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Abstract approach, the crucial question becomes “how do the agents

modify their beliefs in the first stage?” In this paper we as-
sume agents do so hgmovingsome sentence from their
stock of beliefs. More precisely we associate to each agent
1 its very ownindividual removal functiors; which com-

In studies of multi-agent interaction, especially in game
theory, the notion okquilibrium often plays a promi-
nent role. A typical scenario for theelief merging
problem is one in which several agents pool their be-

liefs together to form a consistent “group” picture of the putes the result of removing any given sentencesoAial
world. The aim of this paper is to define and study new belief removalfunction is then a function which, given a
notions of equilibria in belief merging. To do so, we profile of individual removal functions as input, returns a
assume the agents arrive at consistency via the use of a (consistent) profile consisting of the results of each agent’s
social belief removafunction, in which each agent, us- removal. The central question studied in this papéwtsen

ing his ownindividual removal function, removes some can the outcome of a social removal function be said to be

belief from his stock of beliefs. We examine several in equilibrium?”
. o > ; quilibrium?”.

notions of equilibria in this setting, assuming a general How can we exbress the idea of equilibrium in social re-

framework for individual belief removal due to Booth et 5 pre : quit

al. We look at their inter-relations as well as prove their moval? As our starting point we would like to propose the

existence or otherwise. We also show how our equilib- following general principle for multi-agent interaction:

ria can be seen as a generalisation of the idea of taking

maximal consistent subsets of agents. Principle of Equilibrium

Each agent simultaneously makes #ypropriatere-
sponse to what all the other agents do.

IerdUCthn ) i It remains to formalise what “appropriate” means. In the

The probler_n of mult|-_agent belief merging has received a theory of strategic gamesgsee, e.g., (Osborne and Rubin-
lot of attention in KR in recent years (Konieczny and Gre-  stein 1994) as well as the section “Entrenchment equilibria”
goire 2006; Konieczny and Pino Pérez 2002; Booth 2006). of the present paper) agents are assumed to have their own
The problem occurs when several agents each have their OWNpreferences over the set of all outcomes. Thétash equi-
!oeliefs, and want to combine or pool their beliefs_into acon- |iprium (Nash 1950) is a profile consisting of each agent’s
istent “group” picture of the world. A problem arises when  ge|acted action, in which no agent can achieve a more pre-
two or more agents have conflicting beliefs. Then such con- ferred outcome by changing his action, given the actions of
flicts need to be smoothed out. In studies of multi-agent the other agents are held fixed. Hence in this setting “appro-
interaction the notion oéquilibrium often plays a promi- priate” may be equated with “best” in a precise sense. We
nent role (most famously in (Nash 1950)). It would there- \yjj| see that the framework of social belief removal offers up
fore seem natural to investigate such notions in belief merg- new and interesting ways of formalising what “appropriate”
ing. The purpose of this paper is to define and study some might mean.
possible notions of equilibria in a belief merging setting. Of course the explicit introduction of individuals’ removal

To enable a clear formulation of such notions, we will em- ¢, +tions raises the question of what kind of belief removal
ploy the approach to merging advocated in (Booth 2006) and g, tion we should assume is being used. Do agents use
|r_ls_p|red by the contraction+expansion appr_oach to belle_f '®~ AGM contraction (Alchourrén, Gardenfors, and Makinson
vision (Gardenfors 1988; Levi 1991), in which the merging 1 9g5) " or severe withdrawal (Rott and Pagnucco 1999), or
operation is explicitly broken down into two sub-operations. o hans 4 belief liberation function (Booth et al. 2005)?
In the first stage, the agents each modify their own beliefs Luckily there exists a general family, callzsic removal

in such a way as to make them jointly consistent. This is (Booth et al. 2004) which contairell these families and

called social contractionin (Booth 2006). In the second, g6 pesides. Thus we find it convenient to use this family
trivial, stage, the beliefs thus obtained are conjoined. In this

as a bhasis.
Copyright(© 2008, Association for the Advancement of Artificial The plan of the paper is as follows. In the next section we
Intelligence (www.aaai.org). All rights reserved. set up the framework of social removal functions. Then we
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focus on the agents’ individual removal functions, review-

whereas this was only implicit in (Booth 2006). More im-

ing some results about basic removal functions and giving portantly, unlike in social contraction, we will allow agents

some concrete examples of such functions. Next, we in-

troduce our first equilibrium notion, that oframoval equi-
librium, and examine its compatibility with some plausible

to use removal functions which don’t necessarily satisfy the
Inclusion property, i.e., removing a sentenoay lead to
new beliefs entering's belief set. As is argued in (Booth

minimal change properties, before proving the existence of et al. 2005), this situation can arise quite naturally. This mo-

such equilibria for arbitrary basic removal profiles. We also
briefly look at the notion operfect removal equilibriaAf-
ter this we move on tentrenchment equilibriawhich can

tivates the use of the term socraimovalrather than social
contraction
What properties might we expect from a social removal

be thought of as Nash equilibria of the strategic game where functionF? Throughout the paper we will mention various
agent preferences over outcomes are derived from their en- postulates foF, but to begin with the following two proper-

trenchment orderings, and examine their relationship with

ties have — on the face of it — a strong appeal from a “minimal

removal equilibria. We also suggest a possible refinement change” viewpoint:

of this idea, thestrong entrenchment equilibriunNext we
show how our equilibria can be thought of as generalising

the idea of taking maximal consistent subsets of agent, be-

fore looking at some related work by Meyer, Zhang et al. on
logical models of negotiation. We finish with a concluding
section.

Preliminaries: We work in a finitely-generated proposi-
tional languagd.. Classical logical consequence and logi-
cal equivalence are denoted bynd= respectivelylV de-
notes the set of possible worlds/interpretationsffoGiven
6 € L, we denote the set of worlds in whichis true by
[6]. The set of non-tautologous sentences iis denoted by
L. We will usually talk of beliefsets but assume a belief

(FVac)  If (x;(L));ea is consistent then

((*i)ien) = (*i(L))iea

(%;(L));ea is consistent then

((%i)iea) =a (%4(L))ica

Both these rules deal with the case the initial belief sets of
the agents are already jointly consisteftVac) says that in
this case the agents’ beliefs should remain unchanged. Al-
though intuitively appealing, we will later have grounds for
believing this rule is a touch too strong (specifically in con-
texts where the agents’ individual removal functions might
not adhere to the Vacuity rule — see next section). Rule
(FVac,) is weaker. It requires only that the result should

F
(FVac,) If
F

set is always represented by a single sentence standing forpe conjunction-equivalent to the profile of the agents’ initial

its set of logical consequences. We assume a sagefits

A ={1,...,n}. Abelief profileis anyn-tuple of belief sets.
Given two belief profiles we shall writé;);ca = (¢})ica

iff ¢, = ¢, for all 4, and write (¢;)ica = (@))ica iff
Nica @i = N\ica ¢;- Clearly we have=C=, for belief pro-
files. We say the belief profile is consistent iff the conjunc-
tion of its elements is consistent.

Social belief removal

As we said above, we assume each ageat A comes
equipped with its owrremoval functions;, which tells it
how to remove any given sentence from its belief set. In
this paper we viewk; as aunary functionon the setl.. of

non-tautologous sentences, i.e., agents are never required t

removeT. The result of removing € L. fromi’s belief
set is denoted by ;(\). We assumé’s initial belief set can
always be recaptured from; alone by just removing the
contradiction, i.e.¢’s initial belief set isx;(L). We call any
n-tuple (3;);ca of removal functions @moval profile

Definition 1 A social removal functionF (relative to
A) is any function which takes as input any removal
profile (x%;);ca and outputs a consistent belief profile
F((%;)ica) = (¢i)ica such that, for eachi € A, there
exists\; € L, such thatp, = x;(\;).

Each social removal function yields a merging operator for
removal profiles — we just take the conjunctify_, ¢; of
the agents’ new belief profile. However in this paper our
main interest will be in the profile itself.

The above definition differs from Booth’s social contrac-
tion in two main ways. First, here wexplicitly associate
from the outset an individual removal function to each
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belief sets.

Basic and hyperregular removal

What properties should be assumed of the individual re-
moval functionsx;? We will assume agents always uxe
sicremoval.

Definition 2 A functionx : L, — L is a basic removal
function iff it satisfies the following rules (Booth et al.
2004):

(x1) =\ KA

(%2) If A\ = Aathenx(A\) = %x(\2)

(%3) IFx(xAANEF xthenx(x AAMAY) Fx
qsed) I x(x AN F x thens(x AX) F x())
(%5)  %(x AA) Fx(x) vV *(})

(%6) I x(x AX)  Athenx(A\) F x(x AN

All these rules are familiar from the literature on belief re-
moval. Rule §1) is the Success postulate which says the
sentence to be removed is no longer implied by the new be-
lief set, while ¢¢2) is a syntax-irrelevance property. Rule
(%3) is sometimes known as Conjunctive Trisection (Hans-
son 1993a; Rott 1992). It saysiifis believed after removing
the conjunctiony A A, then it should also be believed when
removing the longer conjunctiop A A A 1. Rule (¢4) is
closely-related to the rule Cautious Monotony from the area
of non-monotonic reasoning (Kraus, Lehmann, and Magidor
1991), while &5) and ¢«6) are the two AGM supplemen-
tary postulates for contraction (Alchourrén, Gardenfors, and
Makinson 1985).

Note the non-appearance in this list of the AGM contrac-
tion postulates Vacuitys (L) 7 X impliesx(\) = x(1)),



Inclusion ¢x (L) - (X)) and Recovery$(A)AX F x(L)),
none of which are valid in general for basic removal. Inclu-

a useful stepping-stone towards the more general basic re-
moval. In terms of contexts, it corresponds to requiring the

sion has been questioned as a general requirement for re-following condition on(<, <), for all w, we, w3 € W:

moval in (Booth et al. 2005), while Recovery has long been

noted as controversial (see, e.g., (Hansson 1991)). Vacuity is
a little harder to argue against. It says if the sentence to be re-

moved is not in the intial belief set, then the belief set should
remain unchanged. Nevertheless we feel tlaeeglausible
removal scenarios in which it may fail, one of which will be

described in our examples of basic removals below when we

introduce the subclass pfioritised removal functions. For
basic removals Inclusion actually implies Vacuity (Booth et
al. 2004).

Note: The postulates are the same ones as in (Booth et
al. 2004), but their appearance is changed to take into ac-

count the fact we takex to be a unary operator which re-

turns a sentence (rather than a logically-closed set of sen-

tences). We also leave out one rule from the list in (Booth
et al. 2004), which in our reformulation corresponds to
“s%¢(L) A =X F %(\)". This rule turns out to be redundant,
being derivable mainly from3).

As well as the above postulates, Booth et al. (2004) also
gave a semantic account of basic removakohtextis any
pairC = (<, <) of binary relations ovelV such thai) <
is a total preorder, i.e., transitive and connected, @hd<
is a reflexive sub-relation of. From any suclf we may
define a removal operatesc by setting

[%c(N)] ={w e W | w < w' for somew’ € min< ([-A])}.

That is, the set of worlds following removal of is deter-
mined by first locating the<-minimal worlds in[—-], and
then taking along with these all worlds which are less than
them according te<. We calls¢ the removal functiomgen-
erated byC. Booth et al. (2004) showes is a basic re-
moval function and that in fagverybasic removal function

is generated from a unique context. For another, closely-
related, family of belief removal functions see (Cantwell
2003).

Hyperregular removal

In this paper, another property which we will find useful, es-
pecially for technical reasons, i$yperregularity(Hansson
1993b):

If % (AAx) I Athen x (A A x) = x(X).

This rule says if the removal &fA y excludes\ then remov-
ing A A x is the same as removing just This property is
very strong. Not only does it imply Vacuity, but in the pres-
ence of 1) and ¢«2) it implies (x3)-(x6). It is probably
too strong to be required in general. Indeed giveri)and
(%2) it can be shown to imply the following “Decomposi-
tion” property of removal, which has been noted as overly
strong in (Gardenfors 1988, p66):

*(AAx) =x(N)or x (AAx) = *(x).

Despite this it is nevertheless still satisifed by several inter-

(C-hyp)

(where~ is the symmetric closure of). In other words,
whether or notv; < wy depends only on thg-rank ofws.

If w1 =X Wwa and’wg ~ w3 thenw1 =< ws

Definition 3 A hyperregular removal functiois any basic
removal function satisfying Hyperregularity.

In (Booth et al. 2004) it was shown that hyperregular re-
moval functions correspond precisely to the classirefar
liberation operators from (Booth et al. 2005).

Some examples of basic removal functions

We now give three concrete families of operators, all of
which come under the umbrella of basic removal. These
families will be useful when we come to describing exam-
ples of equilibria.

(i). Prioritised removal Let (X,C) be any finite set
of consistentsentences:, totally preordered by a relation
C over Y. Intuitively the different sentences B corre-
spond to different possiblextensionsprioritised byC (and
with sentences lower down in the ordering given higher
priority). Given such a set, for an} € L, let 2()\)
= {y € ¥ |y ¥/ A}. Then we defines 5 ¢y from (X, C) by
setting:

if \/ S\

otherwise

o) =

o0 { ¥ming (N
In other words, after removing, the new belief set is just
the disjunction of all the=-minimal elements i which

do not entail\. In case there is no sentencehwhich
fails to imply A, then the result is just. We will call any
removal function definable in this waypaioritised removal
function. A similar family of removal has also been studied
in (Bochman 2001).

One can easily check that s - satisfies §1)-(x6)
and so forms a basic removal function. Note however that
*(x,cy Will fail to satisfy Vacuity (hence also Hyperregular-
ity) in general. For example suppose= {p, —p} butC is
the “flat” ordering on® which ranks both sentences equally.
This would correspond to a situation in which an agent has
equally good reasons to believand—p. The belief set cor-
responding to this is ther s, -y (L) = pV-p, i.e., since the
agent cannot choose betwegand—-p, he commits to nei-
ther. Butx s oy (p) = —p. Thatis, the direction to remove
p tips the balance in favour ofp, and the agent thus comes
to believe—p, even though was not in the initial belief set.
We take this plausible removal scenario as indication that the
Vacuity rule may be too strong in general.

(ii). Severe withdrawal (Rott and Pagnucco 1999). ge-
vere withdrawalfunction may be represented bylagical
chainp = g1 F o - - F B, With ¢, (X) = ;, wherei is
minimal such thap; t/ A (equalsT if no suchi exists). Se-
vere withdrawal functions always satisfy Inclusion and Hy-

esting sub-classes of basic removal (see the examples be-perregularity. It is easy to see they form a special case of

low), and when proving results we will sometimes find it

147

prioritised removal. Severe withdrawal functions also have



a simple representation in terms of their generating cositext
(<, X). They are just those basic removals for which <.

(iii). o-liberation (Booth et al. 2005).o-liberation func-
tions again use a sequence of sentences (a1, ..., ).
Given suchs and X € L., define a sequence of sentences
fi(o, A) inductively oni by settingfo(c, A\) = T, and then

for: > 0,
) o fi, (0', /\) A (673

In other words,f, (o, «) is obtained by starting withi', and
then working througlr from left to right, adding each sen-
tence provided doing so does not lead to the inference of
(In (Booth et al. 2005) the direction was right-to-left, but this
difference is inessential.) Then,(\) = fs(o, ). (Thisis
very closely-related to the “linear base-revision” of (Nebel
1994).) o-liberation functions do not satisfy Inclusion in

if fifl(cr, A) A (673 |7[ A
otherwise

We might be interested in requiring the following prop-
erty for social removal functions:

(FREQ) F((%;)ica) is a removal equilibrium fofx;);ca.

Is (FREQ) even consistent? In other words, do removal
equilibria always exist forany profile of basic removal
functions? We shall shortly answer this question in the
affirmative. But before that we examine such equilibria
in the special case whef;(L));ca is consistent, and
examine the compatibility of KREqQ) with (FVac) and
(FVac,). First, the following example show&'REQq) is
notcompatible with FVac).

Example 2 Again supposé\ = {1,2}. Suppose agent 1
uses the prioritised removal functiog s, £y whereY =
{p,—p} and C is the flat priority ordering, and suppose
agent 2 uses the severe withdrawal function specified by the

general, but they do satisfy Hyperregularity (and hence also single element logical chaiip). We havex;(Ll) = T

Vacuity). In terms of their generating contextsliberation
functions correspond to those contets <) which satisfy
the Hyperregularity conditiofC-hyp) and for which= is
transitive.

The three families described above are inter-related as fol-

lows:
severe withdrawat: o-liberationc prioritised removal.

and xo(L) = p. Thenxq(L) A x2(L) is equivalent to

p and so is clearly consistent, by, (L), %2(L)) is not

a removal equilibrium. This is because, while we do have
%9(—=T) =p,we havex(—p)=p#T.

Thus for general basic removal profiles, we cannot re-
quire both (FREQ) and (FVac). At first glance it might
be thought F'Vac) is unquestionable, and so it iF'REQ)

The inclusions are strict. In addition to these three, Booth et Which mustbe given up. However we believe that as soon as

al. (2004) showed basic removal includes many other well-
known families of removal functions, including systematic

withdrawal (Meyer et al. 2002), AGM contraction and even

AGM revision!

one takes the step — as we do —to relax Vacuityrfdividual
removalx, then F'Vac) itself becomes less “untouchable”.
Thus we believe this incompatibility witl(Vac) should not
by itself be taken as reason to rejeElREQ). Furthermore

In the rest of the paper we shall assume the domain of the next result (which may be proved using the same con-

a social removal function is the set of alituples of basic
removal functions.

Removal equilibria

When is the outcomép;);c4 Of an operation of social re-
moval anequilibriumpoint? Our first idea is the following.

Definition 4 (¢;);ca is aremoval equilibriunfor (x;);ca
iff it is consistent and, for eache A, ¢; = x,(— /\#i ?;).

This definition is a direct formulation of the idea that each

agent removes precisely the “right” sentence to be consis-
tent with every other agent. As such this seems like a good

candidate for a first formalisation of the word “appropriate”
in our Principle of Equilibrium from the introduction.

Example 1 AssumeA = {1,2} and suppose both agents
use severe withdrawal to remove beliefs. kgtand x5 be
specified by the logical chairfg A ¢) - g and (—p A —q) +

(—p Vv —¢q) resp. Then there are three possible removal equi-
libria for the profile(x1, %2): (1) (pAgq, T), corresponding

struction as in Prop. 9 below) showBREQ) is compatible
with (FVac,).

Proposition 1 If (x;(L));ca is consistent then there ex-
ists a removal equilibriun{¢;);ca for (%;);ea such that
(di)iea =n (%i(L))ica-

In Example 2 we do indeed have a removal equilib-
rium which is conjunction-equivalent tox; (L), x2(L1)),
namely(p, p).

Note that in Example 2, agent 1 uses a removal function
which does not satisfy Vacuity. The next result says that
if we doinsist on Vacuity for individual removal functions,
then we do achieve compatibility witl*{/ac).

Proposition 2 Suppose each; satisfies Vacuity, and sup-
pose(;(L))ica is consistent. Thefrx;(L));ca IS a re-
moval equilibrium for((3¢; )ica)-

However, even if thex; satisfy Vacuity, this might not be

the only removal equilibrium. In other words even in this
restricted domain caseFREQ) is not enough by itself to

to a case where 1 removes nothing and 2 removes every-imply (FVac) or even FVac,).

thing, (2)(T, —p A —q), corresponding to the opposite case,
and (3)(g, ~p V —q), corresponding to the case where both
agents give ugomethingbut not everything.

1The fact that basic removal also covers AGM revision is what
motivated our choice of the contraction-revision “hybrid” symbol
x to denote removal functions.
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Example 3 Let x be theo-liberation function determined
by the sequendg@, —p). Then the belief set associatedso

is %(L) = p. Now suppose we haveagents, all using this
sameremoval functionsx. Then for the resulting removal
profile there are two removal equilibria. As well as the ex-
pected(p);ca We also gef—p);eca!



It might seem bizarre thgt-p);ca should be recognised
as an equilibrium in this example. Why should the agents all
jump across to-p when they can just as well stay with the
comfort of p? In fact the situation is analogous to that with
Nash equilibrium itself. We shall expand on this point later
after we introduce the notion of entrenchment equilibria.

By restricting the domain oF further, wedo force a
unigue removal equilibrium in the case when the initial be-
lief sets are jointly consistent.

Proposition 3 Suppose eachk; satisfies Inclusion (and
hence also Vacuity). Then(#;(L));ca is consistent then
it is theonly removal equilibrium for(3«¢; );ca .

Existence of removal equilibria
In this section we prove that removal equilibria are guaran-

What other properties dods, satisfy? Well to begin, it
can be shown to satisfyFVac) (in the hyperregular case).
Also, let's say two removal functions andx’ arerevision-
equivalentff x(A\) A -\ = %/(A\) A -Aforall A € L..
(i.e., the revision functions defined from them via the Levi
Identity (Levi 1991) are the same). Then we have:

Proposition 5 F; satisfies the following rule for social re-
moval functions:

(FRev,) If %, andx/ are revision- equivalent for each
i € AthenF((%;)ica) =a F((%))ica).

In fact F; satisfies this property even in the general ba-
sic removal case. Lettin®1((:)ica) = (¢i)ica and
F1((%))iea) = ((b )iea, the proof proceeds by induction
oni that/\7<l i = /\j<; ¢~ This resultimplies that if we

teed to exist when the agents use basic removal functions are only interested |n ‘the result oferging we could just
to remove beliefs. First we concentrate on the case when all focus on revision functions only.

agents use hyperregular removal, providing two concrete so-

cial removal operators which satisffREq). We will build

One questionable property & is that wealwaysget
¢1 = %*1(L) for any input removal profile. Thus agent 1

on this case to prove existence in the general basic removal never leaves his initial belief set. He assumes a dictator-like

case.

The hyperregular case: First method

Our first social removal functio'; requires the upfront
specification of a linear order oA. Without loss we
take this order here to be just the numerical onefAor-
{1,2,...,n}. Given a removal profiléx;),c4, we define
F1((3¢:)ica) = (¢i)ica inductively by setting

= N\ 05)-

7<i

_*Z

In other wordsg; is just taken to be agent 1's initial belief
setx (L), and then each agent takes his turn to remove the
negation of the conjunction of the belief sets of all those

agents whose turn has already passed. By an easy induction

on ¢, and using the fact eack, satisfies(x1), we know
“Nj<i®; € Lo and sox;(—~ A, _; ¢;) is well-defined. In
particular we know fronfx 1) thatg, = x,(= A;_,, ¢;) ¥
- /\j<n ¢; and so(¢; )ica is consistent.

Proposition 4 If all the x; satisfy Hyperregularity their,
returns a removal equilibrium fof;);ca.

Proof. From the above remarks we kndw;);ca is consis-
tent. It remains to show, for all ¢; = (= A\, ¢;). We

know ¢; = (= \;; ¢;). Since~ A\, ¢ = 2\, ¢
this is equivalent to
=\ 95))

=i\ o) A
i#i

J<i
Since (¢;)eca is consistent we have,; / ﬁ/\#i ¢; and
so we may apply Hyperregularity to deduce the required
conclusion. O

F; might not return a removal equilibrium for general ba-

role. Our second construction aims at rectifying this.

The hyperregular case: Second method

Our second construction is just like the first, except now, at
the start of the process, agent 1 removes some fixed, possibly
consistent, sentence (chosen independently of the given
removal profile) rather than remove as before. Formally,
the functionF; makes use of an auxilliary functiarnwhich
takes as arguments a removal profite );c together with

a sentencg € L., and outputs a belief profil););cs. The

n; are defined inductively by setting = 1 (x), and then

fori > 1,
= %i(- /\ m;)-
Jj<i
Note that if y = L then this is jus®; ((3¢;)ica). Is this
a removal equilibrium? In fact the result of this operation
will be a removal equilibrium for agents, . .., n, but not
necessarily for agerit

Proposition 6 Assume alkx; satisfy Hyperregularity and
let s(x | (%*i)ica) = (ni)iea. Then for eachi > 1,
i = (7 \jz; m5), butin generaby # x1(= A\, 7))

In casem # *1(= ;s 7;) we just try again with

s(X AN 7 A\j=1m | (*%i)ien). PreciselyF, is defined via
the following iterative procedure:
1. Calculates(x | (#i)ica) = (1:)ica-
2. #*1(=/\;=1m;) then STOP and output
Otherwise sety X A

I m

Fo((%i)ica) = (mi)iea.
- /\;>1 m; and go to step 1.

In case the termination condition in step 2 is not met, it
can be showry # x A — /\j>1 n;, SO We generate a stricly

stronger sentence to input back iB{@ | (5;)ica) in step 1.

sic removal profiles. This can be seen on Example 2, where Hence the process continues at most until we inpuBut

running the above procedure returns the non-equilibrium
(T,p).
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inthis cases(L | (¢
Hence:

F1((¢:)ica) as we have seen.

7 ZEA)



Proposition 7 If all the x; satisfy Hyperregularity theil';
satisfies FREQ).

For example, if we run this method on Example 3, tak-
ing x = p, we obtain the 2 equilibrium Fy((%);cs) =
(—p)ica. Hence we se®; does not validateKVac,). It
also does not satisfyFRev,), since it can be shown the
o-liberation function from Example 3 is revision-equivalent
to the severe withdrawal function, determined by the 1-
element chairp = (p). But if we again takey = p then
Fa((%))ien) = (P)iea.

Note although agent 1 no longer has dictator-like powers
in F5, agent; still dominatesll agents: for which2 < j <
k, in the sense that 2 ((;)ia) = (¢$i)ica, wealwaysend
up with ¢; = x%,(— /\s<j ¢s). This meang nevertakes
into account the beliefs df > j when calculating his new
beliefs.

A natural question to ask is: @a/eryremoval equilibrium
for (3¢;);ca Obtainable by the above iterative method for ap-
propriate choices of ordering of agents and starting points
x? The next example shows the answer is generally no.

Example 4 Suppose three agents, all using severe with-
drawal functions specified respectively by the following log-
ical chains:

%1: (pe gk (pVa),
%21 gk (pVg),
%3: —pk(=pVq).

Then the reader may check

(¢1,02,03) = (pVq,pV —g,~pVq)

is a removal equilibrium (giving a merging result ¢f A
d2 A 93 = p A q). However, note this equilibrium has the
special property that for each there is noproper subset
X c{j e Alj+#i}suchthaty; = x;(=\cx &)
Hence this point cannot be reached usifig, since as we
just remarked, there walwaysend up withpo = x9(—¢1).

In the above example it could be said that at the point
(pVq,pV —q,—pV q) the three agents are all in a state of
perfect tensionwvith regard to one another. Each agent con-
tributes equally to the equilibrium. We make the following
definition:

Definition 5 Let (¢;);ca be a removal equilibrium for
(3¢i)iea. Thenitis gperfect removal equilibriuriif for each

i, there is noproper subseX C {j € A | j # ¢} such that
bi = *i(= Njex ¢5)-

The next question is: do perfect removal equilibria al-
ways exist for any given removal profile? The answer is
no, because according to the definition we rma¢ have
¢ = *i(= N\jep ¢5), 1-€., we may not have,; = x;(L).
However, we may conceive of examples in which, éor
ery removal equilibrium there exists at least one ageot
which ¢; = %,(_L). Indeed this will typically happen in the
case ofdrasticremoval profiles, see the section “Equilibria
as maxiconsistent sets” below.
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Existence: The general case

We have established that if all agents use hyperregular re-
moval, then removal equilibria are guaranteed to exist. We
now extend this fact to the case of arbitrary basic removal
profiles. Given an arbitrarys;);ca, we first convert each

x; to its hyperregular versions!, and then show that ev-
ery removal equilibrium fo(»:ef)ieA can beconvertednto

an equilibrium for the original profile. To do this we go
back to the semantic representation of basic removal func-
tions which was mentioned after Defn. 2.

Definition 6 Letx be a basic removal function aref, <)
its generating context. Then tigperregular versioof x

is the the removal operatogx” generated by the context
(<, ="), where<" is defined by:

w1 jh w9 iff w] X ws for somews S.t.ws ~ ws.
(where~ is the symmetric closure gf).
The following are the relevant propertiesef:

Proposition 8
(i). x" satisfies Hyperregularity.
(ii). Forall A € L., x(\) F x"()).
(iii) . % andx" are revision-equivalent.

Now, suppose we start with arbitraf; );c4 and suppose
we have found some removal equilibriu@;);ca for the
hyperregular versions (x/);ca. Then for eachi set

¢i = xi(=(/\ 65 A )\ 6))).
j<i j>i
Proposition9 (¢;);ca is a removal
(%;)iea. Furthermore(o;)ica =a (¢})ica.
Proof. The proof depends on the following property:
/\ &) F i b ¢ foralli e A

jeA

equilibrium for

(1)

This property is proved by induction anFori = 1 we have
¢1 = x1(- N5 @) andg) = (= \;., #;). Hence the
first logical implication above reduces to

(N &) Axl(= N\ &) F (= )\ ¢)),
i>1 j>1 7>1

which holds by Prop. @i) , while the second logical impli-
cation reduces to

12 N\ o)) == N 8,
j>1 j>1

which holds by Prop. @) . This establishes the base case of
the induction.

Now let: > 1 and assume the property holds forjak: i.
Note that this implies

A &= N\oin N\ o

jEA j<i §>i



We have¢;, = %i(j(/\j<i ¢ N /\j>i ¢3)) and ¢;
xh(= /\#i ¢’;). Given all this the first logical implication

in (1) above may be rewritten as

(N ein N\ nsi(= N\ )b\ ¢ 1 N\ )

7<i J>1 JFi 7<i J>1

Now since¢; i ¢ for all j < i (inductive hypothesis) we
know ~ A, ¢ = (A< 5 A N\;si ¢5)- Hence, using
the following derived property of basic removal functions
(which is mainly a consequence 6£38)),

(%A) If AF xthen—x A x(\) F x(x),
we see the left-hand side above logically impﬁﬁ\sjd b N
Njsi @) AL (N j2i 05 AN, @) From this we get the

right-hand side as a logical conclusion from Profiii)3
For the second implication in (B); - ¢} we must show

i\ o5 A\ O)) F == N\ 6.

j<i Jj>i j#i

By Prop. &ii) it suffices to show

(N b5 A NS E %P N\ 6)-
i<t J>1 VE

By the indictive hypothesig; F ¢} for all j < i we
know = A, ¢; F (A5 A Njsi¢;) and so we
may use(x6) to obtain this implicatiorprovidedwe can
show (= Njzi ®5) V' —(N\j<i @i A Njsi @), Since
#7(2 N\j 95) @ this just boils down to showing
Nj<i®i N N\;>; ¢} is consistent. But as remarked above,
the inductive hypothesis implies this is equivalen;/\{9¢3
which is clearly consistent. This completes the inductive
step and so our property is proved, namely

/\¢§'—¢ii—¢;f0rallieA.

JEA

Note that this implies, for afl,

N 5= N oin N\l

JEA i<i j>i

)

In particular/\jeA P = /\jGA ¢;, which proves the second

part of the proposition. Now, we want to shdw; );c, is a
removal equilibrium for(;);ca, which means we need to
show, for alli € A, ¢; = %,(— /\7'7&1' o). i.e.,

#i(( N\ @i A\ 6)) = =i(= )\ 65)-
j<i j>i i
For simplicity let us writer = =(A\,;_; ¢; A A\, ¢;) and
p = /\jz ®j- S0 we must showk;(o) = *;(p). Using
the just established fact thaf I ¢’ for all j we knowo - p
and sor = pA (o V—p). Hencex; (o) = x;(pA (o V—p)).
Now using(¢4)and («6)we havex; (pA(oV-p)) = %;(p)
if %,(p A (o V—-p)) F oV -p. Hence if we can show
*;(0) F oV —-p, equivalently x;(c) A mo F -p,
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then we obtain the desired conclusion. But we have
*i(0) Ao = N;o; i N \;s,; @5 From property (2)
this in turn is equivalent to\\ ., ¢;, and so we obtain
%i(0) A =0 = N\, ¢; = —p as required. O

The second part of this proposition implies that if we are
interested only in the result aherging we might as well
just use the Hyperregular versions.

Entrenchment equilibria

In this section we investigate another equilibrium notion for
social belief removal, which is more directly comparable to
the usual notion of Nash equilibrium in strategic games. To
do so we will first show how any removal profile;);ca
defines a particular strategic gaiggx;);cs) and then use
the Nash equilibria of this game to define our new notion of
equilibrium. We start by recalling the definitions of strate-
gic game and Nash equilibrium. (See, e.g., (Osborne and
Rubinstein 1994).)

Definition 7 A strategic game (overA)
((Ad)ien, (Zi)ien), Where, for each € A:

is a pair

e A, is the set ofctionsavailable to agent,

e =, is a total preorder overx;c4 A;, i.e., thepreference
relationof agenti.

The setx ;4 A; is the set ofction profilesfor the agents
in A, i.e., the set of tuples consisting of a chosen action
a; € A, for each agent. Given two action profile$a;);ca
and(b;)ieca, (ai)iea 3; (bi)ica means agent prefers (the
outcome resulting from) the action profilg );ca at least as
much aga;)iea.

Definition 8 A Nash equilibrium of a strategic game
((A;)iea, (Zi)iea) isan action profilga?),ca such that, for
eachj € A, and anya; € A; we have(a;)ica Zj (af)ica,
wherea; = a fori # j.

In a Nash equilibrium no single agent can change his action
in a way which leads to a more preferred outcome for him,
giventhat the other agents’ actions remain fixed.

How can we define a strategic game from a removal pro-
file? Well first note in our situation of social belief removal
too each agent takes an action — he chooses which sentence
to remove. Thatis, the set of possible actions of agemy
be identified withL.. What, then, is the preference relation
of agenti over the resulting set of action profilesjcy L..?
Clearly each agent prefers any action profile leading to a
consistent outcome over one which leads to inconsistency.
But what is his preference between different profiles leading
to consistent outcomes? One natural idea is that agents pre-
fer to removdess entrenchesentences (Gardenfors 1988).
Given agent is using removal functionk;, his entrench-
ment orderingover L,.) <F is given by

A <P it s, (VA X) A

Thusy is at least as entrenched asiff the removal of the
conjuction causes to be excluded. It expresses that agent
finds itat least as easy to discaidasy.



Proposition 10 If %, is a basic removal function, and¥
is defined from; as above therd? forms a standard en-
trenchment ordering in the sense ofgi@enfors 1988). In
particular <¥ is a total preorder oveL..

Given this, agent’s preference relationi® over the
set x;ecaL, is may be specified completely as follows.
Given any two action profile€\;) jea and(x;);ea, we set
(Aj)jea 3 (x))jea iff one of the following two conditions
hold:

either
or

(). (3¢;(Xj)) ea is inconsistent
(ii). (3, (A;))jea and(x;(x;))jea are both
consistent angy; <F ;.

Since<¥ is a total preorder ovek., it is easy to checki®
forms a total preorder over the set of all action profiles.

Definition 9 Given a removal profilé¢;);ca, the strategic
game((L.)iea, (ZF)ica) defined from(x;),ca as above
will be denoted by ((3;):ea)-

Given all this, we are ready to define our next equilibrium

notion.

Definition 10 (¢;);ca is an entrenchment equilibriurfor
(;)ien iff it is consistent and¢;)ica = (3:(A\}))iea for
some Nash equilibriur\});c4 of the gameg((5¢;)ica)-
Put more directly, an entenchment equilibriumis an outcome
(¢i):ca which is consistent and for which reingle agent
may deviate and remove a less entrenched senteitiveut
destroying this consistency.

This brings us to the following social removal property:

(FEEq) F((%)ica) is an entrenchment equilibrium

for (*i)ieA-

What is the relationship between entrenchment equilibria
and removal equilibria?

Proposition 11 Every removal equilibrium fofx;);ca is
an entrenchment equilibrium fdps;);ca. Furthermore if
all %, are hyperregular then every entrenchment equilibrium
for (;):ca is a removal equilibrium fof«; );ca.
Proof. Let (¢;):ca be a removal equilibrium and lét €
A. Theng; = (= ;4 ¢;). We will show the profile
(= /\#i ®;)iea is a Nash equilibrium foG ((x;)eca). Sup-
posey <iF — Njzi 95» where< is the strict part of’s en-
trenchment relatiOH_ﬂlE. This means

i (x A= N E= ¢

J#i J#i

We must show(¢, . .., *;(x),. .., ®,) is inconsistent, i.e.,
#i(X) F =\, @5 Butsincex <7 — A\, ¢; we know

(X A= N\ 6) ¥ x 4)
JFi
From this and ¥6) we get; (x) - *;(x A~ A\, ¢;) and
so from this and (3) we obtain the desired conclusion.

For the second part, lex; be a hyperregular removal
function for eachi € A and supposég;);ca is consistent

®3)
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and logically equivalent ta(s;(Af));ca for some Nash
equilibrium (Af);ea for G((5¢:)ica). We need to show
¢i = %i(0 N\ &) foralli, e, x; (A7) = (= N\ ¢i)-
First we show\} and ﬂ/\#i ¢, are equally entrenched
according tos;. That A <F -~ A, ¢; holds since
(f1,...,%i(— /\#i ®i),...,0n) IS consistent (by %1))
and so- A, ; & <P \r would contradict that\});ca is a
Nash equilibrium forG((:)iea). That- A, ¢: <Eax
follows since we haveg;(\}) ﬁ/\#i ¢; (since(¢;)iea

is consistent) and so we may deducA#i ¢ <F A7 using

—1

the following derived rule for basic removals:
(%B) If x(\)Fxthenx (AAx)Fx.

Hence we have showh; and ﬂ/\#i ¢; are equally en-
trenched according te;, and the result now follows from
the fact that for hyperregular removals, removing equally
entrenched sentences yields logically equivalent resuts.

Thus if all agents use hyperregular removal then the two
notions of equilibriumcoincide However, in general, not
every entrenchment equilibrium is a removal equilibrium,
since for example if;(L));ca is consistent then it ial-
ways an entrenchment equilibrium, becauseis always
minimally entrenched for any basic removal function. How-
ever we have already seen that it might not be a removal
equilibrium.

Strong entrenchment equilibria

As we saw in Example 3, even in the hyperregular case, if
(%;(L))iea is consistent it might still not be thenly en-
trenchment equilibrium. It might seem irrational for both
agents to give up in this example, when it's possible for
both to remove a less entrenched sentencel().&hile pre-
serving consistency. This kind of counterintuitive result is
not restricted to entrenchment equilibria. In fact it is inher-
ent in the concept of Nash equilibrium itself. It has long
been recognised that the Nash equilibrium does not rule out
sub-optimal solutions in the case where agents have identi-
cal preferences over outcomes. This is illustrated by the fol-
lowing example, taken from (Osborne and Rubinstein 1994,
p16).

Example 5 Suppose two agen{d, 2} who wish to go to a
concert together, but must choose between going to a Mozart
(Mo) concert or a Mahler (Ma) concert. Thus the set of ac-
tions for both agents isl = {Mo,Ma}. We assume both
agents have identical preferences over the four possible ac-
tion profiles. Firstly, the agents want to reach agreement,
so the two profiles in which they choose different actions
are the least preferred. Moreover, both agents prefer to see
the Mozart concert. Thus the preference relatigrof both
agents is specified completely by

(Mo, Ma) ~ (Ma, Mo) < (Ma, Ma) < (Mo, Mo).

(Just for this example we are using and < to denote
the symmetric closure and strict part of respectively.)
In this game there are two Nash equilibriMa, Ma) and
(Mo, Mo). Even though both agents have a mutual interest



in reaching (Mo, Mo), the Nash equilibrium does not rule
out the inferior outcoméMa, Ma).

This anomaly led several authors to propose refined equi-
libria concepts for strategic games. One such refinement,

the strongNash equilibrium (Aumann 1959), says roughly
that noset— not just singletons as with Nash — of agents

Related work

While this paper is, to our knowledge, the first attempt to de-
fine explicit notions of equilibria in a belief merging setting,

a proposal that is similar in spirit has been made in the con-
text of negotiation In a series of papers, Zhang et al. (2004)
and Meyer et al. (2004b; 2004a) considered the problem of

can make a joint change in strategy which leads to a more negotiation from a belief change perspective. They consider

preferred outcome for all agents in that set.

Definition 11 A strong Nash equilibrium of a strategic
game((4;)ica, (Ji)iea) is an action profile(a’);ca such
that, for anyX C A, and each tupléa;);cx, there exists
j € X such that(a;)ica 3; (af)ica, Wherea; = af for
1€ X.

This leads to the corresponding refinement for entrench-
ment equilibria.

Definition 12 (¢;);ca is astrong entrenchment equilibrium
for (;);ea iff it is consistent and¢;)ica = (%:(A)))ica
for some strong Nash equilibriur\});c4 of the game
G((i)ica)-

The following property thus strengtherlSEEQ):

(FEEg+) F((%;):ca) is a strong entrenchment

equilibrium for (3¢;);ca.

In Example 3 the only strong entrenchment equilibrium is
(p)iea. For hyperregular removal profiles, it can be shown
functionF; defined earlier satisfie¥'EEqg+), but F» does
not. Thus strong entrenchment equilibakvaysexist for
hyperregular removal profiles. However at the time of writ-
ing it is an open problem whether they are guaranteed to
exist for general basic removal profiles. It would also be
interesting to try and find a necessary and sufficient condi-
tion for a removal equilibrium to be a strong entrenchment
equilibrium (even in the hyperregular case).

Equilibria as maxiconsistent sets

The simplest kind of removal function is what might be
termeddrastic removal in which the result of removing

is % (L) if X is not entailed by the initial belief set, ar if

it is entailed. That is, an agent either leaves his belief set
unchanged, or throws oatl beliefs. Drastic removals cor-
respond to the severe withdrawal functions determined by
single-element logical chains.

If all agents wuse drastic removal, then
moval/entrenchment equilibria reduce to takingaximal
consistent sets of agent’ C A is maximally consistent
iff (i) A\,cx *i(L) is consistent, andii) A,.y (L) is
inconsistent forallX C Y C A.

re-

Proposition 12 Suppose alkx; are drastic removal func-
tions. Then(¢;);ca is a removal (or entrenchment) equi-
librium for (3¢;);ca iff {i | ¢; = x%;(L)} is a maximally
consistent subset af.

Thus we see that the main notions of equilibria studied in
this paper (removal and entrenchment) can be segems
eralisationsof the idea of taking maximal consistent sets.
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the case of negotiation involving only two agents, but make
it clear that the real interest is in a setting involving a finite
numbem of agents. The initial demands of agents are repre-
sented as (logically closed) belief sets, and are compared to
the beliefs of agents. Negotiation is then described as a pro-
cess in which agentgrike a deaby modifying their initial
demands to obtain new belief sets, gayand¢-. The out-
come of the process of negotiation is the conjunction ¢

of the modified belief sets. Negotiation in this sense is thus
closely related to belief merging and hence, indirectly, to so-
cial belief removal.

The basic assumptions in the series of papers differ from
those made in this paper. Zhang et al. (2004) define the mod-
ified belief sets in terms of belief revision, and in particular,
basic AGM revision (i.e. revision operators satisfying the
first six AGM revision postulates (Alchourron, Gardenfors,
and Makinson 1985)). Meyer et al. (2004a) consider mod-
ified belief sets in terms of both contraction and revision,
but assuming basic AGM revision and contraction. This was
also extended to full AGM contraction and revision (Meyer
et al. 2004b).

Despite these differences regarding basic assumptions,
there are some interesting similarities between their work
and the notion of a removal equilibrium. Zhang et al. (2004)
characterise the modified belief sets and ¢, in terms of
the following fixed-point definition, using belief revision
functions+; and+- for agents 1 and 2 respectively:

(FP) ¢1 A ¢ = +1(d2) V +2(é1)

That is, the outcome of a deaby( A ¢-) is equivalent to the
disjunction of the result of agent 1 revising with the revised
demands of agent 2, and the result of agent 2 revising with
the revised demands of agent 1. To compare this with our
results, observe firstly that for the case of two agents, the
definition of a removal equilibrium reduces to the following:

Definition 13 (¢;)ic(1,2y is a removal equilibrium for
(%4)ieq1,2y Iff it is consistent,¢; *1(—¢2) and ¢ =
%2(—01).

From Defn. 13 it follows immediately that

¢1 A g2 = *1(m2) A *2(—¢1)
which can almost be seen as the dual of (FP): revision func-
tions are replaced by removal functions, the input to the
functions are negated, and we take the conjunction of the
result instead of the disjunction.

In fact, there is an even closer link between our work
and theirs. For each = 1,2 let +; be the revision func-
tion defined fromx; using the Levi Identity, i.e.s;(¢)
*;(—=¢) A ¢. Now, from Defn. 13 it follows thatp;
x%1(—¢2), and therefore that

O1 N P2 = %1(mp2) A 2 = +1(h2).



Switching the roles of; and ¢» we also get

O1 N P2 = %2(—01) A 1 = +2(d1).

From this it follows that

D1 N2 = +1(d2) V +2(01).

In other words, assuming the same class of removal func-
tions, and assuming the Levi Identity, the fixed-point con-
struction (FP) actually follows from Defn. 13.

Conclusion

We have defined several notions of equilibrium in the frame-
work of social removal functions, formulated purely in the
language of belief removal operators. Assuming all agents
use basic removal functions to remove their own beliefs, we
proved our equilibria are always guaranteed to exist. We
gave several examples to illustrate these notions, and we

showed that they generalise in some sense the idea of re-

solving inconsistency by taking maximal consistent subsets
of agents.

For future work, we want to generalise our results to han-
dle social removal undentegrity constraints(Konieczny
and Pino Pérez 2002). A€ social removal functiorns a
function taking as arguments a removal profile and a con-
sistent sentenc&, which returns a belief profile which is
consistentvith ¥. The equilibrium notions described in this
paper should extend to this setting. For example an IC re-
moval equilibrium could be defined to be any belief profile
(¢i)ien forwhichg; = 5;(—~(¥ A A, ¢;)) forall i.

Social belief removal functions have obvious similarities
to social choice rulegArrow, Sen, and Suzumura 2002). A
social choice rule takes as input a profile of total preorders
over the set of alternatives together with a given subket
of the alternatives, and outputs a subsetlof the chosen
elements ofA for the group. By conjoining the elements
of the output of a social belief removal function we obtain
an output of the same type as with social choice rules, but
the input of a social belief removal function can be viewed
asricher than that for social choice, since a basic removal
function corresponds to a total preorderplus a reflex-
ive sub-relation<. It would be interesting to explore any
(im)possibility theorems for social removal functions.
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