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Abstract

Bayesian treatment of matrix factorization has been
successfully applied to the problem of collabora-
tive prediction, where unknown ratings are deter-
mined by the predictive distribution, inferring pos-
terior distributions over user and item factor matri-
ces that are used to approximate the user-item ma-
trix as their product. In practice, however, Bayesian
matrix factorization suffers from cold-start prob-
lems, where inferences are required for users or
items about which a sufficient number of ratings are
not gathered. In this paper we present a method for
Bayesian matrix factorization with side informa-
tion, to handle cold-start problems. To this end, we
place Gaussian-Wishart priors on mean vectors and
precision matrices of Gaussian user and item factor
matrices, such that mean of each prior distribution
is regressed on corresponding side information. We
develop variational inference algorithms to approx-
imately compute posterior distributions over user
and item factor matrices. In addition, we provide
Bayesian Cramér-Rao Bound for our model, show-
ing that the hierarchical Bayesian matrix factoriza-
tion with side information improves the reconstruc-
tion over the standard Bayesian matrix factoriza-
tion where the side information is not used. Ex-
periments on MovieLens data demonstrate the use-
ful behavior of our model in the case of cold-start
problems.

1 Introduction

Matrix factorization refers to a method for uncovering a low-
rank latent structure of data, approximating the data matrix
as a product of two factor matrices. Matrix factorization is
popular for collaborative prediction, where unknown ratings
are predicted by user and item factor matrices which are de-
termined to approximate a user-item matrix as their product
[Rennie and Srebro, 2005; Salakhutdinov and Mnih, 2008b;
Lim and Teh, 2007; Raiko et al., 2007; Takacs et al., 2009;
Koren et al., 2009; Singh and Gordon, 2010].

Suppose that X € R!*7 is a user-item rating matrix,
the (4, j)-entry of which, X;;, represents the rating of user
1 on item j. Matrix factorization determines factor matrices
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U-=[uy,...,u] e RE and V = [vy,...,v,] € REXJ
(where K denotes the dimension of latent space), to approxi-
mate the rating matrix X by Uv'v:

X=U'V. (D

A popular approach is to minimize the regularized squared
error loss defined as

> (X = ulvy)? + Allwi? + [lv|1%)]
(i,5)€Q

2

where (1 is a set of indices of observed entries in X, and A
is the regularization parameter. Although this works even on
large-scale datasets [Takdcs et al., 2009; Koren et al., 2009],
it is prone to overfitting on the training data and require care-
ful tuning of regularization parameter and the number of op-
timization steps.

Bayesian treatment of matrix factorization successfully al-
leviates the overfitting problem by integrating out all model
parameter, thus allowing for complex models to be learned
without requiring much parameter tuning [Lim and Teh,
2007; Raiko et al., 2007; Salakhutdinov and Mnih, 2008a;
Yoo and Choi, 2011; 2012; Kim and Choi, 2013]. In prac-
tice, however, Bayesian matrix factorization still suffers from
cold-start problem, where inferences are required for users
or items about which a sufficient number of ratings are not
gathered. The cold-start problem commonly occurs in practi-
cal recommendation system based on collaborative prediction
because new users or items are continuously added into the
system. Moreover users usually do not rate unpopular items,
thus these items will be fixed in long-tail part for a long time
but for effective recommendation. To resolve the cold-start
problem, it is crucial to use side information, such as user
demographic information and item content information.

In this paper we present a method for Bayesian matrix fac-
torization with side information, to handle cold-start prob-
lems. To this end, we place Gaussian-Wishart priors on mean
vectors and precision matrices of Gaussian user and item fac-
tor matrices, such that mean of each prior distribution is re-
gressed on corresponding side information. We develop vari-
ational inference algorithms to approximately compute poste-
rior distributions over user and item factor matrices. In addi-
tion, we provide Bayesian Cramér-Rao Bound for our model,
showing that the hierarchical Bayesian matrix factorization
with side information improves the reconstruction over the



standard Bayesian matrix factorization where the side infor-
mation is not used. Experiments on MovieLens data demon-
strate the useful behavior of our model in the case of cold-
start problems.

2 Related Work

We briefly review several matrix factorization models which
incorporates side information. Suppose that side information
is given in the form of feature matrices F' = [f,, ..., f;] €
RP»*Tand G = [gy,...,g ] € RP**/, where f, and g; are
feature vector related with user ¢ and item j respectively.

Matrix co-factorization is one one of efficient ways to ex-
ploit the side information. Matrix co-factorization jointly de-
composes multiple data matrices, where each deposition is
coupled by sharing some factor matrices [Singh and Gordon,
2008]. For example, rating matrix X, user side information
matrix F' and item side information matrix GG are jointly de-
composed as

F=A"U+Ep, X=U'V+Ex, G=B'V +Eg,

where factor matrices U and V' are shared in the first two and
last two decompositions, respectively and Er, E x, E g rep-
resents Gaussian noise which reflect uncertainties. Recently
Bayesian treatment of matrix co-factorization was developed,
where the inference was performed using a sampling method
[Singh and Gordon, 2010] or the variational method [Yoo and
Choi, 2011; 2012].

In contrast to matrix co-factorization model, Regression-
based Latent Factor Model (RLFM) [Agarwal and Chen,
2009] assumes that the user and item factor matrices are gen-
erated from the side information via linear regression,

U=A"F+Ey;, V=B 'G+Ey, (3)

and then rating matrix X is generated by (1). More precisely,
RLFM place isotropic Gaussian priors on user and item factor
matrices U and V' where mean of each prior is regressed on
corresponding side information (see Figure 1-(b)),

I
[TV (ui | AT£,000),

=1
J

p(VIB,A) = [[N(w;|BTg; A" )
j=1

Baseysian matrix factorization with side information
(BMFSI), proposed in [Proteous et al., 2010], also utilizes
side information via regression but it is differentiated from
RLFM. In BMFSI model, the regression coefficient and side
information are augmented in factor matrices such that the
rating matrix X is estimated by the sum of the collaborative
prediction part and regression part against side information:

X

N
[UTATFT] [VTGTBT} +Ex (6
U'V+A'G+F'B+ Ex. (7)

Moreover BMFSI utilizes user-item specific features such as
N ratings for item j, given by N nearest-neighborhoods of
user ¢, which is not considered in matrix co-factorization and
RLFM.
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3 Model and Inference

In this section we present our hierarchical Bayesian modeling
for matrix factorization which utilizes side information and
explain how to our model brides Bayesian matrix factoriza-
tion (BMF) [Salakhutdinov and Mnih, 2008a] and RLFM. We
develop a variational inference algorithm to approximately
compute the posterior distributions over factor matrices and
provide rating prediction procedures for hold-out and fold-in
cases also in the variational inference framework.

3.1 Hierarchical Bayesian Modeling

The graphical model representing our hierarchical Bayesian
matrix factorization with side information (HBMEFSI) is
shown in Figure 1-(c). At first, the observed data X; is as-
sumed to be generated by a sum of inner product of latent
factors, bias terms regressed on the feature vectors, and noise:

Xij=ulvj+agf;+big;+E&;, (®)
for (4, ) € €, where (2 is a set of indices of observe entries in
X. The uncertainty in the model is absorbed by the noise &;;
which is assumed to be Gaussian, i.e., &; ~ N(€;;]0,p71)
where p is the precision (the inverse of variance). Thus, the
likelihood is given by

p(X | U7 Vva’()avO;p)

H N(Xijluj v +ag fi+byg;p7"). )
(i,5)€Q

The prior distributions over factor matrices U and V' are
assumed to be Gaussian:

I
pU0.) = [[N(ui|mi, ALY, (10)
=1
J
p(VI©,) = [[N(vlIn; ALY, (11)
j=1
where ©, = {{m;}._;,A,} and ©, = {{nj}jzl,AU}.

We further place Gaussian-Wishart priors on the ©,
{{mi}io1, Au} and ©, = {{n;}]_; Av}t:

P(©u| A, m0,70,v0, Wo) (12)
I
= HN('I’TLA mo + ATfi7 (fYOAu)il)W(Au‘WOa MO);
=1
p(©,| B, 10,70, v0, W) (13)
J
= HN(ni|n0+Bngﬂ(7OAU)7I)W(AU|W07NO)3

j=1

and finally place Gaussian priors on regression coefficient
matrices A € RP«*K B ¢ RP»*K and vectors ag € RP",
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Figure 1: The probabilistic graphical models of (a) Standard Bayesian matrix factorization without side information, (b)
Regression-based Latent Factor Model (RLFM) and (c) our hierarchical Bayesian matrix factorization with side information.

by € RP»: log-likelihood. Let Z be a set of all latent variables:
K 1 Z = {U,V,Au,AU,A,B,CLo,bo}. (20)
pA) = kl_[ N(ax|0, T, ), 1D The marginal log-likelihood log p(X) is given by
=1
K
_ logp(X) = log/p()@ Z)dz
p(B) = [[N@o. T, (15)
h=1 (X, 2)
> Z)log ———dZ
pla) = N(aol0,(Ty)™), (16) - /Q( )log q9(2)
p(b) = N(bo|0,(T)™"), (17 = Fla), 1)

matrices T, T?L € RDP«*Du and where Jensen’s inequality was useq to 0bta1p the vqnattonql
lower-bound F(q) and q(Z) is variational distribution that is
assumed to be factorized:

where the precision
T?,, T, € RPv*Dv are assumed to be diagonal.

In standard BMF (Figurel-(a)), means of the Gaussian-
Wishart priors, m and n, are shared for all users and items q(2) =qU)qg(V)q(Aw)q(Ay)q(A)g(B)g(ap)q(bg). (22)
and they generated from the non-informative constant vec-
tors, mg and ng, which are trivially set to zero. However our

HBMEFSI places individual means for Gaussian-Wishart pri-
ors, {m;}!_; and {n; }3’:1, by associating with correspond- q"(Z) o exp {<1ogp(X, Z)>q(z\Z)} VZeZ, (23

ing side information via regression:

Variational posterior distributions ¢*(-), are determined by
maximizing variational lower-bound F(g), leading to

where the expectation is taken with respect to the variational

T .
m; =mo+A f;+e, fori=1....1, (I8)  gistributions over all variables excluding Z. Variational pos-
n; =mng+ BT g, +ej for j=1,...,J. (19) terior distributions and corresponding updating equations for
' ) all latent variables Z € Z are summarized in Table 1.
Note that HBMFSI can be reduced to RLEM (Figure 1-(b)) We use the empirical Bayes estimation to update hyperpa-

if we marginalize out {ml}{:1 and {n;}/_ by using the
property of the linear Gaussian model. After marginalization,
the conditional distributions over factor matrices U and V'

rameters {p, mg, ng, Tg, T., TS, T,}. Setting derivatives
of the variational lower-bound F(q) to zero yields the updat-
ing equations for hyperparameters:

become
p(UA A mo) = [[N(uilmo+ AT £, (vA) ), o= 19 3 & @
pale} (i,4)€
p(VIA,Bing) = [[N(jlno+B g, (A,) 7, Mo i
=t 51“=<(Xij_u;r”j_agfi_bggj) >a (25)
where v = 70/(70 + 1). These conditional distributions are
equivalent to priors over factor matrices in RLFM (4, 5), pro- and
vided that my = ny = 0 and precision matrices, A, and A, 1Jd .
are set to isotropic. mo = 7 Zl [ (u;) — (A) fl} , (26)
3.2 Variational Inference P
We approximately computes posterior distributions over fac- ny = % Z { (v;) — B>T gj} , @7

tor matrices by maximizing a lower-bound on the marginal

<
Il
—

1595



Table 1: Variational posteriors and corresponding updating equations are summarized. The symbol (-) is the statistical ex-
pectation with respect to the corresponding variational distribution, €2; is a set of indices j for which Xj;; is observed,

I, € REXK 5 a diagonal matrix with K elements, A, € R¥ is the kth column vector of (A,), 1, = [1,...,1]T € RI,
Xz, =X — <a0>T fi— (bo)T g;, and C Z@ i f Variational posterior for latent variables corresponding to items
can be computed in similar way.
Variational distributions Updating equations for variational parameters Sufficient statistics
7" (U) Li=v(A)+p)cq, <'Uj”;r> (ui) =,
I - . u = -
=TT Nl L) | = L7 {7 (A") (mo + () £,) + 950, Kis (wi)} | (wiw] ) = L7 +pi9p]
q*(Au) vy =vp+ 1
= W(ALW 1) Wil =wit+ (W) - () F-mo1]) Bu) = 1 W
T ~
(O () F-mo1]) + T LT | ([Puer = T(CLHY))
a"(A) | He =T+ Ak Cu lan) = oo
=L Naklew, H ') | o = 7HY ! (awaf) = Hi" + o]
7 ~
AT AL () = mo)F, — Cu XAl (an) }
7" (av) Ho =T} +pXL, [11f. ] (a0) = @,
= N(aolpo, Hy ) ¢o = pHy" (avad) = Hy" + ¢op)
I T T
{Zi:l I Z]‘eszi (Xw ) <'Uj> — (bo) gj)}

and
(T0)aa = 1/{(aoag), (28)
K
(Tu)aa = K/ (aal),, 29)
k=1
ford=1,...,D, and
0 _ T
(Taa = 1/ (bobq ) . (30)
K
T, = K bib, ) 31
(Tv)d,d /’;<kk>d7d @31

ford=1,...,D,.

3.3 Prediction

We consider two kinds of prediction tasks in the collaborative
filtering: hold-out prediction and fold-in prediction. In the
hold-out prediction, we aim to predict a missing entry X;o jo
in the rating matrix X, where (i°, j°) ¢ €. To do this, we
simply make use of the posterior means of each variable:

Xiojo = (ui)' (vjo) + (ao) " fio + (bo) " g;0(32)

In the fold-in prediction, we want to predict the rating value
of a new user or new item. We assume that a user i is newly
added into the system and some rating entries x;+ made by

the user i+ are available. Then the prediction of an unknown
entry of the user i* can be made similarly to (32):

Xovj = (ug) (v;) + (ao) " fir +(bo) " g;,  (33)

where (u;+) is a mean of the predictive distribution over a
new factor w;+ given x;+, which can be defined by

p(uﬁlwﬁ,X):/p(ui+lwi+73)p(Z\X)dZ, (34)

where Z is the set of latent variables defined in (20). We
approximate the predictive distribution (34) by maximizing a
lower-bound on marginal log-posterior p(x;+| X ):

log p(x;+ | X) :log//p(wﬁ,uﬁ,Z|X)dui+d2

~ p(mi+7ui+7Z|X)
4. Z)1
/ / (o 2)log PR

= F(Q). (35)

\%

dui+ dZ

Variational distribution ¢(u;+, Z) is assumed to be factor-
ized:

q~(ui+ ’ Z) = (j(uz+)q*(z)7 (36)

where ¢* (Z) is fixed to the pre-trained variational distribution
in Table 1. For given pre-fixed ¢*(Z), the optimal variational
posterior ¢*(u;+) maximizing (35) is computed with single
update,

0" (uir) o< exp { (log pla [usr, 2)p(uf|12)) . ) } > B7)

yielding to Gaussian distribution such that

" (ui+) = N [0, L), (38)
where
Lie = v{A)+ (o) Y (vv]), (39)
JEQ, 4+
v = Ly (mo+ ()7 f)

+ o) > (Xiey— (ao)T o — (b0) T g,) () }-

JEQ 4

i
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Thus the prediction of unknown rating entry of the new user,
X+ ;j can be made based on (33) and (38):

Xivj =10+ (@) fiur + (bo) ' g;. (40)
The aforementioned prediction method can be similarly ap-
plied to predict missing ratings in the presence of a new item.

4 Bayesian Cramér-Rao Bound

Motivated by [Yoo and Choi, 2011], we provide Bayesian
Cramér-Rao Bound for our model, showing that our HMBFSI
improves the reconstruction over the standard BMF where the
side information is not used.

The Bayesian Cramér-Rao bound or Posterior Cramér-Rao
bound places a lower bound on the variance of any parametric
estimator [Tichavsky er al., 1998], as the inverse of the Fisher
information matrix F, which is written by,

((0-0@)(©®-6@) )=F", (1
where O(x) is the estimate of the 6. Each element of the
Fisher information matrix is defined by

2
Fig=- <a e (w’0)> : “2)
p(x.0)

00,00

where p(x, 0) is the joint probability between the obser-
vations and the parameters. The benefit of using BCRB over
classical Cramér-Rao bound is that the BCRB is known to
provide a lower bound on the variance of any parametric es-
timators, even for the unbiased ones [Tichavsky et al., 1998].

To compute the BCRB for HBMFSI, we rearrange the fac-
tor matrices and other parameters to be a vector form:

T T, T T T,T
0=[uy ---u; vy 1My Ny

vec(Ay) " vec(A,) " vec(A) T vec(B) ag by ], (43)

Each element of the Fisher information matrix is computed as
(42). The second derivatives of the log joint probability with
respect to elements of factor matrices are given by

02 logp(z, 0) N ]kk*,ﬂz y2
Uk, '7j7

...'U:]rm ...n;

277, .
0?Uk ;i =
92 logp(z, 0)
—=— 7 = —[A, — . .
8Uk iaUk+ ; [ ]k,k+ P Z Vk,JVk‘ﬂja
’ ’ JEQ;
O*logp(x,0)  0?logp(X,0) 0
OUy,iOUg i+ OUpiOUp+ i+
2 log p(zx, 0)
OUy,i0Vy -7 {(Xi’j B u’ij) o Uk-,in,j} )
02 logp(z, 0)
Z ST o Us Ve
8Uk7i8Vk+7j PPkt iV

In standard BMF where side information is not used, if we
set mg, ng to zero vector and Wy to an identity matrix as
in [Salakhutdinov and Mnih, 2008al, the most of the expecta-
tion above second derivatives are vanished and only nonzero
values come from the differentiating with the same parameter,

. <3210gp<w">> _ 4 A0+ Do
p(m70)

44
82Uk’i ’70(V0 — K — 1)’ ( )
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hence the Fisher information matrix becomes diagonal.

The Fisher information matrix of HBMFSI is also diagonal
but larger than (44) because of extra term involved with side
information,

9?logp(z, 0)

- (45)
< 82Uk7i >p(CC,0)
vo + p|Q4| (70 + V1o Tr—1
— T—1lg
KT +p> 9/T,"g;,

JEQ

hence has lower BCRB (the inverse of the fisher information
matrix) and also lower reconstruction error [Yoo and Choi,
20111].

S Numerical Experiments

We evaluated the proposed HBMFSI for the collaborative
prediction problem in both warm-start and cold-start situ-
ations, and compared the performance with that of BMF
[Salakhutdinov and Mnih, 2008al, BMCF [Yoo and Choi,
2012], BMFSI [Proteous et al., 2010] and RLFM [Agarwal
and Chen, 2009] to show the benefit of the HBMFSI.

Datasets: We conducted experiments on two MovieLens
datasets: MovieLens-100K, which consists of 100K ratings
with 943 users and 1682 movies, and MovieLens-1M, which
consisits of 1M ratings with 6040 users and 3706 movies.
MovieLens datasets provide side information for both users
and items. The user information which consists of the user’s
age, gender and occupation was encoded into a binary valued
vector with length 28. Similarity, the item information which
consists of the 18 category of movie genre was ecoded into a
binary valued vector with length 18. Ratings were normalized
to be zero-mean.

Evaluation Metris: The performance of the collabora-
tive predction algorithm was evaluated in terms of the widely
used root mean squared error (RMSE) defined by RMSE

= \/ + Zf\il (z; — &;)?, and mean absolute error (MAE) de-

fined by MAE = Zil |x; — @;|, where N is the total
number of test data points, x; and &; are the true rating and
predcited rating of the ¢-th test data, respectively.

Model Training: Because each model was trained by
different inferece algortihm such as Markov Chain Mornte
Carlo (BMF, BMFSI), Monte Carlo Expectation Maximiza-
tion (RLFM), and the variational method (BMCF, HBMFSI),
it is difficult to directly compare the effectiveness of the mod-
eling for side information. For this reason, we decided to train
all models by the variational method. We set the latent dimen-
sion K to 10 (compare to the Netflix data, relatively small
is sufficient for MovieLens datasets), and hyperparameters of
Gaussian-Wishart priorstovg = K, v =1 and Wy = 1.

Warm-start Performance: Firstly we investigate the pre-
dictive performance on the common warm-start situation with
MovieLens-1M data. The data is randomly split around 50%
taring and 50% test. Experiments are repeated ten times, and
we report their averages and standard deviations in Table 2.
We confirmed that HBMFSI outperforms other methods in
terms of both MAE and RMSE. Interestingly, BMFSI and
BMCEF showed slightly worse performance than BMF, even




Table 2: MAE and RMSE on MovieLens-1M data in warm-
start situation. The number in parenthesis represents the stan-
dard deviation.

Method MAE RMSE
BMF 0.6761(0.0005) | 0.8621(0.0005)
BMEFSI | 0.6785(0.0005) | 0.8636(0.0005)
BMCF | 0.6818(0.0009) | 0.8666(0.0008)
RLMF 0.6718(0.0004) | 0.8561(0.0004)
HBMESI | 0.6698(0.0005) | 0.8536(0.0005)

though side information is utilized. In the case of BMFSI,
similar result was reported in [Proteous et al., 2010], where
movie metadata which extracted from Wikipedia (e.g. movie
director, actors, languages) do not improve performance mea-
sured by RMSE in Netflix Prize data.

Cold-start Performance: Next we investigate the predic-
tive performance on the cold-start situation with MovieLens-
100K data. We considered the cold-start problems which can
occur in the hold-out prediction (prediction of missing rat-
ings of the existing users) and also in the fold-in prediction
(prediction of unknown ratings of the new users).

In the case of hold-out prediction, we randomly select 20%
ratings as the test data and train each model on ten taring
sets, which consist of 10%, 20%,. ..,100% of the remained
ratings. In the case of fold-in prediction, we randomly divide
the users into two sets: a test set containing 20% of the users
and training set containing the rest of the users. First each
model is trained on all ratings by the training users. For each
of the test users we train the model varying with the number
of given ratings from O to 20 according to the procedure out-
lined in Section 3.3. Experiments are repeated ten times for
both hold-out and fold-in predictions.

Figure 2 shows that HBMFSI outperforms BMF both in
hold-out and fold-in prediction. Especially HBMFSI signifi-
cantly improves the performance in fold-in prediction which
reflects practical cold-start situation more than hold-out pre-
diction. Experimental results also showed that side infor-
mation modeling used in RLFM and HBMFSI, where side
information is used to modeling the means of priors over
factor matrices is more efficient to utilize side information
than other methods including BMCF and BMFSI. Finally
HBMEFSI showed slightly better performance than RLFM,
which is a special case of our model.

6 Conclusions

We have presented hierarchical Bayesian matrix factorization
with side information, to handle cold-start problems. We used
side information to properly regularize user and item factor
matrices by placing Gaussian-Wishart priors on mean vectors
and precision matrices of Gaussian user and item factor ma-
trices, such that mean of each prior distribution is regressed
on corresponding side information. We developed variational
inference algorithms to approximately compute posterior dis-
tributions over user and item factor matrices. In addition, we
provided Bayesian Cramér-Rao Bound for our model, show-
ing that the hierarchical Bayesian matrix factorization with
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Figure 2: RMSE on MovieLens-100k data in cold-start situ-
dation: (a) hold-out prediction case, (b) fold-in prediction.

side information improves the reconstruction over the stan-
dard Bayesian matrix factorization where the side informa-
tion is not used. Experiments on MovieLens data demon-
strated the useful behavior of our model in the case of cold-
start and also warm-start problems.
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