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Abstract

We study the backbone of the travelling salesper-
son optimization problem. We prove that it is in-
tractable to approximate the backbone with any
performance guarantee, assuming that P6=NP and
there is a limit on the number of edges falsely re-
turned. Nevertheless, in practice, it appears that
much of the backbone is present in close to optimal
solutions. We can therefore often find much of the
backbone using approximation methods based on
good heuristics. We demonstrate that such back-
bone information can be used to guide the search
for an optimal solution. However, the variance in
runtimes when using a backbone guided heuristic is
large. This suggests that we may need to combine
such heuristics with randomization and restarts. In
addition, though backbone guided heuristics are
useful for finding optimal solutions, they are less
help inprovingoptimality.

1 Introduction

In recent years, there has been much research into what makes
a search problem hard. In decision problems, we now have
a rich picture based upon rapid transitions in solubility and
a corresponding thrashing in search algorithms for the crit-
ical constrained problems close to such “phase transitions”
[Cheesemanet al., 1991; Mitchellet al., 1992]. The picture
is much less clear for optimization. Optimization problems
do not have a transition in solubility, since optimal solutions
always exist. A strong candidate to replace the transition in
solubility is a transition in the backbone size[Monassonet
al., 1998]. In this paper, we study the complexity of comput-
ing and of approximating the backbone. We also look at us-
ing such backbone information to help find optimal solutions,
and to prove optimality. Throughout this paper, we focus
on the symmetric travelling salesperson (TSP) optimization
problem. This is the problem of computing the shortest tour
which visits every city, where the inter-city distance matrix is
symmetric. However, most of our results easily generalise to
the asymmetric case.

2 Backbones
In decision problems, the concept of thebackbonehas proven
to be very useful in understanding problem hardness. For ex-
ample, the backbone of a satisfiability (SAT) problem is the
set of literals which are true in every model[Monassonet al.,
1998]. Backbone size appears closely correlated to problem
hardness[Parkes, 1997; Monassonet al., 1998]. If a SAT
problem has a large backbone, there are many opportunities
to assign variables incorrectly. Such problems tend to be hard
therefore for systematic methods like Davis-Putnam. A large
backbone also means that solutions are clustered. Such prob-
lems therefore can be hard to solve with local search methods
like WalkSAT.

Backbones have been less well studied in the context of
optimization. In[Slaney and Walsh, 2001], the backbone of
an optimization problem is defined to be thefrozen decisions:
those with fixed outcomes for all optimal solutions. For ex-
ample, the backbone of a TSP problem is the set of edges
which occur in all tours of minimal cost. Such a concept
again seems useful in understanding problem hardness. For
instance, the cost of finding optimal (or near optimal) solu-
tions is positively correlated with backbone size[Slaney and
Walsh, 2001].

3 Computing the Backbone
It is not difficult to see that it is NP-hard to find the backbone
of a TSP problem. If the optimal tour is unique, then the
backbone is complete. A procedure to compute the backbone
then trivially gives the optimal tour length. Complications
arise when the optimal tour is not unique and the backbone is
incomplete. For example, suppose there are two disjoint but
optimal tours. The backbone is then empty. Nevertheless, we
can find the optimal tour length using a polynomial number
of calls to a procedure that determines backbone edges.

Theorem 1 The TSP BACKBONE problem (the problem of
deciding if an edge is in the backbone of aTSP problem) is
NP-hard.

Proof: We rescale the TSP problem so that only one opti-
mal tour remains. Without loss of generality, we assume that
inter-city distances are integers. First, for a problem with n
cities, we multiply each inter-city distance by2n(n+1). This
givesn(n + 1) new bits in the least significant digits of each
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number. Note that this only requires polynomial space. We
divide these new bits inton sections, one for each city, of
lengthn + 1 bits. For the inter-city distance between cityi
and cityj, we set thejth bit in theith section and theith bit in
thejth section. Each tour length now encodes the list of edges
visited. In particular, theith section of the tour length has two
bits, say,j andk set. This represents the fact that the tour in-
cludes edges fromj to i and then tok. Even if the old distance
matrix had several optimal tours, the new distance matrix
only has one of them. Letci be the two cities on a tour con-
nected to theith city. Then the optimal and unique tour of the
rescaled problem is the optimal tour of the unrescaled prob-
lem in which〈max(c1), min(c1), . . . , max(cn), min(cn)〉 is
lexicographically least. As the optimal tour is now unique,
the backbone is complete. We can compute this by a polyno-
mial number of calls to a procedure for deciding if an edge is
in the backbone.2

It remains open whether the TSP BACKBONE problem is
NP-complete or not. Completeness would seem to require a
short witness that a tour was optimal. We can, however, say it
is both NP-hard and NP-easy. It is NP-easy as deciding if an
edge is in the backbone can be reduced to a polynomial num-
ber of calls to a TSPdecision procedure. Garey and Johnson
suggest that problems which are both NP-hard and NP-easy
might be called NP-equivalent[Garey and Johnson, 1979].
Although this class contains problems which do not belong to
NP, the class has the property of NP-complete decision prob-
lems that: unless P=NP, no problem in the class can be solved
in polynomial time, and if P=NP then all problems in the class
can be solved in polynomial time. In other words, the TSP
BACKBONE problem is polynomial if and only if P=NP.

4 Approximating the Backbone
Even though computing the backbone is intractable in gen-
eral, might we be able to approximate it?

4.1 Sound approximation
Suppose that we have an approximation procedure that re-
turns some subset of the backbone edges. It is easy to see
that, assuming P6= NP, no such procedure can be guaranteed
to return a fixed fraction of the backbone in polynomial time:
First, we rescale the distance matrix as before so that the op-
timal tour is unique and the backbone complete. The sound
approximation procedure could be called to return at least one
backbone edge - say(a, b). Create a new TSPby collapsinga
andb into a single nodea′. The costc(a′, x) for nodex would
be set to MIN (c(a, x), c(b, x)); all other costs as before. The
procedure could be repeatedly called to construct the optimal
tour edge by edge in polynomial time.

A similar argument shows that no sound approximation
procedure can be guaranteed to return at least one backbone
edge if the backbone is non-empty in polynomial time.

4.2 Unsound approximation
Suppose that edges returned by an approximation procedure
are not guaranteed to be in the backbone. If we do not limit
the number of edges incorrectly returned, then there exists
a polynomial time approximation that meets any approxima-
tion ratio (that is, returns any given fraction of the backbone).

For example, the approximation procedure that returns all
O(n2) possible edges returns all the backbone. We therefore
consider approximation procedures which limit the number
of edges falsely assigned to the backbone. An approxima-
tion procedure is a “majority-approximation” iff, when the
backbone is non-empty, more edges are returned that come
from the backbone than do not come from the backbone. If
the backbone is empty, any number of edges can be falsely
returned.

Theorem 2 If P 6= NP then no majority-approximation pro-
cedure can be guaranteed to return a fixed fractionα or
greater of the backbone edges in polynomial time.

Proof: We show how such a procedure could determine if a
graph(V, E) has a Hamiltonian path with a designated start-
ing and ending vertex in polynomial time, contradicting P6=
NP. We construct a TSPproblem which can have two sorts of
shortest tours. For every Hamiltonian path between the start-
ing and ending vertex, there is a corresponding tour of length
n − 1 where|V | = n. These tours have a non-empty set of
backbone edges taken from some setS. On the other hand, if
there is no Hamiltonian path between the starting and ending
vertex, the shortest tour is of lengthn, and has a non-empty
set of backbone edges (denotedT ) disjoint withS.

Since the approximation procedure returns at least a fixed
fraction of the backbone, it returns at least one correct back-
bone edge. As it is a majority-approximation procedure, the
number of edges in the backbone correctly returned is more
than the number incorrectly returned. By computing the ra-
tio of the number of edges of the two types returned, we can
determine if the backbone is drawn from edges inS or from
those inT . That is, we can determine if there is a Hamiltonian
path or not in polynomial time.

We need two special gadgets. The first is a “backbone free”
connector. This connects together two nodes without intro-
ducing any backbone edges. For example, to connect nodei
to nodej, we use the following small circuit which introduces
3 new intermediate nodes:k1, k2 andk3. All marked edges
are of cost 0, and all unmarked edges are of costn2:
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A tour from i to j goes through some permutation ofk1, k2,
k3. No edge is in all possible tours, and thus no edge ap-
pears in the backbone. Note that we can modify this (and the
other circuits) to have non-zero edges costs by increasing all
other edge costs appropriately. We will draw this gadget as a
rectangular box between nodesi andj.

The second gadget is a “switch” circuit. This uses three
of the backbone free connector gadgets. Four edges go into
this circuit, two horizontally and two vertically. The switch
has two modes. In the first mode, the tour enters and exits
by the vertical edges. In the other mode, the tour enters and
exits by the horizontal edges. The switch circuit contains 15
nodes, all of which are visited in both modes. Note that no
backbone edges are common between the two modes. The
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gadget is show below in a). As before, all marked edges are
of cost 0, and all unmarked edges are of costn2. We give the
two different modes of the circuit in b) and c). We will draw
this switch gadget as a square box containing an “x”.

f f���XXX
f ff f

f fXXX
f ff f

f f���
f ff f

a) b) c)

We use these gadget to construct a TSP problem with the
required shortest tours. The problem has16(n−1)+1 nodes,
n of which correspond to vertices in the graph(V, E) and the
rest are inn − 1 switch gadgets. If the graph(V, E) has an
edge between vertexi andj then the TSPproblem has an edge
of cost 1 between nodei and j. We shall assume that the
starting and ending vertices/nodes are 1 andn respectively.
To finish the tour, we put a zero cost edge between node 1
andn. There are alson − 1 switch circuits. The horizon-
tal wires in theith switch circuit are connected to nodei and
i + 1 (1 ≤ i ≤ n − 1). The vertical wires in thejth switch
circuit are connected to thej − 1th andj + 1th switch circuit
(1 < j < n − 1). The vertical wires in the 1st switch cir-
cuit are connected to node 1 and the 2nd switch circuit. The
vertical wires in then − 1th switch circuit are connected to
then − 2th switch circuit and to noden. All edge costs be-
tween switch circuits and nodes, and between switch circuits
are zero except for the edge between node 1 and the horizon-
tal input to the 1st switch circuit which has costn. The cost
between any two unmarked nodes isn2 as before.

We give an example forn = 4 in which the graph(V, E)
has edges between nodes 1 and 2, 3 and 4, and 2 and 4:
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The TSP Problem Derived graph

If there is a Hamiltonian path in the graph, we follow the
corresponding path in the TSPstarting with node 1 and ending
at noden. We then exit from noden, and enter the vertical
wire in then − 1th switch, and continue through the vertical
wires to switch 1 where we exit and take the zero cost edge
back to node 1. This completes a tour of lengthn − 1. On
the other hand, if there is not a Hamiltonian path, the shortest
tour visits nodes 1 ton by alternating with then − 1 switch
circuits. It then takes the zero cost edge from noden back to
node 1. This completes a tour of lengthn. 2

Similar arguments show that if P6= NP then no majority-
approximation procedure can be guaranteed to return at least
one backbone edge when the backbone is non-empty in poly-
nomial time

5 Epsilon Backbone
Despite these negative complexity results, backbones may
still be easy to compute in practice. We study here the pos-
sibility of using approximation procedures. We define theε-
backbone of a TSP problem as the set of edges which occur
in all tours within a factor(1 + ε) of the optimal. In Figure 1,
we plot the fractional size of theε-backbone (that is, the size
of theε-backbone normalized byn) against1 + ε for random
Euclidean TSPproblems.
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Figure 1: Fractional size of theε-backbone (y-axis) plotted
against approximation ratio (= 1 +ε) for 100 random Eu-
clidean TSP problems with 100 nodes. Degree 6 regression
line fitted.

We see that tours within 5% of optimal have approximately
40% of the backbone of optimal tours. We observe similar
results with non-random instances taken from TSPLib. It ap-
pears that much of the backbone of a TSPproblem is present
when we are near to the optimal solution. As heuristics can
often find near optimal solutions in a short time, it may be
easy to compute a large part of the backbone in practice.

6 Approximation Methods
We now see if TSP heuristics can be used as the basis of an
approximation method for computing the backbone. To com-
pute if an edge is in the backbone or not, we can commit to
the edge and compute the optimal tour, and then throw the
edge out and re-compute the optimal tour. The edge is in the
backbone iff the first tour is shorter in length than the sec-
ond. Suppose now that instead of computing the two optimal
tour lengths, we run some good heuristic method like[Lin
and Kernighan, 1973] for a polynomially bounded time. If it
is true that the heuristic is good, it will frequently find close
to optimal length tours (though we have no guarantee that it
does). This yields a simple approximation method for com-
puting edges that are likely to be in the backbone.

Tests were run on random Euclidean TSPproblems of size
100, 250 and 500 nodes. Most problems have unique solu-
tions, and hence complete backbones. Exceptions were: 6
problems of size 100, 16 of size 250 and 19 of size 500 had
backbones of size< n. Table 1 shows the percentage of the
backbone correctly identified using the heuristic proceedure,
as well as the percentage of “false positive” results. The Lin-
Kernighan heuristic is very accurate at these problem sizes, so
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n = 100 n = 250 n = 500
Ave Approx Ratio 1.0000 1.0002 1.0008
Correct 10% 99.0 69.4 28.8

(%) Median 100.0 100.0 75.8
90% 100.0 100.0 100.0

False 10% 0.0 0.0 0.0
Positive Median 0.0 0.0 0.0

(%) 90% 1.0 0.4 0.6

Table 1: Estimation of backbone using the Lin-Kernighan
heuristic. 100 trials of random Euclidean TSP prob-
lems at each size. Approx Ratio is mean (heuristic-
solution)/(optimal-solution) of original problem.

approximation ratios were small. The heuristic is very good
at identifying backbone edges and gives few false-positives.
Its main weakness is missing backbone edges.

7 Backbone Guided Heuristics
One motivation for identifying backbone is to try to reduce
search. For example, Climer and Zhang use backbone vari-
ables in asymmetric TSPproblems to preprocess and simplify
[Climer and Zhang, 2002]. As a second example, Dubois and
Dequen use a backbone guided heuristic to solve 700 variable
hard random 3 SAT problems[Dubois and Dequen, 2001]. In
the following section, we show that whilst backbone guided
heuristics can be helpful in finding optimal solutions, we must
use them with care. Median runtime are good, but there are
a few long runs (suggesting that a randomization and restarts
strategy may be useful). In addition, we show both exper-
imentally and theoretically, that backbone guided heuristics
can be very poor when it comes to proving optimality. To
make the demonstration very direct, we use a method for
solving TSP problems that relies heavily on the branching
heuristic. The method does not use the “cuts” that charac-
terise state-of-the-art solvers. However, it lets us compare
directly the efficacy of various branching decisions.

We use a branch and bound solver with lower bounds pro-
vided by Lagrangean relation with 1-trees[Reinelt, 1994].
Upper bounding is by a single, deterministic run of Or-opt
[Or, 1976] testing all forward and reverse moves of blocks of
sizen/2 down to 1. The MST bound is enhanced by elim-
inating all other edges into a node if two incident edges are
already forced into the solution. Depth-first search is used,
with the node having the least lower bound explored. The
algorithm branches on an edge currently in the tour repre-
senting the upper bound. The edge can be chosen in one of
several ways:

bb We exclude in turn every possible edge from the solu-
tion. A comparison is then made between the new objective
and the current upper bound. If the new objective is reduced,
then an improvement to the upper bound has been found. If
such an improving move is found, the edge giving the largest
improvement is chosen. If no such improvement is found,
then the edge giving the largestincreasein objective is most
likely to be in the backbone, so that edge is chosen.

freqbb A frequency table is kept during search. As each
new upper-bound tour is created, the frequency of appearence

Mean Median
Method Times/s Nodes Time/s Nodes
bb 60.9 685.8 3.0 5.0
freqbb 98.5 1618.1 5.0 174.0
long 34.0 436.8 0.0 4.0
longish 21.8 332.0 0.0 5.0
next 38.0 642.8 1.0 19.0
rand 58.1 980.5 2.0 40.0
short 61.1 909.8 7.0 113.0

Table 2: Branching heuristics – finding the optimal solution

Mean Median limit
Method Time/s Nodes Time/s Nodes exceeded
bb 199.1 2559.8 35.0 244.0 12
freqbb 206.5 3284.9 28.5 422.0 14
long 360.3 4816.7 51.6 755.0 26
longish 87.7 1946.1 12.5 130.0 4
next 93.7 1775.3 10.1 108.0 4
rand 179.1 2859.3 24.4 348.0 10
short 199.8 2921.9 35.8 413.0 11

Table 3: Branching heuristics – proving optimality

of each edge is updated. Edges with higher frequency are
more likely to be backbone edges, so the branch choice is the
edge with the greatest frequency.

next The next unused edge in the tour is chosen
long The longest unused edge in the tour is chosen
short The shortest unused edge in the tour is chosen
longish A method suggested by the results of this test.

Uselong for the firstn branches, then usenext.
rand A random edge is chosen. As this is non-

deterministic, the heuristic was run five times on each prob-
lem.

A branch-and-boundsolver has two phases: finding the op-
timal solution, and proving optimality. Different heuristics do
better in different phases, so we report the results separately
in Table 2, and Table 3. We used 50 node random Euclidean
TSPproblems with a time limit of 1000 seconds on each run.
Table 3 shows the number of times this limit was exceeded.
The time and node resultsinclude problems for which the
time limit was exceeded.

These results show a “heavy-tailed” distribution[Gomeset
al., 2000] with many problems being solved quickly (hence
a low median) but a few taking a very long time (hence
a high average). Randomised algorithms and restarts have
been shown to reduce the average time in NP-hard problems
[Meisels and Kaplansky, 2004; Selmanet al., 1994]. How-
ever, we wished to look at the “pure” algorithms for compar-
ison.

These results show that the bb heuristic is quite effective at
finding the optimal in terms of the median number of nodes
visited. However, the average is quite large, indicating the
method could benefit from multiple restarts. This reduced
number of nodes comes at a price in terms of runtime. Other
methods, such aslong outperform it in runtime. In terms
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of proving optimality, thebb heuristic performed relatively
poorly, being little better than random.

8 Pathological Example
As a further caution to using backbone guided branching
heuristics, we present a pathological instance of the TSP
problem. If we branch on a non-backbone edge, this instance
can be solved in asingle branch. However, if we branch
first on backbone edges, we visit anexponentialnumber of
branches before proving optimality. Since a search space
is defined by a particular algorithm, we must define a solu-
tion method. The following algorithm is sensible, but simple
enough that we can predict its behavior theoretically. It lacks
the refined LP-based cuts that allow modern TSP codes to
solve huge problems, but is a fairly standard basic algorithm
([Reinelt, 1994]). It has the following features:

1. Uses branch and bound.

2. Stops when the lower bound equals the upper bound.

3. Upper bound provided by current best tour.

4. Lower bound provided by 1-tree relaxation. A 1-tree is
simply a minimum spanning tree (MST) with one extra
edge added from a leaf to another node already in the
tree. The 1-tree contains exactly one cycle, which may
be a complete tour.

5. If two edges are forced to be incident to a single node,
then the lower-bounding procedure does not consider
any other edges incident to that node.

6. Preprocessing identifies nodes which have only two
“useful” incident edges. These two are forced into the
solution. A “useful” edge here is defined to be an edge
with cost less than any available upper bound (an edge
with cost greater than an estimate for the entire tour will
never be used in an optimal solution). An initial upper
bound can be calculated using the tour (1, 2, 3, ...).

The TSP problem is given in Figure 2(a). Node 6 can be
“cloned” arbitrarily many times, and has been cloned at nodes
7 and 8. The clones connect to each neighbour at cost 20,
node 1 at cost 10, and all other clones at cost 21. Arcs not
shown have cost 1000 + 20n, and hence will never be used in
an optimal solution. The upper bound for this graph is given
by the tour 1, 2, .. 10, 1 with cost 200. The minimum span-
ning tree is shown in Figure 2(b) and has cost 130. The bold
edges (10,1) and (10,9) are fixed in due to the preprocessing.
The one-tree adds, for example (3,4) at cost 20. The lower
bound is therefore 150.

Forcing the non-backbone edge (1,2) excludes the “spoke”
edges at nodes 1, as node 1 now has 2 edges incident. The
MST (shown in Figure 3(a)) now has cost 180, and the 1-tree
bound (using edge (8,9) or (3,4) to connect) is 200. As the
lower bound is the same as the upper bound, the branch and
bound algorithm completes. So if (1,2) (or, by a symmetric
argument (1,3)) were chosen as the branch node, the proce-
dure terminates immediately. On the other hand, branching
on backbone edges would force in edges like (5,6). If 6 were
cloned as described above, there could be arbitrarily many of
these edges. Figure 3(b) shows the effect on the lower bound
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of forcing edgec (5,6) into the solution. Forcing (5,6) gives
an MST with cost 140. The 1-tree is connected using an edge
like (6,7) or (3,4) with cost 20, giving a lower bound of 160.
If there were other clones of 6, when they were forced into
the solution, then the lower bound would not approach the
upper bound until edges betweenall clones have been forced.
Forcing out (5,6) leaves a problem that looks very similar to
the original. It still has backbone edges round the perimeter,
but an MST/1-tree which uses the “spoke”-type edges around
node 1 and hence gives an unachievable lower bound.

On backtracking, forcing out (5,6) gives the same lower
bound as the parent problem. A new upper bound can be
found using the cost 21 edges. As the lower-bound is still less
than the upper, we can not stop. A recursive argument shows
that the right branch must be completely explored before it
can be excluded. It is not until all backbone edges are forced
in, or forced out, and the algorithm moves on to branch on
edge (1,2) or (1,3) that the optimal is deterimend. Hence the
backbone heursitic would need to visit an exponential number
of branches to solve the problem.

9 Related Work
Slaney and Walsh demonstrated that the cost of finding op-
timal (or near optimal) solutions is postively correlated with
backbone size[Slaney and Walsh, 2001]. However, they also
showed that the cost of proving optimality is negatively cor-
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related with backbone size. If we have a small backbone, then
there are many optimal and near-optimal tours. An algorithm
like branch and bound has to do a lot of work to ensure there
are no shorter tours.

Zhang has shown that asymmetric random TSP problems
undergo a phase transition in the tour cost and backbone
size as the precision of the distance matrix is varied[Zhang,
2004]. He argues that similar results hold for the symmet-
ric TSP problem, and for structured TSP problems provided
distances are drawn from a common distribution. The search
cost of his branch-and-bound solver also changes from easy
to hard as the precision of the distance matrix is increased and
the backbone size increases.

Climer and Zhang used an approximation method they call
“limit-crossing” to identify backbone variables in asymmetric
TSPproblems (as well as their dual, “fat” variables which are
not part of any optimal solution)[Climer and Zhang, 2002].
By committing to backbone variables and eliminating fat, we
can reduce the size of the problem and thereby reduce search.

Beacham has considered the complexity of computing the
backbone for a range of decision problems like the satisfia-
bility and Hamiltonian path problem[Beacham, 2000]. He
considers a slightly modified definition of backbone: the set
of decisions whose negation give an unsatisfiable subprob-
lem. This definition is equivalent to the usual one for satis-
fiable problems only. He shows that recognising when the
backbone is empty is NP-complete.

Zhang has demonstrated experimentally that there is a
sharp transition in the size of the backbone of random MAX
3SAT problems[Zhang, 2001]. This appears to be correlated
with the transition in the random 3SAT decision problem.

10 Conclusion
We have looked at the backbone of the travelling salesper-
son problem. It is not hard to see that computing the back-
bone is NP-hard. However, we have also shown that it is hard
to approximate the backbone with any performance guaran-
tee (assuming P6=NP and there is a limit on the number of
edges falsely returned). Nevertheless, in practice, it appears
that much of the backbone is present in close to optimal solu-
tions. Approximation methods based on good heuristics can
often therefore find much of the backbone. Such backbone
information can be used to guide the search for an optimal
solution. However, it should be used with care as the vari-
ance in runtimes when using a backbone guided heuristic is
large. In addition, backbone guided heuristics are less good
at proving optimality.

What general lessons can be taken from this study? First,
these intractability results are likely to generalize to other
problems domains. We conjecture that it will also be hard to
compute or approximate the backbone in other optimization
problems (both fundamental theoretical problems like MAX-
SAT, and more practical problems like job shop scheduling).
Second, we predict that much of the backbone will also be
present in close to optimal solutions in these other domains.
Approximation based methods may also work well in these
cases. Third, whilst backbones are a useful concept in ex-
plaining some aspects of problem hardness in optimization,it

is clear that other concepts are still needed. A number of can-
didate measures have been proposed for decision problems
(e.g. backdoor variables) that have yet to be explored for op-
timization.
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Abstract

This paper describes a simple complete search for
cumulative scheduling based on the detection and
resolution of minimal critical sets (MCS). The
heuristic for selecting MCSs relies on an estima-
tion of the related reduction of the search space.
An extension of the search procedure usingself-
adapting shavingis proposed. The approach was
implemented on top of classical constraint propaga-
tion algorithms and tested on resource constrained
project scheduling problems (RCPSP). We were
able to close more than 15% of the previously open
problems of the PSPLIB[Kolisch and Sprecher,
1996] and improve more than 31% of the best
known lower bounds on those heavily studied prob-
lems. Other new results on open-shop and cumula-
tive job-shop scheduling are reported.

1 Introduction

The resource constrained project scheduling problem
(RCPSP) is one of the most general scheduling problem that
is extensively studied in the literature. It consists in schedul-
ing a project, which is a set of activities linked with prece-
dence constraints, by means of a set of limited resources
while minimizing the total duration of the project. The de-
cision variant of the RCPSP, i.e., the problem of determining
whether there exists a feasible project of makespan smaller
than a given deadline, is NP-hard in the strong sense. The
RCPSP is a very popular and frequently studied NP-hard op-
timization problem and the last 20 years have witnessed a
tremendous improvement of both heuristic and exact solu-
tion procedures (cf. e.g. the recent surveys given in[De-
meulemeester and Herroelen, 2002; Hartmann and Kolisch,
2005]). The currently best lower bounds on the makespan
for the general RCPSP are based on solving linear programs
using adequate cutting planes[Brucker and Knust, 2000;
Baptiste and Demassey, 2004]. State-of-the-art techniques
for upper-bounds rely on meta-heuristics such as Genetic Al-
gorithms, Ant Colony Optimization or Large Neighborhood
Search. Many scheduling problems such as job shop, cumula-
tive job shop and open-shop can be modeled as special cases
of RCPSP.

In this article, we present a pure constraint programming
approach based on the exploration of a complete search tree to
prove that the project cannot be achieved within a given dead-
line or to exhibit a feasible project if one exists. The search
procedure is based on the detection and resolution ofminimal
critical sets(MCS) [Laborie and Ghallab, 1995] at each node
of the search. MCSs are carefully chosen using a heuristic
that tries to minimize the size of the search space. During
the search, strong constraint propagation is enforced using
classical scheduling constraint propagation techniques such
astime-tabling, edge-finding, precedence energyandbalance
constraints[Laborie, 2003].

Next section recap the definition of the resource con-
strained project scheduling problem and introduces some no-
tations. Section 3 describes our basic search procedure as
well as the heuristic to select MCSs. Section 4 extends the
basic search procedure to performself-adapting shaving. The
last part of the paper consists of experimental results on clas-
sical benchmarks (general RCPSP, open-shop and cumulative
jobshop problems). For general RCPSP, we show that our ap-
proach closes more than 15% of previously open instances
and improves more than 31% of best known lower bounds of
the famous PSPLIB instances[Kolisch and Sprecher, 1996].
The same approach using exactely the same settings was used
to close all the hard open-shop instances of[Guéret and Prins,
1999] in less than 5s CPU time and to improve the best known
lower bounds and close several instances of cumulative job-
shop[Nuijten, 1996].

2 Model and notations
The resource constrained project scheduling problem
(RCPSP) can be formally stated as follows. A project is
made of a set of activitiesA linked by precedence con-
straints. Precedence constraints can be represented by a di-
rected acyclic graphG = (A, E) where each node inA rep-
resents an activity and each arc(A,B) ∈ E represents a
precedence constraint betweenA andB. Let d(A) denote
the fixed duration of activityA ∈ A ands(A) (resp. e(A))
denote the decision variable representing the start (resp. end)
time of activityA. A set of discrete capacity resourcesR is
considered, each resourceR ∈ R having a maximal avail-
able capacityQ(R) over the entire scheduling horizon. Each
activity A ∈ A requires a non-negative quantityq(A,R) of
resourceR. The problem is to find a feasible instantiations
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of the activity start times such that precedence and resource
constraints are satisfied and the schedule makespan is mini-
mal. More formally:

minimize max
A∈A

e(A)

subject to :
∀A ∈ A, 0 ≤ s(A)

e(A) = s(A) + d(A)
∀(A,B) ∈ E , e(A) ≤ s(B)

∀R ∈ R,∀t ∈ Z+,
∑

A∈S(t)

q(A,R) ≤ Q(R)

whereS(t) is the set of activities executing at timet:

S(t) = {A ∈ A, s(A) ≤ t < e(A)}

A resource requirement of activityA on resourceR is a
triple u = (A,R, q) where q = q(A,R) > 0. If u =
(A,R, q) is a resource requirement, we will denoteA(u) = A
the activity ofu, R(u) = R the required resource,q(u) = q
the required quantity,s(u) (resp. e(u)) will denote the start
(resp. end) time of the activity ofu. We will also denote
U(R) = {u/R(u) = R} the set of resource requirements
on resourceR. If ϕ ⊆ U(R) is a subset of resource require-
ments on a resourceR, we will denoteq(ϕ) =

∑
u∈ϕ q(u)

the global resource consumption ofR by activities inϕ.

3 Search
3.1 Branching scheme
Our branching scheme assumes that a temporal network rep-
resenting the relations between the time-points of all activ-
ities (start and end) using the point algebra of[Vilain and
Kautz, 1986] is maintained during the search. In our im-
plementation, this is ensured by the precedence graph con-
straint of ILOG SCHEDULER [ILOG, 2005]. We denote
{∅,≺,�,=,�,�, 6=, ?} the set of qualitative relations be-
tween time points. Ifu andv represent two resource require-
ments, we will denoteu � v if and only if e(u) � s(v).

The branching scheme relies on the notion of minimal crit-
ical sets (MCS) and their resolvers as introduced in[Laborie
and Ghallab, 1995]. A MCS is a minimal set of resource re-
quirements on the same resourceR that could be executed si-
multaneously and would, in this case, over-consume resource
R. MCSs are a natural generalization to cumulative schedul-
ing of the pairs of activities conflicting for the same unary
resource in disjunctive scheduling.

Definition 1 (Minimal critical set) A minimal critical set on
a resourceR is a subsetφ ⊆ U(R), such that:

1. Q(R) < q(φ)
2. ∀ϕ ( φ, q(ϕ) ≤ Q(R)
3.

∧
(u,v)∈φ×φ s(u) ≺ e(v) is consistent with the current

temporal network

Informally, the different ways to resolve a minimal critical
set consist in posting a precedence constraint between any
two of its activities.

Definition 2 (Resolvers of a minimal critical set) If φ ⊆
U(R) is a MCS, we call resolvers ofφ the set of temporal
constraintsRes(φ) = {u � v : (u, v) ∈ φ2, u 6= v}.

As described in[Laborie and Ghallab, 1995], the set of re-
solversRes(φ) of a MCSφ can be simplified so as to remove
those resolversρ ∈ Res(φ) for which there exists another
resolverρ′ ∈ Res(φ) such thatρ ⇒ ρ′ given the current
temporal network. Indeed, in such case, the resolverρ is re-
dundant. Such a simplification procedure can be achieved in
O(k3) if k is the size of the MCS using the naive Algorithm
1. Line 7 allows removing resolveru � v if there existsw
such thatu � v ⇒ u � w or u � v ⇒ w � v. In what fol-
lows, we assume that the set of resolvers of a MCS has been
simplified.

Algorithm 1 Resolver simplification algorithm
1: procedure SIMPLIFY RESOLVERS(φ)
2: Res(φ)← ∅
3: for all u in φ do
4: for all v in φ \ {u} do
5: keep uv ← TRUE
6: for all w in φ \ {u, v} do
7: if s(v) � s(w) or e(w) � e(u) then
8: keep uv ← FALSE
9: break

10: if keep uv then
11: Res(φ)← Res(φ) ∪ (u � v)
12: return Res(φ)

At each search node, our branching scheme consists in se-
lecting a MCSφ and branching on its possible resolvers in
the children nodes until there is no more MCS. This approach
is clearly complete.

3.2 Heuristics
As all the resolvers consist of temporal constraints of the form
x � y wherex andy are two time-points (start or end of an
activity), we are interested in an estimation of the size of the
search space after posting such a precedence constraint. The
fraction of the search space that is preserved when adding a
precedence constraint is estimated using the complementary
of the commitment measure introduced in[Laborie, 2003].

Let x andy be two time-points with respective lower and
upper bound for time value:[xmin, xmax] and[ymin, ymax].
The size of the search space is estimated by the Cartesian
product of the domain of the two variables, that is, the area
of the rectangle[xmin, xmax], [ymin, ymax]. The size of the
search space that is preserved when adding the constraint
x � y is the part of that rectangle above the linex = y as
illustrated in Figure 1. The fraction of the search space that is
preserved can thus be estimated as follows. Let:

A = (ymax − ymin + 1)(xmax − xmin + 1)

B = (ymax − xmin + 1)(ymax − xmin + 2)
Cmin = max(0, (ymin − xmin)(ymin − xmin + 1))
Cmax = max(0, (ymax − xmax)(ymax − xmax + 1))

The fraction is then equal to:
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Figure 1: Preserved search space when addingx � y

preserved(x � y) =
B − Cmin − Cmax

2 ·A
In the example of Figure 1, this givesA = 30, B = 56,

Cmin = 6, Cmax = 2, andpreserved(x � y) = 24/30.
If ω is the size of the search space below the current search

node, the size of the search space after posting a temporal
constraintx � y can be estimated byω · preserved(x � y).
If φ is the MCS that is selected to be resolved at the cur-
rent search node, the size of the search space to explore be-
low the current node can thus be estimated as the sum of
the sizes of the search space below each child node, that is:
ω ·

∑
ρ∈Res(φ) preserved(ρ). Therefore,preserved(φ) =∑

ρ∈Res(φ) preserved(ρ) estimates the fraction of the search
space that is preserved when choosingφ as the next MCS to
solve1. Our heuristic simply chooses to resolve next the MCS
φ that minimizespreserved(φ) that is, the one that mini-
mizes our estimation of the size of the explored search space.
Next section provides more details about the MCS selection
algorithm.

3.3 MCS selection algorithm
At each search node, the MCS selection procedure develops
a tree of partial MCSs where the current partial MCSφ is
extended adding one resource requirement in each child node.
By definition of preserved(φ), it is clear thatφ′ ⊂ φ ⇒
preserved(φ′) ≤ preserved(φ). Thus, ifφ∗ is the best MCS
found so far, once a partial MCSφ has been reached such that
preserved(φ∗) ≤ preserved(φ), the sub-tree of the MCS
selection tree rooted atφ can be abandoned.

The algorithm for selecting and branching on a MCS is
more precisely described in Algorithm 2 using the following
notations: id(u) is a unique index associated with resource
requirementu used to break ties.Unranked(u) represents
all the resource requirementsv that can possibly overlapu
given the current temporal constraints, and that are such that
q(v) < q(u) or q(v) = q(u) and id(v) < id(u). φ is
the (partial) MCS that is currently being extended. A (par-
tial) MCS is represented by a list of resource requirements:
φ = (u1, ..., uk). We denoteuk = Last(φ) and define the
operator⊕ as follows:φ⊕u = (u1, ..., uk, u); q = q(φ) is the
consumption of the current (partial) MCS;p = preserved(φ)

1Note that this is of course only a rough estimate and in particu-
lar, the estimated fractionpreserved(φ) can be greater than 1.

is the preserved search space so far in the current (partial)
MCS; φ∗ is the best MCS so far andp∗ = preserved(φ∗) is
the preserved search space of the best MCS so far. The pro-
cedure at line 1 calls the MCS rating and selection process
on each resource. At line 6, to rate and select MCSs for a
given resource, the procedure first sorts the relevant sets of
requirementsv at lines 7 and 9 by decreasing order ofq(v),
usingid(v) to break ties in order to ensure that each MCS is
scanned only once, starting with the smallest MCSs, that is,
the ones containing the most greedy requirements. The pro-
cedure at line 23 returns TRUE if and only if a given require-
mentu can possibly overlap all the requirements of a partial
MCS given the current temporal network. The procedure at
line 28 computes the incremental increase of preserved space
due to the insertion of a new requirementu in the current
MCS φ. The value ofpreserved has been described in sec-
tion 3.2. The main recursive function for selecting MCSs is
described at line 12.

Algorithm 2 MCS selection algorithm
1: procedure SELECT MCS
2: p∗ ← +∞
3: for R in R do
4: SELECTMCS(R)
5: return φ∗

6: procedure SELECT MCS(R)
7: SortU(R) by decreasingq
8: for all u in U(R) do
9: SortUnranked(u) by decreasingq

10: for u in U(R) do
11: RSELECTMCS(R,(u),q(u),0)

12: procedure RSELECTMCS(R,φ,q,p)
13: if q > Q(R) then . φ is a MCS
14: if p < p∗ then . φ is the best MCS so far
15: p∗ ← p
16: φ∗ ← φ
17: else . φ needs to be extended
18: u← Last(φ)
19: for all v in Unranked(u) do
20: if IS UNRANKED(v,φ) then
21: dp← DELTA PRESERVED(v,φ)
22: RSELECTMCS(R,φ⊕v,q+q(v),p+dp)

23: procedure IS UNRANKED(u,φ)
24: for all v in φ do
25: if u � v or v � u then
26: return FALSE
27: return TRUE

28: procedure DELTA PRESERVED(u,φ)
29: dp← 0
30: for all v in φ do
31: dp← dp + preserved(u,v) + preserved(v,u)
32: return dp

The best MCSφ∗ that has been scanned by the above pro-
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cedure is selected as the one to be solved at the current search
node. This MCS is simplified using Algorithm 1 and the
search explores all of its resolversρ ∈ Res(φ∗) in the child
nodes by decreasing order ofpreserved(ρ). This order has
no effect when the schedule is not feasible as in this case the
complete search tree needs to be explored but it helps finding
a solution quicker when a solution exists.

4 Self-adapting shaving
Shaving techniques[Torres and Lopez, 2000] provide a
good framework for strengthening constraint propagation and
avoiding late failures to be discovered in the search tree. They
are all based on the following principle: if adding a constraint
C in the current node of the search leads to a failure of the
propagation, then, constraint¬C can be inferred. Due to the
cost of propagating a constraintC and the potential number
of constraintsC to try to shave on, shaving techniques are in
general computationally expensive.

To improve the pruning of the search tree, we implemented
the following shaving technique based on MCSs. If a MCS
φ with resolversRes(φ) = {ρ1, ..., ρk, ρk+1} is such that
∀i ∈ [1..k], addingρi in the current schedule leads to a
failure of the propagation, thenρk+1 can be inferred. The
complexity for shaving a given MCSφ of sizen is thus in
O(n2P ) whereP is the cost of full constraint propagation
at the current node. Potentially, there is of course an ex-
ponential number of MCSs to shave on at each search node
and we can expect that many of those MCS do not allow in-
ferring any precedence constraint. An idea to speed-up the
shaving process is thus to only try shaving on a subset of
MCSs for which the probability to infer a precedence con-
straint is greater than a given thresholdα. Parameterα is
an input of the shaving algorithm. We can roughly esti-
mate that the probability that adding a precedence constraint
x � y in the current schedule will lead to a failure of the
propagation is proportional2 to 1 − preserved(x � y). If
ρm = argmaxρ∈Res(φ)preserved(ρ) is the resolver of the
MCS φ with maximal preserved search space, we are inter-
ested in the MCSs that get a high probability that all their re-
solvers butρm will fail, that is, if we assume all the probabil-
ities are independent, the ones such thatΠρ∈Res(φ)\{ρm}(1−
preserved(ρ)) is greater than a given threshold. For those
MCSs, if the threshold is close enough to 1, we can as-
sume thatpreserved(ρ) is small enough so that the first or-
der approximationΠρ∈Res(φ)\{ρm}(1 − preserved(ρ)) ≈
1−

∑
ρ∈Res(φ)\{ρm} preserved(ρ) is reasonable.

To summarize, we thus only consider for shaving those
MCS scanned by the procedure described in Algorithm 2 that
are such thatpreserved(φ) − preserved(ρm) ≤ β, β be-
ing a threshold. The computation of this criterion only adds
a negligible overhead related with the maintenance ofρm for
each MCS in the MCS selection procedure. Due to the nu-
merous approximations,β is not taken to be constant (theo-
retically equal to1 − α). The thresholdβ is computed by

2Note that this estimation is exact at the extreme points when
preserved(x � y) = 0 (propagation will fail for sure) and when
preserved(x � y) = 1 (propagation cannot fail becausex � y has
already been discovered given the current domains ofx andy).

self-adaptation in such a way that on average, among the last
h shaving attempts,αh lead to the inference of a new prece-
dence. Whenever the number of successful shavings among
the lasth ones deviates fromαh, the parameterβ is adapted
accordingly: ifs < αh, β is decreased byεβ and if s > αh,
β is increased byεβ. For all our experiments with shaving,
we tookh = 20, α = 0.75, ε = 0.01 and start withβ = 1.

5 Experimental evaluation
The approach has been implemented on top of ILOG
SCHEDULER 6.1 using thetimetable, disjunctive, edge-
finder, precedence energyand balanceconstraints[ILOG,
2005]. All the experiments described in this section were
run on a Dell Latitude D600 laptop, 1.4 GHz. Detailed
results such as individual lower bounds for each prob-
lem instance and new optimal solutions are available at
http://scheduler.ilog.fr/ .

5.1 Results on general RCPSP
We evaluated our approach on the instances of the PSPLIB
[Kolisch and Sprecher, 1996] with 60, 90 and 120 activities
(resp. sets J60, J90, J120). For each instance, we solve the
feasibility problem of finding a schedule with a makespan
lower thanT , starting with a legal lower bound forT 3 and
incrementingT until either the problem is shown to be feasi-
ble (in this case,T is the optimal makespan) or a given time
limit for solving the problem with makespanT is exceeded
(in this case,T is a legal lower-bound but the search stops
without providing any legal upper-bound).

In a first series of experiments, we use the basic search de-
scribed in section 3 without shaving with a time limit of300s.
The previous best lower and upper bounds we compare with
are the ones reported in the PSPLIB together with the recent
improvements on the J60 instances reported in[Baptiste and
Demassey, 2004]. The results are summarized on Table 1
with the following columns:

#O : number of instances previously open
#I : number of improved lower bounds (% of #O)
AGR: average gap (distance from the lower to the upper

bound) reduction when a bound is improved
#C : number of closed instances (% of #O)

Inst. #O #I (%I) AGR #C (%C)

J60 98 39 (39.8%) 62.9% 21 (21.4%)
J90 129 51 (39.5%) 58.4% 26 (20.2%)
J120 390 88 (22.6%) 47.0% 38 (9.7%)
ALL 617 178 (28.8%) 53.0% 85 (13.8%)

Table 1: Results on RCPSP without self-adapting shaving
with a time-limit of 300s

Out of the617 previously open instances, we are able to
improve178 lower-bounds with an average gap reduction of
53% and to close85 instances.

To show the effect of self-adapting shaving, we run a ver-
sion of our approach using self-adapting shaving with the

3For instance the lower-bound of the PERT of temporal con-
straints

CONSTRAINT SATISFACTION AND SEARCH184



Inst. #O #I (%I) AGR #C (%C)

J60 98 40 (40.8%) 62.6% 22 (22.4%)
J90 129 52 (40.3%) 58.3% 26 (20.2%)
J120 390 90 (23.1%) 47.3% 38 (9.7%)
ALL 617 182 (29.5%) 53.1% 86 (13.9%)

Table 2: Results on RCPSP with a self-adapting shaving and
a time-limit of 300s

same time-limit of 300s. The results are summarized on Ta-
ble 2. Out of the617 previously open instances, we are able
to improve182 lower-bounds with an average gap reduction
of 53.1% and to close86 instances. The main conclusion is
that, within the same time-limit, the addition of self-adapting
shaving slightly increases the performances. The two curves
below respectively show, on a particular instance (J60 5 2),
the number of search nodes with a given depth in the search
tree and, for each node depth, the ratio between the number
of selected MCSs that effectively lead to the inference of a
new precedence and the total number of MCSs selected for
shaving. One clearly see that in the region of the search space
where most of the nodes are concentrated (between depths
10 and 35), this ratio is effectively close to the target ratio
of 0.75. In this instance, 4667 nodes where explored, 4843
MCSs where selected for shaving and among them, 3291 ef-
fectively lead to the inference of a new precedence.
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Given that self-adapting shaving slightly improves the per-
formances within the same time limit of 300s, we used this
configuration with an extended time-limit of 1800s. The re-
sults are summarized on Table 3. Out of the617 previously
open instances, we improve193 lower-bounds (that is more
than31% of the previously open instances) with an average
gap reduction of61.1% and close96 instances (that is more
than 15% of the previously open instances).

5.2 Results on open-shop problems
Open-shop problems can be represented as a special cases
of RCPSP where all resources have a unit capacity and ad-
ditional unary resources are used to model the fact that ac-
tivities of the same job cannot not overlap. We tested our

Inst. #O #I (%I) AGR #C (%C)

J60 98 44 (44.9%) 72.4% 26 (26.5%)
J90 129 54 (41.9%) 66.0% 30 (23.3%)
J120 390 95 (24.4%) 48.1% 40 (10.3%)
ALL 617 193 (31.3%) 61.1% 96 (15.6%)

Table 3: Results on RCPSP with a self-adapting shaving and
a time-limit of 1800s

Instance UB Optim. Instance UB Optim.

gp06-03 1255 1255* gp09-02 1112 1110*
gp06-07 1290 1290* gp09-03 1117 1115*
gp06-09 1243 1243* gp09-06 1093 1093*
gp06-10 1254 1254* gp09-07 1097 1090*
gp07-01 1159 1159* gp09-08 1106 1105*
gp07-02 1185 1185* gp09-09 1126 1123*
gp07-04 1167 1167* gp09-10 1120 1110*
gp07-06 1193 1193* gp10-01 1099 1093*
gp07-08 1180 1180* gp10-02 1099 1097*
gp07-09 1220 1220* gp10-03 1081 1081*
gp08-02 1135 1135* gp10-04 1089 1077*
gp08-04 1154 1153* gp10-05 1080 1071*
gp08-06 1116 1115* gp10-06 1072 1071*
gp08-07 1126 1126* gp10-07 1081 1079*
gp08-08 1148 1148* gp10-08 1098 1093*
gp08-10 1161 1161* gp10-09 1120 1112*
gp09-01 1135 1129* gp10-10 1092 1092*

Table 4: Results on open-shop with a self-adapting shaving
and a time-limit of 5s

approach, with the same settings as in previous section on
the open-shop problems instances proposed in[Guéret and
Prins, 1999]. Those instances are considered to be very
hard instances of open-shop problems and serve as classi-
cal benchmark in open-shop scheduling (see for instance re-
cent work in[Blum, 2005]). The benchmark consists of 80
instances ranging from 3 jobs× 3 machines problems until
10 jobs× 10 machines problems. Out of these 80 problems,
34 instances are still open. Using our approach, we were able
to close all those instances in less than 5s CPU time. The op-
timal makespan for the 34 previously open instances is sum-
marized on Table 4 where the columnUB corresponds to the
currently best known upper-bound for which no optimality
proof did exist.

We also experimented with the open instances of the
benchmark of[Brucker et al., 1997]. We closed 3 of
these 6 open instances: namelyj8-per0-2 (optimal
makespan: 1052),j8-per10-0 (optimal makespan 1017)
andj8-per10-1 (optimal makespan 1000).

5.3 Results on cumulative jobshop problems

We tested our approach, with the same settings, on the cu-
mulative job-shop problem benchmark described in[Nuijten,
1996]. These instances are derived from classical jobshop
scheduling problems by multiplying the number of jobs (and
thus the number of activities) and the capacity of the re-
sources by a given factor (×2 or×3). Our results are summa-
rized on Table 5 whereLB is the lower bound using the con-
sistency checking described in[Nuijten, 1996] andNewLB
the new lower bound of our approach. We were able to close
the ft06 ×2 and ft06 ×3 instances as well as to improve
12 lower bounds out of these 38 open instances.
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Instance LB New LB Instance LB New LB

ft06×2 53 55* ft06×3 53 55*
ft10×2 835 837 ft10×3 828 828
la03×2 593 593 la03×3 590 590
la04×2 572 572 la04×3 570 570
la16×2 888 892 la16×3 884 887
la17×2 754 754 la17×3 753 753
la18×2 783 803 la18×3 776 783
la19×2 731 756 la19×3 724 740
la20×2 830 849 la20×3 829 842
la21×2 1017 1017 la21×3 1010 1012
la22×2 913 913 la22×3 913 913
la24×2 885 885 la24×3 884 884
la25×2 907 907 la25×3 903 903
la29×2 1117 1117 la29×3 1116 1116
la36×2 1229 1229 la36×3 1227 1227
la37×2 1378 1378 la37×3 1370 1370
la38×2 1092 1092 la38×3 1087 1087
la39×2 1221 1221 la39×3 1221 1221
la40×2 1180 1180 la40×3 1176 1176

Table 5: Results on cumulative job-shop with a self-adapting
shaving and a time-limit of 1800s

6 Conclusions

We presented a simple complete search procedure imple-
mented on top of classical constraint propagation algorithms
and applied it to resource constrained project scheduling
problems. In average, this approach outperforms the best al-
gorithms for finding lower bounds on those scheduling prob-
lems, even with a time limit of 300s per optimization step4.
Using this approach in conjunction with a self-adapting shav-
ing procedure, we were able to close more than 15% of the
previously open problems of the PSPLIB and improve more
than 31% of the best known lower bounds. What is even more
remarkable is that this very same approach allows closing all
the hard open-shop instances of[Guéret and Prins, 1999] in
less than 5s CPU time although the approach was not partic-
ularly designed to tackle disjunctive scheduling and does not
exploit the open-shop nature of the problems.

The understanding of why our method works so well on the
instances of the PSPLIB and on many open-shop problems
would deserve a deeper study. From one hand, if the prob-
lems are highly cumulative, our approach is clearly limited by
the explosion of the number of MCSs to consider. From the
other hand, when problems are highly disjunctive, we could
expect other approaches dedicated to disjunctive scheduling
to work better. A first possible explanation could be a good
fit between our approach and the ”disjunctivity” degree of the
hard instances of the PSPLIB as suggested by some recent
work [Garaixet al., 2005]. A result of this study could be
some kind of hybridizing of MCS-based search with tech-
niques more adapted to highly cumulative problems, MCS-
based search being restricted to the resolution of MCSs with
small preserved search space (thus small MCSs) at the top of
the search tree. A second direction for future work is the gen-
eralization of the notion ofself-adaptingshaving introduced
in this paper to other shaving techniques in scheduling.

4When this time limit is exceeded at an optimization step, usu-
ally, the previous steps where fairly quick so that the overall time for
computing the lower bound is close to 300s.
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Abstract

The aim of this paper is to propose a new resolu-
tion framework for the SAT and MAX-SAT prob-
lems which introduces a third truth valueundefined
in order to improve the resolution efficiency. Using
this framework, we have adapted the classic algo-
rithms Tabu Search and Walksat. Promising results
are obtained and show the interest of our approach.

1 Introduction
The satisfiability problem (SAT)[Garey and Johnson, 1979]
consists in finding a truth assignment that satisfies a well-
formed Boolean expression. An instance of the SAT prob-
lem is then defined by a set of Boolean variables (also called
atoms)X = fx1; :::; xng and a Boolean formula�: IBn !IB. As usual, the formula� is supposed to be in conjunc-
tive normal form (CNF) (i.e., it is a conjunction of clauses
where a clause is a disjunction of literals1). The formula
is said to be satisfiable if there exists an assignment (i.e.,a
functionA:X ! IBn) satisfying� and unsatisfiable other-
wise. The search spaceS corresponds to the set of all possi-
ble assignments.� is obviously satisfied if all of its clauses are
satisfied. In this context, the maximum satisfiability problem
(MAX-SAT) corresponds to the minimization of the number
of false clauses.

Two classes of methods are used to solve SAT and MAX-
SAT problems, namely exact and approximate methods.

Exact methods are able to find all the solutions of an in-
stance or, if there is no solution, to prove its unsatisfiabil-
ity. These methods are generally based on the Davis-Putnam-
Logemann-Lovelandprocedure[Daviset al., 1962] which ex-
plores a binary search tree, building incrementally truth as-
signments. They provide very good results but are not suit-
able for the MAX-SAT problem. Other exact methods, gener-
ally based on Branch and Bound (B&B) algorithms[Borchers
and Furman, 1999] have been designed to handle MAX-SAT,
but their performances are often limited for large instances.

Approximate methods are mainly based on local search
and evolutionary algorithms. We focus here on local search
algorithms which have been widely studied in the SAT com-
munity [Selmanet al., 1992; 1994; Spears, 1996; Mazureet

1A literal is a variable or its negation.

al., 1997; Hirsch and Kojevnikov, 2001]. As usual, these
algorithms rely on the fundamental characteristics of local
search: the exploration of the search space is achieved by
moving from an element to one of its neighbors, these moves
being performed according to specific heuristics. Therefore,
they expect to minimize, on the assignments space, a function
corresponding to the number of false clauses. They are thus
naturally designed for the MAX-SAT problem and allow one
to handle large instances.

The efficiency of such algorithms is strongly related to their
capacities to finely exploit specific areas of the search space
when needed (i.e., intensify the search) and to widely explore
the space by moving to different promising areas (i.e., diver-
sify the search). These aspects are controlled through param-
eters to ensure a good tradeoff between diversification and
intensification. But, actually these two notions are not really
well defined and therefore, parameters tuning remains a key
point when using such algorithms.

We should remark that exact and approximate methods
do not use the same representations for their search space.
Their hybridizations[Mazureet al., 1998; Prestwich, 2000;
Habetet al., 2002; Prestwich, 2004] are not trivial since ex-
act methods work on partial assignments incrementally com-
pleted by the resolution process while approximate algo-
rithms explore the set of all possible complete assignments.
A partial assignment is an assignment where some variables
are not yet valued and can be thus considered as the represen-
tation of a set of complete assignments. From a local search
point of view, the use of such partial assignments could lead
to new diversification and intensification processes. Indeed,
the diversification of the search could be achieved by mov-
ing over large sets of complete assignments induced by given
partial assignments, while the valuation of some variablesof
such partial assignments could be considered as a way to fo-
cus on a more restricted part of the search space.

The purpose of this paper is to define a uniform model for
these two types of assignments in order to precisely define
and study the fundamental mechanisms of local search for
SAT and MAX-SAT resolutions. This framework allows us to
propose a new local search scheme which provides a uniform
control of the search and which can be introduced in well
known local search procedures: Tabu Search and Walksat.
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2 A 3-Valued Framework
We propose a new resolution framework for the SAT and the
MAX-SAT problems which introduces a third truth valueun-
definedin order to improve the resolution efficiency. Within
this framework, local search methods will be extended in or-
der to take into account partial assignments and, therefore,
several notions and logical rules have to be redefined.

2.1 Standard Local Searches
In the classic SAT and MAX-SAT context, the search spaceS is the set of all possible complete truth assignments. The
objective function to maximize corresponds to the number of
satisfied clauses given by thestandard eval function:standard eval: S ! INA 7! jf
jsat(A; 
) ^ 
 2 �gj
wheresat(A; 
) means that the clause
 is satisfied by the
assignmentA 2 S andjEj is the cardinality of the setE.

The moves are clearly possible flips of the values of a given
assignment. The flip of a variablei in an assignmentA is the
swap of its truth value (T (true)to F (false)orF toT). The best
flip is selected thanks to astandard 
hoose function which
returns the variable whose flip provides the best improvement
(i.e., maximizes the number of false clauses which become
true after the flip minus the number of satisfied clauses which
become false).

A naive local search algorithm for SAT and MAX-SAT
consists in selecting the best move at each step (usingstandard 
hoose). It stops either when a solution is found or
when a maximum number of steps has been reached. Then,
it returns the best assignment found (w.r.t.standard eval).
Specific control heuristics can be added to improve the effi-
ciency of the search, such as random walks and other noise
strategies[Selmanet al., 1994].

2.2 Introducing an undefinedValue
Our purpose is to provide a uniform framework to represent
complete and partial assignments. Concerning complete as-
signments, with classicaltrue andfalse values, the logical
interpretation rules are well-known but, with partial assign-
ments, non valued variables appear and we decide to intro-
duce a third truth value to represent them.

We add a truth valueU(undefined)and consider the set of
truth valuesT = fU; T; Fg in our3-valued framework. This
new value induces some changes in the standard logical inter-
pretation rules. Two approaches can be used to define these
rules: an optimistic approach and a pessimistic approach.� Theoptimistic approachis the most commonly used. In-

deed, all the exact methods exploring a search tree are
based on this approach. A clause is considered unde-
fined if none of its literals is true and at least one of its
literals is undefined. This approach corresponds to the
following simplification rules:T _ U ! TF _ U ! UU _ U ! U

� We propose here an alternativepessimistic approach
which relies on the fact that as soon as a clause has a
false literal and no true literal, it is considered as false.
An undefined clause must have all its literals set to unde-
fined. This approach corresponds to the following rules:T _ U ! TF _ U ! FU _ U ! U

Our search structure is now defined and we may study the
precise behavior of local search algorithms on this structure
with three truth values.

2.3 Local Search Transitions
We define a partial orderA on the setT such asU A T
andU A F . In this context, given a SAT problem withn
variables, our search space will be the setT n. The ordering
relationA can be naturally extended toT n: (x1; � � � ; xn) A(y1; � � � ; yn) if and only if 9i; xi A yi and �j; yj A xj .
We consider the partial ordering(T n;A) with the great-
est element> = (U; � � � ; U). This structure will now be
used to precisely describe the behavior of local search algo-
rithms. We consider a basic local search move2 as a tran-
sition A ! A0 whereA;A0 2 T n. Since we only con-
sider here a classical neighborhood we require that transi-
tions (x1; � � � ; xn) ! (y1; � � � ; yn) satisfy9i; xi 6= yi and8j 6= i; xj = yj . This neighborhood corresponds to a ham-
ming distance equal to 1 between two neighbors, which is
related to theflip function.

On the one hand, we first consider the assignment land-
scape point of view. The 3-valued framework allows us to
handle both partial and complete assignments and, as men-
tioned above, a partial assignments is seen as a representation
of a set of smaller assignments (w.r.t.A). Therefore, diversi-
fication consists in considering larger sets of elements of the
search space while intensification focus on fewer elements.
The transition corresponds to a layer exploration when the
number of undefined variables remains the same.

- Diversification: A! A0 with A0 A A
- Intensification: A! A0 with A A A0
- Layer Exploration: A! A0 with A 6A A0 andA0 6A A
On the other hand, we have to take into account the evalu-

ation of the assignments. The introduction of the third truth
value requires us to redefine thestandard eval function and
thestandard 
hoose function of section 2.1, since the num-
ber of undefined clauses must be taken into account. The new
evaluation functioneval returns the number of true clauses as
well as the number of undefined clauses. In this context, an
assignment is better than another if it satisfies more clauses.
If the number of true clauses is equal for two assignments, the
one generating the greatest number of undefined clauses will
be considered as the best assignment.eval: S ! (IN; IN)A 7! (jf
jsat(A; 
) ^ 
 2 �gj;jf
jundefined(A; 
) ^ 
 2 �gj)

2With three truth values, the concepts of flip is not valid anymore.
We prefer to use the concept of move, step or transition.
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whereundefined(A; 
) means that the clause
 is undefined
by the assignmentA 2 S.

Using this function, we may defineSol�, the set of all the
solutions for a formula�: Sol� = fAjeval(A) = (k; 0); A 2T ng with k = jf
j
 2 �gj.

We define the order>eval as the lexicographic extension(>;>) of the order> on the pair constructed by theeval
function. We may now consider the transitions from this
evaluation point of view.

- Improve: A! A0 with A0 >eval A
- Deteriorate: A! A0 with A >eval A0
- Preserve:A! A0 with eval(A0) = eval(A)
Using these concepts, a move is now characterized from

each point of view: for instance, a given move may corre-
spond to a diversification and improve transition.

These notions are illustrated in example 1. Indeed, in our
3-valued framework, both exact and approximate methods
can be modeled. The search trees used by Davis-Putnam-
Logemann-Loveland like procedures are sets of intensifi-
cation and diversification transitions whereas classic local
search algorithms perform sets of improving, deteriorating
and preserving transitions at the lowest layer (with no unde-
fined value).

Example 1: (a _ b) ^ (:a _ b) ^ (a _ :b)
UU

UF UT TU

diversification

deteriorate improve

intensification

FU
((1,2);(1,0)) ((1,2);(1,0)) ((2,1);(2,0))((2,1);(2,0))

(2,0) (2,0) (2,0) (3,0)

(0,3)

TTFF FT TF

Figure 1: The 3-valued framework. All the elements ofT n
are represented w.r.t. the ordering relationA. A diversifi-
cation transition increases the number of undefined variables
whereas an intensification transition decreases this number.
In this scheme, complete assignments are at the bottom and> = (UU) is on top. When the number of undefined vari-
ables remains stable, the elements are sorted by the order>eval. The valuations of theeval function are given as a
couple (v1;v2) wherev1 (resp.v2) corresponds to the evalua-
tion of the current assignment under the optimistic (resp. pes-
simistic) approach. This couple is reduced to a single evalua-
tion if v1 = v2. The best element is on the right side and the
worst on the left side. Therefore, in this figure, best solutions
are on rightmost bottom positions.

At this stage, one has to consider possible combinations
of these transitions, issued from these two points of view, to
build a general local search process.

The purpose of the search process is to increase the number
of true clauses. When this is not possible, it is then preferable
to increase the number of undefined clauses and thus to re-
duce the number of false clauses. We propose a new
hoose
function which selects a variable and a change of its value
which maximizes the number of true clauses and minimizes
the number of false clauses (increasing the number of unde-
fined clauses if necessary).

At this step, the main components of a local search algo-
rithm have been described. We will now study their behaviour
and combination.

2.4 Evaluation of the Logical Rules
We want to measure the effect of the logical interpretation
rules, presented in section 2.2, on the search process. As de-
scribed before, a 3-valued local search (3LS) algorithm may
return now partial assignments which represent indeed sets
of assignments. To evaluate the quality of these partial as-
signments, it is necessary to explore exhaustively the corre-
sponding subset in order to find the best complete assignment
that it contains. This can be achieved thanks to a Branch
and Bound procedure (B&B) which performs an exhaustive
search by exploring a restricted search tree whose root is the
partial assignment provided by the 3LS algorithm.

Table 1 compares the effects of the different logical rules.
Tests are realized on standard random 3-sat instances with
500, 1000 and 2000 variables (F500.cnf, F1000.cnf and
F2000.cnf). The 3LS algorithm used for these tests is a 3-
valued Tabu Search (3TS-BB, see next section). The algo-
rithm runs until 5000 iterations are performed. The number
of undefined variables (nb: var: U ), the number of clauses
with one, two and three undefined variables ((U;UU;UUU))
and the quality ((T; U; F ) after 3TS-BB) are memorized
for the last partial assignment found. To estimate the po-
tential quality of the partial assignment found by 3TS-BB,
a B&B algorithm is executed and provides the best complete
assignment ((T; F ) after B&B) by assigning the undefined
variables.

Inst. Observations Optimistic Pessimistic

50
0

va
r. (T,U,F) after 3TS-BB (2139,1,10) (2145,0,5)

nb. var. U 20 18
(U,UU,UUU) (188,2,0) (177,4,0)
(T,F) after B&B (2140,10) (2145,5)

10
00

va
r. (T,U,F) after 3TS-BB (4227,5,18) (4233,0,17)

nb. var. U 33 40
(U,UU,UUU) (356,5,0) (394,16,0)
(T,F) after B&B (4232,18) (4234,16)

20
00

va
r. (T,U,F) after 3TS-BB (8455,1,44) (8465,0,35)

nb. var. U 69 78
(U,UU,UUU) (662,16,0) (774,20,0)
(T,F) after B&B (8456,44) (8465,35)

Table 1: Comparisons between the two approaches.

Table 1 shows a clear dominance of the pessimistic inter-
pretation. The quality of the partial assignment found during
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the 3TS-BB is better since the number of true clauses found
after B&B is greater than the corresponding number obtained
with the optimistic interpretation.

2.5 Impact of Transitions in the Search Process
The optimistic and the pessimistic interpretations do not in-
volve the same behaviour w.r.t. the different combinationsof
transitions characterizing a move, as described in section2.3.
Table 2 presents the evolution of the number of true, unde-
fined and false clauses (T,U,F) for the optimistic (opt.) and
the pessimistic (pes.) approaches and all the combinations
of transitions excepted for the “preserve” transition since no
change is performed in this case.

Diversification Intensification Layer exploration
T U F T U F T U F

Imp. (opt.) = > < > � � � s s
(pes.) = > < > � � > = <

Det. (opt.) < � � = < > � s s
(pes.) < � s = < > < = >

Table 2: Possible evolutions of the number of true, undefined
and false clauses (T,U,F) due to the different combinationsof
transitions. (>: increase,�: increase or remain stable,=:
remain stable,�: decrease or remain stable,<: decrease ands: increase, decrease or remain stable)

We may assess common properties for the optimistic and
pessimistic approaches. When applying an intensification
transition, it is neither possible to create undefined clauses
nor to delete true clauses. Concerning the diversification tran-
sition, true clauses cannot be created and undefined clauses
cannot be deleted. Specific properties related to the optimistic
and pessimistic interpretations can also be depicted: using the
optimistic approach, false clauses cannot be generated during
a diversification transition while in the pessimistic case,unde-
fined clauses cannot be created nor deleted during the “Layer
exploration”.

3 3-valued Framework used in Well-known
Algorithms

Tabu Search (TS)[Glover and Laguna, 1997; Mazureet al.,
1997] and Walksat[Selmanet al., 1994] are two well-known
local search algorithms for SAT and MAX-SAT. To show the
interest of the 3-valued framework, we have adapted these
two algorithms in order to obtain 3TS-BB and 3Walksat-BB.
The
hoose and theeval functions (2.3) were used to trans-
form the two algorithms in their 3-valued versions.

3.1 3TS-BB
The 3-valued Tabu Search (3TS-BB) is a local search meta-
heuristics based on standard Tabu Search. Its aim is to maxi-
mize the number of true clauses and minimize the number of
false clauses. The exploration of the search space is achieved
by moving from an assignment to an other selected by the
hoose function. These moves are guided by theeval func-
tion which evaluates their benefit. In order to avoid problems
induced by local optima, 3TS-BB uses a tabu list containing
informations on previously visited configurations to forbid
some possible loops in the search process. The length of the

tabu list is set to 10% of the number of variables (empirical
result inspired by[Mazureet al., 1997]). One expects 3TS-
BB to return a complete assignment to answer to the MAX-
SAT problem. Then, we decide to regularly complete the par-
tial assignments with a B&B procedure in order to generate
a complete assignment. This completion is realized everys
moves (empirically fixed to 5000). To reduce the execution
time, B&B must not be used when there are too many unde-
fined variables in the partial assignments. We impose that the
maximum number of unassigned variables should not to be
greater than a boundb (empirically fixed to 100). The search
stops when a solution is found or when106 moves are exe-
cuted.

3.2 3Walksat-BB
The general process of the 3-valued Walksat (3Walksat-BB)
uses similar principles. Like the standard Walksat, 3Walksat-
BB is a randomized local search algorithm, which tries to
determine the best move by randomly choosing an unsatisfied
clause and selecting one of its variable thanks to the
hoose
function. We use as basis the version v41 of Walksat. The
search is composed of10 tries. Each try starts with a random
assignment and after105 moves, the best assignment found
is completed with a classic B&B, if it is not a complete
assignment. When a solution is found, the search stops. Like
Walksat, 3Walksat-BB uses the “novelty” heuristic[Selman
et al., 1994] with a noise set to 0.5 (its default value).

Remark: It is important to note that, contrary to the standard
local search algorithms, the 3-valued algorithms may start
their searches with the> assignment(U; � � � ; U). The in-
fluence of the initial assignment in the results is then avoided.

4 Experimental Results
Due to the approximate and non-deterministic nature of TS,
3TS-BB, Walksat and 3Walksat-BB, each algorithm runs 20
times on each benchmark. Tests are realized on a cluster with
Linux and Alinka (5 nodes each of them with 2 CPU Pen-
tium IV 2.2 GHz and 1 Gb of RAM) used sequentially. The
maximum number of allowed local search steps is106. For
our algorithms, we consider that a backtrack performed dur-
ing the B&B procedure has the same cost than a local search
step.

All studied instances (Table 3) have been used for SAT
competition 2003[Simonet al., 2003] and contain satisfiable
and unsatisfiable instances. They come from different fami-
lies of instances.

To study the four algorithms we present two tables (Tables
4 and 5): the first one is a comparison between TS and 3TS-
BB and the second one between Walksat and 3Walksat-BB.
Two criterions are used: the number of false clauses (fc.) and
the number of steps (including local search moves and B&B
backtracks) to obtain the best result (steps). For these two
criterions we present the average (avg.) and its standard de-
viation (s.d.). Another interesting value is proposed in the
last column: the percentage of improvement of the 3-version
v.s the standard version, w.r.t. the average number of false
clauses.
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Families Instances sat03 var. cl.

comb
comb1 419 5910 16804
comb3 421 4774 16331

des-encryption
cnf-r4-b1-k1.1-comp 416 2424 14812
cnf-r4-b1-k1.2-comp 417 2424 14812

ezfact-64

ezfact642 1518 3073 19785
ezfact643 1519 3073 19785
ezfact646 1522 3073 19785
ezfact647 1523 3073 19785

kukula
am 6 6 362 2269 7814
am 7 7 363 4264 14751

markstrom
mm-1x10-10-10-s.1 1488 1120 7220
mm-2x2-5-5-s.1 1497 324 2064

okgen
okgen-c1935-v450-s569787048 1704 450 1935
okgen-c2025-v450-s1380514806 1705 450 2025

Parity-32
par32-5-c 1539 1339 5350
par32-5 1540 3176 10325

purdom
10142772393204023fw 1661 9366 37225
10142772393204023nc 1662 8372 33248
10142772393204023nw 1663 8589 34117

pyhala-braun

pyhala-braun-unsat-35-4-03 1543 7383 24320
pyhala-braun-unsat-35-4-04 1544 7383 24320
pyhala-braun-unsat-40-4-02 1546 9638 31795
pyhala-braun-unsat-40-4-03 1547 9638 31795

qwh
qwh.40.544 1653 2843 22558
qwh.40.560 1654 3100 26345

unif
unif-r4.25-v500-c2125-02-S1567634734 1111 500 2125
unif-r4.25-v500-c2125-03-S948115330 1112 500 2125

Table 3: Instances selected from the SAT2003 competi-
tion. (sat03! SAT2003 instance number, var.!variables,
cl.!clauses)

Tables 4 and 5 show that the 3-valued framework permits
to boost classic local search methods like TS and Walksat. In-
deed, 3TS-BB provides an improvement which can be some-
times weak and exceptionally negative (�1:92% for ez-
fact64 3) but often really more significant for most of the
instances (+93:71% for par32-5) and all the families. For
Walksat, the improvement is less important with the 3-valued
framework. However, 3Walksat-BB provides interesting re-
sults because 8 families are improved (4 more than 15%) and
only 2 families are deteriorated (never more than -5%).

It is interesting to remark that the 3TS-BB and 3Walksat-
BB results are better while the search power represented by
the number of steps is in the same order of magnitude. Exe-
cution time is not mentioned in the tables but remains approx-
imatively the same with and without the 3-valued framework.

5 Discussion and Conclusion
Our 3-valued framework allows us to handle partial assign-
ments and, thanks to these partial assignments, some charac-
teristics of the formula, like the backbone[Dubois and De-
quen, 2001], can be easily defined. The backbone of a sat-
isfiable formula� is the set of entailed literals. A literall is
entailed by� if and only if � ^ (:l) is unsatisfiable. In the
3-valued framework, the backbone is the elementA 2 Sol�
such that�A0 A A;A0 2 Sol�.

In this paper, we have proposed a new resolution frame-
work for SAT and MAX-SAT problems which includes a
third truth valueundefined in order to handle both partial
and complete assignments. We have precisely studied the
extension and behavior of local search algorithms using this
third truth value. Two possible logical interpretations have
been considered and it appears that the pessimistic approach
provides better results than the optimistic approach.

We have then introduced this 3-valued framework inside
Tabu Search and Walksat algorithms and the results are very

promising. Our future works will consist in developing new
specific heuristics using this 3-valued framework and in ex-
tending other well known algorithms in a 3-valued version.
This framework could also serve as basis for full hybridiza-
tions of complete and incomplete resolution techniques.
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3TS-BB TS Imp.
Families sat03 fc. steps(�103) fc. steps(�103) fc.

avg. s.d. avg. s.d. avg. s.d. avg. s.d. %

purdom
1661 304.00 4.00 665.05 23.72 497.50 16.50 273.81 172.52 +38.89 +33.391662 256.33 9.09 462.10 300.75 350.00 3.00 401.52 259.26 +26.76
1663 247.50 1.50 663.28 122.31 378.00 10.00 669.85 60.97 +34.52

kukula
362 22.58 2.36 346.57 291.14 48.00 8.72 803.18 225.66 +52.96 +52.88
363 53.33 2.93 353.74 282.04 113.00 16.20 720.32 178.27 +52.81

des-encryption
416 35.75 2.83 372.87 197.30 53.33 2.29 1.32 0.27 +32.96 +30.54
417 36.42 2.38 202.87 258.25 50.67 4.38 66.50 216.62 +28.12

comb
419 123.90 5.79 143.10 145.53 160.20 8.70 328.83 233.63 +22.66 +25.41
421 79.33 5.01 243.34 190.96 110.42 4.83 156.43 87.09 +28.16

ezfact-64

1518 105.00 3.37 463.88 299.16 104.58 18.72 631.44 333.80 �0.40 +1.05
1519 102.00 4.47 388.21 209.20 100.08 11.21 669.38 315.35 �1.92
1522 108.83 5.26 383.12 319.05 112.33 10.92 672.35 249.31 +3.12
1523 110.00 4.64 488.94 287.57 113.42 15.67 623.18 276.93 +3.02

markstrom
1488 9.92 0.82 382.26 255.69 16.08 5.12 304.65 303.09 +38.31 +29.93
1497 6.08 0.78 359.18 266.21 7.75 1.59 102.11 198.37 +21.55

okgen
1704 4.33 1.04 306.77 249.03 4.58 1.20 340.69 283.10 +5.46 +5.73
1705 5.17 0.52 315.29 173.85 5.50 0.87 361.38 250.97 +6.00

Parity-32
1539 9.67 0.81 488.20 290.15 65.58 1.23 173.14 213.85 +85.25 +89.48
1540 9.75 1.09 509.59 225.89 155.00 1.68 192.88 262.24 +93.71

pyhala-braun

1543 239.00 3.00 92.11 20.37 377.00 0.00 269.85 30.10 +36.60 +34.171544 197.00 3.74 355.73 304.16 347.00 3.00 617.31 373.33 +43.23
1546 342.50 10.50 25.80 4.98 464.00 0.00 571.45 0.03 +26.19
1547 330.00 4.00 53.95 7.58 476.00 0.00 294.21 0.04 +30.67

qwh
1653 125.67 9.67 52.49 63.89 130.08 10.03 33.86 60.82 +3.39 +0.95
1654 132.00 9.05 56.67 69.93 130.08 10.84 48.06 119.94 �1.48

unif
1111 2.75 0.44 283.00 310.58 3.58 1.26 289.46 343.48 +23.18 +45.44
1112 1.75 0.60 379.46 353.53 5.42 1.43 135.37 81.25 +67.71

Table 4: Comparisons between TS and 3TS-BB.

3Walksat-BB Walksat Imp.
Instances sat03 fc. steps(�103) fc. steps(�103) fc.

avg. s.d. avg. s.d. avg. s.d. avg. s.d. %

purdom
1661 372.45 12.65 635.00 270.69 412.05 12.77 487.16 248.84 +9.61 +21.611662 327.85 14.54 455.00 257.83 374.55 8.45 508.58 295.37 +12.47
1663 353.00 15.70 540.00 281.78 393.70 9.07 656.23 247.86 +10.34

kukula
362 1.10 0.44 333.41 265.67 1.80 2.38 409.08 263.57 +38.89 +23.42
363 71.80 14.85 519.66 292.22 78.00 14.95 555.39 304.03 +7.95

des-encryption
416 24.55 2.42 337.15 288.45 23.70 1.76 419.57 257.28 �3.59 �4.87
417 23.95 1.66 551.11 322.33 23.35 1.68 458.96 295.70 �2.57

comb
419 69.35 5.96 548.77 303.13 70.45 7.07 569.64 273.53 +1.56 +0.33
421 39.60 4.09 452.94 309.93 39.25 5.62 527.25 338.57 �0.89

ezfact-64

1518 70.95 3.92 544.84 279.54 86.95 4.69 393.75 280.57 +18.40 +18.431519 72.70 4.56 629.37 294.40 90.40 3.57 520.31 276.70 +19.58
1522 73.95 4.24 518.53 284.14 88.60 2.62 308.05 267.34 +16.53
1523 72.55 3.93 548.05 280.23 89.80 3.67 587.71 287.36 +19.21

markstrom
1488 10.70 1.49 570.15 239.46 11.45 1.63 400.54 269.03 +6.55 +2.75
1497 4.85 0.57 423.88 302.64 4.80 0.51 214.27 240.11 �1.04

okgen
1704 3.00 0.00 51.10 31.28 3.00 0.00 48.65 36.04 0.00

0
1705 4.00 0.00 147.20 140.04 4.00 0.00 191.90 168.66 0.00

Parity-32
1539 13.80 1.89 500.11 276.64 13.85 1.68 486.16 278.46 +0.36 +0.1
1540 15.10 2.07 349.38 267.51 15.05 2.18 493.77 284.38 �0.33

pyhala-braun

1543 175.85 7.27 452.92 302.98 216.70 11.33 505.76 300.51 +18.85 +19.481544 172.10 7.63 555.63 293.43 215.90 10.19 542.80 313.90 +20.29
1546 238.90 9.32 660.00 259.62 293.25 9.15 551.42 280.12 +18.53
1547 239.70 10.85 625.00 289.61 300.55 8.69 552.30 263.27 +20.25

qwh
1653 138.40 4.42 509.55 267.21 138.75 3.24 402.36 239.36 +0.25 +0.63
1654 135.70 4.75 527.37 281.81 137.10 4.58 535.02 270.60 +1.02

unif
1111 1.55 0.50 240.75 292.05 1.45 0.50 252.81 255.21 �6.90 �3.45
1112 1.00 0.00 21.61 19.49 1.00 0.00 21.20 17.01 0.00

Table 5: Comparisons between Walksat and 3Walksat-BB.
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Abstract

Max-SAT is an optimization version of the well-
known SAT problem. It is of great importance from
both a theoretical and a practical point of view. In
recent years, there has been considerable interest
in finding efficient solving techniques[Alsinet et
al., 2003; Xing and Zhang, 2004; Shen and Zhang,
2004; de Givryet al., 2003]. Most of this work
focus on the computation of good quality lower
bounds to be used within a branch and bound algo-
rithm. Unfortunately, lower bounds are described
in a procedural way. Because of that, it is difficult
to realize thelogic that is behind.
In this paper we introduce a logical framework for
Max-SAT solving. Using this framework, we in-
troduce an extension of the Davis-Putnam algo-
rithm (that we call Max-DPLL) and the resolution
rule. Our framework has the advantage of nicely
integrating branch and bound concepts such as the
lower and upper bound, as well as hiding away
implementation details. We show that Max-DPLL
augmented with a restricted form of resolution at
each branching point is an effective solving strat-
egy. We also show that the resulting algorithm is
closely related with some local consistency proper-
ties developed for weighted constraint satisfaction
problems.

1 Introduction
Since the eighties, bothboolean satisfiabilityandconstraint
satisfactionhave been the topic of intense algorithmic re-
search. In both areas, the goal is to assign values to variables
in such a way that no forbidden combination of values appear
in the solution. In satisfiability, forbidden combinations are
specified by means ofclauses. In constraint satisfaction they
are specified by means of arbitraryconstraints. Given its sim-
ilarity, it is hardly a surprise that both research communities
have developed closely related techniques.

In both fields, the original decision problem (SAT and
CSP, respectively) has been augmented to deal with unfea-
sible problems (namely, not all the clauses or constraints
can be satisfied). The new goal is to find an assignment

that best respects the clauses/constraints. Two well-known
examples are Max-SAT[Hansen and Jaumard, 1990] and
weightedCSP (WCSP)[Bistarelli et al., 1999], where most
of recent algorithmic work has focused. In both cases the
importance of the clauses/constraints is given by aweight
and the goal is to minimize the sum of weights associated
with the clauses/constraints violated by the assignment. It is
known that Max-SAT instances can be translated into WCSP
instances and vice versa[de Givryet al., 2003]. In both cases
the main solving technique are enumeration algorithms based
on branch and bound search.

In the CSP side, several local consistency properties have
been recently generalized to the WCSP framework[Cooper,
2003; Larrosa and Schiex, 2004; 2003; de Givryet al., 2005].
As a result, a new family of algorithms have been proposed.
Besides being efficient, these algorithms have a highly desir-
able property: they can be neatly described as a basic back-
tracking search in which certain local consistency property is
enforced at every search state.

In [de Givryet al., 2003], it was shown that Max-SAT in-
stances could be efficiently solved by translating them into
equivalent WCSP instances and later using a WCSP solver.
The level of local consistency maintained by the WCSP
solver was fundamental in the efficiency of the algorithm.

In this paper we analyze the interpretation of WCSP lo-
cal consistency properties and related algorithms when ap-
plied to Max-SAT instances. To facilitate the connection, we
start by providing a reformulation of Max-SAT in which it
is possible to explicitly express a lower and an upper bound
of the optimal cost (Section 3). Such reformulation makes
possible an elegant extension of DPLL in which each branch-
ing point is just a Max-SAT instance, similarly to what hap-
pens with DPLL in SAT (Section 4). In Section 5 we present
our main contribution: a generalization of the resolution rule
(x∨A, x̄∨B⇒ A∨B) and the proof that neighborhood reso-
lution (i.e., a restricted form of resolution) suffices to enforce
(weighted) node and arc consistency. In Section 6 we put our
approach in context with other Max-SAT algorithms. Finally,
in Section 7 we provide conclusions and directions of future
work.

2 Preliminaries
In the sequelX = {x1, . . . ,xn} will denote a set of boolean
variables. They take values over the set{t, f}, which stands
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for true andfalse, respectively. Aliteral l is either a variable
x or its negation ¯x. l̄ stands for the negation ofl .

If variablex is instantiated tot, notedx← t literal x is sat-
isfied and literal ¯x is falsified. Similarly, ifx is instantiated to
f, x̄ is satisfied andx is falsified. Anassignmentis an instanti-
ation of a subset of the variables. The assignment iscomplete
if it instantiates all the variables inX (otherwise it is partial).
An assignment satisfies a clause (i.e., a disjunction of liter-
als)C iff it satisfies one or more of its literals. It satisfies a set
of clausesF iff it satisfies all its clauses. A satisfying com-
plete assignment is called amodel. Given a boolean formula
encoded by a set of clausesF , the SAT problem consists in
determining whether there is any model for it or not.

We will use the symbol2 to denote theempty clause
which, obviously, cannot be satisfied. When2 ∈ F we say
that there is an explicitcontradiction.

When there is no model for the formulaF , one may be
interested in finding the complete assignment with minimum
number of violated clauses. This problem is known as Max-
SAT.

3 An equivalent reformulation of Max-SAT
There is aweightedversion of Max-SAT in which (weighted)
clauses are pairs(C,w) such thatC is a classical clause andw
is the cost of its falsification. In weightedMax-SATF is a set
of weighted clauses. The cost of an assignment is the sum of
weights of all the clauses that it falsifies. The goal is to find
complete assignments with minimal cost. We make the usual
assumption of weights being natural numbers.

It is easy to see that Max-SAT and weighted Max-SAT
have exactly the same expressive power. A Max-SAT in-
stance can be rewritten as a weighted instance replacing ev-
ery clauseC by a weighted clause(C,1). A weighted Max-
SAT instance can be rewritten as a Max-SAT instance replac-
ing every weighted clause(C,w) by w copies of clauseC.
Clearly, weighted Max-SAT encodings may be exponentially
more compact than Max-SAT. Thus, in the following, we will
assume, without loss of generality, weighted Max-SAT.

Following previous work in weighted constraint satisfac-
tion [Larrosa and Schiex, 2004], we assume the existence of
a known upper boundk of the optimal solution. This is also
done without loss of generality because, if a tight upper bound
is not known,k can be set to the sum of weights of all the
clauses.

Consider the setF of weighed clauses. We say that a
modelis a complete assignment with cost less than k. Max-
SAT is the problem offinding a model of minimal cost, if
there is any.

Observe that weightsw ≥ k indicate that the associated
clausemust be necessarily satisfied. Thus, we can replace ev-
ery weightw≥ k by k without changing the problem. Thus,
without loss of generality we assume all costs in the interval
[0..k] and, accordingly, redefine the sum of costs as

a⊕b = min{a+b,k}
in order to keep the result within the interval. For convenience
of notation, we will refer tok as>. We say that a weighted
clause ishard (or mandatory) iff its weight is>. Observe that
Max-SAT with>= 1 is equivalent to SAT.

Example 1 Consider the formula {(x,1),(ȳ,5),(x̄ ∨
y,2),(x∨y,4)}, with> = 5. The second clause is hard. The
assignment x= f,y = f is not a model because its cost is
1⊕4 =>. The assignment x← t,y← f is a (optimal) model
with cost2.

Note that in Max-SAT truth tables are tables with a cost
associated to each truth assignments. A brute-force solving
method consists in computing the truth table of the input for-
mula and finding the minimal cost model. For instance, the
truth-table of the previous formula is,

x y cost
f f 1⊕4 =>
f t 1⊕>=>
t f 2
t t >

It is worth mentioning the role of the empty clause(2,w).
Since it cannot be satisfied,w will be added to the cost of any
model. Therefore,w is an explicitlower boundof the optimal
model. When the lower bound and the upper bound have the
same value (i.e.,(2,>) ∈ F ) the formula does not have any
model and we call this situation an explicitcontradiction.

4 Generalization of DPLL to Max-SAT

4.1 Max-SAT Basic Simplification Rules

SAT solvers take advantage from some equivalence rules that
are used to simplify the CNF formula without changing its set
of models. Not all of these formulas can be applied directly to
Max-SAT. In this Section we state some useful Max-SAT spe-
cific rules. We use the notation[P, . . . ,Q]⇒ [R, . . . ,S], where
P,Q, . . . are weighted clauses. It means that if there are in
F weighted clauses matching with[P, . . . ,Q], they can be re-
placed by[R, . . . ,S]. A and B are arbitrary disjunctions of
literals.

• BR1: [(A,>),(A∨B,w)]⇒ [(A,>)]

• BR2: [(A,w),(A,u)]⇒ [(A,w⊕u)]

• BR3: If (w ⊕ u = >) then [(A,w),(A ∨ B,u)] ⇒
[(A,w),(A∨B,>)]

• BR4: [(A,0)]⇒ [ ]

BR1 shows that classical absorption can only be applied
when the absorbing clause is hard. BR2 generalizes the
standard idempotency of the conjunction: In Max-SAT the
weights of the repeated clauses must be added in the result-
ing clause. BR3 is used to harden a soft clause. BR4 indi-
cates that cost-free clause can be eliminated. The correctness
of these equivalences is direct and we omit the proof.

Example 2 Consider the formula {(x,1),(x,1),(x ∨
y,3),(x∨ y∨ z,1)}, with > = 5. We can apply BR2, which
produces{(x,2),(x∨y,3),(x∨y∨z,1)}. Now, we can apply
BR3, producing{(x,2),(x∨y,>),(x∨y∨z,1)}. Finally, BR1
produces{(x,2),(x∨ y,>)}. The equivalence between the
original and the final formula can be checked by constructing
and comparing the costs of the two truth-tables.
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4.2 Max-DPLL
Davis Putnam(DPLL) is the most popular algorithm for SAT
and the starting point of most state-of-the-art solvers[Davis
et al., 1962]. It takes as input a CNF formulaF and de-
cides whether or not there exists a model. In this Section, we
present a natural extension of DPLL to Max-SAT that we call
Max-DPLL. LetF be a weighted CNF formula and> its up-
per bound. Max-DPLL(F ,>) returns the cost of the optimal
model ofF if there is such a model, else it returns>. The
following description is inspired by the description of DPLL
given in[Bacchus, 2002].

As in classical SAT, Max-DPLL performs basic simplifi-
cations on its input prior to invoking itself recursively. The
instantiationof a variable by forcing the satisfaction of a lit-
eral l , denotedF [l ] produces a new formula generated from
F as follows: all clauses containingl are eliminated, and̄l
is removed from all clauses where it appears.Unit Clause
Reduction(UCR) is another simplification rule that selects
a clause(l ,>) (namely, a unit hard clause) and instantiates
the corresponding variable in accordance to the literal in that
clause.Unit Propagation(UP) is the algorithm that performs
UCR and the basic simplification rules BR1−4 until either
(a) a contradiction is achieved, or (b) there are no more pos-
sible simplifications to do.

Example 3 Consider the application ofUP to the for-
mula {(2,1),(x̄,4),(x,1),(y,3),(ȳ,1),(x̄ ∨ ȳ ∨ z,1)},
with > = 5. Rule BR3 transforms it into
{(2,1),(x̄,>),(x,1),(y,3),(ȳ,1),(x̄ ∨ ȳ ∨ z,1)}. UCR
instantiatesx̄ and produces{(2,3),(y,3),(ȳ,1),(ȳ∨ z,1)}.
Again BR3 produces{(2,3),(y,>),(ȳ,1),(ȳ∨ z,1)}, which
allows UCR to instantiate y,{(2,4),(z,1)}. Again BR3
produces {(2,4),(z,>)}, which UCR to instantiate z
producing the trivial{(2,4)}. The model of the original
formula(x̄,y,z) can be constructed by tracking back the truth
assignments made by UCR.

A recursive description of Max-DPLL is given in Algo-
rithm 1. First,UP is applied to the input formula (line 1). If
the resulting formula contains a contradiction, the algorithm
returns> and backtracks (line 2). Else, if it does not contain
any variable the trivial cost of the optimal model is returned
(lines 3 and 4). Otherwise, an arbitrary literall is selected
(line 5). The formula is instantiated withl and l̄ and Max-
DPLL is recursively called with each case (lines 6 and 7).
Observe that the first recursive call is made with the> inher-
ited from its parent, but the second call uses the output of the
first call. This implements the typical upper bound updating
of branch and bound. Finally, the best value of the two re-
cursive calls is returned (line 8). Note that if Max-DPLL is
executed with a SAT instance (i.e.,>= 1) it behaves exactly
as DPLL.

Figure 1 reports some empirical evaluation of Max-DPLL
on 40-variable random instances of Max-2-SAT and Max-3-
SAT generated with theCnfgengenerator.1 The horizontal
axis indicates the number of clauses and the vertical axis in-
dicates the search effort as the number of visited nodes. Each

1A. van Gelder ftp://dimacs.rutgers.edu/
pub/challenge/satisfiability/contributed/UCSC/instances

Function Max-DPLL(F ,>) : nat
1 F :=UP(F );
2 if (2,>) ∈ F then return >;
3 if F = /0 then return 0;
4 if F = {(2,w)} then return w;
5 l :=SelectLit(F );
6 v :=Max-DPLL(F [ l ],>);
7 v :=Max-DPLL(F [ l̄ ],v);
8 return v;

Algorithm 1: Max-DPLL.F is a set of weighted clauses with
all weights in the interval[0, . . . ,>]. If the weighted formula
has models, Max-DPLL returns the cost of the optimal one,
else it returns>

point is the mean over 10 instances. The results of Max-
DPLL are those labelled asUP (ignore, for the moment, the
other curves). As can be observe, the performance of the al-
gorithm degenerates as the number of clauses increases.

Max-DPLL can be enhanced bydominancerules that ex-
ploit situations where it is easy to detect that one literal is
never worse than its negation. A well-known SAT case, also
applicable to Max-SAT, is thepure literal rule. It says that
if there is a literal such that it appears in the formula and its
negation does not appear, then all clauses mentioning it can
be removed. More sophisticated dominance rules for Max-
SAT and WCSP can be found in[Xing and Zhang, 2004;
de Givry, 2004].

5 Resolution for Max-SAT
While DPLL seems to be the best option to find models,res-
olution might be more appropriate to detect contradictions.
[Robinson, 1965] showed that the resolution rule is sound
and complete for SAT, although it is usually too space con-
suming. In the SAT context, the performance of DPLL has
been improved by the addition of limited forms of resolution
at each search node[Gelder, 1995; Rish and Dechter, 2000;
Bacchus, 2002; Drakeet al., 2002] in order to anticipate the
detection of dead-ends. In this section we generalize the res-
olution rule to Max-SAT. Then we show that some local con-
sistency techniques used in[Larrosa and Schiex, 2004] are
just the application of a restricted form of the weighted reso-
lution rule.

First we define thesubtractionof weights (	): Let a,b∈
[0, . . . ,>] be two weights such thata≥ b,

a	b =
{

a−b : a 6=>
> : a =>

Theweighted resolutionrule (RES) is defined as,

(x∨A,u),(x̄∨B,w)⇒


(A∨B,m)
(x∨A,u	m)
(x̄∨B,w	m)
(x∨A∨ B̄,m)
(x̄∨ Ā∨B,m)

whereA andB are arbitrary disjunctions of literals andm=
min{u,w}. Variablex is called the clashing variable. Ob-
serve that in theu = w = > case the fourth and fifth new
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Figure 1: Experimental results on random Max-2SAT (top)
and Max-3SAT (bottom).

clauses can be removed (by BR1), yielding a rule similar to
classical resolution. Observe as well that in theu = w < >
case, the second and third new clauses will have weight 0 and
can be removed (by BR4). In theu 6= w case, either the sec-
ond or the third new clause will have weight 0 and can be
removed (by BR4). Recall that in RES, the left-hand clauses
are replaced by the right-hand, while in classical resolution
right-hand clauses are just added.

Theorem 1 The transformation rule RES is sound. Namely,
it preserves the set of models and their cost.

proof 1 The following table contains in the first columns all
the truth assignments, in the second column the cost of the
assignment according to the clauses on the left-hand of the
RES rule, and in the third column the cost of the assignment
according to the clauses on the right-hand of the RES rule.
As it can be observed, the costs the are same, so the resulting
problem is equivalent.

x A B Left Right
f f f u m⊕ (u	m)
f f t u m⊕ (u	m)
f t f 0 0
f t t 0 0
t f f w m⊕ (w	m)
t f t 0 0
t t f w m⊕ (w	m)
t t t 0 0

The interest of RES is that it makes explicit some previ-
ously hidden connection between variables inA andB. It is

well known that in the SAT case (i.e,>= 1) the rule is com-
plete (its application suffices to achieve a contradiction). We
are still investigating under which other cases the complete-
ness of RES is guaranteed. One important problem we have
detected is that the fourth and fifth new weighted formulas
(i.e.,(x∨A∨ B̄,m), (x̄∨ Ā∨B,m)) may not be in conjunctive
normal form.

5.1 Neighborhood Resolution
Neighborhood Resolution[Cha and Iwama, 1996] is the clas-
sical resolution rule restricted to pairs of clauses that differ
only in the clashing variable. Similarly, in the Max-SAT con-
text we define the neighborhood resolution rule (NRES) as
RES restricted to theA = B case, which simplifies to,

(x∨A,u),(x̄∨A,w)⇒

{ (A,m)
(x∨A,u	m)
(x̄∨A,w	m)

whith m = min{u,w}. This rule is specially useful because
it projects toA costs that were implicit in the formula. We
demonstrate the interest of NRES considering its application
to bounded-size clauses. Let NRESk denote NRES restricted
to |A|= k. NRES0 yields,

(x,u),(x̄,w)⇒

{ (2,m)
(x,u	m)
(x̄,w	m)

This rule is extremely useful because it produces a direct
increment of the lower bound, which may raise a contradic-
tion, or produce new unit clause reductions.

Example 4 Consider the formula
{(x,1),(x̄,2),(y,1),(ȳ,1),(z,1)} with > = 3. UP is un-
able to simplify the problem. Nevertheless, NRES0 can
be applied to the first and second clauses producing
{(2,1),(x̄,1),(y,1),(ȳ,1),(z,1)}. Appling NRES0 to the
third and fourth clauses produces{(2,2),(x̄,1),(z,1)}.
Using BR3 we obtain{(2,2),(x̄,>),(z,>)}. The two unit
clauses can be reduced, producing{(2,2)}.

It is interesting to observe that the application of NRES0
is somehow similar to the computation of the lower bound
of [Alsinet et al., 2003]. The practical importance of adding
NRES0 to Max-DPLL is illustrated in Figure 1. The lines la-
belled UP+NRES0 report the efficiency of Max-DPLL when
UP is augmented with NRES0 until quiescence. As it can be
observed NRES0 produces huge savings over the very ineffi-
cient Max-DPLL.

The rule NRES1 is,

(x∨ l ,u),(x̄∨ l ,w)⇒

{ (l ,m)
(x∨ l ,u	m)
(x̄∨ l ,w	m)

This rule is also of great interest because it increases the
weight of a unary clauses, which may allow further appli-
cation NRES0 and UCR.

Example 5 Consider the formula {(x ∨ y,1),(x̄ ∨
y,1),(ȳ,1),(z,1) with > = 2. Neither UP nor NRES0
can simplify the problem. However, NRES1 produces
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{(ȳ,1),(y,1),(z,1)} which allows NRES0 to transform the
problem into {(2,1),(z,1)}. We can apply BR3 to the
unary clause obtaining{(2,1),(z,>). Now, UCR produces
{(2,1)}.

The practical importance of adding NRES1 to Max-
DPLL is also illustrated in Figure 1. The lines labelled
UP+NRES0+NRES1 report the efficiency of Max-DPLL
when UP is augmented with NRES0 and NRES1 until qui-
escence. As it can be observed, the addition of NRES1 also
produces huge gains. For the sake of completeness, we also
evaluate the effect of NRESk for k > 1. Obviously, in 2-SAT
it does not have any effect, since the application of NRESk
requires clauses of lengthk+ 1. In 3-SAT, NRES2 can only
be applied in the original ternary clauses. Its effect is reported
in Figure 1 under the label UP+NRES. It can be observed that
NRES2 has a very limited effect.

5.2 Neighborhood Resolution and Local
Consistency

In this Section we relate the simplification rules discussed
along the paper with local consistency properties developed
for WCSP. In order to do so, we recall that the usual way to
map a Max-SAT instance with a WCSP is to group clauses
mentioning exactly the same set of variables and associate
them to a cost functionf defined as follows: LetV ⊂ F
be the group of clauses over the set of variablesY ⊂ X. V
defines a cost functionf with scopeY. Let t be an instanti-
ation of the variables inY. If t falsifies a clause(C,w) ∈ V ,
f (t) = w, else f (t) = 0. Now it is straightforward to redefine
the WCSP local consistency properties in Max-SAT terms.
In the following consider a boolean formulaF wherew(2)
denotes the weight of the empty clause;w(i) and w(ī) the
weights of the the unary clausesxi andx̄i , respectively; anal-
ogouslyw(i j ), w(i j̄), w(ī j ) andw(i j ) are the weights of the
four possible binary clauses overxi andx j . If any of these
clauses is not inF the corresponding weight is 0.

Definition 1 F is node-consistent (NC) iff for all variable xi ,
w(2)⊕w(i) <> and w(2)⊕w(ī) <>.

Theorem 2 AlgorithmUP enforces the NC property.

proof 2 Suppose thatF is not NC. Then there is some clause
(l ,w) ∈ F such that w(2)⊕w = >. Therefore BR3 can be
applied replacing clause(l ,w) by (l ,>). It will allow the
application of UCR which will eliminate the clause.

Definition 2 F is starnode-consistent (NC*) iff it is NC and
for all variable xi , w(i) = 0 or w(ī) = 0

Theorem 3 Let UP +NRES0 denote the algorithm that ap-
pliesUP and NRES0 until quiescence. It enforces NC*.

proof 3 We only need to proof that the application of NRES0
guarantees that for all variable xi , w(i) = 0 or w(ī) = 0. As-
sume that0 < w(i) ≤ w(ī). There are two possible situa-
tions. The first one is w(ī) = >. In that caseUP will trig-
ger UCR and xi will disappear from the formula. The sec-
ond situation is w(ī) < >. Then, the application of NRES0
will add w(i) to w(2) and replace(xi ,w(i)),(x̄i ,w(ī)) by
(xi ,0),(x̄i ,w(ī)	w(i)).

The algorithm to enforce NC* introduced in[Larrosa and
Schiex, 2004] proves the following result,

Corollary 1 UP +NRES0 can be implemented with time
complexity O(n), where n is the number of variables in the
formula.

Definition 3 F is arc-consistent (AC*) iff it is NC* and
for all pair of variables(xi ,x j), min{w(i j ),w(i j̄)} = 0 and
min{w(ī j ),w(i j )}= 0

Theorem 4 Let UP +NRES0 +NRES1 denote the algorithm
that appliesUP, NRES0 and NRES1 until quiescence. It en-
forces arc-consistency (AC*).

proof 4 We only need to proof that the application of
NRES1 guarantees that for all pair of variables(xi ,x j),
min{w(i j ),w(i j̄)} = 0 andmin{w(ī j ),w(i j )} = 0. We proof
the first condition (the second is similar). Assume that0 <
w(i j ) ≤ w(i j̄). There are two possible situations. The first
one is that w(i j ) => (which implies w(i j̄) =>. In that case
NRES1 will add (xi ,>) to the formula. Then, UCR will be
trigger and xi will disappear from the formula. The second
situation is w(i j ) < >. Then, the application of NRES1 will
add w(i j ) to w(i) and replace(xi ∨ x j ,w(i j )),(xi ∨ x̄ j ,w(i j̄))
by (xi ∨x j ,0),(xi ∨ x̄ j ,w(i j̄)	w(i j )).

The algorithm to enforce AC* introduced in[Larrosa and
Schiex, 2004] proofs the following result.

Corollary 2 UP +NRES0 +NREO can be implemented with
time complexity O(n2), where n is the number of variables in
the formula.

6 Neighborhood Resolution and
state-of-the-art Max-SAT lower bounds

In the last years several algorithms for Max-SAT have been
proposed[Alsinet et al., 2003; Xing and Zhang, 2004;
Shen and Zhang, 2004]. All these works have in common
a basic branch and bound algorithm. They mainly differ in
the lower bound that they use.[Shen and Zhang, 2004] show
that their lower bound is better (i.e., higher than or equal) than
[Alsinet et al., 2003] and, under some reasonable conditions,
it is also better than[Xing and Zhang, 2004]. In the follow-
ing, by means of two examples, we show thatUP +NRES0
+NRES1 is not comparable with them.

Consider the formula{(x∨ z,1),(x̄∨ z,1),(y∨ z̄,1),(ȳ∨
z̄,1)}. Both [Xing and Zhang, 2004] and[Shen and Zhang,
2004] would compute a lower bound 0. However, NRES1
can be applied twice, producing the equivalent formula
{(z,1),(z̄,1)} and now NRES0 would transform the problem
into {(2,1)}, which means a lower bound of 1.

Consider now the formula{(x,1),(y,1),(x̄∨ ȳ,1)}. While
both [Xing and Zhang, 2004] and [Shen and Zhang, 2004]
would compute a lower bound of 1, NRES cannot be ap-
plied, so the implicit lower bound of our algorithm would
be 0. Nevertheless, it is important to observe that, if we en-
code this problem as a weighted CSP and enforce a stronger
form of consistency called existential directional arc consis-
tency (EDAC*)[de Givryet al., 2005], we transform the for-
mula into the equivalent{(2,1),(x∨ y,1)} which also has
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an implicit lower bound of 1. The performance of enforcing
EDAC* on random Max-SAT instances is also illustrated in
Figure 1. As it can be seen, it clearly provides further im-
provement over the application of the NRES rule. Experi-
ments on Max-SAT using weighted CSP technology can be
performed using the freely availabletoolbarsolver.2

7 Conclusions and Future work
Motivated by the success of[de Givryet al., 2003] in solving
Max-SAT instances as weighted CSPs, we have studied the
interpretation of WCSP local consistency properties within
the Max-SAT context. The result of our work is a logical
framework for Max-SAT in which the solving process can be
seen as a set of transformation rules. Interestingly, our ap-
proach leads to a natural extension of the Davis-Putnam algo-
rithm as well as an extension of the resolution rule (RES). The
application of a limited form of RES, called neighborhood
resolution (NRES), provides an interesting and effective al-
gorithm. We have shown the relation between the application
of NRES and some local consistency properties in weighted
CSP. Finally, we have also shown that NRES provides (im-
plicit) lower bounds not subsumed by state-of-the-art Max-
SAT solvers.

We believe our work leaves several directions of fu-
ture work. First, it would be interesting to analyze under
which conditions the application of RES provides a complete
method for Max-SAT. Since it has been shown thatdirec-
tional resolutionis just an instantiation ofadaptive consis-
tency[Rish and Dechter, 2000], it would also be interesting to
know if there is any relation between the application of RES
and the more generalbucket elimination[Dechter, 1999].

Our framework facilitates the relation between Max-SAT
and weighted CSP solving. The resolution rule that we have
introduced seems only valid to enforce node and arc con-
sistency. However, it is known in the WCSP context that
stronger forms of local consistency such as EDAC* may be
more effective in practice[de Givry et al., 2005]. Thus, it
seems natural to search for new transformation rules such
that, when added to NRES, can achieve higher levels of lo-
cal consistency.
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CRIL-CNRS FRE 2499,

Université d’Artois
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Abstract
In this paper, we propose a new approach to estab-
lish Singleton Arc Consistency (SAC) on constraint
networks. While the principle of existing SAC al-
gorithms involves performing a breadth-first search
up to a depth equal to 1, the principle of the two
algorithms introduced in this paper involves per-
forming several runs of a greedy search (where at
each step, arc consistency is maintained). It is then
an original illustration of applying inference (i.e.
establishing singleton arc consistency) by search.
Using a greedy search allows benefiting from the
incrementality of arc consistency, learning relevant
information from conflicts and, potentially finding
solution(s) during the inference process. Further-
more, both space and time complexities are quite
competitive.

1 Introduction
Inference and search are two categories of techniques for pro-
cessing constraints [Dechter, 2003]. On the one hand, infer-
ence is used to transform a problem into an equivalent form
which is either directly used to show the satisfiability or un-
satisfiability of the problem, or simpler to be handled by a
search algorithm. Inference aims at modifying a constraint
network by employing structural methods such as variable
elimination and tree clustering, or filtering methods based on
properties such as arc consistency and path consistency. On
the other hand, search is used to traverse the space delim-
ited by the domains of all variables of the problem. Search
can be systematic and complete by relying on breadth-first or
depth-first exploration with backtracking, or stochastic and
incomplete by relying on greedy exploration and randomized
heuristics.

One of the most popular systematic search algorithms to
solve instances of the Constraint Satisfaction Problem (CSP)
is called MAC [Sabin and Freuder, 1994]. MAC interleaves
inference and search since at each step of a depth-first ex-
ploration with backtracking, a local consistency called arc
consistency is maintained. However, since the introduction
of stronger consistencies such as max-restricted path consis-
tency [Debruyne and Bessière, 1997a] and singleton arc con-
sistency [Debruyne and Bessière, 1997b], one issue has been

the practical interest of utilizing such consistencies, instead
of arc consistency, before or during search.

There is a recent focus about singleton consistencies, and
more particularly about SAC (Singleton Arc Consistency), as
illustrated by recent works of [Debruyne and Bessière, 1997b;
Prosser et al., 2000; Bartak, 2004; Bessière and Debruyne,
2004; 2005]. A constraint network is singleton arc consistent
iff any singleton check does not show unsatisfiability, i.e., iff
after performing any variable assignment, enforcing arc con-
sistency on the resulting network does not entail a domain
wipe-out.

In this paper, we propose two new algorithms, denoted
SAC-3 and SAC-3+, to establish singleton arc consistency.
While SAC algorithms introduced so far perform a breadth-
first search up to a depth equal to 1, these two new algorithms
perform several runs of a greedy search (where at each step,
arc consistency is maintained). However, unlike SAC-3+,
SAC-3 does not record the context of performed runs.

We have identified several advantages to adopt this ap-
proach:

• extra space requirement is limited,

• both algorithms benefit from the incrementality of arc
consistency,

• using a greedy search enables learning relevant informa-
tion from conflicts,

• it is possible to find solution(s) while establishing the
consistency,

• time complexity of both algorithms is quite competitive.

More precisely, the good space complexity of both algo-
rithms allows to use them on large constraint networks. In
particular, SAC-3 admits the space complexity of the under-
lying arc consistency algorithm. Next, when a greedy search
maintaining arc consistency is used, we naturally benefit from
the incrementality of arc consistency, i.e., the fact that itera-
tively establishing arc consistency on a more and more re-
duced search space is less penalizing than repeatedly estab-
lishing it on the original search space. Besides, when a dead-
end is encountered during a greedy search, a no-good can be
recorded and/or the origin of the failure taken into account.
Also, some solutions may be found by the algorithm. Finally,
if the instance contains a large under-constrained part, a very
efficient time complexity can be expected.
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2 Preliminaries
A constraint network consists of a finite set of variables such
that each variable X has an associated domain dom(X) de-
noting the set of values allowed for X , and a finite set of
constraints such that each constraint C has an associated rela-
tion rel(C) denoting the set of tuples allowed for the variables
vars(C) involved in C. A solution to a constraint network is
an assignment of values to all the variables such that all the
constraints are satisfied. A constraint network is said to be
satisfiable if it admits at least a solution.

The Constraint Satisfaction Problem (CSP), whose task is
to determine whether or not a given constraint network is sat-
isfiable, is NP-complete. A constraint network is also called
CSP instance. To solve a CSP instance, a depth-first search al-
gorithm with backtracking can be applied, where at each step
of the search, a variable assignment is performed followed
by a filtering process called constraint propagation. Usually,
constraint propagation algorithms, which are based on some
constraint network properties such as arc consistency, remove
some values which can not occur in any solution.

Definition 1 Let P = (X ,C ) be a constraint network, C ∈
C , X ∈ vars(C) and a ∈ dom(X). (X, a) is said to be
arc consistent wrt C iff there exists a support of (X, a) in C,
i.e., a tuple t ∈ rel(C) such that t[X] = a. P is said to
be arc consistent iff ∀X ∈ X , dom(X) 6= ∅ and ∀C ∈ C ,
∀X ∈ vars(C), ∀a ∈ dom(X), (X, a) is arc consistent wrt
C.

AC(P ) will denote the constraint network obtained after
enforcing Arc Consistency (AC) on a given constraint net-
work P . AC(P ) is such that all values of P that are not arc
consistent have been removed. Note that a value will usu-
ally refer to a pair (X ,a) with X ∈ X and a ∈ dom(X).
If there is a variable with an empty domain in AC(P ), de-
noted AC(P ) = ⊥, then P is clearly unsatisfiable. P |S with
S ⊂ {X = a|X ∈ X ∧ a ∈ dom(X)} is the constraint
network1 obtained from P by restricting the domain of X to
the singleton {a} for any variable assignment X = a ∈ S.

Definition 2 Let P = (X ,C ) be a constraint network, X ∈
X and a ∈ dom(X). (X, a) is said to be singleton arc
consistent iff AC(P |X=a) 6= ⊥. P is said to be singleton arc
consistent iff ∀X ∈ X , dom(X) 6= ∅ and ∀a ∈ dom(X),
(X, a) is singleton arc consistent.

X will be called the domain of P = (X ,C ). We will
note (X, a) ∈ P (respectively, (X, a) /∈ P ) iff X ∈ X and
a ∈ dom(X) (respectively, a 6∈ dom(X)).

3 Overview of SAC algorithms
The first algorithm that has been proposed to establish single-
ton arc consistency is called SAC-1 [Debruyne and Bessière,
1997b]. The principle of this algorithm is to check the sin-
gleton arc consistency of all variables whenever a value is
detected singleton arc inconsistent and then removed. Worst-
case space and time complexities of SAC-1 are respectively

1It will be assumed that X = a ∈ S ∧ Y = b ∈ S ⇒ X 6= Y
and, for convenience, P |{X=a} will be simply denoted by P |X=a.

O(md) and O(mn2d4) where n denotes the number of vari-
ables, d the size of the largest domain and m the number of
constraints.

A second algorithm, denoted SAC-2, has been proposed
by [Bartak, 2004]. The idea is to check (again) the singleton
arc consistency of a value (Y ,b) after the removal of a value
(X ,a) only if (X ,a) does not support (Y ,b), i.e., does not be-
long to AC(P |Y =b). Hence, this algorithm allows avoiding
usefulness singleton checks by recording, for each value, the
set of values supported by it. As expected and supported by
the experimentation of [Bartak, 2004], SAC-2 offers a signif-
icant improvement of practical time efficiency with respect
to SAC-1. Worst-case space and time complexities of SAC-2
are respectively O(n2d2) and O(mn2d4).

[Bessière and Debruyne, 2004] have remarked that SAC-2
does not present any improvement in terms of worst-case time
complexity because whenever the singleton arc consistency
of a value (X ,a) must be checked again, one has to perform
the arc consistency enforcement on P |X=a from scratch. In
other words, SAC-2 does not exploit the incrementality of arc
consistency. An arc consistency algorithm is said incremen-
tal if its worst-case time complexity is the same when it is ap-
plied one time on a given network P and when it is applied up
to nd times on P where, between two consecutive executions,
at least one value has been deleted. All current arc consis-
tency algorithms are incremental. To benefit from the incre-
mentality of arc consistency, [Bessière and Debruyne, 2004;
2005] have proposed a new algorithm, SAC-OPT, that dupli-
cates the original constraint network into nd dedicated con-
straint networks, one for each value (X ,a) of the instance.
Simply, whenever the singleton consistency of a value (X ,a)
must be checked, the dedicated constraint network is used.
Worst-case space and time complexities of SAC-OPT are re-
spectively O(mnd2) and O(mnd3) which is the best time
complexity that can be expected from an algorithm enforc-
ing singleton arc consistency [Bessière and Debruyne, 2004].

Finally, from the observation that a space complexity in
O(mnd2) prevents the use of SAC-OPT on large constraint
networks, [Bessière and Debruyne, 2005] have proposed an-
other algorithm called SAC-SDS which represents a trade-off
between time and space. With respect to each value, only
the domain (called SAC-support) is recorded as well as a
propagation list used for arc consistency. In return, the data
structures required to establish arc consistency are no more
dedicated but shared. An experimental study on random in-
stances have highlighted the good performance of this algo-
rithm. Worst-case space and time complexities of SAC-SDS
are respectively O(n2d2) and O(mnd4).

4 SAC-3
All algorithms previously mentioned involve performing a
breadth-first search up to a depth equal to 1. Each branch
(of size 1) of this search corresponds to check the singleton
arc consistency of a value, and allows removing this value if
an inconsistency is found (after establishing arc consistency).
One alternative is to check the singleton arc consistency of a
value in the continuity of previous checks. In other words, we
can try to build less branches of greater sizes using a greedy
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search (where at each step, arc consistency is maintained).
As long as, for a current branch, no inconsistency is found,
we try to extend it. When an inconsistency if found, either
the branch is of size 0 and a value is detected inconsistent, or
all but last variable assignments correspond to singleton arc
consistent values. This last statement relies on Proposition 1.

Proposition 1 Let P = (X ,C ) be a constraint network and
let S ⊂ {X = a|X ∈ X ∧ a ∈ dom(X)}. If AC(P |S) 6= ⊥
then any pair (X ,a) such that X ∈X and dom(X) = {a} in
AC(P |S) is singleton arc consistent.

Proof. If AC(P |S) 6= ⊥ then, clearly any element X =
a ∈ S is singleton arc consistent. It is a consequence of the
monotony of arc consistency. One should observe that we can
also find some values (Y ,b) such that Y ∈ X and dom(Y )
= {b} in AC(P |S) with Y = b 6∈ S. These values are also
clearly singleton arc consistent. �

As mentioned in the proof above, some values can be de-
tected singleton arc consistent while checking the singleton
arc consistency of another one(s). Proposition 1 can then be
seen as a generalization of Property 2 in [Chmeiss and Sais,
2000], and is also related to the exploitation of singleton-
valued variables in [Sabin and Freuder, 1997].

Although the primary goal of our approach was to exploit
incrementality of arc consistency, other nice features have
been observed. Indeed, using a greedy search, one may find
solutions and one can learn from conflicts by recording no-
goods or weighting failure culprits.

Below, we give the description of a first algorithm that uses
a greedy search in order to establish singleton arc consistency.
The description is given in the context of using an underlying
coarse-grained arc consistency algorithm (e.g. AC3 [Mack-
worth, 1977] or AC3.2/3.3 [Lecoutre et al., 2003]) with a
variable-oriented propagation scheme.

First, let us introduce some notations. If P = (X ,C ), then
AC(P ,Q) with Q ⊆ X means enforcing arc consistency on
P from the given propagation set Q. For a description of
AC, see, for instance, the function propagateAC in [Bessière
and Debruyne, 2005]. Qsac is the set of values whose sin-
gleton arc consistency must be checked. A branch corre-
sponds to a set of values that have been assigned. For any
set of values S ⊆ {(X, a) | X ∈ X ∧ a ∈ dom(X)},
vars(S) = {X|(X, a) ∈ S}. Finally, an instruction of the
form Pbefore ← P should not be systematically considered
as a duplication of the problem. Most of the time, it corre-
spond to store or restore the domain of a network (and the
structures of the underlying arc consistency algorithm).

Algorithm 2 starts by enforcing arc consistency on the
given network. Then, all values are put in the structure Qsac

and in order to check their singleton arc consistency, succes-
sive branches are built. The process continues until a fix-point
is reached. Algorithm 1 allows building a branch by per-
forming successive variable assignments while maintaining
arc consistency (line 6). When an inconsistency is detected
for a non empty branch, one has to put back the last value in
Qsac (line 12) since we have no information about the sin-
gleton arc consistency or inconsistency of this value. If the
branch is empty, we have to manage the removal of a value
and to reestablish arc consistency (lines 16 to 19). Note that

Algorithm 1 buildBranch()
1: br← ∅
2: Pbefore ← P
3: consistent← true
4: repeat
5: pick and delete (X ,a) ∈ Qsac s.t. X 6∈ vars(br)
6: P ← AC(P |X=a,{X})
7: if P 6= ⊥ then
8: add (X ,a) to br
9: else

10: consistent← false
11: if br 6= ∅ then
12: add (X ,a) to Qsac

13: end if
14: until not consistent ∨ vars(Qsac)− vars(br) = ∅
15: P ← Pbefore

16: if br = ∅ then
17: remove a from dom(X)
18: P ← AC(P,{X})
19: Qsac ← Qsac−{(Y, b)|(Y, b) ∈ dom(Pbefore)−dom(P )}
20: end if

Algorithm 2 SAC-3(P = (X ,C ) : CSP)
1: P ← AC(P ,X )
2: repeat
3: Pbefore ← P
4: Qsac ← {(X, a) | X ∈ X ∧ a ∈ dom(X)}
5: while Qsac 6= ∅ do
6: buildBranch()
7: until P = Pbefore

no inconsistency is detected when a solution is found or when
there is no way of extending the current branch. Finally, in or-
der to maximally benefit from the incrementality of arc con-
sistency, we have to build branches as long as possible. Hence
(although not indicated in the algorithm), it is important to se-
lect first values (X ,a) ∈ Qsac such that a ∈ dom(X).

Proposition 2 SAC-3 is a correct algorithm with a worst-
case space complexity in O(md) and a time complexity in
O(bmd2) where b denotes the number of branches built by
SAC-3.

Proof. Correctness results from Proposition 1. If SAC-
3 uses an optimal coarse-grained arc consistency algorithm
such as AC3.2, then the overall space complexity is O(md)
since space complexity of AC3.2 is O(md), the data struc-
ture Qsac is O(nd) and each branch built is O(n). The over-
all time complexity is O(bmd2) since, due to incrementality,
each branch built by the algorithm is O(md2). �

Remark that b must include the “empty” branches that cor-
respond to the detection of inconsistent SAC values. With
respect to already singleton arc consistent constraint net-
works, Corollary 1 indicates that SAC-3 can outperform
SAC-OPT and SAC-SDS (admitting then a time complexity
in O(mnd3)). More interestingly, it suggests that SAC-3 can
outperform SAC-OPT and SAC-SDS on structured (not nec-
essarily singleton arc consistent) instances that contain large
under-constrained parts as can be expected in real-world ap-
plications.
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Corollary 1 SAC-3 admits a worst-case time complexity in
O(mn2d4) but, when applied to an already singleton arc con-
sistent constraint network, SAC-3 admits a best-case2 time
complexity in O(md3) and a worst-case time complexity in
O(mnd3).

Proof. In the worst-case, b = n2d2
+nd

2
, hence, we obtain

O(mn2d4). When applied to an already singleton arc consis-
tent constraint network, the best and worst cases correspond
to branches of maximum size and of size 1 (1 consistent as-
signment followed by an inconsistent one), respectively. We
have then respectively b = d (all branches delivering a solu-
tion) and b = nd branches. �

5 SAC-3+
It is possible to improve the behaviour of the algorithm

SAC-3 by recording the domain of the constraint networks
obtained after each greedy run, that is to say, for each branch.
When a value is removed, it is then possible to determine
which previously built branches must be reconsidered. In-
deed, if a removed value does not support a branch, i.e. does
not belong to the domain associated with the branch, all val-
ues of the branch remain singleton arc consistent. On the
other hand, if it supports a branch, we have to verify that the
branch still remains valid by re-establishing arc consistency
from the recorded domain. When a branch is no more valid,
we have to delete it. In summary, SAC-3+ exploits incremen-
tality as SAC-SDS does.

In order to manage domain and propagation of constraint
networks corresponding to branches, we consider two arrays
denoted P [] and Q[]. For a given branch br, P [br] corre-
sponds to the constraint network associated with the branch
br (in fact, we only need to record the domain of the con-
straint network) whereas Q[br] contains the variables that
have lost some value(s) and that should be considered when
re-establishing arc consistency.

After enforcing arc consistency on the given network, Al-
gorithm 6 builds successive branches by calling the function
buildBranch+. Once the singleton arc consistency of all
values of Qsac have been tested, we have to check the valid-
ity of the branches that have been built and recorded in brs
by a call to the function checkBranches since some values
may have been deleted after a branch has been built. For each
branch br, we re-establish arc consistency on P [br] (line 2 of
Algorithm 5) and in case of a domain wipe-out, we delete this
branch and update Qsac (lines 4 and 5).

Algorithm 4 differs from Algorithm 1 on two aspects. First,
we need to record the domain of the constraint network cor-
responding to the branch that is built (line 22) and add this
branch to brs (line 23). Note that if the last variable assign-
ment entails a domain wipe-out, Pstore is not updated (line
9). For the implementation, P [br] can be directly set (back-
tracking one step if necessary) without any duplication of do-
main. Second, after re-establishing arc consistency (line 19),
all values that have been removed including the singleton arc
inconsistent one (line 18) must be taken into account in order

2Even if the worst-case time complexity of the underlying arc
consistency algorithm is considered.

Algorithm 3 update(set : Set of Values)
1: Qsac ← Qsac − set
2: for each br ∈ brs do
3: for each (X ,a) ∈ set do
4: if (X ,a) ∈ P [br] then
5: remove (X ,a) from P [br]
6: add X to Q[br]
7: endif

Algorithm 4 buildBranch+()
1: br← ∅
2: Pbefore ← P
3: consistent← true
4: repeat
5: pick and delete (X ,a) ∈ Qsac s.t. X 6∈ vars(br)
6: P ← AC(P |X=a,{X})
7: if P 6= ⊥ then
8: add (X ,a) to br
9: Pstore ← P

10: else
11: consistent← false
12: if br 6= ∅ then
13: add (X ,a) to Qsac

14: end if
15: until not consistent ∨ vars(Qsac)− vars(br) = ∅
16: P ← Pbefore

17: if br = ∅ then
18: remove a from dom(X)
19: P ← AC(P,{X})
20: update({(Y, b)|(Y, b) ∈ dom(Pbefore)− dom(P )})
21: else
22: P [br]← Pstore

23: add br to brs
24: end if

Algorithm 5 checkBranches()
1: for each branch br ∈ brs do
2: P [br]← AC(P [br], Q[br])
3: if P [br] = ⊥ then
4: Qsac ← Qsac∪ br
5: remove br from brs
6: end if
7: end for

Algorithm 6 SAC-3+(P = (X ,C ) : CSP)
1: P ← AC(P ,X )
2: brs← ∅
3: Qsac ← {(X, a) | X ∈ X ∧ a ∈ dom(X)}
4: while Qsac 6= ∅ do
5: while Qsac 6= ∅ do
6: buildBranch+()
7: checkBranches()
8: end while
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to update the state of all branches (line 20). For each branch
(line 2 of Algorithm 3), we have to remove these values (line
5) and update the propagation list (line 6).

Proposition 3 SAC-3+ is a correct algorithm with a space
complexity in O(bmaxnd + md) and a time complexity
in O(bmd2) where bmax denotes the maximum number of
branches recorded by SAC-3+ and b denotes the number of
times a branch is built or checked by SAC-3+.

Proof. Correctness comes from Proposition 1 and the fact
that once, the singleton arc consistency of all values have
been checked and some branches recorded, one verify that the
property still holds by calling checkBranches. In addition
to the space requirement in O(md) of the underlying optimal
coarse-grained arc consistency algorithm, it is necessary to
record the domain of the constraint networks corresponding
to the valid branches that have been built. As recording a
domain is in O(nd), we obtain O(bmaxnd + md). �

Remark that Corollary 1 also holds for SAC-3+. However,
one should be optimistic about the average time complexity
of this algorithm since it avoids building new branches when
unnecessary.

6 Experiments
To prove the practical interest of the algorithms introduced
in this paper, we have implemented them as well as the al-
gorithms SAC-1 and SAC-SDS, the latter being considered
as the most current efficient SAC algorithm [Bessière and
Debruyne, 2005]. We have used AC3.2 [Lecoutre et al.,
2003] as an underlying arc consistency algorithms. We have
conducted an experimentation on a PC Pentium IV 2,4GHz
512Mo under Linux with respect to different classes of ran-
dom, academic and real-world instances. Performances have
been measured in terms of the number of singleton arc con-
sistency checks (#scks) and the cpu time in seconds (cpu).
For information, is also given, for each instance, the number
(#×) of values removed by any SAC algorithm (when #×=0,
it means that the instance is initially singleton arc consistent).

First, we have experimented the two classes of random bi-
nary CSP instances introduced in [Bessière and Debruyne,
2005]. However, due to lack of space, we only present the
figure depicting results about the class (100,20,0.05,t) corre-
sponding to sparse constraint networks with 100 variables, 20
values per domain and a density of 0.05 (i.e., 248 constraints).
t denotes the constraint tightness, i.e., the proportion of unal-
lowed tuples in the relations associated with the constraints.

In Figure 1, we can observe that when t < 0.6 (the be-
ginning of a phase transition), SAC-3 and SAC-3+ have the
same behaviour and outperform SAC-1 and SAC-SDS. In the
phase transition, SAC-3 and SAC-SDS respectively become
the worst and the best approaches. For complete networks
of the class (100,20,1,t), similar results (not depicted here)
are obtained, and at the pic of difficulty, SAC-SDS (181 s) is
about three times more efficient than SAC-1 (478 s) and SAC-
3 (553 s) and two times more efficient than SAC-3+ (307 s).
It is not really a surprise since the generated instances have
no structure, which corresponds to the worst-case for SAC-3
and SAC-3+ as the average size of the branches that are built
(at the critical point) is quite small (≈ 3).
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Figure 1: mean cpu time on 50 random instances of class
(100,20,0.05,t) at each value of t

Next, we have dealt with the following academic instances:

• two chessboard coloration instances, denoted cc-20-2
and cc-20-3, involving quaternary constraints,

• two Golomb ruler instances, denoted gr-34-8 and gr-34-
9, involving binary and ternary instances,

• two prime queen attacking instances, denoted qa-5 and
qa-6, involving only binary constraints.

Table 1 shows that SAC-3, and especially SAC-3+, have
on some instances a much better behaviour than SAC-1 and
SAC-SDS. Roughly speaking, it can explained by the fact that
such instances have some regular structure.

Next, we have tested real-world instances, taken from the
FullRLFAP archive, which contains instances of radio link
frequency assignment problems. Table 2 shows the results
obtained on some representative instances. As expected, on
already singleton arc consistent instances (scen02, graph14),
a significant improvement is obtained. But it is also true for
the other instances as they contain large under-constrained
parts. It clearly appears that, on such structured instances,
using SAC-3 and SAC-3+ is the best approach, especially as
SAC-SDS has been out of memory on some instances.

It is interesting to note that SAC-3 and SAC-3+ can be
much faster than SAC-1 and SAC-SDS even if the number
of singleton checks (see for example, cc-20-2 and scen02) is
similar. It results from the exploitation of the incrementality
of arc consistency (when building branches). Another point
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SAC-1 SAC-SDS SAC-3 SAC-3+
cc-20-2 cpu 14.44 14.43 3.46 3.48
(#×=0) #scks 800 800 819 819

cc-20-3 cpu 22.61 22.71 7.01 7.02
(#×=0) #scks 1200 1200 1200 1200

gr-34-8 cpu 66.08 17.43 38.28 18.62
(#×=351) #scks 6335 3340 5299 1558
gr-34-9 cpu 111.44 31.29 91.50 32.03
(#×=513) #scks 8474 4720 11017 2013
qa-5 cpu 2.47 2.50 .93 .96

(#×=9) #scks 622 622 732 732
qa-6 cpu 27.55 14.34 8.23 4.38

(#×=48) #scks 2523 1702 2855 1448

Table 1: Academic instances

SAC-1 SAC-SDS SAC-3 SAC-3+
scen02 cpu 20.97 20.73 4.09 (16) 4.08 (16)
(#×=0) #scks 8004 8004 8005 8005

scen05 cpu 11.79 20.03 1.55 (1) 1.87
(#×=13814) #scks 6513 4865 4241 2389
graph03 cpu 215.88 136.93 74.97 39.10
(#×=1274) #scks 20075 17069 22279 8406
graph10 cpu 1389.59 - 675.64 349.53
(#×=2572) #scks 74321 - 82503 29398
graph14 cpu 154.16 - 31.17 (10) 32.72 (10)

(#×=0) #scks 36716 - 36719 36719

Table 2: RLFAP instances

to be mentioned is that some solutions (enclosed in brack-
ets near cpu time) have been found during the inference pro-
cess on some instances. For example, 16 solutions have been
found on scen02 by SAC-3 and SAC-3+.

Finally, we have experimented some realistic scheduling
problems. We have selected 2 representative instances from
the set of 60 job shop instances proposed by [Sadeh and Fox,
1996]. It is quite interesting to note (see Table 3) that SAC-
3 and SAC-3+ have found solution(s) to these two instances
quite more efficiently than MAC (when run to find one solu-
tion). It can be explained by the restart aspect of both algo-
rithms.

SAC-1 SAC-SDS SAC-3 SAC-3+ MAC
js-1 cpu 29.61 29.58 18.17 (4) 19.04 (4) 181.68

(#×=0) #scks 5760 5760 6029 6029 -
js-2 cpu 40.40 38.58 31.13 (1) 31.07 (1) 211.52

(#×=0) #scks 6315 6315 6718 6718 -

Table 3: Job-shop instances

7 Conclusion
Establishing singleton arc consistency can be justified if it is
effective (allows some filtering). On the contrary, applying a
SAC algorithm on a constraint network that is already single-
ton arc consistent is a problem as it may involve a large waste
of time. The two algorithms, SAC-3 and SAC-3+, introduced
in this paper combine inference and search and can be under-
stood as an answer to this problem. Indeed, when an instance
is under-constrained or, more generally, contains easy large
parts, as can be expected in real-world applications, exploit-
ing search during inference can pay off. It has been confirmed

by our experimentation. Besides, one should have noted the
limited space requirement of both algorithms which makes
them applicable on large constraint networks.

We believe that this approach deserves further investiga-
tion in order to determine if it could be applied to other local
consistencies and, to what extent, maintaining SAC during
search could be a viable alternative to MAC.
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Abstract

We describe a strong connection between maxi-
mally satisfiable and minimally unsatisfiable sub-
sets of constraint systems. Using this relation-
ship, we develop a two-phase algorithm, employ-
ing powerful constraint satisfaction techniques, for
the identification of conflicting sets of constraints in
infeasible constraint systems. We apply this tech-
nique to overconstrained instances of the Disjunc-
tive Temporal Problem (DTP), an expressive form
of temporal constraint satisfaction problems. Us-
ing randomly-generated benchmarks, we provide
experimental results that demonstrate how the algo-
rithm scales with problem size and constraint den-
sity.

1 Introduction
Many AI problems can be cast in terms of Constraint-
Satisfaction Problems (CSPs), and a large number of systems
have been developed to efficiently compute solutions to sets
of constraints. However, not every set of constraints is satis-
fiable. This paper reports on a technique for efficiently iden-
tifying sets of conflicting constraints in an overconstrained
problem. We focus on temporal constraint problems, which
play a prominent role in planning, scheduling, and other ap-
plications of interest in AI. Our approach is particularly well-
suited to temporal problems, in which conflicts among con-
straints can be resolved by weakening, rather than completely
abandoning, constraints.

We build on our previous work[Liffiton and Sakallah,
2005] on identifying Minimally Unsatisfiable Subsets of con-
straints (MUSes). Given a set of constraintsC, an MUS of
C is a subset ofC that is (1) unsatisfiable and (2) minimal,
in the sense that removing any one of its elements makes the
rest of the MUS satisfiable. Each MUS thus provides infor-
mation about a conflict that must be addressed to solve the
given CSP. In general, an arbitrary CSP may contain multiple
MUSes, and all of them must be resolved by constraint relax-
ation before the CSP can be solved. Identifying the MUSes
of a CSP makes it possible to reason about how to weaken
conflicting constraints to make a solution feasible.

Prior work on MUSes has largely been restricted to al-
gorithms for finding a single MUS. In addition, these algo-

rithms have been specific to particular types of constraint sys-
tems, e.g., Boolean satisfiability ([Bruni and Sassano, 2001;
Zhang and Malik, 2003; Ohet al., 2004] and others) or lin-
ear programming[Chinneck, 1996], and the techniques de-
veloped often cannot be readily generalized to other types of
constraints. In contrast, we explore a deep connection be-
tween maximal satisfiability and minimal unsatisfiability to
develop techniques that can be used to findall MUSes of a
constraint system, regardless of constraint type. In this paper,
we demonstrate the approach by applying it to Disjunctive
Temporal Problems (DTPs)[Stergiou and Koubarakis, 1998],
a particularly expressive form of temporal constraints. Our
previous work focused on finding MUSes of Boolean satisfia-
bility instances, which have applications in circuit design and
verification. DTPs provide a richer space for using MUSes,
specifically because their constraints can be relaxed without
any change in structure, something that is not possible with
Boolean variables and constraints.

In Section 2 of the paper, we define DTPs and discuss the
motivation for finding their MUSes further. Section 3 de-
scribes the relationship between maximal satisfiability and
minimal unsatisfiability. Section 4 contains the specific al-
gorithms we employed to exploit this relationship for finding
MUSes of DTPs. Empirical results are given in Section 5,
and Section 6 closes with conclusions and directions for fu-
ture work.

2 Disjunctive Temporal Problems
A Disjunctive Temporal Problem(DTP) is a constraint satis-
faction problem defined by a pair〈X, C〉, whereX is a set of
real variables, designating time points, andC is a set of con-
straints of the form:ci1∨ci2∨...∨cin, where eachcij is of the
form x − y ≤ b; x, y ∈ X andb ∈ <. DTPs are thus a gen-
eralization of Simple Temporal Problems (STPs), in which
each constraint is limited to a single inequality[Dechteret
al., 1991]. A solution to a DTP is an assignment of values to
time points such that all constraints are satisfied.

Several algorithms have been developed for solving DTPs
[Stergiou and Koubarakis, 1998; Armandoet al., 1999;
Oddi and Cesta, 2000; Tsamardinos and Pollack, 2003]. Typ-
ically, these algorithms transform the problem into ameta-
CSP, in which the original DTP is viewed as a collection of
alternative STPs. Using this approach, the algorithm selects
a single disjunct from each constraint of a given DTP. The re-
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sulting set forms an STP, called acomponent STP, which can
then be checked for consistency in polynomial time using a
shortest-path algorithm. Clearly, a DTPD is consistent if and
only if it contains at least one consistent component STP. Fur-
thermore, any solution to a consistent component STP of DTP
D is also a solution toD itself. Consequently, it is standard in
the DTP literature to consider any consistent component STP
to be a solution of the DTP to which it belongs.

A number of pruning techniques can be used to fo-
cus the search for a consistent component STP of a DTP.
These include conflict-directed backjumping, removal of
subsumed variables, and semantic branching. The DTP
solver Epilitis[Tsamardinos and Pollack, 2003] integrated all
these techniques, in addition to no-good recording. Epilitis
(and other traditional DTP solvers) perform total constraint
satisfaction—that is, their objective is to find a solution that
satisfies all the constraints of a DTP. In the event that a DTP is
inconsistent, these solvers are capable of detecting such infea-
sibility, but incapable of providing partial solutions that come
close to satisfying the problem. In response, the DTP solver
Maxilitis [Moffitt and Pollack, 2005] was designed to find so-
lutions that maximize the number of satisfied constraints.

Sometimes the number of satisfied constraints is not the
best measure of a solution; it may instead be important to
reason about exactly which constraints are violated, as well as
the extent to which they have been violated. We illustrate with
the following very small DTP, which we use as an example
throughout the paper:

C1 : {c11 : (x− y ≤ 1)}
C2 : {c21 : (y − x ≤ −2)}
C3 : {c31 : (y − x ≤ −3)} ∨ {c32 : (z − y ≤ 1)}
C4 : {c41 : (y − z ≤ −2)}

Note that this DTP is unsatisfiable. The set of con-
straints{C1, C2} is inconsistent, and the same is true for
{C1, C3, C4}. A standard DTP solver would simply report
that the problem was unsatisfiable, while a system like Max-
ilitis would find a solution that maximizes the number of
satisfied constraints—in this case, a solution that satisfies
{C2, C3, C4} and notC1. But for many applications, it might
be important instead to maintain some control over the rela-
tionship betweenx andy that is expressed inC1. If we knew
the source of the conflict involvingC1, we could reason about
how to weakenC1 and the constraints with which it conflicts.
For example, we could decide to change the bound onC1 to 2,
or to change the bounds on bothC1 andC2 to 1.5. We could
reason about similar relaxations ofC1, C3, andC4 to make
them jointly feasible. But in order to do this, we must have
identified which constraints are in conflict with one another,
and this is precisely what the MUSes tell us.

This ability to relax constraints without completely remov-
ing them makes DTPs a much more interesting domain for
finding MUSes than, for example, systems of Boolean con-
straints. An infeasible Boolean satisfiability instance may
be made feasible by completely removing constraints, and
such changes are indicated directly by techniques that iden-
tify a maximal satisfiable subset of constraints. An infeasible
DTP, however, can be made consistent by altering the bounds

of inequalities, without modifying the structure of the prob-
lem. MUSes provide information needed to determine these
changes.

3 Maximal Satisfiability and Minimal
Unsatisfiability

Our techniques for extracting MUSes are derived from a deep
relationship between maximal satisfiability and minimal un-
satisfiability. The Maximal Constraint Satisfaction problem
(Max-CSP) is an optimization problem on a constraint sys-
temC that has the goal of finding an assignment to the vari-
ables ofC that satisfies as many constraints as possible; this
is the solution that Maxilitis finds (e.g.,{C2, C3, C4} for our
example problem).

While Max-CSP is defined in terms of the cardinality
of a satisfiable subset of constraints, the definition can
be relaxed to haveinaugmentabilityas the goal instead.
Thus, while we can define Max-CSP(C) as {m ⊆ C :
|m| is maximal, m is satisfiable}, we can define a new prob-
lem, Maximally Satisfiable Subset(MSS). The definition of
the set of MSSes follows, with the set of MUSes defined sim-
ilarly for comparison:

MSSes(C) =
{

m ⊆ C : m is satisfiable, and
∀c ∈ (C\m), m ∪ {c} is unsatisfiable

}
MUSes(C) =

{
m ⊆ C : m is unsatisfiable, and
∀c ∈ m, m\{c} is satisfiable

}
Each MSS is a subset ofC that is satisfiable and inaug-

mentable; adding any other constraints inC to such a subset
will render it unsatisfiable. Notice from the definition that
MSSes(C) and MUSes(C) are essentially duals of one an-
other! An MSS is satisfiable and cannot be made larger, and
an MUS isunsatisfiable and cannot be madesmaller. This
relationship is more than cosmetic; we will show how one set
is actually an implicit encoding of the other. Note also that
any Max-CSP solution is also an MSS; maximal cardinality
implies inaugmentability. However, MSSes may not all have
maximal cardinality, as illustrated in the example DTP. One
MSS of the example is{C2, C3, C4}, corresponding to the
Max-CSP solution.{C1, C4} is another MSS (adding either
C2 or C3 makes it unsatisfiable), though smaller.

Now considerC1, the constraint not included in the Max-
CSP solution to our example. RemovingC1 from the DTP
makes the remaining system satisfiable. In general, given any
MSS, the set of constraints not included in that MSS provides
an irreducible “fix” for the original infeasible system; remov-
ing these constraints makes it satisfiable. Therefore, we de-
fine a “CoMSS” as the complement of an MSS, and the set
CoMSSes(C) as:

CoMSSes(C) = {m ⊆ C : (C\m) ∈ MSSes(C)}

This complementary view of MSSes(C) reveals a more
meaningful connection between maximal satisfiability and
minimal unsatisfiability. Recall that the presence of any MUS
in a constraint systemC makesC infeasible. Therefore, to
makeC feasible, every MUS inC must be neutralized by
relaxing or removing at least one constraint from it. Any

CONSTRAINT SATISFACTION AND SEARCH206



CoMSSes(C) C1 C2 C3 C4

{C1} X

{C2, C3} X X

{C2, C4} X X

MUSes(C) C1 C2 C3 C4

{C1, C2} X X

{C1, C3, C4} X X X

MUSes(C) = (C1)(C2 ∨ C3)(C2 ∨ C4) CoMSSes(C) = (C1 ∨ C2)(C1 ∨ C3 ∨ C4)
= C1C2 ∨ C1C3C4 = C1 ∨ C2C3 ∨ C2C4

= {{C1, C2}, {C1, C3, C4}} = {{C1}, {C2, C3}, {C2, C4}}

Figure 1: Covering Problems Linking CoMSSes(C) and MUSes(C)

CoMSS is one such set: a CoMSSm is an irreducible set
of constraints whose removal makesC satisfiable. Thus, ev-
ery CoMSS contains at least one constraint from every MUS
of C. For temporal problems, achieving satisfiability may not
require removing every constraint in a CoMSS, but it does re-
quire relaxing all of them. Of course, removing a constraint
is equivalent to extreme relaxation, in which the bound of an
inequality in the constraint is set to infinity.

Every CoMSS is inherently a solution to a covering
problem on MUSes(C). Specifically, it is a solution to
the HITTING-SET problem[Garey and Johnson, 1990] on
MUSes(C). Given a setC, and a collection of subsets of
C, a hitting set of the collection is a subset ofC that contains
at least one element from each subset in the collection. In this
case, the setC is the set of constraints in a constraint system,
the collection of subsets ofC is the set MUSes(C), and the
hitting set of MUSes(C) is a CoMSS ofC.

Additionally, in line with the “duality” of MSSes and
MUSes, every MUS is a hitting set of the set of CoMSSes.
This is the key to extracting all MUSes of a constraint sys-
tem: first compute the set of CoMSSes ofC, then extract
MUSes by finding hitting sets of the CoMSSes.

Figure 1 illustrates the relationship with covering prob-
lems that link CoMSSes(C) and MUSes(C) for our example
DTP. The left table represents the covering problem of find-
ing MUSes that cover the CoMSSes to generate MUSes(C).
Each column is a constraint from the DTP, and each row is
a single CoMSS. We can say that a constraint “covers” a
CoMSS (marked with an ‘X’ in that row) if it is contained
in the CoMSS. Each MUS is then an irreducible subset of the
columns that covers all of the rows. In the example, these are
found in a manner similar to Petrick’s Method from Boolean
logic minimization: each row becomes a disjunction of the
columns that cover that row, and the disjunctions are con-
joined and simplified by the distributive rule. The right half
of the figure shows how CoMSSes(C) can be generated in the
exact same manner from MUSes(C).

If we are interested primarily in finding an arbitrary set of
constraints to relax in order to make an overconstrained setC
feasible, then we could simply compute CoMSSes(C): each
element of CoMSSes(C) represents one set of constraints
that, if sufficiently relaxed, will result inC being feasible.
But if we instead want to reason about how to weaken par-
ticular constraints, we need to identify the individual sets of
conflicting constraints, i.e., MUSes(C). In practice, it is eas-

Simplified-Musilitis-CoMSSes(A, U)

1. If (U = �)
2. newCoMSS← {C|(C ← ε) ∈ A}
3. CoMSSes← CoMSSes∪ {newCoMSS}
4. backjump-to-ε← true
5. Return
6. C← Select-Constraint(U), U’ ← U – {C}
7. For all valuesc∈ d(C)
8. A’← A∪ {C← c}
9. If consistent(A’)

10. Simplified-Musilitis-CoMSS(A’, U’ )
11. If (backjump-to-ε = true) Return
12. A’← A∪ {C← ε}
13. Unless (Assignment-Subsumed(A’,CoMSSes))
14. Simplified-Musilitis-CoMSS(A’, U’ )
15. backjump-to-ε← false

Figure 2: A simplified version of an algorithm for finding the
CoMSSes of a DTP

ier to find maximally satisfiable subsets (and thus, CoMSSes)
than to find MUSes directly. This follows from the relative
simplicity of problems in NP (i.e., SAT) as compared to those
in Co-NP (i.e., UNSAT). Thus, our approach will be to com-
pute CoMSSes(C) and then find its irreducible hitting sets.

4 Algorithm Details
We now describe the details of our algorithm for finding
MUSes. We use a serial decomposition of the task. First
we find all of the CoMSSes of a DTP using an algorithm
that borrows heavily from Maxilitis; this algorithm could be
readily generalized for other types of constraints. Second, we
use techniques for extracting MUSes that operate completely
independently of how the CoMSSes were generated and the
types of constraints involved. The two phases combine to
form a solver, which we name Musilitis, that is capable of
diagnosing the infeasibility of any given DTP. The solver is
both sound, in that the sets of constraints it returns are all
MUSes, and complete, in that it will find all MUSes of the
given constraint system.

4.1 Finding CoMSSes(C)
In Figure2, we present a simplified version of an algorithm
for finding the set of all CoMSSes of a DTP. This backtrack-
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ing search resembles in many ways the branch-and-bound al-
gorithm employed by Maxilitis, in that it effectively searches
through the space of all partial assignments of disjuncts to
constraints. (Recall that we convert each disjunctive con-
straint in the original DTP into a meta-level variable, whose
domain is the set of disjuncts.) The setA contains the current
partial assignment, and the setU contains those constraints
that have not yet been instantiated. Whenever a constraint is
instantiated with an empty assignment (i.e., it is purposefully
chosen to be left unsatisfied), such an assignment is labeled
by the symbolε.

To understand the algorithm, consider an example with 50
constraints. Suppose that we begin the search and find a solu-
tion in which two constraints, sayC6 andC28, have been left
unsatisfied. At this point, the search can prune any other solu-
tions that would necessarily leaveC6 andC28 unsatisfied, as
such candidates would be incapable of leading to an irredun-
dant CoMSS. We handle this in our algorithm by means of
a backjump flag that causes the search to immediately back-
jump to the deepest point at which the assignment to one of
the unsatisfied constraints was made.

Lines 1 through 5 handle the case when a particular solu-
tion with all constraints instantiated has been found. The set
of unsatisfied constraints (those assignedε) is a CoMSS, and
it is added to a global list of CoMSSes (initialized to�). At
this point, the flagbackjump-to-ε is toggled to avoid any fur-
ther search within the current subtree whose solutions would
be subsumed by the CoMSS just found.

If one or more constraints remain uninstantiated, line 6 se-
lects a constraint to satisfy, and lines 7 – 11 attempt various
disjuncts with which to satisfy it. However, if one of the re-
cursive calls finds a solution, thebackjump-to-ε flag may be
enabled, causing the algorithm to bubble up the search tree
until the deepest assignment ofε is reached.

Line 12 is where the algorithm attempts the empty assign-
ment. If this assignment is not subsumed by any CoMSSes
found in prior solutions (line 13), the algorithm will pur-
sue this partial assignment (line 14), afterwards resetting the
backjump flag in the event that a solution below was discov-
ered (line 15). It should be noted that this version of the al-
gorithm is not guaranteed to find only irredundant CoMSSes,
but any redundancies can be easily removed in a postprocess-
ing step.

A slight variation on this approach is to find CoMSSes in
increasing order of size. By blocking CoMSSes found in
increasing order, the algorithm ensures that all subsequent
CoMSSes found are irredundant. Such an incremental al-
gorithm can easily be achieved by setting an upper bound
on the number of constraints violated, and repeatedly calling
the given algorithm, each time increasing the upper bound
by 1 until the problem is no longer satisfiable. While many
searches are performed, the pruning allowed by the smaller
CoMSSes may potentially save time otherwise spent finding
redundant CoMSSes. This incremental algorithm proved to
be extremely effective in Maxilitis, where the goal was sim-
ply that of maximal constraint satisfaction.

If implemented exactly as shown, the algorithm shown
in Figure 2 would perform rather poorly. The pseudocode
does not illustrate the use of forward checking, a vital tech-

Musilitis-ExtractMUS (CoMSSes)

1. MUS←�
2. While (CoMSSesis not empty)
3. curCoMSS← pop(CoMSSes)
4. newConstraint← pop(curCoMSS)
5. MUS←MUS∪ newConstraint
6. For alltestConstraint∈ curCoMSS
7. For alltestCoMSS∈ CoMSSes
8. If testCoMSScontainstestConstraint
9. removetestConstraintfrom testCoMSS

10. For alltestCoMSS∈ CoMSSes
11. If testCoMSScontainsnewConstraint
12. removetestCoMSSfrom CoMSSes
13. ReturnMUS

Figure 3: Extracting a single MUS from CoMSSes(C)

nique used in all DTP solving algorithms. It also does not
demonstrate the use of two pruning techniques calledremoval
of subsumed variablesandsemantic branching[Armandoet
al., 1999] that are known to greatly improve the power of
DTP solvers. Luckily, these methods remain available when
finding CoMSSes of a DTP, and they are integrated into our
Musilitis solver. Other common issues, such as variable and
value ordering heuristics, also play a large role in guiding the
search, although we do not discuss them here due to space
limitations.

4.2 Obtaining MUSes(C)
Every MUS ofC is an irreducible hitting set of CoMSSes(C).
The decision version of the HITTING-SET problem (deciding
if there exists a hitting set of cardinality less than or equal to
k) is NP-Complete[Karp, 1972], but in this case we are in-
terested in irreducibility, not cardinality. Combined with the
property that no CoMSS is a subset of any other, this allows
us to extract a single MUS via a greedy approach in poly-
nomial time, without resorting to search. Figure 3 provides
pseudocode for the algorithm.

The construction works by sequentially adding constraints
to a forming MUS. Intuitively, an MUS is a set of constraints
containing at least one constraint from every CoMSS such
that every constraint is an essential element of the set. By “es-
sential” we mean that removing a constraint from the MUS
will leave at least one CoMSS unrepresented. Thus, every
time a constraint is added, the remaining problem is modi-
fied to enforce the requirement that the constraint be essen-
tial. This is done by ensuring that the new constraint is the
only representative of at least one CoMSS.

Lines 3 and 4 ofMusilitis-ExtractMUS choose a CoMSS
from the set and a single constraint,newConstraint, from that
CoMSS.newConstraintis added to the MUS, and the re-
maining lines ensure that it is essential. Lines 6 through 9
remove the remaining constraints in the chosen CoMSS from
all other CoMSSes in the input set. This prevents any of those
constraints from being added in later iterations, which could
make newConstraintnon-essential. Then, lines 10-12 re-
move any CoMSSes containingnewConstraint, because they
are now represented inMUS. Following the modifications to
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CoMSSes, the algorithm iterates. WhenCoMSSesis empty,
the constructed set of constraints is a complete, exact MUS.

Extracting all of the MUSes from CoMSSes(C) requires
searching for all irreducible hitting sets of CoMSSes(C).
Due to the potential combinatorial explosion, the number of
MUSes may be impractically large; however, in many cases
the result is tractable.

One method for generating the complete set of MUSes
from CoMSSes(C) uses the general form of theMusilitis-
ExtractMUS algorithm in Figure 3. The particular MUS
generated by that algorithm depends on the order in which
CoMSSes and constraints are selected from CoMSSes(C);
thus, by branching on those two decisions (lines 3 and 4),
all possible MUSes can be generated. This can be accom-
plished with a recursive function that takes as input a) the
remaining set of CoMSSes and b) the MUS currently being
constructed in each branch of the recursion (these are initial-
ized to CoMSSes(C) and the empty set, respectively). The
branching is not ideal, and duplicate branches are both possi-
ble and quite common in practice, so pruning heuristics can
be employed to reduce the search space.

5 Experimental Results
We benchmarked both phases of the MUS generation pro-
cess (finding CoMSSes(C) and extracting MUSes(C) from
it) using DTPs created by a random DTP generator used
in testing previous DTP solvers[Stergiou and Koubarakis,
1998]. We collected performance data and analyzed the sets
of CoMSSes and MUSes for DTPs over a range of DTP gen-
erator parameters.

The test case generator takes as arguments the parameters
〈k, N, m,L〉, wherek is the number of disjuncts per con-
straint,N is the number of time points,m is the number of
constraints, andL is the constraint width, i.e., a positive in-
teger such that for each disjunctx − y ≤ b, b ∈ [−L, L]
with uniform probability. In our experiments, we setk = 2,
N ∈ {5, 6, 7}, andL = 100. A derived parameterR (the ra-
tio of constraints over variables,m/N ) was varied from 6 to
11. For each setting ofN andR, 50 random problems were
generated. (For example, we generated 50 problems for the
case whereN is 7 andR is 7; those problems have 7 tem-
poral variables and 49 constraints each). These problems are
likely to be highly overconstrained, with 30-77 constraints on
only 5-7 time points. The size of these problems is dwarfed
somewhat by those which Maxilitis can solve (e.g.,N = 20),
although one must keep in mind that the objective of max-
imal constraint satisfaction is much easier to achieve. The
domains of the variables are integers instead of reals, which
again is standard in DTP literature. Our implementation of
Musilitis was developed in Java (finding CoMSSes) and C++
(extracting MUSes), and our experiments were conducted in
Linux on a 2.2GHz Opteron processor with 8GB of RAM.

First, we compared the runtime of the two versions of the
Musilitis-CoMSS algorithm described in Section 4.1—one
which uses a single backtracking search to find all CoMSSes,
and another which does so incrementally. The former re-
quires an additional postprocessing step to remove all redun-
dant CoMSSes, a procedure whose runtime was found to be
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negligible. Figure 4 shows the median runtimes for both al-
gorithms on all problem parameters. Not surprisingly, run-
time increases both with size (N ) and density (R). How-
ever, notice that the times for the single backtracking algo-
rithm (labeled ‘Backtracking’) tend to be roughly an order
of magnitude faster than those for the incremental method
(labeled ‘Incremental’). This contrasts with the results re-
ported in[Moffitt and Pollack, 2005], where the opposite ef-
fect was observed. The difference is that Maxilitis can stop
at any iteration where a solution is found, as only a single
solution of maximal cardinality is needed. Even though mul-
tiple searches are performed in the incremental mode, sub-
stantially more is pruned than in a single search that has no
upper bound. In our case, iteration must continue untilall
CoMSSes of any size have been found. The combined run-
time of these separate searches can easily exceed that of a
single backtracking search.

Figure 5 shows the distribution of sizes of CoMSSes found
by theMusilitis-CoMSS algorithm for the cases whereN =
6 and R ranges from 6 to 11. Because our DTPs were
randomly generated, these results are not particularly useful
alone; however, they do provide valuable information when
one considers the runtime of the MUS extraction phase of
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Figure 6: Runtimes of extracting MUSes(C) vs |MUSes(C)|

the Musilitis algorithm, since the set of CoMSSes is the in-
put to this procedure. In the graph, we have taken the total
frequency of each size of CoMSS found in all instances and
divided this count by 50 (the number of problem instances).
As one would expect, both the number and size of CoMSSes
increases with the constraint densityR.

The runtime of extracting all MUSes depends mainly on
the number of MUSes present. In the extremely overcon-
strained benchmarks used here, this number is often very
high, reaching into the hundreds of thousands. Figure 6
shows the runtime of the MUS extraction algorithm versus
the number of MUSes found for instances withN = 5. Run-
times for any given number of MUSes are clustered within an
order of magnitude of each other.

In some benchmarks, the MUS extraction reached a 30-
minute timeout without finishing. In that time, however, it
found as many as one million MUSes. The algorithm for ex-
tracting MUSes is inherently an anytime algorithm; MUSes
are output as they are found, and if not all MUSes are re-
quired, it can be stopped at any time. Our experiments
showed that the algorithm has reasonably good anytime prop-
erties: in one typical highly-constrained instance withN = 6
andR = 9, it generated more than 70,000 MUSes in the first
minute, and the rate then gradually slowed. This property
could be exploited in a system that interleaves MUS iden-
tification with constraint relaxation. Generally, if the con-
straint system is highly overconstrained, resolving one MUS
is likely to resolve many others, since the same constraints
are likely to appear in multiple MUSes.

6 Conclusions and Future Work
We have presented algorithms for deriving minimally unsat-
isfiable subsets of constraints in any infeasible constraint set,
building on a strong relationship between maximal satisfiabil-
ity and minimal unsatisfiability. The techniques are general,
in that they are applicable to any type of constraint, and we
have implemented them for Disjunctive Temporal Problems.
The flexibility permitted by the constraints involved in these
problems presents the opportunity for relaxation to be more
fine-grained than simple constraint elimination, and MUSes
provide the information needed to support this type of relax-
ation.

The connection between maximal satisfiability and mini-
mal unsatisfiability we describe has been independently noted
by [Bailey and Stuckey, 2005], who applied it to the problem
of type-error diagnosis in software verification. Their imple-
mentation, however, differs from ours, in that they employ
different algorithms in an interleaved approach as compared
to our serial, two-phase algorithm. In[Liffiton and Sakallah,
2005], we performed an experimental comparison of their ap-
proach, adapted to Boolean satisfiability, with our own. We
found that ours was consistently faster, and we identified sev-
eral ways to combine ideas from both techniques for further
improvements.

Further work also includes enhancing the efficiency of our
algorithms. One possible direction would be to investigate
tradeoffs between runtime and completeness or correctness.
The requirements of finding all MUSes or of finding exact
MUSes could be relaxed to decrease the runtime of the algo-
rithms. Techniques exploiting domain knowledge or features
of particular types of constraints could help improve the effi-
ciency as well. More generally, it will be important to conduct
studies that examine the performance of Musilitis on DTPs
representing real-world problems, as opposed to the random
problems studied in this paper. We currently have experi-
ments underway to evaluate Musilitis on job-shop scheduling
problems, and we will also be studying problems taken from
the domains of schedule management and medical protocols.

The relationship between maximal satisfiability and mini-
mal unsatisfiability is deserving of further attention. Our al-
gorithms for extracting all MUSes are just one way of exploit-
ing this relationship. Further understanding of infeasibility in
constraint satisfaction problems, such as rich links between
conflicts in basic constraints and in the high-level problem
they represent, could result from additional research.

Finally, an important future goal is to employ the algo-
rithms developed in this paper in a mixed-initiative constraint
relaxation system that provides a user with the information
needed to make principled decisions about how to weaken
constraints so as to achieve feasibility.
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Abstract 
In game-playing programs relying on the minimax 
principle, deeper searches generally produce better 
evaluations. Theoretical analyses, however, suggest 
that in many cases minimaxing amplifies the noise 
introduced by the heuristic function used to 
evaluate the leaves of the game tree, leading to 
what is known as pathological behavior, where 
deeper searches produce worse evaluations. In 
most of the previous research, positions were 
evaluated as losses or wins. Dependence between 
the values of positions close to each other was 
identified as the property of realistic game trees 
that eliminates the pathology and explains why 
minimax is successful in practice. In this paper we 
present an alternative explanation that does not rely 
on value dependence. We show that if real numbers 
are used for position values, position values tend to 
be further apart at lower levels of the game tree, 
which leads to a larger proportion of more extreme 
positions, where error is less probable. Decreased 
probability of error in searches to greater depths is 
sufficient to eliminate the pathology and no 
additional properties of game trees are required. 

1 Introduction 
Most game-playing programs are based on the minimax 
principle. Such programs choose the best move by searching 
the game tree to a chosen depth, heuristically evaluating the 
leaves and then propagating their values to the root using 
the minimax principle. It is generally agreed that deeper 
searches produce better evaluations at the root. However, 
first attempts to explain this mathematically yielded the 
paradoxical result that minimaxing amplifies the error of the 
heuristic evaluations and that consequently deeper searches 
produce worse evaluations [Nau, 1979; Beal, 1980]. This 
phenomenon is called the minimax pathology [Nau, 1979].  

It was evident that the setting of these mathematical 
analyses omitted some property of real games that 
eliminates the pathology. Several explanation were 
proposed, but eventually most researchers came to the 
conclusion that the property they were looking for is the 
similarity of positions close to each other [Bratko and 

Gams, 1982; Beal, 1982; Nau, 1982; Scheucher and Kaindl, 
1998; Luštrek, 2004]. 

In most research on the minimax pathology, true position 
values were losses or wins. This seems reasonable, since in 
games like chess, positions can indeed only be lost or won 
(or drawn). In practice, however, a game playing program 
needs an evaluation function that makes it possible to 
maintain a direction of play, gradually moving toward a 
win, not just maintaining a won position without achieving 
the final goal. This requires a multivalued or even real-
valued evaluation function. 

We introduce a minimax model using real-valued 
evaluation function and a way to interpret real values as 
losses and wins. This leads to a new, simpler explanation of 
the pathology. Namely, node values at lower levels of the 
game tree are more dispersed. If the error of the evaluation 
function, represented by normally distributed noise, is 
independent of the depth of search, it turns out that the error 
in terms of loss/win evaluations decreases with the depth of 
search, because larger dispersion means a larger proportion 
of more extreme positions where error is less likely. This is 
different from what the previous analyses assumed and is 
sufficient to eliminate the pathology. 

The paper is organized as follows. Section 2 presents the 
minimax pathology and gives an overview of the attempts to 
explain it. Section 3 introduces a minimax model based on 
real-number position values. Section 4 shows why the 
model from section 3 is not pathological, while seemingly 
similar models used in previous research were. Section 5 
explains whether minimax in general can be expected to 
behave non-pathologically. Section 6 concludes the paper 
and points out where further research is needed. 

2 The Pathology and Related Work 
The minimax pathology was discovered independently by 
Nau [1979] and Beal [1980]. Beal’s basic minimax model 
made several assumptions: 
1. game tree has a uniform branching factor; 
2. nodes of the tree can have two values: loss and win; 
3. node values are distributed so that at each level of the tree 

the proportion of losses for the side to move is the same; 
4. node values within each level of the tree are independent 

of each other; 
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5. the error of heuristic evaluation at a node at the lowest 
level of search, being the probability of mistaking a loss 
for a win or vice versa, is independent of the depth of 
search and the true value of the node. 
We proceed to present Beal’s basic model, although our 

analysis is mostly based on later work. Negamax 
representation is used in this section, i.e. node values are 
viewed as lost or won from the perspective of the side to 
move. Let b be the branching factor of the tree, d the depth 
of search and ki the probability of a node at i-th level being 
lost. Levels are numbered downwards: from 0 for root to d 
for the lowest level of search. 

A node can only be lost if all of its descendants are won 
(for the opponent), so the relation between the values of k at 
consecutive levels is governed by equation (1). 

ki = (1 – ki+1)b (1) 
Assumption 3 requires ki = ki+1, which results in ki = cb for 

all i; for example, c2 = 0.3820. 
Two types of evaluation error are possible: a loss can be 

mistaken for a win (false win) or a win for a loss (false 
loss). Let pi and qi be the probabilities of the respective 
types of error at i-th level. They are calculated according to 
equations (2) and (3). 

b
i

b
i

b
i

i
i qqk

k
p )1(1))1(1()1(1

111 +++ −−=−−−=  (2) 

∑
=

−
++

−
++ −−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−

=
b

j

jb
i

j
i

jb
i

j
i

i
i qpkk

j
b

k
q

1
1111 )1()1(

1
1  (3) 

It turns out that if the same pd = qd are used in searches to 
all depths, the error in the root, defined as p0 k0 + q0 (1 – k0), 
increases with d. “This result is disappointing,” concluded 
Beal, since it was exactly the opposite of what he set out to 
show. His model must have been flawed in some way. 

In the years following the discovery of the pathology, 
several researchers attempted to find the flaw in Beal’s basic 
model by attacking its assumptions (1. through 5. at the 
beginning of this section). 
1. Michon [1983] observed that the pathology depends on 

the probability distribution of branching factor: game 
trees with uniform branching factor tend to be 
pathological, while game trees with, for example, 
geometrically distributed branching factor do not. It is not 
known whether real games have any of the non-
pathological distributions, though. 

2. Bratko and Gams [1982] were the first to experiment with 
multivalued evaluations. They assigned no particular 
meaning to different values, which resulted in behavior 
similar to the one with two values, i.e. pathological. 
Pearl’s results were similar [1983]. Scheucher and Kaindl 
[1998] and Luštrek [2004] also used multiple and even 
real values, but only to establish realistic relations among 
node values and the magnitude of error, so even though 
their models were not pathological, they did not attribute 
the absence of pathology to real values. Sadikov et al. 
[2003] used multiple values in their analysis of king and 
rook versus king chess endgame. They explained the 
pathology, but their explanation involves multiple values 

only indirectly and it is not known whether it applies to 
cases other than the endgame they studied. 

3. Having node values distributed so that ki = cb for all i not 
only simplifies calculations, it is generally agreed to be 
necessary [Bratko and Gams, 1982; Beal, 1982; Nau, 
1982]. If k0 ≠ cb is chosen, ki starts to oscillate between 
values close to 0 and 1 for relatively small i, meaning that 
we are dealing with games that are almost certainly won 
for one side and as such not interesting. 

4. Most researchers [Bratko and Gams, 1982; Beal, 1982; 
Nau, 1982; Scheucher and Kaindl, 1998; Luštrek, 2004] 
agreed that similarity of positions close to each other 
eliminates the pathology, although they arrived at this 
conclusion in different ways. Pearl [1983] claimed that 
early terminations are the culprit, but these can also be 
interpreted as a form of node-value dependence. 

5. Pearl [1983] showed that in order to overcome the 
pathology, the error of the evaluation function must 
decrease exponentially with the depth of search. It is 
generally believed that the quality of the evaluation 
cannot vary enough to account for the absence of 
pathology. Scheucher and Kaindl [1998] did use depth-
dependent error. And although such error made increased 
depth of search more beneficial, node-value dependence 
was required to altogether eliminate the pathology. 
The conclusion one can make based on the existing 

literature on the minimax pathology is that the pathology is 
usually not observed in real games because their position 
values are not independent of each other. This conclusion is 
reinforced by the fact that multiple authors have arrived at it 
in different ways. 

3 A Minimax Model Based on Real Values 
Even though all the explanations for the absence of 
pathology in minimax provided in the previous section are 
valid, at least under the assumptions their authors made, are 
these assumptions really necessary and realistic? We argue 
that real numbers should be used for position values, in 
which case another, more basic explanation is sufficient. 

Both game-playing programs and humans use 
multivalued position evaluations. There is little doubt this is 
necessary in games where the final outcome is multivalued 
(Othello, tarok etc.). In games where the outcome can only 
be a loss, a win and perhaps a draw (chess, checkers etc.), 
multiple values might seem to be useful only as a way to 
express the uncertainty of a program or human. However, 
even given unlimited resources to determine the value of a 
position, in a losing position, the best one can do against a 
fallible and not fully known opponent is evaluate the 
position in terms of the probability of loss. In a winning 
position, even a perfect two-valued evaluation function 
could maintain a won position indefinitely without actually 
winning (or until termination due to 50-move rule in chess). 
In essence, multivalued evaluation function is necessary to 
differentiate between multiple winning (or losing, if only 
such are available) moves. Scheucher and Kaindl [1998] 
demonstrated on chess that a two-valued evaluation function 
performs poorly compared to a multivalued one. 
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We propose a minimax model similar to Beal’s basic 
model, except that it uses real numbers for position values: 

 

1. game tree has a uniform branching factor; 
2. nodes of the tree have real values; 
3. if the real node values are converted to losses and wins, 

they are distributed so that at each level of the tree the 
proportion of losses for the side to move is the same; 

4. node values within each level of the tree are independent 
of each other; 

5. the error of heuristic evaluation at a node at the lowest 
level of search, being normally distributed noise, is 
independent of the depth of search and the true value of 
the node. 
Game trees built according to our model are assigned 

independent uniformly distributed values from [0, 1] 
interval to the leaves at level dmax. These are true values; 
true values of internal nodes are obtained by backing up the 
true leaf values using the minimax rule. When searching to 
depth d, heuristic values at level d are generated by 
corrupting the true values with normally distributed noise 
representing the error of the heuristic evaluation function; 
heuristic values of nodes at levels < d are obtained by 
backing up the corrupted values at level d using the 
minimax rule. 

Two types of error can be observed at the root of a game 
tree: position error, which is the absolute difference 
between the true and the heuristic value of the root, and 
move error, which is the probability of choosing a wrong 
move because of position error at the root’s descendants. 
However, neither type of error corresponds directly to the 
error in two-value models used in most of the previous 
research: two-value error is defined as the probability of 
mistaking a loss at the root for a win or vice versa. 

In order to measure two-value error, real values must be 
converted to losses and wins. This can be accomplished by 
establishing a threshold t: the values below it are considered 
losses and the values above it wins. According to Beal’s 
assumption 3, if negamax representation is used, ki = cb for 
all i. We do not use negamax representation in our model, so 
ki alternates between cb and 1 – cb. Since true values of the 
leaves are distributed uniformly in [0, 1] interval, kd = cb is 
achieved by setting t = cb. Even though real-value 
minimaxing is used, ki behaves as desired for i > 0. This 
happens for two reasons. First, leaf values in our real-value 
model, converted to two values, correspond exactly to leaf 
values in Beal’s basic model. The probability of a loss at a 
leaf with value X is P (X < t), which for uniform distribution 
in [0, 1] interval and t = cb equals cb. In Beal’s basic model, 
the probability of a loss at each leaf is kd, which also equals 
cb. Second, real- and two-value minimaxing are equivalent 
in the sense that performing minimax on losses and wins 
from level i to j < i gives the same results at level j as 
performing minimax on the underlying real values from 
level i to j and converting them to losses and wins at level j. 
This is illustrated in Figure 1; losses are marked with “–“ 
and wins with “+”. 

Figure 1: Equivalence of real- and two-value minimaxing.

We conducted Monte Carlo experiments with game trees 
generated according to our model. Only the results for b = 2 
and dmax = 10 are presented in this paper; the results for 
larger branching factors and depths are similar. The results 
are averaged over 10,000 game trees. For each tree, there 
were 10 repetitions with randomly generated noisy values 
for each d. Figure 1 shows position, move and two-value 
error at the root of the game tree with respect to the depth of 
search; standard deviation of noise is 0.1. 
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Figure 2: Error at the root with respect to the depth of search.

As can be seen in Figure 2, all three types of error 
decrease with the depth of search (with the exception of 
even/odd level fluctuations of two-value error). Note that 
these observed behaviors are different from Beal’s original 
results [1980], which were pathological. 

Even though our primary concern is comparison with 
Beal’s basic model, we checked whether the absence of 
pathology occurs only under the described settings or is it 
more general. We tried uniform distribution of error and 
normal distribution of node values as well as different forms 
of dependence among node values. None of the experiments 
yielded pathology except for some rare cases where slightly 
pathological behavior was caused by very large static error. 
There was no pathology in terms of position error, but move 
and two-value error did in some cases behave pathologically 
when their static values were close to 0.5. However, since 
0.5 is the point where evaluations become completely 
random, this seems to be of little practical importance. 
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Figure 5 shows two-value error at the root when two-
value error at the lowest level is always 0.1; results for 
Beal’s basic model are shown for comparison. 

4 Why is Our Model Not Pathological? 
Considering that our model is very similar to Beal’s, why 

is it not pathological? To answer this question, we must 
examine two-value error at the lowest level of search. Beal’s 
assumption 5 states that it should be constant with search 
depth, but in our model, real-value position error is set to be 
constant instead (which is achieved by using normally 
distributed noise with the same standard deviation at all 
levels). Two-value error at the lowest level of search is 
shown in Figure 3; standard deviation of noise is 0.1. 
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Figure 5: Two-value error at the root with respect to the depth of 
search when two-value error at the lowest level of search 
is always 0.1. 

As can be seen in Figure 5, the results for binarized real-
value model and the results for Beal’s basic model match 
quite well. The matching is not perfect because in the real-
value model, the probability of a false win at the lowest 
level of search is higher than the probability of a false loss. 
This happens because false wins occur in [0, t) interval, 
while false losses occur in (t, 0] interval. Since t = c2, the 
former is smaller, therefore node values are on average 
closer to the threshold, and hence two-value error is more 
likely. The ratio of probability of a false win : probability of 
a false loss is (1 – t) : t. If the overall probability of two-
value error is to remain 0.1, the appropriate settings in 
Beal’s model are pd = 0.05 / t and qd = 0.05 / (1- t). Under 
these settings, the models match perfectly. 

Figure 3: Two-value error at the lowest level of search with 
respect to the depth of search. 

As can be seen in Figure 3, two-value error at the lowest 
level of search decreases with the depth of search. This is 
different from Beal’s assumption 5. However, to eliminate 
the pathology, Pearl [1983] observed that if the error is 
small, it should decrease by a factor of 1.528 every two 
levels, i.e. exponentially with the depth of search, while in 
Figure 3, it decreases roughly linearly. For Pearl’s 
observation to be true, the error should be quite small, 
though. For example, if the error at depth 10 is 0.1 (the 
value chosen by Bratko and Gams [1982] and close to the 
values we experimented with), Pearl’s approximation gives 
two-value error 0.8326 at depth 0, while the exact error is 
0.3932. We chose not to work with smaller errors in this 
paper because move and two-value error are probabilities 
computed from frequencies and when they are very small, 
very large samples are required to obtain meaningful results. 

5 Minimax Pathology in General 
What remains to be considered is whether constant 

position error or constant two-value error at the lowest level 
of search is more realistic. There is no pathology in the 
former case, while the latter case corresponds to Beal’s 
basic model and is pathological. Game-playing programs 
use real (or at least multiple) values in their evaluation 
functions. Position error is the most direct representation of 
the fallibility of these functions and there is no reason to 
believe that it should increase with the depth of search as 
shown in Figure 4. But can we expect two-value error to 
behave as shown in Figure 3? We will show here that the 
answer is “yes”. Game-playing programs are generally not 
concerned with two-value error; if they were, one can easily 
imagine that it would be large in uncertain positions whose 
values are close to the threshold and small in clearly lost or 
won positions far from the threshold. If both sides are to 
have comparable chances to win at the root, the value at the 
root should be close to the threshold. Each level downwards 
from the root is one move away from the root position. 
Position values usually change gradually, so with each 
move, position values can be more different from the root 
value. Therefore the average distance of a position value 
from the threshold at lower levels can indeed be expected to 

If noise introduced at the lowest level of search is 
adjusted so that two-value error at the lowest level of search 
is always 0.1, position error at the lowest level of search 
increases with the depth of search as shown in Figure 4. 
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Figure 4: Position error at the lowest level of search with respect 

to the depth of search when two-value error at the lowest 
level of search is always 0.1. 
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be larger than at higher levels, as was also stated by 
Scheucher and Kaindl [1998]. This is illustrated in Figure 6; 
darker area represents higher probability of two-value error. 

 

In game trees with independent node values, the effect of 
position error on two-value error can be analyzed 
mathematically. For simplicity, we will only consider b = 2 
and limit node values to [0, 1] interval. 

Due to space limitation, we will only examine false 
losses. Consider the probability of a false loss at a node with 
true value X and heuristic value X – e, where e is the node’s 
position error. False loss means that X > t and the heuristic 
value is on the other side of the threshold, i.e. X – e < t. The 
probability for such a mistake to happen at a node whose 
true real value is distributed according to distribution 
function F (x) is calculated according to equation (4). 

)()()()( tFetFetXtPteXtXP −+=+<<=<−∧> (4) 
Consider now the probability of a false loss at different 

levels in a game tree. Let Fi (x) be the distribution function 
of node values at i-th level of the game tree. If i – 2 is a max 
level, Fi–2 (x) is calculated from Fi–1 (x) according to 
equation (5). 
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If i – 1 is a min level, Fi–1 (x) is calculated from Fi (x) 
according to equation (6). 
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In order to calculate Fi–2 (x) from Fi (x) in one step, (5) 
and (6) are joined into equation (7). 
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We will show that the probability of a static false-loss 
error at higher levels is usually greater than at lower levels, 
which is expressed by inequality (8). 

P (false loss at level i – 2) > P (false loss at level i) 
Fi–2 (t + e) – Fi–2 (t) > Fi (t + e) – Fi (t) 

(8) 

Inequality (8) means that the difference between the 
values of distribution function at points t + e and t is greater 
at higher levels – in other words, that the distribution 
function is steeper at higher levels. Let us take as an 

example our model from section 3: dmax = 10 and leaf values 
are distributed uniformly, therefore F10 (x) = x. Equation (7) 
can be used to calculate F8 (x) = 4 x2 – 4 x3 + x4. Figure 7 
shows F8 (x) and F10 (x) in our model.  

 Figure 6: Distance of nodes values from the threshold and its 
relation to two-value error. Figure 7: Distribution functions of node values at levels 8 and 10 

in our model from section 3. 

As can be seen in Figure 7, F8 (x) is steeper that F10 (x) 
between x = a and x = b. To determine where Fi–2 (x) is 
steeper than Fi (x) independently of Fi (x), inequality (9) 
must be solved; note that Fi (x) is written as Fi. 
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The expression dFi–2 / dFi as a function of Fi is shown in 
Figure 8. 

 
Figure 8: dFi–2 / dFi as a function of Fi.

With the help of Figure 8 we can solve inequality (9): 
0.1624 < Fi < 0.7304. Values a and b in Figure 7 are 
therefore a = F10

–1 (0.1624) and b = F10
–1 (0.7304); since 

F10 (x) = x, this means a = 0.1624 and b = 0.7304. So 
whenever the values of Fi (t + e) and Fi (t) are in the interval 
between 0.1624 and 0.7304, false-loss error at level i – 2 is 
greater than false-loss error at level i for any distribution 
function Fi (x). Since Fi (t) = ki, if ki is to be the same for all 
i, most reasonable distribution functions should satisfy the 
condition 0.1624 < Fi (t) < 0.7304. 

We now see that two-value error at higher levels is 
smaller than at lower levels. But is it smaller enough? If pi 
and qi when searching to depth dmax were computed for all i, 
these values could be used for pd and qd when searching to 
depths d < dmax. Under these conditions, two-value error at 
the root would be the same for searches to all depths – 
minimax would be neither pathological nor beneficial. If we 
can prove that given position error e causes greater two-
value error at level i – 2 if it is introduced at level i – 2 
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(denoted P1) than if it is introduced at level i and then 
backed-up to level i – 2 (denoted P2), we will also have 
proven that two-value error as a result of depth-independent 
position error decreases from the leaves towards the root 
sufficiently to make minimax non-pathological. P1 and P2 
are calculated using equations (4) and (7) in different order, 
resulting in equations (10) and (11). 
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We solved inequality P1 > P2 on [0, 1] interval using 
Mathematica software, resulting in (12). 
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The upper limit for Fi (t + e) from inequality (12) is 
shown in Figure 9. 

 

As can be seen in Figure 9, minimax will behave 
pathologically only when F (t + e) is close to 1 (shaded 
area). Since F (t) is generally not expected to be close to 1, 
this means a large position error. This is consistent with our 
observations from section 3 where there was no pathology 
except in some cases when static error was very large. 

6 Conclusion 
To analyze the pathology, we designed a minimax model 
with real-number position values. The model did not behave 
pathologically under a wide range of settings, as long as 
normally (or uniformly) distributed noise used to model the 
error of heuristic evaluations was independent of the depth 
of search. However, under these settings, two-value error 
was not independent of the depth of search, which is 
contrary to what was assumed in most of the previous 
research. Due to minimax relations among the true values, 
both types of error cannot be independent of the depth of 
search simultaneously, because at greater depths, position 
values are on average farther away from the threshold 
separating losses from wins; therefore at greater depths, the 
same position error causes smaller two-value error. In real 
games, this is caused by position values starting close to the 
threshold at the root and dispersing gradually as we advance 
downwards through the game tree. We showed 

mathematically that in game trees with independent node 
values, two-value error at higher levels is also smaller than 
at lower levels. Furthermore, we showed that the reduction 
of the error is in most cases sufficient to eliminate the 
pathology. The pathology sometimes persists, particularly 
when the error is very large, but such cases are probably 
rare. Establishing which cases exactly are these is left for 
further work. 

In summary, the explanation for the minimax pathology, 
or the absence of it, presented in this paper, is a necessary 
consequence of a real-value minimax model, and does not 
require any other assumption. Even if one were to claim that 
in a purely theoretical sense, real values are inappropriate, 
they are certainly necessary in practice. And the minimax 
pathology is considered pathological because it is at odds 
with what is observed in practice. 
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Abstract

The paper presents a new algorithm for multiob-
jective heuristic graph search problems. The algo-
rithm presents some nice properties that are easily
proven. Additionally, empirical tests show that sub-
stantial savings in memory can be achieved over
previous proposals.

1 Introduction
The multiobjective search problem is an extension of the
shortest path problem where arc costs become vectors. This is
a genuinely different problem since vector costs induce only
a partial order relation.

Loui [1983] studied the extension of Dijkstra’s algorithm
to the multiobjective case, and showed that some stochastic
search problems can be reduced to multiobjective ones. Stew-
art and White[1991] outlined MOA*, a multiobjective exten-
sion of A*, and presented proofs on admissibility, node ex-
pansion, and comparison of heuristics. Dasgupta et al.[1999]
extended this work in several ways, including a version for
non-monotone heuristics (MOA**), with applications in the
area of VLSI design and the log cutting problem. Perny and
Spanjaard[2002] presented a generalization of MOA* with
application to a Web access problem. Mandow and Pérez de
la Cruz[2003] presented a systematic extension of the heuris-
tic search paradigm to the multicriteria case, and admissibility
conditions for algorithms with different multicriteria prefer-
ence relations (multiobjective, multiattribute, lexicographic,
and goal-based).

This paper reconsiders the extension of A* to the multi-
objective case and presents a new algorithm. The basic op-
erations in A* are selection and expansion of open nodes at
each iteration. In A* each open node stands for a single par-
tial solution path that can be further expanded. However, as
explained in the paper, this is no longer the case in multi-
objective problems, where many interesting paths may reach
the same node. The MOA* algorithm[Stewart and White,
1991], and subsequent extensions, were devised preserving
nodeselection and expansion as the algorithm’s basic oper-
ations. This paper presents an extension of A* to the mul-
tiobjective case that preservespath selection and expansion
as the basic operations. Admissibility can be proven very
easily. The new algorithm also shows important properties,

analogous to those of A*, that are not shared by MOA*. Ad-
ditionally, empirical tests show that the new algorithm offers
substantial savings in memory over MOA*.

The paper is organized as follows. Section 2 reviews pre-
vious relevant work in scalar search and points out analogies
and differences with the multiobjective search problem. Sec-
tion 3 presents a new algorithm and illustrates its behaviour
with a simple example. Relevant differences with MOA* are
identified. Section 4 proves the admissibility of the new al-
gorithm and a discusses on its efficiency. The performance
results of multiobjective search over a set of randomly gener-
ated grid search problems is presented in section 5. Finally,
conclusions and future research are briefly summarized.

2 Scalar and multiobjective search
2.1 Previous results in scalar graph search
The shortest path problem can be stated as follows: given
a locally finite labelled directed graphG = (N,A, c), of
|N | nodes, and|A| arcs(n, n′) labelled with positive costs
c(n, n′) ∈ R, a start nodes ∈ N , and a set of goal nodes
Γ ⊆ N , find the minimum cost path inG from s to a node in
Γ.

The A* algorithm[Hartet al., 1968] is an efficient solution
to this problem. It is a best-first search algorithm that uses a
search tree to store the set of known interesting partial solu-
tion paths, a list of open nodes that can be further expanded,
and a characteristic evaluation functionf(n) = g(n) + h(n)
to select the next open node to be expanded. While function
g(n) denotes the known cost of the path stored in the tree
from s to n, the heuristic functionh(n) estimates of the cost
of a solution from noden to a goal node. Heuristic functions
can be devised for particular problems depending on their se-
mantics.

Beautiful results have been presented to analyse the rela-
tion between the accuracy ofh(n) and the properties of A*.
Admissibility: Let h∗(n) be the real optimal cost of a path
from n to a goal node. When the heuristic is an optimistic
estimate (h(n) ≤ h∗(n) ∀n), the search is admissible, i.e. if
a solution exists it is guaranteed to find an optimal one. With
additional constraints (h(n) ≥ 0 ∀n, andc(n, n′) ≥ ε >
0 ∀(n, n′) ∈ A) A* is admissible even on infinite graphs.
Efficiency: When∀n h(n) = 0, A* behaves like Dijkstra’s
algorithm. Whenh(n) is consistentor satisfies the equivalent
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monotoneproperty,

h(n) + c(n, n′) ≤ h(n′) ∀(n, n′) ∈ A (1)

A* solves the problem inO(|N |) iterations, storingO(|N |)
nodes in memory, in the worst case. Particularly, ifc∗ denotes
the optimal solution cost, A* will always expand all nodes
with f(n) < c∗, but at most those withf(n) ≤ c∗. Therefore,
given an optimistic estimate, big values ofh(n) can push the
evaluation of more and more nodes beyond thef(n) = c∗

frontier, reducing search effort.
Optimality: When the heuristic is monotone A* can also be
proven optimal among the class of admissible best-first algo-
rithms that are guided by path-dependent evaluation functions
[Dechter and Pearl, 1985].

2.2 Extension to the multiobjective case
The multiobjective search problem can be stated as follows:
given a locally finite labelled directed graphG = (N,A,~c),
of |N | nodes, and|A| arcs(n, n′) labelled with positive vec-
tors~c(n, n′) ∈ Rq, a start nodes ∈ N , and a set of goal nodes
Γ ⊆ N , find the set of non-dominated cost paths inG from s
to nodes inΓ.

In multiobjective problems cost vectors~c(n, n′) induce
only a partial order preference relation≺ calleddominance,

∀~f, ~f ′ ∈ Rq ~f ≺ ~f ′ ⇔ ∀i fi ≤ f ′i ∧ ~f 6= ~f ′ (2)

wherefi denotes the i-th element of vector~f .
Therefore, given two q-dimensional vectors~f and ~f ′, it

is not always possible to rank one as better than the other.
For example, in a two dimensional cost space, vector(2, 3)
dominates(2, 4), but no dominance relation exists between
vectors(2, 3) and(3, 2).

The essence of the multiobjective search problem is to find
the set ofall non-dominated solution paths. Therefore, an
analogy could be traced to a version of A* that aims at finding
all optimal paths. However, some important differences with
the scalar search problem can be pointed out.

First of all, given the dominance preference relation, two
(or more) uncomparable (non-dominated) paths may reach
any given node from the same or different parents. Several
important consequences can be identified:

1. The search tree used by A* to record the best known path
to generated nodes is no longer sufficient. A directed
acyclic graph can be used instead, to record the set of
non-dominated known paths to generated nodes.

2. The number of generated nodes may no longer be a
realistic estimate of the memory needed by the algo-
rithm. All arcs and non-dominated cost vectors reach-
ing each node need to be recorded as well. LetM be
an upper bound on the size of the largest set of non-
dominated vectors in a node, andO(M) a bound on the
size of the approximations to these sets. In the worst
caseO(MN) cost vectors need to be stored. Bent-
ley et al.[1978] prove that the average number of non-
dominated q-dimensional vectors in a set of sizeL is
O((log|L|)q−1), provided all(n!)q relative orderings are
equally probable.

3. Finally, each time a new path is generated to a known
node, its cost may need to be tested for dominance with
the set of all known costs reaching the node.

In general, heuristic estimates will involve a set of vectors
H(n) for each noden, estimating cost vectors of paths from
n to each goal node. Therefore, for each pathPsn from s
to n with cost~gP , there will be a set of heuristic evaluation
vectors,F (Psn). This function is the multiobjective analogue
to f(n) in A*,

F (Psn) = F (n,~gP ) = nondom{~f | ~f = ~gP + ~h ∧ ~h ∈
H(n)}
wherenondom(X) denotes the set of non-dominated vectors
in setX.

Finally, note that at each iteration, A* selects and expands
an open node, i.e. considers all the possible extensions of
the path stored in the search tree to that node. In A* each
open node stands for a single partial solution path that can
be further expanded. However, in the multiobjective case,
if an acyclic graph is used instead of a tree to record partial
solutions, this will no longer be the case. The MOA* algo-
rithm [Stewart and White, 1991] was devised preservingnode
selection and expansion as the algorithm’s basic operations.
The next section introduces an extension of A* to the multi-
objective case that preservespathselection and expansion as
the basic operations.

3 A new algorithm for multiobjective A*
search

3.1 Brief description
The pseudocode of a new multiobjective A* search algorithm
is shown in table 1.

In accordance to the considerations in sec 2.2, we will de-
vise our extension of A* to the multiobjective case in the fol-
lowing way:

• The algorithm uses an acyclic search graphSG to record
interesting partial solution paths. For each noden in SG
two sets,Gcl(n) and Gop(n), denote the sets of non-
dominated cost vectors of paths reachingn that have or
have not been explored yet respectively (i.e. closed or
open). Each cost vector in this sets labels one or more
pointers emanating fromn to its parents with that cost.
Initially, s is the only node inSG.

• The algorithm keeps a listOPEN , of partial solution
paths that can be further expanded. For each noden in
SG and each nondominated cost vector~g ∈ Gop(n),
there will be a corresponding triple(n,~g, F (n,~g)) in
OPEN . Initially, (s,~gs, F (s,~gs)) is the only triple in
OPEN .

• At each iteration, the algorithm will consider the exten-
sion of an open triple(n,~g, F ) that stands for a partial
solution path froms to n with cost~g.

• Two sets,GOALN andCOSTS, record all goal nodes
reached and all non-dominated cost vectors to goal
nodes respectively. Once a solution is known its cost
vector can be used to discard (filter) dominated open
triples.
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Figure 1: Sample graph and heuristic function.

Figure 2: Search graph (iteration 2).

• Search terminates only when theOPEN list is empty,
i.e. when all open triples have been selected or filtered.

3.2 Example

We will illustrate the workings of the previous algorithm on
the sample graph in figure 1. A heuristic evaluation function
H(n) is also presented. A single heuristic vector is given for
each node for the sake of simplicity. A trace of the search
graph is shown in figures 2-6. Values ofGop and Gcl are
shown at each iteration. Values that do not change from the
previous iteration are omitted for brevity. Table 2 shows a
trace ofOPEN .

At iteration 1,SG has only nodes at its root,Gop(s) =
{(0, 0)}, andGcl(s) = ∅. The only path inOPEN is se-
lected, and its three extensions to nodesn1, n2, andn3 added
to SG andOPEN . At iteration 2 two alternatives have non-
dominated estimates inOPEN (n1 with estimate(9, 3), and
n2 with estimate(3, 9)). Let’s assume ties between non-
dominated estimates are always broken choosing the smaller
first component in estimated cost vectors. The path leading
to n2 would be selected, and its extension ton3 generated.
At iteration 3 two non-dominated paths lead to noden3 (each
cost vector inGop(n3) would label a different pointer). One
of them is non-dominated inOPEN and selected. At itera-
tion 4 a path leading to the goal nodeγ has a non-dominated
estimate inOPEN . It is selected, added toGOALN , and its
cost vector included inCOSTS. At iteration 5 the path lead-
ing to noden4 has been filtered (its estimate is dominated by
the vector inCOSTS). The only non-dominated alternatives
are selected at iterations 5 and 6. At iteration 6 a new solu-
tion path leading toγ is selected. Therefore, the setCOSTS
is updated to{(4, 10)(9, 3)}. At iteration 7 all remaining al-
ternatives are filtered andOPEN is empty. The algorithm
would backtrack fromγ returning the two paths found with
costs(4, 8) and(9, 3).

Table 1: A new path expansion algorithm for multiobjective
A* search.

1. CREATE:

• An acyclic search graphSG rooted ins.
• List of alternatives,OPEN = {(s,~gs, F (s,~gs)) }.
• Two empty sets,GOALN , COSTS.

2. CHECK TERMINATION. If OPEN is empty, then
backtrack inSG from the nodes inGOALN and return
the set of solution paths with costs inCOSTS.

3. PATH SELECTION. Select an alternative(n,~gn, F )
from OPEN with~f ∈ F non-dominated inOPEN , i.e.

∀(n′, ~gn′ , F ′) ∈ OPEN @~f ′ ∈ F ′ | ~f ′ ≺ ~f (3)

Delete (n,~gn, F ) from OPEN , and move~gn from
Gop(n) to Gcl(n).

4. SOLUTION RECORDING. Ifn ∈ Γ, then

• Includen in GOALN and~gn in COSTS.
• Eliminate fromOPEN all alternatives(x, gx, Fx)

such that all vectors inFx are dominated by~gn

(FILTERING).
• Go back to step 2

5. PATH EXPANSION: Ifn 6∈ Γ, then
For all successors nodesm of n that do not produce cy-
cles inSG do:

(a) Calculate the cost of the new path found tom:
~gm = ~gn + ~c(n, m).

(b) If m is a new node
i. CalculateFm = F (m,~gm) filtering estimates

dominated byCOSTS.
ii. If Fm is not empty, put(m,~gm, Fm) in OPEN ,

and put~gm in Gop(m) labelling a pointer ton.
iii. Go to step 2.

else (m is not a new node), in case
• ~gm ∈ Gop(m) or ~gm ∈ Gcl(m): label with~gm a

pointer ton, and go to step 2.
• If ~gm is non-dominated by any cost vectors in

Gop(m) ∪ Gcl(m) (a path tom with new cost
has been found), then :

i. Eliminate from Gop(m) and Gcl(m) vectors
dominated by~gm

ii. CalculateFm = F (m,~gm) filtering estimates
dominated byCOSTS.

iii. If Fm is not empty, put (m,~gm, Fm) in
OPEN , and put~gm in Gop(m) labelling a
pointer ton.

iv. Go to step 2.
• Otherwise: go to step 2.
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Figure 3: Search graph (iteration 3).

Figure 4: Search graph (iteration 4).

Figure 5: Search graph (iteration 5).

Figure 6: Search graph (iteration 6).

Table 2:OPEN alternatives at each iteration (dom = domi-
nated;← = selected).

It. OPEN
1 (s, (0, 0), ((3, 3)))←
2 (n1, (7, 1), ((9, 3)))

(n2, (1, 7), ((3, 9)))←
(n3, (8, 4), ((9, 5))) dom

3 (n1, (7, 1), ((9, 3)))
(n3, (8, 4), ((9, 5))) dom
(n3, (2, 8), ((3, 9)))←

4 (n1, (7, 1), ((9, 3)))
(n3, (8, 4), ((9, 5))) dom
(n4, (8, 12), ((8, 12))) dom
(γ, (4, 10), ((4, 10)))←

5 (n1, (7, 1), ((9, 3)))←
(n3, (8, 4), ((9, 5))) dom

6 (n3, (8, 4), ((9, 5))) dom
(γ, (9, 3), ((9, 3)))←
(n3, (9, 2), ((10, 3))) dom

3.3 Selection and expansion: paths versus nodes
MOA* has been for more than a decade the reference mul-
tiobjective heuristic search algorithm. Unlike the algorithm
presented in section 3.1, MOA* is built around the idea of
node selection and expansion. Particularly, it makes no dis-
tinction in SG between the setsGop(n) andGcl(n), and a
single setG(n) = Gop(n) ∪Gcl(n) is kept for each node. A
heuristic evaluation functionF (n) is defined for eachnode,

F (n) = nondom{~f | ~f = ~g+~h ∧~g ∈ G(n)∧~h ∈ H(n)}
The OPEN list can be considered a list of pairs(n, F (n))
where nodes with non-dominated~f ∈ F (n) are selected. The
distinction between individual paths reaching each noden is
lost and, accordingly, all known paths reaching each noden
are either simultaneously open or closed. Essentially MOA*
presents two distinguishing features when compared to the
algorithm in section 3.1:

1. Each time a new non-dominated path is found to a closed
node, the whole node is put back intoOPEN .

2. Each time a node is selected for expansion, all known
non-dominated paths reaching that node are extended.

The first difference may result in unnecesary reexpansion
of nodes. The second may result in unnecessary extension of
paths inSG and storage of uninteresting cost vectors. Ad-
ditionally, when a goal nodeγ is selected, all cost vectors
in G(γ) may enter inCOSTS. In general, it is not possi-
ble to know which of these cost vectors belong to truly non-
dominated solutions until all of them have been found.

These differences can be illustrated with the example pre-
sented in section 3.2. Provided ties in the selection of
OPEN paths were broken in the same way, search with
MOA* would produce the same results in the first two iter-
ations. In iteration 3, the selection of noden3 for expansion
would produce in MOA* the extension ofboth known non-
dominated paths to that node. Accordingly, all cost vectors
in G(n3) = {(8, 4)(2, 8)} would be extended resulting in
G(n4) = {(14, 8)(8, 12)} andG(γ) = {(10, 6)(4, 10)}, and
noden3 would be marked asclosed. Note that the new algo-
rithm did not need to store cost vectors(14, 8) in noden4, or
(10, 6) in γ.

At iteration 4 nodeγ would be selected, and two different
cost vectors{(10, 6)(4, 10)} would be included inCOSTS.
One of them does not belong to a truly non-dominated solu-
tion, but MOA* will not be able to tell until termination.

Finally, note that at iteration 5, the expansion of noden1

results in a new non-dominated path ton3. MOA* would
place accordinglyn3 back inOPEN with all its heuristic
evaluation cost vectors. This implies that prior to termination,
MOA* will need to reexpandn3. This was unnecessary in
the new algorithm since the newly found path ton3 can never
lead to a non-dominated solution.

4 Properties
This section presents proofs on the admissibility of the new
algorithm presented in section 3, and bounds on the number
of paths selected and stored in memory.

A scalar algorithm is said to beadmissibleif it is guaran-
teed to return an optimal solution whenever a solution exists.
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We extend the definition as follows: a multiobjective search
algorithm isN-admissibleif it terminates with the set ofall
non-dominated solutions whenever this set is finite and non-
empty, or if it does not terminate whenever this set is infinite.

Let C∗ be the set of non-dominated solution costs,~g(P )
the cost vector of pathP , and� the relation “dominates or
equals”. Let~m∗ = (m∗

1,m
∗
2, . . . m

∗
q) denote theideal op-

timal cost vector, i.e. a vector that would attain the optimal
cost for each individual dimension. Note that problems where
ideal optimal solutions are reachable are highly unusual.

The proofs presented in this section rely on a set of reason-
able assumptions, analogous to those presented in[Stewart
and White, 1991] to prove the admissibility of MOA*:

1. The graphG = (N,A) to be searched is locally finite.

2. The heuristic function H(n) is admissible,
i.e. for all non-dominated solution paths
P ∗ = (s, n1, . . . , ni, ni+1 . . . γk), γk ∈ Γ and
each subpathP ∗

i = (s, n1, . . . , ni) of P ∗,

∃~h ∈ H(ni) | ~g(P ∗
i ) + ~h � ~g(P ∗)

3. For infinite graphs,

(a) hk ≥ 0 ∀k ∀n ∀~h ∈ H(n)
(b) ~ck(n, n′) ≥ ε > 0 ∀k ∀(n, n′) ∈ A

Theorem 1 : For each non-dominated solution pathP ∗ =
(s, n1, . . . , ni, ni+1 . . . γ) with cost~g(P ∗) = ~c∗, there is al-
ways before its discovery a subpathP ∗

i = (s, n1, . . . , ni) of
P ∗ such that: a)P ∗

i is recorded inSG; b) ~g(P ∗
i ) ∈ Gop(ni);

c) ∃~f ∈ F (P ∗
i ) | ~f � ~c∗.

Proof. We first consider parts (a), and (b). The proposition
is true at iteration 1, whens is in OPEN and at the root of
SG. It is also true in subsequent iterations, since subpaths
of non-dominated solutions can never be pruned fromSG.
Let P ∗

i make the proposition true for some non-dominated
solution P ∗. By definition, P ∗

i is non-dominated toni,
therefore~g(P ∗

i ) will never be removed fromGop(ni) unless
(ni, ~g(P ∗

i ), F (P ∗
i )) is selected for expansion. Upon selec-

tion, if ni = γ, thenP ∗
i = P ∗ is discovered. Ifni 6= γ, a new

non-dominated path toni+1, P ∗
i+1 = (s, n1, . . . , ni, ni+1)

will be generated,~g(P ∗
i+1) included inGop(ni+1) andP ∗

i+1
will satisfy the proposition. Part (c) follows then trivially
from the definition ofF and admissible heuristic. This, in
turn, preventsP ∗ or any of its subpaths from filtering.

Theorem 2 If there is a solution, the algorithm terminates
even on infinite graphs.

Proof. All best first search algorithms that prune cycles ter-
minate on finite graphs[Pearl, 1984]. Given the assumptions
for infinite graphs, all pathsP with length longer than

maxi{m∗
i }

ε

will trivially attain ~g(P ) such that~c∗ ≺ ~f for all ~c∗ ∈ C∗

and all ~f ∈ F (P ). Since the graphG is locally finite,
there can only be a finite number of partial solution paths
non-dominated byC∗. Therefore, from theorem 1, all non-
dominated solutions will eventually be found, and all infinite
paths will be pruned or filtered fromOPEN in a finite num-
ber of steps.

Theorem 3 The algorithm is N-admissible.

Proof. From theorems 1 and 2 follows that the algorithm will
always terminate with all non-dominated solutions. It suffices
to show that a dominated solution can never be selected. Let’s
assume, for the purpose of contradiction, that a dominated
solutionP with cost~gP is selected, i.e. exists~c∗ ∈ C∗ with
~c∗ ≺ ~gP , andF (P ) = {~gP }. It must be~c∗ 6∈ COSTS, for
otherwiseP would have been filtered. Now, from theorem 1,
for all ~c∗ ∈ C∗ not found yet there is at least one pathPi =
(s, . . . , ni) such that exists~f ∈ F (Pi)) with ~f � ~c∗, and
(ni, ~g(Pi), F (Pi)) is in OPEN . Now, from the transitivity
of the dominance relation follows that~f � ~c∗ ≺ ~gP andP
cannot be selected for expansion.

Corolary 1 At any timeCOSTS ⊆ C∗. Therefore, the al-
gorithm may terminate at any time returning the set of non-
dominated solutions found so far.

Corolary 2 All paths P in SG with ~f ∈ F (P ) such that
∀~c∗ ∈ C∗,~c∗ ⊀ ~f will either be pruned at later iterations, or
selected for expansion.

Corolary 3 No pathP such that∀~f ∈ F (P ) ∃~c∗ ∈ C∗,~c∗ ≺
~f will ever be selected for expansion.

Corolary 4 For each pathP recorded inSG such that∀~f ∈
F (P ) ∃~c∗ ∈ C∗,~c∗ ≺ ~f , its extensions will never be
recorded inSG.

Proofs of corolaries 1, 3 and 4 are trivial from the proof
of theorem 3. Corolary 2 is also trivial since otherwise the
algorithm would not terminate.

Note that a version of A* that found all optimal paths
would also satisfy corolary 1. Corolaries 2 and 3 give lower
and upper bounds on the paths selected for expansion. These
are analogous to the efficiency bounds of A* (see section 2.1).

The example presented in section 3.2 shows that corolaries
1, 3, and 4 do not apply to MOA*. Particularly, for MOA*,
no upper bound can be given for the cost of paths whose ex-
tensions will be recorded inSG depending onC∗.

5 Experimental test
5.1 Search space and practical issues
Search in square grids of nodes was used to test the algo-
rithms. These experiments provide further insight into the
workings of both algorithms, as well as a preliminary evalua-
tion of the memory savings that can be achieved with the new
algorithm. In two dimensional grids, each node (identified by
its coordinates) has its four neighbours as successors. Note
that, for this problem, storing each node takes less space than
storing each cost vector forq > 2.

Vector costs were generated randomly with integer compo-
nents in the range[1, 10]. A single goal node was generated
for each problem instance, at a random distance between 2
and 30 arcs from the start node. Manhattan distance to the
goal can be used as an optimistic cost estimate for each com-
ponent of the cost vectors.

A lexicographic order was used to sort alternatives in
the OPEN set, as sugested in[Loui, 1983]. Particularly,
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only the current lexicographically optimal evaluation vector
~f is placed inOPEN for each node with open alternatives.
Therefore, the size ofOPEN is O(|N |) in the worst case
for both algorithms, and alternatives can be deleted and in-
serted inO(log|N |) in a binary heap. Proofs on admissibility
are not affected by this selection mechanism, since a lexico-
graphic optimum is always a non-dominated vector.

5.2 Results
Table 3 summarizes relevant parameters of the search car-
ried out over a set of 1000 problems by both algorithms1.
The set involved two-dimensional grids with three objectives.
The number of nodes involved in selections was the same on
both cases. The new algorithm performed1208% more itera-
tions, but took only3% more time on average to complete
the searches. In fact the new algorithm performed slower
than MOA* only in 297 of the searches and faster in669 of
them. On the memory side, the number of nodes stored by
the new algorithm was slightly higher, the number of arcs
slightly lower, and the number of stored cost vectors was
clearly lower. MOA* had lower requirements only in two
problem instances, and needed41.4% more space on aver-
age.

Several phenomena can be observed. The higher average
size of theOPEN list may slow insertions and deletions in
the new algorithm. An average search with MOA* needed to
expand only 2.47 goal nodes to find all solution paths, while
the new algorithm needed 75.57 on average (at least one for
each cost vector inC∗). This suggests MOA* may benefit in
some cases from earlier filtering, accounting for the slightly
lower number of nodes recorded inSG and the two very sim-
ple cases in which MOA* stored less cost vectos. However,
memory consumption is clearly dominated by the number of
paths (or cost vectors) stored inSG where the new algorithm
performs consistently better.

In summary, the new algorithm performed much better
in memory requirements but found solutions slightly more
slowly on average. Time values are the only measure subject
to implementation details and should be taken with caution,
but show clearly that the number of iterations is not a good
indicator to compare the running time of both algorithms.

6 Conclusions and future work
A new admissible algorithm based on path selection and
expansion has been presented for multiobjective heuristic
search. The algorithm is amenable to formal analysis and
presents several interesting properties: the algorithm may be
stopped at any time, returning the subset of non-dominated
solutions found so far; bounds can be given on the number of
paths stored inSG, and selected for expansion, as a function
of C∗. An example is shown where MOA*, a previous algo-
rithm, violates the upper bounds. Preliminary experimental
tests confirm that the new algorithm consistently saves sub-
stantial amounts of memory, though more complete experi-
mental evaluation in needed.

The properties presented in the paper are a necessary first
step in a proper analysis on the influence of monotonicity and

1Problem sets and solutions are available from the authors.

Table 3: Test results [average (min; max; stnd. dev.)].
New algorithm
Iterations 8396.22 ( 6.00 ; 63722.00 ; 10024.38)
Goal nodes sel. 75.57 ( 1.00 ; 433.00 ; 77.26)
Nodes inSG 427.60 ( 9.00 ; 1147.00 ; 245.25)
Arcs inSG 805.30 ( 9.00 ; 2318.00 ; 498.22)
Cost vect. inSG 9248.19 ( 9.00 ; 67904.00 ; 10809.98)
Avg. OPEN size 171.89 ( 1.67 ; 524.04 ; 112.76)
Time (s) 7.99 ( 0.00 ; 169.18 ; 16.35)
MOA*
Iterations 694.80 ( 6.00 ; 2338.00 ; 458.23)
Goal nodes sel. 2.47 ( 1.00 ; 15.00 ; 1.84)
Nodes inSG 411.11 ( 9.00 ; 1124.00 ; 237.66)
Arcs inSG 817.34 ( 9.00 ; 2401.00 ; 504.26)
Cost vect. inSG 13080.49 ( 9.00 ; 88684.00 ; 14648.51)
Avg. OPEN size 40.56 ( 1.67 ; 80.71 ; 16.25)
Time (s) 7.75 ( 0.00 ; 149.86 ; 13.66)

heuristic accuracy in the performance of the algorithm. Fu-
ture work includes detailed average time complexity analysis
of the algorithms, a detailed study on the influence of heuris-
tic information on time and space efficiency, and, eventually,
an extension of Dechter and Pearl’s[1985] analysis on the
optimality of A* to the multiobjective case.
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Abstract

The paper presents and evaluates the power of a new
framework for optimization in graphical models,
based on AND/OR search spaces. The virtue of the
AND/OR representation of the search space is that
its size may be far smaller than that of a traditional
OR representation. We develop our work onCon-
straint Optimization Problems(COP) and introduce
a new generation of depth-first Branch-and-Bound
algorithms that explore an AND/OR search space
and use static and dynamic mini-bucket heuristics
to guide the search. We focus on two optimiza-
tion problems, solving Weighted CSPs (WCSP) and
finding the Most Probable Explanation (MPE) in be-
lief networks. We show that the new AND/OR ap-
proach improves considerably over the classic OR
space, on a variety of benchmarks including ran-
dom and real-world problems. We also demonstrate
the impact of different lower bounding heuristics on
Branch-and-Bound exploring AND/OR spaces.

1 Introduction
Graphical modelssuch as constraint networks and belief net-
works have become a powerful representation framework for
reasoning with deterministic and probabilistic information.
These models use graphs to capture conditional independen-
cies between variables, allowing a concise representationof
the knowledge as well as efficient graph-based query process-
ing algorithms.

Optimization tasks such as finding the most likely state of a
belief network or finding a solution that violates the least num-
ber of constraints in a constraint network are all instancesof
Constraint Optimization Problems(COP). They are typically
tackled with eithersearchor inferencealgorithms. Search
methods (e.g. depth-first Branch-and-Bound, best-first search)
are time exponential in the number of variables and can oper-
ate in polynomial space. Inference algorithms (e.g. variable
elimination, tree-clustering) are time and space exponential in
a topological parameter calledtree width. If the tree width
is large, the high space complexity makes the latter methods
impractical.

In this paper we focus on search. In contrast to in-
ference algorithms, search algorithms are less sensitive to

the graph-model structure because they traverse a structure-
blind search space. To overcome this problem the idea of
AND/OR search spaces was introduced in the past year, and
was shown to vividly display independencies encoded in the
underlying graphical model[Dechter and Mateescu, 2004]. In
this paper we developAND/OR Branch-and-Bound(AOBB),
a general algorithm for solving COPs, which explores the
AND/OR search tree in adepth-firstmanner. Its efficiency
depends on its guiding heuristic functions. In the past, a
class of partitioning-based heuristic functions, based onthe
Mini-Bucket approximation and known asstatic mini-bucket
heuristicswas shown to be powerful for optimization prob-
lems [Kask and Dechter, 2001]. We take the idea one step
further and introducedynamic mini-bucket heuristics, which
are computed dynamically at each node of the search tree.
Both schemes are parameterized by the Mini-Bucketi-bound,
which allows for a controllable trade-off between preprocess-
ing and search.

We apply the AND/OR algorithms to two common opti-
mization problems: solving Weighted CSPs[Bistarelli et al.,
1997] and finding the Most Probable Explanation (MPE) in
belief networks[Pearl, 1988]. We experiment with both ran-
dom models and real-world benchmarks. Our results show
conclusively that the new AND/OR Branch-and-Bound algo-
rithms improve dramatically over traditional OR ones, espe-
cially when the heuristic estimates are inaccurate and the al-
gorithms rely primarily on search rather than on pruning.

2 Background
A finite Constraint Optimization Problem(COP) is a six-tuple
P = 〈X ,D,F ,⊗,⇓, Z〉, whereX = {X1, ..., Xn} is a set
of variables,D = {D1, ..., Dn} is a set of finite domains
andF = {f1, ..., fm} is a set of constraints. Constraints
can be eithersoft (cost functions) orhard (sets of allowed tu-
ples). Without loss of generality we assume that hard con-
straints are represented as (bi-valued) cost functions. Allowed
and forbidden tuples have cost0 and∞, respectively. The
scope of functionfi, denotedscope(fi) ⊆ X , is the set of
arguments offi. The operators⊗ and⇓ can be defined us-
ing the semi-ring framework[Bistarelli et al., 1997], but in
this paper we assume that:⊗ifi is a combinationoperator,
⊗ifi ∈ {

∏
i fi,

∑
i fi} and⇓Y f is aneliminationoperator,

⇓Y f ∈ {maxS−Y f, minS−Y f}, whereS is the scope of
functionf andY ⊆ X . The scope of⇓Y f is Y .
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An optimization task is defined byg(Z) = ⇓Z⊗
m
i=1fi,

whereZ ⊆ X . A global optimizationis the task of finding
the best global cost, namelyZ = ∅. For simplicity we will de-
velop our work assuming a COP instance withsummationand
minimizationas combination and elimination operators, and a
global cost function defined byf(X ) = minX

∑m

i=1 fi.
Theprimal graphof a COP instance has the variablesX as

its nodes and an arc connects any two variables that appear in
the scope of the same function.

In practice, most complete COP solvers follow adepth-first
Branch-and-Boundstrategy which maintains anupper bound,
the best solution cost found so-far, and alower boundon the
optimal extension of the current assignment. Value pruning
occurs as soon as the lower bound exceeds the upper bound.

3 AND/OR Search Spaces
The usual way to do search (i.e.OR search) is to instantiate
variables in turn, following a static/dynamic linear ordering.
This process defines a search tree (i.e.OR tree), whose nodes
represent states in the space of partial assignments.

One way to exploit the independencies encoded by the
graphical model is to introduce AND nodes into the search
space, which will decompose the problem into separate sub-
problems. In the past year,[Dechter and Mateescu, 2004] in-
troduced the concept of AND/OR search spaces for constraint
networks, belief networks, and for graphical models in gen-
eral. The AND/OR search space is defined using a back-bone
pseudo-treearrangement of the primal graph.

DEFINITION 1 (pseudo-tree)Given the primal graphG of a
COP instanceP , a pseudo-treeis a rooted tree with the same
set of vertices asG and has the property that adjacent vertices
fromG must be in the same branch of the rooted tree[Freuder
and Quinn, 1985].

DEFINITION 2 (AND/OR search tree) Given a COP in-
stanceP , its primal graphG and a pseudo-treeT of G, the
associatedAND/OR search treeST (P) has alternating levels
of OR nodes and AND nodes. The OR nodes are labeledXi

and correspond to the variables. The AND nodes are labeled
〈Xi, a〉 and correspond to value assignments in the domains
of the variables. Therootof the AND/OR search tree is an OR
node, labeled with the root ofT . The children of an OR node
Xi are AND nodes labeled with assignments〈Xi, a〉, consis-
tent along the path from the root. The children of an AND node
〈Xi, a〉 are OR nodes labeled with the children of variableXi

in T . Thepathof a noden ∈ ST , denotedPathST
(n), is the

path from the the root ofST to n, and corresponds to a partial
value assignment to all variables along the path.

A solution subtreeSolST
of ST is an AND/OR subtree

such that:(i) it contains the root ofST ;(ii) if a nonterminal
AND noden ∈ ST is in SolST

then all of its children are in
SolST

;(iii) if a nonterminal OR noden ∈ ST is in SolST
then

exactly one of its children is inSolST
.

Example 1 Consider the graphical model in Figure 1(a) (top)
describing a graph coloring problem over domains{0,1}. An
AND/OR search tree based on the pseudo-tree in Figure 1(a)
(bottom), and a highlighted solution subtree are given in Fig-
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Figure 1: An AND/OR search tree.

ure 1(b). Observe that the AND node〈B, 0〉1 roots two inde-
pendent subproblems, one represented by variable{E}, and
the other by variables{C, D, F}.

THEOREM 1 ([Dechter and Mateescu, 2004]) Given a COP
instanceP and a pseudo-treeT , its AND/OR search treeST

is sound and complete (contains all and only solutions) and its
size isO(n·exp(m)), wherem is the depth of the pseudo-tree.

Any search algorithm that traverses the AND/OR search
tree in a depth-first manner is guaranteed to have a time com-
plexity exponential in the depth of the pseudo-tree and can op-
erate in linear space. In contrast, the time complexity of search
algorithms exploring traditional OR search trees is exponen-
tial in the number of variables. The arcs inST are annotated
by appropriatelabelsof the cost functions. The nodes inST

can be associated with avalue, accumulating the result of the
computation resulted from the subtree below.

DEFINITION 3 (label) The label l(Xi, 〈Xi, a〉) of the arc
from the OR nodeXi to the AND node〈Xi, a〉 is defined as
the sum of all the cost functions values for which variableXi

is contained in their scope and whose scope is fully assigned
alongPathST

(〈Xi, a〉).

DEFINITION 4 (value) Thevaluev(n) of a noden ∈ ST , is
defined recursively as follows: (i) ifn = 〈Xi, a〉 is a ter-
minal AND node thenv(n) = l(Xi, 〈Xi, a〉); (ii) if n =
〈Xi, a〉 is an internal AND node thenv(n) = l(Xi, 〈Xi, a〉)+∑

n′∈succ(n)v(n′); (iii) if n = Xi is an internal OR node then
v(n) = minn′∈succ(n)v(n′), wheresucc(n) are the children
of n in ST .

Clearly, the value of each node can be computed recur-
sively, from leaves to root. We can show that:

PROPOSITION1 Given an AND/OR search treeST of a COP
instanceP = 〈X ,D,F , +, min〉, the value functionv(n) is
the minimal cost solution to the subproblem rooted atn, sub-
ject to the current variable instantiation along the path from
root to n. If n is the root ofST , thenv(n) is the minimal cost
solution toP .

Therefore, we can traverse the AND/OR search tree in a
depth-first manner to compute the value of the root. This

1In the figure we only denote the value.〈B, 0〉 is written as0
child of B.
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approach would require linear space, storing only the cur-
rent partial solution subtree. The algorithm expands alternat-
ing levels of OR and AND nodes, periodically evaluating the
value function of the nodes along the current path. It termi-
nates when the root node is evaluated with the optimal cost.

4 AND/OR Branch and Bound
If each noden at the search frontier is assigned aheuristic
lower-bound estimateh(n) of v(n), then we can calculate the
most promising extension of the current partial solution sub-
tree and prune the portion of the search space that becomes
irrelevant, as part of a Branch-and-Bound scheme. We call
h(n) a staticheuristic function.

4.1 Lower Bounds on Partial Solution Trees
At any stage of the search, the current partial solution is a
partial solution subtree, denotedPST . By the nature of the
search process,PST must be connected, must contain the
root node and will have afrontier containing all those nodes
that were generated but not yet expanded. The leaves ofPST
are calledtip nodes. In this section we will define adynamic
heuristic function of a noden relative to the currentPST ,
which yields a more accurate lower bound onv(n) thanh(n).
For that we introduce the notions ofactive path, its insideand
outside contextsand theactive partial subtree.

DEFINITION 5 Given the currentPST , the active path
AP(t) is the path of assignments from the root ofPST to
the current tip nodet. Theinside contextin(AP) of AP(t)
contains all nodes that were fully evaluated and are children
of nodes onAP(t). Theoutside contextout(AP) of AP(t),
contains all nodes that were generated but not yet expanded
and are children of the nodes onAP(t). Theactive partial
subtreeAPT (n) rooted at a noden ∈ AP(t) contains the
sub-path betweenn and t, and all OR children of the AND
nodes on it.

For illustration consider the partial solution subtree in Fig-
ure 2(b) based on the pseudo-tree in Figure 2(a). The active
pathAP(t) has tip nodet = 〈E, 1〉, namely it is(A = 1, B =
1, E = 1). The shaded nodes at the left ofAP(t) are in
in(AP) and their corresponding subtrees have already been
explored.out(AP) includes the nodes{C, F}, which are also
in the search frontier. The active partial subtreeAPT (B) is
highlighted. It contains the nodes{B, 〈B, 1〉, E, 〈E, 1〉} on
AP(t), the OR nodeD from in(AP) and the OR nodeF
from out(AP).

DEFINITION 6 (dynamic lower bound) Given an active par-
tial tree APT (n), thedynamic heuristic evaluation function
of n, fh(n), is defined recursively as follows: (i) ifAPT (n)
consists only of a single noden, and if n ∈ in(AP) then
fh(n) = v(n) elsefh(n) = h(n); (ii) if n = 〈Xi, a〉 is
an AND node, having OR childrenm1, ..., mk thenfh(n) =

max(h(n), l(Xi, 〈Xi, a〉) +
∑k

i=1 fh(mi)); (iii) if n = Xi

is an OR node, having an AND childm, then fh(n) =
max(h(n), fh(m)).

We can prove thatfh(n) is a lower boundon the optimal
solution cost to the subproblem rooted atn, namelyfh(n) ≤
v(n), and also by definitionfh(n) ≥ h(n), indicating that the
dynamic lower bound is superior to the static one.
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Figure 2: A partial solution subtree.

Example 2 For the active partial subtree rooted atB in Fig-
ure 2(b), the lower boundfh(B) on v(B) is computed recur-
sively as follows:fh(B) = max(h(B), fh(〈B, 1〉)), where
fh(〈B, 1〉) = max(h(〈B, 1〉), l(B, 〈B, 1〉)+v(D)+fh(E)+
h(F )). Similarly, fh(E) = max(h(E), fh(〈E, 1〉)) =
max(h(E), h(〈E, 1〉)), sincefh(〈E, 1〉) = h(〈E, 1〉).

4.2 The Branch-and-Bound Procedure

In the AND/OR search space, we can calculate alower bound
on v(n) of a noden on the active path, by usingfh(n). In
addition, we can compute anupper boundon v(n), based on
the portion of the search space belown that has already been
explored. The upper boundub(n) on v(n) is the current min-
imum cost solution subtree of the subproblem rooted atn.

In Figure 2(b), the upper bound onv(B) is ub(B) =
min(∞, v(〈B, 0〉)) = v(〈B, 0〉), and it represents the cur-
rent best cost solution rooted atB. The lower boundfh(B)
on v(B) is calculated as seen in the previous example. If
fh(B) ≥ ub(B), then searching belowt = 〈E, 1〉 of the ac-
tive path is guaranteed not to reduceub(B) and therefore, the
subtree rooted at〈E, 1〉 can be pruned.

PROPOSITION2 (pruning rule) Given the active path
AP(t) of a current PST , for any noden on AP(t), if
fh(n) ≥ ub(n) then pruning the subtree belowt is safe.

A depth-firstAND/OR Branch-and-Bound(AOBB) algo-
rithm that implements this pruning rule is described in Fig-
ure 3. A list called OPEN simulates the recursion stack. The
list PATH maintains the current assignment (i.e. the active
path). Parent(n) refers to the predecessor ofn in PATH,
which is also the parent in the AND/OR tree,succ denotes the
set of successors of a node in the AND/OR tree andchT (Xi)
denotes the children of variableXi in T . Procedure LB(n)
computes the static heuristic estimateh(n) of v(n).

Step (3) is where the search goes forward and expands alter-
nating levels of OR and AND nodes. Upon the expansion ofn,
the algorithm successively updates thelower bound function
fh(m) for every ancestorm of n along the active path, and
discontinues search belown if, for somem, fh(m) ≥ ub(m).

Step (4) is where the value functions are propagated back-
ward. This is triggered when a node has an empty set of suc-
cessors and it typically happens when the node’s descendants
are all evaluated or when it is a dead-end. Clearly,

THEOREM 2 AOBB is sound and complete for COP.
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ALGORITHM : AOBB(P , T )
Input: A COPP = (X ,D,F, +, min), pseudo-treeT , rootX0.
Output: Minimal cost solution toP .
(1) Initialize OPEN by adding OR nodeX0 to it; PATH← φ;
(2) if (OPEN ==φ)

return v(X0);
Remove the first noden in OPEN; Addn to PATH;

(3) Try to prune the subtree belown:
foreachm ∈ PATH, wherem is an ancestor ofn

if (fh(m) ≥ ub(m))
v(n)←∞; (dead-end)
goto step (4);

Expandn generating all its successors as follows:
succ(n)← φ;
if (n is OR node, denoten = Xi)

v(n)←∞;
foreachvaluea ∈ Di

h(〈Xi, a〉)← LB(Xi , a);
succ(n)← succ(n) ∪ {〈Xi, a〉};

else(n is AND node, denoten = 〈Xi, a〉)
A← {cj | (Xi ∈ var(cj)) ∧ (var(cj) ⊆ PATH )};
v(n)← 0; l(Xi, 〈Xi, a〉)←

∑
A

cj ;

foreachvariableY ∈ chT (Xi)
h(Y )← LB(Y );
succ(n)← {Y };

Add succ(n) on top of OPEN;
(4) while succ(n) == φ

if (n is OR node)
v(Parent(n))← v(Parent(n)) + v(n);

else(n is AND node)
v(n)← v(n) + l(Xi, 〈Xi, a〉);
v(Parent(n))← min(v(Parent(n)), v(n));

succ(Parent(n))← succ(Parent(n))− {n};
PATH← PATH –{n};
n← Last(PATH);

(5) goto step (2);

Figure 3: AND/OR Branch-and-Bound search (AOBB).

While the time complexity of algorithm AOBB is bounded
by O(n · exp(m)), the size of the AND/OR search space, the
pruning rule is designed to yield a far better complexity.

5 Specific Lower Bound Heuristics
In this section we describe briefly two general schemes for
generating static heuristic estimatesh(n), based on the Mini-
Bucket approximation. These schemes are parameterized by
the Mini-Bucket i-bound, thus allowing for a controllable
trade-off between heuristic strength and its overhead. We also
mention a third scheme which is based on the notion ofdirec-
tional arc-consistencyand is specific to the WCSP model.

5.1 The Mini-Bucket Heuristics
Mini-Bucket Elimination(MBE) [Dechter and Rish, 2003] is
an approximation algorithm designed to avoid the high time
and space complexity ofBucket Elimination(BE) [Dechter,
1999], by partitioning large buckets into smaller subsets,
calledmini buckets, each containing at mosti (calledi-bound)
distinct variables. The mini-buckets are then processed sepa-
rately. The algorithm outputs not only a bound on the optimal
solution cost, but also the collection of augmented buckets,
which form the basis for the heuristics generated. The com-
plexity is time and spaceO(exp(i)).

Static Mini-Bucket Heuristics In the past, [Kask and
Dechter, 2001] showed that the intermediate functions gen-
erated by the Mini-Bucket algorithm MBE(i) can be used to
compute a heuristic function, that underestimates the minimal
extension of the current assignment in a regular OR search
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Figure 4: Schematic execution of MBE(2).

tree. In this paper we extend the idea to AND/OR search
spaces as well. For that, assume that a COP instanceP with
pseudo-treeT is being solved by AOBB search, where the
active path ends with some OR nodeXj . Consider also the
augmentedbucket structure{B(X1), ..., B(Xn)} of P , con-
structed along the ordering resulted from a DFS traversal ofT .
For each possible value assignmentXj = xj , thestatic mini-
bucket heuristic estimateh(xj) of the minimal cost solution
rooted atXj can be computed as the sum of the original func-
tions in bucketB(Xj) and the intermediate functionsλk that
were generated in bucketsB(Xk), whereXk is a descendant
of Xj in T (more details in[Kask and Dechter, 2001]).

Dynamic Mini-Bucket Heuristics This idea can be pushed
one step further. Rather than pre-compiling the mini-bucket
heuristic information, it is possible to generate it dynamically,
during search. Therefore, thedynamic mini-bucket heuris-
tic computes a lower bound by the Mini-Bucket algorithm
MBE(i), at each noden in the search space, restricted to the
subproblem rooted atn and subject to the current partial in-
stantiation. Specifically,h(xj) is calculated as the sum of the
original andλk functions residing in bucketB(Xj), where
λk ’s are computed in bucketsB(Xk) of Xj ’s descendants in
T , conditioned on the current assignment of the active path.

Example 3 Figure 4(b) shows the augmented bucket struc-
ture generated by MBE(i=2) for the binary COP instance dis-
played in Figure 4(a), along the ordering(A, B, E, C, D, F );
square brackets denote the choice of partitioning. Assume that
during search, the active path of the current partial solution
subtree is(A = a, B = b) and the tip node is the OR node
C. The static mini-bucket heuristic estimateh(C = c) =
f(c, a)+ f(c, b)+λF (a)+ λF (c) +λD(c)+ λD(b). The dy-
namic mini-bucket heuristic estimateh(C = c), involves the
sameλ functions generated in bucketsB(F ) andB(D), only
that theλ’s are now computed dynamically, conditioned on
the current partial assignment(A = a, B = b).

5.2 Directional Arc-Consistency Heuristics
We also adapted for the AND/OR search space two other suc-
cessful heuristics generators,reversible DAC counts(RDAC)
[Mesegueret al., 1999] andmaintaining full DAC(MFDAC)
[Larrosa and Schiex, 2003], which proved powerful for solv-
ing binary Weighted CSPs (details omitted for space reasons).

6 Experiments
In this section we evaluate empirically the performance of our
new AND/OR Branch-and-Bound approach on two classes of
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Network s-AOMB s-AOMB s-AOMB s-AOMB AORDAC
(n,d,c,t) s-BBMB s-BBMB s-BBMB s-BBMB BBRDAC
[w*,h] d-AOMB d-AOMB d-AOMB d-AOMB AOMFDAC

connectivity d-BBMB d-BBMB d-BBMB d-BBMB BBMFDAC
i=2 i=4 i=6 i=8

time nodes time nodes time nodes time nodes time nodes
(20,5,100,0.7) - 2.4M 115.57 2.5M 15.49 408K 6.91 126K 21.70 441K

[12,15] - 6.3M 179.34 7.6M 127.77 6.5M 45.76 2.2M 24.74 1.3M
medium 74.43 90K 51.19 6.9K 104.08 751 169.30 101 9.99 20K

124.45 523K 80.79 34K 140.10 3.3K 176.33 537 8.75 21.3K
(30,5,90,0.7) - 2.8M 105.77 2.2M 9.84 262K 2.71 28K 78.50 1.3M

[11,16] - 6M 180.00 7.5M 68.90 3.3M 5.64 230K 78.24 4.2M
low 72.94 82K 31.85 4.3K 63.07 548 94.95 111 10.72 22.2K

104.15 348K 69.49 22K 90.70 1.7K 123.42 265 8.79 31.4K
(50,5,80,0.7) 67.53 1.4M 1.80 57K 0.12 2.6K 0.62 356 28.90 691K

[8,16] - 5M 145.39 4.3M 24.47 804K 1.58 36K 155.58 3.9M
sparse 7.91 18.6K 1.17 430 0.95 87 2.31 60 1.48 8.5K

63.50 295K 1.83 1K 0.94 112 2.34 69 1.49 14K

Table 1: Results on random binary WCSP instances.

optimization problems: Weighted CSP (WCSP) and the Most
Probable Explanation (MPE) problem in belief networks2.

Weighted CSP[Bistarelli et al., 1997; Larrosa and Schiex,
2003] extends the classic CSP formalism with so-calledsoft
constraintswhich assign positive integer costs to forbidden
tuples (allowed tuples have cost 0). The goal is to find a com-
plete assignment with minimum aggregated cost. The model
has numerous applications in domains such asresource allo-
cation, combinatorial auctionsor bioinformatics.

Belief Networks[Pearl, 1988] provide a formalism for rea-
soning under conditions of uncertainty. A belief network rep-
resents a joint probability distribution over the variables of
interest. A function of the graphical model encodescondi-
tional probability distributionof a variable given its parents in
the graph (also viewed as a cost function were each tuple has
associated a real cost between 0 and 1). The MPE problem
is the task of finding a complete assignment with maximum
probability that is consistent with the evidence. It appears in
applications such asspeech recognitionor medical diagnosis.

Thepseudo-treewas created as suggested in[Bayardo and
Miranker, 1995], by a DFS traversal of the induced graph. The
latter was computed using themin-fill heuristic. All competing
algorithms were restricted to a static variable ordering resulted
from a DFS traversal of the pseudo-tree. We report the average
effort, as CPU time (in seconds) and number of visited nodes
(AND nodes only for the AND/OR algorithms), required for
proving optimality of the solution. For all test instances we
record the number of variables (n), domain size (d), number
of functions (c), induced width (w*) and height of the pseudo-
tree (h). A ”-” indicates that a time limit was exceeded by the
respective algorithm. The best results are highlighted.

6.1 Weighted CSP
For this domain we experimented with random binary WCSP
problems as well as real-world benchmarks. We consider
four classes of AND/OR Branch-and-Bound (AOBB) algo-
rithms, each using a specific heuristics generator, as follows.
Classess-AOMB/d-AOMB are guided by static/dynamic
mini-bucket heuristics, AORDAC uses RDAC based heuris-
tics, and AOMFDAC maintains full DAC. For comparison,
we include results obtained with the classic OR version of

2All our experiments were done on a 2.4GHz Pentium IV with
1GB of RAM, running Windows XP

Network (n,d,c,w*,h) BBMFDAC AOMFDAC
time (sec) nodes time (sec) nodes

CELAR6-SUB0 (16,44,57,7,10) 2.78 1,871 1.98 435
CELAR6-SUB1 (14,44,75,9,11) 2420.93 364,986 981.98 180,784
CELAR6-SUB2 (16,44,89,10,13) 8801.12 19,544,182 1138.87 175,377
CELAR6-SUB3 (18,44,106,10,13)38889.20 91,168,8964028.59 846,986
CELAR6-SUB4 (22,44,131,11,16)84478.40 6,955,039 47115.40 4,643,229

Table 2: Results on CELAR6 subinstances.

each class of algorithms, denoted here bys-BBMB, d-BBMB,
BBRDAC and BBMFDAC, respectively.

Random Binary Networks
Our random binary WCSP class is characterized by a five
parameter model〈n, d, c, t, w〉 [Larrosa and Schiex, 2003],
wheren is the number of variables,d the domain size,c the
number of constraints, andt the constrainttightnessdefined as
the ratio of forbidden tuples. The costs of inconsistent tuples
are uniformly randomly distributed between 1 andw.

Table 1 shows results for experiments with three problem
classes containing instances with medium, low and very low
connectivity. We chose a maximum penalty costw of 10 and
set the constraint tightness to 70% in order to obtain over-
constrained problems. For each problem class we generated
20 instances and the time limit was set to 180 seconds. The
columns are indexed by thei-bound of the mini-bucket heuris-
tics. When comparing AND/OR versus OR algorithms we
notice a considerable improvement in terms of CPU time and
number of nodes visited, especially for problems with low and
very low connectivity. This observation verifies the theorybe-
cause a relatively sparse problem is likely to produce a shal-
low pseudo-tree, which in turn enhances the performance of
the AND/OR algorithms. In terms of the quality of the heuris-
tics, we also observe that the static mini-buckets with a rel-
atively largei-bound represent the best choice. However, if
large i-bounds are not possible, dynamic mini-buckets with
small i-bounds are preferred, especially for sparse problems.
For medium and low connected problems, MFDAC proves to
be cost effective with respect to the other heuristics generators.

Radio Link Frequency Assignment Problem (RLFAP)
RLFAP is a communication problem where the goal is to as-
sign frequencies to a set of radio links in such a way that all
links may operate together without noticeable interferences
[Cabonet al., 1999]. It can be naturally casted as a binary
WCSP where each forbidden tuple has an associated penalty
cost. Table 2 compares algorithms BBMFDAC and AOMF-
DAC for solving 5 publicly available RLFAP subinstances
calledCELAR6-SUBi (i = 0, ..., 4). We can see that the
AND/OR approach is beneficial for this domain as well. In
CELAR6-SUB4, the hardest instance, AOMFDAC causes a
CPU speed up of 1.8, whereas inCELAR6-SUB3 the speed
up is as much as 9.6. We also compared AOMFDAC against
BTD, a recent algorithm introduced in[Jegou and Terrioux,
2004]. BTD solves the MAX-CSP version ofCELAR6-SUB4

(i.e. 0/1 penalty costs) in about 123,000 sec., whereas AOMF-
DAC proves optimality in only 2,574 sec. The performance of
the mini-bucket based algorithms was quite poor on this do-
main, due to the very low quality of the heuristic estimates
resulted from approximating subproblems with very large do-
mains (up to 44 values).
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Network s-AOMB s-AOMB s-AOMB s-AOMB
(n,d,w*,h) s-BBMB s-BBMB s-BBMB s-BBMB

d-AOMB d-AOMB d-AOMB d-AOMB
d-BBMB d-BBMB d-BBMB d-BBMB

i=2 i=3 i=4 i=5
time nodes time nodes time nodes time nodes

Mildew 4.58 55K 0.50 5,465 0.28 35 0.66 35
(35,100,4,15) - 26M 233.86 6.9M 0.47 4,970 0.81 4,940

86.38 15K 34.45 1,424 1.69 35 3.02 35
162.61 83K 41.92 5,113 1.78 363 3.13 363

Barley - 8.5M - 7.6M 46.22 807K 0.56 9.6K
(48,67,7,17) - 16M - 18M - 17M - 14M

- 79K 135.97 23K 12.55 667 45.95 567
- 2.2M - 1K 346.08 76K - 86K

Munin1 57.36 1.2M 12.08 260K 7.20 172K 1.66 43K
(189,21,11,24) - 8.5M - 9.2M - 9.9M - 8.3K

66.56 185K 12.47 8.1K 10.30 1.6K 11.99 523
- 405K - 430K - 235K 14.63 917

Munin2 - 5.6M - 6.7M 116.19 1.8M 1.64 21K
(1003,21,7,35) - 1.7M - 2.7M - 430K - 428K

- 3.2M - 1.2M 524.54 299K 39.22 3.8K
- 33K - 131K - 101K - 20K

Munin3 - 5.9M - 4.9M 1.31 17K 0.45 6.2K
(1044,21,7,25) - 1.4M - 1.2M - 316K - 1.5M

- 2.4M 68.64 58K 3.59 5.9K 2.84 3.8K
- 33K - 125K - 52K - 31K

Pigs - 15M 0.02 441 0.02 441 0.02 441
(441,3,10,27) - 2.8M 0.63 4.2K 0.63 4K 0.61 4K

- 6.5M 0.08 441 0.08 441 0.11 441
2.2M 1.03 614 1.08 614 1.11 614

Table 3: Results on Bayesian Network Repository.

6.2 Belief Networks
For the MPE domain we also experimented with random net-
works and real-world benchmarks, but we only report on the
latter due to space limitations. We compare the algorithms
using the mini-bucket based heuristics generators, namelys-
AOMB, d-AOMB, s-BBMB and d-BBMB. Notice that s-
BBMB is currently one of the best performing complete al-
gorithms for this domain[Kask and Dechter, 2001]

Table 3 summarizes the results for experiments on 6 real-
world belief networks from the Bayesian Network Reposi-
tory3. The time limit was set to 600 seconds. We observe
again a considerable improvement of the new AND/OR al-
gorithms over the corresponding OR ones. If we look, for
example, at the Mildew instance,s-AOMB(3) causes a CPU
speedup of 468 overs-BBMB(3). In conclusion,d-AOMB is
superior for relatively smalli-bounds (e.g. Barley, Munin3),
whereass-AOMB dominates for largeri-bounds.

7 Conclusion
The paper investigates the impact of the AND/OR search
space for graphical models on optimization tasks. We in-
troduce a general AND/OR Branch-and-Bound algorithm and
specialize it with several schemes for generating heuristic es-
timates that can guide the search. We focus on two common
optimization problems, WCSP and Bayesian MPE, and show
empirically that the new AND/OR algorithms improve dra-
matically over traditional OR ones on a variety of benchmarks
including random and real-world problems.

Our approach leaves room for future improvements. For
instance, it can be modified to traverse an AND/OR graph,
rather than a tree, via caching. We should consider the effect
of dynamic variable ordering. Also, we used a rather sim-
ple scheme of generating pseudo-tree arrangements, probably
having non-optimal height.

3http://www.cs.huji.ac.il/labs/compbio/Repository

Related Work: AOBB is related to the Branch-and-Bound
method proposed by[Kanal and Kumar, 1988] for acyclic
AND/OR graphs and game trees. More recently,[Larrosaet
al., 2002] extended pseudo-tree search[Freuder and Quinn,
1985] to optimization tasks in order to boost the Russian Doll
search for solving Weighted CSPs. The optimization method
developed in[Jegou and Terrioux, 2004] can also be inter-
preted as an AND/OR search graph algorithm, however it is
not a linear space algorithm.
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Abstract

Cutset conditioning is one of the methods of solv-
ing reasoning tasks for graphical models, espe-
cially when space restrictions make inference (e.g.,
jointree-clustering) algorithms infeasible. Thew-
cutsetis a natural extension of the method to a hy-
brid algorithm that performs search on the condi-
tioning variables and inference on the remaining
problems of induced width bounded byw. This pa-
per takes a fresh look at these methods through the
spectrum of AND/OR search spaces for graphical
models. The resultingAND/OR cutset methodis a
strict improvement over the traditional one, often
by exponential amounts.

1 Introduction
Graphical models are a widely used knowledge representa-
tion framework that captures independencies in the data and
allows for a concise representation. The complexity of a
reasoning task over a graphical model depends on the in-
duced width of the graph. For inference-type algorithms,
the space complexity is exponential in the induced width in
the worst case, which often makes them infeasible for large
and densely connected problems. In such cases, space can
be traded at the expense of time by conditioning (assigning
values to variables). Search algorithms perform condition-
ing on all the variables. Cycle-cutset schemes[Pearl, 1988;
Dechter, 1990] only condition on a subset of variables such
that the remaining network is singly connected and can be
solved by inference tree algorithms. The more recent hy-
brid w-cutsetscheme[Rish and Dechter, 2000; Bidyuk and
Dechter, 2003] conditions on a subset of variables such that,
when removed, the remaining network has induced widthw
or less, and can be solved by a variable elimination[Dechter,
1999] type algorithm.

TheAND/OR search spacefor graphical models[Dechter
and Mateescu, 2004] is a newly introduced framework for
search that is sensitive to the independencies in the model,
often resulting in exponentially reduced complexities. The
traditional way of doing search consists of instantiating the
n variables of the problem as if they were all connected in
a chain, which results in a search tree exponential inn. In
contrast, AND/OR search is based on a pseudo tree which

expresses independencies between variables, resulting ina
search tree exponential in the depthm of the pseudo tree,
where clearlym ≤ n.

This paper applies the AND/OR paradigm to the cycle cut-
set method. We show that theAND/OR cycle cutsetis a strict
improvement of the traditional cycle cutset method (and the
same holds for the extended w-cutset version). The result
goes beyond the simple organization of the traditional cutset
in an AND/OR pseudo tree, which would be just the straight-
forward improvement. The complexity of exploring the tradi-
tional cutset is time exponential in the number of nodes in the
cutset, and therefore it calls for finding a minimal cardinality
cutsetC. The complexity of exploring the AND/OR cutset is
time exponential in its depth, and therefore it calls for find-
ing a minimal depthAND/OR cutsetAO-C. That is, a set of
nodes that can be organized in a start pseudo tree of mini-
mal depth. So, while the cardinality of the optimal AND/OR
cutset,|AO-C|, may be far larger than that of the optimal tra-
ditional cutset,|C|, the depth ofAO-C is always smaller than
or equal to|C|.

2 Preliminaries
Reasoning graphical models A reasoning graphical model
is a tripletR = (X,D,F ) whereX is a set of variables,
X = {X1, . . . ,Xn}, D = {D1, . . . ,Dn} is the set of their
respective finite domains andF = {F1, . . . , Ft} is a set of
real-valued functions, defined over subsets ofX. Theprimal
graph of a reasoning problem has a node for each variable,
and any two variables appearing in the same function’s scope
are connected. Thescopeof a function is its set of arguments.
Belief networks A belief network can be viewed as an in-
stance of a reasoning graphical model. In this case the set
of functionsF is denoted byP = {P1, . . . , Pn} and rep-
resents a set of conditional probability tables (CPTs):Pi =
P (Xi|pai), wherepai are the parents ofXi. The associated
directed graphG, drawn by pointing arrows from parents to
children, should be acyclic. The belief network represents
a probability distribution overX having the product form
PB(x̄) = P (x1, . . . , xn) = Πn

i=1P (xi|xpai
). The moral

graphof a directed graph is the undirected graph obtained by
connecting the parent nodes of each variable and eliminating
direction.
Constraint networks A constraint network can also be
viewed as an instance of a reasoning graphical model. In this
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Figure 1:AND/OR Search Tree

case the functions are denoted byC = {C1, ..., Ct}, and the
constraint network is denoted byR = (X,D,C). Each con-
straint is a pairCi = (Si, Ri), whereSi ⊆ X is the scope
of the relationRi that denotes the allowed combinations of
values.
Induced-graphs and induced width An ordered graph
is a pair(G, d), whereG is an undirected graph, andd =
X1, ...,Xn is an ordering of the nodes. Thewidth of a node
in an ordered graph is the number of the node’s neighbors
that precede it in the ordering. Thewidth of an orderingd,
denotedw(d), is the maximum width over all nodes. The
induced width of an ordered graph, w∗(d), is the width of
the induced ordered graph obtained as follows: nodes are
processed from last to first; when nodeX is processed, all
its preceding neighbors are connected. Theinduced width of
a graph, w∗, is the minimal induced width over all its or-
derings. Thetree-widthof a graph is the minimal induced
width. Thepath-widthpw∗ of a graph is the tree-width over
the restricted class of orderings that correspond to chain de-
compositions.

3 AND/OR Search Spaces for Graphical
Models

This section introduces the basics of AND/OR search spaces
for graphical models as presented in[Dechter and Mateescu,
2004]. Given a graphical modelR = (X,D,F ), its
AND/OR search space is driven by apseudo tree[Freuder
and Quinn, 1985]:

DEFINITION 1 (pseudo tree)Given an undirected graph
G = (V,E), a directed rooted treeT = (V,E′) defined on
all its nodes is calledpseudo treeif any arc ofG which is not
included inE′ is a back-arc, namely it connects a node to an
ancestor inT .

3.1 AND/OR Search Tree
Given a graphical modelR = (X,D,F ), its primal graph
G and a pseudo treeT of G, the associated AND/OR search
tree, denotedST (R), has alternating levels of AND and OR
nodes. The OR nodes are labeledXi and correspond to the
variables. The AND nodes are labeled〈Xi, xi〉 and corre-
spond to the value assignments in the domains of the vari-
ables. The structure of the AND/OR search tree is based on
the underlying backbone treeT . The root of the AND/OR
search tree is an OR node labeled with the root ofT .

The children of an OR nodeXi are AND nodes la-
beled with assignments〈Xi, xi〉 that are consistent with
the assignments along the path from the root,path(xi) =

0
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Figure 2:Context-minimal AND/OR Search Graph

(〈X1, x1〉, 〈X2, x2〉, . . . , 〈Xi−1, xi−1〉). Consistency is well
defined for constraint networks. For probabilistic networks,
consistent tuples have non zero probability.

The children of an AND node〈Xi, xi〉 are OR nodes la-
beled with the children of variableXi in the pseudo treeT .

Example 1 Figure 1a shows a belief network. Figure 1b
shows a pseudo tree of the moral graph, together with the
back-arcs (dotted lines). Figure 1c shows the AND/OR search
tree based on the pseudo tree, for binary valued variables.

The AND/OR Search Tree can be traversed by a depth first
search algorithm. The arcs fromXi to 〈Xi, xi〉 are associ-
ated with appropriatelabelsof the functions inF . The al-
gorithm maintainsvaluesfor each node, accumulating the re-
sult of the computation performed in the subtree below. The
computation is dictated by the graphical model and task at
hand, for example for belief networks, AND nodes are asso-
ciated with multiplication (of the values of the independent
subproblems) and OR nodes are associated with summation
(over all the values of the variable). Based on earlier work
[Freuder and Quinn, 1985; Bayardo and Miranker, 1996;
Darwiche, 2001], it can be shown that:

THEOREM 1 Given a graphical modelR and a pseudo tree
T of depthm, the size of the AND/OR search tree based on T
is O(n · exp(m)). A graphical model of tree-widthw∗ has an
AND/OR search tree of sizeO(exp(w∗ · log n)).

3.2 AND/OR Search Graph
The AND/OR search tree may contain nodes that root iden-
tical subtrees. These are calledunifiable. When unifiable
nodes are merged, the search space becomes a graph. Its size
becomes smaller at the expense of using additional memory.
In this way, the depth first search algorithm can be modified
to cache previously computed results, and retrieve them when
the same nodes are encountered again. Some unifiable nodes
can be identified based on theircontexts[Darwiche, 2001].
The context of an AND node〈Xi, xi〉 is defined as the set
of ancestors ofXi in the pseudo tree, includingXi, that are
connected to descendants ofXi. It is easy to verify that the
context ofXi d-separates[Pearl, 1988] the subproblem be-
low Xi from the rest of the network. Thecontext minimal
AND/OR graph is obtained by merging all the context unifi-
able AND nodes.

Example 2 Figure 2 shows the context-minimal AND/OR
search graph of the problem and pseudo tree from Figure 1.

It can be shown that[Bayardo and Miranker, 1996; Dechter
and Mateescu, 2004]:
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THEOREM 2 Given a graphical modelR, its primal graphG
and a pseudo treeT , the size of the context minimal AND/OR
search graph based onT is O(exp(w∗

T (G))), wherew∗
T (G)

is the induced width ofG (extended with the pseudo tree extra
arcs) over the ordering given by the depth first traversal ofT .

4 Cycle Cutset Explored by AND/OR Search
The AND/OR paradigm exploits the problem structure, by
solving independent components separately. This fundamen-
tal idea can also be applied to the cycle cutset method, or
reasoning by conditioning[Pearl, 1988].

DEFINITION 2 (cycle cutset)Given a graphical modelR =
(X,D,F ), a cycle cutsetis a subsetC ⊂ X such that the pri-
mal graph ofR becomes singly connected if all the nodes in
C are removed from it. Anoptimal cycle cutsetis one having
the minimum number of variables.

The cycle cutset method consists of enumerating all the
possible instantiations ofC, and for each one of them solv-
ing the remaining singly connected network by a linear time
and space tree algorithm. The instantiations ofC are enumer-
ated by regular OR search, yielding linear space complexity
andO(exp |C|) time complexity, therefore requiring a mini-
mal cycle cutset to optimize complexity.

A first simple improvement to the traditional cycle cutset
scheme described above would be the enumeration ofC by
AND/OR search.

Example 3 Figure 3a shows two3 × 3 grids, connected on
the side nodeA. A cycle cutset must include at least two
nodes from each grid, so the minimal cycle cutset contains
three nodes: the common nodeA and one more node from
each grid, for exampleB andC. The traditional way of solv-
ing the cycle cutset problem consists of enumerating all the
assignments of the cycle cutset{A,B,C}, as if these vari-
ables form the chain pseudo tree in Figure 3b. However, if
A is the first conditioning variable, the remaining subprob-
lem is split into two independent portions, so the cycle cut-
set{A,B,C} can be organized as an AND/OR search space
based on the pseudo tree in Figure 3c. Ifk is the maximum
domain size of variables, the complexity of solving Figure 3b
is O(k3) while that of solving Figure 3c isO(k2).

We can improve the general cycle cutset method, based on
the previous example: first find the minimal cycle cutsetC;
then find the minimal depthstart pseudo treemade of nodes
in C:

DEFINITION 3 (start pseudo tree) Given an undirected
graph G = (V,E), a directed rooted treeT = (V ′, E′),
whereV ′ ⊆ X, is called astart pseudo treeif it has the same
root and is a subgraph of some pseudo tree ofG.
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Figure 4:AND/OR cycle cutset

If a cycle cutset of cardinality|C| = c is explored by
AND/OR search, based on a start pseudo treeT over the set
C, and the depth ofT is m, thenm ≤ c. Therefore,

Proposition 1 Exploring a cycle cutset by AND/OR search is
always better than, or the same as, exploring it by OR search.

5 AND/OR Cycle Cutset
The idea presented in section 4 is a straightforward applica-
tion of the AND/OR paradigm to cycle cutsets. In the follow-
ing we will describe a more powerful version of theAND/OR
cycle cutset.

DEFINITION 4 (AND/OR cycle cutset) Given a graphical
modelR = (X,D,F ), an AND/OR cycle cutsetAO-C is
a cycle cutset together with an associated start pseudo tree
TAO-C of depthm. An optimal AND/OR cycle cutsetis one
having the minimum depthm.

Example 4 Figure 4 shows a network for which theop-
timal cycle cutsetcontains fewer nodes than theoptimal
AND/OR cycle cutset, yet the latter yields an exponential
improvement in time complexity. The network in the ex-
ample is based on a complete binary tree of depthr, the
nodes markedAj

i shown on a gray background. The up-
per indexj corresponds to the depth of the node in the bi-
nary tree, and the lower indexi to the position in the level.
Each of the leaf nodes, fromAr

1 to Ar
2r−1 is a side node

in a 3 × 3 grid. A cycle cutset has to contain at least 2
nodes from each of the2r−1 grids. An optimal cycle cut-
set isC = {Ar

1, . . . , A
r
2r−1 , B

r
1 , . . . , Br

2r−1}, containing2r

nodes, so the complexity isO(exp |C|) = O(exp(2r)). We
should note that the best organization ofC as an AND/OR
space would yield a pseudo tree of depth2r−1 +1. This is be-
cause all the nodes in{Ar

1, . . . , A
r
2r−1} are connected by the

binary tree, so they all must appear along the same path in the
pseudo tree (this observation also holds for any other optimal
cycle cutset in this example). ExploringC by AND/OR search
lowers the complexity fromO(exp(2r)) to O(exp(2r−1+1)).

Let’s now look at the AND/OR cycle cutsetAO-C = {Aj
i |

j = 1, . . . , r; i = 1, . . . , 2j−1} ∪ {Br
1 , . . . , Br

2r−1}, con-
taining all theA andB nodes. A pseudo tree in this case is
formed by the binary tree ofA nodes, and theB nodes exactly
in the same position as in the figure. The depth in this case is
r + 1, so the complexity isO(exp(r + 1)), even though the
number of nodes is|AO-C| = |C| + 2r−1 − 1.
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The previous example highlights the conceptual difference
between thecycle cutset methodand what we will call the
AND/OR cycle cutset method. In cycle cutset, the objective
is to identify the smallest cardinality cutset. Subsequently,
the exploration can be improved from OR search to AND/OR
search. InAND/OR cycle cutsetthe objective is to find a cut-
set that forms a start pseudo tree of smallest depth.

THEOREM 3 Given a graphical modelR, an optimal cycle
cutsetC, its corresponding smallest depth start pseudo tree
TC , and the optimal AND/OR cycle cutsetAO-C with the start
pseudo treeTAO-C , then:

|C| ≥ depth(TC) ≥ depth(TAO-C) (1)

There exist instances for which the inequalities are strict.

We should note that strict inequalities in Eq. 1 could trans-
late into exponential differences in time complexities.

6 AND/OR w-Cutset
The principle of cutset conditioning can be generalized using
the notion ofw-cutset. A w-cutsetof a graph is a set of nodes
such that, when removed, the remaining graph has induced
width at mostw. A hybrid algorithmic scheme combining
conditioning andw-boundedinference was presented in[Rish
and Dechter, 2000; Larrosa and Dechter, 2002]. More re-
cently, w-cutsetsampling was investigated in[Bidyuk and
Dechter, 2003], and the complexity of finding the minimal
w-cutsetwas discussed in[Bidyuk and Dechter, 2004].

The hybridw-cutsetalgorithm performs search on the cut-
set variables and exact inference (e.g. bucket elimination
[Dechter, 1999]) on each of the conditioned subproblems. If
the w-cutsetCw is explored by linear space OR search, the
time complexity isO(exp(|Cw| + w)), and the space com-
plexity isO(exp w).

The AND/OR cycle cutset idea can be extended naturally
to AND/OR w-cutset. To show an example of the difference
between the traditional w-cutset and theAND/OR w-cutset
we refer again to the example in Figure 4. Consider each
3 × 3 grid replaced by a network which has a minimal w-
cutsetCw. The minimal w-cutset of the whole graph contains
in this case2r−1 · |Cw| nodes. If this w-cutset is explored by
OR search, it yields a time complexity exponential in(2r−1 ·
|Cw| + w). If the w-cutset is explored by AND/OR search it
yields a time complexity exponential in(2r−1 + |Cw| + w)
(similar to Example 4). In contrast to this, theAND/OR w-
cutset, which contains theA nodes and the w-cutsets of each
leaf network, yields a time complexity exponential only in
(r + |Cw| + w), or possibly even less if the nodes inCw can
be organized in a start pseudo tree which is not a chain (i.e.
has depth smaller than|Cw|).

7 Algorithm Description
The idea ofw-cutset schemes is to define an algorithm that
can run in spaceO(exp w). TheAND/OR w-cutset algorithm
is a hybrid scheme. The cutset portion, which is organized
in a start pseudo tree, is explored by AND/OR search. The
remainingw-bounded subproblems can be solved either by

a variable elimination type algorithm, or by search withw-
bounded caching - in particular, AND/OR search with full
caching is feasible for these subproblems.

7.1 Improved AND/OR Caching Scheme

In [Dechter and Mateescu, 2004], the caching scheme of
AND/OR search is based oncontexts[Darwiche, 2001],
which are precomputed based on the pseudo tree before
search begins. AlgorithmAO(i) performs caching only at the
variables for which the context size is smaller than or equal
to i (calledi-bound).

The cutset principle inspires a more refined caching
scheme forAO, which caches some values even at nodes with
contexts greater than thei-bound. Lets assume the context of
the nodeXk is context(Xk) = {X1, . . . ,Xk}, wherek > i.
During the search, when variablesX1, . . . ,Xk−i are instan-
tiated, they can be regarded as part of a cutset. The problem
rooted byXk−i+1 can be solved in isolation, like a subprob-
lem in the cutset scheme, after the variablesX1, . . . ,Xk−i

are assigned their current values in all the functions. In this
subproblem,context(Xk) = {Xk−i+1, . . . ,Xk}, so it can
be cached withini-bounded space. However, when the search
retracts toXk−i or above, the cache table for variableXk

needs to be purged, and will be used again when a new sub-
problem rooted atXk−i+1 is solved.

This improved caching scheme only increases the space re-
quirements linearly, compared toAO(i), but the time savings
can be exponential. We will show results in section 8.

7.2 Algorithm AO-C(i)

We can now define the different versions ofAND/OR i-cutset
algorithm that we experimented with. We chose to explore
the cutset portion either by linear space AND/OR search (no
caching) or by AND/OR search with improved caching. For
the i-bounded subproblems, we chose either Bucket Elim-
ination (BE) or AND/OR search with full caching (which
coincides with the improved caching on the bounded sub-
problems). The four resulting algorithms are: 1)AO-LC(i)
- linear space cutset and full caching for subproblems; 2)
AO-LC-BE(i) - linear space cutset and BE for subproblems;
AO-C(i) - improved caching everywhere; 4)AO-C-BE(i)
- improved caching on cutset and BE on subproblems.

7.3 Finding a Start Pseudo Tree

The performance ofAO-C(i) is influenced by the quality of
the start pseudo tree. Finding the minimal depth start pseudo
tree for the giveni-bound is a hard problem, and it is beyond
the scope of this paper to address its complexity and solution.
We will only describe the heuristic we used in creating the
pseudo trees for our experiments.

Min-Fill [Kjæaerulff, 1990] is one of the best and most
widely used heuristics for creating small induced width or-
derings. The ordering defines a unique pseudo tree. The min-
imal start pseudo for ani-bound contains the nodes for which
some descendant has adjusted context (i.e. context without
the variables instantiated on the current path) greater than i.
Min-Fill heuristic tends to minimize context size, rather than
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CPCS 422 -f(i)

i 1 2 3 4 5 6 7 8 9 10 11
d(AO-C) 32 32 32 32 31 31 31 31 31 30 29
d(C) 40 37 32 32 38 37 36 34 32 30 29
|C| 79 71 65 59 54 50 46 41 37 34 32

GWCA 79 67 60 55 50 46 42 38 34 31 29

Table 1:CPCS 422 - Cutsets Comparison

pseudo tree depth. Nevertheless, we chose to try it and dis-
covered that it provides one of the best pseudo trees for higher
values ofi.

Min-Depth We developed a heuristic to produce a bal-
anced start pseudo tree, resulting in smaller depth. We
start from a Min-Fill tree decomposition and then iteratively
search for the separator that would break the tree in parts that
are as balanced as possible, relative to the following mea-
sure: on either side of the separator eliminate the separator
variables, count the number of remaining clusters, sayn, and
then add the sizes of the largestlog n clusters.

GWC [Bidyuk and Dechter, 2004] is a greedy algorithm
to build a minimal cardinality cutset. In the process, we also
arranged the minimal cardinality cutset as AND/OR cutset, to
compare with the minimal depth cutset that we could find.

8 Experimental Evaluation
We investigated two directions. One was to empirically test
the quality of the start pseudo trees, and the other was to com-
pare actual runs of the different versions ofAO-C(i).

8.1 The Quality of Start Pseudo Trees
We report here the results on the CPCS 422b network from
the UAI repository. It has 422 nodes and induced width
22. Table 1 shows the values off(i), which expresses the
total complexity of a cutset scheme. For a cardinality cut-
set,f(i) = i + |C| and for an AND/OR cutset of depthd,
f(i) = i + d. The rowd(AO-C) shows the depth of the
best AND/OR cutset we could find.|C| shows the num-
ber of nodes in the best cutset found by GWC, andd(C)
shows its depth when organized as AND/OR cutset. GWCA
is taken from[Bidyuk and Dechter, 2004]. The best complex-
ity, expressed by small values off(i), is always given by the
AND/OR cutset, and for smaller values ofi they translate into
impressive savings over the cardinality cutsetC.

In all our experiments described in the following, we re-
frained from comparing the new cutset scheme with the old
cardinality cutset scheme (equivalent to an OR search on the
cutset), because the latter was too slow.

8.2 Performance ofAO-C(i)

We tested the different version of theAO-C(i) family primar-
ily on Bayesian networks with strictly positive distributions,
for the task of belief updating. This is necessary to grasp the
power of the scheme when no pruning is involved in search.

In all the tables N is the number of nodes, K is the maxi-
mum domain size, P is the number of parents of a variable,
w∗ is the induced width,i is thei-bound,d is the depth of the
i-cutset. For most problems, we tested a min-fill pseudo-tree
(MF) and one based on the depth minimizing heuristic (MD).

N=40, K=3, P=2, 20 instances, w*=7
i Algorithms d Time(sec) # nodes

MF MD MF MD MD MF

1 AO(i) 12 9 610.14 27.12 50,171,141 1,950,539
AO-LC(i) 174.53 8.75 13,335,595 575,936

AO-C(i) 67.99 7.61 4,789,569 499,391
AO-C-BE(i) 16.95 2.18 - -

3 AO(i) 7 6 71.68 8.13 5,707,323 595,484
AO-LC(i) 5.73 0.84 501,793 69,357

AO-C(i) 2.94 0.84 248,652 69,357
AO-C-BE(i) 0.69 0.25 - -

5 AO(i) 4 3 11.28 2.77 999,441 24,396
AO-LC(i) 0.55 0.54 50,024 4,670

AO-C(i) 0.55 0.55 49,991 4,670
AO-C-BE(i) 0.10 0.04 - -

N=60, K=3, P=2, 20 instances, w*=11
i Algorithms d Time(sec) # nodes

MF MD MF MD MD MF

6 AO-LC(i) 7 6 159.79 63.01 14,076,416 5,165,486
AO-C(i) 112.43 62.98 9,925,855 5,165,486

AO-C-BE(i) 27.33 5.50 - -
9 AO-LC(i) 3 3 24.40 41.45 2,140,791 3,509,709

AO-C(i) 24.15 40.93 2,140,791 3,509,709
AO-C-BE(i) 4.27 2.89 - -

11 AO-LC(i) 0 1 17.39 38.46 1,562,111 3,173,129
AO-C(i) 17.66 38.22 1,562,111 3,173,129

AO-C-BE(i) 1.29 2.81 - -

Table 2:Random Networks

The time and the number of nodes expanded in the search are
shown for the two pseudo trees correspondingly.

Random networks.Table 2 shows results for random net-
works, generated based on N, K and P and averaged over 20
instances. Note that K=3, which makes the problems harder,
even thoughw∗ seems small. For N=40 we see that the
old scheme AO(i) is always outperformed. Using improved
caching on the cutset is almost always beneficial. Fori very
close tow∗, caching on the cutset doesn’t save much, and in
some cases when no caching is possible, the extra overhead
may actually make it slightly slower. Also, for strictly posi-
tive distributions, switching to BE is faster than running AO
search with caching on the remaining problems.

CPCS networks. CPCS are real life networks for med-
ical diagnoses, which are hard for belief updating. Table 3
shows results for CPCS 360 file, having induced width 20.
For i = 20, AO-C-BE(i) is actually BE. It is interesting
to note thatAO-LC-BE(i), for i = 12 is actually faster
than BE on the whole problem, while requiring much less
space (exp(12) compared toexp(20)), due to smaller over-
head in caching (smaller cache tables) and a good ordering
that doesn’t require recomputing the same problems again.
We also mention that AO(i) was much slower on this prob-
lem and therefore not included in the table.

In the above experiments, the values ofd show that MF
heuristic provided a better cutset for large values ofi, while
the MD heuristic provided good cutsets wheni was small.

Genetic linkage network. We include in Table 4 results
for the genetic linkage network EA4[Fishelson and Geiger,
2002]. This is a large network, with N=1173, but relatively
small induced width,w∗ = 15. This network contains a lot of
determinism (zero probability tuples). We did not use in AO
search any form of constraint propagation, limiting the algo-
rithm to prune only the zero value nodes (their subproblems
do not contribute to the updated belief). We note here that for
i-bound 13 and 9,AO-C(i) is faster thanAO-C-BE(i) be-
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CPCS 360b, N=360, K=2, w* = 20
i Algorithms d (MF) Time # nodes
1 AO-LC(i) 23 2,507.6 406,322,117

AO-LC-BE(i) 1,756.4 -
AO-C(i) 1,495.2 243,268,549

AO-C-BE(i) 1,019.4 -
12 AO-LC(i) 8 186.8 14,209,057

AO-LC-BE(i) 10.3 -
AO-C(i) 185.1 14,209,057

AO-C-BE(i) 10.4 -
20 AO-LC(i) 0 167.8 12,046,369

AO-LC-BE(i) 11.5 -
AO-C(i) 170.9 12,046,369

AO-C-BE(i) 11.6 -

Table 3:CPCS 360

EA4 - N=1173, K=5, w*=15
i Algorithms d Time(sec) # nodes

MF MD MF MD MD MF

6 AO(i) 23 21 10.0 103.4 1,855,490 15,312,582
AO-LC(i) 22.5 76.4 3,157,012 9,928,754

AO-C(i) 2.0 51.3 281,896 6,666,210
AO-C-BE(i) 8.4 82.3 - -

9 AO(i) 18 17 3.3 9.3 410,934 1,466,338
AO-LC(i) 1.6 4.7 196,662 617,138

AO-C(i) 1.5 4.8 196,662 616,802
AO-C-BE(i) 3.5 7.0 - -

13 AO(i) 3 8 2.0 5.9 235,062 887,138
AO-LC(i) 1.4 3.6 172,854 431,458

AO-C(i) 1.6 3.4 172,854 431,458
AO-C-BE(i) 0.7 5.3 - -

Table 4:Genetic Linkage Network

cause it is able to prune the search space. We used a version
of BE which is insensitive to determinism.

Large networks. Memory limitations are the main draw-
back of BE. In Table 5 we show results for hard networks,
solved byAO-C-BE(i), wherei = 12 is set to the maximum
value that we could use on a 2.4 GHz Pentium IV with 1 GB
of RAM. For N=100, the space requirements of BE would
be about 100 times bigger than the RAM (note K=3), yet
AO-C-BE(12) could solve it in about six and a half hours,
showing the scalability of the AND/OR cutset scheme.

9 Conclusion
The paper presents theAND/OR w-cutset scheme, which
combines the newly developed AND/OR search for graphi-
cal models[Dechter and Mateescu, 2004] with the w-cutset
scheme[Bidyuk and Dechter, 2003]. Theorem 3 shows that
the new scheme is always at least as good as the existing cut-
set schemes, but it often provides exponential improvements.

The new AND/OR cutset inspired an improved caching
scheme for the AND/OR search, which is always better than
the one used by AO(i)[Dechter and Mateescu, 2004], based
on context.

The experimental evaluation showed, first, that the theoret-
ical expectations of getting exponential improvements over
the traditional cardinality cutset are actually met in practice.

Second, it showed the power and flexibility of the new hy-
brid scheme. Our conclusion is that improved caching on the
cutset is in most cases beneficial. For the remaining prob-
lems, if the task is belief updating (or counting solutions)and
there is little determinism, then switching to BE is faster.In
the presence of determinism, solving the remaining problems
with search with full caching may be better. We leave for fu-

K=3, P=2; AO-C-BE(i), i=12

N w* d (MF) Time(sec)
70 13 2 12
80 15 3 61
90 17 6 2,072

100 18 9 22,529

Table 5:Networks with high memory requirements for BE

ture work the investigation of using look-ahead and no-good
learning in the presence of determinism for the AND/OR w-
cutset scheme.

Finally, the new scheme is scalable to memory intensive
problems, where inference type algorithms are infeasible.
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Reducing Checks and Revisions in Coarse-grained MAC Algorithms∗
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Abstract

Arc consistency algorithms are widely used to
prune the search space of Constraint Satisfaction
Problems (CSPs). Coarse-grained arc consistency
algorithms like AC-3, AC-3d and AC-2001 are ef-
ficient when it comes to transforming a CSP to its
arc-consistent equivalent. These algorithms repeat-
edly carry out revisions. Revisions require support
checksfor identifying and deleting all unsupported
values from the domain of a variable. In revisions
for difficult problems most values have somesup-
port. Indeed, most revisions are ineffective, i.e.
they cannot delete any value and consume a lot
of checks and time. We propose two solutions to
overcome these problems. First we introduce the
notion of a SupportCondition(SC) which guaran-
tees that a value has somesupport. SCs reduce sup-
port checks while maintaining arc consistency dur-
ing search. Second we introduce the notion of a
RevisionCondition(RC) which guarantees that all
values have support. A RC avoids a candidate re-
vision and queue maintenance overhead. For ran-
dom problems, SCs reduce the checks required by
MAC-3 (MAC-2001) up to 90% (72%). RCs avoid
at least 50% of the total revisions. Combining the
two results in reducing 50% of the solution time.

1 Introduction
Arc consistency (AC) algorithms are widely used to prune
the search space of binary Constraint Satisfaction Problems
(CSPs). MAC [Sabin and Freuder, 1994] is a backtrack al-
gorithm that Maintains Arc Consistency during search. It
reduces the thrashing behaviour of a backtrack algorithm,
which usually fails many times as a result of the same local
inconsistencies. MAC-x uses AC-x for maintaining arc con-
sistency during search.

Many arc consistency algorithms have been proposed. On
the one hand there are algorithms such as AC-3 [Mackworth,

∗This work has received some support from Science Foundation
Ireland under Grant No. 00/PI.1/C075.

†The first author is supported by Boole Centre for Research in
Informatics.

1977] and AC-3d [van Dongen, 2004]. These algorithms have
a low O(e + n d) space complexity but they repeat their sup-
port checks and have a non optimal bound of O(e d3) for
their worst-case time complexity. Here e is the number of
constraints, n the number of variables and d the maximum
domain size of the variables. On the other hand there are al-
gorithms such as AC-4 [Mohr and Henderson, 1986], AC-6
[Bessière and Cordier, 1993], and AC-2001 [Bessière and
Régin, 2001] that use auxiliary data structures to avoid re-
peating their support checks and have an optimal worst-case
time complexity of O(e d2).

Since the introduction of AC-4 [Mohr and Henderson,
1986] much work has been done to avoid repeating sup-
port checks by using auxiliary data structures. Depending
upon the algorithm, these auxiliary data structures store one
or more supports for each value involved in each constraint.
The belief is that reducing checks helps in solving problems
more quickly. However, allowing algorithms to repeat (not
too many) checks, relieves them from the burden of a large
additional bookkeeping and this may save time, especially
if checks are cheap. In this paper, we introduce the notion
of a SupportCondition (SC) which guarantees that a value
has somesupport. SCs help avoiding many (but not all) se-
quences of support checks eventually leading to a support
withoutstoringandmaintainingsupportvalues.

Coarse-grained arc consistency algorithms repeatedly
carry out revisions to remove all unsupported values from the
domain of a variable. Many revisions are ineffective, i.e. they
cannot remove any value. For example, when RLFAP #11 is
solved using MAC-3 or MAC-2001, 83% of the total revisions
are ineffective. We introduce the notion of a RevisionCondi-
tion (RC) which guarantees that all values have some support.
RCs help avoiding many (but not all) ineffective revisions and
much queue maintenance, which is also a great source of time
consumption [van Dongen and Mehta, 2004]. Furthermore,
we show that reverse variable based heuristics [Mehta and
van Dongen, 2004] result in fewer revisions.

The remainder of this paper is as follows. Section 2 is a
brief introduction to constraints. Section 3 discusses revision
ordering heuristics and the coarse-grained algorithm AC-3.
Sections 4 and 5 introduce the notions of a support condition
and a revision condition. Section 6 presents experimental re-
sults. Conclusions are presented in Section 7.
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2 Constraint Satisfaction
A Constraint SatisfactionProblemis defined as a set V of n
variables, a non-empty domain D(x) for each variable x ∈ V
and a set of e constraints among subsets of variables of V . A
binary constraint Cxy between variables x and y is a subset
of the Cartesian product of D(x) and D(y) that specifies the
allowed pairs of values for x and y. We only consider CSPs
whose constraints are binary.

A value b ∈ D(y) is called a support for a ∈ D(x) if
(a, b) ∈ Cxy. Similarly a ∈ D(x) is called a support for b ∈
D(y) if (a, b) ∈ Cxy. A supportcheck (consistency check)
is a test to find if two values support each other. A value
a ∈ D(x) is called viableif for every variable y constraining
x the value a is supported by some value in D(y). A CSP is
called arc-consistentif for every variable x ∈ V , each value
a ∈ D(x) is viable.

The densityp1 of a CSP is defined as 2 e/(n2 − n). The
tightnessp2 of the constraint Cxy between the variables x and
y is defined as 1 − |Cxy |/|D(x) × D(y) |. The degreeof a
variable is the number of constraints involving that variable.
Before starting search MAC transforms the input CSP to its
arc-consistent equivalent. We call the domain of a variable in
this arc-consistent equivalent as the arc-consistentdomain of
that variable. For the remainder of this paper for any variable
x, we use Dac(x) for the arc-consistent domain of x, and
D(x) for the current domain of x. The directedconstraint
graphof a given CSP is a directed graph having an arc (x, y)
for each combination of two mutually constraining variables
x and y. We will use G to denote the directed constraint graph
of the input CSP.

3 Revision Ordering Heuristics
Coarse-grained arc consistency algorithms use revision or-
deringheuristicsto select an arc from a data structure called
a queue (set really). When an arc, (x, y), is selected from
the queue, D(x) is revised against D(y). Here to revise
D(x) against D(y) means removing all values from D(x)
that are not supported by any value of D(y). Revision order-
ing heuristics can influence the efficiency of arc consistency
algorithms [Wallace and Freuder, 1992]. They can be clas-
sified into three categories: arc based, variable based[Mc-
Gregor, 1979], and reversevariable based[Mehta and van
Dongen, 2004] heuristics. The differences between them are
as follows.

Arc basedrevision ordering heuristicsare the most com-
monly presented. Given some criterion they select an arc
(x, y) for the next revision. Selecting the best arc can be
expensive [van Dongen and Mehta, 2004]. Each selected arc
corresponds to exactly one revision. Since there may be many
revisions there may be many selections and this may result in
a significant overhead. When arc based heuristics are used,
the queue needs to be updated after every effective revision
unless the domain of a variable becomes empty. Many up-
dates can be an overhead too.

Variable basedheuristics[McGregor, 1979] first select a
variable x and then repeatedly select arcs of the form (y, x)
for the next revision until no more such arcs exist or some
D(y) becomes empty. They may be regarded as propaga-

Function AC-3: Boolean;
begin

Q := G

while Q not empty do begin
select any x from {x : (x, y) ∈ Q }
effective revisions := 0
for each y such that (x, y) ∈ Q do

remove (x, y) from Q

revise(x, y, changex)
if D(x) = ∅ then

return False
else if changex then

effective revisions := effective revisions + 1
y′′ := y;

if effective revisions = 1 then
Q := Q ∪ { (y′, x) | y′ is a neighbour of x ∧ y′ 6= y′′}

else if effective revisions > 1 then
Q := Q ∪ { (y′, x) | y′ is a neighbour of x}

return True;
end;

Figure 1: AC-3.

tion basedheuristicsbecause the consequences of removing
one or more values from D(x) are propagated in all of its
neighbours. If a variable x is selected then the domain of all
its neighbours in the constraint graph will be revised against
D(x). In this setting there are usually fewer selections from
the queue at the cost of performing more checks. If checks
are cheap then time can be saved because the queue needs
fewer selections. Here too every effective revision results in
updating the queue.

Reversevariablebasedheuristics[Mehta and van Dongen,
2004] first select a variable x and then repeatedly select arcs
of the form (x, y) for the next revision until there are no more
such arcs or D(x) becomes empty. They may be regarded
as supportbasedheuristicsbecause for one variable x at a
time, each value in D(x) seeks support with respect to all
of its neighbours for which it is currently unknown whether
such support exists. When a variable x is selected a number
of revisions is performed which is between 1 and the num-
ber of arcs of the form (x, y) currently present in the queue.
Therefore, the number of selections (of x), and the overhead
of queue management, is usually less.

Selecting a variable x and revising it against all its neigh-
bours y such that (x, y) is currently present in the queue we
call a completerelaxationof x. Another advantage of using
reverse variable based heuristics is that the queue only needs
to be updated after every effective completerelaxationand
not after every effective revision, which reduces the number
of times the arcs are added to the queue. Overall fewer revi-
sions are performed which results in saving support checks.
Pseudo-code for AC-3 equipped with reverse variable based
revision ordering heuristic is depicted in Figure 1. The revise
function upon which AC-3 depends is depicted in Figure 4.

In Figure 1, if D(x) was changed after a complete relax-
ation and if this was the result of only one effective revi-
sion (effectiverevisions= 1), which happened to be against
D(y′′), then all arcs of the form (y′, x) where y′ is a neigh-
bour of x and y′ 6= y′′ are added to the queue. However,
if D(x) was changed as the result of more than one effec-
tive revision (effectiverevisions> 1) then all arcs of the
form (y′, x) where y′ is a neighbour of x are added to the
queue. Modulo constraint propagation effects this avoids
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queue maintenance overhead.

4 A Support Condition
Arc consistency algorithms are based on the notion of sup-
port. Most arc consistency algorithms proposed so far put a
lot of effort in identifyinga support to confirm the existence
of a support. Identifying the support is more than is needed to
guarantee that a value is supportable: knowing that a support
exists is enough. Optimal algorithms like AC-2001 and AC-6
always keep track of the last known support for each value.
When this support is lost they try to identify the next support.
AC-4 is the only algorithm that confirms the existence of a
support by not identifying it during the course of search but
its inefficiency lies in its space complexity O(e d2) and the
necessity of maintaining huge data structures during search.

We propose the notion of a supportcondition(SC), which
guarantees that a value has some support. The key point is
that it guarantees the existence of a support without identi-
fying it and without storing and maintaining support values.
Let Cxy be the constraint between x and y, let a ∈ D(x)
(also denoted as (x, a)) and let scount[ x, y, a ] be the num-
ber of supports of (x, a) in Dac(y). A value a ∈ D(x) is
supported by y if it has at least one support in D(y). Further-
more if R(y) = Dac(y) \ D(y) are the removed values from
the arc-consistent domain of y then |R(y) | is an upper bound
on the number of lost supports of (x, a) in y. Therefore, if the
following condition is true then (x, a) is supported by y:

scount[ x, y, a ] > |R(y) | (1)

In order to use the Equation (1) in any coarse-grained MAC
algorithm, for each arc-value pair involving the arc (x, y) and
the value a on x, scount[ x, y, a ] must be assigned the num-
ber of supports of (x, a) in Dac(y). Once these support coun-
ters are initialised they remain static during search. Hence,
there is no overhead of maintaining them. The pseudo-code
for computing the support count for each arc-value pair is
depicted in Figure 2. In the algorithm, last[ x, y, a ] stores
AC-2001’s last known support for (x, a) in y. Note that the
algorithm does not repeat checks and uses the bidirectional
property of constraints. For easy problems initialising sup-
port counters can be an overhead in terms of support checks.
However, it can save time and checks for hard problems.

Next we generalise the idea presented in the Equation (1).
Here we associate a weight (non-negative integer) w[ x, y, a ]
with each arc-value pair. If the following condition is true

Function InitialiseSupportCounters ( )
call AC-2001
if the problem is arc-consistent then

for each (x, y) ∈ G do
for each a ∈ Dac(x) do

scount [ x, y, a ] := 1
for each (x, y) ∈ G such that x < y do

for each a ∈ Dac(x) do
for each b ∈ Dac(y) such that b > last[ x, y, a ] do

if b supports a then begin
scount[ x, y, a ] := scount[ x, y, a ] + 1
scount[ y, x, b ] := scount[ y, x, b ] + 1

end

Figure 2: Initialisation of support counters.
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Figure 3: Support inference using different weights

then (x, a) is supported by y:

∑

(a,b) ∈ Cxy

w[ y, x, b ] >
∑

b′ ∈ R(y)

w[ y, x, b′ ] . (2)

We call the left hand side of Equation (2) the cumulative
weightof (x, a) with respect to y: it is equal to the sum of the
weights of the supports of (x, a) in Dac(y). We call the right
hand side of Equation (2) the removedweight from Dac(y)
with respect to x: it is equal to the sum of the weights of the
values removed from Dac(y) with respect to x. Note that if
the weight associated with each arc-value pair is 1 then Equa-
tion (1) is a special case of the condition in Equation (2). In
that case the cumulative weight of (x, a) with respect to y is
equal to the number of supports of (x, a) in Dac(y) and the
removed weight from Dac(y) is equal to the number of val-
ues removed from Dac(y). We call the condition in Equation
(2) a SupportCondition(SC). A SC guarantees the existence
of a support and may allow to save many checks.

We illustrate the use of SC to infer the existence of a sup-
port by using the example as shown in Figure 3. In Figure 3
(Case 1), the weight associated with each value is 1. The cu-
mulative weight of a1 with respect to y is 2: it is equal to the
number of the supports of a1 in Dac(y). Now assume that b1

is deleted from Dac(y) then the removed weight from Dac(y)
with respect to x is 1: it equals |R(y) |. It can be inferred that
a1 still has a support in D(y) since the cumulative weight of
a1 is greater than the removed weight from Dac(y). Simi-
larly, a support for any value in D(x) can be inferred if any
single value is removed from Dac(y). If any two values are
removed from Dac(y) then the removed weight from Dac(y)
is 2. Here a support cannot be inferred for any value of D(x)
because the cumulative weight of each value in D(x) is 2,
which is not greater than the removed weight.

If other weights are used and if SC holds for any value a ∈
D(x) then a support is still guaranteed to exist in D(y). Let
us examine Case 2 of Figure 3 where the weight assigned to
each value in Dac(y) is its own support count with respect to
x. Now the cumulative weight of a1 is 4 since the weights
of the supports of b1 and b2 are 1 and 3 respectively. Like
Case 1, if any single value is removed from Dac(y), a support
can be inferred for all values in D(x). If the two values b1

and b4 are removed then the removed weight from Dac(y) is
2. Unlike Case 1 a support can be inferred for all the values
of x. In another situation if b1 and b2 are removed then also
the existence of support can be inferred for at least a2 and a3

since their cumulative weights are 6 and the removed weight
from Dac(y) is 4. We will see further on that using support

CONSTRAINT SATISFACTION AND SEARCH238



Function revise(x, y, var changex)
begin

changex := False
for each a ∈ D(x) do

if
P

( a,b ) ∈ Cxy
w[y, x, b ] >

P

b′ ∈ R(y)
w[ y, x, b′ ] then

skip /* a is supported */
else if @b ∈ D(y) such that b supports a then begin

D(x) := D(x) \ { a }
changex := True

end
end;

Figure 4: Algorithm revise of AC-3.

counts as weights lets SCs save more checks.
The revise function for AC-3 is depicted in Figure 4. This

function is slightly different from its original version because
it uses SC to avoid a series of checks for which it can be
known in advance that it will eventually lead to a support.
The use of SC is not restricted to AC-3. It can be integrated in
any coarse-grained algorithm.

5 A Revision Condition
The support check is the core operation carried out by arc
consistency algorithms. To reduce the number of checks, al-
gorithms proposed so far (1) perform viability checks like in
AC-2001, (2) check the status of counters like in AC-4, (3)
make some inference based on the supports stored in auxil-
iary data structures like in AC-7, or (4) carry out SCs as men-
tioned in Section 4. We call all these tests auxiliary support
checks (ASCs). When support checks are not too expensive
then ASCs can be an overhead and reducing the checks alone
does not always help in reducing the solution time.

All the improvements proposed so far to reduce support
checks are done at fine level of granularity. We propose a
coarser check at arc level. The idea is that we will use this
coarser check to avoid a complete revision. This will not
only save support checks but will also avoid auxiliary support
checks. For a given arc (x, y), if the least cumulative weight
(LCW) of the values of D(x) with respect to y is greater than
the removed weight from Dac(y) then all the values of D(x)
are supported by y. This can be expressed as follows:

min







∑

( a,b )∈Cxy

w[ y, x, b ] : a ∈ D(x)







>
∑

b′ ∈R(y)

w[ y, x, b′ ] .

(3)
We call this condition a Revision Condition (RC). The RC can
be used by all coarse-grained arc consistency algorithms to
reduce unnecessary revisions while maintaining full arc con-
sistency during search.

If a RC holds then it can be exploited after selecting the arc
(x, y) or when arcs are added to the queue. In the former case
the corresponding revision is not carried out and in the latter
case the arc (x, y) is not added to the queue. We will use the
revision condition by tightening the condition for adding the
arcs to the queue: arcs should only be added if RC does not
hold. This is depicted in Figure 5. With this implementation
the advantages of using the RC are threefold: (a) it will reduce
the number of arcs that have to be added to the queue, (b) it
will reduce the number of arcs that have to be selected from
the queue, and (c) it will reduce the total number of revisions.

ifeffective revisions = 1 then
Q := Q ∪ { (y′, x) | y′ is a neighbour of x ∧ y′ 6= y′′∧
min{

P

(a,b) ∈ C
y′x

w[x, y′, b] : a ∈ D(y′)} ≤
P

b′ ∈ R(y′)
w[x, y′, b′]}

else if effective revisions > 1 then
Q := Q ∪ { (y′, x) | y′ is a neighbour of x∧
min{

P

(a,b) ∈ C
y′x

w[x, y′, b] : a ∈ D(y′)} ≤
P

b′ ∈ R(y′)
w[x, y′, b′]}

Figure 5: Enforcing RC while adding the arcs to the queue.

Note that both SC and RC are presented in such a way that
the idea is made as clear as possible. This should not be
taken as the real implementation. We compute the cumula-
tive weight for each arc-value pair before the search starts.
Whenever a value is deleted from the domain of a variable
x, we update the removed weight for all the arcs of the form
(·, x). If there is a change in the domain size of a variable
x after a complete relaxation, we update the LCW for all the
arcs of the form (x, ·). The space complexity of storing the
cumulative weights is O(e d). The space complexity of stor-
ing the removed weights and the LCWs for all the arcs is
O(e) but it may increases to O(e n) during search. The over-
all space complexity of using SC in conjunction with RC is
O(e d + e n) = O(emax (d, n)).

Updating the least cumulative weight for all the arcs of the
form (x, ·), if there is a change in the domain of x after every
complete relaxation can be an overhead. The other option is
to update the LCW of only one arc (x, y) while revising D(x)
against D(y) instead of all the arcs of the form (x, ·) after
a complete relaxation. This can be done cheaply and may
avoid the addition of the arc (x, y) to the queue in future. This
can be considered as a weak version of a revision condition
(WRC) because the LCW is not maintained for all the arcs. The
disadvantage here is that not all possible ineffective revisions
will be saved then can be saved by RC.

Independent work by [Boussemart et al., 2004] uses
min{

∑

( a,b )∈Cxy
1 : a ∈ Dac(x) } >

∑

b′ ∈R(y) 1, which
is a special case of Equation (3). Note that in their setting
w[x, y, a] is 1 for each arc-value pair and the above condition
is exploited after determining the arc for the revision. For a
given arc (x, y), this condition examines the least cumulative
weight (the least support count) of the values of Dac(x) and
not of D(x) with respect to y as is done in Equation (3). We
call this condition a staticversion of a revision condition be-
cause the least cumulative weight is not updated for any arc
during the course of search. It remains static for all the arcs.
This may not allow to avoid as many ineffective revisions as
can be avoided by RC.

6 Experimental Results
6.1 Introduction
In this section, we shall present some results to prove the
practical efficiency of SC, RC and WRC. We implemented
them in MAC-3 and MAC-2001 equipped with comp [van
Dongen, 2004] as a revision ordering heuristic. We denote
the arc based, reverse variable based, and the variable based
heuristic compas arc:comp, rev:comp, and var:comprespec-
tively. The details about these heuristics can be found in
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MAC-3 MAC-2001
Heuristic Condition Weight Checks Time Revisions Checks Time

- - 79,644,545 25.39 16,627,343 20,876,139 27.20
arc:comp SC 1 10,226,932 23.22 16,627,343 7,122,238 25.52

WRC 1 28,632,454 15.51 6,944,423 17,188,921 18.56
SC + WRC 1 10,226,932 14.49 6,944,423 7,122,238 16.46
- - 74,985,422 21.76 15,297,543 20,587,469 22.88
SC 1 10,056,858 19.34 15,297,543 7,064,437 21.23
SC scount 7,149,704 26.59 15,297,543 5,569,970 29.14
WRC 1 28,136,221 13.44 6,708,679 17,063,043 15.80
WRC scount 18,548,689 16.21 4,641,513 12,614,384 19.04

rev:comp SC + WRC 1 10,056,858 12.21 6,708,679 7,064,437 13.80
SC + WRC scount 7,149,704 15.48 4,641,513 5,569,970 17.44
RC 1 22,256,549 12.74 5,153,349 13,971,627 21.73
RC scount 13,902,999 18.03 3,276,247 9,724,569 20.20
SC + RC 1 10,056,858 12.82 5,153,349 7,064,437 21.45
SC + RC scount 7,149,704 18.22 3,276,247 5,569,970 20.27

Table 1: Results for the random problems.

MAC-3 MAC-2001
Heuristic Conditions Checks Time Revisions Checks Time

- 56,431,728 2.656 2,154,081 10,412,277 2.661
arc:comp SC 36,832,553 2.370 2,154,081 15,217,649 2.626

WRC 37,250,230 1.771 809,623 14,886,826 1.763
SC + WRC 36,832,553 1.755 809,623 15,217,649 1.824
- 42,519,506 1.931 1,602,603 10,332,998 2.082
SC 28,429,473 1.750 1,602,603 15,147,054 2.114

rev:comp WRC 28,829,358 1.380 752,277 14,835,844 1.243
SC + WRC 28,429,473 1.382 752,277 15,147,054 1.270
RC 28,818,246 1.448 750,789 14,825,485 1.450
SC + RC 28,429,473 1.467 750,789 15,147,054 1.475

Table 2: Results for RLFAP#11.

[Mehta and van Dongen, 2004]. During search all MACs vis-
ited the same nodes in the search tree. They were equipped
with a dom/deg variable ordering heuristic with a lexico-
graphical tie breaker, where domis the domain size and deg is
the original degree of a variable. All algorithms were written
in C. The experiments were carried out on linux on a PC Pen-
tium III (2.266 GHz processor and 256 MB RAM). Perfor-
mance is measured in terms of the number of support checks,
the CPU time in seconds, and the number of revisions.

We experimented with random problems which were
generated by Frost et al.’s model B generator [Gent
et al., 2001] (http://www.lirmm.fr/˜bessiere/
generator.html). In this model a random CSP instance
is characterised by 〈n, d, p1, p2 〉 where n is the number of
variables, d the uniform domain size, p1 the average den-
sity, and p2 the uniform tightness. For each combination of
〈n, d, p1, p2〉, 50 random problems were generated. Table 1
shows the mean results for 〈50, 10, 1.0, 0.13〉which is located
at the phase transition. In Table 1, under the column labelled
as Weight, 1 denotes that the weight associated with each arc-
value pair is 1 (also the default value) while scountdenotes
that the weight associated with each arc-value pair is its own
support count. Table 2 corresponds to the real world instance
RLFAP #11 which came from the CELAR suite. Table 3 cor-
responds to a quasigroup with holes problem [Achlioptas et
al., 2000] of order 10 and 74 holes.

6.2 Discussion
One can immediately notice that SC reduces the number of
checks required by MAC-3 and MAC-2001. For instance
for the random problem, checks required by MAC-3 and
MAC-2001 are reduced by 90% and 72% respectively, when
the weight associated with each arc-value pair is its own sup-
port count. We observed that for the random problems SC

and RC are especially effective for difficult problems that take
a lot of time. The original version of MAC-3 requires 3.81
times more checks than the original version of MAC-2001
but it reduces to 1.28 after using SC. It is interesting to
note that for the random problem and the quasigroup prob-
lem MAC-3 with SC requires fewer checks than the original
version of MAC-2001. Remember that MAC-3 uses a non-
optimal algorithm AC-3 while MAC-2001 uses an optimal al-
gorithm AC-2001 but that they usually repeat checks in differ-
ent branches of the search. In case of RLFAP #11 when SC
is used in MAC-2001 there is an improvement in the number
of checks required during the course of search but not in the
total number of checks. This is caused by the initialisation of
the cummulative weights.

MAC-2001 always spends fewer checks than MAC-3 but
requires more time. This corresponds to the results presented
in [van Dongen, 2004]. Using SC in MAC-3 and MAC-2001
reduces the number of checks but this is not reflected in the
solution time. In fact there is only a marginal saving and in
some cases it may consume more time. This shows that when
checks are cheap carrying out ASCs to reduce the checks is
not really a great help in reducing the overall solution time.

Both RC and WRC avoid at least 50% of the total revisions.
RCs are able to save more ineffective revisions than WRCs.
Satisfying a RC or a WRC avoids a complete revision that not
only reduces checks but also ACSs and the overhead of queue
management. When rev:compand WRC are used together
in MAC-3 or in MAC-2001 there is on average 50% reduc-
tion in the solution time compared to the original algorithms
equipped with arc:comp, which is significant. Results for
arc:compwith RC are not presented due to the space restric-
tion. The overhead to maintain LCWs is less with rev:comp
because they need to be updated after every effective com-
plete relaxation but in case of arc:compand var:compafter
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MAC-3 MAC-2001
Heuristic Conditions Checks Time Revisions Checks Time

- 1,760,191,958 202.28 600,538,223 585,239,320 220.88
arc:comp SC 444,247,815 204.23 600,538,223 355,925,876 213.84

WRC 564,731,731 117.20 237,506,329 453,353,800 129.54
SC + WRC 444,247,815 120.37 237,506,329 355,925,876 129.70
- 1,705,703,347 184.61 573,319,558 571,663,383 203.77
SC 445,253,641 185.66 573,319,558 356,614,116 198.47

rev:comp WRC 565,520,375 110.65 238,239,232 453,868,110 124.16
SC + WRC 445,253,641 111.33 238,239,232 356,614,116 126.05
RC 552,491,872 120.65 229,190,153 443,596,880 193.45
SC + RC 445,253,641 125.97 229,190,153 356,613,391 193.90

Table 3: Results for Quasigroup problems of order 10 with 74 holes.

every effective revision. Results shown in all the tables con-
firm that rev:compis good in saving revisions, support checks
and the CPU time for both MAC-3 and MAC-2001 when com-
pared to arc:comp.

Finally, we compared RC with the static version of RC. For
the random problems when solved with MAC-3, the static
version of RC with var:comp as implemented in [Bousse-
mart et al., 2004] spends on average 10, 147, 799 revi-
sions, 25, 328, 772 checks and 10.86 seconds while RC
with rev:compspends on average spends 515, 349 revisions,
10, 056, 858 checks and 12.74 seconds. The static version of
RC spends about twice as many revisions and checks as RC
but saves time. The reason for this is that checks are very
cheap for random problems and that the static version uses a
variable based queue, which has low maintenance overhead.

7 Conclusions
In this paper first we present a supportcondition. Satisfying
SC guarantees the existence of a support for a value. SCs
avoid many positive and negative support checks during the
course of the search. We showed that when checks are cheap
reducing them by using ASCs do not payoff a lot in terms of
the CPU time. Instead of carrying out ASCs for each value we
tried to reduce the number of ineffective revisions through
revisionconditionand a weakversion of revision condition.
Both of them reduce the number of arcs that have to be added
to the queue. Having fewer arcs in the queue improves the
selection of the best arc from the queue. Furthermore fewer
revisions are performed. Overall, SCs reduce the positive and
negative support checks required by MAC-3 and MAC-2001.
RCs avoid at least 50% of the total revisions. Combining the
two results in reducing the solution time by 50%.
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Abstract

We present a method for applying local search to
overconstrained instances of the Disjunctive Tem-
poral Problem (DTP). Our objective is to gener-
ate high quality solutions (i.e., solutions that vi-
olate few constraints) in as little time as possi-
ble. The technique presented here differs markedly
from previous work on DTPs, as it operates within
the total assignment space of the underlying CSP
rather than the partial assignment space of the re-
lated meta-CSP. We provide experimental results
demonstrating that the use of local search leads to
substantially improved performance over system-
atic methods.

1 Introduction
Previous work on temporal reasoning has focused primar-
ily on exact and complete methods for efficiently solving
temporal problems (e.g., [Stergiou and Koubarakis, 1998;
Tsamardinos and Pollack, 2003; Armando et al., 2004]). The
purpose of these algorithms is to find a solution that sat-
isfies a set of constraints, or else prove, by means of ex-
haustive search, that no solution exists. Recently, there has
also been work on temporal formalisms where the goal is in-
stead to optimize an objective function; for instance, to max-
imize a user’s preference when the problem permits many
solutions [Khatib et al., 2003; Peintner and Pollack, 2004;
Morris et al., 2004], or to minimize the number of violated
constraints when no complete solution exists [Moffitt and
Pollack, 2005]. Although these algorithms are guaranteed to
find optimal solutions, they are computationally expensive,
and hence may not be applicable to large problems. Given
this, it may be advantageous to instead search for approxi-
mate solutions when strict optimality is not required.

Local search algorithms are known to be among the most
effective methods for solving computationally intractable
problems such as propositional satisfiability, scheduling, and
constraint satisfaction [Hoos and Stutzle, 2004]. While they
do not guarantee optimality, they are often able to produce
high-quality solutions within a short amount of time. Despite
the significant attention that local search has received in com-
binatorial optimization, its application to problems of quanti-
tative temporal reasoning has as yet been largely overlooked.

In this paper, we show how local search can be success-
fully applied to overconstrained instances of the Disjunctive
Temporal Problem (DTP) [Stergiou and Koubarakis, 1998], a
particularly expressive form of temporal constraint satisfac-
tion problem. While local search has been commonly applied
to finite-domain CSPs, its application to DTPs is of particular
interest, as the domains of the temporal variables are infinite,
ranging over the entire set of either integers or real numbers.
Previous work on DTP-solving has focused on a reformula-
tion of the problem, in which a meta-CSP is constructed and
searched. In contrast, we apply local search directly to the
original CSP, i.e., the DTP itself. We discuss issues such as
solution initialization, neighbor generation, and cost compu-
tation, and provide experimental results demonstrating that
the use of local search in solving overconstrained DTPs can
lead to substantially improved performance as compared to
systematic methods.

It should be noted that ours is not the first attempt to ap-
ply local search to temporal reasoning. This work is closely
related to [Beaumont et al., 2004]; however, that line of re-
search deals with a qualitative interval algebra representation,
which is strictly less expressive than that allowed by DTPs.
Nonetheless, their endpoint-ordering technique bears similar-
ity to our approach, in that it also abandons the meta-CSP
for the original CSP search space. Our work is also related
to [Walser, 1998], where local search is applied to overcon-
strained integer programs without disjunctions.

2 Disjunctive Temporal Problems
A Disjunctive Temporal Problem (DTP) is a constraint satis-
faction problem defined by a pair 〈X,C〉, where each element
Xi ∈ X designates a time point, and C is a set of constraints
of the following form:

ci1 ∨ ci2 ∨ ... ∨ cin

where in turn, each cij is of the form x − y ≤ b; x, y ∈ X
and b ∈ �. (In practice, b is often restricted to the integers.)
DTPs are thus a generalization of Simple Temporal Problems
(STPs), in which each constraint is limited to a single in-
equality [Dechter et al., 1991]. A solution to a DTP is an
assignment of values to time points such that all constraints
are satisfied.

Several algorithms have been developed for solving DTPs
[Stergiou and Koubarakis, 1998; Armando et al., 1999;
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Oddi and Cesta, 2000; Tsamardinos and Pollack, 2003]. Typ-
ically, these algorithms transform the problem into a meta-
CSP, in which the original DTP is viewed as a collection of
alternative STPs. Using this approach, the algorithm selects
a single disjunct from each constraint of a given DTP. The re-
sulting set forms an STP, called a component STP, which can
then be checked for consistency in polynomial time using a
shortest-path algorithm. Clearly, a DTP D is consistent if and
only if it contains at least one consistent component STP. Fur-
thermore, any solution to a consistent component STP of D
is also a solution to D itself. Consequently, it is standard in
the DTP literature to consider any consistent component STP
to be a solution of the DTP of which it belongs.

A number of pruning techniques can be used to focus
the search for a consistent component STP of a DTP, in-
cluding conflict-directed backjumping, removal of subsumed
variables, and semantic branching. The DTP solver Epilitis
[Tsamardinos and Pollack, 2003] integrated all these tech-
niques, in addition to no-good recording. At the time it
was developed, Epilitis was the fastest existing DTP solver,
though it was recently surpassed by TSAT++ [Armando et
al., 2004].

DTP solvers such as Epilitis perform total constraint sat-
isfaction — that is, their objective is to find a solution that
satisfies all the constraints of a DTP. In the event that a DTP
is inconsistent, these solvers are capable of detecting such
infeasibility, but are incapable of providing partial solutions
that come close to satisfying the problem. In response, the
DTP solver Maxilitis [Moffitt and Pollack, 2005] was de-
signed to find solutions that maximize the number of satisfied
constraints. Partial constraint satisfaction has the disadvan-
tage of being expensive, as the pruning techniques typically
used in DTP solving become weaker when relaxations are
allowed. If the overconstrained DTP is very large, the sys-
tematic search that Maxilitis performs becomes intractable,
and one must instead settle for an approximate solution. For-
tunately, Maxilitis is an anytime algorithm, and one can in-
terrupt it at any point to extract a (possibly suboptimal) par-
tial assignment. It is not, however, obvious that a systematic
search is the fastest way to find an approximate solution.

3 Local Search
When exact, systematic methods for solving hard combina-
torial problems are too expensive, local search offers an al-
ternative approach for quickly generating approximate solu-
tions. Applications of local search are numerous, and include
planning [Ambite and Knoblock, 1997], scheduling [Storer et
al., 1992], and constraint satisfaction [Minton et al., 1992].

The Satisfiability Problem (SAT) is a classic domain for
application of local search. The objective of SAT is to find
an assignment to a set of binary variables that satisfies a
Boolean formula F , typically given in Conjunctive Normal
Form (CNF). A common variation on SAT is MAX-SAT,
where the objective is to maximize the number of satisfied
clauses in F . A number of local search algorithms have been
constructed for both SAT and MAX-SAT. One of the most
successful variants is GSAT [Selman et al., 1992]. In this al-
gorithm, one begins with a random assignment of truth values

to the propositional variables, and then repeatedly chooses a
variable to flip that results in the maximal decrease in vio-
lated clauses, breaking ties randomly. To avoid getting stuck
in local minima, a technique called random restarts is of-
ten used, where the algorithm begins anew with another ran-
dom assignment. Several variants exist for GSAT; of these,
GSAT/Tabu [Mazure et al., 1997] is among those with best
performance. It maintains a tabu list of recently flipped vari-
ables, which are then temporarily prohibited from being se-
lected for another flip.

The basic method used in GSAT and GSAT/Tabu can be
applied to other problems besides SAT. Indeed, the structure
of a DTP closely resembles that of a SAT problem, and it is
for this reason that a SAT solving approach has been applied
to the problem of finding complete solutions to DTPs (as in
TSAT [Armando et al., 1999] and TSAT++ [Armando et al.,
2004]).

3.1 Application to DTPs
In applying local search to possibly overconstrained DTPs,
we again need to decide whether to work in the meta-CSP or
in the original CSP (the DTP). To illustrate these candidates,
consider the following very small problem:

C1 : {c11 : a − b ≤ 10}
C2 : {c21 : b − a ≤ −15} ∨ {c22 : c − a ≤ −25}
C3 : {c31 : b − c ≤ 10}
C4 : {c41 : a − c ≤ 20}

Clearly there is no complete solution to this problem, since
c21 conflicts with c11, and c22 conflicts with the constraint
induced by the transitive composition of c11 and c31. As a
result, our objective will be to find a solution that maximizes
the number of constraints satisfied in the DTP. We define the
cost of a solution to be the number of constraint violations it
induces; thus, low-cost solutions are better.1

Partial Assignment Space of the Meta-CSP
One way to view a solution to overconstrained DTPs such as
the example above is as a partial assignment to the meta-CSP,
in which some of the meta-level variables are left unassigned.
For example, consider the assignment (C1, C2, C3, C4) ←
(c11, c22, ε, ε), in which the constraints C3 and C4 are not
given an assignment (indicated by ε). Here the (partial) com-
ponent STP that is selected consists of c11 and c22, and has
a cost of 2. This particular partial assignment cannot be ex-
tended to any solution of lower cost, since inclusion of either
of the disjuncts c31 or c41 would result in an inconsistency.
However, this does not mean that a solution of higher quality
does not exist. Indeed, the partial assignment (c11, ε, c31, c41)
with cost 1 is both consistent and optimal.

While search in the partial assignment space of the meta-
CSP is common to most systematic methods for solving
DTPs, it is less attractive for the application of local search.
First, systematic methods work within a backtracking tree,
where disjuncts are removed in the order in which they were

1Other cost functions – for instance, the maximum deviation
from the bound of any constraint – are possible. However, there cur-
rently exist no systematic methods to compare against that minimize
such alternative cost functions.
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added.2 One technique that is commonly used in DTP solv-
ing, incremental full-path consistency [Mohr and Henderson,
1986], exploits this property by maintaining a stack of the
temporal network updates made during search, using it to
cheaply repair path dependencies when backtracking. Lo-
cal search requires the ability to modify arbitrary values in
the partial assignment, not necessarily respecting the order in
which they were originally assigned; thus it cannot exploit
the incremental approach. Second, several of the powerful
pruning techniques used by DTP solvers such as Epilitis and
Maxilitis have no meaning outside the context of a systematic
search tree. For example, semantic branching is able to ac-
quire additional network constraints by exhaustively explor-
ing particular assignments of disjuncts to constraints. In local
search, no such exhaustive search is performed, and conse-
quently it is hard to imagine how to adapt this mechanism.
Finally, in local search, the number of neighbors for a par-
tial assignment will typically be much larger than the number
of successors in systematic search, thus making evaluation of
alternatives prohibitively expensive.

Total Assignment Space of the Original CSP
An alternative approach is to perform search in the space
of total assignments to the time points in the original CSP.
For the example DTP above, one possible assignment is
(a, b, c) ← (30, 25, 0). Since this solution violates con-
straints C3 and C4 it has a cost of 2. A better solution would
be (20, 10, 0), which violates only constraint C2.

A key issue for this search space is how to define the neigh-
bors of an assignment. One approach is to include all solu-
tions whose variable assignments differ in exactly one posi-
tion; for example, (a, b, c) ← (30, 15, 0) would be a neighbor
of (a, b, c) ← (30, 25, 0), since the two differ only on the
assignment to b. However, because the value of each vari-
able may take any real (or any integer), the cardinality of the
set of possible neighbors is uncountably (or countably) infi-
nite. It is for this reason that most of the prior work on DTPs
has avoided search in this space: the infinite cardinality of
the variables’ domains precludes the use of methods for ex-
haustive search. We address this concern in the next section,
where we describe our local search algorithm in detail.

4 Localitis
In this section, we present Localitis, our algorithm for us-
ing local search to perform partial constraint satisfaction in
a DTP. Its basic framework derives from the GSAT/Tabu al-
gorithm that is commonly used for SAT and MAX-SAT in-
stances. It also bears considerable resemblance to Walk-
SAT(OIP), used in [Walser, 1998] to solve overconstrained
integer programs without disjunctions3.

2With chronological backtracking, the last disjunct added is
the first one removed; with more sophisticated techniques such as
conflict-directed backjumping, additional disjuncts may be removed
at the same time, but the removal always follows the structure of the
backtracking tree.

3While any disjunctive program can be cast as an integer pro-
gram, the conversion process requires the creation of additional vari-
ables and constraints. Our method instead operates directly on the
constraints in their disjunctive form.

4.1 Generating the Initial Solution
Typically in algorithms such as GSAT, the initial solution
is chosen by selecting random assignments for each of the
Boolean variables. A similar initialization can be done with
DTPs: each time point can be randomly assigned a value
within some interval [L,U ]. If one employs random restarts,
this initialization can be done several times to ensure adequate
exploration of the search space.

A potentially better alternative is to make a greedy assign-
ment to the time points, so that the algorithm begins with
a reasonable solution. We adopt this approach in Localitis.
To generate the initial solution, we make use of the Maxilitis
solver. Recall that Maxilitis searches in the meta-CSP space.
We invoke it and let it run until it generates its first solution, in
which every constraint is assigned either a disjunct or ε. Since
this solution is not necessarily optimal, Maxilitis would nor-
mally continue, but we instead terminate it, and project an as-
signment to time points from the component STP it has com-
puted, making random assignments to all time points outside
the scope of the component STP. Because of the variable and
value ordering heuristics used by Maxilitis, the first solution
it encounters is likely to be better than what a purely random
assignment would provide. One could repeat this process for
random restarts, placing bias on the selection of assignments
so that the set of disjuncts chosen differs between runs.

4.2 The Neighborhood
As described earlier, the most obvious way to define the
neighbor(s) of an assignment is as the set of assignments
that differ in the value of only one time point (for example,
(a, b, c) ← (30, 25, 0) and (a, b, c) ← (30, 15, 0)). Unfor-
tunately, this definition results in each assignment having in-
finitely many neighbors. The key to reducing the size of the
search space is to note that if we hold fixed the values of all
the variables but one (b in the current example), then only a
small set of new values for the selected variable are signifi-
cant. Specifically, we only need to consider those values for
which the slack of a disjunct belonging to some constraint
becomes zero — that is, when an inequality becomes a strict
equality. This is somewhat similar to a pivot step in the sim-
plex method for linear programming, which maintains a ba-
sic feasible solution that corresponds to an “active system” of
constraints in the LP. For instance, in our running example,
suppose we are given the assignment of (30, 25, 0). Then the
significant values for b are 20, 15, and 10, as they would make
the disjuncts c11, c21, and c31 active, respectively. Some of
these values may satisfy several new disjuncts at once (for in-
stance, if b is assigned the value 10, it satisfies disjuncts c21

and c31 simultaneously). No other values for b are capable of
satisfying a set of constraints that one of the these significant
values cannot.

We can impose yet another restriction on the set of neigh-
bors; namely, that they include only those new, significant
values that change the resulting set of satisfied constraints.
For instance, while the assignment of 20 to b is significant in
that it makes the slack for c11 zero, it does not change the set
of satisfied constraints. As a result, this new assignment is
not particularly interesting, and need not be considered in the
set of neighbors of this assignment.
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4.3 Neighbor Selection and Tabu Moves
Since our objective is to satisfy the maximum number of con-
straints, selection of which neighbor to explore is a fairly
straightforward process: choose the candidate that satisfies
the maximum number of constraints possible. This is identi-
cal to GSAT, where the variable chosen to flip is the one that
will minimize the number of unsatisfied clauses. In the case
that several assignments would result in the same minimal
number of violations, one is selected at random.

When a local search process is required to continually
make greedy moves, it can easily get stuck in local minima.
To avoid this, we adopt a common variation on the technique
of tabu search [Glover and Laguna, 1997], and forbid local
search to change the values of variables that were recently
modified. A parameter tt, called the tabu tenure, determines
the duration (in search steps) for which this restriction ap-
plies. When tabus are applied to SAT, no variable flipped at
iteration number i is allowed to flip again until tt steps have
passed. We introduce tabu moves into Localitis in a similar
way. If the value of a variable x is changed at step i, its value
is then fixed until tt steps have passed. To efficiently deter-
mine the tabu status of each variable x, we maintain an array
it, where itx stores the search step number when variable x
was last changed. A variable is tabu if and only if i−itx < tt.

4.4 Efficient Cost Computation
The simplest way to compute the cost of a neighbor assign-
ment is to temporarily enforce the assignment being consid-
ered, and subsequently test all constraints for satisfiability,
counting the number that are not satisfied. However, this
straightforward implementation has been shown to be rather
inefficient, since many of the constraints will not be affected
by the local modification [Selman et al., 1992].

A common technique is to instead compute the relative
change in cost by testing only those clauses that contain the
variable in question. This can be facilitated by a preprocess-
ing step which creates a list for each variable, containing in-
dices for those constraints that it participates in.

4.5 The Algorithm
Figure 1 provides the pseudocode for Localitis. The function
Maxilitis-First-Path() is used to generate the initial assign-
ment (line 1). The algorithm then performs local search, gen-
erating the neighbors of the current assignment by looking at
the non-tabu variables in each disjunct of the DTP (lines 4-5),
and considering “moves”, i.e., assignments to significant val-
ues (line 6) that change the set of satisfied constraints (line 7).
(The notation X/Y, where Y is an assignment Z ← z, denotes
the substitution of Y for the original assignment to Z in X .
The function Sat() returns the set of constraints in the DTP
that are satisfied by its argument.) The set moves stores the
set of minimal-cost neighbors (lines 8-13), from which one
is eventually selected at random (lines 19-20). After storing
the value of the best solution seen to date (lines 21-22) and
updating tabu tenures (line 24), the process iterates.

5 Experimental Results
We implemented Localitis and conducted a set of experiments
whose primary goals were 1) to determine the influence of

Localitis(DTP D)

1. Best-Assign ← Assign ← Maxilitis-First-Path(D)
2. For it = 1 to max-steps
3. min cost ←∞, moves ←�
4. For each disjunct d: x − y ≤ b
5. If x not tabu
6. move ← (x ← y + b)
7. If Sat(Assign) �= Sat(Assign/move)
8. If cost(Assign/move) = min cost
9. moves ← moves ∪ {move}

10. EndIf
11. If cost(Assign/move) < min cost
12. moves ← {move}
13. min cost ← cost(Assign/move)
14. EndIf
15. EndIf
16. EndIf
17. Repeat lines 5 – 16 for y (i.e., y ← x − b)
18. EndFor
19. new-move ← Random-Member(moves)
20. Assign ← Assign/new-move
21. If cost(Assign) < cost(Best-Assign)
22. Best-Assign ← Assign
23. EndIf
24. Update tabu count for the time point in new-move
25. EndFor
26. return Best-Assign

Figure 1: Localitis, a local search algorithm for DTPs

the way in which the initial assignment is made, 2) to analyze
the effect of various neighborhood functions and tabu tenures,
and 3) to compare the anytime quality of this solver against its
cousin Maxilitis, which performs an exhaustive search of the
DTP in the meta-CSP space. No random restarts were used
for these tests. To benchmark our algorithm, we used DTPs
created by a random generator used in testing previous DTP
solvers [Stergiou and Koubarakis, 1998]. The test case gen-
erator takes as arguments the parameters 〈k,N,m,L〉, where
k is the number of disjuncts per constraint, N is the number
of time points, m is the number of constraints, and L is the
constraint width, i.e., a positive integer such that for each dis-
junct x − y ≤ b, b ∈ [−L,L] with uniform probability. In
our experiments, we set k = 2, N = 25, m = 175, and
L = 100. A derived parameter R (the ratio of constraints
over variables, m/N ) expressing constraint density was thus
7. For this set of parameters, 50 random problems were gen-
erated. The domains of the variables are integers instead of
reals, which again is standard in DTP literature. Our imple-
mentation of Localitis was developed in Java, and our exper-
iments were conducted on a 3 GHz Intel Pentium 4 machine
running Windows XP and having 1 GB of memory.

In our first experiment, we tested 5 different values for the
tabu tenure to measure its effect on solution quality as a func-
tion of time. In Figure 2, we plot a curve for each tabu tenure
in the set {0, 1, 2, 3, 4}. The number of seconds elapsed is
shown on the x-axis, and the number of constraint violations
in the solution (averaged over the 50 test cases) is shown on
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Figure 2: Anytime curves for various tabu tenures

the y-axis. We also show the optimal solution cost, which ex-
presses the average number of violations in the optimal solu-
tion (i.e., what Maxilitis reported when run until completion).
Convergence is slowest for when the tabu tenure is 0 (this ef-
fectively corresponds to the absence of tabu search), and is
also somewhat slow for when the tabu tenure is 1. For values
2, 3, and 4, convergence is almost identical. Larger values
(not shown) displayed no improvement over these curves, and
so a tabu tenure of 2 was used for all subsequent tests.

In our second experiment, we studied two different strate-
gies for generating the initial set of temporal values: one us-
ing random assignments, uniformly chosen from the range
[−L,L], and the other using Maxilitis to greedily generate
an initial solution, as described previously. The results are
shown in Figure 3 (among other results that will be addressed
momentarily). Once again, the x- and y-axes represent the
seconds elapsed and the solution cost, respectively. The curve
labeled ‘Localitis (Normal)’ uses the greedy selection, and
the curve labeled ‘Localitis (Random Initialization)’ does not.
The former begins with an average cost of 11.64 violated con-
straints, where the latter begins with a drastically higher av-
erage of 43.60 not shown on the graph. The randomly initial-
ized search is able to make up the difference fairly quickly,
although it continues to lag for the duration of the search. The
shape of the curves are roughly identical, despite the horizon-
tal displacement. Thus, it appears that the greedy initializa-
tion does indeed improve the starting solution, although the
effect on the convergence rate is negligible.

In our third experiment, we tested two different neighbor-
hood criteria: the first includes all assignments of significant
values (ones that force the slack of some disjunct to be zero),
while the second also requires that there be some change in
the set of satisfied constraints in the DTP. The results are
shown in Figure 3. The curve labeled ‘Localitis (Normal)’
uses the more restricted definition, and the curve labeled ‘Lo-
calitis (Any 0-Slack move)’ does not. While the two begin at
the same initial point (as they should, since both use greedy
initialization), the ‘Localitis (Normal)’ curve is able to gen-
erate solutions of higher quality much earlier. For instance,
after 5 seconds, ‘Localitis (Any 0-Slack move)’ has gener-
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Figure 3: Anytime curves for Maxilitis & Localitis variations

ated an average solution cost of 5.3. Only 1.28 seconds were
required for ‘Localitis (Normal)’ to obtain this same average.
As a result, it seems that one can expect significantly better
results when the neighborhood is restricted to only those can-
didates which modify the partial assignment of the meta-CSP.

Finally, we compare the anytime quality of our Localitis
solver to that of the systematic solver Maxilitis, which is (at
present) the only other existing method for performing par-
tial constraint satisfaction of DTPs. The results are again
shown in Figure 3. The curves of interest are labeled ‘Locali-
tis (Normal)’ and ‘Maxilitis.’ By inspection, it seems that de-
spite its numerous pruning techniques and sophisticated con-
straint propagation methods, Maxilitis is far slower at pro-
ducing high quality solutions. For instance, at the end of the
5 seconds shown, Maxilitis has generated an average solution
cost of about 7.12. For Localitis to produce the same average
cost requires only 0.29 seconds. To reach the average cost
of 4 that Localitis achieves after 5 seconds requires 104 sec-
onds of Maxilitis runtime. Based on these observations, the
speedup achieved appears to be roughly 17 to 20 times faster.

6 Discussion and Future Work

In this paper, we have presented a method for applying local
search to overconstrained instances of the Disjunctive Tem-
poral Problem. In contrast to previous algorithms for solv-
ing DTPs, our technique abandons the meta-CSP and instead
explores the total assignment space of the underlying CSP.
Our results show that the computation time required to gener-
ate high-quality solutions is significantly reduced in compar-
ison to traditional branch-and-bound algorithms for perform-
ing partial constraint satisfaction.

Given the freedom allowed by this alternative search space,
one particularly interesting avenue of research would be to
extend this approach toward more expressive cost functions.
Whereas this paper concentrates on minimizing the number
of violated constraints, one could instead capture the amount
by which the constraints are violated. This would give higher
value to those solutions whose assignments come close to
falling within the prescribed bounds.
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Another appealing possibility is to apply this same local
search technique to underconstrained rather than overcon-
strained temporal formalisms. The recent addition of pref-
erences to DTPs, appropriately labeled DTPs with Prefer-
ences (DTPPs) [Peintner and Pollack, 2004], allows pref-
erence functions to be defined over particular values of the
temporal differences. As no efficient optimal algorithm is
yet known for maximizing the weighted sum of preferences
in DTPPs, greedy methods are currently being developed to
generate approximate solutions. Local search may indeed
prove to be a competitive alternative to these algorithms.

Acknowledgments
The authors thank Neil Yorke-Smith, Dushyant Sharma, and Bart
Peintner for their input into this work. This material is based upon
work supported by the Defense Advanced Research Projects Agency
(DARPA) under Contract No. NBCHD030010 and the Air Force Of-
fice of Scientific Research under Contract No. FA9550-04-1-0043.
Any opinions, findings and conclusions or recommendations ex-
pressed in this material are those of the authors and do not necessar-
ily reflect the view of DARPA, the Department of Interior-National
Business Center, or the United States Air Force.

References
[Ambite and Knoblock, 1997] Jose Luis Ambite and

Craig A. Knoblock. Planning by rewriting: Efficiently
generating high-quality plans. In Proceedings of the 14th
National Conference on Artificial Intelligence (AAAI-97),
pages 706–713, 1997.

[Armando et al., 1999] Alessandro Armando, Claudio
Castellini, and Enrico Giunchiglia. SAT-based proce-
dures for temporal reasoning. In Proceedings of the 5th
European Conference on Planning, pages 97–108, 1999.

[Armando et al., 2004] Alessandro Armando, Claudio
Castellini, Enrico Giunchiglia, and Marco Maratea. A
SAT-based decision procedure for the boolean combina-
tion of difference constraints. In Proceedings of the 7th
International Conference on Theory and Applications of
Satisfiability Testing (SAT-2004), 2004.

[Beaumont et al., 2004] Matthew Beaumont, John Thorn-
ton, Abdul Sattar, and Michael Maher. Solving over-
constrained temporal reasoning problems using local
search. In Proceedings of the 8th Pacific Rim Conference
on Artificial Intelligence (PRICAI-2004), 2004.

[Dechter et al., 1991] Rina Dechter, Itay Meiri, and Judea
Pearl. Temporal constraint networks. Artificial Intelli-
gence, 49(1-3):61–95, 1991.

[Glover and Laguna, 1997] Fred Glover and Manuel La-
guna. Tabu Search. Kulwer Academic Publishers, Boston,
MA, USA, 1997.

[Hoos and Stutzle, 2004] Holger Hoos and Thomas Stutzle.
Stochastic Local Search: Foundations and Applications.
Kluwer Academic Publishers, 2004.

[Khatib et al., 2003] Lina Khatib, Paul Morris, Robert Mor-
ris, and K. Brent Venable. Tractable Pareto optimal op-
timization of temporal preferences. In Proceedings of

the 18th International Joint Conference on Artificial In-
telligece (IJCAI-2003), pages 1289–1294, 2003.

[Mazure et al., 1997] Bertrand Mazure, Lakhdar Sais, and
Eric Gregoire. TWSAT: A new local search algorithm for
SAT - performance and analysis. In Proceedings of the
14th National Conference on Artificial Intelligence (AAAI-
97), pages 281–285, 1997.

[Minton et al., 1992] Steven Minton, Mark D. Johnston, An-
drew B. Philips, and Philip Laird. Minimizing conflicts:
A heuristic repair method for constraint satisfaction and
scheduling problems. Artificial Intelligence, 58(1-3):161–
205, 1992.

[Moffitt and Pollack, 2005] Michael D. Moffitt and
Martha E. Pollack. Partial constraint satisfaction of
disjunctive temporal problems. In Proceedings of the
18th International Florida Artificial Intelligence Research
Society Conference (FLAIRS-2005), 2005.

[Mohr and Henderson, 1986] Roger Mohr and Thomas C.
Henderson. Arc-consistency and path-consistency revis-
ited. Artificial Intelligence, 28:225–233, 1986.

[Morris et al., 2004] Paul Morris, Robert Morris, Lina
Khatib, Sailesh Ramakrishnan, and A. Bachmann. Strate-
gies for global optimization of temporal preferences. In
Proceedings of the 10th International Conference on Prin-
ciples and Practices of Constraint Programming, pages
408–422, 2004.

[Oddi and Cesta, 2000] Angelo Oddi and Amedeo Cesta. In-
cremental forward checking for the disjunctive temporal
problem. In Proceedings of the 14th European Conference
on Artificial Intelligence, pages 108–112, 2000.

[Peintner and Pollack, 2004] Bart Peintner and Martha E.
Pollack. Low-cost addition of preferences to DTPs and
TCSPs. In Proceedings of the 19th National Conference
on Artificial Intelligence, pages 723–728, 2004.

[Selman et al., 1992] Bart Selman, Hector J. Levesque, and
David G. Mitchell. A new method for solving hard satisfia-
bility problems. In Proceedings of the 10th National Con-
ference on Artificial Intelligence (AAAI-92), pages 440–
446, 1992.

[Stergiou and Koubarakis, 1998] Kostas Stergiou and Mano-
lis Koubarakis. Backtracking algorithms for disjunctions
of temporal constraints. In Proceedings of the 15th Na-
tional Conference on Artificial Intelligence (AAAI-98),
pages 248–253, 1998.

[Storer et al., 1992] Robert H. Storer, S. David Wu, and
Renzo Vaccari. New search spaces for sequencing prob-
lems with application to job shop scheduling. In Manage-
ment Science, volume 38, pages 1495–1509, 1992.

[Tsamardinos and Pollack, 2003] Ioannis Tsamardinos and
Martha E. Pollack. Efficient solution techniques for dis-
junctive temporal reasoning problems. Artificial Intelli-
gence, 151(1-2):43–90, 2003.

[Walser, 1998] Joachim P. Walser. Domain-independent Lo-
cal Search for Linear Integer Optimization. PhD thesis,
Universitat des Saarlandes, 1998.

CONSTRAINT SATISFACTION AND SEARCH 247



Possibilistic Stable Models

Pascal Nicolas and Laurent Garcia and Igor Stéphan
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Abstract
In this work, we define a new framework in order
to improve the knowledge representation power of
Answer Set Programming paradigm. Our proposal
is to use notions from possibility theory to extend
the stable model semantics by taking into account
a certainty level, expressed in terms of necessity
measure, on each rule of a normal logic program.
First of all, we introduce possibilistic definite logic
programs and show how to compute the conclu-
sions of such programs both in syntactic and se-
mantic ways. The syntactic handling is done by
help of a fix-point operator, the semantic part relies
on a possibility distribution on all sets of atoms and
we show that the two approaches are equivalent. In
a second part, we define what is a possibilistic sta-
ble model for a normal logic program, with default
negation. Again, we define a possibility distribu-
tion allowing to determine the stable models.

1 Introduction
Answer set programming (ASP) is an appropriate formalism
to represent various problems issued from Artificial Intelli-
gence and arising when available information is incomplete
as in non-monotonic reasoning, planning, diagnosis. . . From
a global view, ASP is a general paradigm covering different
declarative semantics for different kinds of logic programs.
One is the stable model semantics [Gelfond and Lifschitz,
1988] for definite logic programs augmented with default
negation. In ASP, information is encoded by logical rules
and solutions are obtained as sets of models. Each model is
a minimal set of atoms representing sure informations (some
facts) and deductions obtained by applying by default some
rules. So, conclusions rely on present and absent information,
they form a coherent set of hypotheses and represent a ratio-
nal view on the world described by the rules. Thus, in whole
generality there is not a unique set of conclusions but maybe
many ones and each conclusion is no longer absolutely sure
but only plausible and more or less certain.

Possibilistic logic [Dubois et al., 1995] is issued from
Zadeh’s possibility theory [Zadeh, 1978], which offers a
framework for representation of states of partial ignorance
owing to the use of a dual pair of possibility and necessity

measures. Possibility theory may be quantitative or qual-
itative [Dubois and Prade, 1998] according to the range of
these measures which may be the real interval [0, 1], or a fi-
nite linearly ordered scale as well. Possibilistic logic provides
a sound and complete machinery for handling qualitative un-
certainty with respect to a semantics expressed by means of
possibility distributions which rank-order the possible inter-
pretations. Let us mention that in possibilistic logic we deal
with uncertainty by means of classical 2-valued interpreta-
tions that can be more or less certain.

The aim of our work is to introduce the concepts of pos-
sibilistic logic into ASP in order to deal with uncertainty.
This can be illustrated by the following example of a medical
treatment in which a patient is suffering from two diseases.
Each disease can be cured by one drug but the two drugs are
incompatible. The program P = {dr1 ← di1, not dr2.,
dr2 ← di2, not dr1., c1 ← dr1, di1., c2 ← dr2, di2., di1.,
di2.} means that the drug dr1 (resp. dr2) is given to a pa-
tient if he suffers from the disease di1 (resp. di2) except if he
takes the drug dr2 (resp. dr1); if a patient suffering from dis-
ease di1 (resp. di2) takes the drug dr1 (resp. dr2) then he is
cured c1 (resp. c2) of his disease; the patient suffers from the
diseases di1 and di2. From this program, two stable mod-
els {di1, di2, dr1, c1} and {di1, di2, dr2, c2} are obtained.
However, it seems interesting for a doctor to evaluate the cer-
tainty of the efficiency of the medical treatment. So, it seems
natural to combine the certainty degrees of rules allowing to
determine the level of certainty of the conclusions.

This section continues with a theoretical background on
possibilistic logic and ASP. Section 2 introduces possibilistic
definite logic programs and their possibilistic models. Sec-
tion 3 extends our approach to possibilistic stable models for
logic programs with default negation. Last, section 4 links
our work to some others in the same area and gives some per-
spectives.

Possibilistic logic. Possibilistic logic, in the necessity-
valued case, handles pairs of the form (p, α) where p is a
classical logic formula and α is an element of a totally or-
dered set. The pair (p, α) expresses that the formula p is cer-
tain at least to the level α. A possibilistic base is denoted
Σ = {(pi, αi)}i∈I . Formulas with degree 0 are not explicitly
represented in the knowledge base since only beliefs which
are somewhat accepted are useful. The higher is the weight,
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the more certain is the formula. This degree α is evaluated by
a necessity measure and it is not a probability. Thus, numeri-
cal values are not an absolute evaluation (like it is in probabil-
ity theory) but induce a certainty (or confidence) scale. More-
over, let us note that these values are determined by the expert
providing the knowledge base or they are automatically given
if, as we can imagine, the rules and their confidence degrees
result from a knowledge discovery process.

The basic element of possibility theory is the possibility
distribution π which is a mapping from Ω, the interpreta-
tion set, to the interval [0, 1]. π(ω) represents the degree
of compatibility of the interpretation ω with the available in-
formation (or beliefs) about the real world. By convention,
π(ω) = 0 means that ω is impossible, and π(ω) = 1 means
that nothing prevents ω from being the real world (ω is con-
sistent with all the available beliefs, it is a model of Σ). When
π(ω) > π(ω′), ω is a preferred candidate to ω′ for being the
real state of the world. From a possibility distribution π, we
can define two different ways of rank-ordering formulas of
the language. This is obtained using two mappings grading
respectively the possibility and the certainty of a formula p:
Π(p) = max{π(ω) | ω |= p} is the possibility (or consis-
tency) degree which evaluates the extent to which p is consis-
tent with the available beliefs expressed by π [Zadeh, 1978];
N(p) = 1−Π(¬p) = 1−max{π(ω) | ω 6|= p} is the neces-
sity (or certainty) degree which evaluates the extent to which
p is entailed by the available beliefs.

Moreover, given a base Σ, only the possibility distri-
butions respecting ∀(p, α) ∈ Σ, N(p) ≥ α are sig-
nificant and called compatible. A possibility distribu-
tion π is said to be the least specific one between all
compatible distributions if there is no possibility distri-
bution π′, with π′ 6= π, compatible with Σ such that
∀ω, π′(ω) ≥ π(ω). The least specific possibility distribu-
tion πΣ always exists [Dubois et al., 1995] and is defined by:

if ω is a model of Σ, then πΣ(ω) = 1
else πΣ(ω) = 1−max{α | ω 6|= p, (p, α) ∈ Σ}.

Stable Model Semantics. ASP is concerned by different
kinds of logic programs and different semantics. In our work
we deal with normal logic programs, interpreted by stable
model semantics [Gelfond and Lifschitz, 1988]. We consider
given a non empty set of atoms X that determines the lan-
guage of the programs1. A normal logic program is a set of
rules of the form: c ← a1, . . . , an, not b1, . . . , not bm.
where n ≥ 0, m ≥ 0, {a1, . . . , an, b1, . . . , bm, c} ⊆ X .
A term like not b is called a default negation. The intu-
itive meaning of such a rule is: ”if you have all the ai’s
and no bj’s then you can conclude c”. For such a rule r we
use the following notations (extended to a rule set as usual):
the positive prerequisites of r, body+(r) = {a1, . . . , an};
the negative prerequisites of r, body−(r) = {b1, . . . , bm};
the conclusion of r, head(r) = c and the positive projec-
tion of r, r+ = head(r) ← body+(r). If a program P
does not contain any default negation (ie: body−(P ) = ∅),
then P is a definite logic program and it has one minimal

1In the sequel, if X is not explicitly given, it is supposed to be
the set of all atoms occurring in the considered program.

Herbrand model Cn(P ). The reduct PX of a program P
wrt. an atom set X is the definite logic program defined by :
PX = {r+ | r ∈ P, body−(r)∩X = ∅} and it is the core of
the definition of a stable model.

Definition 1.1 [Gelfond and Lifschitz, 1988] Let P be a nor-
mal logic program and S an atom set. S is a stable model of
P if and only if S = Cn(PS).

Note that a program may have one or many stable models
or not at all. In this last case we say that the program is in-
consistent, otherwise it is consistent. When an atom belongs
at least to one stable model of P it is called a credulous con-
sequence of P and when it belongs to every stable model of
P , it is called a skeptical consequence of P .

Let A be an atom set, r be a rule and P be a program
(definite or normal). We say that r is applicable in A if
body+(r) ⊆ A and we denote App(P,A) the subset of P of
its applicable rules in A. A satisfies r (or r is satisfied by
A), denoted A |= r, if r is applicable in A ⇒ head(r) ∈ A.
A is closed under P if ∀r ∈ P,A |= r. P is grounded
if it can be ordered as the sequence 〈r1, . . . , rn〉 such that
∀i, 1 ≤ i ≤ n, ri ∈ App(P, head({r1, . . . , ri−1})). Cn(P ),
the least (Herbrand) model of a definite logic program P , is
the smallest atom set closed under P and it can be computed
as the least fix-point of the following consequence operator
TP : 2X → 2X such that: TP (A) = head(App(P,A)).

By this way, we can establish the next result that clarifies
the links between the least model A of a program P and the
rules producing it. We see that A is underpinned by a set of
applicable rules, App(P,A), that satisfies a stability condi-
tion and that is grounded. These two features will be used in
the sequel to define the core of our work: a possibility distri-
bution over atom sets induced by a definite logic program.

Lemma 1.1 Let P be a definite logic program and A be an
atom set,

A is the least
Herbrand model of P

⇐⇒
{

A = head(App(P,A))
App(P,A) is grounded

2 Possibilistic Definite Logic Programs
We consider given a finite set of atoms X and a finite, totally
ordered set of necessity values N ⊆]0, 1]. Then, a possibilis-
tic atom is a pair p = (x, α) ∈ X ×N . We denote by p∗ = x
the classical projection of p and by n(p) = α its necessity de-
gree. These notations can also be extended to a possibilistic
atom set (p.a.s.) A that is a set of possibilistic atoms where
every atom x occurs at most one time in A.

A possibilistic definite logic program (p.d.l.p.) is a set of
possibilistic rules of the form: r = (c ← a1, . . . , an. , α)
n ≥ 0, {a1, . . . , an, c} ⊆ X , α ∈ N . The classical pro-
jection of the possibilistic rule is r∗ = c ← a1, . . . , an.
n(r) = α is a necessity degree representing the certainty level
of the information described by r. If R is a set of possibilistic
rules, then R∗ = {r∗ | r ∈ R} is the definite logic program
obtained from P by forgetting all the necessity values.

Let us recall that a possibilistic logic base is a compact rep-
resentation of the possibility distribution defined on interpre-
tations representing the information. Indeed, the treatment of
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the base in a syntactic way (in terms of formulas and neces-
sity degrees) leads to the same results as the treatment done
in a semantic way (in terms of interpretations and possibil-
ity distribution). In our framework, the same situation occurs
as it is shown in the next two subsections. Firstly, we de-
fine a semantic handling of a program that is defined in term
of a possibility distribution over all atom sets. Secondly, we
provide a syntactic deduction process that leads to the same
results as the ones given by the possibility distribution.

2.1 Model Theory for Possibilistic Definite Logic
Programs

From a possibilistic definite logic program P , we can deter-
mine, as it is done in possibilistic logic, some possibility dis-
tributions defined on all the sets in 2X and that are compatible
with P . Let us note that there is a correspondence between
interpretations in propositional logic and atom sets in ASP.
Like in possibilistic logic, the possibility degree of an atom
set is determined by the necessity degrees of the rules of the
program that are not satisfied by this set. The satisfiability of
a rule r is based on its applicability wrt. an atom set A, so
A 6|= r iff body+(r) ⊆ A and head(r) 6∈ A (see section 1).
But, we have to notice that the contradiction of a rule is not
enough to determine the possibility degree of a set since, in
ASP, it is important to take into account the groundedness and
stability notions (see lemma 1.1). Firstly, the set A = {a, b}
satisfies every rule in P = {a ← b., b ← a.}, but it is not
the least model of P because the groundedness is not satis-
fied. Secondly, the set A′ = {a, b, d} satisfies every rule in
P ′ = {a., b ← a., d ← c.} but it is not the least model of P ′

because d can not be produced by any rule from P ′ applica-
ble in A′. In these two cases, the possibility of A and A′ must
be 0 since they can not be the least model at all, even if they
satisfy every rule in their respective associated programs.

Definition 2.1 Let P be a p.d.l.p. and π : 2X → [0, 1]
be a possibility distribution. π is compatible with P if

A 6⊆ head(App(P ∗, A))⇒ π(A) = 0
App(P ∗, A) is not grounded ⇒ π(A) = 0
A is the least model of P ∗ ⇒ π(A) = 1
otherwise π(A) ≤ 1−max

r∈P
{n(r) | A 6|= r∗}

The necessity degree attached to each rule defines only a
lower bound (and not an exact value) of the certainty of the
rule. So, as recalled in section 1, many possibility distribu-
tions are compatible with these degrees. But, we are only in-
terested by the least informative one, that is the least specific
one, whose characterization is given below.

Proposition 2.1 Let P be a p.d.l.p. then πP : 2X → [0, 1]
defined by

1. if A 6⊆ head(App(P ∗, A)) then πP (A) = 0
2. if App(P ∗, A) is not grounded then πP (A) = 0
3. otherwise

• if ∀r ∈ P,A |= r∗ then πP (A) = 1
• otherwise 0 ≤ πP (A) < 1 and

πP (A) = 1−max
r∈P
{n(r) | A 6|= r∗}

is the least specific possibility distribution.

The definition of πP ensures that it is compatible with P .
The third item ranks the sets which may be solutions with
respect to the weights of the falsified rules.

Proposition 2.2 Let P be a p.d.l.p. and A ⊆ X be an atom
set, then

1. πP (A) = 1 ⇐⇒ A = Cn(P ∗)

2. A ⊃ Cn(P ∗)⇒ πP (A) = 0

3. Cn(P ∗) 6= ∅ ⇒ πP (∅) = 1−max
r∈P
{n(r) | ∅ 6|= r∗}

Now, we can give the definition of inference that is, in the
framework of ASP, the evaluation of the necessity degree of
each atom of the universe.

Definition 2.2 Let P be a p.d.l.p. and πP the least specific
possibility distribution compatible with P , we define the two
dual possibility and necessity measures such that:

ΠP (x) = max
A∈2X

{πP (A) | x ∈ A}
NP (x) = 1− max

A∈2X
{πP (A) | x 6∈ A}

ΠP (x) gives the level of consistency of x with respect to
the p.d.l.p. P and NP (x) evaluates the level at which x is
inferred from the p.d.l.p. P . This is closely related to the
definitions of possibilistic logic. For instance, whenever an
atom x belongs to the least model of the classical program its
possibility is total.

Proposition 2.3 Let P be a p.d.l.p., Cn(P ∗) the least model
of P ∗ and x ∈ X then :

1. x ∈ Cn(P ∗)⇒ ΠP (x) = 1 and
x 6∈ Cn(P ∗)⇒ ΠP (x) = 0

2. x 6∈ Cn(P ∗) ⇐⇒ NP (x) = 0

3. x ∈ Cn(P ∗)⇒
NP (x) = min

A⊂Cn(P∗)
{max

r∈P
{n(r) | A 6|= r∗} | x 6∈ A}

4. Let P ′ be a p.d.l.p., P ⊆ P ′ ⇒ NP (x) ≤ NP ′(x).

Furthermore, the necessity measure allows us to introduce
the following definition of a possibilistic model of a p.d.l.p.

Definition 2.3 Let P be a possibilistic definite logic pro-
gram, then the set

ΠM(P ) = {(x,NP (x)) | x ∈ X , NP (x) > 0}
is its possibilistic model.

Proposition 2.4 Let P be a p.d.l.p. then : (ΠM(P ))∗ is the
least model of P ∗.

Example 2.1 Let us take the following program P =
{(a., 0.8), (b ← a., 0.6), (d ← a., 0.5), (d ← c., 0.9)}.
The least specific possibility distribution induced by P is null
for every atom set included in {a, b, c, d} except for πP (∅)
= 0.2, πP ({a}) = 0.4, πP ({a, b})=0.5, πP ({a, d})=0.4 and
πP ({a, b, d})=1 (the least model of P ∗). So, we can compute
the possibility of each atom: ΠP (a) = ΠP (b) = ΠP (d) = 1
and ΠP (c) = 0 and its certainty in term of necessity de-
gree: NP (a) = 0.8, NP (b) = 0.6, NP (c) = 0, NP (d) = 0.5.
Thus, ΠM(P ) = {(a, 0.8), (b, 0.6), (d, 0.5)} is the possi-
bilistic model of P .
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2.2 Fix-point Theory for Possibilistic Definite
Logic Programs

Definitions exposed in this subsection are closely related to
what can be found in [Dubois et al., 1991]. But here, we
adopt an ASP point of view and thus we use atom sets in-
stead of classical interpretations since the underlying possi-
bility distribution is defined on atom sets.

Definition 2.4 ConsiderA = 2X×N the finite set of all p.a.s.
induced by X and N . ∀A,B ∈ A, we define:

A uB = {(x,min{α, β}), (x, α) ∈ A, (x, β) ∈ B}
A tB = {(x, α) | (x, α) ∈ A, x 6∈ B∗}

∪{(x, β) | x 6∈ A∗, (x, β) ∈ B}
∪{(x,max{α, β}) | (x, α) ∈ A, (x, β) ∈ B}

A v B ⇐⇒
{

A∗ ⊆ B∗, and ∀a, α, β,
(a, α) ∈ A ∧ (a, β) ∈ B ⇒ α ≤ β

Proposition 2.5 〈A,v〉 is a complete lattice.

Definition 2.5 Let r = (c ← a1, . . . , an., α) be a possi-
bilistic rule and A be a p.a.s.,
• r is α-applicable in A if body(r∗) = ∅
• r is β-applicable in A if β = min {α, α1, . . . , αn},
{(a1, α1), . . . , (an, αn)} ⊆ A, 2

• r is 0-applicable otherwise.
And, for a given p.d.l.p. P and an atom x, App(P,A, x) =
{r ∈ P | head(r∗) = x, r is ν-applicable in A, ν > 0}

The applicability degree of a rule r captures the certainty of
the inference process realized when r is applied wrt. a p.a.s.
A. If the body of r is empty, then r is applicable with its own
certainty. If the body of r is not verified (not satisfied by A),
then r is not at all applicable. Otherwise, the applicability
level of r depends on the certainty level of the propositions
inducing its groundedness and on its own necessity degree.
Firstly, the necessity degree of a conjunction (the rule body)
is the minimal value of the necessity values of subformulae
(atoms) involved in it. Secondly, the certainty of a rule appli-
cation is the minimal value between the rule certainty and the
certainty of the rule body. This approach is similar to the res-
olution principle in possibilistic logic [Dubois et al., 1995].

Definition 2.6 Let P be a p.d.l.p. and A be a possibilistic
atom set. The immediate possibilistic consequence operator
ΠTP maps a p.a.s. to another one by this way: ΠTP (A) ={

(x, δ) | x ∈ head(P ∗), App(P,A, x) 6= ∅,
δ = max

r∈App(P,A,x)
{ν | r is ν-applicable in A}

}
then the iterated operator ΠT k

P is defined by
ΠT 0

P = ∅ and ΠTn+1
P = ΠTP (ΠTn

P ),∀n ≥ 0 .

Here, we can remark that if one conclusion is obtained by
different rules, its certainty is equal to the greatest certainty
with which it is obtained in each case (operator max). Again,
it is in accordance with possibilistic resolution principle.

Proposition 2.6 Let P be a p.d.l.p., then ΠTP has a least
fix-point tn≥0ΠTn

P (∅) that we called the set of possibilistic
consequences of P and we denote it by ΠCn(P ).

2For two p.a.s. A and B, A ⊆ B means the classical set inclu-
sion and has not to be confused with the order v of def. 2.4.

Example 2.2 Let P be the p.d.l.p. of exam-
ple 2.1, then ΠT 0

P (∅) = ∅, ΠT 1
P (∅) = {(a, 0.8)},

ΠT 2
P (∅) = {(a, 0.8), (b, 0.6), (d, 0.5)}, ΠT 3

P (∅) =
{(a, 0.8), (b, 0.6), (d, 0.5)} = ΠT k

P (∅),∀k > 3. So,
ΠCn(P ) = {(a, 0.8), (b, 0.6), (d, 0.5)}.
Theorem 2.1 Let P be a p.d.l.p., then ΠCn(P ) = ΠM(P ).

As illustrated and formalized above, our operator ΠTP can
be used to compute the possibilistic model of a p.d.l.p. This
result shows the equivalence between the syntactic and se-
mantic approaches in our framework, whereas in [Dubois et
al., 1991] only a syntactic treatment of a p.d.l.p. is proposed.

3 Possibilistic Normal Logic Programs
3.1 Possibilistic Normal Logic Programs and

Possibilistic Stable Models
Here, we extend our proposal to non-monotonic reasoning
by allowing default negation in programs and we formalize
the notion of possibilistic stable model. It extends the sta-
ble model semantics by taking into account the necessity de-
gree in the rules of a given possibilistic normal logic program
(p.n.l.p.). Such a program is a finite set of rules of the form :
(c← a1, . . . , an, not b1, . . . , not bm. , α) n ≥ 0,m ≥ 0
for which we just have to precise that ∀i, bi ∈ X , all the rest
being the same as for a p.d.l.p. (see the begining of section 2).

As in the classical case without necessity value, we need to
define what is the reduction of a program before introducing
the possibilistic stable model semantics.

Definition 3.1 Let P be a p.n.l.p. and A be an atom set.
The possibilistic reduct of P wrt. A is the p.d.l.p. PA =
{((r∗)+, n(r)) | r ∈ P, body−(r) ∩A = ∅}.
Definition 3.2 Let P be a p.n.l.p. and S a p.a.s. S is a pos-
sibilistic stable model of P if and only if S = ΠCn(P (S∗)).

By analogy with classical normal logic programs (without
necessity values attached to rules) we say that a p.n.l.p. P
is consistent if P has at least one possibilistic stable model.
Otherwise P is said to be inconsistent. Furthermore when a
possibilistic atom belongs at least to one possibilistic stable
model of P it is called a credulous possibilistic consequence
of P and when it belongs to every possibilistic stable model
of P , it is called a skeptical possibilistic consequence of P .

Example 3.1 We are now able to represent the example
of the introductory section with some levels of cer-
tainty by P = {(dr1 ← di1, not dr2., 1), (dr2 ←
di2, not dr1., 1), (c1 ← dr1, di1., 0.7), (c2 ←
dr2, di2., 0.3), (di1., 0.9), (di2., 0.7)}. The two first
rules express that for each disease we have an appropriate
drug, these two drugs are incompatible, but their appro-
priateness is fully certain. The third (resp. fourth) rule
expresses that drug dr1 (resp. dr2) has an efficiency quasi
certain (resp little certain) for the disease di1 (resp di2).
The two last rules (some observations) represent that the
diagnosis of the disease di1 (resp. di2) is quasi certain (resp.
almost certain). Then, the two possibilistic stable models
of P are {(di1, 0.9), (di2, 0.7), (dr1, 0.9), (c1, 0.7)} and
{(di1, 0.9), (di2, 0.7), (dr2, 0.7), (c2, 0.3)}. So, the doctor
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can observe that he has an alternative. On one hand, he can
give the drug dr1 and the patient will be almost certainly
cured of the disease di1. On the other hand, he can give the
drug dr2 and the patient will be cured of the disease di2 with
a low certainty degree. However, if the doctor considers that
disease di2 is very serious, maybe he will choose the drug
dr2 even if the degree is lower. That is why it is interesting
to keep the two stable models in which every conclusion is
weighted with a certainty degree.

Proposition 3.1 Let P be a p.n.l.p.

1. Let A be a possibilistic stable model of P and α ∈
N , α > 0, then (x, α) ∈ A ⇐⇒ α = NP A∗ (x).

2. Let S be a stable model of P ∗, then {(x,NP S (x)) | x ∈
X , NP S (x) > 0} is a possibilistic stable model of P .

3. Let A be a possibilistic stable model of P , then A∗ is a
stable model of P ∗.

This result shows that there is a one-to-one mapping be-
tween the possibilistic stable models of a p.n.l.p P and the
stable models of its classical part P ∗. It shows that the deci-
sion problem of existence of a p.s.m. for a p.n.l.p. stays in the
same complexity class as the decision problem of existence of
a stable model for a normal logic program. So, it is an NP-
complete problem. Furthermore, it indicates an easy way to
implement a system able to compute a p.s.m. of a p.n.l.p P .
First, one can use a software (as Smodels [Niemelä and Si-
mons, 1997] or DLV [Eiter et al., 1998]) to compute the stable
models of P ∗. Second, for every found stable model A, our
operator ΠTP A can be used to compute (in polynomial time)
the corresponding p.s.m. ΠCn(PA) of P .

3.2 Possibility Distribution defined upon a Normal
Logic Program

In the previous definition 3.2 we have proposed a syntactic
way to compute the possibilistic stable models of a p.n.l.p. by
using the fix-point operator ΠCn defined for a p.d.l.p. Now,
we examine the semantics that can be given to this framework
by defining a possibility distribution induced by the necessity
values associated to each normal rules. This distribution π̃
over all the atom sets (i.e. over 2X ) has to reflect the ability of
every atom set to be a stable model of P ∗ and that is achieved
by the next definitions.

Definition 3.3 Let P be a p.n.l.p. and A be an atom set, then
π̃P is the possibility distribution defined by π̃P : 2X → [0, 1]
and respecting: ∀A ∈ 2X , π̃P (A) = πP A(A).

One can observe that definition of π̃P can be paraphrased
by: ”the possibility for an atom set A to be a stable model of
P is its possibility to be the least model of the program P re-
ducted by A”. This definition is natural wrt. the definition 1.1
of a stable model and is justified by the next result.

Proposition 3.2 Let P be a p.n.l.p. and A ∈ 2X be an atom
set, then π̃P (A) = 1 ⇐⇒ A is a stable model of P ∗.

Example 3.2 The possibility distribution induced by the
p.n.l.p. P = {(a., 1), (b., 1), (c ← a, not d., 0.4), (d ←
b, not c., 0.8), (e ← c., 0.6), (e ← d., 0.5)} is null for every
atom set included in {a, b, c, d, e} except for π̃P ({a, b}) =

0.2, π̃P ({a, b, c}) = 0.4, π̃P ({a, b, d}) = 0.5 and
π̃P ({a, b, c, e}) = π̃P ({a, b, d, e}) = 1 ({a, b, c, e} and
{a, b, d, e} are the two stable models of P ∗).
Definition 3.4 Let P be a p.n.l.p. and π̃P its associated pos-
sibility distribution, we define the two dual possibility and
necessity measures such that:

Π̃P (x) = max
A∈2X

{π̃P (A) | x ∈ A}

ÑP (x) = 1− max
A∈2X

{π̃P (A) | x 6∈ A}.

Proposition 3.3 Let P be a consistent p.n.l.p. and x ∈ X ,
1. x is a credulous consequence of P ∗ ⇒ Π̃P (x) = 1

2. x is not a skeptical consequence of P ∗ ⇐⇒ ÑP (x) = 0
Let us remark that if an atom x is not a credulous conse-

quence of P then it does not necessarily imply that Π̃P (x) =
0 as it is the case for an atom that is not a consequence of
a p.d.l.p. (see proposition 2.3 item 1). For instance, P =
{(a., 0.6), (b ← not a., 0.7)} has only one p.s.m. {(a, 0.6)}
so b is not a possibilistic credulous consequence of P . But,
the possibility distribution is π̃P (∅) = 0.3, π̃P ({a}) =
1, π̃P ({b}) = 0.4 and π̃P ({a, b}) = 0 so Π̃P (b) = 0.4. This
is because, with this program, b is not completely impossi-
ble. In fact, b is not a credulous consequence only because a
blocks the applicability of the rule concluding b. So, in other
words if we have a then we can not have b, but if a is absent
then we can have b. Since, the certainty of a is only 0.6, so
the possibility of b is naturally 0.4.

4 Discussion and Conclusion
In this work, we have proposed a way to deal with logic pro-
grams taking into account a level of certainty for each rule.
First, we have given two equivalent ways, a semantic and a
syntactic one, for dealing with possibilistic definite logic pro-
grams. Then, we have shown how to extend our framework
to possibilistic normal logic programs in order to obtain what
we called possibilistic stable models. In addition to this work,
we have described in [Nicolas et al., 2005] an application of
our proposal to deal with inconsistent normal logic programs.

There are alternative formalisms for extending non-
monotonic reasoning with qualitative or quantitative weights.
In [Nerode et al., 1997], annotated non-monotonic rule sys-
tems are introduced to affect on every piece of knowledge a
weight representing a probability, an uncertainty measure, a
time, a place,. . . For instance for a logic program, it leads to
rules like (c, 0.4) ← (a, 0.5), (not b, 0.7). This approach is
different to our since we put weights on rules and not on each
atom in the rules. Another divergence is the meaning of the
weights : in our work we deal with uncertainty while they
develop a formalism in which the semantic of weights is not
established a priori. In [Damasio and Pereira, 2001a; 2001b;
Dubois et al., 1991; Benferhat et al., 1993; Loyer and Strac-
cia, 2003; Alsinet and Godo, 2000] the reader can find dif-
ferent propositions about multi-valued or probabilistic logic
programs, about possibilistic definite logic programs, about
levels of certainty ranking atoms, but not rules, involved in
a non-monotonic reasoning,. . . But, none of these works de-
scribes a formalism dealing with uncertainty in a logic pro-
gram with default negation by means of possibilistic theory,
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both in a semantic and a syntactic ways. The closest work
of ours can be found in [Wagner, 1997]. But the approach
is to reconstruct possibilistic logic by defining a multi-valued
interpretation and a corresponding satisfaction relation and
forgetting the notion of possibility distribution. Then, he is
not able to provide any result about the possibility of an atom
set to be a stable model. Moreover, the necessity (certainty)
of a conclusion is not correlated to the possibility of the atom
set. So, we think that this approach is far from the spirit of
possibilistic logic.

In possibilistic logic, the necessity degrees are commonly
interpreted as preferences between formulas, the more cer-
tain is a formula, the more preferred it is. Since there is a
lot of works dealing with preferences between rules in non-
monotonic reasoning [Delgrande et al., 2004], it is interesting
to analyze our work when we consider that the necessity de-
grees on rules determine a preference order. If we look only
on the area of ASP, most of these works use the preferences
expressed between the rules to make a choice between the
different stable models to keep only the ”preferred” ones. In
other words, the priorities between the rules do not evaluate a
certainty degree of the rules but are a tool to choice between
contradicting rules. This differs from our work because, when
several stable models exist, we compute the certainty of the
propositions with respect to each stable model. But we do not
try to eliminate some stable models since we consider they are
alternate solutions. Nevertheless, a future work analyzing in
depth the links between our proposal and the preference han-
dling in ASP is envisaged, in particular with respect to the
two general principles stated in [Brewka and Eiter, 1999].

Some direct, and without theoretical difficulties, continu-
ation of this work is to precise the handling of strong nega-
tion in possibilistic normal programs. Then, we also plan to
develop a system to compute possibilistic stable models by
interfacing it with existing systems able to compute classical
stable models. Furthermore, we will try to extend our ap-
proach to disjunctive logic programs and answer set seman-
tics [Gelfond and Lifschitz, 1991].
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Abstract

In games such as kriegspiel chess (a chess variant
where players have no direct knowledge of the op-
ponent’s pieces’ locations) the belief state’s sizes
dwarf those of other partial information games like
bridge, scrabble, and poker–and there is no easy
way to generate states satisfying the given observa-
tions. We show that statistical sampling approaches
can be developed to do well in such games.
We show that it is not necessary for the random
sample to consist only of game boards that satisfy
each and every one of a player’s observations. In
fact, we win 24% more often by beginning with
such completely consistent boards and gradually
switching (as the game progressed) to boards that
are merely consistent with the latest observation.
This surprising result is explained by noting that as
the game progresses, a board that is consistent with
the last move becomes more and more likely to be
consistent with the entire set of observations, even
if we have no idea what sequence of moves might
have actually generated this board.

1 Introduction
One of the biggest difficulties in using game-tree search al-
gorithms in imperfect-information games is that the game
trees have huge branching factors. Usually thebelief-state
size(the number of current states that are consistent with ev-
erything a player knows about the game) is combinatorially
large. Hence the number of moves that the opponentmight
be able to make, and the number of states that these moves
might lead to, are also quite large.

The best known way to circumvent this problem is to
do statistical sampling: to generate a set of random game
boards consistent with the current belief state, do a perfect-
information game-tree search on each of those game boards,
and average the minimax values. This has worked well in
games such as bridge[Smith et al., 1998; Ginsberg, 1999],
scrabble[Sheppard, 2002], and poker[Billings et al., 2003].

The success of statistical sampling in the above games
relates, at least in part, to several conditions that do not
hold in various other imperfect-information games, such as

kriegspiel chess, Civilization, StarCraft, Quake3, Counter-
Strike, and FreeCiv. More specifically:

• Belief-state size.Bridge, poker, and scrabble have rela-
tively small belief states. At the start of a bridge hand, the
size of each player’s belief state is about 10,000,000 after
the dummy’s cards have been exposed; and this number
decreases exponentially as the game proceeds. Although
10,000,000 may seem like a large number, it is dwarfed by
the belief-state sizes in several other games. For example,
in kriegspiel chess,1 the size of each belief state at mid-
game is well above1013; and in thesmall world map for
FreeCiv, the belief-state size is about1030.

• Uncertainty model.The uncertainty in bridge, poker, and
scrabble is due to external factors that can easily be mod-
eled stochastically: the random deal of the cards in bridge
or poker, and the random choice of a tile in Scrabble. Thus
it is easy to tell whether or not a states is consistent with
a belief stateb, and to assign a probability tos givenb.
In games such as kriegspiel chess, the uncertainty arises
from lack of observability of the opponent’s actions. This
uncertainty has no simple stochastic model. Instead,
telling whether a states is consistent with the current be-
lief stateb means checking whether there is ahistory(i.e.,
a sequence of moves) that is consistent withb and leads to
s. In the average case, this takes exponential time.

• Simplifying approximations.In bridge and poker, usually
the statistical sampling is not done on the game itself, but
on a simplified approximation in which the state space and
belief states are much smaller. In bridge, the approxima-
tion is done by treating various sets of states as if they
were equivalent, a technique that was first used in the game
of sprouts[Applegateet al., 1991]. In poker, a linear-
programming approximation has been used[Billings et al.,
2003]. In kriegspiel chess, it is unclear how or whether
such an approximation could be constructed.

To summarize, our objective is to determine how to make
game-tree search work successfully in imperfect-information
games that have huge belief states, no simple stochastic
model of uncertainty, and no obvious way to construct a sim-
plified approximation of the game. Our results are:

1Kriegspiel chess is like ordinary chess except that neither player
can see the other’s pieces. Section 3 gives a fuller description.
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procedure Choose-move(S)
M ← {moves applicable to states in S}
for every s ∈ S and every m ∈M do

vs,m ← Evaluate-board(γ(s,m))
return argmaxm∈M

∑
s∈S vs,mP (s)

Figure 1: Abstract statistical-sampling algorithm for move eval-
uation. Evaluate-board is a perfect-information search algorithm
such as alpha-beta.

1. We describe several algorithms for generating the random
sample of game boards used in the tree search. AOSP
generates game boards that are consistent with the entire
sequenceO of observations that a player has made during
the game. LOS only requires consistency with the last
observationoi. HS behaves like AOSP at the beginning of
the game, but as the game progresses it gradually switches
over to behaving like LOS.

2. We analyze the performance of our algorithms theoreti-
cally. Surprisingly, our analysis suggests that there are
cases in which LOS will play well and HS will do better
than AOSP.

3. Our experimental tests in the game of kriegspiel chess
confirm our analysis’ hypotheses. In our experiments,
Timed LOS (LOS with a time limit) did much better than
random play, Timed AOSP did much better than Timed
LOS; and Timed HS did much better than Timed AOSP.

2 Game-Tree Search with Statistical Sampling
To describe how statistical sampling is used for game-tree
search in imperfect-information games, we need an abstract
model for the kinds of games where it is used. For simplicity,
we assume the game is zero-sum and there are two players
p1, p2 who move in alternation.

As the game progresses, the players’ moves will generate
a sequence of statesSi = 〈s0, s1, . . .〉 called thegame his-
tory. At each statesi, each playerpj will be able to make an
observationoij of si; usuallyoij will include complete infor-
mation aboutpj ’s position and partial information about the
other player’s position. Atsi, playerpj ’s observation history
is Oij = 〈o1j , o2j , . . . , oij〉, andpj ’s belief stateis bij = {all
states that satisfyOij}.

Our sampling algorithms will be based on the following
properties of a states: s is last-observation consistentif it
is consistent withoij , andall-observation consistentif it is
consistent withOij .

Figure 1 shows an abstract version of statistical game-tree
search.S is the sample set of states,γ(s,m) is the state pro-
duced by performing movem in states, Evaluate-board
is a perfect-information game-tree-search algorithm such as
alpha-beta, andP is a probability distribution over the states
in S. Some additional code must be added to handle the case
where a movem is applicable to some states but not others;
this code tends to be game-specific and we discuss it further
in Section 4.

We now can define four different sampling algorithms that
provide input forChoose-move. In each case,k is the de-

sired number of states in the statistical sample, andi is how
many moves the players have played so far.

• LOS (LastObservationSampling) If there are fewer than
k last-observation consistent states, then letS contain all
of them; otherwise letS containk such states chosen at
random. ReturnChoose-move(S).

• AOS (All ObservationSampling): LetS = ∅. Generate
a random history〈s1, . . . , si〉. If the history satisfiesOij ,
then addsi to S. Do this repeatedly until|S| = k. Return
Choose-move(S).

• AOSP (All ObservationSampling withPool): AOSP re-
turns both a move and a set of states (a pool) forpj to
use as input to AOSP next move. Every state in the
pool is to be consistent withOij , though we do not as-
sume that all such states are in the pool. LetS0 be the
pool AOSP returned last time, andM = {all of the
other player’s possible responses topj ’s last move}. Let
S1 = {γ(s,m) | s ∈ S0,m ∈ M , m is applicable
to s, andγ(s,m) satisfiesOij}. If |S1| < k, then let
S2 = S1; otherwise letS2 contain k states chosen at
random fromS1. Let m = Choose-move(S2). Return
(m, {γ(s,m) | s ∈ S1}).

• HS (Hybrid Sampling): Like AOSP, HS returns a move
and a set of states. ComputeS1 andS2 same as in AOSP.
If |S2| < k then letS3 be a set ofk − |S2| random last-
observation consistent states; otherwiseS3 = ∅. Let m =
Choose-move(S2∪S3). Return(m, {γ(s,m) | s ∈ S1}).

Analyzing the performance of these algorithms is impos-
sible without making simplifying assumptions, but there is
more than one set of assumptions one might make. Below we
do two analyses, based on two different sets of assumptions.
The differing assumptions lead to differing conclusions about
which algorithm will do better.
Analysis 1: Suppose each state has exactlyb children, for
some constantb. Suppose that we know all ofpj ’s moves but
not the other player’s moves. If the number of states is very
large (e.g.,1013 or 1030 as described earlier), then during the
early stages of the game, the number of states grows expo-
nentially, with roughlybi/2 possible states at thei’th move.
Suppose that for each states where it is the other player’s
move, the observation historyOij eliminates, on the aver-
age, some fraction1/c of that player’s possible moves, where
c > 1. Then the number of possible states at thei’th move
givenOij is (b/c)i/2. Thus the probability of any individual
state at depthi being consistent withOij is (1/c)i/2, which
approaches 0 at an exponential rate asi increases.

Thus, if the game continues to grow as a tree with a branch-
ing factor ofb, then our analysis suggests the following:

• AOS will be computationally intractable. The probability
of a random history being consistent withbi is likely to be
something like1/ci/2. Thus, in order to produce a sam-
ple of sizek, AOS will probably need to generatek · ci/2

histories, taking exponential time.
• AOSP is much more efficient computationally than AOS,

but its sample setS2 will decrease in size as the game pro-
gresses. The probability of a states’s successors being
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consistent withbi is 1/c, sinces is already known to be
consistent withbi−1. Hence the amount of time needed
to generatek states forS2 does not increase as quickly as
it would if we generated the states from random histories
like AOS does. It is still the case, however, that as the game
progresses,S2 will soon become too small for the results
to have much statistical significance and AOSP’s play will
begin to resemble random play.

• Each board generated by LOS is unlikely to be consistent
with the current belief state; thus the values computed by
LOS are likely to be close to random.

• At the beginning of the game, HS will behave identically
to AOSP. As the game proceeds and the size ofS2 de-
creases, HS will put more and more randomly generated
boards intoS3, thus making the results more noisy. Thus
HS’s quality of play is likely to be worse than AOSP’s.

Analysis 2: If there aren possible states in the game, then
the number of moves at each level cannot continue to grow
exponentially, but will eventually flatten out. The game
“tree” will be a graph rather than a tree, withn nodes (at
most) at each depth, one for each possible state. There will
be b edges from each node at depthi to nodes at depth
i + 1, 1/c of which are consistent with any given obser-
vation; suppose these edges go to a random set of nodes.
Then for each states, the probability (under certain indepen-
dence assumptions) that it is reachable ini moves is about
min(1, (n − 1)i−3((b/c)/(n − 1))i−1). In other words, the
probability that a randomly chosen states has a history con-
sistent withOij approaches 1 at exponentially. This suggests
the following:

• As the game proceeds, the amount of time needed by AOS
will eventually level off; its upper bound will ben times
the amount of time needed by each call to the classical
game-tree search algorithm.

• Rather than degrading to random play as in Analysis 1,
AOSP’s quality of play will eventually level off at some
level above that, depending on the number of states avail-
able in the pool.

• As the game proceeds, the probability of a randomly gen-
erated board being consistent with the current belief state
will increase toward 1; thus LOS will produce increasingly
good quality of play. However, its play will be limited by
the fact that it has no good way to assign relative probabil-
ities to its randomly generated boards.

• At the beginning of the game, HS will behave identically
to AOSP. As the game proceeds and AOSP’s sample size
decreases, HS will fill up the rest of the sample with ran-
domly generated boards—but as the game proceeds, it will
become increasingly likely that these randomly chosen
boards are consistent with the current belief state. Thus
HS’s quality of play is likely to be better than AOSP’s.

Summary. With the first set of assumptions, AOSP is likely
to perform much better than LOS, and somewhat better than
HS. With the second set of assumptions, it is unclear which
of LOS and AOSP will be better, but HS is likely to perform
better than AOS, AOSP, and LOS.

Since both sets of assumptions represent extremal cases,
our hypotheses are that in many games the actual perfor-
mance is likely to be somewhere in between, such that HS
will perform somewhat better than AOSP. In other words, we
hypothesize that in many games, if last-observation consis-
tent boards are included in the statistical sample later in the
game, this will help rather than hurt the evaluations. Section
5 describes our experimental test of that hypothesis.

3 Kriegspiel Chess
As our test domain, we chose the game ofkriegspiel chess
[Li, 1994; 1995]. This game is like chess except that neither
player can see the other’s pieces. When playerx captures one
of playery’s pieces, a referee announces that he/she has made
a capture but not what piece was captured, and the referee re-
moves the captured piece fromy’s board but does not say
what piece captured it. Whenx tries to make a move that is
illegal (an attempted pawn take, or moving into check, or at-
tempting to jump an opponent’s piece), the referee announces
that the move is illegal but not why. Whenx putsy’s king in
check, the referee tells both players thaty’s king is in check,
and gives them partial information about how the check oc-
curred (namely by rank, file, long diagonal, short diagonal,
knight, or some combination of the above). Both players hear
all referee announcements.

Twenty moves into a kriegspiel chess game, a conservative
estimate is that at each node of the game tree, the current
sequence of observations is consistent with more than1013

board positions. Because of this uncertainty, kriegspiel chess
is a notoriously difficult game to win[Li, 1994; 1995]; most
games end in draws.

4 Implementation of the Algorithms
For Choose-move’s Evaluate-board subroutine, we took
the GPL’ed chess program provided by GNU and modified it
to return a minimax value for a particular board. Note that for
eachs ∈ S we call the evaluation function|M | times, where
|M | is the number of applicable moves (20-40 in kriegspiel).
The only exception to this is the case where a movem ∈ M
is not legal in some states ∈ S; in this case we omits when
computing the average value form. As shown in Figure 1,
we then return the move with the highest average value.

4.1 Algorithms with Time Limits
In order to make fair comparisons among LOS, AOSP, and
HS, they cannot be implemented in the exact way described
in Section 2. They must be modified so that one of the inputs
to the algorithm ist, the amount of time available to decide
on a move, so that the algorithm can do as well as it can in
that amount of time. The modified algorithms—Timed LOS,
Timed AOSP, and Timed HS—are described below.

We have implemented all three of these algorithms, using
a combination of C and C++. In the next few months, we in-
tend to make our implementations publicly available, both as
open-source software and as a kriegspiel-chess game server
running on our web site.

Timed LOS: Rather than taking the setS as input as shown
in Figure 1, Timed LOS generates the members ofS one at
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a time and evaluates them as they are generated, so that it
can generate and evaluate as many boards as it can during the
time available. Once the time is up, it returns the move whose
average value is highest, as shown in Figure 1.

Timed AOSP: Timed AOSP maintains a pool of states
P = {s1, . . . , sp} that are known to be consistent with
the current belief stateb. Using an estimate of how long
Evaluate-board will take on each board, it calculates some
number of boardskt that it can evaluate during the available
time t. The estimate is deliberately a little low, to try to keep
Timed AOSP from running overtime and to ensure that there
will be time left over to attempt to generate more consistent
boards. There are three cases:

• If p ≥ kt then Timed AOSP callsChoose-
move({s1, . . . , skt

}), and returns the recommended move.
• If 0 < p < kt then Timed AOSP callsChoose-move(P ),

and returns the recommended move.
• If p = 0 then Timed AOSP returns a random move.

During whatever remains of the available time, AOSP tries
to generate more histories that are consistent withb; and for
every such history, it adds the resultant board to the pool (see
section 4.2 below).

Each time the referee makes an announcement, Timed
AOSP must update the pool to be consistent with the an-
nouncement. This can cause the pool to either shrink (when
Timed AOSP is told a move is illegal) or to grow (when
Timed AOSP is told that the opponent has moved). This com-
putation occurs at the beginning of AOSP’s turn.

If the pool were allowed to grow unchecked, it could poten-
tially get quite large; hence we limit its size to 20,000 boards.
If the number of boards in the pool ever goes higher than
this, we remove enough boards to get to the number of boards
down to 10,000. Because the 30 second time limit allows only
enough time to callChoose-move on a set about 350 boards
from the pool, this is believed adequate.

Timed HS: Timed HS works the same as Timed AOSP,
with one exception. If0 ≤ p < kt, then Timed HS gen-
erates a setR of p − kt random boards that are consistent
with oij (calledlast-observationconsistent boards), and calls
Choose-move(P ∪R). This rules out the possibility of ever
having to make a random move. It also restricts the amount
of time that Timed HS can spend generating additional boards
to put into the pool.

4.2 Consistent History Generation
The algorithm for generating additional histories consistent
with b does a depth first search through the space of game
histories. At each node, the known game history (Oij) speci-
fies the possible branches. Whenever the algorithm reaches
a node with multiple branches (corresponding to an oppo-
nent’s hidden move in the game history), it randomly orders
the branches and proceeds searching according to that order.

5 Experiments
Our experimental hypotheses (based on the analyses in Sec-
tion 2) were that (1) Timed LOS would perform better than
random play, (2) Timed AOSP would perform better than

Timed LOS, and (3) Timed HS would perform somewhat
better than Timed AOSP. The third hypothesis caused some
controversy because it was based on a notion that not all
of the authors believed: that the computation time spent in-
troducing and evaluating last-observation consistent boards
would not be better spent trying to find and evaluate more
all-observation consistent boards.

To test our hypotheses, we played all three algorithms
against each other and against a player who moved at random.
Each player plays approximately half of the games as white
and half of the games as black. All experiments were run
on Xeon 2.6GHz chips with 500 MB RAM, running Linux.
Each player was allowed to spend 30 seconds deciding each
move, including moves which are decided after an attempted
illegal move.

Figure 2 shows the results for the algorithms versus
the random player, Figure 3 shows the results of head-to-
head tests of the three algorithms. The results include the
wins/losses/draws, and each player’s average material value
at each move of the game (using the standard chess value for
each piece). We observe the following:

1. All three algorithms played much better than the random
player, confirming our first hypothesis. The large number
of draws is unsurprising, since kriegspiel chess is a noto-
riously difficult game to win.

2. Timed AOSP and Timed HS both played much better than
Timed LOS, confirming our second hypothesis.

3. Timed AOSP and Timed HS played about equally well
versus a random player, but Timed HS did significantly
better than Timed AOSP when the two were played head-
to-head. Furthermore, as shown in Figure 4, Timed HS did
this using a substantial number of last-observation consis-
tent boards as the game progressed.

The third observation is very interesting, because it suggests
that our hypothesis about last-observation consistent boards
is correct: they become more useful as the game progresses,
because they are more likely to be consistent with the current
belief state. Even though we do not know what probabilities
to assign to them in the last line ofChoose-move, they still
provide useful information.

6 Related Work

The best-known work on imperfect-information games in-
cludes work on the games of bridge[Smithet al., 1998; Gins-
berg, 1999], scrabble[Sheppard, 2002], and poker[Billings
et al., 2003]; we discussed this work in Section 1.

The existing literature on kriegspiel chess is rather small,
and we believe ours is the first attempt to create a kriegspiel
chess program capable of reasonable play throughout the en-
tire game. Two books have been written on how to play
kriegspiel chess[Li, 1994; 1995]. [Wetherellet al., 1972]
have implemented a program to act as the referee who sees
the entire kriegspiel-chess game board and tells each player
the information described in the second paragraph of Section
3. [Sakutaet al., 2001] have implemented a search strategy
for some imperfect-information games that are simpler than
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Algorithms Win (%) Loss (%) Draw (%) Runs
LOS v rand 39± 2 0± 0.3 61± 2 559
AOSP v rand 63± 2 0± 0.3 37± 2 560
HS v rand 65± 2 0.5± 0.3 35± 2 558

Figure 2:Wins/losses/draws percentages plus or minus a 95% con-
fidence interval and average material value at each move, in games
between Timed LOS, Timed AOSP, Timed HS, and a random player.
Material value is a heuristic measure of a player’s ability. We assign
material value as follows: queen is worth 9, rook 5, bishop 3, knight
3, and pawn 1. The sum of all a player’s pieces material value after
a particular move is the player’s material value for that move.
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Algorithms Win (%) Loss (%) Draw (%) Runs
AOSP v LOS 31± 4.8 0± 1 69± 4.8 190
HS v LOS 38± 5 0.5± 1 61± 5 190
HS v AOSP 13.3± 0.4 10.7± 0.4 76± 0.5 1669

Figure 3:Wins/losses/draws percentages plus or minus a 95% con-
fidence interval and average material value at each move, in head-
to-head comparisons of Timed LOS, Timed AOSP, and Timed HS.
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Figure 4: The average percentage of last-observation consistent
boards that Timed HS used at each move in its games against Timed
AOSP.

kriegspiel, and[Bolognesi and Ciancarini, 2004] and have de-
veloped search strategies for kriegspiel-chess endgames.

7 Conclusion
In games such as kriegspiel chess, the belief states are huge
compared to those in bridge, scrabble, and poker. Further-
more, there is not a simple uncertainty model from which
to generate boards consistent with a belief state. Our results
demonstrate that statistical sampling approaches can never-
theless be developed that do well in such games.

Our results also show that to play well, it is not necessary
for the random sample to consist only of game boards that
satisfy all of a player’s observations. In fact, we were able
to win 24% more often by starting out with such boards, but
gradually switching over (as the game progressed) to boards
that merely are consistent with the latest observation.

The reason for our surprising result is that as the game pro-
gresses, a board that is consistent with the last move becomes
more and more likely to be consistent with the entire set of ob-
servations, even if we have no idea what sequence of moves
might have actually generated this board.

7.1 Future Work
The biggest limitation of our work is that we have not yet
been able to evaluate play against human opponents. To do
so will take some effort: we know of no rating system for
kriegspiel chess players, hence it is difficult to tell whether a
human player is good or bad. To overcome this obstacle, we
are currently building a kriegspiel-chess game server which
we will run on the web and will make available as open-
source software.2 The server will include a ranking system
so that we may compare our algorithms against humans.

We have yet to attempt any opponent modeling. For exam-
ple, we intend to extend our algorithms to assign a weight to
each game board by estimating how likely the opponent was
to make all of the moves leading to that board.

A well-known deficiency of statistical-sampling ap-
proaches is that they do not take into account the information-
gathering value of illegal moves[Frank and Basin, 1998]. We

2To construct our kriegspiel server, we are using the Generic
Game Server that is available as open-source software athttp:
//external.nj.nec.com/homepages/igord/gsa-ggs.htm.

have ideas for how to modify our algorithms to overcome this
deficiency, and intend to test these ideas in the near future.

It would be worthwhile to examine different search strate-
gies and evaluation functions. We currently rely on gnuchess
for both, but it is not entirely clear whether this is the best
approach for a game like kriegspiel chess.
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Abstract

Determining the number of solutions of aCSPhas
several applications inAI , in statistical physics, and
in guiding backtrack search heuristics. It is a #P-
complete problem for which some exact and ap-
proximate algorithms have been designed. Suc-
cessfulCSPmodels often use high-arity, global con-
straints to capture the structure of a problem. This
paper exploits such structure and derives polytime
evaluations of the number of solutions of individ-
ual constraints. These may be combined to approx-
imate the total number of solutions or used to guide
search heuristics. We give algorithms for several
of the main families of constraints and discuss the
possible uses of such solution counts.

1 Introduction
Many important combinatorial problems in Artificial Intelli-
gence (AI ), Operations Research and other disciplines can be
cast as Constraint Satisfaction Problems (CSP). One is usually
interested in finding a solution to aCSP if it exists (thecom-
binatorial existence problem) and much scientific literature
has been devoted to this subject in the past few decades. An-
other important question, though not as thoroughly studied,
is how many solutions there are (thecombinatorial enumera-
tion problem). Our ability to answer this question has several
applications inAI (e.g. [Orponen, 1990],[Roth, 1996],[Dar-
wiche, 2001]), in statistical physics (e.g.[Burton and Steif,
1994], [Lebowitz and Gallavotti, 1971]), or more recently in
guiding backtrack search heuristics to find solutions toCSPs
[Horsch and Havens, 2000][Kasket al., 2004][Refalo, 2004].
In this latter context, an estimation of the number of solutions
is sought repeatedly as search progresses. The best strategy
to keep the overall runtime low may be to trade accuracy for
speed while computing these approximations.

The model of aCSP is centered on the constraints, which
give it its structure. This paper proposes to exploit this in-
herent structure to derive polytime approximations to the so-
lution count of aCSPby combining solution counts of com-
ponent constraints. At the level of the individual constraint,

∗Research conducted while the author was on sabbatical leave
from École Polytechnique de Montréal.

consistency algorithms act on the domains of the variables in
its scope (i.e. on which the constraint is defined) to filter out
values which do not belong to any solution of this constraint,
thus avoiding some useless search. For many families of con-
straints, all such values can be removed in polynomial time
even though globally the problem isNP-hard. The only vis-
ible effect of the consistency algorithms is on the domains,
projecting the set of solutions on each of the variables. But
a constraint’s consistency algorithm often maintains informa-
tion which may be exploited to evaluate the number of valid
tuples. We intend to show that a little additional work is often
sufficient to provide close or even exact solution counts fora
constraint, given the existing consistency algorithm.

The global counting problem forCSPs (denoted #CSP) is
#P-complete even if we restrict ourselves to binary con-
straints and is thus very likely intractable. Recent theoret-
ical work [Bulatov and Dalmau, 2003] characterizes some
tractable classes ofCSPs for this problem but these are quite
restrictive, especially for practical problems. The counting
problem for BooleanCSPs (#SAT) is the best studied subclass
(see e.g.[Birnbaum and Lozinskii, 1999]).

For binaryCSPs, exponential time exact algorithms have
been described (e.g.[Angelsmark and Jonsson, 2003]). For
backtrack search,[Kask et al., 2004] adapts Iterative Join-
Graph Propagation to approximate the number of solutions
extending a partial solution and uses its results in a value-
ordering heuristic to solveCSPs, choosing the value whose as-
signment to the current variable gives the largest approximate
solution count. An implementation optimized for binary con-
straints performs well compared to other popular strategies.
[Refalo, 2004] proposes a generic variable-ordering heuris-
tic based on the impact the assignment of a variable has on
the reduction of the remaining search space, computed as the
Cartesian product of the domains of the variables. It reports
promising results on multi-knapsack, magic square, and Latin
square completion benchmarks for (not necessarily binary)
CSPs. The value- and variable-ordering heuristics described
above rely on an approximation of the solution count. Both
can benefit from an improvement in the quality and/or effi-
cient computation of this approximation.

In the rest of the paper, Section 2 revisits several familiesof
constraints to evaluate the effort necessary to provide solution
counts, Section 3 explores possible uses for them, Section 4
gives some examples, and Section 5 discusses future work.
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2 Looking at Constraints
This section proceeds through a short list of usual constraints
(for their origin, see e.g.[Régin, 2004]) and examines how
solution counts may be derived. We assume throughout that
the constraints are domain consistent, unless stated otherwise.
Given a variablex, we denote its domain of possible values
asD(x), the smallest and largest value inD(x) asxmin and
xmax respectively, and the number of values inD(x) asdx.
We use#γ to mean the number of solutions for constraintγ.

2.1 Binary Constraints
Many arc consistency algorithms have been developed for
binary constraints of the formγ(x, y). Among them, AC-4
[Mohr and Henderson, 1986] maintains a support counter for
each value inD(x) andD(y). The total solution count is then
simply the sum of those counters over the domain of one of
the variables:

#γ(x, y) =
∑

v∈D(x)

sc(x, v) (1)

wheresc(x, v) stands for the support counter of valuev in the
domain of variablex. However, other consistency algorithms
only compute support witnesses as needed and hence would
not have support counters available.

2.2 Arithmetic Binary Constraints
Typically, support counters are not maintained by the con-
sistency algorithm for arithmetic binary constraints but one
rather relies on the semantics of the constraint. Take for ex-
amplex < y: knowingxmin andymax is sufficient to remove
all the inconsistent values. To compute the number of valid
couples we can simply enumerate them, which done naively
would requireΩ(dx · dy) time. Provided the domains are
maintained in sorted order, a reasonable assumption, that enu-
meration can be done inΘ(dx + dy) time by using a running
pointer in each domain as described in Algorithm 1.

function lt card(x, y)
let tx andty be tables containing the values of the
domains ofx andy, respectively, in increasing order;
p := 1; q := 1 c := 0;
while q ≤ dy do

while p ≤ dx and tx[p] < ty[q] do
p := p + 1;

c := c + p − 1;
q := q + 1;

return c;

Algorithm 1: Computing the number of solutions tox < y.

#(x < y) = lt card(x, y) (2)

For each valuev in D(y), it finds out of the number of sup-
portssc(y, v) fromD(x) and adds them up inc. We can make
the algorithm incremental by storingsc(y, v) for eachv in
D(y) andq(w), the smallestq such thatw < ty[q], for each
w in D(x): if v is removed fromD(y), the total number of
solutions decreases bysc(y, v); if w is removed fromD(x),

the total number of solutions decreases bydy − q(w) +1 and
sc(y, v) is decremented by one forq(w) ≤ v ≤ dy.

Sometimes the domains of variables involved in such con-
straints are maintained as intervals. This simplifies the com-
putation, for which we derive a closed form:

#(x < y) =

ymax−xmin∑

i=ymin−xmin

i −

ymax−xmax−1∑

i=1

i

= ymax · (xmax + 1) − xmin · dy

− 1

2
· (x2

max + xmax + y2
min − ymin) (3)

Clearly, what preceded equally applies to constraints
x ≤ y, x > y, andx ≥ y, with small adjustments. Counting
solutions for equality and disequality constraints is compar-
atively straightforward (remember that domain consistency
has been achieved):

#(x = y) = dx (4)

#(x 6= y) = dx · dy − |D(x) ∩ D(y)| (5)

With an appropriate representation of the intersection of
D(x) and D(y), an incremental version of the count for
x 6= y requires constant time.

In some applications such as temporal reasoning, constants
are present in the binary constraints (e.g.x < y + t for some
constantt). The previous algorithms and formulas are easily
adapted to handle such constraints.

2.3 Linear Constraints
Many constraint models feature linear constraints of the form∑n

i=1 aixi ◦ b where◦ stands for one of the usual relational
operators and theai’s andb are integers. Bound consistency
is typically enforced, which is a fast but rather weak form
of reasoning for these constraints. Working from domains
filtered in this way is likely to yield very poor approximations
of the number of solutions.
Example 1 Constraint3x1+2x2−x3−2x4 = 0 with bound
consistent domainsD(xi) = {0, 1, 2}, 1 ≤ i ≤ 4 admits
only seven solutions even though the size of the Cartesian
product is 81. Since the value of any one variable is totally
determined by the combination of values taken by the others,
the upper bound can be lowered to 27 but this is still high.

These constraints are actually well studied under the name
of linear Diophantine equations and inequations. In particu-
lar, [Ajili and Contejean, 1995] offers an algorithm adapted
to constraint programming that produces a finite description
of the set of solutions of a system of linear Diophantine equa-
tions and inequations overN

When the constraints are of the formb′ ≤
∑n

i=1 aixi ≤ b
with theai’s andxi’s belonging toN, we get knapsack con-
straints for which[Trick, 2003] adapts a pseudo-polynomial
dynamic programming algorithm. It builds an acyclic graph
G〈ai〉,〈xi〉,b,b′ of size O(nb) in time O(nbd) (where d =
max{dxi

}) whose paths from the initial node to a goal node
correspond to solutions. It is pointed out that enumerating
solutions amounts to enumerating paths through a depth-first
search, in time linear in the size of the graph.

#(b′≤
n∑

i=1

aixi ≤b)=|{paths traversingG〈ai〉,〈xi〉,b,b′}| (6)
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Interestingly, the approach could be generalized so as to lift
the nonnegativity restriction on the coefficients and variables
at the expense of a larger graph of sizeO(nr) wherer repre-
sents the magnitude of the range of

∑n

i=1 aixi over the finite
domains.

2.4 Element Constraints
The ability to index an array with a finite-domain variable,
commonly known as anelement constraint, is often present
in practical models. Given variablesx andi and array of val-
uesa, element(i, a, x) constrainsx to be equal to theith

element ofa (x = a[i]). Note that this is not an arbitrary
relation between two variables but rather a functional rela-
tionship. As a relation, it could potentially numberdx · di

solutions, corresponding to the Cartesian product of the vari-
ables. As a functional relationship, there are exactly as many
tuples as there are consistent values fori:

#element(i, a, x) = di (7)

This exact count improves on the product of the domain
sizes by a factordx.

2.5 Regular Language Membership Constraints
Given a sequence of variablesX = 〈x1, x2, . . . , xn〉 and
a deterministic finite automatonA, regular(X,A) con-
strains any sequence of values taken by the variables ofX
to belong to the regular language recognized byA [Pesant,
2004]. The consistency algorithm for this constraint builds a
directed acyclic graphGX,A whose structure is very similar
to the one used by[Trick, 2003] for knapsack constraints, as
reported in Section 2.3. Here as well, each path corresponds
to a solution of the constraint and counting them represents
no complexity overhead with respect to the consistency algo-
rithm.

#regular(X,A) = |{paths traversingGX,A}| (8)

2.6 Among Constraints
Under constraintamong(c, X, V ), variablec corresponds to
the number of variables from setX taking their value from
setV [Beldiceanu and Contejean, 1994]. Let R = {x ∈ X :
D(x) ⊆ V }, the subset of variables required to take a value
from V , andP = {x ∈ X \ R : D(x) ∩ V 6= ∅}, the subset
of variables possibly taking a value fromV . Those two sets
are usually maintained by the consistency algorithm since the
relationship|R| ≤ c ≤ |R|+ |P | is useful to filter the domain
of c.

Define νS as the number of variables from setS taking
their value fromV . To derive the number of solutions, we
first make the following observations:

1. νR = |R|, a constant, so that in any solution to the con-
straint the value taken byx ∈ R can be replaced by any
other in its domain and it remains a solution.

2. νX\(R∪P ) = 0, a constant, so that in any solution to
the constraint the value taken byx ∈ X \ (R ∪ P ) can
be replaced by any other in its domain and it remains a
solution.

3. Any assignment of the variables ofP such thatνP =
c − |R| of them take a value inV can be extended into∏

x∈X\P dx complete solutions.

4. There are such assignments for every value ofνP from
cmin − |R| to cmax − |R| and for every subsetS of P
identifying theνP variables in question. How many as-
signments, givenS? Each variabley ∈ S has|D(y)∩V |
possible values and each variablez ∈ P \S has|D(z) \
V | possible values, totaling#a(S) =

∏
y∈S |D(y) ∩

V | ·
∏

z∈P\S |D(z) \ V | assignments.

Putting it all together gives:

#among(c, X, V ) =
∏

x∈X\P

dx ·
cmax∑

k=cmin

∑

S⊆P

|S|=k−|R|

#a(S) (9)

In the worst case, the number ofS sets to consider is ex-
ponential in the number of variables. It may be preferable
sometimes to compute faster approximations. We can re-
place every#a(S) by some constant lower or upper bound.
Let tin be a table in which the sizes ofD(x) ∩ V for ev-
ery x ∈ P appear in increasing order. Similarly, lettout

be a table in which the sizes ofD(x) \ V for every x ∈
P appear in increasing order. We define a lower bound
ℓ(a(k)) =

∏k−|R|
i=1 tin[i] ·

∏|P |−k+|R|
i=1 tout[i]

and an upper bound
u(a(k)) =

∏k−|R|
i=1 tin[|P |−i+1]·

∏|P |−k+|R|
i=1 tout[|P |−i+1].

Then

#among(c, X, V )≥
∏

x∈X\P

dx ·
cmax∑

k=cmin

( |P |
k−|R|) · ℓ(a(k)) (10)

#among(c, X, V )≤
∏

x∈X\P

dx ·
cmax∑

k=cmin

( |P |
k−|R|) · u(a(k)) (11)

Note that if the variables inP have identical domains then
the lower and upper bounds coincide and we obtain the exact
count.

Example 2 Consideramong(c, {x1, x2, x3, x4, x5}, {1, 2})
with D(c) = {3, 4}, D(x1) = {1, 3, 4}, D(x2) =
{1, 2}, D(x3) = {3, 4}, D(x4) = {2}, and D(x5) =
{1, 2, 3}. We obtainR = {x2, x4}, P = {x1, x5}, and
#among(c, {x1, x2, x3, x4, x5}, {1, 2}) = dx2

· dx3
· dx4

·
(|D(x1) ∩ {1, 2}| · |D(x5) \ {1, 2}| + |D(x5) ∩ {1, 2}| ·
|D(x1) \ {1, 2}| + |D(x1) ∩ {1, 2}| · |D(x5) ∩ {1, 2}|) =
2 · 2 · 1 · (1 · 1 + 2 · 2 + 1 · 2) = 28, by (9). Using (10),(11)
we get16 ≤ #among(c, {x1, x2, x3, x4, x5}, {1, 2}) ≤ 40.
In comparison, the size of the Cartesian product is72.

2.7 Mutual Exclusion and Global Cardinality
Constraints

Besidesamong, other constraints are concerned with the
number of repetitions of values. Constraintalldiff(X)
forces the variables of setX to take different values.
Constraint gcc(Y, V, X), for a sequence of variables
Y = 〈y1, y2, . . . , ym〉 and a sequence of valuesV =
〈v1, v2, . . . , vm〉, makes eachyi equal to the number of times
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a variable ofX takes valuevi. It is a generalization of the
former.

Already for thealldiff constraint, the counting prob-
lem includes as a special case the number of perfect match-
ings in a bipartite graph, itself equivalent to theNP-hard
problem of computing the permanent of the adjacency ma-
trix representation of the graph. So currently we do not
know of an efficient way to compute#alldiff(X) or
#gcc(Y, V, X) exactly. A polytime randomized approxima-
tion algorithm for the permanent was recently proposed in
[Jerrumet al., 2004] but its time complexity, inΩ(n10), re-
mains prohibitive. Therefore even getting a reasonable ap-
proximate figure is challenging. We nevertheless propose
some bounds.

Upper Bound
If D(x) ⊆ D(y) for some variablesx, y ∈ X then regard-
less of the valuev taken byx we know that at mostdy − 1
possibilities remain fory sincev ∈ D(y). We generalize this
simple observation by consideringD = {D(x) : x ∈ X},
the distinct domains ofX . For eachD ∈ D, defineED =
{x ∈ X : D(x) = D}, the set of variables with domainD,
andSD = {x ∈ X : D(x) ⊂ D}, the set of variables whose
domain is properly contained inD. Then

#alldiff(X)≤
∏

D∈D

|ED|∏

i=1

(|D| − |SD| − i + 1) (12)

Computing it requires taking the product ofn terms, each of
which can be computed easily inO(nm) time and probably
much faster with an appropriate data structure maintaining
the ED and SD sets. This upper bound is interesting be-
cause for the special case where all domains are equal, say
{v1, v2, . . . , vm}, it simplifies to the exact solution count,

n∏

i=1

(m − i + 1) = m!/(m − n)!

Lower Bound
As hinted before, the consistency algorithm foralldiff
computes a maximum matching in a bipartite graph. It is
known that every maximum matching of a graph can be ob-
tained from a given maximum matching by successive trans-
formations through even-length alternating paths starting at
an unmatched vertex or through alternating cycles.1 Each
transformation reverses the status of the edges on the path or
cycle in question: if it belonged to the matching it no longer
does, and vice versa. The result is necessarily a matching
of the same size. Finding every maximum matching in this
way (or any other) would be too costly, as we established be-
fore, but finding those that are just one transformation away
is fast and provides a lower bound on the number of max-
imum matchings, or equivalently on the solution count of
alldiff.

By not applying transformations in succession, we also
avoid having to check whether two matchings obtained by
distinct sequences of transformations are in fact identical,

1An alternatingpath or cycle alternates between edges belonging
to a given matching and those not belonging to it.

which could happen. However, successive transformations
from distinct connected components is safe: each resulting
matching is distinct. We may therefore take the product of
the number of maximum (sub)matchings in each connected
component of the bipartite graph. Identifying the connected
componentsC takes time linear in the size of the graph. Enu-
merating all the appropriate cycles and paths of each con-
nected component can be done inO(nm2) time. Let their
number beνg for each connected componentg ∈ C. Then

#alldiff(X)≥
∏

g∈C

(νg + 1) (13)

For thegcc constraint, we may be able to adapt the ideas
which gave rise to the previous lower bound. The consis-
tency algorithm for this constraint is usually based on net-
work flows. Given a network and a flow through it, a resid-
ual graph can be defined and the circuits in this graph lead
to equivalent flows. Another idea is to decompose the con-
straint intoamong constraints on singleton sets of values and
use (9)-(11).

3 Using Solution Counts of Constraints
This section examines the possible uses of solution counts of
constraints.

3.1 Approximate the Solution Count of a CSP
They can be used to approximate the number of solutions to
a CSP. Given a model for aCSP, consider its variables as
a setS and its constraints as a collectionC of subsets ofS
defined by the scope of each constraint. Add toC a singleton
for every variable inS. A set partitionof S is a subset ofC
whose elements are pairwise disjoint and whose union equals
S (see Section 4 for some examples). To each element of
the partition corresponds a constraint (or a variable in case
of a singleton) for which an upper bound on the number of
solutions can be computed (or taken as the cardinality of the
domain in case of a singleton). The product of these upper
bounds gives an upper bound on the total number of solutions.
In general there are several such partitions possible and we
can find the smallest product over them. If it is used in the
course of a computation as variables become fixed and can be
excluded from the partition, new possible partitions emerge
and may improve the solution count.

3.2 Guide Search Heuristics
As we saw in the introduction, these counts are also useful
to develop robust search heuristics. They may allow a finer
evaluation of impact in the generic search heuristic of[Re-
falo, 2004] since their approximation of the size of the search
space is no worse than the Cartesian product of the domains.
Value-ordering heuristics such as[Kasket al., 2004] are also
good candidates. Other search heuristics following thefirst-
fail principle (detect failure as early as possible) and centered
on constraints can be guided by a count of the number of so-
lutions left for each constraint. We might focus the search
on the constraint currently having the smallest number of so-
lutions, recognizing that failure necessarily occurs through a
constraint admitting no more solutions (see Section 4).
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3.3 Evaluate Projection Tightness
We can also compute the ratio of the (approximate) solution
count of a constraint to the size of the Cartesian product of
the appropriate domains, in a way measuring the tightness
of the projection of the constraint onto the individual vari-
ables. A low ratio stresses the poor quality of the infor-
mation propagated to the other constraints (i.e. the filtered
domains) and identifies constraints whose consistency algo-
rithm may be improved. Tightness can also serve as another
search heuristic, focusing on the constraint currently exhibit-
ing the worst tightness (i.e. the smallest ratio). An ideal ratio
of one corresponds to a constraint perfectly captured by the
current domains of its variables.

4 Some Examples
The purpose of this section is to illustrate solution countsand
their possible uses through a few simple models, easier to
analyse.

4.1 Map Coloring
Consider the well-known map coloring problem for six Euro-
pean countries: Belgium, Denmark, France, Germany, Lux-
embourg, and the Netherlands. Any two countries sharing a
border cannot be of the same color. To each country we asso-
ciate a variable (named after its first letter) that represents its
color. Constraints

f 6= b, f 6= ℓ, f 6= g, ℓ 6= g, ℓ 6= b, b 6= n, g 6= n, g 6= d, g 6= b

model the problem. If we allow five colors, there are1440 le-
gal colorings. The cardinality of the Cartesian product of the
domains of the variables initially overestimates that number
to be15625 (56). A set partition such as{f 6= ℓ, b 6= n, g 6=
d} provides a slightly better estimate, using (5):

(dx · dy − |D(x) ∩ D(y)|)3 = (5 · 5 − 5)3 = 8000.

Noticing that four of these countries are all pairwise adjacent,
an alternate model is

alldiff({b, f, g, ℓ}), b 6= n, g 6= n, g 6= d

yielding a still better upper bound on the solution
count, 5! · 52 = 3000, using (12) with set partition
{alldiff({b, f, g, ℓ}), n, d}. We see here that the solution
counts of the constraints in aCSP model, particularly those
of high arity, can quickly provide good approximations of
the number of solutions ofCSPs. The projection tightness
of b 6= n, g 6= n, and g 6= d is 20/25 = 0.8; that of
alldiff({b, f, g, ℓ}) is5!/54 = 0.192. This could be taken
as an indication that search should focus on the latter.

Let us now analyse the effect of coloring one of the coun-
tries red. Regardless of the country we choose, the number of
legal colorings will decrease five fold to288 since colors are
interchangeable. The true impact of fixing a variable, mea-
sured as1 minus the ratio of the remaining search space after
and before ([Refalo, 2004]), is thus0.8. Table 4.1 reports af-
ter each country is colored red the cardinality of the Cartesian
product of the domains (column 2), the upper bound on the
solution count from each of the two set partitions (columns

domains 1st partition 2nd partition
var solns impact solns impact solns impact
ℓ 1600 .898 1024 .872 600 .800
f 1600 .898 1024 .872 600 .800
b 1280 .918 768 .904 480 .840
g 1024 .934 576 .928 384 .872
n 2000 .872 1280 .840 360 .880
d 2500 .840 1600 .800 480 .840

avg – .893 – .869 – .839

Table 1: Comparing different approximations of the number
of solutions of a small map coloring problem.

4 and 6), and their corresponding impacts (columns 3, 5, and
7).

Again we note a significant improvement in the approxi-
mation of the number of solutions over the Cartesian prod-
uct, particularly from the second set partition based on the
model using analldiff constraint. The latter also provides
a closer approximation of the true impact: the average com-
puted impact is less than 5% away whereas it is more than
11% away for the average computed impact using Cartesian
products.

4.2 Rostering
Consider next a simple rostering problem: a number of daily
jobs must be carried out by employees while respecting some
labor regulations. LetE be the set of employees,D the days
of the planning horizon, andJ the set of possible jobs, in-
cluding a day off. Define variablesjde ∈ J (d ∈ D, e ∈ E)
to represent the job carried out by employeee on dayd. To
ensure that every job is performed on any given day, we can
state the following constraints:

gcc(〈1, 1, . . . , 1〉, J \ {day off}, (jde)e∈E) d ∈ D. (14)

Some jobs are considered more demanding than others and
we wish to balance the workload among employees. We in-
troduce variableswde representing the workload of employee
e on dayd and link them to the main variables in the follow-
ing way:

element(jde, (ℓj)j∈J , wde) d ∈ D, e ∈ E (15)

whereℓj corresponds to the load of jobj. We then add con-
straints enforcing a maximum workloadk:

∑
d∈D wde ≤ k e ∈ E. (16)

Finally work patterns may be imposed on individual rosters:

regular((jde)d∈D,A) e ∈ E (17)

with the appropriate automatonA.
To approximate the number of solutions, there are a few

possibilities for a set partition of the variables(jde)d∈D,e∈E

and(wde)d∈D,e∈E : constraints (14)(16) are one, constraints
(17)(16) are another, and so are constraints (15). In deciding
which one to use, its size (the number of parts), the qual-
ity of the bounds, and the projection tightness of each con-
straint may help. Partition (15) has size|D| · |E| compared
to |D| + |E| and 2 · |E| for the other two: a smaller size
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means larger parts and probably a better overall approxima-
tion since each solution count has a more global view. We
presented exact counts for every constraint used here except
(14), making partition (14)(16) less attractive. A set partition
that includes constraints with low tightness (which is difficult
to assess here without precise numbers) is more likely to do
significantly better than the size of the Cartesian product of
the individual domains, which can be considered a baseline.

5 Discussion
This paper argued that looking at the number of solutions of
individual constraints inCSPs is interesting and useful. It can
approximate the number of solutions as a whole or help guide
search heuristics. Efficient ways of counting solutions were
given for several families of constraints. The concepts of set
partition over the variables and of projection tightness were
defined in order to combine solution counts and measure the
efficacy of consistency algorithms, respectively.

But this is a first step and many questions remain. Some
of the main families of constraints have been investigated but
others were left out: for example, those useful in schedul-
ing or packing problems such ascumulative anddiffn,
or those for routing problems such ascycle. How close
can we get to the solution count for them and at what com-
putational cost? For the simplest constraints that we investi-
gated, we mentioned how the algorithms computing solution
counts could be made incremental. This is an important issue
to achieve efficiency when such counts are computed repeat-
edly as in backtrack search. What can be done for the other
constraints? The whole question of the usefulness of such
an approach hasn’t been settled either. The answer is likely
to come, at least in part, from empirical evidence. Compu-
tational experiments will need to be run on larger and more
realistic models.
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Abstract

We present in this paper a new, complete method
for distributed constraint optimization, based on
dynamicprogramming. It is a utility propagation
method, inspired by the sum-product algorithm,
which is correct only for tree-shaped constraint net-
works. In this paper, we show how to extend that
algorithm to arbitrary topologies using a pseudotree
arrangement of the problem graph. Our algorithm
requires a linear numberof messages, whose max-
imal size depends on the inducedwidth along the
particular pseudotree chosen.
We compare our algorithm with backtracking algo-
rithms, and present experimental results. For some
problem types we report orders of magnitude fewer
messages, and the ability to deal with arbitrarily
large problems. Our algorithm is formulated for
optimization problems, but can be easily applied to
satisfaction problems as well.

1 Intr oduction
Distributed Constraint Satisfaction (DisCSP) was first stud-
ied by Yokoo [Yokoo et al., 1992] and has recently at-
tracted increasing interest. In distributed constraint satis-
faction each variable and constraint is owned by an agent.
Systematic search algorithms for solving DisCSP are gener-
ally derived from depth-first search algorithms based on some
form of backtracking [Silaghi etal., 2000; Yokoo etal., 1998;
Meisels and Zivan, 2003; Hamadi etal., 1998].

Recently, the paradigm of asynchronous distributed search
has been extended to constraint optimization by integrating
a bound propagation mechanism (ADOPT - [Modi et al.,
2003]).

In general, optimization problems are much harder to solve
than DisCSP ones, as the goal is not just to find anysolution,
but the bestone, thus requiring more exploration of the search
space. The common goal of all distributed algorithms is to
minimize the number of messages required to find a solution.

Backtracking algorithms are very popular in centralized
systems because they require very little memory. In a dis-
tributed implementation, however, they may not be the best
basis since in backtrack search, control shifts rapidly between

different variables. Every state change in a distributed back-
track algorithm requires at least one message; in the worst
case, even in a parallel algorithm there will be exponentially
many state changes [Kasif, 1986], thus resulting in exponen-
tially many messages. So far, this has been a serious draw-
back for the application of distributed algorithms in the real
world, especially for optimization problems (also noted in
[Maheswaran etal., 2004]).

This leads us to believe that other search paradigms, in par-
ticular those based on dynamic programming, may be more
appropriate for DisCSP. For example, an algorithm that incre-
mentally computes the set of all partial solutions for all pre-
vious variables according to a certain order would only use
a linear number of messages. However, the messages could
grow exponentially in size, and the algorithm would not have
any parallelism.

Recently, the sum-product algorithm [Kschischang et al.,
2001] has been proposed for certain constraint satisfaction
problems, for example decoding. It is an acceptable com-
promise as it combines a dynamic-programming style explo-
ration of a search space with a fixed message size, and can
easily be implemented in a distributed fashion. However, it is
correct only for tree-shaped constraint networks.

In this paper, we show how to extend the algorithm to arbi-
trary topologies using a pseudotree arrangement of the prob-
lem graph, and report our experimental results. The algorithm
is formulated for optimization problems, but can be easily ap-
plied to satisfaction problems by having relations with utility
either 0 (for allowed tuples) or negative values (for disallowed
tuples). Utility maximization produces a solution if there is
an assignment with utility 0.

The rest of this paper is structured as follows: Section 2
presents the definitions and the notation we use, Section 3
presents an optimization procedure for trees, Section 4 the
optimization for graphs, Section 5 proves the complexity to
be equal to the induced width, Section 6 compares theoreti-
cally our algorithm with other aproaches, Section 7 presents
experimental results, and we conclude in Section 8.

2 Definitions & notation
A discrete multiagent constraint optimization problem
(MCOP) is a tuple < X ,D,R > such that:

• X = {X1, ..., Xm} is the set of variables/agents;
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• D = {d1, ..., dm} is a set of domains of the variables,
each given as a finite set of possible values.

• R = {r1, ..., rp} is a set of relations, where a relation ri

is a function di1 × .. × dik → <
+ which denotes how

much utility is assigned to each possible combination of
values of the involved variables.

In this paper we deal with unary and binary relations, being
well-known that higher arity relations can also be expressed
in these terms with little modifications. In a MCOP, any value
combination is allowed; the goal is to find an assignment X ∗

for the variables Xi that maximizes the sum of utilities.
For a node Xk, we define Rk(Xj) = the relation(s) between

Xk and its neighbor Xj .

3 Distrib uted constraint optimization for
tr ee-structurednetworks

For tree-structured networks, polynomial-time complete opti-
mization methods have been developed (e.g. the sum-product
algorithm [Kschischang et al., 2001] and the DTREEalgo-
rithm from [Petcu and Faltings, 2004]).

In DTREE, the agents send UTIL messages (utility vectors)
to their parents. A child Xl of node Xk would send Xk a vec-
tor of the optimal utilities u∗

Xl
(vj

k) that can be achieved by the
subtree rooted at Xl plus Rl(Xk) , and are compatible with
each value v

j
k of Xk (such a vector has |dom(Xk)| values).

For the leaf nodes it is immediate to compute these valu-
ations by just inspecting the constraints they have with their
single neighbors, so they initiate the process. Then each node
Xi relays these messages according to the following process:

• Wait for UTIL messages from all children. Since all of
the respective subtrees are disjoint, by summing them
up, Xi computes how much utility each of its values
gives for the whole subtree rooted at itself. This, to-
gether with the relation(s) between Xi and its parent Xj ,
enables Xi to compute exactly how much utility can be
achieved by the entire subtree rooted at Xi, taking into
account compatibility with each of Xj’s values. Thus,
Xi can send to Xj its UTIL message. Xi also stores its
optimal values corresponding to each value of Xj .

• If root node, Xi can compute the optimal overall util-
ity corresponding to each one of its values (based on all
the incoming UTIL messages), pick the optimal one, and
send a VALUE message to its children, informing them
about its decision.

Upon receipt of the VALUE message from its parent,
each node is able to pick the optimal value for itself (as
the previously stored optimal value corresponding to the
value its parent has chosen), and pass it on to its children.
At this point, the algorithm is finished for Xi.

The correctness of this algorithm was shown in the original
paper, as well as the fact that it requires a linear number of
messages, and linear memory.

Figure 1: Exampleof a pseudotreearrangement.

4 Distrib uted constraint optimization for
generalnetworks

To apply a DTREE-like algorithm to a cyclic graph, we first
need to arrange the graph as a pseudotree (it is known that
this arrangement is possible for any graph).

4.1 Pseudotrees
Definition 1 A pseudo-tree arrangementof a graph G is a
rootedtreewith thesameverticesasG andthepropertythat
adjacentverticesfrom the original graph fall in the same
branch of thetree(e.g. X0 andX11 in Figure1).

Pseudotrees have already been investigated as a means
to boost search ([Freuder, 1985; Freuder and Quinn, 1985;
Dechter, 2003; Schiex, 1999]). The main idea with their use
in search, is that due to the relative independence of nodes
lying in different branches of the pseudotree, it is possible to
perform search in parallel on these independent branches.

Figure 1 shows an example of a pseudotree that we shall
refer to in the rest of this paper. It consists of tree edges,
shown as solid lines, and back edges, shown as dashed lines,
that are not part of the spanning tree (e.g. 8−1, 12−2, 4−0).
We call a path in the graph that is entirely made of tree edges,
a tree-path. A tree-pathassociatedwith a back-edge is the
tree-path connecting the two nodes involved in the back-edge
(please note that since our arrangement is a pseudotree, such
a tree path is always included in a branch of the tree). For
each back-edge, the higher node involved in that back-edge is
called the back-edgehandler(e.g. the dark nodes 0, 1 and 2).
We also define:

• P(X) - the parentof a node X: the single node higher in
the hierarchy of the pseudotree that is connected to the
node X directly through a tree edge (e.g. P (X4) = X1)

• C(X) - the childrenof a node X: the set of nodes lower
in the pseudotree that are connected to the node X di-
rectly through tree edges (e.g. C(X1) = {X3, X4})

• PP(X) - the pseudo-parents of a node X: the set of
nodes higher in the pseudotree that are connected to the
node X directly through back-edges (PP (X8) = {X1})

• PC(X) - the pseudo-children of a node X: the set of
nodes lower in the hierarchy of the pseudotree that are
connected to the node X directly through back-edges
(e.g. PC(X0) = {X4, X11})

CONSTRAINT SATISFACTION AND SEARCH 267



As it is already known, a DFS (depth-first search) tree is
also a pseudotree (although the inverse does not always hold).
So, a DFS tree obtained from the DFS traversal of the graph
starting from one of the nodes (chosen through a distributed
leader election algorithm) will do just fine. Due to the lack of
space we do not present here a procedure for the creation of
a DFS tree, and refer the reader to techniques like [Barbosa,
1996; Hamadi etal., 1998].

4.2 The DPOP algorithm
Our algorithm has 3 phases. First, the agents establish the
pseudotree structure (see section 4.1) to be used in the fol-
lowing two phases. The next two phases are the UTIL and
VALUE propagations, which are similar to the ones from
DTREE- section 3. Please refer to Algorithm 1 for a formal
description of the algorithm, and to the rest of this section for
a detailed description of the UTIL and VALUE phases.

UTIL propagation
As in DTREE, the UTIL propagation starts from the leaves
of the pseudotree and propagates up the pseudotree, only
through the tree edges. It is easy for an agent to identify
whether it is a leaf in the pseudotree or not: it must have a
single tree edge (e.g. X7 to X13 in Figure 1).

In a tree network, a UTIL message sent by a node to its par-
ent is dependent only on the subtree rooted at the respective
node (no links to other parts of the tree), and the constraint
between the node and its parent. For example, consider the
message (X6 → X2). This message is clearly dependent only
on the target variable X2, since there are no links between X6

or X13 and any node above X2.
In a network with cycles (each back-edge in the pseudotree

produces a cycle), a message sent from a node to its parent
may also depend on variables above the parent. This hap-
pens when there is a back-edge connecting the sending node
with such a variable. For example, consider the message
(X8 → X3) in Figure 1. We see that the utilities that the
subtree rooted at X8 can achieve are not dependent only on
its parent X3 (as for X6 → X2). As X8 is connected with X1

through the backedge X8 → X1, X8 must take into account
this dependency when sending its message to X3.

This is where the dynamic programming approach comes
into play: X8 will compute the optimal utilities its subtree can
achieve for each valuecombinationof thetuple〈X3, X1〉. It
will then assemble a message as a hypercube with 2 dimen-
sions (one for the target variable X3 and one for the back-
edge handler X1), and send it to X3 (see Table 1).

This is the key difference between DTREE and DPOP:
messages travelling through the network in DTREEalways
have a single dimension (they are linear in the domain size of
the target variable), whereas in DPOP, messages have multi-
ple dimensions (one for the target variable, and another one
for each context variable).

Combining messages- dimensionality increase
Let us consider this example: X5 receives 2 messages from
its children X11 and X12; the message from X11 has X0 as
context, and the one from X12 has X2 as context. Both have
one dimension for X5 (target variable) and one dimension
for their context variable (X0 and X2 respectively), therefore,

Algorithm 1: DPOP - Distributed pseudotree-
optimizationprocedure for general networks.

1: DPOP(X ,D,R)
Each agent Xi executes:

2:
3: Phase1: pseudotreecreation
4: elect leader from all Xj ∈ X
5: elected leader initiates pseudotree creation
6: afterwards, Xi knows P(Xi), PP(Xi), C(Xi) and PC(Xi)
7: Phase2: UTIL messagepropagation
8: if |Children(Xi)| == 0 (i.e. Xi is a leaf node) then
9: UTILXi

(P(Xi))← Compute utils(P(Xi), PP(Xi))
10: Send message(P(Xi), UTILXi

(P(Xi)))
11: activate UTIL Message handler()
12: Phase3: VALUE messagepropagation
13: activate VALUE Message handler()
14: END ALGORITHM
15:
16: UTIL Messagehandler(Xk,UTILXk

(Xi))
17: store UTILXk

(Xi)
18: if UTIL messages from all children arrived then
19: if Parent(Xi)==null (thatmeansXi is theroot) then
20: v∗

i ← Choose optimal(null)
21: Send V ALUE(Xi, v

∗

i ) to all C(Xi)
22: else
23: UTILXi

(P(Xi))← Compute utils(P(Xi), PP(Xi))
24: Send message(P(Xi), UTILXi

(P(Xi)))
25: return
26:
27: VALUE Messagehandler(V ALUEXi

P (Xi)
)

28: add all Xk ← v∗

k ∈ V ALUEXi

P (Xi)
to agent view

29: Xi ← v∗

i = Choose optimal(agent view)

30: Send V ALUEXl

Xi
to all Xl ∈ C(Xi)

31:
32: Chooseoptimal(agent view)
33:

v∗

i ← argmaxvi

∑

Xl∈C(Xi)

UTILXl
(vi, agent view)

34: return v∗

i

35:
36: Compute utils(P(Xi), PP(Xi))
37: for all combinations of values of Xk ∈ PP (Xi) do
38: let Xj be Parent(Xi)
39: similarly to DTREE, compute a vector UTILXi

(Xj)
of all {UtilXi

(v∗

i (vj), vj)|vj ∈ Dom(Xj)}
40: assemble a hypercube UTILXi

(Xj) out of all these
vectors (totaling |PP (Xi)|+ 1 dimensions).

41: return UTILXi
(Xj)

X8 → X3 X3 = v0
3 X3 = v1

3 ... X3 = vm−1
3

X1 = v0
1 u∗

X8
(v0

1) u∗

X8
(v0

1) ... u∗

X8
(v0

1)
... ... ... ... ...

X1 = vn−1
1 u∗

X8
(vn−1

1 ) u∗

X8
(vn−1

1 ) ... u∗

X8
(vn−1

1 )

Table 1: UTIL message sent from X8 to X3, in Figure 1
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their dimensionality is 2. X5 needs to send out its message
to its parent (X2). X5 considers all possible values of X2,
and for each one of them, all combinations of values of the
context variables (X0 and X2) and X5 are considered; the
values of X5 are always chosen such that the optimal utilities
for each tuple < X0 × X2 × X2 > are achieved. Note that
since X2 is both a context variable and the target variable, the
message collapses to 2 dimensions, not 3.

One can think of this process as the cross product of mes-
sages X11 → X5 and X12 → X5 resulting in a hypercube
with dimensions X0, X2 and X5, followed by a projection on
the X5 axis, which retains the optimal utilities for the tuples
< X0 ×X2 > (optimizing w.r.t. X5 given X0 and X2).

Collapsingmessages- dimensionality decrease
Whenever a multi-dimensional UTIL message reaches a tar-
get variable that occupies one dimension in the message (a
back-edge handler), the target variable optimizes itself out of
the context, and the outgoing message looses the respective
dimension.

We can take the example of X1, which is initially present
in the context of the message X8 → X3: once the message
arrives at X1, since X1 does not have any more influence on
the upper parts of the tree, X1 can ”optimize itself away” by
simply choosing the best value for itself, for each value of its
parent X0 (the normal DTREEprocess). Thus, one can see
that a back edge handler (X1 in our case) appears as an extra
dimension in the messages travelling from the lower end of
the back edge (X8) to itself, through the tree path associated
with the back edge (X8 → X3 → X1).

VALUE propagation
The VALUE phase is similar to DTREE. Now, in addition to
its parent’s value, the V ALUE

Xj

P (Xj)
message a node Xj re-

ceives from its parent also contains the values of all the vari-
ables that were present in the context of Xj’s UTIL message
for its parent. E.g.: X0 sends X2 V ALUE2

0(X0 ← v∗

0), then
X2 sends X5 V ALUE5

2(X0 ← v∗

0 , X2 ← v∗

2), and X5 sends
X11 V ALUE11

5 (X0 ← v∗

0 , X5 ← v∗

5).

5 Complexity analysis
By construction, the number of messages our algorithm pro-
duces is linear: there are n− 1 UTIL messages - one through
each tree-edge (n is the number of nodes in the problem), and
m linear size VALUE messages - one through each edge (m
is the number of edges). The DFS construction also produces
a linear number of messages (good algorithms require 2×m
messages). Thus, the complexity of this algorithm lies in the
size of the UTIL messages.

Theorem1 The largest UTIL message producedby Algo-
rithm 1 is space-exponentialin the width of the pseudotree
inducedby theDFSorderingused.

PROOF. Dechter ([Dechter, 2003], chapter 4, pages 86-88)
describes thefill-up methodfor obtaining the inducedwidth.
First, we build the inducedgraph: we take the DFS traver-
sal of the pseudotree as an ordering of the graph and process
the nodes recursively (bottom up) along this order. When a
node is processed, all its parents are connected (if not already

connected). The inducedwidth is the maximum number of
parents of any node in the induced graph.

It is shown in [Dechter, 2003] that the width of a tree (no
back-edges) is 1. Actually the back-edges are the ones that
influence the width: a single backedge produces an induced
width of 2. From the construction of the induced tree, it is
easy to see that several backedges produce increases in the
width only when their tree-paths overlap on at least one edge,
and their respective handlers are different; otherwise their ef-
fects on the width do not combine. Thus, the width is given
by the size of the maximal set of back-edges which have over-
lapping tree-paths and distinct handlers.

During the UTIL propagation, the message size varies; the
largest message is the one with the most dimensions. We have
seen that a dimension Xi is added to a message when a back-
edge with Xi as a handler is first encountered in the propa-
gation, and travels through the tree-path associated with the
back-edge. It is then eliminated by projection when the mes-
sage arrives at Xi. The maximal dimensionality is therefore
given by the maximal number of overlaps of tree-paths asso-
ciated with back-edges with distinct handlers.

We have thus shown that the maximal dimensionality is
equal to the induced width. 2

Exponential size messages are not necessarily a problem in
all setups (depending on the resources available and on the in-
duced width - low width problems generate small messages!)

However, when the maximum message size is limited, one
can serialize big messages by letting the back-edge handlers
ask explicitly for valuations for each one of their values se-
quentially, so each message can have customizable size.

A workaround against exponential memory is possible by
renouncing exactness, and propagating valuations for the
best/worst value combinations (upper/lower bounds) instead
of all combinations.

6 Comparisonwith other approaches
Schiex [Schiex, 1999] notes the fact that so far, pseudotree
arrangements have been mainly used for search procedures
(essentially backtrack-based search, or branch-and-bound
for optimization). As good examples, see the Distributed
Depth-first Branch and Bound (DDBB), Distributed Iterative
Deepening (DID), ADOPT, Synchronous Branch and Bound
(SBB) and Iterative Distributed Breakout (IDB). All these
procedures have a worst case complexity exponential in the
depth of the pseudotree arrangement (basically because all
the variables on the longest branch from root to a leaf have to
be instantiated sequentially, and all their value combinations
tried out). It was shown in [Bayardo and Miranker, 1995] that
there are ways to obtain shallow pseudotrees (within a loga-
rithmic factor of the induced width), but these require intri-
cate heuristics like the ones from [Freuder and Quinn, 1985;
Maheswaran et al., 2004], which have not yet been adapted
to a distributed setting, as also noted by the authors of the
second paper.

In contrast, our approach exhibits a worst case complexity
exponential in the width of the graph induced by the pseu-
dotree ordering. Arnborg shows in [Arnborg, 1985] that find-
ing a min-width ordering of a graph is NP-hard; however,
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the DFS traversal of the graph has the advantage that it pro-
duces a good approximation, and is easy to implement in a
distributed context. This, coupled with the fact that the depth
of the pseudotree is irrelevant to the complexity, means that
our algorithm works well with a simple DFS ordering. To
see this fundamental difference between the two approaches,
consider a problem that is a ring with n nodes. A DFS order-
ing of such a graph would yield a pseudotree with height n,
and one back edge, thus the induced width is 2. A backtrack-
ing algorithm is time exponential in n, whereas our algorithm
is linear, with message size O(|d|2). Since the exponential
complexity translates directly in the explosion of the number
of messages exchanged, these backtracking-based algorithms
have not yet been applied to large systems.

Furthermore, it was shown by Dechter in [Dechter and Fat-
tah, 2001] that the induced width is always less than or at
most equal with the pseudotree height; thus we can conclude
theoretically that our algorithm will always do at least as
well as a pseudotree backtrack-based algorithm on the same
pseudotree ordering. However, it is only fair to say that our
aproach can generate very big messages in the worst case, so
one has to find a proper tradeoff between the number and the
size of the messages transmitted through the system.

7 Experimental evaluation
Usual performance metrics for distributed algorithms are the
number of messages and the number of synchronous cycles
required to find the optimal solution. Both are linear in our
case. For the number of messages, see section 5; the number
of synchronous cycles is two times the height of the pseu-
dotree (one UTIL propagation, and one VALUE propagation).
We also introduce the maximal message size as a metric.

7.1 Sensor networks
One of our experimental setups is the sensor grid testbed from
[Bejar etal., 2005]. Briefly, there is a set of targets in a sensor
field, and the problem is to allocate 3 different sensors to each
target. This is a NP-complete resource allocation problem.

In [Bejar et al., 2005], random instances are solved by
AWC (a complete algorithm for constraint satisfaction). The
problems are relatively small (100 sensors and maximum 18
targets, beyond which the problems become intractable). Our
initial experiments with this setup solve to optimality prob-
lems in a grid of 400 sensors, with up to 40 targets.

Another setup is the one from [Maheswaran et al., 2004],
where there are corridors composed of squares which indi-
cate areas to be observed. Sensors are located at each ver-
tex of a square; in order for a square to be ”observed”, all
4 sensors in its vertices need to be focused on the respective
square. Depending on the topology of the grid, some sensors
are shared between several squares, and they can observe only
one of them at a time. The authors test 4 improved versions
of ADOPT (current state of the art for MCOP) on 4 differ-
ent scenarios, where the corridors have the shapes of capital
letters L, Z, T and H. Their results and a comparison with
DPOP are in Table 2. One can see the dramatic reduction
of the number of messages required (in some cases orders of
magnitude), even for these very small problem instances (16

Algo/Scenario Test L Test Z Test T Test H
MCN , No Pass 626.4 1111.64 1841.28 1898.04
MLSP, No Pass 597.88 663.32 477.56 679.36

MCN , Pass 95.67 101.90 94.93 258.07
MLSP , Pass 81.77 91.5 107.77 255.2

DPOP 30 30 18 30

Table 2: DPOP vs 4 ADOPT versions: number of messages
in sensor allocation problems.

variables). The explanation is that our algorithm always pro-
duces a linear number of messages.

Regarding the size of the messages: these problems have
graphs with very low induced widths (2), basically given by
the intersections between corridors. Thus, our algorithm em-
ploys linear messages in most of the parts of the problems,
and only in the intersections are created 2 messages with 2
dimensions (in this case with 64 values each).

This fact gives our algorithm the ability to solve arbitrarily
large instances of this particular kind of real-world problems.

7.2 Meeting scheduling
We experimented with distributed meeting scheduling in an
organization with a hierarchical structure (a tree with depart-
ments as nodes, and a set of agents working in each de-
partment). The CSP model is the PEAV model from [Ma-
heswaran et al., 2004]. Each agent has multiple variables:
one for the start time of each meeting it participates in, with
8 timeslots as values. Mutual exclusion constraints are im-
posed on the variables of an agent, and equality constraints
are imposed on the corresponding variables of all agents in-
volved in the same meeting. Private, unary constraints placed
by an agent on its own variables show how much it values
each meeting/start time. Random meetings are generated,
each with a certain utility for each agent. The objective is
to find the schedule that maximizes the overall utility.

Table 3 shows how our algorithm scales up with the size
of the problems. Notice that the total number of messages
includes the VALUE messages (linear size), and that due to
the fact that intra-agent subproblems are denser than the rest
of the problem, high-dimensional messages are likely to be
virtual, intra-agent messages (not actually transmitted over
the network). To our knowledge, these are by far the largest
optimization problems solved with a complete, distributed al-
gorithm (200 agents, 101 meetings, 270 variables, 341 con-
straints). The largest reported previous experiment is [Mah-
eswaran et al., 2004], with 33 agents, 12 meetings, 47 vari-
ables, 123 constraints, solved using ADOPT.

8 Conclusionsand futur ework
We presented in this paper a new complete method for dis-
tributed constraint optimization. This method is a utility-
propagation method that extends tree propagation algorithms
like the sum-product algorithm or DTREEto work on arbi-
trary topologies using a pseudotree structure. It requires a
linear numberof messages, the largest one being exponen-
tial in the induced width along the particular pseudotree cho-
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Agents 30 40 70 100 200
Meetings 14 15 34 50 101
Variables 44 50 112 160 270

Constraints 52 60 156 214 341
Messages 95 109 267 373 610

Max message size 512 4096 32k 256k 256k
Cycles 30 32 70 86 96

Table 3: DPOP tests on meeting scheduling.

sen. This method reduces the complexity from domn (stan-
dard backtracking) to domw, where n=number of nodes in
the problem, dom bounds the domain size and w=the induced
width along the particular pseudotree chosen. For loose prob-
lems, n � w holds and our method retains the advantage of
a linear number of messages (in practice even orders of mag-
nitude fewer messages than the other aproaches), while pre-
serving a small message size. In real world scenarios, sending
a few larger messages is preferable to sending a lot of small
messages because of the much lower overheads implied (dif-
ferences can go up to orders of magnitude speedups). Our
experiments show that our method is the first one to be able
to handle effectively arbitrarily large instances of a number of
practical problems while using a linear number of messages.

Finding the minimum width pseudotree is an NP-complete
problem, so in our future work we will investigate heuristics
for finding low width pseudotrees.
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Abstract

Adding symmetry breaking constraints is one of the
oldest ways of breaking variable symmetries for
CSPs. For instance, it is well known that all the
symmetries for the pigeon hole problem can be re-
moved by ordering the variables. We have general-
ized this result to all CSPs where the variables are
subject to an all different constraint. In such case it
is possible to remove all variable symmetries with
a partial ordering of the variables. We show how
this partial ordering can be automatically computed
using computational group theory (CGT). We fur-
ther show that partial orders can be safely used to-
gether with the GE-tree method of[Roney-Dougal
et al., 2004]. Experiments show the efficiency of
our method.

1 Introduction
A symmetry for a Constraint Satisfaction Problem (CSP) is
a mapping of the CSP onto itself that preserves its structure
as well as its solutions. If a CSP has some symmetries, it
may be the case that all symmetrical variants of every dead
end encountered during the search must be explored before a
solution can be found. Even if the problem is easy to solve,
all symmetrical variants of a solution are also solutions, and
listing all of them may just be impossible in practice. Those
observations have triggered a lot of interest for the detection
and removal of symmetries in the constraint programming
community. Adding symmetry breaking constraints is one of
the oldest ways of breaking variable symmetries for (CSPs).
For instance, it is shown in[Crawfordet al., 1996] that all
variable symmetries could be broken by adding one lexico-
graphical ordering constraint per symmetry. Unfortunately,
this method is not tractable in general, as there may be an
exponential number of symmetries. It has been shown that
in general there is no way to break all symmetries of a prob-
lem with a polynomial number of constraints[Roy and Luks,
2004]. In [Fleneret al., 2002], a linear number of constraints
are used to break symmetries for matrix problems. As ex-
pected, since there are a polynomial number of constraints,
not all symmetries are broken. However, a polynomial num-
ber of constraints may be sufficient for breaking all symme-
tries in some special cases. For instance, in[Puget, 1993],

it is shown that a linear number of constraints can break all
symmetries for the pigeon hole problem: one simply needs
to order the variables. In this paper we consider a more gen-
eral class of problems:all different problems. These are CSPs
such that the variables are subject to an all different constraint
among other constraints. We show in section 4 that for such
CSPs, all variable symmetries can be broken with at most
n− 1 binary constraints, wheren is the number of variables.

In [Roney-Dougalet al., 2004] a general purpose method
for breaking all value symmetries is given: the GE-tree
method. We show in section 5 that this method can be safely
combined with symmetry breaking constraints, under some
conditions on the order in which the search tree is traversed.

In section 6, we apply our method to some complex CSPs.
We summarize our findings and discuss some possible gener-
alizations in section 7.

2 Symmetries, Graphs and CSPs
The symmetries we consider are permutations, i.e. one to one
mappings (bijections) from a finite set onto itself. Without
loss of generality, we can consider permutations ofIn, where
In is the set of integers ranging from0 to n − 1. For in-
stance, we can label the variables of a graph with integers,
such that any variable symmetry is completely described by a
permutation of the labels of its variables. This is formalized
as follows.

2.1 Computational Group Theory
Let Sn be the set of all permutations of the setIn. The image
of i by the permutationσ is denotediσ. A permutationσ ∈
Sn is fully described by the vector[0σ, 1σ, . . . , (n−1)σ]. The
product of two permutationsσ andθ is defined byi(σθ) =
(iσ)θ.

Given i ∈ In and a permutation groupG ⊆ Sn, theorbit
of i in G, denotediG, is the set of elements to whichi can be
mapped to by an element ofG:

iG = {iσ|σ ∈ G}
Given i ∈ In and a permutation groupG ⊆ Sn, thesta-

bilizer of i in G, denotediG, is the set of permutations ofG
that leavei unchanged:

iG = {σ ∈ G|iσ = i}
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2.2 CSP and symmetries
A constraint satisfaction problemP (CSP) withn variables
is a tripleP = (V,D, C) whereV is a finite set of variables
(vi)i∈In ,D a finite set of finite sets(Di)i∈In , and every con-
straint inC is a subset of the cross product

⊗
i∈In Di. With-

out loss of generality, we can assume thatDi ⊆ Ik for some
k.

An assignmentis a member ofS, i.e. a vector of values
(ai)i∈In such thatai ∈ Di for all i ∈ In, and is denoted
(vi = ai)i∈In . A partial assignmentis sub vector of an as-
signment.

A solutionto (V,D, C) is an assignment that is consistent
with every member ofC.

Given a permutationσ of In, we define a variable permu-
tation on (partial) assignments as follows:

((vi = ai)i∈In)σ = ((viσ = ai)i∈In)

Such permutation is called avariable symmetryif it maps
solutions to solutions.

Given a permutationθ of Ik, we define a value permutation
on (partial) assignments as follow:

((vi = ai)i∈In)θ = ((vi = aθ−1

i )i∈In)

Such permutation is called avalue symmetryif it maps so-
lutions to solutions.

2.3 A graph coloring example
Let us introduce an example that will be used throughout the
paper. We say that a graph withm edges isgracefulif there
exists a labelingf of its vertices such that:

• 0 ≤ f(i) ≤ m for each vertexi,

• the set of valuesf(i) are all different,

• the set of valuesabs(f(i), f(j)) for every edge(i, j) are
all different.

A straightforward translation into a CSP exists where there is
a variablevi for each vertexvi, see[Lustig and Puget, 2001].
The variable symmetries of the problem are induced by the
automorphism of the graph. There is one value symmetry,
which mapsv to m − v. More information on symmetries
in graceful graphs is available in[Petrie and Smith, 2003],
[Petrie, 2004].

Let us consider the following graphK3 × P2:
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The group of variable symmetries of the corresponding

CSP is equivalent to the group of symmetries of the graph.
Such group can be computed by packages such as Nauty[Mc
Kay, 1981]. This groupG is:

{[0, 1, 2, 3, 4, 5], [0, 2, 1, 3, 5, 4], [1, 0, 2, 4, 3, 5],

[1, 2, 0, 4, 5, 3], [2, 0, 1, 5, 3, 4], [2, 1, 0, 5, 4, 3],

[3, 4, 5, 0, 1, 2], [3, 5, 4, 0, 2, 1], [4, 3, 5, 1, 0, 2],

[4, 5, 3, 1, 2, 0], [5, 3, 4, 2, 0, 1], [5, 4, 3, 2, 1, 0]}

3 Breaking variable symmetries
Without loss of generality, we can assume that domains are
subsets ofIk for somek, with the usual ordering on integers.

3.1 Lex leader constraints
Adding constraints is one of the oldest methods for reducing
the number of variable symmetries of a CSP[Puget, 1993].
In [Crawford et al., 1996], it is shown that all the variable
symmetries of any CSP can be broken by the following con-
straints.

∀σ ∈ G, V ¹ Vσ (1)

For a givenσ, the constraint(V ¹ Vσ) is semantically
equivalent to the disjunction of the constraints:

v0 < v0σ

v0 = v0σ ∧ v1 < v1σ

...
v0 = v0σ ∧ . . . ∧ vi−1 = v(i−1)σ ∧ vi < viσ

...
v0 = v0σ ∧ . . . ∧ vn−2 = v(n−2)σ ∧ vn−1 < v(n−1)σ

v0 = v0σ ∧ . . . ∧ vn−2 = v(n−2)σ ∧ vn−1 = v(n−1)σ

If the last constraint is omitted, the set of constraints is
denotedV ≺ Vσ.

In our example, the constraints given by[Crawfordet al.,
1996] are

(v0, v1, v2, v3, v4, v5) ¹ (v0, v1, v2, v3, v4, v5)
(v0, v1, v2, v3, v4, v5) ¹ (v0, v2, v1, v3, v5, v4)
(v0, v1, v2, v3, v4, v5) ¹ (v1, v0, v2, v4, v3, v5)
(v0, v1, v2, v3, v4, v5) ¹ (v1, v2, v0, v4, v5, v3)
(v0, v1, v2, v3, v4, v5) ¹ (v2, v0, v1, v5, v3, v4)
(v0, v1, v2, v3, v4, v5) ¹ (v2, v1, v0, v5, v4, v3)
(v0, v1, v2, v3, v4, v5) ¹ (v3, v4, v5, v0, v1, v2)
(v0, v1, v2, v3, v4, v5) ¹ (v3, v5, v4, v0, v2, v1)
(v0, v1, v2, v3, v4, v5) ¹ (v4, v3, v5, v1, v0, v2)
(v0, v1, v2, v3, v4, v5) ¹ (v4, v5, v3, v1, v2, v0)
(v0, v1, v2, v3, v4, v5) ¹ (v5, v3, v4, v2, v0, v1)
(v0, v1, v2, v3, v4, v5) ¹ (v5, v4, v3, v2, v1, v0)

3.2 A polynomial number of constraints
The number of constraints (1) can grow exponentially with
the number of variablesV. Using the fact that the variable
are subject to an all different constraint, we can significantly
reduce the number of symmetry breaking constraints. Let us
consider one of the symmetries of our example, namely:

σ = [0, 2, 1, 3, 5, 4]
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The constraint breaking this symmetry is

(v0, v1, v2, v3, v4, v5) ¹ (v0, v2, v1, v3, v5, v4)

Sincev0 = v0 is trivially true, and sincev1 = v2 cannot be
true because of the all different constraint, this constraint can
be simplified into:

v1 < v2

This simplification is true in general and can be formalized
as follows. Given a permutationσ, let s(σ) be the smallesti
such thatiσ 6= i, and lett(σ) be equal to(s(σ))σ.

Lemma 1. Given a CSP where the variablesV are subject
to an all different constraint, and a variable symmetry group
G for this CSP, then all variable symmetries can be broken by
adding the following constraints:

∀σ ∈ G, vs(σ) < vt(σ) (2)

Proof. By definitionkσ = k for all k < s(σ), ands(σ)σ 6=
s(σ). Let us look at the constraintV ¹ Vσ. There is an
all different constraint on the variablesV, which means that
vi = viσ if and only if iσ = i. In particular,vk = vkσ for all
k < s(σ), andvs(σ) 6= v(s(σ))σ . Therefore, only one disjunct
for the constraint can be true, namely:

v0 = v0σ ∧ . . . ∧ vs(σ)−1 = v(s(σ)−1)σ ∧ vs(σ) < v(s(σ))σ

Sincekσ = k for k < s(σ) ands(σ)σ = t(σ), this can be
simplified intovs(σ) < vt(σ). 2

Note that if two permutationsσ andθ are such thats(σ) =
s(θ) and t(σ) = t(θ), then the corresponding symmetry
breaking constraints are identical. Therefore, it is sufficient
to state only one symmetry breaking constraints for each pair
i, j such that there exists a permutationσ with i = s(σ) and
j = t(σ).

The set of these pairs can be computed using what is known
as the Schreier Sims algorithm[Seress, 2003]. This algorithm
constructs a stabilizers chainG0, G1, . . . , Gn as follows:

G0 = G

∀i ∈ In, Gi = (i− 1)Gi−1

By definition,

Gi = {σ ∈ G : 0σ = 1 ∧ . . . ∧ (i− 1)σ = i− 1}
Gn ⊆ Gn−1 ⊆ . . . G1 ⊆ G0

The Schreier Sims algorithm also computes set of coset
representativesUi. Those are orbits ofi in Gi:

Ui = iGi

By definition, Ui is the set of values whichi is mapped
to by all symmetries inG that leave at least0, . . . , (i − 1)
unchanged.

From now on, we will assume that all the groups we use
are described by a stabilizers chain and coset representatives.

In our example, the stabilizer chain is :

G0 = G

G1 = 0G0 = {[0, 1, 2, 3, 4, 5], [0, 2, 1, 3, 5, 4]}
G2 = 1G1 = {[0, 1, 2, 3, 4, 5]}

All remaining stabilizersG3, G4, G5 are equal toG2.
Coset representatives are:

U0 = 0G0 = {0, 1, 2, 3, 4, 5}
U1 = 1G1 = {1, 2}
U2 = 2G2 = {2}
U3 = 3G3 = {3}
U4 = 4G4 = {4}

Theorem 2. Given a CSP withn variablesV such that
there exists an all different constraint on these variables, and
given coset representatives setsUi for the variable symme-
try group of the CSP, then all the variable symmetries can
be broken by at mostn(n − 1)/2 binary constraints. These
constraints are given by :

∀i ∈ In,∀j ∈ Ui, i 6= j → vi < vj (3)

Proof. By definition, for each elementj ∈ Ui, there exists
at least one permutationσ ∈ Gi such thatiσ = j andj =
t(σ). The converse is also true. If there exists a permutationσ
such thati = s(σ) and thatj = t(σ), thenj ∈ Ui. Therefore,
the constraints (2) can be rewritten into:

∀i ∈ In,∀j ∈ Ui, i 6= j ⇒ vi < vj

There are
∑n−1

i=0 (|Ui| − 1) such constraints. All the per-
mutations ofGi leave the numbers0, . . . , i − 1 unchanged.
ThereforeUi is a subset of{i, . . . , n − 1}. Then|Ui| − 1 ≤
n − i − 1. Therefore, the number of constraints is bounded
from above by

∑n−1
i=0 (n− i− 1) = n(n− 1)/2. 2

In our example, these constraints are :

v0 < v1, v0 < v2, v0 < v3, v0 < v4, v0 < v5, v1 < v2

Note that some of these constraints are redundant. For in-
stance, the constraintv0 < v2 is entailed by the first and the
last constraints. This remark can be used to reduce the num-
ber of constraints as explained in the following section.

3.3 A linear number of constraints
The previous result can be improved by taking into account
the transitivity of the< constraints. Givenj ∈ In, it may be
the case thatj belongs to several of the setsUi. In such case,
let us definer(j) as the largesti different fromj such thatj
belongs toUi. If j belongs to noUi other thanUj , then let
r(j) = j.

Before stating our main result, let us prove the following.

Lemma 3. With the above notations, ifj ∈ Ui and i 6= j
thenr(j) ∈ Ui andr(j) < j

Proof. Let us assume thatj ∈ Ui andi 6= j. By definition
of Ui there exists a permutationσ ∈ Gi such thatiσ = j. Let
k = r(j). By definition ofr(j), i ≤ k andj ∈ Uk. Therefore,
there exists a permutationθ ∈ Gk such thatkθ = j. Let
ν = σθ−1. Then, iν = iσθ−1

= jθ−1
= k. Moreover,

ν ∈ Gi becauseσ ∈ Gi and θ ∈ Gk ⊆ Gi. Therefore,
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k ∈ Ui. The fact thatr(j) < j is an immediate consequence
of the definition ofr(j).2

We can now state our main result.

Theorem 4.With the above notations, given a CSP withn
variablesV, such that there exists an all different constraint
on these variables, then all variable symmetries can be bro-
ken by at mostn − 1 binary constraints. These constraints
are given by :

∀j ∈ In, r(j) 6= j → vr(j) < vj (4)

Proof. The number of constraints (4) is at mostn by def-
inition. Note thatr(0) = 0 by definition ofr, therefore, the
number of constraints is at mostn−1. Let us consider one of
the constraints of (3). We are giveni andj such thatj ∈ Ui

andi 6= j. We want to prove that the constraintc = (vi < vj)
is implied by the constraints (4). Let us consider the sequence
(j, r(j), r(r(j)), r(r(r(j))), . . .). Let us assume that the se-
quence never meetsi. We have thatj ∈ Ui andi 6= j. By
application of lemma 3, we getr(j) ∈ Ui and r(j) < j.
Sincer(j) 6= i by hypothesis, lemma 3 can be applied again.
By repeated applications of lemma 3 we construct an infinite
decreasing sequence of integers all included inUi. This is
not possible asUi is finite. Therefore, there existsk such
that i = rk(j). Moreover, we have establishedrk(j) 6=
rk−1(j), . . . , r(r(j)) 6= r(j), r(j) 6= j. Therefore, the con-
straintsvrk(j) < vrk−1(j), . . . vr(r(j)) < vr(j), vr(j) < vj are
constraints of (4). Together they implyvrk(j) < vj which is
the constraintc. We have proved that the constraints (3) are
implied by the constraints (4). Since the set of constraints (4)
is a subset of the constraints (3), both sets of constraints are
equivalent. Then, by theorem 2, the constraints (4) break all
variable symmetries.2

In our example, we get from coset representatives:

r(0) = 0, r(1) = 0, r(2) = 1, r(3) = 0, r(4) = 0, r(5) = 0

Therefore, the constraints (4) given by theorem 4 are:

v0 < v1, v0 < v3, v0 < v4, v0 < v5, v1 < v2

Note that the constraintv0 < v2 is no longer appearing.

4 Breaking both variable symmetries and
value symmetries

In [Roney-Dougalet al., 2004], a general method for break-
ing all value symmetries is described. This method uses the
group of value symmetries of the CSP. We will show that this
method can be combined with symmetry breaking constraints
when there are both variable symmetries and value symme-
tries.

4.1 GE-tree and symmetry breaking constraints
We are given a CSPP with n variablesvi subject to an all
different constraint among other constraints. Without loss of
generality, we can assume that the domains of the variables
are subsets ofIk for somek. It is shown in[Fleneret al.,

2002] how to transformP into a new CSPP ′ such that all
value symmetries ofP become variable symmetries ofP ′.
The idea is to addn× k additional binary variablesxij (vari-
ables with domains equal to{0, 1}). We also add the follow-
ing channeling constraints:

∀i ∈ In, j ∈ Ik, (xij = 1) ≡ (vi = j)

These constraints state that the variablexij equals 1 if and
only if the variablevj equals j. Adding these new variables
do not change the solutions of the CSP. Moreover, variable
symmetries ofP are equivalent to permutations of the rows of
thexij matrix, whereas value symmetries ofP are equivalent
to permutations of the columns of the same matrix.

Let us construct the vectorX by concatenating the rows
of the matrixxij . Therefore, the variablesxij are ranked in
increasing values ofi then increasing values ofj in the vector
X.

Let us consider a value symmetryθ for P. Thenθ is a
permutation of the matrix columns. This symmetry is broken
by the constraint:

X ¹ Xθ (5)

Let Xi be the variables in thei-th row of the matrix. The
value symmetryθ maps variables in a given row to variables
in the same row. This is formalized as follows.

Xi = (xi0, xi1, . . . , xi(k−1))

(Xθ)i = (xi0θ−1 , xi1θ−1 , . . . , xi(k−1)θ−1)

From the definition of¹, we have that (5) is equivalent to
the disjunction of the following constraints:

X0 ≺ (Xθ)0
X0 = (Xθ)0 ∧X1 ≺ (Xθ)1

...
X0 = (Xθ)0 ∧ . . . ∧Xi−1 = (Xθ)i−1 ∧Xi ≺ (Xθ)i

...
X0 = (Xθ)0 ∧ . . .∧Xn−2 = (Xθ)n−2 ∧Xn−1 ≺ (Xθ)n−1

X0 = (Xθ)0 ∧ . . .∧Xn−2 = (Xθ)n−2 ∧Xn−1 = (Xθ)n−1

Let us compare lexicographicallyXi with (Xθ)i. Let ai

be the value assigned tovi. Thenxi(ai) = 1 andxij = 0 for

j 6= ai. Similarly, xi(j)θ−1 = 1 if and only if jθ−1 = ai, i.e.

aθ
i = j. Therefore,Xi = (Xθ)i if and only if ai = (ai)θ,

andXi ≺ (Xθ)i if and only if ai < (ai)θ.
We then have that (5) is equivalent to the disjunction of the

constraints:

a0 < (a0)θ

a0 = (a0)θ ∧ a1 < (a1)θ

...
a0 = (a0)θ ∧ . . . ∧ ai−1 = (ai−1)θ ∧ ai < (ai)θ

...
a0 = (a0)θ ∧ . . . ∧ an−2 = (an−2)θ ∧ an−1 < (an−1)θ

a0 = (a0)θ ∧ . . . ∧ an−2 = (an−2)θ ∧ an−1 = (an−1)θ
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Let us now consider one of the disjunct, namely:

a0 = (a0)θ ∧ . . . ∧ ai−1 = (ai−1)θ ∧ ai < (ai)θ

This means thatθ leaves invarianta0, a1, . . . , ai−1. In such
caseai must be minimal among the values that any suchθ can
map it to. We have therefore proved the following result.

Lemma 5. With the above notations,ai is the minimum of
its orbit in the group of symmetries that leavea0, a1, . . . ai−1

unchanged.
This is equivalent to the GE-tree method for breaking all

value symmetries[Roney-Dougalet al., 2004], when the vari-
ables and the values are tried in an increasing order during
search.

From[Crawfordet al., 1996], it is safe to add all possible
symmetry breaking constraints (1) onP ′. In particular, it is
safe to state all the constraints (1) for the variable symmetries
of P together with all the constraints (5). By lemma 5, the
set of constraints (5) is equivalent to the GE-tree method for
breaking value symmetries. We have just proved the follow-
ing result.

Theorem 6.Given a CSP, its group of variable symmetries
G1, and its group of value symmetriesG2, then the combi-
nation of the GE-tree method for breaking value symmetries
with the symmetry breaking constraints (1) computes a set of
solutionsS such that:

∀S ∈ sol(P),∃σ ∈ G1,∃θ ∈ G2, ∃S′ ∈ S, Sσθ = S′

Theorem 4 in section 3 says that the set of all those con-
straints (1) is equivalent to the constraints (4) when there is
an all different constraints on all the variablesV. This yields
the following result.

Corollary 7. Given a CSP where the variable are subject
to an all different constraint, its group of variable symmetries
G1, and its group of value symmetriesG2, then the combi-
nation of the GE-tree method for breaking value symmetries
with the symmetry breaking constraints (4) computes a set of
solutionsS such that:

∀S ∈ sol(P),∃σ ∈ G1,∃θ ∈ G2, ∃S′ ∈ S, Sσθ = S′

5 Experimental results

We have implemented an algorithm similar to Nauty[Mc
Kay, 1981] for computing graph automorphisms, as well as
a Schreier Sims algorithm[Seress, 2003]. These have been
used in the following examples. In our implementation, we
did not fully implement the GE-tree method, because it re-
quires more computational group algorithms than what we
have implemented so far. We simply compute the orbits for
the groupG of value symmetries. Then, only the minimum
element of each orbit is left in the domain of the variablev0.
We will refer to this method as SBC (for Symmetry Breaking
Constraints) in order to differentiate it from other methods.

5.1 Graceful graphs
We have tested our approach on the graceful graphs of[Petrie
and Smith, 2003]. Variable symmetries are broken by the
constraints (4). There is one non trivial value symmetry,
which mapsa to e − a; wheree is the number of edges of
the graph. Therefore, the orbits for this symmetry are the sets
{a, e − a}, for 0 ≤ a ≤ e/2. Therefore, one can restrict the
domain ofv0 by keeping one the smallest value in each of
these orbits.

For each graph we report the number of solutions of the
CSP (sol), the size of the search tree (node) and the time
(time) needed to compute all these solutions the running time
without symmetry breaking technique (no sym). We also re-
port these figures when the SBC method is used. In this case
the running time includes the time needed to perform all the
group computations. Running times are measured on a1.4
GHz Dell Latitude D800 laptop running Windows XP. The
implementation is done with ILOG Solver 6.0[ILOG, 2003].

graph no sym SBC
sol node time sol node time

K3 × P2 96 1518 0.12 8 83 0.01
K4 × P2 1440 216781 13.6 30 1863 0.27
K5 × P2 480 34931511 4454 2 53266 6.5
K6 × P2 0 1326585 305

Table 1. Computing all solutions for graceful graphs.

The running times are up to30 times smaller than the ones
reported in[Petrie, 2004] for the GAP-SBDD and the GAP-
SBDS methods, using a computer about half the speed of
ours. This shows that in this example our symmetry break-
ing constraints are much more efficient than modified search
methods. However, we find twice as many more solutions.
Let see why on the graphK5 × P2. This graph has 10
vertices and 25 edges. We list the values for the variables
v0, v1, . . . , v9 for the two solutions:

(0, 4, 18, 19, 25, 23, 14, 6, 3, 1)

(0, 6, 7, 21, 25, 24, 22, 19, 11, 2)
Let us apply the non trivial value symmetry to the second

one. We get:

(25, 19, 18, 4, 0, 1, 3, 6, 14, 23)

Let us apply the following variable symmetry to it:

[4, 3, 2, 1, 0, 9, 8, 7, 6, 5]

This yields the first solution!
This example shows that we did not break all symmetries

that are a product of a variable symmetry by a value symme-
try. This is so despite the fact that all variable symmetries and
all value symmetries are broken.

5.2 Most Perfect Magic Squares
Most perfect magic squares, studied in[Ollerenshaw, 1986],
are given as an example of a CSP with convoluted variables
symmetries in[Roney-Dougalet al., 2004]. The authors
decided to use an inverse representation in order to trans-
form variable symmetries into value symmetries. These were
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in turn broken with the GE-tree method. In[Ollerenshaw,
1986], it is proven that most perfect magic squares are in a
one to one relationship withreversible squares. A reversible
square of sizen×n (wheren ≡ 0 mod 4) has entries1 . . . n2

such that (i) the sum or the two entries at diagonally opposite
corners of any rectangle or sub-square equals the sum of the
other pair of diagonally opposite corners (ii) in each row or
column, the sum of the first and last entries equals the sum
of the next and the next to last number, etc (iii) diametrically
opposed numbers sum ton2 + 1.

Any solution is one of 2n+1((n/2)!)2 symmetric
equivalent[Ollerenshaw, 1986]. For n = 16, this is about
2.13e+14.

The natural model for this problem has one variable per cell
in the square with entries as values. In addition to the above
constraints on entries, there is an all different constraint.
Therefore, our variable symmetry breaking constraints can
be used. We report for various sizes the time used to com-
pute the symmetry breaking constraints as well as the time for
finding all non symmetrical solutions with our SBC method.
We also report the results of[Roney-Dougalet al., 2004],
obtained with GAP-SBDD and with GE-tree on a computer
about half the speed of ours. A direct comparison is difficult
because they directly search for most perfect magic squares
whereas we search for reversible squares. It is worth compar-
ing the time spent in the symmetry computations though, be-
cause these deal with the same symmetry group. Our method
spends much less time in symmetry computations because
this needs to be done only once, before the search starts.

Method n sols sym search
SBC 4 3 0.01 0.02

8 10 0.09 0.39
12 42 0.44 22.2
16 35 4.6 275.6

GAP-SBDD 4 3 0.3 0.3
8 10 5.4 125.4
12 42 2745 12518

GE-tree 4 3 0.2 0.1
8 10 0.7 90.0
12 42 29.1 10901.8

6 Discussion
We have established two major results (i) all variable symme-
tries can be broken by a linear number of binary constraints
if there is an all different constraints on all the variables of
the CSP (ii) symmetry breaking constraints of[Crawfordet
al., 1996] can be safely used in conjunction with the GE-tree
method of[Roney-Dougalet al., 2004].

Furthermore, these methods can be fully automated using
automorphism packages such as Nauty[Mc Kay, 1981] and
computational group theory[Seress, 2003]. We have imple-
mented such algorithms. Experiments on complex problems
show that these algorithms are quite efficient.

The results described in this paper can be generalized. First
of all, theorem 4 is valid for all CSPs where the variables are
subject to an all different constraint. It would be interesting to
see if similar results can be obtained for other forms of CSPs.

It is worth mentioning that we presented a method for
breaking all variable symmetries, and all value symmetries.
However, our method does not break products of both kinds
of symmetries. It remains to be seen if a simple combina-
tion of variable and value symmetry breaking techniques can
break all such symmetries.
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Abstract

The paper reports on new algorithms for solving
partially observable games. Whereas existing al-
gorithms apply AND-OR search to a tree of black-
box belief states, our “incremental” versions treat
uncertainty as a new search dimension, examining
the physical states within a belief state to construct
solution trees incrementally. On a newly created
database of checkmate problems for Kriegspiel (a
partially observable form of chess), incrementaliza-
tion yields speedups of two or more orders of mag-
nitude on hard instances.

1 Introduction
“Classical” games, such as chess and backgammon, are fully
observable. Partially observable games, despite their greater
similarity to the real world, have received less attention in
AI. The overall computational task in such games can be di-
vided conceptually into two parts. First,state estimationis
the process of generating and updating thebelief state—a
representation of the possible states of the world, given the
observations to date. Second,move selectionis the process of
choosing a move given the belief state.

Partially observable games are intrinsically more com-
plicated than their fully observable counterparts. At any
given point, the set of logically possible states may be
very large, rendering both state estimation and move selec-
tion intractable. Furthermore, move selection must consider
one’s own information state (gathering information is help-
ful) and the opponent’s information state (revealing informa-
tion is harmful). Finally, game-theoretically optimal strate-
gies arerandomizedbecause restricting oneself to determinis-
tic strategies provides additional information to the opponent.
The paper by Koller and Pfeffer[1997] provides an excellent
introduction to these issues.

In this paper, we focus on a particular subproblem: de-
ciding whether aguaranteed winexists—i.e., a strategy that
guarantees the optimal payoff within some finite depth, re-
gardless of the true state, for any play by the opponent. This
is simpler than the general problem, for two reasons. First,
the state estimate need represent only thelogically possible
states, without considering their probabilities. Second,we
have the following:

Theorem 1 A guaranteed win exists from some initial belief
state iff it exists against an opponent with full observation.

This follows from the fact that an opponent, by simply
choosing moves at random, has a nonzero probability of du-
plicating any finite behavior of an optimal opponent with full
observation. Thus, thelogical possibilitythat the solver can
guarantee a win within some bounded depth depends only
upon thesolver’sown information about the true state. This
implies that neither the opponent’s information state nor ran-
domized strategies need be considered. We will see shortly
that the theorem doesnot apply to certain other strategies,
which winwith probability 1but are notguaranteed.

Despite these restrictions, the problem is quite general.
Indeed, it is isomorphic to that of finding guaranteed plans
in nondeterministic, partially observable environments.Our
particular focus in this paper is onKriegspiel, a variant of
chess in which the opponent’s pieces arecompletely invisi-
ble. As the game progresses, partial information is supplied
by a referee who has access to both players’ positions. The
players, White1 and Black, both hear every referee announce-
ment. There is no universally accepted set of rules; we adopt
the following:
• White may propose to the referee any move that would

be a legal chess move on a board containing just White’s
pieces; White may also propose any pawn capture.

• If the proposed move is illegal on the board containing
both White and Black pieces, the referee announces “Il-
legal.”2 White may then try another move.

• If the move is legal, it is made. Announcements are:
– If a piece is captured on squareX: “Capture onX.”
– If Black is now in check: “Check byD,” whereD

is one or two of the following directions (from the
perspective of Black’s king): Knight, Rank, File,
Long Diagonal, and Short Diagonal.

– If Black has no legal moves: “Checkmate” if Black
is in check and “Stalemate” otherwise.

• Finally: “Black to move.”
(Examples of play are given in Section 4. In addition,
more details are available online at our Kriegspiel website,
www.cs.berkeley.edu/˜jawolfe/kriegspiel/.)

One important aspect of Kriegspiel and many other par-
tially observable games and planning domains is the “try-
until-feasible” property—a player may attempt any number

1W.l.o.g., we assume it is White’s turn to move.
2If the move is not legal for White’s pieces alone, or if it has

already been rejected on this turn, the referee says “Nonsense.”
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of actions until a legal one is found. Because the order of at-
tempts matters, a move choice is actually a plan to try a given
sequenceof potentially legal moves. Hence, the branching
factor per actual moveis the number of such sequences,
which can be superexponential in the number of potentially
legal moves. We will see that try-until-feasible domains ad-
mit certain simplifications that mitigate this branching factor.

Kriegspiel is very challenging for humans. Even for ex-
perts, “announced” checkmates are extremely rare except
for so-calledmaterial wins—such as KQR-vs.-K—when one
side is reduced to just a king and the other has sufficient (safe)
material to force a win. Checkmate is usually “accidental” in
the sense that one player mates the other without knowing it
in advance.

Several research groups have studied the Kriegspiel check-
mate problem. Ferguson[1992] exhibited a randomized
strategy for the KBN-vs.-K endgame that winswith prob-
ability 1; the lone Black king can escape checkmate only
by guessing White’s moves correctly infinitely often. Sub-
sequently[1995], he derived a strategy for the KBB-vs.-K
endgame that wins with probability1−ǫ for anyǫ > 0. In our
terminology, these mates are notguaranteed, and they do not
work if the opponent can see the board. Additional material-
win strategies, all deterministic, have been developed[Cian-
cariniet al., 1997; Bolognesi and Ciancarini, 2003; 2004].

As we explain in Section 4, algorithms forfindinga check-
mate in Kriegspiel involve searching an AND–OR tree whose
nodes correspond to belief states. This idea is common
enough in the AI literature on partially observable plan-
ning search (see, for example, Chapters 3 and 12 of[Rus-
sell and Norvig, 2003]). It was proposed for Kriegspiel,
and applied to the analogous partially observable variant of
Shogi (Japanese chess), by Sakuta and Iida; results for sev-
eral search algorithms are summarized in Sakuta’s PhD the-
sis [2001]. Bolognesi and Ciancarini[2004] add heuristic
measures of “progress” to guide the tree search, but consider
only positions in which the opponent has a lone king. In all of
these papers, the initial belief state is determined externally.

The search algorithm developed by Ginsberg[1999] for
(partially observable) Bridge play works by sampling the ini-
tial complete deal and then solving each deal as a fully ob-
servable game. This approach gives a substantial speedup
over solving the true game tree, but never acts to gather
or hide information (which is essential for domains such as
Kriegspiel). The only previous Kriegspiel-playing agent we
know of, developed by Parkeret al. [2005], uses this ap-
proach. It keeps track of a sample of its true belief state,
and at each point selects the move that would be best if the
remainder of the game were played as fully observable chess.

Solving Kriegspiel is an instance of nondeterministic par-
tially observable planning, and could therefore be carriedout
by symbolic techniques such as the ordered binary decision
diagram (OBDD) methods developed by Bertoliet al. [2001]
or by quantified Boolean formulae (QBF) solvers. Unfortu-
nately, the computational penalty for generating chess moves
by symbolic inference methods appears to be around four or-
ders of magnitude [Selman, personal communication].

This paper’s contributions are as follows. Section 2 ad-
dresses the problem of state estimation; for the purposes of
this paper, we focus on exact estimation using straightfor-
ward methods. Section 3 describes a simple but complete
Kriegspiel player, combining both state estimation and move

selection, and explains how self-play was used to generate the
first database of Kriegspiel checkmate problems with obser-
vation histories.

Section 4 develops the basic AND–OR tree structure for
solving Kriegspiel-like games, allowing for possibly-illegal
moves. Section 5 defines two baseline algorithms—versions
of depth-first search (DFS) and proof-number search (PNS)—
for solving such trees, and then presents some basic improve-
ments for these algorithms and analyzes their performance on
our checkmate database.

Section 6 develops a new family ofincrementalsearch al-
gorithms that treat uncertainty as a new search dimension in
addition to depth and breadth, incrementally proving belief
states by adding a single constituent “physical state” to a so-
lution at each step. This leads to a further speedup of one
or more orders of magnitude. Finally, Section 7 shows how
state estimation and incremental checkmate search may be
interleaved.

2 State estimation
If we are to find a guaranteed win for White, state estimation
must identify the (logical)belief state—the set of allphysical
states(configurations for White and Black pieces) that are
consistent with White’s history of moves and observations. A
naive algorithm for exact state estimation looks like this:
• The initial belief state is a singleton, because Black’s

pieces start the game in their normal positions.
• For each White move attempt, apply the move to every

physical state and remove those states that are inconsis-
tent with the subsequent percept.

• For each Black turn,
– For each sequence ofk “Illegal” percepts for

the unobserved Black move attempts, remove any
physical state for which there are fewer thank dis-
tinct illegal moves.

– Replace each remaining physical state by the set
of updated states corresponding to all Black moves
that are legal and yield the given percept when
made in that state.

– Remove duplicate states using a transposition table.
In Kriegspiel, the belief state can grow very large—10

10

states or more—so this algorithm is not always practical. We
have found, however, that with certain aggressive styles of
play, the belief state remains no larger than a few thousand
states throughout the game.

The naive algorithm given above can be viewed as a
breadth-first expansion of a physical-state tree with branch-
ing at Black’s moves and pruning by percepts. An alternative
method, which we adopt, performs a depth-first search of the
tree instead. This has the advantage of generating a stream
of consistent current states with only a moderate amount of
effort per state. Furthermore, if the set of states found so far
does not admit a checkmate, then the whole belief state does
not admit a checkmate and both state estimation and move
selection can be terminated early (see Section 7).

A randomized depth-first search can generate a randomly
selected sample of consistent states that can be used for ap-
proximate decision making. We explore approximate state
estimation in a subsequent paper; for now, we assume that
the exact belief state is available to the checkmate algorithm.
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3 A Kriegspiel checkmate database
In order to evaluate checkmate-finding algorithms for
Kriegspiel, we require a database of test positions. Prior
to this work, no such database existed.3 Our first data-
base consists of White’s move and percept histories for 1000
Kriegspiel games, up to the point where a 3-ply checkmate
might exist for White.4 500 of these are actual mate instances;
the other 500 arenear-missinstances, which “almost” admit
a guaranteed checkmate within 3 ply. For each near-miss in-
stance, there is a checkmate plan that works in at least half of
the possible physical states, but not in all of them.

This database was created by analyzing games between
two different Kriegspiel programs. The first program, playing
White, performs exact state estimation and makes a complex
static approximation to 2-ply lookahead; it plays well but can
be defeated easily by a skilled human.5 The second program,
playing Black, is much weaker: it computes a limited sub-
set of its true belief state and attempts moves that are most
likely to be captures and checks first. Whenever White’s be-
lief state has 100 Black positions or fewer, we determine if the
belief state describes a mate or near-miss instance. If so, the
move and percept history for the game-in-progress is saved.
Games in which White’s belief state grows above 10,000 po-
sitions are excluded. With these two programs, White’s belief
state generally remains fairly small, and about half the games
played result in problem instances.6

Obviously, the checkmate problems we generate by this
method have belief states that never exceed 10,000 physical
states throughout the move history and have at most 100 phys-
ical states in the final position (the average is 11). Further-
more, the solution is at most 3-ply, but may include branches
with illegal move attempts in addition to 3 actual moves.

By simply re-analyzing our 3-ply near-miss problems at 5-
ply, we have also constructed a more difficult database of 258
5-ply mate instances and 242 5-ply near-miss instances. Both
databases are available at our website (URL in Section 1).

As better state estimation, search, and evaluation methods
are developed, it will be possible to construct more difficult
problems that better reflect the kinds of positions reached in
expert play. Nonetheless, our problems are far from trivial;
for example, we will see that on 97% of the 5-ply near-miss
instances, basic depth-first search requires more than 2000
CPU seconds to determine that no mate exists (within 5 ply).

4 Guaranteed Kriegspiel checkmates
Thanks to Theorem 1, our search problem involves a tree
whose nodes correspond to White’s belief states. Figure 1
shows a simple example: a miniature (4x4) 3-ply Kriegspiel
checkmate. In the root belief-state node (1) there are three

3The Internet Chess Club has a database of several thousand
Kriegspiel games, but guaranteed wins cannot be identified because
the database omits the history of attempted moves.

4In fact, we find deeper mates through the simple expedient of
classifying leaf nodes as wins if Black is checkmated or if White
has a known material win, as defined above.

5For ordinary play, we combine this move selection algorithm
with an online version of our approximate depth-first state estima-
tion algorithm.

6To achieve this high efficiency, we add extra illegal move at-
tempts to White’s move history as “hints”; without these hints, fewer
games satisfy our belief-state size criteria.
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Figure 1: A minimal AND–OR proof tree for a 4x4 Kriegspiel 3-
ply checkmate problem. The grayed moves in the Black-to-Move
section are hidden from White.

possible physical states, which differ in the locations and
types of Black’s pieces (White will always know thenum-
berof remaining Black pieces). The figure depicts a minimal
proof tree for the problem instance, with other possible moves
by White omitted; it describes the following strategy:

1. White attempts move Qa4 from belief state 1. If the
right-most state (1.c) is the true state, White wins.

2. Otherwise, Qa4 was illegal and White now attempts
move Qa3 from belief state 3.
(a) If the subsequent percept is “Capture on a3,” Black

has two legal moves: Nb2 and Nc3.
i. If Black makes Nb2, the referee announces

“Capture on b2” and White mates with Qb4.
ii. If Black makes Nc3, the referee announces

“Knight Check” and White mates with Qc3.
(b) If the subsequent percept is “Capture on a3 & Short

(Diagonal) Check,” Black has only one legal move:
Kc4. White mates with Qb3.

In general, belief-state AND–OR trees consist of three types
of nodes:
• OR-nodes: In Figure 1, OR-nodes appear in theWhite
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to Movesections (e.g., nodes 1, 3, 7). An OR-node rep-
resents a choice between possible moves for White, and
is proven iff at least one of its children is proven. Its
children are AND-nodes, each containing the results of
applying a single move in every possible physical state.

• EXPAND-nodes: EXPAND-nodes appear in theBlack
to Move sections, representing Black’s moves (e.g.,
nodes 5, 9). Since Black’s moves are invisible to White,
each EXPAND-node has only a single child, an AND-
node containing the union (eliminating duplicates) of
the legal successors of its possible physical states. An
EXPAND-node is proven iff its only child is proven.

• AND-nodes: AND-nodes are the thin nodes that appear
at every other level in the tree (e.g., nodes 2, 4, 6). Phys-
ical states within AND-nodes are abbreviated as circles.
An AND-node represents the arrival of a percept from
the referee, and can be terminal or non-terminal:

– If every physical state in an AND-node is a terminal
win for White, the node is terminal with valuetrue.
If any physical state is a terminal draw or loss for
White, the node is terminal with valuefalse.

– Otherwise, the AND-node is nonterminal, and has
children that form a partition of its nonterminal
physical states (percepts do not change the under-
lying physical states—see, e.g., nodes 7 and 11).

Thus, an AND-node is proven iff all of its belief-state-
tree childrenand its terminal physical states are proven.

In Kriegspiel, the referee makes an announcement after
each move attempt. Thus, Kriegspiel belief-state trees have
AND-nodes at every other level. The intervening nodes alter-
nate between EXPAND-nodes (Black moves) and sequences
of OR-nodes (White move attempts).7 Because one turn for
White may involve several move attempts, White’s entire turn
has a worst-case branching factor equal to the factorial of the
number of possible moves.

5 Searching belief-state AND–OR trees
This section describes two common algorithms—depth-first
search and proof-number search—for searching belief-state
AND–OR trees. Like other existing algorithms, both solve
a belief-state tree as an ordinary AND–OR tree with black-
box belief-state nodes. After introducing the algorithms,we
evaluate their performance on our 5-ply checkmate database,
with and without some basic improvements.

5.1 DFS and PNS
The pseudocode forDFS (depth-first search) is shown in Fig-
ure 2.8 DFS operates using theEXPAND method, which
constructs and evaluates the children of a belief-state node
(as described in Section 4); as an example, Figure 3 shows
EXPAND’s OR-node instance. To useDFS, we simply initial-
ize an OR-node with the root belief state and remaining depth,
and pass it toSOLVE-TOP. In Figure 1, the numbers beside
the nodes indicate an order in whichDFSmight expand them
when searching the tree.

7Thanks to Theorem 1, illegal Black moves are not considered.
8The pseudocode we present in this paper was written for sim-

plicity, and does not include modifications necessary for handling
possibly-illegal moves. Our actual implementations are also more
efficient (for instance, they construct only one child at a time at OR-
nodes), and thus differ significantly from the pseudocode shown.

function SOLVE-TOP(b) returns true or false
inputs: b, a belief-state node

EXPAND(b)
return SOLVE(b)

method SOLVE(b an OR-node)returns true or false
while CHILDREN(b) is not emptydo

if SOLVE-TOP(FIRST(CHILDREN(b))) then return true
POP(CHILDREN(b))

return false

method SOLVE(b an EXPAND-node)returns true or false
return SOLVE-TOP(CHILD(b))

method SOLVE(b an AND-node)returns true or false
if TERMINAL (b) then return VALUE (b)
while CHILDREN(b) is not emptydo

if not SOLVE-TOP(FIRST(CHILDREN(b))) then return false
POP(CHILDREN(b))

return true

Figure 2: TheDFS algorithm.

method EXPAND(b an OR-node)
for eachm in MOVES(FIRST(STATES(b))) do

b′← a new AND-node withTERMINAL (b′)= false,
VALUE (b′)= true, DEPTH(b′)= DEPTH(b),
CHILDREN(b′)= an empty list, and
STATES(b′)= MAP(SUCCESSOR(*,m),STATES(b))

for each s in STATES(b′) do
if s is a win for Whitethen removes from STATES(b′)
else ifs is terminal orDEPTH(b)= 1 then

b′← false; break
if b′ 6= false then

PUSH(b′,CHILDREN(b))
if STATES(b′) is emptythen

TERMINAL (b′)← true; break

Figure 3: The OR-node instance of theEXPAND method, which con-
structs and evaluates the children ofb.

PNS(proof-number search) is a best-first search algorithm
for AND–OR trees, and is commonly believed to be superior
to DFS. At each stepPNS expands a “most-proving” node,
which can make the largest contribution to proving or dis-
proving the entire tree. A most-proving node is defined as any
node that is a member ofbotha minimal proof setand amin-
imal disproof setof the tree, where a minimal proof/disproof
set is a minimal-cardinality set of unexpanded nodes that, if
proved/disproved, would be sufficient to prove/disprove the
root. Every tree has at least one most-proving node; if there
are multiple most-proving nodes, thePNSalgorithm chooses
one arbitrarily[Allis, 1994].9

5.2 Analysis and Improvements
Figure 4 shows the solving ability of our search algorithms
on the 500 problems in our 5-ply database (for readability,
we show only a subset of the algorithms tested). We will

9We alter the initialization ofPNS’s tree to reflect the fact that
wins occur only after White moves, but do not attempt to take the
depth limit[Allis, 1994] or the amount of uncertainty[Sakuta, 2001]
into account.
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Figure 4: Performance of search algorithms on our 5-ply Kriegspiel
checkmate database. Top: mate instances; Bottom: near-miss in-
stances. They-axes show the fraction of problems solvable within a
given amount of CPU time (in Lisp, on a 550 MHz machine). The
algorithms are ranked in decreasing order of efficiency.

introduce theDBU, DUB, andIPNS algorithms later, in Sec-
tion 6. Performance on our 3-ply database (not shown) is
qualitatively similar, but does not allow for accurate discrim-
ination between our improved algorithms.

BasicDFS is by far the slowest of the algorithms tested,
primarily because of the factorial branching factor for White
(which subsequent algorithms avoid, to a large extent); basic
PNS is much faster. Notice that the near-miss instances are
generally more difficult to solve than the mate instances.

Heuristic ordering
When searching a belief-state AND–OR tree using a black-
box algorithm such asDFS, there are two possible opportu-
nities for heuristic ordering: White moves at OR-nodes, and
percepts at AND-nodes. In this paper we focus on the under-
lying search algorithms; we do not investigate heuristic order-
ings for the White moves, and test only a simple but effective
ordering for the percepts.

At AND-nodes, thelegal children(children in which the
last move was legal) are generally much cheaper forDFS to
explore than theillegal child, since they have lower remain-
ing depth. This suggests a simple heuristic: investigate the
legal children first. As shown in Figure 4,L-DFS (Legal-first
DFS) is considerably faster thanDFS. On the other hand,L-

PNS(not shown) performs almost identically toPNS(which
naturally allocates its efforts efficiently).

Future work may investigate the effects of ordering the
White moves (e.g., information-gathering and likely checking
moves first) and the legal percepts (e.g., checks and captures
first for Black and last for White).

Pruning
Because a proof of guaranteed checkmate is a single branch-
ing plan that must succeed in every physical state of a belief
state, we can make the following observation:

Theorem 2 If a belief state does not admit a guaranteed
checkmate, no superset of that belief state admits a guaran-
teed checkmate.

A straightforward implementation of theEXPAND method
(e.g., Figure 3) constructs all elements of a belief state be-
fore evaluating any of them. Theorem 2 suggests a more ef-
ficient strategy: evaluate each physical state as soon as it is
constructed. If a terminal physical state with valuefalse (or
a nonterminal physical state at the depth limit) is found, the
construction of the belief state can be halted early. In the
best case, this reduces the effective search depth by one level
(since only a single element of each belief state at the depth
limit will be constructed). As shown in Figure 4 (indicated
by E- for “early termination”), this simple idea is the most
effective of the improvements we consider in this section.

Theorem 2 also suggests another pruning, which is specific
to try-until-feasible trees. Consider the situation in which
White is in belief stateb, attempts a possibly-legal move,
and is told that the move is illegal. White’s new belief state
b′ ⊂ b. Theorem 2 implies that ifb′ does not admit a guaran-
teed checkmate, then neither doesb. In other words, when the
illegal child of an AND-node is disproved, this is sufficientto
disprove the AND-node’s parent OR-node as well. For ex-
ample, if node 3 in Figure 1 were disproved, that would show
not only that trying Qa4 first fails to ensure checkmate, but
also thatno other White move from node 1 gives checkmate.
Clearly, this is a useful pruning rule.

We call this pruninggreedy, since when combined with
the legal-first heuristic it allows White’s turns to be solved
without backtracking, by adding moves to the plan iff they
lead to checkmate when legal. Because a move plan can-
not include repetitions, a greedy algorithm such asGL-DFS
(Greedy Legal-first DFS) has a worst-case branching factor
per White’s turn that is only quadratic in the number of pos-
sible moves. However, Figure 4 shows thatGL-DFS only
slightly outperformsL-DFS. This is because the pruning only
applies when there are moves that lead to checkmate if legal
but not if illegal.

Perhaps surprisingly, our experiments show that aG-DFS
algorithm performs better when it tries theillegal child first
instead (even though the resulting algorithm isnot actually
greedy); this algorithm, shown asGX-DFS in Figure 4, out-
performs evenPNS. The power ofGX-DFS stems from its
ability to test a subset of its belief state using possibly-legal
moves, and terminate early if it disproves the subset.

We did not implement a “G-PNS” algorithm, because the
greedy pruning could forcePNSto choose between the goals
of proving and disproving the root (it always doesboth simul-
taneously). Future work may explore this issue further.
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Figure 5: Left: a simple belief-state tree for a planning domain with
nondeterministic transitions.a, b, and e are moves;c and d are
percepts. Right: for each incremental algorithm, the order in which
it would expand the nonterminal physical states in the tree.

6 Incremental belief-state AND–OR search
As we saw in the previous section, early termination via in-
terleaved belief-state construction and evaluation can lead
to large improvements in performance. This section devel-
ops thisincrementalidea into a novel framework for belief-
state AND–OR tree search, which treats uncertainty as a new
search dimension in addition to depth and breadth. After in-
troducing this framework, we present results and theoretical
analysis for our new algorithms.

6.1 Introduction
Ordinary AND–OR trees have two dimensions: depth and
breadth. This leads to two “directional” search algorithms,
depth- and breadth-first search, as well as numerous “best-
first” algorithms (e.g.,PNS). In addition to depth and breadth,
belief-state AND–OR trees have uncertainty over physical
states. By recognizing uncertainty as a new possible dimen-
sion for search, we can construct a new class of directional
belief-state AND–OR search algorithms, as well as new best-
first algorithms that balance all three factors efficiently.

In this paper, of the possible incremental directional al-
gorithms, we consider only the three that put depth before
breadth, which we will callUDB, DBU, andDUB. Figure 5
shows a simple belief-state tree for a domain with nondeter-
ministic transitions, as well as the order that each of these
algorithms would expand the physical states in the tree. The
first algorithm,UDB (uncertainty-then-depth-then-breadth),
is in fact just theE-DFS algorithm discussed in Section 5.
In the figure, the difference betweenUDB and the other new
algorithms should be immediately apparent; whereasUDB
expands all physical states at a node before moving to the
next node, the other algorithms begin by exploring the first
physical-state treein a depth-first manner. Thus, unlike ex-
isting algorithms,DBU andDUB can constructminimal dis-
proofsthat consider only a single element of each belief state.

In the tree, the difference betweenDBU and DUB first
arises when selecting the seventh node for expansion. Af-
ter establishing a proof on a single physical-state branch (i.e.,
non-branching path from the root to a leaf),DBU gives prece-
dence to verifying the proof on the currentphysical-state
tree, whereasDUB gives precedence to verifying it on the
currentbelief-state branch. Thus, all three algorithms con-

function SOLVE-TOP(b) returns true or false
inputs: b, a belief-state node

while STATES(b) is not emptydo
INCREMENTAL-EXPAND(b,POP(STATES(b)))
if not SOLVE(b) then return false

return true

method SOLVE(b an AND-node)returns true or false
if TERMINAL (b) then return VALUE (b)
return (∀b′ ∈ CHILDREN(b)) SOLVE-TOP(b′)

Figure 6: TheDBU algorithm (which builds uponDFS).

struct proofs by “looking inside” the belief state; they dif-
fer in thatUDB incrementally constructs belief-statenodes,
whereasDUB incrementally constructsbranchesand DBU
incrementally constructs entireproof trees.

At each point,DBU expands the deepest unexpanded phys-
ical state within the current proof tree.DUB does the same,
except limited to asingle belief-state branchat a time. Thus,
in a pure OR-tree with no percept branching,DUB andDBU
act identically. This brings us to an important point: the
breadth that ourB refers to is only the breadth of a proof,
the AND-branching (percepts).

Whereas the algorithms differ significantly with respect to
establishing disproofs, when exploring a proof tree such as
the right branch of Figure 5, all three algorithms expand the
samephysical states, just in a different order. SinceUDB and
DUB both put breadth last, they explore the same sequence
of belief-state branches, with different orderings for physical
states within each branch. Likewise,DUB andDBU explore
the same first physical-state branch.

In addition to these directional algorithms, we have imple-
mented a best-firstIPNS (incrementalPNS) algorithm that
operates on a single physical state at a time. This algorithm
uses the above tree model, allowing AND-nodes to store
unexpanded physical states. By simply redefining a most-
proving node as aphysical statethat, if expanded, could con-
tribute most to the proof/disproof of the entire tree, the proof-
number idea naturally generalizes over uncertainty as wellas
depth and breadth. Among other things, this allowsIPNS to
naturally consider the relative ease of proving and disproving
its belief-state nodes based on their sizes, an ability which
other researchers have attempted to artificially introduceinto
aPNS-type algorithm[Sakuta, 2001].

6.2 Implementations
Our implementation ofDBU, shown in Figure 6, uses a new
INCREMENTAL-EXPAND method that expands a single phys-
ical state rather than an entire belief state at a time (its OR-
node instance is shown in Figure 8, for comparison with Fig-
ure 3). WhenDBU’s SOLVE-TOP encounters uncertainty, it
first constructs a proof for a single state, and then extends
the proof to cover additional states one-at-a-time. To support
such incremental proofs,DFS’s SOLVE instance for AND-
nodes must also be modified to save proved children, rather
than popping them; this allowsDBU to continually refine a
single proof tree that works in all physical states examinedso
far.

Our implementation ofDUB usestwo sets of recursive
methods. The inner recursion is exactly that ofDBU, ex-
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function OUTER-TOP(b) returns true or false
inputs: b, a belief-state node

return (SOLVE-TOP(b) and OUTER(b))

method OUTER(b an OR-node)returns true or false
loop do

if OUTER(FIRST(CHILDREN(b))) then return true
POP(CHILDREN(b))
if not SOLVE(b) then return false

method OUTER(b an EXPAND-node)returns true or false
return OUTER(CHILD(b))

method OUTER(b an AND-node)returns true or false
if TERMINAL (b) then return VALUE (b)
loop do

if not OUTER(FIRST(CHILDREN(b))) then return false
POP(CHILDREN(b)) /* percept branching here*/
if CHILDREN(b) is emptythen return true
if not SOLVE(b) then return false

method SOLVE(b an AND-node)returns true or false
if TERMINAL (b) then return VALUE (b)
return SOLVE-TOP(FIRST(CHILDREN(b))) /* not here*/

Figure 7: TheDUB algorithm (which builds uponDBU)

method INCREMENTAL-EXPAND(b an OR-node,s a state)
if CHILDREN(b) is emptythen /* createb’s children*/

for eachm in MOVES(s) do
b′← a new AND-node withTERMINAL (b′)= true,

VALUE (b′)= true, DEPTH(b′)= DEPTH(b),
CHILDREN(b′)= an empty list,MOVE(b′)= m,
andSTATES(b′)= an empty list

PUSH(b′,CHILDREN(b))
for each b′ in CHILDREN(b) do /* integrates’s children*/

s′← SUCCESSOR(s,MOVE(b′))
if s′ is terminalor DEPTH(b)= 1 then

if s′ is not terminalor s′ is not a win for Whitethen
removeb′ from CHILDREN(b)

elsePUSH(s′,STATES(b′)); TERMINAL (b′)← false

Figure 8: The OR-node instance of theINCREMENTAL-EXPAND
method, which constructs and evaluates the children ofs, integrating
them into the children ofb (which are also constructed if necessary).

cept that theSOLVE method for AND-nodes is modified to
test only the first percept encountered (rather than all possi-
ble percepts); one might call this modified recursion simply
DU. It either returnsfalse, indicating a certain disproof, or
true, representing a partial proof of a single belief-state-tree
branch. The outer recursion, consisting ofOUTER-TOP and
OUTER, uses the inner recursion to construct a partial proof
and then verify this proof on other percepts (deepest-first).

When implementingDUB or DBU in a try-until-feasible
domain, a new issue arises: potential White moves that are
always illegal are useless, but inflate the branching factor
substantially; thus, it is crucial to avoid them during search.
This is trivial for an uncertainty-first algorithm, since always-
illegal moves can be filtered out during move generation.
However, an incremental algorithm cannot use this method,
because in general only a single physical state will be avail-

able when constructing a belief-state node. To avoid the large
penalty associated with always-illegal moves, our actual im-
plementations ofDUB andDBU use the legal-first heuristic
and skip the move in question (saving it for a later attempt) if
it is not legal in any states examined so far.

With incremental search, there are also new opportunities
for heuristic orderings that we have not yet investigated. For
one, the physical states within a belief state can be ordered
(e.g., best for Black first). One might also consider dynamic
move orderings, using physical-state and/or belief-statetrans-
position tables to cache proving moves; this could be espe-
cially effective in combination with iterative deepening.

6.3 Results
In Figure 4, we see that the directional incremental algo-
rithms have significantly higher solving ability than theirnon-
incremental counterparts. The true depth-first algorithms(L-
DUB andL-DBU ) perform at a similar level, outpacingL-
UDB (LE-DFS) by a large margin. Again, greedy pruning
has a small but significant effect:GL-DBU has the highest
solving ability of the algorithms tested, solving 499 of 500
5-ply problems within the 2000-second time limit.10

In the figure, we see thatIPNS is by far the most effec-
tive of our algorithms in solving the mate instances, but falls
behind the true depth-first algorithms on the near-miss in-
stances. This discrepancy can be explained by the depth limit,
which strongly violates a basic assumption ofIPNS: that the
expected amount of work to disprove a physical state is con-
stant throughout the tree. Thus, we expect that the discrep-
ancy would disappear after adaptingIPNS to the depth limit,
or when searching without one.

6.4 Analysis
In this section, we conduct a brief analysis of the time and
space complexity of our new algorithms. No directional al-
gorithm is best in general; for specific classes of belief-state
trees, however, clear differences do arise between the algo-
rithms. In the following analysis, we focus on disproofs
(since the algorithms generate the same trees for proofs), and
ignore illegal moves and transpositions.

Recall that in any tree with all terminal leaves at the depth
limit, DFS dominatesBFS in the sense that for every fixed
branch ordering, the set of nodes expanded byDFS will be a
subset of the set of nodes expanded byBFS. We can make an
analogous claim comparing the operation ofDUB andUDB:

Theorem 3 In a tree with allfalse leaves at the depth limit,
for any fixed branch ordering, the set of physical states ex-
panded byDUB will be a subset of the set of physical states
expanded byUDB.

In this class of trees,UDB andDUB visit the same set of
belief-state nodes with the same order of first visit. However,
DUB does depth-first rather than uncertainty-first searches
of each belief-state-tree branch, allowing it to find thefalse
leaves faster. Theorem 3 nearly holds for our problem data-
base, because shallowfalse leaves arise only from stalemates
and Black checkmates, which are relatively rare in the posi-
tions we create.

10Incidentally, unlike any of our other algorithms, when a move
in its current plan is disproved,GL-DBU can salvage the remainder
of the plan.
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Using a simple tree model, we can also approximate the
best-case speedup and worst-case memory requirements for
our new algorithms. Consider a belief-state tree rooted at an
OR-node of sizeu0, with depthd and fixed branching factors
mW , mB , pW , andpB for the White and Black moves and
percepts. In this tree, examine an arbitrary EXPAND-node 2-
ply from the depth limit with sizeu′, and defineu=u′

∗ mB .
If the belief-state tree has no terminal nodes, then the follow-
ing table shows how many physical states each directional
algorithm must construct to disprove the EXPAND-node (not
including elements of the EXPAND-node itself):

DFS u + (u/pB) ∗mW

UDB u + mW

DUB & DBU 1 + mW

Since a majority of the tree’s physical states will be located
within 2-ply of the depth limit, we can approximate the over-
all performance of our search algorithms by the number of
physical states they construct within its deepest 2-ply. Fur-
thermore, because all four algorithms visit the same set of
belief-state nodes in trees without terminal nodes, by setting
u′ to theaveragebelief-state size of visited EXPAND-nodes
2-ply from the depth limit, we can interpret the values in the
above table as approximately proportional torun times. Thus,
in the best case,DUB andDBU are faster by roughly a factor
of the average belief-state size in the tree. This is consistent
with our observed speedup: in our 5-ply database, the average
value ofu (as defined above) is approximately 60.

Under the above tree model, with the additional stipulation
that physical states be evenly distributed among percepts,the
worst-case asymptotic memory requirements for efficient im-
plementations of the algorithms are as follows:

DFS, UDB, & DUB O(u0 ∗ pB

∑⌊d/2⌋

i=0
( mB

pB∗pW
)i)

DBU O(u0 ∗
∑⌊d/2⌋

i=0
(mB)i)

PNS& IPNS O(u0 ∗
∑⌊d/2⌋

i=0
(mBmW )i)

UDB andDUB store only a proving branch plus physical
states for other possible percepts, whereasDBU must store
a proof tree andIPNS must store the entire belief-state tree.
Because ofIPNS’s large memory requirements, one might at-
tempt to construct a depth-first variant of the algorithm, anal-
ogous to recent work on ordinaryPNS [Sakuta, 2001].

7 Interleaved state estimation and search
The depth-first method for state estimation described in Sec-
tion 2 can be interleaved with theDBU checkmate-finding al-
gorithm described in Section 6. As each new state is found by
the state estimation algorithm, it is integrated into the current
proof tree. This process continues until a disproof is found
(early termination) or the entire belief state has been proven.

Computation times for “interleaved” vs. “sequential”
methods (usingGL-DBU ) applied to each 3-ply database in-
stance are shown in Figure 9. As expected, interleaving can
provide substantial time savings on near-miss instances by
eliminating the need for full state estimation, but has no ef-
fect on the solving of mate instances.

8 Conclusions and further work
We have proposed a new family of statewise-incremental
solvers for belief-state AND-OR trees, and have shown them
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Figure 9: Results for interleaved state estimation and search.

to yield large performance improvements on a database of
Kriegspiel checkmate problems. Future work will enhance
our complete Kriegspiel player with belief-state transposition
tables (as explored by Sakuta[2001]) and improved methods
for approximate state estimation and nonterminal evaluation,
as well as evaluate further applications of incremental belief-
state search. In particular, we plan to investigate dynamic
move orderings and iterative deepening, further analyze the
combination of incremental search and approximate state es-
timation, and apply incremental search to existing methods
for general play. One might also consider incrementaliza-
tion of partially observable planners and of QBF solvers more
generally.
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Abstract

Constraint optimization underlies many problems
in AI. We present a novel algorithm for finite
domain constraint optimization that generalizes
branch-and-bound search by reasoning about sets
of assignments rather than individual assignments.
Because in many practical cases, sets of assign-
ments can be represented implicitly and com-
pactly using symbolic techniques such as deci-
sion diagrams, the set-based algorithm can com-
pute bounds faster than explicitly searching over in-
dividual assignments, while memory explosion can
be avoided by limiting the size of the sets. Varying
the size of the sets yields a family of algorithms that
includes known search and inference algorithms as
special cases. Furthermore, experiments on random
problems indicate that the approach can lead to sig-
nificant performance improvements.

1 Introduction
Many problems in AI, such as planning, diagnosis, and au-
tonomous control, can be formulated as finite domain con-
straint optimization problems[Schiexet al., 1995]. Thus, the
ability to solve large instances of optimization problems effi-
ciently is key for tackling practical applications.

Depth-first branch-and-bound finds optimal solutions by
searching through the space of possible assignments. To
prune parts of the search tree, it computes a lower bound on
the value of the current partial assignment, and compares it
with the value of the best solution found so far as an upper
bound. While branch-and-bound is memory-efficient, it can
lead to impractical run-time, because the size of the search
tree can grow exponentially as its depth increases.

An alternative approach is to infer optimal solutions by re-
peatedly combining constraints together. This approach is
search-free and thus does not suffer from the run-time com-
plexity of backtracking; however, its exponential memory re-
quirements can render this approach infeasible as well.

In practical cases, however, constraints often exhibit a
structure that can be exploited in order to reduce the memory
requirements. Decomposition[Gottlob et al., 2000] can ex-
ploit structural properties such as low induced width in order
to break down the set of variables and constraints into smaller

subproblems. Likewise, symbolic encoding using decision
diagrams[Bryant, 1986] can exploit regularities within sets of
assignments (shared prefixes and postfixes) to collapse them
into a much smaller representation. However, while these
techniques can push the border on the size of the problems
that can be handled, they still do not avoid the fundamental
problem of memory explosion.

The idea presented in this paper is to extend branch-and-
bound search to incorporate both decomposition and sym-
bolic encoding. In particular, our algorithm simultaneously
maintains sets of assignments (and thus sets of bounds) in-
stead of single assignments. Because a set can, in many cases,
be represented and manipulated efficiently using an implicit,
symbolic representation (such as a decision diagram), the set-
based search can compute bounds faster than by explicitly
searching over the individual assignments, while memory ex-
plosion can be avoided by limiting the size of the sets. In our
approach, similar to domain splitting, the size of the sets is
controlled by partitions defined for the domain of each vari-
able. By varying the granularity of the domain partitions, a
family of tree-based algorithms is obtained that includes a re-
cently introduced search algorithm called BTD (branch-and-
bound on tree decompositions)[Terrioux and J́egou, 2003]
and dynamic programming[Kask et al., 2003] as limiting
cases. We show that a trade-off exists between these two ex-
tremes, and thus for many practical cases, it is advantageous
to pick an intermediate point along our spectrum.

The paper is organized as follows. After an introduc-
tion to the valued constraint satisfaction problem framework
[Schiexet al., 1995], we present a way to exploit structure in
the constraints using tree decomposition and a data-structure
for symbolic encoding known as algebraic decision diagrams
(ADDs) [Baharet al., 1993]. We then describe the set-based
extension of the branch-and-bound algorithm, and show how
it generalizes existing algorithms. Finally, preliminary exper-
iments on random problems illustrate the trade-off between
search and inference and the benefit of a hybrid strategy.

2 Constraint Optimization Problems
Definition 1 (Constraint Optimization Problem) A con-
straint optimization problem(COP) consists of a tuple
(X, D, F ) with variablesX = {x1, . . . , xn}, finite domains
D = {d1, . . . , dn}, constraintsF = {f1, . . . , fm}, and a
valuation structure(E,≤,⊕,⊥,>). The constraintsfj ∈ F
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are functionsfj : d1× . . .×dn → E mapping assignments to
X to values inE. E is totally ordered by≤ with a minimum
element⊥ ∈ E and a maximum element> ∈ E, and⊕ is
an associative, commutative, and monotonic operation with
identity element⊥ and absorbing element>.

The set of valuationsE expresses different levels of con-
straint violation, such that⊥means satisfaction and>means
unacceptable violation. The operation⊕ is used to combine
(aggregate) several valuations. A constraint ishard, if all its
valuations are either⊥ or>. For notational convenience, we
denote byxi ← v both the assignment of valuev ∈ di to
variablexi, and also the hard constraint corresponding to this
assignment (its valuation is⊥ if the value ofxi is v, and>,
otherwise). Likewise, we regard elements ofE as values, but
also as special cases of constraints (constant functions).

Definition 2 (Combination and Projection) Let f, g ∈ F
be two constraints. Lett ∈ d1× . . .× dn, and lett↓Y denote
the restriction oft to a subsetY ⊆ X of the variables. Then,

1. Thecombinationof f andg, denotedf ⊕ g, is the con-
straint that maps eacht to the valuef(t)⊕ g(t);

2. Theprojectionof f onto a set of variablesY , denoted
f ⇓Y , is the constraint that maps eacht to the value
min{f(t1), f(t2), . . . , f(tk)}, where t1, t2, . . . , tk are
all the assignments for whichti ↓Y = t ↓Y .

Given a COP and a subsetZ ⊆ X of variables of interest,
a solution is an assignmentt with value (

⊕m
j=1 fj)(t) ⇓Z .

In particular, forZ = ∅, the solution is the valueα∗ of an
assignment with minimum constraint violation, that is,α∗ =
(
⊕m

j=1 fj) ⇓∅.
For example, the problem of diagnosing the full adder

circuit in Fig. 1 can be framed as a COP with variables
X = {u, v, w, y, a1, a2, e1, e2, o1}. Variablesu to y describe
boolean signals and have domain{0, 1}. Variablesa1 to o1

describe the mode of each gate, which can either be G (good),
S1 (shorted to input 1), S2 (shorted to input 2), or U (unknown
failure). The COP has five constraintsfa1, fa2, fe1, fe2, fo1,
one for each gate in the circuit. Each constraint expresses that
if the gate is G then it correctly performs its boolean function;
and if it is S1 (S2) then it is broken such that its output equals
its first (second) input; and if it is U then it is broken in an
unknown way and no assumption is made about its behav-
ior. The valuation structure captures the likelihood of being
in a mode, and is([0, 1],≥, ·, 1, 0) (with · being multiplica-
tion over the real numbers). We assume Or-gates have a .95
probability of being G, a .02 probability of being S1 (S2),
and a .01 probability of being U; both And-gates and Xor-
gates have a .975 probability of being G, a .01 probability of
being S1 (S2), and a .005 probability of being U. The value
of the best solution then corresponds to the most likely fault
in the circuit. For the example,α∗ is .018, corresponding to a
stuck-at-first-input (S1) fault of Or-gate 1.

We introduce four more operators that we will use later to
compare constraints and to turn them into hard constraints.
Theminimumoperation, denoted min(f, g), returns the con-
straint whose valuation is the minimum off(t) andg(t):

min(f, g)(t) =
{

f(t) if f(t) < g(t)
g(t) otherwise

Figure 1: Full adder circuit consisting of two And gates, one
Or gate, and two Xor gates. Input and output values are ob-
served as indicated.

The sinking operation, denotedsink(f, g) returns the con-
straint that forbidst if f(t) ≥ g(t):

sink(f, g)(t) =
{

f(t) if f(t) < g(t)
> otherwise

The lifting operation, denoted lift(f ), turns a constraint into a
hard constraint that allowst if f(t) < >. Finally, thecomple-
mentof a hard constraintf , denoted cmpl(f ), is the constraint
whose valuation is> if f(t) = ⊥, and⊥, otherwise.

3 Structure in Constraints

Our approach is based on exploiting independence properties
of the constraint functionsF , such that they can be repre-
sented more compactly (abstractly) than explicitly listing all
assignments toX. In this section, we characterize these prop-
erties, which are often present in practical problems.

To start with, in many situations the valuation of a con-
straint will depend only on a subset of the variables. For in-
stance, for the constraintfa1, its valuation depends only on
a1, w, andy. Formally, thesupportof a constraintf is the
subset of variables that it depends upon:

Definition 3 (Support) The supportof a constraintf , de-
noted sup(f ), is the variable set{xi ∈ X | ∃v1, v2 ∈ di

s.t. (f ⊕ (xi ← v1)) ⇓X\{xi} 6= f ⊕ (xi ← v2)) ⇓X\{xi}}.
For the example, sup(fa1) = {a1, w, y}, sup(fa2) =

{a2, u, v}, sup(fe1) = {e1, u, y}, sup(fe2) = {e2, u}, and
sup(fo1) = {o1, v, w}. The support structure of a constraint
problem can be abstractly represented through a hypergraph
H that associates a node with each variablexi, and a hyper-
edge with the variablessup(fj) of each constraintfj . Fig. 3
shows the hypergraph for the example.

While the notion of support captures the independence of a
function’s value from variables outside the support, there can
still exist independence within the support. For instance, in
the constraintfo1, if o1 = S1 andv = 0, then the value is.02
regardless of the value ofw; if o1 = U , then the value is .01
regardless of the values forw andy, etc. More generally, a
property that we callweak supportcan be exploited: if the
relationship between assignments and a function’s value can
be described more compactly than explicitly listing all the
assignments to the support, then it is more efficient to solve
problems on that symbolic level.
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3.1 Symbolic Encoding using Decision Diagrams
In the following, we present a way to recognize support and
weak support of functions, namely through symbolic encod-
ing in the form of decision diagrams.

A decision diagram represents a function over boolean
variables to a set of values. Binary decision diagrams (BDDs)
[Bryant, 1986] represent functions with values 0 or 1; alge-
braic decision diagrams (ADDs)[Baharet al., 1993] repre-
sent functions to any set of values. A decision diagram is
a rooted, directed, acyclic graph, where each internal node
corresponds to a boolean variable, and each leaf node corre-
sponds to a value of the function. Internal nodes have two
childrenn1, n2, and are recursively interpreted as the func-
tion f = if xi then f1 elsef2, wherexi is the boolean vari-
able corresponding to the node, andf1 andf2 interpret the
sub-diagrams with root nodesn1 andn2, respectively.

The power of decision diagrams derives from their reduc-
tion rules and canonicity of representation. A decision dia-
gram can be ordered by imposing a variable orderingx1 ≺
x2 ≺ . . . ≺ xn, such that for all paths from the root to the
leaves, the sequence of variables encountered obeys the or-
dering. Ordered decision diagrams can be reduced by itera-
tively applying two graph reduction rules, which collapse as-
signments by sharing common prefixes and postfixes (to share
a common postfix, the function value must be the same): the
nodedeletion ruleeliminates nodes from the diagram whose
children are equal (n1 = n2), and the nodesharing ruleelimi-
nates one of two nodes that are root nodes of isomorphic sub-
diagrams. A reduced, ordered decision diagram is a canon-
ical representation of its function[Bryant, 1986] and con-
tains only variables from the support of the function. It is
easy to extend the technique to non-binary variables by map-
ping each non-binary variablexi to a block ofdlog2 | Di |e
boolean variables that encode the domain values logarithmi-
cally. Figure 2 shows a reduced, ordered ADD representing
the functionfo1. Operations on functions, such as projec-
tion and combination, can be directly performed on this rep-
resentation. The complexity of the operations depends on the
size of the diagram (number of nodes and arcs), rather than
on the number of possible assignments; due to the sharing
of common substructures, the number of nodes and arcs can
be orders of magnitude smaller than the number of possible
assignments. While no compaction is achieved in the worst
case, for certain types of constraints it can be shown that the
size of the decision diagram grows only logarithmically with
the number of assignments[Bryant, 1986].

4 Set-based Branch-and-Bound with Tree
Decompositions

In this section, we describe how the independence proper-
ties of functions described in the previous section (support,
weak support) can be exploited in the framework of branch-
and-bound search. We describe an algorithm that uses a tree
decomposition of the hypergraphH to exploit the support
of functions, and set-based search to exploit the weak sup-
port of functions. Thus, the algorithm benefits from compact
representations of the functions, while memory explosion is
avoided through depth-first search.

Figure 2: Constraintfo1 for the example in Fig. 1 and its
ADD, using two binary variableso11, o12 to encodeo1, and
variable orderingo11≺ o12≺ v≺w. Assignments and paths
with value 0 are not shown.

Figure 3: Hypergraph (left) and a tree decomposition (right)
for the example in Fig. 1. The tree shows the labelsχ andλ
for each node.

4.1 Tree Decomposition
Tree decomposition[Gottlobet al., 2000; Kasket al., 2003] is
a way to exploit structural properties ofH to decompose the
original problem into independent subproblems (“clusters”):

Definition 4 (Tree Decomposition) A tree decomposition
for a problem(X, D,F ) is a triple (T, χ, λ), whereT =
(V,E) is a rooted tree, andχ, λ are labeling functions that
associate with each node (cluster)vi ∈ V two setsχ(vi) ⊆
X andλ(vi) ⊆ F , such that

1. For eachfj ∈ F , there exists exactly onevi such that
fj ∈ λ(vi). For thisvi, var(fj) ⊆ χ(vi) (covering con-
dition);

2. For eachxi ∈ X, the set{vj ∈ V | xi ∈ χ(vj)} of
vertices labeled withxi induces a connected subtree of
T (connectedness condition).

In addition, we demand that the constraints appear as close to
the root of the tree as possible, that is,

3. If var(fj) ⊆ χ(vi) and var(fj) 6⊆ χ(vk) with vk the
parent ofvi, thenfj ∈ λ(vi).

Figure 3 shows a tree decomposition for the example. The
separator of a node, denoted sep(vi), is the set of variables
thatvi shares with its parent nodevj : sep(vi) = χ(vi)∩χ(vj).
For convenience, we define sep(vroot) = ∅. Intuitively, sep(vi)
is the set of variables that connects the subproblem rooted at
vi with the rest of the problem:
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Definition 5 (Subproblem) For a COP and a tree decompo-
sition (T, χ, λ), thesubproblem rooted atvi is the COP that
consists of the constraints and variables invi and any de-
scendantvk of vi in T , with variables of interest sep(vi).

The subproblem rooted atvroot is identical to the problem
of finding α∗ for the original COP. The benefit of a tree de-
composition is that each subproblem needs to be solved only
once (possibly involving re-using its solutions); the optimal
solutions can be obtained from optimal solutions to the sub-
problems using dynamic programming. Thus, the complexity
of constraint solving is reduced to being exponential in the
size of the largest cluster only.

In order to exploit the decomposition during search, the
variables must be assigned in an order that is compatible with
the tree, namely by first assigning the variables in a cluster
before assigning the variables in the rest of the subproblems
rooted in the cluster. This is called acompatible orderin
[Jégou and Terrioux, 2003]. In [Terrioux and J́egou, 2003],
Jégou and Terrioux present an algorithm called BTD (back-
tracking with tree decompositions) that exploits tree decom-
positions in branch-and-bound search. BTD assigns variables
along a compatible order, beginning with the variables in
χ(vroot). Inside a clustervi, it proceeds like classical branch-
and-bound, taking into account only the constraintsλ(vi) of
this cluster. Once all variables in the cluster have been as-
signed, BTD considers its children (if there are any). Assume
vj is a child ofvi. BTD first checks if the restriction of the
current assignment to the variables in sep(vj) has previously
been computed as a solution to the subproblem rooted atvj . If
so, the value of this solution (called a “good”) is retrieved and
combined with the value of the current assignment, thus pre-
venting BTD from solving the same subproblem again (called
a “forward jump” in the search). Otherwise, BTD solves the
subproblem rooted atvj for the current assignment to sep(vj)
and the current upper bound, and records the solution as a
new good. Its value is combined with the value of the current
assignment, and if the result is below the upper bound, BTD
proceeds with the next child ofvi.

4.2 Set-based Search

In the following, we generalize BTD from single assignments
(and thus single bounds) to sets of assignment (and thus sets
of bounds), in order to exploit symbolic representations of
functions.

The method that we use to extend the search from single
assignments to sets of assignments is to replace the step of
assigning a value to a variable by the more general step of re-
stricting a variable to a subset of its domain. This generaliza-
tion is similar to domain splitting; however, whereas domain
splitting might further split up the subsets at subsequent levels
of the search tree, we consider the case where each variable
occurs only once in each path of the search tree. That is, we
assume that for each variablexi, a static, predefined partition
of its domain into subsets is given:

Definition 6 (Domain Partition) A partition of a finite do-
maindi is a setPi of disjoint subsets ofdi whose union isdi,
that is,pj∩pk = ∅ for pj , pk ∈ Pi, j 6= k, and

⋃
p∈Pi

p = di.

There are two limiting cases: partitions consisting of sin-
gleton sets, that is,|Pi| = |di|, and partitions consisting of
a single set containing all domain values, that is,|Pi| = 1.
Again for notational convenience, we denote byxi ∈ p the
restriction of a variablexi to the values in a partition element
p, and a constraint over variablexi (its valuation is⊥ if the
value ofxi is in p, and>, otherwise).

The set-based algorithm proceeds by assigning partition el-
ementsp to variablesxi, and computing lower bounds by
combining the constraints all of whose variables have been
assigned. Since a partition element can contain more than
one domain value, the result is in general a function (set of
assignments) rather than a single assignment. Thus, we need
to generalize the basic test of the branch-and-bound algorithm
– comparing a lower bound with an upper bound – to compar-
ing two functions:

Proposition 1 Given a COP with variables of interestZ ⊆
X, let fu be a function with sup(fu ⊆ Z), and letfa be a set
of assignments toY ⊆ X (i.e.,fa is a function with sup(fa ⊆
Y ). Then for an assignmentt to Y , its extensiont′ to all
variablesX can improve onfu (that is,(

⊕m
j=1 fj)(t) ⇓Z<

fu(t)), if sink(fa ⇓Z , fu ⇓Z)(t) 6= >.

Hence, the sinking operation generalizes the comparison
of a lower bound to an upper bound by “filtering out” assign-
ments that cannot improve on a bounding functionfu.

Algorithm 1 shows the pseudo-code for the resulting algo-
rithm SBBTD (set-based branch-and-bound with tree decom-
position). SBBTD is given a constraintfa (corresponding to
a set of current assignments and their values), a clustervi

with a set of variablesYvi that remain to be assigned, and an
upper bound functionfu whose support is a subset of the vari-
ablessep(vi) (fu is a constant in the case wherevi = vroot).
SBBTD returns a constraint corresponding to the extension
of assignmentsfa to solutions of the subproblem rooted atvi

(again, the result is a constant in the case wherevi = vroot).
The valuation of this constraint is the value of best solution of
the subproblem rooted atvi, or a value greater than or equal
to fu(t), if this best value is greater than or equal tofu(t).
SBBTD uses two functionsGvi , Rvi to record the goods (so-
lutions to the subproblem rooted atvi) for eachvi. Gvi is a
soft constraint that contains the actual goods, whileRvi is a
hard constraint that contains the information whether an as-
signment has been recorded as a good or not (the use of two
functions is necessary because a good can have any value in
E, thus functionGvi alone cannot give sufficient information
whether the good has been stored or not). That is, an assign-
mentt is recorded as a good for the separator ifRvi(t) = >,
and not recorded ifRvi(t) = ⊥; in case the good is recorded,
its value isGvi(t). Initially, Rvi = Gvi =⊥.

SBBTD starts by filtering out the assignments whose value
exceeds the bounding function (line 1). Inside a cluster (lines
19-28), SBBTD operates like branch-and-bound, except that
it restricts variables to subsets of their domains (partition el-
ements) instead of single values. Once all variables in the
cluster have been assigned, SBBTD turns to its children (lines
3-17). SBBTD chooses a childvj and first computes the sub-
set of assignmentsf ′a of fa that are not previously recorded
as goods of sep(vj) (line 7). If there are any assignments
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SBBTD(fa, vi, Yvi
, fu)

1: fa ← sink(fa, fu)
2: if Yvi = ∅ then
3: F ← children(vi)
4: while F 6= ∅ andfa 6= > do
5: choosevj ∈ F
6: F ← F \ vj

7: f ′a ← Rvj ⊕ fa

8: if f ′a 6= > then
9: ha ← lift(f ′a) ⇓sep(vj)

10: ea← SBBTD(ha, vj ,χ(vj)\sep(vj),fu⇓sep(vj))
11: Gvj

← Gvj
⊕ (ea ⊕ ha)

12: Rvj
← Rvj

⊕ compl(ha)
13: end if
14: fa ← fa ⊕Gvj

15: fa ← sink(fa, fu)
16: end while
17: returnfa ⇓sep(vi)

18: else
19: choosexi ∈ Yvi

20: S ← Pi

21: I ← {f ∈λ(vi) : xi ∈ sup(f), sup(f)⊆sup(fa)∪xi}
22: while S 6= ∅ andfa 6= > do
23: choosep ∈ S
24: S ← S \ p
25: f ′a ← fa ⊕ (xi ∈ p)

⊕
f∈I f

26: fu ← min(fu, SBBTD(f ′a, vi, Yvi \ {xi}, fu))
27: end while
28: returnfu

29: end if

Algorithm 1: Set-based branch-and-bound with tree decom-
positions

not recorded as goods, SBBTD solves the subproblem rooted
at vj for these assignments (line 10), and records the solu-
tions as new goods (lines 11 and 12). It updates the val-
ues of the current assignmentsfa (lower bounds) (line 14),
and compares it with the current upper bounds (line 15). It
continues with the next child (if any) or returns the solu-
tions to the subproblem. The initial call to the algorithm is
SBBTD(⊥, vroot, χ(vroot),>).

Since the formulation of the algorithm is independent of
how the domain partitions are defined, Fig. 1 actually defines
a spectrum of algorithms that is parameterized by the domain
partitionsPi for each variable. The limiting cases of the spec-
trum are|Pi| = |di| and|Pi| = 1, corresponding to finest and
coarsest granularity of the domain partitions, respectively. In
the first case, the set of assignmentsfa actually consists of a
single assignment with value smaller than>, and thus Alg. 1
becomes identical to branch-and-bound on tree decomposi-
tions (BTD). In the second case, the restrictionsxi ∈ p yield
constraints identical to⊥, and thus the search tree degener-
ates to a list. Hence, in this case the algorithm is backtrack-
free and becomes identical to dynamic programming on the
tree (called cluster-tree elimination (CTE) in[Kask et al.,
2003]). For the cases in between, that is,1 < |Pi| < |di|,
hybrids of search and dynamic programming are obtained.

Theorem 1 For a COP (X,D, F ) with a tree decomposi-
tion (T, χ, λ) and any domain partitionsP1, P2, . . . , Pn for
variablesx1, x2, . . . , xn, the algorithm SBBTD is sound and
complete, that is,SBBTD(⊥, vroot, χ(vroot),>) = α∗.

For instance, consider the full adder example with the do-
main partitionsPu, Pv = {{0},{1}}, Pw, Py = {{0,1}}, and
Pa1, . . . , Po1 = {{G},{S1,S2},{U}}. That is, the search
simultaneously explores the values{0,1} for w and y and
the values{S1,S2} for the mode variables. SBBTD starts
by assigning the variables{u, v, w, y, a1, a2} in the clus-
ter v1, which gives two assignments,〈u, v, w, y, a1, a2〉 =
〈0, 0, 0, 0,G,G〉 and 〈0, 0, 1, 1, G,G〉, both with value .95.
SBBTD next considers a child ofv1, for instance,v2. Since
there are no goods recorded for this cluster so far, the solu-
tions are computed for this subproblem for the assignments
〈u, y〉 = 〈0, 0〉 and 〈0, 1〉. The value of these solutions are
.0097 (corresponding to a S2 failure of Xor-gate 1) and .95,
respectively. These solutions are recorded and combined with
the two assignments, which now have the values .0092 and
.90, respectively. Next, the solutions for the subproblemv3

are computed simultaneously for the assignments〈v, w〉 =
〈0, 1〉 and 〈0, 1〉. The values are .95 and .01 (correspond-
ing to a S1 failure of the Or-gate), respectively. After com-
bining these solutions with the two assignments inv1, their
value becomes .0088 and .018, respectively. Since there
are no children left, SBBTD updates the bound for the best
solution found to .018. This bound prunes all subsequent
assignments to variables inv1 except〈u, v, w, y, a1, a2〉 =
〈1, 1, 0, 0,G,G〉 and〈1, 1, 1, 1, G, G〉. Since the assignments
〈u, y〉 = 〈1, 0〉 and〈1, 1〉 for the subproblemv2 lead to values
worse than the bound, .018 is returned as optimal solution.

In comparison, observe that BTD (obtained as a special-
ization of SBBTD for the case|Pi| = |di|) suffers from the
problem that it would explicitly iterate through all possible
combinations of values forw and y until encountering the
best assignment (which is obtained for〈w, y〉 = 〈1, 1〉); in
contrast, SBBTD handles those combinations implicitly. Dy-
namic programming (obtained as a specialization of SBBTD
for |Pi| = 1) suffers from the problem that it would consider
more assignments than necessary (for example, it would com-
pute the value for assignments involving〈a1, a2〉 = 〈U,U〉,
which is very low because it corresponds to a double fault).

4.3 Trade-off between Search and Symbolic
Inference

SBBTD unifies search with good recording (BTD) and dy-
namic programming (CTE). In fact, the goods that the BTD
algorithm computes can be understood as partial construc-
tion of the messages sent between clusters by the dynamic
programming algorithm CTE[Kask et al., 2003]. Thus, the
two limiting cases can be understood as lazy and eager forms
of dynamic programming, respectively: BTD computes solu-
tions to subproblems only as far as required to compute the
optimal solution, whereas CTE computes them completely.

It has been previously shown[Jégou and Terrioux, 2003]
that BTD (i.e., lazy dynamic programming) outperforms CTE
(i.e., eager dynamic programming). This is because search on
single assignments exploits the upper bounds as rigorously as
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possible, and therefore the least number of assignments will
be explored. However, this argument is based on counting
assignments and holds only if assignments are represented
explicitly. The picture changes when using techniques such
as ADDs that can manipulate sets of assignments implicitly.
Hence, a tension is created between making the partition el-
ements in SBBTD smaller or larger: in the former case, the
advantage is that as few assignments are explored as possible,
but the disadvantage is that less possibilities exist for exploit-
ing commonalities between assignments. In the latter case,
the disadvantage is that more assignments might be explored,
but the advantage is that assignments can be abstracted into
a more compact description and handled implicitly. Thus in
many practical cases, the optimal granularity will lie in an
intermediate point (1 ≤ |Pi| < |di|) along the spectrum;
SBBTD allows us to adapt to this trade-off.

5 Implementation and Experiments

We implemented SBBTD using the CUDD (Colorado Uni-
versity Decision Diagram) package[Somenzi, 2004], which
provides a library of routines for manipulating ADDs.

We evaluated the performance of this prototype on ran-
dom, binary Max-CSP problems. Max-CSP is a constraint
optimization problem where the tuples of a constraint have
cost 0 if the tuple is allowed, and cost 1 if the tuple is not
allowed; the optimal solution corresponds to an assignment
that violates a minimum number of constraints. For each in-
stance, the support of the constraints was determined in or-
der to derive the hypergraph (a graph in this case). Then,
a tree decomposition of the hypergraph was computed using
the min-fill heuristics. We choose random domain partitions,
whose granularity we varied by setting a certain percentageP
of (random) variables to the partition|Pi| = 1, and the other
variables to the partition|Pi| = |di|. We ran the experiments
on a Pentium 4 Windows PC with 1 GB of RAM; due space
restrictions we give only summarized results here.

Consistent with results in[Jégou and Terrioux, 2003], we
found the number of assignments explored forP=0% (BTD)
to be in most cases several times smaller than the number
of assignments explored forP=100% (dynamic program-
ming). E.g., in an example class withN=40 variables,C=80
constraints, domain sizeK=4 and tightnessT=9, the mean
number of goods recorded forP=0% was 50,00 to 100,000,
whereas forP=100% it was 250,000 to 1,000,000. However,
the ADD representation of constraints typically achieved a
compaction of around one to two orders of magnitude (con-
sistent with observations in[Hoey et al., 1999]). Therefore,
and also because larger partition elements reduce the num-
ber of recursive calls, SBBTD ran faster for larger values
of P in almost all cases. E.g., for N=40, K=4, C=80 and
T=9, the mean runtime forP=0% was around 100 sec, but
around 0.5 to 1 sec forP=100%. Given that forP=100%
the computation required up to one order of magnitude more
memory thanP=0%, selecting an intermediate granularity
(0% < P < 100%) allowed significant runtime improve-
ments over BTD within still acceptable memory bounds. We
are currently working on structured examples (like in[Jégou
and Terrioux, 2003]) and real-world examples.

6 Conclusion
We presented an algorithm for solving soft constraint prob-
lems by generalizing branch-and-bound to search on sets of
assignments and perform inference (dynamic programming)
within those sets of assignments. This hybrid approach can
exploit regularities in the constraints, while it can avoid mem-
ory explosion by controlling the size of the sets. In contrast to
work in [Hoeyet al., 1999; Jensenet al., 2002], our approach
is more general in that it addresses valued constraint satisfac-
tion problems[Schiexet al., 1995], and incorporates a de-
composition of the problem into several subproblems. Future
work includes ways to automatically determine domain par-
titions (appropriate points in the spectrum), and augmenting
the algorithm with symbolic versions of constraint propaga-
tion techniques[Cooper and Schiex, 2004] in order to further
improve the bounds.
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Abstract

AI has had notable success in building high-
performance game-playing programs to compete
against the best human players. However, the
availability of fast and plentiful machines with
large memories and disks creates the possibility of�������	��

� a game. This has been done before for
simple or relatively small games. In this paper,
we present new ideas and algorithms for solving
the game of checkers. Checkers is a popular game
of skill with a search space of ���	��� possible posi-
tions. This paper reports on our first result. One of
the most challenging checkers openings has been
solved – the White Doctor opening is a draw. Solv-
ing roughly 50 more openings will result in the
game-theoretic value of checkers being determined.

1 Introduction
High-performance game-playing programs have been a major
success story for AI. In games such as chess, checkers, Oth-
ello, and Scrabble, mankind has been humbled by the ma-
chine. However, although these programs are very strong,
they can still lose a game to a human. They are strong, but
not perfect. Perfection requires one to “solve” a game. Allis
defines three levels of solving [Allis, 1994]:

1. Ultra-weakly solved. The game-theoretic value for the
game has been determined. An ultra-weak solution is
mainly of theoretical interest. For example, Hex is a first
player win, but no one knows the winning strategy.

2. Weakly solved. The game is ultra-weakly solved and a
strategy is known for achieving the game-theoretic value
from the opening position, assuming reasonable com-
puting resources. Several well-known games have been
weakly solved, including Connect Four [Allis, 1988],
Qubic [Allis, 1994], Go Moku [Allis, 1994], and Nine
Men’s Morris [Gasser, 1996].

3. Strongly solved. For all possible positions, a strategy
is known for determining the game-theoretic value for
both players, assuming reasonable computing resources.
�
The support of NSERC, iCORE and the University of Alberta

is acknowledged.

Strongly solved games include 6-piece chess endgames
and Awari [Romein and Bal, 2003].

Note the qualification on resources in the above definitions.
In some sense, games such as chess are solved since the min-
imax algorithm can in principle determine the game-theoretic
value, given a large enough amount of time. Resource con-
straints preclude such impractical “solutions”.

How difficult is it to solve a game? There are two dimen-
sions to the difficulty [Allis etal., 1991]: decisioncomplexity,
the difficulty required to make correct decisions, and space
complexity, the size of the search space. Checkers is consid-
ered to have high decision complexity and moderate space
complexity. All the games solved thus far have either low
decision complexity (Qubic; Go-Moku), low space complex-
ity (Nine Men’s Morris, size ������� ; Awari, size ����� � ) or both
(Connect-Four, size ��� ��� ).

Checkers, or ����� draughts, is popular in the British Com-
monwealth (present and past) and in the United States. The
rules are simple (pieces move one square at a time diago-
nally, and can capture by jumping) and the number of piece
types is small (kings and checkers), yet the game is quite
challenging. Checkers has high decision complexity (more
complex than � �!� Go and the play of bridge hands, on par
with backgammon, but less complex than chess) and moder-
ate space complexity ( ���	��� positions versus unsolved games
such as backgammon, ��� ��" positions, and chess, ��� �#� posi-
tions). The best checkers programs are stronger than the best
human players (e.g., CHINOOK won the World Man-Machine
Championship [Schaeffer, 1997]).

The number of possible placings of checkers pieces on the
board is roughly $%�&���'��� [Chinook, 1995]. This number
is misleading since it includes positions that are not legally
reachable from the start of the game. For example, although
there are �!�(���	��" possible positions with 24 pieces on the
board, only a small fraction can be reached in a game (e.g.,
12 kings versus 12 kings is not possible).

Our effort to solve the game of checkers began in 1989! Af-
ter almost 16 years of research and development, and count-
less thousands of computer hours, we are pleased to report the
first major milestone in our quest. The White Doctor opening
(shown in Figure 1) has been proven to be a draw.1 This is a

1Tournament checkers is played using the so-called “three-move
ballot”. In competitions, games begin after the first 3 moves (3 ply)
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Figure 1: The White Doctor: White to play and only draw

difficult opening, as Black begins the game with a huge po-
sitional disadvantage—so large that humans consider Black’s
best play to be to sacrifice a checker early on to relieve the
pressure. Notably, this opening was played in the decisive
game of the 1992 Tinsley–CHINOOK World Championship
match [Schaeffer, 1997].

This paper has the following contributions:

1. A new hybrid combination of best-first and depth-first
search results to the construction of minimax proof trees.
Heuristic value iteration is introduced as a means of con-
centrating search effort where it is most needed.

2. A solution to the White Doctor opening. Achieving
this result took years of computing, involving the pre-
computation of ��� ��� values (endgame databases), and
building the proof tree which took a further roughly ��� ���
positions. This is an important first step towards weakly
solving the game of checkers.

3. The largest game-tree proof to date. This was made pos-
sible not only by our new hybrid search approach, but
also by the integration of several state-of-the-art algo-
rithms and enhancements into one coherent system.

2 Algorithm Overview
A formal proof of a game’s value can be done by depth-first
alpha-beta ( ��� ) or best-first proof number search (PNS) [Al-
lis, 1994]. For the large and complex checkers search space,
neither turned out to be effective. Instead we propose a hybrid
approach of the two: heuristically guided proofs.

The proof procedure has four algorithm/data components:

1. Endgame databases (backward search). Computations
from the end of the game backward have resulted in a
database of 	 � ������� positions ( 
 ��� pieces on the board)
for which the game-theoretic value has been computed
(strongly solved).

2. Proof tree manager (search management). This compo-
nent maintains a tree of the proof in progress, traverses
it, and generates positions that need to be explored to
further the proof’s progress.

3. Proof solver (forward search). Given a position to
search, this component uses two programs, ��� and PNS,
to determine the value of the position.

are randomly selected. Each starting position is played twice, with
sides switched for the second game.
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Figure 2: The checkers search space (log scale horizontally)

4. Seeding (expert input). From the human literature, a sin-
gle line of “best play” is identified. This is fed to the
proof tree manager as the initial line to explore.

Figure 2 illustrates this approach. It plots the number of
pieces on the board (vertically) versus the logarithm of the
number of positions (using data from [Chinook, 1995]; the
the widest point is with 23 pieces, ��� 
 �!���	��� positions). The
endgame database phase of the proof is the shaded area, all
positions with 10 or fewer pieces.

Seeding the proof process with an initial line of play is
critical to the prover’s performance; it is shown in Figure 2
as a sequence of solid bold lines. The line leads from the
start of the opening into the endgame databases. Seeding is
not necessary to the proof—the prover is capable of doing the
proof with no expert guidance. However, this single line of
play allows the proof process to immediately start doing work
that is likely to be relevant to the proof. Without it, we have
seen the prover spend considerable effort flailing about while
it tries to find the key lines of play.

The inner oval area in Figure 2 illustrates that only a por-
tion of the search space is relevant to the proof. Positions may
be irrelevant because they are unreachable in this opening, or
are not required for the proof. The small circles illustrate po-
sitions with more than 10 pieces for which a value has been
proven. Each of the circles represents the root of a search tree
which has been solved. For clarity, the solved subtree below
that root is not shown in the diagram.

3 Endgame Databases
Endgame databases were pioneered in chess [Thompson,
1986], and were instrumental in the success of the CHINOOK
program [Schaeffer, 1997]. Using retrograde analysis, sub-
sets of a game with a small number of pieces on the board can
be exhaustively enumerated to compute which positions are
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wins, losses or draws. Whenever a search reaches a database
position, instead of using an inexact heuristic evaluation func-
tion, the exact value of the position can be retrieved.

We have computed all endgame databases up to 10 pieces
on the board, for any combination of kings and checkers
[van den Herik et al., 2003]. The total database size is 39
trillion positions, roughly 	 � ��� ��� . Although this sounds im-
pressive, it represents a paltry one ten-millionth of the total
search space [Chinook, 1995]!

How valuable are the databases? Unfortunately, because
of the win/loss/draw construction, a good measure of the dif-
ficulty of 10-piece endgames is not available—although it is
presumed to be very high. Anecdotal evidence includes:

1. Perfect play databases for the 7-piece endgames have
been computed, with the longest winning line being 253
ply [Trice and Dodgen, 2003].

2. [Schaeffer etal., 2003] report that some of their database
computations had winning lines in excess of 180 ply—
just to force a checker advance or a piece capture.

3. In the 5-king versus 3-king and 2-checker endgame, the
longest winning line is 279 ply [Gilbert, 2005].

4. Draws are much harder to prove than wins/losses.

This evidence strongly suggests that the databases are remov-
ing hundreds of ply from the search depth of the proof tree.

4 Search Algorithm
The proof search is split into a front-end proof tree manager
and a back-end prover. The front-end manager maintains a
large persistent proof tree, and selects, stores, and organizes
the search results. Proofs of individual positions are done in
parallel by a farm of back-end provers.

4.1 Proof Tree Manager (front end)
The proof tree manager starts off with an empty proof tree.
The proof is “seeded” by being fed an initial line of play.
This line is considered by humans to be best play by both
sides. The proof manager starts at the last position in the line
and solves it, then backs up one ply, solves that sub-tree, and
so on until the root of the line is reached.

The proof is done iteratively, as shown in Figure 3. In
minimax search, we have seen iterative algorithms based on
search depth (iterative deepening) and confidence in the root
value (as in conspiracy numbers [McAllester, 1988]). Our
algorithm is novel in that it iterates on the range of relevant
heuristic values for the proof.

Classical iterative deepening in game-playing programs is
used for several reasons, one of which is to improve search
efficiency by using the � � tree from iteration � as the basis
for starting iteration � +1. The assumption is that increasing
the depth does not cause substantial changes to the tree struc-
ture; each iteration refines the previous iteration’s solution. In
contrast, without iterative deepening, the search can go off in
the wrong direction and waste lots of effort before stumbling
on the best line of play.

Our iterative value solution works for similar reasons. A
position may require considerable effort to formally deter-
mine its proven value. However, the higher/lower the score

of the position, the more likely it is a win/loss. Rather than
invest the effort to prove such a position, this work is post-
poned until it has been shown to be needed. We do this by
introducing two new values to the proof tree. To win, loss,
draw and unknown, we add likelywin and likely loss.

All searches are done relative to a heuristic threshold. The
back-end prover returns an assessment of a position. Any po-
sition exceeding the threshold is considered a likely win; any
falling below the negative threshold is a likely loss. The proof
manager repeatedly traverses the proof tree, identifies nodes
to be searched, sends them off for assessment by the prover,
and integrates the results. Any node with a score outside the
threshold has a likely result and is not expanded further within
this threshold; it is effectively treated as if it is proven. The
thresholds can be loosely thought of as imposing a symmetric
��� search window on the best-first proof manager. A value
outside the window in � � means the result is irrelevant; a
value outside the heuristic threshold means that we postpone
the proof until we know the result will be relevant.

Once the proof tree is complete for a given heuristic thresh-
old, the threshold is increased and the search restarted to con-
struct a proof for the new threshold. Any position that was
previously resolved to a real proven value remains proven,
and positions that have a heuristic score that remain outside
the new heuristic threshold remain likely wins/losses. Only
non-proven positions with heuristic values inside the new
threshold are now considered, and they must be re-searched
with the new heuristic limit. This iterative process contin-
ues until the heuristic threshold exceeds the largest possible
heuristic value. At this point all likely wins/losses have been
resolved, and the proof tree is complete.

Ideally, after the first likely proof tree is constructed, the
work would consist solely of trying to prove that the likely
wins/losses are even more likely wins/losses. In practice, the
heuristics we use are occasionally wrong (they are, after all,
only heuristics), and a proof tree for a position may grow
large enough that other previously less desirable positions be-
come a more attractive alternative for expansion.

For the White Doctor, we used settings of MIN = 125 (a
checker is worth 100 points) and INC = 5 in Figure 3. These
might not be the best choices; we are experimenting with dif-
ferent values on other checkers openings.

The proof manager uses PNS, trying to answer two ques-
tions about the value of the proof tree: “is it at least a likely
win”, and “is it at most a likely loss.” A likely win is as-
signed a proof number of 0 for the is-likely-win question, a
likely loss is assigned a proof number of 0 for the is-likely-
loss question, and a draw is assigned a disproof number of
0 for both questions. The prover tries to investigate the two
questions simultaneously by selecting nodes for considera-
tion that (ideally) contribute to answering both.

The proof tree manager traverses the proof tree and iden-
tifies nodes that are needed or likely to be needed in the
proof. While a traditional PNS algorithm expands one node
at a time, our manager expands many promising nodes (possi-
bly hundreds of them), to have enough work to keep multiple
back-end prover processors busy.

When a node is selected for expansion, it is added to
a work-to-do file that is used as input to the prover pro-
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ProofManager( Seeding[] ) {
// Seeding: seeding line for the proof
// Seeding[ 1 ] is the opening position
// MIN: starting proof heuristic threshold
// WIN: ending proof threshold
// INC: heuristic increment between likely proofs

// Iterate on heuristic threshold
for ( thresh = MIN; thresh <= WIN; thresh += INC )
// Iterate over the seeded line
for ( move = Length( Seeding ); move > 0; move -= 1 ) {

pos = Seeding[ move ];

// Solve current position to threshold
repeat {

worklist = PNSearch( pos, thresh );
if( NotEmpty( worklist ) ) {

StartProvers( worklist, results, thresh );
WaitForResults( worklist, results );
UpdateProofTree( pos, results, thresh );

}
} until ( IsEmpty( worklist ) );

}
}

}

Figure 3: Proof manager

cesses. The back-end is given information for the generation
of heuristic proof numbers and any proven information that
is known about the position (e.g., it might already be known
that it is not a loss).

The proof manager saves all back-end search results so that
they can be re-used for searches with a different heuristic
threshold (or from a different opening). A persistent B-tree
is used to store information on every position examined in
every opening, including both the back-end results and the
backed-up values computed by the front end.

In the cases where the back-end proof search does not pro-
vide enough information to answer the front end’s question of
interest, the heuristic score from the back end is used to gen-
erate heuristic proof and disproof numbers. CHINOOK is used
to provide the heuristic scores. If the ��� search result is small
enough to initiate the proof search, then the result is used to
help initialize the proof numbers. The proof number for a win
is a function of: 1) the difference between the heuristic score
and the heuristic threshold (a high score is more likely to be
a win than an even score), and 2) a penalty is added for posi-
tions where both sides have a king, as these tend to be much
harder to prove.

The disproof number for a loss is the same as the proof
number for a win, with one exception. We use one additional
statistic from CHINOOK. If the principal variation of the � �
search result depends on a draw from a database lookup, we
decrease the disproof number. Proof numbers for a loss and
disproof numbers for a win are defined similarly. As a final
modification, the numbers that depend on the minimum of
their child values (as opposed to the sum) are divided by the
average branching factor.

4.2 Proof Solver (back end)
Pseudo-code for the back-end prover is shown in Figure 4. It
is a novel combination of a traditional heuristic � � search and
a proof search. The (cheap) heuristic search value is used to
determine whether the current position is relevant to the cur-

Prover() {
repeat {
GetWork( pos, thresh );

// HeuristicSearch returns alpha-beta heuristic value
heur = HeuristicSearch( pos, thresh );

// If value inside threshold range, do PNSearch
lower = LOSS; upper = WIN;
if( -thresh*2 < heur && heur < 2*thresh ) {

// This is a simplified version of the actual code
// Check for WIN, at most DRAW, or UNKNOWN
result = DFPNSearch( pos, IS_WIN );

if( result == PROVEN ) { lower = WIN ; }
else if( result == DISPROVEN ) { upper = DRAW; }

if( lower != upper && time remaining ) {
// Check for LOSS, at least DRAW, or UNKNOWN
result = DFPNSearch( pos, IS_LOSS );

if( result == PROVEN ) { upper = LOSS; }
else if( result == DISPROVEN ) { lower = DRAW; }

}
}
SaveResult( pos, thresh, heur, lower, upper );

}

Figure 4: Proof solver process

rent proof threshold. The (expensive) proof search attempts
to formally prove the result of the current position. The latter
is only done if the former indicates it is needed.

Each back-end position is first searched by an ��� searcher
using a heuristic evaluation function and the endgame
databases. The search is limited to 25 seconds, reach-
ing a depth of 17 to 23 ply plus search extensions. The
heuristic value returned is compared to the search threshold.
Values outside the threshold range are considered as likely
wins/losses by the proof tree manager. If the heuristic value
is more than twice the size of the threshold, then no further
processing is done; the formal proof search is postponed until
later in the proof when we will have more confidence that we
really need this result.

The prover uses Nagai’s Df-pn
�

algorithm [Nagai, 2002],
a depth-first search variant of best-first PNS. Df-pn

�

was pre-
ferred over PNS, in part, because of memory concerns. The
algorithm’s space requirements are limited by the size of the
transposition table. In contrast, PNS needs to store the entire
tree in memory. This gives Df-pn

�

an important advantage,
since memory is also needed to reduce the frequency of costly
disk I/O caused by endgame database accesses.

The time limit for the Df-pn
�

component is 100 seconds
per search. Most of the search time is spent trying to answer
the “easy” question, the opposite result to that of the heuris-
tic search. For example, if the heuristic result indicates that
the side to move has a large advantage (a possible win), the
prover first tries to prove or disprove the position as a loss.
This was done because this was usually the easier question to
answer and a disproof of a loss or win may be a sufficient an-
swer for the proof manager given that we expect the value of
the proof to be a draw. If a disproof for the question is found
in less than the maximum time allotted, another proof search
is started to answer the other proof question.

Proving the value of a node implies finding a path to the
endgame databases (or a draw by repetition). Clearly, the
fewer pieces on the board, the “closer” one is to a database
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position and the easier it should be to (dis)prove. In addition,
it should be much easier to prove a win or disprove a loss if
one side has more pieces than the other side. We combine
these two factors to initialize the proof and disproof numbers,
giving more attention to fewer pieces and favorable positions.
Furthermore, because the standard Df-pn

�

algorithm has a
fundamental problem of computing (dis)proof numbers when
position repetitions are present, the techniques in [Kishimoto
and Müller, 2003] are incorporated into the solver.

4.3 Graph History Interaction
A forward-search-based proof cannot be correct unless the
Graph History Interaction problem (GHI) is properly ad-
dressed. GHI can occur when a search algorithm caches and
re-uses a search result that depends on the move history. In
checkers, repeated positions are scored as a draw. It is pos-
sible that the value of a search is influenced by a draw-by-
repetition score, and this result is saved in the proof tree or in
a transposition table. If this cached result is later reached by a
different move sequence, it might not be correct—we do not
know if the draw-by-repetition scores are correct.

In the back-end prover, GHI is correctly handled by utiliz-
ing the new technique described in [Kishimoto and Müller,
2004]. GHI is avoided in the boundary between the front-
end tree and the back-end searches by not communicating
any move history information to the back-end. Finally, in the
front-end manager, GHI is avoided by not saving any value
in the proof tree that is unsafely influenced by a draw-by-
repetition score somewhere in its subtree. This may cause the
manager to spend extra time searching the tree, but no ex-
tra prover searches need be performed, as the prover results
stored in the tree are path independent.

4.4 Implementation Insights
The effort to turn likely wins and likely losses into proven
values takes the vast majority of search effort. This holds
even for a fairly high initial heuristic threshold, where likely
wins/losses are positions that human checkers experts agree
are “game over”. The major reason for this is postponing
moves; a non-winning side always takes the path of maximum
resistance. For example, the losing side in a position is able
to make terrible moves, such as sacrificing a checker for no
apparent gain, to postpone reaching the endgame databases;
the unknown aspect of a position with more than 10 pieces on
the board (no matter how hopeless the position) is preferable
to a known database loss. These lopsided positions must still
be chased down to reach a proven conclusion.

The proof process is computationally demanding. Some of
the performance issues include:

1. The proof process spends most of its time accessing the
endgame databases. The cost can be reduced by locality
of disk accesses and caching. Smart organization of the
endgame databases and use of a 4GB machine (most of
the memory going to I/O caching), means that 99% of
all endgame database positions do not require I/O.

2. Despite the above performance optimizations, the proof
process is still I/O intensive—keeping the I/O subsystem
at maximum capacity. It is rare to see the CPU usage

beyond 10%. Many machine architectures do not have
the hardware reliability for this sustained I/O demand.

3. The massive I/O means that we can only use local I/O;
network I/O is too slow. That limits the machines that
we can add to the computation to those that have 300
GB of available local disk.

4. I/O errors. Our programs are instrumented to detect and
recover (if possible) from most types of I/O errors.

5 Results
The White Doctor opening was chosen as the first candidate
to solve because of its importance in tournament practice to
the checkers-playing community. The opening is one of the
most difficult of the three-move ballots, with Black starting
off with a large disadvantage. Many decades of human anal-
ysis determined that Black’s desperate situation meant that a
checker had to be sacrificed to relieve the pressure. In a typi-
cal game, Black is down material for most of the game, barely
hanging on to salvage a draw. Is the human analysis correct?

The White Doctor proof began in November 2003 and a
heuristic proof for a threshold of 125 was completed one
month later. For the next eight months, computer cycles were
spent increasing the heuristic threshold to a win and verify-
ing that there were no bugs in the proof.2 In August 2004, we
thought the proof was complete, but an inspection showed
that some trivial positions with an advantage of 7 or more
checkers had been eliminated from the proof (an accidental,
historical error). This was corrected and in January 2005, we
completed the last of the unresolved positions.

Is the proof correct? The endgame databases are being
verified by Ed Gilbert, the author of the KINGSROW check-
ers program. He has independently verified that our 9-piece
databases and 30% of our 10-piece databases are correct (his
computation is ongoing). The front-end White Doctor proof
tree is consistent and correct, assuming that all the back-end
proofs returned the right answer. Many of the back-end val-
ues have been re-verified by a different solver developed as
part of this project, increasing our confidence that the proof
is indeed correct. The proof is available online at http:
//www.cs.ualberta.ca/˜chinook. Several strong play-
ers have looked at the proof lines and found no errors.

Some interesting statistics on the proof include:

1. Number of positions given to the back-end to solve (ex-
cluding work that was used for experiments or shown to
have bugs): 841,810.

2. Number of positions in one minimal proof tree: 223,178.
The minimal proof tree is not a minimum proof tree. We
did not try to maximize the usage of transpositions or
choose the branches leading to the smallest subtree in
generating the proof tree.

3. Longest line searched in the front-end proof tree: 67 ply.

4. Longest line in our minimal proof tree: 46 ply. The leaf
node in the tree is the result of a 100 second proof num-
ber search (to a variable depth, possibly as much as 45

2Several minor problems were found, necessitating re-doing
some of the calculations.
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