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ABSTRACT

In a recent paper, Martens et al. introduced a specification
mechanism for XML tree languages, based on rules of the
form r — s, where r, s are regular expressions. Sets of such
rules can be interpreted in an existential or a universal fash-
ion. An XML tree is existentially valid with respect to a
rule set, if for each node there is a rule such that the root
path of the node matches r and the children sequence of the
node matches s. It is universally valid if each node matching
r also matches s. This paper investigates the complexity of
reasoning about such rule sets, in particular the satisfiability
and the implication problem. Whereas, in general these rea-
soning problems are complete for EXPTIME, two important
fragments are identified with PSPACE and PTIME complex-
ity, respectively.
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1. INTRODUCTION

As XML (eXtensible Markup Language) represents a
widespread vehicle for data exchange on the Web[§], it is
important to exploit the different means for XML schema
representation. The most common ones are DTDs (Doc-
ument Type Definitions) and XSDs (XML Schema Defini-
tions). A DTD is basically a set of rules of the form a — r
where a is an element name and 7 is a regular expression
over element names. A document is valid with respect to
such a rule if each element with name a has a sequence of
children that matches r.
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One of the disadvantages of DTDs is their limited ex-
pressive power. The type of an element depends only on
its name. To avoid this shortcoming of DTDs, the W3C
(World Wide Web Consortium) proposes the mechanism of
XSDs which, besides other extensions, allows a recursive
typing of elements. We describe this mechanism in terms
of an abstraction, extended DTDs (EDTDs). Basically, an
EDTD is a set of rules of the form 7 — 7, where 7 is a type
and r, is a regular expression over types. Furthermore, each
type has an associated element name. A document is valid
with respect to an EDTD if each element can be labeled by
a compatible! type such that, for each element of type 7,
the sequence of types of the children is valid w.r.t. r,.

Nevertheless, even though the expressive power of EDTDs
is much more satisfactory, the notion of types entails a cou-
ple of complications. From a users point of view it is more
intricate to specify syntactic correctness in terms of types
and thus a recursive manner. From a validators it is un-
pleasant that, in general, type assignment is not unique and
even in unambiguous cases type assignment might be im-
possible in a streaming setting.

In an attempt to strengthen expressive power of schemas
while keeping processing efficient, XSDs are EDTDs obey-
ing two restrictions concerning the regular expressions on
the right-hand side of rules [8]. The first one is called El-
ement Declaration Constraint (EDC) and basically forbids
the appearance of different types of the same element in the
same regular expression. The second constraint concerns
the regular expressions on the right-hand side of the rules.
It is called Unique Particle Attribution (UPA) and requires
a form of determinism for the regular expressions.

Previous work has investigated these constraints from a
formal language point of view in terms of EDTDs. In
[13] two restrictions of EDTDs were proposed?, single-type
EDTDs and restrained competition EDTDs. In a nutshell,
single-type EDTDs disallow the occurrence of two types a'
and a? with the same base element a in a regular expres-
sion. Restrained competition EDTDs disallow words ua'v
and ua’w in the language of an expression. It was argued
that single-type EDTDs correspond to XSDs. In [11], these
classes were further studied and a number of syntactical and
semantical characterizations were given. In particular, it
was shown that restrained competition EDTDs constitute
the class of schemas which allow the computation of the

"We assume that there are specific types corresponding to
each element.

2 Actually, [13] used the similar formalism of tree grammars
instead of EDTDs.



unique type of an element when its opening tag is met in
stream-based processing.

The starting point for this paper is another result of
[11]. It was shown that the expressive power of single-type
EDTDs can be obtained by a rule-based approach which
avoids the complication of recursive types. To this end,
ancestor-guarded DTDs were studied which are sets of triples
(r,a,s), where a is an element name and r, s are regular ex-
pressions over element names. If (r,a,s) and (1',a,s’) are
two different rules then the languages of r and ' must be
disjoint. The semantics of ancestor-guarded DTDs is easiest
explained when documents are viewed as node-labeled un-
ranked, sibling-ordered trees. The root path of a node is the
path from the root to that node. A tree is valid with respect
to an ancestor-guarded DTD if, for each node v there is a
rule (7, a, s) such that (1) v has label a, (2) the sequence of
labels of the root path of v matches r, and (3) the sequence
of labels of the children of v matches s. It was shown in
[11] that ancestor-guarded DTDs describe the same class of
tree languages as single-type EDTDs. An analogous char-
acterization of restrained competition EDTDs in terms of
ancestor-sibling-guarded DTDs was given, where the regu-
lar expression r describes the root-to-node path, together
with the sequences of left siblings of the nodes on that path.

In this paper, we depart slightly from the framework of
[11]. We consider rules of the form (r,s) where r again
refers to the root path of a node and s to its children se-
quence. In general, we do not require that rules must have
disjoint r-expressions. We investigate existential and uni-
versal semantics of rule sets. For existential semantics, for
each node v there must be a rule (r,s) such that the root
path of v matches r and the children sequence of v matches
s. In universal semantics, whenever the root path of a node
matches an r the children must match the corresponding s.
Note that existential semantics is closer to DTDs whereas
universal semantics is more in the spirit of integrity con-
straints of relational databases. We also consider a setting
in which both semantics coexist.

As mentioned above, XML is an important vehicle for
data exchange and integration. In these contexts it is an
important task to automatically reason about schema con-
straints. Therefore, we study the complexity of satisfiability
and the implication problem for schema rule sets.

Contributions

e We show in Section 3 that, in general, the satisfia-
bility and the implication problem are complete for
ExPTIME, for both kinds of semantics, no matter
whether r-expressions are disjoint or not. In the re-
mainder of the paper, we investigate restricted rule
sets, motivated by practical considerations.

e In Section 4, we restrict r to expressions corresponding
to XPath downward expressions with the child and de-
scendant axes and s to deterministic expressions. The
latter is in compliance with the restrictions for XSDs.
It turns out that for such rule sets the implication
problem is complete for PSPACE.

e By a further restriction of the allowed r-expressions,
essentially following the outcome of an empirical study
reported in [3], we obtain in Section 5 a class of rules
with a PTIME implication problem.
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Related work. The most closely related work is on static
analysis for XPath, more specifically satisfiability and con-
tainment in the presence of schemas. Even though, our re-
sults and even proofs are similar as previous ones (most
notably, an EXPTIME lower bound similar to ours can be
found in [15], a similar EXPTIME upper bound in [12]), to
the best of our knowledge, they can not directly be con-
cluded from those, as our setting is considerably different.
Similar complexities also arise in investigations of integrity
constraints (e.g., [1]) and XML data exchange [2]. They par-
ticularly differ from our work in that they involve reasoning
about attribute values. Our work strongly builds on [11].

Acknowledgement. We thank Wim Martens for various
helpful suggestions.

2. DEFINITIONS

2.1 XML documentsand trees

As this paper is concerned with the structure of XML doc-
uments and not its textual or attribute contents, we model
documents by unranked, sibling-ordered trees the nodes of
which carry labels from a finite domain . We call such
trees X-trees. We denote the label of a node v by lab(v).
The subtree rooted at a node v of a tree t is denoted by ..

The rules investigated in this paper express properties of
paths from the root to a node and about the content of a
node, i.e., the sequence of labels of its children. We therefore
use the following notations. Let v be a node in a tree. Let
UQ, . - ., Um be the nodes on the path from the root uo to
v = Um and let vi,,...,v, be the children of v, ordered
from left to right. Then ch-str(v) denotes lab(v1)...lab(vy)
and a-str(v) denotes lab(uo)...lab(um ). For a tree t, we write
Panc(t) for the set {a-str(v)$ch-str(v) | v € t}.

2.2 Pattern-based XML schemas

At first, we define the syntax of pattern-based schemas.
In the following we represent the language that corresponds
to a regular expression r by £(r). Let X be a finite alphabet
of labels.

DEFINITION 2.1. An ancestor-based schema P is a set
{(r1,81), e, (*m, Sm)} where all r;, s; are reqular expressions
over .

Each pair (4, s;) of an ancestor-based schema represents a
schema rule. We consider two semantics for ancestor-based
schemas.

DEFINITION 2.2. A tree t is existentially valid with re-
spect to an ancestor-based schema P if, for every node v of
t, there is a rule (r,s) € P such that a-str(v) € L(r) and
ch-str(v) € L(s). In this case, we write t =3 P.

DEFINITION 2.3. A tree t is universally valid with re-
spect to an ancestor-based schema P if, for every node v
of t, and each rule (r,s) € P it holds that a-str(v) € L(r)
implies ch-str(v) € L(s). In this case, we write t =y P.

We often call a node valid if it fulfills the rules of the schema
under consideration in the current semantics.

EXAMPLE 2.4. Let P, = {(a*, (a -+ b)+)}, P, = P U
{(a”b,€e} and Ps = P,U{(a+b)*,b)}. The tree consisting of
root a and three leaves with label b is existentially valid with
respect to Po and Ps and universally valid with respect to Py
and Ps.



We denote the set of Y-trees which are existentially valid
(resp., universally valid) with respect to P by 75°(P) (resp.
7.°(P)). We often omit the existential or universal quanti-
fier if from the context it is clear which semantics is used.
Likewise, we usually drop . In the following, we refer to
ancestor-based schemas often simply as schemas.

Motivated by the analogous restriction for DTDs, we will
frequently consider the following restriction for expressions
on the right-hand sides of rules.

DEFINITION 2.5  ([5]). A regular expression 1 is called
one-unambiguous or deterministic if there are no two
words wa;v and wa;v' in L(T) where T denotes the expres-
sion obtained from r by uniquely indexing each occurrence
of a symbol o € 3 in r.

EXAMPLE 2.6. Forr = (a+b)"a(ab)”, the expression T is
(a1 +b1)*az(asb2)*. As aiaz and a2 are in L(T), by chosing
w = € 1t s seen that r is not deterministic.

2.3 Decision problems

Our interest is focused on the following two decision prob-
lems concerning schemas.

Satisfiability
Given: Schema P, alphabet X.
Question: Is there a non-empty X-tree ¢ such that
t = P?
Implication
Given: Schemas Pi, P>, alphabet Y.
Question:  Does, for each X-tree t, ¢t = P imply
tE P?

Each of these problems can be studied for existential and
for universal semantics. We write P; |:§ P if, for each X-
tree t, t =3 P1 implies t =3 P2 and P1 =5 P» if, for each
S-tree t, t =y Pi implies ¢ v Po. As ¥ will normally be
clear from the context we usually omit it.

EXAMPLE 2.7. Schema Pi from Ezxample 2.4 can not be
existentially satisfied, as only nodes labeled with b can occur
as leaves but there is mo rule for such modes. On the other
hand, Ps can not be universally satisfied over ¥ = {a,b},
as the first b-node on a path from the root must obey two
contradictory rules and, on the other hand, there is no sat-
isfying tree consisting only of a-labeled nodes. By the obvious
monotonicity properties of the existential and universal se-
mantics, it holds Py E3 P E3 Ps and P3s =y Po Ev P,
but not vice versa.

Clearly, for the universal semantics, the implication problem
is polynomially equivalent to the implication problem where
P’ consists of a single rule.

2.4 Some basic observations

For a schema P we denote by L£35(P) the set of strings
{s € Panc(t) | t E3 P} and by Ly(P) the set {s € Panc(t) |
t Ev P}. The following proposition shows that these sets
are closely tied with the implication problem for ancestor-
based schemas.

PROPOSITION 2.8. Let P, P’ be schemas.
lowing holds.

Then the fol-

(a) P =3 P’ if and only if L3(P) C L3(P').
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(b) P v P’ if and only if Ly(P) C Ly(P).

PROOF. (a) Let us assume first that P =3 P'. Let

a$B € L3(P). Thus there is a tree ¢t and a node v such
that ¢t =3 P and a-str(v) = « and ch-str(v) = 8. By our
assumption ¢ =3 P’ and thus a$8 € L3(P’). Therefore,

ﬁa(P) - ﬁa(P/).

Let us now assume L3(P) C L3(P’). Let t be a tree
such that ¢t =3 P and let v be a node of ¢t. Thus,
a-str(v)$ch-str(v) is in L3(P) and therefore also in L3(P’).
It follows that there is a tree t' € 73(P’) and a node
v' of t with a-str(v')$ch-str(v') = a-str(v)$ch-str(v). As
t' € 73(P'), there is a rule of P’ which is satisfied by v’
and therefore also by v. We can conclude that ¢ =3 P’ as
desired.

(b) The proof of the ‘only if’ is literally the same as for
(a). The other direction is straightforward. [J

It is tempting to use Proposition 2.8 to solve the impli-
cation problem. E.g., in the existential case, one would
construct automata A and A’ for £3(P) and L3(P’) and
test whether the language of A is contained in the language
of A’. Unfortunately, computing such automata is not as
straightforward as one might expect. First, the size of such
an automaton can be exponential in the size of the under-
lying schema. Further, the dependencies between rules can
be rather complicated. Nevertheless, in Section 5, we will
consider a fragment of patterns for which the implication
problem can be efficiently solved along this line.

3. COMPLEXITY OF THE GENERAL IM-
PLICATION PROBLEM

3.1 Universal semantics

In this section, we establish that the complexity of the sat-
isfiability problem and the implication problem for general
pattern-based schemas under universal semantics is com-
plete for EXPTIME. To this end, we show in Proposition 3.1
that the satisfiability problem is hard for EXPTIME and in
Proposition 3.3 that the implication problem is in EXPTIME.

Lower bound

The lower bound is by a polynomial-time reduction from the
2-Player Corridor Tiling problem to the satisfiability prob-
lem. A tiling system is a tuple D = (T, H,V,b,1,n) where
T is a finite set of tiles, H,V C T x T are horizontal and
vertical constraints, respectively, b, are n-tuples of tiles,
and n is a natural number. A corridor tiling is a map-
ping A : {1,...,m} x {1,...,n} — T for some m € N such
that (A(1,1),...,A(1,n)) = b and (A(m,1),...,A\(m,n)) =
t. A tiling is correct if it respects the horizontal and
the vertical constraints, i.e., for every ¢ = 1,...,m and
j=1.,n—1,((4174),\45 + 1) € H, and for every
i=1,..,m—1land j=1,...,n,(A(%,7),\G+1,7)) € V.

Each tiling system induces a game for two players (I and
IT) that is played on an N X n-board. Each player places
tiles in turn. The tiles are placed in successive positions.
While player I tries to construct a corridor tiling, player II
tries to prevent it. Player I wins if he manages to construct
a corridor tiling or when player II makes an illegal move.
Thus, there are two decision problems that can be derived
from a tiling system.



Corridor Tiling
Given: A tiling system D.
Question: Is there a correct corridor tiling for D?
2- Player Corridor Tiling
Given: Game setting corresponding to a tiling
system D.
Question:  Does player I have a winning strategy?

Corridor Tiling is PSPACE-complete, 2-Player Corridor
Tiling is EXPTIME-complete [6].

PrOPOSITION 3.1. The satisfiability problem for gen-
eral pattern-based schemas with universal semantics is
ExXpPTIME-hard.

PrOOF. The proof is by a reduction from 2-Player Corri-
dor Tiling. From a tiling system D, we construct a pattern-
based schema P such that there is a tree ¢ with ¢ =y P if
and only if player I has a winning strategy in the 2-Player
Corridor Tiling game for D. We can assume that player I
can enforce that the first row is chosen according to b as (1)
otherwise II has a winning strategy and (2) this condition
can be easily checked.

For two tiles ¢, t" we write C(¢,t") for the set of tiles ¢ for
which (¢,¢”) € V and (¢',t") € H. Further, we write C(t)
for the set of tiles t” with (¢,¢") € V. We assume w.l.o.g.
that both players have always at least one possible move,
ie., C(t,t') # 0, for each t,t'.

We first describe how a strategy of player I can be repre-
sented by a tree. The tree has three kinds of nodes, I-nodes,
II-nodes and #-nodes. The latter occur at depths which
are a multiple of n + 1. Between such #-levels, the lev-
els alternate I-nodes and II-nodes. A I-node represents a
move of player I. As the tree corresponds to a strategy of
player I, such a node is the unique child of its parent. Cor-
respondingly, below each I-node, there is one II-node, for
each possible tile that II can choose. More precisely, each
I-node with label ¢ whose ancestor n levels above has label
t has one child labeled ", for each t” € C(t,t'). A strat-
egy tree represents a winning strategy for player I if each
path in the tree corresponds to a correct tiling. Thus, the
schema P checks that (1) the tree is a strategy tree and (2)
it corresponds to a winning strategy for I.

We now describe the schema more formally. Let D =
(T, H,V,b,t,n) be a tiling system, where n is an even num-
ber. Let T = {r1,...,7x}. Let & = TU{#}, b = (b1, ..., bn),
t=(t1,.stn). If S ={01,...,0m} is a set of tiles, we write
Sy for the expression o1 + -+ 4+ oy, and S, for the expres-
sion o1 -+ 0m. We assume for simplicity that the symbols
are ordered with respect to some underlying order of the al-
phabet. We also use superscripts to denote repetition. Thus,
e.g., TV denotes the concatenation of n expressions of the
form (11 + -+ 7%). We first give the rules which check the
strategy tree property.

(1) fOI‘ all ¢ S n: (b1 .. 'bifl,bi) _
The first row is chosen according to b

(2) (T3#)"TE, %)
At depths which are multiples of n + 1 there is a #

(3) forall t € T: (Ty#)"tX%,C(t)+)
The mowves of player I in the first column are correct
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(4) for all odd i, 1 <i < mn,all t,t' € T:
(T T2y, O, ) +)
All other moves of player I are correct

(5) for all even i < n, all t,t' € T
(Ti4) T ', Ot 1))
All correct moves of player Il are possible

It is easy to see that the rules match their intended mean-
ing. We further note that the languages on the left-hand
sides of the rules are pairwise disjoint.

So far there can be no finite tree which satisfies all rules,
as no right-hand side language contains the empty string.
To this end, we modify rule (3). After a row with label
sequence t, player I can end a path. If one tile is not correct
w.r.t. t, player I has to move otherwise. Thus we replace
rule (3) by the following rules.

(3a) (TE#)"t1 - tn,€)

(3b) For each t # t1: ((TE#)"tXh,C(t)+)
Player I moves correctly in the first column after a
row which did not terminate because of its first symbol

After a t-row, player I can stop

(3c) Foreach i, 1 <i<nt' #t;:
(TE#) 0T T 4, C(t) 1)
Player I moves correctly in the first column after a

row which did not terminate because of a non-first sym-
bol

It is not hard to show that a tree ¢ is universally valid if and
only if it is a winning strategy tree for player I. [l

Upper bound

Proposition 3.1 immediately implies an EXPTIME lower
bound for the implication problem under universal seman-
tics (via P |=y P’, for some fixed unsatisfiable schema P’).
We show next that the problem can be solved in EXPTIME,
thus also giving an EXPTIME upper bound for the satisfia-
bility problem. We will make use of the following definition.

DEFINITION 3.2. A nondeterministic top-down tree
automaton (NTTA) is a tuple B = (Q,X%,4,qo0) where Q
is a finite set of states, ¥ is an alphabet of labels, qo is a
starting state, and 0 is a function Q X ¥ — 297 such that
for every ¢ € Q and every a € X, 6(q,a) is a reqular lan-
guage over Q.

A run of B on a tree t is a mapping A : Dom(t) — Q
such that for every node v of t with vi,...,v, as children
nodes holds: A(vi)..A(vn) € 6(A(v),lab(v)). A run of B on
t 1s called accepting if for every leaf u of t, € € §(A(u),lab(u))
holds. A tree t is accepted by B if there is an accepting run
of B ont. By L(B) we denote the set of trees accepted by
B.

For a gentle introduction to tree automata we refer to [4,
14, 7,9, 16].

PRrROPOSITION 3.3. The implication problem for general
pattern-based schemas with universal semantics can be solved
in EXPTIME.

PROOF. We first observe that, for the current universal
case, we can test P =y {(r,s)} for each rule (r,s) in P’
separately, thus we can assume w.l.o.g. that P’ has only one
rule (r,s). Given schemas P = {(r1,s1),..., ("m, sm)} and



P’ = {(r,s)}, we will construct a NTTA Bp of at most
exponential size which accepts all the trees that satisfy P
and an NTTA Cp/ of at most exponential size which accepts
all trees that do not satisfy P’. By checking whether the
intersection of these automata is non-empty (in exponential
time in |P| + |P’|) we get the desired answer.

In order to obtain Bp we first construct an NTTA B;
for each rule (ri,s;) € P. Then Bp is simply the prod-
uct automaton of all automata B;, which accepts the in-
tersection of all languages L£(B;). Let, for each i, A; =
(Qa;,%,04,,90:, Fa;) be a deterministic finite automaton
for £(r;), and B; = (QB,-7 3,0B,;, qoi) an NTTA with @B,
Qa, U(Qa,; x X) and 0p, defined as follows:

e 6p,(q,0) = L((04,(g,0))") for all o with §4,(q,0) ¢ F.

b 5Bi(Q7U) {(6141'(%0)7 Ul) (6,41-((],0'), Un) |
o1..0n € L(s)} if da,(q,0) € F. In particular:
e €05(q,a) if e € L(s).

e 05, ((q, 0), o) L((04,(g, 0))") for all o with
0a,(q,0) ¢ F.

* 35,((q,0), 0) = {(04,(¢,0), o1) ... (8a,(q,0), on) |
o €Y and 01...0n € L(s)} if 04,(¢q,0) € F. In parti-
cular: € € 0p,((q,0),0) if e € L(s).

The size of B; is at most exponential in the sum of the
lengths of r; and s;. B; accepts a tree if and only if it satisfies
the rule (r;, s;). Thus, the size of product automaton Bp is
“exponential to the m” and thus also exponential. For the
construction of an NTTA Cp/ which accepts all trees that
do not satisfy P’ = {(r,s)} we make use of the following
idea.

The NTTA Cp/ will accept a tree only if it manages to
guess a node v for which a-str(v) € L(r) and ch-str(v) ¢
L(s). Intuitively, this automaton guesses a path in the tree
which leads to such a node v. It enters an accepting state
in a leaf v’ if (1) the node v was found as an ancestor of v’
or (2) the path of v was not the guessed one. The details
are left to the reader. Clearly, the size of Cp/ is at most
exponential in the size of P/. [

We note that Proposition 3.3 can also be shown by translat-
ing the rules into Propositional Dynamic Logic in the spirit
of [12].

From Propositions 3.1 and 3.3 we immediately get the
following theorem.

THEOREM 3.4. The satisfiability and implication problem
for general pattern-based schemas with universal semantics
are EXPTIME-complete.

3.2 Existential semantics and extensions

For existential semantics the same complexity results hold
and the proofs are along similar lines. Actually, for the lower
bound, the same rules as in the proof of Proposition 3.1
can be used, as for each node in the tree exactly one rule
can (and has to) match. The upper bound is via a similar
construction of tree automata. It should be noted however
that in this case, we cannot assume that P’ consists of a
singleton rule. Thus, we have the following result.

THEOREM 3.5. The satisfiability and implication problem
for general pattern-based schemas with existential semantics
are EXPTIME-complete.
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REMARKS 3.6.

e The results of this section can be extended to ancestor-
sibling based patterns as defined in [11].

e The same complexity results also hold for the equiva-
lence problem for pattern-based schemas.

As already mentioned, the lower bounds even hold
for schemas in which all left-hand side languages are
pairwise disjoint, as witnessed by the construction in
Proposition 3.1.

The lower bounds also remain valid if only simple reg-
ular expressions are allowed on the left-hand sides of
rules: concatenations of factors of the forms (1) (a1 +
cootag), (2) (ai+---+ar)?, and (3) (a1 +---+axr)”.

e The lower bounds also remain valid if the reqular ex-
pressions on the right-hand side are deterministic.
This follows easily from the construction in Proposi-
tion 3.1.

e The lower bounds remain valid if all of the above re-
strictions are applied at the same time.

The upper bounds can be also generalized to the case of
mixed schemas where two sets P53 and Py are given and
a document is valid if each node is valid with respect
to some rule in P53 and to all rules in Py.

4. A CLASS OF SCHEMAS WITH XPATH

VERTICAL RULES

In Section 3 we showed that the implication problem for
general ancestor-based schemas is decidable and pinpointed
the exact complexity as ExpTIME-complete. As schemas
are usually small, the high complexity does not rule out the
possibility to use the algorithm for practically interesting
cases. As remarked at the end of the previous section, the
complexity is quite robust: The restriction to determinis-
tic right-hand side regular expressions, simple left-hand side
regular expressions and disjoint left-hand sides does not de-
crease the structural complexity.

Nevertheless, as reported in [3], in most XML Schemas
that can be obtained from the Web, the type of a node de-
pends at most on the labels of its parent and grand parent.
Thus, it makes sense to consider rule sets in which the ver-
tical expressions are of restricted forms. In this section, we
study a first such restriction, still leading to PSPACE com-
plexity. In the following section, we will consider a further
restriction which still covers all cases occurring in [3], but
with PTIME complexity. More precisely, in this section, we
require that the left-hand sides of rules correspond to a sim-
ple XPath fragment, using only the descendant and child
axes.

EXAMPLE 4.1. child :: b/descendant :: ¢ selects all nodes
carrying the label c that have a b-labeled child of the root as
ancestor. It corresponds to the regular expression bX*c.

We call a regular expression linear if it is of the form
woX ... wk—1 X wg, where wo and wy may be € but the other
w; are non-empty. We call a rule (r,s) linear, if r is linear.

First, we give lower bounds for the complexity of the im-
plication problem. The lower bounds even hold with deter-
ministic right-hand side expressions. In the case of universal



semantics, a PSPACE lower bound for satisfiability follows
immediately from a result in [10] stating that it is PSPACE-
complete to decide whether, for deterministic regular expres-

sions $1,...,8n, £(s1) N+ - N L(sn) # 0. The latter holds if
and only if the schema with the rules (a,s1),...,(a,sn) is
satisfiable.

For existential semantics, we give a PSPACE lower bound
for the implication problem. It is tempting to assume that
this lower bound follows directly by “complementing” the
result we just stated. But this is not directly possible, as
the complement of a deterministic regular expression is not
necessarily describable by a deterministic regular expression
of polynomial size. Nevertheless, since for P = {(X*,s+¢€)}
and P’ = {(X*,s1 +€), ..., (X%, 8m + €)} with deterministic
regular expressions s, s1, ..., Sm, P F3 P’ only holds if £(s)
C U~ , L(s:), it suffices to prove the following result.

PROPOSITION 4.2. It is PSPACE-hard to decide whether
L(s) € UM L(s:i) holds for deterministic regular expres-

STONS Sy 81,y -y S, -

PRrOOF. The proof is by a reduction from Corridor
Tiling®. Given a tiling system D we will construct deter-
ministic regular expressions s1, ..., Sm, such that |J", £(si)
represents all incorrect corridor tilings, with respect to the
horizontal and vertical constraints of the system. Another
deterministic regular expression s will represent all corri-
dor tilings having at least a correct form. It will hold L(s)
C U~ L(s:) if and only if there is no correct corridor tiling
with respect to D. In the following we will use analogous
notation as in the proof of the Proposition 3.1.

Let D = (T = {o1,..,01}, H,V;b = (b1,...,bn),T =
(t1,...,tn),n) be a tiling system. Without loss of general-
ity we assume that there is no constraint of the form (o, ;)
with o # t;—1 or (¢;,0) with o # t;4+1 in H. Further, we as-
sume that the final row can only appear at an even position.
We set ¥ =T x {1,...,n} x {0,1}. While the second com-
ponent of an element (o,7,j) € X represents the potential
column in which o can appear, the third component shows
whether the row in which o can appear is odd (1) or even
(0).

For each (o0,i,j) € ¥ we construct two regular expres-
sions s(5;5) and s(,,; ;. Intuitively, s(,; ;) describes all
strings in which a symbol (0,4, j) occurs wrongly with re-
spect to a vertical constraint and s(, ; ;) the strings in which
a symbol (0,4,j) occurs wrongly with respect to a hori-
zontal constraint. To this end let r;; be the expression
(2= {(0,4,)})" (0, ) and let

L4 R(Uvivj) = {(Ulvivj,) | j, = (] + 1)(m0d 2)7(070/) €
V}7

e F(o,1,7) {(¢",h,1) | (0,0") ¢ Vorh # iorl #
(7 + 1)(mod 2)}, and

“HR(o,i,4) i S

) S(G,i,j) :iji 1)*F(U,’L‘,j)+zi.
Accordingly, let
e R'(0,i,7) ={(c",i+1,5) | (0,0") € H}, for all i < n,

o F'(0,i,7) = {(¢/,h,1) | (0,0') ¢ Hor h # i+ 1 or
l# 3}, for all i < n, and

e for all i < n:s/

(o,i,) = Tig (B (0,4, 3)+7i5)" F (0,1, )+ 2% .

3Corridor Tiling is introduced in Section 3.
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Finally, we set:
s = (b1, 1, 1) by, 1)((S = {(t1,1,001)™)* (£1,1,0) - - - (tn, m, 0).
it is easy to see that there is no correct corridor tiling with
respect to D if and only if

L(s) C U (L(5(0i5)) U L(8(0i.)))-

(0,4,5)

O

For the upper bound of the problem we will proceed
as follows. Let P = {(r1,51);.,("m,Sm)} and P’
{(r1,81), e, (Thy5n)}. We show that if P ¥3 P’ there is
a tree t of polynomial depth in the sum of the sizes of P and
P’ which is existentially valid with respect to P but not to
P’. Tt is then fairly straightforward to guess such a tree in
polynomial space and to verify that it has the desired prop-
erties. More precisely, the tree will be guessed and processed
in a depth-first and left-to-right fashion. For each level, the
algorithm remembers the (sets of) states of the automata
for rules s; up to the current node. The details are left to
the reader. The result then follows from Savitch’s theorem,
PSPACE = NPSPACE. Thus, it is sufficient to prove the
following.

LEMMA 4.3. If there is a tree t that existentially satisfies
P but not P’ there is also a tree t' of polynomial depth that
existentially satisfies P but not P’.

PrOOF. For a linear expression r WX .. Wh—1 X Wk
and each string u, let F.-(u) be the lexicographically maximal
pair (c, k) for which u € L{woX*... X" w._1X"z), where x is
the prefix of w. of length k.

Let t be a tree with ¢t =3 P and t j£3 P’. To each node v
of ¢ we assign the vector F(v) =
(Fry (a-str(v)), ..., Fr,, (a-str(v)), Frll (asstr(v)), ..., Frr (a-str(v))).

Now let us consider how F'(v) can evolve along a path
of t from the root to a leaf. First, we observe that the c-
component in each F(a-str(v)) can never decrease. Thus,
with respect to c-components, F'(v) takes at most (|rq|+-- -+
[P+ |71+ - - |r|) many different values along a path. As
long as no c-component changes its value, the k-component
of Fy,(a-str(v)) only depends on the length of the longest
suffix of a-str(v) that is a prefix of w; (assuming j is the c-
component of Fy. (a-str(v))). It is easy to see that there are
at most (n +m)! many different values of the c-components
of F(v) along a path, where [ denotes the maximum length
of a string in one of the r; or ;. Thus, if a path has more
than w = (Jr1i| 4+ -+ + |rm| + 71| + - - [7h])(n + m)l nodes
then there must be two such nodes v, v’ with F(v) = F(v').
Note that in this case, replacing the subtree of ¢ rooted at v
by the subtree rooted at v’ does not change the validity of
any node in the resulting tree with respect to P and P’.

Now let us assume that ¢t has a path of length 3w. There
must be two nodes v and v’ on this path for which F(v) =
F(v') holds. W.lo.g. we assume that the distance between
v and v’ is at most w and that v lies above v’ in t. Let vy,
be a witness for the fact that ¢ satisfies P but not P’.

1. If vy is not a descendant of v or if v, is a descendant
of v’ replacing the subtree of ¢ rooted at v by the sub-
tree rooted at v’ results in a tree which still verifies
that P j£3 P'.

2. If vy is a descendant of v but not a descendant of v’
the length of the path from the root of ¢ to v or from v’



to some leaf is at least w. Thus, we can again replace a
sub-tree by a smaller sub-tree without destroying the
witness property of the resulting tree.

As each witness tree of depth > 3w can be transformed into
a smaller witness tree we can conclude that there must be a
witness tree of maximum depth < 3w, thus concluding the
lemma. O

By a similar reasoning for the case of universal semantics
we can conclude the following.

THEOREM 4.4. The implication problem for linear schemas
under existential and universal semantics is PSPACE-complete

Whether the lower bounds can be generalized to the case
of disjoint left-hand sides and the precise complexity of sat-
isfiability for existential semantics remain open.

5. ATRACTABLE CLASSOF SCHEMAS

With the goal of getting tractable complexity and with
the already mentioned results of [3] in mind, we now study
rules which are even more restricted. To this end, we call
a regular expression strongly linear if it is, for some k >
0, of the form a1 ---ax or X*aq ---ax, where each a; € X.
Such an expression corresponds to an XPath-expression (in
abbreviated notation) /ai1/---/ax or //a1/-- /ar. We call
an ancestor-based schema strongly linear if

(1) it only contains rules (r, s) where r is strongly linear and
s is deterministic, and

(2) whenever (r,s) and (r’,s’) are two different rules then
L(r) and L(r") are disjoint.

In this section, we show that for strongly linear schemas
the implication problem is tractable for existential semantics
(Theorem 5.1) as well as universal semantics (Theorem 5.3).

Before getting to these results, we first convince ourselves
that the restriction to pairwise disjoint vertical expressions
is indeed necessary to get a tractable fragment (as far as it
concerns complexity theory...). Indeed, if we allow that one
node fulfills several vertical expressions then the implication
problem is at least as hard as testing whether,

e for deterministic regular expressions s1, . .., $n, £(s1)N

-+ N L(sn) # O (universal semantics), and

e L(s) C J",L(s:) holds for deterministic regular ex-
pressions s, s1, ..., Sm (existential semantics).

As both problems are PSPACE-complete (cf. Section 4) we
get an immediate PSPACE lower bound for all such classes.

Now we turn to the statements and proofs of the two main
results of this section. The proofs are similar but not com-
pletely analogous. In both cases, the idea is to compute
from a schema P a deterministic string automaton Ap for
L3(P) (Ly(P), resp.). Thus, the implication problem for
rule sets can be reduced to the containment problem for de-
terministic string automata, which is solvable in polynomial
time. Recall that the construction of such automata has to
take the tree structure into account and, as far we can see,
cannot be done by combining the automata for the given
regular expressions in a straightforward manner.

THEOREM b5.1. For strongly linear schemas P, P’ it can
be decided in polynomial time whether P =3 P'.
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This theorem follows directly from Proposition 2.8 and
the following proposition.

PROPOSITION 5.2. There is a polynomial time algorithm
which computes, for each strongly linear schema P, a deter-
ministic automaton Ap for L3(P).

PRrROOF. Before we describe the algorithm, we first illus-
trate its underlying idea by means of an example. Consider
the schema Py = {(X"a,ab + c), (£b,b), (X"c,€)}. Clearly,
b can not occur in a valid finite tree, as each b-node requires
another b-node as a child. Consequently, ¢ can not occur
as a child of an a-node, as the companion b is not allowed.
Thus, a$c and ac$ are the only strings of L3(F).

Let now P = {(r1,51),...,(rn,8n)} be a strongly linear
schema. We assume without loss of generality that there
is m < n such that r;, = X*w;, for i < m and r; = w;,
for ¢ > m, for suitable strings wi,...,w, € X*. We first
describe the construction of Ap in the case m = n, i.e., all
r; have a leading X" term. Let U denote the set of substrings
of strings w;. The algorithm proceeds in two phases.

First, it computes the set S of strings u € U for which a
tree ¢ with a node v exists such that

e a-str(v) = u and
e cach node in ¢, is valid.

We illustrate this notion in Figure 1.

Figure 1: An illustration of the definition of S: all
nodes below v must be valid.

To exemplify the algorithm we use the strings w1 = aabb,
w2 = ab, ws = aa and ws = a and the regular expressions
s1=¢€ 82 =b+c, s3 =bb+c)*b and s4 = a + c. Here,
S = {aabb, aab, aa,a}.

In the second phase, the algorithm uses S to compute the
actual automaton for £3(P).

We next describe the first phase in more detail. Initially,
S contains all strings w;, for which ¢ € £(s;). Then the
following is repeated until no further changes to S occur:

e for each u € U — S the set B of symbols o for which
some suffix of uo is (already) in S is computed.

e The string u is added to S if, for some 1,

(1) w; is a suffix of u, and
(2) B*NL(s;) #0.

By induction on the number of iterations of the algorithm,
it is straightforward to show that, for each u € S, there are
t and v as stated. Conversely, by induction on the depth of
the sub-tree rooted at v it can be shown that S eventually
contains all such u.

The automaton Ap is defined as follows. First, let, for
each u € S, i¢(u) denote the (unique) ¢ such that w; is a



suffix of v and B(u) denote the set of symbols o for which
uo has a suffix in S. Let £(u) C B(u) be the set of symbols
that occur in some word of L(s;(,)) NL(B(u)"). Thus, X(u)
contains exactly those symbols o, for which there is a tree ¢
and a node v such that

e a-str(v) = u,
e each node in ¢, is valid, and
e v has a child labelled with o.

Note that, if s; is given by a regular expression, then B(u)
and Y (u) actually coincide. The construction presented here
also works if £(s;) is given by a deterministic automaton.

For each u € S let A, be a deterministic automaton for
L(S;(w)) N E(u)*. Clearly, A, can be chosen basically as a
sub-automaton of the automaton for s; and is thus of poly-
nomial size. It might be necessary to add a new rejecting
state to which all transitions for non-X(u)-symbols are di-
rected. The set of states of Ap consists of S U {qo, ¢} and
the disjoint union of the states of the automata A,,, where
Qo is a new initial state and g_ is a new sink state. The
transition function ¢ is defined as follows.

e For each symbol o, §(qo, o) is o if ¢ € S, otherwise g_.

e For each w € S and each symbol o € X(u), 6(u,o)
is the longest suffix v’ of uo which is in S, and q_ if

o & X(u).
For each u € S, 0(u,$) is the initial state of A,.

e With respect to the states of each A,, A is defined
just as A,.

Finally, §(¢—,0) = g, for each symbol o.

The only accepting states are those of the automata A,.

It remains to show that £3(P) = L(Ap).

"L3(P) C L(Ap)": Let a$3 € L3(P), where o € I7,
B € ¥*. Thus, there is a tree t with a node v such that
a-str(v) = a and ch-str(v) = 8. Thus, there is a (unique) &
such that w; is a suffix of @ and 8 € L(s;). In particular,
from ¢t a witness to w; € S can be extracted. Likewise, every
prefix of « has a suffix in S. Thus, after reading o, Ap will
be in state w;, when reading ch-str it will enter the initial
state of A; and finally it will accept a$s.

"L(Ap) C L3(P)’: Let a$8 € L(Ap), where a =
1o, a; € X. We construct a tree witnessing a$3 €
L3(P) in a top-down fashion. More precisely, for each ¢,
1 < i < k, we construct a tree t; with a node v; such that
a-str(v;) = ;- - - ay, ch-str(v;) = € and all nodes besides v;
are valid. For i = 1 this is straightforward*: We can let t;
be the tree with one node, labelled with «;.

Thus, let ¢ > 1 and t; already be constructed. Let u be
the longest suffix of a1 - - - @; in U and j such that w; is some
suffix of u. Thus, Ap is in state u after reading a1 - - - «;.
As Ap accepts a$3, we can conclude that a;+1 € X(u) and
there is a string x € L£(s;)N3(u)* containing ;1. For each
symbol o of x, uo has a suffix u, in U. Therefore, there is
a tree t, with a node v, such that a-str(v,) = u, and every
node in the subtree rooted at v, is valid. By combining
copies of these trees we get a tree t’ with a node v such that
a-str(v) = a1 -+ a;, ch-str(v) = z and all nodes in t, are

4As the string is accepted, a1 € S.
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valid. By gluing together ¢’ and ¢; along the root path of v
and deleting the subtree below some «;t1-labelled child of
v we obtain ti+1.

Finally, from t; we get ¢t by an analogous process, adding
children with label sequence (3 below v together with respec-
tive subtrees. The reasoning is just as in the induction step
above.

Thus, we have shown the theorem for m = n. If m < n, we
have to deal with expressions r; = w;. It is straightforward,
though, to generalize the construction of Ap for this case.
Basically, Ap can have more accepting runs. More precisely,
after reading a prefix a of the input, even if the current state
u is not in U, Ap might go on, if « = w;, for some i > m.
Clearly, if $ is the next symbol it switches to A;. O

Now we turn to the result for universal semantics.

THEOREM 5.3. For strongly linear schemas P, P’ it can
be decided in polynomial time whether P =y P'.

Thanks to Proposition 2.8 it is sufficient to prove the fol-
lowing proposition.

PROPOSITION 5.4. There is a polynomial time algorithm
which computes, for each strongly linear schema P, a deter-
ministic automaton Ap for Ly(P).

PRrROOF. The proof is similar to the one of Proposition
5.2 but in some aspects different, due to a fundamental dif-
ference between the existential and the universal semantics:
consider a witness tree ¢ as displayed in Figure 1. In the
case of existential semantics, no matter what is added above
the root v of such a tree, it retains the property that all
nodes in t, are valid. For universal semantics, this might
not be true as, extending the root path beyond the root
might make more left-hand side expressions of rules match
nodes in t,. As an example, consider the schema consist-
ing of (X*a,c),(X"bac,b). In the two-node tree with an
a-labelled root and a node v with label ¢, v is valid, but
adding a node labelled b above the root makes it invalid, as
v does not have a child with label b. Therefore, in a pre-
processing step, the schema is transformed to an equivalent
one, in which this problem can not arise. To this end, let
P ={(r1,s1),-...,(rn, sn)} be a strongly linear schema. Let
m and wi,...,wy be chosen as in the proof of Proposition
5.2. The pre-processing step works as follows. Let ¢ # 7,
r; = X*w; and r; = X*w;, and w; = vw;u’, with u # €. By
the disjointness requirement, thus v’ # e. Let u = a1 - - - ax.
Then for each j, 1 < j < k and each b € ¥ — {a;} the
rule (X%ba; - - arw;, s;) is added to P. Furthermore, for
each j < k + 1, the rule (a; - - apwi, s;) is added. Finally,
(X*ai...arw;s, s;) is added and (X*ws, s;) is deleted. This
process is repeated until no such w;,w; exist in P. We refer
to the resulting schema again by P.

For the example schema, we get the transformed schema
(X*bac,b), (X*aa,c), (X ca, ¢), (a,c).

It should be noted, that in the case of u = €, no transfor-
mation is needed. It should also be noted, that the size of
P increases only polynomially as each new left-hand side of
a rule can be obtained by changing (or deleting) one symbol
in a sub-string of an old left-hand side. Furthermore, the
set of valid trees is not affected by the translation. Thus, we
assume now a schema in which no string w; is a substring
of a wj, ¢ # 7 (unless it is a prefix). As in Proposition 5.2,
we first consider the case where m = n, i.e., there are no



rules 7; = w;. Let N denote the set of strings which do not
match any left-hand side expression of P, i.e., they do not
have any w; as a suffix.

Again, the algorithm has three phases. In its first phase,
the algorithm computes the set S of all w; for which there
is a tree t with a node v such that

e a-str(v) = w; and
e cach node in ¢, is valid.

Initially, S contains all strings w;, for which € € £(s;). Then
the following is repeated until no further changes to S occur:
for each w; ¢ S the algorithm computes the set B(i) of
symbols b occurring in s; for which w;b is in IV or has a
suffix in S. The string w; is added to S if L(s;) N B(i)* # 0.
As in Proposition 5.2, it can be shown by induction that the
set S computed by the first phase matches its specification.
In the following, we write U for the set of strings that have
a suffix in S.

In the second phase, for each w;, X(¢) is the set of all
symbols o € B(i), for which £(s;) N B(7)* contains at least
one string with symbol o.

Finally, the algorithm computes Ap. Let first W be the
set of all strings u € N U U which are a prefix of some w;.
Furthermore, for each w; € S, let A; again be a deterministic
automaton for £(s;) N X(7)*. Furthermore, for each u € W,
let A, be an automaton for 3(u)*, where ¥(u) contains all
symbols o such that uoc € NUU.

The set of states of Ap consists of W U {¢—}, where ¢g—
is a new state, and the disjoint union of the states of the
automata A; and A,. Note that the number of states is
polynomial in |P|. The initial state is e. The transition
function ¢ is defined as follows.

e For each state u € W and symbol o € 3, §(u,0) is
— the longest suffix of uo that is a prefix of some
wj, in case uoc € NUU,

— g—, otherwise.
e For each state u € W, d(u, $) is

— the initial state of A;, if u has suffix® w;,

— the initial state of A, otherwise®.

e For the states of the automata A; and A,, 0 is just
copied from these automata.

e Finally, §(q—,0) = q—, for each symbol o.

The only accepting states are the accepting states of the
automata A; and A,.

In a similar fashion as in Proposition 5.2, it can be shown
that L(Ap) = Ly(P). Finally, it is again straightforward to
adapt the construction for the case m < n. [

6. CONCLUSION

The results of this paper show that the simplicity of de-
scribing XML languages by ancestor-based schemas comes
at a price: the complexity of basic reasoning tasks is
ExpTIME-complete as opposed to PSPACE for single-type
EDTDs. Nevertheless, for the vast majority of schemas,

5Note that in this case, w; is in S, by construction of §.
In this case, u € U — N.
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where types only depend on the direct ancestors of a node,
and expressions for the children are deterministic, the im-
plication problem can be solved in polynomial time. We
leave the precise complexity of linear schemas with disjoint
left-hand sides as an open problem.
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