule
has a profound impact on the search effort. When switching i
off, the search process was slowed down by orders of magn
tude. This immediately gave rise to the following questions
What does the pure literal rule correspond to in QCSPs, an
how can we exploit it to prune the search space? To answ
these questions, we use the notion plige value.

Various look-back schemes have been developed for CSPs.
ne of the most successful is conflict-based backjumping
EDrosser, 1993 This algorithm has been successfully com-
ined with FC in CSPRProsser, 1993and a DLL-based pro-
edure in QBHAGiunchigliaet al., 200]. We describe how
BJ interacts with the FC-based look-ahead of QCSP-Solve.
As in standard CSPs, for each variablewe keep aon-
o ) _ flict set, denoted byon f _set(x;), which holds the past vari-
Definition 2 A valuea € D(z;) of a QCSPQC ispure iff  gpjes that are responsible for the deletion of values from
VQjx; € Q, wherex; # x; andvb € D(z;), the assign-  p,.) . Initially all conflict sets are empty. When encoun-
ments(z;, a) and(x;, b) are compatible. tering a dead-end, CBJ exploits information kept in conflict
In a way analogous to the pure literal rule in QBF, we have desets to backjump to a variable that is (partly) responsibie f
vised and implemented a look-ahead technique, which we cathe dead-end. Conflict sets are updated as follows. If the
thepure value (PV) rule, that detects and exploits pure values current variabler; is existentially quantified and, during for-
to prune the search space. The actions taken are dual fer exiward checking, a value of a future variableis found to be
tential and universal pure values. An existential variatith  incompatible with the assignment of thenz; is added to
a pure value can be set to that value, while a pure value is reon f _set(x;). If the domain of a future variable; is wiped
moved from the domain of a universal variable. This dualityout then the variables iron f_set(x;) are added to conflict
reflects the dual semantics of existential and universat var set of the current variable (existential or universal). IBac
ables. Note that values can become pure dynamically durinumping can occur in either of the following two cases:

;?e?:?:nb3e2?u$ﬁeor2fcoorgsttﬁén;\9rrouﬁg?sgc;)gli(ggicl)ztﬁagp;ep?eln' If the current variabler; is existential and there are no
= : ' i .~~~ more values to be tried for it then QCSP-Solve back-
processing technique and as a dynamic look-ahead technique jumps to the rightmost variable, in Q that belongs

during search. The PV rule wprks as fol.low.s. to conf_set(x;). At the same time all variables in
e If a pure valuer of an existential; is discovered dur- conf_set(z;) (exceptzy) are copied tocon f_set(xy)

ing preprocessings¢arch), then the assignmert;, a) so that no information about conflicts is lost.
is made and all other values of are permanentlytém-

porarily) removed fromD(z;). To check, during search,

if a valuea of an existential; is pure, we only need to
check if the assignmerit:;, a) is compatible with all
values of future variables. FC (or MAC) guarantee that
(z;,a) is compatible with the values (i.e. the instantia-
tions) of the previous variables.

e If a pure valuea of a universalz; is discovered dur- Solution-Directed Pruning
ing preprocessingséarch), thena is permanentlytéem-  [Giunchigliaet al., 2001 introduced solution-directed back-
porarily) removed fromD(z;). To check if a value of a  jumping for QBF. This allows backjumps over universally
universal is pure, we only need to check against futureguantified literals once reaching a leaf node that is a solu-
variables since preprocessing with AC guarantees thation. Inspired by this idea, we have implemented a technique
there are no constraints between a universal and a previhat can prune values from universal variables when reach-
ous variable. Note that if all the values of a universal areing a solution (i.e. a consistent leaf node). We call this
pure then we can ignore this variable. solution directed pruning (SDP). SDP is based on the fol-

lowing idea: Assume that; is the last universal i) and

e If the current variabler; is universal and a value is
deleted from its domain (because its forward checking
results in a domain wipeout) then QCSP-Solve back-
jumps to the rightmost variable, in @ that belongs to
conf_set(x;). Again all variables ircon f _set(x;) (ex-
ceptzy) are copied t@on f _set(xy).

Symmetry Breaking

QCSP-Solve utilizes a technique for symmetry breaking >Experiments have shown that NI during search is an overhead
based on neighborhood interchangeability. A valuef a  when the PV rule is used.
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¢ = {mis1...2,} C Q is the sequence of existentials to the BooleanQCSP-Solve (Q, C)

right of z;. Also, assume that the assignmém, a;) leads 1 Zgrfg:ocelsgf(tgbgt)variable in the quantification formula

to a solution (i.e. is part of a path to a CO.nS'Stent leaf no_deg: while there is no backtrack from the first existential or universal
and{(z;1+1,ai41) ... (Tn, an_)} are the assignments of vari- compute_PV (c_var)

ables{z; 1 ...x,} along this path. Then any valueofthat 5. if. ,ur is existential

is compatible with all these assignments will definitelyoals 6:  if no more values it (c_var)

lead to a solution. Such values can be pruned (i.e. ignored): c_var «— rightmost variable ircon f_set(c_var)
by the search algorithm. Based on this, SDP first compute8: else
the values of the last universal that have the above prop- 9: assigre_var with next valid valuez € D(c_var)

erty. All such values are temporarily removed frdpfz;). 100 DWO— fc(cvar, a)
Now if there are no available values In(z;), SDP proceeds 11:  if DWO =FALSE _ _
with the universal immediately before in @, sayz;, and 1% if there are no more unassigned variables

checks if its remaining values are compatible with the assig ﬁj |eflst£1ere are no universals @ return TRUE
ments of all existentials after;. This is repeated recursively g cvar — SDP(Q)
until a universal is found which has available values leftsn . restore values removed by all variables afterr
domain after SDP has been applied. The algorithm then back-7- else c_var « next unassigned variable
tracks to this universal. In this way it is possible to pemfior 18: else restore values removed byvar
solution-directed backjumps. 19: else /lc_var is universal//

20: if no more values iD(c-var)
3.4 The Algorithm of QCSP-Solve 21:  if c_var is the first universateturn TRUE

A high level description of QCSP-Solve’s algorithm is shown22: _ €lse cvar — last assigned universal variable

in Figure 1. It takes a QCSRC and returns TRUE if the 23f else _
. . - . 24: DWO = FALSE
problem is satisfiable, and FALSE otherwiseThe version 25:  if no assignment to_var has been tried

of QCSP-Solve shown in Figure 1 is based on FC. A MAC-5. DWO— fel(cvar)

based version with all the features, except CBJ for the time7:  if DwoO = FALSE

being, is also currently available. In Figure 1, 28: assigre_var with next available value € D(c_var)
e c_var is the current variable. 29:  fe(cwar,a)

] ) 30: c_var < next unassigned variable
e preprocess() is a function that preprocesses the prob-31:  else

lem by applying AC, and computing pure and NI values. 32: cvar — rightmost variable ircon f _set(c_var)

33: restore removed values by all variables aftewnr
* _compute_PV() Compute§ the pure values @jv.(” dur- 34:if there is a backtrack from the l}i/rst existentieturn FALSE
ing search. lfc_var is existential and one of its values ¢! o+ coTRUE
(saya) is pure thercompute_PV (c_var) setsc_var to '
a and temporarily removes the rest Bf(c_var)’s val- Figure 1: The algorithm of QCSP-Solve.
ues. If cvar is universal thercompute PV (c_var)
temporarily removes all the pure values frddic_var).
Whenever the algorithm backtracks, all values removed QCSP-Solve works as follows. It takes as input a QCSP

by compute_PV () are restored. QC and, after preprocessing the problem (line 1), it proceeds

e fc0() implements the FCO-type look-ahead. It is called by checking assignments of values to variables until thié tru
after the current variable (existential or universal) is as ©f the QCSP is proved or disproved. Before assigning a value
signed and forward checks this assignment against alf ¢-var, QCSP-Solve callgompute PV (cvar) to com-

future variables constrained withvar. If a value of ~ PUté the pure values atvar (line 4). If c.var is existen-
a future variabler; is deleted then_var is added to tial and a dead-end occurs then the algorithm backtracks to

conf_set(x;). If D(x;) is wiped out thervz;,z; € the rightmost variable inon f _set(c_var) (lines 6-7). Other-
conf _set(x;), z; is added taon f_set(c_var). wise, the next vallq value efvar is forward checkgd against
, , future variables (lines 9-10). If there is no domain wipé-ou

e fcl() implements the FC1-type look-ahead. Itis called pwo) and the algorithm has reached a consistent leaf node
before c_var is assigned (if it is a universal) and for- (i e ¢ yqr is the last variable i) then it callsSDP() to
ward checks all ofD(c_var)’s valid values against the herform solution-directed pruning (line 13). If QCSP-Solv
future variables constrained withvar. If the domain s not at a leaf node, it proceeds by moving to the next vari-
of a future variablez; is wiped out thenvz;,z; €  apje (line 15). If there is a DWO, the next valuecabar will
conf_set(z;), x; is added taon f_set(cvar). be tried in the next iteration of thehile loop.

e SDP() implements solution directed pruning.D P() If c_var is universal and all of its values have been proved
prunes values from universals according to the rule deto be consistent (according to the current assignmengsi), th
scribed in Section 3.3 and returns the universal that hathere are two cases. tfvar is the first universal, QCSP-
values left in its domain after SDP has been applied.  Solve terminates successfully (line 19). Otherwise, itkbac

tracks to the last universal (line 20). Before assigning any

“The algorithm can be modified to return solutions in the form value to a universal variable, QCSP-Solve cgits (c_var)

of search trees. to perform FC1-type look-ahead (lines 23-24). If there is
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a DWO, the algorithm backtracks to the rightmost vari-
able inconf_set(c_var) (line 30). If there is no DWO, or

fel(covar) has already been called at this levelpar is Ixl

assigned with its next available value (line 26), the assign \\
ment is forward checked against future variables (line 27), %2 '
and QCSP-Solve proceeds with the next variable (line 28).

To better understand how the algorithm of QCSP-Solve v x3 i
works, consider the following example. CBJ
Example 2 Assume that the domains of the variables in the Vx4
problem of Example 1 are as followsD(z;) = {2,3},

D(z3) = {0,1,2}, D(x3) = {0,3}, D(z4) = {0,1,6}, VX5

D(x5) = {4,5}, D(z6) = {0,1,2,3}, D(x7) = {0, 2, 3,6}.
Let us trace the execution of QCSP-Solve for a few steps.
1) Preprocessing is applied. There are no arc incon-

Ix6 . DWO of x7,”

sistent or pure values, so no pruning is perforrfe®) 3x7

The assignmenfz;,2) is made. FC reduce®(z¢) and . FC_ .

D(x7) to {0,1,3} and{0, 3,6} respectively. We now have Figure 2: Search tree of Example 2. Dark
conf set(rs) = confset(z7) = {x1}. 3) Now, value 2 nodes are pruned by QCSP-Solve. Such
of 2o becomes pure because it is supported by all values in nodes together with the feature responsible
future variables. The PV rule will immediately make the as- for their pruning are included in dashed ovals.

signment(z2,2). 4) FC1 does not wipe out any future do-
main, so the assignmeiits, 0) will be made. FC reduces

D(xzg) andD(x7) to {1,3} and{3, 6} respectively5) Value  inconsistent. This assignment will remain inconsistere:-ir

0 of z4 is pure. Therefore, it is removed and the assignmengpective of the assignments to other universals or exiatent
(z4,1) is made. FC reduceB(xz¢) to {3}. 6) FC1 does not  and therefore the problem is unsatisfiable. We now propose a
wipe out any future domain, so the assignmény, 4) will  generator that can be used to control the probability of flaws
be made. FC reduceS(z7) to {6}. 7) z¢ andz7 are as- Variables are quantified in three blocks, a block of ex-
signed their only available values and a solution is fol8)d. jstentials followed by a block of universals then another
Now function SDP() is called (line 13). SDP() discovers thatpjock of existentials.The generator takes 7 parameters:
value 5 of the last universak() is compatible with the as- , .. d, p,qy3, ¢33 > wheren is the total number of
_signments of all the existentials afteg. Therefore, thie value variablesyy is the number of universals,,, is the position

is removed fromD(z5) and a solution-directed backjump to of the first universal inQ, d is the uniform domain size, and
z4 is performed.9) The assignmentzs, 6) is made. FC re- ) js the number of binary constraints as a fraction of all pos-
ducesD(xz) and D(z7) to {1,3} and{3} respectively.10)  sible constraints¢ss is the number ofoods in 3 ;3 x;, ¢;;
FC1 applied atr; wipes outD(z7) (value 4 ofzs is incom-  constraints as a fraction of all possible tuples, anglis a
patible with the only value inD(z7)). Therefore, we have similar quantity forv ;3 z;, ¢;; constraints, described fur-

a dead-end.con f_set(z7) will be added toconf_set(z5)  ther below. The other two types of constraints that can be
and the algo”thm will backjump to the I’IghtmOSt variable in removed by preprocessing are not generated_

conf_set(xs), which isz; . Since the flaw is a characteristic f 2,3 x;,c;; con-
Figure 2 shows part of the search tree generated by QCSRtraints, we restrict these in the following way: we gererat
Solve and illustrates how subtrees are pruned. a random total bijection from one domain to the other. All

tuples not in the bijection are goods. Nays is the fraction
. of goods from thel tuples in the bijection.
4 Experiments To control the probability s of the flaw, we write down

[Gentet al., 2004 showed that the model for random gener- &N €Xpression fop, approximating proportions, gvs, ¢33
ation of QCSPs used itMamoulis and Stergiou, 2004an as probabilitiesny is the number of universal variables, and
suffer from a local flaw that makes almost all of the generated3 IS the number of inner existential variables. - For each ex-
instances false. In this model there aralternating quanti- 1Stential assignmeritz;, a), the probability that it is covered

fiers applied to disjoint sets of variables, with the innesmo PY & universal ig(1 — gv3). If the variables; is flawed, then

quantifier being existential. Let us briefly describe the flaw a|||ItS v_alk;lles ﬁre in conﬂ|cthW|th_ somelz val_ue)lof some lIJnlver-
Suppose we have a seriesifiniversalse, . ...z, assigned Sal variable. However, each universal variable can onlgcov

to valuesas, ... , a respectively. If there is an existentia) ~ ON€ value (since we use a bijection). Therefore (represgnti
later inQ than thek universals and each one of its values is in €Xistential values using integers) the probability thatalze
conflict with one of the values assigned to the universals the® IS flawed is given by the following.

the assignment of values, . . . , a; to variablese, . . .,z is
p(z; flaw) = p(1)p(2[1)p(3[L A 2)... 1)
SValues 4 and 5 of:s are NI, but let us ignore this for the sake ~ The probability that value is flawed, given that the previ-
of the example. ousa — 1 values are flawed, is given by formula 2.

142 CONSTRAINT SATISFACTION AND SEARCH



1le+007

‘FCl ‘—o—‘
plal...a=1)=1—(1—pi(l—qya))™ " (2) 1e+006 | QCSFF%EE/Z -
MAC1+PV
Substituting equation (2) into equation (1) gives the proba - 100000 | cutoff limit
bility of one variable being flawed. £ .
£ 10000 } e
= e . - x
d—1 _ & wow0| LF N
p(z; flaw) = H (1-(1=pi(1=qwa)™") (3 A .
i=0 100 .~

The probability that no existential variables are flawed is

10 .
given below. This formula is undefined whén> ny. In this 05 055 06 065 07 075 08 085 0.9 0.95

g_ee

casepy = 1. Figure 3:n = 21, ny = 7,d = 8, p = 0.20, qy3 = 1/2.
ps = (1 —plz; flaw))"™ “4) '

Experimental Results 10000 *.QCsP-Solve median ——

Figure 3 presents a comparison of algorithms FC1, FC1+PV, e

MAC1+PV, and full QCSP-Solve on problems generated ac-

s

cording to the model described above. All algorithms apply
AC, and NI preprocessing. For each valuggf shown in the
figures, 100 problem instances were generated and we use
the mean average. We include FC1+PV and MAC1+PV in
the comparison to illustrate the power of the PV rule. In the
problems of Figure 3 the execution of FC1 was stopped at the
cut-off limit of 2 hours in more than 38 of the instances. As 100
we can see, QCSP-Solve is many orders of magnitude faster o
than FC1. The speed-up obtained is largely due to the ap- Figure 4:n = 24, ny = 8, d i‘g, p=0.20, gy3 = 1/2.
plication of the PV rule. Similar results were obtained with )
various parameter settings.

Having established that QCSP-Solve is considerably faster
than existing direct approaches, we compared it with thdBoerneretal., 2003 F. Boerner, A. Bulatov, P. Jeavons, and
state-of-the-art approach ¢dGentet al., 2004, using the A. Krokhin. Quantified Constraints: Algorithms and Complexity.
adapted log encoding with the CSBJ QBF solver. Figure 4 In Proceedings of CSL-2003, pages 244-258, 2003.
presents indicative results of this comparison. In thisecas [Bordeaux and Monfroy, 2002L. Bordeaux and E. Monfroy. Be-
we used the median because of high outliers. As we can see, yond NP: Arc-consistency for Quantified Constraints. Pir-
QCSP-Solve is significantly faster than CSBJ (more than one ceedings of CP-2002, 2002.

1000 |

cpu time (ms)

0.5 055 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95

order of magnitude), except for very high values;of. [Cadoliet al., 2003 M. Cadoli, M. Schaerf, A. Giovanardi, and
M. Giovanardi. An Algorithm to Evaluate Quantified Boolean
5 Conclusion Formulae and its Experimental Evaluatidournal of Automated

We introduced QCSP-Solve, an efficient solver for QCSPs. Reasoning, 28(2):101-142, 2002.

QCSP-Solve incorporates a variety of techniques that are e[Freuder, 19911 E. Freuder. Eliminating Interchangeable Values in

ther extensions of techniques used in CSPs and QBF, or are Constraint Satisfaction Problems. Rroceedings of AAAI-91,

specifically designed for QCSPs. To our knowledge, this is Pages 227-233, 1991.

the first time these technigues have been devised and iniGentet al., 2004 1. Gent, P. Nightingale, and A. Rowley. Encod-

plemented in QCSPs. We also proposed a random genera- ing Quantified CSPs as Quantified Boolean FormulaePrin

tion model that can be used to create instances that are free ceedings of ECAI-2004, pages 176-180, 2004.

from the flaw discovered ifGentet al., 2004. Experiments  [Giunchigliaet al., 2001 E. Giunchiglia, M. Narizzano, and

showed that QCSP-Solve is several orders of magnitude faste A. Tacchella. Backjumping for Quantified Boolean Logic Sat-

than the existing state-of-the-art direct algorithms f@$ps, isfiability. In Proceedings of 1JCAI-2001, pages 275-281, 2001.

and also significantly outperforms approaches based on efwamoulis and Stergiou, 2004N. Mamoulis and K. Stergiou. Al-

coding QCSPs into QBFs. Current and future work includes  gorithms for Quantified Constraint Satisfaction Problem®rin

extending the solver to handle constraints of any arity, and ceedings of CP-2004, pages 752—-756, 2004.

incorporating other advanced techniques, such as learning [Prosser, 1993 P. Prosser. Hybrid Algorithms for the Constraint
Satisfaction ProblenComputational Intelligence, 9(3):268-299,
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Abstract

We investigate the computational complexity of
testing dominance and consistency in CP-nets. Up
until now, the complexity of dominance has been
determined only for restricted classes in which the
dependency graph of the CP-net is acyclic. How-
ever, there are preferences of interest that define
cyclic dependency graphs; these are modeled with
general CP-nets. We show here that both domi-
nance and consistency testing for general CP-nets
are PSPACE-complete. The reductions used in the
proofs are from STRIPS planning, and thus estab-
lish strong connections between both areas.

1 Introduction

The problems of eliciting, representing and reasoning with
preferences over a multivariable (or, multiattribute) domain
arise in many fields such as planning, design, and group de-
cision making. An explicit representation of a preference or-
dering of elements (we refer to them as outcomes) of such
multivariable domains is exponentially large in the number
of attributes. Therefore, Al researchers have developed lan-
guages for representing preference orderings succinctly. The
formalism of CP-nets [Boutilier et al., 1999] is among the
most popular ones. A CP-net provides a succinct represen-
tation of preference ordering on outcomes in terms of local
preference statements of the form p : z; > x;, where z;, 7;
are values of a variable X and p is a logical condition. Infor-
mally, a preference statement p : x; > x; means that given
D, x; is (strictly) preferred to x; ceteris paribus, that is, all
other things being equal. The meaning of a CP-net is given
by a certain ordering relation (dominance) on the set of out-
comes, derived from such reading of preference statements.
If one outcome dominates another, we say that the dominant
one is preferred.

Reasoning about the preference ordering (dominance rela-
tion) expressed by a CP-net is far from easy. The key prob-
lems include dominance testing and consistency testing. In
the first problem, given a CP-net and two outcomes « and (3,
we want to decide whether 3 dominates «. The second prob-
lem asks whether there is a dominance cycle in the dominance
ordering defined by an input CP-net, that is, whether there is
an outcome that dominates (is preferred to) itself.
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We study the computational complexity of these two prob-
lems. The results obtained so far concerned only restricted
classes of CP-nets, all requiring that the graph of variable de-
pendencies implied by preference statements in the CP-net be
acyclic. Under certain assumptions, the dominance-testing
problem is in NP and, under some additional assumptions,
even in P [Domshlak and Brafman, 2002; Boutilier et al.,
2004al. Its complexity in the general case has remained until
now an open problem. We show that it is in fact PSPACE-
complete, even for the propositional case, by exhibiting in
Section 4 a PSPACE-hardness proof for dominance testing.

We then turn to consistency testing. While acyclic CP-
nets are guaranteed to be consistent, this is not the case
with general CP-nets (see [Domshlak and Brafman, 2002;
Brafman and Dimopoulos, 2004] for detailed examples and
discussions). In Section 5, we show that consistency testing
is as hard as dominance testing.

To prove the hardness part of the results, we first establish
the PSPACE-hardness of some problems related to proposi-
tional STRIPS planning. We then show that these problems
can be reduced to CP-net dominance and consistency testing
by exploiting connections between actions in STRIPS plan-
ning and preference statements in CP-nets.

We assume some familiarity with the complexity class
PSPACE (we refer to [Papadimitriou, 1994] for details). In
particular, we rely later on the equivalences NPSPACE =
PSPACE = coPSPACE.

The complexity results in this paper address cyclic CP-
nets. Most earlier work has concentrated on the acyclic
model. However, we argue that acyclic CP-nets are not suf-
ficiently expressive to capture human preferences on even
some simple domains. Consider, for instance, a diner who
has to choose either red or white wine, and either fish or meat.
Given red wine, they prefer meat, and conversely, given meat
they prefer red wine. On the other hand, given white wine,
they prefer fish, and conversely, given fish they prefer white
wine. This gives a consistent cyclic CP-net, and there is no
acyclic CP-net giving rise to the same preferences on out-
comes. So, such cyclicity of preference variables does not
necessarily lead to a cyclic order on outcomes.

2 Generalized propositional CP-nets

Let V = {z1,...,z,} be a finite set of variables. For each
variable x € V', we assume a finite domain D,, of values. An
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outcome is an n-tuple (d1,...,dy) of Dy, X -+ X D, .

In this paper, we focus on propositional variables: vari-
ables with binary domains. Let V be a finite set of propo-
sitional variables. For every z € V, we set D, = {z, —«x}
(thus, we overload the notation and write x both for the vari-
able and for one of its values). We refer to « and —x as liter-
als. Given a literal [ we write —[ to denote the dual literal to /.
The focus on binary variables makes the presentation clearer
and has no impact on our complexity results.

A conditional preference rule (or, for short, a [preference]
rule) over V' is an expression p : [ > —l, where [ is a literal
of some atom z € V and p is a propositional formula over V'
that does not involve variable x.

Definition 1 (Generalized CP-net) A generalized CP-net C'
(for short, a GCP-net) over V is a set of conditional prefer-
ence rules. For z € V we define p/;(z) and p(z), usually
written just: p*(x) and p~ (), as follows: p,(x) is equal to
the disjunction of all p such that there existsarulep : z > —x
in C; po(z) is the disjunction of all p such that there exists
arulep : -z > z in C. We define the associated directed
graph G¢ (the dependency graph) over V' to consist of all
pairs (y, z) of variables such that y appears in either p*(z)
orp—(z).

In our complexity results we will also need the following
representation of GCP-nets: a GCP-net C'is said to be in con-
junctive form if C only contains rules p : [ > -l such that p
is a (possibly empty) conjunction of literals. In this case all
formulas p~ (x), p™ (x) are in disjunctive normal form, that
is, a disjunction of conjunctions of literals (including T — the
empty conjunction of literals).

GCP-nets determine a transitive relation on outcomes, in-
terpreted in terms of preference. A preference rule p : | > -l
represents the statement “given that p holds, [ is preferred to
-l ceteris paribus”. Its intended meaning is as follows. If
outcome (3 satisfies p and [, then 3 is preferred to the out-
come « which differs from 3 only in that it assigns =/ for
variable x. In this situation we say that there is an improv-
ing flip from « to § sanctioned by the rule p : | > —i. If
Qo, - - ., Quy 1S a sequence of outcomes with m > 1 and each
next outcome in the sequence is obtained from the previous
one by an improving flip, then we say that «y, ..., a,, is an
improving sequence (from ag to «,;,) for the GCP-net, and
that «v,,, dominates o, written aig < Q.

Finally, A GCP-net is consistent if there is no outcome «
which is strictly preferred to itself, i.e., such that o < a.

The main objective of the paper is to establish the com-
plexity of the following two problems concerning the notion
of dominance associated with GCP-nets (sometimes under re-
strictions on the class of input GCP-nets).

Definition 2

GCP-DOMINANCE: given a GCP-net C' and two outcomes «
and 3, decide whether o < 3in C.

GCP-CONSISTENCY: given a GCP-net C, decide whether C'
is consistent.

There are two properties of GCP-nets that are essential in
linking them to the original notion of CP-nets [Boutilier et
al., 1999; 2004al.
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Definition 3

A GCP-net C over V is locally consistent if for every z €
V, the formula pg () A pd () is unsatisfiable. It is locally
complete if for every z € V, the formula p; (z) V p&(z) isa
tautology.

Definition 4 (Propositional CP-net) A CP-net over the set
V of (propositional) variables is a locally consistent and lo-
cally complete GCP-net over V.

Problems CP-DOMINANCE and CP-CONSISTENCY are de-
fined analogously to Definition 2.

This definition of a CP-net differs from the one given in
[Boutilier et al., 2004a], which uses explicit conditional pref-
erence tables. Our representation is often more compact, but
it is easy to verify that it is equivalent in that it gives rise to
the same definition of dominance.

When defining a decision problem, it is critical to specify
the way to represent its input instances, as the representation
may affect the complexity of the problem. Unless stated oth-
erwise, we assume that GCP-nets (and so, also CP-nets) are
represented as a set of preference rules, as described in Defi-
nition 1. Therefore, the size of a GCP-net is given by the total
size of the formulas p~(z), pT(z), z € V.

3 Propositional STRIPS planning

In this section we derive some technical results on proposi-
tional STRIPS planning which form the basis of our complex-
ity results in Sections 4 and 5. We establish the complexity of
plan existence problems for propositional STRIPS planning,
under restrictions on input instances that make the problem
useful in the studies of dominance and consistency in GCP-
nets.

Let V be a finite set of variables. A state over V' is a com-
plete and consistent set of literals over V' (which we often
view as the conjunction of its members). A state is therefore
equivalent to an outcome, defined in a CP-nets context.

Definition 5 (Propositional STRIPS planning) A proposi-
tional STRIPS instance is a tuple (V, ag, vy, ACT), where

1. V is afinite set of propositional variables;

2. «p is a state (over V), called the initial state;
3. ~v is a state called the goal;
4

. ACT is a finite set of actions, where each action a €
ACT is described by a consistent conjunction of literals
pre(a) (a precondition) and a consistent conjunction of
literals post(a) (a postcondition, or effect).

An action a is executable in a state « if « |= pre(a). The ef-
fect of a in state « is the state o’ containing the same literals
as « for all variables not mentioned in post(a), and the liter-
als of post(a) otherwise. We assume that an action can be ap-
plied to any state, but that it has no effect if its preconditions
do not hold (this assumption has no effect on complexity).
The PROPOSITIONAL STRIPS PLAN EXISTENCE problem, or
STRIPS PLAN for short, is to decide whether for a given
propositional STRIPS instance (V,«g,~v, ACT) there is a
successful plan, that is, sequence of actions leading from the
initial state « to a state satisfying the goal ~.

A plan is irreducible if its every action changes the state.
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We assume, without loss of generality, that for any action a,
no literal in post(a) also appears in pre(a); otherwise we can
omit the literal from post(a) without changing the effect of
the action; (if post(a) then becomes an empty conjunction,
the action a can be omitted from ACT as it has no effect).
We have the following result, proved in [Bylander, 1994] :

Proposition 1 ([Bylander, 1994])
STRIPS PLAN is PSPACE-complete.

Typically, propositional STRIPS instances do not require
that goals be complete. We restrict consideration to com-
plete goals. This restriction has no effect on the complex-
ity: the plan existence problem remains PSPACE-complete
under the goal-completeness restriction [Lang, 2004].

3.1 AcyclicSTRIPS

Definition 6 (Acyclic sets of actions) A set of actions ACT
is acyclic if there is no state « such that (V, o, v, ACT) has
a non-empty irreducible plan (informally, if there are no non-
trivial directed cycles in the space of states induced by ACT).

We will now consider the following two problems:

1. ACYCLIC STRIPS PLAN: given a propositional STRIPS
instance (V,aq,~y, ACT) such that ACT is acyclic
and o9 # -+, decide whether there is a plan for
(V,a0,7, ACT).

2. ACTION-SET ACYCLICITY: given a set ACT of actions,
decide whether ACT is acyclic.

We will show that both problems are PSPACE-complete.

Proposition 2
ACYCLIC STRIPS PLAN is PSPACE-complete.

Proof: Membership in PSPACE is evident as the problem is a
restriction of STRIPS PLAN. To prove PSPACE-hardness, we
exhibit a polynomial-time reduction from STRIPS PLAN. Let
PE = (V, ap, vy, ACT) be an instance of STRIPS PLAN. The
idea behind the reduction is to introduce a counter, so that
each time an action is executed, the counter is incremented.
The counter may count up to 2", where n = |V/|, making
use of n additional variables. The counter is initialized to O.
Once it reaches 2 — 1 it can no longer be incremented and
no action can be executed. Hence, the set of actions in the
resulting instance of STRIPS PLAN is acyclic.

To describe the reduction, we write V as {x1, . .
define PE' = (V', af), ', ACT') as follows:

o V' ={xy,...,2pn,21,...,2n}, Where z; are new vari-
ables we will use to implement the counter;

.y Tn}. We

e af=apgAz1 A Az

o YV =yAzL A Az

e foreachactiona € ACT, we include in ACT’ n actions
a*, 1 < i < n, such that
pre(a’) = pre(a) A —=z; A ziz1 A+ A zp
post(a®) = post(a) A z; AN =ziz1 A+ A =zy

e Furthermore, we include in ACT’ n actions b;, 1 < i <
n, such that
DTE(bZ‘) =2 NZiga N N zy
post(b;) = z; AN —zip1 Ao Az
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We will denote states over V' by pairs («, k), where « is
a state over V and k is an integer, 0 < k£ < 2" — 1. We
view k as a compact representation of a state over variables
21,...,2n: assuming that the binary representation of k is
di ...d, (with d, being the least significant digit), k repre-
sents the state which contains z; if d; = 1 and —z;, otherwise.

PE’ is acyclic, since executing any action in ACT" incre-
ments the counter k£ and no action can be executed once the
counter has reached the value 2" — 1.

We claim that there is a plan for PE if and only if there is
a plan for PE’. First, assume that there is a plan in PE. Let
7 be a shortest plan in PE and let m be its length. We have
m < 2™ —1, since no state along 7 repeats (otherwise, shorter
plans than 7 for PE would exist). Let ag,a1,...,q, =
~ be the sequence of states obtained by executing 7. Let a
be the action used in the transition from ay to ay1. Since
k < 2" — 1, there is exactly one 7, 1 < ¢ < n, such that
the action a” applies at the state («, k) over V’. Replacing a
with @’ in 7 yields a plan that when started at (ag, 0) leads
to (aym, m) = (v, m). Appending that plan with appropriate
actions b; to increment the counter to 2 — 1 yields a plan for
PE’. Conversely, if T is a plan for PE’, the plan obtained from
7 by removing all actions of the form b; and replacing each
action a’ with a is a plan for PE.

Thus, the claim and the assertion follow. |

Proposition 3
ACTION-SET ACYCLICITY is PSPACE-complete.

Proof: The argument for the membership in PSPACE is
standard. To prove PSPACE-hardness, we proceed as
follows. Let PE = (V, ag,7y, ACT) be a STRIPS instance
such that ACT is acyclic and g # ~. Let a be a new action
defined by pre(a) = «y and post(a) = ay. It is easy to see
that ACT U {a} is not acyclic if and only if there exists a
plan for PE. Thus, the PSPACE-hardness of the complement
of the ACTION-SET ACYCLICITY problem follows from
Proposition 2. Since PSPACE = coPSPACE, this suffices
to prove the hardness part of the assertion. |

3.2 Mapping STRIPS plansto single-effect
STRIPS plans

Versions of the STRIPS PLAN and ACYCLIC STRIPS PLAN
problems that are important for us allow only single-effect ac-
tions (actions with exactly one literal in their postconditions)
in input propositional STRIPS instances. We refer to these re-
strictions as SE STRIPS PLAN and ACYCLIC SE STRIPS PLAN.

To prove PSPACE-hardness of both problems, we de-
scribe a mapping from STRIPS instances to single-effect
STRIPS instances.

Consider an instance PE = (V, ag, v, ACT) of the STRIPS
PLAN problem (where ACT is not necessarily acyclic). For
each action a € ACT we introduce a new variable z,. We
set X = /\GGACT —z,. That is, X is the conjunction of
negative literals of all the additional variables. In addition,
foreacha € ACT we set Xo = 24 A N\pe por— {0y ~To- We

now define an instance PE' = (V’, af),7/, S(ACT)) of the
SE STRIPS PLAN problem as follows:
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Set of variables: V! =V U{z,:a € ACT};
Initial state: o, = ag A X;

Goal state: v = v A X;

Set of actions: S(ACT) = {a' :
1,...,2|post(a)| + 1}.

Let a € ACT and post(a) = l1 A --- Alg For
t=1,...,q, we define: ‘

pre(a’) = pre(a) A X A =l;; post(a’) = x4;

pre(a?™?) = X,; post(a?t?) = 1;.

We also define:

pre(a??tl) = Xo ALy A+ Aly; post(a®iTh) = —x,.

Let 7 be a sequence of actions in ACT. We define S(7) to
be the sequence of actions in S(ACT) obtained by replacing
each action @ in 7 by a',. .., a??*! (where ¢ = |post(a))).
Now consider a sequence 7 of actions from S(ACT). Re-
move from 7 any action a’ such that i # 2|post(a)| + 1, and
replace actions of the form a2/7°s(9)+1 by 4. We denote the
resulting sequence of actions from ACT by S’(7). The fol-
lowing properties are easy to check (details are omitted):

Lemma 1 With the above definitions,
(i) if wis a plan for PE then S(r) is a plan for PE’;

(ii) if 7 is an irreducible plan for PE’ then S’(7) is a plan
for PE;

(iii) ACT is acyclic if and only if S(ACT) is acyclic.

Proposition 4
SE STRIPS PLAN and ACYCLIC SE STRIPS PLAN are
PSPACE-complete.

Proof: SE STRIPS PLAN and ACYCLIC SE STRIPS PLAN
problems are restrictions of STRIPS PLAN, from which
membership in PSPACE follows. PSPACE-hardness of
ACYCLIC SE STRIPS PLAN (and so, also of the other prob-
lem) is shown by reduction from ACYCLIC STRIPS PLAN.
Consider an instance PE = (V, ap,7y, ACT) of ACYCLIC
STRIPS PLAN. Define PE’ = (V' af,~', S(ACT)), which
by Lemma 1(iii) is an instance of the ACYCLIC SE STRIPS
PLAN problem. By Lemma 1(i) and (ii) there exists a plan
for PE if and only if there exists a plan for PE’. ]

a € ACT, i =

4 Dominance

The goal of this section is to prove that the GCP-DOMINANCE
problem is PSPACE-complete, and that the complexity does
not go down even when we restrict the class of inputs to CP-
nets. We use the results on propositional STRIPS planning
from Section 3 to prove that the general GCP-DOMINANCE
problem is PSPACE-complete. We then show that the com-
plexity does not change if we impose the requirements of lo-
cal consistency and local completeness on input GCP-nets.
The similarities between dominance testing in CP-nets and
propositional STRIPS planning were first noted in [Boutilier
et al., 1999], where a reduction (presented in more detail
in [Boutilier et al., 2004al) was given from the dominance
problem to the plan existence problem for a class of propo-
sitional STRIPS planning specifications consisting of unary
actions (actions with single effects). We prove our results for
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the GCP-DOMINANCE and GCP-CONSISTENCY problems by
constructing a reduction in the other direction.

This reduction is much more complex than the one used in
[Boutilier et al., 1999], due to the fact that CP-nets impose
more restrictions than STRIPS planning. Firstly, STRIPS
planning allows multiple effects, but GCP-nets only allow
flips x > —x or mx > x that change the value of one vari-
able; this is why we constructed the reduction from STRIPS
planning to single-effect STRIPS planning in the last section.
Secondly, CP-nets impose two more restrictions, local con-
sistency and local completeness, which do not have natural
counterparts in the context of STRIPS planning.

For all dominance and consistency problems considered in
the paper, the membership in PSPACE can be demonstrated
by considering nondeterministic algorithms consisting of re-
peatedly guessing appropriate improving flips. Such algo-
rithms work in polynomial space and show the membership
of problems they solve in NPSPACE and consequently in
PSPACE, since NPSPACE = PSPACE. Therefore, due to
space restrictions, from now on we only provide arguments
for the PSPACE-hardness of problems we consider.

4.1 Dominancefor generalized CP-nets

We will prove that the GCP-DOMINANCE problem is
PSPACE-complete by a reduction from the problem SE
STRIPS PLAN, which we now know to be PSPACE-complete.

Mapping single-effect STRIPS problems to GCP-nets
dominance problems
Let (V, 9,7y, ACT) be an instance of the SE STRIPS PLAN
problem. For every action a € ACT we denote by [, the
unique literal in the postcondition of a, that is, post(a) = l,.
We denote by pre’(a) the conjunction of all literals in pre(a)
different from —l, (we recall that by a convention we adopted
earlier, pre’(a) does not contain [, either). We then define ¢,
to be the conditional preference rule pre’(a) : I, > —l, and
define M (ACT) to be the GCP-net C = {cq:a € ACT}.

A sequence of states in a plan corresponds to an improving
sequence from « to 7y, which leads to the following result.

Lemma 2 With the above notation,

(i) there is a non-empty irreducible plan for
(V,a0,v, ACT) if and only if v dominates «q in
c,

(i) ACT is acyclic if and only if M (ACT) is consistent.

Theorem 1 The GCP-DOMINANCE problem is PSPACE-
complete. Moreover, this remains so under the restrictions
that the GCP-net is consistent and is in conjunctive form.

Proof: PSPACE-hardness is shown by reduction
from ACYCLIC SE STRIPS PLAN (Proposition 4). Let
(V, 0,7, ACT) be an instance of the ACYCLIC SE STRIPS
PLAN problem. By Lemma 2(ii), M (ACT) is a consistent
GCP-net in conjunctive form. Since o9 # -y, there is a
plan for (V, ag,~y, ACT) if and only if there is a non-empty
irreducible plan for (V, ag, v, ACT), which, by Lemma 2(i),
is if and only if v dominates « in C'. [ ]
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4.2 Dominancein CP-nets

In this section we show that GCP-DOMINANCE remains
PSPACE-complete under the restriction to locally-consistent
and locally-complete GCP-nets, i.e., CP-nets. We refer to this
restriction of GCP-DOMINANCE as CP-DOMINANCE.

We will show PSPACE-hardness for CP-DOMINANCE by
a reduction from GCP-DOMINANCE for consistent GCP-nets.

Mapping locally-consistent GCP-nets to CP-nets

Let C' be a locally-consistent GCP-net. Let V' =
{z1,...,x,} be the set of variables of C. We define V' =
VU{yt,-.,Yn}, where {y1,...,y,} NV = (). We define a
GCP-net C’ over V', which we will show is a CP-net. To this
end, for every z € V’ we will define conditional preference
rules g7 (2) : z > =z and ¢~ (2) : =z > 2 to be included in
C'’ by specifying formulas ¢ (z) and ¢~ (2).

First, for each variable x; € V, we set
(

¢ (z) =y; and ¢ (z5) = ~w;.

Thus, x; depends only on y;.  We also note that the for-
mulas ¢ (z;) and ¢~ («;) satisfy local-consistency and local-
completeness requirements.

Next, for each variable y;, 1 <7 < n, we define

(X = y1) N A(Tim1 < Yiz1)
ANZig1 < Yiy1) A A (Tp = Yn),

€; =

fi =einpT(z;) and f; =e; Ap~ ().
Finally, we define
¢ (i) = fi"V (=f7 Nai)
and
¢ (i) = fi V(=f;7 N -wi)
Thus, y; depends on every variable in V' but itself.

We note that by the local consistency of C, formulas f; A
fi» 1 <4 < n, are unsatisfiable. Consequently, formulas
qat(y:) A g (yi), 1 < i < n, are unsatisfiable. Thus, C” is
locally consistent. Finally, g™ (y;) V ¢~ (y;) is equivalent to
iV =2 Vv f7 Vg, sois a tautology. Thus, C” is locally
complete and hence a CP-net over V.

Let a and 3 be outcomes over {zi,...,z,} and
{y1,.-.,Yn}, respectively. By a3 we denote the outcome
over V' obtained by concatenating n-tuples o and 3. Con-
versely, every outcome for C” can be written in this way.

Let o be an outcome over V. We define & to be the out-
come over {yi,...,yn} obtained by replacing in « every
component of the form x; with y; and every component —zx;
with —y;. Then forevery i, 1 <i < n, aa = e;.

Let s be a sequence «g,...,q,, of outcomes over
V. Define L(s) to be the sequence of V’-outcomes:
Qpag, pay, 10, €103, . . ., Ay iy, Further, let ¢ be a se-
quence €g, €1, ..., €&y, of V/-outcomes with ¢¢ = aa and
em = [BB. Define L'(t) to be the sequence obtained from ¢
by projecting each element in ¢ to V' and iteratively removing
elements in the sequence which are the same as their prede-
cessor (until any two consecutive outcomes are different).

Lemma 3 With the above definitions,
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(i) if s is an improving sequence for C' from « to 3 then
L(s) is an improving sequence for C’ from aa to 50;

(i) if ¢ is an improving sequence from aa to 33 then L'(t)
is an improving sequence from « to 3;

(iii) C is consistent if and only if C’ is consistent

Sketch of proof: Let e = A, (z; < y;). The definitions
have been arranged to ensure the following for CP-net C’ :

(a) Suppose e holds in an outcome, so the outcome can
be written as aa for some «a; then no improving flip
changes any variable x;; furthermore, there is an im-
proving flip changing variable y; if and only if there is
an improving flip for the GCP-net C' from outcome «
changing variable x;. After applying this flip changing
variable y;, there is exactly one improving flip possible,
changing x;, after which e holds again (this follows us-
ing (b), as y; cannot be immediately flipped back again,
because C” is locally consistent).

(b) If e does not hold in an outcome then the only improving
flips possible change the value of some variable (x; or
y;) to make x; < y; hold for some .

(a) implies (i) and (ii). Also, (i) implies half of (iii), that
if C' is inconsistent then C’ is inconsistent. Conversely,
suppose that C” is inconsistent, so there exists an improving
sequence t for C’ from some outcome to itself. By (b), any
improving flip applied to an outcome in which e does not
hold increases (by one) the number of ¢ such that x; < y;
holds. This implies that e must hold in some outcome in
t, because t is cyclic. Write this outcome as a. We can
cyclically permute ¢ to form an improving sequence from ac
to itself. Part (ii) then implies that there exists an improving
flipping sequence for C' from « to itself, showing that C' is
inconsistent. u

Theorem 2 CP-DOMINANCE is PSPACE-complete. This
holds even if we restrict the CP-nets to being consistent.

Proof: We use a reduction from PSPACE-hardness of the
GCP-DOMINANCE problem when the GCP-nets are restricted
to being consistent (Theorem 1). Let C be a consistent
(and hence locally consistent) GCP-net over V, and let o
and 3 be outcomes over V. Consider the CP-net C’ over
variables V' constructed above. Lemma 3(i) and (ii) imply
that 3 dominates « in C' if and only if 53 dominates a@ in
C’. Moreover, C’ is consistent by Lemma 3(iii). Thus, the
hardness part of the assertion follows. |

5 Consistency of GCP-nets

In this section we show that the GCP-CONSISTENCY problem
is PSPACE-complete, using results from Sections 3 and 4.

Theorem 3
GCP-CONSISTENCY is PSPACE-complete. This holds even
under the restriction to GCP-nets in conjunctive form.

Proof: PSPACE-hardness is shown by reduction from
ACTION-SET ACYCLICITY. We apply function S from
Section 3.2 followed by M from Section 4.1. This maps
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instances of ACTION-SET ACYCLICITY to instances of
GCP-CONSISTENCY in conjunctive form. By Lemma 1(iii)
and Lemma 2 (ii), an instance of ACTION-SET ACYCLICITY
is acyclic if and only if the corresponding instance of
GCP-CONSISTENCY is consistent, proving the result. [

We now show that consistency testing remains PSPACE-
complete for CP-nets.

Theorem 4 CP-CONSISTENCY is PSPACE-complete.

Proof: Let C' be a GCP-net in conjunctive form. We define
a CP-net C’ as follows. If C is locally inconsistent (the
property can be decided in polynomial time), we set C' to
be any fixed (independent of C) inconsistent but locally
consistent CP-net. (Such CP-nets exist.) Otherwise, C
is locally-consistent and for C’ we take the CP-net we
constructed in Section 4.2. The mapping from locally
consistent GCP-nets to CP-nets, described in Section 4.2,
preserves consistency (Lemma 3 (iii)). Since local incon-
sistency implies inconsistency, we have that the GCP-net
C' is consistent if and only if the CP-net C’ is consistent.
Thus, PSPACE-hardness of the CP-CONSISTENCY problem
follows from Theorem 3. [ ]

Notice the huge complexity gap with the problem of de-
ciding whether there exists a nondominated outcome, which
is “only” NP-complete [Domshlak et al., 2003].

6 Concluding remarks

We have shown that dominance and consistency testing in
CP-nets is PSPACE-complete. The repeated use of reduc-
tions from planning problems confirms the importance of the
structural similarity between STRIPS planning and reasoning
with CP-nets. This suggests that the well-developed field of
planning algorithms for STRIPS representations, especially
for unary operators [Brafman and Domshlak, 2003], could be
useful for implementing algorithms for dominance and con-
sistency in CP-nets.

Our theorems extend to CP-nets with non-binary domains,
and to extensions and variations of CP-nets, such as TCP-
nets [Brafman and Domshlak, 2002] that allows for explicit
priority of some variables over others, and the more general
preference language described in [Wilson, 2004b; 2004al.

The complexity result for dominance is also relevant
for constrained optimisation, where a complete algorithm
[Boutilier et al., 2004b] involves many dominance checks.
Our results reinforce the need for work on finding special
classes of problems where dominance and consistency can
be tested efficiently [Domshlak and Brafman, 2002; Boutilier
et al., 2004al, and for incomplete methods for checking con-
sistency and constrained optimisation [Wilson, 2004a].

Several open problems remain. We do not know whether
dominance and consistency testing remain PSPACE-
complete when the number of parents in the dependency
graph is bounded by a constant. We also do not know whether
these two problems remain PSPACE-complete for CP-nets
in conjunctive form (the reduction used to prove Theorems
2 and 4 yields CP-nets that are not in conjunctive form). Fi-
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nally, we do not know the complexity of deciding whether the
preference relation induced by a CP-net is complete.

Acknowledgements

We are grateful for a reviewer’s simple example of a cyclic
CP-net. This material is supported in part by the NSF un-
der Grants No. IIS-0325063 and IIS-0097278, by Science
Foundation Ireland under Grant No. 00/P1.1/C075, and by
the CNRS program RTP 11: “raisonner et décider”.

References

[Boutilier et al., 1999] C. Boutilier, R. I. Brafman, H. H.
Hoos, and D. Poole. Reasoning with conditional ceteris
paribus preference statements. In Proceedings of UAI99,
pages 71-80, 1999.

[Boutilier et al., 2004a] C. Boutilier, R. Brafman, C. Domsh-
lak, H. Hoos, and D. Poole. CP-nets: a tool for represent-
ing and reasoning with conditional ceteris paribus state-
ments. JAIR, 21:135-191, 2004.

[Boutilier et al., 2004b] C. Boutilier, R. 1. Brafman,
C. Domshlak, H. Hoos, and D. Poole. Preference-based
constrained optimization with CP-nets. Computational
Intelligence, 20(2):137-157,2004.

[Brafman and Dimopoulos, 2004] R. Brafman and Y. Di-
mopoulos. Extended semantics and optimization algo-
rithms for CP-networks. Computational Intelligence,
20(2):218-245,2004.

[Brafman and Domshlak, 2002] R. Brafman and C. Domsh-
lak. Introducing variable importance trade-offs into CP-
nets. In Proceedings of UAI-02, pages 69-76, 2002.

[Brafman and Domshlak, 2003] R. Brafman and C. Domsh-
lak. Structure and complexity of planning with unary op-
erators. JAIR, 18:315-439, 2003.

[Bylander, 1994] T. Bylander. The computational complex-
ity of propositional STRIPS planning. Atrtificial Intelli-
gence Journal, 69(1-2):165-204, 1994.

[Domshlak and Brafman, 2002] C.Domshlak and R. I. Braf-
man. CP-nets—reasoning and consistency testing. In Pro-
ceedings of KR2002, pages 121-132, 2002.

[Domshlak et al., 2003] C. Domshlak, F. Rossi, K. B. Ven-
able, and T. Walsh. Reasoning about soft constraints and
conditional preferences: complexity results and approx-
imation techniques. In Proceedings of IJCAI-03, pages
215-220,2003.

[Lang, 2004] J. Lang. Logical preference representation and
combinatorial vote. Annals of Mathematics and Atrtificial
Intelligence, 42(1):37-71, 2004.

[Papadimitriou, 1994] Ch. Papadimitriou.
complexity. Addison-Wesley, 1994.
[Wilson, 2004a] N. Wilson. Consistency and constrained op-

timisation for conditional preferences. In Proceedings of
ECAI-04, pages 888-892, 2004.

[Wilson, 2004b] N. Wilson. Extending CP-nets with
stronger conditional preference statements. In Proceed-
ings of AAAI-04, pages 735-741, 2004.

Computational

149



The Complexity of Quantified Constraint Satisfaction Problems
under Structural Restrictions *

Georg Gottlob Gianluigi Greco Francesco Scarcello
Inst. fur Informationssysteme Dip. di Matematica DEIS
Technische Universit Wien Universia della Calabria Universitdella Calabria
A-1040 Vienna, Austria [-87030 Rende, Italy [-87030 Rende, Italy
gottlob@dbai.tuwien.ac.at ggreco@mat.unical.it scarcello@deis.unical.it

Abstract network I may be represented by the conjunction of all its
) _ o constraint atoms. For simplicity, we limit our attention here
We give a clear picture of the tractability/intracta- to closed quantified constraint formulas, where all variables
bility frontier for quantified constraint satisfaction occurring inI are quantified. However, all our results may be

phroblems _(QCS_;S) under struc:]ural Lestrki_ctiorggsé(s)g easily extended to formulas with free variables.

the negative side, we prove that checking A | ; the followi tifi

satisfiability remains PSPACE-hard for all known conztraailr?t F(;(r?nr?fl)aed; . Co&;m}l{ery TeR ?]%ng%/ gugr;v[ led
structural properties more general than bounded a(S, X, T, R) A b(S V.U P)j/\ é(]’ﬂ U Z’) A d(W’X A
treewidth and for the incomparable hypergraph e(Y:Z)7 A f(R, P, ‘7/)7/\7g(X,Y). This formulaisa{QCSP
acygII|C|ty. Moreover, r']f th de dom?ln IS notﬂxed,dthe instance, whose constraint netwd/ (¢, ) is represented by
problem is PSPACE-hard even for tree-shaped con- o constraint atoms occurring in the conjunction. The quan-
straint scopes. On the positive .S'de’ we |den§|fy rel- tifier prefix (short: prefix) ofp, is the stringv3v.
ﬁ;’%nvt ;]r:\;:itnablbeoﬁlr?j:g? 'nglrlt"ri'ggv%tchsgs dW'tgglgi' Not surprisingly, the increased expressive power of QCSPs
with a bour?ded numbe?%f vards. The Iager are comes at a cost. Indeed, while deciding the satisfiability of

. nber of gu : traditional (i.e., purely existential) CSPs is NP-complete, this
solvable in polynomial time without any bound on problem is PSPACE-comple{®@orneret al., 2003, in the
domains or quantifier alternations. general quantified setting. Hence, much effort has been spent
to identify tractable classes of QCSPs.
1 Introduction These approaches can be divided into two main groups:

. . . : techniques that identify tractable classes of QCSPs by ex-
Quantified constraint satisfaction problems (QCSPs) are 6Ioiting particular properties of constraint relations, and tech-

generalization of constraint satisfaction problems (CSPS)yio 65’ that identify tractable classes by exploiting the struc-
where variables may be existentially and universally quantiy,re of constraint scopes, usually known sisictural de-

fied, and nested quantifications are allowed. This frameworI&)mposmOn methods. While several deep results have been

is clearly much more expressive than plain existentiaI-CSPalready achieved by techniques in the former group (see,

and may be fruitfully exploited for modeling a wide spectrume_g_ [Borner et al., 2003: Bulatovet al., 2000: Bunindet

of problems from several domff“”s- . . al.,, 1995; Chen, 2004a; Creignaa al., 2001; Jeavonst

A QCSPinstance (or quantified constraint formula) is 5 ' 1997), only a few papers focused on structural de-
an expression of the for@ Vi - - Qy, Vi, I, wherel is a composition methods, though they were proven to be use-
constraint network (denoted By (¢)), Q; is a quantifierin  ¢,'jn the non-quantified setting (see, e.fRechter, 2003:
{3,v} (with Q; # Qi+1), andV; is a set of variables, for  guiiobet al. 2004).

1 < ¢ < m. The string of quantifiers), - -- @y, is called Recall that the structure of constraint netwdris best rep-
the prefix of ¢. Recall that aconstraint network is a trlp_le resented by its associated hypergrapti) — (V, ), where
I = (Var,U,C), where Var is a finite set of variableg/ is V = Var andH = {var(S) | C = (S,r) € C} :’:lnd'var(S)
tche_setcof gomalng(vi;, ;c}gniicge}/%rfliﬂﬁgtriin@r' Aaggn- denotes the set of variables in the scépef constraintC'.

" 01,0y, ..., O} ; . ; : Some graph-based techniques are based opritml graph
stramtg- = (5;,7;) consists o_f a list of varlableg_i called G(H(I)) = (V, E) of H(I), where two variables are con-
constraint scope, and of a relation;, calledconstraint réla- o o ing if they occur together in some hyperedge (i.e., in
tion, providing C;’s allowed combinations of values for the :
variables in its scope. Sometimes it is more comfortable tcghe scope of some constraint),
denoteC’. by its so Eailed constraint atom(S;). Then, the Chen recently presented an interesting result about struc-

i by e ’ turally tractable QCSP$Chen, 2004h He describes a

*This work was supported by the Austrian Science Fund (pwp)polynomial-tir_ne algorithm for C|§5595 _Of QCSPs_having (pri-
project: Nr. P17222-N04 Complementary Approachesto Congtraint  mal graphs with) bounded treewidth, fixed domain, and fixed
Satisfaction. prefix. In fact, the complexity of this algorithm depends
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dramatically on the number of quantifier alternations and on acyclic PSPACE

the size of the largest variable domain. As notedGhen, R —
‘,0"0’ < (va

20044, the same result has been independently derived by ERRRRA
S 6{\:\‘ (VN - -
Ve Gvr3
RR \
\>

[Feder and Kolaitis, 20Q4 by exploiting Courcelle’s theo-
rem about monadic second order logic on bounded treewidth
structures.

Notice that there is no indication that these results are op-
timal, and in fact several interesting questions arose, and will
be the subject of this paper:

(1) Are QCSPs having bounded treewidth tractable if do-
mains are not fixed?

(2) May we extend this result to other structural notions,
possibly more general than bounded treewidth? Tquamﬁc,

(3) Are there different kind of restrictions on quantified alternations
constraint formulas that make QCSPs tractable? tractability area
anght?agnnst\al\\:\(/asr.s\}\(/)etg(raos\(/aeqsl:reosr?\c(])rrgr%%n;g:fgszﬁtsh gSf\?vgngzFlgure 1: Structural restrictions and (in)tractable QCSPs.
identify new tractable classes of QCSPs, having neither fixedf for each constraintS;,r;) € C, o(S;) € r;. An extension
bound on domains nor fixed bound on quantifier alternations?f o to a setV” 5 V' is an assignment’ for V' such that
Our main contributions, shown in Figure 1, are the following: @' (V) = (V) for eachV" € V. We denote byat(o, V') the
» We prove that, without the fixed domain restriction, evenSet Of all the extensions efto V. For the trivial assignment

QCSP instances whose structure is a tree and whose presf%ﬁgtfglf ;n?:lseggpr%(saﬁisoff d}(’{?r'ab'egxt(ﬂwa V') is clearly the
is V3 are co-NP-hard. Moreover, adding further alternation e _ .
we get complete problems for all Ieveiqs of the polynomial L€t¢: @1V1Q2V2Q3Vs ... Qr Vin I be @ QCSP instance,

hierarchy. It follows that this problem is PSPACE-compIeteand leto, be the trivial assignmenty. A strategy for ¢ is
if there are no bounds on the quantifier prefix. any functions such that, for each paig;, o; 1, with 1. < i <
» On the positive side, we prove that, if the prefidig (or i(%" Jitﬁl) 'Sh elltherto?e ass.llggfnmetnt m.”é(a;i*h Vi)‘-’/ i
some substring of it), then solving acyclic QCSPs is fea-.fi T ovr :W oelste of possible ex 'endS| X aEJ(ITi}h i)
sible in LOGCFL and hence in polynomial time. More- | &i = V. A complete assignment,, is derivable from a
over, this tractability extends to all known generalizationssuategys If there arem — 1 assignmentsy, ..., o, —1 Such

e . : thato; € s(Qq,0;-1), foranyl < ¢ < m. Then,sis a
of acyclicity, and in particular to bounded hypertree-width : o0 : ! :
QCSP4Gottlobet al., 200d. solution for ¢ if all derivable assignments satisfy A QCSP

» We prove that, for fixed domains, the tractability resultmStance isatisfiable iff it has a solution.

for bounded treewidth is almost optimal. Indeed, solvingdi
QCSPs over the binary domaifd), 1} remains PSPACE-
complete even if the structure is an acyclic hypergraph

whose incidence graph has bounded treewidth, and Whosgain 7 or, equivalently, with the same domaif(V) for each
primal graph has small (i.e., logarithmic) treewidth. variablel. We say that such QCSPs aretyped, in contrast

» Allthese results show that traditional structural techniques the general ones, calléghed. The following’ proposition
do not help very much, but for some simple cases and withy, . that the two formalisms are in fact logically equivalent.

limited quantification. Indeed, our hardness proofs sho " . .
hat th f ifi icallv al h roposmon_z.l For any QCSP instance o, there exists an
that the presence of quantifiers radically alters the structur ntyped equivalent instance ¢, Moreover, if CN () is a bi-

properties of the constraint scopes. We thus realize that it iy ) X A
worthwhile taking into account how they interact with the N&"y network, ¢ can be computed in polynomial time.
scope structure, and in fact considering quantifiers as part Notice that going from typed to untyped instances may be
of the scope structure itself. Following this idea, we iden-exponential for non-binary networks, as the former setting
tify a different kind of restriction on quantified constraint allows more succinct and efficient representations.
formulas that ensure tractability and that is incomparable We remark that all complexity results in this paper hold
with the other structural classes. In particular, for any fixedfor both settings. Indeed, we prove membership results and
k, we define the class-GQCSP ofk-guarded QCSPs, that Provide algorithms for the general typed setting, and prove
are solvable in polynomial time, without any restriction on hardness results by using either binary networks, or a unique
domains or quantifier alternations. bir:/i;\/ry dO":ﬁir; for Ia|;\g/affi6;1b|35- s has the bounded
g e say that a clasS of hypergraphs has the bounded hy-
2 Quantified CSPs pertree width property, denoted BHTW, if there is ak > 0
LetI = (Var,U,C) be a constraint network. An assignment such that every hypergraph khas hypertree width at most
o for a set of variabley” C Var is a function mapping each & [Gottlob et al., 200d. Similarly, we define the property
variableV € V onto its domair/ (V) € U. If V. = Var,oc  BTW, meaning bounded treewidfRobertson and Seymous,
is saidcomplete, otherwise it is a partial assignment. We say 1984 of the primal graph (of the constraint hypergraph), and
that a complete assignmentsatisfiesl, denoted bys = I,  the propertyBITW, meaning bounded treewidth of the inci-

It is worthwhile noting that, in the definition of QCSPs,
fferent variables have different domains, in general. This is
especially useful in the quantified setting. However, in the
literature, QCSPs are sometimes defined over a unique do-
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dence graph. Moreover, we say that a cléss hypergraphs gy — g

has the small hypertree width property, denotedsbyw, if / ‘ 1 \ l \
the hypertree width of every hypergraph € S is at most B q¢ C
log |H|. The small treewidth propertyTw of primal graphs ! gy 2 !
is defined similarly. We also consider the proper@yCLIC / : lc\
(resp.,TREES) of any class of acyclic hypergraphs (resp., pri- B ‘ Sy C,
mal graphs). 2 qQY ] \
We study how the complexity of QCSPs change as a func- / } C C.
tion of quantifier alternations and of constraint structures. B ‘ e S .
Moreover, we distinguish the case of arbitrary domains, de- 3 SV
noted byANY, and of binary domains, denoted bg, 1}. / 4
Let @ be a string of quantifier alternations, a hyper- ‘
graphs property, angd a domain property i{ANY, {0, 1}}. B, Qv
Then, QCSRQ, S, D) is the problem of deciding whether / | 5
an instance¢ < class(Q,S,D) is satisfiable, where Toe [0yl T2l
class(Q, S, D) is any class of QCSP instances over domains B; B,

of kind D, with alternation prefixQ, and whose associated

hypergraphs have propersy Figure 2: Constraint network(®) in Theorem 3.4. In the

right-bottom box, encodings of constraints in Theorem 3.7.

3 Structural methods do not help very much Consider the following CNF formula, that we use as a run-
3.1 Sometractableinstances ning example® = (V3 vV Vo VV3)A (Vi V=Vi) A (VL V VsV
From [Gottlob et al., 2004, we already know that Vi) A (V2 V Vg). Then, Figure 2 shows the constraint struc-
QCSR3, BHTW, ANY) is in polynomial time, and the same ture (i.e. the constraint hypergraph)idf?). Note that in this
holds for any structural restriction stronger than boundedase hypergraph and primal graph representations coincide,
hypertree-width. ~ Moreover, it is easy to see thatasCN(®) contains only binary constraints.
QCSRV, BHTW, ANY) is even easier. We next show that also The set of variabled/ar is the union of a set oflause
QCSR3V, BHTW, ANY) is tractable. variablesC' = {C; | 1 < j < m} corresponding to the:
Let ¢ be a QCSP instancé,= (Var,U,C) the constraint clauses of®, of a setB = {B, | V; € V}, corresponding
network of¢, andY” be a set of universally quantified vari- to then Boolean variables occurring if?, and of two sets
ables. Letr(X,Y’) a constraint off over variable sets¥ ~ S¢ = {S¢,[1<j<m—1}andS” = {S},[1<i<n-—
andY”, whereY” is the set oft” variables occurring in the 1} of special variables, calledause selectors andvariable

scope ofr. Denote bycart(Y’) the relation containing all  sglectors, respectively.

combination of values from the domains of variables'if For a variable/; of ®, the domain off (®) contains literal

i.e., cart(Y') = Xy ey U(Y). . . constantw; and —w; associated with its truth-values. More-
Then, defineY-red(r) as the relation containing all and over, for any clause; in whichV; occurs, the domain df(®)

only those tupleg of relationr such that, for any combi- .4ntains a literal constant i{wlj’ _‘Ulj} encoding the truth

i / H x 7/ Y. ;
nationt’ of values for variabled™, ¢t[X] - t' € r. Note that, value forV; that makes:; true. We denote by; (resp..i’)

for the special cas®”’ = (), we getY-red(r) = r; for the € RN
special cpaséZ’ — (), we simply r?aquire aI(I gombinations of any of these (positive or negative) literals, and-dy (resp.,

values forY”, thatis,Y-red(r) = r, if r is preciselycart(Y'), ~ ~li) its complement. Moreover, we denote b Lit(c;) the

otherwise it is the empty relation. set of literals that make; true. E.g., forez = (V1 vV =Vy)in
Denote byY-red(¢) the QCSP obtained fromby replac- @, satLit(cz) = {vi, i}

ing each constraint relatianby Y-red(r). In more detail, the domains df(®) variables are the fol-

Lemma 3.1 For any QCSP ¢ and set of universally quanti- lowing: for any variabIeC’]« (corresponding to clause of

fied variables Y, Y-red () can be computed in logspace. ®), U(Cj) = satLit(c;); for any Boolean variableB;,

U(B;) = {vi,—w;}; for any clause-selectas$, U(SS) =

After the above lemma and exploiting the fact that no use U(C;); finally, for any variable-selectd”, U (S?) =
VAV ’ 7 [

ful assignment is lost with this transformation, we can sho J"EJ'U B
the following. Ui U(Bi). . .
Theorem 3.2 QCSR3V, BHTW, ANY) is in polynomial time. Intuitively, Boolean variables encode a truth-value assign-

Moreover, it is LOGCFL-complete, and hence tractableand ~ Ment 0@, whereas any clause variablé; chooses some
parallelizable. literal in satLit(c;) that satisfies it. Any selector variable

may take a value coming from either variable connected to it.
3.2 Encoding Boolean formulas as acyclic QCSPs Thus, any choice of all variable selectors corresponds to the
To any CNF formulab = ¢; A. . .Ac,,, over Boolean variables Propagation of a literal valug coming from some Boolean
V = {Vi,...,V,)}, we associate a binary acyclic constraint variableB; in the left branch. Similarly, any choice of clause
network I(®) = (Var,U,C) . This constraint network will selectors corresponds to the propagation in the right branch
be used hereafter for characterizing the complexity of acycli®f some literal;, satisfying some clauss. If for all possible
and quasi-acyclic quantified CSPs. propagations from both branches, no gair/] of comple-
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mentary literals meets at the topmost constraint of the neto, oof
work, then the values of Boolean variables encode a satisfyl:,oim'2

ing truth-value assignment far. We next describe the con-

straints inC that implement the above idea, where the indice

i and¢’ actually are values in the intervgl. .. n] and where

the indicesj, j/ are values ifl...m|.

e The topmost constrain{Sy, S7), called evaluate, has
a constraint relation consisting of(l;,—}) | ! €
satLit(c;j)}. Note thatevaluate is satisfied only by assign-
ments where its variables take complementary literals.

e For any constraintSy, B;) between a variable-selectsf
and a Boolean variablB;, its constraint relation consists of
the tuples{(1;,1;)} U {(lyr, ;) | &' > 4}.

For space limitations we only provdardness for
here. For amyn > 1, consider thel’ -complete
roblem of deciding whether a quantified Boolean formula
=3V VVy - - - Vs, ~® is satisfiable, where is in CNF.
From this formula, we build in polynomial time the follow-
ing instance ofQCSR(3V)™3, TREES, ANY): QC'(¥')
IB1VBsy - - - VBay,, C 3S I(®). From Lemma 3.3, it can be
seen easily that’ is satisfiable iffQC(¥’) is satisfiable.
Membership. The proof is by induction. First observe that,
given any instanc€) = 3V;VV,¢ of QCSR 3V, BHTW, ANY),
its complementary probler®“ (deciding whether for all as-
signmento to V; there exists an extension 1§ that does
not satisfy¢) is in LOGCFL and hence in polynomial time,

e For any constraint between a pair of adjacent variableby Theorem 3.2 and the fact that LOGCFL is closed under

v

selectors(Sy, S7, ) and for the constraintSy, B,,) with
i n — 1, the constraint relation i§(l;/,1;/) | i >
i} U{i, lir) | 4" > d}.

e For any constraintS;, C;) between a clause-selectsf
and a clause variablé‘j, its constraint relation consists of
the tuplesi{(J, 1) | B € satLit(c;)} U {(1 1) |l €
satLit(cj),l,j; € satLit(cjr),j' > j}.

complementation. Then, we prove the basis of the induc-
tion, m = 1. The problemQCSRYVY3V, BHTW, ANY) is in

I = co-NP. Indeed, le = VvV;,3V,VV3¢ be any in-
stance of this problem. Then, its complement can be de-
cided in NP: guess an assignmento V; and check that
for all assignment’ € ext(o, V) there is a complete as-
signments” € ext(o’, V3) that does not satisfy all the con-
straints ing. From the observation above, this check is feasi-

e For any constraint between a pair of adjacent clauseble in polynomial time. MoreovelQ CSR3v3V, BHTW, ANY)

selectors(S, S5, ;) and for the constraintSs, Cy,) with
j = m — 1, the constraint relation consists of the tuples:

{05 | 1, € satLit(cp).g" > jyU{L1) | 1] €
satLit(c;), 1], € satLit(c;/),7 > j}.

If 1 is a truth-value assignment for all variablgsof @,
then,s,,, denotes the assignment such thatB;) = v; if
(Vi) = true, ando, (B;) = —w; if u(V;) = false.

Lemma 3.3 Let i be a truth-value assignment for all vari-
ables V of ¢ and o, the corresponding assignment for B.
Then, p is a satisfying assignment for @ if and only if there
exists an assignment ¢’ € ext(o,,C) such that, for every
0" € ext(o’, SV U S¢), 0" I~ I(®) holds.

After this lemma, we immediately get that, even for acyclic
binary constraint networks with just two quantifier alterna-
tions, solving a quantified CSP is intractable.

Theorem 3.4 QCSRV3, TREES, ANY) is co-NPhard.

Proof. From a CNF Boolean formulé, we build in poly-
nomial time QC(®) = VvB,C 35S I(®), where I(®) is
the acyclic constraint network associated with From
Lemma 3.3, satisfying assignments fdrare in one-to-one
correspondence with assignments to the variableS and
C' such that all their complete extensions do not sati$fy).
Thus,® is not satisfiable iflC'(®) is satisfiable. O

3.3 Intractable acyclic instances

After having shown in the previous section the tractability for

3V and the intractability fox’3, we now settle the complexity
of acyclic QCSPs with arbitrary quantifier prefixes.
Theorem 3.5 For any natural number m > 1,
1. QCSR(V3)™V, BHTW, ANY) is 114 -complete, and
hardness holds for QCSR(V3)™, TREES, ANY), too;
2. QCSR(3v)™3V,BHTW, ANY) is XL -complete, and
hardness holds for QCSR(3V)™3, TREES, ANY), too.

CONSTRAINT SATISFACTION AND SEARCH

is in ¥¥, as any instance of this problem may be solved
by a non-deterministic Turing machine with an oracle for
QCSRV3V, BHTW, ANY). The induction step is a simple adap-
tation of the above reasoning for any > 1. O
Coroallary 3.6 Thequantified constraint satisfaction problem

(on arbitrary domain) is PSPACEcomplete, even if restricted

on constraint networks whose structureis a tree.

3.4 Fixed domain helpsonly with fixed arity

We now show that hypergraph acyclicity does not help in
making easy the QCSP problem, even if we consider Boolean
domains only. The same holds even in case we additionally
require that the incidence graph has bounded treewidth, and
the primal graph has small (logarithmic) treewidth. This en-
tails that the problem remains intractable as long as we have
non-fixed arities, even for very simple constraint interactions.

Theorem 3.7 For any natural number m > 1,

e QCSR(V3)™, ACYCLIC NBITW N STW, {0,1})isIy -
complete;

e QCSR(3V)™3, ACYCLIC N BITW N STW, {0,1}) is XL -
complete.

Proof. Let ® be a Boolean formula, anb(®) = (Var,U,C)

its associated acyclic constraint network. We consider the
network’(®) = (Var',{0,1},C’), defined as follows. For
each variableX € Var, Var’ contains|U (X)| distinct vari-
ablesXy, ..., Xiog | (x), With domainU’(X;) = {0,1} for
eachX;. For each constrain{ X,Y) in C, C’ contains a con-
straintr’ (X1, ..., Xiog |v(x)]» Y1, - Yiog [U(v)])» WhOSE CON-
straint relation is such that, for each tugle;,y;) in r, 7’
contains the tupléenc(z;), enc(y;)), where the string of bits
enc(z;) (resp. enc(y;)) is the binary encoding of domain
valuex; (resp.z;). The right-bottom box in Figure 2 shows
a portion of the constraint networK (®) associated to the
formula @ of our running example. Observe that the con-
straint network!’(®) is in ACYCLIC N BITW N STW. Indeed,
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the hypergraph associatedf@®) is acyclic, and the number Example4.2 Consider again QCSP instanggpresented in

of variables in each hyperedge is bounde®byg ¢, where  the Introduction, and the following equivalent instance, where
c is the size of largest domain over all the variabledir.  form(¢.) is rewritten as

Therefore, the treewidth of the primal graphisatmsizc. ¢ = VS, XY, T, R, U, P(a(S, X, T, R) A b(S,Y,U,P) A
Moreover, it is easy to check that the treewidth of the inci- AV f(R,P,V) AN 3Z (g(X,Y) N (T,U,Z) A
dence graph of’(®) is 3. Finally, observe that there exists a YW AW, X,Z) N eY,Z)))

one-to-one correspondence between assignments to variablelsis is a 2-guarded constraint formula, i.e), € G3
in I(®) and inI’(®), and thus the result immediately follows The guard of formulay is guard(y) = {a(S,X,T,R
from Theorem 3.5. o b(S,Y,U,P)}. For the formulasyy = 3V f(R, P,V
o =37 (g(X,Y) A e(T,U,Z) N YW dW, X, Z) A
e(Y,Z) ) andys = VW d(W,X,Z), we have the fol-
lowing guards: guard(y1) = {f(R, P,V)}, guard(ys2) =
{9(X.Y),e(T, U, 2)}, andguard(s) = {d(W, X, Z)}. O

4 Guarded formulas and tractable CSPs Note that the above definition df-guardedness is con-

In this section, we describe a wide class of quantified cong—%enial o the specific syntax of quantified CSPs and differs

Coroallary 3.8 Thequantified constraint satisfaction problem
is PSPACEcomplete, even if restricted on Boolean constraint
networ ks whose structureisin ACYCLIC N BITW N STW.

straint formulas that are tractable, even if there is no constal ?g:jter:atlggfg—)gulirc:ﬁg fs';z;%gjrzr ngrmlri]grfsk%? Sie 1%%%(3 d
bound on domain sizes or quantifier alternations. Recall th ' : 9

. . agmentG F of first order logic or of the:-guarded fragment
any QCSP instancé may be represented by a logical expres- : :
sion, as shown in Section 1 for QC3P. Technically, let us GF of first order logic[Gottiob et al., 2003, the guards

. ’ ) of an existentially quantified subformuta are added con-
denote the pure logical formula ¢f(without the encoding of . . : N
relations dgmainsg etc.) Wrm(g)F 9 junctively to ¢ (guard(y) A v), just as forG;. However,

! o the guards of a universal formulaare addedn form of an
Following[Kolaitis et al., 2000, we denote b0, the implication: guard(vy) — 1. This is much more natural,

fragment of first order sentences where arbitrary quantifica-. : .
tions and conjunctions are allowed, but where negations an?nce these logics have negation and guardedness needs to be

disjunctions are forbidden. They observed that the existentie{ g:lreocftlg gLe;?jg/de?olﬁ&du?;gi—f](zt('?—,rss}\ Zo(r}_/eﬁ(airsnlpclg,iggltlaynega—
fragr:nentHFOAﬁ of F(f)“f has tg? sameB ex;l)lres_swe povl\(/.eroequivalent tovY (g(Y) — —(Y)). Since the logidOx +
as the constraint satisfaction problems. By allowing any kind ¢ . S ; M

s ; : constraint formulas has conjunction)(as unique binary
of quantifiers, this observation may be clearly extended to th L . . : .
connection between genetd, . formulas and quantified %onnectlve, it is syntactically impossible to express an im

constraint formulas. Notice that, in this more general Set_phcatlon guard() — 4 in FO, . (in fact, this is also se-

ting, there are different equivalent logical representation Ofnanncally impossible). On the other hand, since negation

: missing inFO . ., no problems involving “wrong guards”
the same instance. For example, one may use parentheses f%r 9 A+ P 9 99

distinguishing subformulas and delimiting quantifier scopes n gns&a through.neggtlona/vfhenhusmt? thednz;l_turglf(but non-
In this section, we represent QCSPsHYy . , formulas that ngnf?o) guards introduced for the above defined fragments
are not necessarily in the traditional prenex form. Notice, k.2 £ A+

; For thek-guarded fragmentz F}, of first order logic (i.e.,
however, that eacRO ,  formula can be easily transformed ) . o
into an equivalent prenex formula. for the standard-guarded fragment) the following tractabil

ity result was shown ifiGottlobet al., 2003:

4.1 Thefragment k-GQCSPof k-guarded QCSPs Proposition 4.3 The combined complexity of evaluat-
We show that, for each constaht a simple and appealing "9 & G formula ¢ over a st of finite relations D is in
fragment ofFO,._, is decidable in polynomial time. Since O] < [D).

we have no bound on the number of variables in a formula, Let us now show that also the clagsGQCSP ofk-
we assume w.l.0.g. that each variable is quantified over onlguarded QCSPs is tractable, notwithstanding the “nonstan-
once, i.e., quantified variables are not reused. In the followelard” guards for universally quantified subformulas.

ing, we denote byfree(1)) the free variables of a logical for- | emma 4.4 Thereis an algorithm TRANSFORM which for
mulaz). each QCSP ¢ € k-GQCSPcomputes a pair (D, ¢*) where
Definition 4.1 The classk-GQCSP ofk-guardedQCSPs D isafinite database and ¢* € G F}, such that ¢ is satisfied
consists of those QCSPs instangeshose formulgorm(¢)  iff D = ¢*. The TRANSFORM algorithm runsin logspace.
belongs to the fragmeidt;, of FO,  defined as followsG;,  Proof. Let ¢ € k-GQCSP, and leR be the set of con-

is the smallest subset 800, , such that: straint relations ofCN(¢). Consider a subformula’ =
e every atom belongs t6'; VY (guard(y) Av) of form(¢), wherevY is a maximal pre-
o if 1 andg, € G}, theng, A ¢s € G§; fix of universally quantified variables, and whereard(vy)
e letay,...,a; be atoms, wheré < k, and lety) be a for-  is a conjunction ofn atomsr;(Y;, X;), with1 <i <m < k,

mula inGj. If the free variablegree(y)) C var(a;) U---U  whereY; are the variables in its scope includediinand X;
var(a;), then, for each tuple of variablgsand each quanti- its other variables, hencE; N Y = (. Forl < i < m, we
fier @ € {3,V}, the formulay’ : Qy(ar A -+ A ag A ) denote byr; | the relation obtained from the constraint rela-
belongs toG}. The set of atomga, ..., «;} is referred to  tion r; by keeping allY;-columns and projecting out alt;

as the guard of’ and is denoted byuard(y’). 0 columns,i.e.r;| = [[y 7.
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Assume that for someé < i < m, r;| is not equal to the define the fragment-GQCSP" just ask-GQCSP inDef-
Cartesian productart(Y;) of Y; domains. That isy;| does inition 4.1 with the following addition:If the free variables
not consist of precisely all possible combinations of constantgree()) C var(aq) U -- - U var(a;), then, for each tuple of
for all Y variables occurring im;. Then one tuple of such  variables y the formula ¢ : Yg(((cu A -+ A a;) — )
constants is not im; | and thus the atom;(Y;, X;) cannot  belongsto G.
be satisfied for the substitutidr} = a. Sincer; occurs posi- After the results in Section 4.1, it is easy to see that,
tively in ¢, ¢ cannot be satisfied. The key observation is thudor each fixedk, the satisfiability of any QCSP in the class
that, whenevep is satisfied, forl < i < m, r;| must be k-GQCSP can be checked in polynomial time. Moreover,
equal tocart(Y;). Algorithm TRANSFORM starts by check- we are able to show thatGQCSP is strictly more expres-
ing whether this is true. From Lemma 3.1, this check can besive thank-GQCSP(for space reasons, we defer the proof to
implemented to run in logspace: just compdteed(r; |),  the full paper).
and check that it is not empty. If this test fails for at least
one guard relation;, then TRANSFORM outputs the for- REferences
mulafalse. Otherwise, lety,, be a new constraint atom with [Andrekaet al., 1999 H. Andreka, J. van Benthem, and |. Nemeti.
constraint scop&’, whose relation is the join of the | rela- Modal languages and bounded fragments of predicate logic.
tions. Now, consider the set of free variabl€s= free(1). Journal of Philosophical Logic, 27(3):217-274, 1998.
If X # 0, sinces is ak-guarded formula, there are at most [Borneret al., 2003 F. Borner, A. Bulatov, A. Krokhin, and P.

: - ] Jeavons. Quantified Constraints: Algorithms and Complebity.
k atoms ing that coverX. Let g, be a new constraint atom Proc. of CSL"03, pp. 58-70, 2003.

with constraint scop&’, whose relation is the projection over [Bulatovet al., 2000 A. Bulatov, A. Krokhin, and P. Jeavons. Con-
X of the join of these guard atoms. Moreover,ddie a new straint satisfaction problems and finite algebrs.Proc. of

constraint atom with constraint scopeu Y, whose relation ICALP’ 00, pp. 272—282.
is the join ofg,, and gy (or justgy, if X is empty). Note  [Bunindetal., 1999 H.K. Buning, M. Karpinski, and A. Flogel.
that, sincek is fixed, TRANSFORM may compute from Resolution for Quantified Boolean Formuldsformation and

its input ¢ in logspace. Then, TRANSFORM replaces our  Computation 117(1):12-18, 1995.

subformulay)’ = VY (guard(y) A1) by the equivalent sub-  [Chen, 2004k H. Chen. Collapsibility and Consistency in Quanti-

formulav” = VY(¢ — quard A ). Note that this fied Constraint Satisfactiorin Proc. of AAAI'04, pp. 155-160,
(0 (9 — guard(y) A1)

transformation does not change the set of free variables, as 2004.

free(y') = free(y"). Thus, the set of atoms that cover theselChen, 2004b H. Chen. Quantified Constraint Satisfaction and

variables and acts as the guardysfin form(¢) will be the Bounded Treewidthin Proc. of ECAI’04, pp. 161-165, 2004.

guard ofy” in the new formula. [Creignouet al., 2001 N. Creignou, S. Khanna, and M. Sudan.

. . . Complexity Classifications of Boolean Constraint Satisfaction
After having done this for all universal guarded subformu- Problems S AM Monographs on Discrete Mathematics and Ap-

las, TRANSFORM has generated a formygltac GF}. Let plications, 7, 2001.

D the database consisting of all constraint relationS®f¢)  [pechter, 2008 R. DechterConstraint Processing. Morgan Kaut-
plus all relations likey computed for modifying the universal man, 2003.

quantifications. It can be seen thiais satisfiable iffD = ¢*.  [Feder and Kolaitis, 2044T. Feder and P.G. Kolaitis. Closures and
Moreover, the entire algorithm runs in logspace. O dichotomies for quantified constraints. Manuscript, 2004.

. N [Gottlobet al., 2000 G. Gottlob, N. Leone, and F. Scarcello. A
Theorem 4.5 For each fixed £, the satisfiability of any QCSP Comparison of Structural CSP Decomposition Methdtsifi-

in the class £-GQCSPcan be checked in polynomial time. cial Intelligence, 124(2): 243282, 2000.
Proof. Follows from Lemma 4.4 and Proposition 4.3. O [Gottlobet al., 2001 G. Gottlob, N. Leone, and F. Scarcello. The

. complexity of acyclic conjunctive querieSACM, 48(3):431—
4.2 Extendingthe k-GQCSPfragment 498, 2001.

When looking at the fragmenit-GQCSP, and evemore [Gottlobet al., 2003 G. Gottlob, N. Leone, and F. Scarcello. Rob-

; ; ; ' s bers, marshals, and guards: game theoretic and logical character-
generally, at QCSPs in which universal quantifiers appear, .- > . ity
we observe that the expressive power of universal quantifi- izations of hypertree widthlCSS, 66(4):775-808, 2003.

T . Gradel, 1999 E. Gradel. On the restraining power of guardsur-
cation is rather poor. In fact, as already observed in thé nal of Symbolic Logic, 64:1719—1742, 1999.

proof Of. Lemma .4'43 a subjormula:Yr(Y, X) can only [Jeavonst al., 1997 P. Jeavons, D. Cohen, and M. Gyssens. Clo-
be true if the projection ovel” of 7 is equal to the carte- g e properties of ConstrainfACM, 44(4):527-548, 1997.
sian productcart(Y') representing the set all tuples that  [kqjaitis et al., 200 Ph. G. Kolaitis and M. Y. Vardi. Conjunctive-
can be composed from all possible domain elements from Query Containment and Constraint SatisfactiodCSS,
the respective domains. This is a rather stringent condi- 61(2):302—-332, 2000.

tion. On the other hand, by standatehuards of the form [Mamoulis and Stergiou, 2004N. Mamoulis and K. Stergiou. Al-
(ri Arg A -+ A1) — b, we can express some other in-  gorithms for Quantified Constraint Satisfaction Problerirs.
teresting properties. For example by standard guards, one Proc. of CP'04, pp. 752-756.

may express ainclusion dependency stating that part of one [Robertson and Seymous, 198B8l. Robertson and P.D. Seymour.
constraint relation must be contained in another constraint re- Graph Minors II. Algorithmic aspects of tree widtbournal of
lation. To add expressive power, we thus suggest to alloy_Algorithms, 7:309-322, 1986. , o
the use of standard guards together with conjunctively spec Schaefer, 1978 T.J. Schaef’er. The Complexity of Satisfiability
fied guards (for universally quantified subformulas). We thus Problemsin Proc of. STOC'78, pp. 216-226, 1978.
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Abstract

We show that the trace of an exhaustive DPLL
search can be viewed as a compilation of the propo-
sitional theory. With different constraints imposed
or lifted on the DPLL algorithm, this compilation
will belong to the language of d-DNNF, FBDD, and
OBDD, respectively. These languages are decreas-
ingly succinct, yet increasingly tractable, support-
ing such polynomial-time queries as model count-
ing and equivalence testing. Our contribution is
thus twofold. First, we provide a uniform frame-
work, supported by empirical evaluations, for com-
piling knowledge into various languages of interest.
Second, we show that given a particular variant of
DPLL, by identifying the language membership of
its traces, one gains a fundamental understanding of
the intrinsic complexity and computational power
of the search algorithm itself. As interesting exam-
ples, we unveil the “hidden power” of several re-
cent model counters, point to one of their potential
limitations, and identify a key limitation of DPLL-
based procedures in general.

Introduction

decades, many of them continue to build on what is known
as the DPLL searchDavis et al, 1964 (for examples,
see complete SAT solvers in the 2004 SAT Competition:
http://satlive.org/SATCompetition/2004/).

This paper sets out to demonstrate a deep connection be-
tween SAT solving and knowledge compilation. In the first
direction, we show how advances in search-based SAT algo-
rithms will carry over, via an exhaustive version of DPLL, to
compiling propositional theories into one of several tractable
languages. We start by pointing out that the trace of an ex-
haustive DPLL search, recorded compactly as a DAG, can be
viewed as a compiled representation of the input theory. With
different constraints imposed or lifted on the search process,
we then show that the compilation will be in the language of
d-DNNF, FBDD, and OBDD, respectively. These languages
are known to decrease in succinctness: A propositional the-
ory may have a polynomial-size representation in d-DNNF,
but not in FBDD; or in FBDD, but not in OBDDDarwiche
and Marquis, 200R

In the second direction, we formulate two principles by
which the intrinsic complexity and computational power of
a DPLL-based exhaustive search is related to the language
membership of its traces. Applying these principles, we point
out that several recent model counters are doing enough work
to actually compile theories into d-DNNF. We also discuss a

Knowledge compilation has been a key direction of researcipotential limitation on the efficiency of these model counters,
in automated reasonif@elman and Kautz, 1991; Marquis, as Well as knowledge compilers using similar algorithms,
1995; Selman and Kautz, 1996; Cadoli and Donini, 1997pased on the fact that these algorithms only generate traces
Darwiche and Marquis, 2002 When propositional theories in a specific subset of d-DNNF. Finally, we note that the ef-
are compiled into a suitable target language, some generalficiency of all DPLL-based exhaustive search algorithms are
intractable queries may be answered in time polynomial idnherently limited by their inability to produce traces beyond
the size of the compilation. Compiling combinational circuits d-DNNF. This realization is significant because some impor-
into OBDDs, for example, allows functional equivalence totant computational tasks, such as existential quantification of
be tested in polynomial time (or constant time if the samevariables and computation of minimum-cardinality models,

variable order is usedBryant, 198%. More recent applica-

could be efficiently accomplished with a weaker representa-

tions of compilation can be found in the fields of diagnosistion known as DNNF, a strict superset of d-DNNF.
and planning, involving the use of the DNNF languébar-
wiche, 2001a; Barrett, 2004; Palacigtsal,, 2004.

Propositional Satisfiability (SAT), on the other hand, hasis harnessed, including sophisticated conflict analysis, clause

Under our uniform DPLL-based framework for knowledge
compilation, the power of successful modern SAT techniques

been an area of no less importance, or activity. Asiddearning, faster detection of unit clauses, and new branching
from its theoretical significance as the prototypical NP-heuristics. We also discuss caching methods specific to the
complete problem, SAT finds practical applications in manyneeds of compilation and tailored to the desired target compi-
areas of artificial intelligence and computer science at largdation language, as well as structure-based complexity guar-
While SAT algorithms have substantially improved over theantees. We finally relate our experimental results on imple-
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(a) NNF (b) Decision Node

or
and/\and or Table 1: Polytime queries supported by a languageeans
or O/\OI’

and/\and “not supported unless P=NP” afidneans “do not know.”

Lang. CO|VA|CE|IM | EQ| SE| CT | ME
il -Xoa X B DNNF \/ o \/ o o o o \/
and and and and and and and and (C) Alternatively SEBB \\? \\? \\? \\? \?/ Z \\? \\?
9\ oBoo. | v | v v vivivIiviv
/
-A B =B A C -D D -C a B

The OBDD language is the subset of FBDD where all sen-
Figure 1: An NNF sentence and a decision node. tences satisfy therdering property: variables appear in the
same order on all root-to-sink patf&ryant, 1986. See Fig-
ure 2d for an OBDD example. For a particular variable order
mentations of the three respective compilers to the theoreticat, we also write OBDD to denote the corresponding OBDD
succinctness relations of the corresponding languages. subset where all sentences use order
The remainder of the paper is organized as follows. Sec- Having an option among target compilation languages is
tion 2 reviews a number of propositional languages concernedesirable, despite their succinctness relations which may be
in this work and their theoretical roles and relations in knowl-known. The reason is that the succinctness of a language of-
edge compilation. In Section 3, we describe a uniform frameten runs counter to its tractability—that is, the set of queries
work for knowledge compilation, with regard to these lan-supported in polynomial time—and the best choice may de-
guages, based on recording the trace of an exhaustive DPLend on the task at hand. Given this trade-off between the two
search, and discuss its implications on our understanding @iteria, the rule of thumb, according [Parwiche and Mar-
the complexity and computational power of various searctyuis, 2002, is to choose the most succinct language that sup-
algorithms. We report experimental results in Section 4 anghorts the desired set of queries in polynomial time (in some

conclude in Section 5. cases the support tfansformationssuch as Boolean opera-
tions, is also a consideration).
2 Target Compilation Languages Table 1 lists a set of polynomial-time queries of in-

) -~ o _terest supported by each of these languages; the two-
A logical form qualifies as a target compilation language ifjetter abbreviations stand for the following eight queries,
it supports some set of nontrivial queries, usually includingrespectively: COnsistency, VAlidity, Clausal Entailment,
clausal entailment, in polynomial time. We will review in this |\ plicant,  EQuivalence, Sentential Entailment, model
section several target compilation languages relevant to th@ounTing, Model Enumeration[Darwiche and Marquis,
present paper, and refer the readdiDarwiche and Marquis, 2007,

2004 for a more comprehensive discussion. Interestingly, this table offers one explanation for the popu-
The languages we shall describe are all subsets of the moygrity of OBDDs in formal verification where efficient equiv-
general Negation Normal Form (NNF). A sentence in NNF isglence testing, among other things, is often critical. Although

a propositional formula where conjunction (and, disjunc-  more succinct, d-DNNF and FBDD are not known to admit
tion (or, v) and negation (not;) are the only connectives and g polynomial-time equivalence test (a polynomial-time prob-
negation only appears next to a variable; sharing of subformugpjjistic equivalence test is possitiBarwiche and Huang,
las is permitted by means of a rooted DAG; see Figure 1a. 2002; Blumet al., 1980). Note also that although there is no

We start with the DNNF language, which is the set of all difference between d-DNNF and FBDD to the extent of this
NNF sentences that satisffecomposability. conjuncts of  table, the question mark on the equivalence test (EQ) could
any conjunction share no variable. Our next language, deventually be resolved differently for the two languages.

DNNF, satisfies both decomposability asheterminism: dis- In the following section we will use the notion of recording
juncts of any disjunction are pairwise logically inconsistent.the trace of a DPLL search to establish an important link be-
The formula of Figure 1a, for example, is in d-DNNF. tween SAT and knowledge compilation, providing a uniform

The FBDD language is the subset of d-DNNF where theframework for compiling knowledge into some of these lan-
root of every sentence is @ecisionnode, which is defined guages. From this point of view we will then discuss our new
recursively as either a constant (0 or 1) or a disjunction inunderstanding of the complexity and computational power of
the form of Figure 1b whereX is a propositional variable algorithms based on exhaustive DPLL.
anda andj are decision nodes. Note that an equivalent but
more compact drawing of a decision node—shown in Fig- ;
ure 1c—is widely used in the formal verification literature, 3 DPLL witha Trace
where FBDDs are equivalently known as Binary DecisionWe start with the basic DPLL search agaviset al., 1967.
Diagrams (BDDs) that satisfy theest-onceproperty: each To facilitate our subsequent discussion of variants of this al-
variable appears at most once on any root-to-sink pagr-  gorithm, we will omit unit resolution from the pseudocode.
gov and Meinel, 1994 See Figure 2c for an FBDD example (All our discussions, however, are valid in the presence of
using this more compact drawing. unit resolution; see also the following two footnotes.)
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(a) CNF (b) Search Tree As the title of this paper suggests, we like to think of this
complete search tree, also known dsrmnination treeor de-
X1 0% cision tree as thetrace left by the exhaustive DPLL search.
X, 0=, 0%, Such a trace corresponds to the portion of the search space

actually explored by a particular execution of the algorithm.
Furthermore, the trace can be viewed as a compiled repre-
sentation of the original CNF formula, because it uniquely
identifies the propositional theory—by specifying its models.

From the viewpoint of knowledge compilation, however, a
search trace recorded in its present form may not be immedi-
ately useful, because it will typically have a size proportional
to the amount of work done to produce it. Answering even a
linear-time query on such a compilation, for example, would
be as if one were running the whole search over again.

This problem can be remedied by reducing the trace from
a tree to a DAG, with repeated applications of the following
two rules: (i) Isomorphic nodes (i.e., nodes that have the same
label, same low child, and same high child) are merged; (ii)

=X, Ox, OX3

(c) FBDD (d) OBDD

Figure 2: Exhaustive DPLL with a trace. Any node with identical children is deleted and pointers to it
are redirected to either one of its childr@ryant, 1986.
Algorithm 1 is a summary of DPLL for SAT. Itworks by re-  If we apply these reduction rules to the tree of Figure 2b,

cursively doing a case analysis on the assignment to a select@fd rename “sat/unsat” to “1/0", we will get the DAG of Fig-
variable (Lines 5&6): The theory is satisfiable if and only if ure 2c (in this particular example the first rule only applies to
either case results in a satisfiable subtheay,_, (A|,—;)  the terminal nodes and the second rule does not apply). Ob-
denotes the CNF obtained by replacing all occurrences of Serve that this DAG is none other than a propositional theory
with 0 (1) in A and simplifying the formula accordingly. In in the language of FBDD. And this is no accident!
effect, this algorithm performs a search in the space of vari- - .
able assignmgents untﬁ it finds one that satisfies tk?e givencNp-1  Compiling CNF into FBDD
formula or realizes that no satisfying assignment exXists. We are in fact in possession of a CNF-to-FBDD compiler, de-

Now consider extending Algorithm 1 so that it will enu- scribed more formally in Algorithm 2. The main difference
merate all satisfying assignments—by always exploring bothirom the original DPLL is on Line 6: we always explore both
branches of Line 6—rather than terminate on finding the firsbranches, and the newly introduced functigat-node pro-
one. Figure 2b depicts the search tree of this exhaustive vevides a means of recording the trace of the search in the form
sion of DPLL on the CNF of Figure 2a, under some particularof a DAG. Specifically, get-node will return a decision node
variable ordering. We are using a dotted (solid) line to denotéabeled with the first argument, having the second argument
setting the variable t6 (1), and will refer to the correspond- as the low child, and having the third argument as the high
ing branch of the search as tlwv (high) branch. Note that child. Note that Lines 2&4 have been modified to return the
each leaf of this tree gives a partial variable assignment thatrminal decision nodes, instead of the Boolean constants.
satisfies the theory regardless of the values of any unassignedwe point out that the amount of space required by Algo-
variables, and the whole tree characterizes precisely the set gthm 2 to store the FBDD is only proportional to the size
all satisfying assignments. of the final result. In other words, it will never create re-
Tcororate unit resolution into this simplified picture where dundapt nodes to be r.ed.uced later. This-is because the two
all assignmeF:ns are by decision, one can assuFr)ne the?t when a cho reduction rules are built-in by means otiaique nodesta-

’ &, well-known in the BDD communitySomenzi, Release

decision variable (Line 5 of Algorithm 1) has been implied by unit e
resolution, the algorithm will simply proceed down the right branch _24(]' Specifically, all nodes created by get-node are stored

according to the implied value of the variable, noting that the other" @ hash table and get-node will not create a new node if (i)
branch leads to unsatisfiability. One may also assume that in choo$h€ node to be created already exists in the table (that existing
ing a decision variable, those already implied by unit resolution willnode is returned); or (ii) the second and third arguments are
be favored, although this would represent a restriction on the seardne same (either argument is returned).

traces, which we describe shortly, that can be possibly generated.

Algorithm 2 dpllz(A): compiles CNFA into FBDD (dpll is low-
Algorithm 1 DPLL(A): returns satisfiability of CNRA ercased to distinguish it from Algorithm 3, its full version)

1: if there is an empty clause ik then if there is an empty clause ih then

2 return O 2 return 0-sink

3: if there is no variable i\ then 3: if there is no variable in\ then

4: returnl 4:  return 1-sink

5: select variable: of A 5: select variable: of A

6: return DPLLA|;—o) or DPLL(A|z=1) 6: return get-nodef, dpll;(A|z—=o), dplls(A]z=1))
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Caching. Despite the use of unique nodes which controlswas shown to be exponential only in thetwidthof the given
the space complexity, Algorithm 2 still has a time complex-CNF. A variant caching scheme allows one to show a parallel
ity proportional to the size of the tree version of the searchcomplexity in terms of theathwidth(cutwidth and pathwidth
trace: Portions of the DAG can end up being explored mul-are not comparable).
tiple times. To alleviate this problem, one resort$domula Classical OBDD Construction. We emphasize here that
caching[Majercik and Littman, 1998 Algorithm 4 represents a distinct way of OBDD construction,
Algorithm 3 describes the same CNF-to-FBDD com-in contrast to the standard method widely adopted in formal
piler, but now with caching: The result of a recursive call verification where one recursively builds OBDDs for compo-
DPLL#(A) will be stored in a cache (Line 10) before being nents of the system (or propositional theory) to be compiled
returned, indexed by a key (computed on Line 5) identifyingand combines them using tigply operato Bryant, 1986.
A; any subsequent call on som€ will immediately return A well-known problem with this latter method is that the in-
the existing compilation foA from the cache (Line 7) i\ is  termediate OBDDs that arise in the process can grow so large
found to be equivalent ta (by a key comparison on Line 6). as to make further manipulation impossible, even when the
In practice, one normally focuses on efficiently recog-final result would have a tractable size. Considering that the
nizing formulas that aresyntacticallyidentical (i.e., have final OBDD is really all that one is after, Algorithm 4 affords
the same set of clauses). Various methods have been pra-solution to this problem by building exactly it, no more and
posed for this purpose in recent years, starting illa-  no less (although it may do more work than is linear in the
jercik and Littman, 199Bwho used caching for probabilis- OBDD size, both because inconsistent subproblems do not
tic planning problems, followed bjDarwiche, 200 who  contribute to the OBDD size, and because the caching is not
proposed a concrete formula caching method in the coneomplete). An empirical comparison of this compilation al-
text of knowledge compilation, thefBacchuset al, 2003;  gorithm and the traditional OBDD construction method can
Sanget al,, 2004 in the context of model counting, and then be found in[Huang and Darwiche, 2004
[Huang and Darwiche, 2004; Darwiche, 20®ho proposed
further refinements ofDarwiche, 200p 3.3 From FBDD to d-DNNF

Although any FBDD is also a d-DNNF sentence by definition,
3.2 From FBDD to OBDD o it remains a reasonable option to compile propositional theo-
We now turn to OBDD as our target compilation language.ries into d-DNNF only, given its greater succinctness. Con-
Note that in Algorithm 3, DPLL is free to choose any variable sjdering that d-DNNF is a relaxation of FBDD, we can obtain
on which to branch (Line 8). This corresponds to the use of -DNNF compiler by relaxing a corresponding constraint
a dynamic variable ordering heuristic in a typical SAT solver,on Algorithm 3. Specifically, immediately before Line 8, we
in keeping with the spirit of FBDD compilation. need not insist any more that a case analysis be performed on

Not surprisingly, a CNF-to-OBDD compiler can be ob- some variable: of the formula; instead, the following tech-

tained by switching from dynamic to static variable ordermg:nique ofdecompositioncan be utilized. See Algorithm3.

The new compiler will take a particular variable ordems As soon as variable instantiation finishes without contra-
a second argument, and make sure that this order is enforc%ﬁiction, we will examine the remaining CNF formula, and
when constructing the DAG. See Line 8 of Algorithm 4. partition it into subsets that do not share a variable (Line 5).

Caching. Naturally, any general formula caching method, These subsets can then be recursively compiled into d-DNNF
such as the ones we described earlier, will be applicable tf jnes 7-9) and conjoined as amd-node (Line 10). Note
Algorithm 4. For this more constrained compiler, however,that decomposition takes precedence over case analysis: Only

a special method is available where shorter cache keys caphen no decomposition is possible do we branch on a se-
be used to reduce the cost of their manipulation. The readggcted variable as in regular DPLL (Lines 14&15).

is referred tdHuang and Darwiche, 20D4or details of this

method, which allows one to bound the number of distinct  2when unit resolution and clause learning are both integrated
cache keys, therefore providing both a space and a time connto this algorithm, an issue arises regarding implications via learned
plexity bound. In particular, due to this specific cachingclauses that span otherwise disjoint components. [Serget al,,
scheme, the space and time complexity of compiling OBDDg2004 for more discussion on this issue.

Algorithm 3 DPLL ¢(A): compiles CNFA into FBDD Algorithm 4 DPLL,(A, 7): compiles CNFA into OBDD,

1: if there is an empty clause ik then 1: if there is an empty clause ik then

return 0-sink 2:  return 0-sink

3: if there is no variable id\ then 3: if there is no variable if\ then

4:  return 1-sink 4:  return 1-sink

5: key = compute-keyQ) 5: key = compute-key{)

6: if (result = cache-lookupfey)) # null then 6: if (result = cache-lookupfey)) # null then

7. returnresult 7:  returnresult

8: select variable: of A 8: z =first variable of order = that appears i\

9: result = get-nodeg, DPLL;(A|z=0), DPLLf(A|z=1)) 9: result = get-nodeg, DPLL,(A|z=0, ), DPLLy(A|z=1, m))
10: cache-inserkiey, result) 10: cache-inserkiey, result)
11: returnresult 11: returnresult
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Note that our relaxation of Algorithm 3 has resulted in a Caching. Several caching methods have been proposed for
new type of node, returned lget-and-nodeon Line 10. The  d-DNNF compilation, the latest and most effective of which
old get-node function (Line 15) still returns decision nodesappeared inDarwiche, 200k However, we refer the reader
(in a relaxed sense, as their children now are not necessaritg [Darwiche, 2001bfor a caching scheme that is specific to
decision nodes) in the form of Figure 1c. The unique nodeshe dtree-based decomposition method. This scheme is not
technique can also be extended in a straightforward way scompetitive with the one ifiDarwiche, 200%in that it may
that isomorphic and-nodes will not be created. miss some equivalences that would be caught by the latter, yet

We point out here that Algorithm 5 onlgroduces sen- it allows one to show that the space and time complexity of d-
tences in a subset of d-DNNFbecause it only produces a DNNF compilation is exponential only in ttieeewidthof the
special type of disjunction nodes—decision nodes (again ifCNF formula (as compared to the pathwidth and cutwidth in
the relaxed sense). Recall that d-DNNF allows any disjuncOBDD compilation). Interestingly, no similar structure-based
tion as long as the disjuncts are pairwise logically inconsisimeasure of complexity appears to be known for FBDDs.
tent. We will come back to this in the next subsection. Relation to AND/OR Search. Recent work has explored

Static vs. Dynamic Decomposition. Algorithm 5 sug-  the long established notion of AND/OR search to process
gests a dynamic notion of decomposition, where disjointqueries on belief and constraint netwofechter and Ma-
components will be recognized after each variable split. Thigeescu, 2004b; 200ka An AND/OR search is character-
dynamic decomposition was initially proposed and utilizedized by a search graph with alternating layers of and-nodes
by [Bayardo and Pehoushek, 2¢@dr model counting and and decision-nodes, the former representing decomposition
adopted by a more recent model courf@anget al., 2004. and the latter branching. The DAGs produced by Algo-
[Darwiche, 2002; 2004proposed another (static) method for rithm 5 are indeed AND/OR graphs and, conversely, the
performing the decomposition by preprocessing the CNF t&AND/OR search algorithms described [Dechter and Ma-
generate alecomposition tree (dtregyvhich is a binary tree  teescu, 2004b; 200faan be used taompile networks into
whose leaves correspond to the CNF clauses. Each node ihe multi-valued equivalent of d-DNNF. This implies that
the dtree defines a set of variables, whose instantiation ihhese AND/OR search algorithms are capable of many more
guaranteed to decompose the CNF into disjoint component¢asks than what they were proposed for—model counting (or
The rationale is that the cost of dynamically computing a parother equivalent tasks such as computing the probability of a
tition (Line 5) many times during the search is now replacedandom variable assignment satisfying the constraint query).
with the lesser cost of computing a static and recursive parti¥We discuss this further in the following subsection.
tion once and for all. This method of decomposition allows
one to provide structure-based computational guarantees &4 Understanding the Power and Limitations of
discussed later, and can be orders of magnitude more efficient  DPLL

on some benchmarks, including the ISCASSS5 circtiits. The main proposal in this paper has been the view of

30ne may obtain results to this effect by running the exhaustive-DPLL traces as sentences in some propositional
model counter[Sang et al, 2004, version 1.1, available language. This view provides a unified framework for knowl-
at http:/Avww.cs.washington.edu/homes/kautz/Cachet/, on benctdge compilation as we have shown earlier, but we now show
marks used ifDarwiche, 2004 It should be noted that the two another major benefit of this framework: By using known re-
programs differ in other aspects, but the decomposition method agsults about the succinctness and tractability of languages, one
pears to be the major difference. Note also that using DPLL forcan understand better the intrinsic complexity and computa-
compilation incurs higher overhead than for model counting due tajonal power of various exhaustive DPLL procedures.
the bookkeeping involved in storing the DPLL trace. Consider a particular variation of DPLL, say DPLLand

suppose that its traces belong to languageWe then have:

Algorithm 5 DPLL4(A): compiles CNFA into d-DNNF 1. DPLL, will not run in polynomial time on formulas for

1: if there is an empty clause ih then which no polynomial-size representation existdin

2:  return O-sink . N

3 if there is no variable ig\ then 2. If DPLL,, runs in polynom|allt|.me ona cIass of formu-

4. return 1-sink las, then DPLL, (with some trivial modification) can an-

5: components = disjoint partitions ofA swer in polynomial time any query on these formulas
6: if |components| > 1 then that is known to be tractable for language.

; ?g? gﬁt%iselé{r};zponentg do Take for example the model counters recently proposed in
9 conjuncts — conjuncts U {DPLL4(Al)} [Bayardo and Pehoushek, 2000; Satal, 2004, which

10:  return get-and-nodefnjuncts) employ the techniques of decomposition and (the latter also)
11: key = compute-keyQ) caching. A simple analysis of these model counters shows
12: if (result = cache-lookup{ey)) # null then that their traces are in the d-DNNF language (for specific
13:  returnresult illustrations, see the DDP algorithm ¢Bayardo and Pe-
14: select variable of A houshek, 2000and Table 1 of Sanget al, 2004). There-

15: result = get-nodeg, DPLL4(A|x=0), DPLL4(A|2=1)) fore, neither of these model counters will have a polynomial
i? f;i':ﬁ;g‘;el;“ey' result) time complexity on formulas for which no polynomial-size

representations exist in d-DNNF.
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In fact, one can take this analysis one step further as fol—T bl
lows. These model counters, and the compilelDdrwiche, — '2P'®
2004, actually produce traces in a strict subset of d-DNNF,

2:

Compiling CNF into OBDD, FBDD, and d-DNNF.

call it d-DNNF, which employs a syntactic notion of deter- " Number of OBDD | FBDD | d-DNNF
L . . . . . . ame Models Size Time| Size Timg Size Time
minism; that is, every disjunction in their trace has the form—zZz 57 2958 10320 014l 3682 0.07 822 0.02
(x A a) V (-z A B), wherex is a splitting variable. The d-  75.02 4622 22476 0.15| 14778 0.04 1523 0.03
DNNF language, however, does not insist on syntactic deterurs-03 3 450 002| 450 002 79 001
minism: It allows disjunctiong Vv ¥ wheren A1) is logically ~ uf100-01 314 2886 2.22| 2268 0.01 413 002
inconsistent, yel and« do not contradict each other on any uf100-02 196 1554 0.91| 1164 0.07 210 0.04
particular variablez. If d-DNNF’ turns out to be not as suc- 4200-03 7064 12462 0.78) 9924 012 1363 0.02
cinct as d-DNNF, then one may find another generation of 20001 112896 83064 651.0p 7182 359 262 3.66
. uf200-02 1555776 - - 12900 33.72 744 2.64
model counters and d-DNNF compilers that can be exponensgg.q4 804085558 _ _ | 662238 56.6186696 10.64
tially more efficient than the current ones. flat75-1 24960 23784 0.16| 10758 0.04 2273 0.01
As an example of the second principle above, consider thaiatrs-2 774144 13374 0.28| 8844 0.04 1838 0.01
query of testing whether the minimization of a thedxyim- flat75-3 25920 84330 0.29| 26472 0.07 4184 0.04
plies a particu'ar C|ause, mlD(A) ': Q, Wheremin(A) is flat100-1 684288 62298 0.78| 37704 0.1 3475 0.03
defined as a theory whose models are exactly the minimumﬁzggg‘g 1?‘12?7’120 fii;g éi; ;i’gg; g-gg 222‘5‘ 8-8‘2’
cardinality models ofA. This query is at the heart of di- .~ ~° 5370314835456 i T T isaret se.ss
agnostic and nonmonotonic reasoning and is known to bg, 4. 13670940672 _  _ |134184 7.07 o859 23.81
tractable if A is in d-DNNF. Therefore, this qguery can be flat200-3 15219560448 - — | 358092 4.13 9269 3.28
answered in polynomial time for any class of formulas on™ sszo 8388608 1372536 72.99364698 0.69 23347 0.07
which the model counters {iBayardo and Pehoushek, 2000; s832 8388608 1147272 7655362520 0.7Q 21395 0.05
Sanget al, 2004 have a polynomial time complexity. Sim-  s838.1| 73786976294838206464 87552 024/ - - |12148 002
ilarly, a probabilistic equivalence test can be performed in ;ff:G 35:3;‘2;:;’28986832 jgigg:g 32-22&22‘7‘;22 ;‘2-02980562;;0 g-j‘z
pOIynom.IaI time fOI’_ for_mulas on which these models coun- s1238 4294967296 3181302 158.84375122 12.1#293457 0.94
ters run in polynomial time. _ 51423 |2475880078570760549798248448 — - | -~ |738691 475
Beyond DPLL. DPLL traces are inherently bound to be si4gs 16384 6188427 50.35388026 1.14 51883 0.19
NNF sentences that are both deterministic and decompos-si1494 16384 3974256 31.67374760 1.0155655 0.18

able. Decomposability alone, however, is sufficient for the

tractability of such important tasks as clausal entailment test-

ing, existential quantification of variables, and Cardinality- The results of these experiments are shown in Table 2,
based minimizatiodDarwiche and Marquis, 2002 DPLL  where the running times are given in seconds based on a
cannot generate traces in DNNF that are notin d-DNNF, SinCQ_4GHZ CPU. The size of the Comp“ation reflects the num-
variable splitting (the heart of DPLL) amounts to enforcing per of edges in the NNF DAG. A dash indicates that the com-
determinism. It is this property of determinism that providespilation did not succeed given the available memory (4GB)
the power needed to do model counting (#SAT), which is esand a 900-second time limit. It can be seen that for most of
sential for applications such as probabilistic reasoning. Buthese propositional theories, the compilation was the smallest
if one does not need this power, then one should go beyongh d-DNNF, then FBDD, then OBDD; a similar relation can
DPLL-based procedures; otherwise one would be solving &e observed among the running times. Also, the number of
harder computational problem than is necessary. instances successfully compiled was the largest for d-DNNF,
then FBDD, then OBDD. This tracks well with the theoreti-
cal succinctness relations of the three languages. (However,
note that FBDD and d-DNNF are not canonical representa-
tions and therefore compilations smaller than reported here
are perfectly possible; smaller OBDD compilations are, of
rcourse, also possible under different variable orderings.)

4 Experimental Results

By way of experimentation, we compiled a set of CNF formu-
las into OBDD, FBDD and d-DNNF, both to show the practi-
cality of the DPLL-based compilation approach and to relat
the results to the theoretical succinct relations of the three la X i ) . :
guages. The benchmarks we used include random 3-CNF an(iJWe close this section by noting that the implementations
graph coloring problems froffHoos and Sitzle, 2000, and of these knowledge compilers bear witness to the advant_age
a set of ISCASS89 circuit$. The compilation was done with of the. DP.LL-based framewqu we have descnbed._The first
the OBDD compiler ofHuang and Darwiche, 20D4using compiler is based on an existing SAT soNMoskewmz_et

the MINCE variable ordefAloul et al, 2004, an FBDD al,, 2001, and the oth_e_r WO On our own implementation of
compiler we implemented according to Subsection 3.1 usPPLL. aII_ three b_eneﬂt;ng from.techmqu(_as that have foqnd
ing the VSIDS variable ordering heuris{iMoskewiczet al, ~ SUCCESS in SAT, including conflict analysis, clause learning,
2001, and the d-DNNF compiler dDarwiche, 2004 and data structures for efficient detection of unit clauses.

“The CNF formulas used for these sequential circuits model th&s  Conclusion
functionality of their combinational parts; they also define the tran- ] ] ) ]
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Abstract

Variable ordering heuristics have long been an im-
portant component of constraint satisfaction search
algorithms. In this paper we study the behaviour of
standard variable ordering heuristics when search-
ing an insoluble (sub)problem. We employ the
notion of an optimal refutation of an insoluble
(sub)problem and describe an algorithm for ob-
taining it. We propose a novel approach to empir-
ically looking at problem hardness and typical-case
complexity by comparing optimal refutations with
those generated by standard search heuristics. It is
clear from our analysis that the standard variable
orderings used to solve CSPs behave very differ-
ently on real-world problems than on random prob-
lems of comparable size. Our work introduces a po-
tentially useful tool for analysing the causes of the
heavy-tailed phenomenon observed in the runtime
distributions of backtrack search procedures.

1 Introduction

The conventional wisdom in systematic backtrack search
is that a variable ordering heuristic should be chosen so
that if a bad assignment is made, and search enters an
insoluble (sub)tree, the heuristic will prefer variables that
have a high likelihood of proving quickly that the cur-
rent (sub)tree is indeed unproductive. This property of
a variable ordering heuristic is often referred to as fail-
firstness [Haralick and Elliott, 1980]|. Fail-firstness can be
seen as an explanation for why particular variable order-
ing heuristics are better than others for solving CSPs, and it
has received considerable attention from the research com-
munity [Smith and Grant, 1998} Beck etal., 2004]]. Various
ways of explaining the quality of variable ordering heuris-
tics in terms of fail-firstness have been proposed. Some au-
thors argue that heuristics that minimise branching depth are
best [Haralick and Elliott, 1980]l, while others argue that such
a policy can cause an increase in branching factor which
can have the effect of increasing the size of the resultant
(sub)tree [Smith and Grant, 1998].

A search algorithm enters an insoluble search tree either
because the problem itself is insoluble, or because the current
partial solution has just been extended with an assignment
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that cannot lead to a complete solution. In either case, the
ideal is that insolubility can be proven with the least amount
of effort. In this paper we will measure such effort by the
number of nodes visited to prove that an insoluble (sub)tree
has no solution. We can evaluate variable ordering heuristics
by comparing the number of nodes that they visit to prove the
insolubility of a (sub)problem with the minimum number of
nodes required to draw the same conclusion.

By comparing optimal refutations with those generated by
MAC [Sabin and Freuder, 1994], when combined with vari-
ous standard variable ordering heuristics, we show empiri-
cally that there is a significant difference between the perfor-
mance of heuristics on typical random problems and those
found in the real world. We also suggest that small-to-
medium sized random binary CSPs are of limited value when
studying and developing variable ordering heuristics. While
this has been the intuition amongst constraints researchers,
our analysis shows empirically that this is indeed the case and
gains insights into the nature of the difference in behaviour
between random and real-world problems. Finally, we discuss
how our results may provide further insights into the causes
of the heavy-tailed phenomenon observed in the runtime dis-
tributions of backtrack search procedures. For example, by
focusing on the distributions of actual and optimal refutations
we can study whether heavy-tailedness is present because of
the variable ordering heuristic, the value ordering heuristic, or
is more fundamentally related to the structure of the problem.

2 Preiminaries

Definition 1 (Constraint Satisfaction Problem). We define
acsp asa3-tupleP = (V, D,C) wheeV is a finite setof

n variablesV = {V1,...,V,}, D is a setof finite domains
D = {D(V4),...,D(V,)} suththat D(V;) is thefinite setof
possiblevaluesfor V;, andC is afinite setof constaintssuc

thatead C;; € C is asubsebf D(V;) x D(V;) specifying
thecombination®f valuesallowedbetweeri; andV;, whee
i < j.We saythat P is arc-consisten{AC) if Vv, € D(V;)

andVj sudthatC;; € C, Ju; € D(V;) with (v, v;) € Cjj.

An assignment A;;, = (V; = vi) representsa reductionof
D(V;) to {vr} € D(V;). A solution to P is a setof distinct
assignment8 = {Aj x,, ..., Ak, | (v, ;) € Cij}-

Definition 2 (Search Algorithm). A seach algorithm® =
(A, A, <y, <,) isacombinatiorof a branchingmethodA, a
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consistencenfoicemenimethodA, a variable ordering <y
and a value ordering <,,, both of which can be either static
or dynamic.

Definition 3 (Search Tree). A seach tree T for a problem
P is a setof nodesand arcs. Each nodecorrespondgo a set
of assignmentsN = {A;,x,,..., A1, 1k, ., Ak, }, totally

ordered by a dynamicvariable ordering heuristic <. The
root of the seach treeis a specialnodeR = ). Two nodes
N1 andN; are connectedy an arc if 34;; sud that N, =

N1 U 4,5, in which casewe saythatN; is the parentof Ny,

andNj is the child of N;. For everynodeN, its childrenare
totally orderedby a dynamicvalueorderingheuristic<,,.

Search trees are defined in the context of a specific search
algorithm. For a particular CSP instance P, and search algo-
rithm ©, a one-to-one mapping exists between the nodes in
the search tree T and the assignments made by ©.

Definition 4 (Mistake Point). For a soluble problem P, a
mistale point M is a nodeidentifiedby a setof assignments
M = {Anky, - Aty ik, 15 ALk, ), totally ordered by <y,
for which 35 € § sud thatM \ fAlpkp} c S, but-35 €8
sud thatM C 8. Sincean insolubleproblemdoesnot admit
anysolutions,we definethe mistale point associatedvith an
insolubleproblemastheroot of its seach tree

Informally, a mistake point corresponds to an assignment
that, given past assignments, cannot lead to a solution even
though, in the case of a soluble problem, a solution exists.
Whenever the value ordering heuristic makes such a mis-
take, the role of the variable ordering heuristic is to guide
the search out of that insoluble search tree as quickly as pos-
sible. However, it is important to realise that the actual set of
mistake points encountered during search is also dependent
on the variable ordering heuristic used.

For a soluble problem P, let Pyt = {Vi, D, Covc} be
the insoluble (sub)problem corresponding to M, where Vy; =
VAV, W, 1 O = {C4| Vi,V € Vi, Ci; € C}, and
Dy is the set of current domains after arc-consistency has
been restored to reflect the domain reductions due to M. If P
is insoluble, as a notational convenience, we define M = ()
and Py as the arc-consistent version of P. For brevity, we
will refer to the insoluble(sub)tieerooted at a mistake point
and its corresponding insoluble (sub)poblem interchange-
ably.

Definition 5 (Refutations). Givena seach algorithm ©, a
refutation for a giveninsoluble(sub)poblem Py, rootedat
mistale point, M, is simply the correspondingseach tree
Tne. We will referto |Ty¢|, the numberof nodesin Ty, as
thesize of therefutation.

We study the refutations found using a version of MAC
that uses AC-3 [Mackworth, 1977] for consistency enforce-
ment and selects values randomly. Our goal is to determine
how close to optimality are the refutations obtained when
well known variable ordering heuristics, with randomly bro-
ken ties, are substituted for <y,. For each heuristic <y we
first collect the mistake points it generates when using MAC
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(note that each variable ordering heuristic will generate a dif-
ferent set of mistake points). When we analyse MAC in con-
junction with a certain <y on a mistake point M, we will
refer to the refutation for the (sub)problem Py as the actual
refutation We will contrast the actual refutation with the opti-
mal refutationfor Ps, obtained by replacing <y with a new
variable ordering heuristic <y such that | Ty¢| is minimised.
Sometimes, rather than using the optimal refutation, we
compare against the quasi-optimal defined as the smallest
refutation whose depth does not exceed that of the actual. By
selecting variables based on a depth-first traversal of the tree
of minimum size, <y causes MAC to generate the smallest
possible search tree proving insolubility for Py. In our ex-
perience it is extremely rare that the quasi-optimal refutation
is larger than the optimal. By accepting quasi-optimality we
can use the depth of the actual refutation as an upper bound,
dramatically speeding-up search for better refutations.

Definition 6 (Improvement Ratios). For a given mistale

point, therefutation improvement ratio is the ratio between
thesizeof theactualrefutationandthat of theoptimalrefuta-

tion. Theoverall refutation improvement ratio is simplythe

ratio betweerthetotal numberof nodesn all theactualrefu-

tationsandthetotal numberof nodesn all their correspond-
ing optimalrefutationsencounteedwhenfindingthefirst so-

lution or proving insolubility.

3 Analysing Refutations

Our focus here is only on how a variable ordering heuristic
behaves when trying to proveinsolubility for a (sub)problem.
We are not interested in focusing on howoftena variable or-
dering heuristic enters an insoluble (sub)tree. Therefore, our
analysis is centered around finding optimal refutations for all
the mistake points in a search tree. Unfortunately, this is a
herculean task, as we have to search through all the possible
permutations of assignments, i.e. consider all possible search
trees rooted at each mistake point. Without clever optimisa-
tions, this would not be feasible for anything but the tiniest
problems.

3.1 BasicAlgorithm

Given a problem instance, a search algorithm (MAC in our
case) and the variable ordering heuristic to be evaluated, we
begin by searching for a solution, with the goal of identify-
ing all the mistake points. The mistake points represent the
roots of the insoluble (sub)trees the search algorithm happens
to encounter before finding the first solution. For each such
mistake point we compute both the actual refutation, by re-
running MAC on the current (sub)problem using the heuristic
we are evaluating, and the optimal refutation, by considering
all the possible permutations of assignments to the variables
involved in that (sub)problem. Note that insoluble instances
are just a special case where the only mistake point is before
the first assignment. Furthermore, when analysing insoluble
problems, it is important to realise that the optimal refutation
is independent of the heuristic used; in other words no other
orderingcould possibly prove insolubility more quickly.
Both the search algorithm with the variable ordering
heuristics being analysed and the exhaustive search for the
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optimal refutation use the same method of enforcing consis-
tency (AC in our case). Failure to do so would make the refu-
tation improvement ratio a function of both the variable or-
dering and the level of consistency enforced, thus being detri-
mental to our goal of analysing variable ordering heuristics.

The version of MAC that we use employs k-way branch-
ing [Smith and Sturdy, 2004]], rather than binary branching,
so that selecting a variable V; creates | D(V})| branches in the
search tree. Thus, we make sure that refutation sizes are not
influenced by the value ordering.

3.2 Optimisations

There are a number of optimisations that we have applied.

Firstly, we can easily maintain an upper bound on the size
of the optimal refutation by initially setting it to the size of
the actual refutation, then updating it as smaller refutations
are found. Therefore, the search for the optimal refutation can
be implemented as a branch-and-bound procedure.

Secondly, we can improve the search by looking ahead
to avoid choices that cannot improve on the current small-
est refutation. Whenever a variable V; is selected at a certain
depth all the values in its domain have to be tried, and they all
have to fail for the current (sub)problem to be proved insolu-
ble. Consequently, we know that by selecting V;, the size of
the current partial refutation will increase by at least a number
of nodes equal to | D(V;)|. We call this a 1-level look-ahead.

By temporarily assigning to V;, in turn, every value v in
its domain, and by attempting to restore arc-consistency after
every such assignment, we can associate with each v a mini-
mum contribution to the size of the refutation. If the assign-
ment makes the subproblem arc-inconsistent, v’s contribution
will be 1, given by the node corresponding to the assignment
itself. However, if arc-consistency can be restored after the
assignment, at least one more variable will have to be consid-
ered before the current subproblem can be proved insoluble.
Therefore, v will carry a minimum contribution equal to the
smallest domain size amongst all the remaining unassigned
variables. We call this a 2-level look-ahead.

In general, V;’s selection would increase the size of the cur-
rent partial refutation by at least the sum of the minimum con-
tributions of all the values in its domain. If that would cause
the current partial refutation to exceed the size of the small-
est refutation found so far, V; will be skipped at the current
depth. This dramatically reduces the search space and brings
reasonable size problems within reach.

4 Experiments

The basic experiment we run is this: for each variable order-
ing heuristic we first find all the mistake points that MAC vis-
its when finding the first solution or proving insolubility; for
each mistake point, we find MAC’s actual refutation (still with
the same heuristic); using the size of the actual refutation as
an upper bound, we find the (quasi-)optimal refutation. This
approach was adopted because different variable orderings
generate potentially different sets of mistake points.

We have performed experimentd] on random binary
problems, various instances of the n-queens problem

' Code freely available with source at http://hulubei.net/tudor/csp.
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for varying values of n, and a subset of the RL-
FAP Celar Scenll [[Cabon etal., 1999]. We have stud-
ied the following dynamic variable ordering heuris-
tics: min-domain [Haralick and Elliott, 1980], max-degree,
min(domain/degree) [Bessiere and Regin, 1996|], and bre-
laz [Brélaz, 1979]; their corresponding anti-heuristics; and
random variable selection. These are regarded as the standard
general-purpose variable ordering heuristics used in the CSP
literature. Ties were broken randomly. Throughout our exper-
iments we have used a dynamic random value ordering.

Note that for heuristics we report the optimal refutations
for random problems and n-queens, and the quaskoptimal
refutations for RLFAP. For anti-heuristics we always com-
pute quasioptimal refutations. While the true optimal refu-
tations for RLFAP may be smaller than those reported, based
on our observations the difference is not significant. Limit-
ing the search to quasi-optimal proofs allowed us to gather
significantly more data for this problem.

4.1 Random and n-Queens Problems

Due to the extreme computational requirements of the search
for optimal refutations, we had to limit our experiments to
random problems with 15 variables and uniform domain sizes
of 10 values. We generated 800 instances for each tightness
point using a random problem generator that conforms to the
Model-B specification [Gent etal., 2001]].

We selected instances at the highest peak of difficulty for
these problems, found to pass through a plane corresponding
to density 0.95. Tightness was varied along this plane. Specif-
ically, we identify a distinct tightness at which we move from
generating a set of problem instances that are all soluble to
generating instances that are all insoluble. In Figure [II this
transition occurs at a tightness of 0.3. We indicate the range
of tightness for which all problems were soluble (resp. insol-
uble) with a “high” (resp. “low”) line.
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Fig. 1: Mean overall improvement ratios (y-axis) for random prob-
lems as a function of tightness (x-axis). Heuristics (anti-heuristics)
are in the top (bottom) plot. Median plots are virtually identical.
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In Figure [l we present the results associated with each of
the variable ordering heuristics studied. Note that we are not
ranking heuristics, but are simply studying how close their
actual refutation sizes are to optimality. The overall refuta-
tion improvement ratio peaks at 1.8 for min(domain/degree)
at a tightness of about 0.24, meaning that for the set of mis-
take points encountered when solving these problems using
min(domain/degree) there does not exist a variable ordering
that could decrease the number of nodes in the corresponding
refutations by more than that factor, on the average. Since at
the peak of difficulty proving insolubility accounts for most of
the time spent in search, this result suggests that no improve-
ment in the ordering of variables, for the problems we have
studied, would ever lead to an order of magnitude speedup.
Indeed, in the soluble region we can see that at best we can
hope to halve the time taken by max-degree. In theory, how-
ever, for soluble problems heuristics could do better by failing
less.

Once we move through the phase-transition to insoluble
problems, all heuristics offer improvement ratios less than
2.2 for max-degree and less than 1.6 for all other heuris-
tics, except random. In the case of min(domain/degree) we
see that when using MAC at the peak of difficulty the ra-
tio is approximately 1.4. This is an interesting result since
is demonstrates that for proving insolubility no variable or-
dering heuristicexists for these problems, that can improve
upon min(domain/degree) by more than a factor of 1.4 at the
peak of difficulty.

Figure Pl presents a plot of the distribution of actual refuta-
tion sizes against optimal, per mistake point, for the random
and min(domain/degree) variable ordering heuristics. Of in-
terest here is the apparent linear relationshipbetween actual
versus optimal refutation size. A similar linear relationship
was observed for all other heuristics and anti-heuristics stud-
ied. When we discuss the performance of variable ordering
heuristics on a real-world problem in the next section we will
see that this linear relationship does not hold and that for very
large refutations found by a heuristic, the optimal refutation
can be many orders of magnitude smaller.
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Fig. 2: Refutation sizes for mistake points in random problems when
using random and min(domain/degree) variable orderings: actual (y-
axis) as a function of optimal (x-axis).

The performance of a random variable ordering is of com-
parable quality to that of a good variable ordering heuristic in
this problem class. From Figure [[l we see that the improve-
ment ratio of the random heuristic is approximately 2.7 at the
phase transition, close to that of standard heuristics.
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Finally, in Figure 3] we present, for each variable ordering
heuristic, the distribution of insoluble (sub)trees in the data-
set as a function of the improvement ratio. We see that almost
all ratios were close to 1, meaning that almost all of the time
the standard variable ordering heuristics performed very close
to perfection. We also see that for the random ordering heuris-
tic ratios of 10 are found less that 0.01% of the time and that
there does not exist a single insoluble (sub)tree that provides
an opportunity to make improvements of more than an order
of magnitude over current heuristics.

In experiments performed over a large data-set of insolu-
ble subtrees generated from problems ranging from 8 to 22
queens we have observed similarly small refutationimprove-
mentratios for n-queens, only slightly bigger than those ob-
served for random problems. Also, the linear relationship be-
tween actual and optimal refutation size was observed, as well
as a similar distribution of ratios.
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Fig. 3: Probability of an insoluble (sub)tree in the data-set for ran-
dom problems (y-axis) having an improvement ratio greater than a
certain value (x-axis).

4.2 RLFAP Celar Scenll

The small improvement ratios obtained for random prob-
lems and n-queens, and estimated in [[Li and Gérard, 2000]
for hard random unsatisfiable 3-SAT, do not seem to hold for
real-world problems. A popular benchmark for binary CSPs,
RLFAP Celar Scenl1 was an obvious candidate for our analy-
sis. Unfortunately, at 680 variables, we could not analyse the
entire problem. Instead, we extracted a subset of the original
problem made up of 22 variables that were part of the back-
door set [Williams etal., 2003]] over which MAC backtracked
while solving the original problem. We analysed all the mis-
take points found when solving this subset of RLFAP over 500
times for all variable ordering heuristics.

Refutation improvement ratios of 20 and over were ob-
served, even when using the best heuristics, as seen in Fig-
ures @l and Bl while they were non-existent for random and n-
queens problems. Comparing Figures Pl and Bl we can clearly
see that heuristics behaves very differently on this problem
than on the random problems presented earlier. Specifically,
we can see that actual refutations correlate very poorly with
quasi-optimal and that no linear relationship exists; note that
a log-scale had to be used on the y-axis of the left plot in
Figure B due to the spread of actual refutation sizes for each
quasi-optimal point on the x-axis.

However, of particular interest in this problem is the pattern
we observe in Figure Bl While the vast majority of refutations
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Fig.4: Refutation sizes for mistake points in the RLFAP data-set
when using random and min(domain/degree) variable orderings: ac-
tual (y-axis) as a function of quasi-optimal (x-axis).

offer small improvement ratios, it is possible to find subtrees
on which the standard heuristics perform very poorly. For ex-
ample, we can see that in a small number of subtrees max-
degree did 100 times worse than quasi-optimal, while the
other heuristics, except min(domain/degree), sometimes did
50 times worse than quasi-optimal. Clearly, the behaviour of
standard variable orderings is significantly different on real-
world problems than on the random problems that many re-
searchers use as a basis for studying these heuristics. In the
case of a random variable ordering, we observed a very small
number of subtrees where the refutation found was more than
a factor of 10° worse than quasi-optimal, and that in the vast
majority of cases it performed more than an order of magni-
tude worse than quasi-optimal.

T
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0.001
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1

Fig.5: Probability of an insoluble subtree in the RLFAP data-set (y-
axis) having an improvement ratio greater than a certain value (x-
axis).

Therefore, our standard heuristics behave very differently,
indeed much worse, on real-world problems than on random
and n-queens problems. In particular, they can be less robust
in the sense that they can sometime waste significant amounts
of time finding refutations for insoluble (sub)trees that are far
worse than optimal.

5 Discussion

It is clear from our analysis that the standard variable or-
derings used to solve CSPs behave very differently on real-
world problems than on random problems of comparable
size, which are frequently used to study the performance of
heuristics in the research literature. Our results demonstrate
that there are considerable opportunities to improve search
performance on real-world problems. Some researchers
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have already begun developing the necessary infrastruc-
ture needed to study real-world problems in a systematic
way [Gomes etal., 2000; [Walsh, 1999; [Walsh, 2001]]. There
have also been some recent successful results demonstrat-
ing that one can benefit considerably from developing vari-
able ordering heuristics that can exploit characteristics one
encounters in real-world problems [Boussemart etal., 2004;
Dubois and Dequen, 2001}, [Refalo, 2004]].

It is not known whether the linear relationship between ac-
tual and optimal refutations is preserved as the size of ran-
dom problems increases. Recent work on studying the per-
formance of variable ordering heuristics on very large CSPs
has shown that there can be orders of magnitude differences
between heuristics [Bessiere etal., 2001]]. However, those re-
sults do not contradict the results presented in this paper with
respect to the relative performance of standard variable order-
ings on random and non-random problems.

Our analysis is related to the work of Li and Gerard
on studying the limits of branching heuristics for random
3-SAT [[Li and Gérard, 2000]. However, our interests here
are in studying the limits of variable ordering heuristics
in a constraint satisfaction context. Furthermore, our anal-
ysis is capable of finding exact optimal refutations, rather
than approximating them, and focuses on the differences
observed between random and real-world problems. Our
work is also closely related to the theoretical analysis of
proof complexity for satisfiability and constraint satisfac-
tion [Beame etal., 1998} Mitchell, 2003].
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min-domain/degree
BN random -
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Fig. 6: Probability of an insoluble subtree in the RLFAP data-set (y-
axis) being greater than an optimal/actual (top/bottom) refutation of
a given size (x-axis).

In this paper we introduce a potentially useful tool for
analysing the causes of the heavy-tailed phenomenon ob-
served in the runtime distributions of backtrack search pro-
cedures [Gomes etal., 2000]. Figures Bl and [@ show, for RL-
FAP, a very small percentage of insoluble (sub)problems for
which standard variable ordering heuristics will find refuta-
tions that are significantly larger than optimal, leading to a
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long runtime. Furthermore, it is also interesting to note from
Figure B that the vast majority of actual refutations are very
close to being optimal, with the exception of those found with
a random variable ordering heuristic.

Gomes et al. [2004] report a high correlation between the
distribution of the depth of mistake points and the runtime
distribution, e.g. the presence of heavy-tails. We can further
extend this analysis by also considering the size of optimal
refutations rooted at these mistake points. This may provide a
way of isolating the causes of heavy-tailed behaviour by mak-
ing a distinction between the effects of the algorithm and its
components (propagation method, variable and value order-
ings), versus the effects of the inherent structure of the prob-
lem [Walsh, 1999; [Walsh, 2001]]. As part of our future work
in this area we will study optimal refutations for problems
that are well known to exhibit heavy-tail behaviour.

6 Conclusions

In this paper we have proposed a novel approach to empiri-
cally looking at problem hardness and typical-case complex-
ity by comparing optimal refutations with those generated
by standard search heuristics. We have compared refutations
of insoluble (sub)trees found using well known variable or-
dering heuristics combined with a standard CSP search algo-
rithm against optimal refutations. Our results show that there
is a significant difference between the performance of heuris-
tics on typical random problems and those found in the real-
world. We suggest that small-to-medium sized random binary
CSPs are of limited value to constraints researchers and intro-
duced a potentially useful tool for analysing the causes of the
heavy-tailed phenomenon observed in the runtime distribu-
tions of backtrack search procedures.

Acknowledgments

This material is based on work supported by Science Foun-
dation Ireland under Grant 00/P1.1/C075. We would like to
thank Barbara M. Smith, Eugene C. Freuder, Nic Wilson,
Chris Beck, Bart Selman, Carla Gomes and Susan Epstein
for their comments and suggestions, and to John Morrison
and the Boole Centre For Research in Informatics for provid-
ing access to their Beowulf cluster.

References

[Beame et al., 1998] P.Beame, R. Karp, T. Pitassi, and M. Saks. On
the complexity of unsatisfiability of random k-cnf formulas. In
Proceedings of ACM STOC-1998, pages 561-571, 1998.

[Beck et al., 2004] J.C. Beck, P. Prosser, and R.J. Wallace. Trying
again to fail-first. In Proceedings of CSCLP-2004, LNCS 3419,
pages 41-55, 2004.

[Bessiere and Regin, 1996] C. Bessiere and J-C. Regin. MAC and
combined heuristics: two reasons to forsake FC (and CBJ?) on
hard problems. In Proceedings of CP-1996, LNCS 1118, pages
61-75, 1996.

[Bessiere et al., 2001] C. Bessiere, A. Chmeiss, and L. Sais.
Neighbourhood-based variable ordering heuristics for the con-
straint satisfaction problem (long version). Available from:
http://ww. Lirmm.fr/~bessiere/pubs ,2001.

168

[Boussemart et al., 2004] F. Boussemart, F. Hemery, C. Lecoutre,
and L. Sais. Boosting systematic search by weighting constraints.
In Proceedings of ECAI-2004, pages 146-150, 2004.

[Brélaz, 1979] D. Brélaz. New methods to color the vertices of a
graph. Communications of the ACM, 22(4):251-256, 1979.

[Cabon et al., 1999] B. Cabon, S. Givry, L. Lobjois, T. Schiex, and
J.P. Warners. Radio link frequency assignment. Constraints,
4(1):79-89, 1999.

[Dubois and Dequen, 2001] O. Dubois and G. Dequen. A
backbone-search heuristic for efficient solving of hard 3-SAT for-
mulae. In Proceedings of 1JCAI-2001, pages 248-253, 2001.

[Gent et al., 2001] L.P. Gent, E. Maclntyre, P. Prosser, B.M. Smith,
and T. Walsh. Random constraint satisfaction: Flaws and struc-
ture. Constraints, 6(4):345-372, 2001.

[Gomes et al., 2000] C.P. Gomes, B. Selman, N. Crato, and
H. Kautz. Heavy-tailed phenomena in satisfiability and constraint
satisfaction problems. Automated Reasoning, 24(1/2):67-100,
2000.

[Gomes et al., 2004] C.P. Gomes, C. Fernindez, B. Selman, and
C. Bessiere. Statistical regimes across constrainedness regions.
In Proceedings of CP-2004, LNCS 3258, pages 32-46, 2004.

[Haralick and Elliott, 1980] R.M. Haralick and G.L. Elliott. In-
creasing tree search efficiency for constraint satisfaction prob-
lems. Artifi cial Intelligence, 14(3):263-313, 1980.

[Li and Gérard, 20001 C.M. Li and S. Gérard. On the limit of
branching rules for hard random unsatisfiable 3-sat. In Proceed-
ings of ECAI-2000, pages 98-102, 2000.

[Mackworth, 1977] A.K. Mackworth. Consistency in networks of
relations. Artifi cial Intelligence, 8(1):99-118, 1977.

[Mitchell, 2003] D.G. Mitchell. Resolution and constraint satisfac-
tion. In Proceedings of CP-2003, LNCS 2833, pages 555-569,
2003.

[Refalo, 2004] P. Refalo. Impact-based search strategies for con-
straint programming. In Proceedings of CP-2004, LNCS 3258,
pages 557-571, 2004.

[Sabin and Freuder, 1994] D. Sabin and E.C. Freuder. Contradict-
ing conventional wisdom in constraint satisfaction. In Proceed-
ings of ECAI-1994, pages 125-129, 1994.

[Smith and Grant, 1998] B.M. Smith and S.A. Grant. Trying harder
to fail first. In Proceedings of ECAI-1998, pages 249-253, 1998.

[Smith and Sturdy, 2004] B.M. Smith and P. Sturdy. An empirical
investigation of value ordering for finding all solutions. In Work-
shop on Modelling and Solving Problemswith Constraints, 2004.

[Walsh, 1999] T. Walsh. Search in a small world. In Proceedings
of IJCAI-1999, pages 1172-1177, 1999.

[Walsh, 2001] T. Walsh. Search on high degree graphs. In Proceed-
ings of |JCAI-2001, pages 266-271, 2001.

[Williams et al., 2003] R. Williams, C.P. Gomes, and B. Selman.
Backdoors to typical case complexity. In Proceedings of |JCAI-
2003, pages 1173-1178, 2003.

CONSTRAINT SATISFACTION AND SEARCH



1

Efficient Stochastic Local Search for MPE Solving

Frank Hutter
Computer Science Dept.
Univ. of British Columbia
Vancouver, BC, Canada
hutter@cs.ubc.ca

Abstract

Finding most probable explanations (MPES) in
graphical models, such as Bayesian belief net-
works, is a fundamental problem in reasoning un-
der uncertainty, and much effort has been spent on
developing effective algorithms for thi§P-hard
problem. Stochastic local search (SLS) approaches
to MPE solving have previously been explored, but
were found to be not competitive with state-of-the-
art branch & bound methods. In this work, we iden-
tify the shortcomings of earlier SLS algorithms for
the MPE problem and demonstrate how these can
be overcome, leading to an SLS algorithm that sub-
stantially improves the state-of-the-art in solving
hard networks with many variables, large domain
sizes, high degree, and, most importantly, networks
with high induced width.
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in approximate MPE algorithms, reaching from loopy belief
propagation (BP)Pearl, 198Band generalized BPredidia
etal., 2009 to stochastic local search (SLS) algorithiKask
and Dechter, 1999; Park, 200and specialized algorithms,
such as graph cuts for certain pairwise Markov Random
Fields (MRFs) that, for example, occur in computer vi-
sion[Boykovet al., 2001.

B&B approaches have recently been shown to be state-
of-the-art methods in MPE solving, and it has been claimed
that for MPE, B&B algorithms clearly outperform GLS, the
best performing SLS algorithm known so far, in terms of the
ability to find high-quality solutions quicklyMarinescuet
al., 200d. This is in stark contrast to results for numerous
other combinatorial optimisation problems, such as weidht
MAX-SAT, where SLS algorithms clearly define the state-of-
the-art (see, e.glHoos and Sitzle, 2004).

In this work, we analyse the shortcomings of previous
SLS algorithms for MPE and demonstrate that these weak-
nesses can be overcome based on the careful consideration
of important issues, such as the time complexity of individ-
ual search steps, search stagnation and thorough parameter

Since Pearls classic telearl, 1988 graphical models such yning. In particular, we introduce improvements to Park’s
as Bayesian networks have become the prime representatief) s algorithm[Park, 2002 that overcome its inferior scal-
for uncertainty in Al. This paper deals with the problem of jng pehaviour with network and domain size. Our new al-
finding theMost Probable Explanation (MPE) for some ev-  gorithm, GLS, clearly outperforms current state-of-the-art
idence when reasoning under uncertainty. More specificallyypg algorithms on various types of networks, especially for
in the light of uncertain knowledge represented as a probanard networks with high induced width, and hence estabdishe
bilistic graphical model, this problem is cast as finding thestochastic local search as a highly attractive and conyetit
most probable instantiation of all the model's variabMs approach to MPE solving.

given the observed valuesfor a subsek C V. L The remainder of this paper is structured as follows. We
. The MPE problem in graphical models has applicationsrst introduce some basic concepts and notation in Section 2
in different fields, such as medical diagnokisakkola and next, in Section 3, we describe GLS and GL8nd present
Jordan, 199p fault diagnosiqRishet al., 2003, computer  some computational results illustrating the improvement o
vision [Tappen and Freeman, 240and prediction of side-  GLS+ over GLS. In Section 4 we present empirical results
chains in protein foldingYanover and Weiss, 20030 name  hat establish GLS as a new state-of-the-art algorithm for

just a few. Consequently, many algorithms have been suginding MPEs. We close with some conclusions and a brief
gested to solve this problem, but since itN§P-hard, many  gutiook on future work in Section 5.

hard problem instances still cannot be solved efficienthe T
available algorithms for MPE solving include exact meth- . .
ods like variable elimination (VE]Dechter, 1998 junc- 2 Preliminaries

tion tree (JT)[Cowell et al., 1999 and conditioning tech- A discrete Bayesian belief network (or Bayes net) B is a
niques[Pearl, 1988 but also systematic search algorithms, quadruple(V,D, G, ®), whereV is an ordered set of ran-
such as branch & bound (B&B), guided by a Mini-Buckets dom variablesD is an ordered set of finite domaii, for
(MB) heuristic[Dechter and Rish, 2003 Since in practice eachV; € V, G = (V, ) is a directed acyclic graph (DAG),
many applications require efficient online algorithms fet-n and® is an ordered set of CPs, = P(V|pa(V)), speci-
works of high induced width, there is also much researcHying the conditional probability distribution of eadh € V
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given its parentga(V') in G. Semantically, a Bayes net spec- Algorithm 1: GLS/GLS' for MPE

ifies a joint probability distributior) over its variablesV in GLS and GLS differ in the procedure used to generate an ini-

factored form:¢ = P(V) = Hvev dv. tial solution, the subsidiary local search procedure, and, most
Given a Bayes né8 = (V,D, G, ®) and a set of evidence importantly, in the evaluation functiof(v|V; = v;). These dif-

variablesE = e, the Most Probable Explanation (MPE) ferences are explained in the text.

problem is to find an instantiatiovi = v with maximal prob- ~ The utilitiesutil(¢, v) are defined in the text.

ability p(v) := [[,cqe ¢[V = v] over all variable instantia- Input: Bayes nef3 = (V,D, G, ®), evidenceE = e, time

tions v consistent with evidence. While all networks in boundt, smoothing factop, smoothing intervalV,,.

our experimental analysis are Bayes nets, our algorithes ar Output: Variable assignmeri = v with highest probability

equally applicable to other graphical models, such as MRFs [I4ce [V = v] found in timet

or general factor graphs. /I===1nitialize variable assignment v, penalties ), and local
CPTs are a special casemitentials, which are functions optima counter LO.

that have non-negative entries for any assignment of theit v < GeneratelnitialSolution(B3, e)

variables. One well-known method for solving MPE in gen- 2 foreach¢ € ® andall instantiations V, = v, do

eral networks is variable elimination (VE) (see, el@echter, 3 [ X¢[Ve =vs] <0

1999); it iteratively eliminates variableg by multiplying all 4 #(LO) «— 0

potentials that are defined ovérand then maximizing” out /l=== Alternate local search and updates of the evaluation
of the product thus obtained. Once all variables are elimi- function until termination.

nated, the best assignment can be recovered in linear time. while runtime < ¢ do

Mini-Buckets withi-boundib (MB(ib)) [Dechter and Rish, & v — SubsidiarylLocal Search(B, v, e)

2009 approximates VE by splitting each product into smaller /I=== Local optimum, update evaluation function.
products with at mosth variables; MB-wé) is a new variant 5 foreach¢ € @ do '
of MB that instead limits the number of entries in each prod-g if util(¢,v) = maxyeq util(p,v) then
uct by s. For constant domain sizg MB(ib) and MB-w(d*) 9 L | X[V=v]—=X[V=v]+1
are equivalent, but for networks with different domain size
MB-w performed better in our experiments. All of VE, MB, /I=== Regularly smooth penalties.
and MB-w employ a min-weight heuristic. 10 | #(LO) — #(LO) +1

11 if #(LO) modulo N, = 0 then
3 SLS for MPE: From GLS to GLS* 2 L BN Aot Bl i A
Probably the most prominent Stochastic Local Search algo- | pe T e = telEp

rithm for inference in Bayesian networks is a method called
Sochastic Smulation [Pearl, 1988; Kask and Dechter, 1999
also known as Gibbs sampling. However, for MPE, this .
method, as well as Simulated Annealing, was shown to bgr?_dynamlcally updated whenever the search reaches a local
clearly outperformed by a simple algorithm call€ueed optimum. . . -

+ SoghastigSimulation (é+ 39 FKaskgand Dechter, 199?/9 An outline of the GLS algorithm is shown in Figure 1. At

; it a high level, after initialising the search and setting alhal-
\F/)vl?rlghstrérr())sb.ab|llst|cally chooses between greedy and Samties to zero, GLS alternates between two search phases: Firs

The MPE problem is closely related to weighted MAX- & simple iterative improvement search is performed with re-

SAT [Park, 2002 (and MAX-CSP[Marinescu and Dechter, SPECt t0 the evaluation functianthat takes into account the
2004); br;lsed on this close relationship, Park adapied:“”ent. penalty values. After this process has reached a lo-
two high-performance MAX-SAT algorithms, DLM and Cal optimumo of g, certain penalty values are incremented
GLS [Mills and Tsang, 2000 to the MPE problen{Park, by one. Only penalties of solution components presemt in
2004.% His computational experiments identified GLS as theCaNn be selected to be incremented; this selection is based on
state-of-the-art SLS algorithm for MPE solving: he showed?€ contribution of the respective solution componen(ig

that GLS and DLM clearly outperform G+StS and that GLS and its current penalty value. (For details, see Algoritham 1

performed better than DLM on most instances. However, agP_ark, 2002) Additionally, all penalties are regularly multi-
shown in[Marinescuet al., 2003, GLS does not reach the Plied by afactop < 1; this smoothing mechanism prevents

performance of current B&B algorithms. the penalty values from growing too large and is performed

GLS has been applied successfully to many combinato€Very.V, local optima, whereV,, is a parameter.
rial problems, including TSPVoudouris and Tsang, 199 . [N Park’s GLS for MPE, the solution components are par-
SAT and weighted MAX-SAT[Mills and Tsang, 2000 It tial instantiations of the variables. More specifically, éach
can be classified as a dynamic local search algorfiHoos ~ Potential¢ € &, every instantiationV, = v, of its vari-
and Stitzle, 2004 and uses penalties associated with solu-ables is a solution componehihe evaluation function to be
tion components to guide the search process; these panalti
- 2Note that the number of components present in any candidate

Although Park motivated his versions of these algorithms withsolution for an MPE instance is constant; this is because every vari-
the MAX-SAT domain, his implementation works on MPE directly. able instantiationrV = v is consistent with exactly one (partial)
To our best knowledge, his suggested encoding has never been inmstantiationV, = v, of each potentiap, and thus the number of
plemented, and we are not aware of any implementation of GLS fosolution features present in each instantiation is the total number of
weighted MAX-SAT with real-valued weights. potentials|D|.
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(a) Speedup due to modified evaluation function (b) Speedup due to novel caching schemes

Figure 1: (a) Effect of the modification of the evaluationdtian in GLS" compared to GLS on instand&ini n2. Given are
the best, average and worst solution quality over computdiine for 25 runs of GLS and GIIS The GLS" plot ends after
22.94 CPU seconds when all its runs have found the optimatisalquality. (b) The speedup achieved by our new caching
schemes over the previously best-performing caching setwna collection of randomly generated and real-world iTcsta,
where instance size is given as the number of variaBligdimes the average domain sizE€).

minimized is defined ag(v) = > .4 A\¢[V = v], where  tune.” [Park, 2002, its performance can be boosted by up

A\s[V = v] is the penalty associated with solution compo-to several orders of magnitude by simply changing Park’s de-
nentV, = v,. It may be noted that this deviates from the fault smoothing valugy = 0.8 to the constant valup =
standard form of the evaluation function for the general GLS-999. For example, for thedai | fi nder network GLS
algorithm, which also captures the contribution of eaclisol finds the optimal solution 10 times faster with= 0.999

tion component to the optimisation objectivey ). than_ withp = 0.8, and for several_ random instances this ef-

Due to this non-standard evaluation function, the sole infectis much more pronounced. Itis interesting to note teat t

teraction of objective function and penalties in Park’s GLSVery small amount of smoothing performedsat- 0.999 can

for MPE is via the utilities of potentiale under the current be rather important: Without smoothing & 1), we found

assignment,, which are defined astil(¢,v) = —¢[V = rare but conclusive evidence for search stagnation on rando
v]/(1 + A\s[V = v]). An entry ¢[V, = vg] with high  networks. . .
probability is assigned low utility, and its associated gdgn Secondly, the subsidiary local search procedure in GLS

As[Vis = vg] will be increased less often, driving the searchuses a computationally efficient first-improvement strateg
towards the partial variable instantiatibp = v, eventually, ~Whereas GLS employs a more powerful best-improvement
but possibly only after a considerable delay. procedure in conjunction with newly developed, powerful
Due to this initial and persistent lack of greediness, we exstrategies for caching and updating the effects of varitiple
pected the performance of GLS for MPE to be boosted sigon the evaluation function. While previously used caching
nificantly by integrating the objective function into theaseh ~ schemes only locally update the partial evaluation fumctio
heuristic. We achieved this by a change in GLS's evaluavalue involving variables in the Markov blanket of a flipped
tion function. Our improved version of GLS, which we call variable, we developed two substantial improvements. At ev
GLS*, adds the logarithmic objective function to the appro-€ry step, we maintain the score of flipping each variable to

priate penalties, making the new evaluation function to beany of its values (caching scherSeores), and on top of that
maximizedg(v) = Z¢E¢ log(d[V = v]) —w x \y[V =], the set of all variables that lead to an improvement in eval-

uation function value when flipped to some value (caching

wherew is a weighting facto?. Indeed, this modification @hemelmproving); since after an initial search phase this

of the evaluation function has major consequences on sear
behaviour and especially boosts the search in early phas
of the search. Figure 1(a) illustrates this for the realidior

networkMuni n2 (from the Bayesian Network Repository),

where GLS finds optimal-quality solutions 10 times faster
on average.

GLS" differs from GLS in a number of other components,
namely the parameter setting, the caching scheme, and t
initialization. All of these modifications contribute sifjn
cantly to GLS"’s improved performance (a detailed analy-
sis of their individual importance can be found [idutter,

antity is a low constant in practice, this latter caching

heme enables an evaluation of the whole neighbourhood of
a search position in constant time. Figure 1(b) demonstrate
the large performance gains of our new caching schemes over
the previous state-of-the-art caching scheme.

Thirdly, GLS initializes the search randomly. However,
'i]tehas been shown that strong initial solutions, such as the
ones obtained with MB, lead to much better overall solu-
tions[Kask and Dechter, 1999Consequently, GLS initial-
izes its search using the MB variant MB-10() (see Section

2004). Firstly, a thorough experimental analysis showedz)’ which improves the quality of found solutions consider-

that, although Park states that “GLS had no parameters @g:ﬂt%nnifg; ‘t’l%r?oe tlvr\}gtg:]g:rssscgerﬁgs n‘fﬁj g:ae search for optimal

%In order to achieve a meaningful guidance by this evaluation We also study a version of GL'Sthat has an additional
function in areas of the search space with probability zero, we tregpreprocessing stage based on VE. In this preprocessing, VE
log(¢[V = v]) as—10* for ¢[V = v] = 0; we also fixed the is applied until a potential with more thanentries is ob-
weighting factorw to 10* to make the penalties comparably large. tained, wheré is a parameters(= 0 results in the standard
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Distribui Stats | GLS™ GLS BBMB AOMB
Istribution W | Opt | (default) (orig) static(10) | dynamic(4) | static(10) | dynamic(6)
Random networks
Base-line:N = 100, K =2, P = 2 [165[100] 0.1 | 1.88(1/0) | 0.05 [ 1.69 [ 033 [ 110
\ N=200K=2,P =2 [34.8] 0 | 0.70 ]33.97(68/0.8464) 61.95(88/0.2694) 47.66(86/0.4168) -(100/0) | -(100/0) |
\ N =400, K =2,P =2 |72.6] 0 | 10.13 | -(100/0.0355) | -(100/0.0020) | -(100/0.0254) | -(100/0) | -(100/0) |
\ N=100K=3P=2 [16.5[100] 0.34 [37.15(81/0.7392) 551 [ 28.90(7/0.5608) _15.38 | 33.72(20/0)
\ N=1000K=4,P=2 |16.3] 60 | 0.88 | -(100/0.2225) | 21.86(25/0.4856) 29.88(65/0.5071) 42.41(53/0) 59.02(91/0)
\ N=100,K=2P=3 [28.3] 47 | 0.42_ | 13.26(3/0.9659)] 36.12(48/0.3650) 31.49(74/0.3884) 43.01(62/0) 53.17(62/0)
\ N=100,K =2,P =4 [37.0] 0 | 0.81 | 41.89(4/0.8538)| 46.83(98/0.1079) 2.07(99/0.1502) -(100/0) | -(100/0) |
\ Grid networks |
\ Base-ine:N = 10, K =2 |11.8]100] 0.01 | 4.55(5/0.1989)] 0.05 [20.23(7/0.6847) 013 | 256 |
N =15, K=2 224] 0 | 0.90 ]50.00(99/0.4201) 9.75(95/0.2686) -(100/0.0880) | -(100/0) | -(100/0)
N = 20, K=2 32.8] 0 | 30.01 | -(100/0.0031) | -(100/0.0058) | -(100/0.0015) | -(100/0) | -(100/0)
N = 25, K=2 443 0 | 52.06 -(100/0) -(100/0.0002) -(100/0) -(100/0) | -(100/0)
N=10,K = 3 12.0[100] 0.34 | -(100/0.4955) 0.98 47.16(97/0.3187) 1.90 | 43.29(53/0)
N=I0,K =4 11.7[ 95 | 1.17 | -(100/0.0496) | 4.77(3/0.5950)| -(100/0.1830) | 15.59(4/0) | 68.32(95/0)
N=10K =5 11.8] 84 | 505 | -(100/0.0098) | 6.41(9/0.5619)| -(100/0.1334) [ 76.52(33/0) -(100/0)
N=10,K = 11.9] 0 | 17.89 | -(100/0.0049) -(100/0) -(100/0.0940) | -(100/0) | -(100/0)

Table 1: Scaling of performance for random networks and iggitivorks with network sizév, domain sizek’, and number of
parentsP. For each problem distribution, there are 100 netwoik& gives their average induced widi@pt the number of
networks for which our quasi-optimal solutions are proyatgtimal (we never found a better solution than the quasinog
one). For each algorithm and problem distribution, we histéaverage time to find a quasi-optimal solution. If an ataridid
not find the quasi-optimal solution for all instances with® CPU seconds, we give its average time for its solvednosty
and in parentheses its number of unsolved instances, fedldy its average approximation quality for these instances

GLS* algorithm, andb = oo yields pure VE). The result- b = 0 in the experiments on random instances.

ing reduced network can then quickly be solved with GLS | the first two experiments, for each network, we executed
and the eliminated variables can be instantiated optimally agch algorithm once for a maximum of 100 CPU seconds and

linear time like in regular VE. call the best solution found in any such run of an algorithm
) quasi-optimal. For the second and third experiment, we ran
4 Experimental Results the B&B algorithms for a long time to obtain provably opti-

We conducted a number of computational experiments tén@l solution qualities, which we found to always agree with
compare the performance and scaling behaviour for the origour quasi-optimal solutions. For a fair comparison, we gkva
inal GLS algorithm, GLS, and the current state-of-the-art in '€POrt the times each algorithm requires for finding a quasi-
MPE solving* In [Marinescuet al., 2003, B&B with static optimal solution; only for the third experiment we addition
MB heuristic (s-BBMB) and a B&B algorithm with MB tree  ally report the time required for proving optimality. Fifal
elimination heuristic (BBBT) were claimed to be the state-We define theapproximation quality of an algorithm run as
of-the-art for MPE solving.[Marinescu and Dechter, 2004 the ratio pf the proba}plllty of the solution it found and the
then introduced B&B with dynamic MB heuristic (d-BBMB), duasi-optimal probability.
as well as versions of s-BBMB and d-BBMB that employ  Our first experiment evaluates how the various algorithms
an AND/OR search tree; these are called s-AOMB and dscale with important instance characteristics, such aganlt
AOMB. size (V), domain size of the variable(), and network den-
We used Radu Marinescu’s C++ implementations of s-sity, here controlled by the numbg&rof parents of each node.
BBMB, d-BBMB, s-AOMB, and d-AOMB?® Furthermore, We created instances with a random network generator pro-
we used Marinescu’s C++ implementation of GLS insteadvided by Radu Marinescu (this is, e.g., describedNfari-
of the original Java implementation by PdRark, 2002, nescuet al., 2003), topologically sampled all variables to
since the former was orders of magnitude faster than the lagguarantee non-zero joint probability, and randomly pick@d
ter on all instances we tried; our GESmplementation is evidence variables. Table 1 shows that for small and easy net
also written in C++. We employed a fixed parameter settingvorks, identified as “Base-line” in the table, the origindl$
of (p,N,) = (0.999,200) for GLS" and the overall best- and the B&B algorithms are competitive with GESbut that
performing fixedi-boundib € {2,4,6,8,10,12} for each  when scaling any ofV, K, or P, the performance of all al-
B&B algorithm. The preprocessing stage in GL8nly im-  gorithms except GLS degrades rapidly[Marinescuet al.,
proves its performance for structured networks. Thus, we s2003 showed that s-BBMB scales much better with domain
— ) size K than the original GLS algorithm. While this is con-
All experiments were carried out on compute servers eaclfirmed by our experiments (see Table 1), our results in Fig-
equipped with dual 2GHz Intel Xeon CPUs with 512KB cache andyre 2(a) show that GLS substantially outperforms s-BBMB
4GB RAM running Linux version 2.4.20, build 28.9. Our imple- ¢ |arger i, and that the relative variability in run-time in-

mentation and the benchmark instances we used are available onli - .
at http://www.cs.ubc.ca/labs/beta/Projects/SLS4MPE/ CFeases witt for s-BBMB, but remains constant for GI'S

SWe do not report results for BBBT, since the implementa- GLS' does not only outperform the other algorithms in

tion available to us could only correctly handle networks generatederms of runtime for finding quasi-optimal solutions, bugal
within the REES system (http://www.ics.uci.edu/"radum/rees.html).in terms of solution quality found in a given fixed time. This
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Figure 2: (a) CPU time required by GIfSand s-BBMB(10) to solve random network instances to opiigaEach point is

the result of a single run on one instance. The instanceshareame as summarized in Table 1. The same CPU-time for
both algorithms is indicated by the line. (b) Comparisonhaf tuality reached by the three algorithms GLS, GLSnd s-
BBMB(10) within 100 CPU seconds. For all instances, GLiBund the best known solution quality, thus its approxiomti
quality is always 1. Each point in the figure is the result ofrgle run for one instance by GLS and s-BBMB(10), while the
two lines show the approximation quality of GES(c) Scaling with induced width for random networks with h@fiables,
domain size 2, and maximal node degree 5. For each inducet,viadsed on one run on each of 100 instances, we plot the
median runtime for finding the optimal solution. The errosbare based on the quantilgs.s andgg.75. We do not employ
means and standard deviations since the B&B algorithmsatidurcceed in finding an optimal solution for every networdr F
example, for the networks of induced width 40, GL®ok 0.5 seconds in the worst case, whereas s-BBMB(10) failed to find
the optimal solution for 18 of the 100 networks withifl0 seconds.

can be seen from Table 1 for all &f, K and P, and is that theLi nk network could not be solved by any of the
visualized in Figure 2(b) for scalingy in random grid net- B&B algorithms, while GLS and GLS find the optimal so-
works. This scatter plot compares the original GLS, GLS Iution in one CPU second. Interestingly, MB(2) already finds
and s-BBMB all given the same maximum computation time;a tight upper bound on solution quality (in 10 CPU millisec-
this is possible since GLl'Salways finds the quasi-optimal onds), but with feasiblé-bounds never even comes close to a
solutions, such that its approximation quality is condgant tight lower bound. Consequently, only a combination of SLS
1. Even though s-BBMB(10) scales better than the origi-and MB can find the optimal solution and prove its optimality
nal GLS, GLS shows even better scaling behaviour. Once(and this within one CPU second).
again, not only the average quality difference to Glgdows,
but for both GLS and s-BBMB, the relative variability also 5§ Conclusion and Future Work
increases with network size.

These scaling results are further extended in our second e
g? ggsvrg}kvghoerﬁr\]’\éepséﬁg'relﬁ at;] gelrgf %ﬁgé)/fsfhgﬂgdgﬁgdﬂ\:\gdt em, and introduced GLS a novel variant of GLS that pays

. ; . i h important concerns as algorithmic
B&B algorithms. For this, we used networks generated withTore att_entlon to suc -
BNGen%ratoP, which allows to generate net%vorks with a complexity per search step, thorough parameter tuning, and

rather accurate upper bound on the induced width. The res_trong guidance by the evaluation function. For a wide range

sults in Figure 2(c) show that the induced width has a majog];'s\{l_PEr;gfﬁ?]ce;a%tl‘j Vgﬁg%ggﬂ%ﬁﬂ;ﬁfﬂg ;lh%
effect on algorithm performance, and that GLS and GLS P 9 9 9

scale much better with induced width than the B&B algo- rithms) that defined the state-of-the-art in MPE solving.sMo
rithms (we omit s-AOMB and d-AOMB which were worse importantly, we demonstrated that the performance of GLS

than d-BBMB). We attribute this to the B&B algorithm’s MB scales much better than GLS and B&B algorithms with the
heuristic whose guidance is impaired for high induced vadth gﬁg”i?]g(uggg v?/%ThamGsl'_léeélss s\ﬁillvgsthvgltt?egfmé?frcl)(rnﬂiﬂscléy
In our third experiment we studied real-world networks ' P

; : for real-world instances.
ggrrpo;tpnes %2353:%?' [\:a?(t(\:l\é%rtkfErelg(r)sg({?élt_\'/?crﬁks(;vbﬁ] Iaz)lsvoin- In contrast to recent claims that stochastic local search al

: ; ; : ithms are not competitive for MPE solvililarinescuet
duced width, which are easily solved with VE. As we show 90" .
in Table 2, a short preprocessing stagex( 0) significantly al., 2009, our results establish SLS as a state-of-the-art ap-

improves the performance of Gt:Sor these structured net- proach for MPE solving that merits further investigation. |
Woeks, making it faster than all B&B algorithms (with op- particular, the anytime characteristics and excellentirsga

timal i-bound) for all but one network. In particular, note  without the preprocessing & 0), we performed 25 additional runs

e . of two hours on the instancdd abet es and Muni n4. Out of
http://www.pmr.poli.usp.br/ltd/Software/BNGenerator/ these, eleven runs solved tBeabet es network, but theWuni n4
"http://www.cs.huiji.ac.il/labs/compbio/Repository/ network was never solved. This highlights the importance of pre-
8To study whether GLS eventually finds the optimum even processing for structured networks.

)Igj this work, we identified various weaknesses of GLS, the
reviously best-performing SLS algorithm for the MPE prob-
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Instance Stats _GLS+ _ GLST VE GLS _ BBMB - _ AOMB _ _

N K with b = 0 | optimal b Niest (orig) static ib dynamic | ib static ib dynamic |ib

Bar | ey 48 | 8.77 19.22 17.95 | 107 31 - ) 258258 | 6 | 6.28/68.91| 4 | 3.08/3.08 | 6 | 43.37/43.37 | 4

Di abetes | 413]11.34 (0.0099) | 361 [>10°] 0 | 3.613.61 | () | 4.55/4.55 | >6 - 8.64/8.64 | >6|162.28/162.28 8
- 1.0 | (0.0050) | 10| (0.0050)

w

7

4
Li nk 724 | 253 |15 1.25 1.16 107 352 4 - - -
Mini n1 189 | 5.26 | 11 0.34 0.34 10% 45 - 1.0 | 1.25/10.57| 6 | 1.03/45.84| 4 | 6.42b.42 | 6 38.15/38.15 | 4
Muni n2 |1003| 5.36 | 7 0.96 0.91 10% 79 1.91.9 1.0 | 3.98/6.55| 8 76.36/- 6| 2.77/277| 6 10.24/40.24 | 8
Muni n3 |1044| 537 | 7 0.87 0.83 10% 62 1.5A.5 ) 4.34/4.34 | 12 | 27.59/44.10 10| 2.39/2.39 | 6 12.92/12.92 | 6
Mini n4 | 1041} 5.43 | 8 (0.0347) 1.87 107 157 | 17.6917.69| (-) |21.30/24.79 12 | (0.0090) | 4 | 20.77/20.77 8 |128.24/128.24 8

Table 2: Performance on networks from the Bayesian NetwaioRitory. N is the number of variables of the network,
its average domain size, andits induced width. For GLS, b is the limit on the number of entries for applying VE in the
extended version of GLSand Nystis the remaining number of variables after the preprocgssith that bound; we report the
combined time for preprocessing and search. For each nemor SLS algorithm, if all of 25 runs found the optimal sabuti
within 600 CPU seconds, we give their average runtime. @tser we give the average approximation quality in paresebe
For each B&B algorithm, we report the best result for &found in{2, 4, 6,8, 10, 12}. If a B&B algorithm found the optimal
solution within 600 CPU seconds, we give the time it requie@ind it, followed by the time it required to prove optimalit
(if applicable). If it did not find the optimal solution, wewi its approximation quality in parentheses. For each nétvwee
highlight the fastest solution time and the fastest praokti Remarkably, the B&B algorithms often prove optimalitygly
after finding the optimal solution, which suggests that thik is only slightly harder. The networké ar m | nsur ance,
Hai | fi nder, M | dew, Pi gs, andWat er are not listed in this table since they are always solved ihlvedow a second by
all algorithms except the original GLS, which does not sdl/¢ dew.

behaviour of GLS suggest its use for large problems with [Jaakkola and Jordan, 1999. S. Jaakkola and M. I. Jordan.
real-time constraints, such as finding the MPE in pairwise Variational probabilistic inference and the QMR-DT net-
MRFs for early computer visiofBoykov et al., 200]. We work. JAIR, 10:291-322, 1999.
therefore plan a comparative study of GL.jeneralized BP  [Kask and Dechter, 199K. Kask and R. Dechter. Stochas-
and graph cuts, which currently define the state-of-théaart tic local search for Bayesian networks. FRroc. of
that domain[Tappen and Freeman, 2d03Furthermore, in AISTATS-99, January 1999.
the near future we plan to implement an extension of GLS [Marinescu and Dechter, 20DR. Marinescu and
that computes a diverse set of high-quality MPEs—the SLS R, Dechter. AND/OR tree search for constraint opti-
paradigm accommodates such an extension easily, for exam- mjzation. InSoft’' 04 workshop at CP’ 2004, 2004.
ple, by using the best solutions encountered along thelseargniarinescuet al., 2003 R. Marinescu, K. Kask, and
trajectory. R. Dechter. Systematic vs. non-systematic algorithms for
solving the MPE task. I®roc. of UAI-03, 2003.
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