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Abstract. The basic hybrid logic H(@Q) ([5]) is expanded with func-
tion symbols on nominals. We call this hybrid language HLON (Hybrid
Logic with Operators on Nominals), henceforth. The new language ap-
pears to be strong enough to express for example, any equationally de-
finable class of algebras or the property of 2-colorability of a graph (not
definable in the first order logic). The paper contains a number of worked
examples, discussing the expressive power of HLON .
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1 Introduction

Hybrid logic is the result of extending the basic modal language with a second
sort of atomic propositions called nominals, and with satisfaction operators. Pre-
cisely, the nominals (denoted by 4, j, ...) behave similarly to ordinary proposition
letters, except that nominals are true at a unique world. In other words, a nom-
inal names a state by being true there and nowhere else. The language obtained
by adding nominals to the basic modal language, is called the minimal hybrid
logic H. Satisfaction operators allow one to express that a formula holds at the
world named by a nominal. A formula of the form @;¢ expresses the fact that
¢ holds at the world named by the nominal 7. The extension of the basic modal
language with nominals and satisfaction operators is called the basic hybrid
language H(Q).

1.1 Motivation

In this paper we introduce and study extensions of the basic hybrid logic adding
function symbols on nominals. There are many reasons for being interested in
these hybrid languages:

Algebraic-Structure: The motivation of this point comes from [5]: you can
name states but you can not give them structure. In this paper we consider an
application of hybrid logics to relational structures on algebras, thus a set with a
relation and an algebraic structure. In general, modal logics which can explicitly
handle both relations and functions have received little attention. We should
mention that in [17] there is a complete list of papers which study Kripke frames
in which the universe of possible worlds has a specific algebraic structure, besides
the traditional relational component.



Frame Definability: Following the research lines of hybrid languages we
accommodate the notion of pure formulas to HLON . Pure formula is a formula
containing only nominals (rather than propositional variables), defining frame
classes that are always first-order definable (see, e.g., [ [16], Proposition 3.1]). It
is known from [11] that axiomatizations with pure formulae give rise to natural
completeness proofs, in [8] a completeness proof for languages containing nom-
inals and @-operator, was given. Although many first-order conditions that are
modally definable are definable by pure formulae, for instance reflexivity to name
one, this is not true in general. The right directedness property: You3t(vRt AuRt)
is not definable by any orthodox modal formula and also is not equivalent to any
pure formulae [8]. In this paper we show how frame properties, not definable by
pure formulas of H(@), are definable by HLON — pure formulas. To be precise,
we show that pure formulas of HLON can express any frame property definable
by a first order formula.

Expressivity: We show that HLON is strong enough to express, under a
modified definition of frame validity, the property of 2-colorability of graph, not
definable in first order logic [14].

The paper is as follows. In section 2 we name a version of the basic hybrid
logic H(@) and we call it HLON henceforth. In section 3, we name a version
of the strong hybrid language H(@,V, 3) and we call it HLOV(Q,V,3) (Hybrid
Logic with Operators only for Variables). In the same chapter we show how
to move from the universal fragment of HLOV(Q,V, 3) to HLON . In section 4
we present a number of examples discussing the expressive power of HLON . In
section 5 we show that HLON is strong enough to express any frame property
definable by a first order formula.

2 The hybrid logic: HLON

We are ready now to start our formal work on Hybrid Logics. First some basic
definitions:

Definition 1. An algebraic similarity type is an ordered pair o = (A, p) where
A is a non empty set and p is a function A — N. Elements of A are called
functions symbols; the function p assigns to each operator f € A a finite arity
(rank), indicating the number of arguments that f can be applied to. Function
symbols of rank zero are called constants.

Let ANOM be a countable set of atomic nominals: ANOM= {i,i1,---}.
Let o be an algebraic similarity type.

Definition 2. An algebraic language of nominals (o, ANOM ) is built up using
an algebraic similarity type o = (A, p) and a set of atomic nominals ANOM.
The NOM=TERM(c, ANOM) of nominals formulas over o and ANOM is
given by the rule:

O‘::i|f(o‘17"'7ap(f))
where o« € NOM and f € o.



Note that CNOM = NOM \ ANOM, is the set of non atomic nominals; we
call them complex nominals henceforth. Let PROP= {p1,pa, - -} be a countable
set of propositional variables. Let ® = PROP U NOM.

Definition 3. HLON FRAMES and MODELS.

A model M for HLON is a M = (W, Re, (F¥) ey, V) such that, W #0, a
set of possible worlds, R¢ is a binary relation over W, for each n > 0 and for
all f € o, if f is an n—ary function symbol then FY is an n — ary operator on

W. Note that F¥ : W™ — W and

— V: @ — Pow(W) and V is such that for all nominals o« € NOM, V(o) is
singleton of W and:

o If a € NOM then: V(ia)= {w};
e Ifa € CNOM then: V(f(ai,....,an)) = {F(V(ar),...,V(an))}.

We call the elements of M states or worlds, R¢ accessibility relations, F'f
operators on W and V the valuation. We call the triple (W, Ry, (F/);c,) the
functional-relational frame underlying the model.

Definition 4. The Hybrid Language HLON is a language that is used for de-
scribing models and frames. Its formulas are given by the following recursive
definition.
p=alpl-p|le—9][0p|Qp
where « € NOM and p € PROP.

Note that all types of atomic symbols (propositional variables and nominals)
are formulas. Furthermore a formula is pure if it is contains no propositional
variables and nominal free if it contains no nominals.

Definition 5. Semantics for HLON

Let a model M = (W, Ry, (F) s, V) for HLON (we give only the new
case)

MwE o iff Via)={w}

(M, w) is called a pointed model. This is a model with a designated world,
called its point, which is taken to be the actual world.

For simplicity we limit the language to one binary relation R and to one
function F' (unary or binary depends on the example that we will use). In other
words our hybrid model is: M = (W, R, F/, V) or for brevity M = (W, R, F, V).



2.1 HLON Frame definability

In this section, we revisit the notion of functional relational frame that is central
to this paper. Formally, on page 3 we defined the triple 7 = (W, R¢, (FY) c,)
to be a functional relational frame. Using this notion of a relational functional
frame we can define classes of ordinary relational Kripke frames as follows: Let @
be a set of HLON formulas. Define Fr(®) the class of Kripke frames validating
& as the class of consisting of all (W, R,) such that there is a functional relational
frame (W, Ry, (F/)cr) extending it, and (W, Re, (Ff)e,) = ¢ for all ¢ € .
That is, we let @ define the class of all Kripke frames obtained as reducts of
functional relational frames validating .

Frames like F = (W, R, (F/)e,) are useful for at least two reasons. First,
there may be application driven motivations to exclude certain valuations [6].
For example, in this paper we consider some linguistic and graph theoretical
examples, showing that the use of function symbols with fixed valuation increases
the expressive power of the basic hybrid logic. A second reason and perhaps the
most important, is that frames like F support a notion of validity that definitely
is weaker than the frame based one, but without loosing too many information
that make models so easy to work with.

However we can meet such frames in other logical formalisms. We list some
of them here:

— General frames ([6], page 28) are frames with a collection of valuations A
satisfying modally natural closure conditions. That is, a general frame is a
structure of the form (F, A) where F is a relational frame and A stands for
admissible valuations or algebra ([6], page 28). The motivation in [6] was the
following: there is a universal completeness result for general frame validity,
something that Kripke frame semantics lacks.

— Distance functions play an important role in the context of modal distance
logics, where distance functions map worlds of a domain W to numbers. A
consequence of using functions to our logical formalism is that we need to
modify many Kripkean notions, like the notion of a frame. Precise definitions
regarding distance frames and modal distance logics could be found in [20]
(pages 18-22)

In this paper we relate the use of function symbols with the node creating
rule of [7]. Actually this node creating rule amounts to using nominals as skolem
functions. Roughly speaking, in [7] nominals were used to eliminate existential
quantifiers of formulas not definable by any pure nominal formula. This approach
might be better understood in terms of an example.

Church-Rosser is a frame condition, defined by the following first order for-
mula Vz,y, 23t(x Ry N xRz — (yRt A zRt)), but not definable by a pure formula
(page 53 in [13], proposition 4.2). Therefore, one might ask wether we can obtain
complete axiomatizations for frame classes definable by a set of of pure formulas
together with the Church-Rosser formula. In [7] the following inference rule was
used:



Whenever Q;oj and @;ok occur on a branch we are allowed to create new

nominal I and add Q;0l and Qol to the branch
That is, [ is a new nominal, eliminating the existential quantifier in Vz, y, z3t(x Ry A

xRz — (yRt A zRt)). As was proved in [7], the above rule preserves validity and
is complete for the class of confluent frames. In section 4.3, using the notion
of functional relational frames we show how the nominal creating rule can be
accommodated to the level of frames. The notion of skolemization is important
there.

Definition 6. A formula ¢ is valid at a state w in a functional relational frame
F = (W,Re, (F)eo), if ¢ is true at w in every model (F,V) on F and ¢ is
valid on a functional relational frame F if ¢ is true at every state in every model

(F,V) on F.

We use the notation HLONf for the language based on the frame F =
(W, Ry, F), where F = (F/) ¢c,, indicates the set of operators in F. It should be
clear that the truth or falsity of a formula at a point depends only on proposi-
tional variables (denoted as p{, ...), nominals (denoted as i}, ...) and operators
in it. Thus, given a sublanguage HLON p» C HLON p with F "C F and a
frame F = (W, R, F) for HLON g, we may define the frame reduct of F as
Flp=(W,R,F).

We then have for every formula ¢ of HLON ;/ and every model M based on
F:

(F,pi", . idt, ), w b= ¢ if and only if (F | o, pdts i, ), w = 6

The observation does not depend on the presence of nominals.

3 HLOV(@,Y,3)

In this section, we name a version of the strong hybrid language H(@,V, 3) and
we call it HLOV(Q,V,3) (Hybrid Logic with Operators only for Variables). We
set up its language and semantics. Please treat this section as a basis for the
next sections.

3.1 HLOV(@,V,3)

Let SVAR be a countable set o state variables SVAR= {xz1,zs...} and let
PROP= {p1,ps...} be a countable set of propositional letters. We assume that
these sets are pairwise disjoint. For simplicity, let f be a binary function (over
state variables, and with fixed interpretation) and R¢ be an accessibility relation
symbol.

Definition 7. The terms s and formulas ¢ of the hybrid Language HLOV(Q,V, 3)
are inductively defined as follows:



s:=uz | f(s1,2)

p:i=Tls|p|l-ole—=1¢|0p[Qp[Vs¢[Is ¢
where x € VAR | s,1,s2 € VAR and VAR=TERM (f, SVAR).

Remark 1. Note that the difference between nominals and state variables is that
nominals can not be bound by V, 3, whereas state variables can.

Precise definitions regarding the semantics of strong hybrid languages can
be found in [10]. Strong hybrid languages and HLOV(Q,V, 3), give us full first
order expressive power over frames. This is known since the work of Arthur Prior
[22] and [23].

Definition 8. (Hybrid Translation) HLOV(Q,V, 3) is strong enough to express
any first order concept. We extend the hybrid translation HT () (as was defined
in [5]), with the following case:

HT (£(x,y)) = f(2,y) (1)
where HT (+) maps first order sentences to hybrid formulas of HLOV(Q,V, 3).

Proposition 1. Let ¢ be a first order formula. Then for every model M and
any assignment g, M = ¢[g] iff M,g = HT ().

Proof. Straightforward. Based on proposition 3.7, on page 45 of [1].

Is worth mentioning that adding to HLOV(Q,V,3)’s syntax, nominals and
function over nominals then we can extend the H7 () translation as follows:

HT (x =c¢) = Quc (2)
HT (f(c1,c2)) = f(er,c2) (3)

Therefore, in terms of frame correspondence langauge (definition 3.4 of [6]),
HLOV(V, 3, @) is equally expressive with the first order logic with equality over
the vocabulary containing constants, functions over constants, first order vari-
ables, functions over first order variables, binary relation symbols and unary
predicate symbols.

3.2 HLON and V— HLOYV

In this section we study the concept of frame definability in the context of
HLON . Note that by V—HLOV we mean the universal fragment of HLOV(Q,V, 3).
In what follows, we show that any formula of V — HLOYV can be expressed by a
pure formula of HLON.



Definition 9. Cull a sentence of HLOV(Q,V,3) of the form:

V1. @y (X1, .oy T, £1, ..o, £ ), where ¢ does not contain any quantifiers, propo-
sitional letters or nominals a PUNF-sentence (Pure, Universal, Nominal free
sentence). Note that x1,...,z,, and f1,...,f; are the state variables and the func-

tion symbols over variables occurring in ¢, respectively. (PUNF-sentences are
actually ¥ — HLOYV sentences)

Ezxample 1. AnV — HLOYV sentence is:
Ve OO0f(x) — Of(x)

Proposition 2. 1. For any pure formula ¢ of HLON there is a PUNF-sentence
®" of HLOV(@,Y,3) such that for any frame F, ¢ is valid on F iff ¢¥ is
true on F.

2. For any PUNF-sentence ¢ of HLOV(Q,V,3) there is a pure formula ¢® of
HLON such that for any frame F, ¢ is true in F iff P is valid on F.
Where F is a functional relational frame.

Proof. 1. Suppose we are given a pure formula ¢(i1, ..., 0n, f1, ..., f&), Where
i1,...,i, are all the nominals and the function symbols over nominals in
®, then the required ¢" is Va1...x, (21, ..., Tp, 1, oo, )

2. Any PUNF-sentence ¢ of HLOV(Q,V,3) must have the form:
V1. Xy (1, .oy T, £1, ..., f) where ¢ contains no quantifiers, proposition
letters or nominals. Therefore, the required ¢ is ¢([i1 «— x1,...,5,
xnvfl — flv e Jk fk])

Note that fi,...f, are function over nominals and fi,...,fi over state vari-
ables.

Based on this proposition we will show that HLON is strong enough to
express any equationally definable class of algebras.

4 Examples

A number of examples is presented discussing the expressive power of HLON.
We start studying the connections between HLON and equational systems. In
section 4.2 we discuss whether we can express, using pure formulas of HLON,
graph properties not definable in the first order logic. In fact, we show that pure
formulas of HLON are strong enough to express frame properties definable in
the second order logic; this a new result as far as we know.

4.1 HLON and Equational Systems

An example of the expressive power of HLON is:

Ezample 2. (Semigroups) Let G be a nonempty set and * be an operation on
G. By the latter we mean a rule x which assigns to each pair (z,y) of elements
in G a unique element denoted x *y in G. Now consider the following condition:



— (G1) The operation is associative: V x,y,z x * (y*2) = (x xy) * 2.

If (G1) holds, then G is said to be a semigroup under *. The condition (G1) in
HLON can be expressed by the formula: @;, ;. (i * j) * k, substituting nomi-
nals for variables.

Indeed the process is completely general. HLON is strong enough to express
any equationally definable class of algebras. Let’s be more precise summarizing
some elementary definitions regarding equational systems ([6], Appendix B).

Definition 10. (Syntaz of Algebras) Let o an algebraic similarity type and a
set X of variables. The language £ of algebras (equational systems) is built up
as follows: t := x| f(t1,...,ty5)), we callt, E— terms.

Definition 11. (Equation System) An E(X,0,=) equation system is an expres-
sion of the form: s =t, where s, t are E— terms.

Definition 12. (Semantics of Equational systems) A structure M for the equa-
tional system € is M = (D, (FY) ey, V) such that: D # 0, a non empty domain
D; for each mn > 0 and for all f € o, if f is an n—ary function symbol then F
is an n — ary operator on D. Note that F': D™ — D; A wvariable x is assigned a
meaning V(x) which is an element D; The V (t) where t is a term, is defined as
follows:

— Ift is a variable x then: V(x) is an element D;
- Ift is f(th T 7tn) then: V(f(th e 7tn)) = F(V(tl)a ) V(tn))

That is, an equational system is a set of equations. In other words an equa-
tional system is a set of universally closed equations of the form: V1, ..., z, s =1,
where x1, ..., x, is the set of variables occurring in the terms s,t. Therefore we
have:

Proposition 3. For any equation of the form Vxy,...,x, s =1 there is a pure
formula ¢ of HLON such that for any frame F, ¢ is true on F iff ¢ is valid on
F.

Proof. As we have already mentioned, HLOV(@,V, 3) is strong enough to ex-
press any first order concept. Therefore any formula of the form ¢ = V1, ...,z, s =
t can be expressed by the following HLOV(Q,V, 3) formula: ¢ =Vai,..,z, Qt,
preserving truth satisfiability. But gf)' preserves frame validity as well, since the
V quantifier captures the effect of trying out all possible assignments to the
variables.

Then by proposition 2 we have that there is a pure formula ¢™°™ of HLON,
being valid on a frame F if and only if ¢ is valid on F.

An immediate consequence of theorem 1 is that adding the @— operator to
the algebraic langauge (definition 2) we obtain a full equational system.



Definition 13. A propositional equational system PES of nominals (ANOM,
o, Q) is built up using an algebraic type o = (A, p), a set of atomic nominals
ANOM and the Q— operator. Its formulas are given the following recursive
definition:

a:=1 | f(alv"'7ap(f)) | @a1a2

where a1, € TERMS=(ANOM, o, @).

To sum up, since the @— operator can be regarded as the equality symbol
of the first order logic, is abundantly clear that pure formulas of HLON can
express equations, therefore algebras. To be precise, HLON is strong enough to
express those algebras satisfying the following theorem of Birkhoff [3]:

Theorem 1. A class of algebras is equationally definable if and only if is a
variety.

Another example regarding the expressive power of HLON is the following:

Ezample 3. Many important terms of universal algebra ([12]) like a discriminator
term or a switching term are naturally expressed by HLON pure formulas. For
instance:

(Qub — Q.t(a,b,c)) V (7Qub — Qgt(a, b, c)) discriminator term

(Qub — Q.s(a, b, c,d)) V (-Qyb — Qgs(a, b, c,d)) switching term

4.2 Linguistics and Graph Theory

It is useful to mention some linguistic aspects of functions symbols in the context
of hybrid logics. Actually using functions is possible to express sentences that
speak about themselves. We will be clear on this point. First we should recall
that a formula @;f(7) expresses the fact that f(i) holds at the world named i
and something stronger, that f(i) depends on .

Ezample 4. For instance the formula (can be found in [25]): The (only) woman
that every man loves is his mother, illustrates a functional reading. The
pronoun his is bound by the noun phrase every man, although it is not within
its syntactic scope. We can get what we want by the formula, where f,,;, maps
every man to his mother:

Q,; < loves > foniy (i)

Roughly speaking the function mother(i) is very similar to the notion of
Henkin Quantifiers, expressing the notion of independence [9] and [21]. We con-
tinue using some terminology from graph theory:



Definition 14. A k-coloring of an undericted graph G = (V, E) is a function
col : V — {1,....k} such that col(u) # col(v) for all (u,v) € E. G is called k—
colorable if there is a k— coloring of G.

Ezample 5. (k-self referred functions) Assume that our hybrid frame is F =
(W, R, Flf1 s e F,{") where Flfl are unary operators on W. HLON’s syntax is:

=i | fi(i) [ .| fe@) [P~ l@—9]|0p| Qi

where the intended meaning of f;(k) is: the color of i is k. For simplicity, we
will be soppy in our notation, assuming that the definition above is recursive,
which clearly is not. Note that Flf " (I=1,...,n) is the interpretation of f; and:

w, if w is [ colored
Fl'(w) =
lw, otherwise

where lw, means some world other than w.
Therefore the condition col(u) # col(v) if (u,v) € E is expressed by the
formula:

o= N\ (@ioj AQ;fi(i)) = —~@; fi(j)
=1,....k

I=1,...,

Also, the condition that every node is colored can be expressed as follows:

Q;f1(7) V... V Q; fr(i)

It is well known that the property of 2— colorability is not definable in first
order logic; [14] and definable in monadic second order logic. We show that this
property is definable by HLON pure formulas as well.

Let ¢ be a conjunction of:

Q; f1(4) V Q; fo (i)

N (@ioj A @i fi(i) — =Q@; fi(5)

1=1,2

s

Then ¢ is valid on the frame F if and only if the graph defined by the relation
R is 2— colorable. Note that a Kripke frame is the reduct of a functional relational
frame validating ¢ if and only if the graph defined by the relation R is 2 colorable.

That is, we have shown that using pure nominal formulas we can express
properties not definable in first order logic and definable in monadic second
order logic.



4.3 Frame Definability and HLON

In this section we show that any frame property definable by a formula of the
strong hybrid language can be expressed using pure formulas of HLON. We
start with an example motivating our formalism.

Ezample 6. (Right directed). Right directness can be defined by the following
formula of the strong hybrid language HLON (Q,V, 3):

¢ = Vo, udt (Q,ot A Q,0t)

Let us assume that ¢ is valid on a frame F' = (W, R). Then we can expand the
given frame by adding a new binary function symbol F/, obtaining the sentence
¢ Yo, u Quof (u,v) A Qyuof (u,v) such that:

¢ is valid on F iff ¢ is valid on F
where F = (W, R, F). By proposition 2 we get:

¢ is valid on F iff ¢"°™ is valid on F

where ¢™°" = Q0 f (i, ) A Q0 f(4, ).

We assume that ¢ and j are particular names, but their interpretation in
the model is arbitrary, so the universal quantification is implicit. Note that no
orthodox modal formula defines the condition of right — directed.

Indeed the process can be shown to be completely general. Essentially, to
express an HLOV(Q@,V,3) formula, we introduce functions symbols to act as
Skolem functions and obtain a pure HLON formula whose validity is equivalent
to that of the given HLOV. In [24] we proved a completeness result for functional
relational frames and HLON pure nominal formulas.

It is a routine exercise to show that every formula of HLOV(Q,V, 3) can be
rewritten in to a PNF equivalent. Recall that, a formula is on Prenex normal
formula (PNF) if it has the form Qz1 Qo222 -+ Qnx, ¢ where Q; € {V, 3} are
quantifiers and ¢ is quantifier free.

Lemma 1. Given the sentence Jy G(y) (G(y) is a quantifier free formula) of
H(Q,V,3), augment the language with a new constant ¢ and form the sentence
G(c) such that:

G(y) is valid on F iff G(c) is valid on F

Given the sentence V1, -, x,3y G(ZT,y) of H(Q,V,3), augment the language
with a newn— ary function symbol f and form the sentenceVxy,- -, x, G (T,£(T)).
Then,

Vo, -, x,y G(T,y) is valid on F iff Voq, -, xp G,(f,f(f)) is valid on F

where F and F ' are frames of H(@,V,3).



Proof. In each step we can expand a frame of the sentence on the left hand side
to one on the right hand side by adding the appropriately designated element
for the constant, or by adding an appropriate function Ff, where F, is the
interpretation of f in F. Conversely, we can take a frame of the sentence on the
right hand side and remove the constant symbol, respectively function symbol
and we get a frame for the left hand side.

We call the procedure of removing one existential quantification and replacing
the variable it bound by a functional term, as in the Lemma 1, a Skolemization
step. We use the term Skolemization for the removal of all existential quantifi-
cations in this manner:

Theorem 2. Given a formula ¢ of the strong hybrid language H(Q,V, 3) there
is an effective procedure for finding a universal sentence ¢° of ¥ — HLOV such
that:

& is valid on F iff ¢"is valid on F

Furthermore, we can choose ¢” such that every frame of ¢ can be expanded
to a frame of ¢¥ and every frame ¢° can be reducted to frame of ¢.

Proof. First we put ¢ in prenex form (this is straightforward). Then we just
apply the lemma 1 repeatedly until there are no existential quantifiers.

Then by proposition 2,

Theorem 3. For any frame F definable by a formula ¢ of the strong hybrid
language HLOV(Q,V, 3) we can associate a pure formula of HLON such that:

¢ is valid on F iff ¢"°™ is valid on F

To sum up, we have shown that the traditional fragment of the hybrid logic
becomes in a rather unorthodox interpretation equivalent to first order logic
by extending the basic hybrid language with functions working on nominals
denoting worlds in the frame.

5 Conclusions

We hope that we have convinced the reader that is useful to add function symbols
in the context of hybrid logics. Roughly speaking, we have shown that HLON
is strong enough to express, any equationally definable class of algebras or the
property of 2— colorability of a graph (not definable in the first order logic).

I am indebted to Robin Hirsch for his assistance and guidance throughout. I
would like to thank the three anonymous referees for their useful comments and
suggestions.
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