ply deep), terminating in an endgame database position
(possibly worth 100s of plys of search).

5. Number of nodes in a back-end search (25 seconds of
clock time for each CHINOOK search and 100 seconds
for a proof number search): averaging 13,000,000 posi-
tions (slow because of extensive 1/0).

6. Average number of processors used: seven (with 1.5 to
4 GB of RAM).

7. Total number of nodes searched in the proof: roughly
841,810 x 13,000,000 > 1 x 10*2 positions. The num-
ber of unique positions is considerably smaller.

So, how does the computer proof stack up against human
analysis? We used Fortman’s classic Basic Cheders as our
guide and compared its analysis to that of the proof [Fort-
man, 1977]. Of the 428 positions given in the book for this
opening, there were no disagreements in the game-theoretic
result of a position. This is a bit misleading since some of the
positions were not part of the proof, and for others the proof
only had a bound (less than or equal to a draw) whereas the
book had a result (draw). Nevertheless, this result provides
further evidence that the computer proof is correct. More im-
pressive, however, is the quality of the human analysis. The
analysis of this opening evolved over 75 years, had many hu-
man analysts contributing, requires analysis of lines that are
over 50 ply long, and requires extensive insight into the game
to assess positions and identify lines to explore.

The checker sacrifice in the White Doctor is correct ac-
cording to our proof. This line is sufficient to prove that the
opening is a draw. We have not invested computer cycles to
find out if alternate non-sacrifice defences also lead to a draw.

We have made substantial progress on two more checkers
openings. Of interest is that one of these openings appears
to be roughly 10 times more difficult than the White Doctor,
whereas the other one seems to be half as difficult.

6 Solving Checkers

When will checkers be weakly solved? The White Doctor is
solved, and two other proofs are well under way (both appear
to be draws). There are 174 three-move checkers openings
and, ideally, we would like to solve all of them. However, to
solve checkers for the initial starting position, with no moves
made, roughly 50 openings need to be computed (o cutoffs
eliminate most of the openings). Solving subsequent open-
ings will not take as long as the first one did. The computa-
tions will speed up for several reasons:

1. Algorithm efficiency. We will switch from experimental
mode (trying different performance parameters) to pro-
duction mode (fixed parameters).

2. More endgame databases. A new algorithm will allow us
to compute parts of the 11-piece database, getting 50%
of the benefits for 1% of the computing effort.

3. Data reuse. Openings transpose into each other. Each
additional opening increases the chances for reusing the
results of one opening for another.

The only obstacle remaining is access to computing re-
sources. Computer cycles are easy to obtain; the bottleneck
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is large local data storage and 1/0 speeds. With enough re-
sources, the game could be weakly solved within a year.
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Abstract

Symmetry breaking has been shown to be an im-
portant method to speed up the search in con-
straint satisfaction problems that contain symme-
try. When breaking symmetry by dominance detec-
tion, a computationally efficient symmetry break-
ing scheme can be achieved if we can solve the
dominance detection problem in polynomial time.
We study the complexity of dominance detection
when value and variable symmetry appear simulta-
neously in constraint satisfaction problems (CSPs)
with single-valued variables and set-CSPs. We
devise an efficient dominance detection algorithm
for CSPs with single-valued variables that yields
symmetry-free search trees and that is based on
the abstraction to the actual, intuitive structure of
a symmetric CSP.

1 Introduction

During the past five years, symmetry breaking has been
topic of increasing interest in the constraint programmin
community. It was shown that symmetry breaking can play"’
a decisive role in the solution of numerous constraint pro
lems, and sophisticated symmetry breaking methods h

some classes of pure value symmetry was investigated and
proven to be computationally tractable. The approach taken
was generalized ifRoney-Dougakt al, 2004, where the
notion of symmetry-free search trees, so-called GE-treas,
introduced. In combination with GAP, GE-trees were shown
to break arbitrary value symmetries in polynomial time.

In this paper, we continue this successful line of research
by studying combinations of value and variable symmetry in
constraint satisfaction problems (CSPs) and CSPs with set
variables (set-CSPs). We offer three main contributiorse T
first regards a combination of variable and value symmetry
for CSPs with single-valued variables. For the first time, in
Section 3, we show that the corresponding dominance detec-
tion problem is computationally tractable. In Section 4, we
build up on this result and show an efficient way of using the
dominance detection algorithm for filtering rather thart jus
pruning. The third main contribution regards set variabiles
Section 5 we show that the general dominance detection prob-
lem becomes NP-hard for set-CSPs that contain symmetric
set variables and value symmetry. Finally, as a minor side-

ote, in Section 6 we show that higher forms of symmetry
here sets of set variables are symmetric to other sets of set
pvariables in combination with value symmetry can be reduced

aJ@ the partial set variable symmetry case.

been developed, such as the addition of symmetry breaking

constraints (see for exampl€rawfordet al, 199€), sym-
metry breaking by adapting the search stratel®rown et
al., 1984, symmetry breaking during search (SBO&ent

and Smith, 200) or symmetry breaking by dominance de-
tection (SBDD)[Fahleet al, 2001; Focacci and Milano,

2 Preliminaries

Let us start out by introducing some notation that we will use
throughout the paper. In the reminder of this paper, let us
assume that, m,p € IN.

2001]. Especially the latter has attracted a lot of interest:
improvements were suggested Barnier and Brisset, 2002; Definition 1

Puget, 200Pfor example. SBDD works by checking whether
the current choice point under investigation represenysma s
metric variant of a part of the search space that has been in-

vestigated completely before.

The core of an SBDD symmetry breaking code is domi-

nance detection which was automated@entet al., 2003

by using the generic computational group theory tool, yield
ing a method named GAP-SBDD. While using a generic tool
is appealing from the perspective of the ease-of-use for the
constraint programmer, the generality comes with no guaran

tee of efficiency. Therefore, ivan Hentenryclet al,, 2009,

the special case of dominance detection in the presence of
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e A Constraint Satisfaction Problem (CSB) a tuple
(Z,V,D,C) whereZ = {Xy,...,X,} is a finite set
of variables,V. = {v1,...,v,,} is a set of values,
D ={D,...,D,}isasetoffinite domains where each
D; € D is the set of possible instantiations to variable
X;, andC = {c1,...,c,} is a finite set of constraints
where each; € C is defined on a subset of the vari-
ables inZ and specifying their valid combinations. We
say that the CSP hasngle-valued variablesf for all
D; € D itholds thatD; C V. Iffor all D; € D it holds
thatD; C 2V (where2" denotes the set of all subsets of
V'), we say that the CSP isset-CSP
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e Given a CSP with single-valued variables, assign-
ment A is a set of pair{X,v) € Z x V such that
(X,v), (X,w) € Aimpliesv = w. Given a set-CSP,
a set-assignmentl is a set of pair§X,S) € Z x 2V
suchthat X, S1), (X, S2) € A impliesS; = Ss.

Definition 2
e Given a sefS and a set of setB = {P,..., P.} such
thatl J, P; = S and theP; are pairwise non-overlapping,
we say thatP is a partition of S, and we writeS =
>, P
e Given a setS and a partitionS = ", P;, a bijection
m : S — S such thatr(P;) = P, (wheren(F;)
{n(s) | s € P;}) is called apartial permutatiorover
S

Definition 3
e Given a CSP(Z,V,D,C), and partitionsZ
Yoper P V=3, Qi, we say that the CSP has par-
tial variable and value symmetry iff all variables within
eachPy, and all values within eac®,; are considered as
symmetric.

Given two assignmentd and B on a patrtially sym-
metric CSP with single-valued variables, we say that
dominatesB iff there exist partial permutations over

Z =3 1<, Pranda overV = 3", Q; such that for

all (X,v) € A it holds that((X), a(v)) € B.

Given a patrtially symmetric set-CSP and set-
assignments\ and B, we say thatA dominatesB iff
there exist partial permutationsoverZ = 3, _ Py

ando overV = >, Q; such thatA(m,a) C B,

whereA(r, o) := {(7(X),a(5))|(X,S) € A}.

Given two arbitrary (set-)assignmemtsandB for a par-
tially symmetric (set-)CSP, we call the problem of de-
termining if A dominatesB the Dominance Detection
Problem

3 Symmetric Single-Valued Variables over

Symmetric Values

The first general symmetry model that we study is pow-

erful enough to manage symmetric single-valued variable
over symmetric values. Throughout this section, we comsid
the partially symmetric CSPZ, V, D, C) with single-valued
variables. We assume also that we are given a partition
the variablesy”, ... P, = Z and a partition of the values
> 1<« Qi = V such that all variables within each, and
all values within eachQ; are considered symmetric. Note
that such partitions could be derived by a static analys# of
constraint program. The main objective in this section will
be to show that there exists an effective symmetry breakin
algorithm that runs in polynomial time for this scenario.
The key idea consists in the introductionstfuctural ab-

stractions to model a CSP, we need to uniquely label each,
value and each variable with a name — which is, of course

not natural when certain variables and certain values are a
tually indistinguishable. We can rectify this by viewingcha
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variable and each value as a member of a symmetry class. In
the beginning, these classes correspond directly to thdset
and@;. When assignments are committed, though, some of
those initial symmetries are broken. Then, in order to check
which CSP objects are still indistinguishable, we need o in
troduce subclasses of the original symmetry classes. We wil
see that we can detect the remaining symmetries by label-
ing each of those subclasses with a certagmaturethat is
defined by the set of initial symmetries and the given assign-
ments. We will see also that it is really these signatures tha
capture our intuitive wish to abstract from the CSP model at
hand to the actual structure of the problem.

3.1 Signatures

Consider the following example: We have variables
X1,...,Xs over domainsD(X;) = --- = D(Xg)
{v1,...,v6}. Now assume that the first four and the last
four variables are indistinguishable, iB, = {X; ..., X4}
and P, {X5s,...,Xg}. Furthermore, assume that
Ql {Ul,...,vg}, Q2 {’U4,...,’U6}, and that
we are given the following two assignmentsA;
{(X17 Ul)v (X27 Ul)? (X37 /02)7 (X67 v5)7 (X77 Ul), (Xga v?)}
and Az = {(X1,vs), (X2,v1), (X3,v2), (X4,v2), (X5, 1),
(X6,v6), (X7,v2),(Xs,v2)}.  See Figure 1(a) for an
illustration. When looking at the first assignment, we see
that: 1. There is one value() in @, that is taken by two
variables inP; and one variable in%. 2. There is one
value @2) in @ that is taken by one variable iR, and one
variable inP,. 3. There is one values) in @), that is taken
by one variable inP,. On the other hand, in the second
assignment: |. There is one valug) in ()1 that is taken by
two variables inP; and two variables i. Il. There is one
value (1) in @, that is taken by one variable iR, and one
variable inP. lll. There is one value) in Q- that is taken
by one variable inP; and one variable iP,. Lining up 1-I
(1 = v, {X1, Xo} = { X5, Xu}, {X7} — {X7, Xs}),
2-11 (’Ug — V1, {Xg} — {Xg},{Xg} — {X5}), and 3-llI
(vs — vg, { X6} — {X6}), we see thatl, is structurally an
assignment extended from,, or, in other words, thati;
dominatesA, (see also Figure 1(b)).

What we have done in this small example is to abstract
from the given model and the (arbitrary) names of variables

gnd values to the actuatructureof the problem. That is,
instead of talking about specific variables and values, we

considered members of classes. Specifically, for each as-

ofilgnment we implicitly assigned each valusignaturethat

captures by how many members of each variable-symmetry
class it was taken. For instance, 41 v; has the signature

(2 x P1,1 x Py), or, in shorter writing, the signature of is
siga,(v1) = (2,1). In A, on the other hand, the signature

of v IS siga,(v2) = (2,2). Consequentlyy; in As can be
viewed as more specialized thanin A;, or one may also

gay that; in A; dominatess; in A,. In this terminologyp,

in Ay has signatur@ig,(vi;) = (1,1) and therefore dom-
inatesv; in A;. Note thatsig 4, (vg) is also(1,1), but that
¢ in Ao does not dominate; in A; sincevg € Q2 whereas
v1 € Q1. In general:

(>
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Figure 1: Part (a) illustrates assignmedtsand A,. Part (b) gives the signatures for each value, links pairsabfes where
the one in assignmemt; dominates to the one id,, and a perfect matching that proves tilgtdominatesA, is designated
by solid lines.

Definition 4 Definition 5
e We say that a value in an assignmenfl dominatesa  Given two assignmentd andB, let us denote with’’ a set
valuew in assignmenB iff v andw belong to the same of duplicates of the values i1 by attaching a prime sign after
value-symmetry class andg 4 (v) < sigp(w).t the values’ names (i.& := {v' | v € V'}). Then, we define
e We say that a value in an assignment. is struc- {hedominance de'Eectlorj graghDG(A, B) := (VUV', E)
turally equivalentto a valuew in assignment3 iff v ~ WhereE := {(v,w’) | v in A dominates w in B} denotes
andw belong to the same value-symmetry class andfe Setofarcs.

siga(v) = sigp(w). Theorem 1

3.2 Dominance Detection Using Signatures Given two assignmentd and B over a CSP with partially

The following lemma shows how signature-abstractions carsYMMetric single-valued variables and partially symneetri
help to detect dominance relations among assignments:  alues, the dominance detection problem betwéemd B

has complexityp(M + m?* + mn), whereM = O(m??) is

the time needed to determine whether there exists a perfect
matching inDDG(A, B), m is the number of values, and

is the number of variables.

Lemma 1

An assignmentl dominates another assignméhtn a par-
tially symmetric CSP iff there exists a partial permutation
overy , . Q; such that in A dominatesx(v) in B for all

v In the interest of space here and at many other occasions
v .

we must omit a formal proof. However, we would like to
Proof:  First. let us assume that dominatesB. Then note that, with Lemma 1, it is clear that the dominance detec-

there exist partial permutations over 3", Py and o tion proplem can be so!ved .basically.by determining whether
over Zzgs Q. such that for all(X,v) € A it holds that there exists a perfect bipartite matchingG(A, B). The

. additional complexity denoted in the theorem is due to the
(m(X),a(v)) € B. Since bothX andw(X) belong to the  hecessity to construdd DG (A, B) first. It is obvious that

same symmetry class, we have that for all valueg V  his can be achieved in tim@(nm?2), which already proves
itis siga(v) < sigp(a(v)), which is the same as 10 say {hat symmetry breaking in this scenario is tractable. How-
thatv in A dominatesx(v) in B. Now assume there exists gyer the runfime can be improved to the complexity that is
a partial permutatiomv over ), Q; such thatsiga(v) < ¢jaimed here by using sparse representations of signatures
sigp(a(v)) for all v € V. Then, since each variable is as- Then, in the algorithm analysis we can exploit that the to-

signed to at most one value, there exists a partial permuatati tal number of non-zero signature components is bounded by
mover) , . P such that for all X,v) € A it holds that O(|A| + |B|) = O(n).

(7(X),a(v)) € B. Thus, we have thal dominatesB. = Interestingly, it can also be shown tleaterybipartite graph
can also be viewed as a dominance detection graph of a CSP
r%nd assignmentd and B that can be determined in time lin-
€ar in the size of the given graph. And therefore, a perfect
bipartite matching exists iffA dominatesB, which makes
YWhere the <-relation on vectors is defined as the usual theé dominance detection problem at least as hard as bipar-
component-wise comparison that yields to the so-calledisance  tite matching. In other words, we can show that dominance
ordering - which is different from a lexicographic ordering detection takes tim& whereT’ € Q(M)NO(M +m?+mn).

Consequently, we have thdtdominatesB iff there exists
a perfect matching in a bipartite graph where the edges a
defined by the signature-relation of values (see Figurg1(b)
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4 Symmetry-Based Filtering andD, := DDG(A, B') only differ in that the latter bipar-

With Theorem 1, we can break all symmetries when given i€ graph may contain some additional edges that must all be

CSP with partially symmetric variables and values in poly-Incident tow’ in the right partition. Obviously, ifD, con-

nomial time when using a symmetry breaking by dominancd@ins ann-matching, this matching must contain exactly one

detection (SBDD) approadiFahleet al, 2001; Focacci and ©f those additional edges. Consequentlyliiominatess’,

Milano, 2004. What is annoying in this setting is that we thénD: must contain am: — 1-matching. Only if this is the

still have to check every choice point to see if it is not domi-¢2S€; WOrk needs to be done to makencestor-symmetry

nated by one that was previously expanded, i.e. we still havEeSistant with respect td. _ .

to touch the garbage in order to see that it is garbage. We, SO letus assume thax contains ann — 1-matching. Pro-

will now develop an algorithm that does not suffer from this Vided with that matching, using some straight-forward ratc

disadvantage. ing theory we can identify efficiently those and only those
We achieve this goal by using dominance detection also foﬁddmonalledg_es that would allow us to transfo_rm the exist-

filtering rather than just prunifg Obviously, a brute-force N9 matching into a perfect one. Furthermore, it can also be

approach could simply try assignments out and use the donshown that those_crmcal edges are mdependem of thecparu

inance detection algorithm above to perform filtering adwel ularm — 1-matching that we computed (For an introduction

This procedure would lead to a very poor runtime, though. I Matching theory we refer fihujaet al, 1993). Among

the following, we will show that filtering based on symmetry those critical edges that, if added, would allow us to carzstr

can be performed much more efficiently. anm-matching, the only ones that vvle need to consider are
Within SBDD, there exists a natural distinction betweenthose which run between nodesindw’ with v, w € @, for

two types of filtering that apply: The first consists in making SOMel < I < s and for which there exists < k < r such

sure that none of the newly created children are symmetric t1atsig.4(v) < sigp(w) + e If and only if we find such

a node that was fully expanded before the node that is cu@ Pair of nodes, a single extra assignment addef will

rently branching off. When applying unary branching Con_reSL_JIt in a successful do_mlnance de;ecnon. F_’remselyyeve

straints (which we assume are used here), this can be adhiev@SSignment ofv to a previously unassigned variablec P

by shrinking domain variables accordingly. The other, fund Wil result in a dominated choice point. Thus, if we remove

mentally different type of “filtering” consists in the cremt W from the domain ofX for all unassigned € Py, we keep

of children that are also not symmetrical to each other. Botf{€ unique parts of the search space and we never produce

types need to be addressed to achieve a symmetry-free sea@}PiCe points that are symmetric to one that was expanded

tree (which corresponds to the GE-tree§Roney-Dougaét  Previously toB. _ L

al., 2004). We distinguish the two types of filtering by nam- ~ With Theorem 1, the runtime needgf} for the initial value-

ing them differently:symmetric-ancestor based filteriapd ~ Matching algorithm is bounded ly(m*° + mn). We can

symmetric-sibling based filtering also prove that a filtering algorithm can be formulated that,
) T once the matching is computed, runs in timén? + mn).4
Symmetric-Ancestor based Filtering Therefore, since within SBDD at mostm — 1) ancestor

The goal of symmetric-ancestor based filtering is to shrinknodes need to be considered, we can prove the following:
the domains such that instantiating a variable with onesof it
domain values will not result in the creation of a search nOde\'heorem 2

thatis symmetric to one that was previously expanded. i en a4 cSP with partially symmetric single-valued vari-
ables and partially symmetric values, we can achieve
ancestor-symmetry resistance for a given search node é tim
O(nm??® + n?m?).

Definition 6

Given a depth-first-search trég® we say that a choice point
B (associated with its homonymous assignmBrthat cap-
tures previously committed unary branching decisions)
ancestor-symmetry resistarit for all previously fully ex-
panded noded € T (A is called anancestoof B) and for

iSSymmetric-Siinng based Filtering
To achieve full symmetry prevention, we also need to guar-
all variablesX and values € D(X) it holds thatA does not antee that newly created siblings are not symmetric to each
other. Therefore, after we choose the next variable to be as-

dominatel3 U {(X, v)}. signed, but before we branch on it, we need to perform one

Assume that we are currently investigating choice paint more “filtering” step (it is actually more of an implicit prun
and thatA is some ancestor node that does not domiate ing step) where we choose a single representative value out
Observe that instantiating one more variablec P, for of each equivalence class of values which, when assigned to
somek by settingX — w € Q, for somel will change only  the chosen variable, would result in the creation of symimetr
the signature ofv from sigp(w) to sigp(w) + e, where  choice points. Due to the fact that, whenever a sibling dom-
e, denotes the unit vector with & in the kth component.  inates another, they both must already be structurallyvequi
We setB’ := B U {(X,w)}. Then,D; := DDG(A, B) a_Ier_1t (see Definition 4), we can avoid producing symmetric
- siblings simply by choosing exactly one representativaeal

2With *filtering’, we refer to the idea of domain reduction iPC
‘pruning’ refers to the detection of a sufficient reason tokbeack. “Again, the main technical idea consists in the use of spagse s

3In the interest of space, we must omit a formal definition of anatures. The proof of the complexity is not particularlyighsful
search tree here. The meaning should become clear fromitexto  but lengthy, which is why we leave it out here.
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among those that are structurally equivalent. The complexProof: We reduce the problem to subgraph-isomorphism. In

ity of this filtering step is dominated by that of symmetric- order to apply Theorem 3, we need to ensure that both graphs

ancestor based filtering. operate over the same set of nodes. In case that the set of
Putting ancestor and sibling-based filtering together, wé0des of the given graphs differ, it is easy to see (hacan-

have completed our development of an effective symmetryi©t D€ sub-isomorphic 16 if G, contains more nodes than
In case thaty; actually contains fewer nodes théh,

breaking algorithm for CSPs with partial single-valuedivar G2 - .
galg P 9 dtis easy to see that we can add isolated nodé&s;tavithout

affecting subgraph-isomorphism. Then, we have that both
graphs contain the same number of nodes, and by relabelling
the nodes in both graphs, we may assume that both graphs
operate on the same set of nodes. L]

that the practical performance of the algorithms sketclaed ¢
be enhanced in practice: for example, it is fully sufficient
to check against previously expanded nodes for which a
m — 1 — h-maximum matching was found only after vari-
able instantiations th different values have been committed.  Note that, despite this negative result, in some important

And as usual, by considering incremental updates of matchspecial cases the symmetry detection problem for CSPs with

ings, memory can be traded for cpu-time.

5 Limits of Efficient Dominance Detection

partially symmetric set variables and values is still tahdt.

For instance, when the set variables cannot overlap, tlee alg
rithm developed in Section 3 can be adapted easily (by sim-
ply exchanging the roles of values and variables) to brdak al

After having developed a polynomial symmetry breaking al-symmetries efficiently.

gorithm for CSPs with partially symmetric single-valuediva

ables in the presence of partial value symmetry, we now showt.orollary 2

that dominance detection for partially symmetric set aga

The dominance detection problem over partially symmetric

in the presence of partial value symmetry is NP-hard. Moreyon-overlapping set variables and partially symmetricieal
precisely, we reduce the corresponding dominance detectigs tractable.

problem to subgraph-isomorphism.

In order to achieve the desired reduction we construct a Note that the dominance detection problem as we consider

set-assignment from a graph in the following way:

Definition 7

Given an undirected grapf = (V, E) with ¢ := |V|,
we define a set of symmetric valuéé := {nq,...,n.},
and a set of symmetric variablés := {p;;|{i,j} € E}.

Then, theset-assignmentd(G) is defined asA(G)
{(pij; {ni,ns}) [ {i,j} € E}.

Theorem 3
Given two undirected graph&, = (V,E;) andGy =
(V, Es), Gy is sub-isomorphic ta7, iff A(Gy) dominates

it here regards arbitrary assignments. This implies thagrw

the detection problem is tractable, we can break symmetries
efficiently. However, the situation changes when we achieve
an intractability result like the previous one: Within meth
ods like SBDD the assignments that need to be compared can
only differ in a rather specific fashion. We can also show that
these more specific dominance detection problems are NP-
hard as well, therefore proving that SBDD in its general form
is incapable of breaking symmetries in partially symmetric
set-CSPs efficiently. However, we would like to stress that
this result does not imply that symmetry breaking is NP-hard
in general since we do not consider other methods here like
remodeling or the adaption of the branching scheme.

A(G2) when all variables and values are considered to be

symmetric.

Proof: We start by showing thati(G;) dominatesA(Gz)
if G is sub-isomorphic toG,. Leto : V — V bi-
jective such that{i,j} € E; implies {c(i),0(j)} €
E,. Then, for all (p;j,{n:,n;}) € A(G:1) it holds that
(pa(i)_’g(j),{na(i),na(j)}) S A(Gg) Therefore,A(Gl)
dominatesA(Gs).

Now let us assume that(G;) dominatesA(Gz). Then,
there exist functions : E; — E; anda : V — V such that
(pij; {nism;}) € A(G1) implies(pr (i jy): {Ta): M) ) €
A(G3). By construction ofA(G2), this is equivalent to
{na@y,nay}t € E forall {i,5} € E. Thus,a is a sub-
isomorphism betwee@'; andGs. n

With Theorem 3, it is easy to prove the following

Corollary 1

The dominance detection problem over partially symmetri

set variables and partially symmetric values is NP-hard.

302

6 Higher Forms of Symmetry

Note that our intractability proof above shows that domoean
detection over symmetric set variables and symmetric galue
is already NP-hard when there exists only one set of symmet-
ric set variables and one set of symmetric values. Clearly,
the problem stays NP-hard when we allow partial symmetry.
Partial symmetry is very helpful when even more complicated
forms of symmetry need to be handled. Consider for example
the Social Golfer Problem (SGP):

32 golfers want to play in 8 groups of 4 each week,
such that any two golfers play in the same group at
most once. How many weeks can they do this for?

The problem can be generalized by parameterizing it to
groups ofs players each, playing fav weeks (instances are
usually written ing-s-w-format). A common model for the
problem introduces a set variable for each group, so that-int

.group symmetries are broken automatically. Groups within
c__ -

SProblem 10 in CSPLib - http://www.csplib.org/.
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Group 1| Group 2| Group 3 whose symmetry structures are more refined. Consider for

Week1][ 1 2 3 4 5 6 example the case where the variables form a ring structure
Week?2|| 1 3 2 5 | * % and all rotations on the ring yield to an equivalent CSP. Wnde

what conditions can we break value and variable symmetry

Table 1: A partial instantiation of SGP 3-2-2. when the permutations on the CSP elements form structures

that are different from partitions?

In our view, it is perceivable that structural symmetries
[@@@V@] could be derived automatically by a static analysis of a
given constraint program if the modeling language used pro-
vided semantics regarding symmetries. For instance, an all
different constraint could provide the information that al
1 \ variables and values are treated as symmetric by this con-
[g@@@ @ @] @] straint. Then, built-in efficient dominance detection algo

rithms like the one that we developed can be used efficiently

to break the symmetries that were derived automaticallyg th
Figure 2: Symmetry-breaking model for SGP 3-2-2 frommaking symmetry breaking an effective and efficient compo-
Table 1. We view the problem as containing six groupsnent of constraint programming that is totally seamless for
G1,...,Gs (3 per week). Only upon instantiation of the as- the user.
sociated set variable, a group is assigned to a week.
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Abstract

We propose a new algorithm for finding a target
node in a network whose topology is known only
locally. We formulate this task as a problem of de-
cision making under uncertainty and use the statis-
tical properties of the graph to guide this decision.
This formulation uses the homophily and degree
structure of the network simultaneously, differenti-
ating our algorithm from those previously proposed
in the literature. Because homophily and degree
disparity are characteristics frequently observed in
real-world networks, the algorithm we propose is
applicable to a wide variety of networks, including
two families that have received much recent atten-
tion: small-world and scale-free networks.

Introduction

In a well known study, Travers & Milgrart1969 asked in-

network of acquaintances. Today, it appears naturally in
various contexts. For example, a similar task is performed
when people and focused crawldBiligenti et al, 2000;
Chakrabartet al, 1999 search for information in the World
Wide Web by following links. The same is true of search pro-
tocols that form the backbone of decentralized peer-to-peer
file sharing systems such as Gnutella and FreEDleirke et

al., 2004 that lack a central server to answer queries.

If decentralized search is to succeed, it is essential that
the underlying network possess some form of structure that
can guide the search. The acquaintance network has at least
two characteristics that create such structure. The first is ho-
mophily, thetendency of like to associate with like other
words, the tendency of attributes of connected nodes to be
correlated—people tend to be acquainted with other people
who live in the same geographical area or who have the same
occupation. The second characteristic is degree disparity—
some people have more acquaintances than others and may
act as hubs that connect different social circles. Considera-

dividuals in Boston, Massachusetts and Omaha, Nebraska ##n 0f homophily gives rise to a message-passing algorithm
deliver a letter to a target person in Boston, using an unconthat favors the nelghpor that is the most similar to t.he target
ventional method: the letters were to reach the target persofPde (e.9., an acquaintance who lives in Boston, if the tar-
through a chain of acquaintances. The person starting tH@et person lives in BostoriKleinberg, 2000a; 2000b; 2001;
chain and all subsequent recipients of the letter were giveNVattset al, 2004, while consideration of degree structure
some basic information about the target—including name8ives rise to an algo_rlthm that favors the neighbor with the
address, and occupation—and were asked to forward the Igfighest degreAdamicet al, 2001.
ter to someone they knew on a first name basis, in an effort Building on the insights gained by this recent body of
to deliver the letter to the target person with as few intermefesearch, we propose a new message-passing algorithm—
diaries as possible. Of the 296 letters that were distributecgxpected-value navigatiofEVN)—for decentralized search
22% reached the target, with a median chain length of six. in networks. Our formulation of the problem is fundamen-
These findings revealed two surprising properties of the sotally different from prior approaches in that it considers the
cial network—that short paths exist between seemingly unentiretyof the factors that may influence the effectiveness of
connected individuals and that people are able to find them-the search. We cast the problem faced by each node in the
and raised a number of questions: How do people perforninessage chain as a decision making task under uncertainty, in
this type of search? What properties of the social networkvhich the objective is to minimize the expected length of the
make it searchable? And in their presence, how can wéearch path. This decision is guided by the statistical proper-
search a network efficiently? In this paper we address thi§es of the graph, in which both homophily and degree play a
last question and present an algorithm for efficient decentralole. All prior algorithms have essentially used only part of
ized search in a class of networks that exhibit the propertiethe available information.
of the social network of acquaintances. Because homophily and degree disparity are characteristics
At the time, the task faced by the participants in the Travergrequently observed in real-world networks, EVN is applica-
& Milgram study—searching for a target node in a large net-ble to a wide variety of networks. We emphasize two families
work whose topology is known only locally—was highly ar- that have received much recent attention: small-world and
tificial, designed only to explore the structure of the socialscale-free networks.

304 CONSTRAINT SATISFACTION AND SEARCH



Small-world networks are loosely defined as a family of2.2 Similarity-Based Navigation

graphs with a combination of three properties that distinguisqn similarity-based navigation, nodes forward the message to

them from other graph families (e.g., random graphs, fully : . o )
connected graphs, and regular graphs): weak connectivity'€ neighbor that is the most similar to the target node, given
number of attributes on nodes and a similarity metric. This

strong clustering, and small diameter. Many real world net- ' .
works show the small-world structure, including the World typed_o_f searr_:h_lrellles on networ_lg homolphlly. fUnqirbsqme
Wide Web, the electrical power grid of the western Unitedcog itions, _Z'm' arity among Bftt_trl ltJte values o Inelgd' O{Thg t
! : odes provides an approximation to a universal gradient tha
ﬁ;itsj’JQ&S?E%?%Z“S&%??Q eOJvoH[%g)éﬁ%%dng\(;\tlg:tss, er:g th%llows short paths to be identified from only local informa-
Strogatz, 199B These networks, by definition, connect mostt'on' ) _— . L .
node pairs by short paths, and EVN may be particularly well The first algorithmic analysis of similarity-based naviga-

sited for finding them as the small world structure may arisd /0N Was performed by Kleinber?000b; 2000kon a sim-
from homophily[Kleinberg, 2000h ple network motivated by the geographical distribution of ac-

Scale-free networks are those networks with a power-la gquaintances. This network had nodes on a two-dimensional

degree distribution, which means that the probability of ;Yattlce; each node was connected to all other nodes within

. . . B . a given lattice distance and also to a number of additional
given degre is proportional tk™", wherep is a parameter  ,4es across the grid. The probability of a connection of the

known as the degree exponent. Most nodes in such networkgyier tyne was proportional to the lattice distance between the

have only a few edges, but a few nodes have much highg{ogesraised to the power, wherea is a model parameter
degree. Many small-world networks are scale-{arabasi 5 the clustering exponent. In this network, similarity be-

and Albert, 1999 _ . _ tween nodes is defined by their lattice position, and the clus-
~ The remainder of this paper is organized as follows: Wetering exponent controls the homophily in the graph: When
first prowde a review of the relevant literature. We thenq =0, |0ng_range contacts are uniform|y distributed on the

present our formulation of the search problem, describe thgrid; asa increases, long-range contacts become more and
algorithm we propose, and evaluate it on a collection of synmore clustered in the node’s vicinity.

thetic and real-world networks. We conclude with a discus- kjeinperg showed that whem = 2, similarity-based nav-
sion of our experimental results and directions for future rejgation achieves an expected path length bounded by a poly-

search. logarithmic function (i.e., a polynomial function of the log-
arithm) of the number of nodes, and tlat= 2 is the only
2 Previous Work clustering exponent at which a polylogarithmic bound on path

length is possible. These results generalizd-tbmensional

A number of message-passing algorithms have been propostaitices ford > 1, with the critical value ofr = d.
for conducting decentralized search in networks, in which Kleinberg[2001 later proved similar results for two other
each node receiving the message forwards it to one of itgetwork models that defined node similarity differently, but
neighbors until the target is found. Based on the decision crias in his first model, the link probabilities were a function of
teria they use in selecting a forwarding node, these algorithmée similarity between the nodes and a parameter that controls
can be categorized as follows: the degree of homophily in the graph. In both of these mod-
els, there was a critical value of the homophily parameter that
e Degree-Based-The decision is based on the degreeallowed similarity-based navigation to achieve a search time
structure of neighboring nodes. polylogarithmic in the number of nodes, and for all other val-
ues of this parameter, a polylogarithmic upper bound was not
d?ossible.
Similarity-based navigation was also explored by Watts
al., [2004, who proposed a hierarchical model of society and
L a homophily structure that measured similarity with distance
2.1 Degree-Based Navigation in this hierarchy. The authors explored the influence of the
Adamic et al. [200] proposed an algorithm that forwards number of hierarchies and the homophily parameter on the
the message to the highest-degree neighbor that has not se¥ifrchability of the network and found that similarity-based
the message. On a scale-free network with degree exponefigvidation was effective for a large region of the parameter
2.1, in which nodes knew their immediate neighbors thedt pa
neighbors, this algorithm performed fairly well. Most nodes
were easy to find—about 50% of the target nodes were foun@ Proposed Algorithm: Expected-Value
within 12 hops in a 10,000 node network—but a small pro- Navigation
portion of nodes required a much larger hop count. Similar
results were obtained on a 700-node subgraph of the Gnutell&e propose a message passing algorithm that builds on the
peer-to-peer file sharing system, which showed a power-lawtrengths of the algorithms discussed above. We derive this
degree distribution with exponent 2.07. The algorithm, how-algorithm by formulating the problem as a decision making
ever, was not effective on networks with Poisson degree distask under uncertainty, in which the goal is to minimize the
tribution. expected path length to the target.

e Similarity-Based—The decision is based on how similar
the neighboring nodes are to the target node in terms
attribute values.

CONSTRAINT SATISFACTION AND SEARCH 305



The expected value of the path lendghfrom neighbors  degree—the underlying assumption of independent links is
to targett is a weighted sum of all possible path lengths: violated in the networks we consider—but our results show
that it performs remarkably well.
El) = ;' Plla=1) W' 4 Experimental Evaluation
We assume that in computing this expected value the folYVe evaluated EVN on a collection of synthetic and real-
lowing information is available: a list of nodes that have al-World networks, comparing its performance to three other
ready seen the message, the properties (i.e., degree and A€SSage passing algorithms: similarity-based, degree-based,
tribute values) of neighboring nodes and of the target node2d random navigation. These algorithms treat visited neigh-
and the known (or estimated) homophily structure of thePors similarly—ignoring them in the presence of unvisited
graph—in other words, a statistical relationship between nodg€ighbors, and selecting randomly among them otherwise—
similarity and probability of a link. This last piece of in- Put differ in how they select among unvisited neighbors.
formation allows us to compute the probability that a givenSimilarity-based navigation selects the one most similar to
neighbor links to the target node. the target node in attribute value, degree-based navigation se-
We approximate the entire series in Equation 1 using only€cts the one with the highest degree, and random navigation
the first two terms, which are easy to compute given the inS€l€cts randomly. If more than one neighbor satisfies the cri-
formation available. This estimate captures much of the nederia, all algorithms select randomly among them.
essary information because there is no need to know the exact !t iS possible to construct other variations of similarity-
value of the expectation, only whether it is lower than the exPased, degree-based, and random navigation that differ in
pectation computed for another neighbor. how they treat visited neighbors. For instance, the algo-

If one of the neighbors is the target, this neighbor has_rithm may ignore pri_orvisitatio_ns, or only avoid_ the last vis-
E(ls;) = 0, the lowest possible value. Otherwise, the noddt€d node. The versions described above consistently outper-

for which the second term in the series is the highest miniform?d these variations in our simulations; we therefore do

mizes our estimate of (&)—the larger the probability of a not discuss them any further.

path length of one, the smaller the probability of larger path In addition to these four algorithms, we also present the

lengths, and in general, the smaller the expected path lengtRerformance of an optimal global algorithm, which returns

Note here that for a neighbor that has already seen the methe shortest path length from source to target if it is less Fhan

sage, the second term in the series is zero—we know witfh€ number of hops allowed. The performance of the optimal

certainty that it does not link to the target, otherwise it would@lgorithm is a ceiling for the other algorithms—if there is no

have forwarded the message to the target and completed t&80rt path, no algorithm can find it.

search. We present four performance measures: proportion of suc-
This gives rise to the following algorithm: If one of the cessful searchesiop), mean path length when successful

neighbors is the target node, forward the message to this nod@ath), median path length when successfulegian-path

Otherwise, forward the message to the unvisited neighboRnd mean optimal path length when successfpt-patt).

with the highest probability of having a direct link to the tar- The last measure indicates the difficulty of the search tasks

get. If all neighbors have been visited, forward the messag@n algorithm succeeds at, and is useful when comparing mean
to a randomly selected neighbor. path lengths of different algorithms—if one algorithm is able

We call this algorithm expected-value navigation (EVN), to succeed at more difficult search tasks than another one, the

based on its method of node selection. If the network show&ean path lengths are not directly comparable.
no homophily (i.e., if links are formed independently of node .

similarity) or if attributes are not available, EVN reduces to4-1 Synthetic Networks

the degree-based navigation of Adaratcal. [2001]. Onthe  We considered directed networks with two types of out-
other hand, if degree information is unavailable or if all nodesdegree distribution: power-law and Poisson. We defined
have equal degree, EVN reduces to similarity-based navigaa single attribute on each node, which was distributed uni-
tion that avoids visited nodes when possible. formly in the interval]0,1]. Each network had 1000 nodes;

In order to apply EVN in a given network, one needs tonodes with out-degree higher than 100 were not allowed.
compute or estimate the probability that a link exists from oneSearch was terminated after 100 hops if the target was not
node to another, given the attribute value and degree of botteached.
nodes. We estimate this probability assuming that each link The number of outgoing links from each node was deter-
is placed independently of the others. For a link from nodemined based on the out-degree distribution of the graph. For a
sto nodet, the desired probabilitps; can then be computed link originating at nodes, the probability of linking to node
by subtracting from D the probability that none of the links was proportional tdst, the preference between the two nodes,
that originate at ends at: which we defined as follows:

Pst=1— (1-gg)" (2) fse = (max{|as—a|, 0.01}) ™" )

whereqg; is the probability that the first link frors ends at  whereas, a are attribute values on nodesndt, andr is a
t, andk is the out-degree of node This is one of the sim- homophily parameter. Theaxterm puts a bound on the pref-
plest estimators that uses information on both homophily an@rence values—in its absence, the preference between two
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Figure 1: Performance on scale-free networks with degree parameter 1.5.

nodes may be arbitrarily large, as two attribute values maynophily parameter ranged from 0 to 3. Each possible com-
be arbitrarily close. bination of degree parameter and homophily parameter was
Whenr is zero, the graph shows no homophily—a link evaluated on 10 randomly generated networks (unless noted
originating from a given node is equally likely to end at any otherwise), with 5000 randomly selected search tasks in each
other node. As grows, links become more likely to connect network.
nodes with similar attribute values. The findings in Klein- Figure 1 shows performance on scale-free networks with
berg[2000H suggest that small values pfjive rise to a ho-  degree parameter 1.5. In addition gieop, path and opt-
mophily structure too weak to guide the search effectivelypath this figure also presents the frequency of path lengths
while large values of give rise to a graph structure that does yhen the homophily parameter was 0.5, 1.5, and 2.5. While
not contain short paths. similarity-based navigation was effective for large values of
Inapplying EVN in these networks, we uspd=1—(1—  the homophily parameter and degree-based navigation was
fst/ (T fsj))¥, which was obtained from Equation 2 by sub- effective for lower values, EVN was effective with over 95%
stituting gst With fst/ S; fsj, the ratio of the preference be- success rate for all values of the homophily parameter and
tween nodes andt to tlwe sum of preferences frosto all ~ returned shorter path lengths than the other algorithms.
nodes in the network. In applying similarity-based naviga- Figure 2 shows performance on scale-free networks with
tion, we considered all neighbors within 0.01 of the target toyarying degree parameters. The data points in this figure
be equally close, to account for the presence oftla@term  show mean values in 30 randomly generated networks. EVN

in Equation 3. was effective under a wide range of parameter settings and
, o consistently outperformed both degree-based and similarity-
Networks with Power-Law Degree Distribution based navigation. EVN succeeded at more difficult search

We considered power-law distributions with degree parametasks than degree-based navigation, as measuregtipath
ters ranging from 1 to 3. This range includes the distributionsvhile returning considerably shorter path lengths. EVN and
most frequently observed in real-world networks. The ho-similarity-based navigation performed similarly apt-path
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Figure 2: Performance of EVN on scale-free networks. The first row shows the proportion of successful searches by EVN
divided by that of (a) optimal, (b) degree-based, and (c) similarity-based navigation; the second row shows mean path length
(when successful) for EVN divided by that of (d) optimal, (e) degree-based, and (f) similarity-based navigation; the third row
shows mean opt-path of EVN divided by that of (g) degree-based and (h) similarity-based navigation.

but EVN returned shorter path lengths. The proportion ofter values close to 2.
successful searches was higher for EVN than for both degree- The path results shown in Figure 3 may seem counter-

based and similarity-based navigation. intuitive, with random navigation returning the lowest val-
) ) R ues for most values of the homophily parameter. Recall,
Networks with Poisson Degree Distribution however, thatpath refers to the mean path length suc-

Similar experiments were conducted on networks with a Poiseessfulsearches, so the mean path lengths are not directly
son degree distribution with a mean out-degree of 3.5, whicltomparable—random navigation returned the lowgsth
approximately equals the mean degree in the scale-free netalues, but it succeed in only the easiest search tasks as mea-
works that were tested. sured byopt-path The opt-pathresults show that EVN suc-
Figure 3 shows performance results. The figure revealseeded at more difficult search tasks than both degree-based
that similarity-based and degree-based navigation were n@nd similarity-based navigation. Furthermore, EVN returned
effective in these networks, succeeding in less than half of theonsiderably shorter path lengths than degree-based naviga-
search tasks for all values of the homophily parameter. EVNion, despite succeeding in more difficult search tasks.
returned a higher proportion of successful searches than both
degree-based and similarity-based navigation; the differencgobustness of EVN
was substantial for a large range of values of the homophilyn estimating link probabilities, we used the sum of prefer-
parameter. EVN was most effective with homophily parame-ences from a given node to all other nodes in the network.
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Figure 3: Performance on networks with Poisson degree distribution.

This sum is a normalizing constant that may be thought of as Decentralized search in this citation graph is an artificial
an indicator of network size—it is the sum of similar contri- task—though it does resemble searching for a particular piece
butions from all nodes. In experiments we presented so fagf information before the advent of search engines—but the
we used the exact value of this global constant. Dependenaesults are useful in evaluating the applicability of EVN to
on such global information is clearly not desirable for a de-a network that evolves naturally over time, with no known
centralized algorithm. patterns of link formation.

A number of methods for decentralized estimation of We treated the citation graph as an undirected network,
global network parameters exist, but all produce local vari-defining node similarity using paper titles and abstracts. The
ance in the estimates. Such variance poses little problem fditle and abstract of each paper were represented as weighted-
decentralized search algorithms such as EVN, however, béerm vectors using TFIDF (term frequengyinverse docu-
cause each decision is made locally, and thus estimates of timent frequency) weighting. Paper similarity was computed
constant on different nodes need not be consistent. Howevausing a standard cosine correlation measure. We discretized
serious problems could arise if bias in estimates of the conthis continuous similarity measure and for each discrete value
stant degraded the searchability of the network. it took, estimateds; in Equation 2 in a straightforward man-

We repeated the experiments reported on scale-free neter from the network.
works with degree parameter 1.5 by distorting the normal- We conducted 10,000 randomly selected search tasks, ter-
izing constant with a multiplier of 0.001, 0.01, 0.1, 10, 100, minating them after 100 hops if the target was not found.
and 1000 for all nodes in the network. Because each nod&able 1 shows our performance measures; Figure 4 shows
makes its decisions independently of the other nodes, that thee distribution of path lengths returned by each algorithm.
constant was distorted in the same way for all nodes is irrelSimilarity-based navigation was not effective in this task,
evant. No performance decrements were observed in eithevhile degree-based navigation was competitive. EVN per-
performance measure, except when the multiplier was 0.00formed better than both in all performance measures. Further
or 0.01. Performance decrements for such low values of theomparison of EVN and degree-based navigation revealed
multiplier are not unexpected—in these cases, the nodes opdhat EVN succeeded at all search tasks for which degree-
ated in a 1000 node network, but made decisions as if the nebased navigation failed and that there were no search tasks in
work had only a single node or ten nodes. We expect that suclvhich degree-based navigation succeeded but EVN did not.
poor estimates of the normalizing constant would be avoidedh those search tasks for which both algorithms succeeded,

easily in practice. 47% of the time EVN returned a shorter path than degree-
4.2 Scientific Citation Network Algorithm prop path —median-path —opt-path

We next present results on a real-world network: a citation Random 089 2512 20 2.50

graph of scientific papers. The nodes in our network were Similarity-Based 0.90 ~ 23.84 18 2.50
papers from the theoretical high-energy physics (hep-th) area E\e/gNree-Based 0 8'53 5 %786 A > ) ?,__)551

of arXiv.org , an on-line archive of research papers. We Optimal 10 255 3 55

included in our network papers that were published in 1995-
2000 and had more than 50 non-self citations. The network

Table 1: Perf hep-th citati h.
included 833 nodes and 13,267 links. able erformance on hep-th citation grap
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Abstract

In finding all solutions to a constraint satisfaction
problem, or proving that there are none, with a
search algorithm that backtracks chronologically
and forms k-way branches, the order in which the
values are assigned is immaterial. However, we
show that if the values of a variable are assigned
instead via a sequence of binary choice points, and
the removal of the value just tried from the domain
of the variable is propagated before another value
is selected, the value ordering can affect the search
effort. We show that this depends on the problem
constraints; for some types of constraints, we show
that the savings in search effort can be significant,
given a good value ordering.

1 Introduction

It is well-known that the order in which variables are instanti-
ated can make an enormous difference to the search effort in
solving a constraint satisfaction problem, whether just one so-
lution is required, or all solutions. However, value ordering is
relatively neglected, partly because no cheap general-purpose
value ordering heuristics are known, and partly because it has
been accepted that value ordering is not important if all solu-
tions are required, or there is no solution.

Frost and Dechter [1995] showed that, with backjumping,
the value ordering can have an effect on the search for all so-
lutions, but say: “With backtracking the order in which values
are chosen makes no difference on problems which have no
solution, or when searching for all solutions.” Their argument
is that when a node corresponding to a variable is created in
the search tree, the children correspond to the values of that
variable, and that the subtrees rooted at the children nodes are
explored independently. To find all solutions, or to prove that
there are none, every subtree must be explored, and the order
makes no difference to the overall search.

This argument assumes that the search tree is formed by
k-way branching [Mitchell, 2003], i.e. when a variable with
k values in its domain is selected for instantiation, & branches
are formed. Constraint solvers such as ILOG Solver and
ECL'PS® by default use a search strategy similar to the
MAC algorithm [Sabin and Freuder, 19971, and in particu-
lar use 2-way, or binary, branching. When a variable x is
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selected for instantiation, its values are assigned via a se-
quence of binary choices. If the values are assigned in the
order {vy, va, ..., vy }, the first choice point creates two alter-
natives, z = vy and  # wvy. The first (the left branch) is
explored; if that branch fails, or if all solutions are required,
the search backtracks to the choice point, and the right branch
is followed instead. Crucially, the constraint z # v is propa-
gated, before a second choice point is created between z = v
and = # v, and so on. (The MAC algorithm also allows the
possibility that on backtracking after trying x = v, a differ-
ent variable could be assigned next, not just a different value:
that possibility is not considered here.)

With binary branching, the subtrees resulting from succes-
sive assignments to a variable are not explored independently:
propagating the removal of a value from the current variable’s
domain on the right branch can lead to further domain reduc-
tions. This propagation can affect the search when future val-
ues of the variable are considered: indeed, sometimes a future
value can be removed from the domain. Hence, the order in
which the values are assigned can affect the search.

[Smith, 2000] gives an example of the value ordering af-
fecting the search to find all solutions. Here, we present a
more extensive investigation and explain how value order-
ing can affect search effort. We show that, depending on the
problem constraints, the saving in search effort over k-way
branching can be around 50%, given a good value ordering.

2 Search Treesfor a Golomb Ruler Problem

First, we examine in detail the effect of the value ordering
when finding all solutions, using a variant of the Golomb ruler
problem (prob006 in CSPLib). A Golomb ruler with m marks
may be defined as a set of m integers 0 = xg < 1 < ... <
Zm—1, such that the m(m — 1)/2 differences z; — x;, 0 <
1 < j < m — 1, are distinct. The length of the ruleris z,,_1,
and the objective is to find a minimum length ruler. Modeling
the problem is discussed in [Smith et al., 2000].

To create a problem with no solution, we set x,,—; =
minl — 1, where minl is the minimum possible length. The
model is chosen so that the search trees (using ILOG Solver’s
default binary branching) for one instance of the problem are
small enough to display, while the value ordering makes a
significant difference to the number of backtracks.

The chosen model is not the quickest way to solve the
problem, since it does expensive constraint propagation in
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order to reduce search. Auxiliary variables represent the
m(m — 1)/2 differences between the marks on the ruler, de-
fined by d; ; = x; — x;, where ¢ < j; generalized arc con-
sistency (GAC) is enforced on these ternary constraints using
ILOG Solver’s table constraints. We also enforce GAC on the
allDifferent constraint on the difference variables. Since z; is
the sum of 7 difference variables, its minimum value is set to
be the sum of the first 7 integers. Similarly, the length x,,,_;_;
to x,,—1 18 at least the sum of the first ¢ integers, and this re-
duces the maximum value of x,,_1—_;. We add the constraint
do,1 < dp—2,m—1 to break the reflection symmetry.

The search variables are xq, x1, ..., ym—1, assigned in that
order. We compare two value ordering heuristics; choosing
either the smallest value in the domain, or the largest. Choos-
ing the largest value would not be a sensible strategy for find-
ing a minimum length Golomb ruler, since the length is not
known in advance, but here it shows the effect on search of
changing the value ordering.

Figure 1 shows the search trees resulting from proving that
there is no 6-mark Golomb ruler with length 16, with the two
selected value orderings. The difference is striking, given the
conventional view that the value ordering only reorders the
search, and does not affect the overall search effort.

The black circles show where a failure is detected and the
search backtracks. When values are assigned in increasing or-
der, on backtracking to take the right branch the domain of the
variable can sometimes be reduced, or eliminated altogether.
We examine a case in detail. Initial constraint propagation
reduces the domains of the search variables to =g : 0; x1 :
{1.5}; 22 : {3..10}; 23 : {6..13}; 24: {10..14}; 25 : 16. On
backtracking from x; = 1, the right branch has z; € {2..5}.
Constraint propagation reduces this to 1 = 2: there are 14
pairwise differences between the marks in this instance (ex-
cluding dy 5, which has already been assigned) and just 14
possible values for these differences, from 1 to 14. If 1 # 1,
then x4 < 13, because of the symmetry constraint. Hence,
the value 14 can only be assigned to the difference 5 — 1,
which means that z; = 2. Enforcing GAC on the allDifferent
constraint on the difference variables makes this inference,
and the branch z; € {3..5} is not considered further. On the
other hand, when values are assigned in decreasing order, the
domain of z; on the right branch always contains the value 1,
and the allDifferent constraint is already GAC.

Increasing | Decreasing k-way
n order order branching
6 8 18 18
7 71 97 113
8 304 456 525
9 1,748 2,809 3,252
10 6,759 11,395 13,592
11 117,251 206,510 227,815

Table 1: Number of backtracks to prove that there is no Golomb
ruler with n marks of length minl— 1, where minl is the minimum
possible length, using binary branching with increasing or decreas-
ing value ordering, or k-way branching.

Table 1 gives the results for larger instances of the same
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Figure 1: Search trees formed in proving that there is no Golomb
ruler with 6 marks of length 16, using (top) decreasing value order
and (bottom) increasing value order.

problem, and also shows the effect of using an implementa-
tion of k-way branching in ILOG Solver. k-way branching
nearly doubles the number of backtracks compared with bi-
nary branching using increasing value order. Although de-
creasing order is much worse than increasing order, it still
allows significantly less search than k-way branching for the
larger instances.

The runtimes for k-way branching are usually shorter than
for binary branching with decreasing value ordering, even
when the search tree is larger. For n = 11, k-way branch-
ing takes 1390 sec. (on a 600MHz Celeron PC), compared
to 1410 sec. for binary branching with decreasing value or-
dering. With increasing value ordering, binary branching is
significantly faster (980 sec.).

The explanation given earlier for the immediate failure of
the right branch at the choice point between x; = 2 and
x1 € {3..5} depends on the global allDifferent constraint.
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However, even if the allDifferent constraint is treated as a
clique of binary # constraints and the constraints d,;; =
x; — x; are not made GAC, choosing the smallest value
in the domain requires fewer backtracks to prove insolubil-
ity than choosing the largest value. The crucial constraints
are rg < 1 < ... < x;—1 and the symmetry constraint
do,1 < dpm,,m—1, which is equivalent to 21 < 16 — x4 in the
example analysed. With monotonic binary constraints such
as these, the removal of the largest or smallest value in the
domain of one of the variables can reduce the domain of the
other, and removing any other value has no effect [van Hen-
tenryck et al., 1992]. Given a constraint x < y with z as-
signed before y, trying the values of x in increasing order
means that on backtracking, the smallest value in the domain
of x is removed on the right branch and this removal in turn
reduces the domain of y. Since the variables are assigned
in lexicographic order in this case, this explains why assign-
ing the values in increasing order has the largest effect on the
search.

3 Graceful Labeling of a Graph

In this section, we consider further the effect of value ordering
when there are monotonic constraints, and the interaction of
the variable ordering and the value ordering.

The problem is that of determining all graceful labelings of
the graph shown in Figure 2. A labeling f of the nodes of a
graph with ¢ edges is graceful if f assigns each node a unique
label from {0, 1, ..., ¢} and when each edge xy is labeled with
|f(x) — f(y)], the edge labels are all different.

A possible CSP model has a variable for each node,
Z1,T2, ..., Ty, each with domain {0, 1, ..., ¢} and a variable
for each edge, di,ds, ..., dq, each with domain {1,2,...,¢}.
The constraints are: if edge k joins nodes ¢ and j then dj =
|z; — ;|5 x1, 22, ..., , are all different, as are dq, da, ..., dy.
Since the edge variables must be assigned a permutation of
the values 1 to g, it is worthwhile to enforce GAC on the all-
Different constraint. The allDifferent constraint on the node
variables is looser (9 variables and 17 possible values in the
example of Figure 2) and this is expressed by # constraints.
The search variables are x1, o, ..., Ty,.

8

o1

7 6

Figure 2: A graph that can be gracefully labeled. The node numbers
correspond to the variables of the CSP.

Symmetrically equivalent solutions can be eliminated by
adding constraints to the model [Petrie and Smith, 2003].

e 7 < 8 (to eliminate the complement symmetry, i.e. the
symmetry that replaces every value v by ¢ — v).

e 11 < x9;x1 < x3; Ty < x4 (to eliminate rotations and
reflections in the cycle consisting of nodes 1, 2, 3, 4).
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o 15 < xg; x5 < T7; g < xg (to eliminate symmetry in
the cycle consisting of nodes 5, 6, 7, 8).

e 11 < x5 (to prevent interchanging the two cycles).

What propagation can follow from the removal of a value
from the domain of a variable in this case? The (binary) sym-
metry constraints are monotonic and so a value removal will
propagate as in the Golomb Rulers problem. Given a clique
of # constraints, as on the node variables, removing a value
from the domain of a variable does not affect the other vari-
ables. However, if there is a global allDifferent constraint,
as on the edge variables, removing a value may affect other
domains; for instance, if there are only as many values as vari-
ables and a value occurs in the domain of only two variables,
removing it from the domain of one means that it must be
assigned to the other. However, the immediate effect on the
search variables (the node variables) is limited, since GAC is
not maintained on the ternary constraints linking the edge and
node variables.

We have tried several different variable orders for this prob-
lem. In each case, if binary branching is used with a value
ordering that chooses a value from the middle of the domain,
it takes the same number of backtracks to find all solutions as
k-way branching. However, if the value chosen is either the
smallest or the largest in the domain, binary branching takes
fewer backtracks than k-way branching. This suggests that
the reduction in search is mainly due to the symmetry con-
straints: any propagation due to the other constraints would
not be restricted to the largest and smallest value in the do-
main.

Table 2 shows the results of solving this problem with dif-
ferent variable and value orders. As well as lexicographic and
reverse lexicographic variable order, we use the orders that
we found to be respectively best and worst, when assigning
the values in increasing order [Sturdy, 2003]. (Incidentally,
the comparison also demonstrates that the value order cannot
compensate for a poor variable order in finding all solutions.)

It is not necessary to use the same order (increasing or de-
creasing) for all variables. The rightmost columns in Table
2 give the results for a heuristic that, for most variable or-
ders, assigns the values of x; and x5 in increasing order, and
those of the other variables in decreasing order. However, if
x5 comes after xg, x7 and xg and before x1 in the variable
ordering, it is assigned in decreasing order, and if x; comes
after x5 to xg in the variable order, it is assigned in decreas-
ing order. (Hence, when the variables are assigned in reverse
lexicographic order, decreasing order for all variables is best.)
Table 2 shows that the heuristic is at least as good as the bet-
ter of increasing or decreasing order in all cases, and this was
true for the other variable orders that we tried.

The heuristic was derived empirically by trying increasing
or decreasing order for each variable, with a range of variable
orders. We found that the effect of changing the value order
for a single variable does not depend on the value order cho-
sen for the other variables, so that the best order, for a given
variable order, can be chosen independently for each variable.
The heuristic can be related to the binary symmetry-breaking
constraints: unless x1 and x5 are late in the variable order, as-
signing their values in ascending order will lead to reducing
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Variable order k-way Increasing Decreasing Heuristic
branching order order
bt. | sec. bt. | sec. bt. | sec. bt. | sec.
xo,T1, T2, T3, T4, L5, Te, L7, Tg | 0043 | 0.21 | 3126 | 0.21 | 3793 | 0.21 | 2929 |0.21
T8, T7, Te, Ts, Td, T3, T2, 21, To | 11963 | 0.46 | 10167 | 0.55 | 5304 | 0.37 | 5304 |0.37
T8, Lo, T4, T3, T1, L5, T2, T, Ty | 3129 | 0.15 | 1839 | 0.14 | 2374 | 0.16 | 1730 | 0.14
x1,T7,Ts, T3, T2, X8, To, Le, T4 | 39469 | 1.57 | 31338 | 1.68 | 15871 | 1.04 | 15834 | 1.04

Table 2: Finding all graceful labelings of the graph in Figure 2, with k-way branching or binary branching with different value orderings.

the domains of other variables on backtracking. The variables
assigned in decreasing order are those that appear mainly on
the right of > constraints; on backtracking, the largest value
in the domain will be removed, and again this will reduce the
domains of other variables.

4 Langford’s Problem

In the previous examples, assigning values in either increas-
ing or decreasing order reduces the search effort consider-
ably, in comparison with k-way branching, because of the
monotonic binary constraints in the problem. In this section,
a problem with no monotonic constraints is discussed.

Langford’s problem (prob024 in CSPLib) can be stated as
follows: “A sequence of n. x m integers consists of the in-
tegers 1 to m each appearing n times. There is one integer
between consecutive occurrences of the integer 1, two inte-
gers between consecutive occurrences of the integer 2, and
so on. Find all possible such sequences.”

Modeling this problem as a CSP is discussed in [Hnich et
al., 2004]. A possible model has nm variables, one for each
location in the sequence; its value represents the integer at
this location. Thus, the value ¢ of d;, 1 < j < nm, is an
integer in the interval [1, nm], representing the fact that oc-
currence (¢ div n)+1 of the integer ¢ mod n occurs at location
7. For example, in the (3,9) instance, i.e. n =3, m = 9,
di1 = 1,d3 = 2,ds = 3 represent the 1st, 2nd and 3rd oc-
currences of the integer 1 appearing in positions 1, 3 and 5
of the sequence. A dual model of the problem has a variable
z;, 1 < 1@ < nm, for each occurrence of each integer: its
value is the position in the sequence of this occurrence. The
problem can be viewed as a permutation problem: any valid
sequence assigns a permutation of the nm possible values to
the variables d1, da, ..., dy,,. To ensure that any solution is a
permutation of the values, both sets of variables are included
in the model, with channeling constraints between them, i.e.
d; = j iff z; = i. We also add constraints to break the sym-
metry: given any solution, another can be found by reversing
the sequence. We assign values to d1, da, ..., dyy, in turn.

A value ordering heuristic for this problem can be devised
by considering how removing a value from the domain of a
variable d; on backtracking will affect other variables. The
removal will also remove a value from the domain of n — 1
other variables; for example, in the (3,9) instance, if d; # 1,
then d3 # 2 and d5 # 3. However, the values 2 and 3 are
only assigned as a consequence of assigning the value 1, and
these deletions will not lead to further propagation. The other
possible propagation is from the channeling constraints: as
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discussed in [Hnich et al., 2004], if a value appears in the
domain of only one d; variable, it will be assigned to that
variable. Hence, if there is a value that appears in the domains
of the current variable and only one other search variable, it
should be chosen: on backtracking, propagation will assign
the value to the other variable.

In [Smith, 2000], dualsdf ordering was used, which
chooses the value appearing in fewest domains, i.e. corre-
sponding to the dual variable with smallest domain. dualsdf
was shown to give better results than increasing value order,
for finding all solutions. It will always choose a value appear-
ing in the domain of only one other search variable, if there
is one; hence, we can now explain its good performance. Its
anti-heuristic, dualldf, chooses the value corresponding to the
dual variable with largest domain, and will not choose a value
appearing in only two domains unless there is no alternative.
Whereas dualsdf can be expected to give as much search re-
duction as possible in finding all solutions, dualldf will rarely
be able to reduce the domains of other variables on the right
branch and so should be nearly as bad as k-way branching for
this problem. The results in Table 3 confirm this.

Instance | dualsdf | dualldf | k-way branching
9,3) 182 208 210
(10,3) 562 619 631
(11,3) 2381 2697 2736

Table 3: Number of backtracks to find all solutions to three instances
of Langford’s problem, using binary branching with different value
orders, or k-way branching.

Hence, dualsdf reduces the search effort to find all solu-
tions compared with k-way branching, and its good perfor-
mance can be explained in relation to to the problem con-
straints. However, the reduction in search is much less than
in the previous examples, and does not make binary branch-
ing cost-effective in terms of run-time.

5 Symmetry Breaking During Search

We have shown that the effect of the value order on the search
for all solutions depends on propagating the removal of the
value just tried, on the right branch at binary choice points. In
Symmetry Breaking During Search [Gent and Smith, 20001,
constraints to avoid assignments symmetric to those already
considered are added dynamically during search, on the right
branch. These additional constraints can reinforce the effect
of the value order on search. We demonstrate this in the n-
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queens problem, whose symmetries are described in [Gent
and Smith, 2000].

The basic program (from the ILOG Solver User Manual)
has a variable x;,7 = 1,2,...,n for each row of the board,
representing the queen on that row, with a value for each col-
umn. There are three allDifferent constraints, representing
that the queens are on different columns and on different di-
agonals in each of the two possible directions. SBDS requires
a specification of the effect of each symmetry on the assign-
ment of a value to a variable. For instance, in the n-queens
problem, the reflection in the top-left to bottom-right diagonal
(symmetry d1) transforms the assignment z; = j to x; = 4.
The first assignments made are 1 = 1 and x3 = 2 (the
variable ordering heuristic chooses the variable with smallest
domain, using the smallest value as a tie-breaker). On back-
tracking to take the alternative choice x5 # 2, d1 is the only
symmetry remaining, given the assignment z; = 1. SBDS
adds the symmetric equivalent of x3 # 2, i.e. zo # 3, to the
right branch. Both constraints, i.e. x5 # 2 and xo # 3, are
propagated before choosing another value.

When using SBDS to eliminate the symmetry in the n-
queens problem, we compare four value ordering heuristics.
First, we select values in increasing order, as a basis for com-
parison. Second, we use a heuristic which seems likely to
give most scope for the SBDS constraints to prune the do-
mains of future variables. It is not obvious how best to do
this, but the value that attacks the most unattacked squares
will free these squares on backtracking: it seems plausible
that this will increase the likelihood that the SBDS constraints
remove one. The opposite heuristic, choosing the value that
attacks fewest unattacked squares, is similar to the promise
heuristic introduced by Geelen [1992]; hence, we call these
two heuristics anti-promise and promise respectively. Finally,
we use dualsdf, as in Langford’s problem, taking into account
that z1, ..., x,, must be assigned a permutation of the values
1 to n; in a permutation problem, a global allDifferent con-
straint does at least as much domain pruning as channeling
constraints would do, when a value is removed from the do-
main of one of the variables [Hnich et al., 2004].

We first compare the four heuristics if the symmetry is not
eliminated: the results are given in Table 4. The effect of
the value ordering then depends on how the allDifferent con-
straints are treated. If they are treated as cliques of binary
# constraints, the value ordering can have no effect on the
search effort. Table 4 gives the results for k-way branching
only, since the four binary branching heuristics give the same
number of backtracks, though a marginally longer runtime.

On the other hand, if the allDifferent constraints are treated
as global constraints, dualsdf requires less search than k-way
branching, and least search of the binary branching heuris-
tics. However, the reduction in search, in comparison with
k-way branching, is not great. Overall, if the symmetry is
not eliminated, k-way branching and # constraints give the
fastest runtime. Maintaining GAC on the allDifferent con-
straints is time-consuming, especially when GAC has to be
re-established after each individual value for a variable has
been tried, as in binary branching.

Table 5 compares the four heuristics when the symmetry
in the problem is eliminated using SBDS. We cannot com-
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= constraints GAC on allDifferent constraints
k-way k-way
branching dualsdf branching
n bt. sec. bt. sec. bt. sec.
9 1111 0.04 854 0.03 858 0.03
10 5072  0.11 3831 0.14 3869 0.12
11 22124 041 16308 0.63 16478 0.54
12 | 103956 1.90 74514 3.05 75448  2.62
13 | 531401 9.79 | 366488 15.6 | 371298 13.5
14 | 2932626 539 | 1964642 84.8 | 1990925 73.8

Table 4: Number of backtracks (bt.) and runtime (on a 1.7GHz Pen-
tium M PC) to find all solutions to the n-queens problem, if symme-
try is not eliminated.

Increasing anti-
n order promise | promise | dualsdf
9 144 144 158 148
10 649 617 674 647
11 2433 2375 2375 2384
12 11305 10872 11547 11252
13 52140 51045 52825 51452
14 292869 279844 295522 | 291825
15 1562199 | 1521670 | 1541946 | 1547019

Table 5: Number of backtracks to find all non-isomorphic solutions
to the n-queens problem, using different value ordering heuristics.

pare the heuristics with k-way branching in this case, be-
cause SBDS depends on binary branching. Anti-promise, in-
tended to allow propagation of the SBDS constraints to re-
duce search, is indeed the best of the four heuristics. Dual-
sdf is often a rather poor second best, suggesting that the
SBDS constraints are more significant than the allDifferent
constraints in allowing domain reductions on the right branch.
The experience with this problem class shows that it is pos-
sible to design value ordering heuristics for finding all solu-
tions by considering the propagation of the constraints added
on the right branch during search, whether the removal of
the value just tried or SBDS constraints. The differences in
search effort are relatively small, however, and the runtimes
for promise, anti-promise and dualsdf are very similar; in-
creasing order is fastest, being simplest to implement.

The original promise heuristic [Geelen, 1992] was de-
signed to find a first solution quickly, and it is worth noting
that our version is much better than anti-promise in this re-
spect. Forn < 100, promise can usually find a first solution in
just a few backtracks, whereas anti-promise becomes increas-
ingly successful at avoiding solutions. For instance, when
n = 100, promise finds a solution in 2 backtracks, whereas
anti-promise takes more than 21 million. However, promise
is slightly worse than anti-promise for finding all solutions.

6 Conclusions

Mitchell [2003] showed that binary branching can do much
less search than k-way branching, due to the possibility that
on backtracking to a choice point, the next assignment tried
need not be another value (if there is one) of the same vari-

315



able. In practice, this is not provided by default in solvers
such as ECL*PS® and ILOG Solver, although the user can im-
plement such a search strategy, and Sabin and Freuder [1997]
allowed it in their description of the MAC algorithm.

We have shown that even when the search always assigns
another value of the current variable on backtracking, binary
branching offers another potential advantage. Before another
value is assigned, the removal of the value just tried from the
domain of the variable is propagated. This can lead to further
domain reductions, which can in turn mean that a future value
of the current variable is pruned, or that the search when a fu-
ture value is assigned is reduced. As a result, given the same
variable ordering, binary branching does no more search than
k-way branching in finding all solutions, and may do consid-
erably less, depending on the order in which values are tried.

The reduction in search effort is much less than Mitchell
found, since if all the values of the current variable are tried
in turn, the propagation of the removal of the value just tried
will be subsumed by the propagation of the assignment of an-
other value. Nevertheless, we have shown that binary branch-
ing can result in a 50% reduction in backtracks over k-way
branching, with a reduction of around 30% in runtime.

We found the largest search savings in the problems with
monotonic binary constraints, when assigning the values in
increasing or decreasing order. A reasonable value ordering
heuristic in that case seems to be that if a variable is con-
strained to be less than several other variables, and is assigned
before them, its values should be tried in increasing order,
and otherwise in decreasing order. In that way, on backtrack-
ing, removing the value just tried means reducing the range of
the variable, and this propagates to the variables it constrains.
Furthermore, propagating range reductions in monotonic bi-
nary constraints is cheap, so that the additional overhead in
propagating the removal of a value before the assignment of
the next is not large.

In other cases, although it is possible to choose good value
orderings by considering how the problem constraints would
propagate the removal of a value from the domain of a vari-
able, the reduction in search effort is much less, and k-way
branching is faster. The experience with these problems sug-
gests that constraint propagation must be cheap and further
domain reductions must be very likely in order for binary
branching to be worthwhile. For instance, enforcing GAC
on an allDifferent constraint fails on both counts: it is time-
consuming, and removing a value from the domain of a single
variable only occasionally leads to further domain reductions.
As shown in the n-queens problem, when finding all solu-
tions without breaking symmetry, it is better to use k-way
branching than binary branching, if using global allDifferent
constraints, or better still to use k-way branching with # con-
straints.

Binary branching, with any value ordering, does no more
search than k-way branching in finding all solutions, or prov-
ing that there are no solutions. However, even when binary
branching does less search, k-way branching can be faster.
Propagating the effect of removing the value just tried from
the domain of the current variable can be time-consuming,
and may not give sufficient reduction in search to be worth-
while. Our investigations have been concerned with finding
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all solutions; however, when the extra propagation done by
binary branching is not worthwhile for finding all solutions,
it is unlikely to be worthwhile for finding one solution either.
Although binary branching on successive values of the cur-
rent variable is the default search strategy in some constraint
solvers, k-way branching may often be a better choice.
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Abstract

Algorithms for pruning game trees generally
rely on a game being zero-sum, in the case of al-
pha-beta pruning, or constant-sum, in the case of
multi-player pruning algorithms such as specula-
tive pruning. While existing algorithms can prune
non-zero-sum games, pruning is much less effec-
tive than in constant-sum games. We introduce the
idea of leaf-value tables, which store an enumer-
ation of the possible leaf values in a game tree.
Using these tables we are can make perfect deci-
sions about whether or not it is possible to prune a
given node in a tree. Leaf-value tables also make it
easier to incorporate monotonic heuristics for in-
creased pruning. In the 3-player perfect-informa-
tion variant of Spades we are able to reduce node
expansions by two orders of magnitude over the
previous best zero-sum and non-zero-sum pruning
techniques.

1 Introduction

In two-player games, a substantial amount of work has gone
into algorithms and techniques for increasing search depths.
In fact, all but a small fraction of computer programs written
to play two-player games at an expert level do so using the
minimax algorithm and alpha-beta pruning. But, the pruning
gains provided by alpha-beta rely on the fact that the game is
zero-sum. Two-player games most commonly become non-
zero-sum when opponent modeling is taken into consider-
ation. Carmel and Markovitch [1996] describe one method
for pruning a two-player non-constant-sum game.

A multi-player game is one with three or more players
or teams of players. Work on effective pruning techniques
in multi-player games began with shallow pruning [Korf,
1991], and continued most recently with speculative pruning,
[Sturtevant, 2003]. While a game does not need to be con-
stant-sum for pruning to be applied, the amount of pruning
possible is greatly reduced if a game is not constant-sum.

Both two-player and multi-player pruning algorithms
consist of at least two stages. They first collect bounds on
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players’ scores, and secondly test to see if, given those
bounds, it is provably correct to prune some branch of the
game tree. This work focuses on the second part of this pro-
cess. Alpha-beta and other pruning methods use very simple
linear tests as a decision rule to determine whether or not they
can prune. For zero-sum games these decisions are optimal.
That is, they will make perfect decisions about whether prun-
ing is possible. For non-zero-sum games, however, current
techniques will not catch every possibility for pruning.

In order to prune optimally in a non-zero-sum game we
must have some knowledge about the space of possible val-
ues that can occur within the game tree. Carmel and Markov-
itch assume a bound on the difference of player scores. We
instead assume that we can enumerate the possible outcomes
of the game. This is particularly easy in card games, where
there are relatively few possible outcomes to each hand.
Given that we can enumerate possible game outcomes, we
can then make optimal pruning decisions in non-zero-sum
games. In addition, these techniques can be enhanced by in-
corporating information from monotonic heuristics to further
increase pruning.

In section 2 we illustrate the mechanics of a few pruning
algorithms, before moving to a concrete example from the
game of Spades in section 3. In section 4 we examine the
computational complexity and the leaf-value table method
that is used to implement different decision rules for pruning,
followed by experimental results and conclusions.

2 Pruning Algorithms

To prune a node in a game tree, it must be proven that no val-
ue at that node can ever become the root value of the tree. We
demonstrate how this decision is made in a few algorithms.

2.1 Alpha-beta
We assume that readers are familiar with the alpha-beta prun-

max Value(state, o, f3)
IF cutoffTest(state) return eval(state)
FOR EACH § in successor(state)
o < max(a, minValue(s, a, ))
IF (f - o0 < 0)" RETURN 3
RETURN O

Figure 1: Alpha-beta pseudo-code.
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Figure 2: Alpha-beta pruning decision space.

ing algorithm. In Figure 1 we show pseudo-code for the
maximizing player, modified slightly from [Russell and Nor-
vig, 1995]. The statement marked  is where alpha-beta de-
termines whether a prune is possible. This is illustrated in
Figure 2. The x-axis is the value § — o, and we plot points
as they are tested. If a point, such as the solid one, falls to
the left of 0, we can prune, and if it falls to the right, like the
hollow point, we can’t. It is useful to think of this as a linear
classifier, because it makes a single comparison with a linear
function to determine if a prune is possible.

2.2 Max"

The max" algorithm [Luckhardt and Irani, 1986] is a general-
ization of minimax for any number of players. In a max" tree
with n players, the leaves of the tree are n-tuples, where the
ith element in the tuple is the ith player’s score or utility for
that position. At the interior nodes in the tree, the max" value
of a node where player i is to move is the max" value of the
child of that node for which the ith component is maximum.
At the leaves of a game tree an exact or heuristic evalua-
tion function can be applied to calculate the n-tuples that are
backed up in the game tree.

We demonstrate this in Figure 3. In this tree there are
three players. The player to move is labeled inside each node.
At node (a), Player 2 is to move. Player 2 can get a score of 3
by moving to the left, and a score of 1 by moving to the right.
So, Player 2 will choose the left branch, and the max" value of
node (a) is (1, 3, 5). Player 2 acts similarly at node (b) select-
ing the right branch, and at node (c) breaks the tie to the left,
selecting the left branch. At node (d), Player 1 chooses the
move at node (c), because 6 is greater than the 1 or 3 avail-
able at nodes (a) and (b).

2.3 Max" Pruning Algorithms

Given no information regarding the bounds on players’
scores, generalized pruning is not possible. But, if we assume
that each player’s score has a lower bound of 0, and that there
is an upper bound on the sum of all players scores, maxsum,
we can prune. These bounds do not guarantee that a game
is constant-sum, and existing pruning algorithms may miss
pruning opportunities if a game is not constant-sum.

(1,3,5)(6,1,3) (6,4,0)(3,5,2) (6,4,0)(1,4,5)

Figure 3: A 3-player max" game tree
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maxsum = 10 (a)

(=5, <5, <5)

Figure 4: Shallow pruning in a 3-player max" tree.

2.3.1 Shallow Pruning

Shallow pruning [Korf, 1991] is one of the simplest pruning
algorithms for multi-player games. An example of shallow
pruning is shown in Figure 4. The sum of players’ scores in
each max" value is always 10, so maxsum is 10. In this tree
fragment Player 1 is guaranteed at least a score of 5 at node
(a) by moving towards (b). Similarly, Player 2 is guaranteed 6
points at (c) by moving towards (d). Regardless what the un-
seen value is at (e), Player 2 will not select that move unless it
gives him more than 6 points. Thus, before exploring (e), we
can already guarantee that Player 1 will never get more than
maxsum - 6 = 4 points at (c). Because Player 1 is guaranteed
at least 5 points at (a), the value of (e) is irrelevant and can
be pruned.

In this example we used consecutive bounds on Player 1
and Player 2’s scores to prune. As stated previously, the gen-
eral idea is to prove that unseen leaf nodes cannot become the
max" value of the game tree. In Figure 4, for instance, we can
consider all possible values which might occur at node (e). If
any of these can ever become the max" value at the root of the
tree, we cannot prune.

To formalize this pruning process slightly, we construct a
n-tuple similar to a max" value called the bound vector. This
is a vector containing the lower bounds on players’ scores in
a game tree given the current search. While the max" value is
constrained to sum to maxsum, the bound vector can sum to
as much as n-maxsum. In Figure 4, after exploring every node
except node (e) our bound vector is (5, 6, 0). This is because
Player 1 is guaranteed 5 points at the root, and Player 2 is
guaranteed 6 points at node (c). Existing pruning algorithms
prune whenever the sum of the components in the bound vec-
tor is at least as large as maxsum.

MAxXSUm possible bound vectors

B X+y = maxsum

Player 2 '_(i ° _

T o /

L possible max"

T scores

0 T
0 maxsum
Player 1

Figure 5: Shallow pruning decision space.
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Figure 6: Speculative Pruning

We show a visualization of the shallow pruning space
in Figure 5. The x- and y-coordinates are scores or bounds
for Player 1 and Player 2 respectively. The shaded area is the
space where possible max" values for Player 1 and 2 will fall.
All max" values in the game must be in this space, because
their sum is bounded by maxsum. Because shallow pruning
ignores Player 3, Player 1 and Player 2°s combined scores
are not constant-sum, so they can fall anywhere to the left of
the diagonal line. Bound vectors, however, can fall anywhere
in the larger square. If a bound vector is on or above the di-
agonal line defined by x+y = maxsum, we can prune, because
there cannot be a max” value better than those bound vectors.
Like alpha-beta, shallow pruning is using a linear classifier to
decide when to prune.

Ignoring Player 3’s values, we plot the leaf values (5, 4, -)
and (0, 6, -) from Figure 4 as open points, and the bound vec-
tor (5, 6, -) used to prune in Figure 4 as a solid point. In this
instance, there is no gap between the gray region and the di-
agonal line, so the line defined by x+y = maxsum is a perfect
classifier to determine whether we can prune.

2.3.2 Alpha-Beta Branch-and-Bound Pruning

Although shallow pruning was developed for multi-player
games, the basic technique only compares the scores from
two players at a time. Alpha-beta branch-and-bound pruning
[Sturtevant and Korf, 2000] is similar to shallow pruning, ex-
cept that it uses a monotonic heuristic to provide bounds for
all players in the game. The bound vector in Figure 4 was (5,
6, 0). Player 3’s bound was 0, because we had no information
about his scores. But, supposing we had a monotonic heuris-
tic that guaranteed Player 3 a score of at least 2 points. Then
the bound vector would be (5, 6, 2). This additional bound
makes it easier to prune, since we can still prune as soon as
the values in the bound vector sum to maxsum.

2.3.3 Speculative Pruning

Speculative pruning [Sturtevant, 2003], like alpha-beta
branch-and-bound pruning, takes into account all of the play-
ers in the game. It does this by considering multiple levels in
the game tree at one time. We demonstrate this in Figure 6.
In this figure, the important bounds are Player 1’s bound at
(a), Player 2’s bound at (b) and Player 3’s bound at (c). These
together form the bound vector (5, 3, 3). If these values sum
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" bound vector space

max" i{alues,
X+y+z = maxsum

X
maxsum

Figure 7: Speculative pruning decision space.

to at least maxsum we can guarantee that there will never be
a value at the right child of (c) which can become the max®
value of the tree. When pruning over more than 2-ply in
multi-player games there is the potential that while a value at
(c) cannot become the max" value of the tree, it can affect the
max" value of the tree. Other details of the speculative prun-
ing algorithm prevent that from happening, but we are only
concerned with the initial pruning decision here.

We illustrate the pruning decision rule for speculative
pruning in Figure 7. In this case, because we are comparing
three player’s scores, the decision for whether we can prune
depends on a 2-d plane in 3-d space, where each axis cor-
responds to the score bound for each of the 3 players in the
game. Thus each max" value and bound vector can be repre-
sented as a point in 3-d space. For a three-player constant-
sum game, all possible max" values must fall exactly onto
the plane defined by x+y+z = maxsum, which is also perfect
classifier for determining when we can prune. As in shallow
pruning, bound vectors can fall anywhere in the 3-d cube.

2.4 Generalized Pruning Decisions

In all the pruning algorithms discussed so far, a linear classi-
fier is used to make pruning decisions. This works well when
a game is zero-sum or constant-sum, but in non-constant-sum
games a linear classifier is inadequate'.

When a game is non-constant-sum, the boundary of the
space of max" values is not defined by a straight line. We
demonstrate this in the next section using examples from the
game of Spades. To be able to prune optimally, we need to
know the exact boundary of feasible max" values, so that we
can always prune when given a bound vector outside this re-
gion. We explain methods to do this in Section 4.

3 Sample Domain: Spades

Spades is a card game for 2 or more players. In the 4-player
version players play in teams, while in the 3-player version
each player is on their own, which is what we focus on. There
are many games similar to Spades which have similar proper-

'Further details on the relationship between constant-sum and
non-constant-sum games are found in Appendix A, but they are not
necessary for understanding the contributions of this paper.

319



# Tricks Utility/Evaluation (bid) Ranked
Taken PI(1) | P2(1) | P3(2) max" vals
(0,0, 3) 0 0 1946 (0,0,2)
0, 1, 2)7 0 10+3 20+3 ©,2,1)
0,2, D 0 9+6 0 0, 4,0)
(0, 3,0)° 0 8+6 0 ©,3,0)
(1,0,2) 10+3 0 2043 (2,0, 1)
a,1, 1y 1043 | 1043 0 (2,2,0)
(1,2,0) 1043 9+3 0 2,1,0)
2,0, 1) 9+6 0 0 (4,0,0)
2, 1,0) 943 1043 0 (1,2,0)
3,0,0) 8+6 0 0 3,0,0)

Table 1: Outcomes for a 3-player, 3-trick game of Spades.

ties. We will only cover a subset of the rules here. A game of
Spades is split into many hands. Within each hand the basic
unit of play is a trick. At the beginning of a hand, players
must bid how many tricks they think they can take. At the end
of each hand they receive a score based on how many tricks
they actually took. The goal of the game is to be the first
player to reach a pre-determined score, usually 300 points.

If a player makes their bid exactly, they receive a score
of 10xbid. Any tricks taken over your bid are called over-
tricks. If a player takes any overtricks they count for 1 point
each, but each time you accumulate 10 overtricks, you lose
100 points. Finally, if you miss your bid, you lose 10xbid. So,
if a player bids 3 and takes 3, they get 30 points. If they bid
3 and take 5, they get 32 points. If they bid 3 and take 2, they
get -30 points. Thus, the goal of the game is to make your bid
without taking too many overtricks.

If all players just try to maximize the number of tricks
they take, the game is constant-sum, since every trick is taken
by exactly one player, and the number of tricks available is
constant. But, maximizing the tricks we take in each hand
will not necessarily maximize our chances of winning the
game, which is what we are interested in. Instead, we should
try to avoid overtricks, or employ other strategies depending
on the current situation in the game.

In a game with 3 players and 7 tricks, there are (#+1)(+2)/2
possible ways that the tricks can be taken. We demonstrate
this in Table 1, for 3 players and 3 tricks.

Table 1 is an example of a leaf-value table. It contains all
possible leaf values and their associated utility in the game.
In Spades, we build such a table after each player had made
their bid, but before game play begins. The first column enu-
merates all possible ways that the tricks can be taken by each
player. The second through fourth columns evaluate the score
for each player, that is their utility for each particular out-
come. In this example, Player 1 and Player 2 have bid 1 trick
each, and Player 3 bid 2 tricks. If a player does not make
their bid they have a score of 0, otherwise we use a heuristic
estimate for their score, 10xbid - overtricks + 3x(how many
opponents miss their bid). As has been shown for minimax
[Russell and Norvig, 1995], we only care about the relative
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Player 2’s score

Player 1’s score

Figure 8: Pruning decision space for Table 1.

value of each state, not the absolute value. So, in the last col-
umn we have replaced each player’s utility with a rank, and
combined all player’s ranks into the final max" value.

As an example, the first possible outcome is that Players
I and 2 take no tricks, while Player 3 takes 3 tricks. Since
Players 1 and 2 both missed their bids, they get O points.
Player 3 made his bid of 2 tricks, and took 1 overtrick. Since
we want to avoid too many overtricks, we evaluate this as 20-
1 =19 points. But, since both Player 1 and 2 miss their bids in
this scenario, Player 3 has a bonus of 6 points. This is the best
possible outcome for Player 3, so it gets his highest ranking.
For Player 1 and 2 it is their worst possible outcome, so they
rank it as 0.

We graph the shallow pruning decision space for the first
two players of this game in Figure 8. In this game maxsum is
4. The 10 possible leaf values for the first two players are all
plotted as hollow points in the graph. If we use maxsum as a
discriminator to decide if we can prune, it will indicate that
we can only prune if a bound vector falls on or above the bold
diagonal line. But, we can actually prune as long a bound
vector is on or above the border of the gray region. So, we
can actually prune given any bound vector for player 1 and 2
except (0, 0), (0, 1), (1,0) and (1, 1).

As a final point, we note that in card games like Spades
the number of tricks you have taken can only increase mono-
tonically, which can be used as a heuristic to help pruning.
This observation is the key behind the alpha-beta branch-
and-bound pruning technique. But, if we are using a utility
function like in Table 1, it is difficult to describe how the
monotonic heuristic relates to the evaluation function. Leaf-
value tables, however, make the task easy.

Assume, for instance, that Player 2 has already taken 1
trick. Then, we can ignore all outcomes in which he does not
take one trick. This gives us a reduced set of values, which
are marked with a { in Table 1. Looking at the associated
max" values, we then see that Player 1 will get no more than
2 and Player 3 will get no more than 1. We show how this is
used in the next section.

4 Leaf-Value Tables

The formal definition of a leaf-value table is a table which
holds all possible outcomes that could occur at a leaf node in
a game. Looking back to the pruning algorithms in Section 2,
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GLOBAL leaf-value table[] { outcome[], rank[] }

1 canLeafValueTablePrune(bounds|], heuristicUB[])
2 IF (inHashTable(bounds, heuristicUB))

3 return hashLookUp(bounds, heuristicUB)
4 FOR each entry in leaf-value table

5 FOR [ in players 1..n

6 if entry.outcomeli] > heuristicUB/[/]
7 skip to next entry;

8 FOR i in players 1..n

9 if entry.rank[i] < bounds[i]

10 skip to next entry;

11 addToHashTable(false, bounds, heuristicUB)
12 RETURN false;

13 addToHashTable(true, bounds, heuristicUB)
14 RETURN frue;

Figure 9: Leaf-Value Table Pruning pseudo-code.

we want to replace the linear classifiers with more accurate
classifiers, given a leaf-value table. Thus, we need an effi-
cient way to both find and compute regions like in Figure 8 to
determine when we can prune.

Theorem: The information stored in a leaf-value table is suf-
ficient to make optimal pruning decisions.

Proof: We first assume that we have a bound vector b = (b,
bz, . bn), where each bound in the vector originates on the
path from the root of the tree to the current node. We are
guaranteed that a player i with bound b, will not change his
move unless he can get some value v, where v, > b Thus, if
there exists a value v = (v, v,, ..., v) where Vl. v, > b,- then
we cannot prune, because v is better than every bound in
the search so far. Given a leaf-value table, we know every
possible value in the game, and so we can explicitly check
whether some v exists that meets the above conditions, and
thus we can use a leaf-value table to make optimal pruning
decisions. O

Because a leaf-value table gives us an exact descrip-
tion of the boundary of the spaces where we can and cannot
prune, the only question is how we can use this information
efficiently. Given a bound vector, we need to quickly deter-
mine whether or not we can prune, because we expect to ask
this question once for every node in the game tree.

For small games, we can build a lookup table enumer-
ating all possible bound vectors and whether or not we can
prune. This will provide constant time lookup, but for a table
with ¢ entries and n players, this table will be size O(¢") and
take time O(#*") to compute. Including heuristic information
makes these tables even larger. But, most of these entries will
never be accessed in any given game. Instead, we can dy-
namically compute entries as we need them, and store the

results in a hash table.

Pseudo-code for using a leaf-value table is in Figure 9.
This procedure is called by a pruning algorithm to decide
whether or not to prune given current bounds. A leaf-value
table is pre-computed with each possible outcome of the
game and the associated rank of that outcome for each player.
We pass in the current bound vector, as well as any heuristic
upper bounds on players’ scores. If an entry in the leaf-value
table is inconsistent with the heuristic (line 6), we can ignore
that entry, because that outcome cannot occur in the current
sub-tree. If there is an entry in the table for which every play-
er does better than their value in the bound vector, tested on
lines 8-9, we reach lines 11-12, indicating we cannot prune.

Every time we attempt to prune, we will pay at most
O(table size), but this cost is quickly amortized over the look-
ups, and doesn’t add significant overhead. In a game with a
large number of outcomes there are a variety of other methods
that could be used to reduce the lookup cost. Additionally, we
can always use the standard linear maxsum check, as it will
always be correct if it indicates we can prune. The heuristic
does not speed up the check for whether we can prune, but it
can reduce the effective size of the leaf-value table, making it
more likely that we do prune.

S5 Experimental Results

5.1 Nodes Expanded in Three-Player Spades

We use the game of Spades as a test-bed for the techniques
introduced in this paper. Our first experiment will illustrate
that leaf-value tables are quite effective for pruning, and will
also help demonstrate when they will be most effective. To
do this, we compare the number of nodes expanded using
(1) previous pruning techniques and (2) a variety of evalua-
tion functions in the 3-player version of Spades. One of these
evaluation functions is actually from a different bidding
game, called “Oh Hell!”

For each method, we counted the total number of node
expansions needed to compute the first move from 100 hands
of Spades, where each player started with 9 cards and searched
the entire game tree (27-ply). Our search used a transposition
table, but no other search enhancements besides the pruning
methods explicitly discussed. Bids for each player are pre-de-
termined by a simple heuristic. For these trees, the leaf-value
tables contain 55 entries. We present the results in Table 2.

The first column in the table is the average size of the
game trees without pruning, 2.7 million nodes. This is deter-
mined by the cards players hold, not the evaluation function
used, so we will compare the other tree sizes to this value.

The next two columns are the results using speculative
pruning with a linear classifier, the previous best pruning
technique. If we use a non-constant-sum (NCS) evaluation

Full Tree NCS MT MoMB mOT smOT WL OH
nodes expanded 2. M 1.9M 1.1M 400k 37.2k 8.6k 788 40.7k
reduction factor - 1.36 2.37 6.6 71 308 3362 65

Table 2: Overall reduction and average tree sizes in Spades.
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Full Tree | Best NZS | Zero-Sum LVT
nodes 481k 225k 14k 22k
reduction - 2.14 34.4 21.9

Table 3: Reduction and average tree sizes in 2-player Spades.

function, speculative pruning is able to reduce the average
tree size by a factor of 1.36 to 1.9 million nodes. Maximizing
tricks, MT, is the best-case evaluation function for specula-
tive pruning, because it is constant-sum. In this case the aver-
age tree size is reduced to 1.1 million nodes.

Now, we replace speculative pruning’s linear classifier
with leaf-value tables and use a non-zero-sum evaluation.
The first function we use is MoMB, maximizing the number
of opponents that miss their bid. This is quite similar to the
strategy of maximizing your tricks, but the average tree size
can be reduced further to 400k nodes, a 6.6 fold reduction.

The next evaluation function we use tries to minimize
overtricks, mOT. This produces much smaller trees, 37.2k
nodes on average, a 71 fold reduction over the full tree. A
similar evaluation function, smOT, allows a slight margin
for taking overtricks, because that is how we keep our op-
ponent from making their bid, but tries to avoid too many
overtricks. This evaluation function reduces the tree further
to 8.6k nodes, over 300 times smaller than the original tree.
The smOT evaluation is what was used with speculative max"
for the NCS experiment. In the end, both algorithms calculate
the exact same strategies, but with leaf-value tables we can
do it hundreds of times faster.

Finally, we show a very simple evaluation function, WL.
This function gives a score of 1 (win) if we make our bid and
0 (loss) if we miss it. In practice we wouldn’t want to use this
evaluation function because it is too simple, but it does give
an estimate of the minimum tree size. With this evaluation
function the average tree has 788 nodes.

“Oh Hell!” (OH) is a similar game to Spades, however
the goal of this game is to get as close to your bid as possible.
In the context of this paper, we can just view this a different
evaluation function in the game of Spades. Using this evalua-
tion, the average tree size was 40.7k nodes, 65 times smaller
than the full tree.

Besides showing the effectiveness of leaf-value tables,
these experiments help illustrate two reasons why leaf-tables
are effective for pruning in a non-constant-sum game. The
first reason for large reductions is that the non-constant-sum
evaluation may significantly reduce the number of unique
outcomes in a game, which will be captured by a leaf-value
table. The best example of this is the WL evaluation function.
But, smOT also reduces the possible outcomes over mOT,
and thus reduces the size of the game trees.

The other factor that is important for pruning is having a
monotonic heuristic along with an evaluation function that is
not monotonic with respect to the heuristic. Evaluation func-
tions like mOT are non-monotonic in the number of tricks
taken, because we initially want to take more tricks, and then,
after making our bid, we don’t want to take any more tricks.
This allows a monotonic heuristic to more tightly constrain
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Avg. Points % Wins
LVT 263 62.3%
prev. methods 226 37.7%

Table 4: Average score over 100 games of Spades.

the search space, and thus increases pruning.

The MoMB evaluation function is both monotonic and
only a slight simplification of the MT evaluation function, so
we should and do see the least gains when using this evalua-
tion function.

5.2 Nodes Expanded in Two-Player Spades

We conducted similar experiments in the two-player game
of Spades. [Korf, 1991] described how deep pruning fails in
multi-player games. It is not difficult to show that the same
problem exists in two-player non-zero-sum games as we
have described them here. The bottom line is that we cannot
prune as efficiently as alpha-beta once we use a non-zero-
sum evaluation function. In these experiments we did not ap-
ply every conceivable game-tree reduction technique, only
transposition tables and basic alpha-beta pruning, so in prac-
tice we may be able to generate smaller two-player zero-sum
game trees.

In the two-player Spades games, we searched 100 hands
to depth 26 (13 tricks) using a variety of techniques. The re-
sults are in Table 3. The full tree averaged 481k nodes. Us-
ing a non-zero-sum evaluation function and the best previous
methods produced trees that averaged 225k nodes. Using al-
pha-beta pruning and a zero-sum evaluation function reduced
the trees further to 14k nodes on average. Using leaf-value
tables (LVT) for pruning produced trees were slightly larger,
22k nodes. As referenced above, these trees are larger than
those generated by alpha-beta because we cannot apply deep
pruning, but they are still much smaller than previously pos-
sible given a non-zero-sum evaluation function.

5.3 Quality of Play From Extended Search

Finally, to compare the effect of additional search on qual-
ity of play, we then played 100 games of 3-player Spades,
where multiple hands were played and the scores were ac-
cumulated until one player reached 300 points. Also, each
complete game was replayed six times, once for each pos-
sible arrangement of player types and orderings, excluding
games with all of one type of player. Each player was allowed
to expand 2.5 million nodes per turn. One player used specu-
lative pruning with leaf-value tables to prune, while the other
used speculative pruning with a linear classifier. Hands were
played “open” so that players could see each others cards.
The results are in Table 4. The player using the leaf-value
tables (LVT) was able to win 62.3% of the games and aver-
aged 263 points per game, while the player using previous
techniques averaged only 226 points per game.

5.4 Summary

We have presented results showing that leaf-value tables,
when combined with previous pruning techniques, can ef-
fectively prune non-constant-sum games such as Spades or
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Oh Hell!

Although we do not present experimental results here,
we can predict the general nature of results in other games
such as Hearts. In most situations in Hearts, our evaluation
function will be constant-sum. But, there will be some situa-
tions where a non-constant-sum evaluation function is need-
ed. Thus, if we use leaf-value tables for such a game, we will
have the same gains as previous techniques in portions of the
game that are constant-sum. But, when the game is non-con-
stant sum, we will benefit from additional pruning, although
the exact amount will depend on the particular situation.

6 Conclusions and Future Work

In this paper we have shown how an enumeration of possible
leaf-values in a game tree, called a leaf-value table, can be
used to change the linear classifier used in classical pruning
algorithms to an arbitrary classifier needed for non-zero-sum
games. This technique works particularly well in card games
like Spades, where we see up to a 100 fold reduction of nodes
expanded over the previous best results using a constant-sum
evaluation function, along with gains in quality of play.

This work expands the limits of how efficiently we can
search two-player and multi-player games. To a certain ex-
tent there is still an open question of how to best use limited
resources for play. Recent results in applying opponent mod-
eling to two-player games have not been wildly successful
[Donkers, 2003]. In multi-player games, we have shown that
deep search isn’t always useful, if there isn’t a good opponent
model available [Sturtevant, 2004]. But, given a reasonable
opponent model, this work allows us to use the best evalua-
tion function possible and still search to reasonable depths in
the game tree.

In the future we will continue address the broader ques-
tion of what sort of opponent models are useful, and what
assumptions we can make about our opponents without ad-
versely affecting the performance of our play. The ultimate
goal is to describe in exactly which situations we should use
max", and in which situations we should be using other meth-
ods. These are broad questions which we cannot fully answer
here, but we these additional techniques will provide the tools
to better answer these questions.
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A  Game Transformations

In this paper we have often made distinctions between games
or evaluation functions based on whether they are constant-
sum or not. These distinctions can be blurred through minor
transformations, however such transformations do not change
the underlying nature of the game. In this appendix we ex-
plain this in more detail, but the details are not necessary for
understanding the technical contributions of this paper.

First, we can take a game or evaluation function that is

CONSTRAINT SATISFACTION AND SEARCH

naturally constant-sum and make it non-constant-sum by ei-
ther adding a player which doesn’t actually play in the game,
but receives a random score, or by applying an affine trans-
form to one or more players’ scores. Neither of these trans-
formations, however, will change the strategies calculated by
max", because max" makes decisions based on the relative
ordering of outcomes, which an affine transform preserves,
and because any extra players added will not actually make
decisions in the game tree.

If we are unaware of either of these changes, previous
pruning algorithms may treat the game as non-constant-sum
and miss pruning opportunities. But, leaf-value tables are not
affected by either of these changes. Leaf-value tables com-
pute the ranking of all outcomes, so any affine transform ap-
plied to an evaluation function will be removed by this pro-
cess. Because no bounds will ever be collected for any extra
players in the game, as they are not actually a part of the
game, pruning decisions are unchanged.

Secondly, we can take a game that is non-constant-sum
and make it constant-sum by adding an extra player whose
score is computed such that it makes the game constant-sum.
Again, because this extra player never actually plays in the
game, no pruning algorithm will ever collect bounds for this
player, and it is equivalent to playing the original game. No
extra pruning can ever be derived from such a change.

Adding an additional player may also make a non-linear
classifier appear to be linear. But, because the extra player
never plays, we will actually need to use the non-linear clas-
sifier to make pruning decisions.

Thus, while the difference between constant-sum games
and non-constant-sum games can be blurred by simple trans-
forms, the underlying game properties remain unchanged.
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Abstract

Often an agent that has to solve a problem must
choose which heuristic or strategy will help it the
most in achieving its objectives. Sometimes the
agent wishes to obtain additional units of informa-
tion on the possible heuristics and strategies in or-
der to choose between them, but it may be costly.
As a result, the agent’s goal is to acquire enough
units of information in order to make a decision
while incurring minimal cost. We focus on situa-
tions where the agent must decide in advance how
many units it would like to obtain. We present an
algorithm for choosing between two options, and
then formulate three methods for the general case
where there aré > 2 options to choose from. We
investigate the 2-option algorithm and the general
k-option methods effectiveness in two domains: the
3-SAT domain, and the CT computer game. In both
domains we present the experimental performance
of our models. Results will show that applying the
2-option algorithm is beneficial and provides the
agent a substantial gain. In addition, applying the
k-option method in the domains investigated results
in a moderate gain.

Introduction

an optimal amount of information units, through which the
best alternative could be determined.

In this paper, we generalize their model to suit domains that
involve choosing between heuristics or strategies. Azoulay-
Schwartz and Kraus’' assumptions hold in this research as
well: the agent chooses the best alternative in advance and
is able to hold onto its decision for a long period of time.
This approach is valid in many situations, especially when ac-
quiring information is costly. In these cases, the agent would
like to execute its decision-making process once and apply
the process’s output thereafter. Moreover, once the agent re-
alizes the decision made does not produce satisfactory results
at any given time, it may re-execute the decision-making pro-
cess, and proceed with its new output. Nevertheless, we are
more concerned with the applicative rather than the theoreti-
cal aspect of the model. Indeed, the model suggests many im-
plementation challenges. We present two examples, from the
heuristics domain and from the computer games domain. In
both domains we compare the utility of the automated agent
with and without using our algorithm. Results will show that
an agent that applies our model is more likely to choose the
best option among the group of possible options. Further-
more, it does not waste too many resources during the deci-
sion process, and thus, its overall utility increases.

The paper first briefly presents the model constructed by

When making decisions, automated agents need to decigg;qylay-Schwartz and Kraus. It then introduces the algo-
which heuristic function or strategy would best assist thenyjthm for choosing between two options, which was formu-
in achieving their objectives. In particular, when an agentsieq by Azoulay-Schwartz and Kraus, and thereafter the

possesses several alternatives to tackle a problem, and thg

ee generalized methods for cases where there are more

best alternative is unknown in advance, its success depengssn two options. The first of these three methods is a the-
on choosing the most beneficial alternative. [Azoulay-  qretical one which was formulated by Azoulay-Schwartz and
Schwartz and Kraus, 20pa formal model for solving a prob-  krays. We generalized their ideas to form the other two meth-
lem of choosing between alternatives in e-commerce havgys which are much more feasible in real-time environments.
been presented. They formuylated_ the problem in terms ofye proceed by describing the experimental design and anal-
units of information and agent's utility, and assumed that thgsis. | section 4 we describe the first domain we considered
agent should decide in advance on how many information e 3-SAT domain, and in the following section we describe
units to obtain about each alternative. Moreover, the agenhe other domain. the CT game domain. In both sections we
could not change its decision during the information obtain-,esent the expe,riments we conducted and the outcomes of
ing process. Then they suggested an algorithm for acqu|r|n§pp|ying the 2-option algorithm and theoption generalized
*This work was supported in part by NSF grant no. 11S-0208608Models. In section 6 We compare our work with previoqs re-
and by ISF grant no. 1211-04. Sarit Kraus is also affiliated withsearches. The concluding section discusses the experimental
UMIACS. results and suggests several avenues for future research.
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2 Model construction is Fchange(pa, tB,0A,0B,TA,TB,NA,NE,MA, MB) =
Arisk neutral agent has to choose a heuristic fioneuristics  £7(Z > Za), whereZ is a random variable, having the
to solveM problems. After choosing alternativethe agent standard normal distribution arif}, represents the first value
will obtain a value ofi; which is unknown in advance. We as- WhereB outperformsA (se_ze[AzouIay-Schwartz and Kraus,
sume that; is normally distributed, that is;; ~ N (1, 02). 2003 for more information). Then, the expected bene-
In addition, the agent does not kngw, but it has some prior ~ fitS from obtaining additionain, andmy is a function of
beliefs about its distribution. We further assume thaalso ~ Fchangeand is denoted byene fits(ma, mp). The agent's
follows the normal distribution x; ~ N(¢;, 72). We assume  ulility is utility(ma,mp) = [, [, pbenefits(ma, mp) -
thato;, ¢; andr; are known and reflect the agent’s believes.d™ 4™ —cost(ma, mp)dupdu . The specifics of thben-
Otherwise, ifo; is unknown, the agent can use The studentefitsfunction depend on theostmodel. Later we will show
distribution. In addition, i;; andr; are unknown, we assume the specifications for three different cost models. The agent's
that the agent can estimate their values based on its beliefs geal is to find the pairm 4 andmp, that yields the highest
to the possible values qf;. Furthermore, in future work we wutility(ma, mp) value. By considering all possible combi-
will investigate the effect of eliminating normal distribution nations of information units aboétandB, the optimal com-
assumptions. bination is achieved. Algorithm 1 presents the Heuristics-
The agent has; units of information about each alter- Strategies-Choosing (HSC) Algorithm for the two heuristics
nativei, with an average value af;. For instance, in the (or strategies) case.
e-commerce example presented by Azoulay-Schwartz anyoposition 1. The HSC algorithm stops and returns, and
Kraus, a customer would like to buy an item available from,;, .'that maximize the utility function.
two suppliers. The customer collecteg andn, customer-
impressions from friends or from the web about these suppliProof. The intuition for the correctness of the algorithm lies
ers, in order to be able to decide between them. The average the form of the utility function. Since it consists of the mul-

impression was calculated to form andzs. tiplication of similar normal distribution functions, its form is
The agent is able to obtain a combination @inb =  Gaussian as well, with only one maximum point. As soon

(mq,...,my) additional units about the different alterna- as the algorithm finds that point it stops and returng and

tives. However, this operation is costly, either in time or inmz. O

direct costs. Giver) < ¢ < 1, the discount time factor, . . I

the costmodel, the list of alternatives and the parameters for-2 Choosing Between Multiple Heuristics

each alternative, the agent decides whether to proceed withhere arek > 2 alternatives, and the agent can obtain up
the information it has so far, or to accumulate additional in-to M-1 units of information about each of them. We suggest
formation units. One could simply use a greedy algorithm inthree models:

order to find the optimal allocation of additional experiments. 1 The Statistical modein which we considered the agent
In each step the option which proved to be better so faris cho- tility function given a combination of information units
sen, executed and its result is added to the data accumulated. a5 suggested bjAzoulay-Schwartz and Kraus, 2002
The greedy algorithm stops when there is no additional sam-  Nevertheless, in order to find a combination of ad-
ple that increases the expected utility. Howe\ézoulay- ditional units for each alternative, one must solve a
Schwartz and Kl’aus, 2ODghOWed that the greedy algorithm quadrup'e integraL As a result, the model proved to be
is not optimal. The reason being that there may be situations  inapplicable for our purposes;

where obtaining one unit of information about a particular al-
ternative is not worthwhile since it will not lead to a change
in the decision, but obtaining two and more may be worth-
while. In conclusion, first we will present an algorithm for
k=2 heuristics (or strategies) and then generalize ikfor 2.

2. The Binary Tree modelvhere the alternatives construct
the leaves’ level of the tree. We apply the HSC algo-
rithm for each pair. The winning alternative goes up a
level in the tree. We repeat the procedure until the best
alternative reaches the root. This model deviates from

Algorithm 1 The HSC Algorithm our initial ags_umptlon.that all experiments are co_nduc_ted
prior to decision-making. The binary tree model is an in-
for m 4 from 0 to co do . .
for m 5 from 0 to oo do termediate approach between the greedy algorithm and
calculate Fchange. the HSC algorithm. However, since the comparisons are
calculate Utility. i H i _
it Utility(ma — 1,mp — 1) > Utility(m.a, ms) and done in pairs, a Iarge number of experiments may be ex
Utility(ma — 1,mp — 1) > Utility(ma — 2, mp — 2) then ecuted for alternatives that would not have been consid-
return gna — 1, mp — 1). ered at all when regarding all the alternatives together;
Add m; experiments to alternativie . . i i
Choose the best alternative according to the new results 3. The Fixed number of experlments modeh which we
distribute a fixed number of experiments denotedNby (
) o between the different alternatives using the information
2.1 Choosing Between Two Heuristics we have so far. For example, suppose we have five alter-
Suppose the agent has to decide between alternatives A and natives to choose from. Alternative 1 produces the best
B. Currently, 74 > Zp. Since the agent is risk neutral, al- results and alternative 5 produces the worst ones. Thus,
ternativeA will be chosen if no additional information is ob- it is worthwhile to execute more experiments of alterna-
tained. Firstly, the probability of changing the winning option tive 1 than of alternative 5, as less time will be wasted

CONSTRAINT SATISFACTION AND SEARCH 325



on fewer alternatives while accumulating information ontwo possible heuristics, we assumed that the better heuris-
all possible alternatives. Following preliminary experi- tic aftern 4 experiments is heuristi8. As a result, the agent
ments, we sell to be four times the number of alterna- would have chosen heuristi for the M formulas. In that
tives. Thus, it is large enough to accommodate experease, it would have taken the agent the average number of
iments of all alternatives and nonetheless, economicdlips multiplied by the number of formulad/ - 11 4, to solve

in the number of additional experiments. ConsequentlyM formulas. After the HSC algorithm is executed, the total
for the example of five alternativd$=20, and we sug- number of flips will be assembled from,

gest that the best alternative be assigned one thiMi of 1 The number of flips in thew4 + mp extra experiments
The rest will be assigned two thirds of the remaining yielded by the HSC algorithm:

experimentsim; = [20 - 5] = 7; my = [13 - 2] = 5;
m3 = [8-2] = 3;my = [3-2] = 2andms = [1-2] = 1.
This ad-hoc approach will be refined in future work.

2. The number of flips to solve the remainidg — m 4 —
mp formulas in case heurist prevails;

3. The number of flips to solve the remaining formulas in

3 Experimental design and analysis  case heuristié still leads.
Oﬂ in this case is 1, since the agent solves the re-

i.e. the 3-SAT problem. To demonstrate the HSCaIgorithm’stordmgly’ the utility function in this domain is

vast usage possibilities, it was employed in two different cosfmlziy(m“’ mp) = [,, ], benefits(ma,mp)
models: dmATME — cost(ma, mp)dupdps = qu fuB M- s —
Fchange(M —ma—mp)-up—(1—Fchange)(M —m4 —

1. Minimal Time (MT) scenario - the agent had to soMe
formulas as quickly as possible; mB;'/?;(mAM?‘*‘mBMB))dﬂBd/‘(A = f,,,A {IZZB (Aj—m_?r:
- - - mp)- Fchange- (pa—pp) —mp- (s —pa)dppdpa. The
2. m&;i)&rgilo'zscgwg:; r(n'\gf&ﬁf,mﬂfggslepiggir&gam'ts agent searches fan 4 andmp that maximize this equation.
' The MF scenario in the domain is a maximum problem: the
We chose three best-known search algorithms as thggent must solve as many formulas as possible wiktiips.
agent's possible heuristics: Greedy-SAT (GSAT), SimulatedConsidering heuristié is the better heuristic after, exper-
Annealing (SA) and GSAT with Random Walk. The agentiments, the agent would have solv&dy: 4 3-SAT formulas.
had to perform its task by using one of these search algorowever, if it would have used the HSC algorithm, the total

rithms. The second domain was a computer game, the Chumber of 3-SAT formulas would have been the summation

game (for game specifications §&roszet al, 2004). Here,  of:

the agent’s task was to maximize its game score. To this end,

our agent had seven different strategies to employ against its

opponent agent in the game, and it had to choose the best . .

strategy against the opponent. The experiments compared?- 1he number of formulas to be solved using heurigtic

the agent's achievements without using the HSC algorithm  if it prevails, Fchange - [T/ ug];

and its achievements after executing this algorithm. We also 3. The number of formulas to be solved if heuristids not

compared these results with methods where a large set of ad- changed(1 — Fchange) - [T/ ]

ditional experiments had been conductedSe(manet al,  Here, § is 1 as well, andcost(ma, mp) consists of the

1999 for instance conducted an unlimited number of experyymper of flips lost in each case, namebyt(m 4, mp) =

:cments in order to choose the best heuristic). These methods pange - [(maps + mpps)/us] + (1 — Fchange) -

ound the best heuristic more frequently than our a_Igorlth_m.[ mapa + mpug)/pal. Lastly, the HSC algorithm will

Nevertheless, though the decisions made were slightly imgie|q 1, andmp that will maximizeutility(ma, mp) =

%rg;]/ed_, given our cost quel, the approach app!led by SeeI [, ‘ma + mp + Fchange - LLB + (1 = Fehange) -

yielded a huge loss in the number of experiments exe-:4 'rs A fa f
cuted. For space reasons, these results are not detailed herg,, — F'change - =aBAEREEE — (1 — Fchange) -
We first executed preliminary runs to prepare an offline™AlatMsis gy pdy y = [ [ mp—EB™E 4 Fchange-

database. The database comprised vital information, namel _#fﬁm T—pupmp A ke d d#A

which option is the best, and moreover, the mean qualityyr s T T ma —mpldupdua.

of each option. Our hypothesis was that the execution off 1 |mplementation issues

the HSC algorithm will indeed benefit the agent. Moreover, . .

by executin% a small number of additional gexperiments th&we construqted 305 d|_fferent 3-SAT formulas, each consist-

agent's utility will increase. ing of 100 dlfferent variables and 430 clauses. The formulas
were tested in advance for the existence of a valid truth as-

. signment. The GSAT algorithm restarted with a new random

4 The 3-SAT domain truth assignment after 5,000 flips, and the total number of

We assumed that each Truth-assignment flip takes one unit oéstarts was set at 18. The temperature of the SA algorithm

time. Thus, the MT scenario in this domain is a minimumwas set at 2%, and the experiment was stopped after 100,000

problem: the agent must sol formulas within a minimal  unsuccessful flips. The Random Walk with GSAT was im-

number of flips. Without loss of generality, when comparingplemented using three different probabilities of Walk: 50%,

1. The number of formulas solved during the extra experi-
ments yielded by the HSC algorithmm, 4 + mp;
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Heuristic | GSAT | Simulated | Random | Random | Random 2500
Annealing 50% 60% 80% LT

Flips # 26.2 18.3 51 4.5 16.0
1500 ’-/'/_/

1000 +#

[~
=
=]
=]

Gain performula

Table 1: Offline results of number of flips (in thousands)
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Figure 2: 3-SAT MT scenario influence bf

B0
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4.2 2-heuristic experimental results

20 7

. i . G . s According to the results presented in table 1 we compared (1)
50%wvs B0%  SAwvs Greedy SAvs.80% Random 60% to Random 50%; (2) SA to GSAT; (3) Random
80% to SA. Other pairs, although feasible, would not effec-
. ) . . tively demonstrate the HSC algorithm’s performance: the dif-
Figure 1. 3-SAT % of choosing the best heuristic without thege oo petween their means is too large for the algorithm to
HSC algorithm, with the algorithm in the MT and with the improve. From empirical results we know that the algorithm
algorithm in the MF scenarios will not advise on further experiments in those cases, and sim-
ply yield the better heuristic according to the information the
agent has. Thus, it will not endure any loss for these other

60% and 80% (The three different heuristics of this algorithmPairs- The offline results revealed that the best heuristic in

will be denoted( by Random 50%, 60% and 80%). In egach exgach pair was Random 60%, SA and Random 80%, respec-
periment the maximal number of flips was set at 15,000 andfV€!Y: The total number of experiments in each scenario was

the number of restarts was set at five. We established all the?2: 40 experiments per pair. .

algorithms’ parameters such that, on the one hand, they will !N the MT scenario, when the agent did not use the HSC al-

have a reasonable potential to solve any formula, but on thg0°"ithm, it always chose the heuristic with the better 5-game
other. their execution time will remain low. average. In contrast, when the agent applied the HSC algo-

rithm, it mostly executed more experiments for both heuris-
The preliminary experiments executed each of the fiveics, and then either changed its mind or continued with the
heuristics on the 305 3-SAT formulas. Table 1 presents théetter 5-game heuristic. On average, only 12 additional ex-
average number of flips each heuristics obtained. The paranperiments were executed for each heuristic. Figure 1 summa-
eters in the equations of section 2 were estimated using thézes the percentage of experiments in which the agent chose
data accumulated during the preliminary experiments stagehe best heuristic, with and without the HSC algorithm across
since this data comprises our whole population. Thus, the ahe three heuristic pairs. As we expected, the algorithm im-
priori parameterg 4 and(p were estimated with the mean of proved the agent’s decision-making, and directed it to the best
all the offline results of all heuristics (55.2), and and g heuristic in 80% of the experiments. Moreover, without the
were estimated by their standard deviation (22.14). In addiHSC algorithm, the agent would have chosen the best heuris-
tion, 04 ando g were estimated by heurist& and heuristic  tics only in 61% of the experiments. This improvement re-
B standard deviations, respectively. A sensitivity analysis ofsulted in a gain in the number of flips: the average number
these parameters determined that the results were not senei-flips for 300 3-SAT formulas without the algorithm (4.20
tive to changes in the parameters. In the analyses we varigdillion) was significantly higher than with the HSC algorithm
the values ofr4 andop, of (4 and74 and of(g andrg  (4.06 million)(Wilcoxon pv=0.07).
and re-executed the experiments. Except for several extreme To show the influence dfl on the average gain, we exe-
situations we obtained similar results for the specific valueguted 120 additional experiments, with 12 different values for
described above. M. Figure 2 summarizes the average gain per formula solved
for M varying between 100 and 3000. As expected, the aver-
age gain is in linear relation to the size Mf since the HSC

five, M to 300, andr to 200,000. That s, in each experiment o44ithm poses a greater potential benefit as the number of
of both scenarios, five formulas chosen randomly from thg, ., 1as increases.

305 formulas mentioned above, were solved first, and were The agent's task in the MF scenario was to solve as many

used as the agent’s preliminary units of information. Then, i - L :
had to decide with which heuristic to proceed solving the retformulas as possible within 200,000 flips. Here, on average

maining 300 formulas. We allowed th at onlv five unit nine additional experiments were executed for each heuris-
aining ormuias. We aflowed the agent only fIVE units;; Figure 1 presents the percentage of experiments in which
of prior information since this is often the case in the real

id 1 dtob their decisi v f bthe agent chose the best heuristic, with and without using the
world - agents need to base heir decision on only 16w 0Dy g 3 gorithm (note that the percent of without the HSC al-

servations due to uncertainty in their environment or due to Yorithm is the same as in the MT scenario). In this scenario
cost associated with the information. '

Furthermore, in each experimenl andnp were set to
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7 Greedy | SA | Random | Random | Random
& . 80% 50% 60%
= e Without | T [ 2 [ 2 6 | 19
N With 0 [0 1 9 30
24
& 3 [/ Greedy | SA | Random | Random | Random

2 . . . . 80% 50% 60%

0 iy Without | 1 | 2 | 2 16 19
With 0 0 0 11 29

Figure 3: 3-SAT MF scenario influence of Table 2: MT Scenario chosen heuristic distribution, with and

without applying the HSC algorithm: (top) The binary tree

) ) _ results; (bottom) The fixed number of experiments results
as well, the agent succeeded in choosing the best heuristic

more frequently by using the algorithm (83% vs 61%). Con- .
sequently, it managed to solve six more formulas on aver> The CT domain

age: 212 formulas with the HSC algorithm in contrast to 206y jnyestigated the HSC algorithm in a two-player negoti-
without it. To demonstrate the influence ©f we executed ation game that uses the CT gafi@roszet al, 2004. In

an additional 70 experiments for seven different value¥ of .;
. T this game each player has a goal placed on the game board
varying from 2,500 to 100,000. As the average gain is depenng certain resources to help it reach the goal. The players

dentonT (the larger thel the larger the gain), we normalized 5 exchange resources, and at the end of the game are as-
the gain by calculating the average gain per 2,500 flips. Thugigneq a score that corresponds to their performance through-
whenT was set to 5,000 the average gain was divided by 2\t the game. During the game the agents may negotiate
and when is was set to 100,000 the average gain was divideg, resources, commit to resource exchanges and execute ex-

by 40. Figure 3 summarizes the average gain per 2,500 flipghanges. However, the commitments made by an agent are
It supports our hypothesis that the gain of using the HSC al; enforceable, and it might decide to back down on a com-

gorithms increases dsincreases. It seems that the increase iSyitment or even deceive an opponent agent by committing to
very steep at the beginning, but when- 25,000 it becomes exchange it does not intengao keep.g y g

moderate. In [Talmanet al,, 2004, an automated agent able to play
repeated CT games was developed. The agent characterizes
itself and its opponent in terms of cooperation and reliabil-
ity. The cooperation trait measures the willingness of an

, L i , agent to share its resources with others, whereas the relia-
We tested the generalizéeheuristic model using the binary pjjity trajit measures the agent's willingness to keep its com-
tree algorithm and the fixed number of experiments algomjtments in the game. Accordingly, the agent is capable of
rithm. The binary tree was built according to the pairs Weemploying seven strategies, differing in the level of cooper-

described in section 4.2. Thatis, the binary tree's leaves Wergtion and reliability the strategy dictates. Each strategy is
Random 50% and Random 60%, then GSAT and SA and fig jitaple to a different type of an opponent, but the optimal

nally Random 80%. The fixed number of experiments Procematching scheme is unknown. For example, it may prove

dure was executed according to the _description preser_nted Beneficial to play a low-reliability strategy against a highly-
2.2. We repeated the procedures 40 times for both algorithmg o perative opponent by deceiving it. On the other hand, per-

Table 2 summarizes the number of times (of the forty ex-haps a more logical strategy against such an opponent will
periments) the agent chose each heuristic with and withoute a high-cooperation strategy which promotes reciprocity in
each algorithm for the MT scenario. As expected, both algothe game, and may benefit the agent in the long run. Thus, in
rithms improved the agent’s decision-making, in the binaryorder to maximize the agent's score in the game, it must de-
tree algorithm by 27.5% and in the fixed number of experi-termine which strategy best-suits each opponent type. Each
ments algorithm by 25%. Nevertheless, the gain in the agent'strategy trait can be low (L), medium (M) or high (H), and a
utility was not very impressive in the binary tree case: onstrategy will be referred to by its cooperation-reliability level,
average 1,500 flips were lost per experiment due to the exesuch as a low-cooperation medium-reliability strategy (or LM
cution of heuristics that although seemed promising in theistrategy). Therefore, the seven possible strategies in the game
pair, were in fact time consuming in the overall aspect. Orare LL, LM, LH, MM, MH, HM and HH. The remaining two
the other hand, in the fixed number of experiments case 1,52&rategies, ML and HL are not applicable as an agent apply-
flips were gained per experiment (the average total number dfig low reliability strategy has by definition a low cooperation
flips per experiment was 4,800). The number of additional exlevel - when an agent almost never keeps it commitments, it
periments were 14 for each heuristic on average. Due to this not willing to share its resources.
disappointing results of the binary tree method, for the MF We expect that our suggested model will assist the agent in
scenario we executed only the fixed number of experimentis decision-making, which will result in higher score in the
method. Here, on average 1.6 formulas more were solved pgiame. Followingn; games of each strategy the agent exe-
experiment when applying the algorithm. cutes the HSC algorithm and determines which strategy best-

4.3 k-heuristic experimental results
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Strategy| LL | LM | LH | MM | MH | HM | HH
Avg. Score| 80.9 | 85.7| 68.6 | 69.4| 69.5| 69 | 69.2

EYWithout the algorithm B %Yith the algorithm

100

Table 3: Average score of each strategy against an LH oppo- B0
nent in the CT domain B0
04—

suits each opponent type. The model adjusted to the CT game 20 +—
is similar to the 3-SAT model except for the introduction of o
the time discount factow]. Each game the agent plays with
a non-optimal strategy results in a lower score. Hence, each
experiment added by the HSC algorithm brings about a tim
cost ofd. In contrasteost(ma, mp) = 0 in this domain: the
execution ofm 4 + mp additional games does not incur an
additional cost associated with 4 andmp. In conclusion,

'_
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‘IJ'—'igure 4: CT % of choosing the best strategy with and without
the HSC algorithm

for two strategiesA and B (with A as the current winning 1

strategy) having a mean score @fi and n.g, respectively, . /

the agent searches for, andmp that maximize the utility 2 . /

function: qu fue Fchange(pup — pa) - ™A "B dppdu 4. i

In addition, we define the agent’s gain from applying the & 04

HSC algorithm as follows: leScorey be the score of the 02—

strategy the agent chose before the algorithm &ng-eg 0 , , , , ,

be the score of the strategy it chose after using the algo- © o2 ca DB 08 12

rithm. Then, its total gain from the algorithm is obtained by
(Scorep — Scorey) - §mATME,

Figure 5: CT % of correct re-evaluations for differeist
5.1 Implementation issues

For our study, we constructed 300 game scenarios, which vag;

ied the game boards, the resources each player was assigngd pm vs HM case, the algorithm did not improve the per-

and the dependency relationship between the two players. Fgfrmance. This is because the two strategies are almost iden-

evaluation purposes the HSC algorithm was executed 10 e$c4| Thus, applying the algorithm resulted in no gain since it

tablish which strategy best suits an LH type opponent (beSfgrely decided to perform additional experiments. However,
matches for the other opponent types are carried outin a siny, |oss was incurred as well (the average number of addi-
ilar manner). To this end, we first executed all 300 gamesyjona| experiments was 3 for each alternative). Accordingly,
in which the agent played all seven strategies against an Lkhe agent's gain was on average 0.8. This gain is somewhat
type opponent. The results served as the CT domain offlingy, pecause it is multiplied byma+ms,
database as shown in table 3. Interestingly, the LM strategy naturally, the time discount factor has a great influence on
produced the best results. In addition, we &eit 0.90, 0 the HSC algorithm’s performance. We envisioned that if we
allow a certain amount of exploration. We later variednd  jncreases the HSC algorithm will shift more frequently to-
I : domly selected ten experiments from the experiments de-
5'2_ 2-heuristic experlmental results ] scribed above, across the three pairs, in which the worse strat-
In light of the results in table 3, we compared strategies: (1gy would have been chosen by the agent according to the
LL and LH; (2) LM and MH; (3) MM and HM. Other pairs  preliminary experiments. We then re-evaluated the HSC algo-
can be compared in a similar manner as long as the differengghm's performance in those games witlvarying between
between them is not too diverse for the HSC algorithm to in0.10 and 0.98. Figure 5 presents the percentage of experi-
troduce an improvement nor a loss. Each comparison wagents the HSC algorithm pointed out the better strategy, for
executed 40 times, totaling 120 experiments. In each expereach possiblé.
ment, our agent played five 2-player CT games against an LH
opponent applying each strategy. Then, the agent executésl3 k-heuristic experimental results
the HSC algorithm, which yielded the additional number of

games of each strategy the agent needs to play. On averaggy 5 qorithm and the fixed number of experiments algo-
only three games of each strategy were additionally executedhy, 1, “i, the binary tree, the pairs were established according
Figure 4 summarizes the percentage of experiments 'th the settings describe,d in 5.2: LL vs LH, followed by MM
which the agent chose the best strategy, with and without Us;s ym then LM vs MH. and finally we adéled the HH strat-
ing the HSC algorithm across the pairs of the three strategie%gy_ T,hen, we repeatea the HSC algorithm bottom up. The

By using the HSC algorithm, the agent was able to apply thgj oq number of experiments procedure was executed accord-
better strategy in 72% of the games, whereas without the HS{, ¢ 5 the description in 2.2. We repeated the procedures 40
algorithm it would have applied the better strategy in onlyiimes for both algorithms.

60% of the games. Nevertheless, as we anticipated, when the

erence between the two alternatives was negligible as in

We tested the generaliz&eheuristic model using the binary
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The results in this domain were similar to those of the 3-tomated agents’ decision-making. We evaluated this model
SAT domain: both algorithms improved the agent’s decision4n two different domains - an NP-complete problem and a
making while keeping the number of additional experimentscomputer-game framework. In each domain we executed a
to a minimum (on average, 11 additional games per strategy@rge number of experiments for several aspects of the do-
- the binary tree algorithm by 30% and the fixed number ofmain. We have shown that agents that apply the HSC algo-
experiments algorithm by 27.5%. The agent’s gain was 0.018thm have improved their decision making by at least 20%,
in both cases. Again, this figure seems low, but any positivevhile executing a minimal number of additional experiments.
figure indicates a gain in performance due to the algorithm. Moreover, we have demonstrated how to adjust the HSC al-

gorithm to suit these different domains and to perform well
6 Related work when solving both minimum and maximum problems.

Our future goal is to generalize the fixed number of exper-
iments method. In this work we established its parameters
%mpirically, and although it produced satisfactory results, we
are interested in investigating its feasibility in additional do-

ains. We also intend to examine the normal distribution

Our problem is different from the k-armed bandit problem
[Tins, 1989 since once the agent decides which alternative t
use it cannot change its decision. In the k-armed bandit pro
lem, an item is chosen repeatedly and the decision of whic

statistical one. IiPizarroet al, 2000 the statistical ANOVA  iss» distribution and the a-priori distribution are symmet-
was employed for choosing the best model for a neural nete ith one maximum, our assumptions hold. Nevertheless

work. The procedure enabled them to isolate a subset Q(thher analysis is required to ascertain this assumption.
models whose mean error was the smallest, and subsequently

the simplest model was chosen (Occams razor criteria). Th f

main difference between that work and ours is that they wer eterences
not interested in minimizing the number of additional experi-[Azoulay-Schwartz and Kraus, 200R. Azoulay-Schwartz
ments since no cost was involved. The same approach can beand S. Kraus. Acquiring an optimal amount of informa-
found in heuristics-related work§Selmanet al, 1993, for tion for choosing from alternatives. FProceedings of the
instance, conducted a large number of experiments in order 6th International Workshop on Cooperative Information
to identify the best heuristic. We suggest a method that will Agents V| pages 123-137, 2002.

minimize the number of experiments to be executed, Wh"qCarlsson and Johansson, 1998 Carlsson and S. Johans-
providing the best optionin a h|gh_ percentage ofthe cases. In 5on. Generous and greedy strategies Pioceedings of
another wor{ Tseng and Gmytrasiewicz, 1998eveloped an Complex System&998.

information-gathering system that uses the information valu , , . .
to guide the process. However, they assume that the numbEpTass and Zilberstein, 20DA. Grass and S. Zilberstein. A
of possible answers for a query in the gathering process is fi- Value-driven system for autonomous information gather-
nite while we consider a continuous set of possible answers. Ng- J. of Intel. Information System$4:5-27, 2000.
Moreover, they consider a myopic sequential procedure fofGroszet al, 2004 B. Grosz, S. Kraus, S. Talman, B. Stos-
the information gathering process. Thus, their solution is not sel, and M. Havlin. The influence of social dependen-
optimal: they only consider the nearest step of information cies on decision-making: Initial investigations with a new
gathering, assuming that in each step the agent can decide game. InProceedings of AAMA®ages 782789, 2004.
about the next information to be obtaine[fa_rass and Zil- [Pizarroet al, 20040 J. Pizarro, E. Guerrero, and P.L.
berstein, 200Ddeveloped a decision theoretic approach that Galindo. A statistical model selection strategy applied to

uses an explicit representation of the user’'s decision model neural networks. IEESANN '2000pages 55-60, 2000
in order to plan and execute information-gathering actions, ' ’ '

However, their system is based on information sources thdSelmaret al, 1993 B. Selman, H. A. Kautz, and B. Cohen.
return perfect information about the asked query. Local search strategies for satisfiability testingtia 2nd

In the world of strategies, researchers also have been more DIMACS Challenge on Cliques, Coloring and Sati€93.
concerned with finding the most beneficial strategy in a giverjTaimanet al, 200§ S. Talman, K. Gal, M. Hadad, and
domain rather than formulating a general model. For exam- S. Kraus. Adapting to agents’ personalities in negotiations.
ple, in[Carlsson and Johansson, 198&ee types of strate- In Proceedings of AAMAR005.
gies - generous, even-_matched and greedy - were Investigat ns, 1989 J. C. Tins. Multi-armed Bandit Allocation In-
as concepts for analyzing games. They granted the participat- ;
; ; A . dices John Wiley & Sons, 1989.
ing agents a strategy and examined their performances in two -
types of games. Their aim was to determine which kind ofl Tseng and Gmytrasiewicz, 199€. Tseng and P. J. Gmy-

strategy was preferable and in which environments. trasiewicz. Time sensitive sequential myopic information
gathering. INHICSS-321999.

7 Conclusions and future work

In this paper, we generalized a model developddiroulay-
Schwartz and Kraus, 20D2vhich considered the problem of
choosing between alternatives in e-commerce. We have pre-
sented an adjusted model which was designed to improve au-
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Decision Diagrams for the Computation of Semiring Valuations
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Abstract tions still correspond to complete directed paths; one can also
prune the representation to allow backtrack-free generation of
any solution. If we can find many such equivalences through
interchangeability then the number of nodes in the decision
diagram will be a tiny fraction of the number of nodes in the
corresponding decision tree. Indeed, the number of solutions
can even sometimes be exponential in the size of such a de-
cision diagram, as the merging of nodes ‘factorises’ the so-
lution set (so the size of the decision tree will be exponential
in the size of the decision diagram). This kind of representa-
tion, in the form of binary decision diagraniBryant, 1986;
1999, has proved very effective in certain domains, such as
CAD applications.

Testing full interchangeability is often expensive, but one
can instead use the sufficient conditioejghbourhood inter-
changeability that is, for all the constraints whose scope
intersects with botl/ andV — U, ¢, = ¢, where e.g.¢,
(which involves no variables ifY) is the ‘slice’ ofc given by
instantiating variable#/ to ». This condition can be tested
quickly, in time proportional to the size of the (sliced) con-
straints. Furthermore, if one constructs these slices for each
node visited, and indexes them appropriately, then check-
ing whether we have previously generated neighbourhood-
1 Introduction interchangeable’, can be achieved efficiently.

Suppose we are performing a depth-first search for solutions This computational approach can be generalised to
of a (not necessarily binary) CSP, where we record the nodegemiring-based systems (Section 2), including semiring-
of the search (decision) tree that we've visited so far. Solubased CSPs (in particular weighted CSPs, fuzzy CSPs and
tions correspond to complete paths in the tree, i.e., directegtandard CSPs) as well as Bayesian networks. Each edge in
paths from the root node to a node corresponding to a conthe decision diagram is labelled with a value in the semiring,
plete assignment. We are at a node with associated partigenerating (Section 3) what we camiring-labelled deci-
assignment of set of variableg/, which we have checked sion diagramgSLDDg. We show how this can be done in
is consistent (in the CSP sense of it satisfying all constraintsuch a way that the SLDD represents the semiring-based sys-
involving only variables inJ). Suppose we manage some- tem, i.e., the product of semiring values of edges in a com-
how to find another assignmeant of U, corresponding to a plete path is equal to the semiring value of the complete as-
node previously visited, which is also consistent, and whictsignment associated with the path. The efficiency of this ap-
is fully interchangeablgthat is (extendingFreuder, 199])  proach to computation is very much dependent on how com-
for all assignmentsv of the remaining variable$/, uw isa  pact the SLDD is, especially compared to the corresponding
solution of the CSP if and only if w is a solution. search tree. If the SLDD is compact, then it can be efficiently
There is then no need to expand the subtree beloas it ~ constructed and the operations are efficient. We give exam-
is equivalent to the one below which we have already ex- ples of situations where the SLDD is compact (even linear
panded. Instead we can merge the nodes corresponding toSize) despite the number of solutions being exponential in the
andu’. The resulting structure will no longer be a tree—sonumber of variables.
can be described asdecision diagran(as opposed to a de-  Sections 4 and 5 show how the semiring-labelled decision
cision tree—»but it will still represent all solutions, as solu- diagram can be used to perform various computations of in-

This paper describes a new approach to computa-
tion in a semiring-based system, which includes
semiring-based CSPs (in particular weighted CSPs,
fuzzy CSPs and standard CSPs) as well as Bayesian
networks. The approach to computation is based on
what we call semiring-labelled decision diagrams
(SLDDs). These can be generated in a similar
way to a standard search tree (decision tree) for
solving a CSP, but some nodes are merged, cre-
ating a more compact representation; for certain
classes of CSPs, the number of nodes in the re-
sulting network will be a tiny fraction of the num-
ber of nodes in the corresponding search tree. A
method is given for generating an SLDD that repre-
sents e.g., a particular instance of a semiring-based
CSP; it is shown how this can be used to perform
various computations of interest, such as solving a
semiring-based CSP, finding optimal solutions, de-
termining the possible values of each variable and
counting solutions of a CSP.
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terest, including solving, optimising and generating inferred A-valuations, we may writ€d C' to mean), . c. Letc be
constraints, and projections needed in inference in Bayesiaan .A-valuation, and leU be a subset o¥,.. The projection
networks and solving semiring-based CSPs. ¢tV of c ontoU is defined by, fo: € D(U), ¢tV (u) is equal
The formalism SLDDs defined in this paper is a develop-to the semiring summation efw) over allw € D(V,) such
ment of the finite-state automata representations for weightetthatw!V = .
constraints ifAmilhastreet al, 2009 (where the soft con- Many computational problems can be expressed as com-
straints are unary). The latter, which can be considered as inputing a projection of a combinatidd = ) C' of a multiset
plementing a kind oflynamic programmingBeliman, 1957, C of semiring valuations (and a straightforward approach to
has been shown to be applicable as a compilation technigugich a computation is exponential). In particular, computa-
on a substantial real-world problem. tions in semiring-based CSPBistarelli et al,, 1997; 1999;
The main contributions of the paper are extending this2003 are of this form. This is a general formalism for
computational technique dfAmilhastreet al, 2004 in a  soft constraints, which includes weighted CSPs, fuzzy CSPs,
number of significant ways: our technique, SLDDs, can beprobabilistic CSPs, lexicographic CSPs and set-based CSPs.
applied to computation in many formalisms for preferencesThese use a special type of semiring, where idempotent
and uncertainty: in particular, to a very general class of sofaind1 is an absorbing element af.
CSPs, semiring-based CSPs; we allow soft constraints to be Finite CSPs can be expressed as acseff .4-valuations,
of arbitraryarity, as well as both extensional and intensionalusing.4 = ({0,1},0, 1, max, x), so that® = x (i.e., min)
representations of constraints; it applies also to computatioand @ is max. A constraint on set of variablds is repre-
in Bayesian networks, and for counting the solutions of asented as a semiring valuation D(U) — {0, 1}, where for
CSP. Our construction of the representation is also new, anassignment: of U, ¢(u) = 1 if and only if u satisfies the con-
is based on backtracking search, where certain nodes in thgraint. The CSP has a solution if and only®) C)l@ =1.
search tree are merged (implicity performing a kind of for-  To perform computations in Bayesian networks, we use the
malised caching); this enables constraint programming techsemiringA = (IR", 0, 1, +, x), whereIR™ is the set of non-
niques to be used, making SLDDs a combination of a form ohegative real numbers. As is well known, computation in
dynamic programming and search-based approaches usedBayesian network§Pearl, 1988; Shenoy and Shafer, 1p90

constraint programming. can be performed by computing projections of combinations
of such A-valuations, where eacH-valuation represents a
2 Semiring Valuations conditional probability table of a variable given its parents in

the Bayesian network. In particular, the marginal probability
that variableX is assigned te: is given byC{X}(z). This
semiring can also be used to count the solutions in a CSP as
aC“D, by restricting the input semiring values to beihgr 1.

Semirings consist of a set with two operatiogsand &,
which are both associative and commutative and suchghat
distributes overs. Here we also assume a unit element and
null element. Tupled = (4,0, 1,4, ®) is said to be aemir-
ing if A is a set containing different elemertand1 and® . .
andw are operations oA satisfying the following properties: 3 ~Constructing an SLDD Representing a
® is associative and commutative with identitys is asso- Combined Semiring Valuation

ciative and commutative with identi®, which is also a null

chmene i1 00 sstbar WL D st e,
o o ’ o _ " ticular sense, the combinati®h = Q). ¢ of a multisetC
Semiring valuations. Let V' be a finite set of variables. For of 4-yaluations, wherel = (A,0,1,8,®) is a given semir-
eachX e V' let D(X) be the domain (i.e., the set of possible jng. The SLDD is a directed acyclic graph, where the edges
assignments) ok. ForU C V let the set of partial tuples  gre |abelled with elements iA. As we'll show in Sections 4
D(U) = [[x ey D(X) be the set of possible assignments toan 5, this representation can then be used to perform certain
set of variabled/. A complete assignment is an element of jyportant computations.
D(V). Foru € D(U) andW C U, u!" is the projection  The construction of the SLDD is very similar to that
of u onto variablesV, so that for allX € W, u''"(X) = of a search tree generated by chronological backtracking;
u(X). N _ the difference is that when we generate an edge we use a
Let A = (A4,0,1,&,®) be a semiring. AnA-valuation  certain conditiorforward neighbourhood interchangeability
c associates a semiring value with each of a particular set qgefined below, extending the definition of neighbourhood in-
partial tuples:c is a function fromD(V.) to A, where set of  terchangeability in the introduction) to test if we can avoid
variablesV. C V' is called thescopeof c. If u € D(U)is  creating a new node, but instead connect the edge to an al-
an assignment to set of variablEscontainingV;, we may  ready existing node.
write c(u) as an abbreviation for(u'"*). The semiring op- | et/ C V be a set of variables. Define a valuatios C
erations allow one to define a combination and a projectiofg beactive(with respect tdJ) if its scope intersects botti
operation on semiring valuations. The combinatiah ¢’ of  andV — 7. For active valuatior:, define, foru € D(U),
A-valuationsc and¢’ is defined to have scope. U Vs, and  4.yaluatione, to be the ‘slice’ ofc given by assignind/ to
by, (c® ) (u) = c(u) @ ¢ (u), i.e.,c(ut"e) @ ' (utVe"), for
each assignmentof V. U V... ® is a commutative and asso-  *A more general definition of SLDDs is given [vilson, 2004,
ciative operation omi-valuations (o). If C'is a multiset of  with a corresponding version of Theorem 1.

We will show how to construct a structutealled asemiring-
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u; that is, the scop&,, of ¢, is V. — U, and for all assign-
ments oft to V.., ¢, (¢) is defined to be(ut) (whereut is the
concatenation of tuplesandt). Assignments, andv’ to set
of variablesU are said to bdorward neighbourhood inter-
changeabldwith respect taC) if for all active A-valuations
¢, the slicesc, andc,, are equal. Roughly, what this im-
plies is that the subproblems corresponding:tand«’ are

the same, so there is no need to solve them more than once

A semiring-labelled decision diagram (over set of vari-
ablesV) is defined to be am-decision diagram (oveV’)
for some semiringd = (4,0,1,9,®). An A-decision dia-

define the4-valuationcs by, forv € D(V), cs(v) = a(my).
The SLDD is said toepresent4-valuationcs.

Theorem 1 Let. A be a semiring and lef’ be a multiset” of
A-valuations over variable¥’. LetS be an.4-decision dia-
gramS constructed as above. ThéhrepresentC = @ C
and C!? = 3" _a(r), where the sum is over all complete
paths inS.

In the next section it is shown how to compute such sums
efficiently.
Note that ‘dynamic variable ordering’ can be used, i.e., the

gram consists of a directed acyclic graph with a unique earliorder of variables can differ between paths. We can also adapt

est (parent-less) nodmurce and a unique latest (childless)
nodesink . Each edge is labelled with a valuex(\) in the

constraint programming techniques to improve the efficiency.
We can use propagation e.g., maintaining arc consistency for

semiring (defined below). A complete path is defined to bethe zerodWilson, 2004. Furthermore, the SLDD can, like a

a maximal (directed) path, that is, a path fr@ource to

sink .

search tree, be generated in a depth-first fashion: this is nat-
ural when we're attempting to solve a CSP; the construction

Nodes and edges are both labelled with various pieces afan be terminated when a solution is found.
information, as described below. Associated with each node To facilitate merging, for partial tuple we can represent

r (other thansink ) is a variableX,., which is the variable
that is about to be instantiated. Al&B is the set of variables
associated with nodes on any (directed) path farce
tor.

We start off by creating the nodsource , and define
Usource = 0, andusource to be the trivial assignment

the collection of slicegc,, : c active} as a stringr(u) of el-
ements in the semiring. Then, foru’ € D(U), tuplesu and

v’ are forward neighbourhood interchangeable if and only if
o(u) = o(u'). For set of variable§/, we can incrementally
construct drie (a tree of strings) storing eaeh(w,.) for all
nodesr with u, € D(U); this enables efficient generation

to the empty set of variables. We also choose some variablef each edge of the SLDD. For valuations represented exten-

Y € V, and setXsource = Y. The construction pro-

sionally, definesize(C') to be} . size(c), wheresize(c) is

cess works by choosing a node already constructed, and cothe cardinality of the scope efmultiplied by the number of
structing the (directed) edges coming from the node, and thaon-zero tuples ir. An upper bound for the time needed to
nodes at the end of the edges. At each point we choose a nodenstruct the SLDD is then proportionaldiae(C) x size(S),

r # sink  which has currently no children (i.e., no edges em-

wheresize(S) is the number of edges of the SLDD. In par-

anating from it). If there is no such node, the construction isticular, if the size of the SLDD is polynomial in, for some

complete.

For each assignmentto X,. we create a (directed) edge
A from r with associated assignment, = z, (and define
X, = X,) and set of variable¥, = U, U {X,}, and as-
signmentuy to U, which isu, extended with assigning
to X,.. The semiring valuex()) is defined to beX)_ c(u»)
where the semiring product is over alke C which are ‘just
instantiated’, i.e., such tha, € V. C U,.

parametrised family of problems depending on the number of
variablesn, then constructing the SLDD is polynomial.

When is the SLDD compact?

The crucial factor in the determining the efficiency of our
approach is the size of the SLDD; if the SLDD is compact,
then it can be efficiently constructed and the operations are
efficient. The SLDD will tend to be compact (compared to

If Ux =V, so that all the variables have been instantiatedthe associated search tree) in situations where many differ-

we connect the end oftosink . If a(\) = 0 we also set the
end of\ to besink . If a()\) # 0, and we can find previously
created node’ such thatu, andu,. are forward neighbour-
hood interchangeable (this requires al$p = U,-), we set
the end of) to ber’. We call this‘merging’, since it cor-

ent partial instantiations lead to equivalent subproblems (and
so a standard search-based technique would solve the same
subproblem many times). There are many kinds of situations
where the problem structure causes this to happen.

We give a class of examples to illustrate that the con-

responds to merging nodes in a decision tree. Otherwise W&ructed semiring-labelled decision diagram can be compact,
create a new node/, setu,. = uy, U, = U, and choose  even if it represents an exponential number of non-zero com-
someX,, € V — U,-. To aid future ‘merging’, we also store pjete assignments (e.g., solutions of a CSP). In these cases the

with the node’ the slices:,, ,, for active valuations.

size of the SLDD is linear in the number of variables, whereas

Following a (directed) path thus corresponds to an asthe size of the corresponding search tree is exponential.

signment to a set of variables; also a complete assignme
v € D(V) determines @omplete patlfi.e., a (directed) path
from source tosink ), by following, from each node,
the edge associated with valuex.,.).

The semiring valuex(w) associated with a path is the

rIl—_IxampIe. LetV = {Xy,...,X,}, where the size of each

domain is at mostl. Let C be a multiset ofA-valuations,
for some semiring4, such that the scope of each valuation

2Even for random (binary) CSPs, it has been demonstrated ex-

semiring product of the semiring values associated with eacBerimentally that the size of the SLDD representation can be sev-

edge in the path, i.e®, .. a(A). This might be thought of
as the cost of following path. For .4-decision diagran®
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eral orders of magnitude smaller than the size of the corresponding
search tree (this happens when the problems are sparse and loose).
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involves variables which are at mgstpart (where is con-  source , for eachr # source , define
stant and fairly small): for alt € C, max{i : X; € V.} —

min{i : X; € V.} < p. This might arise, for example, in a fr)= P (") @al” —r)).

problem where there is a temporal component, with the in- 2

dex: related to time. We can generate dndecision dia- . L .
gram using the fixed variable orderidgy, .. ., X,, (i.e., the where the semiring summation is over all edgé&swhich

variables appear in that order in all paths). Lebe such Point tor. Because the SLDD is a directed acyclic graph
thatp < j < n, and consider any assignmentgnd’ to v_wth source being the unique parent-less n_ode, thls_ de-
set of variabled/ = {Xi,...,X;}. If uandu’ agree on fines f(r) for eachr unambiguously. Symmetrically, define
their lastp variables, i.e.u(X;) = u'(X;) for all i such that  9(Sink ) = 1, and, working backwards fromink , define,
j—p < i< j,then they are forward neighbourhood inter- fOr 7 # Sink -, g(r) = @, . (a(r — 1) @ g(r")), where
changeable, since for any activevaluationc, u andu’ agree  tN€ Semiring summation is over all edges- »* emanating
on the scope of, S0, = ¢, This implies that the construc- rom . Furthermore, for each nodea/nd edge: — 7, de-
tion of the SLDD will produce at most” nodes at ‘levelj, ~ fiN€A(r) = f(r) ® g(r), andh(r — 1) = f(r) ® a(r —
and an upper bound for the size of the SLDD is hemg&e™; 7 )@ g(r").

this is linear inn, sinced andp are constants. For the CSP Proposition 1 Let be a node and leA be an edge in the
case, the number of solutions will often be exponential,in 5| pp. If # source then f(r) = @, a(r) where the
and hence exponential in the size of the SLDD. Many Operagemiring summation is over all pathsfroﬂm source tor.
tions, such as counting the number of solutions, or finding afy, particular, f(sink ) is the semiring sum ofi(r) over
optimal solution for more general semirings (see Section S)| paths fromsource ~ to sink . Similarly, if  # sink
can be achieved in time linear in even though an exponen- g(r) = @. a(r), where the semiring summation is over
tial number of assignments are being reasoned about. all paths fromr to sink . Also, ifr ¢ {source ,sink },

A similar argument leads to an upper bound on the size ofi(r) = @, «(m) where the semiring sum of(7) is over all
the SLDD of the same form, but in terms mdthwidth[Bod- ~ complete paths passing through nadeFurthermore,i(\)
laender, 1998 for arbitrary multisets of semiring valuations is equal to the semiring sum of 7) over all complete paths
(A fixed variable ordering used to generate an SLDD giveswyhich include the edgs.

rise to a corresponding path decomposition.
! ponding p position.) This proposition generalises proposition 8 [@milhas-

Other examples. Certain problems involving permutations tre et al, 2004, and the definitions off and g are gener-

can also lead to relatively compact SLDDs; for example,alised forms of functions in definition 10 ¢Amilhastreet

counting the number of linear orders which extend a giveral., 2003.

partial ordefvan Dongen, 2004 The structure of the prob- Note that the number of semiring operations needed to

lem ensures that the SLDD decomposes the problem (simeompute functiong, g andh islinear in the size of the SLDD

larly to a dynamic programming approach), reducing a fac-

torial prob_lem to an expon_ential one—which can be a huge; Computations Using an SLDD

reduction in time complexity, but at the cost of large space

requirements. Similar remarks apply to solvingehearsal In this section we show how the SLDD representation can

problem (CSPLib http://iwww.csplib.org/ problem  be used to perform important computations: projections and

number 39). Compact structures with a form similar to anfinding optimal solutions. lfiWilson, 2004 we also showed

SLDD can also be used for enforcing generalised arc conhow the SLDD can be used for randomly picking a solution of

sistency for many forms of global constraints e[Pesant, a CSP with uniform probability (by using an algorithm with

2004. a very similar structure to that described below for finding
an optimal solution). It is assumed that we have an SLDD
representation of a functio® : D(V) — A, based on a

4 Propagation of Semiring Values in SLDD semiring A = (A, 0,1, ®, ®); we also assume that we have
computed the associated functigfsy andh, as described in

The purpose of this section is to show how to efficiently per-the last section.

form various technical computations in an SLDD, in partic- . L

ular, the sum of the semiring values over (i) all completed-1 Performing Projections

paths, (ii) all complete paths which pass through a particuas mentioned above, computing the projection of the com-
lar node, (iii) all complete paths which pass through a partichination of a multiset of semiring valuations is important
ular edge. The algorithms are immediate generalisations gbr many different applications. It gives what is called in
a classic shortest path algorithm (and the application to thegistareiliet al., 1997 the ‘solution’ of a semiring-based con-
weighted CSP semiring/V U {0, oo}, oo, 0, min, +) reduces  straint problem, and can be used for generating implied soft
to this shortest path algorithm). constraints in an idempotent semiring-based ¢BiBtarelli
Suppose we have ad-decision diagram, with semiring et al, 2004. Projecting to the empty set of variables can be
A = (A,0,1,®,®). We associate with each nodetwo used, for example, for computing the weight of the best so-
semiring valuesf(r) and g(r), which are defined induc- lution in a weighted CSP, or for counting solutions of a CSP.
tively. Define f(source ) = 1, and, working forwards from Projection to a singleton set determines the possible values
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of a variable for CSPs, and analogously for other semiring-\ to sink and resettingx(\) to 0), since such an edge is
based CSPs; for the Bayesian network semiring it computesot part of any optimal complete path. For certain addition-
a marginal of the Bayesian network. is-max semirings (in particular, a fuzzy semiring with
The lemma below shows how the projection@bnto the  equallingmin, or alternatively, if® is strictly monotonic),
empty set and to singleton sets can be computed efficiently. the resulting network has the property tleatery complete

follows easily from proposition 1. path is optimal (ignoring edgeswith «(A) = 0). This then
Lemma 1 Suppose and-decision diagram on set of vari- 9ives considerable flexibility in generating optimal solutions
ablesV (with associated functiong, g andh) representsd-  In an interactive setting, such as guiding a user in solving a

valuationC. Let X € V be a variable, and: € D(X)bea  configuration problem.
value ofX. Then ()C'? = f(sink ) = g(source ); and _ _
(i) CH¥¥(2) = @,cq, h(N), whereA, is the set of edges 6 Discussion

associated with assignment = - N As well as the representation fAmilhastreet al,, 2004,

So to computeC! ¥} (z) requireg A, | — 1 semiring sum-  which they directly generalise (see Section 1), SLDDs are
mations. To compute the projections onto every single varirelated to several other computational approaches, includ-
able, i.e., computing>{X} (z) for all variablesX and allits  ing search-based approaches for solving CSPs, and join
valuesr, requires a semiring summation for each edge in tharee/hypertree-based decomposition methods, and AND/OR
SLDD, so can be computed in time linear in the size of thesearch graphs. We very briefly discuss these relationships be-
SLDD. low.

Adding unary semiring valuations. Suppose we receive a  Our construction of the SLDD in Section 3 is different from
new set of semiring valuations, all of which are unary (i.e.,the way that the representation[iéimilhastreet al, 2007 is

the scope of each is a single variable) which we want to comgenerated or similar representations such as Binary Decision
bine with the previous combinatio&. It can be seen that Diagrams[Bryant, 198% and that off Vempaty, 1992 The

the same graphical structure can be used, but where we julstiter involve building up the representation by adding the
change the semiring values on the edges. This can be usednstraints incrementally, giving representations of subsets
for computing more general projections; it also has applicaof the constraints. SLDDs could also be generated in a sim-
tions in in dynamic soft CSPAmilhastreet al, 2004, and ilar way; however, the construction in Section 3 takes all the
for conditioning, and hence inference, in a Bayesian networkgonstraints (semiring valuations) into account at once. This

and computing most probable explanatipRearl, 1988 can sometimes be advantageous; in particular, when search-
- . . ing for a single solution of a CSP, the SLDD need have time

5.2 Finding optimal solutions complexity at most polynomially worse than a standard CSP

In this subsection we only consider semiringé =  search approach (such as chronological backtracking whilst

(A,0,1, 4, ®) with a special property: that for all, 5 € A,  maintaining arc consistency), whereas the experimental re-
eithera ® 8 = aora @ f = §. SemiringsA satisfying  sults of[Pan and Vardi, 20Q4seem to suggest that a BDD
this property are said to satisfy thedition-is-maxproperty.  approach can be exponentially worse than a search approach.
We can then define a total order on A given bya > SLDDs often have large storage requirements, but they can
if and only if « @ 3 = . Any valuation structure, as de- involve very much fewer nodes (and need never involve more
fined in definition 11 of Bistarelliet al, 1999, gives rise to  nodes) than a search tree approach. As illustrated by the ex-
a semiring satisfying addition-is-max, by using the order relaample in Section 3 (and by the application [iAmilhastre

tion to define® (note that we are writing the order the oppo- et al, 2009), certain problems with a very large number of
site way round). Hence the approach in this section applies tgolutions (i.e., non-zero complete assignments) can have an
any valued CSPEBistarelliet al, 1999, including weighted  SLDD of manageable size, leading to efficient computation;
CSPs, fuzzy CSPs and lexicographic CSPs, as valued CSBssearch-based method will often then not be feasible if one
can be represented as multisets4s¥aluations whered sat-  wants to compile the set of solutions, or count the number of
isfies addition-is-max. solutions.

Complete assignmente D (V') is defined to be optimal if ~ perhaps the most-studied general approach for this kind
C(v) = C(v') forallv' € D(V). This happensif and only if - of problem is the join tree (or hypertree decomposition) ap-
C(v) = C!?. To generate any optimal complete assignmenproach, e.g., the general framework of Shenoy and Shafer
v € D(V) is very fast: linear im, the number of variables: [Shenoy and Shafer, 19p®ucket Elimination[Dechter,
we start with nodesource as the current node, and itera- 1999, and non-serial dynamic programmitBertele and
tively pick a child of the current node, satisfying the following Brioschi, 1972. Whether a join tree approach or a decision
condition, until we reaclink : we pick any child-’ of cur-  diagram approach is more efficient depends very much on the
rent node- with maximum value of(7) @ a(r — r")®@g(r’)  form of the problem; a join tree approach may be more ef-
(among children ofr), wherer is the path chosen so far, ficient if there is appropriate topological structure, but little
fromsource tor. The associated complete assignment will structure which is more value-specific; a decision diagram
be optimal, and conversely, any optimal complete assignmenfpproach looks liable to be more efficient if there is a good
can be generated in this way. deal of value-specific structure (e.g., of the form of ‘context-

If we are only interested in optimal solutions, we could specific independencéBoutilier et al, 1994, defined in a
eliminate each edge with h()\) < C? (by connecting such Bayesian network context), leading to a compact decision di-
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agram. See also discussioniilson, 2004. 11th European Symposium on Programming (ESQ&9-
An SLDD is similar in form to an OR search graph, a ture Notes in Computer Science (LNCS), pages 53-67.
special case of AND/OR search graphgechter and Ma- Springer, 2002.

teescu, 200]4.the latter are also closely related to the d-[godlaender, 1993Hans L. Bodlaender. A tourist guide
DNNF formalism—see e.g[Darwiche, 200, and Case- through treewidthActa Cyberneticall:1-21, 1993.
Factor DiagramgMcAllester et al, 2004. SLDDs can be . . .

extended to also include AND nodes; these can be used whaReutilier etal, 1994 C. Boutilier, N. Friedman, M. Gold-
the sliced constraints associated with a node can be parti- S2Midt, and D. Koller. Context-specific independence in
tioned into (e.g., two) sets with non-overlapping scopes; there BaYesian networks. IRroc. UAI9G pages 115-123, 1996.
is no longer a unique final nodenk , and the computation [Bryant, 1986 R. E. Bryant. Graph-based algorithms for
generalises that of functiog, starting from the sink nodes ~ Boolean function manipulation.IEEE Transactions on
and working backwards, with semiring producbeing used Computers35(8):677-691, 1986.

to combine the semiring values of the branches of an ANDO[Bryant, 1995 R. E. Bryant. Binary Decision Diagrams and
node. This sometimes leads to a still more compact repre- peyond: enabling technologies for formal verification. In
sentation, but with reduced functionality (as not all the tech-  proceedings of the 1995 IEEE/ACM international confer-
niques in Section 5 extend). ence on Computer-aided desjgrages 236—243, 1995.

Summary [Darwiche, 2002 A. Darwiche. A logical approach to fac-
) ) o _ toring Belief Networks. IrProc. KR2002pages 409-420,
This paper introduces and develops semiring-labelled deci- 2002,

sion diagrams (SLDDs); this computational tool, combining[
. ; . . Dechter and Mateescu, 2J0R. Dechter and R. Mateescu.
a form of dynamic programming with a constraint program- Mixtures of deterministic-probabilistic networks and their

ming approach, can be used to solve a variety of important ;
computational problems for (soft or ordinary) constraints and andfor search space. Rroceedings of UAIG2004.

uncertainty. For problem instances with appropriate struclDechter, 199p R. Dechter. Bucket elimination: A unify-
ture, the SLDD will be compact, and hence be an efficient ing framework for reasoningArtificial Intelligence 113,
approach, for example, for solving constraints problems, op- 1999.

timisation, and knowledge compilation. [Freuder, 19911 E. C. Freuder. Eliminating interchangeable
values in constraint satisfaction problems.Piroc. AAAI-
Acknowledgements 91, pages 227-233, 1991.
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Abstract

In this paper, we try to further demonstrate that the
models of random CSP instances proposed by [Xu
and Li, 2000; 2003] are of theoretical and practical
interest. Indeed, these models, called RB and RD,
present several nice features. First, it is quite easy
to generate random instances of any arity since no
particular structure has to be integrated, or property
enforced, in such instances. Then, the existence of
an asymptotic phase transition can be guaranteed
while applying a limited restriction on domain size
and on constraint tightness. In that case, a thresh-
old point can be precisely located and all instances
have the guarantee to be hard at the threshold, i.e.,
to have an exponential tree-resolution complexity.
Next, a formal analysis shows that it is possible
to generate forced satisfiable instances whose hard-
ness is similar to unforced satisfiable ones. This
analysis is supported by some representative results
taken from an intensive experimentation that we
have carried out, using complete and incomplete
search methods.

1 Introduction

Over the past ten years, the study of phase transition phenom-
ena has been one of the most exciting areas in Computer Sci-
ence and Artificial Intelligence. Numerous studies have es-
tablished that for many NP-complete problems (e.g., SAT and
CSP), the hardest random instances occur, while a control pa-
rameter is varied accordingly, between an under-constrained
region where all instances are almost surely satisfiable and an
over-constrained region where all instances are almost surely
unsatisfiable. In the transition region, there is a threshold
where half the instances are satisfiable. Generating hard in-
stances is important both for understanding the complexity
of the problems and for providing challenging benchmarks
[Cook and Mitchell, 1997].

Another remarkable progress in Artificial Intelligence has
been the development of incomplete algorithms for various
kinds of problems. And, since this progress, one important
issue has been to produce hard satisfiable instances in or-
der to evaluate the efficiency of such algorithms, as the ap-
proach that involves exploiting a complete algorithm in order
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to keep random satisfiable instances generated at the thresh-
old can only be used for instances of limited size. Also, it has
been shown that generating hard (forced) satisfiable instances
is related to some open problems in cryptography such as
computing a one-way function [Impagliazzo er al., 1989;
Cook and Mitchell, 1997].

In this paper, we mainly focus on random CSP (Constraint
Satisfaction Problem) instances. Initially, four “standard”
models, denoted A, B, C and D [Smith and Dyer, 1996;
Gent et al., 2001], have been introduced to generate random
binary CSP instances. However, [Achlioptas ef al., 1997]
have identified a shortcoming of all these models. Indeed,
they prove that random instances generated using these mod-
els suffer from (trivial) unsatisfiability as the number of vari-
ables increases. To overcome the deficiency of these standard
models, several alternatives have been proposed.

On the one hand, [Achlioptas et al., 1997] have proposed a
model E and [Molloy, 2003] a generalized model. However,
model E does not permit to tune the density of the instances
and the generalized model requires an awkward exploitation
of probability distributions. Also, other alternatives corre-
spond to incorporating some “structure” in the generated ran-
dom instances. Roughly speaking, it involves ensuring that
the generated instances be arc consistent [Gent et al., 2001]
or path consistent [Gao and Culberson, 2004]. The main
drawback of all these approaches is that generating random
instances is no more quite a natural and easy task.

On the other hand, [Xu and Li, 2000; 2003], [Frieze
and Molloy, 2003] and [Smith, 2001] have revisited stan-
dard models by controlling the way parameters change as
the problem size increases. The alternative model D scheme
of [Smith, 2001] guarantees the occurrence of a phase tran-
sition when some parameters are controlled and when the
constraint tightness is within a certain range. The two re-
vised models, called RB and RD, of [Xu and Li, 2000;
2003] provide the same guarantee by varying one of two con-
trol parameters around a critical value that, in addition, can be
computed. Also, [Frieze and Molloy, 2003] identify a range
of suitable parameter settings in order to exhibit a non-trivial
threshold of satisfiability. Their theoretical results apply to bi-
nary instances taken from model A and to “symmetric” binary
instances from a so-called model B which, not corresponding
to the standard one, associates the same relation with every
constraint.
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The models RB and RD present several nice features:

e it is quite easy to generate random instances of any arity
as no particular structure has to be integrated, or prop-
erty enforced, in such instances.

o the existence of an asymptotic phase transition can be
guaranteed while applying a limited restriction on do-
main size and on constraint tightness. For instances in-
volving constraints of arity k, the domain size is required
to be greater than the k*” root of the number of variables
and the (threshold value of the) constraint tightness is
required to be at most %

e when the asymptotic phase transition exists, a threshold
point can be precisely located, and all instances gener-
ated following models RB and RD have the guarantee
to be hard at the threshold, i.e., to have an exponential
tree-resolution complexity.

e it is possible to generate forced satisfiable instances
whose hardness is similar to unforced satisfiable ones.

This paper is organized as follows. After introducing mod-
els RB and RD, as well as some theoretical results (Section
2), we provide a formal analysis about generating both forced
and unforced hard satisfiable instances (Section 3). Then, we
present the results of a large series of experiments that we
have conducted (Section 4), and, before concluding, we dis-
cuss some related work (Section 5).

2 Theoretical background

A constraint network consists of a finite set of variables such
that each variable X has an associated domain denoting the
set of values allowed for X, and a a finite set of constraints
such that each constraint C' has an associated relation denot-
ing the set of tuples allowed for the variables involved in C.

A solution is an assignment of values to all the variables
such that all the constraints are satisfied. A constraint network
is said to be satisfiable (sat, for short) if it admits at least a
solution. The Constraint Satisfaction Problem (CSP), whose
task is to determine if a given constraint network, also called
CSP instance, is satisfiable, is NP-complete.

In this section, we introduce some theoretical results taken
from [Xu and Li, 2000; 2003]. First, we introduce a model,
denoted RB, that represents an alternative to model B. Note
that, unlike model B, model RB allows selecting constraints
with repetition. But the main difference of model RB with
respect to model B is that the domain size of each variable
grows polynomially with the number of variables.

Definition 1 (Model RB) A class of random CSP instances
of model RB is denoted RB(k,n,c,r,p) where:

e k > 2 denotes the arity of each constraint,
e n denotes the number of variables,

o « > 0 determines the domain size d = n® of each vari-

able,

r > 0 determines the number m = r.n.Ilnn of con-
straints,

1 > p > 0 denotes the tightness of each constraint.
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To build one instance P € RB(k,n,a,r,p), we select with rep-
etition m constraints, each one formed by selecting k distinct
variables and p.d® distinct unallowed tuples (as p denotes a
proportion).

When fixed, o and r give an indication about the growth
of the domain sizes and of the number of constraints as n
increases since d = n® and m = rnlnn, respectively. It is
then possible, for example, to determine the critical value p,,
of p where the hardest instances must occur. Indeed, we have
Per =1 — e~ /" which is equivalent to the expression of p.,.
given by [Smith and Dyer, 1996].

Another model, denoted model RD, is similar to model RB
except that p denotes a probability instead of a proportion.
For convenience, in this paper, we will exclusively refer to
model RB although all given results hold for both models.

In [Xu and Li, 20001, it is proved that model RB, under cer-
tain conditions, not only avoids trivial asymptotic behaviors
but also guarantees exact phase transitions. More precisely,
with Pr denoting a probability distribution, the following the-
orems hold.

Theorem 1 Ifk, o > % andp < % are constants then

lim Pr[P € RB(k,n,a,r,p)is sat] = { (1) z{‘; i :f”'

where r., = —ﬁ.

Theorem 2 Ifk, a > % and per < % are constants then

' . . 1 if p<per
lim Pr(P € RB(k,n,a,r,p) is sat ] = { 0 if p> per

e
where po, =1 —e" r.

Remark that the condition p., < % is equivalent to

ke~ > 1 given in [Xu and Li, 2000]. Theorems 1 and 2
indicate that a phase transition is guaranteed provided that the
domain size is not too small and the constraint tightness or the
threshold value of the constraint tightness not too large. As
an illustration, for instances involving binary (resp. ternary)
constraints, the domain size is required to be greater than the
square (resp. cubic) root of the number of variables and the
constraint tightness or threshold value of the tightness is re-
quired to be at most 50% (resp. =~ 66%).

The following theorem establishes that unsatisfiable in-
stances of model RB almost surely have the guarantee to be
hard. A similar result for model A has been obtained by
[Frieze and Molloy, 2003] with respect to binary instances.

Theorem 3 If P € RB(k,n,a,r,p) and k, o, r and p are con-
stants, then, almost surelyl, P has no tree-like resolution of
length less than 2™,

The proof, which is based on a strategy following some re-
sults of [Ben-Sasson and Wigderson, 2001; Mitchell, 2002],
is omitted but can be found in [Xu and Li, 2003].

To summarize, model RB guarantees exact phase transi-
tions and hard instances at the threshold. It then contradicts

"We say that a property holds almost surely when this property
holds with probability tending to 1 as the number of variables tends
to infinity.
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the statement of [Gao and Culberson, 2004] about the require-
ment of an extremely low tightness for all existing random
models in order to have non-trivial threshold behaviors and
guaranteed hard instances at the threshold.

3 Generating hard satisfiable instances

For CSP and SAT, there is a natural strategy to generate forced
satisfiable instances, i.e., instances on which a solution is im-
posed. It suffices to proceed as follows: first generate a ran-
dom (total) assignment ¢ and then generate a random instance
with n variables and m constraints (clauses for SAT) such
that any constraint violating ¢ is rejected. ¢ is then a forced
solution. This strategy, quite simple and easy to implement,
allows generating hard forced satisfiable instances of model
RB provided that Theorem 1 or 2 holds. Nevertheless, this
statement deserves a theoretical analysis.

Assuming that d denotes the domain size (d = 2 for SAT),
we have exactly d” possible (total) assignments, denoted by
ti,ta, -+ ,tqn, and d>" possible assignment pairs where an
assignment pair < t;,t; > is an ordered pair of two assign-
ments ¢; and t;. We say that < ¢;,t; > satisfies an instance if
and only if both ¢; and ¢; satisfy the instance. Then, the ex-
pected (mean) number of solutions E;[N] for instances that
are forced to satisfy an assignment ¢; is:

(V] & Pr[< byt >]
! B ; PI"[< ti, ty >]
Jj=1

where Pr[< ¢;,t; >] denotes the probability that < t;,%; >
satisfies a random instance. Note that E';[IN] should be inde-
pendent of the choice of the forced solution ¢;. So we have:

E PI‘[< ti,t; >}
1<i j<dn
E¢IN| = =
sIN] dnPr[< t;, t; >]

E[N?]
E[N]

where E[N?] and E[N] are, respectively, the second moment
and the first moment of the number of solutions for random
unforced instances.

For random 3-SAT, it is known that the strategy mentioned
above is unsuitable as it produces a biased sampling of in-
stances with many solutions clustered around ¢ [Achlioptas et
al., 2000]. Experiments show that forced satisfiable instances
are much easier to solve than unforced satisfiable instances.
In fact, it is not hard to show that, asymptotically, E[N?] is
exponentially greater than E2[N]. Thus, the expected num-
ber of solutions for forced satisfiable instances is exponen-
tially larger than the one for unforced satisfiable instances.
It then gives a good theoretical explanation of why, for ran-
dom 3-SAT, the strategy is highly biased towards generating
instances with many solutions.

For model RB, recall that when the exact phase transi-
tions were established [Xu and Li, 2000], it was proved
that E[N2]/E?[N] is asymptotically equal to 1 below the
threshold, where almost all instances are satisfiable, i.e.
E[N?]/E?[N] ~ 1 forr < re or p < p.. Hence, the
expected number of solutions for forced satisfiable instances
below the threshold is asymptotically equal to the one for un-
forced satisfiable instances, i.e. Ef[N| = E[N?]/E[N] ~
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E[N]. In other words, when using model RB, the strategy
has almost no effect on the number of solutions and does not
lead to a biased sampling of instances with many solutions.

In addition to the analysis above, we can also study the
influence of the strategy on the distribution of solutions with
respect to the forced solution. We first define the distance
d” (t;,t;) between two assignments ¢; and ¢, as the proportion
of variables that have been assigned a different value in ¢; and
t;. Wehave 0 < df(ti7tj) <1.

For forced satisfiable instances of model RB, with E? [N]
denoting the expected number of solutions whose distance
from the forced solution (identified as ¢;, here) is equal to 9,
we obtain by an analysis similar to that in [Xu and Li, 2000]:

an
Pr[< ti,t; >]

E5 N| = s Y]
7IN] S Pr[<tit; >]

- (23) o1y [( R <1 -5 )ﬂ

= exp [nlnn (rln (1 —-p+p(1 —6)’“) +a6> +O(n)} .

with df(ti, t;) =94

It can be shown, from the results in [Xu and Li, 2000] that
Efc [N], for r < r¢p or p < per, is asymptotically maximized
when § takes the largest possible value, i.e. § = 1.

For unforced satisfiable instances of model RB, with
E%[N] denoting the expected number of solutions whose dis-
tance from ¢; (not necessarily a solution) is equal to J, we
have:

Eé[N} _ (:6> (Tla B 1)115 (1 7p)rnlnn
=exp[nlnn (rin(l —p) + ad) + O(n)].

It is straightforward to see that the same pattern holds for this
case, i.e. E°[N] is asymptotically maximized when § = 1.

Intuitively, with model RB, both unforced satisfiable in-
stances and instances forced to satisfy an assignment ¢ are
such that most of their solutions distribute far from ¢. This in-
dicates that, for model RB, the strategy has little effect on the
distribution of solutions, and is not biased towards generating
instances with many solutions around the forced one.

For random 3-SAT, similarly, we can show that as r (the
ratio of clauses to variables) approaches 4.25, E? [N] and

E%[N] are asymptotically maximized when § ~ 0.24 and
& = 0.5, respectively. This means, in contrast to model RB,
that when 7 is near the threshold, most solutions of forced in-
stances distribute in a place much closer to the forced solution
than solutions of unforced satisfiable instances.

4 Experimental results

As all introduced theoretical results hold when n — oo, the
practical exploitation of these results is an issue that must be
addressed. In this section, we give some representative ex-
perimental results which indicate that practice meets theory
even if the number n of variables is small. Note that different
values of parameters « and r have been selected in order to
illustrate the broad spectrum of applicability of model RB.
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Figure 1: Difference between theoretical and experimental
thresholds against o,  and n

First, it is valuable to know in practice, to what extent,
Theorems 1 and 2 give precise thresholds according to dif-
ferent values of «, r and n. The experiments that we have
run wrt Theorem 2, as depicted in Figure 1, suggest that all
other parameters being fixed, the greater the value of «, r
or n is, the more precise Theorem 2 is. More precisely, in
Figure 1, the difference between the threshold theoretically
located and the threshold experimentally determined is plot-
ted against a € [0.2,1] (d € [2..20]), against r € [0.8,2.5]
(m € [50..150]) and against n € [8..100]. Note that the ver-
tical scale refers to the difference in constraint tightness and
that the horizontal scale is normalized (value 0 respectively
corresponds ton = 8, « = 0.2 and r = 0.8, etc.).
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X,
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0.0 n . . . . . . . .
0.14 0.16 0.18 0.2 0.22 0.24 0.26 0.28 0.3 0.32 0.34 0.36
Tightness (p)

Figure 2: Mean search cost (50 instances) of solving in-
stances in RB(2,{20, 30,40},0.8,3,p)

To solve the random instances generated by model RB, we
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Figure 3: Mean search cost (50 instances) of solving in-
stances in RB(3,{16, 20, 24},1,1,p)

have used a systematic backtracking search algorithm (MAC)
and a local search algorithm (tabu search). Both algorithms
have been equipped with a search heuristic that learns from
conflicts [Boussemart er al., 2004].

We have studied the difficulty of solving with MAC the bi-
nary instances of model RB generated around the theoretical
threshold p., ~ 0.23 given by Theorem 2 for k = 2, & = 0.8,
r = 3 and n € {20,30,40}. In Figure 2, it clearly appears
that the hardest instances are located quite close to the the-
oretical threshold and that the difficulty grows exponentially
with n (note the use of a log scale). It corresponds to a phase
transition (not depicted here, due to lack of space). A similar
behavior is observed in Figure 3 with respect to ternary in-
stances generated around the theoretical threshold p.,, =~ 0.63
fork=3,a=1,7=1andn € {16, 20,24}.

As the number and the distribution of solutions are the two
most important factors determining the cost of solving sat-
isfiable instances, we can expect, from the analysis given in
Section 3, that for model RB, the hardness of solving forced
satisfiable instances should be similar to that of solving un-
forced satisfiable ones. This is what is observed in Figure 2.

To confirm this, we have focused our attention to a point
just below the threshold as we have then some (asymptotic)
guarantee about the difficulty of both unforced and forced in-
stances (see Theorems 5 and 6 in [Xu and Li, 2003]) and the
possibility of generating easily unforced satisfiable instances.
Figure 4 shows the difficulty of solving with MAC both
forced and unforced instances of model RB at p.,, — 0.01 ~
0.40 for k =2, = 0.8, r = 1.5 and n € [20..50].

To confirm the inherent difficulty of the (forced and un-
forced) instances generated at the threshold, we have also
studied the runtime distribution produced by a randomized
search algorithm on distinct instances [Gomes et al., 2004].
For each instance, we have performed 5000 independent runs.
Figure 5 displays the survival function, which corresponds to
the probability of a run taking more than x backtracks, of a

CONSTRAINT SATISFACTION AND SEARCH



10000.00

T T T T
unforced sat and unsat instances
unforced sat instances -
forced sat instances -

1000.00

100.00

10.00

CPU time

1.00

0.10 |

0.01 L L L L L L
20 25 30 35 40 45 50

Number of variables (n)

Figure 4: Mean search cost (50 instances) of solving in-
stances in RB(2,]20..50],0.8,1.5,p., — 0.01)

randomized MAC algorithm for two representative instances
generated at p.,. ~ 0.41 for k = 2, = 0.8, r = 1.5 and
n € {40,45}. One can observe that the runtime distribution
(a log-log scale is used) do not correspond to an heavy-tailed
one, i.e., a distribution characterized by an extremely long tail
with some infinite moment. It means that all runs behave ho-
mogeneously and, therefore, it suggests that the instances are
inherently hard [Gomes ef al., 2004].
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F
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E
E
4
=
w1
0.001
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forced instances --------- ; ]
le-04 . ! . 1 .
10 100 1000 10000 100000 1e+06
Number of backtracks
Figure 5: Non heavy-tailed regime for instances in

RB(2,{40, 45},0.8,1.5,p. = 0.41)

Then, we have focused on unforced unsatisfiable instances
of model RB as Theorem 3 indicates that such instances have
an exponential resolution complexity. We have generated un-
forced and forced instances with different constraint tightness
p above the threshold p., = 0.41 fork =2, =0.8,r = 1.5
and n € [20..450]. Figure 6 displays the search effort of a
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Figure 6: Mean search cost (50 instances) of solving in-
stances in RB(2,[20..4501,0.8,1.5,p)

MAC algorithm to solve such instances against the number
of variables n. It is interesting to note that the search effort
grows exponentially with n, even if the exponent decreases
as the tightness increases. Also, although not currently sup-
ported by any theoretical result (Theorems 5 and 6 of [Xu and
Li, 2003] hold only for forced instances below the threshold)
it appears here that forced and unforced instances have a sim-
ilar hardness.

Finally, Figure 7 shows the results obtained with a tabu
search with respect to the binary instances that have been pre-
viously considered with MAC (see Figure 2). The search ef-
fort is given by a median cost since when using an incomplete
method, there is absolutely no guarantee of finding a solution
in a given limit of time. Remark that all unsatisfiable (un-
forced) instances below the threshold have been filtered out
in order to make a fair comparison. It appears that both com-
plete and incomplete methods behave similarly. In Figure 7,
one can see that the search effort grows exponentially with n
and that forced instances are as hard as unforced ones.

5 Related work

As arelated work, we can mention the recent progress on gen-
erating hard satisfiable SAT instances. [Barthel et al., 2002;
Jia et al., 2004] have proposed to build random satisfiable 3-
SAT instances on the basis of a spin-glass model from statis-
tical physics. Another approach, quite easy to implement, has
also been proposed by [Achlioptas ef al., 2004]: any 3-SAT
instance is forced to be satisfiable by forbidding the clauses
violated by both an assignment and its complement.

Finally, let us mention [Achlioptas et al., 2000] which
propose to build random instances with a specific structure,
namely, instances of the Quasigroup With Holes (QWH)
problem. The hardest instances belong to a new type of phase
transition, defined from the number of holes, and coincide
with the size of the backbone.

341



10000.0

1000.0

100.0

10.0

CPU time (in seconds)

0.1

0.0

unforced sat instances ——
forced sat instances ----»----

0.0 . . . . A
0.14 0.16 0.18 0.2 0.22 0.24 0.26 0.28 0.3 0.32 0.34 0.36
Tightness (p)

Figure 7: Median search cost (50 instances) of solving in-
stances in RB(2,{20, 30,40},0.8,3,p) using a tabu search

6 Conclusion

In this paper, we have shown, both theoretically and practi-
cally, that the models RB (and RD) can be used to produce,
very easily, hard random instances. More importantly, the
same result holds for instances that are forced to be satisfi-
able. To perform our experimentation, we have used some of
the most efficient complete and incomplete CSP solvers. We
have also encoded some forced binary CSP instances of class
RB(2,n,O.8,0.8/ln%,p = per = 0.25) with n ranging from 40
to 59 into SAT ones (using the direct encoding method) and
submitted them to the SAT competition 2004, About 50% of
the competing solvers have succeeded in solving the SAT in-
stances corresponding to n = 40 (d = 19 and m = 410)
whereas only one solver has been successful for n = 50
(d = 23 and m = 544).

Although there are some other ways to generate hard sat-
isfiable instances, e.g. QWH [Achlioptas et al., 2000] or 2-
hidden [Achlioptas er al., 2004] instances, we think that the
simple and natural method presented in this paper, based on
models with exact phase transitions and many hard instances,
should be well worth further investigation.
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Abstract

We present and investigate a new method for the
Traveling Salesman Problem (TSP) that incorpo-
rates backbone information into the well known
and widely applied Lin-Kernighan (LK) local search
family of algorithms for the problem. We consider
how heuristic backbone information can be obtained
and develop methods to make biased local pertur-
bations in the LK algorithm and its variants by ex-
ploiting heuristic backbone information to improve
their efficacy. We present extensive experimental re-
sults, using large instances from the TSP Challenge
suite and real-world instances in TSPLIB, showing
the significant improvement that the new method can
provide over the original algorithms.

1 Introduction

Given a set of cities and the distances between them, the trav-
eling salesman problem (TSP) is to find a complete, minimal-
cost tour visiting each city once. The TSP is a well-known
NP-hard problem with many real-world applications, such as
jobshop scheduling and VLSI routing [5]. The TSP has often
served as a touchstone for new problem-solving strategies and
algorithms; and many well-known combinatorial algorithms
were first developed for the TSP, including the Lin-Kernighan
local search algorithm [10]. In this paper, we consider the sym-
metric TSP, where the distance from a city to another is the
same as the distance in the opposite direction.

Local search (LS) algorithms have been shown very effec-
tive for the TSP. In LS algorithms for the TSP, one defines a
neighborhood structure of tours, in which tour 7' is a neigh-
bor of tour 7" if T' can be changed into 7" by some local
perturbation, such as by exchanging a pair (2-Opt) or triplet
(3-Opt) of edges between cities [9; 10]. Starting from a com-
plete tour, LS repeatedly improves the current tour until it is
the best among its neighbors; such a tour is called a local min-
imum. This process can be applied multiple times using dif-
ferent initial tours. Although LS algorithms do not guaran-
tee the optimality of the best solution found, they have been
routinely applied in practice, and are among the best methods
for the TSP. The best known LS algorithm for the TSP is the
Lin-Kernighan (LK) algorithm [10]. Since its inception three
decades ago, this classic algorithm has inspired much research

*The research was supported NSF grant EIA-0113618.
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on LS. Today, the best LS algorithms for the TSP are its vari-
ants, which include chained and iterated LK algorithms [11;
9; 6]. These algorithms can provide high-quality, near opti-
mal solutions for problems with several thousand cities [9]. It
is nontrivial to find solutions better than those from the Lin-
Kernighan family. Nonetheless, improving these algorithms
is of practical importance; even small improvements can have
substantial financial impacts for many applications, as in man-
ufacturing, where selected TSP tours need to be routinely tra-
versed.

A major deviation of most modern LS variants from the LK
algorithm is the use of starting tours that are closely related
to the previous local minimum or the best tour found so far,
rather than independently generated [9]. Such starting tours
can be typically generated by perturbations to the final tours of
previous runs using neighborhood structures different from the
ones used by the main procedure. For instance, double-bridge
4-Opt moves have been used extensively for this purpose [9].

The intuition behind using chained starting tours in an it-
erated LS is that high-quality local minima tend to reside
in a small vicinity of a neighborhood structure. Therefore,
it is more effective and efficient to search for a better lo-
cal minimum from a known one. This intuition is sup-
ported by the observation that local minima of a good LS
method usually share many common partial structures [1; 2;
10]. Such observations have also led to the “big valley” hy-
pothesis [1], which suggests that high-quality local minima
tend to have many edges in common, forming a single clus-
ter around the optimal tour(s), and that a better local minimum
tends to have more common edges shared with an optimal so-
lution than a worse local minimum.

Besides the iterated LS methods, common structures of lo-
cal minima have been exploited in at least two other ways. The
first is reduction [10], which first collects a small set of local
minima and then locks in the edges appearing in all of them
in the subsequent runs. This method has two effects: it can
speed up the search, as the problem becomes smaller, and pro-
vides a means of directing search among a set of otherwise
indistinguishable tours [10]. In [10], Lin and Kernighan re-
ported experimental results on instances up to 318 cities using
reduction. The second and more recent way to exploit common
structures of local minima is called tour merging [2]. Given a
set of local minima, this method constructs a graph containing
the union of their edges. Thanks to the large number of shared
edges among the local minima, the resulting graph is sparse.
An optimal tour within the sparse graph is then uncovered as
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an approximate solution, which is very often optimal. Our re-
cent algorithm on maximum satisfiability (max-SAT) also ex-
plicitly exploited the information in a cluster of local minima
and incorporated it in the Walksat algorithm [15], resulting in
a significant performance improvement on diverse large max-
SAT problems [16]. The current research was inspired by these
previous results.

Our research was also motivated by the recent advances in
characterizing typical case features of combinatorial problems
by their phase transitions and backbones [7; 12]. A problem
of fundamental importance and practical interest is to utilize
inherent problem information, such as phase transitions and
backbones, in a search algorithm to cope with problem diffi-
culty. The research along this line is limited. Besides the pub-
lished work of utilizing backbone information in local search
for SAT and max-SAT [16], previously published results in-
clude exploiting phase transitions in tree search problems in an
approximation algorithm [13] and applying heuristic backbone
information in a systematic search for SAT [3].

Our new method explicitly exploits the structure of the local
minima of LS algorithms, namely the possible backbone infor-
mation embedded in the local minima, to improve the perfor-
mance of the algorithm. Here, a backbone variable for a TSP
refers to an edge between two cities that appears in all optimal
TSP tours. Unlike the reduction and tour merging methods,
our new heuristic does not freeze the common edges in all lo-
cal minima in subsequent searches; it rather applies estimated
backbone information to guide a local search to the region of
the search space that is more likely to have better approximate,
and hopefully optimal, solutions. Specifically, we treat local
minima from a local search as if they were optimal solutions,
and use edge appearance frequencies to estimate the probabil-
ities of backbone variables. We then apply the estimated back-
bone probabilities to alter the perturbations made by the local
search algorithm so that a variable having a higher backbone
probability will be less likely to be swapped out of the current
tour than a variable having a smaller backbone probability, and
conversely, will be more likely to be swapped in.

The paper is organized as follows: in Section 2, we describe
the general idea of backbone-guided local search for the TSP.
We then in Section 3 discuss the backbone-guided LK algo-
rithms. We present the experimental results in Section 4, dis-
cuss related work in Section 5, and conclude in Section 6.

2 Backbone Guided L ocal Search

If all backbone variables of a TSP were known, they could pro-
vide a useful clue to how edges between two cities should be
swapped in or out during a local search. If an edge is a part of
the backbone, i.e., it appears in all optimal solutions, obviously
the edge should be swapped in if it is not included in the cur-
rent tour. Moreover, we can extend the concept of backbone to
backbone frequency of an edge, which is the percentage of op-
timal solutions that have the edge. This means that a backbone
edge has a backbone frequency of one and an edge that does
not appear in any optimal solutions has a backbone frequency
of zero. Therefore, the backbone frequency of an edge is an in-
dicator of how often that edge should be swapped in (or out) if
itis (or it is not) part of the current tour. This can be exploited
as a heuristic for selecting edges in local search.
Unfortunately, exact backbone frequencies are hard to come
by without solving the problem exactly. The idea to by-
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pass this problem was inspired by the fact that many ap-
proximation algorithms for the TSP, the LK algorithm and
its variants in particular, have superior performance. They
can often reach local minima that are within a small per-
centage of a global optimum and have common structures
shared with a global optimal solution, as discussed in [1;
9]. Therefore, we can treat local minima as if they were op-
timal to compute pseudo-backbonefrequenciesto approximate
the true backbone frequencies. We call this general approach
backbone guided local search or BGLS.

We define the pseudo-backbone frequency of an edge as
the frequency of its appearances in the local minima sampled.
Thus, if S is the set of local minima, and a given edge e ap-
pears in a subset S, of S, the pseudo-backbone frequency of e
is simply |Se|/|S].

Which local minima to use will affect the quality of the
pseudo-backbone frequencies. Ideally, we want the local min-
ima to be an unbiased sample of all high-quality approximate
solutions. One leading factor in reaching such an ideal is the
set of initial tours: the more distinct the starting tours are, the
more different the final tours will generally be. Therefore, even
though local minima reached from greedily generated starting
tours are superior to those reached from random starting tours,
a pseudo-backbone constructed from the latter generally leads
to better overall performance.

Pseudo-backbone information can be incorporated in LS al-
gorithms to “bias” the search. In LS, moves are evaluated by
the difference between the total cost of the edges to be removed
from the tour and the total cost of the edges to be added. If this
value is positive, the move is taken. In backbone guided search,
we can make biased moves in two different ways; one only uses
pseudo-backbone frequencies and the other combines pseudo-
backbone frequencies and the distances between cities. Let
B be the set of backbone edges of a TSP and 7 the set of
local minima from which pseudo-backbone frequencies were
computed. Let X and Y be the candidate set of edges to be
removed and added, respectively, at a step of searching for a
k-Opt move. We prefer to replace X by Y if X has a smaller
possibility of having more backbone variables than Y. If we
assume edges to be independent of each other, we prefer to
replace X by Y if 3°  y P(zi € B|T) < 3,y Plyi €
B|T), where P(z; € B|T) is the backbone frequency of edge
x;, computed from the set of local minima 7. This method has
been shown effective on maximum satisfiability [16].

Unfortunately, local search based exclusively on local per-
turbations using merely pseudo-backbone frequencies is not
very effective on the TSP. One possible factor contributing to
this discrepancy between the TSP and max-SAT is the differ-

ent sizes of their search spaces. The TSP has 2/%| = O(27")
states in its search space, where |E| = n(n — 1)/2 is the num-
ber of edges for an n city TSP. These states are embedded in
a constraint structure, in which, for example, taking one edge
preventing many other edges from being taken. In comparison,
the search space of max-SAT has only 2" states for n Boolean
variables. The estimated backbone frequencies could thus be
less reliable on the TSP than on max-SAT. The deficiency of
local perturbations based purely on pseudo-backbone frequen-
cies indicates that the actual intercity distances should not be
ignored for the TSP. This constitutes one of the main differ-
ences between backbone-guided local search for the TSP and
that for max-SAT.
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In the LK algorithm, moves are evaluated by summing the
costs of the edges to be removed from the current tour, and
subtracting the sum of the costs of the edges to be added. The
same evaluation principle can be applied in backbone guided
LS, but with cost computed differently. Instead of taking the
cost of a given edge to be the distance between two cities, w,
it is taken to be w - (1 — p), where p is the pseudo-backbone
frequency of that edge. Thus, the cost of an edge will decrease
linearly in proportion to its pseudo-backbone frequency. The
extreme cases are edges not in the pseudo-backbone, which
have their original costs (p = 0), and edges in all local minima,
which their costs set to zero (p = 1).

When this method is used, the results can be improved even
more by carrying out regular LK search using original dis-
tances from the local minima found by the biased search. This
is effective because the biased search actually searches in a new
TSP instance that has been created from the original by apply-
ing a “pseudo-backbone transform” to its edge weights. Local
minima in this new instance will not generally correspond to
local minima in the original, so continued search of the origi-
nal graph will improve the results, even after biased search has
reached a local minimum.

Furthermore, pseudo-backbone information can be em-
ployed to generate starting tours. It is known that the effec-
tiveness and speed of local search can be improved by using
greedy starting tours [9]. The greedy tour construction begins
by randomly picking a starting city, and adding the shortest
edge exiting the city to the tour. Then, edges are greedily
added one-by-one until the tour is complete. We can mod-
ify this process to naturally utilize the pseudo-backbone by
redefining the “best” edge in terms of the pseudo-backbone-
transformed weights, rather than the original weights. This
gives us a greedy pseudo-backbone tour generation heuristic.

3 Backbone Guided LK and ILK

Applying the above ideas and considerations to LK, we have
the backbone guided LK algorithm (BGLK). Similar to LK,
BGLK runs many cycles, each of which starts from a new start-
ing tour and reaches a local minimum. Different from LK,
BGLK has two phases. The first is a learning phase that runs
a fixed number of iterations of original LK with random start-
ing tours. The local minima from these runs are used to com-
pute pseudo-backbone frequencies. The second is a backbone-
guided improvement phase where biased &-Opts are utilized.
In addition, in the second phase, biased starting tours can be
used as well to improve local minima and speed up the search.
In our experiments, we found that setting aside 30% of the total
runs for learning was generally effective.

A few issues must be dealt with to combine pseudo-
backbone utilization with ILK, the iterated LK algorithm, in
deriving iterative BGLK (IBGLK). First, pseudo-backbone
must be constructed from “unbiased samples” of local minima.
Since each local minimum found via ILK typically differs in
only a small number of edges from its progenitor, a sampling
of local minima from such a chained process is biased, and
should not be averaged into the backbone. To deal with this,
we construct a backbone in our experiments from 30 indepen-
dent rounds, i.e., restarts, of ILK, each of which is allowed a
smaller number of iterations, such as 1% of the total number of
iterations. Another issue is that we would like to follow each
round of BGLK by a round of regular search using the orig-
inal distances. However, since BGLK uses “weighted” costs,
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it is impossible to ignore potential £-Opts involving only un-
changed cities, as when moving between successive rounds of
ILK with only a single search method. Our solution to this has
been to alternate between BGLK and regular LK at a higher
level of granularity: one of these search mechanisms is em-
ployed until it “fails”, at which point we begin employing the
alternate mechanism until it too “fails”, then switch back to the
original, and the alternation repeats. In this context, we have
defined failure at going through & rounds (restarts) of optimiza-
tion without finding an improved tour. For our experiments, we
have set k = IN/20, where N is the number of cities.

4 Experimental Evaluation

We have carried out two sets of experiments to study differ-
ent ways of applying pseudo-backbone information in BGLS.
In our experiments we used random instances from the TSP
Challenge suite [8], which includes problem classes of uniform
Euclidean (Uniform), clustered Euclidean (Clustered), and dis-
tance matrix (Matrix). We have also used the large instances
from the TSPLIB [14].

We compared BGLK and IBGLK against LK, ILK, the
reduction method of [10], and the search space smoothing
method of [4]. The smoothing method is related because it
modifies the distances of TSP instances in an attempt to make
it easier for local search to eventually reach local minima of
higher quality. It uses a fixed formula, d' = d £ |d — d|*, to
transform distance from d to d’, where d is the average distance
over all original distances, and « takes a series of decreasing
values, typically 5,4, ---,1 to help slowly move from an ini-
tially “smooth” instance, in which all distances look similar
to one another, to the actual problem. We implemented this
method in the LK algorithm for the test.

The particular version of LK-based algorithms that we used
was implemented and provided by Johnson and McGeoch, de-
scribed and analyzed in [9]. We leave the details of the im-
plementation to its original description, while simply pointing
out that all of our tests were carried out with the default settings
for this implementation, namely length-20 neighbor lists for all
levels of the search, don’t-look bits, and the 2-Level Tree tour
representation. We incorporated the reduction method and the
space smoothing method in LK to generate two variants. We
have also followed Johnson and McGeoch [9] in configuring
ILK, allowing it the most flips, 10V, where N is the problem
size. This is our baseline ILK algorithm, abbreviated as I LK-1-
run. In addition, we used two different configurations of ILK
in our experiments: the best of five runs of 2NV iterations (i.e.,
ILK with four random restarts), which is named as ILK-5-runs,
and the best of ten runs of IV iterations, which is called I1LK-10-
runs. We configured IBGLK as follows. It first runs 30 rounds
of ILK, each of which starts from a random tour and is allowed
N/10 iterations. It then executes 70 rounds of ILK with biased
moves and biased greedy initial tours, each of which is also
allocated N/10 iterations. All algorithms used the same total
number of flips to give a relatively fair comparison.

Our experiments were run on 1.6 and 2.0 GHz AMD Ath-
elon machines with 2 gigabytes of memory. All runtimes are
normalized for a 500 Mhz Alpha, as described in [9], so that
our results and the previous results can be directly compared.

4.1 TheTSP Challenge suite
We experimentally validate our claim that BGLS allows local
search methods to reach better local minima, using problem
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N=1000 N=3162 N=10K N=31K N=1000 N=3162 N=10K N=31K
Opti | 0.74 — [ 070 — — — — — Optimal 0.74 — [ 070 — — — — —
K 138 ©8) | 156 @30) | .79 @32 | 183 (2329) TLK-T-run | 082  (58) | 0.78 (294) | 081 (1619) | 089 (8370)
U| Redu | 1.30 (52) | 159 (18.1) | 1.80 (438) | 184  (117.0) U| ILK-5-run | 077 — | 080 — | 080 — | o8 —
Smoo | 1.21 — | 146 — | 158 — | 155 — ILK-10-run | 0.78 — | 082 — | oss — | oes —
BGLK | 107 (121) | 115  (534) | 12 (147.0) | 119 (4412) IBGLK 077 (18 | 077 (a11) | 077 (2311) | 077 (11760)
Opti | 054 — | 059 — — — — — Optimal 054 — | 059 — — — — —
K T8L (2269) | 342 (6250) | 567 (12417) | 563 (30133) TLK-I-tun | 055 (1469) | 062 (6645) | 084 (22859) | 114 (88077)
C| Redu | 151 (1038) | 336 (2907) | 519  (4949) | 601 (1132.8) C| ILK-5-run | 054 — | 062 — | o7 — | 1086 —
Smoo | 216 — | 370 — | 608 — | 608 — ILK-10-run | 054 — | 063 — | or3 — | 101 —
BGLK | 130 (3223) | 254 (10323) | 490 (21208) | 458 (5238.7) IBGLK 055 (1281) | 0.62 (5764) | 078 (23311) | 094 (93759)
Opti | 0.02 — | 0.00 — | 0.00 — — — Optimal 0.02 — | 0.00 — | 000 — — —
K 245 (199) | 387 631 | 530 (3393) = = TCK-T-run | 058 (106) | 134 (860) | 2.70 (8230) = =
M| Redu | 224 (160) | 372 (49.1) | 519  (2703) — — M| ILK-5-run | 0.85 — | 134 — | 209 — — —
Smoo | 1.60 — | 279 — | 427 — — — ILK-10-run | 0.89 — | 104 — | 344 — — —
BGLK | 090 (30.9) | 177  (79.0) | 258  (405.0) — — IBGLK 020 (139) | 079 (1221) | 148 (11360) — —

Table 1: Comparison of LK, reduction, smoothing and BGLK
on problems from the Challenge suite on Uniform (U), Clus-
tered (C) and matrix (M) problem instances. The numbers are
tour costs over Held-Karp bounds in %, and normalized CPU
times in seconds (in parentheses).

instances from the Challenge suite. We examine the results
from four different perspectives.

In the first test, we compared BGLK against LK, LK with
reduction, and LK with search space smoothing. The LK algo-
rithm has 100 runs; the reduction method uses an initial prob-
ing stage of 30-run of LK, followed by 70-run of LK with re-
duction; the smoothing method has 20 runs total, each of which
runs LK five times, for o = 5,4, ---,1. These algorithms all
used greedy initial tours and had a total of 100 runs. BGLK
executes an initial 30-run of LK, using random starting tours,
to learn pseudo-backbone, and then 70 runs of LK with biased
moves and biased initial tours. The sizes N of problem in-
stances are 1000, 3162, 10000, and 31623, increased by a fac-
tor of /10, following the scheme proposed and used in [9]. For
each problem class and size, 100 random problem instances
were used for each algorithm. Table 1 shows the averaged re-
sults. For comparison, percent over the Held-Karp bounds for
optimal tours is listed when known.

As shown, while the reduction and smoothing methods pro-
vide modest improvements over LK in certain instance classes
and sizes, they are respectively the worst among all algorithms
tested on the Euclidean and clustered Euclidean classes. In
contrast, BGLK is consistently superior, outperforming all the
other three methods across all instance classes and sizes. The
improvement of BGLK over these algorithms varies from 0.3%
to 1.7% on the largest problem instances of these classes. Note
that the average running time of BGLK was no more than twice
the time by LK. Interestingly, BGLK actually ran faster than
LK on some instances, presumably due to its faster focus on
promising areas. Note also that the reduction method’s run-
ning times significantly less than that of IL, while the smooth-
ing method’s runtimes are essentially identical to LK’s.

In the second experiment, we compared IBGLK against
ILK (ILK-1-run) and its two variants (ILK-5-runs and ILK-10-
runs). We used the same problem instances as in the first exper-
iment, and computed the results the same way as in that exper-
iment. The results are shown in Table 2, where we adopted the
same reporting scheme as in Table 1. As shown, the two ILK
variations do not provide much improvement over the baseline
ILK, while IBGLK is able to push significantly closer to opti-
mal than ILK for most cases where ILK does not perform very
well. For uniform Euclidean instances, as ILK does not reach
the optimum for these instances, IBGLK has a good chance
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Table 2: Comparison of ILK (ILK-1-run), its variations (ILK-
5-run and ILK-10-run), and IBGLK on problems from the
Challenge suite. The legend and interpretation of the table are
the same as those for Table 1.

to improve tour quality. IBGLK’s performance appears to re-
main constant (i.e., 0.77%) relative to the Held-Karp bound as
the problem size increases, while ILK’s performance degrades.
Although IBGLK runs longer than ILK, due to the extra time
needed to construct and apply the pseudo-backbone, the over-
head never exceeds 50% of ILK’s runtime, and it appears that
IBGLK’s and ILK’s runtimes are asymptotically close to each
other. For clustered problem class, IBGLK, ILK and its vari-
ations’ performances are compatible with one another. Inter-
estingly, IBGLK actually runs faster than ILK on some of the
clustered instances. For this instance class, IBGLS’s lack of
significant improvement over ILK can be attributed to the fact
that ILK is already effective and close to the optimum; there
is little room for improvement. On the distance matrix class,
similarto BGLK versus LK, IBGLK is significantly superior to
ILK on each of the individual instances of different sizes, and
reduces average tour costs by more than 0.6% on the largest
(N = 10,000) instances tested. In addition, among ILK and
its variants, ILK-1-run has the fastest running times, and its
two variants are 5%-10% slower.

In the third experiment, we considered relatively small in-
stances of 1,000 cities and compared the local minima from
LK, ILK and IBGLK against the optimal solutions. We used
100 instances for each of the problem classes in the Challenge
suite. For each instances and each algorithm, we averaged
three runs with different random seeds. As the result shows,
IBGLK generally produces solutions of higher quality on aver-
age. Interestingly, it seems that more powerful search methods
produce not only better, but more diverse solutions, as quanti-
fied by the standard deviations of the Hamming distances be-
tween the structures of local minima and the optimal solutions
(data not shown). Figure 1 graphically shows relative perfor-
mances of ILK and IBGLK on individual instances in the test,
indicating that IBGLK is favorable to ILK on most of the prob-
lem instances.

Additional insight can be gained by an inspection of the
anytime behavior of these algorithms. As shown in Figure 2,
BGLK'’s anytime behavior is remarkably different from that
of LK and its variants. To begin with, LK outpaces BGLK,
since LK is being run from greedy starting tours, while BGLK
must be run from random tours to construct a reliable pseudo-
backbone (see Section 3). But once BGLK begins using the
pseudo-backbone to guide the search, its rate of descent in-
creases, and the tables are turned on their performance. Qual-
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Figure 1: Comparison of local minima from ILK and IBGLK for 100 problems with 1,000 cities each. Points with > 0 indicate
that IBGLK’s solutions are of higher quality, points with y > 0 indicate that IBGLK’s solutions are closer to optimal. Both axes

are normalized.

itatively similar anytime performance results have been found
on large problem sizes and when comparing IBGLK with ILK.

4.2 Instancesfrom the TSPLIB

Table 3 contains the results for ILK, its variants, and IBGLK,
on all the instances in the TSPLIB that have at least 1,000
cities. On many of the instances, unfortunately, ILK is al-
ready at or near the optimum, so there is very little room for
improvement. Again, in most places where further improve-
ments are possible, IBGLK produces them. On this set of in-
stances, IBGLK championed on 20 of them (the ones in bold
and underlined), whereas ILK and its variants came first on
12 instances (with some overlaps). Note that on the largest
instances (the ones with more than 10,000 cities), IBGLK pro-
duces significant gains over ILK. The runtimes were from our
AMD Athelon machines and then normalized to a 500MHz
Alpha as suggested in [9].

5 Related Methods and Discussions

The most closely related work is our previous work on back-
bone guided Walksat for maximum satisfiability [16]. The
backbone guided local search developed here for the TSP fol-
lows the same principles developed there; and thus can be
viewed as an innovative extension to the work in [16]. This
research was also inspired by and builds upon the previous re-
sults of the “big valley” hypothesis on the clustering of local
minima from the family of the Lin-Kernighan algorithm and
its variants [1; 2; 10].

Two pieces of previous work resemble BGLK in some way.
The first is the reduction method by Lin and Kernighan [10].
As discussed earlier, reduction “locks in” the common edges
in all local minima. This has two effects: it can speed up the
search, as the problem becomes smaller, and provides a means
of directing search among a set of otherwise indistinguishable
tours. The main limitation of this method is that it is brittle,
depending on the quality of the “locked in” edges. If a “locked
in” edge turns out not to be part of the backbone, no optimal
tour will be found. Moreover, information such as “edge (a, b)
appears in 90% of all local minima” cannot be utilized, thus it
simply disregards potentially useful information of backbone
frequencies. The results in [10], up to 318 cities, is too lim-
ited to provide a fair assessment of this method. Our results in
Section 4 revealed that reduction is not competitive.

BGLS is more general than reduction by providing a remedy
to the problem of brittleness and making use of information
embedded in backbone frequencies. BGLS is a random strat-
egy, in which edges that appear in all local minima may still be
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% over the Held-Karp bound runtime in seconds
Name ILK-1 1LK-5 1LK-10 IBGLK | Optimal 1LK-1 IBGLK
dsj1000 0.61 0.62 0.62 0.62 0.61 2097 2066
pr1002 0.89 0.89 1.04 0.89 0.89 300 345
511032 0.15 0.08 0.08 0.08 0.08 610 772
ul060 0.65 0.67 0.67 0.67 0.65 870 873
vm1084 137 135 135 135 133 403 403
pcb1173 0.97 0.98 0.97 0.96 0.96 161 213
d1291 131 123 118 1.26 118 1099 1086
rl1304 155 155 155 155 155 457 504
rl1323 1.66 1.66 165 165 1.65 470 582
nrwl379 0.47 051 043 0.49 043 274 440
11400 174 174 174 174 1.74 22548 19317
u1432 0.44 0.38 0.38 0.29 0.29 319 617
11577 1.68 166 166 166 1.66 9072 10430
d1655 1.19 0.92 0.95 091 0.91 1808 1869
vm1748 135 1.38 135 136 1.35 893 829
ulgl7 1.08 113 117 106 0.90 468 680
rl1889 1.74 1.64 155 1.77 1.55 1028 1110
d2103 144 144 144 144 1.44 3407 8669
u2152 0.96 0.77 0.79 0.81 0.62 597 808
u2319 0.13 0.13 0.13 0.06 0.02 1182 2091
pr2392 127 1.28 1.37 1.36 122 503 715
pch3038 0.91 0.88 0.93 0.94 0.81 854 1178
13795 104 104 1.05 1.07 1.04 45789 52460
fnl4a461 0.66 0.67 0.69 0.63 0.55 1613 2505
rl5915 158 1.62 158 1.62 156 2963 4766
rl5934 15 139 156 154 1.38 3714 5250
pla7397 0.61 0.72 0.63 0.63 0.58 18338 20716
rl11849 113 117 121 115 1.02 9421 15301
usal3509 0.78 0.76 0.83 0.72 0.66 20829 26339
brd14051 0.61 0.63 0.66 0.58 — 28587 35048
d15112 0.66 0.68 0.72 0.63 0.52 21481 29709
d18512 0.63 0.64 0.70 0.59 — 21995 31916
pla33810 0.68 0.66 0.70 0.65 — 148387 150455
pla85900 0.56 0.58 0.62 0.52 — 256808 247597
# of bests 12 11 12 20

Table 3: Comparison of all instances in TSPLIB with at least
1,000 cities. Numbers are tour costs over Held-Karp bounds in
% and normalized runtimes in seconds (for a 500 Mhz Alpha).

swapped out of the current tour during the search, albeit with a
slim possibility. This allows more tours be explored while still
maintaining a focused search.

The second related work is search space smoothing [4],
which was briefly described in Section 4. Gu and Huang
only experimented with this idea with a 2-Opt algorithm and
on small random Euclidean problems with no more than 100
cities. They did not compare their method to other techniques.
Our results in Section 4 showed that smoothing outperforms
LK on uniform and matrix instances. However, it is less effi-
cient than BGLK and ILK.

Although both smoothing and backbone guided search all
modify distances, they are fundamentally different. First, mod-
ifying distances is just one of the end products of the backbone
guided search for the TSP. In fact, when applied to maximum
satisfiability, backbone guided local search did not change
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Figure 2: Anytime performance of LK, LK with reduction, LK with smoothing, and BGLK, for random instance from the TSP

Challenge suite with 1,000 cities.

costs at all [16]. Estimated backbone information can be used
not only to modify distances, but also in different places of a
local search to make biased searches. For instance, it can be
employed to generate biased initial starting tours. Secondly
and more importantly, the backbone guided search does not
treat every distance equally; some distances may be altered
dramatically while others may remain intact to help exploit the
intricate constraints among the cities.

6 Conclusion

We have presented and investigated a new method of applying
backbone information to force a local search to make biased
local perturbations, in the context of the TSP. Based on the
“big valley” hypothesis, we developed a method for deriving
heuristic backbone information by exploiting the local minima
from the efficient Lin-Kernighan local search algorithm. We
demonstrated its effectiveness with extensive experiments on
various problem types and instances.

Our results on the TSP show that BGLK and IBGLK com-
pare very favorably to LK and ILK, respectively, on the in-
stances in the Challenge suite, up to 31,623 cities, and the in-
stances from TSPLIB. For the uniform Euclidean class, BGLK
and IBGLK outperform LK (and its variants) and ILK, respec-
tively. On clustered Euclidean instances, BGLK outperforms
LK by reducing tour costs by more than 1% on average on
31,623-city instances; and IBGLK and ILK have comparable
performance. (Note that an improvement of a fraction of per-
cent in solution quality is significant on large TSPs [9].) BGLK
and IBGLK dominate their counterparts on tour quality on all
instances in the distance matrix class we tested; on 10,000-
city instances, BGLK and IBGLK find tours with costs at least
1.5% and 0.5% smaller than LK and ILK, respectively. On real
instances from the TSPLIB, IBGLK finds nearly twice as many
best solutions as three versions of ILK (i.e., 20 versus 12). Fi-
nally, BGLK and IBGLK have comparable running times with
their counterparts, no more than twice as long as the original
algorithms, while sometimes being faster.

In short, the main contribution of this work is an effective
method of utilizing inherent problem features, backbones in
particular, of the TSP in the LK algorithms and variants to im-
prove their efficacy. A method of exploiting problem features
in search is of fundamental interest and practical importance.
The results on the TSP in this paper have indicated that the idea
of backbone-guided local search is general and can lead to ef-
ficient heuristic algorithms for large, difficult problems. The
source code of our algorithm will be available on the web.
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Abstract

In peer-to-peer inference systems, each peer can
reason locally but also solicit some of its acquain-
tances, sharing part of its vocabulary. This pa-
per studies both theoretically and experimentally
the problem of computing proper prime implicates
for propositional peer-to-peer systems, the global
theory (union of all peer theories) of which is not
known (as opposed to partition-based reasoning).

1 Introduction

Recently peer-to-peer (P2P) systems have received con-
siderable attention because their underlying infrastructure
is appropriate to scalable and flexible distributed appli-
cations over Internet. In a full P2P system, there is
no centralized control or hierarchical organization: each
peer is equivalent in functionality and cooperates with
other peers in order to solve a collective task.  First
P2P systems were simple keyword-based file sharing sys-
tems like Napster (http://www.napster.com) and Gnutella
(http://gnutella.wego.com), for which efficient lookup ser-
vices (e.g., CHORD [Stoica et al., 2001]) have been invented.
Recently, schema-based peer data management systems like
Edutella [Nedjl et al., 2002] or Piazza [Halevy et al., 2003b]
have been proposed. In those systems, query answering com-
plexity is directly related to the expressivity of the formalism
used to state the semantic mappings between peers schemas
[Halevy et al., 2003al]. The scalability of Piazza so far goes
up to about 80 peers and relies on a wide range of optimiza-
tions (mappings composition, paths pruning [Tatarinov and
Halevy, 2004]), made possible by the centralized storage of
all the schemas and mappings in a global server.

In this paper, we make the choice of being fully distributed:
there are neither super-peers (as in Edutella) nor a central
server (as in Piazza). In addition, we aim at scaling up to
thousands of peers. We consider P2P inference systems in
which the local theory of each peer is a set of clauses defined
upon a set of propositional variables. Each peer may share
part of its vocabulary with some other peers. We investigate
the reasoning task of finding consequences of a certain form
for a given input formula expressed using the local vocabu-
lary of a peer. This reasoning task is important in many appli-
cations (diagnosis, information integration), in which output
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must be computed from input that is provided at query time,
and cannot be reduced to satisfiability checking.

The problem of distributed reasoning considered in this pa-
per is quite different from the problem of reasoning over par-
titions obtained by decomposition of a theory ([Dechter and
Rish, 1994; Amir and Mcllraith, 2000]). In that problem, a
centralized large theory is given and its structure is exploited
to compute its best partitioning, in order to optimize the use
of a partition-based reasoning algorithm. In our problem, the
whole theory (i.e., the union of all the local theories) is not
known and the partition is imposed by the P2P architecture.
Therefore, existing algorithms ([Amir and Mcllraith, 2000;
Dechter and Rish, 1994; del Val, 1999]) are not appropriate
for our consequence finding problem.

Section 2 defines formally the P2P inference problem ad-
dressed in this paper. Section 3 describes the distributed
consequence finding algorithm that we propose and states its
properties. Section 4 accounts for a significant experimental
study of the scalability of this approach. Section 5 describes
related work and we conclude in Section 6.

2 Peer-to-peer inference: problem definition

A peer-to-peer inference system (P2PIS) is a network of peer
theories. Each peer P is a finite set of formulas of a lan-
guage Lp. We consider the case where L p is the language of
clauses that can be built from a finite set of propositional vari-
ables Vp, called the vocabulary of P. Peers can be seman-
tically related by having common shared variables in their
respective vocabularies. Each peer only knows its own lo-
cal theory and that it shares some variables with some other
peers of the P2PIS (its acquaintances). It does not necessar-
ily know all the peers with which it shares variables. When
a new peer joins a P2PIS it simply declares its acquaintances
in the network, i.e., the peers it knows to be sharing variables
with. A P2PIS can be formalized as an acquaintance graph.

Definition 1 Let P = {P;};,=1..n be a collection of clausal
theories on their respective vocabularies Vp,, let V =
Ui=1..nVp,- An acquaintance graph over V is a graph
I' = (P,ACQ) where P is the set of vertices and ACQ C
YV x P x P is a set of labelled edges such that for every
(v, P;, Pj) € ACQ, i # jandv € Vp, N Vp,.

A labelled edge (v, P;, P;) expresses that peers P; and P;
know each other to be sharing the variable v. For a peer P and
a literal [, ACQ(l, P) denotes the set of peers sharing with P
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Figure 1: Acquaintance graph for the tour operator example

the variable of [. For each theory P, we consider a subset
of target variables TVp C Vp, supposed to represent the
variables of interest for the application. The goal is, given
a clause provided as an input to a given peer, to find all the
possible consequences of the input clause and the union of
the peer theories, that belong to some target language. Given
a set SP of peers, the target language 7 arget(SP) is the
language of clauses (including the empty clause) involving
only target variables of peers of SP. A shared variable must
have the same target status in all the peers sharing it.

Definition 2 Let P be a clausal theory and q be a clause. A
clause m is called a prime implicate of ¢ w.r.t. P iff P U
{q} E m and for any other clause m/, if P U {q} = m’ and
m' = m thenm’ = m. m is called a proper prime implicate
of qw.r.t. P iffitis a prime implicate of g w.r.t. P but P [~ m.

Definition 3 Let I' = (P, ACQ) be an acquaintance graph
modeling a P2P1S, where P = {P;}i—1..,, is a collection
of clausal theories with respective target variables. The con-
sequence finding problem is, given a peer P and a clause
q € Lp to find the set of proper prime implicates of q w.r.t.
U;—1_,, Ps which belong to T arget(P).

Since none of the peers of a P2PIS knows the union of

the theories of the system, the consequence finding problem
in a P2PIS is new and significantly different from the conse-
quence finding problem in a single global theory (even par-
titioned). In a full P2P setting, each peer must run the same
reasoning algorithm locally and independently, while being
able to distribute part of the reasoning task that it controls to
some of its acquaintances.
Example : Let us consider 4 peers (Figure 1). P;, describ-
ing a tour operator, expresses that its current far destinations
(F') are either Kenya (K) or Chile (C'). These far destinations
are international destinations (/) and expensive (E). P», only
concerned with police regulations, expresses that a passport
is required (P) for international destinations. Ps focuses on
sanitary conditions for travelers. It expresses that, in Kenya,
yellow fever vaccination (Y") is strongly recommended and
that a strong protection against paludism should be taken
(PL) when accomodation occurs in Lodges (L). Py describes
accommodation conditions : Lodges for Kenya and Hotels
(H) for Chile. It also expresses that when anti-paludism pro-
tection is required, accommodations are equipped with appro-
priate anti-mosquito protections (AM). Shared variables are
indicated on the edges of the acquaintance graph (Figure 1)
and target variables are defined by : 7Vp, = {E}, TVp, =
{P},TVp, ={L,Y,PL}and TVp, = {L,H,PL, AM}.

We now illustrate the behavior of the distributed conse-
quence finding algorithm detailed in Section 3. When a peer
receives a query, it first computes all local consequents of the
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query. Those in 7 arget(P) are immediately returned. Then,
those made of shared literals are splitted. For each shared
literal, a subquery is propagated to the neighbor peers shar-
ing the corresponding variable. When returned, consequents
of the subqueries are respectively queued for future recom-
bination. As soon as one answer has been returned for each
subquery, they are recombined and transmitted back as new
consequents to the querying peer. This process continues in-
crementally, as further consequents for the subqueries are re-
turned.

For instance, suppose that F is transmitted to peer P; by the
user. The consequents that are locally computed are E, | and
C VK. Since E€ T arget(Py), it is immediately returned as a
local consequent. Since | is shared with P, it is transmitted
to P, which produces the clause P. Since P € Target(Ps),
it is transmitted back to P; and returned as a remote conse-
quent of the initial query. The clause C V K, being made of
shared variables, is splitted and C and K are transmitted sep-
arately to the concerned neighbors. C is transmitted to Py,
which returns (only) H to P;, where it is queued for combi-
nation. Similarly, K is transmitted (independently) to P4 and
Ps3 (both share K with P;). On Py, L is produced locally.
Since L€ T arget(Py) it is returned as a first consequent of K
to P;, where it is queued. On Py, after recombination, H v L
is then returned as a first combined consequents of the initial
query. Since L is also shared between P, and Ps, it is prop-
agated on Ps, where the clause =K V PL is produced and, in
turn, splitted. Py is then asked for PL and returns AM as its
only consequent. P, is asked for =K. This happens while
the complementary query K is still under process. We will
see in Section 3 that when a same reasoning branch contains
two complementary literals (which is detected using a history
mechanism), it is closed and O is returned as a consequent.
P3 now combines AM (returned by P, for PL), and O (re-
turned by P; for —K) as a new consequent of =K Vv PL, and
thus, transmits AM back to Py as a new consequent of L. For
lack of space, we do not detail all reasoning branches. The
set of consequents of the initial query eventually produced
is: {E,LHVL,HVAM,HV Y ,HV PL}. Among those an-
swers, let us note that some of them (e.g., H V' Y) involve
target variables from different peers. Such implicates can-
not be obtained by partition-based algorithms like in [Amir
and Mcllraith, 2000] which only compute consequents that
belong to the target language of a single peer.

3 Distributed consequence finding algorithm

Our distributed and anytime consequence finding algorithm
is has been presented in [Adjiman ef al., 2004b]. For this pa-
per to be self-contained, we describe the three main message
passing procedures, which are implemented locally at each
peer. They are triggered by the reception of a query (resp.
answer, final) message, sent by a Sender peer to a receiver
peer, denoted by Sel f, which executes the procedure.

Those procedures handle an history which is initialized to
the empty sequence. An history hist is a sequence of triples
(1, P,c) (where [ is a literal, P a peer, and c a clause). An
history [(In,, Pn,cn), ..., (I1, P1,c1), (lo, Po, co)] represents
a branch of reasoning initiated by the propagation of the lit-
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eral [p within the peer P, and the splitting of the clause cg:
forevery i € [0..n — 1], ¢; is a consequence of /; and P;, and
l;+1 is aliteral of ¢;, which is propagated in P; .

The reasoning is initiated by the user (denoted by a
particular peer User) sending to a given peer P a mes-
sage m(User, P, query, (), q), which triggers the procedure
RECEIVEQUERYMESSAGE(m/(User, P, query, (), q)) that is
locally executed by P. In the description of the procedures,
we will use the notations:

e for a literal ¢, ¢ denotes its complementary literal and
Resolvent(q, P) denotes the set of clauses obtained by reso-
Iution between ¢ and a clause of P,

o for a clause c of a peer P, S(c) (resp. L(c)) denotes the
disjonction of literals of ¢ whose variables are shared (resp.
not shared) with any acquaintance of P. S(c¢) = O thus ex-
presses that ¢ does not contain any shared variable,

e © is the distribution operator on sets of clauses: S7 @
"'@Sn={61\/'~'\/cn |61 €5q,...,cq € Sn} If L =
{l1,...,1p}, we use ©cS; to denote Sy, @ --- @ Sy,

The main properties of the resulting distributed message
passing algorithm, stated in [Adjiman ez al., 2004al, can be
summarized as follows:

1) The algorithm is sound: the answers that are returned
are all implicates of the literal having triggered the reasoning.

2) The algorithm terminates and the user is notified of the
termination, which is crucial for an anytime algorithm.

3) The completeness of the algorithm is guaranteed if each
local theory is saturated by resolution and if the acquaintance
graph is such that if two local theories have a common vari-
able, there exists in the acquaintance graph a path between
those two theories, all the edges of which are labeled with
that variable. If that property is not satisfied, the algorithm
still applies but does not guarantee to return all the proper
prime implicates when it terminates.

Note that O can be returned by our algorithm (lines 1 to 3
and 8 to 10 in RECEIVEQUERYMESSAGE). Therefore, our
algorithm can be exploited for checking the satisfiability of
the global theory at each join of a new peer. For the sake of
simplicity, our algorithm is presented as applying to literals.
However any clause can be handled by splitting it into literals
and recombining the results obtained for each literal using the
« operator.

4 Experimental analysis

In order to study scalability issues of our P2P algorithm we
have conducted a significant experimentation on networks
composed of 1000 peers. To the best of our knowledge, this
is the first experimental study on such large P2PIS. Our mo-
tivation was twofold. First, to study how deep and how wide
reasoning spreads on the network. Second, to evaluate the
time needed to obtain answers and to check to what extent
the P2PIS is able to support the traffic load.

Since we want to use our infrastructure in real Web ap-
plications, we have chosen to generate acquaintance graphs
having the so-called small world property, which is admitted
[Newman, 2000] as being a general property of social net-
works (including the Web). Following [Watts and Strogatz,
19981, we start from a regular ring of 1000 nodes, 10 edges
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Algorithm 1: Procedure handling queries. It takes care of the
propagation of the literal g by Sel f.

RECEIVEQUERYMESSAGE(m(Sender, Sel f, query, hist, q))

(1) if (q,-,-) € hist

(2) send m(Self, Sender,answer,[(g, Sel f,0)|hist], O)

(3) send m(Self, Sender, final, [(q, Self, true)|hist], true)

4else if g € Self or (q,Self,-) € hist

(5) send m(Self, Sender, final, [(q, Self, true)|hist], true)

(6)else

(7) vrocaL(Self) < {q} U Resolvent(q, Self)

(8) if O € LocAL(Self)

9) send m(Sel f, Sender, answer, [(q, Sel f, O)|hist], O)

(10)  send m(Self, Sender, final, [(q, Sel f, true)|hist], true)

(11) else

(12) rocaL(Self) «— {c €
Target(Self)}

(13)  ifforevery ¢c € LOCAL(Self), S(c) =0

(14) foreach c € LoCAL(Self)

(15) send m(Sel f, Sender, answer, [(g, Sel f, c)|hist], c)

(16) send m(Sel f, Sender, final, [(q, Sel f, true)|hist], true)

(17) else

LOCAL(Self)| L(c) €

(18) foreach ¢ € LoCAL(Self)

(19) if S(c) =0

(20) send m(Sel f, Sender, answer, [(q, Sel f, ¢)|hist], c)
21 else

(22) foreach literal [ € S(c)

(23) ifl € Target(Self)

(24) ANSWER(L, [(g, Self, c)|hist]) — {I}

(25) else

(26) ANSWER(L, [(g, Sel f, c)|hist]) «— 0

27) FINAL(L, [(g, Self, c)|hist]) « false

(28) foreach RP € AcQ(l, Self)

29) send m(Sel f, RP, query,[(q, Self, c)|hist], 1)

Algorithm 2: Procedure handling answers. r is returned as a
consequent of the last literal added to the history hist.
RECEIVEANSWERMESSAGE(m(Sender, Sel f, answer, hist, r))
(D hist is of the form [(I', Sender, ¢'), (g, Sel f, ¢)|hist’]

(2) ANSWER(!’, hist) < ANSWER (I’, hist) U {r}

(3)RESULT«— @ 5(c)\ {1} ANSWER(L, hist) @ {L(c) V r}

4)if hist’ = 0, U«—User else U+ the first peer P’ of hist’
(5)foreach cs € RESULT

(6) send m(Self,U, answer, [(q, Self,c)|hist’], cs)

Algorithm 3: Procedure handling notifications: answer com-
putation for the last literal added to hist is completed.
RECEIVEFINALMESSAGE(m(Sender, Sel f, final, hist, true))
(1) hist is of the form [(I', Sender, true), (q, Sel f, ¢)|hist']
(2)FINAL(l', hist) < true

(3)if for every | € S(c), FINAL(I, hist) = true

@) if hist’ = ) U«—User else U+ the first peer P’ of hist’

(5) send m(Self,U, final,[(q, Self,true)|hist’], true)

(6) foreach! € S(c)

(7) ANSWER(L, [(, Sender, ), (q, Sel f, ¢)|hist']) — @

per node, and rewire each node with a given probability pr.
It has been shown that between regular graphs (pr = 0) and
uniform random graphs (pr = 1), the graphs generated with
pr = 0.1 have ”small world” properties.

In the following experiments, the number ¢ of shared vari-
ables labelling each edge varies, and each of the 1000 local
theories is a 2+p clausal theory composed of clauses of length
2 and a varying ratio p of clauses of length 3. Each local the-
ory is generated in two steps. First, 70 clauses of length 2 are
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uniformly generated over 70 variables that are proper to the
local theory, among which 40 are chosen as target variables.
Then, we add clauses, involving shared variables, of length 2
or 3. We denote %3cn f the percentage of clauses of length 3
to generate in the whole set of mapping clauses. Each map-
ping clause is randomly generated by picking a variable in
each of the two peers and by negating it with probabilty 0.5
(if the clause is of length 3, the third variable is chosen at
random between the variables of the two peers).

The experiments have been conducted on two different
platforms. For the measurements concerning the behavior of
query processing (number of messages, depth and width of
each query processing) we have used a single computer run-
ning 1000 peers. Such measurements, consisting in building
reports on all peer traces are easier to perform when all data
are available on a single computer. In contrast, when time
was part of the measurement, we deployed our algorithm on
a cluster of 75 heterogenous computers (Athlons with 1GB
of RAM: 26 at 1.4GHZ, 9 at 1.8Ghz and 40 at 2 GHZ). In
these last experiments, each computer was running around 14
peers, randomly selected.

As we will see, results often exhibit an exponential distri-
bution: some queries may need a very long time to complete.
It was thus not always possible to perform our experimental
analysis without introducing a timeout parameter. Each query
is labeled with its remaining time to live, which is decreased
each time a query needs to traverse a peer to be processed.
When necessary, the timeout has been set to 30 seconds.

We first report on the distributed behavior of query pro-
cessing by measuring the number of peers that are involved
in query processing. Then, we report on the time of query
processing and on the number of answers.

4.1 Distributed behavior of query processing

We have measured the distribution of the depth of query pro-
cessing as well as the potential width of a query. The depth of
a query is the maximum length of the reasoning branches de-
veloped by the distributed algorithm for returning an answer.
The width of the query estimates the number of neighbors
that are solicited, on average, for processing a query.

Figure 2 shows the cumulative distribution function of the
depth of 1000 queries, when we make vary the number g of
shared variables per edge and the ratio %3cn f of mapping
clauses of length 3. Each point on the figure reports a run, for
a distinct query.

The four top curves show a relatively small query depth.
For instance, with ¢ = 2 and %3cnf = 0 no query depth
is greater than 7, and none of those four curves have a query
depth greater than 36, which suggests that our algorithm be-
haves well on such networks.

As soon as the value of %3cnf increases queries have
longer depths: with ¢ = 3 and %3cnf = 20, 22% of the
queries have a depth greater than 100 (the maximum being
134). If we focus on the last three curves on the right, a sharp
threshold clearly appears, showing three phases: a sharp
growth, representing query processing with small depth, fol-
lowed by a plateau, and then a slower growth. The small
depth query processing and the ’plateau’ are characteristics
of an exponential distribution of values: most of the process-
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Figure 2: Cumulative Distribution Function of queries depth.
The Y scale is re-centered on [0.4 — 1].

ing is easy, but the little remaining is very hard. The slow
growth observed is due to the timeout, a side-effect of which
is to bound the query depth. Without such a timeout, previous
experiments suggest that there would exist some queries re-
quiring very long reasoning branches. This point is outlined
on the curve corresponding to the hardest cases (¢ = 3 and
%3cnf = 20) where there is no query of depth between 20
and 60. This suggests that when hard processing appears, it is
very hard. In experiments that are not reported here, we have
seen that such an exponential distribution of values was not
observed when the acquaintance graphs have a regular ring
structure, but was observed on random graphs. We have also
measured the integration degree of queries, which is the num-
ber of distinct peers involved in the query processing. We
have observed the same kind of exponential distribution of
values than for the depth, but with 20% smaller values: 1/5
of the peers are repeated in the histories. That phenomenon
was not observed on random acquaintance graphs and seems
closely related to the small-world topology.

Figure 3 shows the cumulative distribution function for the
width of the queries. Each curve summarizes 20000 runs.
With ¢ = 2 and %3cnf = 0, more than 75% of the queries
are solved locally and 15% other are solved by asking just one
neighbor. With ¢ = 5 and %3cnf = 100, 25% of the queries
solicit 10 neighbors on average, each of them soliciting 10
peers, with 25% chance and so on. Such result explains the
combinatorial explosion observed on hard instances.

Our experiments have pointed out a direct impact of the
%3cnf value on query processing, which is not surprising
considering the hardness of clauses of length 3 for prime im-
plicate computation. Those experiments also suggest an ex-
ponential distribution of query depths, due to the short path
length between two peers in the acquaintance graphs, and
with an important repetition of solicited peers, due to the large
clustering coefficient of small world acquaintance graphs.

4.2 Time and number of answers

We now report a time performance study of our algorithm
when it is deployed on a real cluster of 75 heterogeneous

KNOWLEDGE REPRESENTATION AND REASONING
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computers. Based on the previous observations, we have cho-
sen to focus on 4 differents kinds of acquaintance graphs, de-
noted Easy, Medium, Hard and Very Hard (see Table 1).

Network
Easy Medium Hard Very Hard
q=2 q=3 q=3 qg=>5
%3enf =0 | %3enf =20 | %3enf =100 | %3enf = 100
1"Tans. 0.04s (100%) | 1.26s (99.6%) | 1.58s (95.6%) 1.39s (89.3%)
10" ans. 0.06s (14.3%) | 1.37s (25.6%) | 0.99s (33.3%) 1.13s (12.0%)
100*"ans. - 2.11s (12.7%) | 0.84s (27.0%) | 4.09s (10.7%)
1000 ans. - 4.17s (6.80%) | 4.59s (21.2%) | 11.35s (7.15%)
all 0.07s 5.56s 14.6s 21.23s
% timeout 0 13.96 375 66.9
#answers 5.17 364 1006 1004
Jounsat 4.4 3.64 3.76 1.84

Table 1: Characteristics of the query processing on easy to
very hard networks.

The values reported in the Table 1 are mean values over
more than 300 different queries. For each column, we show
the time needed to produce the 15, 10", 100" and 1000*"
answers of a query. Each mean time is followed by the per-
centage of initial queries that are taken into account in the
averaging. For instance, for the Medium case, 12.7% of the
queries have produced more than 100 answers, and the 100"
answer was given on average after 2.11 seconds (the aver-
age does not take into account queries that did not produce at
least 100 answers). The all row is the mean time needed to
produce all answers, including queries that lead to timeout,
the percentage of which is reported in the %timeout row. The
last two rows report the mean number of answers and the ratio
of proven unsatisfiable queries w.r.t. the network.

It is not surprising to find that there is no timeout for the
Easy case. It is known [Marquis, 2000] that satisfiability
checking and prime implicates computation are tractable for
sets of clauses of length 2. Moreover, the high partitioning of
the global theory induced by the low value of ¢ (number of
shared variables) is often a witness of “easy” cases for reason-
ing for centralized theories. The point to outline for this case
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is that there are on average 5 answers, and they are produced
very quickly.

Even on hard and very hard instances, our algorithm pro-
duces a lot of answers coming from a number of different
peers. For instance, we measured on average 1006 answers
for Hard, and 1004 answers for Very Hard problems, which
already represents a large amount of data. In addition, on
those Very Hard instances, 90% of runs produced at least one
answer. It is noticeable that such hard instance may also be
hard for checking the satisfiability of an equivalent, central-
ized, theory. The formula corresponding to the centralized
version of all the distributed theories has n=70 000 variables
and m=120 000 clauses 50 000 of which are of length 3. It
has been shown in [Monasson et al., 1999] that, for such 2+p
formulas, if one does not restrict the locality of variables,
the SAT/UNSAT transition is continuous for p < pgy, where
po = 0.41, and discontinuous for p > py, like in 3-SAT in-
stances. Intuitively, for p > pog, the random 2+p-SAT prob-
lem shares the characteristics of the random 3-SAT problems.
Let us emphasize here that, with the characteristics of our
Very Hard network, we have p = 0.416 for which the tran-
sition phase between SAT and UNSAT instance [Monasson
et al., 1999] occurs at m/n=1.69. Here, we have m/n=1.71,
which is near the transition phase to confirm that this is where
the hard instances would be in practice. Of course, such a
comparison is only indicative, because there is no variable
locality restriction in the standard 2+p model.

To summarize, when deployed on a real cluster of hetero-
geneous computers, our algorithm scales very well. Even on
very hard instances that shares characteristics of a very large
2+p formula at the crossover between the 2-SAT/3-SAT and
the SAT/UNSAT transitions, our algorithm was able to gen-
erate a large number of answers in a reasonable time, for a
majority of runs.

5 Related work

The distributed message passing algorithm that we have de-
scribed in Section 3 can be viewed as a distributed version
of an Ordered Linear deduction [Chang and Lee, 1973] to
produce new target clauses, which was extended by [Siegel,
1987] in order to produce all implicates of a given clause be-
longing to some target language, and further extended to the
first order case in [Inoue, 1992]. The problem of comput-
ing new derived clauses (a.k.a. (L, ®)-prime implicates) cor-
responds exactly to the problem of computing proper prime
implicates w.r.t. a theory. It has been extensively studied in
the centralized case (see [Marquis, 2000] for a survey).

We have already pointed out the differences between our
work and [Amir and Mcllraith, 2000]. First, in a full peer-
to-peer setting, tree decomposition of the acquaintance graph
is not possible. Second, in contrast with partition-based algo-
rithms as in [Amir and Mcllraith, 2000], our algorithm is able
to combine answers from different peers in order to compute
implicates involving target variables of different peers.

The model-based diagnosis algorithm for distributed em-
bedded systems [Provan, 2002] exploits the knowledge on
the distribution of the system to diagnose for optimization
purpose. In distributed ATMS [Mason and Johnson, 1989],
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agents exchange nogood sets in order to converge to a glob-
ally consistent set of justifications. Such a distributed vi-
sion of ATMS relies on a global knowledge shared by all the
agents and aims at getting a unique global solution. We think
that our peer-to-peer inference system can be applied for han-
dling fully distributed model-based diagnosis and fully dis-
tributed ATMS, in which no global knowledge is required.

Some recent work deals with distributed first order logic.
A model-based and a proof-theoretic semantics has been de-
fined in [Ghidini and Serafini, 1998] for a collection of first
order theories communicating through bridge rules that define
semantic mappings between their respective domains of inter-
pretation. Based on that work, distributed description logics
has been introduced in [Borgida and Serafini, 2003] and a
distributed tableau method has been proposed for satisfiabil-
ity checking.

6 Conclusion

We have presented a peer-to-peer inference system based on
propositional logic and we have shown that it scales up to
a thousand of peers. The peer-to-peer infrastructure that
we have developed is used in a joint project with France
Télécom, aiming at enriching web applications with seman-
tics and reasoning services.

So far, we have restricted our algorithm to deal with a
vocabulary-based target language. However, it can be adapted
to more sophisticated target languages (implicates of a given
language, e.g., based on literals and not only variables, of
bounded size,...). This can be done by adding a simple tag
over all messages to encode the desired target language.

We plan to extend our current work in two main direc-
tions. First, we want to tackle Semantic Web applications,
in which the bottleneck is to deal with distributed resources
shared at large scale. RDF(S) (see [Antoniou and van Harme-
len, 2004)) is a standard for annotating web resources, which
we think can be encoded in our propositonal setting. Second,
we want to handle more sophisticated reasoning in order to
deal with a real multi-agent setting, in which possible incon-
sistencies between agents must be handled.
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Abstract

Counterfactual quantities representing path-
specific effects arise in cases where we are
interested in computing the effect of one variable
on another only along certain causal paths in the
graph (in other words by excluding a set of edges
from consideration). A recent papErearl, 2001
details a method by which such an exclusion
can be specified formally by fixing the value of
the parent node of each excluded edge. In this
paper we derive simple, graphical conditions for
experimental identifiability of path-specific effects,
namely, conditions under which path-specific
effects can be estimated consistently from data
obtained from controlled experiments.

1 Introduction
Total, direct and indirect effects are important quartditie

which defined effects in a more refined way by holding vari-
ables constant not to predetermined values, but to valegs th
would have attained in some situation. For example, the nat-
ural direct effect ofZ onY is the sensitivity ofY” to changes

in Z, while the context variables are held fixed to the values
they would have attained had no changeZrtaken place.
Similarly, the natural indirect effect is the sensitivitf ¥ to
changes the context variables would have undergoneZzhad
been changed, whilg is actually being fixed.

Being complex counterfactual quantities, natural effects
tend to have intricate verbal descriptions. It is often easi
to explain such effects using the visual intuitions prodide
by graphical causal models. Graphical causal models repre-
sent causal assumptions as graphs, with vertices repirggent
variables, and edges representing direct causal pathscln s
models, natural direct effect can be interpreted as theteffe
along the edge&Z — Y, with the effect along all other edges
‘turned off.” Similarly, the natural indirect effect can beer-
preted as the effect along all edges except the one bet&ieen

practical causal reasoning about legal, medical, and publiandY’. Using this interpretation, the suggestive next step in
policy domains, among others. The task of explicating, andhe study of natural effects is to consider effects along-a se
computing these quantities has been successfully addresstect subset of edges betwegrandY” which are callegath-

in the framework of linear structural equation models (SEM) specificeffects.

but encountered difficulties in non-linear as well as non- o

parametric models. See for instarf&»bins and Greenland, 1.1 A Motivating Example

1997, [Galles and Pearl, 1999 Pearl, 200},

In the linear SEM framework, thiotal effectof Z onY is
the response of” to a unit change in the setting &f. On
the other hand, thdirect effectis the effect ofZ on Y not
mediated by any other variable in the model whileitidirect
effectis the effect ofZ onY excluding the direct effect.

In non-parametric models, we can define toatrolleddi-
rect effect as the change in the measured respongetofa

Consider the following example, inspired Bgobins, 1997,

A study is performed on the effects of the AZT drug on AIDS
patients. AZT is a harsh drug known to cause a variety of
complications. For the purposes of the model, we restrict
our attention to two — pneumonia and severe headaches. In
turn, pneumonia can be treated with antibiotics, and severe
headache sufferers can take painkillers. Ultimately, fadl t
above variables, except headache, are assumed to have a di-

change inZ, while all other variables in the model, hence- rect effect on the survival chances of the patient. The graph
forth called context variablesare held constant. Unfortu- 5| causal model for this situation is shown in Fig. 1.

nately, there is no way to construct an equivalent notion of The original question considered in this model was the to-
controlled indirect effects, since it is not clear to whak-va ta) effect of AZT and antibiotics treatment on survival. How
ues other variables in the model need to be fixed in order tQyer 5 variety of other questions of interest can be phrased

measure such an effect.
Recently, a novel formulation afatural [Pearl, 2001 or

pure [Robins and Greenland, 1992ffects was proposed

in terms of natural effects. For instance, what is the direct
effect of AZT on survival, if AZT produced no side effects in
the patient, which is just the natural direct effect of AZT on

*This research was partially supported by AFOSR grantSurvival. See Fig. 2 (a). Similarly, we might be interested i
#F49620-01-1-0055, NSF grant #11S-0097082, and ONR (MURI)how just the side effects of AZT affect survival, indeperniden

grant #N00014-00-1-0617.
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of the effect of AZT itself. This corresponds to the natural
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Figure 1: The AZT exampleA: AZT, P: pneumonia,H: (Z) (tf)

headaches3: antibiotics,K: painkillers,S: survival
Figure 2: (a) Natural direct effect (b) Natural indirectesff

indirect effect of AZT on survival. See Fig. 2 (b).

Furthermore, certain interesting questions cannot be A A
phrased in terms of either direct or indirect natural effect * °
For example we might be interested in the interactions be- / \\ b H / \ b
tween antibiotics and AZT that negatively affect survived. 4 g g
study such interactions, we might consider the effect of ad- / \
ministering AZT on survival in the idealized situation wher °
the antibiotics variable behaved as if AZT wast adminis- \ /
tered, and compare this to the total effect of AZT on survival
Graphically, this amounts to 'blocking’ the direct edge be-
tween antibiotics and survival or more precisely, keepirg t (a)
edge functioning at the level it would have had no AZT been
given, while letting the rest of the edges function as usual. Figure 3: Path specific effects
This is shown graphically in Fig. 3 (a). The edges which we
wish to block will be crossed out in the graph.

) ) ) To obtain this result formally, we treat effects as prokiabil
1.2 Outline and Discussion of Our Approach ties of statements in a certain counterfactual logic. Hagev

Our goal is to study and characterize situations where patf&ther than manipulating these probabilities directly,oo8-
specific effects like the one from the previous section can b¥€'t them to subgraphs of the original causal model, and rea-
computed uniquely from the data available to the investigat SON @bout and perform manipulations on the subgraphs. We
Our main resultis a simple, necessary, graphical condition then introduce simple counterfactual formulas whose prob-
the identifiability of path-specific effects from experimein ~ aPilities are not identifiable, and prove that certain sinpl
data. Furthermore, our condition becomes sufficient formoddraphical conditions must be described by such formulas, an
els with no spurious correlations between observables, aldack of such conditions leads to subgraphs corresponding to
known as Markovian models. identifiable effects.

The condition can be easily described in terms of blocked Due to space considerations, the proofs of some lemmas
and unblocked paths as follows. L&t Y be variables in have been omitted, while the proofs included generally are
a causal modeM inducing a grapi‘G_ Then given a set of missing some technical details. Our technical report gdnsta
blocked edgeg, the corresponding path-specific effectf the complete proofs.
onY cannot be identified if and only if there exists a ndtle
with an unblocked directed path froii to W, an unblocked
directed path froni¥ to Y, and a blocked directed path from 2 Preliminaries
W to Y. For instance, the effects of on S are identifiable
in Fig. 2 (a), (b), and Fig. 3 (b), but not in Fig. 3 (a). There- This paper deals extensively with causal models and counter
fore, in general we cannot study the interractions of AZT andfactuals. We reproduce their definitions here for complete-
antibiotics in the way described above, but we can study theess. A full discussion can be found [Rearl, 2000 For
interractions of AZT and painkillers. The latter case is mad the remainder of the paper, variables will be denoted by cap-
tractable by an absense of blocked and unblocked paths shdtal letters, and their values by small letters. Similasigts of
ing edges. variables will be denoted by bold capital letters, sets dfes

Our condition also shows that all identifiable path-specificby bold small letters. We will also make use of some graph
effects are 'equivalent’, in a sense made precise laterf-to etheoretic abbreviations. We will writ#®a(A)q, De(A)q,
fects where only root-emanating edges are blocked. Thuand An(A)q, to mean the set of parents, descendants (in-
identifiable path-specific effects are a generalizationathb clusive), and ancestors (inclusive) of noden graphG. G
natural direct effects, where a single root-emanating éslge will be omitted from the subscript when assumed or obvious.
unblocked, and of natural indirect effects, where a singbé-r  If a variable is indexed, i.6/*, we will sometimes denote the
emanating edge is blocked. above sets aRa’, De?, andAn’, respectively.
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2.1 Causal Models and Counterfactual Logic

Definition 1 A probabilistic causal model (PCM) is a tuple

M =(U,V,F,P(u)), where

(i)

a(u) = t; =t and for the given setting af, the terms
t; andtsy are equal in)M.

(i) a(u) = (=6)(u) andM |~ 5(u).

(i) U is a set of background or exogenous variables, whichii) «(u) = (3 A )(u) andM = G(u) and M = v(u)

cannot be observed or experimented on, but which can

influence the rest of the mode

(ii)

Thus a formulax(w) has a definite truth value it/. If the
valueswu are unknown, we cannot in general determine the

Vis a set{V',...,V"} of observable or endogenous truth of . However, we can easily define a natural notion of

variables. These variables are considered to be funcprobability ofa in M as follows:

tionally dependent on some subseltbt) V.

Fis a set of functiong f*, ..., "} such that eacly” is
a mapping from a subset & U V' \ {V*} to V*, and
such that J F' is a function fromJ to V..

(iv) P(u) is a joint probability distribution over the vari-
ables inU.

(i)

PlalM)= > P(u) 1)
{ulMEa(u)}
We will omit the conditioning onV/ if the model in ques-
tion is assumed or obvious.
If we consider each value assignmemtas apossible

world, then we can viewP(u) as describing our degree of

A causal model/ induces a directed gragghi, where each  pglief that a particular world is true, anBi(a) as our be-
variable corresponds to a vertexdhand the directed edges jief that a particular statement is true in our causal motlel i

are from the variables in the domain ff (i.e Pa?) to V* for

all the functions. For the remainder of this paper, we caarsid

causal models which induce directed acyclic graphs.

viewed as aype 2 probability structure [Halpern, 1990
2.2 Submodels and Identifiability

A Markovian causal moded! has the property that each pefinition 5 (submodel) For a causal model M =

exogenous variabl& is in the domain of at most one func-

(U,V,F,P(u)), an interventiondo(z) produces a new

tion f. A causal model which does not obey this property iscausal modelM/, = (U, V., F,, P(u)), whereV, is a
called semi-Markovian. By convention, nodes correspogdin set of distinct copies of variables ¥, and F, is obtained
to variables inU are not shown in graphs corresponding topy taking distinct copies of functions #, but replacing all

Markovian models.

copies of functions which determine the variablesZirby

For the purposes of this paper, we will represent counterconstant functions setting the variables to valaes

factual statements in a kind of propositional modal logim-s
ilar to the one used ifHalpern, 2000 Furthermore, the dis-
tribution P(u) will induce an additional probabilistic inter-
pretation on the statements in the logic.

Definition 2 (atomic counterfactual formula) Let M be a
causal model, letX be a variable andZ be a (possibly
empty) set of variables. Then for any valuef X, and val-
uesz of Z, z is a term, andX, (u) is a term, taken to mean
'the value X attains whenZ is forced to take on values,
andU attain valuesu.

For two termst; andt,, an atomic counterfactual formula
has the fornt; = ¢5. We will abbreviate formulas of the form
X.(u) =z asz,(u).

The forcing’ of the variables te is called an intervention,
and is denoted by dej in [Pearl, 200D. Counterfactual for-

The joint distributionP(V ;) over the endogenous vari-
ables inM, is called an interventional distribution, and is
sometimes denoted &% . For a given causal modal/, de-
fine P, as{P,|Z C V, z avalue assignment & }. In other
words, P, is the set of all possible interventional (or experi-
mental) distributions of\/.

Intuitively, the submodel is the original causal model, min
imally altered to rendeZ equal toz, while preserving the
rest of its probabilistic structure.

Because there is no requirement that interventions in
atomic counterfactuals in a formulabe consistent with each
other, it is in general impossible to alter the original mode
using only interventions in such a way as to make the en-
tire formula true. Thus, we introduce a causal model which
encompasses the 'parallel worlds’ described by the counter

mulas are constructed from atomic formulas using conjuncfactual formula.

tion and negation.
Definition 3 (counterfactual formula)

(i) An atomic formulax(u) is a counterfactual formula.
(i) If «(u) is a counterfactual formula, then so(is«)(u).

Before doing so, we give a simple notion of union of sub-
models, as follows:

Definition 6 (causal model union) Let M., and M, be sub-
models derived from/. ThenlM, U M., is defined to bé/,,
if z=a,and(U,V,UV ., F,UF,, P(u)), otherwise.

(ii) If «(u)andpg(u) are counterfactual formulas, then so is Definition 7 (parallel worlds model) Let M be a causal

(aAB)(u).

model,a a counterfactual formula. Then the parallel worlds

The satisfaction of counterfactual formulas by causal modmodelM,, is the causal model union of the submodels corre-
els is defined in the standard way, which we reproduce fronsponding to atomic counterfactuals @f

[Halpern, 2000

Definition 4 (entailment) A causal model)M satisfies a
counterfactual formula(w), written M = a(u), if all vari-
ables appearing inx are in M and one of the following is
true
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We call the joint distributionP(V' ) over the endogenous
variables inM, a counterfactual distribution, and will some-
times denote it ag’,. In the language of the potential out-
comes frameworkRubin, 1974, we can viewP, as the joint
distribution over the unit-response variables mentiomed!. i
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The parallel worlds model is a generalization of the twinthe value ofP A*(g).-(u) in M. The collection of modified
network model, first appearing [Balke and Pearl, 1994to  functions forms a new modal,. The g-specific effect of
more than two possible worlds. It displays independence a®nY’, denotedSE,(z, z*; Y, u) s is defined as the total effect
sumptions between counterfactual quantities in the samge wa(abbreviated as TE) of onY in the modified model:

a regular causal model displays independence assumptions
between observable quantities — by positing counterfitua SEy(z, 2% Y, u)y = TE(z, 2% Y, u)um, 2)
are independent of their non-descendants given their fgaren

Given a causal modél/ and a formulay, we are interested WhereT'E(z, 2 Y, u)ay, =Yz (), — Ve (w) )y, -
in whether the corresponding counterfactual joint distiim
P, (or its marginal distributions) can be computed uniquely
from the set of joint distributions available to the invgstior.
The formal statement of this question is as follows:

If we wish to summarize the path-specific effect over all
settings ofu, we should resort to the expectation of the above
difference, or the expected path-specific effect. To idgnti
o ] o this effect, we need to identifi(y.) and P(y.-) in M,. For
Definition 8 (|dent|f|ab|I|ty) Let M be a causal model from our purposes we can restrict our attentionﬂ@z)' as the
a set of modeldV/ inducing the same grap&¥, M, a par-  second term corresponds to the quanity.-) in the origi-
allel worlds model, and) be a marginal distribution of the nal modelrs, and so is triviallyP, -identifiable.
counterfactual joint distributior?,,. Let K be a set of known In this paper we assume, without loss of generality, edges
probal_)ility (_Jlistrib_ut_io_ns d_erived from\i. Thenq is K- ing = G\ g are all along directed paths betwegnand
identifiable in M if it is unique and computable frofy in  y "The next theorem states that any path specific effect, ex-
anyM € M. pressed as a total effect in the modified modéj, can be

It follows from the definition that if we can construct two expressed as a counterfactual formula in the original model
models inM with the sameK but different@, thenQ is M.
not identifiable. An important, well-studied special cage o
this problem — which we call evidential identifiability of-in
terventions — assumesis an atomic counterfactual, arid
is the joint distribution over the endogenous variabledn
or P(V). Being able to identify an interventional marginal in My [ y:(u) = M= a(u)
this way is being able to compute the effects of an interven- Proof outline:
tion without having to actually perform the interventiomda '
instead relying on passive, observational data.

In this paper we are concerned with identifying probabili-
ties of counterfactuals formulas using the ggtof all inter-
ventional distributions of\/ as a given. In other words, we
are interested in computing probabilities of counterfatstu
from experimental and observational probabilities.

Theorem 1 Every path specific effed?(y. ), has a corre-
sponding counterfactual formulain M s.t for everyu,

The proof is for causal models with fi-
nite domains. FixM, wu, y, z andg. To prove the the-
orem, we need to 'unrolly, and remove any implicit ref-
erences to modified functions if/,, while preserving the
truth value of the statement. Our proof will use the axiom
of composition, known to hold true for causal models un-
der consideration. In our language, the axiom states that
for any three variableg, Y, W, and any settings, z, w, v,
e Wy=w=Y,, =Y,)(u).
3 Path-Specific Effects Fix u;. Let S = An(Y) N De(Z) Then by axiom of com-
Our aim is to provide simple, graphical conditions for the position,y. (u1) has the same truth value as a conjunction of
identifiability of path-specific effects. To do so, we mustfo atomic formulas of the fornn;ai(g), whereV? € S, PAi(g)
mal[ze sg(_:h t_'—:ffects as _counterfactual formulas, an_d_ weas| s the set of parents df‘ in M,, andpa‘(g) andv' are suit-
the identifiability conditions on the formula to conditioas 5y chosen constants. Denote this conjunctign
the graph. i : : T

Tﬁe Following is the formalization of the notion of path- Fpr every termvi’ai(g)_ N o correspondmg _tOV _Wlth
specific effect in terms of a modified causal model, as it ap£A‘(9) € PA*,replace itbyv, . . ,.i(5)- Apa’(g):- inthe
pears inPearl, 2001 conjunction, wherea®(g)* takes the value aP A% ().« (uq)

Definition 9 (path-specific effect) Let G be the causal " M. Denote the resulby. Note thataj is in M and
graph associated with modelZ, and letg be an edge- Mo [ y:(u1) <= M = aj(u;). We construct a sim-
subgraph ofG containing the paths selected for effect analy-Ilar conjunctlo,n a; for every mstant_latlonuj in M. Let
sis (we will refer tog as theeffect subgraph). Theg-specific =~ @ = V; aj. It's easy to see the claim holds farby con-
effect ofz on Y (relative to reference:*) is defined as the Struction. o
total effect ofz on Y in a modified model/, formed as An easy corollary of the theorem is, as before, that
follows. Let each parent sétA’ in G be partitioned into  P(yz)n, = P(a)a. Note that differenty; in the proof only
two parts PA' = {PAi(g), PAi(g)}, where PA(g) rep-  differ in the values they assign to variablesdn SinceM is
resents those members BfA’ that are linked toV’ in g, ~ composed of functions, the values of variablesiare fixed
and PA’(g) represents the complementary set. We replac@ivenu, and sinceP(a) = 31, vy, a, (u)y P(w) by def-
each functionf* in M with a new functiory; in Mg, defined inition, we can expres®(«) as a summation over the vari-
as follows: for every set of instantiatiopa’(g) of PA*(g),  ablesinS\ {Y'}.

fi(pa'(g),w) = f'(pa‘(g), pa’(g)*,w), wherepa'(g)* takes For instance, the first term of the path-specific effect in Fig
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h Table 1: The functiong} and f3
\l/ W (1-} (1_} R= fr(z,ur) | R= [i(z,ur)

b AY — L A% v — \ Z UR
AT | Ik G :
ow ow 0] 2 1 1
oy oy oy oy 0 3 1 0
1 1 1 1
(a) (b) 1] 2 0 0
1 3 0 0

Figure 4: Bold edges represent directed pathaRule (b)
Rs Rule
edges. Thus, itis not surprising these two identities cabao

2 (a) can be expressed as applied forever in a dag.

Lemma 1l Let M be a causal modely an effect subgraph.

P(8a)My2e = Z P(skbp.aNkn Aby ADax A hay) Then any sequence of applications®f and R, to g will
k,b,p,h reach a fixed poing*.
= P a,hp N ha* A Dax 3 -
Z (Satp Pa:) ®) 4 Problematic Counterfactual Formulas

h,p
Identification of a distribution must precede its estimatio
as there is certainly no hope of estimating a quantity not
uniquely determined by the modeling assumptions. Further-
more, uniqueness frequently cannot be guaranteed in causal
P(sa)Mysa = Z P(skbp.a Nkn Abas Apa A ha) models. gor instance?, Whe)r/1 identifyingginterventions from
observational data, a particular graph structure, the “bow
= Z P(Sap A bar) (4) arc’, has proven to be troublesome. Whenever the graph of
b a causal model contains the bow-arc, certain experiments be
come unidentifiablgPearl, 20000 Our investigation revealed
that a similarly problematic structure exists for expetirad
identifiability, which we call the 'kite graph’, due to itsape.
The kite graph arises when we try to identity counterfactual
probabilities of the formP(r,- A ).

which is just the direct effect. The more general case of Fig
3 (a) can be expressed &s:

k,b,p,h

It looks as if the expressions in Eq. (3) and (4) for the
two effects are very similar, moreover we know that direct
effects are alway®, -identifiable in Markovian models. Sur-
prisingly, the path specific effect of Fig. 3 (a) and Eq. (4) is
not P,-identifiable as we will show later.

We will find it useful to modify the effect subgraghwhile ~ Lemma 2 Let M be a causal model, le¥ and R be vari-
preserving the value of the path-specific effect. We do so byables such thaf is a parent ofR. ThenP(r.- A7) is not
means of the following two rules. Lét/ be a causal model P.-identifiable ifz* # z.
with the graphG, g an effect subgraph af, andg = G \ g.
Foranodé/, letin(V') denote the set of edges incoming into
V, andout(V') denote the set of edges outgoing frémin
G.

Proof outline: The proof is by counter example. We let
a = r,- Ar’, and construct two causal modelg! and
M? that agree on the interventional distribution &t but
disagree onP(«). In fact, we only need 2 variables. The
R;y: If there is a nodé/ in G such thatout(V) C g, then two models agree on the followingZ is the parent ofR,
Ri(g9) = (g \ out(V)) Uin(V). See Fig. 4 (a). Uz, Z and R are binary variabled/r be a ternary variable,

Ro: Ifthere is an edge € g, such that for all directed paths /2 = Uz, and P(uz), and P(uy) are uniform. The two
from Z to Y which includee, there exists another edge Models only differ on the functiongg, which are given by
¢’ € g, which occurs 'upstream’ from, thenRs(g) = table 4. It's easy to verify our claim holds for the two models
g\ {e}. See Fig. 4 (b). for any values:* # z of Z. . o
The next theorem shows how a particular path-specific ef-

Theorem 2 (Effect-Invariant Rules) If R, is applicable the  fect leads to problematic counterfactuals from the previou
R, (g)-specific effect is equal to thespecific effect. IRz iS  |emma.

applicable theRs(g)-specific effect is equal to thespecific
eﬁgct_ 2(9)-sp a s Theorem 3 The g-specific effect o onY as described in

. , _ ) Fig. 5 (a) is notP,-identifiable.
Proof outline: The proof is by induction on graph struc-

ture, and is an easy consequence of the definitigrspfecific Proof: We extend modeld/' and A7* from the previous
effect, and thek, and R, rules. o proof with additional variabled”, V', andUy. We assume
Intuitively, R; 'moves’ the blocked edges closer to the P(uy) is uniform, and bothP(V,Y|R) and the functions

manipulated variabl¢Z, and R, removes redundant blocked Which determind” and}” are the same in both models.
Note that since all variables are discrete, the conditional

!Note that Eq (4) is different from_, . P(sas Aba~) whichis  probability distributions can be represented as tablesvelf
just a marginalization over the counterfactual varighle require|R| = |V] and|Y| = |V x |R|, then the conditional
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z z Pearl, 1998 [Halpern, 200D Such procedures are far less
L4 4 intuitive, do not have running time bounds, and cannot be
used to obtain non-identifiability proofs.
First let's define this criterion:
;\ ° Definition 10 (Recanting witness criterion) Let R # Z be
oV a node inG, such that there exists a directed pathyifrom Z
/ to R, a directed path fronR to Y in g, and a direct path from
° ° RtoY in G but notg. ThenZ, Y, andg satisfy the recanting
Y Y witness criterion withR as a witness
(a) (b) The recanting witness criterion is illustrated graphicals

the ’kite pattern’ in Fig. 5 (b). The name 'recanting witness
comes from the behavior of the variabizin the center of
the ’kite.” This variable, in some sense, 'tries to have ittbo
ways. Along one path fronR to Y, R behaves as if the
probabilities are representable as square matrices. Weefix t variable Z was set to one value, but along another padth,
functions fyy and fy, as well as the exogenous parentdof behaves as i was set to another value. This 'changing of
andY” such that the matrices corresponding®@,Y'|R) and  the story’ of R is what causes the problem, and as we will

Figure 5: (a) Problematic effect (b) The kite graph

P(V|R) are matrices are invertible. show it essentially leads to the the existence of a fpn
Call the extended model&/® and M*. Note that by con- identifiable expression of the type discussed in section 4.
struction, the two models are Markovian. Sine€ andM? To proceed, we must make use of the following helpful

have the samé,, and since the two extended models agredemmas: Lety be an effect subgraph @f andg* the fixed
on all functions and distributions not ih/! and M2, they  point of R; andR,. Letg* = G \ g*.
must also have the sani.

Consider the-specific effect shown in Fig. 5 (a). From
Theorem 1 we can express the path-specific effed/jhin

Lemma 3 ¢* satisfies the recanting witness criterion iff
does. Moreover, ifj* does satisfy the criterion, then there
exists a witnes® s.tout(R) N g* # (. If g* does not, then

terms of M, In particular: 9* C out(2).
P(yz)Mg = Z P(Yry ATox Avy) s Lemma 3 states that repeated applications of rigsand
rv R preserves the satisfaction of the recanting witness crite-

rion. Moreover, if the witness exists in the fixed pajiit then
some outgoing edge from it is blocked. If the witness does not
exist ing*, then only root-emanating edges are blocked.

/
= Z,P(y“’)MSP(“’“’)M‘gP(TZ*’Tz)M3 Lemma 4 Assume the*-specific effect ofZ on Y is P.-
ner identifiable. LetE be any set of edges irt. Letg’ = EUg*.
The last step is licensed by the independence assumptiens efhen they’-specific effect of onY is P;-identifiable.

1 /
coded in the parallel Wgrlgs r_noc(jjelij ATZ*,(}”{" ?hrzt. The Lemma 4 states that if a path specific effect is not identi-
same expression can be derivedfjyy. ) ;. Note thatsince o "then adding blocked directed edges ‘does not help, in

P, is the same for both models they have the same valuegat the effect remains unidentified. Now we can state and
for the interventional distribution® (y,.,) and P(v,+). Note  prove the main results:

that sinceP(Y'|R, V) and P(V|R) are square matrices, the o ) ) o
summing out ofP(Y|R, V) andP(V |R) can be viewed as a Theorem 4 If g satisfies the recanting witness criterion, then
linear transformation. Since the matrices are invertible, theg-specific effect o onY is not P, -identifiable.

the transformations are one to one, and so if their composipraof: Let M be our model and assume thasatisfies the
tion. SinceP(y,,) = P(y|r,v) andP(v,1) = P(v[r), and  recanting witness criterion. By Lemma 3 so dgéslet R be
sinceP(r.- A r.) is different in the two models, we obtain the witness from the lemma s.t= R — V is in g*. Assume
that P(y-) g # P(yz)ay. Since adding directed or bidi- the g-specific effect is identifiable, By Theorem 2 so is the
rected edges to a graph cannot help identifiability, thelresu *-specific effect. Le’ be the path specific effect obtained

= Z P(Ypyy AT Avpr A70)ps

ro,r’

also holds in semi-Markovian models. o by adding all edges tg9*, bute. By Lemma 4 they’-specific
_ effect is alsoP,-identifiable. Now by composing the func-
5 Main Result tions in g’ we can obtain a new modall’ which is exactly

The main result of this section is that a simple sufficient!n® model of Fig. 5 (@and P(y.)a,, = P(y:)ar,- From
and necessary (in Markovian models) graphical criterion exTheorem 3 we know thaP(yz)M;, is not P,-identifiable,

ists. This condition is easily stated and can be derived fronhence, neither is(y.),, , and theg/-specific effect is not
gl

the effect subgrapl in linear time. By contrast, the only - p_jqengifiable. Contradiction. o To illustrate the use of
other methods known to us for obtaining identifiability re-

sults of probabilities of general counterfactual logiafnoilas 2or a similar model where we “cut” the edge— V' and not the
are proof search procedures based on resuliGalles and edgeR — Y
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the theorem, consider the example in Eq. (4) from Section 3. While it is possible to give a sufficient condition for iden-
The expression ", P(sq, A ba+) = tifiability of general counterfactual formulas in our larme,
using induction on formula structure, this does not give a

_ Z P(sap Aby Apl.) single necessary and sufficient condition for semi-Mar&ovi

N a:b A Op /A Pas models. The search for such a condition is a good direction
bp for future work.

= Z P(Sapp A by A Dy Apa) (5) Another interesting direction is to consider special cases

of causal models where path-specific effects can be idehtifie

b,p,p’
, even in the presence of the 'kite’ — this is true in linear mod-
= > Plsapp Aby)P(pl Apa) els, for instance.
b,p,p’ Finally, our result assumes causal models with finite do-

The first two steps are by definition, the last step is licensednains, and 'small’ graphs. An interesting generalization i
by the parallel worlds model corresponding to the formula into consider causal models with "large’ or infinite graphs and
Eq. 5. The theorem shows that, as in this example, noninfinite domains. Such models may require adding first-order
identifiability arises because formulas of the fopin A p,  features to the language.
appear whenever the recanting witness criterion holds.

Theorem 5 If g does not satisfy the recanting witness crite- 7 Acknowledgements
rion, then theg-specific effect of onY is P,-identifiable in ~ The authors would like to thank Brian Gaeke and Paul
Markovian models. Twohey for proofreading earlier versions of this paper.

Proof: From theorem 2 we have th&(y. ). = P(y.)u, -
Sinceg does not satisfy the recanting witness criterion, byRéeferences
Lemma 3 all the edges it emanate fron¥. From Theorem  [Balke and Pearl, 1994Alexander Balke and Judea Pearl.

1 there is a formulax(g*) corresponding ta(y.)a,. that Counterfactual probabiliies: Computational methods,
contains only atomic counterfactuals of the fovmi. Since bounds and applications. Rroceedings of UAI-94pages

all blocked edges emanate fraf it can be easily observed ~ 46-54, 1994.

that for each two atomic counterfactualsify™), ”;imw vjmj, [Galles and Pearl, 1999avid Galles and Judea Pearl. Test-

i # j. This follows, since we only introduce atomic coun-  ing identifiability of causal effects. IRroceedings of UAI-
terfactuals withdo(z*) where we cut edges. Now since in 95, pages 185-195, 1995.

Markovian models any two different variables are indepen‘[Ga”es and Pear'l 1998:)av|d Galles and Judea Pearl.

dent if you set all their parents, all the atomic countetialt  An axiomatic characterization of causal counterfactuals.

in a(g_ )ngrta_énd??egldent of each other which makes the ex- Foundation of Scienc@:151-182, 1998.
ressionP,-identifiable. o . i

P For example, we stated earlier that fepecific effect of ~ LHalPem, 1990 Joseph Y. Halpern. An analysis of first-order

Fig 3 (b) is identifiable, this is true singedoes not satisfy logics of probability. Artificial Intelligence 46(3):311-

the recanting witness criterion. In particular the expimss 350, 1990.

for the path-specific effect is: [Halpern, 2000 Joseph Halpern. Axiomatizing causal rea-

soning.Journal of A.l. Researgtpages 317-337, 2000.
P(SG)M(SI; = Z P(Sk,b,p,a A kh A ba /\pa A\ ha*)

g [Pearl, 200D Judea PearlCausality: models, reasoning, and

Fbph inference Cambridge University Press, 2000.
- Z P(sha Aha) (6)  [Pearl, 2001 Judea Pearl. Direct and indirect effectsPi-
h ceedings of UAI-Olpages 411-420, 2001.
= P(sna)P(ha-) [Robins and Greenland, 1992ames M. Robins and Sander
h Greenland. Identifiability and exchangeability of direct

As before, the first two steps are by definition, and the last and indirect effectsEpidemiology 3:143-155, 1992.
step is licensed by the parallel worlds model correspontting [Robins, 1997 James M. Robins. Causal inference from

the formula in Eq. 6. But now note th&t(ss,q), P(ha~) € complex longitudinal data. Ihatent Variable Modeling
P*,.therefore the above expression can be computed from ex- gn( Applications to Causalityolume 120, pages 69—117,
periments. 1997.

; [Rubin, 1974 D. B. Rubin. Estimating causal effects of
6 Conclusions treatments in randomized and non-randomized studies.
Our paper presented a sufficient and necessary graphical con Journal of Educational Psycholog§6:688—701, 1974.
ditions for the experimental identifiability of path-spécef-

fects, using tools from probability theory, graph theonyda

counterfactual logic. We related identifiable path-spedft

fects to direct and indirect effects by showing that all such

effects only block root-emanating edges.
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Abstract

Recently, it has been shown that the small descrip-
tion logic (DL) ££, which allows for conjunction
and existential restrictionshas better algorithmic
properties than its counterpaft’L,, which allows
for conjunction andialue restrictionsWhereas the
subsumption problem irf £, becomes already in-
tractable in the presence of acyclic TBoxes, it re-
mains tractable irf £ even with general concept
inclusion axioms (GCIs). On the one hand, we ex-
tend the positive result faf £ by identifying a set
of expressive means that can be addeé £owith-

out sacrificing tractability. On the other hand, we
show that basically all other additions of typical
DL constructors t&€ £ with GCls make subsump-
tion intractable, and in most cases evexPEIME-
complete. In addition, we show that subsumption
in 7Ly with GCls is EXPTIME-complete.

Introduction

For these reasons, and also because of the need for expres-
sive DLs supporting GCls in applications, from the mid 1990s
on the DL community has mainly given up on the quest of
finding tractable DLs. Instead, it investigated more and more
expressive DLs, for which reasoning is worst-case intractable.
The goal was then to find practical subsumption algorithms,
i.e., algorithms that are easy to implement and optimize,
and which—though worst-case exponential or even worse—
behave well in practice (see, e.gHorrockset al, 200Q).

This line of research has resulted in the availability of highly
optimized DL systems for expressive D[idorrocks, 1998;
Haarslev and Mller, 2001, and successful applications:
most notably the recommendation by the W3C of the DL-
based language OWIHorrockset al, 2003 as the ontology
language for the Semantic Web.

Recently, the choice of value restrictions as a sine qua non
of DLs has been reconsidered. On the one hand, it was shown
that the DLE L, which allows for conjunction and existential
restrictions, has better algorithmic properties ttfafy. Sub-
sumption in€ L stays tractable w.r.t. both acyclic and cyclic
TBoxes[Baader, 2003k and even in the presence of GCls
[Brandt, 2004 On the other hand, there are applications

The quest for tractable (i.e., polynomial-time decidable) deWhere value restrictions are not needed, and where the ex-
scription logics (DLs), which started in the 1980s after thePressive power of £ or small extensions thereof appear to
first intractability results for DLs were shoviBrachman and  be sufficient. In fact, SNOMED, the Systematized Nomen-
Levesque, 1984; Nebel, 1988vas until recently restricted ~clature of Medicine, employ& £ [Spackman, 20q0with an

to DLs extending the basic language’, which allows for
conjunction (1) and value restrictions/¢.C'). The main rea-

acyclic TBox. Large parts of the Galen medical knowledge
base can also be expressedid with GCls and transitive

son was that, when clarifying the logical status of propertyroles[Rector and Horrocks, 1997Finally, the Gene Ontol-
arcs in semantic networks and slots in frames, the decisiofgy [Consortium, 200Dcan be seen as an acycie TBox
was taken that arcs/slots should be read as value restrictio®4th one transitive role.

rather than existential restrictionsi{C).

Motivated by the positive complexity results cited above

For subsumption between concept descriptions, the tracnd the use of extensions &£ in applications, we start with

tability barrier was investigated in detail in the early 1990sthe DL £L with GCls, and investigate the effect on the com-
[Donini et al, 1991. However, as soon as terminologies plexity of the subsumption problem that is caused by the ad-
(TBoxes) were taken into consideration, tractability turneddition of standard DL constructors available in ontology lan-
out to be unattainable: even with the simplest form of acyclicguages like OWL. We prove that the subsumption problem
TBoxes, subsumption ifF £, (and thus in all languages ex- remains tractable when adding the bottom concept (and thus
tending it) is coNP-harfNebel, 1990. Subsumption iF L

is PSPACE-complete w.r.t. cyclic TBoxe§Baader, 1996;

disjointness statements), nominals (i.e., singleton concepts), a
restricted form of concrete domains (e.g., references to num-

Kazakov and de Nivelle, 2003and we show in this pa- bers and strings), and a restricted forof role-value maps

per that it becomes everxBTIME-complete in the presence
of general concept inclusion axioms (GCls), which are sup-

ported by all modern DL systems.
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1Adding arbitrary role-value maps ¢ is known to cause un-
decidability[Baader, 2003a
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[Name | Syntax | Semantics |
top T AT

bottom 1 0

nominal {a} {a®}

conjunctior CcnbD ctnp*

existential 3.0 {zx eAT |Fyec AT

restriction (z,y) erf Ay e CT)
e | s gy |05 S <37
domain forp € PPi Wi, ) € P71}

GCl CCD c*t C D*

RI rio-orpCrlrfo---orf Crt

Table 1: Syntax and semantics&f .

(which can express transitivity and the right-identity rule re-
quired in medical applicationsSpackman, 204). We then
prove that, basically, all other additions of standard DL con
structors lead to intractability of the subsumption problem
and in most cases even txETIME-hardness. Proofs and
further technical details can by found in the accompanyin
technical reporiBaaderet al,, 2003.

2 The Description LogicELt

In DLs, concept descriptionare inductively defined with the
help of a set otonstructorsstarting with a sellc of concept
names a setNg of role hames and (possibly) a sell, of
individual namesin this section, we introduce the extension

ELTT of ££, whose concept descriptions are formed using

the constructors shown in the upper part of Table 1. Ther
and in general, we use andb to denote individual names,
r and s to denote role names, ard D to denote concept
descriptions.

The concrete domain constructor provides an interface t
so-called concrete domains, which permits reference to, e.
strings and integers. Formallycancrete domairD is a pair
(AP, PP) with AP a set andP? a set ofpredicate names
Eachp € P is associated with an arity > 0 and an exten-
sionp? C (AP)™. To provide a link between the DL and
the concrete domain, we introduce a setaature nameslg.

%criptions of the form{a} or p(f1,...
g1‘hen,C is in normal formif

syntax can be found in the lower part of Table 1. Note that a
finite set of GCls would commonly be calledjaneral TBox

We use the term CBox due to the presence of RIs. An inter-
pretationZ is amodelof a CBoxC if, for each GCI and RI

in C, the conditions given in the third column of Table 1 are
satisfied. In the definition of the semantics of RIs, the symbol
“o" denotes composition of binary relations.

The main inference problem considered in this paper is
subsumption. Given tw& L™ " -concept description€’, D
we say thatC is subsumed by w.r.t. the CBoxC (C C¢ D)
ifft C C D? for all modelsZ of C.

Some remarks regarding the expressivityedf** are in
order. First, though we restrict the attention to subsump-
tion, £L£T is expressive enough to reduce all other standard
reasoning tasks (concept satisfiability, ABox consistency, in-
stance problem) to the subsumption problem and vice versa
[Baaderet al, 2005. Second, our RIs generalize three means
of expressivity important in ontology applicatiorrsie hier-
archiesr C s; transitive roles which can be expressed by

'writing r o » C r; and so-calledight-identity rulesr o s C

s, which are important in medical applicatiofSpackman,

$000; Horrocks and Sattler, 2003 hird, the bottom concept

in combination with GCls can be used to expréisgointness
of complex concept description€§: 1 D C | says that”, D
are disjoint. Finally, theiniqgue name assumptidor individ-
ual names can be enforced by writi@} N {b} C L for all
relevant individual names andb.

3 Tractability of ££7+

Before we can describe a polynomial-time subsumption al-

%orithm forL™", we must introduce an appropriate normal

form for CBoxes. Given a CBoK, we useBC. to denote

the smallest set of concept descriptions that contains the top
conceptT, all concept names used (h and all concept de-

, fx) appearing irC.

1. all GCIs have one of the following forms, where
C1,C5 € BCc andD € BCe U {J_}

Cl E D7 Cl
Cl M Cg E D, 37".01

E EIT.C27
E D.

In Table 1,p denotes a predicate of some concrete domain

D and f,,..., fi are feature names. The DLLTT may
be equipped with a number of concrete domdns. .., D,
such thatA?: N APi = (for1 < i < j < n. If we want to
stress the use of particular concrete domadnms. . ., D,,, we
write ELTT(Dy, ..., D,,) instead of£ L.

The semantics o€L""(Dy,...,D,)-concept descrip-
tions is defined in terms of ainterpretationZ = (AZ,.%).
ThedomainAZ is a non-empty set of individuals and time
terpretation function? maps each concept namec Nc to
a subsetd? of AT, each role name € Ng to a binary rela-
tion r* on AZ, each individual name < N, to an individual
a’ € AT, and each feature nanfec N to a partial function
fEfrom A% toJ, ,,, AP:. The extension of to arbitrary
concept descriptions is inductively defined as shown in th
third column of Table 1.

An £L£1T constraint box (CBoxjs a finite set ofgeneral
concept inclusions (GClsgndrole inclusions (RIs)whose
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2. all role inclusions are of the formC sorry ory C s.

By introducing new concept and role names, any CB@an

be turned into a normalized CBdX that is aconservative
extensiorof C, i.e., every model of’ is also a model of,
and every model of can be extended to a model &f by
appropriately choosing the interpretations of the additional
concept and role names. [Baaderet al, 2009 it shown
that this transformation can actually be done in linear time,
yielding a normalized CBoxX’ whose size idinear in the
size ofC.

Lemma 1 Subsumption w.rt. CBoxes ®iLT can be re-
duced in linear time to subsumption w.r.t. normalized CBoxes

dn ELTT.

In the following, all CBoxes are assumed to be normalized.
When developing the subsumption algorithm for normalized
ELTT CBoxes, we can restrict our attention to subsumption
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crL If C' € S(C),C' T D €eC,andD ¢ S(C)
thenS(C) := S(C)uU {D}
CrR2 If Ch,C2 € S(C),CiMC2 E D eC,andD ¢ S(C)
thenS(C) := S(C)u {D}
cr3 If C" € S(C),C' T 3Ir.D € C,and(C, D) ¢ R(r)
thenR(r) := R(r )U{(C, D)}
cra4 If (C,D) € R(r),D’ € S(D),3r.D'C E €C,
andE ¢ S(C)
thenS(C) := S(C)U{E}
crs If (C,D) € R(r), L € S(D),and L ¢ S(C),
thenS(C) := S(C)uU{L}
cré If {a} € S(C)NS(D),C ~gr D,andS(D) Z S(C)
thenS(C) := S(C)U S(D)
CR7 If con;(S(C)) is unsatisfiable irD; and_L ¢ S(C),
thenS(C) := S(C)u{L}
CR8 If con;(S(C)) impliesp(f1,..., fr) € BCcinD;
andp(f17“'7fk) ¢ S( )
thenS(C) := S(C)U{p(fi,..., fx)}
cro If p(f,..., fr),P'(f,---, fir) € S(C), p € P,
p € PPe,j #14, fs = fl for somes, t, andL ¢ S(C),
thenS(C) := S(C)uU{L}
cruolf (C, D) (r),rCseC,and(C, D) ¢ R(s)
thenR(s ) R(s)U{(C,D)}
criilf (C,D) € R(r1), (D, E) € R(rz),r10r2 Ers €C,

1)
and(C,E) ¢ R
thenR(r3) := Ri(

(r3)
r3) U{(C, E)}

Table 2: Completion Rules

between conceptames|in fact,C C. D iff A Cer B, where
C'=CU{A C C,D C B} with AandB new concept names.

Our subsumption algorithm not only computes subsumptiorprovided that the concrete domairi, ..

BC¢, which is defined as follows:C ~r D iff there are
C1,...,C € BC¢ such that

e (1 = CorC, = {b} for some individual namé,
e (C;,Cj41) € R(rj) forsomer; € Re (1 < j < k),
e C, =D

Second, rulesr7 andcrs use the notiomron; (S;(C)), and
satisfiability and implication in a concrete domain.plfs a
predicate of the concrete doma®), then theS £+ -concept
descriptionp(f1,. .., f») can be viewed as an atomic first-
order formula with variableg, , . . ., f,,. Thus, it makes sense
to consider Boolean combinations of such atomic formulae,
and to talk about whether such a formula is satisfiable in (the
first-order interpretationp;, or whether inD; one such for-
mula implies another one. For a §etf EL1 (D, ..., D,)-
concept descriptions and< j < n, we define

/\ p(fi,...

,fr) el with pePPi

con;(I') :==
p(fi,...

For the rulescrz and cre to be executable in polynomial
time, satisfiability and implication in the concrete domains
Ds,...,D, must be decidable in polynominal time. How-
ever, for our algorithm to be complete, we must impose an
additional condition on the concrete domains. The concrete
domainD is p-admissibleff

1. satisfiability and implication if® are decidable in poly-
nominal time;

2. D is convex if a conjunction of atoms of the form
p(f1,- .., fxr) implies a disjunction of such atoms, then
it also implies one of its disjuncts.

Let us now show that the rules of Table 2 indeed yield a poly-
nomial algorithm for subsumption n&’ﬁ**(Dl, ..., Dy)
, D, are p-

7fk)'

between two given concept names w.r.t. the normalized inpuddmissible.

CBox(; it ratherclassifieL, i.e., it simultaneously computes
the subsumption relationships betweadh pairs of concept
names occurring ig.

Now, letC be a CBox in normal form that is to be classified.
We useR¢ to denote the set of all role names used iriThe
algorithm computes

e amappingS from BC¢ to a subset oBC,U{T, L}, and
e a mappingk from R¢ to a binary relation oBCc.

The intuition is that these mappings make implicit subsump-
tion relationships explicit in the following sense:

(11) D € S(C) implies thatC C¢ D,

(12) (C,D) € R(r) implies thatC' C¢ 3r.D.

In the algorithm, these mappings are initialized as follows:
e S(C):={C, T} foreachC € BC¢,
e R(r):=1( foreachr € Re.

Then the set$(C) and R(r) are extended by applying the

completion rules shown in Table 2 until no more rule applies.

Some of the rules use abbreviations that still need to b
introduced. First,cre uses the relation~yp C BCc x
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The following lemma is an easy consequence of the facts
that (i) each rule application adds an element to one of the
setsS(C) € BCc U{T,L} or R(C,D) C BC¢ x BCg,

(i) the cardinality ofBC¢ is polynomial in the size of, and
(iii) the relation~ z can be computed using (polytime) graph
reachability, and (iv) the concrete domains are p-admissible.

Lemma 2 For a normalized CBoX, the rules of Table 2 can
only be applied a polynomial number of times, and each rule
application is polynomial.

The next lemma shows how all subsumption relationships
between concept names occurringdncan be determined
once the completion algorithm has terminated.

Lemma 3 Let S be the mapping obtained after the applica-

tion of the rules of Table 2 for the normalized CB&as

terminated, and letd, B be concept hames occurring ¢h

ThenA C. B iff one of the following two conditions holds:
S(A)N{B, L} #0,

e thereis an{a} € BC¢ such thatl € S({a}).

d@he if-direction of this lemma (soundness) immediately fol-
lows from the fact that (11) and (12) are satisfied for the initial
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definition of S, R, and that application of the rules preservesName | Syntax| Semantics |
(11) and (12). This is trivial for most of the rules. We consider |negation -C | AT\ C*

cre in more detall. If{a} € S(C) N S(D), thenC,D Cg disjunction cubDlcTuD?

{a}. Now, C ~~g D implies thatC Ce Jry.---Fre—1.D value restriction | Vr.C' |{z|Vy: (z,y) € v — y € C*}
or {b} C¢ Ir1.- - Irk—1.D for some individual nameé. In atleast restriction> n )| {z | #{y € AT | (z,y) € 2} > n}
the second case, this implies thHatcannot be empty in any — = =
model ofC, and in the first case it implies thatis non-empty ~ |2tmostrestiiction(s n n)|{z | #{y € A" | (xl’ vEr }IS n}
in any model of¢ for which C is non-empty. Together with [Inverse roles I Cl{z|3y:(ya)er” Aye C7}
C,D C¢ {a}, this implies thatC T, D, which shows that ) .
the I‘U|eCR£ ié sound since it preserves (11). Table 3: The additional constructors.

To show the only-if-direction of the lemma, we assume thathas been proved ifLutz, 2003. Moreover, we can show
the two conditions do not hold, and then use the computedBaaderet al,, 2009 that bothQ andS are convex.
mappingss, R to construct a model of € such thatd” ¢  proposition 5 Q andS are p-admissible.

BZ. Basically, the domaimd\? of this model consists of all
element” € BC¢ suchthatd ~~z C. However, we identify
elements”, D of BC¢ if there is an individual name such
that{a} € S(C) N S(D). The interpretation of concept and

Both Q andS are interesting concrete domains since they
allow us to refer to concrete numbers and strings in concepts,
and use the properties of the concrete predicates when rea-
; : . : soning. However, the predicates available in these concrete
role names is determined I f2: if D € BCc is a concept domains are rather restricted. Unfortunately, p-admissibility

name, thenD? = {C € BC; | D € S(C)}, andifrisa . . .
role name, therC, D) € < iff (C,D) € R(r). Finally, is a fragile property, i.e., we cannot exteQdandS by other

the interpretation of the feature names is determined by th#?lgesrt(raastttilgr? evrgi'gr?;?dse\;vggglgxlt%ﬂg% ﬁéﬁ%%ﬂg”g As an
the assignments satisfying the conjunctioas; (S(C)) (see ’ ;

PO "

[Baaderet al, 2005 for a more detailed description of this ! n;?; g?g ;gﬁaggn)a'% Th«z)r(]tetﬂgséii)x(tlhsof;l]?ud&(t)igﬁl
. . . _q qe . — 7 -

construction, and a proof that it indeed yields a countermode>0(f,) implies the disjunction<y(£) v >o(f) without im-

to the subsumption relationshipC B). : o 15 :
iy ; o .plying one of its disjuncts. Thu§=+~« is not convex.
To sum up, we have shown the following tractability result: Next, consider any concrete domain with domainx*

Theorem 4 Let Dy, ..., D, be p-admissible concrete do- for some finite alphabet and, for everys € ©*, the unary
mains.  Then subsumption £ (Dy,...,D,) Wt predicategref, andsuff, with the semantics
CBoxes can be decided in polynomial time. .

pref>. = {s' € ©* | sis a prefix ofs'}
P-admissibile and non-admissible concrete domains suff’ = {s € 2*|sisasuffix ofs'}.

In order in ncr DL f the form : .
order to obtain concrete s_of the o LetX = {aq,...,a,}. Then theS*-conjunctionsuff,, (f)

ELTT(Dy,...,D,) for n > 0 to which Theorem 4 ap- =" ° -0 .
plies, we need concrete domains that are p-admissible. [[Plies the disjunctiorpref,, (f) V...V pref, (f) without
Implying any of its disjuncts.

the following, we introduce two concrete domains that are
-admissible, and show that small extensions of them are n . .
Ponger p-admissible. 4 Intractable extensions of€ £ with GCls
The concrete domai@ = (Q, P®) has as its domain the set In this section we consider the sublanguat® of ££1+
Q of rational numbers, and its set of predica®s consists  and restrict the attention to general TBoxes, i.e., finite sets of

of the following predicates: GCls. Recall thaE £ is obtained fron€ £* by dropping all
e aunary predicat@ q with (Tq)? = @; concept constructors except conjunction, existential restric-
. ¢ h . tion, and top. We will show that the extension &£ with
e unary predicates-, and>, for eachq € Q; basically any typical DL constructor not presentii™ " re-
e a binary predicate-; sults in intractability of subsumption w.r.t. general TBoxes.

Syntax and semantics of the additional constructors used in

bi dicate-, f , With 4 . ;
* abinary predicate-, for eachy € Q, wi this section can be found in Table 3, whe#$' denotes the

_ /i 2 / I
(+)% ={(d,d") € Q*| ¢ +a=4"} cardinality of a sefS.
The concrete domais is defined agx*, P°), whereX is In addition to the subsumption problem, we will sometimes
the 1ISO 8859-1 (Latin-1) character set aRd consistes of also consider theatisfiability problem the concept descrip-
the following predicates: tion C is satisfiable w.r.t. the general TBaxiff there exists

a modelZ of 7 with CZ # (). As in the previous section,
. .. we can restrict the attention to satisfiability/subsumption of
e aunary predicate-,, for eachw € X*; concepnamesw.r.t. general TBoxes.

e a binary predicate-;

e aunary predicatd s with (Ts)> = X*;

_ _ _ Atomic negation
e a blné";lry prec!|calt/eonc1,,j, for ?achw € ¥*, with Let£L™ be the extension & £ with negation, and lef (™)
concy = {(w',w") | w" = w'w}. be obtained fron§ £~ by restricting the applicability of nega-
Polynomiality of reasoning iQ can be shown by a reduction tion to concept namesf{omicnegation). Sinc€ L™ is a ho-
to linear programming, and polynomiality of reasoningSin  tational variant of the DLALC, EXPTIME-completeness of
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satisfiability and subsumption id£C w.r.t. general TBoxes
[Schild, 1991 carries over t&€ L. EXPTIME-completeness
even carries over t6£(™) since—~C with C complex can be
replaced with—A for a new concept namd if we add the
two GCIsA C C andC C A.

Theorem 6 In ££(7), satisfiability and subsumption w.r..
general TBoxes iEXPTIME-complete.

Disjunction

Let £L£U be the extension df £ with disjunction. Subsump-
tion in £LU w.r.t. general TBoxes is in B TIME since LU
is a fragment ofALC. To obtain a matching ¥ TIME lower
bound, we reduce satisfiability £ w.r.t. general TBoxes
to subsumption ig £/ w.r.t. general TBoxes. To this end, let
Ag be a concept name afda generaEE(ﬂ) TBox. For each
concept namel occurring in7, we take anewconcept name
A’ (i.e., one not occurring iff"). Also fix an additional new
concept namé,. Then the general TBoX™* is obtained from
T by replacing each subconceptl with A’, and then adding
the following GCls:

e TC AU A andAMA'C L foreachA € N¢cinT;
o IJr. L C L.
Note that3r.L C L is equivalent to-L C Vr.—L. It thus

ensures thak acts as the bottom concept in connected coun

termodels ofd, Cr« L. Using this observation, it is not hard
to verify thatA, is satisfiable w.rt7 iff Aqg Z7« L.

Theorem 7 In £L£U, subsumption w.r.t. general TBoxes is
ExPTIME-complete.

At-least restrictions

Let ££22 be the extension of £ with at-least restrictions
of the form (> 2 ). Subsumption ir€£>2 w.r.t. general
TBoxes is in EXPTIME since£L>? is a fragment ofALC
extended with number restriction®e Giacomo and Lenz-

erini, 1994. We establish a matching lower bound by reduc-

ing subsumption ir€ LU w.r.t. general TBoxes. Lefiy and
B, be concept names arid a generall £U{ TBox. Without

Non-p-admissible concrete domains

P-admissibility of the concrete domains is not only a suffi-
cient condition for polynomiality of reasoning 12", but
also a necessary one:7if is a non-convex concrete domain,
then subsumption i6 £(D) is ExPTIME-hard, where€ £(D)

is the extension of L with the concrete domai®. The
proof uses a stronger version of Theorem 7: we can show that
subsumption of concept names w.rgstricted& LU/ TBoxes

is EXPTIME-complete, where a restricteflC/ TBox is a
general£L TBox extended with asingle GCI of the form

A C By U B, [Baaderet al,, 2004.

The subsumption problem for such restricgai/ TBoxes
can be reduced to subsumptiondd ™ * (D) as follows. Let
Ap and By be concept names arrd a restrictedt £/ TBox.
SinceD is not convex, there is a satisfiable conjunctioof
atoms of the fornp(f1,..., fi) that implies a disjunction
a1 V ...V a, of such atoms, but none of its disjuncts. If
we assume that this is a minimal such counterexample (i.e.,
m IS minimal), then we also know that does not imply
as V ...V a,, and that each of the; is satifiable. Then
we have (i) each assignment of values fronthat satisfies
satisfiesi; Oras V.. .Vay,; (i) there is an assignment satisfy-
ing c anday, but notas V. ..V a,,; (iii) there is an assignment
satisfyingc andas V ... V a,, but nota;. Now, let7* be ob-
tained from7 by replacing the single GCA C B U B’ by
ACc¢a C B,anda; C B fori =2,...,m. Itiseasy to
see thatdy C+ By iff Ag C7« By.

Theorem 9 For any non-convex concrete domaip, sub-
sumption in€£(D) w.r.t. general TBoxes iExPTIME-hard.

For example, this theorem applies to the non-convex concrete
domains introduced in Section 3.

Inverse roles

Let £L7 be the extension df £ with inverse roles. We show
that subsumption i€ £Z w.r.t. general TBoxes is FBCE
hard by reducing satisfiability id LE w.r.t. primitive TBoxes
ALE extend< £ with value restrictions and atomic negation;
primitive TBoxes are finite sets of GCls whose left-hand side

loss of generality, we may assume that all concept inclusionis a concephame This satisfiability problem is known to be

in 7 have one of the following forms:

CCD, IrCCD, C C3ar.D,
CinNCyCEC, CLCCiUCQCy,
whereC, D, Cy, andCs are concept names dr. Call the
resulting TBox7 *. To convert7 into an£L£=2 CBox, we

simulate each GCC' C (C; U Cy by introducing two new
concept named and B and a new role name and putting

CCIr.ANIr.B,
Cnar(AnNB)CCy, Cn(z2r)CEC,.

It is easy to see thaty) C+ By iff Ag C7+ By.

Theorem 8 In ££2, subsumption w.r.t. general TBoxes is
ExPTIME-complete.

PSracE-completeCalvanese, 1996

Let Ay be a concept name ard a primitive ALE TBox.
We assume without loss of generality thAtcontains only
concept inclusions of the following forms:

ACB, AC-B, AC3r.B, ACVYrB,

where A, B, andB’ are concept names. We take a new con-
cept name. and define the gener&iCZ TBox 7* to consist
of the following GCls:

e AC Dforal ACDeT
if D is a concept name or of the forfr. B;

e Jr  ACB foral ACVYr.BeT;
e ANMBLC L foral AC-BeT,;
e dr.L C L.

The interested reader may note that similar reductions can b&s in the case o LU/, the concept inclusiodr.L. T L is

used to show EPTIME-completeness faf £ extended with

equivalent to-L C Vr.—L and ensures thak acts as the

one of the role constructors negation, union, and transitivdbottom concept in connected countermodelsAgf T« L.

closure.
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Additionally, 3r—.A C B is clearly equivalent tol C Vr.B.
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Thus, it is not hard to verify thatl, is satisfiable w.r.t7 iff [Baader, 2003aF. Baader. Restricted role-value-maps in a descrip-
Ao L~ L. tion logic with existential restrictions and terminological cycles.
Theorem 10 Subsumption ir€£Z w.r.t. general TBoxes is In Proc. DL'03 http://CEUR-Ws.org/YOI-Sll, 20(.)3' -
PSpAcEhard [Baader, 2003b F. Baader. Terminological cycles in a description
' ] ) o logic with existential restrictions. 1Rroc. IJCAI'03 2003.
The exact complexity of this problem is still open (the best|grachman and Levesque, 198R.J. Brachman and H.J. Levesque.
upper bound we know of isXPTIME, stemming from results The tractability of subsumption in frame-based description lan-
for the DL ALCT [De Giacomo and Lenzerini, 1994 guages. IrProc. AAAI'84 1984.

At-most restrictions/functional roles/F L, [Brandt, 2004 S. Brandt. Polynomial time reasoning in a descrip-

Let ££51 be the extension of £ with at-most restrictions tion logic with existential restrictions, GCI axioms, and—what

. ; else? InProc. ECAI 20042004.
< ) 22 ’ . L .
of the forn(< 1 r). As in the case of£=*, subsumption [Calvanese, 1996D. Calvanese. Reasoning with inclusion ax-

n EL=' w.rt. general TBoxes Is in ¥PTIME since£L=! ioms in description logics: Algorithms and complexity. Froc.

is a fragment ofALC with number restrictions. We prove a  EcAI'96, 1996.

matching lower bound by reducing subsumption in the DL[consortium, 200D The GO Consortium. Gene Ontology: Tool for
.7-'/36f w.r.t. general TBOXES.?-"EBf offers only the concept the unification of biologyNature Genetigs25, 2000.

constructors conjunction and value restriction and requires a[De Giacomo and Lenzerini, 19p45. De Giacomo and M. Lenz-
roles to be interpreted as total functions. Subsumption in this erini. Boosting the correspondence between description logics
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Abstract

Methods developed for the qualitative simulation of
dynamical systems have turned out to be powerful
tools for studying genetic regulatory networks. A
bottleneck in the application of these methods is
the analysis of the simulation results. In this pa-
per, we propose a combination of qualitative sim-
ulation and model-checking techniques to perform
this task systematically and efficiently. We apply
our approach to the analysis of the complex net-
work controlling the nutritional stress response in
the bacterium Escherichia coli.

1 Introduction

Qualitative simulation aims at making predictions of the be-
havior of dynamical systems in the absence of detailed, quan-
titative information on parameter values and functional rela-
tions [Kuipers, 1994]. The idea of qualitative simulation has
attracted much interest in the context of a biological appli-
cation, the analysis of genetic regulatory networks, that is,
the networks of regulatory interactions between genes, pro-
teins, and small molecules underlying the development and
functioning of all living organisms. On the one hand, mathe-
matical methods supported by computer tools are indispens-
able for the analysis of genetic regulatory networks: most net-
works of interest involve many genes connected through com-
plex feedback loops, thus making an intuitive understanding
of their dynamics difficult to obtain. On the other hand, nu-
merical simulation methods are difficult to apply, because
only a few networks are well-understood on the molecular
level, and quantitative information on the interactions is sel-
dom available.

We have previously developed a method for the quali-
tative simulation of genetic regulatory networks [de Jong
et al., 2004b].  This method differs from traditional
approaches towards qualitative simulation in that it has
been tailored to a class of piecewise-linear (PL) differ-
ential equations with favorable mathematical properties
[Glass and Kauffman, 1973].  This allows it to deal
with large and complex networks of regulatory interac-
tions. The qualitative simulation method has been imple-
mented in a publicly-available computer tool, called Ge-
netic Network Analyzer (GNA) [de Jong et al., 2003].
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GNA has been used to analyze several genetic regulatory
networks of biological interest (e.g., [de Jong et al., 2004a)).

Given a model of a genetic regulatory network, the above
qualitative simulation method produces a state transition
graph, consisting of qualitative states and transitions between
qualitative states. The graph describes the possible qualitative
behaviors of the network. When simulating large and com-
plex genetic regulatory networks, the state transition graph
usually consists of hundreds or even thousands of states, as
a consequence of which the analysis of the graph by visual
inspection alone becomes error-prone or even practically in-
feasible. In order to analyze large state transition graphs,
previous work in qualitative simulation has proposed the use
of model-checking techniques [Brajnik and Clancy, 1998;
Shults and Kuipers, 1997]. These techniques allow for the
efficient verification of properties of discrete transition sys-
tems [Clarke et al., 1999].

The aim of this paper, extending preliminary ideas in [Batt
et al., 2003], is to demonstrate the effectiveness and practi-
cal applicability of the combined use of qualitative simulation
and model checking for the analysis of large state transition
graphs produced by the qualitative simulation of genetic reg-
ulatory networks. In particular, we show how state transition
graphs can be reformulated as so-called Kripke structures on
which properties of the behavior of the network, expressed in
temporal logic, can be verified. In addition, we present a new
implementation of GNA that connects the qualitative simula-
tor to state-of-the-art model checkers.

We have applied the above approach to the analysis of the
complex regulatory network controlling the nutritional stress
response in the bacterium Escherichia coli. Among other re-
sults, the use of model-checking tools has allowed the charac-
terization of cycles in a large state transition graph obtained
through qualitative simulation of the network. The cycles
correspond to biologically-important phenomena that are cur-
rently being experimentally tested in our laboratory.

In the next section of this paper, we briefly review the
qualitative modeling and simulation of genetic regulatory net-
works. This will set the stage for a discussion of the combined
use of qualitative simulation and model-checking techniques
in the third section. The application of this approach to the
analysis of the nutritional stress response network is the sub-
ject of the next section. We finish with a discussion of the
approach in the context of related work.
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2 Qualitative modeling and simulation of
genetic regulatory networks

The dynamics of genetic regulatory networks can be modeled
by a class of piecewise-linear (PL) differential equations of
the following general form [Glass and Kauffman, 1973]:

& =h(z) = f(z) - g(z)z, @
where € = (z1,...,2,)" € Q is a vector of cellular protein
concentrations, f = (f1,..., f»), g =diag(g1, ..., 9n), and
2 C RY,, is a bounded n-dimensional phase space box. The
rate of change of each protein concentration z;, i € {1..n},
is thus defined as the difference of the rate of synthesis f;(x)
and the rate of degradation g;(x) «; of the protein.

The function f; : ©Q — Rx( expresses how the rate of
synthesis of the protein encoded by gene 7 depends on the
concentrations « of the proteins in the cell. More specifi-
cally, the function f; is defined as a sum of terms having the
general form «! bl(x), where k! > 0 is a rate parameter, and
bt Q — {0, 1} a piecewise-continuous regulation function
defined in terms of step functions s™ and s—:

S+(l‘i, 6‘1) = { (1): :; iz z z: and S_(.%'i, 6‘1) = 1—S+(l‘i, 6‘1)7
where z; is an element of the state vector « and 6; a constant
denoting a threshold concentration for x;.

The function g; expressing the regulation of protein degra-
dation is defined analogously, except that we demand that g,
is strictly positive. Notice that with the above definitions, h is
a piecewise-linear (PL) vector-valued function. An example
of a simple genetic regulatory network and its PL model is
shown in Figure 1(a)-(b).

The use of step functions s*(x;,6;) in (1) gives rise to
complications, because the step functions are discontinu-
ous at z; = 6;, and therefore h is discontinuous on © =
Uscttmepnpg{ € Q| @ = 6}, the union of the thresh-
old hyperplanes. In order to deal with this problem, following
an approach widely used in control theory, we extend the dif-
ferential equation (1), defined on Q \ ©, to the differential
inclusion

& € H(x), 2
defined on 2, where H(x) is the smallest closed hyperrect-
angular set containing the set of all limit values of h(y), for
y € © and y — « [Gouzé and Sari, 2002; de Jong et al.,
2004b; Batt et al., 2005]. A solution of the differential in-
clusion (2) on a time interval I is an absolutely-continuous
vector-valued function &(t) such that £(¢) € H (&(t)) almost
everywhere on 1.

Formally, we define the PL system X as the triple
(Q,0, H), that is, the set-valued function H given by (2),
defined on the n-dimensional phase space box 2, with © the
union of the threshold hyperplanes. Also, we denote by =5,
the set of all solutions £(¢), on a finite or infinite time inter-
val, of the differential inclusion (2), that reach and leave a
threshold hyperplane finitely-many times.

The mathematical analysis of PL systems has shown that
mere knowledge of the relative order of threshold parame-
ters and ratios of synthesis and degradation parameters, de-
scribing the local strength of gene expression, is sufficient
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for the definition of a finite partition D of the phase space
Q into hyperrectangular regions, called domains. This parti-
tion is such that the derivatives of the solutions in each do-
main have a unique sign pattern (Figure 1(b)-(d)). The def-
inition of the sign pattern S(z) for a point « in a domain D
is complicated by the fact that the solution of a differential
inclusion is in general not unique. In particular, if  lieson a
threshold hyperplane, H (x) is multi-valued, and several solu-
tions £(¢) may pass through « with different derivative signs.

We therefore define S(z) = {sign(&(t;)) | € € Exin D,
£(t,) = x, and &(t,) € H(&(t,))}. We have proven that
S(x) is the same for every z € D [Batt et al., 2005].1

Using the domain partition D of the phase space 2, to-
gether with the above qualitative characterization of the dy-
namics in each of the domains, we can discretize the contin-
uous dynamics. In the resulting abstract description, the state
of the system is represented by a domain, and there exists
a transition from a domain D to a domain D’, if and only
if there exists a solution reaching D’ from D, without leav-
ing D U D’. This leads to the introduction of the so-called
qualitative transition system, -QTS = (D,—,11, En),
where D is the set of all domains, — C D x D is a transi-
tion relation describing all transitions between the domains,
IT = {Dsign = S | S € 217191} 1 s a set of propositions
describing the derivative sign patterns, and E C D x ITis a
satisfaction relation that associates to each domain a qualita-
tive description of the dynamics of the system in the domain,
defined by D =p Dsign = Siffforallx € D: S(z) = S.

The graph representation of the qualitative transition sys-
tem, G = (D, —), is called a state transition graph. The
domains are also called qualitative states. A qualitative state
D is called instantaneous, if no solution remains in D longer
than a time instant, and persistent, otherwise. Moreover, it is
a qualitative equilibrium state, if D = Dsign = S, with
0 € S, since then for every x € D, £(t) = « is a solution.
The state transition graph for the example network is shown
in Figure 1(e). A path in the graph describes a possible qual-
itative behavior of the system (Figure 1(f)).

In [Batt et al., 2005], the qualitative transition system is de-
fined as the discrete quotient of a continuous transition sys-
tem having the same reachability properties as the original
PL system X, given the equivalence relation induced by the
partition D. Using standard results from hybrid systems the-
ory [Alur et al., 2000], it directly follows that the qualitative
transition system X-QT'S is a conservative approximation of
3, in the sense that if a solution & of the PL system 3, defined
on some time interval I, passes through the time-ordered se-
quence of domains (D°,..., D™), then (D°,...,D™)is a
path in 3-QTS. On the other hand, it may happen that no
solution of X passes through a sequence of domains corre-
sponding to a path in 2-QT'S.?

Simple rules exploiting the favorable mathematical proper-
ties of the class of PL models have been formulated such that
the qualitative transition system can be symbolically com-

LIn previous work [de Jong et al., 2004b], a coarser-grained par-
tition of €2 is used, for which this property does not hold.

2In the terminology of qualitative simulation, the method is
sound but incomplete.
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Figure 1: Qualitative simulation of a two-gene network. (a) Graphical representation (legend in Figure 3(a)). Gene b encodes
protein B, which inhibits gene a expression, that is, protein A synthesis. (b) Model consisting of PL differential equations and
parameter inequalities. x, and x; are the protein concentrations, «, and «; (v, and ~;) the synthesis (degradation) rates of the
proteins, and 6%, 62, and 6, threshold concentrations. The second differential equation states that the synthesis rate of protein B
is ky if 2, is below 6, and 0 if 2, is above §?, and that its degradation rate is ;2. The parameter inequalities for protein B state
that gene b may inhibit gene a expression, because when synthesized, protein B concentration tends towards the level x4/,
for which s~ (z3, 6;) = 0. (c) Domain partition of the phase space 2: D = {D*,... D?"}. (d) Sketch of the flow in £2 showing
the unicity of the derivative sign pattern in each domain. Dots denote equilibrium points. (e) Graph representation of the
qualitative transition system, 3-QT'S. Dots denote self-transitions. (f) Temporal evolution of the protein concentrations in the
path (D1, ..., D). Arrows indicate the derivative signs in persistent states (T for S = {1}; | for S = {—1}; o for S = {0}).

puted from a PL model of the network and a set of parameter
inequalities defining the relative order of the parameters [Batt
et al., 2005]. The implementation of these rules has resulted
in a new version of the computer tool Genetic Network Ana-
lyzer (GNA), available at http://www-helix.inrialpes.fr/gna.

3 Analysis of genetic regulatory networks by
model checking

Models of genetic regulatory networks of biological inter-
est may produce large state transition graphs, thus making
manual analysis of dynamical properties error-prone or even
practically infeasible. To address this problem, we propose to
combine the qualitative modeling and simulation method out-
lined above with techniques for model checking [Clarke et al.,
1999]. These techniques allow for the efficient verification of
properties of the behavior of discrete transition systems, ex-
pressed as formulae in some temporal logic.

Various model-checking frameworks exist, differing by
their expressiveness, user-friendliness, and computational ef-
ficiency. For the sake of clarity of exposition, we focus on
one particular framework in this paper, in which the discrete
transition system takes the form of a Kripke structure, and
the behavioral properties are expressed in Computation Tree
Logic (CTL) [Clarke et al., 1999]. However, we emphasize
that our approach is not restricted to CTL model-checking,
and allows other, more expressive temporal logics to be used
as well (Section 3.3).
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3.1 Translate qualitati ve transition systeminto
Kripk estructure

As a preliminary step, we introduce a set of atomic propo-
sitions, AP, to describe the state of the system. More pre-
cisely, the set of atomic propositions we use consists of
simple expressions describing a protein concentration (e.g.,
value_z; = 0;, value_x; < k;/7;), the sign of its derivative
(e.g., dsign_x; = {1}), or the type of a state (type = pers,
type = inst, type = eq, for persistent, instantaneous, and
equilibrium state, respectively). The set of atomic proposi-
tions for the two-gene example is shown in Figure 2(a).

We define the Kripke structure over AP corresponding to
¥-QTS as ¥-KS = (D, —, =ap), Where = 4pC D x 247
is the satisfaction relation associating to every domain D the
atomic propositions that hold in D. The existence of at least
one solution £ on some time interval [0, 7], 7 > 0, with initial
condition £(0) = x, for every &y € €, guarantees that —
is total (i.e., every state has a successor), which is required
for Kripke structures. The Kripke structure for the two-gene
example is shown in Figure 2(b).

3.2 Expressdynamical propertiesin temporal
logic

CTL formulae are interpreted with respect to a Kripke struc-

ture. A CTL formula is built upon atomic propositions. The

usual operators from propositional logic, such as negation

(=), disjunction (V), conjunction (A), and implication (—),

can also be used. In addition, CTL provides two types of op-
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@ AP = {value_xo = 0, value_xa >0, ..., dsign-xo={—1}, dsign_to={0}, ..., type =inst, type=eq }.

(b) X-KS=(D,—,Eap), With
e D={D'D* D? ... D"},

¢ —= {(D17D1)7 (D17D2)7 (D17D11)7 (D17D12)7 "'7(D277D26) H
o Fap= { (D', value_x,>0), (D", value_ra < 02),..., (D, dsign_z,={1}), (D', dsign_xy,={1}), (D', type = pers),

(D?, value_xo = 0L), ..., (D? type=1inst), ..., (D", value_x,> 02),..., (D, type =pers) }.
(c) Biological property CTL formula Do NuSMV result and diagnostic
 The network reaches a state in which both protein concentrations | EF (dsign-z, = {1} A dsign_z, = {1} A {D"} | True: (DT, D3, D®, D7, D)

protein A has vanished
e A high level of protein B guarantees the eventual disappearance
of protein A

increase, and from that state onwards, a second state in which pro- EF(dsign-zq = {1} A dsign_z, = {—1})) (witness)
tein A concentration increases and that of protein B decreases )
o The network will inevitably reach an equilibrium state where | AF(type = eq A value_x, =0) {D'} | False: (D', D3, D, D7, D%)

AG (value_zp, >0, — AFvalue_z, =0) D

(counterexample)
False: (D?°, D'?, D5, D7, DS)
(counterexample)

Figure 2: Verification of properties of the two-gene network in Figure 1. (2) Set of atomic propositions AP. (b) Kripke structure
Y¥-KS over AP corresponding to the qualitative transition system X-QT'S shown in Figure 1(e). (c) Biological properties, with
their CTL translation, their truth value in X-KS for the set of initial states D, and a diagnostic (witness or counterexample), as

computed by NUSMV.

erators: path quantifiers, E and A, and temporal operators,
such as F and G. Path quantifiers are used to specify that a
property p holds for some (E p) or every (A p) path starting
from a given state in the Kripke structure. Temporal opera-
tors are used to specify that, given a state and a path starting
from that state, a property p holds for some (F' p) or for every
(G p) state of the path. Each path quantifier must be paired
with a temporal operator [Clarke et al., 1999].

A variety of biologically-interesting properties of the dy-
namics of a genetic regulatory network can be expressed in
CTL [Chabrier-Rivier et al., 2004]. Typical questions con-
cern the possibility or the inevitability for the network to reach
some state(s), the absence or the universality of some prop-
erty, and response or precedence properties (i.e., a property is
always followed or preceded by some other property). Some
examples are given for the two-gene network in Figure 2(c).
More generally, these properties can be used for testing the
validity of a model given experimental data, or understanding
how the dynamics of a system emerges from the interactions
between its components.

3.3 Checkif modelsatisfiesdynamical properties

The model-checking problem consists in verifying whether
a temporal-logic formula holds in the discrete transition sys-
tem at the initial state(s). Highly-efficient algorithms have
been developed and implemented in model checkers for au-
tomatically solving this problem. Two widely-used model
checkers are NuSMV [Cimatti et al., 2002] and Evaluator, a
component of the CADP toolbox [Mateescu and Sighireanu,
2003]. NuSMV is an efficient, state-of-the-art model checker
for CTL, whereas Evaluator is an on-the-fly model checker
for the regular alternation-free u-calculus, a temporal logic
based on regular expressions. The algorithmic complexity of
these tools is linear in the size of the transition system and
the formula. In addition to a yes/no answer, the tools return a
diagnostic, either a witness or a counterexample, depending
on whether the property holds or not.

In order to combine our qualitative simulator with model-
checking tools, we have integrated export functionalities in
GNA. The text files generated by GNA can be imported in
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the model checkers, after which the verification of the prop-
erties of interest continues in the environment of the latter
tools. Figure 2(c) illustrates the verification of some proper-
ties of the two-gene network. Fairness conditions [Clarke et
al., 1999] have been used to ensure that attractors (equilib-
rium states, strongly connected components) are eventually
reached (not shown).

Recall that the qualitative abstraction used to obtain
3¥-QTS from X is a conservative approximation. Can the con-
clusions drawn from the verification of a property on £-QTS
(or more precisely on X-KS) be transposed to X? If every
path in X-QTS satisfies a property, then from the conserva-
tiveness, a corresponding property holds for every solution of
3. Conversely, if a property holds for some path in X-QT'S,
then, since this path may be spurious, the corresponding prop-
erty may hold for no solution of 3. One can define the set
of temporal-logic formulae such that, if a property holds in
¥-QTS, it does so in X. In the CTL model-checking frame-
work, this set is the set of formulae that can be expressed in
the temporal logic called YVCTL [Grumberg and Long, 1994].

4 Application: Analysis of the nutritional
stress response in E. coli

In case of nutritional stress, an E. coli population abandons
exponential growth and enters a non-growth state called sta-
tionary phase. This growth-phase transition is accompanied
by numerous physiological changes in the bacteria [Huisman
et al., 1996]. On the molecular level, this transition is con-
trolled by a complex genetic regulatory network integrating
various environmental signals. A network including six genes
believed to play a key role in the nutritional stress response is
shown in Figure 3(a) [Ropers et al., 2004].

A PL model of seven variables has been constructed, one
protein concentration variable for each gene and one input
variable representing the presence or absence of a nutritional
stress signal. Seven differential equations and forty param-
eter inequalities describe the dynamics of the system (Fig-
ure 3(b)). Using the new version of GNA, we have simu-
lated two phenomena, namely nutrient starvation, causing the
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(c) [ Biological property CTL formula Do | NuSMV result | Time

o “The transcription of cya is negatively regulated by cAMP and | AG (valuezcry > 07, A valuemcya > 07,,A {D*} | True < 0.1s.

CRP” [Kawamukai et al., 1985] value-us > 0, — EF dsign-zeya ={-1})

e “rrn[P1] transcription increases independently of Fis [...] E(value-x s >‘9/?%s {D"}| False < 0.1s.

following [nutrient] upshift” [Appleman et al., 1998] U(value_z s > 925 A dsign_xym = {1}))

Figure 3: Network of key genes, proteins, and regulatory interactions involved in the nutritional stress response in E. coli
[Ropers et al., 2004]. (b) PL differential equation and parameter inequalities for the protein Fis. (c) Some expected properties
of the network. Their translation into CTL and interpretation are not detailed here. U is the standard CTL operator Until
[Clarke et al., 1999]. D® and D" correspond to the initial states for nutrient starvation and nutrient upshift, respectively.

transition from exponential to stationary phase, and nutrient
upshift, leading to the reentry into exponential phase. The
simulation results have been analyzed by means of the model-
checker NuSMV, using the export functionality of GNA. Be-
low, we give some examples.

The simulation of a nutrient starvation has given rise to a
state transition graph of 66 states (27 of which are persistent),
computed in less than 1 s. on a PC (800 MHz, 256 Mb).
The graph contains a single equilibrium state corresponding
to stationary-phase conditions. Are the predictions obtained
from the model consistent with experimental data? In [Azam
et al., 1999], the measured concentration of the global regula-
tor Fis is shown to decrease and become steady in stationary
phase, which is characterized by a low concentration x,..,, of
stable RNAs:

EF (dsign_-zfs = {—1} A 3

EF (dsign_zss = {0} A value 2y < Orry)) )

The verification of (3) takes a fraction of a second to complete

and shows that the observed temporal evolution of the Fis
concentration is reproduced by the model.

We have also studied the reentry into exponential phase af-
ter a nutrient upshift. Using the same model as above, but
starting the simulation from the qualitative state characteriz-
ing stationary-phase conditions and with the nutritional stress
signal switched off, qualitative simulation results in a state
transition graph of 1143 states (202 of which are persistent),
generated in 1.7 s. The graph contains several strongly con-
nected components (SCCs). One of these SCC, containing
222 states, can be reached from all states in the graph. The
qualitative transition system satisfies the property

AG(statesInSCC — AGstatesInSCC), (@)

where the predicate statesInSCC is satisfied by all and only
states in the SCC. That is, if the system has reached this SCC,
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it always remains in it. Checking this property by visual in-
spection is tedious and error-prone, while it takes NuSMV
only 3.3 s. Further mathematical analysis has revealed that
the cyclic paths correspond to solutions spiraling inwards to
an equilibrium point [Ropers et al., 2004]. In other words,
during the reentry into stationary phase, the concentrations
of some of the proteins oscillate towards a new equilibrium
level. This is a surprising result, which is currently subject to
experimental verification in our laboratory. We also checked
a dozen of other properties, two of which are shown in Fig-
ure 3(c).

5 Discussion

We propose a combination of qualitative simulation and
model-checking techniques for the analysis and verification
of qualitative models of genetic regulatory networks. Model
checkers help in dealing with the problem that the state transi-
tion graphs generated by qualitative simulation may become
prohibitively large. They permit complex dynamical proper-
ties, whose verification defeats manual analysis capabilities,
to be efficiently and reliably checked. The analysis of the ge-
netic regulatory network composed of key genes involved in
the nutrient stress response in E. coli illustrates the applica-
bility of the approach.

Model-checking techniques have been used before for
analyzing biological networks.  Most approaches start
from discrete models, such as concurrent transition systems
[Chabrier-Rivier et al., 2004] and Boolean networks [Bernot
et al., 2004]. In this paper we show that model-checking
techniques can also be used for more conventional continu-
ous models, in particular differential equation models, when
using qualitative abstractions to discretize the dynamics of
the system. In comparison with ideas along the same line
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[Brajnik and Clancy, 1998; Shults and Kuipers, 1997], our
approach is adapted to a particular class of PL differential
equations with favorable mathematical properties, allowing
the development of tailored algorithms that scale up well to
models of large and complex genetic regulatory networks.
The model-validation approach of this paper has been il-
lustrated in the context of CTL model checking. While
CTL allows a variety of biologically-meaningful properties
to be expressed, some properties fall outside its scope. For
instance, in Section 4 we would have liked to be able to
express the occurence of oscillations in some of the pro-
tein concentrations after a nutrient upshift. The formula
EG(p—F-p N —p— Fp) expresses this property, where p
means that the concentration of some protein is above a cer-
tain threshold. Unfortunately it is not a CTL formula and it
does not admit any CTL equivalent [Clarke and Draghicescu,
1988]. However, the property can be expressed in p-calculus
and evaluated using XTL, a component of the CADP tool-
box [Mateescu and Garavel, 1998]. The capability of GNA to
generate export files for different model checkers, allows one
to take advantage from the specific strengths of each of these.
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Abstract

This paper deals with iterated revision of partially
ordered information. The first part of this paper
concerns the Katsuno-Mendelzon’s postulates: we
first point out that these postulates are not fully sat-
isfactory since only a class of partially ordered in-
formation can be revised. We then propose a suit-
able definition of faithful assignment, followed by
a new set of postulates and a representation theo-
rem. The second part of this paper investigates ad-
ditional postulates dedicated to iterated revision op-
erators of partially ordered information. Three ex-
tensions of well-known iterated belief revision op-
erations for dealing with partially ordered informa-
tion are briefly presented.

1 Introduction

Belief revision is a central topic in databases, philosophy and
artificial intelligence. The revision of a database consists of
the insertion of some new information while preserving con-
sistency.

This process has been discussed in different frameworks
(probability theory, Spohn’s ordinal conditional functions,
Grove’s systems of spheres, possibility theory, etc.) and from
different points of view (axiomatization [Alchourrén et al.,
1985; Katsuno and Mendelzon, 19911, computational issue,
etc.). The proposal of Alchourrén, Girdenfors and Makinson
(AGM) [Alchourrén et al., 1985] represents one of the most
influential work. It concerns revision operations that revise
a theory (representing agent’s current beliefs) with a formula
(representing new pieces of information). The AGM frame-
work consists in a set of natural postulates that any revision
operation should satisfy.

An important issue is that any revision operator satisfy-
ing AGM’s postulates is implicitly based on a priority or-
dering. This result suggests that an agent’s epistemic state,
denoted by U, is something more complex than a simple rep-
resentation of agent’s current beliefs (called belief set and de-
noted by Bel(¥)). It also contains strategies to revise his be-
liefs. The AGM’s postulates have been largely studied and/or
adapted in the literature. For instance, additional postulates
have been proposed to manage the concept of iterated belief
change in [Darwiche and Pearl, 1997] (see also [Rott, 2001;
Lehmann, 1995; Nayak, 1994; Konieczny and Pino Pérez,
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2000]). More generally, iterated revision is applied to an epis-
temic state, instead of a belief set, and the result is also an
epistemic state.

Epistemic states are often represented by total pre-orders
on possible worlds (or interpretations), denoted by <y. The
set of models of Bel(¥) are identified to be minimal (i.e,
preferred) elements with respect to <y .

There is another issue in belief revision and which has been
less investigated in the literature: the iterated revision of epis-
temic states represented by partial pre-orders (instead of to-
tal pre-orders) [Katsuno and Mendelzon, 1991]. Partial pre-
orders offer more flexibility than total pre-orders to represent
incomplete knowledge.

Katsuno and Mendelzon proposed in section 5 of [Katsuno
and Mendelzon, 19911, a set of postulates and a representa-
tion theorem that characterize revision operations based on
partial pre-orders. Unfortunately, the proposed approach is
not satisfactory since only one class of partial pre-orders can
be revised. For instance, assume that we have a partial pre-
order <y on four possible interpretations {wq,w1,ws,ws},
such that wy is “strictly preferred” to wy and w; is “strictly
preferred” to wo but ws is incomparable with wy, w; and wq
(cf. figure 1, for sake of clarity, reflexivity and transitivity are
not represented). Clearly, wg and w3 characterize (are mod-
els of) agent’s currents beliefs Bel(¥) (no interpretation is
strictly preferred to wg or to ws), but <y is not a faithful as-
signment in the sense of [Katsuno and Mendelzon, 1991].

More generally, there is no consistent propositional for-
mula that admits <y of Figure 1 as a faithful assignment. In

w2
L w3
w1

|

wo

Figure 1: Example of <y which is not a faithful assignment.

fact, faithful assignment requires that each model of agent’s
current beliefs (namely Bel(V)) should be strictly preferred
to each counter-model of agent’s current beliefs. This re-
quirement is appropriate for total pre-orders, but is too strong
for partial pre-orders.

This paper investigates iterated belief revision of partially
ordered information. Its main contributions can be summa-
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rized as follows:

e We propose an alternative definition of faithful assign-
ment and an alternative set of natural postulates for re-
vising partially ordered information.

e We provide a representation theorem for iterated revi-
sion operators satisfying this new set of postulates.

e We investigate additional postulates dedicated to iterated
belief revision. In particular, we discuss the extension
of Darwiche and Pearl’s postulates, Boutilier’s postulate
and we propose two alternative postulates for capturing
other forms of iterated belief revision.

e Lastly, we illustrate our results with three well-known
operators (revision with memory, possibilistic revision
and natural belief revision) for revising partially ordered
information.

The rest of this paper is organized as follows. Section 2
presents the Katsuno and Mendelzon’s postulates for belief
revision. Section 3 contains a modification of these postu-
lates. Section 4 characterizes Darwiche and Pearl’s postu-
lates and Boutilier’s postulate for iterated belief revision with
partially ordered information. Lastly, Section 5 proposes two
alternative additional postulates and provides three examples
of operators that satisfy the proposed postulates.

2 Notations and KM postulates

2.1 Notations

In this paper we use propositional calculus, denoted by L, as
knowledge representation language with usual connectives —,
A, V, —, = (logical equivalence). The lower case letters a,
b, c, - - -, are used to denote propositional variables and lower
case Greeks letters ¢, 1, - - -, are used to denote formulas. We
denote by (2 the set of interpretations of £ and by Mod(v))
the set of models of a formula ¢, that is Mod(y)) = {w €
Q,w = 9}. Upper case Greeks letters U, ® - - -, are used to
denote epistemic states.

A partial pre-order, denoted by =<, on a set A is a reflexive
and transitive binary relation. Let x,y € A, we define the
equality x = y iff x < y and y < z. The corresponding strict
partial pre-order associated with <, denoted by ~, is defined
as usual: x < y iff z < y holds but x < y does not hold. We
denote by ~ the incomparability relation, namely = ~ y iff
neither x < y nor y < x holds.

Given =< on a set A, the set of the minimal elements of A,
denoted by Min(A, =), is defined by Min(A, =) = {z :
reAPyecAy=<z}

2.2 The KM postulates for belief revision

Katsuno and Mendelzon proposed in [Katsuno and Mendel-
zon, 1991] a reformalization of the well-known AGM postu-
lates [Alchourrén er al., 1985]. In this framework, the epis-
temic state of an agent is represented by a formula 7). A revi-
sion operator o is a function from a formula v and produces a
new formula denoted by 1 o . The operator o should satisfy
the following postulates.

(R1) Yopl=p,
(R2) if ¢ A pis satisfiable, then ¢ o u = 9 A p,
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R3)
Ry) if 1)1 = 1o and py = o then vy o pg = 1o 0 o,
Rs) (Wop)Npl=do(nhe),

Rg) if (vpou) Ay is satisfiable, then yo(uAp) | (You)Ap.

An important result is that any revision operator that satis-
fies (R1) — (Rs) is implicitly based a total pre-order <, on
Q.

if p is satisfiable, then v o p is satisfiable,

(
(
(
(

In order to deal with partial pre-orders, Katsuno and
Mendelzon proposed in section 5 of [Katsuno and Mendel-
zon, 1991] to replace (Rg) by the two following postulates:

(R7) ifYpop = peandpo g = py then e o g = 9 o pg,
(Rs) (Yopr)A(opuz) o (urVpe).

The following representation theorem has been proposed
with these postulates for partial pre-orders.

Theorem 1 ([Katsuno and Mendelzon, 1991]) A revi-
sion operator o satisfies the postulates (R1) to (Rs),
(R7) and (Rg) iff there exists a faithful assignment
that maps 1 to a partial pre-order =, such that:
Mod(i o ) = Min(Mod(s), <y).

Where the faithful assignment is defined as follows.

Definition 1 (faithful assignment) Let ) be a propositional
formula. A partial pre-order on ), associated with ), de-
noted by =y, is said to be a faithful assignment if the three
following conditions hold :

(1) ifw,w’ € Mod(¢) then w <y w' does not hold,
(2) ifw € Mod(v) and w' ¢ Mod(v), then w <y W' holds,
(3) ifp = @, then <y==<,.

In the following, by KM postulates, we refer to (R1) —
(Rg,), (R7) and (Rg)

3 KM postulates revisited

In the introduction, we pointed out that KM postulates are
not fully satisfactory for iterated belief revision of partially
ordered information. This section justifies this statement and
proposes a revisited set of KM postulates.

3.1 Faithful assignment revisited

This subsection proposes a modified definition of faithful as-
signment. The one given by definition 1 is not appropriate.
Indeed, if <y is a partial pre-order on the set of interpreta-
tions ) representing agent’s epistemic state, and if we define
Mod(Bel(¥)) = Min(Q2, <) to be the current agent’s be-
liefs, then there is no guarantee that < will be a faithful
assignment.

For instance, the partial pre-order given by figure 1 is not a
faithful assignment, since condition (2) of Definition 1 is not
satisfied. Indeed Mod(Bel(V)) = {wo,ws} and wg <y wo
does not hold. Of course, one may simply suggest to enforce
minimal elements of <y to be equal. In our example, we
enforce wy to be equal to ws (as it is illustrated by Figure 2).
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w1

|

wo =ur W3

Figure 2: Example of <g-.

But this is not satisfactory. Indeed, if <y denotes
the partial pre-order obtained from =y by enforc-
ing minimal elements of =g to be equal then, in
general, Bel(¥' o p) # Bel(¥ o p). In our ex-
ample, if we consider a new piece of information pu
such that Mod(p) = {wi,ws}, then, it can easily
be checked that Bel(¥ o p) # Bel(¥ o p). Indeed

Mod(Bel(V o u)) = Min({w1,ws}, <v) = {w1,ws} and

Mod(Bel(V' o p)) = Min({w1,ws}, <w/) = {ws},
where <y and <y~ are respectively represented by Figure 1
and Figure 2.

The problem with Definition 1 is the condition (2), which
requires that each model of agent’s current beliefs is preferred
to all counter-models of agent’s current beliefs. We propose
to weaken this condition by only requiring that each counter-
model of agent’s current beliefs is strictly less preferred than
at least one model of agent’s current beliefs.

In order to deal with iterated belief revision, which applies
to epistemic states instead of formulas, we also modify con-
dition (3) exactly as it is proposed in [Darwiche and Pearl,
1997]. These two changes lead to the following modified def-
inition of faithful assignment.

Definition 2 (P-faithful assignment) Let V be an epistemic
state. A partial pre-order on S, associated to ¥ and denoted
by =<y is said to be a P-faithful assignment if the three fol-
lowing conditions hold :

(1) ifw,w" |= Bel(¥) then w <g w' does not hold,

(2) if W' & Bel(V), then there exists w such that w |=
Bel(V) and w <y W',

(3) if U =&, then R¢y==3.

Clearly, if <y is a faithful assignment, then it is also a P-
faithful assignment. Note that if <y is a total pre-order, then
this definition is equivalent to the definition of a faithful as-
signment of Darwiche and Pearl [Darwiche and Pearl, 1997].

3.2 Revisited postulates for partially ordered
information

Let us now present the “revision” of KM postulates. In the
whole paper, we assume that the new information p is consis-
tent and the initial beliefs Mod(Bel(¥) is not empty. Ba-
sically, there is a need of two changes. The first change
is the same as the one proposed by Darwiche and Pearl in
[Darwiche and Pearl, 1997] (see also [Friedman and Halpern,
1999]). It consists in a simple adaptation of KM postulates
in order to make belief revision operation a function on epis-
temic states instead on set of beliefs. More precisely, we pro-
pose to replace postulate (R4) by the one proposed in [Dar-
wiche and Pearl, 1997].
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(Py) if Uy = Wy and 1 = po then Bel(¥y o puy) =
Bel(\Ifg o /.Lg).

Postulate (Py) requires the equality between epistemic
states while R, requires the equivalence between beliefs sets.

The second change concerns postulate ( R2). We argue that
(R2) is too strong when dealing with partial pre-orders.

Let us consider again the example represented by Fig-
ure 1. Let u be such that Mod(n) = {wi,ws}. Since
Min(Mod(p), <w) = {w1,ws}, we expect to have Bel (¥ o
i) = {w1,ws}. But Ry leads to have Bel(V o 1) = {ws}.
Indeed, (R2) says that if Bel(¥) A p is consistent, then
Bel(U) o u = Bel(¥) A p. This equivalence makes sense if
for each w, w’ models of Bel(V¥), w =y w’ holds. However,
when models of Bel(¥) may be incomparable, then (Rz) be-
comes questionable.

We suggest to replace Ro by the following postulate. It
concerns the situation where the new piece of information is
a tautology. In this case, agent’s current beliefs should not
change. Namely:

(Py) Bel(¥oT)= Bel(V).

3.3 Representation theorem

The new set of postulates that we propose for characteriz-
ing the revision of partially ordered beliefs are the following
ones.

(P1) Bel(¥ou) |- p.

(P,) Bel(¥oT)= Bel(¥),
(Ps3) if u is satisfiable, then Bel (¥ o p) is satisfiable,
(Py) if Uy = Wy and g = po then Bel(¥ o puy) =

B@l(\IJQ O/.LQ),
(P5) Bel(Wop)Ag = Bel(¥o (uAp)),

(Ps) if Bel(V o p1) | pe2 and Bel(¥ o ps) = p1 then
Bel(V o p1) = Bel(¥ o pg),

(Pr) Bel(Yopui)ABel(¥opus) = Bel(Vo (g V).

The postulates (P1), (Ps), (Ps), (Ps), correspond respec-
tively to the postulates (R1),(R3), (R4), (R5). The postulates
(Ps) and (P7) are respectively a reformalization of the pos-
tulates (R7) and (Rg) proposed in [Katsuno and Mendelzon,
1991] for epistemic states.

Two weakenings of (Rz) can be derived from this set of
postulates:

(P3) Bel(V) A p |= Bel(¥ o ),
(Pay) if Bel(¥) = pthen Bel(V o p) = Bel(V) A p.

The first one means that joint of initial beliefs Bel(¥) and
the new information are contained in the set of new belief’s
models. The second one means that if we revise with some
pieces of information that can be inferred from agent’s current
beliefs, then the agent’s beliefs should not change.

Given this set of postulates and the definition of P-faithful
assignment, we provide the following representation theo-
rem:
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Theorem 2 A revision operator o satisfies the postulates
(Py) to (Pr) iff there exists a P-faithful assignment that maps
each U to a partial pre-order <y such that Mod(Bel(¥ o
1) = Min(Mod(u), ).

4 Characterization of iterated revision
postulates

Several authors (e.g. [Darwiche and Pearl, 1997]) argue that,
in order to have a genuine iterated belief revision operator, we
should augment basic AGM postulates with some additional
postulates. Indeed, these basic postulates constrain the rela-
tionships between Bel(¥) and Bel(V o 11). The aim of these
additional postulates is to provide more constraints between
¥ and ¥ o u by, for instance, expliciting the relationships
between <y and =g.,. Given a formula y, there are three
questions that need to be addressed:

e How the order between models of ;1 does evolve?

e How the order between counter-models of p does
evolve?

e How the order between models and counter-models of 1
does evolve?

Darwiche and Pearl [Darwiche and Pearl, 1997] gave four
natural postulates for iterated belief revision that provide an-
swers for these questions.

(C1) if a = p, then Bel((¥ o p) o a) = Bel(V o ),

(Cq) if o = —p, then Bel((¥ o p) o ) = Bel(V o ),

(Cs3) if Bel(¥ o o) = p, then Bel((¥ o u) o @) = p,

(Cy) if Bel(¥ o ) £~ —p, then Bel((V o p) o ) = —pu.
Another postulate, which has also been discussed in the

literature, is the one which characterizes Boutilier’s natural

belief revision [Boutilier, 1993] (and hinted in [Spohn, 1988])
for totally ordered beliefs:

(Cp) If Bel(¥op) = —athen Bel((Vopu)oa) = Bel(Vo
Q).

This section provides a characterization of the Darwiche
and Pearl’s postulates and the Boutilier’s postulate, when
epistemic states are represented by partial pre-orders.

In the following, we restrict ourselves to iterated belief re-
vision operators that satisfy (P;)— (Pr). Let o be a such revi-
sion operator and <y be its associated P-faithful assignment.
In order to characterize (C1) — (C4) and (Cp), we define five
properties on relationships between <y and Xyo.

(Ip,) ifw = pand W’ = pthenw <y W' iff w <go, W',
(Ipy) ifw = pand w’ B~ pthen w <y W' iff w <gop, W',

(Ips) if/w = pand W' [~ pthen w <y ' implies w <o
w )

(Ipy) if/w = pand W' & pothen w <y W’ implies w <oy
w )

(Ips) if w,w’ = Bel(¥ o p) then w <g w’ implies w <oy
W'
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(Ip1) (resp. (Ip2)) means that the strict order between
models (resp. counter-models) of the new piece of infor-
mation p is preserved. (Ips) means that if a model of p is
strictly preferred to a counter-models then this strict prefer-
ence is preserved. (Ip4) is similar with (Ip3) for non-strict
preference. Finally, (Ips) means that the strict order between
the counter-models of the agent’s current beliefs is preserved.

The following representation theorem provides a charac-
terization of (C1) — (Cy).

Theorem 3 Let o be a revision operator satisfying the postu-
lates (P1) — (P7). Then:

(1) o satisfies (C1) iff its associated faithful assignment sat-
isfies (Ip1),

(2) o satisfies (C2) iff its associated faithful assignment sat-
isfies (Ip2),

(3) o satisfies (C3) iff its associated faithful assignment sat-
isfies (Ips),

Note that only the characterization of (Cs3) is identical to
the one provided by Darwiche and Pearl [Darwiche and Pearl,
1997]. The others are different.

More precisely, there are two main differences with the DP
representation theorem. First, we have only

(4) if the faithful assignment associated with o satisfies
(Ipy) then o satisfies (Cy).

The converse does not hold.

The second main difference concerns (C1) and (C2). In-
deed, Darwiche and Pearl have shown that when <y is a to-
tal pre-order, then (C) (resp. (C)) guarantees that <y and
=woy to be identical on their subdomain Mod(p) x Mod ()
(resp. Mod(—p) x Mod(—u)). However, when <y is a par-
tial pre-order, then only the strict relations <¢ and <y, are
identical. Namely, it may happen that w =¢ w’ and w ~go,
w’ both hold for revision operator satisfying (P;) — (P7) and
(C1) (resp. (C2)).

A similar remark also holds for Boutilier’s postulate (C'g).

Theorem 4 Let o be a revision operator satisfying the postu-
lates (P1) — (Py). Then:

o satisfies (C) iff o satisfies (Ips).

When <y is a total pre-order, then <o, is uniquely de-
fined for satisfying (C'p). Theorem 4 shows that the unicity
of the result is no longer valid and hence <., is not uniquely
defined. Again, only the strict relation associated with <y,
is uniquely defined.

An example of revision operator satisfying (C'g) is an ex-
tension to “natural revision” for partial pre-orders:

Definition 3 Let U be an epistemic state and |1 be a proposi-
tional formula, the revised epistemic state U o,, (i corresponds
to the following partial pre-order:
o ifw, w € Min(Mod(p), <) then w =<wo,, W iff
w =g W,
o ifw, w & Min(Mod(p),<w) then w =<go,, W iff
w =g W,
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o if w c Min(Mod(p), <)
Min(Mod(p), <w) then w <wo,,,, w'.

and W' g

The first condition imposes that the order between the pre-
ferred models of p is preserved. The second condition pre-
serves the ordering between non-preferred models of u. Fi-
nally, the third condition imposes that any minimal models of
 is preferred to any other model.

Example 1 Let us consider the epistemic state V represented
by Figure 3, where wy = {—a,-b}, w1 = {a,—b}, we =
{—a,b}, ws = {a,b}. Let u be a new piece of information
such that Mod(p) = {wi,ws}. Then the revision of U by
the new piece of information (i is represented by the partial
pre-order =y.,,,, described by Figure 4.

w2 w2
L w3 l
w1 wo
| !
wo w1 X W3
Figure 3: <y Figure 4: Zyo, 4

According to this definition it can be checked that the revi-
sion operator o,, provided by definition 3 satisfies the postu-
lates (P1) — (Pr) and (C'p). Moreover, it can be noticed that
o, does not satisfy (R2) since Mod(Bel(¥V)) = {wo, w3},
Mod(Bel(¥) oy, u) = {w1,ws} and Mod(Bel(¥) A p) =
{ws}.

5 Two alternative postulates

Among additional postulates (Cy) — (C4) proposed in [Dar-
wiche and Pearl, 1997] for iterated belief revision, (C1)
seems to be very acceptable. However it is less obvious
with (C2) (for more detailed discussion, see, for instance,
[Lehmann, 1995; Friedman and Halpern, 19991). Moreover,
(C5) may appear to be too cautious. We now propose to ana-
lyze two alternative postulates which capture two other forms
of iterated belief revision.

The first one departs from the idea of (C2), and it is
close to the idea of conditioning with a completely sure
information used in uncertainty theories. In probability
theory (and similarly in possibility theory), if we revise a
probability distribution by some completely sure formula,
then all counter-models of these formulas are considered
as impossible. This properties is captured by the following
postulate.

(Ceond) Bel((¥op)o-p)=-p.

It expresses that if U is revised by i, and again by its con-
trary —u, then piece of initial beliefs are ignored, and only
last pieces of information are retained. The characterization
of this postulate is as follows.

Theorem 5 A revision operator o satisfies the postulates
(P1) — (Pr) and (Ceona) iff its corresponding P-faithful as-
signment leads to <woy, which is such that if w E —u and
W' = - then neither w <wo,, W', nor w' <we,, w holds.
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We illustrate this postulate by the following definition of
the extension of qualitative possibilistic revision [Dubois and
Prade, 19921].

Definition 4 Ler U be an epistemic state such that its cor-
responding P-faithful assignment leads to <y. Let | be a
propositional formula, The revised epistemic state WV o i is
defined by:

o ifw, w € Mod(u) then w <yo,, W' iff w <y W,
o ifw, w & Mod(p) then w =g, W',
o ifwe Mod(p) and W' & Mod(p) then w <o, , W'

Namely, <¢ and =g,,, are identical on subdomain
Mod(u) x Mod(p). Each models of p are preferred to each
counter-models of p. And lastly, the counter-models of y are
considered equally preferred.

Example 2 Let us again consider the epistemic state VU rep-
resented by Figure 3. Let 1 be a new information such that
Mod(u) = {wi,ws}. Then, the revision of ¥ by the new
information p is represented by the partial pre-order <y
described by figure 5

W0 =Wo,pu W2

/N

w1 w3

Figure 5: 2o,

According to this definition it can be checked that the
revision operator o, provided by definition 4 satisfies the
postulates (P1) — (Pr), (C1),(C3) — (Cy) and (Ceond)-

The second postulate concerns relationships between
models and counter-models of the new piece of information
. The postulate (C3) only requires if some strict preference
in =g holds, then this preference should also hold in <.
We hence propose a stronger version of (C3), called (Cie),
and characterized by:

(Ciez) If « is not contradictory, « = p and 5 = —p then
Bel((Top)o(aV ) = Bel(Voa).

Note also that (C}., ) implies (C7), by replacing 3 by the
contradiction L.

Theorem 6 A revision operator o satisfies the postulates
(P1) — (Pr) and (Cies) iff its associated P-faithful assign-
ments leading to 2y and =y, are such that

o ifw,w | pthenw <y W' iffw <woy ',
o ifwkE pandw' B pthen w <goy W'

Revision operator o satisfying (Cj.,) constraints each
models to be strictly preferred to all counter-models of the
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new piece of information p. Moreover, it preservers the or-
der between the models of ;1. An example of revision opera-
tor satisfying (Cje, ) is the revision with memory proposed in
[Papini, 2001] and hinted by Spohn [Spohn, 1988] (see also
[Nayak, 1994; Konieczny and Pino Pérez, 2000]).

Definition 5 Let U be an epistemic state and p be a proposi-
tional formula, the revised epistemic state U oy, (i corresponds
to the following partial pre-order:

o ifw,w € Mod(p) then w <o, ' iffw <y W/,
o ifw, w & Mod(p) then w <y, W' iffw =g W',
o ifw e Mod(p) and w' & Mod(p) then w <o, w'.

Example 3 Let us again consider the epistemic state U rep-
resented by Figure 3. Let 1, be a new information such that
w = a. We have Mod(n) = {w1,ws}. Then, the revision
of U by the new information L is represented by the partial
pre-order 2y, described by figure 6

w2
|
wo
PEERN
w1 w3

Figure 6: <wo,

6 Conclusion

This paper has first proposed a new definition of faithful as-
signment suitable for revising partially ordered information.
We then propose a revised version of Katsuno and Mendel-
zon’s postulates. A representation theorem has been proposed
for any revision operator satisfying this new set of postulates.

The paper also proposed a characterization of Darwiche
and Pearl’s postulates and a characterization of Boutilier’s
postulate when information is partially ordered. Two new
postulates with their representation theorem have been pro-
posed for capturing two other forms of belief revision.

When dealing with partial pre-orders, we have shown that
revision operators satisfying iterated revision postulates such
C does not allow to guarantee that <y and <y, to be
identical on some subdomains (for instance on Mod(u) x
Mod(p) if Cy is satisfied). A future work will be to inves-
tigate additional postulates that preserve equality on some
subdomains. For instance, it would be interesting to con-
sider a stronger version of P, by requiring equality between
epistemic states instead of logical equivalence between belief
sets.

Even if results of this paper are oriented belief revision,
it can be interesting to discuss this work in the framework
of updating [Katsuno and Mendelzon, 1992] (since updating
has also questioned (R3), even if representation theorems are
clearly different).

Another future work is to extend results to this paper to
the revision of a partial pre-order by a partial pre-order and
extends, for instance, postulate proposed in [Benferhat e al.,
2000].
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Computational ontologies of parthood, componenthood, and containment*
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Abstract tool box) is contained in the trunk of my car, then the trunk
_ of my car isnot contained in that object. It is easy to see
Parthood, componenthood, and containment rela-  hat the componenthood (See Figure 1) and proper parthood

tions are commonly assumed in biomedical ontolo-  rgjations are also asymmetric and transitive. Due to thir s
gies and terminology systems, but are not usually jarities these relations are not always clearly distisgei in
clearly distinguished from another. This paper con- ontologies such as, e.g., GALERogers and Rector, 20D0
tributes towards a unified theory of parthood, com- or SNOMED[Spackman, 2041

ponenthood, and containment relations. Our goal in However, there are important differences between these re-
this is to clarify distinctions between these relations  |ations. There can be a container with a single containee (e.
as well as principles governing their interrelations.  the screw-driver is the only tool in my tool box) but no object

We first develop a theory of these relations in first a1 have single proper part. Also the components of complex
order predicate logic and then discuss how descrip-  grtifacts form tree-structures. Thus, two componentseshar
tion logics can be used to capture some important 5 component only when one is a sub-component of the other.
aspects of the first order theory. (Itis because components form tree structures that treagra
of component structures can be given in assembly manuals.)
: The parthood relation does not have this property: The left
1 Introduction half of my car and the bottom half of my car share the bottom
My car has components, for example, its engine, its oil pumpleft part of my car but they are not proper parts of each other.
its wheels, etc. (See Figure 1.) Roughl)g@mponenbf an Ontologies are tools for making explicit the semantics of
object is a proper part of that object which has a completéerminology system§Guarino, 1998 In this paper we de-
bona fide boundary (i.e., boundary that correspond discontielop ontologies which explicate the distinct propertiés o
nuities in reality) and a distinct function. Thus all compo- proper parthood, componenthood and containment relations
nents of my car are parts of my car, but my car has also partShese ontologies can be used to specify the meaning of terms
that are not components. For example, the left side my car hasiich as ‘proper-part-of’, ‘component-of’, and ‘contairiad
neither a complete bona fide boundary nor a distinct functionWe start by characterising important properties of binary r
My car is also acontainer It contains the driver in the seat lations and then study how these properties can be expressed
area and a tool box and a spare-tire in its trunk. Containmerfoth in ontological theories formulated in first order logitd
is here understood as a relation which holds between disjoinn ontologies formulated in a description logic.
material objects when one object (the containee) is located

within a space partly or wholly enclosed by the container. my Car

In this paper, we study formal properties of proper parthood

componenthood, and containment relations and demonstrate //4' \\
how they can be represented and distinguished from one other Body  Engine Drivetrain

in formal ontologies expressed in languages of different ex //'/‘ ‘\ T “\\
preSS!Ve pQWET. . i . Engine Heater  Valves Ol pump Transmission  Axle
At first sight, these three relations seem to have quite sim-

ilar properties. All three are transitive and asymmetribe T .

screw-driver is contained in my tool box and the tool box is Figure 1. Car components
contained in the trunk of my car, therefore the screw-driver

is contained in the trunk of my car. And if an object (e.g., a

S — 2 Binary relations
*This work has been supported by the Wolfgang Paul Program

of the Alexander von Humboldt Foundation, the EU Network gf E 1N this section, we define properties of binary relationstru
cellence in Semantic Datamining, and the Volkswagen Fdiomla tures that will be useful for distinguishing proper partdpo
Project "Forms of Life”. component-of, and containment relations.
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2.1 R-structures Another example of a structure that has the weak
A R-structure is a paiA, R), that consists of a non-empty supplementat!on property is the componenthood relation
domainA and a binary relatiofi # R C A x A. We write =~ 9" the domain of artifacts(A 4, component-of). ~Here
R(z,y) to say that the binary relatioR holds between the component-of, is the relation of sharing a component. WSP

individualsz,y € A, i.e., (z,y) € R. We can define the tells us that ifx is a component of then there exists a com-
following relations onA in terms ofR: ponentz of y such that andz do not have a common compo-

nent. For example, since the engine of my car is a component
Dr_.  R=(x,y) =4t R(z,y)orx =1y of my car there is some component of my car (e.g., the body
Dr, Ro(z,y)=4q 3z € A: R=(z,7) & R=(2,y) of my car) which does not have a componentin common with
Dgr, Ri(z,y) =4 R(z,y)&(-3z € A: R(z,z) & R(z,y)) the engine. (See Figure 1.)

For a givenR-structure, the defined relatiods-, Rp, or R;

may be empty or identical t&. For example, ifR is the G ca c2
identity relation onA, i.e., R = {(z,z) | € A}, then @ B1
R_ = R= RpandR; = (. [ | o

2.2 Propertiesof binary relations

An R-structure(A, R) may have or lack the properties listed Figure 2: Nested containers

in Table 1. For example, for ang the identity relation on

A is reflexive, symmetric and transitive. Moreover, for any Consider the structur@A., contained-in) with Ag =
(A, R), Ro is symmetric,R; is intransitive, andr_ isreflex-  {C1, Cs, C3,Cy, By, B2} as depicted in Figure 2. The block
ive. As pointed out above, on their respective domains propeB; is immediately contained in the contain€s which in
parthood, componenthood, and containment are asymmetriarn is immediately contained in the contain€s. Bj is

and transitive. contained, but not immediately contained, @h. Note
thatcontained-in does NOT have the weak-supplementation
property description property: B; is the only entity contained if,. Thus, every
reflexive Ve € A: R(z, ) entity contained irC, stands in theontained-ino relation
irreflexive | Vz € A: notR(z,x) to B;.

symmetric | Vz,y € A: if R(z,y) thenR(y, ) ) .y
asymmetric| Va.y € A: if R(z,y) then notR(y, z) We say(R, A) has theno-partial-overlapproperty (NPO)

transitive Vx,y,z € A:if R(x,y) andR(y, z) thenR(z, z) if and only if for all ,y € A:if Ro(x,y) thenz = y or

intransitive | Va,y € A:if R(xz,y) andR(y, z) then notR(z,z)  1(%,y) or R(y, z). The structurg A », component-of) has
up-discrete | Vx,y € A:if R(z,y) thenR;(z,y) or the NPO property. As a representative example consider the
Jz € A: R(z,z) andR;(z,y) substructure of A 4, component-of) depicted in Figure 1:
dn-discrete | Vx,y € A:if R(x,y) thenR;(x,y) or Two distinct car components share a component only if one
_ 3z € At Ri(z, z) andR(z, y) is a subcomponent of the other.
discrete up-discrete & dn-discrete The structure(A g, proper-part-of), on the other hand,
dense Vz,y € At if R(z,y) then does not have the no-partial-overlap property. As pointed o
WSP v 3z € A: R(x, 2) andR(z, y) earlier, the left half of my car and the lower half of my car
z,y € At if R(z,y) then . .
32 € A R(2.y) & not Ro(z, z) ove_rlap _partlally. Note also thgt containment structudes (
NPO Vz,y € A:if Ro(z,y) then mains with a containment relation) often do not have the NPO
z =y orR(z,y) or R(y, z) property: Consider the tool box in the trunk of my car. Itis
NSIP Vx,y € Arif R;i(z,y) then also contained in my car. My car and the trunk of my car
Jz € A Ri(z,y) &notz = 2 share a containee (the tool box), i.egntained-inp holds,
SIS Vx,y,z € Al if Ri(x,y) andR;(zx, 2) theny = 2 but my car is not contained in the trunk of my car nor is the
. . . trunk contained in the car.
Table 1: Properties of binary relations Containment structures areliscrete  For example

(A¢, contained-in) is up- and dn-discrete: if is contained

We say (A, R) has theweak supplementation property iny then eithet is an immediately contained inor (a) there
(WSP) if and only if for allz,y € A if R(x,y) then there exists az such that: is an immediately contained inandz
is az € A such thatR(z,y) but NOT Rp(z,x). As an ex- is contained iy, and (b) there exists asuch that: is con-
ample of a relation that has the weak supplementation progained inz andz is immediately contained ig. Similarly,
erty, consider the proper parthood relation on the domajn  the structuré A 4, component-of) is discrete. Ifx is a com-
of spatial objects(Ag, proper-part-of). In this structure ponent ofy then eitherz is a immediate component gfor
proper-part-of,, is the overlap relation. WSP tells us that (a) there exists a such thatr is a immediate component of
if x is a proper part ofj then there exists a proper parbf andz is a component of , and (b) there exists asuch that
y that does not overlap. For example, since the left side of x is @ component andz is an immediate component gf
my car is a proper part of my car there is some proper part ofgain, Figure 1 is a representative example.
my car (e.g., the right side of my car) which is discrete from The structuré A s, proper-part-of), isdensealue to the ex-
the left side of my car. istence offiat parts (parts which lack a complete bona fide
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boundary)[Smith, 200]. Consider my car and its proper As an example of a parthood-containment-component struc-
parts. My car does not have an immediate proper part—Whature consider the seh formed by all parts of my car and
ever proper part we chose, there exists another slightly big- everything that is contained in my car. The substructure
ger proper part of my car that hasas a proper part. (A, CmpOf) is depicted partly in Figure 1.

(R, A) has thesingle-immediate-successproperty (SIS) (iv) ensures that parts are contained in the container of the
if and only if noz € A can stand in the?; relation to two  whole, e.g., my head is part of my body and my body is con-
distinct members oA\. Again, a representative example is the tained in my car, so my head must also be contained in my car.
component-of structure depicted in Figure 1. In the stmectu (v) ensures that if a part of some whole contains something
(Ag, proper-part-of) SIS trivially holds since this structure then so does the whole, e.g., since my tool box is contained
has the density property and no immediate proper parts exish the trunk of my car and the trunk is part of my car, my tool
But note that containment structures often do not have t8e Slbox is also contained in my car. (vi) tells us that component-
property: Consider again the tool box in the trunk of my car.hood is a special case of parthood, e.g., since the engine is a
It is also contained in my car. My car and the trunk of my carcomponent of my car, it is also a proper part of my car.
are distinct immediate containers for my tool box.

(R, A) has theno-single-immediate-predecessmoperty 3 A formal ontology of parthood,

(NSIP) if and only if for allz,y € A: if R;(z,y) then there .
exists az € A such thatR;(z,y) and notz = 2. Again, containment, and componenthood

the componenthood structure depicted in Figure 1 is a repréFhe formal theory developed in this section is presented in
sentative example for a structure that has the NSIP prapertgtandard first-order predicate logic with identity. We useg,
Again, in the structuréA g, proper-part-of) NSIP is trivially ~ andz for variables. Leading universal quantifiers are gener-
true since no immediate proper parts exist. But containmerdlly omitted. Names of axioms begin with the capital letter
structures like A, contained-in) lack the NSIP property. ‘A, names of definitions begin with the capital letter ‘Dnd
Given the properties in Table 1 we can classif names of theorems begin with the capital letter ‘T".

structures according to the properties of the relatitnin We include the primitive relation symboRP, Cntln, and
Table 2 we list classes aR-structures that will be useful CmpOfin the language of our theory. The intended interpre-
for modelling proper parthood, componenthood, and containtations are the relationrBP, CntIn, and CmpOf respec-

ment relations. tively of parthood-containment-component structures.
R-structure | properties 3.1 Axiomsfor PP
partial ordering (PO) | asymmetric, ransitive We introduce the symboRP_, PP, and define tha®P_ xy
discrete PO PO + discrete holds if and only if eithePP zy or z andy are identical
parthood structure PO +WSP + dense (Dpp_); PPy 2y holds iff 2 andy share a common part or

component-of structur¢ PO + WSP, NPO, discrete are identical Dpp, ).
Table 2: Classes dR-structures Dpp_. PP_axy=PPaxyva=y
Dpp, PPo zy = (32)(PP= zz A PP= zy)
Finally, note the following facts abowR structures: (F1) ) ) o

If (A, R) has the no-partial-overlap property then it has theWe then include the axioms of asymmetry and transitivity
single-immediate-successor property; (F2)Af, R) is finite .(APPl—AP.PZ) as well as an axiom (APP3) that.ensures that
and has the single-immediate-successor property thersit hahterpretations oPPhave the weak supplementation property
the no-partial-overlap property; (F3) (f\, R) is up-discrete
and has also the no-partial-overlap property, th&nR) has APP1 PPzy — —PPyx
the v_veak—_supplementation property if and only if it he_ls the 4ppo (PPay A PPyz) — PPz
Pe‘ilz;qgéetmﬁn‘;dftg predecessor property; (FANfR) IS 4pp3 PPy — (32)(PPzy A —PPo zz)  (WSP)

i The theory that includes APP1-3 as axioms is known as basic
2.3 Parthood-containment-component structures mereology[Simons, 198]. Finally we add a density axiom
The relations that we are interested in do not exist in septo include fiat parts into our domain (APP4).
aration but form complex structures involving more than
one relation. The structur@\, PP, CntIn, CmpOf) is APP4 PPay — (3z)(PPz2 A PP2y)
a parthood-containment-component structifrand only if: — Models the the theory that includes APP1-4 as axioms are
(i) the substructurgA,PP) is a parthood structure; (ii) parthood structures as defined in Table 2.
(A, Cntln) is a discrete partial ordering; (ii)A, CmpOf)
is a component-of structure; and addition the following-con 3.2 Axioms for CmpOf

d.|t|ons hold: We introduce the symbolSmpOf. andCmpO#f, and add the
(V) If CntIn(z,y) andPP(y, z) thenCntIn(z, z); respective definitions/fcmpor. and Dempog, )-
(v) If PP(z,y) andCntIn(y, z) thenCntIn(z, z);

: Dcmpor.  CmpOL zy = CmpOfzy Vo =y
(vi) If CmpOf(x,y)thenPP(x,y); Dcmpo, CmpOf, zy = (32)(CmpOL zz A CmpOL zy)
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We then include an axiom of transitivity (ACP1).
ACP1 (CmpOfzy A CmpOfyz) — CmpOfzz

4 Representation in a description logic
Description Logics (DLs) are a family of logical formalisms

Corresponding to (vi) we add an axiom that ensures that/hich are significantly less powerful than first order logit b
CmpOfzy implies PP zy (ACP2) and can then prove that which are (relatively) easily implemented on the computer

CmpOfis asymmetric (TCP1).

ACP2 CmpOfzy — PPxy
TCP1 CmpOfzy — -CmpOfyx

We introduce the symb@mpOf and defineCmpOf zy to
hold iff CmpOf zy and there is ne such thaCmpOf zz and

[Baaderet al, 2004. The task of this section is to investi-
gate to what extent and holO-PCC can be approximated
by a theory expressed in a description logic. For this task,
we consider DLs with different expressive capabilitiesnso

of which are better suited than others for formulating prepe
ties of parthood, componenthood and containment relations

CmpOf zy (Dcmpot). We then add an axiom that enforces Notice, that it is not the purpose of this paper to provide a
that interpretations o€mpOfhave the discreteness property complexity analysis for these DLs.

(ACP3).
Dcmpos CmpOf xy = CmpOfzy A
—(32)(CmpOfzz A CmpOfzy)
ACP3 CmpOfzy — (CmpOf zy V

((3z)(CmpOf xz A CmpOfzy)
A (3z)(CmpOfzz A CmpOf zy)))
From Dcmpog We can prove immediately th&mpOf is in-
transitive (TCP2).
TCP2 CmpOfzy A CmpOf yz — -CmpOf zz
We then add axioms that require th@mpOfhas the no-
partial-overlap property (ACP4) and th@mpOfhas the no-
single-immediate-predecessor property (ACP5).
ACP4 CmpOfzy — (CmpOL zy vV CmpOfzx)
ACP5 CmpOf zy — (32)(CmpOf zy A -z = x)

4.1 Thesyntax and semantics of description logics

Basic expressions in description logics amnceptandrole
descriptions Concepts are interpreted as sets. Roles are in-
terpreted as binary relations. General rules for forming-co
cept and role descriptions (based[@aadert al, 2007) are
given below. Note, however, that specific DLs typically al-
low for the formulation of some, but not all, of the complex
concept and role descriptions listed.

Every concept name is a concept description (atomic con-
cept), T is thetop-concept L is thebottom-conceptf Cand
D are concept descriptions th@11 D (concept-intersection),
Cu D (concept-union),~ C (concept-complement) are also
concept descriptions. Every role nanfe,is a role descrip-
tion (an atomic role). IfS andT are role descriptions, then
S M T (role-intersection),S LU T (role-union),~ S (role-

We now can prove that the the weak-supplementation princicomplement)So T (role-composition), an&~ (role-inverse)
ple holds (TCP3) and that nothing has two distinctimmediateare also role descriptionkd is the name of the identity role.

successors (TCP4).
TCP3 CmpOfzy — (3z)(CmpOfzy A ~CmpO§, zx)
TCP4 CmpOf zz1 A CmpOf x20 — 21 = 22

3.3 Axiomsfor Cntln

We introduce the symbol€ntin_, Cntlny, andCntln; and
add the respective definition®¢nan_, Dentin, » @NADenin, )-

Dcnn. - Cntlne 2y =Cntinzy Vo =y
Dcntin,  Cnting zy = (32)(Cntinz zz A Cntinz zy)
Dcnin,  Cntlng 2y = Cntinzy A

—(3z)(Cntinzz A Cntln zy)

We then include axioms of asymmetry, transitivity, and dis- (éia —c)

creteness (ACT1-3).

ACT1 Cntlnzy — —Cntinyx
ACT2 (Cntlnzy A Cntinyz) — Cntlnzz
ACT3 Cntlnzy — (Cntln; zy V
((32)(Cntln; 2z A Cntln zy)
A (3z)(Cntinzz A Cntln; zy)))

We add axioms, corresponding to (iv) and (v), parts are con-
tained in the container of the whole (ACT4) and that if a part (i)

contains something then so does the whole (ACT5).

ACT4 PPzy A Cntinyz — Cntlnzz
ACT5 Cntinzy A PPyz — Cntinzz

If Cis a concept description aftis a role name the(@R.C),
(VR.C), and(= 1R) are concept descriptions. The semantics
of the various constructors is given in Table 3.

A terminologyis a set of terminological axioms of the form
C = DandS = T (called equalities) o€ C DandS C T
(called inclusions), wher€ and D are concept descriptions
andS andT are role descriptions. An interpretatidrsatisfies
an inclusionC C D iff T € D? andS C T iff ST C TZ.
(See[Baaderet al, 2004.) It satisfies an equalitg’ = D iff
C? = D* andS = T iff ST =1T7.

(ia—b) TT=A,17 =0,

(cnD)* =c*nD* (CubD)* =c*uD?,
(~C)F =A\CH

BR.O)YY ={a e A|(3@b)((a,b) € RT Abe CT)}
(VR.C)F ={a e A| (b)((a,b) € RT —be CT)}
E: 1R ={aec A||{b]| (a,b) € R*} =1}
(
(

(4id)
(iv)
(v)
(via—¢) (ST =8TnT%,(SuT)? =87 UuT?,
~ 9T =AxA\S%
SoT) ={(a,c) € AxA|

(3b)((a,b) € ST A (b,c) € TT)}
IdI:{(a,a)|a€ A}
(R)T ={(b,a) € A x A (a,b) € RT}

(vit)

(iz)

Table 3: Concept and role constructors with their semantics

We call the theory consisting of the axioms APP1-4, ACP1-7 is the interpretation function anfl is the domain of indi-
5 and ACT1-5FO-PCC Parthood-composition-containment viduals.

structures are models of this theory.
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4.2 Stating ontological principles Unfortunately, including role negation into a DL-language
significantly increases the complexity of the underlying-re
'Soning[Lutz and Sattler, 2040 Though£™ 9 is less ex-
pressive tharwsp (we cannot state WSP or discreteness ax-
ioms or defineR, ) it is an open question whethgr-' 4V is
decidable. (It is known though thad £C-DLs that include
Uxioms of the formRo S C T, U...UT, are undecidable
[Wessel, 2001L)

Let Lwspbe a language that includes at least the constructo
(ia, iia, iii, via-c, vii, viii, ix [Table 3]). In this languge we
can state a DL-version d¢fO-PCC In particular, ifR is the
name of a relatiorkz then we are able to state in this language
thatR has the WSP property, we are able to define the relatio
R; in terms ofR, and we are able to state thtis a discrete
(or dense) relation:

4.3 Describing parthood-composition-containment

(WSP) RTCR o~ ((R Uld)o(RUId)) .

(def-i) R =RM~ (RoR structuresin £ o

(discrete) RCR U(RoR MR oR) We choseC as the DL to formulate aapproximationof FO-
(dense) RC RoR PCC becausecl is decidable and does include the compo-

sition operator which is important for expressing intearel
But sinceLwspis undecidabléSchmidt-SchauR, 1984t is  tions between relation and for reasoning (particularlyio: b
important to identify less complex sub-languageS@gpthat ~ medical ontologies]Spackman, 2001; Rogers and Rector,
are still sufficient to state axioms distinguishing parttioo 2000; Horrocks and Sattler, 2004
componenthood, and containment relations. Otherwise the We add the symbol€P, PP andCT as well asCP; , PP,
DL version ofFO-PCCwould have no computational advan- andCT; to £. The intended interpretations of these symbols
tages over the first order theory. are the relation€CmpOf, PP, CntIn, CmpOf;, PP;,

Let £ be the DL which includes only the constructors (ia-b,and CntIn; of parthood-composition-containment struc-
iia, |||, Vii, iX, and v [Tab'e 3]) and in which the role compo- tures. We then include the fO”OW|ng axioms foP andPP:

sition operator (vii) only occurs in acyclic role termingies component-of proper-part-of

with inclusion axioms of the forlrRo RC R, So RC R, and (Al) Ch CCP (A5) PP, C PP
RoSLC R Unlike Lyspthe DL £ is decidabldHorrocks and (A2) CPoCPLCP (A6) PPoPPL PP
Sattler, 2004 (A3) (=1)CP .TC L (A7) (=1)PP-.TLC L

If Ris the name of the relatioR then we are able to state (A4 3CP.T L (=1)CP. T -
in £ that R is transitive Ro RC R). Moreover, in we can  For CT we include a subrelation axiom and a transitivity ax-
very naturally represent DL-versions of the axioms ACP2 andom:
ACT4-5. Unfortunately, inC we are not able to state either ,
that R asymmetric, thal? has the WSP property, or that ABCT L CT AICToCTECT
has the NPO property. Also we cannot state a DL-version o¥Ve include also axioms A10-12 corresponding to (iv-vi) in
the definition ofR in terms ofR (as in def-i). Section 2.3.

Let R be an undefined relation name interpretedasn A10 CPC PP All PPoCTC CT Al2 CToPPCCT
the R-structure(A, R) (e.g., ascontained-in; in a contain-
ment structure). IrC we are able to use this additional prim- We call the theory formed by A1-12L-PCC The sub-theory
itive to say thatR has the no-single-immediate-predecessoformed by Al-4is similar to the theories proposedattler,

property (NSIP) and the single-immediate-successor ptppe 2000 and[Lambrix and Padgham, 20D0 _
(SIS). But, as discussed in the previous subsection, we are not

. D able to add toDL-PCC the following axioms and defini-

EEISSI)P) ?_R 1)TR’E $_E1)LR' 2 tions that are needed to constrain the models to parthood-

- = composition-containment structures: (1) We are not able to
Notice however that, since we introdud@das an undefined state thaCpP, PP, andCT are asymmetric and irreflexive; (2)
relation name we do not know that the interpretatiorRof ~ We are not able to state a discreteness axion®foor CT or
is an intransitive subrelation o unless additional axioms @ density axiom foPP; (3) We are not able to definéP ,
are included in the theory. Iif we can state tha® is a  PPi, andCT; in terms ofCP, PP, andCT respectively; (4)
subrelation ofR but we cannot not say th&® is intransi- ~We are not able to state the weak supplementation principle
tive. Notice also, that i, we cannot say thak is irreflexive ~ (WSP) for interpretations d?P.

(Rol d C 1) since£ does not include a constructor for the ~ Consider (1). Sinc®L-PCC lacks asymmetry axioms it
identity relation. admits models in whiclCP, PP, andCT are interpreted as

Let £~'9Y be the DL obtained by extending with the reflexive relations. In those model®; , PP; , andCT; are
identity relation (viii), negation restricted to relatiommes @l interpreted as the empty relation (making the axioms A3,
(a restricted version of vic), and role union (vib). In this D A4, and A7 trivially true). (See also F4 in Section 2.2.) For
we can say thaR; is intransitive, thalR is asymmetric, and €xample the structur@A ¢, identical-to) is a model ofDL-

that R has the NPO property. PCC (but not of FO-PCQ if we interpretCP, PP, andCT as
identical-to andCP; , PP; , andCT; as{. Clearly, this model
(intrans) RoR C(~R) is not a parthood-component-containment structure.
(asym) R C(~R) Consider (3). We include@P; , PP, , andCT; as unde-
(NPO) (RRoR) CRUIdUR" fined primitives inDL-PCC and added axioms (A1, A5, and
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A8) that require their interpretations to be sub-relatiofis being to decide whether or not the DL-ontology in question
the interpretations o€P, PP, andCT. Unfortunately,DL- is applicable to her domain. Moreover, meta-data can also
PCC admits models in whiclPP; andPP are the same re- be used to write special-purpose programs that phrase knowl
lation (similarly for CP and CP; or CT andCT;). Con- edge bases and enforce the usage of relations in accordance
sider Figure 2 and interpreZP and CP;, as the relation to the meta-data.

icr = {(Cy,C4),(Cs,C4)} (immediately-contained-in-the-

root-containey, andPP, PP; , CT, CT; all ascontained-in. References

Then(A¢, contained-in, icr) is a model oDL-PCC (but not -
of FO-PCQ). This particular kind of unintended interpreta- [Biaedsi'eéal,(é?d?zafaiagdsgtglgfﬂ,ﬁae?fgf'e%}Ergcgg.m

tions of PP, and CT; can be avoided by requiring that the L : . : .
interpretation of these relations are intransitive. Hogven ;t(:)r(l)gtlon Logic Handbook Cambridge University Press,

L we are not able to require that a given relation is intransi- . . _
tive. [Gu_arlno, 1998 N. Guarino. For_mal on_tology and informa-
Consider (4). The closest we can get to requiring that the tion systems. In Nicola Guarino, editéiormal Ontology

interpretation ofPP has the WSP property is to require that ~ and Information Systems, (FOIS'98DS Press, 1998.

the NSIP property holds (axiom 7). However the NSIP prop{Horrocks and Sattler, 2004. Horrocks and U. Sattler. De-
erty is strictly weaker than the WSP propettonsequently, cidability of SHIQ with complex role inclusion axioms.
DL-PCC admits models that would have been rejected by a Artificial Intelligence 120(1-2):79-104, 2004.

theory including an axiom that requires WSP for interpreta . .

: - Lambrix and Padgham, 20p@®. Lambrix and L. Padgham.

tions ofPP (e.g.FO—P_C_Q. _S|m|l_ar comments apply to (2). ! Conceptual mogdelling ir? a document manager?went en-
These are strong limitations if the purpose of the presented vironment using part-of reasoning in description logics.

theory is to serve as amntologythat specifies the mean_ing Data and Knowledge Engineering2(1):51-86, 2000
of the terms ‘proper part of’, ‘component of’ and ‘contained ' ' '

in’ rather than to support automatic reasoning in some spelLutz and Sattler, 2040C. Lutz and U. Sattler. Mary likes

cific and possibly finite domaif.If the DL £~' 9" is decid- all cats. In F. Baader and U. Sattler, editdrgernational

able we can get a better DL approximationfdd-PCC that Workshop in Description Logics (DL20Q@)umber 33 in

is computationally tractable. But evenzx' 9% version of CEUR-WS, pages 213-226.

FO-PCCwill fall short of FO-PCCin expressivity since we [Rogers and Rector, 20D@. Rogers and A. Rector.

cannot state WSP fdtP. GALEN'’s model of parts and wholes: experience and
comparisons. IMMIA Symp 200Qpages 714-8, 2000.

5 Conclusions [Sattler, 1995 Ulrike Sattler. A concept language for an

We studied formal properties of parthood, componenthood €ngineering application with part-whole relations.  In
and containment relations. Since it is the purpose of an on- A. Borgida, M. Lenzerini, D. Nardi, and B. Nebel, edi-
tology to make explicit the semantics of terminology sys- tors,International Workshop on Description Logigsages
tems, it is important to explicitly distinguish relationsch 119-123, Rome, 1995.

as proper parthood, componenthood, and containment. WeSattler, 2000 U. Sattler. Description logics for the repre-
demonstrated that first order logic has the expressive power sentation of aggregated objects. In W. Horn, editdith

required to distinguish important properties of thesetiate. European Conference on Atrtificial Intelligend®S Press,

In description logics likeL several important properties of Amsterdam, 2000.

these relations cannot be specified. o e SOhmidt-Schaut, 198Manfred Schmidt-Schaufs. Sub-
DLs are best used as reasoning tools for specific tas

. T ; i i sumption in KL-ONE is undecidable. Ibst International
in specific domains (as suggested[Battler, 1995; 2000;  ~;terence on Principles of Knowledge Representation

Lambrix_and Padgham, 2000 DLs are not appropriate for and Reasoning (KR89ages 421431, 1989.
formulating complex interrelations between relations.u3h

we need to understand a computational ontology as consigtSimons, 198F P. Simons. Parts, A Study in Ontology
ing of two complementary components: (1) a DL based ontol- Clarendon Press, Oxford, 1987.

ogy that enables automatic reasoning and constrains ngeanifiSmith, 2001 B. Smith. Fiat objectsTopoi 20(2):131-48,
as much as possible and (2) a first order ontology that serves 2001.

as meta-data and makes explicit properties of relatiors th
cannot be expressed in computationally efficient desoripti
logics. The first order theory then can be used by a human

El‘Spackman,ZOdlK.A. Spackman.  Normal forms for
description logic expressions of clinical concepts in
SNOMED RT.Journal of the American Medical Informat-

INSIP entails WSP only in conjunction with discreteness and ics Associationpages 627-631, 2001. Symposium Sup-

NPO. We cannot require that interpretationsPsf are discrete or plement.

have the NPO property since then the proper parthood relatio  [Wessel, 200[L M. Wessel. Obstacles on the way to qualita-

the domain of spatial objects could not be an interpretdtoirP. tive spatial reasoning with description logics: Some unde-
2|f we constrain our models to finite domains then, for example C|dab|||ty results. Ininternational Workshop in Descrip-

it is indeed sufficient to include (A3) and (A4) as axioms tquiee tion Logics 20012001.

the WSP and the NPO properties e (F1-3).
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Propositional Argumentation and Causal Reasoning

Alexander Bochman
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Abstract The plan of the paper is as follows. We introduce first an

: . abstract argumentation theory, and describe its foureehlu
The paper introduces a number of propositional  gonantics based on acceptance and rejection of arguments.
argumentation systems obtained by gradually ex- »qqing a ‘global’ negation to this language will give us a
tending 'ghe u.nderlylng Iangugge and associated formalism that generalizes the assumption-based argament
monotonic logics. An assumption-based argumen- 45 framework from[Bondarenkoet al, 1997. Then we
tation framework[Bondarenkoet al, 1997 wil describe an alternative extension of the argumentaticsryhe
constitute a special case of th|'s construction. In to the full classical propositional language. A specialecas
addition, a stronger argumentation systeminafull - ¢ yhe |atter formalism will be shown to be equivalent to a
classical language will be shown to be equivalent gy o of causal reasoning. Finally, we will consider the co
to a system of causal reasonif@iunchigliaet al, respondence between argumentation and causal reasoning on

2004. The implications of this correspondence for the level of their associated nonmonotonic semantics.
the respective nonmonotonic theories of argumen-

tation and causal reasoning are discussed. 2 Collective argumentation

. As a general formal basis of argumentation theory, we will

1 Introduction adopt the formalism of collective argumentation suggested
In this study we will demonstrate, among other things, tha{Bochman, 2003eas a ‘disjunctive’ generalization of Dung'’s
two relatively recent approaches to nonmonotonic reagpnin argumentation theory. In this formalism, a primitive aktac
namely argumentation theorjDung, 1995b; Bondarenko relation holds betweesetsof arguments: in the notation in-
et al, 1997 and a theory of causal nonmonotonic reason-troduced belowg < b says that a set of arguments attacks
ing [McCain and Turner, 1997; Giunchigliat al, 2004; a set of arguments This fact implies, of course, that these
Bochman, 2003b; 2004are actually ‘two faces of the same two sets arguments are incompatibles— b says, however,
coin’. The common basis of these formalisms is a notion ofmore than that, namely that the set of argumentseing ac-
explanation, which takes the form of an attack relation & th cepted, provides a reason, or explanation, for rejectidhef
argumentation theory, and a causal relation in the theory ofet of arguments. Accordingly, the attack relation will not
causal reasoning. It will be shown that, at some level of genin general be symmetric, since acceptancé éed not give
eralization, these two relations will be directly interdefdle.  reasons for rejection of. In addition, the attack relation is

Both the argumentation theory and theory of causal nonnot reducible to attacks between individual arguments. For
monotonic reasoning have proved to be powerful frameworkénstance, we can disprove some conclusion jointly supdorte
for representing different kinds of nonmonotonic reasgnin by a disputed set of arguments, though no particular argtimen
including traditional nonmonotonic logics, logic program in the set, taken alone, could be held responsible for this.
ming, abduction and reasoning about actions and change. Theln what follows, a, b, c, ... will denote finite sets of ar-
present study should hopefully provide a basis for clanfyi guments, whileu, v, w,... arbitrary such sets. We will use
the representation capabilities of these formalisms, astd@ the same agreements for the attack relation as for usual con-
toward a unified theory of nonmonotonic reasoning. sequence relations. Thug,a; < b, B will have the same

Another objective of this study consists in a systematic demeaning aa U a; — b U { B}, etc

velopment of gpropositionalapproach to argumentation, in pefinition 2.1. Let .4 be a set ofirguments A (collective)

which arguments are represented as (special kinds of) propQta ck relatioris a relation— on finite sets of arguments sat-
sitions. This approach will naturally lead us to developlngisfying the following postulate:

the underlyinglogics of argumentation (cf. [Chesievar et .

al., 2000; Prakken and Vreeswijk, 209Jand their associ- Monotonicity  If a—b, thena, a, — b, b.

ated semantics. As will be shown, the resulting argumen- Though defined primarily on finite sets of arguments, the
tation systems will directly represent a number of impdrtan attack relation will be extended to arbitrary such sets by im
nonmonotonic formalisms. posing the compactness requirement: for any C A,
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(Compactnes$ u — v if and only if  — b, for some finite 2.2 Assumption-based argumentation
aCubCuw. The notion of an argument is often taken as primitive in ar-

The original Dung's argumentation thedpung, 1995b  gumentation theory, which allows for a possibility of cahsi
can be seen as a special case of collective argumentation tH{ing arguments that are not propositional in charactey,(e.

satisfies additional properties (¢Kakas and Toni, 199%: arguments as inference rules, or derivations). As has been
shown in[Bondarenkeet al,, 1997, however, a powerful ver-

Definition 2.2. An attack relation isiormalif no set of argu-  sjon of argumentation theory can be obtained by identifying
ments attack®, and the following condition is satisfied: arguments with propositions of a special kind catesump-
(Locality) If a < b, by, then either < b, or a < b. tionst. This representation can be refined further to a full-
fledged theory ofpropositional argumentation in a certain
For a normal attacky — b holds iff a — A, for someAe&b. well-defined propositional language.
As was shown ifBochman, 2003athe resulting argumen- | et us extend the language of arguments with a negation
tation theory coincides with that given ibung, 19954 connective~ having the following semantic interpretation:
By anargument theoryve will mean an arbitrary set of at- i L
tacksa — b between sets of arguments. Any argument theory ~Ais accepted iffA is rejected
A generates a unique least attack relation that we will denote ~A is rejected iffA is accepted

by <. The latter can be described directly as follows: The connective~ will be called aglobal negation since

w—av iff a=be A, for somea C u,b C v. it switches the evaluation contexts between acceptance and
rejection. An axiomatization of this connective in argumen
It can be easily verified that an attack relation is normal iftation theory can be obtained by imposing the following sule
and only if it is generated in this sense by an argument theorgn the attack relation (s¢Bochman, 2003:
consisting only of attack rules of the foray— A. A oA A A

2.1 Four-valued semantics If a— A,banda,~A b, thena— b (AN)

Collective argumentation can be given a four-valued seman- If a, A—~banda—b,~A, thena—b

tics that will be instructive in describing the meaning ofth  Attack relations satisfying the above postulates will be
attack relation. This semantics stems from the following un called N-attack relations It turns out that the latter are in-
derstanding of an attack— b: terdefinable with certain consequence relations.

If all arguments inz are accepted, then at least one /A Belnap consequence relationa propositional language
of the arguments in should be rejected with a global negation- is a Scott (multiple-conclusion) con-

_ _ sequence relatioh satisfying the postulates

Thg argumentation theory does not impose, h_owever, th eflexivity) A I A;
classical constraints on acceptance and rejection of argu-
ments, S0 an argument can be both accepted and rejected,(dfonotonicity) If a IFbanda C o', b C V', thena' I b/
neither accepted, nor rejected. Such an understandingecan fcut) If a I b, A anda, A I+ b, thena I+ b,
captured formally by assigning any argumerstudoseif the
set{t, f}, wheret denotes acceptance (truth), whifede-
notes rejection (falsity). This is nothing other than thdlwe AlF ~~A ~~A A,
knownBelnap’s interpretatiorof four-valued logic (seBel- . .
nap, 197%). As a result, collective argumentation acquires a_ FOr any set: of propositions, we will denote by the set

natural four-valued semantics described below. {~A | A € u}. Now, for a given N-attack relation, we can
define the following consequence relation:

as well as the following Double Negation rules for

Definition 2.3. An attacka — b will be said tohold in a four-
valued interpretatiow of arguments, if eithet ¢ v/(A), for alFb= a—~b (CA)
someA € a, or f € v(B), for someB € b.

An interpretatiornv will be called amodelof an argument
theoryA if every attack fromA holds inv.

Similarly, for any Belnap consequence relation we can de-
fine the corresponding attack relation as follows:

. . o a—b= alk~b (AC)
Since an attack relation can be seen as a special kind of
an argument theory, the above definition determines also the As has been shown ifBochman, 2003a the above def-
notion of a model for an attack relation. initions establish an exact equivalence between N-atte€k r
For a setl of four-valued interpretations, we will denote lations and Belnap consequence relations. This correspon-
by < the set of all attacks that hold in each interpretationdence allows us to represent an assumption-based argumen-
from I. Then the following result is actually a representationtation framework from{Bondarenkeet al,, 1997 entirely in
theorem showing that the four-valued semantics is adequatbe framework of attack relations.
for collective argumentation (s¢Bochman, 2003 Slightly changing the definitions frofBondarenkeet al.,

Theorem 2.1. — is an attack relation iff it coincides with 1991, an assumption-based argumentation framework can

— 7, for some set of four-valued interpretatiohs 1see alsdKowalski and Toni, 1996
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defined as a triple consisting of an underlying deductive sys As a result, the collective attack relation in this languesge
tem (including the current set of beliefs), a distinguiskeld-  reducible to an attack relation between individual arguisien
set of propositions4b called assumptionsand a mapping as suggested already[ibung, 1995h.
from Ab to the set of all propositions of the language that Having a conjunction at our disposal, we only have to add
determines theontrary A of any assumptioni. a classical negation in order to obtain a classical language.
Now, the underlying deductive system can be expressetfloreover, since sets of arguments are reducible to their con
directly in the framework of N-attack relations by identify junctions, we can represent the resulting argumentatien th
ing deductive rulea - A with attacks of the forna — ~A. ory using just a binary attack relation on classical forraula
Furthermore, the global negation can serve as a faithful As a basic condition on argumentation in the classical
logical formalization of the operation of taking the comyta  propositional language, we will require only that the dttac
More precisely, given an arbitrary languagethat does not relation should respect the classical entailnterin the pre-
contain~, we candefineassumptions as propositions of the cise sense of being monotonic with respedt tn both sides.

form ~ A, whereA € L. Then, since- satisfies double nega- pefinition 3.1. A propositional attack relatioris a relation

tion, a negation of an assumption will be a proposition from._, g, the set of classical propositions satisfying the folkuyyi
L. Moreover, such a ‘negative’ representation of assumptiony ot jates:

will agree with the applications of the argumentation tlyeor i
to other nonmonotonic formalisms, describefBondarenko ~ (Left Strengthening)  If A= BandB — C', thend — C;
et al, 1997. Accordingly, N-attack relations can be seen as(Right Strengthening) If A< B andC £ B, thenA — C;
a proper generalization of the assumption-based framework(Truth) PN

(Falsity) f<—t.

. . . . . Left Strengthening says that logically stronger arguments
Taking seriously the idea of propositional argumentatios, should attack any argument that is attacked already by a log-

only natural to make a further step and_ extend the_gnderlyin%a”y weaker argument, and similarly for Right Strengthen
language of arguments to a full classical propositionat lan; ’

The latter st hould b dinated. h .tglg. Truth and Falsity postulates characterize the limsiesa
?huageH etl af ers elp sdou t e c;)or Ir::? ek’ lovt\{evec;,Am f argumentation by stipulating that any tautological argu
€ innerently Tour-valuéd nature of an attack relation.dAn antattacks any contradictory one, and vice versa.
the way to do this amounts to requiring that the relevantclas

ical " hould beh . | classical i There exists a simple definitional way of extending the
sical conneclives should behave in a usual classica wdy wi above attack relation to a collective attack relation betwe
respect to both acceptance and rejection of arguments.

) ' L . arbitrary sets of propositions. Namely, for any sets of
As a first connective of this kind, we introduce then- Y brop 4 y set

. i X X . propositions, we can define<— v as follows:
junctionconnectiveA on arguments that is determined by the
following familiar semantic conditions: Uy = /\ s /\ b, for some finitea C u andb C v

AN Bis accepted ifid is accepted and is accepted The resulting attack relation will satisfy the propertids o
A N Bisrejected iffA is rejected o3 is rejected collective argumentation, as well as the postulat&s)(for
conjunction.
Finally, in order to acquire full expressive capabilities o
argumentation theory, we can add the global negation
he language. Actually, a rather simple characterinatio
the resulting collective argumentation theory can be olegi
by accepting the postulates AN fer, plus the following rule
that permits the use of classical entailment in attacks:

Classicality If a F A, thena— ~A and~A < a.

a, ANB—b ?ﬁ a,4,B—b It can be verified that the resulting system satisfies all the
a—AANB,biff a— A B,b (Ar)  postulates for propositional argumentation. The systeth wi
be used later for a direct representation of default logic.

3 Classical propositional argumentation

As can be seen\ behaves as an ordinary classical conjunc-
tion with respect to acceptance and rejection of arguments, |
On the other hand, it is a four-valued connective, since th‘?ot
above conditions determine a four-valued truth-table €or-c
junction in the Belnap’s interpretation of four-valued ilog
(seelBelnap, 197¥). The following postulates provide a syn-
tactic characterization of this connective for attacktiefss:

Collective attack relations satisfying these postulatds w
be calledconjunctive The next result shows that they give a 3.1 Semantics

complete description of the four-valued conjunction. A semantic interpretation of propositional attack relatio

Corollary 3.1. An attack relation is conjunctive if and only can be obtained by generalizing four-valued interpretatio
if it coincides with—, for some set of four-valued interpre- pairs(u,v) of deductively closed theories, wheuds the set
tations! in a language with a four-valued conjunctign of accepted propositions, whitethe set of propositions that

An immediate benefit of introducing conjunction into the &€ Not rejected. Such pairs will be calleanodels while a
language of argumentation is that any finite set of argument&€t Of bimodels will be called hinary semantics

a becomes reducible to a single argum@ni: Definition 3.2. An attackA — B will be said to bevalid in a
binary semantic# if there is no bimode{u, v) from B such
a—b iff /\ac—>/\b. thatA € wandB € v.
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We will denote by—j the set of attacks that are valid in
a semantic#. This set forms a propositional attack relation.
Moreover, the following result shows that propositional at
tack relations are actually complete for the binary sensanti
Theorem 3.2. — is a propositional attack relation if and
only if it coincides with— 3, for some binary semantids

3.2 Probative and causal argumentation
We will introduce now some stronger propositional attack re

As aresult, the basic attack relation can be safely resttict
to an attack relation in a classical language.

Finally, the rule Self-Defeat of causal argumentation give
a formal representation for an often expressed desideratum
that self-conflicting arguments should not participate éa d
feating other arguments (see, e[@ondarenket al, 1997).
This aim is achieved in our setting by requiring that such ar-
guments are attacked even by tautologies, and hence by any
argument whatsoever.

inference. These stronger attack relations are obtained
adding the following quite reasonable postulates:

(LeftOr) If A—-CandB—C,thenAv B—C;
(RightOr) If A~ BandA— C,thenA— BV C;
(Self-Defeat) If A— A, thent— A.

Definition 3.3. A propositional attack relation will be called
probativeif it satisfies Left Orbasig if it also satisfies Right
Or, andcausa| if it is basic and satisfies Self-Defeat.

Probative argumentation allows for reasoning by cases. ItAnd)

semantic interpretation can be obtained by restrictingooim
els to pairs(«, v), wherea is a world (maximal classically
consistent set). The corresponding binary semantics isdl a
be calledprobative Similarly, the semantics for basic argu-
mentation is obtained by restricting bimodels to world gair
(e, B); such a binary semantics will be calledsic Finally,
thecausalbinary semantics is obtained from the basic seman
tics by requiring further thaix, 3) is a bimodel only if( 3, 3)

is also a bimodel.

Corollary 3.3. A propositional attack relation is probative
[basic, causal] iff it is determined by a probative [resp.dig
causal] binary semantics.

Basic propositional argumentation can already be given a

purely four-valued semantic interpretation, in which thaese
sical negation- has the following semantic descriptfon

—A is accepted iffA is not accepted
- A is rejected iffA is not rejected

A syntactic characterization of this connective in collest
argumentation can be obtained by imposing the rules

A —A— — A, -A
If a, A— banda, A< bthena—b
If a<— b, Aanda— b,—Athena —b

(4-)

Then a basic propositional attack relation can be altern
tively described as a collective attack relation satigjyihe
rules (4,) and (A-). Moreover, the global negation can be

a_

bIéfrobative attack relations will now be shown to be equivalen

to general production inference relations frdBochman,
2003b; 2004k a variant of input-output logics froMakin-
son and van der Torre, 20P0

A production inference relatiors a relation=- on the set
of classical propositions satisfying the following rules:

(Strengthening) If AE BandB = C, thenA=C,
(Weakening) If A= BandBE C, thenA=C,

If A= BandA=C,thenA= B AC;
(Truth)  t=t;

(Falsity) f=f.

A production ruleA = B can be informally interpreted as
saying thatd producesor explainsB. A characteristic prop-
erty of production inference is that reflexivity=- A does not
hold for it. Production rules are extended to rules with séts
propositions in premises by requiring that>- A holds for a
setu of propositions iff\ a = A, for some finitez C u. C(u)
will denote the set of propositions produced:ay

Clu)={A|u=A}

The production operatdt plays much the same role as the
usual derivability operator for consequence relations.

A production inference relation is call®éasig if it satisfies
Or) IfA=CandB=C,thenAv B=C.

andcausa| if it is basic and satisfies, in addition
(Coherence) If A= —A,thenA=f.

It has been shown ilBochman, 2003bthat causal infer-
ence relations provide a complete description of the ugéerl
ing logic of causal theories frofMcCain and Turner, 1997
(see alsdGiunchigliaet al, 2004).

It turns out that the binary semantics, introduced eaiiber,
appropriate also for interpreting production inference:
Definition 3.4. A rule A= B isvalid in a binary semantics
3 if, for any bimodel(u,v) € B, A € wonly if B € v.

As has been shown [Bochman, 2004athe above seman-
tics is adequate for production inference relations. Meeeo

added to this system just by adding the corresponding postﬂihe sem_antics f_or basic production i.nference can be olataine
lates (AN). It turns out, however, that the global negation i PY restricting bimodels to world pairsy, ), while the se-

eliminablein this setting via to the following reductions:
a,~A—b=a—b A a—~Ab=a,~A—b

a,~A—b=a—b A a—-~Ab=a,A—b

(R~)

2This connective coincides with the local four-valued negation
from [Bochman, 1998
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mantics for causal inference is obtained by requiring, idi-ad
tion, that(«, 3) is a bimodel only if(«, «) is also a bimodel.

Now, the correspondence between probative argumentation
and production inference can be established directly on the
syntactic level using the following definitions:

A= B = -B< 4; (PA)
A— B = B=-A. (AP)
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Under these correspondences, the rules of a probative at- The above result is similar to the corresponding representa
tack relation correspond precisely to the postulates for pr tion result in[Bondarenkeet al, 1997 (Theorem 3.10), but it
duction relations. Moreover, the correspondence extelsds a is much simpler, and is formulated entirely in the framework
to a correspondence between basic and causal argumentatiof propositional attack relations. The simpler represimnta
on the one hand, and basic and causal production inferenceias made possible due to the fact that propositional attack
on the other. Hence the following result is straightforward relations already embody the deductive capabilitieseébat

Lemma 3.4. If < is a probative [basic, causal] attack rela- 2" additional ingredient in assumption-based frameworks.

tion, then (PA) determines a [basic, causal] productioremf As our next result, we wil estal_allsh a corres_pondence be-
ence relation, and vice versa, 4 is a [basic, causal] pro- tween the nonmonotonic semantics of causal inference rela-

duction inference relation, then (AP) determines a proti t|on?l and that of causal argument?tlon. lint ati
[basic, causal] attack relation. ~ The nonmonotonic semantics of a causal inference relation
) is a set of itsexact worlds namely worldse such thatoe =
Remark. A seemingly more natural correspondence betwee@(a) (sedBochman, 2004. Such a world satisfies the rules
propositional argumentation and production inferencel®n  of the causal relation, and any proposition that holds is it i
obtained using the following definitions: explained by the causal rules.
A=>B = A-<~—-B AsB = A= —B. A causal theorys an arbitrary set of production rules. By
a nonmonotonic semantics of a causal thednye will mean
By these definitionsA explainsB if it attacks—B, and  the exact worlds of the least causal relation contairing
vice versaA attacksB if it explains—B. Unfortunately, this The correspondence between exact worlds and stable sets
correspondence, though plausible by itself, does not tetke i  of assumptions is established in the next theorem.

account the intended understanding of arguments as (N€9@peorem 4.2. If A is a causal theory, and.,, its correspond-

tive) assumptions. As a result, it cannot be extended dyrect ing argument theory given by (AP), then a warlds an exact
to the correspondence between the associated nonmonotoRie|d of A iff & is a stable set of assumptionsdy),.

semantics, described below. . -
The above result shows, in effect, that propositional ar-

. : gumentation subsumes causal reasoning as a special case.
4 Nonmonotonic semantics Moreover, it can be shown that causal attack relations con-
The correspondence between argumentation and causal refitute a strongest argumentation system suitable fokihis
soning has been established above on the level of underlyingf nonmonotonic semantics.
logical (monotonic) formalisms. In this section we will de-  As an application of the above correspondence, we will de-
scribe how this correspondence can be extended to the assseribe now an alternative argumentation-based repreagamta
ciated nonmonotonic semantics. of logic programming.

In [Bondarenkeet al, 1997, the assumption-based argu- A general logic progranil is a set of rules of the form
mentation framework has beémstantiatedto capture exist-
ing nonmonotonic formalisms. In other words, it has been notd,c < a,notb )

shown how particular nonmonotonic systems can be viewegihere q, b, ¢, d are sets of propositional atoms. These are
as assumption-based frameworks just by defining assumpyogram rules of a most general kind that contain disjunc-
tions and their contraries. We will show, however, that thetions and negations as failutet in their heads. As has been
propositional argumentation theory allows us to give adlire shown in[Bochman, 2004k general logic programs are rep-

representation of Reiter's default lodieiter, 1980. resentable as causal theories obtained by translatingaog
Given a system of propositional argumentation in the clasryles (*) as causal rules

sical language augmented with the global negatipwe will

interpret Reiter’s default rule:b/A as an attack d,—b= /\ a— \/ c,

a,~=b—~A, and adding a formalization of the Closed World Assumption:
or, equivalently, as a rule, ~—b I+ A of the associated Bel- (Default Negation) —p = —p, for any propositional atom.
nap consequence relation. Similarly, an axidrof a default Now, due to the correspondence between causal reasoning

theory will be interpreted as an attatk~ ~A. For adefault  and argumentation, this causal theory can be transfornsed (u

theory A, we will denote bytr(A) the corresponding argu- ing (PA)) into an argument theory that consists of attacks
ment theory obtained by this translation.

By our general agreement, gsumptionsve will mean a,~c— b, d (AL)
propositions of the form-A, whereA is a classical proposi- plus the ‘argumentative’ Closed World Assumption:
tion. For a set: of classical propositions, we will denote by )
@ the set of assumptionsvA | A ¢ u}. Finally, a setw of ~ (Default Assumption)  p— —p, for any atonp.
assumptions will be callestablein an argument theor if, Let ¢r(II) denote the argument theory obtained by this
for any assumptiod!, A € w iff w4, A. Then we have translation from a logic prograii. Then we obtain

Theorem 4.1. A setu of classical propositions is an exten- Theorem 4.3. A setwu of propositional atoms is a stable
sion of a default theonA if and only if is a stable set of model of a logic progranl iff 4 is a stable set of assump-
assumptions inr(A). tions intr(I1).
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It is interesting to note that, due to the reduction rules[Bochman, 2004aA. Bochman. A causal approach to non-
(R.) for the global negation~, described earlier, the monotonic reasoning. Artificial Intelligence 160:105-
above representation (AL) of program rules is equivalent to 143, 2004.

a,~b— ~c,d, and therefore to the inference rules [Bochman, 2004b A. Bochman. A causal logic of logic pro-
a,~blF ¢, ~d gramming. In D. Dubois, C. Welty, and M.-A. Williams,
editors,Proc. Ninth Conference on Principles of Knowl-

of the associated Belnap consequence relation. For normal edge Representation and Reasoning, KRifdges 427—
logic programs, this latter representation coincides witit 437, Whistler, 2004.

given in[Bondarenkeet al., 1997. [Bondarenkeet al, 1997 A. Bondarenko, P. M. Dung, R. A.

. Kowalski, and F. Toni. An abstract, argumentation-
5 Conclusions theoretic framework for default reasoningdprtificial In-
Two main objectives have been pursued in this study. The telligence 93:63-101, 1997.
first consisted in showing that propositional argumentatio LChesﬁevaret al, 200d C.I. Chegievar, A. G. Marguitman

suggests a viable and useful extension of an abstrgct argl- . 4 R P. Loui Logical models of argumemCM Com-
mentation theory that allows us to endow argumentation with puting Surveys32:337—383, 2000.

full-fledged logical capabilities. It has been shown, intigar ] _

ular, that propositional argumentation subsumes assompti [Darwiche and Pearl, 1994A. Darwiche and J. Pearl. Sym-
based frameworks, and provides a direct representatiog-of d ~ Polic causal networks. IProceedings AAAI'94pages
fault logic, causal reasoning and logic programming. Itdou ~ 238-244, 1994.

be expected that further development of this propositiapal  [Dung, 1995h P. M. Dung. An argumentation-theoretic
proach to argumentation may bring us additional theoretica foundation for logic programmingJ. of Logic Program-
and practical benefits. ming, 22:151-177, 1995.

The second aim was to demonstrate that causal reasotbung, 1995b P. M. Dung. On the acceptability of argu-

ing can be seen as an important kind of argumentation. | ments and its fundamental role in non-monotonic reason-
has been shown in this respect that causal inference rela- . : . g
ing, logic programming and n-persons gamestificial

tions and their semantics exactly correspond to a special, . X

quite strong, kind of propositional attack relations aneirth Intelligence 76:321-358, 1995. .
associated stable semantics. This correspondence estdeffner, 1992 H. Geffner. Default Reasoning. Causal and
lished a basic link between argumentation and causal rea- Conditional TheoriesMIT Press, 1992.

soning, and it can be extended in both directions. To befGeffner, 1997 H. Geffner. Causality, constraints and the
gin with, the argumentation theory has suggested a num- ngjrect effects of actions. IRroceedings Int. Joint Conf.
ber of weaker semantic models, such as admissible sets gn Artificial Intelligence, IJCAI'97 pages 555-561, 1997.
and complete extensions (s¢Bondarenkoet al, 1997; [Giunchigliaet al, 2004 E. Giunchiglia, J. Lee, V. Lif-

Dung, 19958, and it seems worth to inquire whether such schitz, N. McCain, and H. Turner. Nonmonotonic causal
models correspond to reasonable semantics for causal rea- e e '
P theories.Atrtificial Intelligence 153:49-104, 2004.

soning. On the other hand, a number of alternative models
for causal reasoning has been suggestelGieffner, 1992; [Kakas and Toni, 1999A. C. Kakas and F. Toni. Comput-
1997 (see also[Darwiche and Pearl, 1994 and here it ing argumentation in logic programmindpurnal of Logic
seems plausible to suppose that the correspondence betweenand Computation9:515-562, 1999.

causal reasoning and argumentation could be helpful in angg owalski and Toni, 1996 R. A. Kowalski and F. Toni. Ab-
lyzing and evaluating such models. These are, however, the i 50t argumentation. Artificial Intelligence and Law

topics for further study. 4:275-296, 1996.
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Abstract

We look at the problem in belief revision of trying
to make inferences about what an agent believed
— or will believe — at a given moment, based on
an observation of how the agent has responded to
some sequence of previous belief revision inputs
over time. We adopt a “reverse engineering” ap-
proach to this problem. Assuming a framework
for iterated belief revision which is based on se-
quences, we construct a model of the agent that
“best explains” the observation. Further consider-
ations on this best-explaining model then allow in-
ferences about the agent’s epistemic behaviour to
be made. We also provide an algorithm which com-
putes this best explanation.

1 Introduction

The problem of belief revision, i.e., of how an agent should
modify its beliefs about the world given some new informa-
tion which possibly contradicts its current beliefs, is by now a
well-established research area in Al [Girdenfors, 1988]. Tra-
ditionally, the work in this area is done from the agent’s per-
spective, being usually pre-occupied with constructing actual
revision operators which the agent might use and with ratio-
nality postulates which constrain how these operators should
behave. In this paper we change viewpoint and instead cast
ourselves in the role of an observer of the agent. Imagine
the following scenario. Suppose we are given some sequence
(41, .. ., dy) of revision inputs which a particular agent, here-
after 4, has received over a certain length of time and suppose
we are also given a sequence (61, ...,60,) with the interpre-
tation that following the i*" input ¢;, A believed (at least)
;. Throughout the paper, we make the assumptions that 4
received no input between ¢ and ¢,, other than those listed,
and that the 6; are correct (but possibly partial) descriptions
of A’s beliefs after each input. A couple of questions now
suggest themselves:

e What will A believe following a further revision input
¢n+1?

e What did A believe immediately before it received the
first input ¢1? What, apart from 6; did A believe after
the 7'M input ¢;?

394

Alexander Nittka
University of Leipzig
Dept. of Computer Science
Leipzig 04109 Germany
nittka @informatik.uni-leipzig.de

One area in which such questions might arise is in human-
machine dialogues [del Cerro et al., 1998], where the ¢; cor-
respond to inputs given to A — the user — by a machine, and
the 6; are the user’s responses. Here, it can be useful for the
machine to keep a model of the evolution of a user’s beliefs
during a dialogue. Another setting where reconstruction of
a prior belief set is needed is in law cases, where guilt and
innocence often depend on who knew what, when. Inquiry is
a possible method of approaching this type of problem. The
above mentioned sequences can be seen as the information
the inquiry yields and which is now used for drawing conclu-
sions. Our aim in this paper is to answer these questions.

Our strategy for dealing with these questions will be to
adopt a “reverse engineering” approach — constructing a
model of the agent. (Similar approaches have already been
tried in the context of trying to infer an agent’s goals from
observable actions, e.g., [Brafman and Tennenholtz, 1997;
Lang, 2004].) Having no access to the agent’s internals, we
assume a belief revision framework A uses for determining
its beliefs and for incorporating new information, and con-
struct a model of A that explains the observation about it.
By considering this model, we will then be able to make ex-
tra inferences or predictions about .A’s epistemic behaviour.
Of course this raises the problem of which belief revision
framework to choose. Such a framework will obviously
need to support iferated revision [Darwiche and Pearl, 1997;
Lehmann, 1995b; Nayak et al., 2003], and preferably also
non-prioritised revision [Hansson er al., 2001; Makinson,
1997], i.e., revision in which new inputs are allowed to be
rejected. In this paper, we restrict the investigation to one
such framework that has been studied in [Booth, 2005]. The
idea behind it is that an agent’s epistemic state is made up of
two components: (i) a sequence p of sentences representing
the sequence of revision inputs the agent has received thus
far, and (ii) a single sentence A standing for the agent’s set of
core beliefs, which intuitively are those beliefs of the agent it
considers “untouchable”. The agent’s full set of beliefs in the
state [p, A] is then determined by a particular calculation on
p and A, while new revision inputs are incorporated by sim-
ply appending them to the end of p. Note that our choice of
this framework does not imply that others are less worthy of
investigation. The challenge now becomes to find that partic-
ular model of this form which best explains the observation
0= {(¢1,---,%n), (01,...,0,)) we have made of A.
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The plan of the paper is as follows. In Sect. 2 we describe
in more detail the model of epistemic state we will be assum-
ing. This will enable us to pose more precisely the problem
we want to solve. We will see that the problem essentially re-
duces to trying to guess what A’s initial epistemic state [p, A]
(i.e., before it received ¢1) was. In Sect. 3, inspired by work
done on reasoning with conditional beliefs, we propose a way
of finding the best initial sequence — or prefix — p(A) for any
given fixed A. Then, in Sect. 4 we focus on finding the best
A. This will amount to equating best with logically weakest.
The epistemic state [p(A), A] obtained by combining our an-
swers will be our proposed best explanation for o, which we
will call the rational explanation. In Sect. 5 we present an
algorithm which constructs the rational explanation for any
given o, before giving some examples to show the type of in-
ferences this explanation leads to in Sect. 6. In Sect. 7 we
briefly mention a related piece of work by Dupin de Saint-
Cyr and Lang, before concluding and giving some pointers
for future research.

2 Modelling the Agent

We assume sentences ¢;,0;, A, etc. are elements of some
finitely-generated propositional language L. In our examples,
D, q,r denote distinct propositional variables. The classical
logical entailment relation between sentences is denoted by
-, while = denotes classical logical equivalence. Wherever
we use a sentence to describe a belief set the intention is that
it represents all its logical consequences. The set of all pos-
sible observations o = (¢, 7) which can be made of .4, where
t = (¢1,...,¢,) and 7 = (b4,...,6,,) are two finite se-
quences of sentences of the same length, is denoted by O. The
operation - on sequences denotes sequence concatenation.

As indicated in the introduction, we follow [Booth, 2005]
by assuming that, at any given moment in time, an agent’s
epistemic state is represented by a pair [p, A]. ([Konieczny
and Pérez, 2000; Lehmann, 1995b] also use sequences to rep-
resent epistemic states, but without core beliefs). In order to
fully specify the agent’s epistemic processes, we also need to
formally specify (i) how the agent determines its set of beliefs
Bel([p, A]) in any given state [p, A], and (ii) how it incorpo-
rates new revision inputs into its epistemic state. Turning first
to (i), we can describe Bel([p, A]) neatly with the help of a
function f, which takes as argument a non-empty sequence
o = (@m,-..,a1) of sentences, and returns a sentence. f is
defined by induction on the length m of o: if m = 1 then
f(o) =aq. If m > 1 then

f(o-): @Zam/\f(()ém_l,...,al) ifgp}/J_
flom—1,... 1) otherwise

In other words f(o) is determined by first taking oy and
then going backwards through o, adding each sentence as
we go, provided that sentence is consistent with what has
been collected so far (cf. the “linear base-revision opera-
tion” of [Nebel, 1994] and the “basic memory operator” of
[Konieczny and Pérez, 2000].) The belief set associated to the
state [p, A] is then given by Bel([p, A]) = f(p- A). Hence
when calculating its beliefs from the sentences appearing in
its epistemic state, an agent gives highest priority to A. Af-
ter that, it prioritises more recent information received. Note
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that A is always believed, and that Bel([p, A]) is inconsistent
if and only if A is inconsistent.

Example 2.1. Consider A = —p and p = (¢,¢q — p).
Bel([p,A]) = f(¢,q— p,—p). In order to determine
f(g,q — p,—p) we need to know if ¢ is consistent with
fla—p,—p). As f(-p) = —pand ¢ — p is con-
sistent with —p, f(¢ — p,—p) = (¢ — p) A—p = g A —p.
So ¢ is inconsistent with f(q — p,—p). Consequently we
get f(¢,q —p,~p) = f(g—p,~p) and Bel([p,A]) =
fla—p,—p) =—q A

An agent incorporates a new revision input A into its epis-
temic state [p, A] by simply appending A to p, i.e., the agent’s
revision function x is specified by setting, for every A € L,

[p7A} kA= [p)‘7A}

Given this, we see that a new input A will not always be be-
lieved in the new state. Indeed (when A is consistent) it will
be so only if it is consistent with A. If it contradicts A then
it will not be accepted, and in fact in this case the agent’s be-
lief set will remain unchanged (c.f. screened revision [Makin-
son, 1997]). Note also that A remains unaffected by a revi-
sion input, i.e., * is a core-invariant revision operator [Booth,
2005]." Core beliefs are needed to ensure that revision inputs
can be rejected. If they were not allowed, which corresponds
to demanding A = T in the above definitions, any consistent
revision input would belong to the agent’s beliefs.

As is shown in [Booth, 2005], the above revision method
satisfies several natural properties. In particular, it stays
largely faithful to the AGM postulates [Gérdenfors, 1988]
(leaving aside the “success” postulate, which forces all new
inputs to be accepted), and satisfies slight,“non-prioritised”
variants of several postulates for iterated revision which
have been proposed, including those of [Darwiche and Pearl,
1997]. One characteristic property of this method is the fol-
lowing variant of the rule “Recalcitrance” from [Nayak er al.,
20031

If A I/ (A2 — — A1) then Bel([p, A] * A1 % Ao) B Aq
This entails if the agent accepts an input A1, then it does so
wholeheartedly, in that the only way it can be dislodged from
the belief set by a succeeding input A, is if that input contra-
dicts it given the core beliefs A.

Returning to our agent .4 from the introduction, from
now on we assume .A’s epistemic state is always of the
form [p, A], and that A determines its belief set and
incorporates new inputs into its epistemic state as de-
scribed above. Then, suppose we make the observation
o = {(¢1,...,bn),(01,...,0,)) about A. Then after
receiving the i*" input ¢;, A’s epistemic state must be
[p ’ (¢1) RN (bi)) A] and its belief set f(p ' (¢17 LR ¢l> : A)»
where [p, A] is A’s unknown initial (i.e., before ¢1) epistemic
state. Observation o now amounts to the following:

f(p(qbl,,qﬁl)A)l—Ql 221,,77, (1)
We make the following definitions:
Definition 2.2. Let o = {((¢1,...,¢n),(01,...,0,)) € O.
Then [p, A] explains o (or is an explanation for o) iff (1) above
holds. We say A is an o-acceptable core iff [p, A] explains o
for some p.

'In fact the model of [Booth, 2005] allows the core itself to be
revisable. We do not explore this possibility here.
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Example 2.3. (i) [p,A] = [(p — ¢q),r] explains
((p,q), (g, 7)) because f(p — ¢,p,7) = pAqAr F qand
flp—ap,q,r)=pAgArkr.

(ii) [(p — q), T] does not explain {(p,q), (g, r)) because
fe—=ap.aT)=pnqlfr.

If we had some explanation [p, A] for o then we would be
able to answer the questions in the introduction: following a
new input ¢, 1 A will believe f(p - (¢1,..., On, Pnt1) - A),
before receiving the first input A believes f(p- A), and the
beliefs after the i input are f(p - (¢1,...,¢;) - A).

Note for any o € O there always exists some explanation
[p, A] for o, since the contradiction L is an o-acceptable core
using any p. But this would be a most unsatisfactory expla-
nation, since it means we just infer A believes everything at
every step.

Our job now is to choose, from the space of possible ex-
planations for o, the best one. As a guideline, we consider
an explanation good if it only makes necessary (or minimal)
assumptions about what A believes. But how do we find
this best one? Our strategy is to split the problem into two
parts, handling p and A separately. First, (i) given a fixed
o-acceptable core A, find a best sequence p(o, A) such that
[p, A] explains o, then, (ii) find a best o-acceptable core A (o).
Our best explanation for o will then be [p(o0, A(0)), A(0)].

3 Finding p

Giveno = ((¢1,...,%n),(01,...,60,)), let us assume a fixed
core A. To find that sequence p(o, A) such that [p(o, A), A]
is the best explanation for o, given A, we will take inspiration
from work done in the area of non-monotonic reasoning on
reasoning with conditional information.

Let’s say a pair (A, x) of sentences is a conditional be-
lief in the state [p, A] iff x would be believed after revising
[p, A] by A, i.e., Bel([p, A] * A\) b x. In this case we will
write A =, 4 x.> This relation plays an important role,
because it turns out A’s beliefs following any sequence of
revision inputs starting from [p, A] is determined entirely by
the set =, o] of conditional beliefs in [p, A]. This is because,
for any sequence of revision inputs ¢1, ..., @,,, our revision
method satisfies

Bel([p, Al x¢1 % % $n) = Bel([p, Al f(é1,- - . 6ms &)).

Thus, as far as their effects on the belief set go, a sequence of
revision inputs starting from [p, A] can always be reduced to a
single input. (But note the set of conditional beliefs =-[, 4.
in the state [p, A] * A following revision by \ will generally
not be the same as =, ,1.)

All this means observation o may be translated into a par-
tial description of the set of conditional beliefs that .4 has in
its initial epistemic state:

CA(O) = {f(d)la-'wd)i»A) = 01 | 1= 1,...771}.
Clearly, if we had access to the complete set of A’s condi-
tional beliefs in its initial state, this would give another way to
answer the questions of the introduction. Now, the problem of
determining which conditional beliefs follow from a given set

The relation =>(p,a] almost satisfies all the rules of a rational in-

ference relation [Lehmann and Magidor, 1992]. More precisely the
modified version does, viz., A :>'[p,A] X iff [A F=Xor A =, 41 x].
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C of such beliefs has been well-studied and several solutions
have been proposed, e.g., [Geffner and Pearl, 1992; Lehmann,
1995al. One particularly elegant and well-motivated solution
is to take the rational closure of C [Lehmann and Magidor,
1992]. Furthermore, as is shown in, e.g., [Freund, 2004], this
construction is amenable to a relatively simple representation
as a sequence of sentences! Our idea is essentially to take
p(0, A) to be this sequence corresponding to the rational clo-
sure of C, (o). First let us describe the general construction.

3.1 The rational closure of a set of conditionals
Given a set of conditionals C = {\; = x; | ¢ = 1,...,1}
we denote by C the set of material counterparts of all the
conditionals in C, i.e., C = {M—=xi|i=1,...,1}. Thena
sentence v is exceptional for C iff C - —w, and a conditional
v = u is exceptional for C iff its antecedent v is. To find the
(sequence corresponding to the) rational closure pr(C) of C,
we first define a decreasing sequence of sets of conditionals
Co 2C1 2 - 2 Cyy by setting (i) Cy = C, (ii) C;y1 equals
the set of conditionals in C; which are exceptional for C;, and
(iii) m is minimal such that C,,, = C,,11. Then we set

PR(C) = (/\éma /\érrz—la ey /\é())

Writing «; for A (?i, the rational closure of C is then the rela-
tion = given by A =g x iff either a,,, = = A or [aj AN x
where j is minimal such that o I/ —\)\]. Since oy, 4+ 1 g
it easy to check that in fact this second disjunct is equivalent
to f(am,-.., a0, \) F x.
We now make the following definition:

Definition 3.1. Lero € O and A € L. We call pr(Cs(0))
the rational prefix of o with respect to A, and will denote it by

pr(0, A).
Example 3.2. Leto = ((p, q), (r,—p)) and A = —p. Then
Ca(0) {f(p,~p) = r,f(p,a,~p) = —p}
= {-p=r(qA-p) = -p}

Since neither of the individual conditionals are exceptional
for Ca(0) we get Co = Ca(o) and C; = (. Clearly then
also Cy = () = C; so we obtain pr(o,A) = (A0, A\Ca(0)).
Rewriting the sequence using logically equivalent sentences
we get pr(o, A) = (T,—p —r).

Now, an interesting thing to note about the rational pre-
fix construction is that it actually goes through indepen-
dently of whether A is o-acceptable. In fact a useful side-
effect of the construction is that it actually reveals whether
A is o-acceptable. Given we have constructed pr(o,A) =
(m, - .., a0), all we have to do is to look at sentence a,,
and check if it is a tautology:

Proposition 3.3. Letro € O and A € L, and let pr(o, A) =
(my - . ., 0) be the rational prefix of o w.r.t. A. Then

(i) if o, = T then [pr(o, A), A] is an explanation for o.

(ii) if a,y, Z T then A is not an o-acceptable core.

Thus this proposition gives us a necessary and sufficient
condition for A to be an o-acceptable core. This will be used
in the algorithm of Sect. 5.

In Example 3.2 pr(o,A) = (T,-p — r) was cal-
culated. The above proposition implies [(T,—p — r), —p)
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is an explanation for o = ((p,q), (r, —p)). This is
verified by f(T,-p —7,p,—p) = —-p Ar F r and
f(T7_'p‘>r7p7Q7_'p) E_'p/\q/\TF—'p

3.2 Justification for using the rational prefix

In the rest of this section we assume A to be some fixed o-
acceptable core. As we just saw, [pr (o, A), A] then provides
an explanation for o given this A. In this section we want to
show in precisely what sense it could be regarded as a best
explanation given A. Let ¥ = {o | [0, A] explains o}.

One way to compare sequences in X is by focusing on
the trace of belief sets they (in combination with A) induce
through o, i.e., for each o € 3 we can consider the sequence
(Bel§, Belf, ..., Bel?), where Bel{ is defined to be the be-
liefs after the i*? input in o (under the explanation [, A]). In
other words Bel = f(o - (¢1,...,¢;) - A). (So Bel§ gives
the initial belief set.)

Example 3.4. Let o, A and pgr(o, A) be as in Example 3.2.
Then the belief trace is (—p Ar,—p Ar,—p A g A T).

The idea would then be to define a preference relation <
over the sequences in X (with more preferred sequences cor-
responding to those “lower” in the ordering) via some prefer-
ence relation over their set of associated belief traces. Given
any two possible belief traces (5o, - .., 8n) and (Yo, - - -, Yn)s
let us write (Bo, ..., 0n) <iex (Y0,--.,7n) iff, for all i =
0,...,n, [3; = v; forall j < iimplies v; - 3;]. Then we
define, for any p,o € X

p =<1 oiff (Belf),...,Bell) <iex (Bel,...,Bel?).

(=1 is a pre-order (i.e., reflexive and transitive) on X..) Thus,
given two sequences in 3, we prefer that one which leads to .A
having fewer (i.e., weaker) beliefs before any of the inputs ¢;
were received. If the two sequences lead to equivalent beliefs
at this initial stage, then we prefer that which leads to .4 hav-
ing fewer beliefs after ¢; was received. If they lead to equiv-
alent beliefs also after this stage, then we prefer that which
leads to A having fewer beliefs after ¢ was received, and
so on. Thus, under this ordering, we prefer sequences which
induce A to have fewer beliefs, earlier in 0. The next result
shows pr(o, A) is a best element in 3 under this ordering.

Proposition 3.5. pr(o,A) < o forallo € 3.

Another way to compare sequences is to look at their con-
sequences for predicting what will happen at the next step
after o.
iff Bel([o, A] % @1 %%y x A)

Bel([p, A] * ¢1 * -+ - % ¢, % \) for all A

Thus, according to this preference criterion we prefer p to o
if it always leads to fewer beliefs being predicted after the
next revision input. It turns out pr (o, A) is a most preferred
element under <o amongst all minimal elements under <.

p=220

Proposition 3.6. For all 0 € %, if 0 =<1 pr(o,A) then
pr(0,A) <9 0.

Thus if we take a lexicographic combination of <; and
=<9 (with = being considered as more important), pr (o, A)
emerges overall as a best, most preferred, member of . Hav-
ing provided a method for finding the best explanation [p, A]
given A, we now turn our attention to finding the best A itself.
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4 Minimising A

As argued earlier, core beliefs are needed, but at the same
time we try to minimise the assumptions about the agent’s
beliefs. This includes minimising A. The first idea would
be to simply take the disjunction of all possible o-acceptable
cores, i.e., to take Ay (0), defined by

Ay(0) = \/{A | A is an o-acceptable core}.
But is Ay (o) itself o-acceptable? Thankfully the answer is
yes, a result which follows (in our finite setting) from the fol-

lowing proposition which says that the family of o-acceptable
cores is closed under disjunctions.

Proposition 4.1. If A1 and A5 are o-acceptable then so is
A1V Ao
So as a corollary Ay (o) does indeed satisfy:
(Acceptability) A (o) is an o-acceptable core

What other properties does Ay (o) satisfy? Clearly, Ay (o)
will always be consistent provided at least one consistent o-
acceptable core exists:

If A(0) = L then A’ = L for every
o-acceptable core A'.

(Consistency)

Acceptability and Consistency would appear to be abso-
lute rock-bottom properties which we would expect of any
method for finding a good o-acceptable core. However for
A, we can say more. Given two observations o = (¢, 7) and
o' = (//,7'), let us denote by o0 - o the concatenation of o and
o,ie,0-0 = (v, 7- 7). We shall use 0 Cyignt 0 to de-
note that o’ right extends o, i.e., o' = 0-0" for some (possibly
empty) 0’ € O, and 0 Cieg 0’ to denote o' left extends o, i.e.,
o' = 0" - o for some (possibly empty) o” € O.

Proposition 4.2. Suppose 0 C,ighy 0’ or 0 Ciegy 0. Then
every o'-acceptable core is an o-acceptable core.

As aresult of this we see A\, satisfies the following 2 prop-
erties, which say extending the observation into the future or
past leads only to a logically stronger core being returned.

(Right Monotony) If 0 Cight o then A(0") - A(o)
(Left Monotony)  If o Ciegt o then A(0') F A(0).

Right- and Left Monotony provide ways of expressing that
A(0) leads only to safe conclusions that something is a core
belief of .4 — conclusions that cannot be “defeated” by addi-
tional information about .A that might come along in the form
of observations prior to, or after o.

We should point out, though, that it is not the case that by
inserting any observation anywhere in o, A\, will always lead
to a logically stronger core. Consider o; = ((p, q), (p, —p))
and 02 = ((p, =p, q), (p, ~p, —p)), i.e., {(—p), (—p)) was in-
serted in the middle of o;. Ay(01) = ¢ — —p whereas
Ay (02) = T. So although o5 extends o; in a sense, the cor-
responding Ay is actually weaker. Looking at 01, assuming
as we do that A received no inputs between p and g, the only
way to explain the end belief in —p is to ascribe core belief
q — —p to A (cf. the “Recalcitrance” rule in Sect. 2). How-
ever, looking at oy, the information that A received (and ac-
cepted) intermediate input —p is enough to “explain away”
this end belief without recourse to core beliefs. Our assump-
tion that A received no other inputs between ¢, and ¢,, dur-
ing an observation 0 = {((¢1,...,¢n),(01,...,6,)) is rather
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strong. It amounts to saying that, during o, we kept our eye
on A the whole time. The above example shows that relax-
ing this assumption gives us an extra degree of freedom with
which to explain o, via the inference of intermediate inputs.
This will be a topic for future work.

It turns out the above four properties are enough to actually
characterise A . In fact, given the first two, just one of Right-
and Left Monotony is sufficient for this task:

Proposition 4.3. Let A : O — L be any function which
returns a sentence given any o € O. Then the following are
equivalent:

(i) A satisfies Acceptability, Consistency and Right Monotony.
(i1) A satisfies Acceptability, Consistency and Left Monotony.
(iii) A(0) = Ay (o) forall o € O.

Note that as a corollary to this proposition we get the sur-
prising result that, in the presence of Acceptability and Con-
sistency, Right- and Left Monotony are in fact equivalent.

Combining the findings of the last two sections, we are now
ready to announce our candidate for the best explanation for
o. By analogy with “rational closure”, we make the following
definition:

Definition 4.4. Let o € O be an observation. Then we call
[pr(0, Ay (0)), Ay (0)] the rational explanation for o.

In Sect. 6 we will give some examples of what we can infer
about A under the rational explanation. But how might we
find it in practice? The next section gives an algorithm for
just that.

5 Constructing the Rational Explanation

The idea behind the algorithm is as follows. Given an obser-
vation o, we start with the weakest possible core Ao = T and
construct the rational prefix (., ..., ap)=po of 0 W.I.t. Ag.
We then check whether v, is a tautology. If it is then we
know by Prop. 3.3 that [po, Ag] is an explanation for o and so
we stop and return this as output. If it isn’t then Prop. 3.3 tells
us Ao cannot be o-acceptable. In this case, we modify Ay by
conjoining o, to it, i.e., by setting A1 = Ag A a,,. Con-
structing the rational prefix of o w.r.t. the new core then leads
to a different prefix, which can be dealt with the same way.

Algorithm 1 Calculation of the rational explanation

Input: observation o
Output: the rational explanation for o

A&=T
repeat
p <= pr(o, A) {p=(am,...,a0)}
A<= ANa,
until o,,, = T
Return [p, A]

Before showing that the output of this algorithm matches
the rational explanation, we need to be sure it always termi-
nates. This is a consequence of the following:

Lemma 5.1. Let A and o.,, be as after the calculation of
pr(0,A). If vy £ T then A Z A N Qupy.

This result assures us that if the termination condition of
the algorithm does not hold, the new core will be strictly log-
ically stronger than the previous one. Thus the cores gener-
ated by the algorithm become progressively strictly stronger.
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In our setting, in which we assumed a finite propositional lan-
guage, this means, in the worst case, the process will continue
until A = L. However in this case it can be shown the ratio-
nal prefix of o w.r.t. L is just (T), and so the termination
condition will be satisfied at the very next step.

Now, to show the output matches the rational explana-
tion, consider the sequence [po, Ag), ..., [pk, Ax] Of epis-
temic states generated by the algorithm. We need to show
A; = Ay(0). The direction A, - Ay (o) follows from the
fact that [py, Ag] is an explanation for o and so Ay is an o-
acceptable core. The converse Ay (o) - Ay is proved by
showing inductively that Ay (o) - A; foreachi = 0,..., k:
the case 7 = 0 clearly holds since Ag = T. The inductive
step uses the following property:

Lemma 5.2. Let 0 < ¢ < k and suppose p,—1 =
(my -, o) Then, for any o-acceptable core A,
if A"+ A;_1 then A" F a,,.

This enables us to prove that, given Ay (o) - A;_1, we
must also have Ay (o) - A;. Thus Ay (0) - Ay as required.
Since obviously py is the rational prefix of o w.r.t. Ay by
construction, we have:

Proposition 5.3. Given input observation o, the algorithm
outputs the rational explanation for o.

Example 54. Let o = ((p, q), (r, —p)). Starting with A=T,
in the first run Co = {f(p, T) — r,f(p,q, T) — —p} =
{p — r,p A ¢ — —p}. Only the second conditional is ex-
ceptional, so C; = {p A ¢ — —p}. Now the remaining con-
ditional is exceptional for itself, so Co=Ci. Ais updated to
A =p — —gbecause p = (p — ~q,p — (r A —q)).

The next calculation yields Co = {f(p,p — —q) — 7,
fw,a,p— —q) = —p} = {pA~q = r.qg\N-p — -p}
This time none of the conditionals are exceptional, so C; = 0.
As this means a; = T, no further run is necessary and
the resultis p = (T,(pA—~q) — 1), A = p — —q.
[(T,(pA—qg) — 1), p — —q] is the rational explanation for o.

6 Some Examples

In this section we want to give a few simple examples to il-
lustrate the rational explanation.

For o = ((p), (¢)), the rational explanation is [(T,p — ¢),
T]. So we infer A’s initial belief set is p — ¢. Indeed to
explain A’s belief in ¢ following receipt of p it is clear A must
initially believe at least p — q since p itself does not entail q.
It seems fair to say we are not justified in ascribing to .4 any
initial beliefs beyond this. After A receives p we assume A
accepts this input — we have no reason to expect otherwise —
and so has belief set pAg. If A is given a further input —(pAq)
we predict A will also accept this input, but will hold on to its
belief in p. The reason being we assume 4, having only just
been told p, now has stronger reasons to believe p than q. If,
instead, A is given further input —p we predict its belief set
will be just —p, i.e., we do not assume A’s belief in ¢ persists.
Essentially the rational explanation assumes the prior input p
must have been responsible for A’s prior belief in g. And with
this input now being “overruled” by the succeeding input, .4
can no longer draw any conclusions about the truth of q.

Another illustrative example is o = {(p), (—p)), for which
the rational explanation is [(T), —p]. Indeed —p must be a
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core belief, as that is the only possibility for p to be rejected.
And if p was not rejected, the agent could not consistently
believe —p.

In some cases the rational explanation gives only the trivial
explanation, i.e., Ay (0) = L. One of the simplest examples
extends the prior one: 0 = ((p, —p), (—p,p)). The first part
of the observation tells us that —p must be a core belief, but
when confirmed of that belief .4 changes its opinion. This
behaviour of always believing the opposite of what one is told
can be called rational only in very specific circumstances that
are not in the scope of this investigation. Hence, failing to
provide a satisfactory explanation for this example is not to
be seen as a failure of the method.

7 Conclusion

Before concluding, one paper which deserves special men-
tion as having similarities with the present one is [de Saint-
Cyr and Lang, 2002] on belief extrapolation (itself an in-
stance of the general framework of [Friedman and Halpern,
1999]). A belief extrapolation operator takes as input a se-
quence of sentences representing a sequence of partial ob-
servations of a possibly changing world, and outputs another
sequence which “completes” the input. These operators pro-
ceed by trying to determine some history of the world which
“best fits” (according to various criteria) the observations. A
fundamental difference between that work and ours is that be-
lief extrapolation is, like traditional operators of revision and
update, an “agent’s perspective” operator — it is concerned
with how an agent should form a picture of how the exter-
nal world is evolving, whereas we are interested in forming a
picture of how an observed agent’s beliefs are evolving. Nev-
ertheless the precise connections between these two works
seems worthy of further study.

To conclude, in this paper we made an attempt at recon-
structing an agent’s initial epistemic state in order to explain
a given observation of the agent and make predictions about
its future beliefs. We did so by assuming a simple yet pow-
erful model for epistemic states allowing for iterated non-
prioritised revision. The algorithm we provided constructs a
best explanation based on the rational closure of conditional
beliefs. This answer should be applicable to problems requir-
ing the modelling of agents’ beliefs, for example in the area
of user modelling.

Generalisations of this approach which are object of future
work include (i) relaxing the assumption that we are given an
unbroken sequence of revision inputs, i.e., allowing also for
intermediate inputs as an explanation for what the core ac-
counts for now, (ii) allowing our observations to incorporate
information about what the agent did not believe after a given
revision step, and (7ii) allowing the core beliefs to be revised.
Further, it is of interest to compare our results with what other
models of epistemic states would yield as explanation.

Acknowledgements

Thanks are due to the reviewers for helpful comments. A.N.
acknowledges support by the EC (IST-2001-37004, WASP).
References

[Booth, 2005] R. Booth. On the logic of iterated non-
prioritised revision. In Conditionals, Information and In-

KNOWLEDGE REPRESENTATION AND REASONING

ference — Selected papers from the Workshop on Condi-
tionals, Information and Inference, 2002, pages 86—107.
Springer’s LNAI 3301, 2005.

[Brafman and Tennenholtz, 1997] R.I1. Brafman and M. Ten-
nenholtz. Modeling agents as qualitative decision makers.
Artificial Intelligence, 94(1-2):217-268, 1997.

[Darwiche and Pearl, 1997] A. Darwiche and J. Pearl. On
the logic of iterated belief revision. Artificial Intelligence,
89:1-29, 1997.

[de Saint-Cyr and Lang, 2002] F. Dupin de Saint-Cyr and
J. Lang. Belief extrapolation (or how to reason about ob-
servations and unpredicted change). In Proceedings of
KR’02, pages 497-508, 2002.

[del Cerro et al., 1998] L. Farifias del Cerro, A. Herzig,
D. Longin, and O. Rifi. Belief reconstruction in cooper-
ative dialogues. In Proceedings of AIMSA’98, pages 254—
266. Springer’s LNCS 1480, 1998.

[Freund, 2004] M. Freund. On the revision of preferences
and rational inference processes. Artificial Intelligence,
152(1):105-137, 2004.

[Friedman and Halpern, 1999] N. Friedman and J. Halpern.
Modeling belief in dynamic systems, part II: Revision
and update. Journal of Artificial Intelligence Research,
10:117-167, 1999.

[Girdenfors, 1988] P. Girdenfors. Knowledge in Flux. MIT
Press, 1988.

[Geffner and Pearl, 1992] H. Geffner and J. Pearl. Condi-
tional entailment: Bridging two approaches to default en-
tailment. Artificial Intelligence, 53:209-244, 1992.

[Hansson et al., 2001] S. O. Hansson, E. Fermé, J. Cantwell,
and M. Falappa. Credibility-limited revision. Journal of
Symbolic Logic, 66(4):1581-1596, 2001.

[Konieczny and Pérez, 2000] S. Konieczny and R. Pino
Pérez. A framework for iterated revision. Journal of Ap-
plied Non-Classical Logics, 10(3-4):339-367, 2000.

[Lang, 2004] J. Lang. A preference-based interpretation of
other agents’ actions. In Proceedings of KR’04, pages
644-653, 2004.

[Lehmann and Magidor, 1992] D. Lehmann and M. Magi-
dor. What does a conditional knowledge base entail? Ar-
tificial Intelligence, 55(1):1-60, 1992.

[Lehmann, 1995a] D. Lehmann. Another perspective on de-
fault reasoning. Annals of Mathematics and Artificial In-
telligence, 15(1):61-82, 1995.

[Lehmann, 1995b] D. Lehmann. Belief revision, revised. In
Proceedings of IJCAI’'95, pages 1534-1540, 1995.

[Makinson, 1997] D. Makinson. Screened revision. Theoria,
63:14-23, 1997.

[Nayak ef al., 2003] A. Nayak, M. Pagnucco, and P. Peppas.
Dynamic belief revision operators. Artificial Intelligence,
146:193-228, 2003.

[Nebel, 1994] B. Nebel. Base revision operations and
schemes: Semantics, representation and complexity. In
Proceedings of ECAI’94, pages 342-345, 1994.

399



1

Scale-Based Monotonicity Analysis in Qualitative Modelling with Flat Segments

Martin Brooks * and Yuhong Yan! and Daniel Lemire?

INational Research Council
200 Montreal Road, M-50
Ottawa, ON K1A OR6
martin.brooks@nrc.gc.ca
yuhong.yan@nrc.gc.ca

Abstract

Qualitative models are often more suitable than
classical quantitative models in tasks such as
Model-based Diagnosis (MBD), explaining system
behavior, and designing novel devices from first
principles. Monotonicity is an important feature
to leverage when constructing qualitative models.
Detecting monotonic pieces robustly and efficiently
from sensor or simulation data remains an open
problem. This paper presents scale-based mono-
tonicity: the notion that monotonicity can be de-
fined relative to a scale. Real-valued functions de-
fined on a finite set of reals e.g. sensor data or
simulation results, can be partitioned into quasi-
monotonic segments, i.e. segments monotonic with
respect to a scale, in linear time. A novel segmen-
tation algorithm is introduced along with a scale-
based definition of “flatness”.
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be fast O(n)) and not require excessive amounts of memory
(O(n)).

In this paper, we address the “scale-based monotonicity”
problem: monotonicity can be defined relative to a scale. We
define a metric for monotonic approximation. We solve the
following problem: given a number of segmens find K
segments having the smallest monotonic approximation error.

In short, the main novel results of this paper are:

1. A novel optimal segmentation algorithm;
2. A novel definition of scale-based flatness.

2 Monotonicity in Qualitative Modelling

We just list a few examples to show that the monotonic
features are important to leverage in qualitative modeling.
In QSIM [Kuipers, 1986, the qualitative valu&V(f,t), is

the pair<gmag, qdir-, where gmag is a landmark value
li or an interval made up of landmark valu@gl;;1), and
qdir takes a value from the sign domain (+,0,-) according
the f/(t) is increasing, steady, or decreasing respectively.
In Model-based Diagnosis (MBD), qualitative models are

Qualitative models are used in applications such as modelised to describe system behavior. Two kinds of qualitative
based diagnosi&an, 2003; Struss, 2002explaining system models, based respectively on absolute or relative quanti-
behavior [Suc, 2003; Forbus, 1984; Kuipers, 1986nd de- ties, rely on the monotonicity of the function. The first one
signing novel devices from first principlé®illiams, 1993. is Finite Relation Qualitative Mode(FRQ) [Struss, 2002;
It is a challenge to build qualitative models for complex realYan, 2003, where the qualitative relation is represented by
world engineering systems. Current research efforts are otuples of real valued intervals. For a monotonic segment
automatic generation of qualitative models from numericalxa,X,] of f, the tuple is determined by the bounding rect-
data obtained by numerical simulation or sensors. Many proangle O = [Xa,Xp] % [Min(f(Xa), f (Xp)), max(f(Xa), f (%p))],
posed methods, such as[Btruss, 200Pand[Consoleet al,  that is the smallest rectangle such tlgat f(x) Ay < x <
2003, work only when the functions are piecewise mono-x, = (x,y) € [J. The second one iQualitative Deviation
tonic. Hence, partitioning data arrays into quasi-monotonidvlodel [Consoleet al, 2003 where the qualitative relation
segments is an important probldian et al, 2004b; 2004k  is represented by the sign of deviatiphy] from a refer-
One could segment a data array in monotonic segmen®nce pointxes defined as +,-, or 0, according to whether
using a naive algorithm: simply segment wherever there if is increasing, decreasing or flat. For examplef ifs
an extremum. For example, it is easy to segment the arrayonotonic increasing, we haj#y] = sign(f (x) — f (Xet)) =
{0, 1, 2, 3, 2, 1, O} in two monotonic segments. How- sign(X—Xref) = [AX].
ever, monotonic segments must be significant for the appli- In this paper, we focus on abstracting qualitative models
cation at hand and algorithms must be robust because tHeom scattered data obtained from numerical simulation or
data will unavoidably be subject to noise or insignificantsensors. This work is motivated by at least two kinds of appli-
features. Hence, we might want to consider that the arragations. First, when applying model-based diagnosis to real
{0, 1.2, 1.1, 3, 2, 1, O} has only two “significant” mono- world engineering systems, we need to build symbolic qual-
tonic segments since the drop from 1.2 to 1.1 is not largeatative models by a numerical simulation of the engineering
enough to indicate a downward trend. Also algorithms mustmodels. Second, we need to explain system behaviors from
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sensor data. Qualitative model abstraction in this paper iminsco maxep | f — F| whereQ is eitherQ; or Q. Sign +

defined as transforming numerical values into qualitative valor - is associated tQ; or Q.

ues and functions into qualitative constraifisic and Bratko, The segmentation of a seD is a sequenceS =

2001. Monotonicity Analysis is defined as partitioning a fi- X, ..., Xn oOf closed intervals (calledsegment®) in D with

nite series of real valueg, xo, ..., X, over an intervaD into [minD,maxD] = [J; X such that maX; = minX;;; andX N

“monotonic” segments. Xj=0for j#i,i+1,i—1. Alternatively, we can define a
Monotonicity analysis is a crucial step to abstract qualita-segmentation from the set of poitsn X1 = {y;}. Given

tive models from scattered data but it rises a problem. Thé& : {X1,...,%n} — R and a segmentatiof; }, the Optimal

difficulty is that when the scattered data contains noise, th&iecewise Monotonic Approximation Function Error (OP-

monotonicity is not absolute in a neighborhood of any point MAFE) of the segmentation is given by m&MAFE(F |x)

The monotonic segments need to be significant in the contexthere the directions of the segmed{sare alternating and

of the problem. The small fluctuations caused by noise mussuch that the direction of the first segment is chosen so as to

be ignored. This requires that noise be removed by compuninimize the OPMAFE.

tationally efficient methods such that the number of remain- Solving for a best monotonic function can be done as fol-

ing segments is dependent only on the characterization of tHews. If we seek the best monotonic increasing function, we

noise. first definef, (x) = max{F(y) : y < x} (the maximum of all
Linear splines is an obvious approach to solve this probprevious values) andT(x) =min{F(y) : y > x} (the mini-

lem. We can use top-down, bottom-up and sliding windowp,ym of all values to come). If we seek the best monotonic

algorithms to approximate the data with a set of stralghqjecreasing function, we defing (x) = max{F(y) : y > x}

lines[Keoghet al, 2001. Then the same-sign slopes can begthe maximum of all values to come) amﬁj(x) — min{F(y):
aggregated as monotonic segments. Various algorithms are —

derived from classic algorithmiKey et al, 2004 [Hunter Y < X} (the minimum of all previous values). These func-
and McIntosh, 1999 The downside of these methods is that tions which can be computed in linear time are all we need
there is no link between linear spline approximation error and® Solve for the best approximation function as shown by the
the actual monotonicity of the data (consiger €). Hence, ~next theorem which is a well-known restiBrooks, 1994;
using linear splines, it is difficult to specify either the desiredUbhaya, 1974
number of monotonic segments or some “monotonicity error'Theorem 1. Given F: D = {x1,..., %} — R, a best mono-
threshold. In addition, linear fitting algorithms are relatively tonic increasing approximation function to F is given by
expensive. fif _ _ _
Inductive learning is used iiuc and Bratko, 20dt0 au- |1 = — and a best monotonic decreasing approxima-

tomatically construct qualitative models from quantitative eX-tjon function is given by f= Tﬁ;il' The corresponding er-

amples. The induced qualitative model is a binary tree, called F100—f, (0|

a qualitative tree, which contains internal nodes (called splitsjor (OMAFE) is given bymaxcp % (monotonic in-
and qualitatively constrained functions at the leaves. A quali- . [T,00-f, () ) )

tative constrained function takes the fokiu--Sn: R R,  Creasing) omaxep 2 (monotonic decreasing).

s € {+,—} and represents a function with real-valued at- The implementation of the algorithm suggested by the the-
tributes strictly monotone increasing with respect toittle  orem is straight-forward. Given a segmentation, we can com-
attribute ifs = +, or strictly monotone decreasingsf=—.  pute the OPMAFE irO(n) time using at most two passes.

For example,f = M™~(x,y) meansf is increasing whex  The functionsf; and f; are sometimes called the standard

is increasing, and decreasing whgis increasing. A split  optimal monotone functions as the solution is not unique in
is a partition of a variable. The unsupervised learning algogeneral.

rithm eg-QUIN determines the landmarks for the splits. The

training data set is all possible pairs _of data points. eq-QUINg Scale-Based Monotonicity

checks the best split against all possible hypotheses. Its com-

plexity is O(n?2™). QUIN is a more efficient algorithm that We present the notion of scale-based monotonicity. The in-
uses greedy search. Its complexitydgn?m?). We do not  tuition is that the fluctuations within a certain scale can be

address multidimensional data in this paper. ignored.
Given an ordered set of real valuBs= {x1,Xo,...,%n},
3 Monotonicity Error considerF : D = {x1,Xp,..., X} — R. Given some toler-

ance valusd > 0, we could say that the data points @
In this section, we define a measure of monotonicity. Supgoing downor are upward monotoneif consecutive mea-
pose we are given a set of ordered samples notel :  sures do not go down by more thaénthat is, are such that
D= {x1,..., X} CR — R with real values=(x1),...,F(%)  F(x)—F(x1) < 8. However, this definition is not very use-
andx; < X2 <... <X, We define,F|p as the restric- ful because measures can repeatedly go down and thus the
tion of F overDN[ab]. We seek the best monotonic (in- end value can be substantially lower than the start value. A
creasing or decreasing) functidn: R — R approximating more useful definition ofipward monotonicityvould be to
F. Let Q; (resp. Q)) be the set of all monotonic increas- require that we cannot find two valugsandx; (X < Xj) such
ing (resp. decreasing) functions. Tkptimal Monotonic  thatF (x;) is lower thanF (x;) by & (i.e. F(x) —F(xj) < 9).
Approximation Function Error (OMAFE) of F is given by  This definition is more useful because in the worst case, the
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Figure 1: Ad-pair.

last measure will be onlp smaller than the first measure.

However, we are still not guaranteed that the data does in fact
increase at any point. Hence, we add the constraint that we

can find at least two data pointg < x such thatF(x) is
greater thark (x) by at leas® (F (x) — F(xc) > ).

To summarize, given some valde> 0, we say that a se-
guence of measures igpwarddmonotonef no two succes-
sive measures decrease by as muach, and at least one pair
of successive measures increases by at eaSimilarly, we
say that a set of measuregiswnwardd-monotonef no two
successive measures increase by as muadh aad at least
two measures decrease by at Igast

This generalized definition of monotonicity was introduced
in [Brooks, 1994 usingd-pairs (see Fig. 1):

Definition 1.

e x<ye Disad-pair (or a pair of scaled) for F if |F(y) —
F(x)| > d and for all ze D, x < z< y implies|F(z) —
F(x)| < dand|F(y)—F(2)| <o.

e Ad-pair's direction isincreasingor decreasingaccord-
ing to whether Ry) > F(X) or F(y) < F(X).

Notice that pairs of scal@ having opposite directions can-
not overlap but they may share an endpoint. Pairs of stale

of the same direction may overlap, but may not be nested for

a certaind.
We can defin@-monotonicity as follows:

Definition 2. Let X be an interval, F i$-monotoneon X
if all d-pairs in X have the same direction; F is stricidy
monotonic when there exists at least one sbigair. In this
case:

e F is &-increasingon X if X contains an increasing-
pair.

e Fisod-decreasingn X if X contains a decreasirdgpair.

We say that a pair is significant at scaldf it is of scaled’
for & > 0.

5 A Scale-Based Algorithm for
Quasi-Monotonic Segmentation

Suppose thaD is a finite set of reals having at least two ele-
ments.F is a real-valued function oD, i.e.,F :D — R.

We begin by defining a segmentation at scaler a &-
segmentation.

Definition 3. Let S= Xy,...,X, be a segmentation of D, and
let d > 0, then S is a&-segmentatiorof F when all the fol-
lowing conditions hold.

Each X is &monotone.
Each X fori # 1, n is strictlyd-monotone.
At least one Xis strictly &monotone.

Adjacent strictlyd-monotone segments have opposite di-
rections.

For each strictlyd-monotone X and for all xe X;, F(X)
lies in the closed interval bounded by(finX;) and
F (maxX).

When X is not strictly >-monotone, then for all x
X1 —maxX;, F(x) lies in the open interval bounded
by F(minXp) and F(maxXp); and when X is not
strictly 8-monotone, then for all x X, — minX,, F(x)
lies in the open interval bounded by(finX,_1) and
F(maxXn_1).

Each X is called ad-segment of S. When striclymonotone,
X; is a properd-segment; when not strictd~monotone, X
or X, is an improperd-segment. For stricthip-monotone X
minX; andmaxX; are &-extrema.

As the following theorems show, allsegmentations are
“equivalent” and the monotonic approximation error (OP-
MAFE) is known precisely.

Theorem 2. Letd > 0. Let § and $ be d-segmentations of
F; then |S| = |S|. Furthermore, the firsb-segments of ;S
and $ are both either proper or improper, and similarly for
the lastd-segments.

Theorem 3. Letd > 0. Let S be any-segmentation of F;
then the monotonic approximation error (OPMAFE)/ 2.

Now we want to compute &segmentation giveR. There

are two approaches depending on the application one has in
mind. The first one is to choos® and then solve for the
segmentdBrooks, 1994, when the magnitude of noise is
known. When one doesn’t know how to cho@s¢he second
approach is to set the maximal number of segmEntsspe-
cially when one knows the shape of the function. We focus
on this second approach. We begin by labelling the extrema
with a corresponding scal¥x).

Definition 4. Let xe D be a local extremum of F. x@elta-

scale A(x) is the largestd > 0 such that there exists &
segmentation having x asdaextremum.

It is immediate from the definition that & > A(x), then
X can't be ad-extremum, but also that ¥ is a d-extremum,
thenA(x) > 8. This is stated in the following proposition.

Proposition 1. Let d > 0, and let S= Xi,..., X, be ad-

In the next section, we discuss how to partition the data sesegmentation of F. Thek(x) > & for everyd-extremum, X, of

into monotonic segments.
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We observe that there must be a smalesuch that the Algorithm 1 computed(x) for every extremumx € D. The
cardinality of X5 = {x|A(x) > &} is at mostK. However the inputto Algorithm 1 is a list of extrema - i.e. the extrema data
set X5 might contain repeated maxima or repeated minimgpoints in the data array.
and those might be removed before the Xgtan define a

d-segmentation. This is stated in the next theorem. Algorithm 1 This algorithm labels the extrema in linear time

Theorem 4. Let3 > 0 and consider the set of extremg %  (as in Definition 4).
{X|A(x) > &} of F as an ordered set. Each extremum in X  INPUT: data - a list of the successive extremal values of F, al-
is either a maximum or a minimum, and a sequence of two ternating between maximum and minimum. Each element is an

minima or two maxima is possible. Consider asub%&t)& "extremum record”, having three fields: value, sense, and index.
such that Index identifies the data point, value gives F’s value at that data

point, and sense indicates whether the extremum is a maximum
e it has no repeated maxima or minima; or minimum.
. , ;. . OUTPUT: a list of "scale records". Each scale record has two
o there is no supersetzXof X; in Xs without repeated ex-  fi|ds: scale and extrema_list. Extrema_list comprises either one

trema; or two extremum records. The semantics of a scale record is that
then there exists &segmentation S of F such thaf i ex- the indicated extrema have the indicated scale as delta-scale.
3 Notes about the algorithm 1) Lists are accessed by element
actly the set ob-extrema of S. numbers; e.g. data(2) is the second element of data. 2) Lists

In order to compute&(x) for all extremax, it is useful to are manipulated with functions Push and Pop. Push( thing, list)

introduce the following definitions. adds thing to list, resulting in thing being the first element of list.
. . Pop(list) removes the first element of list, and returns this first

Definition 5. Opposite-sense extremaxz € X C D are an element as the value of the function call. akeList(item®*)
extremal pairfor X if for all y € X, x< y < z implies Ry) pushes the items into a list generated, starting from the first item.
lies in the closed interval defined by(¥j) and F(z). The ex- 4) MakeScaleRecordreates a scale record.
tremal pair has an exterfF (x), F(z)] or [F(z), F(x)] and
increasing or decreasing direction according t¥ < F(2) LET extrema = empty_list
or F(x) > F(z). An extremal pair ismaximal for X when LET scales = empty_list

no other extremal pair in X has larger extent. Similarly, an  Push(Pop(data),extrema)
extremal pair is a maximal increasing (decreasing) when no Push( Pop(data),extrema)

. - . : for next_extremum IN datdo
increasing (decreasing) extremal pair has larger extent. while Length(extrema) > 1 AND {{sense.next_extremum =

Intuitively, a maximal extremal pair forms the largest de- "maximum” AND value.next_extremum > value.extrema(2)}

creasing (increasing) segment inside a larger increasing (de- OR {sense.next_extremum = "minimum” AND
creasing) segmeix. value.next_extremum < value.extrema(2§l¢

o ) ) . o Push(MakeScaleRecorfyalue.extrema(l) -
Definition 6. We recursively definerdinary and specialin- value.extrema(2), MakeList( extrema(2), extrema(1) )),
tervals: D is an ordinary interval. When | is an ordinary scales)
interval, then an interval & | is special when J’s endpoints Pop(extrema)
constitute a maximal extremal pair in I; in this case J has Pop(extrema)
direction inherited directly from its endpoints. Recursively, if ~ if Length( extrema) = then
J is special and interval’JC J has endpoints constituting a Push( Pop( extrema_list.scales(1) ), extrema)

Push( next_extremum, extrema )

while Length(extrema) > tlo
Push( MakeScaleRecorfvalue.extrema(1) -
value.extrema(2), MakeList( extrema(1) )), scales)

maximal extremal pair in J of direction opposite to that of J,
then J is special. LetJi = 1...n be all special intervals in
an ordinary or special interval X. Choose any honempty sub-

set of the collectiofJ }, and let S be the segmentation of X Pop(extrema)
defined by the endpoints of the special intervals in the subset. pysh (extrema(1), extrema_list.scales(1) )
Then any segmentd S that does not contain any of theis RETURN scales

an ordinary interval.

One can see that the special intervals are nested. The The principle of Algorithm 1 is as follows: thehile loop
endpointsx, z of the special intervals havA(x) = A(z) =  inside thefor loop detects the special interval and labels the
|F (x) —F(2)|. We can call them “twins” due to the samdéx)  both endpoints with the difference of their values. But if the
value. The ordinary intervals are not nested. The endpointextrema list is empty after this labelling, which means that
of the ordinary intervals have differef{x). We call each of the top item in the list needs to be checked against the com-
them “singleton”. ing data, this top item is popped back to extrema inittel-

If there are several extrema having an equal value, the walpwing the abovenhile. Then the next extremum is pushed
to choose the endpoints to constitute a maximal extremal painto the extrema list for the nefbr loops. Thewhile outside
is not unique. Therefore, there are different sets of speciahefor loop determines thé for the ordinary intervals. The
intervals. They are equivalent. For simplicity, we do not con-last pushstates that the last extremum in the extrema list has
sider the case of equal valued extrema in Algorithm 1 andhe same scale as the one just popped into scale. Actually the
Algorithm 2. Instead, we explain how to deal with it verbally endpoints of the biggest ordinary interval are always the last
after introducing the algorithms. two pushed into scale record list and their scales are identical.
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If one desires no more thatisegments, it is a simple mat-
ter of pickingd as small as possible so that you have no more
thanK + 1 significant extrema/((x) > d) together with the
first and last extrema (indexes 0 and- 1). Algorithm 2
shows how once the labelling is complete, one can compute
the segmentation in tim@®(nKlogK) which we consider to
be linear time wherK is small compared to. It also uses
a fixed amount of memoryQ(K)). The principle of Algo-
rithm 2 is to select th& + 1 data points to be the endpoints Figure 2: Input flow of tank A (left) and level of tank B (right)
of K segments. Since the endpointsibare by default, the with added white noise.
remaining endpoints come from the largéstxtrema. The
for is to select the largegtextrema. As in Algorithm 1, we 6 Scale-Based Flatness
know that the labels are either "twins" or "singleton". Thus
in thefor loop, a maximum oK + 2 data points are chosen. For applications, it is important to be able to find “flat” seg-
Then, after the firsif outsidefor, the smallesb-extrema are ments robustly in a data set. We propose the following defi-
removed to reduce the total endpoints to at nkost1. The  nition:
rest of the code checks whether the first and the last endpoinSgfinition 7. Givend > 0, consider ad-monotonic segment
of D are included. If not, the smallestextrema will be re- i, 5 5 segmentation, an interval | in this segmentigiat if
moved in favor of the first and 'the last endpoints. The numbefne standard optimal monotonic approximating function (as
of segments can be less tharsince several extrema can take gefined in Theorem 1) is constant over I.
the samed value and can be removed together.

Because we can compute the standard optimal monotonic
approximating function irO(n) time, we can find flat seg-
Algorithm 2 Given a labelling algorithm (see Algorithm 1), ments inO(n) time.
this algorithm returns an optimal segmentation using at most The next proposition addresses the flat segments in differ-
K segments. Itis assumed that there are at least extrema  entd-segmentations. The first point is derived from the fact

to begin with. that when thed increases, the new segments are always the
INPUT: an arrayd containing the values indexed from Orte- 1 result of mergers of the previous segments. Hence, the seg-
INPUT: K a bound on the number of segments desired ments at a smal are always subsets of the segments at a
OUTPUT: segmentation points as per Theorem 4 and Proposilargerd. The second point says that the old flat segments will
tion 1 still be flat in the merged segment.

L «— empty array (capaciti + 3) . .
for eis index of an extremum id having scal@, eare visited in ~ PYOPOSition 2. Let S be a5-segmentation and let e ad'-

increasing ordedo segmentation fod' > 9, then 1) anyd-segment Xc S is a
insert(e, ) in L so thatl_ is sorted by scale in decreasing order Subset of som&-segment Xe S, 2) for anyd-flat interval |
(sort ond) using binary search in X, | is alsod-flat in X'.
if length() = K + 3 then

pop last(L)

if length(L) > K-+1then 7 Experimental Results

remove all elements df having the scale of last(L). 7.1 Cascade Tank Sample Data
if indexes{0,n—1} ¢ L then . . .
if (index Oc L OR indexn—1 € L) AND length(L) = K+1  As a source of synthetic data, we consider a system which

then consists of two cascade tanks A and B. Each tank has an in-
remove all elements df having the scale of last(L). put pipe (incoming water) and an output pipe (outgoing wa-
if (index 0Z L AND indexn—1¢ L) AND length() > K then ter). Tank A's output pipe is the input pipe of tank B. In the
remove all elements df having the scale of last(L). equations below, let A and B be the level of water for the two
RETURN: the indexes irl. adding 0 and/on—1 when notal-  tanks respectively. The change of water level is proportional
ready present to the difference of the input flow and the output flow. As-

sumein is the input flow of tank A.f(A) is the out flow of

_ tank A. g(B) is the output flow of tank HKuipers, 1994.
Algorithms 1 and 2 assume that no two extrema can havghys we have

the same value. In case of equal valued extrema, we can mod-

ify these algorithms without increasing their complexity. In A = in—-f(A

Algorithm 1, we can generalize ScaleRecord so that entries in B = f(A)—g(B)

the extrema_list field can also be lists of extrema of the same

value. Then in thevhile loop, we can put the extrema of the  In principle, f (A) andg(B) are increasing functions. We
same value into the corresponding list. For Algorithm 2, weassumef (A) = kjA andg(B) = kzB. If we variate the input

just need to remember that whenever removing a middle poirftow of tank A, in, we can control the level of tank B. In this
between two equal valued extrema, the two equal valued exvay, we generated some sample data and added noise to it.
trema have to be treated as one extrema to avoid having tw8ee Fig. 2 for the the input flown, of tank A at the left and
adjacent minima or maxima. the level of tank B at the right.
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Abstract

We investigate the properties of logic programs
with aggregates. = We mainly focus on pro-
grams with monotone and antimonotone aggregates
(LPA o brograms). We define a new notion of un-

founded set for LPﬁa programs, and prove that
it is a sound generalization of the standard notion
of unfounded set for aggregate-free programs. We
show that the answer sets of an LPﬁya program are
precisely its unfounded-free models.

A

We define a well-founded operator Wp for LP;; ,
programs; we prove that its total fixpoints are pre-
cisely the answer sets of P, and its least fixpoint
W(0) is contained in the intersection of all an-
swer sets (if P admits an answer set). W(0) is
efficiently computable, and for aggregate-free pro-
grams it coincides with the well-founded model.

We carry out an in-depth complexity analysis in
the general framework, including also nonmono-
tone aggregates. We prove that monotone and anti-
monotone aggregates do not increase the complex-
ity of cautious reasoning, which remains in co-NP.
Nonmonotone aggregates, instead, do increase the
complexity by one level in the polynomial hierar-
chy. Our results allow also to generalize and speed-
up ASP systems with aggregates.

1 Introduction

The introduction of aggregates atoms [Kemp and Stuckey,
1991; Denecker et al., 2001; Gelfond, 2002; Simons et al.,
2002; Dell’ Armi et al., 2003; Pelov and Truszczyniski, 2004;
Pelov et al., 2004] is one of the major linguistic extensions to
Answer Set Programming of the recent years.

While both semantic and computational properties of stan-
dard (aggregate-free) logic programs have been deeply in-
vestigated, only few works have focused on logic programs
with aggregates; their behaviour, their semantic properties,
and their computational features are still far from being fully

*This work was partially supported by the EC under projects IST-
2002-33570 INFOMIX and IST-2001-37004 WASP, and by FWF
under projects P16536-N04 and P17212-N04.

TFunded by APART of the Austrian Academy of Sciences.
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clarified. A recent proposal for answer set semantics is re-
ceiving a consensus [Faber et al, 2004]. However, un-
founded sets and the well-founded operator [Van Gelder et
al., 1991], which are important for both the characterization
and the computation of standard LPs [Leone ef al., 1997,
Simons et al., 2002; Calimeri et al., 2002; Koch et al., 2003;
Pfeifer, 2004], have not been defined in a satisfactory manner
for logic programs with aggregates. Moreover, the impact of
aggregates on the computational complexity of the reasoning
tasks has not been analyzed in depth.

This paper makes a first step to overcome this deficiency,
improving the characterization of programs with aggregates,
for both declarative and computational purposes. The main
contributions of the paper are as follows.

e We define the notion of unfounded set for logic programs
with both monotone and antimonotone aggregates (LPnA;’a
programs). This notion is a sound generalization of the con-
cept of unfounded sets previously given for programs without
aggregates. We show that our definition coincides with the
original definition of unfounded sets of [Van Gelder et al.,
1991] on the class of normal (aggregate-free) programs, and
shares its nice properties (like, e.g., the existence of the great-
est unfounded set).

e We provide a declarative characterization of answer sets in
terms of unfounded sets. In particular, answer sets are pre-
cisely unfounded-free models of an LP;?W program.

e We define a well-founded operator Wp for logic programs
with aggregates, which extends the classical well-founded op-
erator [Van Gelder et al., 1991]. The total fixpoints of Wp are
exactly the answer sets of P, and its least fixpoint W (0) is
contained in the intersection of all answer sets. Importantly,
W(0) is polynomial-time computable.

e We analyze the complexity of logic programs with arbi-
trary (also nonmonotone) aggregates and fragments thereof.
Both monotone and antimonotone aggregates do not affect
the complexity of answer set semantics, which remains co-
NP-complete (for cautious reasoning). Nonmonotone aggre-
gates, instead, do increase the complexity, jumping to the sec-
ond level of the polynomial hierarchy (I14).

For space limitations, some proofs are sketched.

2 Logic Programs with Aggregates

In this section, we recall syntax, semantics, and some basic
properties of logic programs with aggregates.
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2.1 Syntax

We assume that the reader is familiar with standard LP; we
refer to atoms, literals, rules, and programs of LP, as stan-
dard atoms, standard literals, standard rules, and standard
programs, respectively. Two literals are said to be comple-
mentary if they are of the form p and not p for some atom
p. Given a literal L, —.L denotes its complementary literal.
Accordingly, given a set A of literals, —.A denotes the set
{—=.L | L € A}. For further background, see [Baral, 2002;
Gelfond and Lifschitz, 1991].

Set Terms. A (LPA) set term is either a symbolic set
or a ground set. A symbolic set is a pair { Vars : Conj},
where Vars is a list of variables and Conj is a conjunction
of standard atoms.! A ground set is a set of pairs of the form
(t: Cong), where ¢ is a list of constants and Conj is a ground
(variable free) conjunction of standard atoms.

Aggregate Functions. An aggregate function is of the form
f(S), where S is a set term, and f is an aggregate function
symbol. Intuitively, an aggregate function can be thought of
as a (possibly partial) function mapping multisets of constants
to a constant.

Example 1 (In the examples, we adopt the syntax of DLV to
denote aggregates.) Aggregate functions currently supported
by the DLV system are: #count (number of terms), #sum
(sum of non-negative integers), #times (product of positive
integers), #min (minimum term, undefined for empty set),
#max (maximum term, undefined for empty set)?.

Aggregate Literals.  An aggregate atom is f(S) < T,
where f(S5) is an aggregate function, <€ {=, <, <,>,>}
is a predefined comparison operator, and 7' is a term (variable
or constant) referred to as guard.

Example 2 The following aggregate atoms in DLV notation,
where the latter contains a ground set and could be a ground
instance of the former:

#max{Z : r(Z),a(Z,V)} > Y

#max{(2:7(2),a(2,k)), (2:7(2),a(2,¢))} > 1

An atom is either a standard (LP) atom or an aggregate atom.
A literal L is an atom A or an atom A preceded by the de-
fault negation symbol not; if A is an aggregate atom, L is an
aggregate literal.

LPA Programs. A (LP#) rule r is a construct
a:— by, -, by, not bgy1, -+, not bm,.

where a is a standard atom, bq,---,b,, are atoms, and
m > k > 0. The atom a is referred to as the head of r
while the conjunction by, ..., by, not bg1,...,n0t b, is the
body of r. We denote the head atom by H(r), and the set
{b1,..., bk, not bgi1,...,not by} of the body literals by
B(r).

'Tntuitively, a symbolic set {X : a(X,Y),p(Y)} stands
for the set of X-values making a(X,Y),p(Y) true, ie.,
{X|3Ys.t. a(X,Y),p(Y) is true}.

The first two aggregates correspond, respectively, to the cardi-
nality and weight constraint literals of Smodels.

KNOWLEDGE REPRESENTATION AND REASONING

A (LPA) program is a set of LP* rules. A global variable
of a rule r is a variable appearing in a standard atom of r; all
other variables are local variables.

Safety. A rule r is safe if the following conditions hold: (i)
each global variable of r appears in a positive standard literal
in the body of r; (ii) each local variable of r appearing in a
symbolic set { Vars : Conj} appears in an atom of Cony;
(iii) each guard of an aggregate atom of r is a constant or a
global variable. A program P is safe if all r € P are safe. In
the following we assume that LP* programs are safe.

2.2 Answer Set Semantics

Universe and Base. Given a LP* program P, let Up denote
the set of constants appearing in P, and Bp be the set of
standard atoms constructible from the (standard) predicates

of P with constants in Up. Given a set X, let 2% denote the
set of all multisets over elements from X. Without loss of
generality, we assume that aggregate functions map to I (the
set of integers).

Example 3 #count is defined over §U7,> #sum over EN,

Nt )
#times over QN, #min and #max are defined over A {0}.

Instantiation. A substitution is a mapping from a set of vari-
ables to Up. A substitution from the set of global variables
of arule r (to Up) is a global substitution for r; a substitution
from the set of local variables of a symbolic set .S (to Up) is a
local substitution for S. Given a symbolic set without global
variables S = {Vars : Conj}, the instantiation of S is the
following ground set of pairs inst(.S):

{{(y(Vars) : v(Conj)) | v is a local substitution for S}.3

A ground instance of a rule r is obtained in two steps: (1)
a global substitution ¢ for r is first applied over r; (2) ev-
ery symbolic set S in o(r) is replaced by its instantiation
inst(S). The instantiation Ground(P) of a program P is
the set of all possible instances of the rules of P.

Example 4 Consider the following program P;:
q(1) v p(2,2). a(2) vp(2,1).
t(X):i—q(X), #sum{Y : p(X,Y)} > 1.

The instantiation Ground(P;) is the following:

q(1) vV p(2,2).t(1):=q(1), #sum{(1:p(L, 1)), (2:p(

1,2))}>1
q(2) vV p(2,1).6(2):=q(2), #sun{(1:p(2, 1)), (2:p(2, 2

> 1.
N}>1.

Interpretations. An interpretation for a LP* program P is
a consistent set of standard ground literals, thatis I C (Bp U
—.Bp) such that I N —. = (. A standard ground literal L
is true (resp. false) wrt [ if L € I (resp. L € —.1). If a
standard ground literal is neither true or false w.r.t I then it is
undefined w.r.t I. We denote by I (resp. I7) the set of all
standard positive (resp. negative) literals occurring in I. We
also denote with I the set of undefined standard literals w.r.t
I. Aninterpretation I is total if I is empty (i.e., [TU—-.[~ =
Bp), otherwise [ is partial.

3Given a substitution o and a LP* object Obj (rule, set, etc.),

we denote by o(Obj) the object obtained by replacing each variable
X in Obj by o(X).
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An interpretation also provides a meaning for aggregate lit-
erals. Their truth value is first defined for total interpretations,
and then induced for partial ones.

Let I be a total interpretation. A standard ground conjunc-
tion is true (resp. false) w.r.t [ if all its literals are true. The
meaning of a set, an aggregate function, and an aggregate
atom under an interpretation, is a multiset, a value, and a
truth-value, respectively. Let f(S) be a an aggregate func-
tion. The valuation I(S) of S w.rt. I is the multiset of
the first constant of the elements in .S whose conjunction is
true w.r.t. I. More precisely, let I(S) denote the multiset
[t1 | (t1,....tn: Cong) € SA Conj is true w.rt. I']. The val-
uation I(f(5)) of an aggregate function f(S) w.r.t. I is the
result of the application of f on I(S). If the multiset I(.5)
is not in the domain of f, I(f(S)) = L (where L is a fixed
symbol not occurring in P).*

An instantiated aggregate atom A = f(S) < k is true
wrt Lif: 1) I(f(S)) # L, and, (i) I(f(S)) < k holds; oth-
erwise, A is false. An instantiated aggregate literal not A =
not f(5) < kis true wrt. Iif (i) I(f(S)) # L, and, (ii)
I(f(S)) < k does not hold; otherwise, A is false.

If I is a partial interpretation, an aggregate literal A is true
(resp. false) w.r.t. [ if it is true (resp. false) w.r.t. each total
interpretation J extending I (i.e.,V Js.t. I C J, Ais true
w.r.t. J); otherwise it is undefined.

Example 5 Consider the atom A = #sum{(1:p(2,1)), (2:
p(2,2))} > 1 from Example 4. Let S be the ground set in
A. For the interpretation I = {p(2,2)}, each extending total
interpretation contains either p(2,1) or not p(2,1). There-
fore, either I(.S) = [2] or I(.S) = [1, 2] and the application of
#sum yields either 2 > 1 or 3 > 1, hence A is true w.r.t. I.

Minimal Models. Given an interpretation I, a rule r is satis-
fied w.r.t. I if the head atom is true w.r.t. I whenever all body
literals are true w.r.t. I. A total interpretation M is a model of
a LPA program P if all r € Ground(P) are satisfied w.r.t.
M. A model M for P is (subset) minimal if no model N for
P exists such that Nt C M. Note that, under these def-
initions, the word interpretation refers to a possibly partial
interpretation, while a model is always a total interpretation.

Answer Sets. We now recall the generalization of the
Gelfond-Lifschitz transformation for LP* programs from
[Faber er al., 2004].

Definition 1 ([Faber et al., 2004]) Given a ground LPA
program P and a total interpretation I, let P! denote the
transformed program obtained from P by deleting all rules
in which a body literal is false w.r.t. I. I is an answer set of a
program P if it is a minimal model of Ground(P)?.

Example 6 Consider the following two programs:

Py : {p(a):—F#count{X : p(X)} > 0.}

P, : {p(a):—F#count{X : p(X)} < 1.}
Ground(Py) = {p(a):—#count{(a : p(a))} > 0.} and
Ground(Ps) = {p(a):—#count{(a : p(a))} < 1.}, and
interpretation I; = {p(a)}, I = 0. Then, Ground(P;)"* =

“In this paper, we assume that the value of an aggregate function
can be computed in time polynomial in the size of the input multiset.
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Ground(Py), Ground(Py)"? = (), and Ground(P)"+ = (),
Ground(P»)" = Ground(P,) hold.

I5 is the only answer set of P; (because /; is not a minimal
model of Ground(Pl)I 1), while P, admits no answer set (/;
is not a minimal model of Ground(Py)'t, and I is not a
model of Ground(Ps) = Ground(Pz)™).

Note that any answer set A of P is also a model of
P because Ground(P)* C Ground(P), and rules in
Ground(P) — Ground(P)* are satisfied w.r.t. A.

Monotonicity. Given two interpretations / and J we say
that I < Jif It C J* and J- C I~. A ground literal ¢
is monotone, if for all interpretations I, J, such that I < J,
we have that: (i) ¢ true w.r.t. I implies ¢ true w.r.t. J, and (ii)
{ false w.r.t. J implies ¢ false w.r.t. I. A ground literal ¢ is
antimonotone, if the opposite happens, that is, for all inter-
pretations I, .J, such that I < .J, we have that: (i) ¢ true w.r.t.
J implies ¢ true w.r.t. I, and (ii) ¢ false w.r.t. I implies ¢ false
w.rt. J. A ground literal ¢ is nonmonotone, if it is neither
monotone nor antimonotone.

Note that positive standard literals are monotone, whereas
negative standard literals are antimonotone. Aggregate lit-
erals may be monotone, antimonotone or nonmonotone, re-
gardless whether they are positive or negative. Nonmonotone
literals include the sum over (possibly negative) integers and
the average.

Example 7 All ground instances of #count{Z :7(Z)} >1
and not #count{Z :r(Z)} <1 are monotone, while for
#count{Z : r(Z)} < 1, and not #count{Z : r(Z)} > 1 they
are antimonotone.

We denote by LPA (LPA/LP:') the fragment of LPA
where only monotone (antimonotone/nonmonotone) aggre-
gates are allowed; LPﬁva allows for both monotone and anti-
monotone aggregates.

Remark 1 Observe that our definitions of interpretation and
truth values preserve “knowledge monotonicity”. If an inter-
pretation J extends I (i.e., I C J), then each literal which
is true w.r.t. [ is true w.r.t. J, and each literal which is false
w.r.t. [ is false w.r.t. J as well.

3 Unfounded Sets

In this section, we extend the notion of unfounded sets, given
in [Van Gelder et al., 1991] for aggregate-free programs,
to the framework of LPém programs. Let us denote by
S1 U —.52 the set (S — S2) U —.S, where S; and Ss are
sets of standard ground literals.

Definition 2 (Unfounded Set) A set X of ground atoms is
an unfounded set for an LPém program P w.r.t. I if, for
each rule r € P having the head atom belonging to X, at least
one of the following conditions holds: 1. some antimonotone
body literal of r is false w.r.t. I, and 2. some monotone body
literal of r is false w.r.t. I U —.X.

Example 8 Consider the following program P:
L aE%%:—#coun‘t{(l :a(1)), (2:a(2)), (3:a(3))} > 2.
ra: a(3)—#count{(1:a(1)), (2:a(2)), (3:a(3))} >2.
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and I = {a(1),a(2),a(3)}. Then X = {a(1)} is an un-
founded set w.r.t. I, P, since condition 2 holds for ;. Also
{a(3)}, and {a(1),a(3)} are unfounded.

We can show that Definition 2 generalizes the one given in
[Van Gelder er al., 1991] for aggregate-free programs.

Theorem 9 For an aggregate-free LPém program P, Defi-
nition 2 is equivalent to the one of [Van Gelder ef al., 1991].

Thus, Definition 2 is an alternative characterization of un-
founded sets for standards literals. In fact, while condition 1
of Definition 2 does not exactly cover the first one in [Van
Gelder et al., 1991], condition 2 catches all cases of the sec-
ond in [Van Gelder et al., 1991] and those “lost” by condi-
tion 1. This separates positive and negative literals, allowing
to distinguish between the behavior of monotone and anti-
monotone literals.

Theorem 10 If X; and X5 are unfounded sets w.r.t. an inter-
pretation [ for a LPa‘fm program P, then also X; U X is an
unfounded set w.r.t. I for P.

Proof sketch. For Condition 2 of Def. 2, observe that
I'U~-(X; UXy) <TIU-—.X;. Therefore, if a mono-
tone literal ¢ is false w.r.t. I U —.X7, then it is false w.r.t.
TU~-.(X; U X3). Symmetrically for Xs. O
By virtue of Theorem 10, the union of all unfounded sets
for P w.r.t. I is an unfounded set. We call it the Greatest
Unfounded Set of P w.r.t. I, and denote it by GUSp(I).

Proposition 1 Let [ and J be interpretations for an LPﬁm
program P. If I C J, then GUSp(I) C GUSp(J).

Proof sketch. Follows from Remark 1, since I U =.X C
JU-.X. O

4 Answer Sets and Unfounded Sets

In this section, we provide a couple of characterizations of
answer sets in terms of unfounded sets.

Definition 3 (Unfounded-free Interpretation) Let / be an
interpretation for a program P. I is unfounded-free if INX =
() for each unfounded set X for P w.r.t. I.

The next lemma gives an equivalent characterization of the
unfounded-free property for total interpretations.

Lemma 11 Let [ be a total interpretation for a program P. [
is unfounded-free iff no nonempty set of atoms contained in
I is an unfounded set for P w.r.t.].

Proof sketch. If I is not unfounded-free, an unfounded set X
for Pwrt. Ist. X N I # ()exists. Then, X N I is also
an unfounded set. O

Theorem 12 A model M is an answer set of an LPém pro-
gram P if and only if M is unfounded-free.

Proof sketch. If M is a model and X C M is a non-empty
unfounded set w.r.t. M, then it can be shown that M U =. X
is a model of PM_ hence M is no answer set. On the other
hand, if M is an unfounded-free model but not an answer set,
amodel N of PM st. Nt ¢ M must exist. We can show
that M+ — N is an unfounded set. O

Now we give another interesting characterization of answer
sets. A total interpretation is an answer set if and only if its
false literals are unfounded.
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Lemma 13 A total interpretation M is a model for P iff
—.M ™ is an unfounded set for P w.r.t. M.

Proof sketch. The result follows from the fact that M =
MU —.(=~.M"7). O

Theorem 14 Let M be a total interpretation for a program
P. M is an answer set iff .M~ = GUSp(M).

Proof sketch. Can be shown using Lemmata 13 and 11 and
Theorem 12. a

5 Well-Founded Semantics

In this section we extend the Wp defined in [Van Gelder et
al., 1991] for aggregate-free programs to LP;“)m programs.
Then, we show that the answer sets of an LPa‘Em program P
coincide exactly with the total fixpoints of Wp.

We start by providing an extension to LPém programs
of the immediate consequence operator Tp defined in [Van
Gelder et al., 1991] for three-valued interpretations of stan-
dard logic programs.

Definition 4 Let P be a LP;', program. Define the oper-
ators Tp and Wy from 287Y™-BP to 287 and 28PU~-Br
respectively, as follows.
Tp(I) ={a € Bp | 3Ir € Ground(P) s.t.a = H(r)
and B(r) is true w.r.t. I'}
Wp([) = TP(I) U —‘GUSP(I)

Theorem 15 Let M be a total interpretation for a program
P. M is an answer set for P iff M is a fixpoint of Wp.

Proof sketch. M~ = —.GUSp(M) holds by virtue of The-
orem 14, M = Tp(M) can be shown using Lemma 11 and
Definition 2. a

The Wp operator is clearly monotone on a meet semilat-
tice, and it therefore admits a least fixpoint [Tarski, 1955].
This fixpoint can be computed iteratively starting from the
empty set, and approximates the intersection of all answer
sets (if any).

Theorem 16 Given an LP;} | program P, let {W,, },cn be
the sequence whose n-th term is the n-fold application of
the Wp operator on the empty set (i.e., Wo = 0, W,, =
Wp(Wy,—1)). Then (a) {W,}nen converges to a limit
W4(0), and (b) for each answer set M for P, M 2 W (0).

Proof sketch. (a) follows from the monotonicity of WWp and

the finiteness of Bp. (b) holds since all atoms computed by

Tp belong to any answer set and because of Theorem 14. O
From Theorem 15 and 16, the following easily follows.

Corollary 17 If W%(0) is a total interpretation, then it is the
unique answer set of P.

The following proposition confirms the intuition that Def-
inition 4 extends the Wp operator, as defined in [Van Gelder
et al., 1991] for standard programs , to LPfW programs.

Proposition 2 Let P be an aggregate-free program. Then the
Wp operator of Definition 4 exactly coincides with Wp op-
erator defined in [Van Gelder et al., 1991].

Corollary 18 On aggregate-free programs, W (()) coincides
with the well-founded model of [Van Gelder et al., 1991].
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Moreover, there are simple cases where W (()) captures
the intended meaning of the program.

Example 19 Consider the following program P:

a(l) :— #sum{(1: a(1)),(2:a(2))} > 1.

b:—not a(l). a(2):—b. b:—not c
We have Wp() = {not c}, then Wp({not c}) =
{b, not ¢, not a(1)}, then Wp({b, not ¢, not a(l)}) =
{b, not ¢, not a(l), a(2)} = W%(0).
It is easy to verify that W ((0) (which here is total) is an an-
swer set for P.

6 Computational Complexity

We first show the tractability of the well-founded semantics
for LPﬁ}a, and we then analyze the complexity of answer
set semantics for general LP4 programs. We consider the
propositional case, hence, throughout this section we assume

that programs are ground.

Theorem 20 Given a ground LPﬁ’a program P: 1. The
greatest unfounded set GUSp(I) of P w.rt. a given inter-
pretation I is polynomial-time computable; 2. W%(0) is
polynomial-time computable.

Proof sketch. We define an operator ®; from Bp to Bp as
follows: ®;(Y) = {a | Ir € Pwitha = H(r)
s.t. no antimonotone body literal of r false w.rit. I A
all monotone body literals of r are true w.r.t. Y — =1~ }.
The sequence ¢g = 0, ¢pp = Pr(¢pr_1) is monotonically
increasing and converges finitely to a limit ¢, for which
¢ = Bp — GUSp(I) can be shown. Furthermore, each
application of ®; is polynomial in our setting’, and also ) is
polynomial in | Bp|. From this, the result follows. O

This result has a positive impact also for the computation of
the answer set semantics of logic programs with aggregates.
Indeed, as stated in Theorem 16, W () approximates the
intersection of all answer sets from the bottom, and can be
therefore used to efficiently prune the search space.

We next analyze the complexity of the answer set seman-
tics of general LP* programs. In [Faber et al., 2004], the
authors have shown that arbitrary (including nonmonotone)
aggregates do not increase the complexity of disjunctive pro-
grams. However, nonmonotone aggregates do increase the
complexity of reasoning on Or-free programs.®

Theorem 21 Cautious reasoning over LP;fL,am is TI-
complete.
Proof. Membership follows directly from the results in

[Faber et al., 2004]. Concerning hardness, we provide a
reduction from 2QBF. Let ¥ = V1, ..., 2n3y1, ..., yn : D,
where w.l.o.g. ® is a propositional formula in 3CNF format,
over precisely the variables x1, ..., Ty, y1,. .., Yn. Observe
that W is equivalent to =3z, ..., 2, YY1,...,yn : ~P, and
that —=® is equivalent to a 3DNF where every literal has

reversed polarity w.r.t. . Let the LPé’a’n program IT¥ be:
SRecall that we are dealing only with aggregates whose function
is computable in polynomial time.
®In [Ferraris, 2004] it was independently shown that deciding
answer set existence for a program with weight constraints (possibly
containing negative weights) is X2 -complete.

410

t(zi, 1) : —F#sum{V : t(z;, V)} >=0.
t(zi, —1) : —#sum{V : t(z;, V)} <= 0.
t(ys, 1) : —#sum{V : t(y;, V)} >=0.
t(yi, —1) : —#sum{V : t(y;, V)} <= 0.
t(yi, 1) : —unsat. t(yi,—1) : —unsat.
For each clause ¢; = ;1 V [;2 V [; 3 of the original ®, we

add: unsat : —u(l; 1), p(li,2), p(ls,3), where p(l) is t(1, —1) if I
is positive, and ¢(l, 1) otherwise.
The query not unsat? holds for ITY, iff W is satisfiable. O
Monotone and antimonotone aggregates, instead, behave
as in the disjunctive case, not causing any complexity gap.

Theorem 22 Cautious reasoning over LPi . is co-NP-
complete.

Proof. Hardness follows from the co-NP-hardness of cau-
tious reasoning over normal (aggregate-free) logic programs
[Marek and Truszczyfiski, 1991; Schlipf, 1995]. For mem-
bership, we guess a total interpretation M, and check that: (i)
A€ M,and (ii)) .M~ = GUSp(M) (by Theorem 14 M is
then an answer set). By Theorem 20, the checks are feasible
in polynomial time. a

7 Related Work

To our knowledge, the only other work in which the notion
of unfounded set has been defined for programs with ag-
gregates is [Kemp and Stuckey, 1991]. However, their def-
inition ignores aggregates in the second condition for un-
founded sets. For the program a(1):—#count{X : a(X)} > 0.
the well-founded model of [Kemp and Stuckey, 1991] is 0,
leaving a(1) undefined. Our well-founded model is {—a(1)}.
Most of the results reported in this paper do not hold for un-
founded sets as defined in [Kemp and Stuckey, 1991].

There have been several attempts to define well-founded
semantics for programs with aggregates, not relying on un-
founded sets. Several early approaches which are defined
on a limited framework are discussed in [Kemp and Stuckey,
1991]. In [Van Gelder, 1992] a semantics is defined by com-
piling aggregates to rules with standard atoms. This approach
was generalized in [Osorio and Jayaraman, 1999]. In any
case, this strategy works only for certain classes of programs.
In [Ross and Sagiv, 1997] an operator-based definition is
given, which also works only on a restricted set of programs.
In [Pelov, 2004] a well-founded semantics has been defined
based on an approximating operator. Since this definition is
substantially different from the one in this paper, we leave a
comparison for future work.

Other works attempted to define stronger notions of well-
founded semantics (also for programs with aggregates),
among them the Ultimate Well-Founded Semantics of [De-
necker et al., 2001] and W F'S! and W F'S? of [Dix and Oso-
rio, 1997]. Whether a characterization in terms of unfounded
sets can exist for these semantics is not clear, and even if such
generalized unfounded sets would exist, it is likely that some
of the theorems in this paper will no longer hold, given that
these semantics assign truth or falsity for more atoms.

In [Ferraris, 2004] it was shown that the semantics of
Smodels programs with positive weight constraints is equal
to answer sets as defined in [Faber et al., 2004] on the respec-
tive fragment. Since by Theorem 16 W () approximates
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answer sets of [Faber et al., 20041, Wi (() can be used also
as an approximating operator for the respective Smodels pro-
grams. Indeed, we can show that the AtMost pruning operator
of Smodels [Simons et al., 2002] is a special case of the ®;
operator (defined in the proof sketch for Theorem 20).

8 Applications and Conclusion

The semantics of logic programs with aggregates is not
straightforward, especially in presence of recursive aggre-
gates. The declarative and fixpoint characterizations of an-
swer sets, provided in Sections 4 and 5, allow for a better
understanding of the meaning of programs with aggregates,
and provide a handle on effective methods for computing an-
swer sets for programs with (recursive) aggregates. In partic-
ular, the operator W () can be used first to compute what
must be in any answer set. Later in the computation, it can
be used as a pruning operator and for answer set checking (as
described in [Koch et al., 2003; Pfeifer, 2004]).

Furthermore, since loop formulas encode unfounded sets
[Lee, 20041, our results should be adaptable also to SAT-
based ASP systems, all of which rely on loop formulas.

The complexity results make a clear demarcation between
aggregates from the computational viewpoint, which is very
useful to pick the appropriate techniques to be employed for
the computation. The well-founded semantics of LP;‘;W is
efficiently computable. Answer set semantics is in co-NP for
LPﬁW, while nonmonotone aggregates bring about a com-
plexity gap, and cannot be easily accommodated in NP sys-
tems.

A main concern for future work is therefore the exploita-
tion of our results for the implementation of recursive aggre-
gates in ASP systems.
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Abstract

Compilability is a measure of how effectively com-
pilation (or preprocessing) can be applied to knowl-
edge bases specified in a particular knowledge rep-
resentation formalism; the aim of compilation is
to allow for efficient, on-line query processing. A
theory of compilability has been established for or-
ganizing knowledge representation formalisms ac-
cording to a scheme of “compilability classes”,
and bears strong analogies to the classical theory
of complexity, which permits the organization of
computational problems according to complexity
classes. We develop a novel theory of compilabil-
ity, called parameterizeccompilability, which in-
corporates the notion of parameterization as used in
parameterized complexity and permits for refined
analysis of compilability.

1 Introduction

Compilability. Many computational reasoning problems
involve deciding whether or not a query is entailed by a
knowledge base (or database). Such reasoning problems are
often computationally intractable. A methodology for cop-
ing with this intractability is compilation(also called prepro-
cessing, which involves translating a knowledge base into a
form that allows for more efficient query processing. Compi-
lation is appropriate for knowledge bases that remain stable
over time and will be queried numerous times, even if the
compilation itself cannot be performed efficiently, since the
cost of the compilation will be amortized by the speed-up in
query processing. Although recent years have seen many in-
teresting results on compilation, the basic idea of simplifying
a sequence of computations by preprocessing a set of useful
values is as old as mathematics, as discussed in [Cadoli etal.,
2002].

A systematictheory. A number of results in the nineties
demonstrated non-compilability results, which show, for in-
stance, that the knowledge bases of a particular knowledge
representation formalism are not compilable to those of an-
other formalism in which query processing can be performed
in polynomial time. The initial results of this type, including
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[Cadoli et al., 1996; 1997; 1999; Gogic et al., 1995], were
based on ad hoc proofs that did not explicitly use a unified
proof technique.

In [Cadoli et al., 2002], a robust theory of compilability
was developed that made it possible to systematically orga-
nize knowledge representation formalisms according to their
compilability, much in the way that classical complexity the-
ory made it possible to systematically organize languages
according to their (in)tractability. In particular, the theory
of compilability provides a way to define, for every clas-
sical complexity class C, an analogous compilability class
comp-C'; the theory also provides a notion of reduction for
use with the compilability classes comp-C'. The compilabil-
ity class comp-P, which is the analog of P (those languages
decidable in polynomial time), contains those formalisms that
are compilable to a second formalism in which query pro-
cessing can be performed in polynomial time. In saying that
a formalism is compilable to a second formalism, we mean
(roughly) that for every knowledge base x of the first formal-
ism, there is a knowledge base f(z) in the second formal-
ism having the same answers to queries as x and such that
the size of f(x) is always polynomial in the size of z. This
“polynomial size” requirement models the intuition that com-
pilation is only useful if it does not greatly increase the size
of a knowledge base.

Demonstration that a formalism is in comp-P is a pos-
itive compilation result, analogous to demonstration that a
language is in P, a positive tractability result. Likewise,
demonstration that a formalism is comp-NP-hard is a neg-
ative compilation result and implies that the formalism is
not in comp-P (under a complexity-theoretic assumption),
just as demonstration that a language is NP-hard implies that
the language is not in P (under the standard assumption that
P # NP).

First in [Cadoli etal., 2002; 2000] and later in other papers
including [Liberatore, 1997; Liberatore and Schaerf, 2000;
Liberatore, 2000; 2001], the theory of compilability pre-
sented in [Cadoli et al., 2002] was applied successfully to
classify knowledge representation formalisms that have ap-
peared in the artificial intelligence literature. In particular, a
multitude of formalisms, including propositional logic, cir-
cumscription, and default logic, have been demonstrated to
be contained in comp-P or complete for the analog comp-C'
of a standard complexity class C. The downside of these
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classification results is that many of them are negative, show-
ing that a formalism is complete for the compilability ver-
sion of an intractable complexity class, such as comp-NP or
comp-co-NP.

Parameterized complexity. The abundance of negative
compilability results mirrors a state of affairs in complexity
theory: although many problems of interest can be classified
according to the developed scheme of complexity classes (P,
NP, co-NP, etc.), there is an abundance of negative results
that show completeness or hardness for classes believed to
be strictly larger than P. Because such generally intractable
problems do need to be dealt with in practice, a number of
theoretical frameworks have been developed to provide a finer
analysis of hard problems than that offered by standard com-
plexity theory. Examples of such frameworks include the the-
ory of approximation algorithms and average-case analysis.

A relatively recent alternative framework is parameterized

compleity [Downey and Fellows, 1999b].

Parameterized complexity is a theory that, as with classical
complexity theory and compilability theory, provides classes
and a notion of reduction for categorizing objects. In the case
of parameterized complexity, the objects categorized are pa-
rameterized languages: languages with instances consisting
of two parts, a mainpart and a parameter Many languages
that have been classically studied can be viewed naturally as
parameterized languages. For example, each instance of the
VERTEX COVER problem can be viewed as consisting of a
graph G as the main part, and a natural number & as the pa-
rameter; the question is to decide whether or not the graph
G has a vertex cover of size at most k. Similarly, the INDE-
PENDENT SET problem may be viewed as a parameterized
language: an instance is again a graph G paired with a natu-
ral number %, and the question is to decide whether or not the
graph G has an independent set of size at least k.

The parameterized flavor of tractability is called fixed-
parametertractability; formally, a parameterized language is
fixed-parameter tractable (or, in the class FPT) if there exists
a constant ¢ such that for every k, instances with main part of
size n and parameter k can be solved in time O(n°). As an ex-
ample, VERTEX COVER can be solved in time O(r* k2 +kn),
where r is a constant, k is the parameter, and n is the size
of the main part; consequently, for any fixed k, instances
of VERTEX COVER with main part of size n and parame-
ter k£ can be solved in time O(n), and so VERTEX COVER
is considered to be fixed-parameter tractable. Because the
running time of fixed-parameter tractable languages exhibits
a restricted form of dependence on the parameter, such lan-
guages are often solvable in practice when the parameter falls
into a limited range. (In fact, one can see from the given time
bound for VERTEX COVER that this problem can be solved in
polynomial time when the parameter & is O(logn).) On the
other hand, INDEPENDENT SET is believed to require time
where the main part exhibits an exponential dependence on
the parameter — that is, a time of form similar to Q(n*). In-
deed, INDEPENDENT SET is complete for a parameterized
complexity class believed to properly contain FPT, and ac-
cordingly is believed to be outside of FPT.
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Viewed classically, these two example languages are both
NP-complete, and hence demonstrate that parameterized
complexity is somewhat orthogonal to classical complexity;
moreover, the example of VERTEX COVER indicates that pa-
rameterized complexity can provide tractability results where
classical complexity does not. Indeed, the allowance of a
non-polynomial dependence on the parameter of an input in-
stance in fixed-parameter tractability permits the use of al-
gorithmic ideas not utilized in proving standard polynomial-
time tractability results, and the field of parameterized com-
plexity has developed a rich and mathematically deep suite of
algorithmic techniques.

Parameterized compilability. The contribution of this pa-
per is parameterizeccompilability, a new theory of compil-
ability incorporating the notion of parameterization as used
in parameterized complexity. Our theory provides a novel
set of concepts for proving compilability results, allowing
the use of the sophisticated toolkit that has been developed
for proving fixed-parameter tractability and intractability re-
sults, and provides an avenue for refining the many negative
non-compilability results that have been proved using the es-
tablished theory of compilability. As articulated in [Downey
etal., 1999], one benefit of using a parameterized notion of
computational tractability is that it becomes possible to en-
gage in an extended dialogue with a single problem, by the
investigation of a variety of parameters. We thus provide a
theoretical framework in which we anticipate that the formu-
lation and exploration of interesting parameters in the context
of parameterized compilability will lead to refined analysis of
compilability results.

The results in this paper are as follows. For every parame-
terized complexity class C, we define a compilability variant
par-comp-C. We also define a notion of reduction for use
with the par-comp-C classes, and demonstrate its robustness
—in particular, that it is transitive and compatible (in a formal
sense) with the classes par-comp-C. We also develop a gen-
eral method for demonstrating hardness of a formalism for
a class par-comp-C, and study the structure of the classes
par-comp-C, relating this structure directly to the structure
of non-uniform versions of parameterized complexity classes
C.

2 Preiminaries

While we have attempted to make this paper as self-contained
as possible, some familiarity with the basic notions of com-
plexity theory (including non-uniform complexity classes),
parameterized complexity, and compilability theory will be
helpful; we name [Balcazar et al., 1995], [Downey and Fel-
lows, 1999b], and [Cadoli et al., 2002] as references for
these topics, respectively. We also recommend the surveys
[Downey and Fellows, 1999a; Downey et al., 1999] on pa-
rameterized complexity.

2.1 Definitions and Notation

Strings. We assume X to be a fixed finite alphabet that is
used to form strings. The length of a string = is denoted
by |z|. We will at times assume that pairs of strings (that
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is, elements of X* x X*) are represented as strings (that is,
elements of ¥*) via a pairing function (-, -). We make stan-
dard assumptions about this pairing function, namely, that the
length of (x,y) is linear in |z| + |y|; (z,y) can be computed
in time polynomial in |x| + |y|; there are polynomial-time
computable projection functions 71,7 : ¥* — X* such
that 1 ({(z,y)) = « and m2({z,y)) = y; and (-, -) is length-
monotone, that is, if |y| < |z| then |(z,y)| < |[{z,z)| and
[{y,z)| < [(z,z)]. We also assume that there is a tripling
function (-, -, -) for representing triples of strings as single
strings, for which similar assumptions hold.

Functions. As usual, we consider a functionp : N — N
to be a polynomialif there exists a constant ¢ € N such that
p(n) is O(n®). A function p : N x ©* — N is a param-
eterizedpolynomialif there exists a constant ¢ € N and a
function  : ¥* — N such that for all (n,k) € N x X*,
p(n, k) < h(k)(n + 1)°. In other words, p : N x 3* — N is
a parameterized polynomial if there exists a constant ¢ € N
such that for each & € X*, the function p;, : N — N defined
by pi(n) = p(n, k) is O(n°).

A function f : ¥* — X* is polynomial-sizdf there ex-
ists a polynomial p : N — N such that for all z € X*,
|f(@)] < p(|z|). Similarly, a function f : ¥* x ¥* — X*
is parameterizedpolynomial-sizeif there exists a parame-
terized polynomial p : N x ¥* — N such that for all
(2, k) € 5% x 5%, | f(x, k)| < p(lz], k).

A function g : ¥* — X* is polynomial-timecomputable
if there exist a polynomial p : N — N and a Turing machine
M such that for all z € ¥*, the Turing machine M, on input
x, produces output g(z) in time less than p(|z|). Similarly, a
function g : ¥*xX* — X* is parameterizegholynomial-time
computablaf there exist a parameterized polynomial p : N x
¥* — N and a Turing machine M such that for all (x,k) €
¥* x ¥*, the Turing machine M, on input (z, k), produces
output g(z, k) in time less than p(|x|, k).

A function h : ¥* — X* is recussivelycomputabldf there
exists a Turing machine M such that for all x € 3%, the
Turing machine M, on input x, produces output h(x).

Languagesand Complexity Classes. A languageis a sub-
set of X*, that is, a set of strings. A parameterizedanguage
is a subset of X* x X*, that is, a set of pairs of strings. A
(parameterizedrompleity classis a set of (parameterized)
languages. When C' is a (parameterized) complexity class and
< is a reduction, we say that C' is compatiblewith < if for
all (parameterized) languages A and B, A < Band B € C
imply that A € C. Also, when C' is a (parameterized) com-
plexity class and < is a reduction, we say that B is hard for C
(alternatively, is C-hard) under < reductions if forall A € C,
A < B;and, we say that B is completefor C (alternatively, is
C-completg under < reductions if B € C' and B is C-hard.
When C is a complexity class, the non-uniform version (or
“advice” version) of C, denoted by C/poly, contains those
languages A such that there exists a polynomial-size func-
tion f : 1* — ¥* and a language B in C such that for all
r € ¥*, x € Aifandonly if (f(11*),2) € B. When C
is a parameterized complexity class, the non-uniform version
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of C, denoted by C/ppoly, contains those parameterized lan-
guages A such that there exists a parameterized polynomial-
size function f : 1* x ¥* — >* and a language B in C
such that for all (x, k) € ¥* x £*, (z,k) € Aifand only if
((f(11*), k), z), k) € B,

When L is a parameterized language, define €L to be the
set{(e,y, k) : (y,k) € L}.

Knowledge Representation Formalisms. A knowledg
representatioformalism(KRF) is a subset of ¥* x ¥*. A
parameterizedknowled@ representatiorformalism(PKRF)
is a subset of X* x X* x ¥*,

Conventions. We view a ternary function f : ¥* x ¥* x
3* — 3* as a binary function g : ¥* x ¥* — X* by pair-
ing together the first two arguments, that is, g({x,y),2) =
f(z,y, z). For example, a ternary function f : 3* x ¥* x
3* — ¥* is considered to be parameterized polynomial-size
if there exists a parameterized polynomial p : N x ¥* — N
such that for all (z,y,k) € £* x &* x &%, |f(z,y,k)| <
p(|{z,y)|, k). Similarly, a PKRF F is viewed as a parameter-
ized language by pairing together the first two strings of each
triple, and so is considered to belong to a parameterized com-
plexity class C' if the language L = {({z,y), k) : (z,y,k) €
F'} belongsto C.

For readability, we at times use a natural number m € Nin
place of its unary representation 1.

2.2 Compilability

In this subsection, we review the theory of compilability;
the definitions and theorems of this subsection are all from
[Cadoli et al., 2002], on which our presentation is based.
Throughout this subsection, the following two assumptions
concerning complexity classes and languages are in effect,
just as in [Cadoli etal., 2002].

Assumption1l Everycompleity classC' is compatiblewith
andhascompletgproblemsunderthepolynomial-timemany-
onereduction<? .

Assumption 2 In languages,sufixedblanksare consideed
to beirrelevant, thatis, a string 2z is consideedto bein a
language A if x isin A.

For a KRF F, we will refer to each = € 71 (F’) as a knowl-
edge base a knowledge base x is considered to represent the
knowledge {y € ¥* : (z,y) € F}. Roughly speaking, a
KRF is considered to be compilable to a complexity class C
if following a preprocessing of each knowledge base x, pos-
ing a query y to the knowledge base = — that is, deciding if
(x,y) € F —can be performed in C. The formal definition of
those KRFs compilable to a complexity class C' includes two
ingredients. The first is a preprocessing function f; because
preprocessing of a knowledge base is not useful if it greatly
increases the size of the knowledge base, f is required to be of
polynomial size. The second is a “target” KRF £, mandated
to be inside the class C, to which the KRF F' is translated via
the function f.

Definition 3 (comp-C) LetC bea compleity class.A KRF
F belonggo comp-C if there exist

KNOWLEDGE REPRESENTATION AND REASONING



e a binary polynomial-sizéunction f : ¥* x 1* — X*,
and

e aKRFF'inC
sud thatfor all pairs (z,y) € 2* x 2%,
(x,y) € F if andonlyif (f(z, |y]),y) € F".

One can obtain a compilability class comp-C' from any
complexity class C. Hence, the comp-C classes offer a rich
scheme by which one can classify KRFs, just as conventional
complexity classes offer a rich scheme by which one can clas-
sify computational problems. Upon a first reading of Defi-
nition 3, it may be conceptually easiest for one to take the
complexity class C' to be equal to P (polynomial-time). In
this case, the requirement that £ is in C' means that queries
(z,y) posed to F’ can be processed efficiently, so f trans-
lates each F'-knowledge base 2 — which is not necessarily in
a form that allows for efficient resolution of queries (z,y)
—into a F’-knowledge base f(x) — which is in a form that
allows for efficient resolution of queries (x, ).t

The following notion of reduction, associated with the
comp-C classes, allows one to compare the compilability of
different KRFs.

Definition 4 (compreducibility) A KRF F' is compreducible
to a KRF F’ (denotedby F' <omp F") if there exist

e binarypolynomial-sizéunctionsfi, fo : ¥* x 1* — ¥*
and

e abinary polynomial-timecomputabldunctiong : ¥* x
¥ Y
sud thatfor all pairs (z,y) € * x £*,

(z,y) € Fifandonlyif (fi(z, [y]), 9(f2(z, [yl),y)) € F".

Theorem5 For every compleity classC', the compreduc-
tion is transitiveandis compatiblewith the classcomp-C.

The structure of the compilability classes comp-C' can
be directly related to the structure of the complexity classes
Clpoly.

Theorem6 Let C' and C’ be compleity classes. The con-
tainmentcomp-C C comp-C’ holdsif and only if the con-
tainmentC/poly C C’/poly holds.

When C and C’ are complexity classes that obey the
proper containment C C C', Theorem 6 gives strong evi-
dence that the corresponding compilability classes comp-C
and comp-C” obey a similar proper containment: comp-C C
comp-C". Note that in making this observation, we appeal to
the widely held belief that relationships between “standard”
complexity classes C, C' are not affected by non-uniformity,

1This definition of comp-C' is“non-uniform”in that the prepro-
cessing or tranglation function f not only takes the knowledge base
x asinput, but in addition is given the length of the query y. A “uni-
form” version of the classes comp-C where the translation function
f isonly given the knowledge base z is studied and compared to the
comp-C classesin [Cadoli et al., 2002]. In this paper, we present a
non-uniform theory of parameterized compilability, and do not fur-
ther discuss the uniform comp-C' classes. One can use the ideas
and concepts we present in this paper to develop a corresponding
uniform theory.
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that is, C'is properly contained in C” if and only if C/poly is
properly contained in C'/poly.?

2.3 Parameterized Complexity

Parameterized complexity is a theory for the classification
of parameterized languages — languages whose constituents
have two components. In classical complexity theory, the
base complexity class modeling feasible computation is P,
which is defined using the notion of polynomial-time; in pa-
rameterized complexity theory the base complexity class is
FPT (“fixed-parameter tractable™), which is definable using
the notion of parameterized polynomial-time.

Definition 7 (FPT) A parameterizedanguage L belongsto
the parameterizeccompleity classFPT if there existsa pa-
rameterizepolynomial-timecomputabldunctiong : ¥* x
¥* — {0, 1} sud thatfor all pairs (z, k) € ¥* x ¥*,

(x,k) € Lif andonlyif g(z, k) = 1.

Roughly speaking, a parameterized language L is in the

class FPT if there exists a constant ¢ € N such that each
“k-slice” L, %' {z : (x,k) € L} of L is computable in poly-

nomial time via a polynomial of degree c¢. The degree of the
polynomials bounding the time for L; must be a “universal”
constant ¢ and cannot depend on k; on the other hand, the
coefficients of these polynomials may have arbitrary depen-
dence on k.

The following notion of reducibility may be used to com-
pare the complexity of parameterized languages.

Definition 8 (parameterizedreducibility) A parameterized
language L is parameterized reducible to a parameterized
language L’ (denotedby L <P?* L) if there exist

e a parameterizedpolynomial-timecomputablefunction
f:X*x¥X* - ¥* and

e arecussivelycomputabldunctionh : ¥* — X*
sud thatfor all pairs (z, k) € 3* x 2%,
(z,k) € Lif andonlyif (f(x,k),h(k)) € L.

We now define two parameterized complexity classes. In
contrast to the class FPT, each of these two classes is defined
directly as those languages reducible to a particular language.

Definition 9 We define the following parameterizedlan-
guages;theweight of a truth assignmenits definedto be the
numberof variablesit mapsto true.

o WEIGHTED FORMULA SATISFIABILITY
Input: A booleanformula F'.
Question: Does F' have a satisfying assignmentof
weightat mostk?

e WEIGHTED CIRCUIT SATISFIABILITY
Input: A booleancircuit C.
Question: Does C' have a satisfying assignmentof
weightat mostk?

Note that the term “non-uniformity” is intended here to take

on the usual complexity-theoretic sense, as opposed to the slightly
different sense in which comp-C' was called non-uniform.
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Definition 10 We definethe following parameterizedcom-
plexity classes.

e W[SAT] is theclassof all parameterizedanguagesthat
are parameterizededucibleto WEIGHTED FORMULA
SATISFIABILITY .

e W[P]istheclassofall parameterizedanguagesthatare
parameterizededucibleto WEIGHTED CIRCUIT SAT-
ISFIABILITY .

It is straightforward to verify that the parameterized com-
plexity classes defined here (FPT, W[SAT], and W[P]) are
compatible with the parameterized reduction. Throughout
this paper, we will assume that all discussed parameterized
complexity classes have this property, and also that they have
complete problems.

Assumption11 Everyparameterizeccompleity classC' is
compatiblewith and has completeproblemsunder the pa-
rameterizededuction<Par,

3 Parameterized Compilability

3.1 Classesandreductions

As with the theory of compilability, the starting point for
the theory of parameterized compilability is the definition
of compilability classes. Whereas a compilability version of
each non-parameterized complexity class was defined (Defi-
nition 3), here we define a compilability version par-comp-C
of each parameterizecomplexity class C.

As with the definition of comp-C, the definition of
par-comp-C' includes a translation function f with a space
bound, as well as a “target” PKRF F”, which is required to be
inside C.

Definition 12 LetC bea parameterizeccompleity class.A
PKRF F' belonggo par-comp-C' if there exist

e aparameterizegholynomial-sizéunctionf : ¥* x 1* x
¥* — ¥* and

e aPKRFF'inC

sudh thatfor all triples (z, y, k) € ¥* x ¥* x ¥* andnatural
numbesm > |y|,

(z,y,k) € Fifandonlyif (f(x,m,k),y,k) € F'.

An implication of the containment of a PKRF F' inside
par-comp-C' via the function f and the PKRF F” is the fol-
lowing. Define, for each k& € X*, the “k-slice” of a PKRF

Gtobe Gy & {(z,y) : (z,y,k) € G}. Moreover, define
fr : 2*x1* — X* tobe the function fi(xz,m) = f(z,m, k).
Notice that for each & € ¥*, the KRFs F,, F} and the binary
function f;, satisfy the condition of Definition 3. That is, each
k-slice Fy, of F' is compilable to the corresponding k-slice F,
of I by the function f,. Because the size of f is bounded
by a parameterized polynomial, for  falling into a limited
range, the functions f will behave polynomially; likewise,
when F’ € FPT, for k falling into a limited range, the KRF
slices F, will have time complexity behaving polynomially.
Upon initial acquaintance, Definition 12 may appear to be
complex. However, we believe that the classes par-comp-C
unify the classes comp-C' with parameterized complexity
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classes in a natural way. We substantiate this claim by con-
sidering two special cases of Definition 12, which may lend
some intuition to the reader.

First, consider the case where the preprocessing function f
simply returns as output its first argument, that is, f is equal
to the projection 7;. It follows that £ must equal F; conse-
quently, a PKRF F'is contained in par-comp-C viasuchan f
if and only if F is contained in C itself. Intuitively, the func-
tion f does not perform any preprocessing, so the compilabil-
ity class par-comp-C simplifies out to the original class C.
Next, consider the case where the PKRF F' has the property
that for all strings z, y, k, k' € ¥*, it holds that (z,y, k) € F
if and only if (z,y,k’) € F; thatis, F' “ignores” the third
component (the “parameter”) of its strings. In this case, the
PKRF F naturally induces a KRF F', defined to be

{(z,y) : Fk.(2,y,k) € F} ={(x,y) : Vk.(z,y, k) € F}.
Such a PKRF F' is contained in par-comp-FPT if and only
if the induced KRF E is contained in comp-P.3 In “ignor-
ing” the parameter of the PKRF F', the compilability class
par-comp-FPT simplifies out to its non-parameterized vari-
ant, namely, comp-P. We mention that by imposing the re-
strictions discussed in the two cases simultaneously, we ef-
fectively obtain the class P. Thus, one can think of FPT
and comp-P as two different generalizations of P which are
unified together in and can be obtained as specializations of
par-comp-FPT.

We have the following notion of reducibility for comparing
the compilability of PKRFs.

Definition 13 (par-comp reducibility) A PKRF F' is par-
comp-educibleto a PKRF F’ (denotedby I <Par | F') if
there exist

e parameterizedgolynomial-siz€functionsfy, fo : ¥* x
1 x X% — ¥F,

e aparameterizegholynomial-timedunctiong : >* x ¥* x
¥* — ¥*, and

e arecussivelycomputabldunctionh : ¥* — X*

sud thatfor all triples (z, y, k) € £* x £* x £* andnatural
numbesm > |y|,

(z,y,k) € Fif andonlyif
(fl('rv m, k)a g(fQ(Ia m, k)7 Y, k)7 h(k)) € F'.

We note that our definition of par-comp reducibility is not a
direct analog of the definition of comp-reducibility; in Defini-
tion 13 the “preprocessing phase” f is given an upper bound
m on the size of the query y, as opposed to the length of the
query |y|, as in Definition 4. We believe that our notion of re-
duction is preferable because an assumption like Assumption
2 is not necessary to establish transitivity, and also because it
allows for a simpler proof of transitivity. Our proof of transi-
tivity can be specialized to a proof of transitivity for an “upper
bound” variant of Definition 4 by removing the parameter k.

3Sketch of one direction of this claim: suppose that the PKRF
F is of the described form and in par-comp-FPT. Fix an arbitrary
s € ¥*, define the functionf : ©* x 1* — X* by f(z,m) =
f(xz,m, s), and define the KRFF” as {(z,y) : (z,y,s) € F'}. It
can be verified thatF is contained in comp-P via f and F".
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Theorem 14 Thepar-compreductionis transitive

Theorem 15 For every parameterizedcompleity class C,
the par-comp reduction is compatible with the class
par-comp-C.

3.2 Completenessand Structure

We now study the notion of completeness for the classes
par-comp-C, as well as the structure of the classes
par-comp-C. First, we make a simple observation about the
relationship between C/ppoly and par-comp-C' which will
aid us in our study.

Proposition 16 Let C be a parameterizedcompleity class.
If the parameterizedanguage A is in C/ppoly, theneA isin
par-comp-C.

The following theorem, which will be of help in proving
hardness of PKRFs, demonstrates that we can easily obtain
complete languages for the class par-comp-C from complete
languages for the underlying class C.

Theorem17 Let C be a parameterizedcompleity class. If
theparameterizedanguage B is completefor C (under<ra*
reductions),then eB is completefor par-comp-C' (under
<par reductions).

—comp

The next theorem is an analog of Theorem 6, and corre-
spondingly provides strong evidence that the structure of the
compilability classes par-comp-C' reflects the structure of
the parameterized complexity classes C.

Theorem18 Let C and C’ be parameterizedcompleity
classes. The containmentpar-comp-C C par-comp-C’
holdsif and only if the containmentC/ppoly C C’/ppoly
holds.
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Abstract

How can an intelligent agent update her knowl-
edge base about an action domain, relative to some
conditions (possibly obtained from earlier observa-
tions)? We study this question in a formal frame-
work for reasoning about actions and change, in
which the meaning of an action domain descrip-
tion can be represented by a directed graph whose
nodes correspond to states and whose edges corre-
spond to action occurrences. We define the update
of an action domain description in this framework,
and show among other results that a solution to this
problem can be obtained by a divide-and-conquer
approach in some cases. We also introduce meth-
ods to compute a solution and an approximate solu-
tion to this problem, and analyze the computational
complexity of these problems. Finally, we discuss
techniques to improve the quality of solutions.

1 Introduction

This paper discusses how an intelligent agent can modify her
knowledge of the world, subject to some given conditions,
in particular, when some new knowledge about the world is
added. The given conditions can be domain-dependent (e.g.,
assertions obtained from earlier observations), or domain-
independent (e.g., general properties of a knowledge base).
The goal is to obtain a consistent knowledge base with mini-
mal changes only to a variable part of the existing knowledge
base such that the given conditions are satisfied.

We study the problem of knowledge base updates, briefly
described above, in the context of reasoning about actions and
change, so the agent’s knowledge base is about domains of
actions. For instance, consider an agent having the following
knowledge, D, about a TV with remote control:

1. If the power is off, pushing the power button on the TV
turns the power on.

2. If the power is on, pushing the power button on the TV
turns the power off.

3. The TV is on whenever the power is on.
4. The TV is off whenever the power is off.
*Work supported by the Austrian Science Fund (FWF) grant

P16536-N04 and the European Commission IST programme grants
FET-2001-37004 WA SP and 1ST-2001-33123 CologNeT.
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Note that she does not know how a remote control works (e.g.,
she does not know the effect of pushing the power button on
the remote control). Suppose that later she obtains the fol-
lowing information, @), about remote controls:

1. If the power is on and the TV is off, pushing the power
button on the remote control turns the TV on.

2. Ifthe TV is on, pushing the power button on the remote
control turns the TV off.

A desired condition, C, for the effective use of this TV system
is the following:

Pushing the power button on the remote control is al-
ways possible.

If Q is added to D, then condition C is not satisfied: when
the power and the TV are on, pushing the power button on the
remote control is not possible, since Item 2 of @ and Item 3
of D above contradict. The question is then how the agent
can update D by Q relative to C.

We describe domains of actions, like D above, in a frag-
ment of the action language C [Giunchiglia and Lifschitz,
1998], by “causal laws.” For instance, the direct effect of
the action PushPBry stated in Item 1 of D in the example
above is described by the causal law

caused PowerON after PushPBry A —~PowerON,

which expresses that the action PushPBry causes the value
of the fluent PowerON to change from false to true; the in-
direct effect of this action stated in Item 3 of D is described
by the causal law

caused TvON if PowerON, (1)

which expresses that if the fluent PowerON is caused to be
true, then the fluent TvON is caused to be true as well. An ac-
tion (domain) description is partitioned into two: D,, (invari-
able) and D,,, (variable). The meaning of an action descrip-
tion can be represented by a “transition diagram”—a directed
graph whose nodes correspond to states and whose edges cor-
respond to action occurrences.

We describe given conditions, like C' above, in an action
query language, similar to R [Gelfond and Lifschitz, 1998],
by “queries”. For instance, condition C' above can be de-
scribed by the query

executable { PushPBgrc}. )

The main contributions of this paper briefly are as follows:

e Given an action description D = (D,, D,,), a set Q of
causal laws, and a set C' of conditions, what is an update of
D by @ relative to C? We answer this question in Section 3.

KNOWLEDGE REPRESENTATION AND REASONING



EquhPBRC]’ {PushPBrvy} {PUShPBR{C}}
@ {PushPBry, PushPBrc} O
PowerON —~PowerON
oo -TvON

{PushPBry, PushPBrc}
{PUShPBTv}

Figure 1: A transition diagram.

e Given an action description D = (D,, D,,), a set Q of
causal laws, and a set C of conditions, consider the prob-
lem of computing an update of D by @ relative to C. We
show that this problem is difficult in general (both $£- and
11 -hard), and that already checking a given solution is IT% -
complete. We also show that, under some conditions, these
two problems are easier (Section 5).

e We provide conditions under which computing a solution
to the problem above can be structurally decomposed. For in-
stance, if the inputs of the problem satisfy the disjointness
property, a divide-and-conquer approach is feasible (Sec-
tion 4). We introduce methods to compute solutions and to
compute “near-solutions” approximating them (Section 6).

Variations of the problem of updating knowledge bases
have been studied in the Al literature, e.g., [Winslett, 1990;
Katsuno and Mendelzon, 1991; Pereira et al., 1991; Li and
Pereira, 1996; Liberatore, 2000; Eiter et al., 2002; Sakama
and Inoue, 2003]. The problem addressed in this paper is
more general (see Section 7 for a more detailed comparison).

2 Preliminaries

Transition diagrams. We start with a (propositional) ac-
tion signature that consists of a set F of fluent names, and a
set A of action names. An action is a truth-valued function
on A, denoted by the set of action names that are mapped to ¢.

A (propositional) transition diagram of an action signature
L = (F,A) consists of a set S of states, a function V' :
F xS — {f t},andasubset R C S x 22 x S of transitions.
We say that V' (P, s) is the value of P in s. The states s such
that (s, A, s’) € R are the possible results of the execution of
the action A in the state s. We say that A is executable in s,
if at least one such state s’ exists.

A transition diagram can be thought of as a labeled directed
graph. Every state s is represented by a vertex labeled with
the function P — V (P, s) from fluent names to truth values.
Every triple (s, A,s’) € R is represented by an edge lead-
ing from s to s’ and labeled A. An example of a transition
diagram is shown in Figure 1.

Action description languages. We consider a subset of
the action description language C [Giunchiglia and Lifschitz,
1998] that consists of two kinds of expressions (called causal
laws): static laws of the form

caused L if G, ?3)

where L is a literal (an expression of the form P or —P, where
P is a fluent name) and G is a propositional combination of
fluent names, and dynamic laws of the form

caused L if G after U, (4)

KNOWLEDGE REPRESENTATION AND REASONING

caused PowerON after PushPBry N ~PowerON
caused -~ PowerON after PushPBry A PowerON
caused TvON if PowerON

caused ~TvON if ~PowerON

inertial PowerON , ~PowerON

inertial TvON,—-TvON

Figure 2: An action description.

where L and G are as above, and U is a propositional com-
bination of fluent names and action names. In (3) and (4) the
part if G can be dropped if G is True.

An action description is a set of causal laws. For instance,
the knowledge base about a TV system, D, of the agent in the
previous section, can be described by causal laws in Figure 2.
Thereby, an expression of the form:

inertial P, - P,
where P is a fluent name stands for the dynamic laws

caused P if P after P,
caused —P if =P after =P,

describing that the value of the fluent P stays the same unless
some action changes it.

The meaning of an action description can be represented by
a transition diagram. Let D be an action description with a
signature £ = (F, A). Then the transition diagram (S, V, R)
described by D is defined as follows:

(i) S is the set of all interpretations s of F such that, for
every static law (3) in D, s satisfies G D L,

(i) V(P,s) = s(P),

(iif) Risthe set of all triples (s, A, s’) such that s’ is the only
interpretation of F which satisfies the heads L of all

— static laws (3) in D for which s’ satisfies GG, and

— dynamic laws (4) in D for which s’ satisfies G and
s U A satisfies U.

The laws included in (iii) above are those that are applica-
ble to the transition from s to s’ caused by executing A. For
instance, the transition diagram described by the action de-
scription of Figure 2 is presented in Figure 1. We say that an
action description is consistent if it can be represented by a
transition diagram with nonempty state set.

In the following we suppose that an action description D
consists of two parts: D,, (unmadifiable causal laws) and D,,,
(modifiable causal laws). Therefore, we sometimes denote an
action description D by the pair (D.,, D,,).

Action query languages. To talk about observations of the
world, or assertions about the effects of the execution of ac-
tions, we use an action query language similar to R [Gel-
fond and Lifschitz, 1998]. We consider a language with static
queries of one of the two forms:

holds F, (5)
always F, (6)

where I is a propositional combination of fluent names, and
dynamic queries of the form:

necessarily F after Ag;...; Ay, (7
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where F' is a propositional combination of fluent names, and
each A; (0 <i < m)is an action. A query is a propositional
combination of both kinds of expressions.

As for the semantics, let T = (S, V, R) be the transition
diagram representing an action description D. A history of T
of length n is a sequence

807A1781a"'7sn717Ana5n (8)
where each (s;, A; 11, 8:4:) (0 < i < n)is a transition in R.
The satisfaction relation between a state s in .S and a query ¢
relative to D (denoted D, s = ¢) is defined as follows:
(i) if ¢ is a static query (5), it is satisfied at s if the interpre-
tation P — V (P, s) satisfies
(ii) if g isastatic query (6), it is satisfied at s if, for each state
s’ € S, the interpretation P — V (P, s’) satisfies F;
(iii) if ¢ isa dynamic query (7), it is satisfied at s if, for every
history s = sg, Ag, S1,- -+, Sn_1, An, s, 0f T of length
n + 1, the interpretation P — V (P, s,,) satisfies F';
(iv) for any other g, satisfaction is defined by the truth tables
of propositional logic.
We remark that holds F'= —holds —F', but not so for a static
query of form (6), i.e., always F' # ﬁalways =F.

For a set C of queries, we denote by SZ the set of all states
s€ S such that D, s = ¢ for every g € C, and by ST, the set
S\SC We say that D entails C' (denoted D = C) if S SE.
For instance, a set of queries containing the query

necessarily ~TvON after { PushPBrc}

is not entailed by the action description in Figure 2, because
the query above is not satisfied at the state where both fluents
TvON and PowerON are mapped to ¢. On the other hand,
this action description entails the queries:

always PowerOn = TvON, 9)
holds PowerON A TvON D 10
—necessarily - TvON after { PushPBry }. (10)

Queries allow us to express various pieces of knowledge
about the domain (possibly acquired from earlier observa-
tions), like the following.

e Existence of certain states: There exists a state of the
world where a formula F holds (assuming consistency of D):

—always —F.
e Executability of actions: An action sequence Ay, ..., A,
is executable at every state:
—necessarily False after Ag;...; A,.
As in (2), this query can be abbreviated as
executable Ag;...; A,.

e Mandatory effects of actions: A sequence Ay, ..., A, of
actions will always have certain effects in a given context:

holds G D necessarily F after Ag;...; A,

Here F describes the effects and G the context. For instance,
the query

holds TvON > necessarily = TvON after { PushPBrc}

expresses that the result of executing { PushPBgrc} at any
state where TwON is mapped to ¢ is a state where TvON
is mapped to f. Note that queries of this form allow
us to express all possible executions of a conformant plan
(Ao, ..., Ay,) to reach a goal specified by F' from an initial
state described by G.
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e Possible effects of actions: A sequence Ag, ...,
tions may have certain effects in a given context:

A,, of ac-

holds G O —necessarily —F after Ag;...; A,

like in (10). Here I describes the effects and G the context.
Queries of this form allow us to express, e.g., the observation
that executing (Ao, ..., A,) in some initial state described
by G leads to a state where £ holds (e.g., as for (10), that the
TV is on). Formula G may describe a collection of states.

3 Problem Description

We define an Action Description Update (ADU) problem by
an action description D = (D,,, D,,,), a set @) of causal laws,
and a set C of queries, all with the same signature. We say
that an action description D’ accomplishes an (action de-
scription) update of D by @ relative to C, if

(i) D’ is consistent,
(i) QUD,C D' CDUQ,
(i) D' = C,
(iv) there is no consistent action description D" such that
D'cD’"CDuUQ,and D" = C.

Sucha D' is called a solution to the ADU problem (D, @, C).

Condition (i) expresses that an action description update
modeling a dynamic domain, such as the TV system in Sec-
tion 1, must have a state. According to Condition (ii), new
knowledge about the world and the invariable part of the ex-
isting action description are kept, and causal laws in the vari-
able part are considered to be either “correct” or “wrong”,
and in the latter case simply disposed.

Condition (iii) imposes semantical constraints C' on D’,
which comprise further knowledge about the action domain
gained, e.g., from experience. It is important to note that C
can be modified later for another action description update.
If Q is a revision (containing more precise knowledge about
the domain), then reasonably C should contain all conditions
corresponding to observations made about the domain, while
other conditions may be kept or dropped; on the other hand,
if Q is a change of the world per se, then conditions corre-
sponding to observations might be dropped.

Finally, Condition (iv) applies Occam’s Razor to select so-
lutions as simple as possible. Simplicity is measured by a
smallest set (in terms of inclusion) of causal laws which need
to be dropped.

We call any D’ which satisfies (i)-(iii) a near-solution of
the ADU problem (D, @, C).

Example 1 For instance, take D the action description in
Figure 2, with D,,, containing the first four causal laws; con-
sider @ to be the set containing the following two causal laws:

caused TvON after PushPBrc N PowerOn A =TvON,
caused - TvON after PushPBrc N\ TvON,

and let C be the set containing queries (2), (10), and
executable { PushPBry }.

The transition diagram described by D U @ is shown in Fig-
ure 3. Here we can see that at the state where both PowerON
and TvON are mapped to ¢, the action PushPBg¢ is not exe-
cutable. Therefore, DU is not a solution. In fact, a solution
to the ADU problem (D,Q,C) is obtained by dropping the
static law (1) from D U Q.
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{PushPBgrc}

O{}

—PowerON
-TvON

{PushPBrvy}
{PushPBry, PushPBrc}

PowerON
TvON

{PushPBry, PushPBrc}
{PUShPBTv}

Figure 3: Transition diagram described by D U @ of Ex. 1.

4 Properties of Updates

We first consider some basic properties of solutions to an
ADU problem. To this end, we define the subsumption re-
lation between an action description D and a causal law, both
with the same signature £ = (F, A), as follows:

e A static law (3) is subsumed by D if, for every state s in
the transition diagram described by D, the interpretation of F
describing the state s satisfies G D L;

e a dynamic law (4) is subsumed by D if, for every transi-
tion (s, A, s’) in the transition diagram described by D, the
following holds: if the interpretation of F U A describing the
state s and the action A satisfies U, then the interpretation
of F describing s’ satisfies G O L.

A set @ of causal laws is subsumed by an action description
D, if every law in @ is subsumed by D. A causal law is
tautological, if it is subsumed by every action description D.

Proposition 1 (Subsumption) Let (D,Q,C) be an ADU
problem, such that D is consistent and D = C. If D sub-
sumes @ then D U @ is a solutionto (D, @, C).

From this result, we obtain the following corollaries.

Corollary 1 (Void Update) Let (D, ®,C) be an ADU prob-
lem. If D is consistent and D |= C, then D is the unique
solution to (D, 0, C).

Corollary 2 (Idempotence) Let (D, D, C') be an ADU prob-
lem, such that D is consistent and D |= C, then D is a solu-
tionto (D, D, C).

Corollary 3 (Addition of Tautologies) Let (D, Q,C) be an
ADU problem, such that D is consistentand D = C. If Q is
tautological, i.e., every causal law of @ is a tautology, then
DuQisasolutionto (D, Q,C).

Notice that a similar property fails for logic programming up-
dates as in [Alferes et al., 2000; Eiter et al., 2002].

We next consider a structural property of solutions and
near-solutions, which can be exploited for a syntactical de-
composition of an ADU problem, in a divide-and-conquer
manner. Because of the involved semantics of transitions and
causation, in general some prerequisites are needed. For any
action signature £=(F, A), we denote by £ x the part of it
which appears in X. We say that an action description D per-
mits NOP, if there is some transition (s, 0, s’) in the transition
diagram described by D. A query F' occurs positively (resp.
negatively) in a set C' of queries if F' occurs in the scope of
an even (resp. odd) number of negations, —, in a query in C.

Theorem 1 (Disjointness) Let (D, @, C) be an ADU prob-
lem with signature £=(F,A). Let {D° D'}, {Q° Q'},
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and {C°, C'} be partitionings of D, @, and C, respectively,
such that (i) Lpo N Lp: =0, (ii) LgoCLpo AL CLpr,
and (III) Lco CLpo ANLcr CLp1.

(i) Let X be a near-solution to (D¢, Q¢, C?), for i = 0, 1.
Suppose that, for i = 0,1, X* permits NOP if some dy-
namic query occurs negatively in C1=%. Then X° U X!
is a near-solution to (D, @, C).

(ii) Let X be a near-solution to (D,Q,C), and let
{XY X'} be a partitioning of X such that X° C D°
and X! C D!. Suppose that, for i = 0,1, X* permits
NOP if some dynamic query occurs positively in C'1—¢,
Then, fori = 0,1, X* is a near-solution to (D?, Q*, C*).

Informally, the permission of NOP in Theorem 1 is needed
to ensure that the transition diagrams of near-solutions to the

sub-problems can be “combined”. Here are two useful con-
sequences of Proposition 1:

Corollary 4 Let (D,Q,C) be an ADU problem, and let
{D° D%}, {Q° Q'}, {C° C*} be partitionings of D, Q, C,
respectively, satisfying Conditions (i)—(iii) of Theorem 1.

(i) Suppose that no dynamic query occurs in C. |If, for
i=0,1, X*isasolution to (D?, Q%, C?), then X° U X!
is a solution to (D, @, C). Furthermore, every solution
to (D, @, C) can be represented in this form.

(ii) If no dynamic query occurs in C*, and X! is a solution
to (D', Q, C*) permitting NOP, then, for every solution
X%0 (D%, Q% C), X°UXtisasolutionto (D, Q,C).

Example 2 Consider the ADU problem (DUD’,Q,C),

with D, @, and C as in Example 1, and D’ consisting of

the causal laws:
inertial LightON ,—LightON, (11)
caused LightON after SwitchLight A —LightON, (12)
caused —LightON after SwitchLight N\ Light ON. (13)

Since X° = DU Q \ {(1)} is a solution to (D, Q,C) (Ex-
ample 1), X* = D’ isasolutionto (D’, 0, ), and D’ permits
NOP, by Corollary 4 (ii) X° U X! = (DuD'UQ) \ {(1)}
isasolutionto (DUD’,Q,C). O

5 Computational Complexity

An important subtask in solving ADU problems is checking
whether a set of queries is entailed by an action description.

Theorem 2 Given an action description D and a set C of
queries, deciding D |= C'is (i) I1L’-complete in general, and
(ii) Pﬁlp—complete if C does not involve dynamic queries.

Here Pﬂ‘P means polynomial-time with a single parallel eval-

uation of calls to an NP oracle.

Proof. (Sketch) W.l.o.g., C contains a single query c. As
for the membership part of (ii), deciding whether D = «
for a static query a of form (5) is polynomial and of form
(6) is in coNP. Hence, for a Boolean combination ¢ of such
queries ay, ..., ay, deciding whether D, s = c is feasible
in polynomial time with a single parallel evaluation of NP
oracles. For (i), deciding whether D, s |~ d for a given state
s and a dynamic query d of form (7) is in NP. Thus D, s }~ d
for a general query d is decidable in polynomial time with an

NP oracle, which means deciding D }~ d is in NPNP = ©.2,
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Hence, deciding D = d is in I}’ = co-X¥’. The hardness
results follow from transformations from deciding whether
(i) a Boolean combination of Quantified Boolean Formulas
(QBFs) of the form 3X E;, 1 < j <m, is true and (ii) a QBF
of the form VX3Y E is true respectlvely

As for finding solutions, we note that deciding whether DU
Q is a solution to an ADU problem (D, @, C) has the same
complexity as deciding D = C in general. Deciding the
existence of an arbitrary solution is harder.

Theorem 3 Deciding if a given ADU problem (D, @, C) has
a solution (or a near-solution) is (i) ¥£'-complete in general,

i) ©&-complete if C does not involve dynamic queries, and
iil) NP- -complete if C' = 0.

Proof. (Sketch) Let D = D, U D,,. We can guess a near-
solution D’ such that D, UQ € D’ C D, U Q, along with a
state s for D’ (to witness consistency), and check D = C for
(i) and (ii) in polynomial time with the help of (i) a ¥4 -oracle
and (ii) an NP-oracle respectively. This proves membership
in (i) XL, (ii) 22, and (iii) NP, respectively. The hardness
results follow from transformations from deciding whether (i)
a QBF of the form 34X F is true, (ii) a QBF of form 3ZVX F
is true, and (iii) a QBF of the form 3ZVX3Y Fistrue. O

Similarly, testing arbitrary solution candidates has higher
complexity than testing D U Q).

Theorem 4 Given an ADU problem (D, @, C) and an action
description D’, deciding whether D’ is a solution for it is
(i) II5 -complete in general, (ii) IT5 -complete if C' does not
mvolve dynamic queries, and (iii) coNP -complete if C' = 0.

Hence, even recognizing solutions is quite hard. However,
recognizing near-solutions is easier (IT{’-complete in general,

PNP-complete if C' has no dynamic queries, and polynomial
if C = (). This follows easily from Theorem 2.

6 Computing Solutions

With an oracle for near-solutions, we can incrementally com-
pute a solution to an ADU problem (D, Q,C) where D =
(Dy, D), in polynomial time as follows:

1. If (Dy, Dp), @, C) has a near-solution
then D’ := () else halt;

2. For e‘ach 4 € Dy ={q1,. .., qm} do
if (D, D:.),Q,C) has anear-solution then
D' .= D' U{q};
3. Output D, U D’. O

By virtue of Theorems 3 and 4, no substantially better al-
gorithm of this type is likely to exist, since computing a solu-
tion is both ¥3£'- and T1£’-hard, and thus needs the power of a
P oracle. If a near-solution D,, for (D, @, C) is known, we
may compute, starting from it, a solution in the manner above
(assuming D,, = {q1,...,qx},set D' = D, andi = k + 1).

Near-solutions to a given ADU problem may be nondeter-
ministically computed as in the membership part of Theo-
rem 3, or obtained from a QBF encoding using a QBF solver.
We present here a different computation method, using “up-
date descriptions” and “update fluent sets.”

Let D = (D,, D,,) be an action description with signature
(F, A). The update description of D is the action description
obtained from D as follows:
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1. Extend (F,A) by a set H of k =
(called update fluents) Hy, ..., Hy;

2. label each static law (3) in D,,, with a fluent H; € H:

|Dy| new fluents

caused L if G A H;, (14)
and each dynamic law (4) in D,,, with a fluent H; € H:
caused L if G after U A H;, (15)

such that no two laws are labeled by the same fluent H;;
3. for each H; labeling a law, add the dynamic law:

inertial H;, —H,. (16)

Let D= (D,, D,,) be an action description and C be a set
of queries with the same signature. Let £ be the update de-
scription of D, with a set H of update fluents. Let (S, V.
RF) be the transition diagram described by E. An update
(fluent) set for F relative to C'is a subset M of H such that

(i) M is a hitting set for SE,, (i.e., it contains for each state
s € SE, some fluent WhICh is true at s);

(i) H\ M is contained in some state in S5.

With the notions above, we can find a near-solution to an
ADU problem (D, @, C), where D = (D,,, D,,), as follows:

1. If DU Qs consistentand D U Q = C, output D U Q.

2. Otherwise, construct the update description £ of D U Q
= (Du U Q7 Dm)-

3. Take a minimal update set M for E relative to C, if one
exists; otherwise, take M = H.

4. ldentify the set W of causal laws in D,
elements of M.

5. Output D, U (D, \ W) U Q.
Proposition 2 Let (D, @, C) be an ADU problem, with D =
(D, D). If there is a nonempty update set for the update

descriptionof DUQ = (D, UQ, D,,) relative to C, then the
method above generates a near-solution to (D, @, C).

Example 3 Consider the ADU problem (D, @, C) presented
in Example 1. Note that D U @ [~ C (as explained in Ex-
ample 1). We obtain the following update description E of
(D, U@, D,,), which contains D,, U @ and the laws:

caused PowerON after PushPBry A ~PowerON, Hy,
caused —PowerON after PushPBry A PowerON, Ho,
caused TvON if PowerON , Hs,

caused = TvON if ~PowerON, Hy,

inertial H;,—H; (1<i<4).

labeled by the

According to the transition diagram described by £,

£ = {PowerON, TvON, H3} x 28,
SE == {{Hl,HQ, H4}, .o }
The only minimal update set for E relative to C'is { Hs}. We

thus remove from D U @ the law labeled by Hs, i.e., (1). The
result is a near-solution and also a solution to the problem. O

Example 4 Take D to be the action description of Exam-
ple 1, with the following causal laws added to D,,,

caused TwON after PushPBry N —~PowerON,
caused - TvON after PushPBry A PowerON.
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Take @ and C as in Example 1. The transition diagram de-
scribed by D U @ is shown in Figure 3. Due to the same
reasons mentioned in Example 1, D U Q F~ C. The update
description E of (D, U @, D,,) consists of the update de-
scription presented in Example 3 and the causal laws:

caused TwON after PushPBry A —PowerON, Hs,
caused - TvON after PushPBry A PowerON, Hg,
inertial H;, —H; (5<i<6).

According to the transition diagram described by E,

Sfc = {PowerON, TvON, H3} x 2HU
{Hy, Hy} x 2B\},
SE = {{Hy,Hy, Hy, Hs, He},...}.

The minimal update sets for E relative to C' are {H3, Hy}
and {Hs, H5}. We may choose either one and, by removing
from D U @ the corresponding two causal laws, we get a
near-solution to the problem. None of the near-solutions is
however a solution, as removing (1) is sufficient. |

7 Discussion

Related work. Despite conceptional similarities to model
based diagnosis, for space reasons, we focus our discus-
sion on more closely related approaches. Updating knowl-
edge bases has been studied extensively in the context of
both databases and Al, with different approaches, and in
various representation frameworks, e.g., [Winslett, 1990;
Katsuno and Mendelzon, 1991; Pereira et al., 1991; Eiter et
al., 2002; Sakama and Inoue, 2003; Li and Pereira, 1996;
Liberatore, 2000]. The last three are related more closely.

[Sakama and Inoue, 2003] is similar to our work in that it
also studies update problems in a nonmonotonic framework
(yet in logic programming) and considers the same criterion
of minimal change. It deals with three kinds of updates to a
knowledge base D: theory update of D by some new infor-
mation @, inconsistency removal from D, and view update of
D=(D,, D,,) by some new information Q. In the context
of reasoning about actions and change, these kinds of updates
are expressible as ADU problems (D, Q,0), (D, ®,0), and
((Dy, Dy, UQ),0,0). Sakama and Inoue show that check-
ing for solution existence is NP-hard for each problem; this
complies with Theorem 3 (iii). An important difference to
[Sakama and Inoue, 2003] is that in an ADU problem (D, Q,
(), conditions C' may not be directly expressed in D. More-
over, the semantics of an action description D in C is a transi-
tion diagram, and only captured by all answer sets of a logic
program corresponding to D by known transformations.

[Li and Pereira, 1996] and [Liberatore, 2000] study, like
we do, theory update problems in the context of reason-
ing about actions and change, based on an action language
(but language A instead of C). New information, @, con-
tains facts describing observations over time (e.g., the ac-
tion PushPBgrc occurs at time stamp 0). The action lan-
guage C we use is more expressive than A in that it accom-
modates nondeterminism and concurrency, and the changes
in the world are not only due to direct effects of actions. To
formulate temporal observations, we can extend our query
language by queries of the forms

FE occurs at ¢, @an
P holds at ¢;, (18)

where E is an action name, P is a fluent name, and ¢; is a time
stamp; a state s satisfies a query (17) resp. (18) if, for some
history (8) such that s = sg, E isin A;; resp. s; satisfies P.
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Our notion of consistency of an action description D (in
essence, the existence of a state) is different from that of
Zhang et al. [2002]. They describe action domains in propo-
sitional dynamic logic, and require for consistency the exis-
tence of some model of an action description. Different from
the setting here, conflicting action effects may prevent any
model. With the extension of our query language discussed
above, other forms of consistency studied in [Zhang et al.,
2002] can be achieved in our framework, by describing pos-
sible scenarios or formulas as queries.

Repair of action descriptions. We can sometimes improve
solutions (and near-solutions) to an ADU problem (D, @, C)
by considering a slightly different version of the problem. We
may take the view that a causal law is not completely wrong,
and for instance holds in certain contexts. Suppose that @ is
a dynamic law of the form:
caused L’ after A’ A G/,

where L’ is a literal, G’ is a propositional combination of
fluents, and A’ is an action. We can obtain an action descrip-
tion D* from D, which describes the same transition diagram
as D, by replacing each dynamic law (4) in D,,, with:

caused L if F after U A G,

caused L if F after U A -G'.

Here, we can observe that for each solution D’ to (D, @, C)
some solution D*’ to (D*, @, C) exists which contains D’.
Therefore, such a method can be useful to prevent “com-
plete removal” of some laws from the given action descrip-
tion. Similar methods are also useful for repairing an action
description, e.g., if some dynamic laws (4) in the action de-
scription have missing formulas in U. The study of such tech-
niques is a part of future work.
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Abstract

In this paper, two families of merging operators are
considered: quota operators and Gmin operators.
Quota operators rely on a simple idea: any pos-
sible world is viewed as a model of the result of
the merging when it satisfies “sufficiently many”
bases from the given profile (a multi-set of bases).
Different interpretations of the “sufficiently many”
give rise to specific operators. Each Gmin op-
erator is parameterized by a pseudo-distance and
each of them is intended to refine the quota oper-
ators (i.e., to preserve more information). Quota
and Gmin operators are evaluated and compared
along four dimensions: rationality, computational
complexity, strategy-proofness, and discriminating
power. Those two families are shown as interest-
ing alternatives to the formula-based merging oper-
ators (which selects some formulas in the union of
the bases).

1 Introduction

Merging operators aim at defining the beliefs (resp. goals) of
a group of agents from their individual beliefs (resp. goals).
The merging problem in the propositional setting has been
addressed in many works, both from the artificial intelligence
community and the database community [Cholvy, 1993;
Revesz, 1997; Liberatore and Schaerf, 1998; Lin and Mendel-
zon, 1999; Baral et al., 1991; 1992; Konieczny and Pino
Pérez, 2002al. It is also close to important issues consid-
ered in Social Choice Theory [Arrow, 1963; Moulin, 1988;
Arrow et al., 2002].

Each operator is more or less suited to the many merging
scenarios which can be considered. Subsequently, when fac-
ing an application for which merging is required, a first diffi-
culty is the choice of a specific merging operator. Among the
criteria which can be used to make a clever choice, are the
following ones:

Rationality: A main requirement for adhering to a merging
method is that it offers the expected properties of what
intuitively “merging” means. This calls for sets of ra-
tionality postulates and this has been addressed in sev-
eral papers [Revesz, 1997; Liberatore and Schaerf, 1998;
Konieczny and Pino Pérez, 2002al. In the following, we
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focus on the rationality postulates given in [Konieczny
and Pino Pérez, 2002al, because they extend other pro-
posals. The more (w.r.t. set inclusion) postulates satis-
fied the more rational the operator.

Computational Complexity: When one looks for a merg-
ing operator for an autonomous multi-agent system, a
natural requirement is computational efficiency. In the
worst case, merging is not a computationally easy task,
and query answering typically lies at the first or even the
second level of the polynomial hierarchy. Computation-
ally easier operators can be obviously preferred to more
complex ones.

Strategy-proofness: It is usually expected for merging that
agents report truthfully their beliefs/goals. For many ap-
plications, this assumption can easily be made, in par-
ticular when the agents have limited reasoning abilities.
However, when rational agents with full inference power
are considered, such an assumption must be questioned:
agents can be tempted to misreport their beliefs/goals in
order to achieve a better merging result from their point
of view. Strategy-proof operators must be preferred in
such a case.

Discriminating Power: Because information is typically
hard to be acquired, another important criterion to com-
pare merging operators is cautiousness: merging oper-
ators which preserve only few information from the in-
dividual bases cannot be considered as valuable ones.
Thus, it is natural to prefer operators leading to consis-
tent merged bases that are as strong as possible from an
inferential point of view.

As to rationality, one can look at [Revesz, 1997; Liberatore
and Schaerf, 1998; Lin and Mendelzon, 1999; Konieczny,
2000; Konieczny and Pino Pérez, 2002a; Konieczny et al.,
2002]. As to computational complexity, see [Konieczny et al.,
2002], and for a study of strategy-proofness of many merging
operators, a recent reference is [Everaere et al., 2004] (see
also [Meyer et al., 2001] for a related study concerning OCF
merging operators). In light of those results, it appears that no
merging operator is a better performer than any other operator
with respect to the four criteria. To be more precise model-
based operators!' are often computationally easier (inference

'A distinction between model-based operators, which select
some interpretations that are the “closest” to the bases, and formula-
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is typically ©%5-complete or AB-complete) than formula-
based ones (inference can be IT5-complete) [Konieczny ez al.,
2002]. Model-based operators also typically satisfy more ra-
tionality postulates (see [Konieczny and Pino Pérez, 2002a;
Konieczny, 2000]). The third criterion is much more diffi-
cult to satisfy for both families of operators, even in very re-
stricted cases. Actually, most of the merging operators iden-
tified so far in the literature are not strategy-proof. Since the
four evaluation criteria appear hard to be satisfied altogether,
one cannot do better than searching for good trade-offs.

We consider in this paper two families of propositional
merging operators. The first one consists of quota merging
operators. They rely on a simple idea: any possible world is
viewed as a model of the result of the merging when it satis-
fies “sufficiently many” bases from the given profile. “Suffi-
ciently many” can mean either “at least £” (any integer, abso-
lute quota), or “at least k%" (a relative quota), or finally “as
many as possible”, and each interpretation gives rise to a spe-
cific merging operator. We show that those operators exhibit
good logical properties, have low computational complexity
and are strategy-proof. Since this is achieved at the price of a
potential lack of discriminating power, we introduce a second
family of merging operators: Gmin operators. Each Gmin op-
erator is parameterized by a pseudo-distance and each of them
is intended to refine the quota operators (i.e., to preserve more
information). Such operators are both more rational and more
discriminating than quota merging operators. Unfortunately,
this improvement has to be paid by a higher computational
complexity, and more strategic vulnerabilities, but we think
they offer an interesting compromise nevertheless.

Note that aggregation functions close to the ones on which
quota and Gmin operators are based are used to deal with
relational structures that are more complex than bipartitions
of worlds (which are the structures under consideration in
standard propositional logic). For instance, they have been
considered in the possibilistic logic setting and for constraint
satisfaction problems (see e.g. [Dubois et al., 1999; 1998;
Fargier, 1994]). However, as far as we know, no systematic
study of quota and Gmin operators has been conducted so far
in the standard propositional setting. Especially, they have
never been evaluated with respect to the four criteria we con-
sider. This is where the main contribution of the paper lies.

The rest of the paper is as follows. The next section gives
some notations and definitions. In Section 3, quota operators
are defined and their properties are studied. In Section 4, we
define A\Fmax, which is the operator obtained when optimiz-
ing the value of the quota under the constraint that it does not
lead to an inconsistent merged base. In Section 5, A®™ op-
erators are defined and their properties are studied. Finally,
we conclude this paper in Section 6.

2 Formal Preliminaries

We consider a propositional language £ defined from a finite
set of propositional variables P and the usual connectives.
An interpretation (or world) is a total function from P to
{0, 1}, denoted by a bit vector whenever a strict total order on
P is specified. The set of all interpretations is noted V. An

based ones, which pick some formulas in the union of the bases is
often made [Konieczny et al., 2002].
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interpretation w is a model of a formula ¢ € £ if and only if
it makes it true in the usual truth functional way. [¢] denotes
the set of models of formula ¢, i.e., [¢] = {w € W |w [ ¢}.

A base K denotes the set of beliefs/goals of an agent, it is a
finite and consistent set of propositional formulas, interpreted
conjunctively. Unless stated otherwise, we identify K with
the conjunction of its elements.

A profile E denotes the group of agents that is involved
in the merging process. It is a multi-set (bag) of belief/goal
bases £ = {K1,...,K,} (hence two agents are allowed to
exhibit identical bases). We denote by /\ E the conjunction of
basesof E,i.e., A\ E = KiA...AK,and \/ F is the disjunc-
tion of the bases of E, i.e., \/ E = K1 V...V K,,. A profile
E is said to be consistent if and only if A F is consistent. The
multi-set union is noted LI, multi-set containment relation is
noted C. The cardinal of a finite set (or a finite multi-set) A
is noted #(A). We say that two profiles are equivalent, noted
FE, = Es, if there exists a bijection f from E; to Fs such that
for every ¢ € E1, ¢ and f(¢) are logically equivalent.

The result of the merging of the bases of a profile E, un-
der the integrity constraints i, is the merged base denoted
A, (E). The integrity constraints consist of a consistent for-
mula the merged base has to satisfy (it may represent some
physical laws, some norms, etc.).

3 Quota Operators
Let us first define the quota operators.

Definition 1 Let k be an integer, E = {K,...,K,} be a
profile, and 1 be a formula. The k-quota merging operator,
denoted \¥, is defined in a model-theoretic way as:

X {we |p] |VK; € Ew = K;} if non empty,
[AL(E)] = { {wely | #({Ki € Flwk Ki}) >k}

otherwise.

Essentially, this definition states that the models of the re-
sult of the k-quota merging of profile F/ under constraints f
are the models of p which satisfy at least k bases of E. When
there is no conflict for the merging, i.e., A\ E A u is consis-
tent, the result of the merging is simply the conjunction of the
bases.

Example 1 Let us consider the following example, with
a profile E = {Ki,K3, K3, K4}, such that [Ki] =
{100,001, 101}, [Ks] = {001,101}, [K3] = {100,000},
[K4) = {111}, and the integrity constraints [p] =
W\ {010,011}. With quota operators we get as a re-
sult [A}(E)] = {000,001,100,101,111}, [AZ(E)] =
{001,100, 101} and [Az(E)] ={.

Here is an equivalent syntactical characterization of
[Aﬁ(E)] that is obtained from preferred consistent subsets
of E.2 Let us first define the following notation:

T ' ={C C{1,...,n} | #(C) = k}.

Then the following proposition gives a characterization of
quota operators :

’To be more precise, “subsets” stands here for multi-set contain-
ment.
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Proposition 1 Let k be an integer, E = {K1,...,K,} bea
profile, and 1 be a formula.
NE AL if consistent,
AF(E)={ ( \/ (/\ K;)) A otherwise.
Ce™ny? jel

Interestingly, the size of the formula equivalent to [A ﬁ (E)]
given by Proposition 1 is polynomial in |E| + |u|. Hence,
merged bases can be easily compiled as propositional formu-
las.

3.1 Logical Properties

Since we aim at investigating the logical properties of our
family of merging operators, a set of properties must first be
considered as a base line. The following set of postulates was
pointed out in [Konieczny and Pino Pérez, 1999; 2002al:

Definition 2 (IC merging operators) A is an IC merging

operator if and only if it satisfies the following postulates:

(IC0) A, (E) =

(IC1) If v is consistent, then A\, (E) is consistent

(IC2) If \ E is consistent with p, then A (E) = NE A p

(IC3) IfE1 = E2 and p1 = p2, then Ay, (E1) = Auy (E2)

(IC4) If Ki E pand Ko = p, then ANy ({K1,K2}) A K is
consistent if and only if A, ({K1, K2}) A Ko is consistent

(IC5) Au(Er) AAW(E2) = Au(Er U Ey)

IC6) If Au(E1) A Au(E2) is consistent,
then A, (E1 U E2) E Au(E) A DL (E?)

ACT) Ay (BE) A p2 E Dpyaus (E)
(IC8) If Ay, (E) A g is consistent, then Ny npy (E) = Ap, (B)

An IC merging operator is said to be an IC majority oper-
ator if it satisfies (Mayj)

Maj) dn AM (El UEs ... U Eg) ': AH(EQ)

n

Quota merging operators exhibit good logical properties.

Proposition 2 A* operators satisfy properties (IC0), (IC2),
(IC3), (IC4), (IC5), (AC7) and (IC8). They do not satisfy
(IC1), (AC6) and (Maj) in general.

Only two properties of IC merging operators are not sat-
isfied: (IC1)? since the result of the quota merging can be
inconsistent (see Example 1), and (IC6).

Beside those general properties, some specific additional
properties, are satisfied by quota operators.

(Disj) If (\/ E) A wis consistent, then A, (E) = (VE) A p

*It is possible to make (IC1) satisfied by requiring that, when no
interpretation reaches the quota (i.e., satisfies at least k bases), the
merged base is equivalent to the integrity constraints formula. But
this definition leads to operators which do not satisfy (IC5). This
last property is very important from an aggregation point of view.
It corresponds to a Pareto condition, that is considered as a mini-
mal rationality requirement for aggregation in Social Choice Theory
[Arrow, 1963; Moulin, 1988; Arrow et al., 2002]. This is why we
do not consider such an additional family of operators any longer in
the following.
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Interestingly, the disjunction property (Disj) is not shared
by every IC majority merging operator [Konieczny and Pino
Pérez, 2002al, since most of them allow for “generating”
some new beliefs/goals from the ones in the bases of the pro-
file (some interpretations that do not satisfy any of the bases
can be chosen as models of the merged base). When this
behaviour is unexpected, formula-based merging operators —
which satisfy (Disj) — can be used, but such operators do not
satisfy many rationality postulates [Konieczny, 2000] (espe-
cially (IC3) is not satisfied) and are often hard from a compu-
tational point of view. Quota operators (as well as the other
operators studied in this paper) which also ensure (Disj) of-
fer interesting alternatives to formula-based operators in this
respect.

Two other interesting postulates can be defined for char-
acterizing more precisely quota operators; the first one is a
weakening of (Maj), which is not satisfied by every IC merg-
ing operator:

(Wmaj) If A, (E?) is consistent,
then In A, (E1U ExU. ..U E2) A AL(E2) is consistent
N————

n

The second one shows the prominence of the largest
maximal consistent subsets of the profile; let us define
Mazcons,(E) as {M | M T E, NM A u is consistent,
andVM'M C M’ C E, A\ M’ A pis not consistent}:

(Card) If E1,FE2 € Mazcons,(E), #(F1) < #(F2), and
Au(E) A En is consistent, then A, (E) A E3 is consistent

Proposition 3 A* operators satisfy properties (Disj),
(Card) and (Wmaj).

Note that it is not the case that every IC majority merging
operator satisfies (Card) (see Section 5).

3.2 Computational Complexity

Let A be a merging operator. We consider the following de-
cision problem MERGE(A):

e Input : a triple (F, u, @) where E = {K3,...,K,} is
a profile, 4 € L is a formula, and o € £ is a formula.

¢ Question : Does A, (F) = « hold?
For quota merging operators, we can prove that:
Proposition 4 MERGE(A¥) is BH(2)-complete.

This BH(2)-completeness result is obtained even in the re-
stricted case the query is a propositional symbol and there is
no integrity constraints (4« = T). Note that this complexity
class is located at a low level of the boolean hierarchy. And
that, obviously, the complexity of MERGE(AF) decreases to
CONP whenever k is not lower than the number of bases of £/
(or under the restriction A\ E A p is inconsistent).

3.3 Strategy-Proofness

Let us now investigate how robust quota operators are with
respect to manipulation. Intuitively, a merging operator is
strategy-proof if and only if, given the beliefs/goals of the
other agents, reporting untruthful beliefs/goals does not en-
able an agent to improve her satisfaction. A formal counter-
part of it is given in [Everaere et al., 2004]:
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Definition 3 Ler i be a satisfaction index, i.e., a total function

from L x L to IR. A merging operator A is strategy-proof for

1 if and only if there is no integrity constraint i, no profile

E={Ki,...,K,}, nobase K and no base K' such that
i(K, Au(EU{K'Y) > i(K, A (E U{K ).

Clearly, there are numerous different ways to define the
satisfaction of an agent given a merged base. While many
ad hoc definitions can be considered, the following three in-
dexes from [Everaere et al., 2004] are meaningful when no
additional information are available:

Definition 4
o iq, (K,Ka) = { (1) Zfl Ig r/‘:} zii.A is consistent,
R

For the weak drastic index (74, ), the agent is considered
satisfied as soon as its beliefs/goals are consistent with the
merged base. For the strong drastic index (¢4, ), in order to
be satisfied, the agent must impose her beliefs/goals to the
whole group. The last index (“probabilistic index” 7,,) is not a
boolean one, leading to a more gradual notion of satisfaction.
The more compatible the merged base with the agent’s base
the more satisfied the agent. The compatibility degree of K
with K A is the (normalized) number of models of K that are
models of K 5 as well.

Proposition 5 Quota merging operators are strategy-proof
forip, iq, andig,.

This is quite noticeable since strategy-proof merging op-
erators are not numerous [Everaere er al., 2004]. Strategy-
proofness is hard to achieve, as illustrated in Social Choice
Theory, for aggregation of preference relations, by the
Gibbard-Satterthwaite impossibility theorem [Gibbard, 1973;
Satterthwaite, 1975; Moulin, 1988].

3.4 Absolute and Relative Quotas

In the definition of quota merging operators, an absolute
threshold, i.e., a fixed integer not depending on the number
of bases in the profile, has been used. On the other hand, it
can prove also sensible to express quota in a relative manner,
and to define the models of the merged base as the interpre-
tations satisfying at least half (or the two third, or the wanted
ratio) of the initial bases. This technique is close to a well-
known voting method used in Social Choice Theory, namely
voting in committees [Barbera ef al., 1991]. Let us call such
operators k-ratio merging operators (with 0 < k£ < 1), and let

us note them A*.
Example 1 (continued) [A%2(E)] = {001,100,101},
0.3 —_ [A0.5 _
(AP ()] = [A)°(E)] = {001, 100,101}
One can quickly figure out the close connections between
the two families of quota merging operators (the one based
on absolute quota and the other one on relative quota, or ra-

tio). Each ratio merging operator corresponds to a family of
quota merging operators (one for each possible cardinal of
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the profile). And given a fixed cardinal, each (absolute) quota
merging operator corresponds to a family of ratio merging
operators.

Although the intuitive motivations of the two definitions of
those families look different, it turns out that ratio merging
operators have exactly the same properties w.r.t. computa-
tional complexity and strategy-proofness as (absolute) quota
merging operators (though the proofs of some results are dif-
ferent). Only some logical properties are different.

Proposition 6 AF operators satisfy properties (1C0), (IC2),
(IC3), (IC4), (IC5), (IC7), (IC8), (Maj), (Disj) and (Card).
They do not satisfy (IC1) and (IC6) in general.

4 N\Fmax Qperator

Now, whatever the chosen quota is absolute or not, an impor-
tant point is the choice of its value. Let us first observe that
quota merging operators lead to a sequence of merged bases
that is monotonic w.r.t. logical entailment:

Proposition 7 Let E be a profile, i be a formula. We have
Aﬁ“ (B) E Aﬁ(E)for all integers k.

Among the elements of this sequence, some of them are of
special interest. Thus, A gives the conjunction of the bases
(with the constraints) when consistent and p otherwise. It
is called full meet merging operator in [Konieczny and Pino
Pérez, 1999]. A! gives the conjunction of the bases (with
the constraints) when consistent and the disjunction of the
bases (with the constraints) otherwise; it is closed to the ba-
sic merging operator [Konieczny and Pino Pérez, 1999], and
is also definable as a model-based merging operator obtained
using the drastic distance and max as aggregation function
[Konieczny et al., 2002]. The only difference is that A gives
an inconsistent result when the disjunction of the bases is not
consistent with the constraints, whilst the basic merging op-
erator gives ( in this case.

Each time k is increased, the result of the merging is ei-
ther the same as for the previous value of £ or is logically
stronger. In our finite propositional framework, the sequence
(AE(E))(I{ > 0) is obviously stationary from some stage.
The value for which it becomes stationary is not interesting
in itself, since the corresponding merged base is either equiv-
alent to the conjunction of the bases of the profile (with the
constraints), or to the inconsistent base. But an interesting
value of k is the one leading to the last nontrivial merged
base.

Definition 5 Let E = {K1,...,K,} be a profile, i be a
Jormula. Let kyax = max({i < #(E) | Al (E) & 1}).
NFmaz s defined in a model-theoretic way as:

. {w € [p] | VK; € Ew [|E K;} if non empty,
AV { {welu [ #({Ki€ E|w Ki}) = kmax}

otherwise.

While very close to quota operators, the resulting operator
Akmax g not a true quota operator since the value of k4, is
not given a priori, but depends on E and p.

Example 1 (continued) [AF»(E)] = {001,100, 101}.

At a first glance, /A¥max Jooks similar to the formula-based
operator A“4 which selects cardinality-maximal subbases in
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the union of the bases from the profile [Konieczny, 2000;
Baral ef al., 1991; 1992]; however, /AFmax and A4 are dis-
tinct; thus, while both operators satisfy (Disj), /A *max satisfies
(IC3) and (Maj) while A satisfies none of them. Contrast-
ingly, A*max belongs to two important families of model-
based merging operators, namely the A* family and the
AGMaz family when the drastic distance is used [Konieczny
and Pino Pérez, 2002b]. Accordingly, AFmax has very good
logical properties:

Proposition 8 AFmax satisfies (ICO - I1C8), (Maj), (Disj)
and (Card).

AFmax is obtained by considering the problem of optimiz-
ing the quota (for “pure” quota operators, k is given, so it
does not need to be computed). Unsurprisingly, the corre-
sponding inference problem is computationally harder than
the inference problem for quota operators (under the standard
assumptions of complexity theory):

Proposition 9 MERGE(AFmax) is ©F-complete.

Clearly enough, if k,,, 4, is computed during an off-line pre-
processing stage and becomes part of the input afterwards, the
complexity falls down to coNP.

Now, as to strategy-proofness, the ky,,x operator exhibits
all the good properties of quota operators.

Proposition 10 AFmax js strategy-proof for the three indexes
ip, idw and ids-

5 A%™ Operators

Starting from AkFmax one could wonder whether it is possible
to constrain further the quota operators so as to get operators
with a higher discriminating power, i.e,. allowing more infer-
ences to be drawn. In this section we provide a full family of
such operators.

In order to define a A®™ operator, the definition of a
pseudo-distance between interpretations is first needed:

Definition 6 A pseudo-distance between interpretations is a
total function d from W x W to IN such that for every w1,
we €W

o d(wy,ws) = d(w2,w1), and
o d(wi,ws) = 0ifand only if w1 = wa.

Any pseudo-distance between interpretations d induces a
“distance” between an interpretation w and a formula K
given by d(w, K') = min, g d(w,w’).

Examples of some such distances are the drastic distance,
noted dp, that gives 0 when w; = ws and 1 otherwise, or the
Dalal distance [Dalal, 1988], noted d g, that is the Hamming
distance between interpretations.

Then Aﬁ?GM‘” operators are defined as:

Definition 7 Let d be a pseudo-distance, | an integrity con-
straint, E = {K3, ..., K, } aprofile and let w be an interpre-
tation. The “distance” dg Gmin(w, F) is defined as the list of
numbers (di,...,d,) obtained by sorting in increasing or-
der the set {d(w, K;) | K; € E}. The models of AL (E)
are the models of u that are minimal w.r.t. the lexicographic
order induced by the natural order.
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w K; Ky Kz Ki dygy,gmin(w,E)

000 1 1 0 3 (0,1,1,3)
0r 0 o0 1 2 (0,0,1,2)
00 0 1 0 2 (0,0,1,2)
01 0 o 1 1 (0,0,1,1)
1o 1 2 1 1 (1,1,1,2)
1 1 1 2 0 (0,1,1,2)

Table 1: A%#:OMN gperator.

Example 1 (continued) [A%P "™ (E)] = {001,100, 101}.
[Adm-GN ()] = {101}. The computations are reported in
Table 1. Each column K; gives the “distance” dp(w, K;)
between the models of the integrity constraints and K.

Clearly enough, /A*==x is a specific Gmin operator:
Proposition 11 A0:0MN — AFmax,

As far as discriminating power is concerned, A®™ oper-
ators are interesting operators, since they refine the operator
APFmax (50 they refine also every quota merging operator), as
stated by the following property:

Proposition 12 For any pseudo-distance d, any integrity
constraint p and any profile E, we have

Aﬁ7GMIN (E) ’: A'ﬁnlax (E)

Furthermore, Gmin operators exhibit very good logical
properties:

Proposition 13 Let d be any pseudo-distance. AHM™ satis-
fies (ICO - IC8), (Mayj) and (Disj). It does not satisfy (Card)

in general.

Thus, like formula-based merging operators, ASM™ opera-
tors satisfy (Disj), but contrariwise to formula-based merging
operators, AN operators are IC merging operators.

Let us now investigate the strategy-proofness issue for the
ASMN operators. In the general case, strategy-proofness of
quota merging operators is lost:

Proposition 14 Let d be a pseudo-distance. AN“M™ is not
strategy-proof for any index among the three indexes iq, , 1,
and iq,.

We can guarantee strategy-proofness, but only in some
very specific cases:

Proposition 15

o ABONN s strategy-proof for iy, i4, and iq, if the bases

w

are complete (i.e. each base has a unique model),

o NGO s strategy-proof for the indexes iq, and ig,
when #(E) =2and = T.

Finally, let us turn to the computational complexity crite-
rion.

Proposition 16 Assume that the pseudo-distance d of any
pair of interpretations w1 and wo can be computed in time
polynomial in |w1| + |wa|. Then MERGE(A%O™) is in Ab.

Proposition 17
e MERGE(AP:SN) js ©F_complete.
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e MERGE(A#:6MN) jg AP_complete.

As expected, the complexity of inference for A%SMN oper-
ators is higher than the complexity of inference for quota op-
erators (under the usual assumptions of complexity theory).
However, it remains at the first level of the polynomial hier-
archy under reasonable requirements on the pseudo-distance.

6 Conclusion

We have considered two families of merging operators, and
investigated the properties of their operators with respect to
four criteria: rationality, computational complexity, strategy-
proofness and discrimating power. We claim that those four
criteria are the main dimensions along with propositional
merging operators have to be evaluated.

While no merging operators optimizing every criteria ex-
ist, we claim that both quota and Gmin operators are interest-
ing trade-offs; even if they are not fully rational and discrim-
inating, quota operators exhibit “low complexity” and are
strategy-proof; on the other hand, Gmin operators are slightly
more complex and not strategy-proof in the general case, but
they are fully rational and much less cautious. They also lead
to merged bases implying the disjunction of the bases from
the considered profile, thus offering an interesting alternative
to formula-based merging operators [Baral et al., 1991; 1992;
Konieczny, 2000; Konieczny et al., 2002], which are typically
at least as hard from the complexity point of view and satisfy
less rationality postulates.
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Abstract

Recently, strong equivalence for Answer Set Pro-
gramming has been studied intensively, and was
shown to be beneficial for modular programming
and automated optimization. In this paper we de-
fine the novel notion of strong equivalence for logic
programs with preferences. Based on this definition
we give, for several semantics for preference han-
dling, necessary and sufficient conditions for pro-
grams to be strongly equivalent. These results pro-
vide a clear picture of the relationship of these se-
mantics with respect to strong equivalence, which
differs considerably from their relationship with re-
spect to answer sets. Finally, based on these results,
we present for the first time simplification methods
for logic programs with preferences.

1 Introduction

During the last decade, Answer Set Programming
(ASP) [Gelfond and Lifschitz, 1988] has become an in-
creasingly acknowledged tool for knowledge representation
and reasoning. A main advantage of ASP is that it is based
on solid theoretical foundations, while being able to model
commonsense reasoning in an arguably satisfactory way. The
availability of efficient solvers has furthermore stimulated
its use in practical applications in recent years. This devel-
opment had quite some implications on ASP research. For
example, increasingly large applications require features for
modular programming. Another requirement is the fact that
in applications, ASP code is often generated automatically
by so-called frontends, calling for optimization methods
which remove redundancies, as also found in database query
optimizers. For these purposes the rather recently suggested
notion of strong equivalence for ASP [Lifschitz et al., 2001;
Turner, 2003] can be used. Indeed, if two ASP programs
are strongly equivalent, they can be used interchangeably in
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any context. This gives a handle on showing the equivalence
of ASP modules. If a program is strongly equivalent to a
subprogram of itself, then one can always use the subprogram
instead of the original program, a technique which serves as
an effective optimization method.

On a different line of ASP research, many extensions of the
basic formalism have been proposed. Perhaps the most inten-
sively studied one is the modeling of preferences in ASP, cf.
[Delgrande er al., 2004]. Strongly rooted in the research of
nonmonotonic formalisms, the ability to specify preferences
is acknowledged to be particularly beneficial to ASP, since
they constitute a very natural and effective way of resolving
indeterminate solutions. For example, preferences have been
successfully used for timetabling, auctioning, configuration,
and other domains. A sophisticated application for informa-
tion site selection has been described in [Eiter et al., 2002].
The emergence of such applications thus also calls for opti-
mization methods, as for standard ASP.

In this paper we tackle this issue and generalize the no-
tion of strong equivalence to ASP with preferences. Since
a plethora of formalisms and semantics has been introduced
for extending ASP by preferences, we have to limit ourselves
in this paper to a few concrete approaches. A basic clas-
sification of preference handling is (i) over which elements
the preference is defined and (ii) the way how preferences
are interpreted, and in particular how they are aggregated.
In this work we focus on ordered programs, where prefer-
ences are defined among rules, which semantically act as fil-
ters over answer sets. In particular, we consider the three se-
mantics defined in [Delgrande et al., 2003; Wang et al., 2000;
Brewka and Eiter, 1999], referred to as D-, W-, and B-
semantics, respectively. The reason for this choice is that
these semantics seem to be widely accepted and their prop-
erties and interrelationships are fairly well-understood.

The contributions of this work are as follows. We define the
notion of strong equivalence for ordered programs. It turns
out that the definition for standard ASP cannot be straightfor-
wardly extended for two main reasons: (1) the “union” of or-
dered programs needs to be defined properly, and (2) not any
“union” of ordered programs yields a valid ordered program.
To overcome these problems, we define the notion of admis-
sible extension, which provides a general method for defining
strong equivalence for arbitrary structures. We show several
properties of strong order equivalence, providing necessary

KNOWLEDGE REPRESENTATION AND REASONING



and sufficient conditions for programs to be strongly order
equivalent. We also explore the relationship of strong order
equivalence between the three semantics studied in this paper,
and the relationship to strong equivalence of standard logic
programs. Based on these results, we study the applicability
of program simplification rules, known from standard ASP,
in the presence of preferences. We obtain that most of these
simplifications can be applied only in particular contexts. The
main results of this work are that the relationship between the
three preference semantics is changing under strong equiva-
lence and that preferences cannot be “compiled away” in a
modular fashion. We omit all proofs due to the page limit. !

2 Background

Answer Sets. A logic program (LP) is a finite set of rules
such as pg «— p1,...,Pm,no0t pm+1,...,not p,, where
n > m > 0, and each p; (0 < ¢ < n) is an atom. For
such a rule 7, we let head(r) denote the head, py, of r and
bOdy(T) the bOdy’ {p17 <o sDmy NOL Prmgd,. .., no0t pn},
of . Let body*(r) = {p1,...,pm} and body (r) =
{Pm+1;---,pn}. For a set of rules IT, we write head (II) =
{head(r) | r € II}. A program is basic if body ™ (r) = 0
for all its rules. The reduct, IIX, of a program II relative to a
set X of atoms is defined by TIX = {head(r) «— body™ () |
r € I body™ (r) N X = 0}. A set of atoms X is closed
under a basic program II if for any r € IL, head(r) € X if
body™(r) C X. The smallest set of atoms being closed un-
der a basic program II is denoted by Cn(II). Then, a set X
of atoms is an answer set of a program I1 if Cn(I1¥X) = X.
We use AS(II) for denoting the set of all answer sets of II. In
what follows, an important concept is that of the generating
rules of an answer set. Given a set X of atoms from II, define
Ru(X) = {r €11 | body™ (r) C X, body™ (r) N X = 0}.
Strong Equivalence. Under the answer set semantics, two
LPs II; and II, are regarded as equivalent, denoted II; = Il,
iff AS(II;) = AS(Il3). Two LPs II; and Il are strongly
equivalent, denoted 11y, =, I, iff, for any LP II, the pro-
grams II; U II and II; U II are equivalent, i.e. II; U Il =
ITo UTI. As shown in [Lifschitz ef al., 20011, strong equiv-
alence is closely related to the non-classical logic of here-
and-there, which was adapted to logic-programming terms by
Turner [Turner, 2003]: Let IT be an LP, and let X, Y C A
such that X C Y. The pair (X, Y) is an SE-model of II (over
A),if Y = Tl and X = Y. By SE4(II) we denote the
set of all SE-models over A of II. Usually the set A is left
implicit and one just writes SFE(II). Then, for any LPs II;
and I1o, ITy =, I, iff SE(I1;) = SE(Ily) [Turner, 2003].
Preferences. A logic program IT is said to be ordered if we
have a set N of terms serving as names for rules and a pref-
erence relation <C N x N as a strict partial order among
rules, where we write s < t for the names s,t € N of rules
in II. Furthermore, we assume a bijective function n(.) as-
signing to each each rule r € IT a name n(r) € N. To
simplify our notation, we usually write r; instead of n(r;) for
some r; € II. Given r;,r; € II, r; < r; states that r; has

'A version of the paper including proofs can be found at http:
//www.wfaber.com/research/#publications
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higher priority than r;. Formally, an ordered (logic) program
(OLP) can be understood as a quadruple (I, A/, n, <), where
I is a logic program, n is a bijective function between II and
the set of names N, and < is a set of preference relations
over II. Whenever possible, we leave N and n implicit and
just write (II, <) for OLPs. Moreover, we write <= {) if no
partial order is given that is (II, ) denotes a logic program.
The interpretation that one rule has higher priority than an
other rule can be made precise in different ways. In what fol-
lows, we consider three such interpretations: D— [Delgrande
et al., 2003], B— [Brewka and Eiter, 1999], and W - prefer-
ence [Schaub and Wang, 2003]. Given (II, <), all of them
use < for selecting preferred answer sets among the standard
answer sets of II. We now recall the definitions of these se-
mantics. 2

Definition 2.1 Let (I, <) be an OLP and X be an answer set
of IL. Then, X is <P—preserving, if an enumeration (r;);cr
of 11 exists s.t. for every i,j € I we have

1. ifr; <rj, then j <1, and

2. if r; € Rp(X) then body™ (r;) C {head(r;) | r; €
Rp(X),j <i}, and

3. ifr; € II\ Ru(X) then

(@) body™ (r;) € X or

(b) body ™ (r;) N{head(r;) | r; € Ru(X),j < i} # 0.

Cond.1 stipulates that the enumeration of II is compatible
with <. Cond.2 makes the property of supportedness explicit.
Although any answer set is generated by a supported se-
quence of rules, in D—preferences, rules cannot be supported
by lower-ranked ones. Cond.3a separates the handling of un-
supported rules from preference handling. Cond.3b guaran-
tees that rules can never be blocked by lower-ranked ones.

Definition 2.2 Let (I, <) be an OLP and X be an answer set
of IL. Then, X is <" —preserving, if an enumeration (r;);cr
of 11 exists s.t. for every i,j € I we have

1. ifr; <rj, then j <1, and

2. ifr; € R(X) then

(a) body™ (r;) C {head(r;) | r; € Ru(X),j <i}or

(b) head(r;) € {head(r;) | r; € Ru(X),j < i}, and

3. ifr; € I\ Rp(X) then

@) body™ (r;) Z X or

(b) body™ (r;) N {head(r;j) | r; € Ru(X),j <i} #0or
(c) head(r;) € {head(r;) | r; € Ru(X),j <i}.

For W—preference, the concept of order preservation from
D-preferences is weakened in Condition 2 and 3 for suspend-
ing both conditions, whenever the head of a preferred rule is
derivable in an alternative way.

Definition 2.3 Ler (I, <) be an OLP and X be an answer set
of 1. Then, X is <B—preserving, if an enumeration (r;);cr
of 11 exists s.t. for every i,j € I we have

1. ifr; <y, then j <1, and

*In the following, I is an index set I = {1, ..., n} for [II| = n.
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2. ifr; e I\ Ru(X) then

(@) body™(r;) X or

(b) body™ (r;) N {head(r;) | r; € Ru(X),j <i} #0or
(c) head(r;) € X.

B-preference drops Cond.2; thus decoupling preference han-
dling from the order induced by consecutive rule applications.

For 0 € {D,W, B}, we define AS?((II, <)) as the set
of all <“-preserving answer sets of OLP (I, <). As shown
in [Schaub and Wang, 2003], the three strategies yield an
increasing number of preferred answer sets. That is, D—
preference is stronger than W —preference, which is stronger
than B-preference, which is stronger than no preference.
More precisely, we have ASP((II, <)) € ASY ((II, <))
ASE((I1, <)) € AS(I) and, in addition, AS°((IL, )
AS(II) foro € {D,W, B}.

N

3 Strong Order Equivalence

In this section we define variants of equivalences for OLPs.
Defining “standard” equivalence (two programs permit pre-
cisely the same answer sets) is straightforward by considering
the respective preferred answer sets.

However, concerning the notion of strong equivalence,
there are some caveats. For standard programs, strong equiv-
alence for II; and IIy holds if for any program II, II; U II
and Il U II are equivalent. If we now take preferences into
account, for any (II, <), (IIy,<1) and (IIz, <5) would be
strongly equivalent if (II; U II, <; U <) and (Il U II, <5
U <) are equivalent. The problem is that (II; UTI, <; U <)
is not necessarily an OLP, because of two issues: 1. Rule label
clashes, and 2. partial order clashes.

Rule label clashes, i.e. two different rules have the same
name or one rule has two different names, can be resolved by
a renaming. We say that (II, N'*, n* <*) is a renaming of
(ILLN,n, <) if N* is a new set of names of rules, n*(.) is
a bijective function assigning each rule of I an unique name
of N*, and n*(r) <* n*(r’) holds iff n(r) < n(r’), for all
r,7" € II. The union of two OLPs is then defined as follows.
Definition 3.1 Ler (II,LN,n,<) and (IU',N',n’',<’) be
OLPs where N', N' are disjoint sets of rule names.

We define the union of (ILLN',n, <) and (W', N, n’,<’)
as (IT*, N™*, n*, <*), where

o II*=TTUII

o N™* as new set of names of rules,

o n*(r) forr € ILUTL as a bijective function assigning

each rule of 1 U II' an unique name of N'*, and

o <*as < U <, where for r,v’ € MUIL, n*(r) <*

n*(r") holds whenever n(r) < n(r') orn/(r) <" n/(r’)
holds.
Again, we usually leave A'* and n* implicit. Sometimes we
write (ITUII', < U <) for the union of (II, <) and (I, <’).

We next observe that the union of OLPs is not necessarily

an OLP. For this, consider

(I, <) ={r:a—, ra:b—a, ro <y r1}
My, <o) ={rs:a«, ry:b—a, r3 <grs}
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Then, we have
(I*,<*)={rs:a<, rg:b—a, r5 < rg, 16 <* 15}

where <* is not a strict partial order. Hence, (IT*, <*) is
not an OLP. To avoid this, we define the notion of admissible
extensions of an OLP.

Definition 3.2 Ler (II, <) and (II', <) be OLPs.
Then, (II', <') is an admissible extension of (I, <) if (IIU
II', < U <) is an OLP.

We remark that the notion of compatibility for orderings,
as defined in [Brewka and Eiter, 1999], is similar in spirit to
admissible extensions, but concerns only the order relation
and not the rules in the program.

Analogously to (normal) logic programs, we can define the
notion of equivalence of OLPs.

Definition 3.3 (Order equivalence) Let (I11,<;) and
(I3, <2) be OLPs and o € {D, B,W}. Then, (111, <1) and
(I, <2) are <7 -equivalent, denoted (111, <1) =7 (Ila, <2),
iff AS7((I11, <1)) = AS7((Ily, <z)).

Since the definition of strong equivalence for logic pro-
grams can be interpreted as having the same answer sets in
any extension, we employ the notion of admissible extensions
for defining the analogon for OLPs.

Definition 3.4 (Strong order equivalence) Let (111, <1) and
(Ilz, <2) be OLPs and o € {D, B,W}.

Then, (111, <1) and (I1z, <2) are strongly <?-equivalent
iff for all admissible extensions (II,<) of (Il1,<1) and
(Ilg, <3) it holds that (TI; UTIL, <y U <) and (IIx U TI, <q
U <) are <°- equivalent.

Abbreviatory, we write =7 whenever two OLPs are strongly
<7-equivalent.

4 Properties and Relationships

Next, we want to characterize which conditions two OLPs
must fulfill s.t. they are strongly order equivalent.

The next theorem states that strong order equivalence im-
plies strong equivalence of the underlying logic programs.

Theorem 4.1 Let (111, <1) and (I3, <3) be OLPs and o €
{D, W,B} If(Hl, <1) Eg (HQ, <2) then H1 =5 Hg.

Intuitively, if the logic programs are not strongly equivalent,
one extension of them admits an answer set A, which is no
answer set of the extension of the other program. If the corre-
sponding ordered extensions have the same answer sets, this
means that A is inhibited by the preferences. But then one can
always construct a further extension, which regenerates A for
one program, but not for the other. For example, programs

(14, 0)
(I1z, <2)

have both the preferred answer set {a}, whereas II; has ad-
ditionally the answer set {b}. Taking (II,0) = {ry : b «
y, r5 : y <} yields {a,b,y} as preferred answer set of
(IT, UIL, ), but {b, y } as preferred answer set of (IToUIL, <2).

Note that one can create such a “compensating” program
for any answer set which is inhibited by the preference rela-
tion. For this, we use new symbols and new rules, which are

={ri:a+<}
={rg:a«notb, r3: b« nota, r3 <a o}
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not involved in the preference relation, to “repair” this answer
set. Therefore strong equivalence is a necessary condition for
strong order equivalence.

Next, we turn our attention to the set of generation rules.
For this, consider the following OLPs:

(I, D) ={r1:a«, r3: b}
(Mo, 0) ={r :a+, ro: b«—a}

We observe that IT; =, I, but taking
(IT*,<*)={ro:ba, r4: y < not b, ro <* ry}

yields {a,b} € AS?((II; UIT*, <*)) but AS? ((II UIT*, <*
)) = 0 for o € {D,W, B}. They are not strongly order
equivalent because they do not coincide on their set of gener-
ating rules. (II;, ) contains r3 and (Il2, ) rule ro to derive
the atom b. Adding r4 and the preference that 7, is higher pre-
ferred to r entails that (IToUTT*, <*) has no preferred answer
set since 7,4 is blocked by the lower preferred rule ro, while
(I1; U II*, <*) has a preferred answer set since 3 allows to
block r4 in an alternative way. This allows us to suppose that
strong order equivalence enforces that the OLPs must coin-
cide on all rules which can become applicable. For this, we
say that a rule r € II contributes to an answer set X, if there
exists an IT* such that X € AS(ITUIT*) and r € Rpumn~(X).
Rules which are not contributing to answer sets, are never ap-
plicable, e.g. body™ (r) N body ™ (r) # (). For B-preferences,
we obtain that two strongly order equivalent programs must
coincide on their rules contributing to answer sets.

Theorem 4.2 Let (I1;,<y) and (Il3,<2) be OLPs.
(I, <) =8 (Iy, <2), then for all 1 and for all X
AS(II; UID) = AS(IIy U II) we have Rm,un(X)
R,un(X).

Interestingly, for D— and W—preferences, these conditions
have to be weakened.

Theorem 4.3 Let (111, <1) and (Ila, <2) be OLPs and o €
{D,W}. If (111, <1) =7 (I3, <2), then for all 11 and for all
X € AS(IT; UII) = AS(TI; UTT) we have Ry, un(X) \{r €
I, UTT | head(r) € body™ (r)} = Rmyom(X)\{r € HoUII |
head(r) € body™ (r)}.

Since D- and W- preferences couple rule application with
preference handling, answer sets can be inhibited by prefer-
ences because applied rules are not enumerable in an order
preserving way (see Condition 2 in Definition 2.1 and 2.2).
But one can always find an extension such that those an-
swer sets are reﬁenerated. For applied “loop” rules, i.e.
head(r) € body™ (r), another rule must always exist which
derives the head in an order preserving way. Hence, such loop
rules are redundant wrt. D- and W- preferences as long as
they are not involved in the preference relations. In contrast,
B- preferences decouple preference handling from rule ap-
plication and hence, one can always find an extension, where
those loop rules regenerate a non-preferred answer set to a
preferred one in one program but not in the other one. For
example,

(1, 0) = {r1:a <}

are not strongly <”- equivalent. Taking

I me

(Ilg,0) ={r1:a <, ra:a < a}

(IL,<)={r1:a«, r3:y<—nota, r1 <rs}
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yields ASB((IL UTI, <)) = () but ASB((H2 UIlL <)) =
{a}. Here, rule r5 can be used to block r3. For D- and W-
preferences, however, r2 has to be ordered after 1, hence it
can not be used to block r3.

In the following we will concentrate on the preference re-
lations. For this consider the program

MI={ri:a+, ro:b—a}

and the preference relation 71 > ro. We obtain that (IT, §) =°
(IL, <) holds for all ¢ € {D, W, B} and (II,0) and (II, <)
coincide on their set of rules. For (II, ), rule 1 must be
considered before rule 5 in D- and W -preference, since the
derivation of the positive body of 5 depends from r;. Thus,
adding the preference relation 1 > 75 to (II, () has no effect
on <P- and W- preferred answer sets. Surprisingly, this does
not hold when considering strong order equivalence. Taking

Tiia— T3z T5ia— X
(', <"Y=< ro:b—a ry:y—notz re:x
r3 <' 1o r <71y

yields ASe((ITUIl', <)) = {{a, b, z, 2} } while AS?((ITU
II', < U <’)) = 0. For (I, <) U(II', <’) we get the transitive
preference r4 > 73, implying that r4 is blocked by a lower
preferred rule, which we don’t obtain for (II,0) U (II, <’
). Since one can always construct such a program (observe
that the relevant rules contain new symbols), it follows that
two OLPs can never be strongly equivalent if the preference
relations do not coincide.

Theorem 4.4 Let (I11, <1) and (Ilz, <2) be OLPs and o €
{D,W,B}. If (I}, <1) =9 (I, <) then <1=<s.

As a special case we obtain that (I, §) #9 (II, <) holds for
any program II, any non-empty preference relation on I, and
any o € {D, W, B}. Moreover, for every OLP (II, <), <#
(), there exists no strongly order equivalent program (IT', 0).

Corollary 4.5 Let (II, <) be an OLP such that <# () and
o € {D, W, B}. Then, there exists no logic program I’ such
that (I1, <) =2 (IT', 0).

Interestingly, this tells us that no transformation from an
OLP with a non-empty preference relation to a logic program
exists such that the transformed program is strongly order
equivalent to the original one. The results given above are
sufficient for characterizing strong order equivalence.

Theorem 4.6 Let (I1;, <1) and (Il2, <3) be OLPs. IfI1; =,
Iy, <1=<3, and for all 11 and for all X € AS(II; U
IT) = AS(Il; UII) we have Ry, un(X) = Ri,un(X), then
(H17 <1) ESB (H27 <2)

Theorem 4.7 Let (111, <1) and (Ilz, <2) be OLPs and o €
{D,W}. IflI; =4 Iy, <1=<o, and for all 11 and for all
X € AS(I1; UII) = AS(I1o UII) we have Ry, un(X)\ {r €
T, UTI | head(r) € body™ (r)} = R,un(X)\{r € T,UTI |
head(r) € body™ (r)}, then (111, <) =7 (Mg, <z).

For example,

(I11,0) = {r1 : a <, 72 : b < not a}
(Tl3,0) = {r1 :a <, r3: c < not a}
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are strongly order equivalent in all three semantics, whereas

(Il3,0) ={r1:a <} (y,0)={r1:a«, r2:a« a}
are only strongly <”- (and <" -) equivalent, but not strongly
<B_ equivalent. With these results we can formalize the fol-
lowing characterization of strong order equivalence.

Corollary 4.8 Let (II1,<1) and (Ily, <2) be OLPs. Then,
(M, <1) =8 (Mg, <) iff Iy =, o, <1=<o, and for all
II and for all X € AS(II; UII) = AS(Il; U II) we have
R,un(X) = Rm,un (X).

Corollary 4.9 Let (II1, <1) and (Ilz, <2) be OLPs and o €
{D,W}. Then, (1I1,<1) =2 (I, <), iff II; =, I,
<1=<g, and for all 11 and for all X € AS(II; UTI) =
AS(Iy UTT) we have Ry, un(X) \ {r € II; UII | head(r) €
body™ (r)} = Rm,um(X) \ {r € Ty UTL | head(r) €
body ™ (r)}.

Regarding preferred answer sets, the different strategies for
preference handling yield an increasing number of preferred
answer sets. Interestingly, the above given theorems show
that there is no difference in the behavior of D— and W-
preferences when considering strong order equivalence. In
contrast, fewer programs are strongly order equivalent in the
B-semantics, since preference handling is decoupled from
rule application.

Theorem 4.10 Let (11, <;) and (112, <) be OLPs. Then
(a) if (11, <1) =P Iz, <) then (I}, <y) =¥ (I3, <z),
(b) Iy, <1) =W (M, <o) iff (1, <1) =P (M, <2).

Considering answer sets, each < -preferred answer set is
<W _preferred and each <" -preferred is <”-preferred. In-
terestingly, regarding strong order equivalence we obtain that
=D iff =, so the differences between the D- and W- se-
mantics can be compensated by extending the program in a
suitable way. Moreover, since =2 implies =!" and =2 im-
plies =2, the B-semantics imposes a strictly stronger crite-
rion for programs to be strongly order equivalent. The reason
for this is that B-preference decouples preference handling
from rule application, and in addition, these differences can-
not be compensated by adding suitable extensions.

5 Program Simplifications

Corollaries 4.9 and 4.8 show that two OLPs which are
strongly order equivalent, differ in rules which are not in-
volved in the preference relation and which are never appli-
cable. Additionally, for D- and W - semantics, strongly order
equivalent logic programs may differ in loop rules, in which
the head is contained in the positive body. These results al-
low us to formalize the following results concerning transfor-
mations on OLPs. In the following, we say that a rule r is
involved in a preference relation < if there exists an 7’ such
that r < r’ or ' < r holds.

Corollary 5.1 Let (II, <) be an OLP such that for r € 1J,
which is not involved in <, for all II' and X € AS(IIUII')
we have r € Ry (X). Then, (I1, <) =2 (II\{r}, <) holds
foro € {D,W, B}.
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This corollary expresses that a rule, which is never applicable
and not involved in <, is redundant regarding strong order
equivalence. The next corollary concentrates on loop rules.

Corollary 5.2 Let (II, <) be an OLP and o € {D, W}. Fur-

thermore, let v € 11 s.t. head(r) € body™ (r) and r is not
involved in <. Then, (I, <) =7 (IT\ {r}, <).

In [Eiter et al., 2004; Osorio et al., 2001] transformations
on logic programs are reported, which can be used for sim-
plifying a program. For those modular transformations a
program must be strongly equivalent to the transformed one.
Considering OLPs, we observe that these transformations in
general do not guarantee strong order equivalence. Transfor-
mation TAUT expresses that for all logic programs IT and all
r € II where head(r) € body™ (r) we have IT =, 1\ {r}.
Corollary 5.2 implies that the analogon for OLPs only holds
for the D- and W- semantics as long as r is not involved
in <. Transformation RED~ expresses that for a logic pro-
gram II and for rules 71,72, where head(ry) € body™ (r1)
and body(ry) = 0, we have II =, 1T\ {r1}. Since ry is
always a generating rule, regardless which rules we add to
II, r; never contributes to an answer set. Hence, RED™ is
feasible for OLPs unless r is involved in <. For r € II,
where body ™ (r) N body ™ (r) # () we have that IT =, IT\ {r}
(transformation CONTRA). Since such a rule is never ap-
plicable, this result can be carried over to OLPs whenever
this rule is not involved in <. Transformation NONMIN
states that for 71,7 € II, where head(r2) = head(r1) and
body(r2) C body(ri), we have that IT =, II \ {r1} holds.
Since there is no information whether r; can become appli-
cable or not, this transformation can only be made on OLPs
whenever 7 is not involved in < and never becomes applica-
ble. For example, consider the program:

(I,0)={r1:a+, ro:b—, r3:c+—a, ry:c— a,b}
Here we have that head(r3) = head(rs) and body(rs) C

body(r4), hence, IT; =, I3 \ {r4}. Since r4 is applicable, the
simplified program is not strongly order equivalent. Taking
(II*,<*)={rs:c—a, r5 : y <—not ¢, r3 <" r5}

yields {a,b,c} € AS7((II; U IT*, <*)) but AS7(((IT; \
{ra})UII*, <*)) = 0, for o € {D, W, B}. Thus, (I, #) #
(IT; \ {r4},0). Similar considerations apply for the trans-
formation S-IMP, where for all r,7’ € II such that there
exists an A C body ™ (r') such that head(r) € head(r") U
A, body~ (r) C body~ (r') \ A and body™ (r) C body™ (r')
we have IT =, IT\ {r'}. This transformation can only be car-

ried over to OLPs whenever 7’ is not involved in < and never
becomes applicable. For example, taking

M={r":a<bmnotec, r:a}

and A = {c} yields IT =; {r}, where r’ is applicable wrt
{a,b} € AS(ITU {b < }). But (IL, 0) #£7 ({r}, ), since for

(H*,<*):{r:a<—, rY .y« not a, Tb:b<—,r<*ry}

we get {a,b} € AST((ITUII*, <*)) but = AS?(({r} U
IT*, <*)) for o € {D, W, B}. Transformation WGPPE states
for a rule r; € I, where a € body™ (r1), Go = {ro € TI |
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head(rq) = a} and G, # () that IT =, II U G/, holds where
G! = {head(r1) « (body™ (r1)\ {a}) Unot body™ (r) U
body(ra) | 72 € Go}. As with the other transformations ob-
tained for strong equivalence, this one is transferable to strong
order equivalence if the rules from G, become never applica-
ble and are not involved in the preference relation. E.g., for

M={ri1:b—a, r2:a«}
we have that IT =, TT U {b <} holds. By taking
(I, < )={r1:b—a, r¥:y —not b, r¥ >* r1}

we obtain (IT, ) £ (ITU {b <}, D) since (IT U IT*, <*) has
no <?- preferred answer set while (ITU {b <} UII*, <*) has
<9— preferred answer set {a, b}, for o € {D, W, B}.

6 Conclusions and Future Work

We have presented the notion of strong order equivalence for
ASP with preferences. We have provided an extensive analy-
sis of this novel notion, and studied the relationship between
different preference semantics for it. We have also analyzed
the conditions for certain simplification methods to guarantee
strong order equivalence (hence applicability to modules).

We could show in Corollaries 4.8 and 4.9 that two pro-
grams are strongly W- and D-equivalent, if (and only if) the
preference relation is equal, their standard ASP programs are
strongly equivalent, and their “non-looping” generating rules
are identical for all answer sets of any extension of them.
For B-preference, also the “looping” generating rules must
be identical in any answer set.

(From Theorem 4.10 we obtain that exactly the same pairs
of programs are strongly <”- and <" - equivalent, while not
all of them are strongly <?- equivalent. That is, the semanti-
cal differences between D- and W - preference have no longer
any effect when considering strong order equivalence. On
the contrary, for B- semantics the differences to D- and W-
preferences are strengthened under strong order equivalence,
since it decouples preference handling from rule application,
which can not be compensated by suitable extensions.

We have furthermore studied possibilities to simplify or-
dered programs. In Corollaries 5.1 and 5.2 we have given
abstract conditions for simplifications, and have assessed un-
der which circumstances simplification rules from standard
ASP can be applied on ASP modules with preferences.

The reader may have noted that we did not define a no-
tion which would correspond to SE-models in standard ASP
strong equivalence. Indeed there seem to be considerable dif-
ficulties: SE-models can only express statements on atoms,
and not directly on rules. However, as demonstrated e.g. in
Theorem 4.3, strong order equivalence depends heavily on
the rules involved in the program. We therefore conjecture
that “SE-models” for D-, W-, and B- preferred answer sets
must include a means for stating relationships among rules,
and leave this topic for future work.

Another way of analyzing strong order equivalence could
be offered by a compilation of the programs, as done e.g. in
the plp-System [Delgrande et al., 2003; plp, 2002]. There,
ordered programs are compiled into logic programs such that
their answer sets directly correspond to the preferred answer
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sets of the original ordered program. Since the compilation
is a logic program, one could suppose that two ordered pro-
grams are strongly order equivalent if the compilation of them
possess the same SE-models. However, the compilation in-
troduces additional symbols. Hence, the answer sets of two
compiled programs, which represent the same preferred an-
swer set, are in general incomparable because of these addi-
tional symbols. One would therefore have to consider strong
equivalence under a projection of the answer sets. Further-
more, for an exact notion one would also have to take into
account that compiled programs have a particular, rather than
arbitrary, structure. Such a notion of strong equivalence has
(to the best of our knowledge) not been studied so far. There-
fore, we leave this kind of analysis for future work.

Corollary 4.5 shows that no transformation from an or-
dered program (II, <) into a logic program IT’ exists such
that (TI, <) is strongly order equivalent to IT’. Also, Corollar-
ies 4.8 and 4.9 describe rigorous conditions on ordered pro-
grams being strongly order equivalent under the considered
preference semantics. Hence, further work could be to define
and study weaker notions of order equivalence.
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Abstract

In this paper we present an approach to represent-
ing and managing temporally-flexible behaviors in
the Situation Calculus based on a model of time
and concurrent situations. We define a new hybrid
framework combining temporal constraint reason-
ing and reasoning about actions. We show that the
Constraint Based Interval Planning approach can
be imported into the Situation Calculus by defin-
ing a temporal and concurrent extension of the ba-
sic action theory. Finally, we provide a version of
the Golog interpreter suitable for managing flexible
plans on multiple timelines.

1 Introduction

In real-world domains robots have to perform multiple tasks
either simultaneously or in rapid alternation, employing di-
verse sensing and actuating tools, like motion, navigation,
visual exploration, mapping, and several modes of percep-
tion. To ensure a suitable multiple-task performance, some
approaches (e.g. [14; 23]) have recommended that executive
control processes supervise the selection, initiation, execu-
tion, and termination of actions. From these ideas, a new
paradigm has been proposed, called the Constraint Based In-
terval Planning (CBI), which essentially amalgamates plan-
ning, scheduling and resources optimization for reasoning
about all the competing activities involved in a flexible con-
current plan (see [10; 4; 7]). The CBI approach, and simi-
lar approaches emerged from the planning community, have
shown a strong practical impact when it comes to real world
applications (see e.g. RAX [10], IxTeT [7], INOVA [21],
and RMPL [23]). However, from the standpoint of cognitive
robotics it is important to ensure both optimal performance,
in practical applications, and to provide a logical framework
for ensuring coherence of actions preconditions and effects.
The system coherence emerges as a core issue also when con-
trol processes negotiate resources allocation with individual
perceptual-motor and cognitive processes; indeed, the exec-
utive has to establish priorities among individual processes
to allot resources for multiple-task performance (see the dis-
cussion in [8; 11; 3]). Therefore, different, concurrent, and
interleaving behaviors, subject to switching-time criteria and
current situation needs, lead to a new integration paradigm.
In this paper we suggest that the reactive aspects that have
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to cope with flexible behaviors and the cognitive capabilities
enabling reasoning about these processes, can be combined
in the Temporal Flexible Situation Calculus. We present a
new approach to flexible behaviors, that exploits the full ex-
pressiveness of the Situation Calculus (SC) [19; 12], where
computational concerns related to time can be monitored by
a temporal network, obtained via a transformation of added
constraints. To embed many concepts elaborated in the CBI
framework we extend the SC with concurrency and time (ex-
tensions of SC with time was already explored in [15; 17;
16]), deploying Allen’s interval relations [1], and further con-
straining the language to represent concurrent timelines. In
this framework we can conjugate the advantages of the SC
with the expressive power of the CBI paradigm. Our aim
here is twofold: on the one hand, it is made possible to intro-
duce a separated timeline for each component of the dynamic
system (i.e. each entity, which is part of an autonomous
system, such as a robot), so that concurrency and flexibility
can be clearly addressed; on the other hand the causal rela-
tionships among processes can be dealt with in the SC lan-
guage, which provides a clear framework for preconditions
and postconditions of actions and a simple solution to the
frame problem. We show that the CBI perspective, with
all its arsenal of specifications in terms of flexible time, al-
ternation constraints, resources optimization, failure recover-
ing, and tasks scheduling, can be imported into the SC ([19;
12]), defining a temporal and concurrent extension of the ba-
sic action theory (related approaches are [15; 17; 16; 8; 20;
6]). Finally, we provide a version of the Golog language and
interpreter for manipulating flexible plans on multiple time-
lines.

2 Preliminaries

2.1 Situation Calculus and Golog

The Situation Calculus [12; 19] is a sorted first order lan-
guage for representing dynamic domains by means of ac-
tions, situations, and fluents. Actions and situations are first
order terms, and situation-terms stand for history of actions,
compound with the binary symbol do: do(a, ) is the situation
obtained by executing the action a after the sequence s. The
dynamic domain is described by a Basic Action Theory BAT
= (%, Dsy, Dssa» Duna, Dap). We refer the reader to [19] for
a complete introduction to the SC. Temporal Concurrent Sit-
uation Calculus (T'C'SC) has been earlier introduced in [15;
18; 17]; actions are instantaneous, and their time is selected

KNOWLEDGE REPRESENTATION AND REASONING



by the function time(.). Durative actions are considered as
processes [15; 19], represented by fluents, and durationless
actions are to start and terminate these processes. For exam-
ple, going(hill, s) is started by the action startGo(hill,t)
and it is ended by endGo(hill, t").

Golog. Golog is a situation calculus-based programming
language for denoting complex actions composed of the prim-
itive (simple or concurrent) actions defined in the BAT.
Golog programs are defined by means of standard (and not
so-standard) Algol-like control constructs: i. action se-
quence: p1; pe, ii. test: ¢7?, iii. nondeterministic action choice
p1|p2, iv. conditionals, while loops, and procedure calls. An
example of a Golog program is:

while —at(hill,3) do
if =(3x)going(x) do (¢, (t < 3)7; startGo(hill,t))

The semantics of a Golog program § is a SC formula
Do(d, s, s") meaning that s’ is a possible situation reached
by & once executed from s. For example, Do(a;p, s,s’) =
Do(p,do(a, s),s") A Poss(a,s) defines the execution of an
action a followed by the program p. For more details on the
SC and Golog we refer the reader to [19].

2.2 Constraint Based Interval Paradigm

The constraint based interval framework (CBI) [10; 4], is a
well known framework for temporal planning systems com-
bining temporal reasoning and scheduling, including, e.g.,
RAX [10], IxTeT [7], and INOVA[21]. The CBI paradigm
accounts for concurrency and time, and action instances and
states are described in terms of temporal intervals linked by
constraints. We refer to the timeline-based version of the CBI
[10] where a domain behavior is seen as the continuous inter-
action of different components, and each component is repre-
sented by state variables; a single state variable is a relevant
feature of the components and represents a concurrent thread.
Both states and activities are uniformly treated as temporal
intervals. The history of states for a state variable over a
period of time is called a timeline. Figure 1 illustrates two
timelines (state variables) repr. the engine and the naviga-
tion processes of a mobile robot: initially, the robot is at(p1)
and stop; when it starts go(p1, p2) the engine is running; the
engine is stop again once the rover arrives at(ps). Some tem-
poral constraints among the activities are: at(x) holds only if
stop holds, go(x, y) is followed by at(y).

Domain Constraints. A CBI model [10] M ;=(X, J,R)
is defined by: i. a set X={x1,...,x,} of state variables,
one for each component (e.g. Zjoc and Teng in Fig. 1);ii. a
set J = {J1,...,Jn} s.t. for each x; the set J; collects the
associated temporal fluents p; ; (%), e.g. at(z) and go(zx,y)
for location state variable in Fig. 1; iii. a set of temporal
constraints R={r; ; }, usually called compatibilities: for each
temporal fluent property p; ; there is a compatibility relation
r;,; Tepresenting all its possible legal relations with the other
temporal fluents, i.e. which temporal property must proceed,
follow, be co-temporal, etc. to p; ; in a legal plan. The latter
are specified in terms of metric version of temporal relations
a la Allen [1]. E.g. the arrows in Fig. 1 illustrate the compat-
ibility associated to the fluent at: at(x) meets go(z,y), and
at(z) during stop.
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Figure 1: Timelines and constraints

running

Planning Problem in CBI. Given the CBI model M ;, a
planning problem is defined by Pep; = (Mepi, Pe), where P,
is a candidate plan, representing an incomplete instance of a
plan. The candidate plan defines both the initial situation and
the goals. In particular, P, consists of : i. a planning horizon
h; ii. a set of temporal properties to be satisfied for each state
variable x; € X (e.g. at(p1) ends before 10 and after 20 in
the timeline of Figure 1); iii. the set of precedence constraints
among fluents pj 1 < py 2, which are to hold on a timeline,
e.g. at(p1) < at(pe); iv. the set of constraints R={r; ;}
associated with the temporal properties p; ; mentioned in the
timelines. A fluent p; ;(Z) mentioned in a candidate plan is
fully supported [10] if all its associated constraints 7; ; are
satisfied. E.g. in Figure 1 at(p;) and at(ps) are fully sup-
ported. A candidate plan is said to be a complete plan if: 1.
each temporal property on each timeline is fully supported;
ii. all timelines fully cover the planning horizon. Given the
planning problem (M .p;, P.), the planning task is to provide
a sufficient plan [10], i.e. a complete plan with the maximum
flexibility: the planner is to minimally ground the (temporal)
variables to allow for on-line binding of the values.

3 Temporal Flexible Situation Calculus

In this section we present the Temporal Flexible Situa-
tion Calculus framework (TFSC), which integrates the CBI
paradigm, introduced above, into the language of SC.

Actions.  We define a partition {a,;v € C} of the set of
actions according to the different components C the system
has to care of. For example, the component Pan-Tilt-Unit
manages actions like start-scan sp;s(.), or end-scan eps(.).
To induce the partition we introduce a type operator v, and
extend the SC foundational axioms with the following defi-
nitions. Let H = |J;_, H; be a set specifying the types of
actions, we assume this set finite. For each name of action
the following holds:

Hi(a)NHj(a')==(a = o) forizj, and v (A(Z))=v (A'(7))
= Vi , Hi(A(Z)) A Hi(A'()), together with the unique
name for actions, here the indices stay only for different com-
ponents names, a denotes an action variable, while A denotes
the name of an action function.

Situations.  Typization of actions induces also a partition
on the set of situations whence on the set of histories. Histo-
ries become streams of situations over timelines. Typization
is inherited by situations as follows:

Va.  v(a) = v(do(a, So)).
Vas. v(a)=v(s)=
Va's'.s = do(a’,s')—v(a) = v(a') Av(a') = v(s').

M
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For each component v € C, a timeline is specified by a his-
tory of actions concerning v. The evolution of the set of time-
lines is a set of situations sc = {s,|v € C}, called situation
class, spanning different types. In other words, 3s.s € sc
abbreviates: Js1...s, Jai...a,. Vi [s = do(a;,s;)A
v(ai) = v(si) ANj=y iz; V(i) # v(s;)]. Where v(s;) is the
type of situation s; corresponding to some component ¢ € C,
n=|C|. The sc class is equipped with the following <, rela-
tion:

s <.sc=Vs' s.s€schs € sd—s <s. )
do(a,, sc) denotes the sequence resulting from adding the
action a,, to a type-compatible situation mentioned in sc.

Time.  Time is part of the sorted domain of TF'SC, as
noted in Section 2; we extend the time selection function from
actions to situations (see [16] for a different notation), and
situation classes as follows:
time(So) = to. time(do(a s)) = time(a).
time(s) < time(s') = Jaa’ s".s = do(a sHNA 3
s' =do(d’,s") A time(a) S time(a’).

The time of a situation class sc, depends on the time of the
situations in sc, so time(sc) = t abbreviates:

JsVs'.s € sc Atime(s) =t Ns' € sc Atime(s') =t'—t > t'.
C))

Consistency of the extension. The above axioms concern-
ing types, time and situation classes, are added to the foun-
dational axioms in ¥ and are conservative (i.e. obtained by
extending the language), therefore the extended set (which
we still denote with ¥J) must be consistent.

Processes. Processes span the subtree of situations, over a
single interval specified by a start and end action. They are
implicitly typed by the actions process: for each process there
are two actions, starting and ending the process, abbreviated
by sp, meaning starts process P and ep, meaning ends pro-
cess P. A process is denoted by a fluent P(Z, ¢, s), (here t~
is its start time). Successor state axioms (5.5 P) for processes
extend the set of SIS A for fluents and are defined as follows:

P(Z,t",do(a,s)) =a=sp(Z,t7)V )
P(Z,t™,s) ANVt.a # ep(Z,t).

For example, moving towards 6, can be defined as:

move(0,t,
move(0,t,

do(a, s)) = a=S8move(0,t7)V
$) AVt .a # emove(0,1).

Action preconditions axioms define the conditions for the
start and end actions to be executed. Let P be a process,
we say that it is linear if it does not mention any other pro-
cess in the right-hand side of the definition. The set Dy,
of successor state axioms for processes is linear if all pro-
cesses mentioned in it are linear. Let D, be a set of lin-
ear successor state axioms for processes, let the BAT be
DUDssp =X UDg, UDypa UDss UDgp U D,y then:

Lemma 1 D U Dy, is consistent iff Dg, is.

Proof (sketch). The proof relies on the relative consistency of
the SC. Furthermore, linearity of D, ensures that there are
no loops w.r.t. time, hence for each start and end action, as
defined in the processes, it is not possible to introduce depen-
dencies that could lead, for instance, to sp(Z,t) < sq(¥,t')
and Sp(f, t) > SQ(g, t/).
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Intervals. Intervals mention temporal variables, which are
always free, and get assigned only according to a specified
set of behaviors, in so being very well suited for representing
flexible behaviors. In this paragraph we show how embedding
intervals in the SC leads to the construction of a temporal
network. The following formula WU, specifies the conditions
for a process P; to hold on its induced timeline, from ¢; to

t with arg. 7:

Wi (T, t; ,t],sc) = s, s,s” Si € scN
s; > do(ep, (I th), si) > do(sp, (T, t; ), si A (6)

-3t s.s; > do(ep,; (T,t),s) > szl

Let p,m,o0,d,s,f, e abbreviate the usual precedes, meets,
overlaps, during, starts, finishes, equals, as defined in the
temporal intervals literature, started in [1], with op ranging
over all relations, and let ~y,p denote:

vp:(tf<t£); Ym = (7 =17); v = (t; =t;);
(tF=17); ve = =t7 Nt7 =1t]);
=(t; <t; Aty <tf nth<tl);
= (t;

t >t]/\t+2t+Vt <ty At < ).

We represent the interval relations between processes, given
in situation-suppressed form (i.e not mentioning situations),
and taking the “end-time” ¢+ as argument, according to the
following macro-definition, where the free variables men-
tioned in U, (see (6) above) are just hidden:

Pi(T,t; 1) op Pi(T,t; ,t]) 2 Wis[U; Aopl. (D)
Note that the metrical version (like in [10]) including durative
relations can be analogously defined. Letting each operator in
the macro being not commutative, inverse can be defined as
Pop~! P; = P; op Pi.
We assume that the domain theory Dy is associated with
temporal relations, as those given in (7), specifying the tem-
poral interactions between processes as constraint patterns.
For example, wanting to say that going has always to be
preceded by beingAt we would associate to D the set
{going([t;,t5]) p beingAt([t, ,t;]). We call this set the
temporal compatibilities abbreviated by T..

We denote (7, sc) the set of the (7) interval relations as-
sociated with the situation class sc, where 7 is the set of time
variables, varying over the intervals [t1,¢7], related to the
set of timelines sc. The I(7, sc) is obtained by abducing the
time constraints on 7, according to a construction illustrated
in the paragraphs below. For instance, for a suitable sc and

= {lty, 67 Lty ) 65 6], 65 . 111} we can get the set:

I(r,s¢)= {Pi(ty,t])s Pa(ty,t5), Pr(ty, ) 0 Pa(ts , t3),
Pl(t;7t1+) d PQ(tE,t;),Rg(tg,t;) d PQ(t;at;)y
P3(t??7t?1:)SP4(tZ7tI)’P4(tZ7tI)dP?(tgvt;r)}a

whose constraints are depicted in the network of Fig. 2.

Temporal Constraint Network. The satisfiability problem
we are concerned with is the following. Let Dy = DUD,,, U
(7, sc) be a basic theory of actions, extended with time spec-
ifications (see eq. (3) above), successor state axioms for pro-
cesses, time interval constraints, in which time variables are
free, and with an associated set of compatibilities T.. We
seek an assignment set for time variables, which is a feasi-
ble solution for the constraints, and s.t. a substitution of the
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Figure 2: A TC'N representing a set of interval constraints
on processes Py, Ps, Ps, Py

free variables for this set induces an interpretation, which is a
model of D U I(7, sc). To find such an assignment we ap-
peal to the concept of general temporal constraint networks
(TCN) introduced in Meiri [13] following the one developed
for discrete constraint networks [5]. A TCN involves vari-
ables denoting both intervals and points, together with unary
and binary constraints. A T'C'N is associated with a direct
constraint graph where each node is labeled by a temporal
variable and labeled-directed edges represent the binary rela-
tions between them (e.g. p, e etc.). According to the underly-
ing temporal algebra, TC'N s express different forms of rea-
soning (Allen’s interval algebra [1], the Point Algebra [22],
metric point algebra [5], and so on) see in particular [2]. Let
T={X1,..., X} ={[t7,t]],.. . [t;,t;]} be a set of time
variables, denoting intervals (i.e. each variable X; denotes an
interval [t , tf]), and let R be a set of binary relations; the
assignment set V- = {[s1,€1],..., [Sn,en] : 8i,€; € R, 5; <
e; } is called a solution set for R, if { X7 = [s1,€e1],..., X =
[sn,en]} satisfies all the constraints defining R. The network
is consistent if at least one solution set exists. In the sequel
we shall identify a T'C'N with its labeled direct graph and de-
note with V' a solution set. We also say that V' satisfies the
constraints.

Mapping SC to TCN. Let h I(r,s¢) +— TCN,
h(I(r, sc)) is a temporal network Net, with cardinality m,
specified by the nodes labeled by the defined processes
{P;, P;|P;opP;}, mentioned in I(7, sc).

By the above definitions the network Net is consistent if
there exists an assignment V' to the temporal variables T,
which is a feasible solution for I(7, sc). For example the
set V={[10,160], [10, 70], [75, 95], [95, 150]} is a solution
set for the variables 7={[t1,t]], [t5 . t3], [t3, 5], [t1, t4 ]},
of the network depicted in Figure 2, given the relations
{m,p,d,s,f}. Note that, in the macro definition (7),
there are two parts, the left-hand component is the definien-
dum Pi(%,t; ,t]) op P;(, tj_,t;“), which is mapped into
a temporal network, while the right-hand component is the
definiens W;— (¥ ; Ay,p)[7], which is interpreted into a struc-
ture of the SC, where the assignments for the free tempo-
ral variables 7 are obtained by the TC'N. A semantic cor-
respondence, between the network and the formulae of SC,
can be established as follows. Let M=(D,I) be a struc-
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ture of SC (where D is a sorted domain and I an interpre-
tation) we extend M with the above defined mapping h, i.e.
Myp=(D, I, h). Then My, is a model for DUI(r, sc), iff there
is a consistent temporal network h(I(7, sc)), under some as-
signment V' to the free time-variables, satisfying I(7, sc).
Given the above definitions we can state the following:

Lemma 2 Let Dr be a consistent action theory. Dp U
I(r, sc) is consistent iff there exists a consistent temporal con-
straint network h(I(7,sc)), under the assignment V, such
that My, V = \ND A P[]

Proofsketch). Let h(I(7, sc)) be a consistent temporal net-
work, under the assignment V. Consider the formula ¥[r] =,
Nij<m Yi— (¥ A\Yop,; ), with 7 the set of free time-variables
in ¥, and we let M be a model for Dy. M can be ex-
tended to a model for all the Yops; according to V, as follows.
For each process P; build a chain of situations of the kind
Ly = {do(sp,(t),0') < o < do(ep,(t;),0”) < 0}, with
o a sequence such that ep, is not mentioned in o, and the
free-temporal variables are from 7 according to the P; time-
line in sc. Extend the structure M to one for Dy U |J, I'; by
choosing from V' a suitable assignment to the free variables 7,
appearing in each I';, and according to the constraints in the
Yop.;» corresponding to those in I(7, sc), and such that each
sequence is satisfied. This is always possible, because each
process is made true of a situation by a start action, and false
by an end action, by the sequence construction, on a timeline.
Then V is an assignment to 7 s.t. (Mj, V') is a model for
Dy U |J,; I's[7]. Finally it is enough to show that any model
for Dy U, I';[7], is a model for ¥[7]. O

By Lemma 1 Dy UI(7, sc) is consistent iff Dg, U I(7, sc)
is consistent. Logical implication can be now defined as fol-
lows. Let My, = (D, I, h), and 5(7) be a formula with all its
free temporal variables among 7:

Dr UI(r, sc) = B(r) iff forany h, for any V, 3
My, V = D UI(7, sc) implies My, V |= (7). ®

TCN construction. The T'C'N construction involves the
following inference mechanisms: i. abduce I(7, sc) to ob-
tain the temporal network topology h(I(7,sc)); ii. imple-
ment the temporal constraints into situations, according to
the network. We show the inference process through an ex-
ample. Let T, = {P; m P,}, be the compatibilities spec-
ified in the domain theory. Let sc = do([sp, (t ), ep, (t]),

sp,(t3 ).ep, (t5), sp, (), ep, (t, )], So), then the abduced

constraints, according to 7, sc and 7, are:
(7, sc)={P1[t7,t7] m Psfta ™, to], Pi[t, ", 61 | m Po[th,th 1]}
)

From the above constraints a three nodes network A (I(7, sc))
would be constructed. The time range of the solutions to the
network — given the free temporal variables and the situation
class sc — is a flexible situation class, which is a triple of
the kind (sc, 7, 4), where i(7) is the constraint over the free-

variables, e.g. i(17) = 7 < t] At5 > 10.

Progression. We want to determine if, according to the tim-
ing and advancements of the current situation class, we can
forget about past scheduled processes and think of future re-
sources allocation. This is the well known progression prob-
lem [19] in the SC. We face here a simplified version of the
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progression problem, and with regressable formulas, which
is all we need. Let us state the problem as follows. Given a
sentence ¢, one needs first to determine the set of situations
in sc to which it can be progressed, given the timelines, and
a candidate interval ¢ = [t~ ¢*]. To this end one has to order
the situation terms in ¢ according to the relation <. intro-
duced in (2), and get the smallest situations set, w.r.t. <.,
mentioning ¢; let it be min. We now consider the domain
theory D7*", which is equal to D but with Dg, replaced by
aset WM = {|Dr |= ¢}, where ¢ mentions only ground
situations o, with {c; } =5.min, but no free variables of sort
time. Let ®(¢1, ... t,) be a SC formula mentioning situations
{oi} >sc min, which are ground but for possible free vari-
able of sort time all among ¢4, ..., t,. Then

Lemma 3 Dr UI(7, sc) = \(DF™ UI(T, s¢) U W™n),

Theorem 1 Dy U I(7,s¢) | ®(t1,...,t,) iff Dt U
wmn Ul(r, sc) = ®(tr, ..., tn)

Proof. (sketch) One direction follows by cut. For the other
direction, suppose Dr U I(7,s¢) = ®(t1,...,t,), let us
regress ®(tq,...,t,) along the different timelines, this can
be done by separating ® into a DNF, and considering each
conjunct separately, we regress it with respect to men, and let
G be the regressed formula — note that no change is needed
in regression to account for regressed sentences as time vari-
ables will be kept as they are, without turning to quantified
variables through successor state axioms (as they are univer-
sally quantified in linear Dys),). Then by definition of W™,

G € W™ hence, by the previous lemma, the claim follows.

4 Flexible High Level Programming in Golog

Golog Syntax. Given the extended action theory presented
above, the following constructs inductively build Golog pro-
grams:

—_—

. Primitive action: .

. Nondeterministic choice: «|f3. Do « or 3.

. Test action: ¢?. Test if ¢ is true in the current sit. class.
. Nondet. arg. choice: choose & for prog(Z).

. Action sequence: p1;p2. Do p; followed by po.

. Partial order act. choice: p1 < ps. Do p; before po.

. Parallel execution: p1||p2. Do p1 concurrently with po.
. Conditionals: if ¢ then p; else ps.

. While loops: while ¢ do p;.

. Procedures, including recursion.

O 00 3 N Lt A W I

—_
=)

Golog Semantics. The macro Do(p, sc, sc’,h) gives the
semantics for the above constructs; where p is a program, sc
and sc’ are situation classes, and & specifies the finite horizon.

e Null program:
Do(Nil, sc, s¢', h) 2 time(sc) < h AVs.[s € sc = s € sc]
e Primitive first program action with horizon:
Do(a;;prog, sc, sc', h) E Jsi.s; € sc A Poss(as, si)A

time(s;) < h A [time(a;) < h A Do(prog, do(a;, sc), sc¢’, )V
time(a;) > h A Do(prog, sc, sc’, h)]
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Here, if the first program action is applicable to s; € sc,
and a; can be scheduled after the horizon then it is neglected
(i.e. each action, which can be started after the horizon can
be postponed).

e Partial order action choice:

Do(prog: < progs, sc, sc’, h) £ Do(progi : progs, sc, sc’, h)V
Ja.select(a, sc) A Do(progi < a < progs, sc, sc', h)
Here, either the second program can be directly executed, or
it is possible to insert a primitive action a, selected by a suit-
able fluent predicate select(a, s) representing the selection
criterion (set to true if no selection holds).

e Parallel execution:

Do(progi || progs, sc, sc’, h) 2

Do(progi, sc, sc’,h) A Do(progs, sc, sc’, h)
e Test action:
Do(¢?; prog, sc, sc', h) 2 ¢[sc] A Do(prog, sc, sc’, h)
Here ¢[sc] stands for generalization of the standard ¢|[s] in the
SC extended to situation classes, e.g. Pj[sc] A Ps[sc] is for

Py (51) A Pa(s2) with s1, 52 € sc, i.e. each fluent is evaluated
w.r.t. its specific timeline.

e The semantics of nondet. action choice, nondet. argument
selection, conditionals, while loops, and procedures is defined
in the usual way.

Flexible Temporal Behaviors in Golog. The CBI planning
problem (M, P..) introduced in Section 2.2 can be easily
coded and solved in the T'F'SC' framework. Given a D rep-
resenting the timelines and processes in M.y;, a candidate
plan P, can be encoded by a Golog program prog.. This is
possible once we introduce, for each interval constraint for
p;,;(7) in P, a Golog procedure of the kind:

proc(mi;, (W (7 1=, t7) Ay(t™,t+))?),
where L/J'ii is the macro (6) associated with the process Pf
(i.e. i-th process in the j-th timeline), and  any temporal
constraint. For example, go(d, e) ends in [6, 10] can be repre-
sented as
proc(mi1, ( ggv(d,e,t_,t+) A6 <tT <10)7).
Given the 7; ; procedures, a partial specification of a single
timeline 7; can be easily defined using the < operator:
pI‘OC(plCL’I‘L,’Tj,’/TOJ <m; <Tm2; <. < 7Tk',j)a
Given a set of timelines {7;}, a candidate plan P, can be
represented as a parallel execution of the plan_7;:
proc(proge, plan.Ty : Nil || ... || plan_T}, : Nil).
Since a CBI complete plan P is associated with a fully sup-
ported set of timelines {7'; } and a set of constraints i(7) (see
Section 2.2), we can introduce a mapping ¢ transforming a

CBI plan P into a flexible situation (sc, 7,¢). The following

holds.
Proposition 1 Given a CBI planning problem (My;, P.),

where P, is a candidate plan [10], for any complete plan
P of (M, P.), maximally flexible in the time variables T,
there exists a D, a Golog program prog., where
Dr UI(r, sc) E Do(proge,ini, sc[t], h).
with (sc, T,1) a flexible situation, and such that:
g(P) = (sc, 1,14)
The proof is omitted.

KNOWLEDGE REPRESENTATION AND REASONING



Example. We assume an autonomous rover, which has to
explore the environment and perform observations. While
the robot is moving the pant-tilt unit must be pointing
ahead ptldle. To point to a location = the rover must
be stopped there, at(x), while the pan-tilt scans in direc-
tion z: ptScan(z,z). Hence, we consider two compo-
nents: pant-tilt, navigation. Each component has a set
of processes: Jy={ptldle, ptScan(z,z)}; Jnaw={at(x),
go(xz,y)}. Each of these is to be encoded in the Dr as
in (5), e.g. ptScan(t,z,xz,do(a,s)) = a = sps(2,z,t)
VptScan(t, z,z,8) A =3t'.a = eps(2, x,t'). The temporal
compatibilities T, among the activities are defined by a set of
temporal constraints patterns, defined by macros (7), e.g.:

gO(iU, Y, t17 t2) m at(y7 t37 t4); at(m, tlv t2) m gO(CL‘, Y, t37 t4);
go(z,y,t1,t2) d ptScan(z, z, t3,ts);
ptScan(z, x, t1,t2) d at(z, ts, ta).

Consider a partial specification for the rover behavior: from
time 0 to 3 it must remain at(p;), and at time O the pant-tilt
is ptIdle; the rover mission is to observe ps, in direction 6
before 30 and after 20, and be back at p; before 50. This can-
didate plan, can be encoded in the following Golog program:

proc(mission,
g:v(p170,3)? =< ( (’;,Ltav(phtht%) /\t% S 50)? : Nll”
Ui (0,89)7 < (vt (0, ps, 13, 83) A [t3,3] C [20,30])7 < Nil).

Given the horizon A = 50, and an initial situation class
ini, a possible complete plan is a flexible situation (sc, 7, ),

with sc[T]={onav([T1], opt[2]}, st.  Dp U I(r,s¢c) k=
Do(mission, ini, sc[7],50), e.g.

U'nav:do([sat (p117 0)7 €at (plla 3)> Sgo(pS ’1t%), ego(p33t5)7
Sat(P3, t3), €at (3, 1), 5g0(P1,15), €g0(P1, 1)), S0);

opr=do([spti(0), epri (t1), Spts (t3), epts (13), spre (1), epri(t3), 5150),

and i(7) is the minimal set of constraints solving the
h(I(sc,7)) temporal network, i.e. {ti = t3 < t; = t}
<te < B0t =13 <ti=1t] <t} 3 >t5,t3<ti}.

Implementation. We provided a constraint logic program-
ming (CLP) [9] implementation of the Golog interpreter.
Since the Golog interpreter is to generate flexible temporal
plans, it must be endowed with a constraint problem solver.
Analogous to [17] we rely on a logic programming language
with a built-in solver for linear constraints over the reals
(CLP(R)). We appeal to the ECRC Common Logic Program-
ming System ECLIPSE 5.7. Currently, we are deploying the
Golog interpreter as the control engine of a monitoring sys-
tems for robotics applications.
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Abstract

In this work we recast some design principles com-
monly used in software engineering and adapt them
to the design and analysis of domain descriptions
in reasoning about actions. We show how the infor-
mal requirements of cohesion and coupling can be
turned into consistency tests of several different ar-
rangements of modules. This gives us new criteria
for domain description evaluation and clarifies the
link between software and knowledge engineering
in what concerns the meta-theory of actions.

1 Introduction

Among the principles of the object-oriented paradigm are the
following:

1. Work with modules (or components, functions, etc.).
2. Minimize interactions between such modules.

3. Organize the modules into well-defined layers to help
minimize interactions. The goal is to have components
of one layer using only components from immediate
neighbors, wherever possible.

4. Anticipate what kind of extensions or modifications
might be made in the future, and support this at design
time so that one can extend the system with minimal dis-
ruption later.

There seems to be an agreement that such principles for
object-oriented programming or design are the same as for
knowledge representation. To witness, the design of domain
descriptions in reasoning about actions has much more in
common with software engineering than one might think: in
the same way as for software projects, one can talk about con-
sistency, evolution and correctness of domain descriptions.

All the principles above can be applied to the design of do-
main descriptions, too. We argue that a good domain descrip-
tion should be one whose consistency check and maintenance
complexities are minimized, so that any further modification
is localized, with a bounded scope.

*Supported by a fellowship from the government of the FEDER-
ATIVE REPUBLIC OF BRAZIL. Grant: CAPES BEX 1389/01-7.
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With this in mind, one can see the specification of domain
descriptions as a task similar to project development in soft-
ware engineering: Item 4 above is what has been called elab-
oration tolerance[McCarthy, 1988]. In this way a represen-
tation is elaboration tolerant to the extent that the effort re-
quired to add new information (a new action or effect) to the
representation is proportional to the complexity of that infor-
mation [Shanahan, 1997]. Items 1, 2 and 3 reflect the concept
of modularity, which means that different modules have no
elements in common. Such a notion of modularity is going to
lead us along the present work.

This paper is an elaboration of the results we have pre-
sented in [Herzig and Varzinczak, 2004]. Here we pursue the
following plan: in Section 2 we recall some important con-
cepts from software engineering; after discussing the ontol-
ogy of dynamic domains (Section 3) we apply the concepts
of Section 2 to the design of domain descriptions (Sections 4
and 5) making a step towards formal criteria for domain de-
scription evaluation. In Section 6 we present the main results
that follow from our approach, and before concluding we ad-
dress related work found in the literature on this subject.

2 Some principles of software engineering

One of the first steps in software development is that of ab-
straction Abstraction consists mainly in rendering lower-
level details invisible to upper levels in order to facilitate the
understanding and design of complex systems. As an exam-
ple, a specification of a data or knowledge base query does
not need to take into account the algorithmic process that will
be carried out in order to answer the query.

In parallel to abstraction, one of the most important guide-
lines in project design is that of modularity. dividing the soft-
ware into modules, based on their functionality or on the simi-
larity of the information they handle. This means that instead
of having a “jack of all trades” program, it is preferable to
split it up into specialized subprograms. For instance, a pro-
gram made of a module for querying a database and a module
for checking its integrity is more modular than a single mod-
ule that does these two tasks at the same time.

Among the major benefits of modular systems are reusabil-
ity, scalability and better management of complexity.

There is more than one way to split up a program. One
of the most used techniques is that of forcing functional in-
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dependence of its modules. One ensures functional indepen-
dence in a project by defining modules with only one pur-
pose and “aversion” to excessive interaction with other mod-
ules [Pressman, 1992].

Among the criteria commonly used for evaluating func-
tional independence of modules (and thus how modular a
piece of software is) are the informal notions of cohesion and
coupling.

Cohesioris how closely related pieces of a single compo-
nent are to each other. A module is cohesive when at the high
level of abstraction it does only a single task. The more a
module is focused on a precise goal the more it is cohesive.

A highly cohesive module will be simpler to understand,
having to do only a single task, while a lowly cohesive mod-
ule, performing so many tasks, will be difficult to understand.

It is difficult to reuse a task-overloaded module, while a
highly cohesive module is simpler to reuse and to extend.

Couplingis the interdependency between a method and the
environment (other methods, objects and classes). Low cou-
pling means to keep dependencies (communication, informa-
tion sharing) between components at a minimum.

A design that has low coupling is more amenable to
change, since it reduces the probability of changes cascading
and affecting a larger part of the system.

Unanimously in object-oriented development, the best way
to design a software is to have low coupling and high cohe-
sion. We sum this up in two informal design principles:

P1. Maximal cohesion: Everymoduleshouldbe conceived
in sud awaythatit is maximallycohesive

P2. Minimal coupling: All modulesshouldbe conceivedn
sud a waythat they minimizecoupling

3 Natural modulesin domain descriptions

Like in object-oriented programming, in describing a domain
different entities should be separated in different modules.
Moreover, each module should be conceived in such a way
that it has no direct access to the contents of the others. In
reasoning about actions, accessing a module means using it
to perform reasoning tasks like prediction, postdiction, plan-
ning and others. This amounts to using its logical formulas
in inferences. In this section we establish the ontology of do-
main descriptions and present the way we arrange in different
modules the axioms commonly used to describe them.

Every domain description contains a representation of ac-
tion effects. We call effectlaws formulas relating an action
to its effects. Statements of conditions under which an ac-
tion cannot be executed are called inexecutabilitylaws Ex-
ecutabilitylaws in turn stipulate the context where an action
is guaranteed to be executable. Finally, stateconstaintsare
formulas that do not mention actions and express constraints
that must hold in every possible state. These are our four in-
gredients that we introduce more formally in the sequel.

If we think of a domain description as a software appli-
cation, we can imagine its organization in an object-oriented
view and attempt to have a kind of class diagram for it. This
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is illustrated by Figure 1, where we can see the relationship
among the different types of entities.

A domain description consists of a description of effects
of actions, their non-effects, executabilities, inexecutabilities
and also state constraints that do not depend on any particular
action.

domain description

effects non-effects exec. inexec. state constraints

Figure 1: “Class diagram” of modules in designing domain descrip-
tions. Edges represent has-a relations.

Among the effects of actions, we can distinguish directef-
fectsand indirecteffects(ramifications).

Non-effects of actions are related with the frame prob-
lem [McCarthy and Hayes, 1969], and indirect effects with
the ramification problem [Finger, 1987]. In this work we
abstract from these problems and assume we have a con-
sequence relation powerful enough to derive the intended
conclusions. We suppose given a ‘doped’ consequence re-
lation R, which encapsulates some traditional approach in
the literature (e.g., [Schubert, 1990; Lin, 1995; McCain and
Turner, 1995]), with which all intended frame axioms and in-
direct effects can be derived, and we use it henceforth. As
examples we have

{loadeds)} k loadeddo(walit, s))
(i.e., waiting does not change the status of loaded and

walking(S),
{ walking(s) — alive(s),
—alive(do(shoot s))

Hence shooting has the indirect effect that the victim will no
longer be walking.

We use small letters to denote variables, and capital letters
to denote constant symbols. Free variables are supposed to
be universally quantified.

To sum it up, our main concern here will be with direct
effects (henceforth effects), inexecutabilities, executabilities
and state constraints. We introduce this in what follows.

Effect laws Logical frameworks for reasoning about ac-
tions contain expressions linking actions and their effects. We
suppose that such effects might be conditional, and thus get a
third component of such axioms. An effectlaw for action a is
of the form

Posga,s) = (®(s) — ¥(do(a, s)))

where ®(s) is a simplestateformula aboutsituationss, and
¥ (do(a, s)) is a simplestateformulaaboutsituationdo(a, s).

A simple state formula about a situation term ¢ contains no
Posspredicate and no situation terms other than ¢ [Lin, 1995].

An example of effect law is

Posgshoot s) — (loadeds) — —alive(do(shoot s))),
saying that whenever shootis executable and the gun is
loaded then after shooting the turkey is dead. Another one
is Posgteases) — walking(do(teases)): the result of teas-
ing is that the turkey starts walking.

} ks ~walking(do(shoot Sp))
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Inexecutability laws The design of domain descriptions
must also provide a way to express qualifications of actions,
i.e., conditions under which an action cannot be executed
at all. An inexecutabilitylaw for action a is of the form

®(s) — —Posga, s)

where ®(s) is a simple state formula about s.
For example, ~HasGur{s) — —Posgshoot s) states that
shootcannot be executed if the agent has no gun.

State constraints (aliasdomain constraints) Frameworks
allowing for indirect effects make use of formulas that link
invariant propositions about the world. Such formulas char-
acterize the set of possible states. A stateconstaint is a sim-
ple state formula about the situation term s that is consistent.
An example is walking(s) — alive(s), saying that if a turkey
is walking, then it must be alive [Thielscher, 1995].

Executability laws With only state constraints and effect
laws one cannot guarantee that action shootis executable if
the agent has a gun. An executabilitylaw for action a is of
the form ®(s) — Posqa, s), where ®(s) is a simple state
formula about s. For instance HasGur{s) — Posgshoot s)
says that shooting can be executed whenever the agent has a
gun, and Posgtease s) that the turkey can always be teased.

Whereas all the extant approaches in the literature that al-
low for indirect effects of actions contain state constraints
and effect laws, the status of executability laws is less con-
sensual: some authors [Schubert, 1990; Doherty etal., 1996;
McCain and Turner, 1995; Thielscher, 1995] more or less tac-
itly consider that executability laws should not be made ex-
plicit but rather inferred by the reasoning mechanism. Others
[Lin, 1995; Zhang etal., 2002] have executability laws as first
class objects one can reason about.

We nevertheless would like to point out that maximizing
executability, as usually done in the literature, is not always
intuitive: suppose we know that if we have the ignition key,
the tank is full, ..., and the battery tension is beyond 10V,
then the car (necessarily) will start. Suppose we also know
that if the tension is below 8V, then the car will not start. What
should we conclude in situations where we know that the ten-
sion is 9V? Maximizing executabilities makes us infer that it
will start, but such reasoning is not what we want if we would
like to be sure that all possible executions lead to the goal.

It seems a matter of debate whether one can always do
without executabilities. We think that in several domains one
wants to explicitly state under which conditions a given ac-
tion is guaranteed to be executable, such as that a robot should
never get stuck and should always be able to execute a move
action. In any case, allowing for executability laws gives us
more flexibility and expressive power.

Domain descriptions Given the four types of entities de-
fined above, we arrange them in the following way: for a
given action a, Eff, is the set of its effect laws, Inex, is the
set of its inexecutability laws, and Exe, is the set of its ex-
ecutability laws. Stat denotes the set of all state constraints
of a given domain. Thus, Eff,, Exe, and Inex,, for each
action a, and Stat are the natural modules we consider here
in designing a domain description.
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For parsimony’s sake, we define Eff = |JEff,, Inex =
UInex,, and Exe = | Exe,. We suppose all these sets are
consistent.

A domain description D
(Eff, Inex, Exe, Stat).

Once the information contained in a module is not mixed
with others’, it can be expected that undesirable side effects
due to further modifications are less likely to propagate to
other parts of the domain description. The same thing can be
obtained for the consistency check if beyond of being sepa-
rated the modules are designed in such a way that their inter-
action is minimized. This is what we address in this section.

As we have seen, in software engineering functional inde-
pendence is evaluated by means of two criteria: cohesion, a
criterion for evaluating the relative functional strength of a
module, and coupling, an assessment of relative interdepen-
dence among different modules. Both these notions are quite
informal, even in software engineering, and cannot be mea-
sured in an objective way.

Here we explore these concepts when applied to domain
descriptions and show how the informal requirements of soft-
ware engineering can be turned into tests of consistency of
several different arrangements of modules.

is a tuple of the form

4 Cohesion

Normally cohesion comes with modularization, and its eval-
uation depends mainly on the entities that one takes into ac-
count when describing a domain.

In talking about sets of logical formulas we take cohesion
as how simple or well-defined a logical module is, consider-
ing the different types of formulas that can be derived from it.
We thus refine our first design principle:

P1’. Thelesstypesof lawsa givenmoduleentailsalone the
more cohesivet is.

As an example consider the following module:

—HasGur{s) — —Posgshoot s),
HasGur{s) — Posgshoot s)

From such a set alone one can derive both -HasGur{s) —
—Posgshoot s) and HasGur{s) — Posgshoot s), which are
formulas of two different kinds. In this case we say that such a
set is a lowly cohesive module, for alone it functions to derive
executabilities and inexecutabilities. A better approach would
be to decompose such a module into the following ones:

Inexgoot = {—~HasGur{s) — —Posgshoof s)}

Exegoa = {HasGur{s) — Posgshoot s)}

Total cohesion is not always easy to achieve. Suppose, for
instance, a hypothetical situation in which we reason about
the effects of drinking a cup of coffee:

Posgdrink, s) —

(sugar(s) — happydo(drink, s)),
Posgdrink, s) —

(salt(s) — —happydo(drink; s))

Then, Eff gink entails (sugars)Asalt(s)) — —Posgdrink, s).
This means that from Eff 4k alone we do not get only effect

Eff grink =

KNOWLEDGE REPRESENTATION AND REASONING



laws but also inexecutability laws. Therefore Eff 4ink is not
as cohesive as one might have expected.

One step towards augmenting cohesion of a module of ef-
fect laws can be by completely specifying the preconditions
of effects of actions. For example, the weaker effect laws

Posgdrink, s) —
(sugar(s) A —salt(s)) — happydo(drink, s)),

o
Bt ini = Posgdrink, s) —

(salt(s) A —sugal(s)) — —happydo(drink, s))

guarantee a higher cohesion of module Eff g, in comparison
to that of Eﬁdrink-

By the definition of Stat, it is easy to see that from the
state constraints we can derive formulas of any type, so Stat
is by nature a lowly cohesive module.

We are thus interested in refining even more our principle
of high cohesion P1’ by the following ones:

P1’-1. If Inex R ®(s), then @ | ®(s).

P1’-2. If Inex k ®(s) — Posda,s), then § r ®(s) —
Posga, s).

P1’-3. If Exe R ®(s), then 0 k ®(s).

P1’-4. If Exe k ®(s) — —Posga,s), then § k ®(s) —
—|POS$((],, 8).

P1’-5. If Exe R Posga,s) — (®(s) —» ¥(do(a, s))), then
0 ke Posga, s) = (®(s) = ¥(do(a, s))).

P1’-6. If Eff kv ®(s), then ) kv &(s).

P1’-7. If Eff g ®(s) — Posga,s), then § r ®(s) —
Posga, s).

P1’-8. If Eff p ®(s) — —Posga,s), then § k ®(s) —
—Posga, s).

All these principles say is that a formula of a given type

entailed by a module of a different type must be a theorem of
the logic.

5 Coupling

As we have seen, coupling evaluates how much a module is
tied to or dependent upon other modules. We take as coupling
of two or more sets of different types of action laws how much
interaction among them is needed to derive a formula of a
given type. Interaction here means sharing logical formulas.
Now we refine our second design principle:

P2’. The less new consequencesnvo or several modules

have thelesscoupledthey are.

(The new consequences of modules M; and M, are those
consequences of M; U M that are not consequences neither
of M; nor of M, alone.)

For instance, consider the domain description D:

Posgteases) — walking(do(teases)),
Eff; = { Posgshoot s) — }
(loadeds) — —alive(do(shoot s)))

Inex; = {—alive(s) — —Posgteases)}, Exe; = ()
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Stat, — { walking(s) — alive(s), }

deads) < —alive(s)

Observe that to derive the domain constraint walking(s) —
—deads) one only needs Stat;, i.e., no other module is re-
quired for that. On the other hand, to conclude deads) —
—Posgteases) one needs both Stat; and Inex; .

Totally decoupled descriptions are not common in appli-
cations of real interest. For the example above, it seems to
be impossible to diminish the interaction between Stat, and
Inex; without abandoning the concept of state constraints.

On the other hand, if Exe; in our example contained
Posgteases), things would be different: in this case, with
Inex; one would be able to infer the state constraint alive(s),
but such a law cannot be derived from Stat; alone. A higher
degree of interaction between this set and the others is nec-
essary in order to do that. In such a case one would say that
there is a high coupling among D1 ’s modules.

The principle of minimal coupling P2’ can be refined in
two more specific design principles:

P2’-1. Noimplicit inexecutability laws:
if D k ®(s) - —Posga, s), then
Inex, Stat gk ®(s) — —-Posga, s)

P2’-2. Noimplicit state constraints;
if D ke ®(s), then Stat = ®(s).

P2’-2 is a useful feature of descriptions: beyond being a
reasonable principle of design that helps avoiding mistakes,
it clearly restricts the search space, and thus makes reasoning
easier. To witness, if D satisfies P2’-2, then its consistency
amounts to that of Stat:

Theorem 5.1 If D has no implicit state constraints, then
Dk Liff Stat |= L.

5.1 Noimplicit inexecutability laws
Consider the following domain description D5:

Posgteases) — walking(do(teases)),
Eff; = { Posgshoot s) — }
(loadeds) — —alive(do(shoot s)))

Inexs = Exe; = ), Stat, = {walking(s) — alive(s)}

From Posgteases) — walking(do(teases)) it follows with
Stat, that Posgteases) — alive(do(teases)), i.e., in every
situation, after teasing the turkey is alive:

Eff,, Stat, ¢ Posqteases) — alive(do(teases))

Now as D k —alive(s) — —alive(do(teases)), the sta-
tus of fluent alive is not modified by the tease action,
and we have Eff,, Stat, ke (Posgtease, s) A —alive(s)) —
(alive(do(tease, s)) A—alive(do(tease, s))). From this it fol-
lows D, ke —alive(s) — —Posgteasegs), i.e., the turkey can-
not be teased if it is dead. But Inex,, Stat, p —alive(s) —
—Posgteases), hence Principle P2’-1 is violated. The for-
mula —alive(s) — —Posgteases) is an example of what we
call an implicit inexecutabilitylaw.
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In the literature, such laws are also known as implicit qual-
ifications[Ginsberg and Smith, 1988], and it has been argued
that it is a positive feature of reasoning about actions frame-
works to leave them implicit and provide mechanisms for in-
ferring them [Lin, 1995; Thielscher, 1995]. The other way
round, one might argue as well that implicit qualifications in-
dicate that the domain has not been described in an adequate
manner: inexecutability laws have a form simpler than that of
effect laws, and it might be reasonably expected that it is eas-
ier to exhaustively describe them. (Note that nevertheless this
is not related to the qualification problem, which basically
says that it is difficult to state all the executability laws of a
domain.) Thus, all the inexecutabilities should be explicitly
stated, and this is what Principle P2’-1 says.

5.2 Noimplicit state constraints

Executability laws increase expressive power, but might con-
flict with inexecutability laws. For instance, let D3 be such
that Eff; = Eff5, Inex3 = {—alive(s) — —Posqteases)},
Exe; = {Posqteases)}, and Stat; = Stat,. (Note
that Principle P2’-1 is satisfied.) We have the unintuitive
Inex;, Exe; ke alive(s): the turkey is immortal! This is
an implicit stateconstaint because alive(s) does not follow
from Stats alone: P2’-2 is violated.

The existence of implicit state constraints may thus in-
dicate too strong executability laws: in our example, one
wrongly assumed that teaseis always executable. It may also
indicate that the inexecutability laws are too strong, or that
the state constraints are too weak.

6 Resultsfor a dependence based solution to
the frame problem

Given an axiomatic theory of actions with a solution to the
frame and the ramification problems, we are interested in
knowing whether domain descriptions encoded in it satisfy
or not our set of design principles. Here we chose to use the
modal framework of LAP.., [Castilho et al., 1999], which
has been shown to support Reiter’s solution to the frame prob-
lem [Demolombe et al., 2003] and also proposes an assess-
ment of the ramification problem.

Let trsitcac be a translation of a domain description in
LAP... into the Situation Calculus. Dependences a ~» [
are translated into predicates dep(a, l), meaning that action a
maycausditeral [ to be true. The extension of depis then cir-
cumscribed (cf. Schubert’s explanation closure assumption).
As examples, dep(shoot—-walking) means that shootmay
cause walkingto be false, and the absence of dep (teasealive)
induces the frame axiom —alive(s) — —alive(do(teases)).

Theorem 6.1 If Dz 4p., isadomain descriptionin LAP...,,
then trsitcac (D cap... ) satisfies Principles P1°-1—P1°-7.

Even in LAP..., however, it is possible to derive inexe-
cutabilities from Eff (see the example in Section 4), which
violates Principle P1’-8. Establishing maximal cohesion of
Eff in this case involves weakening of preconditions of ac-
tion effects. Anyway, conceiving an algorithm to accomplish
this task is not difficult (due to space limitations we omit its
presentation here).
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Checking whether a domain description satisfies Princi-
ple P2’-2 can be made with little adaptation of the material
on the subject present in the literature [Zhang et al., 2002;
Lang etal., 2003; Herzig and Varzinczak, 2004]. We do not
deepen into further details here, and just present the main re-
sults that we obtain when considering descriptions that satisfy
the design principles that have been proposed (due to space
limits no proof is given).

Theorem 6.2 Let D be the translation
tion Calculus of a domain description
If D has no implicit state constraints, then
Dk Posga,s) —  (®(s) —  ¥(do(a,s))) iff
Eff,, Inex,, Stat k Posga, s) = (®(s) = ¥(do(a, s))).

This means that under P2’-2 one has modularity inside Eff,
too: when deducing the effects of action a we need not con-
sider the action laws for the other actions. \ersions for exe-
cutability and inexecutability can be stated as well.

into  Situa-
in LAP.,.

Theorem 6.3 There exist descriptions D not satisfying P2’-2
such that D ks Posga,s) — (®(s) — ¥(do(a,s))) and
Eff,,Inex,, Stat i Posga,s) — (®(s) — ¥(do(a, s))).

For example, just take D3 as before:

D; k Posgshoots) — (—alive(s) — alive(do(shoot s))),
however Effsqo1, Inexsgoq, Stats f Posgshoots) —
(—alive(s) — alive(do(shoot s))).

7 Redated work

Pirri and Reiter [1999] have investigated the metatheory of
the Situation Calculus. In a spirit similar to ours, they use
executability laws and effect laws. Contrarily to us, their
executability laws are equivalences and are thus at the same
time inexecutability laws. There are no state constraints, i.e.,
Stat = (. For this setting they give a syntactical con-
dition on effect laws forcing them not to interact with ex-
ecutability laws, which precludes implicit state constraints.
Basically, the condition says that when there are effect laws
Posga,s) — (®(s) — ®(do(a,s))) and Posga,s) —
(®'(s) — ®'(do(a, s))), then ®(s) and &'(s) are inconsis-
tent (which essentially amounts to having in their domain de-
scriptions a kind of “implicit state constraint schema” of the
form —(®(s) A ®'(s))).

This then allows them to show that such descriptions are al-
ways consistent. Moreover they thus simplify the entailment
problem for this calculus, and show for several problems such
as consistency or regression that only some of the modules of
a domain description are necessary.

Amir [2000] focuses on design and maintenance of ac-
tion descriptions applying concepts of the object-oriented
paradigm in the Situation Calculus. In that work, guidelines
for a partitioned representation of a given description are pre-
sented, with which the inference task can also be optimized,
as it is restricted to the part of the domain description that is
really relevant to a given query. This is observed specially
when different agents are involved: the design of an agent’s
description can be done with no regard to others’, and after
the integration of multiple agents, queries about an agent’s
beliefs do not take into account the belief state of other agents.
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In that work, executabilities are as in [Pirri and Reiter,
1999] and the same condition on effect laws is assumed,
which syntactically avoids implicit state constraints.

Despite of using many of the object-oriented paradigm
tools and techniques, no mention is made to the concepts of
cohesion and coupling. In the approach presented in [Amir,
2000], even if modules are highly cohesive, they are not lowly
coupled, due to the dependence between objects in the rea-
soning process defined there. We do not investigate this fur-
ther here, but conjecture that this could be done there by, dur-
ing the reasoning process, avoiding passing to a module a
formula of a type different from those it contains.

The present work generalizes and extends Pirri and Reiter’s
result to the case where Stat # () and both [Pirri and Reiter,
1999; Amir, 2000] where the syntactical restriction on effect
laws is not made. This gives us more expressive power, as we
can reason about inexecutabilities, and a better modularity in
the sense that we do not combine formulas that are conceptu-
ally different (viz. executabilities and inexecutabilities).

8 Conclusion

We have established a link between knowledge engineering
and software engineering showing that many of the concepts
and techniques developed for the latter are useful in the de-
sign and maintenance of domain descriptions. In particular,
with the concepts of cohesion and coupling we get better cri-
teria for domain description evaluation.

Our central hypothesis is that the different types of axioms
should be neatly separated and only interfere in one sense:
state constraints together with action laws may have conse-
quences that do not follow from the action laws alone. The
other way round, action laws should not allow to infer new
state constraints, effect laws should not allow to infer inexe-
cutability laws, etc.

At first glance, because of Stat’s interaction with other
modules, it could be said that domain descriptions described
in our way do not completely minimize coupling. However,
given the intrinsic nature of Stat, observe that we cannot do
otherwise: in the same way it is not possible to write com-
pletely decoupled methods (or the program will not work!),
we cannot have totally decoupled domain descriptions (un-
less, of course, we constrain ourselves to domains without
ramifications like in [Pirri and Reiter, 1999]).

It could be argued that unintuitive consequences in domain
descriptions are mainly due to badly written axioms and not
to the lack of modularity. True enough, but what we have
presented here is the case that making a domain description
modular gives us a tool to detect at least some of such prob-
lems and correct it. (But note that we do not claim to correct
badly written axioms automatically and once for all). Besides
this, having separate entities in the ontology and controlling
their interaction help us to localize where the problems are,
which can be crucial for real world applications.

References

[Amir, 2000] E. Amir. (De)composition of situation calculus
theories. In Proc. AAAI'200Q pages 456463, 2000.

KNOWLEDGE REPRESENTATION AND REASONING

[Castilho etal., 1999] M. A. Castilno, O. Gasquet, and
A. Herzig. Formalizing action and change in modal logic
I: the frame problem. J. of Logic and Computation
9(5):701-735, 1999.

[Demolombe etal., 2003] R. Demolombe, A. Herzig, and
I. Varzinczak. Regression in modal logic. J. of Applied
Non-classical.ogics (JANCL) 13(2):165-185, 2003.

[Doherty etal., 1996] P. Doherty, W. tukaszewicz, and
A. Szalas. Explaining explanation closure. In Proc. Intl.
Sympon Methodolgjiesfor Int. Systems1996.

[Finger, 1987] J. J. Finger. Exploiting constaintsin design
synthesisPhD thesis, Stanford University, 1987.

[Ginsberg and Smith, 1988] M. L. Ginsberg and D. E. Smith.
Reasoning about actions Il: The qualification problem. Ar-
tificial Intelligence 35(3):311-342, 1988.

[Herzig and Varzinczak, 2004] A. Herzig and I. Varzinczak.
Domain descriptions should be modular.  In Proc.
ECAI'04, pages 348-352, 2004.

[Lang etal., 2003] J. Lang, F. Lin, and P Marquis. Causal
theories of action — a computational core. In Proc. 13-
CAI'03, pages 1073-1078, 2003.

[Lin, 1995] F. Lin. Embracing causality in specifying the in-
direct effects of actions. In Proc. IJCAI'95, pages 1985~
1991, 1995.

[McCain and Turner, 1995] N. McCain and H. Turner. A
causal theory of ramifications and qualifications. In Proc.
IJCAI'95, pages 1978-1984, 1995.

[McCarthy and Hayes, 1969] J. McCarthy and P. J. Hayes.
Some philosophical problems from the standpoint of ar-
tificial intelligence. In Machine Intelligence volume 4,
pages 463-502. 1969.

[McCarthy, 1988] J. McCarthy. Mathematicalogic in artifi-
cial intelligence Daedalus, 1988.

[Pirri and Reiter, 1999] F. Pirri and R. Reiter. Some contri-
butions to the metatheory of the situation calculus. Journal
of the ACM, 46(3):325-361, 1999.

[Pressman, 1992] R. S. Pressman. Softwae Engineering:A
Practitioner’s Appoad. McGraw-Hill, 1992.

[Schubert, 1990] L. K. Schubert. Monotonic solution of
the frame problem in the situation calculus: an efficient
method for worlds with fully specified actions. In Knowl-
edge Repesentatiorand DefeasibleReasoningpages 23—
67. Kluwer, 1990.

[Shanahan, 1997] M. Shanahan. Solvingthe frameproblem:
a mathematicalnvestigationof the commonsensdaw of
inertia. MIT Press, Cambridge, MA, 1997.

[Thielscher, 1995] M. Thielscher. Computing ramifications
by postprocessing. In Proc. IJCAI'95, pages 1994-2000,
1995.

[Zhang etal., 2002] D. Zhang, S. Chopra, and N. Y. Foo.
Consistency of action descriptions. In PRICAI'02, Topics
in Artificial Intelligence Springer-Verlag, 2002.

447



A Tableaux Decision Procedurefor SHOZQ

lan Horrocks and Ulrike Sattler
School of Computer Science, University of Manchester, UK
horrocks|sattl er @s. man. ac. uk

Abstract

This paper presents a tableaux decision procedure
for SHOZQ, the DL underlying OWL DL. To the
best of our knowledge, this is the first goal-directed
decision procedure for SHOZ Q.

1 Introduction

Description Logics (DLs) are a family of logic based knowl-
edge representation formalisms. Although they have a range
of applications (e.g., configuration [McGuinness & Wright,
1998], and information integration [Calvanese et al., 1998]),
they are perhaps best known as the basis for widely used on-
tology languages such as OIL, DAML+OIL and OWL [Hor-
rocks et al., 2003], the last of which is now a W3C recom-
mendation [Bechhofer et al., 2004]. Two of the three lan-
guage “species” described in the OWL specification are based
on expressive DLs: OWL Lite is based on SHZF, and OWL
DL is based on SHOIAN. This decision was motivated by
a requirement that key inference problems (such as ontology
consistency) be decidable, and that it should be possible to
provide reasoning services to support ontology design and de-
ployment [Horrocks etal., 2003].

Although the ontology consistency problem for SHOZN
is known to be decidable,! to the best of our knowledge no
“practical” decision procedure is known for it, i.e., no goal
directed procedure that is likely to perform well with realistic
ontology derived problems [Tobies, 2001; Horrocks & Sattler,
2001]. In this paper we present such a decision procedure
for SHOZQ, i.e., SHOIN extended with qualified num-
ber restrictions [Baader & Hollunder, 1991]. The algorithm
extends the well-known tableaux algorithm for SHZQ [Hor-
rocks etal., 1999], which is the basis for several highly suc-
cessful implementations [Horrocks & Patel-Schneider, 1998;
Haarslev & Moller, 2001; Pellet, 2003].

The O in SHOZQ denotes nominals i.e., classes with a
singleton extension. Nominals are a prominent feature of
hybrid logics [Blackburn & Seligman, 1995], and can also

1This is an immediate consequence of a reduction of DLs with
transitive rolesto DLswithout such roles [Tobies, 2001] and the fact
that applying this reduction to SHOZN yields a fragment of the
two variable fragment of first order logic with counting quantifiers
[Pacholski et al., 1997].
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be viewed as a powerful generalisation of ABox individ-
uals [Schaerf, 1994; Horrocks & Sattler, 2001]. They oc-
cur naturally in ontologies, e.g., when describing a class
such as EUCountries by enumerating its members, i.e.,
{Austria, ..., UnitedKingdom} (such an enumeration is
equivalent to a disjunction of nominals). This allows applica-
tions to infer, e.g., that persons who only visit EUCountries
can visit at most 15 countries.

One reason why DLs (and propositional modal and dy-
namic logics) enjoy good computational properties, such as
being robustly decidable, is that they have some form of tree
model property [Vardi, 1997], i.e., if an ontology is consis-
tent, then it has a (form of) tree model. This feature is crucial
in the design of tableaux algorithms, allowing them to search
only for tree like models. More precisely, tableaux algorithms
decide consistency of an ontology by trying to construct an
abstraction of a model for it, a so-called “completion graph”.
For logics with the tree model property, we can restrict our
search/construction to tree-shaped completion graphs.

Tableaux algorithms for expressive DLs employ a cycle de-
tection technique called blodking to ensure termination. This
is of special interest for SHZQ, where the interaction be-
tween inverse roles and number restrictions results in the loss
of the finite model property i.e., there are consistent on-
tologies that only admit infinite models. On such an input,
the SHZ Q tableaux algorithm generates a finite tree-shaped
completion graph that can be unravelled into an infinite
tree model, and where a node in the completion graph may
stand for infinitely many elements of the model. Even when
the language includes nominals, but excludesone of num-
ber restrictions or inverse roles [Horrocks & Sattler, 2001;
Hladik & Model, 2004], or if nominals are restricted to ABox
individuals [Horrocks et al., 2000], we can work on forest-
shaped completion graphs, with each nominal (individual)
being the root of a tree-like section; this causes no inherent
difficulty as the size of the non-tree part of the graph is re-
stricted by the number of individuals/nominals in the input.

The difficulty in extending the SHOQ or SHZQ algo-
rithms to SHOZQ is due to the interaction between nomi-
nals, number restrictions, and inverse roles, which leads to the
almostcomplete loss of the tree model property, and causes
the complexity of the ontology consistency problem to jump
from ExpTime to NExpTime [Tobies, 2000]. To see this, con-
sider an ontology containing the following two axioms that
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use a nominal o to impose an upper bound, say 17, on the
number of instances of the concept F:

T L3R .o, 0oL (K1TR.F)

The first statement requires that, in a model of this ontology,
every element has an incoming R-edge from o; the second
statement restricts the number of R-edges going from o to in-
stances of F' to at most 17. In this case, we might need to
consider arbitrarily complex relational structures amongst in-
stances of F', and thus cannot restrict our attention to com-
pletion trees or forests. Let us assume that our ontology
also forces the existence of an infinite number of instances
of another concept, say IV, which requires the above men-
tioned “block and unravel” technique. The consistency of the
whole ontology then crucially depends on the relations en-
forced between instances of F and IV, and whether the unrav-
elling of the N-part violates atmost number restrictions that
instances of F' must satisfy. Summing up, a tableaux algo-
rithm for SHOZ Q needs to be able to handle both arbitrarily
complex relational structures and finite tree structures repre-
senting infinite trees, and to make sure that all constraints are
satisfied (especially number restrictions on relations between
these two parts), while still guaranteeing termination.

Two key intuitions have allowed us to devise a tableaux
algorithm that meets all of these requirements. The first in-
tuition is that, when extending a SHOZ Q completion graph,
we can distinguish those nodes that may be arbitrarily inter-
connected (so-called nominal node$ from those nodes that
still form a tree structure (so-calledblodkablenodes3. Fixing
a (double exponential) upper bound on the number of nomi-
nal nodes is crucial to proving termination; it is not, however,
enough to guarantee termination, as we may repeatedly create
and merge nominal nodes (a so-called “yo-yo”).

The second intuition is that the yo-yo problem can be
overcome by “guessing” the exact number of new nominal
nodes resulting from interactions between existing nominal
nodes, inverse roles, and number restrictions. This guess-
ing is implemented by a new expansion rule, Ro?, which,
when applied to a relevant (<nR.C') concept, generates (non-
deterministically) between 1 and n new nominal nodes, all of
which are pairwise disjoint. This prevents the repeated yo-yo
construction, and termination is now guaranteed by the upper
bound on the number of nominal nodes and the use of stan-
dard blocking techniques for the blockable nodes. The non-
determinism introduced by this rule could clearly be prob-
lematical for large values of n, but large values in number re-
strictions are already known to be problematical for SHZ Q.
Moreover, the rule has excellent “pay as you go” characteris-
tics: in case number restrictions are functional (i.e., where n
is 1),2 the new rule becomes deterministic; in case there are
no interactions between number restrictions, inverse roles and
nominals, the rule will never be applied; in case there are no
nominals, the new algorithm will behave like the algorithm
for SHZ Q; and in case there are no inverse roles, the new
algorithm will behave like the algorithm for SHO Q.

For more examples and full proofs, we refer the reader to
[Horrocks & Sattler, 2005].

2/ feature of many realistic ontologies; see, e.g., the DAML on-
tology library at ht t p: / / www. dam . or g/ ont ol ogi es/
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2 Prdiminaries

In this section, we introduce the syntax, semantics, and infer-
ence problems of the DL SHOZ Q.

Definition 1 Let R be a set of role nameswith both transitive
and normal role names R, URp = R, where Rp N R = (.
The set of SHOZ Q-roles(or rolesfor short) is R U {R~ |
R € R}. Aroleinclusionaxiomis of the form R C S, for
two roles R and S. A role hierarchy is a finite set of role
inclusion axioms.

AninterpretationZ = (AZ, .7) consists of a non-empty set
A” | the domainof Z, and a function -~ which maps every role
to a subset of A7 x AZ such that, for P c Rand R € R,

(w,y) € PLiff (y,2) € P,
and if (z,y) € R and (y,z) € RZ, then (z,2) € RZ.

An interpretation 7 satisfiesa role hierarchy R if RZ C S7
foreach R C S € R; such an interpretation is called a model
of R.

We introduce some notation to make the following consider-
ations easier.

1. The inverse relation on roles is symmetric, and to avoid
considering roles such as R~—, we define a function Inv
which returns the inverse of arole: for R € R, Inv(R) := R~
and Inv(R™) := R.

2. Since set inclusion is transitive and RZ C S7 implies
Inv(R)Z C Inv(S)Z, for a role hierarchy R, we introduce
[ % as the transitive-reflexive closure of C on RU{Inv(R) C
Inv(S) | RE S € R}. We use R =x S as an abbreviation
forRErSand S ExR.

3. Obviously, a role R is transitive if and only if its inverse
Inv(R) is transitive. However, in cyclic cases such as R =x
S, S is transitive if R or Inv(R) is a transitive role name.
In order to avoid these case distinctions, the function Trans
returns true if R is a transitive role—regardless whether it
is a role name, the inverse of a role name, or equivalent to
a transitive role name (or its inverse): Trans(S,R) := true
if, for some P with P =¢ S, P € R, or Inv(P) € Ry;
Trans(S, R) := false otherwise.

4. Arole R is called simplew.r.t. R if Trans(S,R) = false
forall S = R.

5. In the following, if R is clear from the context, we may
use = and Trans(S) instead of = and Trans(S,R).

Definition 2 Let N¢ be a set of concepinameswith a subset
N; C N¢ of nominals The set of SHOZ Q-concepts(or
conceptdor short) is the smallest set such that

1. every concept name C' € N is a concept,

2. if C and D are concepts and R is a role, then (C' 1 D),
(CU D), (=C), (VR.C), and (3R.C) are also concepts (the
last two are called universal and existential restrictions, resp.),
and

3. if C is a concept, R is a simple role® and n € IN, then
(<nR.C) and (=nR.C') are also concepts (called atmost and
atleast number restrictions).

3Restricting number restrictionsto simplerolesis required in or-
der to yield a decidable logic [Horrocks et al., 1999].
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The interpretation function -2 of an interpretation Z =
(AT, -T) maps, additionally, every concept to a subset of AZ
such that

(cnbDyf=c*tnp*, (CubD)f =cTuD?,
-CT = AT\ CZ, to? = 1forallo € Ny,
R
. ={ze z,~C) =
(<nR.C)T ={xr e AT | ﬁRI(x C) < n}, and
(=nR.0)? = {x e AT | 1R%(2,C) > n},

where #M is the cardinality of a set M and R%(z,C) is de-
finedas {y | (z,y) € R andy € C*}.

For C' and D (possibly complex) concepts, C' C D is called
a generl conceptinclusion(GCl), and a finite set of GCls is
called a TBox

An interpretation 7 satisfiesa GCI C C D if T C D7,
and 7 satisfies a TBox 7 if Z satisfies each GCI in 7; such
an interpretation is called a modelof 7.

A concept C is satisfiablew.r.t. a role hierarchy R anda
TBox 7 if there is a model Z of R and 7 with C% # ().
Such an interpretation is called a modelof C' w.r.t. R and 7.
A concept D subsumeas concept C w.r.t. R and 7 (written
C Cg,7 D) if CT C D7 holds in every model Z of R and
T. Two concepts C, D are equivalentw.r.t. R and 7 (written
C =g 7 D) if they are mutually subsuming w.r.t. R and 7.

As usual, subsumption and satisfiability can be reduced to
each other. Like SHZQ, in SHOZQ, we can reduce rea-
soning w.r.t. TBoxes and role hierarchies to reasoning w.r.t.
role hierarchies only: we can use an “approximation” of a
universal role to internalisea TBox [Horrocks et al., 1999;
Horrocks & Sattler, 2005]. Hence, in the remainder of this
paper, we restrict our attention without loss of generality to
the satisfiability of SHOZ Q concepts w.r.t. a role hierarchy.

Finally, we did not choose to make a uniquenameassump-
tion, i.e., two nominals might refer to the same individual.
However, the inference algorithm presented below can easily
be adapted to the unique name case by a suitable initialisation
of the inequality relation # used in our algorithm.

3 A Tableau for SHOZQ

For ease of presentation, as usual, we assume all concepts
to be in negation normal form (NNF). Each concept can be
transformed into an equivalent one in NNF by pushing nega-
tion inwards, making use of de Morgan’s laws and the duality
between existential and universal restrictions, and between at-
most and atleast number restrictions, [Horrocks etal., 2000].
For a concept C, we use —~C' to denote the NNF of —C', and
we use sub(C') to denote the set of all subconcepts of C (in-
cluding C). As usual, for a concept D and a role hierarchy
R, we define the set of “relevant sub-concepts” cl(D, R) as
follows (we will often use cl(D) instead of cl(D, R)):

c(D,R) := sub(D)U{~C | C €sub(D)} U
{VS.E | {VR.E,~VR.E}Nsub(D) # 0
and S occursin R or D}.

Definition 3 If D is a SHOZ Q-concept in NNF, R a role
hierarchy, and R is the set of roles occurring in D or R,
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together with their inverses, a tableau 7" for D w.r.t. R is
defined to be a triple (S, L, &) such that: S is a set of in-
dividuals, £ : S — 29(P) maps each individual to a set of
concepts which is a subset of cl(D), € : Rp — 25%5 maps
each role in R p to a set of pairs of individuals, and there is
some individual s € S such that D € L(s). Forall s,t € S,
C,C1,Cy €cl(D),R,S € Rp, and

ST(s,C) :={t €S| (s,t) € &(S)and C € L(t)},

it holds that:

(P1) if C € L(s), then =C ¢ L(s),

(P2) if C1 M Cy € L(s), then Cy € L(s) and Cy € L(s),

(P3) ifC1UCy € L(s), then Cy € L(s) or Cy € L(s),

(P4) ifYR.C € L(s) and (s,t) € E(R), then C' € L(¢),

(P5) if AR.C € L(s), then there is some ¢t € S such that
(s,t) € E(R)and C € L(¢),

(P6) ifvS.C € L(s)and (s,t) € E(R) for some R = .S with
Trans(R), then VR.C' € L(t),

(P7) if (>nS.C) € L(s), then §57(s,

(P8) if (<nS.C) € L(s), then #57(s,

(P9) |f( ()gn y C) € L(s)and (s,t) € E(S), then {C,-C} N

£

(P10) if (s,t) € E(R)and R £ .S, then (s, t) € £(S),

(P11) (s,t) € E(R) iff (t,s) € E(Inv(R)), and

(P12) if o € L(s) N L(t) for some o € Ny, then s = ¢.

Lemma4 A SHOZQ-concept D in NNF is satisfiable w.r.t.
arole hierarchy R iff D has a tableau w.r.t. R.

The proof is similar to the one found in [Horrocks et al.,
1999]. Roughly speaking, we construct a model Z from a
tableau by taking S as its interpretation domain and adding
the missing role-successorships for transitive roles. Then,
by induction on the structure of formulae, we prove that, if
C € L(s), then s € CZ. Most cases are straightforward.
As for SHZ Q, (P7) and (P8) together with the fact that only
simple roles occur in number restrictions ensure that this im-
plication holds for number restrictions C, and (P12) ensures
that nominals are indeed interpreted as singletons. For the
converse, we can easily transform any model into a tableau.

4 A tableau algorithm for SHOZQ

From Lemma 4, an algorithm which constructs a tableau for
a SHOZQ-concept D can be used as a decision procedure
for the satisfiability of D with respect to a role hierarchy R.
Such an algorithm will now be described in detail.

Definition 5 Let R be a role hierarchy and D a SHOZ Q-
concept in NNF. A completiongraphfor D with respectto R
isadirected graph G = (V, E, L, #) whereeachnode z € V
is labelled with a set L(z) C cl(D) U N; U {(<mR.C) |
(<nR.C) € cl(D) and m < n} and each edge (x,y) € E'is
labelled with a set of role names L ({z,y)) containing (pos-
sibly inverse) roles occurring in D or R. Additionally, we
keep track of inequalities between nodes of the graph with a
symmetric binary relation # between the nodes of G.

KNOWLEDGE REPRESENTATION AND REASONING



If (z,y) € E, then y is called a successonf = and z
is called a predecessoof y. Ancestoris the transitive clo-
sure of predecessor, and descendanis the transitive closure
of successor. A node y is called an R-successonf a node
x if, for some R’ with R' =R, R’ € L({(z,y)); « is called
an R-predecessoof y if y is an R-successor of z. A node
y is called a neighbour(R-neighbouj of a node « if y is a
successor (R-successor) of x or if x is a successor (Inv(R)-
successor) of y.

For a role S and a node z in G, we define the set of z’s
S-neighbours with C in their label, S (z, C), as follows:

SG(z,C) := {y | y is an S-neighbour of z and C' € L(y)}.

G is said to contain a clashif
1. forsome A € N¢ and node z of G, {A,—A} C L(x),

2. for some node = of G, (<nS.C) € L(x) and there are
n + 1 S-neighbours yo, . . ., y, of z with C € L(y;) for
each0 < i <mnandy; #y; foreach0 <i < j <m,or

3. forsome o € Ny, thereare x # ywitho € L(x)NL(y).

If 01,...,00 are all the nominals occurring in D, then
the tableau algorithm starts with the completion graph G =
({ro,r1-..,7me},0,L,0) with L(ro) = {D} and L(r;) =
{0;} for 1 <1 < ¢. G is then expanded by repeatedly apply-
ing the expansion rules given in Figures 1 and 2, stopping if
a clash occurs.

Next, we define and explain some terms and operations
used in the expansion rules:

Nominal Nodesand Blockable NodesWe distinguish two
types of nodes in G, nhominalnodes and blodkable nodes. A
node x is a nominal node if L (x) contains a nominal. A node
that is not a nominal node is a blockable node. A nominal
o € Ny is said to be new in G if no node in G has o in its
label.

Comment: like ABox individuals [Horrocks et al., 2000],
nominal nodes can be arbitrarily interconnected. In contrast,
blockable nodes are only found in tree-like structures rooted
in nominal nodes (or in rg); a branch of such a tree may end
with an edge leading to a nominal node.

In Ro?, we use new nominals to create new nominal
nodes—intuitively, to fix the identity of certain, constrained
neighbours of nominal nodes. An upper bound on the number
of nominal nodes that can be generated in a given comple-
tion graph will be crucial for termination of the construction,
given that blocking cannot be applied to nominal nodes.
Blocking A node z is label blocked if it has ancestors z’, y
and y’ such that

1. zisasuccessor of 2’ and y is a successor of ¢/,

2. y, « and all nodes on the path from y to z are blockable,

3. L(z) =L(y)and L(z) = L(y'), and

4. L((a",2)) = L({y',y)-
In this case, we say that y blocksz. A node is blodkedif either
it is label blocked or it is blockable and its predecessor is
blocked; if the predecessor of a blockable node z is blocked,
then we say that x is indirectlyblocked
Comment:blocking is defined exactly as for SHZ Q, with
the only difference that, in the presence of nominals, we must
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RM: if 1. C1 N Cy € L(z), z isnot indirectly blocked, and
2. {Cl,CQ} Z L(:C)
thensetL(ac) = L(l’) U {01,02}
RU: if 1. C1 U Cy € L(x), z isnot indirectly blocked, and
2.{C1,C2}NL(z)=10
thenset L(z) = L(z) U {C} for some C € {C1, C>}

R3: if 1. 35.C € L(z), z isnot blocked, and
2. z hasno safe S-neighbour y with C' € L(y),
then create anew node y with £ ((z, y)) = {S}
and L(y) = {C}
RV: if 1. VS.C € L(z), z isnot indirectly blocked, and
2. thereisan S-neighbour y of z with C ¢ L(y)
thenset L(y) = L(y) U{C}

RV4:if 1. VS.C € L(z), z isnot indirectly blocked, and
2. thereis some R with Trans(R) and R £ S,
3. thereisan R-neighbour y of z withVR.C ¢ L(y)
thenset L(y) = L(y) U{VR.C}

R?: if 1. (<nS.C) € L(z), z isnot indirectly blocked, and there
2. isan S-neighbour y of = with {C, -C} N L(y) = 0
thenset L(y) = L(y) U{E} forsomeE € {C,~C}

R>: if 1. (>nS.C) € L(x), = isnot blocked, and
2. thereare not n safe S-neighbours y, . . ., y» of x with
Cel(y)andy; #y;for1<i<j<n
then create n new nodes y1, . . ., yn» With L({z,y;)) = {S},
L(y:)) ={C},andy; #y;forl <i<j<n.

R<: if 1. (<nS.C) € L(z), z isnot indirectly blocked, and
2. 45%(2,C) > n and there are two S-neighbours
z,yof zwithC € L(z) N L(y),andnot x # y
then 1. if z isanominal node, then Merge(y, x)
2. dseif y isanominal node or an ancestor of x,
then Merge(z, y)
3. else Merge(y, =)

Figure 1: The tableaux expansion rules for SHZ Q

take care that none of the nodes between a blocking and a
blocked one is a nominal node.
Generating and Shrinking Rulesand SafeNeighbours
The rules R>, R3, and Ro? are called generting rules
and the rules R< and Ro are called shrinkingrules An R-
neighbour y of a node « is safeif (i) « is blockable or if (ii)
is a nominal node and y is not blocked.
Pruning When a node y is meiged into a node x, we “prune”
the completion graph by removing y and, recursively, all
blockable successors of y. More precisely, pruning a node
y (written Prune(y)) in G = (V, E, L, #) yields a graph that
is obtained from G as follows:
1. for all successors z of y, remove (y, z) from E and, if z
is blockable, Prune(z);
2. remove y from V.
Merging merging a node y into a node x (written
Merge(y,z)) in G = (V, E, L, #) yields a graph that is ob-
tained from G as follows:
1. forall nodes z such that (z,y) € E
(@) if{(z,2), (z,2)}NE = (), thenadd (z, z) to E and
set £((z,2)) = L((z,3)),
(b) if (z,2) € E, then set L((z,z)) = L((z,2)) U
L((z9),
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() if (z,z) € E, then set L((z,z)) = L({(z,2)) U
{Inv(S) | S € L({z,¥))}, and
(d) remove (z,y) from E;
2. for all nominal nodes z such that (y,z) € E
(@) if{(z,2),(z,2)}NE = 0, thenadd (z, z) to E and
set L((z,2)) = L({y, 2)),
(b) if (x,z) € E, then set L((x,z)) = L({z,2)) U
L((y, 2)),
(€) if (z,x) € E, then set L((z,z)) = L((z,z)) U
{Inv(S) | S € L({y, %))}, and
(d) remove (y, z) from E;
3. set L(z) = L(z) U L(y);
4. add z # z forall z such that y # z; and
5. Prune(y).

If y was merged into x, we call x a directheir of y, and we
use being an heir of another node for the transitive closure of
being a “direct heir”.

Comment:merging is a generalisation of what is often done
to satisfy an atmost number restriction for a node « in case
that = has too many neighbours. In SHOZ Q, we might need
to merge nominal nodes that are related in some arbitrary,
non-tree-like way, so we must take care of all incoming and
outgoing edges. The usage of “heir” is quite intuitive since,
after y has been merged into z, = has “inherited” all of y’s
properties, i.e., its label, its inequalities, and its incoming and
outgoing edges (except for any outgoing edges to blockable
nodes, which are removed by Prune).

Level (of Nominal Nodes)Let o1, . .., o, be all the nominals
occurring in the input concept D. We define the level of a
nominal node y inductively as follows: (i) each (hominal)
node = with an o; € L(z), 1 < i < £, is of level 0, and (ii)
a nominal node z is of level 7 if x is not of some level j < i
and x has a neighbour that is of level i — 1.

Comment:if a node with a lower level is merged into an-
other node, the level of the latter node may be reduced, but
it can never be increased because Merge preserves all edges
connecting nominal nodes. The completion graph initially
contains only level 0 nodes.

Strategy (of Rule Application) the expansion rules are ap-
plied according to the following strategy:

1. Ro is applied with highest priority.

2. Next, R< and Ro? are applied, and they are applied first
to nominal nodes with lower levels. In case they are both
applicable to the same node, Ro? is applied first.

3. All other rules are applied with a lower priority.

Comment:this strategy is necessary for termination, and in
particular to fix an upper bound on the number of applications
of Ro?.

We can now finish the description of the tableau algorithm:
A completion graph is completdf it contains a clash, or when
none of the rules is applicable. If the expansion rules can be
applied to D and R in such a way that they yield a complete
and clash-free completion graph, then the algorithm returns
“D is satisfiablew.r.t. R”, and “D is unsatisfiablew.r.t. R”
otherwise.
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Ro: if forsomeo € N; thereare2 nodes z,y with
o€ L(z)NL(y)andnotxz # y

then Merge(z, y)

Ro?: if 1. (<nS.C) € L(z), z isanomina node, and thereis
ablockable S-neighbour y of = such that C' € L(y)
and z is asuccessor of y
2. thereisnom with1 < m < n, (<mS.C) € L(x),
and there are m nominal S-neighbours z1, .. ., z,, of
zwithC € L(z;)andy; #y; foral 1 <i<j<m.
then 1. guessm < nandset L(z) = L(z) U {(<mS.C)}
2. creste m new nodes yi, . . . , Ym With
Lz, yi)) = {5} L(yi) ={C, 0} foro; € Ni
newinG,andy; #y;forl <i<j<m,

Figure 2: The new expansion rules for SHOZ Q

Lemma6 Let D bea SHOZQ conceptin NNFand R arole
hierarchy.
1. When started with D and R, the completion algorithm
terminates.

2. D has a tableau w.r.t. R if and only if the expansion
rules can be applied to D and R such that they yield a
complete and clash-free completion graph.

Proof (sketch): Let m = |cl(D)], k the number of roles and
their inverses in D and R, n the maximal number in atmost
number restrictions, and o4, . . . , o¢ be all nominals occurring
in D, and let \ := 22m+k,

Termination is a consequence of the usual SHZQ condi-
tions (1 — 3 below) with respect to the blockable tree parts
of the graph [Horrocks et al., 1999], plus the fact that there
is a bound on the number of new nominal nodes that can be
added to G by Ro? (4 below): (1) all but the shrinking rules
strictly extend the completion graph by adding new nodes
and edges or extending node labels, while neither removing
nodes, edges, or elements from node labels; (2) new nodes
are only added by the generating rules, and each of these rules
is applied at most once for a given concept in the label of a
given node x or its heirs; (3) the length of a path consisting
entirely of blockable nodes is bounded by A: this is due to the
blocking condition and the fact that, if x is blockable, then
L(x) C (D, R) and thus does not contain nominals; and
(4) at most O(¢(mn)*) nominal nodes are generated.

To see (4), observe that Ro? can only be applied after
a nominal o;, for ¢ < ¢, has been added to the label of a
blockable node « in a branch of one of the blockable “trees”;
otherwise, a blockable node cannot have a nominal node as a
successor. In this case, Ro will immediately merge x with an
existing level 0 node, say r;. As a consequence of this merg-
ing, it is possible that the predecessor of = is merged into a
nominal node n; by R< (due to the pruning part of merging,
this cannot happen to a successor of x). By definition, n; is
of level 0 or 1. Repeating this argument, it is possible that
all ancestors of x are merged into nominal nodes. However,
as the maximum length of a sequence of blockable nodes is
A, blockable ancestors of x can only be merged into nominal
nodes of level below \. Given the preconditions of Ro?, this
implies that we can only apply Ro? to nominal nodes of level
below A. This, together with (2) above and some counting,
yields the bound of O(¢(mn)™).
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The remainder of the proof is very similar to the SHZQ
case. For the second claim in Lemma 6, for the “if” direc-
tion, we can obtain a tableau 7' = (S, L', £) from a complete
and clash-free completion graph G by unravellingblockable
“tree” parts of the graph as usual. For the “only if” direction,
using a tableau 7' = (S, L', &) for D w.rt. R to steer the
non-deterministic rules RU, R?, R<, and Ro?, we can indeed
construct a complete and clash-free graph. a

Since subsumption can be reduced to (un)satisfiability and
SHOIQ can internalise general TBoxes, we have the fol-
lowing result.

Theorem7 The SHOZQ tableau algorithm is a decision
procedure for satisfiability and subsumption of SHOZ Q con-
cepts w.r.t. TBoxes and role hierarchies.

5 Discussion

We have presented what is, to the best of our knowledge, the
first goal-directed decision procedure for SHOZQ (and so
SHOIN). Given that SHOZQ is NExpTime-complete [To-
bies, 2000], it is clear that, in the worst case, any decision
procedure will behave very badly, i.e., not terminate in prac-
tice. However, the algorithm given here is designed to be-
have well in many typically encountered cases, and to exhibit
a “pay as you go” behaviour: if an input TBox, role hier-
archy, and concept do not involve any one of inverse roles,
number restrictions, or nominals, then Ro? will not be ap-
plied, and the corresponding non-deterministic guessing is
avoided. This is even true for inputs that do involve all of
these three constructors, but only in a “harmless” way. Hence,
our SHOZQ algorithm can be implemented to perform
just as well on SHZQ knowledge bases as state-of-the-art
DL reasoners for SHZ Q [Horrocks & Patel-Schneider, 1998;
Haarslev & Moller, 2001; Pellet, 2003]. To find out whether
our algorithm can handle some non-trivial, “true” SHOZQ
inputs, we are currently extending a highly optimised DL
reasoner, FaCT++ [Tsarkov & Horrocks, 2004], to implement
the algorithm described here.
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Abstract allows the interpretation of a language in which a truth as-
signment may map both a letter and its negation to true. Ex-
tending the idea of Levesque’s limited inferenk®ghaerf and
Cadoli, 199% proposesS-3-entailment ands-1-entailment

for approximate reasoning with tractable results. Based on
Schaerf and Cadoli'$-3-entailment[Marquis and Porquet,
2003 presents a framework for reasoning with inconsistency
by introducing a family of resource-bounded paraconsistent
inference relations. Several policies, e.g., the linear order pol-
icy, are proposed Chopraet al, 2004 incorporates the local
change of belief revision and relevance sensitivity by means
of Schaerf and Cadoli’'s approximate reasoning method, and
shows how relevance can be introduced for approximate rea-
1 Introduction soning in belief revision. Both approaches, Marquis’, and
There are two main ways to deal with inconsistency in on-CoPra’s, depend on syntactic selection procedures for ex-
tologies. One is to diagnose and repair it when we en!€nding the approximation set.

counter inconsistenggchlobach and Cornet, 2003\nother Our approach borrows some ideas from Schaerf and
approach is to simply avoid the inconsistency and to applycadoli's approximation approach, Marquis and Porquet's
a non-standard reasoning method to obtain meaningful arharaconsistent reasoning approach, and Chopra, Parikh, and
swers. In this paper, we will focus on the latter, which is\yassermann’s relevance approach. However, our main idea is
more suitable for the setting in the web area. For exampleselativelysimple given a selection function, which can be de-
in a typical Semantic Web setting, one would be importingfined on the syntactic or semantic relevance, we select some
ontologies from other sources, making it impossible to repaigonsistent sub-theory from an inconsistent ontology. Then
them, and the scale of the combined ontologies may be toge apply standard reasoning on the selected sub-theory to
large to make repair effective. _ find meaningful answers. If a satisfying answer cannot be
The classical entailment in logicsegplosive any formula  found, the relevance degree of the selection function is made

is a logical consequence of a contradiction. Therefore, coness restrictive thereby extending the consistent subtheory for
clusions drawn from an inconsistent knowledge base by clasyrther reasoning.

sical inference may be completely meaningless. The general

task of an inconsistency reasoner is: given an inconsistent on- The main contributions of this paper are:(1) a sefooal

tology, returnmeaningfulanswers to queries. definitionsto capture reasoning with inconsistent ontologies;
Reasoning with inconsistency is a well-known topic in log- (2) ageneral frameworKor reasoning with inconsistent on-

ics and Al. Many approaches have been proposed to deal wifielogies based on selection functions, and (3) spnetimi-

inconsistencylBenferhat and Garcia, 2002; Beziau, 2000;hary experimentsvith an implementation of this framework

Lang and Marquis, 2001; Marquis and Porquet, 400rhe  using a rather simple selection function.

development of paraconsistent logics was initiated to chal- This paper is organised as follows: Section 2 overviews in-

lenge the ‘explosive’ problem of the standard logics. Para’consistency in the Semantic Web by examining several typi-

gggg::iﬂ: lt:())l?tlcrfieitzrli?/?a{l 20?2;?2?;‘2':5 dtnfae}rs;? ";'ra_cal examples and scenarios. Section 3 presents the framework
X . X 1any para- reasoning with inconsistent ontologies. Section 4 discusses
consistent logics. Most of them are defined on a semanti

; : ! MChe selection functions Section 5 presents the algorithms of
which allows both a letter and its negation to hold for an in-p, 4\ “setion 6 examines how the syntactic-relevance-based
terpretation. Levesque's limited inferenfleevesque, 1989 selection function can be developed. Section 7 describes a

“The work reported in this paper was partially supported by theprototype of PION and its evaluation. Section 8 discusses
EU-funded SEKT project (IST-506826). further work and concludes the paper.

In this paper we present a framework of reasoning
with inconsistent ontologies, in which pre-defined
selection functions are used to deal with concept
relevance. We examine how the notion of "concept
relevance” can be used for reasoning with inconsis-
tent ontologies. We have implemented a prototype
called PION (Processing Inconsistent ONtologies),
which is based on a syntactic relevance-based se-
lection function. In this paper, we also report the
experiments with PION.
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2 Inconsistency in the Semantic Web ¥ = ¢. There are only two answers to that query: either

Here are several typical scenarios which may cause inconsigl€S (3 = ¢), or ‘no’ (X = ¢). A ‘yes’ answer means
tencies in the Semantic Web. that ¢ is a logical consequence af. A ‘no’ answer, how-

. . ) ever, means thab cannot be deduced from, because we
e Inconsistency Caused by mis-presentation of de-

X . h "~ usually don't adopt the closed world assumption when using
faults. A notorious example is the bird ontology in o gniglogy. Hence, a ‘no’ answer does not imply that the
which penguins are specified as the birds which cannofegation ofs holds given an ontologi. For reasoning with
fly, however, it contradicts the default statement 'birds;,cqngjstent ontologies, it is more suitable to use Belnap’s

are flying animals’. Another typical example is the Mad- ¢ | loaid Bel 197 istinauish the followi
Cows ontology in which MadCow is specified as a Cow fourva ued logidBelnap, 1977 to distinguish the following

X : ; . ur epistemic states of the answers:
which eats brains of sheep, whereas a Cow is conS|dere8 P
as a vegetarian by default. Definition 1

o Inconsistency Caused by Polysempolysemy refersto (&) Over-determinedt & ¢ and i =¢.
the concept of words with multiple meanings. An ex- (0) AcceptedX k= ¢ andX & —¢.
ample of an inconsistent ontology which is caused by(C) Reéjected & ¢ andX k= —¢.
polysemy is the MarriedWoman Examf#aianget al,  (d) Undetermined % ¢ andX j —¢.
2004, in which the concept 'married woman'’ is used  For an inconsistency reasoner it is expected that is able to
to refer both to a woman who has a husband and to @eturn meaningful answers to queries, given an inconsistent
woman whahada husband but may no longer have one.ontology. In the case of a consistent ontoldgy classical

e Inconsistency through Migration from Another For-  reasoning is sound, i.e., a formuladeduced from holds
malism When an ontology specification is migrated in every model ofy. This definition is not preferable for an
from other data sources, inconsistencies may occur. Aiconsistent ontology as every formula follows from it us-
has been found ifSchlobach and Cornet, 2003he  ing classical entailment. However, often only a small part of
DICE terminology (a DL terminology in the Intensive * has been incorrectly constructed or modelled, while the re-
Care domain) suffered from a high number of unsatis-mainder ofy is correct. Therefore, we propose the following
fiable concepts due to its migration from a frame-basedlefinition of soundness.

system. In order to make the semantics as explicit ag)oginition 2 (Soundness)An inconsistency reasone is

tporsl.s'ﬁle’h? very restrlcg\_/e 'gtrgnslanon h.%%gﬁleg Chhosegound if the formulas that follow from an inconsistent the-
0 ighiight as many amoigutties as possi obach — qry 37 follow from a consistent subtheory Bfusing classical

and Cornet, 20(]33h0ws the inconsistent ontology spec- reasoning, namely, the following condition holds:
ification in the Brain Example, in which a brain is con-

sidered to be both a body part and a central nervous sys- YYo= 3 CE)(X ¥ LandY = ¢).
tem, whereas body parts and nervous systems are con-
sidered to be disjoint. In other words, thé~-consequences must be justifiable on

the basis of a consistent subset of the theory. Note however,

e Inconsistency Caused by Multiple Sources When a X , s N
YA S .. that in the previous definition the implication shoulot hold
large ontology specification is generated from multiple, the opposite direction. If the implication would also hold

sources, in particular when these sources are created B ; o ; ;
) the opposite direction it would lead to an inconsistency

several authors, inconsistencies easily occur. There areasoner which returns inconsistent answers. For example
three possibilities for ontology reconciliation: merging, . ' . ; : P
if {a,—a} C X, then the inconsistency reasoner would re-

aligning, or integrating. No matter whether a new on- ; O .
: . . . 1. turn that botha and —a hold given, which is something
tology is generated by merging or integrating multiple would like to prevent. Hence, the inconsistency reasoner

sources, in both cases general consistency objectives al .
rather difficult to achieve. should not return answers that follow froamy consistent

subset ofX, but from specifically choseisubsets of. In

. other words, the selection of specific subsets on whpichill
3 Formal Dgflnltlons o . be based is an integral part of the definition of an inconsis-
We do not restrict ontology specifications to a particular lantency reasoner, and will be discussed in more detail in the
guage (although OWL and its underlying description logicnext section.
are the languages we have in mind). In general, an ontology . .. . . .
language can be considered to be a set that is generated §gf|r!|tlon 3 (Meaningfulness) An answer given by an in-
a set of syntactic rules. Thus, we can consider an ontolog§onsistency reasoner is meaningful iff it is consistent and
specification as a formula set. We use a non-classical entaip®und- Namely, it requires not only the soundness condition,

ment for inconsistency reasoning. In the following, we se  Put also the following condition:

to denote the classical entailment, and gs& denote some S ko= 3 g
non-standard inference relation, which may be parameterized ’
to remove ambiguities. An inconsistency reasoner is said to be meaningful iff all of

With classical reasoning, a quegygiven an ontology> the answers are meaningful.

can be expressed as an evaluation of the consequence relation . . ) ) o
Because of inconsistencies, classical completeness is impos-

http://iwww.daml.org/ontologies/399 sible. We suggest the notion of local completeness:
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Definition 4 (Local Completeness)An inconsistency rea- Y R ¢?

soner is locally complete with respect to a consistent subthe l

ory Y/ iff for any formulag, the following condition holds: et
Yo=Y R T = 5(, ¢,0)

Since the condition can be represented as: l
Yo=Y o, = (3, 6, k)

local completeness can be considered as a complement to t

soundness property. An answer to a qugryn ¥ is said to l

be locally complete with respect to a consistenti3eiff the i( " consistent and 5" 5 3 )

following condition holds:

Y ¢ = SR o
Definition 5 (Maximality) An inconsistency reasoner is
maximal iff there is a maximal consistent subtheory such tha
its consequence set is the same as the consequence set of
inconsistency reasoner:

Undetermined A ted: Rejected: r.—
I SO EDAVE DT AT COE L | S T S

Vo(X | ¢ = T R 9)).
We use the same condition to define the maximality for an
answer, like we do for local completeness.

Definition 6 (Local Soundness)An answer to a query =

¢ is said to be locally sound with respect to a consistent set ] ) ) o
¥/ C ¥, iff the following condition holds: Definition 7 (Selection Functions) A selection function is

amappings : P(L)xLx N — P(L) such thats(X, ¢, k) C

Namely, for any positive answer, it should be implied by thepefinition 8 A selection functiors is called monotonicif
given consistent subtheoky under the standard entailment. the subsets it selects monotonically increase or decrease, i.e.,
Proposition 3.1 s(X,0,k) C s(X, ¢,k + 1), or vice verse.

(a) Local Soundness implies Soundness and Meaningfulnessyr monotonically increasing selection functions, the initial
(b) Maximal completeness implies Local Completeness.  get is either an emptyset, i.e(X, $,0) = 0, or a fixed set
Given a query, there might exist more than one maximal con¥, when the locality is required. For monotonically decreas-
sistent subset and more than one locally-complete consisteiitg selection functions, usually the initial s&f:, ¢,0) = X.
subset. Such different maximally consistent subsets may givéhe decreasing selection functions will reduce some formulas
differentj~-consequences for a given queryTherefore, ar-  from the inconsistent set step by step until they find a maxi-
bitrary (maximal) consistent subsets may not be very usefumally consistent set.

for the evaluation of a query by some inconsistency reasoner. Monotonically increasing selection functions have the ad-
The consistent subsets should be chosen on structural or seantage that they do not have to retathsubsets for consid-
mantic grounds indicating the relevance of the chosen subsetation at the same time. If a quelyr ¢ can be answered

Figure 1: Linear Extension Strategy.

with respect to some query. after considering some consistent subset of the ontology
for some value of;, then other subsets (for higher values of
4 Selection Functions k) don't have to be considered any more, because they will

. . . . not change the answer of the inconsistency reasoner.
An inconsistency reasoner uses a selection function to de-

termine which consistent subsets of an inconsistent ontolog .

should be considered in its reasoning process. The generdl Strategies

framework is independent of the particular choice of selecAn inconsistency reasoner that uses a monotonically increas-

tion function. The selection function can either be based orng/decreasing selection function will be called an inconsis-

a syntactic approach, like Chopra, Parikh, and Wassermanntency reasoner that usedirrear extension strateggnd alin-

syntactic relevanceChopraet al., 2004, or based on seman- ear reduction strategyespectively.

tic relevance like for example in computational linguistics as A linear extension strategy is carried out as shown in Fig-

in Wordnet[Budanitsky and Hirst, 2041 ure 1. Given a query¥. k ¢, the initial consistent subs&Y
Given an ontology (i.e., a formula sef) and a queryy, is set. Then the selection function is called to return a consis-

a selection functiors is one which returns a subset Bfat  tent subseE”, which extends’, i.e., X’ ¢ ¥ C ¥ for the

the stepk > 0. Let L be the ontology language, which is linear extension strategy. If the selection function cannot find

denoted as a formula set. We have the general definition aboatconsistent superset Bf, the inconsistency reasoner returns

selection functions as follows: the answer ‘undetermined’ (i.e., unknown) to the query. If the
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set¥” exists, a classical reasoner is used to che@K'if= ¢ 6 Syntactic Relevance-based Selection
holds. If the answer is ‘yes’, the inconsistency reasoner re-  Fynctions

turns the 'accepted’ answét k= ¢. If the answer is ‘no’,
the inconsistency reasoner further checks the negation of t
query¥”’ = —¢. If the answer is ‘yes’, the inconsistency
reasoner returns the 'rejected’ answep: —¢, otherwise the
current result is undetermined (def.1), and the whole proce
is repeated by calling the selection function for the next con
sistent subset df which extend<:”.

hopraet al., 2004 proposes syntactic relevance to measure
the relationship between two formulas in belief sets, so that
the relevance can be used to guide the belief revision based

Schaerf and Cadoli’s method of approximate reasoning.
Given a formula set, two atomsp, g are directly relevant,
denoted byR(p, ¢, X) iff there is a formulane € ¥ such that

q appear in. A pair of atomsp andq arek-relevant with

Itis clear that the linear extension strategy may resultintO(féSpect to iff there existpi, ps, . .., pr € L such that: (a)
many unqletermlned answers to queries Wher_1 the .selectlopdo1 are directly relevant; (bp;, piy1 are directly relevant,
function picks the wrong sequence of monotonically increas; 'y~ 1. _ |- and (©)px, q are directly relevant (i.e., di-

ing subsets. It would therefore be useful to measure the S“‘Féctly7relevant ig-relevant fork = 0).
cesfulness of (Iinea_r) extension strategies. N(_)tice, tha_t this THe notions of relevance above are based on propositional
depends on the choice of the monotonic selection function. logics. However, ontology languages are usually written in
In general, one should use an extension strategy that is ngbme fragment of first order logic. We extend the ideas of rel-
over-determined and not undetermined. For the linear exterevance to those first-order logic-based languages by restrict-
sion strategy, we can prove that the following properties holding relevance to the co-occurrence of only the predicate let-
ters or constant symbols. The following definition specialises
Proposition 5.1 (Linear Extension) An inconsistency rea- the general definition of relevance for the case wheie a
soner using a linear extension strategy satisfies the followindormula in an ontology.

properties: Given a formulap, we usel (¢), C(¢), R(¢) to denote the
(a) never over-determined, sets of individual names, concept names, and relation names
(b) may be undetermined, that appear in the formularespectively.

(c) always sound, Definition 9 (Direct relevance) Two formula ¢, are di-
(d) a:ways ImealrlunngL ot rectly relevant iff there is a common name which appears both
gg)ma;"/ar)]’st ggamlggi%rgil) ete, in formulag and formulay, i.e.,I(¢) N 1(v) # @V C(¢) N

y ; C(Y) #92V R(¢) NR()) # 2.

(g) always locally sound. o i )
Definition 10 (Direct relevance to a set)A formula¢ is rel-
Therefore, an inconsistency reasoner using a linear extergvant to a formula set iff there exists a formula € X such
sion strategy is useful to create meaningful and sound arthat¢ and+ are directly relevant.

swers to queries. It is always locally sound and locally\ye can similarly specialise the notion of k-relevance.
complete with respect to a consistent 3t if the selec- Definition 11 (k-rel T ¢ | , K
tion function always starts with the consistent &t (i.e., efinition 11 (k-relevance) Two formulas ¢, ¢" are k-
s(%, ,0) = o). Unfortunately it may not be maximal. relevant with respect to a formula s&t iff there exist for-

. . . mulasty, ..., € X such thaty and g, g and iy, ...,

We call this strategy dinear one, because the selection 44 Wy, and¢’ are directly relevant.

function only follows one possible ‘extension chain’ for cre- o )
ating consistent subsets. The advantages of the linear strateB\gfinition 12 (k-relevance to a set)A formula ¢ is k-
is that the reasoner can always focus on the current workingglevant to a formula seX iff there exists a formula> € ¥
sety’. The reasoner doesn't need to keep track of the extersuch thatp andq) are k-relevant with respect tB.
sion chain. The disadvantage of the linear strategy is that ifn inconsistency reasoning we can use syntactic relevance to
may lead to an inconsistency reasoner that is undeterminegefine a selection functionto extend the query R $? as
There exists other strategies which can improve the linear eXollows: We start with the query formulaas a starting point
tension approach, for example, by backtracking and heuristic®r the selection based on syntactic relevance. Namely, we
evaluation. We are going to discuss a backtracking strategy igefine:
Section 6. The second reason why we call the strategy linear 5(%,¢,0) = 2.
is that the computational complexity of the strategy is Iinear.l.hen the selection function selects the formutas 3 which
with respect to the complexity of the ontology reasoning. Let

o are directly relevant tg as a working set (i.ek = 1) to see
?tzybgftr';eé::gﬂmallt)}@\ ofan ontology: and let the complex- \ ather or not they are sufficient to give an answer to the

query. Namely, we define:

Proposition 5.2 (Complexity of Linear Extension) The s(2,¢,1) = {¢ € ¥ | ¢ andy are directly relevarjt

complexity ofx in the linear extension strategyis- £. If the reasoning process can obtain an answer to the query,
In other words, the linear extension strategy does not si nifii-t stops. Otherwise the selection function increases the rel-
cantly increase the complexity of the ontol%y Ireasoningg besvance degree by 1, thereby adding more formulas that are
cause typicallyF is alreadyPSPACE-completéor standard relevantto the current working set. Namely, we have:

concept languagd®onini, 2003. s(X, ¢, k) = {v € X| ¢ is directly relevant ta(X, ¢, k—1)},
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for k > 1. This leads to a "fan out” behavior of the selection 2. We compare PION'’s answers with their intuitive answers
function: the first selection is the set of all formulae that arewhich is supposed by a human to see to what extend PION
directly relevant to the query; then all formulae are selectedan provide intended answers.

that are directly relevant to that set, etc. This intuition is for- For a query, there might exist the following difference be-

malized in the following: tween an answer by PION and its intuitive answer.

Proposition 6.1 The syntactic relevance-based selection e Intended Answer. PION’s answer is the same as the

functions is monotonically increasing. intuitive answer;

Proposition 6.2 If £ > 1, then e Counter-intuitive Answer: PION’s answer is opposite
s(3, 6, k) = {d]o is (k-1)-relevant to} to the intuitive answer. Namely, the intuitive answer is

'accepted’ whereas PION'’s answer is 'rejected’, or vice
The syntactic relevance-based selection functions defined versa.
above usually grows up to an inconsistent set rapidly. That , 4 tious Answer The intuitive answer is 'accepted’ or
may lead to too many undetermined answers. In order to im- rejected’, but PION's answer is 'undetermined’.
prove it, we can require that the selection function returns a )
consistent subsét” at the stef: whens(X, ¢, k) is inconsis- o Reckless Answer PION’s answer is "accepted’ or 're-
tent such that(, ¢, k—1) € X7 C (2, ¢, k). Itis actually jected’ V\_/hereas the intuitive answer is ’undetermlne_d’.
a kind of backtracking strategies which are used to reduce the ~ We call it a reckless answer, because under this situa-
number of undetermined answers to improve the linear exten-  tion PION returns just one of the possible answers with-
sion strategy. We call the procedure@rer-determined pro- out seeking other possibly opposite answers, which may
cessingODP) of the selection function. Note that the over-  |ead to 'undetermined'.
determined processing need no to exhaust the powerset of ti®r each concept in those ontologies, we create an instance
sets(X, ¢, k)—s(X, ¢, k—1), because of the fact that if a con- *the_C" on them. We make both a positive instance query and
sistent setS' cannot prove or disprove a query, then nor cana negative instance query of the instance “@fiefor some
any subset ofS. Therefore, one approach of ODP is to re- concepts’” in the ontologies, like a query ’is thé' a C'?".
turn just a maximally consistent subset. bdte|| andk be  PION test results are shown in Figure 2. Of the four test ex-
n — |9], i.e., the cardinality difference between the ontologyamples, PION can return at least 85.7% intended answers. Of
¥ and its maximal consistent subse{note thatk is usually  the 396 queries, PION returns 24 cautious answers or reck-
very small), and leC' be the complexity of the consistency less answers, and 2 counter-intuitive answers. However, we
checking. The complexity of the over-determined processingvould like to point out that the high rate of the intended
is polynomial to the complexity of the consistency checking: answers includes many 'undetermined’ answers. One inter-
Proposition 6.3 (Complexity of ODP) The complexity of esting (and we believe realistic) property of the Mad Cows
the over-determined processingis - C. Ontology is that many concepts which are intuitively disjoint
e(_such as cows and sheep) are not actually declared as being
disjoint (keep in mind that OWL has an open world seman-
tics, and does not make the uniqgue name assumption). As a
result, many queries such as "is thew a sheep” are indeed
undetermined on the basis of the ontology, and PION cor-
rectly reports them as undetermined. The average time cost
7 Prototype of PION of the tested queries is about 5 seconds even on a low-end PC
7.1 Implementation (with 550 mhz CPU, 256 MB memory under Windows 2000).

We are implementing the prototype of PION by using SWI- The counter-intuitive results occurs in the MadCows Ex-
Prolog? PION implements an inconsistency reasoner base@mple. PION returns the ;z%ccepyed’ answer to the query 'is
on an linear extension strategy and the syntactic relevancél&madcow a vegetarian?’. This counter-intuitive answer
based selection function as discussed in Sections 5 and Egsults from the weakness of the syntactic relevance-based se-
The selection function returns the first maximal consistent€ction function, because it always prefers a shorter relevance
subset for its over-determined processing. PION is poweref2th whena conflict occurs. In the mad cow example, the path
by XDIG, an extended DIG Description Logic interface for mad cow - cow - vegetarian® is shorter than the path ‘'mad
Prolog[Huang and Visser, 2004 PION supports the TELL COW - eat brain - eat bodypart - sheep are animals - eat animal
requests in DIG data format and in OWL, and the ASK re-- NOT vegetarian’. Therefore, the syntactic relevance-based
quests in DIG data format. A prototype of PION is available Selection function finds a consistent sub-theory by simply ig-

for download at the website: http://wasp.cs.vu.nl/sekt/pion. noring the fact 'sheep are animals’. The problem results from
the unbalanced specification between Cow and MadCow, in

7.2 Experiments and Evaluation which Cow is directly specified as a vegetarian whereas there
We have tested the prototype of PION by applying it on sev{S N0 direct statement 'a MadCow is not a vegetarian’.
eral example ontologies. These example ontologies are the There are severa! alter_natlve approaches_to solve; this kind
bird example, the brain example, the MarriedWoman exam®f pProblems. One is to introduce the locality requirement.

ple, and the MadCow Ontolog, which are discussed in Sectiohlamely, the selection function starts with a certain sub-theory
o ’ which must always be selected. For example, the statement

2http://www.swi-prolog.org 'sheep are animals’ can be considered to be a knowledge

Note that ODP introduces a degree of non-determinism: s
lecting different maximal consistent subsets %, ¢, k)
may yield different answers to the quety= ¢. The simplest
example of this i€ = {¢, ~¢}.
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Example Queries| IA | CA | RA | CIA | IA Rate(%) | ICR Rate(%)
Bird 50 50| 0O 0 0 100 100
Brain 42 36 | 4 2 0 85.7 100
MarriedWoman 50 48 0 2 0 96 100
MadCow 254 [236] 16| O 2 92.9 99

IA = Intended Answers, CA = Cautious Answers, RA = Reckless Answers, CIA = Counter-Intuitive Answers, |A Rate =
Intended Answer$q), ICR Rate = IA+CA+RA).

Figure 2: PION Test Results

statement which cannot be ignored. Another approach is tEBenferhat and Garcia, 20p5. Benferhat and L. Garcia.
add a shortcut path, like the path 'mad cow - eat animal - Handling locally stratified inconsistent knowledge bases.
NOT vegetarian’ to achieve the relevance balance between Studia Logicapages 77-104, 2002.

the concepts 'vegetarian’ and "NOT vegetarian’, as shown inge,iay 200D J.-Y. Beziau. What is paraconsistent logic. In
the second mad cow example of PION testbed. The latter ap- rroniiers of paraconsistent logipages 95-111, Baldock,
proach can_be achieved automatically by apcommodaﬂon of 5000. Research Studies Press.

the semantic relevance from the user queries. The hypothe- ] ) ) )

sis is that both concepts appear in a query more frequentliBUda”'tSky and Hirst, 20Q1A. Budanitsky and G. Hirst.
when they are semantically more relevant. Therefore, froma Semantic distance in wordnet: ~An experimental,
semantic point of view, we can add a relevance shortcut path application-oriented evaluation of five measures. In

between strongly relevant concepts. Workshop on WordNet and Other Lexical Resources
Pittsburgh, PA., 2001.
8 Discussion and Conclusions [Chopraet al, 2004 S. Chopra, R. Parikh, and R. Wasser-

In this paper, we have presented a framework for reasoning Mann. Approximate belief revision- prelimininary report.
with inconsistent ontologies. We have introduced the for- Journal of IGPL 2000.

mal definitions of the selection functions, and investigated Donini, 2003 F. Donini. Complexity of reasoning. IBe-
the strategies of inconsistency reasoning processing based onscription Logic Handbookpages 96—136, 2003.

alinear extension strategy. rLHuang and Visser, 2004Z. Huang and C. Visser. Ex-

One of the novelties of our approach is that the selectio o .
: P . = tended DIG Description Logic Interface Support for Pro-
functions depend on individual queries. Our approach dif log. SEKT Deliverable D3.4.1.2, 2004,

fers from the traditional one in paraconsistent reasoning, non-
monotonic reasoning, and belief revision, in which a pre-[Huanget al, 2004 Z. Huang, F. van Harmelen, A. ten
defined preference ordering for all of the queries is required. Teije, P. Groot, and C. VisseReasoning with Inconsistent
This makes our approach more flexible, and less inefficient Ontologies: framework and prototyp&EKT Deliverable
to obtain intended results. The selection functions can be D3.4.1,2004.

viewed as ones creating query-specific preference ordering’jLang and Marquis, 2031J. Lang and P. Marquis. Remov-
We have implemented and presented a prototype of PION. jg inconsistencies in assumption-based theories through

In this paper we have provided the evaluation report of the knowledge-gathering actionsStudia Logica pages 179—
prototype by applying it to the several inconsistent ontology 214, 2001.

examples. The tests show that our approach can obtain in-
xamp W ur app I ITLevesque, 1949H. Levesque. A knowledge-level account

tuitive results in most cases for reasoning with inconsisten ; ; )
ontologies. Considering the fact that standard reasoners al- ggggd‘ljgggn' InProceedings of IJCAI'89pages 1061~

ways results in either meaningless answers or incoherence er-
rors for queries on inconsistent ontologies, we can claim thaltMarquis and Porquet, 2003. Marquis and N. Porquet.
PION can do much better, because it can provide a lot of in- Resource-bounded paraconsistent inferendnnals of
tuitive, thus meaningful answers. This is a surprising result Mathematics and Atrtificial Intelligencepages 349-384,
given the simplicity of our selection function. 2003.

In future work, we are going to test PION with more large- [Schaerf and Cadoli, 1995M. Schaerf and M. Cadoli.

scale ontology examples. We are also going 1o investigate tracraple reasoning via approximatiodtificial Intelli-
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relevance based) and different extension strategies as alter-
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Abstract

We use a transition system approach to reason
about the evolution of an agent’s beliefs as ac-
tions are executed. Some actions cause an agent
to perform belief revision and some actions cause
an agent to perform belief update, but the inter-
action between revision and update can be non-
elementary. We present a set of basic postulates
describing the interaction of revision and update,
and we introduce a new belief evolution operator
that gives a plausible interpretation to alternating
sequences of revisions and updates.

1 Introduction

Formalisms for reasoning about action effects typically focus
on the representation of actions that change the state of the
world. However, several formalisms have been introduced
for reasoning about actions that change the beliefs of an agent
without altering the state of the world [Shapiro et al., 2000;
van Ditmarsch, 2002; Herzig er al., 2004]. In order to rea-
son about multiple actions in this context, it is necessary to
consider sequences of alternating belief revisions and belief
updates. However, to date there has been little explicit dis-
cussion about the formal properties of such sequences.

This paper makes two contributions to the existing work
on epistemic action effects. The first contribution is the de-
velopment of a transition system framework suitable for rea-
soning about belief change. The new framework provides a
simple tool for reasoning about revision and update in a single
formalism, and it facilitates the treatment of conditional up-
dates. The second contribution is the presentation of a princi-
pled approach to the interaction between revision and update.
There are plausible examples in which agents appear to revise
a prior belief state in response to a new observation; such ex-
amples are difficult to represent in existing formalisms.

2 Background and Motivation
2.1 Belief Change

We distinguish two kinds of belief change. Belief revision
occurs when an agent receives new information about a static
world. The original approach to belief revision is the AGM
approach [Alchourron ef al., 1985]. Due to limitations on
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space, we do not review the approach here; instead, we simply
assume that the reader is familiar with the AGM postulates.
Belief update, on the other hand, is the process in which the
beliefs of an agent are modified in response to a world that
has changed. One standard approach to belief update is the
Katsuno and Mendelzon approach, which follows the AGM
tradition by introducing a set of rationality postulates for be-
lief update [Katsuno and Mendelzon, 1992].

2.2 Reasoning about Action

We introduce some standard terminology for describing tran-
sition systems [Gelfond and Lifschitz, 1998]. An action sig-
nature is a pair (F, A} of non-empty sets, respectively called
the set of fluent symbols and the set of action symbols. Infor-
mally, fluent symbols are propositional variables representing
properties of the world that may change over time and action
symbols are atomic symbols representing deterministic ac-
tions that may be performed. A sfate is an interpretation over
F, and a transition system is a directed graph where each node
is labeled by a state and each edge is labeled by a set of ac-
tion symbols. The edges in a transition system indicate how
the fluents change values in response to the execution of in-
dividual actions. We use the capital letter A, possibly with
subscripts, to range over actions. The notation A will be used
to denote a finite sequence of actions of indeterminate length.

A belief state is a set of states. We can think of a belief
state as expressing a proposition. Informally, a belief state is
the set of states that an agent considers possible. In this paper,
we use lower case Greek letters to denote belief states. We are
interested in belief change resulting from two distinct kinds of
actions: ontic actions and epistemic actions. Ontic actions are
actions that change the state of the world, whereas epistemic
actions change the beliefs of an agent without altering the
state of the world. Informally, after executing an ontic action,
an agent should update the current belief state on a point-wise
basis. On the other hand, if an agent executes an epistemic
action, then the current belief state should be revised.

2.3 The Basic Problem

As noted above, belief update occurs when an ontic action
is performed. Hence, we define belief update operators that
take two arguments: a belief state and an ontic action. Epis-
temic actions are identified with observations, which are sim-
ply sets of interpretations. As a result, revision operators also
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take two arguments, each of which is a set of interpretations.
Informally, the observation « provides evidence that the ac-
tual world is in «. Let ¢ be an update operator and let * be
a revision operator. We are interested in giving a reasonable
interpretation to sequences of the form

KOAi xap o0 A, *xay,.

There are intuitively plausible examples in which applying
the operators iteratively results in an unsatisfactory result. In
the next section, we introduce one such example.

2.4 Illustrative Example

We extend the litmus paper problem originally presented in
[Moore, 1985]. In the original problem, there is a beaker con-
taining either an acid or a base, and there is an agent holding a
piece of litmus paper that can be dipped into the beaker to de-
termine the contents. The litmus paper turns red if it is placed
in an acid and it turns blue if it is placed in a base. We extend
the problem by admitting the possibility that the paper is not
litmus paper, instead it is just plain white paper.

Boutilier points out that the standard approach to belief
change provides an unintuitive representation of this prob-
lem [Boutilier, 1995]. One issue is that the standard approach
does not allow conditional action effects; an agent simply up-
dates the initial belief state by the new color of the litmus
paper. Intuitively, this seems incorrect because there are ac-
tually two independent belief changes that occur. First, the
agent dips the paper in the beaker and projects each possi-
ble world to the outcome of the dipping action. Second, the
agent looks at the paper and observes the new color. Hence,
the problem involves an update followed by a revision.

Even if the belief change is broken into two steps, the stan-
dard approach is limited in that an agent can only revise the
current belief state. Suppose that an agent initially believes
that the paper is litmus paper, but then it remains white after
dipping it in the beaker. In this case, the agent should con-
clude that the paper was never litmus paper to begin with.
This indicates that it is sometimes necessary for agents to re-
vise prior belief states in the face of new knowledge.

We will return to this example periodically as we introduce
formal machinery that provides a more natural representation.

3 A Transition System Approach

3.1 Metric Transition Systems

Standard transition systems do not provide a useful basis for
performing belief revision, because belief revision generally
requires some notion of plausibility among states or formulas.
In order to define a revision operator, we introduce a distance
function between states. A metric over 2 is a function d that
maps each pair of states to a non-negative real number, and
satisfies the following conditions:

1. d(wl,wg) =0 1ffw1 = W2
2. d(wl,wg) = d(wg,wl)
3. d(wl,wg) + d(’wg, w3) > d(wl,wg).

We will generally be concerned with metrics that return only
integral distances, so from here on we will use the term metric
to refer to integer-valued metrics.
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Definition 1 A metric transition system is a triple (S, R, d)
where

1. S C2F
22 RCSxAxS
3. dis a metricon S

Informally, if w; is close to ws, then an agent considers w1
to be a plausible alternative to ws.

3.2 Belief Update

In this section, we define belief update with respect to a tran-
sition system. Recall that we update a belief state by an action
with effects given by a transition system. This contrasts with
the standard approach, in which a belief state is updated by a
formula. The advantage of our approach is that it facilitates
the representation of actions with conditional effects.

Intuitively, after executing an action A, an agent updates
the belief state by projecting every state s to the state s’ that
would result if they executed A in s.

Definition 2 Let T = (S, R, d) be a metric transition system.
The update function o : 25 x A — 2% is defined as follows

aocA={f](e A, [f) € Rforsomee € a}.

Note that the distance function d does not play any role in
belief update.

We briefly illustrate that transition systems can be used to
define a standard update operator in which a belief state is
updated by a formula rather than an action. Given F, let A
be the set of action symbols of the form Ay, where ¢ is a
conjunction of literals over F. Define T to be the transi-
tion system with S = 2F and RsA4s’ just in case s’ = ¢
and s’ agrees with s on every atom that does not occur in ¢.
Informally, the action A4 corresponds to an update by ¢.

Proposition 1 The update operator obtained from Ty satis-
fies the Katsuno and Mendelzon postulates.

3.3 Belief Revision

With each metric transition system 7°, we associate a revi-
sion function. The revision function associated with 1" is
the distance-based revision function defined in [Delgrande,
2004]. We choose this approach because it requires the in-
troduction of relatively little formal machinery and, provided
that d satisfies some natural conditions, this revision operator
satisfies the AGM postulates.

Definition 3 Let T = (S, R, d) be a metric transition system.
The revision function  : 25 x 25 — 25 is defined as follows
kxa={wea | Ju €k,Vvg € a,Vu3 € K,

d(w,v1) < d(ve,v3)}.

Hence, if an agent is in belief state «, then x * « is the set of
all worlds that are minimally distant from some world in k.
3.4 Litmus Paper Revisited

We revisit the litmus paper problem in the context of metric
transition systems. The problem can be represented with the
following action signature:

({Red, Blue, Acid, Litmus}, {dip}).
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{Litmus} {Litmus, Acid}
dip dip

{Litmus, Blue} {Litmus, Red, Acid}

{Acid}

{Acid}

Figure 1: Extended Litmus Paper Problem

Intuitively, Red is true if the paper is red, Blue is true if the
paper is blue, Acid is true if the beaker contains an acid, and
Litmus is true if the paper is litmus paper. The effects of
dipping are given by the transition system in Figure 1. We
can extend this to a metric transition system by defining d to
be the Hamming distance between states. Note also that we
assume all actions are executable in all states, but self-loops
are omitted from Figure 1 for ease of readability.

Recall that we are interested in an agent that initially be-
lieves they are holding a piece of white litmus paper. Hence,
the initial belief state E is

E = {{Litmus}, { Litmus, Acid} }.
After dipping the paper, we update the belief state:
E o dip = {{ Litmus, Blue}, { Litmus, Red, Acid}}.

At this point, the agent observes that the paper is neither blue
nor red. This observation is represented by the following set:

O = {0, {Litmus}, { Acid}, { Litmus, Acid}}.
The naive suggestion is to simply revise £ ¢ dip by O, giving
E' = {{Litmus}, { Litmus, Acid}}.

However, this is not a plausible final belief state. Given the
transition system in Figure 1, it is clear that white litmus pa-
per can not remain white after a dipping action. Hence, suc-
cessively applying the update and revision operators obtained
from the transition system does not yield a plausible result.

4 Rationality Postulates

In this section, we give a set of rationality postulates spec-
ifying some natural properties that we expect to hold when
an update is followed by a revision. The postulates are not
overly restrictive and they do not provide a basis for a cate-
gorical semantics; they simply provide a point for discussion
and comparison. Our underlying intuition is that the most re-
cent observation should always be incorporated, provided that
it is consistent with the history of actions that have been ex-
ecuted. Hence, the postulates are only appropriate for action
domains in which there are no failed actions.

Assume a fixed propositional signature F'. Let ~ and «
be sets of worlds, and let A be a sequence of actions. We
adopt the shorthand notation ~ ¢ A as an abbreviation for the
sequential update of x by each element of A. The following
postulates describe some basic properties of the interaction
between an update operator ¢ and a revision operator .
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IE(2F 0 A)Na# 0, then (ko A)xa C «

2P o A)Na=0,then (ko A)xa=roA
(ko A)Na C (ko A) xa

(ko A)Na# 0, then (ko A)xa C (ko A)Na
5. (koA)xaC2Fc A

We give some intuitive motivation for each postulate.

Postulate 1 is a straightforward AGM-type assertion that
o must hold after revising by «, provided « is possible af-
ter executing A. Postulate 2 handles the situation where it
is impossible to be in an a-world after executing A. In this
case, we simply discard the observation a.. These postulates
together formalize the underlying assumption that there are
no failed actions.

Taken together, Postulates 3 and 4 assert that revising by
a is equivalent to taking the intersection with «, provided
the intersection is non-empty. These postulates are similar
to the AGM postulates asserting that revisions correspond to
expansions, provided the observation is consistent with the
knowledge base.

Postulate 5 provides the justification for revising prior be-
lief states in the face of new knowledge. The postulate asserts
that, after revising by «, we must still have a belief state that
is a possible consequence of executing A. In some cases, the
only way to assure that « holds after executing A is to modify
the initial belief state. We remark that the postulates do not
indicate how the initial belief state should be modified.

5 Belief Evolution

5.1 Representing Histories

Transition systems are only suitable for representing Marko-
vian action effects; that is, effects that are determined entirely
by the current state and the action executed. However, exam-
ples like the litmus paper problem indicate that sometimes
agents need to look at prior belief states as well. Hence, even
if ontic action effects are Markovian, it does not follow that
changes in belief are Markovian. As such, we need to intro-
duce some formal machinery for representing histories.

Definition 4 A belief trajectory of length n is an n-tuple
(Ko, - -, Kn—1) of belief states.

Intuitively, a belief trajectory is an agent’s subjective view
of how the world has changed. We remark that a belief tra-
jectory represents the agent’s current beliefs about the world
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history, not a historical account of what an agent believed at
each point in time.

We will also be interested in observation trajectories and
action trajectories, each of which is simply another n-tuple.

Definition 5 An observation trajectory of length n is an n-
tuple OBS = (OBSy, ...,0BS,) where each OBS; € 2°.

Definition 6 An action trajectory of length n is an n-tuple
ACT = (ACTy,...,ACT,) where each ACT; € A.

Each set OBS; is interpreted to be evidence that the actual
world is in OBS; at time ¢. An action trajectory is a history
of the actions an agent has executed. Note that, as a matter of
convention, we start the indices at O for belief trajectories and
we start the indices at 1 for observation and action trajecto-
ries. The rationale for this convention will be clear later. We
also adopt the convention hinted at in the definitions, whereby
the n*" component of an action trajectory OBS will be de-
noted by OBS,,, and the n*" component of an action trajec-
tory ACT will be denoted by ACT,,

We define a notion of consistency between action trajecto-
ries and observation trajectories. The intuition is that an ac-
tion trajectory AC'T is consistent with an observation trajec-
tory OBS if and only if each observation OBYS; is possible,
given that the actions (ACT}) j<; have been executed.

Definition 7 Let ACT = (ACTy, ..., ACT,) be an action
trajectory and let OBS = (OBS1,...,0BS,,) be an obser-
vation trajectory. We say that ACT is consistent with OB.S if
and only if there is a belief trajectory (Ko, . . . , Kk, ) such that,
foralli > 1,

2. R = Rj—1 OACTZ

If ACT is consistent with OBS, we write ACT||OBS.

A pair consisting of an action trajectory and an observation
trajectory gives a complete history of all actions that have
occurred. As such, it is useful to introduce some terminology.

Definition 8 A world view of length n is a pair W =
(ACT, OBS), where OBS is an observation trajectory and
AC'T is an action trajectory, each of length n.

If ACT||OBS, we say that (ACT, OBS) is consistent.

5.2 A New Belief Change Operator

We introduce a new operator o that takes two arguments: a be-
lief state and a world view. Roughly speaking, we would like
ko {ACT, OBS) to be the belief trajectory that results from
the initial belief state x and the alternating action-observation
sequence ACTy,0BSy,...,ACT,,0OBS,,. We call o a be-
lief evolution operator because it takes a sequence of actions,
and returns the most plausible evolution of the world.

The formal definition of o is presented in the following sec-
tions. The definition relies on a fixed revision operator * and
a fixed update operator ¢. As such, it might be more accu-
rate to adopt notation of the form o, ,, but we opt for the less
cumbersome o and assume that the underlying operators are
clear from the context. We remark, in particular, that every
finite metric transition system generates a unique belief evo-
lution operator. However, it is worth noting that the definition
of o does not rely on any specific approach to revision.

KNOWLEDGE REPRESENTATION AND REASONING

The action domains of interest for belief evolution will be
those in which it is reasonable to assume that action trajecto-
ries are correct and actions are successful. This is intuitively
plausible in a single agent environment, because it simply
amounts to assuming that an agent has complete knowledge
about the actions that they have executed. Hence, in the def-
inition of o, the belief trajectory returned will always be con-
sistent with the actions that have been executed.

5.3 Infallible Observations

In this section, we assume that observations are always cor-
rect. Formally, this amounts to a restriction on the class of
admissible world views. In particular, we need not consider
inconsistent world views.

We need to introduce a bit of notation.

Definition 9 Let T be a transition system; let A =
Ao, ..., Ay, and let o be a set of states. Then a='(A) de-
notes the set of all w such that there is a path from w to an
element of a following the edges Ay, . .., Ay,.

Hence, a1 (A) is the set of states that can precede a world in
«, given that the sequence A has been executed.

For illustrative purposes, it is useful to consider world
views of length 1. Suppose we have an initial belief state
K, an ontic action A and an epistemic action «. Without for-
mally defining the belief evolution operator o, we can give an
intuitive interpretation of an expression of the form

ko ((A), (@) = (Ko, k1)
The agent knows that the actual world is in « at the final point
in time, so we must have k1 C «. Moreover, the agent should
believe that x; is a possible result of executing A from x¢. In
other words, we must have kg C a~!(A). All other things
being equal, the agent would like to keep as much of x as
possible; therefore, the natural solution is the following:

1. ko = Kk*a 1(A),
2. K1 = Ko o A.

This procedure can be applied to world views of length
greater than 1. The idea is to trace every observation back
to a precondition on the initial belief state. After revising the
initial belief state by all preconditions, each subsequent belief
state can be determined by a standard update operation.

We have the following formal definition for o. In the
definition, let ACT; denote the subsequence of actions
ACT, ..., ACT;.

Definition 10 Let « be a belief state, let AC'T be an action
trajectory of length n and let OBS be an observation trajec-
tory of length n such that ACT||OBS. Define

ko (ACT,0OBS) = (ko,. ..

s Kin)
where

1. ko =k, OBS; '(ACT))

2. fori>1, ki =ki—1 0 ACTy o0 ACT;.

We remark that the intersection of observation preconditions
in the definition of kg is non-empty, because ACT||OBS.

The following propositions are immediate, and they
demonstrate that o subsumes both revision and update. In
each proposition, we assume that ACT||OBS.
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Proposition 2 Let k be a belief state, let ACT = (A) and
let OBS = (2¥). Then

ko (ACT,0BS) = (k, k¢ A).

In the following, we assume that ) is a null action that never
changes the state of the world.

Proposition 3 Let k be a belief state, let ACT = (\) and let
OBS = («a). Then

ko (ACT,OBS) = (k x a, k * ).

Hence, both revision and update can be represented through
the o operator. As such, it is reasonable to adopt the following
notation for trajectories of length 1:

ko ACT x OBS = ko ((ACT), (OBS)).

Proposition 4 If ACT||OBS, the operators x and & (defined
above) satisfy the interaction postulates (1)-(5).

The three preceding propositions demonstrate the suitability
of o as a natural operator for reasoning about the interaction
between revision and update.

5.4 Fallible Observations

We address fallible observations by allowing inconsistent
world views. If a world view is inconsistent, then there is
no initial belief state that supports all of the observations,
so some observations need to be ignored. To deal with in-
consistency, we adopt the convention previously explored in
[Nayak, 1994] and [Papini, 2001], in which more credence is
given to the most recent observations. We demonstrate that
o can be extended naturally to represent belief change under
this convention. In order to state the extended definition, we
need to be able to extract a maximally consistent sub-view
from an inconsistent world view.

Definition 11 Ler W = (ACT,OBS) be a world view of
length n. Define 7(W) = (ACT,OBS"), where OBS’ =
(OBSY,...,0OBS)) is defined by the following recursion.
o IfOBS; (ACT) # 0 then OBS!, = OBS,,,
otherwise OBS!, = 2F.

e Fori <mn,if
OBS;'(ACT;) n ((OBS}) ' (ACT;) # 0

j>i
then OBS, = OBS;,
otherwise OBS! = 2F.

The observations in 7(W) are determined by starting with the
most recent observation, then working backwards through the
observations from most recent until the initial observation.
At each point, we keep an observation if it is consistent with
the observations that followed it; otherwise, we discard the
observation as incorrect.

The following properties are immediate.

o If W is a world view, then 7(1¥) is consistent.
o If W is a consistent world view, then 7(W) = W.

Recall that the original definition of o applied only to consis-
tent world views. By passing through 7, we can extend the
definition to apply to arbitrary world views.
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Definition 12 Let « be a belief state, and let W be a world
view of length n. If W is inconsistent, then koW = ko1 (W).

We could equivalently have stated a single definition for o by
passing all world views through 7. We have presented the
definition in two cases in order to highlight the distinct treat-
ment of fallible observations. The extended definition is still
satisfactory from the perspective of the rationality postulates.

Proposition 5 The operators % and ¢ (obtained from o) sat-
isfy the interaction postulates (1)-(5).

Thus far, applying the o operator requires tracing action pre-
conditions back to the initial state for revision, then applying
action effects to get a complete history. If we are only con-
cerned with the final belief state, then there are many cases in
which we do not need to go to so much effort.

Proposition 6 Let « be a belief state, let ACT be an action
trajectory of length n and let o be a belief state such that
a C ko ACT. If OBS is the observation trajectory with
n — 1 null observations followed by «, then the final belief
state in k o (ACT,0BS) is (ko ACT) * a.

The proposition indicates that, given a single observation that
is consistent with the actions that have been executed, we can
simply revise the outcome of the actions and we get the cor-
rect final belief state.

5.5 Litmus Paper Concluded

We conclude the litmus paper example by giving a plausible
treatment based on a belief evolution operator. The world
view WV = ((dip), (O)) represents a dipping action fol-
lowed by the observation that the paper is still white. If o is
defined from the metric transition system in Figure 1, the final
belief state in £ o WV is given by

ExO Y dip)odip = FEx{0,{Acid}} o dip
{0, {Acid}}.

This calculation is consistent with our original intuitions, in
that the agent revises the initial belief state before updating by
the dip action. This ensures that we will have a final belief
state that is a possible outcome of dipping. Moreover, the ini-
tial belief state is revised by the pre-image of the final obser-
vation, which means it is modified as little as possible while
still guaranteeing that the final observation will be feasible.
Note also that the final belief state given by this calculation is
intuitively plausible. It simply indicates that the contents of
the beaker are still unknown, but the agent now believes the
paper is not litmus paper. Hence, a belief evolution operator
employs a plausible procedure and returns a desirable result.

6 Relationship with Iterated Revision

If the null action is the only action permitted, then belief evo-
lution is closely related to iterated revision. We briefly con-
sider the suitability of belief evolution operators for reasoning
about iterated revision. In the following proposition, let A de-
note a sequence of null actions of indeterminate length.

Proposition 7 For any k and OBS, there is a unique belief
state k' such that k. o (A\,OBS) = (', ... K).
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This result is consistent with the view that belief evolution
operators return a trajectory representing an agent’s current
beliefs about the evolution of the world. We remark that, in
general, ' is not obtained by successively revising by the el-
ements of OBS. Moreover, we claim that this is appropriate
for action domains in which recency determines the plausi-
bility of an observation.

Darwiche and Pearl present a set of four postulates for it-
erated revision [Darwiche and Pearl, 1997]. It is easy to
verify that many belief revision operators do not satisfy the
Darwiche-Pearl postulates if applied in succession. However,
if we define the iterated revision k * OBSy * ... * OBS,, to
be the unique belief state in x o (A, OBS), then we get the
following result.

Proposition 8 Iferated revision, as defined by any belief evo-
lution operator o, satisfies all four Darwiche-Pearl postu-
lates.

Hence, given any belief revision operator, we can formulate
an adequate approach to iterated revision by passing to the
corresponding evolution operator.

7 Discussion

We make some brief remarks about related formalisms for
reasoning about epistemic action effects. Our formalism is
similar to the multi-agent belief structures of [Herzig et al.,
2004] in that both approaches combine revision with update
based on actions with conditional effects. However, multi-
agent belief structures do not consider any non-elementary
interaction between revision and update. On the other hand,
the Situation Calculus approach of [Shapiro et al., 2000] im-
plicitly handles the interaction of revision and update cor-
rectly. The “revision actions” employed in that formalism are
provably equivalent to belief evolution operators. Correctly
identifying these actions as evolution operators improves the
intuitive plausibility of iterated belief change in the Situation
Calculus approach.

The framework presented in this paper requires an agent to
believe the most recent observation. A more general approach
would attach a plausibility value to every observation, and
then an agent would keep the most plausible observations.
We are currently working on such a generalization. Similarly,
we are looking at attaching plausibilities to action histories
in order to represent domains in which an agent is uncertain
about the actions that have been executed.

8 Conclusion

We have presented a transition system framework for rea-
soning about the epistemic effects of actions. We identified
ontic action effects with belief update and epistemic action
effects with belief revision, and we focused on the interac-
tion between iterated update and revision operators. We il-
lustrated by example that the interaction between update and
revision can be non-elementary, so we proposed a set of ratio-
nality postulates restricting the interaction and demonstrated
that the postulates all hold in our transition system frame-
work. By contrast, existing formalisms for reasoning about
epistemic action effects either ignore the interaction between
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revision and update or they deal with it implicitly. Hence,
our formalism contributes to the existing work on epistemic
action effects in two ways. First, it is able to provide simple
object level representations of action domains in which prior
belief states need to be revised. Second, it provides an explicit
treatment of the the interaction between revision and update,
which has not always been salient in related formalisms.
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Abstract reasoning problems afe-complete in|.A|. To develop an

Dat lexitof ing in d ivtion logi intuition and to provide a more_d(_atailed account of t_hese re-
ata complexityof reasoning in description logics sults, we compare them with similar results for (varianys of
(DI_.s) estimates the _perform_ance of reasoning al- datalog[Dantsinet al, 2001.
gorithms measured in the size of the ABOX only. Our results are important since they provide a formal justi-
We show that, even for the very expressive DL gaiion for hoping to provide tractable algorithms for very
SHIQ, satisfiability checking is data complete for pressive description logics. Furthermore, H&RZQ sub-
NP. For applications W'.th large ABoxes, this can sumes DL-lite[Calvaneseet al, 2004, a logic aiming to
be a more accurate estimate than the usually con- .o 5re most constructs of ER and UML formalisms, while
sideredcombined complexityvhich is ExPTIME- providing polynomial algorithms for satisfiability cheakj
complete. Furthermore, we |Qent|fy an expressive and conjunctive query answering (assuming an unbounded
fragment, Homs’HZ Q, which is data complete for knowledge base, but a bound on the query size). Horn-
P, thus being very appealing for practical usage. SHZQ additionally allows qualified existential quantifica-
tion, conditional functionality and role inclusions, wial-
1 Introdcution lowing for a reasoning algorithm that runs in time polynomia
Description logics (DLs{Baaderet al, 200 are state-of- me[;gr?ace):frga{glg]ﬁ} the complexity of concept subsump-

the-art knowledge representation formalisms with applicagOn was contrasted with combined and data complexity of
tions in many areas of computer science. Very expressive DLlnstance checking for various fragments4£C. This work

such asSHZQ are interesting mainly due to their high ex- . : .
pressivity combined with the clearly defined model-thdoret pr(‘)gv;ijzesga lower bound for the data complexity of reasoning
in .

semantics and known formal properties, such as the compu-
tational complexity of reasoning. In particular, tbembined . .
complexity of checking satisfiability of aSHZQ knowl- 2 Preliminaries
edge bas& B is EXPTIME-complete in| KB| [Schild, 1991; Description Logics. Given a set of role named'z, a
Tobies, 2001 SHZQ role is either someR € Ny or aninverse roleR~

ExPTIME-completeness is a rather discouraging resulfor R € Np. A SHZQ RBoxR is a finite set of role inclu-
since|KB| can be large in practice. However, similar to a sion axiomsR C S and transitivity axiomSrans(R), for R
database/K B consists of aschemgpart7, called theTBox  andS SHZQ roles. ForR € N, we setinv(R) = R~ and
and a data or fact par, called theABox For applications Inv(R™) = R, and assume thdt C S € R (Trans(R) € R)
with a fixed schema but varying data patgta complexity — impliesinv(R) C Inv(S) € R (Trans(Inv(R)) € R). Arole
measured in the size of only, provides a more precise per- R is said to besimpleif Trans(S) ¢ R, for eachS C* R,
formance estimate. whereC* is the reflexive-transitive closure af.

Here, we assume that the ABox &fB is extensionally Given a set otoncept named/¢, the set ofSHZQ con-
reduced i.e. it involves only roles and (possibly negated) cepts is the minimal set such that eathe N¢ is aSHZQ
atomic concepts. Thus, the terminological knowledge isconcept and, fo€ andD SHZ Q conceptsR arole,S a sim-
strictly separated from assertional knowledge|.dpis the  ple role andr a positive integer, thenC, C 11 D, VR.C and
measure of “raw” data. For such/éB, we show that check- > n.S.C are alsaSHZQ concepts. We usé, L, C; U Cs,
ing KB satisfiability is NP-complete in|.4|, and that in- 3R.C, and< n S.C as abbreviations fod L -4, A M —A,
stance checking is cdP-complete in|.A|. Since this might —(=C; 1M =Cy), -VR.-~C, and—(> (n+ 1) S.C), respec-
still lead to intractability, we identify Hortl&HZ Q, a frag-  tively. Concepts that are not concept names are calbeat
ment ofSHZ Q analogous to the Horn fragment of first-order plex A literal concept is a possibly negated concept name.
logic. Namely, HornSHZ Q provides existential and univer- A TBox 7 is a finite set of concept inclusion axioms of the
sal quantifiers, but does not provide means to express disjunform C C D. An ABox A is a finite set of axiom&'(a),
tive information. We show that, for Hor8HZ Q, the basic  R(a,b), and (in)equalities ~ b anda % b. A knowledge
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Table 1: Semantics &HZ Q by Mapping to FOL

Translating Concepts to FOL

(A, X) = A(X)
TI'y(CHD,X) = ﬂ—y(CaX) /\ﬂ—y(D7X)
ﬂ-y(_'C?X) = —my(C, X)
™y (VR.C, X) =Vy : R(X,y) — m:(C,y)
my(>nS.C,X) =
i,y

tASXyi) AN T (Coyi) AN yi %y

Translating Axioms to FOL
7(CC D) =Vz:7,(C,z) — my(D, x)
m(RC S) =Va,y: R(z,y) — S(z,y)
m(Trans(R)) = Vz,y,z : R(z,y) A R(y, z) — R(z, z)
7(C(a)) = ,(C.a)
m(R(a,b)) = R(a,d)
m(aob) =aobforo e {~, %}

TranslatingK' B to FOL

w(R) =Vz,y : R(z,y) < R (y,x)
m(KB) = /\RENR m(R) A Naerurua (@)

X is a meta variable and is substituted by the actual variable.
7 IS obtained fromr, by simultaneously substituting in the

definitionz ;) for all ), respectively, anet, for ..

baseKB is a triple(R,7,.A). KB is extensionally reduced
if all ABox axioms of KB contain only literal concepts.

The semantics oK B is given by translating it into first-
order logic by the operatar from Table 1. The main infer-
ence problem is checking B satisfiability, i.e. determining
if a first-order model ofr(KB) exists. An individuala is
aninstanceof a concepC w.r.t. KB if 7(KB) = m,(C,a),

which is the case ifk B U {—C(a)} is unsatisfiable.

The logicALCHZ Q is obtained by disallowing transitivity
axioms inSHZ Q RBoxes, andd LC is obtained by disallow-
ing RBoxes, inverse roles and number restrictions. A ldyic
is betweerlogics £; and L, if it contains at least the primi-

tives from£; and at most the primitives fromis.

We measure thsizeof concepts by their length, and as-
sumeunary coding of numberse.|< n R.C| = n+1+|C]|,

and uséR(a, b)| = |(~)A(a)| = 3.

Disjunctive Datalog. A datalog termis a constant or a
variable, and alatalog atomhas the formA(t4,...,t,) or

t1 = to, Wheret; are datalog terms. Alisjunctive datalog
program with equalityP is a finite set of rules of the form
AV ...V A, « By,.., B, whereA; and B; are datalog
atoms. Each rule is required to bafe i.e. each variable oc-

Table 2: Types ofALCHZ Q-clauses

~R(z,y) vV Inv(R)(y, z)

~R(z,y) vV S(z,y)

P'(z) v R(, f(x))

P'(z) v R(f(), x)

Pi1(z) VP2 (f(z)) VV filx)~IE [, (x)

Py (z) VPa(g(x)) vV Ps(t(g(2))) V V ti=lzt;
wheret; andt¢; are of the formf(g(z)) orz

P1(z) VV -R(z,y:) VP2(y) VVyi 2 y;
R(a,b) VP(t) vV V tix/t,

wheret ;) are a constarit or a functional terny;(a)

OO BWIN -

oo

positive disjunctive datalog program with equali¥ ( KB)
which is equisatisfiable witlik B.

A minor obstacle in computin@D(KB) are the transi-
tivity axioms which, in their clausal form, do not contain a
literal in which all variables of a clause occur. Such clause
are known to be difficult to handle, siiB is preprocessed
into an equisatisfiableALCHZ Q knowledge bas&)(KB).
Roughly speaking, a transitivity axioffrans(.S) is replaced
with axioms of the formvR.C C VS.(vS.C), for eachR
with S C* R andC a concept occurring if{B. This trans-
formation is polynomial, so in the rest of this paper w.l.o.g
we assumes B to be anALCHZ Q knowledge base.

The next step is to translaf® K B) into clausal first-order
logic. Assumingr is defined as in Table 17 (Q(KB)) is
transformed into a set of claus& KB) using structural
transformationto avoid an exponential blowuNonnengart
and Weidenbach, 2001 Roughly speaking, the structural
transformation introduces a new name for each complex sub-
formula ofr(Q(KB)). A specialized version of the structural
transformation is presented in detail in Section 4.

A core property of£(KB) is that it only contains clauses
of one of the forms given in Table 2; such clauses are called
ALCHIQ-clauses. For a ter) P(¢) denotes a disjunction
of the form(—) Py () V...V (=) P,(t), andP(f(z)) denotes
a disjunction of the fornP; (f1(z)) V...V Pu(fm(z)) (NO-
tice that this allows eaclP;(f;(z)) to contain positive and
negative literals).

Next, the RBox and TBox clauses &f KB) are saturated
by basic superpositiofBachmairet al., 1995; Nieuwenhuis
and Rubio, 1995—a clausal equational theorem proving cal-
culus. Due to space limitations, we are unable to present the
rules of basic superposition; it can be considered to be an op
timized version of the well-known paramodulation calculus

curring in the rule must occur in at least one body atom. ALet I be the saturated set of clauses. In this key step, all
factis a rule withm = 0. For the semantics, we take a rule to non-ground consequences &8 are computed. IfiHustadt

be equivalentto a clausé; V...V A, V-ByV...V-B,,. We
consider only Herbrand models, and say that a madeif P
is minimalif there is no modeM’ of P such that\/’ C M. A
ground literalA is acautious answeof P (written P =, A)
if Aistrue inall minimal models oP. First-order entailment
coincides with cautious entailment for positive grounchato

Reducing KB to Disjunctive Datalog. The results in this
paper are based on our algorithm frfifustadtet al.,, 20044.

et al, 20044, we have shown the following key property:
(#) an application of a basic superposition inference rule to
ALCHZQ-clauses produces ah.CHZ Q-clause. The proof
examines all inference rules and clause types.

Furthermore, by examining the types of clauses from Ta-
ble 2, one can show the following propertyd) for a finite
KB, the number ofALCHZ Q-clauses unique up to variable
renaming is exponential ifKB|. The proof is a straightfor-
ward counting exercise since the number of variables and the
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Each inference step can be carried out in polynomial time,
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so by @) and &), after at most exponentially many steps, all complexity of checking satisfiability of a positive disjuive

ALCHT Q-clauses are derived, and saturation terminates.

Satisfiability of Z(KB) can be decided by further satu-
ratingI" U =(A) by basic superposition. Sindé contains
all non-ground consequences®fKB), all remaining infer-

ences will produce only ground clauses, and will not involve
clauses of type 4 and 6. These inferences can be simulatél

in a disjunctive datalog program by transformifiginto a

datalog program, and is thusINP. Intuitively, this is due to
nice property ofSHZ Q that TBox and RBox reasoning does
not “interfere” with ABox reasoning, i.e. all non-groundrco
sequences oK B can be computed without taking the ABox
into account. Notice that this result holds even for binary
mber coding.

Lemma 1 (Membership) For KB an extensionally reduced

function-free clause set, and by introducing new constant§HZQ knowledge base, satisfiability &5 can be decided

playing the role of ground functional terms, as described.ne
We define an operatdrtransformingl” as follows: () each
functional termf (a) is replaced with a new, globally unique
constantuy; (ii) each termf(z) is replaced with a new, glob-
ally unique variablec ¢; (iii) for each variable in a clause in-
troduced in stepii), A appends a literahS¢(z,z ), where
Sy is a new predicate unique for the function sympp(iv) if
some variable: occurs in a positive, but not in a negative lit-
eral in a clause, then the literalHU (x) is appended to the
clause; ¥) for each function symbof and each constart
from Z(KB), the factsSy(a,as), HU(a) and HU (ay) are

added. The set of (function-free) clauses obtained by appl

ing AtoI" U Z(A) is denoted withFF(KB). An example of
applying\ to a clause of type 5 is shown below.

~C(z) v D(f(x)) =* =Sy (z,25) V 2C(x) V D(ay)

Now each remaining ground inference by basic superpos
tioninT"UZ(.A) can be simulated by a sound inference step i

FF(KB), and vice versgHustadtet al, 20044, so KB and
FF(KB) are equisatisfiable. Sind¢ (K B) does not contain

functional terms and all its clauses are safe, each clause ¢

be rewritten into a positive disjunctive rule; IBD(KB) be

the resulting set of rules. The following theorem summarize

the properties oDD(KB):

Theorem 1([Hustadtet al., 20048). For KB an ACCHZQ
knowledge base, the following claims hold) KB is un-
satisfiable iff DD(KB) is unsatisfiable; i{) KB | « iff
DD(KB) [E. «, for a of the formA(a) or S(a,b), A a
concept name, and a simple role; (i) KB = C(a) iff
DD(KBU{C C @Q}) . Q(a), for C acomplex concept, and
@ a new concept hameiv( the number of rules IDD(KB)

is at most exponential if){ B|, the number of literals in each
rule is at most polynomial inKB|, andDD( K B) can be com-
puted in time exponential ifKB].

3 Data Complexity of Reasoning inSHZ Q
For an extensionally reduc&tHZ Q knowledge bas& B, an

upper bound for the data complexity follows from the reduc-]cr

tion of KB to DD(KB). Before presenting the details, we
first discuss the intuition behind this result.
By Theorem 1|DD(KB)| is exponential in KB|. How-

ever, a closer inspection of the reduction algorithm reveal
that the exponential blowup is caused by the rules obtaineﬂ1

by saturatingALCHZ Q-clauses of types 1 — 7, which corre-

in non-deterministic polynomial time jod|.

Proof. Let ¢ be the number of constantg, the number of
function symbols in the signature &{ KB), ands the num-
ber of facts inZ(KB) (which is equal to the number of
facts in.A). By definition of A, the number of constants in
DD(KB) is bounded by; = ¢ + ¢f (¢f accounts for con-
stants of the formu ), and the number of facts iDD(KB)

is bounded bys = s + ¢ + 2¢f (c accounts for facts of the
form HU (a), onec f accounts for facts of the foriis (a, ay),
and the othet f accounts for facts of the forHU (a)). All

)junction symbols are introduced by skolemizing TBox con-

ceptsIR.C and> n R.C. Since|T| and|R| are constantf

is also a constant, so both and/, are linear in|A|.
Hence,|DD(KB)| can be exponential inKB| only be-

cause the non-ground rules DD(KB) are obtained from

I@xponentially many clauses of types 1 — 7. Since these clause

types do not contain ABox clauses, the number of clauses ob-

Nained after saturation is obviously exponentia|dr| + |R|

only. Since we assume that the latter is constant, both the
umber of rules iINDD(KB) and their length are bounded
y constants, stDD(KB)| is polynomial in|.4|, and can be
computed fromK'B in time polynomial in|.A|.

As KB and DD(KB) are equisatisfiable, the data com-
plexity of checking satisfiability ofKB follows from the
data complexity of checking satisfiability D ( KB), which
is NP-complete[Dantsinet al, 2001: assumingDD(KB)
containsr rules and at most variables in a rule, the num-
ber of literals in a ground instantiatioground(DD(KB))
is bounded byr - ¢ + ¢5 (in each rule, each variable can
be replaced irY; possible ways). Assuming and v are
constants,p = |ground(DD(KB))| is polynomial in|A|.
Satisfiability ofground(DD(KB)) can be checked by non-
deterministically generating an interpretation of sizenaist
p, and then checking whether it is a model. Both tasks can
be performed in polynomial time, so the overall algorithm is
obviously non-deterministically polynomial {t4. O

The hardness of the satisfiability checking problem follows
om [Schaerf, 1994, Lemma 4.2.7 Actually, the lemma
shows coNP-hardness of instance checking, by a reduction
of satisfiability of 2-2-CNF propositional formulae. The re
duction produces an extensionally reduced ABox and a single
TBox axiom, so it applies in our case as well. Hence, we im-
ediately obtain the following result:

Spond to TBox and RBOX, but not to ABox clauses. HenceTheorem 2. Let KB be an extensiona”y reduced knOWIedge

the size of the rules ddD(KB) is exponential in the size of
TBox and RBox; however, the size of the factsDib (K B)

base in any logic betweed£C and SHZQ. Then {) de-

ciding KB satisfiability is data complete faXP and (i) de-

is linear in the size of the ABox. Therefore, data complex-ciding whetherKB = (—)C(a) with |[C| bounded is data

ity of checking satisfiability oDD(KB) corresponds to data
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4 A Horn Fragment of SHZQ
Horn logic is a well-known fragment of first-order logic

where formulae are restricted to clauses containing at mosP

one positive literal. The main limitation of Horn logic isit
inability to represent disjunctive information; howevés

main benefit is the existence of practical refutation proce-_¢
dures. Furthermore, data complexity of query answering injc;

Horn logic without function symbols iB-completel Dantsin
et al, 2001, which makes it appealing for practical usage.
Following this idea, in this section we identify a Horn frag-
ment of SHZ Q, where disjunction is traded far-complete
data complexity. Roughly speaking, in Ho8HZ Q, only
axioms of the fornj | C; C D are allowed, where eacl has
the formA or3dR.A, andD has the form4, 1, 3R.A,VR. A,
>nR.A or <1R. Whereas such a definition succinctly
demonstrates the expressivity of the fragment, in geneisl i
too restricting: e.g., the axiom; 1A, C —Bis not Horn, but
itis equivalent to Horn axiomd,; M B C L andA;NB C 1.
Similarly, a non-Horn axiomd C 3R.(3R.B) can be trans-
formed into Horn axiomsid C 3R.QQ and@ C 3R.B by in-
troducing a new namé for the subconceptR.B. To avoid

Table 3: Definitions opl* andpl™

o (D) o (D)
T 0 0
0 0
1 0
pI=(C) pI*(C)
max; sgn(pl* (C) S, sgn(pl (C1))
LI C; >, sen(plT(Cy)) max; sgn(pl—(C;))
JR.C 1 sgn(pl—(C))
VR.C sgn(plt(C)) 1
>nRC 1 M—&—nsgn(pIJr( ))

<nRC U 4 (n 4 Dsgn(pl=(C)) 1

Itis easy to see that, for a conce&ptwithout complex sub-
conceptspl™ (C) yields the maximal number of positive lit-
erals in clauses obtained by clausifying : 7,(C,z). To
clausify a conceptC' containing a complex subconcept at a
position p, one should consider i€’|, occurs inC under
positive or negative polarity. E.g., in(—A N —B) the con-
ceptsA and B occur effectively positive, and is effectively

dependency on such obvious syntactic transformations, we. Hence,pl™(C|,) (pI~(C|,)) counts the number of pos-

give a rather technical definition of Ho®HZ Q.

We first adapt the notions of positions and polarity in first-

order formulae to DL. Apositionp is a finite sequence of
integers; the empty position is denoted withlf a position
p1 is a proper prefix of a positiop,, then ancp, is abovep,,
andp, is belowp, . For a concepdy, the subterm at a position
p, Written ¢, is defined as followsn|. = «; (—D)|1, =
D|p; (D1 o D)|sp = Dy, for o € {Mn,u} andi € {1,2};
al; = Randaly, = D|, fora = OR.D and{ € {3,V}; and
ali = n, als = Randals, = D|, fora = < nR.D and
€ {<, >}. A replacemenbf a subterm ofv at positionp

with a termg is defined in the standard way and is denoted

asa[f],. For a conceptr and a positiorp such thatx|, is
a concept, theolarity of a|, in «, denoted apol(«, p), is
defined as follows:

pol(C,e) = 1;

pol(Cy o Cy,ip) = poI(CZ,p) foro € {M,u},i € {1,2};
pol(OR.C, 2p) = pol(C, p) for & € {3,V};

pol(> n R.C,3p) =

)=

) =

= pol(C, p);
pol(—=C, 1p —pol(C, p);
pol(< n R.C,3p) = —pol(C, p).

Intuitively, pol(«, p) equals 1 ife|,, occurs ina under an even
number of explicit and implicit negations, ard otherwise.

Definition 1. In Table 3, we define two mutually recursive
functionspl™ andpl~, wheresgn(0) = 0 andsgn(n) = 1 for

n > 0. Foraconcept’ and a positiorp of a subconcept ity

let pl(C, p) = pIT(C|,) if pol(C,p) = 1, and letpl(C, p) =
pI™ (Clp) if pol(C,p) = —1.

A conceptC is a Horn concept ifpl(C,p) < 1 for each
positionp of a subconcept ik (including the empty position
€). An extensionally reduced LCHZ Q knowledge bas& B
is Hornif, for each axionC' C D € KB, the concept:C LD
is Horn. An extensionally reduce8iHZ Q knowledge base
KB isHornif Q(KB) is Horn.

KNOWLEDGE REPRESENTATION AND REASONING

itive literals used to clausify’|,, provided thatC|, occurs

in C' under positive (negative) polarity. The functiegn(-)
takes into account that|, will be replaced inC' by structural
transformation with only one concept name, even if clausifi-
cation of C|, produces more than one positive literal. E.g.,
to clausifyC' = VR.(D; U D), the structural transforma-
tion replacesD, LI D, with an new concept nam@, yielding

C' = VR.Q); then clausifying”’ produces a clause with only
one positive literal. Now a conceptis Horn if the maximal
number of positive literals obtained by clausifying subcon
cepts ofC is at most one.

If a conceptC' has a complex subconcept at positigispe-
cial care has to be taken in introducing a new nanfier C|,,.
Consider the Horn concefgt = VR.D; U VR.—Ds. To ap-
ply structural transformation t6', one might replac& R. D,
andVR.—D, with new concept nameQ; and(@s, yielding
concepts-Qq LUVR.Dy, 7Q2 LUVR.— Dy and@; LI Q2. The
problem with such a straight-forward application of strwat
transformation is that a Horn concéptvas reduced to a non-
Horn concept); U @2, so the structural transformation de-
stroyed Horn-ness. To remedy this, we modify the structural
transformation to replace each, with a literal concepix
such that clausifyingy and C|,, requires the same number
of positive literals. In the above example, this would mean
thatVR.D; should be replaced witf, butvR.—~ D5 should
be replaced with—Q,, yielding concepts-Q, U VR.Dy,

Q2 UVR.—Dy and@y U —Q4, which are all Horn.

Although transitivity axioms are translated hyinto Horn
clauses, recall that the algorithm from Section 2 replaces
them with axioms of the fornrvR.C' T VS.(VS.C). Now
pIT(3R.-C UVS.(VS.C)) = 1+ plT(C), soifpl™(C) > 0,
Q(KB) is not a Horn knowledge base. Hence, the presence
of transitivity axioms can make a knowledge base non-Horn.

Definition 2. LetC be a concept and a function mapping
C to the set of positiong # ¢ of subconcepts af' such that
C|, is not a literal concept and, for all positiongbelowp,
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C|, is a literal concept. Theef(C') is defined recursively
as follows, wherex = Q if pl(C,p) > 0, anda = —Q if
pl(C,p) = 0, with@ a new atomic concept, and —Q) = Q:

e Def(C)={C}if A(C)=0,o0r

e if A(C) # 0, then choose somee A(C') and let

~aUCl,} UDef(Cla],) if pol(C,p) = 1
Def(C) = {{—{\a U ﬁcu U D:fgcpa])p) i E&Ec,ﬁ% =-1

Lemma 3. If all premises of an inference by basic super-
position contain at most one positive literal, then infaren
conclusions also contain at most one positive literal.

Proof. (Sketch Consider a resolution inference with clauses
AV Cand-B Vv D, where all literals inC' are negative and
at most one literal inD is positive. Obviously, the number
of positive literals in the conclusiof’s vV Do is equal to
the number of positive literals i. Similarly, consider a
paramodulation inference from a clausex ¢ Vv C into a

LetCls(y) denote the set of clauses obtained by clausifyingclauseA v D, where all literals inC and D are negative.

a formulayp in the standard way and let
Cls(C) = Upepef(c) Cls(Vz : my (D, z)).

For an ALCHZ Q knowledge bas& B, =(KB) is the small-
est set of clauses such that) for each role name? € Ng_,
Cls(m(R)) C E(KB); (ii) for each RBox or ABox axiomin
KB, Cls(m(«)) C Z(KB); (iii) for each TBox axion®’ C D
in KB, Cls(-C' U D) C Z(KB).

By [Nonnengart and Weidenbach, 200%z : =, (C, )
and A\ peper(c) V2 1 my(D, ) are equisatisfiable, s8(KB)
andw(KB) are equisatisfiable as well.

Lemma 2. For a Horn-SHZ Q knowledge bas&(B, each
clause fronE( K B) contains at most one positive literal.

Proof. We first show the following property (*): for a Horn
conceptC, all concepts irDef(C') are Horn concepts. The
proof is by induction on the recursion depthDrf. The in-
duction base foA(C) = 0 is obvious. Consider an applica-
tion of Def(C'), whereC' is a Horn concept ang a position
of a subconcept of’, such thatC|, is not a literal concept
and, for each positiog below p, C|, is a literal concept.
Observe that in all cases, we hap (a) = pl(C,p) and
pl"(ma) = 1 — pl(C,p). We now consider two cases, de-
pending orpol(C, p):

e pol(C,p) = 1. Now we haveplt(-a U C|,) =
pl™ (ma) + pIT(C|,) = pIT (=) + pI(C,p) = 1. Fur-
thermorepl(C,p) = pl(Cla]p, p), S0Ca], is Horn.

e pol(C,p) = —1. Now we havepl™ (—a L =C|,)
pl™ (=a) + pI~(C|,) = pl" (=) + pI(C,p) = 1. Fur-
thermorepl(C, p) = pl(C[-c],, p), SOC[-a], is Horn.

Hence, each application of the operaff decomposes a
Horn concept into two simpler Horn concepts, so (*) holds.
Furthermore, for eact’|, or -C|, in the definition ofDef,
each immediate subconcept is a literal.

For D € Def(C), by definition ofr from Table 1, it is easy
to see thapl™ (D) gives the maximal number of positive lit-
erals occurring in a clause fro@is(Vz : 7, (D, z)). Thus, if
C'is a Horn concept, all clauses fro@is(C') contain at most
one positive literal. Finally, clauses obtained by tratistp
RBox and ABox axioms of)( KB) also contain at most one
positive literal. O

As stated by the following lemma, a basic superpositio

inference, when applied to Horn premises, produces a Hor

conclusion. The full proof of the lemma is given[iHustadt
et al, 20044.
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Obviously, the conclusiodlo(to], V Co V Do has only one
positive literal. Similar considerations hold for a paratue
lation into a negative literal. O

By Lemma 2 and 3, ifKB is a HornSHZ Q knowledge
base, therDD(KB) is a non-disjunctive program. This is
enough for the following result:

Theorem 3. For KB an extensionally reduced Horn knowl-
edge base in any logic betweeh’C and SHZ Q, deciding
KB (un)satisfiability, and deciding wheth&fB = (-)C(a)
with |C| bounded, i€-complete in.AJ.

Proof. Membership inP is a consequence of the fact that
DD(KB) is a non-disjunctive program, whose satisfiability
can be checked in polynomial tinfBantsinet al.,, 2001.

For hardness, consider the well-knowrcomplete prob-
lem of deciding whether a path from a node to a node
a, in a graphG exists[Papadimitriou, 1993 For a graph
G, let KB¢ be a knowledge base containing the assertions
edge(a, b) and edge(b, a) for each edgda,d) in G, the ax-
iomsC/(a;) and-C(a,,), and the TBox axion®’ C Vedge.C.
Obviously,a; is reachable froma,, if and only if KB is un-
satisfiable, thus implyind®-completeness of unsatisfiability
checking. The other inference problems can be reduced to
unsatisfiability as usual. O

5 Discussion

To better understand the results from the previous two sec-
tions, we contrast them with well-known results for (digjun
tive) datalog[Dantsinet al,, 200]. Since datalog has been
successfully applied in practice, this analysis givesrege

ing insights into the practical applicability of DLs.

Interestingly, the data complexity of datalog variants ahd
correspondingSHZ Q fragments coincide. Namely, without
disjunctions, & HZ Q knowledge base and a datalog program
always have at most one model, which can be computed in
polynomial time. With disjunctions, several models are-pos
sible, and this must be dealt with using reasoning-by-cases
Intuitively, one needs to “guess” a model, which increases
data complexity taNP.

The key difference between datalog and DLs is revealed
by considering the effects that various parameters havieeon t
complexity. For a datalog prograi and a ground ator,
checking whetheP = « can be performed in timé(|P|"),
wherev is the maximal number of distinct variables in a rule
pf P [Vardi, 1999. Namely, the problem can be solved by
groundingP, i.e. by replacing, in each rule &f, all variables
with individuals fromP in all possible ways. The size of the
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implementing our algorithms and plan to conduct a thorough ACM Press, 1995.
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Abstract

We consider the problem of identifying equiva-
lence of two knowledge bases which are capable
of abductive reasoning. Here, a knowledge base
is written in either first-order logic or nonmono-
tonic logic programming. In this work, we will give
two definitions of abductive equivalence. The first
one, explainable equivalence, requires that two ab-
ductive programs have the same explainability for
any observation. Another one, explanatory equiva-
lence, guarantees that any observation has exactly
the same explanations in each abductive frame-
work. Explanatory equivalence is a stronger notion
than explainable equivalence. In first-order abduc-
tion, explainable equivalence can be verified by the
notion of extensional equivalence in default theo-
ries. In nonmonotonic logic programs, explanatory
equivalence can be checked by means of the notion
of relative strong equivalence. We also show the
complexity results for abductive equivalence.

1 Introduction

Nowadays, abduction is used in many Al applications, includ-
ing diagnosis, design, updates, and discovery. Abduction is
an important paradigm for problem solving, and is incorpo-
rated in programming technologies, i.e., abductive logic pro-
gramming (ALP) [12]. Automated abduction is also studied
in the literature as an extension of deductive methods or a part
of inductive systems, and its computational properties have
also been studied [22; 2; 3; 4].

In this work, we are concerned with such computational
issues on abductive reasoning. Despite being a problem-
solving paradigm, ALP has a lot of issues which have not
been fully understood yet. In particular, there are no concrete
methods for (a) evaluation of abductive power in ALP, (b)
measurement of efficiency in abductive reasoning, (c) seman-
tically correct simplification and optimization, (d) debugging
and verification in ALP, and (e) standardization in ALP. Since
all these topics are important for any programming paradigm,
the lack of them is a serious drawback of ALP. Then, it can
be recognized that all the above issues are related to different
notions of identification or equivalence in ALP. In particular,
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the item (c) is related to understanding the semantics of ALP
with respect to modularity and contexts.

Abduction can be formalized in various logics [13]. Then,
we can consider several notions of equivalence in several log-
ics for abduction. In this paper, we will give two definitions
of abductive equivalence in two logical frameworks for ab-
duction. Two logics we consider here are first-order logic
(FOL) and abductive logic programming (ALP). The first ab-
ductive equivalence, called explainable equivalence, requires
that two abductive programs have the same explainability
for any observation. Another one, explanatory equivalence,
guarantees that any observation has exactly the same explana-
tions in each abductive framework. Explanatory equivalence
is stronger than explainable equivalence.

In this paper, we characterize these two notions of abduc-
tive equivalence in terms of other well-known concepts in Al
and logic programming. In abduction in first-order logic, we
will see that explainable equivalence can be verified by the
notion of equivalence in default logic [18], which is defined
for the families of extensions of two default theories. On the
other hand, abductive equivalence in ALP is more compli-
cated than in the case of FOL due to the nonmonotonicity in
logic programs. In fact, equivalence between two abductive
logic programs has little been discussed in the literature ex-
cept that effects of partial deduction in ALP are analyzed in
[20]. Here, we will see that explanatory equivalence in ALP
can be characterized by the notion of (relative) strong equiv-
alence[14; 10; 24].

The rest of this paper is organized as follows. Section 2
presents two definitions for abductive equivalence. Section 3
considers first-order logic as the representation language,
while Section 4 considers nonmonotonic logic programming
for ALP. Section 5 gives concluding remarks.

2 Abductive Equivalence

We start with the question as to when two abductive frame-
works are equivalent. As far as the authors know, there is no
answer for such a question in the literature of ALP. There
are many parameters which should be considered important
in defining equivalence notions in abductive frameworks. In
the world, both background knowledge and observations are
surely essential. In an agent who performs abduction, on the
other hand, her abductive power must depend on her logic
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(language, syntax, semantics) of background knowledge, ob-
servations and hypotheses. Moreover, the quality of abduc-
tion is relevant to other parameters such as axioms, infer-
ence procedures, logics of explanations, and criteria of best
explanations. If we would take all such parameters into ac-
count, the task of defining the equivalence notion might be-
come combinatorial and too complex.

In the following, we thus consider a rather simple frame-
work for our problem while we try to hold the essence of
equivalence notions as much as possible. First, logic, back-
ground knowledge and hypotheses are put as input parameters
in each abductive framework. Secondly, a logic of explana-
tions is taken into account in a definition, but its diversity is
reflected in different notions of abductive equivalence.

The following definition of abductive frameworks is a stan-
dard one [13; 22; 2; 3]. As a notation, ¥ |=, F' means that a
formula F' is derived from a set X of formulas in a logic L.

Definition 2.1 Let B and H be sets of formulas in some un-
derlying logic L. An abductive framework is defined as a
triple (L, B, H), where B is called background knowledge
and each element of H is called a candidate hypothesis.

Definition 2.2 Let (L, B, H) be an abductive framework,
and O a formula in L, and E a formula belonging to H.
We define that E' is an explanation of an observation O in
(L,B,H)if BUE =1, O and B U E is consistent in L. We
say that O is explainablein (L, B, H) if it has an explanation
in (L, B, H).

We now give two definitions for abductive equivalence. We
assume that the underlying logic L is common when two ab-
ductive theories are compared.

Definition 2.3 Two abductive frameworks (L, B, H;) and
(L, Bs, H,) are explainably equivalent if, for any observation
O, there is an explanation of O in (L, By, Hy) iff there is an
explanation of O in (L, B, H3).

Explainable equivalence requires that two abductive frame-
works have the same explainability for any observation. Ex-
plainable equivalence may reflect a situation that two pro-
grams have different knowledge to derive the same goals.

Definition 2.4 Two abductive frameworks (L, B, H;) and
(L, Bs, H,) are explanatorily equivalent if, for any observa-
tion O, E is an explanation of O in (L, By, H;) iff E is an
explanation of O in (L, B, H3).

Explanatory equivalence assures that two abductive frame-
works have the same explanation power for any observation.
Explanatory equivalence is stronger than explainable equiva-
lence as follows.

Proposition 2.1 If abductive frameworks (L, By, H;) and
(L, B2, Hy) are explanatorily equivalent, then they are ex-
plainably equivalent.

For explanatory equivalence, we can assume that the hy-
potheses H are common in two abductive frameworks in Def-
inition 2.4, as the following property holds.

Proposition 2.2 If A; = (L, By, Hy) and Ay = (L, Bo, H»)
are explanatorily equivalent, then H; = Hj, where H] =
{h € H; | B;U{h}isconsistentin L} for i = 1, 2.

KNOWLEDGE REPRESENTATION AND REASONING

Proof. Assume that H{ \ Hj # (). Then, for a formula ¢ €
Hi{\ H}, {¢} is an explanation of ¢ in A, because By U {¢}
is consistent in L. However, {(} is not an explanation of ¢ in
A,. Hence, A; and A, are not explanatorily equivalent. O

Note in Proposition 2.2 that any hypothesis h in H; \ H]
cannot be added without violating the consistency of B;U{h}
in L. Thus, H/ is the set of hypotheses that can be actually
used in explanations of some formulas.

Example 2.1 Suppose the abductive frameworks A; =
(FOL7 {aDp}a{a’ab}) and A, = (FOL7 {pr}7{aab})'
Then, A; and A, are explainably equivalent, but are
not explanatorily equivalent. On the other hand, A3 =
(FoL,{aDp},{b}) and A4, = (FOL, {bDp},{b}) are neither
explainably equivalent nor explanatorily equivalent.

3 Abduction in First-order Logic

Abduction is used in many Al applications, and classical first-
order logic is most often used as the underlying logic for ab-
duction [17; 13; 2; 22]. When the underlying logic L is FOL,
the relation =1, becomes the usual entailment relation |=. In
first-order abduction, explanations are usually defined as a set
of ground instances from hypotheses [17]. That is, a set E of
ground instances of elements of H is an explanation of O in
(FOL,B,H)if XU E |= O and ¥ U E is consistent.

In the following, T'h(X) denotes the set of logical conse-
quences of a set X of first-order formulas. That is, Th(X) =
{F | £ |= F}. The next definition is originally given for
default logic by Reiter [18].

Definition 3.1 [19; 17] Let B and H be sets of first-order
formulas. An extension of B with respect to H is Th(B U S)
where .S is a maximal subset of ground instances of elements
from H such that B U S is consistent.

Using the notion of extensions, explainable equivalence
can be characterized in first-order abduction.

Theorem 3.1 Two abductive frameworks (FoL, By, H; ) and
(FOL, B, H») are explainably equivalent iff the extensions of
B, withrespect to H; coincide with the extensions of B> with
respect to H».

Proof. First, we claim that the union of the extensions of
B with respect to H are exactly the set of formulas ex-
plainable in (FOL, B, H). To see this, we can use a well-
known theorem [17; 22] that a formula O can be explained in
(FOL, B, H) iff there is a consistent extension X of B with
respect to H such that X contains O. Thus, the set of all ex-
plainable formulas are precisely those formulas contained in
at least one extension of B with respect to H.

Now, let A1 = (FOL7 Bl,Hl) and A2 = (FOL,BQ, H2)
be two abductive frameworks. Suppose that the extensions of
B, with respect to H; coincide with those of B, with respect
to Hy. By the above claim, the set of formulas explainable
in A; is equal to the set of formulas explainable in A,. This
means that A; and A, are explainably equivalent.

Conversely, assume that there is an extension Xo of By
with respect to H, which is not an extension of B; with re-
spect to H;. Let Fx, be a first-order formula which is log-
ically equivalent to X. Such a formula actually exists be-
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cause Xy = T'h(B2 U S) holds for some maximally consis-
tent subset .S of Hs, and hence X is logically equivalent to
A FeBs fFAN ges 9- Since X» is consistent, Fix, is consistent
too. Then, F'x, is explainable in A, because S is an explana-
tion of F'y,.

Now, if Fx, is not explainable in A, then obviously A
and A, are not explainably equivalent. Hence, there is an
explanation of F'x, in A;. Then, there is an extension X of
B, with respect to H; which contains F'x,. Since X5 is not
an extension of By with respect to Hy, X1 # X5 holds. Then,
X5 C X;. Let Fx, be a formula which is logically equivalent
to X;. By the same argument as above, F'x, is explainable
in A;. However, this Fx, cannot be explained in A,. This
is because, if F'x, were explained in A,, there must be an
extension X/ of By with respect to Hy such that Xo C XJ,
which is impossible because any extension is orthogonal to
another extension in a default theory [18]. In any case, A;
and A, are not explainably equivalent. a

In [15], Reiter’s default theories A; = (D;,B;) and
Ay = (D, Bs) are said to be equivalent if the extensions of
A are the same as the extensions of As. When an abductive
framework (FOL, B, H) is given, we can associate a default
theory A = (D, B) where D is the set of prerequisite-free
normal defaults {4 | d € H} such that there is a one-to-one
correspondence between the extensions of A and the exten-
sions of B with respect to H [17].

Corollary 3.2 Two abductive frameworks (FoL, By, H;)
and (FOL, By, H,) are explainably equivalent iff the default
theories (D4, By) and (D>, B) are equivalent where D; =
{4 |de H;}fori=1,2.

Example 3.1 Suppose two abductive frameworks, A; =
(FOL, Bl, Hl) and A, = (FOL, BQ, Hz), where

B, = {aD>p, bD-p},

H = {a,b,a=c b=d, p=q},
B, = {cDgq, dD>—q}, and

Hy, = {c¢,d,a=c, b=d, p=q}.

Then, A; and A, are explainably equivalent. In fact, the
two extensions of By with respect to Hy are Th(B; U (Hy \
{b})) =Th({a,—b,c,~d,p,q}) and Th(B;U(H; \{a})) =
Th({—a,b,—c,d,—p,—q}), which are respectively equiva-
lent to the two extensions of B with respect to Ho, T'h(Bs U
(H \ {d})) and Th(B> U (Ha \ {c})).

It is interesting to see that we can transform any abductive
framework to an explainably equivalent abductive framework
whose background theory is empty. The next property is also
derived by the representation theory for default logic [15].

Coroallary 3.3 For any abductive framework (FoL, B, H),
there is an abductive framework (FoL, ), H') which is ex-
plainably equivalent to (FoL, B, H).

Proof. Put H' = {hAp | h € H}U{p}, where p = A\ p f.
Then, it holds for any O that, BU E = O iff E' = O where
ECHandE' ={hAN¢|he E}U{p} CH" O

An abductive framework (L, B, H) is called compatible if
B U H is consistent. Explainable equivalence can be easily
verified for compatible frameworks.
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Cordlary 3.4 Two compatible abductive frameworks
(FOL, By, Hy) and (FOL, B, H») are explainably equivalent
|ﬁB1 UH1 = BQ UHQ.

An abductive framework (FOL, B, £) is called assumption-
free where L is the set of all literals in the underlying lan-
guage. It is known that the complexity of finding explana-
tions in assumption-free abductive frameworks is not harder
than that in assumption-based frameworks [22; 4]. Explain-
able equivalence in the assumption-free case can also be sim-
ply characterized as follows.

Coradllary 3.5 Two abductive frameworks (FoL, B, £) and
(FOL, Bs, L) are explainably equivalent iff B; = Bo.

Proof. For an assumption-free abductive framework
(FoL, B, L), each extension of B with respect to L is
logically equivalent to a model of B. Hence, explainable
equivalence implies that the models of B; coincide with the
models of B>, and vice versa. O

For explanatory equivalence in first-order abduction, logi-
cal equivalence of background theories is necessary and suf-
ficient.

Theorem 3.6 Two abductive frameworks (FoL, By, H) and
(FOL, B2, H) are explanatorily equivalent iff B; = Bo.

Proof. If By = Bs, then for any E and any O, it holds that,
B,UE E Oiff BbUE = O, and that, By UE is consistent iff
B, UE is consistent. Hence, (FOL, By, H) and (FOL, By, H)
are explanatorily equivalent.

Conversely, suppose that (FOL, By, H) and (FOL, Bs, H)
are explanatorily equivalent. Then, for any formula O and
any E from H, it holds that B UE |= O iff BUE |= O.
Then, for any E, we have Th(B, U E) = Th(B2 U E). That
is, Bi UE = By U E holds for any E. This implies B1 = B
when E = (). O

The complexity of abductive equivalence in the proposi-
tional case can be given as follows.

Lemma3.7 [1] Let A = (D, W) bea prerequisite-free nor-
mal default theory. Then, aformula ¢ istruein all extensions
of Aiff A" = (D, W U {¢}) and A are equivalent.

Theorem 3.8 Deciding explainable equivalence in proposi-
tional abduction is I1£'-complete.

Proof. By Corollary 3.2 and Lemma 3.7, cautious reasoning
in default logic can be transformed to explainable equiva-
lence via equivalence of default theories. This transforma-
tion is obviously feasible in polynomial time. Because cau-
tious reasoning from prerequisite-free normal default theo-
ries is I1£’-complete [6], the decision problem of explainable
equivalence is 115 -hard.

We now prove membership in II". Two abductive frame-
works A; = (FoL,B;,H;) and Ay = (FOL, Bs, H) are
not explainably equivalent iff there is an extension of B
with respect to H; which is not an extension of By with re-
spect to H,. Given a subset S C H; as a guess, deciding if
X = Th(B; U S) is an extension of By with respect to H
can be checked by computing the “reduct” S’ of H; by X
and then checking if B; US = B; U S'. Here, computing
the reduct requires satisfiability tests, and this computation as
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well as testing logical equivalence can be done in polynomial
time with an NP-oracle. Once we know that X is an exten-
sion of B; with respect to H;, we need to check if X is not an
extension of B, with respect to H», which can also be done
in the same way as the former test. Thus, we can construct
a polynomial-time nondeterministic Turing machine with an
NP-oracle to decide if A; and A, are not explainably equiv-
alent. Hence, the original problem is the complement of this,

and belongs to coNP™NP = 12, o

Theorem 3.9 The following decision problems in proposi-
tional abduction are coNP-compl ete.

(1) Explainable equivalence of two compatible abductive
frameworks.

(2) Explainable equivalence of two assumption-free abduc-
tive frameworks.

(3) Explanatory equivalence of two abductive frameworks.

Proof. By Corollaries 3.4 and 3.5 and Theorem 3.6, these
problems can be solved by checking logical equivalence of
two propositional theories, which is coNP-complete. a

4 Abductive Logic Programming

Abductive logic programming (ALP) is another popular for-
malization of abduction in AI [12; 3]. Background knowl-
edge in ALP is called a logic program, and the candidate hy-
potheses are given as literals called abducibles. The most
significant difference between abduction in FOL and ALP is
that ALP allows the nonmonotonic negation-as-failure oper-
ator not in background knowledge. In abduction, addition of
hypotheses may invalidate explanations of some observations
if the background theory is nonmonotonic.
Recall that a (logic) programis a set of rules of the form

Ll;...;Lk;nothJrl;---;nOth
— Lita, ...

where each L; is a literal (n > m > 1 > k > 0), and not
is negation as failure (NAF). The symbol ; represents a dis-
junction. The left-hand side of the rule is the head, and the
right-hand side is the body. A rule with variables stands for
the set of its ground instances. In this paper, the semantics
of a logic program is given by its answer sets [5; 9], while
another semantics can be considered as well in ALP [12;
3]. Problem solving by representing knowledge as a logic
program and then computing its answer sets is called answer
set programming (ASP).

Definition 4.1 An abductive (logic) program is defined as
a pair (P, A), where P is a logic program and A is a set
of literals called abducibles. Instead of using the notation
(ALp, P, A), we also use (P, A) to represent an abductive
framework whose underlying logic is ALP.

Definition 4.2 Let (P, A) be an abductive program, and G
a conjunction of ground literals called observations. A set
E C Ais a (credulous) explanation of G in (P, A)! if every
ground literal in GG is true in a consistent answer set of P U E.

s L, not Lypy1,...,n0t L,

! Another, skeptical notion for explanations is defined as E C A
such that G is true in all consistent answer sets of P U E.
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Note that both abducibles and observations are restricted to
ground literals in ALP. However, it is known for this frame-
work that rules can be allowed in abducibles and that observa-
tions can contain NAF formulas as well as literals [8]. Defini-
tion 4.2 can also be represented in a different way as follows
[8]. A belief set (with respect to E) of an abductive program
(P, A) is a consistent answer set of a logic program P U E
where & C A. Then, E C A is an explanation of G if G is
true in a belief set of (P, .A) with respect to E.

Definition 4.3 Let 4; = <P1,./41> and A, = <P2,./42> be
abductive programs. A; and A, are explainably eguivalent
if, for any ground literal G, G is explainable in A; iff G is
explainable in A,. A; and A, are explanatorily equivalent if,
for any conjunction of ground literals GG, E is an explanation
of G in A, iff E is an explanation of G in As.

Explainable equivalence in ALP guarantees the same ex-
plainability for any ground literal as a single observation, but
it does not matter how each observation is explained. Hence,
we do not have to care about whether multiple observations
can be jointly explained by a common explanation. On the
other hand, explanatory equivalence in ALP guarantees that,
any conjunction (or set) of observations 2 has exactly the
same credulous explanations. Hence, explanatory equiva-
lence implies that any set of abducibles £ C A should ex-
plain the same set of observations in each abductive program.

We now show that explainable equivalence in ALP can be
checked by comparing the belief sets of two abductive pro-
grams. Because there exist several methods to compute belief
sets using ASP [21; 8; 9], checking explainable equivalence
is also possible using such methods. In the following, we de-
note the set of all belief sets of (P, A) as BS(P, A).

Theorem 4.1 Abductive programs (P;, A;) and (Ps, As)
are explainably equivalent iff

U s= U =

SGBS(P17A1) SGBS(P27A2)

Proof. Recall that £ C A is an explanation of a ground lit-
eral G iff G is true in a belief set of (P, A) with respect to
E. Then, the set of all explainable literals are precisely those
literals contained in some belief sets of (P, A) with respect to
some E. Hence, the union of the belief sets of (P, .4) are ex-
actly the set of literals explainable in (P, 4). Therefore, two
abductive programs are explainably equivalent iff the unions
of the belief sets of two abductive programs coincide. a

In some case of compatible problems, explanatory equiva-
lence can be easily verified. Here, a logic program is definite
if every its rule is NAF-free and has exactly one atom in the
head and only atoms in the body. A definite program has a
unique answer set that is equivalent to its least model. An
abductive program (P, A) is called definite if P is a definite
logic program and A4 is a set of atoms.

Coradllary 4.2 Two definite abductive programs (P;, A;)
and (P», A,) are explainably equivalent if the least model
of P, U A; coincideswith that of P, U As.

2We assume that the set of observations includes the special atom
T, which represents the empty conjunction of observations. Note
that T is always true in any consistent set of ground literals.
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Example4.1 Given the common set of abducibles A =
{a, b} and three logic programs:

P = {pa, q<b},
PZ = {p%b, q<_a’}7
Py = {pea q < a, Fa?b}a

the three abductive programs (P;, A) (for i = 1,2,3) are
all explainably equivalent, but none of them are explanato-
rily equivalent. In particular, the least model of P; U A is
{p, q,a,b}, which is identical to that of P, U A. Ps is not
definite because of the third rule, but (P3,.A) has three belief
sets: {p}, {p,q,a}, {p, b}, the union of which is equal to that
of (P;, Ay fori =1,2.

Explanatory equivalence in ALP, on the other hand, re-
quires a more semantical notion of logic programming.* For
this purpose, we need to utilize the concept of equivalence in
logic programming and ASP.

There are several notions for equivalence in logic program-
ming, and weak equivalence and strong equivalence are most
well known. We say that two programs are weakly equiva-
lent if they simply agree with their answer sets. The notion
of weak equivalence is similar to that of logical equivalence
in FOL and other classical logics. Given two abductive pro-
grams (P, A) and (P», A), however, weak equivalence of
P, and P is not a sufficient condition for explanatory equiv-
alence of them, and is not even a sufficient condition for ex-
plainable equivalence. Weak equivalence is meaningful only
when the abducibles are empty.

Proposition 4.3 Abductive programs (P, ) and (P, () are
explanatorily equivalent iff P; and P, are weakly equivalent.

On the other hand, strong equivalence [14] is a more
context-sensitive notion for equivalence of logic programs.
Two logic programs P; and P, are said to be strongly equiva-
lent if for any additional logic program R, Py UR and P, UR
have the same answer sets. When we allow NAF in logic
programs, weak equivalence is too fragile as a criterion. For
example, {p < nota} and {p < } are weakly equiva-
lent with the same unique answer set {p}, but adding a to
both results in the withdrawal of p in the former.  Often,
we can restrict the language for additional programs R to
some subset R of the whole language of programs. Then,
two programs P; and P, are said to be strongly equivalent
with respect to R if P; U R and P, U R have the same answer
sets for any program R C R [10]. The equivalence notion
with such restriction is called relative strong equivalence [10;
24]. Using this notion, explanatory equivalence can be char-
acterized as follows.

Theorem 4.4 Two abductive programs (P;, .A) and (P,, A)
are explanatorily equivalent iff P, and P, are strongly equiv-
alent with respect to A.
Proof. Suppose that (P;,.A) and (P,,.A) are explanatorily
equivalent. Then, for any conjunction G of literals and any
3Explanatory equivalence of (P, A) and (P»,A) implies
BS(P., A) = BS(P, A), but the converse does not hold. For
example, when P, = {a « , p « a}, P> = {a + nota, p < a}
and A = {a}, BS(P1, A) = BS(P>, A) = {{a,p}}. However, 0
is an explanation of p, a and T in (P, A), but is not in {P», A).
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E C A, it holds that, E is an explanation of G in (Py, A) iff
E is an explanation of G in (P», A). The latter equivalence
then implies that, for any G and any E, we have that, G is
true in a belief set of (Py,.A) with respect to E iff G is true
in a belief set of (P, .A) with respect to E. Then, for any G
and any E, G is true in an answer set of Py U E iff G is true
in an answer set of P» U E. That is, for any E and any set
S of literals, S is an answer set of P; U E iff S is an answer
set of P> U E. Hence, P; and P, are strongly equivalent with
respect to 4. The converse direction can also be proved by
tracing the above proof backward. O

Example4.2 Given the common set of abducibles A =
{a, b}, consider three programs

P = {p<a, a+b},
P, = {p+a, p<b a+Db},
P; = {p«b a«b}.

Then, the three abductive programs (P;, A) (for i = 1,2, 3)
are explainably equivalent. Although (P, .A) is explanato-
rily equivalent to (P»,.A), it is not to (Ps,.A) [20]. In fact,
Py and P, are strongly equivalent with respect to A, while
P, and Ps5 are not because the addition of a derives p in Py
but this is not the case in Ps;. This example shows that un-
fold/fold transformation [23] does not preserve explanatory
equivalence in ALP [20] even when P; and P, are definite.

The complexity results of abductive equivalence in ALP
are given as follows.

Theorem 4.5 Deciding explainable equivalence in proposi-
tional ALPisin AL,

Proof. Explanation-finding, i.e., deciding if each literal has
an explanation in an ALP, is a %1’ -complete problem [3]. To
decide explainable equivalence, we need to check if explain-
ability agrees in two abductive frameworks for each literal.
Thus we can construct a polynomial-time deterministic Tur-
ing machine with an oracle for the explanation-finding prob-
lem in order to decide explainable equivalence. Hence, the

problem is in P¥2 = AP i

Theorem 4.6 Deciding explainable equivalence in proposi-
tional ALP is 1% -hard.

Proof. The problem contains the case that the abducibles are
empty. In this case, explainable equivalence and explanatory
equivalence coincide. Then, by Proposition 4.3, the problem
reduces to deciding weak equivalence of two logic programs,
which is known to be I1¥’-complete [16]. O

Corollary 4.7 Explainable equivalence of two definite ab-

ductive programs can be decided in polynomial time.

Theorem 4.8 Deciding explanatory equivalence in proposi-

tional ALP isIIZ -complete.

Proof. From a set A of literals, we construct a logic program
,U(A) = {51;’!7,0)5(51 —, 1«9 | le ./4},

where d; is a new atom which is uniquely associated with [.
Then, it can be shown that, P; and P, are strongly equivalent
with respect to A iff P| = PyUu(A) and Py = PaUpu(A) are
weakly equivalent. By Theorem 4.4, explanatory equivalence
of (P1, A) and (P», A) reduces to weak equivalence of P/
and Py, which is II{ -complete [16]. 0
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5 Conclusion

We have introduced the notion of abductive equivalence in
this paper. We have considered two definitions of abduc-
tive equivalence in two logics. Two important differences be-
tween FOL and ALP as the underlying logics are that (1) ex-
plainability is considered for all formulas in FOL while only
literals are considered as observations in ALP, and that (2)
nonmonotonicity by NAF appears in ALP while this is not the
case in FOL. Intuitively, the restriction of observations to lit-
erals in ALP gives more chances for two abductive programs
to be equivalent, but the existence of nonmonotonicity in ALP
makes comparison of abductive programs more complicated.
In each case, we can observe that explanatory equivalence is
not computationally harder than explainable equivalence.

In [11], the notion of abductive equivalence in this paper
is further applied to extended abduction [7], where hypothe-
ses can not only be added to a program but also be removed
from the program to explain an observation. In extended ab-
duction, explanatory equivalence can be characterized by the
notion of update equivalence [10].

We have observed that logical equivalence of background
theories in FOL or weak equivalence of logic programs does
not simply imply abductive equivalence except for some very
simple cases. That is why we need to characterize abduc-
tive equivalence in terms of other known concepts in classi-
cal or nonmonotonic logics. Having such characterizations in
this paper, the next target is to develop transformation tech-
niques which preserve abductive equivalence. In another fu-
ture work, we can consider other underlying logics for back-
ground theories, hypotheses and observations as well as the
criteria of best explanations for abductive equivalence.
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Abstract

The AGM postulates for belief revision, augmented
by the DP postulates for iterated belief revision,
provide generally accepted criteria for the design of
operators by which intelligent agents adapt their be-
liefs incrementally to new information. These pos-
tulates alone, however, are too permissive: They
support operators by which all newly acquired in-
formation is canceled as soon as an agent learns a
fact that contradicts some of its current beliefs. In
this paper, we present a formal analysis of the de-
ficiency of the DP postulates, and we show how to
solve the problem by an additional postulate of in-
dependence. We give a representation theorem for
this postulate and prove that it is compatible with
AGM and DP.

1 Introduction

Belief revision is the process of changing the beliefs of an
agent to accommodate new, more precise, or more reliable
evidence that is possibly inconsistent with the existing be-
liefs. In situations where the new evidence is consistent with
the existing beliefs, the two can just be merged; we call this
mild revision. More interesting and complicated are situa-
tions where the evidence conflicts with the prior beliefs, in
which case the agent needs to remove some of its currently
held beliefs in order to accommodate the new evidence. This
kind of revision is referred to as severe revision.

In the literature, the classical approach of belief revision
is the AGM framework [Alchourron et al., 1985; Gardenfors
and Makinson, 1988; Gardenfors, 1988]. Given an underly-
ing logic language £, the beliefs of an agent are represented
by a set of sentences in £ (known as belief set) which is closed
under logical consequence. New evidence is also a sentence
in £, and a belief revision operator maps the current belief set
and the new evidence to a revised belief set. To provide gen-
eral design criteria for belief revision operators, Alchourrén,
Gardenfors, and Makinson (AGM) have developed a set of
postulates [Alchourrdn et al., 1985]. The guiding principle is
that of economy of information or minimal change of belief
sets, which means not to give up currently held beliefs and
not to generate new beliefs unless necessary.
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For the incremental adaptation of beliefs, these postu-
lates proved to be too weak [Darwiche and Pearl, 1994;
1997]. This has led to the development of additional postu-
lates for iterated belief revision by Darwiche and Pearl (DP),
among others.

Still, however, the two sets of postulates are too per-
missive in that they support belief revision operators which
assume arbitrary dependencies among the pieces of infor-
mation which an agent acquires along its way. A univer-
sal dependency among all new evidences has a drastic ef-
fect when the agent makes an observation which contradicts
its currently held beliefs: The agent has to cancel every-
thing it has learned up to this point [Nayak et al., 1996;
2003]. In this paper, we first give a formal analysis of this
problem of implicit dependence, and then we present, as a
solution, an Independence postulate for iterated belief revi-
sion. We give a representation theorem for our postulate and
prove its consistency by defining a concrete belief revision
operator. We also contrast the postulate of independence to
the so-called Recalcitrance postulate of [Nayak et al., 1996;
2003] and argue that the latter is too strict in that it rejects
reasonable belief revision operators.

The rest of the paper is organized as follows. In the next
section, we recall the classical AGM approach in a propo-
sitional setting as formulated by [Katsuno and Mendelzon,
1991], followed by the approach of [Darwiche and Pearl,
1994] for iterated belief revision. In Section 3, we formally
analyze the problem of the DP postulates to be overly per-
missive. In Section 4, we present an additional postulate to
overcome this deficiency. We give a representation theorem
for the postulate along with a concrete revision operator. We
conclude in Section 5 with a detailed comparison to related
work.

2 Preiminaries

It has been observed by many researchers that belief sets
alone are not sufficient to determine a unique strategy for
belief revision [Gardenfors and Makinson, 1988; Spohn,
1988]. Any concrete belief revision operator requires addi-
tional information concerning the firmness of different be-
liefs to determine the revision strategy. In particular, this
(extra-logical) information should uniquely determine a set
of conditional beliefs: An agent is said to hold a conditional
belief o > [ (with «, 3 sentences in L) precisely when
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it will believe 3 after a revision with o [Gérdenfors, 1988;
Boutilier, 1993]. The Triviality Theorem of [Gardenfors and
Makinson, 1988] shows that using the AGM postulates it is
improper to include conditional beliefs into the belief sets. As
a consequence, we need to distinguish a belief set (referred to
as propositional beliefs) from a belief state (also called epis-
temic state). The latter contains, in addition to its belief set,
the conditional beliefs which determine the revision strategy.

2.1 (Modified) KM Postulates

Katsuno and Mendelzon (KM) rephrased the AGM postulates
for the propositional setting [Katsuno and Mendelzon, 1991].
The beliefs of an agent are represented by a sentence ) in
a finitary propositional language £.! Any new evidence is a
sentence p in £, and the result of revising ¢ with p is also a
sentence (denoted as ¢ * 1) belonging to L.

To avoid an inconsistency with their postulates for iter-
ated revision, [Darwiche and Pearl, 1994; 1997] suggested
to weaken the original KM postulates by regarding belief re-
vision operators as functions on belief states (rather than on
belief sets). This resulted in the Postulate (R*1)—(R*6) shown
below.

For the sake of the simplicity, we will abuse notation by us-
ing interchangeably a belief state ¥ and its belief set Bel (V).
For example, ¥ and W * y in Postulate (R*1) refer, respec-
tively, to the current belief state and to the posterior belief
state; and U « p = p is just shorthand for Bel(U « ) E p.
The following are the (modified) KM postulates, which in
turn are a reformulation of the AGM postulates:

(R*1) Uxpu = p.
(R*2) If U A p is satisfiable, then U x p = U A p.
(R*3) If u is satisfiable, then W « y is also satisfiable.
(R*4) If U, =V, and n1 = Ha, then Uy % n = WUy % Ha.
(R*5) (W p) A=W x (1A ).
(R*6) If (¥ % u) A ¢ is satisfiable, then ¥ x (u A ¢) = (U *
W) A ¢.

Darwiche and Pearl have given a representation theorem
for Postulates (R*1)-(R*6) wrt. a revision mechanism based
on total pre-orders over possible worlds:

Definition 2.1 Let W be the set of all worlds (interpreta-
tions) of a propositional language £. A function that maps
each belief state W to a total pre-order <g on W is called a
faithful assignment iff

o If w1, W ‘: U, then wi =¢ wo.
o Ifw; | Uandwsy £ ¥, then wy <g wo.
o If U = @, then <v=<o.

where w; =g ws is defined as w; <g¢ wq and wy <g wi;
and w; <g we Means wy; <y ws and we Ly wy.

The intuitive meaning of w; <g w> is that w, is at least as
plausible as wo in .

"We assume that the corresponding belief set Bel () contains all
logical consequences of 1.
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Theorem?2.2 [Darwiche and Pearl, 1997] A revision oper-
ator x satisfies Postulates (R*1)—(R*6) iff there exists a faith-
ful assignment that maps a belief state W to a total pre-order
<y such that

Mods(¥ * p) = min(Mods(u), <g)

Here, Mods(u) denotes the set of all models of u, and
min(Mods(u), <) is the set of minimal elements of Mods ()
wrt. the pre-order <yg.

2.2 DP Postulates

In order to allow for successive revisions, in each revision
step it must be fully specified how the conditional beliefs are
to be modified. Following the principle of economy of infor-
mation, minimal change should also be applied to the condi-
tional beliefs. Unfortunately, although the KM postulates put
much emphasis on the preservation of propositional beliefs,
they do not constrain the modification of conditional beliefs.
Darwiche and Pearl have shown that the KM postulates alone
are too weak to adequately characterize iterated belief revi-
sion, because they support unreasonable revision behaviors
[Darwiche and Pearl, 1994]. To overcome this deficiency,
they proposed these four additional postulates [Darwiche and
Pearl, 1997]:

(C1) f B p, then (U x pu) x 8= U x G.
(C2) If B = —u, then (T pu) x G =T %[
(C3) If U x 38 = p, then (U u) * 5 = p.
(C4) If U x Bt~ —p, then (U p) x 8 = —p.
Motivation and interpretation of these postulates can be found
in [Darwiche and Pearl, 1994; 1997].

To provide formal justifications, Darwiche and Pearl have
presented an extension of the above representation theorem
for Postulates (C1)—(C4):

Theorem2.3 [Darwiche and Pearl, 1997] Suppose that a
revision operator satisfies Postulates (R*1)—-(R*6). The op-
erator satisfies Postulates (C1)—(C4) iff the operator and its
corresponding faithful assignment satisfy:

(CRl) If w1, W ': I, then wy <g ws iff wy S‘l’*# wa.

(CR2) If wy,wa =, then wy <g wy iff wy <wyp wo.

(CR3) If wy = pand we (= u, then wy <g wo implies
w1 <xy W2.

(CR4) If wy = pand we = p, then wy <y wo implies
w1 Sway Wo.

Furthermore, [Darwiche and Pearl, 1997] showed that their
additional postulates are consistent with the (modified) KM
postulates. They did so by defining a concrete revision oper-
ator which satisfies both (R*1)-(R*6) and (C1)-(C4).

2.3 Why Not Absolute Minimization?

A different approach to studying iterated belief revision is by
defining concrete revision operators. For instance, [Boutilier,
1993] proposed a specific revision operator (known as natural
revision) which satisfies the modified KM postulates and the
following one:

(CB) If U pu=—pB,then (U xp)x3=0xp.
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As shown by [Darwiche and Pearl, 1997; Boutilier, 1996],
postulate (CB) imposes absolute minimization on the change
of conditional beliefs:

Theorem 2.4 Suppose that a revision operator satisfies Pos-
tulates (R*1)-(R6). The operator satisfies Postulate (CB) iff
the operator and its corresponding faithful assignment satisfy

(CBR) Ifwy = —(¥ * ) and wo = — (U * ) then
wy <y we iff wy <y w2

Condition (CBR) says that the agent should keep as much
of the ordering information in W as possible while satisfy-
ing the KM postulates. At first glance, therefore, it seems
that Condition (CBR) complies with the principle of economy
of information. However, Postulate (CB) is too radical since
any severe revision necessarily cancels all previous evidences
[Darwiche and Pearl, 1994; Zhang, 2004]. This suggests that
absolute minimization of the change of conditional beliefs is
overly strict and not desirable in general. It is easy to see that
the DP postulates are a weakening of Postulate (CB), in the
sense Postulate (CB) implies all of the DP postulates but not
vice versa.

3 TheProblem of Implicit Dependence

Although most counter-examples in [Darwiche and Pearl,
1997] against the KM postulates are solved by adding the DP
postulates, several open problems remain. For instance, the
DP postulates are consistent with (CB), hence they do not
block counter-examples against natural revision, like the fol-
lowing [Darwiche and Pearl, 1997]:

Examplel We encounter a strange new animal and it ap-
pears to be a bird, so we believe the animal is a bird. As it
comes closer to our hiding place, we see clearly that the an-
imal is red, so we believe that it is a red bird. To remove
further doubts about the animal birdhood, we call in a bird
expert who takes it for examination and concludes that it is
not really a bird but some sort of mammal. The question now
is whether we should still believe that the animal is red.

As argued in [Darwiche and Pearl, 19971, we have every
reason to keep our belief that the animal is red, since bird-
hood and color are not correlated. However, natural revision
enforces us to give up the belief of the animal’s color: Ac-
cording to Postulate (CB), since bird«red |= —(—bird) it fol-
lows that (bird«red)«—bird = bird«—bird.

In being compatible with (CB), the DP postulates are not
strong enough to guarantee that the belief of the animal’s
color is retained. This can be intuitively explained as follows:
After observing the animal’s color, we are actually acquiring
a new conditional belief, namely, that the animal is red even if
it were not a bird i.e., —bird >> red. However, the DP postu-
lates do not enforce the acquisition of conditional beliefs. In
the sequel, we first give a formal analysis of this weakness of
the DP postulates, and then we present an additional postulate
by which this problem is overcome.

It is well known (see, e.g., [Gérdenfors and Makinson,
1988)) that if a belief state ¥ suffices to uniquely determine
a revision strategy that satisfies the AGM (or the KM) postu-
lates, then the belief state determines a unique, total pre-order
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<y (known as epistemic entrenchment) over £ which satis-
fies certain conditions. Given an epistemic entrenchment, the
corresponding belief revision operator is defined by the fol-
lowing condition: For any 3,

(C*) Uxpu = pifeither = —por —pu <g ~u Vg

Other forms of total pre-orderings on £ have been pro-
posed, e.g., [Rott, 1991; Williams, 1992]. All of these or-
derings require extra-logical information, that is, they cannot
be determined by pure logical relations among the sentences.
Although we focus on epistemic entrenchment, the analysis
that follows does not depend on this specific ordering; it can
be easily adapted to the approaches just mentioned.

To begin with, we define the notion of dependence between
sentences wrt. a belief state as follows [Farifias del Cerro and
Herzig, 1996]:

Definition 3.1 A sentence (8 depends on another sentence
in belief state ¥ precisely when ¥ |= gand ¥x—u [~ 5. Two
sentences p, 3 are called dependent in W if either i depends
on 5 or G depends on p in W,

Consider, now, a (non-tautological) new evidence p. When-
ever U = 3, condition (C*) implies that if u >g¢ © V 3, then
G is (implicitly) dependent on p in W. This kind of depen-
dency could be problematic. In particular, it is possible that
two initially independent sentences become, undesirably, de-
pendent after a revision step. In Example 1, say, red becomes
dependent on bird after revising by red if natural revision is
used.

Epistemic entrenchment reveals that the problem of natu-
ral revision is that it assigns the lowest degree of belief to a
new evidence without asserting conditional beliefs for inde-
pendence. Thus the new evidence depends on all other beliefs
which survive the revision process. This explains why severe
revision always cancels all previous evidences.

4 A Postulate of Independence

The analysis in the previous section shows that in order to
overcome the problem of implicit dependence, the revision
operator must explicitly assert some conditional beliefs. It
is easy to see that the DP postulates only require the preser-
vation of conditional beliefs when a belief state W is revised
with p: Postulates (C1) and (C2) neither require to add nor to
remove certain conditional beliefs (namely, those conditioned
on ) incase B = por 8 = —u; Postulate (C3) requires to
retain the conditional belief 8 > y; finally, Postulate (C4) re-
quires not to obtain the new conditional belief 3 > —pu. Since
none of the DP postulates requires to make independence as-
sumptions, a new postulates is necessary to avoid undesired
dependencies.

The revision process may introduce undesirable dependen-
cies in both directions. That is, it could be that the new ev-
idence becomes dependent on existing beliefs, or the other
way around. Prior to stating the new postulate, we show that
the DP postulates impose some constraints on the retention of
the independence information in one direction. In the pres-
ence of the KM postulates, Postulate (C2) implies the follow-
ing:

(C2) f U —p = B, then (U * p)x—pu = 8
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This essentially means that if 3 is not dependent on the new
evidence p in W, then it also does not depend on g in W x .
In order to ensure the explicit assertion of independence
information in the other direction, we propose the following
postulate of Independence to complement the DP postulates:

(Ind) If UG B~ —pthen (Usp)xf = p

Basically, Postulate (Ind) says that if the belief in 5 D —u
is not strongly held in ¥, then . does not depend on =43 in
U x L.

Postulate (Ind) is sufficient to overcome the problem of im-
plicit dependence, as can be shown by reconsidering Exam-
ple 1. According to (Ind), (birdx«red)«—bird = red, given
that bird«—bird = —red. This shows that the new postu-
late blocks unreasonable behaviors which are admitted by the
DP postulates. In Section 5, we will also argue that Postu-
late (Ind) is not overly strict.

In order to formally justify our new postulate, we will
first provide a representation theorem along the line of The-
orem 2.3. Thereafter, we will give a concrete belief revision
operator which satisfies (Ind).

4.1 A RepresentationTheorem

For the proof of the representation theorem, we need the fol-
lowing observation, which is a consequence of Theorem 2.2.

Observation 4.1  Suppose that a revision operator satis-
fies Postulates (R*1)—(R*6). If £ -3, then Ux3 = pu pre-
cisely when there exists a world w such that w = p A 8 and
w <g w’ forany w’ = —pu A 8, where <y is the correspond-
ing faithful assignment.

Theorem 4.2 Suppose that a revision operator satisfies Pos-
tulates (R*1)—-(R*6). The operator satisfies Postulate (Ind) iff
the operator and its corresponding faithful assignment sat-
isfy:
(IndR) If wy = pand we = —p, then
wy <y wo iMplies wy <g.y wo.

Proof: “«<: Assume ¥« £ —u. From Observation 4.1, it
follows that for any world w = 8 A —p, there exists another
world w’ = 8 A p such that w’ <g w. Hence, since <y is
total, there must be a world w; such that w; = u A 8 and
wy <y wsg for any we = —u A B. Condition (IndR) then
implies that wy <wg., wo for any we = —p A 5. Due to
Observation 4.1, we have (Uxp)+3 = p.

“="1 Assume wy | p, we | -, and wy <y weo. Let
(3 be such that Mods(3) = {wy,ws}. From Theorem 2.2, it
follows that w, € Mods(¥x3). Hence U3 £~ —pu. Postulate
(Ind) implies (¥ * u) * 8 = p. Due to Postulates (R*1) and
(R*3), Mods((¥ * u) = ) = {w;y}. From Theorem 2.2, it
follows that w; <., wo. O

An immediate consequence of Theorem 2.3 and 4.2 is that
Postulate (Ind) implies both (C3) and (C4). Theorem 4.2 also
shows that Postulate (Ind) is not overly constrained: Condi-
tion (IndR) only requires to decrease the plausibility of the
worlds violating the new evidence . and not to decrease the
plausibility of the worlds confirming p.
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4.2 Propertiesof the IndependencePostulate

We suggest to use the KM postulates along with Postu-
lates (C1), (C2), and (Ind) to govern iterated belief revi-
sion. To show that these postulates together are consistent,
we present a concrete revision operator which satisfies all of
them. The operator is based on Spohn’s proposal of revis-
ing ordinal conditional functions [Spohn, 1988], which can
be viewed as a qualitative version of Jeffrey’s Rule of proba-
bilistic conditioning [Goldszmidt, 1992].

An ordinal conditional function is a function & from a given
set of worlds into the class of ordinals. Intuitively, the ordi-
nals represent degrees of plausibility. The lower its ordinal,
the more plausible is a world. An ordinal conditional function
encodes both a belief set and the conditional beliefs. The be-
lief set Bel(k) is the set of sentences which hold in all worlds
of rank 0 (the smallest ordinal):

Mods(Bel(k)) = {w|k(w) = 0}

From now on, we use an ordinal conditional function and its
belief set interchangeably; e.g., » € k means u € Bel(k),
and k& A p denotes A Bel(k) A p. A ranking of worlds can be
extended to a ranking of sentences as follows:

k() = { (max,, k(w))+1 If Fp )

min,,—, k(w) Otherwise

Put in words, the rank of a formula is the lowest rank of a
world in which the formula does not hold. Hence, the higher
the rank of a sentence, the firmer the belief in it. In fact,
it is not hard to see that an ordinal conditional function &
determines an epistemic entrenchment as follows:

o <, Biff k(o) < k(B)

Our belief revision operator allows to assign different plau-
sibility degrees to new evidences; standard KM/DP revision
is easily obtained as a special case by using a fixed value in
all iterations [Darwiche and Pearl, 1997]. An ordinal condi-
tional function % is revised according to new evidence p with
plausibility degree m > 0 as follows:

IfwkEp @)

" k(w) — k(=
(Fppn) (w) = { kgwg +rr§ g Ifw = —p

Assuming the same degree of plausibility for any new ev-
idence, satisfiability of the KM postulates along with Postu-
lates (C1), (C2), and (Ind) by the revision defined in (2) is an
almost direct consequence of Theorem 2.2, 2.3, and 4.2. But
we can even prove a stronger result with varying plausibility
values m.

Theorem4.3 For any m > 0, the belief revision operator
defined by (2) satisfies all KM postulates (R*1)—(R*6), where
Bel(¥) and ¥ * u are, respectively, identified with A Bel(k)
and k7, ,,,.

Lemma4.4 Let k be an arbitrary ordinal conditional func-
tion and ;. a new evidence with plausibility degree m, then
for any non-tautological sentence 3,

k(3) +m It p o4
kpym(B) = { t—k(—p) Elseif t = k(3)
min(t — k(—u), k(58) +m) Otherwise

where t = k(u D B).
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Theorem4.5 For arbitrary mq, mo > 0, the belief revision
operator defined by (2) satisfies the following conditions:2

(ECY) If o |= pu, then (K7, )i, = Ko

a,mso a,may”
(EC2) If o |= =y, then (K% o Ve s = Kl

(EInd) If there exists m such that £~ 5 |
(k:,ml)iﬁ,mg ): 2
Proof: If = —«, Condition (EC1) holds trivially. Assume
that o = pand £ —a. By (2),

E: o (w) =0 iff wiE aand k(w) = k(-a)  (3)

a,mo

¥ —p, then

Likewise,

(k;mh)z,nm (U)) =0 iff w }: o
and k¥ . (w) = k*

Hsma Hsma

(na) @

Since o = p, for any w |= a we have k7, |, (w) = k(w) —
k(—u) by (2). Since 4 D —a = -« and [~ —q, it follows
from Lemma 4.4 that £}, ,, (—a) = k(-a) — k(=p). Hence,
(4) is equivalent to

(K o,me (W) = 0 iff w = acand k(w) = k(-a)
This and (3) implies (k}; .., )% m, = k& m,- Condition (EC2)

can be proved analogously.

We prove Condition (EInd) by contradiction. To begin
with, from the assumption that k* 5 | [~ —yu it follows that
K= G and = pn D B. Furthermore, there exists w such that
k25 m(w) =0, w = =B A p, and k(w) = k(B). With the
help of (1), this implies k(3) = k(u D 3).

Now assume that (&}, ,,,, )% 5., = . It follows that there
exists w’ such that (&}, ,,, )% 5., (w') = 0, w" = =8 A —p,
and k7, (w') =k}, . (B). Since k(w) = k(B) and v’ =
-3, we have k(w') > k(w). Hence by (2), &, ,,, (w') =
kE(w') +mq > k(3). But from Lemma 4.4 it follows that
Ky, m, (B) < k(B), since = 8 and [# p O 3. This contradicts

K () = ki (). 0

22X LA5Y Hymy

Theorem 4.3 and 4.5 show that Postulate (Ind) is consistent
with the KM and DP postulates. On the other hand, (Ind) does
not follow from these postulates, which can be seen by the
fact that (Ind) is incompatible with (CB), the postulate that
characterizes natural revision.

It is worth mentioning that revisions based on ordinal con-
ditional functions are particularly suitable for implementa-
tions of belief revision. For instance, [Jin and Thielscher,
2004] presented a method (and its implementation) for revi-
sion of belief bases which is equivalent to the belief revision
defined by (2).

5 Reated Work and Conclusions

The first DP approach [Darwiche and Pearl, 1994] seemed
excessively strong because one of the postulates, (C2), is
inconsistent with the classical AGM framework, as pointed

*Note that, as before, we abuse notation by simply writing &}, .,
instead of A Bel(k}; ,,,) etc.
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out by [Freund and Lehmann, 1994]. Apart from the solu-
tion by [Darwiche and Pearl, 19971, namely, to use a modi-
fied version of KM (which we followed in this paper), sev-
eral other proposals were made to overcome the inconsis-
tency. For instance, Lehmann proposed a different way of
weakening the AGM postulates accompanied by quite dif-
ferent additional postulates for iterated revision, in which
a belief state consists of a sequence of revision sentences
[Lehmann, 1995]. Nayak et al. suggested to retain the orig-
inal AGM framework and to consider a belief revision op-
erator as a unary function (associated with a belief state).
The idea is to view belief revision as dynamic, in the sense
that the operator evolves after each step [Nayak et al., 1996;
2003]. On the other hand, one point has been generally ac-
cepted, namely, that iterated belief revision should not be con-
sidered as a purely set-theoretical change of belief sets but as
an evolution of belief states, which encapsulate beliefs with
some kind of information of the firmness of beliefs [Zhang,
2004].

The problem of the DP postulates to be overly permissive
was already studied by Nayak et al., [1996; 2003]. They sug-
gested to strengthen the DP postulates by the following so-
called postulate of Conjunction:

(Conj) If ujE -0, then (U p) « 8= T (8 Apw).
It is easy to see that (Conj) implies another postulate, which
they called postulate of Recalcitrance:

(Rec) If & 8 D —p, then (P« p) x 5 = p.

In the following, we argue that Postulate (Conj), while
strengthening the DP postulates, is overly strict. To this end,
we show that even Postulate (Rec) is too strong. The latter
says that, as long as 5 D —yu is not a tautology, it should be
canceled after a successive revision by p followed by 3, no
matter how strong the initial belief in 3 > —u. A simple
example shows that this behavior is not reasonable:

Example2 All her childhood, Alice was taught by her par-
ents that a person who has told a lie is not a good person. So
Alice believed, initially, that if Bob has told a lie then he is
not a good person. After her first date with Bob, she began to
believe that he is a good guy. Then a reliable friend of Alice
warns her that Bob is in fact a liar, and Alice chooses to be-
lieve her. Now, should Alice still believe that Bob is a good
quy?

According to Postulate (Rec), Alice should not challenge
Bob’s morality and still believe he is good, and hence to dis-
believe what her parents taught her. But it is at least as rea-
sonable to give up the belief that Bob is good. This shows
that Postulate (Rec) is too strict a criterion for belief revision
operators.

With regard to the postulate we have proposed in this paper,
it is easy to see that (Ind) is a weakening of Postulate (Rec).
This raises the question whether Postulate (Ind) weakens too
much. Let us consider an example, taken from [Nayak et al.,
1996], which, at first glance, seems to show that this is indeed
the case.

Example3 Our agent believes that Tweety is a singing bird.
However, since there is no strong correlation between singing
and birdhood, the agent is prepared to retain the belief that

KNOWLEDGE REPRESENTATION AND REASONING



Tweety sings even after accepting the information that Tweety
is not a bird, and conversely, if the agent were to be informed
that Tweety does not sing, she would still retain the belief
that Tweety is a bird. Imagine that the agent first receives the
information that Tweety is in fact not a bird, and later learns
that Tweety does not sing.

Nayak et al. claimed that it is only reasonable to assume that
the agent should, in the end, believe that Tweety is a non-
singing non-bird. Indeed, with ¥ = singing A bird it follows
from Postulate (Rec) that (¥ * —bird) % —singing = —bird,
since £ —singing D bird. Postulate (Ind), on the other
hand, does not apply in this case. But the behavior which is
claimed to be the only reasonable one is not generally justi-
fied. Suppose, for example, the agent initially believes firmly
that —singing D bird. It is then possible, after revising by
—bird, that the belief in —singing D bird is stronger than
the belief in —bird. In this case, after further revising by
—singing, the agent believes that Tweety is a bird after all.

In [Zhang, 2004], it has also been argued that Postu-
late (Rec) is too radical because only those revision operators
are admissible which assign the highest belief degree to the
new evidence. This can be considered a further justification
of our Postulate (Ind). Moreover, it is easy to verify that Pos-
tulate (Ind) is satisfied by all revision operators with memory
[Konieczny and Pérez, 2000].

We have formally justified our new postulate by a repre-
sentation theorem and a concrete revision operator which sat-
isfies both (Ind) and KM/DP. Other concrete revision opera-
tors have been proposed, e.g., in [Williams, 1995], which also
use ordinal conditional functions. The main difference is that
these operators do not satisfy the Independence postulate.
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Abstract

In many frameworks for reasoning under inconsis-
tency, it is implicitly assumed that the formulae
from the belief base are connected using a weak
form of conjunction. When it is consistent, a belief
base B = {1, ..., ¢n}, Where the @, are proposi-
tional formulae, is logically equivalent to the base
{©1 A ... A ¢n}t. However, when it is not con-
sistent, both bases typically lead to different con-
clusions. This illustrates the fact that the comma
used in base B has to be considered as an addi-
tional, genuine connective, and not as a simple con-
junction. In this work we define and investigate a
propositional framework with such a “comma con-
nective”. We give it a semantics and show how it
generalizes several approaches for reasoning from
inconsistent beliefs.

1 Introduction

There are many different situations that can lead to reason
with sets of (mutually) inconsistent formulae (see e.g. [Bloch
and Hunter, 2001] for a classification).

When dealing with an inconsistent belief base, a rational
agent must refrain from using classical entailment to exploit
her belief base, since from an inconsistent belief base, every
formula is a logical consequence.

Many approaches have been proposed so far to address
the paraconsistency issue, i.e., the problem of designing in-
ference relations that do not necessarily trivialize when the
belief base is inconsistent, but preserve many expected con-
sequences nevertheless. Among them, many approaches to
avoid trivialization in presence of a contradiction consist in
weakening the inconsistent belief base by inhibiting some for-
mulae in it. To be more precise, the key idea of such ap-
proaches is to select some consistent subsets of the belief base
B, then to reason deductively from some of them.

Clearly enough, such approaches require a belief base to be
a set of formulae, not a single formula (inhibition consists in
removing formulae from the set). As a consequence, a (finite)
inconsistent set of formulae cannot be considered as equiva-
lent to the conjunction of its elements (and this contrasts with
what happens when consistent sets are considered). For in-
stance, the set of consequences of {y, —p, 1} typically dif-
fers from the set of consequences of {¢ A —p A 1}
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Handling in a different way conjunctions of formulae
and sets of formulae when they are classically inconsistent
is an idea which underlies many paraconsistent logics for
decades. Such logics are called non-adjunctive logics, which
just means that the inference rule which consists in con-
sidering the conjunctive formula ¢ A ¢ as derivable from
the set {¢, ¢} fails. For instance, Jaskowski’s discursive
logic [Jaskowski, 1969], one of the first paraconsistent logic
pointed out so far, is non-adjunctive: in this logic, a propo-
sitional formula ¢ is considered as a consequence of a set of
formulae {1, ..., ¢, } if and only if o is a consequence of
{o¢1,...,00n} in epistemic logic S5; this amounts to say
that ¢ is a consequence of {1, ..., ¢, } in Jaskowski’s logic
if and only if ¢ is a classical consequence of one of the ¢;’s.
This approach has been further refined by Rescher and Manor
[Rescher and Manor, 1970], who suggest to conjoin up to
maximal consistency, and then by many Al researchers who
introduce conjoining policies that can take advantage of ad-
ditional information about the relative certainty of pieces of
belief.

Nevertheless, as far as we know and apart of the recent
work [Mengin, 2004] discussed in Section 8, considering
comma as a plain connective has never been overstepped up
to now, in particular the languages of previous paraconsistent
logics do not enable sets of formulae to be nested. Defin-
ing and investigating a logical framework in which such a
“comma connective” is used is the main purpose of this pa-
per, which is organized as follows. After some formal pre-
liminaries, we present both the syntactical and the semantical
aspects of the “comma logic” in Section 3. Some properties
of the corresponding inference relation are given in Section
4. The generality of the proposed framework is discussed in
Section 5. Some translatability results and some complex-
ity results are given in Section 6. An alternative semantics
for the comma connective based on cardinality is briefly dis-
cussed in Section 7. Due to space limitations, most proofs are
only sketched. Section 8 concludes the paper.

2 Preliminaries

Let PS be a finite set of propositional variables: a, b, ¢, etc.
Lpg is the propositional language built from P.S, the con-
stants T (verum) and L (falsum) and the standard connectives
{A,V, =, —} in the usual way. Formulae of £Lpg are noted
with small Greek letters ¢, 1, etc. An interpretation (world)
M is atotal function from PS to {0, 1}, typically represented
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as the set of all the variables of PS it satisfies. M pg denotes
the set of interpretations built over PS. M is a model of a
formula ¢, denoted M |= o, if and only if it makes it true (in
the usual truth-functional way). Mod(y) denotes the set of
models of . |= denotes classical entailment and = denotes
equivalence between formulae from Lpg.

Let C denotes strict inclusion. Let B = {¢1,...,9n} be
a finite set of formulae of Lpg, and let B’ C B, we note
AB = AN{y: lp; € B'}. B'is a consistent subset of B
if and only if A\ B’ is consistent. B’ is a maximal consis-
tent subset (or maxcons) of B if and only if B’ is consis-
tent and there is no consistent B” such that B’ ¢ B"” C B.
M axzCons(B) denotes the set of the maximal consistent sub-
sets of B.

3 The “comma logic”
Let us start with the definition of the language of our comma
logic.
Definition 1 The language EICD g of the propositional comma
logic is defined inductively as follows:

o PSU{T, L1} C LS

o Ifp € LG and ) € LG then (=), (9 A). (¢ V1)),

(¢ — ) belong to LS ;

o Ifn > 0and {p1,...,0n} C LS then (p1,...
belongs to LS g

, )

Parentheses can be omitted when no ambiguity is possible.

Clearly enough, EICDS is a superset of Lpg: nonclassical
formulae obtained by taking advantage of the comma connec-
tive can be formed. Here, we abuse words slightly: comma
is actually considered as a set constructor, hence formally
comma denotes a family of connectives, one per possible ar-
ity. Especially, comma is not always binary: one can apply
the comma connective to no formula at all (the empty set),
one formula (singletons), or more than two formulae. This
forces us to introduce additional separators (the chevrons (
and ) — which must not be confused with parentheses) but
enables to keep the notations not too heavy.

It proves also interesting to define the depth of a formula

of LS4, and the languages {ngl], n € N} as:
Definition 2 The depth of a formula ¢ from ,CICD g
inductively as follows:

o Ifoe PSU{T, L} thendepth(v) =0;

o depth(—p) = depth(p) ;

o depth(p A1) = depth(p V ¢) = depth(p — ¢) =
max(depth(y), depth(1))) ;

o depth((p1,...,pn)) = max;—1._, depth(p;) + 1.!

Forn € N, EC[ " is the set of all formulae of LS g whose
depth is less or equal to n.

is defined

One can easily check that LEg = UHGNLICD[S"] and
CC[O] L pS Finally, for all n > 1, we define the lan-
guage L} [S "l (set of simple formulae of depth n) as the

'By convention depth({)) = 1.
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subset of L1

©1, ...,k are formulae of L , 1.e., the set of formulae
of depth n where comma is the main functor. Here are some
examples of formulae of LS, where PSS = {a, b, c}:

e p1=aAbA(-bVc)A g

e vy ={(aNb,—bVe, —c);

w3 =(aA(DV{c,aVb c)),(=bVc,—c)A{a, T));
* ps={().

We have depth(apl) = O depth(p2) = 1; depth(ps) = 3.

Note also that ¢y € /3 U (as ¢4) and that 3 € EC[S 3]
Let us now present the semantics of our new language

containing all formulae (1, . ..
C [n 1]

, ©k), where

Definition 3 The notion of satisfaction of a formula of EIC) g
by an interpretation M is given by the relation |=. on M pg %

LS defined inductively as:

o ME.T

o ML

e Ifa€e PS, M aifandonly ifa € M;

o ME.~pifandonly if M H.;

o ME.p A ifandonly if M=, and M= 1;

o Ml=cpVipifandonly if M=, or M=t

o ME.p— vifandonly if Ml=.—p or M=

o ME.{p1,...,pn) if and only if there is no interpreta-

tion M' € Mpg such that {i | M'|=.p;} strictly con-
tains {i | Ml=c @i}

We now extend several standard notions (and the corre-
sponding notations) from classical logic to comma logic.
Let Modc(p) = {M € Mps | ME=cp}. A formula
of Eg glis said to be consistent (or satisfiable) if and only if
Modec(p) # 0, and valid if and only if Modc(p) = Mpg.
If ¢ and ¢ are two formulae of EIC) g» Y 1s said to be a con-
sequence of ¢ (denoted =.1) if and only if Modc(p) C
Modec(v). When ¢ = T, we simply write |=.1) instead of

Tl=c1. Two formulae ¢ and v of ﬁ P are said to be equiv-
alent, noted p=1), if and only if =, and Y=, .

4 Some logical properties

It is easy to show that, in contrast to the other connectives
in the logic, the comma connective is not truth-functional: in
the general case, the truth value of (1, ..., ¢,) from LS4
in interpretation M cannot be determined from the truth val-
ues of each ¢; (+ € 1...n)in M only. For instance, let
PS = {a,b}, M = {a}, o1 = (a,b), p2 = {(a A —b,b): M
satisfies the “first” element of ¢, and (o, but does not sat-
isfy the “second” one; while M is a model of (o, it is not a
model of ¢;. This lack of truth-functionality explains why the
comma connective is really genuine in the logic. (It cannot be
defined by just combining connectives of classical logic).
Actually, the discrepancy between classical logic and
comma logic lies only in the comma connective, since:

Proposition 1 Comma logic is a conservative extension of
classical logic: for every pair of formulae , ¥ in which the
comma connective does not occur, then =1 if and only if

¢ .
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Obviously, new valid formulae are obtained in comma
logic, like (p, —p), because the language of propositional
logic has been enriched, but in any case classical theorems
are preserved.

Furthermore, the replacement metatheorem of classical
logic can be extended to comma logic:

Proposition 2 Let p be a valid formula from EICD gandletx €
PS. Let 9 be any formula from LS g. The formula obtained
by replacing in @ every occurrence of x by an occurrence of
1 is valid as well.

Let us now make precise some properties of the inference
relation |=.. First, a direct consequence of its definition is
that |=. is a Tarskian consequence relation (since it is de-
fined as model containment); from this observation, a number
of immediate properties follows, especially the fact that =,
is reflexive and transitive. By the way, note that while in clas-
sical logic the basic entailment relation =on Lpg X Lpg can
be easily extended to a relation on 2475 x Lpg by defining
the models of a set of formulae as the interpretations satisfy-
ing every formula from the set, the similar construction would
not be meaningful here; indeed, in comma logic, sets of for-
mulae are interpreted in a nonstandard way. This renders the
usual characterization of Tarskian consequence relations in-
adequate in our setting since =, does satisfy neither strong
reflexivity nor monotonicity:

o (a,7a) Fca;
e (a)=cabut (a,—a) H.a.

Here are some other valuable properties:

Proposition 3
1. If pif=c e and (@1, p2) e 1), then p1F= 1.

2. If {p1, p2) ), then p1=c (02 — ).

3. If p1=cp2 and @1 is a subformula of v, then any for-
mula obtained by replacing in v occurrences of ©1 by
g is equivalent to 1.

4. o1 Ny if and only if pl=c 11 and pl=c1o.

5.0 (p,p1)Ec and (p, p2)l=cp, then (p,(p1 V
P2)) et

Item (1) is a form of the cut rule. Item (2) is a form of the
deduction metatheorem. Item (3) is the substitution metathe-
orem for the “comma logic”. In particular, it shows that Vk
ifVvi € 1...k ¢; = ¢ then (¢1,..., 0k, ..., Pn) =c
(Do pon). Ttem (4) is a form of the “and rule”.
Item (5) is a form of proof by cases (or “or rule”).

Other standard metatheorems of classical logic fails in the
general case for full comma logic, i.e., when sets of for-
mulae are considered. For instance, modus ponens fails
({a, (a — —a)) F£.—a), and-elimination and or-introduction
as well ((L, @) F£e L and (1) F£. LV p); reduction ad absur-
dum fails (p}= ¢ while (p, ~¢@) . L).

Let us now present additional properties which state how
the comma connective interacts with the other connectives
(and itself).

Proposition 4
6. For any permutation o of {1,...,n}, {p1,...
equivalent to (9,1, - - -, Po(n))-

9 gp”> is
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7 @1,y 01,02y s On) Ze (P15 s On)-

8. Vn >0 (p1,...,¢n) Fcl.

9. (1,02, 0n) =c (©2,--.,¢n) Iif @1 is inconsistent
or(Ji € 2...n, @, is consistent and Vi € 2...n, ¢; =
1)

10. o1 Ao ANpnlEc{er, - ©n)-

1. Q1,5 0n) A1, Pm) Fe (@1 AL, -+ oy 01 A,
c O A1, on A ).

12. (o1, 00) A (W1, bm)Ecler, - 0n, Y1, -1

13. If @; is consistent (for at least one © € 1...n), then
(P15 Pr)Ecp1 V...V o,

14. If p is consistent,
then {(p1 V@, ...

15. =(—p) = .

Item (6) shows that the “comma connective” is symmetric
in every argument. Item (7) shows that the “comma connec-
tive” is idempotent.

Item (8) shows that for every n > 0, every formula from

LICJ[SS”L] is consistent (obviously, this cannot be extended to

the full language £%4). This is sufficient to ensure that =,
achieves a form of paraconsistency when starting from a set
of formulae.

Item (9) gives a sufficient condition to simplify a set of for-
mulae (note that in contrast to classical logic, it is not possible
in general to remove a formula from a set as soon as it is en-
tailed by another formula; for instance, while a A b|=.a V b,
we do not have (a A b, —a,a V b) equivalent to {(a A b, —a)).

Items (10), (11), (12) make precise the connection between
the comma connective and conjunction. None of the converse
relation holds in the general case (for (10), ©1 A ... A ¢,
should be consistent; the converse of (11) does not hold even
in the restricted case m = 1 and (1, ...,®n) At is con-
sistent: (a A —b, —a A —b, =a A —b) F.{a,—a V b, ~a) A —b;
the converse of (12) fails since for instance {(a, —a) H.{a) A
(—a)). Note also that there is in general no deductive connec-
tions between a formula where nested commas occur and its
“unfold” counterpart. Especially, in general, we have:

s on Vo) = (P1 Ao Apn) Vg

<<§017'"790n>7<¢17"'7¢’m>> |7é0<9017'~'790n7w17"'7wm>
For example, ({(a,b), (—a, c)) F.{a,a,b,c).
In general, we also have:

<9017-~780n7¢1a~~7¢m> #c<<§017'~'790n>7<w17"'7wm>>

For example, (a, —a, b, ¢) K. {{a,b, ma), (—a,c)).

Item (13) and (14) make precise the connection between
the comma connective and disjunction. No other significant
properties involving disjunction hold; for instance (a, b, —b)V
—a He{a V —a,bV —a,—bV —a). Together with the previ-
ous properties concerning conjunction, it shows that we can
consider the comma connective as a “weak’ conjunction con-
nective, since it is equivalent to it when the conjunction is
consistent, but gives a consistent result even when it is not.
Furthermore, when all the formulae are pairwise contradic-
tory but one of them is consistent, comma is equivalent to the
disjunction connective. Thus, if we specialize it to the case
two formulae ¢ and v are considered, we get the easy corol-
lary:
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@w AN if consistent, else
Corollary 1 (p,9) =.{ @V if consistent, else
T otherwise.

Item (15) finally states that negation is involutive for the
full logic (in particular, =(= (@1, ..., ¢n)) =c (©1, .-, ©n)).
No other link between negation and the comma connective
can be established in the general case (for instance, — does
not distribute over the “comma connective”; for instance,
=(L) =. L while (-1) =. T).

5 Generality of the framework

Let us now show how several approaches for dealing with
inconsistency can be encoded in this logic.

5.1 Skeptical inference

One of the most common method for reasoning from an in-
consistent set of formulae consists in selecting the maximal
(w.r.t. set inclusion) consistent subsets (also called maxcons)
of formulae (see [Rescher and Manor, 1970] for example).
Consequences w.r.t. skeptical inference (also called “univer-
sal” inference) are then defined as classical consequences of
every maxcons:

Definition4 A by ¢ iff VM € MaxCons(A), M = .

Such an inference relation can be easily recovered in our
comma logic:

Proposition 5 {©1,...,on} by @ iff (01, .., on)Ec e

5.2 Credulous inference

From a set of maxcons, one can also consider credulous infer-
ence (also called “existential” inference), that allows to infer
a formula if at least one maxcons classically entails it.

Definition 5 A b3 ¢ iff IM € MaxCons(A), M = .

Again, such an inference relation can be easily recovered
in our comma logic:

Proposition 6

{o1,.-ony Faiff (o1, -, 00, 20) A e L

5.3 Supernormal defaults

Assumption-based theories and supernormal default logic
[Poole, 1988; Brewka, 1989] can be described in the follow-
ing way. Let (B, By) be a pair, where B and B, are two finite
sets of formulae. B is the set of facts (or hard constraints),
that is supposed to be consistent. By is a set of defaults, i.e.,
a set of formulae that one wishes to add to facts if it does not
result in an inconsistency. B is often not consistent with B.

An extension is a subset of formulae of BUB,; that contains
all the formulae of B and a maximum (w.r.t. set inclusion) of
formulae of B,. So, the set of all the extensions is defined as:
Extens((B,Bq)) ={FE | EC BUBgand BC E and E |~
landVE' st. ECE CBUBy, E E 1}

Inference from such a supernormal default theory (B, By)
is defined as:

Definition 6 (B, By) Fp ¢ iff VE € BExtens((B, Ba)),
EE o
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This can be also easily expressed within the comma logic
framework (note that since the set B of facts is consistent, it
can be considered conjunctively):

Proposition 7 (B, {p1,...,0n}) Fp @ ifand only if {p1 A
AB,...,on NN\ B) AN\ BEce.

Finally, note that since circumscription can be encoded
as skeptical inference from supernormal defaults (see e.g.,
[Etherington, 1987]), it can also be encoded in the comma
logic framework.

5.4 Belief revision

The basic revision operator proposed by Nebel [Nebel, 1991;
1998; Fagin et al., 1983] is defined as follows:

Definition7 Let Bl = {M | M C Band M £
wandVM'st. M C M' C B,M’' = ¢}. Basic revision

is then defined as: B oy ¢ = ( \/ /\M)/\go.
MeBLl-¢

In comma logic, this can be expressed as follows:

Proposition8 {1, ...
{(p1 N, ...

snton @ Ep if and only if
o N ) N

5.5 Belief merging

Suppose that one wants to merge several belief (or goal) bases
while allowing some of those bases to be inconsistent. If
one wants to take into account inconsistent belief bases in the
merging process, one can first perform an intra-source merg-
ing in order to extract useful information from those bases,
before making the proper inter-source merging.

Let E = {Bi,...,B,} be a set of (possibly inconsis-
tent) belief bases s.t. for all « € 1...n, we have B; =
{#1,---, ¥, ). Then, we can define the merging of those
bases as :

A(B) = (@1, @ky)s - (0155 0R))

This operator is not definable as a two aggregation steps
merging operator (as defined in [Konieczny ef al., 2002]).
Conversely, considering an alternative semantics for the
comma connective (see Section 7), we can capture some of
the two aggregation steps merging operators in comma logic.

6 Computational aspects

Let us investigate both translatability issues and complexity
issues for comma logic. First of all, one can prove that the
expressiveness of the comma logic is exactly the same as the
expressiveness of classical logic (every piece of information
which can be encoded in one of the logics can also be encoded
in the other one):

Proposition 9 For any formula o of LS g, there is a formula
P ofﬁg[g] = Lpg that is equivalent to .

A simple induction on the depth of the formulae shows how
each formula ¢ of LS can be equivalently (for |=..) rewritten
into a classical formula C(¢). Let ¢ be a formula of LS

of depth k. A translation of it into a classical formula can
be obtained as follows. First, replace every subformula of ¢
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that is in ng’l] by an equivalent formula from Eg?] (the

substitution theorem for the “comma logic” makes it sound);
one gets then a formula of depth n — 1, so we can iterate the
process until a formula of depth 0 is obtained. For example,
let ¢ = (a, b, (—bVe, —c)); we start by translating (—bV ¢, —¢)
in —b A —c: after one iteration, we get the formula {a, b, —b A
—c), and a second iteration gives (a A b) V (a A =b A —¢),
that is equivalent to a A (b V —¢). The problem with such a
translation is that the size of C'(¢) is generally exponentially
larger than the size of ¢. Can we do better? Actually, the
answer is negative:

Proposition 10 Under the usual assumptions of complexity
theory,? there is no polysize function that maps any formula

from LG g (and even from Egg]) to
e an equivalent classical formula.

e an equivalent formula from ,CIC)S in which the “comma
connective” is binary (i.e., whenever it is used, it may
connect at most two formulae).

The first item is a direct consequence of the non-
compilability of circumscription [Cadoli ef al., 1997]. The
second is a conse%uence of the first one, given that every
formula ¢ from L% in which the comma connective is at
most binary can be turned into a classical formula whose size
in bounded by || (the proof is easy by structural induction
given Corollary 1).

Let us now turn to the inference issue. From Definition
3, it is easy to show that p|=.1% if and only if ¢ A =t is
inconsistent. Hence it is sufficient to focus on the satisfiability
issue. The satisfiability problem in ,CICD g 1s, of course, at least

as hard than for classical logic (so it is NP-hard). Can we say
]

more than that? Let us begin with ,ngl .
Proposition 11 The satisfiability problem in Egg] is X5-
complete.

Membership to ¥5 comes from the fact that the corre-
sponding model checking problem is in CONP: for any simple
subformula ¢ = (aq,...,ay) of ¢ from EICD[SS’”, deciding
whether M F£.1 simply consists in guessing an interpreta-
tion M’ and to check in polynomial time that the set of a;
satisfied by M’ is a proper superset of the set of «; satisfied
by M. Actually, the truth values of all such ¢ in M can be es-
tablished in nondeterministic polynomial time (guess in par-
allel several M’, one for each simple subformula 1) of depth
1 which is not satisfied by M). Once this has been done, the
truth value of ¢ in M can be computed in deterministic poly-
nomial time. Hardness comes from 5-hardness of credulous
inference from maximal consistent subbases [Nebel, 1998;
Cayrol and Lagasquie-Schiex, 1995].

Now, what about the satisfaction problem when commas
are nested? An iterated use of the proof of the preceding re-
sult (membership part) easily leads to the following:

Proposition 12
o The satisfiability problem in Eggﬂ isin Eﬁﬂ.
e The satisfiability problem in LS is in PSPACE.

“Especially, the fact that the polynomial hierarchy does not col-
lapse.
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We do not have hardness proofs but we conjecture them.?
Thus, we do not know how to perform comma elimination
(for the nested occurrences) in polynomial time (and we con-
jecture that it is not possible to do it); especially, intro-
ducing new symbols would not necessarily preserve equiva-
lence over the original language; for instance, {(a, (—a, b)) Z.
{a,new) A (new < (—a,b)).

Let us now give a few comments about those complexity
results. First, the fact that satisfiability in /.ZICDE;” is at the sec-
ond level of the polynomial hierarchy, and not higher are
good news. We know (from Section 5) that the universal
and existential inference problems can be reduced, in poly-
nomial time, to satisfaction or validity problems of formulae

of EICD[S”. Given complexity results from [Cayrol ef al., 1998;
Nebel, 1998], it follows that the satisfiability problem in

LICD[SH cannot be lower than the second level of the polyno-
mial hierarchy. The fact that it is not higher shows that the
gain of flexibility we get does not result in a complexity shift.

7 Variation on the “comma semantics”

Among others, another semantics for the comma connective
is obtained by considering as models of {1, ..., ®y), the in-
terpretations that maximize the number of satisfied formulae
;. Formally, this amounts to replacing in Definition 3, the
item M=, {p1, ..., ¢n) by the following one:

o MES(p1,...,py) if and only if there is no inter-
pretation M’ € Mpg such that [{i | M'l=cpi}] >
{i| MEcpi}l.

Properties reported in Section 4 are typically preserved by
this modification, but idempotence: (@1, p1, %2, ..., Pn) is
(generally) not equivalent to {1, 2, ..., y,). For example,
(a,a,—a) is not equivalent to (a, —a) under the cardinality
maximality semantics.

Contrariwise to the =, case, we can show that:

Proposition 13 For every fixed n, there is a polysize func-
tion that maps any formula of Eggn] into a query-equivalent
formula of L ps when we appeal to the |=$ semantics.

The proof is a constructive one and relies on a translation
function C similar to the one given in Section 6: we first

replace each occurrence of the formulae v = {(a1,..., )
of EICDE’” in ¢ by the cardinality formulae [= ky)]
(aq, ..., an), meaning that exactly k,, formulae among the n

formulae o, . .., a, must be satisfied (see e.g. [Benhamou
et al., 1994]); such cardinality formulae can be translated
in polynomial space as classical query-equivalent formulae.
Such a translatability result is helpful in the objective of com-

o C . .
piling formulae from £ P[S"] into classical formulae so as to
improve inference.

Proposition 14 The satisfiability problem in LG g for =S is
in AL.

3That the comma nesting level goes seemingly pairwise with a
complexity increase is not surprising (a similar phenomenon hap-
pens when conditionals are nested, see e.g. [Eiter and Gottlob,
1993]).
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Membership to AL comes from the fact that one can as-
sociate to any simple subformula ) = (a,...,ay) of ¢ €
L% ¢ the maximal number ky, of a; which can be jointly sat-
isfied. Simple subformulae of ¢ are processed by increas-
ing depth: for any 1 of depth 1, the «; are classical formu-
lae, and using binary search, logarithmically many calls to
an NP oracle are sufficient to compute the corresponding k.
For any v of depth 2, again using binary search, logarithmi-
cally many calls to an NP oracle are sufficient to compute
the corresponding k,: the key observation is that the model
checking issue for ¢ can be done in polynomial time once the
ky for each simple subformula ¢’ of ¢ have been computed
(M =S if and only if M satisfies ky elements in ¢’), and
so on. Since ¢ does not contain more than || simple sub-
formulae, linearly many calls to an NP oracle are sufficient
to compute all the k; since model checking is in P once
they have been computed, a last call to an NP oracle is suf-
ficient to determine whether ¢ is satisfiable. We conjecture
that the problem is Af-complete but have only a proof of ©%-
hardness at that time.

One has to note that the complexity gap (between the first
and the second level of the polynomial hierarchy) highlighted
by [Cayrol et al., 1998] when one goes from the cardinality
criterion to the set-inclusion one, becomes here an amazing
gap (from at most AY to PSPACE) — under the assumption
of completeness for PSPACE, of course.

8 Conclusion

In this paper, we have given a “logic” for paraconsistent rea-
soning where comma is considered as a genuine connective.
We have presented some properties of this logic, and we have
shown that it allows to express, in a unified language, several
problems of reasoning with inconsistent belief bases, non-
monotonic inference, belief revision and belief merging. We
have also provided some translatability results and some com-
plexity results. Finally, we have given an alternative seman-
tics for the comma connective.

A distinction between a finite set of formulas and the con-
junction of them is also made in many substructural logics,
i.e. logics weaker than the classical one because of the ab-
sence of some structural rules [Restall, 1999]. The "comma
connective” in such logics is not necessarily commutative or
idempotent. Unlike in our comma logic, it is binary and can-
not be in the scope of every other connective under consider-
ation in the language.

Another closely related work is [Mengin, 2004], which de-
fined a more general framework than ours: it can be shown
indeed that any formula of our language can be translated in
a formula of his (which is a consequence of the equivalence
given in his Section 3.3 for formulas of depth one together
with our Proposition 2). Therefore, our logical properties
and complexity results carry on to the framework of [Men-
gin, 2004].
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Abstract

In a recent paper, we presented a new logic called
&S for reasoning about the knowledge, action, and
perception of an agent. Although formulated using
modal operators, we argued that the language was
in fact a dialect of the situation calculus but with
the situation terms suppressed. This allowed us to
develop a clean and workable semantics for the lan-
guage without piggybacking on the generic Tarski
semantics for first-order logic. In this paper, we re-
consider the relation between &S and the situation
calculus and show how to map sentences of &S into
the situation calculus. We argue that the fragment
of the situation calculus represented by &S is rich
enough to handle the basic action theories defined
by Reiter as well as Golog. Finally, we show that
in the full second-order version of £S, almost all of
the situation calculus can be accommodated.

1 Introduction

In a recent paper, we [Lakemeyer and Levesque, 2004] pre-
sented a new logic called &S for reasoning about the knowl-
edge, action, and perception of an agent. Our main justifica-
tion for introducing yet another knowledge representation for-
malism was twofold. First, we claimed that the language was
not a new formalism at all, but merely a situation-suppressed
version of part of the situation calculus, as originally pre-
sented by McCarthy and Hayes [McCarthy and Hayes 1969]
and subsequently formalized by Reiter [Reiter 2001a]. Sec-
ond, we claimed that because the language was defined se-
mantically rather than axiomatically, certain mathematical ar-
guments about the formalism were considerably simpler than
in the original situation calculus. We presented evidence for
this by showing a very compact proof of the correctness of
Reiter’s regression operator, and another involving a property
called the determinacy of knowledge.

However, our first claim, which was that £S is in fact just
an alternate way of writing some formulas of the situation
calculus, was left unsubstantiated. In this paper, we remedy
this. The main result we prove is the correctness of a simple
mapping between sentences of £S and their counterparts in
the classical language of the situation calculus. In addition,
we show that the fragment of the situation calculus expressed
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by &S is rich enough to handle (among other things) basic ac-
tion theories (as defined by Reiter) and the Do operator which
is the basis of the Golog language [Levesque et al. 1997]. We
also illustrate this richness more informally using an exam-
ple involving the knowledge, action, and sensing of a simple
robot. However, there are sentences of the situation calcu-
lus that cannot be expressed directly in &S, and which may
be useful in some contexts. In the final part of the paper, we
show that if we are prepared to use second-order quantifica-
tion, there is a way to encode (almost) every sentence of the
situation calculus in £S. This encoding is a bit of a trick,
and not something we advocate for everyday use. But it does
exist. So we gain the clarity that comes from having a real
semantic basis, and the ability to present concise semantic ar-
guments, without any significant loss of expressiveness.

The rest of the paper is organized as follows. In the next
section, we define the full language of &S, its syntax and
semantics. This generalizes the version of &S presented in
[Lakemeyer and Levesque, 2004] in a variety of ways, the
most important of which is that it allows functions, predi-
cates, and second-order variables that are fluent (vary from
situation to situation) as well as rigid (fixed for all situations).
In Section 3, we consider the mapping from &S to the situa-
tion calculus and prove that a sentence of &S is valid iff its
mapping is a logical entailment of a suitable situation calcu-
lus theory. In Section 4, we consider the expressiveness of
&S, first with an example basic action theory and then with
Do. In Section 5, we consider the inverse mapping from the
situation calculus to &S, followed by some remarks on related
work and conclusions. Then we stop.

2 Thelanguage: syntax and semantics

The full language &S consists of formulas over symbols from
the following vocabulary:
o first-order variables: x1,x2,...,91,Y2, ..

o fluent second-order variables of arity k: P, P}, .. ;

501,02, .. 5

e rigid second-order variables of arity k: Q¥, Q5% .. ;
e standard names: ni,no,...;

o fluent function symbols of arity k: fF, f¥ .. ;
for example, location, bestAction;

e rigid function symbols of arity k: g¥ g5, .. .;
for example, block5, repair;
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e fluent predicate symbols of arity k: FF, FF ..
for example, Broken;!

e rigid predicate symbols of arity k: G¥, G5, .. ;
for example, Fragile;

e connectives and other symbols: =, A, =, V, Know, [,
round and square parentheses, period, comma.

We assume that first-order variables, standard names, and
function symbols come in two sorts, action (like repair and
bestAction) and object (like block5 and location). Constants
are function symbols of 0 arity.> We let A/ denote the set of
all standard names and Z denote the set of all sequences of
standard names for actions, including ( ), the empty sequence.

2.1 Termsand formulas

The terms of the language are of sort action or object, and
form the least set of expressions such that

1. Every standard name and first-order variable is a term of
the corresponding sort;

2. If ty, ..., ty are terms and h is a k-ary function symbol
then h(t1, ..., ) is a term of the same sort as h.

By a primitive term we mean one of the form h(ny,...,ng)
where h is a (fluent or rigid) function symbol and all of the
n; are standard names.

The well-formed formulas of the language form the least set
such that

1. Ift4, ..., t; areterms, and H is a k-ary predicate symbol
then H (t1,...,tx) is an (atomic) formula;
2. If t1, ..., tg are terms, and V is a k-ary second-order

variable, then V (¢4, ..
3. If t; and to are terms, then (¢1 = t2) is a formula;

., tx) is an (atomic) formula;

4. If ¢ is an action term and « is a formula, then [t]« is a
formula;

5. If @ and 3 are formulas, v is a first-order variable, and
V' is a second-order variable, then the following are also
formulas: (o A ), —a, Y. a, VV. @, Oa, Know(a).

We read [t]« as “« holds after action ¢”, and O« as “« holds
after any sequence of actions.” As usual, we treat (a V f3),
(a D B), (@ =), Jv., and V. « as abbreviations. We
call a formula without free variables a sentence. By a primi-
tive sentence we mean a formula of the form H (ny,...,ng)
where H is a (fluent or rigid) predicate symbol and all of the
n; are standard names.

2.2 The semantics

The language contains both fluent and rigid expressions. The
former vary as the result of actions and have values that may
be unknown, but the latter do not. Intuitively, to determine
whether or not a sentence « is true after a sequence of ac-
tions 2z has been performed, we need to specify two things: a
world w and an epistemic state e. We write e, w,z = a. A

"'We assume this list includes the predicates Possand SF.

The standard names can be thought of as special extra constants
that satisfy the unique name assumption and an infinitary version of
domain closure.
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world determines truth values for the primitive sentences and
co-referring standard names for the primitive terms after any
sequence of actions. An epistemic state is defined by a set of
worlds, as in possible-world semantics. More precisely:

e a world w € W is any function from the primitive sen-
tences and Z to {0, 1}, and from the primitive terms and
Z to N (preserving sorts), and satisfying the rigidity
constraint: if r is a rigid function or predicate symbol,
then wir(ny,...,nk), 2] = wlr(ny,...,ng), 2], for all
zand 2’ in Z.

e an epistemic state e C W is any set of worlds.

We extend the idea of co-referring standard names to arbitrary
ground terms as follows. Given a term ¢ without variables, a
world w, and an action sequence z, we define |t|Z, (read: the
co-referring standard name for ¢ given w and z) by:

1. If t € NV, then |t|Z, = ¢;

2. |h(t1, N 7tk)|fu = w[h(nl, N
where n; = |t;|Z.

ank)uz]7

To interpret formulas with free variables, we proceed as fol-
lows. First-order variables are handled substitutionally using
the standard names. To handle the quantification over second-
order variables, we use second-order variable maps defined
as follows:

The second-order primitives are formulas of the
form V' (nq,...,ng) where V is a (fluent or rigid)
second-order variable and all of the n; are stan-
dard names. A variable map w is a function from
worlds, second-order primitives, and Z to {0,1},
satisfying the rigidity constraint: if @ is a rigid
second-order variable, then for all w and w’ in W,
and all z and 2’ in Z, ulw,Q(ny,...,nk), 2] =
ulw’, Q(nq, ..., ng), 2'.
Let u and ' be variable maps, and let V' be a (fluent or rigid)
second-order variable; we write v’ ~y u to mean that u and
u’ agree except perhaps on the second-order primitives in-
volving V. Finally, to interpret what is known after a se-
quence of actions possibly including sensing has taken place,
we define w’ ~, w (read: w’ and w agree on the sensing
throughout action sequence z) inductively by the following:

1. w ~¢y w iff w' and w agree on the value of
every primitive rigid term and sentence;
2. w ~,., w iff
w' ~, wand w’'[SF(n), z] = w[SF(n), z].

Putting all these together, here is the semantic definition of
truth. Givene C W and w € W, we define e, w = « (read:
« is true) as e, w, () = «, where for any z € Z and any
second-order variable map u:

1. e,w,z,ul= H(ty,...,t) iff
w[H(nq,...,n),z] =1, where n; = |t;|%;

2. e,w, z,u =V (t, ..., tg) iff
ulw,V(ni,...,nk),z] =1, where n; = |t;|%;

3. e,w, z,u = (t1 = t2) iff
nq and ny are identical, where n; = |¢;|%;

4. e,w, z,u = [tla iff e,w,z-n,u = a, wheren = [t|Z);
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5. e,w,z,u = (A p) iff
e,w,z,u = aand e,w, z,u = G;

6. e,w,z,u = —a iff e,w,z,ufE o

7. e,w, z,u EVo.a iff e,w,z,u ok,
for every standard name n (of the same sort as v);

8. e,w,z,u EVV. o iff
e,w,z,u = «a, forevery v’ ~v u;

9. e,w, z,u = D« iff
e,w,z- 2 u = a, forevery 2’ € Z;

10. e, w, z,u = Know(a) iff
e,w',z,u = «, forevery w’ € e such that w’ ~, w.

When « is objective (has no Know operators), we can leave
out the e and write w = o. When X is a set of sentences and
« is a sentence, we write ¥ = « (read: X logically entails
@) to mean that for every e and w, if e,w = o’ for every
o/ € 3, then e,w = «. Finally, we write = « (read: « is
valid) to mean {} = a.

3 Mapping to the situation calculus

How do we know that the semantics of &S is correct? In this
section, we argue that it is indeed correct by showing how
formulas « in £S can be translated in a direct way to formulas
a* in the situation calculus as defined by Reiter.?

The most desirable and simplest outcome of this translation
would be that = « iff ¥ |ErorL o, where = is validity
in &S, ¥ is the set of foundational axioms of the situation
calculus (see [Levesque et al, 1998], for example), and Fror,
is ordinary classical logical consequence. Unfortunately, we
do not get exactly this correspondence for a variety of reasons
we will discuss below. But we do get something close:

': a iff XUT ':FOLOC*a

where YT is a set of four axioms that we will justify separately.

To prove this result it will be necessary to work with or-
dinary Tarski models of sentences of the situation calculus.
As argued in [Lakemeyer and Levesque, 2004], this is diffi-
cult and painstaking, and is indeed one of the main reasons to
prefer &S over the situation calculus. So while the proof of
the theorem is quite laborious, we remind the reader that this
can be thought of as a final reckoning for a formalism that is
unworkable semantically. For space reasons, we do not re-
view the conventional notation used for talking about Tarski
interpretations, denotations, extensions, variable maps. See,
for example, [Enderton 1972].

3.1 Definition of the translation

Before describing T, we present the translation from &S
into the situation calculus. In the simplest case, the idea is
that a formula like Broken(c), where Broken is a fluent, will

3We assume that this language has functional and relational flu-
ents, functions and predicates that are not fluents, the distinguished
constant Sy, function do, predicates C, Possand SF, and a two-place
predicate K for knowledge. We take Knows(c, o) in the situation
calculus as an abbreviation for the formula Vs(K (s,0) D of®),
where o}V is the result of replacing by s in « every occurrence of
now that is not within the scope of a further Knows.
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be mapped to the situation calculus formula Broken(c, Sp),
where we have restored the distinguished situation term
So for the fluent. Similarly, [repair(c)]—Broken(c) will be
mapped to —Broken(c, do(repair(c), Sp)). So &S formulas
can be thought of as “situation-suppressed” (in situation-
calculus terminology) and the * mapping restores the situa-
tion argument to the fluents, leaving the rigids unchanged.
More precisely, we have the following:

Definition 3.1 Let « be any term or formula of &S without
standard names. The expression «* is defined as «[Sy] where,
for any situation term o, a[o] is defined inductively by:

1. v[o], where v is a first-order variable, is v;
2. g(t1,...,tx)|o], where g is a rigid function, predicate,
or second-order variable, is g(t1[0], . .., tx[o]);

3. f(t1,...,tx)[o], where f is a fluent function, predicate,
or second-order variable is f(¢1[o], ..., tk[o], 0);

4. (t1 =to)[o] is (t1]o] = t2]o]);
5. ([fa)[o] s afdo(t[o], o))

6. (anpB)lo] is (alo] A fBlo])

7. (ma)[o] is —alol;

8. (Vw.a)lo] is Yv.alo];

9. (VW.a)lo] is VV.alo].

10. (Oa)[o] is Vs'(o C &' D als']);

11. Know(a)[o] is Knows(a[now], o).

Note that the translation of U« introduces quantification over
situations, where the introduced variable s’ is assumed to be
one that does not appear in situation term o.

3.2 The situation-calculusaxiomsY
The axioms we assume in Y are the following:
1. domain of objects is countably infinite;*
2. domain of actions is countably infinite (as above);

3. equality is the identity relation:
Vavy. (z =y) = VQ(Q(z) = Q(y)).
4. the K predicate:® Vs(K (s, Sp) D Ini(s)) A
Vs'Vs. K(s',s) = VP(... D P(s,3s)),
where the ellipsis stands for the universal closure of
[K(Sl,SQ) VAN |n|(82) D P(Sl,SQ)] A
[P(s1,82) A SF(a,s1) = SF(a,s2) D
P(dO(a, 51)3 dO((L 52))]

Axioms (1) and (2) talk about the cardinality of the set of
objects and actions respectively: they are both countable and
infinite. The countability aspect is not very controversial. In
the first-order case, every satisfiable set of sentences is satis-
fiable in a countable domain, and we do not expect users of
the situation calculus to use second-order logic to defeat this.
Note that this does not rule out having theories that talk about

“For space reasons, we omit the formula of second-order logic
that fixes the cardinality of the domain of objects and actions.

SWe let Ini() be an abbreviation for the situation calculus for-
mula VaVs(t # do(a, s)). In this version of the axiom, we ignore
the correspondence between K and Poss.

KNOWLEDGE REPRESENTATION AND REASONING



real numbers or other continuous phenomena; it simply rules
out using second-order logic to force the interpretations of
these theories to be uncountable. We can, however, imagine
contexts where finiteness might be desirable. In such cases,
we can introduce a new predicate O and instead of assert-
ing that there are finitely many objects, assert that there are
finitely many objects in O.

As for axiom (3), it is hard imagining anyone taking the
negation of this one seriously. The usual first-order axiomati-
zation of equality is often enough, but the intent is invariably
for the equality symbol to be understood as the identity rela-
tion, which this second-order axiom ensures.

Finally axiom (4) is a second order definition of the K
predicate in terms of the value it has at Sp. This is just an-
other way of capturing the successor state axiom for K in-
troduced by Scherl and Levesque [2003], and the added ma-
chinery to make Knows be a weak-S5 operator [Hughes and
Cresswell, 1968]. Other knowledge operators are possible in
the situation calculus, but weak-S5 and its extensions (such
as strong-S5) are the most often used.

3.3 The embeddingtheorem

What we show is that provided certain properties hold be-
tween a Tarski structure on one side and an epistemic state,
and a collection of worlds on the other, sentences will be true
in &S iff their translations are true in the Tarski structure.

Let M be a Tarski structure for the situation calculus over
the domain D = Dy U Dy U Dy, with Dy, C Dy as
the set of initial situations, and with ¢ty = S{JV‘ € D;pi. Let
e be an epistemic state, and assume that we are given three
mappings w € Dy — W], 0 € [N — Dyer U Dyyjl, and
7 € [Z X Dini — Dst]). These mappings need to satisfy
various consistency properties that we cannot enumerate here.
But we can at least quote the lemma that uses them:

Lemma3.2 Let o be a formula of & with no standard
names and whose free variables are among x,..
Then, given the consistency properties, for any variable map
w, the &S variable map v, (defined in terms of 1), any vari-
able s,any z € Z,any ¢ € Dy,;, and w = w(t),

s T

e, W, 2, Uy = ot .o
iff
M, u{x1/0(n1), ..., xm/0(nm), s/m(2,0)} E als].

This is proved by a (long) induction on the structure of o.. The
main result is then the following:

Theorem 3.3 Let « be any sentence of £S without standard
names. Then cisvalid iff YUY Eror o,

Proof. (Sketch) First assume that « is not valid. Then there
is an e, wo such that e, wy = «. We define a Tarski structure
M whose domain is D = D,p; U Dyey U Dsje, Where Dy
(resp. Dyer) is the set of standard names of objects (resp. ac-
tions), and Dy;; = Z x W. Then we define =M, SM, do™,
CM, KM as well as the extension of every rigid and fluent
predicate and function symbol using e and wg in a way that
ensures that M satisfies X U Y. Next, define the mappings 6,
m, and w by letting §(n) = n, and for any initial « = ({), w),
letting w(z,t) = (z,w), and w(¢) = w. This ensures that the
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Figure 1: A simple robot

properties needed for Lemma 3.2 are satisfied, and therefore
M }£ o*. Consequently, ¥ U Y fpor, o*.

Conversely, assume that X U T ~ror, . Then there is a
Tarski structure M that satisfies UTY but such that M = o*.
The domain D must be Dy U Dy U Doy, With Dy © Degy
as the set of initial situations, and with 1y = 5’6‘/‘ € Dipi.
Since M = T, both D,y; and D, are countably infinite,
Dov; = {01,02,...}, and Dyer = {A1, Ag, ...}. We define 6
to map the i-th standard name for objects to §; and analogous-
ly for actions. We then define 7 using do™, and w using the
extensions of the function and predicate symbols given by M.
Finally, we let e = {w(¢) | (¢,20) € KM}, and wy = w(1p).
These ensure that the properties needed for Lemma 3.2 are
satisfied, and so e, wg [~ «. Consequently, « is not valid. I

4 The expressiveness of the language

Now that we have established that &£S is actually a disguised
fragment of the situation calculus, we next consider the ex-
pressiveness of this fragment, starting with a simple example
problem, adapted from [Levesque and Lakemeyer 2001].
Imagine a robot that lives in a 1-dimensional world, and
that can move towards or away from a fixed wall. The robot
also has a sonar sensor that tells it when it gets close to the
wall, say, less than 10 units away. See Figure 1. So we might
imagine three actions, forward and backward which move the
robot one unit towards and away from the wall, and a sonar
sensing action which tells the robot if it is close to the wall.
Each of these is a rigid constant, but for simplicity, we will
simply assume that they are standard names. We have a sin-
gle fluent, distance, which gives the actual distance from the
robot to the wall. We can use Close as an abbreviation for the
formula “distance < 10.” ® We begin our formalization by
writing preconditions for the three actions:
VaOPoss(a) =

a = forward A distance >0 VvV

a = backward A TRUE V

a = sonar A TRUE.

Next, we define the sensing results for the actions:
VYaOSF(a) =
a = forward A TRUE V
a = backward A TRUE V

®Here and below, we use simple arithmetic involving <, 4, and
—, which can easily be defined in second-order terms with the stan-
dard names acting as natural numbers. We omit the details.
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a = sonar A Close.

Finally, we write a successor state axiom for our only fluent:
Va,x [ [a](distance = z) =
a = forward A distance=xz+1 V
a = backward A distance=2x—-1 V
a # forward A a # backward A distance = z.

Now we are ready to consider some specifics having to do
with what is true initially by defining an action theory . Let
¢ denote the conjunction of the sentences above. We assume
that ¢ is true and the robot knows it. We also assume the
robot is located initially 6 units away from the wall, but that
the robot has no idea where it is. So, we let X be

{#, Know(¢), distance = 6, Vz—Know(distance # z)},
and we get this:
Theorem4.1 The following are logical entailments of X:

1. Close A —Know(Close) A [forward] -Know(Close)
the robot is close to the wall, but does not know it, and
continues not to know it after moving forward;

2. [sonar] (Know(Close) A [forward]Know(Close))
after reading the sonar, the robot knows it is close, and
continues to know it after moving forward;

3. [sonar] [backward] —Know(Close)
after reading the sonar and then moving backward, the
robot no longer knows that it is close to the wall;

4. [backward] [sonar] Know(Close)
after moving backward and then reading the sonar, the
robot knows that it is close to the wall;

5. [sonar] [forward] [backward] Know(Close)
after reading the sonar, moving forward, and then back-
ward, the robot knows that it is still close to the wall;

6. [sonar] Know([forward] Close)
after reading the sonar, the robot knows that it will re-
main close after moving forward;

7. =Know([sonar] Know(Close))
the robot does not know initially that it will know that it
is close after reading the sonar;

8. Know([sonar] (Know(Close) V Know(—Close)))
the robot does know initially that after reading the sonar,
it will then know whether or not it is close to the wall;

9. Know([sonar] [backward] -Know(Close))
the robot knows initially that it will not know that it is
close after reading the sonar and moving backwards.

Proof:  The proofs of these are similar. Here we will only
do item 3. Let z = (sonar - backward), and suppose that
e,w = X; we must show that e, w, z = -Know(Close). Be-
cause e, w = —Know(distance # 9), there exists w’ € e such
that w’ ~(y w and w'[distance, ()] = 9. Since 9 < 10, we
also have that w’ ~, w. However, w’[distance, z] = 10. So
there exists w’ € e such that w’ ~, w and w’, z = —Close.
Therefore, e, w, z = ~-Know(Close). 1

Although we will not attempt to formulate a theorem here, it
should be clear from this example that any basic action theory
[Reiter 2001a] including those involving the Scherl-Levesque
knowledge operator can be expressed in £S.
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4.1 The Do operator

We now turn our attention to the Do operator which is the ba-
sis of the Golog language [Levesque et al. 1997], and show
that a variant of Do can be represented in £&S. We cannot en-
code Do(d, s, s") directly since we do not have situations as
terms. Instead we will use D8(J, o) which intuitively means
that « holds after doing Golog program 4. There are two pos-
sible readings: one says that « holds in all final states, and the
other says that o holds in some final state. They can be inter-
defined, so we consider only the latter. We treat D3(0, ) as
an abbreviation for a formula of &S, defined recursively on
the § as follows:

1. for any action a, D8(a, &) . (Poss(a) A [a]a);

2. D8(6?, @) < (6 A );

3. D8(6; &, a) ¢ DB(s, DB(F, ));
4. D8(5 |8, o) & (DB(S, ) vV DB(S, a));
5. DO(mzx. ¢, @) 3. D8(4, «);
6. DB(6*, o) &

VP. {O(a D P) AO(D8(6,P) D P)} D P.
As usual, we can define while-loops and if-then-else as ab-
breviations. The main theorem that we state here is that this
account of DO is correct relative to the original account of Do
and the mapping from &£S defined above:

Theorem4.2 Let § be any program, « be any sentence of &S,
and o be any situation term of the situation calculus.

Then =ror DO(6,a)[c] = Js. Do(d,0,s) A afs].

This is proved by induction over J, the only troublesome case
being for the nondeterministic iteration, 0*.

5 Mapping from the situation calculus

When mapping the situation calculus into £S, the main issue
is the treatment of quantified situations. While simple formu-
las can be translated using the inverse of * from Section 3, a
sentence like Vs3s'.s C s’ A (s # ') AF(s) = F(s'), which
says that from every situation another situation is reachable
that agrees on the truth value of F, has no counterpart in &£S.
To deal with situation-calculus sentences like these, our
proposal is to encode action sequences in second-order &£S.
Let nil be a (rigid) constant and seq a (rigid) binary function
symbol of £S. We define ActionSeq(x) as an abbreviation for

vQ.Q(nil) A Vy,a.(Q(a) D Q(seq(a,y))) > Q(x).

In the situation calculus, a fluent like F'(do(«,do((3, Sp)))
actually means that F' holds after doing § then a. So the
actions are in reverse order in a situation term. It is therefore
useful to be able to reverse a sequence as follows:

Definition 5.1 Rev(z,y) < VR(... > R(x,nil,y)), where
the ellipsis stands for the universal closure of

R(nil,z,z) AN [R(z,5eq(a,y),z) D R(seq(a,x),y, 2)].

Next we define what it means for a formula « to be true after
a sequence of actions.

KNOWLEDGE REPRESENTATION AND REASONING



Definition 5.2 After(s,a) < VP.(... > P(s)) where the
ellipsis stands for the universal closure of

O{(a D P(nil)) A ([a]P(z) A Rev(seq(a,x),y) D P(y))}.

The fluent —Broken(do(repair, do(drop, Sp))) will then be
translated as After(seq(repair, seq(drop, nil)), -Broken). In
order to deal with quantification over situations, we define <
as a relation over action sequences, similar to the situation
calculus relation C.

Definition 5.3 (z < 2') & VQ.(... > Q(x,2’)) where the
ellipsis stands for the universal closure of

Qnil,z) A (Q(x,y) > Q(seq(a, ), seq(a, y)))-

The formula Vs3s'.s C s' A (s # s') A F(s) = F(s') of the
situation calculus will then be translated as

Vz. ActionSeq(x) D Jz’. ActionSeq(z’) A
(x<z') N (z#2") A [After(z, F) = After(a, F)].

The final problem we must deal with concerns unrestricted
quantification over initial situations. To simplify things, we
restrict ourselves to SC”, the rooted situation calculus, where
all situation quantification is of the form Vs. ¢ C s D a, for
some situation term o. Note that this is no restriction at all for
the non-epistemic situation calculus, since Vs.« is equivalent
to Vs.5p C s O «. We handle the Knows operator separately.
To ease the translation, we assume that situation-calculus
formulas are in the following normal form: all arguments of
predicates and functions are variables; equality expressions
have the form (x = t), where x is a variable and ¢ is a term
mentioning at most 1 function symbol. It is easy to show that
every formula of SC” is equivalent to one in this normal form.
The mapping from the situation calculus into £S begins
with a mapping ® from situation terms into sequences of
actions in &S. We assume that there is a countably infi-
nite set V; of extra object variables in &S for this purpose.
For any situation variable s, we assume that s®* € V; and
that ® is 1-to-1 and onto wrt V, when restricted to situation
variables. We also have that S§ = now® = nil, and that
do(a, s)* = seq(a, s*). We extend ® to formulas as follows:

Definition 5.4 Let « be any formula of SC™ in normal form.
Then its translation into &S, «*, is defined inductively by:

1. G(zx1,...,x)®, where G is a rigid predicate or rigid
second-order variable, is G(z1, . .., zk);

2. F(xy,...,2x,)®, where F' is a fluent predicate or flu-
ent second-order variable, is After(s®, F'(z1,...,zk));

3. (x = g(x1,...,2x))*, where g is a rigid function, is
(x =g(x1,...,21));

4. (x = f(x1,...,2k,s))®, where f is a fluent function, is
After(s®, z = f(z1,...,2x));

(s=o0)%is(s* =0°);

o1 E 02)%is (0] < 03);

—@)® is —a®;

aAp)isa® AS%;

Vz.«r) is Vz.o® for an object or action variable z;

© o N o g

(
(
(
(
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10. (Vs.o CsDa)®is
Vs®. ActionSeq(s®) A o® < s* D a®);

11. (VV.«a)® is VV.«* for a second-order variable V;
12. Knows(a, s)® is After(s®, Know(a?®)).

To show correctness of the translation, we need two more
axioms ¥, which are the universal closure of the following:
seq(a, z) # nil;
seq(a,xz) =seq(a’,z’) D a=d ANx=2a'.

Theorem5.5 Let a be a sentence of SC” in normal form.
Then X UT ):FOL o iff U ): af.

6 Redated Work

The situation calculus, which has been the sole focus of this
paper, is of course not the only language for reasoning about
action. Over the years, there have been many other propos-
als such as the event calculus [Kowalski and Sergot 19861,
Sandewall’s features and fluents [Sandewall 1994], the lan-
guage A [Gelfond and Lifschitz 1993], or the fluent calcu-
lus [Holldobler and Schneeberger 1990], to name but a few.
What distinguishes the situation calculus perhaps most from
its alternatives is that it admits an elegant monotonic solution
to the frame problem [Reiter 1991], which is shared by its
close relative, the fluent calculus [Thielscher 1999]. How-
ever, the fluent calculus also has situation terms as part of
the language and hence suffers from the same shortcomings
which &S tries to address.

&S itself has much in common with dynamic logic [Pratt
1976; Harel 1984], which has also been applied to reason-
ing about action [Castilho, Gasquet, and Herzig 1999]. A
new feature of &S, compared to dynamic logic, are quantified
modalities as in Va.[a]c, which are key in expressing succes-
sor state axioms, among other things.

Dynamic logic has been combined with epistemic
logic [Herzig et al. 2000; Demolombe 2003]. In the lan-
guage of [Herzig et al. 2000], it is possible to express things
like [backward] [sonar] Know(Close) using an almost iden-
tical syntax and where Know also has a possible-world se-
mantics. Despite such similarities, there are significant dif-
ferences, however. In particular, their language is proposi-
tional. Consequently, there is no quantification over actions.
Demolombe (2003) proposes an axiomatic translation of parts
of the epistemic situation calculus into modal logic. While his
modal language is first-order, he does not consider quantified
modalities.

Although they do not consider epistemic notions, the work
by [Blackburn et al. 2001] is relevant as it reconstructs a ver-
sion of the situation calculus in Hybrid Logic [Blackburn et
al. 2001], a variant of modal logic which was inspired by the
work on tense logic by Prior [Prior 1967]. In a sense, though,
this work goes only part of the way as an explicit reference
to situations within the logic is retained. To us this presents
a disadvantage when moving to an epistemic extension. The
problem is that the epistemic situation calculus requires us
to consider uncountably many situations, which precludes a
substitutional interpretation of quantification.
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7 Conclusion

In this paper, we have substantiated the claim made infor-
mally in a previous paper that £S is a fragment of the situ-
ation calculus that admits an intuitive possible-world seman-
tics. We argued that this fragment is expressive enough to rep-
resent basic action theories by presenting a simple example
involving the action, knowledge, and sensing of a robot. We
also showed how a version of the Do operator of the Golog
language could be accommodated within the language. Fi-
nally, we proved that by using second-order encodings of se-
quences, virtually all of the situation calculus can be repre-
sented in &S. So what we get out of &S is a tool with prac-
tically the same expressive power as the standard situation
calculus, but which is much more amenable to analysis due
to its simple semantic basis.

In work currently under way [ClaBen 2005], &S is used
to simplify and extend results by Reiter on knowledge-based
programs [Reiter 2001b]. There are also a number of di-
rections for future research, but perhaps the most immediate
would be to implement a new version of Golog based on &S
and put it to work.
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