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Abstract he or she is still undecided about the rest. It is possible now
to use the integrity constraints to derive more complete in-
formation about what will be the final selection of the stu-
main. In this paper, we present a method to compute from de_nt. Eg., '.f course, _has been Se_leaed'.we .Can derive that
a given theory and finite domain approximate structurea ¢z IS not going to be in the selection. ¢ is rejected from
structure that approximates all models. We show confluence ~ the selection and belongs to module,, thenms cannot

of this method and investigate its complexity. We discuss  be selected. Ifn; is the only module that still can be se-
some applications, including 3-valued query answering in in- lected,m; will be in the students selection. Etc. Clearly, this
tegrated and partially incomplete databases, and improved  form of inference could be useful for integrity checking and
grounding in the context of model expansion for first-order for query answering in incomplete databases under integrity
logic. constraints (Greco and Molinaro 2007; Cortés-Calabuig et

al. 2006).

Many computational settings are concerned with finding (all)
models of a first-order logic theory for a fixed, finite do-

Introduction

In this paper, a technique is developed to approximate all _
models of a given first-order logic (FO) theory that share !N general, a method to perform the above sort of deriva-
a fixed finite domain. The method is an any-time algo- tions is by computing the sef of all models of a the-
rithm that takes as input a FO theory and a finite three- ©OfY of integrity constraints that exter_ld the given mcomplete_
valued structure specifying the domain and (partial) knowl- database. In the above example, if a course or module is
edge about the predicate and function symbols, and that pro- Sélected in all models is, it will occur in the ultimate se-
duces a refined three-valued structure that approximates all léction of the student. Vice versa, if it is not selected in
models of the theory that are compatible with the input struc- any model inS, it cannot be selected by the student with-
ture. Such a technique is useful for many reasoning tasks in OUt causing an integrity violation. The problem with the
the context of incomplete knowledge. s_ke_tched method is that, in general,_ the s_lzﬁ m‘expo_nen- _
As an example, consider a database application allowing fial in the size of the database, making this method impracti-
university students to make up their teaching program by calin _real|st|c applications. Therefore, itis useful to de_velop
selecting certain didactic modules and courses. Below, we {€chniques that compute an approximation of the desired re-
illustrate some integrity constraints that might be imposed Sults without having to computg. The method presented in

on the selections: this paper accomplishes this by starting from a partial struc-
ture and gradually refining it by propagating the individual

—(Selected(cy) A Selected(cs)) (1) integrity constraints, thus producing a converging sequence

Im Module(m) A Selected(m) 2) of gradually more precise partial structures, each of which

approximates all elements &f. We show that if the FO
vm (Module(m) A Selected(m) formulas are in a specific form, called Equivalence Normal
D Ve (Course(c) A In(m, c) D Selected(c)))  (3) Form, the algorithm is tractable, and that each FO theory
can be brought in this form in linear time. To further reduce
he complexity of the method, we investigate a variant of
he algorithm that uses symbolic representations of the par-
tial structures that approximate We also briefly study the
accuracy of the computed approximation. Finally, we dis-
cuss applications, not only in the context of partially incom-
ete or integrated databases (Grahne and Mendelzon 1999;
ortés-Calabuig et al. 2007), but also in the context of
Copyright(© 2008, Association for the Advancement of Artificial ~ grounding for FO model expansion problems (Mitchell and
Intelligence (www.aaai.org). All rights reserved. Ternovska 2005).

The first constraint states that courgeandc, are mutually
exclusive, the second one expresses that at least one modul
should be taken and the third one ensures that all courses
of a selected module are selected. Assume that, at some
point in the application, amcompletedatabase is obtained,
specifying that some student has selected some modules or I
courses, that the student has rejected some others, and thaE
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Preliminaries
First-Order Logic (FO)

We assume the reader is familiar with FO. We introduce the
conventions and notations used throughout this paper.

A vocabulary?: consists ofl, T, variables, function and
predicate symbols . Variables are denoted by lowercase let-
ters, predicate and function symbols by uppercase letters.
Tuples of variables are denoted Bbyy, etc. Abusing nota-
tion, we also use to denote the set of variables occurring in
the tuplez. For a formulap, we often writep[Z], to indicate
thatT are precisely the free variables of

A formula is in term normal form(TNF) when all
its atomic subformulas are of the forf(zq,...,z,),
F(z1,...,@y) = Tpy1 OFr 21 = 29, Wherexy, ..., xy41
aren + 1 different variables. Each formula is equivalent to
a formulain TNF.

The truth valuesrue andfalseare denoted by andf. A
Y-interpretation consists of a domaif and an assignment
of appropriate values to each of its symbols, i.e.:

— tto T andfto L;
— an element! € D to every variabler € ¥;

— arelationP! C D" to everyn-ary predicate symbaP
%

— afunctionF”’
FeX.

An interpretation for only the predicate and function sym-
bols of ¥ is called aX-structure The restriction of a:-
interpretatiory to a subvocabulary C ¥ is denoted by |,,.

For a variabler and an element € D, I[z/d] is the inter-
pretation that assignéto » and corresponds tbon all other
symbols. This notation is extended to tuples of variables and
domain elements of the same length. The truth va(yg of

a formulay in I, and the satisfaction relatida are defined

as usual (see, e.g., (Enderton 1972)). Abusing notation, we
write I(¢[d]) andI = o[d] instead off [z/d](¢[Z]), respec-

tively I[z/d] = ¢[Z].

Approximate Structures

In this section, the notion of aapproximate structurdor

a vocabulany is introduced. To ease the presentation, we
assume from now on that a vocabulary contains no function
symbols. This assumption can be made without loss of gen-
erality, because there exists a standard transfornidtiom

any theoryT’, to a theoryl” containing no function symbols

: D™ — D to everyn-ary function symbol

Definition 1. An n-ary approximate relation? is a tuple
(Rl R“> of two n-ary relations. R approximatesan n-ary
relationR if R C R C R".

An approximate relatiorR? is calledconsistentf R' C
R, i.e., it approximates at least one relation. It is called
exactif B! = R, i.e., it approximates precisely one rela-
tion. If R is exact, we identifyR with the unique relation
R it approximates and writ&®? instead of(R, R). An ap-

proximate relat|0nR1 is less precise than an approximate
relationR,, denotedR, <, Rs, if R} C R, andR} D RY.
If Ry <p R,, thenR, approxmates all relations approxi-

mated byR.
Approximate structures are defined similarly to approxi-
mate relations.

Definition 2. An approximate:-structurel with domainD
is a tuple(I', I*) of two X-structures with domai®. The
approximate relatio®! assigned by to a pred|cate symbol

P € ¥ is the approximate relationP!', PI"). [ approxi-
matesa Y-structurel with domainD if for each predicate

symbolP € ¥, P is approximated byjf.

The notions of consistency, exactness and precision point-
wise extend to approximate structures. If:,\.is consis-
tent (exact) if for all predicate symbolB, P’ is consis-
tent (exact) and; <, I if for all predicate symbolsP,

Ph <, P, Note that/ approximates a structureiff I
is less precise than the exact approximate structiyé).
The least precise approximate structure with donmaims
denoted.LQp. Vice versa, the most precise one is denoted

T2 . 12 approximates all structures with domdin T2

is inconsistent. The sizd| of I is defined as the size of its
domainD. ~
The truth valuel () of a formulay in an approximate

structurel with domainD is inductively defined as follows:

- I(p) =I'(p) if v is atomic;

— (=) = (I, 1) (p));

- Ipny) = I(so) NI();

— I(3z plz,7]) = tiff for somed € D, I(¢[d, 7))
OtherwiseJ(3z ¢[z,7]) =f.

Observe that if a structur[eis approximated by, thenI ()

underestimates (). it I(p) = t, thenI(p) = t.
As such, we say tha,b is certalnly trueaccording tof if

= t.

and such that there is a one-to-one correspondence between/(p) = t. Vice versa,(I*, Il>( ) is an overestimation of

the models ofl" andT”. A relation R can be approximated

by providing a lower and upper bound fé&. The lower
bound expresses which tuples certainly belondtoVice
versa, the upper bound states which tuples possibly belong
to R.

IFirst transforml to an equivalent theory in TNF. Then replace
each occurrence of an atoR(Z) = y in the resulting theory by
Gr(T,y), whereGr is a new predicate symbol, and add the sen-
tencesyz Jy Gr (T, y) andVz, y1,y2 (Gr(T,y1) AGr(T,y2) D
Y1 = Y2).

104

I(). Le., if I(p) =t, then(I* I')(¢) = t and we say that
pis p035|bly truen 1. Similarly, ¢ is certainly falsein Iif
I(ﬁgo) = t, or, equivalently(I*, I')(¢) = f. Finally, ¢ is
possibly falsen I if I(¢) = f.
Definition 3. An approximate structur&with domainD is
anapproximation of a theor{, if it approximates all mod-
els of T with domainD. An approximate structurg with
domainD is anapproximation ofl" abovel if I <, J and
all models ofI"” approximated by are approximated by.



Approximate Reasoning Lemma 4. If ¢ is a sentence dF, then®¢(I) is more pre-

As mentioned in the introduction, we are interested in ap- CiS€ than/ and approximateg’ above!.
proximations for a given theory (e. g., the integrity con- Lemma 4 shows the soundness of the following procedure
straints of a database) above a glven apprOX|mate struc- for Computmg approx|mat|on$ of T abo\/ej Start by set-

ture I (e.g., the tables of an mcomplete database) with fi- ting.J = I. Then choose a sentengeof 7" and replace/
nite domainD. The most precise approximation that can by O#(J ) Repeat.

be obtained is given bglb. ({(M,M) | (M,M) =, Interesting properties of this procedure are termination and
TandM = T}). We call thls theoptimal approximation confluence. To state these formally, we introduce the con-
and denote it by9” (I). If T has no models approximated ~ cept of arefinement sequence

by I, thenO™ (I) = T2 . In particular, this is the case when  Definition 5. A refinement sequence f@rabovel is a se-

I is inconsistent. quence(J >0<z<n of apprOX|mate structures such thiat=

Example 1. Consider the theoryy = {(1); (2); (3)} of I, Ji <p Jiz1 @andJiy = 0%(J;) for some sentence

the sentences of the introduction and Jebe the apbrox- of T'. A refinement sequence is callegiminalif it cannot
PP be extended anymore. For a terminal refinement sequence
imate structure W|th domaiy = {ml,m2,61,62,63,64}

(Ji)o<i<n, the structure’,, is called itslimit.

given by Module = {mqy,meo}, Coursel = .
{c1,ea,c3,ca}, Int = {(ma,c1); (ma,c3), (M2, c2)} Theorem 6. Every refinement sequence férabove! is

Vs T s finite and every terminal refinement sequence has the same
and Selected! = ({c1},D). Then OTi(I) assigns limit. y g

({m1,c1,c3}, {ma,c1,c3,ca}) 1o Selected. ] o ) )
) - We denote the unique limit of a terminal refinement se-

The problem of constructin@® (1) is at least as hard as quence fol” abovel by O7 (I).
deciding whethef"” has a model approximated By which

is intractable. Even for a fixeéfl and varying!, this decision Example 1 (continued). Let (I i)osi<a be the refinement

problem is NP-complete (Fagin 1974). sequence fofly abovel given by, = OW(ly), I, =
The usual complexity measure for algorithms in the con- O®(11), I; = O@(I) andIy = O®)(I3). One can ver-

text of databases with integrity constraints is caltata ify that ¢, & Selected'r, i.e., inI; it is already derived

complexity and is defined as the complexity in the sjze thatc, cannot be selected. Alsey, ¢ Selected's, m; €

of I. l.e., for this measure, the theoiy is considered to Selectedls andes € Selected!s. Hence,l, = o7 (I ), the

be fixed. All complexity results in this paper concern data |efinement sequence is terminal and: (j) =ON(] )'
complexity. In this section we develop a method to compute

an approximation fofl” abovel in polynomial time in|I|. Itis not necessarily the case that (1) is equal 0™ (I).
The method we present consists of computing and com- E.g., if 7 = {P = Q; P = -Q} andl = 12, then
bining the optimal approximations for individual sentences ©7(7) = 12 . However, becaus& has no model, the
of T, instead of computing the optimal approximation for —r

T as a whole. The resulting approximate structiinis not

guaranteed to be as precise@$(7). Since an individual
sentence can be as complex as a theory, this computation canD

optimal approximatio®” (1) is equal tngp.
Also, for two logically equivalent theorieg" and T,
I)andOT (1 I) are not necessarily the same. E.g., this

be as hard as that 67 (I). We therefore proceed by intro- 1S ”Ot the casefof = L2, T = {P = Q; P = -Q} and
ducing a normal form for which this computation is guar- ={(P=Q)n(P= ﬁQ)}
anteed to be polynomial, and provide a linear reduction of ]
arbitrary theories to this normal form. Equivalence Normal Form

The length of a terminal refinement sequencefoabove
Refinement Sequences I is polynomiaf in |I|. Consequently, if for every sentence

e of T', ©% is computable in polynomial time, a terminal

For the rest of this paper, Iét be a theory and an approx- refinement sequence for a fixétlcan be computed in poly-

imate structure with finite domaib. e
S . . nomial time.
Similarly as for theories, we associate to each sentence "\\.. 1, ow define a normal form for whigh is computable
¢ the operato©O¥ which maps an approximate structure in polynomial time.
to the optimal approximation ap abovel, i.e., O?(I) =

glep({<M, M) | (M, M) >, fandM  4}). Observe Definition 7. A TNF sentencep is in equivalence normal

form (ENF) if ¢ is of the formVz (P(Z) = «[y]), such

that for a giveny € T, {(M, M) >, {~ | M = ¢} 2 that P is a predicate symbol or the symbol 7 C 7 and
{(M,M) >, I | M | T}, henceOT () is more precise  #[7] is of the formQ(7), -Q(7), Q(¥) N R(Y), Q(¥) V
than©#(I). Also note that for any sentenge O¢ is a<,,- R(y), Vv Q(¥,v), Jv Q(F,v), y1 = y2, Wwhere) andR are

monotone operator on the lattice of approximate structures

2 1 -
with domainD. Note that the length of a refinement sequence can be exponen

tial in the arity of the symbols occurring If.
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predicate symbols, different fro. A theory is in ENF if
all its sentences are.

Note that for ENF sentences of the foivit (P()
Q@) A R(y)) andvz (P(Z) = Q(y) V R(7)), the variables
occurring inQ andR are exactly the same.

The following transformation (akin to the Tseitin trans-
formation for propositional logic (Tseitin 1968)) reduces ar-
bitrary theoriesI” to ENF theorieg”, such that the models
of T" restricted tdl"'s vocabulary are the models @t Start
by transformingl” to TNF. Then replace every sentencef
the resulting theory by™ = . Finally, as long as the theory
contains sentence& (P(z) = v[y]) that are not in ENF,
replace a subformulg[z] of ¢ by Q(z), whereQ is a new
predicate symbol, and add the senteMeeQ(z) = x[z])
to the theory. Note that at most one new predicate symbol is
introduced for each node in the parse treeooHence, the
size ofT” is linear in the size of.

Example 2. Applying the transformation outlined above
on sentence (2) from the introduction yields the two sen-
tencesT = Im Q(m) andVm (Q(m) = Module(m) A
Selected(m)), where@ is a new predicate symbol.

We now show that for any ENF sentengeO¢ is com-
putable in polynomial time. The method we present is based
on the simple observation thatf is a model of the ENF
sentence’y, z (P(y,Z) = ¥[y]) andd,, d. are tuples of do-
main elements, theh/ (P(d,,d.)) = M(i[d,]). This has
the following consequences:

1. If I([d,]) = t, i.e., v[d] is certainly true inl, then

for any modelM of ¢ approximated by, it holds that

M(P(dy,d.)) = M(y[d,]) = t. Therefore](y[d,]) =

t implies thatO¥ (I)(P(d,,d.)) = t. Similarly, if ¢[d,]

is certainly false irf, then so isP(d,,, d.) in O?(I).

. Vice versa, if[(P(d,,d.)) = t, then M(¢[d,]) = t
in any modelM of ¢ approximated byl. Therefore, if
I(P(d,,d.)) = t and there is only one way to ensure that
J(1[d,]) = tin an approximate structuté >, I, this is
reflected inO¥ (I). We illustrate this on two examples:
— If ¢[y] is the formulaQ(y) A R(y), then the only
way to ensure tha®#(I)(1[d,]) = t, is by making
both Q(d,) and R(d,) certainly true inO#(I). As
such,I(P(d,,d.)) = t, thenO#(I)(Q(d,)) = t and
o (D)(R(d,)) = 1.

— If ¢[g] is the formulaQ(3) vV R(7), I(P(d,,d.)) =t
andI(—~R(d,)) = t, thenO¥(1)(Q(d,))

=t.
A similar observation can be made #(d,, d.) is cer-
tainly false inI.

. For tuplesd,, d. and E; of domain elements and
any modelM of ¢, M(P(dy,d,)) = M@[d,]) =
M(P(d,,d,)). Therefore, if there exists a tupié
such that [(P(d,,d.)) = t, then for all tuplesd.,
0 (I)(P(d,,d.,)) = t. Similarly if I(P(d,,d.)) = 1.
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We can now show how to compué@¥. Lemma 8, based

on items 1 and 3 above, shows how to compigfé”(!);
Lemma 9, based on item 2 above, does the same for the
predicates that occur ith.

Lemma 8. Let ¢ be the ENF sentencey,z (P(7,Z%)
Y[y]). Denote by¢[y] the formula3z P(y,z) and

by ¢°[g] the formula 3z —-P(7,z). If O¢() is
consistent, then for any tuple of domain elemeds
and d., 0¢(D)!(P(d,,d-)) = I(v[d,) v €[d,]) and

02 ()" (P(dy.d.)) = ~1(~¢[d,] v €7[d,)). f 0¢(]) is
inconsistent, then eithdris inconsistent or there exist a tu-
pled, such thatl (1[d,] v £[d,)) = I(~[d,] v €7[d, ).
Lemma 9. Let ¢, £[y] and £ [y] be as in the previous
lemma and let) be a predicate that occurs . If OS"(f)

is consistent, the®? (1)'(Q(d)) = I(Q(d) V x«/[d]) and
0?(1)*(Q(d)) = ~I(~Q(d) V xcs[d]), wherex.; and.s

are the formulas that are defined as follows, depending on

.
v Xet | Xcf
Q(Y) & 1 &
QW AR®) || & | AR®)
Vv Q(Y, v) § [ &AW (v#0 D QF,v))
'l/) Xet ch
-Q(7) & ¢
Q@) vV R®Y) || EA-R(Y) &
Fv Q(7,v) EAVY (v #£ v D -Q(T,v)) | &

Observe that equality atoms in an ENF theory occur only
in sentences of the forviP(y1,y2,Z) = y1 = y2. Since
the interpretation of= is given and fixed (by the identity
relation), such sentences can only be used to refine the inter-
pretation of P, which is described by Lemma 8.

Because the evaluation of a formyfan an approximate
structurel can be done in polynomial time in the size of
I, lemmas 8 and 9 provide a method to comp@t&(7) in
polynomial time for any ENF sentenge Indeed, first as-
sume thatO¥(I) is consistent and compute it according to
the characterization provided by the lemmas. Then check
whether the result is consistent. If so, then it is indeed
O%(I). Else, by lemma 80% () = T2 .

Theorem 10. Let 7" be a theory in ENF and an approxi-
mate structure with finite domailR. Then a terminal refine-

ment sequence far abovel is computable in time polyno-
mial in |I].

Hence, the following algorithm can be used to compute an
approximation for an arbitrary theofy over a vocabular
abovel.

1. Transforni to a theoryI” overX’ in ENF and extend
to X’ by assigning (), D™) to everyn-ary predicate sym-
bol P € ¥/ \ 3.

2. Construct a (terminal) refinement sequehi;ﬁ)gign for
T’ abovel and returnl,, |s.

Note that this is an any-time algorithm: the refinement se-
quence constructed in step 2 can be terminal, but this is not



necessary. The following examples illustrate what the algo-
rithm can achieve.

Example 1 (continued). If T3 is transformed to an ENF
theoryT” as described below definition 7, then a terminal
refinement sequence f@¥ abovel is equal toO”(I). l.e.,

the algorithm above off; and computes the optimal re-
sult.

Example 3. Consider the theoryT,, taken from
some planning domain, consisting of the sentence
Vaog,ap,to Prec(ap,a0) A Do(ag,to) D 3, (f, <

to A Do(ap,t,)). This sentence describes that some
action ap with preconditiona,, can only be performed at
timepointt, if a, is performed at an earlier timepoiry.

Let  be an approximate structure. Then the algorithm
above derives that if, is smaller than the&th timepoint
a}nd there exists a chain of actioms,...,a; such that

I(Prec(ai,ap) A ... A Prec(a;,a;—1)) holds, them can
certainly not be performed at timepoifnt

In an actual implementation of the algorithm, it is impor-

tant to construct a good refinement sequence. l.e., a short se-

guence with a sufficiently precise last element. To find such

a sequence, a good heuristic is needed to decide at each step,

which operato®¥ to apply to extend the sequence.

A simple proposal consists of keeping track of aGeif
predicates whose approximation recently changed. To de-
cide whichO¥ to apply, one could search for the predicate
P € C with the greatest difference between its current and
previous approximation. Then, appty® for eachy con-
taining an occurrence aP. Finally, if P's approximation
did not change by applying these operators, renfd¥mm
C.

Also, to efficiently compute the next approximate struc-
ture in arefinement sequence, one should try to avoid recom-
puting the information that is already present in the previous
approximate structures. This can be done in a similar way as
the semi-naive evaluation technique (Ullman 1988) avoids
to recompute already known answers to a datalog query.

Optimality
As mentioned above, it is not necessarily the case that
OT(I) = OT(I). This raises the question how wel (1)
approximatesO” (I). Generally spoken, the less axioms
T contains, the closed” (1) is to OT(I), with D7 (1)

{¢, %, ¥1,--.,pn}. Ifone of the following conditions is sat-
isfied, therd™ (1) = O (I):
— there is no predicate symbol that occurs in bgthnd y;
— I(~p) =torl(p)=t.
Lemma 12. LetT and7” be as in lemma 11 and Iétbe an
approximate structure. KI;)o<;<», is arefinement sequence
for T/ abovel and O7(I,)) = O7'(1,), thenOT(I)
OT'(I).

The following example illustrates the use of lemmas 11
and 12 to prove that for a certdihand/, the transformation
to ENF does not result in a less optimal approximatio'of
abovel.
Example 4. Consider the theoryls over 3 consisting
of the sentencevz UGCourse(x) V (GCourse(x) A
Dif ficult(x)), which states that a course is either for un-

dergraduates, or for graduates and difficult. An ENF trans-
formationT} of T3 consists of, e.g., the three sentences

T =Vz Si(x) 4)
S1(z) = UGCourse(x) V Sa(x) (5)
Sa(xz) = GCourse(x) A Dif ficult(x) (6)

We show thatd ™ (I)|s; = O:(I)|5; for any approximate

structurel for which UGCourse! is exact, i.e.[ contains
complete information about the undergraduate courses.

Denote byT} the theory{ (4); (5)A (6)} and byTg the the-
ory {(4) A (5) A (6)}. Because clearly)s (1) = OTs(I)
and O%s(I)|s = OTs(I)|y, it is sufficient to prove that
OTs(I) = OT4(1).

First observe that?®(I) assigns the approximate re-
lation (D, D) to Sy, i.e. OW(I)(S.(d)) = t for each
d € D. Hence, OW(I)((4)) = t and therefore, by
lemma 11,075 (O¥(I)) = 9T(OW(I)). By lemma 12,
alsoOs (1) = 976 (1).

Becausd/GCourse! is exact, als®®) (O (1))((5)) =
t. As before, we conclude by lemma 11 and 12 that
OT(T) = OTs(1).

Symbolic Approximate Reasoning

The presented algorithm to compute an approximatiof for
above some approximate structdreith domainD will of-

OT(I)if Tis a singleton. But since translation to ENF tends  ten be too expensive for practical purposes. If the vocabulary
to split up a theory in many small sentences, the question of Of 7’ contains a predicat® with arity n, then the approxi-

the accuracy of the computed approximation is certainly an mate relation assigned fd can contain up t@-|D|" tuples.
important one. For a largeD, storing and manipulating such an approxima-

Answering this question is far from trivial. Below, we tive relation canbecome infeasible in practice. Note thiat
present two simple lemmas that can be helpful in proving Notnecessarily small. Even if the original thedryontains
97 (I) = OT(I) for a givenT and. Finding more elabo- no predicates with a large arity, transformm”go an ENF
rate results is part of future work. Other preliminary results, theory creates predicates with arity equal to the number of

in the more restricted setting of locally closed databases, are €€ variables of the subformulaiit represents. .
presented in (Cortes-Calabuig et al. 2007). To obtain a more practical algorithm, the computed refine-

ment sequence can be represented in a compact, symbolic
way, independent ab. In this section, we show how such a
symbolic representation can be obtained.

Lemma 11. Let I be an approximate structure and let
T be the theory{y A x,¢1,...,¢n} and T’ the theory
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Symbolic Approximate Structures

LetT be an ENF theory over a vocabulatyand lets be a
vocabulary, not necessarily relatedto

Definition 13. A symbolic approximat&-structure® over
o is an assignment of a tupl@k [z], % [7]) to eachn-ary
predicateP € ¥, whered, [z] and &% [7] are two formulas
overo with n free variables.

Given a fixedo-structurel, to each symbolic approxi-
mate X-structure® over o, an approximaté-structure is
associated, by evaluating it ih As such,® can be seen
as a symbolic representation of this associated approximate
X.-structure.

Definition 14. Theevaluation of a symbolic approximaie
structure® overo in a o-structure] is the approximat&-
structurel (), defined byP!® = ({d | I = ®L[d]},{d|
I | dp[d]}).

Example 5. Let o be the vocabulary containing two-
ary relation symbolsP! and P* for everyn-ary relation
symbol P € X. Let I be an approximat&-structure,
® the symbolic approximate structure over assigning
(PY(%), P“( )) to everyP € ¥ and[ the o-structure as-
signingP!' to P! andPI" to P foreveryP € X. Then the
evaluation ofb in I is precisely/. Hence, giver, ® can be
seen as a symbolic representatior of

For a formulay over, its evaluation in a symbolic ap-

proximative structureb is the sentenc@( ), obtained by,
for every predicate symbdP € X, substituting each posi-
tive occurrence of an atoiA(z) by o! »[z] and each negative

occurrence by [7]. First evaluatingp in ® and then eval-
uating the result in a-structurel, corresponds to evaluating

@inI(®):
Lemma 15. Let ¢ be a formula ovei, ® a symbolic ap-
proximative structure oves and I a o-structure. Then

1(®(p)) = I(2)(¢)-
Let o be an ENF sentence. Based on lemmas 8 and 9, we

define the operata®¥ on the set of symbolic approximate
structures. This operator is the symbolic variant¥f, in

the sense that for any symbolic approximate structyré

holds thatl (0% (®)) = O%(1(®)).

Definition 16. Let be the ENF sentencgj, z (P (7, z) =

¥[g]). O¥ is the operator on the set of symbolic approximate

structures defined by

- (0#(®))p = ®(y[z] v 3z P(7)) and (O°(®))}p
(@ (~vlF] v 37 ~P@)); o

— for an atomQ(7) that occurs in, (02(®)), =
Q(y)) and(0?(®))ty = ~(B(xcs V ~Q(7))), W

andxcf are defined as in lemma 9.

— O%(®) corresponds t@ on all predicates that do not oc-
curing.

Because of lemmas 8, 9, and 15, we have the following
result, as desired.

ci)(Xct V
erexct
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Proposition 17. For every ENF sentence, symbolic ap-
proximate structurei) over o and o-structure /, it holds
thatI(O“’( )) = O°(I(D)) if O2(I(D)) is consistent. If
O#(I(®)) is inconsistent, then so {O¢ ()).

Symbolic Refinement Sequences

Let & be a symbolic approximate structure. Similarly to a
refinement sequence sgmbolic refinement sequence for
aboved is a sequenc@ >0<1<n of symbolic approximate
structures such that, = <I> and for each < n, there is a
sentence in T such tha@Hl (9“’( i)-

Based on proposition 17, an approximate structureffor
abovel can be obtained by first defining an approximate
structure® over a vocabulary and ao-structure such that
I(®) = I. Example 5 shows a possible definition of these.
Then construct a symbolic refinement seque{rﬁ:ﬁogign
for T aboved. Finally, returnl(®,,).

However, using symbolic refinement sequences has its
costs. Note that for any symbolic approximate structiire
and ENF sentence, the formulas assigned b9+ (®) are
strictly larger than the ones assigneddyAlso, a symbolic
refinement sequence is not guaranteed to be finite. These
problems can sometimes be avoided by replacing the formu-
las assigned by¥ (®) by logically equivalent, but smaller
ones. Such smaller, equivalent formulas can be computed
by simplification algorithms for FO (Goubault 1995).

Applications

In this section, we discuss some applications of computing
an approximation of an FO theory.

Model Expansion

Searching approximations for a thedfyabove an approx-
imate structurd is strongly related to the setting of model
expansion for FO (MX(FO)). This setting has been proposed
as a framework to solve NP problems declaratively (Mitchell
and Ternovska 2005).

Definition 18. Given a theoryl" over a vocabulary, a vo-
cabularyc € ¥ and a finiteo-structurel,,, the model ex-
pansion (MX(FO)) search problem for inp({, T, 0, I,) is

the problem of finding modela/ of T that expand,, i.e.,
M|, = I,. TheMX(FO) decision problerfor the same in-
put is the problem of deciding whether such a model exists.

The techniques developed in this paper can be used to
give approximate answers for MX(FO) problems with input
(3,T,0,1,). Let D be the domain of , and let,, be the ap-
proximate structure with domaib that assigngP!=, P1~)
to every predicate symbdP € o and (@), D™) to all other
n-ary predicate symbol® € ¥. Then an approximatio
of T abovel, is an approximation to the answers for the
MX(FO) search problem. I is inconsistent, then certainly
the answer to the MX decision problem is negative.

The existing solvers for MX(FO) (Marién, Wittocx, and
Denecker 2006; Mitchell et al. 2006) work by figgiound-
ing T, i.e., creating a propositional thedfy; equivalent to



T, and then applying a SAT solver. To obtain a compact In the literature, we find mathematical constructs similar
groundingl, subformulas ifl; that are certainly true or to the ones used in this paper in two other research areas:
false according td,, are replaced by respectivelyand.L. rough set theoryPawlak 1992) and four-valued logic (Ack-

In (Wittocx, Marién, and Denecker 2008), it was observed ermann 1967). In rough set theory, attributes of elements of
that an even more compact grounding can be obtained by a universe/ are used to classify eache U as certainly in,

first computing an approximatiohfor T" abovel,, and then possibly in, or certainly not in a rough s&t C U of inter-
substituting subformulas that are certainly true or false ac- est. In our work, the computed sa®®" () can be viewed
cording to.J. Experiments in that paper showed that com- as non-exact sets similar to rough sets but, in contrast, they
puting and using/ almost never incurs overhead, while the ~ are are not given explicitly but computed fréfnand!/.

size of T decreases. Moreover, often the time to create the  Also, (consistent) approximate relations and structures
grounding decreases drastically. can be viewed as (three-valued) four-valued relations and
structures, but in multi-valued logics, relation symbols de-
note three-valued relations, whereas we use standard two-

] ) valued FO-logic and use the approximate relations only to
A recent trend in databases is the development of approx- approximate collections of possible relations.

imate methods to reason about databases with incomplete ~ As pointed out in the previous section, the work pre-
knowledge. The incompleteness of the database may stemgeanted here is strongly related to certain approximate meth-

from the use of null values, or of a restricted form of closed s in databases with incomplete knowledge, for instance in
world assumption as in (Cortés-Calabuig et al. 2007), or it the context of integration of distributed databases (Lenz-

Incomplete Databases

arises from integrating a collection of local databases each
based on its owlocal schemanto one virtual database over
aglobal schemgGrahne and Mendelzon 1999). In all these
cases, the data complexity of certain and possible query an-
swering is computationally hard (co-NP, respectively NP).
For this reason fast (and often very precise) polynomial ap-
proximate query answering methods are developed, which
compute an underestimation of the certain, and an overesti-
mation of the possible answers.

The tables of an incomplete database are naturally rep-
resented as an approximate structiireThe integrity con-
straints, local closed world assumption or mediator scheme
corresponds to a logic theofly. Approximate answering a
query o[z] boils down to computing two relation®' and
R* consisting of tuplegl which are true in all models, re-
spectively some model, 6f abovel. Hence, a possible
technique to comput&’ and R* consists of computing a
refinement sequendg; )<<, for T abovel and then com-
putingZ,, (¢[Z]), respectively the complement ff (—¢[T)).

It turns out that this method of approximate query an-
swering generalizes the algorithm of (Cortés-Calabuig et
al. 2006). Computing a symbolic refinement sequence
(®;)o<i<n and then computing®, (¢[z]), respectively
-, (—¢[Z]), generalizes the query rewriting technique pre-
sented in (Cortés-Calabuig et al. 2007).

Related Work

The notion ofapproximationin our work is quite differ-

ent from the one in most other works about approximate
reasoning in logic theories. E.g., the approach started by
Levesque (Levesque 1988) and further explored by, a.o.,
Schaerf and Cadoli (Schaerf and Cadoli 1995) performs ap-
proximate query answering for one query, while our method
computes an approximate structure approximating all mod-
els of a theory. Their methods could hardly be used for, e.g.,
grounding. The same holds for tkaowledge compilation

erini 2002; Grahne and Mendelzon 1999), orlotally
closed databaseortés-Calabuig et al. 2006; 2007). Our
methods could be useful in generalizations of locally closed
databases, e.g., for databases with integrity constraints.

In (Wittocx, Marién, and Denecker 2008) we presented
in more detail how symbolic approximations can be used
for grounding in the context of MX(FO). The non-symbolic
algorithm, with its results on termination, confluence, com-
plexity and optimality is not described in that paper. Also,
the symbolic method presented there is less precise and less
general than the one in this paper.

Conclusions

We presented a method to compute an approximation of all
models with a given finite domain of given FO theory. For
an important class of theories, the data-complexity of the
method is polynomial. Some preliminary results about pre-
cision were stated. We also presented how to obtain sym-
bolic representations of approximations, which can improve
the efficiency of the method. Finally, we discussed some ap-
plications in the context of databases and model expansion
and mentioned related work.
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Appendix

Proof of lemma 4 First note that for every modéll of T
approximated by, it holds that(M, M) >, T andM =
¢. Hence, by the definition aP¥, 0% (I) approximate§’
abovel.

Denote byM the set{(M, M) >, I | M = ¢}. If
M = 0, thenO#(I) = Tgp, which is clearly more precise

approach, started by Selman and Kautz (Selman and Kautzthanl. On the other hand, iM # 0, then[ is a<,-lower

1991), which is often applied in description logics.
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bound ofM and hence, also in this cagh,., (M) >, I.



Proof of theorem 6 Because the domai® of I is fi-

nite, there are only a finite number of approximate structures

J >, I. As such, every refinement sequence ahbigfi-
nite.
To prove confluence, letJi)o<i<n and (K;)o<j<m

be two terminal refinement sequences and denote by

Vi and ¢; the sentences oT such that respectively

0501( ) — JH—l and (’)T/JJ( ) = K7+1 Then,
because for each sentengg (’)X is a <,-monotone
operator, K, = OVn-(O¥n- 2(~--((91”°( ) <p

O¥m=1(O¥m=2(.. . (O¥(J],)))) = J,. Similarly, J,, <,
K,,. Hence,J, = K,,.

Proof of lemmas 8 and 9 The proofs of lemmas 8 and 9

merely consist of a simple, but long and tedious case-by-

case analysis. As an example, we prove the case whire
the ENF sentencey, z (P(y, z) = Vv Q(y,v)).

Denote byJ the approximate structure suggested by the
lemmas, i.e., the approximate structure such that for any

dy,d.,d, € D:
- J(P(dy,d.)) = (32 P(dy, 2) V Vv Q(dy,v));

— J(=P(dy,d.)) = [(32 =P(dy, z) V Fv =Q(dy, v));
J(Q(dy, dy)) = I(Q(dy, dv) V 32 P(dy, 2));
(ﬁQ(du,d ) = I(-Q(dy,dv) V (32 ~P(dy,2) A

v (v # dy D Q(dy,v"))));

— J corresponds td on all symbols that do not occur in
One can easily check that >, 1. From the discussion
above lemma 8, it follows that <, O¥(I).

Assume?¥ (I) is inconsistent. Then eithdris inconsis-
tent or one of the following is true:

— for somed,,d.,d, € D, I(P(d,,d.)) = t and
f(ﬁQ(dyvdv)) =t

— for somed,,d, € D, I(-P(d,,d.)) = t and
I(Vv Q(dy,v)) =t.

In all cases, alsd is inconsistent.
Now assumeO¥(I) is consistent. It is sufficient to
prove that for any atonP(d,,d,), respectivelyQ(d,, d,)

such thatJ(P(d,,d.)) = J(=P(dy,d.)) = f, re-
spectively J(Q(dy, d,, )) = J(-Q(d,,d,)) = f, also
0#(I)(P(dy,d.)) = O?(I)(~P(d,,d.)) = f, respectively
O0?(I)(Q(dy, dy)) = O?(I)(—Q(dy, dv)) = T.

— Assume that/(P(d,,d.)) = J(-P(d,,d.)) = f.
Let M be a model ofy approximated byl. We
will construct a modelM’ of ¢ approximated byl
such thatM(P(dy,d,)) # M(P(d,,d,)). Assume
M(P(d,,d,)) = t. Because/(P(d,,d.)) = f, both
I(3z P(d,,2)) = fandI(Vv Q(d,,v)) = f. Hence,
there exists somd, such that/(Q(d,,d,)) = f. Let
M’ be the structure that correspondsith, except that
it assignsM’(P(d,,d’)) = f for everyd, € D and
M'(Q(d,,d,)) = f. Clearly, M’ is approximated by
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and M’ is a model ofp. Since we now have that bofif

and M’ belong to{I | (I,I) >, I andI = ¢}, it holds
that O?(I)(P(dy,d.)) = O¢(I)(P(dy,d.)) = f, as de-
sired.

The case wherd/(P(d,,d,)) = f is similar.

— The case wherd(Q(d,, d,)) = J(—-Q(d,,d,)) = fis
similar to the previous case.

Proof oflemma 11 The case wherg andy have no pred-
icate symbols in common is trivial, as is the case where
I(—p) =t. ) )

To prove the case wherfy) = t, assumel(p) =t
and let.J be an arbitrary approximate structure such that
J >, I. Itis sufficient to prove thatx(0¥(J)) =
O#"X(J). Indeed, then every refinement f@t abovel
can be transformed to a refinement sequencd faabove
I by replacing each application 67°"x by an application
of O followed by OX. To obtain a contradiction, assume
OX(0%(J)) <, O#"x(J J). Then there exists a structuié
such that' M, M) >, J, M = x andM [~ ¢ A x. Hence
M = ¢, which is a contradiction td(¢) = t

Proof of lemma 12 Observe that it is sufficient to prove
that O7(I) <, O7'(I), as it is obvious thaD”(I) >,
OT'(I) holds. Becausd,, >, I, we haveO”(I) <,
O7T(I,) = OT'( n). Since (I, >0<1<n is a refinement se-
quence fofl” abovel, alsoO”" (I,,) = OT'(I).
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