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Abstract. In this paper we extend the labelled tableau calculus for conditional
logic CE proposed in [16]. We consider some extension€Bfdefined by well-
known semantic conditions/ conditional axioms. The proposed methods give a
decision procedure for the respective logics and can be used to prove complexity
bounds.

1 Introduction

In this paper we focus on extensions of conditional Id@Ee which can be considered

as the basic logic of preferential structures [23, 24, 20, 10, 16]. We extend the calculus
for CE proposed in [16] in order to deal with its most significant extensions. Our aim
is to developmodularand uniform tableaux systems, where each semantic condition is
captured exactly by one tableau rule (or a small group thereof). This work aims to be a
step further into the development of proof systems for conditional logics, which are up
to now rather scarce, [22,19,4,2,12, 8, 16, 26, 25] if compared to the development of
proof systems for other families of logics, such as modal logics.

Conditional logics have been studied for a long time: they were first introduced
by R.Stalnaker and D. Lewis [28, 23, 24] to formalize counterfactual, hypothetical rea-
soning (if A were the case theR) that cannot be captured by material implication in
classical logic. Conditional logics have been used in knowledge representation to rea-
son about prototypical properties [13], to model database update [18], belief revision
[3,14], causal inference in action planning [27, 15] and diagnosis [13]. Moreover, con-
ditional logics are strictly related to non-monotonic reasoning [20], as it turns out that
all forms of inferences studied in the framework of non-monotonic logics are particular
cases of conditional axioms [6]. The conditional lo§E closely corresponds to pref-
erential logicP as defined in [20]: the latter coincides with the first-degree fragment of
CE whereas rational non-monotonic logic correspondSEs-CV, and so on.

Similarly to modal logics, the semantics of conditional logics can be defined in
terms of possible world structures. The intuition is that a conditichat B is true
in a world x just in caseB is true in theA-worlds that aremost similar/most pre-
ferred/closesto z. This can be expressed by associating to each possible wald
preference relatiorc,, (an irreflexive and transitive relatior) In preferential struc-

L In[16], we took as primitive a pre-order relatigh,, whose strict version i, clearly there
is no significant difference.



tures, a conditionall = B, is true inz just in caseB is true in all worlds satisfyingl
that are minimal with respect to the relatien;. We assume thaminimal worlds always
exist thereby accepting the so-called Limit Assumption (or Smoothness Condition as
in KLM framework). The logic corresponding to this semantics is exactly the IGgic
[16]. Stronger logics are obtained by imposing further conditions on the relatipns
The preference semantics is related to the most popular semantics for conditional log-
ics, namely thesphere semantic®3] and theselection function semanti¢24]. The
relation is investigated for some systems by Grahne [18].

In this work we concentrate on the extension€&fthat are obtained by adding any
combination of conditions from the set of well known axiofddP, CV, CS, CEM }.
Our tableau systems give a feasible decision procedure for the respective logics and
can be used to prove complexity bounds on them. In [16], we have given a terminating
sound and complete tableau procedureG& and we proposed some extensions of it.
However these extensions were not entirely uniform and no termination analysis was
carried out. The present work extends thus our previous results by giving terminating
and uniform tableau calculi for the mentioned extensionSBfand we provide a non
deterministic exponential upper bound for the time complexity of the tableau based
decision procedure.

2 The system CE

Let £ be a language containing a set of propositional variallEd/, and the set of all
formulas of £ built from AT'M by means of the connectives A, 1, =, where=- is
the conditional operator.

Definition 1 (Semantics of CE).A CE model M has the form(W,{<,}zew, I),
whereW is a non-empty set (of worlds], is a functionW — Pow(ATM), and
{<s}zew is a family of relations oV for each element € W. For S C W we
define the set of .-minimal elements of:

Ming(S)={a€ S| -3eS:b<,al.

For everyz € W: (1) <, is an irreflexive and transitive relation o/, (2) for
every non-empty C W, Min,(S) # (). We define the truth conditions of formulas
wrt. worlds in a modelM by the relationM, = |= ¢, as follows:

M,z = p, for p atomic, ifp € I(x),

M,z W~ 1,

M,x = —¢if M,x (= ¢,

M,z EoNYif M,z EdandM,x = .

M,z = ¢ = ¢pifforall y € Min,(¢), M,y = ¢, whereMin,(¢) stands for
Min,({y € W | M,y |= ¢}).

We say thab is valid in M if M,z = ¢ for everyz € W.
We say that is CE-valid if it is valid in everyCE-model.

agrwdPE

The axiomatization corresponding to the previous semantics is the following axiom
systemCE.



Definition 2 (Axiom system CE).The systen€E is defined by

(TAUT) All classical tautologies and the Modus Ponens rule.

(ID) ¢ = ¢

CA) (p=>)N[W=>x) = (¢VY=X)
(CSO) (=) AN (Y= ¢) = (¢ = x) < (V= X)
(AQ) (9= 1) —¢

Al) (o= L) —>(-p=1)= 1

(A2) “(p=1)—>(p=L)=> L

(RCEA) if F ¢ < ¢ thenk (¢ = x) « (¥ = x)
(RCK) if - (b1 A ... Ady) — x thenk (¥ = ¢y A ... A= ¢,) — (1 = x)

The following theorems can be derived from the axiom€gf
(AC) (9= )N (=) = (dAX =)
RT) (6= ) A(6AX= D) — (6= 1)

All CE axioms and theorems (except (A0),(Al) and (A2)) correspond to well-
known properties of nonmonotonic systems: (AC) is catlethulativity (RT) is called
non-monotonic cuf20]. More precisely, the first-degree fragment of this logic corre-
sponds to preferential logle. Axioms (A0Q), (Al) and (A2) encode the assumption that
each relation<,, ranges on the same set of worlds. This condition is calledflormity
in [10].

We can state the following theorems.

Theorem 1 (Soundness)If a formula¢ is derivable inCE, then it isCE-valid.
Theorem 2 (Completeness)lf a formula¢ is CE-valid, then it is derivable irCE.

The proof of this last theorem is based on a generalization of Kraus Lehmann and
Magidor's completeness proof for the systéhprovided in [20]. Full details of the
proof will be provided in a long version of this paper.

2.1 Tableau calculus for CE
In [16], a tableau calculus f&ZE is proposed, which is based on the following ideas:

1 for all w, the fact thatw € Min,(¢) can be represented by extending the language
£ with a kind of hybrid formulas. Given a modeM = (W, {<;}sew,I), we
introduce pseudo-formulas of the fofm. ¢, for every formulap and worldx € W;

2 the semantics of hybrid formulas is the followinyf,y = O,¢ iff Vz € W if
z <5 y, thenM, z = ¢ (this can also be expressed by defining for each wotfte
accessibility relatior, as the inverse o, yR,z iff z <, y, and then adopting
the standard semantics for,: M,y = O,¢ iff V2 € W if yR, z, thenM, z = ¢);

3 from definition of Min, in 1 above, it follows that that for any formulg, y €
Mlnﬂi((b) iff ny ': ¢ A Dxﬁ(b'

4 We use these modal formulas in our tableau calculu€tas illustrated in Figure
1. For instance: ifM,z = ¢ = v, then for ally € Min,(¢), M,y E ¢ (see
definition 1 above). By point [3], this can be captured by saying that foy,dfl
M,y = ¢ ANO,—¢ thenM, y = +. This is equivalent to saying that for afleither
M,y £ ¢or M,y = O,—¢ or M,y E . This is exactly what is expressed by
rule (T =) in Figure 1.



The tableau rules fo€E are illustrated in Figure 1. The tableau formulas are of the
following kinds: (a)x : ¢, where¢ is a formula or a pseudo-formula; (b) <, z. A
branch is a set of tableau formulas. Given a braBgtwe denote byiWg the set of
labels occurring inB. A branch is closed if it contains both : ¢ andx : —¢, or it
containsz : L, otherwise it is open. A tableau @osedif every branch is closed. A
formula¢ is T-provableif there exists a closed tableau for —¢.

T:pNY
(Tr)  TO T A
T x:0¢ |z
z: (V)
(TV) 7x:¢v¢ (FV) T
x:¢ | x: xz )
z: (¢ — )
) LoV (F =) w0
z:0¢ |z z:
(NEG) z:—=
Ty
z: (¢ =) newy
. y:o
(T:>) T:9=1 oldy (F:>) y: 0o
y:o¢ | y:oOemd [y: ¢ y:
Y: 7020 newz
z: 0.0 z2<z Y
Yy <z 2 FRRaT0)
Ta FO
o) L (Fo) Fi¢
Y <z z
(Trans)z<zu
Y <zUu

Fig. 1. Tableau rules fo€CE

In [16], the following theorems are proved.
Theorem 3 (Soundness)If ¢ is T-provable then it iCE-valid.
Theorem 4 (Completeness)If a formula¢ is CE-valid theng is T-provable.

The tableau calculus fa&ZE as given in Figure 1 does not grant termination, since
repeated applications of the rulgs &) and (¢'0) may generate infinite labels. In [16]



suitable restrictions on the applications of the rul&s=-) and (#'0) are introduced,
which are shown to preserve the completeness of the calculus. Under such restrictions,
the calculus is proved to be terminating.

3 Extensions of CE

The tableau method faZE can be extended uniformly to deal with some wellknown
extensions oCE defined by combinations of the following axioms and corresponding
semantic properties. We provide a set of extra rules for each extra axiom.

In order to obtain a calculus for conditional logics containing more than one axiom,
it will be enough to consider the calculus containing all the rules introduced for the
concerned axioms. Thus, for instance, in order to obtain a calculus for the logic obtained
by adding toCE axioms (CV) and (MP) below, we will have to consider all the rules
introduced forCE + (CV) andCE + (MP). In order to deal with Stalnaker’s logic C2,
containingCE plus axioms (CV), (MP) and (CEM) we will further have to consider the
rules introduced to deal with (CEM), and so on.

We consider here the extensionsGE by axioms(MP),(CS), (CEM), and(CV):

(MP) ((¢ = ¥) A o) — 9,
its corresponding semantic property is (S-MP):
Vae,y —(y <g x).

(CS) ¢ AY — (¢ = ¥),
its corresponding semantic property is (S-CS):
Ve, y ©<,yVae=uy.

CV) (@=Y)A~(9=~x) = (6AX =),
its corresponding semantic property is (S-CV):
Vx,y,z,u Yy <gz— (y <zuVu<g Z)

(CEM) (¢ = ¢) V(¢ = —0),

its corresponding semantic property is (S-CEM):
Ve, y,2 y=2Vy<pzVz<gy.

These axioms/semantic conditions have been variously considered in the literature on
conditional logics. We give some intuitive justification. According to (S-MP) no world
is preferred tor, with respect to<,,..
According to (S-CS), which is stronger than (S-MP]Js preferred to all other pos-
sible worlds with respect to its associated relation This condition is controversial.
It is for instance the condition that differentiates Lewis’s systénisand VIV [23],
namely (S-CS) belongs to the first system whereas it does not belong to the second one.
The condition (S-CV) makes, a modular (or ranked) relation. This condition is
required by most of the conditional logics based on preference semantics (or the related
sphere based semantics), with the exceptiol€Bf. It is contained, for instance in
Lewis’s logicsV C' andVW [23].
The property (S-CEM) requires that given two different worjdsnd z, eithery is
strictly preferred ta: or z is strictly preferred tgy w.r.t. <, . In turn, this entails that for
each formulag, Min(¢) contains at most one single possible world. This property



is the well-known Uniqueness Assumption that characterizes Stalnaker'sTadRs,
24].

Let X C {(S-MP), (S-CS) (S-CV), (5-CEM)}, to ease the reading, we sometime
say that a model/ is a(S-X)-modelif it satisfies the semantic conditions .

In order to provide the calculi for the extensions@E, we have to extend the
language of the tableau calculus by allowing equalities of the formy in branches,
wherez, y are labels. This extension is needed for systems containing (CS) or (CEM).
Consequently, we enrich the notion of closed branch as follows.

Definition 3 (Closed Branch).We say that a branch is closed if it contains: {i). ¢
andz : -, orx:L; (i) x =y, x: @,y : —¢; (i) y <, y. Atableau is closed if every
branch is closed.

In order to deal with equality we need the following rules:

xr =
(E—-R) (*) (E—S)
r=2x y=x
rT=yY,y==2 r=a y=vy,2=2y<ez
(E-T) —— (E— <) - -
=z Yy <gr Z

Fig. 2. Rules for Equality. (*)z is a label in the branch.

The rules corresponding to the mentioned extensioi@Eoére the following ones:

Yy<ot S
(R — MP) (R — CS) old x,y
z:l r<sylz=y
Yy <z Zz
(R-CV)———— old u (R — CEM) old xz,y,z
y<wu|u<xz y:2|y<zz‘z<zy

Fig. 3. Rules for the extensions &fE.

Definition 4. LetX C {(R-MP), (R-CS), (R-CV), (R-CEM) } a Y'-tableau is a tableau
built according to: (i) the rules folCE of Figure 1, (ii) the rules in¥ of Figure 3, (iii)
the rules for Equality in caséR-CS) or (R-CEM) belongs ta¥.

Aformulag is T + (X)-provable if there exists a closed-tableau tableau for: : —¢.

The soundness of the rules can be proved in a standard way (see Theorem 2 in [16]).
To this purpose, we need to give a formal meaning to the notion of satisfiability of a



branch. LetM = (W, {<.}.ew,I) be a model. Given a brancB, a mapping is a
function f from W to W such that (i) ify <, z € B then f(y) <jw) f(2), (i) if
x =y € Bthenf(z) = f(y).

Definition 5. Let ¥ C {(R-MP), (R-CS), (R-CV), (R-CEM) }, given a branchB of
a Y-tableau, a(S-Y)-model M, and a mappingf from Wg to W, we say thatB is
satisfiable undey in M if the following holds:

1. ifx: ¢ € BthenM, f(z) E ¢,
2. ifx:—¢ € BthenM, f(z) F~ ¢.

whereg is a conditional formula or a pseudo formula.

Moreover, B is (S-Y)-satisfiableif it is satisfiable in somgS-Y)-model M un-
der some mapping. A tableaux ig(S-Y)-satisfiable if one of its branches {S$-X)-
satisfiable.

One can prove the following lemrfa

Lemma 1. LetX C {(R-MP), (R-CS), (R-CV), (R-CEM) }, letT be a(S-X)-satisfiable
tableau and lef” be obtained fronT" by applying one of the rules af-tableaux. Then
T’ is also(S-X)-satisfiable.

Theorem 5 (Soundness ofl" — X). If ¢ is T + (X)-provable, then it is valid in all
(S-X)-models.

Proof. Suppose thad is not valid, then—¢ is satisfiable in S-X)-model M, thus
the tableau beginning withr : —¢ is (S-X)-satisfiable. By the previous lemma any
expansion of the tableaux containgS))-satisfiable branciB; B cannot be closed,
for otherwise we would have: ¢, z : =) € B, whenceM, f(z) = ¢ andM, f(z) =
—p, a contradiction. ]

3.1 Completeness of the calculi
First of all, notice that since none of the rules above introduce in the tableau new labels

or new formulas that create new labels when decomposed, from L&n8ectiond.2
of [16], we have the following lemma.

Lemma 2. Let B be a branch of a tableau3 does not contain any infinite descending
chain of labels S.tyl <z Yo, Y2 <z Y1r -+ Yit1 <z Yiy- -

We can now show the completeness of the calculi. To this purpose, we have to
enrich the notion of saturated set used in the proof of the completeness of the calculus
in Definition 5 in Sectiord, of [16].

Definition 6 (Saturated Branch).We say that a branc® of a tableau is:

— saturatedv.r.t. T if:
1L.Ifz:pNY € Bthenx:¢ € Bandzx: ¢ € B.
2. Ifx: =(¢p AN9) € Btheneitherr : ¢ € Borz: =) € B.

2 The proof will be included in a full paper.



3. Ifz:—-—-¢ € Bthenx : ¢ € B.
4. If x : (p = ¢) € B then for any labely € Wp, eithery : ¢ € B or
y:-O,~¢peBory:¢y e bB.
5 Ifz : =(¢ = o) € B then there is a labey such thaty : ¢ € B and
y: ) € Bandy : O,-¢ € B.
6. Ify:0,0€ Bandz <, y € Bthenz: ¢ € B.
7. If y: —0O,¢ € Bthenthereis alabet suchthat: <, y € Bandz: ¢ € B
andz:0,¢ € B.
8. Ify<,ze Bandz <, u € Btheny <, u € B.
— saturatedv.r.t. = if:
1. forallx € B,x =x € B;
2. ifx=y € B,alsoy =z € B;
3. ifx=ye Bandy =z € B,alsox = z € B;
4. ifx =2’ € B,y=y € B,z =2 € B,andy <, z € B, then also
Yy < 2 € B,
— saturatedwith respect taCE + (MP) if it is saturated w.r.t. tol", and for nozx, y
Yy <, € B;
— saturatedwith respect taCE + (CS)if it is saturated w.r.t. tdl’, to =, and for all
x,y € B, either <, ye Borx =y € B;
— saturatedvith respect t@CE + (CV) if itis saturated w.r.t. td", and for allz, v, z, u €
B,ify<, z€ B,thenalsoy <, u € Boru <, z € B;
— saturatedvith respect taCE + (CEM) if it is saturated w.r.t. tdl’, to =, and for all
x,y,z € B,eithery=ze€ Bory <, z€ Borz <,y € B.

Given a set of axiom& C {(MP) (CS)(CV)(CEM)}, we can now show the fol-
lowing lemma and completeness theorem.

Lemma 3. If ¢ is notT + (X)- provable, then there exists a tableau which contains
an open branch starting with : —¢, and which is saturated with respect to the rules
corresponding to the axioms contained’ih

Proof.(Sketch) Sinces is not provable, all tableaux starting withy will contain an
open branch. Thus also the tableau built according to the following systematic proce-
dure contains an open brandbtep a:) apply all the static rules as far as possible; in
case of branching, make the choice which preserves non-closure (there is always one
choice, by hypothesisjstep b:) apply the dynamic rules to the new formulas generated
in the previous step.

By this strategy, every formula in the branch is eventually considered. It can be
easily shown that the branch generated by this systematic procedure is saturated with
respect to the rules corresponding to the axioms containgd in o

Theorem 6 (Completeness ofl’ — X). If ¢ is valid in all (S-X)-models, then it i§ +
(X)-provable.

Proof.(Sketch) We show the contrapositive: thabifs notT + (X)-provable, then¢

is satisfiable by &E model satisfyingS- X). If ¢ is not provable, then the tableau
starting withx : —¢ contains an open branch, saturated with respect to the rules
corresponding to the axioms containedin Starting from this open, saturated branch,



we build a canonical model. We have two alternative constructions, one for the case in
which neither axion{(CS) nor axiom(CEM) belong toX, and another corresponding

to the case in which (at least) one of the two axioms belongs {and therefore the
symbol= appears inB).

Case 1: (CS)¢ X and(CEM) ¢ 3. We can build the canonical mod&l satisfying

—¢, as follows.M¢c = (W, {Cys}zew, ), Where: L)W = Wp; 2) For eache € W,
yCpziff y<,z€ B; 3)Foreache ¢ W, I(z)={p|p € ATM andw : p € B}.

We prove that:

1 . is an irreflexive and transitive relation d#.This follows from definitions 3
and 6 above;

2 ForallS C W, S # 0, Min,(S) # (. This follows from Lemma 2 above.

3 By induction over the complexity of the formulas, we can show atsatisfies all
formulas and pseudo-formulas i As an example, we consider: ¢ = i € B.
Lety € Wg. Then either (i) : =¢ € B or (i) y : -0O,—¢ € B, or (iii) y : ¢ € B.
If (i) by the induction hypothesis, we hald, y |= —¢, thusy & Min,(¢). If (ii)
there is a labet such that: <, y € B andz : ¢ € B. By construction ofM ¢,
we havez , y and by the induction hypothesid¢, z = ¢, thusy ¢ Min, (o).
If (iii) by the induction hypothesis we gét/c, y |= v. Thus, ify € Min,(¢) then
Mo,y = 9.

4 If (MP) € X, thenM satisfieS-MP). For a contradiction, suppogeC,. x. By
definition of C ., y <, = € B. But this contradicts definition 6 above.

5 If (CV) € X, then M satisfieg(S-CV). Lety ., z. By definition of M¢, y <,
z € B, and by definition 6, for al, € Wg, eithery <, u oru <, z. In the first
casey C, u; inthe second caserC,, z.

Case 2: (CS)e X or (CEM) € 3. We build the canonical model as follows: for all
x,y € Wy, we letz =), y iff x =y € B. Notice that=), is an equivalence relation.
Indeed: it is symmetric (all the rules that introduce= y also introduce; = x); it is
transitive, by definition 6; it is reflexive by symmetry + transitivity.

We let[z] = {y : =5 y} andW = {[w]/ =}, the set of all the equivalence classes
of Wp with respect to=y,.

We definel([z]) = U, ¢, {p:p € ATM andy : p € B}.

Furthermore, we lefy] T, [2] iff ¥ <. 2’ € Bfora’ = z,y' =y, andz’ = 2. We
show thatM is aCE model of B satisfying(S-CS)

1 Cy, is irreflexive and transitive. Irreflexive, by 3 and by definitionof,;, and
transitive by 6.

2 if S C W andS # 0, thenMin,(S) # (). This follows from Lemma 2.

3 Reasoning by induction on the complexity of the formulas, we show that for all
formula or pseudo-formuld (a) if x : F € B, thenMc¢,[z] = F, and (b) if
x:—F € B, thenMc¢, [z] £ F:

e for F € AT M: (a) follows from definition off, and (b) follows from definition
of I together with the fact that there is n6s.t.2’ =z € B,andz : F € B
(otherwiseB would be closed);

o if F'is aboolean combination of formulas, both (a) and (b) can be easily shown;



o if F'is a pseudo-formulal, . (a): for all [z] T, [z], by definition of M¢
and by definition 6 above; <, x € B. Hence,z : ¢ € B, and by inductive
hypothesisM¢, [z] = ¢. (b): for somez, z <, « € B, z : ~¢. By definition
of M, [2] Cpy) [#], and by inductive hypothesid/c, [2] [~ ¢;

o if Flis¢p = ¢.(a):forally € Wg, either (il : =¢ € Bor (i)y: -0,-¢ € B
or (iii)y : ¢ € B. In all cases, the result follows by inductive hypothesis. (b):
thereisazst.z: ¢ € B,z : O,—¢ € B,andz : ¢ € B. By inductive
hypothesis,M¢, [2] E ¢, Mc,[2] E O.—¢, Mc,[2] ¥ 4, and the result
follows.

4 If (CS) € 3, thenM satisfieqS-CS) Indeed, by definition 6, either = y € B
(and[z] = [y]) orx <, y € B, and[z]| <[5 [y].

5 If (CEM) € X, thenM( satisfieS-CEM). Indeed, by definition 6, for alk], [v], [=],
eithery = z € B, and by construction ol [y] = [z], ory <, z € B, and by
construction ofMc, [y] < [2] or z <, y € B, and by construction ol
[2] <(z) Y.

6 If (MI[D; € ¥, thenM satisfieqS-MP). We reason analogously to Case 1.

7 If (CV) € X, thenM - satisfiegS-CV). We reason as for Case 1. O

3.2 Termination and Complexity of the Calculi

As in the case of logi€E, the calculi presented above fGE extensions can lead to
non-terminating computations due to the interplay among the (iles-) and(F'0),
generating new labels, and rul€ =), whose applications to the new labels may gen-
erate new formulas to whicfF’ =) or (F'O) can again be applied. In this section we
show that the calculi fo€E extensions can be made terminating. The solution we pro-
pose is similar to the one we have adopted to prove the terminatiok af [16]. More
precisely, in order to avoid the generation of infinite branches, we introduce a system-
atic procedure to build a tableau and we put suitable restrictions on the applications of
rules(F =) and(FO). We show that the systematic procedure terminates, whence it
does not lead to generate infinitely many labels. Moreover, we show that the complete-
ness of the calculi is not lost if we adopt the systematic procedure with the mentioned
restrictions.

First of all let us assume that the tableau construction does not allow any redundant
application of the rules ([16]). In particular, we assume thatffie>) applies exactly
once to each formula and label on the branch. Also, we assume that a branch does not
contain repetitions of labelled formulas: labelled formulas which are already on the
branch are not added again when applying new rules.

Following the terminology of [17], we refer to the rules generating new worlds as
dynamic rulesand to all other rules astatic rules Observe that all the rules we have
introduced are static except foF =) and(F'0) which are dynamic.

We define asystematic procedur®r constructing the tableau for a given formula
x : «. This is the same procedure described in the proof of Lemma 3. The procedure
executes repeatedly two stefstep a)applies all the static rules as far as possif@ep
b) applies the rulesF'0) and(F =) to the new formulas generated in the previous step.

We observe that (step a) terminates after a finite number of rule applications. Indeed,
none of the static rules adds new labels and the number of pseudo-formulas built from a



finite set of formulas (subformula property) and from a finite number of labels is finite.
As we require that the tableau does not contain redundant applications of rules, each
application of a rule in step (a) must at least add a new pseudo-formula to the branch,
and thus the number of rule applications must be finite. After (step a) is terminated the
branch is downward saturated except for the formulas of the form-(¢ = ¢) and
w : —O,¢. In (step b) we apply the rulg”’ =) to all the formulag; : —(y = §) on the
branch and rul¢ FO) to all the formulag, : =0, on the branch, wherg must be a
label generated in the previous (step a).

To avoid that (step a) and (step b) in the systematic procedure repeat forever, by
continuing to generate new worlds, we put the following restrictions on the application
of the rules(F =) and(FO), which are essentially loop checking conditions.

— (Restriction 1) the rule(F =-) can be applied to the formula: —(y = é) on a
branch only if there is no label on the branch such that:
(1a) the branch contains the formula —(y = §) and the rulg F' =) has already
been applied to that formula;
(1b) the positive conditional formulas labelled hyare a subset of the positive con-
ditional formulas labelled by.
— (Restriction 2) the rule(F'O) can be applied to the formuta: —0O,~ on a branch
only if we cannot find two labels andw on the branch such that:
(2a) the branch contains a formuta: —-O0,,v and the rulgl F#O) has already been
applied to that formula;
(2b) the positive conditional formulas labelled byon the branch are a subset of
the positive conditional formulas labelled by
(2c) for each (positive) modal pseudo-formuja : O..¢ occurring on the branch,
such that eitheg; coincides with labe}; or one of the two relationg <, 31
andy; = y occurs on the branch, there is a (positive) modal pseudo-formula
z1 : O, ¢ on the branch, such that eitharcoincides with labet or one of the
two relations: <,, z1 andz; = z occurs on the branch.

The idea behind (Restriction 1) is that applying the rlle=)toy : =(y = 9)
cannot add anything more on the branch than what has been obtained by applying it to
z : (v = ¢), if all the positive conditional formulas that hold gfalso hold atz. In
such a case we can avoid to generate a new {gliidm 3. The idea behind (Restriction
2) is that applying the ruléF'0d) to y : ~0O,~ cannot add anything more on the branch
than what has been obtained by applying it to-O,,~, under the assumptions that: all
the positive conditional formulas that holda&lso hold atv; and all the positive modal
pseudo-formulas on the branch that would be applicable to the wbdenerated from
y, can also be applied to the world generated from:.

The systematic procedure with the two restrictions preserves completeness and
guarantees termination.

Lemma 4. If a branch B closes, it still closes under (Restriction 1) and (Restriction 2).

Theorem 7. The systematic procedure with (Restriction 1) and (Restriction 2) termi-
nates.



The proofs of Lemma 4 and of Theorem 7 are similar to those reported in [16] for logic
CE. The intuition is the following one. If a systematic attempt at proving a formula
goes forever, there must be an infinite branch S containing infinitely many different
labels because it does not contain repetitions and only a finite number of formulas can
appear in the tableau (subformula property). Therefore, the branch must either contain
infinitely many applications of ruléF" =) or infinitely many applications of rulef’0)

to some formula (or both). By (Restrictions 1) and (Restriction 2) above, this is not
possible. For instance, each time the rafé =) is applied toy : —(¢ = ), by
(Restriction 1) for all possible : =(¢ = ) on the branch to whiciF' =) has
already been applied there must be some positive conditional formula occurring on the
branch labelled by and not byz. This can only occur a finite number of times, since
(by the subformula property) there is only a finite number of positive conditionals.

Observe that the number of positive conditionals is finite, and at most linear in the
sizen of the input formula. Hence, the number of distinct sets of positive conditionals
is O(2™). Therefore, the number of applications of rgfé =) to the same formula (but
different labels) on a branch (3(2™). As there aré(n) distinct positive conditionals,
the number of applications of rulg" =) on a branch i$)(2"). By similar consider-
ations, we can conclude that the number of applications of (#lg) on a branch is
O(2™). We can thus say that the number of different labels on the brar@teis).

In order to establish an upper bound on the complexity of the systematic procedure
above, we need to estimate the overall number of rule applications, including those in
step (a). To this concern, we can observe that the number of pseudo-formulas (including
equalities and disequalities) which can be built fro{r) formulas and)(2") labels is
O(2™). As we do not admit redundant applications of rules, on each branch the overall
number of tableau rule applications determined by the systematic procedf®"is
Thus, our systematic procedure allows us to define a non-deterministic algorithm for
testing satisfiability irCE: at each step the algorithm first saturates with respect to the
static rules (step a), then guesses a branch and saturates it w.r.t. the dynamic rules (step
b). By what said just above, the algorithm eventually terminates, and returns "satisfi-
able” if it finds an open branch and "unsatisfiable” if it does not. Since the number of
rules applied i$>(2™), we can conclude that:

Theorem 8. Theorem 9. For all extension<CE+ Y of CE, the systematic procedures
decides the satisfiability of a formula in non-deterministic exponential time with respect
to the size of the input.

The above result seems to be in partial accordance with [10], where the authors show
that a formula is satisfiable iff it is satisfiable in an exponentially sized structure. More-
over, the authors argue that deciding satisfiability can be done in EXPTIME (that we
understand as Deterministic Exponential Time), even if the algorithm they suggest is not
described in full details (Theorem 0.13). In future investigation we will study how we
can obtain aleterministicEXPTIME decision procedure based on our tableau calculus.

4 Conclusions

In this work we have presented tableaux systems for the most important extensions of
CE, the logic of preferential structures. The proof methods are uniform in the sense



that each specific semantic condition is captured by a tableau rule. Moreover, the proof
method is based on the introduction of pseudo-formulas, that are modalities in a hybrid
language indexed on worlds. We have been able to obtain terminating procedures by
a loop-checking mechanism. These methods can also be used to establish complexity
bounds of the logics, in a constructive way.

In future work, we intend to carry on a finer grained complexity analysi€BEf
extensions by means of tableaux methods. Moreover, we intend to investigate several
improvements on the tableau systems, including loop-checking mechanisms, a better
treatment of equality via label-substitution and specific proof-search strategies.

We briefly remark on some related works. De Swart [8] and Gent [12] give se-
quent/tableaux calculi for conditional logics VC GE+CV+MP+CS) and VCS. The
kind of systems they propose are based on the entrenchment conrediiven which
the conditional operator can be defined. Their systems are analytic and comprise an in-
finite set of rules< F'(n, m), with a uniform pattern, to decompose each sequent with
m negative andh positive entrenchment formulas.

Crocco and Farinas [4] present sequent calculi for some conditional logics including
minmal CK, CEM, CO (=CE without CA) and others. Their calculi comprise two levels
of sequents: principal sequents withh corresponds to the basic deduction relation,
whereas auxiliary sequents with, corresponds to the conditional operator: thus the
constituents ofl’ +p A are sequents of the forl¥ +, Y, whereX,Y are sets of
formulas.

Artosi, Governatori, and Rotolo [2] develop labelled tableau for first-degree
fragment (i.e. without nested conditionals) of conditional logic CO (they call it CU and
it corresponds to cumulative nhon-monotonic logics). Formulas are labelled by path of
worlds containing also variable worlds. Since they adopt a selection function semantics,
they have to cope with the problem of equivalent antecedents: &M = [A’]* then
f(A,w) = f(A,w). They use an efficient unification procedure to propagate positive
conditionals, and the unification procedure takes care of checking the equivalence of
antecedents. Their tableau system is not analytical, as it contains a cut-rule, called PB,
which is not eliminable. Moreover it is not clear how to extend iCi& and stronger
systems on the one hand, and to nested conditionals, on the other.

Broda, Gabbay, Lamb, and Russo develop an elegant natural deduction system for
Boutillier’s conditional logic of normality and some variants of it [3], [1]. Their proof
system uses labels following the methodology abelled Deductive Systeifi, where
the objects involved in the proofs are structured configurations of formulas, worlds, and
relations thereof. In this respect their approach is rather similar to ours. However, as
we already observed, Boutilier's conditional logic has a simpler semantics defined in
terms of standard modal logic without world-indexed relations or modalities (and thus
it cannot handle nested and iterated conditionals). Moreover, it is not evident if one can
extract a decision procedure for Boutilier's logic from their natural deduction system.

Lamarre [22] presents tableaux systems for conditional logicsGE=CV), VN,

VC and VW(=CE+CV+MP). Lamarre’s method is a consistency-checking procedure
which tries to build a system of sphere falsifying the input formulas. The method makes
use of a subroutine to compute tbere, that is defined as the set of formulas charac-
terizing the minimal sphere. The computation of the core needs in turn the consistency



checking procedure. Thus there is a mutual recursive definition between the procedure
for checking consistency and the one to compute the core.

Gronebner and Delgrande [19] have developed a tableau method for conditional

logic VN which is based on the translation of this logic into modal logic S4.3.

In [26], it is presented a labelled sequent calculus minimal normal conditional logic

CK and some extensions of it. The calculi are based on the selection function semantics
for these logics. In case &K, the calculus is used to provide a polynomial-space
complexity bound for this logic.
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