factors and plotted (after cubic smoothing) the average soabsence of such limitations, the approach is useful in situa-
lution time (shown in Figure 1d). An interesting observationtions where it is desirable to compare the quality of random-
about this plot is that the problem instances where the twazed and deterministic policies, such as when an agent is be-
discount factors are equal (or close) appear to be the hardesty designed for a particular task and it is necessary to weigh
(notice the contours in the;-y, plane). This is counterin- the cost of implementing a more complex policy-execution
tuitive, because such MDPs are equivalent to standard MDPmechanism against the gain in expected performance. For
with one discount factor. A possible explanation might be thajproblem (i), to the best of our knowledge, no feasible algo-
when discount factors are far apart, one of the reward funcrithms have been reported for finding optimal solutions in any
tions dominates the other and the problem becomes simplenteresting policy class, and thus our MILP approach for find-
while when the discount factors are close, the tradeoffs being optimal stationary deterministic policies provides the first
come more complicated (with the equivalence to a standargractical approach to dealing with constrained MDPs with
MDP hidden in the MILP translation). However, this is spec- multiple discount factors.

ulation and the phenomenon deserves a more careful analysis.
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Abstract

We describe methods to solve partially observable
Markov decision processes (POMDPSs) with con-
tinuous or large discrete observation spaces. Real-
istic problems often have rich observation spaces,
posing significant problems for standard POMDP
algorithms that require explicit enumeration of the
observations. This problem is usually approached
by imposing ara priori discretisation on the obser-
vation space, which can be sub-optimal for the de-
cision making task. However, since only those ob-
servations that would change the policy need to be
distinguished, the decision problem itselflucesa
lossless partitioning of the observation space. This
paper demonstrates how to find this partition while
computing a policy, and how the resulting discreti-
sation of the observation space reveals the relevant
features of the application domain. The algorithms
are demonstrated on a toy example and on a realis-
tic assisted living task.

Introduction

Pascal Poupart
School of Computer Science
University of Waterloo
Waterloo, ON, N2L 3G1
ppoupart@cs.uwaterloo.ca

imate scalable algorithms fanodel-basedPOMDPs with
large state spac¢®0; 19 and complex policy spacé$7; 19;

24], however model-based algorithms cannot tackle problems
with continuous nor large discrete observation spaces.

In this paper we study and propose new algorithms for
model-based POMDPs with continuous or large discrete ob-
servation spaces. We first demonstrate that the complexity of
observation spaces can often be significantly reduced with-
out affecting decision quality. Intuitively, observations pro-
vide information to the decision maker for choosing a future
course of action. When the same course of action is chosen
for two different observations, these observations are indis-
tinguishable from a decision making point of view, and can
therefore be aggregated. Hence, when a policy is composed
of a small set ofonditional plangconditional on the obser-
vations), it is possible to partition the observation space in a
small number of regions corresponding to the relevant fea-
tures of the observation space for decision making. Many
systems tackle the feature detection problem separately from
the decision making problem, first building a set of features,
then computing a policy based on those observation features.
In this paper, we demonstrate how the decision problem can
be used to automatically define a set of relevant features that

Partially  observable  Markov  decision processesare sufficient to find an optimal policy.

(POMDPs)[1] provide a rich framework for planning under The paper first provides some background on POMDPSs in

uncertainty. In particular, POMDPs can be used to robustl)ﬁeCt' 2, followed by a discussion of the partitioning of the

optimize the course of action of complex systems despite in?t:siﬁrva::on d?r?]a%e imnSFC:{ d3r.nSI(taiC(tjsirln4 r?nidnS ?'SCUSS :nethods
complete state information due to poor or noisy sensors. FgP' 1€ One-aimensional a uli-dimensional cases, respec-

instance, in mobile robotid4 5], spoken-dialog systena1: tively. Sect. 6 reports experiments with an assisted living task.
25] and vision-based systenig], POMDPs can be used .
to optimize controllers )t/hat rely on the partial and noisy2 Partially Observable MDPs
information provided by various sensors such as sonars;ormally, a POMDP is specified by a tuple
laser-range finders, video cameras and microphones. URS, A, Z,T,Z, R,~,h) which consists of a setS of
fortunately, to date, the use of POMDPs in such real-worldstatess capturing the relevant features of the world, a.det
systems has been limited by the lack of scalable algoef actionsa corresponding to the possible control decisions,
rithms capable of processing rich and continuous sensa setZ of observations corresponding to sensor readings,
observations. a transition functioril'(s, a, s’) = Pr(s'|s,a) encoding the
While model-freeapproaches such as neuro-dynamic pro-stochastic dynamics of the world, an observation function
gramming[3], Monte Carlo samplind23] and stochastic Z(a,s’,z) = Pr(z|a, s’) indicating how sensor readings re-
gradient desceritl3; 2; 14 can tackle POMDPs with arbi- late to physical states of the world, a reward functi(s, a)
trary observation spaces, they tend to require a large amoushcoding the objectives of the system, a discount fagtor
of simulation or a priori knowledge to restrict the space of(between 0 and 1) and a planning horiZefassumed to be
policies (which reduces the need for simulation). Signif-infinite in this paper). We assume that states and actions
icant progress has also been made in developing approsre discrete, but observations can be continuous or discrete.
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While it is common for observations to be continuous s@gestogo  condiionalpian
because sensors often provide continuous readings, statesk

value function

L observe; observe:
are often abstract, unobservable quantities. In the case of Ief/ Nught
user modeling problems and event recognition problems, .,
sates are often discrete. For continuous observations, observe; observe:

, "o . L . efi klght
Z(a,s',2z) = pdf(z|a,s’) is a probability density function.

Since states are not directly observable, the decision maker’s k-z P - —
belief about the current state is represented by a probability : : beief (tiger location) ?
distributiond(s) = Pr(s) calledbelief state After executing (@) (b)
a and observing:, the belief staté is revised according to  Figure 1: a) Tree representation of a three-step conditional
Bayes’ theoremb? (s’) o< >, b(s)T'(s,a,s")Z(a, s, ). plan for the simple tiger problem, starting with a uniform be-
To illustrate the concepts we will present, we use the claslief about the tiger location. b) Corresponding value function
sic Tiger problen{5], in which the decision maker is faced of composed of Z-vectors
with two doors. A small reward lies behind one door, but a__ ) ) ]
large cost (a tiger) lies behind the other. The decision makerig- 1(b) shows the value function of a policy for the Tiger
can either open a door, or listen for the tiger. Listening givegProblem, composed of 5 conditional plans, each of which
the decision maker information from which she can infer thelS highest for some part of the belief space. The goal is
location of the tiger. In the original, discrete, version of thist0 find an optimal policyz™ with the highest value (i.e.,
problem, two possible observations result from listenle (V™ (b) > V7 (b) V). The optimal value functior/*(b)
or right), and these observations correspond with the true lofor an infinite planning horizon can be computedvayue it-
cation of the tiger with probability.85. In the continuous ~€rationwhich computes successive approximatibigs) by
version we will discuss here, the decision maker has accegynamic programming
to the original microphone array measurement that (noisily) ht1 " P
locates the tiger in the continuous horizontal dimension (from V" (b) = max R*(b) +~ > Pr(zlb,a)VF(b2)
the far left to the far right). z
At each time step, the decision maker picks an action tqyhere R*(b) = Jb(s)R(s,a), Pr(z|b,a) =
execute based on the information gathered in past actions arEg o b(s)Pr(s'|s,a) Pr(z|a,s’) and b¢ is the revised
observations. We can represent the decision maker’s possi, ..

ble strategies by a s€tP of conditional plang:p which cor- ¢ 4 by the set ofv.,, a new set of., for V**+1 can be
cpr cp

respond to decision trees. Fig. 1(a) shows the decision tré& nstructed bwoi . -

" , R ypoint-based dynamic programming backups
of "’; k-st';ep Cotr?d't'on;"\‘ll p()jlan for tlh% -ﬁ'go?erO'\Q.DP with dd'?j' A point-based backup computes the best conditional plan
crete observations. Nodes are labeled by actions and ageg.. _ (a*, 0s*) (and corresponding-vector) from a set of
are labeled by observations. The execution of a Cond't'onaionditional plans;p for a given belief staté:
plan starts at the root, performing the actions of the nodes tra- P '
versed and following the edges labeled with the observations, =y — ge™(p) & Pr(zlb. a e (b2 (1
received from the environment. For example, the conditional ) (®) (®) szz (2fb, @) s 5 (85 ) (1)
planin Fig. 1(a), will lead to opening a door if two successive
observations confirm the same tiger location. We can define
recursively ak-step conditional plamp, = (a,0s;—1) as a
tuple consisting of an actiom with an observation strategy a* = argmaz, R*(b) + 73, Pr(z|b, a)ogss (2 (b2 X3)
conditional plan. For POMDPS wih continuous abserva; " Practice, we cannot perform such pointbased back-
tions, conditional plansp are decision trees with infinitely ups for every belief state since the belief space is contin-

many branches and observation strategieare continuous ;Jigil:g;hoﬂizvgﬁ\/()er,tirfélnvcgﬁg ?gnirigﬂgvggdcgr?]d oSs%rc{jdE], a fi
functions. The value functioa.,(b) of a conditional plarp b P y

is the expected sum of discounted rewards that will be earnet@;tior:#%?graofﬁﬁgyeeﬁfgfsevyg'f ho'}?]?_%gssézaé;giuoglyor;zeder
when starting in belief state This value function is often P P PS, P

called ana-vectorsince it is linear with respect to the be- ¢-VECtor to be constructed. Exact algorithms such as Linear
lief space and therefore parameterized by a‘\)/emgpfs) that  Supportl€] and Witnesg12] perform this finite set of point-
has one component per state (i@ (b) = 3. b(s)are(s)) based backups at carefully chosen belief points. Alterna-
Fig. 1(b) shows the Bi-vectors corresponding to the condi- 1VelY: approximate algorithms such as Point-Based Value It-
tional plans shown in Fig. 1(a). Thevectors corresponding eration[27; 17; 24 heuristically sample a set of belief points

to the conditional plans starting with an open door actien ( at which they perform point-based backups.

and a5) have high value at one extreme of the belief spac . . . .

(when the certainty about the tiger location is high), but ver& Policy-directed Observation Aggregation

low value at the other extreme. In a decision process, observations provide information to the
A collection of conditional plans forms a policy. The  decision maker for deciding the future course of action. When

value functionV™ of a policy r is the best value achieved by the observation space is rich (i.e., continuous observations or

any of its conditional plans (i.e¥/™ (b) = max.per acp(b)).  many discrete observations), the decision maker can devise

Yelief state after executing and observing:.. WhenV* is

0s*(z) = argmazxp acp(bg*) (2)
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rich policies with a different course of action for each pos-observations can be aggregated are segments of a line corre-

sible observation. However, for many POMDPs, there oftersponding to a range of observations for which the same con-

exists good policies that are quite simple. These policies tenditional plan is optimal. Segment boundaries are observations

to select the same course of action for many different obseifor which there are two (or more) conditional plans yielding

vations that share similar features. For POMDPs with continthe highest.,(b2). To make clear that is the only variable

uous observations, this will allow us to implicitly discretise here, definﬁgba(z) to be a function irx that corresponds to

the ob_servatlc_)n space W|tho_ut mtroducmg any error. Fm”bcp(bg) whereb anda are fixed (i.e.3%9(2) = o, (b2)). We

the point of view of the application domain, this also gives find th boundaries b Vi o _ghaln — 0

us insights regarding the relevant features of the observatiof" M e;e ounadarnes by so V'ﬁgn (2) cp; (Z)_ -

space. In this section we discuss how simple policies allowior every paircp;, cp; of conditional plans. Analytically

us to aggregate many observations, effectively reducing thgolving this equation will be difficult in general, and is not

complexity of the observation space. possible for observation functions in the exponential family
Recall that a conditional plasp = (a, 0s) is a tuple con-  (e.9. Gaussians). However, efficient numerical solutions can

sisting of an actioru and an observation strategy. The be used for many well-behaved functions. We used the Math-

observation strategys(z) = ¢p’ indicates for each observa- ematica functiorintervalRoots  , that finds all the roots
tion z the conditional planyp’ encoding the future course of Of an arbitrary one-dimensional function in a given interval
action. Intuitively, all the observations that select the sam@ interval bisection combined with gradient-based methods.
conditional plan are indistinguishable and can be aggregatefnce all potential regions are identified, the aggregate proba-
We can therefore view observation strategies as partitionin(g’:'l')t'eS P(Z.,[b, a) can be computed by exact integration (or
the observation space into regions mapped to the same condflonte Carlo approximation) for each conditional ptan
tional plan? In the continuous observation tiger problem, for ~ Consider again the continuous Tiger problem introduced in
example, as long as a sound is heard coming “from the left’Sect. 2. We now illustrate how to find the observation regions
the best choice of action may be to open the right door. Alinduced by a set of conditional plans and how to use them in
though the precise location of the sound here is not importang point-based backup. Suppose that the doors are located at
the decision boundary is (e.g. how far right can the sound be = 1 andz = —1, and the decision maker is at= 0. Due
heard before the decision maker would listen again). to a lack of accuracy, the binary microphone array reports
In each point-based backup, we compute an observatiotie tiger's location corrupted by some zero-mean, normally
strategyos which partitions the observation space into re-distributed noise of standard deviation= 0.965. Listening
gions Z,, that select the same conditional plan Let's ex-  COSts 1, while meeting the tiger costs 100, but opening the
amine how these regions arise. Recall from Eq. 2 that fogorrect door is rewarded with 10. The discounyis- 0.75.
each observation, the conditional plan selected is the one Suppose we have 3 conditional plans with correspond-

that maximizesy., (b%). Hence, we defin€,,- = {z|cp* =  ing a-vectors shown in Fig. 2(b) and we would like to per-
argmazepoe,(b?)} to be the set of observations for which form a point-based backup. When considering belief state
cp* is the best conditional plan to executebin b(tiger_location = left) = 0.85 and actiona = listen,

For each regior£,.,, we can compute the aggregate prob-Fig. 2(a) shows thes functions of each conditional plan.
ability Pr(Z.,|a, s’) that any observation € Z., will be  Since the observation function is Gaussian, #Heinction is
made if actiona is taken and state’ is reached by inte- a linear combination of Gaussian distributions. By finding
grating pdf (z|a, s') over regionZ,, (i.e., Pr(Zla,s’) =  theroots of3% (z) — 854 (z) andBLe (z) — %% (=), we ob-
pdf(z|a,s")dz.2 The aggregate probabilities can be tain the boundaries = 0.28 andz = 1.33 &elimiting the
observation regiong.,, , Z.p, andZ,.

. . We can thus form a discrete observation function

WUar 057y (0) = B (0) +7 ) Pr(Zeplb,a”)acp(b%,) (8)  Pr(2,,]s,a) by integrating the original Gaussian observa-

cp tion distributions over each region. We analytically integrate
with Pr(Zep[b,a*) = >, . b(s) Pr(s'|s,a”) Pr(Zcpla”, s') each Gaussian over each region using the complementary er-
andbe (s') S b(s) Pr(s'|s, a*) Pr(Zep|a*, /). This is ror fur_mtl_on e_zrfc‘? Fig. 2(c) shows the two Gaussian obse_r\_/f_:l-
equivalent to Eq. 1, except that we have replaced the sum ov&P" dls;nbut!ons,uar.]d thEe a%gregate ot?]servatmn prot;}ablllt:es
observationg with a sum over region&.,,, in each of which %rtﬁac reg;_;_on. | S|Ing ,q'_ , We canht en ci)n;pute t edva ue
a particular conditional plan is dominant. of the conditional plary” = {a,7) wherea = listen an
o(z) =cp;if z € Zp,.

4 One-Dimensional Observation Space In contrast, the original d[screte version of the tiger prob-
. i o L lem partitions the observation space in two halveg at
We now discuss how to find the implicit discretization of the () resulting in a discrete, binary observation function with

observation space induced by a set of conditional plans-or P(
vectors) when the observation space is one-dimensional co
tinuous. For this special case, the regiods,, over which

szZc
used to perform point-based dynamic programming backup

observe = right|tiger_location = right) = %erfc(\}—;o). A
IEi'ynamic partition induced by the current set of conditional

INote that the observations that are mapped to the same condi- °This method may find more boundaries than are necessary, for

tional plan may not form a contiguous region though. a third 8c,,, may have higher value than both,, andg.,; at their
2If 7., is not a contiguous region, then several integrals must bdntérsection points. )
computed, one for each contiguous sub-region. erfe(x) = %r I°° et dt.
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plans has the advantage that no information is lost. Fig. 2(dhe world. In this case, it is possible to factor the obser-

compares the value of the policies obtained with our dynamiwation function into a product of small observation func-

discretization scheme and the naive binary discretization asons, one for each random variable (i.By(z1, 22|a,s’) =

we vary the variance?. The dynamic discretization outper- Pr(z1|a, s") Pr(zz|a,s’)). For example, consider a mobile

forms the fixed binary discretization for all variances. Therobot with sonars pointing forwards and to the side. The read-

solutions are the same for almost perfectly observable casésgs from each sonar are conditionally independent given the

(0 < 0.1) and approach one another for almost unobservabl&cation of the robot and a map of the robot’s environment.

casesq¢ — o). This factorization can be exploited to process the observa-

tions sequentially. For conditionally independent observa-

20 tion variables, we divide each time step imtgub-steps such

10] e o that only one observation variable is observed per sub-step.

an_, = This can be easily accomplished by constructing a POMDP
with an additional state variablsyh step that keeps track of

-10 the current sub-step. The observation function encodes the

a
cp

-6 Bp ol Lo, probabilities of a single, but different, observation variable at

V(b)

8 S ‘i open right ™ each sub-step. The transition function is the same as in the
S 43-2-1 0 12 345 0 02 04 06 08 o1 original POMDP whersuhstep=1, but becomes the identity
(@) (b) function otherwise. The rewards are gathered and the dis-
12 count factor applied only whesuh step=1
\ When all observation variables are conditionally indepen-

dent, this effectively reduces the dimensionality of continu-
ous observations to one, allowing the approach of Sect. 4 to
be used. For discrete observation variables, an exponential
reduction is also achieved since the domain of a single vari-
B able is exponentially smaller than the cross-domain of several
-4 5 variables. Note however that the complexity of the equivalent

standard deviation POMDP remains the same since the reduction is achieved by

_ (©) (d) multiplying the horizon and the number of statesriby

Figure 2: Tiger example. &), (b2) for b(tiger_location =

left) = 0.85 anda = listen, showing regions over which 52 Sampling

each conditional plan will be selected. d&vectors of 3 con- . . . . .

ditional plans. c) Observation function and aggregate probanr z;rbltr.ary mult|-§j|men5|0nal obs_ervatlons, an effective ap-

bilities of each observation region for each state. d) Averagg_rpxlmat|on_techmque for computing the aggregate proba-

discounted reward achieved over 10 trials of 100 simulatepilitiés consists of sampling. ~ Recall from Sect. 3 that for

runs of 50 steps each, for different observation variances i§ach conditional plarp, we can aggregate in one region

the continuous 1D tiger problem. Z., all the observations for which ¢p yields the highest
value (i.e.50(z) > ﬁi’;,‘,‘(z) Vep' € CP). Hence, for each

e : : (a, s')-pair, we samplé: observations frompdf(z|a, s’) and
5 Multi-dimensional observation space setPr(Z.,la, s’) to the fraction of observations for which

In many applications, observations are composed of severgl.e () is maximal, breaking ties by favoring the conditional
sensor readings. For example, a mobile robot may have glan with the lowest index.

number of sonar, laser or tactile sensors, which together give This sampling technique allows us to build an approxi-
rise to multi-dimensional observations. When the observatiomnate discrete observation functidir(Z,,|a, ') which can
space is multi-dimensional, analytically finding the regionspe uysed to perform a point-based backup for acsetof
and computing their aggregate probability will be difficult for conditional plans and a belief state The number of ob-
many observation functions. _ _ _servations sampled is|S||.A| for each point-based backup.
We examine two approaches. The first, discussed imhe quality of the approximation improves with In par-
Sect. 5.1, considers the special case of POMDPs with obseficular, using Hoeffding’s bounf], we can guarantee that
vations composed of conditionally independent variables. Fopr(Z,,|a, s') has an error of at mostwith probability1 — &
this special case, itis possible to define an equivalent POMDR/hen i — In(2|CP|/5)/(2€%). Interestingly,k doesn't de-
yvherg the obser\(ation varie}bles are processed sequentially m;nd on the dimensionality (nor any other complexity mea-
isolation, essentially reducing the observation space to ONgyre) of the observation space. It depends only on the num-
dimension. For arbitrary multi-dimensional observations, wepgr of regions, which is at most the number of conditional
present a general sampling-based technique in Sect. 5.2 pjans. While this is true in a single DP backup, the num-
. . ber of conditional plans may increase exponentially (in the
5.1 Conditionally Independent Observations worst case) with the number of observations at each DP
In some applications, the random variables correspondingackup[12]. On the other hand, several algorithfis; 8;
to the individual sensor measurements may be conditionallit7; 24 can mitigate policy complexity by searching for good
independent given the last action executed and the state g&t small policies represented by a bounded number of condi-
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tional plans ora-vectors. Perseuf4], a randomized point-
based value iteration algorithm, is such an algorithm since
the number ofv-vectors is bounded by the number of belief
points initially sampled. Hencé depends on policy com-
plexity, which generally depends on observation complexity,
but can be made independent by restricting policies to have a
bounded representation.

This sampling technique can also be used for POMDPs
with many discrete observations. In particular, when the (a) (b)
observations are factored into several random variables, the ) )
number of observations is exponential in the number of variFigure 3: 8) POMDP model of handwashing. b) Example im-
ables, but as long as the number of conditional plans remain@ge showing the regions induced by the observation function
small, the number of samples will also be relatively small. ~alone,max; P(z,y|hand_location = i)

Note also that we can often weaken the dependency be-
tween the number of samples and the size of the action a
state spaces. Instead of samplingbservations from each
of the | A||S| densitiespdf (z|a, s'), we can samplg obser-
vations from one proposal distributigiiz). This sample of
observations can be used to approximate @agi£.,|a, s') wasry = 0.85. . . . .
as follows. First, we assign a weightlf (z|a, s')/p(z) o . We model the system as being equipped with an impeller
each sampled observatiarto obtain an unbiased sample of IN the water pipe, which return when there is no water

pdf (z|a, '). Then, for each conditional plam, we find the flowing and1 when the water is on full. The sensor’s noise
subset of sampled observationgor which /nga(z) is max- IS zero-mean Gaussian with standard deviatios 0.4325,

imal, and sefPr(Z,,|a, s') to the (normalized) sum of the which gives it an’5% accuracy (when the most likely state

weights of the observations in that subset. The number 0(1;f wateris considered). The position of the hands in the hori-

sampled observationsnecessary to guarantee an error of at_zontal plane is measured using a camera mounted in the ceil-

most e with probability 1 — 6 depends on how similar the ing above the sink, connected to a computer vision system

proposal distribution(z) is with each densitydf (z|a, s'). that returns an estimate of the, y} position of the patient’s

When the proposal is relatively similar to each of the densi—dominant hand in the image using skin colad]. Fig. 3(b)

ties then; tends to be close té, significantly reducing the shows an example image from the camera. The observation

dependencies ol .| However, s h dferences be- 710" el tlles hese meesured hand posions o e ac
tween the proposal and each of the densities incrgaaisp

increases and may become arbitrarily large. In Sect. 6, wg - gompﬁ_ter V|_S|?nfsystte):m. ?g actor S|mu_ll_r;1]ted_the repeated

usepdf(z|b, a) as a proposal distribution. andwashing trials for about 10 minutes. The vision system
tracked and reported ther, y} position of the right (domi-

) nant) hand, while a researcher annotated the data with the ac-

6 Experiments tual handlocation® The functionsP (z, y|hand_location =

This section presents experiments with a POMDP that asi%ewgﬁath;nnné?:{ggdwﬁ% Tﬁ'en%a? ugz(ctlulroeccsziatfs'?gs to

sists people with cognitive difficulties to complete activities The mixture models were fit using a K-means initializatio
of daily living. Focusing on the task of handwashing, Wefollowelzj( lE)ry the exSeV(\:/tartior:—;iQi?nizat;on algsolr?thlr%lz Fligt]
present a simplified POMDP for guiding patients with verbal e 3(b) shows the most likehandlocatiors for each{z, v}

prompts as they wash their hands. The goal of such a syste osition induced by the learned mixtures of Gaussians. The

Is to minimize the human caregiver burden, and is part of al\ﬁ/)vater flow observation function was not learned from data
ongoing research initiative applying intelligent reasoning to . ; . :
gomng bpIng g g The water flow and hand position readings yield a 3D ob-

assistive living4]. In this paper, we present results from sim- . .
ulations of our methods on a simplified POMDP model for S€"vation space. Although water flow and hand positions are
onditionally independent, ther, y} coordinates of the mea-

the handwashing task. Fig. 3(a) shows the graphical modé| g
of the handwashing POMDP. The POMDP’s actions are theured hand positions are depeljdent. Hence, we cannot pro-
verbal prompts (corresponding to the canonical steps of hand€SS the observations sequentially as suggested in Sect. 5.1
washing:turn on water wet handsuse soapdry handsand and must resort to the_ sampling te_chmque (_)f Sect. 52 We
turn off wate) and anull action where the system waits. The extended Perse(ig4] with the sampling technique described
states are defined by the variablemdsstate which can be
{dirty, soapy, cleah, handlocation which can be{away,
tap, water, soap, tow¢) handswet which can bgwet, dry}, 7.5 frames (1 second).

andwater, which can be{on, Oﬁ}' We assume the hands start 5The model orders were selected by minimizing the mini-

dirty anddry, and the goal is to get theateananddry, which  ,\m description length (MDL):—log(P(z|hand_location)) +

can only happen if they beconseapyandwetat some inter- 1 y7jg N, wherelM is the number of parameters antis the num-
mediate time. The water startéf and must beoff for task  ber of data points. This yielded between 2 mixture components for

completion. The cost of a prompt (52, and a large reward each state. Thawaystate was fixed to have 1 mixture component.

0) is given when the hands are dry and clean and the water
IS off. Smaller rewards are given for progressions through the
task: if the hands are cleah)( soapy (.5) and wet (.2), but

other variables are not as in the final goal state. The discount

5The vision system only reports the hand position every 2 sec-
onds, or when the hand location changes and is located consistently
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the beginning of the trial (top row, stage 1), the system will
either prompt to use the soap or turn the water on, based on
g where it sees the hands. At this stage, the regifypsnainly
Wattgrrgn.. . distinguish the areas surrounding the soap and the taps, since

these are the usual first steps in handwashing. Once the hands
are believed to be soapy and the water on (stage 3, middle
row),the system will prompt to rinse the hands, unless the
patient has rinsed their hands or has turned the water off, in
which case the prompt will be to turn the water off or on,
respectively. We see in Figure 4(b) (middle row) that there
are many regions now in the areas near the tap or under the
water. This is the most uncertain area for this system (see
Figure 3(b)), calling for many different conditional plans. Fi-
nally, at stage 4 (bottom row), the system believes the hands
are clean, and will prompt the user to dry their hands or turn
the water off. In this case, fewer possibilities remain, and so
there are fewer regions in Figure 4(b) (bottom row).

" use soap"

7 Conclusion

Exploiting the fact that observations are useful only to the
extent where they lead to different courses of actions, the pa-
per describes how to dynamically partition observation spaces
without any loss of information based on the current policy.

(b) For policies with a small number of conditional plans, ob-

Figure 4: Example regions during a simulated trial at threesgryations can be aggregated in a small number of regions
stages (from top to bottom, after 1, 3 and 4 actions): (&) Showggresponding to the relevant observation features of the ap-
the best actions to take, the current belief state, and the CUrreffication domain. The region-based observation function can
location of the hand (star); (b) shows the regidh$, each  generally be constructed by numerical root-finding and inte-
different shade corresponding to a different conditional plaryyation algorithms for uni-dimensional observations or multi-
that will be followed if an observation is made in the region. gimensional observations composed of conditionally inde-

in Sect. 5.2 to compute an approximate discrete observatiopendent variables. For general multi-dimensional observa-
function at each point-based backup. More precisely, 100 oltions a general sampling technique was also described and
servations were sampled before each point-based backup @@monstrated on a realistic assisted living task.
approximate the aggregate probabilities of each observation Note that the dynamic partitioning technique proposed in
region induced by some conditional plan. We ran the algothis paper is tightly integrated with point-based backups.
rithm for 50 iterations with 227 sampled belief states. ForMore precisely, a lossless dynamic partition of the observa-
comparison purposes, we also ran the original Perseus dion space can be computed only with respect to a given belief
gorithm with a fixed discrete observation function obtainedstate and a set af-vectors. As a result, our technique can-
by partitioning the plane of hand positions according to thenot be integrated with algorithms that do not use point-based
regions shown in Fig. 3(b) and by partitioning water flow backups (e.g., Incremental Pruni&§], Bounded Policy Iter-
readings in two regions d@t5. This is a natural discretiza- ation[18]). Furthermore, it cannot be integrated with the lin-
tion that arises from the observation function by consid-ear programs that find belief points prior to point-based back-
ering the regions where eaghif (x, y|hand_location) and  ups in the Witness algorithfd2]. At the moment, full inte-
pdf (impeller|water_flow) are highest. The computed poli- gration is only possible with Linear Suppdfl, PBVI [17],
cies were then simulated, and actions were selected by morand Perseul24] since these algorithms make use of the ob-
toring the belief state and computing the best conditional plaservation function only in point-based backups. Dynamic
argmaxcp » ., b(s)acp-(s). The discounted rewards (aver- lossless observation partitioning for a broader range of algo-
aged over 10 trials of 100 simulated runs of 50 steps each) afthms is a possible direction for future research.
the policies obtained by dynamic partitioning afe7 + 1.4, This paper tackles POMDPs with continuous observations,
while those for fixed partitioning ard.7 £ 0.3, showing  but discrete states. As mentioned earlier, such POMDPs are
that our sample-based dynamic partitioning technique outpeeommon in user modeling, event recognition and spoken-
forms the fixed discretization technique. The final conditionaldialog systems, since the observations correspond to con-
plans were represented willd o vectors for our dynamic al- tinuous sensor readings and the states are abstract discrete
gorithm, andr7 « vectors for the fixed discretization. features. Note also that our dynamic partitioning technique
Figure 4 shows examples of the dynamic partitions founddoesn't require the state space to be discrete. In fact, Porta
by our technique at three stages during a simulated triakt. al[11] recently proposed an extension to Perseus that can
Since we cannot show 3D partitions, we show the 2D partihandle continuous state spaces. Point-based backups are per-
tions of the{z, y} plane (ignoring the water flow sensor). At formed in a similar fashion, but given the continuous nature
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of the state spacey-functions are generated instead@f  [11]
vectors. Integrating our dynamic partitioning technique with
such continuous point-based backups should be possible and
is subject to future research. [12]
Our current work in using POMDPs for assistive living
tasks involves learning model structure and user behaviors
from sequence data, rather than imposing our own strug+3]
ture on tasks. The POMDP models we learn have observa-
tion functions which are themselves dynamic Bayesian net-
works (DBNs) with video frame observations at each time[14]
step, leading to a hierarchical model. Preliminary work along
these lines is reported [10]. We wish to use the techniques
we have described in this paper both to solve these POMDPs
and to learn models of human behaviors from video sequence
data. Another potential research direction includes the expld5]
ration of automated feature detection in application domains
such as image processing and speech recognition by policy-
directed observation aggregation. [16]
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Optimal Nonmyopic Value of Information in Graphical Models —
Efficient Algorithms and Theoretical Limits

Andreas Krause
Carnegie Mellon University

Abstract

Many real-world decision making tasks require us to
choose among several expensive observations. In a sen-
sor network, for example, it is important to select the sub-
set of sensors that is expected to provide the strongest re-
duction in uncertainty. It has been general practice to use
heuristic-guided procedures for selecting observations. In
this paper, we present the first efficient optimal algorithms
for selecting observations for a class of graphical models
containing Hidden Markov Models (HMMs). We provide
results for both selecting the optimal subset of observa-
tions, and for obtaining an optimal conditional observation
plan. For both problems, we present algorithms for the fil-
tering case, where only observations made in the past are
taken into account, and the smoothing case, where all ob-
servations are utilized. Furthermore we prove a surpris-
ing result: In most graphical models tasks, if one designs
an efficient algorithm for chain graphs, such as HMMs,
this procedure can be generalized to polytrees. We prove
that the value of information problemMPF¥ -hard even

for discrete polytrees. It also follows from our results that
even computing conditional entropies, which are widely
used to measure value of information, igtP-complete
problem on polytrees. Finally, we demonstrate the effec-
tiveness of our approach on several real-world datasets.

Introduction

Carlos Guestrin
Carnegie Mellon University

guarantees. In this paper, we present efficient algorithms,
which guarantee optimal nonmyopic value of information
in chain graphical models such as Hidden Markov Models
(HMMs). We address two settingsubset selectignrwhere

the optimal subset of observations is obtained in an open-loop
fashion, andconditional plans a closed-loop plan where the
observation strategy depends on the actual value of the ob-
served variablesc(f. Fig. 1(a)). To our knowledge, these are
the first optimal and efficient algorithms for these tasks for this
class of graphical models. For both settings, we address the
filtering and thesmoothingversions: Filtering is important in
online decision making, where our decisions can only utilize
observations made in the past. Smoothing arises for example
in structured classification tasks, where there is no temporal
dimension in the data, and hence all observations can be taken
into account. We evaluate our algorithms empirically on three
real-world datasets, and also show that they are well-suited for
interactive classification of sequential data.

Most problems in graphical models, such as probabilistic in-
ference and the most probable explanation, that can be solved
efficiently for chain-structured graphs, can also be solved effi-
ciently for polytrees. We prove that the problem of maximizing
value of information iSNPF P -hard even for discrete polytree
graphical models, giving a complexity theoretic classification
of a core artificial intelligence problemNP¥F-hard prob-
lems are believed to be significantly harder tidR-complete
or even#P-complete problems commonly arising in the con-
text of graphical models. As a special case, we also prove that

In probabilistic reasoning, where one can choose among s&@6mputing conditional entropies §P-complete even in the
eral possible but expensive observations, it is often a centrghse of discrete polytrees. This is a surprising result about a

issue to decide which variables to observe in order to most gheasure of uncertainty that is frequently used in practice.
fectively increase the expected utility. In a medical expert sys-

tem[14], for example, multiple tests are available, and eac
test has a different cost. In such systems, it is thus important

2) Optimization criteria

decide which tests to perform in order to become most certaln order to maximize value of information, our objective func-
about the patient’s condition, at a minimum cost. Occasionallyions should depend on probability distributions over variables.

the cost of testing can even exceed the value of information faet S = { X1, ..

any possible outcome.

., X, } be a set of discrete random variables.
We consider a class @dcal rewardfunctionsR, which are de-

The following running example motivates our research antined on the marginal probability distributions of the variables.
is empirically evaluated in Section 7. Consider a temperaturghis class has the computational advantage that local rewards
monitoring task, where wireless temperature sensors are disn be evaluated using probabilistic inference techniques. The
tributed across a building. The task is to become most certaiatal reward will then be the sum of all local rewards.
about the temperature distribution, whilst minimizing energy Let O be a subset of. ThenP(X; | O = o) denotes the
expenditure, a critically constrained resoulék marginal distribution of variableéX; conditioned on observa-

Many researchers have suggested the use of myopionso. For classification purposes, it can be more appropriate
(greedy) approaches to select observat{d®s 15; 5; 1. Un-  to consider the max-marginal®™**(X; = z; | O = o) =
fortunately, this heuristic does not provide any performanceaxy P(X = x, X; = z; | O = o), thatis, forX; setto value
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x4, the probability of the most probable assignment to all other Rew(1:4) Rew(4:7)
random variables conditioned on the observatiariBhelocal » Rew(1:7) = Rew(1:4)+Ry(X,/X,)-c(X,)+Rew(4:7)
reward R; is a functional on the probability distributioR or (&) Example conditional plan. (b) Decomposition of the reward.

pPmer over X;. We write Figure 1:Example, and decomposing reward idea
a The set of random variable$ = {X;,...,X,} forms a
R;j(X;10) = ZP(O = 0)R;(P(X; | O =0)) chain graphical model (a chain), X; is conditionally inde-

pendent ofX, given X; whenever < j < k. We can assume

as an abbreviation to indicaexpected local rewargsvhere that the joint distribution is specified by the pri&Y(X;) and
the expectation is taken over all assignments the observa- conditional probability distribution®(X; [ X;). The time
tionsO. Important measures for value of information include:Series model for the temperature measured by one sensor in
our example can be formulated as a chain graphical model.
e Entropy. Ifwe setR;(P(X; | 0)) = —H(X; | O) =

S P(z;,0)log P(z; | o), the objective in the opti- Chain graphical models originating from time series have
mi;é{{)ion pjrzjblem beccj)mes ,to minimize the sum of resioladditional, specific properties: In a system for online decision

ual entronies. We choose this reward function in our runEnaking, only observations from the past and present time steps
; pI€s. ) can be taken into account, not observations which will be made
ning example to measure the uncertainty about the te

perature distribution T the future. Thi§ isin genera! referred to asjittering prob-

e Maximum expected .utility The concept of local reward lem. In this setting, the notatioR(X; | O) will refer to the
functions also includes thé concent of utility nodes in indlstr|but|on of X; conditional on observations @ prior to and
unctions P y Y including timei. For structured classification problems as dis-
fluence diagrams. IV; : A; x dom X; — R is a utility

function Mapping an actionm € A. and an outcome & cussed in Section 7, in general observations made anywhere in
ppINg J = the chain must be taken into account. This situation is usually
dom X; to a reward, then thenaximum expected utility

I . referred to as themoothingproblem. We will provide algo-
principle states that actions should be selected as to Maxsk s both for filtering and smoothin
imize EU;(a | 0) = Y, P(z | 0)U;(a,z). The more ' '9 ning.
certain we are aboux',, the more economica”y we can We will now describe the key |nS|ght, which allows for ef-
choose our action. Hénce we can define our local rewaififient optimization in chains. Consider a set of observations
function R(P(X; | 0)) = 3, P(o) max, EUj(a | o). O C S. If the j variable is observed, i.eX; € O, then the

e Margin. We can also consider the margin of confi-local reward is simplyR(X; | O) = R(X; | X;). Now
dence: R;(P™(X; | 0)) = 3, P(o)[P™ (x* | considerX, ¢ O, and letO; be the subset of) contain-
0)— P (7 | 0)], wherez* = argm(‘;x P (g ‘]O) ing the closest ancestor (and for the smoothing problem also
_ ’ ’ e ’L the closest descendant) of; in O. The conditional inde-

andz = argmax, .. P (z; | o), which describes

, : %endence property of the graphical model implies that, given
the margin between the most likely outcome and the clogy . x s independent of the rest of the observed variables,

est runner up. This reward function is very useful forj & P(X; | O) = P(X; | O;). Thus, it follows that

structured classification purposes, as shown in Sec. 7. R(}(j 1 0) = R(X; | 0;).

These examples demonstrate the generality of our notion of lo- These observations imply that the expected reward of some
cal reward. One can generalize the algorithms even more, e.ggt of observations decomposes along the chain. For simplicity
to measure the total entropy or the margin between the magt notation, we add two independent dummy variabigsand
probable explanation and its runner up. Details are omitte§f, ., whereR, = Cy = ) = Rut1 = Cni1 = Bug1 = 0.
here due to space limitations. _ _ Let O = {X,,,...,X, ..} wherei, < i;4y, ip = 0 and

We also want to capture the constraint that observations afe .| — p, + 1. Using this notation, the total rewafgl(O) =
expensive. This can mean that each observaligrhas an - R;(X; | O) for the smoothing case is given by:
associated positiveenalty C; that effectively decreases the ~’
reward. In our example, we might be interested in trading

off accuracy with sensing energy expenditure. Alternatively,™ fopr =1
it is also possible to define laudgetB for selecting observa- R; (Xi, | Xi,) —Cs, + Z R;j(X; | Xi,, Xi,.1)
tions, where each one is associated with an integst 3;.  v=0 j=iy+1

Here, we want to select observations whose sum cost is within

the budg_et, but these costs do not decrease the reward. IH‘fiItering settings, we simply replacg; (X; | X, Xi,,,)
our running exar_nple, the.sensors could be powered by S(.)I er(Xj | X;,). Figure 1(b) illustrates this decomposition.
power, and regain a certain amount of energy per day, whic ) v ) )
allows a certain amount of sensing. Our formulation of the Consider now a Hidden Markov Model unrolled fortime
optimization problems allows both for penalties and budgetSteps, i.e..S can be partitioned into the hidden variables

To simplify notation we also writ€?(0) = >- ., C; and l{_ﬁ\(ﬂll\»/l = ahXSL/} and éhe emcissi(én r:/ariab_|et[)§1§7f---7ﬂ}-h In
3(0) = ijeo 5, to extendC and to sets. s, theY; are observed and the variabl¥s form a chain.

In many applications, some of which are discussed in Sec-
. tion 7, we can observe some of the hidden variables, e.g., by
3 Decomposing Rewards asking an expert, in addition to observing the emission vari-
In the following Sections 4 and 5, we present efficient algoables. In these cases, the problem of selecting expert labels
rithms for two problems of optimizing value of information in also belongs to the class of chain graphical models addressed
the class of chain graphical models. by this paper.
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4 Subset Selection

In the subset selectioproblem, we want to find a most in-
formative subset of the variables to obseimeadvancei.e.,
before any observations are made. In our running example, \
would, before deploying the sensors, identiffme points that
are expected to provide the most informative sensor readin
according to our model.

First, define the objective functiah on subsets of by

n

> Ri(X;]|0) - C(0).

J=1

L(0) (4.1)

Thesubset selectioproblem is to find the optimal subset

O* = argmax L(O)

0Cs,8(0)<B

maximizing the sum of expected local rewards minus th
penalties, subject to the constraint that the total cost must n

exceed the budges.
We solve this optimization problem using a dynamic pro

Input: Budget, rewardsR;, costs3; and penaltieg’;

Output: Optimal selectiorO of observation times

begin

ve for0<a<b<n+1do computeL,.(0);

for k=1to B do

for0<a<b<n+1do

sel(—1) := L4:(0);
forj=a+1tob—1do sel(j
—Cj + R;j(X; | Xj) + Lay(0)

gs

)=
+ Lju(k = B5);

ab(k) = maXg<j<b sel(j);
Aup(k) = argmax, ;o sel(j),
end
end
a:=0b=n+1k:=B;0 :=0;
repeat
j:: Aa:b(k);
e if j>0then O:=0U{X,}; k:=Fk—f;;
ot until j = —1;

end

gramming algorithm, where the chain is broken into sub-chains Algorithm 1 : Optimal subset selection.

using the insight from Sec. 3. Consider a sub-chain from vari-
able X, to X;. We defineL, (k) to represent the expected since the subset problem is open-loop and the order of the ob-

total reward for the sub-chaii,, ..., X;, whereX, (and X,
in the smoothing case) is observed, and with a budget level
k. More formally:

b—1
La:w(k) = oo v_;LlRJ’(Xj |OU{Xa}) —C(0),
so)<k 77
for the filtering version, and

b—1
= max Rj(X; | OU{X,, Xp})—C(O),
ocix sy 2 Rils | OU{Xe, Xi))=C(0)
B(O)<k

Lo (k)

for the smoothing version. Note thakg.,1(B) =
maxo.s0)<p L(O), as in Eq. (4.1), i.e., by computing the
values forL,.;(k), we compute the maximum expected total
reward for the entire chain.

We can computé., ., (k) using dynamic programming. The
base case is simply:

b—1
La:b(o) = Z Rj(Xj | Xa)a

j=a+1
for filtering, and
b—1
La(0) = Y Ri(X; | Xay Xp),
j=a+1

for smoothing. The recursion fat,., (k) has two cases: we
can choose not to spend any more of the budget, reaching
base case, or we can break the chain into two sub-chains,
lecting the optimal observatiok ;, wherea < j < b:

Lop(k) =max{Lq(0), max {-C;+

j:a<j<b,3; <k
+ Rj(Xj | Xj) + La:j(0) + Ly (k — B5)}}

servations is irrelevant, we only need to consider split points
here the first sub-chain receives zero budget.
A pseudo code implementation is given in Alg. 1. If we do
not consider different costs$, we would simply choosg; =1
for all variables and computg,.,(N). Alg. 1 uses the quanti-
ties A, ., to recover the optimal subset by tracing the maximal
values occurring in the dynamic programming equations. Us-
ing an induction proof, we obtain:

Theorem 1. The dynamic programming algorithm described
above computes the optimal subset with budsgjé (én3 +

O(n?)) B evaluations of expected local rewards. O

If the variablesX; are continuous, our algorithm is still ap-
plicable when the integrations and inferences necessary for
computing the expected rewards can be performed efficiently.

5 Conditional Plan

In the conditional planproblem, we want to compute an opti-
mal querying policy: We sequentially observe a variable, pay
the penalty, and depending on the observed values, select the
next query as long as our budget suffices. The objective is
to find the plan with the highest expected reward, where, for
each possible sequence of observations, the budgstnot
exceeded. For filtering, we can only select observations in the
future, whereas in the smoothing case, the next observation can
be anywhere in the chain. In our running example, the filter-
ing algorithm would be most appropriate: The sensors would
sequentially follow the conditional plan, deciding on the most
i éormative times to sense based on the previous observations.
. 1(a) shows an example of such a conditional plan.

The formal definition of the objective functios is given

recursively. The base case considers the exhausted budget:

J(O=00)= > R;(X;|0=0)-C(O).

X;eSs

At first, it may seem that this recursion should consider the opFhe recursion] (O = o; k), represents the maximum expected
timal split of the budget between the two sub-chains. Howevereward of the conditional plan for the chain whe&pe= o has
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been observed and the budget is limited to Theorem 2. The algorithm for smoothing plresented above
o o computes an optimal conditional plandA- B2-(:n3+0(n?))
J(O = 0;k) = max{J(O = 0;0), ?}%}é{ evaluations of local rewards, wheris the maximum domain
o _ e _ size of the random variableX,, . . ., X,,. In the filtering case,
D P(X;=y[0=0)J(0=0X;=y:k—0)}} or if no budget is used, the optimal plan can be computed us-
¥ ingd®- B+ (3n®+ O(n?)) or &* - (in* + O(n?)) evaluations
The optimal plan has rewatfi§); B). respectively. O

_We propose a dynamic programming algorithm for obtain- hg taster computation for the no budget case is obtained by
ing the optimal conditional plan that is similar to the SUbseBbserving that we do not require the third maximum computa-

algorithm presented in Sec. 4. Again, we utilize the decomp@on, which distributes the budget into the sub-chains.
sition of rewards described in Section 3. The difference here

is that the observation selection and budget allocation now degﬁftdf%d%er;g I E%Vr‘]’girt?sr}fél' C%‘T’ﬁtsﬁf and ;;enalnegjj
pend on the actual values of the observations. put: Op Plaa:b, Ta:b

We again consider sub-chaif,, ..., X;. The base case | Pegin
deals with the zero budget setting: for 0 <a<b<n+1,2, € dom Xg, 2z, € dom X;, do
computeJ,.,(zq, xp; 0);
1 for k = 1to B do
Jan(a; 0) = Z Rj(Xj | Xa = xa), for 0<a<b<n+1,z,€dom X,, 2, €dom X, do
J=att sel(—1) := Juu(0);
for filtering, and for a <j<bdo
- fsel(]) = —ng + chng |XXJd);
N Ty _ . Oora<y<bo,xr; € domdX,; do
Jab(Ta, Tp; 0) = _ZIR](X] | Xo =20, Xp = ), for 0 < 1 sic—ﬁj 4o J
et bd(l) ==
for smoothing. The recursion defined,.;,(zq; k) Jaij(Ta, i3 1) + Jjp(zj, zes k — 1 — B5);
(Ja:p(za, zp; k) for smoothing), the expected reward for sel(j) := sel(j) + P(x; | xa,xs) - max; bd(j);
the problem restricted to the sub-chak,,..., X; condi- o(j,zj) = argmax, bd(j);
tioned on the values ok, (and X, for smoothing), and with end
budget limited byk. To compute this quantity, we again iterate Ja (k) = max,;<p sel(§);
through possible split pointg, such thata < ;5 < b. Here Wa;b(fayxb;k) = argmax,__ ; _, sel(j);

we observe a notable difference between the filtering and
the smoothing case. For smoothing, we now must consider
all possible splits of the budget between the two resulting

for x; € dom X, (1) do
Ua:b(xaa-rbaxj; k) = O(Wa;b(k),l‘j);

sub-chains, since an observation at tijn@ight require us to endend
make an additional, earlier observation: end
Jaw(za, zo; k) = max{Ja:(2a, 75 0), algfi(b{—cj'f‘ Algorithm 2 : Computation of optimal conditional plan.
Input : Budgetk, observationsX, = x,, Xy = zp, 0, 7
ZP(Xj =z | Xa = e, Xp = x){R; (X, | X;)+ bepgln 9 e @ b b
I j = Wa:b(xaamb;k);
otmax | [Jaij (wa, 25 0) + Jjw (g, sk — L= B;)1}}}- if j > 0then
- ObserveX; = z;;
Looking back in time is not possible in the filtering case, hence l:=04p(Ta, T, xj; k);
the recursion simplifies to Recurse withk :=1, a :=a, b := j;
Tus(@ai k) = max{ s (22;0), max {—Cj+ Recurse withk :=k — 1 — 3;,a :=j,b:=1b;

a<j<b:B;<k end
end
D P(X; =5 | Xa=wa){R;(X; | X;)+
T

Algorithm 3: Observation selection using conditional plan.

Jaii (a3 0) + Jin(@si b = Bi) 6 Theoretical Limits
The optimal reward is obtained b¥., 1 (0; B) = J(0; B).
Alg. 5 presents a pseudo code implementation for the smoot
ing version — the filtering case is a straight-forward modifica:
tion. The plan itself is compactly encoded in the quantities
which determines the next variable to query and,, which

any problems that can be solved efficiently for discrete chain
raphical models can also be efficiently solved for discrete
polytrees. Examples include probabilistic inference and the
most probable explanation (MPE). Surprisingly, we prove that

. X @01 for the optimization problems discussed in this paper, this gen-
determines the allocation of the budget. Considering the €x4ization is not possible, unleBs= NP. All proofs in this
ponential number of possible sequences of observations, itd8ion are stated in the Appendix.

remarkable that the optimal plan can even be represented usy, order to solve the optimization problems, we will most

ing only polynomial space. Alg. 5 indicates how the computeq oy have to evaluate the objective function, i.e., the expected
plan can be executed. The procedure is recursive, requiring t

al rewards. Our first result states that this problem is in-
parameters := 0, z, := 1,b:=n+1,z, := 1 andk := B P

- ® . . ; tractable even for discrete polytrees.
for the initial call. Again, by induction, we obtain: poly

1342 UNCERTAINTY



Optimal conditional plan 1r Mean margin of optimal subset
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0.9 <—Mean F1 score

0.8 Mean margin
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greedy heuristic

Percent improvement

0.7
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~~Greedy heuristic 0.6
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(a) Temperature data: Improvement ofley CpG island data set: Effect of increds) Part-of-Speech tagging data set: Ef-
the uniform spacing heuristic. ing the number of observations on margget of increasing the number of observa-
and classification accuracy. tions on margin and F1 score.

Figure 2: Experimental results.

Theorem 3. The computation of expected local rewards for60 minutes, and it was discretized into 10 bins of 2 degrees
discrete polytrees ig-P-complete: [0 Kelvin. To avoid overfitting, we used pseudo couats= 0.5

This negative result can be specialized to the conditional eithen learning the model. Using parameter sharing, we learned
tropy, one of the most frequently used reward function to chafOur Sets of transition probabilities: from 12 am - 7am, 7 am -

acterize the residual uncertainty in value of information prob2 Pm, 12 pm - 7 pm and 7 pm - 12 am. Combining the data
lems. from three adjacent sensors, we got 53 sample time series.

. . . The goal of this task was to selefetout of 24 time points
Corollary 4. The computation of conditional entropy for d's'during the day, during which sensor readings are most infor-
crete polytrees istP-complete. U mative. The experiment was designed to compare the perfor-
Since evaluating local rewards #P-complete, it can be mance of the optimal algorithms, the greedy heuristic, and a
suspected that the subset selection problem is at &5t uniform spacing heuristic, which distributed thebservations
hard. We show that it is eveNPFF-completé, a complexity uniformly over the day. Fig. 2(a) shows the relative improve-
class containing problems that are believed to be significantipent of the optimal algorithms and the greedy heuristic over
harder tharlNP or #P complete problems. This result pro- the uniform spacing heuristic. The performance is measured
vides a complexity theoretic classification of value of informain decrease of expected entropy, with zero observations as the
tion, a core Al problem. baseline. It can be seen thatkifis less than about the half of
. PP . all possible observations, the optimal algorithms decreased the
Ig?grsg?yﬁéigbset Selection NP -complete even forgls- expected uncertainty by several percent over both heuristics.
' The improvement gained by the optimal plan over the subset
For our running example, this implies that the generalizedelection algorithms appears to become more drastic if a large
problem of optimally selecting: sensors from a network of number of observations (over half of all possible observations)
correlated sensors is most likely computationally intractablg allowed. Furthermore, for a large number of observations,

without resorting to heuristics. A corollary extends the hardthe optimal subset and the subset selected by the greedy heuris-
ness of subset selection to the hardness of conditional planstic were almost identical.

Corollary 6. Computing conditional plans i&NPF¥-hard .
even for discrete polytrees. o 72 CpG—Is.Iand detggtlon . o

We then studied the bioinformatics problem of finding CpG
7 Experiments islands in DNA sequences. CpG islands are regions in the

. . nome with a high concentration of the cytosine-guanine se-
In this section, we evaluate the proposed methods for seve%‘i g y g

real world data sets. A special focus is on the comparison
the optimal methods with the greedy heuristic and other heuriﬁﬁe cell. In our experiment, we considered the gene loci

tic methods for selecting observations, and on how the alg(P—IS381K22 AF047825 and AL133174. for which the Gen-
rithms can be used for interactive structured classification. Bank annoiation listed three. two and O’ne CpG islands each.
7.1 Temperature time series We ran our algorithm on a 50 base window at the beginning

d end of each island, using the transition and emission prob-

, . . . a
The first data set consists of temperature time series Cc’”eCtﬁailities from[6] for our Hidden Markov Model, and we used
from a sensor network deployed at Intel Research Beri{dley he sum of margins as reward function. '

as described in our running example. Data was COD“ﬂUOUS‘Y The goal of this experiment was to locate the beginning and
collected for 19 days, linear interpolation was used in case @f

nding of the CpG islands more precisely by asking experts,

missing samples. The temperature was measured once eVii¥ather or not certain bases belong to the CpG region or not.

4P contains problems such as counting the number of satisfyin 9. Z(b) shows the mean C_IaSS|f|cat|0n accuracy a_lnd mean
assignments to a Boolean formula. argin scores for an increasing number of observations. The

2NPPP is natural for Al planning problemf9]. A complete rt_asm_JIts indicate th_at, althou_gh the expected margin scores are
problem isEM AJSAT, where one has to find an assignment to theSimilar for the optimal algorithm and the greedy heuristic, the
first k variables of a 3CNF formula, such that the formula is satisfiedhean classification performance of the optimal algorithm was
under the majority of assignments to the remaining variables. still better than the performance of the greedy heuristic.

ence. These areas are believed to be mainly located around
e promoters of genes, which are frequently expressed in
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7.3 Part-of-Speech Tagging heuristics for decreasing expected uncertainty. Our algorithms
In our third experiment, we investigated the structured class¢an also effectively enhance performance in interactive struc-
fication task of part-of-speech (POS) taggl8y Problem in- tured classification tasks. .
stances are sequences of words (sentences), where each woldnfortunately, the optimization problems become in-
is part of an entity (e.g., “United States of America”), and eaclactable for even a slight generalization of chains. We pre-
entity belongs to one of five categories: Location, Miscellasented surprising theoretical limits, which indicate that com-
neous, Organization, Person or Other. Imagine an applicatioonly used local reward functions, such as conditional en-
where automatic information extraction is guided by an expertropies, cannot be efficiently computed even in discrete poly-
Our algorithms compute an optimal conditional plan for askindree graphical models. We also identified optimization of value
the expert, trying to optimize classification performance whil®f information as a new class of problems that are intractable
requiring as little expert interaction as possible. (NPFPP_complete) for polytrees.

We used a conditional random field for the structured clas- Our hardness results, along with other recent results for
sification task, where each node corresponds to a word, apdlytree graphical models, tié¢P-completeness of maximum
the joint distribution is described by node potentials and edge posteriori assignmeifit1] andNP-hardness of inference in
potentials. The sum of margins was used as reward functioponditional linear Gaussian moddB], suggest the possibil-
Measure of classification performance was the F1 score, tlity of developing a generalized complexity characterization of
geometric mean of precision and recall. The goal of this exproblems that are hard in polytree graphical models.
periment was to analyze how the addition of expert labels in- In light of these theoretical limits for computing optimal
creases the classification performance, and how the indiregglutions, it is a natural question to ask whether approxima-
decomposing reward function used in our algorithms corrdion algorithms with non-trivial performance guarantees can be
sponds to real world classification performance. found. We are currently focusing our research in this direction.

_Figure 2(c) shows the increase of the mean expected mar-acknowledgements. We would like to thank Ben Taskar
gin and F1 score for an increasing number of observationg,, providing the part-of-speech tagging model, and Reuters
summarized over ten 50 word sequences. It can be seen th@t making their news archive available. We would also like

the classification performance can be effectively enhanced By thank Brigham Anderson and Andrew Moore for helpful
optimally incorporating expert labels. Requesting only thregqmments and discussions.

out of 50 labels increased the mean F1 score from by more ]
than five percent. The following example illustrates this efAppendix

fect: In one scenario both words of an entity, the sportsmapyoof of Theorem 3. Membership in#P is straightforward.

‘P. Simmons’, were classified incorrectly — ‘P @herand  To show hardness, we use a construction similar to the one
‘Simmons’ asMiscellaneous The first request of the optimal presented in[11] for the maximum a posteriori problem.
conditional plan was to label ‘Simmons’. Upon labeling thisLet ¢ be an instance of##3SAT, where we have to count

word correctly, the word ‘P.” was automatically labeled corthe number of assignments 10, ..., X,, satisfying¢. Let

rectly also, resulting in an F1 score of 100 percent. ¢ = {C1,...,Cp} be the set of clauses. Now create a
Bayesian network with nodds; for eachX;, each with uni-

8 Related Work form Bernoulli prior. Add variable¥(, which uniformly varies

o ) ) ) over{l,...,m}andYy,...,Y, with CPTs defined the follow-
Decision Tree$12] popularized the value of information as aing way:

criterion for creating conditional plans. Unfortunately, there
are no guarantees on the performance of this greedy method.
Bayer-Zubek[1] proposed a heuristic method based on the
Markov Decision Process framework. Several researdiérs

5] suggested myopic, i.e., greedy approaches for selectivelyin this model,Y,, = 0 iff Uy,...,U, encode a satisfying
gathering evidence in graphical models. Heckermgal. [7]  assignment of). Let all nodes have zero reward, except for
propose a method to compute the maximum expected utilifyi,,, which is assigned the following reward:

for specific sets of observations. While their work considers no i

more general graphical models than this paper, they provide R(Y, | O = o) = { 3 : gtfe(g/v\ﬁ; 0]0=0)=1

only large sample guarantees for the evaluation of a given se- ' '

quence of observations, and use a heuristic without guarantegsnce the prior probability of any assignmen®is®, the ex-

to select such sequences The subset selection problem as arpicted rewardk(Y,, | Uy, ..., U, ) is exactly the number of
stance of feature selection is a central issue in machine leargytisfying assignments ta O

ing, with a vast amount of literature (s¢&0l for a survey). _
The problem of choosing observations also has a strong coRroof of Corollary 4. We start from the same construction as
nection to the field of active learnirfg] in which the learning in the proof of Theorem 3, and add an additional random vari-

0, |fj:O,0rUZ:uz
Y| Yic1 =5,Ui = ui] ~ { satisfies claus€’;;
j, otherwise.

system designs experiments based on its observations. able Z afterY,, on the chain.Z | Y, is 0 if ¥;, = 0, and
takes uniformly random values 0,1} if ¥,, # 0. Then
9 Conclusions H(Z | U = u)is0if u is a satisfying assignment, ard

We have described novel efficient algorithms for optimal sup2therwise. Hencél(Z | O) = 1 — K277, whereKX is the
ﬁlumber of satisfying assignmentsdo O

set selection and conditional plan computation in chain graph-
ical models, including HMMs. Empirical evaluation indi- Proof of Theorem 5. Membership follows from Theorem 3.
cates that these algorithms can improve upon commonly usket ¢ be an instance df M AJ S AT, where we have to find an
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.., Xop) IS true

instantiation ofX1, ..., X,, such thaty(X;,.
i , Xop,. Let C =

f{or the majority of assignments t&,,,1, ...
Cy,..
network shown in Fig. 3, with nodd$;, each having a uniform
Bernoulli prior. Add bivariate variableg; = (sel;, par;), 0 <

i < 2n, wheresel; takes values if{0,...,m} andpar; is
a parity bit. The CPTs fol; are defined assel, uniformly
varies ovef{1,...,m}, parg = 0, and forYy, ..., Y3,:

_ i 0, ifj=0,oru; satisfiesC;;
seli | [selizy =5, U = wi] ~ { j, otherwise;
par; | [pari—1 = bi—1,Us] ~ bi—1 ® Uj,

whered denotes the parity (XOI?E) operator.
We now add variableg! andZ} for 1 <i < n and let

Z7 | [Ui = uj] ~ { g,({(ll}),

whereZ denotes the uniform distribution. Similarly, let

otherwise.
Intuitively, ZI' = 1 guarantees us thaf; = 1, whereasZ! =
0 leaves us uncertain abolit. The case o} is symmetric.
We use the subset selection algorithm to choos&/teehat
encode the solution t&! M AJSAT. If ZI is chosen, it will
indicate thatX; should set to true, similarI)ZZ-F indicates a

otherwise;

false assignment t&;. The parity function is going to be used

to ensure that exactly one ¢!, ZI'} is observed for each
We first assign penalties to all nodes except?, Z[" for

1 <i < n,andU; forn+1 < j < 2n, which are assigned

zero penalty. Let all nodes have zero reward, exceptiqr

which is assigned the following reward:

4", if P(selap, =0] O =0) =1and
_ _ [P(par27:,:1|020):10r
R(Yon | O =0) = P(pare, =00 =0) =1];

0, otherwise.
Note thatsely,, = 0 with probability 1 iff Uy, .. ., Us, encode

., C } be the set of 3CNF clauses. Create the Bayesian

Figure 3:Graphical model used in proof of Theorem 6.

thenU; = 1 and if ZF" € O thenU; = 0. For any consis-
tent assignment, the chance that the observatigmsove the

consistency i2~". HenceR > 0.5 implies that the major-
ity of all provably consistent assignments satigfgnd hence

¢ € EMAJSAT. This proves that subset selectioN®**
complete. O

Proof of Corollary 6. The construction in the proof of Theo-
rem 5 also proves that computing conditional plariSiBFF -
hard, since, in this instance, any plan with positive reward must
observe all/,,, 1, ...,Us, and one each of th&y, ..., Z,, to
satisfy the parity condition. In this case, the order of selec-
tion is irrelevant, and, hence, the conditional plan effectively
performs subset selection. O
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1

Markov decision processes (MDP8ellman, 1957; Puter-
man, 1994 offer an elegant mathematical framework for
solving sequential decision problems in the presence of u

An MCMC Approach to Solving Hybrid Factored MDPs

Branislav Kveton
Intelligent Systems Program
University of Pittsburgh
bkveton@cs.pitt.edu

Abstract

Hybrid approximate linear programming (HALP)
has recently emerged as a promising framework for
solving large factored Markov decision processes
(MDPs) with discrete and continuous state and ac-
tion variables. Our work addresses its major com-
putational bottleneck — constraint satisfaction in
large structured domains of discrete and continuous
variables. We analyze this problem and propose a
novel Markov chain Monte Carlo (MCMC) method
for finding the most violated constraint of a relaxed
HALP. This method does not require the discretiza-
tion of continuous variables, searches the space of
constraints intelligently based on the structure of
factored MDPs, and its space complexity is linear
in the number of variables. We test the method on a
set of large control problems and demonstrate im-
provements over alternative approaches.

I ntroduction

certainty. However, traditional techniques for solving RI®

are computationally infeasible in real-world domains, ethi
are factored and contain both discrete and continuous sta
and action variables. Recently, approximate linear progra
ming (ALP) [Schweitzer and Seidmann, 198%as emerged

as a promising approach to solving large factored Miifes
Farias and Roy, 2003; Guestrt al, 2003. This work fo-
cuses on hybrid ALP (HALP)Guestrinet al, 2004 and ad-

Milos Hauskrecht
Department of Computer Science
University of Pittsburgh
milos@cs.pitt.edu

Patrascu, 2042 However, these methods are exponential in
the treewidth of the discretized constraint space, whitiiti
their application to real-world problems. In addition, #e
grid discretization is done blindly and impacts the quadity
the approximation. Monte Carlo methddte Farias and Roy,
2004; Hauskrecht and Kveton, 2q0dffer an alternative to
thee-grid discretization and approximate the constraint space
in HALP by its finite sample. Unfortunately, the efficiency of
Monte Carlo methods is heavily dependent on an appropriate
choice of sampling distributions. The ones that yield gged a
proximations and polynomial sample size bounds are closely
related to the optimal solutions and rarely known a pride
Farias and Roy, 2004

To overcome the limitations of the discussed constraint sat
isfaction techniques, we propose a novel Markov chain Monte
Carlo (MCMC) method for finding the most violated con-
straint of a relaxed HALP. The method directly operates in
the domains of continuous variables, takes into account the
structure of factored MDPs, and its space complexity is pro-
portional to the number of variables. Such a separation ora-
cle can be easily embedded into the ellipsoid or cuttingglan
method for solving linear programs, and therefore cortsttu
a key step towards solving HALP efficiently.

The paper is structured as follows. First, we introduce hy-

"rid MDPs and HALP Guestrinet al, 2004, which are our

frameworks for modeling and solving large-scale stochasti
gaecision problems. Second, we review existing approaches t
solving HALP and discuss their limitations. Third, we com-
pactly represent the constraint space in HALP and formulate
an optimization problem for finding the most violated con-
straint of a relaxed HALP. Fourth, we design a Markov chain
to solve this optimization problem and embed it into the cut-

ting plane method. Finally, we test our HALP solver on a

dresses its major computational bottleneck — constratig-sa .
faction in the domains of discrete and continuous variables S€t of Ia_rge control problems and compare its performance to
alternative approaches.

If the state and action variables are discrete, HALP in-
volves an exponential number of constraints, and if anyef th .
variables are continuous, the number of constraints isiiafin 2 Hybrid factored MDPs
To approximate the constraint space in HALP, two technique&actored MDP$Boutilier et al., 1993 allow a compact rep-
have been proposed:-HALP [Guestrinet al, 2004 and  resentation of large stochastic planning problems by éxplo
Monte Carlo constraint samplingle Farias and Roy, 2004; ing their structure. In this section, we review hybrid faetb
Hauskrecht and Kveton, 20D4Thee-HALP formulation re-  MDPs[Guestrinet al., 2004, which extend this formalism to
laxes the continuous portion of the constraint space te-an the domains of discrete and continuous variables.
grid, which can be compactly satisfied by the methods for A hybrid factored MDP with distributed actions (HMDP)
discrete-state ALRGuestrinet al, 2001; Schuurmans and [Guestrinet al, 2004 is a 4-tupleM = (X, A, P, R), where

1346 UNCERTAINTY



X = {Xy,...,X,} is a state space represented by a set ofvhich is stationary and determinisfiPuterman, 1994 The
state variablesA = {4,,..., 4,,} is an action space repre- policy is greedy with respect to theptimal value function
sented by a set of action variablé¥X’ | X, A) isastochas- V*, which is a fixed point of the Bellman equatifellman,

tic transition model of state dynamics conditioned on thee pr 1957; Bertsekas and Tsitsiklis, 1996

ceding state and action choice, aRds a reward mod%el as-

signing immediate payoffs to state-action configurattons N , N
Statevariables: State variables are either discrete or contin-"’ (X):S‘;p R(x, aHWZ/X,P(X | x,2)V*(x)dxc|- (3)
uous. Every discrete variablé; takes on values from a finite x;

domainDom(X;). Following Hauskrecht and Kveton 2004, .

we assume Ehat) every continuous variable is bounded to th% Hybrid ALP

[0,1] subspace. The state is represented by a vector of valiéalue iteration, policy iteration, and linear programmizg
assignments = (xp, x¢) which partitions along its discrete the most fundamental dynamic programming (DP) methods
and continuous componerxs, andxc. for solving MDPs[Puterman, 1994; Bertsekas and Tsitsiklis,
Action variables: The action space is distributed and repre-1996. However, their computational complexity grows expo-
sented by action variables. The composite action is defined nentially in the number of used variables, which makes them
by a vector of individual action choices= (ap,ac) which  unsuitable for factored MDPs. Moreover, they are built @ th
partitions along its discrete and continuous componepts assumption of finite support for the optimal value function
andac. and policy, which may not exist if continuous variables are
Transition model: The transition model is given by the con- present. Recently, Fergg al. 2004 showed how to solve gen-
ditional probability distributionP(X’ | X, A), whereX and  eral state-space MDPs by performing DP backups of piece-
X’ denote the state variables at two successive time steps. Widse constant and piecewise linear value functions. This ap
assume that the model factors alaigasP(X’ | X,A) =  proximate method has a lower scale-up potential than HALP,
[T7, P(X] | Par(X])) and can be compactly represented bybut does not require the design of basis functions.

a dynamlc Baye3|an network (DBNIPean and Kanazawa, Linear value function: Value function approximation is a
1989. Usually, the parent setar(X/) C X U A isasmall  standard approach to solving large factored MDPs. Due to
subset of state and action variables which allows for a locaits favorable computational propertidsiear value function

parameterization of the model. approximationBellmanet al, 1963; Roy, 1998
Parameterization of transition model: One-step dynamics -
of every state variable is described by its conditional prob V¥(x) = Zwifi(x)

bility distribution P(X/ | Par(X/)). If X/ is a continuous
variable, its transition function is represented by a miif  has become extremely popular in recent reseb@etestrinet

beta distribution§Hauskrecht and Kveton, 20p4 al., 2001; Schuurmans and Patrascu, 2002; de Farias and Roy,
(aj + 5;) o 51 2003; Hauskrecht and Kveton, 2004; Guesgtral, 2004.
P(z | Par(X ZMF r5)" (1-2)”7%, (1)  This approximation restricts the form of the value function
J

V™ to the linear combination dfw| basis functionsf;(x),

wherer;; is the we|ght assigned to theth component of wherew is a vector of tunable weights. Every basis function
the mixttjre ands, ¢ (Par(X!)) andg; = ¢5 (Par(X!) can be defined over the complete state spacéut often is
J

are arbitrary posmve functlons of the parent set. The omxt restricted to a subset of state variakes
of beta distributions provides a very general classofttams 31 HALP formulation

functions and yet allows closed-form solutions to the ireégy

in HALP. If X/ is a discrete variable, its transition model is
parameterized bjDom (X /)| nonnegative discriminant func-
tionsf; = fj(Par(X;)) [Guestrinet al,, 2004:

Various methods for fitting of the linear value function ap-
proximation have been proposed and analyB=itsekas and
Tsitsiklis, 1998. We adopt a variation on approximate linear
programming (ALP)Schweitzer and Seidmann, 1988y-

_ ) 0 brid ALP (HALP)[Guestrinet al,, 2004, which extends this
P(j | Par(X;)) = pom(, (2)  framework to the domains of discrete and continuous vari-
ZJ 1 0 ables. The HALP formulation is given by:
Reward model: The reward function is an additive function minimize, Z w;a;

R(x,a) = 3, R;(x;,a;) of local reward functions defined

on the subsets of state and action variablesand A ;.

Optimal value function and policy: Themguality of a pol- subject to: Zwl x,a) — R(x,a) 20 Vx,a;

icy is measured by th@nfinite horizon discounted reward

E[D "2 o7, wherey € [0,1) is adiscount factorandr,  whereo; denoteeba5|s function relevance weight

is the reward obtained at the time steplhis optimality cri-

terion guarantees that there always existsimal policyr* Z x) dxc, (4)

!General state and action space M¥an alternative name for

a hybrid MDP. The ternhybrid does not refer to the dynamics of the t(x) is astate reIevance density functiereighting the qual-
model, which is discrete-time. ity of the approximation, and’;(x,a) = f;(x) — v¢:(x,a)
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is the difference between the basis functjo(x) and its dis- Monte Carlo constraint sampling: Monte Carlo methods

countedbackprojection approximate the constraint space in HALP by its finite sam-
ple. De Farias and Van Roy 2004 analyzed constraint sam-

gi(x,a) = Z/ P(x' | x,a)fi(x") dx¢. (5)  pling for discrete-state ALP and bounded the sample size for

x|, X achieving good approximations by a polynomial in the num-

ber of basis functions and state variables. Hauskrecht and
Kveton 2004 applied random constraint sampling to solve
continuous-state factored MDPs and later refined their sam-
er by heuristic§Kveton and Hauskrecht, 20D4

'Monte Carlo constraint sampling is easily applied in con-
tinuous domains and can be implemented in a space propor-
tional to the number of variables. However, proposing an effi
cient sampling procedure that guarantees a polynomialdoun
on the sample size is as hard as knowing the optimal policy
itself [de Farias and Roy, 2004To lower a high number of
sampled constraints in a relaxed HALP, Monte Carlo sam-
plers can be embedded into the cutting plane method. A tech-
nique similar to Kveton and Hauskrecht 2004 yields signifi-
Mant speedup with no drop in the quality of the approximation

We say that the HALP igselaxedif only a subset of the con-
straints is satisfied.

The HALP formulation reduces to the discrete-state ALP
[Schweitzer and Seidmann, 1985; Schuurmans and Patrasch
2002; de Farias and Roy, 2003; Guestiral, 2009 if the
state and action variables are discrete, and to the contiuo
state ALP[Hauskrecht and Kveton, 20D# the state vari-
ables are continuous. The quality of this approximation
was studied by Guestriat al. 2004 and bounded with re-
spect tominy [[V* = VY|, where[|-||  ,,; is a max-
norm weighted by the reciprocal of the Lyapunov function
L(x) = >, wF fi(x). The integrals in the objective function
(Equation 4) and constraints (Equation 5) have closed-for
solutions if the basis fet[mctions and state relevanc% deasit
are chosen appropriatdlidauskrecht and Kveton, 2004~or . .
example, the mixture of beta transition model (Equation 1)4 MCMC constraint sampling
yields a closed-form solution to Equation 5 if the basis func To address the deficiencies of the discussed constraist sati
tion f;(x’) is a polynomial. Finally, we need an efficient con- faction techniques, we propose a novel Markov chain Monte

straint satisfaction procedure to solve HALP. Carlo (MCMC) method for finding the most violated con-
, ) L straint of a relaxed HALP. Before we proceed, we compactly
3.2 Congtraint satisfaction in HALP represent the constraint space in HALP and formulate an op-

If the state and action variables are discrete, HALP inwlve timization problem for finding the most violated constramt

an exponential number of constraints, and if any of the varithis representation.

ables are continuous, the number of constraints is infinite. ] )

To approximate such a constraint space, two techniques hasel Compact representation of constraints

been proposed recently:HALP [Guestrinet al, 2004 and ~ Guestrinet al. 2001 and Schuurmans and Patrascu 2002
Monte Carlo constraint samplinigle Farias and Roy, 2004; showed that the compact representation of constraints is es
Hauskrecht and Kveton, 204 sential in solving ALP efficiently. Following their ideas.ew
e-HALP: The e-HALP formulation relaxes the continuous defineviolation magnitude-* (x, a):

portion of the constraint space to asgrid by the discretiza-

tion of continuous variableX~ andA¢. The new constraint 7V (x,a) = — Z w;[fi(x) —vgi(x,a)] + R(x,a)  (7)
space spans discrete variables only and can be compaetly sat i

isfied by the methods for discrete-state Aluestrinet al,
2001; Schuurmans and Patrascu, 40@br example, Schu-
urmans and Patrascu 2002 search for the most violated co
straint with respect to the solution(*) of a relaxed ALP:

to be the amount by which the solution violates the con-
traints of a relaxed HALP. We represefit(x, a) compactly
y an influence diagram (ID), whei€ and A are decision
nodes andX’ are random variables. The ID representation is
) ) built on the transition modeP(X’ | X, A), which is already
arg mmin Zwi [fi(x) = 79i(x, )] — R(x,a) (6)  factored and contains dependencies among the variahles
' i X', andA. We extend the diagram by three types of reward
and add it to the linear program. If no violated constraint isnodes, one for each term in Equation¥; = R;(x;, a;) for
found,w(®) is an optimal solution to the ALP. every local reward functiontl; = —w; f;(x) for every basis
The space complexity of both constraint satisfaction methfunction, andG; = yw; f;(x’) for every backprojection. The
ods[Guestrinet al, 2001; Schuurmans and Patrascu, 4002 construction is completed by adding arcs that represent the
is exponential in the treewidth of the constraint space.s Thi dependencies of the reward nodes on the variables. Finally,
is a serious limitation because the cardinality of diseesti ~ we verify thatr™ (x, a) = Ep(x/|x,a)[>_; (Hi+Gi)+>_; R;l.
variables grows with the resolution of thegrid. Roughly, if ~ Therefore, the decision that maximizes the expectedyuitilit
the discretized variables are replaced by binary, the fdtbw the ID corresponds to the most violated constraint.
increases by a multiplicative factor tfg,(1/¢ + 1), where We conclude that any algorithm for solving IDs can be
(1/e + 1) is the number of discretization points in a single used to find the most violated constraint. Moreover, special
dimension. Therefore, even problems with a relatively $malproperties of the ID representation allow its further siifirpl
treewidth are intractable for small valuescofin addition, the  cation. If the basis functions are chosen conjugate to #we tr
e-grid discretization is done blindly and impacts the qualit sition model (Section 3.1), we obtain a closed-form sohutio
of the approximation. t0 Ep(x/|x.a)[G:] (EQuation 5), and thus the random variables
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X'’ can be marginalized out of the diagram. This new repre
sentation contains no random variables and is knowasa
network[Guestrinet al,, 2001.

4.2 Separation oracle

To find the most violated constraint in the cost network,
we use the Metropolis-Hastings (MH) algorithiletropo-

lis et al, 1953; Hastings, 1970and construct a Markov
chain whose invariant distribution converges to the vigini
of argmax, 7%(z), wherez = (x,a) andZ = X U A

wherez_; andz* ; are the assignments to all variables Bt
in the original and proposed statesZIfis a discrete variable,

its conditionalp(z;‘ | Z,Z-) _ ZP(217~~,Zi—1~,Zi7Zi+1,-~-,2n+m)

- D(Z1 50y Zim 1,20, Zid 1 yeees
can be derived in a closed form.4f is a continuous variable,
a closed form of its cumulative density function is not likel
to exist. To allow sampling from its conditional, we embed
another MH step within the original chain. In the experimen-
tal section, we use the Metropolis algorithm with the accep-

tance probability4(z;, z;) = min {1, ’;((f":j)) } wherez;

is a joint set of state and action variables. The Metropolisandz; correspond to the original and proposed value&of

Hastings algorithm accepts the transition from a state a
proposed state* with theacceptance probability(z, z*) =
min {17 % } whereg(z* | z) is aproposal distribu-
tion andp(z) is atarget density Under mild restrictions on
p(z) andq(z* | z), the chain always converges to the target
densityp(z) [Andrieuet al, 2003. In the rest of this sec-
tion, we discuss the choice pfz) andq(z* | z) to solve our
optimization problem.

Target density: The violation magnitude-"(z) is turned
into a density by the transformati@iiz) = exp[7V(z)]. Due

to its monotonic charactep(z) retains the same set of global
maxima asr*(z), and thus the search farg max, 7% (z)
can be performed op(z). To prove thap(z) is a density, we
show that it has a normalizing constgn}, fZC p(z) dzc,
wherez p andz . are the discrete and continuous component
of the vectorz = (zp, z¢). As the integrand is restricted
to the finite spacé, 1]/%<!, the integral is proper as long as
p(z) is bounded, and therefore it is Riemann integrable an
finite. To prove thap(z) is bounded, we bound™(z). Let
Rpax denote the maximum one-step reward in the HMDP.
If the basis functions are of unit magnitude; can be typi-
cally bounded byw;| < (1 —v)~! Riax, and consequently
|7V (z)] < (Jw]y(1 —)7! + 1)Rpax. Thereforep(z) is
bounded and can be treated as a density function.

To find the mode ofp(z), we adopt the simulating an-
nealing approaciiKirkpatrick et al, 1983 and simulate a
non-homogeneous Markov chain whose invariant distriloutio
equals tg'/ "t (z), whereT; is a decreasing cooling schedule
with lim; ., T3 = 0. Under weak regularity assumptions on
p(z), p>(z) is a probability density that concentrates on the
set of global maxima op(z) [Andrieu et al, 2003. If the
cooling schedule decreases such that> ¢/log,(t + 2),
wherec is a problem-specific constant independent,dhe
chain converges to the vicinity afrg max, 7V (z) with the
probability converging to iGeman and Geman, 1984ow-
ever, this schedule can be too slow in practice, especiatly f
a high initial temperature. Following the suggestion of Ge-

man and Geman 1984, we overcome this limitation by select5

ing a smaller value of than is required by the convergence

¢

Note that sampling from both conditionals can be performed
in the space ofV(z) and locally.
Finally, we get a non-homogenous Markov chain with the

. 1/Ty—1 z2¥z_;
acceptance probabilityl(z, z*) = min {1, W}
that converges to the vicinity of the most violated constrai
A similar chain was derived by Yuaet al. 2004 and applied
to find the maximum a posteriori (MAP) configuration of ran-

dom variables in Bayesian networks.

4.3 Constraint satisfaction

If the MCMC oracle converges to a violated constraint (not
necessarily the most violated) in a polynomial time, it guar

antees that the ellipsoid method can solve HALP in a poly-
nomial time[Bertsimas and Tsitsiklis, 1997However, con-

Jergence of our chain within an arbitrary precision recgiire

an exponential number of stepGeman and Geman, 1984
Even if this bound is too weak to be of practical interest,
it suggests that the time complexity of finding a violated
onstraint dominates the time complexity of solving HALP.
Therefore, the search for violated constraints should Ipe pe
formed efficiently. Convergence speedups that directly ap-
ply to our work include hybrid Monte Carlo (HMJ)Du-
aneet al, 1987, slice samplingHigdon, 1998, and Rao-
Blackwellization[Casella and Robert, 19P6

To evaluate the MCMC oracle, we embed it into the cutting
plane method for solving linear programs, which results in a
novel approach to solving HALP. As the oracle is not guar-
anteed to converge to the most violated constraint, we rein th
cutting plane method for a fixed number of iterations rather
than having the same stopping criterion as Schuurmans and
Patrascu 2002 (Section 3.2). Our MCMC solver differs from
the Monte Carlo solver in that it samples constraints based o
their potential to improve the existing solution, which sub
stitutes for an unknown problem-specific sampling distribu
tion. Comparing to the-HALP method, the MCMC oracle
directly operates in the domains of continuous variables an
its space complexity is linear in the number of variables.

Experiments

criterion. As a result, convergence to the global optimumThe performance of the MCMC solver is evaluated against

arg max, 7" (z) is no longer guaranteed.
Proposal distribution: We take advantage of the factored
character ofZ and adopt the following proposal distribution
[Geman and Geman, 1984
N ifz*, =2z_;
q(z" | 2) = { otherwise

Pz | 2-4)
0

)

UNCERTAINTY

two alternative constraint satisfaction techniquesHALP

and uniform Monte Carlo sampling. Due to space limitations,
our comparison focuses on two irrigation-network problems
[Guestrinet al., 2004, but our conclusions are likely to gen-
eralize across a variety of control optimization tasks. The
irrigation-network problems are challenging for statetfod-

art MDP solvers due to the factored state and action spaces
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Ring topology n==06 n =12 n =18
oV Reward Time ov Rewar Time [e)Y} Rewar Time
1/4] 24.3| 35.1 £ 2.3 11| 36.2| 54.2 £ 3.0 43| 48.0| 74.5+3.4 85
e-HALP = 1/8 55.4| 40.1 £2.4 46| 88.1| 62.2+ 3.4 118| 118.8| 84.94+ 3.8 193
1/16| 59.1| 40.4 £ 2.6 331 93.2| 63.7 £ 2.8 709| 126.1| 86.8 £3.8| 1285
10| 63.7] 29.1 £2.9 43| 88.0| 51.8 + 3.6 71| 113.9] 57.3+4.6 101
MCMC N = 50| 69.7| 41.1+2.6 2211 111.0] 63.3+3.4 419 149.0| 84.8 4.2 682
250| 70.6| 40.44+2.6| 1043| 112.1] 63.0£3.1| 1864| 151.8| 86.0+3.9| 2954

MC 51.2] 39.2+2.8] 1651] 66.6] 60.0+3.1] 3715 81.7| 83.8+£4.3] 5178
ogy n==~06 n =12 n =18
oV Reward Time oV Rewar Time oV Rewar Time

1/4| 28.4] 40.1 £2.7 82| 44.1| 66.7 £2.7 345 959.8] 93.1+£3.8 861

e-HALP &= 1/8| 65.4| 48.0£2.7| 581| 107.9| 76.1 £3.8| 2367| 148.8| 104.5+3.5| 6377
1/16| 68.9| 47.1 £2.8| 4736| 113.1| 77.6 £3.7| 22699| 156.9| 107.8 £ 3.9| 53 600

10| 68.5| 45.0 £2.7 69| 99.9| 67.4+£38 121| 109.1] 394 +4.1 173

MCMC N = 50| 81.1| 474+2.9| 411| 131.5| 76.2+3.7 780| 182.7| 104.3+4.1| 1209
250 81.9| 47.1£2.5| 1732 134.0| 782£3.6| 3434| 185.8| 106.7£4.1| 5708

MC 55.6( 43.6 2.9 2100 73.7| 74.8 +£3.9] 5048 92.1| 102.0£4.2| 6897

Figure 1: Comparison of HALP solvers on two irrigation-netkwtopologies of varying sizes]. The solvers are compared by
the objective value of a relaxed HALP (OV), the expectedalisted reward of a corresponding policy, and computatioe ti
(in seconds). The expected discounted reward is estimgt#tetMonte Carlo simulation of 100 trajectories. ThelALP and
MCMC solvers are parameterized by the resolution-gfid (¢) and the number of iterationsv).

(Figure 1). The goal of an irrigation network operator is tothe informative search for violated constraints in the MCMC
select discrete water-routing actioAs, to optimize contin-  solver. Third, the quality of the MCMC policies\ = 250)
uous water levelX in multiple interconnected irrigation is close to the-HALP ones € = 1/16), but does not surpass
channels. The transition model is parameterized by beta dishem significantly. In the irrigation-network problemseth
tributions and represents water flows conditioned on the opHALP policies € = 1/16) are already close to optimal, and
eration modes of regulation devices. The reward function igherefore hard to improve. Even if the MCMC solver reaches
additive and given by a mixture of two normal distributions higher objective values than theHALP solver, the policies

for each channel. The optimal value function is approximiate may not improve due to the suggestive relationship between
by a linear combination of four univariate piecewise linearour true objectiveniny, ||[V* — V%[, ,; and the objective
basis functions for each chanri@uestrinet al, 2004. The  of HALP min,, V=V, [Guestrinet al, 2004.

state relevance density functigr{x) is uniform. A compre- Finally, the computation time of the HALP solver is se-

hensiv_e descrip_tion of the irrigation-network problems ba riously affected by the topologies of tested networks, Wwhic
found in Guestriret al. 2004. can be explained as follows. For a smaknd largen, the
The e-HALP solver is implemented with the method of time complexity of formulating cost networks grows approx-
Schuurmans and Patrascu 2002 as described in Section 3jgately by the rates of1/e + 1) and (1/¢ + 1)? for the
The Monte Carlo solver uniformly generates one million con-ring and ring-of-rings topologies, respectively. ThelALP
straints and establishes a baseline for the comparison to &plver spends a significant amount of time by formulating
uninformatively behaving sampling method. The chain ofcost networks, which makes its decent time complexity on
the MCMC oracle is simulated for 500 steps from the ini- the ring topology (quadratic it/ + 1) deteriorate on the
tial temperature: = 0.2, which yields a decreasing cooling ring-of-rings topology (cubic in /e + 1). A similar cross-
schedule fronily = 0.2 to T509 ~ 0.02. These parameters topology comparison of the MCMC solver shows that its
were chosen empirically to demonstrate the charactesistic computation times differ only by a multiplicative factor f

our approach rather than to maximize the performance of thehis difference is due to the increased complexity of sangpli
MCMC oracle. All experiments were performed on a Dell (2 | z_;), which is caused by more complex local depen-

Precision 340 workstation with 2GHz Pentium 4 CPU an dencies, and not the treewidth of the ring-of-rings topglog
1GB RAM. All linear programs were solved by the simplex
method in the LESOLVE package. The results of the exper-
iments are reported in Figure 1.

Based on our results, we draw the following conclusions Development of scalable algorithms for solving large feeti
First, the MCMC solver ' = 250) achieves the highest ob- MDPs is a challenging task. The MCMC approach presented
jective values on all problems. Higher objective valueslman in this paper is a small but important step in this direction.
interpreted as closer approximations to the constrairtespe. ~ particular, our method overcomes the limitations of ergti
HALP since the solvers operate on relaxed versions of HALPapproaches to solving HALP and works directly with con-
Second, the quality of the MCMC policiesvV(= 250) sur-  tinuous variables, generates constraints based on theinpo
passes the Monte Carlo ones while both solvers consume apal to improve the existing solution, and its space comityex
proximately the same computation time. This result is due tas linear in the number of variables. Moreover, the MCMC

6 Conclusions
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solver seems to be less affected by larger treewidth than the of the 20th Conference on Uncertainty in Artificial Intelligence
e-HALP method while delivering substantially better result ~ pages 154-161, 2004.

than Uniform Monte Carlo Sampling. Empirical reSUltS on [Geman and Geman, lgB@tuart Geman and Donald Geman.
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the approach and its potential to tackle complex real-world restoration of images.IEEE Transactions on Pattern Analysis
optimization problems. The objective of our future resharc  and Machine Intelligences(6):721-741, 1984.

is to eliminate the assumptions placed on the transitionehod [Guestrinet al, 2001 Carlos Guestrin, Daphne Koller, and Ronald
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Abstract that explicitly represent objects and the relations betwee
them. However, most FOPLs only deal with fixed sets of ob-
jects, or deal with unknown objects in limited aad hoc
ways. This paper introducesLBG (Bayesian LOGic), a
compact and intuitive language for defining probability-dis

This paper introduces and illustratesds, a formal lan-
guage for defining probability models over worlds with
unknown objects and identity uncertaintyL®G unifies

and extends several existing approaches. Subject to cer-

tain acyclicity constraints, every ®G model specifies tributions over outcomes with varying sets of objects.

a unigue probability distribution over first-order model We begin in Sec. 2 with three example problems, each of
structures that can contain varying and unbounded num- which involves possible worlds with varying object sets and
bers of objects. Furthermore, complete inference algo- identity uncertainty. We describe generative processass th

rithms exist for a large fragment of the language. We produce such worlds, and give the corresponding®mod-

also introduce a probabilistic form of Skolemization for els. Sec. 3 observes that these possible worlds are ngturall
handling evidence. viewed as model structuresfirst-order logic It then defines

precisely the set of possible worlds corresponding taa®
. model. The key idea is a generative process that constructs a

1 Introduction world by adding objects whose existence and properties de-
Human beings and Al systems must convert sensory inpytend on those of objects already created. In such a process,
into some understanding of what's out there and what’s goinghe existence of objects may be governed by many random
on in the world. That is, they must make inferences abouvariables, not just a single population size variable. $ec.
the objects and events that underlie their observations. Ndiscusses how alBG model specifies a probability distribu-
pre-specified list of objects is given; the agent must irtier t tion over possible worlds.
existence of objects that were not known initially to exist. Sec. 5 solves a previously unnoticed “probabilistic

In many Al systems, this problem of unknown objects is Skolemization” problem: how to specify evidence about
engineered away or resolved in a preprocessing step. Hovebjects—such as radar blips—that one didn’t know existed.
ever, there are important applications where the problem ifinally, Sec. 6 briefly discusses inference in unbounded out
unavoidable. Population estimationfor example, involves come spaces, stating a sampling algorithm and a complete-
counting a population by sampling from it randomly and mea-ness theorem for a large class of & models, and giving
suring how often the same object is resampled; this would&xperimental results on one particular model.
be pointless if the set of objects were known in advance.
Record linkage a task undertaken by an industry of more > Examples
than 300 companies, involves matching entries across-multi ] : . . ) )
ple databases. These companies exist because of ungertaifft this section we examine three typical scenarios with un-
about the mapping from observations to underlying objectsknown objects—simplified versions of the population estima-
Finally, multi-target trackingsystems perforndata associa-  tion, record linkage, and multitarget tracking problemsime
tion, connecting, say, radar blips to hypothesized aircraft. ~tioned above. In each case, we provide a shaw®model

Probability models for such tasks are not new: Bayesiarthat, when combined with a suitable inference engine, ¢onst
models for data association have been used since tHtes aworking solution for the problem in question.
1960s[Sittler, 1964. The models are written in English and Example 1. An urn contains an unknown number of balls—
mathematical notation and converted by hand into specialsay, a number chosen from a Poisson distribution. Balls are
purpose code. In recent yeafsymal representation lan-  equally likely to be blue or green. We draw some balls from
guagessuch as graphical model®earl, 1988 have led to  the urn, observing the color of each and replacing it. We
general inference algorithms, more sophisticated moelats,  cannot tell two identically colored balls apart; furthermeo
automated model selection (structure learning). In Sewe7, gpserved colors are wrong with probability 0.2. How many
review severaffirst-order probabilistic language¢FOPLS)  ba|is are in the urn? Was the same ball drawn twice?

*This work was supported by DARPA under award 03-000219, The BLoG model for this problem, shown in Fig. 1, de-
and by an NSF Graduate Research Fellowship to B. Milch. scribes a stochastic process for generating worlds. Thetfirs
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ltype Color; type Ball; type Draw, 1 guaranteed Citation Citel, Cte2, Cte3, Cite4;

2 random Col or TrueCol or (Ball); 2 #Researcher ~ NunResearchersbDistrib();
3 random Bal | Bal | Dr awn( Dr aw) ; 3 #Publication: (Author) -> (r) ~ NunmPubsDistrib();
4 random Col or ObsCol or (Draw) ;
4Title(p) ~ TitlePrior();
5 guaranteed Col or Blue, G een; 5 Name(r? ~ NanePrior();

6 guaranteed Draw Drawl, Draw2, Draw3, Draw4;

6 PubCited(c) ~ Uniforn(Publication p);
7 #Bal | ~ Poi sson[6]();

7 TitleString(c) ~ TitleCbs(Title(PubG ted(c?)));
8 TrueCol or (b) ~ TabularCPD{[0.5, 0.5]](); 8 Aut hor String(c) ~ AuthorQbs(Name(Aut hor (PubCited(c))));
9 Bal I Drawn(d) ~ Uniforn({Ball b}); 9CtString(c) ~ CitDistrib(TitleString(c),AuthorString(c));
10 QosCol or(d? ) . o
o R S0, zt]h,eg 0.2, 0.8 Figure 2: B.oG model for Ex. 2 with four observed citations
13 (TrueCol or (Bal | Drawn(d))); (type and function declarations are omitted).

Figure 1: B.oG model for the urn-and-balls scenario of Ex. 1 . _
with four draws. area. Then, for each time stefstarting at = 0), choose the

state (position and velocity) of each aircraft given itsesta

timet — 1. Also, for each aircraft and time step, possibly
lines introduce the types of objects in these worlds—colorsgenerate a radar blipwith Source(r) = a and Time(r) = t.
balls, and draws—and the functions that can be applied t@vhether a blip is generated or not depends on the state of the
these objects. Lines 5-7 specify what objects may exist imircraft—thus the number of objects in the world depends on
each world. In every world, the colors are blue and green andertain objects’ attributes. Also, at each step, genetees
there are four draws; these are hearanteedbjects. Onthe false alarm blips”’ with Source(r’) = null. Finally, sample
other hand, different worlds have different numbers ofsall the position for each blip given the true state of its source

so the number of balls that exist is chosen from a prior—aaircraft (or using a default distribution for a false-alabtip).
Poisson with mean 6. Each ball is then given a color, as spec-
ified on line 8. Properties of the four draws are filled in by e ;
choosing a ball (line 9) and an observed color for that baII3 Syntax and Semantics: Possible Worlds

(lines 10-13). The probability of the generated world is the3.1 Outcomes as first-order model structures

product of the probabilities of all the choices made. The possible outcomes for Ex. 1 through Ex. 3 are structures
Example 2. We have a collection of citations that refer to containing many related objects, which we will treat fortyal
publications in a certain field. What publications and re- as model structuref first-order logic A model structure
searchers exist, with what titles and names? Who wrote whichrovides interpretations for the symbols of a first-order- la
publication, and which publication does each citation refe guage. (Usually, first-order languages are described asgav
to? For simplicity, we just consider the title and authomma  predicate, function, and constant symbols. For concisgnes
strings in these citations, which are subject to errors aiva we view all symbols as function symbols; predicates are just
ous kinds, and we assume only single-author publications. functions that return a Boolean value, and constants ate jus

Fig. 2 shows a BoG model for this example, based on zero-ary functions.)

the model in[Pasulaet al, 2003. The BLoG model de- For Ex. 1, the language has function symbols such as

: ; . ; TrueColor(b) for the true color of balb; BallDrawn(d) for the
fines the following generative process. First, sample the top_all drawn on drawi; andDraw for the first draw. (Statisti-

cians might use indexed families of random variables such as

each researcher sample the number of publications by that {TrueColor, }, but this is mainly a matter of taste.)

researcher. Sample the publications’ titles and resees’che
names from appropriate prior distributions. Then, for ezieh
tation, sample the publication cited by choosing uniforatly 1 type Aircraft; type Blip;

random from the set of publications. Sample the titl_e and au- r andom RéVect or State(Aircraft, Natural Num;

thor strings used in each citation from string corruptiordmo 3 random R3Vector Apparent Pos(Bl i p);

els conditioned on the true attributes of the cited pulilicet 4 nonr andom Nat ur al Num Pr ed(Nat ural Num) = Predecessor ;
finally, generate the full citation string according to anfat- 5 generating Aircraft SourceE Bl pg

ting model. 6 generating Natural Num Time(Blip

7 #Aircraft ~ NumAircraftDistrib();

Example 3. An unknown number of aircraft exist in some
volume of airspace. An aircraft’s state (position and veloc g State(a, t) )

. . . . . if t =0then ~ InitState()

ity) at each time step depends on its state at the previougs timio el se ~ StateTransition(State(a, Pred(t)));
step. We observe the area with radar: aircraft may appear as 4g i p: (source, Time) -> (a t)

identical blips on a radar screen. Each blip gives the approx 12 ~ Detectionbistrib(State(a, t));

mate position of the aircraft that generated it. Howevemso 13 #Biip: (BlipTine) -> (t)

blips may be false detections, and some aircraft may not b& ~ NunFal seAlarmsDistrib();

detected. What aircraft exist, and what are their trajeiteP 15 Appar ent Pos(r)

Are there any aircraft that are not observed? 19 s S s at eCsourae(T) T e &y R st PO
The BLOG model for this scenario (Fig. 3) describes the )
following process: first, sample the number of aircraft ia th Figure 3: B.oG model for Ex. 3.
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To eliminate meaningless random variables, we use auch processes, we first introdupenerating function decla-
typed freelogical language, in which every object has a typerations such as lines 5-6 of Fig. 3. Unlike other functions,
and in which functions may be partial. Each function sym-generating functions such &surce or Time have their val-
bol f has aype signaturér, ..., 7.), wherer, is the return  ues set when an object is added. A generating function must
type of f and7y,..., 7, are the argument types. A partial take a single argument of some typgnamelyBlip in the
function applied to arguments outside its domain returias thexample); it is then called &generating function.
special valuanwull, which is not of any type. Generative steps that add objects to the world are described

The truth of any first-order sentence is determined by &y number statementsFor instance, line 11 of Fig. 3 says
model structurefor the corresponding language. A model that for each aircraft and time step, the process adds some
structure specifies thextensionof each type and thiter-  number of blips- such thatSource(r) = a and Time(r) =t.

pretationfor each function symbol: In general, the beginning of a number statement has the
Definition 1. A model structurev of a typed, free, first-order form: — #7: (g1, .., gx) => (z1,...,7;) wherer is a
language consists of an extensiif’ for each typer, which ~ YP€, g1, - .., g, arer-generating functions, and, ...,z

may be an arbitrary set, and an interpretatifi* for each '€ logical variables. (For types that are generatedhitio

function symbof. If f has return typey, and argument types With no generating functions, thg -> () is omitted, as
1,. .., T then[f] is a function from{r;]“ x --- x [r,]"to N Fig. 1.) The inclusion of a number statement means that

w for each appropriately typed tuple of objeets. . ., oy (the
[10]” U {null}. | h : i
. - . appropriate types are the return typegqgf. . ., gx), the gen-
pa'rAti Euﬁgresgo(ﬂe%ggg?ziui tﬂ:%ts)ablll!llt)llf flslm?duet:qqcrilyoxﬁzz (fr era}}ltve proces§ tar\]d?[s jsug)zn)e num?er.(polssmly zero) of objects
. . w T q Oof typer suc alg;| (g) =o;1ore=1,...,
Eg'?éyal?gfaevin?ffggjf;)”%ag‘r’g s(tlr)urgmié rglﬁhr:obteaigltjﬁér Object generation can even be recursive: for instance, in
The set of ballsiBalll* . can also vary between structures - a model for phylogenetic trees, we could have a generating
|Ball*, vary UCWUTES.  fynction Parent that takes a species and returns a species:

3.2 Outcomes with fixed object sets then we could model s_pegiation events with a number state-
ment that begins#Speci es:  (Parent) -> (p).

BLoG models for fixed object sets have five kinds of state- \ye can also view number statements more declaratively:
ments. Atype declaratiopsuch as the two statements on line

1 of Fig. 3, introduces a type. Certain types, nanBdylean,  Definition 2. Letw be a model structure of ,;, and con-

NaturalNum, Integer, String, Real, andRkVector (for each sider a number statement ‘Pr typevith generating functions

k > 2) are already provided. fandom function declaratign ~ 91, - -» 9x- An objec € [7]” satisfieshis number statement

such as line 2 of Fig. 3, specifies the type signature for a-funcapplied tooy, ..., o5 in w if [g,]" (q) =0; for i=1,..., k,

tion symbol whose values will be chosen randomly in the genand [9]” (g) = null for all other 7-generating functiong.

erative process. Aonrandom function definitigsuch as the Note that if a number statement for typ@mits one of the

one on line 4 of Fig. 3, introduces a function whose integgret -generating functions, then this function takes on theealu

tion is fixed in all possible worlds. In our implementatiomet | for all objects satisfying that number statement. For in-

interpretation is given by a Java clags édecessor inthis  stanceSource is null for objects satisfying the false-detection

example). Aguaranteed object statemerstich as line 5in  number statement on line 13 of Fig. 3. Also, ad& model

Fig. 1, introduces and names some distinct objects that exigannot contain two number statements with the same set of

in all possible worlds. For the built-in types, the obvioe$ss  generating functions. This ensures that each objéets ex-

of guaranteed objects and constant symbols are predefinegetly one generation history, which can be found by tracing

The set of guaranteed objects of typen BLOG modelM is  back the generating functions on

denotedG (7). Finally, for each random function symbol,  The set of possible world®), is the set of model struc-

a BLoG model includes alependency statemespecifying  tures that can be constructed bf/s generative process. To

how values are chosen for that function. We postpone furthegomplete the picture, we must explain not omigw many

discussion of dependency statements to Sec. 4. objects are added on each step, but aidmt these ob-
The first four kinds of statements listed above define a parj'ects are. It turns out to be convenient to define the gen-

ticular typed first-order languagé,, for a modelM. The  erated objects as follows: when a number statement with
set ofpossible worldof M, denoted2,,, consists of those type + and generating functions, ..., g is applied to
model structures of ,; where the extension of each type  generating objects, ..., o5, the generated objects are tu-
is G (7), and all nonrandom function symbols (including ples {(r, (g1, 01),. .., (gr,0)sn) : n=1,..., N}, where
guaranteed constants) have their given interpretations. N is the number of objects generated. Thus in Ex. 3,

For each random functiorf and tuple of appropriately the aircraft are pairgAircraft, 1), (Aircraft,2), etc., and
typed guaranteed objeats, . . ., ox, we can define arandom the blips generated by aircraft are nested tuples such as
variable (RV) Vs [o01, ..., 0] (w) = [f]” (01,...,0k). The  (Blip, (Source, (Aircraft,2)), (Time,8),1). The tuple en-
possible worlds are in one-to-one correspondence with fultodes the object’s generation history; of course, it is fyure
instantiations of these basic RVs. Thus, a joint distriuti  internal to the semantics and remains invisible to the user.
for the basic RVs defines a distribution over possible worlds  The set of all objects (nested tuples) of typthat can be

. generated from the guaranteed objects via finitely many re-

3.3 Unknown objects cursive applications of number statements is calleduttie
In general, a BoG model defines a generative process inverseof 7, and denoted/,, (7). In each possible world, the
which objects are added iteratively to a world. To describeextension ofr is some subset df, (7).
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Definition 3. For a BLoG model M, the set of possible 4 Syntax and Semantics: Probabilities
worlds €, is the set of model structuresof £, such that:
1. for each typer, Gar(r) C [7]° C Uy (7); 4.1 Dependency statements _

2. nonrandom functions have the specified interpretationsPependency and number statements specify exactly how the
3. for each number statement i with type r and steps are carried out in our generative process. C.OHSIdeI'
generating functionsyy,...,g,, and each appropri- the dependency statement férate(a,t) beginning on line
ately typed tuple of generating objedis;, ..., o) in 8 of Fig. 3. This statement is applied for every basic RV of

w, the set of objects ifr]” that satisfy this num- the formVsie [a,t] wherea € Uy (Aircraft) andt € N.
ber statement applied to these generating objects idf t=0, the conditional distribution foBtate(a,?) is given

{(r,(g91,01),---,(gk,0),n) : n=1,..., N} for some by the elementary CPD ni t St at e; otherwise it is given
natural numberV: by the elementary CP[3t at eTr ansi ti on, which takes
4. for every typer, each element ofr]“ satisfies some State(a, Pred(t)) as an argument. These elementary CPDs

number statement app“ed to some objects_in define distributions 0\_/er objects O.f typ®Vector (the return
Note that by part 3 of this definition, the number of objectsYPe 0f|State). ".‘tr?ur mﬂ}ergentaﬂopﬁ (ilent"nentart)é CPDE are
generated by any given application of a number statement iﬂ?‘."a classes with a methgét Pr ob that returns the proba-
world w is a finite numberV. However, a world can still con- ility of a particular value given a list qf CPD arguments.
tain infinitely many non-guaranteed objects if some number A dependency statement begins with a function symbol

statements are applied recursively, or are triggered feryev "d @ tuple of logical variables,, . . ., z), representing the ar-
natural number (like the ones generating radar blips in [Ex. 3 9UMents to this function. In a number statement, the varsabl
With a fixed set of objects, it was easy to define a set of bal1: - - - - x répresent the generating objects. In either case,
sic RVs such that a full instantiation of the basic RVs unlgue 1€ rest of the statement consists of a sequenaganises
identified a possible world. To achieve the same effect withfWhen the statement is not abbreviated, the syntax for the

unknown objects, we need two kinds of basic RVs: irstclauseis if cond then ~ elemcpd(argl, ...
Definition 4. For a B del M. th V. of basi ar gN) . Thecondportion is a formula ofZ, (in which only
rai(Ijr:)lrlr?\r;ari.ablersgnsiLs?forpo eliM, the Setva, or basic . " "z, can occur as free variables) specifying the con-

. . . dition under which this clause should be used to sample a
o for each random functionf with type signature e for a basic RV. More precisely, if the possible world
(0,- -, 7) and each tuple of object®:,...,0r) €  congirycted so far is, then the applicable clause is thiest
Ung (11) % -+ x Un (1), @ function application RV gne'\whose condition is satisfied in(assuming for the mo-
Vilor,..., o] (w) that'is equal to[f]” (o1,...,00) It \nant'that, is complete enough to determine the truth val-
01, ..., 0 all existinw, andnull (or false for Boolean a5 of the conditions). If no clause’s condition is satisfied
RVs) otherwise; ) . or if the basic RV refers to objects that do not existuin
e for each number statement with typ@nd generating o, the value is set by defaultfalse for Boolean functions,
functionsgy; . .., gr t.hat have return types, ..., 7, null for other functions, and zero for number variables. If the
and each tuple of objects,, ..., ox) € Unr (1) X=X ¢ondition in a clause is just f ue”, then the whole string
Un (7x), @ number RV N4, _g,) [01? o O.k] (w) “i f true then”may be omitted.
equal to the number of objects that satisfy this number |, ye anplicable clause, each CPD argument is evaluated
statement applied oy, ..., oy, in w. inw. The resulting values are then passed to the elementary
Intuitively, each step in the generative world-constmieti  Cpp. In the simplest case, the arguments are terms or formu-
process determines the value of a basic variable. The ¢rucigas of £, such asState(a, Pred(t)). An argument can also
result about basic RVs is the following: be aset expressioaf the form{r y : ¢}, wherer is a typey
Proposition 1. For any BLOG model M and any complete is a logical variable, ang is a formula. The value of such an
instantiation ofV , there is at most one model structure in expression is the set of objects= [7]“ such thatv satisfies
Q) consistent with this instantiation. ¢ with y bound too. If the formulay is justtrue it can be

Equating objects with tuples might seem unnecesomitted: this s the case on line 9 of Fig. 1.
sarily complicated, but it becomes very helpful when We require that the elementary CPDs obey two rules re-
we define a Bayes net over the basic RVs (whichlated to non-guaranteed objects. First, a CPD should never
we do in Sec. 4.2). For instance, the sole paren@issign positive probability to objects that do not existhie t
of Vapparentos [(Blip, (Source, (Aircraft, 2)), (Time, 8),1)]is ~ Partially completed world. Thus, we allow an elementary
Vstate F(Aircraft, 2),8]. It might seem more elegant to assign CPD to assign positive probability to a non-guaranteedatbje
numbers to objects as they are generated, so that the exte®ily if the object was passed in as a CPD argument. Second,
sion of each type in each possible world would be simply a&n elementary CPD cannot “peek” at the tuple representation
prefix of the natural numbers. Specifically, we could num-of objects that are passed in: it must be invariant to permuta
ber the aircraft arbitrarily, and then number the radarsblip tions of the non-guaranteed objects.
lexicographically by aircraft and time step. Then we would . .
have basic RVs such & pparentros [23], representing the ap- 4.2 Declarative semantics
parent aircraft position for blip 23. But blip 23 could be gen So far we have explained G semantics procedurally, in
erated by any aircraft at any time step. In fact, the parentterms of a generative process. To facilitate both knowledge
of Vapparentros [23] would have to include all the/Blip and  engineering and the development of learning algorithms, we
State variables in the model. So, defining objects as tuplesvould like to have declarative semantics. The standard ap-
yields a much simpler Bayes net. proach — which is used in most existing FOPLs — is to say
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that a B.oG model defines a certain Bayesian network (BN) Definition 7. A distribution P over Q,, satisfiesa BLOG
over the basic RVs. In this section we discuss how that apmodel M if for every finite, self-supporting instantiatian
proach needs to be modified foLBG. with vars(c) C V!

We will write o to denote an instantiation of a set of RVs
vars(c), andox to denote the value that assigns taX. If
a BN is finite, then the probability it assigns to each com-
plete instantiation is (o) = [[xevars(o) PX (7x10Pax)), "™ % “ic himbering of as in Def. 6.
wherepx is the CPD forX andop, ) is o restricted to the ) ) ]
parents ofX . In an infinite BN, we can write a similar expres- A BLOG model iswell-definedf there is exactly one prob-
sion for eacHiniteinstantiationo that is closed under the par- ability distribution that satisfies it. Recall that a BN islve
ent relation (thatisX € vars(o) impliesPa(X) C vars(c)). defined if it is acyclic and each variable has a finite set of an-
If the BN is acyclic and each variable has finitely many an-cestors. Another way of saying this is that each variable can
cestors, then these probability assignments define a uniq€ ‘reached” by enumerating its ancestors in a finite, tapolo

P(Q) = [10_1px, (0x, | 04x1,. X0 1})
where(,, is the set of possible worlds consistent witland

distribution[Kersting and De Raedt, 20D1

The difficulty is that in the BN corresponding to a 8G
model, variables often have infinite parent sets. For itgan
the BN for Ex. 1 has an infinite humber of basic RVs of the
form Viuecolor [0]: if it had only a finite numbetV of these
RVs, it could not represent outcomes with more thaballs.
Furthermore, each of thedé&yecoior [0] RVS is a parent of
eachVopscolor [d] RV, since if BallDrawn(d) happens to be
b, then the observed color on draidepends directly on the
color of ballb. So theVopscolor [d] Nodes have infinitely many
parents. In such a model, assigning probabilities to fimite i
stantiations that are closed under the parent relation nloes
define a unique distribution: in particular, it tells us riath
about theVopscolor [d] Variables.

We required instantiations to be closed under the par:
ent relation so that the factoysy (ox|op,(x)) would be
well-defined. But we may not need the valuesadfof X's
parents in order to determine the conditional distribution
for X. For instance, knowing/gaiprawn [d] = (Ball,13)
and Viuecolor [(Ball, 13)] = Blue is sufficient to determine

ically ordered list. The well-definedness criterion fordss
is similar, but deals with finite, self-supporting instatibns
rather than finite, topologically ordered lists of variable

Theorem 1. Let M be aBLOG model. Suppose th&f »,

is at most countably infinite,and for each’ € V,,; and

w € Qyy, there is a self-supporting instantiation that agrees
with w and includes/. ThenM is well-defined.

The theorem follows from a result iMilch et al, 2009
that deals with distributions over full instantiations obet
of RVs. Prop. 1 makes the connection between full instantia-
tions of V,; and possible worlds.

To check that the criterion of Thm. 1 holds for a partic-
ular example, we need to consider each basic RV. In Ex. 1,
the number RV for balls is supported by the empty instan-
tiation, so in every world it is part of a self-supporting in-
stantiation of size one. EacfrueColor(b) RV depends only
on whether its argument exists, so these variables pateip
in self-supporting instantiations of size two. Similardgch
BallDrawn variable depends only on what balls exist. To sam-
ple anObsColor(d) variable, we need to kno®allDrawn(d)

the distribution forVopscolor [d]: the colors of all the other
balls are irrelevant in this context. We can read off this
context-specific independence from the dependency stat

ment for ObsColor in Fig. 1 by noting that the instantiation to have an algorithm for checking whether adg& model is

(Viatiprawn [d] = (Ball, 13), Virecolor [(Ball, 13)] = Blue) well-defined; the criteria given in Thm. 2 in Sec. 6.2 are 4 firs
determines the value of the sole CPD argument,Step in this direction

TrueColor(BallDrawn(d)). We say this instantiation
supportsthe variableVopscolor [d] (Se€[Milch et al, 2003).

Definition 5. An instantiationo supportsa basic RVV of
the form Vy [o1,...,0,] OF Nplo1,..., 0] if all possible
worlds consistent withr agree on (1) whether all the objects
o1,...,0k €Xist, and, if so, on (2) the applicable clause in the
dependency or number statement¥oand the values for the
CPD arguments in that clause.

andTrueColor(BallDrawn(d)), so these variables are in self-
supporting instantiations of size four. Similar argumeras
Be made for Examples 2 and 3. Of course, we would like

5 Evidence and Queries

Because a well-definedl®G model M defines a distribution

over model structures, we can use arbitrary sentencgg,of

as evidence and queries. But sometimes such sentences are

not enough. In Ex. 3, the user observes radar blips, which are

not referred to by any terms in the language. The user could

] assert evidence about the blips using existential quanstifie
Note that some RVs, such &g, [] in Ex. 1, are supported byt then how could he make a query of the form, “Diis

by the empty instantiation. We can now generalize the notiomlip come from the same aircraft #sat blip?”

of being closed under the parent relation. A natural solution is to_allow the user to extend the lan-

. L . . L uage when evidence arrives, adding constant symbols to re-
Definition 6. A finite instantiatioro is self-supportingf its ?er t% observed objects. In many c%ses, the u)s/er observes

instantiated variables can be numberéd, ..., Xy such  5ome new objects, introduces some new symbols, and assigns
that for eachn < N, the restriction ot to {X1,..., X1}  the symbols to the objects in an uninformative order. To han-
supportsX,. dle such cases, IB®G includes a special macro. For instance,

This definition lets us give semantics ta & models in ~ 9iven 4 radar blips at time 8, one can assert:
a way that is meaningful even when the corresponding BNS {Blip r: Tine(r) = 8} = {Blipl, Blip2, Blip3, Blipal};
contain infinite parent sets. We will writg, (v | o) for the
probability thatV’s dependency or number statement assigns

’ : y C This is satisfied if theReal and RkVector types are not argu-
to the valuev, given an instantiation that supportd’. ments to random functions or return types of generating functions.
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This introduces the new constariéipl, ..., Blip4 and as- reaches a clause whose condition is either undetermined or
serts that there are exactly 4 radar blips at time 8. determined to be true given (if all the conditions are deter-
Formally, the macro augments the model with dependencynined to be false, then it returns the default value¥or If
statements for the new symbols. The statements implementie condition is undetermined, thendoes not suppoft’. If
sampling without replacement; for our example, we have it is determined to be true, then the subroutine evaluatels ea
Blipl ~ Uniforn({Blipr : (Tim(r N of the CPD arguments in this clauseslfietermines the val-
Blip2 ~ Uniforg{iBl ipr: 5Ti mem 8; & (Blipl '=r)});  ues of all the arguments, then the subroutine samples a value
and so on. Once the model has been extended this wafpr V' by passing those values to thenpl e method of this
the user can make assertions about the apparent positions @RUSe’s elementary CPD. Otherwisegoes not SUppoi .
Blip1, Blip2, etc., and then use these symbols in queries. To evaluate terms and quantifier-free formulas, we use a
These new constants resemble Skolem constants, but coptaightforward recursive algorithm. The base case logks u
ditioning on assertions about the new constantadsthe  the value of a particular function application RVdrand re-
same as conditioning on an existential sentence. For exanins “undetermined” if it is not instantiated. A formula yna
ple, suppose you go into a new wine shop, pick up a bottle dpe determined even if some of its subformulas are not deter-
random, and observe that it costs $40. This scenario is coftined: for exampleq A 3 is determined to be false i is
rectly modeled by introducing a new const&uttlel with a  false. Itis more complicated to evaluate set expressiocis su
Uni f or mCPD. Then observing thaottlel costs over $40 a@s{Blip r: Time(r) = 8}, which can be used as CPD
suggests that this is a fancy wine shop. On the other hand, tfg§guments. A naive algorithm for evaluating this expressio
mereexistencef a $40+ bottle does not suggest this, becausavould first enumerate all the objects of tyBép (which re-

almost every shop hammebottle at over $40. quires certain number variables to be instantiated), thkts
the blipsr that satisfyTime(r) = 8. But Fig. 3 specifies that
6 Inference there may exist some blips for each aircrafind each natu-

ral numbett: since there are infinitely many natural numbers,
Because the set of basic RVs of ad&s model can be infinite, some worlds contain infinitely many blips. Fortunately, the
itis not obvious that inference for well-defined 8 models  number of blipsr with Time(r) =8 is necessarily finite: in
is even decidable. However, the generative process iniuiti every world there are a finite number of aircraft, and each
suggests a rejection sampling algorithm. We present this abne generates a finite number of blips at time 8. We have
gorithm not because it is particularly efficient, but beeaits an algorithm that scans the formula within a set expression
demonstrates the decidability of inference for a largesctds  for generating function restrictionsuch asTime(r) =8, and
BLOG models (see Thm. 2 below) and illustrates several isuses them to avoid enumerating infinite sets when possible.
sues that any BoG inference algorithm must deal with. At A similar method is used for evaluating quantified formulas.
the end of this section, we present experimental resulta fro o o
a somewhat more efficient likelihood weighting algorithm. 6.2  Termination criteria

L . In order to generate each sample, the algorithm above repeat

6.1 Rejection sampling edly instantiates the first variable that is supported btiyab
Suppose we are given a partial instantiati@s evidence, and instantiated, until it instantiates all the query and et
a query variableg). Our rejection sampling algorithm starts variables. When can we be sure that this will take a finite
by imposing an arbitrary humbering on the the basic RVsamount of time? The first way this process could fail to termi-
To generate each sample, it starts with an empty instamtiati nate is if it goes into an infinite loop while checking whether
o. Then it repeats the following process: scan the basic RVparticular variable is supported. This happens if the @ogr
in the imposed order until we reach the first RVthat is  ends up enumerating an infinite set while evaluating a set ex-
supported by but not already instantiated in; sample a  pression or quantified formula. We can avoid this by ensuring
valuev for V according toV’s dependency statement; and that all such expressions in thee8G model are finite once
augmentr with the assignment” = . It continues until all  generating function restrictions are taken into account.
the query and evidence variables have been sampled. If the The sample generator also fails to terminate if it never con-
sample is consistent with the evidengdhen it increments a  structs an instantiation that supports a particular quesve
counterN,, whereg is the sampled value @. Otherwise, it  idence variable. To see how this can happen, consider gallin
rejects this sample. AfteV accepted samples, the estimatethe subroutine described above to sample a vari&blelf
of P(Q=gq|e)isN,/N. V' is not supported, the subroutine will realize this when it

This algorithm requires a subroutine that determinesncounters a variablEg that is relevant but not instantiated.
whether a partial instantiation supports a basic RV, and  Now consider a graph over basic variables where we draw an
if s0, returns a sample frofvi’s conditional distribution. For edge fromU to V' when the evaluation process for hits U
a basic RVV of the formVy [o1,...,05] OF N, [01,...,0;],  inthis way. If a variable is never supported, then it must be
the subroutine begins by checking the values of the relevargart of a cycle in this graph, or part of a receding chain of
number variables i@ to determine whether all afi, ..., o variablesl; <+ V, « --- that is extended infinitely.
exist. If some of these number variables are not instagtiate The graph constructed in this way varies from sample to
theno does not suppor’. If some ofoq,...,0, do not ex- sample: for instance, sometimes the evaluation process for
ist, the subroutine returns the default value Tor If they  Vopscolor [d] Will hit Viyecolor [(Ball, 7)], and sometimes it
do all exist, the subroutine follows the semantics for depenwill hit Viueconor [(Ball, 13)]. However, we can rule out cy-
dency statements discussed in Sec. 4.1. First, it iterats o cles and infinite receding chains in all these graphs by densi
the clauses in the dependency (or number) statement until @ring a more abstract graph over function symbols and types.
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Definition 8. Thesymbol graphor a BLOG model M is a
directed graph whose nodes are the types and random func-
tion symbols of\/, where the parents of a typeor function
symbolf are:

e the random function symbols that occur on the right
hand side of the dependency statement ffayr some
number statement far,

¢ the types of variables that are quantified over in formu-
las or set expressions on the right hand side of such a
statement;

e the types of the arguments féror the return types of
generating functions for.

If the sampling subroutine for a basic R¥hits a basic RV
U, then there must be an edge fr@i's function symbol (or
type, if U is a number RV) td/’s function symbol (or type)
in the symbol graph. This property, along with ideas from
[Milch et al, 2004, allows us to prove the following:

Theorem 2. SupposéV! is aBLOG model where:
1. uncountable built-in types do not serve as function argu-
ments or as the return types of generating functions;

2. each quantified formula and set expression ranges over a
finite set once generating function restrictions are taken
into account;

3. the symbol graph is acyclic.

ThenM is well-defined. Also, for any evidence instantiation
e and query variable), the rejection sampling algorithm de-
scribed in Sec. 6.1 converges to the posteffd€)|e) defined
by the model, taking finite time per sampling step.
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Figure 4: Distribution for the number of balls in the urn
(Ex. 1). Dashed lines are the uniform prior (top) or Poisson
prior (bottom); solid lines are the exact posterior giveatth

The criteria in Thm. 2 are very conservative: in particular,10 balls were drawn and all appeared blue; and plus signs
when we construct the symbol graph, we ignore all structurere posterior probabilities computed by 5 independent runs
in the dependency statements and just check for the occuof 20,000 samples (top) or 100,000 samples (bottom).

rence of function and type symbols. These criteria are-satis
fied by the models in Figures 1 and 2. However, the model i
Fig. 3 does not satisfy the criteria because there is aceff-|

n7 Related Work

from State to State. The criteria do not exploit the fact that Gaifman[1964 was the first to suggest defining a probability

State(a, t) depends only oiState(a, Pred(t)), and the non-
random functiorPred is acyclic. Friedmart al.[1999 have
already dealt with this issue in the context of probabiisti-

distribution over first-order model structures. HalpEr29Q
defines a language in which one can make statements about
such distributions: for instance, that the probability loé t

lational models; their algorithm can be adapted to obtain &et of worlds that satisfflies(Tweety) is 0.8. Probabilis-

stronger version of Thm. 2 that covers Fig. 3.

tic logic programmingNg and Subrahmanian, 199@an be

seen as an application of this approach to Horn-clause knowl

6.3 Experimental results

edge bases. Such an approach only defomsstraintson

Milch et al. [2004 describe a guided likelihood weighting distributions, rather than defining a unique distribution.
algorithm that uses backward chaining from the query and Most first-order probabilistic languages (FOPLSs) that de-
evidence nodes to avoid sampling irrelevant variabless Thifine unique distributions fix the set of objects and the imrerp

algorithm can also be adapted ta® models. We applied

tations of (non-Boolean) function symbols. Examples idelu

this algorithm for Ex. 1, asserting that 10 balls were drawnrelational Bayesian networkBlaeger, 2001and Markov
and all appeared blue, and querying the number of balls iftogic models[Domingos and Richardson, 2004 Prolog-
the urn. The top graph of Fig. 4 shows that when the prior folbased languages such as probabilistic Horn abduffoanle,

the number of balls is uniform ovel, . .., 8}, the posterior

1994, PRISM[Sato and Kameya, 20f)land Bayesian logic

puts more weight on small numbers of balls; this makes sensgrogramgKersting and De Raedt, 20D&ork with Herbrand

because the more balls there are in the urn, the less likisly it models where the objects are in one-to-one correspondence
that they are all blue. The bottom graph, using a Poisson(8)ith the ground terms of the language.
prior, shows a similar but less pronounced effect. Note that There are a few FOPLs that allow expliciference uncer-

the posterior probabilities computed by the likelihood gt

tainty, i.e., uncertainty about the interpretations of function

ing algorithm are very close to the exact values (computed bgymbols. Among these are two languages that use indexed
exhaustive enumeration). These results could not be @atain RVs rather than logical notation: BUd®ilks et al., 1994
using any algorithm that constructed a single fixed BN, sinceand indexed probability diagrams (IPO#)jolsness, 2004

the number of potentially relevanfryecoior [b] Variables is
infinite in the Poisson case.
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Reference uncertainty can also be represented in progtadbili
relational models (PRMdXKoller and Pfeffer, 1998 where
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a “single-valued complex slot” corresponds to an uncertairperceptual processes. Our approach defines generative mod-
unary function. PRMs are unfortunately restricted to unaryels that create first-order model structures by adding tbjec
functions (attributes) and binary predicates (relatioRsbb-  and setting function values; everything else follows reitur
abilistic entity-relationship modelsHeckermaret al, 2004  from this design decision. Much remains to be done, espe-
lift this restriction, but represent reference uncertainding  cially on inference: we expect to employ MCMC with user-
relations (such aBrawn(d, b)) and special mutual exclusivity defined and possibly adaptive proposal distributions, and t
constraints, rather than with functions suctBadiDrawn(d). develop algorithms that work directly with objects rathearn
Multi-entity Bayesian network logic (MEBN)Laskey, 200  at the lower level of basic RVs.

is similar to BLOG in allowing uncertainty about the values

of functions with any number of arguments. References

. The need to handle unknown objects has be.en appredat?sharniak and Goldman, 19DE. Charniak and R. P. Goldman. A
since the early days of FOPL research: Charniak and Gold- Bayesian model of plan recognitioAlJ, 64(1):53—79, 1993.

man’s plan recognition networks (PRNE)993 can con- [Domingos and Richardson, 2004. Domingos and M. Richard-
tain unbounded numbers of objects representing hypothe- son. Markov logic: A unifying framework for statistical rela-
sized plans. However, external rules are used to decide what tional learning. InProc. ICML Wksp on Statistical Relational
objects and variables to include in a PRN. While each pos- Learning and Its Connections to Other Fiel@004.

sible PRN defines a distribution on its own, Charniak andFriedmaretal, 1999 N. Friedman, L. Getoor, D. Koller, and
Goldman do not C|a|m that the Varlous PRNS are a” approx|_ A. Pfeffer. Learnlng pl’ObablllstIC relational models.Rroc. 16th
mations to some single distribution over outcomes. IJCAI, pages 1300-1307, 1999.

. . ., [Gaifman, 1964 H. Gaifman. Concerning measures in first order
Some more recent FOPLs do define a single d|str|but|or£ calculi. Israel J. Math, 2-1-18, 1964.

over outcomes with varying objects. IPDs allow uncer-[cetooret al, 2004 L. Getoor, N. Friedman, D. Koller, and

tainty over the index range for an indexed family of RVs. B Taskar. Learing probabilistic models of relational structure.
PRMs and their extensions allow a variety of forms of un-  |n proc. 18th ICML, pages 170-177, 2001.

certainty about the number (or existence) of objects satisf [Gilks et al, 1994 W.R. Gilks, A. Thomas, and D. J. Spiegelhalter.
ing certain relational constraintoller and Pfeffer, 1998; A language and program for complex Bayesian modellifige
Getooret al., 2001 or belonging to each typdPasulaet al., Statistician 43(1):169-177, 1994.

2003. However, there is no unified syntax or semantics forlHalpern, 1999 J. Y. Halpern. An analysis of first-order logics of
dealing with unknown objects in PRMs. MEBNSs take yet . Probability. AlJ, 46:311-350, 1990.

another approach: an MEBN model includes a set of uniquéitéckermaretal, 2004 D. Heckerman, C. Meek, and D. Koller.
identifiers, for each of which there is an “identity” RV indi- Probabilistic models for relational data. Technical Report MSR-

. hether th d obi ; TR-2004-30, Microsoft Research, 2004.
cating whether the named object exists. [Jaeger, 2001 M. Jaeger. Complex probabilistic modeling with re-

Our approach to unknown objects in8G can be seenas ~ cyrsive relational Bayesian networksinnals of Math and Al
unifying the PRM and MEBN approaches. Number state- 32:179-220, 2001.

ments neatly generalize the various ways of handling unfKersting and De Raedt, 20DK. Kersting and L. De Raedt. Adap-
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asuieet al, corresponds 1o a number statement wi D. L. Ong, and A. Kolobov. Approximate inference for infinite
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tween B.0G and MEBN logic: the tuple representations in [mjolsness, 2004 E. Mjolsness. Labeled graph notations for graph-
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MEBN model. The difference is thatl® G determines which Computer Science, UC Irvine, 2004.
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; : . ) earl, 1988 J. Pearl. Probabilistic Reasoning in Intelligent Sys-
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structures. But the declarative semantics of such a progranpfeffer, 2001 A. Pfeffer. IBAL: A probabilistic rational program-
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[Poole, 1998 D. Poole. Probabilistic Horn abduction and Bayesian
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8 Conclusion [Se_tto and Kameya, 2001T. Sato and_Y. Kameya. Parameter learn-

BLOG is a representation language for probabilistic models ing of logic programs for symbolic-statistical modelingAIR,

with unknown objects. It contributes to the solution of aywer _ 15:391-454,2001. , o

general problem in Al: intelligent systems must represedt a LSittler, 1964 R. W. Sittler. An optimal data association problem

reason about objects, but those objects may not be known in surveillance theory.IEEE Trans. Military ElectronicsMIL-

. ! . : . . 8:125-139, 1964.
a priori and may not be directly and uniquely identified by
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Abstract

We present the continuous-time particle filter
(cTPF) — an extension of the discrete-time particle
filter for monitoring continuous-time dynamic sys-
tems. Our methods apply to hybrid systems con-
taining both discrete and continuous variables. The
dynamics of the discrete state system are governed
by aMarkov jump process. Observationsof thedis-
crete process are intermittent and irregular. When-
ever the discrete process is observed, CTPF sam-
ples a trajectory of the underlying Markov jump
process. This trgjectory is then used to estimate
the continuous variables using the system dynam-
ics determined by the discrete state in the trgjectory.
We use the unscented Kalman-Bucy filter to han-
dle nonlinearities and continuous time. We present
results showing that CTPF is more stable in its per-
formance than discrete-time particle filtering, even
when the discrete-time algorithm is alowed to up-
date many more times than cTPF. We also present
a method for online learning of the Markov jump
process model that governsthe discrete states.

1 Introduction

The work described here is directly motivated by problems
encountered in creating a state estimation system for the K-
9 experimental Mars rover at NASA Ames Research Cen-
ter [Willeke and Dearden, 2004]. As with many robotic sys-
tems, K-9 contains numerous sensors that report on its per-
formance. These sensors produce telemetry at different rates,
and frequently at rates that vary over time. As aresult, using
afixed time-step state estimator, for example a Kalman filter,
is extremely difficult. In this paper we describe a continuous-
time state estimation algorithm based on particlefiltering that
can handletelemetry arriving at different rates and changesin
system behavior between observations. The system can also
update its model of system behavior to improve its perfor-
mance and to detect gradual degradation of the system.

State estimation is typically done either using discrete di-
agnosisalgorithms such as Livingstone [Williams and Nayak,
1996], or more recently, using hybrid system representations.
The discrete approach is well suited for domains where there
are occasional transitions between rel atively stable states, and
where sensor readingstend to be very reliable. Unfortunately,
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this is not the case for K-9 and discrete approaches have
largely proven unhelpful [Washington et al., 2000]. For this
reason, we use a hybrid system model for state representation
and particlefiltering for state estimation.

Probabilistic hybrid automata (PHAS) [Hofbaur and
Williams, 2002] are commonly used for representing hybrid
systems in diagnosis and state estimation (other representa
tions have similar expressive power). In the PHA model, a
system consists of a set of discrete modes and a set of contin-
uous variables. For each mode, a set of differential equations
describes the continuous behavior in that mode. Transitions
between modes are stochastic; a transition matrix represents
the probability of being in state s’ at time ¢ + 1 given that
the systemisin state s at time ¢. Transition probabilities may
depend on the values of the continuous variables.

The problem with applying the PHA model (and other sim-
ilar representations) to systems such as K-9 is the assump-
tion that a transition matrix applied at fixed time intervalsis
sufficient to describe the evolution of the system. Thisim-
plies that only one discrete transition can occur per interval,
and also that it doesn’t matter when in the interval the transi-
tion occurs. These assumptions lead to two problems. First,
they make the system model unwieldy as they force asingle
transition matrix to represent the effects of multiple discrete
transitions. Second, they reduce efficiency by forcing model
steps to be small enough for the assumptions to be reason-
able. The continuous time model avoids these assumptions,
alowing state updates to be performed only when a new ob-
servation arrives or when a significant event occurs.

The approach we take is to build a continuous-time model
of the system (see Section 2). As before, there is a differen-
tial equation model governing the continuous system behav-
ior for every discrete system mode, but now the discrete state
transitions are represented as a continuous-time Markov jump
process. That is, we keep a set of transition probabilities for
each discrete mode, as well as the distribution over how long
the system will remain in the mode before transitioning out.

Aswe said above, we use particlefiltering to track the sys-
tem state (see Section 4). For efficiency, and to make it possi-
bleto track large systems, we use Rao-Blackwellized particle
filters [Doucet et al., 2000a], in which the discrete mode is
sampled, just as in a standard particle filter, but the continu-
ous state is tracked using an unscented Kaman-Bucy filter.

This work addresses the key challenge that many mode
changes on the rover, as with most systems, are not observ-
able directly. Commanded changes such as moving from
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stopped to driving are observable, but the occurrence of
faults, and other mode transitions triggered by the environ-
ment or the continuous state, do not produce telemetry di-
rectly, and can only be inferred from their effects on the con-
tinuous system behavior. The algorithm we have developedto
address these difficulties, the continuous-time particle filter,
is described in Section 5.

One major advantage of the continuous-time approach is
that it allows resource-bounded computation. Although the
cost of a single update may be higher than that of a discrete
update (because of the Kalman-Bucy filter equations), com-
putation need only be performed when new observations ar-
rive. Indeed, if computationis limited, observations can even
be ignored until sufficient computation is available to update
the estimate. For discrete approaches, an update must be per-
formed for each time step, even if no telemetry has arrived.

In Section 6, we discuss how the parameters of the
continuous-time Markov jump process can be learned by ob-
serving the system. Section 7 appliesthe approach to the sim-
ulated rover model presented in Section 3.

2 Continuous-time hybrid-state processes

A continuous-time hybrid-state process consists of interact-
ing discrete-state and continuous-state random variables.

Thediscrete-state variables Z, evolve according to dynam-
ics described by continuous-time Markov jump processes.
A Markov jump process is a random variable Z; that is
parametrized by timet € [0, 00). Z; startsin an initial state
z and remains in this state for a random amount of time be-
foreit makes atransition to adifferent state. Thetimethat Z;
stays in a particular state is exponentially distributed, due to
the Markovian property of the process.

Mathematically, a Markov jump process Z; is character-
ized by itsintensity matrix

—q1 qi2
Q= qi2  —Qq2
where
. PlZiini =517 =1 . .
gij = lim_ { N | ey and ¢; = > g

J#
in which g;; is the transition rate that defines the probability
per time unit that the system makes a transition from state
1 to state j and ¢; is the total transition rate out of state i.
The amount of time that the process stays in state 7 is dis-
tributed according to the exponentia distribution f;(t) =
gi exp(—g;t). When the process leaves state 4, it enters the

next state j with probability P;; = qufqﬁ if i # j and 0 oth-

erwise. Inthis paper, we assumethat the processis stationary,
i.e. theintensity matrix isthe same at all times.

In recent work, [Nodelman et al., 2002] introduced
continuous-time Bayesian networks (CTBNS) asaway to fac-
torize Markov jump processes over discrete-valued variables.
Our work extends the inference to hybrid-state processes.

Theinstantiation of Z; correspondsto a unique set of equa-
tions that govern the dynamics of the continuous variables
X;. Let 7, 7,... denote the times at which Z, changes
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Figure 1: Rover cTBN. Notethat a CTBN may contain cycles.

value. Let z; denote the value of Z; in theinterval [r;, 7i41].
During the time span of [r;, 7;41] the variables X, follow
nonlinear dynamics given by

d
Ext = F,, (X4, Uy) + Wy 1
and the observations Y ; are given by
Y, = H, (X, Uy) +V; )

where W, ~ N (0, ®,) and V; ~ N (0, ¥;) are the respective
process and measurement noise, and U, is the control input.

In this work, we assume that some variablesin Z; may be
observed, but only at random discrete pointsin time. On the
other hand, Y; are observed more frequently, but as noisy
measurements of the true continuous state X ;.

3 A continuous-timerover model

As a testbed, we use a continuous-time rover model. The
rover employs a rocker-bogey suspension system for its six
wheels. On each side, the front two wheels are attached to
the bogey, which pivots around its center. The center of the
bogey is attached to the rocker, which is attached to the main
rover chassis and the rear wheels. Motion from the bogey
can cause the rocker to pivot around the differential axle, a
mechanism that centersthe rover chassis between the left and
right sets of wheels. From the rocker angles and the bogey
angles, we can infer the rover orientation and thus the wheel
heights relative to the rover chassis.

We are interested in reasoning about the rover wheel dy-
namics under the effects of weather, terrain, ground condi-
tions and faulty wheel behavior. The model consists of 20
state variablesand 4 transient variables. There are two groups
of state variables. 5 that model background conditions and
15 that directly model the rover. The background variables
model environmental factors such as weather, terrain, ground
rockiness and ground stickiness, while the rover variables
model the solar energy level available to the rover, the rover
speed, the wheel heights, the wheel stuck conditions, and the
rover roll angle. The CTBN structureis shown in Figure 1.

The model comprises 11 binary and ternary discrete vari-
ables and 9 continuous variables. The only observable dis-
cretevariablesare Sunny, Rainy, Terrain and Rockiness.
The observation of these variables at sparse time points cor-
responds to situations when the rover takes measurements of
its surroundings, to plan navigation or to manage power con-
sumption. The wheel stuck states are never observed and are
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inferred from observations of the continuous wheel variables.
The wheel stuck condition is more frequently induced when
therover travels at high speed and when the ground is rocky.
The rover dynamics are adapted from the kinematic anal-
ysisin [Hacot, 1998]. The front wheels receive an input
proportional to some height perturbation induced by the ter-
rain. The change in the middle wheel height is proportional
to the difference between the front and middle wheel height,
taken relative to the rover body which experiences roll (tor-
sional rotation) on uneven terrain. To illustrate the system’s
nonlinearity, the equation for the middle wheel height is:

%th = kg cos(0y) (1 sin(0P) — Iy sin(0P + B) ()
where ©, isthe roll angle, 07 is the bogey angle, and I+, I»
and § are constant parameters of the physical rover model.
The change in the back wheel is defined in a similar manner.
For each whesl, the proportionality constant « ; is dependent
on the speed and whether the wheel is stuck. The speed is
affected by the availability of solar energy and by ground sur-
face characteristics such as stickiness and rockiness.

Noisy measurements of the continuous variables that
model the bogey and rocker angles are observed more fre-
quently than the discrete observations. The bogey angle is
determined from the front and middle wheel heights. The
rocker angle depends on the middle and back wheel heights
aswell as the bogey angle.

4 Preliminaries

Let the hybrid system state be represented as S; = {Z,;, X, }.
We denote y;.; as the history of observations from time 1 to
timet. Theaimisto track the probability p(S:|y1.+) that any
given state may bethe true system state, conditioned upon the
sequence of past observations y1.;. This probability distribu-
tion, aso referred to as the belief state, can be recursively
estimated given the previous belief state p(S;—1|y1..—1) and
the current observation y;:

p(stllyl.t 1) @)
P(Yely1:e-1)

where p(Si|y1:e—1) = [ p(Se|Se—1)p(St—1|y1:4-1)dSi—1.
However, the computation of thisintegral leadsto intractabil-
ity in all but the smallest conditional linear Gaussian models.

Asaresult, one must resort to approximateinference methods
to compute the updated belief state.

p(Stly1:4) = p(yelSt)

4.1 Particlefiltering

Particlefiltering (PF) [Doucet et al., 2000b] approximates (4)
by a discrete sum of particles or samples of possible states
drawn from that distribution:

p(Stlyre) =) N(S(SEZ)) ©)
i=1

where 6(-) denotes the Dirac delta function. Since it is diffi-
cult to sample from p(S¢|y1.+) directly, importance sampling
is used, in which particles are drawn from a more tractable
proposal distribution, then each particle is weighted to ac-
count for this bias. Since variance increases as the state space
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increases, the number of particles required to achieve decent
accuracy increases as well, thus making pPF an expensive so-
Iution for tracking complex, high-dimensional systems.
Rao-Blackwellization [Doucet et al., 2000a] is atechnique
that improves PF by analytically marginalizing out some of
the variables. This method is especially applicable to our do-
main since the structure of the rover model can be factorized:

P(Stly1:e-1) =
J p(Xi|Ze, Xi—1)p(Z¢|S¢—1)p(Si—1|y1:4—1)dSi—1  (6)

Hence, Rao-Blackwellized Particle Filtering (RBPF) can be
used to sample only from the (lower-dimensional) discrete
distribution and the continuous distribution can subsequently
be computed using the Kalman filter.

4.2 Theunscented Kalman-Bucy filter

The Kalman filter [Grewal and Andrews, 2001] is an efficient,
recursive method that finds the least-square estimate of the
state of a discrete-time, linear stochastic process with Gaus-
sian noise. The Kalman-Bucy filter is the continuous-time
counterpart to the discrete-time Kalman filter. It uses a differ-
ential equation to generate an estimate %, of the continuous
state, and generates from that an estimate y; of the observa-
tion. It al'so generates P;, the covariance of the state estimate
error x; — X4, and Ry, the covariance of y, — y,. The update
of P, aso usesadifferential equation. Given these estimates,
the probability of the observationy; isgiven by anormal dis-
tribution with mean ¢, and covariance R;.

The Kalman-Bucy filter assumes a linear transition model
and observation model. To handle nonlinear models, we
adopt an approach similar to the discrete-time unscented
Kaman filter (UKF) [Wan and van der Merwe, 2000] and
extend the Kalman-Bucy filter by applying the unscented
transformation [Julier and Uhlman, 2002] to the state esti-
mation. Thus, the unscented Kalman-Bucy filter (UKB) isa
continuous-timefilter that allows for nonlinear models. UKB
is used in RBPF as an approximation to the Kalman-Bucy fil-
ter. This approximation introduces bias and does not provide
the theoretical guarantee that variance is reduced in RBPF.

5 Thecontinuous-time particlefilter

In the continuous-time particle filter (CTPF), we perform an
update each time a discrete observation is received. If no
discrete-state process is observed, updates can be triggered
by an asynchronous request for update. Technicaly, thisis
treated the same way as observing the discrete-state process
with avacuousobservation. If the new observationisreceived
at time t,, and the previous observation was at time¢,,_1, an
update means generating particles of the state at ¢ ,,, using the
particles generated at ¢,,_1. We assume that observations of
the discrete-state processes are sparse and intermittent. We
make no assumption that observations come at regular inter-
vals or that the observations coincide with any discrete tran-
sitions. Let ¢,, bethe observation at timet,,. We may observe
¢, astheentirety of Z,, , or ¢,, may be an assignment of val-
ues to asubset of the variablesin Z,, , or ¢,, may be vacuous,
assigning valuesto none of the variables. In any case, we will
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say that avalue z agrees with the observation (,, if it assigns
the same value to all variables assigned by (,,.

At a high level, the cTPF works as follows. When up-
dating from t,,_; to t,,, we sample a trgjectory from the
Markov jump process for the time interval [t,,—1,t,]. This
results in a set of time points 79 = t,_1,71,.--, Tk = tn
at which Z changes value. Let z; denote the value of Z in
interval [7;, 7;11]. We then perform Rao-Blackwellization to
obtain updates for the continuous variables. We go through
the sequence of intervals, starting at [0, 71] and ending at
[Tk—1, Tk], Propagating our estimate of the mean and variance
of the continuous variables X using UKB. In the time pe-
riod [7;, 7;+1], the continuous dynamics are governed by the
value z;. As we propagate the continuous variables, we also
compute the probability of the trajectory, which is used as
the particle weight. We repeat this process to obtain a set of
weighted particles at time ¢,,, and resample from these to get
anew set of unweighted particles.

The behavior of the Markov jump process governing Z is
characterized by theintensity matrix ) z. The process of gen-
erating a trgjectory of the Markov jump process from time
t,—1 tot, isasfollows. For each particleat timet,,_1, let zg
be the value of Z in that particle. Set g = ¢,,_1 andi = 0.
We use the intensity matrix to sample a time from the ex-
ponential distribution f,, (t) = gz, exp(—qy,t) to obtain the
length of time~y until Z next changesvalue. If 7;,+~ < t,,, we
sample z; ., from the intensity matrix, and continue to loop,
setting 7,41 = 7 + . Otherwise, weknow that Z = z; at t,,.
If this value agrees with the evidence ¢,,, the particle is kept,
otherwiseit is rejected.

Once we have the jump process, we proceed to prop-
agate the continuous variables X through the time points
T0, ..., Tk. SiNCe there may be many observations of the con-
tinuous variablesintheinterva [7;, 7;41], when we propagate
them from 7, to 7,41, we need to consider al the observations
between thosetimes. Let §, ber;, o, ber, 1 and dq, ..., 0,1
be the time points at which continuous observations were
received. We loop through the intervals [¢;, d;41] in turn.
For each interval, we propagate the mean and variance of
the continuous variables forward using UKB. We also obtain
the probability of the observation at time d;11, given by the
prajiCtive denS'ty p(y51+1 |y51 :6J) = N(y51+1 ) y51+1 ) R5j+1)
where y;5.., and Rs, , are the estimate and covariance of
¥s,,, under UKB. We then multiply the probability of all the
observations together over al time pointsé; in [r;, 7341] and
over al 7; to obtain the probability of the sequence of obser-
vations. This becomesthe weight of the particle.

We repeat this procedure for each of the M particles from
timet,, . Each particle consists of acandidate Markov jump
process for each discrete variable in Z,, and the mean and
covariance for the continuous variables in X ;. The Markov
jump process candidates that are far from the ground truth
will lead to poor tracking of the continuous variables due to
incorrect parametrization of the continuous-state dynamics.
Particles associated with the ill-fit Markov jump processes
will have low weights and will be resampled out.

The pseudocode for CTPF is shown in Figure 2.
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1. let M bethe number of particles

2: let N bethe number of discrete observations

3 forn=1to N do

4. Dynamics propagation

5 form=1toM do

6: let ¢,, bethe n!" observation

7. let t,, bethe observed time of (,,

8: Simulate a Markov jump process

9: |eti=0,7'0=f,n_1

10: let zy bethe value of Z inthe m!” particleat timet,,_;
11: whiler; < t,, do

12: Sample~ fromthe PDF f(t) = ¢4, exp(—gg;t)
13: if  +~ <t,then

14: |et7'i+1:7'i+’7

15: Samplez;, using theintensity matrix @z
16: else

17: let Ti+1 = tn; let Z(m’) = Z;

18: t—1i+1

19: if z(™) disagreeswith ¢,,, reject the particle

20: letk =i

21: Propagate continuous variables

22: let %X, , and P, , bethe mean and covariance of

the continuous variablesin the m*” particleat timet,,_;

23 let w(™ =1
24: fori=0tok — 1do

25: let §y,...,d,_1 bethetimes of
continuous observationsin [7;, 7;11]

26: let 50:Ti,5g:Ti+1

27 for j=0to¢—1do

28 Compute xs,.,, Ps;,,, ¥s,., ad Rs,_,

using UKB beginning with x5, and Fs_,
under the dynamics determined by z;
29: w(m) — w(m) X N(y5j+1 ) y5J+1 , R5J+1)
30: let x(™) and P("™) bex,, and P;,
31l: Resampling
32: Normaizew(™ — “’;(l)
33:  Select M new particles where the probability of
(Z(m), )A((m), P(m,)) is w(m)

Figure 2: Continuous-time particlefilter

6 Learning

In real-world applications, we may not know the exact
parametrization of Z;. Instead, we may have a prior distri-
bution over the intensity matrices )z and need to fine tune
our estimate of ()7 as observations about Z; are made.

In this case, we model Q7 as a random variable and we
attribute a probability distribution ¢(Q z) over the space of
admissible intensity matrices, Q . Sincethe observationsare
exponentially distributed, we model ¢(Q z) asaGammadis-
tribution since Gamma and exponential are conjugates.

Assume that the elements of @)z are distributed according

tog;; ~T (é, aq;j). The prior distribution Q z is given by:

m

$(Qz) o H H qiaj” L= Bi @)

i=1 j#i
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Upon the arrival of a discrete-state observation ¢, we
simulate a Markov jump process J over the time interval

[tn—1,tn]. From J, we can compute the likelihood of Q z:
L(Qz) = [T]L a7 ™ (8)
i=1j#i

where N;; isthe number of transitions from state : to j in the
process.J and R; isthetime spent in state : during process .J.
From this, we update the @ z-distribution

m

¥(Qz) = LIQ)#(Q) = [[ [ o~ emawltsil

i=1 j#i

9)
Upon the arrival of the next discrete-state observation, we
sample ¢;; ~ T (#@,Nlj + aij) to get an instantiation
for Q7 that reflects the updated distribution.

The learning procedure is integrated into agorithm 2 as
follows: we sample Qz ~ ¢(Qz) right before line (8) and
perform the @Qz-distribution update, as prescribed in Equa-
tions (7)-(9), after line (20) of the pseudocode.

This procedure may seem like magic. After all, we are
using statistics generated from simulating from @ z itself to
obtain an updated estimate of () z. Thereason it worksisthat
not all (Qzs from the previous set of particles have the same
chance of being accepted into the next set of particles. First of
all, if thetrajectory disagreeswith the discrete observation ¢,
it will be rejected. Second, the trajectories will be weighted
by the probability of the continuous observations, and these
weighted particles will be resampled. A trgjectory, and thusa
new intensity matrix, that agrees well with the observations,
is more likely to be kept. In this way, the set of intensity
matrices that are kept will be influenced by the observations,
both discrete and continuous.

Other learning approaches have been explored in [Nodel-
man et al., 2003] for parameter learning of cTBNS, and
in [Bladt and Serensen, 2003] for statistical inference of dis-
cretely observed Markov jump processes. However, these ap-
proaches are offline learning approaches where the sequence
of discrete-time observations are assumed known a priori to
the learning process. Our approach integrates online learn-
ing into the particle filtering framework, where we aso take
advantage of the continuous observationsin eliminating poor
candidatesfor Q7. Thisadvantage allowsfor relatively quick
convergenceto the neighborhood of the true Q z value.

7 Experimental results

We evaluate the performance of the cTPF algorithm on asim-
ulated small model and the rover model. The small model
consists of one discrete ternary variable, two continuous state
variables, and two continuous observation variables. Depend-
ing on the state of the discrete-val ued process, the continuous
behavior can be either linear, polynomial or sinusoidal. The
low dimensionality of the small model makes it feasible to
compare against the discrete-time particle filter and to evalu-
ate the performance of the learning procedure.
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Figure 3 shows an experiment comparing CTPF to the
discrete-time particlefilter (DTPF). The results shown are av-
eraged over 50 runs. The first graph shows the performance
of cTPF with 10 particles and 55 updates, comparing the es-
timate of one of the continuous state variables produced by
CTPF with the actual value of that variable. While CTPF up-
dates the discrete variables at infrequent intervals, DTPF per-
forms an update at equally-spaced intervals fixed by a preset
time granularity. Both algorithms perform continuous infer-
ence, viaUKB or UKF, at many intermediate time points, cor-
responding to when the continuous variables are observed.

The plotted points are the estimates at these intermediate
points. From the graph, we see that CTPF is consistently able
to track the variable through the different mode changes. The
second graph (DTPF1) shows DTPF's performance using the
same number of particles and the same number of updates as
CcTPF. We seethat DTPF1 has worse tracking throughout, and
does particularly poorly from time 75 to time 100. CTPF out-
performs DTPF becauseit is able to perform updates precisely
when they are needed.

DTPF is considerably faster than cTPF because it does not
require solving differential equations. This was exacerbated
by a slow Matlab implementation of the Kalman-Bucy filter,
compared to awell-optimized implementation of the Kalman
filter. We expect this differenceto lessen with amore efficient
implementation of cTPF. Nonetheless, we ran experiments
that allowed DTPF the same running time as CTPF.

We first allowed DTPF to use more particles than CTPF,
while maintaining the same number of updates. The results of
DTPF, with 58 particles and 55 updates, are shown as DTPF2,
in the third graph of Figure 3. When the number of updates
isnot sufficient for DTPF to track the variables, increasing the
number of particles does not particularly help. We then al-
lowed DTPF to update more frequently than CTPF, but use the
same number of particles. The results, with 10 particles and
584 updates, are shown in the fourth graph and are labeled
DTPF3. The DTPF3 results show a significant improvement
in the performance of DTPF, although DTPF still does not per-
form as well as CTPF when the continuous variables are os-
cillating rapidly. Furthermore, we found the variance of the
estimates in DTPF3 to be higher than that produced by CcTPF.

Figure 4 shows the results of learning the @ matrix on the
small model. The results were quite promising. The first
graph compares the estimation error achieved by cTPF with
learning the (Q matrix and CTPF with using the true Q ma
trix. Both sets of cTPF experiments used 10 particles. We
see that the error of CTPF with learning comes close to that
of cTPF without learning after 1000 time steps. The second
graph shows the distance of the learned @ matrix from the
true Q matrix over time, computed as the sum of the element-
wise differences between the two matrices. The graph shows
the learned () matrix converging towards the true ) matrix.

Lastly, we tested the cTPF algorithm on our main applica-
tion, the continuous-time rover model. Despite the nonlin-
earity of the model, CTPF is able to track the wheel heights
relatively well with 10 particles. The results of the CTPF in-
ference, averaged over 20 runs, are presented in Figure 5 (one
graph per rover wheel). The tracking error is mainly due to
incorrect estimation of the wheel stuck variable. Whenever
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Figure 3: Estimation results

the CTPF estimate drifts from the ground truth, it is able to
quickly recover from the error and continue to closely track
the wheel heights. The empirical results confirm CTPF's ap-
plicability for monitoring complex continuous-time systems.

8 Conclusion and future work

Since most rea-world systems evolve in continuous time,
CTPF isanatural way to addressthe time granularity problem
that is often associated with systems that have components
that evolve at different rates. By performing state estimation
in continuous time, CTPF is also better suited for resource-
bounded computation since inference is no longer performed
at every fixed time step (asin the discrete-time particlefilter).
Our results show that cTPF can effectively track the state of
complex systems such as the rover. Moreover, when compar-
ison is possible with discrete-time approaches, CTPF tracks
the state more accurately. We believe that the approach is an
important step in making recent advances in particle filtering
applicable to amuch larger set of continuous-time problems.

An important aspect in hybrid system modelling is the is-
sue of autonomous transitions, in which the continuous state
triggers a discrete transition. \We model this in our approach
by making the intensity matrices dependent on the contin-
uous variables. This leads to difficulties in that while the
system is in a state, the distribution over the time the sys-
tem remains there may vary. At present we approximate this
by only computing the intensity matrix at updates or when
the discrete state changes. Thisis consistent with our aim of
resource-bounded computation. We plan to investigate other
aternatives such as resampling from an updated intensity ma-
trix when the current distribution deviates drastically from the
assumed distribution used for sampling.

Other areas of future work include applying this approach
with factored state spaces [Ng et al., 2002] to reduce the com-
plexity of the Kalman-Bucy updates, and implementating this
approach onboard an actual robot.
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Abstract

We present anovel method for indoor-location esti-
mation using avector-space model based on signals
received from a wireless client. Our aim is to ob-
tain an accurate mapping between the signal space
and the physical space without incurring too much
human calibration effort. This problem has tradi-
tionally been tackled through probabilistic models
trained on manually labeled data, which are expen-
sive to obtain. In this paper, we present a novel
approach to building amapping between the signal -
vector space and the physical location space using
kernel canonical correlation analysis (KCCA). Its
training requires much less human labor. More-
over, unlike traditional location-estimation systems
that treat grid points as independent and discrete
target classes during training, we use the physica
location as a continuous feedback to build asimilar-
ity mapping using KCCA. We test our algorithmin
a 802.11 wireless LAN environment, and demon-
strate the advantage of our method in both accu-
racy and its ability to utilize a much smaller set of
labeled training data than previous methods.

1 Introduction

Location estimation is a mgjor area of pervasive comput-
ing applications that range from context-dependent content
delivery to people monitoring . However, accurate loca-
tion information may not be always available. For example,
many buildings cannot be reached by |ocation-determination
devices such as GPS. In such environments, a commonly-
used technique is to leverage the signa strength values of
a wireless network such as the IEEE 802.11b wireless LAN
network (WLAN). Many systems utilize the signal strength
values received from the access points to infer the location
of mobile devices, based on deterministic or probabilistic
techniques [Ladd et al., 2002; Gentile and Berndt, 2004;
Youssef et al., 2003; Bahl and Padmanabhan, 2000; Ni et al .,
2003]. Similarly, in a sensor network, the location informa-
tion must also be inferred from signal s received from various
deployed sensors. A major issue in these applications is how
to build an accurate mapping between the signal space and
the physical space while incurring minimal human effort.

In general, location-estimation systems using (RF)-based
signal-strength values function in two phases: an offlinetrain-
ing phase and an online, localization phase. In the offline
phase, a probabilistic model istrained by considering the sig-
nal strength values received from the access points at selected
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locations in the area of interest. These values comprise the
training data gathered from a physical region, which are used
to calibrate a probabilistic |ocation-estimation system. In the
online localization phase, the real-time signal strength sam-
ples received from the access points are used to estimate the
current location based on the learned model.

In the training phase, the learned model is essentialy a
mapping function f(S,P) between the signal space S and
the physical location space P. Deterministic techniques build
such a mapping function by assuming a signal propagation
model based on properties of electro-magnetic fields. These
signal-propagation model s often cannot accurately describe a
realistic environment due to uncertainty in the devicesand the
obstacles in the signal paths. Probabilistic techniques are of -
ten more accurate by directly handling the uncertainty. These
techniques construct the function f(-,-) by maximizing the
likelihood of the observation given the probabilistic distribu-
tion of the training data used for calibration.

However, the probabilistic methods suffer from several
major shortcomings. First, these techniques require a huge
amount of labeled data for the trained model to be accurate.
In redlity, the data collection is a time-consuming process.
In our experience, for example, in our earlier test it took
many hours to collect and label the signal-strength data in
alimited indoor environment. Second, the mapping between
the signal and physical spaces are very difficult to construct
due to nonlinearity. Nonlinearity exists when similar loca-
tionshave very different signal signatures. Therefore, adirect
mapping between the two spaces may not always work well,
even when much dataare collected. Third, many probabilistic
techniques adopt a classification-based approach, by treating
the locations as discrete classes to be classified. However,
this approach ignores the important information inherent in
the physical proximity of the locations. Furthermore, pre-
vious methods that apply regression based techniques treat
the physical dimensions (z,y) separately, they cannot fully
exploit the geometric information imparted by considering =
and y together.

In this paper, we present a similarity-based approach to
building a mapping function. Our main intuition is to per-
form akernel-based transformation of the signal and physical
spaces to capture the nonlinear relationship between the sig-
nals and locations. Furthermore, we perform akernel canoni-
cal correlation analysis (KCCA) in the two spaces for feature
extraction. Thisallowsthe pairwise similarity of samplesthat
are measured in both spaces to be maximally correlated. We
apply a Gaussian kernel to adapt the noisy characteristic of
signal strength and use a Matérn kernel to sense the change

UNCERTAINTY



in physical locations.

A major advantage of our proposed technique is that we
can obtain higher accuracy while reducing the training cost by
requiring only afraction of the labeled samples as compared
to previous methods. We demonstrate this result in a series of
tests on WLAN location estimation using the data collected
in arealistic environment.

2 Reated Work

2.1 Location Estimation

L ocation-estimation systems are an integral component for
probabilistic plan-recognition systems in Al [Liao et al.,
2004; Bui et al., 2002]. In general, they operate in two
phases. an offline training phase and an online localization
phase. During the offline phase, a radio map is built which
tabulates the signal strength received from the access points
at selected locations in the area of interest. During the local-
ization phase, the signa strength samples received from the
access points are used to search the radio map to estimate a
user’s location. In building the radio maps, two techniques
have been attempted: deterministic and probabilistic.

Deterministic techniques rely on radio propagation models
which take into account such environmental factors as path-
lossfunctions [Roos et al., 2002a; K aemarungsi and Krishna-
murthy, 2004]. When thisis possible to do where uncertainty
is relatively low, signal distribution models can be derived
with arelatively small number of samples using knowledge
on propagation channels [Hashemi, 1993]. This also enables
the nearest neighbor or triangulation techniques to be used
[Bahl and Padmanabhan, 2000; Smailagic and Kogan, 2002;
Bhasker et al., 2004]. For example, the RADAR system
by Microsoft Research [Bahl and Padmanabhan, 2000] uses
nearest neighbor heuristics and triangulation methods to in-
fer a user's location. Each signal strength sample is com-
pared against the radio map and the coordinates of the best
matches are averaged to give location estimation. The accu-
racy of RADAR is about three meters with fifty percent prob-
ability. In [Bhasker et al., 2004], an online procedure based
on feedback from users was employed to correct the loca
tion estimation of the system. A similar technique for sensor
networks has been applied; for example, the LANDMARC
system [Ni et al., 2003] utilizes the concept of reference tags
to alleviate the effects caused by the fluctuation in RF signa
strength. The method first computes the distance between the
signal-strength vectors received from the tracking tags and
those from different reference-tags' respectively. It then uses
k nearest reference tags' coordinates to cal cul ate the approx-
imate coordinate of the tracking tag.

Probabilistic techniques confront the uncertainty in an
indoor wireless environment, by constructing the signal-
strength distributions over different locations in the radio
map and use probabilistic inference methods for localization
[Roos et al., 2002b; Youssef et al., 2003]. [Youssef et al.,
2003] used ajoint clustering technique to group locations to-
gether in order to reduce the computational cost of the sys-
tem. The method first determines a most likely cluster within
which to search for the most probable location, then applies
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amaximum likelihood estimation (MLE) method to infer the
most probable location within the cluster.

More recently, intense research efforts have been spent to
seek additional knowledge in order to boost the accuracy of
the location determination systems. For example, to handle
the sequential characteristic of user traces, [Ladd et al., 2002]
suggest a sensor fusion model and shows a strong correla-
tion between consecutive samples. The robotics-based loca-
tion sensing system in [Ladd et al., 2002] applies Bayesian
inference to compute the conditional probabilities over lo-
cations based on received signal-strength samples from var-
ious access points. Then a postprocessing step, which uti-
lizesthe spatia constraints of a user’'s movement trajectories,
refines the location estimation and rejects the estimates that
show significant changes in the location space. Depending
on whether the postprocessing step is used or not, the accu-
racy of this method is 83% or 77% within 1.5 meters. [Yin et
al., 2005; Ni et al., 2003] study the dynamic features of signal
strength and build a regression model to adapt the change of
radio map with reference points. A radio map is constructed
using data mining methods in an effort to reduce the samples
collected for calibration[Chai and Yang, 2005].

In contrast to the above works, our approach builds a simi-
larity based mapping function by making full use of the con-
tinuous location information in kernel-based transformation.
In the next section, we first review kernels and kernel canon-
ical correlation analysis.

2.2 (Kernel) Canonical Correlation Analysis

Canonical Correlation Analysis

Given two sets of variables, canonica correlation anal-
ysis (CCA) [Hotelling, 1936] attempts to find a ba
sis for each set such that the correlation between
the projections of the variables onto these basis vec-
tors are mutually maximized. = Mathematically, given
n ingtances S = {(x1,y1),(X2,¥2)s---, (Xn,yn)} Of
the pair (x,y), CCA finds directions (canonical vec-
tors) wx and w, so that the transformed variables
(canonical variates) ((wx,X1), (Wx, X2), ..., (Wx,X,)) and
((Wy,¥1), (Wy,¥2),. .., (Wy,¥n)), @e maximaly corre-
lated. Now, define the total covariance matrix by

())& &]

Yy y Cyx Cyy |’
where E[.] is the empirical expectation operator, Cyx, Cyy
are the within-sets covariance matrices and Cy, = Cg,x is
the between-sets covariance matrix. It can be shown that
wy can be aobtained by solving the generalized eigenprob-
lem Cy,y C,y CyxWx = A?CxxWy, and then subsequently

obtain wy, aswy, = +C;J Cyxwy [Hardoon et al., 2004].

Kernel Canonical Correlation Analysis

A major limitation of CCA is that it can only exploit linear
relationships between x and y. Asis now well-known, the
use of kernels offers an efficient, nonlinear extension of CCA.
Kernel canonical correlation analysis (KCCA) [Hardoon et
al., 2004] implicitly maps x and y to ¢, (x) and ¢, (y), and
then performs traditional CCA in the two high-dimensional

C=E
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feature spaces. To control the flexibility of the projections,
the norms of the associated weight vectors are penalized.

Using the dual representations for the projection directions
W (x) and W¢y () :

where Sd):n(x) = [¢$(X1), . ,¢$(Xn)]/ S(i)y(y) =
[y (¥1)s-- -, 0y(yn)], and o, 3 € R™. Denote the corre-
sponding kernel functionsby kx (-, -) and & (-, -), and the ker-
nel matrices (defined on &l n instances) by K and K. It
can be shown that o« can be obtained by solving the general-
ized eigenproblem

(Kx + kD) 'Ky (Ky + £I) 'Kya = Mo, (2

where I isthe identity matrix and « is a user-defined regular-
ization parameter. Subsequently, 3 can be obtained as

1
B = X(Ky + kD) ' Kya. 3
Given any X, its projection on w_ () isgiven by
Pi(X) = ¢2(X) Wy, (x) = Kz, 4
where kz = [kx(X,X1), kx(X, X2), ..., kx(X,x,)]’. Simi-

larly, the projection of any ¥ onto wy, () is Py (¥) = k'yﬁ,
where kS’ = [ky(y7 y1)7 ky(f@ y2)7 ) ky(ya yn)]/

The generalized eigenproblem in (2) can be solved by us-
ing the (complete) Cholesky decomposition. However, the
kernel matrices K« and K, are of size n, and so obtaining
the Cholesky decomposition can become computational ex-
pensive for large training sets. In that case, the incomplete
Cholesky decomposition or the partial Gram-Schmidt orthog-
onalization can be used instead [Hardoon et al., 2004].

3 Location Estimation using KCCA

3.1 Motivation

Consider the two-dimensional location estimation problem?.
Its goal is to obtain a mapping between the space of sig-
nal strengths obtained at p access points S = {s =
[s1,52,...,5p) € RP} and the physical space P = {£ =
[z,y]" € R?}. Traditional approaches typically learn the two
mappings, S — {z} and S — {y}, independently [Brunato
and Battiti, 2004]. In this paper, we consider x and y together
and emphasize the correlation between signal and physical
spaces, observing that the pairwise similarity in the signa
space should match the pairwise similarity in the physica
space. For example, in Figure 1, signal S4 should be more
similar to S than S¢, since A is closer to B in the physical
space. Consequently, we consider both z and y together and
use KCCA to learn the mapping between the two spaces.

3.2 TheLE-KCCA Algorithm
Offline Training Phase
In the training phase, the following steps are taken:

'Extension to the three-dimensional (or
dimensional) case is straight-forward

even higher-
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Figure 1: Correlation between the signal and physical spaces.

1. Signa strengths are collected at various grid locations.

2. KCCA, with appropriate choices for the two kernels
(Section 3.3), is used to learn the relationship between
the signal and physical spaces. In particular, A;’'s and
«a;'s are obtained from the generalized eigenproblem in
(2), and the corresponding 3,’s from (3).

3. For each training pair (s;, £;), its projections
P(Sl) = [Pl(Si),PQ(Si),...,PT(Si)]/ (5)
onthe T' canonical vectors are obtained from (4).

Online Localization Phase
In the localization phase, the location of anew signal strength
vector s is estimated as follows;

1. Use(4) to project s onto the canonical vectorsand obtain
P(8) = [P1(8), P2(8), ..., Pr(s)]".

2. Among the projections (5) from the training samples,
find the M neighbors closest to P(8). In this paper,

the weighted Euclidean distance d; = Y~ ;(P;(8)—
P;(s;))? isemployed.

3. Interpolate these neighbors’ physical locationsto predict
the physical location of S. In this paper, we simply out-
put the median (or mean for continuous location estima-
tion) of the (x, y) coordinates of these M neighbors.

3.3 Choiceof Kernels

Signal-strength values are often noisy. The empirica dis-
tribution (radio map) is difficult to obtain, especially when
the training samples are scarce. Asafirst approximation, the
Gaussian distribution has been used in characterizing the non-
linearity of the signal strengths [Roos et al., 2002b]. Hence,
in this paper, we also use the Gaussian kernel G(x1,x2):

exp(—wlx —x2|) (6)

for the S space. Here, w¢ is a user-defined parameter that
reflects the smoothness of the radio map.

On the other hand, measurements of the physical locations
are relatively clean. As in [Schwaighofer et al., 2004], we
adopt the Matérn kernel M (x4, x5) (Figure 2):

2(v/vwllx1 — xo])”
L(v) K,

where v isasmoothness parameter, I'(v) isthe Gamma func-
tion and K, (r) isthe modified Bessel function of the second

Vrwm|x —xal),  (7)
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kind. It can be shown that when v — oo, the Matérn ker-
nel degenerates to the Gaussian kernel, and to the exponential
kernel exp(—\/inxl — x2||) when v = 0.5. Note that both
the Gaussian and Matérn kernels are isotropic and so are in-
variant to the location of origin and to arbitrary rotation.

1

M), w=04 v=+e Gaussian ||
- - —v=15

v=0.5 Exponential |

0.9

08t
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06
05F
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03f
021 Z
01

0

-4 [ 2 4 6
[l= =1l

Figure 2: The Matérn kernel.

4 Experiments

In this Section, experiments are performed to measure the ac-
curacy of LE-KCCA, and also test whether this is useful in
reducing calibration effort. For comparison, we also run; (1)
support vector machine (SVM) [Brunato and Battiti, 2004];
(2) maximum likelihood estimation (MLE) [Youssef et al.,
2003]; and (3) RADAR [Bahl and Padmanabhan, 2000].

4.1 Setup

Experiments are performed based on the office layout in the
Department of Computer Science , The Hong Kong Univer-
sity of Science and Technology (Figure 3). There are four
hallways with a total of 99 grids, where each grid measures
15m x 1.5m. There are only three access points in Fig-
ure 3, though a total of eight access points (including some
from other floors) are detected. Each sample is thus an 8-
dimensional signa strength vector, with the measurements
averaged in one second. 100 such samples are collected at
the center of each grid, with atotal of 9,900 samples obtained.
We randomly use 65% of the 9,900 samples for training and
the rest for testing. To reduce statistical variability, results
here are based on averages over 10 repetitions.

Room2 —|

Entrance 3

.
Entrance |
—

1 Environmnt Settting
1
=
T Areas: Office, Rooml1 and Room2
Entrances: Entrance 1 ~ 3
HWs: HallWay 1 ~ 4
BSs: Base Stations as indicated by
double concrete circles

o Wi
Entrance 2
—

~—_

Rooml

Figure 3: Office layout used in the experiments.
We set wg in (6) to 0.1, wy, in (7) to 0.05, and M
(the number of neighbors used in the localization phase) to
17. Preliminary studies show that the accuracy only changes
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dlightly (within 1%) when M varies in the range 7 to 31.
Moreover, v in (7) is set to 0.5, and thus the Matérn kernel
degenerates to the exponential kernel.

4.2 Location Estimation Accuracy

Figure 4 plots the average testing accuracies (and the cor-
responding standard deviations) at different acceptable error
distances. At an error distance of 3.0m, the accuracy of LE-
KCCA is 91.6% while those of SYM, MLE and RADAR are
87.8%, 86.1% and 78.8% respectively. Thus, by utilizing
the pairwise distance similarities in physical locations, LE-
KCCA obtains better performance than the other methods.
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Error Distance

Figure 4: Testing accuracies at different error distances.

4.3 Reduction in Calibration Effort

In the first experiment, we use all the 99 grid locations but
only a random subset of the signal samples available at each
location for training. Figure 5 shows the testing accuracies at
error distances of 1.5mor 3.0m. Ascan be seen, by using only
10-15 random training samples at each location, LE-KCCA
can aready outperform the other methods that use afull set.

In the second experiment, we select a subset of the avail-
able grid locations, and then use all the training signal sam-
ples at those selected locations for training. Evaluation is
performed on both the unseen signal samples at the selected
grid locations and also at the unseen locations. Again, Fig-
ure 6 shows that LE-KCCA yields better performance. Thus,
LE-KCCA, by maximizing the correlation between signal
and physical spaces, can reduce the calibration effort dra-
matically. With the physical location similarity as feedback,
samples from the same locations move closer together, while
those from different locations are pushed away under the
feature-space mapping built by LE-KCCA.

We believe that LE-KCCA performs well. To validate this
claim, we conduct another three experiments for comparison.
Thefirst onetreatsall the grid locations separately, which can
be achieved by using alarge value for wy, in the Matérn ker-
nel (in this experiment, we set wy; = 50). Thisis denoted
as |solated-K CCA in the sequel. Another extreme case is to
modify the LE-KCCA agorithm so that the signal space is
correlated with = and y separately (denoted 1D-KCCA). A
third experiment is to modify both Gaussian and Matérn ker-
nelsto linear ones (Linear CCA). Experiments are performed
inthe same setting asfor Figure5. Ascanbeseenin Figure 7,
al three variants lead to degraded performance as expected.
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Figure 5: Effect on varying the number of training samples at each grid location.

Figure 6: Effect on varying the number of grid locations in training.
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1370

NEXT SECTION

UNCERTAINTY





