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Abstract

The combination of rules and ontologies has a central role
in the ongoing development of the Semantic Web. In pre-
vious work, autoepistemic logi¢AEL) was advocated as a
uniform host formalism to study different such combinations,
enabling comparisons on a common basis. In this paper, we
continue this line of research and investigate different em-
beddings of major proposals to combine rules and ontologies
into first-order autoepistemic logic (FO-AEL). In particular,
we present embeddings for dl-programs, r-hybrid knowledge
bases, and hybrid MKNF knowledge bases, which are repre-
sentatives of different combination types. We study the em-
beddings in the context of FO-AEL under the standard-names
assumption, but we also discuss variants using the any- and
all-names semantics. Our results provide interesting insights
into the properties of the discussed combination formalisms.
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monotonic logic programs into first-order AEL (FO-AEL)
have been studied; properties of these embeddings with re-
spect to a naive combination of a set of rules under stable se-
mantics and an ontology formulated in first-order logic have
been analyzed. In the present paper, we go further and in-
vestigate embeddings of major proposals to combining rules
and ontologies into FO-AEL. As many other works, we fo-
cus on ontologies that are effectively subsets of first-order
logic, like manyclassicalcore description logics.

In particular, we consider non-monotonic dl-programs
(Eiter et al. 2004), r-hybrid knowledge bases (also known
asDL+l1og) (Rosati 2005; 2006), and hybrid MKNF knowl-
edge bases (Motik & Rosati 2007a; 2007b); these are promi-
nent representatives of the three combination types (de
Bruijn et al. 2006) that foster éoose couplingvia an infer-

ence interface), Aybrid integration(where the predicates of
the rules and the ontology parts are strictly separated), and a
full integration (where no distinction of predicates is made),
respectively. Note that SWRL (Horroclet al. 2005), a
rule-based extension of OWL DL, essentially corresponds to
r-hybrid knowledge bases but without negation in the rules
(Rosati 2005).

Besides AEL, other unifying formalisms have been pro-

Introduction

The Semantic Web vision, in which rules and ontologies
play a prominent role as tools for describing content at the
semantic level, has raised interest in KR formalisms that in-
corporate both rules and ontologies. In particular, combin-
ing logic programs and description logic ontologies (e.g.,
OWL DL) has received significant attention. posed to study combinations of rules and ontologies, notably
As logic programming and description logics are not \KNF (Motik & Rosati 2007a) and quantified equilibrium
based on common grounds and have quite different features ogic (de Bruijnet al. 2007b), which is suited for reasoning
(e.g., open vs. closed world and domain), overcoming the apoyt knowledge-base equivalences by its link to intermedi-
impedance mismatch between them is a nontrivial issue that 4 logics. Compared to these formalisms, AEL has some
has led to many proposals for a semantics of a "hybrid”  gyractive features that make its consideration worthwhile.
knowledge base (KB) that consists of a rules and an ontol- pirst AEL (in particular, its propositional fragment) is a pre-
ogy part; see de Bruijet al. (2006), Rosati (2005), Motik  mjier formalism of non-monotonic reasoning that has been
& Rosati (2007b) for surveys and discussions. _ widely studied, en par with Reiter’s default logic and Mc-
This raises the desire for a uniform formalism that, in ad- Carthy’s circumscription. Second, the language is “plain”
dition to enabling a seamless combination of rules and on- 4 it has a single modal operator, and also the definition of
tologies in a genuine way, can also serve éisgua franca the semantics is quite intuitive—e.g., AEL can be character-
into which various existing combination proposals can be jzeq in terms of classical (i.e., non-modal) consequence us-
embedded. Using such a formalism, one can compare dif- jng Moore’s fixpoint equation (Moore 1985) or in terms of
ferent approaches on a common basis, and derive propertiesyaximal S5-models (Levesque 1990). Finally, many vari-
of them via the properties of the host formalism. _ ants of AEL have been considered, and its relationship to
In previous work (de Bruijret al. 2007), autoepistemic  ther non-monotonic modal logics is well-studied (Marek &
logic (AEL) was advocated as a uniform formalism for com-  1ys7¢czyaski 1993; Rosati 1997). This provides a rich stock
bining rules and ontologies, and various embeddings of non- ¢ knowledge to draw from in the analysis of combinations
of rules and ontologies.
In this paper, we consider a variant of FO-AEL under the
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standard-names assumption (SNA), extending the treatment
of Levesque (1990) with function symbols. Under this as-
sumption, the any-name and all-name semantics of Kono-
lige (1991) coincide and, as we show, the characterizations
of stable expansions by Konolige (1991), Moore (1985), and
Levesque (1990) are equivalent in this setting.

Our main results are summarized as follows.

e We provide a number of results on the embeddability
of dl-programs and r-hybrid and hybrid MKNF knowledge
bases into FO-AEL. All these formalisms can be faithfully
embedded into FO-AEL such that models of a hybrid KB
correspond with stable expansions. However, in some cases
the embeddings are not necessarily modular in the sense
of Janhunen (1999), i.e., an embedding on a formula-by-
formula basis is infeasible. Specifically, we establish the
following.

— We give an embedding of dI-programs under the weak
answer set semantics into FO-AEL that is polynomially
computable, faithful, and modular (PFM). For the strong
answer-set semantics, a non-modular embedding is ob-
tained by combining results on embedding MKNF into
FO-AEL and results by Motik and Rosati on embedding
dl-programs into MKNF.

We present a simple PFM-embedding of r-hybrid KBs
into FO-AEL. Roughly speaking, it combines the ontol-
ogy with a straightforward embedding of a logic program,
using additional axioms that ensure classical interpreta-
tion of the ontology predicates.

For hybrid MKNF KBs, we consider embeddings for dif-
ferent fragments of the formalism. We show that for
the general case no FM-embedding exists, and present
a faithful yet non-modular (and non-polynomial) embed-
ding into FO-AEL, generalizing earlier work by Rosati
(1997). We base it on a PFM-embedding for MKNF
clause sets, generalizing earlier results by Lifschitz &
Schwarz (1993).

e Finally, we briefly discuss differences between the stan-
dard-names semantics and the any- respectively all-names
semantics (Konolige 1991), extend Moore’s fixpoint charac-
terization of stable expansions in terms of classical entail-
ment for the first-order case with standard names, and dis
cuss variants of the embeddings under the any- and all-name
semantics.

These results provide us with new interesting insights into
the semantic properties of the three combination approaches.
Given that logic programming possesses several PFM-em-
beddings into FO-AEL (de Bruijret al. 2007), the non-
existence of FM-embeddings for hybrid MKNF KBs into
FO-AEL—and in fact the concrete examples showing this
failure—provide some further evidence that the interaction
of rules and axioms in these formalisms is handled in a way
that goes beyond separate consideration of the two parts and
gluing them together. On the other hand, the results on r-
hybrid KBs may, oversimplifying, be phrased as “r-hybrid
KB =LP + ontology + Cl axioms”, revealing th&.L+log is

an elegant and effective extension of the naive basic combi-
nation “hybrid KB = LP + ontology” (de Bruijret al. 2007),
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where “+” means union of sets of straightforwardly embed-
ded parts.

The paper is structured as follows. We first review first-
order autoepistemic logic, logic programs, and earlier re-
sults on embedding logic programs into FO-AEL. For each
of the formalisms of dI-programs, r-hybrid KBs, and hy-
brid MKNF KBs, we then proceed with reviews of the for-
malisms, with statements of our results, as described in the
above, and with discussion of implications of the results. Af-
ter that we discuss the any- and all-name semantics, and im-
plications on the embeddings when dropping the standard
names assumption. In the final section we provide discus-
sion and some conclusions.

Preliminaries

Autoepistemic logic (AEL) (Moore 1985) is the logic of be-
lief of an introspective agent, i.e., an agent with knowledge
about its own beliefs. It extends classical logic with a non-
monotonic modal belief operatokip intuitively means that

¢ is believed (or known) by the agent, and amounts to the
non-monotonic version of the modal logket5 (Marek &
Truszczyiski 1993). In the absence of the belief operator,
AEL coincides with classical logic. Consistency and con-
sequence in AEL are defined based on the notiostalfle
expansion, which is informally an acceptable belief state of
the agent that is defined in terms of a fixpoint equation; the
non-monotonicity of AEL stems from this equation.

We consider in this paper first-order autoepistemic logic
(FO-AEL) (Konolige 1991) under the standard-names as-
sumption (Levesque 1990). We review two characterizations
of stable expansions, an entailment-based characterization
involving a fixpoint equation (due to Konolige (1991)) and a
model-based characterization in termsSéf structures sub-
ject to a maximality condition (due to Levesque (1990)).

First-order Logic We consider first-order logic (FOL)
with equality. An FO languag€ is defined over a signa-
tureX, = (F,P), whereF andP are disjoint countable
sets offunction and predicate symbols, respectively, each
having a non-negative arity. Function symbols with ar-

ity 0 are calledconstants.V is a countably infinite set of
variable symbols. Terms and atomic formulas (atoms) are
constructed as usual; and L are atoms. Ground terms are
also callechamesand A is the set of names of a given sig-
natureX; we write A" when the signature is clear from the
context. Complex formulas are constructed as usual from
atoms using the connectives A, v, D, = and quantifiers,

V. Literals are atoms or negated atoms. The universal clo-
sure of a formulap is denoted by(V) ¢. £, (resp.,Lg,) is

the restriction of£ to ground literals (resp., atoms). AO
theory® C L is a set of formulas with no free variables.

As usual, aninterpretationof a languageC is defined as
atupleZ = (U,-1), whereU is the domain and is a map-
ping taking care of the assignment of function and predicate
symbols inU; - extends to ground terms in the usual way.

A variable assignmenB for 7 is a mapping that assigns
an elemeniB(x) € U to every variabler € V. Satisfaction
of an objective formula in Z relative toB, denoted’, B =
¢, is as usual; and is amodelof ¢, denotedZ = ¢, if



7 [=r ¢ for every variable assignmeit of Z.

A variable assignmer®’ is anz-variantof B if B(y) =
B'(y) for every variabley € V such thaty # «.

The standard-names assumpti¢®NA) is defined as fol-
lows: a signature: is an SNA signaturef it includes a
countably infinite set of constant symbols and the two-place
predicate symbol ‘=, which is written in infix notation. An
interpretatiorZ = (U, -) is anSNA interpretatiorif (a) Z is
an interpretation of some languagevith an SNA signature
¥, (b)U = N, (c)t! = t for any name € N, and (d)~!
is a congruence relation ovét. In the sequel, we consider
only SNA interpretations, unless mentioned otherwise.

Equality under the SNA behaves quite differently from
the usual first-order equality, hence the symbol ‘~'#/lfs
a formula (resp., theory) not containing ‘~’, théf¥ results
from +) by replacing every occurrence of ‘=" with ‘x’.

First-order Autoepistemic Logic The FO-AEL language
L, relative to a languagé allows for the belief operatdrin
front of arbitrary subformulas. For examplr.Lp(x) is an
FO-AEL formula: the use of free variables in modal atoms
(also known agjuantifying-in) is allowed. Af-O-AEL the-
ory ® C L, is a set of formulas with no free variables.

A formula of the formL¢ is called amodal atom. A for-
mula without modal atoms is arbjectiveformula. Standard
autoepistemic logits FO-AEL without variables.

Example 1. Consider the theoryp = {-Lwin D lose,
—Llose D win,Lwin V Llose D bet}. Intuitively, it may
capture an agent’s attitude that disbelief in a team winning
a game implies that it loses, and disbelief in losing that it
wins; furthermore, that betting is advisable if one believes
in either winning or losing.

Example 2. Consider the theorg given by the set

{Va.drink(x) D beverage(x),Va.drink(x)A
—L=alcoholic(x) D alcoholic(x), drink(mojito)}.

The intuitive meaning of the first and third formula is clear;
the second expresses that a drink is alcoholic, unless the
opposite is known.

An autoepistemic interpretatiors a pair (Z,T"), where
T = (U,-!) is an interpretation antl C £, is abelief set.
Satisfaction of objective formulag in (Z,T') relative to a
variable assignmernB of Z, denotedZ, B [=r ¢, coincides
with Z, Bl=¢; for modal atoms ¢, satisfaction is defined by

I,Blr ¢ iff B(¢) €T, )

whereB(¢) is obtained frony by replacing every variable
with B(z) (recall thatB(z) is a ground term, by the SNA).
SatisfactionZ, B |=r ¢ of other formulasp is then struc-
turally defined as usual (Konolige 1991)7,I") is amodel
of ¢, denotedZ r ¢, if Z, B =r ¢ for every variable
assignmen3 of Z. This extends to sets of formulas in the
usual way. A theory® C £, entailsa formula¢ € £,
with respect to a belief sét, denoted® =r ¢, if for every
interpretatior such thatZ =r ®, 7 |=r ¢.

A belief setT C L, is astable expansiowf a theory
O C LT ={¢| ® Er ¢}. Toy andT,,, denote
the restrictions ofl” to objective ground literals and atoms,
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respectively, i.e.l,g; = T N Ly andTogq = T N Lyg.
A formula ¢ is anautoepistemic consequence® if ¢ is
included in every stable expansion®f

Example 3. Reconsider the theor§ from Example 1. It
has the following two stable expansions:

Ti={lose, bet, Llose, Lbet, =Lwin, Lwin V Llose, LLlose, ... };
To={win, bet, Lwin, Lbet, ~Llose, Lwin V Llose, LLwin, ... }.

® has an autoepistemic consequene, In fact, this is the
only objective atom that is a consequencé@of

Example 4. The theory® from Example 2 has a single sta-
ble expansiorf’, given by

{drink(mojito), Ldrink(mojito), alcoholic(mojito),
Lalcoholic(mojito), “L—alcoholic(mojito), . .. }.

For every standard name# mojito, it contains the formu-
las =L (=) drink(t), —L(=)beverage(t), and—=L(=)alcoholic(t),
hence also no belief aboutbeing a drink, a beverage, or
alcoholic.

The following characterization of stable expansions is a
straightforward generalization of de Bruigt al. (2007,
Proposition 1).

Proposition 1. Given a base seb C £ with only objec-
tive literals in the context of modal atoms, a set of objective
ground literalsT" C £, and a belief sef” C £, such that
Togl =T,

T={¢pecL]|Dr¢}iff Tisa stable expansion df.

For the analysis of MKNF, it is convenient to use an al-
ternative semantic characterization of stable expansions, ex-
tending Levesque (1990), in terms of AEL models, which
areS5 structures subject to a maximality condition. In more
detail, we consider pair&Z, M), whereZ is an interpreta-
tion and M is a set of interpretations. Satisfaction of ob-
jective formulasyp relative to a variable assignmeBtof 7
coincides withZ |= ¢, and of modal atoms is defined as

(I,M),B = Lo iff (I',M),B = ¢, forall T e M. (2)

Satisfaction of other formulas ard, M) | ¢ are then de-
fined as usual. A sét/ of interpretations satisfies a formula
¢, denotedM = ¢, if (Z,M) = ¢, for everyZ € M,
and analogous for theoried/ is anAEL modelof a theory
SCLIfEM={T]|(Z, M)E o}

Proposition 2. A belief sefl” C £, is a stable expansion of
an FO-AEL theoryd C £, iff & has an AEL model/ such

thatT = {¢ | M = ¢}.

This result follows from Proposition 12 and a straightfor-
ward extension of Levesque (1990, Theorem 3.16). Note
that the empty set of interpretations corresponds to the in-
consistent expansion.

Logic Programs We consider disjunctive logic programs
with strong negation (written ‘=") under the answer-set se-
mantics (Gelfond & Lifschitz 1991). Aogic programP of

a languageC with at least one constant is a set of rules

hi|...hg < by, ..., by, notey, ..., note, (3)



wherehq, ..., h;,b1,...,bm,c1,...,cy, areliterals, withn,
n > 0 andl > 1, such thathy,...,h; are equality-free
and nob; or ¢; contains contains both ‘=’ and ‘=". We
defineH(r) = {h1,..., 0}, BT(r) = {b1,...,bn}, and
B~ (r) = {c1,...,c,} as the sets dfiead literals,positive
body literals, anchegated body literalsf r, respectively. If
B~(r) = 0, thenr is positive. If every variable im occurs
in BT (r), thenr is safe. Likewise for programs.

We denote byr(P) the grounding ofP with names in
Ns,.. A Herbrand interpretation/ of £ is a consistent set
of ground literals.I is amodelof a positive progran® if
Tel, L ¢l n=ncelforeveryn € Nx,.,and for every
ruler € gr(P), Bt (r) C IimpliesH(r) NI # 0.

The reduct of a logic programP with respect to/, de-
notedP!, is obtained fronyr(P) by deleting (i) each rule
with B~ (r) NI # 0, and (ii) not ¢ from the body of every
remaining ruler such that: € B~ (). If I is a model ofP!
and for every model’ # I of P! holds thatl’ Z I, thenI
is astable modedf P.

Embeddings An embeddingr, as discussed in our paper,
takes as input a logic program, a theory, or the combination
of a program and a theory; the output is a theory of FO-AEL.
An embeddingr is faithful if, for each input:, there is a
one-to-one correspondence between modelsrothe input
formalism and stable expansionsdf).
An embeddingr is modularif, for any two inputs:; and
12, T(21 Ute) = 7(11) U 7(22). Furthermorer is signature-
modularif, for any two inputs:; and:, with the same sig-
natureX, 7(1; Ug) = 7(21) U 7(22).

Embedding Logic Programs into FO-AEL We briefly
recapitulate (and slightly extend) previous results on embed-
ding non-ground logic programs into FO-AEL (de Brugh
al. 2007). We consider two embeddings, called HP and
EH. In the HP embedding, the modal operator is not ap-
plied to positive literals and disjunction-free positive rules
are embedded as Horn formulas; HP stands Fborh for
Positive rules”. In the EH embedding, the modal operator
is applied to both positive body and head literals; EH stands
for “Epistemic ruleHeads".

To cope with disjunction in a manner consistent with the

Proposition 3. A Herbrand interpretation/ is a stable
model of a logic progran® iff there is a consistent stable
expansiorl” of 7y (P) such thatl = T'N Ly;. If P does

not contain strong negation, then there is a consistent stable
expansiorl” of 7yp(P) such thatl =T N L.

The proposition establishes a one-to-one correspondence
between stable models of logic programs and consistent sta-
ble expansions of their embeddings. It follows that there is
a correspondence between notions of consistency (existence
of a stable model versus existence of a consistent stable ex-
pansion) as well as various notions of entailment (e.g., cau-
tious entailment versus autoepistemic consequence).

Embedding dl-programs

We consider dl-programs (Eitet al. 2004) with func-

tion symbols of arbitrary arity and disjunction in rule heads.
Moreover, the classical theories with which the logic pro-
grams are combined need not be from a particular descrip-
tion logic, but may be arbitrary first-order theories and
queries may be arbitrary formulas, including conjunctive
queries (Eiteret al. 2007). We have one restriction: the
classical theory and the logic program must have the same
(infinite) set of names in their respective signatures. Eiter

al. (2004) defined both a weak and a strong answer-set se-
mantics for dl-programs. We consider here the weak answer-
set semantics and discuss possible embeddings of the strong
answer-set semantics later on.

Let £® and £” be FO languages with respective SNA
signatures(F, Ps) and (F, Pp) such thatPs N Pp=0.
Symbols inPg (resp.,Pp) are calledclassical(resp.,rule)
predicates. Adl-atomhas the form

DL[510P1P1, ooy SmODmPm; Q](th - 7tn)7 (4)
whereS; € Pg andp; € Pp arek-ary predicate symbols,
op; € {W,J,A}, Q is ann-ary classical predicate or a for-
mula in £® with n free variables, and, . .., t, are terms.

A dl-rule is like a rule of the form (3), except that the head
literals hi, ..., h; are equality-free literals of” and the
body literalsb,, ..., c, are literals ofC” or dl-atoms. A
dl-programis a pair(®, P), where® C L? is a finite FO
theory andP is a set of dl-rules.

answer-set semantics, the HP embedding requires the so-Example 5. Consider the dlI-progran(®, P), where we

called positive introspectior(PI) axioms. WithPIAy, we
denote the set of axioms

PIA  «a D La, forevery objective ground atom of X.

Definition 1. Let P be a logic program and- a rule of
form (3). Then,

Trp(r) = (V) \ibi A N\;j-Lej OV,
TEH(T) = (V) /\z(b’b A Lbl) A\ /\jﬁLCj D) \/k(hk A Lhk),
THP(P) = {THP(T) | re P} U P]AEP. and

TEH(P) = {TEH(’/‘) ‘ re P}

Notice that the HP embedding is signature-modular and
the EH embedding is modular. The next proposition follows
straightforwardly from results by de Bruigt al. (2007) and
Lifschitz & Schwarz (1993), given the SNA. Note that the
HP embedding is not faithful for logic programs with strong
negation, as discussed by Lifschitz & Schwarz (1993).
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have®=0 and

P ={a(t); b(t)[V'(t) — DL[AW a; Al(t);
c(x) «b(x),not DL[AYa; A](x)}.

P contains a fact:(t), and the first rule informally says that
eitherb(¢) or b(¢') is true if after adding the contents af
to A, A(t) is true from®; the second rules says thafz) is
true if b(x) is true and, after adding the contentscofo the
complement ofi, A(z) is not provable fron.

Formally, the semantics of dI-programs is as follows. We
denote the grounding d? by gr(P) and the set of dl-atoms
in a ruler (resp., set of rule®) by DL(r) (resp.,.DL(P)).

A Herbrand interpretatiofi of £ is amodelof a literall
under® if [ € I and of a ground dl-atom of form (4) under
oif UL, Ai(I) E Q(t1,. .., t,), where

o A(D) = {Si(@) | pi(@) € I}, Tor op; = v,



o A;(I) = {~5i(&) | pi(é) € I}, for op; = U, and
o A(I) = {=5i(e) | pi(e) ¢ I}, forop; = A,
whereé = eq, ..., e, are ground terms.

Now, I is amodelof a ground dl-ruler under® if I is
a model of somé,; € {hy,...,h;} wheneverl is a model
of all b, € {b1,...,by} and is not a model of any; €
{c1,...,c,} under®. I is a model of a dl-progrart®, P)
if I is a model of every € gr(P) under®.

For a dl-progran(®, P), theweak dl-transfornof P rel-
ative to® and a modell of P, denotedw P, is the logic
program obtained fromr(P) by deleting

e eachr € gr(P) such that eithef is not a model of some
a € BT (r)n DL(r), oramodel of some € B~ (r), and

e all literals in B~ (r) U (B™(r) N DL(r)) from each re-
mainingr € gr(P).

If Iis an answer set of the logic progranPi, thenT is a
weak answer seif K B.

Example 6. The program(®, P) from Example 6 has two
weak answer setda(t), b(t), c(t)} and{a(t), b’ (¢)}.

Embedding the Weak Answer-Set Semantics We now
generalize the embedding;; to the case of dI-programs
under the weak answer-set semantics.

Definition 2. Let (®, P) be a dl-program and letx
DL[S,0p1p1, .. .;Q|(t) be a dl-atom, then

i (@) = (AM@ | ¢ € ®} AN\ (Siopipi) D Q(F)),
Teu () = (NiTeH (Siopipi) D Q(1)),
where

TeH (Si Wp;) = (VZ.pi(T) D Si(Z)),
TEH(SiUpi) = (Vf t(f) D) —\Sl(f)), and
TEH(SiQpi) = (Vf—\l_pl(f) D) ﬁSZ(f))

LetT € {Tgu, Ty }. Then, (1) = I, for each literall, and

7(r) = (V) [\;L7(0)) A Ny, ¢ prmybi A N;joLes] D
\/k(hk A\ Lhk),
for eachr in P. Furthermore,
TEH((I),P) :q)U{TEH(T) ‘ TGP}7

o (P) = {reu(r) | r € P}.

Notice that rules without dl-atoms are embedded as be-
fore. Furthermore, dl-atoms are embedded as implications,
where the antecedent consists of “hypothetical” additions
of the extensions of rules predicates to classical predicates.
Consider the DL atonax = DL[S W p; Q](t); the embed-
ding 7oy (o) = (A® A (VZp(Z) D S(F)) D Q(t)) can
be read as “whenever the extensionpaf a subset of the
extension ofS, Q(¢) follows from @”. This is analogous to
the semantics of dl-atoms presented above.

Recall that a Herbrand interpretatiéns a set of ground
literals, and thus an FO theory. Recall also thdtis ob-
tained from/I by replacing every occurrence of ‘=" with
The following theorem establishes a one-to-one cor-

‘N,
~ .

Theorem 4. A Herbrand interpretatiory is a weak answer
set of a dI-progran{®, P) iff there is a consistent stable ex-
pansionT” of 72, (P)~ such thaf™ = TNL},. Moreover, if

® is consistent and equality-free, there is a consistent stable
expansioril” of rgg (®, P) such thatl = 7" N EZ.

To prove Theorem 4, given a dl-prografi®, P) and a
Herbrand interpretatiod, we first “evaluate” all dl-atoms
a € DL(gr(P)), by treating them as atoms and adding the
ground atoms that are true foLet

IP® =1U{ae DL(gr(P))|I is a model ofx underd},
PLe=py (IP2\I).

We obtain the following lemma.

Lemma 5. Let (@, P) be a dI-program and a Herbrand
interpretation. Then/ is a weak answer set @b, P) iff
IP? s a stable model oP!-?.

Proof. (Sketch)P’® is an “evaluation” of the dl-atoms in
the spirit of the weak dl-transform and there is a one-to-one
correspondence between the the redudeof with respect

to I and the weak dl-transform df. O

Proof of Theorem 4(Sletch) One can show that satisfaction
of a ground dl-atonax = DL[...; Q|(f) in I under a theory
® can be reduced to checking autoepistemic entailment:

®)

(=) Let I be a weak answer set ¢fb, P). Consider
e (PH®)~. By Lemma 5,/7? is a stable model oP’:®.
So, by Proposition 3 and the definitionGf-®, 75z (P1®)~
has a consistent stable expansioauch thatt™ = T'N [,5[.

Consider now a ground dl-atom. We have thatl is a
model ofa under® iff o € I7®. Sincel”? is a stable
model of P/-® we can conclude thdtis a model ofx under
® iff a € T,4, by Proposition 3, andgy (P1®)~ 1, a,
by Proposition 1.

Replacinga suitably withL7,; («)~ in T, we obtain
T, ,,; exploiting (5) and the shape of;z (P"*)~, one can
show thatl” = {¢ | 72, (P)~ 'Zngl ¢} is a stable expan-
sion of 7 (P)~ such tha' N L], = T'N L]

The second part of the theorem can be shown using simi-
lar considerations, with the realization that there is no inter-
action betweerd and the embedding of the rules, since no
predicates inb occur in rule heads an@l is equality-free.

(<) Let T be a consistent stable expansionréf; (P)~.
Considerri,, (P)’, which is obtained from &, (P)~ by re-
placing every-L7p,, (o)™ with —=La™ andL7g,; (o)™ with
(o A L), wherea is a dl-atom (viewed as predicate). Let

(P)//

I'is a model ofx under® iff I~ |=r~ iy (@)™,

(i3]

o
TEH

=7 (P) U{(a ALa)® | 7oy (a)® € T}.

Clearly, 7o (®, P)” has a consistent stable expansith
such tha' N EZ =7'N Ei.
We need to show thdt= 7" N Effl is a weak answer set

respondence between weak answer sets of dl-programs andof (®, P). We first establish thatg,, (P)" = gy (P1®)~:

consistent stable expansions of their embeddings.
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indeed, it is easy to verify thal™ |~ 70, (o) iff



oy () € T, for any ground dl-atomw. Therefore,
T2 (P) = 7y (P1®)~ follows immediately from (5) and
the definition ofr2;; (P)”. Sincel” is a consistent stable ex-
pansion ofrpy (P1®)~, we can conclude by Lemma 5 and
Proposition 3 thaf is a weak answer set ¢®, P).

The second part of the theorem follows analogousliz
Example 7. Reconsidethe dI-program(®, P) from Exam-
ple 5. Sinceb = (), the embeddingszy andrx,; are clearly
equivalent. We considetzy . Definea; = DL[AW a; A](t)
andas(x) = DL[AUYa; Al(x). Then,rgy (®, P) contains

a(t) A La(t),

LB1 D (b(t) ALL(E)) V (b'(t) ALY (¢)),

Va.b(z) ALb(z) A=LBa(x) D c(z) A Le(z),
where

61 =71g(ar) = ((Vz.a(z) D A(z)) D A(t)),

Ba(x) = Ten(az(x)) = ((Vy.a(y) D —A(y)) > A()).
This clause set has two stable expansions, contaifii(t),
b(t), c(t)} and{a(t), ' (t)}, respectively, as expected; recall
that (®, P) has the weak answer selts(t), b(t), ¢(¢)} and
{a(t), b'(1)}.

Indeed,a(t) is justified by the first clause: from(t) we
can provevz.(a(x) D A(z)) D A(t), and thusg; and L5,

We note here that there has been work on defining
grounded stable expansions (e.g., by Marek & Trusiskiy
(1993)) and constructive semantics for autoepistemic logic
(Denecker, Marek, & Truszczynski 2003), which are close
to default logic. Such modified semantics might be suitable
for capturing the strong answer set semantics in the modu-
lar fashion. However, as for this paper, we concentrate on
standard first-order autoepistemic logic.

There is an embedding of the strong answer set semantics
(not considering?) into Lifschitz’'s (1991) logic MKNF:
and also a non-modular embedding of MKNF into FO-AEL,
which is discussed later in this paper; the fragment of MKNF
we consider includes the embedding of dl-programs. There-
fore, by composing these embeddings one obtains an em-
bedding of the strong answer set semantics into FO-AEL.

DL+1og and R-Hybrid Knowledge Bases

R-hybrid knowledge bases (Rosati 2005) (sometimes also
referred to asDL+1log (Rosati 2006)) are combinations of
first-order theories and logic programs, interpreted under the
stable-model semantics. We consider an extended version in
which classical predicates may occur in negated body literals
in rules, as considered by de Brughal. (2007b).

An extended r-hybrid knowledge bage a pair 5 =

are in the expansion. By the second clause, we have either (¢ pP), where® is a finite FO theory over the SNA sig-

b(t) A Lb(t) or b'(t) A LY (¢) in the expansion, but not both.

Consider the expansion wit{t). For x =t, we cannot
prove 35 (z); indeed, fromvy.(a(y) D —A(y)) D A(t) and
a(t), we cannot inferd(t). Hence,—Lj35(¢) is in the expan-
sion. From the third clause, we obtaiift) and Lc(t); it is
not applicable forx =t' #£¢, asb(¢') is not derivable.

If /(¢) is in the expansion, the third clause can not be
applied, so no ground atom involvings included.

Observe thatgy (®, P) is modular, whereaspy,, (P) is
“semi-modular”: the embedding of individual rules depends
on @, but not on other rules.

The embedding of dI-programs might have also been de-

natureXs = (F,Ps) and P is a safe logic program with-
out strong negation over the signatite= (F, Py U Pp),
with Py N Pp = @, where both® and P are equality- and
function-free. Moreover, we definEp = (F,Pp). We
call atoms ovel p rule atomsand atoms oveEs classical
atoms. As usual, an interpretati@rsatisfies a negated atom
not a; if T £ a;. B is anr-hybrid knowledge basgRosati
2005) if P does not contain negated classical atoms.

If Z is an interpretation of the languagewith signature
Y and£® C £ has signatur&s, thenZ|s denotes the re-
striction of Z to £®. Given an interpretatio of £* and
a ground logic progran® over L, the projection of P with

fined as an extension of the HP embedding, provided that respect taZ, denotedI(P, ), results fromP by deleting
no strong negation is used in the rules: in the embedding of { ooch rule: ¢ P that has a classical ator in the head

rules in Definition 2, the. operator would not be applied to
positive body or head literals. The proof of faithfulness of
this embedding is simply obtained from the proof of Theo-
rem 4 by replacing every ‘EH’ with ‘HP".

Note that the embeddinggy is not faithful if equality
is used or if® is inconsistent. Considérd, P), with & =
{a =b}andP = {p(a)}. This(®, P) has a single weak an-
swer setl = {p(a)}, whereasgy (P, P) has a single con-
sistent stable expansidnsuch tha’ N Ly, = {p(a),p(d)}.

Considerations about the Strong Answer-Set Semantics
In contrast to weak answer sets, 9trong answer setior
dl-programs (Eiteet al. 2004) the dl-atoms are also subject
to a minimality condition; conclusions about dl-atoms need
to be “grounded” in the existing knowledge. In AEL, sta-

such thaZ = A or a negated classical atafin the body
such thafZ [~ A, and

2. from each remaining rule € P each classical atom in

the head such th&t [~ A or a negated classical atomh
in the body such thaf = A.

Intuitively, II( P, Z) “evaluates”P with respect ta.

Given an r-hybrid KBB = (®, P) over the language&,
an SNA interpretatio of £ is anNM-modelof B if Z|4 is
a model ofd andZ|p is a stable model dfl(gr(P),Z|s).

Embedding r-Hybrid Knowledge Bases One might ex-
pect that the semantics of r-hybrid KBs corresponds to that
of a straightforward combinatio® U 7yp(P), since in
Trp(P) positive body atoms do not occur under the modal

ble expansions may be “ungrounded”, suggesting that there operator.. However, it turns out that this embedding is not

is no straightforward (modular) embedding of the strong an-

faithful, because of the different interpretation of classical

swer set semantics into FO-AEL. Unsurprisingly, the above and rules predicates in r-hybrid KBs.

embedding for weak answer set semantics does not work for

strong answer-set semantics in general.
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Example 8. ConsiderB = (®, P), with ®={C(a)} and
P={r() — C(b); s — not r(b)}, whereC is a classical
predicate ands, r are rules predicates3 does not entaik:

considerZ = {C(a), C(b), r(b)}. Clearly,Z|e &= ® and
T|pis astable model dfi(P,Z|¢) = {r(b); s < not r(b)}.

Thus,Z is an NM-model of3. However, as easily seesjs
in each stable expansion &U 7yp (P).

An alternative embedding one might expect to work is in-
spired by the embedding of r-hybrid KBs into MKNF by
Motik & Rosati (2007b). Rules of the form (3) would then
be embedded as follows:

(/\g(bg)/\/\h(Lbh/\bh)/\/\iﬁLCi)D(\/jhj\/\/k(Lhk/\hk)),
where by, h; are classical atoms anbk,, c;, h;, are rule
atoms. As shown next, also this embedding is not faithful.

Example 9. The r-hybrid KBB of Example 8 is embedded
as¥ ={C(a), C(b) D (Lr(b) Ar(b)), -Lr(b) D (LsAs)}.
Now, every stable expansi@hof & must contairs: Suppose
s ¢ T. By the third axiom inP, »(b) must be inl". Hence,
U =1 r(b) must hold. Consider the interpretatich =
{C(a)}. Clearly,T =r ¥ andZ fr r(b). Thus,¥ pr
r(b), which is a contradiction.

We now consider an embedding of r-hybrid KBs that is
based on the observation that classical predicates are inter-
preted classically. To this end, we introduce the G&ty,,
of classical interpretatior{Cl) axioms, consisting of
CIA (V) LP(Z) = P(¥), foreachP € Ps.

The embedding is the straightforward combination (union)
of the FO theory, the embedding of the program, and the
Cl axioms. The following theorem establishes a one-to-one
correspondence between NM-models of r-hybrid knowledge
bases and consistent stable expansions of their embeddings
which implies correspondence between notions of consis-
tency (existence of NM-model vs. existence of consistent
stable expansion) and consequence (entailment vs. autoepis
temic consequence).

Theorem 6. LetZ be an SNA interpretation and 1éb, P)
be an extended r-hybrid knowledge base. Thes,an NM-
model of(®, P) iff 7z (P) U ® U CIAyx, has a consistent
stable expansioff’ such thatl g, = {& € L4 | T |= ).

Proof. Let: be short forrgy (P) U ® U CIAs,, let £* and
L£F denote the languages with the signatu{&sPs) and
(F,Pp), respectively, and le® denote the language with
the signaturé 7, Ps U Pp).
(=) AssumeZ is an NM-model ofB. We defineT,q, =
{a € Lys | T = a}. We will show that
Toga ={a € Lyga | =1, ). (6)

It follows by Proposition 1 that there is a stable expansion
T of . and thatl is the unique expansion such th&g,, =
TNLya.

Consider a ground atomt € Tpg,. If o € L2, then
t Fr1,,, @, by the Cl axioms.

SinceZ is an NM-model of(®, P), it is easy to see that

{a € L" | 7pu(W(gr(P),I|s)) Fr,,, a} =
{a S ,CP | TEH(gT'(P)) Jodu CIAQ@ ):T

oga

al. (7)
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By the standard-names assumption we can conclude
{a € L” | Tpu(gr(P)) U U CIAs, Fr,,, a} =

{a €L’ |, o} (8)
As Z|p is a stable model ofl(gr(P),Z|s), we know by
construction off,,, and the results in Propositions 1 and 3
that7T’ = {¢ | Ten(Il(gr(P),Zle)) Fr,,. ¢} is a stable
expansion ofrgy (l(gr(P),Z|e)) andT,,, = Toge. COM-
bined with (7) and (8), we can conclude that £* implies
LET,,, O

To show the converse, consider a ground atom £ such
that: =r,,, a. This means that (+) for every interpretation
7' such thatZ’, T;,4,) is a model ot, it holds thatZ’ =7, ,
a. We show that =7, , .

(Z,T,ga) is clearly a model ofe. (Z,7,,,) is a model
of 7 (Il(gr(P),Z|s)) by the fact thatZ|p is a model
of II(gr(P),Z|s) and sincea ¢ Toq, iff T = «, for
anya € L4, Then, by construction ofl(gr(P),Z|s),
(Z,T,g4a) must be a model of gz (9r(P)) and, by the SNA,
of 7gy (P). Finally, (Z,T,4,) is a model of CIAy,, since
there is nax € T4, such thal (= a. ThereforeZ |=r, , .

If o & Typga, thenZ (g, . o (by construction off, ),
contradicting (x). This establishes (6). SiN@& Ty,) IS a
model of., T must be consistent.

(«) Assume has a consistent stable expansionLetZ =
(U, -1} be an interpretation such that for every atane L,

T = aiff a € Thgq. Z]e = @ must hold because, for any
atoma € £? and any mode{Z’, T,4,) of 1, ' =1, o iff

a € Thgq, by the CIA axioms. It remains to be shown that
Z|p is a stable model dil(gr(P),Z|s).

Clearly, by the SNA, equation (8) holds. It is also easy to
verify that (7) holds, because of the correspondence between
Toga andZ. Therefore,rgg (I1(gr(P),Z]s)) has a stable
expansiorf” such that’y ,, = T,4aN LY. By Proposition 3,
and henc€|p, is a stable model dii(gr(P),Z|s). It
O

T/

oga’

follows thatZ is an NM-model of(®, P).

Observe that the result clearly extends to a variant of r-
hybrid KBs with finite sets of standard names, when also
considering SNA interpretations with finite domains in FO-
AEL. Furthermore, the embedding is clearly modular: indi-
vidual axioms inCIAs,, depend only on the use of individ-
ual predicate symbols in the axiomsdn

One might expect that considering a weaker variant of
the Cl axioms, with implication instead of equivalence (i.e.,
(V)LP(Z) D P(&)), would lead to a similar result. However,
this is not the case. Consider, for example, the r-hybrid KB
({aV b}, {p < a;p < b}), which has three NM-models: in
oneq is satisfied, in oné, and in one botla andb; further-
more, in all threep is satisfied. With weakened CI axioms,
the embedding has three stable expansions corresponding to
the NM-models, but it also has one expansion containing
neithera, b, nor ¢ (satisfaction in some interpretation does
not imply inclusion in the expansion).

Theorem 6 holds if we use the HP embedding instead of
the EH embedding, again also for a variant with finite sets
of standard names. The resultant embedding is signature-
modular (but not modular). Weakening the CI axioms to



implication leads again to a loss of faithfulness of the em-
beddingin general, but is immaterial for the classical predi-
cates that occur in the logic program; in the example above,

we would obtain three stable expansions, as desired. Inves-

tigating embeddings of disjunction-free r-hybrid KBs with
weakened Cl axioms is left for future work.

In embedding r-hybrid KBs into FO-AEL we used the
non-trivial embedding ¢4 (®) = ® U CIAyx, for a clas-
sical FO theoryd into FO-AEL, rather than the trivial one
with 7(®)=®. Theorem 6 tells us that satisfiability and
ground entailment fo® correspond with the existence of a

consistent stable expansion and autoepistemic consequenc

for 714 (@), respectively; the same holds fof®). A no-
table difference is that any satisfiablehas a single (con-
sistent) stable expansion, white;4 (®) typically has many
stable expansions.

Relating MKNF and FO-AEL

The logic MKNF of minimal knowledge and negation as
failure (Lifschitz 1991) is a non-monotonic logic that has
been developed for formalizing the stable-model semantics.
It has been slightly adapted and used as a unifying formal-
ism for combining ontologies and logic programs by Motik
& Rosati (2007a), who we follow in our treatment.

MKNF is a first-order modal logic with a knowledge oper-
atorK and negation-as-failure operatait . As in FO-AEL,

there are no restrictions on the use of quantifiers and nesting

of modal operators. We denote By, x v the MKNF lan-
guage obtained from a languageand byL}, ;- v - the set
of MKNF formulas with no nesting of modal operators.

An MKNF structureis a triple (Z, M, N), whereZ is an
interpretation and\/, N are non-empty sets of interpreta-
tions. Satisfaction of non-modal formulas is defined relative
to Z in the usual way. Satisfaction of modal formulas is de-
fined as follows:

(I, M,N) Kot Ko iff VI' € M, (I', M, N) =t ¢,
(Z,M,N) Xt notgiff 37" € N, (Z', M, N)EKnt ¢,

This extends to arbitrary formulas in the usual way.

A non-empty set of SNA interpretationd/ satisfies
a closed MKNF formulag, denotedM Kot ¢, if
(Z,M, M) EKret ¢ for eachZ € M. M is an MKNF
modelof ¢ if M Kt ¢ and there is no MKNF struc-
ture (Z',M’', M) with 7/ € M’ such thatM’ 2> M and
(T', M, M) Kt g,

Hybrid MKNF Knowledge Bases In their extension of
ontologies with MKNF rules, Motik & Rosati (2007a;
2007b) consider MKNF formulas of a specific form, called
hybrid MKNF" knowledge basg¥Bs):

@ K(A®) A AT 9)

where® C L is a finite FO theory andil is a finite set of
MKNF rules, which are of the form

(V) b1 A+ - Aby AKep A+ - - AKep Anotdy A- - - Anotdy, D
GV VgVKh V-V Kh,, (10)

whereb;, ¢;, di, g1, hiy, are literals inC; if n=0=p=0, the
symbolD is dropped; the empty head{gr = 0) is written
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as_. A hybrid MKNF knowledge base a hybrid MKNF"
KB in which each MKNF rule (10) has = ¢ =0.

The structure of the remainder of this section is as follows.
We first consider the embedding of MKNF clauses into FO-
AEL, which serves as a stepping stone towards embedding
hybrid MKNF KBs. We then show that there is no modular
embedding of such MKNF KBs into FO-AEL and present
a non-modular embedding of generalized MKNF clauses,
which generalize hybrid MKNF KBs.

Embedding MKNF Clauses Protected literalsare modal
toms of the formd{¢ andnot ¢, where¢ is an objective
iteral. PL-theoriesare MKNF theories consisting only of

propositional combinations of protected literals. As inde-

pendently shown by Lifschitz & Schwarz (1993) and Chen

(1993), there is a faithful modular embeddinggz - (®) of

(propositional) PL-theorie® into AEL.? We lift this result

to MKNF clause sets.

An MKNF clauseis a formula

lelannxn-Alv"'\/Am\/_‘Blv"'\/_‘Bla (11)

where allQ; are quantifiers andl;, B, are protected liter-
als. Observe that an MKNF rule of form (10) is an MKNF
clause if all atoms are modal, i.e.yif= g = 0.

For® C ‘C}V[KNF' |etTAEL/(q)) = {TAEL’((b) | ¢ S CI)},
whererspr:(¢) results from¢ by replacing eachKs in ¢
with (¢ A L) and eachot ¢ in ¢ with =L,

Proposition 7. Let® C L, xnr be a set of MKNF clauses.
A non-empty set/ of interpretations is an MKNF model of
o ~ iff M is an AEL model of 41/ (P7).

Proof. (Sketch) The proof is an extension of the one for
the propositional case with MBNF by Lifschitz & Schwarz
(1993). MBNF interpretations are of the for{#, M). Sat-
isfaction and models for MBNF are defined like for MKNF,
with the exception thaf is not required to be included in
M. Since all objective formulas i occur in the scope of

a modal operatof] does not play a role, so satisfaction and
models in MBNF and in MKNF are equivalent.

The proof by Lifschitz & Schwarz (1993) usesflexive
autoepistemic logic, whose first-order variant is obtained
from our model-based definition of AEL by modifying sat-
isfaction of modal formulak¢ in (2) to additionally require
(Z,M),B k= ¢.

The proof of the main theorem of Lifschitz & Schwarz
(1993) extends to the first-order setting with SNA as fol-
lows: an SNA interpretatio can be viewed as a proposi-
tional interpretation that consists of all ground atoms sat-
isfied by Z; the structure of the proof remains the same.
To see why the main lemma and Lemmas 4.1 and 4.2 by
Lifschitz & Schwarz (1993) extend to MKNF clauses, it
is sufficient to realize thatZ, M, N) =Kot vo.¢(z) iff
(Z,M,N) Xt o(t), for everyt € N; similar for
Jz. (). O

For a logic progran®, let 7z (P) consist of
(V) Kby A+ -AKby Anoteg A- - - Anote,, D Khy V- - VKhy,

2Actually, they all consideredBNF, which is equivalent to
MKNF if all objective atoms occur in the scope of a modal operator.



for each rule of form (3) inP, following Lifschitz (1991).
Clearly, Tagr (Tmrnr(P)) = 7gu(P). The following

Then, the defaults i) are not atomic, as one hasd b
as its prerequisite. We can replace b with a new atonp,

corollary, which establishes a correspondence between theobtainingD’, and add = (a D b) to W;, obtainingiW/, for

embedding into MKNF and the EH embedding, follows im-
mediately from this equation and Proposition 7.

Corollary 8. Let P be a logic program and\/ a non-
empty set of interpretations. Theh/ is an MKNF model
of Tprr v e (P)™ iff M is an AEL model of gy (P)™.

This result does not carry over to the HP embedding, even
when considering only safe rules, because of the Pl axioms
in the HP embedding. Note that the treatment of equality in
the translation is not an issue, since the variant of MKNF in
Motik & Rosati (2007a) treats equality like we do.

It turns out that when adding an ontology to a set of MKNF
rules, there is not always a modular embedding into FO-
AEL, as shown below.

Considering Hybrid MKNF Knowledge Bases Gottlob
(1995) showed that there is no faithful modular embedding
of default logic (Reiter 1987) into AEL. Since default logic
has a modular embedding into MKNF, there is no modu-
lar embedding of MKNF into AEL in the general case. We
adapt Gottlob’s proof to our notion of modularity and to
atomic defaults, whose embedding into MKNF yields a hy-
brid MKNF KB.

We consider variable-free default theorig@s D), where
& C L is a background theory and is a set ofatomic de-
faults, which are of the formv : My, ..., M3, /w, where
a, B, ..., 0n, andw are atoms.

Chen (1994) showed that there is a faithful modular em-
bedding into AEL if, additionally® is a set of conjunctions
of literals. By an adaptation of Gottlob (1995, Theorem 3.2)
we show that this result does not extend to arbitd@ryNote
that Gottlob assumed the background thebity remain un-

changed in the embedding; we do not make this assumption.

Proposition 9. There is no faithful modular embedding of
default logic into standard AEL, even for atomic defaults.

Proof. (Sketch) Gottlob (1995) uses three default theories in
his proof, which all have different background theories,

Wo =0, Wi = {a}, andWs = {a D b},
but share the same set of defaults
D= {an:Ma/a, a:Mb/b}.

He used a different notion of modularity: the embedding
of the background theorly’ and the set of default® must
be independent, but not for individual defaults; moreolér,
is added directly to the embedding of the defaults, while we
allow W to be transformed as well. Gottlob’s proof can be
adapted to our setting by considering embedding®”) #
W. In essenceir(W;) must amount td¥V;, for eachW;,
by faithfulness ofr: for our purposes, we may assume that
tr(W;) consists ofl¥; and a set of clauses in AEL normal
form that have a limited structure. This is due to the fact that
for each objective set of formuld® > W;, W U tr(W;)

i € {1,2,3}. Clearly,(W;, D) and(W/, D’) have isomor-
phic default extensions. By exploiting modularitytef W),
the proof can then be easily adapted to this setting. O

Following Lifschitz (1991), a default theokyp, D) isem-
bedded into MKNF by adding t® the MKNF rule

Ka Anot—0y A--- Anot—=0, D Kuw,

for each defaulty : M jy,..., M3, /win D. Observe that
if the defaults are atomic, the result is a hybrid MKNF KB
of the form (9).

Proposition 10. There is no faithful modular embedding
of hybrid MKNF knowledge bases, and hence of hybrid
MKNFT knowledge bases, into FO-AEL.

Embedding Generalized MKNF Clauses Rosati (1997)
gave a hon-modular faithful embedding of MKNF into AEL
in the propositional case, based on the embedding of de-
fault logic into AEL by Schwarz (1996). We adopt these
techniques to embegeneralized MKNF clauses, which are
like MKNF clauses (11) except thal;, B; may be arbitrary
modal atoms inC}, - -

Let ® be a set ofk generalized MKNF clauses and let
p1, ..., pm b€ the list of all predicate symbols appearing
in ®. We fix k£ additional lists of new predicate symbols
pi,...,pt, 1 <i <k Leto(p') denote the result of sub-
stituting pt, ..., pi, for thepy,...,p, in ¢. The embed-
ding TagL (¢) is obtained by replacing ip eachKy with
(W AL A /\l;:1 1 (p?)) and eachot 1 with —Lv. Note that
the additional predicatgs “block” ungrounded inferences;
see Rosati (1997) and Schwarz (1996) for more details.

We defineragr(®) = {TapL(p) | ¢ € @}, where

TAEL(P) = Q121 ... Qu,Tn, Tapr (V Ag V V. Br)V
TapL(V,Ag V V1, Br)-
We then have the following model correspondence:

Proposition 11. Let® C Ly xnyr be a finite set of gen-
eralized MKNF clauses and le¥/ be a non-empty set of
interpretations. Then)/ is an MKNF model oo™ iff M is
an AEL model of 4 g1, (7).

The proof of this proposition is a straightforward extension
of the proof of Rosati (1997, Theorem 8), along the same
lines as the last paragraph in the proof of Proposition 7.

We can exploit this result for finite propositional MKNF
theories, since each such theory can be rewritten to a con-
junction of generalized MKNF clauses (Rosati 1997). How-
ever, this does not extend to the first-order case. For ex-
ample, inK(3z.a(z) vV -Kb(z)), K does not distribute over
extensional quantification (cf. Motik & Rosati (2007b)).

Nonetheless, hybrid MKNF KBs (9) can be straight-
forwardly rewritten to generalized clauses, since in MKNF
a conjunction of closed formulag; A --- A ¢, iS equiv-
alent to the theory{¢,,...,¢,} and an MKNF rule (10)

must have a (single) stable expansion whose objective part can be equivalently rewritten to a generalized MKNF clause

is{¢p € L | W, = ¢}. These clauses can then be removed.
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(cf. Motik & Rosati (2007b)):



(V) =Keg V -+ -V =Kc, V mnotdy V- -+ V —not d,V FOL with equality. We omit thé® modifier and show that
Khy V- VK, VKL A Aby D gi VeV gy). T =por ¢ iff @ =1 ¢, whered " ={¢ | U {Ly |y €
TIu{-L | ¢ ¢ T}; the correspondence of the definitions
As for arbitrary MKNF theories, it seems that they may be is then immediate.
rewritten as sets of generalized MKNF clauses using auxil- consider an interpretatidhsuch thatZ =7 @ and letZ’ be
iary predicates. The resulting theory can then be rewritten as 4, interpretation such that|; = 7 andZ’ =ror, Lo iff
a FO-AEL theory using the embedding that we presented. ¥ € T. Clearly, T’ Eror ®°T andZ r ¢ iff 7/ Eror
. ¢. It follows that® E=p ¢ implies V7 E=rpor ¢. The
Standard vs. Any- and All-Name Semantics converse is similar. = = 0
The any- and all-name semantics for FO-AEL were defined . ¢ s for the any- and all-name semantics: consider
by Konolige (1991). These semantics are obtained from the the theory ® — { p(a) Hy “a, Vr—Lp(x) Sq} in .a lan-
standard-names semantics by considering arbitrary (and not y®=1pla), Jv.x 7 a, vr.Lplr) O q B
only SNA) signatures and interpretations and changing the 9Uage with only one name, Then,® has a stable expan-

definition of satisfaction of modal atoms. We denote satis- SIONT" With Ty, = {p(a), a = a, q}: each model must have
faction for the any-names semantics 5y and for the all- at least two individuals, one of which is unnamed, due to the

name semantics by=*. The conditions for these relations ~ S€cond axiom inb; analogous for the all-name semantics.
for modal atoms are as follows (we consider here only the NOW, ® U {Ly | ¢ € T} U{-Ly |4 ¢ T} Fror ¢: the

case of one free variable for simplicity): single ground instance @fz) is p(a), which belongs td’,
plicity) so there is n@(t) such thap(t) ¢ T, witht € .
T,B =L Lo(x) iff ¢(t)el for someteN s.t.t!=zP; When considering the any- or all-name semantics, default

A : I__B unigueness of names needs to be axiomatized when embed-
7, B f=r L) i g(t)el forall teN s.t.t' =2 ding logic programs, following de Bruijet al. (2007). Let

An individual k is unnamedf there is not € A/ such that UNAyx, denote the set ainiqgue-names assumptigNA)

t! = k. The notions of stabfeand stablé expansions are axioms

defined analogous to the SNA case. The following exam- UNA  —L(t; =ty) D t; #to, for distinct names, , t,.

ple, partly due to (Levesque 1990), illustrates some of the When the UNA axioms are included, the results on embed-

differences between stable, stdhland stablé& expansions. ding dl-programs into FO-AEL extend to the any- and all-

Example 10. All stable expansions include the converse name semantics provided thhis equality-free and the em-

Barcan formula bedding of5;Ap; additionally includes/\ ;Lz; =x; in the
L(Vz.p(x)) D Va.Lp(z) antecedent, in order to ensure the implication does not be-

come “active” when quantifying over unnamed individuals.

for any FO formulap. Itis not included in all stable, nor For arbitrary theories this is no longer true, because the UNA
in all stable* expansions, because in the absence of the SNA axioms may interact with equality i.

there might be an unnamed individuain models of an ex- For r-hybrid KBs, our results do not extend to the any- or
tension ofy, which means that there is no ground tetm  g)l-name semantics for finite signatures, simply because un-
representing: such thatp(t) is included in the expansion.  named individuals might compromise the embedding (con-
Example 11. Consider the theorgp = Lp(a). ®~ has one sider, e.g.,B = ({C(a),3z2.-C(x)},0) with standard
stable expansiofi**; ® has one stabfé expansiori™® and names{a}). The same holds if implicitly for SNA inter-

pretations infinitely many standard names were added.

one stablé expansioril*. Consider the formulas
Example 12. Consider the r-hybrid KB = (@, P), where

¢ =Vz.x =a>Llp(z) and ® = {-C(a)} and P = {r «— C(x);s « not r}. B does
Y =Vr.x =bD -Lp(z). not entail s: any (infinite) SNA interpretatior? in which r
andC'(k) are true, for a single individuak # a, is an NM-

T* includes bothy™ and ¢~. T includes¢, but note, model ofB: we haveZ|s = ® andZ|p is a stable model
because in a given interpretatioanand b may be assigned  of I1(gr(P), Z|¢) = {r;s < not r}. When considering the
to the same individual, ang(a) is included inT¥, so this finite signature of3, s belongs to every stabteand every
interpretation does not satisfy. T, on the other hand, stable! expansion of-(P) U ® U CIAx, U UNAsx, C L,
includesy, but notg, by an analogous argument. forr € {rup, Ten}.

Stable expansions have a characterization purely interms  The counterexample does not apply when considering
of standard entailmentror,, where modal atomkg with any- or all-name semantics with infinite signatures; resolv-
free variables:q, .. ., z,, are viewed as-ary predicates. ing this and further studies will be done in future work.
Proposition 12. Let® C £, be a theory and leT’ C £, De_finir]g varic_';mts of MKNF with th_e any- or all-name se-
be a belief set. Ther™ is a stable expansion @b~ iff mantics is stralghtforward.. It remains to be seen whether
T={¢|dU{ly|veTu{-Ly |y ¢T} EroL ¢} the results on the embedding of MKNF into FO-AEL we

presented in this paper extend to this case. Results on the
Proof. (Sketch) We prove the proposition for the case of comparison of embeddings of logic programs into the any-
®~ and FOL entailment under the SNA,; the proposition name semantics (de Bruigt al. 2007) suggest that they do
then follows from the classical results about reasoning with extend to hybrid MKNF KBs with safe rules.
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Discussion and Conclusion

In this paper, we have considered possible embeddings of
three major approaches to combining rules and ontologies,
viz. dl-programs, r-hybrid KBs, and hybrid MKNF KBs,
into first-order autoepistemic logic, which serves as a unify-
ing framework in the sense that these approaches can be em-
bedded into a single, well-studied formalism for knowledge
representation and reasoning. Furthermore, by the embed-
dings and properties which they (perhaps necessarily) have,
we also have a means for comparing various formalisms, and
can assess their commonalities and differences.

In earlier work (de Bruijnet al. 2007), we have found
that the behavior under combination with FO theories of the
HP and EH embeddings are quite different. In the light of
this it may be surprising that the embeddings of dI-programs
and r-hybrid KBs are orthogonal to the choice between HP
and EH: in dI-programs, the embedding of dl-atoms makes
the regular literals independent from the FO theory; in the
r-hybrid KB embedding, the Cl axioms fix the interpretation
of classical predicates in a stable expansion, similar to the
projection operation in the r-hybrid KB semantics. In our
previous work (de Bruijret al. 2007), we considered also a
third rule embedding, EB, which is like EH, but without the
modal atom in the consequent and with Pl axioms. We did
not consider this embedding here for brevity. The results in
this paper that apply to both HP and EH also extend to EB.

The difference between the embedding of dl-atoms and
of the classical atoms in r-hybrid and hybrid MKNF KBs
into FO-AEL suggests, not surprisingly, that there are fun-
damental differences in the interaction between the ontology
and the rules that are not easily reconciled.

The fact that there is no faithful modular embedding of
hybrid MKNF knowledge bases into FO-AEL (which fails
vice versa) suggests that the former formalism is seman-
tically more involved, and that further investigation is re-
quired to establish the difference between hybrid MKNF
knowledge bases and combinations of rules and ontologies
based on FO-AEL, as proposed by de Brigjral. (2007).

In the same vein, the existence of modular embeddings of
r-hybrid KBs into both FO-AEL and hybrid MKNF KBs
suggests that hybrid MKNFKBs are semantically less in-
volved than r-hybrid KBs.

In addition to the embeddings that we have presented, oth-
ers may conceivably be considered, which are either defined
from first principles or obtained by composing existing em-
beddings. For example, r-hybrid KBs may be embedded into
FO-AEL by composing an embedding of r-hybrid into hy-
brid MKNF+ KBs (see Motik & Rosati (2007b)) and the
embedding of MKNF into FO-AEL.

Finding faithful modular embeddings for interesting frag-
ments of (the strong answer set semantics for) dl-programs
and hybrid MKNF~ KBs into FO-AEL remains as an inter-
esting issue, given the different underlying assumptions in
the formalisms (groundedness in dI-programs vs. unground-
edness in AEL) and the negative results for instances with
plain rule and ontology parts (for hybrids MKNF KBs).
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