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Abstract

Conjunctive queries play an important role as an expressive
query language in Description Logics (DLs). Decision pro-
cedures for expressive Description Logics are, however, only
recently emerging and it is still an open question whether an-
swering conjunctive queries is decidable for the &HOZ Q

that underlies the OWL DL standard. In fact, no decision
procedure was known for expressive DLs that contain nomi-
nals. In this paper, we close this gap by providing a decision
procedure for entailment of unions of conjunctive queries in
SHOQ. Our algorithm runs in deterministic time single ex-
ponential in the size of the knowledge base and double ex-
ponential in the size of the query, which is the same as for
SHZQ. Our procedure also shows th&§HO QO knowledge
base consistency is indeekETIME-complete, which was,

to the best of our knowledge, always conjectured but never
proved.

Introduction

Description Logics (Baader et al. 2003) are a well-

established family of logic-based knowledge representation
formalisms that have gained increased attention due to their
usage as the logical underpinning of ontology languages
such as OWL (Horrocks, Patel-Schneider, and van Harme-
len 2003). A DL knowledge base consists of a TBox, which
contains intensional knowledge such as concept definitions
and general background knowledge, and an ABox, which
contains extensional knowledge and is used to describe indi-
viduals. Using a database metaphor, the TBox corresponds
to the schema, and the ABox corresponds to the data. Con-
trary to a typical database setting, the open world assump-
tion is usually made in (Description) Logics, which means
we have only incomplete knowledge about the modeled do-

main and models can be infinite.

In data-intensive applications, querying knowledge bases

plays a central rolelnstance retrievals a basic reasoning
task that involves the retrieval of akrtaininstances of a
given (possibly complex) concept, i.e., it returns all in-
dividuals from the ABox that are an instance®@fin every

model of the knowledge base. Technically, instance retrieval

is well-understood. For the prominent D8H7Z Q, which
underlies OWL Lite, itis EPTIME-complete (Tobies 2001)
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and for SHOZQ, which underlies OWL DL, it is NE-
PTIME-complete (Tobies 2001). Despite this high worst-
case complexity, efficient implementations are availdble.
Instance retrieval provides, however, only limited forms of
querying: concepts (roles) are used as queries, and thus we
can only query for (pairs of) individual names and for tree-
like structures that are invariant under (guarded) bisimula-
tions. For this reasomrpnjunctive query answerirftps been
suggested as a stronger form of querying, i.e., computing
the certain answers to a conjunctive query over a knowledge
base (Calvanese, De Giacomo, and Lenzerini 1998).

Recently, it has been shown that conjunctive query an-
swering is decidable ISHZQ and, thus, in OWL Lite
(Glimm et al. 2008; 2007; Calvanese, Eiter, and Ortiz 2007).
To the best of our knowledge, it is, however, still an open
problem whether this is also the case HOZQ and,
thus, OWL DL. In this paper, we make an important step
in this direction by presenting an algorithm for unions of
conjunctive queries ove8HOQ, i.e.,SHOZ Q without in-
verse roles. More precisely, we devise a decision proce-
dure forentailmentof unions of conjunctive queries by a
SHOQ knowledge base, where conjunctive query entail-
ment is the decision problem corresponding to conjunctive
query answering. It is well-known that decidability and
complexity results carry over from entailment to answer-
ing (Calvanese, Eiter, and Ortiz 2007; Glimm et al. 2007;
Glimm 2007). Our decision procedure is inspired by the
guery rewriting algorithm foSHZ Q (Glimm et al. 2008),
but is adapted to handle the more complicated relational
structures that nominals can express. In the query rewrit-
ing process, we reduce a conjunctive query to (possibly
several)SHOQ''-concepts, i.e SHOQ-concepts with role
conjunctions. Conjunctive query entailment is then reduced
to consistency checking @+ O Q" knowledge bases. For
this task, we devise an automata-based algorithm that runs
in deterministic double exponential time in the size of the
query and single exponential time in the size of the knowl-
edge base. This result concerns the combined complexity,
i.e., itis measured in the size of the knowledge base and the
query. FOrSHZIQ, the same upper bound holds and it is
known to be tight (Lutz 2007).
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For full proofs and more detailed definitions of the pre-
sented results we refer to (Glimm 2007).

Preliminaries

A signature is a tuplé N¢, Ng, N;), whereN¢ is a set of
concept namesNg a set ofrole names and N; a set of
individual names The set of role names contains a subset
N;r C Ng of transitive role names A role inclusionis

of the formr C s with r,s € Ng. A role hierarchyR

is a finite set of role inclusions. A roleis simplew.r.t. a
role hierarchyR if there is no transitive role € N;r such
thats Err € R, where Er denotes the reflexive transitive
closure ofZ w.r.t. R.

An interpretationZ = (AZ,-7) consists of a non-empty set
AT, thedomainof Z, and a function?, which maps every
concept namel € N¢ to a subsetd? C AZ, every role
namer € Ng to a binary relation”? C A% x A%, and
every individual name € N; to an element” € AZ. An
interpretatior satisfiesa role inclusion: C s if 7 C s7,
and a role hierarchRR if it satisfies all role inclusions ifR.

SHOQ-conceptgor concepts for short) are built induc-
tively using the following grammar, where € N;, A €
Nco,n € N,r € Ng, ands € Ny is a simple role:

C:= Al{o} | C|Ci11Cy | Vr.C|=ns.C.

We use the following standard abbreviations; LI Cy; =
ﬁ(ﬁCl M ﬁCQ), Jr.C = ﬁ(VT.(ﬁC)), and< n s.C = ﬁ(}
(n+1)s.0).

The semantics a§’ HO Q-concepts is defined as usual:

{o}t = {07}, (1 D)r =CT N DT, (-C)* = AT\ (7,
(vr.0)E ={de AT | if (d,d') € r%, thend' € CT},
(=ns.0) ={de AT |4(sL(d,C)) > n}

where §(M) denotes the cardinality of the séf/ and
st(d,C) ={d € AT | (d,d’) € sT andd’ € C*}.

The presented algorithm reduces a conjunctive query to
concepts that may also contain role conjunctions in the
place of role names. Aole conjunctionis an expression
ryM...MNry, wherery, ..., r, are role names. The interpre-
tation function is extended to role conjunctions as follows:
(ry1...Nr)t =rmZn...nr,Z. Arole conjunction is
simpleif each role occurring in it is simple. We can then
build complexSHOQ"'-concepts with the same grammar
as above, just with (s) being a (simple) role conjunction.

A general concept inclusiofGCl) is an expressiot C
D, where both”' and D are concepts. A finite set of GCls
is called aTBox An assertionis an expression of the
form A(a), ~A(a),r(a,b), -r(a,b), ora #bwith A € Ng¢,

r € Ng,anda,b € N;. An ABoxis a finite set of assertions.
Since, in the presence of nominals, the ABox can be inter-
nalized (e.g.A(a) is equivalentto the GCla} C A, r(a,b

to {a} C Ir.{b}, etc.), we assume w.l.0.g. thatS&1OQ
knowledge bas& is a pair(7, R) whereT is a TBox and

R is arole hierarchy. We usel(K) for the set of role names
used infC andnom(K) for the set of individual names (nomi-
nals) that occur iiC. We assume thaiom(K) is non-empty.
This is w.l.o.g. since we can always add an axipgh C T
to 7 for a fresh nominab € Nj.
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An interpretatior satisfiesa GCIC C D if C* C D?
and itsatisfiesa TBox if it satisfies each GCI in it. An in-
terpretatiorZ is amodelof a knowledge bask = (7, R),
denoted ag E K, if it satisfies7 andR. A knowledge
base isconsistentf it has a model.

As usual, we usenf(C) to denote the negation normal
form of a conceptC. We define theclosurecl(K) of K as
the smallest set containimypf(-C' U D) if CC D e T; D
if D is a sub-concept af' andC' € cl(K); andnnf(—C) if
C e c(K).

Let Ny be a countably infinite set of variables with
v,v' € Ny and let Vo, Ng, N;) be a signature with
A € N¢g,r € Nr. A Booleanconjunctive query is a
non-empty set of atoms, where an atom is an expression
A(v), r(v,v"), orv =~ v'. We refer to these three types
of atoms as concept, role, and equality atoms respectively.
We useVars(q) to denote the set of variables occurring in
q. A sub-queryof ¢ is simply a subset of (including ¢
itself). A union of Boolean conjunctive queriés an ex-
pressiony; V ...V ¢, where each disjunet; is a Boolean
conjunctive query.

Please note that we do not allow for constants (individual
names) to occur in the position of variables. This is w.l.o.g.
since our DL contains nominals: for each constam g,
we introduce a new variable,, replace each occurrence of
a with z,, and add a concept atoffla})(z, ).

Since equality is reflexive, symmetric and transitive, we
define the equivalence relatignas the transitive, reflexive,
and symmetric closure e over the variables ig. We de-
fine the relatione over atoms ing as follows: A(v) € ¢
if there is a variable’ € Vars(q) such thatv = +' and
A(v") € ¢ and similarly for role atoms.

Let T = (A?,-7) be an interpretation. For a total function
7: Vars(q) — AT, we write () Z =™ A(v) if n(v) € AT;

(i) Z =™ r(v,v") if (x(v),7(v")) € rT;and (i) Z ™ v ~
v if w(v) = w(v'). If T =" at for all atomsat € ¢, we
write Z =™ ¢. We say thatZ satisfiesg and writeZ = ¢

if there exists ar such thatZ =" ¢. We call such ar a
matchfor ¢ in Z. Let K be aSHOQ knowledge base and
g a conjunctive query. If, for every interpretati@gnZ = K
impliesZ = ¢, we say thakC entailsq and writeC = ¢. K
entailsa union of conjunctive querieg V ...V ¢, written
ask = q1 V...V, if, for each modef of K, there is some
iwith 1 <¢ < {¢suchthaf | g;.

Thesizeof a knowledge bask (a queryg), denoted K|
(lq]), is simply the number of symbols needed to write it
over the alphabet of constructors, concept, role, individual,
and variable names that occur ih(g). We assume unary
coding of numbers in number restrictions.

*
~
~

Canonical Models

We first show that we can restrict our attention to interpreta-
tions that have a kind of forest shape. SistgOQ allows

for nominals, the forest structure is not directly obvious, but
we can use models with an underlying “forest backbone”
calledforest base These forest bases are forest-shaped in-
terpretations that interpret transitive roles in an unrestricted
way, i.e., not necessarily in a transitive way. In a forest base,



each element can be related to its direct successor nodes anghow the forest base for this canonical model. In what fol-

to some root/nominal nodes. Due to the allowed relations

lows, we sometimes informally use the teshortcut A

from any element to nominal nodes, even forest bases are shortcut is a generalization of the case where a forest base

strictly speaking not forests.

Definition 1. LetIN* be the set of all (finite) words over the
alphabetlN. AtreeT is a non-empty, prefix-closed subset of
IN*. The empty word is called therootof T'. For w,w’ €
T, we callw’ a successoof w if w' = w - ¢ for somec €
IN, where “” denotes concatenation. THeanching degree
d(w) of a nodew € T is the number of its successors. If
there is ak such thatd(w) < k for eachw € T, we say
thatT has branching degrek. Given a set of elements=
{o1,...,0,}, aforestF w.r.t. p is a subset op x IN* such
that, for eactp; € p, (0;,¢) € F and the sefw | (0;,w) €
F}isatree.
Let £ be aSHOQ knowledge base. forest base foiC

is an interpretation7 = (A7 ,-7) that interprets transitive
roles in an unrestricted (i.e., not necessarily transitive) way
and, additionally, satisfies the following conditions:

F1 A7 is a forest w.r.tnom(K);

F2 if ((o,w), (o', w")) € r7, then eithern’ = € or

o = o andw’ is a successor af;

F3 for eacho € nom(K), 07 = (o,¢).

An interpretationZ is canonical forC if there exists a forest

baseJ for K such thatZ is identical to.7 except that, for
all non-simple roles:, we have

U

s Err, sENtRr

r r7 U (3‘7)+,

where™ denotes the transitive closure operator. In this case,
we say that7 is a forest basdor 7 and, ifZ = K, we
say thatZ is a canonical model forC. If, for eacho €
nom(K), the branching degree of the trev | (o,w) €
AT} is bounded by somk, we say thatZ has branching
degreek.

For simplicity we make the unique name assumption
(UNA) in the above definition (cf. 1), i.e., for eaahb € N;
such thata # b and each interpretatiah, we assume that
a’ # b, This is w.l.o.g. as we can guess an appropriate
partition among the individual names and replace the indi-
vidual names in each partition with one representative indi-
vidual name from that partition. Hence, our decision proce-
dure does not rely on the UNA and this assumption does not
affect the complexity results.

We use the following running example throughout this pa-
per.

Example 2. Let K = (7, R) be aSHOQ knowledge base
with ¢, t' € Nyg

T ={{o} CIH(CNIr.(3r.(DNIt.({o}))))
{0’} C3s. T M 3s.({o})}
R={ r Ct}

and ¢ {C(2), D(2), ' (x, 2), (2, 2),r(x, ), 7(y, 2)}
with Vars(q) = {z, vy, z}.

Figure 1 shows a graphical representation of a canonical
model for IC. Without the dashed lines, the figure would
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J and its canonical moddl differ, i.e., where(a, b) € r*
but(a,b) ¢ r7.

(0,€) (oe)@o
s
(0,1) (o)1)
i t
! 1
(0,11

Figure 1: A representation of a canonical interpretafion
for K. The transitive shortcuts are shown as dashed lines;
without them, the figure would show a representation of a
forest base fof.

Figure 2 shows a representation of the query from our run-
ning example together with a match for the canonical model.
We have thaf =" g form: {x — (0,1),y — (0,11), 2z —
(0,111)} and that alsdC [ q.

Figure 2: A graphical representation of the querwith a
match in the canonical model (shown in grey, and without
labels).

The following lemma justifies our focus on canonical
models. The bound on the branching degree is important
for our automata based decision procedure.

Lemma 3. Letq be a union of Boolean conjunctive queries,
K a SHOQ knowledge base witl| = m, n,,q. the max-
imal number occurring in number restrictions, ard =

m - Nmaz. K ¢ iff there is some canonical modélof

K such thatZ [~ g andZ has branching degreg.



Informally, for the only if direction, we can take an arbi-
trary counter-model for the query, which exists by assump-
tion, and “unravel” all non-tree structures. During the un-
ravelling process, we use a choice function that chooses, for
each existential and each at-least number restriction occur-
ring in the closure ofC, the required successors. This guar-
antees that the branching degree is indee&ince, during
the unraveling process, we only replace cycles in the model
with infinite paths and leave the interpretation of concepts
from the closure unchanged, the query is still not satisfied in
the unravelled canonical model. The if direction of the proof
holds vacuously.

Query Rewriting
In order to decide whether a union of conjunctive quefiss

entailed by aSHO Q knowledge bask, we transform each
disjunct ofq in a four stage process into a setSFOQ" -

Figure 3: A graphical representation of the nominal re-

writing ¢, for ¢. The canonical modéf is shown in grey

(without labels).

concepts. We then show that we can use these concepts to

build extensions ofC in such a way thakC entailsg iff all
the extensions are inconsistent.

In the first rewriting step, calledollapsing we can iden-
tify variables.
q={r(z,y),r(z,y"), sy, 2),s(y’, )}, which can be trans-

K = ¢nr impliesK = ¢ since the role used in the rewriting

must be transitive. At the end of the nominal rewriting step,

Consider, for example, the cyclic query we also “guess”, for each of the rewritten queries, which
variables correspond to nominals. Withc(q), we denote

formed into a tree-shaped one by adding the equality atom the set of all pair$g,..., p) such thaty,,,. is a nominal rewrit-

y ~ y'. The collapsing step is not new and already required

ing of some collapsing., € co(q) andp C Vars(gn,).

for simpler logics (see, e.g., (Horrocks et al. 2000)). With  The pair(g,., {x,}) would, for example, belong to the set

co(q) we denote the set of all collapsings that can be ob-
tained fromg.

nric(q)-
In the shortcut rewriting step, we explicate shortcuts

A common property of the next two rewriting steps is that  within a tree, such a8/ (z, z) in our running example, by

they allow for substituting (implicit) shortcut edges with (ex-
plicit) paths that imply the shortcut. The steps aim at dif-

replacing role atoms with a non-simple role with upit9)
role atoms that use a transitive sub-role. In our running ex-

ferent cases in which these shortcuts can occur. The sec-ample, we can repladé(z, z) with t/(z,y), ' (y, z) and we

ond step is calledominal rewritingand we can replace role
atoms of the form(v,v’) for which r is non-simple with

refer to the resulting query as,.. The mappingry,. = T,

for ¢, no longer uses any shortcutsinsee Figure 4) and

two role atoms by possibly introducing a fresh variable. This we consider this query as forest-shaped w.r.t. the root choice

allows for explicating all (transitive relations) that bypass a
nominal. In this step, we also “guess”, for each of the rewrit-
ten queries, which variables correspond to nhominals. In the
third step, calledshortcut rewriting we explicate shortcuts
within a tree by replacing a role atom with a non-simple role
with up to#(q) role atoms that use a transitive sub-role. In
the fourth step, we filter out those queries that still cannot be
expressed aSHO Q"' concepts. These queries are trivially
false since their structure cannot be mapped to the canoni-
cal models of the knowledge base. The remaining queries
are transformed into concepts by applying the rolling-up
technique (Calvanese, De Giacomo, and Lenzerini 1998;
Tessaris 2001). Finally, we use the obtained concepts to re-
duce conjunctive query entailment to knowledge base con-
sistency checking.

Since the first query rewriting step, collapsing, is not
new our running example focuses on the other rewriting
steps. For the nominal rewriting step, we can choose to re-
place the conjunet z, ), which bypasses the nominal node
(0, €) for the given mapping and canonical modél, with
t(z,z,), t(x,,x) for z, € Ny a fresh variable. We call this
nominal rewritingg,,, (see Figure 3).

Sincet is transitive,Z """ ¢,,, wherem,, is the exten-
sion of 7 that mapse, to (o, €). Itis not hard to check that

255

{CCT}-

Figure 4: A graphical representation of the shortcut rewrit-
ing ¢s for ¢,.. The canonical model is shown in grey
(without labels).

In the fourth and last step, we transform the obtained

forest-shaped queries into concepts by applying the rolling-

up technique. For example, the tuglg,, {z,}, 7) with a



groundingr that mapse,- to o results in the concept:
{o} M 3A(C 1 A(r0t).3(r11¢').(DN3t{o})))

Finally, we use the concepts from all possible rewritings and
reduce the task of deciding query entailment to the task of
deciding knowledge base consistency by augmeriimgth

an axiom of the forml" C —~C, for each obtained concept
C,. If both £ and the extended knowledge base are satis-
fiable, thenC [~ ¢ because there is a modglof K that
does not satisfy;. If both the extended knowledge base is
unsatisfiable, theft = ¢ because every modélof K satis-
fiesq and, thus, violates one of the axiomsC —Cj, in the
extended knowledge base.

We now give a precise definition of the rewriting steps.
Please note that we assume thi a conjunctive query and
not a union of conjunctive queries since we apply the rewrit-
ing steps to each disjunct separately.

Definition 4. Let K be aSHOQ knowledge base angla
Boolean conjunctive query. @llapsingg., of ¢ is obtained
by adding zero or more equality atoms of the farm: o'
for v, v’ € Vars(q) to q. We useo(g) to denote the set of all
queries that are a collapsing qf

A nominal rewritingg,,,- of ¢ and K is obtained by choos-
ing, for each role atonr(v,v’) € ¢ such that there is a
role s € Nyg and s Exr to either do nothing or to re-
placer(v,v") with s(v,v”) and s(v”,v’) for v € Ny a
possibly fresh variable. We usex(¢q) to denote the set of
pairs (gnr, p) such that,, is a nominal rewriting of a query
deo € co(q) andp is a subset o¥ars(q,,,-). We callp aroot
choicefor ¢,,.

A shortcut rewritingof ¢ and K is obtained fromg by
replacing each role atom(vy, v, ) from ¢ for which there
is a sequence(vy,v2),. .., n-1(vn-1,v,) € g and a
role s € N;r such thats Ert with n — 1 role atoms
s(v1,v2), ..., S(Un_1,v,). We usesri(q) to denote the set
of all pairs (¢sr, p) such that there is a pai(g,,,p) €
nric(q) andgs, is a shortcut rewriting of,...

We assume thatri(¢) contains no isomorphic queries,
which are queries that differ only in newly introduced vari-
able names.

A conjunctive queryq is tree-shapedf there is a total
function f from Vars(q) to a tree such thaf is bijective
modulo# andr(x,y) € q implies thatf(y) is a successor
of f(x). A conjunctive query; is forest-shaped w.r.t. a root
choicep if there is a total functiorf from Vars(q) to a forest
F w.rt. p such thatf is bijective modulo® and, for each
r(z,y) € qwith f(z) = (z,,w), either f(y) = (y,¢)
with y. € por f(y) = (z,,w-¢) forc € N. We set
fric(q) = {(gsr,p) | (gsr,p) € srx(q) and eithep = () and
qyr is tree-shaped ayy, is forest-shaped w.r.p}.

We now build a query that consists only of concept atoms
for queries infri(¢q) by replacing the variables from the
root choicep with nominals frormom(XC) and applying the
rolling-up technique. Please note that, although we say con-
cept atoms, we actually allow queries in this intermediate
step that contain complex concepts.

Definition 5. Let (¢, p) € fric(¢). A grounding forgy,
w.r.t. p is a total functionr: p — nom(K) such that, for all
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v,v" € p, T(v)
as follows:

7(v') iff v 2 o', We buildcon (g, p, 7)

1. Foreachr(v,v,) € ¢y Withv, € p, replacer(v, v,) with
Fr{r(v:)}) ().

For eachv, € p, add a concept atort{7(v,)})(v,) to
qfr-

3. Letq be the result of applying 1 and 2.

4. We now inductively assign, to eacke Vars(q) a concept
con(v) as follows:

o if there is no role atom(v,v") € ¢, thencon(v)
I_lC(v)éq c,

e otherwise, let:(v, v1), ..., r(v,v) be all role atoms of
the formr(v, ) € ¢, then

con(w)= [] cn []3( [] r)con(w).

C(v)é€q 1<i<k  r(v,v;)Eq

2.

5. Finally,con(gy,, p, ) = {(con(v))(v) | v € Vars(g) and
there is no role atom (v, v) € ¢}.

We useconi(q) for the set{con(qs,p,7) | (¢sr,p) €
fric(¢) andr is a grounding w.r.tp}.

Please note that, after the first step, the resulting query
consists of a set of unconnected components such that each
component is a tree-shaped query with a distinguished root
variable. This root variable need not necessarily belong
to the root choicep. In Step 4, we collect all query
concepts for these root variables in the sei(gy,, p, 7).
Hencecon(qs,, p,T) is a conjunctive query of the form
{C1(v1),...,Cp(vp)} With v; # v;forl < i < j<n
and eachC; is a SHOQ -concept. For a union of con-
junctive queries; = g1 V ...V g, we defineconc(q) as
cong(q1) U...Uconk(ge). The following theorem shows
that the queries inonk(¢) can be used to decide entailment
of ¢ and that there is a bound on the cardinality of this set.
We can then use the standard methods for deciding entail-
ment of tree-shaped conjunctive queries in order to decide
entailment of arbitrary conjunctive queriesSitHO Q.

Theorem 6. Let ¢ be a union of Boolean conjunctive
queries, K = (7, R) a SHOQ knowledge base, and
cong(q) {¢1,.-.,q¢}. Then K E q iff £ E
q1V...Vq.

Due to space limitations, we just give a sketch of the proof
for the above theorem. For the if direction: for the collaps-
ing step, it is clear that, if a modé&l of I entails the col-
lapsing, then it entails the query. Apart from the collaps-
ing step, we replace only role atoms over non-simple roles
with sequences of role atoms that use one of the transitive
sub-roles. It is, therefore, not hard to see that, if a model
7 of K satisfies a rewritten query, then it satisfies the origi-
nal query. In the rolling-up step, the use of nominal concepts
(e.g., in concepts of the forar.({o})) enforces the required
co-references for the links back to nominal nodes. The re-
maining tree-shaped parts can then straightforwardly be ex-
pressed as concepts. As §HZ 9, we can then show that
a model of the knowledge base that satisfies such a rolled-
up query concept, also satisfies the query. For the only if



direction: we can, by Lemma 3, restrict our attention to the

Eliminating Transitivity

canonical models of the knowledge base. We can then use since automata cannot directly handle transitive roles, we

any of the canonical models as a “guide” for the rewriting

process as we used the given canonical model in our run-

ning example. If the canonical model satisfies the query, the
rewriting steps can be applied in such a way that we obtain
a forest-shaped query as required.

By carefully analysing the definition of the rewriting
steps, we get the following bounds on the size of the rewrit-
ten queries and the number of rewritings.

Lemma 7. Letq be a Boolean union of conjunctive queries,
K =(7, R) a SHOQ knowledge base, antbni(q) =
{q1,...,q¢}. Then the size of eachy € conk(q) is poly-
nomial in|¢| and the cardinality otonx (¢) is at most poly-
nomial in || and exponential itig|.

Please note that each queryc conk(q) is a set of con-
cept atoms of the forMC} (z1), ..., C*(x,)}, i.e., eachy
containsn unconnected components. By transforming the
disjunctiong; V ...V g, of queries incong (¢) into conjunc-
tive normal form (cf. (Tessaris 2001, 7.3.2)), we can reduce
the problem of deciding wheth&f |= g1 Vv . .. V g, to decid-
ing whetherC entails each union of connected conjunctive
queries{at;} V...V {at,} where eaclt; is a concept atom
fromg;. Letconk(q) = {q1, - .-, q¢}. We usecnf(conk(q))
for the conjunctive normal form aof; Vv ... V g,. We now
show how we can decide entailment of unions of conjunc-

tive queries, where each atom consists of one concept atom

only. This suffices to decide conjunctive query entailment
for SHOQ.

Definition 8. LetXC = (7, R) be aSHOQ knowledge base,
g a union of Boolean conjunctive queries, afidv,) V...V
Cy(ve) a query fromenf(cong (q)). Anextended knowledge
base w.rtX andgq is a pair (7 U 7,,R) such that7, =
{TC-Cywithl <i </

We can now use the extended knowledge bases in order to

decide conjunctive query entailment:

Theorem 9. Let £ be aSHOQ knowledge base ang a
union of Boolean conjunctive queries. Thér ¢ iff each
extended knowledge bakg w.r.t. £ andq is inconsistent.

By again carefully analysing the definition of the ex-
tended knowledge bases and by using the results from
Lemma 7, we get the following bounds on the size of and
the number of extended knowledge bases.

Lemma 10. Let K be aSHOQ knowledge base ang a
union of Boolean conjunctive queries. The size of each ex-
tended knowledge base is at most polynomi&kihand ex-
ponential in|¢| and the number of extended knowledge bases
w.r.t. C andq is at most exponential ifkC| and double expo-
nential in|q|.

SHOQ" Knowledge Base Consistency

first transform aSHO Q" knowledge basé into an equi-
satisfiableALCHOQ" knowledge baset(K). In the pres-
ence of role conjunctiorendnominals, it does not suffice to
extend the standard encoding of transitivity (see, e.g., (Kaza-
kov and Motik 2006)) in a trivial way. Such a naive exten-
sion would result in atdLCHO Q" knowledge baset(K)

that is obtained fronC by treating all transitive roles as non-
transitive and by adding an axiom

V(M. Nr).C EY(E .. Mt).(Y(E ... N£,).0)

for each concep¥(r; M ... M r,).C € cl(K) and roles
t1,...,tn, € Nig such thatt; Exr; for1 < i < n. The
following example shows that such an encoding does not
yield an equisatisfiable knowledge base. Ket (7, R) be
aSHOQ knowledge base with

T = {{0} C 3.(3t.(3.({0'}))),
fo} € In({o' D},

R = (), andt a transitive role. Figure 5 shows a repre-
sentation of a model foC, where the grey edge represents
the roler and the black edges represent the roleThe
dashed black lines represent implicit (due to transitivity) in-
stances ot. It is not hard to check that adding the axiom
{o} C V(rnt).(—-{0'}) makes the knowledge base incon-
sistent.

Figure 5: A representation of a model fi6r

The trivial encoding:t(K) of K contains (among others)
the additional axion¥t.(—{o'}) T Vt.(Vt.(={0'})) since
Ft.({o'}) € cl(K) and, thusVt.(—{0'}) € cl(K). Adding
the axiom{o} C V(r M t).(—{0'}) to K does not yield any
further axioms iret(K) sincer is a simple role. Since none
of the added axioms explicates the implititelation be-
tween the nominals ando’, extendingkC with the axiom
{o} CV(rnt).(—{o'}) yields a consistent knowledge base
after applying the translation, contradicting our assumption
that a knowledge bag€ is consistent ifet(K) is consistent.

Intuitively, this problem arises since we can have arbi-
trary relations between nominals. This can lead to situations
where, as in the above example, we have an explicit rela-
tionship between two nominals, but only together with the
implicit transitive shortcut can the universal quantifier over
the role conjunction be applied. Hence, the above described
encoding does not suffice. We propose, therefore, a more
involved encoding that explicates all transitive shortcuts be-

We now present our automata based decision procedure for tWeen nominals.

SHOQ" knowledge base consistency. By Theorem 9 this
gives us a decision procedure for entailment of unions of
conjunctive queries iIsHO Q.
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Definition 11. Let K = (7, R) be aSHOQ"" knowledge
base. The functioat(K) yields theALCHO Q™ knowledge
base obtained frontC as follows:



. for each transitive roleé and nominalo € nom(K), add
an axiom3t.(3¢t.({o})) C 3t.({0}),

. for each conceptR.C € cl(K)withR=rM...Mr,
and transitive roleg, . .., t, such that; Exr; for each
1 < i < n, add an axionWR.C C VT.(VT.C), where
T=¢tMn...Mt,, and

. all roles inet(K) are non-transitive.
With the above definitionet(K) contains, additionally,

the axiom3t.(3t.({o})) C Ft.({o}), which ensures that
the implicit t-edges to nominals (the dashed lines in Fig-

ure 5) are made explicit. As a consequence, adding the ax-

iom {o} C V(rMt).(—{0'}) indeed results in an inconsistent
knowledge base.

Due to role conjunctions over non-simple roles, the en-
coding from Definition 11 yields not necessarily a knowl-
edge base whose size is polynomial in the size of the input
knowledge base. The number of transitive sub-roles for a
role r; that occurs in a role conjunction is boundedby
Hence, we can use up to transitive sub-roles for each of
the at most: role conjuncts in the second step of the encod-
ing, which results in at most™ additional axioms irt (/).
Since, in general, the length of the longest role conjunction
can also only be bound by, the encoding is exponential
in m. To the best of our knowledge, it is unknown if this
blow-up can be avoided.

Lemma 12. Let K be a SHOQ" knowledge base with
|K| = m and where the length of the longest role conjunc-
tion occurring inK is n. Thenk is consistent ifet(K) is
consistent and the size ef(K) is polynomial inm and ex-
ponential inn.

In the remainder we assume w.l.o.g. thiat (7, R) is an
ALCHOQ" knowledge base and that existential and univer-
sal restrictions irkC are expressed using number restrictions.

Alternating Automata

In this section, we show how we can use (one-way) alter-
nating automata (Muller and Schupp 1987) to decide the
consistency of amdLCHOQ" knowledge base. Alternat-

ing automata have the power of making both universal and
existential choices. Informally, this means that in the tran-

initial state, andi: Q x ¥ — BT ([k] x Q) is the transition
function.

Arunof A on aX-labeledk-ary tree(T, L) isa(T x Q)-
labeled treqT;., £,.) that satisfies the following conditions:

o L.(e) = (&, 9),

o if y € T, with £,.(y) = (z,¢) andd(q, L(z)) = ¢, then
there is a (possibly empty) s8tC [k] x @ that satisfies
¢ such that, for eaclic, ¢') € S, y has a successar-i in
T, withi e Nandl,(y-i) = (z - ¢,¢).

An automatomA acceptan input tre€l’ if there exists a run
of A onT. The language accepted By lang(A), is the set
of all trees accepted hx.

For alternating automata, theon-emptiness probleiis
the following: given an alternating automatad is there a
tree(T, £) such thatA has an accepting run dff’, £)?

Please note that, since we use looping automata, we do not
impose any acceptance conditions and each run is accepting,
i.e., we require only that the conditions imposed on a run are
satisfied.

Tree Relaxations

In this section, we show how we can obtain labeledry
trees from a canonical model for afLCHOQ" knowl-
edge base that can be thought of as input for our automaton.
Since the labeled trees that an automaton takes as input can-
not have labeled edges, we additionally store, in the label of
a node, with which roles it is related to its predecessor. Un-
fortunately, this does not work for the nominal nodes since a
nominal node can be the successor of arbitrary elements and
does not necessarily have a unique predecessor. In a first
step, we build, therefore,ralaxationfor a canonical model
where, for each relationship between a node and a nominal
node, we create a dummy node that is a representative of the
nominal node. The label of the representative node is the
extension of the label for the nominal node witip and the
roles via which it is related to the nominal.

In this section, we use the equisatisfiabl&€CHO Q"
versionet(XC) of the running example, which also contains
the axiomsdt.(3t.({o})) C Ft.({o}) and3t’.(Ft'.({0})) C
3t'.({o}). Without the dashed lines Figure 1 would repre-

sition function, we can create copies of the automaton, send sent a canonical model and forest baseef¢k’) and Fig-
them to successor nodes, and require that either some (ex-ure 6 shows a relaxation fet(iC).

istential) or all (universal) of them are accepting. We use,
as usual, positive Boolean formulae as defined below in the
specification of the transition function.

Definition 13. A labeled treeover an alphabek is a pair
(T, L), whereT is atree andC: T' — ¥ maps each node in
T to an element of.

Let X be a set of atoms. The sBt"(X) of positive
Boolean formulaés built over atoms fronk’, true, andfalse
using only the connectivesandV. Let X T be a subset of
X. We say that{ " satisfiesa formulag € B+ (X) if as-
signingtrue to all atoms inX " and false to all atoms in
X\ X makesp true.

Let [¥] = {0,1,...,k}. An alternating looping tree
automatonon k-ary XY-labeled trees is a tupleA =
(%,Q,9,q), where@ is a finite set of stategy € @ is the
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Definition 14. A setH C cl(K) is called aHintikka setfor
K if the following conditions are satisfied:
1. ForeachCC D € T,nnf(-CUD) € H.
2. IfCnDeH, then{C,D} C H.
3. fCuDeH,then{C,D}NH #0.
4. Forall C € cl(K), eitherC € H or nnf(=C) € H.
We useH (K) to denote the set of all Hintikka sets for
K. A relaxation R (A, L) for K with £: A —
2d(K)urel(K)u{rer} gatisfies the following properties:

(R1) LetD = nom(K) x N*andB = {d1d | d €

D andd’ € nom(K) x {¢}},thenA C DU B.
(R2) For eacho € nom(K), (0,¢) € A.
(R3) Eachset{w | (o,w) € AN Disatreée.



(0,e)@0 (d,e)@d @ root

(0,1)8t,C  (d\e)(0,c)® (0, 1)® 160 29 o/
s, rep, o S /\
(0,11)&r,¢' 11ét,C 218 220
s, rep, o0 S
(0,111)® r,¢', D 111&7, ¢/
(0,111)1(0,¢) ® 1111@ ¢, D
t,rep,o0
Figure 6: A graphical representation of a relaxation/for !
11111 @
t,rep,o

(R4) If dd’ € A, thenl(dld') N cl(K) = £(d') N cl(K),

andrep € L(d]d"). Figure 7: A tree relaxation for the relaxation from Figure 6.
(R5) Foreachd € A, L(d) Ncl(K) € H(K).
(R6) Foreachd € A,if r C s € Randr € L(d), then

s € £(d). (T2) For eacho € nom(K), there is a unique € NN T

(R7) For each(o,) € A, £(0,¢) N rol(K) = 0. witho € L(c) and{rep, #, rol(K)} N L{c) = 0.

(R8) If d = (0,w) € Aand(>n (rM...Mr).C) € (T3) If ce NNT andnom(K) N L(c) = 0, thenL(c) =
L(d), then there aren distinct elementd;,...,d, € A {#}-
such that, for eachiwith 1 < i < n, {ry,...,r, C} C (T4) For eachw € N* N T, §(£(w) N nom(K)) < 1.
L(d;) and eitherd; = (o,w - ¢) withc € N or d; = d (T5) Foreachw = w' - ¢ € T withw’ € N andc € N,
d €A. if £(w) Nnom(K) # 0, thenrep € L(w).

(R9) Ifd = (0,w) € Aand(< n (riM...Mmn).C) € (T6) For eachw,w’ € T ando € nom(K), if o € L(w) N
nﬁxf(g)r’dt/hin 5% eeAAa n|dc{lr: (Or zu -Cc}) fgor f&n;% E L(w'), thencl(K) N L(w) = cl(K) N L(w').

(T7) Foreachw € INTNT,if {rep, #} N L(w) # 0, then,

. ) ) for each successar’ of w, # € L(w').
Given the above properties of relaxations and the results (T8) For eachw € T, if L(w) N {#,root} = 0, then

from Lemma 3, we can show the following: L(w)Nc(K) € H(K).

Lemma 15. K has a relaxation iffC is consistent. (T9) Foreachw € T andr C s € R, if r € L(w), then
In a second step, we build a tree relaxation, whichis a s € L(w).
labeled tree, from the relaxation. For this, we additionally  (T10) Foreachw € T,if (> n (r,M...Mry,).C) € L(w),

n.

add a dummy root node labeled withot that has allnomi-  then there are at least distinct successorsy, . . . , w;, of
nal nodes as successors, and we require that the domainis a  with {ry,...,7,,,C} C L(w;), for eachi with1 < i <
tree.

n.

Figure 7 shows a representation of a tree relaxation built (T11) Foreachw € T,if (< n (r1M...Mry).C) € L(w)
from the relaxation for our running example. The tree relax- et i '
ation can, additionally, have dummy nodes labelled with

but we do not show any dummy nodes in the figure. For ease
of presentation, we assume in the remainder that all tree re-
laxations are full trees, i.e., all non-leaf nodes have the same
number of successors, and we add dummy nodes labelled

then there are at most distinct successors, . . ., w, of
wwith{ry,...,r,,C} C L(w;), foreachi with1 < i <

If T has branching degreg, then we say thatT’, £) is a
k-ary tree relaxation fok .

with # where necessary. By using the above defined properties of tree relaxations
Definition 16. A tree relaxationfor X is a labeled tree and the results about the bounded branching o_Iegree of
(T, L) with £: T — 27100url()u{rep. 00t} that satisfies canonical models from Lemma 3, we get the following:
the following conditions: Lemma 17. Letn,q, be the maximal number occurring in
(T1) L(e) = {root} and, for eachw € NT,L(w) N a number restriction irkC, andk = nipaq - | K| +#(nom(K)).
{root} = 0. K has ak-ary tree relaxation iffC is consistent.
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The Decision Procedure
It remains to devise a procedure that decides whétheas

a tree relaxation. For this, we define an alternating automa-

ton that accepts exactly the tree relaxation&ofOur au-

tomaton combines and extends ideas from (Sattler and Vardi if

2001) and (Calvanese, Eiter, and Ortiz 2007), where (two-
way) alternating automata have been used for the hybrid
calculus (Sattler and Vardi 2001) and for answering regular
path queries iKALC Q7b,.,. We first define two alternating
automatadx and.Ax, and then define an automatBr as
their intersection. Informally, the automatgtx just checks

if {root, rep, #,nom(K)} No = () and it isfalse otherwise.
k
S(Qrepv 0) = /\ (ia Q#)
=1
f(nom(K)No) = 1,rep € o, and{root, #} No = () and
it is false otherwise.
k

S(ag,0) = /\(i,a%)

=1
if {#} = o and it isfalse otherwise.

that the input tree has a structure as required whereas the au- The automatomd,c mainly checks the formulae occurring

tomatonAx checks that the input is indeed a tree relaxation
for IC. For alternating automata, intersection is simple: we
introduce a new initial statg, and set the transition func-
tion for ¢o and each lettes from the input alphabeXt to
6(g0,0) = (0,90,1)) N (0, q(0,2)), Wherego,1y andg,z2)
are the initial states ofl, and.Ax respectively. The size of
the resulting automaton is the sum of the sizesdgf and
A
The automatot is relatively straightforward and helps
to keep the definition of the automatgix-, where we do the
real work, transparent. Informally, it guarantees the follow-
ing:
e We distinguish root (statg.), nominal (state,), nominal
representative (statg.,), dummy (stateyy), and normal
nodes (state,,).

e The labelroot is only found in the root node.

e The level one nodes are either “real” nominal nodes (i.e.,
they are not marked as representatives wiff) with ex-
actly one nominal and no roles in their label, or they are
dummy nodes labelled wit# only.

e The level one nominal nodes have either normal, nominal
representative, or dummy nodes as successors.

e Nominal representative nodes are marked wigy, and
have exactly one nominal in their label.

e Dummy nodes have only dummy nodes as successors.

More precisely, let,,,... be the maximal number occur-
ring in number restrictions i, andk = nyqy - [cl(K)] +
#(nom(K)). The alphabek for both automatad and.Ax

IS
2{rep,#,root}UcI()C)Urol(}C)Unom(/C).
We definedx as(X, {gr, 4o, Gn, Grep, 4}, 0, ¢-). The tran-

sition functiond for eacho € ¥ is as follows:
k

S(qu U) = /\ (i, QO) \ (i, Q#)
=1
if o = {root} and it isfalse otherwise.
k
/\((27 qn) V (4, Qrep) vV (4, Q#))
=1
if #(nom(KC) N o) = 1 and{root, rep, #,rol(K)} No = 0
and it isfalse otherwise.
k

g(Qn, 0') = /\((la Qn) N (ia Qrep) v (ia Q#))

=1

5((]07 0) =
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in the labels of the input. Hence, most of the states cor-
respond to formulae inl(K) and the transition function is
more or less determined by the semantics and we only sketch
its realization. For number restrictions, we use the same
technique as (Calvanese, Eiter, and Ortiz 2007) that involves
states that count how many successors have been checked
and how many of the checked ones fulfill the requirements
of the number restriction. In the root node, we additionally
make a non-deterministic choice, for each nominal and each
atomic concept, whether the concept or its negation holds
at the nominal node. This choice is propagated downwards
in the tree in order to ensure that the nominal representa-
tives agree with their corresponding real nominal nodes on
all atomic concepts. This also enables us to simply count
over the successors of a node for the qualified number re-
strictions. We propagate the concepts via a kind of universal
role and we assume thats a symbol that does not occur in
cl(K) orrol(K). We define, therefore, the following set of
auxiliary states

Qrep ={~{o}UA]|0€nom(K)andA € NcNcl(K)}u
{—{o} U—=A | o€ nom(K)andA € Nc Nncl(K)}.

We then definedc as(%, Q, §, qo), whereg is the initial
state and the sé} of states is

{go} Uc(K) Urol(K) U {~r|r e rol(K)} U{gr,qr}U
{{=nR.C,i,j) |=e {<, 2}, nR.C € cl(K), and
0<i,j<k}UQrepU{Vu.C|C € Qrep},

where states of the forfe< n R.C, 4, j) are used to check
that the number restrictions are satisfied.

In the following, we give the definition of the transition
function for eachv € ¥ together with an explanation for
each of the different types of states.

At the root node, we are in the initial statg which
has the following tasks: (a) we make the non-deterministic
guesses for all atomic concepts, (b) we check that there is ex-
actly one nominal node for each of the nominalsam (),
and (c) we make sure that the axiomsZirandR are satis-
fied in all non-dummy descendants. et t(nom(K)).

S0 = A A
A€onNN¢g i=1
(EO,Vku.(ﬁ{ol} U A)) Vv (0,Vu.(—{o;} U—-A)))A
A Y Gifos )N A (AN (G ~{o}) vV (4,~{o}))

1<i<j<k o€nom(K)

'/:\1(Z'7 QT) A (Zv QR)



Whenever we are in a state that is used to propagate infor- for each successor that fulfills the requirements of the num-
mation downwards through the whole tree via the “universal ber restriction. The atmost number restrictions are handled
role” and we are not at a dummy node, we check that the similarly:
required concept holds at the current node and also check all .
successors. More precisely, for eaChe Qrep, (s n RO 0)=(0,(<n RC,0,0))
if rep ¢ o and it istrue otherwise. Forl < ¢ < k and
1<j<n,6((<nRCij),0)=

<.

d(Vu.C o) = (0,C) A )\ (i, Vu.C)
i=1 (((i,=r1) Voo V (i, =) V (i, nnf (=C)))A
: (0,(< n R.C,i+1,j)))V
It 4, root ¢ o, ((is71) Ao A (i) A (5, C)A
k (0,(<nRCi+1,j+1)))
d(Vu.C,0o) = /\(%VU-C) Forl1 < i < k,6((< n R.C,i,n+ 1),0) = false. For
_ - Z:_l 1<j<n,0((<nR.C k,j),0)=true.
if root € o, and it istrue otherwise. We can now check whether the language accepted by the
All non-dummy descendants of the root nodes must sat- automaton3y is empty, which is enough to decide consis-
isfy the TBox and RBox axioms. tency ofKC:
k Theorem 18. Let B an alternating automaton as defined
0(gr,o) = /\ ((0,nnf(=C)) V (0, D)) A /\(z‘, qr) above. Ther is consistent iff the language accepteddyy
CCDeT i=1 is non-empty.

Since looping alternating tree automata are a special case

if and it istrue otherwise. . .
#¢o of alternating Buichi tree automata, we can use the result that,

koo for an alternating Buichi automatanwith n states and input
6(qr,0) = /\ ((0,=r) v (0,5)) A /\(’67 qr) alphabet witlY elements, non-emptiness of the language ac-
rCseR i=1 cepted byA is decidable in time exponential inand poly-

nomial in¢ (Vardi 1995).

For the states, we mainly use formulae frolfiC) and the
size of the closure is linear ifK| and, overall, the number
of states for our automaton is polynomial i§]. The in-

put alphabep{rep.#:.root}Uc(K)Urol(K)Unom(K) 5 exponential

if # ¢ o and it istrue otherwise.

The concepts that are used as states are inductively de-
composed according to the semantics. We start by defining
the base cases. For eaghe (N¢ N cl(K)) U rol(K) U
nom(K): d(a,0) = true if &« € o and it isfalse other-

wise; 6(—a, o) = true if o ¢ o and it isfalse otherwise. in |K[. Hence, we get the following result:

Since we use constructors for nominals, they are not han- Theorem 19. Checking the consistency of ahCCHOQ"

dled as atomic concepts and we set, for each nom (), knowledge bas& can be done in deterministic time single

d({o},0) = (0,0);6(—{0},0) = (0, —0). exponential in the size & assuming unary coding of num-
Conjunction and disjunction are handled in the straight- bers in number restrictions.

forward way. For eack; 11C5 € cl(K), §(C 110y, 0) = By Lemma 12, we obtain the following upper bound on

(0, C1)A(0, Cy); foreachCy LIC; € cl(K), §(CLUCy, o) = deciding consistency @HOQ" knowledge bases.

(0,C1) v (0,Ca).

For number restrictions, we have to use a more sophis-
ticated technique that involves states that count how many
successors have been checked and how many of the checke
ones fulfill the requirements of the number restriction. This
technique was introduced by Calvanese, De Giacomo, an
Lenzerini (2002). More precisely, for each concept of the

Theorem 20. Let K be aSHOQ' knowledge base where
|K| = m and the length of the longest role conjunction oc-
d:urring in K is n. Deciding the consistency & can be
done in deterministic time single exponentiahinand dou-

d ble exponential im assuming unary coding of numbers in
number restrictions.

form (> n R.C) € cl(K)with R =71 ... M1y, The above result also shows th&#(0Q, i.e., when no
role conjunctions are used, is indeed IME-complete.
3(>n R.C.0) = (0,{>n R.C,0,0)) This was always conjectured but, to the best of our knowl-
if rep ¢ o and it istrue otherwise. Forl < i < k and edge, never proved.

1<j<nd((>nRC.i,j)0) =

(=) V. (=) V (3, nF(=C))A Conclusions and Future Work

. . Although the presented upper bound for query entailment
> . ! ] ;
E?Z’ %)n/\R C’XJ;’];B\)\(/@. O)A in SHOQ agrees with the one faSHZQ (Lutz 2007) it
(0 ’<>1 n RC H—’ 1’"j n 1>’)) is still an open whether this bound is tight. The hardness
T o ’ proofforSHZ Q very much relies on the ability to propagate
Forl <i <k, 0((=n R.C,i,n),o) = true. Forl < j < information upwards via inverse roles, which nominals can
n,0((=n R.C,k,j),0) = false. only simulate to some extend.
Informally, we use the counteto count how many of the For SHOQ'', our algorithm runs in deterministic time

k successors have already been checkedjaadncreased double exponential in the size of the input knowledge base
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and, as foSHZQ", it is still an open question whether this
blow-up due to role conjunctions over non-simple roles can
be avoided.
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