
Linear CCA has an accuracy that is lower than 60% on every
test set, and so its results are not shown in the figure.

5 Conclusions and Future Work
This paper focuses on using KCCA to improve the accuracy
of location estimation in wireless LANs. We have found that
kernel transformation and CCA allow the construction of an
accurate mapping between the physical space and the signal
space. One advantage is the higher accuracy obtained in lo-
calization with much less calibration effort. We use a Gaus-
sian kernel for the signal space to adapt to the noisy character-
istic of radio-propagation channels, and a Matérn kernel for
the physical space. The advantage of KCCA is shown through
extensive experimental tests in a realistic environment. In this
paper, we constructed the mapping without considering the
additional information of user motion profiles. In the future,
we plan to take the user-motion profiles into account, which
may lead to higher accuracy with even less calibration effort.
Likewise, we wish to experiment more with other environ-
mental and contextual factors to boost the performance.
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Abstract

In this paper, we provide an algebraic approach to
Markov Decision Processes (MDPs), which allows
a unified treatment of MDPs and includes many ex-
isting models (quantitative or qualitative) as par-
ticular cases. In algebraic MDPs, rewards are ex-
pressed in a semiring structure, uncertainty is rep-
resented by a decomposable plausibility measure
valued on a second semiring structure, and prefer-
ences over policies are represented by Generalized
Expected Utility. We recast the problem of find-
ing an optimal policy at a finite horizon as an alge-
braic path problem in a decision rule graph where
arcs are valued by functions, which justifies the
use of the Jacobi algorithm to solve algebraic Bell-
man equations. In order to show the potential of
this general approach, we exhibit new variations
of MDPs, admitting complete or partial preference
structures, as well as probabilistic or possibilistic
representation of uncertainty.

1 Introduction
In the field of planning under uncertainty, the theory of
Markov Decision Processes (MDPs) has received much at-
tention as a natural framework both for modeling and solving
complex structured decision problems, see e.g.[Deanet al.,
1993; Kaeblinget al., 1999]. In the standard MDP approach,
the utilities of actions are given by scalar rewards supposed
to be additive, uncertainty in the states of the world and in
the consequences of the actions are represented with proba-
bilities, and policies are evaluated using the expected utility
(EU) model. Although these choices are natural in various
practical situations, many other options are worth investigat-
ing for several reasons :

• Rewards of actions are not necessarily scalar nor additive.
In multi-agent planning or in multicriteria MDPs, the utility
of any action is given by a vector of rewards (one per agent or
criterion) and actions are compared according to Pareto dom-
inance[Wakuta, 1995]. In qualitative frameworks, rewards
are valued on an ordinal scale and therefore are not additive.
The sum is then replaced by the min, max or any refinement
of them, depending on the context.

• Non-probabilistic representation of uncertainty might be
of interest. In practice, it is sometimes difficult to quantify
precisely the plausibility of states and consequences of ac-
tions. Assessing probabilities in such situations seems diffi-
cult. For this reason, alternative approaches based on quali-
tative representations of uncertainty have been proposed (see
e.g.[Darwiche and Ginsberg, 1992; Dubois and Prade, 1995;
Wilson, 1995]) and might be used in the context of MDPs.

• Non-EU theories offer also interesting descriptive possibil-
ities. Despite the appeal of the expected utility model and
its theoretical foundations[von Neumann and Morgenstern,
1947; Savage, 1954], recent developments of decision theory
have shown the descriptive potential of alternative representa-
tions of preferences under uncertainty. For example, the rank
dependent expected utility theory (RDEU) is a sophistication
of EU theory using probability transforms to better account
for actual decision making behaviors under risk[Quiggin,
1993]. Besides this extension, various alternatives to EU have
been proposed for decision making in a non-probabilistic set-
ting. Among them, let us mention the qualitative expected
utility (QEU) theories proposed in[Dubois and Prade, 1995]
and [Giang and Shenoy, 2001], and very recently, the gen-
eralized expected utility theory (GEU) proposed in[Chu and
Halpern, 2003a; 2003b] which generalizes the notion of ex-
pectation for general plausibility measures.

Despite the diversity of models proposed for decision mak-
ing under uncertainty, very few of them are used in the con-
text of dynamic decision making. This gap can be explained
by the inconsistencies entailed by the use of non-EU criteria
(typically RDEU) in the dynamic context[Machina, 1989;
Sarin and Wakker, 1998]. Indeed, when using a given non-
linear utility criterion at each decision stage, the Bellman
principle is generally violated, so that backward induction is
likely to generate a dominated policy; further, there is in gen-
eral no operational way to determine an optimal policy. This
simple statement largely explains the predominance of the EU
model in dynamic decision making under risk.

In the last decade however, some alternative models to EU
have been proved to be dynamically consistent, thus provid-
ing new possibilities for sequential decision making. This
is the case of qualitative expected utility theory[Dubois and
Prade, 1995] that has led to a possibilistic counterpart of
MDPs [Sabbadin, 1999] with efficient algorithms adapted
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from backward induction and value iteration, substitutingop-
erations (+,×) by (max,min) in computations. In the same
vein, [Littman and Szepesvári, 1996] propose a generalized
version of MDPs wheremax and+ are substituted by ab-
stract operators in Bellman equations, and[Bonet and Pearl,
2002] propose a qualitative version of MDPs. Besides these
positive results, very few alternatives to standard MDPs have
been investigated.

Among the diversity of possible choices for defining a re-
ward system, a plausibility measure over events and a pref-
erence over lotteries on rewards, we need to know which
combination of them can soundly be used in the context of
MDPs and which algorithm should be implemented to deter-
mine an optimal policy. For this reason, we propose in this pa-
per an algebraic generalization of the standard setting, relying
on the definition of a semiring structure on rewards, a semi-
ring structure on plausibilities of events, and a generalized
expectation model as decision criterion[Chu and Halpern,
2003a]. The generalization power of semirings have been al-
ready demonstrated in AI by[Bistarelli et al., 1995] in the
context of constraint satisfaction problems. Within this gen-
eral setting, our aim is to present a unified treatment of MDPs
and to provide algorithmic solutions based on the general Ja-
cobi algorithm (initially introduced to solve systems of linear
equations).

The paper is organized as follows: in Section 2, we show
by example how to recast an MDP as an optimal path prob-
lem in a decision graph. Then we introduce an algebraic
framework for MDPs, relying on the definition of algebraic
structures on rewards, plausibilities and expectations (Section
3). In Section 4 we justify the use of the Jacobi algorithm
as a general procedure to determine an optimal policy in an
Algebraic MDP (AMDP). Finally, we consider in Section 5
some particular instances of AMDPs, including new proba-
bilistic and possibilistic MDPs using partial preferencesover
rewards.

2 Decision Rule Graph in MDPs
We briefly recall the main characteristics of a Markov Deci-
sion Process (MDP)[Puterman, 1994]. It can be described as
a tuple(S,A, T,R) where:
• S = {s1, . . . , sn} is a finite set of states,
• A = {a1, . . . , am} is a finite set of actions,
• T : S×A→ Pr(S) is a transition function, giving for each
state and action, a probability distribution over states (in the
sequel, we writeT (s, a, s′) for T (s, a)(s′)),
• R : S × A → R is a reward function giving the immediate
reward for taking a given action in a given state.
A decision rule is a function from the set of statesS to the
set of actionsA. There areN = mn available decision rules
at each step. We write∆ = AS = {δ1, . . . , δN} the set of
decision rules. A policy at stept (i.e., thetth-to-last step) is
a sequence oft decision rules. For a policyπ and a decision
rule δ, we note(δ, π) the policy which consists in applying
first decision ruleδ and then policyπ.

A history is a realizable sequence of successive states and
actions. The accumulated reward corresponding to a his-
tory γt = (st, at, st−1, . . . , a1, s0) (with initial statest) is

δ1 δ2 δ3 δ4

s1 a1 a1 a2 a2

s2 a1 a2 a1 a2

Table 1: Decision rules.

R(γt) =
∑t

i=1 R(si, ai). We denoteΓt(s) the set oft-step
histories starting froms. For an initial states, a t-step policy
π = (δt, . . . , δ1) induces a probability distributionPrπ

t (s, ·)
over histories. Thet-step value of being in states and exe-
cuting policyπ is given by (expected accumulated reward):

vπ
t (s) =

∑

γ∈Γt(s)
Prπ

t (s, γ)R(γ)

Denotingvπ
t the vector whoseith component isvπ

t (si), any
two t-step policiesπ, π′ can be compared using the compo-
nentwise dominance relation≥Rn defined by:

vπ
t ≥Rn vπ′

t ⇐⇒
(

∀s ∈ S, vπ
t (s) ≥ vπ′

t (s)
)

Thet-step value of a policy of the form(δi, π) is defined re-

cursively byv
(δi,π)
0 = (0, . . . , 0) and v

(δi,π)
t = f i(vπ

t−1),
wheref i : R

n → R
n is the update function which associates

to any vectorx = (x1, . . . , xn) the vector(f i
1(x), . . . , f i

n(x))
wheref i

j(x) = R(sj , δi(sj)) +
∑n

k=1 T (sj , δi(sj), sk)xk.

Example 1 Consider an MDP withS = {s1, s2}, A =
{a1, a2}, T (si, aj , sk) = 1 if i = j = k and 0.5 other-
wise, R(s1, a1) = 8, R(s1, a2) = 7, R(s2, a1) = 12 and
R(s2, a2) = 11. Thus, there areN = 4 available decision
rules at each step (see Table 1). For instance, decision rule
δ2 consists in applying actiona1 in statess1 and actiona2

in states2. In this example, the functionsf i are given by:
f1(x1, x2) = (8 + x1, 12 + 0.5x1 + 0.5x2)
f2(x1, x2) = (8 + x1, 11 + x2)
f3(x1, x2) = (7 + 0.5x1 + 0.5x2, 12 + 0.5x1 + 0.5x2)
f4(x1, x2) = (7 + 0.5x1 + 0.5x2, 11 + x2)

for all (x1, x2) ∈ R
2.

Given a finite horizonH, the optimal policyπ∗ can be
found thanks to the following Bellman equations:

vπ∗

0 = (0, . . . , 0)
vπ∗

t = maxi=1...N f i(vπ∗

t−1) t = 1 . . . H
(1)

The solution of these equations can be reduced to a vector-
weighted optimal path problem in a particular graph, with up-
date functions (thef i’s) on the arcs allowing the propagation
of policy values over nodes. Indeed, consider a graph where
each nodeδi

t corresponds to decision ruleδi at stept, and
each arc of the form(δi

t, δ
j
t−1) corresponds to a transition be-

tween decision rules. Moreover, nodesδ
j
1, j = 1 . . . N are

connected to a sink denoted0, and a source denotedH is
connected to nodesδj

H , j = 1 . . . N . Hence, any path from
nodeδi

t to node0 corresponds to at-step policy where deci-
sionδi is applied first. We name that graph thedecision rule
graph. Note that the Bellman update viaf i’s is nicely sepa-
rable (f i

j ’s can be computed independently) and therefore the
vector value of a path can be obtained componentwise (state
by state) as usual in classic MDP algorithms. This property
will be exploited later on for Algebraic MDPs. Coming back
to Example 1 and assuming thatH = 2, there are16 available
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Figure 1: A decision rule graph.

policies (all possible combinations of two successive decision
rules). The corresponding graph is pictured on Figure 1.

For all i = 1 . . . n, functionf i is associated to every arc
issued fromδi

t, t = 1 . . . H. Moreover, the identity function
is assigned to every arc issued fromH. Thus, the optimal
policy can be computed thanks to backward induction on the
decision rule graph, by propagating the value(0, . . . , 0) ∈
R

n from the sink0 corresponding to the empty policy. In
Example 1, backward induction leads to the labels indicated
in Table 2. The optimal policy value can be recovered on
nodeH. The optimal vector value is(17, 23) and the optimal
policy (recovered from bolded values in Table 2) is(δ4

2 , δ1
1).

t δ1
t δ2

t δ3
t δ4

t

1 (8,12) (8,11) (7,12) (7,11)
2 (16,22) (16,23) (17,22) (17,23)

Table 2: Labels obtained during backward induction.

In the next section, we show how to generalize this ap-
proach to a wide range of MDPs. In this concern, we intro-
duce the notion of algebraic Markov decision process.

3 Algebraic Markov Decision Process
We now define a more general setting to model rewards and
uncertainty in MDPs. Our approach relies on previous works
aiming at generalizing uncertainty measurement and expec-
tation calculus. Our rewards take values in a setV and we
use plausibility measures1 [Friedman and Halpern, 1995] to
model uncertainty. A plausibility measurePl is here a func-
tion from 2W (the set of events) toP , whereW is the set
of worlds,P is a set endowed with two internal operators⊕

P

and⊗
P

(the analogs of + and× in probability theory), a (pos-
sibly partial) order relation�P , and two special elements0P

and1P such that1P �P p �P 0P for all p ∈ P . Further-
more,Pl verifiesPl(∅) = 0P , Pl(W ) = 1P andPl(X) �P

Pl(Y ) for all X,Y such thatY ⊆ X ⊆ W . We assume here
thatPl is decomposable, i.e.Pl(X ∪ Y ) = Pl(X)⊕

P
Pl(Y )

for any pair of disjoint eventsX andY . To combine plausi-
bilities and rewards, we use the generalized expectation pro-
posed by[Chu and Halpern, 2003a]. This generalized ex-
pectation is defined on an expectation domain(V, P,⊞,⊠) 2

1This notion must not be confused with the Dempster-Shafer no-
tion of plausibility function.

2In [Chu and Halpern, 2003a], an expectation domain is written
(U, P, V, ⊞, ⊠). This structure can be simplified here sinceV = U .

where⊞ : V × V → V and⊠ : P × V → V are the coun-
terparts of+ and× in probabilistic expectation, and the three
following requirements are satisfied:(x⊞y)⊞z = x⊞(y⊞z),
x ⊞ y = y ⊞ x, 1P ⊠ x = x. For any plausibility distribution
Pl onV having its support inX, the generalized expectation
writes:

∑⊞

x∈X Pl(x) ⊠ x.
An Algebraic MDP (AMDP) is described as a tuple

(S,A, T,R), whereT andR are redefined as follows:
• T : S × A → Pl(S) is a transition function, wherePl(S)
is the set of plausibility measures overS valued inP ,
• R : S × A → V is a reward function giving the immediate
reward inV .
Consistently with the standard Markov hypothesis, the next
state and the expected reward depend only on the current state
and the action taken. In particular, plausibility distributions
of typeT (s, a) are (plausibilistically) independent of the past
states and actions. This plausibilistic independence refers to
the notion introduced by[Friedman and Halpern, 1995] and
leads to the following algebraic counterpart of the probabilis-
tic independence property:Pl(X ∩ Y ) = Pl(X) ⊗

P
Pl(Y )

for any pairX, Y of independent events.
In this setting, rewards and plausibilities take values in two

semirings. Roughly speaking, a semiring is a set endowed
with two operators allowing the combination of elements (re-
wards or plausibilities) together. We now recall some defini-
tions about semirings.

Definition 1 A semiring(X,⊕,⊗,0,1) is a setX with two
binary operations⊕ and⊗, such that:
(A1) (X,⊕,0) is a commutative semigroup with0 as neutral
element(i.e., a⊕b = b⊕a, (a⊕b)⊕c = a⊕(b⊕c), a⊕0 = a).
(A2) (X,⊗,1) is a semigroup with1 as neutral element, and
for which0 is an absorbing element(i.e., (a⊗ b)⊗ c = a⊗
(b⊗ c), a⊗ 1 = 1⊗ a = a, a⊗ 0 = 0⊗ a = 0).
(A3) ⊗ is distributive with respect to⊕ (i.e., (a ⊕ b) ⊗ c =
(a⊗ c)⊕ (b⊗ c), a⊗ (b⊕ c) = (a⊗ b)⊕ (a⊗ c)).

A semiring is said to beidempotentwhen (X,⊕) is
an idempotent commutative semigroup (i.e., a commutative
semigroup such thata ⊕ a = a). The idempotence of⊕ en-
ables to define the following canonical order relation�X :

a �X b ⇐⇒ a⊕ b = a ∀a, b ∈ X

From now on, we will assume that the rewards are elements
of an idempotent semiring(V,⊕

V
,⊗

V
,0V ,1V ). Operator

⊕
V

is used to select the optimal values inV , whereas operator
⊗

V
is used to combine rewards. In classic MDPs with the

total reward criterion,⊕
V

= max and⊗
V

= +.
Moreover the structure(P,⊕

P
,⊗

P
,0P ,1P ) is also sup-

posed to be a semiring. Operator⊕
P

allows to combine the
plausibilities of disjoint events and operator⊗

P
allows to

combine the plausibilities of independent events. Note that
the assumption that(P,⊕

P
,⊗

P
,0P ,1P ) is a semiring is not

very restrictive since[Darwiche and Ginsberg, 1992], who
use similar properties to define symbolic probability, have
shown that it subsumes many representations of uncertainty,
such as probability theory, possibility theory and other impor-
tant calculi used in AI.

1374 UNCERTAINTY



Now that the general framework has been defined, we
can follow the usual approach in MDPs and define a value
function for policies. The accumulated reward for a history
γ = (st, at, st−1, . . . , a1, s0) is R(γ) =

⊗t
i=1 R(si, ai). For

an initial states, a t-step policyπ = (δt, . . . , δ1) induces a
plausibility measurePlπt (s, ·) over histories. Such a policy
will be evaluated with respect to the generalized expectation
of accumulated reward, which writes:

vπ
t (s) =

∑⊞

γ∈Γt(s)
Plπt (s, γ) ⊠ R(γ)

The policies can be compared with respect to the componen-
twise dominance relation�V n between vectors inV n:

x �V n y ⇐⇒ (∀i = 1, . . . , n, xi �V yi)

for all x = (x1, . . . , xn), y = (y1, . . . , yn) ∈ V n.
Most of the MDPs introduced previously in the literature

are instances of our algebraic MDP:
- In standard MDPs, the underlying algebraic structure
on P is (P,⊕

P
,⊗

P
,0P ,1P ) = ([0, 1],+,×, 0, 1), and

operators⊞ = + and ⊠ = × are used to define
the classic expectation operation. When rewards are de-
fined on(V,⊕

V
,⊗

V
,0V ,1V ) = (R,max,+,−∞, 0) where

R = R ∪ {−∞}, we recognize the total reward crite-
rion. With (R,max,+γ ,−∞, 0) (wherex +γ y = x + γy),
we recognize the weighted total reward criterion. With
(R,max,+H ,−∞, 0) wherea+H b = 1

H
a+b, we recognize

the average reward criterion assuming that there is an initial
dummy step with zero reward.
- Qualitative MDPs, introduced in[Bonet and Pearl, 2002],
are AMDPs where the rewards and the plausibility measures
are defined on the semiring of two-sided infinite formal se-
ries, which is a subset of the extended reals[Wilson, 1995].

In order to assign functions to the arcs in the decision rule
graph, we first definef i

j : V n → V (the update function after
applying decision ruleδi in statesj), for all x ∈ V n, by:

f i
j(x) = R(sj , δi(sj))⊗

V

(

∑⊞

i=1..n T (sj , δi(sj), si) ⊠ xi

)

.

Then, for any decision ruleδi, we define the update function
f i : V n → V n which associates to any vectorx ∈ V n the
vector(f i

1(x), . . . , f i
n(x)).

Dynamic consistency in AMDPs is guaranteed by specific
properties on functionsf i. The fulfillment of these properties
strongly relies on the following conditions:
(C1) p ⊠ (x⊕

V
y) = (p ⊠ x)⊕

V
(p ⊠ y)

(C2) x ⊞ (y ⊕
V

z) = (x ⊞ y)⊕
V

(x ⊞ z)

(C3) p ⊠ (q ⊠ x) = (p⊗
P

q) ⊠ x

(C4)
∑⊞

i pi ⊠ (x⊗
V

yi) = x⊗
V

(
∑⊞

i pi ⊠ yi)

(C5) p ⊠ (x ⊞ y) = (p ⊠ x) ⊞ (p ⊠ y)

for all p, q, pi ∈ P, x, y, z, yi ∈ V .
Conditions(C1) and(C2) are two distributivity properties

entailing a kind of additivity of�V w.r.t. ⊠ and ⊞ (i.e.,
x �V y ⇒ (z ∗ x �V z ∗ y) for ∗ ∈ {⊠,⊞}). Condition
(C3) enables the reduction of lotteries. Condition(C4) en-
ables to isolate a sure reward in a lottery and is similar to the
distributivity axiom used in[Luce, 2003]. Condition(C5) is
a distributivity condition as in classic expectation. We now
establish a monotonocity result that will be used later (Prop.

3) to justify a dynamic programming approach.

Proposition 1 If (C1) and (C2) hold, then f i is non-
decreasing for allδi ∈ ∆, i.e

∀x, y ∈ V n,
(

x �V n y ⇒ f i(x) �V n f i(y)
)

Proof. Let x, y in V n s.t. x �V n y. For sj ∈ S, we have
∑⊞

k T (sj , δi(sj), sk) ⊠xk �V

∑⊞

k T (sj , δi(sj), sk) ⊠yk

by (C1) and(C2). Thanks to distributivity of⊗
V

over⊕
V

,
we havef i

j(x) �V f i
j(y). Therefore,f i(x) �V n f i(y).

Moreover, the value of a policyπ can be computed recur-
sively thanks to the following result:

Proposition 2 Let π = (δi, π′) a (t + 1)-step policy, and
assume thatvπ

0 = (1V , . . . ,1V ). If (C3), (C4) and (C5)

hold, thenvπ
t+1 = f i(vπ′

t ) for all t ≥ 0.

Proof. Let s be a state anda denoteδi(s). We note
γt = (st, at, . . . , a1, s0) andγt+1 = (s, a, st, at, . . . , a1, s0).
We have:

vπ
t+1(s) =

⊞X
γt+1∈Γt+1(s)

Plπt+1(s, γt+1) ⊠ R(γt+1)

=

⊞X
s′∈S

⊞X
γt∈Γt(s′)

�
T (s, a, s

′)⊗
P

Plπ
′

t (s′, γt)
�
⊠
�
R(s, a)⊗

V
R(γt)

�
= R(s, a)⊗

V

⊞X
s′∈S

⊞X
γt∈Γt(s′)

�
T (s, a, s

′)⊗
P

Plπ
′

t (s′, γt)
�
⊠R(γt)

�
by (C4)

= R(s, a) ⊗
V

⊞X
s′∈S

T (s, a, s
′) ⊠

� ⊞X
γt∈Γt(s′)

Plπ
′

t (s′, γt) ⊠ R(γt)
�

by (C3) and(C5)

= R(s, a) ⊗
V

⊞X
s′∈S

T (s, a, s
′) ⊠ v

π′

t (s′)

Therefore, for allsj ∈ S, vπ
t+1(s

j) = f i
j(v

π′

t ).

In order to establish the algebraic version of Bellman equa-
tions, we define the subset of maximal elements of a set with
respect to an order relation� as:

∀Y ⊆ X, M(Y,�) = {y ∈ Y : ∀z ∈ Y, not(z ≻ y)}

Furthermore, we denoteP∗(X,�) the set{Y ⊆ X : Y =
M(Y,�)}. When there is no ambiguity, these sets will be
denoted respectivelyM(Y ) andP∗(X). Besides, for any
functionf : V n → V n, for all X ∈ P∗(V n), f(X) denote
{f(x) : x ∈ X}.

We define the semiring(P∗(V n),⊕,⊗,0,1) where0 =
{(0V , . . . ,0V )}, 1 = {(1V , . . . ,1V )}, and for allX,Y ∈
P∗(V n): X ⊕ Y = M(X ∪ Y )

X ⊗ Y = M({x⊗
V

y : x ∈ X, y ∈ Y })

with x⊗
V

y = (x1 ⊗V
y1, . . . , xn ⊗V

yn). Hence, the alge-
braic generalization of Bellman equations (1) writes:

V π∗

0 = 1

V π∗

t =
⊕N

i=1 f i
M (V π∗

t−1) t = 1 . . . H

wheref i
M : P∗(V n) → P∗(V n) is defined byf i

M (X) =
M(f i(X)) for all X ∈ P∗(V n).
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4 Generalized path algebra for AMDPs
Following the construction proposed in Section 2, a decision
rule graph can be associated to an AMDP. Clearly, solving al-
gebraic Bellman equations amounts to searching for optimal
paths with respect to the canonical order associated to⊕. We
now show how to solve this problem.

Consider the setF of functions fromP∗(V n) to P∗(V n)
satisfying for allf ∈ F , X ∈ P∗(V n), Y ∈ P∗(V n):

f(X ⊕ Y ) = f(X)⊕ f(Y )
f(0) = 0

The⊕ operation onP∗(V n) induces a⊕ operation onF de-
fined, for allh, g ∈ F andX ∈ P ∗(V n), by:

(h⊕ g)(X) = h(X)⊕ g(X)

Let ◦ denote the usual composition operation between func-
tions, id the identity function, and (for simplicity)0 the con-
stant function everywhere0. It has been shown by[Minoux,
1977] that the algebraic structure(F ,⊕, ◦,0, id) is a semi-
ring. We now prove that update functionsf i

M ’s belong toF .

Proposition 3 (C1) and(C2) imply
(

∀δi ∈ ∆, f i
M ∈ F

)

.

Proof. For anyδi, we havef i
M (0) = 0 since

∑⊞

i pi ⊠0V =
∑⊞

i pi ⊠ (0V ⊗V
0V ) = 0V ⊗V

(
∑⊞

i pi ⊠ 0V ) = 0V by
(C4) and absorption. Now, we show thatf i

M (X ⊕ Y ) =
f i

M (X) ⊕ f i
M (Y ),∀X,Y ∈ P ∗(V n). ConsiderX,Y in

P∗(V n). First, we havef i(M(X ∪ Y )) ⊆ f i(X ∪ Y ) (∗).
Second, we prove thatM(f i(X ∪ Y )) ⊆ f i(M(X ∪ Y ))
(∗∗). Let z ∈ M(f i(X ∪ Y )). Then it existsw ∈ X ∪ Y
such that f i(w) = z. If w ∈ M(X ∪ Y ) then
z ∈ f i(M(X ∪ Y )). If w 6∈ M(X ∪ Y ) then it exists
w∗ ∈ M(X ∪ Y ) such thatw∗ ≻V w. As f i is non-
decreasing, we havef i(w∗) �V f i(w). By assumption,
f i(w) ∈M(f i(X∪Y )), thereforef i(w∗) = f i(w). Finally,
z ∈ f i(M(X ∪ Y )) sincez = f i(w∗). By (∗) and (∗∗),
we haveM(f i(X ∪ Y )) ⊆ f i(M(X ∪ Y )) ⊆ f i(X ∪ Y ).
ThereforeM(f i(X ∪ Y )) = M(f i(M(X ∪ Y ))), which
means, by definition, thatf i

M (X⊕Y ) = f i
M (X)⊕f i

M (Y ).

Propositions 2 and 3 prove that the algebraic generaliza-
tion of Jacobi algorithm solves algebraic Bellman Equations
(3) and (4)[Minoux, 1977]. Thanks to the particular struc-
ture3 of the decision rule graph, the Jacobi algorithm takes
the following simple form:
ALGEBRAIC JACOBI ALGORITHM

1. V0 ← 1; t← 0
2. Qi

t = 0,∀t = 1 . . . H, i = 1 . . . N
3. repeat
4. t← t + 1
5. for i = 1 to N do Qi

t ← f i
M (Vt−1)

6. Vt ←
⊕N

i=1 Qi
t

7. until t = H

We recognize a standard optimal path algorithm on the de-
cision rule graph valued with functionsf i

M . When the it-
eration has finished,Vt is the set of generalized expected

3The graph is layered; update functions labelling arcs issued
from a same node are identical and invariant from a layer to another.

accumulated rewards at stept associated to optimal paths.
The above algorithm is not efficient since lines 5 and 6
require to considerN = mn decision rules in the com-
putation of the Bellman update. Actually, the complex-
ity of the algorithm can be significantly improved. In-
deed, remark that∪N

i=1{f
i
j} = ∪m

k=1{g
k
j }, wheregk

j (x) =

R(sj , ak)⊗
V

∑⊞

i=1...n T (sj , ak, si) ⊠ xi, and that∀v ∈ V n,
∪N

i=1{f
i(v)}= ∪m

k=1{g
k
1 (v)}× ..×∪m

k=1{g
k
n(v)}. Since the

maxima over a Cartesian product equals the Cartesian prod-
uct of maxima over components, we have

⊕N
i=1 f i

M (Vt−1) =
⊕

v∈Vt−1

(
⊕m

k=1 gk
1 (v)× ..×

⊕m
k=1 gk

n(v)
)

. Hence, lines 5
and 6 can be replaced by:

5.1. Vt← ∅
5.2. for v ∈ Vt−1 do
5.3. for j = 1 to n do
5.4. for k = 1 to m do qk

tj ← gk
j (v)

6.1. Vtj ←
⊕m

k=1 qk
tj

6.2. endfor
6.3. Vt ← Vt ⊕ (Vt1 × ..× Vtn)
6.4. endfor

This algebraic counterpart of backward induction runs in
polynomial time when the reward scale is completely ordered
and algebraic operators can be computed inO(1).

5 Examples
To illustrate the potential of the algebraic approach for MDPs,
we now consider decision models that have not yet been in-
vestigated in a dynamic setting.

• Qualitative MDPs. In decision under possibilistic uncer-
tainty, [Giang and Shenoy, 2001] have recently studied a new
qualitative decision model (binary possibilistic utility), allow-
ing to handle weak information about uncertainty while im-
proving the discrimination power of qualitative utility mod-
els introduced by[Dubois and Prade, 1995]. The latter have
been investigated in sequential decision problems by[Sab-
badin, 1999]. We show here that the former can be exploited
in sequential decision problems as well.

Possibilistic uncertainty is measured on a finite qualita-
tive totally ordered setP , endowed with two operators∨
and∧ (max and min respectively). We denote0P (resp.
1P ) the least (resp. greatest) element inP . The structure
(P,∨,∧,0P ,1P ) is a semiring.

In Giang and Shenoy’s model, rewards are valued in an
ordered scale(UP ,�) whereUP = {〈λ, µ〉 : λ ∈ P, µ ∈ P,
λ ∨ µ = 1P } and〈λ, µ〉 � 〈λ′, µ′〉 ⇔ (λ ≥ λ′ andµ ≤ µ′).
The relevant semiring is here(V,⊕

V
,⊗

V
,0V ,1V ) where:

V = {〈λ, µ〉 : λ ∈ P, µ ∈ P}
〈α, β〉 ⊕

V
〈λ, µ〉 = 〈α ∨ λ, β ∧ µ〉

〈α, β〉 ⊗
V
〈λ, µ〉 = 〈α ∧ λ, β ∨ µ〉

0V = 〈0P ,1P 〉, 1V = 〈1P ,0P 〉
Note that⊕

V
and⊗

V
are operatorsmax andmin onUP .

The binary possibilistic utility model is a generalized
expectation with operators⊞ and⊠ taken as componentwise
∨ and∧ respectively. Note that this criterion takes values in
UP . Thanks to distributivity of∨ (resp.∧) over∧ (resp.∨),
conditions(C1) to (C5) hold, which proves that algebraic
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backward induction yields the value of optimal policies.

• Multicriteria MDPs. In planning problems, different
aspects (time, energy, distance...) enter into the assessment
of the utility of an action, and often these aspects cannot
be reduced to a single scalar reward. This shows the
practical interest of investigating MDPs with multicriteria
additive rewards and multicriteria comparison models. As
an example, consider the following multicriteria decision
model. LetQ denote the set of criteria and�Q a (possibly
partial) order relation overQ (reflecting the importance of
criteria). Following[Grosof, 1991] and [Junker, 2002], we
denote≻G the following strict order relation between vectors:

x ≻G y ⇔

{

∃i = 1 . . . |Q|, xi 6= yi

∀i : xi 6= yi,
(

(xi > yi) or (∃j ≻Q i, xj > yj)
)

The interest of such a definition is to unify in a single model
both the lexicographic order (when�Q is a linear order) and
the Pareto dominance order (when�Q= ∅).

In this case, the relevant semiring structure on rewards is
defined by (neutral elements are omitted here):

V = P∗(R
|Q|

)
X ⊕

V
Y = M(X ∪ Y,≻G)

X ⊗
V

Y = M({xi + yi : x ∈ X, y ∈ Y },≻G)
Hence, such a reward system can easily be inserted in the
classical probabilistic setting. When the generalized expecta-
tion is chosen as the componentwise (usual) expectation, con-
ditions(C1) to (C5) hold, which proves that algebraic back-
ward induction yields the value of optimal policies.

6 Conclusion
We have introduced a general approach for defining solvable
MDPs in various contexts. The interest of this approach is to
factorize many different positive results concerning various
rewards systems, uncertainty and decision models. Once the
structure on rewards, the representation of uncertainty and the
decision criteria have been chosen, it is sufficient to checkthat
we have two semirings onV andP and that conditions(C1)
through(C5) are fulfilled to justify the use of an algorithm
“à la Jacobi” to solve the problem. It is likely that this result
generalizes to the infinite horizon case, provided a suitable
topology is defined on the policy valuation space.

Remark that, despite its generality, our framework does
not include all interesting decision theories under uncertainty.
For instance, in a probabilistic setting, the RDEU model (as
well as other Choquet integrals) cannot be expressed under
the form of the generalized expectation used in the paper. Ac-
tually, RDEU is known as a dynamically inconsistent model
[Machina, 1989; Sarin and Wakker, 1998] and it is unlikely
that constructive algorithms like backward induction are ap-
propriate. A further specific study for this class of decision
models might be of interest.
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Abstract
We analyze the asymptotic conditional validity of
modal formulas, i.e., the probability that a formula
ψ is valid in the finite Kripke structures in which
a given modal formulaϕ is valid, when the size
of these Kripke structures grows to infinity. We
characterize the formulasψ that are almost surely
valid (i.e., with probability 1) in caseϕ is a flat,S5-
consistent formula, and show that these formulasψ
are exactly those which follow fromϕ according
to the nonmonotonic modal logicS5G. Our results
provide – for the first time – a probabilistic seman-
tics to a well-known nonmonotonic modal logic,
establishing a new bridge between nonmonotonic
and probabilistic reasoning, and give a computa-
tional account of the asymptotic conditional valid-
ity problem in Kripke structures.

1 Introduction
Asymptotic Probabilities in Modal Logic. Asymptotic (or
limit) probabilities of classical logic formulas have been in-
vestigated in various contexts[Glebskii et al., 1969; Fa-
gin, 1976; Compton, 1988; Kolaitis and Vardi, 1990; Le
Bars, 1998]. Halpern and Kapron have analyzed asymp-
totic probability in modal logic[Halpern and Kapron, 1994],
where, instead of relational structures, Kripke structures are
considered, and where the size of a structure is measured
in terms of the number of its worlds. Among various re-
sults, 1 they have shown that every modal formula is ei-
ther almost surely true or almost surely false in finite Kripke
structures. Thus, there is a0-1 law for modal logic K,
analogous to the 0-1 law for function-free first-order logic
[Fagin, 1976; Glebskiiet al., 1969].

To give a simple example, ifp is a propositional letter
of a considered finite alphabetA, then the modal formula2

Mp is almost surely true (w.r.t. modal logicK). In fact, it
can be seen that ifn →∞, then the cardinality of the set
An of Kripke structures forA of size≤ n satisfyingMp
(i.e., where at least one world satisfyingp is reachable from

1Some of the results of[Halpern and Kapron, 1994] have been
corrected in[Le Bars, 2002], but those referred-to in the present
paper are perfectly correct in[Halpern and Kapron, 1994].

2We here useK as the symbol for the necessity (= knowledge)
operator andM (≡ ¬K¬) for the possibility operator.

each world) grows much faster than the cardinality of the set
Bn of Kripke structures which do not satisfyMp, and thus
limn→∞ |An|/|Cn| = 1 whereCn is the set ofall Kripke
structures withn worlds over the considered alphabet.

Assigning asymptotic probabilities to modal formulas pro-
vides an interesting nonstandard semantics to modal logics
and has important connections to philosophy and to artificial
intelligence:
PHILOSOPHY: It has been observed[Halpern and Kapron,
1994; Gottlob, 1999] that the modal formulas that are almost
surely true in all Kripke models are exactly those formulas
which are valid in Carnap’s modal logic, exposed in his well-
known foundational treatiseMeaning and Necessity[Carnap,
1947]. Carnap argued that precisely these formulas are those
to be considered logically true (L-true). The same logic has
since be considered by various philosophers and logicians
[Gottlob, 1999].
ARTIFICIAL INTELLIGENCE: Various nonmonotonic
modal logicshave been defined in the literature. Examples
are autoepistemic logic[Moore, 1985], nonmonotonic logics
K, S4, etc.[Marek and Truszczýnski, 1993], the logic MBNF
[Lifschitz, 1994] and the logic of minimal knowledgeS5G
[Halpern and Moses, 1985]. In these logics, the modal opera-
tor K is interpreted as an epistemic operator of knowledge or
of belief. As observed in[Gottlob, 1999], the formulas that
can be derived from an empty set of premises inall these log-
ics precisely coincide with those formulas which are almost
surely true in all Kripke structures. This set of formulas is fur-
thermore identical to thestable set[Stalnaker, 1993] based on
the empty set of formulas, thus, in a sense, to the “absolute”
stable set, containing only those formulas that are epistemic
consequences of the empty theory, i.e., that can be assumed
in the case of total factual ignorance (for a definition of stable
sets, see Section 4). We thus retain that in nonmonotonic and
epistemic logics, in absence of further knowledge, a modal
formula is considered true if and only if this formula is al-
most surely valid.

Reasoning and Asymptotic Conditional Truth. While al-
most sure validity provides an appealing probabilistic seman-
tics of truth in the case of total factual ignorance, this does
not yet allow us toreasonon the basis ofpremises, which
is the the most important goal of all logical formalisms, and,
in particular, of nonmonotonic and epistemic logics. In the
setting of limit probabilities, the inferenceϕ |= ψ of a (pos-

1378 UNCERTAINTY



sibly modal) formulaψ from a knowledge base (theory)ϕ
would most intuitively correspond to the statement that the
conditional probabilityP (ψ |ϕ) is asymptotically equal to 1.
Assuming a uniform probability distribution of Kripke struc-
tures, this means that for the setsAn andBn of Kripke mod-
els of sizen satisfyingψ ∧ ϕ andϕ, respectively, the limit
limn→∞ |An|/|Bn| exists and is equal to 1.

There is, in general, no 0-1 law for conditional proba-
bilities in our setting, which immediately follows from pre-
vious results (see e.g.[Grove et al., 1996b]) and from the
fact that modal logic corresponds to a fragment of function-
free first-order logic. The existence and determination of
conditional probabilities in first and higher order logics has
been the subject of several studies[Grove et al., 1996b;
1996a]. However, to our best knowledge, conditional prob-
abilities for modal logics have never been studied.

Observe that reasoning via conditional limit probabilities
as explained above clearly constitutes a form of nonmono-
tonic reasoning. For example, ifp is a propositional letter,
then |=lim Mp but K¬p 6|=lim Mp, thus, adding a premise
may invalidate a consequence (here|=lim denotes inference
of almost sure formulas under conditional limit probabili-
ties). The nonmonotonic behaviour of conditional inference
has been pointed out in the context of FO and higher order
classical logic (see e.g.[Grove et al., 1996b]). We deem
the context of modal logic particularly interesting, because
most nonmonotonic logics that have been defined are modal
logics. It would thus be very interesting to know how the
nonmonotonic modal logic obtained from conditional limit
probabilities of Kripke structures relates to well-known and
well-studied nonmonotonic modal logics.

Nonmonotonic Modal Logics. For every “classical”
monotonic system of modal logicS, a nonmonotonic version
NM-S is obtained by the following definition: A setE of
modal formulas is anNM-S-expansion of a knowledge base
ϕ iff E = CnS(ϕ ∪ {¬Kγ|γ ∈ LK(A) − E}), where
CnS is the consequence operator according to modal logic
S andLK(A) is the underlying modal language, i.e., the set
of all possible modal formulas over the alphabet of proposi-
tionsA3. In particular, Moore’s autoepistemic logic corre-
sponds toNM-KD45. For more background, consult[Marek
and Truszczýnski, 1993].

It was often criticized that the above fixed-point equation
is somewhat too liberal, because it allows a theory to have ex-
pansions that are not sufficiently “grounded” in the premises
and contain positive knowledge that a rational agent should
never conclude from the premises. For this reason,ground
nonmonotonic modal logicshave been defined by restrict-
ing the introspection of the agent to non-modal sentences.
The notion of groundedness has a rather intuitive motivation:
in fact, it corresponds to discarding any reasoning based on
epistemic assumptions, which, for example, would enable the
agent to conclude that something is true in the world, by as-
suming to know it. The fixed-point equation defining aSG-
expansionof ϕ is: E = CnS(ϕ ∪ {¬Kγ | γ ∈ L(A)−E}),
whereL(A) denotes the set of all objective (i.e., non-modal)

3This definition is applicable to a large range of modal log-
ics, but a collapse happens atS5 becauseNM-S5=S5 [Marek and
Truszczýnski, 1993].

formulas of the underlying propositional language. Accord-
ing to this equation, we can associate a logicSG to each modal
logic S. Givenϕ ∈ LK(A), ψ ∈ LK(A), we say thatψ is
entailed byϕ in SG (and writeϕ |=SG

ψ) iff ψ belongs to all
SG-expansions forϕ.

Among all ground nonmonotonic logics, the logicS5G

(which, unlike NM-S5, is a true nonmonotonic logic) has
received considerable attention in the literature and is gen-
erally referred to as thelogic of minimal knowledge[Halpern
and Moses, 1985] (or the logic of maximal ignorance). In
fact, independently from its fixed-point characterization,S5G

was characterized on a semantic basis, by means of a pref-
erence criterion among the models of an agent’s knowl-
edge selecting just those models in which objective knowl-
edge (i.e, the set of formulas of typeKϕ such thatϕ ∈
L(A)) is minimal[Halpern and Moses, 1985; Shoham, 1987;
Lifschitz, 1994]. As shown in[Shoham, 1987], S5G has a
simple, elegant model theory: TheS5G models of a theory
T are precisely those Kripke structures which are univer-
sal (i.e., totally connected) and are maximal set of worlds
(w.r.t. set-containment). For details on ground nonmono-
tonic modal logics andS5G, see[Halpern and Moses, 1985;
Lifschitz, 1994; Doniniet al., 1997].

Main Problems Studied. The investigations reported in
this paper were motivated by the following questions:

1. Given a formulaϕ, which formulasψ are almost surely
true in the Kripke models ofϕ, i.e., how can we charac-
terize the formulasψ that are true with limit probability
one in the Kripke models ofϕ, when the size of these
Kripke models grows towards infinity?

2. Given that modal inference under almost sure validity
constitutes a form of nonmonotonic reasoning, to which
of the nonmonotonic modal logics from the above-
mentioned plethora of logics does this form of reasoning
best correspond?

3. Can we characterize the set of formulasϕ that guaran-
tee a 0-1 law for the asymptotic probabilityP (ψ|ϕ) for
arbitrary modal formulasψ?

4. What is the complexity of modal reasoning based on
asymptotic conditional probabilities?

For studying these questions, we make a very weak as-
sumption onϕ, which assures thatϕ does not contradict some
principles of knowledge: we assume thatϕ is S5-consistent,
i.e., we assume thatϕ is consistent with the axioms of (mono-
tonic) S5, which means thatϕ admits at least oneS5-model.
This assumption is indeed very weak. It does neither mean
that ϕ contains theS5 axioms, or that these axioms should
follow from ϕ, nor thatϕ has to be interpreted underS5
Kripke structures only. Our assumption merely requires that
formulas such asKp ∧ K¬p which bluntly contradict some
axioms of (monotonic)S5 cannot be deduced fromϕ. If
ϕ satisfies this requirement, we say thatϕ is knowledge-
consistent. We make this assumption because knowledge-
inconsistent theories are well-known to beinconsistentfor
all currently known nonmonotonic modal logics anyway, i.e.,
in each such nonmonotonic logic, a knowledge-inconsistent
formula ϕ entails a contradiction and thus all formulas of
the modal languageLK(A). In particular, with regard to
our goal of comparing asymptotic conditional reasoning to
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nonmonotonic modal logics, there is no point to consider
knowledge-inconsistent modal premises. Moreover, we char-
acterize asymptotic conditional reasoning when the premise
is aflat modal formula, i.e., a formula without nested occur-
rences of the modal operator. The flat fragment of a modal
logic of knowledge is certainly a very important (if not the
most important) syntactically restricted fragment. It consists
of the Boolean closure ofknowledge bases, i.e., of objec-
tive theories under theK operator. In particular, the flat
fragment inS5G is extremely powerful and expressive. As
shown in [Rosati, 1998], via appropriate translations, this
fragment captures the well-known formalisms of default logic
and logic programming under the stable model semantics. In
the present paper we limit our attention to this flat fragment.
However, we think that (by slightly more involved methods)
our results carry over to the fully nested fragment (i.e., the
fragment with nesting depth greater than 1).

Results. By first answering the second of the above-stated
research questions, we show the following main result:
Answer to Question 2:ϕ almost surely entailsψ iff ψ is en-
tailed byϕ in S5G.

This result gives a fresh probabilistic semantics to the well-
known nonmonotonic modal logicS5G, providing a new jus-
tification for S5G based on probabilistic rationality. At the
same time, it provides the answers to our questions 1 and 4,
too. In fact, as already mentioned, reasoning inS5G has pre-
cise characterizations in terms of model-theory and complex-
ity, hence the same characterizations now apply to asymptotic
conditional reasoning over Kripke models:
Answer to Question 1:ϕ almost surely entailsψ iff ψ is sat-
isfied by all Kripke models ofϕ that are universal and have a
maximal set of worlds.
Answer to Question 4:Deciding whetherϕ almost surely en-
tailsψ is Πp

2-complete.4

A theory is honest[Halpern and Moses, 1985] iff it has
exactly oneS5G-model. It has been argued that the epistemic
state of a perfectly rational agent is necessarily honest, e.g.,
it could not be of the form(KT1) ∨ (KT2) whereT1 and
T2 are theories that contradict each other. Honest premises
drastically simplify asymptotic conditional reasoning:
Answer to Question 3:The class of knowledge-consistent
premisesϕ that imply a 0-1 law is exactly the class of honest
formulas. In other words, the honest formulas are precisely
the formulasϕ such that, for allψ, the asymptotic probability
that ψ holds in the structures in whichϕ is valid is either 0
or 1. Moreover, asymptotic conditional reasoning based on
honest theories is onlyΘp

2-complete.
Due to space limitations, we can only include the sketches

of some results in the present version of the paper.

2 Preliminaries
We assume familiarity with modal logicsK andS5. We deal
with a propositional alphabetA such that eitherA is finite
and fixed, i.e., it is the same for every problem instance, orA
is not bounded, but each problem instance comes along with

4Πp
2 is the complement ofΣp

2=NPNP; Θp
2 is the class of problems

solved in PTIME by a logarithmic number of calls to an NP-oracle.

a finite alphabetA as part of the input. We denote byL(A)
the set of propositional (or objective) formulas overA, de-
note byLK(A) the set of modal formulas overA, and denote
by LF

K(A) the set offlat modal formulas, i.e., the subset of
LK(A) of formulas overA satisfying the following abstract
syntax:

ϕ ::= Kf | ¬ϕ | ϕ1 ∧ ϕ2, wheref ∈ L(A)
We also use the symboltrue to denote the formulaa ∨ ¬a,
and the symbolfalse to denote the formulaa ∧ ¬a.

We now recall some auxiliary definitions that we will use
in the following sections[Marek and Truszczýnski, 1993;
Donini et al., 1997]. Given ϕ ∈ LK(A), we denote by
MA(ϕ) the set ofmodal atomsfrom ϕ, i.e., the set of sub-
formulas of the formKψ occurring inϕ. In the following,
we say that an occurrence of a modal atomKψ in a formula
ϕ ∈ LK(A) is strict if it does not lie within the scope of a
modal operator.

Given a partition(P, N) of the setMA(ϕ) and a formula
ψ ∈ LK(A), we denote byψ(P,N) the formula obtained
from ψ by substituting each strict occurrence inψ of a modal
atom in P with true, and each strict occurrence inψ of a
modal atom inN with false. Notice that, ifP ∪ N contains
MA(ψ), thenψ(P, N) is a propositional formula.

Let ϕ ∈ LK(A) and let (P, N) be a partition of
MA(ϕ). We denote byobjϕ(P,N) the propositional formula
objϕ(P, N) = ϕ(P, N) ∧∧

Kψ∈P ψ(P, N).
Given a partition(P,N) of the setMA(ϕ), we say that

(P, N) is S5-consistent withϕ if (P, N) satisfies the follow-
ing conditions: (1) the propositional formulaobjϕ(P, N) is
satisfiable; (2) for eachKψ ∈ N , the propositional formula
objϕ(P, N) ∧ ¬ψ(P, N) is satisfiable. It is immediate to see
that there exists a partition ofMA(ϕ) S5-consistent withϕ iff
ϕ is knowledge-consistent, i.e., there exists anS5-structureS
such that(w,S) |= Kϕ wherew is a world ofS. Finally,
given a structureS = 〈W,R, V 〉 and a worldw ∈ W , we say
that (P,N) is the partition ofMA(ϕ) satisfied by(w,S) if,
for eachKψ ∈ MA(ϕ), (w,S) |= Kψ iff Kψ ∈ P .

3 Strong almost-sure conditional validity
In the work of Halpern and Kapron[Halpern and Kapron,
1994], almost sure structure validity is studied by considering
all possible Kripke structures equally likely, i.e., uniformly
distributed. This amounts to assume that that every proposi-
tional variable is true with probability 1/2 in a randomly cho-
sen world. Under such an assumption, the asymptotic prob-
ability of ϕ w.r.t. a propositional alphabetA corresponds to
the limit limn→∞ |Wϕ

n |/|Wn|, where: (i)Wn denotes the set
of all n-structuresoverA, i.e., the structures withn worlds
of the form〈W,R, V 〉, whereW = {1, . . . , n}, the accessi-
bility relationR is a binary relation overW , andV is a func-
tion mapping each world into a propositional interpretation
overA; (ii) Wϕ

n denotes the set of alln-structures in whichϕ
holds; (iii) |S| represents the cardinality of a setS. Moreover,
under the above uniform probability assumption, asymptotic
conditional probability ofψ givenϕ corresponds to the limit
limn→∞ |W(ϕ∧ψ)

n |/|Wϕ
n |.

It would be more appealing to consider the notion ofstrong
almost sure validity, where the asymptotic probability of a
formula ψ is required to be equal to 1for every possible
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probability distributionassigning rational truth probabilities
to the propositional variables. It turns out that in the context
of [Halpern and Kapron, 1994] both concepts are equivalent,
thus all relevant results of[Halpern and Kapron, 1994] extend
to strong almost sure validity. In the context of conditional
probabilities, these concepts differ, however. In this paper we
choose to characterize the notion ofstrongalmost sure con-
ditional validity, which is independent of a particular fixed
probability distribution. However, we will use (Section 4) the
concept of almost sure conditional validity (i.e., the one cor-
responding to the uniform distribution of Kripke structures)
as a tool for establishing (Section 5) our main result on strong
almost sure validity.

More formally, we associate to each propositional atom
a ∈ A a rational probabilitym such that0 < m < 1, which
is interpreted as the probability that the propositiona is true.
Such an assignment is part of the input. Assignments giving
probability 1 (resp. 0) toa are not considered, since in such
cases the propositiona is certainly true (resp. false) and all its
occurrences in a formula can be eliminated in a simple way.
We assume without loss of generality thatm is a finite sum of
the negative powers of two. Hence, we say thatP is aproba-
bility assignmentover an alphabetA if P is a function map-
ping each propositional symbol fromA to a rational number
m such that there exists a finite binary sequencem1 . . .mp

such thatm =
∑p

i=1
mi

2i .
It is immediate to verify the following relationship between

the cardinality of a set of interpetations and the number of
differentn-structures defined over such interpretations.5

Lemma 3.1 Let I be a set of propositional interpretations,
and letWn be the set ofn-structures defined using the set of
interpretationsI. Then,|Wn| = |I|n · 2n2

.

Let ϕ,ψ ∈ LK(A), and letP be a probability assignment
overA. Then,pn

P(ψ|ϕ) denotes the probability thatψ is
valid in then-structures in whichϕ is valid, under the proba-
bility assignmentP. We are now ready to define almost-sure
and strong almost-sure conditional validity.
Definition 3.2 (P-almost-sure validity)Let P be a proba-
bility assignment overA. We say thatψ conditioned by
ϕ is P-almost-surely validif limn→∞ pn

P(ψ|ϕ) = 1, i.e.,
the asymptotic probability thatψ conditioned byϕ is valid
is 1 under the probability assignmentP. Conversely, if
limn→∞ pn

P(ψ|ϕ) < 1, then we say thatψ conditioned by
ϕ is notP-almost-surely valid.

Definition 3.3 (strong-almost-sure validity)ψ conditioned
by ϕ is strongly almost-surely validif limn→∞ pn

P(ψ|ϕ) =
1 for each probability assignmentP over A. Conversely,
if there exists a probability assignmentP overA such that
limn→∞ pn

P(ψ|ϕ) < 1, then we say thatψ conditioned by
ϕ is not strongly almost-surely valid.
We denote bySAS(ϕ,A) the set of formulasψ from LK(A)
such thatψ conditioned byϕ is strongly almost-surely valid.

4 Counting structures
In this section we prove the correspondence between the no-
tion of stable set in nonmonotonic modal logics and strong

5We adopt the well-knownrandom worldsmethod[Groveet al.,
1996b; 1996a].

almost-sure conditional validity with respect to objective for-
mulas, and establish a first correspondence betweenS5G and
strong almost-sure conditional validity in modal logic.

From now on, we denote byh the number of propositional
interpretations ofA, i.e., h = 2|A|. Moreover, given a for-
mulaf ∈ L(A), we denote byhf the number of interpreta-
tions ofA satisfyingf .

We start our analysis by studying the properties of the set
of n-structures forf , i.e., then-structures in which a propo-
sitional formulaf is valid. First of all, from Lemma 3.1, it
follows that the number ofn-structures forf is hf · 2n2

.
Then, we recall the definition ofstable setof modal for-

mulas. Letf be a satisfiable propositional formula over the
propositional alphabetA. The stable set off in A (de-
noted byStable(f,A)) is the unique set of modal formulas
T ⊂ LK(A) that satisfies the following conditions: (i) for
eachψ ∈ L(A), ψ ∈ T iff f ⊃ ψ is a tautology; (ii) ifψ ∈ T
thenKψ ∈ T ; (iii) if ψ ∈ LK(A) − T then¬Kψ ∈ T ;
(iv) T is closed under propositional consequence[Marek and
Truszczýnski, 1993].

Next, we prove the correspondence between formulas
strongly almost-surely valid with respect to an objective for-
mulaf and the formulas inStable(f,A). The proof is easily
obtained by extending an analogous result in[Halpern and
Kapron, 1994].

Lemma 4.1 Letf ∈ L(A) be a satisfiable objective formula.
Then, SAS(f,A) = Stable(f,A).

We now introduce two auxiliary lemmas.

Lemma 4.2 Let ϕ be a flat and knowledge-consistent for-
mula, letWϕ

n be the set ofn-structures forϕ and letDn be
the set ofn-structures forϕ in which all worlds satisfy the
same partition(P,N) of MA(ϕ) S5-consistent withϕ. Then,
limn→∞ |Dn|/|Wϕ

n | = 1.

Proof sketch. The proof is divided in two steps: First,
we prove that, ifϕ is a flat and knowledge-consistent for-
mula, limn→∞ |D′n|/|Wϕ

n | = 1, whereD′n denotes the
set of n-structures forϕ in which no world satisfies an
S5-inconsistent partition ofMA(ϕ). Then, we concentrate
on the setD′n: let D′′n denote the subset ofD′n in which
two worlds satisfy two differentS5-consistent partitions of
MA(ϕ) (P1, N1), (P2, N2), let D1

n be the subset ofD′n in
which all worlds satisfy(P1, N1) and letD2

n be the subset of
D′n in which all worlds satisfy(P2, N2). We prove that either
limn→∞ |D′′n|/|D1

n| = 0 or limn→∞ |D′′n|/|D2
n| = 0.

The following property can be derived by an argument
analogous to the proof of Lemma 4.1.

Lemma 4.3 Let ϕ be a flat and knowledge-consistent for-
mula and let(P, N) be a partition of MA(ϕ) consistent with
ϕ. Let Wϕ

n (P, N) denote the set ofn-structures forϕ in
which all worlds satisfy the partition(P, N), and letDn be
the set ofn-structures forobjϕ(P, N)∧µ(N), whereµ(N) =∧

Kf∈N ¬Kf . Then, limn→∞ |Dn|/|Wϕ
n (P,N)| = 1.

Moreover,limn→∞ |Wϕ
n (P, N)| = (hobjϕ(P,N))n · 2n2

.

We now defineS5G-preferred partitions of modal atoms.

Definition 4.4 (S5G-preferred partition)Letϕ ∈ LK(A). A
partition (P,N) of MA(ϕ) is S5G-preferred forϕ if (P, N)
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is S5-consistent withϕ and there exists no other parti-
tion (P ′, N ′) 6= (P,N) of MA(ϕ) such that (i)(P ′, N ′)
is S5-consistent withϕ; and (ii) the propositional formula
objϕ(P,N) ∧ ¬objϕ(P ′, N ′) is not satisfiable.

It is immediate to verify that S5G-preferred parti-
tions of MA(ϕ) are in one-to-one correspondence with
S5G-expansions ofϕ: in particular, each such parti-
tion (P,N) identifies theS5G-expansion corresponding to
Stable(objϕ(P, N),A).

We are now ready to show a first fundamental step towards
the correspondence betweenS5G and strong almost-sure con-
ditional validity: For each knowledge-consistent modal for-
mulaϕ, to compute (strong) almost sure conditional validity
we can safely consider only the set ofn-structures in which
all worlds satisfy one of the partitions ofMA(ϕ) that areS5G-
preferred forϕ.

Theorem 4.5 Let ϕ be a flat, knowledge-consistent formula,
let Wϕ

n denote the set ofn-structures forϕ, and letDn be
the union of the sets ofn-structures forϕ in which all worlds
satisfy the same partition(P,N) of MA(ϕ), where(P, N) is
S5G-preferred forϕ. Then,limn→∞ |Dn|/|Wϕ

n | = 1.

Proof. Let C′n be the union of the sets ofn-structures for
objϕ(P, N)∧ µ(N) for each partition(P, N) of MA(ϕ) that
is S5-consistent withϕ. First, by Lemma 4.2 and Lemma 4.3
it follows that limn→∞ |C′n|/|Wϕ

n | = 1. Moreover, letCn be
the union of the sets ofn-structures forobjϕ(P,N) ∧ µ(N)
for each partition(P,N) of MA(ϕ) that isS5G-preferred for
ϕ: By the same lemmas it follows thatlimn→∞ |Cn|/|Dn| =
1. Thus, we have to prove thatlimn→∞ |Cn|/|C′n| = 1.

Let (P,N) be a partition(P, N) of MA(ϕ) S5G-preferred
for ϕ, and consider all the partitions(P ′, N ′) of MA(ϕ) such
that objϕ(P,N) is satisfied by all propositional interpreta-

tions satisfyingobjϕ(P ′, N ′). Let C(P,N)
n be the set ofn-

structures forobjϕ(P, N) ∧ µ(N), and letC(P ′,N ′)
n be the

union of the set ofn-structures forobjϕ(P ′, N ′) ∧ µ(N ′)

for each such partition(P ′, N ′). Obviously, C(P,N)
n ⊆

C(P ′,N ′)
n (since (P, N) is one of such partitions(P ′, N ′)).

We now prove thatlimn→∞
|C(P,N)

n |
|C(P ′,N′)

n |
= 1. Let C′′n =

C(P ′,N ′)
n − C(P,N)

n . That is,C′′n is the set ofn-structures for
objϕ(P ′, N ′) ∧ µ(N) for each partition(P ′, N ′) that isS5-
consistent withϕ and such thatobjϕ(P, N) is satisfied by
all propositional interpretations satisfyingobjϕ(P ′, N ′), and
there exists at least an interpretation satisfyingobjϕ(P, N)∧
¬objϕ(P ′, N ′). Now letk be the number of interpretations of
A satisfyingobjϕ(P,N): It is immediate to verify that there
can be at mostk such different partitions(P ′, N ′). More-
over, for each such partition(P ′, N ′), there exists at least a
propositional interpretationI that satisfiesobjϕ(P, N) and
does not satisfyobjϕ(P ′, N ′). Therefore, from Lemma 4.3

we have that |C′′n |
|C(P,N)

n | ≤
k·(k−1)n·2n2

kn·2n2 = k · ((k − 1)/k)n.

Consequently,limn→∞
|C′′n |

|C(P,N)
n | = 0, which proves that

limn→∞
|C(P,N)

n |
|C(P ′,N′)

n |
= 1. Hence,limn→∞

|Cn|
|C′n| = 1.

5 Asymptotic conditional probability and S5G

In this section we prove the main result of the paper, which
establishes the correspondence between strong almost-sure
conditioned validity and entailment in the logicS5G. To this
aim, we need some preliminary definitions and properties.

Let A′ be the set of propositional atomsai such thata ∈
A and 1 ≤ i ≤ m. We define thecanonical probability
assignmentPc overA′ as follows:Pc(a) = 1

2 for eacha ∈
A′. LetA be a propositional alphabet and letIf be the set
of propositional interpretations overA that satisfyf . The
canonical probabilityof a propositional formulaf , denoted
by cp(f), is defined ascp(f) = |If |

2|A| .
The following auxiliary lemma establishes a sufficient

condition over the partitions ofMA(ϕ) which implies that
limn→∞ pn

Pc(ψ|ϕ) < 1.

Lemma 5.1 Let ϕ ∈ LF
K(A). If there exists a partition

(P, N) of MA(ϕ) such that: (1)(P,N) is S5G-preferred for
ϕ; (2) for each partition(P ′, N ′) that isS5G-preferred forϕ,
cp(objϕ(P, N)) ≥ cp(objϕ(P ′, N ′)); (3) ψ does not hold in
the structures forobjϕ(P,N), then lim

n→∞
pn
Pc(ψ|ϕ) < 1.

Let a ∈ A and letP(a) = k wherek is a rational number
satisfying the definition of probability assignment. Then, we
can construct a propositional formulafk(a) defined over an
alphabetAk = {a1, . . . , amk} (wheremk is a number de-
pending onk) such thatP(a) = cp(fk(a)). Then, given a
probability assignmentP overA, we defineτP(ϕ) as the for-
mula obtained fromϕ by replacing, for eacha ∈ A, each
occurrence ofa in ϕ with fP(a)(a). Now, in order to prove
our main result, we need some auxiliary lemmas.

Lemma 5.2 Let ψ ∈ LK(A), and letf ∈ L(A). Then,ψ ∈
SAS(f,A) iff τP(ψ) ∈ SAS(τP(f),Ak).

Lemma 5.3 Let ϕ,ψ ∈ LK(A). then, for each par-
tition (P, N) that is S5G-preferred for ϕ, the partition
(τP(P ), τP(N)) is S5G-preferred forτP(ϕ), while for each
partition (τP(P ), τP(N)) that is S5G-preferred forτP(ϕ),
the partition(P, N) is S5G-preferred forϕ.

Lemma 5.4 Letϕ ∈ LK(A). If a partition(P, N) of MA(ϕ)
is S5G-preferred for ϕ, then the stable set ofobjϕ(P, N)
in A is an S5G-expansion forϕ. Moreover, if a setT ⊂
LK(A) is anS5G-expansion forϕ, then there exists a parti-
tion (P, N) of MA(ϕ) such that(P, N) is S5G-preferred for
ϕ andStable(objϕ(P,N),A) = T .

Theorem 5.5 Let ϕ ∈ LF
K(A), ψ ∈ LK(A), and letϕ be a

knowledge-consistent formula. Then,ψ conditioned byϕ is
strongly almost-surely valid iffϕ |=S5G

ψ.

Proof. First, if ϕ |=S5G
ψ, then, from definition of en-

tailment in S5G and from Lemma 5.4 it follows that, for
each partition(P,N) that isS5G-preferred forϕ, ψ belongs
to Stable(objϕ(P,N),A), consequently, by Lemma 4.1,
ψ ∈ SAS(objϕ(P, N),A). Hence, by Lemma 5.2 and
Lemma 5.3, for each probability assignmentP over A,
τP(ψ) ∈ SAS(τP(objϕ(P, N)),Ak). Therefore, by Theo-
rem 4.5,limn→∞ pn

Pc(τP(ψ)|τP(ϕ)) = 1, which implies
thatψ conditioned byϕ is strongly almost-surely valid.
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Conversely, ifϕ 6|=S5G
ψ, then by Lemma 5.4 it follows that

there exists a partition(P, N) that isS5G-preferred forϕ and
such thatψ does not belong toStable(objϕ(P,N),A), con-
sequently, by Lemma 4.1,ψ 6∈ SAS(objϕ(P, N),A). There-
fore, by Lemma 5.2,τP(ψ) 6∈ SAS(τP(objϕ(P, N)),Ak).
Moreover, it is immediate to verify the existence a prob-
ability assignmentP ′ over A such that, for each partition
(P ′, N ′) that isS5G-preferred forϕ, cp(τP′(objϕ(P, N))) ≥
cp(τP′(objϕ(P ′, N ′))). Consequently, by Lemma 5.1, it fol-
lows that limn→∞ pn

Pc(τP(ψ)|τP(ϕ)) < 1, i.e., ψ condi-
tioned byϕ is not strongly almost-surely valid.

6 Complexity results
As explained above, we consider both the case in whichA is
a fixed finite alphabet and the case in which it is considered
as finite but not fixed in advance. IfA is finite and fixed,
then, based on the algorithm for entailment inS5G reported
in [Donini et al., 1997] it can be easily shown that entailment
in S5G can be decided in polynomial time, and therefore, by
Theorem 5.5, strong almost-sure conditional validity can be
decided in polynomial time as well. Consider now the case
of a finite, non-fixed alphabetA.

Theorem 6.1 Let ϕ ∈ LF
K(A), ψ ∈ LK(A), and letϕ be

a knowledge-consistent formula. Deciding whetherψ condi-
tioned byϕ is strongly almost-surely valid is aΠp

2-complete
problem.

Proof. Follows immediately from Theorem 5.5 and from
the fact that the entailment problemϕ |=S5G

ψ whenϕ ∈
LF

K(A) is Πp
2-complete, which is an immediate consequence

of Corollary 4.12 of[Donini et al., 1997] and of Theorem 11
of [Rosati, 1998]).

Next, we study a subclass of flat modal formulas for which
deciding strong almost-sure conditional validity is computa-
tionally easier than in the general case: the class ofhonest
formulas, introduced by[Halpern and Moses, 1985]. A flat
formula ϕ is honest iff it has exactly oneS5G-model. It is
known that deciding whetherϕ is honest is aΘp

2-complete
problem. Moreover, ifϕ is honest, then deciding the entail-
mentϕ |=S5G

ψ is alsoΘp
2-complete. Therefore, from Theo-

rem 5.5 the following property holds.

Theorem 6.2 Let ϕ ∈ LF
K(A), ψ ∈ LK(A), and letϕ be

a honest formula. Deciding whetherψ conditioned byϕ is
strongly almost-surely valid isΘp

2-complete.

Furthermore, the notion of honesty precisely characterizes
the subclass of formulas, among the formulasϕ such thatKϕ
is S5-consistent, that condition according to a 0-1 law, i.e.,
such that eitherlimn→∞ pn

P(ψ|ϕ) = 1 for each probability
assignmentP or limn→∞ pn

P(ψ|ϕ) = 0 for each probability
assignmentP, which is immediately implied by Theorem 5.5
and by the fact that a honest formula has a singleS5G-model.

7 Conclusions
The present work can be extended in several directions. In
particular, we are currently investigating the following is-
sues: (i) strong almost-sure validity for (classes of) condi-
tioning formulas with nested occurrences of modalities; (ii)

extending the study of asymptotic conditional validity to the
framework of multimodal logic; (iii) computingP-almost-
sure conditional validity, i.e., the value of the asymptotic con-
ditional validity for a given probability distributionP of the
truth of primitive propositions.
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Abstract

We propose an affine extension to ADDs
(AADD) capable of compactly representing
context-specific, additive, and multiplicative
structure. We show that the AADD has worst-
case time and space performance within a mul-
tiplicative constant of that of ADDs, but that it
can be linear in the number of variables in cases
where ADDs are exponential in the number of
variables. We provide an empirical comparison
of tabular, ADD, and AADD representations
used in standard Bayes net and MDP inference
algorithms and conclude that the AADD per-
forms at least as well as the other two represen-
tations, and often yields an exponential perfor-
mance improvement over both when additive
or multiplicative structure can be exploited.
These results suggest that the AADD is likely
to yield exponential time and space improve-
ments for a variety of probabilistic inference al-
gorithms that currently use tables or ADDs.

1 Introduction

Algebraic decision diagrams (ADDs) [1] provide an effi-
cient means for representing and performing arithmetic
operations on functions from a factored boolean domain
to a real-valued range (i.e., Bn → R). They rely on two
main principles to do this:

1. ADDs represent a function Bn → R as a directed
acyclic graph – essentially a decision tree with re-
convergent branches and real-valued terminal nodes.

2. ADDs enforce a strict variable ordering on the de-
cisions from the root to the terminal node, enabling
a minimal, canonical diagram to be produced for a
given function. Thus, two identical functions will al-
ways have identical ADD representations under the
same variable ordering.

As shown in Figure 1, ADDs often provide an effi-
cient representation of functions with context-specific
independence [2], such as functions whose structure is
conjunctive (1a) or disjunctive (1b) in nature. Thus,

C

A

C

017 6 5 4 3 2

C C

B B

07 6 5 4 3 2 1

C

B

A

1 0

C

B

A

1 0

      Structure
c) Additive and Multiplicative

      Structure
a) Conjunctive ADD b) Disjunctive ADD

      ADD Structure

Figure 1: Some example ADDs showing a) conjunctive
structure (f = if(a ∧ b ∧ c, 1, 0), b) disjunctive structure
(f = if(a ∨ b ∨ c, 1, 0)), and c) additive (f = 4a + 2b + c)
and multiplicative (f = γ4a+2b+c) structure (top and bottom
sets of terminal values, respectively). The high (true) edge is
solid, the low (false) edge is dotted.

ADDs can offer exponential space savings over a fully
enumerated tabular representation. However, the com-
pactness of ADDs does not extend to the case of additive
or multiplicative independence, as demonstrated by the
exponentially large representations when this structure
is present (1c). Unfortunately such structure often oc-
curs in probabilistic and decision-theoretic reasoning do-
mains, potentially leading to exponential running times
and space requirements for inference in these domains.

2 Affine Algebraic Decision Diagrams
To address the limitations of ADDs, we introduce an
affine extension to the ADD (AADD) that is capable of
canonically and compactly representing context-specific,
additive, and multiplicative structure in functions from
Bn → R. We define AADDs with the following BNF:

G ::= c+ bF

F ::= 0 | if(F var, ch + bhFh, cl + blFl)

Here, ch and cl are real (or floating-point) constants in
the closed interval [0, 1], bh and bl are real constants in
the half-open interval (0, 1], F var is a boolean variable
associated with F , and Fl and Fh are non-terminals of
type F . We also impose the following constraints:
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Figure 2: Portions of the ADDs from figure 1c expressed as
generalized AADDs. The edge weights are given as 〈c, b〉.

1. The variable F var does not appear in Fh or Fl.

2. min(ch, cl) = 0

3. max(ch + bh, cl + bl) = 1

4. If Fh = 0 then bh = 0 and ch > 0. Similarly for Fl.

5. In the grammar for G, we require that if F = 0 then
b = 0, otherwise b > 0.

Expressions in the grammar for F will be called normal-
ized AADDs and expressions in the grammar for G will
be called generalized AADDs.1

Let V al(F, ρ) be the value of AADD F under variable
value assignment ρ. This can be defined recursively by
the following equation:

V al(F, ρ) =







F = 0 : 0
F 6= 0 ∧ ρ(F var) = true : ch + bh · V al(Fh, ρ)
F 6= 0 ∧ ρ(F var) = false : cl + bl · V al(Fl, ρ)

Lemma 2.1. For any normalized AADD F we have that
V al(F, ρ) is in the interval [0, 1], minρ V al(F, ρ) = 0,
and if F 6= 0 then maxρ V al(F, ρ) = 1.

We say that F satisfies a given variable ordering if
F = 0 or F is of the form if(F var, ch + bhFh, cl + blFl)
where F var does not occur in Fh or Fl and F var is the
earliest variable under the given ordering occuring in F .
We say that a generalized AADD of form c+bF satisfies
the order if F satisfies the order.

Lemma 2.2. Fix a variable ordering. For any non-
constant function g mapping Bn −→ R, there exists a
unique generalized AADD G satisfying the given vari-
able ordering such that for all ρ ∈ Bn we have g(ρ) =
V al(G, ρ).

Both lemmas can be proved by straightforward induc-
tion on n. The second lemma shows that under a given
variable ordering, generalized AADDs are canonical, i.e.,
two identical functions will always have identical AADD
representations.
As an example of two AADDs with compact additive

and multiplicative structure, Figure 2 shows portions of

1Since normalized AADDs in grammar F are restricted
to the range [0, 1], we need the top-level positive affine trans-
form of generalized AADDs in grammar G to allow for the
representation of functions with arbitrary range.

Fvar
1,h Fvar

1,l

< c   , b   >
2 2

< c   , b   >
1 1

  Fvar
1 Fvar

Fvar Fvar

2

2,h 2,l

op

1,h
>

1,h
>

1,l 1,l >
2,h 2,h

>
2,l 2,l

< c , b < c , b < c , b < c , b

Figure 3: Two AADD nodes F1 and F2 and a binary oper-
ation op with the corresponding notation used in this paper.

the exponentially sized ADDs from Figure 1c represented
by generalized AADDs of linear size.
We let op denote a binary operator on AADDs with

possible operations being addition, substraction, multi-
plication, division, min, and max denoted respectively
as ⊕, ª, ⊗, ®, min(·, ·), and max(·, ·).

3 Related Work

There has been much related work in the formal verifi-
cation literature that has attempted to tackle additive
and multiplicative structure in representation of func-
tions from Bn → Bm. These include *BMDs, K*BMDs,
EVBDDs, FEVBDDs, HDDs, and *PHDDs [3]. While
space limitations prevent us from discussing all of the
differences between AADDs and these data structures,
we note two major differences: 1) These data structures
have different canonical forms relying on GCD factoriza-
tion and do not satisfy the invariant property of AADDs
that internal nodes have range [0, 1]. 2) The fact that
these data structures have integer terminals (Bm) re-
quires a rational or direct floating-point representation
of values in R. In our experience, this renders them
unusable for probabilistic inference due to considerable
numerical precision error and computational difficulties.

4 Algorithms

We now define AADD algorithms that are analogs of
those given by Bryant [4]2 except that they are extended
to propagate the affine transform of the edge weights
on recursion and to compute the normalization of the
resulting node on return.
All algorithms rely on the helper function GetGNode

given in Algorithm 1 that takes an unnormalized AADD
node of the form if(v, ch+bhFh, cl+blFl) and returns the
cached, generalized AADD node of the form 〈cr+brFr〉.3

4.1 Reduce

The Reduce algorithm given in Algorithm 2 takes an
arbitrary ordered AADD, normalizes and caches the in-
ternal nodes, and returns the corresponding generalized
AADD. One nice property of the Reduce algorithm is
that one does not need to prespecify the structure that

2Bryant gives algorithms for binary decision diagrams
(BDDs), but they are essentially identical to those for ADDs.

3In the algorithms we use the representation 〈c, b, F 〉,
while in the text we often use the equivalent notation 〈c+bF 〉
to make the node semantics more clear.
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Algorithm 1: GetGNode(v, 〈ch, bh, Fh〉, 〈cl, bl, Fl〉) −→
〈cr, br, Fr〉

input : v, 〈ch, bh, Fh〉, 〈cl, bl, Fl〉 : Var, offset, mult,
and node id for high/low branches

output : 〈cr, br, Fr〉 : Return values for offset,
multiplier, and canonical node id

begin
// If branches redundant, return child
if (cl = ch ∧ bl = bh ∧ Fl = Fh) then
return 〈cl, bl, Fl〉;

// Non-redundant so compute canonical form
rmin := min(cl, ch); rmax := max(cl + bl, ch + bh);
rrange := rmax − rmin;
cl := (cl − rmin)/rrange; ch := (ch − rmin)/rrange;
bl := bl/rrange; bh := bh/rrange;
if (〈v, 〈ch, bh, Fh〉, 〈cl, bl, Fl〉〉 → id is not in node
cache) then

id := currently unallocated id;
insert 〈v, 〈ch, bh, Fh〉, 〈cl, bl, Fl〉〉 → id in cache;

// Return the cached, canonical node
return 〈rmin, rrange, id〉 ;

end

the AADD should exploit. If the represented function
contains context-specific, additive, or multiplicative in-
dependence, the Reduce algorithm will compactly repre-
sent this structure uniquely and automatically w.r.t. the
variable ordering as guaranteed by previous lemmas.

4.2 Apply

The Apply routine given in Algorithm 3 takes two gen-
eralized AADD operands and an operation as given in
Figure 3 and produces the resulting generalized AADD.
The control flow of the algorithm is straightforward: We
first check whether we can compute the result immedi-
ately, otherwise we normalize the operands to a canonical
form and check if we can reuse the result of a previously
cached computation. If we can do neither of these, we
then choose a variable to branch on and recursively call
the Apply routine for each instantiation of the variable.
We cover these steps in-depth in the following sections.

Terminal computation
The function ComputeResult given in the top half of
Table 1, determines if the result of a computation can
be immediately computed without recursion. The first
entry in this table is required for proper termination of
the algorithm as it computes the result of an operation
applied to two terminal 0 nodes. However, the other
entries denote a number of pruning optimizations that
immediately return a node without recursion. For ex-
ample, given the operation 〈3+4F1〉⊕ 〈5+6F1〉, we can
immediately return the result 〈8 + 10F1〉.
Recursive computation
If a call to Apply is unable to immediately compute a
result or reuse a previously cached computation, we must
recursively compute the result. For this we have two

Algorithm 2: Reduce(〈c, b, F 〉) −→ 〈cr, br, Fr〉

input : 〈c, b, F 〉 : Offset, multiplier, and node id
output : 〈cr, br, Fr〉 : Return values for offset,

multiplier, and node id

begin
// Check for terminal node
if (F = 0) then
return 〈c, 0, 0〉;

// Check reduce cache
if ( F → 〈cr, br, Fr〉 is not in reduce cache) then
// Not in cache, so recurse
〈ch, bh, Fh〉 := Reduce(ch, bh, Fh);
〈cl, bl, Fl〉 := Reduce(cl, bl, Fl);

// Retrieve canonical form
〈cr, br, Fr〉 :=GetGNode(F var, 〈ch, bh, Fh〉, 〈cl, bl, Fl〉);

// Put in cache
insert F → 〈cr, br, Fr〉 in reduce cache;

// Return canonical reduced node
return 〈c+ b · cr, b · br, Fr〉;

end

cases (the third case where both operands are 0 terminal
nodes having been taken care of in the previous section):

F1 or F2 is a 0 terminal node, or F var
1 6= F var

2 : We
assume the operation is commutative and reorder the
operands so that F1 is the 0 node or the operand whose
variable comes later in the variable ordering.4 Then we
propagate the affine transform to each of F2’s branches
and compute the operation applied separately to F1 and
each of F2’s high and low branches. We then build an if
statement conditional on F var

2 and normalize it to obtain
the generalized AADD node 〈cr, br, Fr〉 for the result:
〈ch, bh, Fh〉 = Apply(〈c1, b1, F1〉, 〈c2 + b2c2,h, b2b2,h, F2,h〉, op)
〈cl, bl, Fl〉 = Apply(〈c1, b1, F1〉, 〈c2 + b2c2,l, b2b2,l, F2,l〉, op)
〈cr, br, Fr〉 = GetGNode(F var

2 , 〈ch, bh, Fh〉, 〈cl, bl, Fl〉)

F1 and F2 are non-terminal nodes and F var
1 = F var

2 :
Since the variables for each operand match, we know the
result 〈cr, br, Fr〉 is simply a generalized if statement
branching on F var

1 (= F var
2 ) with the true case being

the operator applied to the high branches of F1 and F2

and likewise for the false case and the low branches:

〈ch, bh, Fh〉 = Apply(〈c1 + b1c1,h, b1b1,h, F1,h〉,
〈c2 + b2c2,h, b2b2,h, F2,h〉, op)

〈cl, bl, Fl〉 = Apply(〈c1 + b1c1,l, b1b1,l, F1,l〉
〈c2 + b2c2,l, b2b2,l, F2,l〉, op)

〈cr, br, Fr〉 = GetGNode(F var
1 , 〈ch, bh, Fh〉, 〈cl, bl, Fl〉)

4We note that the first case prohibits the use of the non-
commutativeª and® operations. However, a simple solution
would be to recursively descend on either F1 or F2 rather than
assuming commutativity and swapping operands to ensure
descent on F2. To accommodate general non-commutative
operations, we have used this alternate approach in our spec-
ification of the Apply routine given in Algorithm 3.
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Canonical caching
If the AADD Apply algorithm were to compute and
cache the results of applying an operation directly to the
operands, the algorithm would provably have the same
time complexity as the ADD Apply algorithm. Yet, if we
were to compute 〈0+1F1〉⊕〈0+2F2〉 and cache the result
〈cr + brFr〉, we could compute 〈5 + 2F1〉 ⊕ 〈4 + 4F2〉 =
〈(2cr + 9) + 2brFr〉 without recursion.
This suggests a canonical caching scheme that normal-

izes all cache entries to increase the chance of a cache hit.
The actual result can then be easily computed from the
cached result by reversing the normalization. This en-
sures optimal reuse of the Apply operations cache and
can lead to an exponential reduction in running time
over the non-canonical caching version.
We introduce two additional functions to perform this

caching: GetNormCacheKey to compute the canonical
cache key, and ModifyResult to reverse the normaliza-
tion in order to compute the actual result. These algo-
rithms are summarized in the bottom half of Table 1.

4.3 Other Operations

While space limitations prevent us from covering all of
the operations that can be performed (efficiently) on
AADDs, we briefly summarize some of them here:
min and max computation: The min and max of a
generalized AADD node 〈c+ bF 〉 are respectively c and
c+ b due to [0, 1] normalization of F .
Restriction: The restriction of a variable xi in a func-
tion to either true or false (i.e. F |xi=T/F ) can be com-
puted by returning the proper branch of nodes contain-
ing that test variable during the Reduce operation.
Sum out/marginalization: A variable xi can be
summed (or marginalized) out of a function F simply
by computing the sum of the restricted functions (i.e.
F |xi=T ⊕ F |xi=F ).
Negation/reciprocation: While it may seem that
negation of a generalized AADD node 〈c + bF 〉 would
be as simple as 〈−c + −bF 〉, we note that this vio-
lates our normalization scheme which requires b > 0.
Consequently, negation must be performed explicitly as
0ª 〈c+ bF 〉. Likewise, reciprocation (i.e., 1

〈c+bF 〉 ) must

be performed explicitly as 1® 〈c+ bF 〉.
Variable reordering: A generalization of Rudell’s
ADD variable reordering algorithm [5] that recomputes
edge weights of reordered nodes can be applied to
AADDs without loss of efficiency.

4.4 Cache Implementation

If one were to use a naive cache implementation that re-
lied on exact floating-point values for hashing and equal-
ity testing, one would find that many nodes which should
be the same under exact computation often turn out to
have offsets or multipliers differing by ±1e-15 due to nu-
merical precision error. This can result in an exponential
explosion of nodes if not controlled. Consequently, it is
better to use a hashing scheme that considers equality
within some range of numerical precision error ε. While

Algorithm 3: Apply(〈c1, b1, F1〉, 〈c2, b2, F2〉, op) −→
〈cr, br, Fr〉

input : 〈c1, b1, F1〉, 〈c2, b2, F2〉, op : Nodes and op
output : 〈cr, br, Fr〉 : Generalized node to return
begin
// Check if result can be immediately computed
if (ComputeResult(〈c1, b1, F1〉, 〈c2, b2, F2〉, op) →
〈cr, br, Fr〉 is not null ) then
return 〈cr, br, Fr〉;

// Get normalized key and check apply cache
〈〈c′1, b′1〉, 〈c′2, b′2〉〉 :=

GetNormCacheKey(〈c1, b1, F1〉, 〈c2, b2, F2〉, op);
if ( 〈〈c′1, b′1, F1〉, 〈c′2, b′2, F2〉, op〉 → 〈cr, br, Fr〉 is not
in apply cache) then
// Not terminal, so recurse
if (F1 is a non-terminal node) then

if (F2 is a non-terminal node) then
if (F var

1 comes before F var
2 ) then

var := F var
1 ;

else
var := F var

2 ;

else
var := F var

1 ;

else
var := F var

2 ;

// Propagate affine transform to branches
if (F1 is non-terminal ∧ var = F var

1 ) then
F v1

l := F1,l; F v1
h := F1,h;

cv1
l := c′1 + b′1 · c1,l; cv1

h := c′1 + b′1 · c1,h;
bv1
l := b′1 · b1,l; bv1

h := b′1 · b1,h;

else
F v1

l/h := F1; cv1
l/h := c′1; bv1

l/h := b′1;

if (F2 is non-terminal ∧ var = F var
2 ) then

F v2
l := F2,l; F v2

h := F2,h;
cv2

l := c′2 + b′2 · c2,l; cv2
h := c′2 + b′2 · c2,h;

bv2
l := b′2 · b2,l; bv2

h := b′1 · b2,h;

else
F v2

l/h := F2; cv2
l/h := c′2; bv2

l/h := b′2;

// Recurse and get cached result
〈cl, bl, Fl〉 :=Apply(〈cv1

l , bv1
l , F v1

l 〉, 〈cv2
l , bv2

l , F v2
l 〉, op);

〈ch, bh, Fh〉 :=Apply(〈cv1
h , bv1

h , F v1
h 〉, 〈cv2

h , bv2
h , F v2

h 〉, op);
〈cr, br, Fr〉 :=GetGNode(var, 〈ch, bh, Fh〉, 〈cl, bl, Fl〉);
// Put result in apply cache and return
insert 〈c′1, b′1, F1, c

′

2, b
′

2, F2, op〉 → 〈cr, br, Fr〉
into apply cache;

return ModifyResult(〈cr, br, Fr〉);
end

it is difficult to guarantee such an exact property for
an efficient hashing scheme, we next outline an approx-
imate approach that we have found to work both effi-
ciently and nearly optimally in practice.
The node cache used in GetGNode and the operation

result cache used inApply both use cache keys containing
four floating-point values (i.e., the offsets and multipliers
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ComputeResult(〈c1, b1, F1〉, 〈c2, b2, F2〉, op) −→ 〈cr, br, Fr〉
Operation and Conditions Return Value

〈c1 + b1F1〉 〈op〉 〈c2 + b2F2〉; F1 = F2 = 0 〈(c1 〈op〉 c2) + 0 · 0〉
max(〈c1 + b1F1〉, 〈c2 + b2F2〉); c1 + b1 ≤ c2 〈c2 + b2F2〉
max(〈c1 + b1F1〉, 〈c2 + b2F2〉); c2 + b2 ≤ c1 〈c1 + b1F1〉
〈c1 + b1F1〉 ⊕ 〈c2 + b2F2〉; F1 = F2 〈(c1 + c2) + (b1 + b2)F1〉
max(〈c1 + b1F1〉, 〈c2 + b2F1〉); F1 = F2,
(c1 ≥ c2 ∧ b1 ≥ b2) ∨ (c2 ≥ c1 ∧ b2 ≥ b1)

c1 ≥ c2 ∧ b1 ≥ b2 : 〈c1 + b1F1〉
c2 ≥ c1 ∧ b2 ≥ b1 : 〈c2 + b2F1〉

Note: for all max operations above, return opposite for min

〈c1 + b1F1〉 〈op〉 〈c2 + b2F2〉; F2 = 0, op ∈ {⊕,ª} 〈(c1 〈op〉 c2) + b1F1〉
〈c1 + b1F1〉 〈op〉 〈c2 + b2F2〉; F2 = 0, c2 ≥ 0, op ∈ {⊗,®} 〈(c1 〈op〉 c2) + (b1 〈op〉 c2)F1〉

Note: above two operations can be modified to handle F1 = 0 when op ∈ {⊕,⊗}
other null

GetNormCacheKey(〈c1, b1, F1〉, 〈c2, b2, F2〉, op) −→ 〈〈c′1, b′1〉〈c′2, b′2〉〉 and ModifyResult(〈cr, br, Fr〉) −→ 〈c′r, b′r, F ′

r〉
Operation and Conditions Normalized Cache Key and Computation Result Modification

〈c1 + b1F1〉 ⊕ 〈c2 + b2F2〉; F1 6= 0 〈cr + brFr〉 = 〈0 + 1F1〉 ⊕ 〈0 + (b2/b1)F2〉 〈(c1 + c2 + b1cr) + b1brFr〉
〈c1 + b1F1〉 ª 〈c2 + b2F2〉; F1 6= 0 〈cr + brFr〉 = 〈0 + 1F1〉 ª 〈0 + (b2/b1)F2〉 〈(c1 − c2 + b1cr) + b1brFr〉
〈c1 + b1F1〉 ⊗ 〈c2 + b2F2〉; F1 6= 0 〈cr + brFr〉 = 〈(c1/b1) + F1〉 ⊗ 〈(c2/b2) + F2〉 〈b1b2cr + b1b2brFr〉
〈c1 + b1F1〉 ® 〈c2 + b2F2〉; F1 6= 0 〈cr + brFr〉 = 〈(c1/b1) + F1〉 ® 〈(c2/b2) + F2〉 〈(b1/b2)cr + (b1/b2)brFr〉
max(〈c1 + b1F1〉, 〈c2 + b2F2〉);
F1 6= 0, Note: same for min

〈cr + brFr〉 = max(〈0 + 1F1〉, 〈(c2 − c1)/b1 + (b2/b1)F2〉) 〈(c1 + b1cr) + b1brFr〉

any 〈op〉 not matching above:
〈c1 + b1F1〉 〈op〉 〈c2 + b2F2〉

〈cr + brFr〉 = 〈c1 + b1F1〉 〈op〉 〈c2 + b2F2〉 〈cr + brFr〉

Table 1: Input and output summaries of the ComputeResult, GetNormCacheKey, and ModifyResult routines.

for two AADD nodes). If we consider this 4-tuple of
floating-point values to be a point in Euclidean space,
then we can measure the error between two 4-tuples
〈u1, u2, u3, u4〉 and 〈v1, v2, v3, v4〉 as the L2 (Euclidean)
distance between these points. As a consequence of the
triangle inequality for four dimensions, we know that
√

(u1 − v1)2 + (u2 − v2)2 + (u3 − v3)2 + (u4 − v4)2 ≤ ε

⇒|
√
u1

2 + u2
2 + u3

2 + u4
2-
√
v1

2 + v2
2 + v3

2 + v4
2| ≤ ε.

This is shown graphically for two dimensions in Figure 4.

Based on this inequality, we can use the following ap-
proximate hashing scheme for 〈v1, v2, v3, v4〉: Compute
the L2 distance between 〈v1, v2, v3, v4〉 and the origin;
For hashing, extract only the bits from the floating-point
base representing a fractional portion greater than ε and
use this as the integer representation of the hash key
(we are effectively discretizing the distances into buckets
of width ε); For equality, test that the true L2 metric
between 〈u1, u2, u3, u4〉 and 〈v1, v2, v3, v4〉 is less than ε.

While this hashing scheme does not guarantee that all
4-tuples having distance from the origin 〈0, 0, 0, 0〉 within
ε hash to the same bucket (some 4-tuples within ε could
fall over bucket boundaries), we found that with bucket
width ε = 1e-9 and numerical precision error generally
less than 1e-13, there was only a small probability of
two nodes equal within numerical precision straddling a
bucket boundary. For the empirical results described in
Section 6, this hashing scheme was sufficient to prevent
any uncontrollable cases of numerical precision error.

2
d

<u ,u >2

ε
ε

<0,0>

<v ,v >1 2

1

1d

  
ε

Figure 4: A 2D visualization of the hashing scheme we use.
All points within ε of 〈u1, u2〉 (the dark circle) lie within the
ring having outer and inner radius

√
u1

2 + u2
2 ± ε. Thus,

a hashing scheme which hashes all points within the ring to
the same bucket guarantees that all points within ε of 〈u1, u2〉
also hash to the same bucket. We can use squared distances
to avoid a

√
, thus the hash key for 〈v1, v2〉 can be efficiently

computed as the squared distance from 〈v1, v2〉 to the origin.

5 Theoretical Results

Here we present two fundamental results for AADDs:

Theorem 5.1. The time and space performance of
Reduce and Apply for AADDs is within a multiplicative
constant of that of ADDs in the worst case.

Proof Sketch. Under the same variable ordering, an
ADD is equivalent to a non-canonical AADD with fixed
edge weights c = 0, b = 1. Thus the ADD Reduce
and Apply algorithms can be seen as analogs of the
AADD algorithms without the additional constant-time
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Figure 5: Comparison of Apply operation running time (top) and table entries/nodes (bottom) for tables, ADDs and AADDs.

Left to Right: (
∑

i 2
ixi)⊕ (

∑

i 2
ixi), (γ

∑

i 2ixi)⊗ (γ
∑

i 2ixi), max(
∑

i 2
ixi,

∑

i 2
ixi). Note the linear time/space for AADDs.

and constant-space overhead of normalization. Since
normalization can only increase the number of Reduce
and Apply cache hits and reduce the number of cached
nodes, it is clear that an AADD must generate equal or
fewer Reduce and Apply calls and have equal or fewer
cached nodes than the corresponding ADD. This allows
us to conclude that in the worst case where the AADD
generates as many Reduce and Apply calls and cache hits
as the ADD, the AADD is still within a multiplicative
constant of the time and space required by the ADD.

Theorem 5.2. There exist functions F1 and F2 and an
operator op such that the running time and space per-
formance of Apply(F1, F2, op) for AADDs can be linear
in the number of variables when the corresponding ADD
operations are exponential in the number of variables.

Proof Sketch. Two functions and Apply operation exam-
ples where this holds true are

∑n
i=1
2ixi⊕

∑n
i=1
2ixi and

∏n
i=1

γ2
ixi⊗∏n

i=1
γ2

ixi . (Examples of these operands as
ADDs and AADDs were given in Figures 1c and 2.) Be-
cause these computations result in a number of terminal
values exponential in n, the ADD operations must re-
quire time and space exponential in n. On the other
hand, it is known that the operands can be represented
in linear-sized AADDs. Due to this structure, the Apply
algorithm will begin by recursing on the high branch of
both operands to depth n. Then, at each step as it re-
turns and recurses down the low branch, the respective
additive and multiplicative differences will be normalized
out due to the canonical caching scheme, thus yielding
cache hits for all low branches. This results in n cached
nodes and 2n Apply calls for the AADD operations.

6 Empirical Results

6.1 Basic Operations
Figure 5 demonstrates the relative time and space per-
formance of tables, ADDs, and AADDs on a number of
basic operations. These verify the exponential to linear
space and time reductions proved in Theorem 5.2.

6.2 Bayes Nets
For Bayes nets (BNs), we simply evaluate the variable
elimination algorithm [6] (under a fixed, greedy tree-
width minimizing variable ordering) with the conditional

probability tables (CPTs) Pj and corresponding opera-
tions replaced with those for tables, ADDs, and AADDs:

∑

xi /∈Query

∏

P1...Pj

P1(x1|Parents(x1)) · · ·Pj(xj |Parents(xj))

Table 2 shows the total number of table entries/nodes
required to represent the original network and the
total running time of 100 random queries (each
consisting of one query variable and one evidence
variable) for a number of publicly available BNs
(http://www.cs.huji.ac.il/labs/compbio/Repository) and
two noisy-or and noisy-max CPTs with 15 parent nodes.
Note that the intermediate probability tables were

often too large for the tables or ADDs, but not the
AADDs, indicating that the AADD was able to exploit
additive or multiplicative structure in these cases. Also,
the AADD yields an exponential to linear reduction on
the Noisy-Or-15 problem and a considerable computa-
tional speedup on the Noisy-Max-15 problem by exploit-
ing the additive and multiplicative structure inherent in
these special CPTs [7].

6.3 Markov Decision Processes
For MDPs, we simply evaluate the value iteration algo-
rithm [8] using a tabular representation and its exten-
sion for decision diagrams [9] to factored MDPs from
the SysAdmin domain [10].5 Here we simply substitute
tables, ADDs, and AADDs for the reward function R,
value function V , and transition model dynamics Pi in
the following factored MDP value iteration update:

V t+1(s1, . . . , sn) = R(s1, . . . , sn) +

γmax
a

∑

s′

1
...s′

n

[

∏

P1...Pn

Pi(s
′

i|Parents(s′i), a)

]

V t(s′1, . . . , s
′

n)

Figure 6 shows the relative performance of value itera-
tion until convergence within 0.01 of the optimal value

5In these domains, there is a network of computers whose
operational status (i.e., running or crashed) at each time step
is a stochastic function of the previous status of computers
with incoming connections. At each time step the task of the
system administrator is to choose the computer to reboot in
order to maximize the sum of operational computers over a
discounted reward horizon.
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Bayes Net Table ADD AADD

# Table Entries Running Time # ADD Nodes Running Time # AADD Nodes Running Time

Alarm 1,192 2.97 s 689 2.42 s 405 1.26 s

Barley 470,294 EML∗ 139,856 EML∗ 60,809 207 m

Carpo 636 0.58 955 0.57 s 360 0.49 s

Hailfinder 9045 26.4 s 4511 9.6 s 2538 2.7 s

Insurance 2104 278 s 1596 116 s 775 37 s

Noisy-Or-15 65566 27.5 s 125356 50.2 s 1066 0.7 s

Noisy-Max-15 131102 33.4 s 202148 42.5 s 40994 5.8 s

Table 2: Number of table entries/nodes in the original network and variable elimination running times using tabular, ADD,
and AADD representations for inference in various Bayes nets. ∗EML denotes that a query exceeded the 1Gb memory limit.
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Figure 6: MDP value iteration running times (top) and number of entries/nodes (bottom) in the final value function using
tabular, ADD, and AADD representations for various network configurations in the SysAdmin problem.

for networks in a star, bidirectional, and independent
ring configuration. While the reward and transition dy-
namics in the SysAdmin problem have considerable ad-
ditive structure, we note that the exponential size of the
AADD (as for all representations) indicates that little
additive structure survives in the exact value function.
Nonetheless, the AADD-based algorithm still manages
to take considerable advantage of the additive structure
during computations and thus performs comparably or
exponentially better than ADDs and tables.

7 Concluding Remarks
We have presented the AADD and have proved that its
worst-case time and space performance are within a mul-
tiplicative constant of that of ADDs, but can be linear in
the number of variables in cases where ADDs are expo-
nential in the number of variables. And we have provided
an empirical comparison of tabular, ADD, and AADD
representations used in Bayes net and MDP inference
algorithms, concluding that AADDs perform at least as
well as the other two representations, and often yield an
exponential time and space improvement over both.
In conclusion, we should emphasize that we have not

set out to show that variable elimination and value it-
eration with AADDs are the best Bayes net and MDP
inference algorithms available – many other approaches
propose to handle similar structure efficiently via special-
purpose problem-structure or algorithm modifications.
Rather, we intended to show that transparently substi-
tuting AADDs in two diverse probabilistic inference al-
gorithms that used tables or ADDs could yield exponen-

tial performance improvements over both by exploiting
context-specific, additive, and multiplicative structure
in the underlying representation. These results suggest
that the AADD is likely to yield exponential time and
space improvements for a variety of probabilistic infer-
ence algorithms that currently use tables or ADDs, or at
the very least, a gross simplification of these algorithms.
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Abstract

Many practical problems have random variables
with a large number of values that can be hierarchi-
cally structured into an abstraction tree of classes.
This paper considers how to represent and exploit
hierarchical structure in probabilistic reasoning. We
represent the distribution for such variables by spec-
ifying, for each class, the probability distribution
over its immediate subclasses. We represent the
conditional probability distribution of any variable
conditioned on hierarchical variables using inher-
itance. We present an approach for reasoning in
Bayesian networks with hierarchically structured
variables that dynamically constructs a flat Bayesian
network, given some evidence and a query, by col-
lapsing the hierarchies to include only those values
necessary to answer the query. This can be done
with a single pass over the network. We can answer
the query from the flat Bayesian network using any
standard probabilistic inference algorithm such as
variable elimination or stochastic simulation. The
domain size of the variables in the flat Bayesian net-
work is independent of the size of the hierarchies;
it depends on how many of the classes in the hierar-
chies are directly associated with the evidence and
query. Thus, the representation is applicable even
when the hierarchy is conceptually infinite.

1 Introduction

Many problem domains have discrete variables with a large
number of values that can be represented a priori as an abstrac-
tion hierarchy (or an is-a hierarchy or taxonomic hierarchy)
[Pearl, 1986; Mackworth et al., 1985]. We call these vari-
ables hierarchical variables. Taxonomic hierarchies allow us
to manage effectively the large state space of a variable be-
cause they allow facts and regularities to be revealed both at
high and low levels of abstraction. In taxonomic hierarchies
the information from high-level abstractions are automatically
inherited by more specific concepts. Abstraction hierarchies
also allow us to answer more abstract queries. As an example
of a hierarchical variable, consider a random variable LT that
describes the species of living things. The large number of

values of LT (i.e., millions of species) can be classified ac-
cording to Linnaean taxonomy hierarchy.1 Living things are
divided into kingdoms (e.g., plantae, animalia), classes (e.g.,
mammals, birds, fish), all the way down to species.

In this paper, we look at two related problems with hierar-
chical variables in Bayesian networks. The first is the compact
representation of conditional probability distributions. The
second is how to exploit that representation in probabilistic
inference for computational gain. We assume that the tree hi-
erarchy of the values is fixed and does not change with the
context.

To compute a posterior probability, given some evidence
in a Bayesian network that has both simple and hierarchi-
cal variables, we construct a flat Bayesian network by col-
lapsing the hierarchies and including only those values neces-
sary to answer the query. We can answer the query from the
flat Bayesian network using any standard inference algorithm.
The domain size of the variables in the flat Bayesian network is
independent of the size of the hierarchies; it depends on how
many of the classes in the hierarchy are directly associated
with the evidence and query.

2 Hierarchical Variables
We divide the discrete random variables into two cate-
gories: simple variables and hierarchical variables. We
call Bayesian networks that have both simple and hierarchical
variables hierarchical Bayesian networks.2 We use upper case
letters to denote simple random variables (e.g., X1, X2, X) and
the actual value of these variables by small letters (e.g., a, b,
x1). The domain of X, written Val (X), is the set of values that
X can take on.

A hierarchical variable is a variable in which subsets of the
values of the variable are represented hierarchically in a tree
[Pearl, 1986]. We refer to a node in the tree as a class. The
nodes in the tree represent subsets of the values of the variable.
The root of the tree represents the set of all the values of the
variable. The children of a node correspond to a partitioning
of the set of values of the node. Thus, the subsets represented
by the children of a class must be mutually disjoint and any
class represents the union of its children in the tree.

1http : //www.wikipedia.org/wiki/Linnaean_taxonomy
2The term hierarchical Bayesian network used in this paper is

different than the term hierarchical Bayesian model used in statistics.
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Figure 1: Part of a taxonomic hierarchy of living things

If a class Cj is a child of Ci, we say that Cj is an immediate
subclass of Ci. The subclass relation is the symmetric transi-
tive closure of the immediate subclass relation. That is, Cj is
a subclass of Ci, written Cj ≤ Ci, if Cj is a descendant of Ci in
the abstraction hierarchy (or is Ci). The inverse of subclass is
superclass. The conjunction of two classes Cj and Ck , written
as Cj ∧ Ck , denotes the set intersection of Cj and Ck . This is
empty unless one is a superclass of the other.

We denote the hierarchical variables using boldface upper-
case letters (e.g., LT). For example, a part of the tree hierarchy
of values of variable LT is shown in Figure 1. tree(LT) denotes
the tree hierarchy of LT.

3 Conditional Probabilities of Hierarchical
Bayesian Networks

There are two main issues to be considered to represent hier-
archical Bayesian networks:

C1: specifying the conditional probability for hierarchical
variables;

C2: specifying how variables are conditioned on hierarchical
parents.

The simplest case of C1 is how to specify the prior prob-
ability of a hierarchical variable. The simplest case of C2 is
how to specify the conditional probability of a simple variable
conditioned on a hierarchical variable. The more complicated
cases are built from these simpler cases.

3.1 Prior Probability for Hierarchical Variables
The prior probability of a hierarchical variable can be speci-
fied in a top-down manner. For each class that has subclasses,
we specify a probability distribution over its immediate sub-
classes. For example, suppose we want to specify the prior
over the hierarchical variable LT as shown in Figure 1. The
root of the hierarchy is the class livingthing. We specify the
probability distribution over its immediate subclasses:

P(animal|livingthing) = 0.4
P(plant|livingthing) = 0.6

We can specify the probability distribution over the immedi-
ate subclasses of animal. Suppose we have as part of this
distribution:

P(mammal|animal) = 0.3
P(bird|animal) = 0.2, etc.

We can specify the probability of an immediate subclass of
mammal given mammal, with probabilities such as:

P(bat|mammal) = 0.1

We can compute the prior probability of any class in a recur-
sive manner by multiplying the probability of class given its
immediate superclass and the probability of its immediate su-
perclass. The root has probability 1 (as it represents the set
of all values). For example, given the probabilities as above,
P(bat) can be computed as follows:

P(bat) = P(bat|mammal) × P(mammal|animal) ×
P(animal|livingthing)

= 0.012

In this representation, computing the probability of any class
is linear in the depth of the class in the hierarchy and otherwise
is not a function of the hierarchy’s size.

3.2 Hierarchical Variable Is the Parent of a Simple
Variable

Suppose that H is a hierarchical variable, F is a simple vari-
able, and H is the only parent of F. We can exploit any hier-
archical structure by assuming that the influence on F is local
in the hierarchy of H. To specify the conditional probabil-
ity distribution (CPD) P(F|H) we use the notion of a default
probability distribution. The default probability distribution
of F for class Cj, written Pd(F|Cj), is assumed to be inherited
by all subclasses of Cj, unless overridden by a more specific
default probability distribution. We can represent P(F|H) by
specifying Pd(F|Cj) for some classes Cj in the hierarchy of H.
We call such classes Cj the exceptional classes of H. The idea
of using “inheritance” with abstraction hierarchies is similar
to the use of “context specific independence” for the compact
representation of the CPTs in a Bayesian network [Boutilier
et al., 1996].

To make this properly defined, we need to ensure that every
terminal node in the tree hierarchy of H is covered by some
default probability distribution. The union of all of the sets
of values associated with the exceptional classes must equal
Val(H). This condition holds trivially if the root class is an
exceptional class for F. If the root class is not an exceptional
class, there must be an exceptional class along every path from
the root.

The conditional probability of F for any class Ck of H,
P(F|Ck), can be computed as follows:

• if Ck does not have any exceptional subclasses, P(F|Ck)
is inherited from the default probability distribution of F
for the lowest exceptional superclass Cj of Ck . Thus,

P(F|Ck) = Pd(F|Cj)

• otherwise, P(F|Ck) can be derived from its children

P(F|Ck) =
∑

∀Ci∈children(Ck)

P(F|Ci) × P(Ci|Ck)

Example: Consider a Bayesian network in which a hierarchi-
cal variable LT is the only parent of a simple variable FLYING
with domain {flying, ¬flying}. To represent P(FLYING|LT),
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we need to define the default probability distributions over
FLYING for the exceptional classes of LT. For example, we
can state that livingthings have a low probability of flying by
default, but bird and insect are exceptional because they have
a high probability of flying. From the children of class mam-
mal, a bat is exceptional because it has a high probability of
flying. From the children of class bird, a penguin is excep-
tional because it has a very low probability of flying. Thus, to
represent P(FLYING|LT) we could have:

Pd(flying|livingthing) = 0.00001
Pd(flying|bird) = 0.5
Pd(flying|bat) = 0.3
Pd(flying|penguin) = 0.000001
Pd(flying|insect) = 0.4

Note that P(flying|livingthing) �= 0.00001 as the class liv-
ingthing contains bird and bat that each have a much higher
probability of flying.

3.3 The General Case
The general case is when a random variable (hierarchical or
simple) can have any number and any kind of variables as
parents. To represent the CPD of a hierarchical variable H
conditioned on its parents, we assume that each class in the
hierarchy of H has a probability distribution over its immediate
subclasses that is conditioned on (some of) the parents of H.
We can treat each of these classes as a simple variable. Thus,
the problem of representing a (conditional) probability dis-
tribution over a hierarchical variable reduces to the problem
of representing a (conditional) probability distribution over
simple variables.

Let F be a simple variable that has both simple and hier-
archical parents. Suppose pas(F) denotes the simple parents
of F and suppose pah(F) denotes the hierarchical parents of
F. Let X denote an assignment of a class to each hierarchical
parent of F; we call X a parent context. X = (

c1
x , . . . , cn

x

)
,

where ci
x is a class in the tree hierarchy of the ith hierarchical

parent of F.
To represent P

(
F|pas (F) ∧ pah (F)

)
we specify the default

probability distribution over F for different combinations of
values for simple parents, pas(F), and some parent contexts.
The given parent contexts (parent contexts for which the de-
fault distribution over F has been defined) can be represented
in a concept hierarchy Cp of partial ordering Cp = (Zp, ≤),
where Zp is the set of given parent contexts. A parent context
X ∈ Zp is a super parent context of parent context Y, written
Y ≤ X, if ∀i, ci

y ≤ ci
x . The conditional distribution over F

for a parent context X is inherited from the default probability
distribution of F for the3 super parent context Z of X in Zp
that is not overridden by a more specific default probability
distribution of F for parent context Y such that X ≤ Y < Z.
Example: Consider the Bayesian network shown in Figure 2

3We assume that there is only one most-specific super parent con-
text. If there are more than one most-specific compatible parent con-
texts, with different default probability distributions, there must be a
default distribution that disambiguates the two default distributions.
We are thus forcing the user to disambiguate cases in which there
would otherwise be a problem of multiple inheritance.

LAYS_EGGSFLYING

LOC

(a)

LT

oceanland

location

N−polar S−temperate

hemisphere
southernnorthern

equatorial

N−temperate

hemisphere

(b)

Part of tree hierarchy of location on the earth

S

S−polar

Figure 2: (a)A Bayesian network with simple and hierarchical
variables (b) A part of the tree hierarchy for LOC

(a). The hierarchical variable LOC represents the location on
earth. The simple variable S represents the season. Figure 2
(b) shows the part of the hierarchy of the location. We consider
that S has only two values: (northern hemisphere) summer
(May – October) and winter (November – April). The prob-
ability distribution of class animal of LT over its immediate
subclasses can be conditioned on some of its parents. Suppose
the distribution of class animal in the equatorial region is in-
dependent of season, so for parent context X = (equatorial)
we could have a default distribution such as:

Pd(reptile|animal ∧ X) = 0.1
Pd(insect|animal ∧ X) = 0.4
Pd(mammal|animal ∧ X) = 0.2, etc.

In the polar regions the distribution of class animal over its
children depends on the season, so for parent context X =
(N − polar) we could have a default distribution such as:

Pd(reptile|animal ∧ S = summer ∧ X) = 0.01
Pd(mammal|animal ∧ S = summer ∧ X) = 0.04
Pd(insect|animal ∧ S = summer ∧ X) = 0.7, etc.

4 Construction of a Flat Bayesian Network
An observation about a hierarchical variable H can be posi-
tive or negative. An observation about H is positive when we
observe that H is Cobs, where Cobs is a class in the hierarchy
of H. This means that H has a value vh such that vh ∈ Cobs.
An observation about H is negative when we observe that H is
¬Cobs. This means that H has a value vh such that vh �∈ Cobs.
Without loss of generality, we can assume that there is always
one positive observation about H, denoted by Cpos. For ex-
ample, suppose we have two positive observations C1 and C2
about H. If classes C1 and C2 are disjoint then observations
about H are not consistent. If C1 is a subclass of C2, C1∧C2
equals C1. If there are only negative observations about H,
we assume root class is the positive observation. There can be
multiple negative observations about H that are descendants
of Cpos in the hierarchy of H.

We assume a query asks either for a distribution over a
simple variable or for the probability of a particular class in a
hierarchical variable.

Given some evidence (a set of observations) and a query,
we construct a flat Bayesian network, Bf , from a hierarchical
Bayesian network Bh by replacing each hierarchical variable
with a simple variable whose domain includes only those val-
ues necessary to answer the query. The state space of a hi-
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erarchical variable H can be abstracted because, for a given
problem, only certain classes of H are supported directly by
the evidence or relevant to the query. To construct Bf from
Bh given some evidence and a query, we traverse Bh from
the leaves upwards, prune those variables irrelevant to an-
swer the query, and abstract the hierarchical variables. We
abstract the hierarchical variables as part of a pass to remove
variables that are irrelevant to the query. From the bottom-
up, you can recursively prune any variable that has no chil-
dren and is not observed or queried [Geiger et al., 1990;
Pearl, 1988] as well as abstract hierarchical variables when
their children have been abstracted. We can then answer the
query from the flat Bayesian network using any standard prob-
abilistic inference algorithm.

4.1 Abstraction of Hierarchical Variables
Let H be a hierarchical variable with values Val(H). The ab-
straction of the domain of H, denoted by part(H), is a partition
of Val(H). That is, part(H) is a set of subsets of Val(H) such
that all sets in part(H) are mutually disjoint and the union
of all the sets equals Val(H). We refer to a set in part(H)
as an abstract value of H. An abstraction of hierarchical
variable H, denoted by Ha, is a simple variable with domain
Val(Ha) = part(H).

4.2 Finding a Safe Abstraction
In this section we describe a simple algorithm Flat_Bayes
for constructing a flat Bayesian network Bf from a hierarchi-
cal Bayesian network Bh given some evidence and a query.
A safe abstraction has the same posterior distribution over the
query variable in Bf as in Bh. To develop a safe abstraction for
efficient inference, the following constraints are followed in
Flat_Bayes: 1. For every evidence or query, there must be an
abstract value that directly associates with that evidence/query
and conveys its effect. 2. All abstract values must be mutually
disjoint and exclusive. The algorithm Flat_Bayes consists of
three phases:
Phase0:
If a query asks for the probability of a particular class in
hierarchical variable H, we create an extra binary child Q
of H, which is true exactly when the query is true (i.e.,
Pd(Q = true|Croot) = 0 and Pd(Q = true|Cq) = 1, where
Croot is the root class and Cq is the query class in the tree hi-
erarchy of H). The variable Q has the same probability as the
query class. We thus reduce the problem to one of computing
the probability of a simple variable.
Phase1: Abstract
In this phase Flat_Bayes traverses Bh from the leaves up-
wards. It prunes a variable that is not queried or ob-
served and does not have any children [Geiger et al., 1990;
Pearl, 1988]. For each unpruned hierarchical variable H, the
algorithm computes its abstraction Ha as follows:
Case1: H is not observed
The hierarchical variable H can be a parent of several simple
variables.4 We need to find the exceptional classes Ck of H

4Note that because of the bottom-up nature of the algorithm, H
can only have simple children at this stage of the algorithm.

Cpos

(true)
R1

C4

Croot

C1

C5 C6

C1neg

C3

C2

C2neg

R2

R3

(????)

(false)

Figure 3: The abstraction hierarchy of H is divided into three
regions R1, R2, and R3 by positive (Cpos) and negative (C1neg,
C2neg) observations about H

with respect to each of these children (i.e., classes that are
associated with the evidence or the query). The domain of
Ha is the set of non-empty abstract values for each excep-
tional class. The algorithm computes the abstract value, va,
for every exceptional class Ck as follows:

• va = Ck , if Ck does not have any exceptional strict sub-
classes.

• Otherwise, va = Ck −C1 − . . .−Cm, where C1, . . . , Cm
are the highest exceptional strict subclasses of Ck . This
set difference represents the set of all of the values that
are in Ck and are not covered by other abstract values.

The abstract values that are empty are removed from the do-
main of Ha. To recursively abstract the parents of H, the
algorithm finds those strict super classes of the exceptional
classes Ck , which are affected by H’s parents.
Case2: H is observed
The observations about H divide its tree hierarchy into three
regions R1, R2, and R3. R1 includes the classes that are true for
the observation (superclasses of Cpos), R2 includes the classes
that we know nothing about, and R3 includes the classes that
we know are false. For example, suppose we have one positive
(Cpos) and two negative (C1neg, C2neg) observations about H
as shown in Figure 3. The regions R1, R2, and R3 are shown
by the bold lines in Figure 3. We do not need to distinguish
between the values of H that we know are false. The values of
H can be partitioned into two disjoint and exclusive subsets:
one (vfalse) corresponds to all the values that are false and an-
other (vnotknow) corresponds to all the values we know nothing
about. Thus,

vfalse = {(
Croot − Cpos

) ∪ (negative observations)
}

vnotknow = {
Cpos − (negative observations)

}

Val(Ha) = {
vnotknow, vfalse

}

If H also has children, we need to partition its abstract value
vnotknow into subsets based on the evidence from its children.
We need to find the exceptional classes Ck of H with respect
to its children that are in region R2 in the hierarchy of H. We
can compute the abstract value voa that corresponds to each
exceptional class Ck in the same way as described in Case1,
but we need to remove all the false values. Thus,
voa = va − {negative observations that are subclasses ofCk}
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Let voa
1, . . . , voa

k be the non-empty abstract values that cor-
respond to exceptional classes Ck . Let vr = voa

1 ∪ . . . ∪ voa
k .

Then, Val(Ha) = {
voa

1, . . . , voa
k, vnotknow − vr, vfalse

}

To recursively abstract the parents of H, the algorithm finds
those strict super classes of exceptional classes Ck and Cpos
that are affected by H’s parents.
Phase2: Construct tables
The algorithm constructs the CPT for variables Xa of a flat
network. Let paa(Xa) denote the abstracted parents of Xa.
We compute P(Xa = va|pas(Xa) = Vs ∧ paa(Xa) = V) for
each value va of Xa and for each assignment Vs of pas(Xa)
and V of paa(Xa) for the following two cases:
Case1: Xa is not abstracted but it has abstracted parents
As discussed in Section 3.3, P(Xa = va|pas(Xa) = Vs ∧
paa(Xa) = V) is inherited from the default distribution of Xa

for the parent context C, C ∈ Zp, V ≤ C and � ∃Y ∈ Zp such
that V ≤ Y < C, where Zp is the set of parent contexts for
which the default distribution of Xa has been defined.
Case2: Xa is an abstracted variable
Let � denote the assignment pas(Xa) = Vs ∧ paa(Xa) = V.
As discussed in Phase1, va = Ck − C1 − . . . − Cm. Then,

P (Xa = va|�) = P(Ck|�) − . . . − P(Cm|�)

As discussed in Section 3.1, to compute P(Ck|�) we need
the probability distribution of all the super classes of Ck over
their immediate subclasses for parent context V. As discussed
in Section 3.3, we can treat each of these classes as a simple
variable. Thus, the probability distribution of a class over its
immediate subclasses for parent context V can be computed
in the same way as described in Case1.

The evidence for observed hierarchical variable H is trans-
lated into the corresponding abstract variable Ha of Bf . The
evidence Eh for Ha in Bf is the disjunction of all those abstract
values of H that are not false for the observation.

The domain size of the variables in Bf is independent of
the size of the hierarchies; it depends on how many classes in
their hierarchy are exceptional with respect to their relevant5

children in Bh. The running time to construct Bf depends on
both the depth and number of the exceptional classes. Af-
ter constructing Bf we can answer the query from Bf using
any standard probabilistic inference algorithm, for example,
variable elimination algorithm [Zhang and Poole, 1994] or
stochastic simulation.

4.3 Correctness of Flat Bayesian Network

Let Bh be a hierarchical Bayesian network that has n discrete
random variables, X = {X1, . . . , Xn}, and we want to an-
swer some probabilistic query, P (Q|E), where Q, E ⊆ X.
Q denotes the query variables. We observed that E is in
the set e, e ⊆ domain(E), E ∈ e is the evidence. From
Bh we can recursively prune any variable that has no chil-
dren, and is not observed or queried [Geiger et al., 1990;
Pearl, 1988].

P(Q|E ∈ e) = P (Q ∧ E ∈ e)

P (E ∈ e)

5Variables irrelevant to the query are pruned by Flat_Bayes.

Let X1, . . . , Xs be the non-query non-observed random vari-
ables of Bh. pa(Xi) denotes the parents of variable Xi. The
marginal P(Q ∧ E) can be computed as follows:

P (Q ∧ E ∈ e) =
∑

Xs

. . .
∑

X1

n∏

i=1

P (Xi|pa(Xi)){E∈e}

Lemma 4.1 The posterior probability P(Q|E) computed
from a Bayesian network after replacing its variables Xk by
their abstractions Xa

k is the same as if it is computed with-
out replacing Xk , if the Xa

k are constructed from the partitions
part(Xk) that have the following property :

∀Xk, ∀Yj ∈ children(Xk), ∀V ∈ part(pa(Yj)),

∀v1, v2 ∈ V , P(Yj|pa(Yj) = v1) = P(Yj|pa(Yj) = v2) (1)

Proof Sketch Summing over all the values of Xk is equivalent
to summing over the partition of the values of Xk . Thus,

∑

v∈Val(Xk)

P(Xk = v|pa(Xk)) ×
j∏

l=1

P (Yl|pa (Yl)) (2)

=
∑

V∈part(Xk)

∑

v∈V

P(Xk = v|pa(Xk)) ×
j∏

l=1

P (Yl|pa (Yl))

If (1) is true, we can distribute the product out of the inner-
most sum from the RHS of the above equality, leaving the
term

∑
v∈V P(Xk = v|pa(Xk)), which is equal to P(V |pa(Xk)).

Thus (2) is equal to

∑

V∈part(Xk)

P(Xa
k = V |pa(Xk)) ×

j∏

l=1

P (Yl|pa (Yl))

It is straightforward to incorporate evidence E and query Q
into the proof.

Lemma 4.2 The algorithm Flat_Bayes partitions the values
of the hierarchical variables Xk of Bh such that all its children
satisfies the Equation (1).

Proof Sketch Let part(Xk) denote the abstraction of the do-
main of hierarchical variable Xk computed by Flat_Bayes. Xa

k
denotes the abstraction of Xk . If Xk is observed, Flat_Bayes
removes a set V , V ∈ part(Xk), such that all values in V are
false. Flat_Bayes constructs the conditional probability tables
for variables Xa

k of a flat Bayesian network using “inheritance”
for the following two cases:
Case1: Xa

k is not abstracted but some of its parents are
As discussed in Phase2, P(Xa

k = va|pas(Xa
k ) = Vs ∧

paa(Xa
k ) = V), V ∈ part(pah(Xk)), is inherited from the de-

fault distribution of Xa
k for the parent context C ∈ Zp, V ≤ C

and � ∃Y ∈ Zp such that V ≤ Y < C. Thus,
∀v ∈ V, P(Xa

k |pas(Xa
k ) = Vs ∧ paa(Xa

k ) = v) =
Pd(Xk|pas(Xk) = Vs ∧ C). This implies Equation (1).
Case2: Xa

k is abstracted
As discussed in Phase2, to compute P(Xa

k = va|pas(Xa
k ) =

Vs ∧ paa(Xa
k ) = V) we need the conditional distribution of

classes Cj, Cj ∈ tree(Xk), over their immediate subclasses.
We can treat a class Cj, Cj ∈ tree(Xk), as a simple variable.
Thus, the proof follows from Case1.
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Figure 4: (a) Bayesian network representation of conference
academics domain (b) A part of the tree hierarchy for location
in the world

Theorem 4.1 The posterior probability P(Q|E) computed
from a flat Bayesian network as constructed by Flat_Bayes
is equal to the posterior probability computed from a hierar-
chical Bayesian network.

Proof Sketch The theorem follows from Lemmas 4.1 and 4.2.

5 Experiments
We implement our Flat_Bayes algorithm on top of the variable
elimination (VE) algorithm, we call it Flat_Bayes + VE. To
get an idea of the performance of Flat_Bayes + VE compared
to VE, we investigate how the performance of both algorithms
vary with the number of hierarchical variables in the Bayesian
network, with the depth of the tree hierarchies of the hierar-
chical variables, and with the depth of the exceptional classes.

To test the algorithms, we consider a simple conference
domain. In this domain, the location of an academic is influ-
enced by the location of the conference and the location of
the spouse of the academic is influenced by the location of
the academic. Let there be k academics. We assume that the
locations of the different academics are not independent; they
depend on the conference location. We consider that all loca-
tion variables (conference location or person locations) have
the same domain and are hierarchical variables. The Bayesian
network representation of this domain is shown in Figure 4
(a). The part of the tree hierarchy for the location is shown
in Figure 4 (b). Here we have 2k + 1 hierarchical random
variables. The hierarchical random variable conf_loc denotes
the conference location. The hierarchical random variables
acam_loc1, . . . , acam_lock denote the locations of the aca-
demics, and spou_loc1, . . . , spou_lock denote the locations
of their spouses respectively.

To specify the conditional probability
P(acam_lock|conf_loc), we need to specify the default
distribution of each class in the hierarchy of acam_lock
over its immediate subclasses for some parent contexts (for
some classes in the hierarchy of conf_loc). We assume the
conference location influences each academic’s location very
locally; we need to specify the default distribution of the
classes over their immediate subclasses for very few parent
contexts.
Example: Suppose we know that the academic is in the UK
but don’t know whether he is in Scotland, Wales or England.
Now, knowing that the conference is taking place in the UK
but not where in the UK, doesn’t provide us any information

1 2 3 4 5 6 7 8 9 10
0

100

200

300

400

500

600

700

800

depth of abstraction hierarchies (d)

P
ro

c.
 ti

m
e 

in
 m

s.
 

VE when obs. are at depth = d 
VE when obs. are at depth = 1
Flat_Bayes+VE when obs. are at depth = 1
Flat_Bayes+VE when obs. are at depth = d

Figure 5: The average inference time of applying VE and
Flat_Bayes + VE for k = 2 as a function of the depth of the
hierarchy, and depth of the observations

about the location of the academic in the UK. However, if
we know that the conference is taking place somewhere in
Scotland, we can state that there is a high probability that
the academic is in Scotland. We assume that knowing the
conference location in Scotland (e.g., in Edinburgh), doesn’t
provide us any extra information about where they may be if
not in Scotland. Thus, we could have a default probability
distribution of the class uk in the hierarchy of acam_lock
over its immediate subclasses conditioned on conf_loc such
as:

Pd(scotland|uk ∧ conf_loc = scotland) = 0.8
Pd(scotland|uk ∧ conf_loc = england) = 0.3
Pd(scotland|uk ∧ conf_loc = world) = 0.4

For the experiments, we observe the locations of the spouses
and we want to compute where the conference is taking place.
To determine how the inference time depends on the number of
hierarchical variables, we vary k from 1 to 8. We represent the
abstraction hierarchy of all location variables by a binary tree
of depth d where d is a parameter. To determine how inference
time depends on the depth of the hierarchy (d) we vary d from
1 to 10 with a step of 1. To determine how the inference
time depends on the depth of the exceptional classes, for each
value of d we vary the depth of the observation for the observed
variables from 1 to d. We compute the posterior distribution
of conf_loc by applying only VE and Flat_Bayes + VE.

Figure 5 shows the average inference time of both VE and
Flat_Bayes + VE for the belief network that has only 2 aca-
demics as a function of the depth of the tree, and depth of the
observations. Figure 6 shows the average inference time of
both VE and Flat_Bayes + VE as a function of the number of
academics and the depth of observations; here we consider the
depth of the hierarchy is 8. Figure 5 shows that the inference
time for Flat_Bayes + VE doesn’t depend on the depth of the
hierarchy but increases linearly as the depth of the observa-
tions increases. This increase is because the depth of the ob-
servations for spou_lock variables changes the depth and the
number of exceptional classes for acam_lock and conf_loc.
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Figure 6: The average inference time of applying VE and
Flat_Bayes + VE for d = 8 as a function of the number of
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Note that VE takes less time as the depth of observation in-
creases. This is because the domain of spou_lock variable
reduces as the depth of the observation increases. The re-
sults shown in Figures 5 and 6 give us some indication of the
overhead of constructing a flat Bayesian network and cases in
which it may be more effective to use it rather than VE alone.

6 Related Work
There is very limited work on combining taxonomic hierar-
chies and probabilistic reasoning. The problem of evidential
reasoning in a taxonomic hierarchy of hypotheses was first
studied by Gordon and Shortliffe [1985] using the Dempster-
Shafer (D-S) theory. Shenoy and Shafer [1986] improved the
algorithm proposed by Gordon and Shortliffe and showed that
belief functions can be propagated using local computations.
Pearl [1986] provides a method for the same problem using
Bayesian formalism. In all of these, a very restricted naive
Bayes classifier network form was considered. In this pa-
per we concentrate on general Bayesian networks that have
both hierarchical and simple variables. Pearl’s method in-
volves traversing the whole hierarchy for each observation.
We show in this paper that we do not need to do this. In more
recent work, Koller and Pfeffer [1998] describe a represen-
tation language for combining frame-representation systems
and Bayesian networks for representing complex structured
domains. They are looking at different aspects of the prob-
lem, concentrating on multiple objects, combining first-order
logic representation with probabilities.

7 Conclusion
Having the values of a variable hierarchically structured can
make reasoning more efficient than reasoning over the set of
all values. We show how, given a query and observations,
we can dynamically construct a flat Bayesian network from
the given hierarchical Bayesian network that can be used in
any standard probabilistic inference algorithm. The size of

the flat network is independent of the size of the hierarchies;
it depends on how many of the classes in the hierarchy are
exceptional with respect to children that are observed or have
observed descendants in a Bayesian network. Thus it is pos-
sible to have hierarchical variables with unbounded or infinite
domains. For example, with a spatial hierarchy, as long as
we have a way to compute the probability distribution over
subclasses, there is no reason not to have a hierarchy that is
infinitely detailed. It is only when we ask a query of a class
or make observations that we need to restrict the size of the
hierarchy.

Acknowledgments
This work was supported by NSERC Discovery Grant OG-
POO44121. Thanks to Valerie McRae, Mark Crowley and
Ben D’Andrea for proofreading.

References
[Boutilier et al., 1996] C. Boutilier, N. Friedman, M. Gold-

szmidt, and D. Koller. Context-specific independence in
Bayesian networks. In Proceeding of Twelfth Conf. on Un-
certainity in Artificial Intelligence (UAI-96), pages 115–
123, 1996.

[Geiger et al., 1990] D. Geiger, T. Verma, and J. Pearl. d-
separation: From theorems to algorithms. In Proceeding of
Fifth Conf. on Uncertainity in Artificial Intelligence (UAI-
90), pages 139–148, 1990.

[Gordon and Shortliffe, 1985] J. Gordon and E.H. Shortliffe.
A method of managing evidential reasoning in a hierarchi-
cal hypothesis space. Artificial Intelligence, 26:323–57,
1985.

[Koller and Pfeffer, 1998] D. Koller and A. Pfeffer. Prob-
abilistic frame-based systems. In Proceedings of the
15th National Conference on Artificial Intelligence (AAAI),
pages 580–587, 1998.

[Mackworth et al., 1985] A.K. Mackworth, J.A. Mulder, and
W.S. Havens. Hierarchical arc consistency: exploiting
structured domains in constraint satisfaction problems. In
Computational Intelligence, volume 1(3), 1985.

[Pearl, 1986] J. Pearl. On evidential reasoning in a hierarchy
of hypotheses. Artificial Intelligence, 28:9–15, 1986.

[Pearl, 1988] J. Pearl. Probabilistic reasoning in intelligent
systems: networks of plausible inference. Morgan Kauf-
mann Publishers Inc., 1988.

[Shenoy and Shafer, 1986] P.P. Shenoy and G. Shafer. Prop-
agating belief functions with local computations. IEEE
Expert, 1:43–52, 1986.

[Zhang and Poole, 1994] N.L. Zhang and D. Poole. A simple
approach to Bayesian network computation. In Proc. of the
10th Candian Conference on Artificial Intelligence, 1994.

1397UNCERTAINTY



Self Adaptive Particle Filter

Alvaro Soto
Pontificia Universidad Catolica de Chile

Department of Computer Science
Vicuna Mackenna 4860 (143), Santiago 22, Chile

asoto@ing.puc.cl

Abstract

The particle filter has emerged as a useful tool for
problems requiring dynamic state estimation. The
efficiency and accuracy of the filter depend mostly
on the number of particles used in the estimation
and on the propagation function used to re-allocate
these particles at each iteration. Both features are
specified beforehand and are kept fixed in the reg-
ular implementation of the filter. In practice this
may be highly inappropriate since it ignores errors
in the models and the varying dynamics of the pro-
cesses. This work presents a self adaptive version
of the particle filter that uses statistical methods to
adapt the number of particles and the propagation
function at each iteration. Furthermore, our method
presents similar computational load than the stan-
dard particle filter. We show the advantages of the
self adaptive filter by applying it to a synthetic ex-
ample and to the visual tracking of targets in a real
video sequence.

1 Introduction
The particle filter is a useful tool to perform dynamic state es-
timation via Bayesian inference. It provides great efficiency
and extreme flexibility to approximate any functional non-
linearity. The key idea is to use samples, also called particles,
to represent the posterior distribution of the state given a se-
quence of sensor measurements. As new information arrives,
these particles are constantly re-allocated to update the esti-
mation of the state of the system.

The efficiency and accuracy of the particle filter depend
mainly on two key factors: the number of particles used to
estimate the posterior distribution and the propagation func-
tion used to re-allocate these particles at each iteration. The
standard implementation of the filter specifies both factors be-
forehand and keeps them fixed during the entire operation of
the filter. In this paper, we present a self adaptive particle fil-
ter that uses statistical methods to select an appropriate num-
ber of particles and a suitable propagation function at each
iteration.

This paper is organized as follows. Section 2 provides
background information about the standard particle filter.

Section 3 presents our method to adaptively estimate the num-
ber of particles. Section 4 presents our method to adaptively
improve the propagation function. Section 5 shows the re-
sults of applying the self adaptive filter to a visual tracking
task. Finally, Section 6 presents the main conclusions of this
work.

2 Particle Filter
In Bayesian terms, the posterior distribution of the state can
be expressed as:

p(xt/~yt) = β p(yt/xt) p(xt/~yt−1) (1)

whereβ is a normalization factor;xt represents the state of
the system at timet; and ~yt represents all the information
collected until timet. Equation (1) assumes thatxt totally
explains the current observationyt.

The particle filter provides an estimation of the poste-
rior in Equation (1) in 3 main steps: sampling, weighting,
and re-sampling. The sampling step consists of taking sam-
ples (particles) from the so-called dynamic prior distribution,
p(xt/~yt−1). Next, in the weighting step, the resulting parti-
cles are weighted by the likelihood termp(yt/xt). Finally,
a re-sampling step is usually applied to avoid the degeneracy
of the particle set. The key point that explains the efficiency
of the filter comes from using a Markovian assumption and
expressing the dynamic prior by:

p(xt/~yt−1) =
∫

p(xt/xt−1) p(xt−1/~yt−1)dxt−1. (2)

This expression provides a recursive implementation of the
filter that allows it to use the last estimationp(xt−1/~yt−1)
to select the particlesxi

t−1 in the next iteration. These par-
ticles are then propagated by the dynamics of the process
p(xt/xi

t−1) to complete the sampling step.
At each iteration the operation of the particle filter can be

seen as an importance sampling process[Tanner, 1996]. Im-
portance sampling provides an efficient way to obtain sam-
ples from a densityp(x), in cases where this function can be
evaluated, but it is not affordable or possible to sample from
it directly. The basic idea in importance sampling is to use
a proposal distributionq(x), also called importance function,
to obtain the samplesxi, and then weigh each sample using
a compensatory term given byp(xi)/q(xi). It is possible to
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show[Tanner, 1996] that under mild assumptions the set of
weighted-samples resembles the target distributionp(x).

The sampling and weighting steps of the particle filter cor-
respond to the basic steps of an importance sampling pro-
cess. In this case, given that the true posteriorp(xt/~yt) is
not known, the samples are drawn from an importance func-
tion that corresponds to the dynamic priorp(xt/~yt−1). Using
this importance function, the compensatory terms are exactly
the non normalized weights used in the weighting step of the
particle filter. The methods presented in this paper use re-
sults from the theory of importance sampling to provide a
self adaptive version of the particle filter.

3 Adaptive Selection of the Number of
Particles

The selection of the number of particles is a key factor in the
efficiency and accuracy of the particle filter. The computa-
tional load and the convergence of the filter depend on this
number. Most applications select a fixed number of parti-
cles in advance, using ad hoc criteria, or statistical methods
such as Monte Carlo simulations or some standard statistical
bound[Boers, 1999]. Unfortunately, the use of a fixed num-
ber of particles is often inefficient. The dynamics of most
processes usually produces great variability in the complex-
ity of the posterior distribution1. As a consequence, the initial
estimation of the number of particles can be much larger than
the real number of particles needed to perform a good esti-
mation of the posterior distribution or, worse, at some point,
the selected number of particles can be too small causing the
filter to diverge.

The effect of the number of particles on the accuracy of
the filter is determined by two factors: the complexity of the
true density and how closely the proposal density mimics the
true density. Both factors are very intuitive; the estimation
of a more complex pdf requires a greater number of sam-
ples to correctly represent the less predictable shape of the
function. Also, a greater mismatch between the proposal and
the true densities produces many wasted samples located in
irrelevant parts of the true distribution. Previous works to
adaptively determine an adequate number of particles have
failed to consider these two factors together[Foxet al., 1999;
Koeller and Fratkina, 1998; Fox, 2001].

Here, we propose two methods based in the theory of
Statistics that can be used to adaptively estimate the num-
ber of particles to represent the target posterior distribution
without adding a significant load to the normal operation of
the filter. At each cycle of the particle filter, these techniques
estimate the number of particles that, with a certain level of
confidence, limits the maximum error in the approximation.

3.1 KLD-Sampling Revised
The KLD-Sampling algorithm[Fox, 2001] is a method to
adaptively estimate the number of samples needed to bound
the error of the particle filter. The error is measured by
the Kullback-Leibler divergence (KL-divergence) between

1Here complexity is understood in terms of the amount of infor-
mation needed to code the distribution.

the true posterior distribution and the empirical distribution,
which is a well known nonparametric maximum likelihood
estimate. KLD-Sampling is based on the assumption that the
true posterior can be represented by a discrete piecewise con-
stant distribution consisting of a set of multidimensional bins.
This assumption allows the use of theχ2 asymptotic conver-
gence of the likelihood ratio statistic to find a bound for the
number of particles N:

N >
1
2ε

χ2
k−1,1−δ (3)

whereε is the upper bound for the error given by the KL-
divergence,(1− δ) is the quantile of theχ2 distribution with
k − 1 degrees of freedom, andk is given by the number of
bins with support.

The problem with KLD-Sampling is the derivation of the
bound using the empirical distribution, which has the implicit
assumption that the samples comes from the true distribution.
This is not the case for particle filters where the samples come
from an importance function. Furthermore, the quality of the
match between this function and the true distribution is one of
the main elements that determines the accuracy of the filter,
hence the suitable number of particles. The bound given by
KLD-Sampling only uses information about the complexity
of the true posterior, but it ignores any mismatch between the
true and the proposal distribution.

To fix the problem of KLD-Sampling we need a way to
quantify the degradation in the estimation using samples from
the importance function. The goal is to find the equivalent
number of samples from the importance and the true densities
that capture the same amount of information about the latter.

In the context of Monte Carlo (MC) integration,[Geweke,
1989] introduced the concept of relative numerical efficiency
(RNE), which provides an index to quantify the influence of
sampling from an importance function. The idea behind RNE
is to compare the relative accuracy of solving an integral us-
ing samples coming from both the true and the proposal den-
sity. Accuracy is measured according to the variance of the
estimator of the integral.

If we use MC integration to estimate the mean value of
the state (EMC(x)), the variance of the estimator is given by
[Doucetet al., 2001] 2:

V ar[EN
MC(x)] = V arp(x)/N (4)

whereN is the number of samples coming from the true dis-
tributionp(x), and the subscriptp expresses that the variance
involved is computed using the target distribution.

When the samples come from an importance functionq(x),
the variance of the estimator corresponds to the variance
of Importance Sampling (IS), which is given by[Geweke,
1989]:

V ar[EN
IS(x)] = Eq((x−Ep(x))2 w(x)2)/NIS = σ2

IS/NIS ,
(5)

wherew(x) corresponds top(x)/q(x) the weights of IS and
NIS is the number of samples coming from the importance
function.

2In the rest of the section, we concentrate on one iteration of the
filter and we drop the subscriptt.
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To achieve similar levels of accuracy, the variance of both
estimators should be equal. This allow us to find a relation
that quantifies the equivalence between samples from the true
and the proposal density,

N =
NIS V arp(x)

σ2
IS

(6)

Replacing (6) in (3) allows us to correct the bound given
by KLD-Sampling when the samples do not come from the
true distribution but from an importance function:

NIS >
σ2

IS

V arp(x)
1
2ε

χ2
k−1,1−δ. (7)

Using MC integration,V arp(x) andσ2
IS can be estimated

by:

V arp(x) = Ep(x2)− Ep(x)2 ≈
∑N

i=1 x2
i wi∑N

i=1 wi

− Ep(x)2

and

σ2
IS ≈

∑N
i=1 x2

i w2
i∑N

i=1 wi

−2
∑N

i=1 xi w2
i Ep(x)∑N

i=1 wi

+
∑N

i=1 w2
i Ep(x)2∑N

i=1 wi

(8)
with Ep(x) =

∑n
i=1 xi wi/

∑n
i=1 wi. Equation (8) shows

that using appropriate accumulators, it is possible to calculate
the bound incrementally keeping theO(N) complexity of the
filter.

3.2 Asymptotic Normal Approximation
Usually, the particle filter keeps track of the posterior density
with the goal of estimating the mean or higher order moments
of the state. This suggests an alternative error metric to deter-
mine the number of particles. Instead of checking the accu-
racy of the estimation of the posterior, it is possible to check
the accuracy of a particle filter in the estimation of a moment
of this density.

Under weak assumptions and using the strong law of large
numbers, it is possible to show that at each iteration the esti-
mation of the mean given by the particle filter is asymptoti-
cally unbiased[DeGroot, 1989]. Furthermore, if the variance
of this estimator is finite, the central limit theorem justifies
an asymptotic normal approximation for it[DeGroot, 1989],
which is given by:

EPF (x) ∼ N (Ep(x), σ2
IS/NIS) (9)

whereN (µ, σ2) denotes the normal distribution with meanµ
and standard deviationσ.

Using this approximation, it is possible to build a one sided
confidence interval for the number of particles that limits the
error in the estimation of the mean:

P (| EPF (x)− Ep(x)
Ep(x)

|≤ ε) ≥ (1− α) (10)

where| · | denotes absolute value;Ep(x) is the true mean
value of the state;ε corresponds to the desired error; and(1−
α) corresponds to the confidence level.

Following the usual derivation of confidence intervals,
Equation (10) produces the following bound for the number
of particles:

NIS ≥
Z2

1−α/2 σ2
IS

ε2 Ep(xt)2
(11)

3.3 Testing the Bounds
Figure 1 shows the distributions used to test the bounds.
The true distribution corresponds top(x) = 0.5N (3, 2) +
0.5N (10, 2) and the importance function toq(x) =
0.5N (2, 4) + 0.5N (7, 4). In all the trials, the desired error
was set to0.01 and the confidence level to95%.
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Figure 1: Inefficient allocation of samples due to a mismatch be-
tweenp(x) andq(x).

Figure 2a shows the number of particles predicted by the
different bounds. The predicted number of particles is highly
consistent. Also, the revised versions of KLD-Sampling con-
sistently require a larger number of particles than the original
algorithm. This is expected because of the clear mismatch
between the proposal and the true densities.

Figure 2b shows the resulting KL-divergence for each
case. It is interesting to note how the practical results match
closely the theoretical ones. Using the original version of
KLD-Sampling, the error in the estimation is significantly
greater than the one specified. However, when the same
predicted number of particles is sampled from the true dis-
tribution (solid-line), the resulting error matches closely the
one specified. This shows clearly that constraining the sam-
pling to the right assumption, the original bound predicted
by KLD-Sampling is correct. In the case of the revised ver-
sions of KLD-Sampling the resulting error using Equation (7)
matches closely the one specified. In the same way, the error
provided by the bound in Equation (11) also matches closely
the level specified.

4 Adaptive Propagation of the Particles
The regular implementation of the particle filter propagates
the particles using the dynamic priorp(xt/~yt−1). This strat-
egy has the limitation of propagating the samples without
considering the most recently available observation,yt. Im-
portance sampling suggests that one can use alternative prop-
agation functions that can provide a better allocation of the
samples, for example, a suitable functional ofyt. Unfor-
tunately, the use of an arbitrary importance function signif-
icantly increases the computational load of the particle filter.
In this case, as opposed to the standard particle filter, the esti-
mation of each weight requires the evaluation of the dynamic
prior. This section shows a method to build an importance
function that takes into account the most recent observation
yt without increasing the computational complexity of the fil-
ter.
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Figure 2:a) Number of particles given by each bound. b) Resulting KL-divergence.

4.1 Previous Work

In the literature about particle filters and importance sam-
pling, it is possible to find several techniques that help to
allocate the samples in areas of high likelihood under the tar-
get distribution. The most basic technique is rejection sam-
pling [Tanner, 1996]. The idea of rejection sampling is to
accept only the samples with an importance weight above a
suitable value. The drawback is efficiency: there is a high
rejection rate in cases where the proposal density does not
match closely the target distribution. In[West, 1993], West
presents a kernel-based approximation to build a suitable im-
portance function. However, the computational complexity
of the method is unaffordable. In the context of mobile robot
localization, Thrun et al.[Thrunet al., 2000] propose to sam-
ple directly from the likelihood function, but in many appli-
cations this is not feasible or prohibitive.

Pitt and Shephard propose the auxiliary particle filter[Pitt
and Shephard, 1999]. They augment the state representation
with an auxiliary variable. To sample from the resulting joint
density, they describe a generic scheme with computational
complexity ofO(N). The disadvantage is the additional com-
plexity of finding a convenient importance function. Pitt and
Sheppard provide just general intuitions about the form of a
this function. In this paper we improve on this point by pre-
senting a method to find a suitable importance function.

4.2 Adaptive Propagation of the Samples

Sampling from the dynamic prior in Equation (2) is equiva-
lent to sample from the following mixture distribution:

p(xt/~yt−1) ≈
n∑

k=1

βk p(xt/xk
t−1) (12)

where the mixture coefficientsβk are proportional to
p(xt−1/~yt−1). The key observation is that under this scheme
the selection of each propagation density depends on the mix-
ture coefficientsβk ’s, which do not incorporate the most re-
cent observationyt. From an MC perspective, it is possible to
achieve a more efficient allocation of the samples by includ-
ing yt in the generation of the coefficients. The intuition is
that the incorporation ofyt increases the number of samples

drawn from mixture componentsp(xt/xk
t−1) associated with

areas of high probability under the likelihood function.
Under the importance sampling approach, it is possible to

generate a new set of coefficientsβ∗k that takes into accountyt

by sampling from the importance functionp(xt−1/~yt). In this
way, the set of samplesxi

t from the dynamic priorp(xt/~yt−1)
is generated by sampling from the mixture,

n∑

k=1

β∗k p(xt/xk
t−1) (13)

and then adding to each particlexi
t a compensatory weight

given by,

wi
t =

p(xk
t−1/~yt−1)

p(xk
t−1/~yt)

, with xi
t ∼ p(xt/xk

t−1) (14)

The resulting set of weighted samples{xi
t, w

i
t}n

i=1 still comes
from the dynamic prior, so the computational complexity of
the resulting filter is stillO(N). The extra complexity of this
operation comes from the need to evaluate and to draw sam-
ples from the importance functionp(xi

t−1/~yt). Fortunately,
the calculation of this function can be obtained directly from
the operation of the regular particle filter. To see this clearly,
consider the following:

p(xt, xt−1/~yt) ∝ p(yt/xt, xt−1, ~yt−1) p(xt, xt−1/~yt−1)
∝ p(yt/xt) p(xt/xt−1, ~yt−1)p(xt−1/~yt−1)
∝ p(yt/xt)p(xt/xt−1)p(xt−1/~yt−1) (15)

Equation (15) shows that, indeed, the regular steps of the
particle filter generate an approximation of the joint density
p(xt, xt−1/~yt). After re-sampling fromp(xt−1/~yt−1), prop-
agating these samples withp(xt/xt−1), and calculating the
weightsp(yt/xt), the set of resulting sample pairs (xi

t, xi
t−1)

with correcting weightsp(yt/xi
t) forms a valid set of sam-

ples from the joint densityp(xt, xt−1/~yt). Considering that
p(xt−1/~yt) is just a marginal of this joint distribution, the set
of weighted-samplesxi

t−1 are valid samples from it.
The previous description provides an adaptive algorithm

that allows the particle filter to useyt in the allocation of
the samples. First,N particles are used to generate the im-
portance functionp(xt−1/~yt). Then, starting from this im-
portance function, anotherN particles are used to generate
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the desired posteriorp(xt/~yt). The relevant compensatory
weights are calculated according to Equation (14) and the
likelihood termP (yt/xt). The resulting filter has a computa-
tional complexity ofO(2N).

In the previous algorithm the overlapping between a reg-
ular iteration of the regular particle filter and the process
of generating the importance function provides a convenient
way to perform an online evaluation of the benefits of up-
dating the dynamic prior with information from the last ob-
servation. While in cases of a poor match between the dy-
namic prior and the posterior distribution the updating of the
dynamic prior can be beneficial, in cases where these distri-
butions agree, the updating does not offer a real advantage,
and the extra processing should be avoided. To our current
knowledge, this issue has not been addressed before.

The basic idea is to quantify at each iteration of the par-
ticle filter the trade-off between continuing drawing samples
from a known but potentially inefficient importance function
p(xt−1/~yt−1) versus incurring in the cost of building a new
importance functionp(xt−1/~yt) that provides a better alloca-
tion of the samples under the likelihood function. The impor-
tant observation is that, once the regular particle filter reaches
an adequate estimate, it can be used to estimate both the pos-
terior distributionp(xt/~yt) and the updated importance func-
tion p(xt−1/~yt).

The last step of the algorithm is to find a metric that pro-
vides a way to quantify the efficiency in the allocation of the
samples. Considering that the efficiency in the allocation of
the samples depends on how well the dynamic prior resem-
bles the posterior distribution, an estimation of the distance
between these two distributions is a suitable index to quan-
tify the effectiveness of the propagation step. We found a
convenient way to estimate the Kullback-Leibler divergence
(KL-divergence) between these distributions, and in general
between a target distributionp(x) and an importance function
q(x):

KL(p(x), q(x)) ≈ log(N)−H(ŵi). (16)

Equation (16) states that for a large number of particles,
the KL-divergence between the dynamic prior and the poste-
rior distribution can be estimated by calculating how far the
entropy of the distribution of the weights,H(ŵi), is from the
entropy of a uniform distribution (log(N)). This is an intu-
itive result because in the ideal case of importance sampling,
wherep(x) = q(x), all the weights are equal. In consequence
the entropy of the weights is a suitable value to quantify the
efficiency in the allocation of the samples.

5 Application
To illustrate the advantages of the self adaptive particle filter,
we use a set of frames of a video sequence consisting of two
children playing with a ball. The goal is to keep track of the
positions of the ball and the left side child. Each hypothesis
about the position of a target is given by a bounding box de-
fined by its height, width, and the coordinates of its center.
The motion model used for the implementation of the parti-
cle filter corresponds to a Gaussian function of zero mean and
diagonal covariance matrix with standard deviations of20 for
the center of each hypothesis and0.5 for the width and height.

Figure 3 shows the results of tracking the targets using the
self adaptive particle filter. The bounding boxes correspond
to the most probable hypotheses in the sample set used to
estimate the posterior distributions of the states. In the esti-
mation of the number of particles, we just consider thex and
y coordinates of the center of the bounding boxes, assuming
independence to facilitate the use of Equation (7). We set
the desired error to0.01 and the confidence level to95%. A
minimum number of 1000 samples is always used to ensure
that convergence has been achieved. In the adaptation of the
propagation function we set the threshold for the entropy of
the weights in 2.

Figure 4-left shows the number of particles needed to esti-
mate the posterior distribution of the ball at each frame with-
out adapting the propagation function. Figure 4-right shows
the number of particles in the case of adapting the importance
function. The tracking engine decides to adapt the importance
function at all the frames where the ball travels from one child
to the other (Frames 3-7).

In the case of tracking the child, the result shows that there
is not a major difference between the self adaptive particle
filter and the regular filter. The self adaptive filter needs a
roughly constant number of particles during the entire se-
quence without needing to adapt the importance function.
This is expected because the child has only a small and slow
motion around a center position during the entire sequence.
Therefore the stationary Gaussian motion model is highly ac-
curate and there is not a real advantage of adapting the num-
ber of particles or the propagation function.

In the case of the ball, the situation is different. During
the period that the ball travels from one child to the other
(Frames 3 to 7), it has a large and fast motion, therefore the
Gaussian motion model is a poor approximation of the real
motion. As a consequence there is a large mismatch between
the dynamic prior and the posterior distribution. This pro-
duces an inefficient allocation of the samples and the estimate
without adapting the importance function needs a larger set of
samples to populate the relevant parts of the posterior. In con-
trast, when adapting the importance function during Frames
3 to 7 it is possible to observe a significant reduction in the
number of samples due to a better allocation of them.

6 Conclusions
In this paper we present a self adaptive version of the parti-
cle filter that uses statistical techniques to estimate a suitable
number of particles and to improve the propagation function.
In terms of the estimation of the number of particles, the vali-
dation of the bounds using a synthetic example shows that the
empirical results match closely the theoretical predictions. In
particular, the results indicate that by considering the com-
plexity of the true density and how closely the proposal den-
sity mimics the true density, the new bounds show a clear im-
provement over previous techniques such as KLD-Sampling.

The mechanisms used by the self adaptive filter to adapt
the importance function and to identify when the adaptation
of the importance function may be beneficial proved to be
highly relevant. Using these mechanisms to track targets in
a real video sequence, the self adaptive filter was able to ef-
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Figure 3: Tracking results for the ball and the left side child for frame 1, 5, and 14. The bounding boxes correspond to the most
probable hypotheses in the sample set used to estimate the posterior distributions.
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Figure 4: Number of particles used at each iteration to track the ball. Left: without adapting the importance function. Right:
Adapting the importance function.

ficiently track targets with different motions using a general
Gaussian motion model. Furthermore, by avoiding the need
of overestimating the number of particles and by allocating
these particles in areas of high likelihood, the self adaptive fil-
ter proved to operate with a similar computational complexity
to the regular particle filter.
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Abstract

This paper presents a novel form of dynamically
constructed Bayes net, developed for multi-domain
sketch recognition. Our sketch recognition engine
integrates shape information and domain knowl-
edge to improve recognition accuracy across a vari-
ety of domains using an extendible, hierarchical ap-
proach. Our Bayes net framework integrates the in-
fluence of stroke data and domain-specific context
in recognition, enabling our recognition engine to
handle noisy input. We illustrate this behavior with
qualitative and quantitative results in two domains:
hand-drawn family trees and circuits.

1 Introduction
There is a gap between how people naturally express ideas
and the ability of computers to use that information. For ex-
ample, while sketching provides a natural way to record de-
sign ideas in many domains, sketches are, unavoidably, static
pictures. Computer aided design tools, on the other hand,
offer powerful capabilities, but require designers to interact
through buttons and menus. The hardware to draw on the
computer exists; the missing element is the computer’s abil-
ity to interpret hand-drawn symbols in a domain. To address
this problem, we are constructing a general sketch recognition
architecture applicable to a number of domains, and capable
of parsing freely-drawn strokes in real time and interpreting
them as depicting objects in the domain of interest.

Sketch recognition involves two related subproblems:
stroke segmentation and symbol recognition. Segmentation
determines which strokes should be grouped to form a single
symbol. Symbol recognition determines what symbol a given
set of strokes represents.

The difficulty of doing segmentation and recognition si-
multaneously has led previous approaches to place con-
straints on the user’s drawing style, or focus on tasks where
assumptions can greatly reduce segmentation complexity. For
example, the multimodal approach in [Wu et al., 1999] as-
sumes that each symbol will be drawn independently, and that

∗Currently at Harvey Mudd College, Claremont, CA, 91711
†This work was funded by the MIT iCampus project supported

by Microsoft and MIT Project Oxygen.

the user will often say the name of the symbol when drawing
it. The approach in [Kara and Stahovich, 2004] assumes that
the diagram (a feedback control system) consists of shapes
linked by arrows, which is not true in other domains.

While these systems have proven useful for their respective
tasks, we aimed to create a more general system, independent
of drawing assumptions in any one domain. Our system is
designed, instead, to be applied to a number of symbolic do-
mains by giving it descriptions of shapes and commonly oc-
curring combinations of shapes. We use these descriptions in
a three-stage, constraint-based approach to recognition. Our
system first relies on a rough processing of the user’s strokes
to generate a number of interpretation hypotheses. In the sec-
ond stage, the system uses a novel form of dynamically con-
structed Bayes net to determine how well each hypothesis fits
the data. In the third stage, it uses this evaluation to guide fur-
ther hypothesis generation. This paper focuses specifically on
the second stage, exploring hypothesis evaluation; the other
two stages are described in [Alvarado, 2004].

Using Bayes nets for hypothesis evaluation offers two
advantages over previous constraint-based recognition ap-
proaches (e.g., [Futrelle and Nikolakis, 1995; Hammond and
Davis, 2004]). First, our system can interpret drawings as
they develop, identifying shapes before they are complete.
Second, the system’s belief in a hypothesis can be influenced
by both the strokes and the context in which the shape ap-
pears, allowing the system to cope with noise in the drawing.

We constructed a sketch recognition engine and used it in
two domains: family tree diagrams and circuit diagrams. We
show that the Bayes net successfully allows domain-specific
context to help the system overcome noise in the stroke data,
reducing interpretation errors compared to a baseline system.

2 Dynamically Constructed Graphical Models
While time-based graphical models (e.g., Dynamic Bayes
Nets) have been widely used, they are not suitable for sketch
understanding, for two reasons. First, we must model shapes
based on two-dimensional constraints (e.g., touches) rather
than on temporal constraints (i.e., follows). Second, our mod-
els cannot simply unroll in time as data arrives: we cannot
necessarily predict the order in which the user will draw the
strokes, and things drawn previously can be changed.

While it is not difficult to use Bayes nets to model spatial
relationships, static Bayes nets are not suitable for our task
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s1s4

s3

s2

CS hypothesis CS1
Subshapes:

arrow hypothesis A1, ellipse hypothesis E1
Constraints:
C1 = (contains ellipse-fit(s1) shape-fit(s2,s3,s4))

Primitive hypotheses
E1 = ellipse-fit(s1)
L1 = line-fit(s2)
L2 = line-fit(s3)
L3 = line-fit(s4)

Arrow hypothesis A1
Subshapes:

line hypotheses L1, L2, L3
Constraints:
C2 = (coincident line-fit(s2).p1 line-fit(s3).p1)
C3 = (coincident line-fit(s2).p1 line-fit(s4).p1)
C4 = (equalLength line-fit(s3) line-fit(s4))
C5 = (shorter line-fit(s3) line-fit(s2))
C6 = (acuteAngle line-fit(s2), line-fit(s3))
C7 = (acuteAngle line-fit(s2), line-fit(s4))

Figure 1: A single current source hypothesis (CS1) and asso-
ciated lower-level hypotheses.

because we cannot predict a priori the number of strokes or
symbols the user will draw. For sketch recognition, as in re-
lated dynamic tasks, models to reason about specific problem
instances (e.g., a particular sketch) must be dynamically con-
structed in response the input. This problem is known as the
task of knowledge-based model construction (KBMC).

Early approaches to KBMC focused on generating Bayes
nets from probabilistic knowledge bases [Glessner and
Koller, 1995; Haddawy, 1994]. A recently proposed repre-
sentation uses generic template knowledge directly as Bayes
net fragments that can be instantiated and linked together at
run-time [Laskey and Mahoney, 1997]. Finally, Koller et
al. have developed a number of object-oriented frameworks
[Koller and Pfeffer, 1997; Pfeffer et al., 1999; Getoor et al.,
1999]. These models represent knowledge in terms of rela-
tionships among objects and can be instantiated dynamically
in response to the number of objects in a particular situation.

Although these frameworks are powerful, they are not di-
rectly suitable for sketch recognition. First, because of the
size of the networks we encounter, it is sometimes desirable
to generate only part of a complete network, or to prune nodes
from the network. In reasoning about nodes in the network,
we must account for the fact that the network may not be
fully generated or relevant information may have been pruned
from it (see [Alvarado, 2004] for details). Second, these pre-
vious models have been optimized for responding to specific
queries about a single node in the network. In contrast, our
model must provide probabilities for a full set of possible in-
terpretations of the user’s strokes.

3 Network Structure
Our Bayes net model is built around hierarchical descriptions
of shapes in a domain, described in a language called LAD-
DER [Hammond and Davis, 2003]. The basic unit in this

language is a shape, which we use to mean a pattern recog-
nizable in a given domain. Shapes may be compound, i.e.,
composed of subshapes fit together according to constraints.
These subshapes also may be compound, but all shapes must
be non-recursive. A shape that cannot be decomposed into
subshapes (e.g., a line), is called a primitive shape. Primi-
tive shapes may have named subcomponents that can be used
when describing other shapes, e.g., the endpoints of a line,
“p1” and “p2”, used in Figure 1.

We refer to each shape description as a template with one
slot for each subpart. A shape hypothesis is a template with
an associated mapping between slots and strokes, generated
during the recognition process. Similarly, a constraint hy-
pothesis is a proposed constraint on one or more of the user’s
strokes. A partial hypothesis is a hypothesis in which one or
more slots are not bound to strokes.

To introduce our Bayes net model, we begin by considering
how to model a current source hypothesis (CS1) for the stokes
in Figure 1. A current source is a compound shape, so CS1 in-
volves two lower-level shape hypotheses—E1, an ellipse hy-
pothesis for stroke s1; and A1, an arrow hypothesis involving
strokes s2, s3 and s4—and one constraint hypothesis—C1, in-
dicating that an ellipse fit for stroke s1 contains strokes s2,
s3, and s4. A1 is also compound and is further broken down
into three line hypotheses (L1, L2 and L3) and six constraint
hypotheses (C2, ...,C7) according to the description of an ar-
row. Thus, determining the strength of hypothesis CS1 can be
transformed into the problem of determining the strength of a
number of lower-level shape and constraint hypotheses.

The Bayes net used to evaluate CS1 is shown in Figure 2.
There is one node in the network for each hypothesis; each
node represents a boolean random variable that is true if the
corresponding hypothesis is correct. The probability of each
hypothesis is influenced both through its children by stroke
data and through its parents by the context in which it appears,
allowing the system to handle noise in the drawing.

The nodes labeled O1, ...,O11 represent measurements of
the stroke data that correspond to the constraint or shape to
which they are linked. The variables corresponding to these
nodes have positive real numbered values that we discretize in
our implementation1. For example, the variable O2 is a mea-
surement of the squared error between the stroke s1 and the
best fit ellipse to that stroke. Its raw value (later discretized)
ranges from 0 to the maximum possible error between any
stroke and an ellipse fit to that stroke. The boxes labeled
s1, ...,s4 are not part of the Bayes net but serve to indicate
the stroke or strokes from which each measurement, Oi, is
taken (e.g., O2 is measured from s1). P(CS1 = t|ev) (or sim-
ply P(CS1|ev))2, where ev is the evidence observed from the
user’s strokes, represents the probability that the hypothesis
CS1 is correct.

The direction of the links may seem counterintuitive, but
there are two important reasons why the links are directed
from higher-level shapes to lower-level shapes instead of the
opposite direction. First, whether a higher-level hypothe-
sis is true directly influences whether a lower-level hypoth-

1The BN software we used did not support continuous variables.
2Throughout this paper, t means true, and f means false.
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C1

O1
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Figure 2: A Bayes net to verify a single current source hy-
pothesis. Labels come from Figure 1.

esis is true. For example, if the arrow hypothesis A1 is
true, then it is extremely likely that all three line hypotheses,
L1,L2,L3, are also true. Second, this representation allows us
to model lower-level hypothesis as conditionally independent
given their parents, which reduces the complexity of the data
needed to construct the network.

Each shape description constrains its subshapes only rela-
tive to one another. For example, an arrow may be made from
any three lines that satisfy the necessary constraints. Based on
this observation, our representation models a symbol’s sub-
shapes separately from the constraints between them. For ex-
ample, node L2 represents the hypothesis that stroke s3 is a
line. Its value will be true if the user intended for s3 to be a
line, any line regardless of its position, size or orientation. C4
separately represents the hypothesis that the line fit to s3 and
the line fit to s4 are the same length.

The conditional independence between shapes and con-
straints might seem a bit strange at first. For example,
whether or not two lines are the same length seems to de-
pend on the fact that they are lines. However, observation
nodes for constraints are calculated in such a way that their
value is not dependent on the true interpretation for a stroke.
For example, when calculating whether or not two lines are
the same length, we first fit lines to the strokes (regardless
of whether or not they actually look like lines), then measure
their length. How well these lines fit the original strokes is
not considered in this calculation.

The fact that there is no edge between the constraint nodes
and the shapes they constrain has an important implication for
using this model to perform recognition: There is no guaran-
tee in this Bayes net that the constraints will be measured
between the correct subshapes because the model allows sub-
shapes and constraints to be detected independently. For ex-
ample, we want C4 in Figure 2 to indicate that L2 and L3
(the two lines in the head of an arrow) are the same length,
not simply that any two lines are the same length. To satisfy
this requirement, the system must ensure that O8 is measured
from the same strokes that O4 and O5 were measured from.
We use a separate mechanism to ensure that only legal bind-
ings are created between strokes and observation nodes.

The way we model shape and constraint information has
two important advantages for recognition. First, this Bayes

1
2

3

4
5

6
7

8
9

10

11
12

Figure 3: A partial sketch of a family tree. Quadrilaterals (Q)
represent males (M); ellipses (E) represent females (F), and
arrows (A) indicate a parent-child relationship.

net model can be applied to recognize a shape in any size,
position and orientation. CS1 represents the hypothesis that
s1, ...,s4 form a current source symbol, but the exact posi-
tion, orientation and size of that symbol is determined directly
from the stroke data 3.

Second, the system can model competing higher-level in-
terpretations for lower-level shapes. For example, the system
may consider a stroke to be a line that is in turn part of ei-
ther an arrow or a quadrilateral. Because the line hypothesis
does not include any higher-level shape-specific constraint in-
formation, both an arrow hypothesis node and a quadrilateral
hypothesis node can point to this same line hypothesis node.
These two hypotheses then become alternate, competing ex-
planations for the line hypothesis. We further discuss how
hypotheses are combined below.

4 Recognizing a Complete Sketch
To recognize a complete sketch, we create a Bayes net similar
to the one above for each shape. We call each of these Bayes
nets a shape fragment because they can be combined to create
a complete Bayes net for evaluating the whole sketch.

Given a set of hypotheses for the user’s strokes (hypothe-
sis generation is described in [Alvarado and Davis, 2004] and
[Alvarado, 2004]), the system instantiates the corresponding
shape fragments and links them together to form a complete
Bayes net, called the interpretation network. To illustrate this
process, consider a piece of a network generated in response
to Strokes 6 and 7 in the example of Figure 3. Figure 4 shows
the part of the Bayes net representing the hypotheses that the
system generated for these strokes. Low level processing rec-
ognizes Strokes 6 and 7 as L-shaped polylines and breaks
each into two individual lines (L1...L4) that meet.

4.1 Linking Shape Fragments
When Bayes net fragments are linked during recognition,
each node Hn may have several parents, S1 . . .Sm, where each
parent represents a possible higher-level interpretation for Hn.
We use a noisy-OR function to combine the influences of all
the parents of Hn to produce the complete conditional proba-
bility table (CPT) for P(Hn|S1, . . . ,Sm). The noisy-OR func-
tion models the assumption that each parent can indepen-
dently cause the child to be observed. For example, a single

3Orientation-dependent symbols (e.g., a downward-facing ar-
row) can be recognized by including orientation-dependent con-
straints in their descriptions (e.g., vertical, below).
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stroke might be part of a quadrilateral or an arrow, but both
interpretations would favor that interpretation of the stroke
as a line. We set P(Hn = f |S j = t) = 0 for all parents S j
in which Hn is a required subshape or constraint, and we set
P(Hn = f |Sk = t) = 0.5 for all parents Sk in which Hn is an
optional subshape or constraint. A consequence of these val-
ues is that S j = t ⇒ P(Hn|S1, . . . ,Sm) = 1 for any S j in which
Hn is required, which is exactly what we intended.

We experimented with a noisy-XOR construct, imple-
mented using a “gate node” similar to that described in
[Boutilier et al., 1996], but found that noisy-OR semantics
were simpler and in fact produced better results. In effect,
a noisy-OR node in a Bayes net with low prior probabilities
behaves as a non-aggressive XOR. The fact that one parent
is true does not actively prohibit the other parents from being
true, but it causes their probabilities to tend back to their prior
values because of the “explaining away” phenomenon.

4.2 Signal Level Noise

The bottom layer of the network deals with signal level noise
by modeling the differences between the user’s intentions and
the strokes that she draws. For example, even if the user
intends to draw L1, her stroke likely will not match L1 ex-
actly, so the model must account for this variation. Consider
P(O1|L1 = t) (recall that O1 is a discretized continuous val-
ued variable). If the user always drew perfect lines, this dis-
tribution would be 1 when O1 = 0 (i.e., the error is 0), and 0
otherwise. However, most people do not draw perfect lines
(due to inaccurate pen and muscle movements), and this dis-
tribution allows for this error. It should be high when O1 is
close to zero, and fall off as O1 gets larger. The wider the
distribution, the more error the system will tolerate, but the
less information a perfect line will provide.

The other distribution needed is P(O1|L1 = f ) which is the
probability distribution over line error given that the user did
not intend to draw an line. This distribution should be close to
uniform, with a dip around 0, indicating that if the user specif-
ically does not intend to draw an line, she might draw any
other shape, but probably won’t draw anything that resem-
bles an line. Details about how we determined the conditional
probability distributions between primitive shapes and con-
straints and their corresponding observation nodes are given
elsewhere [Alvarado, 2004].

4.3 Missing Strokes

A1 is a partial hypothesis—it represents the hypothesis that L1
and L2 (from Stroke 6) are part of an arrow whose other line
has not yet been drawn. Line nodes representing lines that
have not been drawn (e.g., L5) are not linked to observation
nodes because there is no stoke from which to measure these
observations. We refer to these nodes (and their correspond-
ing hypotheses) as virtual.

The fact that partial hypotheses have probabilities allows
the system to assess the likelihood of incomplete interpreta-
tions based on the evidence it has seen so far. In fact, even
virtual nodes have probabilities, corresponding to the proba-
bility that the user (eventually) intends to draw these shapes
but either has not yet drawn this part of the diagram or the

L1 L2 L3 L4L5

Stroke6

O1 O2

Q1A1

Constraints
for Q1

Observations

Constraints
for A1

Observations O3 O4

Stroke7

M1

A2

Constraints
for A2

Observations

L6

Figure 4: A portion of the interpretation network generated
while recognizing the sketch in Figure 3.

correct low-level hypotheses have not yet been proposed (be-
cause of low-level recognition errors). A partial hypothesis
with a high probability cues the system to examine the sketch
for possible missed low-level interpretations during the hy-
pothesis generation step.

5 Implementation and Bayesian Inference
Our system updates the structure of the Bayes net in response
to each stroke the user draws, using an off-the-shelf, open
source Bayes net package for Java called BNJ [bnj, 2004].

Generating and modifying the BNJ networks can be time
consuming due to the exponential size of the CPTs between
the nodes. We use two techniques to improve performance.
First, networks are generated only when the system needs to
evaluate the likelihood of a hypothesis. This on-demand con-
struction is more efficient than continuously updating the net-
work, because batch construction of the CPTs is often more
efficient than incremental construction. Second, the system
modifies only the portion of the network that has changed be-
tween strokes, rather than creating it from scratch every time.

We experimented with several inference methods and
found that loopy belief propagation (loopy BP) [Weiss, 1997]
was the most successful4. On our data, loopy BP almost al-
ways converged (messages initialized to 1, run until node val-
ues stable within 0.001). We further limited the algorithm’s
running time in two ways. First, we terminated the algorithm
after 60 seconds if it had not yet converged. Second, we al-
lowed each node to have no more than 8 parents (i.e., only 8
higher-level hypotheses could be considered for a single hy-
pothesis), ensuring a limit on the complexity of the graphs
produced. These restrictions had little impact on recognition
performance in the family tree domain, but for complex do-
mains such as circuit diagrams, more efficient inference algo-
rithms or graph simplification techniques are needed to im-
prove recognition results.

6 Application and Results
We applied our implemented system to two non-trivial
domains—family trees and circuits—and found that it is ca-
pable of recognizing sketches in both domains without re-
programming. Qualitative and quantitative evaluation of our

4Junction Tree [Jensen et al., 1990] was often too slow and
Gibb’s Sampling did not produce meaningful results.
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Figure 5: Part of three possible ground symbols.

system illustrates its strengths over previous approaches and
suggests some extensions.

Applying our system to a particular domain involves two
steps: specifying the structural descriptions for the shapes
in the domain, and specifying the prior probabilities for top-
level shapes and domain patterns, i.e., those that will not have
parents in the Bayes net. For each domain, we wrote a de-
scription for each shape and pattern in that domain. We hand-
estimated priors for each domain pattern and top level shape
based on our intuition about the relative prevalence of each
shape. For example, in family-tree diagrams, we estimated
that marriages were much more likely than partnerships, and
set P[Mar] = 0.1 and P[Part] = 0.001. These priors represent
the probability that a group of strokes chosen at random from
the page will represent the given shape and, in most cases,
should be relatively low. Although setting priors by hand can
be tedious, we found through experimentation that the sys-
tem’s recognition performance was relatively insensitive to
the exact values of these priors. For example, in the circuit
diagrams, increasing all the priors by an order of magnitude
did not affect recognition performance; what matters instead
is the relative values of the prior probabilities.

Our system is capable of recognizing simple sketches
nearly perfectly in both the family-tree and circuit domains.
We also tested its performance on more complex, real-world
data. As there is no standard test corpus for sketch recog-
nition, we collected our own sketches and have made them
available online to encourage others to compare their results
with those presented here [Oltmans et al., 2004]. In total, we
tested our system on 10 family tree sketches and 80 circuit
diagram sketches, with between 23 and 110 strokes each.

6.1 Qualitative Results
Qualitative analysis reveals that the Bayes net mechanism
successfully aggregates information from stroke data and
context, resolves inherent ambiguities in the drawing, and
updates its weighting of the various existing hypotheses as
new strokes are drawn. We show through an example that
the Bayes net scores hypotheses correctly in several respects:
it prefers to group subshapes into the fewest number of in-
terpretations, it allows competing interpretations to influence
one another, it updates interpretation strengths in response to
new stroke data, and it allows both stroke data and context to
influence interpretation strength.

To illustrate the points above, we consider in detail how the
system responds as the user draws the three sets of strokes
in Figure 5 (a ground symbol). To simplify the example,
we consider a reduced circuit domain in which users draw

Wire-1
Wire-3Battery-1 Wire-2 Ground-1 Battery-2

Line-1

Aligned-1
Line-2

Line-3

Smaller-1 NextTo-1
Parallel-1

SqErr-1

Meas-1

Meas-2 Meas-3 SqErr-2

Meas-4

Aligned-2

Smaller-2 NextTo-2

Parallel-2

Meas-5

Meas-6 Meas-7

SqErr-3

Meas-8

Figure 6: The Bayes net produced in response to the strokes
in each ground symbol in Figure 5. The shaded area shows
the network produced in response to the first two strokes.

Name P[Shape|stroke data]
after 2 strokes after 3 strokes

(a) (b) (c) (a) (b) (c)
Wire-1 0.4 0.41 0.41 0.4 0.4 0.42
Wire-2 0.4 0.38 0.38 0.4 0.4 0.38
Wire-3 N/A N/A N/A 0.4 0.4 0.1
Battery-1 0.51 0.51 0.51 0.09 0.1 0.91
Battery-2 N/A N/A N/A 0.09 0.1 0.0
Ground-1 0.51 0.51 0.51 0.95 0.94 0.03

Table 1: Posterior probabilities for part of the network in Fig-
ure 6 for each sketch in Figure 5.

only wires, resistors, ground symbols and batteries. Figure 6
shows the Bayes nets produced in response to the user’s first
two and first three strokes. After the first two strokes, the net-
work contains only the nodes in the shaded area; after three
strokes it contains all nodes shown. Continuous variables cor-
responding to observation nodes were discretized into three
values: 0 (low error: stroke data strongly supports the shape
or constraint), 1 (medium error: stroke data weakly supports
the shape or constraint), and 2 (high error: stroke data does
not support the shape or constraint).

Posterior probabilities are given in Table 1. For the rel-
atively clean ground symbol (Figure 5(a)), the stroke data
strongly supports all the shapes and constraints, so all shaded
nodes in Figure 6 have value 0. After the first two strokes,
the battery symbol and the ground symbol have equal weight,
which may seem counterintuitive: after two strokes the user
has drawn what appears to be a complete battery, but has
drawn only a piece of the ground symbol. Recall, however,
that the Bayes net models not what has been drawn, but what
the user intends to draw. After two strokes, it is equally likely
that the user is in the process of drawing a ground symbol. Af-
ter the third stroke, the ground symbol’s probability increases
because there is more evidence to support it, while the bat-
tery’s probability decreases. The fact that the ground symbol
is preferred over the battery illustrates that the system prefers
interpretations that result in fewer symbols (Okham’s razor).
Interpretations that involve more of the user’s strokes have
more support and get a higher score in the Bayes net. The fact
that the battery symbol gets weaker as the ground symbol gets
stronger results from the “explaining away” behavior in this
Bayes net configuration: each of the low-level components
(the lines and the constraints) are effectively “explained” by
the existence of the ground symbol, so the battery is no longer
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needed to explain their presence.
Another useful property of our approach is that a small

amount of noise in the data is counteracted by the context
provided by higher-level shapes. The slightly noisy second
and third strokes in Figure 5(b) cause the values of SqErr-
2 and SqErr-3 to be 1 instead of 0 (all other shaded node
values remain 0). Despite this noise, after three strokes the
posterior probability of the ground symbol interpretation is
still high (0.94), because Line-1 and all of the constraints
are still strongly supported by the data. In addition, the
probabilities for Line-2 and Line-3 are high (both 1.0, not
shown in Table 1), indicating that the context provided by the
ground symbol provides support for the line interpretations
even when the evidence from the data is not as strong.

On the other hand, if the data is too messy, it causes
the probability of the higher-level interpretations to decrease.
The sketch in Figure 5(c) causes the value of SqErr-2 to be 1,
and SqErr-3 to be 2, and results in a low posterior probability
for Ground-1 (0.03) and a high posterior for Battery-1 (0.91),
because the hypothesis Line-3 is contradicted by the user’s
third stroke. For now, the third stroke remains uninterpreted.

6.2 Quantitative Results
We ran our system on all of the sketches we collected
and compared its performance to a baseline constraint-based
recognition system that used a fixed threshold for detect-
ing shapes and constraints and did not reinterpret low-level
shapes. We measured recognition performance by deter-
mining the number of objects identified correctly in each
sketch. Our system significantly outperformed the baseline
system (p � 0.001), correctly recognizing 77% (F=0.83) of
the shapes in the family tree diagrams and 62% (F=0.65) of
the shapes in the circuit diagrams, while the baseline system
correctly recognized 50% (F=0.63) and 54% (F=0.57).

While not yet real time, in general our system’s processing
time scaled well as the number of strokes increased. How-
ever, it occasionally ran for a long period. The system had
particular trouble with areas of the sketch that involved many
strokes drawn close together in time and space and with do-
mains that involve more complicated or overlapping symbols.
This increase in processing time was due almost entirely to
increase in Bayes net complexity.

We believe we can speed up loopy BP based on the obser-
vation that it repeatedly sends messages between the nodes
until each node has reached a stable value. When a stroke is
added, our system resets all messages to 1, essentially eras-
ing the work done the last time inference was performed, even
though most of the graph is unchanged. The algorithm should
instead begin with the messages that remain at the end of the
previous inference step.

7 Conclusion
We have described a model for dynamically constructing
Bayes nets to represent varying hypotheses for the user’s
strokes. Our model, specifically developed for the task of
recognition, allows both stroke data and contextual data to
influence the probability of an interpretation for the user’s
strokes. Using noisy-OR, multiple potential higher-level

interpretations mutually influence each other’s probabilities
within the Bayes net. The net result is a sketch recognition
approach that brings us a significant step closer to sketching
as a natural and powerful interface.
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Abstract

Brain-computer interfaces, as any other interaction
modality based on physiological signals and body
channels (e.g., muscular activity, speech and ges-
tures), are prone to errors in the recognition of sub-
ject’s intent. In this paper we exploit a unique fea-
ture of the “brain channel”, namely that it carries
information about cognitive states that are crucial
for a purposeful interaction. One of these states
is the awareness of erroneous responses. Different
physiological studies have shown the presence of
error-related potentials (ErrP) in the EEG recorded
right after people get aware they have made an er-
ror. However, for human-computer interaction, the
central question is whether ErrP are also elicited
when the error is made by the interface during the
recognition of the subject’s intent and no longer by
errors of the subject himself. In this paper we re-
port experimental results with three volunteer sub-
jects during a simple human-robot interaction (i.e.,
bringing the robot to either the left or right side of a
room) that seem to reveal a new kind of ErrP, which
is satisfactorily recognized in single trials. These
recognition rates significantly improve the perfor-
mance of the brain interface.

1 Introduction
A brain-computer interface (BCI) is a system that translates
the intention of a subject, as represented by his brain waves
(typically, electroencephalogram signals), into a control sig-
nal without using activity of any muscles or peripheral nerves
[Millán, 2002; Wolpaw et al., 2002]. Electroencephalogram
(EEG) is recorded non-invasively by means of electrodes
placed on the scalp. Then some features are extracted from
the EEG and sent to a classifier, whose response is trans-
lated into some action thus making possible mental control
of different devices. For instance, recent studies have shown
that after a few days of training, subjects are able to con-
trol a miniature robot in an indoor environment with several
rooms, corridors and doorways only using the signals de-
rived from an EEG-based BCI [Millán et al., 2003]. This
same system could be used to drive a wheelchair so that a

subject suffering from severe motor disabilities, but with in-
tact cognitive capabilities, could greatly gain in autonomy.
Other applications, such a virtual keyboard, could more gen-
erally provide an alternative way of communication with the
outside world [Birbaumer et al., 1999; Wolpaw et al., 2003;
Millán et al., 2004].

Nevertheless, BCIs—as any other interaction modality
based on physiological signals and body channels (e.g., mus-
cular activity, speech and gestures)—are prone to errors in the
recognition of subject’s intent, and those errors can be fre-
quent. Indeed, even well-trained subjects rarely reach 100%
of success. A possible way to reduce errors consists in a ver-
ification procedure whereby each output consists of two op-
posite trials, and success is required on both to validate the
outcome [Wolpaw et al., 1998]. Even if this method greatly
reduces the errors, it requires much more mental effort from
the subject and reduces the communication rate.

In contrast to other interaction modalities, a unique fea-
ture of the “brain channel” is that it conveys both informa-
tion from which we can derive mental control commands to
operate a brain-actuated device as well as information about
cognitive states that are crucial for a purposeful interaction,
all this on the millisecond range. One of these states is the
awareness of erroneous responses, which a number of groups
have recently started to explore as a way to improve the per-
formance of BCIs [Schalk et al., 2000; Blankertz et al., 2003;
Parra et al., 2003]. Since the late 1980s, different physiolog-
ical studies have shown the presence of error-related poten-
tials (ErrP) in the EEG recorded right after people get aware
they have made an error [Carter et al., 1998; Falkenstein et
al., 2000; Holroyd and Coles, 2002]. Nevertheless, most of
these studies show the presence of ErrP in typical choice re-
action tasks [Carter et al., 1998; Falkenstein et al., 2000;
Blankertz et al., 2003; Parra et al., 2003]. In this kind of tasks,
the subject is asked to respond as quickly as possible to a
stimulus and ErrP (sometimes referred to as “response ErrP”)
arise following errors due to the subject’s incorrect motor ac-
tion (e.g., the subject pressed a key with the left hand when he
should have responded with the right hand). More recently,
other studies have also shown the presence of ErrP in typi-
cal reinforcement learning tasks where the subject is asked to
make a choice and ErrP (sometimes referred to as “feedback
ErrP”) arise following the presentation of a stimulus that in-
dicate incorrect performance [Holroyd and Coles, 2002]. In
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Figure 1: Exploiting error-related potentials (ErrP) in a brain-controlled mobile robot. The subject receives visual feedback indicating the
output of the classifier before the actual execution of the associated command (e.g., “TURN LEFT”). If the feedback generates an ErrP (left),
this command is simply ignored and the robot will stay executing the previous command. Otherwise, the command is sent to the robot (right).

both cases, response ErrP and feedback ErrP, it has been ob-
served a negative potential in the EEG with a fronto-central
scalp distribution (see Figure 3) whenever subjects make er-
rors. This negative potential is most probably generated in
a brain area called anterior cingulate cortex, which is crucial
for regulating emotional responses.

An important aspect of the two described ErrP is that they
always follow an error made by the subject himself. First the
subject make a selection, and then ErrP arise either simply
after the occurrence of an error (choice reaction task) or after
a feedback indicating the error (reinforcement learning task).
However, in the context of a BCI, or human-computer inter-
action in general, the central question is:

“Are ErrP also elicited when the error is made by the inter-
face during the recognition of the subject’s intent?”

In order to consider the full implications of this question,
let’s imagine that the subject’s intent is to make a robot reach
a target to the left. What would happen if the interface fails to
recognize the intended command and the robot starts turning
in the wrong direction? Are ErrP still present even though
the subject did not make any error but only perceive that the
interface is performing wrongly?

The objective of this paper is to investigate how ErrP could
be used to improve the performance of a BCI. Thus, we will
first explore whether or not ErrP also follow a feedback in-
dicating incorrect responses of the interface and no longer
errors of the subject himself. If ErrP are also elicited in this
case, then we could integrate them in a BCI in the following
way as shown in Figure 1: after translating the subject’s in-
tention into a control command, the BCI provides a feedback
of that command, which will be actually executed only if no
ErrP follows the feedback. This should greatly increase the
reliability of the BCI as we will see later. Of course, this new
interaction protocol depends on the ability to detect ErrP no
longer in averages of a large number of trials [Schalk et al.,
2000], but in each single trial using a short window following
the feedback that shows the response of the classifier embed-
ded in the BCI.

In this paper we report experimental results with three vol-
unteer subjects during a simple human-robot interaction (i.e.,
bringing the robot to either the left or right side of a room)

that seem to reveal a new kind of ErrP, which is satisfactorily
recognized in single trials. These recognition rates signifi-
cantly improve the performance of the interface.

2 Experimental Setup
To test the presence of ErrP after a feedback indicating errors
made by the interface in the recognition of the subject’s in-
tent, we have simulated a real interaction with a robot, where
the subject wishes to bring the robot to one side of a room
(left or right) by delivering repetitive commands until the ro-
bot reaches the target. This virtual interaction is implemented
by means of two horizontal progress bars made of 10 steps
each. One of the bars goes from the center of the screen to
the left side (left bar), and the other bar progresses to the right
side (right bar). Figure 2 shows the left and right horizontal
progress bars used as feedback.

To isolate the issue of the recognition of ErrP out of the
more difficult and general problem of a whole BCI where er-
roneous feedback can be due to non-optimal performance of
both the interface (i.e., the classifier embedded into the inter-
face) and the user himself, in the following experiments the
subject delivers commands manually and not mentally. That
is, he simply presses a left or right key with the left or right
hand. In this way, any error feedback is only due to a wrong
recognition of the interface of which is the subject’s intention.

Three volunteer healthy subjects participated in these ex-
periments. The subject sends a command after a stimulus de-
livered by the system (the word “GO” appears in the screen).
The system filled the bars with an error rate of 20%; i.e., at
each step, there was a 20% probability that the robot made a
movement in the wrong direction. Subjects performed 10 se-
ries of 5 progress bars, the delay between 2 consecutive steps
(2 consecutive “GO” from the system) was of 3-4 seconds
(random delay to prevent habituation). Duration of each in-
teraction experiment (i.e., filling a progress bar) was about 40
seconds, with breaks of 5-10 minutes between two series but
no break between interaction experiments of the same series.

EEG potentials were acquired with a portable system
(Biosemi ActiveTwo) by means of a cap with 32 integrated
electrodes covering the whole scalp and located according to
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Figure 2: Left and right horizontal progress bars. The goal of an interaction experiment is to fill one of the bars, which simulates a real
interaction with a robot that needs to reach one side of a room (left or right). The system fills the bars with an error rate of 20%; i.e., at each
step, there was a 20% probability that the robot made a movement in the wrong direction.

the standard 10/20 International system. The sampling rate
was 512 Hz and signals were measured at full DC. Raw EEG
potentials were first spatially filtered by subtracting from each
electrode the average potential (over the 32 channels) at each
time step. The aim of this re-referencing procedure is to sup-
press the average brain activity, which can be seen as underly-
ing background activity, so as to keep the information coming
from local sources below each electrodes. Then, we applied
a 1-10 Hz bandpass filter as ErrP are known to be a relatively
slow cortical potential. Finally, EEG signals were subsam-
pled from 512 Hz to 128 Hz (i.e., we took one point out of
4) before classification, which was entirely based on tempo-
ral features. Indeed the actual input vector for the statistical
classifier described below is a 1/2-second window starting
150 ms after the feedback and ending 650 ms after the feed-
back for channels Cz and Fz. The choice of these channels
follows the fact that ErrP are characterized by a fronto-central
distribution along the midline (see Figure 3). Thus the dimen-
sionality of the input vector is 128; i.e., concatenation of two
windows of 64 points (EEG potentials) each.

No artifact rejection algorithm (for removing or filtering
out eye or muscular movements) was applied and all trials
were kept for analysis. It is worth noting, however, that after
a visual a-posteriori check of the trials we found no evidence
of muscular artifacts that could have contaminated one con-
dition differently from the other.

3 Statistical Classifier
The different classes are recognized by a Gaussian classifier
trained to classify single trials as “correct” or “error”. The
output of this statistical classifier is an estimation of the pos-
terior class probability distribution for a single trial; i.e., the
probability that a given single trial belongs to class “correct”
or class “error”. The present classifier is quite similar to that
proposed by Millán et al. [2004] in the framework of EEG-
based BCIs, the main difference being the update rules.

In this statistical classifier, every Gaussian unit represents
a prototype of one of the classes to be recognized. We use
several prototypes per mental task. We assume that the class-
conditional probability density function of class Ck is a su-
perposition of Nk Gaussians (or prototypes) and that classes
have equal prior probabilities. In our case, all the classes have
the same number of prototypes Np. In addition, we assume
that all prototypes have an equal weight of 1/Np. Then, drop-
ping constant terms, the activity ai

k of the ith prototype of the
class Ck for the input vector, or sample, x derived from a trial
as described above is

ai
k(x)= |Σk|−1/2exp

(
−1/2

(
x−µi

k

)T
Σ−1

k

(
x−µi

k

))
(1)

where µi
k is the center of the ith prototype of the class Ck,

Σk is the covariance matrix of the class Ck, and |Σk| is the
determinant of that matrix. Usually, each prototype has its
own covariance matrix Σi

k. In order to reduce the number
of parameters, we restrict our model to a diagonal covariance
matrix Σk that is common to all the prototypes of the class
Ck. Now, the posterior probability yk of the class Ck is

yk(x) = p(x|Ck) =
ak(x)
A(x)

=

Np∑

i=1

ai
k(x)

2∑

k=1

Np∑

i=1

ai
k(x)

(2)

where ak is the activity of class Ck and A is the total activity
of the network. The response of the classifier for the input
vector x is simply the class with the highest probability.

To initialize the center of the prototypes, µi
k, of the class

Ck we run a clustering algorithm—typically, self-organizing
maps [Kohonen, 1997]. We then initialize the diagonal co-
variance matrix Σk of the class Ck by setting

Σk =
1
|Sk|

∑

x∈Sk

(
x− µi∗

k

) (
x− µi∗

k

)T
(3)

where Sk is the set of the training samples belonging to the
class Ck, |Sk| is the cardinality of this set, and i∗ is the nearest
prototype of this class to the sample x.

During learning we improve these initial estimations iter-
atively by stochastic gradient descent so as to minimize the
mean square error E = 1/2

∑
k (yk − tk)2, where tk is the

kth component of the target vector in the form 1-of-c; e.g.,
the target vector for class “error” is coded as (0, 1). Taking
the gradient of the error function yields

∆µi
k(x)=α

∂E

∂µi
k

(x)=α
ai

k(x)
A(x)

(
x− µi

k

)

Σk
ek(x) (4)

and

∆Σi
k(x)=β

∂E

∂Σi
k

(x)=β
ai

k(x)
A(x)

(
x− µi

k

)2

(
Σi

k

)3 ek(x) (5)

where α and β are the learning rates and ek(x) =
(tk(x)−yk(x))−∑

jyj(x)(tj(x)−yj(x)). After updating µi
k

and Σi
k for each training sample, the covariance matrices of

all the prototypes of the same class are averaged to obtain the
common class covariance matrix Σk. This simple operation
leads to better performance than if separate covariance ma-
trices are kept for each individual prototype. It is also worth
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Figure 3: Left. Average EEG for error, correct and difference error-minus-correct at channel Cz for the three subjects plus the grand average
of them. Feedback is delivered at time 0 seconds. The negative (Ne) and positive (Pe) peaks show up about 270 ms and between 350 and 450
ms after the feedback, respectively. Right. Scalp potentials topographies, for the grand average EEG of the three subjects, at the occurrence
of the Ne and the Pe. Small filled circles indicate positions of the electrodes (frontal on top), Cz being in the middle of the scalp.

noting that, due to the small number of training samples for
the “error” class, it is sometimes preferible to have a single
covariance matrix common to all classes, which is obtained
by averaging all the individual Σk.

4 Experimental Results
With this protocol, it is first necessary to investigate wether or
not ErrP are present no more in reaction to an error made by
the subject himself, but in reaction to an erroneous response
made the interface as indicated by the feedback visualizing
the recognized subject’s intention. Figure 3 shows the differ-
ent curves (error, correct and difference error-minus-correct)
for channel Cz for the three subjects plus the grand average
of the three subjects. A first sharp negative peak (Ne) can
be clearly seen 270 ms after the feedback (except for subject
2). A later positive peak (Pe) appears between 350 and 450
ms after the feedback. Finally an additional negative peak
occurs ∼550 ms after the feedback. Figure 3 also shows the
scalp potentials topographies, for the grand average EEG of
the three subjects, at the occurrence of the maximum of the
Ne and the Pe: a first central negativity appears after 270 ms,
followed by a fronto-central positivity at 350 ms.

These experiments seem to reveal a new kind of error-
related potentials that, for convenience, we call “interaction
ErrP”. The general shape of this ErrP is quite similar to the
shape of the response ErrP in a choice reaction task, whereas
the timing is similar to the feedback ErrP of reinforcement
learning tasks1. As in the case of response ErrP, the interac-
tion ErrP exhibits a first sharp negative peak followed by a
broader positive peak. This is quite different from the shape
of feedback ErrP that are only characterized by a small neg-
ative deflection. On the other hand, the time course of the
interaction ErrP bears some similarities to that of the feed-
back ErrP: in both cases the first distinctive feature (negative

1Due to space limitations, experiments showing response and
feedback ErrP cannot be reported.

peak and negative deflection, respectively) appears ∼250 ms
after feedback. The time course of response ErrP is definitely
different as the peaks show up much faster.

4.1 Single Trial Classification
To explore the feasibility of detecting single-trial erroneous
responses, we have done a 10-fold cross-validation study
where the testing set consists of one of the recorded sessions.
In this way, testing is always done on a different recording
session to those used for training the model. This yields a
better estimation of the actual generalization capabilities be-
cause brain activity naturally changes over time, as Figure 4
illustrates. Top panels show the average EEG of two con-
secutive series (5 interaction experiments each) at channel Cz
for subject 3, while the bottom panels show samples of single
trials of those series. Their variability is rather evident.

Table 1: Percentages of correctly recognized error trials and correct
trials for the 3 subjects and the average of them.

Subjects Error [%] Correct [%]
#1 87.3±11.3 82.8±7.2
#2 74.4±12.4 75.3±10.0
#3 78.1±14.8 89.2±4.9

Average 79.9±6.6 82.4±7.0

Table 1 reports the recognition rates (mean and standard
deviations) for the three subjects plus the average of them.
The different hyper-parameters—i.e., the learning rates of the
centers and diagonal covariance matrices, number of pro-
totypes, and common/single covariance matrices for each
class—were chosen by model selection in the training sets.
Regarding the learning rates, usual values were 10−4 to 10−6

for the centers and 10−6 to 10−8 for the variances, while the
usual number of prototypes was rather small (from 2 to 4).
These results show that single-trial recognition of erroneous
responses is almost 80% on average, while the recognition
rate of correct responses is slightly better (82.4%). Quite im-
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Figure 4: Top. Average EEG (error, correct and difference error-minus-correct) of two consecutive experimental series at channel Cz for
subject 3. Bottom. Samples of single trials (error and correct) of those two series.

portantly, even for the subject with the worse detection rates,
they are around 75%. But the key point for the exploitation
of the automatic recognition of interaction errors is that they
translate into an actual improvement of the performance of
the BCI, which we can measure in terms of the bit rate.

4.2 Bit Rate Improvement
A traditional measure of the performance of a system is the
bit rate, the amount of information communicated per unit
time. The bit rate is usually expressed in bits per trial (bits
per selection). If a single trial has Nc possible outcomes,
if the probability p that this outcome is correct (accuracy of
the BCI), and if finally each of the other outcomes has the
same probability of selection (i.e., (1 − p)/(Nc − 1)), then
the information transfer rate in bits per trial (BpT ) is

BpT = log2(Nc)+p log2(p)+(1−p) log2

(
1− p

Nc − 1

)
(6)

Let’s consider now how the performance of the BCI
changes after introducing ErrP and that the system detects a
proportion e of erroneous trials and a proportion c of correct
trials. In the general case, after detecting an erroneous trial
the outcome of the interface is simply stopped and not sent
to the brain-actuated device. The new accuracy p′ of the BCI
becomes p′ = p · c/pt, where pt = p · c + (1 − p) · (1 − e).
Now the new information transfer rate in bits per trial is

BpT =pt

(
log2(Nc)+p′log2(p

′)+(1−p′)log2

(
1−p′

Nc−1

))

(7)
In the case of a 2-class BCI (Nc = 2), after detecting an

erroneous trial, it could be possible to replace the “wrong”
outcome by the opposite one, what yields an accuracy p′′ =
p · c + (1 − p) · e. The information transfer rate in this case
is calculated by replacing p by p′′ in equation 6, because now
there is no stopped outcome.

Table 2 reports the performances of a BCI that integrates
ErrP for the 3 subjects and the average of them, where we
have assumed an accuracy of 80% in the recognition of the

subject’s intent. These figures are to be compared to the per-
formance of a standard BCI (i.e., without integrating ErrP).
We have also reported the performances in the case of Nc =
3, as the mind-controlled robot described by Millán et al.
[2003]. In the case of standard 2-class and 3-class BCI, their
performances are 0.28 and 0.66 bits per trial, respectively.
Results indicate that there is a significant improvement in per-
formance in the case of stopping outcomes, which is above
70% on average and higher than 90% for one of the subjects.
Surprisingly, replacing leads to smaller improvements and, in
the case of subject 2, even to a significant degradation.

Table 2: Performances of the BCI integrating ErrP for the 3 subjects
and the average of them.

Nc = 3 Nc = 2 Nc = 2
Stop Stop Replace

Subjects BpT Gain BpT Gain BpT Gain
#1 0.91 37% 0.53 91% 0.36 29%
#2 0.73 10% 0.40 42% 0.19 -32%
#3 0.92 38% 0.52 86% 0.44 59%

Average 0.85 28% 0.48 72% 0.32 14%

5 Discussion
In this paper we have reported first results on the detection of
the neural correlate of error awareness for improving the per-
formance and reliability of brain-computer interfaces. In par-
ticular, we have found what seems to be a new kind of error-
related potential elicited in reaction to an erroneous recog-
nition of the subject’s intention. More importantly, we have
shown the feasibility of detecting single-trial erroneous re-
sponses of the interface that leads to significant improvements
of the information transfer rate of a BCI.

Given the promising results obtained in a simulated
human-robot interaction, we are currently working in the ac-
tual integration of ErrP detection into our BCI system. In
parallel, we are exploring how to increase the recognition
rate of single-trial erroneous and correct responses. A ba-
sic issue here is to find what kind of feedback elicits the
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strongest “interaction ErrP”. The feedback can be of very dif-
ferent nature—visual, auditory, somatosensory, or even a mix
of these different types. More importantly, we will need to
focus on alternative methods to exploit at best the current “in-
teraction ErrP”. In this respect, Grave et al. [2004] have re-
cently developed a technique that estimates the so-called local
field potentials (i.e., the synchronous activity of a small neu-
ronal population) in the whole human brain from scalp EEG.
Furthermore, recent results show significant improvements in
the classification of bimanual motor tasks using estimated lo-
cal field potentials (LFP) with respect to scalp EEG [Grave et
al., 2005]. Consequently, we plan to utilize the ELECTRA
method to best discriminate erroneous and correct responses
of the interface. As a matter of fact, a key issue for the suc-
cess in the above-mentioned study was the selection of those
relevant voxels inside the brain whose estimated LFP were
more discriminant. It turns out that the sources of the ErrP
seem to be very well localized into the anterior cingulate cor-
tex and thus we may well expect a significant improvement
in recognition rates by focusing on the LFP estimated in this
specific brain area.

More generally, the work described in this paper suggests
that it could be possible to recognize in real time high-level
cognitive and emotional states from EEG (as opposed, and in
addition, to motor commands) such as fatigue, stress, frus-
tration, confusion, or attention that are crucial for an effec-
tive and purposeful interaction. Indeed, the rapid recognition
of these states will lead to truly adaptive interfaces that cus-
tomize dynamically in response to changes of the cognitive
and emotional/affective states of the user.
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Abstract

Collaborative Web search exploits repetition and
regularity within the query-space of a community
of like-minded individuals in order to improve the
quality of search results. In short, search results
that have been judged to be relevant for past queries
are promoted in response to similar queries that oc-
cur in the future. In this paper we present the re-
sults of a large-scale evaluation of this approach, in
a corporate Web search scenario, which shows that
significant benefits are available to its users.

1 Introduction
Collection size, document diversity, and limited searcher ex-
pertise all combine to make the Web a very challenging in-
formation retrieval environment. In 2000 the entire World-
Wide Web consisted of just 21 terabytes of information; now
it grows by 3 times this figure every single day[Roush, 2004;
Lyman and Varian, 2003]. Moreover, the average search
query contains only about 2 query terms[Lawrence and Giles,
1998] and the terms used are often poorly chosen[Bollmann-
Sdorra and Raghavan, 1993; Furnaset al., 1987]. These
problems have led to rapid developments in the term-based
matching approaches at the heart of modern search engines.
For the most part this has meant looking for new sources
of knowledge with which to guide search. For example,
Brin & Page[Brin and Page, 1998] and Kleinberg[Klein-
berg, 1999] have argued for the need to consider factors such
as link-connectivity information, while others have sought
to exploit context as a way to disambiguate vague queries
(see [Lawrence, 2000]). Still others have begun to con-
sider the structure of the query-space as a new source of
search knowledge. For example,[Fitzpatrick and Dent, 1997;
Glance, 2001; Raghavan and Sever, 1995; Wen, 2002] have
all demonstrated how query logs can be mined to identify use-
ful past queries that may help the current searcher.

In [Freyneet al., 2004; Smythet al., 2003; In Press], a
novel approach to Web search—collaborative Web search—
was introduced. It combined techniques for exploiting knowl-
edge of the query-space with ideas from social networking

∗The Support of the Enterprise Ireland Informatics Initiative and
Science Foundation Ireland is gratefully acknowledged.

to develop a Web search platform capable of adapting to the
needs of (ad-hoc) communities of users. In brief, the queries
submitted and the results selected by a community of users
are recorded and reused in order to influence the results of
future searches for similar queries. Results that have been re-
liably selected for similar queries in the past are promoted.
For example, users of an AI-related Web site might have a
tendency to select case-based reasoning results in response
to vague queries such as‘CBR’, while largely ignoring al-
ternatives such as Google’s higher-ranking‘Central Bank of
Russia’or ‘Comic Book Resources’results. In this instance
collaborative search will gradually adapt its result-lists to em-
phasise case-based reasoning results, for searches that origi-
nate from such a site, perhaps through a search-box on the
site.

While intuitively appealing, the collaborative Web search
approach has never been fully evaluated under realistic con-
ditions. Previous evaluations have been limited to the use of
artificial users[Freyneet al., 2004] or closed-world search
scenarios[Smythet al., 2003; In Press]. In our work we have
implemented the collaborative Web search technique as a ro-
bust and scalable meta search engine architecture and the cen-
tral contribution of this paper is to evaluate its deployment in
a realistic, real-world Web search setting involving the em-
ployees of a local software company over an extended period
of time. While the results indicate that there is indeed a sig-
nificant benefit accruing from collaborative Web search, they
also serve to highlight certain issues, in relation to the man-
ner in which promotions are made, that are likely to lead to
critical problems over time. We conclude by discussing how
these problems have been overcome in our implementation.

2 Regularity & Repetition in Web Search
Collaborative Web search is motivated by regularity and repe-
tition that is assumed to be inherent in Web search, especially
among the searches of communities of like-minded individ-
uals. It proposes to exploit these regularities when respond-
ing to new queries by reusing the result selections from simi-
lar past queries. But how commonplace is community-based
search? And how regular and repetitive is its query-space?

2.1 The Case for Community-Based Web Search
While most searches are conducted through generic search
engines, servicing the needs of individuals, many are never-
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theless examples of community-based searches. For instance,
the use of a Google search box on a specialised Web site (e.g.
a motoring enthusiast’s site) means that its searches are likely
to be initiated by users with some common (motoring) inter-
est. Alternatively, searches originating from a computer labo-
ratory assigned to 2nd year students are likely to share certain
characteristics related to their studies (courses, projects etc.)
and social lives (college societies, local gigs etc.)

Of course, more formalised examples of community-based
search are also possible. The advent of blogging services and
social networking services such as Friendster and Orkut pave
the way for a growing number of community-based search ap-
plications. While the precise nature of a community’s shared
interests may not be easy to characterise, they are neverthe-
less likely to be encoded within the search patterns (queries
and result selections) of the community’s members.

2.2 How Much Repetition?
If many searches can be traced back to ad-hoc communities
of searchers, what degree of regularity can be observed? We
can begin to answer this question by profiling the degree of
term overlap between queries from different communities of
searchers. One way to measure query similarity is by the de-
gree of overlap between query terms as in Equation 1; for
example,Sim(‘jaguar pictures’,‘jaguar photos’)=0.33.

Sim(q, q′) =
|q ∩ q′|
|q ∪ q′|

(1)

Previous analyses of a variety of search engine logs have
shown that query repetition is prevalent in specialised search
scenarios that are likely to attract communities of like-minded
searchers. For example[Smythet al., In Press] report how it
is common to find that up to 70% of search queries may share
at least 50% of their query terms with other queries’; this
drops to 30% for more general search scenarios. Later in this
paper we describe a major evaluation of collaborative Web
search involving the employees of a local software company.
Prior to this evaluation, we performed a similar query analy-
sis over 9 weeks worth of search sessions extracted from the
company’s Internet access logs. Our working hypothesis at
the time was that these employees would behave as a com-
munity of like-minded searchers and that their search queries
would exhibit a high degree of similarity, thus motivating col-
laborative Web search.

The results are presented in Figure 1 as the percentage of
queries at set similarity thresholds and the average number
of similar queries for these different thresholds. The results
show that the group of searchers do appear to behave as a
community of like-minded users as high degrees of repetition
are noted for many similarity thresholds. For example, we see
that nearly 60% of queries share at least 50% of their query
terms with other queries and that on average each of these
queries shares 50% of its terms with about 6 other queries.

3 A Review of Collaborative Web Search
The collaborative Web search technique is conceived of as a
form of meta-search; see Figure 2 for the summary architec-
ture and refer to[Freyneet al., 2004; Smythet al., In Press]
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Figure 1: Query repetition in the search logs of the commu-
nity used as part of the evaluation in Section 4.

for a more comprehensive technical description. Briefly, each
new user query,qT , is submitted to a set of underlying search
engines and their results are combined to form a meta-search
result-list, RM . The novelty of collaborative Web search
stems from the way that this result-list is processed to pro-
duce a new result-list,RT , that reflects the learned prefer-
ences of a community of like-minded searchers. It achieves
this by recording the selections of searchers. In other words,
collaborative search records the fact that a resultsi has been
selected for queryqT , and then reuses this information for
similar queries in the future, by promoting results that were
reliably selected in the past.

3.1 Profiling Community Preferences
The hit-matrix, H, is a key data structure for collaborative
Web search. It is a record of the results selected in past search
sessions by a specific community of users, and multiple hit
matrices can be readily maintained to reflect the separate pref-
erences of many different communities. Each time a searcher
(from a specific community) selects a result page,pj , that
was retrieved for query,qT , the value ofHTj is incremented.
Thus,HTj represents the number of times thatpj has been
selected as a result forqT . The row ofH that corresponds to
qT provides a complete account of the number of all page se-
lections for this query over all search sessions that have used
this query. Note that no record is maintained of which user
selected which result, so in effect the hit matrix serves as an
anonymous account of community preferences.

3.2 Reusing Similar Queries
The similarity between a new query,qT , and a search record
(row) in a hit-matrix can be estimated by the term overlap be-
tween the new query and the query of the past search record
(Equation 1); see[Balfe and Smyth, 2005] for a number of al-
ternative query similarity models. Collaborative Web search
selects those rows from the hit matrix whose corresponding
query has a similarity toqT that is above some specified
threshold (typically 0.5). The pages associated with these

1420 USER INTERFACE AND MODELING



S1 S2 Sn

Adapter Adapter Adapter

META-SEARCH

qT

RM

RT

qT
1 qT

2 qT
n

R1 R2 Rn

qT
1 qT

2 qT
n

R1 R2 Rn

qT

Hit-Matrix, H

R
E

L
E

V
A

N
C

E
 E

N
G

IN
E

UPDATE ENGINE

si
T

Figure 2: The collaborative web search architecture.

records (rows) are calledpromotion candidatesand they are
assumed to be potentially relevant to the new target query be-
cause they have been relevant for similar queries, and for the
same community of searchers, in the past.

3.3 Result Relevancy & Ranking
Consider a page,pj , that is associated with query,qi. The rel-
evance ofpj to qi is estimated by the relative number of times
thatpj has been selected forqi; see Equation 2. And the rel-
evance ofpj to qT is a combination ofRelevance(pj , qi) for
all qi’s (q1, ..., qn) deemed similar toqT , as shown in Equa-
tion 3. EachRelevance(pj , qi) is weighted bySim(qi, qT )
to discount the relevance of results from less similar queries;
Exists(pj , qi) = 1 if Hij 6= 0 and 0 otherwise.

Relevance(pj , qi) =
Hij∑
∀j Hij

(2)

WRel(pj , qT , q1, ..., qn) = (3)∑
i=1...n Relevance(pj , qi) • Sim(qT , qi)∑

i=1...n Exists(pj , qi) • Sim(qT , qi)
This weighted relevance metric is used to rank-order the pro-
motion candidates. These ranked pages are then listed ahead
of the remaining meta-search results, which are themselves
ranked (according to a standard meta-search scoring metric),
to giveRT . Of course, alternative promotion models can also
be envisaged but are omitted here for space reasons.

3.4 Communities and Collaboration
Obviously this approach assumes that the contents of a given
hit-matrix reflect some relatively uniform domain of inter-
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Figure 3: The I-SPY result page for the‘ijcai 2005’ query.

ests, for a community of like-minded searchers. Collaborative
Web search contemplates the creation of multiple hit-matrices
to enable different communities of users to access a search
service that is adapted for their query-space and their pre-
ferred pages. For example, a large Web portal might create
different hit-matrices for different portal sections (e.g. News,
Sports, Entertainment, Business sections) on the grounds that
searchers are more likely to submit queries that are related to
the content that is found within this portal section.

3.5 An Example Session

Collaborative Web search has been implemented in the form
of the I-SPY search engine (http://ispy.ucd.ie). I-SPY can be
configured to use a range of different search engines as its
base-level search engines, including Google, Teoma, HotBot
etc., and it allows users to use existing search communities or
to create new ones via a simple form-based interface.

Figure 3 shows the results of a typical search for the query
‘ijcai 2005’ by a particular I-SPY community. The result-list
is presented in the main panel, flanked by recent and popu-
lar queries and web pages lists; certain sensitive information
items have been blanked out in the figure. In this case the
top 4 results are shown and the first 3 of these are result pro-
motions; indicated by the‘I-SPY eyes’icon next to the pro-
moted result titles. This means that these results have been
previously selected for this query or for similar queries. In
fact we can see from the‘related queries’lists after the first
and third results that these have been previously selected for
the similar query‘ijcai’ . The results shown are obviously
relevant to the target query. The top result is for the main
IJCAI 2005home page and the third result corresponds to
the mainIJCAI Conferencespage, for example. However it
is also worth noting that the second result is for the forth-
coming user modeling conference,UM 2005. This page has
been promoted because it has been selected in the past, for the
current query, by members of the current community—these
community members have a specific business interest in user
modeling technology—but ordinarily this result would not be
expected to appear so high in the result list for‘ijcai 2005’.
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This result is, however, relevant to this query given the com-
munity context, especially sinceUM 2005takes place directly
beforeIJCAI 2005and in the same city. This type of promo-
tion speaks to the potential power of I-SPY to promote results
that are uniquely relevant to the specific needs of a commu-
nity of like-minded searchers results that would ordinarily
be lost among the competing results of traditional, generic
search engines.

4 Live-User Evaluation
Past evaluations of collaborative Web search have included a
mixture of artificial-user and live-user studies[Smythet al.,
2003; Freyneet al., 2004; Smythet al., In Press]. However
these studies have been limited; for example, the live-user
evaluation studied a narrowly focused, single-shot, question-
answering search task which did not allow for more realistic
open-ended search scenarios over an extended period of time.
In this section we describe the results of a more realistic trial,
which took place over a 4-week period among the 50 staff
members of a local software company.

4.1 Preliminaries
The trial began on Monday, November 8, 2004 and the re-
sults presented in this paper account for the 4 working-weeks
(Monday to Friday) up to and including December 3. During
this time employees were asked to use I-SPY as their primary
search engine; prior to the trial 90% of search sessions used
Google. I-SPY was configured to draw on Google and Hot-
Bot as a source of search results and a new community was
created for participants with a hit-matrix trained from search
log data for the 9 weeks prior to the start of the trial. I-SPY’s
query-similarity threshold was set at 50%, so that only those
past sessions that shared more than 50% of their query terms
with the current target query would be considered to be simi-
lar for the purposes of result promotion (see Section 3). Par-
ticipants were introduced to I-SPY via a short explanatory
email and encouraged to use it as they would a normal search
engine. Over the 4 weeks more than 1500 queries were sub-
mitted and more than 1800 result URLs were selected.

Figure 4 presents a histogram of the number of search ses-
sions with different numbers of promotions. It shows that
46% of search sessions contained at least 1 promoted re-
sult; on average these sessions contained 3.7 promotions.
This speaks to the potential for I-SPY’s result-promotion
technique to usefully influence a significant percentage of
searches. The results are in broad agreement with the pre-trial
query-overlap analysis described in Section 2, which sug-
gested that we could expect up to 57% of new queries to have
50%-similar queries from the past to draw on as a source of
promotions (see Figure 1).

4.2 Successful Sessions
While the above figures indicate that I-SPY is making pro-
motions in roughly half of the search sessions, the real
test is whether these promotions turn out to be relevant for
the searcher, and whether they aremore relevant than non-
promoted results. Evaluating the relevance of search results
in a trial such as this is difficult to do, at least in a direct fash-
ion. Standard search interfaces do not provide a facility to
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Figure 4: A histogram of the number of search sessions with
different numbers of result promotions.

allow users to indicate how well their information needs have
been answered by search results, and while it would be pos-
sible to add such a facility to I-SPY for the purpose of mea-
suring relevance in this trial, many users indicated that they
would find this to be a nuisance. For this reason we examine
a less direct measure of relevance.

We propose that the selection of at least one result in a
given search session acts as a crude, but nevertheless useful
indicator of result-list relevance. We refer to a search session,
where at least one result has been selected, as asuccessful
session. If no results are selected (afailed session) then we
can be relatively confident that the search engine has not re-
trieved a result that isobviouslyrelevant to the searcher. Note
that we do not distinguish here between sessions with dif-
ferent numbers of selected results, mainly because it is not
possible to conclude much from the frequency of result se-
lections. For example, one might be tempted to conclude that
users selecting more results is a sign of increasing result rele-
vance, except that a similar argument can be made in support
of decreasing result relevance, on the basis that the initial se-
lections must not have satisfied the users.

To analyse the ability of collaborative search to deliver suc-
cessful sessions, we split the search sessions into those that
contained promotions (promoted sessions) and those that did
not (standard sessions). The former correspond to sessions
where collaborative search has the potential to influence rele-
vance, whereas the latter serve as a pure meta-search bench-
mark against which to judge this influence. Incidentally, there
appears to be no difference between the queries for the pro-
moted sessions when compared to those for standard sessions
and both sets of queries have almost identical distributions;
for example, an average of 2.4 terms per query for the pro-
moted sessions compared to 2.5 for the standard sessions was
measured. Indeed, given enough time it is likely that many
of the standard queries would eventually be paired with new
similar queries and so participate in future promoted sessions.

Figure 5(a) presents the average percentage of success-
ful sessions among the promoted and standard sessions and
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Figure 5: Promoted vs. Standard Sessions: (a) the percentage
of successful sessions; and (b) the mean position of selected
results among successful sessions.

demonstrates a clear advantage for the promoted sessions. On
average, 80% of the promoted sessions were successful, com-
pared to 56% for the standard sessions, a difference that is
significant at the 99% confidence level. In other words, the
collaborative search result-promotion mechanism leads to a
40% relative improvement in the chances that a given search
will translate into a successful search session.

4.3 Selection Positions

As a complementary measure of result-relevance, it is also
interesting to compare the promoted and standard sessions in
terms of the average position of selected results within suc-
cessful sessions; that is, those sessions in which selections
have been made. We would like to see relevant results appear-
ing higher up in result-lists. Moreover, assuming that users
are likely to select results that at least appear to be more rel-
evant than those that do not, then we would like to minimise
the mean position of a selected result.

Figure 5(b) presents the mean position of the selected re-
sults among the successful sessions of the promoted and stan-
dard sessions. This once again shows a clear advantage for
the former. On average, the mean position of a selected result
among the successful promoted sessions is 1.96, compared to
3.51 for the successful standard sessions. This difference is
statistically significant at the 99% confidence level and corre-
sponds to a 44% reduction in the position of relevant results
for promoted sessions compared to standard sessions.

It is worth commenting on the importance of this observed
difference in the selection positions. While there is an ad-
vantage due to the promoted sessions, one might ask whether
the observed reduction of one or two places is likely to be
important. We believe that it is, for a number of reasons, not
the least of which is that results should be ordered by their ex-
pected relevance as a matter of course. In addition, users have
a tendency to focus their attention on the top-ranked results.
The fact that promoted sessions have a higher success rate
than the standard sessions is likely due to this difference in the
position of apparently relevant results, because for the most
part I-SPY promotes results from lower-down in the standard
result-lists (returned by Google and HotBot) to higher posi-
tions.

This observed difference may become even more important

in other search scenarios, such as mobile Web search, where
screen-space is so restricted as to severely limit the number of
results that may be presented on a single screen. For instance,
on many mobile devices (eg. WAP phones), screen-space is
so restricted that only 3 results can be presented per screen.
The positional advantage enjoyed by I-SPY results suggests
that it has the potential to ensure that relevant results will ap-
pear on the first page of such mobile-search results. In fact
99% of the result selections that occur in the promoted ses-
sions are for results in the top 3 of a result-list, compared to
only 79% of the standard session selections. Moreover, 93%
of promoted session selections are for the top result, com-
pared to only 63% of standard session selections.

5 Discussion
The results so far indicate that I-SPY’s collaborative Web
search has the potential to significantly improve search per-
formance. Result promotions are made frequently, and when
they are they translate into more successful search sessions
and a better ranking for relevant results. In this section we
briefly consider the number of promotions made during a ses-
sion and the likely success of this session. In our analysis to
date we have noticed that promoted sessions can contain up to
10 or more promoted results; this may be a problem because
too many promotions mayswampresult-lists to the detriment
of search performance. In addition, sessions with many pro-
moted results are likely to be caused by the reuse of large
numbers of past search sessions, some of which may be the
result of less reliable query overlaps, which in turn are more
likely to contribute results of limited relevance to the target
query.

One solution that we have adopted recently is to provide
the searcher with a facility to adjust the level of community
personalization that is offered, by manipulating a slider-bar
to increase the number of promoted results that are displayed
(see Figure 6). We are also considering different result-
integration strategies to allow for a more flexible combination
of I-SPY relevance and meta-search result scores.

We are concerned about issues relating to fairness, relia-
bility and security. For example, it should be clear that as it
stands, older results will tend to be preferred over newer re-
sults; the former will have had a greater opportunity to attract
selections. This may cause problems when it comes to the
promotion of very recent results. We are currently looking at
ways to address this issue, for example by using a suitable de-
cay function to gradually erode the selections of older results.
We are also investigating ways to detect false selections by
unreliable searchers as a way to defend against the fraudulent
activities of self-interested parties; see also[O’Mahonyet al.,
2002; Smythet al., In Press].

6 Conclusions
Collaborative Web search is an approach to Web search that
exploits the natural regularity that exists within the search be-
haviours of ad-hoc communities of users. It espouses the
reuse of search sessions for past queries that are similar to
the current target query, resulting in the active promotion of
those results that have been preferred by the community in
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Figure 6: I-SPY’s promotion slider-bar allows the searcher to
manipulate the degree of community personalization.

the past. In effect, this approach offers a form of anonymous
personalization, thus protecting the privacy of individuals.

In this paper we have presented the results of a signifi-
cant evaluation of the collaborative Web search approach in
a corporate search environment. The results show the clear
benefits that are available: the promotion of results translates
into more successful search sessions and relevant results are
ranked more highly. The evaluation has also helped to clarify
the potential pitfalls of swamping result-lists with too many
promotions. We have found that the best benefits arise from
between 5-8 result promotions indicating the need for a mech-
anism to limit the number of promotions on a session by ses-
sion basis. In response, we have described how I-SPY’s in-
terface has been adapted to include a means for searchers to
interactively control the number of promotions at search time.
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Abstract 
This paper describes COMET, a collaborative in-
telligent tutoring system for medical problem-
based learning.  COMET uses Bayesian networks 
to model individual student knowledge and activ-
ity, as well as that of the group.  Generic domain-
independent tutoring algorithms use the models to 
generate tutoring hints.  We present an overview of 
the system and then the results of two evaluation 
studies.  The validity of the modeling approach is 
evaluated in the areas of head injury, stroke and 
heart attack. Receiver operating characteristic 
(ROC) curve analysis indicates that, the models are 
accurate in predicting individual student actions. 
Comparison of learning outcomes shows that stu-
dent clinical reasoning gains from our system are 
significantly higher than those obtained from hu-
man tutored sessions (Mann-Whitney, p = 0.011). 

1 Introduction 
The transformation from medical student to physician is a 
gradual one, requiring the assimilation of vast amount of 
knowledge as well as the development of clinical-reasoning 
skills. Clinical reasoning is the cognitive process by which 
the information contained in a clinical case is synthesized, 
integrated with the physician’s knowledge and experience, 
and used to diagnose or manage the patient’s problem 
[Newble et al., 1994]. Problem-based learning (PBL) has 
been introduced as an alternative to traditional didactic 
medical education to teach clinical-reasoning skills at the 
early stages of medical education. PBL is designed to chal-
lenge learners to build up their knowledge and develop ef-
fective clinical-reasoning skills around practical patient 
problems. PBL instructional models vary but the general 
approach is student-centered, small group, collaborative 
problem solving activities [Barrows, 1986]. The main ar-
guments for using collaborative problem solving in medical 
PBL include the wider range of ideas generated and the 
higher quality of discussion that ensues.  In addition, stu-
dents obtain training in the skill of consultation and group 
clinical problem solving, which are important for the suc-
cessful practice of clinical medicine.  But effectively im-
plementing PBL in the clinical curriculum is difficult due to 

the lack of standards for PBL tutoring [Das et al., 2002] and 
a lack of properly trained tutors.  In addition, effective PBL 
requires the tutor to provide a high degree of personal atten-
tion to the students.  In the current academic environment 
where resources are becoming increasingly scarce and costs 
must be reduced, providing such attention becomes increas-
ingly difficult.  This is exacerbated by the fact that medical 
school faculty, in particular, often have limited time to de-
vote to teaching.  As a consequence, medical students often 
do not get as much facilitated PBL training as they might 
need or want.   

There has been increasing interest in application of intel-
ligent technologies to medical training to provide rich envi-
ronments for maximizing learning while minimizing risks to 
patients, until sufficient competency is established. The ma-
jority of the work in intelligent medical training system has 
focused on particular domains, such as Radiology [Sharples 
et al., 2000] or Pathology [Crowley and Medvedeva, 2003] 
for training students in feature perception and disease classi-
fication.  Little or no work has addressed providing a gen-
eral domain-independent framework for intelligent medical 
tutoring and no work has addressed intelligent medical tu-
toring in group settings. 

We have developed a collaborative intelligent tutoring 
system for medical problem-based learning called COMET.  
COMET uses Bayesian networks to model individual stu-
dent knowledge and activity, as well as that of the group.  It 
uses generic tutoring algorithms applied to the models to 
generate tutorial hints to guide problem solving activity.  In 
previous work [Suebnukarn and Haddawy, 2004] we pre-
sented a basic Bayes net student model and details of the 
tutoring algorithms.  We also presented results of a study 
showing that the hints generated by COMET agree with 
those of a majority of human tutors.  In this paper we pre-
sent a new, more expressive Bayesian network student 
model, along with an ROC analysis evaluating of the 
model’s accuracy.  We also evaluate the overall effective-
ness of COMET in imparting clinical reasoning skills to 
medical students by comparing clinical reasoning exam 
scores of COMET tutored students to those of human tu-
tored students. 
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Asian Institute of Technology 

Computer Science and Information Management Program 
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2 Medical Problem-Based Learning 
Problem-based learning (PBL) can be described as “the 
learning that results from the process of working toward the 
understanding or resolution of a problem” [Barrows, 1986]. 
PBL is typically carried out in three phases: (1) Problem 
analysis: In group discussion the students evaluate the pa-
tient problem presented to them exactly as they would a real 
patient, attempting to determine the possible underlying 
anatomical, physiological, or biochemical dysfunctions and 
to enumerate all possible causal paths (hypotheses and their 
causal relations) that would explain the progression of the 
patient’s problems. (2)  Self-directed study: In this phase, 
students work outside the tutorial session, using any relevant 
learning resources, e.g. literature, laboratories, specialists, to 
address any open issues identified in the first phase. (3) Syn-
thesis and application of newly acquired information: The 
students analyze data and wrap up the problem collabora-
tively after they return from their self-study period.  

One of the main issues in PBL is the role of the tutor.  
Like a good coach, a tutor needs enough command of what-
ever the learners are working on to recognize when and 
where they most need help [Das et al., 2002]. The ideal tu-
tor should be an expert in both learning content and learning 
process, which is rare to find among human tutors. The tutor 
intervenes to as small an extent as possible, giving hints 
only when the group appears to be getting stuck or off track.  
In this way, the tutor avoids making the students dependent 
on him for their learning. 

3 A Collaborative Medical Tutor  

3.1 Conceptual Framework 
COMET is designed to provide an experience that emulates 
that of live human-tutored medical PBL sessions as much as 
possible while at the same time permitting the students to 
participate collaboratively from disparate locations. COMET 
incorporates a multi-modal interface that integrates text and 
graphics so as to provide a rich communication channel be-
tween the students and the system, as well as among students 
in the group (Fig. 1). Students collaboratively create the prob-
lem solution on the hypothesis board, shown at the bottom of 
Fig. 1.  Typically each student works from a separate com-
puter. COMET can currently support PBL problem analysis 
in the domains of Head injury, Stroke and Heart attack. Note 
that these three domains are quite different since the knowl-
edge used to reason about head injury is primarily anatomical, 
while that used to reason about stroke and heart attack is pri-
marily physiological.  Furthermore, the patho-physiology of 
the latter two diseases is more dynamic.  

Generating appropriate tutorial actions in COMET re-
quires a model of the students’ clinical reasoning for the 
problem domain. This modeling task is necessarily wrought 
with uncertainty since we have only a limited number of 
observations from which to infer each student’s level of 
understanding. Thus we have chosen to use Bayesian net-
works as our modeling technique. 

The system is implemented as a Java client/server combi-
nation, which can be used over the Internet or local area net-
works and supports any number of simultaneous PBL groups.  

The system implementation is modular and the tutoring 
algorithms are generic so that adding a new scenario requires 
only adding the appropriate model representing how to solve 
a particular case (domain clinical reasoning model). The stu-
dent clinical reasoning model, which is a probabilistic over-
lay of the domain clinical reasoning model, is then con-
structed during runtime by instantiating the nodes that repre-
sent the knowledge and activity of an individual student. The 
architecture of COMET differs from that of most ITS’s in that 
the domain model and student model are embodied in one 
representation. The domain model is contained in the part of 
the structure of the network that represents the hypotheses 
and the cause-effect relations among them.  The student 
model is contained in the part of the network that represents 
how the hypotheses are derived and in the network’s prob-
abilities.  The probabilities do not represent the likelihood of 
occurrence of the hypotheses but rather the likelihood that a 
student will be able to create the hypotheses.   

 
Figure 1. COMET student interface. 

3.2 Domain and Student Clinical Reasoning Model 
We built the domain clinical reasoning model based on the 
process of hypothesis generation in problem-based learning. 
Consider, for example, the heart attack scenario taken from 
a PBL session at Thammasat University Medical School. 
 “Mr. C, a 56-year-old who was diagnosed as having es-
sential hypertension four years ago, is complaining of chest 
pain which feels like indigestion. You have noticed that he 
is mildly obese, pale, clammy and sweating profusely…” 

Here students must enumerate possible hypotheses to ex-
plain why the patient is experiencing chest pain. Figure 2 is 
a photograph of the white board of the group PBL session, 
showing a directed acyclic graph representing cause-effect 
relationships among hypotheses.  This graph represents the 
problem solution developed by the students. Since we 
would like to reason about the state of knowledge of each 
student concerning the solution, this graph is our starting 
point for the student model. The hypothesis graph can be 
conveniently represented as a Bayesian network since 
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Bayesian networks are also directed acyclic graphs.  In addi-
tion, Bayesian networks can represent our uncertainty about 
the state of knowledge of the students. 

 
Figure 2. A photograph of the white board after a PBL session at 
Thammasat University Medical School. The graph shows hypothe-
ses with arrows indicating cause-effect relations among them. 
(Note: Some hypotheses are written in Thai.) 

The BN structure contains two types of information: (1) the 
hypotheses and the causal links of the problem solution (Fig. 
3, right half) and (2) how students derive the hypotheses (Fig. 
3, left half). We represent the hypothesis structure following 
the model of Feltovich and Barrows [1984], which defines 
three categories of illness features:  enabling conditions, 
faults, and consequences. Enabling conditions are illness fea-
tures associated with the acquisition of illness (e.g., compro-
mised host factors, unusual travel, or hereditary factors). 
Faults are the major real malfunctions in illness (e.g., direct 
trauma, invasion of tissue by pathogenic organisms, or inade-
quate blood supply). Consequences are the secondary conse-
quences of faults within the organism, and generally comprise 
different types of signs and symptoms, e.g., chest pain, 
breathlessness, or tachycardia.  In Figure 3 (right half), we 
have five possible faults associated with the single conse-
quence chest pain: Myocardial infarction, Angina, Muscu-
loskeletal injury, Gastrointestinal disorder, and Stress. 
Atherosclerosis is the enabling condition of Myocardial in-
farction and Angina. The remaining hypothesis nodes are 
consequences of Myocardial infarction.  Each hypothesis 
node has parent nodes, which have a direct casual impact on 
it. For example, Right heart failure has parents Pulmonary 
congestion and Myocardial infarction.  All hypothesis nodes 
have two states, indicating whether or not the student knows 
that the hypothesis is a valid hypothesis for the case.  

In the PBL sessions, the students create the hypotheses as 
well as the causal links between them (Fig. 2). We would like 
to be able to reason about the probability that students know 
the correct causal links. But in a Bayes net, random variables 
are represented with nodes.  So we use link nodes to represent 
the causal links between hypotheses.  For every hypothesis 
that is a direct cause of another hypothesis (e.g.  Atheroscle-
rosis and Myocardial infarction), we have a node (e.g 
Link_14) representing the causal link between them.  The two 
hypothesis nodes (Atherosclerosis, Myocardial infarction) are 
the parents of the link node. The intuition is that the link can-

not be created unless both hypotheses are created first. Each 
link node has two states, indicating whether or not the student 
creates a causal link between two hypotheses. 

The derivation of hypotheses (Fig. 3, left half) is represented 
in terms of three kinds of nodes: goals, general medical knowl-
edge, and apply actions.  Every hypothesis node has a unique 
Apply node as one of its parents. The Apply node represents the 
application of a medical concept to a goal in order to derive the 
hypothesis.  For example the Apply_13 node indicates that the 
student is able to use knowledge of the Vessel Lumina occlu-
sion medical concept to infer that Myocardial infarction is a 
consequence of Atherosclerosis.  Each hypothesis node thus 
has a conditional probability table specifying the probability 
of the hypothesis being known conditioned on whether the 
parent hypotheses are known and whether the student is able 
to apply the appropriate piece of knowledge to determine the 
cause-effect relationship.  The conditional probability tables 
for the Apply nodes are simple AND gates.   

Our BN student model is similar to the student model used 
by Conati, et al [2002].  Their model includes five types of 
nodes: Context-Rule, Rule-Application, Fact, Goal, and Strat-
egy.  The correspondence between their node types and ours 
is: Context-Rule = Concept, Rule-Application = Apply, Fact 
= Hypothesis, and Goal = Goal.  Strategy nodes, which repre-
sent different correct solutions to a problem, are implicitly 
encoded in our model by the fact that students can enumerate 
the causal hypothesis structure in any order.  Our model con-
tains causal links among hypotheses, which are not present in 
their model.  The reason for this is that in our medical do-
mains a problem solution is represented by the hypotheses 
and causal links among them, while in their physics domains 
a problem solution is represented by a sequence of rule appli-
cations and the derived facts. 

For each problem scenario, we consulted medical text-
books and expert PBL tutors to obtain the hypotheses, the 
causal relations among them, the goals, and the medical 
concepts used to derive the hypotheses. The conditional 
probability tables for each resulting network were obtained 
by learning from data obtained from transcripts of PBL ses-
sions. The data for this study consisted of tape recordings 
and photographs of tutorial sessions for the head injury, 
stroke and heart attack scenarios at Thammasat University 
Medical School.  A total of 15 groups of third year medical 
students were involved in this study. Each group, consisting 
of eight students with different backgrounds, was presented 
with the head injury, stroke and heart attack cases and asked 
to construct possible hypotheses for the case, under the 
guidance of a tutor.  After the sessions the tape and the re-
sults on the whiteboard were analyzed to determine whether 
or not each goal, concept, hypothesis, and link was men-
tioned.  We used the EM learning algorithm provided by the 
HUGIN Researcher software to learn the conditional prob-
abilities of each node [Lauritzen 1995].   

3.3 Individual and Collaborative Student Clinical 
Reasoning Modeling 

The domain clinical reasoning model is instantiated for each 
student by entering that student’s medical background 
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knowledge as evidence. For example, if a student has a 
background in Thoracic anatomy, we would instantiate the 
Thoracic organ node.  Since all students have basic knowl-
edge in Anatomy, Physiology and Pathology before they 
encounter the PBL tutorial sessions, we make the assump-
tion that once a hypothesis in the domain model is created 
by one student in the group, every student knows that hy-
pothesis.  So as hypotheses are created, they are instantiated 
in each student model.   

Following commonly accepted practice in medical PBL, 
we assume that students should and generally do enumerate 
the possible hypotheses by focusing sequentially on the 
various causal paths in the domain, linking enabling condi-
tions with faults and consequences.  So for each student, we 
must determine what causal path he is reasoning along, 
which we do by identifying the path of highest probability 
in that student’s model.  This is computed as the joint prob-
ability of the nodes along the path. The most likely current 
reasoning path for each student is path that gives the maxi-
mum joint probability. Since the students work in a group, it 
is also necessary to identify a causal path that can be used to 
focus group discussion, particularly when the discussion 
seems to be diverging in different directions.  We would like 
to identify a path that has much of the attention of much of 
the group and has at least one member whose attention is 
focused on that path. We identify a set of candidate paths by 
taking the most likely path for each student.  This guaran-
tees that each candidate path has at least one student cur-
rently focused on it.  We then compute the sum of the prob-
abilities of each candidate path over all students and select 
the path with the highest sum.  This gives us the candidate 
path with the highest average attention over all students. 

3.4 Generating Tutorial Hints 
Our automated tutor takes on the role of guiding the tutorial 
group to construct possible hypotheses for the case by the 
use of open-ended questions.  From our study of the tutoring 
session transcripts, we identified and implemented seven 
hint strategies commonly used by experienced human tutors:  

(1) Focus group discussion: Members of the group may 
suggest various valid hypotheses without focusing on any 
given causal path.  When such lack of focus becomes appar-
ent, COMET intervenes by directing the students to focus 
on one of the hypotheses in the group path.  (2) Promote 
open discussion: If a student proposes a hypothesis that is 
not on the current group reasoning path, COMET provides 
positive feedback by encouraging the student to relate the 
hypothesis to the current focus of discussion.  (3) Deflect 
uneducated guessing: If a student creates an incorrect causal 
link, COMET points this out and encourages the student to 
correct the error.  (4) Avoid jumping critical steps: If a stu-
dent creates a link that jumps directly from one hypothesis 
to a down-stream consequence, leaving out intermediate 
hypotheses, COMET asks the student for the more direct 
consequences.  (5) Address incomplete information: Once 
the students have completed elaborating all hypotheses on 
the group path, COMET identifies another path for them to 
work on.  (6) Refer to experts in the group: If after COMET 
provides a general and then a more specific hint, the stu-
dents still do not respond correctly, COMET determines the 
student most likely to know the answer and refers directly to 
him.  (7) Promote collaborative discussion: If one student 
dominates the discussion, COMET asks for input from the 
other students.  If a student does not contribute after a cer-
tain number of hypotheses have been mentioned, COMET 
solicits input from that student.  

All strategies except strategies 6 and 7 have general and 
specific versions. COMET first gives a general hint using 
the parent goal node of the hypothesis that it has determined 
the students should focus on, and if there is no student re-
sponse or an incorrect response, the more specific parent 
medical concept node is used. If the students can still not 
come up with the hypothesis of interest, COMET refers di-
rectly to the student in the group most likely to know the 
answer.  If this doesn’t work, COMET identifies this as a 
learning objective for study outside the session.   

 We developed algorithms to generate each of these types 
of hints, using as input the interaction log and the Bayesian 

     Goal             Concept               Apply                                                       Hypothesis                                                       Link 

 
Figure 3. Part of the Bayesian Network clinical reasoning model of the heart attack scenario. The complete network contains 194 
nodes. The model contains five types of nodes: goal, concept, apply, hypothesis, and link. 

1428 USER INTERFACE AND MODELING



 

network student models. All strategies except strategy 7 use 
both the structure and the probabilities of the Bayes net 
models. Strategy 7 uses only a count of the number of inputs 
from each student. Strategies 1, 2, 5 make use of the group 
reasoning path discussed in the previous section. The fol-
lowing transcript shows the interaction with the system after 
the students read the heart attack problem scenario, de-
scribed in Section 3.2. The system selects hint strategies and 
content based on the student input on the hypothesis board.  
Students: Gastrointestinal disorder, Smoking, Hyperten-
sion, Angina, Myocardial infarction, Chest pain (Students in 
the group gradually create six hypotheses on the board, 
while analyzing the problem.) 
Tutor: What is the consequence of Myocardial infarction? 
(Strategy 1: COMET focuses group discussion by identify-
ing which causal path the group should focus on, finding the 
highest probability non-mentioned node along the path (Left 
heart failure), and providing a hint using its parent goal 
node (Consequence of Myocardial infarction).) 
Student: Cardiac output decreased (Cardiac output de-
creased is a node along the group reasoning path but not 
the node that COMET wants the group to focus on.) 
Tutor: Think about decrease in myocardial contractility. 
(Strategy 1: COMET gives the next hint using the medical 
concept parent node of Left Heart Failure.) 
Student: Right heart failure (Right heart failure is a node 
along the group reasoning path but not the node that 
COMET wants the group to focus on.) 
Tutor: It seems we have a problem. Nida, can you help the 
group? (Strategy 7: Nida is called on since she has the 
highest probability of knowing the Left heart failure node 
among the students.) 

4 Evaluation 

4.1 Evaluation of the Student Model 
In order to determine the accuracy of the model, we com-
pared the probabilities of hypotheses and causal links from 
the student model with actual student actions considered as 
a “gold standard”. We recruited 15 second-year medical 
students from Thammasat University Medical School. That 
is, they had not yet had PBL experience in Head injury, 
Stroke, or Heart attack. Stratified random sampling was 
applied to divide the students into 3 groups based on their 
background knowledge. Students were asked to answer pre-
test questions to determine their background knowledge. 
This information was used to instantiate the general student 
model for each individual student. Students participated 
individually in the problem solving sessions on head injury, 
stroke, and heart attack with COMET.  Each student was 
asked to enumerate hypotheses and the causal links without 
any help from the COMET tutor. The student actions of 
creating hypotheses and their links served as a gold standard 
for comparison with the predicted probabilities from the 
Bayesian network student model.   

Results 
To determine whether our student models are accurate in 
predicting student actions, we evaluated them by means of 
receiver operating characteristic (ROC) curve analysis. The 
area under the curve (AUC) represents an overall measure-
ment of performance of the student model, with 1.0 a per-
fect test and 0.5 representing a model with no discriminating 
capacity. 

Table 1 shows the ROC curve analysis of the student 
models for the Head injury, Stroke, and Heart attack scenar-
ios. There were more false positive cases in the Stroke sce-
nario than in the others, since the student model for the 
Stroke scenario was built from students who had already 
studied Cerebrovascular knowledge from the Head injury 
scenario, while in this study, we recruited students who had 
not yet studied any of the three scenarios. Averaging results 
over all scenarios shows high accuracy in predicting both 
hypotheses and causal links.   

Table 1. ROC analysis showing AUC for three scenarios 

Prediction Scenarios 
Hypotheses Causal links 

Head injury 0.909 0.898 
Stroke  0.765 0.838 
Heart attack 0.868 0.905 
All 0.832 0.900 

4.2 Evaluation of Student Clinical Reasoning Gains 
To evaluate the overall impact of the system on student 
learning, we designed a study to test the hypothesis that a 
COMET tutorial will result in similar student clinical rea-
soning gains to those obtained from a session with an ex-
perienced human PBL tutor.  

We compared three groups of students tutored by 
COMET with three other groups of students tutored by ex-
perienced human tutors. The study had a pre/post test con-
trol group design. All students were assessed on their clini-
cal reasoning before and after the PBL tutorial session on 
heart attack and stroke to determine the reasoning gains for 
each individual student.  

We used the Clinical Reasoning Problem (CRP) approach 
for clinical reasoning assessment [Groves et al., 2002]. Each 
CRP consisted of a clinical scenario that was vetted for clini-
cal accuracy and realism by a specialist physician. Four cases 
in the pre-test set measured each student’s initial ability to 
solve the problems. Four other post-test cases measured their 
ability to generalize the clinical reasoning acquired from tuto-
rial session to the new related cases. Participants were asked 
to nominate the two diagnoses they considered most likely, to 
list the features of the case that they regarded as important in 
formulating their diagnoses, and to indicate whether these 
features were positively or negatively predictive. To establish 
reference scores, ten volunteer general practitioners (GPs) 
were asked to complete both sets of CRPs. 

Results 
There were no statistically significant differences between 
pre- and post-test scores obtained from the GPs, indicating 
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that the pre- and post-tests were of approximately equal 
difficulty (Table 2).  The GPs’ scores varied from 88.20 to 
91.50 indicating that the questions were not trivial. Reliabil-
ity, the measure of the reproducibility of a test, was meas-
ured using Cronbach’s alpha. Cronbach’s alpha for pre-and 
post-test student scores were 0.901 and 0.921 respectively. 
A reliability coefficient of 0.80 or higher is commonly con-
sidered as acceptable.  

Table 2. Mean score for all CRPs (CRPs 1.1, 1.2, 2.1, 2.2 are chest 
pain cases.  CRPs 1.3, 1.4, 2.3, 2.4 are stroke cases.) 

Student’s score (SD) CRPs GP’s score 
(SD) COMET Human tutor 

1.1 88.70 (2.45) 34.67 (4.51) 34.00 (2.70) 
1.2 91.50 (2.46) 34.00 (3.27) 34.78 (2.73) 
1.3 88.20 (1.69) 37.72 (2.21) 38.61 (3.39) 

 

1.4 89.80 (3.49) 39.17 (2.18) 38.22 (3.54) 
2.1 89.50 (3.37) 62.28 (2.11) 58.11 (1.94) 
2.2 87.70 (4.42) 63.94 (1.95) 58.67 (2.40) 
2.3 90.60 (2.63) 64.06 (1.94) 65.00 (2.74) 

 

2.4 89.50 (3.27) 65.56 (1.98) 64.05 (2.39) 

Table 3 shows that there were no statistically significant 
differences between pre-test mean scores of the COMET 
and human tutored groups. The post-test mean scores were 
significantly higher than the pre-test mean scores in both 
COMET and human tutored groups (Wilcoxon, p = 0.000), 
indicating that significant learning occurred. But the average 
post-test score for the COMET groups (64.96) was signifi-
cant higher than that obtained for the human tutored groups 
(60.46) (Mann-Whitney, p = 0.011), indicating that students 
were learning more in the COMET sessions than in the hu-
man tutored sessions.  

Table 3. Mean CRP score for each cohort 

Mean score (SD) Cohort 
Pre-test Post-test 

COMET (1) 36.38 (3.45) 66.12 (3.38) 
COMET (2) 37.00 (4.11) 64.33 (2.78) 
COMET (3) 35.54 (4.24) 65.42 (3.10) 
COMET (all) 36.31 (3.90) 64.96 (3.08) 
Human tutor (1) 36.42 (2.95) 60.96 (2.49) 
Human tutor (2) 37.42 (2.37) 62.63 (1.99) 
Human tutor (3) 35.38 (3.42) 58.79 (2.68) 
Human tutor (all) 36.40 (3.68) 60.46 (2.40) 

5 Discussion 
The results showing that clinical reasoning gains for 
COMET tutored students are higher than those for human 
tutored students were unexpected.  This is particularly true 
in light of our earlier study showing that on average 74% of 
human tutors used the same hint strategy and content as 
COMET [Suebnukarn and Haddawy, 2004].  We believe the 
explanation lies primarily in the 26% disagreement.  Human 
tutors often give up after providing a general hint, jumping 
right to identifying the hypothesis as a learning objective. In 
contrast, COMET is more relentless in pushing the students, 

always following the sequence of general hint, specific hint, 
referring to expert, and finally identifying as a learning ob-
jective.   It is generally agreed that students should generate 
as many hypotheses as possible in a PBL session, leaving 
only the truly difficult issues as learning objectives. 
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Abstract

We present the first tractable,exactsolution for
the problem of identifying actions’ effects in
partially observable STRIPS domains. Our al-
gorithms resemble Version Spaces and Logical
Filtering, and they identify all the models that
are consistent with observations. They apply in
other deterministic domains (e.g., with condi-
tional effects), but are inexact (may return false
positives) or inefficient (we could not bound
the representation size). Our experiments ver-
ify the theoretical guarantees, and show that
we learn STRIPS actions efficiently, with time
that is significantly better than approaches for
HMMs and Reinforcement Learning (which
are inexact). Our results are especially surpris-
ing because of the inherent intractability of the
general deterministic case. These results have
been applied to an autonomous agent in a vir-
tual world, facilitating decision making, diag-
nosis, and exploration.

1 Introduction
Autonomous agents have limited prior knowledge of
their actions’ preconditions and effects when they ex-
plore new domains. They can act intelligently if they
learn how actions affect the world and use this knowl-
edge to respond to their goals. This is important when
their goals change because then they can reason about
their actions instead of trying them in the world.

Learning actions’ effects and preconditions is difficult
in partially observable domains. The world state is not
known completely, actions’ effects mix with each other,
and it is hard to associate change in one feature with
a specific action or situation. Thus, it is not surprising
that work so far has been limited to fully observable do-
mains (e.g.,[Wang, 1995; Pasulaet al., 2004]) and to
hill-climbing (EM) approaches that have unbounded er-
ror in deterministic domains (e.g.,[Ghahramani, 2001;
Boyenet al., 1999]).

This paper presents an approach calledSLAF(Simul-
taneous Learning and Filtering) for exact learning of ac-
tion’s effects and preconditions in partially observable
deterministic domains. This approach determines a set of
possible transition relations, given a sequence of actions
and partial observations. It isonline, and updates a log-
ical formula that models the possible transition relations
and world states with every time step. It finds exactly
those transition relations when actions are STRIPS (i.e.,
no conditional effects) or they map states 1:1.

Our algorithms take polynomial time in the number of
features,n, and the number of time steps,T , for many
cases. Their exact complexity varies with properties of
the domain. For example, the overall time for learning
STRIPS actions’ effects isO(T · n). For other cases the
update per time step takes linear time in the representa-
tion size. We can bound this size byO(nk) if we approx-
imate the representation with ak-CNF formula, yielding
an overall time ofO(T · nk) for the entire algorithm.

Our experiments verify these theoretical results and
show that our algorithms are faster and better qualita-
tively than related approaches. For example, we can
learn STRIPS actions’ effects in domains of> 100 fea-
turesexactly. In contrast, work on learning in Dynamic
Bayesian Networks (e.g.,[Boyen et al., 1999]), rein-
forcement learning in POMDPs (e.g.,[Littman, 1996]),
and Inductive Logic Programming (ILP) (e.g.,[Wang,
1995]) either approximate the solution with unbounded
error for deterministic domains, or take timeΩ(22n

)
(thus, are inapplicable in domains larger than10 fea-
tures). Section 7 provides a comparison with these and
other works.

Our technical advance for deterministic domains is im-
portant for many applications such as automatic software
interfaces, internet agents, virtual worlds, and games.
Other applications, such as robotics, human-computer
interfaces, and program and machine diagnosis can use
deterministic models as approximations. Finally, under-
standing the deterministic case better can help us develop
better results for stochastic domains.

In the following, Section 2 defines SLAF precisely,
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Section 3 provides a deduction-based exact SLAF al-
gorithm, Section 4 presents tractable model-update al-
gorithms, Section 5 gives sufficient conditions and al-
gorithms for keeping the model representation compact
(thus, overall polynomial time), and Section 6 presents
experimental results.

2 SLAF Semantics
We define our SLAF problem with the following formal
tools, borrowing intuitions from work on Bayesian learn-
ing of Hidden Markov Models (HMMs)[Ghahramani,
2001] and Logical Filtering[Amir and Russell, 2003].

A transition systemis a tuple〈P,S,A, R〉, where
• P is a finite set of propositional fluents;
• S ⊆ Pow(P) is the set of world states;
• A is a finite set of actions;
• R ⊆ S ×A× S is the transition relation.

Thus, aworld state, s ∈ S, is a subset ofP that contains
propositions true in this state, andR(s, a, s′) means that
states′ is a possible result of actiona in states. Our
goal in this paper is to findR, given knownP, S,A, and
a sequence of actions and partial observations (logical
sentences on any subset ofP).

A transition belief stateis a set of tuples〈s,R〉 where
s is a state andR a transition relation. LetR = Pow(S×
A × S) be the set of all possible transition relations on
S,A. Let S = S ×R. When we hold a transition belief
stateρ ⊆ S we consider every tuple〈s,R〉 ∈ ρ possible.

For example, consider the situation presented in Fig-
ure 1. There, we have two rooms, a light bulb, a switch,
an action of flipping the switch, and an observation,E
(we are in the east room). The real states of the world,
s2, s2′ (shown in the top part), are unknown to us.

The bottom part of Figure 1 demonstrates how our
knowledge evolves after performing the action sw-on.
ρ1, ρ2 are our respective transition belief states. Inρ1

we know that the possible world states ares2, s1, or
s3 (s1, s3 are arbitrary world states), withR2, R1, and
R3, their respective transition relations.ρ2 is the re-
sulting transition belief state after action sw-on. Action
sw-on takes states2 to s2′ according to transition rela-
tion R2, so 〈s2′, R2〉 is a pairρ2. Similarly, it takes
states1 to one ofs1′, s1′′ according to transition rela-
tion R1, and it takess3 to s3′ according toR3. Thus,
〈s1′, R1〉, 〈s1′′, R1〉, 〈s3′, R3〉 are in pairρ2. Finally,
observingE eliminates the pair〈s3′, R3〉 from ρ2, if E
is false ins3′.

Definition 2.1 (SLAF Semantics)Letρ ⊆ S be a tran-
sition belief state. TheSLAF of ρ with actions and ob-
servations〈aj , oj〉1≤j≤t is defined by

1. SLAF [a](ρ) =
{〈s′, R〉 | 〈s, a, s′〉 ∈ R, 〈s,R〉 ∈ ρ};

2. SLAF [o](ρ) = {〈s,R〉 ∈ ρ | o is true ins};
3. SLAF [〈aj , oj〉i≤j≤t](ρ) =

SLAF [〈aj , oj〉i<j≤t](SLAF [oi](SLAF [ai](ρ))).

West East

offoff

=⇒

West East

onon

s2 = ¬sw∧ ¬lit ∧ E sw-on s2′ = sw∧ lit ∧ E

<s1,R1>

<s2,R2>

<s3,R3>

<s2’,R2>

<s1’’,R1>

<s3’,R3>

<s1’,R1>

ρ1 ρ2

Figure 1:Top: Two rooms and flipping the light switch.
Bottom: SLAF semantics; progressing an action (the ar-
rows map state-transition pairs) and then filtering with an
observation (crossing out some pairs).

Step 1 isprogression witha, and Step 2filtering with o.

We assume that observations (and observation model
relating observations to state fluents) are given to us as
logical sentences over fluents after performing an action.
They are denoted witho. When actions can be inexe-
cutable or may fail, it is useful to assume thatP contains
a special boolean fluent,OK, whose value is the success
of the last action attempted.

Transition belief stateρ generalizes version spaces
(e.g., [Wang, 1995]) as follows: If the current state,s,
is known, then the version space’s lattice contains the
set of transition relationsρs = {R | 〈s,R〉 ∈ ρ}. It
also generalizes belief states: If the transition relation,
R, is known, then the belief state (set of possible states)
is ρR = {s | 〈s,R〉 ∈ ρ} (readρ restricted toR), and
Logical Filtering[Amir and Russell, 2003] of belief state
σ and actiona is equal to (thus, we define it as)

Filter[a](σ) = (SLAF [a]({〈s,R〉 | s ∈ σ}))R.

3 SLAF via Logical Inference
Learning transition models using Definition 2.1 directly
is intractable because it takes spaceΩ(22|P|

) in many
cases. Instead, in this section we represent transition be-
lief states more compactly (sometimes) using logic, and
compute SLAF using general purpose logical inference.

We represent everydeterministictransition relation,
R, with a language,L, of propositionsaFG whose mean-
ing is “If G holds, thenF will hold after executinga”.
We haveaFG ∈ L for every actiona ∈ A, F a literal
(possibly negated proposition) fromP, andG a complete
term overP (a conjunction of literals fromP such that
every fluent appears exactly once). We callF ,G the sets
of effects,F , and preconditions,G, respectively. Thus,
we have2|P| · 2|P| · |A| new propositional variables (in
Section 5 we decrease this number).

DefineϕR, the logical theory that representsR, by
ϕ0
R = {aFG ∈ L | ∀〈s, a, s

′〉 ∈ R, s |= G ⇒ s′ |= F}
andϕR = ϕ0

R ∪ {¬a
F
G | a

F
G ∈ L \ ϕ

0
R}.

2
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Some intuitive properties hold for this representation.
ϕR is a complete theory for everyR (a sentence or its
negation is always implied fromϕR). Also, ϕR |=
¬aFG ⇔ a¬FG , for everyF ∈ F , G ∈ G.

Thus, for every transition belief stateρ we can de-
fine a theory inL(L ∪ P) that corresponds to it:ϕρ =
∨

〈s,R〉∈ρ(s ∧ ϕR). Similarly, for every theoryϕ in
L(L ∪ P) we define a transition belief stateρϕ =
{〈s,R〉 | s ∈ S, s∧ϕR |= ϕ}, i.e., all the state-transition
pairs that satisfyϕ. We say that theoryϕ is a transition
belief formula, if ϕρϕ

≡ ϕ (note:ρϕρ
= ρ always holds).

For a deterministic (possibly conditional) action,a,
define the effect model ofa for time t to be
Teff(a, t) =

∧

l∈F,G∈G((at ∧ a
l
G ∧Gt)⇒ lt+1) ∧

∧

l∈F (lt+1 ∧ at ⇒ (
∨

G∈G(alG ∧Gt)))
(1)

whereat asserts that actiona occurred at timet, and we
use the convention thatϕt is the result of adding sub-
script t to every fluent symbol ofϕ. The first part of (1)
says that ifa executes at timet, and it causesl whenG
holds, andG holds at timet, thenl holds at timet + 1.
The second part says that ifl holds aftera’s execution,
then it must be thatalG holds, withG corresponding to
the current state. These two parts correspond toeffect
axiomsandexplanation closure axiomsused in Situation
Calculus.

Now, we are ready to describe our zeroth-level algo-
rithm (SLAF0) for SLAF of a transition belief formula.
Denote byCnV (ϕ) the set of consequences ofϕ that are
in vocabularyV , and letLt+1 = Pt+1 ∪ L the vocab-
ulary that includes only fluents of timet + 1 and effect
propositions fromL. At time t we apply progression for
the given actiona and current transition belief formula,
ϕt, and then apply filtering with the current observations:

1. SLAF0[a](ϕt) = CnLt+1(ϕt ∧ at ∧ Teff(a, t))
2. SLAF0[o](ϕt) = ϕt ∧ ot
We can implementCnV (ϕ) using consequence find-

ing algorithms, such as resolution and some of its vari-
ants (e.g.,[Simon and del Val, 2001]). The following
theorem shows that this formula-SLAF algorithm is cor-
rect and exact.
Theorem 3.1 For ϕ transition belief formula,a action,

SLAF [a]({〈s,R〉 ∈ S | 〈s,R〉 satisfiesϕ}) =
{〈s,R〉 ∈ S | 〈s,R〉 satisfiesSLAF0[a](ϕ)}

Our zeroth-level algorithm may enable more compact
representation, but it does not guarantee it, nor does it
guarantee tractable computation. In fact, no algorithm
can maintain compact representation or tractable com-
putation in general. SLAF is NP-hard because Logi-
cal Filtering is NP-hard[Eiter and Gottlob, 1992] even
for deterministic actions. Also, any representation of
transition belief states that usespoly(|P|) propositions
grows exponentially (in the number of time steps and
|P|) for some starting transition belief states and action
sequences.

4 Efficient Model Update
Learning world models is easier when SLAF distributes
over logical connectives. The computation becomes
tractable, with the bottleneck being the time to compute
SLAF for each part separately. In this section we ex-
amine when such distribution is possible, and present a
linear-time algorithm that gives an exact solution in those
cases (and a weaker transition belief formula otherwise).

Distribution properties that always hold for SLAF fol-
low from set theoretical considerations and Theorem 3.1:
Corollary 4.1 For ϕ,ψ transition belief formulae,a ac-
tion,
SLAF [a](ϕ ∨ ψ) ≡ SLAF [a](ϕ) ∨ SLAF [a](ψ)
|= SLAF [a](ϕ ∧ ψ)⇒ SLAF [a](ϕ) ∧ SLAF [a](ψ)

Stronger distribution properties hold for SLAF when-
ever they hold for Logical Filtering.

Theorem 4.2 Let ρ1, ρ2 be transition belief states.
SLAF [a](ρ1 ∩ ρ2) = SLAF [a](ρ1 ∩ ρ2) iff for everyR
Filter[a](ρR1 ∩ ρ

R
2 ) = Filter[a](ρR1 ) ∩ Filter[a](ρR2 ).

We conclude the following corollary from Theorems
3.1, 4.2 and theorems in[Amir and Russell, 2003].
Corollary 4.3 For ϕ,ψ transition belief formulae,a ac-
tion,SLAF [a](ϕ∧ψ) ≡ SLAF [a](ϕ)∧SLAF [a](ψ) if
for every relationR in ρϕ,ρψ one of the following holds:

1. a in R maps states 1:1
2. a has no conditional effects (and we know if it fails),

andϕ ∧ ψ includes all its prime implicates.
3. The state is known forR: for at most ones, 〈s,R〉 ∈
ρϕ ∪ ρψ.

Figure 2 presents Procedure Factored-SLAF, which
computes SLAF exactly when the conditions of Corol-
lary 4.3 hold. Consequently, Factored-SLAF returns an
exact solution whenever our actions are known to be 1:1.
If our actions have no conditional effects and their suc-
cess/failure is observed, then a modified Factored-SLAF
can solve this problem exactly too (see Section 5).

If we pre-compute (and cache) the2n possible re-
sponses of Literal-SLAF, then every time stept in this
procedure requires linear time in the representation size
of ϕt, our transition belief formula. This is a significant
improvement over the (super exponential) time taken by
a straightforward algorithm, and over the (potentially ex-
ponential) time taken by general-purpose consequence
finding used in our zeroth-level SLAF procedure above.

Theorem 4.4 Step-SLAF(a, o, ϕ) returns a formulaϕ′

such thatSLAF [a, o](ϕ) |= ϕ′. If every run of Literal-
SLAF takes timec, then Step-SLAF takes timeO(|ϕ|c).
Finally, if we assume one of the assumptions of Corollary
4.3, thenϕ′ ≡ SLAF [a, o](ϕ).

We can give a closed-form solution for the SLAF of
a belief-state formula (a transition belief formulae that
has no effect propositionsaFG). This makes procedure
Literal-SLAF tractable, and also allows us to examine
the structure of belief state formulae in more detail.

3
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PROCEDURE Factored-SLAF(〈ai, oi〉0<i≤t
,ϕ)

∀i, ai action,oi observation,ϕ transition belief formula.
1. Fori from 1 to t do,

(a) Setϕ← Step-SLAF(oi,ai,ϕ).
(b) Eliminate subsumed clauses inϕ.

2. Returnϕ.

PROCEDURE Step-SLAF(o,a,ϕ)
o an observation formula inL(P), a an action,ϕ a transition
belief formula.

1. If ϕ is a literal, then returno∧Literal-SLAF(a,ϕ).
2. If ϕ = ϕ1 ∧ ϕ2, return Step-SLAF(o,a,ϕ1)∧Step-

SLAF(o,a,ϕ2).
3. If ϕ = ϕ1 ∨ ϕ2, return Step-SLAF(o,a,ϕ1)∨Step-

SLAF(o,a,ϕ2).

PROCEDURE Literal-SLAF(a,ϕ)
a an action,ϕ a proposition inLt or its negation.

1. ReturnCnLt+1(ϕt ∧ at ∧ Teff(a, t)).

Figure 2: SLAF using distribution over∧,∨

Theorem 4.5 For belief-state formulaϕ ∈ L(P), timet,
actiona,Ca =

∧

G∈G,l∈F (alG ∨ a
¬l
G ), andG1, ..., Gm ∈

G all the terms inG such thatGi |= ϕ,

SLAF [a](ϕt) ≡
∧

l1,...,lm∈F

m
∨

i=1

(lt+1
i ∨ a¬liGi

) ∧ Ca

PROOF SKETCH We follow the characterization
offered by Theorem 3.1 and Formula (1). We take
ϕt ∧ at ∧ Teff(a, t) and resolve out the literals of timet.
This resolution is guaranteed to generate a set of conse-
quences that is equivalent toCnLt+1(ϕt∧at∧Teff(a, t)).

Assumingϕt ∧ at, Teff(a, t) is logically equivalent to
Teff(a, t)|ϕ =

∧

l∈F,G∈G,G|=ϕ((alG ∧ Gt) ⇒ lt+1) ∧
∧

l∈F,G∈G,G|=ϕ(lt+1 ⇒ (Gt ⇒ alG)). This follows
from two observations. First, notice thatϕt implies that
for anyG ∈ G such thatG 6|= ϕ we getGt ⇒ alG
and(alG ∧Gt)⇒ lt+1 (the antecedent does not hold, so
the formula is true). Second, notice that, in the second
part of the originalTeff(a, t), (

∨

G∈G,G|=ϕ(alG ∧ Gt)) is

equivalent (assumingϕ) to (
∧

G∈G,G|=ϕ(Gt ⇒ alG)).
Now, resolving out the literals of timet fromϕt∧at∧

Teff(a, t)|ϕ should consider all the resolutions of clauses
(Gt is a term) of the formalG ∧ Gt ⇒ lt+1 and all the
clauses of the formlt+1 ⇒ (Gt ⇒ alG) with each other.
This yields the equivalent to

∧

G1, ..., Gm ∈ G
ϕ |=

∨

i≤m Gi

l1, ..., lm ∈ F

[

m
∨

i=1

lt+1
i ∨

m
∨

i=1

(a¬liGi
∧ ¬aliGi

)]

because to eliminate all the literals of timet we have to
resolve together sets of clauses with matchingGi’s such
thatϕ |=

∨

i≤nGi. The formula above encodes all the

resulting clauses for a chosen set ofG1, ..., Gm and a
chosen set of literalsl1, ..., lm. The reason for including
(a¬liGi

∧¬aliGi
) is that we can always choose a clause with

Gi, li of a specific type (either one that includes¬alG or
one that producesa¬lG .

Finally, we get the formula in our theorem because
aFG ≡ ¬a

¬F
G (G characterizes exactly one state inS),

and the fact that there is one set ofG1, ..., Gm that is
stronger than all the rest (it entails all the rest) because
G1, ..., Gm are complete terms. This set is the complete
fluent assignmentsGi that satisfyϕ.

A consequence of Theorem 4.5 is that we can imple-
ment Procedure Literal-SLAF using the equivalence

SLAF [a](l) ≡

{

Theorem 4.5 L(l) ⊆ P
l ∧ SLAF [a](TRUE) otherwise

}

Notice that the computation in Theorem 4.5 forϕ = l a
literal is simple becauseG1, ..., Gm are all the complete
terms inL(P) that includel.

5 Compact Model Representation
In Theorem 4.5,m could be as high as2|P|, the num-
ber of complete terms inG. Consequently, clauses may
have exponential length (inn = |P|) and there may be a
super-exponential number of clauses in this result.

In this section we restrict our attention to STRIPS ac-
tions[Fikeset al., 1972], and provide an overall polyno-
mial bound on the growth of our representation, its size
after many steps, and the time taken to compute the re-
sulting model. STRIPS is a class of actions that has been
at the focus of interest for the area of AI planning and
execution for many years. It includes deterministic, un-
conditional (but sometimes not executable) actions.

5.1 Actions of Limited Effect
In many domains we can assume that every actiona af-
fects at mostk fluents, for some smallk > 0. It is
also common to assume that our actions are STRIPS,
and that they may fail without us knowing, leaving the
world unchanged. Those assumptions together allow
us to progress SLAF with a limited (polynomial factor)
growth in the formula size.

We use a language that is similar to the one in Section
3, but which uses only action propositionsalG withG be-
ing a fluent term of sizek (instead of a fluent term of size
n in G). Semantically,all1∧...∧lk ≡

∧

lk+1,...,ln
all1∧...∧ln .

Theorem 5.1 Letϕ ∈ L(P) be a belief-state formula,t
time, anda a STRIPS action with≤ k fluents affected or
in the precondition term. LetGk be the set of all terms of
k fluents inL(P) that are consistent withϕ. Then,

SLAF [a](ϕt) ≡
∧

G1, ..., Gk ∈ Gk

G1 ∧ ... ∧Gk |= ϕ
l1, ..., lk ∈ F

k
∨

i=1

(lt+1
i ∨ a¬liGi

)∧Ca

4
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The proof (omitted) uses two insights. First, ifa has
only one case in which change occurs, then every clause
in Theorem 4.5 is subsumed by a clause that is entailed
by SLAF [a](ϕt), has at most onealiGi

per literalli (i.e.,
li 6= lj for i 6= j) andGi is a fluent term (has no disjunc-
tions). Second, everyalG with G term is equivalent to a
formula onalGi

with Gi terms of lengthk, if a affects
only k fluents.

Thus, we can encode all of the clauses in the con-
junction using a subset of the (extended) action effect
propositions,alG, with G being a term of sizek. There
areO(nk) such terms, andO(nk+1) such propositions.
Every clause is of length2k, with the identity of the
clause determined by the first half (the set of action ef-
fect propositions). Consequently,SLAF [a](ϕt) takes
O(nk

2+k ·k2) space to represent usingO(nk
2+k) clauses

of length≤ 2k.

5.2 Always-Executable Actions
Many times we can assume that our actions are always
executable. For example, our sequence of actions does
not include action failures when this sequence is chosen
by a knowledgeable agent (e.g., a human) that has better
observations than we do.

We use a language that is similar to the one in Sec-
tion 3, but which uses only action propositionsal (l
always holds after executinga) and al◦ (l is not af-
fected bya). Semantically,al ≡

∧

l1,...,ln
all1∧...∧ln , and

ali◦ ≡
∧

l1,...,li−1,li+1,...,ln
alil∧l1∧...∧ln .

We assume that transition-belief formulaϕ is fluent-
factored, i.e., it is the conjunction ofϕf such that each
ϕf concerns only one fluent,f , and actions’ effects on it.
Also, for everyf ,ϕf ≡ (¬f∨explf )∧(f∨expl¬f )∧Af ,
with explf ,expl¬f , Af formulae over action propositions
af , a¬f , andaf◦ (possibly multiple different actions).
We call this formatfluent-factored. The intuition here
is thatexplf andexpl¬f are all the possible explanations
for f being true and false, respectively. Also,Af holds
knowledge about actions’ effects onf , knowledge that
does not depend onf ’s current value. For example, if we
know nothing about actions that affectf (e.g., when we
start our exploration), thenϕf = (¬f ∨ TRUE) ∧ (f ∨
TRUE) ∧ TRUE.

With this representation,SLAF [a](ϕf ) is

(¬f∨(af∨(af◦∧explf )))∧(f∨(a¬f∨(af◦∧expl¬f )))∧Af

A similar formula holds for observations.
This contributes to a much simpler algorithm, AE-

STRIPS-SLAF, that we present in Figure 3. It computes
SLAF of a fluent-factored transition belief state in this
form with a sequence of actions and observations.

Theorem 5.2 Letϕ be a fluent-factored transition belief
formula, and assumea1, ..., aT are always-executable
STRIPS actions, ando1, ..., oT are observation terms.

PROCEDURE AE-STRIPS-SLAF(〈ai, oi〉0<i≤T
,ϕ)

ai actions,oi observations,ϕ =
∧

f∈P
ϕf fluent-factored

with ϕf = (¬f ∨ explf ) ∧ (f ∨ expl¬f ) ∧Af .
1. For everyf ∈ P do: Fori from 1 to T do,

(a) Setϕf ← (¬f ∨ (af ∨ (af◦ ∧ explf ))) ∧ (f ∨

(a¬f ∨ (af◦ ∧ expl¬f ))) ∧Af .
(b) If oi |= f (we observedf ), then setϕf ← (¬f ∨

TRUE) ∧ (f ∨ FALSE) ∧Af ∧ explf .
(c) If oi |= ¬f (we observed¬f ), then setϕf ←

(¬f ∨FALSE)∧ (f ∨TRUE)∧Af ∧ expl¬f .
2. Eliminate subsumed clauses inϕ =

∧

f∈P
ϕf .

3. ReturnϕT = ϕ.

Figure 3: SLAF with always-executable STRIPS.

Then, Procedure AE-STRIPS-SLAF(〈ai, oi〉0<i≤t,ϕ) re-
turns ϕT ≡ SLAF [〈ai, oi〉0<i≤t](ϕ0) in time O(T ·

|P|), and|ϕT | ≤ O(T · |P|).

The reason for the space bound on the end formula
|ϕT | is that at every time step we increase the size of the
formula by adding to it at most4 new elements per fluent.

We can further improve the implementation to take
timeO(T · |o|), for |o| the largest number of fluents ob-
served at once. Also, the bound on the space taken byϕT
can be improved in two ways. First,O(|P| · 2|A| log |A|),
for A our set of actions, is a bound on the CNF repre-
sentation ofϕT because every partϕTf of it is similar

to (f ⇒ (af1 ∨ (af◦1 ∧ (af2 ∨ (af◦2 ∧ ...))))). Thus, if
|A| is small, then this bound is manageable. Second, if
every fluentf is observed at least once everyk actions
(or an action which affectsf occurs, and we know its
effect), then the CNF representation ofϕT takes space
O(|P| · |A|k). Again, if k is small, this bound is useful.

5.3 Action Preconditions
Unfortunately, a simple procedure such as AE-STRIPS-
SLAF (Figure 3) does not provide an exact solution in
general. The reason is that action failure makes flu-
ents co-dependent (each of them could have caused this
failure). For instance, consider Figure 1, and assume
that we add the fluentOK which indicates that the
last action succeeds. If we know only¬on (the light
is off), then SLAF[sw-on](¬on) ∧ ¬OK (i.e., sw-on
failed, e.g., because we are in the West room) implies
sw∨E∨a¬OK¬E∧¬sw∧¬lit∨a

¬sw
¬E∧sw∧¬lit∨a

¬E
E∧¬sw∧¬lit∨

a¬OKE∧sw∧¬lit, by Theorem 4.5.
Instead, we compute the effect for every literal using

Theorem 5.1, (assuming exactlyk fluents are changed by
actiona) and then approximate by dropping all clauses
with more than one fluent (other thanOK). Thus, we can
augment step 1(a) in AE-STRIPS-SLAF with a condition
thata succeeded (oi |= OK), and add that ifa fails, then
we use the following formula instead: Setϕf ← (¬f ∨
(explf∧expl¬OK,f ))∧(f∨(expl¬f∧expl¬OK,¬f ))∧Af ,

5
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for expl¬OK,l =
∧

G1, G2 ∈ Gk

G1 ∧G2 |= l

(alG1
∨ a¬OKG2

).

The size of the resulting formula is larger by an ad-
ditive O(|expl¬OK,l|) = O(n2k) per fluent. Thus, the
result afterT steps is a formulaϕT with |ϕT | ≤ O(T ·
|P|2k), which is polynomial and feasible for smallk’s.

5.4 Using the Model and Adding Bias
Our algorithms compute a solution to SLAF as a logical
formula. We can use a SAT solver to answer queries over
this formula, such as checking if it entailsaf , for action
a and fluentf . The number of variables in the result
formula isalways independent ofT , and is linear in|P|
for some of our algorithms, so we can use current SAT
solvers to treat domains of1000 features and more.

Many times it is also desirable to prefer some models
over others. We can represent such bias using a prefer-
ence model (e.g.,[McCarthy, 1986]) or a probabilistic
prior over transition relations. We add this bias on top
of our SLAF result,ϕT , and get an exact solution if we
can run inference on the combined model. Preferential
bias is well studied and fits easily with logical formula
ϕT (e.g., we can use implementations of Circumscrip-
tion for inference with such bias).

Also, algorithms for inference with probabilistic bias
and logical sentences are now emerging and can be used
here too[Hajishirzi and Amir, 2005]. We can use these
algorithms to apply probabilistic bias to the resulting log-
ical formula. For example, given a probabilistic graphi-
cal model (e.g., Bayesian Networks) and a set of propo-
sitional logical sentences, we can consider the logical
sentences as observations. With this approach, a log-
ical sentenceϕ gives rise to a characteristic function
δϕ(−→x ) which is 1 when−→x satisfiesϕ and 0 otherwise.
For a conjunction of clauses we get a set of such func-
tions (one per clause). Thus, inference in the combined
probabilistic-logical system is a probabilistic inference
(such as variable elimination (e.g.,[Dechter, 1999])) in
which there are additional potential functions.

6 Experimental Evaluation
We tested our AE-STRIPS-SLAF algorithm in partially
observable blocks-world domains. We generated random
action-observation sequences of 4000 steps from a de-
scription of the domain in PDDL. Our SLAF algorithm
receives no domain information besides the sequence of
actions and observations that is given by the generator.

We ran the algorithm with blocks-world domains of
increasing sizes (31 to 157 features). We collected the
time and space taken for each time step in the execution,
starting with zero knowledge. The results are shown in
Figure 4. Each of the graphs belongs to a different do-
main size. They show that the time per step approaches a
(very small, order of< 9 milliseconds) limit as the exe-
cution proceeds. The time that is taken to perform SLAF
of different domains grows linearly with domain size.
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Figure 4: AE-STRIPS-SLAF in the blocks world.

Also, [Hlubocky and Amir, 2005] has included a mod-
ified version of this algorithm in their architecture and
tested it on a suite of adventure-game-like virtual envi-
ronments that are generated at random. These include ar-
bitrary numbers of places, objects of various kinds, and
configurations and settings of those. There, an agent’s
task is to exit a house, starting with no knowledge about
the state space, available actions and their effects, or
characteristics of objects. Their experiments show that
the agent learns the effects of its actions very efficiently.
This agent makes decisions using the learned knowledge,
and inference with the resulting representation is fast (a
fraction of a second per SAT problem in domains includ-
ing more than 30 object, modes, and locations).

7 Comparison with Related Work
HMMs [Boyen and Koller, 1999; Boyenet al., 1999;
Murphy, 2002; Ghahramani, 2001] can be used to es-
timate a stochastic transition model from observations.
Unfortunately, HMMs require an explicit representation
of the state space, and our smallest domain (31 features)
requires a transition matrix of(231)2 entries. This pre-
vents initializing HMMs procedures on any current com-
puter.

Structure learningapproaches in Dynamic Bayes Nets
(DBNs and also fHMMs) use EM and additional ap-
proximations (e.g., using factoring, variation, or sam-
pling), and are more tractable. However, they are still
limited to small domains (e.g.,10 features[Ghahramani
and Jordan, 1997; Boyenet al., 1999]), and also have un-
bounded errors in discrete deterministic domains, so are
not usable in our settings.

Reinforcement Learning (RL) approaches compute a
mapping between world states and preferred actions.
They are highly intractable in partially observable do-
mains[Kaelblinget al., 1998], and approximation (e.g.,
[Kearnset al., 2000] is practical only for small domains
(e.g.,10-20 features) with small horizon timeT .

6
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In contrast to HMMs, DBNs, and RL, our algorithms
are exact and tractable in large domains (> 300 features).
We take advantages of properties common to discrete do-
mains, such as determinism, limited effects of actions,
and observed failure.

Previous work on learning action models assumes
fully observabledeterministic domains. These learn
parametrized STRIPS actions using, e.g., version spaces
[Gil, 1994; Wang, 1995], general classifiers[Oates and
Cohen, 1996], or hill-climbing ILP [Benson, 1995]. Re-
cently,[Pasulaet al., 2004] gave an algorithm that learns
stochastic actions with no conditional effects.[Schmillet
al., 2000] approximates partial observability by assum-
ing that the world is fully observable. We can apply these
to partially observable learning problems (sometimes) by
using the space of belief states instead of world states, but
this increases the problem size to exponentially, so this is
not practical for our problem.

8 Conclusions
We presented a framework for learning the effects and
preconditions of deterministic actions, and showed that
in several common situations this can be done exactly in
time that is polynomial (sometime linear) in the number
of time steps and features. We can add bias and com-
pute an exact solution for large domains (hundreds of
features), in many cases.

The results that we presented are promising for many
applications, including reinforcement learning, agents in
virtual domains, and HMMs. Already, this work is being
applied to autonomous agents in adventure games, and
exploration is guided by the transition belief state that
we compute and information gain criteria. In the future
we plan to extend these results to stochastic domains, and
domains with continuous features.
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Abstract

Forward models enable a robot to predict the ef-
fects of its actions on its own motor system and its
environment. This is a vital aspect of intelligent be-
haviour, as the robot can use predictions to decide
the best set of actions to achieve a goal. The ability
to learn forward models enables robots to be more
adaptable and autonomous; this paper describes a
system whereby they can be learnt and represented
as a Bayesian network. The robot’s motor system
is controlled and explored using ‘motor babbling’.
Feedback about its motor system comes from com-
puter vision techniques requiring no prior informa-
tion to perform tracking. The learnt forward model
can be used by the robot to imitate human move-
ment.

1 Introduction
The purpose of any robot is to interact with its environment.
There is, however a separation between the effects a robot can
produce in the environment and its mechanisms for produc-
ing them, its motor commands. To overcome this, inverse and
forward models can be used [Jordan and Rumelhart, 1992].
In robotics, forward models enable a robot to predict the con-
sequences of its actions: given the current state of the robot
they predict how a set of motor commands will influence the
state of the robot or its environment, or how the observa-
tions will be perceived by the robot’s sensors, as shown in
figure 1. Conversely, inverse models are used to output the
necessary motor commands to achieve or maintain a desired
goal. Both these internal models have been hypothethised
to be used in human motor control [Wolpert et al., 1998].
The ability to predict the consequence of actions has several
uses in robotics, such as allowing mental rehearsal of possi-
ble actions or imitating the actions of humans or other robots
[Demiris, 2002].

Practically any environment a robot works in will change,
or have properties which cannot be modelled beforehand.
Even if the environment is assumed to be completely pre-
dictable, endowing the robot with this knowledge may be
beyond the abilities or desires of its programmer. A truly au-
tonomous robot, therefore, needs to be able to learn and adapt

Figure 1: A forward model

its own forward models. Forward models of dynamic and un-
certain environments, and how they can be learnt, is the topic
which is investigated in this paper. Although forward mod-
els are used in a different context, there are similarities here
to work on calibrating action-sensor models in robotics e.g.
[Roy and Thrun, 1999]. A robot learning about itself and its
environment is in the position of being an active part of the
system it is trying to learn about; this situation draws inter-
esting parallels with learning in human infants, with mech-
anisms such as babbling (issuing random motor commands)
used by infants to learn how to control their own motor sys-
tem [Meltzoff and Moore, 1997].

A system is presented here that enables a robot to au-
tonomously learn a forward model with no prior knowledge
of its motor system or the external environment. Informa-
tion about the effects of the robot’s actions are captured via
a vision system that clusters low-level image features to au-
tomatically find and track moving objects in a scene. The
robot sends out random motor commands to its motor system
and receives information back from the vision system. This
set of evidence is used to learn the structure and parameters
of a Bayesian network, which represents the forward model.
This model can then be used to enable the robot to predict the
effects of its actions. By observing the gestures of a human
with its own vision system, the robot can imitate the human
gesture using the forward model it has learnt of its own motor
system.
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2 Representing forward models with Bayesian
networks

Bayesian networks [Pearl, 1988] are an ideal method for rep-
resenting forward models that can be learnt. They offer a way
of representing the causal nature of a robot’s control system
within a rigorous probabilistic framework. The system here is
aimed at learning and representing the causal associations be-
tween the robot’s motor commands, the robot’s state, and the
observations of the robot’s state that are received from the vi-
sion system. The motor commands and state of the robot are
represented as random variables in the Bayesian network, and
the causal relationships between them are shown with arcs.
The Bayesian network represents a learnt probability distribu-
tion across the previous N motor commands, M1:N [t−d], the
P current states S1:P [t], and the P observations of the state,
O1:P [t]. The variable d represents the delay between a mo-
tor command being issued and robot’s state changing; in real
robotic systems it cannot be assumed that the effect of a mo-
tor command will occur after just one time-step, so this is a
parameter that must be modelled and learnt. Figure 2 shows
this structure.

Figure 2: The ‘template’ Bayesian network of a forward
model. The question marks represent the part of the struc-
ture which needs to be learnt: the causal association between
the motor commands and the state of the robot, and which ob-
servations are associated with each object in the scene. Rect-
angular nodes correspond to observed nodes.

The N motor random variables represent specific low-level
motor commands of the robot. They could be discrete, e.g.
‘open’ or ‘close’ robot’s gripper, or continuous, e.g. to set
the height of the gripper. When the robot is issuing these
commands there is no uncertainty as to their value, so they
can be modelled as observed nodes. Alternatively, when the
robot is observing the actions of another robot, or a human,
whilst using its own forward model, they will be hidden nodes
because the Bayesian network will receive no direct evidence
of their value.

The P observations of the state-space O[t] are represented
with square nodes descended from S[t] on figure 2. The
model treats O[t] as noisy observations of the actual state
space so that noise from the vision system and other uncer-
tainty can be modelled. Evidence about the actual state of the
robot therefore enters the system here. How the state space,
S[t], of the robot will be represented depends on the infor-
mation received from the computer vision system. The state

variables are all hidden nodes, because the robot’s knowledge
of itself only comes from noisy observations of the state, O[t].

3 How a robot can learn and use forward
models

The structure for a forward model described in section 2 re-
quire several aspects to be learnt. Firstly, a representation of
the state of the robot or the environment is needed. The rich-
est source of this information comes from the robot’s own
vision system. However, this is also the most challenging
source: information comes in the low-level format of pixels.
Furthermore, if the robot is seeking to learn its forward mod-
els it has no prior information about what to track, because
the environment is unknown. To extract information from a
scene, a method is needed of automatically initialising and
tracking the objects in it. The system presented here works
by clustering tracked low-level features in the image accord-
ing to their position and dynamics. This allows the position
of objects in the scene to be tracked without any knowledge
of the objects having to be supplied.

Figure 3: The vision system finds moving objects in the scene
by clustering together optical flow points.

The low-level point features used are tracked using the
Lucas-Kanade optical flow algorithm [Lucas and Kanade,
1981]. The tracked points are clustered using the k-means
algorithm according to their position and velocity. One draw-
back of this method of clustering is that the number of clus-
ters must be known beforehand. This is overcome by first ex-
cluding stationary points and extracting increasing numbers
of clusters. The error of a particular number of clusters is
then taken to be the average squared distance of the optical
flow points from the centre of the cluster they are part of.
The cluster number used is the one at which the curvature of
this error with respect to the number of clusters is minimised
[Hoppner et al., 1999]. The positions, velocities and sizes of
each of these clusters can now be used as the observations,
O[t], of objects for the forward model learning system. The
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Figure 4: How the robot can learn about its environment. The
stages 1-5 involved in the experiment are outlined in the text.

actual state of the motor system, S[t], is taken to be a hidden
discrete node for each object in the scene found by the vision
system, and this will be connected to a continuous observa-
tion.

With all the possible nodes in the Bayesian network spec-
ified, the final task is to learn how the motor commands in-
teract with the state, and train the parameters of the Bayesian
network so that its predictions are as accurate as possible. To
train a Bayesian network, a set of evidence is required: a data
set containing actual observed values of the observed nodes in
the network. This is a set of N motor commands executed at
each time step, M1:N [t− d], together with the P observations
of the state O1:P [t], the size, position or velocity of an object.
The problem now is how to use this data to learn the struc-
ture and parameters of the Bayesian network. An inspiration
for solving the problem of how to learn this Bayesian net-
work can be taken from developmental psychology. Gopnik
and Meltzoff compare the mechanism an infant uses to learn
to that of a scientist: scientists form theories, make observa-
tions, perform experiments, make generalisations and revise
existing theories [Gopnik and Meltzoff, 1998]. The notion of
forming theories about the world is already dealt with here:
a forward model can be seen as a theory of the robot’s own
world. The process a robot uses to obtain its data and infer a
forward model from it is its experiment. An outline of what a
robot’s experiment involves is as follows, and is highlighted
in figure 4:

1. A particular motor command, M1[t] is chosen;

2. A value for this motor command is sent to the robot’s
motor system;

3. The vision system returns a set of observations of the
scene, O1:P [t+d], for example, moving forward v ms-1
in direction x;

4. This training set of data, M1[t] and O1:P [t+d], is used to
train the Bayesian network to develop a forward model;

5. The whole process is repeated, either with a different
value for the current motor command, or a different mo-
tor command altogether.

The open issues here relate to the last two stages. Firstly,
if the structure of the Bayesian network is not completely

known, how should the data be used to learn the structure and
parameters of the network? Most methods for learning struc-
ture from data are based on performing a search through the
space of possible structures, with the goal of finding the one
that maximises the log-likelihood of the model given the data
[Friedman, 1997; Neapolitan, 2004]; the higher the log likeli-
hood, the more accurate a particular network is at predicting
the data. This is subject to a constraint on the complexity of
the model, as the structure with the highest likelihood will be
the one with connections between every node. In this paper
the network structure is learnt as part of the experiment by
performing a search through the set of possible structures and
choosing the one which maximises the log-likelihood. This
search is performed online by training and evaluating simul-
taneously a set of candidate models. The search space is the
set of models with different delays in motor commands and
different observation nodes for each possible object.

The second issue is how particular motor commands and
their values should be chosen so as to learn the most ac-
curate forward model. Unlike most machine learning situa-
tions, with a forward model the robot is an active part of the
Bayesian network structure it is attempting to learn. This sit-
uation, referred to as active learning, has received relatively
little attention in Bayesian networks literature. Active learn-
ing for Bayesian networks has been discussed for unknown
parameters and unknown structure [Tong and Koller, 2000;
2001]. The method of choosing motor commands in the ex-
periment in this paper was inspired by the idea of babbling in
infant motor skill learning [Meltzoff and Moore, 1997]; the
motor commands were chosen from a random walk through
a Markov model.

4 Experiments to learn a forward model
An experiment was carried out to show how forward models
can be autonomously learnt and used. The robot used was an
ActivMedia PeopleBot, as shown in figure 5. The task was
to learn the forward model for the movement of the robot’s
grippers; the robot needed to learn to predict the effects of
the motor commands. No prior information about the appear-
ance of the grippers or the nature of the motor commands
was specified. The robot was to perform an experiment: it
babbled with its motor commands, observed what happened,
and then learnt the relationship between the motor command
and the observation using a Bayesian network; this process
was repeated until an accurate model had been learnt.

The motor command in this case was limited to just one
degree of freedom: the robot’s grippers, which could be ei-
ther opened, closed or halted. The motor commands were
decided at random using a random walk through the Markov
model shown in figure 6. Motor commands were sent accord-
ing to the current state of the Markov model, and the state
would change each time-step according to the transition prob-
abilities shown on the figure. The parameters of the Markov
model were chosen so that the motor system stays in one bab-
bling state just long enough to get enough information to train
its forward model before moving to the next state.

When the motor commands were sent, the grippers moved;
the vision system correctly calculated and tracked the posi-
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Figure 5: An ActivMedia PeopleBot.

Open gripper

Stop gripper

0.05 0.4

Close gripper

0.30.05

Figure 6: Markov model of gripper babbling. The values on
the arcs represent the transition probabilities of going from
one state to the next; self transitions are not shown.

tions of the moving grippers in the scene: figure 7 shows the
two grippers being located and tracked. The tracking sys-
tem worked well in this situation: black objects are automat-
ically being tracked even against the black background of the
robot’s base.

The vision system provided the random variables for the
states S[t] and observations O[t] in the Bayesian network
for the forward model. In this situation the two objects, the
grippers, were automatically added to the Bayesian network.
Each gripper was represented as a discrete node for the state,
and a set of continuous nodes for the observation, both of
which were represented as a Gaussian distribution. The set
of possible observations, O[t], was the velocity, VEL[t], the
position, POS[t], or size, SIZE[t] of the tracked objects. The
basic template for the structure of the forward models to be
learnt is shown by the Bayesian network in figure 8.

Even though the forward model of the robot’s gripper was
relatively simple, this example highlighted how much the
robot needed to learn: all the parameters and two important
properties of the structure needed to be learnt. Firstly, it is
not known how long the delay is between the motor com-
mand being issued and the gripper changing state. This is
shown in figure 8 as the multiple possible motor commands
connected to each state; only the four previous commands
are shown to keep the diagram simple. Secondly, it was not
known which observation from the vision system is the best

Figure 7: The tracking system working on the grippers. The
system has correctly identified two moving objects, which are
identified as grouped primitives shown with the same colour.

Figure 8: The template Bayesian network for the gripper for-
ward model. The vision system has supplied the information
that two objects can be interacted with: the two grippers. The
robot still has to learn what the delay, d, is from action to ef-
fect and which of the observations the change of state of each
object represents, a translation or a change in velocity, and
all the parameters that specify the Bayesian network.

one to use as part of the forward model: the velocity, posi-
tion or size. The task of the structure learning algorithm here
is therefore to maximise the log-likelihood of the data given
the model, which in this case is log (P (M, O | G)), where M
is the set of motor commands over the experiment, O the set
of corresponding observations and G is the directed acyclic
graph representing the structure of the model, together with
the parameters of the model. This value is calculated as part
of the parameter learning process, as a particular model is
trained to the data.

For each model, the parameters of the Bayesian network
were learnt using the expectation maximisation (EM) algo-
rithm, with the inference stage being performed with the
junction-tree algorithm [Pearl, 1988]. In this experiment,
the search space is small enough for the robot to consider
each possible candidate structure simultaneously. If the pre-
vious 20 motor commands are considered and 6 possible
combinations of observation variables (VEL[t], POS[t] and
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Figure 9: How the log-likelihoods of the Bayesian networks
using VEL[t] as the observation node evolve over the course
of a typical experiment. The maximum log-likelihood is for
the Bayesian network with a motor delay of 11 time steps, or
550 ms

SIZE[t], for each gripper), the search space contains 120 pos-
sible models. Figure 9 shows how the log-likelihoods for the
Bayesian networks with varying motor delays and the veloc-
ity observation change over time. As the figure shows, the
motor delay which maximise the log-likelihood, d, was 11
time-steps, which is about 550 ms. Following the search, the
learnt forward model for the grippers is shown in figure 10.
The motor command was learnt to be M[t-11], and the best
observation was learnt to be the velocity of the grippers. This
was correct since the motor commands do control the grip-
pers’ velocities.

M[t-11]

S1[t] S2[t]

VEL1[t] VEL2[t]

Figure 10: The learnt forward model of the grippers.

5 Using the Bayesian network as a forward model

Once the Bayesian network in figure 10 has been learnt, it
can be used as a forward model to give a prediction of the
consequences of the motor command. For the forward mod-
els of the grippers, the predicted output is the velocity of the
grippers, calculated from the conditional probability distri-
bution: P(VEL[t]|M[t-4]=m). Because the observations here
are modelled as Gaussians, the most likely values will be the
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Figure 11: Evaluating the predictive abilities of a learnt for-
ward model. The predicted gripper movements (dashed) are
close to the actual ones (solid). The differences are princi-
pally because the variation in gripper velocities for each of
the three motor commands are modelled as noise in the for-
ward model.

Figure 12: Using the learnt Bayesian network as an inverse
model. Evidence is supplied to the observations or the state,
and the task is to infer the probability distribution of motor
commands.

means of the observations, VEL1[t] and VEL2[t]. The in-
ference algorithm used to calculate this marginal distribution
was the junction-tree algorithm [Pearl, 1988]. To evaluate the
quality of the learnt forward model the grippers were babbled
in a similar way as before, using a different Markov model.
Figure 11 shows how the most likely predicted observation
compares with the actual observation. Only the x-coordinate
predictions are plotted because the grippers’ movements are
predominantly in this plane. The prediction is shown to be
very accurate.

The learnt Bayesian network can also be used as an in-
verse model by calculating the most likely motor command
given the current velocity observation for each time-step, as
shown in figure 12. One use of this inverse model is for imi-
tation: by replacing the robot’s observations of its own move-
ment with its observations of a human’s hand movements in
the inverse model, the robot is able to reproduce the motor
commands that would be most likely to recreate that human
movement in its own gripper system. The same principle is
used by Demiris to switch from imitation to recognition, al-
beit in a multiple paired inverse and forward model system
[Demiris, 2002]. Figure 13 shows the results of the imitation
experiment: the robot is able to imitate a simple hand wav-
ing motion. The human’s hand movements are tracked and
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recognised using the vision system, which is able to correctly
track the two hands. The observations are used as evidence
for the Bayesian network already learnt by the robot. This
network is then used as an inverse model to predict the most
likely motor commands that would produce this observation.
These motor commands are sent to the robot’s motor system
enabling it to perform the action that best replicates the ob-
served movement.
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Figure 13: Imitation using a single inverse model. The top im-
ages are corresponding frames from the demonstration (left)
and imitating (right) sequences. The graphs show the tra-
jectory of the demonstrating hands, and the corresponding
imitating trajectory of the grippers.

6 Conclusion

Forward models relate a robot’s motor commands to their ef-
fect on its motor system and the robot’s environment. The
system presented here allows a robot to autonomously learn
forward models of its motor system, using feedback from its
vision system, by babbling with its motor commands. By
representing the forward model with a Bayesian network, the
uncertainty in its prediction can also be represented. An ex-
periment was implemented showing how a robot can learn a
forward model of its gripper system. The forward model was
subsequently used to allow the robot to imitate a simple ‘wav-
ing hand’ gesture of a human. This imitation occurred with-
out any prior information having to be supplied by a human:
the robot learns how to control its motor system, then uses
this information to imitate a human gesture. Future work will
involve extending the system to learn forward models with
more degrees of freedom and interaction with objects.
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Abstract

Assuming human image classification decisions are
based on estimating the degree of match between a
small number of stored internal templates and cer-
tain regions of the input images, we present an al-
gorithm which infers observers classification tem-
plates from their classification decisions on a set of
test images. The problem is formulated as learning
prototypes from labeled data under an adjustable,
prototype-specific elliptical metric. The matrix of
the elliptical metric indicates the pixels that the
template responds to. The model was applied to
human psychophysical data collected in a simple
image classification experiment.

1 Introduction
Consider a psychophysical experiment in which subjects clas-
sify a set of images into two classes. The image classes are
designed such that correct responses require that the subjects
detect the presence of certain features in certain regions of
the image. Given the images, and the subjects’ classification
decisions, is it possible to infer the feature templates the sub-
jects have developed and employed?

This represents an inverse problem in perception, in which
the goal is to invert a “direct” model for the subject’s re-
sponses with the goal of deriving the perceptual features used
by the subject. The idea of employing inverse problem tech-
niques is certainly not new in vision research, although it has
been initially applied to low-level vision phenomena [Bertero
et al., 1988]. The psychological literature on the subject of
inverting perceptual similarity data is dominated by research
on multidimensional scaling methods (MDS). Metrical MDS
[Shepard, 1980] is probably the oldest inversion method al-
lowing the derivation of features from similarities. A neural
net-based inversion method for extracting features from judg-
ments of similarity is presented in [Lee, 1998]. More recent
work in this direction has addressed the derivation of fea-
tures involved in higher-level perceptual phenomena [Cutzu
and Tarr, 1999; Cutzu, 2000].

The model for the subjects’ decisions in the image classi-
fication task considered in this work is a generalized nearest-
neighbor (1-NN) classifier, presented in detail in Section 2.
Each of the two image classes is represented by a small set

of image templates, or prototypes. Given an input image
that must be classified, its degree of match to all templates
from all classes is estimated, and its class is determined by
the class of the best matching template. Our goal is to infer
the prototypes of each class from a set of images labeled by
human subjects. Therefore, we are seeking to invert the near-
est neighbor problem. This particular inverse problem has
received considerable attention in the machine learning com-
munity. A comprehensive, recent review of the field is given
in [Toussaint, 2002]. One large class of algorithms (Hart’s al-
gorithm [Hart, 1968] and its numerous subsequent improve-
ments) selects prototypes from among the labeled data points,
a restriction that cannot be applied to our problem due to the
presence of pixel noise in the test images.

Our algorithm belongs to the so-called prototype genera-
tion methods, which creates prototypes at new locations in
feature space. The first such algorithm ([Chang, 1974]) re-
peatedly merged nearest neighboring points from the same
class as long as the classification error rate did not increase.
[Bezdek et al., 2001] and later [Mollineda et al., 2002] re-
fined [Chang, 1974] by recursively merging clusters based on
geometrical criteria.

The nearest neighbor rule has been generalized by the use
of an adaptable metric, a technique also employed in this
paper, albeit differently. In [Hastie and Tibshirani, 1996]
the metric is locally adapted to the training point neighbor-
hood surrounding the query point at the time of classification.
In [Friedman, 1994] also a flexible metric is used for dis-
tance calculation in a neighborhood around the query point.
However the ideas of recursive partitioning are used in de-
termining the neighborhood for the query point. In [Ricci
and Avesani, 1999] a reduced set of prototypes is selected
from the training examples and a different metric is associ-
ated with each of the selected prototypes. This varies from
our approach in two ways. Firstly, the authors in [Ricci and
Avesani, 1999] select the prototypes essentially in a random
manner. Secondly, we select prototypes that in general do not
coincide with the training data points;

A work whose spirit is similar to the present paper is [Xing
et al., 2003]: the authors discuss the problem of learning a
global (that is, valid throughout feature space) elliptical met-
ric for 1-NN classification from classification data. The met-
ric is fitted to the subject data by solving a convex optimiza-
tion problem.
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2 A model for prototype-based image
classification

Perceptual considerations required the use of a prototype-
based image classifier in which the various prototypes (the
image templates) “specialize” in various regions of the im-
age, i.e., a template pays more “attention” to some pixels than
to others. This was modeled as follows. Let x ∈ R

d be an
input image and ck ∈ R

d one of the templates. This proto-
type is characterized by a positive (semi) definite matrix Qk
which modulates the distance (degree of match) between the
template and the image:

d(ck,x)2 = (x − ck)T Qk(x − c). (1)

The elliptical metric matrix Qk specifies the combination of
image pixels the template ck “specializes” in. In the special
case where Qk is diagonal, the distance above reduces to:

d(ck,x)2 =
d∑

i=1

Qk(i, i) [x(i) − ck(i)]2 (2)

where Qk(i, i) ≥ 0. The pixels i for which Qk(i, i) = 0
are ignored by the template ck. This distance measure is
termed elliptical. Under the elliptic norm, the set of points
(each point in pixel space represents an input image) that lie
at equal distance to the prototype is no longer a hypersphere,
as for the Euclidean metric, but a hyper-ellipsoid of arbitrary
shape and orientation. Each template is characterized by a
different ellipsoid. Interestingly, by endowing each prototype
with its own, elliptical metric, the resulting Voronoi cells are
not necessarily convex or even connected.

An equivalent formulation is derived by using similarity
(rather than distance) to prototype: a point is assigned to the
most similar prototype. We define the similarity to proto-
type as the probability of the point “belonging” to the pro-
totype and we associate a Gaussian pdf with each proto-
type. The shape of the Gaussian varies from prototype to
prototype, playing the role of the metric matrix Qk. The
similarity of point i to prototype k is, therefore: sik =
exp

[−(xi − ck)T Qk(xi − ck)
]
. Or, expressed in Gaussian

pdf form:

s(ck,xi) = exp
[−(xi − ck)T W−1

k (xi − ck)
]

(3)

where the covariance W k = Q−1
k . Therefore, under the 1-

NN rule, point xi is assigned to the prototype whose Gaussian
is the largest at xi.

3 Finding prototypes for elliptical-metric
1-NN classifiers

Each of the N points xi ∈ R
d (the images) is labeled

class 1 or class 2. We seek class-1 and class-2 prototypes
which correctly label the N points under the 1-NN rule using
the elliptical-norm-based similarity measure in Equation (3).
Computing a prototype entails determining its location ck as
well as its metric matrix Qk.

Our prototype finding algorithm is as follows:

1. Start with two prototypes, derived by applying Gaussian
clusters (algorithm explained below) with two centers to
the full data set. Go to step 2.

2. At iteration step t there are Kt prototypes. Consider
the points assigned to prototype k (k = 1, . . . , Kt) by
Gaussian clusters. There are nk1 class 1 and nk2 class
2 such points, with nk = nk1 + nk2. If nk1 > nk2,
then the prototype is labeled 1, otherwise it is labeled
2. The points of the minority class are, therefore, mis-
classified by this prototype. The “impurity” of the pro-
totype was defined as the misclassification rate: rk =
1 − max

[
nk1
nk

, nk2
nk

]
. If the impurity of prototype k is

greater than some user-defined threshold g, rk > g, then
prototype k is considered for being split into two proto-
types (just like a node in a classification tree is split when
too impure). The splitting is performed only if the split-
ting reduces the impurities in the two resulting clusters.
If a node does get split, we obtain a class 1 and a class
2 prototype. These “child” prototypes are placed at the
centers of mass of the nk1, respective nk2 points. Due
to splitting, at the end of this step there are Kt+1 ≥ Kt

prototypes.
If no prototypes are split, go to Step 4, else go to Step 3.

3. Re-apply Gaussian clusters to the data set, ignoring
point labels. Gaussian clusters is initialized with the
Kt+1 prototypes determined at Step 2. Go to Step 2.

4. The algorithm also returns a global classification error
rate which measures the errors caused by using the pro-
totypes for classification. This error rate is defined by
the total number of minority class points at all proto-
types. The prototypes are labeled according to the ma-
jority class at the prototype. Thus, for each prototype a
center (ck), a covariance matrix (W k), and a class label
are returned.

Observations: i) The algorithm has as sole adjustable pa-
rameter the impurity threshold g. The number of prototypes
of either class is determined automatically. ii) The class la-
bels of the points are solely used in splitting decisions, and
are irrelevant to the Gaussian k-means algorithm. iii) Note
the similarity to classification and regression trees (CART).

The Gaussian clusters algorithm fits K Gaussian clusters
to input data set. The Gaussian clusters algorithm is ba-
sically like k-means clustering except that each center also
has a covariance matrix associated with it. So for every itera-
tion of the Gaussian clusters algorithm when the new centers
are being estimated we also estimate the new covariance ma-
trices. This covariance matrix distorts the attraction of each
center along the different dimensions.

4 Results: Artificial data
We applied our prototype finding algorithm to several syn-
thetic data sets, illustrated in Figures 1-3. These synthetic
data sets were generated in two dimensions (two pixel im-
ages), so that the structure of the point clouds are clearly vis-
ible.

In experiment 1 (Figure 1) there were 320 points of class 1
(blue) and 380 points of class 2 (red). The class 1 points were
arranged in a single vertical band and the class 2 points were
shared by 1 vertical and 1 horizontal band. As expected three
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centers have been assigned to the three distinct point clouds
based on the desired purity tolerance.

Figure 1: Left: Training set: class 1 points are blue (dots)
and class 2 points, red (circles). Right: The algorithm has
found three prototypes, whose centers are indicated by yellow
circles. The green lines indicate the axes of the Gaussians.
The cyan/magenta points (if present) are misclassified.

In experiment 2 (Figure 2) there were 340 points of class
1 (blue) and 340 points of class 2 (red). The points were ar-
ranged into two non-overlapping, non-concentric circles. As
seen in the figure two prototypes were assigned, one to each
circle. Note that the prototype centers are at locations where
there were no training examples.

Figure 2: Left: Training set: class 1 points are blue (dots)
and class 2 points, red (circles). Right: The algorithm has
found two prototypes, whose centers are indicated by yellow
circles. The green lines indicate the axes of the Gaussians.
The cyan/magenta points (if present) are misclassified.

In experiment 3 (Figure 3), there were 1849 points of class
1 (blue) and 1849 points of class 2 (red). Both the classes
were drawn from a gaussian distribution, with different means
and standard deviations. Notice the overlap of the two point
clouds. In the results obtained from the algorithm, we can see
that the points assigned to the class 2 prototype surround the
class 1 cluster: this non-convexity is an effect of the elliptical
norm in determining nearest-neighbors.

5 Results: Psychophysical experiment data
The prototype finding algorithm was applied to simulated
data and also to human image classification data collected in
a psychophysical experiment in which the subjects had to dis-
criminate between two classes of visual patterns. The visual
pattern discrimination task is illustrated in Figure 4. In this
task, the observer is shown a single white square corrupted

Figure 3: Left: Training set: class 1 points are blue (dots)
and class 2 points, red (circles). Right: The algorithm has
found two prototypes, whose centers are indicated by yellow
circles. The green lines indicate the axes of the Gaussians.
The cyan/magenta points (if present) are misclassified.

by additive Gaussian pixel noise at one of four possible lo-
cations. The location of the square is randomly chosen on
each trial. Two of the possible locations are above the fixa-
tion point and two are below the fixation point, with each lo-
cation being equidistant from the central fixation point. Noise
is added to each pixel in each of the four locations, with each
location divided into a 4× 4 grid of pixels. No noise is added
to the regions in between the four square locations, and the
fixation point remains on the screen throughout the experi-
ment. The observers task is to indicate whether the white
square signal appeared above or below fixation. The contrast
of the white square is manipulated across trials according to a
2-down 1-up adaptive staircase procedure to place it at a level
where performance is at approximately 71% correct. Accu-
racy feedback is given in the format of a high or low beep.

Before collecting human subject data two simulations were
performed using the above experimental setup. The two mod-
els simulated were the “exemplar” model and the “prototype”
model. In an “exemplar” model the observers are assumed
to use multiple noisy “templates” to form a representation for
each category. Each of these templates are compared to the
input to reach a classification decision. The templates used
in the “exemplar” model simulation were the ideal templates
(the four signals shown in Figure 4). In a “prototype” model
observers are assumed to use a single summary representa-
tion for each category. Thus the templates used in the pro-
totype model simulation were combined versions of the two
signals within each category. This resulted in a ’top’ proto-
type template composed of the two top squares and a ’bottom’
prototype template composed of the two bottom squares. For
each of these two models a simulation with 16000 trials was
performed.

Four human subjects were tested. For each subject, 4000
experimental trials were conducted. The staircase proce-
dure was used to keep the performance rate for each subject
pegged at around 71% correct.

Since each white square was 4×4 pixels, the classification
images viewed by the subjects were 8 × 8 pixels (the cen-
ter of the display was a constant gray-level). Therefore, the
algorithm learned prototypes in 64-dimensional space. The
simplifying assumption was made that there were no percep-
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Figure 4: Top: The four types of stimuli used in the experi-
ments, presented without noise. Top left and top right repre-
sent the class “above fixation”, and the bottom left and right
represent the class “below fixation”. Bottom: An actual test
image used during the experiments. The correct response is
‘bottom’, since the bottom right square is (slightly) brighter.
Note the large noise level.

tual interactions between the pixels, and therefore the covari-
ance matrices associated with the prototypes were restricted
to being diagonal. A diagonal covariance matrix has one en-
try per pixel, and can be interpreted as an image-sized mask
that indicates which pixels the corresponding prototype pays
attention (responds) to.

The algorithm yielded the expected templates when ap-
plied to the simulation data. Figure 51shows the templates
obtained on running the algorithm on the “exemplar” model
simulation. As expected the centers represent the four dif-
ferent stimuli. The masks shown alongside each center show
the relative importance of each pixel for that template. The
masks are actually the inverses of the diagonal values of the
diagonal covariance matrices. A whiter pixel in the mask in-
dicates that the template is more sensitive to that particular
pixel. The masks are quite noisy but one can see that the pix-
els of the image that include the stimuli are considered more
important by the mask. To show the relative importance of
each of the four quadrants we also displayed the masks aver-
aged over each of the four quadrants (Figure 6). In this figure
the higher importance of the quadrant containing the stimulus
is clearly visible.

Figure 7 shows the templates obtained on running the algo-
rithm on the “prototype” model simulation. As expected the
two centers represent the combination of the stimuli that form
each class. The masks shown alongside each center show the
relative importance of each pixel for that template. The masks
are again quite noisy but one can see that the pixels of the
image that do not include the stimuli are considered more im-
portant by the mask. To show the relative importance of each
of the four quadrants we also displayed the masks averaged
over each of the four quadrants (Figure 8). In this figure the
higher importance of the quadrants not containing the stimu-

1The results (Figures 5 - 12) are displayed in a more concise
format than the format (example Figure 4) used during experiments.
In particular, the “fixation point” is not shown and the four, 4 × 4
pixel squares are shown adjacent to each other in the results.

lus is clearly visible.
The difference in the behavior of the mask across the “ex-

emplar” and “prototype” simulations is interesting. In the
case of the “prototype” simulation it seems that the classi-
fication into top (class 1) is made by the presence of darker
pixels in both the bottom quadrants and vice versa.

The algorithm yielded interesting results on the human
subjects. Three subjects (subjects 1,3 and 4) appeared to have
used four centers, one for each corner square, and thus two
per class, as can be seen in Figures 9, 11, 12. The masks
obtained for the subject data show that the pixels considered
most important do not seem to follow any particular pattern.
Also the difference in importance across pixels is very small.
This seems to lead to the conclusion that the human subjects
based their decision on the entire image rather than on a par-
ticular quadrant.

Interestingly, subject two appears to have used two cen-
ters, one per class (Figure 10). The two centers correspond
to the two top and bottom corners taken together. Note that
in no actual stimulus both corner squares are “on” simulta-
neously. This would correspond, in the language of the psy-
chology of categorization, to a so-called “prototype model”,
while the other three subjects operated using an “exemplar
model”. The masks in this case are more distinct and like in
the “prototype” simulation show a stronger response for the
pixels in which the stimulus is absent. This can intuitively be
explained by noting that for example in class ‘top’ no input
image actually contains a stimulus in both the ‘top left’ and
the ‘top right’ quadrant. However for class ‘top’ both the bot-
tom quadrants can be expected to have a lower contrast value,
because the stimulus is absent in the lower two quadrants. A
similar intuition can be applied to the ‘bottom’ class.

# 1, class 2 mask # 2, class 1 mask

# 3, class 2 mask # 4, class 1 mask

Figure 5: Templates obtained: The 4 “exemplar” centers and
corresponding masks obtained by running our algorithm on
the data generated by running an “exemplar” model simula-
tion.

6 Discussion
We introduced a prototype generating method for nearest-
neighbor classification. Each prototype is endowed with its
own elliptical metric, and our method is therefore related
to adaptive metric methods such as [Hastie and Tibshirani,
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# 1, class 2 mask# 1 # 2, class 1 mask# 2

# 3, class 2 mask# 3 # 4, class 1 mask# 4

Figure 6: Templates obtained: The 4 “exemplar” centers and
corresponding masks obtained by running our algorithm on
the data generated by running an “exemplar” model simula-
tion. The masks are averaged over each of the four quadrants
to give an idea of the overall importance of each quadrant in
the classification.

# 1, class 2 mask

# 2, class 1 mask

Figure 7: Templates obtained: The 2 “prototype” centers and
corresponding masks obtained by running our algorithm on
the data generated by running a “prototype” model simula-
tion.

1996] and especially [Xing et al., 2003]. The prototypes are
not a subset of the data points, and therefore our method be-
longs in the prototype generation category. However, as op-
posed to Chang’s method and its later refinements ([Bezdek et
al., 2001], [Mollineda et al., 2002]) we find new prototypes
by recursively splitting clusters, rather than by aggregating
them.

The main contribution of this paper lies in the application
of the prototype learning algorithm to understanding human
image classification. If an image classification experiment is
designed such that correct classification decisions require the
detection of one of several class-specific features in certain
regions of the image, then nearest-neighbor is an appropri-
ate classification model. In the experiment described in this
paper, class 1 was defined by the presence of feature A (Top

# 1, class 2 mask# 1

# 2, class 1 mask# 2

Figure 8: Templates obtained: The 2 “prototype” centers and
corresponding masks obtained by running our algorithm on
the data generated by running a “prototype” model simula-
tion. The masks are averaged over each of the four quadrants
to give an idea of the overall importance of each quadrant in
the classification.

# 1, class 1 mask # 2, class 2 mask

# 3, class 2 mask # 4, class 1 mask

Figure 9: Templates obtained: The 4 “exemplar” centers and
corresponding masks obtained for subject 1 by running our
algorithm on the subjects classification data.

Left) or feature B (Top Right) and class 2 by the presence of
feature C (Bottom Left) or feature D (Bottom Right). Any
image contains only one of the four features, and, moreover,
each feature occupies a specific image region. The algorithm
correctly identified the regions of the image each prototype
“specializes” in.

In this situation, there are two equally effective decision
strategies available to a nearest-neighbor classifier: 1. store
two prototypes per class, one for each of the features A, B,
C, D; or, 2. store one prototype per class, one for the com-
posite feature (A or B) and one for the composite feature (C
or D). The first strategy corresponds, in the terminology of
the psychology of categorization, to categorization by exem-
plar, and the second, to categorization by prototype. Most
interestingly, our algorithm revealed that one of the subjects
employed the second strategy, and the other three the first. It
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# 1, class 2 mask

# 2, class 1 mask

Figure 10: Templates obtained: The 2 “prototype” centers
and corresponding masks obtained for subject 2 by running
our algorithm on the subjects classification data.

# 1, class 2 mask # 2, class 2 mask

# 3, class 1 mask # 4, class 1 mask

Figure 11: Templates obtained: The 4 “exemplar” centers
and corresponding masks obtained for subject 3 by running
our algorithm on the subjects classification data.

# 1, class 1 mask # 2, class 1 mask

# 3, class 2 mask # 4, class 2 mask

Figure 12: Templates obtained: The 4 “exemplar” centers
and corresponding masks obtained for subject 4 by running
our algorithm on the subjects classification data.

is important to note that a conventional analysis of error rates
would not be able to distinguish between the two strategies.
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Abstract
Object and scene learning and recognition is a ma-
jor issue in computer vision, in robotics and in cog-
nitive sciences. This paper presents the principles
and results of an approach which extracts struc-
tured view-based representations for multi-purpose
recognition. The structures are hierarchical and dis-
tributed and provide for generalization and catego-
rization. A tracking process enables to bind views
over time and to link consecutive views. Scenes can
also be recognized using objects as components. Il-
lustrative results are presented.

1 Introduction
Object and scene learning and recognition is a major issue in
computer vision, in robotics, in neuroscience, and in cogni-
tive sciences as well. And one of the main questions to this
respect is how to extract knowledge from 2D patterns of light
in the camera or the retina.

For the recognition of objects, two models were proposed
in the literature. In the ’image-based’ or ’view-based’ model,
an object is represented as a collection of view-specific lo-
cal features[Poggio and Edelman, 1990; Ullman, 1998;
Tarr and B̈ulthoff, 1998; Riesenhuber and Poggio, 1999].
Representations are organized in trees in which a set of view-
tuned units constitutes the weighted inputs to a higher level
object-invariant unit. Each unit measures the similarity be-
tween the input image and its stored view, and the higher level
unit computes the weigthed sum from its incoming connec-
tions. If the resulting value reaches a given threshold, then the
learned object is recognized. Riesenhuber’s HMAX model
of object recognition in the ventral visual stream of primates
also proposes a similar grouping method where higher level
cells compute the maximum response of view-tuned cells
[Riesenhuber and Poggio, 1999].

The second model is based on structural descriptions. One
of the most important approaches is the ”Recognition-By-
Components” (RBC) model[Biederman, 1987] in which each

∗The work described in this paper was partially conducted within
the EU Integrated Project COGNIRON (”The Cognitive Compan-
ion”) funded by the European Commission Division FP6-IST Future
and Emerging Technologies under Contract FP6-002020.

†supported by the European Social Fund.

object is represented as a collection of volume parts. Thus,
there is no need of multiple view-tuned representations since
3D models can be virtually rotated and compared to the in-
put image. Moreover, the use of such a model can make the
recognition invariant to illumination and color.

We can identify certain properties of the modeling process
for efficient learning and recognition. Firstly, the training and
thus the construction of new representations must be suffi-
ciently fast. Lack of speed is the principal cutoff of models
based on structural descriptions because building 3D models
from images remains a non trivial task. Secondly, an efficient
modeling process must organize knowledge in a structured
way. A first means of organizing the data is to build categor-
ical representations. Categorical structures make it possible
to obtain capacities of class generalization at low cost. In-
deed, to effectively exploit the extracted data, those must be
describable at various levels of specificity: a bottle can be
described as a container, a plastic object for recycling, etc.
Such a structure can also accelerate recognition that deals
with large collections of stored objects by reducing the num-
ber of candidate object models. Another mode to structure
meanings is the decomposition of a representation as the set
of its parts. Thanks to structural descriptions, RBC offers
more robustness, in particular with respect to noise and occlu-
sion. Moreover, it is interesting to share components among
several structural descriptions to save memory: one could use
the representation of a wheel to describe either a car, a truck
or a bike. Thirdly, a learning system for knowledge extrac-
tion and structuring must allow the addition of new repre-
sentations at non-prohibitive memory cost and without ex-
plosion of complexity. This open-endedness property can be
approached by using the two kinds of data structures referred
to above, in which a representation can be factorized in cate-
gories or shared as components.

While considering object recognition one must mention
important results achieved by template-based approaches for
object classification and recognition[LeCun et al., 2004].
Nearest Neighbor methods, Support Vector Machines and
Convolutional Networks provide efficient solutions but the
needs of structured knowledge, reusability, incremental and
autonomous learning are several points addressed here which
are not, to the best of the authors’ knowledge, well dealt with
by the pre-cited methods.

This paper presents an efficient approach[Paquier, 2004]
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(which is partially implemented) for building structured rep-
resentations without using 3D primitives and exhibiting the
properties mentioned above. The paper is organized as fol-
lows. Section 2 presents the model we choose to both extract
and organize representations. Each essential property is pre-
sented and illustrated by an example produced by the imple-
mented system. Section 3 introduces the view-binding algo-
rithm and the incremental building of object-invariant detec-
tors. The use of objects as landmarks for buidling structured
representation of scenes is presented in section 4. We con-
clude in section 5.

2 Architecture for View-based Recognition
We will first describe themapstructure which constitutes the
basic building block of our model, and discuss its inherent
shift-invariant property. In the learning process, the maps will
specialize in certain features, and we will present the way we
associate them in order to prevent redundancy in this special-
ization and structure extracted features.

2.1 Mapsand Inter-mapsConnectivity
The Map: a Set of Local Classifiers

x

y
Integrate
& Fire

Max

Weight kernel

Learn

Learning stream
Integrate & Fire stream

Layer
c
,map

p
Layer

c+1,map
q

Layerc+1,mapq, unitx,y

Wq

Figure 1: Amapis a collection ofunitssharing the same set of
weights (kernel). Each unit is composed as a three stage cal-
culation pipeline. It receives signals incoming from previous
layers for integration and lateral signals frommapssituated
on the same layer for competition.

In order to satisfy real-time constraints, the learning and
recognition system must be able to update its representations
at a frequency that is compatible with the modifications of the
environment, and process images at a rather high frequency
(e.g., 15 fps). With this end in view we chose to implement
an integrate-and-fire model in local classifiers built as calcu-
lation pipelines (figure 1).

We call amapa collection of local classifiers calledunits,
organized in a retinotopic1 way. Eachmapis associated with
one or more afferentmapswhich are the locations of itsunits’
input domains (or their receptive fields). Receptive fields of
eachunit are static and eachunit is thus associated to a set of
afferentunits in each afferentmap. We denoteΩi the set of
afferentunitsof a givenunit Ui.

At time t and for a given unitUi, information flows from
its receptive fields through a set of learning weightsWi(t).
Learning weights are organized inkernels, and there are as

1A retinotopic mapping means that stimuli that are adjacent to
each other in the visual world are processed by adjacent sets ofunits.

many weight kernels as afferentmaps. All the units of a
mapare sharing the same set of weights, thus they can de-
tect and learn a pattern which is at different positions in the
inputmaps. As shown in figure 1, the coordinates of a unit in
a given map and its receptive field in the afferentmapare the
same. Therefore the position of an active unit corresponds
to the position of the detected pattern, which provides for a
shift-invariance property.

This type of mapping has been previously introduced by
Fukushima’sNeocognitronand was successfully applied to
handwritten digit recognition[Fukushima, 2003]. Figure 2
illustrates this intrinsicmap feature. In this experiment, we
produce an image containing a set of four randomly dis-
tributed letters (k, p, s, u). After less than a minute, the system
has learned autonomously its own distributed representation
of the input image. Each resultingmapcan extract its learned
feature at any location in the input image. To obtain this result
we must also provide our system with an inter-mapscommu-
nication channel, so thatmapsdon’t learn the same feature
several times. This procedure is called ”local competition”
and is introduced next.

Weight kernels evolution

Final pattern representation
Input image

a)

b)

map3

map2

map1

map0

map0 (u) map1 (p) map2 (s) map3 (k)

Figure 2: Letter extraction from noisy image input (20% ran-
dom noise, 20% scale and angle variation, 70 steps, 2 images
per second). a) weight kernels evolution across time. b) input
image and associatedmapsactivations.

Preventing Redundancy with Competition

a)

Layer1 Layer2 Layer3

x

y

b)

Layer1 Layer2 Layer3

x

y

blocking signals

Figure 3: Hierarchicalmapsconnectivity and local compe-
tition. a) The letter ”L” is detected as a relative positioning
of horizontal and vertical bars. b) input image containing the
letters ”L” and ”T”: inter-mapscompetition with local inhi-
bition leads to distinct specialisations.

One previously mentioned requirement concerns the struc-

1453VISION AND ROBOTICS



tural decomposition into several components. To achieve
such a decomposition, different maps observing the same in-
puts must ”decide” to specialize into distinct component de-
tectors. The undergoing process is illustrated in figures 3.a
and 3.b. In this example, we want to train twomapsto de-
tect the letters ”L” and ”T” in the input image. A first step
of extraction is composed of a layer of twomapswhich re-
spectively detect vertical and horizontal bars in their inputs.
When the letter ”L” is present in the image (figure 3.a), the
pattern is decomposed as the positions of these two local ori-
entations. The relative positioning of the two patterns is then
detectable and can be learned by a dedicatedmapon the next
layer (Layer3).

From this point, if we add another letter (”T”) to the input
image and a second learningmapto the third layer to learn it
(figure 3.b), then we must prevent this newmapfrom learn-
ing the ”L” pattern one more time. This differentiation is
achieved by using a local competition in which we compare
mapdetection values and choose the best fitted (See section
2.2 for the computation of the detection value).

Right after calculating its detection value, every unit of
eachmapbroadcasts it to all otherunitson mapsof the same
layer and at the same coordinates. Thus, everyunit whose
coordinates correspond to the position of the letter receives
incoming values at the ’Max’ stage of its pipeline architec-
ture (see figure 1). The ’Max’ stage, as its name indicates,
computes the maximum incoming value and sends it to its
own ’Learn’ stage. The learning process is then able to com-
pare the localunit activation incoming from the ’Integrate &
Fire’ stage to distant activations. By allowing learning only
to the best fittedunit, we ensure that nomapcould learn one
pattern if another is already specialized to detect it. We illus-
trate this inter-mapscompetition on Figure 3.b with the dark
discs which represent the blocking signal.

ConnectingMapsto Build Distributed and Hierarchical
Representations
We adopted a layered hierarchical architecture for several rea-
sons. Firstly we need this architecture forcategorization. As
our units achieve linear separation in their input set, complex
features cannot be extracted with a single layer. This is a
known limitation of the single layer perceptron that cannot
simulate an exclusive disjunction (logical XOR). The second
reason isreusability. A huge number of extracted features
are encountered in different shapes: oriented segments, arcs
of circles or color blobs are building blocks for more complex
images. Since extracted information is shared in the network,
we avoid redundancy and the resulting computational over-
head. Following the same idea, similar meanings should be
encoded using shared sets of units. For example, the inter-
nal representations of a truck and of a car should intersect.
This intersection representing the shared meaning could con-
tain the internal representation of the four wheels, the steering
wheel, etc. Thanks to this distributed representation architec-
ture, it is easier to pool similar objects into cross categories
(e.g., wheeled vehicules).

This capability of building hierarchical and shared repre-
sentations is shown in figure 4. In this experiment we trained
a network to recognize faces using a set of ten different im-

map2,0

Input Layer0 Layer1 Layer2 Layer3

zoom x 2zoom x 4

zoom x 8

a)

b)

map0,0

map0,1

map2,1

map3,0

map2,1

map2,0

map3,0

input

map2,1

map2,0

map3,0

input

map2,0

map2,1

map3,0

input

map2,0

map2,1

map3,0

input

map1,i, i ∈ [0, 7]

Figure 4: An example of a hierarchical representation of
faces. a) network connectivity showing weight kernels and
mapsactivities. Layer0, Layer1, Layer2, Layer3 respec-
tively extract contrasts, oriented segments, eyes and mouth,
and face. b) recognition robustness for different subjects and
variable postures.

ages of each of 40 distinct subjects2. In the same way as in
the previous example of letter extraction,Layer2 learns to
detect the position of each eye in onemapand the position of
the mouth in the other one, sharing the same segments extrac-
tion in the previous layer (Layer1). In Layer3, we train an-
othermapwhich receives as inputs the detection values of the
mouth and eyes specializedmaps. As a result, this lastmap
learns the representation of the face with relative positioning
of eyes and mouth. We also see in this example that the re-
sulting face recognition is robust to high variations in subject
posture and morphology. Nevertheless, this kind of recogni-
tion only applies to images with limited face orientations. In
section 3, we will propose additional methods to recognize
3D objects based on the pooling of overlapping views.

2.2 Integration, Firing and Learning

Now that we have presented the global mechanisms involving
the computingunits, we present the internal workings of the
system more precisely and the computation of the detection
values mentioned in section 2.1.

2We used the faces database of the AT&T Laboratories, Cam-
bridge http://www.uk.research.att.com/facedatabase.html
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Integration
Given aunit Ui, we denoteβi(t) ∈ [0, 1] its calculated output
burst at timet. The burst is the detection value mentioned be-
fore. Letwij(t) ∈ Wi(t) be the learning weight associated to
the connection betweenunitsUi andUj , andΩi+(t) a subset
of afferentΩi defined as:

Wi(t) = {wij(t), Uj ∈ Ωi} (1)

Ω+
i (t) = {Uj ∈ Ωi, βj(t) > 0} (2)

We also define three weight sums as follows :

S?
i (t) =

X
wij(t)∈Wi(t)

| wij(t) | (3)

Sβ+

i (t) =
X

Uj∈Ω+
i (t)

wij(t) (4)

S+
i (t) =

X
wij(t)∈W+

i (t)

wij(t) (5)

whereW+
i (t) = {wij(t), Uj ∈ Ωi and wij(t) > 0}.

Then the integrated potentialPi at timet+1, which expresses
a level of similarity between the learnt pattern and the inputs,
is given by:

Pi(t + 1) =
αP Pi(t) + (1 − αP )Sβ+

i (t)

S+
i (t)

(6)

WhereαP ∈ [0, 1] is a fixed potential leak.
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Figure 5: Burst sampling distribution and cumulative distri-
bution evolution. a) burst sampling distributions computed at
steps 0, 500 and 1500. Burst values are discretized within
64 levels. b) corresponding cumulative distribution used as a
transfer function for integration.

Firing
Output burstsβi generated by a unitUi are produced both for
integration processes situated on the the next layer and for its
own ”Learn” stage (see figure 1). In the first case, burst levels
are not taken into account since all positive bursts participate
to integration (see equation 2). In the second case, we previ-
ously explained that we need to compareunits activation in
order to find the best fittedmapin a competition process. The
burst level is thus computed as follows:

βi(t) =

(
0 if Pi(t) < Ti,

Fi(t, Pi(t)) otherwise.
(7)

WhereTi is a fixed threshold andFi is an adaptive transfer
function whose variations across time are illustrated by fig-
ure 5.b. The underlying idea of this function is that, as units

are learning, their output function must converge to a binary-
like response corresponding to a more strict linear separation.
At each step we compute a sample distribution of the input
burst by discretizing the output burst value in 64 levels. The
transfer functionFi is in fact the associative cumulative dis-
tribution at timet:

Fi(t, x) =
∑

0<b≤x

fi(t, b) (8)

Where functionfi is a sampling distribution of burst levels
updated at each step (figure 5.a). We thus obtain a sigmoidal
transfer function which permits a binary-like classification
behavior and a more effective competition process. Until
now, object detection is internally represented as the activa-
tion of a limited set of computingunits. Due to our connectiv-
ity scheme, recognitions are indeed only reflected at positions
located near the centre of the learned pattern. However pat-
terns presence are more than just their center since the whole
surface they cover is relevant. So we increase the pool of ac-
tivated units to cover a wider surface. As a first approach, we
chose a simple disc shape whose surface is given byS?

i (t).

Learning
We use in our model a hebbian-like learning rule in which
units tend to learn patterns responsible for their activation.
In other words, a learning process occurs when oneunit has
both fired and won the competition in its layer. Moreover, we
compute a stochastic standard deviationσij for each weight
wij which is computed and used as coefficient in the learning
calculation as follows:

µij(t + 1) = (1 − αW )µij(t) + αW | γij(t) |
σij(t + 1)2 = (1 − αW )σij(t) + αW [µij(t + 1) − γij(t + 1)]2

wij(t + 1) = (1 − αW )wij(t) + αW [1 − 2σij(t + 1)]γij(t + 1)

Whereµij is a stochastic mean andαW the learning rate.
Hence we ensure that weights corresponding to noisy inputs
(with high standard deviation) will tend to 0 and then won’t
take part in the representation.γij is a function of input burst
of unit i which takes its values in{−1, 0, 1}. Mapsamong
the same layer are in competition as shown in figure 3. If
at time t, an input burst fromunit j is receivedγij(t) = 1,
else if a burst is received from any other afferentunit then
γij(t) = −1. Finally if no burst was presentγij(t) = 0.

3 From Views to Objects
In this section, we consider the 3D-object recognition prob-
lem. Let us consider a camera rotating around an object. For
a given orientation we can train a dedicatedmapand obtain
enough robustness to detect this view, say within about a 45
degrees angle interval centered on the learnt prototype. Wider
intervals can be obtained with ”simple” objects, such as balls
or paper cups, whose views are relatively invariant during
view-point modification, while turning around them. Our ap-
proch is to pool overlapping view detectors. Then, a view-
invariant (or object-tuned) detector can be obtained simply by
computing the maximum view-tunedmapresponse[Riesen-
huber and Poggio, 1999]. This will provide for continuous
object recognition.
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Figure 6: Object invariant detection with view-tunedmaps. a) mapsactivities overlap to produce continuous detection. b)
resulting learning weights. These are composed of 8 kernels for eachmapwhich correspond to 8 afferent oriented segment
detectors situated on previous layer (see figure 4).

Assuming the support of an external module producing the
initial object detection (this could be simply a user’s selec-
tion on the input image, but this module could be based on
saliency, motion, etc...), we must resolve several remaining
problems. Firstly, the object-tunedmapmust keep track of
the object during point of view modifications (temporal bind-
ing). Secondly, as we have no initial information about the
object’s complexity and, therefore cannot anticipate the exact
number of required view-tunedmaps, we must find a method
which incrementally adds newmapsto the network and asso-
ciate them together.

Map-tracker : Short-term Memory for Temporal Binding
The different views of the same object tend to occur close to-
gether in time and space[Tarr and B̈ulthoff, 1998]. Several
authors proposed to take advantage of this property[Stinger
and Rolls, 2002; Wallis, 1996]. We particularly want to men-
tion Stinger and Rolls’s hypothesis about the functional archi-
tecture and the operation of the ventral visual system tested in
their model called VisNet . In this model, each activation of
a view-invariant neuron is maintained during a short period
of time. The pooling is then achieved by using an associative
memory to link temporal memory trace and current view de-
tection. Although this method seems biologically plausible, it
seems difficult to apply to real-time robotics. As the view-to-
object membership is nota priori known, there is no criteria
to decide whether or not a newly specializedmapcorresponds
indeed to the view of an object. If no preselection is applied,
the size of the associative memory could exceed computable
capacities. So, it is crucial to restrictmapspecialization to
relevant views. A solution comes from a tracking approach.
In this domain, temporal coherence is also used but in an-
other way. The aim of tracking is not so much extracting
knowledge but rather following the position of a collection of
pixels. Temporal coherence can here be exploited by consid-
ering that persitent informations are preserved between two
frames and can thus be extracted. We propose to use themap
architecture for pixel tracking in order to follow the position
of the object and use this information as a first step for an
incremental view-tunedmapcreation.

We can obtain the desired tracking capability by increasing
the learning rateαW of a map (see section 2.2), which we will
call tracker-map, to a value near 1. The tracker-map is trained
at the time the first object position is produced by the external

module. We call this process ”one-shot learning” because of
the use of a high learning rate. In the next frame, thanks to the
robustness of our model, the tracker-map can detect the ob-
ject even if it has started to move. According to the hebbian
rule, this detection is followed by a learning phase. Then,
another learning occurs which almost completly renews the
stored prototype due to the high learning rate. From now
the process can restart allowing continous detection. Tracker-
mapscan be viewed as short-term memories that never reach
stable representations.

Temporal Binding

Now that we can use temporal coherence to track the object
position, we must resolve the remaining problem of building
incrementally view-specific representations of the tracked ob-
ject. To reach this goal we granted tracker-mapsthe capability
of creating new maps during runtime. As we are in the con-
text of moving objects and/or moving point of views, one-
shot learning (learning with high learning rate will also be
used to catch object’s views during movement. The very spe-
cific resulting prototype will be refined as view-tuned maps
compute standard learning rates. The binding algorithm de-
velops as follows: if no view-tunedmaprecognizes the object
at the position of the tracker-map’s detection during a short
period of time (we use a 5 frames time-out), which is initially
the case, then the tracker creates a newmapand forces it to
learn the unknown view with a one-shot-learning signal. If a
view is detected, because amaphas previously learnt it, then
a standard learning process occurs in thismapand the detec-
tion produces a one-shot learning signal for the tracker-map
in order to focus tracking on this view. This process ensures
that long-term memory of a specific view has a higher priority
during object detection than the tracker. This algorithm has
been used in the experiment of figure 6 in which the image of
a rotating object has been used to train a three-layers network.
In figure 6.a, we see that the tracker always detects the object,
thanks to the feedback from long-term to short-term memory,
and that activity ofmap6 is about 3 times longer than the
others. Indeed, thismap learned to detect orientations that
are rather invariant during rotation. Our model can thus adapt
the number of requiredmapsdepending on the complexity of
objects.
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Figure 7: Representing scenes as arrangements of objects in an office environment. a) examples of object-invariant detections
from different points of view learn. b) results of scene recognition by relative positioning of object-invariant detections.

4 Objects as landmarks for scene recognition
We present in this section experimental results of our system
in the context of scene recognition. We can define a scene
as a particular arrangement of objects. We demonstrated pre-
viously with face recognition that our architecture is able to
construct hierarchical representations of an image. We can
use this same technique in order to learn a scene as relative
arrangement of objects. For this experiment we observed a
standard office environment including 3 basic objects: a pa-
per basket, a phone and a chair. In a first phase, object rep-
resentations are learnt on the fly using temporal coherence
by the means of tracker-maps(section 3). The resulting net-
work then detects each object simultaneously in view-specific
mapsand in the corresponding object-invariant tracker-map.
In a second phase, three higher levelmapsconnected to all
object-invariant detectors learn representations of the scene
from three different points of view. Figure 7.a shows the out-
puts of the three object-invariant detectors built as presented
in section 3 with natural images. Without needing any addi-
tional algorithm, our model extracts a view-point specific rep-
resentation of the scene in a hierarchical structure (figure 7.b).
From now, a location-invariantmapcan be trained thanks to
tracker-mapsfor scene-invariantmapspooling as explained
in section 3. These multi-layered architecture allowed by
parallel-pipeline calculations is the key property which per-
mits to combine view-based representations and structural de-
scriptions.

5 Conclusion
In this paper we have introduced several methods and algo-
rithms to extract knowledge from visual data. Our model is
able to build representations by decomposition of image fea-
tures into local components structured in a global hierarchy
of concepts. Such decompositions are minimal requirements
for both sharing representation in order to save memory and
computational time, and providing generalization capabilities
due to the fact that extracted components can be used as de-
scription blocks to recognize new elements. The main advan-
tage of our model is that one does not need any prior knowl-
edge or model to build robust dedicated detectors of simple to

complex features in a unified language. Thus, building het-
erogeneous libraries of meanings becomes feasible. These
representations could be then provided as input to a symbolic
reasoning level.
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Abstract
The limited visual and computational resources
available during the perception of a human ac-
tion makes a visual attention mechanism essential.
In this paper we propose an attention mechanism
that combines the saliency of top-down (or goal-
directed) elements, based on multiple hypotheses
about the demonstrated action, with the saliency of
bottom-up (or stimulus-driven) components. Fur-
thermore, we use the bottom-up part to initialise the
top-down, hence resulting in a selection of the be-
haviours that rightly require the limited computa-
tional resources. This attention mechanism is then
combined with an action understanding model and
implemented on a robot, where we examine its per-
formance during the observation of object-directed
human actions.

1 Introduction
In an attempt to arrive at a definition for attention, Tsotsos,
in his review paper [Tsotsos, 2001], arrives at the following
proposal: “Attention is a set of strategies that attempts to re-
duce the computational cost of the search processes inherent
in visual perception”. Our work aims at producing a model of
visual attention for dynamic scenes, emphasising the impor-
tance of top-down knowledge in directing the attention during
action recognition.

After introducing the two different (bottom-up and top-
down) elements of attention, we will proceed to review a
model of action understanding [Demiris and Johnson, 2003]
that will make use of our attention model, to correctly allo-
cate the limited resources available to it. Subsequently, we
will proceed to describe how the multiple hypotheses gener-
ated by our model while the human demonstration is unfold-
ing can feed top-down signals to the attention mechanism to
direct attention to the important aspects of the demonstration.

Furthermore, we propose a method for initialising the top-
down part, using the saliency of the bottom-up part in our vi-
sual attention mechanism. We have implemented our model
on an ActivMedia Robot, running experiments observing a
human acting upon various objects. These results will be pre-
sented and discussed, not only in terms of whether our atten-
tion model allocates the resources correctly, but also to see if

it results in a faster recognition of the correct behaviour being
demonstrated in the action understanding model.

2 Background
Work in cognitive science suggests that the control inputs to
the attention mechanism can be divided into two categories:
stimulus-driven (or “bottom-up”) and goal-directed (or “top-
down”) [Van Essen et al., 1991]. A number of bottom-up
attention models follow Treisman’s Feature Integration the-
ory [Treisman and Gelade, 1980] by calculating the saliency
for different low-level features of the object, e.g. colour, tex-
ture or movement. A winner-take-all approach is then used
to decide on the most salient part of the scene (as in [Koch
and Ullman, 1985], [Itti et al., 1998], [Breazeal and Scassel-
lati, 1999]). Top-down, on the other hand, covers the goal-
directed factors, essentially the task-dependent part of the vi-
sual attention model. Wolfe [Wolfe and Gancarz, 1996] pro-
duced a biologically inspired Guided Search Model that con-
trols the bottom-up features that are relevant to the current
task by a top-down mechanism, through varying the weight-
ing of the feature maps. However, it is not clear what the task
relevant features are, particularly in the case of action recog-
nition.

Our attention mechanism is inspired by Wolfe’s model,
and integrates bottom-up elements with a top-down mecha-
nism using behaviours1 and forward models that can guide
the robot’s attention according to the current task. A forward
model is a function that, given the current state of the sys-
tem and a control command to be applied on it as given by
the behaviour, outputs the predicted next state. Our top-down
part of the attention model, when observing a demonstration,
will make a prediction of the next state for a number of dif-
ferent possible behaviours, producing a confidence value for
each, based on the observed accuracy of the prediction. These
confidence levels are important values that can be thought of
as saliencies for the top-down mechanism of our attention
model, hence producing a principled method of quantifying
the top-down part of the attention mechanism.

In the experimental section, we will demonstrate that this
attention mechanism improves performance on action under-
standing mechanisms that use multiple behaviours and for-

1Also known as controllers or inverse models in the control liter-
ature
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Figure 1: Action understanding model [Demiris and Johnson,
2003].

ward models such as [Demiris and Johnson, 2003]. This will
be done in two ways: first by cutting down the number of
computational cycles required for identifying the correct be-
haviour and by directing the limited computational resources
to the relevant parts of the human demonstration, instead of
the whole scene. Secondly, by using the saliency from the
bottom-up part of our visual attention mechanism to initialise
the top-down part, enabling it to select only the relevant be-
haviours to the demonstrated action, instead of activating and
running all of them.

3 Action Understanding Model
Demiris’s action understanding model [Demiris and Johnson,
2003], shown in figure 1, identifies the correct behaviour
that is being observed by using forward models for a num-
ber of behaviours. By predicting what will happen next, and
comparing it with what actually does happen next (from the
behaviour that is being demonstrated), confidence levels are
generated for each of the predicted behaviours. From these,
a winner is selected by picking the predicted behaviour with
the highest confidence level.

The attention mechanism we propose in this paper can be
used to cut computational costs on this action understand-
ing model [Demiris and Johnson, 2003]. It would be far too
computationally expensive to direct the attention of the ob-
server towards all the parts of the demonstration to satisfy all
the possible behaviours [Tsotsos, 1989]. Hence, the atten-
tion mechanism is used to restrict this, giving only one of the
behaviours at a time the information it requires. Using this
attention mechanism, we managed to cut down substantially
on the computational costs, yet it was also achieved without
affecting the quality of the system to the extent of producing
wrong outcomes.

The success of our model will be demonstrated through
comparisons of the new results with the results from the orig-
inal action understanding model for a number of different be-
haviours. If, after having cut down on all the computational
costs using our visual attention model, the final behaviour
chosen in each situation with the previous model [Demiris
and Johnson, 2003] remains the same, then our attention
model will be deemed to have succeeded in its task.

Figure 2: Our Bottom-up model of Visual Attention. The
output is the Focus of Attention (FOA)

4 The Attention Mechanism
In this section we will describe the design of our attention
mechanism, and the integration of both bottom-up and top-
down elements.

4.1 Bottom-up
We have implemented a bottom-up model that is mainly
based on Wolfe’s biologically inspired Guided Search 3.0
model of human visual attention and visual search [Wolfe and
Gancarz, 1996]. This model uses Treisman’s Feature Integra-
tion theory [Treisman and Gelade, 1980] to construct a model
of human visual attention. In this model, low-level filters are
applied to various visual stimuli in order to produce individ-
ual feature maps in which high values indicate areas of inter-
est.

All of the individual feature maps are weighted and then
summed into a single activation map. Attention is guided to
peaks in the activation map, because these represent the most
salient areas in the scene. In our model, top-down task infor-
mation can influence the bottom-up feature maps by chang-
ing the activation map through the modifying of the weights
that are applied before the summation. Our model is shown
in figure 2. There are certain features that can make objects
salient. For example, brightly coloured objects are a most
typical example, or if they are moving in a way that can attract
attention, e.g a sudden, irregular and fast movement. Each of
the bottom-up blocks in the model represents a certain fea-
ture that contributes towards the calculation of the saliency of
an object. Our implementation focuses on three bottom-up
blocks that are feature detectors. These are: Motion, Colour
and the Size the object occupies in the image, which not only
accounts for the actual size of an object, but also for the dis-
tance of the object from the camera, both of which are impor-
tant in grabbing one’s attention.

The remaining blocks in the model are:

• Fovea-effect – this models the decrease in resolution
away from the centre of the image, because our eyes’
resolution decreases dramatically with the distance from
the fovea [Farid et al., 2002].
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Figure 3: The architecture of the top-down part of the model
and how it integrates with the bottom-up part

• Winner takes all (WTA) selection as in Itti’s model [Itti
et al., 1998].

• An attention gate mechanism as in Wolfe’s model
[Wolfe and Gancarz, 1996] which keeps a record of the
two most salient areas in the scene.

• A saccade generation system as in Wolfe’s model [Wolfe
and Gancarz, 1996].

4.2 Top-down
Figure 3 shows our complete visual attention model which
includes the top-down part. This figure specifically illustrates
how the top-down information could influence the bottom-up
part of the model, and vice versa.

Our Top-down part of the model receives the list of be-
haviours from the action understanding model, described in
the previous section, together with their confidence levels and
their forward models. It must select only one behaviour out of
the many behaviours to attend to at any given point in time.
The block labelled “Selecting ONE Behaviour” in figure 3
has five inputs:

• Behaviours – A list of hypotheses (potential behaviours
that explain the demonstration) is passed in, one of
which must be selected.

• Confidence Levels – The current confidence levels for
each behaviour.

• Resource Allocation Algorithms – we have performed
experiments with different resource allocation algo-
rithms [Stallings, 2000] that can be employed to decide
on how to distribute resources between the behaviours.

• Internal Representations of objects and actions – this
block gives information about objects and how they
move, and interact with other objects etc.

• Purely bottom-up saliency map – this is the saliency map
representing the most salient object in the scene.

From the above five inputs, one behaviour must be chosen.
The block labelled “Where to attend for this Behaviour?” in
figure 3 has three inputs:
• Output from “Selecting ONE Behaviour” – the winner

behaviour that is selected from the previous stage is
passed on.

• Internal Representations of objects and actions – this
block gives information about objects and how they
move, and interact with other objects etc.

• Bottom-Up Saliency map influenced by top-down – this
is to give current information on where the attention of
the model is.

The output of this block influences all the bottom-up calcu-
lation blocks in order to direct the attention of our model in
such a way that it serves the current behaviour.

5 Experimental Setup
We implemented our model on an ActivMedia Peoplebot
robot, equipped with a pan-tilt-zoom camera, as well as a two
degrees of freedom gripper, sonar and infrared sensors. Only
the camera was used in the following sets of experiments, and
the saccade generation module was switched off as it was not
needed.

For these experiments, three objects were chosen: A hand,
a coke can, and an orange. Eight behaviours were then de-
fined:
• Behaviour 1 - Pick coke can

• Behaviour 2 - Move coke can
• Behaviour 3 - Move hand away from coke can

• Behaviour 4 - Pick orange
• Behaviour 5 - Move orange

• Behaviour 6 - Move hand away from orange
• Behaviour 7 - Drop coke can
• Behaviour 8 - Drop orange

Each of these behaviours has a corresponding forward model.
Figure 4 shows the arrangement for Behaviour 1.

Figure 4: Behaviour1 - Picking a coke can
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Figure 5: Images to show bottom-up block processing a scene
of a hand picking a coke can

All the other behaviours are implemented in the same way.
Forward models were hand coded using kinematic rules to
output the prediction of the next state. The output from the
forward model, which is a prediction of the actual next state,
is compared with the next state. Based on this comparison, a
confidence level is generated for this behaviour by either re-
warding it with one confidence point if the prediction is suc-
cessful, or otherwise punishing it by subtracting one confi-
dence point.

Figure 5 shows an input example of what the robot sees
when a behaviour is carried out (in this case, it is the demon-
stration of a hand picking a coke can). A background was
chosen where these object’s colours were minimally present.
These are only snapshots of some frames.

The bottom-up block detects and tracks the presence of the
coke can, the orange and/or the hand in the scene, depending
on what the top-down part of the attention model requires.
The output of this bottom-up block are the corresponding lo-
cations of where the hand, the coke can and/or the orange are
in the scene. This information is then passed to the top-down
part of the model for intelligent processing. The CAMShift
algorithm [Bradski, 1998] was used to assist in doing this.
We used a hue and saturation histogram back-projection of
camera images taken at a pixel resolution of 160×120 and at
30 frames per second. The corresponding histograms of the
three objects used in our experiments were pre-saved into the
robot’s memory, and used during the experiments as a simple
method of object recognition.

Four different implementations were experimented with
each of the eight behaviours:

• A pure implementation of the action understanding
model without our attention model. Hence there was no
layer of intelligence to cut down on computational costs,
i.e. each behaviour gets to carry out all the computations
it requires at each frame.

• Our Attention model is added to the action understand-
ing model using a “round robin” scheduling algorithm
(equal time sharing) [Stallings, 2000] to select between
the behaviours. Therefore, each behaviour is processed

every eighth frame, since there are eight behaviours in
total.

• Our Attention model is added to the action understand-
ing model using the strategy of “highest confidence level
always wins”, which means the behaviour with the pre-
vious highest confidence level gets the next computa-
tion.

• Our Attention model is added to the action understand-
ing model using a combination of the “round robin” and
the “highest confidence level always wins” strategies to
select between the behaviours.

Finally, we also ran another set of experiments by adding to
these implementations initialisation for the top-down part us-
ing bottom-up saliencies.

6 Experimental Results
We used 26 different videos, performing 130 experiments, us-
ing the different scheduling algorithms above, while varying
some of the model’s parameters. The results for behaviour
6 are shown in figure 6 as an example of a typical output to
demonstrate how our system can work on top of the action un-
derstanding model, cutting down its computational costs by
up to 87.5% (because every behaviour is now only being pro-
cessed once in every 8 frames), and still producing the correct
results to determine which behaviour is being demonstrated.
But more importantly, it directs the limited computational re-
sources to the relevant areas in the scene, instead of analysing
the whole scene.

In addition to this, the above results were substantially im-
proved by adding initialisation to the top-down part using the
bottom-up saliencies to our attention model . Therefore, in
the case of a scene where the orange does not exist, as shown
in figure 5, our bottom-up block would detect the coke can
and the hand as being salient objects. Using previously saved
colour histograms, our system recognises that these salient
objects are a coke can and a hand. This result is passed to the
top-down part of our attention model, which in turn will only
select the behaviours that are involved with these objects, as
opposed to previously selecting every behaviour that exists in
the database.

Results from behaviour 1, where no orange was present
in the scene, are shown in figure 7 as an example for this
initialisation process of only selecting the relevant behaviours
using the bottom-up saliencies. The results are compared to
the previous implementation without this initialisation. It can
be seen that this initialisation process speeds up the correct
recognition of the correct behaviour. Furthermore, it will also
serve in allowing scalability to be added to our model.

As can be seen from figure 6, our attention model not only
still gives the correct results for the recognition of behaviour
6, but it does it with the saving of up to 87.5% of the to-
tal computational costs. Furthermore, it returns better results
in recognising the correct behaviour by isolating it from the
other wrong behaviours, due to the focusing on the correct
areas of the scene only, instead of the entire image. These
successful results were also seen for all of the other seven
behaviours that were tested.
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Figure 6: Behaviour 6 - Move hand away from orange

Figure 7: Behaviour 1 - Pick coke can

Behaviour 6 in figure 6 shows that when a “round robin”
scheduling algorithm is applied, the correct behaviour is still
picked, but it ends up with a lower confidence value that is
quite close to the other resulting confidence values of the
other behaviours. The reduction in computational costs using
this algorithm has resulted in a decrease on the separability
of the behaviours. This is because there are n frames in the
demonstrated scene (in these experiments, n is 60), and each
behaviour is only processed once every m frames, where m
is the number of behaviours (in these experiments, m is 8)
meaning a total number of n/m computations per behaviour
(which is 7 in these experiments, hence, only a maximum
score of 7 for the winning behaviour). Behaviour 6 in this
case scores 5 out of 7, still enough to make it the winning be-
haviour, but much lower than the pure implementation of the
action understanding model without the use of any attention
mechanism.

When “highest confidence level always wins” is used, the
opposite effect to “round robin” can be seen: attention acts
like an accelerator to the winning behaviour once it recog-
nises who is the winner, suppressing all the others. The prob-
lem with purely using the scheduling algorithm of “highest
confidence level always wins”, is that it may not always ini-
tialise correctly, as can be seen in figure 6, hence taking some
time before converging on the correct behaviour.

To alleviate this problem, we used the “round robin”
scheduling algorithm as an initialisation step for the “high-
est confidence level always wins” which then acts as an ac-
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celerator for the winning behaviour. Hence, “round robin”
is applied only for half the length of the demonstration (30
frames in these experiments). Then the “highest confidence
level always wins” is applied as an accelerator to the winning
behaviour. As can be seen from figure 6, it returns accurate
and fast results for selecting the winning behaviour. This pro-
cess may be seen as being equivalent to “playing it safe” at
the beginning by looking everywhere, because we are not yet
sure what is happening. But once we start to understand the
scene better, we are more confident to focus on the relevant
parts and ignoring the rest.

Results from figure 7 show significant improvements when
using the bottom-up saliencies to initialise the top-down se-
lection of the relevant behaviours. Hence as a result, only
the relevant behaviours are picked for processing, instead of
picking all the behaviours in the robot’s database. In this
experiment, the robot has 8 behaviours in its database, 4 of
which involve a hand and a coke can, and the other 4 involve
a hand and an orange. In the demonstrated video, the or-
ange is not present, hence, all the 4 behaviours involving the
orange, are immediately punished and not processed. The
remaining 4 behaviours (instead of the total 8) are processed
with the “round robin” scheduling algorithm at the beginning.
Great improvement can be seen here in finding the correct be-
haviour sooner, at frame 10 instead of the previous frame 31.
This can be thought of as enabling our model to recognise the
correct behaviour being demonstrated easier and quicker in a
less complicated scene with fewer objects.

7 Conclusion

Our attention model utilises both, resource scheduling algo-
rithms, and initialisation of the top-down mechanism to cut
down on the computational costs. We have found that a com-
bination of the “round robin” and the “highest confidence
level always wins” strategies, together with using the bottom-
up saliencies for initialising the top-down selection of the
relevant behaviours to the demonstrated scene, worked very
well.

The computational costs needed to run our attention model
are justified since the action-understanding model is aimed
at having a large number of behaviours. As the number
of behaviours increases therefore, the resultant search space
makes the model indispensable. This is especially because
the savings on the computational costs will also increase by
(n − 1)/n for n behaviours.

We are working towards further optimisation of our model
by considering optimal path algorithms. For example, if the
sequence of planned allocations involves looking at the head,
feet, and arm of a human demonstrator, the algorithm will
try to minimise the saccade required and rearrange the allo-
cations to accommodate that.

Optimisation based on predicting future requests will fur-
ther enhance the performance of our model, and will be our
next step in our investigation between attention and action un-
derstanding, with the ultimate goal of having robots that will
efficiently understand our human actions.
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Abstract

Communication among participants (agents, ro-
bots) is central to an appearance of Collective AI.
In this work we deal with the development of lo-
cal communication mechanisms for real microro-
botic swarms. We demonstrate that despite of very
limited capabilities of the microrobot, the specific
construction of communication hardware and soft-
ware allows very extended collective capabilities of
the whole swarm. We propose mechanisms provid-
ing information content and context for collective
navigation, coordination and spatial perception in a
group of microrobots.

1 Introduction
Communication is the central issue in collective systems such
as collective/swarm robotics, multi-agent systems, sensor net-
works and so on. Communication provides and supports
(among others) ”awareness” about relevant events, collec-
tive decision making and coordination in a group, execution
of cooperative activities, etc. Due to communication all ro-
bots/agents behave in a coordinated way like one ”organism”,
they can even emerge new behavior types[Kornienkoet al.,
2004]. There are many phenomena that appear in this way; in
the vast literature they are denoted as collective/swarm intel-
ligence[Bonabeauet al., 1999].

In this paper we investigate the communication mecha-
nisms for large microrobotic swarm[I-Swarm, 2003 2007].
Due to very small size and limited capabilities of microrobots,
swarm robotics differs from other collective robotic systems
in a couple of essential points[Sahin, 2004]. The most im-
portant are inaccessibility of global coordinates, globalper-
ception and global communication. Despite of the ”very lim-
ited intelligence” of individual microrobots, the collective in-
telligence of the whole swarm does not change essentially.
The swarm is still able for distributed spatial sensing, collec-
tive decision making, building spatial formation, coordinated
acting and so on. This swarm intelligence primarily appears
due to specific communication between robots. We are in-
terested in the following question: ”Which communication
mechanisms among microrobots do allow emerging collective
properties of a swarm ?”

Generally for AI and especially for ”swarm intelligence”
not only the transferred message is important (”I find some-
thing”), but also the context of the message (”where is it
found”) [Doyle and Dean, 1996]. One robot cannot provide
this context, because e.g. it does not know its own posi-
tion. Retrieving and providing this context represents also the
collective task performed during communication. However
not all communication approaches can provide the context of
information and can generally be implemented in a swarm.
In this paper we demonstrate that the well-known package-
based routing is not useful for swarms and suggest instead an
approach that ”diffuses” information with its context.

Achieving collective capabilities in real microrobotic sys-
tems, we are very limited by hardware. Therefore not all
approaches from AI domain are feasible here. The sec-
ond question of this paper is ”Which collective capabilities
a swarm are feasible by very limited communication hard-
ware ?” We demonstrate that the specific composition be-
tween multi-directional communication hardware and ”dif-
fusing” software protocols allows emerging some interesting
spatial and functional collective capabilities of a swarm.

The rest of the paper is organized as follows. In Section 2
we investigate the local communication between robots. Sec-
tions 3, 4 and 5 are devoted for describing the hardware plat-
form, logical protocols and communication context. Finally,
in Section 6 we discuss some preliminary experiments and
conclude our work.

2 Information diffusion, swarm density and
communication radius

For collective systems a communication plays the role of ner-
vous system in human body. Since microrobots in a swarm
can communicate only locally with their neighbors, such a
”swarm nervous system” can be produced only by a mech-
anism that propagates information through multiple robot-
robot connections. Parameters of a global circulation of in-
formation (like global propagation speed or global propaga-
tion time) depend on characteristics of local communication
(communication radiusRc, the number of robots withinRc).
In this section we derive this relation, which is necessary for
further development of the robot’s communication hardware.

Since parameters of local communication between robots
depend on their behavior, we differentiate three followingbe-
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havioral cases:
1. Robots move only in small areas, so called clusters. In this
case robots are situated more or less closely to each other, so
that swarm peer-to-peer network (SPPN) is created ”automat-
ically”. The main problem is a communication between such
clusters.
2. Robots move in large areas (typical swarm scenario). Ro-
bots exchange information only when they meet each other.
The inter-cluster communication belongs to this case.
3. Part of robotic swarm purposely creates and supports the
SPPN. This is the most interesting case, that provide stable
communication in swarm (see more in Section 6).
In the further calculation we consider the most hardest case
of a large-area swarm. We can intuitively assume that the
communication radiusRc, the swarm densityDsw, the ro-
bots motion velocityv and the timet are closely related in
propagating the information. For deriving a relation between
them, we take several analogies to molecular-kinetic theory
of ideal gas, more exactly diffusion in ideal gas (by these
analogies we denote also a ”diffusion of information”). We
introduce the following notions: the sensor radiusRs, where
a collision-avoiding procedure is started;lc the length of free
path from the start of motion till the first communication con-
tact; ls the length of free path from the start of motion till
the first collision-avoiding contact;nc andns are correspond-
ingly the number of communication and collision-avoiding
contacts;Sc andSs are the area of the ”broken” rectangles
built by a motion in some time intervalt with Rc andRs. In
Figure 1(a) we sketch our consideration. Firstly, we are in-
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Figure 1: (a) Motion path of a robot with communication and
collision-avoiding contacts;(b) Total propagation timettotal as a
function of communication distanceRc with different values of ve-
locity v and the number of robotsN .

terested in the number of communication contactsnc happen
during the motion. This value is equal to the average num-
ber of robots in the areaSc, nc = ScDsw, whereDsw is the
swarm density. We assume that the collision avoiding radius
and the robot’s rotation radius are small so that we can ne-
glect the area of fractures. In this caseSc = 2Rcυt. Dsw can
be calculated as the number of robotsN in swarm divided by

the area available for the whole swarmSsw:

Dsw =
N

Ssw

→ nc =
2RcυtN

Ssw

. (1)

In the relation (1) we assume only one robot moves whereas
other are motionless. More exact relation, when all robots
move, differs from (1) only by the numeric coefficient

√
2

(as proved by Maxwell for a diffusion in ideal gas). For the

further calculation we usenc =
2
√

2RcυtN

Ssw

. Now we have

to estimate how the information will be propagated after the
first communication contact. This propagation dynamics is
similar to ”epidemic infection” dynamics, estimated as the
series:

[nc + 1] + nc[nc + 1] + nc[nc + 1 + nc(nc + 1)] + ... (2)

and written iteratively as

kn = nckn−1 + kn−1 = kn−1(nc + 1), k0 = 1. (3)

that is the ”standard” exponential form(nc + 1)n. We are in-
terested in the case when all robots are ”infected”(nc+1)n ≥
N or n = log(nc+1)N . From real experiments we know that
for establishing a communication contact and transmitting
messages, robots need some timept, that can be measured
experimentally. The information transfer starts when the first
robot ”infects” one additional robot(nc = 1); the time till the
first infectiontfirst and the total timettotal = n tfirst +Npt

for infecting the whole swarm can be obtained as:

tfirst =
Ssw

2
√

2RcυN
, ttotal = Npt+

Ssw

2
√

2RcυN
log2(N).

(4)
In the performed simulations (pt = 0), the swarm areal is
800 × 650 pixels2, N = 50 with Dsw ≈ 10 pix./sec.,
Rc = 40 pix. Formula (4) gives usttotal ≈ 52 sec.. In many
performed simulation cycles we observedttotal between 30
and 90 sec. Formula (4) is also useful in estimating the en-
ergy needed for each robot. For example, swarm during the
running time has to propagate 100 different messages; it takes
about 2 hours in the mentioned example. So the power supply
should provide energy at least for 2 hours.

For developing a real microrobotic swarm we can take
Ssw = 1000 × 1000 mm2, N = 50 and assume firstpt = 0
(see Section 6 for the realpt). In Figure 1(b) we plotttotal de-
pending ofRc with different values ofN andv. We see, that
for the average propagation time 1 min, theRc for N = 50
lies between 50 mm and 140 mm. Thus, for the targeted ro-
bots body of 23 mm, the communication radiusRc is of 4-5
times larger then the size of the robot.

At the end of this section we discuss such an important
point as the critical swarm densityDcrit

sw . The critical swarm
density and the ”coefficient of swarm efficiency” (the rela-
tion between the number of robots with useful/desired and
useless/undesired activities) determine the minimal number
of robotsNmin in some arealSws required to perform some
operation successfully. For the considered example with
the givenSsw = 1000 × 1000 mm2, ttotal = 30 sec.,
Rc = 100 mm andv = 20mm/sec. (related to the random
motion), the minimal numberNmin ≈ 29 and the critical
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swarm densityDcrit
sw = 28.46−6. This relation is not exact,

because it does not involve the size of a robot into this calcu-
lation, however in the microrobotic case with Srobot ≪ Ssw,
it can serve as a good approximation.

3 Requirements and restrictions imposed on
communication in real swarms

The requirements concern choosing the transmission equip-
ment, the number of directional communication channels,
communication radius and the hardware reduction of com-
munication deadlocks. The communication equipment of a
microrobot should consume as less energy as possible and be
of small size (the robot’s size is 23x23x28 mm). Finally, the
communication equipment should include, as far as possible,
other functions, like proximity or distance measurement. The
communication radiusRc = 50 − 140 mm can be imple-
mented in the radio-frequency (RF) and infrared (IR) way.

The RF provides two-way communication channel, the
communication radiusRc is of several meters and modern
one-chip RF modules, even 802.11b/802.11g modules, con-
sume energy in mW area. However we have a serious ob-
jection against RF in microrobotic swarms. Firstly, a simul-
taneous transmission of many (80-150) microrobots leads to
massive RF-interferences. Secondly, the RF-system (with the
largeRc) transmits local information exchange between ro-
bots globally in a swarm. This local information does not
have too much sense for all robots, so that we have high com-
munication overhead in this case.

The IR communication is recently dominant in the so-
called small-distance-domain, as e.g. for communication be-
tween laptops, hand-held devices, remote control and others.
In IR domain we can choose between several different tech-
nologies, like IrDA1, 34-38 Khz PCM-based devices and so
on. Additional advantage of the IR-solution consists in com-
bining communication equipment with sensors; we can think
about proximity or distance sensors on the base of IR re-
flection. The IR-solution is not new in robotic domain (see
e.g. [Kube, 1996], [Suzukiet al., 1995]), however there are
almost no solutions that combine perception, proximity sens-
ing and communication.

The IR-equipment has also the problem of interferences.
They appear, like in RF case, when several neighbor robots
transmit simultaneously. The problem of IR-interferences
can be avoided by restricting an opening angle of a pair IR-
receiver-transmitter. For four communication channels, the
opening angle of each channel is 90o. In this case we have 2-
and 3-robots IR-interferences even in the ”closest” radius(50
mm). Reducing the opening angle to 60o or to 40o allows
avoiding IR-interferences in the ”close” and ”near” radius
(100 mm) (Figure 2(a)). Since many microcontrollers have
8-channel ADC (one ADC input is used by the distance sen-
sor), we choose 6-channel directional communication (Fig-
ure 2(b)).

Directional communication is extremely important in a
swarm also from another reason. The point is that a robot

1IrDA requires additional chips, and if we think about 4-6 chan-
nels communication, this solution is not really suitable for the im-
plementation in microrobots.

has to know not only a message itself, but also the context of
this message (e.g. the direction from which the message is
received, intensity of signal, communicating neighbor andso
on). Without directional communication hardware, we can-
not implement algorithms providing a spatial context. From
many software requirements the communication radiusRc

and the number of directional communication channels are
the most important ones. From this viewpoint, the IR is
more suitable for robot-robot communication than the RF.
The host-robot communication can also be implemented with
IR (a sensor with PCM-filter for receiving global modulated
signal). Such a signal can be thought as of a remote control
or a global information exchange between robots and host.

Deadlock

free
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50% 2R Deadlocks

robot
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Figure 2: (a) Problem of IR-interferences in the ”close”, ”near”
and ”far” communication zones;(b) The sensors board with
Megabitty board that supports 6-x directional robot-robot and host-
robot communication, proximity sensing and perception of surfaces
geometry.

Speaking about IR communication we have to mention
the problem of ambient light. It represents generally a very
critical issue, because it can essentially distort or even com-
pletely break IR-communication/sensing. We performed ex-
periments with luminescent lamps, filament lamps and day-
light. Even for IR-receivers with daylight filter, swarm has
to be protected against a light of filament lamps. As far as
possible, the direct daylight should be also avoided. Use
of modulated light can essentially improve communication
against ambient light, however this solution is not always ac-
ceptable/feasible.

The filament lamps can be used as a global pheromone to
control a swarm[Bonabeauet al., 1999]. When it is emitted
simultaneously with luminescent light, the robot reacts more
intensively on filament light. This effect can be utilized in
many purposes, like finding the food source, navigation or
even a quick message about some global event. This commu-
nication way does not require any additional sensors, however
should be used only as an exception, because it essentially
distorts a regular communication.

In the following we briefly describe the developed hard-
ware solution for the directional IR-communication and sens-
ing. More details for hardware can be found in[Kornienko
et al., 2005]. In the hardware we do not use such popular
sensors as IS471F or Sharp’s GP2Dxxx with binary output,
because they do not assume active control needed for com-
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munication. We encountered that small integrated transistor-
diode pairs like SFH9201, TCNT1000, TCRT 1000/1010,
GP2D120, QRB1134 are not suitable as distance, proximity
and communicating sensors forRc of 130-150 mm. There
are also several problems with spectral matching of some
receiver-emitter pairs, despite they use the same wavelength.
In the tested phototransistors with 60o angle, we choose
TEFT4300 (60o, collector light current 3,2 mA, 875...1000
nm), TSKS5400-FSZ as IR-emitter for proximity measure-
ment and communication (60o, 950 nm, 2-7 mW/sr) and
GaAs/GaAlAs IR-emitter TSAL6100 (20o, 950 nm, >80
mW/sr) for distance measurement. This pair is very small
(emitter 5x5x2.65 mm and receiver 4,5xφ3 mm) so that they
can easily be integrated in the sensors board. In experiments
the currentIF of IR-emitters was limited to 20 mA, that
corresponds to I/O port of the microcontroller. For control-
ling we use the Megabitty board (23×23×2 mm) with At-
mel AVR Mega 8 microcontroller with 8 kB ROM and 1 kB
RAM [Megabitty, 2005]. The sensors board and Megabitty
board are assembled in one chassis with accumulators and 2
DC motors as shown in Figure 3. The tested communication

Figure 3:The prototype of the ”Jasmine” microrobot.

speed is about 1000 bit/sec with low error rate, so that an ap-
plication of error-correction approaches is not required.

4 Communication and Intelligence: logical
protocols

After a description of the communication hardware of the mi-
crorobot, we return to our original question about Collective
Intelligence. The question is ”which degree of collective in-
telligence is still feasible in the group of microrobots ?” and
”How to implement it ?” In Table 1 we collect some ”swarm
activities” that microrobots can collectively perform. These
collective activities build a basis of swarm intelligence.We
take the most simple example of spatial orientation. Let us
assume, a robot has found a ”food source” being relevant for
the whole swarm. It sends the message ”I, robot X, found
Y, come to me”. When this message is propagated through
a swarm, each robot knows there is a resource Y at the ro-
bot X. However robots cannot find it because they do not
know a coordinate of this ”food source”. The robot X cannot
provide these coordinates because it does not know its own
position. Therefore even for the simple collective featureof
spatial orientation, alocal context of messages determines
a global capability of the whole group. Collective systems
often have many different contexts, so that we have a context
hierarchy.

Context N Swarm Capability
1 Spatial orientation

Spatial 2 Building spatial structures
3 Collective movement
4 Building informational structures
5 Collective decision making

Information 6 Collective information processing
7 Collective perception/recognition
8 Building functional structures
9 Collective task decomposition

Functional 10 Collective planning
11 Group-based specialization

Table 1:Some collective activities performed by the whole swarm.

The main point of this work is that the required context can
be processed/provided by communication. However which
level of communication can do it ? After hardware level, there
are four such levels: level of physical signal transmission,
level of communication protocols and level of informational
structures, that require communication. In swarm-based sys-
tems we have the additional level concerned to the robot’s be-
havior for creating and supporting required communication.

1. On the level of physical transmission, the prob-
lem of communication is related to a choice of modula-
tion/transmission approaches suitable for the IR-based sig-
nal transmission. On this level such properties of signals as
strength, IR-interferences, directions can be extracted and in-
corporated into high-level protocols (it is closely related with
the robot embodiment).

2. Level of communication protocols concerns the propa-
gation of information in a swarm. Generally, there are only
two main ways of such a propagation:
- each robot routes communication packages from other ro-
bots without any changes (package-based communication);
- each robot processes the information from other low-level
packages and sends only its own messages further.
In the package-based communication each package consists
of a header with IDs of sender and receiver, routing informa-
tion and the package content. The package ID can be coded
by 10 bits, IDs of sender/receiver by 12 bits (6 bit each), so
the header is of 22 bits, the package content is only of 8 bits.
For recording the package history each robot needs about 900
bytes RAM only for routing 300-600 packages within a few
minutes (N = 50 robots, each sends max. 1-2 messages
each 10 sec, propagation time of 1 min.). In order to use the
(spatial) context of message (e.g. the spatial location of the
sender), the robots can follow the propagation way by using
ID-history. However since all robots are continuously mov-
ing, the propagation way does not exist a long time. In the
simulation, when a particular robot tries to achieve the source
of a message by following the propagation way, it fails in 80-
90% ! After many experiments we came at the conclusion,
that pure routing is not really suitable for propagating infor-
mation thought a swarm (however package-based communi-
cation is used for local communication between neighbor ro-
bots). Thus, the second approach represents the main way of
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incorporating the information context into communication.
3,4. Levels of informational structures and specific collec-

tive behavior belong to the high level of information process-
ing in a swarm. These levels deal with optimal representa-
tion of information, a minimization of communication flow,
availability of information and supporting multiple peer-to-
peer connections for a large-distance information transmis-
sion. We demonstrate some ideas in Section 6, but generally,
these levels overstep the framework of swarm-based commu-
nication.

5 Diffusion of messages context
As presented in the previous section, the context of message
cannot be extracted from the message itself. This point has
been discussed many time in collective AI community. In ”AI
world” there exist some approaches to retrieve the required
context, however the microrobots are too limited to use them.
Our proposal is that robots work with communication context
during communication.

There are many different approaches to work with mes-
sages context. One of them is to incorporate the embod-
ied information (signal intensity, direction, neighbors)into
non-routed packages. The robots during ”normal” com-
munication process this context, so that it diffuses over a
swarm. In this way a specific collective activity can be co-
ordinated/created/controlled (see Section 6).

Another approach is a pheromone-based communication,
well-known in natural[Bonabeauet al., 1999] as well as in
technical/robotic systems[Paytonet al., 2001]. Pheromone-
based communication can be divided into two main groups:
with pheromone leaved on immovable objects (ground, floor
and so on) and pheromone leaved on moving objects like ro-
bots. Whereas the first type of pheromone assumes usually
real (physical) pheromone, like chemical substances or elec-
tromagnetic marks, the second type of pheromone can also
have some virtual nature. For instance, robots exchange the
values of some variables, these variables are ”located” on a
robot and we can speak about ”virtual pheromone”.

Basic idea of pheromone-based communication is quite
simple. Let assume that the information source, robot X,
sends a message, say ”I found Y”. This message is binary,
however the robot X represents it by some integer value. This
value is maximal at the origin. Any other robot, when getting
this value, subtracts some constant and sends it further. Inthis
way, the far away from the source the value is propagated, the
less is its intensity. Based on this gradient every robot can
conclude about the source Y and its origin (Figure 4). In this
way not only a content of information (”something is found”)
is propagated, but also a spatial context (spatial origin ofthis
”something”). More generally, different temporary, spatial or
functional context can be provided by this ”field”.

Independently of the implemented mechanism, the ”diffu-
sion field” can be of four different types: non-gradient (used
simply for transmitting some signals), gradient (to provide
spatial context of a message), oriented (some specific direc-
tion), functional (e.g. repelling or attracting). The values of
this field can be calculated as a function of connectivity (the
number of neighbors, see[Nembriniet al., 2002]), time, spe-

(a) (b)

(c) (d)

Figure 4: Propagation of the pheromone field from the initial to
the final states.(a) Initial state of pheromone field;(b,c) Intermedi-
ate states where propagation of field is not finished;(d) Final state
of pheromone field, where all robots get the message and know its
spatial origin.

cific input (e.g. only robots that see something transmit a
pheromone), embodied information. Diffusion field can con-
sist of many different subfields, i.e. with hierarchical struc-
ture.

1. Diffusion of the size context. The diffusion field is
a function of the connectivity degree:Φn+1 = f(

∑
i Φi

n)
wherei goes over all local neighbors. The more large is the
group of robots, the more higher is the value, so that a context
is the size of the whole group.

2. Diffusion of the spatial context. The source emits
a constant value. All other robots subtract some con-
stantsCi from this value (see Figure 4):Φsource

n+1 = C1,
Φn+1 = f(

∑
i Φi

n) − C2 and transmit it further. Disadvan-
tage of this relation is that robots can move in clusters, so that
we can have local maximums of the diffusion field. Instead
we can useΦn+1 = f(max(Φ1

n, ...,Φi
n, )) − C2. In this case

the clusterization effect is removed (however it cannot be
completely removed from a swarm).

3. Diffusion of the directional context. As already
mentioned, robots support directional communication. The
source emits a specific signal only in one direction. All other
robots transmit this signal also only in one direction, as op-
posite to a receiving direction (received on ”north”, send to
”south”). In this way, ”communication streets” appear, that
can be used for e.g. navigation.

4. Diffusion of the temporal context. The diffusion field
is a function of time:Φn+1 = f(max(Φ1

n, ...,Φi
n, )) − f(t).

This can be useful for coordinating some temporary event (ac-
tivities) in a swarm.

5. Diffusion of the activity context. This kind of field
transmits a stimulus for a specific activity. Since all robots are
heterogenous, a robot can need an assistance of only specific
robots (with some specific functionality). Field can have a
gradient and non-gradient character.

6. Multiple diffusion. The context, especially spatial one,
can be useful not only for information transfer, but also for
many other spatial operations like navigation, localization
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(a) (b)

Figure 5: (a) Initial location of 3 different field sources;(b) Final
distribution of 3-fields.

and so on. In the most simple form there are two or three
field sources that are propagated in a swarm (Figure 5). Three
fields are more preferable, because in this case robots can per-
form triangulation, like GPS.

6 Preliminary experiments and discussion
We performed two series of preliminary experiments with a
small group of microrobots ”Jasmine” and the goal of collec-
tive perception and spatial information processing (Figure 6).
Some parameters and conditions of experiments and imple-

(a) (b)

Figure 6: Preliminary experiments with 10 microrobots;(a) Col-
lective perception;(b) Building a ”communication street”.

mented local protocols are collected in Table 2. The main

Parameter Value
Swarm areal ∼ 3.5m2, white plastic covering,

only with a luminescent light
Signal transmission PCM, 2 ms - logical ”1”

1 ms - logical ”0”, 1 ms - pause
Logical protocols with and without confirmation
Coding/decoding Atmel’s 16 MHZ Timer, divider 1024
Low-level packages 8 bit with one parity bit
Sending/receiving sequential on all channels

sending - 38 ms on one channel
listening - 3 ms on one channel

Table 2:Some parameters and conditions of the experiments.

problem we encountered is a poor probability of bidirectional
communication contact in the prototype’s multi-channel com-
munication system. The reasons for that are:
- appearance of communication-dead-zones(primarily cor-
ners of the chassis) and the problem of emitter-receiver opti-
cal isolation that additionally increases these zones (they are

different at emitters and receivers). We estimate that in aver-
age∼ 10% − 15% of the360◦ communication areal is lost;
- nonlinear radiation patterns (Figure 2(a)). For bidirec-
tional communication contact, both radiation patterns have
to match. Comparing to one-directional communication, the
probability of bidirectional contact on any arbitrary channel
is 0.5-0.25 (according to the communication distance);
- the microrobot can send and receive only sequentially
by all channels. In order to send a message, sending and re-
ceiving channels have to be ”synchronized” (the number of a
”sending” channel has to correspond to the number of a ”lis-
tening” channel). The probability that both channels ”meet”
is 1/6*1/6=1/36.

As shown in Table 2, sending on one channel continues
∼ 38ms for 8 bit package and is repeated each10 − 100ms
(depend on the currently executed activities). With the proba-
bility of 1/36, the communication contact will be established
within pt =∼ 1s−1, 5s and a transmission of message (with-
out confirmation) with 10 robots takesNpt =∼ 10 − 15s.
The transmission of messages with the confirmation proto-
col takes20 − 60s. These data are confirmed by experi-
ments[Pradier, 2005], [Fu, 2005], as shown in Figure 8(b)
and Table 3. To improve matching of nonlinear radiation pat-
terns, the robots can slowly rotate during ”looking/listening
phase”. In Table 3 we demonstrate the results of these ex-
periments for 6 robots (from[Fu, 2005]). Generally, we are

Receiver Sender Propagation Time
— 6◦ per cycle not always stable

6◦ per cycle — stable, 7.36 s.
6◦ per cycle 6◦ per cycle stable, 5.98 s.

Table 3:Rotation of robots during ”looking/listening phase”.

developing the second version of the sensors board, where at
least a part of problems will be solved in hardware way.

The first series of experiments concerns collective percep-
tion. For that, all robots surround an object and scan the cor-
responding object’s surfaces (Figure 7). The scan data pro-
vide information about surface’s geometry and allow classi-
fying the type of surface (flat, concave, convex; size of sur-
face and so on). The classification data are exchanged be-
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Figure 7: (a) Scanning of the finite-size surface;(b) The IR-
diagram for finite-size surface and the used features of IR-diagrams
relevant for identifying the surfaces.

tween robots and matched with the distributed model of the
object. However for a particular robot is important not only
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to recognize an object, but also to know its own position in
relation to this object. This positional context cannot be ob-
tained from the sensor data of individual robot (Figure 7(b)).
The idea here is that during local communication, all robots
know their neighbors, and this ”embodied” information can
be used for estimating a position. When sequences of con-
nected particular observations are matched with models (e.g.
the model A-B-C-A-C-D and the connected particular obser-
vation A-B), these connected observations can be located in
the model. In this way the robots can collectively estimate
their own spatial context (see more in[Pradier, 2005]). As
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Figure 8: (a) Estimation of spatial context during collective per-
ception; (b) Dependence between global information propagation
time and the distances between robots (6 robots).

demonstrated by experiments, even for uncomplete observa-
tions, this approach allows deriving the positions, as shown
in Figure 8(a).

The second series of experiments concerns the spatial in-
formation processing, like distance/area measurement over a
swarm, collective calculation of the swarm’s center of gravity
and so on. To perform these operations, the robots have to
create the SPPN so that a part of them is continuously con-
tained within the communication radius of each other. In this
way they build a collective information system, that we calla
”communication street”.

To maintain the desired distances in SPPN, the moving ro-
bots can periodically scan the neighborhood. However this
consumes energy/time and essentially distorts the currently
executed activities. The idea is to use the local communica-
tion context provided by the IR-signal strength, which nonlin-
early decreases with the distance. During PCM encoding, the
robots measure the amplitude of received from different di-
rections PCM-signals and control the motion so that to main-
tain SPPN. In this way they not only support an optimal dis-
tance for global information propagation (Figure 8(b)), but
also can collectively perform different spatial computation
(distances, areas, centers of gravity and so on). The details
of the experiments can be found in[Fu, 2005].

The performed experiments are too preliminary to be gen-
eralized, however the processing of context information dur-
ing communication works, videos can be downloaded from
the project home page (contact authors). During experiments
we encountered several undesired effects, one of them con-
sists in clusterization. This phenomenon appears when robots
fall to groups so that any communication between groups is
broken down. When the detached group is small, these robots
usually lose ”orientation” and are ”lost” for swarm.

Generally, we have shown that despite the limited hardware
capabilities of microrobots, the specific construction of hard-
ware and software parts make feasible many collective prop-
erties. We also demonstrated that some features of collective
AI can essentially be ”improved” when using context-based
communication. Context-awareness is closely related with
physical processes (e.g. IR-signals transmission) and hard-
ware/software components, i.e. with robotic embodiment.
However the concept, or at least a systematic approach, that
connects the embodiment, context-aware communication and
collective intelligence still remains open and representsfuture
works.

We are grateful to our students Mauricio Fernández Pradier
and Zheng Fu for performing several experiments.
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Abstract
Mobile robot map building is the task of generat-
ing a model of an environment from sensor data.
Most existing approaches to mobile robot mapping
either build topological representations or generate
accurate, metric maps of an environment. In this
paper we introduce relational object maps, a novel
approach to building metric maps that represent in-
dividual objects such as doors or walls. We show
how to extend relational Markov networks in or-
der to reason about a hierarchy of objects and the
spatial relationships between them. Markov chain
Monte Carlo is used for efficient inference and to
learn the parameters of the model. We show that the
spatial constraints modeled by our mapping tech-
nique yield drastic improvements for labeling line
segments extracted from laser range-finders.

1 Introduction
Building maps of indoor spaces is an extremely important
task in mobile robotics. Over the last years, the SLAM (si-
multaneous localization and mapping) community has made
tremendous progress in the development of efficient and
highly accurate map building techniques. Most of these
techniques focus either on capturing the metric layout of
an environment with high accuracy [Eliazar and Parr, 2003;
Konolige et al., 2005] or on representing the topological
structure of an environment [Kuipers, 2000]. While metric
maps have the advantage of being well suited for robot nav-
igation tasks, they are typically unstructured and contain no
information about the different types of places or objects in
an environment. Topological approaches, on the other hand,
are more compact and expressive in that they describe signif-
icant places in an environment. However, these techniques
often ignore valuable metric information and they still lack
the ability to describe individual objects in an environment.

Our goal is to build on the progress made in metric map-
ping and to enhance metric maps with semantic informa-
tion about different objects in an environment. Object-based
representations have much higher expressive power in that
they combine metric accuracy with a semantic description of
an environment. In addition to allowing more natural inter-
faces between humans and robots (“take the third door on the
right”), they enable robots to perform better reasoning, espe-
cially about dynamic objects such as doors.

Recently, Anguelov and colleagues made important steps
toward building such maps by developing techniques for de-
tecting and labeling objects in metric maps. In [Anguelov
et al., 2002], they showed how to learn models of non-
stationary, free-standing objects such as rectangular or round
boxes. To overcome the limitations of this technique, they
then developed a generative Bayesian approach for detect-
ing doors and walls in a hallway environment [Anguelov et
al., 2004]. While this approach yields good results for la-
beling line segments extracted from laser range-scans, it has
limited capabilities in modeling context information. Even
though the approach can express information such as all doors
share the same width and color, it can not model more com-
plex, spatial relationships between objects. As [Murphy et
al., 2003] showed for scene analysis in computer vision, such
context information can be extremely useful for distinguish-
ing between different types of objects. In mobile robot map
building, for example, an object standing in the middle of a
hallway cannot be a door, even if it has the same width and
color as other doors in the hallway.

In this paper, we show how to reason about the appear-
ance of and spatial relationships between objects so as to
build metric maps with object representations. We denote
the resulting mapping paradigm Relational Object Maps, RO-
Maps for short. RO-Maps build on Relational Markov Net-
works (RMN) to represent hierarchical structure and the re-
lationships between objects. RMNs are undirected graphical
models that are learned discriminatively [Taskar et al., 2002].
They provide an extremely flexible framework for describing
and reasoning about relations. Our RO-Maps detect objects
such as doors and walls by a combination of features, includ-
ing appearance features such as the width of a door, neigh-
borhood features describing what type of objects are next to
each other, and spatial features such as the indentation of a
door relative to the wall. In our experiments we show that the
parameters of RO-Maps can be learned from a set of hallways
and then be successfully applied to labeling the objects in a
hallway of a different environment.

This paper is organized as follows. After providing back-
ground on RMNs, we will show how RO-Maps model object
appearance and the spatial relationships between them. Infer-
ence and parameter learning will be discussed in Section 3.
Experimental results are presented in Section 4, followed by
conclusions and a discussion of future work.
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2 Relational Map Building
This section describes RMNs and several extensions that
make them applicable to the problem of mobile robot map
building. We denote the resulting framework RO-Maps, short
for relational object maps.

2.1 Relational Markov Networks
We will now briefly review the basic ideas of relational
Markov networks, more detailed information can be found
in [Taskar et al., 2002]. RMNs are an extension of Condi-
tional Random Fields (CRFs), which are undirected graphical
models that were developed for labeling sequence data [Laf-
ferty et al., 2001]. CRFs are discriminative models that have
been shown to out-perform generative approaches such as
HMMs and Markov random fields in areas such as natural
language processing [Lafferty et al., 2001] and computer vi-
sion [Kumar and Hebert, 2003]. RMNs extend CRFs by
providing a relational language for describing clique struc-
tures and enforcing parameter sharing at the template level.
Thereby RMNs are an extremely flexible and concise frame-
work for defining features and relationships that can be used
in our map building context.

Specifically, an RMN consists of three parts: a schema E
for the domain, a set of relational clique templates C, and
corresponding potentials Φ. The schema E specifies the set
of classes (i.e., entity types) and the attributes in each class.
In the map building context, the classes are types of objects,
such as walls or doors, and the attributes describe their phys-
ical properties. An instantiation I of a schema specifies the
set of entities for each class and the values of all attributes
for each entity. In our case, I is an RO-Map consisting of
line segments extracted from laser range-scans. A relational
clique template C ∈ C is similar to a query in a relational
database. It selects tuples from an instantiation I; the query
result is denoted as C(I). In an RO-Map, for example, a
clique template can select all wall or door objects on one side
of a hallway.

Each clique template C is associated with a potential func-
tion φC(vC) that maps values vC of variables in the clique to
non-negative real numbers. Using a log-linear combination
of feature functions to define these potentials, we get the fol-
lowing representation: φC(vC) = exp{wT

C · fC(vC)}, where
fC() defines a feature vector for C and wT

C is the transpose of
the corresponding weight vector. For instance, a feature could
be the indentation of a door, defined on a clique template se-
lecting a door and wall objects on one side of a hallway.

For a specific instantiation I, an RMN defines a condi-
tional distribution p(y|x) over labels y given observations
x. To compute the conditional distribution of a label vec-
tor y, the RMN generates an unrolled Markov network, in
which the nodes correspond to the entities. The cliques of the
unrolled network are built by applying each clique template
C ∈ C to the instantiation, which can result in the genera-
tion of several cliques per template. All cliques that originate
from the same template must share the same weights wC .
The resulting cliques factorize the conditional distribution as

p(y | x) =
1

Z(x)

∏

C∈C

∏

vC∈C

φC(vC) (1)

=
1

Z(x)

∏

C∈C

∏

vC∈C

exp{wT
C · fC(vC)} (2)

=
1

Z(x)
exp{wT · f}, (3)

where the normalizing partition function Z(x) =∑
y′

∏
C∈C

∏
v
′

C
∈C φC(v′

C). (3) follows by moving the
products into the exponent and combining all summations
into w and f .

For efficient inference in RMNs, [Taskar et al., 2002] sug-
gest using (loopy) belief propagation. However, because of
the extensions described below, we cannot apply belief prop-
agation directly. Instead, we will show how to perform effi-
cient inference and learning using MCMC.

2.2 Relational Object Maps
In the most general form, RO-Maps represent an environment
by a hierarchical collection of objects and relations between
them. RO-Maps estimate the types of objects under the as-
sumption that their locations are known. This assumption
is justified by the progress made by the SLAM community,
which focuses on the problem of concurrently estimating the
pose of a robot and the locations of sensor measurements.
Such techniques generate well aligned laser range-scans even
for large scale environments (e.g., [Eliazar and Parr, 2003;
Konolige et al., 2005]).

We introduce an extension of the relational framework of
RMNs to reason about physical objects in RO-Maps. The
RO-Map of a specific environment is modeled by an unrolled
Markov network. Each node in such a network corresponds to
an object or geometric primitive, and the links between nodes
represent relations between these objects.

Objects: The basic building blocks of RO-Maps are geo-
metric primitives such as line segments extracted from
sensor data. These primitives typically describe objects
such as doors or wall segments. More complex objects
can be generated from existing ones by a process we call
physical aggregation. This process first selects all ob-
jects with a certain property (just like relational clique
templates do in RMNs), and then computes the param-
eters of the aggregated object. For example, physical
aggregation generates a wall object by selecting all wall
segments on one side of a hallway, followed by the com-
putation of the line parameters and color distribution de-
scribing the wall. The left and right wall of a hallway
can be aggregated into a hallway object, which has pa-
rameters such as orientation and width.

Relations between objects can be spatial, such as “distance
from each other”, or appearance based, such as “similar
color”. Relations can be defined on basic objects and ob-
jects generated by (multiple) physical aggregations. Re-
lational clique templates of RMNs can be used to de-
fine RO-Map relations. For example, to consider the
similarity between the widths of the doors in a hallway,
RO-Maps use a clique template C that first selects all
objects that are labeled as doors (such selections are de-
fined via SQL queries on the objects [Taskar et al., 2002;
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Figure 1: Upper graph: Endpoints of laser range-scans observed in a hallway. The points line up very accurately due to the position correction
performed by a scan matching procedure. Middle graph: Line segments extracted from the scans. Wall segments are shown as dashed lines,
doors as solid lines, others as thin black lines. Lower figure: Markov network with example cliques generated for this specific labeling. Thin
solid lines define neighborhoods. The doors in the upper part of the hallway are linked by the door variance clique template. The wall object
is generated by physical aggregation (dashed lines). It is linked to doors by the door indentation clique template (solid lines).

Liao et al., 2005]). The widths of the selected doors de-
fine the value vector vC of this clique, which is then
fed into the feature function fC() that computes the vari-
ance. The potential of the clique, φC(vC), is given by
exp{wC · fC(vC)}, where wC is the feature weight.

RO-Maps are illustrated in Figure 1. The upper plot shows
laser range-scans observed by a robot traveling down a hall-
way; the middle plot shows the labeled line segments ex-
tracted from these scans; and the lower plot shows the nodes
in the corresponding RO-Map along with some of the undi-
rected links generated by the clique templates for this label-
ing. Among others, the figure shows two cliques generated
by the template that measures the indentation of doors. The
template generates pairs of doors and the corresponding wall
object. The potential of the clique is then based on the dis-
tance of the door from the line representing the wall. More
details on features for detecting doors and walls will be given
in the experimental results section.

3 Inference and Learning
3.1 Inference: Labeling objects in RO-Maps
The goal of inference is to estimate the labels (types) of the
objects represented in an RO-Map. Inference in RO-Maps
is more complicated than in regular RMNs. This is due to
the fact that the clique structure of the Markov networks gen-
erated by RO-Maps depends on the unknown labels of ob-
jects, and thus changes during inference. Since it is not clear
how (loopy) belief propagation can be applied to such label-

specific cliques, we use Gibbs sampling, an MCMC tech-
nique, for inference [Gilks et al., 1996]. Whenever the la-
bel of an object is changed during sampling, we determine
all (aggregated) objects and cliques that could be affected by
this change and re-compute their parameters and potentials.
To initialize a Markov chain, we randomly assign labels to
the basic objects in the RO-Map. Based on these labels, we
generate all aggregate objects and their parameters. Finally,
the relational clique templates generate the cliques of the un-
rolled, fully instantiated Markov network.

At each MCMC step, we update the label of a randomly
selected object by sampling from the conditional distribution

p(yk | y−k,x,w) ∝ exp{wT · f(x,y−k ∪ yk)} (4)
where k is the index of the object, yk is one of its possible
labels, and y−k are the labels for the other objects. To com-
pute the probabilities of the different labels yk, we update the
cliques and the parameters of aggregated objects involving
the object k. Even though this process can become inefficient
for highly complex RO-Maps, inference on our current test
hallways is very efficient, as we will describe in Section 4.
We expect further efficiency gains by more elaborate sam-
pling techniques.

3.2 Learning: Determining feature weights
The parameters of RO-Maps are the weights w of the fea-
tures that define the clique potentials. The key idea of our
technique is to learn these parameters from a set of labeled
environments, and then apply the learned weights when the
robot explores a new environment.
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Figure 2: Examples of hallways used for learning and testing. Line segments were labeled manually as Door, Wall, or Other.

The details of our learning technique are beyond the scope
of this paper, more information is given in [Liao et al., 2005].
In a nutshell, the weights are learned by minimizing the neg-
ative log-likelihood of the labeled training data collected in
N environments:

L(w) ≡

N∑

j=1

− log p(yj | xj ,w) +
wT w

2σ2
(5)

Here, j is the index of map mj , and yj are the labeled ob-
jects in the j-th map. The rightmost term avoids overfitting
by imposing a zero-mean, Gaussian shrinkage prior on each
component of the weight vector [Taskar et al., 2002]. Since
(5) is convex, we can determine the global minimum using a
quasi-Newton method, where the value and gradient of L(w)
are determined by MCMC sampling [Liao et al., 2005].

The outcome of the learning procedure is a set of feature
weights that best represent the appearance and spatial con-
straints of the training maps by maximizing the classification
rate. RO-Maps inherit the important benefit from RMNs of
automatically enforcing parameter sharing between (aggre-
gated) objects and relations of the same type. This “smooth-
ing” over instances of classes provides a very powerful tool
for dealing with sparse training data.

4 Implementational Details and Experiments
We evaluated RO-Maps on the task of labeling line segments
extracted from laser range-finder scans collected by a robot
traversing a hallway. The data sets were taken from the
Radish robotics data set repository [Howard and Roy, 2003].
We took two to three hallways from five different environ-
ments each and manually labeled the extracted and aligned
line segments into the three categories Door, Wall, and Other.
Line segments were extracted using the technique described
in [Gutmann and Konolige, 1999]. Some of the test hallways
are shown in Figure 2. To perform the labeling, we relied
on our experience in typical layouts of hallways. In several
cases, we were not sure about the labeling or were only able
to label doors based on the fact that we knew the real build-
ings represented by the maps.

4.1 Features
To label the line segments in the hallways, we implemented
various features. The features were represented by the log-
likelihood of the measured values under a generative model.
This approach allows our technique to automatically take
variability between different features into account.

Physical aggregation Wall objects are the only physically
aggregated objects in our current system. Wall objects
are lines that are generated from line segments that are
labeled Walls and are on the same side of a hallway
(see Figure 1). The Wall object parameters can be com-
puted efficiently from the parameters of the line seg-
ments.

Local features describe appearance properties of objects. In
RO-Maps, such features are modeled by generating a
clique for each object and the corresponding attribute.
We use the length of line segments as a feature. The cor-
responding feature functions return the log-likelihood of
a specific length given a Gaussian representing the distri-
bution over lengths, conditioned on the object type. The
means and variances of the Gaussians for Doors, Walls,
and Others were estimated from the labeled maps. In
our framework it is straightforward to add other features,
such as the color of objects [Anguelov et al., 2004]. Un-
fortunately, the Radish data sets do not contain camera
information.
Aggregated Wall objects have a feature that measures
the alignment of the line segments that make up the wall
object. Alignment is measured by the average distance
of the line segments from the aggregated Wall line. This
feature helps RO-Maps to label line segments as Walls
only when they are well aligned with other Wall seg-
ments.

Neighborhood features describe which object types are lo-
cated next to each other. For example, it is common to
observe a Wall segment next to a Door, but uncommon
to find many Doors in close proximity to one another.
We compute a line segment’s neighborhood by deter-
mining all other segments with endpoints within 40 cm.
Neighborhood features are then modeled by binary indi-
cator functions on the possible label pairs (e.g., “WW”,
“WD”, “DO”).

Spatial features describe the relative position of objects.
The indentation of a Door object is computed relative to
the aggregated Wall object on the same side of the hall-
way. Indentation is given by the minimum distance be-
tween the Door line endpoints and the Wall line, thereby
estimating indentation at the hinge point of a door. As
with line width, the indentation feature function returns
the log-likelihood under a Gaussian indentation model
estimated from the training maps.
Unless an object is a Wall segment, it is highly unlikely
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Doors labeled as Other

Figure 3: Hallway with the highest classification error. The doors in the lower half of the hallway are wide double doors with very large
indentations. Since none of the other training environments contained such doors, our approach labeled them as Other. Some of the open
double doors were detected as doors. All doors in the upper half and all walls (dashed lines) are labeled correctly.

to be both very close and well-aligned with a Wall ob-
ject. RO-Maps detect Other objects by considering the
distance and angle alignment of such objects relative to
the closest Wall object. To compute the likelihood of
specific distances and angles, we estimate discrete dis-
tributions from the training maps (these distributions are
typically non-Gaussian).

Global features depend on multiple objects that are poten-
tially far apart. In our experiments, we measure the sim-
ilarity of the indentations of all doors in a hallway by
computing their variance.

4.2 Experiments and Results
To test the performance of our learning method, we used 5-
fold cross-validation on the five environments extracted from
the Radish repository. To do so, the model parameters were
trained on labeled hallways from four environments and then
tested on the remaining one. Training on a set of 10 hall-
ways took 2-3 hours. To generate the statistics needed for
each iteration of the quasi-Newton optimization technique,
we ran a Gibbs sampler for 1,000 iterations on each training
map. The final 200 samples from each chain were used to
compute differences between the sampled feature values and
the feature values extracted from the labeled maps. These
differences were then used to compute the relative, negative
log-likelihood (5) and the gradient.

Testing, that is, labeling of the objects in an unknown map,
was very efficient and took around one minute or less on av-
erage. For each environment, the labeling error rate was de-
termined by comparing the most probable assignment to the
manually generated label. Most probable assignments were
extracted from the Markov chains by counting the different
labels for each object. The label with the highest count was
compared to the ground truth. To gauge the importance of
different features for labeling the objects in these hallways,
we varied the set of features we used.

Environm. Lengths Lengths + Neighbors All
1 62.6% 88.5% 90.7%
2 58.7% 63.0% 93.5%
3 59.0% 79.2% 89.7%
4 51.8% 96.5% 97.7%
5 60.0% 68.5% 77.9%

Table 1: Average accuracy rates on maps using different fea-
tures.

Table 1 summarizes the results. The numbers give the ac-

curacy rates of the labels, averaged over the two hallways of
each test environment. The leftmost result column gives the
accuracy rates achieved when using only the lengths of line
segments to distinguish between the different object types.
The next column summarizes results obtained when consid-
ering length and neighborhood features. The resulting models
are similar to standard HMMs or MRFs in that they consider
local appearance features (length) and connect neighboring
objects. As can be seen, object neighborhood improves the
results significantly. Furthermore, these results indicate that
the labeling task is by far not trivial. The last column presents
the accuracy rates achieved when using all features discussed
in the previous section. The results show that the additional
consideration of spatial constraints such as door indentation
improves the classification performance by a large margin.

Figure 3 shows the hallway with the highest classification
error (environment 5). As can be seen, most of the doors
along the lower wall of the hallway are mislabeled as Other.
However, this is not surprising given that the indentation of
these doors is far larger than in the other training maps. Fur-
thermore, most of these double doors are closed, which re-
sults in very long line segments. Thus, the labels are very
reasonable, given the training data available to the approach.

Inferred labels
Truth Wall Door Other
Wall 221 5 8
Door 1 122 21
Other 10 12 93

Table 2: Confusion matrix (counts).

Table 2 shows the confusion matrix summarized over all
test environments using all features. The table shows that
most errors are due to confusion between Others and Walls,
and Others and Doors. Walls and Doors are rarely confused.
The overall accuracy rate is 88.4%. This is a very encourag-
ing result, especially since several maps contained objects for
which even humans were uncertain about the correct labeling.

It should be noted that [Anguelov et al., 2004] achieved rel-
atively high accuracy using a hierarchical Bayesian approach
without spatial constraints. This is due to the fact that they
trained model parameters in the same environment and took
visual color information into account. Adding such appear-
ance information to RO-Maps is straightforward and we ex-
pect strong improvements from such additional information.
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5 Conclusions and Future Work
We introduced relational object maps for mobile robot map-
ping. RO-Maps use relational, discriminative techniques to
generate metric maps with semantic object representations.
RO-Maps build upon and extend Relational Markov Net-
works so as to reason about the appearance of and the spatial
constraints between objects in an environment. In order to
distinguish between different types of objects, RO-Maps can
incorporate a variety of features, ranging from global, such
as the width of all doors in a hallway, to spatial, such as the
indentation of a door. To handle the changing structure of the
Markov networks instantiated by RO-Maps, we showed how
to perform inference and parameter learning using MCMC.
During learning, RO-Maps benefit from automatic parameter
sharing provided by relational clique templates. This allows
the models to be trained from relatively sparse training sets.

Experiments in five different environments demonstrate
that RO-Maps are able to achieve high accuracy in label-
ing objects in previously unknown hallways. We show that
the accuracy is improved drastically by taking spatial con-
straints between objects into account. These results are par-
ticularly encouraging given that objects are labeled based on
laser range-data only.

RO-Maps provide an extremely flexible framework for
combining metric accuracy with the representation of individ-
ual objects and structures in an environment. We believe that
RO-Maps are an important step toward more expressive, se-
mantic representations of environments. However, the work
presented here is only the first step in this direction, laying
the foundation for future research projects.

Our current implementation relies on line segments ex-
tracted from laser range-scans as the building blocks of RO-
Maps. As shown by [Anguelov et al., 2004], color infor-
mation extracted from cameras strongly improves the perfor-
mance of object classification. The flexibility of our frame-
work allows us to integrate such additional appearance in-
formation without modifications to the underlying RO-Map
concept. We observed significant improvements in initial ex-
periments with a camera pointed toward the walls. We addi-
tionally plan to improve line segmentation by incorporating
segmentation into the RO-Map inference process. Thereby,
high-level information provided by the RO-Map can guide
range-scan segmentation.

The RO-Maps presented here model objects in individual
hallways only. A key next step will be the extension to more
object classes and multiple, connected hallways, rooms, and
open spaces. The RO-Map framework enables the definition
of high-level structures such as hallways or rooms using the
notion of physical aggregation. We are currently developing
hierarchical representations and inference techniques that la-
bel both high-level structures and individual objects within
these structures.
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Örebro University
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Abstract
The purpose of this paper is to address the prob-
lem of maintaining coherent perceptual information
in a mobile robotic system working over extended
periods of time, interacting with a user and using
multiple sensing modalities to gather information
about the environment and specific objects. We
present a system which is able to use spatial and
olfactory sensors to patrol a corridor and execute
user requested tasks. To cope with perceptual main-
tenance we present an extension of the anchoring
framework capable of maintaining the correspon-
dence between sensor data and the symbolic de-
scriptions referring to objects. It is also capable of
tracking and acquiring information from observa-
tions derived from sensor-data as well as informa-
tion from a priori symbolic concepts. The general
system is described and an experimental validation
on a mobile robot is presented.

1 Introduction
Consider a scenario where a mobile robot is patrolling a cor-
ridor. Its task is to discover new objects and gather infor-
mation about them using both traditional modalities such as
vision and sonar and also non-traditional modalities such as
an electronic nose. A user is able to monitor the robot, sug-
gest actions to improve perceptual performance and request
the robot to perform specific tasks. Tasks are requested from
the user using a symbolic representation consisting of natural
language concepts. While no requests by the user are given,
the robot autonomously prioritises tasks alternating between
patrolling the corridor and inspecting objects or simply wait-
ing on stand-by.

An important facet to this scenario, and scenarios of a simi-
lar nature, is the ability to maintain coherent perceptual infor-
mation. This means that the system should be able to main-
tain the correspondence between the symbolic representation
of objects (requests from the user) and the perceptual data that
refers to them. The system should collect information from
different sensing modalities working concurrently and/or se-
quentially and correctly attribute that information to its inter-
nal representation of the object. The system should include

the preservation of object consistency, so that new informa-
tion about previously seen objects is also correctly attributed.
All the while, the insertion and/or removal of objects from
the environment needs to be considered and accounted for.
From a cognitive perspective, the maintenance of perceptual
information is an integral part of the binding problem [Black-
more, 2003]. That is, how the conjunction of properties are
represented, ranging from the binding of shape and colour
in detecting blue triangles or red squares to the binding that
must occur between and within the senses: “the way the smell
and touch and sight of the sandwich in your hand all seem to
belong to the same object” [Blackmore, 2003] (p.250).

For robotic systems, an important ingredient for maintain-
ing perceptual information is an internal structure to store a
representation of an object. Such an internal structure needs
to satisfy a series of requirements. On one hand, perception
management [Ronnie et al., 2003], an extension of sensor
management [Adrian, 1993], is required to integrate high-
level information about the state of the object in order to make
situation dependent decisions, direct control and select sens-
ing actions. On the other hand, tracking and data association
are also fundamental ingredients necessary to propagate in-
formation about coherent perceptions over time [D.Schulz et
al., 2003]. A third requirement, especially in the context of
a cognitive robot, involves processes, which can create and
maintain the link between high-level information (e.g. sym-
bols) and low-level percepts.

In this paper, we show how the concept of anchoring can
be used as a tool to confront some of the issues relating to
perception management. The anchoring framework [Corade-
schi and Saffiotti, 2000] aims at defining a theoretical basis
for grounding symbols to percepts originating from physical
objects. We present an extension of the framework that is
able to cope with perception management considering multi-
sensing resources and temporal factors. The pivot of this ex-
tension is the use of anchors as internal representations of
objects that integrate symbolic and perceptual information
across time and across sensing modalities. Our ultimate aim
is to shed light on this important aspect of cognitive robotics
as applications extend into realistic environments involving
human-robot interactions and lifelong acquisition of knowl-
edge.

We begin our discussions with a description and review of
the anchoring framework in Section 2. We then present a
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modification of the anchoring framework in Section 3 which
is adapted for the task of perception maintanance. We pro-
ceed by detailing the robotic system architecture used in our
experiments. Section 5 gives the implementation details and
provides a performance example of the complete system. The
paper concludes with a summary of the presented work.

2 The Anchoring Framework
To date, the anchoring framework presented by [Coradeschi
and Saffiotti, 2000] has mainly been considered in the context
of abstraction of perceptual information. This includes asso-
ciation of words to visually recognised objects [Knoblauch et
al., 2004], managing of dynamic object anchoring for high-
level reasoning [Chella et al., 2004] and preliminary works
considering people tracking applications [Kleinehagenbrock
et al., 2002]. A good overview of the range of applications
of the anchoring concept is found in 2004 Robotics and Au-
tonomous Systems special issue on anchoring symbols to sen-
sor data [Coradeschi and Saffiotti, 2003].

Before we present our extension of the framework, we
summarise here the basic elements of the computational the-
ory of anchoring. See ?? for a full account. The theory con-
siders an autonomous system that includes a symbol system
and a perceptual system, and it focuses on the problem of
creating and maintaining a correspondence between symbols
and percepts that refer to the same physical object. The main
ingredients of anchoring are the following [Coradeschi and
Saffiotti, 2000]:
• A symbol system including: a set X = {x1, x2, . . .}

of individual symbols (variables and constants); a set
P = {p1, p2, . . .} of predicate symbols; and an infer-
ence mechanism whose details are not relevant here.

• A perceptual system including: a set Π = {π1, π2, . . .}
of percepts; a set Φ = {φ1, φ2, . . .} of attributes; and
perceptual routines whose details are not relevant here.
A percept is a structured collection of measurements as-
sumed to originate from the same physical object; an
attribute φi is a measurable property of percepts, with
values in the domain Di.

The symbol system manipulates individual symbols, like
’cup-21’, which are meant to denote physical objects and as-
sociates each individual symbol with a set of symbolic pred-
icates, like ’red’, that assert properties of the corresponding
object. The perceptual system generates percepts and as-
sociates each percept with the observed values of a set of
measurable attributes. The task of anchoring is to create,
and maintain in time, the correspondence between individual
symbols and percepts that refer to the same physical objects.

The symbol-percept correspondence is reified in an inter-
nal data structure α, called an anchor. Since new percepts
are generated continuously within the perceptual system, this
correspondence is indexed by time. It is important that the
connections are dynamic, since the same symbol may be con-
nected to new percepts every time a new observation of the
corresponding object is acquired.

At every moment t, α(t) contains: a symbol, meant to de-
note an object; a percept, generated by observing that object;

and a signature, a collection of property values meant to pro-
vide the (best) estimate of the values of the observable prop-
erties of the object.

3 Anchoring for Perception Management
In this section, we present our extension to the anchoring
framework. What makes this contribution unique is that we
extend the applications of anchoring beyond its traditional
use of data abstraction to also include percepts from differ-
ent modalities that may be accessible at different times.

To effectively present our extension, we refer to the three
abstract functionalities defined by [Coradeschi and Saffiotti,
2000]. used to manage anchors, namely, Find, Reacquire,
and Track. The functionalities have been developed for the
consideration of top-down approaches for information acqui-
sition (i.e. imposed a priori symbolic concepts). In this paper,
we revise these existing functionalities to include bottom-up
approaches so that anchors can be created by perceptual ob-
servations derived from interactions with the environment.
Bottom-up approaches have previously been considered on
anchoring frameworks [Knoblauch et al., 2004] but never
in conjunction with top-down approaches. We advocate the
presence of both approaches, in particular for robotic systems
interacting with a human user. To accomplish this, an addi-
tional Acquire functionality is introduced.

3.1 Creation of Anchors
The creation of anchors can occur in both a top-down and
bottom-up fashion. Bottom-up acquisition is driven by an
event originating from a sensing resource (e.g. the recogni-
tion of a segmented region in an image) when perceptual in-
formation which cannot be associated to any existing anchor
is perceived. Top-down acquisition occurs when a symbol
needs to be anchored to a percept, such a call may originate
from an external user or a top-level module (e.g. planner).
Acquire Initiates a new anchor whenever a percept is re-

ceived which currently does not match any existing an-
chor. It takes a percept π, and return an anchor α de-
fined at t and undefined elsewhere. To make this prob-
lem tractable, a priori information is given with regards
to which percepts to consider. In bottom-up acquisi-
tion, a randomly generated symbol is attributed to the
anchor. Furthermore, information about the object and
its properties are included into the world model used by
the planner, in this way the object can be reasoned about
and acted upon.

Find Takes a symbol x and a symbolic description and re-
turns an anchor α defined at t (and possibly undefined
elsewhere). It checks if existing anchors that have al-
ready been created by the Acquire satisfy the symbolic
description, and in that case, it selects one. Otherwise, it
performs a similar check with existing percepts (in case,
the description does not satisfy the constraint of percepts
considered by the Acquire). If a matching percept is
found an anchor is created. Matching of anchor or per-
cept can be either partial or complete. It is partial if all
the observed properties in the percept or anchor match
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Figure 1: Graphical illustration of the extended anchoring
functionalities where bottom-up and top-down information is
possible and different sensing modalities are used.

the description, but there are some properties in the de-
scription that have not been observed.

3.2 Maintenance of Anchors
At each perceptual cycle, when new perceptual information
is received, it is important to determine if the new perceptual
information should be associated to existing anchors. The
following functionality addresses the problem of tracking ob-
jects over time. In this extension, we include the previous
Reacquire functionality as an integral part of the Track and
make no special distinction for it.
Track The track functionality takes an anchor α defined for

t − k and extends its definition to t. The track assures
that the percept pointed to by the anchor is the most re-
cent and adequate perceptual representation of the ob-
ject. We consider that the signatures can be updated as
well as replaced but by preserving the anchor structure
we affirm the persistence of the object so that it can be
used even when the object is out of view. This facili-
tates the maintenance of information while the robot is
moving as well as maintaining a longer term and stable
representation of the world on a symbolic level without
catering to perceptual glitches.

3.3 Deletion of Anchors
By having an anchor structure maintained over time, it is pos-
sible to preserve the perceptual information even if the object
is not currently perceived (caused by the object being out of
view and/or by the inaccuracy in the measurement of percep-
tual data). The challenge is to determine if the association
of new percepts is justified or whether certain anchors should
be removed. Mechanisms for destroying anchors when the
corresponding object has been removed need to be in place.
This is a difficult problem, because conceptually it is not clear
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Plan executor & monitor

User goals &  tasks

Interface

Plan Problem (state & goal)

Anchoring Navigation
Planner

Odour
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Processing

Fuzzy Control
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Figure 2: Overview of the robotic system which uses the an-
choring module. Arrows indicate the flow of information.

when it is appropriate to remove anchors from the system.
Anchors could be removed if they are not relevant for the
current task, because the object to which it refers has been
physically removed from the environment or the reliability of
the perceptual information has expired. Anchors may also
need to be removed if they have been associated to invalid
perceptual data such as sensory glitches. We currently adopt
simple solutions in which objects that are not perceived when
expected decrease in a “life” value of the respective anchor.
When the anchor has no remaining life, the anchor is re-
moved. The converse could be implemented where anchors
are created with initially lowlife values and persistent per-
cepts increase its life value. The decreasing life of anchors is
shown in Figure 4. A more adequate strategy to handle the
maintenance of anchors may also be to include a “long term”
memory where anchors may be stored for future use.

3.4 Integration of the Functionalities
The event-based functionalities are now restricted to the Find
and Acquire while the Track functionality is regularly called.
Figure 1 shows an overview and an example of the framework
and its functionalities. In the example, anchors are created
bottom-up from the visual percepts of a cup. Later, additional
features of that object are required, for example, the olfactory
property. These features are stored in the anchor. When a
top-down request is sent to the anchor module to find a cup
with matching properties denoted by the symbol “cup-22”,
the Find functionality anchors the symbol to the perceptual
data.

As seen in the figure, properties can be collected at differ-
ent time points using different modalities. Even when certain
perceptual properties are updated, such as the smell property,
which may change over time, other perceptual properties are
maintained. Conversely, if the visual percepts of an anchor is
replaced, the smell property previously obtained is not lost.
In this way, the anchor is used to compensate for any dynam-
ically changing features of an object. Furthermore, the per-
ceptual description of anchors can be accessed by the planner
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to reason about perceptual knowledge. In certain cases, this
may result in specific calls to perceptual actions in order to
disambiguate between similar objects.

4 The System Architecture
In this section, we present our own instantiation of the ex-
tended anchoring framework discussed. We begin our de-
scription at the sensor level and proceed to the higher levels
which include a planner and user interfaces. An overview of
the robotic system is given in Figure 2.

4.1 Sensing modalities and control
Our physical robot is a Magellan Pro compact robot and in
the experiments we use its infrared sensors, sonars and tac-
tile sensors. In addition, a CCD camera is mounted on the
robot and the robot is able to recognise pre-defined signa-
tures of objects using standard visual techniques. Perhaps
the most novel of sensors on the robot is an electronic nose.
The electronic nose consists of 32 conducting black polymer
sensors, pattern recognition and classification components,
and an electronic repository of odours stored in the on-board
computer in the robot. The classification algorithm uses the
odour repository as a training set for online recognition of
new odours. To navigate the robot, a collection of basic be-
haviours is used. These behaviours are based on fuzzy control
techniques and can be combined and reasoned about through
use of a behaviour planner (B-plan) explained in [Saffiotti et
al., 1995].

4.2 Anchoring Module
The anchoring module, besides creating and maintaining the
anchor data structure, also serves a secondary purpose to
function as a flag between top-level tasks given by a plan-
ner and low-level sensor data. Although not immediately evi-
dent this function is important in order to co-ordinate percep-
tual processes such as a smelling action which may take up
to several minutes. In such a case, specific calls to percep-
tual actions e.g. “Smell gar-22” are generated from the top-

level planner, which then translates into several behaviours
being activated e.g. “Go near to Gar-22, Touch Gar-2” and
calls to an odour server which activates the respective pumps
on valves on the nose. The odour classification provides the
smell description e.g. “gar-22 smells ethanol” and the per-
ceptual information is updated. Here the anchoring mod-
ule “polices” each event signalling to the respective modules
when certain process need to be activated and when they have
reached completion.

In our instance of the anchoring module, the track function-
ality is achieved by performing a fuzzy matching algorithm
between newly created percepts and previously stored an-
chors in order to partly deal with sensor noise. However, the
purpose of the anchoring framework allows different strate-
gies for the track functionality. A part of the future aims to
integrate more advanced solutions into the existing platform.

4.3 Planner
PTLplanner [Karlsson, 2001] is a planner for partially observ-
able domains with uncertainty (probabilities). It searches in
a space of epistemic states, or e-states for short, where an e-
state represents the agent’s incomplete and uncertain knowl-
edge about the world at some point in time. Although much of
the planning component is standard, it is still worth empha-
sising that the planner can reason about perceptive actions,
such as looking at or smelling an object. The consequence is
that calls to perceptual actions may be made in order to gather
more information about the environment.

4.4 Interfaces
In addition to the computations mentioned in the previous
section for control, perception and autonomy, the system also
has a number of processes for displaying the internal state of
the robot as well as its current model of the external world.
This model of the external world includes locally perceived
objects and a gridmap of the environment built from sensor
data. This is shown in Figure 3. In the left window, the local
view of the robot shows the incoming percepts of the vision
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and spatial modules. In the center figure, a map of the envi-
ronment is shown. Additional interfaces include a live feed
of the images viewed from the CCD camera and an olfactory
interface which shows clusters and data points for a loaded
repository (Figure 3 (Right)). Certain points can be interac-
tively selected to generate new plans for perceptual actions.
It also shows the symbolic representation preserving the elec-
tronic perception of odours used to classify new odours. More
information about the olfactory interface and the categorisa-
tion of odours can be found in [Loutfi and Coradeschi, 2004;
2005].

5 Experiments
The general experiment is performed in a series of corridors.
In each corridor there may be several objects, in this case
garbage cans. The robot automatically toggles between the
task of patrolling the corridor, inspecting objects and waiting
for commands from the user. Patrolling the corridor involves
moving from corridor to corridor in a discovery for new ob-
jects and recognition of previous objects. When an inspect
is invoked, the robot visits each object collecting the odour
property. The inspect is usually autonomously invoked when
new objects are detected.

The purpose of the experiment is to evaluate the ability
of the extended anchoring framework to maitain an internal
representation of the objects in the corridors for an extended
period of time. Throughout the autonomous activity of pa-
trolling the corridor, a user may interrupt tasks by requesting
the acquisition of specific objects. Object requests can be
given by using the image feed from the camera and directly
selecting a region in the screen. The sensory signature of the
object will be matched against current anchors and current
execution of the patrol will be interrupted to include a plan to
visit and inspect the selected object. Object can be requested

by giving to the robot a sample of the smelling object and re-
quest to find similar objects. Finally top-down requests can
be given to find objects by giving to the system a symbolic
description of the object. The anchor that most matches the
description will be returned.

5.1 Results
The a priori information given to the system consists of a
rough map of the environment, shown in Figure 3 (Middle),
and a repository of interesting objects, namely garbage cans
placed outside offices. The robot patrolled the corridors for
a period of 4 days, with intermittent breaks during the day
and longer breaks during the evening for charging the bat-
teries. At any given time, garbage cans would be removed,
displaced, or added into the environment. The total distance
covered by the robot is approximately 1.2 km without the in-
clusion of the extra movement caused by smelling actions and
over 70 odour samples were collected.

The local space of the robot together with the visual image
from the camera as well as the creation, deletion and updat-
ing of anchors is depicted in Figure 4. The figure contains
four snapshots throughout an experimental run described as
follows:
• Scene 1 - The robot begins patrolling the corridor, two

visual percepts are detected and two anchors denoted by
Gar-1 and Gar-2, are created. An inspect is performed
and both anchors obtain olfactory properties, shown in
the Figure by the grey colouring. Since the anchors are
created in a bottom-up fashion their labels are arbitrary.

• Scene 2 - As the robot continues its patrol, another ob-
ject is inserted into the environment at a later time. Note
however, that the previous two anchors are still main-
tained by the track functionality. Although the local
space shows only the current percepts, the anchoring
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module updates the link between the anchor Gar-1 and
the percept Gar-27. A new anchor is also created for the
third object denoted by Gar-3 with visual percept Gar-
24.

• Scene 3 - The robot approaches the object in order to ac-
quire its odour property and the result is stored in the
corresponding anchor. Some time later, the object is
removed from the environment. The life of the anchor
slowly decreases when an expected percept is no longer
detected.

• Scene 4 - The anchor is removed from the system and
unless it is perceived again, its properties cannot be ac-
cessed by the find functionalities described above.

This scenario shows how the anchoring module is used
to create an internal structure which can then maintain the
perceptual coherence of objects, considering each object has
both spatial and olfactory properties. Even when visual prop-
erties of anchors are being updated, the stored smell property
remains until a new odour character is acquired by the next
inspect action. The previous odour character is then stored in
the odour repository.

6 Conclusion
“Take a coin, toss it, and catch it again in your hand...you see
a single object fly up in the air, twist over and over, and land in
one piece on your hand. Bits don’t fly off. The silver doesn’t
depart from the shape, and the shape doesn’t lag behind the
motion.” [Blackmore, 2003] (p.244).

Maintaining perceptual coherence of objects over extended
periods of time involves the management of perceptual infor-
mation from different sensing sources, tracking over time and
maintaining object persistency. In this paper we showed how
a modified anchoring framework could be used as a tool to
satisfy these requirements. Experiments on a mobile robot
were performed where a robot used both spatial and olfactory
sensors to monitor an office environment over an extended
period of time.

The problem of perception management is far from being
solved. In this paper, we have “scratched its surface” by rec-
ognizing the need to consider this problem, highlighting im-
portant issues that arise on an embedded system and present-
ing a first implemented solution.
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Vetenskapsrådet, and by ETRI (Electronics and Telecom-
munications Research Institute, Korea) through the project
”Embedded Component Technology and Standardization for
URC(2004-2008)”. The authors would like to thank Math-
ias Broxvall and Lars Karlsson for their contribution to the
experimental work.

References
[Adrian, 1993] R. Adrian. Sensor management. In Proc of

AIAA/IEEE Conference on Digital Avionics System, pages
32–37, 1993.

[Blackmore, 2003] S. Blackmore. Consciousness: An Intro-
duction. Hodder & Stoughton, Oxford, 2003.

[Chella et al., 2004] A. Chella, S. Coradeschi, M. Frixione,
and A. Saffiotti. Perceptual anchoring via conceptual
spaces. In Proc. of the AAAI-04 Workhsop on Anchoring
Symbols to Sensor Data, Menlo Park, CA, 2004. AAAI
Press. Online at http://www.aass.oru.se/˜asaffio/.

[Coradeschi and Saffiotti, 2000] S. Coradeschi and A. Saf-
fiotti. Anchoring symbols to sensor data: preliminary re-
port. In Proc. of the 17th American Association for Artifi-
cial Intelligence Conf. (AAAI), pages 129–135, 2000.

[Coradeschi and Saffiotti, 2003] S. Coradeschi and A. Saf-
fiotti, editors. Robotics and Autonomous Systems, special
issue on Perceptual Anchoring. Elsevier Science, 2003.

[D.Schulz et al., 2003] D.Schulz, W. Burgard, D. Fox, and
A. Cremers. People tracking with mobile robots using
sample-based joint probabilistic data association filters. I.
J. Robotic Res., 22(2):99–116, 2003.

[Karlsson, 2001] L. Karlsson. Conditional progressive plan-
ning under uncertainty. In Proc. of the 17th Int. Joint Con-
ferences on Artificial Intelligence (IJCAI), pages 431–438,
2001.

[Kleinehagenbrock et al., 2002] M. Kleinehagenbrock,
S. Lang, J. Fritsch, F. Lmker, G. A. Fink, and G. Sagerer.
Person tracking with a mobile robot based on multi-modal
anchoring. In Proc. IEEE Int. Workshop on Robot and
Human Interactive Communication (ROMAN), pages
423–429, 2002.

[Knoblauch et al., 2004] A. Knoblauch, R. Fay, U. Kauf-
mann, H. Markert, and G. Palm. Associating words to
visually recognized objects. In S. Coradeschi and A. Saf-
fiotti, editors, Anchoring symbols to sensor data. Papers
from the AAAI Workshop. Technical Report WS-04-03,
pages 10–16. AAAI Press, Menlo Park, California, 2004.

[Loutfi and Coradeschi, 2004] A. Loutfi and S. Coradeschi.
Forming odour categories using an electronic nose. In
Proc. of European Conference in Artificial Intelligence
(ECAI 2004), pages 119–124, 2004.

[Loutfi and Coradeschi, 2005] A. Loutfi and S. Coradeschi.
Improving odour analysis through human robot interac-
tion. In To Appear Proc of the IEEE International
Conference on Robotics and Automation (ICRA 2005),
Barcelona, Spain, 2005.

[Ronnie et al., 2003] L. Ronnie, M. Johansson, and
N. Xiong. Perception management - an emerging concept
for information fusion. Information Fusion, 4(3):231–234,
2003.

[Saffiotti et al., 1995] A. Saffiotti, K. Konolige, and E. H.
Ruspini. A multivalued-logic approach to integrating plan-
ning and control. Artificial Intelligence, 76(1-2):481–526,
1995.

1482 VISION AND ROBOTICS



2D Shape Classification and Retrieval

Graham McNeill, Sethu Vijayakumar
Institute of Perception, Action and Behavior

School of Informatics, University of Edinburgh, Edinburgh, UK. EH9 3JZ
Email: G.J.McNeill-2@sms.ed.ac.uk, sethu.vijayakumar@ed.ac.uk

Abstract

We present a novel correspondence-based tech-
nique for efficient shape classification and retrieval.
Shape boundaries are described by a set of (ad hoc)
equally spaced points – avoiding the need to ex-
tract “landmark points”. By formulating the corre-
spondence problem in terms of a simple generative
model, we are able to efficiently compute matches
that incorporate scale, translation, rotation and re-
flection invariance. A hierarchical scheme with
likelihood cut-off provides additional speed-up. In
contrast to many shape descriptors, the concept of
a mean (prototype) shape follows naturally in this
setting. This enables model based classification,
greatly reducing the cost of the testing phase. Equal
spacing of points can be defined in terms of ei-
ther perimeter distance or radial angle. It is shown
that combining the two leads to improved classifi-
cation/retrieval performance.

1 Introduction
In many object recognition problems, the examples are most
easily disambiguated on the basis of shape - as opposed to
features such as color or texture. Often the classification of
objects extracted from an image database are most intuitively
formulated as a shape classification task. Here we present a
fast, general algorithm for classification and retrieval of 2D
objects.

Much of the recent work in this area uses a finite set of
points taken from the object’s boundary as the shape repre-
sentation. Points can be selected on the basis of maximal
curvature [Super, 2004], distance from the centroid [Zhang
et al., 2003] or any criteria deemed suitable to the class of
shapes involved. More sophisticated approaches parameter-
ize the boundary as a closed curve and slide points along the
outline to minimize an objective function (e.g. [Wang et al.,
2004]). These methods produce good results but generally
use expensive optimization algorithms. An alternative to find-
ing the ‘correct points’ is to simply place points at roughly
equal intervals along the boundary. Belongie et al. [Belongie
et al., 2002] used this approach effectively in their work on
shape contexts.

Having chosen how to represent the objects, one must solve
the correspondence problem in order to compare shapes. This
is illustrated in Fig.1. Also, a valid set of transformations for

shape matching is required. These transformations represent
the chosen definition of shape, i.e. they are the operations that
leave shape unchanged.

In this paper, we introduce a simple, generic technique for
shape classification and retrieval. Shapes are represented by
a potentially large number of points from their boundaries.
The points lie at fixed intervals in terms of distance along
the boundary or radial angle. This gives an accurate and ro-
bust description of shape that avoids the somewhat arbitrary
decision of what constitutes a good point. The high compu-
tational cost associated with using many points is reduced in
three ways. Firstly, a hierarchical approach avoids the need to
consider all possible label assignments. Secondly, potential
correspondences are considered simultaneously and a clear
winner often emerges early in the computation. Finally, for
classification problems, the algorithm produces class means
with associated variances at each point. This allows model
based classification, requiring fewer shape comparisons at the
testing stage. By considering both the distance and angle
based descriptors, we can accurately describe a wider range
of shapes and increase the classification/retrieval accuracy.
The effectiveness of the method is demonstrated on a bench-
mark data set and compared to other state-of-the-art methods
in the field.

2 Method
We wish to develop generic techniques for classifying or re-
trieving shapes. There are two important issues to consider:
Firstly, the ultimate goal is to work with large data sets and
hence, computational expense is an important factor. Sec-
ondly, the shapes involved may be very diverse, with large
differences between some classes. For example, one class
might consist of very jagged shapes and the other smoothly
curved shapes. This implies that overly specific models of
shape variation should be avoided.

2.1 Shape Correspondence
Given two shapes, we wish to optimally align them in order
to observe the genuine differences in shape. When shapes
are represented by a set of points, it is necessary to find the
best match over all possible label assignments (Fig.1). In this
paper, we use a definition of shape from statistical shape anal-
ysis (e.g. [Dryden and Mardia, 1998]): The shape of a set of
labelled points is all the information that is invariant to ro-
tation, scaling and translation. In addition to this, we also
consider reflection to be a valid transformation. Allowing
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Figure 1: Two identical shapes (left). Large symbols indicate
corresponding points under a random assignment of labels.
To align the shapes, we must find the correct labels as well as
the correct transformations (right).

only basic transformations reflects our lack of prior knowl-
edge about the shape classes involved. We now formulate
the correspondence problem in a probabilistic fashion. This
will enable correspondences to be chosen at minimal compu-
tational cost.

Correspondence Algorithm
Consider two shapes, each represented by k points from
their respective boundaries: X = (x1 . . .xk)T and Y =
(y1 . . .yk)T ∈ R

k×2. Both shapes are centered:
∑k

j=1 xj =
∑k

j=1 yj = 0. We assume that the yj are generated indepen-
dently from

yj ∼ N(sΓxj+m|k + t, σ2I2) (1)

for j = 1, . . . , k, where s is a scaling parameter, t a trans-
lation vector and Γ a 2D rotation matrix - reflection is dealt
with later. m ∈ {0, . . . , k − 1} cycles the labels of the points
in X. Finding the maximum likelihood estimates (MLEs) of
the parameters is a restricted version of the matching prob-
lem for two unlabelled sets investigated in [Kent et al., 2004].
For the general case, the large number of potential correspon-
dences (k!) can make finding the MLEs prohibitively expen-
sive. However, here we are dealing with boundaries and need
only consider cycling of the labels. This means that there are
only k potential label assignments and the computational cost
of computing the MLEs Γ̂, ŝ, t̂ and m̂ is more acceptable.

The likelihood of the parameters can be written as

L(m, s, t,Γ) =
1

(2πσ2)k
exp{ −1

2σ2
d2(Y,X)} (2)

where

d2(Y,X) =
k∑

j=1

‖yj − (sΓxj+m|k + t)‖2.

For a fixed m ∈ {0, ..., k − 1}, ŝ, t̂ and Γ̂ take values that
minimize d2(Y,X) - a consequence of assuming isotropic
variance and independence between points. We now exploit
a closed form solution for the minimum of d2(Y,X) which
can be written compactly using complex notation. Letting
xj ≡ (xj1, xj2)T → xj1 + ixj2 ≡ zj ∈ C, the shapes
become complex vectors: X → z,Y → w ∈ C

k. Following

Figure 2: Two shapes from the same class, each described
by 100 points (left) - linear interpolation is used to aid visu-
alization. The correspondence algorithm correctly cycles the
labels and the shapes can be aligned (right).

[Dryden and Mardia, 1998] we have, for a fixed cycling m,
and unit sized shapes (

∑k
j=1 |zj |2 =

∑k
j=1 |wj |2 = 1)

min
Γ,s,t

d2(X,Y) = 1 − |w∗z|2

where w∗ denotes the conjugate transpose of w. Absorbing
the size normalization into the distance expression gives the
expression for the full Procrustes distance:

dF (z,w) = 1 − |w∗z|2
w∗wz∗z

. (3)

This is a standard metric in shape analysis. Substituting
d2

F (z,w) into eq.(2) allows us to evaluate L(m, ŝ, t̂, Γ̂) for
all m ∈ {0, ..., k − 1} and hence, find m̂. Fig.1 demonstrates
the correspondence algorithm applied to two identical shapes
- alignment is achieved using the full Procrustes fit (Section
2.2). As expected, the shapes can be perfectly matched. In
Fig.2, the shapes are different examples from the same class.
A good match is possible after finding the best correspon-
dence.

Invariance with respect to reflection is not yet incorporated
into the distance computation. It is worth mentioning that
Procrustes distances can directly incorporate reflection invari-
ance [Mardia et al., 1979]. Unfortunately, this idea is not
compatible with our formulation of the correspondence prob-
lem. A simple example demonstrates this: Imagine z is the re-
flection of w. When faced with the task of corresponding the
two shapes, we are obviously unaware of the reflection and
proceed to label both shapes in an anticlockwise direction. w
will only be the same as its reflection (in the Procrustes sense)
if the labels are reflected along with the points. Doing this
would flip the direction of the labels to clockwise. z cannot
be matched to the original w (due to reflection) nor to the re-
flected w (because the labels run in opposite directions). The
reflection of z is given by z∗ ≡ (z̄1, . . . , z̄k). This operation
changes the direction of the labels to clockwise. Reversing
the order of the entries: zR ≡ (z̄k, . . . , z̄1)T , switches the
direction back to anticlockwise. The optimal correspondence
between zR and w can now be found as normal. This appar-
ent doubling in computational expense can be significantly
reduced by tracking the correspondence calculations for the
non-reflected shapes.

Reducing the Computational Cost
Any classification or retrieval problem will require a large
number of correspondences to be found. The cost of com-
puting correspondences is dominated by k - the number of
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Reduce dimensions using

a coarse shape representation

Reduce number of columns

using likelihood cut-off
zw*

Figure 3: Example of how the speed-up techniques can affect the dimensions of the outer product matrix - see text for details.

boundary points used. Firstly, the number of cycles to con-
sider increase linearly with k. Secondly, the distance com-
putation used to evaluate a correspondence is essentially a
dot product of vectors in C

k. From an accuracy perspective,
it may be necessary to have a large k. Fortunately, for any
given k, there are options for reducing both the number of
cycles that are considered and the cost of each distance com-
putation.

To evaluate d2
F (z,w) it is necessary to compute the dot

products w∗w, z∗z and w∗z. The values of w∗w and z∗z
do not change with the cycle value and need only be com-
puted once. The cost of corresponding z and w is therefore
dominated by calculating the dot product between w∗ and all
cycled versions of z. This is equivalent to summing along
the diagonals of the outer product matrix zw∗ (for example,
summing the leading diagonal gives the value of w∗z when
the cycle value is zero - see Fig.3). The following procedures
reduce the dimensions of zw∗ and hence, the computational
cost of the algorithm.

The number of points used, k, is assumed to be large (say
k = 100). To avoid considering all k possible values of the
cycling parameter m, we initially consider a coarse represen-
tation of the shapes using k′ < k points (say k′ = 20 and
the points are found by selecting every fifth point of the 100).
The likelihoods for all 20 values of the cycling parameter m′
are then evaluated as normal. It seems reasonable to assume
that the most likely m will correspond the shapes in a simi-
lar way to that which would be achieved using all 100 points.
Since the 20 points come from the original 100, it is easy
to relate these approximate correspondences back to the true
shapes (those described by 100 points). The final correspon-
dences are found in the standard way, but only cycle values
close to the approximated value are investigated. The outer
product matrix is in C

20×20 rather than C
100×100 for the first

round of correspondences (Fig.3). At the fine tuning stage,
only a small number of the potential 100 correspondences are
evaluated. Thus, the overall cost is greatly reduced.

Regardless of the number of points used to describe a
shape, it seems that the full matrix zw∗ must be evaluated
and used to compute the Procrustes distances. However,
by computing the columns of zw∗ incrementally, the like-
lihoods over all k possible cycles can be monitored and a
correspondence chosen when one of them exceeds a given
threshold (c.f. Fig.3). This approach captures the intu-
itive idea that some correspondences will be much easier to
find than others. The likelihood threshold is reached after

fewer iterations when ‘new’ points are selected at random
(e.g. ¯w137z, w̄49z, . . . ) so that the full boundary is explored
quickly.1 Clearly if the threshold is never reached and all
the points are needed, this incremental method will be more
costly than the basic algorithm. The additional cost comes
from updating the k different z∗z associated with each la-
belling of z and from evaluating the likelihood at each stage.2

It can be partly avoided by evaluating zw∗ in blocks, rather
than single columns. Often very few points are required to
find the best correspondence (Section 3.3). It is worth not-
ing that our algorithm could assign correspondences on the
basis of minimum Procrustes distance (dF ) - so why bother
with likelihoods? Fig.4 shows the evolution of the likeli-
hoods compared to the squared full Procrustes distances for a
typical problem. The likelihood approach magnifies the best
correspondences and kills-off the worst, leading to a quicker
choice of cycle parameter m. Recall from eq.(1) that there is
isotropic variance, σ2, at each point. σ2 is a free parameter
that affects how quickly the likelihoods peak to a single cy-
cle value. A small variance encourages fast correspondence
selection (Fig.4 (right)) but assumes little within class vari-
ability. Note that this thresholding technique is applicable
whenever the correspondence algorithm is used, i.e. it is in-
dependent of the above method for reducing the number of
cycle values considered.

Shape Descriptors
The correspondence algorithm is independent of how the k
boundary points are selected in the first place. To keep our
approach as generic as possible, very simple point selection
techniques are used. We either choose points at roughly equal
intervals along the boundary or points at equal increments
of the radial angle (the centroid radii model [Chang et al.,
1991]). We refer to the former method as the perimeter shape
descriptor and the latter as the radial descriptor. In some
cases, a line from the origin can intercept the boundary at
more than one point. To make the radial descriptor consis-
tent, all boundary points close to these intercepts are consid-
ered and the point most distant from the origin is selected.
This can lead to parts of the shape being ignored. However,
the results in Section 3 demonstrate the advantage of using

1Discontinuing the likelihood computation for any m whose like-
lihood drops below a given threshold would further increase the
speed of the algorithm.

2A random subset of a centered shape will be approximately cen-
tered so there is no need to update the center incrementally.
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Figure 4: Squared full Procrustes distances (left) and normalized likelihoods (middle) between two shapes from the mouse
class. The different lines indicate the distance/likelihood after using a given number of points - or equivalently, computing a
given number of columns of zw∗. Decreasing σ2 exaggerates the peaked profile of the likelihoods (right).

this sub-optimal descriptor.

2.2 Shape Model
The correspondence technique discussed above can be incor-
porated into a nearest neighbor classifier: given a test shape,
find its optimal correspondence with every training shape and
classify on the basis of minimum Procrustes distance. This
requires finding a large number of correspondences, a prob-
lem that can be avoided using prototypes. Ideally, the full
Procrustes mean of each class would form the set of proto-
types. The definition of this mean follows naturally from the
definition of dF . It is defined as µ̄ ∈ C

k such that ||µ̄|| = 1
and

µ̄ = arg min
µ

n∑

l=1

d2
F (zl,µ) (4)

where z1, . . . , zn are all the shapes in the class. Bookstein
[Bookstein, 1996] has proposed an iterative method for find-
ing µ̄. By incorporating the correspondence algorithm into
this method, we can correspond shapes directly onto a run-
ning class mean.3 This procedure relies on the full Procrustes
fit for aligning two shapes. Fitting z to w transforms z so that
the sum of squared distances between corresponding points is
equal to dF (z,w). In Fig.1, dF (z,w) is zero and a perfect fit
is achieved. In Fig.2, dF (z,w) is small because the shapes
are similar and a reasonable fit is possible. The fit of z onto
w is given by

zfit = z∗wz/(z∗z). (5)

The algorithm for finding the correspondences and the mean
within a given class is shown in Table 1. Shapes are succes-
sively corresponded and fitted to a running mean.

Given a mean, the sample covariance matrices can be cal-
culated at each point. The final class model consists of a mean
shape - k independent 2D points, each with an associated co-
variance matrix. Fig.5 shows the algorithm applied to twenty
objects from the same class.

2.3 Shape classification
The most likely correspondence and fit between a test shape
and each class mean is found as described in Section 2.1. For
classification, the model for finding correspondences (eq.(1))
is modified. Points are still assumed independent, but the

3µ̄ can be calculated analytically when the correct labels are
known(see e.g. [Dryden and Mardia, 1998]).

Table 1: Algorithm for corresponding all shapes from a given
class to a running class mean.

Initialize: µ = final shape in class
for i = 1:cycles for j = 1:final shape in class

1. get corresponding labels of shape j and µ
2. fit shape j to µ
3. recompute µ using arithmetic mean at each point

end
end Fit all shapes to the final µ

Figure 5: Left: class mean (bold) and the twenty class ex-
amples fitted to the mean using 100 points (interpolated for
visualization); Right: class mean and scatter of correspond-
ing points at four positions.

isotropic covariance is replaced by the sample covariance ma-
trix4 at each point. Thinking of shapes as sets of points in R

2,
a test shape X = (x1, . . . ,xk)T is assigned to a class c(X)
using maximum likelihood (ML)

c(X) = arg max
c=1,...,C

(
k∏

j=1

f(xj ;µcj ,Σcj)) (6)

where C is the number of classes, (µc1, . . . µck)T ∈ R
k×2

is the mean of class c, Σcj ∈ R
2×2 is the sample covariance

at µcj and f(·;µcj ,Σcj) is the pdf of the bivariate normal
distribution N(µcj ,Σcj).

4Computed during the training phase.
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Figure 6: Example boundaries from the MPEG-7 data set.

3 Evaluation and Results
The proposed technique is tested on the benchmark MPEG-
7 shape database [Latecki et al., 2000]. This consists of 70
classes with 20 observations in each class. Pixels lying on a
closed boundary are extracted in a clockwise direction using
Matlab’s image processing toolbox. Some of these bound-
aries are shown in Fig.6 (the same data was used for Figs. 1,
2 and 5). The first principle component of these (2D) points
is aligned with the x-axis. This helps reduce the problem of
‘sub-interval shifts’ producing an artificially high Procrustes
distance between similar shapes – particulary for small k.
The shape is described by k points using either the perimeter
or radial descriptor as described in Section 2.1. Initially we
present results without using any speed-up techniques. The
impact of these are explored in Section 3.3.

3.1 Leave-one-out Shape Classification
A thirty class subset of the MPEG-7 database was recently
used by [Kunttu et al., 2003] in their work on multiscale
Fourier descriptors. Their approach outperformed the stan-
dard contour Fourier descriptor in various classification tasks.
Using leave-one-out classification with a nearest neighbor
classifier, they achieved 94.2-96.3% accuracy (depending on
the length of shape descriptor). We use the perimeter descrip-
tor with the same data set and testing procedure (i.e. leave-
one-out and nearest neighbor) to enable a direct comparison
with their results. Test shapes are fitted to training shapes us-
ing the correspondence method described in Section 2.1. The
nearest neighbor is the training shape closest to the test shape
in terms of full Procrustes distance. Results are shown in the
first row of Table 2. Classification accuracy is slightly better
than that of [Kunttu et al., 2003] and the results are consistent
over a wide range of k. The same tests were carried out using
the ML method described in Section 2.3. Results are given
in the bottom row of Table 2. This prototype based technique
is almost as accurate as the nearest neighbor classifier and re-
quires that many fewer correspondences are found - 30 versus
599 per test shape.

The first column of Table 3 shows the corresponding re-
sults for the full seventy class data set with k = 48.5 One

5Classification using distance to the nearest prototype is less ac-
curate than the ML classifier. This indicates that the (point-wise)
scatter about the mean is sufficiently ‘tight’ so as to produce covari-
ance matrices that accurately reflect the within-class variability.

Table 2: Classification performance(%) for the thirty class
data set (k = number of points, perimeter descriptor used).

k 12 24 48 72 96
N. neighbor 95.67 97.83 97.83 97.50 98.00
ML 93.17 96.00 96.83 96.67 87.17

Table 3: Classification performance(%) for the seventy class
data set with k = 48.

Perimeter Radial Combined
N. neighbor 95.71 91.00 96.29
ML 90.36 83.79 92.64

reason for the slightly poorer results on the full data set is
that there are now classes for which the perimeter descriptor
is definitely not suitable. Despite the generally inferior per-
formance of the radial descriptor (Table 3, middle column),
it performs significantly better for some classes. This sug-
gests that using both descriptors may improve classification
accuracy. Here, we demonstrate how a naive combination
of the descriptors can enhance performance. The ML clas-
sifier is modified as follows: Each descriptor (perimeter and
radial) gives a vector of class-conditional likelihoods for the
test shape. The two vectors are normalized so that they each
sum to one. For a given class, the maximum of the two can-
didate likelihoods is used for classification. This reflects an
assumption that the descriptor with the most confident predic-
tion is correct. It is less clear how to normalize the distances
for the nearest neighbor classifier. We assume that the major-
ity of shapes bear no resemblance to the test shape and hence,
give rise to meaningless correspondences and distances. Nor-
malization is therefore carried over the minimum q entries in
each distance vector (q � total number of shapes). The dis-
tance used for classification is the minimum of the two can-
didate distances. Here, and in Section 3.2, we fix q = 200.
The results in Table 3 show a small rise in classification ac-
curacy for the combined case over the perimeter only case.
Evidently, the increase in performance is limited by the al-
ready high performance of the perimeter descriptor and the
simplicity of the normalization technique.

3.2 Bullseye Test for Shape Retrieval
This is a frequently used test in shape retrieval and enables us
to compare our algorithm against many of the best perform-
ing shape retrieval techniques. A single shape is presented
as a query and the top forty matches are retrieved (from the
entire data set - the test shape is not removed). The task is
repeated for each shape and the number of correct matches
(out of a maximum possible 20) are noted. A perfect per-
formance results in 1400 × 20 = 28000 matches. Results
are given as a percentage of this perfect score. The first two
rows of Table 4 show the result of the proposed technique us-
ing the perimeter and radial descriptors when no speed-ups
were used. The bullseye score was also computed using the
combined approach as described for nearest neighbor clas-
sification in the previous section. Results are shown in the
bottom row of Table 4. [Super, 2004] notes that the best per-
forming algorithms in this test have scored between 75.44%
and 78.17%. A naive combination of two simple descriptors
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Table 4: Scores for the bullseye test(%).
k 12 24 48 72 96
Perimeter 67.29 74.83 76.28 76.00 74.73
Radial 53.33 64.02 67.57 68.03 68.08
Combined 70.67 77.77 79.14 79.19 78.56

Table 5: Classification performance using speed-ups.
Standard LC C-F C-F/LC

NN 97.83 97.13 (8.53) 97.83 97.17 (3.91)
ML 96.83 88.75 (9.73) 94.33 85.00 (4.13)

outperforms all of the previously tested algorithms. It should
be noted that these results depend on the free parameter q, the
number of shapes used in normalization. We are investigating
methods for automatically selecting this value.

3.3 Fast Correspondence
We repeat the classification tests on the thirty class data set
using the speed-ups described in Section 2.1. The perime-
ter descriptor with k=48 is used throughout. The results are
given in Table 5 - results are averaged over 10 runs where
likelihood cutoff is used. Column one shows the results when
no speed-ups are used. The second column shows the re-
sults using likelihood cut-off. A correspondence is chosen
when the highest likelihood exceeds the second highest like-
lihood by 2/(2 × k) (i.e. twice the probability assigned to
all correspondences under a uniform distribution - recall re-
flection must be considered). The average number of points
needed to choose a correspondence is given in brackets. Col-
umn three gives results when the coarse-to-fine correspon-
dence technique is implemented with k′=12. An approximate
shape correspondence is mapped back to the 48-point shapes
and the best correspondence is chosen over three shifts of the
labels in either direction. The final column also shows results
using the coarse-to-fine technique but with likelihood cut-off
implemented when corresponding the coarse shapes. Imple-
menting the speed-ups has little impact on the accuracy of
nearest-neighbor classification. The ML classifier is signifi-
cantly affected; the coarse-to-fine method produces a moder-
ate reduction in accuracy (94.33 from 96.83) whilst likelihood
cut-off leads to a dramatic decrease in performance. Since a
test-shape is only compared to its correct class once in the
ML case (the class prototype), it is not robust to the increased
probability of the correspondence algorithm failing when a
low threshold likelihood cut-off is used.

4 Discussion
We have proposed an efficient, correspondence-based shape
classification algorithm for 2D boundaries. Shapes are rep-
resented by points placed at equal intervals along the bound-
ary; hence, there is no heuristic procedure for choosing the
points. A hierarchical matching (going from coarse to fine
matches) and likelihood thresholding significantly reduce the
cost of finding correspondences with minimal impact on clas-
sification accuracy. This ensures that easier to match shapes
do not have to go through the complete correspondence com-
putations. The algorithm was tested on the MPEG-7 shape
database and was shown to outperform the popular contour

Fourier method. Our approach leads to an intuitive class
model that can be used for fast prototype-based classification.
The results using this method were comparable to that of stan-
dard nearest-neighbor classification. The approach was also
shown to perform well in the commonly used bullseye re-
trieval test. Combining two simple shape descriptors further
improved retrieval accuracy.

The ideas presented are most relevant to general shape clas-
sification and retrieval problems where there is insufficient
knowledge to construct a priori models. Combining/choosing
between different shape descriptors is difficult in retrieval
since there is no training data available. However, relevance
feedback (common in document-based information retrieval)
is a realistic mechanism for gaining additional information
and can be used to guide dynamic selection and weighting of
shape descriptors. Future work will investigate this possibil-
ity.
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Abstract

Several researchers have attempted extract the prin-
ciples behind hormone gradients found in biologi-
cal system, and apply them to control physically
manifested distributed systems. This paper presents
an efficient implementation of a graph-based ver-
sion of hormone gradient mechanisms. The algo-
rithm is based on hop-counting of the topological
distance between any given vertex and the hormone
emitting vertex, and can deal with dynamic changes
to the topology of the system. Performance of
the described algorithm is documented through a
number of experiments. The algorithm was de-
veloped for use in self-reconfigurable robotics, but
might very well be useful for many other appli-
cations. The use of the algorithm to provide a
common coordinate system for a collection of self-
reconfigurable robot modules is described, that pro-
vides pose relative to the emitting module for all
modules affected by the hormone.

1 Introduction

Hormone gradients have a central role in the coordination
of growth and self-repair in biological multicellular systems.
Several researchers have attempted to use these same mech-
anisms to control physically manifested distributed systems,
by using some abstraction over the perceived functioning of
biological hormone gradients. This paper presents an efficient
implementation of a graph-based version of hormone gradi-
ent mechanisms, based on hop-counting and spanning a tree
over the topology, that can deal with dynamic changes to the
topology of the system. The paper will also describe how the
algorithm can be used to relay a common coordinate system
for modules in a self-reconfigurable robot. Even though the
focus was on self-reconfigurable robots during development,
the algorithm is believed to have much wider applicability.

2 Graph-Based Hormone Gradients
As a first approximation, simple gradients are fairly easy to
implement. Figure 1 illustration a) shows a graph represent-
ing a system of 11 vertices, with 11 edges. In b) a simple
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Figure 1: A few simple graph gradients

width first graph traversal algorithm (starting at the gray ver-
tex) has been applied to assign a value to each vertex, where
the value corresponds to the recursion depth. The result is
that each vertex holds its distance to the gray vertex. In c)
a similar algorithm is run, where a limit has been imposed
on the recursion depth. The value assigned to vertices is the
limit minus the recursion depth, resulting in the held value de-
creasing the further we get away from the gray module. This
can be regarded as an abstract implementation of a hormone
gradient emitted from the gray vertex. The hormone gradient
is emitted with a given strength that defines the depth of the
recursion (the maximum topological distance) and thus the
number of affected vertices. The c) approach also allows us
to have several emitting vertices, as shown in d) where two
vertices are emitting a gradient, one with strength 3, and one
with strength 5. In d) the graph algorithm is designed such
that once a vertex has been assigned a value, only higher val-
ues can be assigned to that vertex.

To illustrate how this can be used as a gradient, in e) arrows
point to the edge leading to the vertex with highest value.
We see that if we start at any vertex in the graph and follow
the arrows, we end up at one of the emitting vertices. Also
we see that the vertex with a higher emission strength has a
larger basin of attraction than the vertex with lower emission
strength.

3 Agent-Based Hormone Gradients
The previous section briefly described how traditional graph
traversal algorithms can produce a loose analogy to biologi-
cal hormone gradients. However, in a physically distributed
system we cannot directly use graph traversal algorithms.

This paper presents a distributed algorithm, providing in-
formation on topological distance in communication net-
works with dynamic changing topologies. Consider an agent

1489VISION AND ROBOTICS



for each vertex in the graph, where agents asynchronously
and without any global knowledge, efficiently realizes such
graph hormone gradient information.

3.1 RelatedWork
Hormone gradients have been studied by biologists and have
been found to be a key player in coordinating and controlling
growth in plants and animals. Mainhardt and Gierers’ [Mein-
hardt, 1993] [Meinhardt and Gierer, 2000] work on how hor-
mone gradients control the forming of the tentacles of the
Hydra animal describes how hormones are responsible for al-
most all aspects of shaping the animals body. Other relevant
work includes Nishimura’s [Nishimura and Sasai, 2004] work
on chemo-taxis on cells in solutions with chemical gradients.

Several researchers have extracted and abstracted these
mechanisms for use in the multi-robot domain. Amorphous
computing [Abelson et al., 2000][Nagpal, 1999][Nagpal et
al., 2003] is one example of research relying heavily on sim-
ulated hormone gradients, and many more examples exist,
including work on cell division in artificial evolution [Hotz,
2004], and in self-reconfigurable robotics, such as Bojinov,
Casal and Hogg’s scents [Bojinov et al., 2000].

All the implementations of digital hormone gradients in
the distributed robotics literature rely on continuous broad-
casting of a hop-count number. When an agent receives a
message with a hop count number, it remembers this number
and starts emitting a message with an incremented or decre-
mented hop count number, at regular intervals. A timer keeps
track on when the last message matching the stored hop count
number was received. If too long time has expired, the stored
hop count number is erased, and the agents stop sending mes-
sages.

As a first approximation, this continuous broadcasting ap-
proach works fine. However, there are two main problems
with this approach:
• Frequent emission of messages, even if there is no

change to the topology of the agents.
• Continuous broadcast style approaches can fail to deal

adequately with dramatic changes to the topology.
The first point has to do with efficiency in terms of power

consumption and processing power. The second point, illus-
trated in figure 2, is more serious.

For these two reasons, it is desirable to develop a better
algorithm.

4 Features of the Algorithm
The algorithm described in this paper is an extension of E.
Gafni and D. Bertsekas’ work described in the paper “Dis-
tributed Algorithms for Generating Loopfree Routes in Net-
works with Frequently Changing Topology” [Gafni and Bert-
sekas, 1981]. Their algorithm has a number of properties that
makes it interesting for the purpose of this paper:

1. The algorithm is distributed and works on unknown
communication topologies.

2. Their algorithm spans a directed acyclic graph (DAG)
over the network topology, where all directed paths lead
to the destination.
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removed

Source

Figure 2: Illustration of a case where continuous broadcast-
style graph gradients is problematic. Assume a gradient
source in the upper part of the illustrated graph, emitting
a decrementing gradient (type c) from figure 1) with high
enough intensity to cover the graph. When the edge is re-
moved, we would like gradient information to disappear from
the amputated part of the graph. However, depending on
the exact implementation of the broadcast-style approach, the
gradient hop-count number might instead drift (slowly) to-
wards infinity or zero. The problem is, that when one vertex
has timed out, it might receive an new gradient message from
one of its neighbors, keeping the gradient “alive”.

3. In the event of changes to the topology of the network,
the algorithm creates a new DAG using an iterative
method.

From a functional point of view, the algorithm presented in
this paper is an improved version of the algorithm presented
by Gafni and Bersekas, with two additional features;

4. From a given vertex, the length of any directed path to
the destination is equal to the shortest undirected path to
the destination.

5. Each vertex knows its topological distance from the des-
tination.

4.1 Definitions
The algorithm described below works on a graph, to create a
loose analogy to chemical/hormone gradients. The algorithm
is completely distributed, and is able to deal with frequently
changing topology, while at the same time using very little
communication. Consider an agent for each vertex v in the
graph G = (V, E). Agents have a number of ports, through
which they can communicate to other agents. The algorithm
uses two features per agent. Agents can emit a hormone with
strength s and sense the intensity i of the hormone. Both s
and i are in

�
, the set of natural numbers. We require agents

to know which of their ports are connected to other agents,
and which are not. Given this, a digital hormone gradient can
be defined as a four-tuple, {G, I, S, P}, where:
• G = (V, E) is a graph, where vertices are elements of

the configuration, and edges are physical connections
between the elements.

• I : V →
�

is the hormone intensity (concentration)
mapping, so that i = I(v) is the hormone intensity for
vertex v.

1490 VISION AND ROBOTICS



• S : V →
� is the hormone emission strength mapping,

where s = S(v) is the strength s with which vertex v ∈
V emits the hormone.

• P : (V ×
�

) → ({�}
⋃

V ) is the port function. The
port function holds information for the state of each of
the agent’s ports, so that P (v, n) is the state of the agent
for vertex v’s n’th port. The symbol � is used to specify
a port that is not connected, such that ∀n ∈

�
: ∀v ∈

V : ∀v′ ∈ P (v, n), {v, v′} ∈ E ⇔ P (v, n) ∈ V .

The four-tuple {G, I, S, P} describes the global state of
the hormone gradient, but we are aiming at a distributed
algorithm with only local information. For any given ver-
tex v ∈ V , the local gradient state information available is
i = I(v), s = S(v) and for each of the j ports, pn = P (v, n)
where 0 ≤ n < j. Besides this information, the algorithm
requires agents to remember their parent in the spanning tree
−1 ≤ f < j (using −1 for no parent), a timer/counter t ∈

�

and an array for storing information on which ports to send
messages to, m[n] ∈ {NONE, PROPAGATE}.

The algorithm basically works by maintaining local infor-
mation on the spanning tree, such that the variable f always
points to the port from which the gradient is flowing. The
timer/counter is used to adjust the relative speeds of propa-
gating gradient and deleting the gradient. Without this ad-
justment continuous propagation and deletion of the gradient
in local cyclic areas of the graph might arise, causing much
communication and slow hormone deletion. However, this
adjustment introduces a parameter that is the number of time
steps to delay propagate messages when spreading the gradi-
ent. Lower values cause the algorithm to be faster but more
unstable.

The algorithm for each agent, implementing the desired
graph-based hormone gradient behavior, is given below. Note
that neither global communication nor synchronization be-
tween agents is assumed.

The —initialize— function resets the variables of the
agent. —emitGradeint— is used to set the hormone emis-
sion strength of the agent. Setting to zero clears the gradient.
—updateGradient— holds the central functionality such as
sending messages, and should be called at regular time inter-
vals. The frequency at which it is called determines the hor-
mone propagation speed in the system. The four event func-
tions —connectEvent—, —disconnectEvent—, —prop-
agateMessageRecievedEvent— and —deleteMessageRe-
cievedEvent— are very light-weight and can be called in
some interrupt routine whenever the corresponding event is
detected.

—initialize()—
i := 0; s := 0; f := 0; t := 0;
foreach n ∈ {0..j − 1} do

m[n] := NONE;
end

—emitGradient(s ′)—
s := s′;
—connectEvent(n)—
m[n] := PROPAGATE;

—disconnectEvent(n)—
if n = f then

f := −1;
end

—updateGradient()—
if s > i then

i := s; f := −1;
foreach n ∈ {0..j − 1} do

m[n] := PROPAGATE;
end

else if s < i ∧ f = −1 then
foreach n ∈ {0..j − 1} do

if pn 6= � then
sendDeleteMessage(n,i-1);

end
m[n] := NONE;

end
i := 0;

else if t > 0 then
t := t − 1;
if t = 0 then

foreach n ∈ {0..j − 1} do
if n 6= f then

m[n] := PROPAGATE;
end

end
end

else
foreach n ∈ {0..j − 1} do

if pn 6= � ∧ m[n] = PROPAGATE ∧ i > 1 then
sendPropagateMessage(n,i-1); t := 0;

end
m[n] := NONE;

end
end

—propagateMessageRecievedEvent(n ′, i′)—
if i′ > i then

i := i′; f := n′; t := 3;// This constant (3) defines the
delay before propagating the gradient, to allow delete
messages to “catch up”.

else if i′ < i − 1 then
m[n′] := PROPAGATE;

end

—deleteMessageRecievedEvent(n ′, i′)—
if i′ ≥ i then

f := −1;
else

m[n′] := PROPAGATE;
end

4.2 Testsof the Algorithm

The algorithm was implemented and tested on graphs with
varying sizes and numbers of loops, shown in figure 3. To
test the robustness of the algorithm, the different activation
schemes described in [Butler et al., 2002], D0,D1 and D∞,
were used for the agents. In D0, agents are activated in a
fixed order each time step, in D1 the agents activation order
is permuted for each time step, and in D∞ a random agent
is picked and activated n times each time step, where n is
the number of agents. Figure 4 shows the number of mes-
sages passed as a function of the number of modules for three
different graph types, using the D∞ activation scheme. The
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String graph Fully connected gridSingle cycle graph

Figure 3: The three graph types used to test performance of
the distributed hormone algorithm. The gray vertex is the
source of the gradient.

data shows that the algorithm has good performance, in that
the number of messages passed is linearly proportional to the
number of edges in the graphs, and that the number of time
steps used to propagate the hormone is proportional to the
diameter of the graph.

A different set of experiments were performed for counting
the number of messages used to remove the gradient again,
by setting the emission strength of the emitting agent to zero.
These results are shown in figure 5. The results show that the
number of messages generated for removing a hormone is
linearly proportional to the number of involved graph edges.
Notice that removing the hormone is faster than covering the
graph, due to the delay on propagating the gradient.

5 Pose Hormone Gradients

The previous section described the basic graph hormone gra-
dient algorithm. This section describes how the algorithm
has been used for controlling two self-reconfigurable robot
systems, shown in figure 6. Self-reconfigurable robot control
is a good application test bed for this kind of hormone gra-
dient algorithms, because of the constantly changing topol-
ogy in such a robot, and because of similarities between self-
reconfigurable robots and multi-cellular organisms.

5.1 CommonPosefor Self-ReconfigurableRobot
Modules

The distributed hormone gradient algorithm described above
can be expanded slightly to be used for propagating pose
(position and orientation) relative to the emitting vertex in
a self-reconfigurable robot. Basically, the expanded algo-
rithm uses feed-forward kinematics in the generated directed
acyclic graph to compute the relative pose to the emitting ver-
tex. To realize this, it is a requirement that the relative pose
between two connected vertices in the configuration can be
found. We let the space � be the space of relative poses in a
3D vector space.

Then, a relative pose hormone is a four-tuple, {G, I,S,P}
where:

• G = (V, E) is a graph, where vertices are elements of
the configuration, and edges are physical connections
between the elements.

• I : V → (
�

× � ) is the hormone intensity (concen-
tration) mapping, so that i = I(v), i = 〈in, ip〉, where
in ∈

�
, ip ∈ � is the hormone intensity in and relative

pose ip for vertex v.

Scalability of the hormone gradient algorithm for 100 runs
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Figure 4: Top: Message count for covering a graph with the
hormone gradient, for varying number of vertices. Results for
the string graph type is not shown, since they turned out to be
the same as the results for the single-cycle graph. The vari-
ance is caused by using the D∞ activation scheme. Bottom:
The number of time steps it takes to fully cover the graph for
each of the three graph types and for varying graph sizes.

• S : V → (
�

× � ) is the hormone emission mapping,
where s = S(v), s = 〈si, sp〉 is the emission strength
(si) and the emitted pose (sp) for vertex v.

• P : (V ×
�

) → ({�}
⋃

(V × � )) is the port function.
The port function holds information for the state of each
of agent’s ports, so that P (v, n) is the state of vertex v’s
n’th port. The symbol � is used to specify a port that is
not connected, such that ∀n ∈

�
: ∀v ∈ V : ∀〈v′, p′〉 ∈

P (v, n) : {v, v′} ∈ E ⇔ P (v, n) ∈ V . Here, p′ is the
relative orientation between the two connected elements,
such that if pv′ is the pose of v′ and pv is the pose of v,
then pv′ × p′ = pv.

For any given module v ∈ V , the local gradient state infor-
mation available is i = 〈in, ip〉 = I(v), s = 〈si, sp〉 = S(v)
and for each of the modules j connectors, pn = P (v, n) is
either � or 〈v′, p′〉, for 0 ≤ n < j.

The principle is to do feed-forward kinematics in the di-
rected acyclic graph generated by the graph hormone algo-
rithm. As a consequence, each module affected by the hor-
mone knows its relative position and orientation to the hor-
mone source. It turns out that by exploiting that each module
knows its relative position to the source, it is possible to re-
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Figure 5: Tests on removing the hormone from the graph by
setting the emission strength of the emitting vertex to zero, af-
ter the hormone has fully propagated. The two graphs show
the number of messages generated and the time used for the
three graph families and for varying graph sizes. In the top
graph the string graph results were omitted since they are
identical to the single cycle results. Notice that removing the
hormone is faster than propagating the hormone, but pro-
duces more communication and has higher variance. This
relationship can be adjusted by changing the propagation de-
lay.

move the delay for propagate messages by adding an extra
condition for the case of receiving a propagate message. The
implementation details of the pose hormone gradient algo-
rithm has been omitted due to space constraints.

6 Implementation and Experiments
The pose hormone algorithm has been implemented and
tested on simulations of the ATRON system, figure 6, left,
and on the M-TRAN system, figure 6, right.

Both the ATRON and the M-TRAN modules are composed
of two parts, where the parts are connected by an actuated
joint. The algorithm is implemented, such that each part of
the modules corresponds to a vertex in the graph. The fol-
lowing will describe some experiments done on the pose hor-
mone algorithm on the simulated M-TRAN robots.

6.1 M-TRAN, MessageCount
Three test configuration designs are shown in figure 7. Each
configuration comes in a form with 4, 32, 108, 256, 500 and

Figure 6: Module for two self-reconfigurable robot systems.
Left: The ATRON system. Right: The M-TRAN System.

a) b) c)

Figure 7: The three test configurations used in the synthetic
tests. Here composed of 32 modules each.

864 modules. The three designs differ in the number of loops
in the topology, where a) has no loops, b) a single loop and c)
has many loops.

An experiment proceeds as follows:
1. A module in one end/corner is set to emit a hormone

gradient with an emission strength of 1000.
2. Data is collected on the number of messages used to

fully propagate the gradient, and on how many time
steps it took.

3. Then the emission strength of the emitting module is set
to zero.

4. Similarly to step two, data is collected.
The algorithm was tested using the D0, D1 and D∞ activa-

tion schemes. Ten experiments were performed for each com-
bination of configuration and activation scheme, and mean
and variance were computed. The correctness of the pose in-
formation is easily verified by placing the emitting module
such that the emitted pose is identical to the pose in the sim-
ulator. In this case, the relative pose hormone for any module
should be identical with its pose in the simulator (provided
appropriate scaling). Figure 8 shows the average number of
messages, and figure 9 the communication load per connec-
tor, using the D1 activation scheme. For deleting the hormone
gradient, the number of messages passed by any connected
connector was constant two.

Besides these simple tests, the algorithm was used a lot
during work on control of the two self-reconfigurable robot
systems, to produce a common coordinate frame of reference
for locally cooperating groups of modules.

7 Discussion & Conclusion
This paper describes an efficient algorithm for realizing an
abstract implementation of hormone gradients. Hormone gra-
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Test Configuration a) b) c)
# modules 4 32 108 4 32 108 4 32 108

# connections 3 31 107 4 32 108 4 64 252
# messages for propagating 7 63 210 8 66 221 9 115 455

# message for deleting 14 126 420 16 128 432 16 193 720

Figure 8: The average number of messages (rounded to nearest integer) used to propagate and delete a digital hormone
gradient for nine different configurations using the D1 activation scheme. The messages passed between “agents” within the
same module are included in the data, so since each module has two “agents”. The number of messages to propagate the
gradient in configuration a) is exactly the number of modules plus the number of connections between modules. The data also
shows that the number of messages for deleting a gradient is approximately double that of propagating the gradient.
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Figure 9: Average message count per connector for propa-
gating the hormone gradient for each of the configurations,
using the D1 activation scheme. The graph shows that con-
figuration design c) with many topology graph cycles causes
more messages per connector than a) and b). However, the
message count per connector is still lower than two.

dients are widely used in biology to coordinate and differen-
tiate cellular behavior.

The described algorithm is based on topological distance,
and is capable of dealing with changing topology in the con-
nectivity graph using only local information and without re-
quiring global synchronization.

The algorithm has properties similar to that of Gafni and
Bertsekas, with the added benefit that the spanning DAG is,
in a sense, optimal, in that any directed path tho the source
has the same length as the shortest undirected path. Addition-
ally, in contrast to the commonly used continuous broadcast
method, the presented algorithm only generates communica-
tion when the topology of the graph changes, or when the gra-
dient information changes. Furthermore, only a constant (and
small) number of messages is generate per graph edge, in the
event of any change to the hormone gradient. Less commu-
nication results in reduced hardware requirements, that again
can reduce requirements to power, processing, price and size.

Performance of the described algorithm is documented
through a number of experiments. An expansion of the hor-
mone gradient algorithm is given which can be used to pro-
vide all self-reconfigurable robot modules affected by the hor-
mone their pose relative to the emitting module. The algo-
rithm was developed for use in self-reconfigurable robotics,
but might very well be useful for many other applications.
Future work will include further analysis of performance and
analytical proofs.
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Abstract

We describe a system in which simple, identi-
cal, autonomous robots assemble two-dimensional
structures using prefabricated modules as build-
ing blocks. Modules are capable of some infor-
mation processing, enabling them to share long-
range structural information and communicate it to
robots. This communication allows arbitrary solid
structures to be rapidly built using a few fixed, local
robot behaviors. Modules are identical in shape but
may be functionally distinct, with constraints gov-
erning the location of different classes. We present
algorithms for assembly of solid structures of any
shape, both when the layout of module classes is
fully specified in advance, and when functional
constraints are satisfied during the building process,
allowing for adaptive structures. This approach
demonstrates a decentralized, autonomous, flexi-
ble, simple, and adaptive approach to construction.

1 Introduction
In this paper we discuss the design of a system for automated
construction, in which elements are separated into mobile
and structural components (robots and modular blocks, re-
spectively). Our approach is to use robots that are simple
in capabilities and behavior, and that communicate indirectly
through information stored in the environment; that informa-
tion is embodied by the blocks, which themselves can com-
municate with one another when attached. Here we focus
on construction when the blocks are identical in shape but
heterogenous in function, and a given set of functional con-
straints governs how they can be put together. We first show
how specific structures can be built, and then discuss the as-
sembly of structures which have no prespecified plan but sat-
isfy a given set of constraints.

Our approach relies on very simple procedures and there-
fore should be practical for the complexities and difficulties
of real robots in physical environments. The limited require-
ments for implementation are that robots be able to follow
a perimeter, communicate with immediately adjacent blocks,
and push together blocks with self-aligning connectors. Prob-
lems, from unexpected environmental influences to break-

down of some robots, need not prevent completion of a struc-
ture; temporary failures at any step can be corrected.

The ability to automate construction would be useful par-
ticularly in settings where human presence is dangerous or
problematic; for instance, robots could be initially sent to un-
derwater or extraterrestrial environments, to create habitats
to await later human travelers. Swarm approaches, involv-
ing larger numbers of simpler robots rather than one or a few
with greater sophistication, have advantages for such a goal,
in particular with respect to decentralization and robustness.
Such systems can typically absorb the loss of many compo-
nents without a significant impact on task completion; simi-
larly, they tolerate components acting in no specified order, a
useful quality since it is difficult to preplan robot behavior in
detail in uncertain environments.

If blocks can be arbitrarily custom-designed for particular
structures, then any structure can be built using only local
rules for assembly; a trivial, inefficient way to do it is to des-
ignate specific blocks for specific locations in a blueprint, and
engineer the blocks so that each one can be attached solely to
the neighboring blocks in that layout.1 However, we take the
opposite approach, assuming that the block types are defined
by the application, and our task is to work within those limits.

An example of such an application is the building of under-
water structures (for marine research, oil drilling, etc.), where
the building blocks are high-level prefabricated pods that each
fill one of several distinct and predefined roles—living quar-
ters, power generation, emergency escape centers, laboratory
space, etc. There may be desired constraints on which classes
are attached relative to which other classes—for instance, us-
ing the previous example, we might want all living pods to be
located in a contiguous block, or no two airlock pods to be
adjacent to one another.

In §2 we review related work, and in §3 describe the prob-
lem we address and our assumptions about the system. §4
gives algorithms the system can use to assemble structures.
§5 covers geometric constraints on block placement. §6 and
§7 describe structures which are fully prespecified or adap-
tive, respectively, and elaborate on the satisfaction and speci-
fication of functional constraints. §8 discusses issues associ-
ated with the use of multiple robots.

1Geometric constraints will still restrict the order in which blocks
may be attached, as discussed in §5.
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2 Related work

Several previous papers address topics related to construc-
tion, though not with the goal of producing user-specified
building designs. For example, [Wawerla et al., 2002;
Jones and Matarić, 2004] study aspects of the use of com-
munication among robots, to increase their effectiveness on
tasks involving rearrangement of functionally heterogenous
blocks. [Bowyer, 2000] discusses issues of mechanical de-
sign for robots meant to build arches, towers, and walls, using
extruded foam. [Melhuish et al., 1999] deals with minimiza-
tion of capabilities for behavior-based robots arranging pucks
into walls, using environmental cues.

[Werfel, 2004] describes a framework for arranging blocks
into arbitrary lines and curves, specified geometrically; [Ma-
son, 2002] describes one in which structures can be specified
through the use of static, global ‘pheromone’ signals. Both
make assumptions about the precision with which their mo-
bile agents operate (the former having to do with odometry,
the latter with ability to evaluate the strength of distant sig-
nals) that may cause the shapes they generate to suffer from
lack of robustness to noise.

Our approach is particularly motivated by research in two
areas: insect and insect-inspired construction [Théraulaz and
Bonabeau, 1995], and self-reconfigurable modular robotics
[Rus and Chirikjian, 2001]. Social insects which build do so
with the principle of stigmergy, communicating indirectly by
storing information in the environment. While this approach
can be used to produce structures with given qualitative char-
acteristics, it does not easily allow the consistent production
of specific structures (potentially arbitrary and complicated
ones); nor has a general principle been described for tak-
ing a particular desired structure and extracting a set of low-
level behaviors that building agents can follow to produce it.
Work in modular robotics has produced hardware systems
with many capabilities we will take advantage of here, in-
cluding connections that self-adjust so that inexact alignment
is corrected, and communication links between physically at-
tached modules. Such communication is reliable, unambigu-
ous, rapid, and scalable, compared to the communication by
external signaling that robots typically use. Modular robot al-
gorithms typically require that all modules remain connected
at all times, and that individual modules be capable of mo-
bility, neither of which are appropriate for automated con-
struction applications. Very recently, modular robotics re-
searchers have begun to describe hardware systems for au-
tomated assembly of structures [Terada and Murata, 2004;
Everist et al., 2004]. These systems are based on inert, iden-
tical modules, and have not yet explored issues of speci-
fying distributed robot behavior and creating complex user-
specified structures.

Elsewhere we describe a similar system to that presented
here [Werfel et al., 2005], concerning identical blocks only.
There we show that giving blocks limited communication
abilities is an effective way to enable the system to construct
arbitrary solid structures, while allowing robots to remain
simple and with fixed, local behaviors. The block commu-
nication provides the nonlocal knowledge about the struc-
ture necessary to assemble arbitrarily complicated shapes.
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Robots holding
blocks
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Structure

Robot

Blocks
Cache
markers

B

C

C

Figure 1: A sketch of the kind of system described here. As
the structure is assembled, it forms a lattice with an implicit
coordinate system, of which the beacon can be taken to be the
origin.

This approach provides other benefits, including increased
efficiency of construction, alleviation of interference be-
tween robots, and better exploitation of the parallelism of
the swarm, without requiring additional capabilities from the
robots. As computation becomes less expensive, it has been
proposed to make it more pervasive [Hill et al., 2000]. Partic-
ularly if the building blocks in question are high-level units,
as in the underwater application suggested above, it should be
feasible to incorporate these computation capabilities into the
blocks without making the system prohibitively more expen-
sive.

3 General problem and assumptions
We consider the problem where mobile robots and caches of
building blocks are deployed at random into an obstacle-free
workspace, along with a beacon indicating the location for the
start of construction. The goal is for robots to collect blocks
from the caches and arrange them into a structure, satisfy-
ing some set of criteria, starting at the beacon (Fig. 1). The
beacon and caches send out distinct long-range signals which
robots can use to navigate to them. Each cache contains a
single block type.

We will work with square blocks, to be assembled in the
horizontal plane. An important constraint is that a block can
be added to the growing structure if and only if the potential
attachment site has at least two adjacent sides open; other-
wise there is insufficient room to maneuver to add the new
block (Fig. 2). Though a system has been demonstrated in
which cubical blocks can be slid into spaces like that at (D) in
that figure [Terada and Murata, 2004], the task of mechanical
design will be simplified and the precision with which robots
must operate reduced if we maintain this constraint. In partic-
ular, if we prevent gaps like that at (D), then situations where
a robot needs to maneuver a block down a longer ‘tunnel’,
like that around (C), will also be prevented. A block attached
to the structure can immediately obtain from its neighbors its
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Figure 2: Examples of valid and invalid prospective dock-
ing sites for a sample structure (shaded squares represent grid
sites already occupied by blocks). A new block can be at-
tached at A or B; C and D are too spatially constrained to
allow a block to be maneuvered into position.

position in a common coordinate system, along with infor-
mation about the present and desired final structure. Blocks
along the perimeter of the structure and robots traversing the
perimeter can also communicate, with lower bandwidth; this
communication is very short-range, avoiding problems asso-
ciated with signaling over distances, interference when many
robots are active, and ambiguity in which agents are signal-
ing.

Robots can move in any direction in at least the two dimen-
sions of the plane, alone or while holding a block. They can
detect the presence of other robots, for collision avoidance,
either by active short-range signaling or by passive percep-
tion. Once in the immediate vicinity of the growing structure,
they can follow its perimeter, and communicate with adjacent
blocks.

4 Algorithms for blocks and robots
Blocks attached to each other to form the structure have ac-
cess to information about the entire structure, via communica-
tion with other blocks. Our approach will be for blocks to be
the agents responsible for ensuring that the structure remains
consistent with all the constraints. Robots can then simply
circle the perimeter of the structure, and rely on it to tell them
when a site is acceptable for attachment of their payload.

We can divide the constraints on block placement into two
classes: those independent of block type, and those based
solely on block type. Geometric constraints, the former, en-
sure that the structure is free of unwanted internal gaps and
has a perimeter of the desired shape. Functional constraints,
the latter, encompass whatever restrictions based on block
types may be dictated by the particular application. Both
classes are discussed further below (§5–7).

Algorithm 1 summarizes high-level procedures for robots
and blocks to follow to build structures using this approach.

4.1 Robustness
Physical robots in real-world environments are subject to a
wide variety of internal and environmental perturbations. A
hardware implementation would need to be robust to such
factors. Our approach is intended to minimize the effect
or likelihood of problems that robots and blocks might en-
counter. It relies on simple basic capabilities that can be
made robust and self-correcting: directed movement, block

Algorithm 1 High-level pseudocode procedure for assembly
of a close-packed structure by a single robot.
A: Robots

while structure not complete do
choose a block type t
get t from cache
go to structure perimeter
while still holding block do

ask adjacent structure blocks if t can be attached here
if all structure blocks answer yes then

attach block here
else if taking too long to find a place for block then

return block to cache
else

move one site counterclockwise along perimeter
B: Blocks

loop
if neighboring robot asks to attach a block of type t at
site s then

if (block at s consistent with geometric constraints)
and (t at s consistent with functional constraints)
then

answer yes
update map with t block at s
pass message about (t, s) to neighboring blocks

else
answer no

if neighboring block sends message about t at s then
if message represents new information then

update map with t block at s
pass message about (t, s) to neighboring blocks

pickup, perimeter following, block joining, limited commu-
nication with immediate neighbors.

Noise affecting robot movement, e.g., due to motor unreli-
ability or currents in an underwater setting, can be compen-
sated for. For instance, if robots lose track of the perimeter
during their tour, they need only revert to a previous step of
their algorithm, find the perimeter again and proceed from
there. The lack of robot internal state means no important in-
formation is lost in such an event. Self-aligning connectors
drawn from modular robotics effect the fine details of block
attachment. Communication between robots and blocks can
be physically limited, e.g., through appropriate geometric
design of an optical interface, to ensure that robots only
communicate with immediately neighboring blocks and that
crosstalk with more distant blocks is prevented. Interblock
communication is via a physical interface.

More serious robot failures can also be absorbed. In keep-
ing with the swarm approach, the algorithm does not depend
on particular robots completing particular assigned tasks, nor
on blocks being attached in a particular order. Thus break-
downs of individual robots almost anywhere in the workspace
need not impede the system’s ability to complete the struc-
ture. The exception is at the edge of the growing structure,
where a broken robot could serve as an obstacle to others fol-
lowing the perimeter, and prevent growth of the structure in
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that area. Such perimeter breakdowns would need to be de-
tected and towed away by other robots.

Blocks, less complicated mechanically, may be less sub-
ject to failure. Malfunctions that do occur could be detected
by neighboring blocks, which could alert robots to the need
for replacement. Similarly, in the event that a block is mis-
takenly attached to the structure so as to violate a constraint,
the active nature of the blocks makes it easier to detect and
report that error. §9.2 outlines a scheme for disassembly and
reconstruction of the necessary part of the structure.

5 Geometric constraints
Positions can be specified by reference to the common coor-
dinate system which blocks share via their communication.

5.1 Rectangular structures
The simplest possible perimeter is a rectangle; the geometric
constraint enforcing that shape is simply a restriction against
robots attaching blocks at sites with coordinates outside the
desired rectangle.

The other geometric constraint to be followed is the gener-
ally applicable one that the structure should be solid, without
internal holes. To avoid unwanted gaps, it is necessary to
avoid situations where two blocks end up in the same row,
unless they are adjacent. A block can check, based on its
communication with the other blocks in its row [Werfel et
al., 2005], whether a potential attachment site satisfies this
criterion, and forbid robots from attaching further blocks at
that site if it does not. This rule is sufficient to generate solid
structures.

5.2 Complex shapes
With only a small modification, the system extends to solid
structures with perimeters which are not necessarily rectan-
gular, nor even convex, but can be of any arbitrary shape.2

As usual, the desired shape is specified with respect to the
shared coordinate system and downloaded by each new block
attached to the structure. To achieve the extension to arbitrary
shapes without letting unwanted gaps creep in, it is sufficient
to relax the geometric rule against attaching two non-adjacent
blocks in the same row, to allow two such blocks so long as
they are separated by space intended never to be occupied
by blocks. The desired shape can be represented compactly,
e.g., as a collection of rectangles whose superposition gives
the desired structure [Støy and Nagpal, 2004]. Fig. 3 gives an
example of an H-shaped structure being built, with geometric
constraints only.

6 Functional constraints: Patterned
structures

An important aspect of such a construction system, hitherto
unaddressed, is the ability to create predefined patterns of
block types. This can be achieved with functional constraints
that act as a blueprint, specifying exactly what block type

2We will require that any spaces between blocks in the desired
final structure be wide enough for two block-carrying robots to pass
each other, so that perimeter-following can continue unimpeded.

Figure 3: Snapshots of five robots (brown) building a struc-
ture of a single block type (white), using only geometric con-
straints. Sites that the structure plan specifies should eventu-
ally be occupied by blocks are shown in dark gray. Robots
not appearing in a particular frame are off fetching blocks.

Figure 4: Snapshots of ten robots (white) building a structure
of four block types (yellow, red, blue, green).

should be attached at every location in the desired structure.
This specification can be more compact than a full enumera-
tion, just as an image specification can be more compact than
a bitmap. Structure blocks forbid robots to attach the blocks
they carry unless the latter are the single type allowed at the
site in question. Figs. 4 and 5 shows rectangular and non-
rectangular structures built using such functional constraints.

7 Functional constraints: Adaptive structures
In many cases the design of structures does not require spe-
cific patterns, but rather requires functional relationships be-
tween the locations of blocks of various types. For instance,
with the underwater habitat example we gave above, it may
be that the exact locations of escape pods are unimportant,
but safety considerations require that no pod be further than
three steps away from one. Any structure that satisfies that
constraint will be considered acceptable. The more relevant
way to specify the constraint in this case is by reference not to
absolute coordinates, but to relationships between the block
types. Our approach extends naturally to building structures
in this flexible way. Figs. 6 and 7 show structures built using
relative constraints of this sort.

It is always a valid approach to come up with a blueprint
ahead of time that satisfies all such constraints, give that to the
system, and have it produce that particular structure. But sat-
isfying constraints on the fly during the building process in-
stead can let the structure be adaptive, and respond to chang-
ing circumstances or conditions unknown in advance.

Satisfying constraints on the fly can have additional ben-
efits, such as increased speed of construction. As an exam-
ple, consider the class of 21 × 21-block structures of Fig.
6. If we assume that robots take no time to bring blocks
from caches to the structure perimeter, and moving one block-
length and attaching a block each take one time step, then the
time required to build a structure will reflect primarily the
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Figure 5: Example of a patterned structure with a complex
shape.

Figure 6: Examples of square structures built with two block
types and the constraint that no two yellow blocks be adja-
cent.

time robots spend following the perimeter looking for a place
to put their block. Averaging over 100 independent runs with
10 robots, on-the-fly construction completes in 650±140 time
steps, while building exactly the same 100 structures as pre-
specified patterns takes 1100 ± 300 steps, or 70% slower on
average. Robots come to the structure already carrying some
type of block; the speedup for on-the-fly construction occurs
because sites can accept any type of block consistent with the
constraints, rather than having to wait for a particular block
type to appear, and robots can accordingly find places to at-
tach their blocks more readily.

7.1 Satisfiability
A task involving fitting a given set of blocks into a given
shape subject to given constraints may have no solution; and
if one exists, it may be hard to find. In general, the problem of
finding a solution to such a scenario, or showing that none ex-
ists, is NP-complete [van Emde Boas, 1997]. However, many
cases of interest will have the property that a solution can be
found quickly by a straightforward trial, and no exhaustive
search is necessary. The system here provides a natural and
effective way of assembling structures for constraint sets that
are easy to satisfy in this sense. Constraint sets difficult to
satisfy would best be handled by finding a solution prior to
construction, and building that solution as a blueprint.

7.2 Types of functional constraints
In general, there are several classes of functional constraints
we can consider:

• Absolute, without reference to neighboring blocks: e.g.,
type A may be attached; B is forbidden.

• Proximity, where the types of neighboring blocks are im-
portant but their locations are not: e.g., every A must
have at least one B somewhere within a neighborhood
of radius 3; no C can be adjacent to a D.

Figure 7: Example of a structure assembled according to the
following list of constraints:
Region 1, border of upper-left area: only blue blocks allowed.
Region 2, interior of upper-left area: blue and white
blocks both allowed; no white block may be in the eight-
neighborhood of another white block.
Region 3, elsewhere: blocks must be either red or white de-
pending on their y-coordinate.

• Relational, involving both types and locations of neigh-
boring blocks: e.g., every A must have a B bordering
its west edge and a C bordering its north edge. Rotation
and reflection may each be allowed or forbidden in such
a constraint.

Proximity and relational constraints imply an associated
distance d within which blocks are relevant to satisfaction of
the constraint. One approach is for blocks to maintain a lo-
cal map of their area of the structure, whose size is at least
of radius d. Blocks refer to this map to determine whether
robots should be allowed to attach blocks at a neighboring
site; when a new block is attached, a message to that effect is
sent to blocks within d, for them to update their maps accord-
ingly. The larger the value of d, the more memory is required
of blocks, but the farther-reaching constraints may be.

Another type of functional constraint can result from finite
numbers of each block type. For instance, there might be
only two blocks of type A, which must be attached adjacent
to one another. The first A attached to the structure could
be added anywhere, but the second would have to be next
to the first. In order to give an A-carrying robot the proper
instruction, blocks would need to establish whether another
A had already been attached anywhere, a global property of
the structure. Having blocks maintain a global map of the
structure would be the most straightforward way to ensure
being able to handle all possible constraints, though not the
most memory-efficient.

7.3 Multiple levels
Constraints may also be specified on multiple levels of orga-
nization. We can define different regions of the structure, in
each of which some different set of constraints as listed above
is to be imposed. Figs. 4 and 7 give examples where such re-
gions are designated according to specific coordinates. The
former designates regions compactly by reference to geomet-
ric shapes and lines (e.g., a region of red blocks is defined
as those cells within a given distance from an arc with given
center, radius, and endpoints, etc.). The latter combines pat-
terned and adaptive constraints into a single structure.

Regions can be designated in this rigid way, or more flu-
idly: it may be permissible for a region to occur anywhere
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Figure 8: Three examples of structures that can all equally
well be built based on the constraints given in the text.

in the structure, with variable size, aspect ratio, orientation,
multiplicity, etc. Just as blocks can have proximity and rela-
tional constraints restricting their placement, so can regions
occur in the structure in locations restricted based on the lo-
cations of other regions. Dimensions, etc. of regions may also
be specified with reference to each other (e.g., region 1 must
be larger than region 2).

Moreover, regions can be nested in this framework. An
application might, for instance, call for a complex, which is
composed of wings. One wing might be residential, made
up of apartments; another might be made up of lab spaces.
An apartment can be broken down into bedroom, bathroom,
kitchen, etc.; and so on until the lowest level, which is de-
composed into blocks as before. Each region may have its
own constraints governing the placement of its sub-regions.

Figure 8 gives an explicit, abstract example. An 8×8 struc-
ture is constrained to have four 4 × 4 regions, one of type A,
one B, two C. In a region of type A, only red blocks are al-
lowed; in B, only blue blocks are allowed. In C, there must be
four 2×2 subregions, one of type D, one E, two F. In a region
of type D, only yellow blocks are allowed; in E, only green
blocks are allowed. Finally, a region of type F must contain
an arrangement of {purple, cyan, magenta, white} blocks, in
that order clockwise; rotation is permitted, reflection is not.
A great variety of structures can be built consistent with this
set of constraints, all equally valid; the figure shows three.

7.4 Short- and long-term constraint satisfaction
There are two ways to satisfy the condition that no functional
constraint be violated by attaching a block of type t at a site
s. One is to consider only blocks that are part of the structure
at that time. The condition is simply: if attaching t at s would
result in a structure that violates any constraint, then forbid
the attachment. The examples of Figs. 4–7 were assembled
in this way.

In many cases, however, it will be desirable to look further
ahead in time while ensuring constraints are met. For some
constraint sets, situations may occur where attaching a block
gives an acceptable structure, but one to which no further
blocks can legally be attached. Looking ahead can prevent
becoming trapped in such dead ends. A structure like that
of Fig. 7 gives one example: guaranteeing exactly 50 ‘stars’
would require looking ahead during assembly of Region 2, to
ensure sufficient remaining room for the white blocks not yet
attached. It may also be desirable to allow constraints to be
violated temporarily, so long as some future way of satisfy-
ing them remains possible. Consider, e.g., a structure of two

block types, each of which is constrained always to have at
least one neighbor of its own type. Without the possibility
of violating the constraint temporarily, the structure would
necessarily turn out to consist entirely of one block type: no
block of the other type could ever be attached, since it would
have no neighbor of its own type until a second such block
were attached to it.

This looking ahead may be limited to a fixed number of
steps f into the future. Like functional constraints associated
with larger d, larger f will be more powerful but more dif-
ficult for the blocks. Putting no limit on f , so that blocks
always look ahead to the completion of some finished struc-
ture, will be slow but will prevent the structure from getting
trapped in dead ends of partial completion.

8 Multiple robots
Algorithm 1 gives a procedure which will work for a single
robot. However, when more than one robot is working on
construction at once, additional precautions need to be taken.
Finite speed of message propagation between blocks means
that two robots can request to attach at mutually exclusive
sites at about the same time, and both can be given permission
by blocks working with outdated information.

The violation of geometric constraints (two non-adjacent
blocks being attached in the same row) can be prevented,
e.g., by sending messages to lock out a previously empty row
when a robot requests to attach a block in it, and not giving
the robot permission until all blocks in the adjacent row have
indicated they have not and will not let other robots attach.

For functional constraints with finite d, the corresponding
approach is to lock out all blocks within radius d before giv-
ing a robot permission to attach. When d is large (and, in
particular, since for some constraints d may extend over the
entire structure), so doing can become unwieldy: consider-
able message-passing over the entire structure will take place
for every block attached, and robots may be turned away from
attaching more often than necessary.

However, message-passing within the structure will be
much faster than physical movement of robots. Geometric
constraints only require consulting with other blocks when
the first block in a row is being attached (and typically, only
a few blocks will need to be consulted); thereafter, allowing
or forbidding other blocks to be attached in the same row can
be reliably done without communication within the structure
[Werfel et al., 2005]. And d is small for many functional con-
straints of interest.

All this means that, even without this strategy of locking
out before attaching, errors should be infrequent. An alterna-
tive approach, then, is to correct errors when they arise rather
than being scrupulous about preventing them in the first place.
Blocks can allow or forbid robots to attach based solely on
their own knowledge; if that causes a conflict which is only
detected later, the blocks can direct robots to correct the error
by removing the offending blocks, as described in §9.2 below.

9 Additional construction procedures
We briefly consider how two related procedures, disassembly
and error correction, could be achieved with such a system.
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X

Figure 9: A structure in the process of disassembly. Num-
bered blocks can be removed. The block marked X meets
criterion 1 in the text but not 2; if removed, it would split the
structure into two parts. The beacon may be at the location of
any of the unmarked blocks.

9.1 Disassembly
Many applications will involve structures intended to be tem-
porary; the modular nature of this system is especially suited
to such cases, allowing a structure to be dismantled following
use and its parts reused for another structure. Disassembly
can be accomplished by having robots follow the structure
perimeter, removing any blocks they find that satisfy the fol-
lowing criteria:

1. It has at most two neighbors, bordering adjacent sides;
i.e., if that site were unoccupied, it could physically ac-
comodate a block, as in Fig. 2.

2. If it does have two neighbors along adjacent sides, then
the other site which those two neighbors border is occu-
pied by a block (see Fig. 9).

3. It is not attached at the beacon location, unless no other
blocks remain; the block at the beacon must be the last
one removed.

Again, blocks can determine whether they satisfy these cri-
teria, and indicate that to robots. The second and third criteria
ensure that throughout disassembly, the structure remains one
contiguous piece, which a robot homing in on the beacon sig-
nal will be able to find. Violating either of those rules can
result in part or all of the remaining structure becoming iso-
lated, and thereby lost to robots no longer able to reach it by
the simple procedure of following the beacon signal to the
structure and following the perimeter thereafter. If the struc-
ture is physically tethered to some anchor point via the first
block attached (as would likely be the case, e.g., in space-
based applications), then violating those criteria would mean
that blocks could drift off and be lost in a more literal sense.
Care must also be taken with multiple robots that two blocks
not be chosen for removal at the same time, such that each
block considered alone satisfies the three criteria, but would
violate criterion 2 if the other block were removed. Blocks 1
and 3 in Fig. 9 illustrate such a pair.

9.2 Error correction
Suppose that a block mistakenly ends up attached at a loca-
tion where it should not be, or needs to be replaced due to
malfunction or some other reason. It may be some time be-
fore this error arises or is detected; we will thus consider the
problem of replacing any arbitrary block in the structure. We
outline the high-level approach and omit elaboration of an al-
gorithm to be carried out by individual blocks.
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Figure 10: Error correction in a compound structure. The
beacon is marked with the letter B; the block to be replaced
is marked *. See text for discussion.

Because of our assumption that a block can only be re-
moved from the structure if it is already free on two sides, it
is necessary to remove all blocks in an entire ‘quadrant’ of the
structure in order to free up the target block. Fig. 10 demon-
strates the demarcation of quadrants. (A) shows a completed
compound structure; the beacon is marked with the letter B,
and the block to be replaced is marked *. Extending horizon-
tal and vertical arms from the target block, as in (B), defines
the four (overlapping) quadrants, crosshatched in (C)–(F). A
quadrant is constructed essentially by flood-filling the area
including and to one side of a pair of arms.

Note that in a compound structure, a quadrant may con-
tain blocks whose absolute coordinates go beyond those of
the associated arms (as in (D), where a quadrant nominally
above the right-hand arm includes blocks that extend below
it). Also, any blocks that would otherwise be left isolated
from the rest of the structure if a quadrant were removed must
be included in that quadrant. This issue arises if an arm lies
along an edge of the structure for all or part of its length.
In this example, the right-hand arm lies along such an edge,
at the top side of the second and third blocks from the tar-
get block; any blocks above and further along that arm must
therefore be included in the quadrant nominally below it, as
shown in (E).

For efficiency, the quadrant containing the fewest blocks
should be chosen for removal. As with disassembly, the block
attached at the beacon must remain intact, and so any quad-
rants containing that beacon are omitted from consideration
in this choice. Here the quadrant in (F) contains the fewest
blocks, but cannot be removed because it includes the bea-
con (as does the quadrant in (C)). The quadrant chosen for
removal will be that in (E).

Blocks in the quadrant chosen forbid robots from attach-
ing any further blocks to them, and ask to be removed. Upon
receiving such a request, some robots may switch their role
temporarily from ‘assembly’ to ‘disassembly’. Once the tar-
get block has been removed, that section of the structure can
be restored by construction as usual. Construction may also
progress as usual in other parts of the structure throughout the
correction process.
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10 Conclusions
We have demonstrated that this approach, of building struc-
tures with communicating blocks and multiple simple robots,
can achieve a variety of construction objectives. Structures
can be built with perimeters of any shape, and with prespec-
ified patterns of block types or adaptive satisfaction of con-
straints. Other approaches using swarms of simple robots
have demonstrated the ability to create structures which sat-
isfy locally specified constraints [Théraulaz and Bonabeau,
1995; Melhuish et al., 1999]. However, this system with com-
municating blocks is unique in its ability to handle fully spec-
ified and locally adaptive constraints alike.

We are currently working on implementing a version of
this system using the AMOUR robot of the Rus Robotics Lab
at MIT [Vasilescu et al., 2005].
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1 Introduction 
This poster presents a model for motivated agents governed 
by an internal, domain independent motivation process 
rather than domain specific rewards, goals, or examples 
provided by an external teacher.  Internal motivation is de-
sirable in complex, dynamic environments where hard-
coded domain theories can only approximate the true state 
of the world and where pre-programmed goals can become 
obsolete.              

Early work with motivated agents focused on the use of 
domain specific motives [Sloman and Croucher, 1981] or 
environment modelling by focusing attention on situations 
with the highest potential for learning [Kaplan and Oudeyer, 
2004].  More recent work with intrinsically motivated rein-
forcement learning agents [Singh et al., 2005] has produced 
agents that, rather than learning a model, learn new behav-
ioural options [Precup et al., 1998].  An option or simply a 
behaviour is a whole course of action that achieves some 
sub-goal.  Our model extends previous work by defining 
general structures for events, attention focus and motivation.        

2 The Motivated Agent Model 
Our model for a motivated agent is shown in Figure 1.  The 
agent has three types of structures: sensors, memory and 
effectors.  These structures are connected by three proc-
esses: sensation, motivation and action.  The agent functions 
in a continuous sensation-motivation-action loop.   

Sensors receive raw data in the form of an n-tuple of state 
variables {x1, x2, x3, ... xn} describing the current state of the 
agent and its environment.  The n-tuple has a particular for-
mat.  Variables x1 to xk comprise data about the state of the 
agent.  Variables xk+1 to xn comprise data about other ob-
jects sensed by the agent.  This includes absolute data as 
well as relative data such as the location of an object relative 
to the agent.  This general format is domain independent and 
the inclusion of relative values makes it possible for the 
agent to learn general behaviours relative to itself. 

                                                 
∗ National ICT Australia is funded by the Australian Govern-

ment’s Backing Australia’s Ability initiative, in part through the 
Australian Research Council.    

Sensation transforms raw data received from sensors into 
structures called events.  Events encapsulate two recognis-
able occurrences among state variables values: increases and 
decreases between one state and the next.  Individual events 
and the current state n-tuple are incorporated into memory.  

 

 
Figure 1 – The motivated agent model. 

 
Memory is a cumulative record of events, actions, and 

goals.  Initially, memory is empty save for a set of primitive 
actions that the agent can perform in the world.   

Motivation motivates agents to understand and repeat in-
teresting events that occur in their environment.  We charac-
terise interesting events as changes in the world that occur 
infrequently.  Agents are motivated to create goals to under-
stand and repeat interesting events by identifying situations 
in which they can learn how to make the event recur using a 
temporal difference Q-learner (TDQL) [Sutton and Barto, 
2000].  Goals are masked so that events that occur with 
equal or lesser frequency than the one being pursued are 
ignored.  Masking increases learning efficiency by focusing 
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attention and reducing the size of the state space.  Once an 
agent can repeat an interesting event at will, it can encapsu-
late its new knowledge as a behaviour.  Masking ensures 
that behaviours are independent of the situation in which 
they were learned.  A behaviour can be reused either as a 
pre-planned course of action for achieving new goals similar 
to the one from which it was originally created or as a build-
ing block when learning to solve more complex goals.   

Action reasons about which effectors will further the 
agent’s progress towards its current goal.   

Effectors are the means by which actions are achieved.  
They allow the agent to cause a direct change to the world.    

3 Motivated Agents in Practice  
We demonstrate our agent model using a robot guide.  This 
domain, based on Dietterich’s taxi domain [2000] and illus-
trated in Figure 2, contains avatars who need to be guided to 
particular locations.  Such situations are common in large 
scale virtual worlds where new citizens can easily become 
lost.  There are four possible sources and destinations for 
avatars.  The robot has twelve effectors controlling the 
movements of its legs and can choose to start or stop guid-
ing an avatar.  The robot’s sensors can perceive the absolute 
co-ordinates of the agent, the elevations of its legs, the co-
ordinates of its legs relative to its body and the absolute and 
relative co-ordinates of an avatar and its destination.   
 

 
Figure 2 – A guide robot. 

 
After a period of exploration, the robot notices that in-
creases and decreases in its location and the location of 
other avatars are infrequent.  The agent is motivated to cre-
ate and pursue goals to repeat these changes.  Over time the 
agent learns walking behaviours, such as Behaviour-1, to 
change its location.  These behaviours are independent of 
the location in which they were learned and the position of 
other avatars. The agent uses these walking behaviours to 
develop path-following behaviours, such as Behaviour-2, to 
change the location of the avatar.  
 
Behaviour-1 [lift left foot, move left foot forwards, put-down left foot, lift 

right foot, move right foot forwards, put-down right foot] 
Behaviour-2 [guide, Behaviour-1, Behaviour-1, Behaviour-1, Behaviour-

1, Behaviour-1, stop-guiding] 

4 Empirical Results 
We measured the performance of the robot guide by graph-
ing the number of primitive actions taken to produce Behav-

iour-2 in response to some goal G.  We then implemented a 
flat TDQL with a pre-programmed reward for achieving a 
similar behaviour that satisfies G.  Figure 3 shows that the 
motivated agent learns Behaviour-2 more quickly than a flat 
TDQL can learn a similar behaviour.  This is because the 
motivated agent can make use of abstract behaviours such as 
Behaviour-1while constructing Behaviour-2.    
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Figure 3 – Learning progress in a guide task.  

5 Conclusion  
Motivated agents are autonomous agents governed by inter-
nal, domain independent motivation.  In addition to being 
able to choose their own goals they are able to learn behav-
iours to satisfy their goals more quickly than agents using 
the TDQL algorithm without motivation. 
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Abstract

This paper describes a dynamic simulation of a
space habitat. The simulation is configurable and
controllable via external programs. Several groups
have been using the simulation to study the impact
of artificial intelligence tools on space habitat de-
sign and control. We outline some of the AI chal-
lenges and invite the AI community to use our sim-
ulation to further NASA’s exploration goals.

1 Introduction

NASA has embarked on a new exploration strategy that will
return people to the moon and eventually to Mars [National
Aeronautics and Space Administration, 2004]. Two key as-
pects of this strategy are sustainability and autonomy. The
former means that these will not be single-shot missions, but
a continued, evolving presence by humans outside of low-
earth orbit. The latter means that the missions will be more
self-reliant and less dependent on a standing army of earth-
based controllers. Achieving both of these aspects requires
significant advances in intelligent software systems. In this
paper we present an integrated simulation of a space habitat
that allows for testing of artificial intelligence approaches.

1.1 Space habitats

The function of a space habitat is to provide a livable envi-
ronment to the crew. A typical space habitat will have sub-
systems that provide oxygen and remove carbon dioxide; that
provide potable water; that provide food; that remove solid
waste; and that provide power. In addition, a biomass subsys-
tem may supply crops that can be turned into food and also
help with other life support functions. Figure 1 shows such
a habitat configuration. Many of the subsystems impact each
other creating complex interactions and dependencies. Since
the cost of placing materials on a lunar or planetary surface
is so high, minimizing the consumables required to provide
life support functions is important. Recycling or regenerating
resources, often achieved by using biological-based subsys-
tems, adds additional complexity but reduces overall habitat
mass. In the next section we present a dynamic simulation of
such an integrated, closed habitat system.

Figure 1: The various modules that comprise a habitat life
support system

2 BioSim
BioSim is a discrete-event simulation of a space habitat [Ko-
rtenkamp and Bell, 2003]. Each of the life support com-
ponents of a habitat are modeled as processes that consume
certain resources and produce other resources. For example,
the water recovery system model consumes dirty water and
power and produces potable water. Crew members are also
modeled – they consume and produce resources just as other
life support components. All of the components, including
crew members and crops, if any, exist in one or several envi-
ronments that consists of a volume of mixed gases. Figure 1
shows the different models that compose our simulation and
the resources that pass between the models. BioSim is imple-
mented in Java.

2.1 Configuring BioSim
BioSim can be configured to simulate a wide variety of dif-
ferent habitats. This includes the number, genders and ages
of crew members, the size of the habitat environments, atmo-
spheric pressure, capacities of tanks, initial levels of consum-
ables, processing capacity of life support modules and many
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other variables. Initial setup is configured via an XML file
that is read in when BioSim is started.

2.2 Controlling BioSim
BioSim has sensors and actuators that connect to various con-
trollable elements and allow for real-time control. Sensors
read simulation values, such as oxygen levels in the environ-
ment. Actuators set flow-rates of resources between compo-
nents. Higher level actuators control more abstract variables
such as the crew schedule, extravehicular activities (EVAs),
crop harvesting, crop planting and equipment maintenance.
Crop management is a particular focus in BioSim and up to
nine different crops can be planted and harvested. Each has
their own model for oxygen production, carbon dioxide con-
sumption, water consumption and food production. Sensors
and actuators are accessible via CORBA method calls so that
control programs can be created in most programming lan-
guages and connected as clients to the BioSim server. We
have defined BioSim control methods that let you advance
BioSim in one hour increments or advance BioSim until the
mission has ended. Malfunctions can be injected into any of
the components of BioSim at any time.

3 Habitat design
One use of artificial intelligence tools is in the design of an
optimal habitat for a specific exploration mission. As an ex-
ample, let’s take a 90 day lunar mission with a crew of four
and one eight hour EVA per day. The goal is to find an opti-
mal habitat configuration that meets those mission objectives,
i.e., provides sufficient life support to the crew. A habitat
configuration includes sizing each of the life support com-
ponents (e.g., water processing, air processing, crops, power,
etc.), sizing tank capacities, deciding on initial levels of con-
sumables, sizing the air volume of the crew habitat, etc. An
optimal configuration is defined as one that meets the mission
goals with minimum mass. We have defined mass values for
all of the variables in a habitat configuration. Essentially, this
is a search through a large space of possible habitat designs
to find an optimal solution. Many artificial intelligence search
techniques would be applicable, including genetic algorithms
and reinforcement learning. Several groups are already using
BioSim to experiment in this area [Kortenkamp et al., 2005;
Wu and Garibay, 2004].

4 Habitat control
A second use of artificial intelligence tools is the control
of the habitat. That is, given a predefined habitat configu-
ration develop a control policy that optimizes resource uti-
lization and reduces buffer sizes. The control policy adjusts
resource flow rates, crew schedules, crop planting and har-
vesting schedules and EVA schedules to meet mission ob-
jectives with minimum resource utilization. Habitat con-
trol will involve dealing with real-time control issues such
as water production, air production, etc. as well as plan-
ning and scheduling around time and resource constraints.
Several groups are looking at different approaches to this
problem [Bonasso et al., 2003; Muscettola et al., 2005;
Klein et al., 2004]. Habitat control also involves diagnosing

faults in the habitat and devising a recovery strategy. Gautam
Biswas at Vanderbilt has been using BioSim to test model-
based approaches to fault diagnosis [Biswas et al., 2004]. An-
other research area is distributed control, for example, deter-
mining whether market-based approaches are valid for habitat
control and finding what advantages they provide. Distributed
control architecture will need to look at integration of control
across the various subsystems of the habitat and integration
of different artificial intelligence techniques.

5 Conclusion
With a renewed mission to head back to the moon and then
to Mars, NASA needs the artificial intelligence community’s
help in achieving its exploration mission objectives in a cost
effective and safe manner. BioSim provides a portable testbed
for researchers to test their ideas and demonstrate relevance to
NASA. BioSim also provides a baseline in which a standard-
ized set of configurations, malfunctions and metrics can be
established and used to compare control approaches. BioSim
can be obtained from http://www.traclabs.com/biosim.
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1 The concept of intelligence
A fundamental difficulty in artificial intelligence is that no-
body really knows what intelligence is, especially for systems
with senses, environments, motivations and cognitive capac-
ities which are very different to our own. If we look to def-
initions of human intelligence given by experts, we see that
although there is no consensus, most views cluster around a
few common perspectives and share many key features.

In all cases, intelligence is a property of an entity, which we
will call the agent, that interacts with an external problem or
situation, which we will call the environment. An agent’s in-
telligence is typically related to its ability to succeed in envi-
ronments, which implies that there is some kind of objective,
which we will call the goal. The emphasis on learning, adap-
tation and flexibility common to many definitions implies that
the environment is not fully known to the agent. Thus intelli-
gence is the ability to deal with a wide range of possibilities,
not just a few specific situations. Putting these things together
gives us our informal definition of intelligence:

Intelligencemeasuresan agent’s general ability to
achievegoalsin a widerangeof environments.

We are confident that this definition captures the essence of
many common perspectives on intelligence. It also describes
what we want to achieve in machines: A very general capac-
ity to adapt and perform well in a wide range of situations. In
this paper we will try to formalise this view of intelligence.

2 A formal framework
We refer to the signals sent from the agent to the environment
as actions, and the signals sent back as perceptions. Our defi-
nition requires there to be a goal for the agent to try to achieve
which implies that the agent knows what it is. If the goal was
known in advance it could be built into the agent, however
this would limit each agent to just one goal. The alternative
is to inform the agent of what the goal is. Unfortunately, the
possession of a high level of language is too strong an as-
sumption to make. Thus we define a communication channel
with very simple semantics: A signal that indicates how good
the agent’s current situation is, called the reward. The agent
then simply tries to maximise the amount of reward it receives
by learning about the structure of the environment and what
it needs to accomplish in order to receive large rewards.

∗This work was supported by SNF grant 2100-67712.02.

This is the extremely flexible reinforcement learning
framework commonly used in AI, and is equivalent to the
controller-plant framework in control theory. In our formu-
lation we will include the reward signal as part of the percep-
tion generated by the environment. Thus, as the agent’s goal
is implicitly defined by the environment, to test an agent in
any given way it is sufficient to fully define its environment.

Formally, the agent sends information to the environment
by sending symbolsfrom some finite set called the action
space, for example, A := {up, down, left, right}. The en-
vironment responds with symbols from a finite set called the
perceptionspace, denoted P . The reward space, denoted by
R, is a finite subset of [0, 1] ∩ Q. Every perception consists
of two separate parts; a reward and a non-reward part called
an observation. For symbols being sent we will use the lower
case variable names o, r and a for observations, rewards and
actions respectively. We index these in the order in which
they occur, thus a3 is the agent’s third action. The agent and
the environment take turns at sending symbols, starting with
the environment. This produces an increasing history of ob-
servations, rewards and actions, o1r1a1o2r2a2o3r3a3o4 . . ..

The agent is a function, denoted by π, which takes the cur-
rent history as input and chooses the next action as output.
We represent this as a probability measure over actions condi-
tioned on the current history, for example, π(a3|o1r1a1o2r2).
The workings of the agent is unspecified, though in artificial
intelligence the agent will be a machine and thus π will be
a computable function. The environment, denoted µ, is sim-
ilarly defined: ∀k ∈ N the probability of okrk, given the
current history is µ(okrk|o1r1a1o2r2a2 . . . ok−1rk−1ak−1).

The agent must try to maximise the total reward it receives,
however what this means depends on how we value rewards
at different points in the future. The standard way of express-
ing this is to weight the future reward at time i by a factor γi.
Thus the future value is V πµ := E

(
∑

∞

i=1 γiri

)

, where ri is
the reward in cycle i of a given history, and the expected value
is taken over all possible interaction histories of π and µ. The
choice of γi is a subtle issue that controls how greedy or far
sighted the agent should be. Here we use the near-harmonic
γi := 1/i2 as this produces an agent with increasing farsight-
edness of the order of its current age [Hutter, 2004].

As we desire an extremely general definition of intelligence
for arbitrary systems, our space of environments should be
as large as possible. An obvious choice is the space of all
probability measures, however this causes serious problems
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as we cannot even describe some of these measures in a fi-
nite way. The solution is to require the measures to be com-
putable. This allows for an infinite space of possible environ-
ments with no bound on their complexity. It also permits en-
vironments which are non-deterministic as it is only their dis-
tributions which need to be computable. This space, denoted
E, appears to be the largest useful space of environments.

3 A formal measure of intelligence
We want to compute the general performance of an agent
in unknown environments. As there are an infinite number
of environments, we cannot simply take a uniform distribu-
tion over them. If we consider the agent’s perspective on the
problem, this is the same as asking: Given several different
hypotheses which are consistent with the data, which hypoth-
esis should be considered the most likely? This is a standard
problem in inductive inference for which the usual solution
is to invoke Occam’s razor: Givenmultiplehypotheseswhich
areconsistentwith thedata,thesimplestshouldbepreferred.
As this is generally considered the most intelligent thing to
do, we should test agents in such a way that they are, at least
on average, rewarded for correctly applying Occam’s razor.
This means that our a priori distribution over environments
should be weighted towards simpler environments.

As each environment is described by a computable mea-
sure, one way of measuring the complexity of an environment
is by taking its Kolmogorov complexity. If U is a prefix-free
universal Turing machine then the Kolmogorov complexity of
an environment µ is the length of the shortest program on U
that computes µ, formally K(µ) := minp{l(p) : U(p) = µ}.
Unfortunately, K is not computable and is provably diffi-
cult to approximate. For the purposes of Occam’s razor, it
also seems philosophically unnatural to consider short pro-
grams which require an enormous amount of time to compute
to be “simple”. We can address both of these problems by
using a notion of complexity that takes execution time into
account, such as Kt complexity [Levin, 1973]. Formally,
Kt(µ) := minp{l(p) + log t(p) : U(p) = µ} where t(p) is
the number of steps required to compute µ on U . This gives
us a computable distribution 2−Kt(µ) over our space of pos-
sible environments which is consistent with the notion that
very simple algorithms should be short and fast to compute.
Another alternative is the Speed Prior [Schmidhuber, 2002].

We can now define the universal intelligenceof an agent
π to simply be its expected performance when faced with an
unknown environment sampled from this distribution,

Υ(π) :=
∑

µ∈E

2−Kt(µ)V πµ.

4 Properties of universal intelligence
It is clear by construction that universal intelligence measures
the general ability of an agent to perform well in a very wide
range of environments, as required by our informal definition
of intelligence given earlier. The definition places no restric-
tions on the internal workings of the agent; it only requires
that the agent is capable of generating output and receiving
input which includes a reward signal. Universal intelligence
also reflects Occam’s razor in a natural way that respects both

the minimal description and computation time of an environ-
ment. Indeed it is similar to intelligence tests for humans
which usually define the correct answer to a question to be
the simplest consistent with the given information. Although
our space of possible environments E is infinite, as Kt is
computable, Υ(π) can also be computed.

By considering V πµ for a number of basic environments,
such as small MDPs, and agents with simple but very gen-
eral optimisation strategies, it is clear that Υ correctly orders
the relative intelligence of these agents in a natural way. If we
consider a highly specialised agent, for example IBM’s Deep-
Blue chess super computer, then we can see that this agent
will be ineffective outside of one very specific and complex
environment, and thus would have a very low universal intel-
ligence value. This is consistent with our view of intelligence
as being a highly adaptable and general ability.

A very high value of Υ would imply that an agent was
able to perform well in many environments. Such a machine
would obviously be of large practical significance. If we re-
place near-harmonic discounting with a finite length horizon
and ignore computation time, it is possible to define an or-
der relation between agents over interaction histories, known
as the Intelligence Order Relation (IOR) [Hutter, 2004]. The
maximal agent with respect to this order relation is AIXI, and
with minor adjustments, it would also be maximal with re-
spect to Υ. AIXI has been shown to have many optimality
properties, including the ability to be self-optimising in envi-
ronments in which this is at all possible [Hutter, 2004]. These
results demonstrate the power of agents which rate highly
with respect to the IOR and the related Υ defined here.

Clearly Υ spans simple adaptive agents right up to super
intelligent agents like AIXI, unlike the pass-fail Turing test
which is useful only for agents with near human intelligence.
Moreover, the Turing test is highly anthropomorphic, with
many suggesting that it is a test of humanness rather than in-
telligence. We have avoided this problem of human bias, as
well as the need for human judges, by basing our definition
on the fundamentals of information and computation theory.

The only related work to ours is the C-Test [Hernández-
Orallo, 2000]. While Υ is an interactive test, the C-Test is a
static sequence prediction test which always ensures that each
question has an unambiguous answer. We believe that these
are unrealistic and unnecessary assumptions. The C-Test was
able to compute a number of usable test problems which were
shown to correlate with real IQ test scores for humans.
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1 Introduction
A number of experimental studies, e.g., [Geldard and Sher-
rick, 1972; Kolers and von Grünau, 1976] have suggested
that interpretations of events can override direct sensory evi-
dence. For example, for some sequences of perceptual events
of short duration, the interpretation of individual events in the
sequence depends on the characteristics of the sequence as
a whole. This ‘backwards referral in time’, in which later
events influence the perception of earlier events, is difficult to
account for within a serial model of cognition without incor-
porating implausible delays (basically delaying sensory expe-
rience “until all the data is in”).

Dennett and Kinsbourne [1991; 1992] have proposed the
Multiple Drafts theory as a way of modelling such cognitive
processes. The Multiple Drafts theory is based on a paral-
lel, distributed view of cognition, in which large numbers of
processes work independently on multiple interpretations of
data simultaneously. These are the multiple drafts. Eventu-
ally a single draft may become dominant, but no draft is ever
entirely safe from revision.

2 The Temporal Abstraction Network
Architecture

We present a cognitive architecture for perceptual processing
which draws on aspects of the Multiple Drafts theory. Our
Temporal Abstraction Network (TAN) architecture consists
of a set of processes, each with its own state, represented by a
time-limited buffer, along with a procedure for drawing infer-
ences based on the current contents of the buffer. These pro-
cesses are connected together via a bus architecture, allowing
the conclusions drawn by one process to form the inputs to
other processes (including themselves), see Figure 1.

Each process has an input buffer with specified capacity
and duration. Duration is the maximum length of time ele-
ments can remain in the buffer before they are forgotten. Ca-
pacity is the number of items that may be present in the buffer
at any given time. The duration and capacity of a buffer are
independent of each other, e.g., a buffer may have large ca-
pacity but short duration or small capacity but longer dura-
tion. New inputs are added to the buffer in first in first out
fashion—items arriving at a full buffer cause the oldest items
in the buffer to be overwritten.

Each inference process also contains a set of production

rules that are used to spot patterns in input data, and draw
conclusions based on these patterns. Conclusions are writ-
ten to an output bus that transmits them to the input buffers
of other processes. In this way, data can be abstracted as it
progresses through the network of connected processes, with
different abstractions persisting for different lengths of time.
We envisage that processes further up a chain (further from
the initial percepts) would have buffers spanning a larger du-
ration of time than the lower level processes, allowing the
system as a whole to remember more abstract conclusions,
while most of the details are forgotten.

The bus connection architecture allows a single conclusion
from a low-level process to be delivered to multiple higher-
level processes, allowing for multiple drafts to be formed
based on the same data, potentially producing different con-
clusions or interpretations.

3 The Cutaneous “Rabbit” Model
We have used the architecture outlined above to model a num-
ber of perceptual phenomena. In this section we briefly de-
scribe one such model: the cutaneous “rabbit”. Geldard and
Sherrick’s cutaneous “rabbit” experiments [1972; 1977] illus-
trate a perceptual phenomenon called sensory saltation. In
the experiments a series of short ‘taps’ (of about 2ms dura-
tion) were delivered to different locations on the arm of a
subject — for instance, five taps at the wrist, followed by five
between wrist and elbow, and then five more at the elbow.
Subjects reported that the taps had been more or less evenly
spaced along their arm — as if a little rabbit was hopping up
the arm. Variation in the interval between taps (inter-stimulus
interval, ISI) causes differences in the perceived effect. If
the ISI exceeds approximately 200 ms the taps are perceived
at their correct locations. With an ISI of 20 ms or less, some
taps ‘disappear’, with say 15 taps being perceived as just 6.

Our model aggregates information about individual taps
into information about a sequence of taps (see Figure 1), al-
lowing the agent to reason about and predict the behaviour of
an object over time. At the lowest level, the model processes
sensory information to determine the presence of a single tap.
This process has a buffer duration of about 20 ms and a ca-
pacity of just a single element (in this case, the ‘element’
is actually a collection of low-level data). If more than one
tap occurs within this time-frame, then the newer tap simply
overwrites any previous tap. This is consistent with the ex-
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Figure 1: Network for cutaneous “rabbit” experiment.

perimental results which indicate that taps occurring within
about 20 ms of each other are merged with the location of the
newer tap dominating.

The intermediate level processing has a buffer of duration
of 200 ms and a capacity of 2 elements. When a tap arrives at
an empty buffer (which can happen at most once every 20 ms)
a new aggregate conclusion is generated, taking the position
of the tap as the start and end position of the ‘run’, and initial-
ising the count of taps in this run. This conclusion is passed to
the output bus, where it is transmitted to other processes, but
also, via a feedback loop, back to the input bus of the inter-
mediate level process. If a subsequent tap arrives before this
aggregate fact expires from the buffer (i.e., within 200 ms)
then a new conclusion is formed which adjusts the end point
of the run to the new tap position and increases the tap count
by 1. The buffer duration ensures that any gap of 200 ms or
more causes the previous ‘run’ to be forgotten, and thus any
subsequent tap will be perceived as the start of a new run,
which is consistent with the experimental data.

At the highest level of processing (top left in the Figure), a
process with a two element buffer detects the end of a tap run
by comparing the start position of sequential tap-run inputs.
It is the output from this process that is eventually used to
generate a report of the experience. It is important to note
that although the intermediate-level buffer has a duration of
200 ms it is not necessary to delay conclusions for 200 ms.
Instead, the process produces a conclusion whenever a new
tap is felt (at most, once every 20 ms), and these conclusions
can be acted upon immediately.

4 Discussion
There are a number of parallel models of cognition (e.g.
CopyCat, EPIC) which have some similarities to the Multiple

Drafts theory. However these models generally involve some
serial component where “everything comes together”. For
instance, in CopyCat [Mitchell, 1993] multiple parallel pro-
cesses operate in a stochastic manner on a single workspace,
creating a single solution to a problem; in EPIC [Kieras and
Meyer, 1997] there is a single central executive which acts to
coordinate the parallel processes.

In contrast, our Temporal Abstraction Network architec-
ture has no global coordinating or integrating facility. How-
ever, abandoning a single central executive process does not
mean that information cannot be brought together locally for
integration. The TAN architecture is capable of local (serial)
integration while maintaining multiple simultaneous drafts:
information flow can diverge as easily as converge. This
approach is in contrast to that of Dennett and Kinsbourne
who suggest that the only alternative to the Cartesian the-
atre is a strictly parallel architecture, where local integration
is replaced by a more chaotic Pandemonium approach (e.g.,
[Kinsbourne, 1994]).

In future work we plan to concentrate on extending the ar-
chitecture to account for action selection, as well as expand-
ing on the details of how reports are generated. One interest-
ing area for future research will be to look at Libet’s contro-
versial experimental results [Libet, 1985] on voluntary action.

References
[Dennett and Kinsbourne, 1992] Daniel C. Dennett and Mar-

cel Kinsbourne. Time and the observer: The where and
when of consciousness in the brain. Behavioral and Brain
Sciences, 15(2):183–247, 1992.

[Dennett, 1991] Daniel C. Dennett. Consciousness Ex-
plained. Penguin, London, 1991.

[Geldard and Sherrick, 1972] F. A. Geldard and C. E. Sher-
rick. The cutaneous ‘rabbit’: A perceptual illusion. Sci-
ence, 178:178–179, 1972.

[Geldard, 1977] F. A. Geldard. Cutaneous stimulis, vibra-
tory and saltatory. Journal of Investigative Dermatology,
69:83–87, 1977.

[Kieras and Meyer, 1997] David E. Kieras and David E.
Meyer. An overview of the EPIC architecture for cognition
and performance with application to human-computer in-
teraction. Human-Computer Interaction, 12(4):391–438,
1997.

[Kinsbourne, 1994] Marcel Kinsbourne. Models of con-
sciousness: Serial or parallel in the brain? In M. S. Gaz-
zaniga, editor, The Cognitive Neurosciences, pages 1321–
1330. MIT Press, Cambridge, MA, 1994.

[Kolers and von Grünau, 1976] P. A. Kolers and M. von
Grünau. Shape and color in apparent motion. Vision Re-
search, 16:329–335, 1976.

[Libet, 1985] Benjamin Libet. Unconscious cerebral initia-
tive and the role of conscious will in voluntary action. Be-
havioral and Brain Sciences, 8:529–566, 1985.

[Mitchell, 1993] Melanie Mitchell. Analogy-Making as Per-
ception: a computer model. MIT Press, Cambridge, MA,
1993.

POSTER PAPERS1512



Automation Intelligence for the Smart Environment

G. Michael Youngblood, Edwin O. Heierman, Lawrence B. Holder, and Diane J. Cook
Department of Computer Science and Engineering

The University of Texas at Arlington
Arlington, TX 76019-0015

{youngbld,heierman,holder,cook}@cse.uta.edu

Abstract
Scaling AI algorithms to large problems requires
that these algorithms work together to harness their
respective strengths. We introduce a method of au-
tomatically constructing HHMMs using the output
of a sequential data-mining algorithm and sequen-
tial prediction algorithm. We present the theory
of this technique and demonstrate results using the
MavHome intelligent environment.

1 Introduction
An important component of an intelligent environment is to
anticipate actions of a human inhabitant and then automate
them. The decision of which action to execute must be cor-
rect in order to avoid creating excess work for humans in the
form of correcting wrong automated actions and performing
manual actions.

We examine the problem of learning human inhabitant be-
havioral models in the MavHome intelligent environment and
using this to automate the environment. An event in the
environment is described by the time of the event, the de-
vice/sensor zone, the device/sensor number, the new value of
the device or sensor, the source of the vent (e.g., sensor net-
work, powerline controller), and the inhabitant initiating the
event (if known).

2 Solution Strategy
To automate the environment, we collect observations of
manual inhabitant activities and interactions with the environ-
ment. We then mine sequential patterns from this data using
the ED sequence mining algorithm. Finally, a hierarchical
Markov model is created using low-level state information
and high-level sequential patterns, and is used to learn an ac-
tion policy for the environment.

2.1 Mining Sequential Patterns Using ED
Our data mining algorithm, ED, mines sequential patterns
from observed activities. Data is processed incrementally
and sequential patterns are mined according to their ability
to compress the data using the Minimum Description Length
principle. Periodicity (daily, every other day, weekly occur-
rence) of episodes is detected using autocorrelation and in-
cluded in the episode description. If the instances of a pattern

are highly periodic (occur at predictable intervals), the exact
timings do not need to be encoded and the resulting pattern
yields even greater compression value.

2.2 Predicting Activities Using ALZ
To predict inhabitant activities, we borrow ideas from text
compression. By predicting inhabitant actions, the home
can automate or improve upon anticipated events that inhabi-
tants would normally perform in the home. Our Active LeZi
(ALZ) algorithm [Gopalratnam and Cook, 2005] approaches
this problem from an information-theoretic standpoint. ALZ
incrementally parses the input sequence into phrases and, as
a result, gradually changes the order of the corresponding
Markov model that is used to predict the next symbol in the
sequence. Frequency of symbols is stored along with phrase
information in a trie, and information from multiple context
sizes are combined to provide the probability for each poten-
tial symbol as being the next one to occur. In our experiments,
ALZ proved to be a very accurate sequential predictor. How-
ever, accuracy is further improved when the task is restricted
by ED to only perform predictions when the current activity
is likely to be part of a frequently-occurring pattern.

2.3 Decision Making Using ProPHeT
Work in decision-making under uncertainty has popularized
the use of Hierarchical Hidden Markov Models and Partially
Observable Markov Decision Processes. Recently, there have
been many published hierarchical extensions that allow for
the partitioning of large domains into a tree of manageable
POMDPs [Pineau et al., 2001; Theocharous et al., 2001]. Al-
though the Hierarchical POMDP is appropriate for an intel-
ligent environment domain, current approaches generally re-
quire a priori construction of the HPOMDP. Given the large
size of our domain, we need to seed our model with structure
automatically derived from observed inhabitant activity data.

Unlike other approaches to creating a hierarchical model,
our decision learner, ProPHeT, actually automates model cre-
ation by using the ED-mined sequences to represent the ab-
stract nodes in the higher levels of the hierarchy. Lowest-level
states correspond to an environment state representation to-
gether with an ALZ-supplied prediction of the next inhabitant
action. To learn an automation strategy, the agent explores
the effects of its decisions over time and uses this experi-
ence within a reinforcement learning framework to form con-
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trol policies which optimize the expected future reward. The
current version of MavHome receives negative reinforcement
when the inhabitant immediately reverses an automation de-
cision (e.g., turns the light back off) or an automation decision
contradicts user-supplied safety and comfort constraints (e.g.,
do not let the temperature exceed 100 degrees).

3 Environments
All of the algorithms described here are implemented in
MavHome and are being used to automate two environments,
shown in Figure 1. The MavLab environment contains work
areas, cubicles, a break area, a lounge, and a conference
room. MavLab is automated using 54 X-10 controllers and
the current state is determined using light, temperature, hu-
midity, motion, and door/seat status sensors. The MavPad
is an on-campus apartment hosting a full-time student oc-
cupant. MavPad is automated using 25 controllers and pro-
vides sensing for light, temperature, humidity, leak detection,
vent position, smoke detection, CO detection, motion, and
door/window/seat status sensors.

Figure 1: The MavLab (left) and MavPad (right) environ-
ments.

4 Case Study
As an illustration of these techniques, we have evaluated a
week in an inhabitant’s life with the goal of reducing the man-
ual interactions in the MavLab. The data was generated from
a virtual inhabitant based on captured data from the MavLab
and was restricted to just motion and lighting interactions
which account for an average of 1400 events per day. We
trained ALZ and ED on real data and then repeated a typi-
cal week in our ResiSim simulator to determine if the system
could automate the lights throughout the day in real-time.

Figure 2: ProPHeT generated HHMM with production nodes
abstracted.

ALZ processed the data and converged to 99.99% accuracy
after 10 iterations through the training data, and accuracy was

54% on test data. When automation decisions were made us-
ing ALZ alone, interactions were reduced by 9.7% on aver-
age. Next, ED processed the data and found 3 episodes to
use as abstract nodes in the HPOMDP, as shown in Figure 2.
The HHMM model with no abstract nodes reduced interac-
tions by 38.3%, and the combined-learning system (ProPHeT
bootstraped using ED and ALZ) was able to reduce interac-
tions by 76%, as shown in Figure 3.

Figure 3: Interaction reduction.

Experimentation in the MavPad using real inhabitant data
has yielded similar results. In this case, ALZ alone reduced
interactions from 18 to 17 events, the HPOMDP with no
abstract nodes reduced interactions by 33.3% to 12 events,
while the bootstrapped HPOMDP reduced interactions by
72.2% to 5 events.

In this research we have shown that learning algorithms can
successfully automate an intelligent environment. We see that
synergy between these algorithms can improve performance,
as ED-produced abstractions in the hierarchy coupled with
a prediction produced by ALZ improved automation perfor-
mance for ProPHeT. A full system deployment in the MavPad
is currently being conducted.
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This paper proposes a decomposition approach to the allo-
cation and scheduling of a multi-task application on a multi-
processor system-on-chip (MPSoCs)[Wolf, 2004]. This is
currently one of the most critical problems in electronic de-
sign automation for Very-Large Scale Integrated (VLSI) cir-
cuits. With the limits of chip integration reaching beyond one
billion of elementary devices, current advanced integrated
hardware platforms for high-end consumer application (e.g.
multimedia-enabled phones) contain multiple processors and
memories, as well as complex on-chip interconnects. The
hardware resources in these MPSoCs need to be optimally
allocated and scheduled under tight throughput constraints
when executing a target software workload (e.g. a video de-
coder).

The multi-

Figure 1: Single chip multi-processor
architecture.

processor system
consists of a pre-
defined number of
distributed com-
putation nodes, as
depicted in Figure
1. Each node is
made by a process-
ing core and by
a tightly coupled
local memory.
Unfortunately, the
scratchpad memory is of limited size, therefore data in excess
must be stored externally in a remote on-chip memory,
accessible via the bus. The bus for state-of-the-art MPSoCs
is a shared communication resource, and serialization of bus
access requests of the processors (the bus masters) is carried
out by a centralized arbitration mechanism.

Whenever predictable performance is needed for applica-
tions, it is important to avoid high levels of congestion on
the bus, since this makes completion time of bus transactions
much less predictable. Moreover, under a low congestion
regime, performance of state-of-the-art shared busses scales
almost in the same way as that of advanced busses with topol-
ogy and communication protocol enhancements. Finally, bus
modelling is simpler under these working conditions (e.g., ad-
ditive models). Communication cost is therefore critical for
determining overall system performance, and will be mini-
mized in our task allocation framework.

Based on our methodology, the target application running
on top of the hardware platform is pre-characterized and ab-
stracted as a task graph, with specification of computation,
storage and communication requirements. More in detail,
the worst case execution time (WCET) is specified for each
task and plays a critical role whenever application real time
constraints (expressed here in terms of minimum required
throughput) are to be met. In fact, tasks are scheduled on each
processor based on a time-wheel. The sum of the WCETs of
the tasks for one iteration of the time wheel must not exceed
time periodRT (i.e., the minimum task scheduling period en-
suring that throughput constraints are met), which is the same
for each processor since the minimum throughput is an appli-
cation (not single processor) requirement.

The problem we are facing is a scheduling problem with
alternative resources. Each task should be allocated to one
of the processors (Nodei in Figure 1). Each task also needs
3 memory areas for executing, that should be allocated to a
memory device:internal task state andprogram data can
be allocated either on the local scratchpad memory or on the
remote on-chip memory, whilecommunication queue(the
memory area used by the tasks to communicate one other)
must be allocated on the local scratchpad. Tasks duration de-
pends on where memory slots are allocated; tasks need time
to access the bus and use remote memory. Clearly, tasks
should be scheduled in time subject to real time constraints,
precedence constraints, and capacity constraints on all unary
and cumulative resources. However, on a different perspec-
tive, the problem decomposes into two problems: the alloca-
tion of tasks to processors and the memory slots required by
each task to the proper memory device; a scheduling problem
with static resource allocation.

The objective function of the overall problem is the mini-
mization of communication cost. This function involves only
variables of the first problem. In particular, we have a com-
munication cost each time two communicating tasks are allo-
cated on different processors, and each time a memory slot is
allocated on a remote memory device. Once the communica-
tion cost has been minimized, among feasible schedules we
prefer those having minimum makespan.

The allocation problem is difficult to solve with Constraint
Programming (CP). CP has a naive method for solving op-
timization problems: each time a solution is found, an addi-
tional constraint is added stating that each successive solution
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should be better than the best one found so far. If the objec-
tive function is strongly linked to decision variables, CP can
be effective, otherwise it is hopeless to use CP to find the
optimal solution. In case the objective function is related to a
single variable, like for makespan in scheduling problems, CP
works quite well. However, if the objective function is a sum
of cost variables, CP is able to prune only few values, deep
in the search tree since the connection between the objective
function and the problem decision variables is weak. If the
objective function relates to pairs of assignments the situation
is even worse. This is the case of our application where the
objective function depends on pairs of assignments. In fact,
a contribution to the objective function is added when two
communication tasks are allocated to different processors.

On the contrary, Integer Programming (IP) is extremely
good to cope with these problems, while is weak in coping
with time. Scheduling problems require to assign tasks to
time slots, and each slot should be represented by an integer
variable, and the number of variables increases enormously.
CP, instead, is very effective to cope with time constraints.

Therefore, the first problem could be solved with IP effec-
tively, while for the second CP is the technique of choice. The
question is now: how do these problems interact?

We solve them separately, the allocation problem first
(called master problem), and the scheduling problem (called
subproblem) later. The master is solved to optimality and
its solution passed to the subproblem solver. If the solution
is feasible, then the overall problem is solved to optimality.
If, instead, the master solution cannot be completed by the
subproblem solver, a no-good is generated and added to the
model of the master problem, roughly stating that the solu-
tion passed should not be recomputed again (it becomes in-
feasible), and a new optimal solution is found for the master
problem respecting the (set of) no-good(s) generated so far.
Being the allocation problem solver an IP solver, the no-good
has the form of a linear constraint.

A similar method is known in Operations Research as Ben-
ders Decomposition[Benders, 1962], where the overall prob-
lem can be decomposed in two parts connected by some
variables. Some related approaches are[Hooker, 2004] and
[Grossmann and Jain, 2001].

We show that this method is extremely effective if com-
pared to the approaches considering the problem as a whole.

The methodology proposed in this paper has been applied
to a video signal processing pipeline, wherein each task pro-
cesses output data of the preceding task in the pipeline. Func-
tional pipelining is widely used in the domain of multimedia
applications. Task parameters have been derived from a real
video graphics pipeline processing pixels of a digital image.
The proposed allocation and scheduling techniques can be
easily extended to all applications using pipelining as work-
load allocation policy, and aim at providing system designers
with an automated methodology to come up with effective
solutions and cut down on design time. To do that, we sched-
ule several repetitions of the pipeline processes in order to
achieve a working rate configuration.

To validate the strength of our approach, we now compare
the results obtained using this model (Hybrid in the follow-
ing) with results obtained using only a CP or IP model to

solve the overall problem. Actually, since the first experi-
ments showed that both CP and IP were not able to find a
solution, except for the easiest instances, within 15 minutes,
we simplified these models removing some variables and con-
straints. In CP, we fixed the activities execution time not con-
sidering the execution time variability due to remote memory
accesses; in IP, we do not consider all the variables and con-
straints involving the bus: we do not model the bus resource
and we therefore suppose that each activity can access data
whenever it is necessary.

We generate a large variety of problems, varying both the
number of tasks and processors. All the results presented are
the mean over a set of 10 problems for each task or processor
number. All problems considered have a solution. Experi-
ments were performed on a 2GHz Pentium 4 with 512 Mb
RAM. We used ILOG CPLEX 8.1 and ILOG Solver 5.3 as
modelling and solving tools.

In fig-
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Figure 2: Comparison between algorithms
search times for different process number.

ure 2 we
compare the
algorithms
search time
for prob-
lems with
a different
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of tasks.
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the y-axis has a logarithmic scale. For space reasons we omit
the search time figure varying the number of processors, but
it has very similar behaviours to figure 2.

Although CP and IP deal with a simpler problem model, we
can see that these algorithms are in general not comparable
with Hybrid and, as the number of tasks grows, IP and CP
performances worsen and their search times become orders of
magnitude higher w.r.t. Hybrid. Furthermore, we considered
in the figures only instances where the algorithms are able to
find the optimal solution within 15 minutes, and, for problems
with 6 tasks or more, IP and CP can find the solution only in
the 50% or less of the cases.
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Abstract

This paper reconsiders the most basic scheduling
problem, that of minimizing the makespan of a par-
tially ordered set of activities, in the context of
incomplete knowledge. After positioning this pa-
per in the scope of temporal networks under uncer-
tainty, we provide a complete solution to the prob-
lem of finding floats of activities, and of locating
surely critical ones, as they are often isolated. The
minimal float problem is NP-hard while the maxi-
mal float problem is polynomial. New complexity
results and efficient algorithms are provided for the
interval-valued makespan minimization problem.

1 Introduction and Motivation
Temporal Constraint Networks (TCN) represent relations be-
tween dates of events and also allow to express constraints
on the possible durations of activities from intervals of val-
ues[Dechteret al., 1991]. TCN have been extended to take
into account uncertainty of durations of some tasks in real-
istic applications. A distinction is made between so-called
contingent constraints (for example, when the duration of
a task cannot be known before its execution) and control-
lable ones (for example a time interval to be chosen between
starting times of two tasks). The resulting network (Simple
Temporal Network with Uncertainty) becomes a decision-
making problem under uncertainty, and notions of consis-
tency must be refined so as to ensure controllability, that is,
ensured consistency despite uncertainty[Morris et al., 2001;
Khatibet al., 2001]. As far as we know, the TCN community
has extensively worked on the controllability of a network,
but the question of optimizing the total duration of set of tasks
described by a STPU has not been studied. Nevertheless, not
all solutions to an STPU are equally valuable, and solutions
minimizing the makespan are of obvious practical interest.

This paper provides a full picture of the complexity of the
makespan minimization problem under interval-based uncer-
tainty. It is shown that the only NP-hard problem is the one of
finding the greatest lower bound of the float, which is closely
related to asserting the possible criticality of a task. All other
problems turn out to be polynomial. The fact that the two
problems of asserting if an arc is necessary critical or possibly
critical do not have the same complexity is rather unexpected.

2 Preliminaries
An activity network is classically defined as a set of activities
(or tasks) with given duration times, related to each other by
means of precedence constraints. When there are no resource
constraints, it can be represented by a directed, connected and
acyclic graph. Of major concern, is to minimize the ending
time of the last task, also called the makespan of the network.
For each task, three quantities have practical importance for
the management of the activity network: Theearliest start-
ing time esti j of an activity(i; j) is the date before which the
activity cannot be started without violation of a precedence
constraint. Thelatest starting time lsti j of an activity(i; j) is
the date after which the activity cannot be started without de-
laying the end of the project. Thefloat fi j of an activity(i; j)
is the difference between the latest starting timelsti j and the
earliest starting timeesti j . An activity iscritical if and only if
its float is equal to zero.

Now, activity durations (weights of the arcs)(i; j) 2 A
are only known to belong to time intervalsDi j = [d�i j ;d+i j ],
d�i j � 0. We define a configuration as a precise instantiation
of the duration of each task(i; j) 2 A. Ω denotes a configu-
ration, whiledi j (Ω) denotes the duration of activity(i; j) in
configurationΩ. G(i; j) is the subgraph ofG composed of
nodes succeedingi and precedingj.

Computing earliest starting dates is not a difficult issue.
Here we solve four problems, stated in[Chanaset al., 2002]:
1) determining the widest intervalsLSTkl (bounds) of pos-
sible values of the latest starting timeslstkl of a given ac-
tivity (k; l) 2 A, i.e. the intervalLSTkl = [lst�kl ; lst+kl ] defined
by lst�kl = minlstkl(Ω) andlst+kl = maxlstkl(Ω); the problem
of computinglst�kl (resp. lst+kl ) is denoted GLBLST (resp.
LUBLST); 2) determining the widest intervalsFkl of possible
values of floats (total floats)fkl of a given activity(k; l) 2 A,
i.e. the intervalFkl = [ f�kl ; f+kl ] bounded byf�kl = min fkl(Ω)

and f+kl = max fkl(Ω). The problem of computingf�kl (resp.
f+kl ) is denoted GLBF (resp. LUBF). In both problems min-
imization and maximization are taken over all possible con-
figurations. The solutions to problems GLBLST, LUBLST,
LUBF and GLBF come down to finding an extreme con-
figuration [Dubois et al., 2005] where such bounds are at-
tained. As there are 2n extreme configurations, it explains
the potentially exponential nature of the problem. GLBLST,
LUBLST and GLBF have recently been solved in[Chanas
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and Zielínski, 2002; Zielínski, 2005], and only GLBF is NP-
hard. In this paper, we recall the solutions of these three prob-
lems, and present the solution to the last one LUBF, thus pro-
viding a full picture of the makespan minimization problem
under incomplete information.

3 Evaluating Necessary Criticality
This section presents a new method which can decide if a
given task(k; l) is necessary critical.

First, under the assumption that the durations of the prede-
cessors of task(k; l) are precisely known, we already know an
algorithm that asserts if(k; l) is necessary critical. It consti-
tutes the basis for computing the LUB and GLB of the latest
starting dates in polynomial time in[Zieliński, 2005]. We
have extended these results and can provide a general algo-
rithm which asserts if(k; l) is necessary critical in a network
G in polynomial time without any consideration of the dura-
tions of tasks preceding(k; l).

Suppose that(k; l) is necessary critical in the sub-network
G(i;n), then we proved that we can fix the duration of tasks
preceding nodei at their lower bounds, without changing the
necessary criticality of(k; l) in G. On the contrary, if(k; l)
is not necessary critical inG(i;n), then we proved that we
can fix the duration of tasks preceding nodei at their upper
bounds. Applying this idea on networksG(i;n) for i from
k down to 1, for each network, tasks preceding(k; l) have
always precise duration inG(i;n), and so we can easily assert
the necessary criticality in polynomial time. The resulting
algorithm requiresO(mn) steps to assert if(k; l) is necessary
critical in G.

4 Computing the Least Upper Bound on the
Floats

To compute the LUB of the floats, we are going to increase
step by step the duration of(k; l) from Dkl = d�kl until (k; l) be-
comes necessary critical with a durationd�kl + f �. We proved
that the valuef � is the LUB of the float of(k; l).

If we assume that activities preceding(k; l) have precise
durations, thenf+kl = lst+kl �est+kl . So at each step of the com-
putation, we can easily computef+i representing the float of
(k; l) in networkG(i;n). After initialization of durations in
the network by the algorithm which asserts if(k; l) is nec-
essary critical, if(k; l) is not necessary critical, we have to
increase the duration of(k; l) by the minimal non-nullf+i for
i precedingk, then go back to the test of asserting necessary
criticality. When(k; l) becomes necessary critical, we have
found f+kl . At each iteration,(k; l) becomes necessary criti-
cal in at least one new networkG(i;n), and so the resulting
algorithm is polynomial and takesO(n3m).

The following table summarizes the complexity of the dif-
ferent problems of the PERT/CPM on intervals:

Earliest starting GLB P O(n+m)
date (all tasks) LUB P O(n+m)
Latest starting GLB P O(mn)
date (one task) LUB P O(mn)
Float (all tasks) GLB NP-Hard O((n+m)jPj)
Float (one task) LUB P O(n3m)

In this table we give the complexity of the theoretically
best known algorithm which computes the quantity of inter-
est. In particular, the path algorithm[Dubois et al., 2005]
which computes the GLB and LUB of floats and latest start-
ing dates runs inO((n+m)jPj) time , wherejPj is the number
of path of the graphG. The real complexity thus depends of
the topology of the network.

5 Conclusion
This paper proposes a complete solution to the criticality
analysis of a network of activities when durations of tasks
are ill-known. It is shown that moving from precise to impre-
cise durations radically changes the complexity of the prob-
lem, ruining the traditional critical path method. Part of the
problem, pertaining to the GLB of the float, becomes NP-
hard, the other questions remaining polynomial, although not
straightforwardly so. These complexity results shed light on
reasons why the more familiar stochastic counterparts to this
basic scheduling problem are so difficult to handle, part of the
difficulty being already present in the interval analysis. The
proposed algorithms can be of obvious relevance to practi-
cal predictive project scheduling problems where durations
of tasks are not known in advance. Clearly, due to the ba-
sic nature of the addressed problem, several lines of research
can be envisaged for future research. For instance one may
assume that part of the tasks durations are controllable and
additional constraints relating durations and starting or end-
ing times may be available. Then one obtains a makespan
minimization problem in the more general setting of STPU’s.
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Abstract
Weighted A* (WA*) is a popular search technique that
scales up A* while sacrificing solution quality. Recently,
researchers have proposed two variants of WA*: KWA*
adds diversity to WA*, and MSC-WA* adds commitment
to WA*. In this paper, we demonstrate that there is bene-
fit in combining them. The resulting MSC-KWA* scales
up to larger domains than WA*, KWA* and MSC-WA*,
which is rather surprising since diversity and commit-
ment at first glance seem to be opposing concepts.

1 Introduction
Weighted A* (WA*) is a popular search technique that scales
up A* while sacrificing solution quality, by weighing the
heuristic values more strongly than A*. In this paper, we
study how to scale up WA* to even larger domains, building
on two variants of WA* that have been proposed recently:
First, WA* expands only one state per iteration. KWA* is
a variant of WA* that expands several states per iteration,
which adds diversity to WA* to give it a stronger breadth-
first component. Second, WA* considers all states in the
OPEN list as candidates for expansion. Multi-State Commit-
ment WA* (MSC-WA*) is a variant of WA* that considers
only a small number of states in the OPEN list as candidates
for expansion, which adds commitment to WA* to give it a
stronger depth-first component. In this paper, we demonstrate
that there is benefit in combining them. Our experimental re-
sults, for example, show that the resulting MSC-KWA* with
the Manhattan heuristic scales up to the 48-Puzzle, whereas
WA*, KWA* and MSC-WA* do not.

2 WA*, KWA* and MSC-WA*
WA*: WA* is a variant of A* that scales it up by making
its search more greedy and thus more focused [Pohl, 1970].
While A* calculates the f-value of a state s as f(s) = g(s) +
h(s), WA* calculates it as f(s) = (1−W )g(s) +W ×h(s),
where 1 ≥ W ≥ 0.5 is the only parameter of WA*. KWA*:
Due to its strong focus, WA* is likely to be led into goal-free
regions of the search space by misleadingly small heuristic
∗We thank Richard Korf for providing us with WA* code and

acknowledge funding from NSF under contracts IIS-0098807 and
IIS-0350584. The views and conclusions contained in this document
are those of the authors and not of NSF.

values. KWA* tackles this problem by adding a breadth-
first component to WA* (diversity) to make its search less fo-
cused. It expands the K ≥ 1 states with the smallest f-values
in the OPEN list (rather than just one) in parallel during each
iteration [Felner et al., 2003]. Thus, KWA* has two param-
eters, namely W and K. If K = 1, then KWA* reduces
to WA*. Larger values of K increase the probability that
WA* selects a state on the shortest path from the start state
to the goal state during the next iteration at the risk of gener-
ating more states than necessary during each iteration. MSC-
WA*: WA* focuses the search more than A*. However, the
state that WA* expands next can be any state in the OPEN list
(depending on the f-values). Multi-State Commitment WA*
(MSC-WA*) increases the focus of WA* even more by fo-
cusing the search on a subset of the states in the OPEN list
(commitment) [Kitamura et al., 1998]. MSC-WA* splits the
OPEN list into a COMMIT list of at most C states and a RE-
SERVE list. Thus, MSC-WA* has two parameters, namely
W and C. The COMMIT list plays the role of a smaller
OPEN list, whereas the RESERVE list stores the remaining
states of the original OPEN list. MSC-WA* expands the state
with the smallest f-value in the COMMIT list. MSC-WA*
never re-expands a state, even if it finds a shorter path from
the start state to the state in question. The number of states in
the COMMIT list can thus get smaller than C. In this case,
MSC-WA* uses the states with the smallest f-values in the
RESERVE list to refill the COMMIT list. If C =∞, then the
RESERVE list remains empty and MSC-WA* reduces to a
variant of WA* that never re-expands a state. Smaller values
of C make MSC-WA* focus the search on a smaller subset of
the states in the original OPEN list.

3 Comparison
Table 1 reports the results of our experiments with WA*,
KWA* and MSC-WA* on the N -Puzzle with N = 15, 24, 35
and 48, using the Manhattan distance as the heuristic func-
tion. The goal state has the blank in the upper left corner. For
each combination of parameters, we average over 50 experi-
ments (100 experiments forN = 15) with a memory capacity
of six million states. (For W , for example, we use the values
0.50, 0.56, 0.60, 0.67, 0.75, 0.80, 0.86, 0.90, 0.95 and 0.99.)
Each row of the table then reports the parameter combinations
that optimize the average performance for each one of four
performance measures, namely the solution cost, the num-
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Table 1: Comparison of WA*, KWA*, MSC-WA*, and MSC-KWA* for the N -Puzzle
N Performance WA* KWA* MSC-WA* MSC-KWA*

Measure Value W Best Value W K Best Value W C Best Value W K = C Best

15
Solution Cost 63.51 0.67 53.85 0.67 50,000 X 56.29 0.60 80,000 53.89 0.99 50,000 X
Stored States 6,050 0.99 6,028 0.99 8 4,113 0.95 20 3,223 0.99 5 X
Generated States 6,972 0.99 6,704 0.99 8 4,191 0.95 20 3,259 0.99 5 X
Runtime (Seconds) 0.003 0.99 0.003 0.99 5 0.002 0.99 6 0.001 0.95 3 X

24
Solution Cost 165.16 0.75 113.56 0.99 20,000 X 164.56 0.75 90,000 116.32 0.99 20,000
Stored States 44,097 0.99 32,567 0.99 5 36,907 0.99 300 16,178 0.99 6 X
Generated States 56,070 0.99 43,578 0.99 4 37,832 0.99 300 16,331 0.99 6 X
Runtime (Seconds) 0.027 0.99 0.021 0.99 4 0.021 0.99 50,000 0.007 0.99 6 X

35
Solution Cost 236.50 0.99 7,000 X 472.10 0.90 3,000 244.14 0.99 7,000
Stored States 417,675 0.95 20 456,777 0.99 90 56,807 0.99 5 X
Generated States 652,100 0.95 500 467,586 0.99 90 57,291 0.99 5 X
Runtime (Seconds) 0.377 0.95 500 0.297 0.99 90 0.033 0.99 5 X

48
Solution Cost 18,379.32 0.60 5 X
Stored States 275,293 0.80 4 X
Generated States 277,282 0.80 4 X
Runtime (Seconds) 0.181 0.80 4 X

ber of stored states, the number of generated states, and the
actual runtime. A check mark indicates that the algorithm is
within one percent of the optimal performance reported in the
row. An empty cell indicates that the algorithm does not solve
all of our random instances. The table shows the following
trends: First, all runtimes are small because the algorithms
quickly either solve a search problem or run out of mem-
ory. Second, KWA* has a smaller solution cost than WA* and
MSC-WA*. The solution cost of MSC-WA* remains roughly
the same as the one of WA*, whereas the one of KWA* im-
proves withN compared to the one of WA*, which can be at-
tributed to the breadth-first component (diversity) of KWA*.
Third, MSC-WA* has a smaller number of generated states
than WA* and KWA*, which can be attributed to the depth-
first component (commitment) of MSC-WA*. Fourth, both
KWA* and MSC-WA* store a smaller number of states than
WA* although neither KWA* nor MSC-WA* dominates the
other one in this respect. (KWA* stores a smaller number
of states than WA* only for large values of N .) The small
memory consumption of KWA* and MSC-WA* allows them
to solve all of our random instances of the 35-Puzzle, while
WA* solves only 98 percent of our random instances, even
for the best possible value of W . For KWA*, this result is
partly due to our improved implementation of KWA* that
stores each state at most once on the OPEN and CLOSED
list. However, it turns out that the low memory consumption
of our implementation of KWA* is not a systematic effect but
due to noise since it requires one to hit the correct value of K
precisely, which is not possible in practice.

4 MSC-KWA*
Although the concepts of diversity and commitment seem to
be opposing at first glance, we now combine them: MSC-
WA* splits the OPEN list into a COMMIT list of C states
and a RESERVE list. This makes MSC-WA* even more fo-
cused than WA*, and thus makes it more likely that MSC-
WA* is led into goal-free regions of the search space by mis-
leadingly small heuristic values. We alleviate this problem by
adding to MSC-WA* the mechanism used by KWA*. MSC-
KWA*, the resulting algorithm, expands in parallel during
each iteration all K ≤ C states with the smallest f-values in
the COMMIT list (rather than just one). Thus, MSC-KWA*
has three parameters, namely W , C and K. We eliminate

one of them by setting K = C to simplify the experimen-
tal conditions, which is reasonable since decreasingK and C
both increase the focus of MSC-KWA*. Table 1 shows that
MSC-KWA* has a smaller number of stored states, a smaller
number of generated states, and a smaller actual runtime than
WA*, KWA* and MSC-WA*. The savings are significant and
increase with N . For example, the number of stored states of
MSC-KWA* is at least a factor of seven smaller for the 35-
Puzzle than the ones of WA*, KWA* and MSC-WA*. The
small memory consumption of MSC-KWA* allows it to solve
all of our random instances of the 48-Puzzle, which WA*,
KWA* and MSC-KWA* cannot. (KWA* solves only 76 per-
cent and MSC-WA* solves only 78 percent of our random
instances, even if their parameter values are optimized.) Fur-
thermore, the solution cost of MSC-KWA* is always within
about three percent of the solution cost of KWA*, the algo-
rithm with the smallest solution cost. Additional experiments
are reported in [Furcy, 2004]. For example, MSC-KWA*
(withK 6= C) solves all of our random instances of the 4-Peg
Towers of Hanoi, which WA*, KWA* and MSC-WA* can-
not. Note that beam search is a special case of MSC-KWA*
(namely, with K = C and no RESERVE list) and thus can
be understood as a variant of best-first search with commit-
ment and diversity, not just commitment (the current view).
It is future work to determine the best parameters values of
MSC-KWA* automatically.
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Abstract
We introduce a new NP-complete problem asking
if a “query” hypercube is (not) covered by a set of
other “evidence” hypercubes. This comes down to
a form of constraint reasoning asking for the satis-
fiability of a CNF formula where the logical atoms
are inequalities over single variables, with possibly
infinite variable domains. We empirically inves-
tigate the location of the phase transition regions
in two random distributions of problem instances.
We introduce a solution method that iteratively con-
structs a representation of the non-covered part of
the query cube. In particular, the method is not
based on backtracking. Our experiments show that
the method is, in a significant range of instances,
superior to the backtracking method that results
from translation to SAT, and application of a state-
of-the-art DP-based SAT solver.
This paper is an extended abstract. More details can
be found in the long version of the paper [Hoffmann
and Kupferschmid, 2005].

We introduce a new NP-complete problem asking if there
is a point in a given n-dimensional “query” hypercube that is
not covered by – contained in the union of – a set of other n-
dimensional “evidence” hypercubes. An n-dimensional hy-
percube is a cross product of n intervals. Intervals in our con-
text are defined as statements of the form l < [≤] x < [≤] u
where “x” is a variable, “l” and “u” are members of x’s do-
main, and “<” is a total order defined over this domain.1

Definition 1 Let QCOVER denote the following problem:
Given an n-dimensional hypercube Q, and a set E of n-
dimensional hypercubes, is there a point in Q that is not con-
tained in

⋃
E∈E E?

Covering problems of this kind arise, e.g., in the context
of regression planning with numeric state variables [Koehler,
1998]. More generally, QCOVER is a form of constraint rea-
soning asking for the satisfiability of a CNF formula where
the logical atoms are inequalities over single variables, with
possibly infinite variable domains. The correspondence is the

1By square parentheses “symb1 [symb2]” we denote alternative
possibilities, i.e. that symb2 can be substituted for symb1.

following. A QCOVER instance is a constraint problem with
n variables xd. The query hypercube specifies a region in-
side which the solution must lie, the evidence cubes spec-
ify regions inside which the solution must not lie. A hyper-
cube corresponds to a conjunction of inequalities of the form
c < [≤, >,≥] xd. So the complement of a hypercube (of
an evidence hypercube) corresponds to a disjunction of such
inequalities, and the overall problem is a conjunction of dis-
junctive constraints. Vice versa, any conjunction of such dis-
junctive constraints can be expressed as hypercubes (if a dis-
junctive constraint does not mention a variable xd, then the
interval in dimension d is the whole variable domain).

Proposition 1 QCOVER is NP-complete.

We empirically explore two random distributions of
QCOVER instances. The first one, which we call Random
QCOVER, chooses the end points for all intervals uniformly
from a set of m possible values. The second one, which we
call Random 3-QCOVER, is similar to the fixed clause-length
model for generating random 3SAT instances [Mitchell et al.,
1992]. It always selects the query cube to be the cross-product
of the (whole) variable domains, and, in the evidence cubes,
assigns the whole variable domains to all but 3 randomly cho-
sen dimensions. For both distributions, we investigate the lo-
cation of the phase transition regions. As it turns out, Random
3-QCOVER shows a typical phase transition behaviour while
Random QCOVER shows no such behaviour, see Figure 1.
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Figure 1: Typical plot of the proportion of unsatisfiable in-
stances against k for (a) Random QCOVER and (b) Random
3-QCOVER.

By 50% point, we denote the number k of evidence cubes
at which our random instances have (empirically) equal prob-
ability of being satisfiable or unsatisfiable. The 50% point
depends on n and m. We use instances from the 50% points
to evaluate different solution methods.
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Today, in most cases the empirically most efficient solution
methods for satisfiability problems are backtracking meth-
ods. Such methods are depth-first searches that split, in each
search node, the search space along the possible values of a
variable. A polynomial propagation of constraints is used to
determine conflicts early on in the search tree, and analysis
of conflicts is used to prune unnecessary branches. Meth-
ods of this kind have proved successful for solving constraint
satisfaction problems. In particular, the modern descendants
of the Davis Putnam procedure still constitute the state-of-
the-art in determining the solvability of propositional CNF
formulas. In our work, we have implemented a backtracking
method for QCOVER by plugging a straightforward transla-
tion to SAT into Chaff [Moskewicz et al., 2001].2 To contrast
this method, we have also developed an algorithm, named
cube elimination, that, instead of backtracking over possible
variable values, iteratively constructs a representation of the
non-covered part of the query cube. See Figure 2.

procedure cube elimination(Q, E)
Q := {Q}
for all E ∈ E do

Q′ := ∅
for all Q′ ∈ Q do

Q′ := Q′ ∪ minimal cover(Q′ \ E)
endfor
Q := Q′

if Q = ∅ then answer “unsatisfiable”, return ∅ endif
endfor
answer “satisfiable”, return Q

Figure 2: Cube elimination.

The algorithm maintains a set Q of hypercubes that ini-
tially contains only the query cube itself. Then iteratively all
evidence cubes E are “eliminated” by subtracting them from
all cubes Q in Q. The result Q \ E of such a subtraction is
not necessarily a hypercube; we represent it as a set of hyper-
cubes, computed by the minimal cover procedure. The latter
is a simple for-loop over all dimensions, returning a set of
hypercubes that covers exactly Q \ E, and that is minimal in
the sense that there is no smaller set of hypercubes covering
exactly Q \ E (the worst-case size of the set is 2n).

In SAT, where all variables are boolean and have only two
possible values, cube elimination comes down to transform-
ing the CNF into a DNF. This seems a hopeless approach,
but, for our Random QCOVER distribution, our experiments
show that cube elimination is often superior to the backtrack-
ing method implemented by Chaff. Figure 3 shows our re-
sults for the Random QCOVER distribution, in terms of (nr.
of search decisions made by Chaff) divided by (total nr. of
cubes generated by cube elimination). Clearly, cube elimina-
tion becomes superior as the value of m increases. This is
particularly true in the unsatisfiable instances where the cube
elimination search space is, in the largest instances, around
5 orders of magnitude smaller than that of backtracking. It

2The translation implements the multiple-valued variable for
each dimension by a set of boolean variables a that cover (only)
the relevant case distinctions in that dimension. Binary exclusion
clauses of the form ¬a ∨ ¬a′ ensure that, by unit propagation, only
one variable a can be set to 1 at a time.

should be noted that cube elimination produces a representa-
tion of all satisfying assignments in the satisfiable cases.
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Figure 3: Search space size quotient Chaff vs. cube elimi-
nation in Random QCOVER, averaged over (a) all instances,
(b) only unsatisfiable instances. The z-axis is log-scaled, the
plain z = 1 is included for orientation.

In the Random 3-QCOVER distribution, we found back-
tracking to be generally superior to cube elimination. For
lack of space, we ommit the details. In spirit, cube elimina-
tion is somewhat similar to the “bucket elimination” frame-
work defined by Rina Dechter [1999]. The cube elimination
algorithm is easiest to understand, and was originally moti-
vated by, viewing the satisfiability problem we consider as a
geometrical problem. This opens up the question if geomet-
rical interpretations of other satisfiability problems can lead
to interesting new methods for these problems.
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Abstract
Finding models of logical formulas is a challenging
problem. For first-order formulas, a finite model
can be found by exhaustive search. For many struc-
tured problem instances, there is much isomor-
phism in the search space. This paper proposes
general-purpose techniques for eliminating isomor-
phic subspaces, which can be helpful when the for-
mulas have many predicates. The techniques are
based on inherent symmetries in first-order clauses.

1 Introduction
Satisfiability checking (or model finding) is an important
problem in logic and Artificial Intelligence. If restricted to
the propositional logic, the problem is well-known as SAT,
and has been studied by many people. In this paper, we fo-
cus on first-order satisfiability problems. More specifically,
we study how to find finite models of first-order formulas.
We propose two methods which use symmetries to eliminate
isomorphic subspaces and prune the search tree. One tech-
nique works row-by-row; the other one processes submatri-
ces, based on Ramsey numbers.

Symmetry breaking can be very helpful to improve the effi-
ciency of combinatorial searching. For example, it has played
a key role in the solution of some previously open ques-
tions on quasigroups [Fujita et al., 1993]. But the technique
used there is problem-specific. Other researchers have stud-
ied more general methods for using symmetries to improve
the efficiency of model finding. The Least Number Heuristic
(LNH) [Zhang and Zhang, 1995] is such a technique. It works
well on many problems (including the quasigroup problems).
But it is not effective on predicates. The techniques proposed
in this paper can remedy this weakness to some extent.

2 Background
We assume that the reader is familiar with the basic concepts
of classical logics (including propositional and first-order log-
ics). As mentioned earlier, this paper deals with the problem
of finding finite models of first-order formulas. Currently,
there are some automated tools available for doing this. Tools�

Supported by the NSF of China (No. 60125207).

like SEM [Zhang and Zhang, 1995] search for the models di-
rectly, while other tools (like MACE2 [McCune, 2001]) trans-
late the problem into SAT and use efficient SAT solvers.

For simplicity, we assume that there is only one domain:���
= � 0, 1, . . . , �
	���
 . (But the methods can also be

used on many-sorted formulas.) Suppose there is a binary
predicate, � , in the formulas. To give an interpretation for � ,
we need to find an ����� matrix, in which each entry (also
called a cell) has a truth value (TRUE or FALSE).

A set of ground clauses, � , is symmetric with respect to
a set of domain elements, if � remains the same under any
permutation of the elements. When � is obvious from the
context, we also say that the elements are symmetric or inter-
changeable with each other. Clearly, this is an equivalence
relation defined on a set of domain elements.

For convenience, we assume that all the domain elements
are symmetric initially. We may think that there is only one
equivalence class on the domain elements. This class includes
every element of

� �
.

Ramsey Numbers
Ramsey numbers are well-known in graph theory. For a pair
of positive integers � and � (������������� ), the Ramsey num-
ber ���! �"#�$���&% is the minimum number of vertices such that
all undirected simple graphs of order � contain a clique of
order � or an independent set of order � .

Currently we do not know the exact values of many Ram-
sey numbers. But we know that

 '")(*�+�&%,�-� for any � , (3,3) = 6,  (3,4) = 9,  (3,5) = 14, . . . (4,4) = 18,  (4,5) = 25
and obviously, for any � and � ,  �".�/���&%0�! �"1�2�1�3% .
3 Row-by-row Isomorphism Elimination
Suppose there is a model. Let us consider an interpretation
for � . First look at the first row of the matrix, that is, the
value of �4"657�987% (for 8:�;5 ). For these "<��	=�>% truth values,
either of the following propositions must hold, but not both:
(1) At least ?9"<�@	
�>%�A&(CB cells got the value TRUE;
(2) At least ?<�$A&(>B cells got the value FALSE.

Here DFE7G denotes the largest integer H such that H4IJE , and?F8KB denotes the smallest integer L such that LNMO8 .
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If (1) is true, without loss of generality, we can assume that
the cells

�4"15P�KDQ"1��	��R%+A&(CGTS!�R%U�WVXVYVY�Z�4"15P�9�@	
�>%
take the value TRUE. Similarly, if (2) is true, we assume that
the second half of the first row got the value FALSE. So we
have two subcases.

The above kind of “divide-and-conquer” can be repeated
until the size of the equivalence class is reduced to 1. And we
can get many subcases.

We call this technique the Row-by-Row (RR) strategy. Now
we prove its correctness. Let []\ denote the set of ground
clauses obtained by instantiating the first-order clauses using
all the elements in the domain

�N�
.

Lemma 1. Suppose �_^
`aIO�b	4� , 5�I=cN^��b	�` , and []\
is symmetric with respect to �b��	d` , . . . , �Z	=�e
 . Then any
model can be mapped (under certain permutation of domain
elements) to one of the following two models:
(1) a model in which �4"6cf�9�O	-�CgX% , . . . , �4"6c3���O	��>% are

TRUE, where �Cgb�h?F`�A�(>B ;
(2) a model in which �4"6cf�9�O	-�Ri>% , . . . , �4"6c3���O	��>% are

FALSE, where � i �h?Q"1`jS!�R%+A&(CB .
Theorem 1. If []\ is symmetric with respect to

� �
, there

is a model of []\ in
�4�

if and only if a model exists in one
of the subcases.

For a given row, there can be several ways of dividing the
assignments into two subcases. For example, we could divide
the assignments at the first row into these two subcases:
(1) �4"15P�Y�>% is TRUE;
(2) �4"15P�987% is FALSE, for every 8kM-� .

4 A Technique Based on Ramsey Numbers
Now we present a search strategy based on the Ramsey num-
bers, which is called the RN strategy. It tries to determine
the values of several submatrices, starting from the upper-left
corner to the lower-right corner.

If � is commutative, i.e., �4"1E/�987%l���4"18m��Em% for any E/�98 ,
then the matrix can be regarded as a complete graph whose
edges are colored with TRUE or FALSE. When � is greater
than or equal to the Ramsey number  �"#�$���&% , there will be a
complete subgraph n�o with color TRUE, or a complete sub-
graph nkp with color FALSE. Without loss of generality, we
can divide the model finding process into two subcases:
(1) For any Hq�)L ( 5�IOHq�rL4^:� , Hts�
L ), �4"<Hq�)L2% and �4"uLv��Hw% are

TRUE.
(2) For any Hq�)L ( 5'I�H+�rL�^x� , Hbs�
L ), �4"<Hq�)L2% and �4"uLv��Hw% are

FALSE.
When � is a bigger number, we can apply this kind of “divide-
and-conquer” several times.

If � is not commutative, then �4"<E/��87% ( E
^y8 ) can be re-
garded as a complete undirected graph whose edges are col-
ored with TRUE or FALSE. Similarly, we can also divide the
model searching process into two subcases:
(1) For any Hq�rL ( 5�IOHz^dLN^:� ), �4"1Hq�)L2% is TRUE.
(2) For any Hq�rL ( 5�IOHz^dLN^
� ), �4"<Hq�rLK% is FALSE.

To avoid repeated search, we can put the following condition
on the first subcase: There is no n p colored with FALSE.

5 Experiments
We have tested our techniques on several problems, including{ Pigeon-hole{ Ramsey Number Searching{ Steiner Triple System
Several programs are used, e.g., SEM [Zhang and Zhang,
1995], MACE2 [McCune, 2001] and the SAT solver siege v4
(http://www.cs.sfu.ca/˜loryan/personal/).

Experimental results show that, typically our techniques
can reduce the search time by a factor of 2 to 8.

6 Concluding Remarks
For many structured problems, if they are specified naturally
using first-order logic, the specification suggests a lot of sym-
metries which can be used to prune the search space. This pa-
per proposes two techniques for using such symmetries. They
are mainly aimed at predicates. One of them works row by
row, and the other one processes submatrices from the upper-
left corner to the lower-right corner. The two techniques may
be regarded as complementary to the least number heuristic
and its extension. They can be helpful to both first-order and
propositional solvers.

Symmetries have also been studied in the SAT community.
For example, Aloul et al. [Aloul et al., 2003] have obtained
very impressive results on various problems in the EDA field.
They have implemented a software package called Shatter
which can add certain clauses to a SAT instance to make it
easier. Such an approach typically has to search for symme-
tries in large CNF formulas. For some SAT instances, the
search may take a long time. Compared with a propositional
formulation, a specification in the first-order logic allows one
to use symmetries without searching for them.

In the future, we are going to study how to combine vari-
ous techniques in a single framework. It is also interesting to
compare first-order techniques with symmetry-breaking pred-
icates used for SAT solvers.
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1 Intr oduction
Solving a Constraint Satisfaction Problem (CSP) by Maintain-
ing Arc Consistency (MAC) [Sabin and Freuder, 1994] has
been one of the most widely-used methods. Since Arc Con-
sistency (AC) is enforced at every node in a search tree, its
efficiency is critical to the whole algorithm. We propose a
new MAC algorithm based on AC-3.1 [Zhang and Yap, 2001]
in which the AC component is capable of starting from where
it left off in its previous execution with low overhead. It has
the following properties: (1) O(ed2) worst-case time com-
plexity in any node and any branch of the search tree; (2)
O(ed) space complexity; (3) the ability to avoid a type of re-
dundant constraint check called a negative repeat; (4) no re-
computation and maintenance of its internal data structures
upon backtrack.

2 Definitions
In this paper we consider CSPs with binary constraints and
use DX , n, e, and d to denote the current domain of variable
X , the number of variables, the number of constraints, and
the maximum domain size respectively. We also assume a do-
main to be totally-ordered and adopt a random-access doubly
linked-list implementation. The terms head and tail denote
the boundary of a domain. A constraint check between value
a ∈ DX and value b ∈ DY is denoted by CXY (a, b).

A propagation-oriented backtrack search algorithm for
CSPs is the standard depth-first backtrack search framework
augmented by some process that handles all constraint prop-
agation and the maintenance of the internal data structures
involved. The search tree is defined by associating each node
with a variable assignment of the algorithm. Node complexity
of the algorithm is the time complexity cost of the constraint
propagation performed at each node. Path complexity is the
aggregate cost for any path in the search tree, summing the
cost of every node in succession, starting from the root, to a
leaf. During search some constraint checks may be repeated
many times even though the constraint processing component
is optimal in a single execution. We define the following
type of redundant check called a negative repeat. Negative
repeats can be troublesome for hard problems that require a
large amount of backtracking.

∗This work has received support from Science Foundation Ire-
land under Grant 00/PI.1/C075.

Definition 1 (NegativeRepeat) A constraint check
CXY (a, b) performed at time t during search is called a
negative repeat with respect to Y if and only if:
(1) CXY (a, b) = false, and
(2) CXY (a, b) has been performed at time s where s < t, and
(3) b has been continuously present in the time interval (s, t).

3 Adaptive Domain Ordering
In this section we introduce a new MAC algorithm called
Adaptive Domain Ordering (ADO). The key feature is the
dynamic rearrangement of variable domains after each back-
track. A pruned value is simply restored to the end of its do-
main, rather than its initial position. This technique makes
the algorithm capable of avoiding all negative repeats as
well as requiring no maintenance on its internal data struc-
ture. Unlike AC-3.1, on which the constraint processing unit
of ADO is based, we associate the following two invari-
ants for last(X,a,Y). First, the safety invariant: there exists
no support of a in {c ∈ DY | c < last(X,a,Y)}. Sec-
ond, the prospect invariant: there exists a support of a in
{c ∈ DY | c ≥ last(X,a,Y)}. ADO is a propagation-oriented
backtrack search algorithm and behaves like MAC-3.1 for the
most part. The main differences lie in the routines for re-
moving a value (remove), finding a support, and restoring
a value (restore). When a value is removed, any last that
points to it will be moved to the next value. When no sup-
port for a ∈ DX is found in DY , last(X,a,Y) will be made
to point to tail of Y . When a value is restored, all the last
pointers that point to the tail will be made to point to the re-
stored value instead. It can be proved that, given any path in a
search tree, the worst-case aggregate complexity of remove
is O(ed2). Due to space restriction we are not able to give de-
tailed proofs of the complexity cost and correctness of ADO.
An example trace of the algorithm is shown as follows.

Example Consider DX = {a, b, c, d}, DY = {1, 2, 3, 4}
and CXY ={(a, 1),(b, 1),(c, 2),(d, 4)} (allowed tuples). The
result after the initial AC processing1 is shown in Figure (1.1):
last(X,a,Y)=1, last(X,b,Y)=1, last(X,c,Y)=2, and last(X,d,Y)=4.
Suppose a and d are removed due to some external cause;
their last values remain unchanged (1.2). Next, suppose 4 is
removed. The result after AC processing is shown in (1.3). At

1In truth, we only enforce directional AC on the arc (X ,Y ) to
keep the example simple.
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the next search level suppose 1 is removed. According to the
algorithm, any last that points to 1 — including last(X,a,Y)
— will be shifted to 2 (1.4). Figure (1.5) shows the result
after the problem is made arc consistent. Now consider the
network after backtrack. Since 1 is removed after 4, it must
be restored before. Figure (1.6) shows the result after 1 is re-
stored. All the last pointers that pointed to tail are moved to
1. Notice that b is restored as well because it was pruned at
the same level as 1. Figure (1.7) shows the result after 4 is re-
stored. Figure (1.8) shows the network after the search back-
tracks to the point where we started this example. Note how
the last pointers and the domain ordering differ from (1.1). 2

To make ADO efficient, we need another data structure as-
sociated with each value to account for the last pointers that
point to it. This is called buffer. Its elements can be preallo-
cated since a value has only one last pointer in any constraint.
We then make a last pointer refer to a value’s buffer instead
of the value itself — i.e. (a, X) ∈ buffer(b,Y) iff last(X,a,Y)
points to buffer(b,Y). This allows a set of last pointers to be
switched all at once just by rearranging related buffers. For
example, consider Figure (2.1), a more detailed view of (1.5).
When 1 is restored, we want to move all the pointers from tail
to 1. This can be done simply by swapping the two buffers
(2.2). As a result restore takes O(1) time.

We use a similar technique for remove. We compare the
buffer of the value to be removed with that of the next value
in the current domain (or tail if there is none) and swap both
buffers if the first contains more elements. For an exam-
ple, consider Figure (2.3), which is the detailed view of Fig-
ure (1.3). When value 1 is removed, its buffer size is com-
pared with the buffer size of value 2. Since it has more ele-
ments, we move pointers from the buffer for value 2 into that
for value 1 and swap both buffers, which results in (2.4).

Given any path in a search tree, the worst-case aggregate
complexity of remove using buffer with the above techniques
is O(ed lg d). We can further reduce the cost by represent-
ing data in a buffer as a rooted tree and having the root of
the smaller tree point to that of the larger one. In fact, this is
the union-by-rank operation for the disjoint-set union prob-
lem. remove then takes O(1) time. However, locating the
value of a last pointer no longer takes constant time. By us-
ing path compression, its worst-case aggregate complexity is
O(ed α(ed2)) where α is the inverse Ackerman’s function,
which is almost constant [Tarjan, 1975].

ADO has O(ed2) for node and path complexity since the
cost related to buffer is subsumed by the standard cost of es-
tablishing arc consistency. Correctness follows because: (1)
the prospect invariant states that there is a support somewhere

for each value, thereby enforcing arc consistency; (2) the
safety invariant states that no support is skipped. Note that
because the problem is made arc consistent before the search
starts, we can always expect a value to have a support. If a
value is subsequently removed, it is only because all of its
supports are pruned; these supports are still in the original
domain. The existence of a support in the original domain is
central in the correctness proofs, and without the AC prepro-
cessing before the search starts ADO would not be correct.

4 Conclusions
We have designed ADO to explore the theoretical limits of
MAC and, as far as we know, it achieves the best results and
outperforms all other existing MAC algorithms. Specifically,
ADO has O(ed2) worst-case time complexity in any node and
any branch of the search tree while using only O(ed) space.
This resolves the trade-off between the two traditional imple-
mentations of MAC-3.1. The first one records every change
made to last so that after backtrack the algorithm can start
from the exact same state. Although both node and path com-
plexity for this approach is O(ed2), its space complexity is
O(ed min(n, d)). The second approach resets last in every
search node to keep the space at O(ed), but this comes at the
expense of path complexity, which becomes O(ned2).

Régin [2004] also aims to create a maintenance-free MAC
algorithm that has the best features from the two implemen-
tations of MAC-3.1. The algorithm in [Régin, 2004] is both
node and path optimal while using O(ed) space. However,
the last structure needs to be recomputed and updated after
each backtrack besides the normal restoration of pruned val-
ues. It cannot avoid negative repeats. By contrast, ADO re-
quires no recomputation and no update of its internal structure
and is able to avoid negative repeats.
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Abstract

Rotating workforce scheduling is a typical con-
straint satisfaction problem which appears in a
broad range of work places (e.g. industrial plants).
Solving this problem is of a high practical rele-
vance. In this paper we propose the combination
of tabu search with random walk and min con-
flicts strategy to solve this problem. Computational
results for benchmark examples in literature and
other real life examples show that combination of
tabu search with random walk and min conflicts
strategy improves the performance of tabu search
for this problem. The methods proposed in this pa-
per improve performance of the state of art com-
mercial system for generation of rotating workforce
schedules.

1 Introduction
Workforce scheduling, in general, includes sub-problems
which appear in many spheres of life as in industrial plants,
hospitals, public transport, airlines companies, universities
etc. There are two main variants of workforce schedules: ro-
tating (or cyclic) workforce schedules and non-cyclic work-
force schedules. In a rotating workforce schedule all employ-
ees have the same basic schedule but start with different off-
sets. For this problem we have given (for formal definition
see [Musliu et al., 2002]): number of employees: n, set of m
shifts, length of schedule, temporal requirements, constraints
about the sequences of shifts permitted to be assigned to em-
ployees (the complement of inadmissible sequences), max-
imum and minimum length of periods of consecutive shifts
and maximum and minimum length of blocks of work days.
The aim is to find a cyclic schedule (assignment of shifts to
employees) that satisfies the requirement matrix and fulfill all
given hard constraints.

Workforce schedules have a impact on the health and sat-
isfaction of employees as well as on their performance at
work. Therefore, computerized workforce scheduling has in-
terested researchers for over 30 years. For solving the prob-
lem of workforce scheduling, different approaches have been
used in the literature. Survey of algorithms used for different
workforce scheduling problems is given by Alfares [Alfares,
2004]. Balakrishnan and Wong [Balakrishnan and Wong,

1990] solved a problem of rotating workforce scheduling by
modeling it as a network flow problem. Musliu et al [Musliu
etal., 2002] proposed and implemented a new method for the
generation of rotating workforce schedules, which is based
on pruning of search space, by involving the decision maker
during the generation of partial solutions. The algorithms
has been included in a commercial product called First Class
Scheduler, which is already being used by several companies
in Europe since 2000. Recently, Musliu [Musliu, 2003] pro-
posed a simple tabu search approach for this problem. In
this paper we propose improvement of tabu search technique
proposed in [Musliu, 2003] by combination of this technique
with random walk and min conflicts heuristic.

2 Combination of Local search strategies
In this paper we propose a combination of tabu search with
random walk and min conflicts technique. The combination
of tabu search with random walk works as follows: For each
iteration with probability p randomly the cell (in the schedule)
which is in conflict is picked. Another cell is picked in the
same column randomly and the contents of two selected cells
are swapped. With probability 1−p, the tabu search algorithm
is applied.

The random walk strategy in our case picks with probabil-
ity p, first randomly one cell which is appears in some vio-
lated constraint (conflict). The content of this cell is swapped
with the content of other cell which is selected randomly in
the same column. As described later the solutions during each
iteration fulfill always the workforce requirements. This is
the reason why we allow the swap of contents of cells only
inside of one column.

Further, we consider also combination of tabu search with
min-conflicts strategy. The procedure applies standard min
conflicts strategy for each iteration with probability p. With
probability 1− p, it follows the tabu search algorithm.

The min-conflict strategy for this problem works as fol-
lows. Randomly a cell in schedule (variable) which is in a
conflict is picked. Further, all solutions are generated which
can be obtained by swapping the content of selected cell and
other cells in the same column. From the generated neigh-
borhood the solution which minimizes number of conflicts
is selected for the next iteration. Note that there is a small
difference compare to pure min conflicts heuristic ([Minton
et al., 1992]) due to the specifics of this problem. First, in
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our case not only one variable in conflict changes the value,
but two variables (which represents schedule cells in the same
column) exchange their contents. Second, with our procedure
also a worst solution can be accepted for the next iteration.

Considering generation of neighborhood in tabu search we
apply a simple move, which swaps the contents of two el-
ements in the schedule. However, to reduce the neighbor-
hood of the current solution, we only allow those solutions
which fulfill workforce requirements, and thus the swapping
of elements is done only inside of a particular column (day
of schedule). The whole neighborhood of the current solu-
tion is obtained by swapping all possible elements (not iden-
tical) in all columns of a table. The applied move is denoted
as swap(j, i, k), where j represents the column in which the
swap of elements should be done, and i, k represent elements
in column j that should swap their contents. Additionally,
the above described move was extended to swap the blocks
of neighborhood cells.

To calculate the fitness of the solution, for each violation of
constraint a determined number of points (penalty) is given,
based on the constraint and the degree of the constraint vio-
lation. The fitness represents the sum of all penalties caused
from the violation of constraints. Since the problem we want
to solve only has hard constraints, the solution will be found
when the fitness of the solution reaches the value 0.

3 Computational results
In this section we report on computational results obtained
with the current implementation of local search strategies.
For comparison we collected a set of real life problems which
can be used further by other researchers to compare their re-
sults with ours. The collection of these problems can be found
on http://www.dbai.tuwien.ac.at/staff/musliu/benchmarks/.
The problems for which we give the results in this paper
contains from 7 to 64 groups. Each group can contain
one or more employees. The first three examples are
benchmark examples we could find in literature with some
modification according the definition of problems we solve
in this paper. Other 15 examples are real life examples of
different size which appeared in different areas in practice.
The experiments were performed in a machine Pentum 4,
1,8GHZ, 512 MB RAM. For each problem 10 independent
runs were executed. Maximal number of evaluations for each
run is 10000000. Note that we experimented with different
parameters considering the probability for random walk,
length of tabu list and type of tabu. In this paper the best
results we could obtain for each strategy are presented.

In the Table 1 a summary of results fo tabu search, tabu
search with random walk, and tabu search with min conflicts
heuristics is presented. For each problem the average time
needed (in seconds) for generation of solution is presented.
The column named Sol. (solutions) represents number of so-
lutions found in 10 runs.

3.1 Discussion of results
From the Table 1 we can conclude that tabu search approach
is improved with combination of tabu search with random
walk considering both the average time needed to find the

Table 1: Results for three techniques

TS TS and RW TS and MC
Ex. t(sec) Sol t(sec) Sol t(sec) Sol
1 1.0 10 1.0 10 0.3 10
2 1.1 10 0.9 10 0.3 10
3 11.1 10 7.5 10 3.4 10
4 1.3 10 1.2 10 0.5 10
5 3.2 10 4.6 10 1.6 10
6 0.3 10 0.3 10 0.3 10
7 239.2 3 69.0 3 196.1 9
8 5.4 10 4.5 10 2.3 10
9 255.7 9 139.1 10 79.5 10

10 52.8 10 22.1 10 12.2 10
11 185.5 6 103.7 10 134.2 10
12 61.4 8 24.7 10 18.3 10
13 14.9 10 7.7 10 6.4 10
14 8.1 10 3.3 10 2.3 10
15 - 0 - 0 738.0 5
16 40.9 10 30.8 10 10.8 10
17 48.5 10 28.6 10 10.9 10
18 411.2 6 322.7 10 169.2 10

solutions and also the number of runs in which the solution is
found. Combination of tabu search with min conflicts heuris-
tic further improves tabu search considering the the time for
which the solution are generated and the number of successful
runs. The combination of tabu search with min conflicts strat-
egy proposed in this paper improves the results obtained by
FCS, which to our best knowledge is the state of art commer-
cial systems for generation of rotating workforce schedules.
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Abstract
Interactive tasks such as online configuration can
be modeled as constraint satisfaction problems.
These can be solved interactively by a user assign-
ing values to variables. Explanations for failure in
constraint programming tend to focus on conflict.
However, what is often desirable is an explanation
that iscorrectivein the sense that it provides the ba-
sis for moving forward in the problem-solving pro-
cess. This paper defines this notion ofcorrective
explanationand demonstrates that a greedy search
approach performs very well on a large real-world
configuration problem.

1 Introduction
To demonstrate the distinction between corrective explana-
tions and more traditional conflict-based explanations, con-
sider the example in Figure 1.

{r,b} {r,b}{r,b} {r, b} {r,b}

v1 v3v2 v4 v5

Figure 1: Example of corrective versus conflict-based explanations.

This figure presents assignments of colors to variables in
a coloring problem. We have assigned colors to the first 4
variables (highlighted in black), only two colors are available,
and we are running a forward checking algorithm, so we have
encountered a domain wipeout on variablev5 at this point.
We will say that variablesv3 and v4 form a “culprit set”.
The assignments to those variables account for the wipeout.
The variablesv3 andv4 do not provide a corrective explana-
tion because it is not possible by changing their instantiations
alone to restore any choices tov5. {v1, v4} is acorrective ex-
planation of inconsistency, as alternative assignments can be
found for the these variables that enables the user to assign at
least one more variable. Makingv1 b(lue) andv4 r(ed) allows
us to proceed to assign a value tov5, blue.

∗This work has received support from Enterprise Ireland (Grant
SC/02/289) and Science Foundation Ireland (Grant 00/PI.1/C075).

A corrective explanation for value recoveryis useful when
the user would like to restore a value that was removed due
to some previous decision(s). Such an explanation identifies
modifications to the user’s decisions guaranteing that the de-
sired value is restored and can be selected consistently. A
corrective explanation is minimal if no (proper) subset is it-
self a corrective explanation. We define an optimal corrective
explanation as one of minimum cardinality.

2 Computing Corrective Explanations
Instead of using compilation methods[Amilhastre et al.,
2002] or standard model-based diagnosis techniques[Junker,
2004; Reiter, 1987], we advocate the use of a heuristic search
approach to find corrective explanations. While heuristic
search cannot guarantee that minimum length explanations
are found, near optimal explanations can often be found quite
efficiently. We generate corrective explanations by returning
any differences between the assignments made by the user
and the assignments in a solution found using carefully cho-
senvariable and value ordering heuristics. These heuristics
attempt to maximize the number of user assignments in such
a solution. Thevalue ordering heuristicfavors values chosen
by the user during search, by selecting those first whenever
possible, and uses standard heuristics for the remaining ones.
We partition the set of variables into a set of user-assigned
variables and a set of unassigned variables. User-assigned
variables are considered first, and within each subset of vari-
ables a particularvariable ordering heuristicis used. The
intuition here is that during search the user’s choices are al-
ways considered first, so they are more likely to participate in
the solution used to generate an explanation.

3 Experiments
We ran a suite of experiments based on the Renault Megane
Configuration benchmark[Amilhastre et al., 2002]. The
problem consists of 101 variables, domain sizes vary from
2 to 43, and there are 113 non-binary constraints. The num-
ber of solutions to the problem is in excess of1.4×1012. The
solver we used in our experiments was based on generalized
forward checking.

We studied threevariable orderingheuristics for gener-
ating corrective explanations using the approach described
above:minimum ratio of domain over forward degree(also
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(a) Average cost of inconsistency explanations.
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(b) Average cost of value recovery explanations.
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(c) Average length of inconsistency explanations.
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(d) Average length of value recovery explanations.

Figure 2: Results for finding explanations for the Renault Megane Configuration Benchmark.

referred to as minimum domain/degree),maximum degree to
the user’s assigned variablesandrandom. We used arandom
value ordering, since it seemed to perform best overall.

Based on the variable and value ordering heuristics, we
studied three different search techniques: 1) a branch-and-
bound search seeking to minimize explanation length; 2) a
greedy heuristic search for a solution that returns a single
explanation; 3) running multiple greedy heuristic searches
(10 in these experiments), providing multiple explanations,
of which the one of minimum length was returned. The sim-
ulated user chose variables randomly and values lexicograph-
ically. We considered both the task of generating corrective
explanations for inconsistency (over 800 configuration ses-
sions), and corrective explanations for value recovery (over
100 sessions) in which the user chose to restore an inconsis-
tent value with a probability of 0.1. We report averages at
intervals of 10 variables.

In Figure 2(a) and Figure 2(b) we see that minimum length
explanations tend to be very expensive to compute using a
branch-and-bound search, thus not a viable option in an inter-
active context. In Figure 2(c) and Figure 2(d) we plot average
explanation lengths. The greedy approaches, with the possi-
ble exception of that based on the random variable ordering,
find almost minimum length corrective explanations using a
fraction of the search cost of branch-and-bound.

The best approach of those studied was based on minimum
domain/degree. For the inconsistency explanations experi-
ment the average length of the explanations found was 2.15
variables, for the one solution version, and 1.60 variables
when we proposed the best of 10 solutions. This compares

with an average optimal explanation length of 1.32 variables.
The average search effort required to find a single explanation
was 2,142 constraint checks. For the value recovery experi-
ment, minimum domain/degree found explanations of length
8.22 and 7.16 for the one solution and best of 10 solutions, re-
spectively. The average optimal length was 7.03. The search
effort required to find a single explanation was 1,354 checks.

4 Future Work and Conclusion
The notion of corrective explanation is new in the domain
of constraint satisfaction, where existing work on explana-
tion is focused on conflict. Using a greedy search approach
with good variable and value ordering heuristics seems an at-
tractive option as it represents a good compromise between
search cost and explanation length. Building upon the work
of Junker[Junker, 2004] we plan to explore the potential for
a preference-oriented relaxation-focused corrective explana-
tion algorithm.
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Abstract
We introduce data structures called responsibil-
ity set and kernel. We present an algorithm FC-
RK, which is a modification of FC that maintains
these structures and uses them for pruning of the
search space. According to our experimental eval-
uation, FC-RK outperforms FC-CBJ on constraint
networks encoding graph k-coloring instances and
on non-dense random binary constraint networks.

1 Introduction
The present paper introduces a modification of the forward
checking algorithm (FC) [Haralick and Elliott, 1980] that as-
sociates every removed value with two data structures: the re-
sponsibility set and the kernel. Having introduced the struc-
tures, we describe how they help to prune the search space.
We define a notion of filtering value. Next, we prove the cen-
tral theorem of the paper which claims that the existence of
a filtering value in some state that occurs during work of FC
means that the current partial solution of the state is a no-
good. We modify FC so that every time after lookahead or
backtrack, it checks whether there is a filtering value in the
current state. If there is, it backtracks again. We call the re-
sulting modification FC-RK.

The rest of the paper is organized as follows. Section 2
provides the necessary definitions and notations. Section 3
formulates the main theorem and introduces FC-RK. Section
4 briefly discusses the results of preliminary evaluation.

2 Preliminaries and Notations
A binary constraint network (CN) Z = 〈V,D,C〉 is a triple
consisting of a set of variables V , a set of domains D and
a set of constraints C. Let V = {v1, . . . , vn}. Then
D = {Dv1

, . . . , Dvn}, where Dvi is the domain of values
of variable vi, C = {Cvi,vj |i 6= j, 1 ≤ i, j ≤ n}, where
cvi,vj ⊆ Dvi×Dvj is the set of all compatible pairs of values
of vi and vj . We refer to the parts of Z as V (Z), D(Z), and
C(Z). To emphasize that a value val belongs to the domain
of a variable v, we refer to this value as valv. An assignment
of a CN Z is a pair 〈vi, val〉 such that vi ∈ V (Z), val ∈ Dvi .
A consistent set of assignments is a partial solution of Z. A
partial solution that assigns all the variables of Z is a solution

1 2

1 2

1 2

21

V2

V1

V100

V200

V0 1 2

Figure 1: A constraint network.

of Z. A CN that has no solution is insoluble. Let P be a par-
tial solution of Z. We denote the set of variables assigned by
P by V (P ). A nogood of a CN Z is a partial solution of Z
that cannot be extended to a full solution.

Throughout the paper we use the CN shown in Figure 1.
The ellipses represent the domains of variables and incom-
patible pairs of values are connected by arcs. For example,
value 2 of V0 is incompatible with value 1 of V100.

3 Responsibility sets, kernels, and FC-RK
In this section we develop a modification of FC called FC-
RK. First we define two structures maintained by these algo-
rithms.

Definition 1 Let P be a nogood of a CN Z. A responsibility
set R of P is a subset of V (Z) \ V (P ) such that there is no
consistent extension of P that assigns all the variables of R.

Definition 2 Let P be a nogood of a CN Z, let R be a re-
sponsibility set of P and let 〈u, val〉 ∈ P . The kernel of valu
with respect to P and R is the subset of R which contains all
the variables whose domains have values incompatible with
valu but compatible with the rest of assignments of P .

Consider the CN shown on Figure 1. The nogood
{〈V0, 2〉〈V1, 1〉} has a responsibility set {V2, V100, V200},
while the kernel of 〈V1, 1〉 is {V200}.

Now we present a modification of FC that maintains re-
sponsibility sets and kernels associated with removed values.
The proposed method is a slight modification of the technique
described in [Schiex and Verfaillie, 1994].

Recall that FC detects that the current partial solutionP is a
nogood if the current domain of some future variable is emp-
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tied or if the current domain of the variable being assigned is
wiped out [Prosser, 1993]. In both of these cases, FC discards
the last assignment 〈u, val〉 of the current partial solution and
removes val from the current domain of u. We say that P
is the nogood associated with valu. The modified version of
FC associates valu with two sets denoted by rs(valu) and
ker(valu). These are the responsibility set and the kernel of
the nogood associated with valu. The additional operations
performed by the modified version of FC are the following.

• The rs and ker sets are initialized to ∅ for all the values
of the CN.

• If a value valv1 is deleted during the lookahead stage per-
formed after assigning val to u then v is inserted into
ker(valu).

• Consider a value valu that is deleted during backtrack
and let v be the variable whose empty domain caused
the backtrack. Then rs(valu) is set to S ∪ {v}, where
S is the union of the rs-sets of all values of v. Also
ker(valu) is updated to the intersection of the current
value of ker(valu) with rs(valu). (Note that the prelim-
inary value of ker(valu) is computed at the lookahead
stage in order to avoid recomputation of values that are
incompatible with valu.)

• Once a discarded value is restored to the current domain,
the rs and ker sets of the value are re-initialized to ∅.

Let us illustrate the method by simulating a few iterations
of the modified FC that processes the CN of Figure 1. It starts
by assigning 〈V0, 1〉 〈V1, 1〉 and then 〈V2, 1〉. The last as-
signment empties the current domain of V100 and FC back-
tracks. The rs-set of 1V2 is set to {V100} so is ker(1V2).
Note that the assignment 〈V2, 1〉 can remove values from
many other variables of the CN but the kernel is restricted
to {V100} during the backtrack. In the next step, FC as-
signs V2 with 2 and backtracks again because V200 is emptied.
Then the domain of V2 is emptied therefore FC backtracks yet
another time and produces a nogood {〈V0, 1〉, 〈V1, 1〉} with
rs(1V1) = {V2, V100, V200} and ker(1V1) = ∅.

Consider a state of FC that occurs just after lookahead or
backtrack. Denote the current partial solution by P and its
last assignment by 〈u, val〉. For the given state, define a fil-
tering value.

Definition 3 A value valv1 removed by backtrack is a filtering
value if the following conditions hold.

• Compatibility condition. The assignments of variables
of V (P ) ∩ ker(valv1) are compatible with valv1 .

• Inclusion condition. For every unassigned w ∈
ker(valv1), all values of the current domain of w are
compatible with valv1 .

Now we are ready to formulate the central theorem.

Theorem 1 Assume that in the given state there is a filtering
value valv1 . Then P is a nogood with a responsibility set
S = rs(valv1)\V (P )∪S∗, where S∗ is the union of rs-sets of
all values that belong to the domains of unassigned variables
of ker(valv1).

Let us illustrate the theorem on the CN in Figure 1. Con-
sider a state of a CSP solver in which the value 1V0 is removed
and associated with the rs-set {V2, V100, V200} and the ker-
set {V100, V200}. Continuing the simulation, we assign V0

with 2 and V1 with 1. For the obtained partial solution, 1V0 is
a filtering value, all values of the current domains of V100 and
V200 are compatible with 1V0 (the inclusion condition).

Theorem 1 suggests a pruning procedure that discards the
current partial solution if it finds a filtering value. The proce-
dure is applied every time after lookahead or backtrack. Al-
gorithm 1 presents the pseudocode of the procedure.

Algorithm 1 PRUNING PROCEDURE OF FC-RK

1: for every removed value valv1 do
2: if valv1 is a filtering value then
3: Let 〈u, val〉 be the last assignment of the current

partial solution
4: Backtrack with setting rs(valu) to S (S is defined

in Theorem 1)
5: end if
6: end for

We call the modification of FC that computes rs and ker
sets and applies Algorithm 1 every time after lookahead and
backtrack, FC-RK (RK abbreviates Responsibility sets and
Kernels).

4 Preliminary Evaluation
The experimental evaluation shows that, FC-RK outperforms
FC-CBJ on the majority of instances of graph k-coloring
problem and on binary random CSPs with low density. For
dense random CSPs, FC-RK performs more consistency
checks than FC-CBJ but visits less nodes on the search tree.
We believe that performance of FC-RK could be improved
by an algorithm for checking the existence of filtering values,
that takes less consistency checks than our current implemen-
tation.
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Abstract

Hypertree-decomposition is the most general ap-
proach in the literature for identifying tractable
computation problems encoded as hypergraphs.
We show how the heuristic branch-decomposition
approach for ordinary graphs of [Cook and Sey-
mour, 2003] can be used for the heuristic construc-
tion of hypertree-decompositions.

1 Introduction
Many NP-complete problems (e.g., the constraint satisfac-
tion problem CSP, the homomorphism problem HOM, the
Boolean conjunctive query problem BCQ, etc.) can be de-
scribed by hypergraphsin a natural way. It was shown by
[Gottlob et al., 2002] that in analogy to tree-width of graphs,
hypertree-width of hypergraphs is an appropriate measure for
the cyclicity and therefore the tractability of the correspond-
ing computation problems. In particular, they have shown
that NP-complete problems become polynomially solvable
and even highly parallelizable when restricted to instances
with bounded hypertree-width. Moreover, it was shown
by [Gottlob et al., 2000] that hypertree-decomposition and
the corresponding measure of hypertree-width generalizes all
other tractability measures for hypergraphs in the literature.

Recent research focuses on heuristic approaches for fast
hypertree-decomposition with small width. In this presenta-
tion, we show how the heuristic approach of [Cook and Sey-
mour, 2003] for branch-decomposition (of ordinary graphs)
can be used for heuristic hypertree-decomposition.

2 Preliminaries
A hypergraphH is a tuple (V , E), where V is a set of vertices
(variables) and E ⊆ ℘(V)\{∅} is a set of hyperedges. We
define var (H) = V and edges(H) = E . A hypertreefor a
hypergraphH is a triple (T, χ, λ), where T = (V , E) is a tree
and χ : V → var (H) and λ : V → edges(H) are labeling
functions.

A hypertree-decompositionof a hypergraph H is a hyper-
tree (T, χ, λ) for H satisfying four conditions. Due to space
restrictions, we refer the interested reader to [Gottlob et al.,

∗This work was supported by the Austrian Science Fund (FWF)
project P17222-N04.
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Figure 1: Splitting a vertex

2002] for the formal definition of a hypertree-decomposition.
The width of a hypertree-decomposition(T, χ, λ) is given
by maxp∈vertices(T) |λ(p)|, and the hypertree-width of a
hypergraph is the minimum width over all its hypertree-
decompositions.

A branch-decompositionof a hypergraph H is a tuple
(T, τ), where T = (V , E) is a tree having |edges(H)| leaves
and in which every non-leaf vertex has degree three, and τ is
a bijection from the set of leaves of T to edges(H). The order
of an edge e ∈ E is the number of vertices v ∈ var(H) such
that there are leaves l1 and l2 of T in different components
of T when removing e with v ∈ τ(l1) ∩ τ(l2). The width
of a branch-decomposition(T, τ) is the maximum order of
the edges of T, and the branch-widthof a hypergraph is the
minimum width over all its branch-decompositions.

3 The Branch-decompositionHeuristic
In this section, we summarize the basic steps of the heuris-
tic branch-decomposition approach of [Cook and Seymour,
2003]. Note that this approach was developed for ordinary
graphs. Its starting point is the construction of the initial data
structure which is a star as shown in Fig. 1. This is done in
such a way that for each edge in the graph there exists exactly
one edge in the star. This edge is then labeled with the set
of vertices of the corresponding edge in the graph (i.e., each
edge is labeled with exactly two vertices). Afterwards, the
vertices of the star are successively split (cf. Fig. 1) accord-
ing to the decomposition rules below. In each step, the two
vertices v1 and v2 resulting from the splitting are connected
by a new edge which is labeled by the intersection of the set of
vertices labeling the edges incident with v1 and the set of ver-
tices labeling the edges incident with v2. This process stops
when all non-leaf vertices have degree three; the resulting tree
is then a branch-decompositionof the underlying graph.

The decomposition rules can be divided into two classes:
(i) the application of “safesplits” and (ii) the application of
the Eigenvectorheuristic[Alon, 1986]. Safesplitsdivide the
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graph in such a way that it remains extendible, i.e., there is
some way to (repeatedly) divide the subgraphs to obtain a
branch-decomposition of width equal to the branch-width of
the original graph. In other words, nothing bad can happen
when applying safe splits. There are three kinds of safe splits
presented by [Cook and Seymour, 2003]: (i) pushing, (ii) 2-
separations, and (iii) 3-separations. At each stage, these safe
splits are applied as long as possible. If none of them is ap-
plicable, the Eigenvector heuristic is used.

4 Application to Hypertree-decomposition
We will now show how the branch-decomposition heuris-
tic described in Section 3 can be used for hypertree-
decomposition. Recall that this heuristic was developed for
ordinary graphs and not for hypergraphs. Thus, our first
step is to show that the safe splits as well as the Eigenvec-
tor heuristic are also applicable to hypergraphs.

To this aim, recall that the new edge introduced at each
vertex splitting (cf. Fig. 1) is labeled with the intersection of
two sets of vertices as described above. In general, however,
this intersection may contain more than two vertices. Thus,
such newly introduced edges represent hyperedges, i.e., the
data structure underlying the original branch-decomposition
approach starts as an ordinary graph and evolves to a hyper-
graph during the decomposition process. This can be seen as
an intuitive justification for the applicability of the branch-
decomposition heuristic to hypergraphs. It is easy to verify
that this intuition holds indeed true.

Now, note that given a tree-decomposition1 of a hyper-
graph of width k, it is possible to construct a branch-
decomposition of width at most k + 1, and given a branch-
decomposition of a hypergraph of width k, it is possible
to construct a tree-decomposition of width at most 3k/2
[Robertson and Seymour, 1991]. Thus, having small tree-
width is equivalent to having small branch-width.

Hence, a simple approach to obtain a hypertree-
decomposition via branch-decomposition is to (i) construct
a branch-decomposition of the given hypergraph by using
the above heuristic, (ii) transform this branch-decomposition
into a tree-decomposition, and, in analogy to [McMahan,
2004], (iii) apply set covering heuristics in order to obtain
a hypertree-decomposition. In particular, set covering is used
to obtain appropriate λ-labels based on the χ-labels given by
the tree-decomposition.

1Intuitively, a tree-decomposition is a hypertree-decomposition
without the labeling function λ.

Another approach we investigate is dual to the above one
in the sense that we obtain a hypertree where the λ-labels are
given and appropriate χ-labels have to be set. To this aim,
let us first introduce the dual hypergraph of a hypergraph
as exemplified in Fig. 2. The dual hypergraph is simply ob-
tained by swapping the roles of hyperedges and vertices. Our
procedure is then to (i) construct a branch-decomposition of
the dual hypergraph by using the above heuristic, (ii) trans-
form this branch-decomposition into a tree-decomposition,
and (iii) interpret the labels of this tree-decomposition as λ-
labels of a hypertree and set the χ-labels appropriately in
a straight-forward way. The resulting hypertree is then a
hypertree-decomposition of the original hypergraph.

The attentive reader may have noticed that there are two
problems with the latter approach: First, the branch-width
and therefore also the hypertree-width is at least the cardinal-
ity of the largest edge in the dual hypergraph which is equal to
the maximum number of hyperedges having a common vertex
in the original hypergraph. Second, since the λ-labels satisfy
the conditions of a tree-decomposition by construction, the
hypertree-width may be larger than necessary. However, by
introducing heuristic pre- and post-processing steps, we are
able to overcome both problems.

5 Conclusion
We have tested our approach on hypergraphs represent-
ing adder and bridge circuits connected in a line. For all
instances of such adder and bridge hypergraphs, we ob-
tained a hypertree-decomposition of almost optimal width
within a few seconds. Natural future work will be a full
implementation of our approach, the investigation of fur-
ther improvements, and a systematic comparison with other
hypertree-decomposition heuristics. Moreover, an implemen-
tation of our second approach in such a way that the tree-
decomposition of the dual hypergraph is directly constructed
(e.g., by bucket elimination) without the intermediate-step of
a branch-decomposition seems to be promising.
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Abstract

Streamlined constrained reasoning powerfully
boosts the performance of backtrack search meth-
ods for finding hard combinatorial objects. We use
so-called spatially balanced Latin squares to show
how streamlining can also be very effective for lo-
cal search: Our approach is much faster and gen-
erates considerably larger spatially balanced Latin
squares than previously reported approaches (up to
order 35; the previous best results could only gen-
erate solutions up to order 18). We also provide
a detailed characterization of our streamliner and
solution topology for small orders. We believe that
streamlined local search is a general technique suit-
able for solving a wide range of hard combinatorial
design problems.

1 Introduction
The idea underlying streamlining constraints[Gomes and
Sellmann, 2004] is simple but powerful: In order to increase
the effectiveness of propagation, “streamlining constraints”
partition the solution space into different portions with differ-
ent global properties. Since in general the streamlined con-
straints are not implied by the original problem constraints,
the resulting search and solution spaces are subsets of the
original spaces. Gomes and Sellmann showed the effective-
ness of streamlined constraints for solving hard combinato-
rial design problems, in particular spatially balanced Latin
squares (SBLS, defined in Section 2). Using streamlined
backtrack search methods, they solved considerably larger
SBLS problem instances than with local search: up to or-
der 18, while a local search method applied to the original
problem could only generate solutions up order 9.

This paper shows how streamlining can also be effective
for local search. We note that while the addition of streamlin-
ing constraints is straightforward in backtrack search meth-
ods, it is not always the case for local search methods, since
constraints are in general enforced via the objective function.
The key is to consider streamlining constraints that lead to an
alternate neighborhood representation. We applied stream-
lined local search to the problem of generating spatially bal-
anced Latin squares. Our streamliner defines a basic swap
neighborhood as a column permutation of the input Latin

square. This provides additional interesting structural prop-
erties, making our local search procedure scale up consider-
ably better than previously reported approaches. We solve
instances up through order 35; the previous best results could
only generate solutions up to order 18. Moreover, our stream-
liner provides useful intuitions on a construction for spatially
balanced Latin squares. We believe that streamlined local
search is a general technique suitable for finding objects with
intricate combinatorial constraints.

2 Spatially Balanced Latin Squares
A Latin Square of ordern is ann by n grid where each of
then2 cells in the grid is assigned one ofn symbols such that
each symbol appears exactly once in each column and each
row. Creating a Latin square is by no means difficult. We can
define acyclic constructionas an ordern Latin square where
the element in rowi and columnj has the value(i + j) mod
n (see Figure 1). The first row will have all the symbols in
order: [1 2 3 ...n]. Each subsequent row is the same as the
previous row with all the values shifted one location to the
left, wrapping the first element to the end. Thus, the second
row will be [2 3 ...n 1]; the third will be [3 ...n 1 2]; and so
on. Note that the columns follow the same pattern: the first
column is [1 2 3 ...n]T ; the second is [2 3 ...n 1]T ; and the
third is [3 ...n 1 2]T .

One challenge comes in generatingspatially balanced
Latin squares (SBLS) where the sum of the distances between
two symbols across all rows is constant for all pairs of sym-
bols. First, we definedi(j, k) to be the distance between sym-
bolsj andk in row i. This distance is calculated as the abso-
lute difference of the column indices of where symbolsj and
k appear in rowi. For example, if rowi were [3 5 1 2 4], then
di(5, 2) would be|2 − 4| = 2. Then we can define the total
distanced(j, k) to be

d(j, k) =
n∑

i=1

di(j, k). (1)

A SBLS requires that all pairs of symbols have the same total
distance:

∀i 6= j, k 6= l : d(i, j) = d(k, l). (2)

SBLS are useful for agronomic field experiment design[van
Es and van Es, 1993] and are compelling constraint satisfac-
tion problems because of their high degree of structure. As
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1 2 3 4 5
2 3 4 5 1
3 4 5 1 2
4 5 1 2 3
5 1 2 3 4

1 4 5 3 2
2 5 1 4 3
3 1 2 5 4
4 2 3 1 5
5 3 4 2 1

(A) (B)

Figure 1: (A) A cyclic Latin square (order 5). (B) A SBLS where
∀j, k : d(j, k) = 10.

shown in[Gomeset al., 2004], d(j, k) = n(n+1)
3 for all j 6= k

in any SBLS, implying that no SBLS exist for ordersn such
thatn mod3 = 1.

3 Streamlined Local Search
Gomes and Sellmann showed that a standard local search ap-
proach performs remarkably poorly at finding SBLS. We hy-
pothesize that this is due to the enormity of the search space
and the global nature of the constraints. The search space
is so big and the solutions are so few that the odds of local
search finding a solution are very slim for all but the smallest
orders. If we can cleverly restrict the search space to a small
subspace which contains a higher density of solutions, we can
increase the odds that local search will find a solution.

Consider the subspace resulting from starting with a Latin
square and restricting the search space to be a column or-
der permutation of the original square. That is, take a Latin
square and swap entire intact columns to permute the order
in which the columns appear. Since this reordering of the
columns will never make the square non-Latin (all symbols
will appear in all rows and in all columns exactly once), we
can try permuting the column order to make the Latin square
spatially balanced. Note that the space of column permuta-
tions of a particular Latin square is vanishingly small com-
pared to the entire space of Latin squares. The goal is to find
an initial Latin square such that this small subspace is dense
with SBLS. Cyclically constructed Latin squares empirically
provide such a subspace.

If the initial Latin square is generated by the cyclic con-
struction, some structural properties can be exploited to speed
the search. First, observe that there will be at mostbn

2 c
unique values of the total distance among then(n−1)

2 pairs
of symbols. To see this, define

dmod(j, k) = min(|j − k|, |j − k + n|, |j − k − n|). (3)

Thus,dmod(j, k) is the distance between symbolsj andk in
symbol space, modulo the number of symbols (n). For ex-
ample, for an order 6 Latin square,dmod(2, 4) = 2 because
the shortest path from 2 to 4 is by counting 2 3 4, revealing a
distance of 2. Similarly,dmod(1, 5) = 2 because the shortest
path from 1 to 5 is by counting 5 6 1, revealing a distance of 2.
Examining the cyclic construction reveals that pairs of sym-
bols with identical values ofdmod(j, k) will have identical
values ofd(j, k), even if the column order is permuted. Thus
since there arebn

2 c different nonzero values ofdmod(j, k),
there are at mostbn

2 c different total distances between pairs
of symbols for any column order permutation of the cyclic

A B C D E
1 2 3 4 5
2 3 4 5 1
3 4 5 1 2
4 5 1 2 3
5 1 2 3 4

A E C D B
1 5 3 4 2
2 1 4 5 3
3 2 5 1 4
4 3 1 2 5
5 4 2 3 1

Col A B C D E
A - X Y Y X
B - - X Y Y
C - - - X Y
D - - - - X
E - - - - -

(A) (B) (C)

Figure 2: (A) A cyclic Latin square (order 5). (B) A column per-
mutation of the cyclic Latin square. Note that no matter how the
columns are reordered,
d(1, 2) = d(2, 3) = d(3, 4) = d(4, 5) = d(5, 1) =

|A − B| + |B − C| + |C − D| + |D − E| + |A − E| and
d(1, 3) = d(2, 4) = d(3, 5) = d(4, 1) = d(5, 2) =

|A − C| + |B − D| + |C − E| + |D − A| + |E − B|
(C) A matrix showing how the intra-column distances contribute to
the pair distances. The 10 pairs of symbols correspond to group X
((1,2), (2,3), (3,4), (4,5), (5,1)) and group Y ((1,3), (2,4), (3,5), (4,1),
(5,2)).

construction. As an example, if we check the total distance
between symbols 1 and 2, we do not need to check the dis-
tance between any other consecutive symbols, i.e., 2 and 3, 3
and 4, and so on because they will all have identical values
(see Figure 2). Next, note that since the columns always re-
main intact no matter how their order is permuted, we need
only store the first row as we search for SBLS. From the first
row, we can calculate thed(j, k) corresponding to each of the
bn

2 c possibly distinctd(j, k). We also observe that we can fix
the first column to be headed by symbol 1 without decreasing
our probability of finding a solution: there will be an equal
number of solutions with 1 heading the first column as with
any other number.

These observations naturally lead to a gradient descent al-
gorithm. First, we define theimbalanceof a square to be

imbalance=
∑
i<j

∣∣∣∣d(i, j) − n(n + 1)
3

∣∣∣∣ . (4)

That is, the imbalance is the sum over all pairs of how far from
ideal spacing the total spacing of the pair is. Starting with a
random permutation of the first row, we swap the location
of two symbols such that it decreases the imbalance of the
square. When we reach a local minimum, we randomize and
try again.

Algorithm 1 SBLS Streamlined Local Search
1: Generate a Latin Square of ordern by the cyclic con-

struction
2: Randomly permute the order of the columns
3: Select a column and try swapping it with every other col-

umn
4: Keep the swap which minimizes the imbalance
5: If stuck, then randomize the order of the columns
6: Repeat from step 3

Finally, we note that we can generate solutions which are
symmetric across the main diagonal. Since spatial balance is
defined as the sum of distances within rows, swapping intact
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order 6 8 9 11 12 14 15 17 18 20 21 23 24 26 27 29 30 32-35
CP 0.06 16 241
SS 0.05 0.88 0.91 9.84 531 5K
CS 0.02 14.4 107K

CCCP 4e-5 3e-4 1e-4 1e-3 1e-3 0.02 0.01 0.25 2.3 16 16 104 281 609 4K 43k≈160K ≈1.2M

Table 1: Solution times are given in seconds. CP, SS, and CS are the times to find the first solution via standard constraint programming,
symmetric streamlining, and composition streamlining as reported by Gomes and Sellmann[2004] as run on a 550 MHz Pentium III machine.
CCCP is the cyclic construction column permutation method presented here. Times given are the mean time to find a solution averaged across
several independent runs on a 1.0 GHz Pentium III machine. Note that although our processor was only twice as fast, our performance is
orders of magnitude better. Note that the largest solution from previous methods was only order 18, while our method can find solutions up
to order 35. Additionally, no previous method had found solutions for orders 15 and 17.

1 2 3 4 5 6
2 3 4 5 6 1
3 4 5 6 1 2
4 5 6 1 2 3
5 6 1 2 3 4
6 1 2 3 4 5

1 3 4 2 6 5
2 4 5 3 1 6
3 5 6 4 2 1
4 6 1 5 3 2
5 1 2 6 4 3
6 2 3 1 5 4

1 3 4 2 6 5
3 5 6 4 2 1
4 6 1 5 3 2
2 4 5 3 1 6
6 2 3 1 5 4
5 1 2 6 4 3

(A) (B) (C)

Figure 3: (A) A cyclic Latin square (order 6). (B) The same cyclic
Latin square with the columns permuted to form a SBLS. (C) The
same SBLS as in (B), but with the rows reordered the same as the
columns to make a symmetric SBLS.

rows will not affect the balancing. If we reorder the rows
in the same way as the columns, the solution will become
symmetric across the main diagonal and spatially balanced in
terms of both the intra-row and intra-column distances (see
Figure 3).

4 Empirical Results
The best performance on finding SBLS was reported by
Gomes and Sellmann[2004], so we compare our results to
theirs. Our streamlining is much simpler than theirs and per-
forms dramatically better. They could only generate solutions
up to order 18 (and were unable to find solutions for orders
15 and 17). We have generated SBLS for all possible orders
up through 35. Times in seconds are given in Table 1.

We also tried using our streamlining with complete back-
track search. While it improves performance over previous
methods, the local search method presented here performs
considerably better. In addition, we tried composing solutions
from smaller cyclic Latin squares using local search, but the
performance was slightly worse than the simple streamliner
presented here.

Although we have only discussed permuting the columns
of the cyclic construction, in principle, we could permute
the columns of any Latin square in an attempt to find SBLS.
However, most arbitrary random Latin squares (such as those
generated by Jacobson and Matthews[1996]) cannotbe per-
muted to be spatially balanced. This observation is remark-
able, given that cyclic constructions are much more imbal-
anced than an average random Latin square. For instance, the
imbalance of an order 30 cyclic Latin square is 46920 while
the imbalance of a typical order 30 random Latin square is

only around 12000.
Through exhaustive enumeration, we analyzed the solution

space of SBLS for small orders. Interestingly, we found that
for orders 6 and 8, all the SBLS can be generated by row per-
muting and/or one-to-one symbol remapping (that is change
all instances of symboli to symbolj, symbolk to symbol
l, and so on) the SBLS obtained as column permutations of
the cyclic construction. However, for higher orders, there ex-
ist some solutions which cannot be derived in that way. We
are currently studying the topology of the solution space for
higher orders trying to identify relationships among solutions.
We are also studying the matrix of distances (as in Figure 2).
We believe that the characterization of solution relationships
and the distance matrix provide valuable clues for the design
of a construction for generating SBLS of arbitrary size.

5 Conclusions
We describe a competitive streamlined local search approach
for generating SBLS. We believe that streamlined local search
is a general technique, effective for finding objects with intri-
cate combinatorial properties. We hope that this work will
inspire other researchers interested in solving hard combina-
torial design problems.
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1 Introduction
Abductive Logic Programming (ALP) is an extension of
Logic Programming to formalise hypothetical reasoning. It
typically distinguishes between facts, defined within a static
theory and known to be true or false, and potentially true, ab-
ducible atoms (hypotheses).

However, in most applications, this distinction is not ade-
quate to capture the dynamics of knowledge, as reasoning is
confronted with an environment in evolution. It may turn out
that some hypotheses gain or lose strength, as events happen
in the world. For example, in the medical domain, where a
kind of hypothetical reasoning is the diagnostic inference, we
can model symptoms as observations and diseases as (not di-
rectly measurable) hypotheses: test results and new possibly
upcoming symptoms, instead, are none of these, and should
be interpreted as hypotheses confirmable by events.

An abductive derivation verifies a goal by using deduction
as in logic programming, but also by possibly assuming that
some abducibles are true. In order to have this process con-
verge to a meaningful explanation, an abductive theory nor-
mally comes together with a set of integrity constraintsIC,
and it is required that hypotheses be consistent with IC.

In our extended framework, we distinguish between two
classes of abducible literals: hypotheses, as classically un-
derstood, and expectationsabout events. Expectations can be
“positive” (to be confirmed by certain events occurring), or
“negative” (to be confirmed by certain events not occurring).

We propose a new language to define abductive logic pro-
grams with expectations, inspired to the IFF proof procedure
[Fung and Kowalski, 1997], and whose semantics extends
those of classical ALP. The language permits to express ab-
ducible hypotheses and expectations with variablesand con-
straints. Within this new framework we can model and reason
about a number of concrete application scenaria. Our frame-
work permits, e.g., to reason about deadlines, and to express
and correctly handle expectations with universal quantifica-
tion: this typically happens with negative expectations (“The
patient is expected not to show symptom Q at all times”).

∗This work is partially funded by the Information Society Tech-
nologies programme of the European Commission under the IST-
2001-32530 SOCS Project, and by the MIUR COFIN 2003 projects
Sviluppo e verifica di sistemi multiagente basati sulla logica, and
La Gestione e la negoziazione automatica dei diritti sulle opere
dell’ingegno digitali: aspetti giuridici e informatici.

The operational semantics is an abductive proof-procedure
which builds on the IFF and is proven sound for a relevant
class of programs. It has been implemented using Constraint
Handling Rulesand integrated in a Java-based system for hy-
pothetical reasoning [Alberti et al., 2005].

2 Dynamic ALP
An ALP [Kakas et al., 1992] is a tuple 〈KB, IC,A〉 where
KB is a logic program, A is a set of predicates called ab-
duciblesnot defined in KB, and IC is a set of formulae
called Integrity Constraints. An abductive explanation for a
goal G is a set ∆ ⊆ A s.t. KB∪∆ |= G and KB∪∆ |= IC.

New dynamically upcoming events are encoded into atoms
H(Descr [,Time]) where Descr is a ground term represent-
ing the event and Time is an integer representing the time at
which the event happened. Such events are recorded into a set
(called history, or HAP) containing H atoms. A Dynamic
Abductive Logic Program (DALP) is a sequence of ALPs,
each grounded on a given history. We will write DALPHAP

to indicate the abductive logic program obtained by ground-
ing the DALP with the history HAP. The history dynami-
cally grows during the computation, as new events happen.1

An instance DALPHAP of this framework can be queried
with a goal G, that may contain both predicates defined in
KB and abducibles. The abductive computation produces
a set ∆ of hypotheses, partitioned in two sets: general hy-
potheses (∆A) and expectations(EXP), containing positive
expectations (in the form of E(Descr [,Time]) atoms), and
negativeexpectations (EN((Descr [,Time])) atoms).

Typically, expectations will contain variables, over which
CLP constraints can be imposed. Variable quantification is
existentialin E expectations, and universalin EN expecta-
tions (unless the same variable is used outside of such expec-
tation). Explicit negation can also be applied to expectations.2

Constraints on universally quantified variables will be con-
sidered as quantifier restrictions. For instance, EN(p(X)),
X > 0 has the semantics ∀X>0 EN(p(X)).

The declarative semantics for DALPHAP is based on its
ground version, and considers CLP-like constraints as defined

1The source of events is not modelled, but can be imagined as a
queue.

2For each abducible predicate A ∈ {E,EN}, the abducible
predicate ¬A is implicitly defined, to represent the negation of A,
together with the integrity constraint (∀X)¬A(X), A(X)→ false .
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predicates. First, an abductive explanation should entail the
goal and satisfy the integrity constraints:

Comp(KB ∪∆A ∪EXP ∪HAP) |= G (1)

Comp(KB ∪∆A ∪EXP ∪HAP) |= IC (2)

where, as in the IFF proof procedure, the symbol |= stands
for three valued entailment and Comp stands for completion.

Among the sets of expectations of an instanceDALPHAP,
we select the ones that are consistent with respect to expec-
tations (i.e., the same event should not be both expected to
happen and not to happen), and that are confirmed:
Definition 1 A setEXP is E-consistent iff for each (ground)
termp: {E(p),EN(p)} 6⊆ EXP. (3)

Given a historyHAP, a set of expectationsEXP is con-
firmed if and only if for each (ground) termp:

Comp(HAP ∪EXP) ∪ {E(p)→ H(p)}
∪{EN(p)→ ¬H(p)}

6|= false (4)

We write DALPHAP≈∆A∪EXPG if equations (1-4) hold.
The operational semantics is an extension of the IFF. Each

state is defined by a tuple defining confirmed, disconfirmed,
and pending expectations, along with the resolvent, the set of
abduced literals that are not expectations, the constraint store,
a set of partially solved integrity constraints, and HAP.

A derivation D is a sequence of nodes Tj , where the initial
node T0 contains the goal G as the initial resolvent, and the
other nodes Tj , j > 0, are obtained by applying one among a
set of transitions, until quiescence.
Definition 2 Starting with an instanceDALPHAPi there
exists asuccessful derivation for a goal G iff the proof tree
with root nodeT0 has at least one consistent leaf nodeTn

(i.e., there exists forTn a ground variable assignment such
that all the constraints are satisfied). In that case, we write:

DALPHAPi∼
HAP

f

∆A∪EXPG

The transitions are those of the IFF, enlarged with those of
CLP, and with specific transitions accommodating the con-
cepts of hypotheses confirmation and evolving history.

The CLP(FD) solver has been extended for dealing with
universally quantified variables and quantifier restrictions.
For instance, given two expectations ∀X<10EN(p(X)) and
∃Y >5E(p(Y )), the solver is able to infer ∃Y ≥10E(p(Y )). To
the best of our knowledge, this is the only proof-procedure
able to abduce atoms containing universally quantified vari-
ables; moreover, it also handles constraints à la CLP on uni-
versally quantified variables.

We proved soundness for allowedDALPs:3

Theorem 1 Given DALPHAPi and a ground goalG, if
DALPHAPi∼HAP

∆
G thenALPHAP≈∆G.

3 Case study
We conclude with an example from the medical domain to
show two main contributions of our work: the dynamic de-
tection of new facts, and the confirmation of hypotheses by
events. Suppose a symptom s can be caused by one of three
types of diseases. Let disease d1 be an acceptable explanation
for s if the patient is not also affected by d3, and in such a case

3The proof is based on a correspondence drawn between SCIFF
and IFF transitions, and exploits the soundness results of the IFF.

the patient’s temperature cannot go below 37oC. s may alter-
natively be caused by disease d2, and in this case red spots
are expected to appear on the patient’s skin within 4 days. Fi-
nally, d3 may be the cause of s, provided that an exam r gives
a positive result:

symptom(s, T1)← disease(d1, T1) ∧ not disease(d3, T1)
∧EN(tem(T ), T1) ∧ T < 37.

symptom(s, T1)← disease(d2, T1)∧
E(red spots, T2) ∧ T1 < T2 ≤ T1 + 4.

symptom(s, T1)← disease(d3, T1) ∧E(exam(r, +), T1).

The initial goal can be the observation symptom(s, 1). We
model disease as a classical abducible, whereas expectations
are used to corroborate the explanations.

Notice the twofold use of expectations: both in the sec-
ond and third clause, the expectation defines a further event
that can support the diagnosis. But while E(red spots, T2)
simply defines the expected course of illness (in order for the
diagnosis to be corroborated),E(exam(r,+), T1) can also be
intended as a suggestionto the physician for a further exam
to be done, or as a requestof further information.

The combinations of abducible literals can be refined by
means of ICs. For example, if the result of some exam r is
positive, then we can assume that the patient is not affected
by disease d1: H(exam(r,+), T1) → not disease(d1, T1).
The dynamic occurrence of events can drive the generation
and selection of abductive explanations. If the query is, e.g.,
symptom(s, 1), there can be three alternative explanations:
{disease(d1, 1), ∀T>37EN(tem(T ), 1)},
{disease(d2, 1), ∃1<T2≤5E(red spots, T2)}, and
{disease(d3, 1),E(exam(r, +), 1)}.

If event H(tem(36), 1) happens, the first set contains a dis-
confirmed expectation: ∀T>37 EN(tem(T ), 1), so it can be
ruled out. If, within the deadline T2 ≤ 5, the event red spots
does not happen, the second set is excluded as well, and only
the third remains acceptable.

Finally, integrity constraints could suggest possible cures,
or warn about consequences of not taking certain drugs:

disease(d3, T1)→ E(aspirin, T1)
∨E(tem(T ), T2) ∧ T > 40 ∧ T2 < T1 + 2.

4 Conclusions
We presented SCIFF, an abductive proof-procedure able, be-
side proposing explanations, to infer expectationsabout the
happening of events. Expectations are abducibles, but more
expressive: they can contain universally quantified variables,
possibly with CLP constraints. They can represent requests
for information, or the expected evolution of a system. SCIFF
is able to process dynamically incoming events to confirm the
expectations, providing corroboration to abduced hypotheses.

References
[Alberti et al., 2005] M. Alberti, F. Chesani, M. Gavanelli,

E. Lamma, P. Mello, and P. Torroni. Compliance verification of
agent interaction: a logic-based software tool. Applied Artificial
Intelligence, 2005. To appear.

[Fung and Kowalski, 1997] T. H. Fung and R. A. Kowalski. The
IFF proof procedure for abductive logic programming. Journal
of Logic Programming, 33(2):151–165, November 1997.

[Kakas et al., 1992] A.C. Kakas, R.A. Kowalski, and F. Toni. Ab-
ductive logic programming. J. Log. Comput, 2(6):719–770, 1992.

POSTER PAPERS1546



A language for functional interpretation of model based simulation

Jonathan Bell, Neal Snooke and Chris Price
Department of Computer Science, University of Wales Aberystwyth

Penglais, Aberystwyth, Ceredigion, SY23 3DB, U. K.
jpb, nns, cjp@aber.ac.uk

Abstract

Functional modeling is in use for the interpretation
of the results of model based simulation of engi-
neered systems for design analysis, enabling the au-
tomatic generation of a textual design analysis re-
port that expresses the results of the simulation in
terms of the system’s purpose. We present a novel
functional description language that increases the
expressiveness of this approach, allowing a system
function to be decomposed in terms of subsidiary
functions as well as required effects, increasing the
range both of systems and design analysis tasks for
which the approach can be used.

1 Introduction
The automation of the design analysis of engineered systems
requires both simulation of the behavior of the system and in-
terpretation of the results, to enable the automatic generation
of a draft report outlining the results of the design analysis.
This report is cast in terms of the system’s purpose and as
system function can be regarded as relating its behavior to
purpose, this interpretation of simulation for automatic report
generation is a useful rôle of functional description.

Functional modeling has been used for deriving the behav-
ior of a system from knowledge of its structure and compo-
nent functions[Sticklen and Chandrasekaran, 1989], support-
ing design by functional refinement[Iwasaki et al., 1993],
and interpretation of simulation for automatic report genera-
tion [Price, 1998] where system functions are associated with
significant behaviors (outputs or goal states). Here we present
a novel language for the description of system function that
increases the expressive power of that approach by allow-
ing partial fulfilment of a system’s purpose to be described.
Novel features of the language also increase both the range
of systems that can be described and the range of tasks for
which the language is useful.

2 Describing and decomposing function
The definition of function that underlies the language pre-
sented here might be given informally as “how a device
achieves its purpose” or more formally as

Function: An object O has a function F if it
achieves an intended goal by virtue of some exter-
nal trigger T resulting in the achievement of an ex-
ternal effect E.

This is distinct from notions of behavior and purpose, which
is a problem with some definitions of function used in model
based reasoning. It follows that a representation of function
has three elements; a description of purpose and the func-
tion’s trigger and effect. The trigger and effect are Boolean
expressions and act as the recognizer of achievement of the
function. A function can fail in two ways. Either the trigger
can fail to result in the expected effect or the effect can oc-
cur without the trigger, as summarized in Table 1. The four

Trigger Effect Function
false false Inoperative
true false Failed
false true Unexpected
true true Achieved

Table 1: Achievement of function using trigger and effect.

states of a function are defined in terms of the truth of the
trigger and effect, so if a function is triggered but the effect is
not present it is said to be failed, for example. Agreement in
value between the trigger and effect is consistent with correct
behavior of the system. We cannot, however, pair off these
cases as the consequences of the two inconsistent behaviors
will differ and the resulting report must reflect this.

The description of purpose is separate from the functional
description itself. This is consistent with the idea that func-
tion is concerned with how a purpose is fulfilled rather than
the purpose itself and also encourages model reuse as similar
purposes might be fulfilled by systems with different func-
tional requirements, such as cars’ and motorbikes’ lighting
systems.

A function might depend on more than one trigger and ef-
fect so logical operators can be used to describe the required
combinations. Alternatively, a function can be composed of
subfunctions, each with its own trigger, effect and purpose.
This distinction allows cases where the achievement of one
subfunction mitigates failure of the top level function, such as
where a warning system has visual and audible signals and the
presence of either one means at least some warning is given.
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Decomposition in terms of functions means that the top level
function’s states must be derived from the four possible states
of each of the subfunctions. This is shown in Table 2. The

Child 1 Child 2 AND OR XOR
I I I I I
I A I A A
I Fa (I) Fa Fa
I U (I) U U
A A A A I
A Fa Fa (A) (U)
A U U (A) Fa
Fa Fa Fa Fa (I)
Fa U (I) (A) (A)
U U U U (I)

Table 2: States of functions and sub-functions.

rule is that triggering of the top level function is derived from
the triggering of the children and achievement of its effect
from those of the children. So, for example, in the sixth line
of the table, where Child 1 is achieved (both trigger and effect
are true) and Child 2 failed (trigger true but effect false) atop
level function that depends on Child 1 AND Child 2 has failed
as it is triggered (Child 1 trigger AND Child 2 trigger is true)
but the effect is not achieved as Child 1 effect AND Child 2
effect resolves to false. Where the state of the function is in
brackets, the report will ignore the top level function and in-
clude the associated failure of the child function. In addition
to the logical operators, a functional description might use
the sequential operators described in[Bell and Snooke, 2004]
to allow systems whose function depends on intermittent or
sequential behaviour to be described.

As there are three elements in a complete functional rep-
resentation, there are three possible pairs that can be usedas
incomplete subfunctions to simplify the functional decompo-
sition. As pairing trigger and purpose (with no effect) is un-
necessary, this leaves two classes of incomplete function that
can usefully be incorporated into the language. These are

Purposive incomplete function (PIF) maps effect to pur-
pose. This can be used when several subfunctions share
a trigger, as in the warning example mentioned above.

Operational incomplete function (OIF) maps trigger to ef-
fect with no distinct purpose. It ensures a trigger is as-
sociated with a specific effect where alternative combi-
nations of trigger and effect can achieve some purpose.

These are only used as subsidiary (child) functions.

3 Example of functional description
The following is (part of) the functional description of a car’s
seat belt reminder system that warns the driver if either front
seat is occupied with its seat belt unbuckled.

FUNCTION belt_warning
ACHIEVES unbuckled_warning
BY
vehicle moving

AND (driver_unbuckled OR
(passenger_present AND
passenger_unbuckled))

TRIGGERS
PIF warning_lamp AND PIF chimer

PURPOSE unbuckled_warning
DESCRIPTION "Warn seat belt is unbuckled"
FAILURE_CONSEQUENCE
"No warning given of dangerous state"

The PIFs and their associated purpose descriptions are, like
the description of purpose shown, separate entities. The de-
composition in this example allows the language to distin-
guish the case where one of the PIFs fails from the more se-
rious case where both fail so no warning is given. In addition
to this increased expressiveness the explicit inclusion ofthe
trigger differs from the language in[Price, 1998] and allows
unambiguous description of functions that are triggered by
the state of some other system function, increasing the range
of systems that can be modeled. The trigger and the use of la-
bels for trigger and effect allow a more precise specification
of required system behavior than the earlier language used
for functional labeling. They also enable the functional de-
scription to be built independently of a target system, so the
language for can be used for functional refinement of design
in addition to interpretation of model based simulation.

4 Conclusion
The functional description language introduced here in-
creases both the expressiveness and range of the language
used for functional labeling in[Price, 1998]. It shares the
advantages of simplicity, reusability and capability claimed
for that language and in addition allows the functional model
to be constructed independently of the system, so supporting
the use of the language in functional refinement of a design
as well as for interpretation of simulation.
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1 Introduction
Preferences are becoming of greater interest in many areas of
artificial intelligence, such as knowledge representation, mul-
tiagent systems, constraint satisfaction, decision making, and
decision-theoretic planning. In the logic of preference there is
a debate when a set of preferences should be consistent. For
example, Bacchus and Grove[1996] criticize ceteris paribus
preferences, because{p > ¬p,¬p ∧ q > p ∧ q} should be
consistent, and they criticize most existing logics of prefer-
ence, because{p > ¬p, q > ¬q,¬(p∧ q) > p∧ q} should be
consistent. In order not to restrict the use of the logic of pref-
erence, we propose a minimal logic of preference in which
anyset of specified preferences is consistent. To make it use-
ful for practical applications, we extend this logic to specify
preferences with a logic to query preferences, and with a non-
monotonic reasoning mechanism.

2 New semantics for the logic of preference
We introduce a logic of preference that distinguishes between
specifying and querying, inspired by preference-based deon-
tic logic [van der Torre and Tan, 2000]. We define two types
of preference statements, wherep>!q can be read as “it is
specified thatp is preferred toq” and p>?q can be read as
“the result of the query states thatp is preferred toq.”

Definition 1 (Language) Given a setA = {a1, . . . , an} of
propositional atoms, we define the setL0 of propositional for-
mulas and the setL of preference formulas as follows.

L0 3 p, q: ai | ¬p | (p ∧ q)

L 3 φ, ψ: (p>!q) | (p>?q) | ¬φ | (φ ∧ ψ)

Moreover, disjunction∨, material implication→ and equiv-
alence↔ are defined as usual. We abbreviate formulas of the
preference logic using the following order on logical connec-
tives: ¬ | ∨,∧ | >!, >? |→,↔. For example,¬p>!q ∧ r is
short for(¬p>!(q ∧ r)).

Typically many conflicts arise during the specification of
preferences. Our logic of preference representsany set of
preferences in a consistent way, which is achieved in two
steps. First, we do not use a total pre-order on worlds in the
semantics, but a partial pre-order on worlds, i.e., a reflexive
and transitive relation. Incomparable worlds indicate some
kind of conflict among these worlds. Secondly, and more

originally, we formalize a preferencep>!q as the absence of
a q world that is preferred over ap world.
Definition 2 (Specifying) Let W be the set of propositional
interpretations ofL0, andº a partial pre-order onW . We
write w Â w′ for w º w′ without w′ º w, and |α| for
{w ∈ W | w |= α}.
• º|= p>!q iff ∀w ∈ |p| and∀w′ ∈ |q| we do not have

w′ Â w.
Semantic entailment for more complex formulas, logical en-
tailment and other logical notions are defined as usual. For
example,φ1, . . . , φn |= φ if and only if for allº such that
º|= φi for i = 1 . . . n, we haveº|= φ.

We define a logic for querying preferences by optimization
in a specified preference relation. We use the same semantic
structures, but to simplify the definitions we assume that there
are no infinitely ascending chains (see, e.g.,[Boutilier, 1994]
for a discussion). Moreover,p is preferred toq if the optimal
p ∨ q worlds arep worlds.
Definition 3 (Querying) We assumeº does not contain
any infinite ascending chains. We writemax(º, p) for
{w ∈ W | w |= p and∀w′ ∈ W : w′ Â w ⇒ w′ 6|= p}.
• º|= p>?q iff max(º, p ∨ q) ⊆ max(º, p).
We distinguish models called most connected models.

Definition 4 (Distinguished models)A modelº1 is at least
as connected as another modelº2, written asº1vº2, if
º2⊆º1, that is, if∀w1, w2 ∈ W : w1 º2 w2 ⇒ w1 º1 w2.
A modelº1 is most connected if there is not another model
º2 such thatº2<º1, that is, such thatº2vº1 without
º1vº2.

Non-monotonic reasoning is based on distinguished mod-
els in the usual way. These distinguished models have some-
times been called preferred models, and non-monotonic en-
tailment has been called preferential entailment. However, to
avoid confusion with the preferences formalized in our logi-
cal language, we do not use this terminology in this paper.
Definition 5 (Non-monotonic entailment) A prefer-
ence specification is a set of specification preferences
PS = {p1>!q1, . . . , pn>!qn}. A distinguished model of a
preference specificationPS is a most connected model of
PS. A preference specification non-monotonically entailsφ,
written asPS |=v φ, if for all distinguished modelsº of
PS we haveº|= φ.
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3 Logical properties
Specifying and querying preferences are complementary in
the sense that the logic of the former satisfies left and right
strengthening, and the logic of the latter satisfies transitivity.

3.1 Ordering
We first show that our desideratum holds. A preference spec-
ification which only contains preferences which are individu-
ally consistent, is itself consistent.

Proposition 1 If there is a model for each preference inPS,
then there is a model ofPS.
Proof. The identity relation{w º w | w ∈ W} is such a
model ofPS.

The logical relations among preference specifications are
characterized by left and right additivity.

LA |= (p ∨ q>!r) ↔ (p>!r) ∧ (q>!r)
RA |= (p>!q ∨ r) ↔ (p>!q) ∧ (p>!r)

Consequently, reading the additivity formulas from left to
right, specification preferences are strong preferences, in the
sense that they satisfy the following properties of left and
right strengthening.

LS |= (p>!q) → (p ∧ r>!q)
RS |= (p>!q) → (p>!q ∧ r).

Moreover, reading the additivity formulas from right to
left, specification preferences satisfy left and right disjunc-
tion.

LOR |= (p>!r) ∧ (q>!r) → (p ∨ q>!r)
ROR |= (p>!q) ∧ (p>!r) → (p>!q ∨ r)

In case of a finite set of atoms, the combination of LS,
RS, LOR and ROR give a simple way to derive all implied
preferences from a preference specification. Call a formula
a complete sentence when it impliesp or ¬p for each propo-
sition p ∈ A. Given a preference specificationPS, first use
LS and RS to derive preferences among complete sentences.
Secondly, use LOR and ROR to derive all preferences among
formulas.

Finally we consider some borderline cases. As usual, we
cannot have that a proposition is preferred to itself. This is
due to the fact thatº is reflexive.

Id |= ¬(p>!p)
Moreover, an important distinction among preference log-

ics is whether they satisfy transitivity. Our logic to specify
preferences does not, because we may haver worlds pre-
ferred top worlds, andq worlds incomparable to bothp and
r worlds.

T 6|= (p>!q) ∧ (q>!r) → (p>!r)

3.2 Optimizing
Optimizing preferences have been studied in the context of
total pre-orders. For example, Weydert[1991] defines ele-
mentary qualitative magnitude logic as follows, in a proposi-
tional preference logic extended with actual worlds:

QM1 (p > q) ∧ (q > r) → (p > r) (transitivity)

QM2 (p > q) ∧ (p > r) ↔ (p > q ∨ r) (additivity)

QM3 ¬(q > p) ∧ (q > r) → (p > r) (maximality)

QM4 ⊥ > ⊥ ∧ ((⊥ > p) ↔ (p > p)) (quasi-reflexivity)

QM5 ⊥ > p → ¬p (correctness)

QM6 (p > q) ↔ (r > s) if ` (p ↔ r) ∧ (q ↔ s) (exten-
sionality)

Of these formulas QM5 cannot be expressed in our logic, and
the relevant properties to check are QM1, QM2 and QM3. It
can be verified that QM1 and QM2 also hold for our logic
based on partial pre-orders, but QM3 does not.

In some cases, it may be useful to define a stronger notion
of specification preferences, as a combination of>! and>?.
Definition 6 p>0q = p>!q ∧ p>?q

Consequently, if we haveº|= p>0q then we also have
º|= p>?q, a property that does not hold for>!. That is, if we
haveº|= p>!q, then we do not necessarily haveº|= p>?q.

3.3 Modal characterization
It is well known that the combination of two logics in a single
logical system may be problematic, and that the axiomatiza-
tion of such a combined logic is a non-trivial task. To obtain
an axiomatization of our logic, we follow[Boutilier, 1994]
by providing a modal characterization of the logic. We de-
fine (or simulate) the preference logic in a normal bimodal
system, where2 is a universal modal operator and2′ is a
normal modal operator. See, e.g.,[Boutilier, 1994] for an ax-
iomatization of the bimodal logic.

Definition 7 Let L′ be a modal logic with two modal op-
erators2 and 2′. Moreover, let a model ofL′ be a tuple
M = 〈W,º, V 〉, with W a set of worlds,º a partial pre-
order onW , andV a valuation function of propositions at
the worlds. The satisfiability relation for modal formulas is
defined as follows.

• M, w |= 2p when∀w′ ∈ W we haveM,w′ |= p.

• M, w |= 2′p when∀w′ ∈ W : w′ º w ⇒ M, w′ |= p.

Moreover, we add the following definitions toL′:
• 3p = ¬2¬p, 3′p = ¬2′¬p

• p>!q = 2(p → 2′¬q)
• p>?q = 2(q → 3′(p ∧ ¬q ∧2′(p ∨ q → p ∧ ¬q)))
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Abstract 
This paper introduces a multidimensional semantic 
framework for adaptive systems. Different planes 
allow us to represent ontologies of user, her ac-
tions, context, device, domain, while the intersec-
tion between planes allow us to represent the se-
mantic rules for inferring new user features or ad-
aptation strategies. The adoption of ontology-based 
framework aims at creating a server for user mod-
eling and adaptation strategy. 

1 Introduction 
The Semantic Web aims at representing information in the 
WWW such that machines can use it for automation, inte-
gration and reuse of knowledge across applications. The 
advantage of such an approach can be particularly useful in 
the field of adaptive hypermedia systems. These systems 
typically reflect some features of the user in the user model 
and apply this model to adapt various aspects of the system 
(content, interface, navigation, etc) to the user [Brusilovsky, 
1996]. Current adaptive systems may also take into account 
other features, besides the user model, such as the context of 
interaction, the device, etc. Usually the corpus of the docu-
ments and services the system can adapt is already known at 
the design time and can be defined as a closed corpus of 
adaptation [Dolog et. al, 2004]. The application of Semantic 
Web technologies to those systems and the use of shared 
ontologies and metadata to describe resources can contribute 
to extend the closed corpus to an open corpus of adaptation. 
Thus, external documents and resources, which are semanti-
cally annotated, can be considered during the adaptation to 
the users. Furthermore, representing the user model with a 
semantic formalism and shared ontologies can be the base 
for building a user model server: a server that enables the 
reuse of user models across applications [Kay et al., 2002]. 
Different adaptive systems can query the same user model 
server, be primed with the user model that has already built 
up and share the common knowledge.  

This paper describes an ontology-based framework for 
adaptive hypermedia systems which is aimed at providing a 
methodological approach for the semantic definition of two 
kinds of relevant knowledge for adaptation: (i) knowledge 

regarding what features of the system have to be adapted 
and which dimensions (of the user, context, etc.) have to be 
taken into account to perform adaptation; (ii) knowledge 
regarding adaptation strategies and rules for inferring new 
knowledge. Following the 'equation' ontology=(i) taxonomy 
+ (ii) axioms proposed by the RuleML Initiative [Boley et 
al, 2001], we represent (i) the declarative descriptions of 
user models, domain knowledge, etc., with taxonomies ex-
pressed in the standard semantic markup language for the 
Semantic Web, OWL1, and (ii) the adaptation rules with 
RuleML2, a candidate rule markup language. 

2. Goals of the project 
While many works exploit ontologies to describe applica-
tion domains and some recent ones adopt them to represent 
user models, devices features, context of interaction, etc. 
(e.g., UbisWorld, http://www.u2m.org/), the semantic repre-
sentation of reasoning strategies is still little addressed in 
mature projects. Nevertheless, besides the discussed advan-
tages of using standard markup languages for the ontologi-
cal representation of knowledge, a semantic representation 
of rules could extend this goal. Indeed, it could allow appli-
cations (and designers) to share reasoning strategies, to de-
tect incompatibilities, to validate or eventually refuse them. 
 Furthermore, the conjunction of taxonomies with a se-
mantic representation of rules brings benefits to both of 
them. For example, in adaptive systems, it allows to provide 
explanations about the inference of new user features,  the 
system behaviour and the forms of adaptation by exploiting 
the ontological description of terms which are involved in 
the rules. Moreover, since the semantic representation of 
rules provides a proof of the reasoning of the system, it is 
also relevant for the so called proof layer of the Semantic 
Web, which “involves the actual deductive process as well 
as the representation of proofs in Web Languages and proof 
validation”[Antoniou et al., 2004]. 
 
3. Framework description 

                                                 
1 http://www.w3.org/TR/owl-features/ 
2 http://www.ruleml.org/ 

POSTER PAPERS 1551

http://www.u2m.org/
http://www.w3.org/TR/owl-features/
http://www.ruleml.org/


The framework aims at supporting the visual design, the 
semantic representation and the implementation of rules in 
adaptive hypermedia systems based on symbolic reasoning. 
These rules include user modeling rules (which can be con-
sidered derivation rules) that add new knowledge about 
user, starting from her current environment, usage data and 
context of interaction, and adaptation rules (which can be 
considered reaction rules), that define adaptation strategies 
(content, presentation, modality). 
 The choice of using a semantic formalism  in order to 
define the framework arises from the evidence that user 
modeling dimensions are common to different applications 
and, if semantically descripted, they can be shared among 
them (e.g. the feature user familiarity with the system is 
used by almost all adaptive systems). Defining these dimen-
sions once for all represents an interesting opportunity in 
terms of reducing costs of design and optimization of re-
sults. Similar considerations can be made for modality and 
contexts of interaction. While for the domain and service 
features, the reason to exploit an ontological representation 
especially deals with the diffusion of this kind of ontologies 
on the web, and the possibility to link such ontologies and 
integrating with Web Services [Mizoguchi et al, 1997]. 
 For the definition of this semantic framework we devel-
oped a multidimensional matrix [Torre, 01] in which each 
plane contains the ontological representation of a specific 
kind of knowledge (user model, user actions, device, do-
main, context and adaptation ontology). 
Being a framework, the ontologies on the planes are appli-
cation independent, modular and layered in a first level on-
tology, containing the definition of general concepts, and 
successive levels with specialized concepts. In this way, the 
framework can be used by different applications, selecting a 
sub-part of the most generic ontology, in the considered 
planes, and instantiating only the concepts they are inter-
ested in. 

The basic idea of the matrix is that derivation rules and 
reaction rules derive from the intersection of planes and that 
the matrix representation helps the visual design of such 
rules. For example, for the definition of derivation rules, on 
the X1-plane we put the ontology which describes the user 
actions on adaptive system (selection, bookmark, print, 
etc.); on the X2-plane the ontology which describes the pos-
sible domain features (business, tourist, e-learning etc); and 
on the X3-plane, the ontology of the user model dimensions 
(demographic features, preferences, interests, etc). 
From the intersection of dimensions on these planes we can 
define user modeling rules (derivation rules), in the form of: 
If ((X1Plane user actions=a) AND (X2Plane domain_feature=b) 

AND(X3Plane explicit_user_features=c,d)) 
Then (inferred_user_feature=i) 

in which the Left Hand Side specifies the dimensions that 
contribute to define the value of the inferred feature and the 
Right Hand Side represents the assignment of this value. 

The same methodology can be applied to infer other di-
mensions, such as, user’s goals and plans, or to define the 
adaptation rules, clearly changing the planes to take into 
account. For instance, to identify adaptation rules, on the Z1-
plane we put the ontology that describes the device that can 
be used by the user (PDA, PC, mobile phone, on-board sys-
tem etc.); on the Z2-plane we put the ontology of the adap-
tation (adaptation of content, interface, etc.); on the Z3-
plane, the ontology of context conditions (e.g. driving, 
walking, night, etc.) and on the Z4-plane, the ontology of the 
user model dimensions, integrated/updated with the user’s 
dimensions inferred by the previous user modeling rules. 

The ontologies on the planes are written in OWL, while 
rules, at the intersection of planes, are written in RuleMl. 
Both of them can be translated into popular rule engines 
such as CLIPS and Jess. 
 
Conclusion and Future Work 
In future we plan to use the proposed methodology with dif-
ferent adaptive applications (e.g., [Amendola et al., 2004]) 
we developed in the past in order to use these applications 
as test bench to evaluate the correctness of our approach.  
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Abstract

In this paper we argue that it may be possible to
help searchers to better understand the relevance of
search results by generating explanations that high-
light how other users have interacted with such re-
sults under similar search conditions in the past.
We propose the use of the search histories of a com-
munity of online users as a source of these expla-
nations. We describe the results of a recent study
to examine the use of such explanation-based tech-
niques to help Web searchers better appreciate the
relevancy of search results. We highlight shortcom-
ings of this approach in its current form and offer
suggestions as to how it may be improved in future
work.

1 Introduction
Scale, document diversity, and limited searcher expertise all
combine to make the Web a very challenging information re-
trieval environment. Consequently, Web search engines have
had to evolve beyond their term-based information retrieval
roots; see [Brin and Page, 1998; Lawrence, 2000] for ap-
proaches that leverage connectivity and context information
to improve search. In this paper we adopt a very different
perspective on how search engines might be improved. We
ask whether there is an opportunity to present search results
to users more effectively. This is related to the use of cluster-
ing methods to impose order on search results at presentation
time (e.g., [Leuski, 2001]). However, we try to explain re-
sults to users, to help users gain a better understanding of the
appropriateness of these results to their needs.

In related work, [Hearst, 1995] introduces a visualisation
paradigm that offers an explanation not just of how strong the
match between the user’s query and a given result page is, but
also how frequent each term is, how each term is distributed
in the text and where the terms overlap within the document.
This approach provides the user with additional explanatory
information which better aids them in their decision as to
whether or not each page is relevant to their information need.

∗The support of the Informatics Research Initiative of Enterprise
Ireland is gratefully acknowledged.

For related work on the issue of explanation in recommender
systems see [Cunningham and McSherry, 2004].

Of course, Web search engines do attempt to provide some
explanation with their result-lists. Typically, for example,
each result is accompanied by a snippet of text from the result
page in question to give some insight into the content of the
page. Both these query-sensitive snippets and the approach
to explanation in information retrieval introduced in the Tile-
Bars system ([Hearst, 1995]) are content-based techniques for
aiding the user in result selection. We believe that other forms
of explanatory information can be usefully provided.

In [Wexelblat and Maes, 1999], interaction histories are
introduced, whereby a user’s interactions with their Web
browser (e.g. selection of a link in a Web page, typing a URL
into the location bar, etc.) are recorded as they browse, and
this information is later used to help other users to locate in-
formation items. The concept of interaction histories is ap-
plied to Web search in [Coyle and Smyth, 2005]; the pages
in a user’s navigation sequence beyond the initial results page
are recorded and used to enhance future search result lists
when similar queries are submitted. We propose the use
of search history information (specifically query-submission
and result -selection information) for the generation of search
result explanations. In this paper we describe a recent study
to evaluate different approaches to generating these explana-
tions based on 3 types of user interaction information.

2 Explaining Search Results
Result snippets provide one type of explanation. What other
types of explanation might be generated? In this paper we
consider 3 additional types of explanation information that
can be derived from the search histories of communities of
users. We will describe these types of information in a mo-
ment but first it is worthwhile considering the source of these
search histories.

2.1 Collaborative Web Search
Collaborative Web search (CWS) is a form of meta-search,
relying on the search services of a set of underlying search en-
gines and manipulating their results in response to the learned
preferences of a given community of users ([Smyth et al.,
2003; In Press]). Very briefly, a central data structure in CWS
is the hit-matrix, H . It encodes the search behaviour of a
given community of users; each time a community member
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selects a result pj in response to some query qi, the entry in
cell Hij is incremented. In turn, the relevance of a page pj

to qi can be estimated as the relative number of selections
pj has received in the past for qi. For example, if the page
www.jaguarcars.com has a relevance of 0.65 for the query
jaguar, this means that 65% of the selections for this query
have been for this result. More generally, the relevance of
a page pj to some target query qT can be calculated as the
weighted sum of its relevance to a set of queries (q1, ..., qn)
that are similar to qT , with each individual relevance value
discounted by the similarity between qT and the query in
question; see [Smyth et al., In Press] for further information.

The type of interaction data generated by CWS, which can
be stored and later used as a source of search histories in-
cludes, but is not limited to, search result selection, query
submission and query modification (i.e., the same user sub-
mitting a number of queries one after the other which are sim-
ilar to each other regarding their component terms). The point
to note is that this stored interaction data can be leveraged in
future search sessions to provide explanation text alongside
search results which can be used to determine a result’s popu-
larity, by analysing how users within the same searching com-
munity have previously interacted with it. With this added
information, the user is better positioned to judge whether or
not each result is relevant to their information need.

2.2 Explanation Types
In this paper we propose to use the interaction data captured
by CWS as a source of 3 different explanation types: 1) rele-
vance scores; 2) related queries; 3) timing information. From
these we have generated the following 6 explanation types.

Type 1 - Relevance. The relevance of a result to some
query is simply the percentage of times that other searchers
have selected the page for the query. Thus each result is ac-
companied by an explanation of the form: “r% of searchers
for this query have selected this page”.

Type 2 - Related Queries. Related queries refer to other
queries that have also led to the selection of the page in ques-
tion. They provide users with an alternative understanding of
the circumstances in which other users have found a page to
be worth selecting; e.g., “This page has also been selected
for queries such as ‘q1’ and ‘q2’”.

Type 3 - Timing. Timing information helps the searcher to
understand the recency of any selection activity for this page
and may give an indication of the currency of its content; e.g.,
“This page was last selected t minutes ago”.

Type 4 - Relevance + Related Queries. We can combine
relevance information with related queries to generate expla-
nations of the form: “r1% of searchers for this query have
selected this page and r2% of searchers for similar queries
such as ‘q1’ and ‘q2’ have also selected it”.

Type 5 - Relevance + Timing. Similarly, we can combine
relevance and timing information to generate explanations of
the form: “r% of searchers for this query have selected this
page as recently as t minutes ago”.

Type 6 - Relevance + Related Queries + Timing. And
finally, we can combine all 3 types of data to produce expla-
nations of the form: “As recently as t minutes ago, r1% of
searchers for this query have selected this page and r2% of

Figure 1: Search result for the query ‘ijcai’ with only a snip-
pet text explanation.

Figure 2: Search result for the query ‘ijcai’ with interaction
history-based explanation (type 6) added below the snippet
text explanation.

searchers for similar queries such as ‘q1’ and ‘q2’ have also
selected it”.

By way of an example, consider the search results pre-
sented in Figures 1 and 2. Figure 1 shows a standard Web
search result returned for the query ‘ijcai’ with the page’s title
and a contextualised snippet provided as a means for the user
to determine if the result is relevant to their query. In Figure
2, we can see the same search result but this time with ex-
planation text added below it (explanation type 6, see above)
which was generated using the interaction histories of previ-
ous users. This explanation contains information about how
many times this result has been selected in the past for the
current query and also for other, related queries. Further, the
user can see how recently this result has been selected, which
should give them some idea of how ‘fresh’ the result is for the
current query.

3 Evaluating Search Result Explanations
To evaluate the utility of these different explanation types,
we surveyed the opinions of 57 postgraduate students. Each
survey was composed of 6 pairs of search engine result-lists.
In each pair there was a standard result-list, that contained the
sort of result-list presented by Google and other major search
engines; each result contained a title, a snippet, and a URL
(see Figure 1). Each pair also contained an explanation result-
list in which the same results were presented with one of the 6
explanation types described above (see Figure 2). The 6 pairs
of each survey allowed users to compare each explanation
type to a standard result-list; for each pair the user was asked
to indicate whether they felt the explanations helped them to
understand the value of the results in relation to the target
query. In each survey the type of results and queries used to
generate them were randomised so no two pairs of result-lists
contained the same query-result combination for any user.

Summary results are presented in Figure 3 as the percent-
age of users who found the explanations to be more informa-
tive (better) than the standard result-list against each result
type; we also show the percentage of users who found each
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Figure 3: Summary of results.

explanation type to be less informative (worse) than the de-
fault. The results show a clear preference for relevance in-
formation (type 1 explanations) with more than 80% of users
indicating that this type of explanation helped them to better
understand the usefulness of results; only 3% of users rated
this explanation type as worse than the default.

In general, the users appear to be less convinced about
the value of the other explanation types with just under 50%
viewing the related queries (type 2) and timing (type 3) as bet-
ter than the default; although only about 12%-14% of users
found these explanations to be worse than the default. When
these explanation types are combined with relevance informa-
tion (in types 4, 5 and 6) the user ratings are seen to increase,
although never above the 80% found for relevance informa-
tion on its own. This increase appears to be due to the inclu-
sion of the relevance data, however.

4 Conclusions
In this paper we have suggested that modern Web search
engines might be usefully improved if they included some
form of explanation information alongside their search re-
sults. This could potentially provide searchers with a clearer
understanding of how each result relates to their information
need, if at all. We have tested a number of different explana-
tion types using a combination of information sources.

The results of this experiment indicate that there is po-
tential for Web searchers to benefit from the presentation of
additional explanatory information alongside standard result-
list information. Concrete relevance information in particular
was found to be valued by more than 80% of users, although
other forms of explanation were found to be less compelling.
One of the problems with these other forms of explanation
data appears to be linked to their increased space require-
ments. For example, the use of related queries and timing
information in particular adds considerably to the size of ex-
planations, which takes away from valuable screen-space that
could otherwise be used to present additional search results.

It is likely that this presentation issue could be resolved
however, either through the use of more economical tex-

tual presentation techniques such as mouse-over tool-tips or
else through the use of a visualisation approach whereby the
user interaction information for a search result is summarised
using graphical icons in a manner similar to that found in
[Hearst, 1995]. It is worth noting that only a small percentage
of users viewed the additional explanations as having a neg-
ative impact on the search results. This allows us to be opti-
mistic that a more economical, visual presentation metaphor
might reduce this percentage and lead to an increase in the
perceived worth of the various explanation types.

References
[Brin and Page, 1998] Sergey Brin and Lawrence Page. The

Anatomy of a Large-Scale Hypertextual Web Search En-
gine. Computer Networks and ISDN Systems, 30(1–
7):107–117, 1998.

[Coyle and Smyth, 2005] Maurice Coyle and Barry Smyth.
Enhancing web search result lists using interaction histo-
ries. In Proceedings of the 27th European Conference on
Information Retrieval, (ECIR-05), pages 543–545, Santi-
ago De Compostela, Spain, 2005. Springer-Verlag.

[Cunningham and McSherry, 2004] Padraig Cunningham
and David McSherry. Workshop on Explanation in CBR.
7th European Conference on Case-Based Reasoning,
Madrid, Spain, 2004.

[Hearst, 1995] Marti A. Hearst. Tilebars: Visualisation of
term distribution information in full text information ac-
cess. In Proceedings of the SIGCHI Conference on Hu-
man Factors in Computing Systems, CHI’95, pages 59–66,
Denver, Colorado, USA, May 1995. ACM Press.

[Lawrence, 2000] Steve Lawrence. Context in Web Search.
IEEE Data Engineering Bulletin, 23(3):25–32, 2000.

[Leuski, 2001] Anton Leuski. Evaluating document clus-
tering for interactive information retrieval. In Ling Liu
Henrique Paques and David Grossman, editors, Proceed-
ings of Tenth International Conference on Information and
Knowledge Management (CIKM’01), pages 41–48, At-
lanta, Georgia, USA, 2001. ACM Press.

[Smyth et al., 2003] Barry Smyth, Evelyn Balfe, Peter
Briggs, Maurice Coyle, and Jill Freyne. Collaborative Web
Search. In Proceedings of the 18th International Joint
Conference on Artificial Intelligence, (IJCAI-03), pages
1417–1419. Morgan Kaufmann, 2003. Acapulco, Mexico.

[Smyth et al., In Press] Barry Smyth, Evelyn Balfe, Jill
Freyne, Peter Briggs, Maurice Coyle, and Oisin Boydell.
Exploiting Query Repetition and Regularity in an Adap-
tive Community-based Web Search Engine. User Model-
ing and User-Adapted Interaction: The Journal of Person-
alization Research, (In Press).

[Wexelblat and Maes, 1999] Alan Wexelblat and Pattie
Maes. Footprints: history-rich tools for information
foraging. In Proceedings of the SIGCHI Conference on
Human Factors in Computing Systems, CHI’99, pages
270–277, Pittsburgh, Pennsylvania, USA, 1999. ACM
Press.

POSTER PAPERS 1555



A Cognitive Model of Visual Analogical Problem-SolvingTransfer

Jim Davies
Queen’s University, Schoolof Computing

Kingston,Ontario,CanadaK7L 3N6,jim@jimdavies.org

Ashok K. Goel, Nancy J. Nersessian
Georgia Instituteof Technology, Collegeof Computing

801Atlantic Drive,Atlanta,Georgia,USA, 30332,
�
goel,nancyn � @cc.gatech.edu

Abstract

Complex problem solving typically involves the
generationof a procedureconsistingof anordered
sequenceof steps. Analogical reasoningis one
strategy for solving complex problems,andvisual
reasoningis another. Visual analogiespertainto
analogiesbasedonly on visualknowledge. In this
paper, we describethe useof Galatea,a computa-
tional modelof visual analogiesin problemsolv-
ing, to modeltheproblemsolvingof a humansub-
ject (L14). L14 wasa given the taskof solving a
complex problemusing analogyin a domainthat
containedboth visual and non-visualknowledge,
andwasencouragedto usevisualanalogy. We de-
scribehow GalateamodelsL14’suseof visualanal-
ogy in problemsolving.

1 Introduction

Complex problemsolving typically involves the generation
of a procedureconsistingof a strongly-orderedsequenceof
steps. Theseprocedureshave two importantproperties:1)
theprocedurecontainstwo or moresteps,and2) somesteps
cannotbeexecutedbeforesomeotherstepshavealreadybeen
executed.Analogicalreasoningis onestrategy humansoften
useto solve complex problems.Analogicalproblemsolving
takesa solutionfrom a sourceanalogandappliessomever-
sionof thatsolutionto a targetproblem.Visual reasoningis
anotherstrategy humanssometimesuseto addresscomplex
problems.

WehaveusedGalateato modeldataonproblemsolvingby
severalhumansubjects.Thisdatawascollectedin a pyscho-
logical experimentrun by Dr. David Craig. In this experi-
ment,thehumanparticipantsweregiven the taskof solving
a complex problemusinganalogyin adomainthatcontained
bothvisualandnon-visualknowledge,andwereencouraged
to usevisualanalogyin their problemsolving. In this paper,
we describehow Galateamodelsone participant’s (L14’s)
useof visual analogyin problemsolving. In the interestof
space,we referyou to [DaviesandGoel,2001] for informa-
tion abouttheGalateamodellinglanguage.

2 The Galatea Model of L14
Galateais intendedto be a partial cognitive modelof visual
analogicaltransferin humanbeings.To supportGalateawith
respectto its psychologicalplausibility we modelledsome
of thevisualaspectsof four experimentalparticipants’draw-
ings,oneof whichwewill describein detail in thispaper.

Dr. David Craigran34participantsin ananalogicaltrans-
fer experiment[Craiget al., 2002]. Participantswereshown
aproblem-solvingsolutionaboutalaboratory, presentedwith
text anda diagram.They wereasked to solve ananalogous
problemwith a weed-trimmer, presentedwith text only. Of
these,17participants(in threeconditions)correctlydescribed
theanalogoussolution.All participantswereaskedto draw a
diagramto illustratetheir suggestedsolutions.

Thesourcegivenwasa laboratorycleanroomproblem.A
singledoorlets in dirty air, soa vestibule is added,with two
doorswhereonedoorstayedshutwhile theotherwasopen.
Thetargetproblemis aweedtrimmerarmattachedto atruck
thatmustbeableto passthroughstreetsigns.Theanalogous
solutionis to designanarmwith two latchingdoors,so that
while oneis opento let thesignpass,theotherstaysclosedto
supportthearmandtrimmer. Participantsproduceddiagrams
describingtheir solutionsto theproblems.We modelledfour
of theseexperimentalparticipantsin Galatea,oneof which,
L14, wewill describein detail.

Werepresentedthesourceanalogasaseriesof s-images
connectedwith transformations. Seethetop of Figure
2 for anabstractdiagramof our Galateamodelof thesource
analog.

The first transformation is replicate. The sec-
ond transformation is add-connections which
places the door sets in the correct position in rela-
tion to the top and bottom walls. The third and
fourthtransformations areadd-component, which
add the top and bottom containmentwalls. The fifth
transformation, anotheradd-connections, places
thesecontainmentwalls in thecorrectpositionsin relationto
thedoorsetsandthetopandbottomwalls.

2.1 Evaluation
Wecannow examinewhatmadeL14 differ from thestimulus
drawing: long vestibule, rotation,line to doubleline, sliding
doors,addedobjects,numericdimensionsadded,andmecha-
nismsadded.Of thesesevendifferences,our modelsuccess-
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Figure1: Thesourcedatafor L14. Thedrawing above andhandwrittentext arewhatparticipantL14 producedon theexperi-
mentsheet.

Figure2: The implementationof L14. The top seriesof s-images representsthe sourceanalog(the lab problem)andthe
bottomseriesthetarget.Therearesix s-images for thefivetransformations.

fully re-createsfour of them,all throughmanipulationof the
input knowledgeandby addingtransformations.That is, the
sourceGalateacodedid notneedto bechanged.

Unaccountedfor arethetwo bentlinesemerging from the
vestibule on theleft side,thenumericdimensionsandwords
describingthemechanism.Also, L14 showsoneof thedoors
retracting,andthe modeldoesnot. The modelalsofails to
capturethedoubleline usedto connectthedoorsections,be-
causethe single line is transferredwithout adaptationfrom
thesource.This couldbefixed,perhaps,by representingthe
argumentto the add-component as a function referring
to whatever elementis usedto representanotherwall, rather
thanasaline.

3 Conclusion

Our initial view wasthatvisualknowledgefacilitatestransfer
evenwhennon-visualknowledgemightbeavailable.In con-
clusion,theevaluationsupportedthis andresultedin oneun-
expecteddiscovery, for a totalof two claims:Claim one: Vi-
sual knowledge facilitates transfer even when non-visual
knowledge might be available. L14’s datais anexampleof
a cross-domainanalogicalproblemsolving that could have
beenrepresentedboth non-visuallyand visually. Our im-
plementedmodelof L14 usesonly visual knowledge. The
level of abstractionof the visual symbolsin Covlan allows
thecross-domaintransferof problem-solvingstepsto occur,
supportingour hypothesis.Furtherit shows thatGalateacan
accountfor humanparticipantdata.

Claim two: The successful transfer of strongly-ordered
procedures in which new objects are created requires the
reasoner to generate intermediate knowledge states and
mappings between the intermediate knowledge states of
the source and target analogs. In thecourseof creatingthis
model,we discoveredsomethingaboutanalogicaltransferin
general: A characteristicof strongly-orderedproceduresis
thatcomponentsof theproblemarecreatedby theoperations,
andthesecomponentsareactedonby lateroperations.

Our model shows how this might work for humancog-
nition: The doorway is replicated,thenmoved, thensealed
with containingwalls. For thetransferof multi-step,strongly-
orderedproceduresit wasnecessaryfor Galateato generate
intermediateknowledgestatesandmappings.
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Abstract

This paper presents a generic architecture for
proof planning systems in terms of an interac-
tion between a customisable proof module and
search module. These refer to both global and
local information contained in reasoning states.

1 Introduction

Proof planning systems attempt to automate the process
of mathematical proof by searching for a high-level repre-
sentation of a proof rather than one at the level of logical
inference rules. This makes the resulting proofs more
human-like; aiding comprehension, cognitive modeling
and higher-level reasoning about failed proof attempts.
Proof planning represents an important methodology
in automated reasoning and has been proposed as a
generic framework for understanding reasoning in gen-
eral [Bundy, 1991]. Unfortunately over 15 years of re-
search and exploration of the concept has so altered the
initial descriptions that it is no longer trivial to describe
exactly what proof planning is. This paper presents a
generic architecture for proof planning systems as a first
step towards a unified description.

2 Proof Planning

Proof planning was first introduced in [Bundy, 1988]
where the term proof plan was used to describe both a
way of going about a particular sort of proof and a high-
level representation of the proof itself. In order to avoid
confusion, this papers refers to these two concepts as the
proof strategy and the proof representation respectively.
A common example of a proof strategy is mathematical
induction. Here the strategy is to split the problem into
a base case and a step case and the step case can be
further broken down into a sequence of rewrites followed
by appeal to the induction hypothesis.

The proof representation is a graph/tree structure.
The nodes are labelled by proof goals and a justification
associated with a proof method. The intended semantics
is that a goal formula can be derived from its children
and that this derivation is justified by the method. These

proof representations are formed using the proof meth-
ods as plan operators within a framework inspired by
STRIPS [Fikes and Nilsson, 1971]. The edges in a proof
representation can be expanded to a proof at the level
of logical inference rules using planning operators based
on LCF-style tactics. These tactics are associated with
the method that justifies the parent node.

Methods are generally represented as a frame struc-
ture with slots for preconditions which must be satisfied
before the method can apply. A proof strategy is either
represented by some form of method hierarchy which re-
stricts consideration of particular methods to particular
points in a proof or by control rules [Siekmann et al.,
2003] which analyse the current state of the plan rep-
resentation and the history of the planning attempt to
decide on the methods to be considered at any point.
The proof strategy is an important technique for limit-
ing search and has been represented in a variety of ways.

The proof planning methodology also includes failure-
triggered plan operators (eg. [Ireland and Bundy, 1996])
which propose major changes to the current proof repre-
sentation (as opposed to methods which simply extend
the graph). Selection and application of these operators
is determined by preconditions and the proof strategy.

At present there is no general description of proof
planning which which addresses the varied ideas of proof
strategy implemented in the proof planning systems of
the last decade. This paper seeks to answer the question
of what proof planning is by presenting a generic archi-
tecture that can encompass existing implementations.

3 A General Architecture for Proof

Planning Systems

Figure 1 shows a general architecture for proof planning
systems as a data/control flow diagram. In this diagram
circles indicate functions or operations and rectangles
stores of data. Solid arrows into operators represent in-
formation used by the operator and arrows from it show
outputs or side-effects of its operation. Dashed arrows
show the flow of control between operations.

Most descriptions of proof planning have described the
proof planner as operating on proof representations how-
ever an important insight in [Dixon and Fleuriot, 2003]
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is to notice that proof planners operate on reasoning
states. Reasoning states contain a search strategy (such
as depth-first search) and proof search information which
includes general information (such as constraints) as well
as a proof representation and a proof strategy.

There are two reasoning states consulted by the sys-
tem: a global reasoning state which is in existence for the
lifetime of the program’s execution and which can be dy-
namically updated and a current reasoning state which
is generated by the proof module at one point in time,
placed in a global set and later selected by the search
module to become current after which it is deleted. This
reasoning state is not altered once it is generated.

Global information is used in all systems for pragmatic
reasons. However there is also a need to store a history
(eg. [Siekmann et al., 2003]) of the planning attempt,
including abandoned branches of the search space. This
needs to be global and dynamically updatable.

At the start of a proof attempt a user presents a global
reasoning state and a set (usually a singleton) of local
reasoning states to the system. The search module then
selects one of the local reasoning states to become cur-
rent and hands control to the proof module.

Control passes back and forth between the proof mod-
ule and the search module. The proof module uses proof
search information to generate new reasoning states and
to update the global reasoning state. Control is then
handed to the search module which uses the search
strategies to propose a new current reasoning state and

to update the reasoning state set.
A key idea is that the proof module should be cus-

tomisable by the user via the proof strategy. In this way
a proof planner can be adapted for individual proof fam-
ilies without the user needing a firm grip on the internal
code of the system. User support for expressing a proof
strategy varies widely and appears to be an area ripe for
further research.

4 Conclusion and Further Work

I have presented here a general architecture for proof
planning as an interaction between a proof module and
a search module operating on two reasoning states (one
global and one local) and a reasoning state set.

Dixon et al. [2004] have recently started work on a
comparison of the major proof planning systems. We
are in the process of combining our work and hope this
will generate further insights into the definition of proof
planning and the construction of proof planning systems.
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Abstract

When deciding what to do agentsmust choose
amongalternative actionsanddifferentagentsmay
makedifferentchoicesaccordingto whatthey wish
to achieve in the light of their preferencesandval-
ues. It cannotbe assumed,however, that agents
haveaconsciousunderstandingof their valuepref-
erencesindependentof the reasoningsituationsin
whichthey engage.In thispaperweconsideranex-
tensionto agenericframework for reasoningabout
argumentsjustifying actionsin termsof valuesin
whichthepreferencesamongstvaluesemergefrom
thereasoningprocess.

1 Intr oduction
Weareconcernedwith practical reasoning- reasoningabout
whatto doin agivensituation.Suchreasoningis quitediffer-
ent from reasoningaboutbeliefs,andhasa numberof char-
acteristicfeatureswhichany accountmustrespect.

First, argumentsjustifying actionsmustbe consideredin
the context of other relatedarguments:argumentscanonly
be acceptedif dueconsiderationto argumentsattackingand
defendingthemis given. In a setof argumentsrelatingto an
issue- which we call a debate- theacceptabilityof anargu-
mentrelieson it formingpartof acoherentsubsetof suchar-
gumentsableto defenditself againstall attackingarguments.
We call sucha coherentsubseta position. The construction
of a positionandrelatedproblemsof acceptabilityhave been
exploredin AI throughtheuseof argumentationframeworks,
e.g. [Dung,1995;Bench-Capon,2003]. Suchreasoningcan
benaturallyexploredthroughtheuseof a dialoguein which
an argumentis attacked anddefended[Cayrol et al., 2003;
DunneandBench-Capon,2003].

Second,debatesaboutwhichactionis bestto performmust
permitrationaldisagreement.Whereasthetruth of factsmay
bedemonstratedandcompelrationalacceptance,with regard
to actionsthereis an elementof choice: we cannotchoose
whatis thecase,but wecanchoosewhatweattemptto bring
about, and different peoplemay rationally make different
choices. Suchdifferencesin valuesand interestsmeanthat

∗Sylvie Doutre is supported by the Aspic project of the European
Commission (IST-FP6-002307).

argumentswill have differentaudiences, andwhat is accept-
able to oneaudiencemay be unacceptableto another. Dis-
agreementsarerepresentedin [Dung,1995] by thepresence
of multiple acceptablepositions. In [Bench-Capon,2003],
thedisagreementsareexplainedwithin anextendedargumen-
tationframework whichexplicitly relatesargumentsto values
andexplicitly representsaudiencesin termsof their prefer-
encesovervalues.

While a framework suchasthat of [Bench-Capon,2003]
canbe usedto explain disagreementsbetweendifferentau-
diencesin termsof their differentrankingof values,it does
not explain how thesevalue rankingsare formed. A third
featureof practicalreasoning(asindicatedin [Searle,2001])
is thatwe cannotpresupposethatpeoplebring to a debatea
knowledgeof their valuepreferences.It meansthatthevalue
preferencesshouldemergefromtheconstructionof a position
insteadof beingtakenasaninput.

Finally, practicalreasonersmaynot beequallyopento all
arguments:they may have certainargumentsthat they wish
to includein theirposition(somedesiredarguments), certain
argumentsthat they wish to exclude (rejectedarguments),
and they may be indifferent to the statusof the remainder
(the optional arguments). For example,a politician form-
ing apolitical programmemayrecognisethatraisingtaxation
is electorallyinexpedientandso must rejectany arguments
with theconclusionthattaxesshouldberaisedfrom theman-
ifesto,while desiringthatargumentsjustifying actionsbring-
ing aboutcore objectives are present: other argumentsare
optional,andacceptableif they enablethis. Sucha distinc-
tion betweenargumentshasbeentaken into accountin the
constructionof positionsfor Dung’s framework by [Cayrolet
al., 2002], but not for thatof [Bench-Capon,2003].

It is anaccountof thesetwo lastphenomenain the[Bench-
Capon,2003] framework which is theobjectiveof ourwork.

2 Definition of a position
To accommodatethelast featureof practicalreasoningiden-
tified above, we definean extensionof the [Bench-Capon,
2003] framework, called a DOR-partitioned value-based
argument framework (DOR-VAF), asa tuple〈X ,A,V, η〉,
where: X = D ∪ O ∪ R for threedisjoint setsD (the de-
siredarguments), O (theoptionalarguments) andR (the re-
jectedarguments); A ⊆ X ×X is anattack relationbetween
arguments;V = {v1, v2, . . . , vk} is a set of k values, and
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η : X → V is a mappingthat associatesa valueη(x) ∈ V
with eachargumentx ∈ X .

As in [Bench-Capon,2003], preferencesbetweenvalues
areconsideredthroughthe notion of an audience, which is
a transitive, irreflexive relationϑ ⊂ V × V. A pair 〈vi, vj〉
is referredto as ‘vi is preferred to vj ’ w.r.t. ϑ. Given an
audienceϑ, anargumentx defeatsanargumenty if x attacks
y and〈η(y), η(x)〉 /∈ ϑ; an argumentx is a defenderof an
argumenty if andonly if thereis afinitesequencea0, . . . , a2n

suchthaty = a0, x = a2n, and∀i, 0 ≤ i ≤ (2n − 1), ai+1

defeatsai w.r.t. ϑ.
A position in a DOR-VAF is definedasasetof arguments

P = D ∪ Y with Y ⊆ O, suchthat thereexists at least
one audienceϑ with respectto which: (i) no argumentin
P defeatsw.r.t. ϑ anotherargumentin P ; (ii) any defeated
argumentin P w.r.t. ϑ hasa defenderw.r.t. ϑ in P ; (iii) each
optional argumentof Y is a defenderw.r.t. ϑ of a desired
argumentof D. An audiencefor whichP is apositionis said
to beacorrespondingaudienceof P .

This new notion of a positionaccomodatesthe third fea-
ture of practicalreasoning:the preferencesbetweenvalues
arenotgivenasaninputon thebasisof which thepositionis
constructed,but area resultof constructingtheposition.

3 Developmentof a position
In orderto build a positionin a DOR-VAF, onemaystartby
consideringthe setof desiredarguments. This setmustbe
first testedto demonstratethat thereis at leastoneaudience
w.r.t. which no desiredargumentdefeatsanotherdesiredar-
gument.It maybethatthisconditioncanonly besatisfiedby
imposingsomevaluepreferences.If we cansatisfythis test
wemustnext ensurethatany defeatedargumentin thesethas
a defenderin thesetw.r.t. at leastoneaudience.To this end,
someoptionalargumentsmaybeaddedto thesetasdefend-
ersof defeatedargumentsand/orsomeadditionalconstraints
on the orderingof valuesmay be imposed. If the process
succeeds,thenthe setdevelopedis a positionandthe setof
constraintsdeterminedby the constructioncanbe extended
into a correspondingaudienceof this position,by taking its
transitive closure. Otherwise,the userhasto reconsiderthe
partitionof thesetof arguments.

This constructioncan be presentedin the form of a dia-
loguebetweentwo players.One,theopponent, outlineswhy
the setunderdevelopmentis not yet a position,by identify-
ing argumentswhich defeatmembersof the set. The other,
theproponent, triesto make thesetunderdevelopmenta po-
sition by extendingit with someoptionalargumentsand/or
someconstraintsbetweenvalues.If theproponentterminates
the dialogue,thenthe setof argumentsplayedis a position,
andthesetof constraintsadvancedcanbeextendedinto acor-
respondingaudience.Otherwise,thesetof desiredarguments
cannotbeextendedinto aposition.

This presentationin a dialogueform hasthe main advan-
tageof making clear why someconstraintsbetweenvalues
mustbeimposed,andwhy someoptionalargumentsmustbe-
long to theposition. Moreover, it captureswell thefirst fea-
tureof practicalreasoning.In [Doutreet al., 2005], anorigi-
nal formal dialogueframework, extendingpreviousdialogue

frameworksfor argumentation,is introducedandinstantiated
in orderto capturetheconstructionabove. The instantiation
takesinto accountsomeheuristicsaimingat keepingtheex-
tensionsof the set underdevelopmentto a minimum. The
idea is that the proponentwill wish to meetan attackin a
way which retainsasmuchroomfor subsequentmanoeuvre
aspossible.Therearefour waysof meetingan attackfrom
anargumentx. In ascendingorderof commitmentthey are:
includeanoptionalargumentrequiringno new valueprefer-
ence;adda new valuepreference;includean optionalargu-
ment requiringan additionalvaluepreference,but doesnot
conflict with any existing positionargument;andaddanop-
tional argumentwhich doesconflict with someexisting posi-
tion argumentsorequiringadditionalvaluepreferencesto be
imposedto resolve theconflict. Thefirst threeresponsesare
computationallycheap:thecomplexity in constructingposi-
tionsariseswhentheneedto usethefourth responsearises.

4 Conclusion
We believe that this approachwill have significantpractical
applicationin the analysisand modelling of argumentation
aboutwhich action shouldbe chosen,for instancein areas
suchascaselaw andpolitical debate,both of which arere-
ceiving increasingattentionasthenotionof e-democracy be-
comeswidespread.Interestingpossibilitiesalsoariseif we
considerextendinga debatein which a positionhasalready
beenconstructed. Someadditionsshouldradically change
the best position, giving insight into phenomenasuch as
paradigmshift in science,andlandmarkcaseswhich require
extensive theoryrevision in thedevelopmentof caselaw.
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Abstract
We define a new heuristichDS for ASP, and imple-
ment it in the (disjunctive) ASP system DLV. The
new heuristic improves the evaluation ofΣ

P
2 /ΠP

2 -
hard ASP programs while maintaining the benign
behaviour of the well-assessed heuristic of DLV
on NP problems. We experiment with the new
heuristic on QBFs.hDS significantly outperforms
the heuristic of DLV on hard 2QBF problems.
We compare also the DLV system (with the new
heuristic hDS) to three prominent QBF solvers.
The results of the comparison, performed on in-
stances used in the last QBF competition, indicate
that ASP systems can be faster than QBF systems
onΣ

P
2 /ΠP

2 -hard problems.

1 Introduction
Answer set programming (ASP) is a novel programming
paradigm, which has been recently proposed in the area of
nonmonotonic reasoning and logic programming. The idea
of answer set programming is to represent a given computa-
tional problem by a logic program whose answer sets corre-
spond to solutions, and then use an answer set solver to find
such a solution[Lifschitz, 1999]. The knowledge represen-
tation language of ASP is very expressive in a precise math-
ematical sense; in its general form, allowing for disjunction
in rule heads and nonmonotonic negation in rule bodies, ASP
can representeveryproblem in the complexity classΣP

2 and
Π

P
2 (under brave and cautious reasoning, respectively)[Eiter

et al., 1997]. Thus, ASP is strictly more powerful than SAT-
based programming, as it allows us to solve even problems
which cannot be translated to SAT in polynomial time. The
high expressive power of ASP can be profitably exploited in
AI, which often has to deal with problems of high complex-
ity. For instance, problems in diagnosis and planning under
incomplete knowledge are complete for the the complexity
classΣP

2 or Π
P
2 , and can be naturally encoded in ASP[Baral,

2002; Leoneet al., 2001].
∗This work was partially supported by the European Commission

under projects IST-2002-33570 (INFOMIX) and IST-2001-37004
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Most of the optimization work on ASP systems has fo-
cused on the efficient evaluation of non-disjunctive programs
(whose power is limited toNP/co-NP), whereas the opti-
mization of full (disjunctive) ASP programs has been treated
in fewer works (e.g., in[Janhunenet al., 2000; Kochet al.,
2003]). In particular, we are not aware of any work concern-
ing heuristics forΣP

2 /ΠP
2 -hard ASP programs.

In this paper, we address the following two questions:
◮ Can the heuristics of ASP systems be refined to deal more
efficiently withΣ

P
2 /ΠP

2 -hard ASP programs?
◮ On hardΣP

2 /ΠP
2 problems, can ASP systems compete with

other AI systems, like QBF solvers?
We define a new heuristichDS for the (disjunctive) ASP

system DLV, aiming at improving the evaluation ofΣ
P
2 /ΠP

2 -
hard ASP programs, but maintaining the benign behaviour
of the heuristic of DLV onNP problems. We experimen-
tally comparehDS against the DLV heuristic on hard 2QBF
instances, showing a clear benefit. We also experiment the
competitiveness of ASP w.r.t. QBF solvers on hard problems,
indicating that ASP systems are very competitive with QBF
systems onΣP

2 /ΠP
2 -hard problems.

2 Answer Set Computation and Heuristics
We first recall the main steps of the computational process
performed by ASP systems, in particular the DLV system,
which will be used for the experiments.

An answer set programP in general contains variables.
The first step of a computation of an ASP system eliminates
these variables, then the following algorithm is invoked:

Function ModelGenerator(I: Interpretation): Boolean;
begin

I := DetCons(I);
if I = L then return False; (* inconsistency *)
if no atom is undefined in Ithen return IsAnswerSet(I);
Select an undefined ground atomA according to a heuristic;
if ModelGenerator(I ∪ {A}) then return True;
else returnModelGenerator(I ∪ {not A});

end;

Roughly, the Model Generator produces some “candidate”
answer sets. The stability of each of them is subsequently ver-
ified by the functionIsAnswerSet(I), which verifies whether
the given “candidate”I is a minimal model of the GL-
transformed program and outputs the model, if so.IsAnswer-
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Set(I)returns True if the computation should be stopped and
False otherwise.

The function DetCons() computes an extension ofI with
the literals that can be deterministically inferred (or theset
of all literals L upon inconsistency). If DetCons does not
detect any inconsistency, an atomA is selected according to
a heuristic criterion and ModelGenerator is called onI ∪{A}
and onI∪{not A}. The atomA plays the role of a branching
variable of a SAT solver.

The heuristichUT , proposed in[Faberet al., 2001] is cur-
rently employed in DLV. It is mostly based on the number of
UnsupportedTrue (UT)atoms (called MBTs in[Faberet al.,
2001]), i.e., atoms which are true in the current interpretation
but miss a supporting rule, trying to minimize UT atoms and
hence more likely arrive at supported models.

For hard ASP programs (i.e., non-HCF programs[Ben-
Eliyahu and Dechter, 1994] – they expressΣP

2 -complete
problems under brave reasoning), supported models are often
not answer sets. Moreover, answer-set checking is computa-
tionally expensive (co-NP), and may consume a large portion
of the resources needed for computing an answer set.

We therefore propose the new heuristichDS , which tries
in addition to maximize thedegree of supportedness, the av-
erage number of supporting rules for non-HCF true atoms.
Intuitively, if all true atoms have many supporting rules ina
modelM , then the elimination of an atom from the model
would violate many rules, and it becomes less likely to find a
subset ofM which is a model of the reductPM , disproving
that M is an answer set. We definehDS as a refinement of
the heuristichUT (i.e., A <hUT

B ⇒ A <hDS
B). In this

way, hDS keeps the behaviour of the well-assessedhUT on
NP problems while, as we will see in Section 3, it sensibly
improves overhUT on hard 2QBF problems (Σ

P
2 -complete).

3 Comparing hUT vshDS: Experiments
We generated randomly a data set of 100 2QBF formulas, fol-
lowing [Gent and Walsh, 1999], and used the ASP encoding
described in[Leoneet al., 2005].

Experiments were performed on a PentiumIV 1500 MHz
machine with 256MB RAM running SuSe Linux 9.0. For ev-
ery instance, we allowed a maximum running time of 7200
seconds (two hours). The results of our experiments are dis-
played in the following graphs, in which a line stops when-
ever some instance was not solved within the time limit.
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It is clear that the new heuristichDS outperforms the
heuristichUT in these experiments, advancing the “maximum
solvable-size” from 56 up to size 92, and reducing the average
execution times of the smaller instances.

4 ASP vs QBF Solvers
The main goal of this paper is to improve the performance
of ASP systems for problems located at the second level of
the polynomial hierarchy. One may wonder whether, on such
Σ

P
2 /ΠP

2 -hard problems, ASP systems are competitive with
other AI systems, like the QBF solvers. In order to give a
first answer to this question, we have also performed a com-
parison with QBF solversQuantor [Biere, 2004], Semprop
[Letz, 2002], andyQuaffle [Zhang and Malik, 2002] on the
set of all ΣP

2 - and Π
P
2 -complete QBF formulas of the last

QBF competition. The results below report the number of in-
stances solved within 660s and show that DLV (with heuristic
hDS) generally outperformed the QBF solvers.

DLV (hDS) Quantor Semprop yQuaffle

Robot 27 (84%) 10 (31%) 13 (41%) 17 (53%)
Random 108 (100%) 14 (12%) 90 (83%) 53 (49%)
Tree 2 (100%) 2 (100%) 2 (100%) 2 (100%)
KPH 1 (100%) 1 (100%) 1 (100%) 1 (100%)
Total 137 (96%) 26 (18%) 105 (73%) 72 (50%)
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Rennes – France
cordier@irisa.fr

Christine Largouët
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1 Introduction
It is established that diagnosing dynamical systems, repre-
sented as discrete-event systems amounts to finding what hap-
pened to the system from existing observations. In this con-
text, the diagnostic task consists in determining the trajec-
tories (a sequence of states and events) compatible with the
observations. The diagnosis is generally defined as resulting
from the synchronization of the automaton modelling the be-
havior of the system with the automaton that represents the
observations sent by the system during the diagnosis period.

In this article, we are interested in avoiding the global com-
putation by slicing the automaton of observations and build-
ing the diagnosis on successive slices of observations.

We introduce the concept of automatachain to represent
an automaton by a sequence of automata slices. We then pro-
vide the properties such an automata chain has to satisfy to
be a correct slicing and define a reconstructionoperation to
get the global automaton back. We demonstrate that, given a
correct slicing of the observations, we can compute a global
and correct diagnosis from the reconstruction of a diagnosis
automata chain.

2 Automata chain
In this section we introduce the concept of automatachain
whose goal is to enable us to slice an automaton into pieces.
We use the well-known definitions of automata (with I the
set of initial states and F the set of final states), path and tra-
jectories (paths between an initial and a final state). The main
property of an automata chain (first bullet) is that a state is not
allowed to appear in two distinct automata of the chain, ex-
cept if it is a frontier state between two successive automata,
i.e it is a final state of the former and an initial state of the
later. More generally, if a state belongs to the ith automata
and also to the jth automata, with j > i, it appears also in all
the automata between the ith and the jth as a frontier state.

Definition 1 (Automata chain) A sequenceof automata
(A1, . . . , An) with Ai = (Qi, E, T i, I i, F i) is called
automata chain, anddenotedEA, if:
• ∀i, j, j > i, ∀q, q ∈ Qi ∩ Qj ⇒ q ∈ F i ∧ q ∈ I i+1,
• ∀i, j, ∀q, q′, if {q, q′} ⊆ Qi ∩ Qj then∀p, path of Ai

betweenq andq′, p is alsoa pathof Aj .

An automata chain is given in Figure 1.

3

4

5

8 9

1

2 3

7 4

5

6

9

Figure 1: Chain of three automata

Let EA be an automata chain (A1, . . . , An). A trajectory of
EA is defined as being the ordered (from 1 to n) concatenation
of n trajectories, one for each automaton. For instance, the
path going from state 1 to state 6 through the states 3 and 5
is a trajectory of the automata chain of Figure 1. Conversely,
the path going from state 8 to 6 through 9 is not a trajectory.

Definition 2 (Corr ectslicing) Let A be an automatonand
EA = (A1, . . . , An) an automatachain. EA is a correct slic-
ing of A, denotedEA = Sli(A), iff thesetof trajectoriesof
EA is equalto thesetof trajectoriesof A.

1

2

4

5

6

3

Figure 2: The chain in Figure 1 is a correct slicing of this au-
tomaton obtained by reconstruction (see Def. 3) of the chain

Definition 3 (Automaton reconstruction) Let
EA = (A1, . . . , An) be an automata chain with
Ai = (Qi, E, T i, I i, F i). We call reconstruction of
the chain EA, the simplified automaton obtained from
(Q1 ∪ . . . ∪ Qn, E, T 1 ∪ . . . ∪ T n, I1, F n).

Theorem1 Let A be an automatonand EA an automata
chain. If EA is a correct slicing of A, then A is obtained
by thereconstructionof EA. The proof is not given here.

The reconstruction of EA is denoted Sli−1(EA). If EA is a
correct slicing of A, then A = Sli−1(EA).
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We call prefix-closedautomatonof A (resp. suffix-closed
automatonof A) denoted A+ (resp. A−) the automaton A
whose all states are final (resp. initial). We denote A#, the
automaton which is both prefix-closed and suffix-closed.

Definition 4 (Automata chain synchronization) We call
synchronization of an automata chain EA = (A1, . . . , An)
with an automaton M thesequencedenotedEA ⊗M defined
by: EA ⊗ M = (A1 ⊗ M+, A2 ⊗ M#, . . . , An−1 ⊗
M#, An ⊗ M−).

Theorem2 LetEA beanautomatachainandM anautoma-
ton, thenEA ⊗ M is an automatachain and EA ⊗ M is a
correctslicing of Sli−1(EA) ⊗ M . The proof is not given.

3 Diagnosis by slices
Let us first recall the definitions used in the domain of
discrete-event systems diagnosis where the model of the sys-
tem is traditionnally represented by an automaton. The model
of the system describes its behaviour and the trajectories of
Mod represent the evolutions of the system.

Definition 5 (Model) The model of the system, denoted
Mod , is an automaton(QMod , EMod , TMod , IMod , FMod).
IMod is the setof possiblestatesat t0. All the statesof the
systemmaybefinal, thusFMod = QMod , Mod

+ = Mod and
Mod

# = Mod
−.

Let us turn to observations and diagnosis definitions. Gen-
erally, we don’t know the total order on the observations emit-
ted by the system. Consequently, the observations are repre-
sented by an automaton, each trajectory of which represents
a possible order of emission of the observations.

Definition 6 (Observations) The observations, denoted
Obsn, is an automatondescribingthe observationsemitted
by thesystemduring theperiod[t0, tn].

Definition 7 (Diagnosis) The diagnosis, denoted∆n, is an
automatondescribingthepossibletrajectorieson themodel
of the systemcompatiblewith the observationssentby the
systemduring theperiod [t0, tn].

The diagnosis is defined (see [Sampath etal., 1996]) as result-
ing from the synchronization of the automata representing the
system model and the observations: ∆n = Mod ⊗Obsn. Us-
ing Theo. 2, it is possible to compute the diagnosis by slices.
The idea is to compute diagnosis slices, corresponding to ob-
servations slices. The global diagnosis can then be recon-
structed from the diagnosis automata chain which is obtained.

Definition 8 (Diagnosisby slices- Diagnosisslice) Let
Mod be thesystemmodel. Let EObsn

= (Obs
1, . . . ,Obs

n),
be a correct slicing of Obs

n, the observationsemit-
ted during the period [t0, tn]. The synchroniza-
tion of EObsn

with Mod , i.e EObsn
⊗ Mod =

(Obs
1 ⊗ Mod ,Obs

2 ⊗ Mod
#, . . . ,Obs

n ⊗ Mod
#) is

thediagnosis by slices of thesystem.It canbedenotedby the
diagnosisautomatachain (∆1, . . . , ∆n), where ∆i is called
theith diagnosis slice of thesystem.

It can be proved (using Theo. 2) that the diagnosis by slices
of a system, here EObsn

⊗ Mod , correctly represents the di-
agnosis computed on the global observations since the recon-
struction of EObsn

⊗ Mod equals the global diagnosis:

Result 1 ∆n = Mod ⊗ Obsn = Sli−1(EObsn
⊗ Mod )

4 Incremental diagnosis
In the diagnosis by slices as presented above, the ith diagno-
sis slice, ∆i, is computed independently from the others, by
synchronizing the ith observation slice from the chain EObsn

,
Obsi, with the system model Mod

#. In the incremental syn-
chronization, noted �, (see [Grastien et al., 2005] for more
details), the set of initial states of an automaton of the chain
is restricted by the set of final states of its predecessor.

Theorem3 Let EA bean automatachain andM bean au-
tomaton.We haveSli−1(EA � M) = Sli−1(EA ⊗ M). The
proof is not given.

Provided that EObsn
= (Obs

1, . . . ,Obs
n) is a correct slic-

ing of Obsn we have: ∆n = Sli−1(EObsn
� Mod ).

We note ∀i, EObsi
= (Obs

1, . . . ,Obs
i), the automata

chain of the first i observations automata. Let i < n, and
E∆i

= (∆1, . . . , ∆i) the automata chain resulting from the
incremental synchronisation of EObsi

with the system model
Mod . We can incrementally compute E∆i+1

= EObsi+1
�

Mod as follows:

Result 2 E∆i+1
= (∆1, . . . , ∆i, ∆i+1) where ∆i+1 is the

automaton(Obs
i+1 ⊗ Mod

#) whoseinitial statesare re-
strictedby thesetof final statesof ∆i.

Let Obsi be the automaton provided by the reconstruction
operation on EObsi

, and let ∆i be the reconstruction of E∆i
.

Result 3 ∆i = Obs i ⊗ Mod .

5 Conclusion
In this paper, we formalized the computation by slices of di-
agnosis for discrete-event systems. We introduced and de-
fined the concept of automata chain that enables us to han-
dle slices of observations and slices of diagnosis rather than
global observations and global diagnosis. In the diagnosis by
slices, the ith diagnosis slice, ∆i, is computed independently
from the others. In [Grastien et al., 2005], we show that this
result can be instantiated to the case where the observation
automaton is sliced according to time, according to temporal
windows.

Our study exhibits the (non trivial) correctness properties
that the observation slicing, in an automata chain, has to sat-
isfy in order to guarantee the completeness of the diagnosis
computation. This first step is then essential before consider-
ing the incrementality of on-line diagnosis computation.
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Abstract 
Current knowledge acquisition tools have limited 
understanding of how users enter knowledge and 
how acquired knowledge is used, and provide lim-
ited assistance in organizing various knowledge au-
thoring tasks. In this paper, we present a novel ex-
tension to existing knowledge acquisition tools 
where the system 1) captures the episodes of 
knowledge acquisition and knowledge use through 
a set of declarative reflection patterns 2) performs 
assessment on how to improve the future knowl-
edge acquisition and knowledge use based on cap-
tured episodes, and 3) provides assistance to the 
users by combining the assessment results. 

1 Introduction 
Knowledge acquisition (KA) remains a key challenge to 
knowledge-based AI applications. There have been increas-
ing interests in supporting end users (i.e., ordinary users 
who do not have computer science background) directly 
enter complex problem solving knowledge on how to per-
form tasks. Although these techniques have been applied in 
building sizable knowledge bases in some cases, detailed 
analyses of the user interactions reveal that existing KA 
tools provide limited assistance in organizing and executing 
various knowledge authoring tasks [Kim and Gil 2000].   
Systems do not reflect on how users perform KA tasks, how 
acquired knowledge (called k-items) is tested and used, and 
how future k-items should be built based on past experience. 
Users themselves have to keep track of the past mistakes, 
current status, potential new problems, and progresses made 
over time in order to decide the best options among possible 
courses of actions.  The challenges in supporting these re-
flective capabilities include:  
• The system should be self-aware, accessing and reasoning 
on interesting aspects of knowledge acquisition and knowl-
edge use in assisting users. 
• The system should relate the current situation to similar 
situations in the past and assess the levels of confidence in 
pursuing alternative options based on the relations.  

                                                 
∗ The support of IJCAI, Inc. is acknowledged. 

• The system should recognize dynamic changes in the 
problem solving and decide how to guide users in modify-
ing and using relevant k-items.     

2 ECHO: Reflection Patterns for Interactive 
Knowledge Acquisition 

In this paper, we present a novel extension to existing KA 
tools where the system adds an additional layer to existing 
tools and explicitly keeps track of knowledge acquisition 
and knowledge use episodes through a set of declarative 
reflection patterns. Reflection patterns allow the system to 
be aware of interesting knowledge acquisition and knowl-
edge use episodes (called meta-events) that the system can 
make use of in assisting users. Each meta-event is a se-
quence of basic knowledge acquisition and knowledge use 
events such as the user ignored a suggestion and then the 
problem solving failed. The system assesses the levels of 
confidence in providing a suggestion based on its supporting 
and opposing meta-events captured in the reflection pat-
terns.  Any changes that are noticed (e.g. confident k-item 
became inconsistent with problem solving results) and asso-
ciated k-item modifications are explicitly captured in the 
reflection patterns and are used in guiding the user. 
We have built a system called Echo (mEta-Cognitive His-
tory analysis and Organization) that provides these capabili-
ties. Echo dynamically captures a set of meta-events by 
matching the reflection patterns against the episodes of how 
different types of k-items are acquired, modified and used 
over time.  The captured meta-events affect how the sugges-
tions to the user are provided (i.e. how confident it is on the 
suggestion) as well as the content of the suggestions. 
A prototype system has been developed for a domain of 
interactive scheduling where the user incrementally builds 
scheduling constraints and the user entered constraints assist 
users during scheduling.  Since scheduling constraints can 
change over time, the system should be able to assist users 
in making associated modifications. The details of the sys-
tem are described in (Kim 2005).  
In developing reflection patterns and determining which 
meta-events the system needs to keep track of we have ana-
lyzed typical ways in which failures can occur in interactive 
knowledge capture and use.  The reflection patterns are built 
help users avoid those failures. Figure 1 shows the paths 

Reflection Patterns for Interactive Knowledge Capture∗ 

Jihie Kim 
Information Sciences Institute, University of Southern California 

4676 Admiralty Way, Marina del Rey, CA 90292 
jihie@isi.edu 
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that Echo exploit currently. Depending on a particular need 
of a given KA system and its undesirable paths, we can in-
clude other meta-events in the reflection patterns and adjust 
the assistance provided by the system. 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 1: Paths that lead to failures. 

Existing KA systems make use of these implicitly. That is, 
consideration of the above failures not explicit in the design 
and they are reflected in the implementation of the tool. 
Example-based validation approaches refine k-items collec-
tively, and cannot tell ‘when’ and ‘how’ k-items can be im-
proved and ‘how’ they should be used.  
The above steps can be enhanced by exploiting related 
meta-events. In particular, we make use of predictive as-
sessment of similar situations and assessment on dynamic 
changes including how k-items can be improved.  
Algorithm  

A. assess likeliness of potential failures due to missing k-  items 
by collecting and relating meta-events of 

- steps failed without k-item assistance 
- how similar steps failed without k-item assistance 
- how similar steps were assisted by k-items 

  and produce suggestions to create new k-items based on 
- assessments on how to create k-items (see E) 

B. assess likeliness of potential failures due to incorrect k- item 
definitions by collecting and relating meta-events of  
- inconsistencies with the current problem solving result  
- the degree of inconsistencies with valid past results  
- inconsistencies with confident k-items 

 and produce suggestions to modify k-items based on 
- assessments on how to modify k-items (see E) 

C. assess likeliness of potential failures due to changes by collect-
ing and relating the meta-events of  
- how similar k-items were modified in similar situations  
- modification in similar situations led to successes 
- the user agreed to modify k-items in similar situations 
- the user specified when to modify k-items 

     and produce suggestions to modify k-items based on 
- assessments on how to modify k-items (see E) 

D. assess likeliness of potential failures when k-items are   ig-
nored by collecting and relating the meta-events of  

- consistencies between k-items and current result 
- consistencies between k-items  with past valid results 
- inconsistent decisions resulting in failures  
- consistent decisions resulting in successes 

 and produce suggestions to use k-items based on the assessment 
E. assess how to create or modify k-items by collecting and relat-

ing the meta-events of 

- incorrect definitions or modifications of similar k-items  re-
sulting in further failures 

- k-item definitions and modifications resulting in successes 
The above algorithm is represented by a set of declarative 
reflection patterns described in [Kim 2005].  
 
 
 
 
 
 
 
 
 

Figure 2: relations between assessments 
Figure 2 shows how different assessments assist a k-item 
modification. In this case, Echo predicts that k-item-1 needs 
to be modified because it is less confident about the useful-
ness of the k-item (due to the current conflict) and more 
confident on potential changes needed  The suggestions 
include how the system predicts the k-item can be modified 
based on relevant past modifications (i.e. consideration of 
soccer practice time). 

3. Preliminary Results  
We performed a preliminary evaluation of Echo with a set 
of synthetic scenarios with varying user interactions and 
mistakes. We compare two KA systems where both of them 
use the same episodes of problem solving and problem 
changes but one of them was enhanced with Echo’s reflec-
tion patterns. The results show that with Echo, the KA sys-
tem can reduce the number of incorrect suggestions and the 
number of problem solving failures.  
  
 
 
 
 
 
 
 
 
 
 
 

Table 1. With and without reflection patterns 
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Abstract

Belief revision and belief update are two of the
most basic types of belief change operations. We
need to select either revision or update when we ac-
cept new information into the current belief, how-
ever, such decision making has not been consid-
ered. In this paper, we propose a unified frame-
work of revision and update based on state transi-
tion models that enable us to do such decision mak-
ing. This framework provides a hybrid operation of
revision and update, called acceptance.

1 Introduction
Belief revision[Alchouŕron et al., 1985] and belief update
[Katsuno and Mendelzon, 1992] are two of the most basic
types of belief change operations. When we accept new in-
formation into the current belief, we need to estimate whether
the new information represents more reliable information
about a static world, or it reports some (unspecified) change
occurred in a dynamic world. This estimation causes deci-
sion making to select either revision to fix some errors in the
current belief, or update to reflect some change into the belief.

In this paper, we introduce astate transition modelas a
unified framework of belief revision and belief update. The
state transition model illustratesprior knowledgefor estima-
tion about the background of the new information, and also
provides aselection mechanismfor the decision making. Us-
ing the state transition model, we also propose a hybrid oper-
ation, calledacceptance, of revision and update.

2 Knowledge Base Revision and Update
Katsuno and Mendelzon[Katsuno and Mendelzon, 1991]
have rephrased the AGM postulates for revision[Alchouŕron
et al., 1985], and have provided a possible worlds character-
ization of revision. For a given propositional sentenceKB
that represents the current knowledge base, and a proposi-
tional sentenceα that represents new information about a
static world,KB ◦α denotes arevisionof KB by α. Revision
operators are characterized by postulates (R1) – (R6).

(R1) KB ◦ α |= α.

(R2) If KB ∧ α is satisfiable, thenKB ◦ α ≡ KB ∧ α.

(R3) If α is satisfiable, thenKB ◦ α is also satisfiable.

(R4) If |= α ↔ β, thenKB ◦ α ≡ KB ◦ β.

(R5) (KB ◦ α) ∧ β |= KB ◦ (α ∧ β).
(R6) If (KB ◦ α) ∧ β is satisfiable, thenKB ◦ (α ∧ β) |=

(KB ◦ α) ∧ β.

Katsuno and Mendelzon[Katsuno and Mendelzon, 1992]
have proposed a general characterization of belief update. For
a given knowledge baseKB and a sentenceα that represents
new information by some (unspecified) change in a dynamic
world, KB ⋄ α denotes anupdateof KB by α. Update oper-
ators are characterized by postulates (U1) – (U8).

(U1) KB ⋄ α |= α.

(U2) If KB |= α, thenKB ⋄ α ≡ KB.

(U3) If both KB andα are satisfiable, thenKB ⋄ α is also
satisfiable.

(U4) If |= α ↔ β, thenKB ⋄ α ≡ KB ⋄ β.

(U5) (KB ⋄ α) ∧ β |= KB ⋄ (α ∧ β).
(U6) If KB⋄α |= β andKB⋄β |= α, thenKB⋄α ≡ KB⋄β.

(U7) If KB is complete, then(KB ⋄α)∧ (KB ⋄β) |= KB ⋄
(α ∨ β).

(U8) (KB1 ∨ KB2) ⋄ α ≡ (KB1 ⋄ α) ∨ (KB2 ⋄ α).

3 State Transition Models
We introduce astate transition modelas prior knowledge
for estimation about the background of the new information.
State transition models are closely related toevent modelsfor
abductive characterization of belief update[Boutilier, 1996].

Definition 1 A state transition model is a triple〈W,T,≼〉,
whereW is a non-empty set of possible worlds,T ⊆ W ×
W is a non-empty set of state transitions, and≼ is a total
preorder onT .

(x, y) ∈ T is a state transition from thestarting pointx to
the terminal y. The intuitive meaning of(x, y) ∈ T is ”we
knowthat some (unspecified) change atx may cause the situ-
ationy”. The total preorder≼ illustrates relative plausibility
of state transitions. If we have(x, y) ≼ (u, v), we interpret
that(x, y) is at least as plausible as is(u, v). Using the state
transition model, we can represent the following two criteria
about relative plausibility of possible worlds:
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• Comparing(x, y) and(u, v) such thatx ̸= u: the rela-
tive plausibility ofx andu as the actual world.

• Comparing(x, y) and(x, v) with the same starting point
x: the relative plausibility ofy and v as the result of
some change atx.

Definition 2 For any R ⊆ T , we defineSp(R) ⊆ W and
Ter(R) ⊆ W as follows, respectively:

Sp(R) = {x ∈ W | ∃(x, y) ∈ R} , (1)

Ter(R) = {y ∈ W | ∃(x, y) ∈ R} . (2)

If R = ∅, we defineSp(R) = Ter(R) = ∅.
For anyX ⊆ W andY ⊆ W , we define(X, Y ) ⊆ T by:

(X,Y ) = {(x, y) ∈ T | x ∈ X, y ∈ Y }. (3)

If either X = ∅ or Y = ∅, we define(X, Y ) = ∅. For any
singleton{w} ⊆ W , we abbreviate({w}, X) and(X, {w})
as(w,X) and(X, w), respectively.

Definition 3 Let STM be a state transition model.STM is
called centered iff the following two conditions hold:

1. For each worldw ∈ W , (w,w) ∈ T .

2. For any non-empty subsetX ⊆ W and anyw ∈ X, the
loop (w, w) is the minimum element in(w,X), that is,
if (w, x) ∈ (w, X) andx ̸= w, then(w, w) ≺ (w, x).

Using the given state transition model, the current knowl-
edge baseKB is semantically characterized by starting points
of the most plausible state transitions inT .

Definition 4 Let STM be a state transition model. A knowl-
edge baseKB induced bySTM is a propositional sentence
such that

∥KB∥ = Sp

(
min
≼

T

)
. (4)

4 Acceptance: A Hybrid Operation of
Revision and Update

Using the given state transition model that illustrates prior
knowledge for estimation, we provide a selection mechanism
to decide we use either revision or update when we accept
new information.Explainability of the new information we
define below is the key concept of such decision making.

Definition 5 Let STM be a state transition model, andKB
is a knowledge base induced bySTM . A sentenceα is ex-
plainable bySTM iff (w, ∥α∥) ̸= ∅ for all w ∈ ∥KB∥.

We have the following simple selection strategy by ex-
plainability of the new information: LetCSTM = 〈W,T,≼〉
be acenteredstate transition model, andKB be the current
knowledge base induced byCSTM . For any observationα,

1. If α is explainable byCSTM , we regardα as the new
information by some change, andupdateKB by α.

2. Otherwise, we regardα as more reliable information
about a static world, andreviseKB by α.

According to the selection strategy, we introduce a hybrid
operation of revision and update, calledacceptance, based
on the given centered state transition modelCSTM . We use

KB ¢ α to denote the result of acceptance ofα into KB.
The symbol¢ is called anacceptance operator. We intend to
have eitherKB ¢ α ≡ KB ◦ α or KB ¢ α ≡ KB ⋄ α based
on explainability ofα by CSTM .

Theorem 1 Let CSTM be a centered state transition model,
KB be a knowledge base induced byCSTM , and ¢ be an
acceptance operator defined by the following equation:

∥KB ¢ α∥

=





⋃

w∈∥KB∥

{
Ter

(
min
≼

(w, ∥α∥)
)}

if α is explainable byCSTM,

Sp

(
min
≼

(∥α∥,W )
)

otherwise.

(5)

Then, for any sentenceα,
1. If α is explainable byCSTM , then¢ satisfies postulates

(U1) – (U4), the following weakened (U5):

(U5w) If α ∧ β is explainable, then(KB ⋄ α) ∧ β |=
KB ⋄ (α ∧ β),

postulates (U6), (U7), and a postulate (U9) proposed by
Boutilier [Boutilier, 1996] :

(U9) If KB is complete,(KB ⋄α) ̸|= ¬β andKB ⋄α |=
γ, thenKB ⋄ (α ∧ β) |= γ.

2. If α is not explainable byCSTM , then¢ satisfies postu-
lates (R1) – (R6).

The acceptance operator¢ is well-defined as a revision op-
erator◦ whenα is not explainable byCSTM . On the other
hand,¢ does not satisfy (U8) whenα is explainable. How-
ever, in equation (5),α is independently evaluated in each
possible worldw ∈ ∥KB∥, therefore the idea of seman-
tic characterization of KM update[Katsuno and Mendelzon,
1992] is illustrated in this framework.
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Abstract 
A redesign support framework for complex techni-
cal processes is described in this paper. This 
framework employs a multi-model hierarchical 
representation of the process to be redesigned to-
gether with a case-based reasoning engine that 
helps us to decide the elements of the process that 
should be modified. This framework has been 
tested in the chemical engineering domain. 

1 Introduction 
In this paper a redesign support framework is proposed. 
This framework integrates model-based reasoning and case-
based reasoning techniques. The original process is mod-
elled hierarchically exploiting means-end and part-whole 
concepts of MFM [Larsson, 1996] and Multi-modelling 
[Chittaro et al., 1993] approaches. A CBR system is used to 
obtain alternative process sections, which can be adapted 
into the original process. Therefore, this framework allows 
us to model the process; to identify process components 
suitable for redesign; to obtain alternative components and; 
finally to adapt these components into the original process. 
This procedure can be seen as a reverse engineering activity 
where abstract models at different levels are generated from 
a detailed description of the existing process to reduce the 
complexity of the process. The framework has been applied 
on the chemical engineering domain, by means of three pro-
totypes: HEAD, AHA!, and RETRO. 

2 The Redesign Framework  
The proposed framework (see Figure 1) consists of four 
main stages, which can be summarised as follows: 
1. Design-description acquisition. This stage consists of: 

• Data acquisition. Knowledge about the structure and 
behaviour of all components of the process is auto-
matically extracted from a numerical simulator. 
Therefore, human intervention is avoided and the 
simulator ensures that data is consistent. 

• Functional identification. This is the modelling stage. 
The data extracted from the simulator is used to auto- 

 
 
 
 
 
 
 
 
 
 

 
 

Figure 1. The redesign framework. 
 
matically generate the hierarchical models. Based on 
the data extracted from the simulator, the functional 
and teleological models can be inferred. 

A unit that encapsulates these four types of 
knowledge is generated for each physical equipment. 
Furthermore, an ontology of functions and equip-
ments (not necessarily with formal specification) 
have to be specified. This ontology is used to define 
a priority order of functions. Given the priority of 
functions of units and on their goals, it is possible to 
identify incrementally the functional sections of the 
process. The grouping of functions generates meta-
units and identifies a functional section. Units/meta-
units with lower priority functions are “absorbed” by 
units/meta-units with higher priority functions. This 
forms a tree of functions of the process. The connec-
tions between such functions denote the causal rela-
tions between the process variables and the goals. 

2. Candidate identification. The aim of this stage is to 
identify the units or meta-units that have to be modified 
to fulfil the new redesign objectives. Therefore, the de-
sign description of the process and the new set of speci-
fications that the process must satisfy are required. The 
process variable to focus on, according to the new re-
quirements of the process, must be set. Then a diagno-
sis algorithm is used to identify the units/meta-units that 
affect such process variables.  

Redesign Support Framework based on Hierarchical Multiple Models 
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The diagnosis algorithm [Larsson, 1996] applies 
causal reasoning to identify the units/meta-units where 
the process variables do not achieve the needed values. 
No simulation is required; the algorithm uses the onto-
logical assumptions and the values of such variables. As 
result, a small list of the most possible “faulty” 
units/meta-units is obtained. Based on any identified 
unit/meta-unit, their corresponding “cause” and “conse-
quence” units are identified. “Cause” unit/meta-unit is 
the unit/meta-unit that provides the actual operational 
conditions to the involved process variables in the func-
tion of the unit/meta-unit of interest. “Consequence” 
unit/meta-unit is the unit/meta-unit affected by the op-
erational conditions given by the unit/meta-unit of in-
terest. The “causes” and “consequences” units/meta-
units are important in the adaptation and evaluation 
stage.  

3. Generation of alternatives. From the identified 
unit/meta-unit in the previous stage, similar units/meta-
units can be suggested. New units/meta-units are gener-
ated from others similar processes. This can be 
achieved by a CBR system. The retrieving stage of the 
CBR system corresponds to this stage, and the rest of 
stages refer to the two last stages of the redesign 
framework (the adaptation and evaluation stages).  

We apply a hierarchical case-based reasoning ap-
proach. Then each unit and meta-unit is considered a 
ground case and an abstract case respectively. A ground 
case is a case located at the lowest level in the hierarchy 
and represents a specific unit. An abstract case is a case 
represented at a higher level of abstraction and corre-
sponds to a meta-unit. Thus the unit or meta-unit identi-
fied in the previous stage is the target case. Similar 
units/meta-units (source cases) are retrieved from a case 
library according to its similarity respect to the target 
case. Numerical, symbolic and hierarchical similarity 
measures are used. As result, a set of the most similar 
units/meta-units is obtained. The human designer may 
test them in the adaptation and evaluation stage. 

4. Adaptation and evaluation. The reuse, revision, and 
retention stages of the CBR cycle correspond to the ad-
aptation and evaluation stages in the redesign frame-
work. Retention is not considered an explicit stage in 
the framework but is carried out. 

The most similar units/meta-units proposed in the 
previous stage must be adapted and evaluated in the 
process of interest until obtain an appropriate alterna-
tive process design. Both stages are not systematised in 
the redesign framework.. Since the aim of the redesign 
framework is to deal with complex technical process, 
the adaptation and revision of the most similar cases re-
quire complex simulations. The human designer must 
carry out them manually by means of the simulator used 
in the data acquisition  

    To facilitate the adaptation, an adaptation cost is 
computed to suggest the “adaptability” of the chosen 
unit/meta-unit. This adaptation cost is based on the dif-
ferences between the chosen unit (source case) and the 
cause and consequence units/meta-units identified with 
the diagnosis algorithm. Thus, the cost is a normalised 
value denoting the difference on the values of the proc-
ess variables involved in the performance of the unit 
and the values of the process variables involved in the 
performance of the neighbour units/meta-units. The ad-
aptation cost will have a value between 0 and 1. Values 
close to 0 means that the adaptation is difficult.  

Note that this framework does not redesign processes ei-
ther automatically or autonomously. The aim is to support 
human designers to understand a process and facilitate the 
redesign activities. Also any assumption on some specific 
domain has been considered, but the domain must allow a 
well-defined structure on functions. 

3 Evaluation and conclusions 
This framework has been implemented and applied to the 

chemical engineering process domain over 20 chemical pro-
cesses (consequently the number of ground and abstract 
cases is higher). Interesting results have been. The func-
tional ontology developed includes concepts from the well-
known chemical process design methodologies developed 
by Douglas [Douglas, 1988] and Turton [Turton et al., 
1998]. The numerical simulators employed were Hysys and 
Aspen.  

The central point of this framework is the hierarchical 
multi-model representations used in all redesign activities. 
The framework implements a hybrid approach of problem 
solution: means-end and part-whole model-based method-
ologies. This framework integrates model-based reasoning  
and case-based reasoning. The framework aims to support 
human designers to understand the process and to guide 
them in the redesign process by suggesting components or 
sections to be modified or substituted.  
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Abstract 
A new knowledge-based security protocol verifica-
tion approach is proposed in this paper. A number of 
predicates, functions, assumptions and rules are 
used to infer the knowledge of participating prin-
cipals. These items are implemented with Isabelle, 
which enables mechanical proving. This approach 
can prove protocols concerning interleaving proto-
col sessions and can prove the correctness of a me-
dium-sized security protocol in a couple of seconds. 
The mechanical proofs of a number of important 
secure properties and then of the correctness of the 
Needham-Schroeder-Lowe protocol are given as 
examples to show the effectiveness of this method. 

1 Introduction 
To evaluate and verify security protocols in a systematic way, 
significant research work has been conducted in the area of 
designing formal methods for analysis of cryptographic 
protocols, and many good models have been proposed. 
Generally speaking, all these methods can be broadly divided 
into two categories, namely state based methods and rule 
based methods. 

State based methods model security protocols using finite 
state machines. They search the state space exhaustively to 
see whether all the reachable states are safe [Paulson, 1997]. 
If some reachable state in a security protocol is proved to be 
unsafe, a flaw may be reported; otherwise, the protocol will 
be reported correct and safe. State based methods are usually 
complete and can find most flaws in protocols.  

Rule based methods formally express what principals can 
infer from messages received [Paulson, 1997]. In these ap-
proaches, the protocols, the necessary assumptions and the 
goals of the protocols are formulated in formal logic. Some 
specific properties of the protocols can be proved by using 
the axioms and rules of the logic. Since rule based methods 
do not have to search large state space, they can normally 
converge quickly.  

To gain effectiveness from state based methods and effi-
ciency from rule based methods, we propose in this paper a 
new security protocol verification method, which is based on 
a knowledge-based framework. The method analyses the 
knowledge of participating principals and infers what they 

can know and can never know. It takes protocols concerning 
multiple interleaving sessions into consideration and can find 
flaws which are often overlooked by many rule based meth-
ods. Unlike state based method, our method avoids searching 
large state space. By implementing the method in a me-
chanical reasoning platform, Isabelle [Nipkow et al., 2003], 
it can be used to mechanically verify cryptographic protocols 
and can converge very quickly. The Needham-Schroeder 
public key authentication protocol [Needham and Schroeder, 
1978] with Lowe’s fix [Lowe, 1995] is analysed in this paper 
as an example to show the effectiveness and efficiency of our 
method. 

2 The Knowledge Based Method 
Our method focuses on the knowledge of all participators in 
the protocol. We describe their initial knowledge and infer 
what they can and cannot know with the progress of the 
protocol. In other words, it concerns the knowledge analysis 
of all participators. This method can be implemented in 
Isabelle to enable mechanical verification. 

All principals taking part in network communications can 
be divided into three categories: the server, the friends, and 
the spy. 

Random numbers chosen by principals serve as nonces to 
identify protocol runs uniquely and to avoid replay attack. 
Every principal has some keys. All the nonces and keys are 
represented by natural numbers. 

A message is a piece of information sent from one prin-
cipal to another. A message consists of principals’ names, 
nonces, keys, encrypted messages, signed messages, hashed 
messages, or a combination of these. It can be recursively 
defined in Isabelle. 
 We define a number of functions and predicates. Key 
functions map principals to their certain keys. Function 
Nonce_of maps principals to their nonces. To determine 
whether a message is a part of another one, we introduce the 
function msg_part. 
 The predicate Know describes a principal’s knowledge 
about a certain message. Similarly, the predicate Auth de-
scribes one principal’s authentication state about another 
principal on a certain message, i.e., whether the message is 
sent by the expected principal and is unmodified. 
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 To describe cryptographic protocols, two action functions 
need to be introduced. One is Send, representing that one 
principal sends a message to another principal. Correspond-
ingly, the other function is Rcv, meaning that a principal 
receives a certain message from others. 
 Our method is based on a number of assumptions, which 
are widely accepted by most researchers in this field. 
 We introduce a group of inference rules into the method to 
infer new knowledge from the old. All these rules can be 
divided into four categories: encryption/decryption rules, 
message combination/separation rules, sending/receiving 
rules and authentication rules. 

3 Verifying Needham-Schroeder-Lowe Pro-
tocol Mechanically 

To verify the Needham-Schroeder-Lowe protocol, we first 
model it in our framework, then prove a number of important 
properties, and finally prove the security guarantees. 
 Normally, the protocol can be formalised into three steps 
for all honest principals. The first step is an application of the 
Send action function for sending A’s nonce and name to B. 
The second step states that if the first step has been suc-
cessfully carried out, principal B will correspondingly send a 
compound message consisting of A’s nonce, its own nonce 
and name to principal A. Similarly, the third step describes 
that if the second step has been successfully carried out, 
principal A will correspondingly send B’s nonce back to 
principal B. 

These steps are sufficient for honest principals, but not for 
the spy who does not necessarily obey the rules. Therefore, 
we introduce four extra formulae. The first one is Fake, 
stating that the spy may send messages it knows to others. 
Another two formulae describe how honest principals re-
spond to faked messages. The honest principals take the 
forged messages as protocol steps, and then respond them 
according to the protocol, as if they are legal messages. 

To avoid interleaving attack, Lowe introduced the re-
ceiving principal’s name into step 2 of the protocol [Lowe, 
1995]. Accordingly, we introduce the decline rule: if the 
name in the message is not the name of the sender, the re-
ceiving principal should decline the message and terminate 
the communicating session. 

With above modelling, we first prove some properties 
before we prove the final guarantees for the two participating 
principals. 

One of these properties is that if a principal knows a mes-
sage M, and M1 is a part of M, then it should know the mes-
sage M1 as well. Due to the inductive definition of the data 
type message, we need to prove this lemma by induction. 
Several subgoals have been produced after we apply the 
induction command. The subgoals concerning principal, 
nonce, key and encrypted, signed and hashed massages can 
be proved by using the implication introduction, conjunction 
elimination and conjunction introduction rules of higher 
order logic. For subgoals concerning compound messages, 
we design a rule to decompose and resolve them automati-
cally. 

The correctness of the Needham-Schroeder-Lowe protocol 
relies greatly on the secrecy of the nonces used, and therefore 
the key point for proving the Needham-Schroeder-Lowe 
protocol is to prove the secrecy of nonces. We have two 
lemmas, one stating that the spy will never see B’s nonce, and 
the other describing that the spy will never see the content of 
the second protocol message, which is a compound message 
consisting of A and B’s nonces and B’s name. 

We have to point out that the spy may intercept and know 
A’s nonce. But it does not affect the secrecy of the second 
protocol message sent from B to A. 

We now can prove the guarantees. The guarantee for B 
after step 3 is that B authenticates that A has sent B’s nonce 
(encrypted by B’s public key) to B and this message has not 
been modified by the spy. The first authentication rule is 
applied and three subgoals are produced. With above lemmas, 
these subgoals can be easily solved by Isabelle. The guaran-
tee for A can be similarly proved. 

4 Conclusions 
In this paper, we have presented a new framework to prove 
the correctness of security protocols. We model the protocols 
and infer them by analysing principals’ knowledge.  
 To improve the efficiency of security protocol verification, 
we implement our framework using Isabelle. We have im-
plemented all the data structures, functions, predicates, as-
sumptions and inference rules in Isabelle. With this imple-
mentation, we are able to prove the correctness of protocols 
mechanically. All the proving details are generated by Isa-
belle, thereby saving users a significant amount of time. In 
addition, our framework also takes the cases concerning 
multiple interleaving sessions into consideration, making the 
method more powerful. 

To show the effectiveness of our framework, we have used 
the Needham-Schroeder-Lowe public key authentication 
protocol as an example. The example shows how to use the 
framework and its implementation. Our implementation can 
prove the correctness of this protocol in a couple of seconds. 
Additionally, most of the codes can be reused for similar 
applications. 
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Abstract
Like many other application areas, task-based do-
mains that employ digital imagery are faced with
the problem of information overload. Modeling
the relationship between images and the tasks be-
ing performed is an important step in addressing
this problem. We have developed an interactive ap-
proach for the capture and reuse of image context
information that leverages a measure of a user’s in-
tentions with regard to tasks that they address. We
analyze aspects of human-computer interaction in-
formation that enables us to infer why image con-
tents are important in a particular context and how
specific images have been used to address particu-
lar domain goals.

1 Introduction
Recent advances in digital image capture and storage tech-
nologies have increased the problem of information overload
in imagery task domains. As a consequence, intelligent ap-
plication support is needed to help manage imagery tasks.
The majority of current retrieval techniques search for images
based on similarity of appearance, using low-level features
such as color and shape or by natural language textual query-
ing where similarity is determined by comparing words in
a query against words in semantic image metadata tags. The
biggest problem arising from these techniques is the so-called
semantic gap [Hollink et al., 2004] — the mismatch between
the capabilities of the retrieval system and user needs.

In order to address this problem we have developed a deci-
sion support system that can integrate information about un-
derlying visual data with more high-level concepts provided
by users as they complete specified tasks. Capturing human
expertise and proficiency allows us to understand why rele-
vant information was selected and also how it was employed
in the context of a specific user task [Leake et al., 1999].
From a case-based standpoint our research focuses on case
knowledge acquisition and case knowledge reuse, where a
case is represented by a complete user task including all sys-
tem interactions in the course of carrying out the task. The ap-
proach allows us to capture and reuse best practice techniques

∗The support of the Proof of Concept Fund of Enterprise Ireland
is gratefully acknowledged

by automatically constructing a knowledge base of previous
user experiences. This knowledge base can then be employed
to improve future context-based query processing. Similar
tasks are no longer interpreted as simply a collection of nat-
ural language terms: rather image retrieval requests take into
account the context of the specific user domain goals. This
approach allows for a dramatic reduction in both the time
and effort required to carry out new tasks as amassed con-
textual knowledge is reused in support of the similar tasks.
Furthermore, there are benefits from a knowledge manage-
ment standpoint as contextual knowledge pertaining to par-
ticular tasks may now be stored and reused as an additional
resource for support, training and preserving organizational
knowledge assets.

2 System Overview
Our system enables a user to search directly for imagery cor-
responding to their current task needs. A typical task-based
query to our image repository may consist of any combi-
nation of specified metadata, semantic task information and
a sketched configuration of image-objects. The user may
search an image database for imagery corresponding to their
current goals or a knowledge base of previous user experi-
ences (called sessions) for other user’s tasks that may bear
resemblance to their own. In either case the imagery/sessions
are ranked according to a percentage matching score. The
user may then interact with the returned information as part
of their task by annotating and highlighting relevant image
aspects.

3 Capturing Case-Based Context
Our research draws on work in capturing task knowledge with
the ultimate goal of performing more effective image retrieval
using annotations [Lieberman and Liu, 2002]. To this end we
have developed tools for direct image manipulation to assist
the user in organizing information about relevant imagery and
their task to capture important contextual information about
specific user goals. These insights are then distilled into a
form the system may use to perform similarity matching. The
tools for direct image manipulation include filters, transfor-
mation, highlighting, sketching, post-it type and multimedia
annotations. They allow the user to identify regions of inter-
est that can be linked to clarifications and rationale. All con-
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Figure 1: Capturing User Context through Image Annotation

textual knowledge is gathered by the system using implicit
analysis so that users are shielded from the burden of knowl-
edge engineering [Claypool et al., 2001]. We unobtrusively
monitor, interpret and respond to user actions as they interact
with the imagery via the annotational tools and record this as
user context.

Figure 1 shows how a user can make use of the image anno-
tation tools as part of a geo-spatial image task. The particular
task that this user had in mind was the construction of an air-
port on the outskirts of an urban area. The user has uploaded
some multimedia and textual annotations; these textual an-
notations are represented by the icons on the image. The
notebook icon replaces the text box where the user has typed
comments and prevents the image from becoming cluttered.
The camera icon replaces the video uploaded by the user, and
when clicked on will play back the recording. The dark rec-
tangles around the icons are the areas associated with these
annotations and are emphasized once the icons are moused
over. The area emphasized by the rectangle surrounding the
notebook icon represents an undeveloped area outlying a resi-
dential part of the urban region. The user comment states that
this is an area of low elevation, away from residential areas
and drained naturally by a large river (i.e. suitable to proceed
with the new development). The user has also highlighted a
group of buildings by sketching an oval shape around them
(they may have concerns that these buildings are quite close
to the area selected to build the airport). Once the user has
finished interacting with the imagery their entire task process
is stored as an encapsulated session case in the knowledge
base.

4 Reusing Similar User Context for Retrieval
The application allows for the reuse of similar user context for
retrieval. More specifically, if a user working in a similar task
domain to a previous user queries the system, the application
reuses the previously captured context to compute similarity
between the new task and the goals of previous users in or-
der to recommend images and user sessions that may be of
help to the current user. A more complete description of how

Figure 2: Session Retrieval

this similarity is calculated is described in [O’Sullivan et al.,
2004]. The current user can compare their task to previous
work both to find relevant imagery and also to examine the
decisions and rationale involved in addressing the previous
task. Figure 2 shows the interface for displaying retrieved
sessions.

Each row in the interface represents a similar user ses-
sion and is summarized to include the percentage matching
score, the most similar queries, the most important annota-
tions added by the similar user, media buttons to play multi-
media annotations and thumbnails of any annotated imagery.
The user can reuse these similar sessions in carrying out their
task by incorporating all or part of a relevant session into their
own task context. Because the task-based retrieval system is
tightly coupled with the activities that the user is performing,
the system has the capacity to make proactive recommenda-
tions in an unobtrusive manner by monitoring the current task
context. Information requests, increments in the information
accessed and annotations provided are no longer taking place
in an isolated environment. Rather they can be grounded in
the context of the activities that the user is performing so the
system can correspondingly anticipate and update what pre-
vious knowledge would be relevant, making it available to
the user. This knowledge is provided unobtrusively, and need
only be accessed when required. Thus the process does not
distract from the task at hand, yet makes relevant knowledge
available just-in-time.

5 Experimental Evaluation
The system was originally designed for the retrieval of geo-
spatial imagery and an earlier evaluation of session retrieval
indicated that sessions were useful as a basis for task-based
retrieval [O’Sullivan et al., 2004]. In this paper we show that
task-based annotation context has advantages for individual
image retrieval by employing the application as an aid for
travel planning. We evaluated the system using images from
the Corel Image Dataset [Wang and Li, 2003]. We began by
analyzing a subset of 500 images (corresponding to 5 coun-
tries - Australia, England, France, Ireland and Thailand) and
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manually annotating each of them with four/five keywords
describing image objects and scenes depicted in the images.
In order to extract contextual information for each image, the
set of keywords for each image was entered as a query to web
sites offering information on holidays in the outlined coun-
tries, for example http://www.visiteurope.com/france.html.

The resulting web pages were analyzed and the most rele-
vant paragraphs from these pages were applied as annotations
to the images. These annotations were between 2 and 5 sen-
tences in length. An example of an annotation for a photo-
graph featuring a part of the English Lake District was ”The
Lake District National Park in the north-west of England is
the largest of Englands National Parks. Its 2,292 square kilo-
metres cover high fells, lush green dales, still lakes, vibrant
villages and quiet hamlets”. The purpose of these annotations
was to act a baseline for comparison with task-based queries
relating to holidays in the outlined countries.

In order to demonstrate the task-based retrieval capabilities
of the system, several tasks were outlined relating to holidays
in the countries and user behavior was simulated by anno-
tating relevant imagery with task-specific information. An
example of a task description for a holiday in England was
”Planning a trip to England, spend a few days in London,
visit the markets, followed by a few days in the countryside”.
Once the images had been annotated according to this first set
of tasks another set of tasks corresponding to more specific
types of holidays in the countries were outlined. An example
of such a task for planning a holiday in England was ”Inter-
ested in an adventure holiday in the English countryside - I
am particularly interested in hill-walking and water sports”.
The purpose of this was to see if the contextual annotations
added to the images for the first set of tasks could be re-used
to find imagery relevant to the second set of tasks. The 500
images were then categorized by hand as either relevant or
not relevant to each outlined task in the second category of
tasks. Each task was entered as a query to the system and the
returned images were analyzed. Figure 3 demonstrates the
average scores associated with the top five most relevant im-
ages (as judged by a real user) returned for the task-based
queries. The left/right columns give the similarity respec-
tively for keyword-based retrieval and annotation-based re-
trieval. For the most part the annotation-based retrieval vastly
outperforms the keyword-based retrieval, demonstrating that
task-based annotations can provide useful additional context
that can improve image retrieval over a dataset. We plan to
expand the library both in terms of the number of images and
in terms of the number of applied task-based queries. This
experiment is a starting point for automating the construction
of datasets from where information can be retrieved based on
current context rather than just on keyword or content-based
search.

6 Conclusions
We have introduced our approach to developing a context
aware system with a task-based focus for retrieving imagery
and knowledge. Our intention is to use the presented experi-
mental results as a baseline for future evaluation frameworks
where we will examine the relative contributions of differ-

Keyword Retrieval V Annotation-Based Retrieval
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Figure 3: Keyword Retrieval V Annotation-Based Retrieval

ent levels of user, task and annotation contexts. We hope to
perform a comprehensive user trial in the near future. We
plan to extend our implicit knowledge acquisition techniques
by extracting information from a greater variety of user ac-
tions. We also intend to supplement our primarily text-based
retrieval system by including multimedia annotational infor-
mation for retrieval.
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Abstract
The point algebra is a fundamental formal calcu-
lus for spatial and temporal reasoning. We present
a new generalization that meets all requirements to
describe dependencies on networks. Applications
range from traffic networks to medical diagnostics.
We investigate satisfaction problems, tractable sub-
classses, embeddings into other relation algebras,
and the associated interval algebra.

1 The Dependency Calculus
Reasoning about complex dependencies between events is a
crucial task. However, qualitative reasoning has so far con-
centrated on spatial and temporal issues. In contrast, we
present a calculus [Ragni and Scivos, 2005], a proper gener-
alization of the nonlinear relation algebra, created for specific
questions of reasoning about consequences.

This algebra, called dependency calculus (DC), meets all
requirements to describe dependencies in networks. There
are two aspects: dependencies of points are described by the
point algebra PAdc, and of intervals by the associated interval
algebra IAdc. For these we analyze questions concerning the
satisfaction problems, and show the correspondence to other
relation algebras. For this, we use an isomorphism preserving
the tractability of subclasses. This method promises to struc-
ture the field of relation algebras and to transfer algebraic as-
pects and complexity results from one algebra to another.

If we observe pollution in an ecosystem of flowing water,
we can draw conclusions about pollution at other points (cf.
Fig. 1). If pollution is found at D, F is polluted as well. It

B

C E

D
F

A
→

→
→

→

Figure 1: A pipe network. Flow occurs along the ”pipes” from left
to right. Is there a difference between the pairs (A,B) and (D,E)?

might be caused from a source at A, but not B, C, or E. If C
is polluted, D probably is also polluted. Does the same hold
true for B and D? No: they have no common point upstream.
DC directly represents such differences. For pairs like (C,D)
or (D,E), we have the new “fork” relation (f). The relations

”fork”, ”before”, ”equal”, and ”after” are called ”dependent”.
The other case, like (A,B), is called ”independent” (�). A
medical problem is given in Fig. 2.

A

B C

A

B C

D

Figure 2: A virus transmittance scheme. Arrows indicate direction
of assured, dashed of unassured donorship, dotted lines mean that
both persons carry the same virus. No lines means that we do not
have prior knowledge. The situation on the left must be incomplete.
The existence of a fourth person D accounts for this. PAdc concludes
that indeed there was indirect transmittance from D to A.

If x, y are points in a partial order 〈T,≤〉, then we define
these relations in terms of the partial order as follows:

x ≺ y iff x ≤ y and not y ≤ x.
x = y iff x ≤ y and y ≤ x.
x � y iff y ≤ x and not x ≤ y.
x f y iff ∃z z ≤ y∧ z ≤ x and neither x ≤ y nor y ≤ x.
x � y iff neither ∃z z ≤ y∧ z ≤ x nor x ≤ y nor y ≤ x .

All relations between nodes in Fig. 1 can be described by
these five basic relations.

2 Computational Complexity
Assume that a set of constraints between some points is given.
One question is whether this set is consistent. Is it possible
to construct a network in which all constraints are satisfied?
This problem is called PAdc-SAT. What is the computational
effort to construct such a network?
Definition 1. For two relation algebras Γ ,Γ′ a homomor-
phism is a function γ from Γ to Γ′ such that γ preserves all
operations of the boolean algebra and for all relations R, S:
• (converse): γ(R−1) = γ(R)−1

• (composition): γ(R◦S) = γ(R)◦ γ(S)

Definition 2. For two relation algebras Γ,Γ′ a tractability-
preserving-homomorphism (tph) is a homomorphism γ from
Γ to Γ′ such that each subset β ⊆ Γ is tractable iff γ(β) ⊆ Γ′

is tractable. An isomorphic tph is called tpi.

Lemma 1. A tpi γ from PAdc to RCC-5 (Fig. 3) is given by:

γ : ≺ 7→ PP = 7→ EQ � 7→ PP−1

f 7→ PO � 7→ DR
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Figure 3: The RCC-5 Relations

Table 1: The tractable subclasses of PAdc.
τ28 τ20 τ17 τ14

⊥ • • • •
{�} • •
{f} • •

{�,f} • •
{≺} • •

{�,≺} • •
{f,≺} •

{�,f,≺} • •
{�} • •

{�,�} • •
{f,�} •

{�,f,�} • •
{≺,�} •

{�,≺,�} • •
{f,≺,�} • •

{�,f,≺,�} • • •

The relations including {=} are contained in τ28, τ20, τ14 iff R\{=}
is in τ28 (τ20,τ14). All relations including {=} are in τ17.

With [Renz and Nebel, 1999] and Lemma 1, we get:

Theorem 1. PAdc-SAT is NP-complete.

Theorem 2. The four classes τ28,τ20,τ17,τ14 (cf. Tab. 1) are
the only maximal subclasses of PAdc.

3 The Associated Interval Algebra
There are applications in which it is not sufficient to com-
pare single points in a network. For instance, pollution in a
pipe network is not restricted to single points but extends to
whole sections, and automated planning and project manage-
ment deal with tasks that span over time intervals.

Definition 3. An interval I = [sI ,eI ] is a pair of points satisfy-
ing sI ≺ eI . The interval algebra IAdc is the relation algebra
generated by quadruples of relations as basic relations

B =

{(

Rss Rse
Res Ree

)

|Rss,Rse,Res,Ree ∈ {≺,=,�,�,f}

}

closed under ∩,∪,

−
,◦,−1. For I = [s,e] and I′ = [s′,e′], being

in relation I R I′ means sRss s′, sRse e′, eRes s′, and eRee e′.

IApo is analogically defined, based on {≺,=,�,{�,f}}.

A1

A2

A

C
B

A2

A1

A C
B

2A

A1

A C
B

Figure 4: Reasoning with uncertainty. The dashed line indicates
that it is unknown if A is before A2. In contrast to IApo, IAdc con-
cludes such knowledge: Depending on the IAdc relation between A1
and A2, the obstruction B can or cannot be bypassed using A2.

If Rss = Rse = Res = Ree =: R′, we write (R′). Fig. 4 and
Fig. 5 show advantages of the new, finer interval calculus:
More situations can be distinguished and more conclusions

are possible. The situation given in Fig. 4 is described by:
A (≺) A1, A1 (≺) C, A2 (≺) C, B (≺) C,

B
(

{�,≺} ≺
{≺,≺} ≺

)

A1, B
(

{�,f} ≺
{�,f} ≺

)

A2, A1

(

{�,f} ≺
≺ =

)

A2

By specifying the latter relation, e.g. to A1

(

� ≺
≺ =

)

A2 , new
conclusions can be drawn, in this case, A (≺) A2 becomes
impossible. This means, if B is an obstacle on the path from
A to C via A1, then there is no alternative route via A2.

AA A A

C B C B C B C B

Figure 5: In contrast to IApo, IAdc discerns these cases which
are specifications of the composition A({�,f})B◦B(�)C.

For a set of IAdc constraints, we define IAdc-SAT analogi-
cally to PAdc-SAT. How hard is it to decide the satisfiability?
Theorem 3. IAdc-SAT is NP-hard.
Definition 4. For a subset S ⊆ PAdc, a relation R is called
S -pointizable if it belongs to the class

PS =
{(

Rss Rse
Res Ree

)

|Res,Rse,Res,Ree ∈ S
}

A gadget for an IAdc relation R is a set of points
p1, . . . , pm (m ≥ 4) with PAdc relations that are satisfiable iff
[p1, p2]R[p3, p4] is satisfiable. For S ⊆ PAdc, an IAdc rela-
tion R is called S -gadgetable (R ∈ GS ) if all PAdc relations
between the endpoints extended with additional points are re-
lations of S . G is an abbreviation for GPAdc

and P for PPAdc
.

Theorem 4. G ,P are intractable subclasses of IAdc.
Not all gadgetable relations are pointizable. For instance,

(≺)∪ (�) is gadgetable. Hence, B ( P ( G ( IAdc. If S is
tractable (in PAdc), then PS is tractable in IAdc. What about
the larger class GS ? Is it still tractable?
Theorem 5. If R is a class of S -gadgetable IAdc relations
and the satisfiability problem over S is tractable, then the sat-
isfiability problem over R is tractable.
Corollary 1. B ,Gτ28 ,Gτ20 ,Gτ17 ,Gτ14 ( IAdc are tractable.
Corollary 2. IAdc-SAT is NP-complete.

4 Conclusion
We presented and investigated a new algebra for reasoning
about causal relations. Both PAdc and IAdc are NP-complete,
and we identified tractable subclasses. Promising ideas for
future work are introducing probabilities to this calculus to
model reasoning in Bayesian networks and the temporaliza-
tion of DC for modeling dependencies that vary over time.
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1 Introduction
A propositionalizationof a theory in First-Order Logic (FOL)
is a set of propositional sentences that is satisfiable iff the
original theory is satisfiable. We cannot translate arbitrary
FOL theories to propositional logic because FOL is only
semi-decidable. However, when possible, it is often advan-
tageous to do so because we can use optimized, efficient SAT
solvers (e.g. [Moskewicz et al., 2001]) to solve the result-
ing SAT problem. Propositionalization is used frequently in
Planning [Kautz and Selman, 1996], Relational Data Mining
[Krogel et al., 2003], and Formal Verification [Kropf, 1999].

Current propositional encodings (naive prop.), based on
[Gilmore, 1960], result in prohibitively large propositional
encodings even for moderate applications and assume a
known finite domain for the theory. However despite their
drawbacks, they are the most efficient solutions known so far.
Examples of naive prop. are given in Table 1.

We briefly describe a novel, systematic approach to trans-
lating two important subsets of FOL into propositional logic.
Our approach leverages structure in the FOL formulation to
provide significantly more compact propositional encodings
without requiring a finite fixed domain.

Specifically, we present algorithms for translating two im-
portant decidable subsets of FOL: (1) function-free monadic,
and (2) the Bernays-Scḧoenfinkel-Ramseyclass (see [Börger
et al., 1996]) in which all existential quantifiers must occur
before all universal ones (all arity is allowed for predicates,
with equality, but no functions). These subsets cover impor-
tant problems in AI and computer science, such as expressive
planning, data mining, constraint satisfaction, propositional
modal logic, and quantified boolean formulae (QBF).

Our algorithms generate propositional encodings of these
subsets of FOL as follows. They start by grouping axiom sets
into a tree of partitions following the approach of [Amir and
McIlraith, 2004]. Then, they translate each partition sepa-
rately using only a restricted set of constants that depend on

FOL Theory Naive Prop.
¬(P (a)∧Q(b)) ¬(Pa∧Qb)

∀xP (x) ⇒ ∀y¬Q(y) (Pa∧Pb∧Pc ⇒ (¬Qa∧¬Qb∧¬Qc))
∃z(R(z, c)∧¬Q(a)) (R(a, c)∧¬Q(a))∨(R(c, c)∧¬Q(a))

Table 1: Naive propositionalization

�
�
�
��
�
�
���

A1

A2

P1(h1)∨P1(h3)

P2(h4)∨P2(h8) . . .

∀x(P1(x) ⇒ ¬P2(x)) . . .

P3(h1)∨P3(h2)

P4(h5)∨P4(h7) . . .

∀x(P3(x) ⇒ ¬P4(x)) . . .

(a) Partitioning {Ai}i≤n

�
�
�
���

��

P1h1
∨P1h3

. . .

¬E<P1,P2> . . .

P1h1
⇒ E<P1>

P3h1
∨P3h2

. . .

¬E<P3,P4> . . .

E<P3,P4> ⇒ E<P3>∧E<P4>

(b) Part-Prop-Monadic ( {Ai}i≤n)

Figure 1: The partitioning of the theoryA.

the structure of the partitioning. Finally, they combine the
translated parts into a single propositional theory.

In the following, we briefly describe our methods with ex-
amples, and then present experimental results from applying
these methods to an encoding of the Pigeonhole problem.

2 Partitioned Prop. for the Monadic Class
Figure 1 shows an example of the partitioned prop. of a the-
ory in the monadic class (all predicates have arity 1). The
theory A on the left is partitioned into A1,A2 . . .An. There
is an edge between every two partitions that share symbols.
The partitioning is done in such a way that message-passing
[Amir and McIlraith, 2004], a reasoning procedure that in-
volves sending messages between partitions when a formula
is in the intersection language, is sound and complete.

Figure 1 b) shows the propositional encoding of the parti-
tioned theory. There are two kinds of propositonal symbols,
those of the form Pa, which stand for P (a), and E<P,Q...>

which stand for ∃x[P (x)∧Q(x) . . .]. It can be shown that
every monadic FOL formula can be converted into an equiv-
alent propositional sentence using only these symbols. To
ensure that the propositional symbols have the right seman-
tics we need to add some consistency axioms to the proposi-
tionalization. For eg. P1h1

⇒ E<P1> ensures that if there
is some constant h1 for which P1(h1) holds, then ∃xP1(x)
holds as well and E<P3,P4> ⇒ E<P3>∧E<P4> ensures that
if ≡ ∃x[P3(x)∧P4(x)] is true, then ∃xP3(x) and ∃xP4(x) is
true as well.

The union of these partitioned propositionalizations can be
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Figure 2: The solid boundaries represents the constants and
the broken ones represent the predicates in each separate
propositionalization.

shown to be equisatisfiable with A. The proof relies on the
completeness of the message passing procedure. Briefly, it
can be shown that if the intersection graph of the partitioning
is a tree, for every formula α s.t. A ⊢ α, there is a proof s.t.
each step uses either axioms that are completely within the
same partition Ai or messages transmitted to Ai from other
partitions. The proof of this relies on the following theorem:

Theorem 1 (Craig’s Interpolation Theorem). If α and β
are first order formula s.t.α ⊢ β, then there is a formula
γ ∈ L(L(α) ∩ L(β)) such thatα ⊢ γ andγ ⊢ β.

3 Partitioned Prop. for the Ramsey Class
It is known that the naive partitioning is correct for the
Ramsey class without any additional semantic assumptions
[Börger et al., 1996]. The number of propositional sym-
bols used is |P ||C|k where k is the maximum arity of any
predicate. This can be significantly reduced by partitioning.
But it is not enough to propositionalize each partition indi-
vidually. For example, consider the case where P (c) and
∀x[P (x) ⇒ Q(a)] are in different partitions. Because we
propositionalize these separately, P (c) ⇒ Q(a) will not be
in the propositional theory and thus Q(a) cannot be deduced.

However, it can be shown that there exists an ordering≺ of
the vertices in the intersection graph of the partitioning such
that a correct propositionalization results if we propositional-
ize the predicates of each partition Ai w.r.t. every constant
that occurs in some partition Aj , Aj ≺ Ai. For example, in
a prop. of the theory in figure 1 a), P3h3

will be in the lan-
guage, but P1h2

will not. There are n such orderings, one
for each choice of a partition as the root of the tree. In the
case of a binary tree with n vertices (figure 2) each prop.
will have log n

n
|P ||C|k variables. Thus the problem of sat-

isfiability of A reduces to n independent SAT instance of size
log n

n
|P ||C|k. The running time will be O(n · 2

log n

n
|P ||C|k)

compared to the naive prop. which takes O(2|P ||C|k).

4 Experimental Results
In figure 3 we present the results of some experiments with
our algorithms on two different problems. The first is a first-
order encoding of the pigeonhole problem that belongs to the
Ramsey class. The upper two graphs compare our Ramsey
prop. with the naive prop. for this problem, on the basis of

the number of variables created and the running time for the
SAT solver. Our algorithm does substantially better, enabling
the solution of problems that are outside the scope of the naive
encoding. The size of the encoding for the partitioned Ram-
sey prop. grows as O(p log p) versus O(p2) for the naive
prop, where p is the number of pigeons. The running time
for our SAT solver shows orders of magnitude speedup.

The bottom two graphs present a similar comparison for a
partitioned pigeonholeproblem (i.e. where each pigeon can
be assigned only to a fixed subset of the holes) which is in
both the Ramsey and Monadic classes. We compare both the
Monadic and Ramsey partitioned prop. with naive prop. For
the naive prop., the size of the encoding grows as O(p2) ver-
sus O(p) for the partitioned monadic prop.

The experiments were done on a 3.2 GHz Linux machine
with Zchaff [Moskewicz et al., 2001] as the SAT solver.
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Figure 3: Experimental Results
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1 Introduction
There are two main semantic approaches to formalizing agent
systems via modal logics, the possible worlds semantics
[Hintikka, 1962] and the interpreted system model [Fagin et
al., 1995]. The first approach includes the well-known theory
of intension [Cohen and Levesque, 1990] and the formalism
of the belief-desire-intension paradigm [Rao and Georgeff,
1998]. The second approach, offers a natural interpretation,
in terms of the states of computer processes, to S5 epistemic
logic. The significance of the second approach is that we are
able to associate the system with a computer program, and
formulas can be understood as properties of program compu-
tations. In this sense, the interpreted system model is compu-
tationally grounded [Wooldridge, 2000].

There are few computationally grounded models for for-
malizing general BDI-agents. A number of researchers
have attempted to develop executable agent languages such
as AgentSpeak(L) [Rao, 1996], but these agent languages
have comparatively simple semantics [van der Hoek and
Wooldridge, 2003]. The aim of this paper is to present a com-
putationally grounded model of general BDI-agents.

The main idea of our BDI-model is that we characterize an
agent’s belief, desire and intention as a set of runs (comput-
ing paths), which is exactly a system in the interpreted system
model. Let Bi, Di and Ii be sets of runs related to the be-
liefs, desires and intentions of agent i, respectively. Then,
runs in Bi are possible computing paths from the viewpoint
of the agent; runs in Di are those computing paths that the
agent desires; and runs in Ii are those computing paths with
the agent’s choices of the possible actions. Clearly, it is rea-
sonable to assume that Di ⊆ Bi, that is, every desired com-
puting path is a possible one, but we need not to assume that
Ii ⊆ Di or even Ii ⊆ Bi because an agent’s intention may
fail to achieve its goal and the real computing path may be
beyond the agent’s belief even though the agent has chosen
and completed an intentional series of actions.

The salient point of our work is that we present a general
form of BDI agent programs, from which BDI-models can be
generated and specifications in full BDI logics can be verified
by symbolic model checking techniques.

∗This work was supported by the Australian Research Coun-
cil grant DP0452628, and partially by the NSFC grants 60496327,
10410638 and 60473004.

2 Computationally Grounded BDI Logic
We introduce a multimodal logic of belief, desire and inten-
tion, called OBDI logic, where the changes and computation
of agents’ beliefs, desires, and desires are based on agents’
observations (i.e. local states). We assume the reader is fa-
miliar with the notion of interpreted system model, and we
will follow the terminology of [Fagin et al., 1995].

2.1 Syntax
Given a set Φ of propositional atoms, the language of OBDI
logic is defined by the following BNF notations:

〈wff〉 ::= any element of Φ | ¬〈wff〉 | 〈wff〉 ∧ 〈wff〉 |
©〈wff〉 | 〈wff〉U〈wff〉 |
Bi〈wff〉 | Di〈wff〉 | Ii〈wff〉

Informally, Biϕ and Diϕ means that agent i believes and
desires ϕ, respectively. While Iiϕ denotes that ϕ holds under
the assumption that agent i acts based on his intention.

2.2 The BDI-system Model
Given a set G of global states and a system K over G, an
agent’s mental state over systemK is a tuple 〈B,D, I〉, where
B, D and I are systems (sets of runs over G) such that
I ⊆ K and D ⊆ B ⊆ K. A BDI-system is a structure
〈K,M1, · · · ,Mn〉, where K is a system and for every i,Mi

is agent i’s mental state over K.
Assume that we have a set Φ of primitive propositions. An

interpreted BDI-system I consists of a pair (S, π), where S is
a BDI-system and π is a valuation function, which gives the
set of primitive propositions true at each point in G.

2.3 Semantics
In what follows, we inductively define the satisfaction rela-
tion |=OBDI between a formula ϕ and a pair of interpreted
BDI-system and a point. Given an interpreted BDI-system
I = (S, π), suppose that S = 〈K,M1, · · · ,Mn〉 and for ev-
ery i, Mi = 〈Bi,Di, Ii〉. Let r be a run in K and u a natural
number, then we have that:
• (I, r, u) |=OBDI Biϕ iff (I, r′, v) |=OBDI ϕ for those
(r′, v) ∈ Bi such that (r, u) ∼i (r

′, v);

• (I, r, u) |=OBDI Diϕ iff (I, r′, v) |=OBDI ϕ for those
(r′, v) ∈ Di such that (r, u) ∼i (r

′, v);

• (I, r, u) |=OBDI Iiϕ iff (I, r′, v) |=OBDI ϕ for those
(r′, v) ∈ Ii such that (r, u) ∼i (r

′, v);
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Other cases are trivial and omitted here.

Proposition 1 The following formulas are valid:

• X(ϕ⇒ ψ)⇒ (Xϕ⇒ Xψ)
Xϕ⇒ Y Xϕ

¬Xϕ⇒ Y ¬Xϕ
where X and Y stand for Bi, Di or Ii (for the same i).

• Relationship between belief and desire
Biϕ⇒ Diϕ

• Temporal operators
©(ϕ⇒ ψ)⇒ (©ϕ⇒©ψ)
©(¬ϕ)⇒ ¬© ϕ

φUψ ⇔ ψ ∨ (ϕ ∧©(ϕUψ))

2.4 Axiomatization
We give a proof system, called OBDI proof system, for those
BDI-agents with perfect recall and a global clock, which con-
tains the axioms of propositional calculus plus those formu-
las in Propositions 1. The proof system is closed under the
propositional inference rules plus: `ϕ

`Diϕ
and `ϕ

`Iiϕ
for every

agent i.

Theorem 2 The OBDI proof system is sound and complete
with respect to interpreted BDI-systems with satisfaction re-
lation |=OBDI .

3 Model Checking BDI-Agents
In order to make our model checking algorithm practically
useful, we must consider where our model, an interpreted
BDI-system comes from. To make the things simpler, we
may consider some abstract programs such as finite-state pro-
grams, which are expressive enough from the standpoint of
theoretical computer science. Moreover, to make our model
checking system practically efficient, we use symbolic model
checking techniques. Thus, a finite-state program in our ap-
proach is represented in a symbolic way.

3.1 Symbolic representation of interpreted
BDI-agents

We formally define a (symbolic) finite-state program with n
agents as a tuple P = (x, θ(x), τ(x,x′), O1, · · · , On), where
x is a set of system variables; θ is a boolean formula over
x, called the initial condition; τ is a boolean formula over
x ∪ x′, called the transition relation; and for each i, Oi ⊆ x,
containing agent i’s local variables, or observable variables.
Given a state s, we define agent i’s local state at state s to
be s ∩ Oi. We may associate with P an interpreted system
IP = (R, π) called the generated interpreted system of P .

For convenience, we may use P(θ, τ) to denote a finite-
state program with n agents (x, θ(x), τ(x,x′), O1, · · · , On),
if x and O1, · · · , On are clear from the context. Given
a finite-state program P(θ, τ) with n agents, we define
an agent’s internal program (over P(θ, τ) as a tuple
〈P(θ1, τ1),P(θ2, τ2),P(θ3, τ3)〉, where (θj ⇒ θ) ∧ τj ⇒
τ ,for j = 1, 2, 3, and (θ2 ⇒ θ1)∧ τ2 ⇒ τ1 are valid. Clearly,
an agent’s internal program is exactly related with an agent’s
mental state. Thus, we define a (symbolic ) BDI-program
with n agents as a tuple PA = (PK , P1, · · · , Pn), where PK

is a finite-state program with n agents and for each agent i,
Pi is agent i’s internal program over P. We use IPA

to denote
the corresponding interpreted BDI-system.

3.2 Model checking OBDI logic
Theorem 3 Given a BDI-program with n agents
PA = (PK , P1, · · · , Pn), suppose that PK =
(x, θ(x), τ(x,x′), O1, · · · , On), and for every i,
Pi = 〈P(θi

1
, τ i

1
),P(θi

2
, τ i

2
),P(θi

3
, τ i

3
)〉. Then, for every

LTL formula ϕ and agent i, the following are valid in IPA
,

1. Biϕ⇔ ∀(x−Oi)(G(P(θ
i
1
, τ i

1
))⇒ Γ(ϕ, θi

1
, τ i

1
))

2. Diϕ⇔ ∀(x−Oi)(G(P(θ
i
2
, τ i

2
))⇒ Γ(ϕ, θi

2
, τ i

2
))

3. Iiϕ⇔ ∀(x−Oi)(G(P(θ
i
3
, τ i

3
))⇒ Γ(ϕ, θi

3
, τ i

3
))

where Γ(ϕ, θ, τ) is a boolean formula built from ϕ, θ, τ by
using quantifications and fixed-point operations lft and gft.

Remark that Theorem 3 provides a reduction of OBDI to
LTL, while Proposition 9 in [Su, 2004] gives an OBDD-
based method of model checking LTL formulas. The com-
plexity of our reduction of logic OBDI to LTL is PSPACE-
complete. However, because quantifications of boolean func-
tions and fixed-point operators can be dealt with in any
OBDD package, the reduction can be based on OBDDs. In
fact, we implemented a prototype of the OBDI model checker
using CUDD, a very influential OBDD package developed by
Fabio Somenzi, and achieved some preliminary experimental
results.

4 Concluding Remarks
In this work, we have explored computationally grounded
modal logics that characterize the internal attitudes of an
agent–its beliefs, desires, etc, beyond S5 axioms and carried
out a methodology on symbolic model checking for general
BDI-agents.
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Abstract

An ontology consists of a set of concepts, a set of
constraints imposing on instances of concepts, and
the subsumption relation. It is assumed that an on-
tology is a tree under the subsumption relation be-
tween concepts. To preserve structural properties
of ontologies, the ontology revision is not only con-
tracting ontologies by discarding statements incon-
sistent with a revising statement, but also extract-
ing statements consistent with the revising state-
ment and adding some other statements. In the on-
tology revision, the consistency of a revising state-
ment with the theory of the logical closure of the
ontology under the closed world assumption is dis-
cussed. The basic postulates of the ontology revi-
sion are proposed and a concrete ontology revision
is given based on the consistence or inconsistence
of an ontology and a revising statement.

1 Introduction
A general approach for studying belief revision is to provide
a set of postulates such as the AGM axiom [Alchourret al.,
1985] and the DP axiom [Darwiche and Pearl, 1997] for be-
lief revision functions.

In the process of building and maintaining ontologies, new
statements which may be inconsistent with ontologies are
added to the ontologies constantly, and it is necessary for the
ontologies to be revised to accommodate new statements. For
convenience, we assume an ontologyO is a tree under the
subsumption relation between concepts and can infer what
are not explicitly stated by the ontology.

The ontology revision should have the following features:
• Similar to belief revision, there are two kinds of ontol-

ogy revision: ontology-set revision and ontology-base revi-
sion. For an ontologyO, its ontology-set isTh(O), a set of
statements deduced fromO by a set of inference rules; and its
ontology-base isO. In this paper, we only discuss ontology-
base revision. Moreover, like belief revision, the ontology

∗The work is supported by the National NSF of China
(60373042, 60273019 and 60073017), the National 973 Project of
China (G1999032701) and Ministry of Science and Technology
(2001CCA03000).

revision satisfies some basic principles: success, consistency
and minimal change.
• In belief revision, if a knowledge baseK and a revis-

ing statementα is inconsistent thenK is to be contracted. In
ontology revision, letO ◦ θ be the ontology results from re-
vising O by a revising statementθ; S be the smallest set of
statements extracted fromO to ensure(O ∪ {θ})− S is con-
sistent;∆ be the smallest set of statements extracted fromO
other thanS, andT be the smallest set of statements added to
O ◦ θ other thanθ, which is consistent with(O ∪ {θ}) − S.
To preserve structural properties of the revised ontology, let
O ◦ θ = ((O ∪ {θ})− (S ∪∆)) ∪ T.
• An ontologyO is inconsistent iff there is a statementδ

such thatδ,¬δ ∈ OCWA, whereOCWA is an extended the-
ory of Th(O) in terms of the closed world assumption. An
ontology revision should consider two cases: (1)O ∪ {θ} is
consistent; and (2)O ∪ {θ} is inconsistent. WhenO ∪ {θ} is
inconsistent, ifθ is positive then either¬θ ∈ O,¬θ ∈ Th(O)
or¬θ ∈ OCWA; otherwise, either¬θ ∈ O or¬θ ∈ Th(O).

In terms of the postulates the ontology revision should sat-
isfy, to preserve structural properties of ontologies and infer
implicit statements ontologies have inherently during revision
processes, we propose a Z axiom system for the ontology re-
vision and a concrete operator satisfying the Z axiom system.

2 Ontologies
Definition 1 An ontologyO consists of

(1) a set of concepts and properties;
(2) four binary relations: the subsumption relationv be-

tween concepts; the inheritance relation⇒ and the default
one⇒d between concepts and properties; the implication re-
lation 7→ between properties; and

(3) a set of positive statements of the form

C v D|C ⇒ ϕ|C ⇒d ϕ|ϕ ⇒ C|ϕ 7→ ψ

and their negations of the form

C 6v D|C 6⇒ ϕ|C 6⇒d ϕ|ϕ 6⇒ C|ϕ 67→ ψ,

whereC, D are concepts andϕ,ψ are properties.
C v D means thatC is a sub-concept ofD; C ⇒ ϕ

means thatϕ is a property ofC instantiated by every instance
of C; C ⇒d ϕ means thatϕ is a default property ofC, which
means that normally, every instance ofC satisfiesϕ; ϕ 7→ ψ
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means thatϕ implies ψ logically; ϕ ⇒ C means that any
instance satisfyingϕ is an instance ofC. We assume that if a
statementδ is positive, then¬δ is its negation; otherwise,¬δ
is its positive form.

An ontologyO is assumed to be complete about the prop-
erties in the following sense: (1) every property is inO; (2)
for any propertiesϕ,ψ ∈ O, if ϕ logically impliesψ then
ϕ 7→ ψ ∈ O; and (3) for any conceptsC,D ∈ O, if C 6= D
then there is a propertyϕ such that eitherC ⇒d ϕ and
D 6⇒d ϕ, or C 6⇒d ϕ andD ⇒d ϕ.

Deduction rules in ontologies include transitivity rules,
(default) inheritance rules and the closed world assumptions.
For the inheritance rules,

C v D, D ⇒ ϕ

C ⇒ ϕ
and

C v D, D ⇒d ϕ : C ⇒d ϕ

C ⇒d ϕ
,

there is a priority order among the default rules so that sub-
concepts override super-concepts. For the transitivity, besides
the transitivity ofv among concepts, there are the following
three kinds of transitivity rules:

C ⇒ ϕ,ϕ 7→ ψ

C ⇒ ψ
,

C ⇒d ϕ,ϕ 7→ ψ

C ⇒d ψ
,

ϕ 7→ ψ, ψ ⇒ C

ϕ ⇒ C
.

With the above rules, we defineO ` δ if there is a deduction
of δ from O. Then,Th(O) = {δ : O ` δ} andOCWA =
Th(O) ∪ {¬δ : O 6` δ, δ is positive}.

3 The ontology revision
For an ontologyO to be revised and a revising statementθ,
we have the following presuppositions about◦:

1. O is consistent andO ◦ θ is an ontology.
2. θ is of the form:C v D,C 6v D,C ⇒ ϕ andC 6⇒ ϕ.
3. The ontology revision satisfies the principles of success

(θ ∈ O ◦ θ), consistency (O ◦ θ is consistent) and minimal
change (the symmetric difference between the set of state-
ments inO and the set of statements inO ◦ θ is minimal.)

4. Statements other thanθ are added toO ◦ θ to infer im-
plicit statements.

To keep the structure ofO ◦ θ, we may add toO ◦ θ new
statements ifθ = C 6v D; and extract statements fromO if
θ = C v D. Not like in the belief revision, in the ontology
revision, revising statementθ is atomic.

Based on the above discussion, we propose a Z axiom sys-
tem for the ontology revision:

Z0. O ◦ θ is an ontology.
Z1. O ◦ θ is consistent ifθ is not contradictory.
Z2. θ ∈ O ◦ θ.
Z3. If O ∪ {θ} is consistent, thenO ◦ θ = (O ∪ {θ})−∆.
Z4. If O ∪ {θ} is inconsistent, then

O ◦ θ = ((O ∪ {θ})− (S ∪∆)) ∪ T.

Z5. If O ◦ θ ` δ then(O ◦ δ) ◦ θ ≡ O ◦ θ.
Z6. If O ◦ θ ` ¬δ then(O ◦ δ) ◦ θ ≡ O ◦ θ.
The Z axiom system is the combination of the AGM axiom

and the DP axiom for the iterated belief revision. For the
ontology revision, such a combination is appropriate, because
of δ being atomic.

Theorem 1The Z axiom system satisfies the principles of suc-
cess, consistency and minimal change.

Theorem 1 holds for the ontology revision, because we use
atomic statements to revise ontologies, and in the belief revi-
sion, the revising statements may not be atomic.

4 A concrete ontology revision◦
We shall give a concrete ontology revision◦ satisfying the
Z axiom system. Assume thatθ is not contradictory (other-
wise, letO ◦ θ = ∅). By presupposition 2,θ is of one of the
following forms:C v D; C 6v D; C ⇒ ϕ; C 6⇒ ϕ.

In the ontology revision,O ∪ {θ} is either consistent or
inconsistent. WhenO ∪ {θ} is consistent, ifθ is positive
then eitherθ ∈ O, θ ∈ Th(O) or ¬θ ∈ OCWA; otherwise
¬θ /∈ Th(O). WhenO ∪ {θ} is inconsistent, ifθ is positive
then either¬θ ∈ O,¬θ ∈ Th(O) or ¬θ ∈ OCWA; otherwise
either¬θ ∈ O, or¬θ ∈ Th(O).

The concrete ontology revision◦ is given according to the
above 18 cases. For the page limit, we only discuss two cases:
Case 1. O ∪ {θ} is consistent andθ = C v D, θ /∈
O, Th(O),¬θ ∈ OCWA. Let O ◦ θ = (O ∪ {θ})−∆, where

∆ = {C @ E ∈ O : D @ E /∈ Th(O)}.
Case 2.O ∪ {θ} is inconsistent andθ = C v D,¬θ ∈ O.
Let O ◦ θ = ((O ∪ {θ})− (S ∪∆)) ∪ T ; where

S = {C 6v D} ∪ {C 6⇒ ϕ ∈ O : D ⇒ ϕ ∈ Th(O)}∪
{C 6⇒d ϕ ∈ O : D ⇒d ϕ ∈ Th(O)};

∆ = {C @ E ∈ O : D @ E /∈ Th(O)};
T = {C ⇒ ϕ ∈ Th(O) : D ⇒ ϕ /∈ Th(O)}∪

{C ⇒d ϕ ∈ Th(O) : D ⇒d ϕ /∈ Th(O)}.
By verifying that ◦ defined in every case satisfies the Z

axiom, we have the following theorem:
Theorem 2 The defined◦ satisfies the Z axiom system.

5 Further works
The future work will introduce to the ontology revision the
logical properties between statements (such asC ⇒ ϕ im-
pliesC ⇒d ϕ, etc.), the structure of concepts (complex con-
cepts as¬C,C uD, etc.) and properties in description logics
and first order logic, which are omitted for the simplicity in
this paper.
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Abstract
Diagnosticity operates as an important selection
criterion for several computational models of con-
cept combination. Unfortunately, it has not been
clear how the diagnosticity of property and rela-
tional predicates of the concepts combined can be
formalized and quantified. Using an information
retrieval method we compute, in a uniform man-
ner, diagnosticity values of concepts predicates. We
go on to present a reasoning system that attempts
to create meaningful interpretations of novel noun-
noun combinations. The system is based solely on
diagnostic predicates values and a set of constraint
satisfaction rules. We show the effectiveness and
plausibility of our methods and discuss their poten-
tial.

1 Introduction
Noun-noun combinations play a central role in language and
cognition. People produce two main types of interpretation
to noun-noun composite concepts: relational interpretations
that hinge on a relation being found to connect the two con-
cepts (e.g., finger cup: “a cup to clean fingers in”) and prop-
erty interpretations that hinge on transferring a property from
one concept to the other (e.g., finger cup: “a thin cup”) (see
[Levi, 1978]). In this process, the diagnostic predicates of the
concepts combined have been found to play a key role. Fur-
thermore, several computational models use the diagnosticity
constraint as an important selection criterion (e.g., [Costello
and Keane, 2000]). However, the diagnosticity mechanisms
have so far only been formalized for property predicates,
partly because it has not been clear how one can operationally
define diagnosticity for relational predicates. Property predi-
cates typically represent perceptual or physical aspects of ob-
jects. Relational predicates usually put the concept in con-
nection with other concepts or refer to functions.

In this study, we use a new method for characterizing the
diagnosticity of property and relational predicates, which is
based on van Rijsbergen’s [1979] tf-idf information retrieval
schema. We applied this method to compute the diagnosticity
values of the predicates of a set of concepts. The data are in-
put to a reasoning system that attempts to provide meaningful
interpretation(s) for a given noun-noun combination based on

its interpretation type, the diagnosticity values of the predi-
cates of its constituent concepts and a small set of rules.

2 Formalizing Diagnosticity
The idea underlying the formalization of diagnosticity is that
a feature predicate F is important for a concept C within a
set of concepts, if it occurs often in descriptions of concept
C, and rarely in descriptions of the rest of the concepts in the
set [Ferarri and Keane, 2005]. Given a set of descriptions of
concepts, we can thus compute diagnosticity values for each
feature relative to a concept DC,F by adapting the information
retrieval tf-idf formula [van Rijsbergen, 1979] as:

DC,F = f fC,F × log2NCS
nF

(1)

where f fC,F is the frequency of the feature in a certain con-
cept, and log2NCS/nF is a non-linear measure derived from
the ratio between the number of concepts NCS in the set and
the number of concepts nF described by the feature at issue.

Once the diagnosticity values for concept predicates are de-
rived, we can class every concept as property or relational de-
pending on whether its total diagnosticity is given mainly by
relations or properties. When we make a combination from
two single concepts each of them bears diagnosticity of prop-
erty features (DPF) and diagnosticity of relational features
(DRF). These values can in turn be summed as to character-
ize the combination with a total property diagnosticity (T PD)
and a total relational diagnosticity (TRD).

A list of predicates was formed by asking subjects to de-
scribe a set of concepts and any associated knowledge. For-
mula 1 was used to compute diagnosticity values for their di-
agnostic predicates. Predicates with one standard deviation or
more above the mean score were defined as highly diagnos-
tic (HD). A combination was classified as relational, when
TRD > T PD or property, when T PD > TRD.

3 Diagnosticity-Driven Interpretation
Generation

To test the potential of diagnosticity as a driving force in
concept combination, we developed a reasoning system (in
Prolog) using constraint programming techniques. The tech-
niques were developed after analysis of the data of a previous
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Algorithm 1 Diagnosticity-Driven Combination Rules for
Relational Noun-Noun Composite Concepts

get all MN and HN’s property and relational diagnostic fea-
tures (DPFMN , DRFMN , DPFHN , DRFHN)
if 1 or more DPFMN ≥ HD then

if all DRFMN < HD then
HN that [DPFMN], s.t. DPFMN ≥ HD
HN [DRFMN] (MN), s.t. DRFMN = DRFmaxMN

MN [DRFHN] (HN), s.t. DRFHN = DRFmaxHN

else
HN [DRFMN] (MN), s.t. DRFMN ≥ HD
MN [DRFHN] (HN), s.t. DRFHN = DRFmaxHN

HN that [DPFMN], s.t. DPFMN ≥ HD
end if

else
if all DRFMN < HD then

HN [DRFMN] (MN), s.t. DRFMN = DRFmaxMN

MN [DRFHN] (HN), s.t. DRFHN = DRFmaxHN

else
HN [DRFMN] (MN), s.t. DRFMN = DRF ≥ HD
MN [DRFHN] (HN), s.t. DRFHN = DRFmaxHN

end if
end if

empirical study, where 30 people were asked to provide in-
terpretations to 60 novel noun-noun combinations with pred-
icates of varied diagnosticity scores and distributions.

3.1 Architecture and Implementation
The system has an interface that asks the user to enter the
modifier noun (MN) and the head noun (HN) of a composite
concept. This input is parsed and checked against its knowl-
edge base. The knowledge base is in clausal form and con-
sists of a declarative definition of concepts with their predi-
cates and their corresponding diagnostic values as computed
above. If both nouns are known to the system, it proceeds to
apply the reasoning procedures. The core procedure for the
interpretation of relational combinations is sketched in Algo-
rithm 1 and that of the property ones in Algorithm 2. Action
constraints are represented as binary functions and enforce
valid transitions between states.

3.2 Evaluation
Evaluation of the interpretations produced was conducted
with 30 noun-noun concepts, half of which were property
and half relational, with constituent concepts (N = 50) of
varying diagnosticity scores. All reasoning sub-mechanisms
were tested. The results were compared with existing peo-
ple’s data. Sixty two interpretations were produced. 81%
(N = 50) of the interpretations were deemed to be sensible
by two judges. Half of the meanings generated were among
those people had produced. For the property combinations
in particular, it was found that the interpretations generated
were those people produced more often.

4 Discussion
Currently, the application of the new method for computing
diagnosticity to “diagnostically mark” concept predicates of

Algorithm 2 Diagnosticity-Driven Combination Rules for
Property Noun-Noun Composite Concepts

get all MN and HN’s property and relational diagnostic fea-
tures (DPFMN , DRFMN , DPFHN , DRFHN)
if 1 or more DPFMN ≥ HD then

if all DRFMN < HD then
HN that [DPFMN], s.t. DPFMN ≥ HD

else
HN that [DPFMN], s.t. DPFMN ≥ HD
HN [DRFMN] (MN), s.t. DRFMN ≥ HD

end if
else

if all DRFMN < HD then
HN that [DPFMN], s.t. DPFMN = DPFmaxMN

HN [DRFMN] (MN), s.t. DRFMN = DRFmaxMN

else
HN [DRFMN] (MN), s.t. DRFMN ≥ HD
HN that [DPFMN], s.t. DPFMN = DPFmaxMN

end if
end if

concept glosses of large, standardized knowledge bases (e.g.,
WordNet) is being examined. The benefits of exploiting such
a rich information for concept combination has been demon-
strated in [Tagalakis and Keane, 2004]. Diagnosticity mark-
ing can be an important enhancement to the knowledge rep-
resentation of ontology systems in general.

As regards the reasoning model, the percentage of correct
interpretations it produces based on diagnostic values is very
encouraging; especially when one considers that the system
is self-contained and does not take into account other key
aspects of concept understanding (e.g., plausibility, informa-
tiveness, previous knowledge). Future work will provide ad-
ditional model validation and programming methodology de-
tails.
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1 Introduction
Inspite of the considerable achievements of the formal proof
programme, take-up of these systems by mathematicians and
programmers remains poor. At least one reason for this is
the lack of good development tools. The Proof General (PG)
project is an ongoing attempt to redress this issue. Here we
present PG/ECLIPSE, an interface/development environment
that marks a new phase in the project.

2 The PG/ECLIPSE Interface
PG/ECLIPSE provides a rich range of features, many of
which will be familiar to users of modern programming IDEs.

• Proof scripts (and projects) are presented to the user via
a specialised text-editor and associated viewers (e.g. the
document outline view) which support various actions.

• The central feature of PG/ECLIPSE is script manage-
ment (c.f. [Bertot, 1998]), which is a form of step de-
bugging tailored to linear scripts.

• Symbol support can make a huge difference to how read-
able a proof script is. This is possibly an area where TP
interfaces have something to offer to programming in-
terfaces. PG/ECLIPSE provides support for using math-
ematical symbols – including the use of typing shortcuts
to enter symbols, and a symbol table editor, allowing
users to adapt and extend the use of symbols to fit their
own needs.

• Theory navigation: As a theory grows, finding specific
definitions and proofs can become increasingly difficult
and time consuming. This alone can make a large dif-
ference to the usefulness of a theory. PG/ECLIPSE pro-
vides support for theory navigation. As proof script files
are read, their structure is analysed and the theories, the-
orems and lemmas they contain are indexed. This index
is then used to provide several ways to navigate files.

• A Content Assistant which suggests completions for
keywords/phrases.

• Good documentation and help is key to both the uptake
of theorem provers and the reuse of proof scripts – but
is often neglected. PG/ECLIPSE provides tools for doc-
umenting prover commands, prover settings and proof
scripts, with integrated help displays. Help for theory

elements (e.g. theorems) is created simply by writing
a preceding comment (an idea taken from the Java ap-
proach to documenting code (c.f. [Friendly, 1995]).

• One of the great potentials for provers is in mathemat-
ical/scientific education. Although there are excellent
computer algebra systems used in education, these nei-
ther perform nor teach proofs, which are central to math-
ematical work. PG/ECLIPSE introduces a teaching tool
(based around an embedded web-browser), designed for
delivering teaching material that interacts with a prover.

• Interface scripting Often a script will run better under
certain settings. PG/ECLIPSE allows a theory developer
to encode these settings in the proof script file. It defines
a small set of commands that can be used to script the
interface itself.

Figure 1: The PG/ECLIPSE display. The main window shows
the proof script; view windows below show the prover output.
A Problems view (not shown here) lists outstanding prob-
lems, such as syntax errors or unfinished proof-goals. To the
left of the editor window is an outline view of the proof’s
structure. Above the editor, a toolbar triggers proof or undo
steps by sending instructions to the prover (left-to-right, the
buttons are: undo all, undo, interrupt, step forward, process
all, and – most useful of all – go to cursor location).
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3 Design principles for prover interfaces
Here we describe two design principles specific to theorem
prover interfaces.

3.1 Proof scripting is a form of programming
It has often been noted that theorem proving has a great many
similarities with programming. However this insight has not
really been used in prover interface design. Since program-
ming interfaces serve a much larger community, they have
been much more actively developed. We therefore borrow
ideas from programming interfaces where possible. One con-
sequence of this was the decision to use Eclipse as a base.
Eclipse is an open-source state-of-the-art IDE, originally in-
tended for Java programming [Eclipse Foundation, 2003].

3.2 Separation of proof engine and interface
This is a form of modularisation. Modularisation is especially
important in this domain, where – inspite of the relatively
small size of the community – there are a range of target ap-
plications and a diverse wealth of systems. Each of these
needs a good interface. Hence separating prover and inter-
face should facilitate the development of TPs, by giving TP
developers easy access to sophisticated interfaces. It would
also benefit prover interface and application designers, who
need not be tied to one proof system.

The Proof General Kit
We enforce this clear separation by specifying an API (the
PG/KIT) for all prover interactions and all knowledge of
prover behaviour. This API consists of two linked parts: An
abstract model for prover behaviour, and a protocol for com-
munication within proof sessions.

The model is based on abstracting the common behaviour
of many interactive proof systems. It acts as a clearly spec-
ified “virtual layer” that must be emulated in each prover to
cooperate properly with PG/ECLIPSE.

The communication protocol is called PGIP, for Proof
General Interactive Proof. The basic principle for represent-
ing proof scripts in PGIP is to keep the prover’s native lan-
guage, and mark up the script with PGIP tags (which give the
information needed by an interface). Designing PGIP as a
wrapper for native languages has two main consequences:

Firstly, the user employs the prover’s native language
(PGIP mark-up is only used internally). This is necessary,
since the wide variety of logics supported by modern provers
make it very hard to come up with one language which effi-
ciently supports all of these. It is also pragmatic, as users can
continue to work in the proof language they are familiar with,
and old proof scripts can still be used.

Secondly, the PGIP-annotation of the proof script (and sub-
sequent user input) is done by the prover (or a component
coming with the prover), and not by the interface, which
knows nothing about the prover’s language. Parsing requests
and responses form part of the PGIP protocol.

4 Related work
We can only give a brief overview here of the closest related
projects.

The Theorema theorem prover and the TeXMacs systems
both have excellent support for entering and viewing math-
ematical expressions [Buchberger, 2001][Audebaud, 2003].
Various systems already implement script management (e.g.
the previous PG system). However, these offer less function-
ality than PG/ECLIPSE, and do not provide a satisfactory so-
lution to the problem of handling different provers. The most
closely related work is that done within the PG/KIT frame-
work: a PGIP Emacs mode, and a PGIP-based ‘proof desk-
top’, where theories and proofs are built up using graphical
actions such as drag-and-drop. There is also a broker com-
ponent in that can act as a middle-man between a collection
of PGIP-equipped provers and interfaces. This should lead to
increasingly flexible ways to develop proofs.

5 Future work
There are many possible lines for future development. Firstly,
we want to use the Eclipse framework to further explore
the analogy between theory development and software engi-
neering. We can also go beyond adapting program develop-
ment tools. One promising line of work is on using interac-
tive proof planning to construct proof scripts (c.f. [Fleuriot,
2003]). Interactive planning could also be a valuable idea
to transfer to IDE based programming. The closest existing
analogue is the idea of ‘programming templates’; fragments
of code which can be used to help build up programs (e.g. a
standard widget initialisation method). Proof planning can be
considerably more powerful.

5.1 State of the project
This work is described in more depth at
http://proofgeneral.inf.ed.ac.uk/Kit. An alpha-release
of PG/ECLIPSE is now available (also from this we-
biste), and the latest version of Isabelle (available from
www.cl.cam.ac.uk/Research/HVG/Isabelle) supports PGIP.
Developers interested in using Proof General for other
provers should contact the authors.
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Abstract

We introduce our research on learning browsing
behavior models for inferring a user’s information
need (corresponding to a set of words) based on the
actions he has taken during his current web session.
This information is then used to find relevant pages,
from essentially anywhere on the web. The models,
learned from over one hundred users during a five-
week user study, are session-specific but indepen-
dent of both the user and website. Our empirical
results suggest that these models can identify and
satisfy the current information needs of users, even
if they browse previously unseen pages containing
unfamiliar words.

Keywords: machine learning, web mining

1 Introduction
While the World Wide Web contains a vast quantity of infor-
mation, it is often difficult for web users to find the relevant
information they are seeking. While modern search engines
have now made search over billions of web pages an every-
day occurrence, this approach still requires the user to explic-
itly initiate a search and to formulate a specific search query.
The alternative approach, which involves surfing the web by
following appropriate links, is also challenging as users can-
not always determine which links are most likely to lead to
the relevant information. Our goal is a client-side Web rec-
ommender system that simply observes the user’s browsing
behavior, then uses this information to suggest relevant pages
from anywhere on the Web, without requiring the user to pro-
vide any additional input.

Historically, information filtering approaches avoid the
need for explicit queries, but they assume the user has sta-
ble long-term interests that can be used to pick out relevant
material from an ongoing, dynamically changing flow of con-
tent [Lewis and Knowles, 1997]. In this case, a user’s inter-
ests can be determined by statistical inference over extensive
historical samples of the content that the user preferred. Al-
ternatively, information assistants are designed to respond ef-
fectively to transient short-term information needs that vary
from task to task using content stored in large stable reposito-
ries. In contrast, we present a method to determine the user’s

current information need without either explicit queries nor a
large sample of past content.

2 Model
For the purposes of our present work, we focus on users using
the Web to obtain some information. Our goal is to automati-
cally provide the user with additional relevant content beyond
what would be immediately revealed by either links on their
current page, or results from a search query they might initi-
ate. We assume that this activity can be separated into distinct
sessions in which the user is pursuing a single specific infor-
mation need.

As the user browses the Web, he visits pages and takes
actions on these pages, such as following a link, backing up to
a previous page, or bookmarking a page. We view the user’s
web browsing actions as implicit judgments on the content
of the pages (with respect to his current information need).
Presently, we assume that the user is looking for text-based
resources. In this case, the content of the pages is represented
by words. We theorize that the actions the user takes while
browsing provide evidence about the degree to which words
on visited pages represent the user’s current information need.

This intuition has appeared in previous work in special
cases: for instance, the idea that words appearing in the an-
chors of hyperlinks followed by the user are probably more
representative of user’s needs than words that do not. Indeed,
the Letizia [Lieberman, 1995] agent and the recommender
created by Watson[Budzik and Hammond, 1999] use obser-
vations of user behavior to help them locate pages, but they
are both based on a limited set of hand-coded heuristic rules.
Alternatively, correlation-based recommenders[Agrawal and
Srikant, 1995] tend to be tied to a specific site. Moreover,
such systems typically suggest that the current user go to
pages that other similar users have visited, without knowing
whether previous users actually found the page helpful. Our
“behavior-based inference” differs from content-based sys-
tems[Billsus and Pazzani, 1999], as we do not require any
previous experience with the actual words in the hyperlink
anchor; moreover, our models are explicitly trained to iden-
tify pages that satisfy any particular information need.

For example in our models, following any hyperlink pro-
vides evidence for the relevance of those words appearing in
the hyperlink anchor, independent of what words are actually
present in the hyperlink. Consequently the technique is not

POSTER PAPERS 1589



restricted to a subset of indexed sites. Indeed, we attempt
to predict the words that best capture the user’s information
need with a combination of basic text-based features (e.g., the
overall frequency of the word in the user’s current session,
etc.), as well as a generalized set of behavior-based features
(e.g., the presence of the word in anchor text, the use of the
word on a page from which the user backed up, and the order
in which a list of links using the word were selected, etc.).

Since the precise significance of a word appearing in a fol-
lowed hypertext anchor, or being in some font, etc., is difficult
to state a priori, we use machine learning methods to learn
the weight of each of our features, towards identifying which
word will be relevant. This is based on data collected from
a pool of calibration subjects. Once the weights have been
calculated, we can apply our user-independent models to new
users without retraining. In fact, since the models are trained
on behaviors (e.g., the value of appearing in a followed hyper-
link, etc.) insteadof the information viewed (i.e., “the user is
interested in ‘baseball’ ”), the models can also be applied to
new domains without retraining, and can respond to new user
needs as they arise during browsing.

To apply machine learning to this domain, we need a train-
ing set. The input to the machine learning process consists of
the various text-based and behavior-basedfeaturesassociated
with each word in the current context[WebIC, 2005], plus a
target label describing whether or not the word is representa-
tive of the user’s interests. We have developed three methods
to produce this label using different sources of information,
each based on the subjects in a calibration pool.

IC-wordModel: Each subject hand-labels pages that contain de-
sired information content as IC-pages (otherwise the pages are
considered¬IC-pages by default). We then assume that all non-
stopwords appearing on an “IC-page” are representative of the user’s
current information need, whereas words that do not are unrepresen-
tative.
IC-RelevantModel: Each subject explicitly chooses words from the
current browsing session that they felt best represented their current
information need. All other words are assumed to be unrepresenta-
tive.
IC-QueryModel: Each subject hand-labels pages that contain de-
sired information content as IC-pages (otherwise the pages are con-
sidered¬IC-pages by default). But while the IC-word model viewed
all words in the IC-page as important, this model is more selective,
as it includes only the subset of non-stopwords that enable a search
engine (e.g., Google) to find that page. In a separate sub-project, we
estimate a search-engine-specific function that, given a page (here
an IC-page,p) and a list of wordsW , estimates whether givingW
as a query to the search engine will producep. Using this func-
tion, we label only thek highest-scoring words from the session as
representative.

Given a set of browsing sessions, we can form a matrix
where each row corresponds to a word that appears, and each
column to one of the browsing features. We then label each
row using one of the models described above, and run a stan-
dard learning algorithm (e.g., C4.5) to construct 3 different
classifiers. Each classifier predicts whether a word is repre-
sentative of the current information need from the text-based
and behavior-based features extracted from the user’s current
browsing session.

3 LILAC Study
The goals of the LILAC (Learn from the Internet: Log, Anno-
tation, Content) study are to evaluate the browsing behavior
models presented above (Section 2), and to gather data for fu-
ture research, from people working on their day-to-day tasks.

3.1 Overview of WebIC
WebIC (Figure 1) is a client-side, Internet Explorer-based
web browser and recommender system. It uses information
from the current browsing session to recommend a page, from
anywhere on the Web, that it predicts the user will find useful.

Figure 1: WebIC — An Effective Complete-Web Recom-
mender System

To make a prediction,WebIC first computes the brows-
ing features for all stemmed non-stopwords that appear in
any page of the current browsing session. It then determines
which of these words to submit as a query to a search engine,
using one of the models learned previously.WebIC recom-
mends the top page returned from the query, as the page it
considers most likely to satisfy the user’s current information
need.

We modifiedWebIC for the LILAC study. Here, whenever
the user requests a recommendation by clicking the “Sug-
gest” button,WebIC will select one of its models randomly to
generate a recommendation page. As one of the goals of the
LILAC study is to evaluate our various models, this special-
ized version ofWebIC will therefore ask the user to evaluate
this proposed page.

In addition, we also instructed the participants to click
“MarkIC” whenever they found an IC-page. After mark-
ing an IC-page,WebIC will recommend an alternative web
page as before (excluding the IC-page), as if the user had
clicked “Suggest” here. Once again, this specialized version
of WebIC will then ask the user to evaluate this recommended
page.

As part of this evaluation, the user is asked to “Tell us what
you feel about the suggested page”, to indicate whether the
information provided on the suggested page was relevant to
his/her search task. There are two categories of relevance
evaluations:relatedandnot related at all.

In addition, the user was also asked to select informa-
tive “Descriptive Keywords” from a short list of words that
WebIC predicted as relevant. The information collected here
will be used to train the IC-Relevant model described above.

3.2 Experiment Design
To participate in the LILAC study, the subjects were required
to installWebIC on their own computer, and then use it when
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browsing their own choice of non-personal English language
web pages. They were told to use another browsing engine
when dealing with private issues, such as banking, e-mail, or
perhaps chat-rooms, etc.

WebIC kept track of all the interactions, including a record
of the pages the user visited, as well as the evaluation data for
the pages thatWebIC recommends.

LILAC considered four models: the three described in Sec-
tion 2 — IC-word, IC-Relevant, and IC-Query— and “Fol-
lowed Hyperlink Word” (FHW), which is used as a baseline.
FHW collects the words found in the anchor text of the fol-
lowed hyperlinks in the page sequence. As such, there is no
training involved in this model. This is similar to “Inferring
User Need by Information Scent (IUNIS)” model[Chi et al.,
2001]. In all models, words are stemmed and stopwords are
removed prior to prediction.

We used the data collected during the study to weekly re-
train each of our IC-models. That is, the users initially used
the IC-word0, IC-Relevant0 and IC-Query0 models, which
were based on a model obtained prior to the study. On the 2nd
week, they used the IC-word1, IC-Relevant1 and IC-Query1
models, based on the training data obtained from week 1, as
well as the prior model. We repeated this process throughout
the study.

3.3 Overall Results
A total of 104 subjects participated in the five-week LILAC
study, from both Canada (97) and the US (7); 47% are fe-
male and 53% are male, over a range of ages (everyone was at
least 18, and the majority were between 21-25). The subjects
visited 93,443 Web pages, clicked “MarkIC” 2977 times and
asked for recommendations by clicking the “Suggest” button
2531 times. As these two conditions are significantly dif-
ferent, we analyzed the evaluation results for “Suggest” and
“MarkIC” separately.

Figure 2: How often the User rated a Recommended Page as
“Related”, after “Suggest”

Figure 2 indicates how often the user considered the “Sug-
gest”ed page to be “Related”. We see that each of our 3 IC-
models works much better than the baseline model — each
was over 65%, versus the 38% for FHW.

Figure 3 shows the evaluation results for the recommended
pages after the user clicked “MarkIC”. We again observe that
our IC-models work better than FHW. The scores for IC-word
and IC-Relevant remained at around 70%, roughly the same
values they had for the “Suggest” case, while the IC-Query

Figure 3: How often the User rated a Recommended Page as
“Related”, after “MarkIC”

model increased from 66% to 74%. We also observed that
FHW increased by almost 10%. As an explanation, we spec-
ulate the following: If the subject is able to find an IC-page,
then the links followed in the current session appear to pro-
vide a very strong hint of what constitutes the relevant in-
formation content; and FHW benefits significantly from this
hint.

4 Conclusion and Future Work
We have demonstrated a practical and extensible framework
for a behavior-based web recommender system. The basic
framework covered here was able to find relevant pages 70%
of the time and consistently outperformed a common baseline
method (FHW). Our method can easily be extended to include
additional features (e.g., timing, multiple search engines), and
to employ personalized training models for custom feature
weights. In addition, we anticipate our results, achieved us-
ing C4.5, could be improved by more sophisticated learning
techniques. Extensive results from our user study suggest that
behavior-based recommendation is a promising approach for
automatically finding the pages, from anywhere on the Web
that address the user’s current information need, without re-
quiring the user to provide any explicit input.
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