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Abstract

We introduce language-based games, a generaliza-
tion of psychological games [Geanakoplos et al.,
1989] that can also capture reference-dependent
preferences [K6szegi and Rabin, 2006], which ex-
tend the domain of the utility function to situations,
maximal consistent sets in some language. The
role of the underlying language in this framework is
thus particularly critical. Of special interest are lan-
guages that can express only coarse beliefs [Mul-
lainathan, 2002]. Despite the expressive power of
the approach, we show that it can describe games
in a simple, natural way. Nash equilibrium and ra-
tionalizability are generalized to this setting; Nash
equilibrium is shown not to exist in general, while
the existence of rationalizable strategies is proved
under mild conditions.

1 Introduction

In a classical, normal-form game, an outcome is a tuple of
strategies, one for each player. Players’ preferences are for-
malized by utility functions defined on the set of all such out-
comes. This framework thereby hard-codes the assumption
that a player can prefer one state of the world to another only
insofar as they differ in the outcome of the game.

Perhaps unsurprisingly, this model is too restrictive to ac-
count for a broad class of interactions that otherwise seem
well-suited to a game-theoretic analysis. For example, one
might wish to model players who feel guilt, wish to surprise
their opponents, or are motivated by a desire to live up to what
is expected of them. Psychological game theory, beginning
with the work of Geanakoplos, Pearce, and Stachetti [1989]
and expanded by Battigalli and Duwfenberg [2009], is an en-
richment of the classical setting meant to capture such prefer-
ences and motivations. In a similar vein, reference-dependent
preferences [K8szegi and Rabin, 2006] formalizes phenom-
ena such as loss-aversion by augmenting players’ preferences
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with an additional sense of gain or loss derived by comparing
the actual outcome to what was expected.

In both of these approaches, the method of generalization
takes the same basic form: the domain of a utility function is
enlarged so as to include not only the outcomes of the game,
but also the beliefs of the players. The resulting domain may
be quite complex; for instance, in psychological game theory,
since the goal is to model preferences that depend not only on
beliefs about outcomes, but also beliefs about beliefs, beliefs
about beliefs about beliefs, and so on, the domain includes
infinite hierarchies of beliefs.

The model we present in this paper, though motivated in
part by a desire to capture belief-dependent preferences, is
geared towards a much more general goal. Besides being ex-
pressive enough to subsume existing systems such as those
described above, it establishes a general framework for mod-
eling players with richer preferences. Moreover, it is equally
capable of representing impoverished preferences, a canoni-
cal example of which are so-called “coarse beliefs” or “cat-
egorical thinking” [Mullainathan, 2002]. Coarse beliefs (be-
liefs that take only a small number of possible probability
values) often seem more natural than fine-grained (continu-
ous) beliefs when it comes to modeling human preferences.
As we show by example, utilities defined over coarse beliefs
provide a natural way of capturing some otherwise puzzling
behavior.

The core idea is that a player’s preferences are expressed
in some language. A player cannot place utility on something
that she cannot express. The language may include beliefs
(which allows us to capture psychological games), formulas
that talk about both expected and actual outcomes (which al-
lows us to capture reference-dependent preferences), and it
may be quite restricted (which allows us to capture coarse
beliefs). Players’ preferences can be expressed in a simple
and natural manner, narrowing the divide between intuition
and formalism. As a preliminary illustration of some of these
points, consider the following simple example.

Example 1.1: A surprise proposal. Alice and Bob have been
dating for a while now, and Bob has decided that the time is
right to pop the big question. Though he is not one for fancy
proposals, he does want it to be a surprise. In fact, if Alice
expects the proposal, Bob would prefer to postpone it entirely
until such time as it might be a surprise. Otherwise, if Alice is
not expecting it, Bob’s preference is to take the opportunity.



We might summarize this scenario by Table 1. In this table,
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Table 1: The surprise proposal.

we denote Bob’s two strategies, proposing and not proposing,
as p and —p, respectively, and use B 4p (respectively, =B 4p)
to denote that Alice is expecting (respectively, not expecting)
the proposal.

Granted, whether or not Alice expects a proposal may be
more than a binary affair: she may, for example, consider
a proposal unlikely, somewhat likely, very likely, or certain.
But there is good reason to think (see [Mullainathan, 2002])
that an accurate model of her expectations stops here, with
some small finite number k of distinct “levels” of belief,
rather than a continuum. Table 1, for simplicity, assumes that
k = 2, though this is easily generalized to larger values.

Note that although Alice does not have a choice to make
(formally, her strategy set is a singleton), she does have be-
liefs about which strategy Bob will choose. To represent
Bob’s preference for a surprise proposal, we must incorpo-
rate Alice’s beliefs about Bob’s choice of strategy into Bob’s
utility function. In psychological game theory, this is accom-
plished by letting « € [0, 1] be the probability that Alice as-
signs to Bob proposing, and defining Bob’s utility function
up in some simple way so that it is decreasing in « if Bob
chooses to propose, and increasing in « otherwise:
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The function up agrees with the table at its extreme points if
we identify B ap with a = 1 and =B 4p with o = 0. Other-
wise, for the infinity of other values that o may take between
0 and 1, up yields a linear combination of the appropriate
extreme points. Thus, in a sense, up is a continuous approx-
imation to a scenario that is essentially discrete.

We view Table 1 as defining Bob’s utility. To coax an actual
utility function from this table, let the variable S denote a
situation, which for the time being we can conceptualize as
a collection of statements about the game; in this case, these
include whether or not Bob is proposing, and whether or not
Alice believes he is proposing. We then define
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In other words, Bob’s utility is a function not merely of the
outcome of the game (p or —p), but of a more general object
we are calling a “situation”, and his utility in a given situation
S depends on his own actions combined with Alice’s beliefs
in exactly the manner prescribed by Table 1. As noted above,
we may very well wish to refine our representation of Al-
ice’s state of surprise by using more than two categories; we
spell out this straightforward generalization in the full paper.
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Indeed, we could allow a representation that permits continu-
ous probabilities, as has been done in the literature. However,
we will see that an “all-or-nothing” representation of belief is
enough to capture some interesting and complex games. il

The central concept we develop in this paper is that of a
language-based game, where utility is defined not on out-
comes or the Cartesian product of outcomes with some other
domain, but on situations. As noted, a situation can be con-
ceptualized as a collection of formulas about the game (tech-
nically, a maximal consistent set of formulas) in an appropri-
ate language, intuitively, the language that characterizes what
the player’s preferences depend on. Succinctly a player can
prefer one state of the world to another if and only if she can
describe the difference between the two, where “describe”
here means “express in the underlying language”.

Language-based games are thus parametrized by the un-
derlying language: changing the language changes the game.
The power and versatility of our approach derives in large part
from this dependence. Consider, for example, an underlying
language that contains only terms refering to players’ strate-
gies. With this language, players’ preferences can depend
only on the outcome of the game, as is the case classically.
Thus, classical game theory can be viewed as a special case
of the language-based approach of this paper (see Sections
2.1 and 2.2 for details).

Enriching the underlying language allows for an expan-
sion and refinement of players’ preferences; in this manner
we are able to subsume, for example, work on psychological
game theory and reference-dependent preferences, in addi-
tion to providing some uniformity to the project of defining
new and further expansions of the classical base. By contrast,
restricting the underlying language coarsens the domain of
player preference; this provides a framework for modeling
phenomena like coarse beliefs. A combination of these two
approaches yields a theory of belief-dependent preferences
incorporating coarse beliefs.

We give a few examples here of how the framework can
be used; we encourage the reader to consult the full paper for
more details. We make three major contributions. First, as
noted, our system is easy to use in the sense that players’ pref-
erences are represented with a simple and uncluttered formal-
ism; complex psychological phenomena can thus be captured
in a direct and intuitive manner. Second, we provide a for-
mal game-theoretic representation of coarse beliefs, and in so
doing, expose an important insight: a discrete representation
of belief, often conceptually and technically easier to work
with than its continuous counterpart, is sufficient to capture
psychological effects that have heretofore been modeled only
in a continuous framework. The full paper provides several
examples that illustrate these points. Third, we provide novel
equilibrium analyses that do not depend on the continuity of
the expected utility function as do Geanakoplos et al. [1989].
Note that such continuity assumptions are at odds with our
use of coarse beliefs. In particular, our main theorem demon-
strates that if the underlying language satisfies certain natural
“compactness” assumptions, then every game over this lan-
guage has rationalizable strategies; see the full paper for a
formalization of this theorem. In contrast, even under these



assumptions about the language, not every game has a Nash
equilibrium (see Example 2.1).

2 Foundations

2.1 Game forms and intuition

Much of the familiar apparatus of classical game theory is
left untouched. A game form is a tuple I' = (N, (3;);en)
where NV is a finite set of players, which for convenience we
take to be the set {1,...,n}, and ¥; is the set of strategies
available to player i. Following standard notation, we set
Y = [lieny i and X_; = [],,; ¥;. Elements of ¥ are
called outcomes or strategy profiles; given o € %, we de-
note by o; the ith component of the tuple o, and by o_; the
element of X _; consisting of all but the ¢th component of o.

Note that a game form does not come equipped with utility
functions specifying the preferences of players over outcomes
3. The utility functions we employ are defined on situations,
which in turn are determined by the underlying language, so,
before defining utility, we must first formalize these notions.

Informally, a sifuation is an exhaustive characterization of
a given state of affairs using descriptions drawn from the un-
derlying language. Assuming for the moment that we have
access to a fixed “language”, we might imagine a situation
as being generated by simply listing all statements from that
language that happen to be true of the world. Even at this in-
tuitive level, it should be evident that the informational con-
tent of a situation is completely dependent on the expres-
siveness of the language. If, for example, the underlying
language consists of exactly two descriptions, “It’s raining”
and “It’s not raining”, then there are only two situations:
{“It’s raining”} and {“It’s not raining”}. More formally, a
situation S is a set of formulas drawn from a larger pool of
well-formed formulas, the underlying language. We require
that S include as many formulas as possible while still being
consistent in a sense made precise below.

The present formulation, informal though it is, is sufficient
to allow us to capture a claim made in the introduction: any
classical game can be recovered in our framework with the
appropriate choice of underlying language. Specifically, let
the underlying language be X, the set of all strategy profiles.
Situations, in this case, are simply singleton subsets of ¥, as
any larger set would contain distinct and thus intuitively con-
tradictory descriptions of the outcome of the game. The set
of situations can thus be identified with the set of outcomes,
so a utility function defined on outcomes is readily identified
with one defined on situations.

In this instance the underlying language, consisting solely
of atomic, mutually incompatible formulas, is essentially
structureless; one might wonder why call it a “language” at
all, rather than merely a “set”. Although, in principle, there
are no restrictions on the kinds of objects we might consider
as languages, it can be very useful to focus on those with
some internal structure. This structure has two aspects: syn-
tactic and semantic.

2.2 Syntax, semantics, and situations

Given a set ® of primitive propositions, let £(®) denote
the propostional logic based on ®. This is easily special-
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ized to a game-theoretic setting. Given a game form I' =
(N, (Bi)ien), let

dr = {playl(ol) 1€ N, o; € ZZ},

where we read play,(o;) as “player ¢ is playing strategy o;”.
Then £(®r) is a language appropriate for reasoning about the
strategies chosen by the players in I'. We sometimes write
play(o) as an abbreviation for play, (o1) A - -+ A play,,(op).

As usual, a set of formulas F' is said to be satisfiable (with
respect to a set M of admissible models) if there is some
model in M in which every formula of F' is true. An £(®)-
situation is then defined to be a maximal satisfiable set of for-
mulas (with respect to the admissible models of £(®)): that
is, a satisfiable set with no proper superset that is also satis-
fiable. In the game-theoretic setting, an admissible model is
a valuation that, for each player ¢, makes exactly one of the
formulas play,(c) true (since each player can choose exactly
one strategy). Situations correspond to admissible models: a
situation just consists of all the formulas true in some admis-
sible model. Let S(L(®)) denote the set of L£(P)-situations.
It is not difficult to see that S(L(®r)) can be identified with
the set X of outcomes.

Having illustrated some of the principle concepts of our ap-
proach in the context of propositional logic, we now present
the definitions in complete generality. Let £ be a language
with an associated semantics, that is, a set of admissible mod-
els providing a notion of truth. We often use the term “lan-
guage” to refer to a set of well-formed formulas together
with a set of admissible models (this is sometimes called a
“logic”). An L-situation is a maximal satisfiable set of for-
mulas from £. Denote by S(L£) the set of L-situations. A
game form I' is extended to an £-game by adding utility func-
tions u; : S(L£) — R, one for each player i € N. L is called
the underlying language; we omit it as a prefix when it is
safe to do so.

If we extend I" to an £(®r)-game, the players’ utility func-
tions are essentially defined on X, so an £(®r)-game is re-
ally just a classical game based on I'. As we saw in Section
2.1, this class of games can also be represented with the com-
pletely structureless language Y. This may well be sufficient
for certain purposes, especially in cases where all we care
about are two or three formulas. However, a structured under-
lying language provides tools that can be useful for studying
the corresponding class of language-based games; in partic-
ular, it makes it easier to analyze the much broader class of
psychological games.

A psychological game is just like a classical game except
that players’ preferences can depend not only on what strate-
gies are played, but also on what beliefs are held. While
L(®r) is appropriate for reasoning about strategies, it cannot
express anything about beliefs. For this, we use a standard
modal logic of belief [Fagin et al., 1995].  But for many
applications of interest, understanding the (completely stan-
dard) details is not necessary. Example 1.1 was ultimately
analyzed as an Lp(®Pr)-game, despite the fact that we had
not even defined the syntax of this language at the time, let
alone its semantics. We conclude this extended abstract with
two more examples.

Example 2.1: Indignant altruism. Alice and Bob sit down



to play a classic game of prisoner’s dilemma, with one twist:
neither wishes to live up to low expectations. Specifically, if
Bob expects the worst of Alice (i.e. expects her to defect),
then Alice, indignant at Bob’s opinion of her, prefers to coop-
erate. Likewise for Bob. On the other hand, in the absense of
such low expectations from their opponent, each will revert
to their classical, self-serving behaviour.

The standard prisoner’s dilemma is summarized in Table 2:

c d
c| @33 (05
d| 3,0 | dn

Table 2: The classical prisoner’s dilemma.

Let u4, up denote the two players’ utility functions ac-
cording to this table, and let I" denote the game form obtained
by throwing away these functions: T' = ({4, B},¥4,Y5)
where ¥4 = Yp = {c,d}. We wish to define an L5 (Pr)-
game that captures the given scenario; to do so we must de-
fine new utility functions on S. Informally, if Bob is sure that
Alice will defect, then Alice’s utility for defecting is —1, re-
gardless of what Bob does, and likewise reversing the roles
of Alice and Bob; otherwise, utility is determined exactly as
it is classically.

Formally, we simply define v/, : S — R by

Wy (S) ={ -
UA(PA(S)a PB(S))

and similarly for u/;.

Intuitively, cooperating is rational for Alice if she thinks
that Bob is sure she will defect, since cooperating in this case
would yield a minimum utility of 0, whereas defecting would
result in a utility of —1. On the other hand, if Alice thinks
that Bob is not sure she’ll defect, then since her utility in this
case would be determined classically, it is rational for her to
defect, as usual.

This game has much in common with the surprise pro-
posal of Example 1.1: in both games, the essential element is
the desire to surprise another player. Perhaps unsurprisingly,
when players wish to surprise their opponents, Nash equilib-
ria fail to exist—even mixed strategy equilibria. Although
we have not yet defined Nash equilibrium in our setting, the
classical intuition is wholly applicable: a Nash equilibrium is
a state of play where players are happy with their choice of
strategies given accurate beliefs about what their opponents
will choose. But there is a fundamental tension between a
state of play where everyone has accurate beliefs, and one
where some player successfully surprises another.

We show formally in the full paper that this game has no
Nash equilibrium. On the other hand, players can certainly
best-respond to their beliefs, and the corresponding iterative
notion of rationalizability finds purchase here. In the full pa-
per we import this solution concept into our framework and
show that every strategy for the indignant altruist is rational-
izable.

if play 4(d) € S and
Bgplay,(d) € S
otherwise,
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Example 2.2: Preparing for a roadtrip. Alice has two tasks
to accomplish before embarking on a cross-country roadtrip:
she needs to buy a suitcase, and she needs to buy a car.

We choose the underlying language in such a way as to
capture two well-known “irrationalities” of consumers. First,
consumers often evaluate prices in a discontinuous way, be-
having, for instance, as if the difference between $299 and
$300 is more substantive than the difference between $300
and $301. Second, consumers who are willing to, say, drive
an extra 5 kilometers to save $50 on a $300 purchase are often
not willing to drive that same extra distance to save the same
amount of money on a $20,000 purchase.

The idea is to assume a certain kind of coarseness, specif-
ically, that the language over which Alice forms preferences
does not describe prices with infinite precision. For exam-
ple, we might assume that the language includes as primitive
propositions terms of the form pg, where () ranges over a
given partition of the real line, say of the form

-+~ U [280,290) U [290, 300) U [300,310) U - - - ,

at least around the $300 mark. Any utility function defined
over such a language cannot distinguish prices that fall into
the same partition. Thus, in the example above, Alice would
consider the prices $300 and $301 to be the same as far as her
preferences are concerned. If, moreover, we assume that the
partition that determines the underlying language is not only
coarse, but is coarser for higher prices, then Alice may very
well prefer a price of $300 to a price of $350, but not prefer
a price of $20,000 to a price of $20,050. This has a certain
intuitive appeal: the higher numbers get the less precise your
langauge is in describing them. Indeed, psychological ex-
periments have demonstrated that Weber’s law!, traditionally
applied to physical stimuli, finds purchase in the realm of nu-
merical perception: larger numbers are subjectively harder to
discriminate from one another [Moyer and Landauer, 1967;
Restle, 1978]. Our choice of underlying language repre-
sents this phenomenon simply, while exhibiting its explana-
tory power. il
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"Weber’s law asserts that the minimum difference between two
stimuli necessary for a subject to discriminate between them in-
creases as the magnitude of the stimuli increases.
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