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t. This paper examines the 
omplexity of hybrid logi
s overtransitive frames and transitive trees. We show that satis�ability overtransitive frames for the hybrid language extended with # is NEXP-
omplete. This is in 
ontrast to unde
idability of satis�ability over ar-bitrary frames for this language [2℄. We also show that adding � or thepast modality leads to unde
idability over transitive frames, but not overtransitive trees, where we show the ri
hest language to be nonelementar-ily de
idable. Moreover, we establish 2EXP and EXP upper bounds forsatis�ability over transitive frames and transitive trees, respe
tively, forthe hybrid Until/Sin
e language. An EXP lower bound is shown to holdfor the modal Until language over both frame 
lasses.1 Introdu
tionWe examine the 
omputational 
omplexity of satis�ability for hybrid logi
s overtransitive frames. This is an important frame 
lass, be
ause transitivity is theminimal requirement in many temporal appli
ations, for example temporal ver-i�
ation. Modal, hybrid, and �rst-order logi
 over transitive models have beenstudied re
ently in [3, 14, 30, 18, 19, 17, 11℄. Although the 
omplexity of hybrid(tense) logi
s has been extensively examined [7, 15, 2, 3, 13℄, there are highly ex-pressive hybrid languages for whose satis�ability problems only results over ar-bitrary, but not over restri
ted, temporally relevant, frame 
lasses have beenknown.Hybrid Languages are extensions of the language of modal logi
 that allowfor naming and a

essing states of a model expli
itly. This renders hybrid logi
an adequate representation formalism for many appli
ations where the basi
modal and/or temporal language does not suÆ
e. Moreover, reasoning systemsare easier to devise for hybrid than for modal logi
.Hybrid logi
, as well as the foundations of temporal logi
, goes ba
k to ArthurPrior [25℄. Sin
e then, many|more or less powerful| languages have been stud-ied. Here we brie
y introdu
e the extensions that shall 
on
ern us in this paper.



Nominals are spe
ial atomi
 formulae that name states of models. They allow,for instan
e, for an axiom expressing irre
exivity, whi
h 
annot be 
aptured bymodal formulae: i! :3i.The at operator � 
an be used to dire
tly jump to states named by nominals,independently of the a

essibility relation. Hen
e, the above formula 
ould alsobe written as �i:3i.With the help of the downarrow operator # , it is possible to bind variablesto states. Whenever #x is en
ountered during the evaluation of a formula, thevariable x is bound to the a
tual state s. All o

urren
es of x in the s
ope ofthis # are treated like nominals naming s. As an example, the formula #x::33xreads as: Name the a
tual state x and make sure that it is not possible to rea
hx in two steps. This is an axiom for asymmetry, another property not expressiblein modal logi
.Combined with the � operator, # leads to a very powerful language that
an formulate many desirable properties and goes far beyond the s
ope of thesimple nominal language. To give a more impressive example, we 
onsider theUntil operator. The formula U(';  ) reads as \there is a point in the future atwhi
h ' holds, and at all points between now and this point,  holds". Whatthe basi
 modal language is not able to express, 
an be a
hieved by the hybrid#-� language. U(';  ) � #x:3#y:' ^�x2(3y!  ):Besides more advan
ed temporal 
on
epts su
h as \until" and \sin
e", hybridtemporal languages 
an express other desirable temporal notions su
h as \now",\yesterday", \today", or \tomorrow". Moreover, with hybrid logi
 one 
an 
ap-ture many temporally relevant frame properties (besides the above mentioned,antisymmetry, tri
hotomy, dire
tedness, . . . ). For this reason, hybrid temporallanguages are of great interest where basi
 temporal logi
 rea
hes its limits [9,5, 4, 13℄.Why Transitivity? Hybrid logi
 is interpreted over Kripke frames and models,as is modal logi
. A frame 
onsists of a set of states (points in time) and ana

essibility relation (where xRy says that y is in the future of x). In mosttemporal appli
ations one requires this relation to be transitive. We 
on
entrateon transitive frames be
ause transitivity is a property that the future relationsof many di�erent temporal appli
ations have in 
ommon, even if they di�er inother properties su
h as tree-likeness, tri
hotomy, irre
exivity, or asymmetry.But there are other reasons why this frame 
lass is of interest, parti
ularly in
onne
tion with 
omputational 
omplexity. In the spe
ial 
ase of linear frames,nominals and � 
an be simulated using the 
onventional modal operator and its
onverse. They do not add expressive power to the language in this 
ase. The #operator is useless even on transitive trees, a representation of bran
hing time.Though the 
lass of transitive frames (and transitive trees for #-free hybrid lan-guages, respe
tively) is a restri
ted frame 
lass, it is general enough to separatehybrid from modal languages in terms of expressive power.Yet another reason for 
onsidering pre
isely transitive frames will be
ome
lear in the next paragraph.



Complexity of Hybrid Logi
s. We use the 
omplexity 
lasses NP, PSPACE,EXP, NEXP, nEXP, n � 2, and 
oRE as known from [24℄. A problem is nonele-mentarily de
idable if it is de
idable and not 
ontained in any nEXP.It goes without saying that reasoning tasks for ri
her logi
s require moreresour
es than those for simpler languages su
h as the basi
 modal language.We fo
us on one reasoning task, namely satis�ability. The modal and temporalsatis�ability problems over arbitrary as well as transitive frames are PSPACE-
omplete [22, 29℄. If the \somewhere" modality E is added, satis�ability be
omesEXP-
omplete over arbitrary frames [28℄. For many, more restri
ted, frame
lasses, modal and temporal satis�ability is NP-
omplete [22, 23, 27℄. In 
on-trast, the known part of the 
omplexity spe
trum of hybrid satis�ability rea
hesup to unde
idability.Many 
omplexity results for hybrid languages have been established in [2,3℄. It was shown in [2℄ that the hybrid language with nominals and � has aPSPACE-
omplete satis�ability problem and that satis�ability for the hybridtense language is EXP-
omplete, even if � or E are added. It was proven in [3℄that these problems have the same 
omplexity (or drop to PSPACE-
omplete orNP-
omplete, respe
tively) if the 
lass of frames is restri
ted to transitive frames(or transitive trees, or linear frames, respe
tively).Moreover, the authors of [3℄ established EXP-
ompleteness of satis�ability forthe hybrid Until/Sin
e language. The 
omplexity of this language over transitiveframes and transitive trees, respe
tively, has been open. PSPACE-
ompletenessover linear frames is known from [13℄. We want to �nd out at whi
h exa
t require-ments to the frame 
lasses the de
rease from EXP to PSPACE takes pla
e.Unde
idability results for languages 
ontaining # originate from [7, 15℄. Thestrongest su
h result, namely for a restri
ted fragment of the # language, is givenin [2℄. In re
ent work [31℄, it was shown that de
idability of the # language 
anbe regained under 
ertain restri
tions on the frame 
lasses. It is possible thattransitivity is another property under whi
h the # language 
an be \tamed".Moreover, we have already observed that over transitive trees and linearorders, the # operator on its own is useless. Hen
e satis�ability over these frame
lasses is the same as for modal logi
, namely 
omplete for PSPACE and NP,respe
tively. This makes it more likely that we 
an \tame" # over transitiveframes. But if so, to what extent? What happens if we allow for intera
tions of# with � or the ba
kward modality?New Road-Map Pages. This paper establishes two groups of 
omplexityresults for hybrid languages over transitive frames and transitive trees.First we examine satis�ability of the hybrid # language. Our most surprisingresult is the \taming" of this language over transitive frames: the satis�abilityproblem is NEXP-
omplete. This high level of 
omplexity is retained even over
omplete frames (
lusters). We also show that enri
hing the language by theba
kward-looking modality P or the � operator leads to unde
idability in the
ase of transitive frames. Over transitive trees, the situation is di�erent. De
id-ability for even the ri
hest # language is easy to see, but it is nonelementary, aswe will show.



As a se
ond step, we 
onsider satis�ability over transitive frames and transi-tive trees for the hybrid Until/Sin
e-E language. We establish EXP-hardness fornot more than the modal language with Until only. This is mat
hed by an EXPupper bound for the full language in the 
ase of transitive trees. As for transitiveframes, we give a 2EXP upper bound.Table 1 gives an overview of the satis�ability problems 
onsidered in thispaper (marked bold) and visualizes how our 
omplexity results arrange into a
olle
tion of previously known results. It makes use of the denotation of hybridlanguages introdu
ed in Se
tion 2. Complexity 
lasses without addition standfor 
ompleteness results; \nonel." stands for \nonelementarily de
idable". Thework from whi
h the results originate, is 
ited. Con
lusions from surroundingresults are abbreviated by \
.". The question mark stands for an open question,but de
idability follows from the last result in that 
olumn. As for HLEU;S overtransitive frames and transitive trees, EXP-hardness even holds for MLU .hybrid 
omplexity 
omplexity over 
omplexity over 
omplexitylang. over arbi- transitive frames transitive trees over lineartrary frames ordersHL� PSPACE [2℄ PSPACE [3℄ PSPACE [3, 
.℄ NP [3, 
.℄HLF;P EXP [2℄ EXP [3℄ PSPACE [3℄ NP [3℄HLEF;P EXP [3℄ EXP [3℄ PSPACE [3℄ NP [3℄HLEU;S EXP [3℄ in 2EXP (Th. 14), EXP (Th. 12,15) PSPACE-EXP-hard (Th. 12) hard [26℄HL# 
oRE [2℄ NEXP (Th. 1) PSPACE [3℄ NP [13℄HL#;� 
oRE [2℄ 
oRE (Th. 10) nonel. (Th. 11) ?HL#F;P 
oRE [2, 
.℄ 
oRE (Th. 10) nonel. (Th. 11) nonel. [13, 
.℄HL#;�F;P 
oRE [2, 
.℄ 
oRE (
.) nonel. (Th. 11) nonel. [13℄Table 1. An overview of 
omplexity results for hybrid logi
s.Legend. This paper is organized as follows. In Se
tion 2, we give all ne
essaryde�nitions and notations of modal and hybrid logi
 as well as an overview ofour results in the 
ontext of previous work. We present the de
idability andunde
idability results for the hybrid # languages in Se
tions 3 and 4. The hybridUntil/Sin
e language is examined in se
tion 5, and Se
tion 6 ends the paper withsome 
on
luding remarks.2 Modal and Hybrid Logi
We de�ne the basi
 
on
epts and notations of modal and hybrid logi
 that arerelevant for this paper. The fundamentals of modal logi
 
an be found in [6℄;those of hybrid logi
 in [2, 5℄.Modal Logi
. Let PROP be a 
ountable set of propositional atoms. The lan-guage ML of modal logi
 is the set of all formulae of the form ' ::= p j :' j



' ^ '0 j 3' ; where p 2 PROP. We use the well-known abbreviations _, !, $,> (\true"), and ? (\false"), as well as 2' := :3:'.A (Kripke) model is a triple M = (M;R; V ), where M is a nonempty setof states, R � M �M is a binary relation|the a

essibility relation|, andV : PROP ! P(M) is a fun
tion|the valuation fun
tion. The stru
ture F =(M;R) is 
alled a frame. Given a model M = (M;R; V ) and a state m 2 M ,the satisfa
tion relation is de�ned byM;m j= p i� m 2 V (p); p 2 PROP;M;m j= :' i� M;m 6j= ';M;m j= ' ^  i� M;m j= ' &M;m j=  ;M;m j= 3 i� 9n 2M(mRn &M; n j=  ): (2.1)A formula ' is satis�able if there exist a model M = (M;R; V ) and a statem 2 M , su
h that M;m j= '. If all states from M satisfy ', we write M j= 'and say that ' is globally satis�ed by M.Temporal Logi
. The language of temporal logi
 (tense logi
) is the set of allformulae of the form ' ::= p j :' j ' ^ '0 j F' j P' ; where p 2 PROP. It is
ommon pra
ti
e to use the abbreviations G' := :F:' and H' := :P:'. Theoperator F repla
es 3, hen
e satisfa
tion for F-formulae is de�ned as in (2.1). Inthe 
ase of P-formulae, the term mRn must be repla
ed by nRm.Whenever one wants to speak not only of states a

essible from the a
tualstate, but also of states \between" the a
tual and some a

essible state, one
an make use of the binary operators U (\until") and S (\sin
e"), for whi
hsatisfa
tion is de�ned byM;m j=U(';  ) i� 9n2M�mRn &M; n j=' & 8s2M(mRsRn)M; s j= )�;M;m j=S(';  ) i� 9n2M�nRm &M; n j=' & 8s2M(nRsRm)M; s j= )�:The U/S language is stri
tly stronger than the basi
 temporal language inthe sense that F and P 
an be expressed by U and S �e. g. F' = U(';>)�, butnot vi
e versa.In [3℄, a variant of the U/S operators, U+ and S+, is introdu
ed. Satisfa
tionfor U+ (analogously for S+) is de�ned byM;m j= U+(';  ) (2.2)i� 9n 2M�mRn &M; n j= ' & 8s 2M(mR+sR+n)M; s j=  )�;where R+ is the transitive 
losure of R. With the help of U+ and S+, the authorsof [3℄ \simulated" transitive frames synta
ti
ally. We go a step further and de�neanother modi�
ation, U++ and S++, with the satisfa
tion relation from (2.2),where the last remaining term mRn is repla
ed by mR+n. This temporal lan-guage is an even 
loser simulation of transitivity, as we will see in Se
tion 5.Hybrid Logi
. As indi
ated in the previous se
tion, the hybrid language doesnot exist. Rather there are several extensions of the modal language allowing



for expli
it referen
es to states and therefore being 
alled hybrid. We introdu
ethe ri
hest of those hybrid languages that will interest us in this paper. Thede�nitions and notations are taken from [2, 3℄.Let NOM be a 
ountable set of nominals, SVAR be a 
ountable set ofstate variables, and ATOM = PROP[NOM[ SVAR. It is 
ommon pra
ti
eto write propositional atoms as p; q; : : : , nominals as i; j; : : : , and state variablesas x; y; : : : The full hybrid language HL#;� is the set of all formulae of the form' ::= a j :' j ' ^ '0 j 3' j �t' j #x:' ; where a 2 ATOM, t 2 NOM[ SVAR,and x 2 SVAR.A formula is 
alled pure i� it 
ontains no propositional atoms; nominal-freei� it 
ontains no nominals; and a senten
e i� it 
ontains no free state variables.(Free and bound are de�ned as usual; the only binding operator here is # .)A hybrid model is a Kripke model with the valuation fun
tion V extendedto PROP[NOM, where for all i 2 NOM, jV (i)j = 1. Whenever it is 
learfrom the 
ontext, we will omit the word \hybrid" when referring to models. Inorder to evaluate #-formulae, an assignment g : SVAR!M for M is ne
essary.Given an assignment g, a state variable x and a state m, an x-variant gxm of gis de�ned by gxm(x) = m and gxm(x0) = g(x0) for all x0 6= x. For any atom a, let[V; g℄(a) = fg(a)g if a 2 SVAR, and V (a), otherwise. The satisfa
tion relationfor hybrid formulae is de�ned byM; g;m j= a i� m 2 [V; g℄(a); a 2 ATOM;M; g;m j= :' i� M; g;m 6j= ';M; g;m j= ' ^  i� M; g;m j= ' &M; g;m j=  ;M; g;m j= 3' i� 9n 2M(mRn &M; g; n j= ');M; g;m j= �t' i� M; g; n j=' & [V; g℄(t)=fng;M; g;m j= #x:' i� M; gxm;m j= ':A formula is satis�able if there exist a modelM = (M;R; V ), an assignmentg for M, and a state m 2M , su
h that M; g;m j= '.We sometimes use the \somewhere" modality E having the interpretationM; g;m j= E' i� 9n 2 M(M; g; n j= '). In this 
ase, � is needless, be
ause�t ' 
an be expressed by E(t ^ ').First-order Logi
. Modal and hybrid logi
 
an be embedded into fragmentsof �rst-order logi
 (FOL). We will always use the standard notation of FOL.We will make use of 
ertain fragments of FOL and denote them in the styleof [10℄: [all; (u; 1)℄, where u 2 !. This notation stands for the fragment withoutequality, without fun
tion symbols, and with no other relation symbols thanone binary and u unary ones. We denote the satis�ability problem for su
h afragment by [all; (u; 1)℄-SAT and [all; (u; 1)℄-trans-SAT, where the latter requiresthat the binary relation symbol is interpreted by a transitive relation.



The Standard Translation ST [31℄ embeds hybrid logi
 into FOL and 
onsistsof two fun
tions STx and STy de�ned re
ursively. Sin
e STy is obtained fromSTx by ex
hanging x and y, we only give STx here.STx(p) = P (x); STx(3') = 9y�xRy ^ STy(')�;STx(t) = t=x; STx(�t') = 9y�y=t ^ STy(')�;STx(:') = : STx('); STx(#v:') = 9v�x=v ^ STx(')�;STx(' ^  ) = STx(') ^ STx( ); STx(E') = 9y�STy(')�;where p 2 PROP, t 2 NOM[ SVAR, and v 2 SVAR.Properties of Models and Frames. Let M = (M;R; V ) be a (Kripke orhybrid) model with the underlying frame F = (M;R). By R+ we denote thetransitive 
losure of R. For any subsetM 0 �M , we write R�M 0 and V �M 0 for therestri
tions of R and V toM 0. We will refer to transitive frames or linear frameswhenever we mean frames whose a

essibility relation is transitive or a linearorder, respe
tively. A linear order is an irre
exive, transitive, and tri
hotomous�8xy(xRy or x=y or yRx)� relation. The frame F is a tree i� it is a
y
li
 and
onne
ted, and every point has at most one R-prede
essor. A transitive tree isany (M;R+), where (M;R) is a tree.Satis�ability Problems. Whenever we leave one or more operators out of thehybrid language, we omit the a

ording supers
ript ofHL. If we pro
eed to a hy-brid tense language, we add the suitable temporal operator(s) as subs
ript(s) toHL. Analogously, when equipping the modal language with additional operators,we add them as sub- or supers
ripts to ML.For any hybrid language HLxy , the satis�ability problem HLxy-SAT is de�nedas follows: Given a formula ' 2 HLxy , do there exist a hybrid model M, anassignment g for M, and a state m 2 M su
h that M; g;m j= ' ? If # is not inthe 
onsidered language, then the assignment g may be left out of this formu-lation. If we only ask for transitive models (or transitive trees or linear models,respe
tively) satisfying ', then we speak of HLxy-trans-SAT (or HLxy-tt-SAT, orHLxy-lin-SAT, respe
tively). As an example for our notation, the satis�abilityproblem over transitive frames for the hybrid temporal # language is denoted byHL#F;P-trans-SAT.3 De
iding HL# over Transitive FramesIn [2℄ Are
es, Bla
kburn, and Marx proved that the downarrow operator # turnsthe satis�ability problem for hybrid logi
s unde
idable in general, even if nointera
tion with � or P is allowed. We prove that unde
idability vanishes ifframes are required to be transitive.Theorem 1 The satis�ability problem for HL# over transitive frames is 
om-plete for NEXP.



Before we start with the proof we have a �rst look at HL# over transitiveframes. Obviously, it has no �nite model property. E.g., the following senten
erequires a model 
ontaining an in�nite 
hain of states labeled p.p ^3p ^ 23p ^2 #x::3xNeither is it always possible to �nd a model that is a transitive tree. But,in some way, we 
an get 
lose to this. Although our models may 
ontain 
y
les,transitivity ensures that all states in a 
y
le are pairwise 
onne
ted. I.e., thesubframe 
onsisting of these states is 
omplete. Therefore, we 
an view a model as
onsisting of maximal 
omplete subframes and single states, that are 
onne
tedin a transitive but a
y
li
 fashion.For every transitive model M = (M;R; V ) we de�ne B(M) = (M 0; R0; V 0)to be the model de�ned as follows. First, we repla
e ea
h maximal 
ompletesubframe with a single vertex. Se
ond, we unravel the resulting stru
ture into a(potentially in�nite) transitive tree T . Then we repla
e ea
h vertex of T by (a
opy of) the 
lique ofM from whi
h it is derived. We will refer to the resultingmodel as the blo
k tree of M. Note that a blo
k tree is not a tree but its 
liqueframe is a transitive tree.In the following we are often interested in the underlying tree stru
ture ofa blo
k tree and refer to the 
liques of a blo
k tree as nodes. For a state s, wedenote its node by us. We say that a node v is below a node u if the states of vare rea
hable from the states in u (but not vi
e versa) and a node v is a 
hild ofa node u, if v is below u but there is no node w below u and above v.Likewise we use the terms tree, subtree, and leaf for blo
k tree, sub blo
ktree and leaf 
lique, respe
tively.We have to be 
areful about how to treat nominals when unraveling a model.If V (i) = fsg for a nominal i and a state s 2 M , we de�ne V 0(i) to be the setof states from M 0, that are 
opies via the unraveling of s. Therefore, B(M) isnot a model as de�ned in Se
tion 2 be
ause nominals may hold at more thanone state, but by viewing i as a propositional atom it 
an be treated as a model.The satisfa
tion relation is not a�e
ted and it is therefore easy to see that thistransformation preserves satisfa
tion of HL#-senten
es: The relation asso
iatingea
h state of M with every 
opy in B(M) is a quasi-inje
tive bisimulation3 [8℄.Lemma 2 For every transitive model M and every HL#-senten
e ':M j= ' () B(M) j= ':Note that we 
an always get a model for ' from B(M) by joining the stateslabeled with the same nominals, but this model might be di�erent from M.Before we show how to use this tree-like stru
ture to de
ide HL# over tran-sitive frames, we fo
us on 
omplete subframes and show that their size 
an bebounded.3 The notion of bisimulation has to be extended by requiring states 
arrying the samenominal to be related.



3.1 HL# over Complete FramesAs 
omplete subframes are a signi�
ant part of transitive models for HL#-senten
es, we are now going to study the satis�ability problem of HL# over
omplete frames. The most important result for our purpose is an exponential-size model property of HL# over 
omplete frames.We want to start by giving some insight why this property holds. In 
ompleteframes, the a

essibility relation does not distinguish di�erent states. Of 
ourse,states 
an be told apart if they are labeled di�erently by propositions. But thenumber of di�erent labelings is exponentially bounded in the size of the formula.To use more states, we have to distinguish states labeled equally. This 
an onlybe done by assigning names to these states. But the number of states we 
andistinguish in this way is bounded by the number of di�erent state variables.While intuition is 
lear, we 
an prove this bound by observing that HL#over 
omplete frames is equivalent to the Monadi
 Class with equality (MC=),the fragment of �rst-order logi
 with only unary predi
ates, equality, and nofun
tion symbols [10℄.This result allows us to transfer 
omplexity results and model properties forMC= [10℄ to HL# over 
omplete frames.Theorem 3 HL# over 
omplete frames has the exponential-size model propertyand its satis�ability problem is 
omplete for NEXP.The lower bound 
an be transfered dire
tly to the 
ase of transitive frames.Corollary 4 The satis�ability problem for HL# over transitive frames is hardfor NEXP.3.2 On Transitive Frames for HL#Let us summarize what we have seen so far. For every HL#-formula satis�ableover transitive frames, instead of a transitive model we 
an 
onsider its blo
ktree. The size of the 
liques in the blo
k tree 
an be exponentially bounded inthe size of the formula by Corollary 3.The algorithm for testing HL#-satis�ability will essentially guess a modeland verify that it is 
orre
t. As there is no �nite model property, all modelsmight be in�nite. Nevertheless, we will show that, if the formula is satis�able,there is always a model with a regular stru
ture in whi
h 
ertain �nite patternsare repeated in�nitely often. This will allow us to �nd a �nite representation ofsu
h a model.To this end, De�nition 5 
aptures the information about a state of a blo
k treethat will be needed for the following. Intuitively, the '-type of a state 
apturesthe information needed about its subtree in order to evaluate a subformula of agiven formula ' at this state. Here,  [free=?℄ is the senten
e obtained from  byrepla
ing every free variable by ? and sub(') is the set of all subformulae of '.



De�nition 5 Let ' be a HL#-senten
e and B = (M;R; V ) a blo
k tree modelwhi
h is a model of '. The '-type of a state s 2M is the set of all senten
es fromf [free=?℄ j 3 2 sub(')g that hold at some state in the subtree rooted at s.Note that states in the same 
lique have the same '-type. Therefore, we 
anspeak of the '-type of a node. The type of a node is always a superset of thetypes of its 
hildren. More pre
isely, it is always the union of the types of the
hildren together with the set of relevant formulae whi
h hold in the node itself.When evaluating a subformula of aHL#-senten
e ' at some state s of a blo
ktree, all we need to know about states stri
tly below us are the '-types of the
hildren of us. I.e., we 
an repla
e subtrees below us by subtrees of the same'-type. In the following lemma, for a blo
k tree B and two states s1; s2, B[s1=s2℄denotes the blo
k tree resulting from B by repla
ing the subtree rooted at s1 bythe subtree rooted at s2. The result of this substitution is again a blo
k tree.Lemma 6 Let ' be a HL#-senten
e, B = (M;R; V ) a blo
k tree model of 'and s1 and s2 states of M su
h that there is a path from s1 to s2 but not vi
eversa. For every formula  2 sub('), every state s3 of M of the same '-typeas s2, and every assignment g that maps all free variables in  to states in Mpre
eding s1: B; g; s1 j=  () B[us2=us3 ℄; g; s1 j=  :Note that we restri
ted the 
hoi
e of g only to those assignments that arereally relevant when evaluating the senten
e '.We 
an use the previous lemma to get some ni
e restri
tions on the blo
ktrees under 
onsideration. E.g., we 
an assume that for every senten
e in thetype of a node, there is a witness in the node itself or in one of its 
hildren.Lemma 7 Let ' be a HL#-senten
e satis�able over transitive frames. Thenthere is a blo
k tree model B for ', in whi
h{ every node has at most j'j 
hildren,{ for every node u with '-type t and every HL#-senten
e  2 t,  holds at astate in u or at a state in a 
hild of u, and{ on every path from the root, in�nite or ending at a leaf, every '-type o

ursonly on
e or in�nitely often.3.3 De
iding HL#-SAT over Transitive FramesWe will now �nish the proof of Theorem 1 by presenting a nondeterministi
algorithm that de
ides HL#-SAT over transitive frames in exponential time,basi
ally by guessing and verifying the �nite representation of a blo
k tree modelfor a given HL#-senten
e '.Given a blo
k tree B with the properties of Lemma 7, we get a �nite repre-sentation as follows. For ea
h path of B we 
onsider the �rst node v that has thesame type as its parent node u. We repla
e the subtree below v by a single statelabeled with a referen
e to u. We need to keep v be
ause it might be the only



witness for a formula in the '-type of u (
f. Lemma 7). Clearly, the resultingstru
ture is �nite.By Lemma 6 and Lemma 7, we 
an get a blo
k tree model from this repre-sentation by repla
ing ea
h referen
e with the subtree rooted at the referen
ednode, i.e., essentially by an unraveling.Due to Lemma 6, the size of the representation 
an be redu
ed even further.If there are two nodes u and v of the same '-type whi
h are not on the samepath and both are the �rst node of their type on their path from the root, we
an repla
e the subtree rooted at v with the subtree of u. I.e., whenever twonodes have the same '-type, we 
an assume that their generated subtrees areequal. We have to 
he
k them only on
e.Su
h a representation 
an be des
ribed by a stru
ture (M _[C;R; V ) su
hthat the states in C have no outgoing edges, and a fun
tion f from C to M .Note that a state in C is a node of its own, in fa
t a leaf, and 
annot be in thesame 
omplete subframe as a state in M . A state s 2 C stands for a repetitionrespe
tively dupli
ation of the subtree rooted at f(s), in
luding states from C.This 
auses in�nite repetition if s is below f(s).This observation 
an be re
e
ted in our representation by repla
ing everydupli
ate with a referen
e. This 
auses every type to appear at most twi
e inthe representation, thus the number of nodes is at most exponential.Summing up, if ' is satis�able, there is a representation for of a blo
k treemodel for ' of size at most exponential in the length of '. The �rst step of thealgorithm is to guess su
h a representation (step 1).In order to obtain an algorithm whi
h tests whether the representations in-deed represents a model of ', we des
ribe how to modify the model 
he
kingalgorithm MCFULL by Fran
es
het and de Rijke presented in [12℄ to do so.First, we deal with the states in C (step 2). Next, the model 
he
king algorithmMCFULL is used on the states in M (step 3). We have to modify this algorithmin two respe
ts. First, it has to use the information guessed for the states inC. Se
ond, it should 
ompute the '-types of the states in M . To this end, it�rst evaluates the senten
es resulting from subformulae of ' by repla
ing freevariables with ?. We 
all this modi�ed algorithm MCFULL'. The 
hanges arestraightforward.After running MCFULL' the algorithm has 
omputed for ea
h state the setof formulae that hold at this state. These sets depend on the guesses in Step2. Therefore, the algorithm has to verify the 
onsisten
y of these guesses. This
an be done by 
omparing the '-types of the states in C with the types of thereferen
ed states (step 4).The last two steps are easy. The algorithm 
he
ks that the '-types are 
on-sistent and reje
t if this is not the 
ase (step 5). Finally, it 
he
ks if ' holds atsome state in M (step 6).



Our algorithm for HL#-satis�ability over transitive frames1: Guess the representation of a blo
k tree.2: Guess a '-type for every state in C.3: Run MCFULL' for the states in M .4: Compute the '-type for every state in M referen
ed by a state in C.5: Che
k for every state s 2 C: f(s) has the same '-type as s. If not, reje
t.6: A

ept i� ' holds at some state in M .Theorem 8 The algorithm presented above de
ides HL#-satis�ability overtransitive frames nondeterministi
ally in exponential time.Proof. In Se
tion 3.2, we have seen that for every satis�able senten
e ' there isa blo
k tree model as des
ribed in Lemma 7. We have also seen how to representthis blo
k tree in a �nite manner. The algorithm 
an guess this representationand the '-types of the states in C. The 
omputation of the '-types of the statesin M works 
orre
tly, be
ause we have a witness for every senten
e in the typein our representation. This is by Lemma 7, whi
h ensures that witnesses are inthe node of the state or in one of its 
hildren. Therefore, we 
ut below thesewitnesses when building the �nite representation. Consequently, the algorithmwill a

ept.On the other hand, if the algorithm a

epts, it is straightforward to 
onstru
ta blo
k tree model from the guessed representation. The only 
riti
al point forsoundness is the veri�
ation of the '-types guessed in Step 2, more pre
isely, the
omputation of the '-types of the states in M . First, the '-type of some states 2M 
ontains only senten
es that hold at some state of the represented modelbelow s. This 
an be assured by looking only at states inM and not at states inC. That the '-type of s 
ontains all senten
es that hold below s 
an be assuredby following the links represented by states in C.The �rst two steps of the algorithm 
an be performed in exponential timebe
ause the representation is of at most exponential size. That Step 3 runs inexponential time follows from Theorem 4.5 of [12℄, the truth of whi
h is nota�e
ted by our modi�
ations. The time bounds for the other steps follow againfrom the exponential size bound of the representation. ❏From Theorem 8 and Corollary 4 we 
an dire
tly 
on
lude Theorem 1.4 Ri
her hybrid # Logi
s over Transitive Frames andTransitive TreesThis se
tion is 
on
erned with satis�ability over transitive frames and transitivetrees for extensions of HL#.Our �rst point is that we 
annot sustain de
idability over transitive framesif we enri
h HL# with � or the ba
kward looking modality P. We prove unde-
idability in both 
ases, pro
eeding in two steps. First, we show that [all; (4; 1)℄-trans-SAT is unde
idable. This is done by a redu
tion from [all; (0; 1)℄-SAT. Theunde
idability of the latter is a 
onsequen
e of the unde
idability of 
ontained



traditional standard 
lasses [10℄. The se
ond step 
onsists of redu
tion from[all; (4; 1)℄-trans-SAT to HL#;�-trans-SAT and HL#F;P-trans-SAT, respe
tively.To be more pre
ise, the ranges of these redu
tions will be the fragments of therespe
tive hybrid languages 
onsisting of all nominal-free senten
es.Lemma 9 [all; (4; 1)℄-trans-SAT is unde
idable.Proof. In order to obtain the required redu
tion from [all; (0; 1)℄-SAT, we willtransform a (not ne
essarily transitive) model satisfying � into a transitive one.Simply taking the transitive 
losure in most 
ases adds new pairs to the inter-pretation of the relation and is not suÆ
ient for keeping the information whi
hpairs were in the \old" relation and whi
h pairs were not. This problem does notarise if we instead use a variation of the zig-zag te
hnique su

essfully appliedin [3℄ for a redu
tion between a modal and a hybrid language. The 
ore idea ofthis te
hnique is to simulate an R-step t1Rt2 in the original model M = (D; I)by a zig-zag transition in a model M0 = (D0; I 0), where I 0(R) is transitive, asshown in Figure 1.We de�ne a translation fun
tion (�)t using four extra predi
ate symbols0; 1; 2; 3 as follows.(xRy)t = 9ab
 �xRa ^ bRa ^ bR
 ^ yR
^ 0(x) ^ 1(a) ^ 2(b) ^ 3(
) ^ 0(y)�;(:�)t = :(�t);(� ^ �)t = �t ^ �t;(9x�)t = 9x �0(x) ^ �t�: t01 t11 t21 t31 t02Fig. 1. A zig-zag transition.The translation of the xRy-atoms exa
tly re
e
ts the shown zig-zag transi-tion. It is straightforward to prove the following 
laim: For ea
h formula �, � issatis�able i� f(�) is satis�able in some model that interprets R by a transitiverelation. Sin
e (�)t is an appropriate (even polynomial-time) redu
tion fun
tion,we have established unde
idability for [all; (4; 1)℄-trans-SAT. ❏Theorem 10 HL#;�-trans-SAT and HL#F;P-trans-SAT are unde
idable.Proof. We redu
e [all; (4; 1)℄-trans-SAT to HL#;�-trans-SAT and HL#F;P-trans-SAT, respe
tively, invoking a spypoint argument (see [7, 2℄). A spypoint is a states of a hybrid model that sees all other states and is named by a fresh nominali. Sin
e our redu
tion will not make use of any nominals, we 
an establish thisunde
idability result for the nominal-free fragments of the hybrid languages inquestion. We simply treat i as a state variable and bind it to s.We �rst treat the 
ase of HL#;� and de�ne a translation fun
tion (�)t fromthe �rst-order fragment to HL#;� by (xRy)t = �x3y, �P (x)�t = �x p, (:�)t =:(�t), (�^�)t = �t ^�t, and (9x�)t = �i3#x:�t . The (polynomial) redu
tionfun
tion f is de�ned by f(�) = # i:(:3i ^3�t).



It is straightforward to show that ea
h formula � is satis�able i� f(�) issatis�able, and to adopt the translation fun
tion (�)t to the 
ase of HL#F;P . ❏The se
ond point of this se
tion is that over transitive trees, where de
idabil-ity of HL# is trivial, even the extension HL#;�F;P is de
idable. This is an immediate
onsequen
e of the de
idability of the monadi
 se
ond-order theory of the 
ount-ably bran
hing tree, S!S, [10℄. However, we have to fa
e a nonelementary lowerbound in both 
ases HL#;� and HL#F;P, whi
h is obtained by a redu
tion fromthe nonelementarily de
idable HL#F;P-lin-SAT [13℄.Theorem 11 HL#F;P-tt-SAT,HL#;�-tt-SAT, andHL#;�F;P -tt-SAT are nonelemen-tary de
idable.5 Hybrid Until/Sin
e Logi
 over Transitive Frames andTransitive TreesIn this se
tion, we will 
onsider HLEU;S-trans-SAT and HLEU;S-tt-SAT. In [3℄ itwas shown that HL�U;S-SAT is EXP-
omplete.As for the lower bound, we establish a result as general as possible, namelyEXP-hardness of MLU-trans-SAT and MLU-tt-SAT.Theorem 12 MLU-trans-SAT and MLU-tt-SAT are EXP-hard.Proof. We will redu
e the global satis�ability problem for ML to both our(lo
al) problems MLU-trans-SAT and MLU-tt-SAT using the same redu
tionfun
tion. The global satis�ability problem is de�ned byML-GLOBSAT = f' 2ML j ' is true in all states of some Kripke model Mg: Its EXP-
ompletenessis a dire
t 
onsequen
e of the EXP-
ompleteness of MLE-SAT [28℄.It may seem diÆ
ult to try redu
ing this problem over arbitrary frames to oursatis�ability problem over transitive frames. The 
riti
al point lies in making anon-transitive model transitive: taking the transitive 
losure of its relation for
esus to add new a

essibilities that would disturb satisfa
tion of :3-formulae.Fortunately though, the U operator 
an make us distinguish the a

essibilitiesfrom the original model from those that have been added to make the relationtransitive. Hen
e, a translation of3' should demand: \Make sure that the a
tualstate sees a state in whi
h the translation of ' holds, and that there is no statein between." This translates as U('t;?) into the modal language.To 
onstru
t the required redu
tion, we de�ne a translation fun
tion (�)t :ML ! MLU by pt = p, p 2 PROP; (' ^  )t = 't ^  t; (:')t = :('t); and(3')t = U('t;?). Using (�)t, we 
onstru
t a redu
tion fun
tion f : ML !MLU|that is 
learly 
omputable in polynomial time|via f(') = 't ^ 2't.It is straightforward to prove the following two 
laims for ea
h ' 2 ML.(1) If ' 2ML-GLOBSAT, then f(') 2MLU-tt-SAT.(2) If f(') 2MLU-trans-SAT, then ' 2ML-GLOBSAT. ❏



The upper bounds for HLEU;S-trans-SAT and HLEU;S-tt-SAT require separatetreatment. As for HLEU;S-trans-SAT, we use an embedding into an appropri-ate fragment of �rst-order logi
. In order to eliminate transitivity, we \simulate"this semanti
 property by synta
ti
 means, namely using the operators U++ andS++ de�ned in Se
tion 2.Lemma 13 For any X � f�;Eg, HLXU;S-trans-SAT and HLXU++;S++-SAT arepolynomially redu
ible to ea
h other.Now it is not diÆ
ult anymore to obtain a 2EXP upper bound for HL�U;S-trans-SAT by an embedding into the loosely �-guarded fragment �LGF of �rst-orderlogi
 whose satis�ability problem is 2EXP-
omplete [16℄. Only the E operatorrequires a more 
areful analysis.Theorem 14 HLEU;S-trans-SAT is in 2EXP.To show that HLEU;S-tt-SAT is in EXP, too, we use an embedding into PDLtree,the propositional dynami
 logi
 for sibling-ordered trees introdu
ed in [20, 21℄.Finite, node-labelled, sibling-ordered trees are the logi
al abstra
tion of XML(eXtensible Markup Language) do
uments. In [1℄, it was shown that satis�abilityof PDLtree formulae at the root of �nite trees (PDLtree-SAT) is de
idable inEXP.Theorem 15 HLEU;S-tt-SAT is in EXP.6 Con
lusionWe have established two groups of 
omplexity results for hybrid logi
s overtwo temporally relevant frame 
lasses, i. e. that of transitive frames and that oftransitive trees.First we have \tamed" HL# over transitive frames showing that HL#-trans-SAT is NEXP-
omplete. We have shown that, in 
ontrast, HL#;�-trans-SATand HL#F;P-trans-SAT are unde
idable. Over transitive trees, three enri
hmentsof HL# are de
idable, albeit nonelementarily, namely HL#;�-tt-SAT, HL#F;P-tt-SAT, and HL#;�F;P -tt-SAT.In the se
ond part of our work, we established an EXP lower bound forMLU-trans-SAT and MLU-tt-SAT and mat
hed the latter with an EXP upperbound for HLEU;S-tt-SAT. This is the same 
omplexity as for satis�ability overarbitrary frames for the same language. As for HLEU;S-trans-SAT, we have givena 2EXP upper bound. We 
onje
ture EXP-
ompleteness.Over linear frames, the 
omplexity of hybrid U/S logi
 is still open. As aspe
ial 
ase, satis�ability ofHL�U;S over (N; >) is known to be PSPACE-
omplete[13℄. Furthermore, in [13℄ it was shown that MLU is PSPACE-
omplete overgeneral linear time.



Another open question is the 
omplexity of HL#;�-lin-SAT and HL#F;P-lin-SAT (see the question marks in Table 1). Merely de
idability follows from de-
idability of HL#;�F;P -lin-SAT [13℄.A
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