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ABSTRACT
We propose a new multidimensional array query model giving array bounds
and other shape-related metadata a central role. Arrays are treated as shaped
maps from indices to values. Schemas are augmented by shape constraints.
Queries also have shape preconditions. Within this framework, we intro-
duce the index-based array queries expressing index reorganizations and
value summarizations. We define them via a declarative, rule-based lan-
guage with shape-membership constraints in its rule bodies and subscript-
ing and aggregation in its rule heads. We explore safety (including bounds
analysis) and query equivalence for various subclasses divided according
to the aggregator type, whether we allow disjunctions, and whether we al-
low (limited) Presburger arithmetic in index and shape terms. We show
safety is tractable in the nonarithmetic cases, while state safety remains in
P in the arithmetic ones. We show that, for a class of monoid-based set
and bag aggregators, equivalence reduces to equivalence of index-cores –
core queries collecting array indices rather than values. For set-aggregator
queries, we give complete characterizations of equivalence in terms of con-
tainment maps and show the equivalence problems are in P in the nonarith-
metic, conjunctive case and in coNP in all others.

Categories and Subject Descriptors: H.2.3 [Languages]:Query
languages; H.2.1[Logical Design]:Data models; E.1 [Data Struc-
tures]:Arrays; H.2.8 [Database Applications]:Scientific databases.

General Terms: Languages, Theory.

Keywords: array query languages, multidimensional data, scien-
tific data, query equivalence, aggregation, integer linear constraints.

1. INTRODUCTION
Dense, multidimensional arrays form a ubiquitous class of per-

sistent data. In the earth sciences alone, numerous data repositories
publish datasets containing data conceptually organized as arrays.
The datasets can represent products derived from observed data as
well as gridded outputs from model simulations. The volume of
data available from such repositories is enormous; for example, the
Earth System Grid (ESG) project[1] climate simulation archives are
expected to grow to petabytes.

What distinguishes array data from data fitting into multidimen-
sional, functional relations (typical of the models underlying most
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OLAP[6] and statistical[7] systems) is that it is shaped. By this,
we mean that dimensions have associated lower and upper bounds,
that the indices in each dimension range over a discrete linear or-
der, and that, for each multidimensional index within the respective
bounds, there is always an array value present. In contrast, multidi-
mensional, functional relations can be sparse, and their dimension
ranges need not be bounded, nor even linearly ordered.

An array’s shape, that is, the tuple of pairs giving lower and up-
per bounds for each dimension, is a form of metadata. It serves both
as typing information and as data. Like types, array bounds de-
scribe the data’s structure and can be used statically, during bounds
analysis, to check for out-of-bounds accesses. On the other hand,
since their values vary from instance to instance, array bounds are
also a form of data. In fact, a large class of array queries arises
from selecting over metadata rather than data.

In this paper we introduce such a class, the index-based array
queries. These queries combine structural manipulations of array
data with summarizations of the data via aggregations. We call
them index-based because their selections and joins are over meta-
data or array indices bounded by metadata. Array values are not
used in selection or join conditions, though the values associated
with selected indices can be included or aggregated in the result.

Our queries are similar to range queries, but are more general:
our ranges can fall along diagonals, include multiple intervals or
involve strides or subsampling. In addition to expressing aggrega-
tions over these more general ranges, our queries can express re-
structuring operations – zips, unzips, dices, slices, rotations, shifts,
regriddings, merges, to name a few. All this is achieved via a
declarative, rule-based language using shape constraints in its rule
bodies, subscripting and aggregation in its rule heads, and limited
Presburger (integer linear) arithmetic in its index and shape terms.

Our queries are well-behaved in that they have efficient bounds
analysis and rule minimization procedures. We discuss these in the
text but spend most of the paper exploring our queries’ equivalence
problem. This is an important problem to study in any model, as it
forms the basis for such central issues as optimization and view us-
ability. In the relational setting, equivalence and containment have
been investigated for various subclasses. Of relevance to our con-
text are the results for queries with comparisons and constants[14,
26, 20, 9] and for ones involving aggregation[8, 20, 9, 12].

Our query model makes essential use of both comparisons and
aggregation. Comparisons are needed because, instead of using re-
lations to limit variable ranges, we use dimension shapes, that is,
metadata-bounded intervals. Aggregation comes into play because
our query outputs are shaped (dense) arrays. This means every in-
dex in the output array shape must have exactly one value associ-
ated with it. We use aggregation to coalesce multiple values as well
as to produce nulls when no values are generated.
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The problem of characterizing query equivalence in the pres-
ence of aggregation is notorious for requiring custom approaches
for different aggregators [8]. We limit our focus to collection ag-
gregators [15], a monoid-based class for which we obtain a uni-
form approach. We prove equivalence between collection aggrega-
tor queries reduces to equivalence between their index cores, core
queries collecting array indices instead of array values. For index
cores using set semantics, we give both necessary and sufficient
conditions for equivalence via array containment maps.

In the relational model, the equivalence problem for queries with
comparisons that use set-based aggregators (such as Max) is Πp

2-
complete [20, 9, 14, 26]. This holds for both conjunctive and dis-
junctive queries. Because we lack relation literals, we can put all
our queries into a connected normal form and, thus, achieve much
tighter bounds for equivalence. In fact, for conjunctive queries, we
obtain polynomial decidability, and with disjunctions decidability
only goes up to coNP.

The situation with arithmetic is even more dramatic. The deci-
sion problem for Presburger arithmetic with as few as two quanti-
fier blocks has an exponential lower bound[11]. For example, this
lower bound holds for deciding equivalences of constraint database
queries with integer linear constraints[13]. Our complexity stays
within coNP. Again, this is due to connectedness as well as our
ability to eliminate embedded quantifiers using containment maps.

The key idea is we distinguish between variables, ranging over
shapes, and parameters, fixed by the metadata and used to define
these shapes. Our terms can contain any number of parameters, but
only one variable. This gives our queries enough expressive power.
It also leads to polynomial variable elimination, though parameter
elimination complexity remains high. We use variable elimination
to put our queries into connected normal form. This allows us to
define containment maps, despite the arithmetic, thus eliminating
the expensive Presburger quantifier alternation.

In addition to array bounds, our schema’s shape parameters can
include other scalar (integer) metadata related to array shapes, such
as distinguished indices, subranges, offsets or lengths. Their values
are left unspecified, allowing for shape information that is dynamic
or incomplete or simply varies from instance to instance.

A feature of our framework is that it makes data and query shape
semantics fully transparent. Schemas declare constraints that hold
of their shape parameters. Each query also declares its intended
shape semantics by explicitly defining its output’s shape and listing
the shape assumptions it makes of its inputs. Factoring input shape
constraints into ones declared in the schema and ones required by
the query supports interoperability. It means data can be published
without having to tightly couple it with visualization/analysis pack-
ages or other domain-specific query software. It also means general
query operators (i.e., query templates) can be published without a
priori knowledge of the data they will be applied to.

This paper’s main contributions are: (1) an array data model tak-
ing into account shape-related metadata, (2) the identification of a
broad class of well-behaved queries, (3) an analysis of safety for
this new query paradigm, (4) preliminary results on reducing the
equivalence problem and (5) a sound and complete characteriza-
tion of equivalence for those queries that use set aggregators.

Related Work. In [18], Maier and Vance argue relations don’t
provide a natural fit for array data because they fail to capture mul-
tidimensional index order, contiguity and rectangularity, i.e., shape.
Consider applying a local filter involving each cell’s neighbors to
every value in an array. Using a relational representation of arrays
this can involve an expensive multiway join. However, with shape
and subscripting available in our query language, such queries can
be expressed more directly, paving the way for more efficiency.

Several other array query models have been proposed. In [16],
we added constructs for tabulating arrays, subscripting, and extract-
ing dimension lengths to a nested relational algebra with arithmetic
and aggregation. We showed many array optimizations arise auto-
matically from partial function beta-eta normalization when tabula-
tions, subscripting and shape extraction are treated as partial func-
tion lambda abstraction, application, and domain extraction.

The most comprehensive effort to date is Baumann et al.’s full
commercial DBMS (RasDaMan)[3]. Its high-level array query lan-
guage (RasQL) is based on a simple array algebra[4] with three op-
erators: a tabulation-style array constructor, a condenser for com-
puting aggregations and an index sorter.

These proposals and others [18, 25] use tabulations as their main
constructor. Tabulations define arrays by applying an index-to-
value map over the output shape. Another approach is to use com-
prehensions, which define arrays via collections of (index,value)
pairs, where multiple values are coalesced using aggregation. Fe-
garas and Maier do this in their object query language based on
monoids [10]. While tabulations create their output in bulk and ac-
cess their inputs in random order, comprehensions do the opposite.
Our rule-based approach mixes these two styles, allowing random
access order for both input and output.

A third approach is to define a fixed set of higher-level constructs
designed to capture specific optimizations. Baumann does this in
an earlier version of his array algebra[2]. This is also the approach
taken by Marathe and Salem in their array manipulation language,
AML[19]. AML’s focus is on exploiting the structural properties of
application-specific functions that take array chunks as inputs and
produce array chunks as outputs. Its algebra has three operators.
The first two, subsample and merge, allow selections and interleav-
ings, respectively, of array hyperslices according to bit patterns.
The last one, apply, is a generalized map for applying chunk-to-
chunk functions uniformly over an array.

A problem with higher-level algebras is that the shape semantics
used is often arbitrary and not transparent. For example, an opera-
tor to append two 2-dimensional arrays along their first dimension
needs to choose what to do when the arrays’ second dimensions
have different bounds. It can be undefined on such arrays or it can
pad both out with nulls to make their second dimensions match.
For purposes of interoperability it is important that query and data
shape semantics be made explicit, as is done in our model.

Several of the models [4, 10, 16] embed their array constructs
in a (nested) relational setting allowing selection of array data ac-
cording to metadata and definition of new arrays over shapes built
from selected metadata. However, none models metadata seman-
tics using constraints or gives any account of safety. In fact, for the
full generality of index expressions allowed in these approaches,
bounds safety is undecidable[16]. Also, though all the proposals
define equational transformations for their queries, to our knowl-
edge, we are the first to give a necessary as well as sufficient char-
acterization of array query equivalence.

Since our queries involve integer linear constraints, they share is-
sues of expressivity and complexity with some constraint and tem-
poral database languages [13, 24, 22, 5]. A difference between the
constraint model and ours is that our shapes are metadata, not data;
a crucial part of array data is the map from index sets to values.

Outline. In Sect.2, we define our new array data model and in-
troduce the class of aggregators studied. In Sect.3, we give the
syntax and semantics of our language for index-based querying of
arrays. We also discuss safety, including with respect to bounds
errors. The next two sections are devoted to the query equiva-
lence problem. In Sect.4, we reduce it to equivalence between
index cores and then characterize equivalence for set-aggregator
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queries with nonarithmetic terms. In Sect.5, we extend our results
to queries with arithmetic. We touch on query minimization and
optimization in Sect.6. In Sect.7, we discuss query expressivity.

2. PRELIMINARIES
A k-dimensional shape is a k-tuple of ordered pairs of integers

(l1 : u1, . . . , lk : uk) giving lower and upper bounds for each
dimension. Its index set is the set of k-tuples of integers falling
within the bounds: {(i1, . . . , ik) | lj ≤ ij ≤ uj for all 1 ≤ j ≤
k}. A shape is nonempty if lj ≤ uj for all 1 ≤ j ≤ k.

A k-dimensional array A is a nonempty k-dimensional shape,
together with a map from the shape’s index set to a domain of val-
ues. We use lbj(A) and ubj(A) to denote the lower and upper
bounds of A’s jth dimension and Shape(A) to denote A’s shape
as a whole; we overload Shape(A) to also mean the index set. For
any k-ary index d in Shape(A), we use the usual subscript notation
A[d] to denote the value A associates with d. Array values can be
m-tuples of reals (m ≥ 1) or collections of m-tuples, where the
collections can have either set or bag semantics.

A flat array declaration has the form A : k→ m, where A is an
array name, k gives the arity of its indices (i.e., its dimensionality),
and m gives the arity of its values. A collection array declaration
has the form A : k → {m} or A : k → {|m|}, depending on
whether the values are sets or bags of m-tuples. An input schema
S = (A1 : k1 → m1, . . . , An : kn → mn; s1, . . . , sp) is a list
of flat array declarations followed by a list of symbolic constants,
which can be used to declare extra (integer) metadata related to
shape, such as distinguished indices, offsets, subranges or lengths.
An output schema is just a flat or collection array declaration.

Every input schema S has an associated set of parameters,
Params(S), which includes the symbolic constants of S, and for
each array Ai in S and each dimension 1 ≤ j ≤ ki, terms of
the form lbj(Ai) and ubj(Ai) representing the lower and upper
bounds of Ai’s jth dimension. Each schema also has an asso-
ciated set of parameter constraints, ΓS , where the constraints are
conjunctions of comparisons over terms built up from the param-
eters and integer constants. We require ΓS to contain at least the
following constraints guaranteeing all arrays in S are non-empty:
NonEmpty(S) = {lbj(Ai) ≤ ubj(Ai)| Ai ∈ S, 1 ≤ j ≤ ki}.

An array database instance I for a schema S is a map assign-
ing an array AI to each array name A and an integer sI to each
symbolic constant s. We extend ( )I homomorphically to terms
(e.g., (lbj(A))I = lbj(A

I)), comparison predicates, and conjunc-
tions/sets of comparisons Γ . Then the definitions of satisfaction
under I (I |= Γ) and logical implication (Γ1 |= Γ2) are stan-
dard. Note that by the way we defined arrays, for any instance I ,
I |= NonEmpty(S). We only consider instances of S that satisfy
all of ΓS , and to emphasize this we call them S-instances. We write
Γ1 |=S Γ2 as shorthand for Γ1 ∪ ΓS |= Γ2.

Example 1. Consider a two-dimensional array Tcore giving core
temperatures and nitrate concentrations at different depths into the
earth each hour throughout a day. For each instance, we wish to
flag the water table depth and the hours from sunrise to sunset.
This data and metadata is represented by:

S = (Tcore : 2→ 2; dWT , hSR, hSS)
ΓS = {lb1(Tcore) ≤ dWT ≤ ub1(Tcore) = 0∧

0 = lb2(Tcore) ≤ hSR ≤ hSS ≤ ub2(Tcore) = 23}
The schema declares Tcore to have two dimensions, depth and hour,
and two value components, temperature and nitrate concentration,
and also declares symbolic constants, dWT, hSR, and hSS , for the
metadata. The first constraint says the water table depth is a dis-
tinguished index of the depth dimension, whose upper bound is 0,

(a)

α
⋃

Min Max ι
⊎

Σ Π

τα {τ} R
+

R
+ τ+ {|τ |} R

+
R

+

opα ∪ min max opι � + ∗
nullα {} +∞ −∞ ⊥τ {||} 0 1

where R
+ = R ∪ {−∞, +∞} and for any τ , τ+ = τ ∪ {⊥τ ,
τ}

(b)

(A1) πl ◦ (α1, . . . , αm) = αl ◦ maps(πl)
(A2) α ◦ ∪ = opα ◦ (α × α)
(A3) α({a}) = a
(A4) α({}) = nullα
(A5) (∃a)α({| a, . . . , a

︸ ︷︷ ︸
(n times)

|}) 
= α({| a, . . . , a
︸ ︷︷ ︸
(m times)

|}) for all n 
= m

where we obtain bag-aggregator versions of (A1)-(A4) by substituting
{||}, � and mapb(πl) for {}, ∪ and maps(πl)

1

Figure 1: The collection aggregators and their identities

representing surface-level. The remaining constraints say the day-
light period is a distinguished range in the (24-hour) time dimen-
sion. Note that (lb1(Tcore))

I , (dWT)
I and (hSR , hSS)

I can all vary
with I , as might be the case if instances represent cores drilled to
different depths at different locations and/or on different days.

Collection Aggregators. An important difference between the
relational model and ours is that array queries produce shaped ar-
rays as output. This means each query must define an output ar-
ray shape and also assign exactly one value to each of its indices.
Our queries are defined in terms of rules that generate (index,value)
pairs. Aggregation is used both to coalesce multiple values gener-
ated for the same index into one and also to assign a default value
to any index for which nothing is generated. Collection aggrega-
tors, a class of commutative monoid-based aggregators similar to
the one introduced in [15], work well for this purpose.

We divide these into set or bag aggregators according to their
equational theory. Let {τ} and {|τ |} denote the types of finite sets
and bags with elements of type τ . We use ‖τ‖ to refer to these
collection types generically. A collection aggregator is a func-
tion α : ‖τα‖ → τα defined in terms of an associated monoid
(τα, opα, nullα) as follows: α(‖a1, a2, . . . , an‖) = (a1 opα (a2

opα · · · (an opα nullα) · · · )). For set aggregators, the associated
monoid must be commutative and idempotent, making the aggre-
gation independent of element order or repetitions; for bag aggre-
gators, the monoid need only be commutative.

Fig.1(a) lists some set and bag aggregators and their monoids.
(Bag aggregators are on the right.) Note the distinction between
the aggregators

⋃
/

⊎
, which flatten collections of collections, and

their monoid operators ∪/�, which are just (binary) set/bag unions.
We include a nonstandard set aggregator ι (“the unique”), which
we’ll use to express nonaggregating, restructuring queries. It has a
null, ⊥, and a zero, 
. On a set of values, ι returns the unique non-
null element if there is one; otherwise, it returns ⊥ if all elements
are null and 
 if there is more than one non-null element.

In addition to these aggregators, for α1, . . . , αm �∈ {⋃,
⊎}, we

also allow the m-ary product aggregator (α1, . . . , αm) : ‖τα1 ×
· · · × ταm‖ → τα1 × · · · × ταm . Its monoid is defined point-
wise: τ(α1,...,αm) = τα1 × · · · × ταm , op(α1,...,αm)(a, b) =

(opα1
(π1a, π1b), . . . , opαm

(πma, πmb)), and null(α1,...,αm) =
(nullα1 , . . . , nullαm). If any of the αj ’s are bag aggregators, so
is the product aggregator; otherwise, it is a set aggregator. Prod-
uct aggregators are used in building arrays whose values are m-

1Here, πl is tuple projection and maps/mapb applies it to every element of
a set/bag, so maps(πl)/mapb(πl) is just the familiar relational projection
operator for the lth column using set/bag semantics.
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tuples. They summarize the value components simultaneously (in
lockstep), but independently.

Figure 1(b) lists some identities governing collection aggregators
that will be useful to us later (a full axiomatization is given in [15]).
(A1) says the components of product aggregators can be computed
independently. (A2) shows how aggregators distribute over (bi-
nary) unions. Note the difference between (α, α) : ‖τ × τ‖ →
τ × τ and (α × α) : ‖τ‖ × ‖τ‖ → τ × τ . In fact, by (A1),
(α, α) = (α× α) ◦ 〈map(π1), map(π2)〉. (A3) says aggregating a
singleton returns its value. (A4) says aggregators return their null
value on empty collections. Finally, (A5) says bag aggregators have
at least one value on which they respect multiplicities. These iden-
tities are only guaranteed to hold for collection aggregators. For
example, (A2) fails for Avg and (A3) fails for Cnt.

3. INDEX-BASED ARRAY QUERIES
The syntax for our new class of queries is similar to relational

rule-based syntax [20] but takes into account our query inputs and
outputs are shaped arrays. On the output side, this means our
queries must each define an output array shape and also assign a
(possibly aggregated or null) value to each index. On the input side,
it means instead of using relations to establish variable ranges, our
queries must somehow use arrays. We choose to let variables range
over meta-data-bounded intervals, that is, shapes, and to use sub-
scripting to access array values. The fact that our inputs and outputs
are shaped also introduces safety issues unique to our model. Af-
ter presenting our query syntax, we detour to discuss safety before
going on to present our query semantics.

Query Terms and Comparison Atoms. Because of the differ-
ent roles they play, we separate our query terms into three sorts:
Bounds terms are used to define output array shapes and to give
ranges for input and output array indices. Index terms are used to
give these indices. Value terms are used to give the output array
values associated with output array indices.

In building up these terms, we make use of the integer functions
in Fig.2(a). The bounds functions, Fb, include addition, multipli-
cation by an integer constant, two forms of division by an integer
constant – rounding down and rounding up, and (binary) minimum
and maximum. The index functions, Fi, include only addition and
multiplication by an integer constant.

Fix a schema S = (A1 : k1 → m1, . . . , An : kn → mn;
s1, . . . , sp) and a set of variables V . Figure 2(b) gives the forma-
tion rules for query terms according to their sort. A bounds term
is either a parameter in Params(S) (i.e., a symbolic constant or an
array lower or upper bound) or an integer constant,2 or it is built
up from these using functions fb ∈ Fb. An index term is built up
from variables and bounds terms using fi ∈ Fi. A value term is a
component of an array value obtained by subscripting index terms,
that is, a term of the form πl(Ai[i, . . . , i]), for some 1 ≤ l ≤ mi.
When mi = 1, we simply write Ai[i, . . . , i].

In building index terms, we constrain the functions fi ∈ Fi to
take bounds terms in all arguments except one. This causes index
terms to contain at most one variable. The number of parameters
in index or bounds terms is unrestricted. We call index terms con-
taining a variable open and ones that don’t closed and write t(x) to
indicate t is open with variable x. Any index term t(x) can be put
into the canonical form n∗x+b, where n is an integer constant and
b is a bounds term. When a bounds term contains no min, max,
2Note how symbolic constants s ∈ S differ from integer constants (1, 2, . . .
n, m, . . .). The former, along with array bounds, are schema parameters
and are uninterpreted. (Their values vary from instance to instance.) The
latter, along with function symbols, are interpreted. (They always take on
the same values.)

(a) Fb = {+, ∗ n, div↓ n, div↑ n,min, max}
Fi = {+, ∗ n}

where n ∈ Z and n 
= 0

(b) b ::= sj | lbj(Ai) | ubj(Ai) | n | fb(b, . . . , b)
i ::= x | b | fi(i,b, . . . ,b)
v ::= πl(Ai[i, . . . , i])

where sj , Ai ∈ S, n ∈ Z, x ∈ V , fb ∈ Fb, fi ∈ Fi

(c) C ::= [b≤ i≤b] | i = i | b R b
where R ∈ {≤, <, =}

Figure 2: The array query (a) term constructors (b) terms and
(c) comparison atoms

div↓ or div↑, it too can be put into a canonical form, Σinipi + n,
where the pi are parameters and the n, ni are integers.

Index and bounds terms containing no functions must be either
variables, parameters or constants. We refer to such terms (and the
query fragment built up from them) as nonarithmetic.

A query comparison atom (see Fig.2(c)) has the form [l≤ t≤u],
t1 = t2, b1 ≤ b2 or b1 < b2, where the t’s are index terms and l,
u, and the b’s are bounds terms. The first form is called an index
bounds atom and is just shorthand for the conjunction l ≤ t∧t ≤ u.
We use the specialized syntax to limit how variables can occur. In
fact, below, we define a notion of range-restriction in which index
bounds atoms play a syntactic role (similar to relation literals in the
relational paradigm) in limiting variables’ ranges.

A conjunctive variable constraint (CVC) is a conjunction of
query comparison atoms. We will use CVCs as our query rule bod-
ies. A conjunctive parameter constraint (CPC) is a CVC containing
no variables. The constraints in NonEmpty(S) are of this form. We
require all parameter constraints in ΓS to be CPCs. We also will
use CPCs to express query shape preconditions.

Rule and Query Syntax. An array index:value rule with output
schema Q : k → m or Q : k→ ‖m‖ has the form:

ti1, . . . , tik : α(tv1, . . . , tvm)← C1 ∧ · · · ∧ Cp

Everything to the left of the arrow is the rule head and everything
to the right is the body. The head consists of a k-tuple of index
terms and an m-tuple of value terms giving index:value pairs for
the output array, together with a collection aggregator α consistent
with the output schema Q (i.e., whose result arity is m and/or
collection type is ‖ ‖.) The rule body is a (possibly trivial) CVC.

The aggregator α serves two purposes. First, whenever more
than one index:value pair is generated for the same index, the ag-
gregator combines the multiple values. Second, if for any out-
put shape index no index:value pair is generated, the aggregator
produces a default null value for that index. When α is a prod-
uct aggregator (α1, . . . , αm), we will sometimes write the rule as
ti1, . . . , tik : α1(tv1), . . . , αm(tvm)← C1 ∧ · · · ∧ Cp.

An index-based array query Q over the output schema Q : k →
m or Q : k→ ‖m‖ is an expression of the form:

D1 ∧ · · · ∧Dq !!
l1 : u1, . . . , lk : uk ::
ti11, . . . , ti1k : α(tv1

1 , . . . , tv1
m)← C1

1 ∧ · · · ∧ C1
p1

;
· · ·
tin1 , . . . , tink : α(tvn

1 , . . . , tvn
m)← Cn

1 ∧ · · · ∧ Cn
pn

.

It has three parts: a (possibly trivial) CPC D1 ∧ · · · ∧Dq (referred
to as Guard(Q)) giving the conditions under which the query is
defined, a k-tuple of pairs of bounds terms l1 : u1, . . . , lk : uk (re-
ferred to as Shape(Q)) giving the shape of the output array, and a
(possibly empty) list of index:value rules (referred to as Rules(Q))
defining the output array contents. If there is at most one rule,
the query is conjunctive; otherwise, it is disjunctive. In disjunc-
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tive queries, all the rules must use the same aggregator α. We call
queries that use α as their aggregator α-queries. We call Q m-ary
if its output schema is Q : k → m or Q : k→ ‖m‖.

The query guard is used to give shape preconditions that must
hold of the inputs in order for the query to apply. These are in addi-
tion to the schema’s parameter constraints, ΓS , which are declared
by the data publisher and can be assumed to hold.

Example 2. Consider the schema S = (T : 4 → 1, P : 3 →
1; lsurf, hsr, hss) where T is a 4-dimensional array giving a day’s
hourly temperatures by longitude, latitude, atmospheric level and
time, P is a 3-dimensional array giving precipitation totals by lon-
gitude, latitude and time and lsurf, hsr and hss are symbolic con-
stants representing the surface level index and sunrise and sunset
hours. Let ΓS contain the constraints lb3(T ) ≤ lsurf ≤ ub3(T ),∧2

i=1lbi(T ) = lbi(P ) ∧ ubi(T ) = ubi(P ), lb4(T ) = lb3(P ) = 0 ≤
hsr ≤ hss ≤ 23 = ub4(T ) = ub3(P ), saying lsurf is an atmo-
spheric level index, the arrays share bounds in their other dimen-
sions, and the daylight period falls within the (24-hour) time di-
mensions. Then the following query produces a 2-dimensional, 2-
ary array pairing each position’s total daytime precipitation with its
maximum daytime surface level temperature:

!! lb1(T ) : ub1(T ), lb2(T ) : ub2(T ) ::
x, y : Σ(P [x, y, t]), Max(T [x, y, lsurf, t])← [lb1(T )≤x≤ub1(T )]
∧ [lb2(T )≤y≤ub2(T )] ∧ [hsr≤ t≤hss].

The query’s first line gives the output array shape. It has two di-
mensions – longitude and latitude – whose lower and upper bounds
are copied from T ’s corresponding dimension bounds. No guard
conditions are included, since we intend the query to be defined on
all S-instances. The query has a single rule. The conditions in its
body constrain x and y to range over all indices in T ’s longitude
and latitude dimensions and t to range over daylight hours. The
terms in its head associate every longitude, latitude pair (x, y) with
the sum of P ’s values and the maximum of T ’s surface-level values
at that position over all hours between sunrise and sunset.

Since the output array’s longitude and latitude bounds are equal
to T ’s, the (x, y) indices generated by the rule cover the entire
output shape; had they not, the aggregators’ nulls would have been
assigned to any output indices missed by the rule. In general, the
groupby implicitly computed by such a rule differs from a standard
relational one in that it is shaped: every tuple in the output shape
gets a (possibly empty) group and thus a (possibly null) value.

The queries in Fig.3 illustrate the use of guards, arithmetic and
disjunctions. Suppose A,B : 1 → 1. Then (Q1) and (Q2) give
two typical ways to implement their zips (i.e., joins along their in-
dices). The first version is only defined when A and B have the
same bounds; the second is defined over their shapes’ intersection,
if it is nonempty. Notice how the use of both guards and output
shapes makes the intended shape semantics of our queries explicit.
(Q3) merges two zero-based arrays, putting A in even positions and
B in odd ones; it is defined only if they have the same length. (Q4)
reverses this, picking out the even positions of a zero-based array.

Let M, N : 2 → 1 be two matrices. (Q5) appends them along
their first dimension and is defined only if their bounds match in the
second dimension. (Q6) computes M [l1 : n1 : u1, l2 : n2 : u2], a
variation on dicing that takes into account strides, where we assume
l1, l2, u1, u2 are bounds terms and the strides, n1, n2, are integer
constants. It is only defined if (l1 : u1, l2 : u2) is a non-empty
shape falling within M ’s bounds. If so, it picks out every nj th
index between lj and uj starting with lj , along each dimension j.
The resulting elements are returned in a zero-based matrix. This
operation, referred to as “subsetting”, is typically included as part
of the server-side functionality for OpenDap-compliant[1] datasets.

(Q1) lb(A) = lb(B) ∧ ub(A) = ub(B) !! lb(A) : ub(A) ::
i : ι(A[i]), ι(B[i])← [lb(A)≤ i≤ub(A)]

(Q2) max(lb(A), lb(B)) ≤ min(ub(A), ub(B)) !!
max(lb(A), lb(B)) : min(ub(A), ub(B)) ::
i : ι(A[i]), ι(B[i])← [max(lb(A), lb(B))≤ i≤min(ub(A), ub(B))]

(Q3) lb(A) = lb(B) = 0 ∧ ub(A) = ub(B) !! 0 : ub(A) + ub(B) + 1 ::
2 ∗ i : ι(A[i])← [0≤ i≤ub(A)]
2 ∗ i + 1 : ι(B[i])← [0≤ i≤ub(B)]

(Q4) lb(A) = 0 !! 0 : ub(A) div↓ 2 ::
i : ι(A[2 ∗ i])← [0≤2 ∗ i≤ub(A)]

(Q5) lb2(M) = lb2(N) ∧ ub2(M) = ub2(N)) !!
lb1(M) : ub1(M) + ub1(N) − lb1(N) + 1, lb2(M) : ub2(M) ::
i1, i2 : ι(M [i1, i2])
← [lb1(M)≤ i1≤ub1(M)] ∧ [lb2(M)≤ i2≤ub2(M)]

ub1(M) + 1 + (i1 − lb1(N)), i2 : ι(N [i1, i2])
← [lb1(N)≤ i1≤ub1(N)] ∧ [lb2(N)≤ i2≤ub2(N)]

(Q6) lb1(M) ≤ l1 ≤ u1 ≤ ub1(M) ∧ lb2(M) ≤ l2 ≤ u2 ≤ ub2(M) !!
0 : (u1 − l1) div↓ n1, 0 : (u2 − l2) div↓ n2 ::
i1, i2 : ι(M [l1 + n1 ∗ i1, l2 + n2 ∗ i2])
← [0≤ i1≤(u1 − l1) div↓ n1] ∧ [0≤ i2≤(u2 − l2) div↓ n2]

(Q7) lb(A) = 0 ∧ ub(A) ≥ 1 !!
0 : (ub(A) − 1) div↓ 6 + (ub(A)− 3) div↓ 6 + 1 ::
i ∗ 2 : ι(A[j])← [0≤j≤ub(A)] ∧ j = i ∗ 6 + 1
i ∗ 2 + 1 : ι(A[j])← [0≤j≤ub(A)] ∧ j = i ∗ 6 + 3

Figure 3: Some sample restructuring queries.

The last query in Fig.3 shows we can express the AML[19] sub-
sample operator. In particular, (Q7) gives subsample(010100, A),
which picks out all positions i such that i mod 6 = 1 or i mod 6
= 3 from the zero-based array A. In general, we need one rule (and
one output upper bound div↓ term) for each ”1” in the bit pattern.

Restructuring queries, such as those in Fig.3, can be combined
with each other and with aggregations. We already saw this in our
first query, which takes the surface-level slice of T , zips it with P ,
dices the result to focus on daylight values and, finally, aggregates
along the time dimension using (Σ, Max). Using disjunctions, dif-
ferent arrays or different parts of an input or output array can be
processed independently. In the full version of this paper[17], we
give an extended example that illustrates how this is done and also
highlights the use of our framework to facilitate interoperability.

Safety. All index-based array queries must meet three safety re-
quirements: finiteness, full-guardedness, and nonemptiness.

Finiteness is the requirement that our queries’ variables range
over only finite sets of values. As in the relational model, we can
enforce it syntactically; however, instead of using relation literals
to limit our variables’ ranges, we use index bounds atoms. We say
a variable x is range-restricted in a set of query comparisons C
if it occurs in some atom [l ≤ t(x) ≤ u] in C or some equality
t1(x) = t2 in C, with t2 closed, or some equality t1(x) = t2(y),
with y already range-restricted in C. Observe that, (1) the values
of bounds terms (closed terms) are fixed by each instance and (2) if
t(x) = nx+ b can only take on a finite number of values, the same
is true of x. Thus, to guarantee finiteness, we simply require every
variable occurring in a rule to be range-restricted in its body.

The second safety requirement is specific to our model and arises
because our inputs and outputs are shaped. In our rules, accesses
to both input arrays (via subscripting) and the output array (via
output index terms) can cause bounds errors. Full-guardedness is
the requirement that the query’s guard conditions be strong enough
to guarantee no bounds errors occur on any S-instances satisfying
them. Formally, Q is fully-guarded if:
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• (FG-I) All input indices fall within bounds: for each R ∈
Rules(Q) and subscript term Ai[t1, . . . , tki ] in Head(R),
Guard(Q) ∪ Body(R) |=S

∧ki
j=1[lbj(Ai)≤ tj≤ubj(Ai)].

• (FG-O) All output indices fall within bounds: for each R ∈
Rules(Q), Guard(Q) ∪ Body(R) |=S

∧k
j=1[lj ≤ tij ≤ uj ],

where Shape(Q) = (l1 : u1, . . . , lk : uk) and ti1, . . . , tik
are the output index terms in Head(R).

In other words, a query is fully guarded if no bounds errors can
ever occur in a rule head on any S-instance for which the query is
defined and that rule fires. (Here and in the rest of our discussion on
safety, we assume the definition of CPC inference given earlier has
been extended to account for variables. We formalize this below.)

A fully guarded query Q is defined on an S-instance I iff I |=
Guard(Q). When I �|= Guard(Q), the query is considered unde-
fined on I even if the bare query without the guard would have been
error-free on that instance. A fully guarded query Q is defined on
all S-instances iff |=S Guard(Q); however, for safety we only
require that it be fully guarded. Our use of guards to give query
shape preconditions thus decouples definedness from errors, giving
control over a query’s domain of definition to the query writer. By
making full-guardedness a safety issue, our approach also concep-
tually separates error detection (bounds analysis) from data access.

The third safety requirement is a form of closure. We defined
arrays to always have nonempty shapes and used the constraint
NonEmpty(S) to make sure input arrays met this requirement. We
also must guarantee query output arrays have nonempty shapes:

• (NE) Guard(Q) |=S

∧k
j=1 lj ≤ uj , where Shape(Q) =

(l1 : u1, . . . , lk : uk).

While finiteness is guaranteed syntactically via range restriction,
the definitions of full-guardedness and nonemptiness have been
formulated in semantic terms. The question arises whether these
safety requirements can also be easily checked.

PROPOSITION 3.1. Let C,C′ be CVCs over only non-arithmetic
terms such that all the variables in C′ already occur in C, we can
determine if C |= C′ in time polynomial in |C|+ |C′|. In particu-
lar, non-arithmetic CPC inference is polynomial.

Since rule bodies are CVCs and guards and parameter constraints
are CPC’s, and since by range-restriction all variables occurring in
a rule head must occur in its body, safety can be verified in polyno-
mial time for non-arithmetic queries.

State safety. When we allow arithmetic, we lose polynomial
inference. However, since inference remains decidable, we have
two choices. For queries used repeatedly (e.g., queries embedded in
systems), we can invest the time to verify safety ahead of time. But
for queries written on the fly, we can verify safety on an instance-
by-instance basis. In particular, we can (1) access an instance’s
metadata, (2) replace the safety conditions with versions of these
conditions in which all closed terms have been computed down to
integers, and (3) verify these new parameter-less safety conditions.
This is related to what is called state safety in [5], but in our case
only metadata (i.e., parameters) need to be accessed. This has two
consequences. First, as with safety, state safety lets us avoid late
bounds errors (once data access has begun). Second, its complexity
depends on the sizes of the query and metadata but not on the size
of the data. As we will show in Sect.5, our version of state safety
remains tractable in the presence of arithmetic.

Non-CPC Inference. Before giving our query semantics, we ex-
tend the inference relation (|=) beyond CPC’s to take into account
variables and value terms. A valuation v for a set of comparisons C

is an assignment of the variables in C to integers. We write Vals(C)
for the set of all valuations for C. For any term t, v(tI) denotes the
value given t by instance I using v to interpret any variables, where
both ( )I and v extend outward homomorphically. For example,
v((A[x, lb2(A)], B[3])I) = (AI [v(x), lb2(A

I)], BI [3]).
Satisfaction of a set (or conjunction) of comparisons by an in-

stance with respect to a valuation, denoted [I, v] |= C and in-
ference between such sets, denoted C1 |= C2, are defined as ex-
pected. (Though we mostly deal with the conjunctive, universal
case, in which all variables of C2 already appear in C1, for gen-
erality, we also extend |= to FO formulas in the usual way.) As
before, C1 |=S C2 stands for C1 ∪ ΓS |= C2. Also, for rule R of
query Q with schema S, we abbreviate Body(R)∪Guard(Q)∪ΓS

as Body(R)+. We say R fires under instance I if I |= Body(R)+.
Query Semantics. Our semantics differs from standard rela-

tional semantics in two ways. First, because of guards, array queries
are only partial functions from input to output schema instances.
Second, because our query outputs are shaped arrays, every index
in the output shape must be associated with exactly one value. The
collection aggregators are used both to coalesce multiple values for
an index into a single value and also to guarantee each index within
the output shape is assigned some (possibly null) value.

The semantics of α-queries is defined in terms of the seman-
tics of

⋃
- or

⊎
-queries, so we begin with the latter. Let Q be a

safe
⋃

- or
⊎

-query over input schema S with Shape(Q) = (l1 :
u1, . . . , lk : uk) and Rules(Q) = {R1, . . . , Rn} where each rule
Rj = tij1, . . . , ti

j
k : α(tvj

1, . . . , tv
j
m) ← Body(Rj). The query

Q is defined on an instance I iff I is an S-instance satisfying the
guard conditions. When Q is defined on I , the result of Q on I
is an array QI defined as follows. Its shape is given by setting
Shape(QI) = (Shape(Q))I = (lI1 : uI

1, . . . , l
I
k : uI

k). (Because
Q is safe, this a valid shape for a nonempty array.) Then if Q is a⋃

-query, its value at any index d = (d1, . . . , dk) in Shape(QI) is
given by setting

QI [d] = {v1((tv1
1 , . . . , tv1

m)I ) | v1 ∈ Vals(Body(R1)),

[I, v1] |= Body(R1) and v1((ti11, . . . , ti1k)I ) = d}
∪ · · · ∪ {vn((tvn

1 , . . . , tvn
m)I )| vn ∈ Vals(Body(Rn)),

[I, vn] |= Body(Rn) and vn((tin1 , . . . , tink )I ) = d}.

When Q is a
⊎

-query, its values are defined similarly using bags
and bag unions. Note that for bags, multiple copies of the same
value can arise from different rules or from the same rule if either
the body contains variables not in the head or else some tvi (with a
noninjective array) contains variables not occurring among the tij .

The semantics of α-queries for α other than
⋃

or
⊎

is defined
in terms of the semantics of the

⋃
- or

⊎
-queries giving their inter-

mediary collection array results. For any α-query Q, let core(Q)
be the query obtained from Q by replacing α with

⋃
, if α is a set

aggregator, or
⊎

, if it is a bag aggregator. (For
⋃

- or
⊎

-queries,
core(Q) = Q.) Then for any α-query Q with α �= ⋃

,
⊎

and
any S-instance I satisfying Guard(Q), the result of Q on I is de-
fined by setting Shape(QI) = (Shape(Q))I , as before, and setting
QI [d] = α(core(Q)I [d]) for every d in Shape(QI). By identity
(A4), we get QI [d] = nullα when no values are generated for d.

4. ARRAY QUERY EQUIVALENCE
Two arrays A1 and A2 are equal iff Shape(A1) = Shape(A2)

and for every index d in this shape A1[d] = A2[d]. In defining
equivalence of array queries, we must take into account their par-
tiality. Let Q1 and Q2 be safe queries over input schema S and
the same output schema. Then Q1 is equivalent to Q2 (Q1 ≡ Q2)
iff for all S-instances I , Q1 is defined on I iff Q2 is, and when-
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ever either is defined, (Q1)
I = (Q2)

I , that is, Shape((Q1)
I) =

Shape((Q2)
I) and (Q1)

I [d] = (Q2)
I [d], for all d ∈ Shape((Q1)

I).
For

⋃
-queries, we can completely characterize equivalence in

terms of the inference relation:

PROPOSITION 4.1. Let Q1, Q2 be two
⋃

-queries over schema
S with Rules(Qi) = {Ri

1, . . . , R
i
ni
}. Wlog, let their variables

be disjoint, with Vars(R1
p) = {xp

1, . . . , x
p
mp
} and Vars(R2

q) =
{yq

1 , . . . , yq
nq
}. Then Q1 ≡ Q2 iff (1) Guard(Q1) |=S Guard(Q2)

and vice versa, (2) Guard(Q1) |=S Shape(Q1) = Shape(Q2),
(3a) for each p, Body(R1

p)+ |= ∨n2
q=1 ∃yq

1 · · · ∃yq
nq

Body(R2
q) ∧

Head(R1
p) = Head(R2

q), and (3b) for each q, Body(R2
q)

+ |=∨n1
p=1 ∃xp

1 · · · ∃xq
mp

Body(R1
p) ∧ Head(R2

q) = Head(R1
p).

Since (1) and (2) involve only CPC inference, they can be veri-
fied in polynomial time for nonarithmetic queries. Prop.3.1 doesn’t
apply to (3a) and (3b) because of the disjunctions and existentials,
as well as the presence of value terms involving array subscripting.
We can reformulate these conditions in terms of universal infer-
ences by using variations on containment maps appropriate to our
model. We do this for nonarithmetic queries at the end of this sec-
tion and arithmetic ones in Sect.5. First, however, we show how to
reduce equivalence of arbitrary α-queries to equivalence of

⋃
- and⊎

-queries whose value terms are actually index terms.

4.1 Reducing Queries to their Index Cores
We proceed in three steps. First, equivalence of queries with

product aggregators reduces to equivalence of unary queries. So
we need only consider queries with α unary or α ∈ {⋃,

⊎}. Sec-
ond, for any such queries, equivalence reduces to equivalence of
queries whose rule heads all reference the same components of the
same arrays. We call such queries monolithic. Third, for monolithic
unary,

⋃
-, or

⊎
- queries, we can ignore both the array subscript-

ing/projection structure and the particular aggregator used. This
allows us to characterize equivalence for all queries in terms of in-
dex cores,

⋃
- and

⊎
-queries that use index terms in place of value

terms. We expand on each of these results next.
Reducing Product Aggregators. Let Q : k → m be an m-

ary α-query, with α = (α1, . . . , αm). For each 1 ≤ j ≤ m,
let πj(Q) : k → 1 be the unary αj -query obtained from Q by
keeping Q’s guard and output shape, but replacing each rule R :=
ti1, . . . , tik : α1(tv1), . . . , αm(tvm) ← Body(R) in Rules(Q)
with the rule πj(R) := ti1, . . . , tik : αj(tvj) ← Body(R). (Only
the rule heads change; the bodies are kept as before.) The following
is a consequence of identity (A1) given in Sect.2.

PROPOSITION 4.2. For α-queries Q1, Q2 : k → m, with α =
(α1, . . . , αm), Q1 ≡ Q2 iff

∧
1≤j≤m πj(Q1) ≡ πj(Q2).

Monolithic Queries. We say two rules R1, R2 over the same
schema S, with Head(Ri) = (tii1, . . . , ti

i
k) : α(tvi

1, . . . , tv
i
m) are

compatible if for each j, tv1
j and tv2

j involve the same projection
πl of the same array Ai. More formally, we define the compati-
bility signature σ(R) for a rule R with Head(R) = ti1, . . . , tik :
α(tv1, . . . , tvm) to be the m-tuple of pairs whose jth component is
(i, l) if tvj = πl(Ai[t1, . . . , tki ]) for some index terms t1, . . . , tki .
Then two rules R1 and R2 are compatible if σ(R1) = σ(R2). If
the rules of a query Q are all compatible, we say the query is mono-
lithic and define σ(Q) to be the common compatibility signature of
its rules. We say two α-queries Q1 and Q2 are compatible if they
are both monolithic and σ(Q1) = σ(Q2).

Index Cores. Let Q be a monolithic α-query Q. We define
indexcore(Q) to be the query obtained from Q by replacing α
with

⋃
or

⊎
(depending on whether α is a set or bag aggrega-

tor) and replacing each subscript term with its list of index terms;

that is, we replace each value term of the form πl(Ai[t1, . . . , tki ])
with the ki value terms t1, . . . , tki . If Q is an m-ary query with
σ(Q) = ((i1, l1), . . . , (im, lm)), then indexcore(Q) is an m′-ary
query with m′ = Σm

j=1kij (where Aij : kij → mij ). For exam-
ple, if Q has the rules 3x : Σ(A[4x + 2, 5y]), Max(B[x]) ← B1

and 7y : Σ(A[8, y]), Max(B[4y]) ← B2, then indexcore(Q) has
the rules 3x :

⊎
(4x+2, 5y, x)← B1 and 7y :

⊎
(8, y, 4y)← B2.

As index terms can now occur in both index and value positions,
to avoid confusion we henceforth refer to index and bounds terms,
wherever they occur, as simple and to value terms involving arrays
as nonsimple. Index cores can be used to reduce monolithic queries
with nonsimple terms to ones with only simple terms.

LEMMA 4.3. Let Q1,Q2 be monolithic α-queries with compat-
ible heads, where α ∈ {⋃,

⊎} or α is unary. Then Q1 ≡ Q2 iff
indexcore(Q1) ≡ indexcore(Q2).

PROOF SKETCH. From any instance I distinguishing the index
cores we construct an instance distinguishing the full queries by
leaving I’s action on parameters as is and changing its action on
array values. For

⋃
/
⊎

-queries, differences are maintained by using
array values that are 1-1 functions of their indices. For other α-
queries, differences are maintained by using a non-null value at
some index for which the index cores differ and using nullα at all
others. Three facts make this work. (1) Because array subscript
terms don’t appear in rule bodies or indices, we can change the
array values in an instance without affecting which rules will fire or
the valuations of indices. (2) By (A3), the aggregations depend on
the values assigned to the arrays. (3) In the case of bag-aggregators,
(A5) propagates differences in multiplicities.

The restriction to unary queries is essential, as this lemma fails for
m-ary product queries with m ≥ 2. What remains to be shown
is that equivalence between arbitrary disjunctive queries reduces to
equivalence between monolithic ones.

Query Restrictions. For m-ary query Q and compatibility sig-
nature s, the restriction of Q to s is a query Q|s defined by keep-
ing Guard(Q|s) = Guard(Q) and Shape(Q|s) = Shape(Q), but
adding to Rules(Q|s) only those R ∈ Rules(Q) with σ(R) = s.
While Prop.4.2 says we can slice product aggregator queries verti-
cally into their unary projections, the following says we can slice
disjunctive queries horizontally into their monolithic restrictions.

LEMMA 4.4. Let Q1, Q2 be two α-queries with α ∈ {⋃,
⊎}

or α unary and let Σ = {σ(R) | R ∈ Rules(Q1) ∪ Rules(Q2)}.
Then Q1 ≡ Q2 iff for all s ∈ Σ, Q1|s ≡ Q2|s.

PROOF SKETCH. The if direction uses (A2). The other direction
follows the previous lemma, but we need to make sure differences
due to (index cores of) rules in one restriction aren’t made up for
by rules in other restrictions. In the

⋃
/
⊎

case, we use array values
that are 1-1 functions of indices and compatibility signatures.

COROLLARY 4.5. Let Q1, Q2 be α-queries, where α is any set
or bag-aggregator Then for some n (polynomial in the queries’
size), there are

⋃
and/or

⊎
-queries Q1

1, . . . , Q
n
1 and Q1

2, . . . , Q
n
2

containing only simple terms s.t. Q1 ≡ Q2 iff
∧

1≤i≤n Qi
1 ≡ Qi

2.

This reduction holds for conjunctive or disjunctive queries with or
without arithmetic and using set or bag aggregators.

4.2 Nonarithmetic Set-Aggregator Queries
We now limit our focus to nonarithmetic set-aggregator queries.

By the last result, equivalence for these reduces to equivalence of⋃
-queries containing only simple terms. Prop.4.1 then applies to

give a complete characterization of equivalence via inferences. We
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can reformulate these inferences without the embedded existentials
by using containment maps. For conjunctive queries they become
CVC inferences, which we know to be tractable.

We consider the conjunctive case first. As defined, conjunctive
queries can have no rules. But any query with no rules is equiv-
alent to one with an unsatisfiable rule. So we henceforth assume
all queries have nonempty rule sets. For a conjunctive query, Q,
Head(Q) and Body(Q) denote its single rule’s head and body.

Containment Maps. Let Q1, Q2 be two conjunctive, nonarith-
metic queries over the same I/O schemas, with Head(Qi) = tii :
α(tvi), for some tii = (tii1, . . . , ti

i
k), tvi = (tvi

1, . . . , tv
i
m), and

set-aggregator α. An array query containment map h:Q2 → Q1

is a substitution of the variables of Q2 with simple terms from
Vars(Q1) ∪ Consts(Q1, Q2) ∪ Params(S) such that:

(C) Body(Q1)
+ |= h(ti2) = ti1∧ h(tv2) = tv1∧ h(Body(Q2))

Containment maps provide sufficient conditions for equivalence of
conjunctive set-aggregator queries (with simple or nonsimple out-
put value terms).

THEOREM 4.6. For Q1, Q2 as above, if conditions (1) and (2)
of Prop.4.1 hold (i.e., their guards and shapes are equivalent) and
(3) there are containment maps h2,1 : Q2 → Q1 and h1,2 : Q1 →
Q2, then Q1 ≡ Q2.

PROOF. Fix an I |= ΓS ∪ Guard(Q1) and a d ∈ Shape(Q1)
I .

By (1), (2), and the fact that (Qi)
I [d] = α(core(Qi)

I [d]) we need
only show that core(Q1)

I [d] ⊆ core(Q2)
I [d] and vice versa. Sup-

pose t ∈ core(Q1)
I [d]. Then there is a valuation v on Vars(Q1)

with d = v((ti1)I), t = v((tv1)I) and [I, v] |= Body(Q1).
Let h2,1 be the map specified in the hypothesis. Since [I, v] |=
Body(Q1)

+, using the definition of containment maps (with h2,1

for h) we can conclude v ◦ h2,1((ti
2)I) = v((ti1)I) = d, v ◦

h2,1(tv
2)I) = v((tv1)I) = t, and [I, v ◦ h2,1] |= Body(Q2). So

v ◦ h2,1 is a valuation getting t into core(Q2)
I [d].

The converse of this theorem, i.e., a characterization of contain-
ment maps as necessary conditions for equivalence, holds for

⋃
-

queries in a special connected normal form.
Reduced, Connected Normal Forms. We say a rule is reduced

if its body contains no equations involving variables. A reduced
rule is connected if all variables appearing in its body also appear
in its head. A query is reduced (connected) if all its rules are.

PROPOSITION 4.7. Every set-aggregator array query with non-
arithmetic terms can be converted to an equivalent reduced, con-
nected query in polynomial time.

This result holds for disjunctive as well as conjunctive set-aggrega-
tor queries with or without arithmetic. We prove it separately for
arithmetic queries in Sect.5. Connectedness is a useful property to
establish when studying equivalence, since for connected queries,
the candidate containment maps are fixed by the structural corre-
spondence between rule heads. We use this fact in the proof of the
next lemma giving the converse of Thm.4.6.

LEMMA 4.8. Let Q1, Q2 be connected, conjunctive
⋃

-queries
with simple, nonarithmetic terms over the same input and output
schemas. Then whenever Q1 ≡ Q2 there are containment maps
from Q2 to Q1 and Q1 to Q2.

PROOF SKETCH. We define the containment map h : Q2 →
Q1 by setting h(x) to the term in Head(Q1) corresponding to the
leftmost occurrence of x in Head(Q2). The key idea in proving h
is a containment map is that since Q1 ≡ Q2, for any instance I and
valuation v1 satisfying Body(Q1)

+ there is a valuation v2 agreeing

with v1 on the head terms (1) and for which [I, v2] |= Body(Q2)
(2). From the agreement on head terms, it follows that for any
simple term t2 occurring in Q2, v2(t2

I) = v1(h(t2)
I) (3). Using

facts (1)-(3), it is then easy to establish (C).

This gives us our main result – a characterization of equivalence
for connected, conjunctive, nonarithmetic

⋃
-queries in terms of

easily verified necessary and sufficient conditions.

THEOREM 4.9. Let Q1, Q2 be connected, conjunctive, nonar-
ithmetic

⋃
-queries over the same I/O schemas. Then Q1 ≡ Q2 iff

conditions (1) and (2) of Prop.4.1 hold, and (3) there are contain-
ment maps from Q2 to Q1 and Q1 to Q2.

COROLLARY 4.10. The equivalence problem for conjunctive
set-aggregator queries with nonarithmetic terms is in P.

Compare this result to the complexity of containment for re-
lational queries with comparisons, shown to be Πp

2-complete by
van der Meyden[26]. Why do we get a low complexity? First,
our queries contain no comparisons involving array values. We
took advantage of this array value genericity to prove lemmas 4.3-
4.4 on reducing equivalence to index cores of compatible (mono-
lithic) queries. Second, the absence of relation/array literals from
our query bodies means we can convert our queries into connected
ones. We can use compatibility and connectedness to pick out the
required containment maps. So our complexity depends only on
the time needed to verify these are indeed containment maps and
not on the time needed to search through a large space of candidate
maps, as must be done for relational queries [14, 20].

For array queries, we get a jump in complexity when we allow
either disjunctions or arithmetic terms.

THEOREM 4.11. The equivalence problem for disjunctive set-
aggregator queries with nonarithmetic terms is coNP-complete.

Hardness follows by an easy reduction from 3DNF-TAUT. Mem-
bership in coNP is just a special case of the same result for arith-
metic queries given in the following section.

5. ADDING ARITHMETIC
We now explore safety and set-aggregator query equivalence for

queries with arithmetic terms. To get a handle on complexity in
the arithmetic case, we relate the inference problem for the kinds
of inferences needed to establish safety and equivalence to the de-
cision problem for the relevant syntactic fragments of Presburger
arithmetic (PA). To this end, we first prove we can eliminate all oc-
currences of div↓, div↑, min, and max from our inferences without
adding any quantifier alternations or blowing up the problem size.

We focus on inferences of the form φ1 |= (∃ȳ)φ2, where φ1 and
φ2 are quantifier-free formulas and ȳ contains all variables in φ2

not occurring in φ1. We say an inference is universal or has one
quantifier alternation (more accurately, one quantifier block) if ȳ is
empty; we say it has two alternations otherwise. For example, all
inferences needed to verify safety have one quantifier alternation as
do all CPC inferences. The inferences used to establish equivalence
have one if we can use containment maps and two otherwise.

In the following lemma, we assume φ1 and φ2 are boolean com-
binations of comparisons whose terms are built up from variables,
parameters and constants using Fb functions. that is, we treat vari-
ables and parameters uniformly. This means the equations and in-
equations can have any number of variables.

LEMMA 5.1. φ1, φ2 as above can be converted to quantifier-
free formulas φ′

1 and φ′
2 containing no div↓, div↑, min, or max
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s.t. φ1 |= (∃ȳ)φ2 iff φ′
1 |= (∃z̄)φ′

2, where z̄ contains all vari-
ables in φ′

2 not already in φ′
1. Moreover, this can be done with at

most polynomial increases in the sizes of the formulas and without
affecting quantifier alternations (i.e., s.t. ȳ is nonempty iff z̄ is).

Remark. Though we can eliminate the extra functions from in-
ferences, we cannot eliminate them from queries. In fact, including
them in Fb increases the expressive power of our query language
because they can’t be translated out of output shape terms.

Inference Complexity. PA is traditionally formulated using or-
der, addition and the naturals, but it can also be given using order,
addition, multiplication by constants and the integers. By Lem.5.1,
our inferences correspond to sentences in this latter formulation. In
particular, φ′

1 |= (∃z̄)φ′
2 iff the PA sentence (∀p̄)(∀w̄)(∃z̄)(φ′

1 ⇒
φ′

2) is valid, where w̄ = Vars(φ′
1) and p̄ contains all the schema

parameters (viewed as extra variables). While the full theory has a
doubly exponential lower bound complexity, the decision problem
for PA sentences with two quantifier blocks has “only” an exponen-
tial lower bound [11].

We can do better. Using containment maps, we can eliminate
all embedded existentials from the inferences characterizing equiv-
alence. We detail how this is done in the presence of arithmetic be-
low. For now, we simply state that, though the maps introduce new
occurrences of div↓ into our inferences, by Lem.5.1, these can be
eliminated without reintroducing the embedded existentials. Thus,
all the inferences we need correspond to universal PA sentences,
whose complexity is coNP-complete [23, 27]. The lower bound
(hardness) already holds for conjunctive PA sentences, so, unlike
the nonarithmetic case, we can’t attain lower complexity results for
conjunctive arithmetic queries.

Polynomial Variable Elimination. A crucial step towards ef-
ficient equivalence in the nonarithmetic case was our polynomial
algorithm for converting queries to equivalent reduced, connected
ones. This enabled us to pick out the specific containment map to
test, rather than have to search a large space of candidate maps.

LEMMA 5.2. All arithmetic set-aggregator queries can be con-
verted to equivalent reduced, connected ones in polynomial time.

PROOF SKETCH. Our algorithm for eliminating equalities in-
volving variables is based on the one given in [21], modified to take
into account parameters and the fact that our index terms contain at
most one variable. We give the algorithm and prove its correctness
and polynomial complexity in the full version of this paper[17].

Once we have a way to convert rules to equivalent reduced ones,
it is easy to get connectedness. After eliminating all equations
involving variables, we can eliminate any remaining unconnected
variable x as follows: First, we solve for x in all inequations involv-
ing x; for example, l ≤ n∗x+b ≤ u becomes (l−b) div↑ n ≤ x ≤
(u− b) div↓ n. Next, we gather all the solved inequations into one
inequation using max and min: l1 ≤ x ≤ u1 ∧ · · · ∧ ln ≤ x ≤ un

becomes max(l1, . . . , ln) ≤ x ≤ min(u1, . . . , un). Finally, we
eliminate x using (∃x)l ≤ x ≤ u iff l ≤ u.

We don’t get tractable inference from efficient variable elimina-
tion because we don’t have efficient parameter elimination. But
when there are no parameters, as in the inferences needed for state
safety, inference is tractable.

PROPOSITION 5.3. For arithmetic queries, though full safety is
in coNP, the state safety conditions for any particular instance can
be verified in time polynomial in the metadata and query sizes.

Arithmetic Query Equivalence. We now put everything to-
gether to characterize set-aggregator query equivalence in the arith-
metic case. By Cor.4.5 and Lem.5.2, we need only consider (pos-
sibly disjunctive) connected

⋃
-queries with simple terms. Once

again, Prop.4.1 applies to give us a characterization in terms of the
inference relation. To avoid the exponential jump in complexity,
we use containment maps to eliminate the embedded existentials.
Since universal PA inference is already coNP-complete in the con-
junctive case and remains so when we add disjunctions, we treat
the conjunctive and disjunctive cases uniformly.

Containment Maps (Arithmetic Case). Let Q1 and Q2 be two
connected

⋃
-queries with simple arithmetic terms (i.e., connected

index-cores) over the same input and output schemas. For i = 1, 2,
let Rules(Qi) = {Ri,1, . . . , Ri,ni}. An arithmetic containment

map from Q2 to Q1 is a family of maps {h2,1
q,p}q∈[1..n2]

p∈[1..n1], where

each h2,1
q,p is a substitution of the variables of rule R2,q with terms

built up from Vars(R1,p)∪Consts(R2,q , R1,p)∪Params(S) using
functions in Fb

3 such that for each p ∈ [1..n1], Body(R1,p)+ |=∨n2
q=1 Head(R1,p) = h2,1

q,p(Head(R2,q)) ∧ h2,1
q,p(Body(R2,q)).

THEOREM 5.4. Let Q1,Q2 be two connected
⋃

-queries with
simple arithmetic terms. Then Q1 ≡ Q2 iff conditions (1) and
(2) of Prop.4.1 hold and (3) there are arithmetic containment maps
from Q2 to Q1 and from Q1 to Q2.

PROOF SKETCH. We assume all open terms in both queries are
in the form n∗x+b for some integer n �= 0 and bounds term b. We
use the structural correspondence between rule heads to define can-
didate containment maps. For each pair of rules R1,p ∈ Rules(Q1)
and R2,q ∈ Rules(Q2), we define h1,2

p,q as follows: for each x ∈
Vars(R1,p), if t1(x) = n ∗ x + b is the leftmost term containing x
in Head(R1,p) and t2 is the term in the corresponding position of
Head(R2,q), we set h1,2

p,q(x) = (t2 − b) div↓ n. We define similar
maps h2,1

q,p in the other direction. Verifying the queries are equiva-
lent iff these are indeed containment maps is not hard.

COROLLARY 5.5. The equivalence problem for set-aggregator
queries with arithmetic is coNP-complete.

6. RULE MINIMIZATION
Though, semantically, an index bounds atom [l ≤ t(x) ≤ u] is

just a conjunction of inequations, operationally, it can be thought
of as a for-loop. For set-aggregator queries, we can easily minimize
the number and sizes of “loops” in any rule. First, we convert the
rule to a reduced, connected one. Next, we solve for loop variables
and gather the loops as described in Lem.5.2. The resulting rule
has one loop of the form [max(l1, . . . , lp)≤x≤min(u1, . . . , uq)]
per variable and no further selections on the variables.

Any satisfiable rule of this form is minimal in the following
sense. If we treat it as a conjunctive query by ignoring all other
rules, then, in any instance, the product of its loop sizes is minimal
among all equivalent conjunctive queries. (Operationally, unsatis-
fiable rules are also minimal, since their loops are never executed.)

In minimizing rules, we leave metadata expressions as is. Sim-
plifying these would raise minimization complexity from P to coNP.
This doesn’t pay, since the time it takes to access the metadata
and compute (even overly complex) metadata expressions is usu-
ally negligible compared to the time it takes to access the data.

The fact that rule minimization is trivial in our context doesn’t
mean query optimization is trivial. The jump in complexity from
the conjunctive to disjunctive nonarithmetic case suggests there are
non-trivial choices between equivalent disjunctive queries. Rule
minimization says nothing about how to optimize a disjunction of
rules. Is it best to minimize the number of rules? Or is it best
3Applying fb ∈ Fb to variables is ok because we use these terms only in
inferences, not queries. By lemma 5.1, we can remove integer divisions,
etc., from the inferences without affecting their complexity.
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to minimize the average loop sizes, even if this means adding more
rules? The answer depends on cost-based modeling of the available
access paths and storage layouts. For sequential access to tertiary
storage, the former might be better. For parallel access, the lat-
ter might be, with different rules executed in parallel. For striped
layouts, we’d want separate rules for the separate strides.

7. EXPRESSIVITY
We believe the way we defined index and bounds terms strikes

the right balance between complexity and expressivity. By limiting
index terms to one variable, we got polynomial variable elimina-
tion. This led to tractable rule minimization and state safety. It also
kept equivalence within coNP. Because our variable elimination
procedure didn’t require efficient parameter elimination, we could
include more general functions in our bounds terms without sac-
rificing tractability. We now show this is all we need to capture a
large class of interesting queries, assuming we add value functions.

We omitted functions from value terms in order to get a com-
plete characterization of equivalence. However, including them
doesn’t interfere with our characterization’s soundness. We can ex-
tend compatibility to include function application as well as array
subscripting and define index cores to ignore functions as well as
arrays. Then the “if” direction of Cor.4.5 still holds, giving us suf-
ficient conditions for equivalence. So, for studying expressivity, we
assume our queries can use arbitrary functions in their value terms.

Without arithmetic or value functions, conjunctive index-based
queries can express the following kinds of restructuring operators:
zips (index joins), unzips (value component projections), cross-
products, slices/diagonals (selections of lower-dimensional arrays
by fixing/equating indices), dices (shape restrictions), dimension
permutations (transpositions, rotations), stacks (embeddings into
higher dimensions via repetition), paddings (embeddings into larger
shapes). Furthermore, they can combine these restructuring opera-
tions with aggregations. Using disjunctions different arrays or parts
of an array can be processed independently.

When we add arithmetic, we can express shifts, appends, rect-
angular regriddings, subsamplings, merges, and many more. This
means we can express most kinds of data “subsetting” done by
dataset interfaces and many queries implicit in array visualization
tools. With output value functions, we can express scalings, in-
terpolations, many filtering operations (as in image processing), as
well as aggregations over a masked area. Using boolean valued
functions, we can even express selections involving array values.

What we can’t express are histogram-style queries or index per-
mutations given by an array P , as these would require nonsimple
input or output index terms or equalities between index and value
terms. We also can’t express queries involving multivariabled or
non-linear index terms, such as ones used to flatten an array into
row-major order or reshape it back.

Assuming we include value functions for all their base type oper-
ators, nonarithmetic index-based queries can express all queries in
Baumann’s original algebra[2]. With arithmetic, we can express all
AML queries, though our encoding of apply fails to capture their
chunk reordering optimizations.

8. CONCLUSION
We introduced a new query paradigm for array data giving shape-

related metadata a prominent role in both the data model and the
query language. We defined the class of index-based array queries
and showed that, while expressive enough to subsume previously
proposed array algebras, this class also admits efficient bounds
analysis and rule minimization.

We studied the query equivalence problem for index-based ar-
ray queries with collection aggregators. For these, equivalence re-
duces to equivalence between index cores. For queries using set
aggregators, equivalence can be characterized completely in terms
of containment maps. We studied both conjunctive and disjunctive
queries, both with and without limited Presburger arithmetic, and
showed the equivalence problem is tractable in the nonarithmetic,
conjunctive case and coNP-complete in all others.

One obvious future research direction is to characterize equiva-
lence for more aggregators. Which methods developed in the re-
lational context carry over to our model? Another topic is the ad-
dition of value functions. What classes of value functions admit
complete characterizations of equivalence? How do value func-
tions interact with aggregations and their underlying operators?
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