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Abstract

This paper discusses combinatorial mechanisms for rea-
soning with conceptual graphs. We focus on the com-
binatorial aspects of a backtracking approach to the
NP-hard problem of projection, which is the main tool
for reasoning with conceptual graphs. We use effec-
tive graph-theoretical look-ahead procedures, based on
a conceptual forest decomposition of the graph to be
projected. We believe that our approach to projection
can improve the practical applicability of exponential
algorithms currently used to solve NP-hard problems.

Introduction

Conceptual graphs (CGs) are a visual knowledge represen-
tation formalism where information is encoded using a bi-
partite graph [11, 12], while their semantics can be mapped
into that of first order logic [3]. Roughly speaking, a CG cor-
responds to the ABox component of a Declarative Knowl-
edge Base (DKB) represented using a frame-based model
(e.g., a Description Logic). The TBox equivalent of a DKB
expressed using conceptual graphs, which is called the CG
support, is managed separately. By exploiting their visual

to projection [13], we relate its checking to the maximum
cligue problem. Our work is motivated by the belief that
efficient graph theoretical techniques must be employed to
enable the practical usability of projection as a reasoning
mechanism. This paper details the combinatorial aspects of
utilising effective graph-theoretical look-ahead procedures
for projection algorithms.

The presentation is organised as follows. We introduce
the main notions used throughout the paper and present the
matching graph. The algorithm for the construction of re-
duced matching graphs, and the combination lemma follow.
We then describe our novel ‘conceptual forest’ projection
checking procedure. This algorithm is used to derive our
method for the subsumption checking problem.

Conceptual graphs and projection

In this section, we briefly discuss and formalise a number of
CG-related notions — namely background knowledge (sup-
port), simple CGs, and projection — which are needed to
articulate the notion of matching graph in the next section.
These definitions follow the notations introduced in [3].

(Va, Eq)

Definition 1 (Bipartite graph) A graph G

assets, conceptual graphs can be used for addressing realwith the nodes séty = Vo U Vi, whereVe and Vi are

world interoperability issues [5, 8]. Reasoning with concep-

tual graphs is based on projection [11]. This labelled graph
homomorphism defines a generalisation-specialisation rela-
tion [4] such that there is a projection from a €&o a CG

H if G is more general thaly (G > H).

Unfortunately, deciding whether, given two conceptual
graphsG andH, G > H is an NP-complete problem [3, 1].
However, it has been shown that this problem is polynomi-
ally equivalent to other problems such as conjunctive query
containment [2] and query output in databases [7], constraint
satisfaction in combinatorial optimisation, and clause sub-
sumption in knowledge representation and reasoning [7].
Consequently, algorithms of exponential complexity with
fast execution time have been used in practical applications
when the size of the graphs involved is not too large [10].

We have devised a new structure, called the matching
graph, which exploits the combinatorial nature of graph
homomorphism checking [6]. Following other approaches
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finite disjoint nonempty sets, and each edge E is a two
element set = {v¢,vr}, Whereve € Vo andvg € Vi.

Ve is the set ofconcept verticesf G and Vi is the set
of relation verticeof G. E is a multiset — multiple edges
linking the same pair of vertices are allowed. Usually, a bi-
partite graphG is denoted a6/ = (V, Vgr; Eg). The num-
ber of edges incident with a nodee V(G) is the degree,
dg(v), of the nodev. An isolated vertexs a vertexv with

dG(U) =0.
Let G = (Veo, Vr; Eg) be a bipartite graph. If, for each
vr € Vg there is a linear orde#; = {vg,v1},...,ex =

{vr, v} on the set of edges incident tg; — wherek =
de(v), thenG is called arordered bipartite graph

As a simple way of stating an ordered bipartite gréph
we can provide a labelling: E¢ — {1,...,|Vc|}, where
I({vgr,w}) is the index of the edgévg, w} in the above
ordering of the edges incident i@ to vg. The labell is
called theorder labellingof the edges of.

An ordered bipartite graph is denoted b§
(Ve,Vr; Eg,l). For a vertexv € Vo U Vg, Ng(v) de-



notes theneighbours setf v, i.e. Ng(v) = {w € Vo U
Vr|{v,w} € Eg}. Similarly, if A C Vg U Vg, its neigh-
bours sets denoted asVg(A) = UycaNg(v) — A. For
eachr € Vg, Ni(r) denotes the-th neighbour ofr, i.e.
v = Nj(r),iff {r,v} € Eg andi({r,v}) =i.

In this paper we restrict our focus to a particular type of
subgraph of a bipartite grapli! = (V2, V2; EG) is a sub-
graph ofG = (Ve, Vg; Eg) if Vi C Vg, V5 = No (Vi)
andE} = { {v,w} € Eglv € VA, w € VAL In other
words, we require that the (ordered) set of all edges incident
in G to a vertex froml/} must appear ir7'. Therefore the
subgraplG'! is completely specified by its relation vertex set
and will be denoted a8/ | ,. As we only consider bipartite
graphs without isolated concept vertices, tlier= [Vz] .
Moreover, ifA, B C Eg then the usual uniopd]¢U[B] ¢ of
the graphs$A]s and[B]¢ is the subgraplA U B]q. Hence,
if Vg = {r1,...,7m} andG; is the (star) grapr{{ri}}c
(1 <i<m), thenG =G U...UG,.

Background knowledge (i.e. ontological knowledge con-
sisting of entities organised as a partially ordered set) is en-
coded in a structure calleipport. The support is implicitly
used in the representationfattual knowledgas an ordered
bipartite labelled graph.

Definition 2 (Support)
A support is a 4-tuple = (T¢, Tr,Z, *) where

Tc is poset, i.e. a finite partially ordered sefl¢, <) of
concept typesdefining a type hierarchyz,y € To « <
y means that: is a subtype of). The hierarchy has a
topmost element ¢.

T is a finite set ofelation typegpartitioned intok posets
(Th, <)i=1,x of relation types with arityi (1 < i < k),
wherek is the maximum arity of a relation type ifiz.
Each relation typer € T% of arity i has asignature
o(r) € Te x ... x T¢, specifying the maximum concept
4 times
type of each of its arguments. The notatidn,, . .., x;)
means thatz; is a concept withtype(z;) < o(r);
(1 < j <4). The partial orders on relation types of the
same arity must bsignature compatibja.e. Vry,ry €
TIl% rt <ro = 0'(7”1) < 0'(7’2).

e 7 is a countable set ohdividual markersused to refer
to specific concepts, while is the generic markeused
to refer to an unspecified concept of a specified type. The
four setsl¢, Tr, Z, and{x} are mutually disjoint and the
union setZ U {x} is partially ordered byr < y if and only
ifx=yory=x.

A conceptual graph is a structure that depicts factual in-
formation about the background knowledge contained in its
support. This information is presented in a visual manner as

Definition 3 (Simple CGs)

A simple conceptual graph is a 3-tupleG = [S,G, )]
where:

e S=(T¢,Tr,ZI,x)is asupport;

e G = (Vo,Vg; Eg,l) is an ordered bipartite graph;

e )\ is a labelling of the nodes it with elements from the
supportS, wherevr : r € Vg, A(r) € TgG(’”); Ve:c€
Ve, Mc) € Te x (ZU {x}) such that ifc = Nj(r),
A(r) =t andX(c) = (t., ref.) thent, < o;(r).

Therefore, each relation nodeis labelled by arelation
typedenoted asype(c) with an associated signature of arity
given by the degree of the noden G. Each concept node
cis labelled by a couplé&ype(c), ref(c)), wheretype(c) is
the typeof the nodec andref(c) is thereferentof c. This
referent either belongs tb (whenc is said to be amndivid-
ual concept nodeor is the generic marker(whenc is said
to be ageneric concept nojle

When the support is implicit, a SCG is denoted by the
pair SG = (G, \). If SG = (G,\) is a SCG and7; is a
bipartite subgraph of7, thenSG, = (G1, A1), where); is
the restriction of the labelling functioh to the vertices of
(1, is aconceptual subgrapbf SG.

The subsumption relation, which is called projection in
the context of conceptual graphs, is the main tool for rea-
soning with simple CGs. It corresponds to deduction for the
existential conjunctive and positive fragment of first order
logic [2].

Definition 4 (Projection)

If SG = (G, \g) and SH = (H, Ay ) are two simple con-
ceptual graphs defined on the same suppirthen apro-
jectionSG — SH is amapping 7 : Vo(G) U VR(G) —
VC(H) U Vr(H) where:

7(Vo(G)) € Vo(H) andr(Vr(G)) € Vr(H);
. V(’ € Vo(G) andVr € Vi(G), if c = N (r) thenr(c) =
N (II(r
o Vv € Vo (G) UVR(G), Ag(v) = Au(m(v)).

The set of all projections fron§G to SH will be denoted
asIlg_.y = {m|r isa projection from SG to SH}. If
IIg_ gy # 0 thenSG is said tosubsumes H; symbolically,
this is denoted aSG > SH.

The subsumption relatiolis a pre-order on the set of all
the SCGs defined on the same support. A semandtics
provided in [11], which maps each SAGbased on a sup-
port .S into a first order logic formulab(G). If ®(S) is the
set of formulas associated & then for any two SCGs&/
and H defined onS, if G > H then®(S),®(H) = ®(G)
(soundnegs Conversely,Completenesgin formulae, if
®(5),®(H) E ®(G) thenG > H) only holds if H is in
normal form, i.e. if each individual marker appears at most

(G
);
@

an ordered bipartite graph, whose nodes have been labelledonce in concept node labels [9].

with elements from the support.
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Although subsumption checking is an NP-complete prob-
lem [3, 1], engineering a backtracking algorithm could be
computationally worthwhile. Hence, below we introduce
our engineering approach to the problem.



The matching graph manouevre

Suppose that we want to test$iG > SH, whereSG =
(G, \¢) and SH = (H,\py) are two simple conceptual
graphs defined on the same supgrtf SGy = (G1, \g,)

is a conceptual subgraph 61G, thenn|y (,) (the restric-
tion of eachr € Il _,  to vertices ofG;) is a projection of
SG1 to SH.

Moreover, if (A, B) is a partition of the set of relation
vertices of G and therefore@ = [A]¢ U [Blg, then, for
everym € Ilg_.p, we haver| unga) € 4, and
7T|BUNc;(B) S H[B]GHH' Clearly, ifv € Ng(A) N Ng(B)
thenn| aung 4)(v) = 7| Bung (B) (V) (= 7(v)). The follow-
ing lemma holds.

Lemma 1 (Combination lemma)

If SG = (G,\¢) and SH = (H,\y) are two simple
conceptual graphs defined on the same suppoénd if
G = [A]g U [B]g, where(A, B) is a partition of the set
of relation vertices of7, then

gy = w: V(G) — V(H)ETFA S H[A]G*,H,HTI'B <
Il(p),—nm suchthatr|s = 7ma, w|p = mp and Vv € Ng(A) N
Ng(B): wa(v) =7mp(v) .

LetG = G U...UG,,, whereG, is the (star) graph
{ri}l, (1 <i<m)andVr(G) = {r1,...,rm}. Byiter-
atively using the above lemma, we construct thel$gt.. 5
by findingall the mutually compatible projectiorts the star
graphsG; to H. A projection ofG; to H is completely de-
termined by a star grapH; of H, H; = [{s;}],, with the
property Ag(r;) > Am(s;)andVj = 1k, = dg(r;)(=
dr(si)) + Aa(NG(ri)) > Aa(Ng(si)).

Let (r;, s;) and(r;, s;) describe individual projections of
star graphg>; andG; these projections are compatible if

NE(ri) = Ng(rj) = Nig(si) = Ny (s;).

The matching grap®_. iy is a conceptual tool for man-
aging the mutual compatibilities between individual projec-
tions of the star graphs @¥. The vertices of this graph are
pairs(r, s), wherer € Vz(G) ands € Vr(H) represent the
projection of the star grapf{r}] , into [{s}] ;.

The edges oM¢_ g = (V, E) show that their extrem-
ities represent a pair of compatible projections. More pre-
cisely:

Definition 5 Let SG = (G, Ag) and SH = (H, \y) be
two simple conceptual graphs without isolated concept ver-
tices defined on the same supp8rtThematching graplof
SG andSH is the graphMg_. iy = (V, E) where:

o V C Vi(G) x Vi(H) is the set of all pairgr, s) such
thatr € Vr(G), s € Vr(H), Aa(r) > Ag(s) and for
eachi € {1,....da(r)} Aa(N&(r) = Au(Ni(s).
For eachr € Vi(G) letV, = {(r,s) € V(Mg_n)}.

e F is the set of all 2-set§(r, s), (r', ")}, wherer # r/,
(r,s),(r',8") € V and for eachi € {1,...,d(r)} and
j€{1,...,dg(r")} such thatVi,(r) = N{(r'), the con-
dition N, (s) = N7, (s') holds.
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The setd/,. are disjoint, their union i¥% (M¢_. 5 ), and no
two vertices of the samg. are adjacent iM_. g (i.e. each
V, is a stable set in this graph). This means tha}, cv,, ()
is acolouringof the matching grapMqg_. 7.

A g-clique in a graphF is a set ofq pairwise adjacent
vertices. The maximum positive numbegfor which there
is ag-clique in F' is denoted by (F'). We denote by’ ¢ the
family of all w(F')-cliques of the grapl#’.

Clearly w(Mg_g) < |Vr(G)|, since no clique of
Meg_. g can have more than a vertex from a stable set
V... From the above discussion it follows that 4f <
Il g is a projection fromSG to SH, then{(r, = (r))|r €
Vr(G)} is a |Vg(G)|-cligue in Mg_, . Conversely, if
{(r1,51), .-+, (Tm, sm)} is a |Vgr(G)|-cliqgue in Mg_ g,
then taking for each: 1,m, m(r;) <« s; and
n(NL(ri)) < m(N{;(s:)) (for eachj-neighbour of-; in G),
we obtain a projection of G to SH. Hence, the following
theorem holds.

Theorem 1 Let SG = (G,\¢) and SH = (H,\y) be

two SCGs without isolated concept vertices defined on the
same suppor§ and letMq_. iy = (V, E) be their matching
graph. The following two conditions hold:

1. SG > SH, that isTlg_g # 0, if and only if
wMg—u) = [Vr(G)|

2. f IIg_yg # 0, then there is a 1:1 mapping between
Chig. i andIlg_ gy

Consequently, the problem of deciding whetts&r >
S H is reduced to the problem of testing whether the match-
ing graphM¢_. g has a clique with exactly one vertex in
each stable sét... If any V,. is empty (or if there is a vertex
(r,s) € V,. with no neighbour in somg,. with r # '), then
there is ngVy(G)|-clique inM¢_, iy that containgr, s).

Thereduced matching graptRMG) of SG andS H is the
graph obtained froVl_. g by eventually deleting a vertex
with no neighbour in some nonempty stable 8ethat does
not contain that vertex. The RMG is denotedR¥I._, .

It follows thatw (Mg i) = |Vr(G)| & w(RMg_p) =
|Vr(G)| and the above theorem holds wiiM ¢, ;; instead
of Ma_g.

This reduction could be computationally worthwhile,
since it removes from the very beginning some individual
projections of the relation vertices 6f, which do not be-
long to a projection of the whole gragh.

Reduced matching graph algorithm

Our algorithm devised to construct reduced matching graphs
is as follows.

1.for eachr € Vg(G) do {
Ve —0;
for eachs € Vr(H) do
if Aa(r) > Au(s)
and Ag(N&(r)) > Aa (N3 (8))iz1,de ()
thenV,. — V., Uu{(r,s)}; }
2. for eachr € Vz(G) do
for each(r, s) € V.- do




for eachr’ € Vr(G), v #rdo {
dvig_ 5 ((r,8))p <= 0; Adj((r,8))pr — 0;
for each(r’, s") € V,. do
if Vi N&(r) = N&(s') = Nig(s) = Nii(s')
then{ dug_,((r,s)) ++;
Adj((r,s))r — Adj((r,s)) U{(r',s") }; }

3. Initialize as empty a stack of vertices ofMq_ ;
for eachr € Vr(G) do
for each(r, s) € V. do
if 3r' € Vr(GQ),r" #rst.dug_,;((r,8)) =0
thenadd(r,s)to S ;
while S is nonemptydo {
unstack(r, s), the top element of stack;
for eachr’ € Vr(G),r’ # r do
for each(r’, s’) € Adj((r,s)),» do {
delete(r, s) from Adj((r', s))r;
dMg .y ((rlv 5/))7‘ —dug_.u ((T/7 5/))7‘ -1
if duig ., ((17,8")r =0
thenadd(r’,s’) to S; }
Vo = Ve —{(r9)} '}

Letm¢g (mgy) be the number of relation vertices of graph
G (H) andeg (eq) the number of edges of gragh( H ).
If the comparison of each label is accomplished in con-
stant time, then the time complexity of algorithm step 1 is
O(mg - mpy - eg). Moreover, as the number of vertices of
graphM¢_, i is O(m¢ - my ), the time complexity of algo-
rithm step 2 isO(mZ, - m?%). In algorithm step 3, the ver-
tices(r, s) of graphM¢_. i are collected in the stack in
O(m%-my). These vertices will be deleted, since they have
no neighbours in some nonempty stablei$e(r’ # r). The

A new projection checking algorithm

Definition 6 The SCGSF = (F, A\r) without isolated con-
cept vertices is ordered in an acyclic way if its set of rela-
tion, namelyVg(F) = {r1,...,rm}, is ordered in such a
way that eachr; (2 < i < m) has at most one concept
neighbour in the set of concept neighbours-of. .., r;_4,

ie. if

(%)

An simple conceptual graph ordered in an acyclic vsdy

is called asimple conceptual foressince condition(x) im-

plies that each connected component of the bipartite graph
F = (Vo(F),Vr(F); E(F)) is a tree (i.e. this condition
implies thatF’ is connected and has no cycle of length2).
Conversely, if the bipartite grapR has no cycle of length

> 2, then any breadth-first traversal 6fstarting from an
arbitrary relation vertex; provides an ordering oV (F')

that satisfiegx) in O(|Ve(F) U Vr(F)]) time.

In the following, we suppose that any conceptual for-
estSF = (F,)\r) is provided with an acyclic ordering,
Vr(F) = {r1,...,rn}, and with an arraparent|r;];=1,m
suchthavi € {1,...,m}, whereparent[r;] € {r1,...,r;}
has the following interpretation:

INp(ri)) " Np({r,...,ri1}| <1 Vi=2,m.

1. parent|r;) = r; < Np(ri) N Ne({r1,..

2. parent[r;] rp (3 < 1)
NF({T'l, C ,7'1'_1}) = {C};C S NF(T‘j).
Let SF = (F,\r) be a conceptual forestSH

(H, ) be a SCG defined on the same supp®rtand

let RMgr_g = (V,E) be their reduced matching graph.

As described in the previous section, if the acyclic order-

ing of Fis Vg(F) = {r1,...,rm}, then the construction

.,7"1'—1}):®§
= NF(TZ') N

vertex deletion process is controlled in order to capture all of R, = (V, E) provides the set¥,, (i = 1,m)

the new occurrences of a vertex that must be deleted in the g,cn thatyy =
current graph. In this case, each vertex occurrence is addedVT_ V.
i 5

to the stackS. The overall complexity of algorithm step 3
is dominated by step 2. Hence, graRil;_. y can be con-
structed inO(mZ - m%) time. The projection checking al-
gorithm that follows from Theorem 1 can be now described
as follows:

Construct the reduced matching grapilc—. ir;
Find the clique numbes(RMa—.);

If w(RMG_)H) < ‘VR(G)‘

thenreturn G »? H”

else return”G > H” and a cliquel) € Cgiy,

wh e

The key point in this algorithm is step 2, which corre-
sponds to the problem of finding a maximum clique in a mul-
tipartite graph. This can be solved either by using a back-
tracking approach in case of ‘small graphs’ or by using dis-
tinct approximate techniques developed for the combinator-
ial optimisation of the max-clique problem. However, there
are favourable combinatorial CG structures where this prob-
lem is polynomially solvable whenever the RMG belongs to

a subset of max-clique problem instances. If that is the case,

we can make use of our algorithm introduced below.
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Ui=1,mVr,. Moreover, ifi # j and

# (), then for each vertexr;,s) € V,, there

is a nonempty adjacency listdj((r;,s)), containing the
RMF_, z-neighbours in the set,., of vertex (r;,s). The
fact entailed by the acyclic structure of the conceptual forest
is that graptRM ¢, y and itsm-colouring(V;., );=1,, €en-
code all the information abodl »_, ;. More precisely, the
following theorem holds.

Theorem 2 Let SF = (F,\r) be a conceptual forest,
SH = (H,\pg) a SCG defined on the same suppSit
and letRMr_, i be their reduced matching graphThen,
a projection fromSF' to SH exists if and only if, for each
r € Vgr(F), the reduced matching grapRMp_. 5 has
Ve #0.

Proof. According to theorem 1, it is sufficiently to prove that
if V., # 0foreachi € {1,...,m}, thenw(RMp_g) = m.
This follows from the fact that eachclique @ of RMz_, g,
(1 <1i < m— 1), which intersect the firstcolour setd/,.,,
can be extended to dn+ 1)-clique of RMp_. iy by adding
anew vertex fronV,. .

Indeed, ifparent|r;+1] = ri+1, then each vertefe; 1, s)
is adjacent inRRM . to all vertices inU;—; ;1V;., and
Q U {(rit1,s)} is an (i + 1)-clique. If parentr;11] =
r; (j <1),thenQ NV, # 0 given our choice of).



Let {(r;,s")} = Q NV, (riy1,5) be any vertex from
Adj((rj,s"))r.,, and let(r,s"”) be an arbitrary vertex of
Q. If NF(’I“) N NF(TH-I) =+ 0, thenNF(r) N NF(Ti+1) =
Np(rj) N Np(ri41). Since(r;, s') is adjacent tqr;41, s),
it follows that (r, ) is adjacent tr;11,s). If Ng(r) N
Npg(riz1) = 0then(r, s”) is adjacent tdr;;1, s).

We have obtained thét; .1, s) is adjacent ilRMg_, i to
all vertices in@, i.e. Q U {(r;41,s)} is an(i + 1)-clique,
and the theorem is thus proved.

Furthermore, it follows from it that the recursive algo-

RM¢g_ g |Q the subgraph dRM s_, 5y induced by the set of
vertices{(r,s) € V(RMg_pg)|r € B,Q C Nrmq_ ()}

Lemma 3 The set of projections of the conceptual subgraph
[B]e to SH, which extend the projection 9f] repre-
sented by to a projection of the entiré'G to SH, is con-
tained inCgy, .~ Q-

We repeatedly use these lemmas to decompose an arbi-
trary SCGSG = (G, \¢) into conceptual forest subgraphs.
This is due to the algorithmic reductions described in Theo-

rithm introduced below can be used to generate the set of rem 2 and the algorithm previously designed.

all maximum cliques otfng’MFﬂH e Ilp_g.

Generate(evel)

Input: level the current size of the clique constructed.
First call is forlevel = 0.

Global variablesArray @, the current clique constructed.
Reduced matching gragM g, g: setsV;,, # 0
and adjacency listddj((ri, s))-; # 0 for each

(ri,s) € Vy, andi # j € {1,...,m}.
Array parent associated to an acyclic ordering:
{7’1, c. ,rm} of VR(F)

Output:Cgyy,. _,, » the set of alin-cliques ofRMr—., r,

initially empty.

{ level + +
if level > mthenCgy,.  ,, < Cru,_, UQ
else ifparent[ricvel] = Tievel
then fOI’ eaCh(Tlevelv S) € ‘/T'level
Q[level] — (T'levela S);
Generate(evel) }
else{
let (Tj, Sl) — Q[parent[rlevel”
for eaCh(Tlevel, 3) € Ad]((?”7, 5l))""level do {
Q[level] — (Tlevely 3)
Generatefevel) } } }

do{

In the above algorithm the time complexity per clique
generated i€)(m).

The algorithmic implications of Theorem 2 w.r.t. the gen-
eral projection checking problem ‘SG SH 7' (where
SG is an arbitrary SCG) are facilitated by the following two
RMG properties, which describe an effective application of
the Combination Lemma

LetSG > SH, A C Vi(G) and [etRM 4,  be the sub-
graph ofRM_, i induced by the set of verticdgr, s) €
V(RM¢g_m)|r € A}. In our representation of the reduced
matching graph (as described in Section 2), gfaptis . 5
can be obtained by considering only the adjacency lists of
these vertices with respect t. Note thatRM 4 .y is a
subgraph of the matching graftM 4, . ;. Statement (ii)
in Theorem 1 implies the following lemma.

Lemma 2 The set of all projections of conceptual subgraph
[A] to SH, which can be extended to a projection of the
entire simple conceptual graphG into S H, is contained in
Ceniypr

Moreover, letVg(G) = AUB (A,B # 0,ANB =
0), and @ be an|A|-clique of RM4_ . We denote by
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Definition 7 Let SG = (G, Ag) be an arbitrary SCG. An
acyclic decomposition G is a unionG = F} U ... U Fy,
suchthat(Vg(F1),..., Vr(Fx)) is a partition intok classes
of Vg(G), wherel < k < |Vi(G)| and F; are conceptual
forest subgraphs.

Since the numbek of conceptual subforests in which a
conceptual graph can be decomposed is relatively small in
practical applications, here we are not concerned with the
minimisation of this parameter (which we suspect to be a
N P-hard problem). Instead, we use the following greedy
method to obtain an acyclic decomposition.

Input: SCGSG = (G, A\a)
Output:Acyclic decompositiorG = Fy U ... U Fy, where
F;, = [{r’i,...,rim}}c (i=1,k)is
a conceptual subforest 6f.
{ ri « r, an arbitrary relation vertex 6fz(G)
my «— 1,k +—1; VR(G) — VR(G) — {T}
for eachr € Vr(G) do{
placed — false; j «— 1
while (j < k & notplaced ) do {
if Na(r) N Na({r],..., rfnj H=0
then {
m; + +; rﬁ;lj —r; parem‘[rinj] — rﬁ'nj;
placed — true; }
else if|[Ng(r) N Na({r], ..., ri ) =1
then {
mj + +; Tiﬂj «— r; placed «— true;
find r}, such thatNe (r) N N (r7,) # 0;
parent[rfnj] —r; }
elsej ++ }
if notplaced then {
k++; mp — 1 rf
parent[r¥] —r } } }

The above procedure can be used as a preprocessing ‘step
0’ in the projection checking algorithm outlined at the end of
the section describing the reduced matching graph construc-
tion algorithm. Step 1 remains unchanged, with the reduced
matching grapfiRM_, g encoding (by way of Lemma 2)
the entire set of reduced matching grafflely, .y (i =
1,k). Steps 2 and 3 are implemented using a backtracking
scheme working with ‘big’ steps corresponding to each con-
ceptual forest constructed in the preprocessing step. More
precisely, we maintain a current partial soluti@n, . .., Qy,
describing the current projection 61 U. . .UF}, to H. From



Lemma 3 the compatible projections of the remaining graph
Fy1U. . .UF, must be searched in gra@Mh, which only
contains théRM" ! vertices that are adjacent to all vertices
in Q1,...,Qy. Initially, that holds forh = 0, RM° simply
beingRM¢_. g.

In the following description of the algorithm, we use the
term ‘for each clique irCg),, . " It denotes the call of
Generate in order to determine the maximum cliques of
RMg_. g whenF' is a conceptual forest.

Input: SCG'sSG = (G, A\¢) andSH = (H, \n)
Output:Either'G 2 H' or’G > H”
and cligue@ encoding the projection constructed.
1. Preprocessing step:
Find an acyclic decompositiad = F1 U ... U Fy;
Construct the reduced matching grapilc . i;
RMC — RMq_ z; found «— false;
2. Find_Projection(0);
if not found then‘G » H ' else
‘GZH,IQ:Qlu...UQk.
Find Projection(h);
if not found then
if h = k then found < true
else if(Vr € Ui—p 11,1 Vr(F:), RM" hasV, # ()

then for each cliqueR € C@JM;}] - do {
constructRM"1;
Qhy1 — Q;

Find Projection(h + 1) }

Conclusions
In this paper we introduced a further step along the [6]

results, discussing an approach that uses graph-theoretical
tools to speed-up reasoning with CGs. Our approach uses
effective look-ahead graph theoretical procedures based on

a conceptual forest decomposition of the graph to be pro-
jected. Until now, the various approaches to conceptual
graph projection proposed in the literature did not fully use
the rich combinatorial structure of CGs. By exploiting this

structure, our algorithm is able to eliminate unneeded com-
parisons, providing improved complexity results over exist-

ing techniques. Further efficiencies are obtained by studying

a graph’s acyclic tree decomposition in the context of its cor-

responding reduced matching graph. These techniques, in

our opinion, will be useful to any CG based system making
use of projection.

As previously mentioned, conceptual graph reasoning is
polynomially equivalent to constraint satisfaction in combi-
natorial optimization. Further investigation of tree decom-
position mechanisms from a constraint satisfaction point of
view, and applying them to our work, promises to be a fruit-
ful future area of research.
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